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SOME PROPERTIES OF UPPER BASIC SUBGROUPS

A. R. MITCHELL
University of Texas at Arlington, U.S.A.

{Received fune 24, 1966 )

In what follows the word "group® will mean "primary Abelian group® and
unless otherwise specified the netation and terminology will be thai of L.
Fucus in [1] One exception to this will be that a direct sum of the groups A
and B wili be denoted A @ B and A+ B wiil indicate a sum which is not ne-
cessarily direct.

The following definition and theorems will be used:

DerFIniTiON A, (IRWIN [2]). Let G be a group. 1f /1 is a subgoup of G maxi-
mal with respect to disjointness from the elements of infinite heigth of G then
H will be calied a high subgroup of G.

Tueorem B. (IRwiN [2]). Let G be a group. If H is a high subgroup of G
then H is pure in G and A contains a basic subgroup of G.

Taeorem C. {(MiTcHELL and MITCHELL [5]). Let G be an infinite reduced
p-group and B a basic subgroup of G such that G/{B = Z‘ (G./B) where G, /B

= Z(P)forall e ¢ I. Then G = H @ Kand B=H EB L where L is a basic
subgroup of K such that r(K{L) = r(G{B) = |[]| and |K| = maximum {8,|/|}.

THeEOREM D. (MiTCHELL and MiTcHELL [5]). Let G be an infinite Abelian

p-group such that Gt = 0 or |G} = &,. Then G = H @ K where H is a direct
sum of cyclic groups and every basic subgoup of K is both an upper basic sub-
group of K and a lower basic subgroup of K.

This paper deals with the following problems concerning properties of
upper basic subgroups of infinite Abelian p-groups. It is evident that some of
these problems follow from ethers but as it often happens the proofs precede
in the reverse direction.

ProeLem I. If G is a reduced p-group such that G = H @ K where K
is a direct sum of cyclic groups and B is an upper basic subgroup of H,.then is
B @ K an upper basic subgroup of G?

ProsLeEM II. I G is a reduced p-group such that ¢ = H @ K, and A and
B are upper basic subgroups of H and K respectively, then is A @ B an upper
basic subgroup of G?

1‘
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ProsrLem [H. I G is a reduced p-group, and / is a high subgroup of G,
and B is an upper basic subgroup of H, then is B an upper basic subgroup of G?

ProsLem IV. if G is a reduced p-group and B is a basic subgroup of G,
then is B always contained in an upper basic subgroup of G?

Problems I, 1], and 111 are solved for ali reduced Abelian p-groups and a
partial solution to Problems IV is given leading to a class of groups which
inctudes several previously defined classes. We begin with the following lemmas.

LEmMA 1. If G is a p-group without elements of infinite height such that
every basic subgroup of G is both an upper and lower basic subgroup of G,
and such that final rank (G) = |G|. Then G cannot be decomposed as G =
= H @& F where F is a direct sum of cyclic groups, and |H]| < |G|.

ProoF. Suppose such a decomposition of G does exist, and let B be a basic
subgroup of H. Now B & F is a basic subgroup of G and rank (GH{B & F)) =
= rank (H/B)+rank (F{F) = rank (H/B) = |H| < |G]|. Since final rank (G) =
= |G| there exists a basic subgroup A of G by Theorem 31.4, page 105, in [i]
such that rank (GfA) = |G|. But these two facts contradict the hypothesis
that every basic subgroup of G is both an upper and lower basic subgroup of G.

Lemma 2. Let G be a p-group without elements of infinite heigth. Suppose
that G = H @ F where F is a direct sum of cyclic groups, and suppose that
every basic subgroup of H is both an upper and a lower basic subgroup of H.
if final rank (H) = |H|, |F| = |H|, and B is a basic subgroup of H, then
B @ F is an upper basic subgroup of G.

Proor. Suppose that B ¢ F is not an upper basic subgroup of G, and let
A be an upper basic subgroup of G. By Theorem C we knew that G = L @ A’
and A = A" @ A” where |L| = maximum (&g, rank (G{A)). H |L{ = &, then
by Theorem 33.4, page 113, in [1] we have that & is a direct sum of cyclic
groups, and therefore H is a direct sum of cyclic groups. Thus H must be bound-
ed since each of its basic subgroups is both an upper and lower basic subgroup.
Therefore B = H and so B @& F = H & F is an upper basic subgroup of G.
We can now assume that R, < |L| = rank (#{A) < rank (G/(B & F)) = |H|.
NowwriteG =L © & @ 8 where A’ = & @ §”, and where L & S’ contains
Fand |L @ 8| < |H|. But we know H = G/F = [(L @ S')}/F] @ S”, which
contradicts Lemma { when applied to H, therefore B ¢ F must be an upper
basic subgroup of G.

LEMMA 3. Let G be a p-group without elements of infinite heigth with
G =H & F where F is a direct sum of cyclic groups, final rank (H) = |H|,
and every basic subgroup of H is both an upper and lower basic subgroup of H.
If B is a basic subgroup of H, then B & F is an upper basic subgroup of G.

Proor. Suppose that B @ F is not an upper basic subgroup of G, and let
- he an upper basic subgroup of G. As in Lemma 2 we can assume that rank
{(G/A)> R, By Theorem C we can write G =L @ A and A= A" @ A”
where 1L} = rank (G/A) <rank (G{(B @ F)) = |H]. Now we can write G =
=Hao o F'where F=F @ F’'and H @ F contains L and |F'+ L] =
< |H|. Consider the group H @ F’. By Lemma 2 we know that B & F’ is
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an upper basic subgroup of H @ F’. But H @& F’ contains L which is a sum-
mand of Gso that wecanwrite Heo FF=Lo {(Ha FYN A']. Let S =
={H @& F')N A”. Now observe that rank ((H @ FH{(A” & 8)) = rank
(L{A”) = |L| < |H]. Since final rank (H) = |H|, and every basic subgroup of
H is both an upper and lower basic subgroup of H we know that rank (H/B)} =
= |H| which contradicts B & F’ being an upper basic subgroup of H & F’.
Thus B ¢ F must have been an upper basic subgroup of G,

LEmMma 4. Let G be a reduced p-group such that every basic subgroup of
G is an upper and lower basic subgroup of G. Suppose G = H & K where K
is a direct sum of cyclic groups. Then H has the property that each of its basic
subgroups is both an upper and lower basic subgroup of H.

Proor. Suppose there exists two basic subgroups A and B of H such that
the rank (H{A) # rank (H/B). Then we know that A @ K and B @ K are
basic subgroups of G such that rank (G/(A® K)) = rank (Hf{A)=rank (H/B) =
= rank (GB @ K)), and this centradicts the hypothesis on G.

THEOREM 5. Let G be a p-group withoul elements of infinite height such that
G =H® F where F is a direct sum of cyclic groups. If B is an upper basic
subgroup of H, then B @& F is an upper basic subgroup of G.

Proor. If H is a finite group then B @& F = G since B is basic in H thus
B @ F is upper basic. Since B is an upper basic subgroup of H we can write,
by Theorem D, H = H @ B” and B = B @ B’ where |H’'| = maximum
(%, rank (H[B)), and where every basic subgroup of A is both an upper and
lower basic subgroup of H’. As in Lemma 2 we can assume that rank (H/B) > R,.
Now if final rank (H’) < |H’| then we can write H' = H” @ A’ and B’ =
= A & H” where final rank (H"'} = |H”|. By Lemma 4 every basic subgroup
of A is both an upper and lower hasic subgroup of H”. Thus G = H” & H" &
@® B” @ Fwhere H” @& B” @ F is a direct sum of cyclic groups, and, hence,
by Lemma 3 we have that A @ H*” @& B @ F is an upper basic subgroup of
G, bhut Ao H"”" ®B"®& F=B8Bag F.

CoroLLARY 6. Let G be a p-group without elements of infinite height such
that G = H @ K = § @ T where final rank (H) = |H| and final rank (S) =
= |S|. Suppose that K and T are direct sums of cyclic groups, and that every
basic subgroup of H and § is an upper and fower basic subgroup. Then final
rank (H} = final rank (S).

ProorF. Let A and B be basic subgroup of A and § respectively. Now we
have final rank (H) = rank (HfA) = rank (G{({A & K}) = rank (G/(B & T)) =
= final rank (S) since A @ K and B @ T are upper basic subgroups of G by
Theorem 5. )

Theorem 5 has solved Problem 1 for p-groups without elements of infinite
height. We will now use these results to attack Problem I1.

Lemma 7. Let G be a p-group without elements of infinite heigth. Suppose
that G = H @ K where final rank (G) = |G|, final rank () = |H|, final
rank (K) = |K|, and H and K have the property that every basic subgroup is
an upper and lower basic subgroup. If G =L @ F where |L{ < |G|, and F
is a direct sum of cyclic greups, then |G| = |H| = |K]{.
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Proor. Suppose that |H| = |G|, then {K| = |G|. Now write G as G =
=L@ F & F" where L & F’ contains H, and |L @ F’| = [G|. This is
possibie. since |L| < |G|, and |[H| <= |G|. Now notice that K =~ G/H =
=[{L & FYH]® F’, and (L ® F)H| = |L ® F’| = |G| = |K|. But this
conit[raidicts Lemma 1 when applied to K, therefore we must have |G| = [H] =

Lemma 8. Let G be a p-group without elements of infinite height and
suppose that G = H @ K where the final rank (H) = |H|, and final rank
(K) = |K], final rank (G) = |G|, and every basic subgroup ¢f H or K is both
an upper and lower basic subgroup. Let A and B be basic subgroups of H
and K respectively. If either |H| < |G| or |K| < |G|, then A @ B is an upper
basic subgroup of G.

Proor. Assume that A & B is not an upper basic subgroup of G. Let 8
be an upper hasic subgroup of G. Now by Theorem Cwe know that G = L @ F
where F is a direct sum of cyclic groups, and |L| = maximum (R, rank (G/S)).
If |[L] =18, then G is a direct sum of cyclic groups by Theorem 33.4, page 113,
in [1]. But this means that H and K ar¢ bounded since the bounded direct sum
of cyclic groups are the only direct sums of cyclic groups which have the pro- -
perty that every basic subgroup is both an upper and lower basic subgroup.
Thus G is a bounded p-group and hence has enly one basic subgroup which
contradicts the assumption that A & B is not an upper basic subgroup. There-
fore 8, < rank (G/S), and |L}] = rank (G/S).

Since A 4 B is not an upper basic subgroup we know that rank (GfS) <
< |G[, but this centradicts Lemma 7. Thus A & B must be an upper basic
subgroup of G.

Lemma 0. Let G be a p-group without elements of infinite height. Suppose
that G = H & K where final rank (H) = |H|, |K] <= |H|, and every basic
subgroup of H is both an upper and lower basic subgroup of H. if B is an upper
basic subgroup of K, and A is a basic subgroup of H, then A & B is an upper
basic subgroup of G.

Proor, If G is finite the proof is trivial. By Theerem D, we can write
K=L® B and B = B’ @ B” where every basic subgroup of L is both an
upper and lower basic subgroup of L. We can also assume that final rank (L} =
= |Lj. Consider the group H & L. This group satisfies the hypotheses of Lem-
ma 8, and so A @ B” is an upper basic subgroup of H & L. Now by Theorem 5
we have A @ B” & B’ = A & B is an upper basic subgroup of G.

LEmma 10. Let G be a p-group without elements of infinite heigth. Suppese
that G = H & K where final rank (H) = {H]|, final rank (K} = |K|, final
rank (G) = [G|, and every basic subgroup of ff and K is both an upper and
iower basic subgroup. If A and B are basic subgroups of H and K respectively,
then A @ B is an uppre basic subgroup of G.

Proor. By Lemma 8 we can assume that |4} = |K| = |(G|. Suppose that
A @& B is not an upper basic subgroup of G, and iet § be an upper basic sub-
group of G. Now by Theorem Dwe have G = L @ § and S = §& @ S where
L has the property that every basic subgroup of L is both an upper and a lower
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basic subgroup of L, and |L| = maximum (%, rank (G/8)). As in the proof of
Lemma 8 we can assume that 8, < |L| = rank (G/S) = |G|]. We may also
assume that final rank (L) = |L|. Consider the group H 4 L. Since H+L
contains the groups H and L, both of which are summands of G, we know we
can write H+ L = H @ [(H+L)N K], and H+L = L @ {(H+L)YN §’]. Let
K’ = (H+L) N K, and let T be an upper basic subgroup of K’. The following
equation |L| = rank (L[S) = rank {((L+H)S” & {(H+L) N §'])) £ rank
{(H+L) (A @ T)) = rank (H]A)+rank (K’{T) holds since:

(i) Follows since final rank (L) = |L|.

{it) Follows from an isomorphism theorem.

(ili} By Theerem 5 we have that 8” & [(H+L) N S'] is an upper basic
subgroup of H4-L. Since K’ = (H+L)/H = L{(L N H), we know
that [K’| = |L| < |H]|, and hence by Lemima 9 we have A D T is
an upper basic subgroup of H+ L. Thus the equality foliows since
both basic subgroups are upper basic subgroups.

(iv) Follows from an isomorphism theorem.

Now |L| = rank (H/A)+rank (K'/T) = {H|+rank (K’/T), since final
rank (H) = |H|, and every basic subgroup of H is boeth an upper and a lower
basic subgroup of H. Thus we have that |H| ='|L]|, but this is a contradiction
since [L| <= |G| = |H|. Therefore A & B must have been an upper basic sub-
group of G.

THEOREM 1. Let G be a p-group without elements of infinite heighi. Suppose
that G = H ® K, and let A and B be upper basic subgroups of H and K respecti-
vely. Then A @ B is an upper basic subgroup of G.

Proor. If either /7 or K is finite then by Theorem 5, A & B is upper hasic
in G. By Theorem D we have H = H' @ A" and A = A" ¢ A” where every
basic subgroup of A’ isboth an upper and a lower basic subgroup of H’. Similarly
we can write K = K’ @ B’and B = B” @ B’ where every basic subgroup of
K’ is both an upper and a lower basic subgroup of K’. Now we can write H" =
=H"® A" and A” = A" @ N where final rank {H’") = [H”}. Similarly
we can write K’ = K” @ B’ and B” = B @ M where final rank (K") =
= |K’'|. Notice that by Lemima 4 we also know that H’* and K’ have the pro-
perty that every basic subgroup is both an upper and a Jower basic subgroup.
Thus G=(H" @ K'Y (A" ® A @ B @ B") and by applying Theorem 5
and Lemma 10 the proof is completed.

CoroLLary [2. Let G be a p-group without elements of infinife height,
Suppose that G = H & K where every hasic subgroup of H or K is both an
upper and a lower basic subgroup, and suppeose that final rank (G) = |G].
Then every basic subgroup of G is an upper and lower basic subgroup of G,

ProoF. Let A and B be upper basic subgroups of 7 and K respectively.
By Theorem 11 we have that A @ B is an upper basic subgroup of G. We will
now show that A @ B is a lower basic subgroup of G. Netice that final rank
(G) = inal rank (H) + final rank (K) = rank (H/A)+rank (K/B) = rank
(GI(A @& B)).
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Theorem 1§ has answered Problem I affirmatively for p-groups without
elements of infinite heigth. Theorem 13 answers Problem HI and with iis aid
we will exiend the results of Theorems 5 and 11 to arbitrary reduced p-groups.

TueEOREM 13. Lef G be a reduced p-group, and let H be a high subgroup of G.
If B is an upper basic subgroup of H, then B is an upper basic subgroup of G.

Proor. Suppose that B is net upper basic in G, and let A be an upper
basic subgroup of G and K a high subgroup of G containing A and recal] that
r{(G{A) < |G| or B would have been an upper basic subgroup. Now consider
the following cases.

Case (i). Suppose that rank (K/A) = R,, then G is a Z-group and by Theo-
rem 5, page 1380, in {2} we kanow that rank (G/H) = rank (G/K). Since B is an
upper basic subgroup of H and G is a Z-group, then B = H, and thus B is an
upper basic subgroup of G.

Case (ii). Suppose that rank (K/A)= R, then rank (G/A) = §,. By Theo-
rem C we have G=L @ A" and A = A" & A” where {L| = rank (G{A).
Now K contains A” and hence K = A’ @ R where R = L N K. Let .G —~
— (G{G! be the natural quetient map. Under the map 5 we have H = y¢(H),
K = n(K), and A = n(A) since all subgroups involved are disjoint from G.
Also [#(H)] [p] = [n(K)]{p] by Theorem 6, page 1382, in [2]. Since K =
= A’ @ R we have that %(K) = n(A") & n(K). Now by Theorem 12, page 25,

in {4] we know that n{A’) [p] = U §; where §, is a subgroup of elements of
i=1

bounded height in »{G) and censequently in n{H}) and »{K) since both are pure in
7{G). By Theorem 29.5, page 99, in {1] there exists a basic subgroup M of n(H)
such that M D n(A) [p]. Let N = n-}{(M) N H, since n is an isomorphism
between H and n(H) we know N is a basic subgroup of H. If rank (H[N) = §,
an argument as in Case (i) would complete the proof. Thus assume rank (H/N} =
=R, and consider rank (H{N)= rank ((H)/M) = |(x(F){M) [P}l =
= In(H) [PYMIPY| = 1n(K) [P)MIp]l = (n(A") [p] ® n(R) [pHMIp]I, but
Mijp}] contains n(A’) {p]. Hence rank (H/N) =|R[p]| = |L[p]| = rank (G/A).
We will now show that rank (H/N) = rank (H{B). First notice that G/N =
=~ HIN @ G/H, and hence |G{N| = |H|N|+|G/H!| = rank (G/A)+ |G{H]| =
rank (G/A)+ |G/K|, and since |G/K| = rank (G]/A}, we have that rank (G/N) =
= rank (GfA)+rank (G/A) = rank (G{A). Therefore N is an upper basic sub-
group of G. We assumed B is not an upper basic subgroup of G, and so the rank
(G/B) > rank (G/N). Notice that rank (G/B) = rank (GfH)+ rank (H[B), and
rank (G/N) = rank (GjH)+rank (H{N), so that rank {(H|B) > rank (H/N)
which contradicts B being an upper basic subgroup of H. Therefore B is an
upper basic subgroup of G.

CoroLiLarY 14. Let G be a p-group, and let H and K be high subgroups
of G, and let A and B be upper basic subgroups of H and K respectively. Then
rank (H{A)} = rank (K/B).

Proor. Follows easily from the proof of the last theorem.
Now we turn our attention to extending the resaits of Theorems 5 and 11.
In this view we first prove:
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THeoREM 13, Lef G be a reduced p-group such that G = H & K. Let A and
B be upper basic subgroups of H and K respectively. Then A @ B is an upper
basic subgroup of G.

Proor. Let M and N be high subgroups of A and K respectively, which
contain A and B respectively. Now suppose that S and T are upper basic
subgroups of M and N respectively. By Theorem 11 we know that S & T is
an upper basic subgroup of M & N, and hence by Theorem 13, S @ T is an
upper basic subgroup of . Now rank (G/(S @ T)) = rank (H/S)+ rank (K/T),
and since § and T are upper basic subgroups of M and N respectively, we have
by Theorem 13 that they are upper basics of H and K respectively. Thus we
know that rank (H/S) = rank (H/A), and rank (K/T) = rank (K/B). There-
fore rank (G/(S @& T)) = rank (H/S)+ rank (K/T) = rank (H/A)+ rank (K/B)=
= rank (G/(A & B)), and hence A @ B is an upper basic subgroup of G.

THeorem 16. Let G be a reduced p-proup such that G = H @ K where K is
a direct sum of cyclic groups. Let B be an upper basic subgroup of H. Then B ® K
is an upper basic subgroup of G.

Proor. The proof follows easily from Theorem 15.
| now turn my attention to the partial results obtained for Problem 1V.
We first prove the following lemma.

Lemma 17. Let F = H @ K be a direct sum of cyclic p-groups, and suppose
|[K} = |F| and that 8, < | K| is not a limit cardinai. Let A be a pure subgroup
of K, and tet B @ M be a basic subgroup of F such that the rank (F/(B & M))=>
= {K|. Then there exists a basic subgroup A ¢ M such that A & M contains
B @& M, and the rank (F{(A @ M)) = |K]|.

Proor. Consider F/B = D/B & R/B where R{B is reduced and can be
chosen to contain (B & M)/B, and where D/B is divisible. Now consider the
group D+ M. First notice that D N M = 0Osince DN B = Band BN M = 0.
Thus D+ M = D @ M, and as a subgroup of a direct sum of cyclic groups is
itself a direct sum of cyclics. To show that D @& M is a basic subgroup we need
only prove that D @ M is pure, but (D @ M){B & M) = D[B which is divis-
ible and hence D & M is pure. Therefore D & M is a basic subgroup of F
which contains 8 & M, and netice that rank (F{(D & M)) = |F|D| = |R/B|,
but by Theorem 30.1, page 102, in {1] we know that |R/B| = [(8 & M)/B|% =
=|M|¥% = |[K|* = |K] since {K| is not a limit cardinal. This compietes the
proof.

THEOREM 18. Lef G be a p-group without elemenis of infinite height, and lef
B be a basic subgroup of G. Let A be an upper basic subgroup of G, and suppose
that rank (G{A) is nof a limit cardinal larger than R,. Then B is contained in an
upper basic subgroup of G.

Proor. If rank (G/A) = ¥, then G is a direct sum of cyclic groups and
hence B is contained in an upper basic subgroup of G, namely, G itself. Thus
we may assume that 8, < |L| = rank (G/A). By Theorem C we can write
G=L@ A where A = A’ @ A” and |L| = rank (Gf{A). Let L be the homo-
morphic image of the free p-group K with pure kernel M and where we can
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assume [K} = |L|. Now (A" @ K)/M = L @ A’, and suppose (B’ & M}/M =
= B. If rank (G/B) = rank (G/A) we know that B is already an upper basic
subgroup of G and we are done, so that we can assume that rank (G/B) >
= rank (G/A) = |L|. Thus rank (K & A) (B & M)} > |L| = |K], and by
Lemma [7 there exists a basic subgroup B” @ M containing B" @ M and such
that rank (K@ AY(B” & M) = |K|. Let S = (B” @ M)IM. We know
that S is a basic subgroup of G which contains B and S is upper basic subgroup
of G since rank (G{S) = rank (K & AM(B” & M) = |L| = rank (G{A).

THEOREM 19. Let G be a reduced p-group and let B be a basic subgroup of G.
If there exists a high subgroup H of G which contains B, and an upper basic sub-
group A of H containing B, then B is contained in an upper basic subgroup of G.

Proor. 1f A is an upper basic subgroup of H, then A is an upper basic
subgroup of G by Theorem 13.

Although | have not been able to construct a proof, [ still conjecture
that every basic subgroup of a p-group is contained in an upper basic subgroup.
In either case it would be interesting to characterize the class of p-groups for
which this statement is {rue. To this end [ will now list several classes of p-
groups which do have this property.

Let C be the ciass of p-groups which have the property that every basic
subgroup is contained in an upper basic subgroup.

THEOREM 20. The Class C contains all p-groups which are divisible direct
sum with a bounded group.

Proor. This follows immediately from the fact that such groups have
only one basic subgroup, and it is by necessity an upper basic subgroup.

Treorem 21. The Class C comtains all Z-p-groups.

Proor, Let G be a Z-p-group, and B a basic subgroup of G. Now B can be
put in a high subgroup of H of G, and since G is a Z-group we know that H is
an upper basic subgroup of .

THEOREM 22. Let G be a p-group without elements of infinite heigth. Suppose
that the final rank of G is equal to ils cardinality, and thal B is a basic subgroup

of G. If rank (G|B) is equal to the cardinality of G, then G is in the Class C.
Proor. This follows from Theorem [8.

CoroLLary 23. The Class C contains all closed p-groups.
The foitowing unseived probiems arise from the preceeding work.

(i) if G is a reduced Abelian p-group such that G= ' G, and B, is upper
x€ [
basic in G, then is it true that > B, is upper basic in G.
a €£f
(if) Does the Class C defined above indeed contain all reduced Abelian
p-grouns
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(iii) if the answer to (ii) is negative then does C contain
a) fully starred groups,

b) p-groups with property that every infinite subgroups can be put
into a summand of the same cardinality.

¢) The Class of Q groups, (see [3]).
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A-NOTE ON THE VANISHING OF POWER SUMS

By
H. JAGER!

Mathematical Institute, University of Amsterdam
(Received fune 27, 1966 )

In his book “Eine neue Methode in der Analiysis und deren Anwendungen”,
[9], P. TurAN deals extensively with minimax problems for generalised power

" .
sums b,z;, where the maximum, with respect to », is taken over i consecutive
F§=1
non-negative integers. One of the theorems (VII, p. 38), now generally known
as Turan’s first majn theorem runs as follows:

Given n complex numbers by, by, . . ., b, and ncomplex numbers 2, 2,,. . . , 2,
with min || = 1. Then one has for every integer m, m = —1}
o Sog|= |5
1 max Pl |—— ..
p=mtl,...,mtn g’: i [ 2¢(m+n) J g !

Since the edition of this book in 1953, further applications in various parts of
analysis and number theory appear regularly in the literature, Other authors
discuss the possibilities of sharpening Turan’s results or consider related pro-
btems with the » varying over intervals of length = n. See e.g. [1], [2], [3], [7]).

Turan found that possible application of the theory on the problem of
twin primes leads to a study ef analoguous questions when » runs through inter-
vals of length = n— 1. For shorter intervals nothing more can be said in general
than the trivial

2 max byt = 0.

( ) p=m+1, ..., m+a—1 g’; 1

If one knew however the systems with

3) max 52| =0
r=m+1, ..., mitn-1 j=1

! This paper was prepared when the author was staying at Budapest with a grant
from the Netherlands Organisation for the Advancement of Pure Research (Z.W.0).
t The non-interesting case n = 1, m = —1 is not covered by the formala.
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one could hope to get, under a side condition expressing in one way or another
a restriction to systems “not to close” to those satisfying (3), non-triviai estima-
tions.

VeEra T. S6s and P. TurAN, [8], started the study of systems satisfying
> Z| =0
i=1

(4) max

r=m+1, ..., m+n-—1

and gave a complete characterisation of the casesm =0, m =1 and m = 2.
See also [10]. The only systems satisfying (4) with m = 0 are given by the zeros
of an equation ’

{5 2"+a = 0, a complex.

Tweo non-trivial selutions of (4) are called independent if they cannot be carried
over into each other by a multiplication with a complex number, foliowed by
a relabelling. Let B(m, n) denote the number of non-trivial independent solu-
tions of (4). Ucnivama, [11], proved the remarkable formuia

B(m, n) = B(n, m).
One hase.g. B, =1, B(l, =1, B(2, n) = [%]H, B(3, n) = [nztssn ]+1.

Now TURAN conjectured that any system of n complex numbers (n > 2)
satisfying (4) for infinitely many values of m is given by the n solutions of
equation (5). ErRD8s conjectured that the same holds for any system satisfying
(4) for two instead of infinitely many values of m.

This however turned out not to be true. Mr. D. CanTOR and Mr. R. TijDE-
MAN proved independently that if for a system of n complex numbers, (4) holds
for twe different vaiues of m, it holds for infinitely many values of m. Moreover
onte has that the numbers are A" roots of unity. Both gave examples with
A= 2n3

In this connection the following resuit of ErbGs, the proof of which depends
upon (1), is of interest.

Given n complex numbers b, b, ..., 0, Reb;>0,j=1,2,...,,n and
n complex numbers 2,2, ...,2, With || = ... = 7| = |4, = ... = |2,],
I=l=n
Let there exist a sequence {m,} -1 of indices and a positive integer k such that
f(m+1)=f(m+2)=...=f(m+k)=0,»=1,2,...,
where .

) = X b2, v=1,2....
j=1

Then
[ = k+1.

The purpose of this note is to show that if the sequence {f(»)} of generalised

T n .
power sums contains infinitely many gaps of —2«] consecutive zeros, the numbers

2 2y, ..., 2, Tust be roots of unity. More precisely one has the following

% One either has A = nor A = 2n.
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THEOREM. Lef by, by, ..., b, be n non-zero compleX numbers, 2,2y, ..., %,
i1 different non-zem complex numbers, Zp = 1.
Pul f(»)= 2 b; z , v =12 ; k= [ ; J and suppose there exists a sequence
{m.}-1 of md;ces such that
fim+ ) =fm+2)=...=fm.+k)=0,r=12,....
Then the numbers z,, 2,, . . . , 2, are roots ef unity.

CoroLLARY. {f the sequence {{(v}},=1 contains infinitely many times

.
2
consecutt{ve zeros and one gap of more than [5} consecittive zeros, then it contains
infinitely many of these longer gaps.
nl. , . .
The number [5 in this theorem is best in the sense that there do exist

sets of n points, not all lying en the same circle, with an infinity of gaps of

n . . .
[-2—]—1 consecutive zeros in their power sum sequence. Indeed, for even n, the set

z; = exp (dadlin), zpype, = 2exp (Anilfn), L = 0,1, ..., %—]

provides us with an example. For odd n a similar example can be constructed.
The proof of the theorem depends on a result of MAHLER. See [5] and [6] and
also LEcH, [4]. Shortiy Mahler’s theorem says that if infinitely many Taylor
coefficients of a rational function vanish, then these zero coefficients occur
periodically. The proof uses p-adic methods and as far as | knew every attempt
to give it without such methods failed until now.

Now since the function F(2) = i-?,f(v) 2" is a rational function of z there

v=1
exist two positive integers m and A such that
(6) fm+lA+]) = fm+iA+2) =...=fm+lA+lH=0,1=0,1,2,....
Putting l;rjz’}ﬂ'1 = ¢; :.>.“q ={pf=12.. .‘, n, the equalities f(m+14+1) =0
1=0,12,... take the form
6 +6 +...¢, =0
(7) CIC1+C2C2+ e Cncn = 0.
elitali+ . .cli=0
Suppose that there are among the numbers £, &,, ..., L, just ¢ different ones.
After an appropriate relabelling we then may write
El = Cl = e 7T "
52 = Cn1+l == Cnﬁ—ns

........................
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with n, = n, = ... = n, Since the numbers £, &, ..., § are pairwise un-
equal it foliows from (7) and Vandermonde that

' 6+t ... +Cn, =0
i.e.
BB L+ b2t = 0.

We have not yet made full use of (6). Starting with f(m+{A+2) = 0,1 =0,1,
2, ... we prove in the same way

b bRP e L $ b 2Rt = 0.

Indeed, we find that the sequence {{*(v)}.=1, f*(»)= 2',‘ biz;, of power sums of
=1

the n, numbers 2y, 2,,. . . , Zo, With coefficients b, b,, . . ., b, contains a gap of
k consecutive zeros.

Let f > 1; then n,= g]=k. This implies, again using Vandermonde,

that &, = b, = ... = by, = 0, since the numbers 2,2, ..., 2, are pairwise
unequa! and non-zero. But this is contrary to our hypothesis. We conclude
then that { = 1 i.e.

This proves the theorem.

Finally | want to seize this opportunity to express my gratitude to Prof.
TurAN who introduced me intoe his theory and whose critical remarks changed
the form of this paper for the good.
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SOME INFINITE SYSTEMS OF LINEAR EQUATIONS IN STATISTICS
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P. VERMES

Birkbeck Coliege, University of London
{ Received April 22, 1966)

1. §. Introduction

Miss SHEELA BiLpIKAR doing research under the supervision of Professor
G. P. PaTiL on discreet distribution theory at McGill University, Montreal,
Canada, has been investigating the probiem of identifying a distribution which
when mixed with a negative binomial distribution gives rise to another negative
binomial distribution.* She has reduced the problem to that of finding a suit-
able solution of the infinite system of linear equations Ax = b, given by

- e s _ - _ Vi fa Yk
an [t+}+‘k lJps(i_p)u;‘xJ = [I+k. l] [El [Q_P] Jfori=0,1,2..,,

j=0 i t g/ q
where k is a positive number, and 0 < p < g < 1.

[t is required that the solution x; should represent the frequency function
{{x) of a random variable, {.¢. that x; = 0, £x; = 1, and it should be proved
that such a solution is unique.

Miss BiLpIkAR has also considered another system of linear equations, the
matrix of which apart from the first row and the first column (of index 0) is
of the same type as before, namely:

lé(l—e)ijz 189 4ng

a2 2 (7-6)’
' 6% {1 =) i1 — g = i ey
'—flog(l—@) L2 Jea-ory 5= |e)

for i=12,...,
where 0 < & <= ¢ < 1.

1 A short summary of our results will appear in the paper , Identifiability of countable
mixtures of discrete probability dsitributions using methods of infinite matrices” by
G, P. PaTit and SHEELA BILDIKAR In the proceedings of Cambridge Philosophical Society.

2 ANIALES -— Sectio Mathematica — T X
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She has observed that in both problems the matrix A and its transpose
A’ satisfy Poélya’s conditions [see T pp. 31 —35 or 3% so that infinitely many
sotutions of (1.1} and (1.2) exist such that each series 2a,x; converges absolu-
tely. Moreover A has infinitely many right-hand and left-hand reciprocals
obtainable by Polya’s method [see 1], but she could not obtain the required
solution, nor could she find a unique two-sided reciprocal A-* which wouid
lead to a solution x = A-'B.

Observing that for k¥ = [ the matrix in (1.1} is the Laurent summability
matrix jsee 4 or 2. 8,1, and that it can be expressed as the product ET of the
lower triangular Euler matrix E and the upper triangular Taylor matrix T
{2 and 4], we obtain in Section 3 for integral & a solution of the formx =
= T-XE-'b) which has the required property, and which then is proved to be
valid and unique for any positive k. An interesting feature of the solution is
that the matrix T-1E-* does not exist, so that our method does not lead to a
two-sided reciprocal of A, and that on the other hand A has infinitely many
two-sided reciprocals which can be constructed by Pélya’s method.

In Section 4 we find the required solution for the system (1.2) by solving
alt equations but the first for the unknowns x;, x,, . .. in terms of x;, and then
determining Xx,.

Section 2 is about infinite matrices stating known results, and establishing
general results which are used in the Jater sections, and which may be of interest
by themselves.

2. §. Products and reciprocals of infinite matrices

Throughout tis section we shall consider infinite matrices of real elements
A=f{al =012, ..., and column-vectors x = {x;}. An infinite matrix
is called row-finite if each row contains only a finite number of non-zero ele-
ments, and column-finite if its transpose is row-finite. A row-finite matrix is
called normal if it is lower triangular with non-zero diagonal elements, i.e. if
a; # 0 and g = O for j > i. A matrix is called upper-normal if its transpose
is normal.

The following two results are well known:

(2.1 When A and B agre row-finite or when B and € are column-finite the product
ABC exists and s associafive.

(2.2) Normal (upper normal) matrices form a group under matrix multiplication.
The next two results are almost obvious:

(2.3) If A is row-finite and BX exists, then (AB)X exists, and (AB}x = A(Bx).
For if Z;b,x; is convergent, then so is

T - ~ T
2o Zbxy =3 [Z’ a,,,ber X; .
r=0 j=0 F=01r=0

(2.4) If N is normal then Ax = y and (NA)x = Ny imply each other.
This follows from the previous results since Ax = y = (NA)Xx = Ny, and
(NA)x = Ny = N~4(NA)x} = N-}(Ny) = Ax =y.

2 Numbers in square brackets indicate references at the end of this paper.
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The remaining two results are believed to he new.

(2.5) An infinite matrix A can be expressed as the product NU of ¢ normal matrix
N and an upper normal matrix U if and only if each leading i X 1 submairix
A; of A is non-singuiar.

Proor. The necessity is obvious from considering the elements in the first
i rows and i columns of the product NU.

To prove sufficiency we first observe that det (Ay) = @, = 0, hence posi-
multiplying by an upper normal column combinator C, we can reduce zall sther
elements in that row to zero. This operation leaves det {A,) unchanged, hence
the diagonal element in the next row of AC, is not zero, and we can operate
similarly, reducing to zero all elements to the right of the diagonal. Proceeding
in the same way we obtain a normal matrix N as an infinite right product
ACCL, . ... We next show that this product exists and thai it is the preduct
of A and of an upper normai matrix € = (C,C,. . .. The matrices C,,C,, ... are
all upper normal; post-multiplication by €,4,, C;4.5, - .. leave the first { columns
of both CC, ... €, and ACL, ... C, unchanged. Hence the infinite right pro-
ducts :

C=1imCLC, ...C, N =1lim(ACLC, ... €} = Iim ACC, ... C)
v - jrm=
all exist so that AC = N. But € is upper normal, it has an upper normal two-
sided reciprocal U, hence A = A(CU) = {AC)U = NU.

(2.6) If @ matrix A and ils transpose A’ are both Polya matrices, then A, and
hence A’, has infinitely many fwo-sided reciprocals.

ProorF. Since the Pdlya property is rctained when a finite number of
rows and columns are removed, the systems

(i) 2 a;x;=s; and (i) Zya,; =t
f=m i=n

have infinitely many solutions for any m and n, and for any vectors s and t.

Hesnce we can define in succession the first row of the reciprocai, then the first

column, then the next row, then the next column, and so on, by solving alter-

nately a system of type (i) and type (ii), taking in succession m = 0, n = 0,

m=1,n =1, and so on, and faking for s successive columns and for t succes-

sive rows of the unit matrix from which are subtracted the finite sums > a,;x;
f<m

and 2 y,a;, containing those elements x; and y, which have aiready been deter-
f<n

mined.
3. §. Solution of the system (1.1)

Assuming that Ax exists and that & is a positive integer we first multiply

the equation Ax = b on the left by the normal matrix N, given by

F+k—1 L ,

@3.1) a=|, ] (— 1)=ip=i(1 — py=i=k,
j+k—11)"

2‘
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Hence, by (2.4) Ax = b and {(NA)x = Nb are equivaient. Now

i+k-l“r+_f+k- 1,

‘ i
> n,a, = 1 - ;L:Z-__l:—r
wdey = (1) (=1 r+k-—1 r

re0 rai

and the last sum is the coefficient of Z* in the power series of {1 —2)' +*-1f(1-2)/7* =
= 1}(1—2)/-*+1, Thus NA = U is an upper normal matrix, where

3.2) = { :’ ) (1= p)-,

and we have obtained the equivalent equation
(3.3) Ux = ¢, where ¢ = Nb.

We note that U is a Pélya matrix, since uy; > 0 and for each 7/ u;fu;y, ; ~ 0
as | - =, so that (3.3} has infinitely many solutions. Since Xa,x, should con-
verge, every solution satisfies the condition x(1-p)/ — 0, showing that x,
need net be bounded. But we can show that:

(3.4) For any vector ¢, UX = ¢ cannot have more than one bounded solution.

For if x; is bounded, then the series f(2) = Zx;2/ converges on the disc
|zl = 1, and f(2) can be expanded at z = 1 —p into a Tayler series convergent
on the disc |z— (1 —p) < p which is contained in the unit disc. In the new
expansion the coefficient of {z— (1 —p)} is

,(n(:. 1—P) - fé [:’I(l —p)yix;.

Thus when x; is bounded and satisfies (3.3}, then that coefficient is ¢;, and hence
on the smaller disc

(3) f2) = Zx) = Zefz— (1~ p)Y,
so that x; is uniquely defined.

CorOLLARY. (3.4) remains irue if “x;is bounded” s replaced by
“lim sup |x)|*¥ = 17, and also when u; = [’(} pi(l — pyi=s.

i

From (3.5) we obtain

(36) xi= 3 11t
ALY

showing that when a bounded solution exists it is given by x = U-le, where
-1 is the two-sided upper normai reciprocal of U.

To simplify the final calculations we first solve the system (1.1) when
k = 1. Then & = (1-p/g) (p/gy’, hence

i - i fF — 1¥-} —_ —_ !
6= 3 ngpy =3P le {I’ Sl M bl { . B
=0 gl-pyer il ¢ g(1-p) Lg1-p) |
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and therefore by (3.6)

I

These values of x, satisfy the conditions x; = 0, £x;, = 1, and
i+
S ayx=q-pp 3 ’j(l =L "[ |
j=0 jm0 i

showing that we have obtained for ¥ = I the required solution, which is unique

by (3.4).
Next we observe that for |2| < I we can differentiate (k— I)-times term

by term the series Z“ !]za' (1—2)~7-1, and then dividing the result by (X — I)}!

we cbtain
i+j _i_ K1 _ (i+;'+k—l] j+k-—lJ i
]zél' i Jlk'—lJz ;%‘1 i k-1 z
- [i+k—1‘ 1
i J (1-2)y+* "

~11i1— a¥/
Hence if we {ake x;=1 [j+ k } _q] , substitution into (1.1) gives a constant

k-1 ji1—p
multiple of b, and we find that
==

is a solution of the system for k = 1,2, ... such that x, = 0, Zx; = I, hence
(3.7) is the required unique sojution. '

We remark that from NA = U follows that U-}{NA) = I, but U-1 N does
not exist, since the series Zu;n,; do not converge. Hence our method is not
based on the use of a two-sided reciprocal of A. By (2.6) A has infinitely many
two-sided reciprocals, but none of those would lead to the above solution.

Finally we remark that the solution given in (3.7) satisfies (1.1} if k is any
real number. When & = 0, x, is positive, otherwise the terms alternate in sign,
and Xx; = 1 for any real k But when k is not a positive integer, the matrix
in (3.1) is not a normal matrix, hence the equivatence of Ax = b with (NA)x =
= Ux = Nb is not evident.

But we can still prove that the selution (3.7) is unique. We first observe
that if Au = b and Av = b then A(u—v) = 0, and therefore if the solution
wounld not be unique, then Aea == 0 would have a non-zero sojution, i.e. the

system of equations
i+j4+k—1y . .
3,8 st J P(l—p)+ha, = 0
Jj=0 I
would be satisfied for § = 0, 1, 2, ... with ol bounded,
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If we now define for i = 1,2, ... and for 0 = { < 1 the functions f.(f)
of the real variable f by
Z I+]+k ] Jt‘+"+k_f(f),
j=0

then each series can be differentiated term by term for 0 < ¢ < 1, and

(3.9) g =+

f4-.'l()

By (3.8) f(1 — p) = 0, and hence by (3.9) all Aerivatives of f(f) exist and vanish
at t = 1 —p. Now, if we define gt} by
gy = > (k+jat!,

=0

g(t) = 740,

and hence all derivatives of g(f) vanish at{ = | — p. But g(2) is reguiar for |z] < 1,
hence the derivatives of the function of the complex variable 2 vanish at 2 =
= 1 =p. Thus g(z) is zero for [z—(1—p)| < p, and therefore g(2) vanishes for
iz} =1, so that o; = 0 for j = 0, 1,2, .... This proves the uniqueness for
k= 0.

then

4. §. Solution of the system (1.2)

Here we re-write the system in the form:

@.1) 2[‘“ 1]9=(1— OV %; = b—Xots, for i=1,2, .

i=1

(4.2) > (1-0yx ==

1=1
where 6 < & <= ¢ < 1, b'.:.i‘gl,

o = —log (1-8), § = —log(p—6), y = —log ¢.
We multiply on the {eft by the normal matrix N the matrix of the equations

(4.1), where
ny = (*1);_,,-'1-—”@Hf(1_@)-f, Li=12 ...,
I__
and obtain for the element in the i-th row j-th column of the product

a-ey 3 (=[] ][”*“‘J -

-1 r

=(1—@)f-fr§(—l)f-l | )[””J
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The last sum is the coefficient of 2 in the power series for

(J =2y -1 (1 =2} = 11 —2)/-i+1, hence
2‘-' ni'rarj = (;J. (l _@)j—{"
r=0 i

so that NA = U is an upper normal matrix, essentially the same as U in section
3, except that the first row and first column are removed. Hence using an argu-
ment similar to that in (3.4) with x, = 0, we can prove that UX = z has at most
one bounded solution,

The equations equivalent to (4.1) are in matrix form

4.3) Ux = Nb- x;Nc.
Calculating Nb we ¢obtain
i b (] _9)—-:‘ i ‘i
Z by = = 3 (=) !_1 ] p
_ A=) L i1 (1-8) iy
a i Z( ) J[j) ¢ if { ) !)
and since ¢; = (pbjﬁ/a, we have at once
Z”ru (1-6)"(-)"
j=1 for
Hence Ux = d, where
(4.4) d, = (‘_9) : ‘[ ] +lﬁx° J( )11

The reciprocal of U is given again by the formula
uil= m(@- 1yii
iy i L

and we see that uj'd; — 0 as j — - if and only if (p:——;- and

(4.5) X, = «fB.

Hence to obtain a solution of the form x = U-'d we assume that those conditions
are satisfied and obtain )

(4.6) X= Zutdy= 3 (1= 9)—'{ ]ﬂll_l

i8 ¢ |

i=
B %{w(lln—q;): “ i::”l_ - iﬁll_ﬁ) ‘
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Substituting the values x; into the left-hand side of (4.1)
G i+j—-1(1—9) & i+j—-1 :
> ayx == 3 [ ]Q=.—Z ! }(1—¢)J=
i=1 Jj=1 I ! i8 j=1 j
I .
=g[__l =b,-——i8“
i8¢ : B
showing that the values (4.5) and (4.6) satisfy (4.1). Also
) [ (-g)f -—logg _ 7
S(-&x=— 33—~ = =L,
jm Bi=x ] B B
hence (4.2) is satisfied. We observe that all the equations are satisfied inde-
pendently of the condition qp:a-—;— which had to be imposed to insure that U-d

should exist.
Finally we see that x, > 0, and that
a 1 1 {l—@}y e« i
>x =—+——2’—.[—-———-] = ———logj—oro
A - R I} B A
so that

log (1 — &) i 1_,,,};
Xg =77 X = N

log (¢ —6) —jlog(p—0) [1-6
is the required unique solution.
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#. Introduction?

Let p be a prime, let P, be the ring of p-adic integers, and represent P,
faithfulty as the endomorphism ring E(C(p™)) of the quasicyclic group C(p~).
It is well known [3] that J{E(C(p™))), the jacobson radical of P, is just (p),
the principal ideat in P, generated by the p-adic integer p. There is a standard
result [3] on the radical of the n-by-n matric ring over P, which allows us to
compute J(E(G)) where & is the direct sum of n copies of C(p~}. In fact, this
particular endomorphism radical comes out to be (p/,) where [, is the unity
matrix for the matric ring in question. Now let m be any infinite cardinal num-
ber; let M, (P, m) be the ring of m-by-m row-finite matrices over P,; and
let M (P, m) be the ring of m-by-m row-convergent matrices over P,, this
matric ring to be interpreted as the endomorphism ring of the direct sum of m
copies of C{p~). "ee [2] for definitions. Let I denote the unity matrix for M,
or for M,,.

We sfhal] show that J(M (P, m) = M, (J(P), m) = (p/) but that
JM AP, m)) is only some proper portion of the ideal (pl) in M, We shall,
in fact, exhibit a large subideal in J{M,); but the apparent lack of an effective
diagonalization process for M,, seems to indicate that the structure problem
for (M, ) is still open. Not only does this difference in behavior arise from the
fact that M,, is not an ideal tn M,,, but the disparity is reinforced by the pre-
sence of row-finite matrices over P, with inverses which are row-convergent
but not row-finite. For instance, let A be the countiably infinite matrix ever
P, with entries a,; where, for all pertinent values of i, q;,., =—pandg, = 1,
while a;; = 0if j = i, i+ 1. Although A is row-finite, it has an inverse B = (b;)
given by b, =1, by = p/~'ifi<j and b; = 0 if [ = j, a row-convergent,
but not row-finite, matrix. See [3] for the genesis of this example.

1 Thanks are due to Professor L. FucHs for his most helpful remarks in private commu-
nications. This work was supported, in part, by NSF grant GP —3874.
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Since integers induce endomorphisms on abelian groups, one can speak
of an integer as lying, or as not lying, in a subring of E{(G); for example, 0 ¢
€ J(E(®), but 1 ¢ f{E(G)). It is well known [1] [4] {7] that the structure of
an abelian group can, in seme instances, be related to properties of its endo-
morphism-ring radical. The non-trivial divisible abetian groups with non-zero
integers in their endomorphism radicals wili be shown to be the torsion divisible
groups with only a finite number of primary components,

1. The row-convergent case

As in PATTERSON [D], Theorem 1, J = M where J = j(M,E(PI,, ny) and
M = M (J(Py), m). Let G be the dlscrete direct sum of m copies of C(p~)},
and let A be a member of M. Suppose that all but possibly one of the compo-
nents of some x ¢ G are zero. Although we make no countability assumptions
about m, we can simplify notation by writing x = (x;, 0,0, ...}. Suppese that,
for such an x, we have x(f— A) = (0,0, ...). Since A = (g; ) a comparisor of
components gives x,(1 —a,,}) = 0. But a4, E {p) implies that l—.aI1 is invertible
in P, whence x, = 0.

Assume inductively that, if any non-zero x” € & has n or fewer non-zero
components, then x'{({ — A) = 0, no matter which A € M is chosen. Now sup-
pose that x ¢ G has 2+ 1 non-zero compenents and that x(/ —A) = 0 for some
A€ M, Again with no assumptions on the countability of non-finite m, we
can write x = (x, ..., X4, 6,0, ...) whereeach x; # 0,1 =i = n+1. From
(0,0, ...) = x{J—A) we derive m identities, among which are the following
n+l:

n+1

(A) ijaﬁzxi, 1'-":1"—:”"‘[.
=1

From the Jast of these, x,+,= ‘Z X n;_ll (1 —a,4+, n+1)7 % using the fact that

Apt1, n+1 € J(P,)- Substituting im (A) and writing a =@+ {1 —lye; o+ )7t

aj n+]_an+]_ i We have

(B) _2' s I=i=n.

Lef A" be the m-by-m mairix with entries a’ i \\«henever 1l =14 j=n and
with zero entries elsewhere. By construction, A e M, ard the equations (B}
show that X" = (X, ..., X, 0,0, ...} is nullified by [— A’, contradicting the
induction hypothesis. We have thus established that each 1 —A for A¢ M
represents a monendomorphism on G.

Let C(p=) have generators {c{m)} where pc{l) = 0 and pc{m+ 1} = c(m),
m=1,2,.... For Ae M, (¢1),0,0,...Y({—A4) = (e(D), 0,0, ...). Suppose
that x ¢ G has each of its non-zero components x, in the form 4,c{l) where &,
is an integer obeying 00 = k;, = p. By what we have just done, there exists



ENDOMORPHISM RADICALS WHICH CHARACTERIZE SCME DIVISIBLE GROUPS 27

y€ G such that pi—A4)y=x. Now {(cim+1),0 0, ... ){{-A)=
= (tetm+ 1), Lolm), hedmy, <., Le(m), 0,0, ...} where the f, are appropriate
integers and where, in particular, p does not divide {,. We can then find an inte-
ger { such that f# =1 mod pm*!, whence #(ctm+1),0,0,...)—2]({—A)
will simplify to (c(m+ 1), 0,0, ...) if, by the induction hypothesis, we choose
2€ G in such a way that z(/—A) = (0, felm), teim), .-, LeOm), 0, O, ...
Thus, each F— A represents an ependomorphism en G. We now have [— A
regular and A quasiregular. But A is the most general right multiple of pf in
M, (P, m) since, if one factors out p from each entry of A, the resulting matrix
B has, for each positive integer &, almost all its entries in each row divisible
by p*, placing B in M, (P,, m). At once, p/ is a radical element as is each A of
the ideal {p[). But these A are precisely the elements of M. We have proved
the following:

Tueorem L. If m is an infinite cardinal and if Iy 'is the m-by-m identity
matrix, then J(M, AP, m)) = M J(P,), m) = (plw).

Theorem I shows that the result of PATTERSON [6] [5] on row-finite matri-
ces does not extend fo row-convergent matrices. For, J(P,) = (p) does not sa-
tisfy the right-vanishing condition of LEviTzkI; yet the radical of the row-
convergent m-by-m matric ring is the row-convergent matric ring over the
radical elements,

THEOREM 2. Lef G be a non-trivial divisible abelian group. Then J(E(G))

possesses an finteger n=2 if and only if G is a direct sum 3 > C(pi) where
=1 m;

the m distinct primes p, are chosen from ameng the m’ distinct prime divisers

of n, where the cardinals m, are arbifrary non-zero, and where each inner swmma-

tion is carried over m; copies of C(p7).

Proor. Suppase that G has the structure of a divisible torsion group with
only a finite number m of non-trivial primary components. Let the p-primary
component G, of (¢ be the direct sum of m, copies of C(pr). If m, is finite,
one can use the standard radical-matrix theorem [3] in conjunction with the
fact that p; € J(Pp) to show that each integer in the ideal on p; lies in
JCEG)). 1f the given m, happens to be infinite, then Theorem 1 allows us to
reach the same conclusion. Since the p; are distinct, E(G) is the ring direct sum
of the E(G)), and f(E(G)) is the ring direct sum of the Jf(E(Gp). Thus, n =
= iPs --- Py € J(E(G)), as we wished to show. _

Conversely, suppose that G is divisible with n € J{E(G)). If A is any direct
summand of G, an easy argument shows that n ¢ J{E(A)). Should A = R,
the additive group of rationals, or should A = C(p~) for some prime p which
does not divide n, then nt is an automorphism on A with inverse automorphism,
say ». Since 1 € J(E(A)) the identity automorphism nv on A would have to.
be quasiregular, an impossibility. Thus G has the desired structure.

We should note that the divisible groups with the minimum condition [2]
are among the groups having the structure described in the theorem.

CoroLLARY 1. The forsion divisible groups with enly a finite number of pri-
mary components are precisely the divisible groups which have non-zero inlegers
in their endomorphism-ring radicals.
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COROLLARY 2. Let G be g non-trivial divisible group. If J(E(G)) possesses an
integer n = 2, then it possesses u least square-free integer n’ = 2.

Proor. By the theorem, G has a finite number m of distinct p,-primary
components. The square-free integer n” is just pypy ... P-

CorOLLARY 3. Let G be a non-trivial abelian group on which 2 is an ependo-
morphism. Then 2 € J(E(G) if and only if G is a direct sum of copies of C(27).

Proor. If 2 ¢ J(E()), and if m is any integer, then 1—-2m is an aufo-
morphism on G, so that G is divisible. The theorem now applies.

2. The row-finite case

The PaTtTERsoN result [6] [5] on the radicals of row-finite matric rings
shows that M" = M, ( J(P), m) must conta:n at least one member of the com-
plement of ' = _](M,,(P m)). Since M" = (pI), pl itself cannot be in /.
We can show somewhat more in this dl!‘&Cth!’i Let A be an index set of infinite
cardinal m, and well order /1. For each o € d, let v, be a non-zero member of
J(P,). Let V = (v5) be the matrix with entries Voe = V, for each o € 4 and
with zeros elsewhere, a member of M'. Let the mairix C = (c.g) have the ent-ies
Ce,av1 = | whenever o € A obeys o« < o, and let C have zerc entries in all other
pesitionsA Then VC = (w.;) has the entries w. ..1 = v, for o < ®, zeros else-
where. If V were to be a radical element, then VC wouid have to be quasiregular,
with some quasi-inverse D = (d,y) € M,J(P m). Denoting the initial members
of well-ordered A by 1, 2, , we see that the first row of D+ VC turns out to
be {dy;, dia+ vy, dig, d14, .. .), of DVC, (0, dyy, dig¥,, digly, -..}; of VCD,
(Vidyy, Wiy, Vilys, ...). But DVC = D+ Ve = VCD, and a comparison of com-
ponents gives dy, =90, d, =—v, d3 = dpv, = -y, and, indyctively,
dy piey = —WV, ...V, #0. The quasi-inverse of VC cannot, therefore, ie in

,f(P nt) even though Theorem 1 does place it in M, (P,, m). It is not difficult
to see that if X = (X,s) € M where X =0 if « = 8, fand where X #= 0 for
more then a finite number of « € A4, then X ¢ J', if one proceeds roughly as
above.

On the other hand, for y ¢ 4, let K, = (k) € M’ have zero columns
except, perhaps, at index y. Let U, = (u.) € M’ be the mairix which has
zero cojumns except, perhaps, at index y, where, for each 8 € A, ug, = —fg,(1 -
—ki,)-1. Then K, has quasi-inverse U,. Since the left multiples of matrices
like K, are matrices like K,, ali quasireguiar, each K, € J'; and all matrices
K € M’ having at most a finite number of non-zero columns lie in J'. The set
N = N(J(P,), m) of all such K is an ideal of M’ where N = j'= M’. [6], [5].

Let § = S(J{P,), m) be the discrete ring direct sum of m copies of JPo)
§ can be represented faithfully on the main diagonal as a subset of N: for
map { = {f.} € Sonto T = () € M where t,p3 = 0if « # §, and where £,
= 1, for each ¢ € A. Since almost all {, are 0, it is clear that T ¢ N. Likewise
let §° = S(J(Py, m) be the compiete ring direct sum of m copies of (P, ),
and represent s faithfully on the main diagenal as a subset of M. Some easﬂy
established results can be summarized as follows:
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THEOREM 3. §/S can be infected both into M'[}’ and inte M’[N in such a
way that @ 40-vertex, 16-line, three-dimensional diagram, involving the rings 0, S, S,
SYS, J, N, M7, J'IN, M'IN, and M’'{}’, is commutalive and exact.
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Einleitung

Die Aufgabe, die Gruppe Hom (A, W) aller Homomorphismen zweier
beliebiger abelscher Gruppen A und W durch Invarianten eindeutig zu be-
schreiben, ist sicher unlésbar, denn das wiirde die Kenntnis der Struktur jeder
beliebigen abelschen Gruppe X = Hom {Z, X) voraussetzen [Z ist die unend-
lich zyklische Gruppe]. Man wird sich also durchaus mit einer Beschreibung
zufrieden geben, in der noch die Gruppen A und W und ihre Untergruppen und
Faktorgruppen, soweit sie wohl definiert sind, vorkommen.

AuBerdem ist zu vermuten {und zu hoffen), daB zu einer Charakterisierung
wan Flom (A, W) nicht alle Invarianten von A und W gebraucht werden. Den-
noch ist die Situation so gut wie aussichtslos.

Erstaunlicherweise i{st dagegen fiir beliebige abelsche Gruppen A und W
eine Beschreibung der Torsionsuntergruppe THom (A, W) aller Homomorphis-
men endlicher Ordnung moglich. Es zeigt sich ndmiich, daB nur sehr wenige
Invarianten der Gruppe A gebraucht werden, ndmilich fiir jede Primzahl p
die Invarianten der Faktorgruppen
*) A TA+pA)y und AfpPA fir i=1,2,...,
welche ja als beschrinkte p-Gruppen leicht zu beschreiben sind. AuBierdem
gehen in die Beschreibung noch die p-Komponenten W, von W und ihre Unter-
gruppen W[p'] aller Eiemente von pf teilender Ordnung fir i = 1, 2, ... ein:
Es ist THom{A, W) der Torsionsuntergruppe ciner cartesischen Summe von
W, und W[p'] isomorph, wobei iiber p und ¢ und gewisse Méchtigkeiten r(p, 7},
die man aus (*} erhilt, sununiert wird.

Das bedeutet, dafl bei der THom-Bildung viel von der Struktur von A ver-
loren geht. Fiir die p-Komponenten Hom (A, W), ven THom (A, W) Kbnnen
wir das noch deutlicher aussprechen: es gibt Untergruppen B von A, sogenannte
p-Basisuntergruppen, die eine direkte Summe zyklischer Gruppen sind, so daB
Hom(A, W), und Hom(B, W), in natiirlicher Weise isomorph sind. Fér Grup-
pen 4, und A, mit isomorphen p-Basisuntergruppen B; = B, gilt aiso die Iso-
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morphie Hom (A,, W), = Hom (A,, W},. Beziiglich der Frage, weiche Grup-
pen A isomorphe p-Basisuntergruppen B haben, wird auf Bover [!] verwiesen.

Da Hom (A, W), durch eine direkte Summe zyklischer Untergruppen von
Aund durch W, charakterisiert wird, so erhebt sich die naheliegende Frage,
ob Hom (A, W), setbst durch eine d;rekte Summe zyklischer Untergruppen
eindeutig bestlmmt und damit eine abgeschiossene p-Gruppe im Sinne von
Fucus [2; pp. 114—117] ist. Die Antwort kann man an Satz 2.3 (c¢) ablesen:
dann und nur dann ist Hom (A, W), abgeschiossen, wenn W, abgeschlossen
oder A/TA = p(A[T A) ist. Insbesondere ist Hom (A,, W), stets eine abge-
schiossene p-Gruppe, ein sicher schon bekanntes Resultat

SchiieBtich zerfdllt THom (A, W) fiber der Untergruppe THom (A{T A, W)
mit einem zu THom (T A, W) isomorphen direkten Komplement.

1. Induzierte und Erweiterbare Homomorphismen

Ist B eine Untergruppe der Gruppe A, so induziert jeder Homomeorphismus
o von A in W einen Homomeorphismus ¢” von B in W. Die Abbildung von o
auf o', d.i. die Restriktion von A auf B, ist ein natéirlicher Homomorphismus
von Hom (A, W) in Hom (B, W). Wir bezeichnen das Bild von Hom (A, W)
unter dieser Abbildung mit Hem (A/B, W), d.i. die Gesamtheit der Homo-
morphismen von B in W, die zu Homomorphismen von A in W erweitert
werden kdnnen. Der Kern dieser natiirlichen Abbildung ist die Gesamtheit der
Homomorphismen von A in W, die B auf 0 abbilden; wir bezeichnen diese Un-
tergruppe von Hom (A, W) mit Hom (A/B, W)
.n Hom (A/W}/Hom (A/B, W) =~ Hem (A|B, W) & Hom (B, W).

Analog gilt diese Beziehung (1.1} auch fiir die Torsionsuntergruppe
THom (A, W), d.i. die Gesarntheit der Homomorphismen endlicher Ordnung;
bzw. fiir die p-Komponente Hom (A4, W),, d.i. die Gesamtheit der Homomor-
phismen von Primzahlpotenzordnung.

Ist p eine Primzahl, so heiit G eine p-teilbare Gruppe, wenn G = pG ist.
Die Untergruppe U von G heiBt p-rein in G, wenn pU = p'GN U fir | =
= 1,2, ... gilt. Eine Gruppe heiBt teilbar, wenn sie p-teitbar fiir jede Primzahi
p ist; und eine Untergruppe heiBt rein, wenn sie p-rein fiir jede Primzahl p ist.

LEmMma 1.2, Aus B C U € A und der p-Teilbarkeif von U|B folgt
Hom (A/B, W), = Hom (AfU, W),.

Lemma 1.2*%. Aus B €S U © A und der Teilbarkeit von U{B folgt
THom (A{B, W) = THom (AjU, W).

BewEets. Bei beiden Lemmata ist die Inklusion 2 trivial. Ist umgekehrt
o ein Homomorphismus, der B auf 0 abbildet, und ¢ seine Ordnung, so ergibt
sich
Uo = (UjB)o = g(U/B)o = (U/B)go = 0,
denn fiir das erste Lemma ist ¢ eine p-Potenz und U/B ist p-teilbar und fiir

das zweite Lemma ist ¢ eine ganze Zah! und U/B ist teilbar. Aiso giit jeweils
auch die Inklusion <.
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LEmMMmA 1.3. Ist B eine p-reine Untergruppe von A, so [oigt
_ Hom (A|B, W), = Hom (B, W),.

Lemma 1.3%. Ist B eine reine Untergruppe von A, so folgt
THom (A|B, W) = THom (B, W).

Bewgrs. Fiir beide Lemmata folgt die Inklusion € aus (1.1). Ist umgekehrt
o ein Homomorphismus von B in W, ist K der Kern von ¢ und ¢ die Ordnung
von o, 5o sind wegen '

§(BIK) = ¢(Bo) = Bgo = 0
die Elemente in der Faktorgruppe B/K von ¢ teilender Ordnung. Fiir das erste
Lemma ist g eine p-Potenz und folglich B/K sogar eine p-Gruppe. Ist n eine
ganze Zahl, so folgt aus nB = nA N B:
n(B/K) = [nB+K]/K = [(nA N B)+K}K = [(nA+K) N BljK =’
= (nA+K){K N BIK = n(A/K) N BIK.

Im ersten Lemma ist B eine p-reine Uniergruppe, woraus sich aiso zunachst
die p-Reinheit ven B/K in AfK ergibt; dann folgt aber sogar die Reinbeit,
da B/K eine p-Gruppe ist. Im zweiten Lemma ist B rein in A und alse ergibt
sich auch hier die Reinheit von B/K in A/K.

Als reine und beschrinkte Untergruppe ist B/K ein direkter Summand
von AJK; Fucnas [2; Th. 24.5]. Ist etwa AJK = B{K & C/K miteiner BN C =
= K erfiillenden Untergruppe € von A, so existiert ein und nur ein Homomor-
phismus z ven A in W mit

br = bo fiirb ¢ Bund Cr = 0.

Es ist klar, daB z und o die gleiche Ordnung haben und daf v gerade o
in B induziert. .
KoroLLar 1.4, st B eine p-reine Uniergruppe vort A mit p-teilbarer Fak-
forgruppe A[B, so besteht die natiirliche Isomorphie
Hom (A, W), = Hom (A|B, W), = Hom (B, W),.
KoroLLar 1.4%. st B eine reine Unlergruppe von A mit feilbarer Faktor-
gruppe AlB, so besteht die natiirliche Isomorphie
THom (A, W) >~ THom (A|B, W) = THom (B, W}.

2, p-Basisuntergruppen

in der Anwendung von Korottar 1.4 und [.4* wird man danach trachten,
daB B zusidtzlich eine einfache Struktur hat, etwa eine direkte Summe zykli-
scher Gruppen ist. Das wird fiir Korollar 1 4% nur in besonders giinstigen Fililen
madglich sein. Fiir Korollar 1.4 ist die Situation wesentlich vorteilhafter: jede
Gruppe A enthilt eine Untergruppe B mit

(i) B ist eine direkte Summe zyklischer Gruppen, deren Ordnungen
unendlich und/oder p-Potenzen sind;

(if) B ist p-rein in A;
(iii) A/B ist p-teilbar.

3 ANNALES — Sectio Mathematica — Tomus X.
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Diesc von FucHs [3] eingefiihrien Untergruppen heilen p-Basisunter-
gruppen. Der Bequemlichkeit halber wiederholen wir hier jhre Konstruktion.
Fucus [3] nennt eine Menge von Elementen g; # 0 aus A eine p-unabhéngige
Menge, wenn fiir jede endliche Linearkombination ZXZwa; € p"A entweder
oy1; = 0 oder pje; folgt. Dies ist gleichwertig damit, dab die von den Elemen-
ten g; erzeugte Untergruppe B die Bedingungen (i) und (ii} erfiillt. Nach dem
Zorn'schen Lemma existieren maximale p-unabhidngige Mengen, und eine p-
unabhingige Menge ist genau dann maximal, wenn die von ihr erzeugte Unter-
gruppe B zusatzlich noch (iii) erfiillt.

Also existieren immer p-Basisuntergruppen B in A und diese sind (zur
selben Primzahl p) untereinander isomorph. Wir setzen

(21) B = B, & B, dabeiist
By = >°Z eine freie Gruppe vom Range r,,
B,= >"B, die p-Komponente von B und
i=1
B, = >%Z(p") fiir i = 1,2, ... eine direkte Summe zyklischer Gruppen
der Ordnung p'; der Rang von B; sei r,.

Der freie Anteil B, von B reprasentlert in A/B, bzw. AfA, bzw. A[TA
jeweils eine p- Bamsuntergruppe analog reprasentlert die p- Komponente B,
von B jeweils eine p-Basisuntergruppe von A, bzw. TA bzw. A/B,; esist B, 90-
gar eine Basisuntergruppe von A, im iiblichen Sinne.

Die Ringe r, von B, fiir { = O 1,2, ... sind Invarianten der Gruppe A
und werden folgendermalien berechnet:

(2.2} r,ist gleich dem Rang der elementar-abelschen p-Gruppen
ByjpB, = AT A+pA) = [ATA}jp[ AT AJ;

r; fiir 1 = { = n—1 und n beliebig ist gleich der Anzahl der zyklischen
direkten Summanden der Ordnung p‘ in einer der Gruppen

Bip"B = Ajp"A bzw. A,[p*A, bzw. TA[p"T A,

Nach diesem Zitat aus Fuchs [3] sind wir in der Lage die Torsionsunter-
gruppe THom (A4, W) zu beschreiben.

Satz 2.3. Fiir jede Primzahi p und jede p-Buasisuntergruppe B von A gill:
(a) Hom (A, W), = Hom (A|B, W), = Hom (B, W),
mit einem natirlichen Isomorphismus.
(b) Hom (A, W), = Hom (A/B,, W), @ Hom (A/B,, W),
Hom (A/B,, W), = Hom (A/A,, W),=Hom (A/T A, W), = Hom (5,, W},
Hom (A/B,, W), = Hom (B,, W), = Hom (4, W),=Hom (T A, W),.
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(¢) Hom(A,W),= Z W, EBZ >S*Wipidl .,

i=1 ¥; 2

wobei der erste a'trek!e Summand zu Hom (A[B,, W), und der 2weite 2u
Hom (A[B,, W}, isomorph ist.

(d) THom (A, W) = THom (A/T A, W) ® THom (T A, W)

in dem Sinne, daff THem (A, W) iber der Untergruppe THom (A/T A, W)
zerfdllt mit einem zu

THom (A, W)/THom (A[T A, W) = THom (A|T A, W) = THom (T A, W)
isomor phen direkten Komplement.

Beweis. Aus der Definifion der p-Basisuntergruppe und Korollar 1.4 er-
gibt sich (a).

Aus (a) und der Zerlegung B = B, @ B, folgt die erste Zeile ven (b).
Aus der p-Teilbarkeit von A,/B, und TAJA, ’ und Lemma 1 .2, bzw. aus der
Tatsache, daB B, eine p~Basnsuntergruppe von A/TA reprasennert und Korol-
lar 1.4 erglbt sich die zweite Zeile von (b). Da B, eine p-Basisuntergruppe von
A, bzw. T A bzw. A/B, ist, so liefert Koroltar 1.4 die dritte Zeile ven (b).

Um (c) zu zeigen, benutzt man (a), die Zerlegung B = Z”’” B, und Fucns
{2: Th. 54.3]. =
SchlieBlich hat man noch
THom (A, W) = >° Hom (4, W),.
Aus (b) ergibt sich "
Hom (A, W), = Hom (A/TA, W), ® Hom (A,, W),
so daB
THom (A, W) = 3° Hom (AJTA, W), ® 3° Hom (A,, W),
und schlieBlich : ’
THom (A, W) = THoem (A/T A, W) @ THom (T A, W).
Aus der Reinheit von TA in A und (1.1) sowie Lemma 1.3* folgt dann (d).
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AXJALLY SYMMETRIC PACKING OF EQUAL CIRCLES ON A SPHERE

By
M. GOLDBERG

Washington, D, C. U.S.A.
{Received June 16, 1966)

1. Introduction

Many interesting problems can be found.in the study of the most efficient
packing of circles and spheres. Excellent summaries of the known results are
given by Fejes Téth [1] and CoxevEr [2]. If is the purpose of the present
paper to summarize the known resulis for one class of these problems and to
augment these results with a few corrections and additiens. This general problem
is the determination of the largest angular diameter a(n) of n equal circular
rings (or spherical caps) which can be packed on the surface of a sphere without
overlapping.

2. Known solutions

The most imporant contributions te the knewn solutions are the papers
by ScoUTTE and VAN DER WAERDEN {3, 4]. They derived and proved the best
solutions for n = 2, 3, 4, 5, 6, 7, 8 and 9. Conjectures for other values, namely,
for n = 10, 11, 12, 13, 14, 15, 16, 20, 24, 32, 42 and 122 were made. FEJES
Téta [5]) proved the conjecture for n = 12, DANZER’s proofs for n = 10 and
i1 = 11 have not yet been published. RoBiNsON [6] proved the conjecture for
n = 24. Jucovic¢ [7] added conjectured solutions for n = 17, 25 and 33. The
auther {10, 11] submitted improved arrangements for n = 33, and a conjec-
ture for n = 18. STrRoHMAJER [}2] added conjectured solutions for n = 18, 21,
22, 26, 30, 3t and 52,

3. Improvements for 1 = 32

1{ was conjectured thai the best arrangement for 32 circles resuited from
placing the centers of the circles on the vertices and face centers of a regular
icosahedron (or a reguiar dodecahedron}. This gives

a(32) = arc tan (3—¥5) = arc tan 0:763932023 = 37°22'39",
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which is the angular distance between a vertex and a face center. LEECH
8, pp. 89—90] and FeJES TOTH {9, p. 236] have already given reasons to belie-
ve that this value can be improved by a meoedified arrangement, but no new
vaiues for a{(32) had been computed.

Instead of using icosahedral symmetry for the arrangement of the circles,
let us use the axial symmetry indicated by 32{1, 5, 5, 5, 5, 5, 5, 1}. This indicates
that circles are centered at the opposite poles of a sphere whiie six rings of five
equally spaced circles are piaced at six intermediate latitudes. This arrange-
ment is shown in the pian and elevation views of Figure 1. Note that the circles
of each ring lie equally between the longitudes of the circles of the adjacent
rings, except that at the equator, the adjacent rings are skewed to reduce the
latitude between them. Computation by approximation and successive inter-
polation yields @(32) = 37°25'51”, which is more than three minutes of arc
larger than for the icosahedral arrangement.

This vatue can be verified as follows:
Let PA = 2z Then,

tan z = cos 36° tan 37°25°51” = 0,800017.0,76541080 = 0,61923035
2 = 31°46'0114", 22 = 63°32°03”

sin w = sin 36° sin 2z = 0,58778525.0(,89520028 = (,52618552
w = 31°44'53"

cos u = cos ajfcos w = 0,79408765/0,85037008 = (,93381418
u = 20°67°45”

tan v = cos 36° tan 22 = 0,808017.2,00868840 = 1,62506314
v = 58°23'3615"

sin & = 14(I'fcos 4/2) = 0,5279139, sine = sinwfsina =
= 0,52618552/0,60780326 =
= (,86571684

b = 31°51°52157, 28 = 63°43'45”
e = 59°5753”
2h+e = 123°41°38"
f = 180°—(2b+¢) = 56°1822", PB = y+v

tan r = cot (u4v)jcos f = cot 79°21"2114" jcos 56°18'22” =
= 0,18794037/0,55475569 = 0,33878043

r

18942/5515"
BC =2 = 37°2551" = a.
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4. Values for n = 42

The icosahedral arrangement for 42 circles is obtained by placing the cen-
ters of the circles at the vertices of a regular icosahedron and slightly io one
side (or the other) of the midpoints of the edges. The best value, so determined,
yields

a(42, icosahedral) = 31°46".

However, the value for the axially symmetric arrangement 42{1,5,10,10,10,5,1},
shown in Figure 2, as described by vAN DER WAERDEN, is a(42) = 32°00’.
A further improvement is obtained by the arrangement 42{1,5,5,5,(10),5,5,5,1},
shown in Figure 3, for which a(42) = 32°08’. As in the case of n = 32, the
icosahedral arrangement for n = 42 yields 2 smalier value than for the axially
symmetric arrangements.

5. Values for 7 = 30 and n = 31

One might consider the regular rhombic triacontahedron as likely fo yield
a satisfactory arrangement of 30 circles on the sphere. A circle can be inseribed
in each face. These circles touch other circles in the adjacent faces. The value
of a(30, rlombic) is 36°, which is the suppmenet of the dihedral angle.

However, the axial arrangement 30{5,5,5,5,5,5} gives a larger value, namely,
a(30, axial) = 38°0940”. As in the case of n = 32, the positions of the centers
of the circles on the latitudes adjacent to the equator are skewed with respect
to each other. This is seen in the lower view of Figure 4, 1t is not evident in the
top view, ner in the views shown by Stroumajer. This accounts for the increase
of 96 seconds of arc over the angular diameter given by STROHMAJER.

A similar improvement can be made for n = 31. One ring near the equator
is skewed with respect to the other ring near the equator giving the value
a(31) = 37°42'36”, whereas STROHMAJER’s arrangement gave only 37°40".

6. Axial arrangements

There are no general riles for determining the most efficient way of packing
n given equal circles on a sphere. One usuaily expects the highly symmetric
arrangements {o give extremal values. But this is not always the case, as shown
in the foregoing. For at least the smaller values of n, the axially symmetric
arrangements seem to give the best packings.

One of the reasons for this departure is the fact that the axial arrangements
allow more contacts between the circles. In these arrangements, there are usuatly
four contacts of a circle with its neighbors, namely, two in the higher latitude
and two in the lower latitude. The more symmetric arrangements usuaily provide
only three contacts.

Various axial arrangements were considered. They include the following
nine indicated types:

{3s3s R }3r3;}} {133931 e :3;3: l}) {lr3a3: .- 9393};
{44,.....44}, {1,44,....441, {1,44,....44},
{5,5,....,5,3), {1,55,....,551}, (1,55, ...,55)
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7. Tabulation

Table 1 summarizes the results of the computations on various arrange-
ments. For some values of n, (like n = 17), several forms apply, and they give
distinct packings. For some others, like n = 12, different forms give identical
packings. :

As the rings are placed about a pole, each ring is placed as close to the pole
as possible. In some cases, this requires that the circles in the added ring be
placed unsymmetrically in the gaps provided by the previous ring. See, for
example, n = 32. Also, the circles in the ring are not always equally spaced.
In the symbol for the arrangement, a parenthesis about a number indicates
that the circles in this ring are not equally spaced. However, the circles are
arranged into groups which preserve the form of the axial symmetiry that is
being used. Furthermore, as in n = 33, different arrangements arise by the
exercise of the choice of shifting circles to one side or the other in successive
rings.

The largest known values of ¢(n) which have been computed are shown in
Table 2. These include previously published results of the author and others
[10, 11]. Values enclosed in parentheses have not yet been proved to be fhe
best possible. This table includes the results of Stroumajer [12] for n = 18,
21, 22 and 52. However, other arrangements and better values are given for
n = 26, 30 and 31.

The quantity D,, which represenis the density of packing on the sphere,
is given by D, = nfl—cos 0.5 a{nr)]/2. If the n circles have unit diameter, the

sphere has the radius R, =1/¥2= 2 cos a(n).
A collection of drawings for the arrangements in Table 2, from n = 13
to n = 52, is shown in the plates.

Note

Since submission of this paper, several new resuits have been obtained by
the author. One result is an improved arrangement for 33 circles which yieids
an angular diametfer of 36°15°32” for each circle, Another result is an arrange-
ment of 19 circles which yields an angular diameter of 47°25'22” for each circle.
These results are described in notes to be published in Elemente der Mathematik.
Aiso, improved resuiis for 21 and 22 circies have been obtained, and an arran-
gement of 28 circles has been determined.

Meanwhile, Dr. Rapuaer M. RoBiNsoN has cbtained an improved result
for n = 22, and new conjectures for n = 44, 48, 60, 80, 110 and 120. Some of
these are described in an abstract in the Notices of the American Mathematical
Society, vol. 13, No. 6, October 1966. The complete results will be published
later.
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Table 1.
Angular diametec of n circies packed an sphere
Type of axial symmetry

153

2fold | Bfold | 4-fold 5-fold

9 T0°32"

10
il
12 63026 60°00" 63926~
13 57°08"
14 55040 * h4o44-
15 53°26° 52°30r
16 52014’ 51947+
17 51902 50°45¢ 51902
18 47926 40933
19
20 47029 45°31"
21 44°57
22 A3°43 44024~
23
24 43°41¢
25 41°24°
26 40044« 41°01-30"
27 40041
28
29
30 38°09+40*
31 37242736
32 372551
3 35025
34
35 33°56°
36 334030
37 33930
38
39
40 32525
41 32919
42 32008
52 28°467

* Not stable
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Table 2.

Axial symmetry packing of # equal cirtles on the sphere

" l arrangement I diameter | R, | Dp | source
2 180° 0.5 i Schiitte & van der Waerden
3 120° 0.577 0.75 Schiitte & van der Waerden
4 | 1,3 or 2,2 Reg. 109¢28/16* 0.612 0.845 | Schiitte & vamder Waerden
5 | Degenerate 90° 0.707 N.732 | Schiitte & van der Waerden
6 | 1,4,1 or 3,3 Reg. . 90° 0.707 0.878 | Schiitte & van der Waerden
7113, TT°51°58° 0.795 0.7T7 | Schiitte & van der Waerden
8 | 4,4 T4°51-31L G822 0.823 | Schiitte & van der Waerden
g 1333 70°31° 44~ 0.866 0.825 | Schiitte & van der Waerden

10 | 2,44 66°19° 0.916 0.812 | Danzer

11 | Degenerate 63°26:06" 0.951 0.802 | Danzer

12 | 1,55,1 or 3,3,3,3 Reg. | 63°26:06° 0.951 0.896 | Fejes Toth

13 | 1,444 {57°08") {1.045) (0. 791} | Schiitte & van der Waerden

14 | 1,(4),2,2,(4),1 (55°40°) (1.070} (0.810) | Schiitte & van der Waerden

15 ,3,3,3, (53°39") (1.097) | (0.808} | Schiitte & van der Waerden

16 | 4,444 {52°14") {1.135) {0.816) | Schiitte & van der Waerden

17 | 1,5,5,5,1 {51202} {1.161) (0.829) | Jucovig

13 1,4,4,4,4,1 {49°33) {1.193) (0.828) | Strohmajer, Goldberg

|

20 | 1,3,3,(6),3,3,1 {47°26%) (1.242) {0.845) | van der Waerden

21 11,5555 (44°571) (1.308) (0.798) | Strohmajer

22 1 1,55,55,1 (44°24}) (1.335} (0.815) | Strohunajer

23

24 | 4,4,44,4,4 43°41" 1.343 0.861 Robinson

25 | 5,555,5 (41°24%) {1.414) (0.807) | Jucovic

26 | 1,5,5,555 (41401307 {1.428) {0.823} | Goldberg

27 | 1,5,5,5,5,5,1 {40°41") (L4373 | (0.842) | Goldberg

28

29

30 | 5,555,355 {38°09:40") {1.530) {0.824) | Goldberg

31 1,5,5,5,5,5,5 (37°42°36} (1.548) {0.830) | Goldberp

32 | 1,5,5,5,5,5,51 (37925°51") {1.558) {0.846) | Goldberg

gg 3,3,(6),(9),(61,3,3 {35°251) {1.644} {0.782) | Goldberg

35 | 5,5,5,(10),5,5 (33°567) (1713} | (0.763) | Goldberg

36 | 55,5,(100,5,5,1 {33°40307) {1.726) (0.771} | Goldberg

36 | 55,510,551 {33°40°30) {1.726) {0.771) | Goldberg

gg 1,5,5,5,(10),5,5,1 {33°301 {1.735) {0.785) | Goldberg

39

40 | 5,5,5,{10%,5,5,5 {32°25%) {1,792) (0.793) | Goidberg

41 | 1,5,5,5,(10),5,5,5 (320191 (1.795) (0.810) | Goidberg

42 | 1,5,5,5,(10),5,5,5,1 {32°08") (1.805) (0.820) | Goldberg

52 | 1,5,10,10,10,10,5,1 {28246 {2.013) {0.815) | Strohmajer

122 {19211 {2.977) (0.868) | van der Waerden
- Infinite plane 0.9069 | Thue
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ON THE FUNCTIONAL EQUATIONS

R+t =l 2 ) ]

By
HALINA SWIATAK

(Krakéw)
{ Received [une 28, 1966 )

in this paper we shall answer the question: When all the solutions of th
equation

(I) fl(xl+ v +xn)z = [("1- ---,Zl"_.,)E Py, fl(xl'l) Tt fri(xin)]z

(where P, is a set of k permauifations of the numbers 1, ..., n) can be oblained
from the solutions of the equations
) hGat <o +x) = 3 filba) .- fo(x,),
Gur ooy ERIE Py
and

(1 Wt o +%)=— 3 h(a) - fulx,).

Gpoen o Bn)€ Py

Such a problem was set first by J. Aczév, K. FLapt, M. Hosszo ({1]) for
the equation

2 Hha+%) = TH{(x)R(G) + H{x)(x)
and for the equations
(2) A+ %) = f(x)f() + L) (%)
and
@) h{xi+ %) = — h{xaa(xe) — h(X)(xy)-
M. HosszU ([2])) proved that all the solutions of the equation
3 fOa+ %) = [Kx)+f(x3

4 ANNALES = Sectlo Mathematica — Tomus X.
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can be obtained from those of Cauchy’s equation
(3 fx %) = flx,)+ f(x;)
under the assumption that x and f{x) are real.

E. Vincze ({4]) proved the same theorem for x from a commutative semi-
group and for f(x) complex.

The equivalence of equation (2) and equations (2'), (2"} was proved by
H. Swiatak {[3]) under the assumption that the functions fi(x) and f,(x) are

real and continuous. In some cases {e.g. for the solutions with £,(0) = 0) this
assumption can be weakened but it is not always so, The functions

—xe=* for x =0

X) =
hix) xe* for x =0
and
_jmexfor x <0
X} =
%) | exforx=0

satisfy (2) but they satisfy neither (2°) nor (2).though f,(x) is continucus every-
where and f,(x) has only one point of discontinuity.

We shall investigate (1), {17), (1”) under the assumption that
fi: X - R (i=1...,n),

where X is a connected, commutative topelogical group (with the unity e,
and with the group operation + ) such that the equivalence classes of the rela-
tion ~ defined in XX .., XX by

(Xpp - Xy} ~ (XX, L LX) e X+ . X, = X L X
are connected sets, and R = (— oo, o).
Lemma 1. Every continuous solution of equation (1) safisfies the equation

(") A+ +x) =t 4x) F A - ()

(g -1 in)€ Py
where |e(x)| =

Proor. Equation (1) can be written as

hxa+ .. +X) = axy, ..., X} 2 f(xi) .- [a(x,),
(E1y - -0 ig)E Py

where |e(X;, ..., X} = L.

Let us fix an arbitrary point (x¥, ..., x¥}¢ X % ... XX such that
HxF+ ... +x¥) = 0, and let us write
A={(x, o0, X)X+ F X =XF X, e(xg, L, x )=, .o, XF),
B={(X, ..., %) X+ ... +X,=xF+ ... +XF, X, ..., x)=—&0cF, ..., XD}
Since the functions f(X), ..., /,(x)} are continuous, we have
4) A= A, B=258
(A is the closure of the set ‘A).
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By the definition of A and B

(3) AUB={x,....,x): %+ ... +%, = xF+ ... +x*}.

Moreover, |

{6) ANB=10

since in the contrary case we should have f,(xT+ ... +x*) = 0 contrary to
the definition of the point (x§¥, ..., x*).

Notice that A U B is the equivalence class of the relation ~, and we have
assumed that it is connected. Therefore it follows from (4), (5), (6) that

A=19 or B =40

Since (x¥, ...,xY)¢€ A, we have A% 8, and B=0 i.e. e(x,...,x,) =
= o(x¥, ..., x}) at all the points (x,, ..., x,) such that x,+ ... +X, = X¥F +
+ ... +x3. The point (xf, ..., x3) is an arbitrary point at which f(x¥+
+ ... +x;';) # 0. Thus we have &(x,, ..., %) = &«x,+ ... +x,) at all the
points (X, ..., x,} such that f{x;+ ... +x,) # 0. lf fi(x,+ ... +x}=0,
we can write #(x,, ..., X} = &X;+ ... +X,)}, too. Therefore equation (1) can
be written as (1*). Q.E.D.

Lemma 1. All the solutions of equation (1*) can be obtained from those
of equations (19, {1’

Proor. If either fi(x) = 0 or fi(x) # O everywhere, the proof is obvious.
Suppose that f,(x) # O but it vanishes at some points and consider two
cases:

12 hie) =0,
2°  fy(e) = 0 and f{a) = O for some a = .

In case 1° we put x;, = x, % = ... = X, = ¢ into {1*} and we obtain

1(x) = &(xYyy Fr (),

where ky, is the number of components of the right-hand side of (1*) with f{x,)
and F,, = f,(e) ... f.(e). Hence it follows that (x) = const at all the points
where f,(x) = 0. At the points where f,(x) = 0 the value of &(x) may be ar-
bitrary and therefore all the selutions of equation (1*) with f(e) = O can be
obtained froem those of equations (17), {1”).

In case 2° it must be &y, »# 0 and f;(@) = O for i = 2, ..., n. In fact; in
the contrary case it follows from (1*) (after substitution of x, = x—(n—1)a,
X, = ... =X, =q) that f(x) = 0. Substituting in (I1*) x, = —(7—2)a, x, =
= ... =x, = a and taking into account f,(a} = 0, we obtain

E(‘1)"711 Frah(—{n—2)a) =0

where F, = f)(a) ..
Since F,, = 0, it 1s fl( (n—2)a) = 0. Now puttmg in*x=xx=
=—(n—2)a,% = ... = X, = a we obtain

H(x) = &(x) Cpofi(%),
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where €, is a constant. Hence it follows that e(x) = const at afl the points
where f(x} = 0. Since &x) may be arbitrary at the poinis where f(x) = {0,
all the solutions of equatien (1¥*) with n = 2 can be obtained from those of
equations (1), (1”). For n = 2 the proof is such as in [3].

Thus we proved that in both cases all the sclutions of equation {1*) can be
obtained from those of equations (17), (1”). Q.E.D.

By Lemma I and Lemma 11 we obtain the following

THEOREM. All the continuous solutions of equation (1) can be ebiained from
those of equations (1°), (1).
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In the well-known survey of topological spaces, P. S. ALEKksaNDRovV |1]
remarks “in many problems of topology it has proved natural to consider Ty
spaces, and if seems that there is no need to censider any broader class of spa-
ces”. However, recent developments in general topology show that the Rj-
axiom plays a fundamental role in severat situations and in some respecis it is
ntore natural than the Ty-axiom. In this note 1 wish to point out briefly the
importance of the R,-axiom.

DerintTioN: A topological space (X, ) is R, iff for each GGe ., x € G
implies X < U, (Here X denotes the z-closure of {x}.}

N. A. SuaNiN [8] first defined {he above axiom.

K. MoriTa [4] gave a characterization in terms of coverings of the space.
The above terminology is due to A. §. Davis [2] who rtediscovered the axiom
and gave several interesting characterizations. He also showed that T, = R+ T,
and that T, is independent of R,

The Ry-axiom has a certain symmetry (in fact M. W. LopaTo [3] calls such
a topological space symmetric) which is due to the fact that in such a space
x € y iff y ¢ X, This symmetry of the R,-axiom is reflected in the existence of
a symunetric “indexed system of neighborhoods” (A. 8. Davis [2]) and in the
locatl symmetry condition satisfied by the Pervin quasi-unifermity of X (S. A.
NatmpaLLy {6]). The intersection of all the entourages of a compatible quasi-
uniformity of X is symmetric when X is R, but on the other hand it is anti-
symmetric when X is T, (M. .G. MURDESHWAR and 5. A. NaimpaLLy [5]).

Unexpectedly the Rj-axiom has been found to be essential in different pro-
blems. M. W. LopaTo [3] found that every Ry-space has a compatible genera-
lized proximity which he considered. In D. E. SANDERSON’S work [7] on certain
ctasses of non-continuous functions, the Ry-axiom enters several results in a
natural way.
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1 will conclude this note by shewing how the R,-axiom enters a new com-
parison between various topologies on the set X. The idea of one cover being a
refinement of another has played an important role in topology especially in
paracompactness and metrization. Therefore, it is natural to attempt to define
a preorder < among the topologies on X as follows: 7, =< 1, iff every z,-cover
of X has a v,-refinement (refinement of a cover is always a cover). It is easy
to show that < is reflexive and transitive but that it is not anti-symmetric in
general, If X = {a, b, ¢}, v, = 0, X, {a}, {a, b}, 1, = 0, X, {b}, {b, c} then 1, < 7,
1, < 1, but 7, 1, are not comparable in the usual sense. We note that z, and 7,
are both T,. The situation, however, is quite different if the topologies satisfy
the R-axiom, as the following result shows.

THEOREM. If 1, <= 1, and 1, is R, thent 1, < 7.
(Obviously if =, C 1, then 7, < 15.)

ProoF. Let G € 7, and p € G. Then p < G and so {G, p°} is a v,-cover
of X. By hypothesis there exists a r,-cover of X which is a refinement of the
above cover. Thus there exists an H ¢ 7, such that pe H < G and G € 1,.

CoroLLARY. If 1, is R, then 1, = 7, iff 7, C 7,.
This note was written with support from N.R.C. (Canada) and the Summer
Research lnstitute of the Canadian Mathematical Congress.

References

f1] P. 8. ArLexksanprov, Some results in the theory of topoiogical spaces, obtained within
the last twenty-five years, Uspekhi Mat. Nauk, 15 (1960} 25— 95 = Russian Math, Survevs
1 {1960), 23 - 83.

[2] A. 8. Davis, Indexed systems of neighborhoods for general topological spaces, Amer.
Math. Monthty, 68 (1961), 886 — 893.

|3]) M. W. LopaTto) On topologically induced generalized proximity relations, Prec. Amer.
Math. Soc., 15 (1964), 417 — 422,

[4] K. MortTa, On the simple extension of a space with respect to a uniformity I, Proc. japan
Acad., 27 (1951}, 65 - 72.

[5]) M. G. Murpesdawar and 3. A. NammparLy, Trennungsaxioms in quasiuniform spaces,
Nieww Arch. Wisk., 14 (1966), 97 - 101.

[6] 5. A. NaimpaLLy, Separation axioms in quasi-uniform spaces, Amer. Math. Menthly,
74(1967), 283 ~ 284.

i7] D. E. SanpersoN, Relations among some basic properties of non-continuous functions,
(to appear). Abstract + 6i8-21 Amer. Math. Sec. Netices, 11 (1964), 765.

[8] N. A. SHawin, On separation in topological spaces, Dekledy URSS, 38 (1943), 110~ 113,



NOTE ON CAYLEY’S GROUPTHEQRETICAL THEOREM

By
L GY. MAURER (Cluj) and 1. VIRAG (Cluj)
{ Received November 30, 1966 )

Let & be any finite group and let P = {P,; g € G}, where
p — |8 Boor Bn)

" legeg - .
P is a subgroup of the symmetric group S,. Cayley’s theerem asserts that G
and P are isomorphic under the correspondence g — P, We give in this paper
a refinement of Cayley’s theorem and from this we derive simple proofs of two
interesting theorems.

Throughout the present paper, we denote with the symbol o(G) the order
of the group G, with the symbol e(g) the order of the element g ¢ &, with
the symbol {g} the cyclic subgroup of the group G generated by the element
g € G and with the symbol [G : {g}] the index of the subgroup {g} in G.

LEmMA 1. In the representation of the permutation Py as a product of disjoint
cycles, the number of these cycles equal [G - {g}].

Proor. The elements of the cycles are identical with the elements of the
ciasses in the decomposition

_ G = {gge, +{glge,+ .. +{O)k (&, =€)
of the group, because in the permutation Py we have:

Gy —~ 88, ~ Ly~ o =~ L0 =g, (f=1,2, ..., 0).

LEmMMA 2. Let s = ¢, ... ¢; be the representation of any finife permutation
s as a product of cycles and let o(c;) = n, (f = 1,2, ... (). Then the sign of the
permufation s is given by

sgn § = {— Iyn*-+mi,

ProoF. Let ¢, = (I, by .., In) (f = 1, 2, ..., 0). The representation of the
¢, as product of transpositions ¢, = (4, &) (5, &) ... (4, ) implies sgn ¢, =
= (= 1)1, The equality sgns = sgn¢,-sgn ¢, ... sga ¢; completes the proof.

From the Lemmas | and 2 it follows the

' » denotes the untte element of G,
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LEMma 3. sgn Py = (— 1)@~ 1G4z,

THEOREM. Let G be any finite group and o(G} = 2°q, with o« = O and with
g(=1)odd Ifo(G)isodd (o = 0), or if 0{G) is even {(« = 0), but G contains
no element of order 2+, then the group P, which is isomorphic in Cayley’s representa-
tion fo the group G, is a subgroup of the allernating group A,. If o{G) is even
{e#0Q) and G contains at least one element of order 2¢, then the group P is a sub-
group of the symmelric group S,, which is not contained in A,.

Proor. If o(G) is odd, then [G :{g}] is odd for every eiement g€ G. It
follows from the Lemma 3, that sgn P, = | and consequently # € A,.

Let o(G) be even and for every element g ¢ G let be o(g) » 2°. Then
[G:{g}) is even for every element g € G. 1t follows from the Lemma 3, that
sgn Py = 1 and consequently P € A,

Let o{G) be even and let g be an element of the group G having the pro-
perty o(g) = 2=. Then [G: {g}} is odd. It follows from the Lemma 3, that
sgnP, =—1 and thus P & A,_.

CoroLLARY 1. Let G be a group of even order: o(G) = 2= q(x = 0). If G
contains an element of order 2=, then G contains a subgroup of index 2.2

Proor. It follows from the Theorem, that in this case we have P € A, and
consequently among the permutations of the group P there are odd ones. The
number of even and odd permutations is equal in P. Thus the set of all even
permutations of the group P forms a subgroup of index 2. P = & isomosphism
completes the proef.

CROLLARY 2. let G be any finite group and o(G) = 2=-g, with « = 0 and
with ¢ (=17) odd. If G contains af least one element of order 2=, then G is seivable.®

Proor. We make use of induction with respect to «. If we have « = 0,
then o(G) is odd, thus G is solvable [3]. Let o be a positive number. In accor-
dance with Coroilary 1, there is a subgroup N in the group G, with {[G : N]=2.
N is a maximal normal subgreup of G and o(N) = 2=—¢. If g ¢ G is an element
of order 2¢, then 0(g?) = 2=—1. But sgn P, = 1 and in the isomorphism G = P
the subgroup N corresponds to such a subgroup of P, which is formed from ail
it even permutations. Thus g? ¢ N. The premise of the induction ensures the:
solvability of N. Thus G is solvable.
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We start with the probiem of finding the densest arrangement of unit
segments in the plane under the condition that the segments are not allowed
to get closer to one another than a prescribed distance 2r. In other words, we
want to find the densest packing of parailel domains of radius r of unit segments.

It is known [1] that the density of any packing of congruent centlro-sym-
metric convex discs cannot exceed the density of the densest lattice-packing
of the discs. it easily follows that the arrangement of segments we are looking’
for looks like that shown in Fig. 1. The aim of the present paper is to show
that the density of this arrangement cannot be surpassed by incongruent seg-
ments of unit average length. Fig. 2 illustrates a densest packing of incungruent
segments of unit average length having the same valute of r and the same density
as the arrangement exhibited in Fig. 1.

Fig. 1 Fig. 2

Qur result is contained in the foliowing
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THEOrREM. ff a convex polygon p with at most six sides contains 1 segments
of average lenght { such that any two of them have a distance not less than 2r, then

a+br+ert

(1) n= —,
Ur+ V1212

where a (s the area of p, b ifs perimeler and c the areq of ils indicalrix.

The indicatrix {2] of a polygon p is defined as a polygen circumscribed
about the unit circle whose sides have the same outer normal directions as
those of p. Thus the numerator on the right side equals the area of the polygoen
p, which arises from p by translating each of iis sides outwards through the
distance r. The denominator may be interpreted in a similar way. We consider
a segment of length [ as the limiting figure of an equiangular hexagon. The
deneminator is equal to the area of the hexagon arising from our degenerate
hexagon by transtating each of its sides outwards through the distance r (Fig. 3).

Fig. 3

We consider a set of segments scattered over the plane in such a way that

the distance between any two of them is = 2r. Let ¢ be a square of area a{(g),

n{(g) the number of the segments contained in g, {{g) the average length of these

segments and § —-= a limiting process referring io a sequence of unlimitedly

increasing squares. We suppose that the Hmiting values N = lim n{g}/a(q) and
q

i = lim I(g) exist and that they do not depend on the choice of the set of squares.

o=

N and { may be interpreted as the number density and the average length of
the segments.

In virtue of inequality (1), we have
Ao A
ng . Va(g 49
gy 2ugr+yiZr

whence

N= 71_:
2r+Vi2r2

in accordance with our statement in the introduction.
The proof of (1) rests on known arguments [3] using the following



CLOSE PACKING OF SEGMENTS 39

LEmmA. Let p be the paraliel domain of vadius r of a segment of length L
If p is contained in a convex k-gon of area f, then

(2) [ = 2lr +r? tan %

P

Fig. 4

Ta see this, we immagine the segment to be in a vertical position and con-
sider the vertical supporting lines v and w of the k-gon, which we denote by s
(Fig. 4). Let V and W Le two vertices of s lying on v and w, respectively. V and
W decompose the boundary of s into an ,,upper” and a , lower” polygonal line
V...Wand W ... V. We consider s as being the infersection of the upper
and lower convex pointsets p, and p, boundedbyw, W ... V,vandv,V ... ¥,
w, respectively. We translate p, upwards through the distance I, obtaining a
new k-gon §° of area t’, having the vertical supporting lines v and w’. We have

t=tU+d+1,

where d is the distance between v and w’ and (" is the area of the part of p
outside the strip bounded by v and w’. But since §’ contains a circle of radius

r, we have d = 2r and {" =r% tan % This completes the proof of the lemma.

in (2) equality holds if and only if & is evenl and s arises from a regular
k-gon of inradius r by a telescopic eiongation in the direction of a side through
the distance {.

Now we turn to the proof of the theorem.

We suppose that the segments become inflated, each turning into its
paralfel domain at a steadily increasing distance p. At first the growth will
proceed unimpeded. But at p = r some of the parallel domains will abut. We
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consider the common suppoerfing lines of the adjacent domains and suppose
that the further growth is limited by these lines, preventing the demains to
overiap. Continuing this process, each segment will turn into a convex polygon
or an infinite polygonal region. Let &,, .. ., &1, be the intersections of these poiy-
gons or pelygonal regions with p,. Since A, contains the parallel domain at
distance r of the correspanding segment, we have

o= 2rl 4 rik; tan;—T,

where {; is the area of f,, k; its number of side and /; the length of the segment.
But as a simple consequence of Euler’s formula, we have

b+ ...k, = 6n.

. T . .
Furthermore, since & tan? is a convex decreasing function of k=3, we have

H
a+br+ert= 3 f;=2rin+nr26 tanf-‘,
i=1 b6

as required.
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UBER DIE SCHNITTPUNKTE VON GERADEN UND ZYKLEN IN DER
HYPERBOLISCHEN GEOMETRIE

Von
1. VERMES

Lehrstuhl fir Darstellende Geornetrie der Technischen Universitit, Budapest und
Lehrstuh! fir Darstellende und projektive Geometrie der Edtvis Lorand Universitit, Budapest

Herrn Professor DR. Franz KARTESZI zum 60. Geburtstag gewidmet

{ Eingegangen am 1. Mdrz 1966.)

Es ist bekannt!, daB beiden nachstehenden Sitze auf Grund der Axiome?
der Verkniipfung, der Anordnung, der Kongruenz und der hyperbolyschen Pa-
ralielaxiome beweisbar sind.

Sartz Ay, Wenn ein Punkt einer Geraden im Inneren eines Kreises liegt, so
hat die Gerade einen Punkt mit dem Kreise gemein.

Satz B,,. Wenn ein Kreis einen Punkf im Inneren und einen Punki im
Auﬁeren eines anderen Kreises hat, so haben die beiden Kreise einen Punkt ge-
mein.

In dieser Arbeit zeigen wir, daf die Existenz der Schnittpunkte einer
Geraden und eines Zykels® bzw. zweier Zyklen aus den Axiomen 11V folgt.

I 8.z.B, J. STROMMER [4].

* D. HiLBERT [2]; Axiome [ -1V,

1 Wir verstehen unter einem Z v k e 1 die Gesamtheil der Punite, die durch Spiegeiung
eines Punktes P an den Geraden eines Biischels entstehen. Haben die Geraden des Bischels
einen (eigentiichen) Punkt gemein, so ist der Zykel ein gewshnlicher K reis. Sind die Gera-
den des Biischeis paralie! zu einander, so ist der Zykelein Grenz kreis. Haben die Geraden
des Biischels ein gemeinsames Lot, so ist er eine Abstandsiinie, deren Grundlinie
dieses Lot ist. — Ein Punikt heifit innerer Punk t des Zvkels, wenn der Zykel ein Kreis
ist und der Punkt im Inneren dieses Kreises liegt, oder wenn der Zykel ein Grenzkreis ist urd
der Punkt auf dem aus einem Punkte desselben parailel zu seinen Achsen gezogenen Halh-
strahi liegt, oder wenn der Zykel eine Abstandslinie ist und der Punkt auf dem aus einem
Punkte desseiben senkrecht zu ihrer Grundlinie gezogenen Halbstranl liegt; alle dibrigen Punk-
te, die nicht zum Zyke! gehéren, liegen auflerhalb des Zykels.
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Zum Beweis verwenden wir die Abbildung der Halbebene auf sich durch
komplementidre Ordinaten {die L-Transformation). Wir betrachten den ober-
halb einer Geraden, der x-Achse, gelegenen Teil der Ebene, fallen ven irgend
einem Punkte P aus das Lot PX = y und ordnen wir dem Punkte P den Punkt

P auf der Halbgerade XP zu, dessen Abstand P'X = y* von x durch
, T
ny)y+1(y) = B

bestimmt ist, wobei JI{y) den zum Lote y gehdrenden Parallelwinkel bezeichnet.
Diese Abbildung heift die L-Transformation; y und y° sind kemplementare
Strecken. Aus der Definition der L-Transformation folgt, daB die Abbiidung
ein-eindeutig und involutorisch ist. Ferner werden die, in einem Punkte der
x-Achse errichteten senkrechten Halbgeraden auf sich selbst abgebildet und die
Bilder der Abstandsiinien, deren gemeinsame Grundlinie die x-Achse ist, sind
wiederum Abstandslinien, deren Grundlinie ebenfaiis die x-Achse ist. H. L1EB-
MANN hat auf Grund der Axiome | -1V die folgenden Siize bewiesen?.

Satz 1. Der Geraden, die eine Ende E der x-Achse il dem Ende der in
irgend einent Punkte O der x- Achse errichieten senkrechten Halbgeraden verbindet,
entspricht ein Grenzkreis, der O enthait und dessen Achse E zimm Ende hat; und
umgekehrt.

Satz 2. Der Abstandslinie, die von der Geraden, die die x-Achise in einem
beliebigen Purnkie O senkrecht schneidet, den konstanten Abstand ¢ haf, entspricht
der Hatbstrahl durch 0, der mit der x- Achse den Winkel vy =1 (¢} einschiieft;
und wngekehrt.

SATz 3. Hat eine Gerade mit der x-Achse ein Lot gemein, so entspricht ifir
der Halbkreis, dessen Mittelpunkt der Schnifipunkt O des gemeinsamen Lotes und
der x- Achse ist nund dessen Halbmesser und das gemeinsame Lof kemplemnenidre

Strecken sind |d.h. ihre Paralletwinkel ergiinzen sich zu :)ill und umgekehrt.

Satz 4. Die Abbildung ist winkelireus.

Wir werden zuerst Sdtze A,, A, iiber die Existenz der Schnittpunkte einer
Geraden und eines Zykels (1}, und dann mit Hilfe der Sdtze A,, A, und -4
einige Eigenschaften der L-Transformation beweisen {2). Hierauf zeigen wir die
Existenz der Schnittpunkte zweier Zyklen (3).

1. Savz A,. Wenu ein Punki einer Geraden im Inneren cines Grenzkreises
liegt, so hat die Gerade einen Punkt mit dem Grenzkreis gemein.

4+ H. Liganann [3], S. 3840,

5 Die Tangente in einem Punkt P cines Zykels ist senkrecht auf die Gerade durch P,
die Element des zu dem Zykel zugehirenden Bischels ist. Leicht heweishar ist, dab die von
P verschiedenen Punkte der Tangente auBlerhalb des Zykels sind. Unter dem Winkel einer
Geraden und eines Zykels versteht man den Winke! der Geraden und der zu dem Schnitt-
punkt zugehidrenden Tangente. Wir verstehen unter dern Winket zweter Zykeln den Winke!
der zu dem Schmittpunkt zugehirenden Tangenten.
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Bewers. Wenn die Gerade und die Achse des Grenzkreises parallel sind,
so hat die Gerade einen und nur einen Punkt mit dem Grenzkreis gemen®,

Wenn die Gerade g mit der Achse des Grenzkreises nicht parallel ist, be-
zeichnen wir den im Inneren des Grenzkreises [ liegenden Punkt der Geraden
g mit P, die Achse des Grenzkreises [ durch P mit a (wenn a 4 g ist), den
Schaittpunki der Grenzkreises I’ und der Geraden a mit A, die auf g senkrechie
und mit ¢ parallele Gerade mit x7, den gemeinsamen Punkt des Grenzkreises
I" und der Geraden x mit X und endiich den gemeinsamen Punkit der Geraden
7 und x mit T (Fig. 1).

e
|
AL lp
N —
/1T
.|! : I .‘-\ —X*
X kAT LS r,
g

Fallen wir das Lot durch A auf x und bezeichnen den FuBpunkt mit F,
die Halbgeraden durchr X, F und T, die paraliel und gleichgerichtet mit der
Aclise des Grenzkreises I sind, mit XX*, FX* und TX*. Es ist leicht hbeweis-
bar, daB die Halbgerade FX* die Halbgerade TX* enthilt, und darum den
Punkt T auch; ndmlich wenn die Geraden AF und g einen gemeinsamen Punkt
hdtten, gibe es zwei Geraden durch denselben Punkt, die senkrecht auf dieselbe
Geraden stehen. Der Punkt I ist zwischen X und T. Der Punkt X lieg! nicht
auf der Halbgeraden FX*, nadmlich fir den beliebigen Punkt § von FX*
4 X*SA = R >~ 4 SAP gilt, wo K ein rechter Winkel ist.

In der L-Transformation in Bezug auf x entspricht die Gerade g sich selbst
und dem Grenzkreise /7 eine mit der Halbgeraden XX* und XVY* parallele
Gerade 1 wo X ¥V* aus den Punkt X ausgehende, aut die Gerade x senkrechte
Halbgerade ist. Betraciiten wir die mit der Halbgerade X V* paraliele Hulb-
gerade TY*. Esist klar, da ¢ XTY* < R ist, folglich die Gerade g im Inneren
des Winkels Y*7TX* liegt, und deshalb haben die Geraden /” und g einen ge-
meinsamen Punkt G°.

Wegen des ein-eindeutigen Charakters der L-Transformation haben der
Grenzkreis I" und die Gerade g einen gemeinsamen Punkt G, der in der Trans-
formation dem Punkt G° entspricht. Wenn ¢ 1 g ist, liegt der Beweis auf der
Hand.

5.2.B. H, Lizsmann 3], S. 35,
* {Iher die Existenz der Gerade x 5. D. HiLgert {27, 5, 140 - 144,
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Satz Ay Wenn eine Gerade einen Punkt im Inneren einer Abstandslinie hat,
und dieser Punkt und die Abstandslinie auf derselben Seite der Grundiinie von
der Abstandsiinie liegen, so hat die Gerade einen Punkt mif der Abstandslinie
gemein.

BEwEIs. Wir bezeichnen die Abstandslinie mit A, die Grundlinie und
den konstanten Abstand der Abstandlinie mit { bzw. 4, endlich die gegebene

Gerade mit g.

Wean die Gerade g auf die Gerade [ senkrecht ist, folgt aus der Definifion
der Abstandslinie, daB die Gerade einen Punkt mit der Abstandslinie gemein
hat.

Wenn die Gerade g die Gerade [ nicht rechiwinklig schneidet, oder g und [
paralie! sind, so gibt es immer solche (eraden x, die parallel mit g und sen-
krecht auf ¢ sind®.

In der L-Transformation in Bezug auf x entspricht der Abstandiinie A
eine Halbgerade 4’, die mit der Geraden x den Winkel § = II(d) bestimmt und
der Geraden g entspricht ein Grenzkréis g’, dessen Achse die Gerade x ist. Wenn
die Geraden g und { parallel sind, hat der Grenzkreis g’ einen gemeinsamen

Punkt L mit der Geraden x und l. Weil der Winkel & = II{d) «:% ist, hat die

Gerade 4’ noch einen Punkt D’ mit dem Grenzkreis g° gemetn, der mit L korres-
pondierender Punkt ist.

Wenn die Gerade g die Gerade [ nichi rechtwinklig schneidet, geht der
Grenzkreis g° durch den Punkt S, der der Schnittpunkt der Geraden x und s
ist, wo s auf x senkrecht steht und mit g parallel ist. Die mit g paraliele und aus
dem Punkt S ausgehende Halbgerade von x besitzt einen gemeinsamen Punkt
L mit der Geraden I; sonst hitten die Geraden s und ! nach dem Axiom vom
Pasch einen gemeinsamen Punkt, es gébe also zwei Geraderr aus diesem Punkt,
-die auf x senkrecht stehen. Die Gerade A" und der Grenzkreis g” haben wegen
des Satzes A, einen gemeinsamen Punkt D’. Weil die Abbildung ein-eindeutig
ist, existiert der gemeinsame Punkt D von der Geraden g und der Abstands-
linie A.

Wenn die Geraden g und ! ein gemeinsames Lot haben, so betrachien
wir die L-Transformation beziiglich dieses gemeinsames Lotes x. In dieser Ab-
bildung entspricht die Gerade g sich selbst und der Abstandslinie A die Gerade
A%, die durch einen Punkt L durchgeht und mit der Geraden x den Winkel
& =TI{(d) bestimmti, wo L der Schnittpunkt von der Geraden x und {ist, Die
(Gerade g hat einen Punkt P im Inneren der Abstandslinie, dessen Abstand von
d kleiner als & ist, deswegen LM = d ist, wo M der Schnittpunkt von x und g
ist. Die Gerade g hat einen Punkt mit der Geraden A” gemein,weil II{LM) >
> II(d) ist. Wegen der Ein-eindeutigkeit der L-Transformation haben dje
Abstandslinie 4 und die Gerade g auch einen gemeinsamen Punkt.

# 5, FuBnote 7.
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BeMErRkUNG. Auf Grund des Satzes A, kdnnen wir den folgenden Satz
leicht beweisen:

Wenn eine Gerade einen Punkt im Inneren und einent Punkt im Auperen
einer Abstandslinie haf, so haben die Gerade und die Abstandslinie einen Punki
gemein.

2. Hivrsatz . Wenn die Endpunkte einer Strecke auf einem Zykel oder im
Inneren des Zykels liegen, so liegen die Punkte der Strecke im Inneren des Zykels.

Beweis, Bezeichnen wir die Endpunkte der Strecke mit A und B und einen
beliebigen Punkt der Strecke AB mitf S.

Wenn A und B auf dem Zykel liegen, so nehmen wir die Achsen des Zykels
durch A, B und 8. Wenn der Zykel ein gewdhalicher Kreis ist, so schneiden
sich die Achsen in dem Mittelpunkt O des Kreises. Einer von den Winkei 0SA

und OSB ist griBer (oder pleich) als -;i; essei z. B.4OSA é—;ﬁ, so ist OA>0S8

in dem Dreieck OSA, und deswegen der Punkt S im inneren des Kreises ist,
Wern der Zykel ein Grenzkreis ist, so bezeichnen wir die paralleten Achsen
durch A. B und S mit AX, BX und $X. Einer von den Winkeln X§8A und

XSB ist groBer (oder gleich) als %; es sei z. B.qXSA%--;i. Bezeichnen wir

den gemeinsamen Punkt des Grenzkreises und der Gerade §X mit R, so ist
4 XAR =<4 XRA =< %, folglich der Punkt § auf der Halbgeraden RX liegt.

Wenn der Zykel eine Absiandslinie ist, so schneiden die Achsen durch
A, B und § die Grundlinie in den Punkten T, T, und T,; und AT, = BT,.

Einer von den Winkeiln T,SA und T,8B ist grifer (oder gieich) als—g—; es sei

z.B. 4 T,8A E—;i. Bezeichnen wir den gemeinsamen Punkt der Geraden ST

und der Abstandslinie mit R, so ist <« T)AR= < T3RA ,:;;_ Es seien A und

A* symmetrisch in der Spiegelung an der Geraden RT;, und P der gemeinsame
Punkt der Geraden AA* und RT,, so ist PT, <= AT,, folglich ST, = AT,,
und S auf der Strecke RT, liegt.

Falls der Punkt A auf dem Zykel, der Punkt B iin Inneren des Zykels liegt,
und wenn der Zykel ein gewGhnlicher Kreis mit dem Mittelpunkt O ist, so ist
in dem Dreieck OBA 0A = OB, folglich ist < ABO >~ < OAB. Der Punkt
S liegt auf der Strecke AB, se ist in dem Dreieck 0SA « ASO = 4 ABO,
und OA = GS.

Wenn der Zykel ein (renzkreis ist, so bezeichnen wir die Achsen durch
A, B, §mit AX, BX und SX. Der Punkt B ist ¢in innerer Punkt und ¢ XBA=>
= ¢ XAB. Weil die Halbgeraden BX und SX parailel sind, deswegen ist
4 XBA+ 4 XSB < =n, ferner ¢ XSA+ ¢ XSB =aund <XSA > ¢ XAB,
also 4 XSA = 4SAX, das bedeutet aber, daB der Punkt S ein innerer Punkt
ist.

5 ANNALES — Sectic Mathematica — Tomus X,
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Wenn der Zykel eine Ahstandslinic ist, und der innere Punkt B und der
Punkt A auf verschiedenen Seiten der Grundlinie liegen, so ist der Beweis
trivial. Wenn die Punkte A und B auf derselben Seite der Grundlinie liegen,
so ist der Punkt § auch in dieser Halbebene. Wir bezeichnen die FuBpunkte
der aus der Punkten A, B und S auf der Grundlinie gefillten Lote mit T, T,
und Ty, so ist 4T,B4 = T AB. in dem Viereck SBT,T, ist «T,BA+
+<1TySB =z, ferner ¢ Ty SA+ qT,SB = a, also 9T,BA = aT,5A4, und
s0 < T AS < 9 T,8A, also S cin innerer Punkt ist,

Wenn die Punkte A und 8 innere Punkte eines Zykels sind — und wenn
dieser Zykel einte Abstandslinie ist, ¢iner vor den Punkien A und B auf einer
Seite ihrer Grundlinie mit ihr licgt — so haben der Zykel und die Gerade AB
einen gemeinsamen Punkt Q. Es ist feicht zu beweisen, daB der Punkt ¢ auBer-
halb der Strecke AR liegt, alsoc eine von der Strecken @A und QB8 die Strecke
AB enthilt, und die Punkte der Strecke AJB im Inneren des Zykels liegen.
Wenn die Punkle A, B und die Punkte der Abhsiandslinie auf verschiedenen
Seiten der Grundlinie sind, so ist der Beweis trivial.

. Hhvrsatz 1. Wenn ein Punki A imt Inneren und ein anderer Punkt B im
Aufleren eines Zykels liegen, so haben der Zykel und die Strecke AB einen gemein-
samten Punkt.

Bewers, Wenn die Gerade AB eine Achse des Zykels ist, so folgt der Satz
aus deag Erwdhnten.

Wenn die Gerade AB nichi cine Achse des Zykcels ist — und wenn dieser
Zykel eine Abstandslinie ist, die Gerade AB und die Grundlinie der Abstands-
Hnie einen gemeinsamen Lot hlaben — so gibt es immer eine Achse des Zykels,
die auf AR senkrecht steht?; wir bezeichnen seinen FuBpunkt mit I, In Bezug
auf diese Achse sind die Gerade AR und der Zykel symmtetrisch, also die mit A
und B symumetrische Punkte A und B auch innerer bzw. aubberer Punkte sind.
Der Punk! F liegt zwischen A und A, also I cin innerer Punkt ist, also

der Punkt 4 oder A wegen des Hilfsatzes [. zwischen B und F liegt. Auf Grund
der Satze A,— A, haben die Gerade AB und der Zykel einen Punkt & gemein
und wegen der Symmetrie auch einen anderen Punkt G gemcin. Der Punkt ¢
liegt nicht zwischen A und ,if, und B bzw. B liegen nicht zwischen & und A
hzw. G und A, folglich G bzw. G sind an der Strecken AB bzw. AB.

Betrachten wir die anderen Félle. Wenn die Gerade AB die Grundlinie
schneidef oder mil der Grundlinie parallel ist, so liegt der gemeinsame Punkt
wewven des Hlilfsatzes [0 auf der Halbgeraden BA. Wenn die Halbgerade BA
mit der Grundlinie paratlel ist, so liegt der gemeinsame Punkt auf der Strecke
AB; die iibrigen Punkte der Halbgeraden liegen ndher zu der Grundlinie. als
der Punkt A. Wenn die Gerade die Grundiinie in einem Punkt H schneidet, so
sind dje sdmtlichen Punkie der Strecke AH im Innceren der Abstandslinie.
Die anderen Punkte der Halbgeraden Aff sind auch innere Punkte, namlich
dicse Punkte und die Punkte der Abstandslinie in Bezug auf die Grundlinie auf
verschiedenen Seiten liegen. Der gemeinsame Punkt ist zwischen A und B.
Damit haben wir den Hilfsatz I vollstindig bewiesen.

* 8. D. HrLsert {2, 5. 140 — 144,
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Mit Verwendung der Sitze A,— A; und Hiifsdtze 1—11 werden wir eine
weitere Eigenschaft der L-Transformation auf Grund der HiLBerT-schen
Axiomengruppen 1—1IV der hyperbolischen Geometrie rein geometrisch be-
weisen!o.

Es sell vor allem das Folgende bemerkt werden: Betrachten wir einen Halb-
kreis iiber dem Durchmesser AB, der im Inneren einen Punkt P eines durch A
und B durchgehenden Zykels hat. Nehmen wir die Achsen des Zykels, die
zwischen der von A und B ausgehenden Achsen @ und b liegen. Wir beweisen,
daB der auf einer solchen Achse s liegender Punkt des Zykels im Inneren des
Halbkreises ist.

Die Punkte A, B und P bestiminen einen Zykel. Wenn dieser Zykel ein
gewdhnlicher Kreis ist, sein Mittelpunkt und der Halbkreis auf verschiedenen
Seiten der Geraden AB liegen. st dieser Zykel ein Grenzkreis, so enthilt die
Mittelsenkrechte der Sirecke AB eine Halbgerade, so daB P und diese Halb-
gerade auf verschiedenen Seiten der Geraden AB liegen, und die Achsen des
Zykels mit dieser Halbgeraden parallel sind. Wenn der Zykel eine Abstands-
linie ist, die Grandlinie dieser Abstandslinie liegt in Bezug auf der Geraden AB
mit dem Halbkreis auf verschiedener Halbebene. Diese drei Tatsachen sind
leicht beweisbar.

Betrachten wir die Achse s, und setzen wir voraus, daB die Mittelsenkrechte
m der Strecke AB und s verschiedene Geraden sind, ferner ¢ und s in Bezug
auf m in verschiedenen Halbebene liegen. Es gibt immer eine Gerade {, so dai
in der Spiegelung an der Geraden ! 2 und s symmetrisch sind. Die Gerade ¢ ist
ein Element vom Biischel des Zykels. Bezeichnen wir die gemeinsamen Punkte
von AB und m, sbzw. t mit M, S bzw. T. Der Punkt T liegt zwischen den Punk-
ten M und A. Setzen wir ndmlich veoraus, dal der Punkt T zwischen M und S
ftegt und zugleich die Achse { zwischen den Achsen m und s ist. Wenn wir bei
den Spiegelungen an den Geraden f bzw. m, die mit s symmetrische Geraden
mit 5 bzw. s° bezeichnen, so liegt die Achse § zwischen den Achsen { und §"L
Weil die Achse s’ zwischen a und m liegt, die Achsen @ und s sind nicht symme-
trisch in der Spiegelung an der Geraden {. Der gemeinsame Punkt T von ¢ und
AB liegt zwischen A und M, deshalb mit A auf der Geraden t symmetrischer

Punkt /E im Inneren des Halbkreises liegt, ndmlich AT = AT < AM und
AT = AM ist, also AM = AM gilt.

¥ 5. den analytischen bzw. rawmgeometrischen Beweis F. HausporrF, Analytische
Beitrige zur nicht-euklidischen Geometrie, Ber. Verh. Sdchs. Ges. Wiss. Leipzig, Math -Phys.
Ki.TE, 51 {1898), 161 —214. bzw. H, Liesmann, Synthetische Ableitung der Kreisverwandt-
schafteir in der Lobatschefskijschen Geometrie, Ber. Verh. Sdchs. Ges. Wiss. Leipzig, Math.-
Phyvs, KEOV1, 54 (1902), 244 —260.

' Die Achse ! liegt in einem Baschel zwischen der zwei Achsen m und 5. Wir zeigen,
dalk § zwischen f und s ist. Wenn die Elemente des Blschels einen gemeinsamen Punkt nder
ein gemeinsames Lot haben, liegt der Beweis auf der Hand. Wenn die Elemente des Biischels
mif einander paraliel sind, bezeichnen wir einen beliebigen Punkt von §” mit E, die FuBpunkte
von der Senkrechten aus E auof { bzw. m mit & bzw._ § ferner die gemeinsame Punkte vor £ ]
und s, EG und m baw. EG und s mit K, F und H. Die Punkte Eund K sind in Bezug auf m
symmetrisch. Weil EF = E} = JK und E = EF + FH ist, giit EF = FH; folglich der

Punkt H — der symmetrisch mit H in der Spiegelung auf { ist — zwischen E und G liegt.

R*
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Satz 5. Einem Zykel, der die x- Achse in dem Punkien A und B nicht senke
recht schneidel, entspricht eine Abstandslinie, deren Grundlinie die Bildgerad-
des Halbkreises tiber dem Durchmesser AB ist und deren Abstand von der Grunde
distie gleich mit dem Paralleliof ist, das zu dem Schnilfwinkel des Zykels mit de-
x- Achise gehorl. Wenn der oberhalb der x- Achse liegende Teil des gegebenen Lykelr
im Inneren des Kreises diber AB ist, so trennt die Grundlinie dieser Abstgndstinis
dieselbe und die x- Achse voneinander; im anderen Fall liegt sie 2wischen ihrer
Grundlinie und der x- Achse. — Umgekehrt entspricht ¢iner Abstandslinie, deren
Grundiinie mit der x- Achse ein gemeinsames Lot hat, ein Zykel, der die x- Achse
in zwei Punkterr mil einem Winkel schneidet, der gleich dem Paratielwinkel ihres
konstanien Abstandes von der Grundlinie ist.

BeEweis. Es sei P ein beliebiger Punkt des gegebenen Zykels (Fig. 2.). Wir
kénnen einen und nur einen Zykel durch A und P bzw. B und P schreiben, der
die x-Achse unter rechten Winke! schneidet. Die Geraden, die diesen beiden

Fig. 2

Zyklen entsprechen (Sdtze 1, 2 und 3) schneiden sich im Punkte P/, der als
Bildpunkt dem Punkte P entspricht und sind parallel zu der Geraden g, die
dem Halbkreis iiber AB entspricht (Satz 3). Aus der Tatsache, daB zwei Zykel,
die zwei Punkte gemein haben, sich in diesen Punkten unter gleichen Winkeln
schneiden, folgt nun, daf die beiden Zyklen, die die x-Achse in dem Punkte A
bzw. B rechtwinklig schneiden, sich unter dem Winkel =— 28 schneiden, wobei
# der Schaittwinkel des Kreises iiber dem Halbmesser AB mit dem gegebenen
Zykel ist. Bezeichnen wir den Schnittwinkel des gegebenen Zykels mit der x-

Achse mit ¢, so ist a+ﬁ:%, also 1—2f = 2q. Da die Abbildung winkeltren

ist, so ist auch der Winkel beiden Bildgeraden gleich 2 und somit sind die aus
den Punkten, die den Punkten des gegebenen Zykels als Bildpunkten ent-
sprechen, auf die Gerade g gefiilten Lote untereinander gleich und liegen die
Bildpunkte selbst jenseits oder diesseits der Geraden g, je nachdem die betref-
fenden Punkie des Zykels innerhialb oder auBerhalb des Kreises iiber AB sind.
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Diese letziere Tatsache 148t sich leicht auf Gruad der Eigenschaft der komple-
mentiren Ordinaten einsehen, da r] < r} gilt, falls rl> r, ist. Damit haben wir
bewiesen, daB die Punkte, die den Punkten des gegebenen Zykels entsprechen,
auf der Abstandslinie liegen, die zu der Geraden g in dem Abstand A{a) = a
gezogen werden kann, wobei A(a) das zu dem Winkel « gehorige Paralleliot
hedeutet. '

Es soll nun gezeigt werden, daB irgend ein Punkt dieser Abstandsiinie das
Bild eines Punktes des gegebenen Zykels ist. Zu dem Zwecke setzen wir voraus,
daf @’ ein Punkt der Abstandslinie ist, der einem Punkte @ entspricht, der nicht
zu dem gegebenen Zykel gehort.

Wenn der oberhalb der x-Achse liegende Teil des gegebenen Zykels ins
Innere des Kreises fiber AB fdiit, so liegt der FuBpunkt des von irgend einem
Punkte der Abstandslinie auf die x-Achse gefallten Lotes zwischen A und B
und hiermit hat das Lot mit dem Zykel einen von @ verschiedenen Punkt T
gemein, zu dem ebenfalls ¢’ als Bildpunkt gehort, was nicht moglich ist, weil
die L-Transformation ein-eindeutig ist.

Ist nun der gegebene Zykel ein gewthnlicher Kreis, dessen oberhalb der
x-Achse liegender Teil auBerhaib des Kreises iiber AB ist, und ware Q ein inne-
rer Punkt des gegebenen Kreises, so kénnen wir in dhnlicher Weise, wie vorher,
auf Wiederspruch gelangen. — Wenn aber @ auflerhaib des gegebenen Kreises
liegt {(Fig. 3), so haben der Kreis und der Zykel durch A und @, der die x-Achse

Fig. 3

rechtwinklig schneidet, eine gemeinsame Achse*®. Der Kreis und der Zykel ha-
ben den Punkt S gemein, der in der Spiegelung an der gemeinsamen Achse dem
Punkt A entspricht. Der Bildpunkt &' tiegt an einer Geraden, die mit der Grund-
linie der Abstandslinie paraliel ist, dann wire aber $’ und @’ gleich weit von der
Grundlinie, was unméglich ist. Die obenerwdhnie Abstandsiinie und die x-
Achse haben offenbar keinen gemeinsamen Punkt. — Der Beweis der Umkehr-
ung obiges Teilsatzes ist infolge des involutorischen Charakters der L-Trans-
formation trivial.

12 8, D. HILBERT [2], 5. 140144,
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Ist weifer der gegebene Zykel ein Grenzkreis, dessen oberhalb der x-Achse
liegender Teit auBerhalb des Kreises iiber AB liegt (Fig. 4), so ist die x-Achse
die Tangente in der Mitte der Strecke AB der Abstandslinie, die diejenigen

Purikte enthélt, die den Punkien dieses Grenzkreises entsprechen. Ist 2r = AB
und r* die Lange des gemeinsamen Lotes der x-Achse und der Geraden g, so
gilt
a4

(N +I{ry = —.
2
Der Grenzkreis muB die x-Achse unter dem Winkel II{r") schneiden, weil die
Achse des Grenzkreises durch A die x-Achse unter dem Winkel II{r) schneidet.
Der konstante Abstand dieser Abstandslinie von ihrer Grundlinie g, die Linge
des gemeinsamen Lofes der x-Achse und der Geraden g sind also gicich mit-
enander.

Aus der Voraussetzung nunmehr, daB es einen Punkt Q’ der Abstandslinie
gibt, der nicht das Bild eines Punktes des gegebenen Grenzkreises ist, kfnnen
wir ebenso wie vorher auf Wiederspruch gelangen. — Die Umkehrung dieser
Tatsache kénnen wir auch wegen des involutorischen Charakters der Abbildung
leicht beweisen.

Ist endlich der gegebene Zykel (der die x-Achse in den Punkten A und B
nicht senkrecht schneidet) eine Abstandslinie, deren oberhalb der x-Achse
liegender Teil auBerhalb des Kreises iiber AR liegt, so — wegen der zwei vor-
liegenden Falle — muB die Abstandslinie, die diejenigen Punkte enthdlt, die den
Punkten der gegebenen Abstandslinie entsprechen, die x-Achse in zwei Punkten
C und D schneiden. Dann muB aber wegen des involutorischen Charakters der
Abbildung die Abstandslinie — die durch C und D geht — das Bild der gege-
benen Abstandslinie durch A und B sein. — Die Umkehrung ist auch hier tri-
vial.

Damit haben wir den Satz 5 vollstindig bewiesen.
3. Satz By, Wenn ein Kreis einen Punkt im Inneren und einen Punkt (m

ﬁuﬁeren eines Grenzkreises haf, so haben der Kreis und der Grenzkreis einen Punki
gemein.
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Satz By, Wenn ein Grenzkreis einen Punkt im Inneren und etnen Punkt im
Auﬁeren eines Kreises hat, so haben der Grenzkreis und der Krefs einten Punkf
gemem

Beweis. Wir werden die Sitze B, und B,, gleichzeitig beweisen. Betrach-
ten wir die Achse des Grenzkreises I', die durch den Mittelpunkt O des Kreises
£2 iibergeht. Diese Gerade x schneidet £ in den Punkten K; und K,, und I
in dem Punkt G. Wir beweisen, daB der Punkt G — im Falle des Satzes B,, und
auch des Satzes -B,, — zwischen den Punkten K, K, liegt.

[m Falle vom Satz B,, gibt es e¢inen Punkt A des Kreises 2 im Inneren
und einen Punkt B von £ im AuBeren des Grenzkreises ist. Zu dem Zwecke
setzest wir voraus, daB die Punkte K, und K, im AuBeren des Grenzkreises sind.
Da der Punkt A ein innerer Punkt des Grenzkreises ist, ist deshalb des FuB-
punkt § von der durch A auf x senkrechten Geraden auch ein innerer Punkt,
also 0§ = OK; = 0K, gitt. Das Dreieck 0 AS ist ein renhtwink]iges Dreieck,
folglich ist 0A = 0S. Der Punkt A ist ein Randpunkt von Q deswegen sind die
zwei Unpgleichungen mit einander im Wiederspruch.

Setzen wir voraus. daB die beiden Punkte K und K, im Inneren des Grenz-
kreises sind; jetzt werden wir auch zu einem Wiederspruch gelangen. Betrachten
wir die (xerade die durch den im AuBeren des Grenzkreises liegenden Punkt B
und durch den Punkt O geht. Nach den: Satz A, haben diese Gerade und der
GrenzKreis I" einen Punkt T gemein. In dem Dreieck O7TG ist ¢ TGO = qGTO,
folglich OT = GO, Da OB = 0T und GO = OK, = 0K, sind, also wire wegen
der vorherigen Ungleichung OB = 0K, was unmiglich ist.

I'm Falle vom Satz B, ist der Punkt A des Greazkreises I7im Inneren und
der Punkt B von 7" im Aufieren des Kreises Q. Zuerst werden wir beweisen,
daB beide Punkte K, und K, nicht im AuBeren des Grenzkreises liegen. Zu
diesem Zwecke setzen wir voraus, daB die Punkte K|, K, im1 AuBeren des Grenz-
kreises sind. Fir den Punkt A ist 0A <« OK, = OK,. Betrachten wir das Drei-
eck (JAG; es ist leicht heweisbar, daB in diesem Dreieck OGA ein stumpfer
Winkel ist, deshalb 04 = OG gilt. Aus der indirekten Bedingung folgt, daBl
0G = OK, = 0K, ist. also 0A = OK, = OK,, was unmbglich ist. Wenn die
Punkte K;, K, un laneren des Greuzkreises sind, so betrachten wir das Dreieck
OAG, in dem 1 AGO = <G A0 ist, also AQ = 0G gilt. Da 06 = OK, = 0K,
ist, hesteht O A > OK, = OK,. Das ist aber unmoglich.

Betrachten wir die L-Transformation, deren Achse die Gerade x ist. Wir
bezeichnen die Geraden in der Hatbebene der Transformation mit &, &, und g,
die durch K. K, und (i durchgehern und auf x senkrecht stehen. Es sei der
Punkt mit K, bezeichiet, der im Inneren des Grenzkreises ftegt. In der L-Trans-
formation ist das Bitd von £ eine Gerade (2, die parallel mit der Halbgeraden
ki, k, ist, und das Bild von /" eine Gerade [™ ist, die mit der Halbgeraden g und
x pdrallel ist (Fig. 3). Die Halbgeraden I und k, haben einen gemeinsamen
Punkt, weil die mit g parallele Halbgerade v durch K, mit der Halbgeraden /”
auch parallel ist, und die Halbgeraden v uynd K, einen spitzen Winkel bestim-
men, liegt die Halbgerade k, im Inneren des Winkels, den die aus dem Punkt
K, ausgehende und mit {7 parallele Halbgeraden bestimmen. So folgt, daB dic
Halbgerade k, dic Gerade [ in einem Punkt V schneidet. Jetzt missen wir
nech beweisen, daB die Geraden £ und g einen gemeinsamen Punkt haben.
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Betrachten wir die Halbgeraden u, und u,, die aus dem Punkt G ausgehen und
mit 2’ parallel sind. Diese Halbgeraden sind parailel mit &, und k,, folglich
bestimmen die Halbgeraden u, und GK; bzw. i, und GK, einen spitzen Winkel.

Fig. 5

Aus dieser Tatsache folgt, daB die Halbgerade g im Inneren des Winkels liegt,
der durch die Halbgeraden u, und u, bestimmt ist, also schneidet g die Gerade
£¥ in einem Punkt U. Es ist bekannt, aus der Arbeit von }. STRoMMER'?, daB
die aus U ausgehende mit k, parallele Halbgerade ' und die aus V ausgehende
mit g parallele Halbgerade I” einen gemeinsamen Punkt haben (Fig. 6). Wegen
des ein-eindeutigen Charakters der L-Transformation haben die Zyklen I und
Q einen Punkt gemein.

Fig.6

Satz B),. Wenn ein Kreis einen Punkt im Inneren und einen Punkf im Aufe-
ren einer Abstandslinie hat, so haben der Kreis und die Abstandslinie einen Punkt
gemei.

Satz By, Wenn eine Abstandslinie einen Punkt im Inneren und einen Punkt
im Aufleren efies Kreises hat, so haben die Abstandslinie und der Kreis einen
Punkt gemein.

13 5. J. STroMMER [4], 5. 194, -
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Beweis. Wir werden die Sitze B, und By, gleichzeitig beweisen. Betrachien
wir die Gerade x, die durch den Mittelpunkt 0 des Kreises Q durchgeht und auf
der Grundlinie I der Abstandslinie 4 senkrecht steht. Die Gerade x schneidet
den Kreis in den Punkten K, und K,, und die Abstandslinie in D. Wir beweisen,
daf in beiden Fillen der Punkt [ zwischen den Punkten K, K, tiegt. Im Falle
vom Satz B, ist der Punkt A des Kreises 2 im Inneren und der Punkt B ven Q
im AuBeren der Abstandslinie 4. Wir zeigen, dab einer von den Punkten K,
K, im Inneren und der andere Punkt im AuBeren der Abstandslinie ist. Das
zu beweisen setzen wir voraus, daB die Punkte K, K, im AuBeren der Abstands-
linie liegen. Weil der Punkt A im Inneren der Abstandslinie liegt, foiglich ist
der FuBpunkt § von der Gerade, die durch A geht und auf x senkrecht steht,
auch ein innerer Punki, also gilt: 0S > OK, = OK,. Das Dreieck O AS ist ein
rechtwinkiiges Dreieck, deshalb ist 0 A = OS. Weil der Punkt A ein Randpunkt
des Kreises ist, stehen die Gleichheit 0 A = OK, und die vorigen Ungleichungen
im Wiederspruch. Wenn die Punkte K, und K, im inneren der Abstandslinie
sind, gelangen wir auch zu einem Wiederspruch. Nehmen wir ndmlich die Ver-
bindungsgerade der Punkte O und B. Nach dein Satz A, ist teichf zu beweisen,
daB die Gerade OB und die Abstandslinie A4 einen Punkt T gemein haben. In
dem Dreieck OTD ist «TDO = < DTG, also OF = DO. Weil OB = 0T gilt
und DO = OK, = 0K, besteht, folglich ist OB = OK,, was unméglich ist.

Im Falle vom Satz 831 ist der Punkt A der Abstandslinie 4 im Inneren
und der Punkt B ven A im AuBeren des Kreises £. Wir beweisen, daB beide
Punkte K, und X, nichi im AuBeren der Abstandslinie liegen. Zu dem Zwecke
setzen wir voraus, daB die Punkie K, K, im Auferen liegen. Fiir den Punkt A
besteht 0A < 0K1 = OK,. Betrachten wir das Dreieck ODA; es ist leicht be-
weisbar, daB in diesem Dreieck der Winke! 0D A stumpfer Winkel ist, so ist
QA = OD. Aus der indirekten Bedingung folgt, daB 0D = OK, = OK, ist,
also O0A = OK, = OK, giit, was unmdéglich ist. Setzen wir voraus, daB die
Punite K, K, im Inneven der Abstandslinie sind, so foigt, daB in dem Dreieck
ODA g ADO = qDAQ ist, folglich besteht A0 = OD. Weil 0D = OK, =
= 0K, ist, deswegen gilt O0A = OK, = 0K,, was unmbglich ist.

Betrachten wir die L-Transformation, deren Achse die Gerade x ist. Be-
zeichnen wir die Halbgeraden durch die Punkte K, K, und D, die auf x sen--
krecht stehen und in der Halbebene der L-Transformation liegen mif &, k, und
d. In der L-Transformation ist das Bild von £ eine Gerade £, die parallel mit
der Halbgeraden k,, k, ist, und das Bild von A ist eine Gerade 4°, die parallel
mit der Halbgeraden d ist, und durch den Schnitipunkt I durchgeht, wo i
der Schnittpunkt von x und { ist und die Gerade [ die Grundlinie der Abstands-
linie ist. Sei der Punkt K, im AuBeren und der Punkt K, im Inneren der Ab-
standslinie. Der Punkt L liegt entweder zwischen D und K,, oder K, liegt
zwischen D und L. {(Den Fall, wo K, und L zusammenfallen, werden wir spéter
betrachien.) Wenn der Punkt K, zwischen D und L iiegt, so ist K,L = DL
und folglich schneidet die Gerade A’ die Halbgerade k, in einem Punkt V. Die-
Gerade £ schneidet die Halbgerade ¢ in beiden Fillen in einem Punkt U,
weil die Halbgerade d im Inneren des Winkels liegt, der durch die mit &, und %,
paralielen und aus dem Punkt D ausgehenden Geraden 1, und y, bestimmt ist.
Aiso die Gerade © schneidet die auf x senkrecht stehende Halbgerade 4 in einem
Punkt U und ist paraliet mit der auf x senkrecht stehenden Halbgeraden k,,
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ferner die Halbgerade /1’ schneidet die Halbgerade &, in einem Punkt V und ist
paraliei mit d. Es ist moglich einzusehen — wie vorher — dafl der gemeinsame
Punkt von der Geraden £' und A’ existiert.

Wenn der Punkt L zwischen D und K, liegt bzw. wenn die Punkte K, und
L zusammenfallen, betrachten wir die Verbindungsgerade von L und U, und
den Winkel LD (Fig. 7). Der Winkel ULD < [I(DL) ist, woII(DL) der Win-
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kel der Halbgeraden A4° und LD ist. Die mit %, parallele Halbgerade w durcl:
L (im Falle wo L = K, ist, sei w = {) und die Hatbgerade LK, bestimmen

einen Winkel, der kleiner (oder gleich) alsg— ist, folglich liegt die Halbgerade

A’ im Inneren des Winkels, der durch die Halbgeraden LU und w bestimmt ist
und deswegen schneidet die Halbgerade 4’ die Halbgerade ©'. Wegen des ein-
eindeutigen Charakters der L-Transformation haben die Abstandslinie 4 und
der Kreis 2 einen Punkt gemein, damit habea wir die Sitze B,; und By, voll-
stdndig bewiesen.

SATZ 823 Wenn ein Grenzkreis einent Punkt im Innerent und einen Punkt im
Auﬁeren einer Abstandslinie hat, so haben der Grenzkreis und die Abstandslinie
einen Punkt gemein.

Satz By,. Wenn eine Absiandslinie einen Punkt im Inneren und einen Punkt
im Auﬁeren eines Grenzkreises hat, se haben die Abstandslinie und der Grenz-
kreis einen Punkt gemein.

BewErs. Wir werden die Sdtze By, und By, gieichzeitig beweisen. Wenn die
Grundlinie der Abstandslinie 4 und eine Achse des Grenzkreises I zusammien-
fallen, so ist es genug nur den Satz By, zu beweisen, nimlich den Beweis des
Satzes B,, kann man auf den Satz B,, zuriickfiihren. Bezeichnen wir den Punkt
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des Grenzkreises I" mit A bzw. B, der im Inneren bzw, AuBeren der Abstands-
linie liegt. Betrachten wir die L-Transformation, deren x-Achse die Grundiinie
der Abstandslinie ist. Das Bild der Abstandslinie A ist eine andere Abstands-
linie A, und das Bild des Grenzkreises I' ist eine Gerade I'” die parallel mit der

Halbgeraden g und x ist, wo g die auf x senkrechte und aus dem gemeinsamen

Punkt G von I' und x ausgehende Halbgerade, und x die Halbgerade von x ist,
die eine Achse des Grenzkreises ist. Es ist leicht beweisbar, daf der Punkt B’
im Inneren der Abstandslinie 47, in der Halbebene der L-Transformation liegt.
Aus dem Satz A, folgt, daB die Gerade I'” und die Abstandslinie A”, ferner — we-
gen des ein-eindeutigen Charakters der L-Transformation — der Grenzkreis I
und die Abstandslinie A einen gemeinsamen Punkt haben.

Im Falle des Satzes By, kann man einsehen, daB der Grenzkreis einen Punk{
im Inneren und einen Punkt im AuBeren der Abstandslinie hat, nimlich der
gemeinsame Punkt A, der Grundlinie von der Abstandslinie und des Grenz-
kreises I ein innerer Punki ist. Man bekommt einen auBeren Punkt B,, wenn
man den gemeinsamen Punkt der auf die Grundlinie der Abstandslinie senkrecht
stehenden Geraden, der durch A geht, und des Grenzkreises I" nimt. Der Punkt
A ist ndmlich im Inneren des Grenzkreises, und felglich ist der Punkt A zwischen
B, und L, wo L der gemeinsame Punkt der Grundlinie der Abstanslinie 4 und
der durch A auf die Grundlinie senkrecht stehenden Geraden ist. Der Punkt
B; ist ein auBerer Punkt.

Wenn die Grundlinie der Abstandslinie 4 und die Achsen des Grenzkreises
I’ mit einander nicht parallel sind, so gibt es immer eine Gerade x, die eine
Achse von [ ist und auf die Grundlinie I der Abstandslinie A senkrecht steht,
Bezeichnen wir den gemeinsamen Punkt von x und I” bzw. x und 4 mit GG bzw.
D, ferner den Schnittpunkt von ! und x mit L. Im Falle der Sétze By, und By,
werden wir beweisen, dab der Punkt D im Inneren des Grenzkreises tiegt.

Wenn die Achsen mit der Haibgeraden DL parallel sind, so ist G kein inne-
rer Punkt der Abstandstinie A, weil tn dieseru Falle siimtliche Punkte des Grenz-
kKreises im Inneren der Abstandslinie wiren. Wenn die Punkte G und D zusam-
menfallen, so liegen die Punkte des Grenzkreises I™* im Inneren der Abstands-
linie A. {Wir bezeichnen mit I'* den mit dem Grenzkreis I' koaxialen Grenz-
kreis durch den Punkt D, bzw. den Grenzkreis I', wenn I" = ['* ist.) Setzen
wir voraus, daB der Grenzkre;s I'* einen Punkt G, hat, der im AuBeren der
Abstandskinie tiegt.

Bezeichnen wir den FuBlpunkt der aus diesern Punkt auf die Grundlinie
[ senkrecht stehenden Geraden mit L, dann gehért ein Punkt D, von 4 zu der
Strecke G;L,;. Betrachten wir die Halbgerade G, X¥, die durch G, mlt der Halb
geraden DL parallel ist. Wegen des Zusammenhangs der auBeren und inneren
Winke] des Dreieckes DDG, ist < L,D\D > qL,G,D, ferner <4L,G,D >
= 4 X*G,D = g LDG, > g4 D,DL. Also df.lDlD > <ID1DL ist, folglich fiihrt
die indirekte Annahme zu einem Wiederspruch. Nach dem Hilfsatz 1. sind die
inneren Punkte des Grenzkreises 7™ im Inneren der Abstandslinie. Wenn der
Punkt G auf der Halbgeraden DL liegt, so sind die Punkte des Grenzkreises I”
im Inneren des Grenzkreises 7™*, und folglich im Inneren der Abstandslinie.
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Wenn die Achsen des Grenzkreises mit der Halbgeraden LD paraile! sind,
so ist der Punkt G im Inneren der Abstandslinie. Setzen wir voraus, dafl der
Punkt G im AuBeren der Abstandslinie liegt. In diesem Falle fiir einen beliebigen

Punkt G, von I" die Ungleichung —‘—21< < G,GL < 4 G,DL gilt. Bezeichnen wir

den FuBpunkt der auf { senkrechten Geraden durch G, mit L, so ist
4 LyGyD < <4 G,DL, also der Punkt G, liegt im AuBeren der Abstandslinie, was
unmdaglich ist,

Bezeichnen wir die Halbgeraden durch D und G, die auf einer Achse des
Grenzkreises I liegen, mit DX* und GX*, ferner den Punkt auf I" bzw. 4, der
im Inneren von 4 bzw. I' liegt, mit A. )

Im Falle des Satzes B,,, wenn der Punkt G im AuBeren der Abstandslinie
ist, folgt aus dem Dreieck ADG, daB < ADX* = < AGX* ist, also der Punkt
D im Inneren des Grenzkreises liegt. Wenn der Punkt G im Inneren der Ab-
standstinie ist, so ist « AGX*= < ADX*, also der Punkt D im Inneren des
Grenzkreises I' liegt.

Im Falle des Satzes B,,, wenn der Punkt G im Inneren der Abstandslinie
liegt, <t AGX™* ein spitzer Winkel und « ADX* ein stumpfer Winkel ist, aiso
J AGX* <= 4 ADX* gilt, folglich ist D ein innerer Punkt von I. Wenn der
Punkt G auBerhalb der Abstandslinie liegt, so besteht 4 AGX* < g ADL, also
der Puitkt D im Inneren des Grenzkreises I" ist.

Wir wihlen die Gerade durch D, G als die x-Achse der L-Transformation,
s isi das Bitd des Grenzkreises I” eine Gerade I, die mit der aus dem Punkt &
ausgehenden und auf x senkrechien Halbgeraden und der auf X liegenden Achse
des Grenzkreises paraliel ist. Das Bild der Abstandslinie ist eine Halbgerade
durch L, die mit der auf x senkrecht stehenden und aus dem Punkt [> ausgehen-
den Halbgeraden parailel ist.

Wenn der Punkt D zwischen G und L liegt, so betrachten wir die Halb-
gerade z durch £, die nul der Halbgeraden g parallel ist. Da GL = DL ist,
folglich FI(G1.) < II(DL) bestebt, deswegen die Gerade 4° im inneren des durch
die Halbgeraden z und LX* bestimmten Winkels liegt, also die Haibgerade
41" und die Gerade I'* schneiden sich (Fig. 8).
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Wenn der Punkt D auBerhalb der Strecke GL liegt, so ist es feicht be-
weisbar, daB die Gerade 4’ im Inneren des Winkels Jiegt, den die Halbgerade
LX* und die mit g parallele und aus dem Punkt [ ausgehende Halbgerade
hestimmen; also die Halbgerade A’ und die Gerade I'' schneiden sich (Fig. 9).

)

4}

Fig.9

Der Grenzkreis I' und die Abstandsiinie 4 haben — wegen des ein-ein-
deutigen Charakters der L-Transformation — einen Punkt gemein, wenn die
Geraden I'" und A’ sich schneiden.

 Satz By, Wenn ein Grenzkreis einen Punkt im Inneren und einen Punkt im
Auperen eines anderen Grenzkreises hat, so haben die beiden Grenzkreise einen
Punkt gemein.

BewEis. Bezeichnen wir die Grenzkreise mit.l'y und I',, und den im Inneren
des Grenzkreises Iy, liegenden Punkt des Grenzkreises £ mit A, den auBierhalb
des Grenzkreises I, liegenden Punkt von Iy mit B. Die Punkte der Grenzkreise
Iy und Iy durch die zwei verschiedenen Strahlbiischel bestimmit sind. in diesem
Falle gibt es immer eine Gerade x, die eine Achse von I, und [ enthilt, und
diese Achsen gegensinnige Halbgeraden der Geraden x sind. Die Punkte G,
und G, ven Iy hzw. I, liegen auf der Geraden x. Wir werden beweisen, daB der
Punkt G; auf der aus dem Punkt G, ausgehenden Achse G,X, des Grenzkreises
- 1, liegt. Zu dem Zwecke setzen wir voraus, daB der Punkt G, auBBerhaib der
Halbgeraden G,X, liegt. In diesem Faile ist <4 AG,G, ein stumpfer Winkel in
dem Dreieck GG, A, alse < AG,G, ist ein spitzer Winkel, Es folgt, daB <« AG, X,
ein stumpfer Winkel ist, wo die Halbgerade G,X, die aus dem Punkt ¢, aus-
gehende Achse des GrenzKkreises I ist. Der Winkel 4G, X, muB ein spitzer

Winkel sein, also die Ungleichung qAGlxlz-% unmoglich ist. Damit haben

wir bewiesen, daf} die Halbgerade G,X, den Punkt G, enthdlt und folglich der
Punkt G, auf der Halbgeraden G X, liegt.

Betrachten wir die L-Transformation, deren Achse die Gerade x ist. Das
Bild des Grenzkreises '} ist eine Gerade I'f, die mit der Halbgeraden G X,
und.mit der auf x senkrecht stehenden Halbgeraden g, durch G, parallel ist.
Ebenso entspricht der Grenzkréis I, eine Gerade [%, dic mit der Geraden G, X,
und mit dér auf x senkrechten Halbgeraden g, durch G, parallel ist.
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Es ist leicht beweisbar, daB I'; und g, bzw. I', und g, je einen gemeinsamen
Punkt V bzw. U haben. Auf Grund dieser Tatsache folgt — wie vorher —
daB die Geraden Iy und I'; einen Punkt gemein haben, foiglich haben die Grenz-
kreise Iy und ', auch einen gemeinsamen Punkt wegen des ein-eindeutigen
Charakters der L-Transformation.

SATZ By, Wenn eine Abstandslinie einen Punkt im Inneren und einen Punkt
im Aupferen einer anderen Abstandslinie hat, so haben die beiden Abstandsiinien
einenr Punki gemein.

Bewkls. Bezeichnen wir die Abstandslinien mit A, bzw. 4,, ferner den Punkt
der Abstandslinie A,, der im Inneren der Abstandslinie 4, liegt, mit A, und
den Punkt, der auBerhalb der Abstandslinie 4, ist, mit B. Es ist offenbar, dad
die Bedingungen vomt Satz By; nicht erfiili{ sind, wenn die durch die Abstands-
linien und ihre Grundlinien bestimmten Halbebenen keine gemeinsame Punkte
haben.

Wenn die Grundlinien mit einander parallel sind, ferner die Abstandsiinie
A, und die Grundlinie {, der Abstandslinie A, auf derselben Seite der Grundiinie
{, liegen und umgekehrt, so gibt es immer eine Gerade x, die auf der Geraden
{; senkrechti steht und mit der Geraden [, ein gemeinsames Lot hat; so daf die
Lange des gemeinsamen Lotes groBer, als der Abstand des Punktes B von /,
ist'4, Wihlen wir eine solche Gerade als die x-Achse der L-Transformation. Das
Bild von A, ist eine Gerade A;, durch den Schnittpunkt L, des Kreises 4% und
der Gerade x, wo A, das Bild der Abstandsiinie /1, bedeutet. Es folgt aus den
Hilfsatzen I— 11 und den Sétzen 1 -5, daB der Bildpunkt A’ von A im Inneren
des Kreises A, liegt und der Punkt B” auBerhalb des Kreises A, ist, also in der
Halbebene der L-Transformation haben die Strecke A’8’ von A] und der Kreis
4; einen Punkt gemein.

Wenn die Grundlinien {; und {; mit einander paraliel sind, und im Bezug
auf der Grundlinie f; die Abstandslinie 4, und die Gerade [, in gegenseitiger
Halbebenen liegen, so ist es beweisbar, daB die Abstandsiinie A, einen Punkt
im Inneren und einen Punkt im AuBeren der Abstandslinie A hat. Lassen
wir ein Lot aus dem Punkt A auf der Grundlinie [, fallen, und bezemhnen wir
den FuBpunkt mit F. Die Gerade AF schneidet die Abstandslinie gy in dem
Punkt X, und die Grundlinie [, in dem Punkt Z. Der Punkt Z liegt zwischen A
und F, und der Punkt X wegen des Hilfsatzes I. liegt auBerhalb der Abstands-
linie A4,. Die Grundlinie [, schreidet die Abstandslinie 4, in dem Punkt Y. Dieser
Punkt liegt im Inneren der Abstandslinie /1,. (Diese Bemerkung ist netwendig,
weil in diesem Falic die Rollen der Abstandslinien 4, und A, nicht symmetrisch
sind.)

Wenn die Grundlinien {; und /, sich schneiden, oder mit einander parailel
sind und im Bezug auf der Grundlinie /, die Abstandslinie /1, und die Gerade {;
in gegenseitiger Halbebene liegen, so gibt es immer eine Gerade x, die senkrecht.
auf {, steht und mit der Geraden /, ein gemeinsames Lot hat so, daB die Gerade
x und die Abstandslinie 1, im Bezug auf /, in gegenseitiger Halbebene liegen?s.

15 8. die FubBnote 7.
t+ 8, die Fullnote 7,
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Betrachten wir die L-Transformation, deren Achse die Gerade x ist. Das Bitd
von 4, ist ein Zykel, der die x-Achse in zwei Punkten schneidet, und das Biid
von 4, ist eine Gerade. Nach dem Hilfsatz 1. ist leicht beweisbar, daB der Bitd-
punkt A" von A im AuBeren und der Bildpunkt B’ von B im Inneren des Zykels
Aj liegen. Wegen des Hilfsatzes [1. hat die Strecke A’B’ von A; mit dem Zykel
.1 einen Punkt gemein in der Halbebene der L- Tran‘;formatlon Weil die L-
Transformation ejn-eindeutig ist, haben die Abstandslinie 4, und 4, einen Punkt
gemein in atlen betrachieten Fallen.

Wenn die Grundlinie /; und I, der Abstandslinie A, bzw. A, ein gemeinsames
Lot haben, bezeichnen wir die Schnittpunkte des gemeinsamen Lotes x und der
Abstandslinien A,, 4, bzw. der Geraden [}, [, mit D, D, bzw. L, L,. Wena die
Abstandslinie A, und die Grundlinie {, im Bezug auf {, und die Abstandslinie
4, und die Grundlinie I, im Bezug auf [, in derselben Halbebene liegen, so ~ ab-
gesetten von den Fallen, die infolge unserer Annahmen trivialenweise ausge-
schlossen sind — besteht L L, = LD+ L,D,. Wenn alse L,L, = 1.D, und
Lily > LoD, sind, ist die Anordnung von der Punkte L, L,, D, D, : (L,D,D,L,).
Wenn eine von der Strecken L,D, und L,D,, z. B. L|D, < ., ist, und die ander-
re Strecke L,D, > L,L,, ist die Anordnung der Punkte L,, L,, D,, D, : (D,L,D,L,);
zuletzt wenn L, D, = 1,1, und L,D, = L,/ sind, ist die Anordnung der Punkte
Ly, Ly, Dy, D, 0 (D,L,L,D,). Bezeichnen wir die auf x senkrecht stehenden Halb-
geraden durch D; und D, in der Halbebene der L-Transformation mit ¢, und d,.
Das Bild der Abstandslinie A, ist eine mit der Halbgerade d; paraliele Halb-
gerade A durch L, und das Bild von A4, ist eine mit der Halbgerade d, paral-
lele Halbgerade A, durch L, Wenn die Anordnung der Punkte L,, L,, D,, D,
(L,D,D,L,) ist, se schneidet die Halbgerade Aj die Halbgerade d, in einem
Punkt V und die Halbgerade 4; die Halbgerade d, in einem Punkt {/, Die
Halbhgeraden 1| und 4] haben einen Punkt gemein, was man -- wie vorher —
beweisen Kann.

Wenn die Anerdnung von L,, L,, D,, D, (D,L,D,L,) oder (D,L,1.,D,) ist, so
liegt die Halbgerade ) im Inneren des durch die Halbgerade L,L, und die mit
der d, paraliele Halbgerade durch L, bestimmten Winkels, also 4] und /1
schneiden sich.

Wenn die Abstandslinie 4, und 4, in derselben Haibebene im Bezug auf
einier der beiden Grundlinien — z. B. auf !, — liegen, aber die Abstandsfinie 4,
und die Grundlinie [, in gegenseitigen Halbebenen im Bezug auf der Grundlinie
l, sind, so ist die Anordnung von L,, L, D,, D, : (D, D,L,L)).

Es ist unmdagtich, daB die Punkte D, und D, zusammenfallen, weil die zur
i, zugehdrige Abstandslinie A¥ durch D, = D, in diesem Falle im lnneren
der Abstandslinie 4, liegt. Betrachten wir einen beliebigen Punkt T von 4%,
der nicht in derselben Halbebene wie die Gerade !, im Bezug auf /, liegt. Bezeich-
nen wir den FuBpunkt von dem Lot aus T auf !, mit U und den Schnittpunkt
der Geraden {, und dieses Lotes mit V. Es folgt, da TU = DL, = TV+ VU
ist, wo VU = L,L, ist. Wir bezeichnen den FuBpunkt von dem Lot aus T auf
I, mit W, so ist TW < TV und folglich TW < D,L,. Die Anordnung von
L, Ly, Dy, D, kann nicht (D,D 1,1} sein, ndmlich die Abstandslinie 4, im Inne-
ren der Abstandslinie A4} * liegt, we A¥* die Abstandslinie durch D, mit Grund-
linie I, ist. Es folgt aus dem Hilfsatz I, daB die Abstandslinie A, im Inneren der
Abstandslinie A, liegt.
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Betrachien wir die L-Transformation, deren Achse die Gerade X ist. Das
Bild der Abstandslinie 4, ist eine Halbgerade A, die die Halbgerade d, in einem
Punkt L¥ schneidet. Die entsprechende Halbgerade A; der Abstandslinie 4,
und die Halbgerade 4 haben einen gemeinsamen Punkt; diese Tatsache folgt,
wenn wir das Axiom ven Pasch fiir das Dreieck D,L,L¥ und die Gerade A, ver-
wenden.

Da die L-Transformation ein-eindeutig ist, haben die Abstandslinien A,
und A, einen Punkt gemein.
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A function of a positive integer f(n) is said to be restrictedly additive (or
simply additive) if (n;, ny) = 1 implies f(imn,) = f(n,)+f(n,). I this equation
is satisfied for any pair of integers n, and n,, then we say that f(n) is completely
additive.

Erp&s [1] has proved the following two assertions.
(A) [f {n) is restrictedly additive and monofonic, then it is a ‘constant mul-
tiple of log n.

{(B) If f(n) is restrictedly additive and if f(n+1)—f(n) = o(1), then it is a
constant multiple of Jog n.

New proofs of these assertions have been given by Mostr and LAMBEK
[2], ScuoENBERG [3], A. RENY1 {4], BesicoviTen [5], VErRA T. 86s {6] and
CsAszAr [7). P. TurAN [8] obtained an important application of these asser-
tions to the characterization of Dirichlet’s L-functions,

Using the ideas of BEsicoviTcH |5] to the proof of (B) we prove the follow-
ing.

THEOREM. Let (n) be a sequence tending to zero as n — <o, If f(n) is restrict-
edly additive and

fin+ )= f(r) = —e(n),
then if is a constant multiple of log n.
It is evident that from our Theorem foliew (A) and (B).

Proor. Without loss of generality we can assume that (#) is a non-negative
sequence tending to zero monotonically.

Firstly we prove, that (n) is completely additive. Let p be an arbitrary
prime or a power of a prime and e = 0. There exists an integer ! such that

(2) fln+VY)—fn) =—¢ for n = p'-L

§ ANNALES — Sectio Mathematica — Tomus X,
ok
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We take & large and use the inequality (2) a few times. So we have

H(p") = Kp*+p)+pe = f(P)+ (P~ + DN+ pe =
= {P)+ P p)+pet(p—Ne = ... = (K=DIP)+ '+ 1)+ (k—)pe.

Similarly
(P = {(pf—p)—ps = ...

From these inequalities follows, that

1 _ o).

= (k—-DKp)+ ('~ 1)— (k= Dpe.

III‘II
K—

Using this relation for p = ¢* and p == g, where ¢ is an arbitrary prime

we abtain that
I'k
gy = iim—““;c ) - ,M—L“’ Lot

—w

that is, f(n) is completely additive.
Let now p be a prime. We take n farge and write it in the form

= gyp'+ ... +a,_pta,

withv=1[land |l =g <p, O0=a<pfori=12 ..,
Using the inequality (2) we have

)y = f@p + - +8ep)—2p = f[(P)+Hap" '+ ... +ay_))—ep =

= ., = (Il+DIp)+Kapp' 1+ ... +a_)—s(r=1+1)p.

Writing
max |f(m)| = M,
we have e
fn) = (r—1+ D) — M— e(v— 1+ )p.

Ohserving that
p:' = 1] - pl'+1’

‘we obtained that
1

nwlog 1 " logp

Hence
3) tim oy [P
' aoe log n log log p
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Suppose that there exist prime numbers p, ¢ such that for example
Ko _ Kp)

. Then choosing n = g* we obtain from [3] that
logg logp

AC T (5 R () I
logg wo=loggr logp
which is a contradiction.
o 1P
log p

REMARK. As Prof. P. TurAN communicated to me after completing my
manuscript our theorem was stated without proof by P, ErpSs in [9].

is a constant for every prime and the theorem is proved.
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In his paper [3] CH. HoLLAND proved that every lattice-ordered group is
a-isomorphic to a subgroup of the group of all monotfone permutations of some
fully ordered set. Later, I gave a necessary and sufficient condition for groups
to be s-isomorphic to a subgroup of the group of monotone permuiations of
some fully ordered set [1). In paper [1] | did net prove the fulfilment of this
conditien for lattice-ordered groups.

The aim of this paper is to establish another condition. Both the condition
and the proof are simnpler than the previous one. We can shaw easily that this
condition holds for lattice-ordered groups.

Let S be a fully ordered set and let = denote the order-relation on 5. We
shall call a permutation « of § monetone if 2 = b(a, b € S) implies o= = b=,
The monotone permutations of § form a subgroup S of the group of all permu-
tations of S. The relation:

"o = B if and oniy if, for each @ € 8§, ¢ = af holds”

is obvieusly an order on S. It is easy to see that S is a lattice-ordered group
with respect to this order relation. We shall calt a group e-isomerphic to a suh-

group of some S monotone.

THEOREM 1. A partiglly ordered group G Is monofone if and only if G con-
tains a family of subsemigroups T, such thath 2

(i) N Ty = P, the positive cone of G,
A
(i) T, U T =G, for each 2.
1 The subsemigroups T; are Eonv'ex, becailiise of P € Ty

? 14, in additien, these are normal subsemigroups, we get just the condition for G to he
a vector group (See [2] p. 42). Hence, all vector groups are monotone,
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Proor. Let first G be monotone, i.e. G & § for some fully ordered set §.
Further, for each a € § we define T, € @ as folows: o € T, if and only if a* = a.
Let ¢ € P; then a* = @* = a because of ¢ = eie. T, 2 P. Hf, for each a ¢ §,
o € T,, i.e. a* = g holds for every a € § then « ='¢, proving (i}. Now, « ¢ T,
means g* < g whence g = (@*)*" < a* follows. Hence «~* € T, and (ii} is
fulfilled. 1t remains to prove the T,s are subsemigroups. Let o, 8 ¢ T thus
ee=aand @ zq. Wegeta?=a¥=gq, ie. nff € T,.

Conversely, let us suppose that there exist subsemigroups T, in G satisfy-
ing the stated properties. Without loss of generality we may regard the set of
jindices 2 to be ordered. Clearly, G, = T, M Ty is a subgroup of (. Let the
set S consist of the right cosets Gyo (o € G and for all 2) and put

(iii) Gie = G pifeither A <y or 2 =p and Bt € T

We have first to prove that this refation is independent of the representatives
of the cosets. Thisis, for 2 = g, obvious. If &’ = o and " = v with o, 1 € G,
then o~' ¢ G; and so 1,0~ ¢ T; follows. Since (e = G means fa~* € T,
we get f{o) ! = tf(ox) ! = t{fu~Yo1 € T,, Le. Gi’ = Giff.

We prove that the relation defined under (iii) is a full order. Reflexivity,
antisymmetry and transitivily are obvious. 1t is also obvigus thai for 2 = g
either Gio. = G, for G, 8 = Gix holds. If Gaee = (G388 does not hold then et €T,
and thus, by (i), «f~! = (fa~1)~1 € Ty; hence Gif = G-

Now, let us correspond to each ¢ € G the mapping o of S inte itself, defined
by

(iv) (Giy® = Ghao.

G being a group o, it is clearly, a permutation of 5, moreover, it is a monotone
permutation. In the case & < g we get from Gy = G,.f8 that (G = Gioe =
= G.fo = (G:f)r and from G = G it follows (f6) (wo)* = Ba=r € T,
that means (Gyo)® = (Gif).

Next we prpve that the elements of the form o form asubgroup G of S o-
isomorphic to G.

1° g1 = ot because of (Uix) (o7) = ({Gaei)o)r.

2° ¢ = rimplies ¢ = = (e is the identity of S). Indeed, from o€ P it follows
(@)=t = woa=t € P € T, for each T3, thus (Gy)* = Gux = Grao = (Gae).

3° If o= & then o= &. Indeed, from ¢ = ¢ we obtain (o = Guo for
each « € G. In the special case « = ¢ we get (J; = Gyo, i.e. o is contained in
every T,, thus o € P by (i).

4° If o = ¥ ithen o = ¢ This is-an obvious consequence of 3°.

1° and 4° prove that the mapping ¢ < ¢ is a group-isomorpliism between
G and G while 2° and 3° guarantee that this mapping is an o-isomorphism.
This completes the proof of Theorem [.

In the rest of this paper we shall prove

THeorREM 2. Every lattice-ordered group is monofone.
In the proof of Theorem 2 we shall need a lemma.
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Let G be a lattice-ordered group with the positive cone P, and let C be an
i-subsemigroup (i.e. sublattice-subsemigroup) of G containing P. Let further
(C, ¥) denote the [-subsemigroup generated by C and y and C(y) the set of all
t € G for which there exist a natural integer n and an element u of C such that
(yuy" = L.

Lemma. For ¥y = e we have (C, y) = C(»).

Proor. (C, y); just as C, is convex because it contains P, while C(y) is con-
vex, by definition. For every u € C and natural integer n, (yu)" € (C, y) and,
by the convexity of (C, y), C(y} & (C, ¥). In order to prove (C, y) & C(y), we
show that y € C(y), € € C(y) and C(y} is an {-subsemigroup of G. Using e € C,
ye =y proves y ¢ C(y) while from u ¢ C it follows, by y < ¢, that yu = u
i.e. u € C(y). Now, let £, 1, € C(y). It is obvious, by the convexity of C(y), that
t, U t, € C(y). By our assumption, there are elements uy, 4, in C and natural
integers m,, 1, such that (yu)Y =1, for i = 1,2 Let u=¢N u, N u, and
n = max (n;, ny). Since C is a sublattice containing e, therefore it € C also holds.
From u = e we get (yu)" = {, f,. This means (yu)" =, N 4, and (yu)*" = ¢, -1,
which completes the proof of the Lemina.

ProoOF OF THEOREM 2. Let 2 € G and ¢ ¢ P. Then P is an /-subsemigroup
containing P but exciuding a. By Zorn’s Lemma there exists an /l-subsemigroup
T, 2 P which is maximal with respect te the property of not containing a.
I we let ¢ run over all a ¢ P, then for these subsemigroups 7, (i) obviously
holds. To prove (ii), let us suppose that both x ¢ 7, and x-! ¢ T, are valid.
Hence, by P € T, neither e N x nor ¢ (N x~1 belongs to T,, Therefore, by the
maximality of T,, both a € (T,, e 1 x) and a € (T,, ¢ N x~1) hold. In view of
the Lemma, there are elements uy, u, in T, and naturat integers n,, n, such that
(N0 =a and (e N Xx~Yuy)'= = a. By our assumption on T,
u=¢eu N ueT, and, clearly, u = e. Then, we get ((¢ N xu)" = a and
{(eNx~NHuy'=a, where n=max (m, n,). Now z=([(eNxX)u] VU [(eNx—Hu])*-*
is a union of products in which either (¢ N x)eror{e N x~Yu occurs at least n
times. However, this means that each of these products is either=((eMNxu)?
or=((e (1 x~"ju)* because the other factors are less than or equal to e. Thus
z=a. Further, from (eNx)U{eNx = we get [(eNx}u]U[(eNx-Yu] =
=[leNx) U e x"Hju =u 1.e. y** =2z = a. Hence a€T,, a contradic-
tion. Therefore, either x ¢ T, or x~1 ¢ T,, and (ii) is proveds.
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1. Introduction

Let k = 1 be a fixed positive integer. Then we can use any integer 11 to be
uniquely represented as follows

(1) n = gikm+akh+ ... +ak,

where f; = flg = ... = i, = ( are integers; so are @4, 4, ..., @, each of which
1

no larger than k—1. We set a(n) = ¥ a, and A(x) = I «(n).

=1 n=x

in the case of k=2 R.BeLLMAN and H. SHAPIRO proved the following relation

(¥

xlogx
2log2

8. C. TANG has extended their result to the general case [2], i.e. he proved
that

Alx)y = +0(x log log x).

_k—-1 xlogx

2 Afx) = +0(x).
e () > logk 0(x)
[t is natural to ask that what is the asymptotical behavior of
3 B(x) = 3 «(p)
p=x

where in the sum p runs through the prime numbers.
In this paper we shail prove that assuming the validity of the density
hypothesis for the Riemann’s zeta function we have

as X -— oo,

k-1 «x X
4 B(x) = +0 [
@ ) 2 logk (log log x)'?
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In a forthcoming paper we shall investigate with Mr. Mocyordpi the limit
distribution of the values of o(p). It seems difficult to prove the existence of
the asymptotic of ofp) without any conjectures.

2. Lemmas and a correction to my paper [3]

Let

An) = log p, when 2 =pr, p prime, »=1,2, ...,
' 0 otherwise,

£(s) — the zeta function of Riemann,

) p() = 3 A@m), w()= 31,

n=x p=x

where p runs through the primes,

(6) A®) = p(9)—p(x—K— 1)—(K+1),
0 ox(X)=n(x + K)~n(x)-;i,
0g x

where K is a positive number.

Let further N{o,, T) denote the number of the roots of £(s) in the rectangle
gy=0o=1 [t =T =oa+il).

In [3] 1 asserted the fotlowing:

Let #(x) a menoten nen-decreasing function of x, which tends to infinity as
X —+ « and which satisfies the relation

(8) I = h(x) = 0@,
and let
(9) K = ®(x) = (log x)"5h(x).

Let further m(x) be the Lebesque’s measure of those y-s in the interval
| = y = x, for which the interval (y, y+ K) does not contain primes. If

(10)  N(o, T) = O(T21-2) log2 T) for -;—1 <g=1]1 |=T<e,

then _
mx)y=0 i]
h(x)
Indeed 1 proved this assertion assuming the inequality
(8" 1 = h(x) = O(log X)

instead of (8), only.
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More accurately | proved that

(1) A (n) = o[
né'x h(x) )’
if (8') is satisfied (K as in (9)). (See {3] p. 64.)
From this it follows easily that

(12) 2 le(m)* =0

n=x

Kz2x }
R(x) log? x ’

which we shall formulate as

Lemma 1. Let i(x) be a function .of x fending monotonically to infinity as
X — + =, and satisfying #(x) = O(log x). Let K = (log x)"SA(x). Thea assum-
ing (10) we have (12).

LEmMa 2 {4]. For x = I, y = 1 we have

X+ y)-m(x) < ¢ 2,

logy’
where ¢ is an absolute constant.
3. Formulation and preof of the Theorem
THEOREM. Assuming that the densify hypothesis is frue in the form
(13) N, T) = O(T®*1=9 10g® T)  for % =g =],
we have

k-1 x X
14 B(x) = +0 )
(14) ) 2 logk (log log x)t/* ]

Proor. In the sequel ¢, ¢, ... denote constants depending on k only.
From (1) it follows evidently, that for any n = y the inequality

(15) a(n) = ¢ logy

is satisfied.
Let { be a natural number satisfying the inequalities

(16} K=k = kK,

where K is as in (9).

Let further A; depote the set of integers in the interval
(K, KG+1)), for j=0,1 ..., ]

where

an o = [%]
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It is trivial that these sets are disjoint and their union contains any naturai
number smaller than x.
Further, if n ¢ A!, then

a(f) = a(n) = offy+ (k-1

So
Jo
Bxy= Z alp)= 3 2 «(p)— 2 «p)
p=x j=[lpEAj p=x
PEAy,
Using the inequalities (15) and (16) we have
> olp) < ¢ log 2x-k' = ¢ K log X,
p>x
PEAj,
and so

B(x) = 5 aj) (nk'(j + D)—lk}))+ O(lm20) + O(K log x).

j=0
From (8) and (9) it fottows that K = O((leg x)%%), and hence
{ = O(log log x).
So the second and third term on the right hand side are

O[ X log log x|,
log x

where the O depends on k only.
We write the first sum in the form

21+, = 2 «(f) —+ 2’ a(eit(k'f),
i=0 logx
and we hava

B(x) = zl+zz+o[&°g_lﬁg£}_

log x

From the resuit of TaNG [2] (see (2)) we obtain

21 = (a)"

! . \
K l x +O' xloglog x J
log x og X log k& v logx

For the proof we need to prove the inequality

22:0

X
(log log x)13 J
oniy,
Let now A be a natural number < &' For the infegersu inl =y = A
we have

|01 + ) — @)} = i+ K+ A)— 2(r+ kY +m(n+ A)—n{m).
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Further using Lemma 2, the right hand side is

A .
=G , ifn=x
log A
Hence it follows that
1 A .

o (ki) = —— gkl +u)l +¢ ,

| exi(k'f) A_l_lué;lk(f N " Tog A
and so

305 S ledkh = —— 3 3 etk u) +oli A
8 Jéé / A 41 =0 u=0 olog'A

holds. Since A < k&, so a natural number n is represented in the form n =
=Hki+e (j=0,...,Ju u=0,....:A) at most once, and the number of rc-

presented numbers equals to (A+1) (jo+ I). Using the Holder-inequality and
Lemma 1 we have that the double sum is smaller than

sl e o )
X K 12
=0 llogx (Ah(x)) ]

#n=kjt+u
log A K log A

Further

Using the inequality
2 = O(log x- 27),

Z,=0 {::(Aﬁx))”gj o[22 I:’gg: ]

K(log log x)23
log x

we have

Let now choose A(x) = logx, A = , hence it follows that

2

and the Theorem is proved,

,=0 [___.ﬁ_x___-J,
{log log x)13
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§ 1. Introdaction

An important topic of the constructive theory of functions is the investiga-
tion of structural properties of continuous functions. Namely, what can be stated
on a continuous function if we know the order of seme kind of approximation?
The well-known theerems of 5. N. BERNSTEIN scived the problem in connection
with the polynomial approximatien. As far as 1 know the first results in the
direction of the rationai approximation are due to A. A. GoNCARr. He extended
the problem to functions defined on an arbifrary finite perfect set, and proved
structurat properties on it — apart from a set of measure (. But these theorems
are not too applicable for practical purposes. Such practical purposes were ex-
pounded by P. SziUsz and P. TurRAN [1]. They raised the problem of characteri-
sation of functions witheut an exceptional sef, and proposed to investigate the
roie of the minimal distance between the considered interval and the poles of
the approximating rational function. 1t was a deep insight which proves to be
very useful in the following.

Let

Zy =k Bd Br=0k=1,2,...,m;m=n)

be the poles of the rational function R, (x) (the suffix in R (x) always denotes
the degree of R,(x)), and
Ei=f-1L+I1], E,=IntE =(—1 +1), Ey=(— oo, 4 ).
Define
(1.1} &(R,) = min (1; m}in min |x—2]) = min (I; min g min ¥ (o] — D2+ 82)
X

€ E, ETAEY| 2l >1
and

(1.2) A(R,) = min min |x—z,| = min §,.
k

xeE; k
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Notice that if R (X} is especially a pelynomiat then
(1.3) MR = 1.

Now let {R.(X)}z-0 be a sequence of approximating rational functions to a
continuous function f(x); i.e.

def

(4 R E) = max [f@-R@| ~0 (1~ i=10r3).

Without loss of generality we may assume

(1.5) RudhLEY=SRALEY {(n=0/1,..;i=1o0r3)

§ 2. Theorems and remarks

In the following let p = § be real and
= { 0 if p integer
[p] otherwise.
We state the following theorems, using the previous notations.

THEOREM ). [f
2.n hm f(x) = hm fix) finite

and with arbitrary but fixed p > 1 end « > 0 the condition
min (A(Rn » mjn A(R[np]ﬂ‘))
Wl Es) e

n1+8

(2.2)

holds then K(x) is differentiable in E,.
THEOREM 2. If with arbitrary but fixed p > 1 and & > 0 the condition

min (§(R,); min 3(Rynp)+ 1))
(2.3) Rn(,; E1) =0 O=i=qg

n'.|.+z

holds then {(x) is differentiable in E,.

TuEoREM 3. The conditions of the previous theorems essentially cannot be
weakened. Namely, these conditions with p = 1 and ¢ = 0 even in the stronger form

2.4) Rf; E9) = o[“"R ’J and R,(f; Ey) = o‘a‘R"’]

do nof ensure the differentiability of {(x) in E; and E,, respectively.
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THEOREM 4. If (2.1) holds, 0 < o« = 1, and with arbitrary but fixed p = 1,
=0

(2.5) R.(f; Eg) = O(

then f(x) € Lip « in E,.

{min (A(Rn);om_in A Rnpy + DT )
={=g

nl‘l'a

THEOREM 5. ff O = o = | and with arbitrary but fixed p > 1 and ¢ > 0
the condition

[min (3(R,); m‘iﬂ HRnp1+ ™
(2.6) Rt E) =0 e
nete
holds then f(x) € Lip « in every closed subinterval of E,.
REMARKS. 1. If
ARpe)) = AR, of 6(Ryusr) = 8(R) (1= 0,1,...)

{and this is practicatly the most important case} then the conditions (2.2),
(2.3}, (2.5), {2.6) can be repiaced by

. _ A(R{n 1 1)
(2.2)* R{f; E5) =0 _nl.f.i_
2.3y RA;E)=0 _a(R{r:le) 1
n +
(2.5)* R Ey) — 0|2 Bumnsa) J
n¢+s
@0 R.(; Ep = o XRimal )
n! £

2. If R (x) are especially polynomials then by (1.1) we have e.g. from {2.3)
}

ni +=r

R(f: E)) = 0[

which essentially gives the corresponding BERNSTEIN’S theorem, apart from the
fact that Theorem 2 ensures the differentiability of f(x) only in E; At present
I am unable to prove that the condition (2.3) ensures the differeatiability of
f(x) in E,.

3. There remain some other open questions. Whether our theorems remain
valid if we assume p = ! and e = 0 or p > | and £ = 0? In connection with
Theorem 4 and 5 the case p = 1, £ = 0 is also unsettled.

We shall come back to further questions in a next paper,

7 ANNALES — Sectic Mathematica — Tormus X.
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§ 3. Two lemmas

In the proof of our theorems the most important is the estimation of the
derivative of rational functions withouf exceptional setf.

LEMMA . Let n be even, R {x) be a rational function of degree n,

(3.1) sup [RAX)| = M <+ o,
X6 E,
Then
2nM
3.2 IRL(x)| = (x€Ey).
(3.2) (x) AR 3
ProoF. We quote the following theorem of V. N. Rusak [2]: If the function
raf) =~
Vs, (x)

—where P (x) is a polynomial of degree n at most, f,,(X) = JJ [{a.—X)*+ i)
k=1

(3, = 0) — satisfies the condition

(3.3) sup |r(x} =1
x€E,
then
(3.4) ol = 3 ——Pe eEy).

o (g — X+ B

It is worthy of note that this theorem is the most important in our proofs.
We make use of it with

00 = LR = L P here o) = Q0" = T L=+ B
M M Qn(x) k=1
Then condition (3.3) holds because of (3.1). Thus we have by (3.4) and (1.2)

niuR;(xnﬂ% i 2N (e Ey)

S (- x2+BE AR
i.e. (3.2) holds.

Lemma 2. Lef R (x) be a rational function of degree n at most and

(3.5) max [RAx)| = M =4 .
Then ‘ B
, 12y2 .
|Ry(x)] = Y M ensy)
(I+ V1 —x2 O(R,)
Proor. Let
) = Raf ) (e
2n — Tn 11 +x2' (x q



STRUCTURAL PROPERTIES OF CONTINUOUS FUNCTIONS 99

Clearly r,,(x) is a rational function of degree 2n at most. By (3.5)
| sup |r(x)| = M
xCE,
further

() = fm" E).
R =[5 eed

Thus by Lemma I
1 2:2n-M

R ()| = : ¢E).
R = o=y &<

Correspondingly, it remains to prove the inequality
3R}
V2

An easy calculation shows that the absolute value of the imaginary part of a
pole of rp(x) is '

Arsn) = ——

. F'V(t — QO 1 Ak +a?+ 62— |
2[(1 +a)*+ %]
if a+ bi is a pole of R, {x). We have to prove
3v2
Evidently we mdy assume g = 0, & = 0.
Case 1: b = g+ 1. Then by (1.1}

(3.6) cz]f a2 426—1 liJ’ b—a—1 1 &R,)

i 2(a®+b2+2a+1) 2 @+P+2+1 V3§23
Case 2: b = a+ 1.

Case 2.1 a = 1.
Case 2.1.1: 224+ 6 = 1. Then

. 2b %
VoA + b2+ 20+ V(I —a?— b7) 2 + 402+ (1 — a2~ b?)]  V2-4-2
:iaw.

2 2

T
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Case 2.1.2: a4+ 0% > 1.
Case 2.1.2,1: b = 1. From (3.6), being ¢ > b—-1 =0
o V"’ % b 6(R:).
24+4) 292 292
Case 2.1.2.2: b < 1. From {3.6)

CEV 2b VE} b MR

25 Y5 ¥y5 5

Case 2.2: ¢ = 1,
Case 2.2.1: (@~ 1)®4 62 = 1. Then a = 2 and (a+1)2+6% = 9.
Thus by (3.6) and (1.1}

. V a=’-+aL1 (a—l)bﬂr;2 B(Ri}_
3¥2

Case 2.2.2: (a— 1)*+ b2 = 1. Then by (3.6)
i a+1-b ZV! a+l 1 _ &Ry

L= ——

2 (a+1)2+ b2

2 da+l Yo Vio

qu. e.d.

_ § 4. Proof of the theorems

The proof of Theorem | and Theorem 2 runs parallelly and uses Leinma |
and Lemma 2, respectively. We prove onty Theorem 2.

Proor oF THEGREM 2. Let

(A1) R®) =Ry, R() = Rpn(®—Rph(x) (k= 1,2, ...).
Then by (1.4)

(4.2) ()= 3 RN (x€Ey).
k=0
We obtain from (1.4) and (2.3)
(43) R = 00— Ripkey(0)] + )~ Ry = 2Rpi(f; Ey) =

min (8(Rypx); i | S
= O( il OTJS" e ))) O[mln (6(Ro*y); SR 1)) )
[pk!1+t

(xeE)

p.ﬁ'(l +E)

being
[p*+1) = [{p“]p]+i
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with a suitable 0 = { = 4. Clearly R(x) is a rational function of degree
[PFH2]+ [p*] = 2[p*+1] at most, and

(4.4) &Ry} = min (MRpH); HRipep).
Thus by Lemma 2 :
5 122 2] p**+1] 8(R,)
(R ()] = : 0 -
kol A+0/T—2 &R, ( p"‘“"]
| | B
= 0 ¢E,).
(140 V1 —x2 r(p‘)" ] (x€Es
Hence
- o(1) - 1 .
Rigx)] = <o if xCE,
&N e 2 (p‘)“] b

correspondingly f(x) exists and

1= 3R (x<Ey.

ProoF oF THEOREM 3. Let

n xktog k
_ )= e et it
Rup11(x) = Rpu(x) ké; 4kx? 4 fe2log? k

Evidently
xk log k | (CE,; k=1,2,...)
*4.&’:3_[_!(3 IOng PEk+1
thus f(x) = lim R,(x) exists and is continuous in E, We have
H—oo
. - . - o 1 xklogk 1 e 11
Rlli Bd=RaB B = 2 A evogk | . 2y 201
k=[_2.]+3 : k:[-;_;]+i 0%
and
n
n]og—';-
5(R.) = AR = ——
2.9%
Thus (2.4) holds. On the other hand if 0 = |x] = I !gfﬂ then
)-H0) _ & klogk S klogk o b Z", ]
x—0 i o ktlogtk k) AN+ RRlegtk 2 =y klogk
ie.
. lim f(X)—f(O) = 4 oo,
-0  x—0

qu.e.d.
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ProorF oF THEOREM 5. Using the notation (4.1) we have (4.2). Similariy
as in (4.3}, we get by (1.4}, (2.4) and (4.4)

_ [min O(Rpt); min, 2Rue'nr+ D
@5) IR = 2Ry (f; E) =0 i
o {Imin GRip); SRl | _ o f SR
pk(u-{-s) p.k(n:+e)
Let 0 < t < | arbitrary but fixed. Then by Lemma 2
lZﬁ ) 2[pk+1] .O{a{ﬁ")a _ LO pk(l—:—-t)] -
tVE MR, prera] LR
(x € [—1+4 T=1]).
Now let h=0 be arbitrary and, x, ye[— 1+, T —t], |x—y|=h We get from

(4.2) B B B B
1= 10) = 3 IR -RO) + 37 IR~ Ry)|

=

(x€E)).

(4.6) R0 =

where 2> is extended over that k’s for which
k

pih = &(R,)

and > contains the remaining k’s. We obtain by (4.6)
i
- pk(l—z—z)

Z 1-a) 1-—ﬂ:]
koo PO

] (Exclx, ¥

3 IR~ R| = Ixy1- 3 IRED] = i0

L o{p)
and by (4.5)

Z IR,(x)— R = 22" max ]Rk(x)| — Ol > 3(R,)-

pk(a: +23

- O[Eo <°=+*’J L o(p‘)"

converges and se

But
ut 2 (P

)hi (x, ye[—1+¢ 1={)]),

11— =

qu.e.d. We omit the proof of Theorem 4 which hardiy differs from that of
Theorem 5.
References

fi1 P. 5z0sz — P. TurRAN, On a new direction of the constructive theory of functions (Hunga-
riany, MTA I1i. Oszdly Kézleményei, 16 {1966), 34 - 45.

[2] V. N. Rusak, Generalization of an inequality of 8. N. Bernstein for the derivative of a
trigonometrical polynomial {(Russian), Dokl. Akad. Nauk BSSR, T (%) (1963), 580 — 583.
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It is a well-known fact, that the prime-number theorem is equivalent to
the statement

> My = o(x),

n=x

where A(17) stands for Liouville’s function. The methed introduced by A. SEL-
BERG in the theory of numbers enables one to prove the following more general.

THEOGREM. Lel [(n} be an arbitrary absolutely multiplicative Junction i.e.

f(ab) = Ha}{(®)

for natural a and b. Suppose that {{n) takes the three values +1, O only. Suppuse
further that

> 1 = o,0)

holds. Then ot
F(x)= ¥ f(n) = o(x).

n=x
The technique used by the proof is essentially the same what E. WrIGHT
developed in his paper [1]. Maybe, the way of PosTnikov and Romanov [2]
leads to the mentioned result too. For a generalisation of this theorem see [3].
The proof consists of twe different parts. In the first of them using Selbergs’
inequality we deduce an integral-inequality for real valued multiplicative func-
tions, namely

(1) |F(x)] log? x = Q‘le [%H log f df +0(x log x),
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which in formal respect corresponds fo the inequality for R(x} in [1]. In the
second one we deduce from (1) the statement of the theorem.

Before conciuding this preliminary part we should like to mention that
in the neotation

(2) V(n) = e="F(e7)
the condition made for the values of f(n} ensures that
[1vmian

is tittle on little intervals. Namely as easy to see that this is the case on inter-
vals, where V(%) preserves his sign. On the other hand the function (2) can
change his sign on intervals only which contain at least one root of the equation

V(n) = 0.

This iatter fact, ensured by the prescribed values of f(n) turns out to be
the crucial point in the proof of the theorem.

The author is indenied to Prof. P. TurAN for his encouragement and for
several remarks concerning the paper.

PROOF OF THE INEQUALITY (1). We need the following lemmas.

Lemma 1. Suppose that ¢, ¢, --- i5 a sequence of numbers, that

dfy=>¢,

n=t

and that f(f} is any function of {. Then
2 ey = Z c){f(n)—fin+ 1+ cCOf([XD-

nex n=x-1

If in addition, ¢; = 0 for j < n, and f(f} has a continuous derivative for
f = n, then

3 alln) = e0f0) - [eOf @y

n=x

For the proof of this Lemma see [4], theorem 421, p. 346.
LEmMMA 2. (Selberg’s formuia)
3) > Mnylogn+ 3 A(m)A(n) = 2xlog x+0(x),

n=x mn=x
where A(n) stands for von Mangoldt's fuaction. For the proof see [5].
Lemma 3. Let f(n) be any multiplicative function satisfying the condition
[f(m)] =)
for ail natural vaiues of n. Then

) Feologx— > Kr)An)F {%J: 0(x).

n=x
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Proor oF LEmMaA 3. From the trivial formula

3 Kn) log= = 0(x)

one can deduce that
F(x)logx— 3 f{m)logn = F(x)logx— > f(p)log pF '%J+O(x) = 0(x).

n=x p=x
Now considering that

A(p) = log p
and

X
3 1A [ = 00
nep
we get at once the statement of the Lemma.

Depuction oF (1} FROM LEMMA 3. From (4) replacing n by m and x by

X .
— one can obtain
n

:O[i]‘

F {%J Iog—i;—- Zx KmyA(m)F [m—x-n .

m=_—
L]

So we have

{F(x)logx— > {n)An) Iog—::-}logx+ 3 Hm)A(r) lF [ %]lﬂg%ﬁ

n=xX n=x

- Zx fm)A(myF ’;}%H = O(x log x).

Whence after rearrenging the terms .

F(log?x= 3 f(myd(n)log nF '—3] + > f(m)f(n)A(m)A(n)F[-r:—n]+O(x log x}
or in anether form
(5 |F(9)llog?x = 3 a,

=X

F ’%H +0(x log x),

where
a, = A{n)log n+ 3 A(R)A(k).

hk=n
Applying Lemma 2 one has
> a, = 2x log x4 0(x).

nm=X
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Next we show that

(6) 2

zelrlEl=2 (3]

and this wilt finish the proof of (1). At the deductien of (6) we had to suppose
that the inequality

log fdi + O(x log x},

~1=fn) =

holds for every value of n.
We start with observing that it { = = 0
[1E — 1 F(EH] = |FQ)—F{)| =

= [(FO+ G —(FU+ G p— Gy + G,
= H{{)— H({{),
where
H(I) f (O + 2G(1),

def
G(Hh=>1L
n=t
We mention that H(f) is a steadily increasing function of the natural para-

meter { and H({) = O(f) holds.
Using Lemuma 1, we obtain that

%) > n{H [35 -

rEx--l

- gl

n=x

=0|x [ 2 J +O(x) O{x log x).

Now we prove (6) in two stages. Let

C.=0, c=a,=2 [lograt i(n)=iF—
n-1

Applying Lemma 1 with this choice, we have
[x]

€= 3 a- 2! log £ df = O(x),
and
8) %af‘n’ 2}35 ff[ Hf]ogtdt‘
:ngﬁlqn)[ EP 'n+l }+C(x) [[ l’l -

n=x-1

:o{ > n{H(.;_I)-H(n_;r—l)J]+0(x;=0(x)
by (7).
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Next
HF |—- flogtdt— fl 'mgtdtll
- J‘n \logtaz {H %I—H'%J}Iogtrﬂ
("—"{ 5 l dhi
Hence
(9) 2 [ Jflogfdt ” logtdf

> n{H( X )—H(—nx—)}]+0(x[0gx)=O(x10gx)-

n=x-1 —1

(8) and (9) give together (6} and so the proof of the inequality (1) is finished.
Introducing the function V(§)

def
V(§) = e=*F(¢)

we can write the inequality (1) in an another form. Writing x = €%, { = xe—% we
have

J i)

on changing the order of integration. So inequality (1) becomes

& I3 £ & ¢
log t df = xfW(nme—n)dn: xfIV(n)tfdcdn . xffIV(n)idnd:
[d 0 n o0

g L
) IV{§)Igr= 2 |V (n)| dndZ+0(§).
1]
Taking

&

w=Tim V@), §=Tm— [ V()| dy
§oom g &

both of these numbers are bounded, and from (10) one can deduce easily the
inequality

an  a=4
So it suffices to prove that-{11) can hold in the case « = O only. So we

suppose in the sequel that « > 0 and deduce a contradiction from this assuamp-
tion.
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The proof requires two further Lemmas.

LEmma 4. Let f(n) be an arbitrary real valued absolutely multiplicative
function, satisfying

Zm =0g(1) and |[f(n)]=1.

nsx 11

Then in the notations used before, we have for every pair £ = & = 0 of posi-
tive numbers

J V(n)a‘nl < A,
&1

where A denotes an absolute constant.
ProoF oF LEmMa 4. We begin by proving that
{n
> 12 oq)
n=x

holds. This can be shown as follows.

i = 17( > (f(m)') =
din oin r=0
p™iin
by the supposed absolutely multiplicativity of {(r) and by [/(n) | = 1. So one
have

0= 3 SHd= ZTH) 3 1= z;(a)[ﬂ
Azx din d=x prmx d=x

On the other-hand

> 1o {r—[ﬂ} — o)

n=sx

so that }‘( ) 1
n
from which

‘ollows. So the remark made is proved. If we put now x = ¢, f = ¢% we have

£ X
fV(w)dn=f—29dz= Z@—L(")
1 1

n=x i X
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which follows at once applying Lemma I with
€y = f(n))
1
f=—.
10 =-

So we obtain, that

fV(n)dn! = o).

Hence we have

boode | % & "
fV(n)ﬂ'mL [ Veran- [ veyan) =

& R o !

s [ & ]

[ Vendn|+ fV(n)dni O()+0(1) = 0(1)
q G

and this gives the statement of the Lemma.
LEmMma 5. If 5y = 0, and V() = u then

|V, + 1) de = —l-oc 2+0
J 5

where the meaning of o is the same as in (11).

ProoF oF LEMMA 5, Let

T = 1=

n=x

Then )

T(x) log X+ > A(m)T l"ﬁ"] = 2x log X +0(x).
Combining this with (4) we have |
12) {T) + F(3) log x+ 3 An)Q, J;] = 2x log x+0(x),

h=Xx

where Q,(x) stands for
Qn(x) = > (1= funfem).

The functions T(x)+ F(x) and Q.(x) are non-negative and non-decreasing, so
for any pair X, Xx= x, of positive numbers we have

0 = {T(x)+ F(x)} log x—{T(x)— F(xp)} log x, = 2x log x—2x, log X, + O(x).
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From this we can deduce that

{13) | F(x) log x— F(X,) log x,| = x log x— X, log %4+ O{x)

wsing the definition of T(x). If we put now x = e%+?, X, = ¢% so we have
F(x) = 0 and (13) becomes

|V +7)l = [1 — o e-f]+0(l’ ~ 1_e—r+o'l
T+ ¥ o Mo

=7+0 (—ll
Yo

Hence

fIV(r,-o+r)l dr = fzd1+0 {_l_ = -]—u3+0 [_l_]
o 0 7o 2 Tio

which gives the statement of the Lemma.

Now we are in position to finish the proof of the Theorem. We write

2A4 32
= =
2a

&

take { be any positive number and consider the behaviour of V(%) in the interval
;= n={+&—o V(n) can change sign in an interval of the mentioned kind

only if there is an n, € [{, {+ 6—«] for which V(»,) = 0. This is a consequence
of the fact that f(n) takes the three values 1, 0 only. Hence in our interval
either V(x,) = O for some 7, or V() preserves his sign.

So in the first case using Lemma 5

(+¢ g tpte t+é
[(Wetan= [+ [ + [ Wenian=

‘: 4 g nyta

= a(m—5)+-%a2+a(c+ P

=« la —%a]+0(1) = od+0(1)

for large £, where

In the second one we have

;T_.IV(n)dn = :CT-SV(n)dn
] 4

b

= A
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by Lemma 4. Se in this case

44 Thé=a L+6
[vedtan= [+ [ Vedlan < A+arto(t) = <5+0q),
¢ ¥ t4o—a
where
. A+ 2A 4+ 242 [ l « ,
Fo = _:{xl——-’— = &.
] 2A 432 2 3
Hence we have always
C4+d
[ 1vnldn = 2d+0(),
Z
where o(1) ~ 0 as { —+ .
if M= [Ej, then
3
I3 M_l(mﬂ)a £
fveman="5" [ wmian+ [1ven) an=
o M=l s Ms

= o’ M8+ o(M) + O(1) = '+ o(E).

Hence
&

g = lim Az [Vin)| 89 =’ = a,
tam £ g

and this coniradicts to the ineguality (I1). This contradiction completes the
proof of our Theorem.
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UBER W-FOURIERREIHEN MIT NICHTNEGATIVEN PARTIALSUMMEN

Von
F. SCHIPP

Il. Lehrstuhi fiir Analysis der Edtvos Lorand Universitat, Budapest
Herrn Prof. DR. Franz KArRTESZ1 zem 60, geburtstag gewidmet
{ Eingegangen am 29. Dezember 1966. }

Es sei {p,{O)} (n = 0, 1, 2, ...)ein im Intervall {0, 1] definiertes Funktionen-
system mit

(]) |‘Pn(i)i =1(t¢ [0! l]: n=2012 ),-

ferner sei {p, ()} (n=0,1,2,...) das von {g ()} erzengie W-System, d.h.
we(fy = 1 und fiir n = 1 mit der dyadischen Entwicklung

(2) o= 2542 25 (> o=, = 0)
ist
(3) Pull) = e (B, - - - o)

Wir nehmen an, dab das System {p,(?)} stark-multiplikativ orthogonal ist,
d.h. daB das System {p{f)} orthogonal ist.!
Wir bezeichnen mit

) St =2 rp.(r)( f f(u)w’(u)du)

die n-te Partialsumme der nach dem orthogonalen System {y, (1)} fortschreiten-
den Fourier-Entwicklung von f{f).
In dieser Arbeit werden wir den folgenden Satz beweisen.

Satz. Es existiert eine Funktion {(fy € L0, 1), fir welche

(5) iy ¢ L2[0, 1],
(6) S Nz=0(n=123,..;te{01])
gilt.

P. TurAN [2] hat einen analogen Safz fiir das trigonameirische System
bewiesen.

1 Siehe ALEx1TS [1], & 165.

£ ANNALES — Sectioc Mathematica - Tomus X,
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§ 1. Bezeichnungen

Zur Konstruktion der Funktion f(f) fiihren wir die Funktionen
n-1
(1.D) Diy= Zwpl) (n=123,...)
=0

und die folgenden Mengen ein:

E® ={:tc[0,1] o) = 1,

1.2 =012 ...%
(1-2) EQ ={t:te [0, 1], p(t) =— 1} v )
k—1
(1.3) Hy=[0,1], Ho=NE® (k=1,2,3,...)
r=0
(1.4) Foo= NE® F, =HNEY (k=012..).
»=10

Es ist leicht zu zeigen, daB filc'n = 25+ n" (0 < n’ = 2%
(1.5) Doty = Do(t)+ g,()Dre (1)
gilt, woraus sich fiir n° = 2% die Gleichung

{254t € Hyyy)

k=0,1,2 ...
10(1‘5[0 1}—H,yy) ( )

(1.6) Dyea(l) = ]] (1+p.a0)=
ergibt, und nach (1.1)
Dity =1 (f€ [0, 1] = Hp)
Aus der Definitionen (1.2}, (1.3}, (1.4) und aus (1) folgt, dab
a) EMNEQ =@, EWUEP=[0,1] (¢#=0,1,2,...)%
by HrcH,_, (k=1,2,...)%

(1.Y ¢) H, = HN(EWQUEY) = H 4 UF,, F, = Hk—HHl(k =0,1,2,..

k-1 :
d) 10, 1]= Hy = H,U [ U (H,—H,H)} — H,U u F, ](kﬁ 1,2,
v=1

) F,N Fu =B (k=k), U Fo=[0,1}, H,NF, =6 (v < k)
r=-1

gilt.
Zum Beweis unseres Satzes benutzen wir den folgenden

Satz. Isf

nw= 2Ky 4k >k > .=k, 20)

yE

.
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die dyadische Darstellung von n = 1, dann gilt:
D) = pal) 3 oD () (L € [0, 1]).
=0

(Siehe: [3], Hilfssatz 1.)
Hieraus foigt (in der Bezelchnung k, = k), daB

(1.8) |mmézwmézwm=m0(mmm,
woraus sich nach (1.6) und (1.7) ¢}, d) die Gleichung

lz' 2¥1-1 (e F,v=012 ..., k=1),

19  Bo="7"
IZ =21 {t€ Hy)
ergibt.
Fiihren wir nech die Funktionen
(1.10) ) = (—pDe(t) (K =0,1,2,...)
ein, Dann gilt nach (1.2), (1.3) und (1.4):
(r.11) = |2 LD BV =E,

1o (t € {0, 1]—F)).
Aus der Gleichung

[1 (v=0),

1
Efwv(t) df = 10 v = 0)

und aus (2), (3) und (1.10) ergibt sich

1

[1umar =1,

i
woraus nach (1.11)
(1.12) el = 27640 (k=10,1,2,...)
folgt, wobei |F,| das Lebesguesche MaB von F, bedeutet.

§ 2. Beweis des Satzes
Es sei

@.1) NMEMQUHMD

at

ns
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wo f,(f) die in (1.10) definierte Funktionen sind. Aus (1.7) €) (I.11) und (1.12)
rgibt sich, daB
1

. = 1P o e+ = 21 {< = {p=2),
P df = — df= —_— = e =
;,[ a2z, o AT L =e (=)

besteht. Die Funktion f(#) erfiilit also die Forderderungen f(f) € L]0, 1},
1) ¢ L0, 1].

Zum Beweis von (6) schreiben wir n = 2%4-r", wo 0 = n” = 2% ist. Da fiir
alle n =}

58t 1) M50 DO mD) | 5 D)+ OD)

Salts ) :,;' 9] = ;é'o Ivi2 + 2kf2 B /e
U Do) - 90DRl) | DO+ @®Duld) .y
) o Dief2 9k

2.24% (teF,,v=0,12,.,.,k=1).
_ Al k-1
“, o2 0 (ié H, =[0,11— U F,|,
""0

2;‘ (I € Hk):

D)= { (¢ € [0, 11— Hy)

hedeutet, und nach (1.8)
lpHDr{t)] = Bilt) = {

gilt, so ergibt sich

21 (fE€F,, »r=012 ..., k1),
1 (te H))

}/‘2"-_{_2 i VE k41 V§ ki 5}
. . = okl _ — 2% __ = .
Sl 1) = T Pl @I 1) = £ 22 —Y2)=0 (€ Hy)
und
— v+l
S(t; H=2-2 —¥2 2 o l, = D2 (2w WAEI2-RIZY =

k=143-%

;2»!2(24! E _)=0 (v=0,12 ..., k—1),

woraus nach (1.7) d) die Behauptung (6) folgt.
Damit haben wir unseren Satz bewiesen.
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M. BEPTIM (P, VERTESI) n O. KHW (0. KIS)
Hapenpa reomerpyd Y Hueepcurera us. JI. Freewa, Byaacewr
{ Hocmynuao 30, X111, 1966)

§ 1. Coliep)xanue padoThi

QiaHa W3 2a1a4 HacTosmed pafoThi —TMOCTPOMTh TAKHE OPOCTHIE TPUTOHO-
METPUYECKIE MHOTOUNIEHBL p,(f), KOTOPbiE COBMAAAI0T 8 PABHOOTCTOALINX y37aaX

_ 2nk
T ot

(1)

¢ 2x-nepnoiuueckoit HenpepblBHOR dyHkiHeR f{f) 1 18 KOTOPHX BLITONHACTCA
nepasetctso Ji. xexcouna

(1.2) 1) - poD)] = O[w Sl =250,

i€ w(s) — M0AYib HeNPePHLBHOCTH yHKUNY f(f). B § 2. Ml loKaweM, UTO 3THMY
HepaBeHCTBY Y0BJETBODPSIIOT CAgYI0illke, COBIajaioulde B vanax f, ¢ QyHK-
uueit f({), TPHFOHOMETPHYECKE MHOT'0YNIEHB] 477-0T0 TNIOPSAIKA:

(1.3) Pl = 2wl (1=01,2..),
rie o
(1.4) u,‘.(t) = 41%(?)—31:(0

# L () pyHiamMeHTaNLHble MHOCOWIEHB! JlarpalsKeBa TPUIrCHOMETPHYLCKOTD MH-
TEPNOJUPOBAHUS

.2+
S1n

(-1t
(1.3) Lty =

(2n+ 1)sin —'];(I—t‘k)
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3amerum, aro B pabore [1] 1. . BEPMAH pgoxasan, uro gns anrebparye-
CKHX MHTEPHOASHWOHHBIX mHorounieHoB C. H. DepHurrelina BoMIONAETCH He-
paBenctBo JI. [hxercona. B pabore [2] . ®PARA nocrpoun anrebpanyueckne
HHTEPHONSLMOHHBIE MHOFOWIEHB! APYTOr0 Bifa, AR KOTOPHX Tar)Ke BBHIION-
Hsietcsi HepasenctRo I, Ikewcona. Vicenenosanus I'. dpaliga 6bind npofon-
seub! B pabotax [3]- [5]. TpuroHomeTpuuecKue ULTePNONALKOHHLIE MHOTO-
yygeHbl (1.3} Moxoyky Ha anrefpauueckue HUTEPMONAUMOHHDIE MHOTOUMEHB! [
Opaiija.

ConocTaBuM Ka)kJol nenpepuiBHoH na oTpeske [—1, +1] dvHkumy g(x)
cnefviomue anrefpauyeckue MHOTOUNEHbl 4n-Tof crenenn:!

(1.6) g.{x) = % g(eos tufarceos x) (n=0,1,2,...),
k=—n

KOTOPbIC COBMAAANT B y3iaax c0sf, ¢ pynKunei g(x). B §3. n § 4. mbl loKaxem,
yT¢ Ha oTpeske [—1, 4 1] ouM YIOBRETBOPAWT HepaBeHCTRY A. ®. TumaHa

0 1) -g,091 = 0o [

+m{|~;£}]—| (n=1,23...)

rie w(s) — MOAYIb HENPEPLIBHOCTH QYHKUMY g2(X).

3ameTum, uTO HHTEPNOJALUOHHBIE MHOTOYNeHL, VAOBRETBOPAIOIMNE He-
papenctey A. &. Tumana, BnepBuie Msvyanuce B paore [ $PABRDA u IL
BEPTOUIH [6].

B TocnepHMX ABYX nNaparpafax Mel ClellaeM HEKOTODble 3aMedauust 0T-
HOCHTeJIbHO (YHAAMEHTANbHLIX MHOTOWIEHOB i, () ¥ OTHOCHTENBHO BO3MOM-
HocTel 1 3aTpyAHeHUH, cBazaHubIX ¢ o0olwiennem peayneTaTos paboTsl Ha JIpY-
THE V3NEl UHTEPNGJIHPOBAHUA K ADYIHe QYHIAMEHTANLHBIE MHOTOYNIEHD], COAED-
yame BripaXkedue [, {f) B CTeneHsX, Bhllie USTBEPTOM.

1 Mz (1.5) cneaver HIBecTIige paseHcTBO

n
(1.8) Lty = 1+2 > cosj(f—tk)] (k=0, £1,..., tn).
i=1

2n+1
{loaTomy
4n

(LY uty = 2 gesjt-1) (k=0,41,...,+n),
j=0

TEE & HERKOTOPLIE YHCad, H

in
(1.10) )y +u_y(f) =2 > ¢rosflyeosjt (k=1,2,...,n)
i=0

OTCIORA 3aK0YaeM, Wre, eClK [ =arc Cos X, T0 3TA QyHKURH H PYHRuAS U(f} cyth anrebpau-
HECKHE MHOFOUIEHN 4n-TOH cTeneHH 0T nepeseHHoON X o nosTomy GyHKUHK §,(X} - Tarkwke
MHOTOUREHR! 4n-Tob Crenenn,
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§ 2. Hosoe AoxaszaTenscthe HepaseucTea J{. wexcona (1.2)

B pafiote [7] A. X. TYPEUKHWH onyinurosan (6e3 N0Ka3aTeNbCTRA) TOM-
lecrsa

(2.1) > B = _ £3n24+3n+ 1+ n(n+ 1) cos (2n+ 1],
k=—n (2n+ 1)2
(2.2) > BH = [ (8n%+ 8n+3)+—4- n{n+ 1) cos (2n+ l)t
k=—nt 2n+1)°
(n=015L2...}.
(Mb1 goxaskem ux B § 6.). Mcnoneava ux, nmonvyaem:
2.3) S m)=1 (1=0,12,...).
k=—n

{Mbt goKarkem 3T0 paseHcTBO B § 5., He Hcnonbaya To)aecTs A, X. Typeukoro.)?
C NOMOILLI 3TOr0 T OMEECTBA PA3HOCTL p,(f)—f(f} MOXeT GBITL NpeacTae-
jleHa B YJIODHOM AJR €€ COLElKH BUie:

(2.4) 1O —p0 = 3 UO—-1td) (=012, ...).

k==—n

QbosHaunm uepes {; 6nrokaiunil K Touke f v3ea, T.e. NyCTb

ki o
2.5 t—f| = .
(@5) t i 2n+1

Beuay toro, 4ro @yHKU¥A f{f) 2Zn-nepnoanuna u B cuny (1.5) f(t,) u L(t) ne ua-
MEHATCH, €CNM MBI YBEJIHUMM WAH YMEHBWHM K HA yncno, Kpatuoe 2n+ 1. [lo-
ITOMY

(2.6) fO—p.t) = JE -t (2 =012, ...)

k=j—n

? AHaJIOTHYHbIC TOXKZECTBA BUAMIHAIOTCA AN IYB2aMENTAALHBIX MHOTOYIeHOB JlarpaH-
YKEBA TPHTOHOMETPUUECKOr0 HHTEPNONUDOBAKHA I(f} ot unsA muorouaenHos G(f). Canako xpome
TowecTea (2.3) Mbt B AansHEHINEM HCNONB3VeM Takie TOT PaKT, Yo B BopadeHuH (1) se-
Anunna f(f) durypupver B TpeTbeli K ueTBepToll crenenn, IpocTeliwre uHTEPNONALMOHNLIE
MHOTQUNEHRB

Z AT

H BHTEPAGRALUKOHELIE MHOFOUAEHBE IL JkekcoHa

n
2

fi==n

MOTYT HE ¥10BNETBOPATE HepaBeHcTBY (1.2).
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Ouedum duUrypupyroLume 3gech Beanunbi. Tax xak B cuny (1.8)

(2.7) il =1
To BBUAY (1.4)
(2.8) [ = TILOF.
Ecnu k # j, To u3 (1.5} noayuaem:
i ;
(2.9) ()] = =2

2 - :
(2H+I)sinl“__tk| (Cr+1)jt-1,)

Kpome toro npu j—an =k =j+n,n =1
(2.10) O~ 8] = a(it—t]) = (alt—t] + Do [-%]

Tawum obpaszom apy n = |

@11 11— pn(mﬂ?w[ |["“ ”+l+(2n:1)3 En[u—nzuﬁit—lfk!“]]

i

Tak Kak umeeT mecto (2.5) u

(2.12) —t, = Ak =1
241

T0 nipu 11 = |

@13) - pn(m=7w{ l{ +H22[2{2;ﬂ—1)2+(2611)3]}

H HO3TOMY

(2.14) KD — pAD] = O[m’%” (n=123..)

yT0 U TpefoBanOCh AOKA3aTh.

§ 3. Hosoe fokasatTenbcTBo nepasencrea A. . Tumana (1.7)

Uro6Bl OLEHHTE PAZHOCTH g(x) g.(x), mul, nonarast { = ar¢ cosx, mpen-
CTaBUM e¢ B BHAe

B1) g0, = 3 lelcosD-geos i) (a=0,1,2...)

k=j—n

AHANOTUYHOM paBeHcTBY (2.4). UToSbl YIPOCTHTL BRIKNAAKHK, nepelulleM 3TO
[aBeHCTBO TaK:

(3.2) g—q, = 2 {g—g (4L - 313).

k=j—n
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PazobheM aTY cyMmy Ha 4 yacrtu:

j+n j+n
(3.3) g, = (E—g)43 =314 3 (g—g)li+3 X (g—gd i+

k=j—n k=j+1
J=n

j-1
+3 X (gl

k=j—n
MBI BOKaXeM, Y4TO BCE OHM MMET BHJ

I R =]

H FIO3TOMY TAK0BA K& U UX CYMMA §— {,, 4T0 HaM H CleiveT 10KasaTh,
Tipejie Bcero 3ameTHM, 4T0 BBUAY (2.7)

lg—gl - 14531 = Tlg—g|.

( |cos {]
HE

B caenyiouleM maparpade MBl I0KaXKeM, UTQ

(3.9) |g{cos t)—g(cos £} = [2 f sin% [f—1t |+ lJ @ l|5’_:tl_ ] +

2
+[2[msin S 1-4) < 1]o ) (jmn=r=jem,
2 n2

[Tostomy u sBUAY (2.5)

i) (2ol

! n*

36 lg—g --l4i§ﬂ31}‘I£7“ +1]o

T.e. BepBoIit ynen cymmbl (3.3) NeHCTBHTENEHO MOXeT §biTh IIPeACTaBlIeH B BHI1E
(3.4).
Beupy (3.5) u (2.9), BBOAA 00G3HayeHHE

(3.7 S¢ = (2n + 1) sin % (t—1,),
NORYYaeM:
itn |sin #[} J*m
(3.8) lg— gl ] = w( J [
,ﬁ LB (s3] s;
b
+w{—— —_— +-]—
n2 P j' n s‘!

K f
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Ho eeuay (2.12)
2n+1

(39 sl = bl = 20k—fl—1 (k =jt],jx2, ..., j+n)

W MoaTomy

Jin |sinf| | = I I ]
— gl [e|* = 2 ( + +
,,?Z-_,,'g el 1l {w F (21__1)3 (21__1)4

#J

|cosl|

] 2(2;—1)z 2(:—1) ]I

T.e. BTOpaf yacTh cymmbt (3.3) Tasoxe nmeeT BUA (3.4).

TpeTbs U YeTBePTas YacTh cymmbl (3.3) OUeHKBAETCH OLHMM U TeM >Ke CIO-
cofom, MOFTOMY MBI OVAEM HCCREJIOBATH NUIIB TPETLID UacTh. Yelisl TONH CYMMBI
O1IEHHBATCA NOINAPHO (B 3TOM 3aKIIUAETCH 0AHa M3 OCHOBRBIX MAgll AOKa3a-
TeabcTRa), Ecau i HeueTHO, TO NOCiIeAHHH unen CYMMEI

i+n
> gl
k= j+1

OLIEMBABTCA OTAENbLHO TeM JKe CIIOCOGOM, YTO M uienst BTOPOH cymmel. B ganb-
HeliiieM My Oviem npeanonaratb, wro 1 yeTHo. [ivete k= j+ 1,43, ...,
f+n—1. Toraa

(3.10)  Hg—g )+ (g e hes = 18— gl 1R+ Bra] + 18— o] - Hisa®
B cnepviouem naparpade Mbi 00Ka)em, yTo

G180+ B0 & _(j<k<j+n)

[(2n +1)sin % (t— t,,)]

(3.12) |g(cos £) — g(cos by | = 4o

|cos |
2

+[2:rmsin—;— 'lf,,+1—f|+l]w ] (j<k<j+n).

Tostomy  Bekay (3.5),( 3.7) » (2.9) npu j<k{ j+n

|sin ]

|5k13 St ISk ®
cost 3; 3s T
_I__IJ_3_+_1

n* J2sp st ostey o 1Sksl?

3 4
(3']3) |(g_gk)f}3;+(g'"gk+l}tk+1| — ) l -+—.E+ ]
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Orcioga ¥ u3 (3.9) BuANO, 4TO

Ew(]sizﬂJ{ [Z 1 '1 ]+

=0 (4 + 1)3 (4i+1)

i+n
Z (&g

e

(3.14)

= 4 g jcos f| 1 1

5(4,_;)3]+ [ n* { Z 2(di+1)2 +(4i+l)*]+
= 7T ; '
§[(4:—1)2+(4f—1)3J’

T.8. ¥ TPeTbR 4acTh cyMMBI (3.3) umeet Bun (3.4).

§ 4. 0Ka3aTenbe TR BCHOMOTATENhHBIX HepaBencTs (3.5),(3.11) u (3.12)

Yrobnl foxaszaTs (3.5), 3ameTum, uTo

.1 .
4.1) cosfp—cost = 2sin ) (t—1) sin _;T(H—tk) =

.1 . 1 1
= 2sin— (f—t,)| sinf cos— (f—1f,)— cos f sin — (f— 1},
7 =0 (=1 7 =1
n03TOMY
.1 . .
(4.2) jcosf—cosi,| = 2811‘1—2' ]t—rk|(|sm 1+ sm—flg- [t—t] - |lcost[]

#
{4.3) lg(cos t)~g(cos ;)| = w({cos f—cos tkl) =

2nsm—-|t tk[+l '|smt| [ n%m_z-lt tki ] [lcostll

T.e. (3.5) OeHcTBUTENRLHO HMeET MeCTo.
Hoxaxkem (3.12). Tak Kak opH j <= Kk < j +n

4.4) COS £, —COS tpyq = 25in-:13—(t,(+, — 1) sin -;— (te+ipeq) =
< Sifl fpqy = — [SiN £ COS (e y— 1)+ COS  5in (fyy—1)] =
21+ 1 1
i
=

. 4n
sin f) - sin— |f, ., —# - |cos {],
[sin ¢} P 2Im | - [cos ¢

£13
+1
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TG
(4.5) [g(cos ) —g(cos b, )| = e (jeosfy—Costyy]) =
s 4o 'S'“”] (2~msm—— ;rmuf[-i-lJ [[“’2” }
n

T.¢. {3.12) TOXe NMeeT MeCTo.
Hoxamem Hepasenctso (3.11). Tak xak

(4.6) G481 = Gt L DR — e + 340D
v BeRMRY (1.5) u (3.7)

|
| Se+y TSk | x

| Sk Sk+1 ‘ EPARN R

L

(4.7) el | =

Sk Sk+1

T™O Npe f <k <j+n

(4.8) Wi+ bl =

| i 3n
=t + 2 =T’
Psil~ 1854l Ush SRS Sk SE

uro u Tp&ﬁ(}BaJ‘lOCb AQOKA34aTh.

§ 5. 3ameuannn o PYHARMEHTANLHBIX MHOIOUNEHAX

1. 3ameTuM, yTo Kpome nonyuaemoro u3 (1.4) u (1.5) oueBKANOrc veansusl

(5.1) m L) = {(') ::2“ ’; ;j (6, j =0, 1), +2, ..., +n),
PYHILHHK

(5.2) u )y = 45 -3

YA0BAETBOPSA0T ele VEIOBUAM

{(5.3) () =ulip =0 (k,j=0 %1, ....£n).

JTh pasencTBa nonvvawres anddepeniyipoanpem dopmyian (5.2):
(5.4 up = 120G, — B,

(5.5) 6l = 12022+ Bl 3L - BI),

CCBLIKOH Ha oueBuiHoe caeicTshe hopmyabl (1.3):

I ecan k= j,

(56) W) = [{} e K # §
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H

u caeicreue dopmyian (1.8):
(5.7) it = 0.

2. Uro6bl noKasaTe TOMAECTRO (2.3), He HcnoNb3va ToxxAecTs A, X. Typeu-
xoro (2.1} u (2.2), samerum, uto BBULY (5.5)

(5.8) ul = 120203 + 6l 0 kL + L7 — 6113 — Q1317 — B,
n o BBURY (i.8)
(5.9 i) = 0.
Moaromy 1 BBHAY (5.6) u (5.7)
o 0, ecau [ = k,
(5.10) %@={, j=hk o
2454t )P, ecnn j 4 K.
Uz (1.5) npu j ## k nonyuaem:
— Hli-H
(5.11) Iy = — B ,

2 sin _é— (tj‘_'tk)
H TIGITOMY
(5.12) Hﬁ_;(fj) :—Hﬁ.,(tj) (f: 1121 --.,n).

Cnenorarensuo npu f =0, +1, ..., £n

(5.13) % uy (t) = J;T" ug{ty = 0.

k=—n k=j—n

Beuay (5.1) u (B.3) mpu j =0, £1, ..., &1

(5.14) k}emmzn

(5.15) S ) =0,
hk=—n

(5.16) St = 0.
i=—n

Mol BuauM, uTo B 2+ 1 TOUKAX [; TPUIOHOMETPUUYECKHE MHOTOUIEHM 441-0T0
nopaIKa

(5.17) % t(f)

k=—n

M 1 W opX mepssie THH UPOU3BOAHBIE coRnatator. [ToaToMy nmeeT MeCTO TOMle-
¢TBG {2.3), 4TO MBI M X0TeH 10Ka3aTk.
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3. Tlvers ¢ = arccos x,
(5.18) WoX) = tglt), V(%) = uFu_it) (k= 1,2, ..., )
Beugy (5.1) u (5.3}

1, ecnn j=k .

5.19 vcost-:f JEk=0,1,...,m,

( ) R( J) 10, ecIH ]?fk (." )

{5.20) vifeos b)) = vifeos fy =0 (j=1,2,...m k=01, ...,n).

§ 6. 3ameyanus 0 BOMOKHOCTAX 0f0f1MeHHA
durypHpylowiix B paboTe MHOMOYIEHOB

1. YKamem MeTon, KOTOPBIM JIETKO MOMKHO BHIMHCITHTE CYMMBL

n
6.1) Sm= J 11
k=—n
uweToMbko Apum = 1,2,3,4, nounpum = 5,6, 7, .... [lonb3vACs KM, MOXKHO
CTPOKTH MHTEPTIONSAUKOHHbBIE MHOTOUJIEHD], COllepIKalliie BeRHuMHK [(f) B cre-
Tenyu BHIle UETREPTOH M yloBIeTBOPAOiIKe HepasencTBY . JDKewcoHa.

[Tvers
(6.2) 2 = exp it
Beuay (1.8)
(6.3) 2n+ D) = 2""' d=z(l1-2) (1 -2
j=—n
(ogTomy
(6.4) (@t DO = 3 &)

j=—mn
FAE C;,, HEKOTOPHIE YHCIIA, MIPHUEM
{6.5) Cpm=Em (=1,2, ..., mn).

MNx mo3He BulUdCAMTD TMONLIVACL TOX,] ECTBOM

(6.6) [+ DB = z-™(1 —z2n+1ym 3 (f+1)(f+(r2n)..l.)(!j+mﬁl) "
j=0 - !

Ham HY)XHO BBYHCANTb 9HCNA C; ., JANWSL NPH j, KpatHom 2n+ 1. Hanpumep

{6.7) €03 = —:12— [Brn+1)@Bn+2)—3n{n+1)] = 3n*+3n+1,
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|
{6.8) Contr13 = E‘ n(n+1),

If

6.9  cou = w:s_ [(4n+ 1) (4n+2) (4n+3)—4- 2020+ 1) (21 + 2)]
- %(2n+1)(8n2+8n+3),

(6.10)  Cypppq = —:}—2n(2n+ 1) (2n+2) = %(2“ Da(n+ 1).

Beuay (1.5)
n n
(6.11) @ty > RO =0Ca+H™ I INt—t) =
k——nt k=—n
n mn . mn N n »
= 2 2 geexpijii—t)= I a2 3 exp(—ijh).

E=—nj=—mn j=—mn k=—n
OyeBHAHO
(6.12) > exp(~ijty) =

k==n
l2n+ 1, ecmq‘j AeNHTCSR Ha 2r_l+1,
= % exp *M] — }exp [— 2mijn ] [—exp 2::1::. =0 B NpoTHBHOM
[t 2n+1 I 2n+1 ] —exp 2nif cavyae.
241
flostomy
(6.13) @r+1yt > I =
k=—n
mn mn
[zs: . B+l )
= 3 Canny, m@ V=042 3 Cionenm €08 20+ DI
=0 fas!

B uactrocTd mpy m = 3 u 4 u3 (6.7)—(6.10) n (6.13) nonvuaeM TOIKZeCTBa
A. X. Typeuxoro (2.1) u (2.2).

2, [lyveth
(6.14) =" k=0, x1,.., +(@—1),n]
HnH §
(6.15) f = 22"' % [k=0,%1,..., +(n—1),n},
. i
(6.16)

n—1
Cn+ DD = sinn(t—1t,) ctg % {ft—~1t) = —;— + > cos(t— rk)-+% cos it —f,,)-
C k=1
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€ NOMOUILE 9THX QYHIAMEHTANBHBIX MHOIOUIIEHOB MOMHO CTPOUTL anredpau-
YeCKMC MHTEPTIONALUOHHBE MHOIOUNEHB!, COOTBETCTBYIOHIHe y3nam Uebruiera

2k—1 kn
CUS —2—--.'n: M ¥3]1aM COS —, CUMMETPHUHLIM OTHOCHTENBLHO Toukd x=0, B TO
2n n

Bremsa Kak ¥3J5bl €05 -

HeCHMMMeTPHUHEL (I HAKO B 3TOM CiVYae TOXAECTRO,
2n+1

anaiorvunoe Toxaecry A. X. Typeuworo (2.2), Kpome uneHOB BUAA ¢ U
£3,C08 21X COAEPIKHT €ILE €,,C0S 47X U NOITOMY JUIA 3ITHX CAYYAEB HeNh3sd
MOCTPOMTL BbIp@XKeHHS, aHamoruuHbie Buipakerusm (1.3) u (1.6), B KoTOPBIX
GUTYPUHPYET N#IL TPETEA W YETBEPTAs CTeleHb (YHIAMEHTATbHbIX MHOOUJe-
HOB [, {f} M KOTODBIE TICITOMY V0BNeTBOPAKT HepasenctBy: J. JHxewxcowa (1.2)
1 HepageucTBy A. &, Tumana (1.7).
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Let f(2) be regular in |z] = I and let it have there the representation
(1) H2) = 3 az2"
n=4

In the present paper we are going to investigate the class Q of the power
series (1) with f(z) = O in (2] < L. Let f{(z) € Q. Through the whole paper we
will make use of the notation

(2) ‘/@ = Z bnznr bo = Va—'u
n=0
where we take the branch of ¥f{(z) with the nermalisation

T 1
—— = arc by = —.

2

Let us denote as usual by H, for any « > 0 the ciass of the power series (1)
satisfying

sup f /(re'®)}= 26 < + <.
O<rel -~

I. A weli-known theorem of F. R1Esz [1] pp. 542 — 543 asserts that in order
that both of the conjugate trigorometric series

%" + 3 (e, cos nx+ 8, sin nx)
n=1

{3) and
5 (— Bn c08 X+, Sin nx)

n=1

shall be a Fourier series, the fulfilment of
!(Z) = Z anz-l € Hl
_ =0
is necessary and sufficient, where ¢, = «,— {8,

U ANNALES — Sectio Mathematics — Tomus X,
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For the class Q the statement of this theorem is equivalent to V;T(}j € H,,
which condition in the notation of (2) can be formulated as

@ 3 1Bl <+ oo

n=1
See for example {1] p. 541.
Let now {4} be a given decreasing, convex sequence of positive numbers
with A, — 0 and satisfying

) Shope
n=1 M

Then by the quoted theorem of F. RiEsz
def =

f(Z): Z Anzn& H1

holds. Namely the two conjugate series

Yl o o .
2+ > A, cosnx and 3 A,sinax

=1 n=1

are so determined, that the first of them turns out to be the Fourier series of
an F(x) € L[—=, &} with F(x) = 0, while the second one does not represent
a Fourier series by (5). See {I] p. 100 and p. 652.

Noticing that by the Poissen representation

Re f(2) = —};— f FOP(r;x—nDdt, 1= |z

holds, Re f(z)> 0 follows in lz{ -« 1, using the non-negativity of P(r; u). So
f(z) € Q follows and in the notation of {2) we have

(6) 38—t e

taking into account that in this case the b,-s are real numbers.
By (6) one can obtain using a theorem of Paley [1] p. 277 on trigonometric
series with non-negative coefficients, that

b+ > b7 cosnx
n=1

s the Fourier series of an unbounded function. In other words taking

def  oe

(M) hz)= 3 b2"

and using the O notation
Re h(z} = O(1)
holds.
In the precent paper our aim is to prove, that however holds the foliowing
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THeorREM. Let f(2) € Q satisfying Re (z) > 0 in |z] < 1. Lel the meaning
of the b, -s be given by (2). Let

def =
h(zy = > b2
n=0
Then for (2| < 1 we have
Ih(2) = O(}).
To the proof of the Theorem we need the féllowing result do to M. Riesz

[1] p. 580.
11. Suppose that F(x) € L}~=, =] and let

(8) F(x) ~ %" + Z“' (o, cos nx+ g, sin nx)
n=1
Then the function F(x) defined by the conjugate series of (8), satisfies the
relation

fip(x)i*dx =B fl!-‘(x)] dx

for every & with 0 = 1 < 1, where B, depends only on A.
So especially F{x) ¢ Li[—mx, ] holds for the mentioned values of 2
By the assumption of our Theorem we have for

b

f IRe /(re'®)| 4O = f Re [ (r¢%) d6 = Re [(0),
So using 11. one obtains -

fm(rewu d& < B, f]Rcf(re"”)idP)-:Ba Re #(0).
for every A with 0 < 1 < 1. Hence f(z) ¢ H, holds for the mentioned 2-s.
From this Vf(2) € Ha: follows for 0 < 1 < 1.

In the notation #, = 4,— {8, we have by the quoted theorem of F. RiEsz
that

Re by + > (y, cos nx+38, sin nix)
n=L

and

> (—9, cos nx+y, sin nx)

n=1
are both Fourjer-series. Let us denote by U(x) and V(x) they sums. By the
Poisson representation already mentioned

Re ¥Vi(z) = :l; ffJ(I)P(r; x—1)df, z=rée™

Wiz = 1 f VIOP(r; x—1) dt.

0
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By a known result of Fatou
Re ¥f(2) - U(x) and 1¥f@@) - V(x)

holds for a.e. x in {—=, 7]. By the assumption Re f(z) = 0 for |2| < 1 it follows
that

{9 (Re V@) Vf@)E =0
i.e,
(10) HVHZ) | = |ReVf(@)].

From (9) now follows using f(2) = 0 in (2| <1, that Re Vf(z) preserves his
sign in |2| <= | and by the nermalisation

—% = arg ¥ (D) < —g-

it proves that this sign is positive. So by the quoied result of Falou
(n Vx| = Ux)
hoids for a.e. x € [—m, =]
From V() € Haa (0 < 4 < 1) it follows that U(x), V(X) € L¥|—ux, x)
holds fer every A withQ = 2 < I. Now we appeal to a theorem of HAUSDORFF —

Younc [!] p. 211.
The quoted theorem ensures that

Z |bn]K":' + =
K=0

for every K > 2.
On the other hand the series

(12) 5 (—2p,8, €05 mX + (32— 83) sin nx)

n=1
has the property that the series
212y 8, %+ |vn— 8317
n=1

converges for o > 1. Namely

Z 2yl i =0t <2 3 (VQyd P+ (A - 02 =2 3 Ibf™ <+ oo
m=i n=1 n=1
So we obtain that (12} is the Fourier-series of an G(x) with G(x) ¢ L9 —=, =]
for every g > 0. Here we used the converse statement of the Hausdorff— Young
theorem mentioned before. So G(x) ¢ L?[ -, =] holds especially.
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On the other hand
13) Gx) = - f UV (-1 dt.
u -2

Using (13) one can obtain that the functions
H(x) 2 Re #(0) + 2G(x),
and
def
K(x) = 2 Re {{0)—2G(x)

have the representations

H{x) = L f(U(tH V) (Ux—H+ Vix—b) dt,
T

(14)
] h
K{x) = — f (Uth— Vi) (Ux—— Vx— 1) d.
A

Noting that by (11) the expressions under the sign of integration are
non-negative in (14) for a.e. x € [—=, x]

{15) H(x} = 0, K(x) = 0 for a.e. x¢ [—=, n]
follows, Now by G(x) € L[—n,z], H(x), K(x) € L2[—=, x] holds.

So we can apply the thecrem of L. CarLEsSON [2]. This ensures that the
series

2 Re ,‘((})Jr2j Z“' (— 2y,8, cos nx+(y2— &) sin nx)}
A=l

(16) and

2 Re f(0)—2 [ 5 Z’ (— 29,8, cos nx+(p2— 82) sin nx )l
converge to f(x) and K(x) respectively for ae. x¢ [—=m, x].
S0 we have

1i{x) = 2Re f(0)+ ){ Z‘ (—2y,8, cos nx+(y2— 82) sin nx)} =0

(n
K(x) = 2 Re f(0)— 2{ 2”' {(—2y,8, cos nx+ (y% — 83} sin nx}} =
fi=1
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From (17) one can deduce by investigating the functions

1
—éu(mmm—xn and - (K0)+K(= )

that

(18} | > 2y, o8 nx

| n=1

= Re f{0)

holds for a.e. x € [—=, =x]. So by (17) and (18) one can deduce that

(19) j’ (y2—8)sinnx| =K

A=1

fulfils for a.e. x ¢ [—=, =] with a suitable value of K. So finally we have that
(20) [G(x}] = Re K0)
holds for a.e. x € [—, 7). Making use of the representation

n Ihz) = - f GUP(r; X— 1) d!

the statement of the Theorem now follows by (20).
Our Theorem has the following

CoroLLARY. Suppose that the b,-s in the Theorem are real. This is auto-
matically fulfilled if f(2) has real coefficients. Then in the notation

gel n
hn(x); >hsinex (n=1,2,...)

r=1

h(x) = O(1) holds uniformiy in n and x.
This follows immediately from the Theoremn noticing that in this case
the G(x) of the Theorem has the representation
G(x) = > blsinvx

r=1

and using Paley’s theorem, which asserts that if a Fourier sine series of a bounded
function has positive coefficients, then its partial sums are umiformly bounded.
ft] p. 277.
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OHO YCJIO0BHE PACXOOMMOCTH TPUTOHOMETPHYECKOTO
HHTEPTIOJIUPOBAHHA

0. KKUI (0. K8}
Hadeapa reomerpiy yhupepcurera ua. Ji, Dreewa, Byaaneiwst

{ Tocmynuas 5. 1. 1967}

1. B pabore [I] T. ®ABEP xokazanm, uro, Kakvmu Obl He Obifd Y3nel WH-
TEPNONHPOBAHKMS, CYIUECTBY 0T HEMPEPLIBHBIE GYHKLUUYN, ANA KOTOpBIX Jlarpau-
JKEr0 HHTEPNONMPOBAHHE HE CXOAWTCA DaBHOMepHC. B crathax {2]—[53] Owlno
YCTAHOBJIEHO, KaKUM MOXET ObTh NOPAIOK MOAYIS HETNPePbIBHOCTH TAKUX
$YHKIKHT, eClN KaBecTen Nullb NOPALOK uuces Jlefera y3noB untepnonauposa-
HARA, WK HMeeTcH ele Kaxkan-Hubvb undopmannus 06 aTuX v3nax. AHanoOruy-
HBIE BONPOCH! ANt TPUFOHOMETPHULCKOTO WHTEPIIONUPOBAHKA H3YHANKCEL B pa-
fovax [2] ¥ [6]— [8]. B nacTosime# cTaThLe Mb! JOKAMKEM ELIE ;IBE TEOpeMbi Ta-
KOrd PO0a W NOKAaMeM, YT HeKOTOPBIE U3 AREABAVIIHX TEOPNeM SBITHHOTCH WX
CAECTBHAMY.

2. UroBbl #MeTb BO3MOKHOCTb DONee TOUHO CHOPMYNIHPOBATL Pe3yAbTATHI
pafoTh, BBefleM CleflyiOLUe 0fo3HaYeHUs.
Ecnu f(x) venpeprsias 2x-nepuoaudeckas GYHKUNA, TO

] = max {{(x)]

ee Hopma, a
o(f, ) = max H(x+ iy —f{(x)]

—ml X -

ee MOAYNb HENPEPBIBHOCTH. w(f) — MOAY/bL HENPePHIBHOCTH HEKOTOPOH PHKCH-
poBaHMOH 2m-nepuofnueckoi HenpepwBHOH ¢yvukunu. C{w) — MHOWECTBO
27-MePUORAIECKIX GYHKIMH, YA0BIRTROPAWILMX YCAOBHIO

wl(f, t) = Olo{f)].

Yo (K=01, 000,20, n=0,1,2,...) — V36 TPUTOHOMETPHULCKOTO
HHTEPNONUPOBAHNA, YIOBALTRBOPANILNE YCNOBHKD

0= X <Xpp<< oo <Xppp=<22.(n=012...).
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d" — HaWMeHbliee PacCTOAHNEe MOXINY COCEHHMH V3NaMM, T.e,
2.1 d, = mlin (xk+1,n_'xkn) (n=0,1,2,...),

O=k=2n
rhe

x2n+l, n = %on + 2n.

A, — uncna Jle6era, CODTBETCTBVIOIKE Y3RAM X, T.0.

{2.2) A, = max 3‘ ) (n=0,12..),

k=0

The f,(X) PyHIaMENTANBLHBIE MHOTGUIEHE TPUFOHOMETPHYECKOT0 MHTePROMEPO-
BaHKA:

. )
o SR 5 (x—x;,)
lea(x) = [T (k=0,13, ...,20; n=0,1,2,...).
:;g Siﬂ -'é- (x"n —-X,—,,)

p{X) — TPHTOHOMETPHYECKHE HMHTEPIIONALHOHHBIE MHO[OUJIEHB, COOTBET-
CTBYIOUIME Y3NaM Xy, H GYHKLUWN F{x):

PR = 3 Htaen®)  (1=0,1,2, ...),

LE L]
3. Tenepr Mbl ¥)xe MOo)eMm Gonee TOYHO ChHOPMYIIHPOBATL Pe3VNLTATH pa-
H0THL: _
TEOPEMA 1: Ecau

G.1) liminf —— =0,
=10 wff)
I
32 limsupow (d )4, = 0,
F -

mo 0aa nexomopoll dynxyunn  f(x) € Clw)
(3.3) lim sup j[f(x}~ p(X)i| = O

Fi—ben
(T.e. TDHTOHOMETPUUECKHII UHTEPTIONSUMOHHBIA NPOYECC HE CXOAMTCH PaBHO-
MEDHO).
TEOPEMA 2. Ecau
(3.4) lim sup w{d A, =,

H—=w=
mo oaq Hexomopoll gynryuu f(x) € Clw)
(3.5) im sup [|p,()|| ==

Fletw

{T.e. MOCNEI0BATENILHOCTL P,(X) HEOrPAHHYENHa).
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4. TipuBeleM ReKOTOpbie CEACTEHS Teopem | H 2.
B [6] 6eino gpoxa3aHo, uTo Beerja

i
d,< — ((n=1,2,3,...)
. ( )

]

OTCcHIa U U3 TeopeMBl I monyuaem TaKoe CNEACTBHE: eCNH

lim sup o
R—son ' 1A,

A, =0,

TO 1A HekoTopod dynrumu f(x) u3 Clw) umeer mecto (3.3). JToT peavabTaT
vyxe Obi1 ony6iuKoBad B [6].
W3 teopemel 2 fonyuaem: ecnu

: 1
lim sup w Ap=es,
Fleton n}_n
T0 Ans HexoTepol dyvukuuu f{x) na C{w) umeer mecto (3.5). 3TOT peavibrar yie
Opin onyGnukoBaH g [8].

B 3THX c/efcTBHAX ME He Ha/iarany HUKAKUX OrPAHUUCHHH Ha Belrunny
d,. Horpefyem TeNMepb, yToOB ee TOPAROK OB HaWOONLILIMM:

¢

.0 d, =X (n=1,2,3,...),
n

e ¢ HEKOTOROE NONOXUTENAbHOC UHCTIO. Taw xar

i) = w[_J = ‘_ e 1icw(iJ’

TO M3 TeOpeMbl 1 monyuaem:
CREACTBUE 1. Ecau sutneadsiomea yeaosus (3.1), (4.1) u

lim supw( J;l =,
n

H—aw

mo cywjecmeyem HyHryus f(x) us Clw), 012 komopoll umeem Mecing HepaseHcmmr

Yactubiit cnvuall atore ¢neicTBust 6uin onvénuxerau 8 {7]
3 Tecpemul 2 nonvuaem:

CNERCTBUE 2. Ecau ewnosnsemca ycaosie (4.1) u

A—=

lim sup @ (-I—JA,, = oo,
n

mo 08 Hexomopol Pyuxyuu f(x) u3 Clw) umeem mecmo {3.5).
Yactubiit Ciyuyall 5T0ro coecTBus 6biF ony6Gnuxesan s [8].
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5. TlpucTynas K 10Ka3aTelbCTBY TEOPeMbl 1, MOCTPOMM HEKOTODLHE BCRO-
MOTaTeNbHblE GYHKUMM ¥ MPUBEEM HEKOTOpBbie UX CBOHCTEA,

OGo3HAYHM Yepes 2, OAHY M3 TOueK oTpesKa [0, 2x), B KOTOPOH dyHKUMSA
JleGera npuiMMaeT cBoe Haubonbilee 3HaveHue:

2n

(5.1) 2 lnl2nll = 4, (1=0,1,2,...).

k=0

Mycre 2z-nepuoauueckas nenpepblBuan ¢vukwus g(x) (n=0,12,...)
NuHeHHA MEMWAY YINAMH Xyp U Xyprp, (0 = 0,1, ..., 20} «

(5.2) 8lXin) = Signly (2, (k=0,1,...,2u+1),
Tne

bane1, %) = lga(x)-
QuesKano
(5.3) g} =1 (=0,12 ...)
IpuHKman Ro BRUMaHue (2.1), nony yaem:
(5.4) 1gn(x + A)— g (X)] -5;:? (h=0,n=01,2,...)
Hoaromy
(5.9) gx)ellw) (n=012...)

Q603HAYUM Uepes ¢, {(X) TPUTOHOMETPHUECKMH HHTEPNONALHOHHBIA MHOro-
ujieH nopAaKd 1 pyHkuuu g (x). Toraa seuay (5.2) u (5.1)

n 2m
(56} ()Tnn(zn) = Z gﬂ(xkn) t(Jm(zn} = Z “kn(zn)l = ‘Zn (R:OI ll 2' - ')‘
k=0 k=0

[pusunmast B0 BEumaHue (5.3) u (2.2), nonyuyaem:

(57) lqnm(x)i = Eﬂ' gm(xkn)lim(x) = A.l'l (mr n=20, 1,2, . °)'
k=0

Ecan npu HeKoTOpOM i
Hm sup |igm(X)—gam(X}|| = O,

T—as

To BBHAY (5.5) Teopema | jowasana. FIG3TOMY MOMCHO CUHTATH, YTO
{5.8) Iim | g ()= GumlX}| = 0 (m=0,1,2,...)

H=tm

6. TIpoaoaKas J0KAa3aTeNbCTRG TeopeMbl 1 MOCTPOUM QHIVPUDYIOLLYIQ B
Hel GYHKUMIO,

Taw Kak umeer mecto (3.2), (3.1), (5.8) ¥ nonoxuTenbHbH MOAYIL Hempe-
PLIBHOCTH w(f) YIOBIETBOPALT YCIOBHI

(6.1) lim w(f) = 0,
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TC BONCHATOILHOE YHCA0 ¢ M BO3PACTAICLYIO NOCICAMBATEABHOCTE HATYpalib-
HBIX YHCENT N, MOMHO Bbiﬁpa'[‘b Tax, UTe0b BHITOIHRNUCH CRENAYIOIKE VCIOBHA:

(6.2) oldn ), =2 ¢ (=1,23,...)

(6.3) “’i’:*:) =2 “’fi’:f) (i=1,2,3,...)

6.9) lgn, (%) = o n (O} = % (=1,2,3, .5 k>0,

65) oln) = 5 0ldny) =+ k) (=123,

(6.6) {(dnyy, Vin, = % (i=1,2,3,..).
Myers )

(6.7) Hx) = 3 @l(dn)gn (x).

i=1
Beuay (6.5) 1 (5.3) psag cnpasa cxoanrest. Tak Kak GyHKuMu g,(x) 2r-nepuoauu-
Hbl, TO ¥ f(x) TaKosa.
7. TIpoponiKas ROKa3aTeNnLCTBG TEOPeMbl 1, noKa)em, uTo

{i.n [fx+ ) —f(x)| = lle(h),
# nostomy f € Clw).
Beupy (6.7)
(7.2) e+ 1)~ FO] = 3 o)l gn X+ ) — g ()

=1
0603HaYHM uepe3 j HanMenbIui MIGIeKS, TIPH KOTOPOM
(7.3) da, = R

(Bsuny (6. 5) MOANOCEAOBATENILHOCTD fn, MOHOTOHHO YOBIBACT.)
Ecnu i = j, To BBUAY (5.4), (6.3) u HepaBeHCTBa

oft) _ o)

7.4 =
(7.4) H fi

(O<h=<H)

AoJIyyaecm:

(7.5) w(dnf)lgni(x—l—h) gnl(x)i < w(d,, 2R < i Q) b ooy,
o i,

Ecnu i =z j, 10 nenonnayg (5 3), (6.5), (7 3) U MOHOTOHHOCTb MOAYJIA HenpephiB-

HOCTY w(f), MonyYaem:

(7.6)  oldn)ign(x+h)—gn(x})| = 2w(ﬂ’n) = 2-3‘oldn) = 2.3 w(h).
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Wsa (7.2), (7.5) u (7.6) nonyyaem (7.1):
[fOx+h)— f(x)] = E‘; 2i-J+3 4 2‘ 2.3 (k) < 1lw(h).
i=1 i=j

8. Uro6b 3aBeplUHTL JOKA3aTENILCTBC TeOPeMbl I, TIOKaKeM, uTo
¢
(8.1) )~ prlen) = @ H=1) (k=123 ...)

¥ 103TOMY MMeeT MecTo HepaBeHcTBO (3.3).
Beuay (6.7 npyu £k = 1,2, 3, ...

(8-2) f(zn;‘-) — Pny (z",-.-) = Z w(d"f)[g"f(z"k) - an"f(z”k)]'

i=1

Ecan { = k, 10, ucnoas3ys {6.4) v (6.5), nonvuaem:

¢
(83) w(dni)lgﬂi(an)—annf(an)l = 2—'3—1_.
Tak kak wmeer mecto (5.3) u (6.5), ronpr { = k

c

(84) w(dn!-)!gn;-(ZHh_)I = (.O(dn:-) = 5-
Beuay (5.6) u# (6.2)
(8.5) a{dn, Mngny (@n, ) = o{dn ), = c
Hawownen, ecnu i > k, ro BBuIy (5.7), (6.5) u (6.6)
(8.6) {(dn ) qngn,(Zn )| = ofdn)hn, = M 0(dn,, Vin, = 340

Peswmupya (8.2)— (8.6), nmpuxoanm k (8.1}
] k-1 o ) - _ c
o)~ P fza)=c|l— 33 + 33714 3 3] < (@*-1).
2 ia i—k P= k1 4

9. MIpucTYIaeM K 10Ka3aTeAbCTBY Teopembl 2.
Ecau npr #HEKOTOPOM GHKCHDORAHHOM M

tim sup g, ()| ==,

H—seo

TO Teopema 2 Joxa3ana. [T03TOMY MOWKNO CUMTATH, YTO
(9.1) Hnm( =2 (1, 1=0,1,2,..),

rie r, HEKOTOP@A YHCICBAA TOCNE10BATENLHOLTL.



OJHO YCNOBUE PACKXOAWUMOLTH TPUrOHOMETPHYECKOTO HHTEPNONHPOBAHHA i41

OnpefenuMm BO3PACTAIOWIVIO NOCNEA0BATENBHOCTL HATYDAAbHBIX uMCER 1)
TaK, YToOk BRIOMHSIACD YCIOBHS

(9.2) {dn, Y, = K2 (k=1,2,3,...),
{9.3) {dn, )An, = 32 Ei 27l (dn)en, (K=2,3,4,...)
(9.4) w(dn) = J?_- wldn_,) (i=2,3,4,...).
3T0 BO3MOXKHO BBHLY (3.4) 1 (6.1).

Iyers
9.5) 1) = z 2{ao{dn ) (X).

Psaa cupasa cxoautcs BBUAY (9.4) u (5.3), ero cymMma 2n-NepUoSHYHA, TaK KaK
TakoBbl GYHKUNH g.(x), onpeleneHnbie & 3,

10. TIpopofKast AOKA3aTeNLCTRO TEOPEMB! 2, NIOKAMEM, YTO
(10.1} ' Hx+ ) —{(x)| = do(h)

H nosromy f(x) € C(w).
M3 (9.5) nonvyaem:

(10.2) fx 4B~ ] = 3 2 o(dn) | g/ (X +B) — g (O}
i=1
Ecny { < j (j onpefeneno B 7), 1o 8Buay (5.4) u (7.4)
(10.3) 27 0(d)]go (X 4+) — g (O] = 210 % h= 22 (h).

i

Ecnn i = j, 10 »3 (5.3) v (7.3), npuHMMASA BO BHHMAKHE MOHOTOHHOCTE MO{VARA
HeNPEPHBHOCTH w(f), nonyuae.

(10.4) 27 (dn )| gax + F) — gn X = 22 o(dn,) = 2"~ wlk).
Peziomupya (10.2)—(10.4), npuxoxum x (10.1).

11, UTofb 3aBepLUNTL A0KA3aTENLCTBO TeopeMbl 2, NOKAKEM, YTO
k
(1.1) pnk(zn,\_)é—:s— k=12,3,...)

B TIO3TOMY HMeeT MecTo (3.5).
Beupy (9.3)

(11.2) Prylen) = 3 2710(e)nonen) . (£=1,23,...).
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Aputinmas B0 Buumanue (5.6), nonyyaem:

(l 1.3) Q_km(dnk)QHknﬁ.(znk) = 2- kﬂ’(dnk)}.nk -
Hs (9.1) 1 (9.3) caenver.

i 5
——3— 2_km(dnk)ﬁak .

i=1

k—1 k—1
(11.4) > 27 'w(dn ) gnn,(@n )l = T 27 'addn)en, =
i=1
Haxonew, BB4aY (5.7) i (9.4)
- ‘ - _ i
(11.5) > 27'0(dn)qun )| = a3 27 0(dn) = — Any 2 *o(dn, )-
i=k1 i—k+1 3

Peztomupyna (11.2)—-(11.5) u (9.2), nonvuaem (i1.1):

Pn, (2,) = —;2~*w(a,.k)z,,k = % (k=1,2,3,...).
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ON DIOPHANTINE APPROXIMATION

By
F. GYAP]JAS
Department of Algebra and Theoty of Numbers Edivos Lordand University, Budapest
{ Received Jannuary 3, 1967 )

In the present paper we make use of the following notations.

Let & be a given real number. Denote by {&} and || &}] the fractional part
of &, and the distance of £ from the nearest integer respectively. The numbers
£ and n will be called equivalent, if

_ré+s
tE+u

holds with suitable integers r, s, f and u. The notation g4 we reserve for naturai
numbers. By « we will denote an irrational number.
Let as usual

rs
[ u

=1

{Ot} = ['911I dy, U3, -0t ]
and
Pn [ay, a, - .-, 4,]
Gn
We put further
tp = [am [ PERT TR ]’ 0‘5: = [am L/ S PRI al]'

Let # be any irrational number with 0 < § < 1. Let it has the representa-

tion
ﬁ = [bvbzsb:sr ]
and denote its n’th convergent
P,
Qn
Let further the meaning of 8, and B¥ be given by
Bn = b brsss bn+2:.- ) ﬁ:‘; = [bn by -+ -, ). -

= [blr bz: S | bn]
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We denote in the sequel by v, §, @ irrational numbers, by 2 and o natural
numbers.

i. A. V. Prasap [3) proved, that for all natural ¢ there exists a C,,, de-
pending only oil m so, that for any irrational «

) [lgtlgal] = C1
has at least m selutions in ¢. He determined the best possible value of C,, for

every m. For the number a= the sign of equality can not be omitted.

The result of Prasad was improved by T. N. SiNHA {4] who showed, that
—1

if we omit the numbers « equivalent to , the value of C,, in (1) can be

increased. He determined the exact value of CF, in the case mentioned.
Let & be a quadratic irrationality. Put

y = () = limgllgal] (g =123, ...)

We prove in the sequel the following statement. If the inequality

gligall = v

has an infinity of solutions for every « equivalent to § {in the sequel o~ &),
then for every J and for every natural m there exists a C,, depending en & only
so that

gllgel| = Ct

has at least m solutions for every « ~ & Here the exact value of C,, can be
given explicitely,

2. Let A, B and C rational numbeérs, put
f(x, ) = Ax®+ Bxy +Cy?
where f(x, y) stands for an indefinite quadratic form, for which
(8, 1) =0
has irrational roots, and denote by v and

v = limq| (¢8|

q_.—
p=min |f(x,y)|  x,yintegers, (X, y} = (0,0)

respectively. It is known, that if there exist integers x,, ¥,, X,, y, with

1) X ) = ws [ ¥o) = —
then for all ¢ ~ &

(2 gilgal| < v
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has infinitely many solutions, We shall prove that if (2) has infinitely many
solutions for every « ~ &, then the existence of the integers x;, ¥, X,, ¥o With
(1) is guaranteed.

3. Let
x -1
I ox, —1
) KXy, Xgy - - - X)) = ox -1
Fox,; -1
1 X

where the elements different from the described are all equal to zero.
As easy to see

(2) Pn = K(bm b3t DR bn)

3 Q. = Kby, by, ..., b,).
Further it is known that

@) %— — By By o> B3]

(5) Qn”Qnﬁ” = (bn+ﬁn+1+ﬁ:—-1)_.l

(6) ann—-l_Qn-—l‘Dn = (_l)n'
It is known further that from

@ . Q1Q8!| < 05

Q = @, follows, with a suitable cheice of the natural number n. We put further
Poai=Kbiiz bies.. .. hye) A=0,1,2, ...;0=2,3,4, ...
(8) Qo= K(bas1, Dave. ., b1 A =0,1,2, ..., 6= 1,2,3, ...
IP—1,1= 1Pg,;=0, Q_1,,=0, Qoa=1 1=0,1,2,....

We state the following result, which can be found in a little modified form
in [2] as

LEmMMmaA 1.
9 Poi=bpiaPr_1,3+Pn_2: (=123 ...)
(10) Qnai=busaQa1,2+Qnz1 (=123 ...}
iy Povic1 = PoaPyyz +Pals ;s
(12) Qo 11 = Qi-1Po1,2+QiQo1,
(13) PoraaPii—Pari-1Qior = (— 1) gora

10 ANNALES — Sectio Mathematica — Tomus X.
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For the sake of completess we give a short outline of the proof.

Proor oF LEmma 1. (9) and (10) can be obtained by standard calculations.
To prove (11) and (12} we may suppose that 2 > 1, & = 1. (11) and (12) can
be obtained from determinants
Popi = K(bz, by, ooy Borz1)
Qa+J.—1 = K(b],: bﬂ} fe t‘:"cr-i—ll.— 1)
respectively, using the Laplace development with respect to the first 1—1

and A rows respectively.
By (11}, (12) and (6) we have

Qo1 Pii—Qura1 Qi1 = Qa-lpa—l,apz.—_l+QAQa—I,APA—l—
—Py 4P —l,i.Qi—l_PiQd—l,in-—'i = (— l)ier—l,l
so (13) is proved.
Let {h,} be a sequence of natural numbers satisfying
(14 bpy=0 (h=1,2,3,...}

for a suitable choice of the natural number . In the sequel we always suppose
that for the sequence {b,} (14) fuifiis.

Lemma 2. In the notation introduced in {8) we have
15y Q1,2 =PaalQe1,2 + Q1@ 1
(16) P+ Qua=Pi_1+Qi,
where A+a = [,

Proor. To get (15) in the case A > 1, we had fo develope the determinant
Q1,2 using Laplace’s method with respect to the last A— 1 columns. To prove
(16) we start with the determinant Q;,. Using the Laplace-development with
respect the last A columns one can deduce
(17} Qua= PiQo1,2 +QxQs 1.

On the other hand the Laplace-development of P,_; , with respect its last
A—1 coiumns gives
(18) Prga=Pr1Qoz i1+ Qi 1Qe—1,341-

Similarly the Laplace-development of the determinants @, and P,_, with
respect they first A resp. A—1 columns respectively give
(19) Q= Qos + Qa2
(20) Py = PiQs-1,0+ P1oaQs—2, 411
By (17), (18), (19) and (20) we have (16). So the proof of Lemma 2 is completed.

It is known, that if
n (2, 9) = Qo 20* +(Qpa—= Proy, )Xy — Pray®
then

iBuarasr, 1) = 0.
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in other words

VE—QI it Pra,
22 - , ,
(22) Bursasa 20 ta
where D is given by
{(23) D=(Q,1+—Pi_1,0)?—4Qi—1,4P1, 1+ = 0

and the value of D is independent of 1,
We state now
LEmMma 3. If for some natural numbers [ and A4

(24) Qi-1,1 = Q-

heolds, then

(25) Brii + Brivasr+ a1, brsacs, ooy bag1] = B+ ByiPri—1
Proor. Suppose ! = 1. First using (24) we deduce

(26) Qui-1,2= Q-1 (k=23,4,...)

We use induction on k. For k£ = | the statement reduces to the assumption
of the lemma. Suppose its validity for k—1. Taking the Laplace development
of Q;_, with respect to its last I—1 columns we get

(27) Qu—1 = Que—3Ri-1+Qi—1Pr—1-
By (13) substituting o = (k—2)}, 1 = [ one has
(28} Q(R~1}I—1PI—1 = P(k——l)l—~1QJ—~1+(_ l)IQ(k—I)J—I,! =

= P(k~1)1—1Qf—1+(‘_ l)"Q(k—I)!-—l‘
Using (27) and (28}

(29 Qui—1 = Q—1{Quu—1 +Prao—ry—0) + (= VQu—1y:—1
follows.

Applying (29} with $,., instead of § we get
(30) Qu—1yr—1,2 = Q_1,2(Q—1y,a + Pre—1yr—1,2) + (— DQuue—1y0-1+

By (24), (29), (30) and (16) using the hypothesis on £— 1 the assertion (26)-
follows.

By (26} it is enough to prove (25} in the case ¥ = 1 oniy. Using (22}, (4).
and (10)

broa+Biraa+bigasy, biae, .o, ]l =
_ VD — Q.1+ P, a+2(0043Qi11Qi-2.2) _ VDPi 1, 1+Quz
2Qi-1,2 Q1.
Our deduction remains true in the case 4 = 0 too. So
b+ 841 +B% = VD + Py +Q,
2Q;—4

and the statement follows by (16) and (24).
We quote the following

Exat ]
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LEMMA 4. Let A, B and C be integers. Put
f(x, ¥) = Ax2+ Bxy+Cy.

Suppose that f(x, y) is an indefinite form. Let f{y,, 1) = 0, f(y,, 1)= 0, suppose
that y; and y, are irrational numbers satisfying

0=y <1
vy = L.
Then the continued fractions
v = [€y € o0y €]
1 o
—— =ltmtp—1 -, 5]
Yz

are pure periodical. On the other-hand if y, satisfies 0 < y, < | and the con-
tinued fraction of y, is pure periodical, then

Yy = — 1.
For the proof see [2] pp. 81-83.
LEmMma 5. If
IB = [bll bz: “cay b:]-
then
(@31 w Q119811 = Q‘—‘_l,
e VD
where
D= (QI_PI—I)Z_"qQI—le'
Proor,

QullQuBll = 4+ B+85-) "t = B+ 551N

Using Lemma 4

lim ﬁ;:{_l _ VD+QI_P!—I
fimeme 20—,
follows. Taking into account that
ﬁ — Vﬁ—'Q;+PI_l
2Q-,

we obtain the statement.

4. THEOREM . Lel 6 be a quadrafical irrationality having the confinued
fraction representation

d=1fd,dy ..., d, 0, C -0, )
where 1 denofes the length of the primitive period. Put

Y= [t 0ny 6],
..Ai_’i
B,

= e o oo ]
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and suppose that the sequence {c,} has the property
Ck+{=ck (k=],2,3,-..)

for some natural [,
Choese h with the property that

Hm Bupenl | Buyan?|| = pin

Nt

shoeuld have ifs possible minimal value. Let

B = 1by by - -y by] = ferans Chiar - - s Epag)
We assert, thai

ASSUMPTION:
A) If lis odd and k = 2.
B) If 1 is even and k = 1, and there exists an odd A with

Ql—l,a = QI—]-
PropoSITION: then for all « ~ & and for any natural number m the inegualify
(1) llgef]| = C5*
has at least m solutions, where C,, stands for
(2) tn = bt Brmar + Bhm—1
and the value of C,, Is the best possible one.

ASSUMPTION;
C) If I is even and from

QI—],A = Q;— 1

it follows, that A is even,

PROPOSITION: then there exists an « ~ 3 so thal the inequality
3 gllgel| < v
has at most a finite number of solutions, where

v =:};_m”qilqﬁlf-

REMARK. From Lemma 2 it follows , that C_, is uniquelly determined.

Proor oF THEOREM 1, 1t will be convenient to prove the assertions A, B
and C separately,

Proor oF A), If « = 8, then by (3.5), (1) yields for ¢ = ¢, (n = &, 2k,
.-, mk) and it is clear that the value of C,, can not be improved. If o = § then

o= [y, 8 o0, 85 By, By -, ;’;], (@541 = by, 8g19 = by, .. .).
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In the case a, = b, 9,y = b5, ..., 8, = b;_ 4, (§ < [} we put
n— {s,s—H{, eony SH(m— 1Dk if 5 is even,
s+6s+3L, .., s+(2m— 1) if 5 is odd.

In all other cases the existence of an r with 0 <r =g, satisfying
= b,y = b1, ooy By = oy piy, 8, # b, is guaranteed.
Let now n be given by

= gy, I eVeN

s, s+k, ..., s+(m=1)k if 5 is even and {a,
@ < bp_gyp, 1 odd

T =

By gipr T 000
s+Ls+3, ..., s+(@m— 1) ifsisodd ang |% 7 brsrn T O

1ar < b_gy,, I eVEDN,

In these cases
U+ syt oy = bt By +Bpn—1s
so by (3.3)
Gnl1qaeel | = C3%

Proor oF B). Ifa = f, then by (3,5) (1) holds withg = ¢, (n = 4, A+k, ...,
<oy A(m—1)k and as casy to sec the value of C,, can not be improved.

If o = 8 then
o= [y Gy ooy Gy by by o b)) (54 = by B0 = by, L. L)
In thecase ¢, = b, 2y = byy, ..., 8 = b,_4,,, choose n with

. 5, 5+k, ..., s+(m— Dk if 5 is even
S+A, s+A+k ..., s+ A4+ (m— Dk if s is odd.

In the remaining cases there is an r with 0 < r = s, satisfying a, = 8,

Q1= by oo Grpy = Bjgirh1s G # By, Choose n now by
e a.=b_ r is odd
s, 8+k, ..., s+{m—Dk if siseven and ¢ ' Tstr T
a,<b_ .., 1is even

|s+x,s+z+k, oS4 A(m—1)k if s is odd ang | %7 lseo T IS even
a <b_ ., risodd.

So we have

Gyt oyt on—1 = Bt B + B
and

an+0€k+1+mﬁ—1 = By + Bk + i1, Omira—z, bas1]=
= b+ Bk +1+ B—1
corresponding the cases mentioned respectively.
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By (3.5) now follows that
nllgnee|| = CZL.
So the proof of B) is completed.
Proor oF C). Let o« has the representation
o = [, by by vy by by, By, ., by), B> by
Denote by 0 = 4, < 4, <= ... < 4, <[ the non-negative integers u with ¢ < [

and
QI—l,u = QI-—I'
If n =24 (mod!), for some i with 1 =i =r, then
qn| |qna” = (bﬂf +an+1+a:—1)_1}
= (Om; + Bmisaper + Bmten;—1, Bmivag—2, - .., b1 P2

hiolds for every m {m = 1, 2, ...). From this

nllgnee|| = »
follows.
In the remaining case

n=kmodl), (0 <k <1)

where £ is different from the numbers 4, (1 = i = r}. Then by the choice of g,
and using Lemma 5 it follows that

U Gy il | Gnpen] | = QI—__.l_i = QI—: =
11— oo VD VD
Taking into account that from
1
] = —
gt qeetd 5

¢ = ¢, follows, we get that (3} has at most a finite number of sclutions.
5o the proof of C) is compleied.
5. We are now in position to prove the following
THEOREM 2. Let A, B, and C be integers,

F(x,y) = Ax*+ Bxy+Cy?,
where
D = D(F) = B2—4AC > 0.

Let 8§ be an irrational number with F(#, 1) = 0. Put

(1 v = o9} = kim q]lg9]],
(2} p= min |F(x, y)l.
(x¥)(0,0)

where (x, ¥) runs on the lattice-points.
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If for any o ~ &
qllgui} < »

has infinitely many solutions in ¢, then there exist latiice-points R, = Ry(x;, y,),
Ry = Ry(%p, ¥p) with

Flx, ) = 0 F0G, ¥ = — o
ProoF oF THEOREM 2. Let & = {#). Suppose that & has the representation
8 = [dy dy, ..., m]
Let the cheice of 8 be the same ag in Theorem . Put
Hx, ) = QX H(Q,— Pr_y)xy— Py,
p’ = min [{(x, y)|,

where the minimum is taken on the lattice points different from (0, 0) as before.
Now by (3.31), (1) using the choice of § and appealing to Lemma 5 we have

p = Q- So ,
w = f(1,0)
follows.

From Theorem 1 we can deduce that if { is even, then there exists an odd
A with Q1,2 = @,—1. So we have

P31, Qacr) = Paa(Qr— Pac1— P Qi) + @ 1{QPay — PQa—a).
By (3.13) and (3.15)
HPi1, Qi1) = (= VAP aQuota + (— 1PQu Qo i = (= 1WQu1s = —Q,_, = —p'.
So the existence of Ry = Ry(Xa ¥a), Ry = Ry(X,, ¥,) with
f(Xs J"a) = uw, Xy, Vo) =—¢

is guaranteed.
The same result for f(x, y) can be deduced in the case if / is odd. Then simply

f(Pr1 @y) = Quil@P 1 —PQ) = (= 1Y@y =— p'-
Observing that by 8 ~ & one can find suitable integers g, b, ¢, d with

ac

=t1
b d

and satisfying
f(x, ¥} = rF{ax+ by, cx+dy),
with a rational r. Now taking
X = ax;+ by, X, = ax,+ by,

W= x+dy; Vo = X+ dy,
the statement of Theorem 2 follows.
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6. Let a be a fixed natural number, Put A,B; ! for the n’th convergent
to

_VYa*+4-a
2

# =g, a,.4q,...].

Put further

2
Cm = Va +4+a+ Asm—1 (m=1,2,3,...).
2 B2m—1

In these notations held the following

THEOREM 3. If a,= ¢ has infinitely many solutions in n, where a, denotes the
nth partial quotients of o, then

(1) qllgel] = ¢3!
has at least m solutions. The value of ¢, can not be impreved.
Proor oFr THEOREM J. In the case o ~ & the statement is a censequente

of the prop. A) in Theorem 1, and it is ciear that in the case « ~ & the value of
£, ¢an not be improved.

In the remaining case we ded with two subcases separately. In the first

one a, = a holds for infinitely many n. Then using a know theorem of A.
HurwiTz [1], chapter 1., we have that

!
Ya2+2a+5
has an infinite number of solutions. Noticing that
+_i - Va?+ 4+ a, Az
a 2 By :

holds, we get the statement of the Theorem 3.

We have now to deal with the case oniy, when g, = g holds for all values
of n farge enough.

If for an infinite number of n,a, = q,0,., =4a,a,., < a (a= 1)} then

Va*14—a
2

qni |Qn°‘-” = =

Ve*+4 +a

Vat+2q +5 < =¢,

tni1 = |8nis Gniay -1 > [0, ... ] = %=

H

I A A
* = 14 2m—1}
Uy = [an_l, aﬂ“ﬂ’ emy 01] —_—= E——

a B, By

and the statement follows by (3.5). So we may suppose that for all n witha, = a
one of the equations a,,, = a, 4,,,=2a holds if the index n is sufficiently large.
Ifa,.,=4a,=a4a,a,,., =a—2 {(a> 2) holds for infinitely many n, then

*
= %p—1 =

1
a-1 a+l
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It is easy to see, that

| 2 - ]
1+ _ Va*+4 a.

a--1 a+l_ 2 ,&_

so (1) is fulfilled withg = ¢q,,. The caseq,,_, = a—2,a, = a,,,, = acan be {reated
simitarly.

ife=ltanda, ,=a,=4aa,,,=a-1,4,_,= g—1is fuifilied for an in-
finite number of 1, so we have

a—2
it = fa—-1, ...} = [a—-1,1,a,a} > [a-}, 1, a+l] = ——u—
sy = | b [ I~ @ =
a—2
oy =g, ..,q]=lae-1]=
az—a+1

Since
[1, 1,2 2]+[2, 1] =V2—1+0,5
s0 we may suppose that g = 2. Now

2 - "¥d—q 1
a+ N a-1  _ Va®+ a 1

az+2q—1 a?—a+1 2

a
is equivalent to

408 — 407 — 16a® + 164° — 280"+ 440> — 24a2+4 = 0.
Using
408 —4a”— 166° = O (@ = 3),
16a%—~ 28at = 0,
44a%--24a%+4 = 0,
so (1) is fulfiiled with g = ¢,. Thecaseq,_, = a— 1, a,= @4, = @, 03 = a— 1
is similar, So the proof of Theorem 3 is completed.

We conclude by remarking, that Theorem 3 in the cases ¢ = 1 and ¢ = 2
represents the resuits do to A. V. Prasap {3] and T. N. Sinna [4] respectively.
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1. In the theory of orthogonal series theorems of the following type are
of importance: If for a given orthonormal system {g (X)in_0 (x € <= a, b =)
the coefficients of the series

(1) 2 Cn¥nlX)
satisfy a condition of the form
©) Sezi(n) < o

— where A(n) (= 0) is a convenient sequence tending to infinity — then the
series {1) converges, or it is summable in a suitable senise on a set E(mE = 0).
{In the following a condition of type (2} wiil be called a coefficient-condition.}

One of the most frequently used coefficient-conditions is the well known
condition of RADEMACHER [1] and MENnCHOV [2], which states, that the validity
of

3 2crlog n)? < o

implies the convergence of the series (1) aimost everywhere (a.e.) for any ortho-
normal system {g,(x)}.

Similarly every series {1} is summable (C, o = 0) a.e., provided that the
coefficient-condition
&) et (log log n)t < o
holds (MencHov [3] and Kaczmarz [4]), and so on.

For special orthenormalsystems the sufficient condition (3) can be replaced

by weaker ones. So for example in the case of the trigonometric series, the
series

(5) %" + i’ (a, cos mx+ b, sin nx}
n=1

converges a.e. if for its coefficients the condition

) S (@b legn <
n=>0

is fulfilled (KoLmoGOROV --SELIVERsTOV [5] and PLESSNER {6]).
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Since the Lebesque functions [7] of the Walsh orthonormal system [8]
have the order of magnitude O(log n} (N. J. FinE [9]), therefore applying the
generalisation ef the above mentioned theorem of Koimocoroev and SeLl-
VvERsTOV [10] we get, that a Waish-series

(7 Seaa(x)

a.e. converges in the interval < 0, 1 = if for its coefficients the condifion
®) Setlogn < =

holds.

Quite similar results are known for a wide class of oerthonormal polinomial
systems {B. Sz.— Nagy [I1]) and polinomial-like orthogonal systems [12].

All the conditions in the examples mentioned above — in accordance with
the general condition (2) — imply the validity of Z¢2 < « and so the series
in question are orthogenal development of functions f(x) ¢ L? by the theorem
of Riesz— FiscHErR [13] [14], but besides this fact the coefficient-condition
do not give any immediate information about the structur of the functions
represented by the orthonormal-series.

Therefore arises the following question: What kind of structural properties
can guarantee for a given function f{x) ¢ L2, that its Fourier-coefficients

&
©) en = {

— with respect to a given orthontormal system {g,} — ailow a prescribed coeffi-
cientcondition of type (2)7

A further question is the fellowing: In which cases is it possible to give such
a structural cendition to the function f(x), which is just equivalent to a given
coefficient-condition {2} for its Fourier coefficients (9)? Long ago such kind of
theorems are known in the case of special orthogonal systems and of special
conditions (2) (Avexirs [15], STETCHKIN [I6], Koimocorov [17], ULanov
181).
[ ]In 1957 ALExiTs and KraLik [19] showed, that the greatest part of these
above mentioned theorems can be proved by a gen.ral method for a wide
class of coefficient-conditions (2), supnnsing that the groundsystem {p.(x}} has
a property A, which is defined kv

DeriNiTroN [1, 1], An orthonormal system {p,(x)} (x € < a, b =) has the
properfy A, if for the Fourier coefficients (9) of any function f{x) € 1.2 < a, 6 =

the following three assertions are true:
b

! H—1 12 -
(10) ﬂ)fMﬂ—qum3M=;§ﬁ=&
g K=o | K=n
(i.e. {y, ()} is a complete system in L2 < g, & >.)

mRﬁohﬁJW}
o ol ol e

i p=1

(i)
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where aw,(48, fy means the L2-continuity modulus (or quadratic-integral modulus)
of the function f(x}, which is defired by the equation

’ 1
(11a) w3, f} = sup { j | fCx+4) —f(x)l“dx}z-

The above mentioned result of ALExits and KRALIK is the

TreoreM [1, 1). If a given orthonormal system {@.(X)} (x € < a, b>) has
the property A, then the necessary and sufficient condiiion, that the Fourier coeffi-
cients (9) of a function f(X) ¢ L2 = @, b = salisfy a condition of type (2) — with
a non-decreasing jrom below concave function A(x} > 0 (x € < 1, =)} — is, that
for the L2continuity modulus of f(x) the relation

I N
12 8,f) =0 i)
(12) wald, f) (m(a—l)
holds by such an increasing function @(x} = 0 (x ¢ = 1, =)} which allows the
estimate

~ V(X .
(13) lTpix_)dx )

Since for the trigonometrical system the property A is valid [15], and since
this system is similar from many point of views to the Walsh-system, therefore
arises the following guestion: has the Walsh-system the property A?

In the third chapter of this note we shall prove (Theorem [3, 1] that the
Walsh-systern has an analegous property to A, if we replace the notion of
o3, f) by @y(4, [), which is defined also in the third chapter.

Finally in 4 we shali give some corollaries of theorem [3, I].

2. int this point we recall some notions and theorems to be used in the se-
quel. The most part of these results arc due to N. J. FINE [9], and therefore the
proofs will be omitted.

DeFiNiTEON |2, T]. Let us denote by X the sct of afl real numbers of the
interval 0 = x = 1. We give the elements of X in a diadic representation

(14) X =02, X Xgy o0y Xy - - - (x, =0, 1),

where — to avoid the amibiguity — the diadic rafionalsx = p2-9{(g = 1,2, ...,
p=0,1,2,...,2% shall have their finite expansion {(i.e. x, = 0, if n = g+1).

DeriniTion [2, 2], Let {r (x)}n-0 be the Rademacher system given for
any n and any x € X in /' 1) by the equations
{41 i X4y, =3
I 1, if x4, = 1.

(15} rlx) =
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DeFINITION {2, 3]. The orthenermal functions of the Walsh” system are
defined (PaLey [20]) on X by

w,(x) = |
(16) W (X} = 1, (XPn(X)- . .Tn(x) (12 1)
for n = 2M42%4 .+ 2™

where the integers n; are uniquely determined by m;5, = n;.

DEFINITION [2, 4], Let G be the group of all such sequences X = {X,}a_
which contain only the elements x, = 1 or x,, =0, and the group-operation
& will be defined by the following formulas:

if X = {x) G and ¥ ={y)eC

def
(17) then X & ¥ = {X,+¥, (mod 2)}7-1,

where the sign + in the rigth bracket means the ordinary addition modulo 2.
The G is evidently an additive Abelian group, and each element X ¢ G is
(of) second order ie. x 6 x=0=1{0,0,0, ...}
DEFINITION [2, 5]. Ordering to each element x = {x,} ¢ G the reat number

(18) = 3oy,

n=1 2”
we get such a functien A(X), wirich maps the elements of G into the interval X
defined in [2, 1] (in sign A(X) (G - X)).

DEFINITION [2,6]. Let be ordered to each value x (= 0.3, X, ..., Xy -- .)€
¢ X such an element X = u(x) €@, for which the sequence-elements of X agree
term by term with the digits of x ¢ X i.e. we define the function u(x) (X — G)

by
def
(19) u(x) :Iy({);xl,xz, e Xy o) = {X Xy e Xy, - b =XE G
TreOREM [2,1]. For all x ¢ X the equaiion

(20) A( p,(x)) =X
is true, and conversely, if A(x) is nol a dyadic rational, then

(2n #(20) = X

also holds.
Since the functions Ax) (G — X) and u(x) (X,~ G) are definied for each
element of G resp. X, we can introduce a new operation on X by the
Derinition [2,7]. To each pair of elements x, y € X let be ordered the ele-
ment 2 = x+y € X by the following manner
def

(22) z=x1y = Mpx0® wy)

This operation plays a fundamental part in the investigations of N. J. FiNg [9}
and similarly does in this work.

(%) ¢2—2]
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Since in group G

(23) olX,y) = Mx ® ¥)
Is a metric, and A(X) (G — X) is a contraction with respect to p, i.e.
(29) [AX) =AW = olx, ¥)

holds, therefore it is easy to prove the important
THEOREM [2,2]. For every pair of numbers X, h € X the inequality

(25) (x4 hy—x| = &
isvalid,i.e.x—h = x+h = x+h (where + and — mean the erdinary addition and
sublraction).

From this result we get at once
THEOREM [2,3]. Jf w(8, [} denofes the ordinary continuity modulus of the
continuoys function f(x) (x € X) i.e. if

(26) @8, 1) = sup 1f(x-+ 1)~ HR),
then forevery 0 = h =4 < 1) e X

_ [[(x+ 1y=1(x)] = (3, )

is frue.

Introducing then the moduius of continuity w(8, f) with respect to the
operation 4 by

€2 (8= sup [#x +1)~ 19,
we get, that for every continuous function f(x) (x ¢ X)
(28) (8, ) = (8, f)-

From the definitions [2,2], [2,3], [2,4] and [2,5] follows that the system of
Walsh-functions can be regarded as the muitiplicative Abelian character-group
of the group G. In consequence of it we get from {he theorem [2,1] and from the
definition [2,7] the

THeOREM [2,4). 1f x € X is fixed, then for every y € X — apart from the
elementis of a denumerable subset X (x) C X — the equation

(29) Wi(x+ ) = w(xw(y)
is valid for every Walsh-function w(x).

An other very important property of the operatlon 4 s, that it generates
— as the ordinary addition — a measurepreserving transformation with respect
to the Lebesgue-measure. A consequence of it is the

THEOREM [2,3). If (%) is a Lebesgue integrable function on X, then for every
fixed y(e X) f(x}y) is alse mtegrab{e and Hze equation

(30) I fx1y) dx= [ Hx) dx

is frue. 0
Finaly from theorems [2,4] and {2,5] we get a very important theorem

with respect to the Walsh-functions:
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TueoREM {2,6). If {c,}n—o is the sequence of the Walsh — Fourier coefficients
of the function f(x) e L = 0,1 = ie. if

1
(31) £, = ff(?)wn(f)df (n=20,12...)
0
then for every fixed h € X the Walsh— Fourier coefficients
1
vn = | fFRw,(f) dt
/

of the function f(x+h) allew the representation
(32 Vo = CaWo(R).

3. Using theorem [2,6] we can give an answer to the question mentioned
in 1.

For our purpose we introduce the following

DerinITION [3,1]. Let & (4, f) be the LZ-continuity modulus of a given

function f(x) € L% < 0, | = with respect to the operation § (defined in (22))
i.e.:

1

def 12
@ it ) = i‘;‘i{ { u(x%)mr(x)wx}

Q
TreEOREM [3,1]. If for a given function f(x) ¢ L? < 0,1 = we consider ihe

series > ¢}, (the square sumof the Walsh— Fourier-coefficients of i(x)) then the
n=0

restsumsR,= 3 c} of if can be estimated for every n by the following inequalities:
k=n

1 1 2 1 [ 4 2
34 — @y [—, gR,,g—-'(—_, .
9 4[“’”[:: f” 7| [ f”
Proor. Let be Zc,w,(x) the Walsh— Fourier expansion of a given f(x)¢
€ LT<=0,1> ie.

(35) [~ 3 em(d) = iﬂ( [ i(i)wn(f)df) W)
1= n= "]

then — according te the theorem [2,6] — we get for an arbitrary # ¢ <0, 1>
the following expansion

{36) fx+h) ~ zq' (¢, w,(n)w,(x),
n=0
and therefore

(37) JXF )= (x) ~ 3 eafwalh)— 1IW,(x).

n=i}
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Since f{x+h)e L? < 0, I~ then, taking info account the compieteness
of the Walsh-system, we get for every A ¢ < 0,1 > from (33) and (37) the
inequality

1
38) 2 Gll—wa(m]* = f |10x + ) — (x)|* dx = [any{, )]
n=0 6
Being |w, ()| = 1 for every n and h; the estimate

(39) S al-wmE=45 e

n=0 n=0

is true (f(x) € L* < 0, I =), and so the series on the left of (38) uniformly con-
verges in the interval 0 = & = 1. Integrating term by term we obtain from
{38} the relation

< 1 - 3 2 - 1 - . 2
(40) >~ f A1 -] dh = f [éoatt, f)]2

forevery 0 = & = 1.
Since ay(h, f} is a non-decreasing function of & it follows from (40) that

41) b [ Al - W) di = [ol3, D).

Finally, cons:dermg that for any fi the equality w. ()= +1 holds — and
therefore [1—w,(M)]* = 2[1 —w,(h)] — we obtain from the Iast inequality, that
the following estimate
|
8

“2) 2 3 = [ 1 -w0ldh = [0, DI

is valid for any & ¢ (0, I).

Let now 8 be given by & =2-™, where m denotes an arbitrary but fixed
natural number.

It folows from the definition [2,3] , that for the indices n=2"+2": +

v 2 =24 (g, > n,44) the Walsh functions w,(f) are identically equal
to 1 on the interval = 0, 2-™ =, and se, for such a 4, (42) gives, that

2-m

(43) 2 > 2 [ [1-wylah = [6,2m, DI

n= 2T+l =

Again on the ground of the definition [2. 3] we obtain, that for the indices
nz= 27+ L the Walsh-function w, (k) take in the interval < 0, 2-™ = the values
+1 and —1 on subsets E, resp. £_ having both of them the measure 2-(m+2),

11 ANNALES — Sectio Mathematica — Tomus X.
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Consequently (43} can be written in the following form:
(44) 2 3 2me
n=27+1

gt 2 = 164277 P,

and so we get for'any m = ] the estimate

-

(45) Rpn= 3 ch= Lo

=21

At fast, let n(=1) be an arbitrary but {ixed natural number and jet m{=0)
he choosen by the inequality

(46) oMt = gy < IS,

According to (45), for such an index n the inequality

A

(47) >
k=n
is valid.
Since from (46) one has

n=2M+tI47 (where 7 < 27+,

> as= %[cbgtz—-m, e
KoMl

so the relation

4
R I b
" 2"'-1+—:— '

holds. Considering that @4, f} is a non-decreasing function of 3, it follows
from (47) and (48), that for any n(=1)
1. 14 /1
49 R, = &= —|wy |—, .
(49) 2 =g o2

and se the right hand side of (34) is proved.
To prove that the left hand side of (34) holds too, we start again with (38).
Using (38)

A

1
(50) [ HocF Ry~ fx)12dx = 5 31 —w ().
o

n=D

For any natural value of the index n tet m be defined by

2M = n o= 2Mml
s ope have

(5h

|
nom
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From (16) we obtain that for every index k < 2™+1 the functions w{h) are
identically equal to 1 on the interval < 0,2-™ > and then, from (50) and

(51) we get for any h = L the inequality
n

(2 [l -foprax= > dl-wdP s 3 dl-wmmP=

k=274 k=n

A
e

4 > ¢,

k

from which — using the definition [3,1] —, the inequality
1
- AR . -
(53) [w2 [—,f” = sup [Ifx+n) - ()P dx = 4 3 a3
IR he k=n

foHows, and so the Theorem [3,1] is completely proved.

4. The inequality (34) of the Theorem [3,1] shows that the condition b)
of the definition [1.1] is fulfilled by the Walsh system with the modulus o,
instead of w, and in the place of ¢) we have the estimate

(54) [w - | "= OR,).

After these we are in position to prove a theorem corresponding to Theorem
{1,1}. The proof make usc of some ideas applied by Avexits and KrALIK to
the proof of the Theorem [1,1].

THEGREM [4,1). In order that the Walsh — Fourier coefficients {c,} of a function

(55) (€L <0, F =)~ 3 cw(x)
n=%9
shall satisfy a condifion

(56) 5 2A(n) <o,

— with a non decreasing funclion A(x) = 0 (x € < |, <)), concave from below -,
the existence of an increasing function @(x) = 0 (x € < 1, o)) with the following
wo conditions

J (%)

1
(58) =
is necessary and sufficient.

11
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Proor. Since X ¢Z<w we get.from the monotonity of i(x) that

(59) zmm_zﬁDHmmdm]mm+z§Jma
1
holds, and so — 4’(x) being monotonically decreasing, — we obtain the relations
(60) s ¢ Zr@gz fumu<2ﬁzuq
A=1  r=2 n= r=1
(60) shows, that the series (56) is equiconvergent with the series
61) SN = 3¥M 3 d= > YR,
n=1 k=1 n=1 k=r =1

Censidering this [ast result, it follows: If for a function f(x) ¢ L2 < 0,1 =
there exists a function @(x) with the properties (58) and (59), then by (34)

©2) 5 FmR, =0() Z? (n)[mz |_ f] - 0(1)2 A’(n)——]-n— =
A

_0(1)f;(("))dx<

and therefore {56) is fulfilied for the Watsh — Fourier coefficients of f(x).
Conversely, if the condition (56} is valid for the Walsh— Fourier coeffi-
cients of j{(x), then being. ZA'(n)R, convergent too, we obtain from (34), that
the retation
1 .
— f]] == oo
n

holds, and therefare there exists such a decreasing function p(x) (x € < 1, <)}
for which the relations

(69) -
> Fypln) < o

simultaneously are fulfiiled. lotroducing then the non-decreasing function

Wy

(63) > ()
nel

i_-f_]ré pix),

P(x) = l-- we get from the last inequalities, that for this function @(x} the

)
estimates ,
@@mzq. —
- -1
I'J.’(x)
— = X< oo,
J o

are valid, and so the Theorem [4,1] is completely proved.
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~ 1f we apply our last thecrem to the important ciass of continuous functions
Hxy (x ¢ < 0,1 >)— taking into accouni, that for the ordinary modulus of
continuity w(4, f) the relations {l.c. {28})

(66) wy(8, ) = (4, f) = w($, f)
hold — we obtain the

THEOREM [4,2). For the Walsh— Fourier coefficients {c.} of a junction §(x) ¢
€ C= 0,1 > the conditions of the type (56) are always fulfilied, if there exists
an increasing function @(x) > 0 (x € < 1, o)} with the following two properties:

1
2) w, r)=0[~*——},@_(a__l))
~ () .
b) lf (D(x)dx .

Applying the generalisation of the Kolmogorov - Seliverstov-theorem
mentioned in 1. we can assert the following corollary of Theorem [4,2] (l.c.
(M), (8)).

Tueorem [4,3]. If the ordinary continuity modulus of f(x) € C= 0,1 >
(HO) = f(1)) allows an estimate of the from
(L4
(68) (s, 1y = lj1og 8" G7)),

then the Walsh— Fourier expansion of {(x) converges a.e. on < 0, 1 =,

Similarly, applying a theorem of OrLicz [21], one can prove (by Theorem
[4,2]) the

THeorREM [4,4]). If for a given function f(x) € C< 0, [ = (f{0) = f(1)) there
exists such an increasing function @(x) = 0 (x € = 2, o)), for Which the relations

a) w@,f)

(67)

e

69 -
9 (fog log x)1 *¢ log x
b) f

F1

dx = oo

xP(x)
are valid, then the Walsh— Fourier expansions of f(x) converges a.e. on <= 0,1 >
with every arrangement of its terms.

Among others we mention finally, that the Theorem {4,2] and its corollaries
can be formulated in a localised form [19], because for the Walsh system the
localisation — theorem of RiEMANN is true [9].

For example, if the local modulus of continuity of f(x)

def
(70) w(d, f; Xo—m, Xo+ 1) = SL]lp.s< |F(x1) — H(xa)]
X —Xqi=dy

. (xy, x28¢x0 1, x0+4))
has the order of magnitude

1
(0, f; 3= 1, 3+7) = O{j1og o),
then the Walsh— Fourier expansion of #{x) converges a.e. on the interval
= Xg— 1 Xo+ 1 =,



166

. L. G. PAL, ON THE WALSH-FOURIER EXPANSIONS OF FUNCTIONS

This last result improves the local-condition of Fine [9] according to it,
the condition

is suff

w3, f; Xp—m, Xp+ 1) = o(|log 8| Y)
icient for the convergence on the interval < x,— 7, X;+ 7 >.
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ON RAMSEY-TYPE PROBLEMS

By
L. GERENCSER and A. GYARFAS

Eotvis Lorand University, Badapest
( Received February 10, 1966 )

In the present paper we deal with graphs having a finite number of vertices,
single edges and no loops. The number of vertices of the graph G will be denoted
by a{G), the edge between the vertices A and B by AB. To indicate that a
vertex or an edge beiongs to the graph, we use the symbol € A graph is called
complete, if any two of its vertices are connecied by an edge. Complete graphs
with k vertices are called complete k-tuples. The graph having as vertices the
points U,, U,, ..., Uy, and edges U, U, UU,, ..., U U, is a path of length
&k, U, Uy, are its endpoints. Adding the edge U, ({/; we get a circuit of length
k+1. G will denote the compicmentary graph or complement of G (i.e. two
vertices in & are adjacent if and only if they are not adjacent in G). A graph is
connected if for each pair of its vertices there exists a path in G having these
vertices as endpoints. _

According to the well known theorem of RaMsEy [1] there exists for every
system of natural numbers (k;, k,, ..., k,} a natural number N(k,, k,, ..., &,)
with the property that for n = N{k, ..., k,) dividing the edges of a compiete
graph of n vertices info r distinct classes {(colouring every edge with one of r
different colours) at least for one i (1 = { = r) the i-th class contains a complete
k; —tuple (there exists a one-coloured complete k;-tuple.} The least value of
Nik;, - .., k) is unknown for the general case. (For special cases see [2].)

Colouring the edges of compiete graphs with r different colours, we may
investigate probiems about the existence of other special types of one-coloured
subgraphs instead of one-coloured k-tuples — as in Ramsey-theorem. In this
paper we shall consider two different types of graphs, namely:

a) paths of given length and
b} connected graphs.
Let g(k, [} denote the least integer for which in case n(G) = g(k, !) either

G contains a path of length k, or G one of length L.
Our main purpose is to preve the feliowing
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THEOREM 1. For k = 1 we have
() gk ) = k+[“;']

Considering the other special case of this type of problems, let {(n) denote
the greatest integer with the property, that celouring the edges of a complete
n-tuple g with r colours arbitrarily, there exists aiways a one-coloured connected
subgraph with at least f(n) vertices.

It is easy fo see the foliowing remark of P. ErDGs: if a graph is not connected
then its complement is connected, i.e. {(n) = n. We shall prove

THEOREM 2.

@ fatn) = [’lﬂ]

Now we turn to the proof of Theorem 1. First we prove g(k, D=k + %

1
by induction on k. For k=1 the Theorem evidenily holds and fet us suppose
that for all k-s less than this the statement is true. Let us consider a graph G

[!+1

with &k + [H; ]vernces 1f [ <k, then for any subgraph of G with k— 1 +

points holds that either itself contains a path of length k—1, or its complement

a path of length I. For I=k we consider a subgraph with k—1+{—;] points

This or its complement contains a path of length k— 1. Thus in every case can

be suppesed, that the length of the longest pathof Gisk— L Let U, U,, ..., Uy

be the consecutive vertices of such a path and U = {U,, ..., U;}. We denote

the remaining vertices by V,, ..., V[;“] and the set of them by V =
2

Vis1q b
[5]i
it clearly holds that

(i) for all ¥V; ¢ V either VU, ¢ G or VUji € G
(i) forall V, e V VU, ¢ (Jand VU, ¢G
(iii) for V', Vm, VacVand U,U; ;¢ U
at least one of the fatest pointsis connected in G with at least two of V,, Vig, V.

Consider a2 maximal path of G not containing U,, U, with the property
that any edge of it connects a point of UJ with a point of V, and its endpoints-
arein V; let us denote the endpoints by A and B, and the path by S. [f § con

tains all points of V, then by adding the edges U, A, BU, we have a path of

tength 2 % =/ in G. So we may suppose that the set of points V not con-

tained by 8§ is not empty. Let this set be called W. Consider a maximal path
¢ of G not containing U,, U, and having no common points with S, such that
any edge of it connects a point of U with a peint of W and the endpoints of it,
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called by C and D, are in W. We show that all points of V are contained either
in Sorin g. Suppose that X ¢ Vbut X ¢ S, X ¢ ¢. Itis clear, that the number

I+1 k—2—1"

of vertices of § and ¢ in U is at most [T]*S < [k_ 3] = sirice

2
1 = k. So there exist two points U, U,,, € {U,, ..., U,_,} which do not belong
either to § or to ¢. Applying (iii) for A, C, X ¢ V and U, U,,, € U we have
a contradiction to the maximal properties of § and g¢.

So the sum of the Jength of S and ¢ is Zr—;i]~4. We add them the edges

U,A, BU,, UL, DU, and so we have a circuit of length 2[%J in G. For

odd { this contains a desired path with length I. For even I‘ an easy reasoning
shows that there are U, U;,., € U which do not belong to this circuit. Hence
one of them is connected with a vertex of the circuit (see (i)) and s6 we have

again a path with length [ in G. That completes the proof.

Now we give examples for graphs G with k+[£—+2—l] — | points that have

no path of length k, and for them at the same time G have no path of length I.

a) Let G consist of the disjoint graphs H;, H, with k and [Iizl — | points

respectively, where the graph H, is compiete.

b} For even ! we can leave one of the edpes of H,. These graphs possess
obviously the desired property.!

Now we turn to the proof of Theorem 2. We consider a classification of ithe
edges of a complete graph G into three classes, i.e. iet the edges of G be coloured
with red, yellow and blue colours. So we get the graphs G,, G, and G, formed
by the red. vellow and blue edges respectively. We say that a subgraph is for
example red-connected if it i< a connected subgraph of G,. Let us take a maximal
red-connected subgraph R. It may be supposed that R is net empty and n(R) <
< n{G} = n. Let B be a point of G such that B ¢ R. Since R is a maximal con-
nected subgraph of i, BR; is not red for R, ¢ R. So one may suppose that

1
there are at least 0 = R) points of R which are connected with B by blue edges.

Let V denote the set of these points of R and W be the maximal blue-connected
subgraph that contains B. If ¥ is a point such that Y ¢ R and Y ¢ W then
YV, is yetlow for V, € V. Let Q denote the maximal yeliow-connected sub-
graph that contains V. If there is no such ¥, @ denotes the empty set. R, W, @
contain together all points of G. Namely any points S ¢ R is connected with a

! The weaker result g(k, !) = k41 can be easily proved. Let us consider any verfex
P and a pair of paths of G and ¢ without common vertices except P. 1t can be proved that a
pair of paths with maximal sum of lengths contains all points. {(Maximality with respect toall
P and al! pairs.) From that the statement follows.
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V., € V either by a blue or a yellow edge, i.e. either S ¢ W or S € Q. In both
cases

(W) +m(Q) = (n(() —n(R)) + 2n(V) = n—ar(R)+2?L§) =n,
and then
max (W), n(Q)) = %

which completes the proof of f,(n) = [n—;l ]

For the proof of fyn) = [”—;1] we prove the more general

LEMMA, Foredd ron =(r+1p (v = 1,2, ...}

.

(3) f(n) =
r+1

Here we use the following theorem:

The edges of a complete graph G, with 2k vertices can be coloured with
2k~ 1 colours so that the edges having common vertices have different colours
([3])- Let H be a graph with r4 1 vertices, and consider a colouring mentioned
above for 2k = r 4+ 1. Let us replace any vertex of H by an arbitrarily coloured
complete »-tuple. Let the edges which cennect vertices from two different
»-tuples have the same colour as the edge connecting the corresponding vertices
in H. This graph clearly satisfies the requirements and this proves (3).
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I. Let {@Q, o4, P) be a probability space, i.e. let of be a s-algebra of some
subsets of Q and let P be a measure defined on the measurable space {Q, A}
satisfying the condition P(Q)}= 1. The elements of of will be called events.
Random variables are measurable functions defined on 2. A stands for the
event Q—A.

Let &, &, ... he a sequence of random variables. In this paper we suppose
that &, &, ... arc m-dependent and thesums §, = & +... 4+ £, {(n=1,2, ...)
form a martingale.

DerFintTION 1. The sequence &, &, ... is called a sequence of m-dependent
random variables, if for alf positive integers r, s, nn such that | =r = 5 = n the
random variables (&, ..., &) and {&, ..., &) are independent provided that
sS—r = m (m is a nonnegative infeger).

DeriNiTION 2. The sequence S, Sy, .+, is @ martingale if for every n we

have with probability 1
M(Sn+1|sh 821 ) Sn) = Sm

where the symbol M(-|-) denotes the conditional mathemnatical expectation.

A trivial exampie satisfying to Definitions 1. and 2. is the sequence of
independent randem variables with mean value 0. Another example is the
following: let r(x}), ry(x), ... be the sequence of the Rademacher functions de-
fined on the interval [0, 1]. Let 2 = [0, 1] and let A be the c-algebra of the
Borel measurable subsets of &, and P the Lebesgue-measure on 2. Then the
Rademacher functions are independent with respect to P. Define the random
variable £, as follows:

n+m

gn: H rk(x)!
k=n
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where m is a fixed integer. (n = 1,2, ...). Then evidently the sequence {&,}
is a sequence of m-dependent random variables. 1t is also trivial that M{£,) = 0.
We verify now that M(&,-,1&, &, ..., &) =0 with probability 1. In fact,

for every possible choice of ¢, 7, ..., ¢, Where 7, =+1, (i = 1,2, ...,n1),
we have
1
fw(fn-'—llgl =&y v e -y fn:En) = §n+1dx =
P(é:l:El,...,fﬂ:En) & = . )
SL=Epr e n-.ﬂ
> 1
/1 & - n
i= §f+si
= = } e T 225
P, =ey1 .. 6n=t,) & i=1 2
A peneral term in the integrand is
Env16nbin - - - Einctin « » +Eipo s
211
where | =i, << ... <i{E=n and 1 =ji<jy=< ... <j,..=n and
E=j, =1 ..,k p=1,...,n—k). In this product the Rademacher

function r,, ,.,(x) plays role only in &,.,. So it is independent of the other
random variables in the product. Thus the integral of the general term is zero
and we have

MElbi=28, ..., & = &) = 0.

From this it follows that the sequence S, = &+ ...+ &, (n =1, 2, ...) forms
a martingale. We can take, of course, in this example any sequence {n,} of
independentrandomvariables for which M(%,) = 0, instead of r,{x).

Let

By = M(S}, Fx)=P(Sy=<By) 000 =—— [e8oat
Vom o

Diananpa proved ([2]) that in the case of m-dependeni random variables

lim F(x) = &(x),

LoM(E) = C, M(¢E) = 0,j=12,... where C is a positive consiant,
2. lim B%/n exists and is positive,

N—v 4=
315 [ wavim -0+,
Rimt s

where & > 0 is an arbitrary fixed number and V{x} denotes the distribution
function of £,

The aim of the present paper is to prove among others the following
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THEOREM 2. Let &, &, ... be a sequence of m-dependeni random variables
for which {S,} (n =1, 2, ...) is @ martingale. Let us suppose that the conditions
1., 2. and 3. are fulfilled. Let further {v,} be a sequence of positive integer-valued
random variables for which v,fn converges in probability to a positive random va-
rigble v. (P(v > 0} = 1.) Then

tim P(S,, < B, x) = &(x).
e

Such assertions seem to be applicable to Monte-Carlo methods, to large-sample
theory of sequential estimations, etc.

2. In what follows we need some further definitions and lemimas.

DEFINITION 3. The sequence w,, 1, ... of random variables is called strongly
mixing with limiting distribution F(x) if for any event B, with P(B) = 0, we have

lim P(9, < x{B) = F(x)

ff— 4 o=
in every condinuily point x of F(x).

DeFINiTioN 4. The sequence %y, 0y, ... of random variables is cailed stable,
if for any event B, with P(B) = 0, we have

lim P(7, < x| B) = Fy(x)
n— 4=
where Fg(x) is a distribution function and the limiting relation holds for every
continuify peint x of Fg(x).
We remark that every strongly mixing sequence of random varjahles is
aise stable,
It can be easily seen, that all the discontinuity points of Fg(x) are also
discontinuity points of Fo(x). Thus the set of the discontinuity points of Fg(x)
for all B is denumerabie. Hence one can prove that the expression

Q«B) = P(B)F(x)

for every fixed x is a measure in B € A, which is absclutely continuous with
respect to P. Thus by the Radon— Nikodym theorem

QUB) = f @) dP) (@ € Q)

B

where o (e} is the Radon — Nikodym derivative of Q@ with respect to P and hence
it is determined uniquely module P. For every fixed x o w} will be called the
local density of the stable sequence w,, %, ...

A necessary and sufficient condition concernmg the stability of a sequence
T Tgy -+ 15 the following:

lim P(n, < X|B) = Fp,(x), (k=0,1,2,...)

At F v

where By = {5, < x} if k is any fixed positive integer, further By = Q.
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If we have

m P(n, < x[By) = F(x}, (k=0,1,2,...)
where B, = {9, < x}, (k = 1,2, ...)and By = Q, further F(x)is a distribution
function not depending on £, then the sequence n, 7, ... is strongly mixing
with limiting distribution F(x).

We mention also that if a sequence %, %, - .. of random variables defined
on the probability space {2, A, P} is strongly mixing (resp. stable} with limiting
distribution F{x) (with local density e w)) and if Q is a probability measure
which is absolutely continuous with respect to P, then it js also strongly mixing
(resp. stabie) on the probability space {{2, 4, @} with the same limiting distribu-
tion F(x} (with the same local density o,(w)).

(For these definitions and results see [3]}.

Lemma 1. If the conditions 1., 2. and 3. are satisfied then the sequence S, /B,
is strongly mixing with limiting distribution ®(x).

Proor. Put n = k+m+1 and let us fix k.
P(S, = Bx|S; = BiX) = P(Sp— Syamrt Sksmer < BaX|S¢ = Bix).

Since S, ms1/B, converges in probability to zero as n - + oo and S, — S, 4y
is independent of S,, by a theorem due lo H. CRamER [7] we see that

im P(S, <= B,x|S, = BX) = &{x).
s e

LEMMA 2. Lef &, &, ... be a sequence of m-dependent random variables and
let k, <= m, be two sequenices of positive infegers tending to infinity. Let further Q
be any probability measure, Which is abselutely continuous with respect o P and
the Radon — Nikodym derivative of which is square infegrable. If A, is any event

defined by the random variables &, &, 41y - .., ém,, then

lim sup P(A,} = im sup Q( A,).

—+ + o=
Proor. Let I, be the indicator of the event A, ie. let [, =1,ifw e A,
and I,=0ifw ¢ A, Putf,=1,—P(A). {n=1,2,...). We have M{({,) = 0,
M(f) = P(A,) (1-P(Ap).
Further

im | fuf dP(w) = lim (P(A,A) —P(ApP(AY) = 0,
Rt =

[

since, if n is large enough, A, is independent of A,. Let us consider the space
H of all square integrable random variables. We define the inner product of
E¢ Hand ¢ H by

(&, ??)=f&r,=dP.
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Then H is a Hilbert-space and {,, € H. It can be proved thatif ||f,]] < K(n =
= 1,2,...), where K is independent of n, further im (f,, f;} = O for any fixed
A=t =

k, then for any square integrable n we have
nlin: (Jos 1) = 0 (see eg. [4]}

Let us put now n = dQ/dP (i.e. the Radon—Nikodym derivative of Q with
respect to P). Then

im | (, P{A,,)) da 5 4P = lim (A —PX(A) =

A ton s o
Q

This means the assertion of Lemma 2.

Remark. Put Q{A) = P(A|B), where B is a fixed event of positive pro-
bability. Then dQ/dP = y/P(B) where yg is the indicator of the event B.
xg/P(B) is square integrable, Under the conditions of Lemma 2 we have

lim sup P(A,) = hm sup P(A,|B).
n—t=-
This result can be found in [5]. The method of proof of Lemma 2 is essentially
based on the proof of [3].

Lemma 3. Let £, &, ... be a sequence of m-dependent random variables
having mean values O and }inite variances D*( &), Let us suppose further that
the sequence S, = &+...+ &, (n = 1,2, ...} forms a martingale. Let k, =m,
be two sequences of positive :'ntegers rendmg to infinity. Let

= AD(Sm, — Sk,) |

)

Then 1f Q is a probability measure, which is absolutely confinuous with respect
to P and the Radon — Nikodym derivative of Q with respect to P is square integrable,
we have

A, = { max | ¥ £,
Ik

KpxjEm,

1
32’

Proof. A, and @ satisfy the conditions of Lemma 2. Thus it is enough to
prove that

timsupQ | max

s - on kp=fmmy, | p

Z fkl = AD(Smn —Skn)

lim sup P(A,) é l

A+ v
For the proof of this assertion we use the standard method of proving the Kol-
mogorey’s mequahty for martingales. Let [S, — Sy | be the first of those |§,— S |
(= kpky+1, ..., m,) for which |S;~8 | = ZD(Sm ~ Sk} it only such "a
j exists. Then

DXSmy—St,) = [ (Smy—SiS?aP= 3 f (S, S,)? +
2 I=ka = ia

+ 2(81'_- S"n)(s”'n - f) + (Smn - Sj)zl dP.
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Let
i)

Z-(w) — {g(sj— Skn), i-f v(co) - ]
if wWw) = /.

Then the integrai of the second ierm is
M(2{8m, —S))-
z; depends only on S,, S, ..., Sf. So we have
M(z2(8m, - Sp)) = MEM(Sm, - 5|5, S .-, S =0,

because S, S,, ... forms a martingale. Consequently we have
D¥Sm,~S8x) = X " (S;— Sk, ) dP = X2 D¥8pm, ~Sx,) 5 Plvlw)=j) =
i=k . i=kp
M {e{w) =j}

= 22D%(Spm, — Sk, YP(A,)-

This means the assertion of our Lemma 3.

REMARK. Put Q(A) = P(A|B) where B is a fixed event of positive proba-
bility. Then dQ/dP = x5 [P(B), where y5 is the indicator of the event B. Under
the conditions of Lemma 3 we have
J
> b

k=K

limsup P | max
Rt oo kp=j=m,

1
2 AD(Sm, — Sk,) B} =

3. We are now in the position to formulate the first of our theorems.

THEOREM 1. Let &, &, ... be a sequence of m-dependent random variables
and let §, = §+5+...+& (n=1,2,...) be a martingale. Suppose further
that conditions 1., 2. and 3. are satisfied. Let », v, ... be a sequence of positive
integer-valued random variables for which v, [n converges in probability fo a positive
random variable v. Then the sequence S., B, is strongly mixing with limiting
distribution d(x).

Proor. Fer the proof the following well known lemma is used: Let v, 1,, . ..
be a sequence of random variabies converging in probability to the random
variable 7. Let @ < & be continuity points of the distribution function of =,
and consider A, ={a =71, < b}, A={a =1 <b). Then P(A,0A)- 0, if
n—~+4 oo, where A,C A = A, A+ A, A is the set theoretical symetric difference
of A, and A.

Let & = 0 be arbitrary. Put 0 < @ = b such that they be continuity poinfs
of the distribution function of » and

Pla=p<b=>l-"
@sret=1-f

A

be satisfied. Then by the above lemma there exists an index 1, = ng(e) such that
for # = n; we have

Pla'_i'p—”{bib- | —e.
n !
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Define ¢ <= ¢ = [ and K = () such that
| D(x+ 2p)— Dx)| < &, 21— DK)) < ¢

hold. We have obviously K —+ = if ¢ - 0. Put 4 = 0 such that 0 < & < «
and p*d > K held. (g = p(e}, K = K(e), 8 = (). Finally let us choose a
suhdivision of the interval jg, b] by the points ¢ = g, < a, < ... =g =&
such that @, be continuity ponts of the distribution function of » and

Oﬁai—a‘r_.l -‘-.‘a—a-
2

hold. Then let us fix k.
Wehavefori= 1,2, ...,k

Sl‘n = Si"“i-l] + S"':_Sl”“r'—l]_ _B['mr'—ll B[“ax 1] S[{?fl.j‘:;l_.
B,, Bina.] Bina, ) B., Biaa,_)

n

Let C(n, i, 0) (i = I, 2, ..., k) denote the event

{’ Si,—Stngig  Bina g3

i +
Bing;.1 B

B[rm,-_ll n ljsina;_ﬂ 1 - 29 l
B"n B["“f—ll i j

“n

Introduce also the following notations:

A,,:{as_f’l’——b‘, A—-{a:_su-ab}
n

J

Af:') :{a‘.*i =¥ _ ai}, A =fg v =<a), (=12 ...,k
n

Titen for n = n, we have
P(S,, < xB,_, An){s.
Let B be any event. We have to investigate only the probability

Now
i ‘S’ i :
[¢<x A, BJ B"-:x, AQ, C(n,z,e),BJ+
+ xAUC(n,:', , Bl
g B o) ]

i? ANNALES - Sectio Mathematica — Tormus X,
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An easy calculation shows that

k [
(1) 5 pfSmaad y o Ag),B)— > P(A®, C(n, fyo) —¢ =
i=1 B[na,-_l] i=1
éPISr” <x,B] =
i’ B,

i k
Z ‘g[[m‘ 41l - x+29! Af:): BJ + Z p(AE‘i), C(n, i, Q))+€-
i=1 na;_, 1 i=1
We have for any three events A, B and C
[P(AB)—~P(AC)| = P(B © ().

On the other hand by the Lemma at the beginning of the proof we obtain
&
S PADOAD) ~ 0, as n —+ e,
(=1

since k is fixed. Applying these we obtain

k
| Zngiad ¢ B]._ZP(S[_’W.-_II <x:t2G,A(f),B}'_,O,
|53 1Binayl i=t lag;_,)
as n —+ ==, Since the sequence

{S[ﬂﬂf-ﬂ/ B l"“;‘—l]}

is strongly mixing with limiting distribution ®(x), we see that

&
@ 5 lim PO o yy2, A“",B) — ®(x+20)P(BA).

izl fimte [;_,)
Now from the choice of g, @ and b it follows that

D(XP(B)— e = D(x+2p)P(BA) = B(x)P(B)+«.

From this and frem (1) and (2} we obtain

D(x)P(B)—2:—d = liminf P [é- < X, B] =flimsup P S, i QI x,BJ =

Radw n— 4 %y
= Qx)P(B)+ 2e + 4,

where

P .
d = limsup 3 P(A®, C(n, i, g)).
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Thus for the proof it remains only to prove d = 0. First we shall estimate the
sum

X S’lﬂ.-l
3) z [|l ]

B[na, Jd_ ' < A(i)l
r n -

,.

B[na, _il

n

We have B, = B, if n < p since §, is a martingale and so S}, is a semi-martin-
gate. Further cond|tlon 2. ensures that B, = Vne, where lim ¢, = ¢=> 0. Now

it the event A® takes place then fims to
l?ﬂl_"].‘l —1|= B._.__[““f‘,l.}_ l =§
% B"n B[“ﬂ{—l] 1

it n = n(8) = m(e). So for n = n, (3) becomes smaller than

k 1
4 P ra;g] Q . A(‘)}
@ 2*la

1§ we substitute again A® by A®, we commit an error of at most ¢ if n = ny(e).
(We suppose n, = n, = n,) We ‘obtain from (4)

(%)

D=

> 7|

Slﬂﬂ: 1l J _‘2_ A(:) S["ﬂ; 1 )
s ] ZP” ! 3 =, A J+e.

i1 Biug,_1 | Bina;_,)

Neow by the choice of g = 0 and 8 > 0 we have p{é > K. So, the sequence
{Sina;_a{Bina,_n} being strongly mixing with limiting distribution @(x),
we find an index fny = m(e) (we suppose ny = 1,) such that for n = n, the
left hand side of {5) is smaller than 3e. So (3) is smaller than 3eif n = n,.

Next we furn to estimate

| S — Sina;_y iB[nn;_:] - O'A(l’))_
l B[”"i—ﬂ | B. ’

| n

k
(6) 3P

If AY takes place then (6) is smaller than

k. .
7 P[ max S,— Sx -_.'>-—Q—Bm.,,A“')I.
(7) z 18— Sinar-sh = 7 Bunar-v AR

| [na; . 1=i=[na;]
Applying again the substitution of the events A by the events AD (i =
= 1,2, ..., k) we will have for 1 = n, = ne) (n4 = 1)

ik
(8) > P{ max [S;—Sua;_3| = "‘Q"B[na{-_l], Ag)l -
“ 146

[ra;_ 1=i=ina;]

. .
max [Sj_ S[ﬂa!.__]‘][ = % B[na_.—_l] | A(f)J P(A(i))-I-E.
) 1

[na;_,l=ji={na;]

k
= 5P
i=1

12%
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The remark to Lemma 3 shows that we can find an index ny = ny(¢), (n; = ny)
such that for n = ny the right hand side of (8) becomes smaller than

x 2 — . 2 H
(©) 3 | PO = S lCAD | pa) 4 =+
i=1 Blna, 1
sk ¢ B2 2 k
e i=1 [ne;_} ¢ i=1

_ 20488

Taking into account (9) and (3) we see that d=——=-+5e. Since &= 0

2(1+ 8)?
K
was chosen arbitrarily, this means that 4 = 0. This proves Theorem 1.

A direct consequence of Theorem 1 is :

THeoREM 2. lef &, &, ... be a sequence of m-dependent random variabies
for which S, = &+ ...+ & (n = 1,2, ...} is ¢ martingale. Let us suppose
that the condifions \., 2. and 3. are fulfilled. Let further », be a sequence of posifive
integer-valued random variables for which v,{n converges in probability fo a pos:nve
random variable v. Then

S,
lim P2 = x
F? I,

= B(x).

¥
We formulate new another consequence of Theorem 1.
CoroLLARY 1. Let Q be any probabilify measure defined on the measurable

space {Q, A} which is absolutely continuous with respect to P. Then under the
conditions of Theorem | we have

lim @ ——<x] = @(x).

Nt oo
n

4. It is interesting fo investigate the limiting behaviour of the distribution
of S, when it is normalized by the deterministic factor B,,. In what follows we
show that {S.,/B,} is a stable sequence of randem vanables the local density

of which is Cb(x{l/u) Namely we prove the following more general

! Here we used the relation
D*(S[ra;] — S(na,_4)) = D¥S[na;l) — DX(S1ag;_,))-
To prove this we remark that
M{Stna;18tna; 11) = M{Sina;  \M(S1na;1iSina, 1)) = M(8%ra,_1)) = D*Sina; 1)),
hy the martingale property of the sequence §,. Now
D¥Sina;] — Sing;_11) = M{(Sina;| — S|ne, 1) =
= D*S[na)) + DXS(na;_,1} ~ 2M(S[na3S(na; 1)) = D*(S[na,)) — L*Sina;_,))-
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THEOREM 3. Lef &, &, ... be a sequence of m-dependeit randem variables
and let S, = &+ ...+ &, (n=1,2,...) be a martingale. Suppose further that
conditions 1., 2. and 3. are satisfied. Let v, vy, ... and gy, p, ... be sequences of

positive mteger»lfaiued random variables for which v,fn and u,/n converge in pro-
bability to the posilive random variables v and w repectively. Then the sequence
{S,,[ B} is stable with local density
172
(2"}
v

ProoF. Since B, is of the form VrTc,, where lim ¢, = ¢ > 0, it can be easily

@

seen that o=
B,,
B,
converges in probability to Lji' On the other hand
ju
Son _ Sen By
B,, B B

where the first factor on the right hand side is a strongly mixing sequence with
limiting distribution ®(x), while the second member converges in probability
te the randem variable .
]{ i
I

Now we state without proof the following lemma (see [6], Theorem 1.).

LEmMma 4. Let {&,) be a trongly mixing sequence of random variables with
limiting distribution F(x), and v, be a sequence of random variables converging
in probability to the random variable w. Let further g(x, y) be a confinuous function
of two variables. Then the sequence {g(§,, 1)} is stable with local density

dF(x).
{glx,n () <2}
Continuing the proof of our theorem we see that S, [B., is strongly mixing

n

with Jimiting distribution &(x), B, /B, cenverges in probability teo VB. S0
I

the conditions of Lemma 4 are satisfied with g(x, ¥} = x- y. Thus the sequence

S../B

Mo

is stabte and the local density is

[ AP(x @[L

x lf laaz
M |

!
t
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So our assertion i3 proved.

CoroLLArY 2. Pulting in Theorem 3y, = n we obtain that the sequence
{Sr,iBa} is stable with local density S(z{¥»).

CoroLLARY 3. Let Q be any probability measure defined on the measurable
space {2, A} which is absolutely confinuous with respect to P. Then under the con-
ditions of Theorem 3 {S, (B, } is also stable on the probability space {0, A, Q)
and the local density is the same as in Theorem 3.
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OMEPATOPBI U3 [, ~[,, UHOYUVNPOBAHHbIE MATPUIIAMH

JL 1AX (L. CZACH)

Kadenpa 11. matematsyeckoro aHanuaa yHUBEpCHTETa WM. J1. DTeewa, Bylanewt
{fTormynuae 30. ansaps 1967 2000.)

Yepea A, B, ... 0003HayawrcA OeCKOHEYHbE MaTpHLbi, COCTOALLNWE M3
NIPOH3BONLHBIX KOMILIEKCHBIX yncen, Ecnu
[y ey e ]
e} A=|" . = lanlf
R/ F

ApON3BONLHAR BECKOHEUHAN MATPHilA, TO COMPMMEHHOH maTpuie#l HasuBaeTCs
matpua A* = [aXly, B KoTOopoit g% = 4. Ouerunawno, uro (A*)* = A.
Myvers

{2) X=i . = [xJ¥

"

NROUIBO/LHLIH BeKTOP-CTONDEN, COCTOSIUKHE M3 NIOOHIX KOMRIEKCHRIX YHCed;
Mbt FOBOPHM, 4TO TTPOMIBETeHME MaTpuiist (1) Ha BeKTOp (2) — T.e. BeKTOD AX —

ONpefesieH, eCTH PAAN > duyX, ANA BCeX {=1,2, ... CXORATCSA; PH 3TOM BEKTOP
k=1 ’
AX OnpelenseTcs PaBeHCTBOM

Ax =y, y={yli, rae y. = 3 @uX.
kel
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ITpy aaunei matpule A 06o3HaunM uepea fnax( A) MHOMECTBO BCeX BEKTOROB
X K3 lIpOCTPAHCTBA fy, AN KOTOPBIX BEKTOPR AX ORpeleeH M ITPHHALIEKHT
K [, T.C.

lmax(A) = {x, X €, Ax ¢ 1'2}

OueBUAND, UTO lmax{A) FBIAETCH JikHeHHLIM MHOrOOOPA3UEM B NPOCTPAHCTRE
{s H NPH 3TOM BCTPEYALTCH ¥ TaKol cAyYal, KOraa /max{ A) COCTOMT TONbKO 113
nynesoro sexropa. HeltcTBuTenbHe, ecnu nfo3naunm

1 ..
0 1
1 0
3 C=1} i ,
%) 00 ]
01 0;
100:;

rjie HeHalMCaHtible JIEMEHTBI PABHB HYJ0, TC 71€TKO BHAETh, HTO [max(C) co-
CTONT TOABKG M3 HYNEBOrC BEKTOPA.

B janbuefitiem >unpHbiMu GviBamd  0Go3anavawTesa nuHeHnele, Rroobiie
He orpanuueliuble onepatepsl. OGo3HAUMM uepes I, - [, MHOWECTBE BCeX JHHEN-
HMX onepaTopoB A, OMNpeleieHHBIX B HEKOTOPOM JTHHEHHOM TICAMHOIKECTBL
NPOCTPaNCTBa {, ¥ NPUHEMAIMMX 3HAHEHUs TAKXKE W3 NIpocTpaHcTBa [, T.e.

i, - 1, = {A; D(A) < 1, B(A) < by},

rae /D(A) u 2(A) 0603HaYAOT COOTBETCTBEHHO 00NACTL ONpeAesieHns u obnacTe.
anavenuit oneparopa A.

QIPEOEJREHWE, Onepatopom, HHAYUHPOBAHHEIM marpuieli A nazuBsa-
eTCa omepaTeop A, onpeleneHublil pasercTaom

(4) Ax = Ax, D(A) = [, | C Lnax(A),

tie [ npdoe aubelinoe NOAMHOMKECTBO MHOIKECTBR [max(A).

Ouesyano, yTO ONEpaTop, OnpeiefeHHRE paBencTBO (4), ABNseTCH Onepa-
Topomuz l, ~ L, Te. A€l ~ Iy

Mockonbry nuueHnoe NOAMBOXKECTRO | MHOMWECTBE /max(A) MOMeT ObITH
BHIGPAHO TIPOMSEONBHO, TO 0;HA M Ta JKe camad MaTpuua A MOMKET HIYUW[o-
BaTk HECKOJIBKHX OMEPaTOpoOB.

ONPENENEHKWE. MakcumanbHbiv 0NePaTOPOM, HBIYUUPOBAHHMM MaT]PK-
uecH A Ha3bIBAeTCA 0NePaTOR Amax, ONPENENEHHBIA PABEHCTBOM

ApaxX = Ax, /‘D(Amax) = !max(A)-

QueBUHO, YTD Amax SBASSTCH PACOPOCTpaHeHHEM J1H000F0 ONEPATOPE, WHAYVUH-
[eRAHHOYO MaTpuueid A,
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B 31oll cTathe Mbl noApolnO HCCNeyeM HEKOTODbIE ONepaTophl, HHAYIKPO-
BaHHblE MATPULLAMH, YIOBAETBOPSAIGILNMH HEKOTOPLIM BECbMA O0WHM YCNOBHAM.
MMeHLH0, HHTEPECHD BBISCHKTH VCHOBHS, NPH KOTOPHIX HEKOTOPhiE OTEepPaTOpH,.
UHAYLHPOBAHHBIE MATPHled A, ABNAIOTCR 3aMKHYTHIMU ONIEPaTOPAMH MNH fINOT-
HO onpeleNeHHbIMY ONepaTopamu B npocTpaHcTBe [,. B Tom chayuae, xorga
HEKOTOPHd onepaTop A, MHAYLIMDOBAHHBIK MaTpHilell A, NIOTHO onpeaenen B
ly, CYIIECTBYET CONPSAMEHHWH omepaTop A* U MOMHO NOCTABHTL CNEAYIOWui
BONPOC: ARAEKCA JiM ohepavop A* oTepaTopoM, WHIYLUPOBAHWBIM MaTpUUeH
A¥?

1. HUccneayem cHauana ToT cay4daid, KOTIA BCe CTONIGLUEBRIE BEKTONA MATPU—
ubi (1) mpunapnexar IpocTpaHeTBY [y, T.e. KOria mpu 0003HaYeHHH

() ve=|. |.  w=12..)

BHIORHAINTCA CREAYIOIIKE YCINOBMA!

WdiP= 3 laul? <+ =,  (k=12...).

=1

OBo3nayum uepes [, MHOXECTBO. BCEX KOHEUHBIX BEKTOPOB, T.€. MHGECTRD
TAKAX BEKTOPOB, KOTOpble MMEIOT TOJBKO KOHEYHOE UMCNC KOOPAMHAT, Hepae-
HBIX Hy 0. OueBUAHO, uTo [, ABASETCHA IMHEHHEIM MHOT000pa3HeM TIPOCTPAHCTE]
{,, REXKAWMM TUTOTHO B 1. Onpepenum onepartop A, ciexviowum odpasom:

(6) Ax = Ax, THA) = 1.
[MoxaskeM, uTo I;C Imax(A) ¥ A, € Ly~ I, T.e. A, OIMH U3 ONEPATOPOB, HHY LIU-
POBAHHBIX MATpHLEl A.
HelicTRuTENbHO, €CNU X € [, TIPOK3BOABLHBIA BEKTOP, HMEOLMH BUT
X1

N x=|x, |
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TO NpUIIMMast BO BHKMadKe oD03Hauenue (5), NeTKO BHAETh, UTO

n
Ax = Ax= 2 XV

k=1

I OTCIAA MO HAUEMY TPeAN0N0yKeHHI0 0THOCUTEILHO BEKTOPOB V., ¥iKe CNeAVeT,
urn Agx € .

Tax kax onepatop A, onpejaenen NIOTHO B [, TO CONPSDKEHHBIR oneparop
A} cvmecrayer. B CBA3M © 3TUM 10Ka)KeM ClelYWILMA peavaLTaT:

TEOPEMA 1. Conpamcentnill onepantop onepamopa A, ecmb MAKCUME/b-
neild onepamop, unoyyupesaiMel smampuyed A¥, m.e.

ATy = A%y, D(AY) = Imax(A%).

JIOKA3ATENIBCTBO. Tlpexie Beero BBe;eM Clleayiollee COralleHne: ecian
x = [x,JT ¥ y = [y;]T NpoOU3BOiBHEIL BeKTOPa, He 00A3aTeNbHO NPHHAAMIE-

JKauMe K I, (RS KOTOPHIX PAl 3 X;Y; CXOAMTCA, TO 0003HauuM uepesd (X, ¥}
=1
cyMmy atoro paja. (Ecnu X w y € 4, To (X, ¥) ABAeTCA 06LIUHBIM CHATTAPHBIM
NPCH3EEIEHHEM.)
Flocne 3ToT0 IMOKaMEM, YTO 1A BCeX X € {y ¥ Y € [, BRINOIHAETCA PABEHCTBO

(8) (AX, y) = (X, A%Y).
JelcTBrUYeNbHO, ecnd X NpousBoNLHRH BekTop suia (7) u y = fy,]7¢l,, To

= n _ n - y L2 = 1/2
S S gyl = 3 s 1am|2} s |y,-|2} -
i=lk=1 k=1 i=1 i=1
1", n
=l 3 Ixed[vel[ < + ==,
k=1
- n B —
OTKYla CAE1VeT, 9TO DS > X QuXyY; aOCOMIOTHO CXOJSUUMACH, Takum 00-
i—1 k=1
])HBOM HepEMEHHﬂ HOPH,\’IOK CVMMHPOB&HHQ, TIOJIVUM

O oy = 3| S et 3 x| 3] =0 Am),

i=1 k=1

T.€. Mbl IPKULIH K paBeHcTByY (8).

3ameTnM, uTO XOTA A*Y ONpeAeneHo 1A BCAKOTO ¥ € Iy, HO BOOOWe A*y
He TNPYHALIEKHUT K .

Ofo3nauum yepes T MaKCUMaNTbHBIK ONEPaToD, MHAYUHPOBAHHBIE MaTPUMEH
A* T oneparop T onpefensieTCA paBeHCTROM

Ty = A*Y, D(T) = Inax( A%).

Ham ny)Ho aokasats, yro T = Af.
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Myers y € D(T) Mpou3BONbHBIA BEKTOP, TOT1a PABEHCTBO (8) BHITONHSARTCS
st BCEX X € [, ¥ Npuiiumasi B0 BHUMAHUe onpejienteHus onepatopo A, u T,

MJIryYum, vTO
(on, Y) = (X, TY)

78 BCeX X € D(Ag), a 370 03HauaeT, uTo ¥y € D(AF) u AFy=Ty, T.e. mbi ToKa-
zaau, yto T < Af.

HaoBapor, nyvere y € ‘Z(A) npousBOoALNBIN BEKTOP, Toraa Aiast BCeX
X € D(A;) Brinonagercs paseHcTso (AgX, ¥) = (X, AJy). Tak Kak oRIospeaeriin
¥ € {,, To 13 pasencrsa {8) nonvuum, uto (AyX, y)=(x, A*y). Buuntas nonvuen-
HLIE paBercTBa APYT ¥3 japyra, W obosHavas z = AJy— A*y, nonyuum, urto
A7 BCCX X € I, BHIMOAHACTCA PaBeHCTBO

(10 (x, z) = 0.

OTMeTHM, YTO €CJIM BEKTOP Z PHHAANEKAT Obl K [5, TO U3 BHTIOAHEHHS PABCHCTBA
(1 ans BceX X € f; ¥ U3 TOTO, UTO [; JIEHUHT IJIOTHO B L, VIKe CiCA0BanN0 OHl,
urg z = 0, Ho 3aecs NpuHaaneHocTh BEKTOPA Z K APOCTPAHCTBY [, He U3BeCTHA,
TaK KaK XoTs AXy ¢ [, HO He M3BeCTHO, YTO BeKTOp A*y NPHHALNENAT NH K [,

Onnakoe noxaxem, yro z = 0. Iiag atoro nvers z = [2]7 » o0o3nauum
yepes hy, TOT BEKTOp, k-Tas KOOPAKMHATA KOTOPOTO PABHA 2y, & GCTalbible KOOp-
AMHATH paBHbl HYIW, ToTAA by, € I, u u3 pasencrsa (10) npu x = h, noavuum,
aro {hy, 2} = [2|* = 0, (k = 1,2, ...}, 43 KOTOPOT0 ¥)KC CREAVET Ha)<e YTRep-
HACHNE,

Pasencrso z = 0 o3navaeT, yro AXy = A%y, U3 KOTOpOrc clienver, uro
Y € Imax(A¥), T.e. ¥ € D(T) n Afy = Ty, Koropoe o3Hadaer, uto AY < T, a 270
BMecTe ¢ yThepnglennem T < A¥ voiwe osnauact, uro A¥ — T u reopema noxasanra,

M3 nowazanuoit TeopeMbl CPa3y BLITEKEET Cievipilee

CEACTBME., Eecau A npouzsosshsiil stiepamop, UHOYYLPOSAHHLIT MANIPI-
yell A i asasoujulicn pacliiupeHied onepainopa Ay, mo conpaNcennsil olepa-
mop A* seasenica onepamopos, UHOYGUPOSaHHbIM Mampuyed A%, m.e. A¥y =
A%y u npu non

(1) DAY = {y; ¥ € Imax(A%), (AX, ¥) = (X, A*Y) 0as gcex X € D(A)}.

LelcTBUTENLHO, IVCTHL A NPOU3BONBHEBIR Cneparop, onpeieNeHHb paBEHCTBOM
(yu A DA, , Toraa A* C A, Taum 0o06pa3om HYKI2ETCH B AOKAIATERLLTRE
TONMLKO paBeHCTBO {11), HO 3T cpa3y cnegveT U3 onpejeneuus MD{A¥), rak Kax
/D(A¥) COCTOUT W3 TeX ¥ € Ly, N5 KOTOPHIX CVILECTBYET BeKTOD Z € [, TakoH,
yto paseHCTBO (AX, ¥} = (X, Z) BHINONHSIETCH JUIST BCeX X € D(A), npu arom
3pech AX = Ax # Z = A*y= A*y, Ho TOrda ¥ € {mad A¥) U 07C1018 paBeHCTRO
{11) vike crmeaver.

PaccmaTpueas TeNepL 11IEKOTOPOE PAaCIipeHKe Oneparopa A,, OTPeachnm
oneparep A, paBeHCTBOM

(12) AX = AX,

(13) D(A,) = {x; X = [x 7€, ‘% EA “vkii -+ oc:}_

k=1



1=% C1.UAX (L. CZACH}

TEOPEMA 2. A, f64%¢mcs oREpUnOpoAl, UHOYYUPOBAHHBLM Mampuyed A,
me. Ay ¢, — 1, kpose mozo Ay, C A, u A} ecinb MaKcuMaAbHUE onepamiop,
Hoyynposannotl mampuyer A*, me. A¥ = A}.

JIOHABATENBCTBO. Ecnu X = [x.]7 € D(A) u y = [v;]1 € I, npoua-
BOZIbHBIE BEKTONA, TO HA OCHOBaHuM HepaBeHcTBAa KOoWK-ByHAKORCKoT0

[\ds

> laaxyil = vl > 1xd [vid[ < + e,
K—1

i k=1

1
-

T.C. :IBUHHOﬁ s Z Z ﬂ,-kxk?; BGCO.’IIOTHO CXO,’lHTCﬂ’ areaa CHCKYET, yra ])H,’[
i=] k=1

~
P

i=1

> amka‘}& CXOANTCS TIPH Ka)kaom X € D(A;) W ana Bcex y€l,, a 0Tcijla

L |
]

1o uasectiioli Teopeme Tenanwua — JHawngay caeaveT, uTo Z Z’ Xy <+ oo,
f=1]k=1 .
U3 KOTOPOT® CReLYeT, UTO NPH Kaxaom X € JXNA)) BekTop AX oupeieneH u
AX € 1,, a aTo oaHavaeT, uTo THANC Inax(A) W Tak Kak D(A,) nuHelinee MHOro-
ufpasHe UROCTPAHCTEA [y, TO oniepaTop A,, onipeaesiennblit pagerctonm {12) n(13),
SIRARETCR ONENATODOM, WHAVUMPOBAHHLIM MaTpHileH A.
OueBrano, uro {,c(A,), a 0TCIOA VIKE CHeNVeT, uto A, C A,, T.e. A,
SIBISETCA PACTINOCTPAHEHHEM offepaTopa A, U3 KOTODOTO caeaver, uro A¥ < A%
Horanem, uro (AT} =lmax(A*). Nvets x={x, ]y € D(A) n y={y]1 € 0,
IPOM3BUNLHBEIE BEKTOPA, TOIIa M3 BHIDEAOKa3aHHOR aGConlOTHOH CXO0IMMOCTH

5

psila 3 3 4,XY, Rerko 1oKasats — TMojlobH0 parenctsy (9) — uTo
i=1 k=1

(14) (Ax, y) = (x, A*y).

B srom paBencrse perTop A*y poobie e NPUHANEAHNT K [, HO OYCTh TelepL
X €D(A,) # ¥ € Imax{ A} NPON3BOILHEE BexTOPa, TO Ay € [, n pamencreo (14)
MOHHO neperineats B BHRe (AX,Y) = (X, A*y), oTkyAa cneaveT yto ye D(A})
nATY = A%y it Tea CaMLIM Halue YTBEDMCGIEHHE 10Ka3aHO. MITAK Mbl ToKazanu,
Yyt AF¥ ecTh MaKCHMAJbHbl 0NepaTonR, WHAVUHPORAHHEH Matpuued A*, a oT-
CHJIA HA OCHOBARIK Teopembl 1 crmeaveT, ute Af = A} w Teopema jloKasama.
fipumensist Tenepe CrelCTBHe Teopembl | K MakCuManbHOMY ONEpaTopy,
OTpejleseHOMY MaTpHueit A, nonyuyaem cneivioWUi pe3ynbTaT:

TEOPEMA 3. Ecau cmoabyesstc sexmopd  sampityst A npuﬂadm’simm K
ly, 1o onepaiiod Amax vtipedesett naomno 8 by 1 conpancennsrld onepamop Afax
HnpedeHeNIcS PUBCHENIBAMI

‘(]5) Aﬁ-laxy - [1*y]

(16) //)(Aman) = {Y. y & fnlax(A*), (Ax- Y) = (x» A*Y) 9% arex X € Imax{ A)}
3AMEUAHIE, B BLIWeNPHBENEHHBIX PACcCYHGIEHHSX Mbf PaceMaTpHBanu

HEKOTOPBIE CTIEUMANIbHBIE ONIEPATOPRL, HILIYUKMEOBAHHLIE ManHueﬁ A, HMERHO

0nepatophl Ay, A (1 Apax M NOKA3a0H, UTO CONPSAXEHHEIE OTIEPATOPH 3TUX ONe-
PATONOB ABISKTCA ONEPATORAMY, WHAVLUPOBAHHBIMH MaTpuuedt A*. OcraeTrcs
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OTKPHTLIM CNeAYIOUMIA BOTIPOC: echr A n1000#, B NPOCTPAHCTBE I, INOTHO oTpe-
JeneHnbidl onepaTop, HHAYLUUPOBAHHBIA MATpHEER A, TO ABASETCS N OneraTop
A* gneparopoMm, MHIYLIMpOBaNNbIM MaTprueh A*? Buino O untepecho [loxa-
34Th 3T0 YTRENMAEHHE MM MOKa3aTh Ha TIPHMEDE HEBEPHOCTE ITOTD YTRe K Te-
HHA. : ’

PaceMOTpUM TEAEPL BOJTIPOC O TOM, YTG CPERU ONEpaTOpOR, HHAYLW[MBAI-
HBIX MATPULER A, UMEIOTCA NU B NPOCTPAHCTBE [ TUTOTHO ONpPeIefiennible 3aM-
KHYTBIE OTIePATOPHI M B YACTHOM CIVYae 0NePATOD Amax ABIAETCH I 3aMKHYTBIM
onepaTopom?

WM3BecTHo, YTo HeKOTOPHIH ofMepaTop, MepeBOAAWMN rUNbOepTOBH NPO-
CTPAHCTBO B cele, ABTAETCS 3aMKHYTBIM ONePATOPOM TOTAA M TOJIBKO TOTAR, NOT/14
OTEPATOP MMEET BTOPOE COMPSIKEHHOE, TIPH 3ITOM BTOPOE COTIPAMERIINE ecTh
cam HCXxojHbil onepatop (oM. Hanp. [1]). Ho ana ¢ywecTBOBaHUS BTOPOr0 co-
NPSHKERHOro HeODXOAUMO W J0CTATOUHO, yTOOR NepBROC CONpsiKeHHOe (L0 B
MpOCTPancTRe [, [MAOTHO ONpejeIeHKEIM oniepaTopom. Ha ocHoBanun 3Tux yTBEp-
MAEHNH J1eMK0 MOCTONTE MATPHUIY A Tak, yro COOTEBETCTBYIOHE el onepaTtop
A ax He SIBNIAETCH 3aMKHYTBIM onepaTopom. HeACTBHTENLHO, PACCMOTPUM MaT-
rpuuy C, oupeteaeudyio papetcTeom (3) u 06o3Haumm A = C*, Torga croafie-
Bhle BEKTOpa marphiibl A NPUHAATEWAT K [y, N03TOMY Ha OCHOBAHUH Teo[eMbi
3, omepatop Amax, HH1YUWPORAHHEI 3TOMH MaTpHUel, ABAALTCA B NPOCTPAHCTRE
I, MAOTHO OApPEAedEHHLIM OMEPATOPOM, AAA KOTOPOTO D(Afhzx) C lmax( A¥)=
= {max{C). HO MBI BHICH, UTD [max(C) COCTOUT TONBKO M3 NYVARBOCG BeKTGPA,
TaKum 06pasom AX.x onpefenell TOABKO TIPH HYJNEBOM BEKTOPE W U3 Bhillle-
TIPUBEAEHHBIX PACCYHGIEHnH caeaver, uTo Amax HC MOXET ObITb 33MKHYTBHIM
gneparopom. [yere Tenepb A nwbol, B [, MIOTHO 0mMpeieneHHkdl omepaTop,
WHIVLH#POBaHHBIL BHILeVNoMATON maTphieil A. Ecniu 6bli10 06l 10Ka3aHO, uTO
COHI‘)}I)KL‘HHblﬁ anepaTon A* apnsetcs OneparonRom, HHAYIIHPOBAHIIBIM MATPM-
pelt A* {cm. 3ameuanne), TO 3THM OriNI0 §bl A0OKA3aHO CYINECTROBANNE MATPHilbI
A, 0fnaja0lUKA TeM CBOHCTROM, 4TO HK OTHH IAOTHO OIPeIeeHHLIH otiepaTop,
HHIVIIHPOBAUNBIA 3TCH maTpuuei, He ABASETCA SAMKHYThIM ollepaTtopom. Ho
BOOPOC 0 CYIUECTROBAHUM TAKON MATPULEL OCTALTCA NOKE UTKPUTHIM,

Pe3omupysR BLILUEMDKHBEACHIbIE DACCYIIAEHAR, MOIKNO CKa3aTb, UTH TpH-
HALASKHOCTL BCEX CTOALOLEBBIX BEKTOPOB MaTpuum A K [, Boobwe ewe ne
o0eCTeurBaeT I@MKHYTOCTE OMEPATOPOR, HHAYUUDOBAHHBEIN MaTpuuei A.

2. Wceneiivem retieps TOT ciyyail, KOTAA BCE CTPOYHBLIE BEKTOPA MATPHILLI
(1} npuuaiaemar npocTpancTsy /,, T.e. KOTAa NpH ofi03HauYeHnK

W=ty @ o @ -2, (F=1,2,..1)
BBINOAHAKTCH CNeIVIIINKE YCAOBUHSL,
[l = 3 |apl® <+, (= 1,2, ...)
k=1

Jlenwo BuleTh, UTO B 3TOM ChvUae TIPH KAOKIAOM X € [, BekTop AX otpeletes,
HO BOOOWE He NPUHALIENUT K [y, JIOKAXKeM CAELYIOIKH Pe3yibTar:

TEOPEMA 4. Ecau gee compouiible 8eKmopa MUmpuysl A npunadaexncam «
by, Mo Apax R6AACMET JAMKHYINBLM 0N pamopoM.
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HOKAZATENLCTBO, OGosdaunm B = A¥*, rorpa Bee CTORGUERBIE BEKTOPA
MATPHULL B NpuHajinekat K . Onpeaenum oneparop B, Ha mHOMKecTBe Beex
KOHEYHEIX BEKTODOR, NOjl001I0 TOMY, KAK B NYHKTe } Mbl ONIPeIENHAN ONepaTop
A, pagencTeoMm {6}, T.e. ByX = Bx u D(By) = I, Toraa no Teopeme 1 cORPSIHEH-
HBI oncpaTtop B ecTh MaKCHManbHBIH OMepatop, MHAVUKPpOBaHHEIR MaTputei
B* 1.0, Bfy = B*y 1 DIBY) = [max({ B*). [Ipuiinman o BuusManue, uto B* = A,
nonyuum, yto BFy = Ay, DBF) = lnax(A), otkyia cneaver, uto BF = Anax
¥ TeopeMa CiaelyeT U3 TOro, YTO COTPsKEeHHBIE oneparop siwboro onepatopa
ABNSIETC S 3AMKHYTBIM GTePaTopoM.

3AMEYAHMKE. TIpHKalAenaIoCTL BCeX CTPOUHBLIX BEKTODOB Marpuubl A
K {, ROOBINE ele He obecneunBaeT TOIG, YTOOBL ONEPATOP Amax GbIT BACTHO ORIpe-
aenell B NPeCTPaHCTRe 1y, OTKYIA cleaveT, uTe AXax BoOOWE 1ig CYIUECTBYET.
HeldcTBHTCIbHO, eCITM PAcCMOTPUM 0Nnepatop Cmax, HHAYLUPOBaNILIH MaTpuuei
(3), 10 "D{Cmax) = {max{C) COCTOMT TOALKO W3 HY.IEBOIG BEXTUPA.

3. tlpeanosnoxum Tenepb, UTO K CTOADLEBBIC H CTPOUHBIE BEKTOPA MATPHII
A npusainemwar K {,, OTMETHM, 4TO B 3TOM Ciyude BeKTopa AX H A*X onpe-
IMA KAXKIOTO BEKTOPA X € Iy, Me He 00A3aTeN1bHO NpUHALNeskHaT K 1.

Tak kak cTonfiessie BeKTOPA MaTpuu, A u A* npurauieskar K f, T0 u3
pe3vibLTaToB NyHKTa 1 cneaver, 910 Iy Clmax(A) H {; © lmax(A*), 43 Hero clie-
JAVET, 4TO JHHefiHbe MIOT000Pasus Inax( A} W Inax( A*) TUIOTHR B IPOCTPAHCTBE
{,. Tlpurumas O BHUMAHHC TeopeMul 3 M 4, DOAVYAM CACAVIOHIMA pPesviiLTaT:

TEOPEMA 5. Ecau 8ce cnioafyessie 1 CIpodHbe sexmopa Manipuysl A npi-
Hadaewcam 1 1y, mo onepamop Amax SBAAEHICE 3QMKHYMBIN, 8 NPOCIPAHCMEe
Iy naomuo onpedesersisi; onepamopoy, 04a Komopoeo Akax onpedessemcs pa-
sencmeamit (15) 11 (16), Oasee AX%. = Amax.

CHEACTBHE 1. Ecau A npou3ssoabRelil onepamop, WHOVYYHPOGUHHBIE MU pii-

yeit A, mo onepamop A umeem ampikaHie A, KONNpoe S8A3¢MCR NAKNCE 0ne-
pamopos, UHOVGUPOSAHHLLM Mampuyeld A.

JIOHA3SATEHBCTBO. Haa Toro, uTofibl omepaTop A HMe. 3aMbikauue.
HEOOXOIMME M 10CTATOMHO, YTOOLI OfiepaTop A MMeN 3aMKHYTOe DACHIMpPEHME,
HO €CAM OMepaTop A ecTb OMEPaTOP, MHAYIMPOBAHHBIE MaTpuueH A, TO Amax
ABTSILTCH 3AMKHYTBIM PacCITHpPeHMeM OTepatTopa A M GYeRMIHO, YTO A © Apax
W OTCH0 A Halle CAeilTBUE ¥ Ke CNe1veT.

CAEACTBUME 2. Onepamopt Ay 1t A, — onpedeaennste pasencmsamu (6) u

(12), (13} — umewm sempixanusd, npu amoy Ay = Ay u A, onpedeasenics pu-
BEHCMBAMN
{17} A = AX

(18)  D(A) = {x;x ¢ i, (AX,y) = (x, A*Y) 041 606X ¥ € Imax( A%)}.

HOKABATEALCTBO. Ha ocHoBaHuk cieicTeks [, onepatopm A, u A,

MMET 3aMBIKanna A, u A Tak Kak D(A¥) = lnax( A%), TO oneparop Afj
[I0THO vnpelesieH B NPOCTPAHCTEE {, M OTCIIA cnelyeT, yTo AF* CyLiecTByer.
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Ho no teopeme 2 umeeT MecTo paselncrso Ay = AT, 3 KOTOPOro CJeayer, uTo
AY*¥ = AT* W Tak Kak BTO[ROE CONPSMEHHOe HEKOTOPOTO 0TepaTopa PaBHO
3aMBIKAHKUIO 3TOr0 OMeparopa, To A, = A Tak wkak A, sBisercs onepatopoy,
MHAVLUMEOBAHHBIM MaTpuleit A, To pasencreo (17) ocueBuano. [anee, no onpe-
IeqeHd o (AF*) coCTOUT U3 TeX BEKTOPOB X M3 [, ANA KOTOPBIX CYLECTRYET
BEKTOP Z € [, Takol, yrto paBeHCTEO {AFY, X) = (Y, Z) BHIIOJHARTCH [t BCeX
¥y € D(AY) u ipn 3ToM Z = AF*X, n TaK Kak Aj* = A, Aly = A%y, 1o

DAY = {X; X € Iy, (A%y, X) = (Y, AX) AR5 BCEX ¥ € Imax(A)},
W3 Koroporo pasenctso (18) vae cieaver.

SAMEYAHUE. B toM cnvuae, Korjga matpuva (1) cymmeTpuyHa, Beimenpu-
BE/lRHHBIE PE3VIITATH YIIPOWAKTCA ¥ 0 HUX MOKHO HaHTH B paborax [2], [3]
u Tarke B [1].
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ON THE DENSITY OF NON-QOVERLAPPING UNIT SPHERES LYING IN A STRIP
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1.1 In order to formulate our result we introduce the notion of the density
of a non-overlapping system of spheres with respect to astrip in which the spheres
ly.

Let {S;} be a system of non-overiapping unit spheres lying in a strip o(f)
of thickness {, i.e. the strip is bounded by two parallel p[anes at a distance {
apart. The densify d of {S;} with respect to the strip o{f) is defined by

Z‘C(R)ﬂs
R-- CRINa(ty

where C(R) denotes a cylinder of radius R with ifs axis perpendicular to o(f)
fixed at an arhitrary point O of ¢(f).2 It is easy to show that d does not depend
on the choice of O.

Let us consider a system of non-overlapping unit spheres lying in a strip
o(t) of thickness { = 2+V¥2, so that the spheres form two layers and in each
layer the centers of the spheres constitute a rectangular met with sides
a=2and b =241 (Fig. 1,2) and let us denote the density of such a
sphere-system with respect to o{f) by ().

- The following theorem is due to MoLNARS,

The density of a system of non-overiapping untt spheres in a strip of thickness
t=24V2 is at most 5(f), _

Equality can be attgined for all values f = 2+V2.

d =

1 The first part of this article is due to MoLNAR the second 10 HorvarH.

T We denote a domain and its measure {area or volume respectively} with the same
symbol.

3 See MowLnAr [5]

13 ANNALES — Sectio Mathematica — Tomus X.
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Consider now a system of non-overlapping unit splieres lying in a strip
8
o(t) of thickness 2--¥2 =i= }r_/ 5 50 that the spheres form two layers and the

spheres of the same layer touch the corresponding houndary plane of the strip
and in each layer the centres of the spheres constitute a equifateral quadrangular
net of side 2 (Fig. 3, 4, 5). We denote the density of such a sphere-system with
respect to o(t) by (7).

Fig. 1 Fig. 2
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The following conjecture is due to MOLNAR.
The density of a systent of non-overlapping unit spheres in a strip of thickness

2+2=t= l/% is at most 3(f).

Egquality can be attained for all values 24V2 =t = l/—.

704
2551
05804

0,554

Fig. 6

Our main result is the following

THEOREM. The density of a system of non-overlapping unit spheres in a strip
of thickness t ist at most

e —‘—_T
Sl ) , ff2:_:rgz+VfL’ Vo)
31(5t* — 4013 + 9612 — 64f + 16}/ 4t — 12 - 1 5
A BT 2(5—¥5)
(A — 2V A — £ | , 112+V2(5 V5) im0y ya.
3t(514— 4013 + 92¢>— 481 + 8) 5

2{t—2)

= f 2+V2 = ¢ §2+-4j,
34t — ) (- — 4t + 3)% v

1%
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12+ 4t — 28

: if 24 = t=244)3V3-5 and

12V 3 14t — £2)2(12— 4t + 12)° V1

167(12 4 4f — 1)
1

L if2+4)3Y3 -5 =t <4,
V31(41— )2 (2~ dt 12

The upper bound is precise only for {= 2 (Fig. 1) and { =24V2 (Fig. 3).
For2 =1 = 24+V2 ourupper bound {(Fig. 6, thin line) is weaker _than

MoLnir’s upper bound (Fig. 6, heavy line). For 24¥2 éf:ﬁV—%our

upper bound (thin line) lies near to the conjectured MOLNAR’s upper bound
{broken heavy line).
In our theorem we use the following Lemma,

LEMma o HaJo0s.* Let ¢ gnd C be fwo conceniric circles of radii r and R
respectively (r<R). Further let a finite number of disjoint segments of the circle
C be given having no inferior point in common with ¢. The sum of the area of the
segments s maximal if the segnents determine a polygon H(r, R) whoxe sides,
saqving at most ane, touch the circie ¢.

j’r -
The upper hound of our theoremisexactly —————, where r= —— V£#2—4{+ 8
ppet hound of ou Y3fH(r, R 2
and R has the corresponding values given by our lemma.
We proceed to prove our theorem.
Let {8} be a system of non-overlapping unit spheres lying in the strip
o(f} of thickness . Without less of generality we may suppose that to the system
{S;} no unit sphere can be added, i.e. the system of spheres is saturated.
Obviously the centres {0} of {S;} ly in a strip o(r) of thickness v = -2,
bounded by two parallel planes x, and 7, Projecting the system {S;} into =,
we getacircle- system {S;*} of unit circles with the corresponding center-system
(.}
We define the density d* of {S;*} in its plane by
4 — Tim ZK({R) N S*
Rew  KR)

where A(R) denotes a circle of radius R centred at a fixed arbitrary point O
of 1the plane. Since

d = lim. - —f " —i{im —

Row CRYN olt) R--3t  KR)

where K(R) denotes the intersection of C(R) and =), we get d = %d*, i.e. the

B

density of {S;} and of its projection {S*} are proportional. Therefore to study
ihe density of {S,} it suffices to consider the correspending density of {S*}.

! See MoLNir [3], [4], [3).
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Let us consider the circlesystem {S,*} with its centre-system {C;}. Of course
CC, =VP—4148,i % |.

Associating with a point C, (¢ = 1, 2,3, ...) the set D, of all points P lying
nearer to C; than to any other point C more precisely ¢ P =CP i+, we
obtain a convex polygon D, (DIRCHLET cell, Vorono! poiygon)5 (Fig. 7). It
is known that the convex polygons {D} form a tessellation.®

It is easy to show that to prove our theorem it suffices to show only that
D, = H(r, R), where r = %Vr2—41+8 and

Rz—-—-—ir_ih—_, if 2=t=24y2
2Vdi—r2— 1
R =Mt£, if 2+}/§§1§2+—4_,
2 V7
2 __§2
R=t2HAF ol i gisr
8V3 V7

In order to prove D; = /i(r, R) obviously it suffices to prove that V.C, = R,
where V, denotes any vertex of D,

Let V, be an ary vertex of £2,. By the definition of D, the vertex V;is a radical
point of §* and at least another two circles $;* and §.*.

What is the minimum value of V,C,7?

5 See CoxeTeR [1], p. 53.
s See FEJES ToOTH [2], or MoLnAr [3].
' Seec MounAr [3], [4), (5], [6].
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At first we proceed to show that we can restrect ourselves to the case
when the triangle 0,0,0, corresponding to the triangle C,C,Cy is equilateral
with sidelength 2.

Since V,.C;, = V.C; = V,C,, we can denote the centres C;, C;, €, in such a
way that the greatest angle of the triangle 0,0,0, is < 0,0,0,. Consen-
quently 40,00, = 60° Displacing the spheres §; and S, in the direciion
CC; and C,C,; respectively untit §,, S; and S,, S, mutually touch each other,
abvieusly V.C; does not increase. Hence it suffices to consider the case when
0,0, = 0,0, = 2, Le. the iriangle 0;0,0, is an isosceles one. Let v, be the
perpendicular line to the plane x, passing through V. If the triangle C.C,C,
has acute angles at C; and C, (Fig. 8) then rotating §; around v, until S; touches
Sy the value of V,C, does not increase and the triangle 0,0,0, is equilateral and
its sides are cqual to 2. If onc of the angles at C; or Cy is ,,0btuse”, for instance
<C,CL, = 90° (Fig. 9) then we consider the cylinder C of radius V,C, per-

Fig. 8 Fig. 9

pendicular to the plane n; passing through O, 0;, 0,. Using the condition that
0,0; = 2 it is easy to show that the centre O; can be moved on the cylinder
C in the allowable strip o(7) towards Oy until S; touches S, i.e. 0,0, = 2.

Therefore we may suppose that the triangle 0,0,0, corresponding to
C.CLCy s equilateral, with sides 2.

2. To compiete the proof of our theorem it suffices 1o prove only the follow-
ing Lemma,

LemmA. The verfices A and B of an equilateral triangle ABC, with sides 2,
are lying on the boundary planes of a strip of thickness T < 2. Consider the circular
cviinder with axis perpendicular to the boundary planes and whose surface contains
the vertices of the triangle. The radius R of the cylinder is minimal if the distance
of C froui ane of the koondary planes is
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a0 if 7=V

=1 < 28

Proofr. For the sake of simplicity the statements will be proved in the
following order: c), b) and a). Let R denote the radius of the cylinder ahove.

Fig. 10

F denotes the midpoint of AB, and « denotes the angle between AB and the
boundary planes (Fig. 10). Obviously

T
§ Sine = —.
(1) o =—

It can easily be shown that 1. the perpendicular bisectinig plane of AB
cuts the cylinder in an eilipse, whose axis are WZ = 2

SN ex

and UV=2R, 2. Fis

on the minor axis of the ellipse and FC = ¥3.

B Of course the correspending minimal values of R are

47 a7 16 -2 _
Re ———, R=——— and R- — respectively.
2y3- 2 8¥3
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The centre of the ellipse is denoted by O, furthermore let A" be the per-
pendicular projection of A4 on the plane trough F and parallel to the boundary
planes, As FA" = cos g,

(2) FO = YRE—F A = VR?~cos «.

It is trivial that the radius R of the cylinder is minimal if, rotating C about F
in the plane of the ellipse in any direction, C becomes an exterior point of the
ellipse, i.e. the minimum is attained if Cis the point of the ellipse furthest from F.

In the following it will be examined that, for a given value of & what vailue
of R assures that the maximal distance beiween F and a point of the ellipse is

V3.

Let the axes of the ellipse be the axes of the coordinate system. In the

usual parametric form the points of the ellipse are P _icos i, R sinf]. Let
S ¢
the coordinates of I be F(0, —d). Obviously

]
{3) FP% = R cos? {+ R? sin? { + 2Rd sin { + d*
sin?e
2
= —R?ctg? o sin® {1+ 2Rd sin {4+ d%+ 'R = ¥(1).
5in? o
d

As ¥ty — 2ReosHd—Rctp2asinh), y({) = Qifcost = Qand sinf= ————
s y'({1) cos ctg? cesin f), () s Rectga

T 3

respectively , i.e. if f; = P% ty= > and f, = arc sin , by =m—1; respecti-

Rctg?a
vely. In the latter case d = R ctg® «. On the other hand calculating the second,
third and fourth derivatives,® it can be obtained that

I. if d > R cig? «, then the maximum of (3) is at £, =g~, the minimum at

2. if d < R ctg? o, then the minima are at f,, {,, the maxima at 4, 7,

3. if d = R ctg? a, then the maxima are at f; = f; = {; and the minimum is
at f,.

Simple computation shows that if the maximum is ¥3, then
4—sin« 16 —72

2V3 8Y3

Vd—

T

1. if d > Rcig?u, then R=

2. if d = R ctg*a, then R = sin2a =

' yH{y = 2R(—d sin R ctg? o cos 2)
pIiLy = 2R{—d cos 1+ 2R ctg? « sin 2f)
¥V () = 2R{d sin t - 4R ctg? « cos 21).
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Substitution of (1) and (2) into d = R ctg? ¢ gives v = —4: As V, theend-
Vi

point of the minor axis, is furthest point of the ellipse from F, and the distance

of V from a boundary plane of the strip is —%, section c) of the lemma is proved.

Now substitute (1) and (2) into d = R cot®«. This yields v = é_— The

V7
distances of P, and P, from the bisecting plane of the strip can easily be calculat-

— 2
ed: PP, = V16172
4

V7

If t<¥2, the points P, and P, are outside the strip. 1t is easily seen that

Clearly P, P, = .;_ if ¥2=v= " and this proves b).

the function y(f} is monotonic decreasing in [t3, %] and it is monotonicincreasing

] ‘%,LIJ, consequently those points of the eliipse will be of greatest distance

from F, which are on the boundary planes. This proves section a)of the Lemma.
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RusHTON constructed a connected set of points in the plane of diameter 2,
o:mitting 3 points of which the remaining set does not ceniain two points of
distance 1. ErDp6s conjectured that this example is best possible in the follow-
ing sense: '

If M is a connected set in the plane of diameler > 2 and § is a subset of M
such that M\S does not contain a pair of poinis of distance 1, then |S§| =c.!

The aim of this paper is to prove this conjecture of Erps.?

Progr. Let x be a point of M. We denote by A, the sel of 1hose points of
M which are at distance 1 from x. Put B = {x|{[ A, > 1}.
First we prove, that |B|=¢.

LEMMA. If H is a contnected set and H’ is a sel such that |H N (H\H)| = 1,
H' N (H\H") = @, then II\H’ is als¢ connecled.

Put HN H =U, H\I' = H U H, Since H N (H\H) =
= (H' N HY U (F N 1), we may suppose, that H' N H, =#. But then
HNH UU=HnH ad H N(H U U)=H NH, and this implies,
that one of the sets H, N H,, /1, N H, is not empty. This proves the Lemma.

Now let p and ¢ be two points of M of distance p=>2. Let K, be the circle
of centre p and radius r. It is enough to prove that K, contains a point of B
forany l<r<p—1.

Let us divide K, into arcs of length <7/,. If such an arc contains some points
of M then let us choose one of these points. Let x5, X, ..., x, be the chosen
points, and let C, be the set of points of distance <1 from x. Clearly every
point of M N K, is contained in one of the C;-s.

1|8 is the power of §, ¢ denotes continnum. The closure of a set H will be denated by H
? A different proof was given independently by B. BoLLoBAs.

.
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I K, N B = @, then the set C,\C,, (I =i=k) contains at most ene peint
of M (by the connectedness of M it does contain a point of M; but we shall

ik
not use this fact). Using our Lemma k-iimes we get, that M\' UG =Mis
i=1

connected. But M’ contains no point of K, and thus K, separates the points
p, ¢ of M’. This is a contradiction. Thus we have proved, that |B| =«

Now we prove the theorem. Let us suppose indirectly, that |S|<c. We
know, that | Bl =¢, hence | B\.§| =¢. By the definition of § A, C Sifx ¢ B\S.
For two peints there are at most iwo points in the plane being from both of
them at distance 1. This implies that the power of B\S is at most twice the
power of the set of pairs (4, v} u € &, v € §. This power is finite if § is finite
and it equals to |S| if S is infinite. In both cases we have got | B\S§| =¢, which
i5 a contradiction. Thus [S}=c.
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