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QO PASPEILMMOCTH OOHOTO iUJIACCA JLTHOTHYECKUX ¥PABIEHMWH 3

UHINTHYECKIE YPABHEHHST RLIPOAGIAIOILIRCH 11 Cpare 003acTin 13-
VUAILICHL MBOTHMA neesefoparessiut, Omvernn padotut [21, [5]. [7]. [8], [9]
]](ICB}IIIlEHIIbIe YPABUCHHAM BLICOIKOGIO TIODHILL. Kace OIEPATOPOR M3V Uil-
eMBIF 1AMH OTAHYARTCST TeM, UTG YCAO0BHA PASPEHIMMOCTH BBIPAKANTCS B
TEPMHHAX CTIEKTPA HEKOTOPOTO 0NCPATORd, ONPEASIEHHOTD 11a :ﬂuorooﬁpaaun
I". BinsKue oneparopsl paccMaTpHBamuck B padoetax [8] u [9]. Ouu moavya-
IOTCSI K3 PACCMATPHBAGMBIX HAMIL, €C/IH KOIPGISI{HEHTL!

L =0 o 2=zl +h=2m,

H3yuenie noctapieHHod 3ujiatin noTpedoBsilo paspadoTka HoRolt Tex-
KN, cBsi3anlioll ¢ pelieniem 3aaun KapieMana B noaoce ¢ payguolanh-
HBIM KOI(HHUMENTOM, 3ABACIIINM OT f-nepHoro napaserpa (cm. 4.). B 1po-
creffiem papnanTe (KophrudenTt Ha BecKoNeHuoCTH CTPEMHTCH K eJHILHLE
11 11e 3aBHCUT 0T DapaseTpa) Taxkas 3ajada pazodpana s voverpadui [3].
ARBTOPBI HAACIOTCH, FITO ANAJIONIMIAS TEXUHKE NATICT QpuMetelie i B apyrox
B NG JUT YpaBlciIldn B YAaCTHLEX TPOH3BOIIRIX.
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o AkAE2p )
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MHOTOUYHCIEHHBIE [1OCTOSIHNBIE, BCTPCUAIOLUITECST 13 OLEHKAX ITPHBCAEH-
uplx B pabore, Mpl Oypem obosvadaTs {oanoft n Toi ske) Oykroit C Beerna,
KOTAA 3TO 118 MOKET BLI3BATI> 11€10pasy el uii.

Awtophl faarogapst B. A. HoboppateeEBa 24 Tl02183HLIC 0GCYHCIEH NS
peaviibraton padoTel a TaIGKe [ K. Taracory 34 110M0IlUL TIPH NPOBENEHHH
BhiKkA410K 4.

2. OCHOBHBIE Pe3yIBTATHI

B padoTe [8] a0xazano cyIUECTEOBAINC B OKPLcTHNCTH I° HOKPLITHS
{£7.}, ofaaiamero ey ceoitcTRas:

1°{U,} — Avcratodlo Mekoe KOICuHnee NOKPLITHE oKpecTHoCTH I
simcanmioe s {12,}, npnuéy kanaoe mHoxecetso Ul = U, NG umeer
s U = U o, TRE fg,, — NOAYMUTEPRAN JIIHHLL 64, OPTOIO-
xEi L,
HAAGILIT {7 11 BOCCTANUBJIEHHBIL M3 TOUKH X, 4 Ho — MOCTATOUNO M-
A0e GHICHEPOBATIIOE YIS0,
29 kAo L, Mo HO BBeCTH KoopantaTal (Y1, {7), NpHués KoopaH-
Hara £ snoboli toukn SEU), parna paccTosiiivn 110 1IGPMANA 0T § A0
1O UL 1 KOOPANNATL ¥ TOUEE, JICYKALRMX 14 0/(HOH HopMaly, PaRHEBL
3 roft ke pabute [ynka3ano, yrto yeIosHe 2 (T.e. XdpaKTep RupoyKAein
olepatopa ) B KoopUHATAX {37, "), B KOTOPBIX 010 (hOPIMY NPOBAIGCH,
IEPEXOAUT B TAKOE AKC VEI10BHE 2 B HOBLIX Koopanuatax (y#, 14). 310 KOIHEUHo
031AMAeT W HIBapHanTocTs veiosuit (1.2) n (1.3). ||
Hvers Ly (v 1) — wodprunenTst onepatopa £, 3amicanibie B HOBHX
JOKAILHBIX KeapIiHdrax.
Pacexorpiy va I anddepenusdinhnii oneparop
.h By (v, D, 2) = % y b (V) D22 35,
TAe B {V) = La(y, 0) 2 — Koamckenwit napaserp. Ma yetosusa (1.2) cae-
AYET. UTO 3TO HLTHNTHUCCKU anepatop ¢ napameTpum Ha Mioroodpasuu I
B pabore [1] mokasaso. ure obpatuwii onepatop Bil(A): HS ()~
-4 ) siistetesi mepovopibnoii dynrwieii A€C, mpiuvést B 06.1acTH

O,y = {32 |avgi—ka| <8, k= 0,1, || =N)



by E‘\i tIPUB JLAL MBHUKHC, T A,

{IPU HEKOTUPLIX MONOKNTCILHBX & 11 N) ner nyonecos By (7). Tax ske
A01Ka3dHa nueHKa

(2.2) L2y s ()=C By (3 Dy 2y, 2y (1),

At (Y, AYCHS (M) Toctossiasg € — HE 3ABHCHT 0T €€ N
OCHOBHBIM PE3YALTATOM 1CTOSILET pAGOThE I AgCTCN

Teopema 1. ITycine somo.menst yeaonusd 12 o nvents na npaawty lm 2 =
] 1 ey g
= y+-—2 e - posienr noocos enepamiopa By V(7). Tweera o.as
S=max {0, p' Cy+1+min-0},
S, =§+2 s, =8+2mu p=-0 {103 yoaosug 2)
(i} 3 weparnennpd onepamop R He (- H25 (GY makol, aiw
(2.3) LRIQ) = [0+ T, v [l (6).

eve T Hy (G-~ Hy () snosie nenpepstsisid miepumap,
(i) daq rft:(\)EH""_",, (G) sptririenia oyeiKa

(2.4) Py, s, 00 () = C L Ul D)+ el (G
20¢ (G G ou nocneantias C — ne 3asuciom ont 1 (x).
Wz teopemul 1 nerko cacpyeT

Troprva 2, Hpu soino.gterian Yeo8ul ncapeawt 1 onepaniop

LHDT ()~ Hy, ()

(eHIE PO,

3ameEuAHKE 1. YTBEDHJIEHNC O KGHCYHOMCPHOCTI sLIpa oTiepaTopa £
CHPABCATMED Be3 NPEANOJIICHNs 08 0TCY TCTRIUL NoHoco vliepatopa B3 (7)
Ui COOTBETCTRYHULETT ITpsmoil.

3aneuaduE 2. YCJIOBUC OTCYTCTHIA M0 H0coB Byt (2) na oupeieaéunoi
MpsiyMoil sIBIS0TC B HEKOTOPOM CMbICIIe Heodxombbul. Jlerko noxkazatu,
UTO IIPH HAapYHIENHI 3TOro yveIoBnsl 0dpaz omepatopa £ He3aEHyT.

Jameuanue 3. Yeaosns na s 3 Teopene | osuauanT, 9ro ando pesyinLTar
nosyuert fin seex §z:0, 1o Boadkicee YORRAGHIMX 1K Tpatisue yinuni, o
B ritacce Gynuimit §e3 orpanivuenigt Ha pocT. 110 ¢ ADCTATOUHO BBICNKOT
FAaIROCTLIO.

Jameuanie 4, Tlomoca By (7) B paae civuaen sLIMHCHBaoTes. B npi-
nepe 1 oneparop B, (2) nueer Bug D2 +2* 0 womoca By!(4) 910 mpocto
ynena Buga ik k=0, £1, +£2, ..., B npnyepe 2 oneparop By (7) HMceT
BUL D2+ 22 a, 24ty Dy t-ay n onpcneneune nosgeos Byl (A) csoauTes K
Peuletiio JIETK0 BLIMACBIBACMOIC TPAHCHEHACUTHONO YPUABIIEIIS.

B npnuepe 3 oueparop B, (2) == Ly (m, 2, D) H, ccIi Hexolisli one-

patop Ly (D) = (— 1Y ¥, 10 nosmoca By' () 1aXoadTes B rouxax A = ik,
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E=0, +1 +2,oupuH—(m+-D=0nsroukax A=1k k=0,1,2,3, ...
Hhk=2-@+1), 2—m+ D=1 21—+ -2, . ]
Chapioe MecTO B J0KA3aTELCTBE TEOpeMbl | — M3Vuenne MojienbHoii

3a4aul B uuanHape I,
PacemoTtpun B L vpasilcie

(2.5) [7 Ay (M, Dy ID) 4+ By (v, Dy (D) v (00 1) = £O, D).

3aecn oneparop By (), D, tD)) onpeaeaen popuyioii (2.1),

A (5 D ID) = 3 au()DRIDY, e wu(¥) = £, (1 0).

x| + =12

Ha wazknolt npsinoft 1m 2 = 7. na cotopoit B! (1) e myeet noliocos,
MBL MOYECM OTIPCAENUTE OOCPATOP
1 oer b
(26) Byt DaD)ev ) = [ 785 )M (v ) dL,
- g

KOTOPBIL B cHAY olleiton (2.2) aeficToyeT orpaintuentsi odpaszon 13 {1, (1)

B Hgyor,  ALD, 101€ 7 == 7y - I) (ev. [6]). M3 (2.3) caciver

(2'7) _,i}(l.{‘, U’ _1!) .-
=17 Ay, (¥, Dy 1D) B3 (3 Dy D) + 1 g (v 1) = SO 1),
[Wits

."‘? (.v‘ t) = Bil (.v‘ D)r? t[).‘) v (,VJ '() -

Quesnaio, uto onepatop L% : HESE2 =Dy o He (1) orpannuen, ecom na
P : i - H

Ipsimod Im 2 .

il

1 vo1g3
P 5 ner nomocen £,;1(2).

1

Teorrasa 3. [Tyems spioaHenst yoawstss (12) 4 s mpsiuedt Tm oz = 34

1 N
b P e no.mcos onepaitiopu BLt(2). Toana 0an

i Ys=max {0, p ' 2y+p+ -} v ¥e=0
() 4 vepanumennnd onepamop R :H (1) = LA maroit,
o LORUF( ) = f(n O +TOF (0 0 oas o fQ, DEd (D), eoc
(2.8) 17" £ O Dlls, v (L0)
e L O Dlls, - (L) + CPRY L% Dlisyaem b1, 54 p (L)

aocnwsiias C o — e qustieunt ot f (v ),

(il o v g (v, NEHDIE D (1) enpase.se oyenia

(2.9) N (s s, sa2m—ny, v, 19 <
SCE (v, Dlls, - 18 M=t c2tm-n, vo 5]

eve noctwsniiing C - je ustictin ont gy, 1)
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Mocie npevdpagosaist Mecrma (2.7} maeer Bigy

{210y Ay, (5 Dy A+ IPY By (o HipY (M Mgy (s 24 iy + (M) (0 2) =
= M (L% (v, DY (2).

Mal Jokasslzacy teopesy 3 Nojipodso necieys sepaerne (2.10). Ocnonoi
FTOUD HCCHeA0BA Y SIBIACTCs pewenie aain Kapienana.

3asaus. Ko Haitro gyutuso v(E ACH %, IPAHIMITHIC 3HBUCHUS KO-
TOPOIT YI0RICTEOPSIOT YEI0BHID
(211) po, (G o+ib) g Eco+ i)V (G o+ D)+ V(8 oo i) = [(o, 5)

T f(E e)edIE.

Jeen o, (5 o) 1 Py (&, 6) - 0UOPOUILIE HEIMoMBL 10 g, & ¢ BellecT-
BCHITEMI ROPRUINICITTANG CTCICHI 2017 1 2, COTRCTCTRCHHO, YilHEILTROPS-
LU ¥ ¢GRI

(2.12) Doy (Zoa)= 800087 o) gy (S oy dala® = "23)
UL v aCRY, TR PAe &) 1A — NUIGKDTCIRILIE HUCTHIINIC,
Paspeinnect 3o 1 yeraiasmsaet
Trovena - Hiyoms epitiosienind yoassin (202Y a5 - —{ =1,
h—u
Toeow, 008 15[ =N, ee N Onciiudiiionio Do biioe Vicao o 0 it 7 f(%. (I)LHE
eywecteyen cowncmseniwe pewentte suoaie Woasz HESE " upuséar ovno.i-
HOHO LT
(2-13) M (E s, s sugn -0~ C 1 (&2 oy .

20¢ nocowanias U — He Jacticn mm £,

TeXHUUCCKN CIIOMAHOMY L0KAZATCILCTEY TeopeMbl 4 1ocksiugen 4, Teo-
pemibl 11t 3 aowaswisaores B 3.
3. Noxazarenbctro Teopem 1 U 3

Crauanna JoKIEey Teopemy 3,
Mz peayoanriron padora [L] cacver, uto oteparop FB351(2) et mul

(3.1) Bt ()= RGY- By, (AT, (3)
3acen
Rz} = Z?}(l)fi’ ALSIE
i

{g; 00} — Aocrarouno yeakoc pagducitie e aa 1T

Rj(A) = A6 0 20017 Feele ysuppg ik £ = 3
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d =0, b, — IIHEIBIAS VaCTh CHMBoC oneparepa B, (v Do tD). Aast onepa-
Topa T (2) cmpaseliBa oUgHKa

(3.2) TR EFEQ, A o=y FO,A +C Fv,d) o,
rie C — He 3uBHCHT 0T 2, iy, —0, ccan max diam supp g ,(v)-- 0. ]
OBozmauny (v, 2) = (Mg) (v, 2) n
G2y = ML (v 2), u=1y4 i . = p
Toraa (2.10) nepenunetest 3 BIC
(3.3) Asy (y Dy o+ 00) Byt (o + i) v (¥ o+ ib) +
br(votiay = G, a+ia).
IMogeranaaa (3.1) p (3.3) nosnans
(3.4} g (W Dy HiB) R (o i0) v (Yo D) 5 V(W o + i) +
Lr(vio+id) = G(roo +1u).
rie
Ty= =, (0 Dy o+ id) By (o + 0} T (o + 1)
M3 TenpeMil 4 CoI0IvET CYIRCTROBANTIU OMEPATUPOR
Koo HE(RY ~ HE T
NOPMBI KOGTOPHIX OFPAIUCLL NP Brex FERS, eco wiicho d noonpeieieinn

& ocratovnn Seotwoe sneao. Tpuises 1';(5. i) = K;' W (s, o+ ia) anann-
THYIG 1B ﬂf} H YAOBIETBOPSRET COOTHONIENTAM

(3.3) (Vo 2o = i) [08, (v, 5o = i0)] 71 1, (5 0 i) +
tvi(E o+ fu) = W (s o4 1u).
Gaem newars penenie ypasHenns (3.4) B misle
{3.6) MWy =SFetiq) =
N
= S MEL KT R (D F e +ia),

rel
riac

Fon i)y =N 2.
13 (2.13) caeaver ouctika
(3.7) f [ v o+ib) 5 o)+ v ia) 2] do =

e / Fve i) 2{Mda.
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Craugapruniiy nppévamu {ey. nanpuyep [1], [6]) npuseaés (3.4) « nnny
N
-1 : . . VT LRy
Z {-'(j(ll") F:‘) {Uzm (,"rj! S 6'+_Ib) [bgf (_v;" 50+ ;b)] ] F\ - ‘}‘j U’) 1'(_": 0 ”)) e
i—1
(3.8)
+Eesp; v o+ ia} + [T+ v (v o4 b)) = G(y, 0+ ia).
o npeinoiomeniuo Teepembl Ha OPsM0il ¢4+ ib NeT MelNoCcos oneparepi
B35 1(2). Wz atoro caeaver. uto st oteparopa T, ciipaselinmsa oletxa
(3.9} TLv(r,o+ib) (I} =y (0, 0+ib) siom-nt
_LC v (.ll’ g+ “!I) 5 =11 (‘F) .
Buinucar onepdTop TS I HBHOM BIAE, JICTRO HOJANUINTL G5 HETD OIICHHCY
(3-10) Tor(o+ib) (D=yy v o+ib) | snt
+ C ]r(]-' g+ “3) 52y -1 ("’) .
SUech g, 1oy 00IIALBOT TeM e croHCTRON, uTe noy,.
DNogeranny (3.6} 1 (3.8). Menoiawavs coornourennst (3.3) 11 ctanaprinse
npnennt {ea, nanpivep |1], [61) Mul noaym ypasneinie

{(3.11) F(v,atia)+Tyv (v, a+ih) — G{v,o+{u).
Mz (3.9), (3.10) 1 (3.6) citeayer, ute ;150 7, BLITIOZNICHE 0UeNKa dHalin-
ruwiast {3.10). 3ammuen e B BHAe
(3.12) T (SFY(v,a+ib) (({M=yn, (SFYM o+ib)  spyonlI) i
+C (SFE)Y o +1b) o atu-n-i ().
rae sy =00 Rora max diamsuppg (V) - 0.

[Nocoke 11pec16p113{015zu|n$[ Menmna s (3.11), (3.12) v nenosnsyy {3.7) 110-
Avusy I¥HKT (i) Teopenul 3. ]

Anpriopnast oneica (2.9) A0Ka3bIBACTCST AIATOIRITLINIT PACCN LN,

[Tepeitien 1k 1oKazatelnersy teopeas .

Adoxirenm cuasana anpnophvio onenky (2.4). TIveTs g (X)) 11 7y (X)
hynunn nz C~ (1) raxie, uto

(1) ¢ () +q.(x)=1, xefi.
(i) 9, ()=1, com XCG = {0 xeGoo(x, D=6} 1g, (D=0 va GG, .

Toria 0(x} = ¢ (DY) +{1—q¢, (D) & (X) = th (X)+ 1, () 1 0o vewsmo |
(3-13) @ty (XD, 50,3, 4 p (G) = C llgrs Lutlls - AGY+ Nty oy, - (GRG)]

3aiivencsa ouenkoii oy (x). TTepexojd 1K JIOKAILILIN KOOPANIATAM, BRC-
JIEHHIBIM B HAUANIE HACTOSIUET0 NAParpapa, Mbl MOGKEM CUnTaTs (He BROAR 1l
MPOCTOTHL HOBLIX GG03NaveHnii), uto ty = ¢ (¥, ) Py arios na wicniipe 71,
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HocuTe: L Kortopail saicnoain oodmaern [, = {(v. 0y vel, O-=f-e), 170
# ()0 npa £ 0,
Bupmetne L4, npewraBiyn g BHAC

(3.14) Ly = LBy (3, Dy, D)ty + [ £~ L2 By (v, D 1D i,
OBoanauun B, (v 1),
(3.13) Hg (O Dlls, sa2tm—n, e p (L)) ==

= CH L0 Dl () +hg (0 Dlls sy, 5 ()] -

)y, =5 g (v 8. Tora uz (2.9) chneiyer vneHia

Tar vax

MgV Dllscopm-ty—1,+: p (L) = e Mg (v s comom-n, - p (LY
e e—=~0nmpne-~0, 10
(3.16) g (v, My cozomen.oorp (L) =C 1+ ) L2 O, ()

Ha npeanodosesnnii reopexsl 08 0TCYTCTBHIN NOM0cOR onepatopa 85,1 (2)
(3.17) b o L0 = C By (v Do £ Dy a s, (L)

0 sy am, o rp (L) = C N By (v, Dy & DY ity llsy stm—y, 1 p(H)
Qoneannsist oueiusk (3.106) 1 (3.17), nonunw
(3.18)  [lttglls w2t s v2m, 4 v ep (Lo = Cy llg (0, D

= Cy |lLL2 By (v. Dy D) 1y [ls, (L)

Bropoit wicnr g npaseii nacri (3.14) naeer » L, Miuvio 10pMy B COOTBLT-
CTRYIOILNX NpocTpancTiax {cat. {6]) 11 nodrony 1z oneuox (3.18) 1 (3.13) u
CTANAAPTHLIX Paceysennii celyer nepasclicten (2.4). ||

fleprast vacTe TeopeMbl 1 JIOKA3LIBACTCST MOCTPOCIIEA ollepaTopa R
O0BIUHLIML B 2IMIITHUCCKG TCopt ¢nocodom cioieiikli npn noMoiy pas-
ducis  eHNILL M3 peryispiuzatopa B odaacrie (\G, A8 pasiiomepHo
ajumMITItecKero onepatopa £ oneparopa RY B obnactu G, cyilecrsosaite
KoToporo jgoradano B reopene 3. Ipu arom st oneparopa T 13 (2.3) nmojy-
UACTCS OLEIKE

(3.19) 17 fls, - (G) = = e} LS, . (G) +
+C IR s +2m -3, v+ p (G} + I -1 (GG
rae x{e) ~0 npu #~0.

S, 84 2m=0, 5, 4 p (L) =

Jorasen sBnosiie HenpepulisHocTe oneparopa T. Tak Kak
1R Nls+2m—1, 54 p (G) = 2y (&) [ ls, - (G + C [ f s (GG,
™ u3 (3.19) ciaepver
(3.20) 18l (6) =24 (&) Il (G) 4 C fls—y (G\G)

3nect #; ()01 e~0i =1, 2,




1. AL TR T MR e, T

Tvers {f,} - anoskecTBo  (pyHELNIT PABHOMEPHO  OTPANHUENTIO: B
He, (), torga {f,} no Teopeme BI0WENNST KOMPARTHO B S~ {(A\G,) nis
=0, M3 {3.20) coenyer wonnaxTioeTs {77} |

4. Jl0Ka3aTeNsCcTBO TeOpembl 4
Teopesa 4 05T BRIBCACIEL I3 P LM,
Shewaa 1L Cpase; sl Gopay b
Flln(o+io}| () = (2=t ()+ix?)yo{)—2xt20,
FlIn(o—in)|{t) = (22 17(1) - ia?) 6(8) -2 87"
(3aneTin, uTo MB HpIepskisaeycs obozniennit sionorpadin [4).
Jlowasateaecrse. Tae kak

Mi{g=iny - I 6 ~3i6G (- 5)

m{g —it) = ligi ~aiG{ o).

TO JOKABLIBACHBIE (DUPMYIINL BLIBOAATCS 113 QoL HPHBCACHIBIX & [4]
(erp. 124, 129, 222).

Jesma 2, Theth plo+iy &) = (o+ iy — i () (o + iy +ix () 1 nverns
P IECTE o BESA N () TR -3 SR ERF NS ) RSy T ) R o D R L
Tora
(.1) Flinplo+iy, sy =4zt (D)) =2z e [e 4F 3 Lex 2],
Horasareabcrso. TaK Kax

Flin{o iy +i00{f) = ¢ Flln{g +.0)}

Fline+iy—in})|[{) = ¢ A Fln{a—in)}|,
o (L1} caeayer nz JleMsinl 1.

Jdesama 30 Jose 7 feRE raknx. wro g (=) - a0, pyusdis (s, 5 ra-
Kist, 'ro

(4.2) Finm(o+ip. () = 4x(b -} 17(1) o' (f) -
A D) =) (=) S — A I (D)8 (1) —
__2:[(] _{,w (r}f}--l‘,;.-f[f hflf‘ll_lg_t)fff:llf-,!b ar

anajirrHuig B nolloce ¢-=lm - b nenpepusia ponotoce d=lmisb oo
VAGRBICTROPSLET COOTHOLIEHIK)

(4.3} plo+ib, 5) = mie+ia. 5ym {e+ib, ),

e p{o-sib B} o GYHRINN BEGIENHAN 3 oacnae 2,
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Howazareascrso. [pasas vacts (4.2) ecte O e~ 29 upu -~ + oo
1Ot o) pis - - oo JHAUNT HYERINN N1 (2, L), 11 CER0BATE.TLHO
m(A, &) anauamTiuia B nodoce a— (- by < Imi-=6 + (n — | b]).

Jlod poxasatennetsa Gopmyibl (4.3} noioykum 6 (4.2) y=0a u v =h.
3aTeM  BLIMTEM NOCYUCHHBLIE BBIRAKEINA TPV 13 Jpyrd, flosyunw o [re-
IVIILTATY

Flinm{o “ia. )| ()~ F[Inm(o + ib. )] () =
=4z 17 (1)&(t) 2zt [e ™t vt = Filnplo+ib. 511 . ]
Shavia L Flyvets W, = {50 26R, p (3= 1+ (0]} w7 5l n 7 g€R?

CHNPaBe L inmsbl OLCHEN:
2h

1— .
(4.4) Ky(l+ ol +1g) = |mia fa, 5] <
]__f'i:'—!:f’u
~ (T =g) = {5:)
]
[T

-1
(4.5} Ki(l+ial+15Y) = 'm{ag+1h, D) -
o1 2h
=K1+ o +ig))y 7O
Howazarenscrao. Jammuesn sh~!'(v) v oswie: sh='{y) = y~'e73
+sgn 1|2 V4 e [+ (00 tae g (V)= Ofe Y ) upu (1] - s 0o (V) =
=00 npae 1y =0

IS

Tk waue {1 ey - 2e = sh [ T:{J' To oB0BITIL P od = Ty - d =
= 1. 13 (£.2) noayuns )
{(4.6) Flmmie+ia+ir. 5} =
— pbt [2.’:' A p—Camra 2t 4 9 frle -t rimt g o fo p{z—r+2rat g
f gy TR Qg pler i T gl i L (1) 4, (1, B)
3oect

T

g () = Aty (D) 8 () A r'([)["“ + 1] D+CHW).

o (6 5) =g [—"g’] [r-_ t f( "—*")2 1 f,(‘ o 5')’] s

Jlerko nmowasarn, wro Ios W,
o

[l 91a-c

— o

npiuén C — e 3aRUCHT 0T &,
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Caensareinlio

(4.7) 7 e (G DA =G

rae €, - nezasucnr ot SCWL e€RY v€[0, b —a]. 3 Biuia o () cireover, wro
(4.8) Re F=' [y, (D] = Cy.,

rie G, — ne samuenr ot o( R 11 7£[0, 6 —ul.

Ofpatnoe npeodpasosaiine Pypobe ABIe BLILICAHHLIY W IEHOB HPaBoii
dact {4.6) noxcunTesueTe 1Mo GopMyIaM, npieeinnny g [4] (eTp. 223,
224). Nocae npuvenerist Fo8 e ofens wiersin (4.0} 10 97enCHTAPHBIX BLIK-
A0 IOV UIIN

(4.9 Relnm(o+ia+iv. &) = ({7 (D + D20+ 20 -7+
ag+r [ . g+ ] . at+r ”
+ —— larcetg [ — - = arecty( - s -1+
T, itb+rtT, nob -1+ 2v,

[ :
—Inlf{g + )2 (u—b—7+27)3] "™ X
by 1

X(et v b v 0 (et (u :fb#'r)"’]::"_x
i

XMa+m+ Gt =b=r+0l] “LERCE [y (0 + (4 9]

Tieprulit 1 BrOpoil uncnnl cyymabl B Ipasoil uacrn (4.9} pasiomepuo orpai-
qensl Mpu o€RY, SCW,., 7€[0, 0 —q], a nocnemnuil uaen atoft cvmmu orpa-
nnven B cuay (4.7), (4.8).

ChenopaTeinnig CnpaBe L nBa oUetia

bh—r |

#-10) Cl{o 1wV ~14pu3] ™ T e Yo 4 iu+iT, 8) =

!
b-r 1

SClotwp+lapt] ™ 7,

rae € n € - noctosmsle e sarucsimue o1 €W, o€RY n ref0. 7,). Tak
Kak ey |§| =p(E) =& 1], TO nenya gorkazata. |
Otosunauum W, p = {&:5€R, p,,, (2, =0 s |1m 2} =1 + (5]}

Jdrmaa 3. Thvetn 2y, (2, £) N0JHIGM ¢ BEIECTRENTILINH KOMPGILIIENTAMIS
¥I0BICTROPHIOULIT ¥ CA0BIHIY (2.]2). Torxa 3 Ppyukwist M (2. ), ana;uiru-
UECIKAn B rosmnce ¢ = lm 2 = b takan, uro

(4.11) Pay @i, &) = M{o+ i, 5y MV (o +ib. %)
Il L‘l‘[paBeﬂ_’IllBa OLeNEKa
| brr
[2 bl}}'] "

@12) (Lo 4 [5[%) “AM (o +iatit, ) =

LA
-‘:mél(]_{, 'G|2+'§Ig)[2 b—a]

re C, n €, — nocrosmmnsie, e asucsiune or SEWoH, p, o€RY 11 1€]0, 7, ].
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Hokazateapcrro. V3 veiaonis (2.32) ciaeiyer 1IpeIcTaniesne
Lt

rn:!m (G' E) = p'_’:u ( ] - 0) U (J - ! y-r.- (:)) (G + !' é!.- (E)) N
1

rae % (5) = n () + 1 (3) py (E) = e IE[; Jnauirr Glemma 3 mosvuaerest noe-

SICMOBATC LRI TIPIMOHCHHIEM TCMM 2,34 32[.\18'1‘[!.\1. UTO
n
r . r
Woop= -0, . 1
A-1

Paspeurnyocts sajams KB npocTpaiictse © PUKCHPOBAHHBIMIT §; 11 S,
YCTANABAIBALT

Treorema 3. Hvome sptnoanerd yeapons (2.12) o

2 2h
5 8= —|l- Sl Yy, s = fle—— (-0,
' [ by ( ’ B J (

pus

Toeow oay 2oWe pi Whog uoas + f(s, 5}6;;@(;‘)1) - councmucioe pe-
wiertte sudy i 1 s f',"_?-':},f:,,,

Mpuear o 7 v(n, HEHMS 1 - (Wb, priWe, ¢ ssno.aiena ogeiio
1) CiJto D2 = v O oo Cof o DI,
ente nocmosnisie C, C - 1o sasticant om k.

Aokasareiserso. M3 Jieannl 3 cQever  oyviuecTBobaiiie gy iU
M (2D 0 N {45 moTtopole yaenieTsopsioeT papciiersay (L 11) aan neqnmno-
MOB Py, 1 sy coaTBererrenno. Toraa (2.11) nepennered v nuie

(4.14) M Yo+tih, IN(e+iu, Hv(o+1a, &)+
LMV o +ib, YN(o+ib, D) v{o+ib, £) -

M Yo it YN (o i {u, 5 g, £).
Qbdoznaunm
Vi, 8= MV NG D)L s,

Go.5) = VU Yo tia, YN (o t-ia, ) [{e, 3).
Torga ¢ 14) npisier sl
(4.13) Vio+ia 5} <V (e+ib 5) = ({a. 5).

3averny, vro uz onenok L M Hib, 3, N{e - ib, ) cleayver, wu
G(o, Sy L (R)).
Macne npeodpazosanusn Gypue no g 1 (4.15) meayunm

e FIV (o, (0 IV (6. D]y = F[Glo, 5} ().
CiienoBareinho
(4.16) FHV{a, I = (¥ 1) 7 F[G (o, D] ().

2 ANNALES Sectio Mathematicn — Tonns XXV
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3uauut V (4, £) anasnmndna B ogeaece ¢ lm A= b om0 BRUIIOTHEHA GUETIIKY

.

(4.17) I (IV (o + i, O+ [V (6416, 5| do=2 J'}G(a,s)r—'dm

M3 (4.17) nerico caeayer (4.13), a snauut reopena d orazaua. |
i‘[epcxo;m.u HOIELL K JWHSGISATE ThUTEY TCOPEMLL! 4, T(:(]p(:_\lii 4 aorazana

HaMH TIpH
§=38, = — [l _2 ] (m-0
- b—u

(cm. Teopesy 5). Toxarkenm cnpaBeliusocth ouensn (2.13) ans Beex $=3,.
310 u Oy AeT NoKazLIBaTh Teopemy 4. TlveTh s = 5,4 1. Tipoaudepepenumnponan
(4.16) o { nosyunm

[em F [V] (f)]; — [Em' [ea.r 4 eb{]—]]; }'[GJ (r)_)r_e(hr [E“I-f—fuj_l [ !L[G] (f)]; .
Otiyja nocie npeodpasosanna Pypue cregyer
/' oV (o +ia, 9)|*do=C j (|ot{a, D2+ 16 (s, 97 da,

rie € — 34BHCHT UL OT ¢ 1 b ANAJ0THYHAA OUEHKA OoIvuaeTed Ji
V (g+ib, £). [Tocie 1x ofneinnelua 1 NPNMEHeHAst SIENMLL 3 Noiiyyum (2.13)
AT § = §y+ 1. TaK nee joiKkassisaeted (2.13) 418 s = 5,+ 4, K =2,3,4, ...

Hoxanenm Tereps (2.13) anst § = So+d, tae O—=d=1. Tlo ussecrnoii
dopmyne gas ppobnoil npoussofHoid Hween

(4.18) o d / [al2 |V (o 4 in, D)|2da =

NP

_ j j |Tl_(l_"2d) | et 1-r)F[V](r+T)__L,ur F[V](f)Pi”dT.

K3 (4.16) caepver, uto npaBay yacrh (4.18) OLEHMBACTCS CREPXY BhIPAIKEIUEM
R ]
f j [ 4eb-@@+n]=2 | F[G]({f-+7)— FIG] (B2 2] dtdr +
+= At

b [ [ A e By (o o dtd e =

QueBHaHE, uTo
4+ =
I = j 1G (s, )12 |o]™d e,
+uw
1,=C f IG (o, £)|2d o,

rae C — He 3aBUCHT OT £
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W3 mosivuenieix ouenoi i (4.18), (4.17) cacayver (2.13) 15t § = 5, 4-d. Q8-

mit PEIVIALTAT IIGIVHACT I\'[].\iﬁl!llllpﬂliﬁlllie.\\ MPELIAYIIIIX pE‘ICCY}KﬂC[[Hﬁ. l
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L. Introductiont. 1t is well-known that the mean and “large” value esti-
mates of Diriclilet polynomia's
(1.1% 2oa(nyyayns

NzEn

are very useful for obtaining zero-density results for Riemann zeta and
Diriclict L-functions in region 3= 1. See for example [1], {3], {6], [12).

fn this paperwe shall consider Dirichlet polynemials in quadratic imagi-
nary number field @ (Vd) (d-:0 is a squarc-free number) which is widened
to an ideal numiber system /C{2], [8]. We shall prove “large value™ estimate
for so called Hecke polynontials, i.e.

(1.2) _Z.'*’ Cl)Z(@)Nz2™%,
Naizw

where = is an fdeal gumber from K, Ne denotes the norm of =, § = a4+ 1f,
N1 Z{x) is Heoke's character of the seeond kind (or Grossencharacter)
mod y, (4~ () is an integer ideal from our field) with exponent nr, m¢ Z, i.ce.

(1.3) T () = 7 (x)clemaes

whiere 7 (=) is ag ahelian character of the multiplicative group mod 5, ¢ is
the nuumber of units mad vy, Cz) in (1.2) are complex numbers depending
ofl 2. The < i (L.2) and as follows denotes that = runs over a set of non-
associated non-zera nwimbers from K.

By using the methods due to HUXLEY [3], JuTiLa 3, 6] and HeaTH-
Browx [[], we shall prove the following

Tueorew. Suppuse fhal we have sequences = («) and s, = 0, + i,

e 0200 Ry a0 Assutie thal for r2q or 228, or |, — =1,

T | [P 21
=T, T2, tml =M, M1 Let V= [4-‘;:—”»“2] , 1<N=Vi,

[ )

o = Mine,,, C(x) be complex numbers depending only on a.
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Then for every fixed infeger k=1 we ltuve

(1.4) [ 2> DAY €3 T L TR b'""l }'—'<<

re=f NzNx=2N

“Vir I le@ENzex

N=N2=zIN
X(RN 4 REVE Vo 4 REVS VLR LN REE(N)),

where e =) {s wir arbitrary small constant depending en k aind the field, the con-
stant implied i svymbol << depesuds on e, K, the fdeal v and ihe freld and

- 1, or N = Vi,

E (N) — . l’ A
V™ for N =V,

This theorem is similar to fenima 6 of Hears-Browx [1].

The letter » denotes and arbitrarily small positive constant not the same
at every occurence, Cy, C,, ..., are abhsolute constants that may deperd on
the field, &, the ideal o and £, The same is true for symbols @ and <.

2, Lemmas, We shall ase some lemas to prove (L4). First we need
some properties of Hecke Z-functions. For g:- | the Hecke Z-functiosn are
defined by the series
2.1 SHEZ()Na > = L. ).

x={0)
We restate some properties of Z(s, 2) [2] in the following.

Lemma 1. Function Z (s, Z) is an entive function excepting the case of
trivial character and has a functional equation of Dirichlet type

(2.2) (5, =2 (DHW(s, )21~ s, 3),
where |#(3)] = | and

[

P[ gl +1 —5]
. 1 oy - ds 2
(2.3) (s, =) = [) VDN ,,] B
=T F[] .L’i-‘“|+5J
2
LeEmma 2. in the region g -1, ¥, =2 the relation

(2.4) 1 (5, S (VDN 3 V)0 2

lolds. Here the constant implied in symbol = is an absolute one.
Proor. The assertion follows from Stirling's formala for In P(S) if we
rewrite ¥/(s, ) in the form
W(s, ) =

1—25
= x(2) [—1— ¥DN r;] exp{ln r [ ! glml+1 —-s]—»inl’[ l g a”
2 2 2 _
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Lemma 3. Suppose that fi = 2 DNy V., 0=0=1, T=2, M=1, [{|=
=0, f=N=V,

Hi(s, E) = zx," {cxp [ . (j:;]h] —exp [ - [—N—; ]h]} (e} Nas,

(2.3)
Then
. h —1-+£t i
(26) [H(s DI<E(IN + 14N [ | Z* S@)Na e,
Na=P
—ht =
wiere
/2.
P = BM In DNy Vyyyr
and
lre< Zi{s, 5y if =T =22, isatrivial character,

E{(5) =

l() otherwise
and the constaitts €, and that involved by << in (2.6} depend only on our
field.

Proor. We have [12], [Y]

Dhf e
* LAY Nn
@7y H(s, Z) - Zisw, B[V GVN
270 ) fi W

- - 1
Moving the line of integration in (2.7) to Re(s pw) = Y we pass the pole

at point s40 =1 in case of trivial character with residue

H 1-5 Nl—' _
[rusZ(b._O)] [] ___”](_N)] —— - E (E)YN.
Applying the functional equation for Z(s, Z) (2.2) and removing o the
line Re{s+w) - -1/2 we have
|H (5. 3 <E (= )1\+| [ r [ +1]><
(Rl (54 ap—=—- 1)

=1

% (2N — N S Ngo1osw = ()W (1 -s—m, 3) dllf! +

1 It o

g )
I(“t'(<+u)=_i) I

o NN oy ris W E ) W (1 — s —w, E) dw|
n Na=P

=FE &) v s
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Estimating f, we move the lne of integration to Re(s ) = , and rewrite

Jooassum of jpand j, with lunits of integration |v) =/ and |7| = i° respec-
tively. Then j, gives us the needed integral terny in (2.6}, from Lemma 2 and
from Stirling’s formula it follows that |j,|<1. Estimating [, we move the

. - . f . . I
line of integration to Rew = — ~ and we have from Lemma 2 and Stirling's
formula that

1 1T
o N — :!_ R -

PN e,

h
—l= ==

= [ ZrNa o [DN ”['«if.‘«""nr'—"r(!irr)i]]

. NP
For lz]=]#] we get obviously that | ful << 1. If |7y=|f] then | f.i<<1 from
the condition P = N=-VDN g Vi, In© DNy V.

Lesmad Let AT =1, T2, for eaclhh = we associate natural nuher
Rz and suppose that if,, —f, b=V Tor T=w, bRz, a=b, [f,1- T,
[t = AT
o1 1 e
Then for 5= + (In V)

.
(2.8) > DN et i, )V Inte Ve
mo=Alr=1
For the proof sce { 10].
Lesma 3. For V=2 we have

l -

el - g [
1.‘1I'.{' Int: "'JJN"

P2 (s, S)i<

Ll e ]
| Vipt#einG Vo Oz )

Proor, Tt follows from the incqualitics

i Y =in V)

mir

2O D)=V, InV

i Ao

z [ Yo 5-] <V ING

see (8], [7] and by taking into account the convexity of Dirichilet series of
Hecke Z-functions.
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L=
|

LEmMa 6. Let [#] =T, T=2, [m|=M, M =1, ¢ - (In V) . Thenfora
natural number N = | we have

-, kit
(2.9) S E@Nz t =
Ne=N
. _ Nl.“.! it l a4+ V.‘“T ) ] ) _ N
= E{(&Y——+ ,{[ - it ;]-—-—---—dw+
| 22i 2 w
2_ Lrf a-iVaqr

+O(Ey(N)In Vy,,),
wliere

E, (N) _ {], N = V\t{l_:l\_‘

2 —1/6 ;
Vs, N=Vyy.

I 1
Proor. For 6 = u 57 g amd a natural number N owe can apply a

well-known contour-integration formula {13]. Thus

1
i-if
(2.10) 2F BN« 2
\'q. i
bt PV apy s
S b , Z[ ! it +, 5] N -+
238, s 2 w
boi¥apy
I / aIN
co ot o[ 2Y)
v [b i ] Vier
* 2

From Cauchy theorent we have

1 veiVae (0 ) N Nz ]
o I Zo|o—itrw 2 v = E\(5)-——— = or—
27 . 2 n . 271

boEVary -,J- + i

b—iVap  ariVayp  a—iVay i Nw
- [ + f + f Ll —d+w, Z)-  dr=
: . : 2 ’ n

¥
- f\’r”T fred Vur LET ST

(= Vo 1
= E(5) N SO z[i it 3] N w1+ o

. 2t . n
-;}" -if a ¥y
Furthermore
P , N i
(2.12) | Jul =i fl < [ 2l —itfu+iVy, di| =
ga- 2 1-iVyy

No ] !
< —— (b —u) max L’[ iV, ._.]| .
b+ V\"!f a=u=p 1



25 MAKNYS, AL

The Teima follows from (2.10), (211 and (2.12) if we estimate
(! . —
max 2 i iV, ;]
=il 2 ’ .
by Lemma 5.

Lemya 7. Let u(y) he complex numbers depending on 2 K, f, he real
numbers, 5 = 1, 2000 R md max (a(x) =, Na- . Then

JaXNz=N

oL ity
> Foa(n) S {x) S (x) N 7 o

Fog=1 e Nz )
. 1 12

7 -y 4irr~:‘rq'

Z 25‘ Er(z) Er;(z) Nz '

-1, N TN

Proor. Lemma 7 is similar to Lemma 2 of Juniea [6] and it follows
by the same way as in [0]. Tt is enough to put

Z{a) = SNz 11 T

and then rewrite the terms | 2.0 % as products of conjugates and finally
after changing the order of summation refer to conditions of our Lennua.
LEmma 8 Let T=2r, ¢ run over the integers }. 2, ..., ROAssume that
f, are real numbers a’itlsfymg the condition |f| =T and =, are characters
helonging to the same modulus 4 Assunie furthermore that for cach pair
of ¥ =g one of the relations = ==, or [ 1) ="V holds.
Then for natural N < V“"

+ity ity

PR O ENCLES =

rogaR

H{(Ru Vit RN + £, (N) RIS v,

by —

wlere
- ¥ Jl\f i T
‘L:::(N) = ! . Vit
Vet N =V
Proor. From Lemma 6 and Schwarz-Cauchy incquality we lave
Lo i i,
2 2R E () E ()N T = RN FEAANYR In?V, p +
oy ni Nan N
{2.13)
@iV PR ' 1412 G-EV yp A o
+ [ R{ Z :é[‘) — 0t i+, _—,,:q] ] [dw] - f N dir=
a-ivur na=R - w—iVygy - :

(RN + Ef(N) 2+ R* 2V ) In® Vyp

if wo estimate the sum in the tirst integral by Lemma 4.
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3. Prooi of theorem. Havisz-MoxteomeRry leinua [12] for guadratic
imaginary number fields [9] gives us an estimate

(3.1) > ( 2% Cle) S (e) N e ity )3«:::
(--_=R N=N2=dN |

<« X |Ho, +o,+il,—it, =, 5)1- 3% IC(PENa>.

rogEi NEN1s2V
From Lemma 2 we have

(3.2) > |H(o, +o,+il,—il,, _,_q)|<< 2 (ECDN 1)+

[ ¥ 4
h [ .
/ > N o —;r,—:rq o
FVN [ 3 2 S (05, ()N C Nouitdre
—.fl" rg=R. \"z = j*

«<RN ERX VN J().

Applying first Lemma 7 with u (=) = N =77, after then Holder's inequality
and again Lemma 7 with ¢z}~ 7, (2)=< Vi we oet

«| > - >* = (x w) N x :13"—"1"'“.; T <
Z (r,q%.i?l) qu-RI[ P ( ) Q( )N JI]

I - - ”
— 2 +!.Ir—h'q

((R::—Ik[ 2‘ ; _Z*I_(J(Q)E,(CE)—:G(K)N“ ] =
FgER | N =Pt |

l—n‘ ~if

=<V} f\”"“[ 2 2% E (%), 5 (#) Na

r =R i Nz ph

For the tast sum we can apply Lemma 8. \We have
"2 1k
(33) YN J(X)aViy Re1S [R oy, R VI RJ =

{C(R.’—I YL | QR N2 Y R (I‘ (N))! -r‘) Vi -

Theorem follows fron: (3.1), (3.2) and (3.3) inumediately.

4. Remarks. \We shall use Theorem of (his paper for sharpening zero-
density theorvins for non-trivial zerog of Heeke functions [9, 10]. 1n later
papers we shall estimate

2 N T,2).

m=ul
where N{o, T, Z) is the numhur of non- trivid] 7ETO8 o—p’ +1i1 of Hecke
Z-tanictions in rectangle 6 =31, [vf=T, 3id<g=1, T=2 Such estimates
a!_mli lead us to mew results in (lllf"lI]cH Lilktlihllfmll tt prime ideal nunibers
of quadratic imaginary number ficlds in scctors [4], [8], [, [10].
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{ Recefved June 7, 1082 )

In this paper we deal with a characterization of K-miniima in the range
ot the function considered swhich reduces o veetor optimization problem to
pptimizativn of real-vatued functions along halflines lying in the range space.
Our investigation essentially generalizes the results of | 4G Lix [1] (e
also {2]) to thw infinite dimensional case.

tn owr investigations the following definitions will be necded.

DeEFixrios 1o Let 2 be a real Hilbert space, K Z a convex cone.
Tlhe pair (£, KY is said to be an ordered Hilbert space.

In connection with this ordering the following nnl.tlmm will be used.

For any 1), 2,274 we shall write 7y =2, 7y =2, and 2y =z, if 2 -2 6K,
7,— 2 2 K00} and z,-- 2 fint K respectively.

Derixrriox 20 Let 4 <0 he an arbitravy set, (£, Ky an ordered Hilhert
space and f:40 -7 a given fuiction. An element g, €4/ is said to be a K-
migitmum point of the fuietion f, if there exists no gy €720 with fa)= f(u,).

Further on by the Riesz theorem the dual space Z* of the Hilbert space
Z will be identificd with Z.

DEFINITION 3. Let pzZ be arbitrary. For the function f considered in
Definition 2 an element ¢ €74 1s said to be a ninimum point with respect to
the direction p (hriefly a p-minimuwm point), if the point

NeD = {{eR ) Ipe Ry}
is nnnimmn point of the function
prDg R p(fy:= p, [ligy+1p.
First we prove a necessary condition for K-optimality.
TreoreM. Lising the ubove nofalions, suppose the cone K is closed ainf
(N T2, 20y =0 {7y, 26K

Then, if u,cdi is K-minimum point of the function f then for ecach vector
pPeR ny, is a p-minfmun point of f.
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Proor. Since for pe= 0 pis constant we can suppose that pe K+ 1{0}.
First, we show that
() pe R0}

Suppuse the contrary, ie. p K Since K is convex and closed, hy the
separation theorem ([3] 3.4, theoren) there exists a ¢£2 such that
)] gi= supfig, 2o ze Ky g, p,.

Since DK, obviously a=0. If ¢=-0, then there exists a vector 2,2 K
such that ¢, 2,3 = 0. But thus the sct

{fg, 22,; 1 7€R}

camnet be bounded above, in contradiction with the equality (3). Henee
a = 1. Thercfore,
{g,2:=0 (€KY

Thus  ge X and on the other hand ¢ = 0. Henee, by (3), we have
IR
which is a contradiction with the condition (1) and (2) is proved.
Now, suppose that for some pe K ({0} Bl is not a minimm point
of the funetion p. Then there exists a fe R such 1hat
{4) Flugy HIpeR,
Al
P g) wipy=p, fluy) -
Hence we obtain that ¢ |[pll*--0 which implies f=0. According to (4) there
exists o wedd such that
Fy = flgy w1p
-fp e IGO0},

Sl —f e K\{0},

which is contradiction because w, is K-minimum point of the function f. |
Now, we provide a simple sufficient condition for K-minimality.
STATEMENT. Using the symibols of Definition 1 =3, let K K+ and
suppose that an efement u @ is a p-minimuw point of f for every pe K.
Then uy is K-minimum point of the function f.

Sinice by (2)

therefore

Proor. Suppose the contrary. Then there exists a u,€4( such that
Jlty=f ().
Hence, for the vector

(9) Pi= fley)—F )
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we have
peK\(B),
thus

©) Py flug)—=f (i) = Pl =0

By (3} it is obvious that — ICDI-J and aceording o (R)

pO=1) = p Sy = (p fln); — p0),

which is a contradiction, hecause (](_Dﬁ is a minimum peint of the fuie-
tion p. |

Conferring the Theorem and the Statement we obtain the following
necessary and sufficient condition.

CoroLLary. Suppose that for an ordercd Hilbert space K satisfics
K — K . Then for a point 4,€/Z{ to be a K-nrinimum poeint of f it is necessary
and sufficient that for every pe K+ uy be a p-minimum point of f.

Remarg, If for seme ordered Hilbert space (£, K) K = K-, then the
corddition {1} is obviously satisfied; therefore we can apply the Corollary.
Below we show examples for such ordered Hilbert spaces.

ExamprLe | Let neN, [1p, LR, Z:= L8], 1] and
Ko {zelg f, 1] 2 (OeRY, e feld,, 1]} -
We show that K = K. The inclusion K c K~ is ohvious. Let ze K° ad
suppase that 22 K, i.e. there exists a number 7€ 1, i and a set A [f,, £,], such

that
mes A=0, 7 ({)y=0 (fcA).

Define the function ve iy [4;, 4] as follows. For each Jjel, n put

£ s if f=1,
Jlj::{f{/\ !

vi=0, it jel, m{iy.

it is obvious that ye K and

S

A
therefore 2+ K+ in contradiction with the choice of z.
ExampLE 2. Let neN, [f, {,] <R and
Z— HY [t 4] = {z: [l 1] =Rz is absolutely continueus, 2€Lj [f,, 1]} -

Huo (i, 4] is a Hilbert space with the following scalar product
f
(2 zz) = () 2 () + j CENE
ty

(21 26 HE" 1o 1]
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Dyefine
Ko fzozoo()=R 2(N=0 for e 5 [H, 1]}

As in thie previous example it can he proved that for this ordered Hilbert
space {Z, K) the comrdition K = A s also satisfied.
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The existence of a space-filling curve ([4] p. 122) Is a topological result
whicli is, at first sight, surprising. The existence of a separable normed space
whicl contains an isometric copy of every finite-dimensional normed space
([1] p. 185) is @ much ignored result from functional analysis. We point out
the relationship between these two facts.

By a space-filling curve, we nwan a continuous map from the unit
interval £ onto 2 The sup-normed space ot continuous functions from [ to
R, denoted as usual by C ([}, actually contains a copy of every separable
normed space. For simplicity, we will call a normed space universal if it
contains a copy of every finite-dimensional normed space. To illustrate the
connection between space-filling curves and universal normed spaces, it is
appropriate to consider compact topological spaces other than the unif in-
tervat,

S0 let X be a compact topological space {assmned Hausdortf), and let
C(X) be the normed space of continuous functions from X to R, There are
two pertinent questions we may ask concerning X. Firstly, is there a con-
tinuous map ¥ : X — E, for some finite-dimensional normed space £, such
that ¥ (X} has an interior point? The existence of such a map when X = 1
and E is two-dimensional is equivalent to the existence of a space-filling
curve. Secondly, is C(X) universal?

It £ is any normed space, we will denote its dual by E* amd its unit ball
by U/ (E). If E is finite-dimensional, then L {E¥) is a compact metric space.
If g X U (E*) is continuous and onte, then C(X) coutains a copy of E.
Indeed, the map ¢*: E~C(X) defined by p* (@) (X)) = p(x) (@), for ain £
and x in X, is an isometric embedding. [t is this which motivates us to con-
sider the fwo questions just raised, and their relationship. Our first result
is a refinement of this observation.

LEmma L. Let E be a finite-dimensional normed space. Then £ embeds
isometrically in C{X) if and only if there is a map y: X — U (E*) such that
— e (X)U (X)) contains every extreme point of U(E™®).

Proor. Sufficiency can be proved in the same manner as above. To
establish necessity, we assume that E is a subspace of C(X), with basis

3 ANNALES — Sectic Matiematica — Tomus X XYIT.
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{ay, ... at Then E¥ may be identified with R?: to a functional fin £% we
associate the a-tuple (fleg), - f(4)). Let Wi X £ he the evaluation
map, ¥(x) = (2, (x), ¢, (x) ... ¢, (). Then K = ¥ (X) is a compact subset
of U(E*). For any function a in E we have |lg] = max{|a(x)] :x€ X} =
=max {{f(a)| - f£ K}. A routine application of the separation theorem then
shows that U(E*) is the convex hull of — KUK Immediately we deduee
that every extreme point of U (E#) les in — K'JIK,

We will use this duality lemma to establish results of two types. First
we will present a result of Donoghue's, which essentially says that the
simooth subspaces of C(f) must contain sorme pathological functions. On the
other hand, every two-dimensional normed space can be represented by
quite well-behaved functions in C(f).

Let #obe a positive integer, We will say that X fills a-space if there is
an n-dimensional normed space E, and a continuous map ¥ : X — £, such that
Y (X) has an interior peint. Since any cube in R” is a retract, we see that X
fills n-space if and only if there is a continvous map from X onto . A normed
space E is said to be snwooth, if, for every non-zero x in E, there is a unique
functional f in E* satisfying f{x) =[x} and ||/ = 1. When E is finite-
dimensional, this is the same as requiring every normn one functional in E¥
to De an extreme point of {J(£%).

Proposrriox 2. For o =2, the following are equivalent.

(iy C(X) contains o smooth awdimensional subspace,

(i) X fills (n— 1)-space,

(iii} C(X) contains every a-dimensional normed space.

Proor. (i)=>(i1) {3]. Let {a;. . .., a,;} be a hasis for a smooth subspace E.
Then, by lemma 1, S(£%) = {fe 7| f] = 1} is contained in — KUK, Now
define a projection P on R* by P2, ..., 2= (4, ... 7, ;. 0. Then F,
the range of P, is an (- D-dimensional normed space. For any x in £, we
have ||x4-(0, ..., 0, Dit= 1, for all sufficiently large Z. 1t follows from the
intermediate vaiue theorent that U(F)LP(S(E¥)c  P(K) P (K). Thus
P (K), considered as o subset of F, contains an interior point. This is pre-
cisely the assertion that X fills (i— 1)-space, via the map

X (”1 (,\'), Uy (1) ses g (\)) .

(ii)=(iii) Let E be any n-dimensional normed space, and clwose x ¢ £\{0].
Then K = {feS(E*) f(x)=-0} Is casily shown to be homeomaorphic to 71
But — KUK is just S(E¥), so lemma 1 tells us that /£ embeds in C(X).

[t is necessary to reduce the dimension in this proof. For example, let
X he the unit cirele, {{=, MHER* 122+ 3" - 1}, and define F and ¢ in C(X)
by flz, )= and g(x, )= p. Then §2f+n gl = 72 + 2, for any 7 and ¢ in
R, so the subspace spanned by [ and g i3 a two-dimensional Hilbert space.
However, the map x,—(f(x), g (x)) does not fill 2-space.

The next result is obvious.

CoroLLARY 3. A necessary and sufficient condition for C(X) to be
universal is that X fills n-space, for every n.



by
ol

SPACE-FHLLING CURVES AND UNPVIZRBAL NORME SPACES

Taking X = 7 in Corollary 3, we find that the following four assertions
are equivalent:
(i} C(yis universal,
(i) C{fy contains a 3-dimenstonal Zuclidean space,
(iii) there is a continuons nxap from [ onto 12,
(iv) for cvery n, there is a contingons arap from Fonto /.

The implications {ivy={i}=>{ii)= i) arc clear. [nduction shows that
(iiiy=(iv}). Thus, universality of C{/) is cquivalent to the existence of a
space-filling curve. OF course, these four assertions arce not merely equiva-
lent; they are all true! This gives the following refinement of Corollary 3,

Tueorew 4. The following three conditions are equivafent:

() C{X) s muiversal,
(iiy C(X) condains o smooth 2-dimensional subspuce,
(iii}y there is o conlinuons map from X onlo |

We reinark that the usual proof that C(F) is universal uses the faet that
every conpact metric space is a continuous Unage of the Cantor set ({4] p.
127). Instead of this, we have deduced universality of C(f) from the exist-
ence of a spoce-filling curve. However, the existence of a space-filling curve
can also be deduced from this property of the Cantor set ([4] p. 128).

Intuitively speaking, space-filling curves are somewhat pathological.
For example, they cannot be differentiable, or even Lipschitz continuous.
1t is an easy exercise to show that if ¢ 7 +~R? is a Lipschitz continuous map,
then g (£} has plane measure zero. Thus Donoghue's result asserts that the
subalgehra of Lipschitz continuous functions in C (/) does not contain any
smooth 3-dimensional subspace. Boszxay {2 shuwed that the subalgebra
of analytic functions in C (1) does not contain every 2-dimensional normed
space. In contrast to these results, we show that every 2-dimensional normed
space eribeds isometrically in the algehra of Lipschitz continuous functions,

TUEOREM D. [f E is uny 2-dimensional noried spoce, then we can find
Lipschifz confinuous functions f, .2 C (1) such that E is isometric 1o the finear

span of {1, 12}

Proor. Identify £ and E* with R*, under the obvieus duality. Then
K — (2, CS(E®): 70} is easily scen to be homeomorphic to /. let
pod K be any continuous surjection. Routine calculations show  that
p*(E) is the tinear span of {fy, f.}, where f,€ C(4) are the unique functions
which satisfy the identity p(x) = (/) (%), /o(3)). To say that each f; is Lip-
schitz continuous is the same as saying that y is Lipschitz continuous.

Thus, by leruma 1, we have only to show that K is a Lipschitz continuous
image of /. This can be done in a number of ways. For example, we could
introduce arce length along the curve K as a parameter (normalizing so that
K bas length one), and let £ and f, be the projections anto the co-ordinite
axes. Or we conhd prove this for a simple case, such as the Euclidean norm,
then use the fact that all norms on R® are uniformly equivalent.

a#
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Another refinenient is 1o choose our co-ordinate system so that {10y is

an exposed point of U {7¥) This means that JI(), =)ii= 1 unless = — 0. If
LX) =2x-1, and f,(x) is deternmined by the condition (f) (x). f> (\)}< K,
then /5 is obvieusty a convex function. It follows that every functfion in
¥ (EY will be differentiable at all but countably many poeints in [ The
Lf&ll\hltl\l. of f, may be unbounded in this case, but a simple change of scale
will give us functions with hounded derivatives, Again we have Lipschity
continuity.
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et X = (X0 X, XY be a d-dimensional randem vector with
distribution function

F XXy ooy Xy = P(XWPxg, Tjsd).
Let X\ X, ... . X, be indepentdent copies of X We put
24 — max (X{ID, X-‘_,”, A Xf,”),

and
i)
27, = (£, 2D, L0y
Assume that there are sequences &, = (@', a2, ..., al) and b,

= (b0, b, .., B of (non-random) vectors stich that, for each i l=j= d,
B - 0, and ﬂhlt the distribution function F{aV+ 802, ..., a@+ 68 z,)
of the normalized vector (Z,,—a,)fb, where each operation is understood to
he component by component, converges weakly to a distribution function
(2 250 <00, 2g), whose univaviate marginals H (25, l=j=4d, are non-
degenerate. Such a multivariate distribution function H {2, z,, .. .. 2;) 18
cialled an extreme value distribution function (for the maxima). We consider
here the case of maxima only. For the significance of extreme value distribu-
tions in model building, see GALAMBOS (196D), which, together with Chapter
dof GaLamgos (1978), can also be consulted for references to the asymptotic
theory of inultivariate extremes,

Oue interesting property of multivariate extreme value distributions is
the following inequality
(N F(z), 20s o 2 Hy (7)) Halzy) - Ha(2),
which implies that the components of a random vector with distribution
function H(z,, Z,, ..., z,) are positively correlated.

By means of bivariate marginals, upper inequalities can also be estab-
lished on H. In fact, when simple Bonferroni type inequalities are applicd
fo 77, then a passage to limit leads to the inequality

(2) H{zp 2y, - 2g)= _]_; Hi) [T i@z,

| =fejzd
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where 1, {z;, 2;) s the bivariate marginal of H (20 2,0 .0 02) corresponding
to the ~th and j-th components, and
H(z 25

<) fijlen 7)) = HiGYH ()

Our aim in the present paper is to sharpen (2).

Let us pause for a moment for giving sonie references. The inequality
(1) was recognized carly when the foundations of the multivariate extreme
value theory was laid down (sce Chapter 5 of Gavampos (1978) for refer-
ences). In the 1980s, J. Tiaco pe OuivEira developed a number of ine-
qualities, including (2), using a unique technique. For o smnntary of his
inequalities, see Trago pE Orverrs (1473) Both (1) aod (2) are special
cases of incgualities obtained by the present auther (Theorem 3.3.1 in
Gacannos (1978)), which are in terms of arbitrary warginals, not just
mnivariate and bivariate ones. Notice thn (1) and (2) imply that if the
componenis of a vector witle distribution function F/ (. %, ....2,)) are
pairwiscly independent then they are completely independent. Namely, for
pairwisely independent components r,; of (3) is one, and thus the two bounds
{1} and (2) coincide. This remarkable similarity of multivariale extreme
value distributions to the family of normal distributions has not yet heen
exrloited to a full extent.

Let us now state the resudt of the present paper.

THeEoRrEN. Puf k, for the infever part af the expressivn
2](};{ H rdzs 25}
4 Jof=jud / !
( ) - d - 1
- log J H.(z)
i1

and st s Ky =20 Tlen

{2 iz, 2., .. ..z‘,)--;{][ ."1",.(5-}}:5 i {r,j(z{, zj)}“‘-""’.

f el

Resark. Notice that when £, = 0, feo s = 2, () reduces to ¢2). In all
other cases, (3) is sharper than (2), which easily follows by comparing the two
bounds (use the definition of &, at (1), and the fact that, in view of (1), cach
Fy (i l). In faet, (3) 1s vadid for all § =2, as it will be seen in the course
of the proof. Our choice of 5 is, i1 some sense, optinal.

The proof of the Theorem is hased on the following inequality {see
(GaLAMBOS (1V77)).

Lemma, bet A, A, o0 A, be events onn a given probability space. Put

S0 = P and S,(n) = S P(AA).
j=1

lefs:jozn
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Then, Tur any integer k=2,

S, ().

2
P (at least oue A; occursy= - 5, (1) — ———
k k=1

The best bound is achieved when & 2 is the integer part of 28, (11)/S, (n).

Proor or THE THEoREM. First notice that if a single term on the right
ltand side of (5) is zevo, then, by basic properties of distribution functions,
Hiz, 2, 0,2 =0, and thus (3) holds. We therefore assume that each
term on the right hand side of (3) is positive. This, by (1), implies that
H (2, 2o .-, 24) 18 Dositive as well.

Now, by the definition of H, there exist constants («f), al, ..., @)
e (R DY qeh that

(h) iil}l "“” (‘Zl.n! z:!.n‘ e th‘il) = ‘” (ZI’ Zi! T ‘?d)!

Ho i~

where
o = Ay 4 hf,”zj.
A particular consequunce ot (8) is that, as #—~ + o=,
i {2 Za o v Zan) = 1
Hlence, by taking logarithm in (0), and applying the asymptotic reiation
loga, - log{l— (1 -u )} =~ (1+o (D (1 —u,), w,~1,

With s, -+ 1= (2] 40 2y gy ooy Zg ) WE et

(?) lim 12 | 1 — i (zl,n' Z:!,n! LRI Zr.r.n)] = - l”g i (ZI‘ LTI Z:‘!) '

N==re
Furthermore, if we denote by Fo (v} and £ (v, x;), respectively, the um-
variate and bivariate marginals of F{x,, x,, . ... x,) then, by repeating the
argument above, we obtain

i w1 -Fi(zp,3) = —log H;(z))

(8) He ot e
and
(N m nfl —F, (z{-_,,,zj_”)} = —logH, (2, ).

M=t o
On the other hand, 1-- F (2, Za e - -5 Zg.n) 18 the probability that at least
one of the events A; - {XYxz; ) I=f=d, occurs. Henee, by the Lemma,

for any integer A=2,
N )

10 ]_FZn'z"nv"'!:[n:{'”‘sn" '—_—S:!JH
(10) Grur 2 = S

where

o
(I 1 Sl,rr = Sl.n (d) = Z [i '"F:j(zj,n)]
i=1
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and

(12) S" no S!.n (d) - Z P (X(” = zr‘.m X(” = zj.n) -

- Vofwj=d

By the following well-kniown elementary formula of probability theory for
a random vector (U, V)

PUs=m, Vo) = 1-P(U=u) PV ar)+ P wu, Ve,

Sa, of (12) can also be written as

(13) Sln - : _,.2:_ d{] _"F;(‘;'a.n)"_"c;‘(zj.n)jl_[:{j(zf‘n' zj.n]} =
LR

= Z d{“ - F;(z;.rt)] + [} _F;(zj,n)] o [ L - F;;{zr.n' zi.n)]}'

1=i<jz

We first record that, in view of (8), (), (11} and (13), a8 n— + =,

d i
(14) lima8,, = —Dlog H(z) = —log [ H(z)
F—1 f=1
and ! ’
(13 limusS,, — 15;'%::f{ —log H(z;)—log H (2 )+ log H, (z;, 2}

-l fF Fip 2 3;') .

l=f=j=d
Next observe that, although the inequality (1) is valid for all integers
k=2, the best bound is obtained for a fixed i if £ =2 is the integer part of

S

ns

L l.n

Eon

This, however, it view of (14) and (13), asymptatically cquals the expression
in (4). Hence, we choose & =5 = k,+ 2 as stated in the Theoremr at (4).
With this &, we turn to (10). Multiplying (10} by n and letting n - =
(M. (14) and (13) immediately yield (3). which completes the proof.

v
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This paper is a gencralization of aulhwr’s carlier one: 0On the Theory
of Frobenius groups” [3]. fu that we gave a characterization of Frobenius
groups of abelian Kernel and abelian complement. The generalization of
these characterization propertics leads, m this paper, to a characterization
of Frobenius and L,(25) groups, k=2. The notations are standard. Sce

GorensTEIN [1] or Hurpert [2].

In this paper all groups are finite.

DerxiTion. Let G be a group. We now define a binary relation & on
G\{e}. xRy, x, veGi{c} by definition if there exists a chain:

X=Xg X oo X,=1V

n

with x; P00 (X2 ) Tor all { U= = i— ).
It is casy to see, that R is an cquivalenrce relation. In the following

cquivalence class in a group G means that of above R on G\{e}.

STATEMENT |. Let M be an equivalence class in a group G, then
C, ()M U{e} is true for all ugM.

The proof is trivial.

STATEMENT 2. Let AT be an cquivalence class in a group (. Denote
M:= MU{e}) and N:= Ng(M). Suppesc N=(. Let t¢G\N be arbitrary.
Then we have

Mot =E.

Proor. 1t is clear, that AT is an equivalence class too in G, lience the
statement follows by definition.

STATEMENT 3. Let A be an equivalence class in a group (. Denote
M= MU{e}. Suppose M is a subgroup of G, then ([M], |G M]) = |
foliows.

ProoF. Suppose the contrary. Then there cxists an Sp-subgroup S of
M, with §<=8* where $* is a Sp-subgroup of (6. Thus there exists an cle-
ment g+ e with ge Z(8%), wlmll is a contradiction.
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STateseNnt o Let M obe an equivalence class in a group . Suppose
Moo= Milel is a subgroup of Go Then N s a Frobenius group with
kersrel AT, and A is nilpotent.

Proor. Denote N Ng (M), By the Statemment 3. W is a Hall sub-
group of (. By the Theorem of Zassexwavs (Th. 6.2.0. in [I]} there exists
a subgroup K with KAT - N and KM - E. By the Statement L all the
elements of K induce by conjugation a fixed-point-frec automorphism of M,
hence N is a Frobenius group with kernel AL

M is nilpotent by the Theorem of THomesox (Th. 10021 i [1]).

Tusorem 1. Let (G be w group, (G| is odd. H\, H,, ..., H, are al the
eynivalence classes in (1, Suppose, that (1) --(ii) befow fiold :

() M= He ey ds w subgroup of G for all |,
{iiy -2,

Then G is o Frobewius greup.
Proor. Let 6 be a counter-example of smallest order.

(1) Suppose there exists an M, with H,;<3 0 for some £ By the Staic-
ment 4. is a Frobenius group, a coitradiction.

(2) Suppose there exists an H, with N, (H,} = H, for sume {0 then by
the Statement 20 H (Ml — E for all k£ U\H,; henee (78 & Probenivs
agroup, a contradiction.

Thus H, =N (H))- G helds for all i Then N () 1s a Frobenius group and
I, 1s nilpotent for all £, by the Statement 4. Henee Cp; (@) s nilpotent for all
aC . I this case (1 is solvable by the Theorem 143010 in [1]. Let & bea
minimal normal sabgroup of G, N is abelian, hence N=1], for some f by
the Statement 1. Thus /<G by the Statement 2., a contradiction.

THEORENM 2. Lot G he a roup of even order. H,, H,, ..., H_ are the aif
cgiivelenee elasses in (. Suppose, thal (iY— (it) below hotd.

(i) H,:=H, e} confeining an S,-subgroup of G is o abelivn subgrosp
of U,
(i) r--2

Then G is isomorphic to one of the folfoning groups:

() a Frobenius sroup,
(bY £, (27 where L2

Proor. Let G he a counter-example of smallest order. Denote N = H .
Suppose, that K <G, then ¢ is a Frobenius group by the Statenent 4, a
contradiction. Suppose N (K) = K, then by thie Statemnent 2. N K = E
for ait 12 (A hence G s a Frobenius group. a contradiction. Thus K-
= Ng (K)o N, (K 15 a Frobenius group and K is nilpotent by (he State-
ment <. Denote N~ N (K), we show that N is strongly embedded in G,
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Kide} is an cquivalence dass in N, IC is o Hall subgroup of N by the
Statement 3., hence C,; {£)-= N holds for any involution & of N.

20 if we consider an Sy-subgroup Voof N then V=K. So N (V=N
by the Statement 2.

3. Let x he an involution of K, then x'¢ N holds for seme f£G\N by
the Statement 2.

et o+ ¢ be an arbitrary clement of K. We consider CF (). TF 0% = u™!
holds for some involution £ of G, then LN follows by the Statement 2.,
hence ke K. Thus CE (i)~ K. By the Theorem of SuzUKI (Th. H.3.2.in [I]
one the following holds:

. An S,-subgroup of (s cyclic or generalized gquaternion.
1L 020, (K)) < (.
1. Umlvl the permutation representation of G on the right cosets of
N, (5 ig o Zassenhaus group of degree TR -1

In the first case, the S,-subgroup S with §- K has only one invelution,
hence N := £, which is a contradiction. In the second case O, (0,(K)) = K,
fience K < (G by the Statement 2, a contradiction. Thus the third case holds,
N is a Frobenius group with kernel £ and with complement 1. Put [H) =4,
[K| =& so VG = h-k(0 1) holds and k=1 is true.

We show, that (5 is a simiple group. Suppose the confrary. We consider
aninimal norma! subgroup Loin G, Suppose L =K, then K <G follows by
the Statement 2., which is a contradictien.

(*#) Thus L+ K holds.

We consider the subgroup K.

Suppose KL -G, The number of equivalence classes in /(L s at feast 2,
hecause L=2 K by { # ). 1t is clear, that K\{c} is an equivalence class in KU,
and K is containing an S,-subgroup S of KL Thus KL satisfies the conditions
of our theorem, hence by minimality of (7, K1 is either a Frobenius group
oritis o L. (25) for some natural aumber £=:2. 1, (28) (k= 2) is asimple group,
hy the Theorem [3.1.2.in (1], hence KL is a Froberzius group. Let AT be the
kernel of KL, M L= E because in the oppesite case WML = M x Lwhichis a
contradiction. M is a nilpotent normal Flall-subgroup in KL, so MNL <G,
henee M) L = £ follows hy minimality of L. [f M K = E then by nilpoteuey
of A there exist mcMNK and f< LK with 1¢C, (m), but L= K, which
is contradicting to the Statement [ Thus MK = E, henee Kl = E.
K1 = KM boeld, so AT = L follows because KL is a Frobenins group. Thus
JCis a complement in KL 1t s Knowin, that 8 is cithier cyelic or it is a gen-
cralized guaternion, henee S has only one involution, so N -/ which is
i contradiction.

(# %) Thus KL = (.

It Lofl~H, then KEON = K(L ) - N follows, which is a contra-
diction by (# %} So LNH - H
If LK =K, then LK = L 2, a contradiction, Thus LMK+ K
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del

We consider the subgroup LN Denote L, - LoyN. Ly = HA{LSK)
holds. Tt s clear, that L, is a Frobenius group with the kernel L7 KL Let
Ky KAL be arbitrary, L, <N henee FfEe< [ follows. Tt is known, that there
exists a A2 L,V K with A% = ff% (by the Theorem of Zassexiaus hen-
ce K RyYeNG(HY but b ET'e & which is a contradiction. Thus € s sim-
ple, bence by the Theorem T4 1 in [I]. Gis a £, (28 group k=2, a
contradiction.

On the basis of well-known characteristics of Frobenius and L, (2%)
groups it can be casily controlled that these groups satisfy conditionsof the
Theorent |.and 2.

Acknowledgement. The author would like to express her deep gratitude
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In (462 G. Zarea introduced the notion of a designated set of tepre-
sentatives of some subgroup in a finite group. He studied the following prob-
lernr. Let G be a finite group, and let 4 be a x-Hall subgroup of G, there exists
a designated set of representatives of If in (5. The question arises: What
properties must A have, for the existence of a normal-complement to H
in G. This paper is a generalization of his results, The notations are stand-
ard. Sec Gorexsteix [1] or HurpeErT [2].

in this paper we consider only finite groups.

Derinerion. Let G be a group, and let #f be a subgroup of G. R is a
designated scet of representatives of H in ¢ by definition, if R is a complete
set of right coset representatives of H in (7, and R = R for all 1¢H.

STaTeMENT [ Let (0 be a group, and let /] he a subroup of G 1f R s
i designated set of representatives of H in (G, then R is a set of left coset
representatives of H in (.

Proor. Clear.

STATEMENT 2. Let (G be a group, and let A be a subgroup of G, If R is
a designated set of representatives of H in G, then o€ C, (HMH?) is true
for all peR.

Proor. Let o€ R be, and let Ity, i, € H be, such that if = &1, is true. So
5 ' =iy =y iy follows for some fiy€ H. Thus o = iy 0 holds, but o™¢R
by definition of R, from which ft, = ¢ follows. Thus 1, =/,

Lemuma 1. Let U be a group, and let W be a subgroup of U. Let ¢ and

1 be elements of U with a, ve N (W), w* =n¥ helds for all weW, and
(la], |vy=1is truc. Then v, ue Cp (W)

ProoF. We prove, that w™ = 40 holds for all natural numbers r, and
for all we W, by induction on r.

In case r== [, w* — p* is truc for all weW by the supposes of our
Lemma. We suppose that the statement is true in case r = n so W& = g0’
holds for all we W. Since u, 1€ Ny, (W), then 1@ ¢ W, consequently n¢” 79 =
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i . N N . . o

WO Lel qwo= s hence g = v = e follaws foroall e W

(it sy - Lis troe, from whielt 07 = 0% = w0 liolds for all w2 W, Thus the
proof of Lenmma is complete.

Lesmsia 20 Let Gobe a group, awnd let £ be a subgroup of . R is a desig-
nated sei of representatives of A in G. Let ¢ be acg-element of G oand et B
a p-suhgroup of 4 with follmwing propertics:

(1) B-~1
(2) q. 11y = | as N (B),

Then w2C(B).

Proor. Since a£ N, (8), then B H 11 follows. Let o&#fg be with
p=F. By Statement 2. 02 C {H T 1), hience 04, (B) follows. o - -t holds
\\Iﬂi sne iz H. Lel I}Eb’ hL arbitrary. Sinde & :h"' is true, then #7026,
consequently & = o holds for all b2 5. Sinee o, = N () and ( al, "hiy-- I
are trae, then a-Cp; (B) by Lemma 1.

Derrximiox. A finite one step non-nitpotent group is & non-nilpontent
vroup, all of whose proper subgroups are nilpotent.

Tweowves 1. [3] 1f 5 is w finite one step non-nilpotent group, then there
exist g p-Syfow subgroup P of G and a g-Svlow sabaroup Q of (; for some dis-
finet primies poand g suclt fhat

(i) G — PQ,
(i) P <G,
(iii) € is cvelic,
(iv) (s solvable,
vy P=,
(vi) (7 is one step nan-abetian,
(Vi) PP Qs ane efemterdary abelian p-group, wnd
(vilt) VPP = prowhiere st denates the teast pasitive integer o suclt Ha
mi=1(y).

DEFxiTIoN. Let pand g be distinet primes. A group G is called a {p, §)-
group i:

@) the order of (iinvelves only the prime factors p and ¢,

0) G is a one step non-nilpotent group,

¢} the derived group (27 i< the p-Sylow subgroup of (.

DEFINITION. We shall use the notation (p, ¢)5 G for & prime pair p and
¢ to express the fact that G contains no (p, ¢)-group. Here p and ¢ ave fixed
prime divisors of |} and their order is essential,

Lemma 3. Let G be & group, and let H be a z-Hall subgroup of G. R is @

designated set of representatives of H in €. Then G contains no (p. g)-group
for every pair {p, ¢} with g/{G:H| and pyp{H;.

Proor. Suppose the contrary, there exists a (p, g)-group U, such that
=G I and gf |G HT hold. By defintion of (pog)-group ¢ = U U,



OUN NUORMAL-COMPLEMENTS 1IN FINETL GIiol RS 47

where U7 15 a4 p-Sylow subgroup of O7, and {7 1s a g-Sylow <ubgroup of U,
U, = U and U, = g). The Theorems of Sylow imply that we may assiine
U,=H. U,NH = E holds hy conditions. Since (g, [H]} = 1 and ae N (U )
then aCCy(U,) by Lemma 20 S0 U s a nilpotent group, a contradiction.

LEmma 4. [d]. Let (7 be a group. €4 has a normal p-complemient i and
anly if (p.g)< G for all g2 (O p}.

DerFrxrion. Let G obe a group, and let H be a subgroup of Go 66 s
normal-complement to A by defuition if there exists a suberoup K in ¢
with following properties:

a) Kat,
b) K= F,
¢} KIf == G.

STATEMENT 3. Let (5 be a group, and let H be a a-Hall subgroup of 6.
R is o designated set of representatives of A in (. We consider the transfer
of (iinte H. Put K: - kervg.y, then K H = 1.

Proor. G=Ha,+Ho+Ho,+ ... +Ho, holds with a €8 for all U=
=i= i 1{] - 1. By properties of R o, !f = !u_;}, gj%!? hold for all e H and
o€ RS0 v =R H s true for all feff, Since I s a =-Hall subgroup,
then #1670 e if and only if heH’. Thus K VH = H”.

In {1962] G. Zappa [3] proved that if G is a finite group, and I is a
x-Hall subgroup of G, H is nilpotent, or has a Sylow tower, there exists a
designated set of erlesultdtl\u of /1 in (i, then (i has normal- complement

to H.
we now prove the following Theorem.

THEOREM 2. Lef G be a group, let H be o x-Hall subgroup of G, H' is
nitpotent and there exists a designated set of representatives of H in (i, Then G
fras normat-comptenmient fn H.

Proor. Put K := kervgoy. KTTH = £i7 holds by the Statement 3. [t is
known that (K - H{HOK, hence |K:H K] =[G H] follows. So HNK
is a Hall-subgroup in K. By the C()]lL]itiU]l\ H = B x ... xB, holds where
Piis a ;J -Sylow subgroup of K for all §, t=i<=4t We consider an arbi-
t|d|y , I=i=k.

WL show that K has normal p-complement. Suppose the conirary. By
the Lemma 4. in K there exists a (p;, g)-group U for some gex (G)—{p;}.
By the Lemma 3. g/ 7]. So |U|/|H7|, lience U=H" follows for soine a ¢ K
hy the Theorem of Wielandt, see Theorem 11.8.1 in {6]. H"vis niipotent, from
which 1 is ailpotent, a contradiction. Thus K has normal p-complement
N, for all i, | =i=k.

k

Put N:= ~y N, N has the following propertics:

i=1

a4) N<K,

i) since N, P — E then NOH = E|
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%
o} sinee NI =17 N,J (P .. .xBY then NHF = K. N is normai-
=1
complement to H is O, because

I.since NV = E and KT H =H’, then NTYH = E,
2 since K QG and N is a normal Hall-subgroup in K, then N <4,
3. since KH — (6, K = NH’, then HN = ;.

The proot is complete.

THeorEM 3. Let (i be a group, and let H be a subgroup of G. Suppose,
faf (Y= (iii} befon hotd.
(i) R is a designated set of representafives of 11 in (.
(1) K is a subgroup of G with K< amd KH = (),
(iii}y Puf Hy:= HNK, there exists o subgroup H, with H,<QH,, H, -
= H, P, H,NP = E where P is a p-Sviow suburoup of G.

Then K has normal p-complement if und anlv if KON (P) has nermal
p-coniplement.

Proor, We first prove, it KN (P) has normal p-complement, then
K hias too. Suppose the contrary, then in K there exists a (p, g)-group U for
some gea (U)—{p}. Lemma 3. implics, that g/|H1. Denote U, the p-Sylow
subgroup of €7, and denote U/, the g-Sylow subgroup of U, U, = {(u). It is
easy fo sec that in U, there exists a sef of generators A with A« A

(X ) STATEMENT. Lel L be a subset of U, let Q be a p-Sylow subgroup
of G, such that L PNQ. If x is a p-clement of N (P 7Q), then LY .. LY
for some yc P, with xy='eCy (L).

Proor. o) If xcHA\P, then x = be for some beH, and c¢¢P. Since
Lxc P then LY P, So beC (L) by @it). Thus LY = L with xc '€ Cp (L)

ReEmark. In this case we did not use the fact x is a p-element.

6) If xe K\l then X = 70 with z€H, <R LXC PP <=HNH* =
= {{71H* holds. By the Statement 2. o€ Cy; (H M H?), s0 LX = L7 with xz7'¢
€l (L)

by1) I z€H | then the case a) of our Statement is applicable for z by the
Remark. Thus there exists an clement ¢ of P with LY = L7 = L4 and
27 Cr (L) holds. Using xz71¢Cp (L), xu=teCp (L) is true.

bj2) Suppose z€ F\H . LX< PNQ, XN, (PN are true. So (PQY <
<HOH*= HNOH?, and (PNQY = (PNQY. Thus g* = g for all ge PNQ. If
(1z], M) = 1, then X€Cy (g) follows, for all g€ 2 1Q by the Lemma 1. So 1.5 = L
is true, and x€Cp (L) If 12| = prn with (n1, p) = 1, 7= 1, then g™ = g™,
where 2" = p~, 2™ ¢ H, by (ii). Since (m, p) = | then ihere exists a natural
number 7 with X = x. So g~ = ¢ for all ge PNQ. Thus x (@) e Cr (L)
and 27 ¢ H,. Case o) of our Statement is applicable by the Remark, so L~ =
= L&Y = LY for some reP. Using 277 11 eCy (L), xv-16Cp (L) follows.
The proof of Statement is comiplete.
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Now we continue the proof of our Theoremn. We apply Theorem of
ALPERIN [7]in K to A and B = A< There exist elements x, ..., x,, ¥ with
EK for alld, 1=i=n and p&N (P}, there exist subgroups @, ..., @,
where @; is a p-Sylow subgroup of K for all 1<i=n, P 7@, is a tame inter-
section. X; s a p-clement of N (P 0@ for all T—=17- 0

d=Xp, ..ox, 10 halds, and A P20Qp while A% P00 QL are true
tor all J-=i- n 1. By the (=) Statement ¥ = A% holds for some v 22,
antd XTI C ) AR P,

K s peelement of NP Q). We apply (+) Statement to A»
ad 1o YR we get (Av)S - AN = W fyr some y, 68, and
Y Vel Op (AM). Continuintg this process we get: A% Sn o= A% where
vEP foroall T=i- n, and B9 % v ¥ holds for all bz 4 Denote
o= Yy Yy o by then e s true for all i AL By conditions N ()
has normal p-complement M, henee N (P2) = P30 Thos e = s/ with
$EP AL Since WM< Cp (P) then A4 = A= A and B =2 B hald for all
fre A A ds s set of generators of 7 soou? o’ s true for all w<d,
({ai, (50 = 1 lolds, henee w2 Cy () follwvs by the Lemmz 1, a contradic-
tivn,

Wo now prove tie converse of Thearem. Let A he a normal p-comple-
ment in K, pult N = NN (P). Clearly, Ny has following propertics:

a) Ny N (P

b) N, " I°=E,

e} N P N ().

Thus Ny is & normal p-complement is N (7). The proof of our Theorem is
complete.

Acknowledgement. The author wishies to thank her Professor K. CoRRADI
for his advice and encourarenment.

References
(1] D. GorexsterN: Findfe CGronps, Harper-Row (New York, TO65%).
|2} B. Hueeert: Emdfiche Gruppen, Springer (Berlin, 1967},
|3] L. REDEL: Die endlichen einstufig nicht nilpotenten Gruppen, Publ. Math. Debrecen,

L
4 (19350), 303 - 324,
Personal communication of K. Corrant,

normaux des sous-groupes de bHall, Acfe Malth. Acad. Sci. Hung., 13 (1962), 227 -- 230,

|6] R. KocHEXDORFCER: Lelirbuch der Gruppentheorie, Akad, Verlag. {Leipzig, 1966).
7| Avremin: Sylow Interscetions and Fusion, Jeurnal of Algebra, 6 (1967}, 222,

4 ANNALES — Sectic Mathematica - Tomos XXVIL
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Introduction. Let (X, 1) Dbe a normed linear space, U= Ko X a
hounded set. We call K a remotal set if for cach x€ X the set
Qu (x) = Jve K, |[x—v| = sup|x —k{l}
‘ L kOHC
is non-cnipty.
We say that the non-empty bounded sets Ky, K, © X are distant [2], if
{here exist x, € K, x,€ K, with the property

d(K, Ko)= sup [l = Kl = g — ).

Ry e Ry, Hef Iy

ln [1] Anuga, Naraxg, and Swarax Trenax proved that K, and K,
are distant in the case when K, is remotal and K, is compact {(they proved
this in a general metrie spaced.

The question naturally arises whether the remotality of K, and K,
implies their distantness. In this paper we give an affirmative answer for
certain subsets of ¢, Also we give a counterexample dropping a condition
of the theorem.

The result. First, let os intraduce the following.

Deriximiox. We say that the sets K| aid K, have property A), if

d(Ky Koy= sup il =4[+ sup ik, K-

ke K€M ko ki€ Ky

THEOREM. Let K. K, be rematal sefs in ¢q with property Ay. Then K and
K, dre distant 5¢1s.

Proor. Indireet. Let x1eK,, K, (i = 1,2.3,...) have the property
lim [lx} = X7l = d (K, K.).

§ = oo
Let us introduce the notation f;:¢,~R by
S v Vv o)) = 0
Now, there are two possible cases.

4%
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Case /. There exist subsequences .\‘,!}. BB _\'}"j with the property

lim | fi, (x}j—x;-‘})] — d(K,, Ky)
j--w

where
1_1m L= e
foom
Cuse 11, There exist a fixed soN and subsegtiences ,\',-'}. amd ,\‘}f’j such that

Hm §fo (e, = xi = d(K, Ky
j-.u
In case 1, led

K, K1) = d*(K) = 0 (Ky)

0 - ¢ =D
4

where

K )= sup (=K1 (i=1,2).

Ky KICH

There exists a § such that
(l) [ﬁj('\‘}j_x?j)!}d([{li K;‘.)_E'
Now, let us choose a j* such that
(2) FIN AT
3) i ()| <,

and
fige €5ty =) = d (K, Ko~
Using (2} and (3),
g G =0, (6 =3B D) = (0, K) =3

This implies
S ”\JJ. _'\'f}_ (x‘]ji '_\‘:1*)“ =d (Kh K.!) —3¢.

0,

Ity = X0l 15, =51 = d (K, K} =3
Since
“-Yf!j - x}jaH =d* (Kl) *

I, X =d* (Ka),
we have
d*(K)+d* (Ky) > d (K, Kj)—3e
and this contradicts the definition of .
Cuse 11. We can choose the subsequences x}i and \fj so {hat
4) lim f, (i) = a

Je -
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&t

and
(M lim f, (x;-‘;_) = a,
J-=
exist,
We can assume without loss of gencerality a; = a,, so
(h) A(K Ky =d) - a,.
Now, let
I
X = (O, 0, 0, =3 sup R0, )
7 K
amd
5]
X2 0,0, .0, 3 sup Il 0
- — EER L e e LP.‘.’H""']'
( Kot o
By the remiotality of £ and K,
sup jixt - A= — X
oy My
a1
sUp -k = -y

feal 1o
for somie X' K, x22K,. By the definition of the ¢, norm,
It —xY = fi, (x* DI,
(S BERVAC ST
o some £ LN Using the definition of X' oand ¥ for any f=5 we have

SAXT XNy e sup

frpn Iy
SR = sup Ry
Fa s

i
X T =2 sap ik

ST
N = X)) =2 sup k).
) fiat Wa
These imply
O A CUERO I
v 52 = | f (e 291
By the above two cqualities and the definitions of &' and 32,

sup f, (kl) =/ ({]) .
i

fir G

it [) = £
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Applying (4) and (3),
Sa,

”1 {fs ('{])' {i‘-_) Efs ({J) -

127 — 22 fy () - @)=y — .

By (6},
X" -x3 = d (K, Ka)

and this contradicts the indirect hypothesis. Qu.c.d.

Remark [. The theorcm remains valid with the same proof in that
subspace ¢y of ¢, which consists of all elements of ¢, with finitely many non-
zero co-ordinates,

ReEmark 2. The following example shows that in ey the property A)is
essential.
Namely, we shall construct remotal sets K, K, in ¢ which are not
distant.
Put
F—t

6= (0.0, .. ,0,0 1.0, . )éch,

K, = f{es: § = 1,2,.,.}U[ [1--0,! 1]0‘”“: i=1,2 ...t

e

[
IS
\_-:,.—-l' \-—\’-——’

K‘EZ{PQE; i=: 1'29"'}E\J{ "[]" ] J(’g,‘.-l; i
2i4 1
Clearly,
d (K, Ko)= sup 15,11+ sup |ik,) = 2.
) € K Ka€ Fa

g

On the other hand

. . 1
d (K, Ky} 2 ‘l“T)"_J Cajy 1

Lia
for all i €N, and this implies
d(i,. Ky = 2.

It is clementary to show that i and K, are not distant sets,

We prove that K}, K, are remotal. We prove the remotality of K, the
proof for K, is similar.

Let xée be arbitrary., Then there exists i2N sueh that, for all j=i,

J;(x) = 0. Thus for j= ;
(7) ga ()= x—eyyll = max {1, |ix[},

. 1 | .
© = x [ e {1 e nxn} .

jtl j+L
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By (7) and (8), K, is remotal since g,,(x) is constant for j= ; and

) Sojv1(0)=gs;(x)
. .
for all j= .
I 9
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Introduction. Let us recall the farthest point problem [3].
Let O - X be a bounded set in the normed linear space (X, - ).
Assume that for cach x2 X the set

Qu ) = {1y I e —yll = sup lx - iy
YER !

consists of exactly one element. In this case we call K oa naiquely remotal set-
It is natural to ask whethier there exists a non-singleton set K with this
property.

This problem — as far as we know — s generally dausolved, even in
Hitbert space. [n [4] we proved that for every normed linear space there
exists an equivalent renorming with the following property:in the new norm
every niquely remotal set s asingleton,

b this paper for cach < ~0 we give such a reuorming {5, of the real
separable infinite-dimensional Hilbert space with the additional property

X,

1 - ]

h:
for all x - (.

The resulf.

Thneoren. For any o =\ there exists o worni -, o e veal spuce 1y such
et

|
lixi

Jor i x - O, and that off seniigucty remaotal sets i (L, &) are stigletons.
Proor. By o theoran of AseLuxp [I], we must only prove that there
exists a countable set £, fo, oo, €8F sueh that Bfih =§fll=... =1 and
(i) max £, (x) exists for all xéf,.
(i) maxf, (x)- (I —eylixy for all x<l,,
n

(iE) max f, (v = max f, ¢ -x) for all x4,

n
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(Asplund’s thearem reads: let (X |- [) be a normed lincar space where
Pl s the maxioiwm of 2 countable set of continuous linear functionals.
Then all wniguely remotal sets in (X, | -]) are singletons.)

First, let us construct a scequence Xp, X, ..., 5] =)= .. =1,
it {, such that

A) X, Ny, ... 054 ¥2e-net o the unit sphere,
B) for each #eN there exists meN such that
(I) _‘\‘n = '\.m

and
C) the sct {x,; neN} is closed.
Defining the {non-convex) cone C hy
Co=x,; 2=0, neN}

it 1s clear that Cis a closed set in 4,

Using a theorem of Papixy [2] we obtain that for any x4, ix} = | there
exists a nearest element in C. (The theorem of P.iplm is the fullomnrr
let € be a closed {rton-convex) cone in a wiformly convex Banach space
(X, |-1). Then for any x€ X, C has an element which is uearest to x.)

Let 7, x, be the nearest element to x. Then for all A¢N we have

Y. - S oo - - _
L4722 22, (%, X0 = {x 2,5, X--2,N,) =
. - . - s T e g b
= ||'\ T ‘\ 1 = ||\ _/n \J'.” Jl' /'n 2/‘.'1 ‘.'\' '\'ﬁ'f'
and therefore
X, X )= N, X

for afl £ N.
Let us define

Je(¥) = X
for all k=N, vd,, Then (3) is sallisfiud.
Since v, AN} is a ¥2e-net on the unit splicre,

(}/2'( )'.! o N‘\- - ‘\AHH2 = X — A X :I) \ '\‘n \>‘ 'J.'\‘) '\‘n >:_' 1 "E,

vowe lave (ii). The validity of (i) follows from (1)
The thenrem is proved.
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Let G = [a, 8] be a canmpact interval and consider the formal differen-
tial operator

(1 Lu = w4 p,ut=y o p,_ '+ p, 0,

wliere py, . .oy P, € LY(GY are arbitrary complex functions. Let 2 be a complex
number. The function vy - G—C, u_ =0 is called an cigenfunction of order
— [ (of the operator LY with the eigenvalue 2. A function ¢;: G~C, u, 2 0
(f = 0,1,...), as it is usual,is said to be an eigenfunction of order 7 (of the
operator 1) with the eigenvalue J if 4, together with its first n— [ deriva-
tivesis absolutely continuous on G and if for almoest all x €5 the equations

(2) (L) (x) = 2 ufx) + 1oy (%)
lold, where n; - is an cigenfunetion of order § - [ with the eigenvalue 7.
Developping the ideas and results of the paper of Joo [1], we have proved
i [3] the following assertion.
THEorEM A. Consider the above operator (1), There exist then such

constants K depending ouly on n, mr that given any cigeufunction n,,

FLobE

of order 1 =0 of the operator (1) witl: the eigenvalue 2 - o, we have for all
Ozjen, O=i=n ) =r=e theestimates
||Iff'?l1)v—'j|| KPI 1l S”:+;‘I e ' ||{IJ’H|'r’
where
] LR S
(3) S =max |||, r Nipalts s VIpalys - VIpalls |-

Morcover, if p,,. .., 2,2 L3((2) for sonie 1--g== =a then there exist such con-
stants K, ,, (b—a), depending only oir the indicated arguments tiiat for all
O=j=m and D=i=n,

[!Hf:’:‘ J’!qs - l<n, m(b - H) ) an:ri ”Hm“(:”
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where
@)) Q= max{lol, |, |p.

and

oo VIPEy Vi)

lig+ g -

In case =3 thesc estimates are exact from the point of view of depen-
dence ot the guantities 2, ., ..., p,- However, in casc # = 2 our resuft is
not exact. Recently, in [6], developping his previous result [}, 1. Jod has
ohtained exact estimates in case 11 = 2. ¢ = | for the eigenfunctions, having
real negative eigenvalues.

In the present paper we show that our methoed, developped in 4] and
[3], cam also be applied in case n = 2. Morcover, we obtain exact estimates
for arbitrary 2<Cand 1-=¢-==. The case ¢ = 2 will also improve a previous
result of Vo AL Tuix [2]. We shall prove the following assertion.

Tueorem. Let G = [a, #] be v compact interval, pe LV (f0) an arbifrary
conipdex function and cousrder the formal operator

6) Lu=uw"tpa

There exist then constants K, depending onfv o o such that ziven anv
eigenfunction u, of order =0 of the operator (3) with the eizenivalue 7. - . o*,
e frave for aff 0= <, O i 2 and T r— = the cstinnates

el N = Ky, Sy SEH i),

where me
{
(&) S, ;max[h_;!,
b ou

Ty |Ip|![]r

. I
S, = mayx I.Rc TS i
_ bhu

Moreover, if plLy{GY for some V=y= o, then there exist constants
;’(, p (h ay depending only on the indicated argiments sueh that for il
Do and Qi ],

'”}li‘-— J’|lr; s o= N 20 U? ” ”} (‘J'll ‘ (‘}’ ! ”” "

wires
{7) Q= max (gl 1.pl,), @, = max (IRcp|. 1. [Ipi),.
Ly 1 - L
Our proof will be based on the fullowing Proposition, Tollowing from
Theorem 1 and its proof in [3]:

ProrosirioN. Given any integer =0 there exist such meromorph on C
functions 1, and entire functions Ji; (0«*;( m, Dmi=1, l-nh=N=2myt2)
that given any cigenfunction u, of order == of the npu‘nm {2) with the
cigenvalue 2 - o, €, introducing for j--m the continuous fuictions u; by
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(2), we have for all =20, G- i< 1, X6 and xNTEGowhenever [ (of) is defi-
ned,

o
(5} PIF i (x) = ;I Jilol) 1, (x + k1) +
x-p Rt
4 Z Tl Z (xR i (e(x S & DY pr e, (1) d e
k=i

Furthermore, the functions £, i, have the following properties (O=4, r=m,
I EE | =/ - = N):
24l

(9) [iad?) = (sh2)= 08 ST e 2P, (e )
s=j

with some constants C..- and pulynemials P,

(10)  f has no poles in the region |2] =mx;

(11} for j == i = 0, the functions f,,, are entire;

(12) h(2) = 27 HP(2) &+ Q) e77)

with soime polynomials P,, @, of degree r.

One can see easily (sce also [I]) that for any 2€C, |Rez| =1, |z] =2,
[sh (= 2)| = I3 for some 1j2=4=1. Using this property, we obtain from
(9} (12) the following estimates with some constant C=0 (0-—=j, r=m,
D=i=1,1 Ef.':?—f."\"]l

for any ¢C, [Re 2] == 1, there exists some 1/2=9=1 with
(13) | fion Az 2)] = C max (1, |« 2]y +i;

forany teR, ne€, [Re ot = N, .
(14) [ (e D] = C I min [f :} . ]r H;

(13) forany zeC, [Rez] =1, | fuu (2} =C.

Let us now turn to the preof of the theorem. Assume pELAG), 1 =g =
and define

(16) - CENN*U max(2,b—a) if g=1,
= QC'! NN+1 i {‘? -1
I b—
(17) R = min [ boob L a]
IRegl K- lpl, 2N

We note that

(18) Kr—:ZC’NV“[b)a

=

]l T g = 1),
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Fixing an arbitrary azxﬂ-#-,we llave by (8), (13), (14), (17) and the

Haolder inequality for some
{149) R2=t=R:

1

N
P ()] = Cmax (1, To ]y S i, (v + ()] +

k=1

N e i r+1
Cmax (1, lot})/+! C (K1Y muin | A, -- ¥
(1, oY S 3 ¢ty [ Q ]

k=1r=0

N
XAplly ety g, =C max (1, ot 0> a0, (x+ k)| +

k=1
i o m l r+1
J'_Cg NN max (l’ IQ ”)Ji—‘ “p”q 2 g I]]il'l [i! o ] lljum —r“q,
=0 o

(O=j=m, U=i-=1]).

. . -+ ) . . .
Taking the 1.4 4, Y ] nornt of both sides and applying the triangle

incquality, we obtain

P g, o0y ZON max (o 7 fi
? 2

EPRTRY
+C? N\r[b 2 ] max (£, jo )+ liplly X

¥

I ] r+1
Z ntin [ T ] ””m—r”q’ .
=0 0
The samie estimate can be obtained by a similar way for the quantity

it ””(n

m—j”Lq--( a j,b ' b)"

too. Summning these two estimates, using on the left side the triangle inequa-
lity and finally dividing both sides by max (1, |of|)/+!, we obtain for all
O=j=mand O=i=],

£2itimax (l | 0”)—}_; ””f—,?-—;” =2CN Huur”q' +
) oy b—g \1'? m | rEl
+202 N [ 2_] 17, Z ¢ mm[ # :] (£

Introducing the notation

m=j

. ) EOyre . :
(20) M, = max {N min [f, . ] lald |l Q=f=m O=i= ]}
g
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and taking into account (17)— (14, we can write

Mp=2C Nl M, +2C NN{ b= a] PlANIZYEM <
=2CNju,fly +1,2 My,
‘1’14’ =4iCN ”“m“q’ 4
and in view of (19y (20 forall O=j=prand - =i=]1,
1) N fly =4 C N 2RV max (2R, |0} il -

(21), (17) and {{0) yield (7) and the part r = o of (16).
To finish the proof of the theorem, it suffices to show (6) for j — § = 0,

l === e We have by (8), (14, (17), (123) and(2N) {or all g=x-= “ -})b L=t
< R/2, )
N 1t
(1) = C z i, (X k)= S C S Oty ¥
k=1 r *-U
(ke =V acn (2 Z ol
X min | kf, -— : = | max ol | i, =
(O B IRT) =Y K s []n |
=C 2 a1, (X +KIY| + 2CO NN il f a0
LY
Applying to both sides the operation Ry f df where
o
(22) R, = min(Rf2, (2C3NN+2|p||,)~ "},
we obtain
pL{xW =C Ry Z j g, {x RO dt+ 1 2l 1
Bui, using the Holder inequality,
Ry KRy
R,‘lj i (X + KD dt = (K R)? f Lo, (x+10)jdr=
u 1]

={k R}~ "1
whence

!H,”(-\')! <CN Rl_ 1 ”um”r + [’2 ““m”w
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S . a4 b - . . . .
I'his is troe for all g-x=-=" ", but a simikar consideration gives this re-
o .

. 4+ b . .
sult for all i—~ v, too. Therefore

el = CN R i, fy ¢ 1Y g
Sl = 2CN R b

b L
i view of (16), (17) and (22), hence the required part of (6) follows.

The Theorem is proved.
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Intreduction. Given o (complex) C*-algebra A with anity ¢, o multiplhi-
citive semigroup € of itwhich is closed under involution, contains ¢ and spans
A, briefly a *-semigroup, an operator valued function £ of G inte B
- the C*-algebra of all hounded linear operators on the complex Hilbert
space H - has an A-dflation § on a Hilbert space K (in a general sense) if
there is a contiitwous Hirear map Vo K- H with

(n Flg) = VS, v* Fucis

where S A = B(K)is a *-representation of Ao K. In case when £(e) = I,
the identity oparator on ff or equivalently VV* = [0 8 is called a strong
A-dilation of # on K.

Let furtier be given wi H-valued function x on (5, 1t 1s natural to ask

1. Under what condition does there exist an A-dilatable ff-valued fun-
tion £ on (f such that

(2) X, = Fgyx, pue ]
holds. Our main aing is fo answer this question. The problem of existence of
a strong A-dilation remaing open. Only two special cases will be freated:
[1. When does exist a *-representation T of A on £f for which
(3) X, =T,x, Fucli

is satistied. As a corollury we treat the unitary and nermal operator case
with restricted spectra. To be more special we freat the following problen::
11, Given a sequence {3}, of A such that (x8), spans H, under what
condition does there exist a subnormal operator T on f1 satisfying
) = TE TR for o - 0,120
and such that the spectrnum of its dilation is included in sone prescribued
compact set £ of the complex plane C.
The present note serves a continuation to our previous papers (4], [3].
For normal extension {dilation) of subnormal operatars we rvefer to
Braw [1], Hawvos [2] and Sz. Naay [3].

5 ANNALES - Sectio Mathematice — Tomus XXVIIL
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Results. TrEOREM 1. Probicm | fias a selution if and oy if
(5) M= HZ {‘_q '\‘3"2 = .2; Cg t.h(xh*g" Xﬂ) = M”Z Cg.f{H:!
K goh

holds with some constant M =0 wrd for olf finite sequence {e .} of compiex num-
bers indexed by elements of G.

ProoF. Assuming an A-dilatable solution F : ; » B (H) with (1) and (2)
we have for any finite sequence {¢ }in €

II% cp X =V II%' S VIR = Wi 2 € OkV S V¥, x,) =
Eoft

= V¢ Z Cy C?i(’\'h"g‘ Xe),
Z €y t.h('\.h* i xe) = Z [._ E!r(vsh“g v Xes '\‘(') =
gn t I

= 12 e, S VERST=ND ¢, §
K g
SV e gl

The last inequality is a consequence of a known property of a *-repre-
sentation of a C*-algebra. These together show (3) as desired.

We shall continue analogously but in a more delicate manner with respect
to thcmple‘:tntation aswe want to show ]t:]‘lIi:*:(.‘lltdli()ﬂ for A rather than for (7.
This is the reason why houndedness not only for {x,} holds as in [3], (4),
Theorem A. Asswme that we are familiar with the proo %nf the cited theorem:
the linear space ¥ of 2 ¢y 8, (finite sum) functions on & of finite support,

V=

where &, is 1 in g and Ogntherwisc. with semi-inner product

(% Cp Dpp ;Z‘ ty 800 = fg il 1 X
and a map of V¥ into H defined by

V(X cpd)) = 2 ey Xy
ft M
gives a Hilbert space K and a continuous lincar map V of K into H satisfying
V*x, = 9,.

We have alse a shift operator S, for any ¢ in G given on ¥ by

Sg(?; 08, = %’ Oy By Vgel
which defines a continuous linear vperator on K. Our aim is two shoew

(6) liZ Ay S M=l f;,. gl

for any finite sum 27, ¢ in the linear span of G in A, which is norm dense by
&



MOMENT TYPL THEQREMNS FOR =-5EMIGROUPS 67

assumiption. Moreover, since S is a *-representation of G as shown in [3]; it
generates a *-representation of A as well, since it is given on the lincar span

of (G by
=2 7,8, for a= 2 Jl,¢.
& g
Far g~ i, Vv= e b,cY
g s ]
we have
WS, vIP =12 2, €, 8l = 2 Agdy €4 €Xpr g s Xo) =
h g,amk

Sara VIV

= {Sr:t tt _V' _:- =
and by induction also
N [T LR R [T RN B BT
LS E IS e e I =
R B - )
= I T S et 1 Sppe g 1V

= )”Z ep '5uc>m-hZ LYY
if we write (@*a)” ' = Z d.g(s). But (3) implics
IS, v 1’];12 ecpd g(S) R 2" T
fo sy flvp" "V»’]%'f;, hI? =

(e @y R 2 A S e, B2 =
h

= flat=" e ATy HZL,!M"

for any n = 01,20 and thus (8) too,

Finally F(g) =V S,,V (UE(;) defines the desired A-dilatable F: G~
—~ B(H) funiction since for any gin G

F(a)x, = VS,V¥x, = VS, b, = Vb, = x

holds indeed. The proof is complete.

As a corollary we have a solution to Problem T1.

TueorEM 11. There exists ¢ *-represemtation T of & on H with (3) if and
ondy if

(7 (X)) = (e X} W EEG
and
(8) 1 2 e Xgll =11 2 cogll fx, )

g ¥

hoids for any finite sequenice {c,} of complex nunibers fndexed by efements of G.

5%
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Proor. The necessity of {13, (8) are sbviis:
(5 ) = (T X Ty X)) = (T, X X))+ (Xm0 X,),

“Z (lg ":g": = 2!- {.g (.M('\':_{' '\‘h) = .Z‘ [.g E‘h{'\:!a*g‘ '\-p)‘
g

] g.h
S T B T D N
2 X = e Tox o Ea 2 e Tl = 2o, e X,
] z ¥ ]

For sufficiency we refer to the proof of Theoren 1. Since (7) iniplies
12 cox,lFF = 2; £y O Xy X,
E yof

for any finite sequence {c ), U is isometry from K into [ (in the proof of
Theorem 1} satisfying also
&) Wy, =4 oy li

Indecd we have

ff%—: €y 5-’:‘ V* ‘\’;_;I" = (‘!(}Zﬁ &y bh)’ '\’g) = ’2_1- (.Ir('\’h' ‘\-g) o

= 2: "h('\‘g*h‘ ‘\_e) = \,2—: €5 0 ‘55\'."
(]

it
for any > ¢, 8, fram Y. But (9 implies that
it
Too== VS, V* YacA

defines the desired ®representation of A becanse of VFV -2 [, since
VEV o, = Vx, = o, for auy gin (J, as

Ton = VSV = VS VHVS, V' =T, T,

Iolds for any g, hin (1 indeed.
As a corollary we have a strengthencd verston of Corollary £1in [3}:
Corovrary L. Given o sequence {x, V. i the Hithert space H o wid
a compact subsef O in the unif cirele of the compliex plane, there is a unitury
aperator U an Hwith spectrim confained {n £ and such that

Xp= UMy, fora - o0 =2, L0012, ..
if and onhy if

(X, X)) = (X, X) (mon - Lo =10 000D
and
127 € Xl Sl max | 2 e, 2
H AT

hold for any finifte sequienice {¢,)n- - - of comnplex nunbers.

Proor. The *-semigroup of functions {&'},- _.. (z€£2) {isumorphic to Z)
span the C*-algebra of all complex continuous functions on £ by the Stone-
Weierstrass theorem. Thus the *-representation on Jf ensured by Theorem 2
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gives the desired unitary vperator & = T, the image of the identity fuuction
on 2 under the representation T, the spectrum of whiclt is contained in £2 of
course. Henee the proof ends.

As a further corellary to Theorent 2 we have an improved form of Pro-
position of [4].

CoroLLary 2. Lef {XV)5 0 — o be u sequence (1 the Hilbert space H und 2
he w compact 5:;:’)5{.! of the coniplex plune. There s a normal operafor T on 11
Wwith speclrum contained (1 12 such it

_\,::; T;,;”f Tu \U ﬁ},( 1 L= 0 R __, .

if und onty of

(veroxmy = g, xmy oy, n =012, 000)

tHied

12 e iz il max ] 2 e, 27 2|

nA n i
haold for any Jinite sequesee {e,», .} of complex amanbers indexed by pairs of
naturdl nimbers.

Proor. The *semigroup (7 of functions {27 25 s o (zé 2 span C(£),
the CF-algebra of all complex continuous functions on 2 again by the Stone-
Weierstrass theorent. As a consequence of Theorem 2 we have a *-represen-
tation T of C (£2) on H with

Taowonxy = X0 (o =0,1,2,...)

Hence T = T, is a normrad operator the spectrun of which belongs to 2 and
for which 7% 77 = T.re g hotds, The proof is cumplete.

Our finul result improves Theorem Cin [3] as we
Have restriction on the spectrum of the operator in question.

Tnreorem L Problest VI flas a solifton if atid ondy if

(1) (anoxny = e, ) el 0, 0,2, 000
arnd
LT -’ . . mton Ay e
(][I.:) |lZ ':n‘n \‘1 l! i i Ar’ {m‘m.(rl.n('\;ﬁ.n" ’\ﬂ =
n Wt n

=|lihiFmax | 3 ¢, @2
SELY NN

fiold for any finite double sequence {¢,2  he, w0 Of comnplex numbers.

Proor. If we have a subnormal operator T satistying (4), since T has a
(minimal) normal difation N with spectrum in €, on some Hilbert space K:

THrTry = PN Nr Y (xetf, w'on =0,1,2,...)

Lolds with orthogonal projection P of K onto H,
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xp7s= THTax, cleardy implies (311, ()
(\!I" _\ll) . (r+r T \ T \ll) (Ta“.lm-rn';’]{ i \:;, ) II . (-\n -rr’

H? L33 (] ¥
il = S Win =, gl Hiper
||2r[ \” | |Z{ * ‘M " f\” u-: UIIZ[n n"\'J i ;\‘nll{
afn non
=Pl max | X o, 2720 =gl max | M 220
o &piNyn',n roonn
by the SPCCTI'RI theorem of normal OI]CI'{IT()I'SZ
! . 'n’ .‘. - HE ST reoyhiEo
“ Zln'.n‘\ _12(”_ N N -\nl -
n.n n,n
Pl r =gy AT =119 40 0y
24 {m m 1 ('\+ " i\” \ll‘ \ -
m’,m
H,n
L i s 0’ by . - -
= Z o’ O (TKUH A \u‘ \u) = Co'1a O, (\ﬁ} -n:I' '\n}-
m',m Hr e
n.n nn

To prove the converse assmne (1 (11) and fet G be NN as a *-
semigroup *isomorphic to functions {2 :”},, a0 (22 I with usual eperations,
as hefore. Theorem | says there exists an C ()-dilatable f-valued function

Fem ) = VS VF where 8 : C(0) - B(K)

is a *representation on a Hitbert spice A constructed for the linear space of
complex functions of finite support on NN by semi-inner produet

A Z‘ - m' . w o, . N TR PR ||
(HF . m v .{.r d . : - .?.r (m LM dn . n('\'m - Rt '\
m',m e, om
LI

where 877 is the function | in (m' an and O othenwise. Vois a continuons li-
near operator from K into H above, the origin of which is defined on ¥ by the

formula
v( 24 ('IJ'HI. I ‘5;:: ) — 2 "“nl’_ e '\':::"
m, o LT

Qur aim is to prove VV* = [, (the identity operator on H) for which it is
enough to see

VFEXD = 8" for n=10,1,2, .., since then VI#Xh = Vo8 = x0and
{2} a spans the space M. But we have

’ 2’ ('.f.'r‘.f” 61'::]]!‘ l'f \l:] = (l';( .Z (. i'. m é:::’}' ’\:rog

T
me m’,m

' B L R L ., me s
Z lm m{\m! Z {m m \m \ ) -Ztm.mam an,)

m’,m n',m i m

which yiclds the statement. The operator T oon f, T = VNV¥ where N = §,
is a normal opcrator on K with spectrum included in £2, is a subnormat ope-
rator hecause of VV'* = [, and since

T = VN NV,
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To prove this we have to check for any X8 (nr = 0,1,2,...}

T*TXY, = VNENVEXD,
wlhere
VN'J’:NV*.\'EH - VS}: V*-\'?,, = VS}Z ‘S:ln =V é:n+1 - x;liH-l .

But we have indeed:

Taj, = VNV*X], = VS, 8, = V&1 = ey
=T '\'gr = VN*V*T.\':,L = VN*V*,\'::!,H = VN* 63141 =V évln+1 - x}n+1'

Hentifying H with V¥(H) in K, N is a normal extension of T, in particulara
normal dilation such that

T*n’ T = VN*n’ Nn V# (”r‘ _ O, ], 2‘ o )
holds. [n consequernce
TEOX) = VN¥ONIVEY] = VEp ) = V 87 = x7°

holds also for any #, i natural numbers. The proof is thus comiplete.

References

1] . Bran, Subnormal operators, Duke Maih. .22 (1455), 75 -- 44,

(2] P. R. HaLmos, Normal diiaiion and extension of operators, Summa Brasil, Math.,
2 (1930), 133 - 136,

[3] 8. Sz. Nagy, Extensions of linear transformations in Hilbert space which extend
heyond this space {(Appendix to F. Rigsz, 5. Sz, Naay, Functienal Anulysés), (New
York, 146(.)

4] Z. SEBESTYVEN, Moment problem Tor dilataible semigroup of operators, Acla Sci.
Muath, (Szeged), 45 (1933), 365 - 376.

53] Z. SeresTvEN, Moment theorems for *-semigroup of operatots on Hilbert space L
Annales Univ, Sei. Budapest, Sectio Math., 26 (1883), 213 — 2148,






MOMENT TYPE THEOREMS FOR #*-SEMIGROUPS
OF OPERATORS ON HILBERT SPACE 111

13y
ZOLTAN SEBESTYEN
1. Departinent of Math. Analvsis of the L. Eowehs Umversity, Bodapest

{ Received  faamary £1, 1032 )

Introduction. Our present note is a direct continuation of the author's
previous works | 1] and [2]. Our main aim is to seive problems menfioned in
(1] [2] in case of strong dilatability (A-dilatability) of an operator valued
Function (o a Hilbert space £7) F of a ®=scinigroup G with identity (of a C*-
algebra spantied by G respectively) such that
(D F(ox = PS8, x (vels, xelh
with a Frepresentation 8 0 G =B (K) (S A =B (K) respectively).

2) Y= F oy, Ygel

holds, where K is a Hilbert space containing H as a subspace which is the
range of the orthogonal projection 2 in Kaud {v ) ¢ is o given family of
vectors spanning £, Such questions are treated in [1], [2] only in special
COSCR.

Results. Tueowres | There exists o B{H)-vifued  function IFoon u %-
seutfuronp Gith identity e salisfving (1) and (2) if and onlv if there exists a
Joaibvy {xt e e i Hosuch fhat
3) No=xt=x,  vheG
(4) Pl pUry pUy L e G
Wk subnnedtiplicative function p o G - R= salisfving « C¥-proper{y

plee) = pgy ngel
tHiplving
pUs) cplyy verd
aitid such thaot

A Hil S AL N e, e, - "
(") 02 G NI 200y 5 O (X Xyy)
hN )]
k&

holds for any finite sequence {e, % of complex nwmnbers indexed v pairs of
cloments in (.
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Proor. To prove the necessity of conditions (3—3) let
X o= )y, Y Y, hed,
then we have (3) immediately by (2), (4) by (1) and (2), since
IRl = M et = 1 F U EFQOI ] Xl =

and finally (3) as

||2; o X |1 ——HZU; 2SNl = Z fn 0 O (S Xy X0) =

', h

I f t

f\h

= 2 oy O (FUPER) Xy, ) = 2: ‘h O el X Xi)

ke

Kk’ J'. .h A
For sufficicncy assame (3- 3)and let ¥V be the linear space of complex valued
fuitctions of finite support on G x G each of which is of the form (finite sumy
2o n o, where 8% denoetes the function |in (I, ) and @ otherwise. Let
h
further ... % he a semi-inner product on Y given by

2 G g Of 2 dy 08 0= 2y hd kX Xy

hofr H,J
LS

for any two functions > ¢, , o8 and 2, die g ol i Yo We have also two

I8N

maps on Y given for > ¢, 88 by
I 0

V(Z Crron O} Z Cpoun Xh

and with valaes in £/ such that by (3) V is a contraction and
SE(JZf Cr' o b;:’} = hz; Cr' h ‘5{,5;: V< G
Vi R :

mapping ¥V in ¥ continuously with respect to .Y as we shall see fater on.

First of all we have thus a Hilbert space K by factoring ¥V with respect
to the null space of ., and completing with respect to the iorny inherited
from the mner pmtlmt on this factor space. For simplicity the same sym-
bols denote the elenients of ¥ in K, the maps induced by Voand S, (2€G) and
tiie inner product on K respectively, as was done in {1, [2). We are now going
to prove

(6) VEx,. = 8 “Ke
(7} VVE = T,, (the identity operator on H),
(%) FSe ¥l =iple) vl (g, 1Y CK)

and that S50 (7 « B (KYis a Frepresentation with the desired function
) Fg = VS V* yyeld
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which is the sime as (1) if we identify H with a subspace of K by V* since
then V serves as an orthogonal projection P of K onto this subspace indeed.
A routine calenlation implies (6} as for auy v = 2 ¢, 687 in ¥ we have

W

"f.y' V*‘\_k' - (Vl \A) - Z ‘Ih h( h ' J'. 2: ‘.F it 6:1,! b;‘ H = QV b;"

We have then (7) since by definition of V and by (3)
VV¥x, =V =xk=x, V&G

aund {xpheeg spans H by assumption. To show (8) let v = Z G 0 beoan

hh
element of Vin K for which

(; ];III = [IZ En'n gh]. Z Cy Fr"-J. l\(\f.“g*-‘:"\r ) =
f\ -’n

s St ¥o=48

P Vi vy

and by induction for any n -- 0, 1,2, ...

_.

Cm T . a oy aaft
hSg VI = ESeemgen 1 VI

PN & I IO N . .
= |y ")!_Z o O il X gegy o Xy ) =
5k

2" " () (2 el 000 DY =

e 2 M Y ¥ & (Wh Wl Y p(YY?

(10)

showing (8} hy Ifetting » to infinity. To prove that the function S on G is a
* - representation we need only rontine maclinery so we omit this. The fune-
tion £ on ¢ defined by {E!) satislies (2) as well since

(WX, = VS VFx, = VS8 08 = Vo, -xj=x, Yo
holds by {6) and (3). The prout is ended.

Tueorem 2. There exists @ BUIN-valued function Fon a unital CF-al-
gebra spanned by a *-senigroup G with identity ¢ safisfving (1) and (2) if and
oy if thiere exists a ﬁmu‘!v {8 neg i D with (3) and suclh thed
.2/ {h h (f. (\A*h' '\J.) — H‘e” >‘l ” || HZ Oy b :L

Hoh
J.,J\

”.Lr LT

lolds for any finite sequence {Co alw, ne i 0f complex numbers.

Proor. Since (1) clearly implies (4) with p(fy = Wi} for any it in G
we shall go troughout the proof of Theorem | to prove that §is a *-represen-
tation of Y on K as well. For this we have to show

() 127 =
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for any finite sequence {)g},. ¢ of conyplex muuhu", as was dime in proof of
Theorem [in [2]. The further properties of & are scen analogously as there,

Forifa = Mo g7 andy = 3o, 002 Y are given, we have
u ° h U

!;Su .11;2 = 'bﬂ” Vs 1\ — I.'L(’( g V “ HV!
by denoting > 7, S, with S, By induation we have

L"
LU B

18, V2 (S eqeen IV -

A%

Cryr, ,rrfl" chu =

|

[T

T R B e - .
AT TR, BT 2 L 2S) YY)
L it s
A ) {“ iy |I fn il | N gy =
L T T
. If({f'ﬁﬂ')— I~ |i_] |=_ r {Jr h h')
i I!,"'i--"l - ( RTINS o
i}

o 1 r : H M -
where (@Fa)” " L Dd, g(s) was used for a coruplex polynansial with variz-
Ll
bles gaund ¢, This shows (L1) by letting # to infinity. indeed.
Sufficiency of the second inequality in (10) needs yet some ohservation
as the following
Y . L " S .
"4: ‘fa o X Z Cp i Ol Xfion Xy = ’I% Cpt o Sy Nl -
h i I
}'. ,J\

‘;-{%' |1-‘Yh'i| ||I'Z_r Gy h
(] t

_, = ( ||S,ru ""e” ”_’\J‘ ‘{bh'. i !I!!): B
't

P TETTE S (e TN PL T SR Ly
ELX, (?’ i !'T' e )R
] i

The proof is thus camplete.
The follewing two theorems generalize owr previous results in |2, [3]
with respeet to subnormal operators to a *-semigroup of type deseribed below.
Givert a comumutative semigroup with sdentity €5 the set G G heeonies
daeotinutiative Fsemigroup with operations

LE)I ) - (ghogt 0y
et =Ly S T I

(fnow 770 G« B (K) is a multiplicative mip of Ginto the novnal eperators
on & Hilbert space K then

S:GXG-BKN Swi— TET, (g h=0)

is casily secn te he a *representation of GxGon K.
The verification necds the theorem of FUGLEDE ou conunulation pro-
perty of normal operators on Hilhert space. If further £ s a (closed) subspace
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i A imvariant for adl operators {7} we have a B(/f}vatued  operater
function on GG given by
{12 Fg,y=PTFET, (g lich)

such that F (g, ¢) = T, (the restriction of T,, to A1)y holds for any g in 6.
Given a tlmlly {\‘}g pe & Hilbert space f, the suhhmulv KA P

spanning H, it is natural to ask: when does exist a B(H-valued Tunction f
on (x 0 of type (12) such that

(13) Fg, s - xi (g held)
holds. The angwer i3 the following
Theorem 3. There exists o B (IN-valued function Fon (i Gwith (122133
if und onfy if
(14) XD = (N XD (g ke ),
(15) N7 = A p(g, h)
Jor somie constunt M=0 and subnmttiplicalive map p GG R+ with C*-
properfy

(16) p((g, 1" (g, D) = pie, by (g he)

inplying
Pg, Iy*) = p (¢, I

HZ '{g H \f: Z fﬂ h ﬂ h’(x‘gﬁ}! xﬁ)
g ll
folds for any finite séquence {c,, b, po Of complex nnmnibers.
Proor. The necessity of (14 - 16) is simple
(:_:1\(, (P!.ﬁ-!g [ )_{! T \0T \’)_(!}H.T;’:xg):
= (PTF T x5, \'?) = (XBE, XD),
gl = 0TE T xell = INE S mlls

12 ol =3 gy TAT, P = 2 cente. (T, X8, XE) =
g,l

aitd such Hitf

2’ ﬁ'
2{ ('r- ft Cot H (PTg’h Tﬂh '\e!‘ xe) = 2! “'ﬂ‘ h’ U h (\ghf’r? t’)
g;
o hn L‘

For sufficiency assume (14— 16) and let ¥V be the lincar space of complex
valued functions of finite support on G X describing in the form Z‘ Cp, i Of

where 8f denotes the function L in (f, k) and 0 otherwise. We ll(we hy (16) a
semi-inner product on Y given by

(17) (Z Cite O Zd!: g Oy = hz;ch.k(rh'.k'(‘]"}?;ﬁ’ X3)

Py
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for > e, . ok and 2 ¢ o 06 In ¥V oand two familiar maps as
h.k (N
* - T . T + - i H
(18) VeV < H V(D o, 88) 0 = Doy Xt
& by &
(19) T g Y-V, S[g.g'i{z GOy = 2O ‘55‘::

hE
forany g, g'in (.
So we bave a Hilbert space K arising from ¥V as before, hy (16) a contrac-
tion V' from K inte H such that

(20) VEXE, = 05 (M2 (0)
since by {14). (17)
. K i oL . . 1 . il H
2 Oy ORVEXE (V2 eon dfhxe) = 2 ¢ fxh X)) -~
T ok h, &
S 2 X XY = 2 ey 0 0
ik ak

Hence VE#x2 Vg = x5, holds for any /7 in (G,
{(21) VAT =1y
follows by the assumption that {x4.),..; spans H and thus /[{ may he viewed
as a subspace of IC such that Vorepresents then the erthogonal prajection of
K onfo f{. Morcover
(22 WS, Vil= pla. gMvE (g g €l veY)

lholds also since for 2 ¢, , 88 we have
N,

e [E gL . . NEEE ey
Sl = 3 e 081 = 3 et D =
K TR

(’S{g. £t gy Vs = HS(_Q. $IHy g Vi v
and by induetion {from {13Y)

- 2L R . Wt I,
150, ¢ Y17 = ISteamaoy ' yRIVE" -2 =

H o

: E - -- gt ey k Ay

— 2 pd N . .. 1 =

- ll.l’il ; ,L!,’ ;‘f( ok tnT K ("'h(g' g)'_'" l;\-' N “S) -
v LR

=M “-\'SHh D NRD U1 () L S A V0 L

WL,

=V M ple g S g plh R
h &

showing (22} as 1 tends to s, It is casy to see that §is a F-representation of
G (ron K. Finally

Flg.g) = VS p»V* {gg'el)
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is the desired funciion since (hy (20, (1), (18)}
F(g,g)xg = VS, 05 =V 87 =xi'.
The proof is complete.

To generalize the previous situation assume further that GX G is con-
tained in a CHalgebra A such that spans A and S let the *-representation of
A on some Hitbert space K as well, The existence problenn with respect to a
B{H)-valued functicn F satisfying (12) and (13} is selved in the following

Tueorem 4. There exists a B(HY-rvelued function F on GXG with
(12— 13), where S is a *-representation of the C*-algebra A If and only if (14)
and
(23) ||,.§;1 Ehok = Z g Oy (X005, XE) = e |I2 ey, (U, K

. i

fi,
i’ }'.

hold for any finite sequerice {¢,, b, oo 0f complex numbers.

Proor. Since (23) tmplies (13) with p (g, i) = (e, D (g, heG) we can
use Theorem 3. We have only to show that §is a ®-representation of A as
well. To see this we shall prove

(24) IIZ /2 o Sfu’ ;‘1)“ — || fr: e (‘\ Lf )|I

g, ge OF complex numbers,

‘g g
Let ¢ - ;2;":1'“ g rr)t—f Land v = = 2 Oy OR€ Y be given. Then we Trave
iy fi 58

S, VP = 48 e, 10 10 = (1S, VI VI

avea -

and by induction

afl - s1_. afl T T LRI
fa. "‘1” l = "Sfa*n"’” ' V * "V” S = ”"IJN‘)” ‘ ||‘, 2AJ "“h. k {f_,‘. éi';l,gﬂ\h”z =
T

= [y 2 I, 2 s delsdn ¢ O =
=AY e, b BP0 € ONF =
= B I IR D R
= flall* V"2 Il ). e ali DI

where (a*a)”" "' = 3 d (g(s),g’(s)) denotes a switable complex polynomial

with variable (g, g’)‘and (¢, ). By # tending to oo this shows then (24).
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Finally the sufficiency of the right hamd side in (23) needs some suitable
observation as

|l'2 t'h. I "h- Ii‘_, e Z C!a. iy !."('\.::’J.-i‘ \E] = HZ, "-:fr, I th. ! _\'f;'||2 =
ik h k kK

WoE

= [xg]* Hff} Co g Se li® XN H;.Z;: ey, U K
1, I 1, K

where the last step uses a known property of the *-representation of a C*-ai-
gehra, The proof is complete.
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It is a well known fact (see e.g. {1], 111, 14.23) that a p-group P is of
maximai class iff it contains a self-centralizing subgroup A of order p*. Then
obviousty [N, {A): Al = p holds provided £ = A. Qur concept of soft sub-
group generalizes this situation.

DerNiTIoN. A subgroup A of a (nunabelian) p-group P is calfed a soft
subgroup it Cp (A) = Aand [N, () A = p.

The aim of the present paper is to formulate some properties of p-groups
possessing soft subgroups. 1t turus out that a soft subgroup A is contained in
a unique maximal sabgroup of £, namely in AT = P A. We estublish sonie
interesting properties of the either central series of AL If [P A| = p,
then the nilpotence class of AT is exactly », while that of P is at least n41.

As a rule we use the notations of [1]. Moreover for X =¥, core (X V)
denotes the largest normal subgronp of ¥V contained in X and n.cl. (X; V)
stands for the smallest normal subgroup of ¥ containing X,

Our induction arguments will be based on the following.

Limma 1. Let A he a soft subgroup in P, N — N, (4), K = core
(A; P), P = PjK.Then Nissoftin P and N = AXZ (). Moreover !N, = p
if [p:Al=p~

Proor. Obvisusty, N = Np (A)=AZ (P). Now A 1Z (P) is normal in
P, hience trivial, Then [N A| = p implies the second assertion. We have
Cp (NY = Cp (A)=Np(A) = N, i.c. N is sclf-centralizing. Let us denote
N, = N, (N), 50 Np (N) = N,. For XENAN, A=A is a maximat subgroup
in N, hence A7 = ZENY, iN D Z(NY = p?, INT = p. Counting the con-
jugate subgroups A%, xe N, we ohtain | N, : N| = p, thus N is soft in P.

Now we fix the notation we use throughout the paper. Let A be a soft
subgroupin P, [P Af = p. Define Ny = A N, = N, (N,_Dfori=1,...,

.-y i. For sake of brevity we shall denote N, .| by M.

Lemma 2. The subgroups of P containing A form a chain A = N,=
<Ny=... =N, =M=N, P IN: N_|=pli=1...,m

6 ANNALES — Scctio Mathematica — Tomus NXVII.
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Proor. By inddction Lemma | yields [N, N, || = p.Nowif A=X=P
then let &V, be the largest subgroup contained in X. We have

Nim=Ng (N = XONp(N) = XN <Ny,

hence Ny (N;) = N thus X = N .

CoroLLary [. For any v PAM we have ¢4, A¥) = AL

Proor. By Lemma 2, (A, A¥) = N, for some j=n—1. Since A=N;
and A=Ny71 it follows that veN, (Nj) = N i so we are done.

CoroLLary 2. There exists an a¢ A such that Cp {a) = A.

Proor. Since A = Cp (A) = N Cp (1), the assertion obviously follows

a A

from Lemma 2.

Our aim now is tu investigate some chains of subgroups in P.

Prorosimiox 1. For the upper central series of M we have:

(i Zy(MYy=core(N,_:PY=N, [NV _ {(vePaAD, i=1,...,m

(it) £, (MYZ; (M) Is clementary abelian of order=p* for § =

(iif) Z’,.'(}!ﬁ)’;’i](}v.'), R T

Proor. (). Fori = I wehave N, , = A. Let re PAM he fixed. By Corol-
lary 1, M = /A, A, Now

Z{M) = Cpy (ANC (A = ANA"

Finally, Lemma | proves (i) by induction.

(i) Zz(M)=N,_ NN, =N,_  NN'=NNN'=Z,_, (M).

The index in both stepsis | or p, so | Z,,, (M) : Z, (M)} =p*. If the index is
p?, inserting also N; YNY_ | in the middle, we see that the factor is clementary
abelian.

(iii) For i = [ we have Z (P)=core (A; P) = Z,(M). Since Z(Py=Z._ (P),
Lenima 1 is again applicable.

Now as a corollary to (i) and (iii) we obtain

Toeorem 1. Lef A be a soff subgroup in P with |P: A| = p". Then
there is a unique maximal subgroup M of P which contains A. The nilpotence
class of M is n, the nilpofence class of P is af least n+ .

Since A is also a soft subgroup in N {f = 1,. .., n— 1), every statement
is also true for N, mutatis mutandis. We mention only the following.

Cororrary 3. The nilpotence class of Nyisi+1fori =0, ..., n—1.

CororLLary 4. A zcore (A; P)l=pr-t

Proor. Making use of (i) and (i) we obtain [A:core (A; P)| =
= pTrrU M core (A Py = p itV Z (M) Z(M)| s pmrtl pn—h = pn-l
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ProrosiTiox 2. For the lower central series of A7 we have:

{1 K:(Ag) =L L ANy PY = (NG NP n e PAMY,
P=2,..,1m
(i1} I (MYK ., (M) s elementary abelian of order =p?fori = 2... _,
sy
(i) |[Ky (My: Ky, (M) = pifn=2.

Proor. (i). Let i = n. Since K, (M)<P, K, (M)=£, (M)=A and
cl (MK, (M)} = n—1, Lemima | implies that N,/K, (M) is soft in P{K, (M),
hence N[ =K, (M). Conversely for T = {N], N7> we have Z,(M)/T =
= (N\NNYT=Z ((N,, N})[T) = £ (M|T), hence ¢l (M|T)<cl (M), so
T= K, (M) also holds. Now for i < n (i) follows by backwards induction.

(i) Fori = n, |K, (M) = [{NJ, Nv L= |NJ2=p2,

by Lemma 1. The result follows by induction.

(iii). Consider P := P/K,(M). Now N, _, is a soft subgroup in P by (i)
and Lemma 1. So we may suppose without loss of generality that n = 2.
Then K, (M) = M’ == N, {A) has order p by Lemma 1.

ProrositTion 3. For the series of conmmutator subgroups N; we have:

(i) NJA=N,_ o i=1,...,1 hence NJ=Nj= ... =N, = P

(i) [N,A]=N_,,{ = [ , 1 (of Pmp 5.;

(i) N; <N, for e'——l-cc__-'-n!.'—:‘

(iv) [N, .: N | = pff NN, (=1, .., n=2). Especially we have

N o N = piori = 1, __“[";_}_]

(v) N7 char N_,_, i=1,.. [”‘)’ ]].

Proor. (i). Clearly N} A=N,_ | and NJA< N, Now Lemima 2 yields
NIA = N;_,.

(ii). Denote H = [N}, A] = [N} A, A] = [N, A]. Then HSN,_,,
AH{H=2 (N,_\/H), AH<N,_|, hence {N,_,: AH[=p. The centrality of
AHJH yields AH = N,_,, therefore N;_,=H. The reverse inclusion is ob-
vious.

(iii) By Proposition 2 (i) and Theorem 1, N{ =K, (M)=Z (M), hence
N aM = N,_,. Now N,[Nj is a soft subgroup of M{N{ and the assertion

N{<N,_ 1[:‘ = 1,. :” follows by induction. Finally Ni=N,_, by (i)

tence N <N holds forany i —t=j=n—{.

(iv). We may suppose w.l.o.g. that i = #-—-2. Then we have N,,, = P,
Ny = M, therefore N = N, =N, ,, N} )= K;(M)<M for any
rePAM. SIIILE (M KJ(W)f = p we obtain that (M N _,{=p iff
N, =N _,ie N, (N;_,)= P

H—= n—

¥
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(V). By Proposition 2 (i) we have

Kooy (N, o) = o el (NG N, L)) = N sitice Ny <N, = M by (ili).

Hence N is characteristic in N, _,. The assertion then follows by induction.
Finally we formulate some additional remarks.

Proposimiox 4. A containg a subgroup 7 generated by two elements,
suclt that the nilpotence class of T is alse 1. Moreover we have Z, (T) =
=TNLMD =1 .om and K ()= KMy (i =23, .., n+ 1),
TA = M

Proor. Let ueA with C (1) = A (see Corollary 2) and re PAM. W
claim that the nilpotence class of T = “u, ¥} is . Clearly Z (T = Cp{a}1
NACy (@) = TNANA = TNZ (M), Considering the homomorphism
P~ P = PIZ (M) we see that € Cp (@) implies g~ tag¢ A whence
A=Cp (g tag)y = g1 Cp(u)e = g7 Ag i.e. geNG(A). This proves Cp(u) =
N, and now it follows by induction, that Z,(T)=T"Z, (M) and
Cpizony (uZ, (M)) = NiZ (M), This shows also that ¢ W\ Z,,_| (M), hence
the nilpoteace class of T'is n.

A usceful consequence of this is that ‘¥, A) = M. Denote (0¥, A) = K,
VEPA\M. MK QM. MK = N forsome i, AsMA=AI'K, i=n -2 However
" AN, _, 50 MK = M and thus K = M,

We now prove that 77 = W Denote U . TM and M - MU
Then 7 is abelian, so Caf@)= (T, A) = M, and similarly Cii(@) = M,
hence T=Z (M). Now it follows that M = /T, A} is abelian, therefore
M'=U', hence UJ = TM =Tq (1), so 1/ =T, and M =1}’ = T"= M,
i.e. T = A, as we claimed.

By the same method we get the following result.

ProposiTiox 5. There are subgroups 7', - M such that
To=T =...<T, ;=T and

L |T,: @ (1] =p>

2. ¢l (N) = ¢l (1)) and N[ = T,

3Tl NN, 0= Lo, -2,

ba that case | T4 fT,| = p.

Proor. All but the last statement are trivial. We shall in fact show
that there is exactly one maximal subgroup of T; which contains T, for any
k=j. Itis trivial that Cr; (w} is soft in T, where a {s such that Cp.{a) = A.

As |T;: D (T)l=p? there is exactly one maximal subgroup of T,
which contains asoif 7, a4 7 then [T;: Tyl = pfor k—=j. However Ti{a) < T;
and Ty =<T{ayso Tj(a) = Ty = T;_). Thus [T} T, | = pand N AN,
It NTa N, then itis trivial that T, <7, .

This method yields the following sharpencd version of the result in
Prop. 3 (ii).

CoroLLary 5. [N}, a] = N, (i = |, ..., n), where a€ A such that

Cp(ﬁ') = A.
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PRUU[ Lot H = [Ny, @] <Ny, then aoff€Z (N, _4fH). Sinee N, =
= AW, whew 1y (N\N, it follows that N, _fH is abelian, bU N, 1=
[N!_l, ()] « [Ny, a] = [N A, a] = [N}, a]=[N;, A]l=Ni_,, by
Prop. 3. (i), (ii).

ProrosiTiox 6. 1§ [N D (N = p* then [P B (P)] = po.

Proor. Suppose [N, : D (N} = p2 Then we have @ (N)) <N, and
IN, D D(ND = p'. But Ny@ (N)) is nnt abelian since N,A = N,. This
implies |N, 1 & (N,)| = p*. The result then follows by inductjon.

ProrositioN 7. £ contains at most one maximal subgroup L such that
L= I, (M)

Proor. Lel Ly - Ly be maxmmal subgroups of . Denote £/ = L{, L.
Then H <P and P{H containg two distinet maximal abelian subgroups,
hence the nilpotence class of PIH s at most 2 )

If P/H is nonabelian then A1 contains a soft subgroup of F2/H, hence
AZH s i any case abelian (see Theorem 1), so H - A By symmetry we may
suppose that AL = AL = N, (f=n—[). Then Nj=Lj and N, = (L], L3 =
= H=0, therefore Ny=M" A = N, _, hence L)=-n. cl. (N} Py=n
(N] 51 P) = K (A1) (see PIU]] - (1))

Prorosrmiox 8. 0F ¢l (17 -1 1 then all abelian normal subgroups are
contained in M.

Proor. Let N<jf?, N" = |, N== AL Then NA = P so P = N. We prove
by induction that K, (Py=K,_., (M) Tori=2 Fori = 2we have P’ =M, fur-
ther K., (P) = [K(P), P| = [K (P), MN] = [K; (F’), Ml=[K; (M), M]—
=K, (H} Hence ol iY==l A el =01 (.

Cornrrary b There i< at roost oine maximal subgroup £ of £ such that
LoMuand L =K, (P).

Proor. By Prop. 7. all but one maximal subgroups L satisty L7 -- K; (M),
Then el (M{LY-2, L{L7 is abelian, therefore Prop. 8. forces ¢l (PjL7)y=3,
oo L= K, (P).
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Intreductien. In this work we are concerned with some guestions with
respect to the aorthonormal system of Vilenkin type [16]. Thus are investi-
gated a Bernstein type inequality, the (C, 1)-summation in the Hardy space
and the relation between the Hardy space and the conjugation, introduced
earlier to the Vilenkin system [12], [13]. It is known (sec. e.g. [9]) that in
the investigations with respect to ilie Vilenkin system a boundedness con-
dition plays an important part. Thus e.g. in the “bounded’ case an analogous
statemment {3], as the inequality of Bernstein for the trigonometric system
[19], is true and a simiple example shows that this is not true in the
“unbounded™ case. The situation is similar with respect fo the (H1, Ll)-type
of the maximal operator o* of the {(C, P-summation. The operator o* is of
type (H?, LYYin the “usual’ H'-space, when the above mentioned houndedness
criterion is fulfilled {4]. tn this case the fM=space is atomic [1] and this fact
has an intportant role in the proofs. In the “unbounded™ case the above
Hl-space is not atomic, but — modifying the concept of the “atoms™ — we
can define a new atomic space. 1t is proved that the operator ¢* : fi1 L1 is
not bounded (without the above boundedness condition) — either in the
previous Hl-space, or in the atomic space.

In the theory of the trigonometric series it is well-known [2] that the
classical f{'-space contains e\ac,ﬂy those L-functions, whose (trigo-
nometric) conjugate function is integrable. We investigate the analogous
question for the Vilenkin system with respect to the con;ugatmn defined in
(12]. We prove that this conjugation is of type (H', L'} in the above nientio-
ned atonic Hl-space. It is an opet question: if the conjugate function
belongs to L', then the function is in H'? We remark that this problem is
contiected with an open problem in the theory of the trigonometric series:
whether the integrability of Paley’s quadratic variation [19] characterizes
the classical Hl-space. This characterization of the martingale H'-space is
well-known [5].

1. In this section we introduce some notations and definitions. Let

mo= (g, My, ..oy Mg, 2 00) C=m, meN, keN:-={0, 1,...})
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be a sequence of natural numbers and denote by Z,,,, the niy th diserete eyclic
group, i.c.

Z,,,;:: = {0, [,....m—1} {FEN).

[f we define the group G, as the direct product of the groups Zn,, then G,
is 4 comipact Abelian group. Thus the elements of G, are of the form x =
= (Xgy Xppener Npgyo - ) With O=xp = (keN) and for x, 3y in (G, their sum x v
1s obtained by adding the n th coordinates of x and v moduln m,, (#1€N). (Let
= he the inverse of the operation ;) The topology of G, is completely de-

fermined by the following subgroups of G,
”rt (,\f): = {.l"\iGm :_]". = (-\-n-‘ ] -\-!1—1‘ _Pn“ . )} ('\'E—Gm? ”“CN}'
For afixcd xe G, and for n<N let

TAGKY : = V€0, v = (Xp Xy kb)) (€ Zm)

It is evident that 7 {x) = 1y [, (x. &) and this decomposition contains

ke zm,,

disjoint sets, furthermonre
Ii "i:r("‘" ':")E - !”; ! i "’JI('\‘]; U‘ r Z’”n)‘

(1A} denotes the measure of 4 Haar-measurable set A¢ ()

Let
[ ]
L o,
-1 2
KL(\.) - Wy, - | ]
NN [,\.” ( :_1‘2,: ”
i - l_‘ :;t J |
and if
h;
)’(}I[(:\') ity .j;' In(-\’- k) (JEN. ,{‘,P IJIJ&N; A‘J - h}),
k_kj
then let
bl )
[ " ] | _— ) k, vk,
'Fn(\ ’t‘) X, = —
. ; _kj 2 -
K,—: + 1(.1{) ]

([¢] denotes the entire part of the real nuniber ¢.)
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Forall x< G, and e N there exists a unique f, € Nsuch tiat Kin )y = 1I,4, ()

Let K, (x) (n€N) be the sequence of the K (x}(néN, j =1, ..., J,) lexi-
cographically ordered by pairs (n, j), then

(i) 1= 1K =23 {neN),
1 ()]
(i) lim K, (x) = {x}.
The sets K, (v) (¢ N, x£G,,) are called “intervals™.

Next, let {, : 1N} denote the character group of G,,. We enumerate
its elements as follows. For k¢ N let ry be the function defined by

23ix, .
rdx) = exp- Tk (Xe Ui =V —1)
i,
H owe define the sequence (M, KeN) by My: - 1 and My, 0 = my A
(A& N), then cach €N has a unique representation of the form

[T Z n, My, (1, gz,,,;.).
K0 '
For sucl 1i¢ N we define the function g, by
vus = T 1.
k-0

We remurk that Loy, neNY — the so-called Vilenkin system [I6] — is a
complete orthonormal systent with respect to the normalized Haar measure
dx on G . (In the special case nr, = 2 (n€N) {y, - #1€N} is the Walsh-Paley
system [8])
For fe LY (4,,) let
F&: = [ f, en,
GIH

nol

Sufy: =3 k), (reN),
k-0

| IO .
g {f)i= >SN o 12000,
L -
o*(f): = sup |7, ().
n—1
D= >y, (neN),
=0
l n
Kyi= > D, {n=12..)
i g
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Then S,(f) = fxD,, o,{f) = f= K, (21¢N), where for the functions g,
e LY (Gy the convolution g x /i is defined by

axh(x): = [eO)hx=0dt  (x<G,).
GNI

The concept of derivative over G, is defined as follows [6]. The func-
tion fe L1 (G,,} has a derivative flll¢ LY (G ), if

lim [|f0—d, fll, =0,

where
=1 mj—l 2 mj—l .k
d f) =2 My 3 3 rfse) -flx Lse)
j=0 k=0 iM; 5=0

i M s
(x€Uy, neN, e, = (0,...,0, 1,0, .. )€G,, 56,0 = ¢;+ ... T2y
The following relations are easily verified :

131

o= I, (neN),
L .
K,=D,——D, (n=1412....
i
Lt
[ (m,=2)
1, = 1 KEN
’ I[ M= ] (m, > 2) (kem
2
and
A my—1 .
Ly:= [_ > i+ -"ijc] Dy, .
=1 JER
We define the V-conjugate function of f< L3 (G) as follows:
fi= 3 f*L
£=0

The series 3 fx L, converges in measure and the V-conjugation is Lr-bo-
k-0
unded, if 1=p< = [12]}, [13].

The definition of Hardy space is possible in several ways. The question
is only, which of these possibilities is useful in respect of the Vilenkin-Fourier
analysis. So c.g. the concept of the Hardy space in the martingale theory is
defined in the following way [5]: a function fe L' (G,)) belongs to the H1-
space if and only if the quadratic variation of f

K = (1O #3100, 0= Su01]
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is in LY (G,). It is known [3] that |lg (f)], is equivalent to || f||, (1 < p < =) and
g is of weak-type (1,1). From theseit followsin the special case m, = 2 (n€N)
— i.e. for the Walsh-Paley system — that {y,: n¢N} is a basis in L7(G,)
(I = p<-<o) [8]. This deduction is not possible in the general case, we must
modify the definition of the quadratic variation, taking into consideration
the finer structural properties of {y, : 1€ N}, Hence let

o Mig—1 12
QU): = [l.f(0)|2+ 2. Zl iSq n:un(f)—sfmn(f)Ie]
n=0 j-

(feL(G,). If the sequence m is bounded — the “‘bounded” case —, then
also for @ are valid the above (for ) mentioned statements [18]. Then from
this it follows that {y,, : n¢ N} is a basis in L7 (G,,) (I = p= oo} in the “boun-
ded” case [18]. (It is immediate that

if m,=C (1EN), but g and @ are not cquivalent.)
Furthermore, it is known [I8] that in the case sup m, = -~ there

exists a function feLr ((3,) (O<p=<2), resp. gd LP (G,) (p=2), for which

@ (f) = == a.e., resp. Q (g} is bounded.
We define the Hardy space H! (G,,) by means of the atoms. An atom is

cither the function ¢ = 1 or a function ae L™ (G,,), satisfying [1]:
{i() thesupport of ¢ is contained in an interval K, (x) =: J,,
(i) llall.=T[Jad"",
iy fa =0
GH:I'

Let us denote the set of the atoms by A (G,)) and tet
HYG,): = {i b € AG,), S 1kl = m} ,
i=0 =0

and for fe H' (G,,)
il s = inf > AL
i=0

(The infimum is taken over all decompositions >'7, a.) It is known [1] that
H(G,) with the above norm is a Banach space.

The martingale H'-space {determined by ¢) has an atomic structure
only for bounded m. This is a simple consequence of a Calderon-Zygmund
decomposition [1] and of the fact that g (N, and fsup |Sa, (N

n

(feL! (G,,)) are equivalent [3]. Let us introduce a modified version of the
maximal function:

P = s K [ (el G,

Ky
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(We remark that f* is a martingale maxinnl function and is of weak type
(1.1) [5]. [14].) Since
S0 = 1L [ 7 (G, neN, fEL(G,),
£ 00
it is evident that sup 1Sy, (/) =%
L
For a bounded sequence ma function £ belongs to M7 ((,) if and only
if g(fye LY (G,). Indeed, let n, = C (neNY and g()c LY(G,) (fFeL.0(0,). Then
we can decontpose 1he function fin the following way [1]:

f e jﬁ’f'fli' 2 TR
i

-0
ad for b2 L7(6G) (ieN)
“} 51|p]1 b"-‘- ' 1”; (xf) ('\-i'_-(jrm ”IEN).-
(2) (”) i!hiiin. o ‘Hn,;
iy [, =0

(ff”
Since at the same time b;= A (7)) (12N s true, thus £« 770 (6, (Further-

more. if1n = O (1)-Jg(Hl,)
lnversely, it f = > Za el (U,) (0 A(GL), D) 141+ ) then

i—u N

evidently thereexistsasequenceof cocfficients{z, ./ ¢ N),forwhichz, = (i¢N)
] C

15 true and the functions =z, - g, ({€N) have the I}IlJpLIIIL\ (2. Let b, oo 2,44

. S 4 o4 = C

(F£N), then f = ‘\‘ by and Z /-’- = (- \ wr, e it follows that
i || % Py ¥ i

gyl LV Y- (Fmthulnnu l'q(]}l1 = (D! f|”.)

Henu for a hounded seguence m g (i, and @ fp (f LY (0,)) are
equivalent,

2. §. In the first theorenn we give a characterizatinn of the space £17 ().

Tueokem 1. A function fo LY (G belongs fo 11 {G ) if wid ofy if f#e L0
(15, Farthermore, 3 fin is equivalent to || f*,.

(Flence our space H (6,) is a martingale £ space.)

We have seen that in the “bounded™ case 1 (€, = {[= LV} 9(f)<

LY G} and Bg(N)N is cquivalent to $sup 18y fit. Therefore H7 (€}

and the by ¢ defined HE-space are the same, if the sequence s hounded.

It i is not bounded, then the space H' ((5,)) cannot be characterized by
the LI-boundedness of Q. This follows from the stext theorem.

THEOREM 2. Let ~.up My, = =. Then

sup Q@ -~

af ALG )
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For a bounded sequence arilg(y;, and $Q (N, (/5 LM{G,)) are but equi-
valent. This follows — taking into consideration (1} — from

Treorew 3. For alf bounded sequences e there exists ¢ constant C=()
stelt that

QU =Cllahi (fe L1 (G)).

In the next theorem we are concerned with the V-conjugation. it is pro-
ved that the V-conjugation is of type (H', L),
THEoREM 4. There exists an absolite constanit C -0, for which

W =Clifln (JeI (G)

finlds.

it is an open question, whether jflj, and | £, (fe L}((,,)} are equivalent.
But from Theorem 2 and 4it follows evidently that /3, and QUL (S € LMG)
are not equivalenf. Namely, if the sequence i is not bounded, then a
constant C== 0 cannot be given, for which |Q(/)l, = C-Ifll; (f€ L' (G,)) holds.

For the maximal operator &* we have proved in [7] the weak-type (1,1)
properties it the “bounded™ case. In his work [4] N. Fujn proved that for
bounded m the operator ¢ : ' (G,,) ~ L {(,) is bounded. In the following
theorenm we shall prove that the houndedness of m plays an important role
in the above statement,

THEOREM 5. The aperator ¢* - I (G
ifsup ni, =< ~,

"

y-~LY () is bounded if and oniv

The original proof of N. Fujn of the safficiency part of Theorem 35 is
ratirer complicated and a simplified version is presented in this paper.

The necessity of the previeus theorent is connected with an inequality
of Bernstetn type, which was proved for the Walsh-Paley system by H. J.
WagNER [I7]. If the sequence n1 is hounded, then the proof of Wacsner
cat be generalized for {ip, @ n€N} and S. Friou proved the following sta-
fement [3]:

There exists a constant =0 {depending anly on ) that for all “poly-

H
nomials” > = 3 ¢, i, (1€N) the inequality
k=0
[P0 = Ca || Pl

holds.
in the case sup m,, = o= the above inequality cannot be true. This follows

n
taking into consideration |Dag [l = [ (e N} — from the next theoren.
THEOREM 6. For alf sequetices i und far all natural nuinbers n€N

I n—1

| ‘wr -1 [1] 1 n;l ; | M, —
- Z My logu+ -j) <[|Dai, e Z M. logm;+ -7
=T f=0 L £ 0
lroldds.
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] -
Since K, = D, —-— D5 (n=1,2,...), thus from Theorem 6
"

: I . [ .
PR ap fiy = - i ;ID\, M —1Dy = fogm, -1 (n-=12,..))

ri L7

follows, i.e. if sup i, = 2o, then sup G, = = [Y]. We remark that
in the case sup m < == We proved tlu boundedness of {& Iy s (neN) [7].

(An elnaloguous estimation, as the above for ||Dy |, can he found in [13]
for the L'-norm of the imaginary part of Ky .}

3. § Proor of THEOREM ).
1. We prove that for all a¢ A (G,)

lolds. (From this it follows evidently that 5% - [|film (fe #(G,).)

[f a=1, then |e*}, =1 is trivial hence we  can assume  that
a1, Let xeG,\ J, then for all neN K, (), = 0 or K00 J, = f.,
therefore o* {x) = 0. On the other hand for x¢ f,

K, fa =i, (neN)

)

holds evidently, thus a* (x)=< |/, ' and |lu*j, = 1.
2. Let us assume that for the function fe L' (G,,) the maximal function
[ belongs to L (G ). We shalt prove that /€ H' ((i,). Since the original idea
of the proof can be found in [1], we give only the sketeh of the proof.
For s an integer we define the set U = {xc@,, : f¥{x)=2%). Then U,
can he decomposed in the form {7 '_' K,,r(.\',- ()} =: J Ki,, where for
!

afixed s the sets K, are disjoint and 1K, 171 l S o= but KR |
i
_] =25 (Without loss of generality we can assume jj' - {1) Furthermore,
f\'fil_ -1 Gy
the function f can be represensted as f = f +n,, where the following
assumptions are valid: [[f] =25, {fll, =fl,, w, fo, supp f3 < Ka,-1,

J£ =0 W=z s fl s casy to see that £ = (f,.,— /) and

Gy, 5 o

ﬂ?: — ___:I§+l_j5 S \z ¢ ‘1(0m)
3‘2“ |!<r] —]I

(»g denotes the characteristic function of the set B (,,.) Therefore

f= 3 320Ky il g
i

S = -
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is an atomic decomposition of £, i.e. f€ H! ({,.). On the other hand

2571

w

uf*nlzfuf*}_vnd.v——- 3 [irenidy= 3 20U, =

m £

S U= 32 13 VS K = 187 | fle.

f=— = A= = o

Proor of THEOrREM 2. We define a sequence of atoms in the following
way: for neNlet f,:= 1, {OyU 7, {0,1) and

Mn+1

= (xef,., ),
W= M e o0y,
[ 0 (otherwisce).

It is evident that a,< A (G,,) (1€ N). Since
D” F1y AL, Dj_\;” = .-"J‘I D_u” (HEN,J‘I = ], N l). thus

[ . -
|1Q(a;1)||1}f[ ; fSU'-"-'”-‘]'m(an) _Sj.ﬂn(un)!:] =
i

- (% [m S f 7T D e+t | e =

(‘HI
2yt 2 =1 2y1 2
f[ Z f a,(fHyrih dt ] dx= M, [[ Z : fun Fi ] =
i=1 . =1 .
Gy Iri(X] fn ”[0) ! J'!I '
my—1, 9 G0 e 2 fily — Sy .
=31 > I_CXP"IU } [ 2 sinz 4 ] =CVm,
i=1 my m,

where C =0 is an absolute constant.

Proor of THEOrEM 3. It is enough to prove that for a bounded sequence
ni the operator @ - H' (G,)~ L' (G,) is bounded. (Since in the “hounded”
case [g (NI, is equivalent to || flls, f€ H (G,,)-)

Befnre we start the proof of the above statement we make the following
general remark [10], [1t].

Let the operator T be sublinear and we assume that

@) sup 4T(@), < -

ag A(G,,)
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Then T HY (G, - LV {G) is evidently bownded. If there exists a cons-
stant C 0 such that 'O, =CIfE, (fel? (43,0} andd

(4) sup [ (TG = -
as AT ) 6, Ja
then (3) is true. Indeed,

Ty, = f T (a) - _I'iT(u)i - j AR l j1T_{u)l«

[EPRW du G Gy

- j [Ty, +C  (2€ All,).
AN

y there exisls o set jﬁ(‘_:‘(jm such that jn-:_r]ﬂ and

1l

SUP - A7 e
ag A{G ) !‘!m

IT for all ae A{G

I

then froin
&) sup j IT(a)} = =
al AfG ) . \}.
Yt
{4} follows immediately.
We prove that for the operator @ the assumption (3) is Arue. Let
e A (G,) (we can assuine that a21), f, = U Iy (y, &) and we define
i

Jui=I(v) (NEN, YEG,). Then sup |7, | S} ' = sup i, = =

' as Alfi )
and for x£G,\J,

Sejayan, (@) (X) — Sjar, (@) (X) = ri(x) / a(fy ri(f)y Dag, (x = £y di

P

= ri(x)y M, l urf (meN, j-— 1, .. ,m, -1
J'a"‘:fn{'\')
Forn= Nitiscasy to see that j, N7, (x) = 0. On the other hand in the casc
=N J,0 1, (X} = 0ar f.N1, (x)= J, and rjis constant over f,, therefore
for all negN
a?,fj =0,
Jaiidglx)

Thus Q) (x) = 0 (xeG,\J,) and (3) is trivially true.

Since the operator @ is sublinear and of type (2,2), the proof is complete.

Proor of THEOREM 4. We shall prove that the V-conjugation satisfies
(3). For an g£ A (G,) let us define J, in the following manner: if #¢N
is the largest natural number, for which an 1, (&) (¢€G,,) contains f, as a
proper subset, then — consider {, (&) as a circle — let f, denote the “‘in-
terval” inside [, (¥) which contains f, at itscenterand | f,I = 3}1/,1 -
(11 this is not possible, then let f, be equal fo [ (£))
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Let a< A (615,} he an arbitrary atom (we can assume that a=1), x¢
efi \J, and foN. Then

iy — I g

(= L(x) = fa(f)[ > rl (x- 8- Z rx=1 Dy (x=1)dt =
Jedp i~1

UHE

= M, . j a{fy o,(x = 1) dt

Ju )
where
My b e
L) rl— > ri.
JENPNY il

Iff, = U L &R thenforxs | Eyand for k- o
&
ax b, (X) =0,
(See the pm{)’r of Theorem 3.) From this it follows that we can assume

xei, (& )\j( Then

W) =M, [ aysgx=nd =M, [ays,x=nat =
Jal 1 fgix) Ja

= M, [alhld,0x= 1) 0,(x = D] dt,

where 1 denotes a point of J,.
Hence

[ ow=an, [ fawloc1 -s.0c =T dt dx=

(;IJJ\-jG LA Sy Ja
= [1a@) [ M, [ (==, (x =B d,\'] dt,
Ja I AN

We know [12] that there is an absolute constant C =0, for which

M, [ =N o x Bldx<C (€],

FNENA
thus

| Jat=c flar=c.

GH!\J‘Q Ja

Taking into consideration that the V-conjugation is linear and of type
(2,2}, the proof is complete.

T ANNALES — Sectio Malhematica — Tomus XXVII.
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Proor of THEQREM 3.
I. Let us assume that for a constant C=0

m,=C (n¢N).
We prove that for o* (8) is true. (Since % is sublinear and of type (2,2) (sce
[7]), thus we complete the proof of Theorem 3.)
For ucA(G,) let J, be defined as in the proof of Theorem 3. Jf

Jo=1Iy ) (NEN yeG,), then for all 7 = 0,1, ..., My—1 the function
. i constant over f,, thusa(m) = 0, i.c. S (a) = U Therefore o* (g) =

= sup [Un(fi’)l
LLt neNand M, =n<=M (Nées=N), then (see [7])

5—1 s—1 m-—l

|K ) =C, MM, Z Dy (x $le)
i

i=j =l

=

(x€G,,, the constant C, = depends only on C).
Thus for xe (i, f, we have

s 1 5- lm- 1
o @)X} = Cy M7 ‘Z M Z (6] Daifx+le, =ty .
i=j I-

On the other band for i=N,j=N, I = 0,. .., m;~ ]

[iah) Dasx L 1e, =0t = 0,

G rr

therefore
N—1 AN mj—l .
lo@)(x)| =C, Mt > M; > la{h)| Ds(x+le;=1)dl,
j-n i=j =0
GHJ'
i.e.
N—1 N1 mj-—l
f F@O=CMT F M, 53l D <
GFFI\JG - j )
-1 (N } M -
=C,C 24 _“)— = C Zfz_j" o
.’WN =0
2. For the proof of the converse direction we assume that sup m, = o
and prove i
supl - O TE G, b 4 0f = =
Ul

[t is easy to sce that we need to prove only
sup {lo(afl, s €N, a€ AG,)} = =
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St

Let neNand f,: = r, Da,, then f,€ A(G,). Since K,, = D, — J pi (n=
n
= 1,2,...), thus

o2, i =) ;if SN S~ 1Sz (M, (neN).

]

Furthermore, {Sayn, (£, = anll1 = [|Darll, = 1 and

] & M1
1
{> ‘-Jf ASa) = I '

Z Q’\I Lt = Z (;"'r‘fn-i-t') Yar, Yy =
i=o

_ o, . [1]
= Iy "an D_uﬂ +r, D'”n'
We have also

looan, (= 5 - DA 302 (neN)

and by Theorem 8
1Dk = - M Tt ogm,_, (n=12 ..
JT
thas
i ¢
boau, (Sl = ——logm, ,—3/2 (n=12...).
4

Since sup m, = =, this completes the proof.

PRDD[— of THEOREM 6. We can u}mpute. the derivative of D, (HEN)
ina mmph. way, since Dy, (X) = Dy (x Y le) (xeG,,; J, (€N, j=i;1 = 0,.
, i~ 1) and

m— |
J

Z }‘j(f{’j)k =) (."\ = l, 2, e .).
=0

From these and trom the definition of the derivative we have for neN and
for xe@

n

n—1

mJ---I k -1 ok
[ll(\) =d, Dy )= > M; > m > rilleyy Dafxtle).
j = k=1 J I=0

Letf=-0,..,n—land! =1,..., m;— 1, then

Dag (x 1le)) = { M, {xed ((m;—he)),

0 (otherwise).
kLS



100 3IMON, P.

On the other hand for x£ 1, (U)

n—1 g i—1 n |
t m;—1 (M
DhL(0) = 3 M, Z =M, > L M= -
=0 K=l j=0 ) =

Summarizing the above facts we have also

ok, = (1ot S [y =
-'Inl H -'nl . LM, 6-

=0 {1 <
1,00 ! Intle )
n—1 m;—1 Lami—1 ’ n—1 -1
! o k M, —1 / 1
+ O3 M, rife ). = TR0 SN - =
j2=‘0 S~ J.Zl m}, S 2 !ZJU ] ‘_?i‘ Ir(ff)-—1|
-1 n—1 mj‘c-:l i
= M
Z f—l‘ o .l
=t Zsin-- -
H’I;-

From this and from the relations

2 :
s-a=ging =g |0=gx= —| log k= Tebtlogh (h=1,2,...
5 o =Sinx af[ o 9] 0g Z; +log ( )

L)

our theerem follows.
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A CHARACTERIZATICGN OF COMPLETE METRIC
SPACES AND OTHER REMARKS TO A THEOREM OF EKELAND

By

T. SZILAGY
I, Departuient of Math. Analysis of the L. Eétvis University, Budapest

{ Reecived Febriary 8, 1982 )

1. Let us vecadl 1. Ekeland’s theorem (Theoremn L1, in [3), or Theorem
Lin [6]):

Theowrem 1. If (X, dY is a complete melric space, ¢ X (- =, + ]
s o lower semicontinvous and fower bounded function which has af least one
finite value, v and 7. ure positive numbers and inf ¢ =q () =inf ¢ L+ ¢, then there
isaveX such that ¢ (Wy=q (1), d (i, V)= 72 and for aft we X\fr}

7)) = d ().

Interestiag applications of this theorem can be found for example in
{3].in [5], orin [6].

I {X, ) is a metric space, ler us denote by @ the set of all lower semi-
continuous lower bouded functions ¢ - X ~-R.

M. HegepUs (private communication) made the following remark and
asked the question below. From Ekeland” s theorem it is clear that the com-
pleteness of (X, &) implies the following

Propirty E. For cach g,
Ny i={xeX 3reXyxy d(x, =g ()7 -~ X.
[sif true that property L implies the compieteness of the space (X, d)?
We give an affirmative answer to this question.
THEoREM 2. 4 melric space is cmplete (f and onfly if if has properfy E.
Proor. Suppose (X, d) is not complete and let {v,) be a Cauchy sequence
which 1s not convergent. Then we can choose & sequence of positive integers

M= Mg oL Ml
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such that & (v, 1,,)=<27% whenever k€N, n=n, and ni=. Introducing the
notation i, := vy, it is casy to see that (u,) is a Cauchy sequence, {1,) is not
convergent and

e

A= D d(Uy s ) = 1.
[
Furthermore we may assume i, ~u,_, for all K€éN. We must prove that
(X, d) does not have property E. To this aim we show that the function
¢ : X ~Ry defined by

I

5 dlu,_ o)y if x=u,.
—k
r{x) =

-~

dx,u)+A i xa {u}=:H

il

is lower semicontinuous and, for each xeX, xeX,. Since the function
x—d {x, 1) is continuous on X and H is closed {no subsequence of (u) is
convergent} ¢ is continuous oin X\, [f x¢ H thea ¢ has a local minimuom in x
therefore ¢ is lawer semicontinuous in x. Sinee for cach keN d(u,, 1, .|} =
= gy —gluy ) and 1y, £, o€ X, Finally, d(x, 1) = ¢(X)—q (i)
whenever Y& X\Ff that s X\Hc X,

The “only if part” easily follows from Theorem 1: If ¢ €@, v X arbit-
rary, e:= J:=q (u) — inf ¢, the element r¢X obtained from Theorem
1 does not belong to X,

2. The following theorent s rather {rivial.

Tueorew 3. Lef (X, d) be complete end Ho X H = X {f aid snly if there
exists ¢ €D such that HC X,

Proor. If there exists a yC X1 then, for the ¢ €@ defined by

g (X} = d (X, 0),

HC X (if xe H then y=x and d(x, ¥) = ¢ (x}—¢(3)). while the other part
of the theorem follows from Theorem 2.

REmMark 1. Theorem 3 enables us to state various existence theorems
in an “if and only if” form. We give two examples, the first of them shows
that the fixed point theorem of Caristi-Wong (Proposition in [10]) is the
most gencral one in complete nmetric spaces.

Tueorem 4. If (X, d)isacomplete metric space, f: X =X und the sel of
il fixed points of f is denoted by Fix (f) then Fix ()= if and only if there
exists a lower senmvicontinuous and lower bounded ¢ 1 X —R such that for each
x € X\Fix (f) there is a y ¢ X\{x} with d (x, Vy=q¢ (X)—¢(y) (that is If and enfy
if X\Fix (f) is contained in some X,).

The second example is an existence theorem on stable points of set-
valued dynamic systems. In [9] the following result is proved (Remark
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3.21) 1 1 (X, d) is a compact metric space, /2 X (2540} and there exists
a continuous function ¥ : X —~R such that ¥ (X)—¥(y)=d (x, ) whenever
xeX and v€F (x), then there exists an x€ X with F (x) = {x}. We have a
soimewhat stronger result which follows immediately from Theorem 3:

THeEOREM 5. Suppose (X, d) is u complete metric space, F : X —~(2X\{0})
aid H := {xe X{dx=yeF (X)}. There exists an xe X with F (x) = {x} (that is
H=X) if and only if there exists a g €® and for every xe H an ve X\{x} such
that ¢ (X)--¢ (Wy=d (x, ¥). Tn particular, if there is u g €D for which ¢ (X) -q(¥)
zd (X, v} Whenever xe X and v¢ F (X), then there exists un xe X with F (x) =
= {x}.

REMARK 2. From the proof of Theorem 3 it is obvious that instead of the
lower semicontinuity of ¢ in Theorem 3, in Theorem 4 and in Theorem 3 we
may assuine that ¢ is continuous or ¢ is a Lipschitz function with Lipschitz
constant 1.

Finally we recall Caristi's fixed point theorem (see [1]) and a generaliza-
tion of it and give a new, very simple proof of the latter theorem.

Caristi's theorewm states that if (X, ) is a complete metric space, f: X - X
and there 1s a ¢ €@ such that for every xe X

d (%, f()=q () g (/D)
then f hias a fixed point. For applications of this theorenn see [1], [2], |7, or
[8]. This theorem is an vasy consequence of the fact that (X, ) has property E.

The generalization mentioned above (Theorem 2.1 in [4]) is the follo-
wing:

TreoreM G. Lef (X, d\), (X., d.) be complete meirie spaces and ¢ @ X, + X,
If there exist a cosed map I X\, ~ X, o lower semdconfinuous function
Yo (X)) =R~ wird a positive mumiber ¢ sielt that Jor each Xe X,

dy (v, g ()= W () W (B (g (0
cdy (B (X), (g () = (B (D))= (1 (¢ ()

then ¢ has a fixed poinf.

wind

Proor. Let us denote the graph of i by X and the restriction to X x X
of the metric
((xy0 Xa), (V0 D)) =y (X0 1)+ iy (X V)
defined on (X x Xo¥F by d. (X, d) is complefe since s a ciosed map. We may
apply Caristi’s theorem to the map fdefined by
(%, 1 () = (2 () 1 (2 ()
atid to the function ¢ defined by

(x, It (x)) 2% {(li (x))

which is ehyviously lower seniconfinueus and lower bounded. [If (_\', 4’1(,\‘))
is a fixed point of f then v is a fixed point of .
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EIN ELEMENTARER BEWEIS
FUR DIE ISOPERIMETRISCHE UNGLEICHUNG IN DER
EUKLIDISCHEN UND HYPERBOLISCHEN EBENE

Vion
K. BEZDEK

Lehrstull fir Geometrie der L. Edtvils Universitat, Budapest
{Eingegangen ant [, Febraar 10982)

Fiir dic isoperimetrisclie Ungleichung wurden im Laufe der Zeit zahilrei-
che verschiedene Beweise gegeben, die sich auf verschiedene Bereicliklassen
hezichen und sich oft auf verschiedene Uinfangsbhegriffe stitzen. Es seien
hier nur die folgenden Werke crwilint: B. Sz. Nagy [3], G. Bor |1],
H. HabwiGERr [4fa), L. Feyes ToTu [3], A. Dixauas [2], E. ScumipT [6].
Unsere Betrachtungen beziehen sich — nach E. ScHmipr — auf nichtlecre,
beschrdnkte und abgeschilossene Punictmengen der Ebene (die nennen wir
Bereiche) und anf ilre gewdhnlichen Minkowskischen UmfangsmaBe (die
nennen wir vanz cinfach den Umfang von den Bereichen) und auf {hre Le-
besgueschen Mabe (die newnten wir ganz einfach den Flicheninhalt von den
Bereichen) (siclie dazu HapwiGger [ 4/b])

Sartz L. Under den Bereichien (der eukiidischen bz, v perbolisclient Ebenie),
die gleichert positiven Flidcheninfalt besitzen, haf der Kreis den kleinstmoglichen
Umfang.

BemErKUNG, Wegen der Allgemeinheit der Bereichikltasse hat nicht nur
der Kreis den kieinstmaoglichen Umfang.

Beschrinken wir uns aber auf zusamnenhiingende Bereiche, so erhalien
wir den

Satz L Under den zusammienhiingenden Bereichen {der eukiidischen hzw.
fvperbolischen Ebene), die gleichen positiven Fidcheninhall besifzen, hal der
Krefs und nur der Kreis den Heinsimiéaglichen Umifung.

Beweis von barz £ Wegen der Definitionen des Umfangs wund  des
Flacheninhalts cines Bereiches ist fiir uns genug das folgende Lemmnia zu
heweisen.

Lemma [. Es sei L der Umfang eines konvexen Polygons mit denl
Flacheninhalt T (=0). Dann ist L =L wobeil L den Umfang cines Kreises
vom Flicheninhalt T bedeutet.

Dieses Lemuua ist aber gleichbedeutend mit dent
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Lemma 1. Es sei T der Fliacheninhalt eiues kenvexen Polygons mit dem
Umfang L {=0). Dannist T =T wobei T den Flicheninhalt eines Kreises vo
Umfang L bedeutet.

Wir beweisen nun das folgende Lemuma, aus demy dag Lemma 1], ganz
cinfach folgt.

Lemya ITL Es sei L, =0 hzw, n,=3 einc belichige positive reelle Zahl
bzw. eine beliebige positive ganze Zahl. Unter den konvexen Polygonen mit
dem Umfang L = L, und mit der Seitenzahl n= n,, hat das reguldre (konvexe)
n,-Eck voin Umfaug L, und nur das den groftméglichen Flacheninhalt.

Und nun zum Beweis voin Lemma [, Nachdem die Existenz ecintes
hesten konvexen #-Ecks T, auf Grund des Weierstrassschien Satzes feststeht,
[aBt sich mit Riicksicht auf dic untenstehende triviale Behauptung leicht
zeigen, daB der Umfang von T, L, ist und dic Seitenzahl von T, 1, ist und di
Seitenldngen von T, gleich sind.

BeraurTuxa. Sind fiir die Dreiecke ABC 2 baw., ABC A | AC—BCj -

< |AC - BC| und AC+ BC = AC'+ B(’, so gilt fiir die Flacheninhalte
ABC A = ABC A

Schlieflich beweisen wir, dai die Winkel von 7 gleich sind. Zu dice-
seril Zwecke hezeichnen wir mit «; den Winkel bei dem Eckpunkt £, (12772
=1} des konvexen Polygons T, = E, E,. . . E n,. So gilt
wenn @o= Fomad (2).

I-:/.i —(X.J.

Abb. 1.

Anderenfalls ohne Beschrdinkung der Allgeineinheit kiénnen wir voraus-
setzen, dab =, =-«,. So gilt im Fianfeck £, £, E, 7| E, E, F,~F, E, wegen
Lyng = E\E, = E,E,=E,E, = E, L {Ahb. l)ann nelien wir das
Fiinfeck E* E¥ E* X b* wubel EF E“‘ = E E;E¥YEY = EFE®, I, E, 4
+E E) = b* E¥ !:_* L_- Lyfny = E* E¥ = Jj‘ Ef = E¥ E¥ = L’j‘ Lf‘
(Abb. 2.).

Mit Ricksicht auf die Behauptung folgt

(a) E¥XESE% /. = E, F,E, 7.
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At 2

Sogar wird die folgende Ungleichung gezeigt
M) EFEFEXA+ESETESA=E E,E,n LYEJE(E i

Inder Tat: wir werden die gleichschenkligen Dreiecke £, E, £, ~ By E Ega
entlang eines gemeinsamen Schenkels aneinanderfigen (Abb. 3.). Also OP =
=0Q =0R = Lynyund PQ = E, E,<E E, = QR.

-

Abb..

Und nun betrachten wir das Dreieck PR, worauf PQ = Q'R und PQ +
+ Q'R = PQ+QR hesteht. Wegen der Behauptung gilt OPQ A +OQ' R A =
=E, E,E,n+E; E; E;n. Gleichzeitig ist aber 0@ <L,/n, und PQ =
= QR = E¥E¥ = Ef E¥, woraus EYE} EXn+ESEY EFA=0PQ A+
+OQRA folgt. So wurde die Ungleichung (b) erbracht. Aus (a) und (b)
resultiert fiir die Flicheninhalte der Fiinfecke: £¥ E¥ EX EY E¥=F E, E, E,
E,. Ersetzen wir daun das Fiinfeck E| £, E; E| E; durch das Fnfeck ET EF
EF EY E¥, so nimmt der Flicheninhalt von T, zu, was aber unméglich
ist. Zum SchlubB bewcisen wir, dall
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2oz — oy eigentlich gilt.
It der Tat:ist 1, = 2 &2 1, so folgt aus 1. darch den Umtausehr der Indizes
z; = =, unmitteibar. st aber o, = 2 &, so bilden die Punkte E, By, £,
und £, E,. . . E,, ein reguldres (konvexes) A-Eck. Also die Winkelhalbierenden
von T, schineiden sich in cinem Punkt 8. Jetzt nechmen wir an, daB SE, =
+ SE ((F - 1o 2k D) Dannwird ein Punkt £5 auf der Halbgeraden

f)E (f =1, 2 k) so gewithit, daB dic Punkte EF £¥. . E3, cin reguldres
]{illl\f.k(_fw Pt}lygon it demr Umifang L, und mit dun 7L'|lt111m S hilden.
Selbstverstandlich gitt dann £, = E¥E* | = Lon, (0= 1,2, ..., 2k,
E¥, ., = ELLE,., = L,)umibL. E“_ AR .SE E;., . Folglich ist LF E¥
...Ef,“ﬁr—El E, .. E,, was aber menqlldl ist. Also mub SE, = .SF
(i = 1, ..., (2 — [}) sein, daravs 2. wnmittelbar folgt. Dauiit ist des 1, (.IllI]ld
1T1. beweisen.

Brwels vant Satz 1. Der Einfachheit halber cine beschriinkte ab-
gesclilossene und konvexe chene Panktmenye mitt inneren Punkten nemen
wir eiiten kenvexen Bergich, Wegen der Definitionen des Umfangs und des
Fhicheninhalts eintes zusammenhiingenden Bereiches ist fiir uns genug das
folgende Lennma zu heweisen.

Lewsia IV Unter den konvexen Bereichen ant gleichem positiven
Flacheninhalt hat der Kreis und nur der iKrels den kleinstmibglichen Unnfanyg.

Dieses Lemntaist aber gleichhedeutend mit dem

Limma V. Unter den konvexen Bercichen mit gleichem positiven Um-
fang hat der Kreis und nur der Kreis den grBtmibglichen Flacheninhalz.

Nun zum Beweis vom Lemma V. s sei L=0 eiae beliebige positive
reelle Zahl und es sei T ein konvexer Bereich mit dem Umfang L. Mit Hilfe
vom Lemma T1. ergibt sich T= T, wobei T den Fldcheninhalt cines Kreises
vanil Umfang L bedentet. Sn miissen wir noch die Eindeutigkeit beweisen.
Aus diesem Grunde es sei T ein konveser Bereich mit dem Umfang L, wo
aber T =T ailt, s wird gezeigt, dab T cin Kreis ist. Wir bezeichnen mit I°
die Rzmdpunkte des konvexen Bereiches 7. So ist 77 eine geschiossene kon-
vexe Kuarve. Nun betrachten wir den Punkt £, von I cine zuge-
hirige Stitzgerade e,. Dann Kdnnen wir von H, ausgehen und 7 in der po-
sitiven Richiung durchlaufen, walrend wir dic Paare (f1,, ), ({1, ¢;).. ..
(1, e,y mit den folgenden Eigenschaften konstruieven kénnen:

1. f1;ist ein Punkt von £7und e; ist cine zugehdrige Stittzgerade

(V=i=au),
200, L e, 2=i=m),
3. e, e, = M ist ein Punki.
st H, = H, = M, soist anser Verfaliren beendet. Ist aber f7, < H und

Me I, so sei H,,__1 =M. Und jetzt missen wir noch zwei Fille unterscheiden:
(2) H,=H,, M¢{ und der Winkelbereich < H, MH {der den konvexen
Buercich T entlhiilt) cin Spitzwinkel ist. Dann wihien wir cinen Punkt
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H, ; auf I" zwischen den Punkten H,,, H, se, Jall die zugehiirige Stiitz-
gerade ¢, - it den Geraden e, und ¢ ein spitzwinkliges Dreieck bilden
kann.

(by H,=H,, Ml und der Winkelbereich <1 H, AMTH, {der den konvexen
Bereicht T enthilt) rechtwinklig oder stumptwinktig ist. In diesem Falle
miissen wir keinen neuen Punkt konstruieren.

Eetzthin entstehen & verschiedene £f; Punkte (1=i=k), die die konvexe

geschiossene Kurve 7 in k verschiedene konvexe Bogen €, = H, H, | (f =
=1, 2 ..., k H.., = H)) zerlegen. Wichtigst ist aber die felgende
Festlegung: Durchiduft ein Punkt P den Bogen C; in der positiven (bzw. ne-
gativen} Richtung, so nimmt PH, (bzw. PH, ,) streng monoston zu. Sogar
hesitzt jeder konvexe Teilbogen vou C; diese Eigenschaft.

Und jetzt sel ft eine beliebige reclle Zahl, worauf aber

U fr== { saun {0 = 120 0k H = 1)
b

ailt, ferner sei § € C) cin Punkt mit §; H, = §, /1,. So wir gehen von 8, aus
und durchlaufen £7 in der positiven Richtung, wiihrend wir mit S, den cers-
ten Punkt anf £7 bezeichnen, worauf S, S, = # gilt und im allgemeinen, wenn
der Punkt §; gegeben ist, bedeatet S;., den ersten Punkt von £ (in der posi-
tiven Richtung), worauf S;., §; = fi steht. Endlich sei S, der crste Punkt
auf I", wovon {ausgehend in der positiven Richtung) wir zuerst den Punkt
S, dann den Punkt &, 4 | erreichen kiinnen. Jetzt betrachtea wir das konvexe
m-Eck 5, 8, .8, indem &, 5, -85, 8, = ... =8, S,=hund ¥=§,,

S, =hgilt. Mit Hlllnf}e von der Methode des Beweises voin Lemma [T ergibt sich

(iy 1m Falle m == 2 7 sind dic kacl hei den Ecken S, .S,, ey Sy, (baw.
bei den Ecken S5, S5, ..., 8y ) gleich, also ist S; §;...8,,_, ein einewm
Kreis c111hf.qLIn|Lhum Polygon, wobei 2h= é S, = S =
== 5); ';xs,‘a 1.._%‘”_1 -\S

(i} Im Falle m = 21 + 1 sind die Winkel bei den Ecken 8, 8y, ..., S, (bzw.
bei den Ecken 8, S5, . .., Sy ) gleich und so ist 8, S,. .. 8,4, einn einem
Kreis einbeschrichenes Polygon, wobhei 2h=S§, 8, = §;85; = ... =
= Supmy Sopr=8ai1 Sy

In beiden Féllen gilt: ist P ein Punkt von I', so enthilt der Kreis mit dem
Radius 24 und mit dem Zentrwn P in seinent lnneren mindestens eine der
Ecken des konstruierten einem Kreis einbeschriebenen Polygons. Zum SchiuB
sei fh, cine streng roonoton abnelimende Folge, wobei O<lr, </t und lim fr, =

L
= 0. Wic wir ¢s in den Falien (i), (ii} gesehen haben, gehért zu jeder Zahl
h,, ein einen Kreis &y, einbeschriebenes Polygen Sy . OImL Beschrdnkung der
Allgemeinheit konncn wir voraussetzen, daB lim ""“n = k wo k einen Kreis
bezeichnet. Daraus ganz einfach, wegen der obigen Eigenschaft des konstrui-

erten Polygons, k= I folgt, womit unser Beweis beendet ist.
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Das Ergebnis von Tuoe | ] ist in der digskreten Geonetrie gut bekannt;
ist d dic Dichte eines helichigen Systems von kongruenter, nicht dibereinan-
dergreifenden Kreisen' der euklidischen Ebene, soist d= =/} 12 = ,906844
... lm Jahre 1933 hat L. Fejes Toru (2] analoge Schranke anf der Kugul
und in der tryperbolischen Ebence fir die Dichte der Ausfiillung durch kon-
vruente Kreise gegeben. Jetzt formulieren wir exakt dieses Ergebnis von
t.. FEJES TaTu;

Wird cine Kugel von der Kriimmung ¢ * durch wenigstens dret Kreise
vont Radivus £ unterdeckt, so ist die Unterdeckungsdichte =

T -
Jcosec T —6

¢ d¥6) = limd*(a) = -
u—6 . B 1] o V]LJ

=¥y —
T . - .
wo i durch cosee - = 2 cos ¥y rgegehen ist.
u

Gleichheit gilt in der obigen Ungleichung fiir alle ganzzahligen Werte
von ¢ =2 Fiie die niehit ganzen Zahlen ergibt der folgende Satz von | Moc-
Nar [4] eine bessere obere Schranke:

Wird eine Kugel von der IKriimmung 3 durch wenigstens drei Kreise vom
Radius r nnterdeckt, so ist

' Unler Kreis verstelien wir inuner eine geschlossene Kreisschetbe.

* Wir legen unserent Betrachtungen die | allgemeine Kuogel™ der Iriimmung g 2u-
grunde, d.h. den Fiillen =0 entsprechend die gewdhnliche Kugelffache, dic euklidische
Ehene oder die hyperhuolische Ebene.

8 ANNALES — Sectio Muthematica — Tomus XXYII.
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die Dniordeckonesdichne o (o) -

(1)
. T .
S oS O
a
6 . o Ty
. [af - 3 7 carcted¥3 t;{7 -Crg‘i lal _71
T 2 u l
wobeid (6) - limd (u)y = "Ir i cusec deon | oporist
o i |, J it

Wir miissen jeizt er bemerken, dal wir die gewalmliche Definition
der Dichte beziiglich der ganzen cuklidischen Ebene im Falle der hyperboli-
schien Ebene nichit anwenden kilnmen (K. Bordczey |6]). Wegen dicser
Schwicrigkeit hat L. Fejes Tarn vorgeschlagen, die Ausfillungen in be-
schirdnkten Bercichen zu uantersuchen. Wir werden hicer zwei Satze {(von
L. FEJES ToTH {3] bzw. von . Movxdr [5]) erwihnen.

Sind in cinem konvexen Gebiet der euklidischen Ebene wenigstens zwed
kengruente nicht dbereimandervreifende Kreisee ingelagert, so ist die Lage-
rungsdichte = P 12.

Sind in cinem konvexen sphiirischen Gebict wenigsfens drei kongruente
nicht fibereinandergreifende Kugelkappen cingelagert, <o ist die Lagerungs-
dichte <2 71 12.

Dic hier avtgewortene Frage ist in der hyperbolischen Ebene noch inte-
ressanter. Nehmen wir zwei Kreise vom Radius £ in der hyperbolischen Ebe-
ne, die cinander beriithiren, so gilt fir die Dichte d (7 beziiglich der konvexen
Hiitle von zwel Roeisen: Bim o 7y = 1L Trotzdem hat L. Fejes Tormn die

r R

folgede Vermutung ausgesprochen, die der Vertasser bewiesen liat |7}

Sind in cinem Kreis der hyperholischen Ehene wenigstens zwet kongruen-
te nicht Gbercinandergreifende Wreise eingelagert, so ist die Lagerungsdichte
- .'r'}’rl'_'f .

Wirerwihnen hier, dab fir die Funktion von (1) d(e)= =¥ 12 gilt, wenn
a genug grofl ist. Eine sehr wichtige Bemerkung ist dag, daf wir die ohere
Schranke des erwiihnten Satzes nicht verbessera kinnen, also sie die ,,beste™
obere Schranke ist. I'n der vorliegenden Arbeit beweisen wir den folgenden
allgemeineren Satz.

SATZ. Sind nw=2 einander nicht fiverdeckende Kreise Ko, ..., K, vom
Ruadivs r=U0in der hvperdolischen Ebene gegeben, so it

n KE
EZI _ T P

T, Tyis

SWir werden den Flacheninhalt cines Berciches chenfalls mit demsceihen Synibad
hexcichnen wie den Bereich,
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wo T die koivexe Hiille der Millelpundte vanr 1], ., I, nnd T, dic dufiere
Paratfelmenge Vvont 1 i Abstunud ¢ bedenict.

BEWEIS vom SATZ

Lemma. Bedeutet ¢ dic abgeselilossene Hiille der Mlenge 7, -- T, so gilt®
G - T.

Nuit zum Boeweis vorn Lenmna. Hat 7 keinen imiteren Punkt, o ist
T = und Jdie Ungleichung ist trivial, Also wir kimnen voraunssetzen, dath
T Ostebt. s <ed nrdie Anzabl dev Seiten von Tund =), =, . ., 2, die Win-
kel von T und L der Umifang von T Ans den Gleichungen

&
ma— >
[t} ‘21 J! F.
T oo -2yr N oyl (0= Lshr x A
i O 2

folet G o= Loshor 22T« 29y-5007 r HERII

B . dr L e !
N _-shr s st -2l
1 r I 2 2
Nu sei xoder Radius eines Kredses, dessen Umfang Loisle Also gilt L =
- Zshx. Wegen der isoperimetrishene Eigenschaft des Kreises | 8] ergibts

. , X - . .
sich T sli? . Folelich haben wir

)y
€ 2ashx 47 L r
I ceshir - osh® , 2 , =
/ sl dgshiz = -
2 2
, r , X r R S ¢ .
= 2 sh ecth ch el eeih? I S
2 2 2 2 2 2

- [Hh ' - cth X 1-ch g ] | .--[&}1 ! b ch r}-_ I =
2 gy 2 2 2

= 1 w.hoz.w.

jetzt folgen die Abschiitzungen. Zu diesem Zwecek fiihren wir die Symbole
0, ..., O cing die die Mittelpunkre der lreise K, ..., K, bedeuten.
Asscudrzoxg (W Esseidim T = | Qhne Beschrdnkung der Allgemein-
hieit kKénnen wir dann voraussetzen, dab 7 == O, O, gilt. Jetzt werden wir
utit £ die Gerade der Punkte 0y, 2, bezeichnen. So st {0/ (=1, ..., 1)
ein Durchmesser von /0 Die zugehdrigen Tangente begrenzen cinen Strei-

VT, sl die Vereinigungsmenge der Kretse vom Radius £, deren Miftelpunkte zu 1
vehiren.
TVon nun an wir nehmen an, daly die Raumkonstante — 1 ist,

8+
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fen, dessen Durchsehnitt mit G dureh das Symbol £3; bezeichnet ist. Offenbar
steht min {D,} = D, = D, und sn
i

11 . o 7
2 K, _ ) 47 sh®
i=1 K, Ry . o
G = .= - o= ¥y o ¥ ’
i Dy D, 2ash* T 2rshy
9 2
xt4
r
th--—
2
] 27 L
ged P12

Apscudrzuxa 1. Es sei dim T = 2 and r=0,03. D ist K, cine
rweidimensionale zusammenhéngende K(Jlllp(}{]t‘lltt von KOG =1, L)
wenn soiche existiert, dic sefbstyverstindlich ein Klumugnlun oder ein Kicis-
sektor ist. Der Streckenzug K J"(}”‘.T mit den Endpunkten Vi, Vi,
hesteht aus einer Strecke oder zwei Strecken von Linge r. Ferner sei t‘
(bzw. £} Jdieden Punkt ¥V} j(bzw. Vi ) enthaltene Gerade, die den Strecken-
?u“r K, ;nGnT senkrecht schncidet. SL'IIIL‘B]!LII enthilt die durch Gerade

J(h{w 12, ) begrenzte gesclilusseue Halll:',hult. S%,; (haow. 554y den Mittel-
punkt 0,. I)alm bilden wir dic Menge D, ; = GOS8} ;785 4, deren eine
zusaimmenhangende Komponente D, ; die Mmgc K; Lnthdlr. Eiafache

\ fof
Uherlegungen zeigen, dab

-

s T
d e sh?-
.K’f.‘f' 2 2x
D, . . o ¥ !
- 2ash® 7 4 2r.shr a4 2rcth
. 9

- . — .. - — e T —em e

und so
T P LA
1 r
> K; T ~2rcth
f— l . - —— L 2
T+G T+
gilt. Daraus mit Hilfe vom Lemma folgt
9
TG —“—T—r F+ (e - 1)
a4+ 2reth T+2reth !
? 2

L T T —— T

T+0G ’ e ’
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Offerbar nimmt die Funktion A} in (U, + =) nmnoton ab, daher gilt

7 ()= 70, 03) = 0906838, .. = 0,906804. . . l/ , wenn r=0,93 ist.
Asscndrzunda 20 Es sei dim T = 2 und O=r=0,93. Wir orduen jedem
Kreis )], {i =1, ..., n) dic Menge 0, a!lm Punkte von T zu, die nicht weiter
bei 0; liegen als bei jedem anderen Mittelpunkt O; (7 = ). Wir behaupten, daf
die konvexen Polygone D; ein Mosaik bilden, daB sie also das konvexe Poly-
gon T, ohne {thereinanderzugreifen, vollstdndig {iberdecken. Liegt K in
T,sogilt K,CD. Cssei [y = { lie {l, ..., nfund K, T}yund H, = D,
iCly
Mit Riicksicht auf den bekannten Satz von J. MoLNAR (siche dazu [4] 8. 234)
haben wir jetzt:
> K,

2 S max {-----i—}ﬂd a
2) H, e, L BT @
{siche dazu (D). Ferner sei 4, Cope L b ad Ky T amd 1,
: Dy G Im I](iL|If[I|"'LII(|LI] \\leLIl wir ful den Wert von
> K,
it
i,

cine ohere Schranke gchen.

Es sei 7ef,. Dann ist K/ cine zweidimensionale zusamnenhangende
Komponente von /00, die selbstverstandlich ein ICreissegment oder ein
Wueissektor ist. Wir konnen also das System von {KJ} hetrachten, wo i€/,
i g (7 und e (7)) die Anzahl der verschiedenen zweidimensionalen
Komponenten von K, 10 bedentet, Nun sei K7 cine beliebige zweidimensio-
nale le‘ullll]]lLIl|ﬁll§2’Lm|L Komponente. Dann existieren solche cindeutig
hestimmite Mengen K J5 K JEE, dic im belichigen Umlaufssinn (am Rande von
1) die Nachbarn von !\ Asind (Abh L)

ra
Ko
O'I!K
-‘\"""--_._..
N Kin‘-
Abb, 1
Jutzt definieren wir  den Winkelbercich <0 O Ches S0, dab

4 O 03 Opon I Fernernehmen wirdie T dngentt m(hzw ¢+ ) des Kreises K,

deren Berihrangspunkt zur Hatbgeraden ¢ (),s(h?\\ (), O} gehirt. Bezeich-
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nen wir die durch ¢ (Dzw. ¢ begrengte und den Punkt 0; enthattene
geschlossene Halbebene it S (bzw. Sie=). so kann man das folgende Viel-
cck konstruieren

Dl = 10:0;0me S Siex (1T
Es ARt sich feicht bewersen. dab Df' oD bovarist es fendhit £ ?cmen waly che

Mengen D7 vom System {Df,7 ist ein Tixierter Index aus £, und Tz 7 o(D))
einander nicht itherdecken kinnen. Und nun hetrachten wir dic /elic

D =( ' Dhuw,rT).

1z =iy

worats !3! Z D folgt. Also unbedingt gilt

5 K -

,5} i6fs i :g

(- e T(ZD) 0
I

Line weitere Abschitzung zu erreichen, konstroieren wir neuere Zellen. Es
seicit KF und K4 am Rande des konvexen Polygons henachbart (7. je 1)
{(Abb. 2,

1

Wir hezeichnen die Sette von 7 oanit o, dic mindestens eine Teilstrecke
sowell ven KFT G T als auch vor KOG T canliidit. Forner sei ) (haw 1)
die den Punkt O, (hzw. () enthaltene Gerade, dic div Seite o iy Punkd
Vi (bzw. V) senkrecht schicidet. Dann kiimnen wir den durch /., ¢ beareng-
ten geschlossenen Streifen §;; aelmen. S wird der zur Strecke V; V', gehrige
Hyperzyk]usaektm von Ah%tdﬂd! mit 17 hezeichnet. SellicBlich enthilt dic
durch Gerade O, O; begrenzte geschlossene Hatbebene SY den Hyperzyklus-
sektor 1177, Also kanu die folgenden Mengen definiert werden:

Dl = HYUGDENS ;N SHUIDIUS ASHUUIGA S, YU RS, ),

Kﬁj = (K; "‘:S,-;-)i_.‘([\;. 1S, )
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1% ist [eieht cinzuselen:
(X Kip—( 3 K)=(2 D)) (G+3D)=0

deshalb foigt

2K, Chd gy

) R 2 Kij = iHAX --‘-{\—f'j-l

(1) . .= 3 oed = D
N {__} DY+t i I i l

I nachfolgenden beschédftigen wir uns mit der Abschatzung von Kf;/Df‘;
Gesucht wird dicjenige AMenge ij fitr die der Flacheninhalt Df‘: den
kleinstmiglichen Wert erreicht, Wir werden zeigen, dald ¢s im Falle O; =
=V, 0; =V, 0; 0; =2 cintreten wird. Und jetzt der Beweis: selbst-
\Ll\tdll(”ll.h |11||P> 0, () = 2r sein, Und nun sei 89 die kompiementire ge-

schlossene Hcl”)L’hLI]L'\l}II SU. Dann besteht K{J’WS‘” aus den KI'L‘i‘i*‘»LkTOI'L’Il
F R L|LIL’I1 [nhaltssmnme il Miginim auch in Falle @, = V', =V,

0, 0, = 2rerrcicht. Davuny ist es fiir uns genug, das Mlmnlum tlu ]nlld]ts
der \anuL b,ﬂ 155 zu bestimmen ((),— 0; — 2r). [)uth einfache Uberlegun-
gen ergibt sich, dab entweder O, = V; oder O =V, gelten muf.  Ohne
Beschrankung d{. Allgemeinheit kﬂ.mul wir \.UIdLlHS&.tZLII da 0, = V, und
0; 0; = 2r gilt. Jetzt werden die Endpunkte des Hypu;?yk]ushoguh von
Ha'mit W, W bezcichnet (W, €4, W) Fernersel V; O; = x (Abb. 3.)

A

Durel cinfiache Rechinung ergibt sich fiic den Flacheninhalt

DS - 10,0,V 4 = shr-arch [ C}IQL] !
chx

feh2r —chx

_[_Q{Irclg[ﬂl 9 IJ.' ch 2 ch \.] j( )
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wo 0=x=2r. So erhalten wir

|!c]1‘3‘r—d]\
i

—sl17- ch 2r-thx ch2r+chy

Sy = — 0T

I/Lh— r—chtx lLII|~ X ﬂﬂ +Lh \_
ch2r 4 LII X
9 sh? [ “'-J-ch o
{ 2 .
5 oh? [ X ] el 2r —chix ’
N 2

Nach einiger Rechnung folgt fiir O<x—=r:

. Wi X .
2ch? -ch 27
I 2

Qchi[l.] chi*2r . chtx

) "eh 2 —chix
- | ch2r 4 chx

o xyehi2 chx
|+ th? -
ch2r +chix

2sh? -ch2r
1 2

iy =0,
ch*2r—ch”x

0 Lll)." chx
“'LI\’HLh\
Txyenw—ehx )
LIJ—LI\
I ]-
\ it

L]l 2r+chx

[ -5y L]l 2 - th\ J -0
l”uh- Or—chty o

Deshall gilt £ (x} =<0 fuir (l ~=x = r. Folglich haben wir die folgende Gleichung
mff(\) = min {f(0), f (n)}.
H]Ll"SbATZ F<f(n).
Nun zum Beweis vom Hilfssatz. [n iiblicher Weise bezeiclimen wir mit

x| . . . . . . .
“—— die Winkel cines gleichseitigen Dreiecks mit der Seitenlange 2+
a
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Falt 1. Es sui—zif_t T A= rar = U764, ., Der Einfachheit halber
da

seien Of (BWIWY = f(0) und O] (IWIWYL = f(r), sogar wir werden aunel-
——
men, dah O = O7,W} = W7 und der Hyperzyklushogen WiW7 ein Teil des

HyperzyklusbogensW? W ist (Abb. 4.). Dann ist V] -- QW07 0f und
eine Halbdrelhung wn den Pankt V7] filiet den Puakt 0O in einen Punkt N,
2 : dr .
iber. Hier ist <00 0 V] = i y S0 gilt SOFOTN = 7 ?:,: Fernerseie
u a Z
die innere Winkelhalbicrende von <0 07 05 (=x) und 1~ eine Gerade,
die den Punkt OF enthdlt und die Gerade OF 07 senkrecht schneidet. Offenbar
ist el 20, daher sci M, = ¢Nn+. Selbstverstindlich gehdrt der Punkt M,
zuri Dreieck N, V7 0% und gehdrt zur Geraden O9WS. SchlieBlich sei M, =
= 09 WINN, Wi Also gilt
. Ty T
rooon _‘?;;_f__)j <08 M 0% 3,

9 2

woraus 0% M, = AL, WY folgt. So kdnnen wir aber den durch den Hyperzyk-

lushogen \-m’- und die Strecken W4 A, Y .M, begrenzten Bereich durch
das rechitwinklige Dreieck A, 09 N, Giberdeeken, Daraus eigentlich £(Q)-f(r)
folgl.

Faft Il Esserry=r1= 003,

Mit Hilfe von der Abhifdung 1. set G V7, = v und V7 0 = z Dann st

wry = f{ry--f(0) = Z —3Jare sin [ . I

chr

] (2r - yyshtr =

&

T . ) ! .
—  prshr Jarcsing - —2rshr,
2 2ehr
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Nachdent wir erhiaiten

3 ,
Sy ==shr|y oy - = 2]-2chr
chr-Ydehrr— |
ch 2r . . , the(2ch*r - 1)
Wegen i v Toergibt sichh 17 = : (. e
’ chr Pahbehte Bebifr - |

Also gilt
Fry=gryshr zchr
wobei
thr-(Z2cl¥r-1n 3
wWry = e T
) Pdcliir- 3chirs | clir-p4cehzi |
Aus rp-or folgt (7). Goand so erhalten wir, dafd g(r) < (1,351 steht. Gleich-
Zeitiy s
thr-(2chr: 1)
Tdeh's -dch?r—1

[

tolglich haben wir wegen ry - die Ungleichune 2 0,304, Womit wir erhalten
haben

Sy 0,305 r— 0304 ¢l r 0
{denn es steho 1,36+ cth roweven r=003). Gleichzeitio ist aber ¢ {393y -
= 0056, alsomul = () -0 firs, - r-2093 scin soist der Beweis vom Hiltssatz
heendet.
Adso mit Ricksicht auf (3) vod (B erhalten wir

- . " I
>R A sh®
i ‘) )
kS i iy - T
{9) '”—"-' o : v = p
2 2ash? "o+ 2rshr
-2 2
i - ;
th
2
Wenn /o= 0 dann oilf
Skoosk
i=l . 51:'?2 Bt = - o
T+G M, r Y12
i
-4 7
;
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{st aber 7,0, dand bekonmmen wir st Rileksichit ant {2), (5)

D

dayH, + - ———-—--E[:Z—- - H,
" a +4 _-_“f‘- .
> K, E K7 YK, th Y
(6) K 1 i i R -
Ty i, Hy+ H,
- |
wobei e s ———- .
] [ 2ehr J
Zuerst sel Q=049 dh 64 g BSE15. 000 Hier wissen wir aber,

daf die Funktion d (@) in {H, 7) zuerst streng monoton abnimmt dann zu-

inunt, sogarist d(6) - IT) und d(H,804815. . )= 0906035 -2 0906804, =
: Vi

- . T . N - -
< Folglichy muls o (a} - » seth, wenn H-. g 68048 1D L Diaraus

0
Y12
it (B) ereibt sicli

5: K,
Fe=1

T
TG Y12
Zum Schluf sci 43,40 <= 0,03 e 6,804, ..~ w0016, ... Dann wegen
ey d(10) = 0027051 und ¢ - | .= G erhadten wir aas (6)
T H,
0027081 + (" - 1) 2”_0
. aed
_%hr - S ”1_%__.._. = FHr).
0 d
Offenbar ninut dic Funktion 7% (r)y in (0, - ) mioneton ab, daher gilt

FEEY- FEHOA9Y = 0,000 ,'-T L worrtt der Bueweis vom Salz becenidet ist.
112
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UPPER ESTIMATES FOR THE EIGENFUNCTIONS OF A LINEAR
DIFFERENTIAL OPERATOR

By

V. KOMORNIK
I Department of Math, Analysis of the 1. Edtvis University, Budapest

{ fevcerved Febraary 11, 1052)

In the convergence theory of Fourier series animiportant role is played by
those orthonormal systens which are uniformly bounded on a given compact
interval. As it is well-known, the trigonometric system and the system of the
Jacobi polynomials have this property. These results can be easily deduced
from the following, more general theorem of V. A, TN and 1. Joo (| 2], F4]):

Let [o, 8)R be an arbitrary compact interval and g :[a, &] -C an
arbitrary lebesgue integrable function., There exists then a positive constant
C,, depending only on (b—ua) and l|gl), such that given any eigenfunction
a:[a, b] ~C of the Schrédinger operator

Lu=u"+qu
with the cigenvalue Z€C, for any mumber | =p < oo,
] = Co1 + |Re V2 )7 fiul],.

This result is exact from the point of view of dependence on 2 0 the author of
the present paper has proved in [ 5] that under the same conditions the esti-
niate

jull . = €1+ |Re VA% Jul,

holds, tou, for a suitable positive constant C,, depending only on (& o) and
ball- o

We mention that both results are proved for eigenfunctions of higher
order, too ((4], [3]).

The aim of the present paper is to extend the theorem of Vo A iy and
I. Joo for the eigenfunctions of an arbitrary lincar differential operator. We
shall prove the following result,

TrEOREM. Lef G = [a, bJCR be ait urbitrary compuct interval and p,,
Pas « ooy P 2= C arbifrary Lebespue infegrable functions. There exisls then a
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pusitive constantd Oy, depending onfv st sach tidd givenr wny efgenfunclion i
(i -Cnf the operaior

Fop sz a0 pop, 03
With Hie eigenvatue 22C for o infeger O 8o ard for uny manber |-+ o
e frdre
S L C R g
where
i I } ol

R o= max| ) Py P T ] p_n::l.

boou’

We recall thatl a function (3 -C s eailed an elgenfunction of L with
the cigenvalue 2 if o, together with its first #— 1 derivadives is absolufely
continuous on £ and it for almost every x26G, the equation

XY Ry (X)) TN R L p () (XY = R (X)
holds.

The theorent of Vo ACTL s and T Jod is the case # == 2,7 = 0 of this
thicorem (it turns out during the proof that tn this case, } 2 can be replaced by
ReV ).

The proof of the estimates for the Schirddinger operator was hased on the
mean value formulas of Trrcnmansy aitd Moiseev. These formulas were
extended for an arbitravy lncar differential operator of vrder o (see | 3]),
but the resultis rather complicated and its application ta prave our theorem
seents fo he hard. We chioose another way: using instead of the mean value
formula the mcthod of variation of constants, we trace the problem back to i
uestion in determinant theory. As we shall show in anether publication,
this approach also works in the case of eigenfunctions of Ingher order.

For the brevity, Iet us introduce the notations
M, 1)y == (L — 1t {te (i},

X
H 1
a(xy + | D =20 et M o) dr i 5= O,
g1 -z

]"(1‘) — 1]

X
* (1-._1-)”- 1

1(x) +
(1)

Mu.vyde if 2 =40,

a

where s an cigenfunetion of Lwith the cigenvalue 2, and o, 0,, ..., 5, are
the different n-th roofs of 2if 2 - 0.

tu the sequel, let ¢ denote an arhitrary cigenfunction of L with the cigen-
vitlue 7.
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Lesisa T There exist complex numbers gy, ..., a, such ihat

1 R -
S oo e o
_ p—1
Ny =
i y - IY P T
Z. tI!J .(_;—'____)" xir ! ]f A []'
P ORI 3 I B

e f-op, Xv ()L
U, the vthiers foliow from

Puraor, [Us enough to verify the formula for §
it by repeated dervation.
Incase 2 - Owe have by the defimition of v (x) and XM (1, b,
N
o .
rlx) Xy R AT PRI S R L Ea VT K
g1 Ha

e

One can casily see, integrating by parts # tinws that

X
I t
Loy _ ’ .
L, et Oy dr = (X)) -
g—1 A
i
X
Xy v [
RS L UK 11) S B Lo {nd
ST A & ona
it

lrence our assertion follows at ance (o] = 4) with the nunihers
Y ,
”;z = .2 . .(’_'_ri,ﬂ”f.rt--ﬁl(u}, 1 -. P
=1 HA

[ case z = Osimilarly
X
. (x__ T):r—l
r(x) = 1(x) - — - ) d T,
) = ) o

X
. PR YT | Tt . ayt—f

.('\ 7) —~— t"ryd T = (X)) - 2‘, —(-'\3—-- -I-;)A - =iy,

(1 -1} & (-0
[e3

whenee the assertion follows with
nil=pp—f [
2 [p | J'i;;i g (O ), < p i

a!’ B )
Lol
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Limsia 2. Forany O=1-= 2 and x€(,

x
N 11

w )L f > D gt D Mgonydr it ;o= 0,
:.-—.=L i 4
£

Py = N
; Co(x =Ty e -
H{x) + (=1 M, ) i 2= 0.
(n—1-0!
o
Proor. For{ = 01t is just the definition of v {x). Suppose the formula is
true for some O-=7 -1<=n- 1, then taking the derivative of both sides, we

ubhtain
X
oM tydr 4

(XY Z -_ e'-’.;‘-"" i
=1 I8
in
H

a -
ST M) it b - 0,

i) = .
. " (\ -*T}” 1
(%) + j oy e
(ot
iy M it i=o

L

=4 and i<, and we obtain the

Here the Jast terms vanish due to > g
g=1

required formula for §.
Let D (1) denote the determinant
| I AR L

ent . e
1 of oy
resp. o oo

I af ... (bt

‘.::ﬂr_uf . (;'.fr_lnl'

{);H_q! . (,;i-_.”!' .
if 270 resp. 2 = 0 (1CR). Obviously D ()0 for 1=0. Let D, o (1) denote the

minor of D (f), correspoading to the p-th element of the A-th row.
Lemma 3. Forany 170, = j<nand x, x - i€ G,

21[2 D(f) ] x4k if 2 -0

gl
. ;,-, i !-J(__) elx 48 it 4O

> o
Dy

|(U(\) —

k=1
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Proor. Consider first the case 2=0. We have by Lemma 1
L1
rlx+4tf) = > (aq, ey, 1l <f=p,
p=1

H

W) = S olfu, e¥).

p=1
From the first # ¢quations we obtain

o J.p() e
iy e4pY = Z DA Vix rkt), t==p=1

k=1

Substituting these expressions into the last equation we arrive at the regui-
red formula.
In case 2 = O analogously

MWx+Af) = i“ up(x-+ AL = Z (kt)4- '[Z a, [ ]] ]):P—'-’], L=k =n
P

p=1 n=g
_ . (-1 Lo p-1y .
My = D 4, xpnr gy a[ _ J.\'r’"“'.
J:_ZEJH (f?_" ])I |\v_—i2-‘—1 " I
whence the required formula follows at once. |
Prorastrion 1. Forany (=0, 0<i<nand X, x + nfe (i,
<< D()] [” : Dislt)
i + A
2 [,,21 % gy ) KD Z, PZ D ]
x+ki
Yoo 7
. Yo e R0 Af(, Ty dT, 7o (),
g=1 12
{x) = ,;‘
b, 4 b,
> Pri-i) wx LA+ 0 —"'-_iiﬁ_
fromg) Dt i Dt)
X-r kit
- SF_ hi—1
ARy dr 7 = 0,
(n—N
X

Proor. [t suffices to show by Lemmas 2 and 3 that

A 1] 01 -
Z T SOk Mu, D)y dt =
=z

"

" it D
- Z [Z _p ﬁ ] Z '_en (\AM T} "1II ” T)l‘jf lt F AR 01
E—1\p=1

- D(H g1

9 ANNALES - Sectio Mathematica — Tomus XXVIT
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X

v ( T)“ -7 “J _
_/ (1 - l—.')‘ M 1)

T

1 —_— I 1
Z i1 Diinat) “”"" 7 ML tydr if 2 0.

(1 ])1 {re- 1N

These equations follow from the refations

4] ] DF- (!}
1--i sl bl J[. i ..;r », I - - o “
Xyt n D, (x+kt -y
(___). D ! ), ( ) : o= 0.
(rn-1-i) i DiH {rn- I

or from the relidions

n D, (¢
Z E{Jqﬁ'f ___-"J'() — épq (l =, Q'{.H) if 7 = 0’

fi—=1 D{Z)
D, ;D . e
2 (kty! Dy T O Omism i 2=

But these equations are direct consequences of the definition of D (1} (ordi-
nary and skew expansion of the determinant). |

We shall need in the sequel some special propertics of 1D ().
For this, introduce the notations

Xy Xa ... X,
X X3 B
Dlxy, ...x) = Vix,...x)= : .
'\rl \'H \_ﬂ
RS ¢
Vo, oo ) =1 -x D =isj=m i pAj),

and denote by S,,(x), ..., x,) (resp. 88 (x;, ..., X)) the wm-th elementary
synunietric polynomial of the variables x,, ..., ¥, (resp. x, ..., X

Xpt1s « -2 Xy)y with the coefficient 1.
Lemma 4. For the minor Dy, = Dy (x, ..., x) of D(x), ..., x,) corres-
ponding to the p-th eleinent of the k-th row, we have

Dy = (=DF 280 (xy, - x50 VP, ) SRy, - )

Proor. In’nnduunq the new variables v, = x5, ..., ¥,y = X,_,,

v, = \p Ly - eos Mooy - X Dy ik @ homogencous pnlynnmml of the variables

yh -y ¥y Forany 1= f*:.-r Y - Oand forany l=i=j=nv .= y; the

p—1r
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determinant Dy, vanishes, there ¢xists therefore a hnmogencous polynomial
Pof the variables y, .. v,y such that

[).’-'.h = Sn ](‘I'rl' o .",u- I) Il"({.l.l' e _1'”—1_) ‘U(P!‘ C ]'n"])'

Fm: any [=i=j-n, in‘tcrcllangin;{ voand yy, Dy, and V(v,, ..., v,-,) change
their sign but not their absolute value, while S, (v, ..., ¥,.,) does not
change. Conseyuently the polynemial P is symmefric. The main term of P
with respect to the antilexicographic order is

(- PPy v woive v .

P X - . -t LA LowT ( — l). g ‘_l . \:_ o 11 .
. . I o SR L s R |
Meva o MDY T

It follows from here by the basic theoretn of symimetric polynomials that
P{.rl' : ',"n—l) =(- l}f f .\‘” --J.(_l'lv R ,"r:--}_)-
and hence
DL‘P = (_ [)h‘-:-;: Sn-—l(rl‘ A ._._1’” 1) V(.‘"l‘ T "_"n—i}sn—ff(vl' s .Vn--l);
but this is equivalent to the assertion of the Lemma, |

Lemma 5. Forany)=i=nand 1 =k =1,

2 D, 5 no
S ol YT =0y (Vg -0) it e 0,
2% poy (=1 (V-0
! Priall) Ci ¥ for seme constant Cif 2 = O
! T samne const: = {L
D) COns P
Proor. The case 2 = Ois ohviows: D (£ is a constant multiple of
{n--m
fl"l""H”_”" '{ 2 .
and D, ;. (1) is a constant multiple of
trn b
flee oo .ne...un-l}:{""z' ,

In case 220 we show that the multiplicity of the root 0 in

S (o) Dyl
{

b~

is greater or cqual to its multiplicity in D(#) (hoth functions are lwlomorphic
in f). Introducing the notation x, = of, it suffices to show by Lemma 4 that
the function

- < ] kit p < ‘\'i < x:;
JO Xy = 3 a1 fS::_l[ S AL
i

p=1 i i i—o It

=, X ‘ oX i X { - X {

RTY y by n ) | It
w Vi [Z R > —-_'—]S{i_,l.[z R
= Py i=o i i~o !

g*
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vanishes, whenever x; = x; for some T=i<=j<u And thisis in fact true:
in the above sum the addends, corresponding to ps<i, j, vanish (because
V2(.} = 0), while the addends, Lollespundmg to p = I, j arc eliminated by
each other because Sii(-)} = Sh_1(-) Si_l-) = Sh_w(-) VI(-) -
:(_l)j—f 11/:( )(_l)ﬁ+_,l -- __]); r( ])h+r l

LEmma 6. We have

noo, n__
> T et = Oy (Y 7] -0) it 52 Q.
i=1 i
Proor,
1 o " 0 e (() !)1 e I H
=9 et 4 -4 ! 140 -
- Yt = E - —
g; wi o Z“. iy 2;) it o niil qz__: %
e rj—1 - H f
. g " ee— - ”‘;.j R LR N (t )
= iy — 1Y o (n,i - l)?
and hence
L i )
L = y)E e no
S‘.__.EQ = f’" = et 1T .
Za T2 e = '

Proposition 2. There exist positive numbers C, C,, #, depending only
on ty such that for all O<i<=n, 0= |t = 0 g [; =+ m] amd X, x+ nte (i,
_ o Riiat]
O] =Cy 1170 30 e+ kO EC I T3 Iy e
b=l k=1
Proor. [t follows directly from Lemmas 4, 3 and Proposition §, taking
into account that in the formulas of Proposition [,
fx+kf—rl=n{t] forall x- kit =1=x+ k(] ]

Let us turn now tu the proof of the theorem. Proposition 2 can be applied
for all
a=X = (Hib . D=f<=min LE oy _!b—a__
2 g 2t
VIl
and for all
a+b £ b—a

———=x=0, 0= —f=min |- - -,
9

= I
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We have therefore for all O=i<n, xe(i and U< |{] <min --—n-f---- AR

v

(#) O =C, S e+ k) +Cy 117 S 1l e
k41 =0
Consider first the case p = + =, then we obtain from (%)
n- 2
W el = i Collall o + Coitin 0 gy 9,
=0

for all O=i<n, 0= |{| <=min ni—-— b-a

¥
—_— 2n
V12l

Introducing the notation M=max {|{|* #!P].: O=i-=n}, we obtain from
this

n—2

M=uC . +Cy S M5 I, M.
kD

Choosing [#] so as to satisfy over aud above
. £ h—u
O=|ff=min{ .
=T 2
Vi2l

1
=V hip |y, = =123 ...,H1
[0 il e’

also the conditions

we obtain

I
M-=nC |l + o M,

whence
M=20C |iulf..,

o =20 Cj |l i =0,1,...,n=1
The part p = + = of the theorem hence follows at once.

Consider now the case 1 =p= + «. Applying to hoth sides of (x) the

operation
f

: f-f!!,
1

0
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we obtain
i
I

D /;u(.\-wnwr-r

L]

o2
A Cy T B [Py S
frymy}

(F+ 1)y 1] utinx)

. . . . b—u
for all =i —=n, x O and U= |f] = min foLrT

"

on
Vil

s

Using the Hdélder incquality,

t IF
1 [iu{,\: LAYt = 177 ] le(x + ) drk Vo= [RE T |l VT T =
|.J i

. “, -1ip ””i

”
and therefore

G+ D7 e = nC ) TP, -

no2
G ConmE D HPTET U 11 e
h-0

wlienee - introducing again the notation M= nwax {7t =i =0} —
Mocn Cylt]mvr T+ €y ST I Hip L AL
k-2

Choosing [{] su as to satisfy not only (he cendition

B & ho-u
="t =min " \ S,
e 2
F 1zt
but also the conditions
o ] oo
5 ol = e k=23 ...,n,
2nC,

we obtain

1
A =2 C i, + , M,

M=20C) [E] 02 ul
and finaliy

el =202 Cy I P lufl,, £ =0, 0, o it — L

The part p< + e of the theoren lience follows at once, and the whole theo-
rem is proved.



UPPEIR ESTIMATES FOR THE HIGENFUNCTIONS 135

Remark. 1t can be shown casily that in case 1 = 2,7 = {} we can write
i Letumas 5 and 6 [Re ¥ | instead of [ 3. Thus the theorem of T 1~ and
Joo, mentioned at the beginning of this paper, is a special case of our theo-
rem indeed.
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A CHARACTERIZATION OF INFINITELY DIVISIBLE MARKOV
CHAINS WITH FINITE STATE SPACE

By

F. GONDOCS, G. MICHALETZKY, T. F. MORI and G. J. SZEKELY
Department of Probability Theory, L. Ediviis University, Budapest

{ Received April 7, 1952)

1. Introduction. The Lévy — Hinéin formula characterizes the infinitely
divisible probability distributions if the operation is the convolution. We give
a similar characterization for the infinitely divisihle Markov chains with
finite state space.

Derrxitiox [ A Markov chain and its transition matrix P is infinitely

divisible if for any natural namber # there exists a transition matrix P[-
1

) |
such that 2 is the n-th power of P[ J
I
DeEnNIrioN 200 transition matrix £ is pseudo-Poissonian if

p = e—"-lut,+ S —’{!‘H"],
Il

iy
where 720,47  and £ are fransition matrices, H s idempotent and
Ho =1, =N

It is vbvious that a pseudo-Poissonian /2 is infinitely divisible. 10 this
paper we prove the converse statement for the case of finite state space.

REMARrKS 1. The problem of embedding of infinitely divisible Markov
chains is as old as the papers | 2] and [3] of Evrving. Further results are
confained e.g. in [3] -[(6]. These papers show that our theorem is well-
known if we suppose the nonsingularity of 2 (in this case, obviously, {1/, is
the identity matrix). On the other hand it was mentioned even by Cuuxg
([§] 1L 1) that if P2 can be embedded in a time-continuous (imeasurable) Mar-
kov chain, then & reduction of the state space always leads to a Markov
chain the transition matrix of which is nonsinguiar. Thus the main point of
our paper can be sumumarized as follows: we have proved that, even in the
singular case, every infinitely divisible Markov chain is embeddable into a
fime-continuous vne.
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i the terminology of [ 1] we obtain the following result: If £2 (0 .nis
i numumhh seimigroup then P {1y = P ()Y Q () = Q () P (O), where P (1) =
ling £2 ¢4) is adempotent and @ () is a standard semigroup.

3. Freeeer shows (4] po 342) that every continuous sentigroup of con-
tractions is the limit of pscudo-Poissonian semigroups. In ouwr case the miain
problent is just the embedding of the infinitely div isible I into & continuous
seimigroup. In peierad a direct embedding is impossible but we can reduge
the state space and modify the Markov chain so that this new Markev chain
can be enthedded into o continuous semigroup of fransition matrices.

2, Seme prefiminary results, Denote by 7D the set of infinitely divisibic
transition matrices with fixed finite state space. First observe that PAe 1D
(for some natoral mumber & - 1} does not imply that PefD (e if Pis @
permutation matrix with negative determinant, then 2 doces not have a
sguare root bat there exists a & such that P¥ o= F (identity) whicl is infinitely
divisible.) On the other hand we prove

. !
Levsia 1L e fD then for any nadwral nuinber & there exists a P[ ]é_

N C . o
i 4D such that P[ !—] = [ i forany & Pe 1D always bas aninfinitely divi-
sible f-th root.

Proor. Let £ be an arbitrary fixed natural number and denote
Q. = Q0 Qs o transition matrix, Q4 = 2 and sinil.

The Tilter base ¢ [Q, &, ...} has an aecumulation point 4 (hy the
coutpractnessy which is a transifion matrix such that A% Plie, A is ak-th
rooi uf 720 We show that this root is infinitely divisible. Take the comimion
refinement of ¢ and e neighbourhood base of 4 Ly this refinement the
s-th roots of the element of @, alse constitute a net with an accumualation
poind £ sweh that 57— A (by continuity of matrix multiplication); this
holds for every natural numher s, thus A€ 11,

L the foltowing the rools will ahvays be supposed to be infinitefy divisibie,

H the state space has o elements then the transition matrix 22 fransforms
the p-dimensional space o come & (2 1y =dinensional space.

Leyvya 20 00 22 1D then # s regular on the L-dimensions! space, el
is reaular restricted toits image spage.

i L
Proor. Denate by P[ ]F.’an -thirootof 2. Theimage xplwanf;”l J
”

k=0, 1,2 .., 1 form a decreasing scguence of sets. In this sequence
the first space is p-dimensional and the last one (the {70 -t one} s at least

1Y
iz regular

[-dimensional thus at least two of these spaces ire equal L. P[
i
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on this space, consequently it is vegular on the image space of £, thus £ is
alsn regular on the same space-what was to be proved.
The proof shows that the image of PefD is the same as the image of

i1
deaote by " the restrictions of the transition matrices to this image space.

Let PO = P An infinitely divisible (& 4- 1)-th oot of P[!E ] will he

| ..
P[---]EID for any natural number n. Denote this image space by LW and

[

! s
denuted hy P[ ko= 1,2, .. and the powers £ ! hy [_m .
(E+ 1)t gl i

Thus the transition matrix P} is defined for any positive rational r with
the property:

() P(r+3)=P{) P (s)
for any positive rationals r and s.

Lemya 3. The above defined restrictions £(r) of P(r) have the follo-
wintg continuity property: _
lim P {7y = I (= identity).
r-e10
Proor. The matrix P(rY s regular thus det P(ry <L The infinite di-
visibility implies that  del P{ry =0. By the sciigroup property ()
det P(ry = (det P(1)')" ~ | if r—4+0. This relation will be used below. The
transition matrices P () transform the simplex

L]
b=t v, o)ty =0and g = l}

i—1

into itself. Denote 17 = 17 FAL This is o convex compact set with at most
21 yertices. (The number of different subsimplices of _1is 27 and it is obvious
that for different vertices of 1" the minimal containing subsimplices arc also
different.) This property will be also used below.,

By compactness argument P(r) has an accumulation point if £ +0
thus it is cnough to show that only the identity can be an accomudation po-
int. Denote by A anaccumulatio point of £2 (/) andlet 1, » + 0 beaseguence
such that £ (r,,Y -+ A. By the continuity of the determinant det A = 1 fhus
AV = " (A TV I by definition and the Lebesgue measure of A 1 equals
that of 1) i.c. A is a perntutation of the vertices of . Now let N = 271 and
denote by A¥ an accumulation point of P(r, /N). The same argnent as
above shows that A* is also a perinutation of the vertices of (1. But the order
of the permutation A* is a divisor of N thus / = (A*)™ = A what was fo he
proved.,

LEMMA 4.r]il‘IL P(ry =, cxists and P() 1, =11, P(r) = P(r); this
latter equation implies that 5 = £, L.e f, is idempotent.
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Proor. If O- r<es are sinall rationa! numbers then P2 (s ) s close
to £ thus P gyand P{s) = P (s—r) P (r} are close Lo cach other thus by the
Cauchy criterion im P (r) - {1/, exists. The matrix £/, is obviously a transiti-

r—-0
on matrix and P(r)lt, = H, Py = P(r}is alse obvious,

3. The main resulf.

THeoREM. [f P is an infinifely divisible fransilion prdrix with finitely
many stefes then Pois pseudo-Poissonian, i.c.

~ '
P = o [u., 3 H‘J
P
where 10,17, and 1 are transiiion matrices, H, is idempotent and 11 =
=IH, =1l

Proor. Consider a vertex V of | I and the smallest subsimplex of { which
constaing V. Since [, is idempotent the M -image of this subsimplex is V.
The minimal  subsimplices containing different vertices of 1" are disjoint
thus the ,wverfex vectors™ of 7 are independent. These ,vertex vectors”
form a basis £ of the /f -image space. The elements of this basis can be con-
sidered as ,,mixed states”. These .mixed states” constitute a new staic
space {1, 2, ..., AL

Sitee £ (ry e Lwe get P () £, Vo244, 1 In the above mentioned basis
i of the H -image space, P(r) s a traonsition matrix sinee

i

I[l.
Hy 1= {(_\'1._1'2. co ) s and ? ¥, = l}.

By awell-known theorem of Markov processes (see ¢.g.{ 17] p. 42)

— 1
lin Py ~oA
Fein I3
exists and 27 = eI the basis B the clements o, of A = () are nonnega-
k
tive if 7 - aud Z = 1,2, ... Kk thus if 218 arge enough then
-1
A
H == 41
vl

15 a transition matrix and P* = e+ ¢#. Now let If = {1’ I, Since 11" 1s a
trinsition matrix in the basis 8 therefore /4 is o transition matrix in the basis
of . Finally

p-p H.,L""-[Hm'— 3 -ij' H*}.
i

4, An open problem, Characterize the infinitely divisible Markov chains
if the state space is not necessarily finite. If the state space is not finite then
simple examples show that not every divisible transition matrix is pseudn-
Poissonian.
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UBER EINIGE OPTIMALE KONFIGURATIONEN VON KREISEN

Von

KAROLY BEZDEK
f.ehrsiubl fnr Geometric der [0 Eddvbs Universit{ie, Bodapest
{ Efngegangert i 16, April 1952

Unser Thema ist mit der folgenden Frave der diskreten Geometrie ver-
bunden. Wir nehmen endlich viele Kreise in der cuklidischen Ebene, dann
betrachien wir diejenige Kreise, die durch die vorgegebenen Kreise iiher-
deckt werden kénaen, nachdem wir fragen kinnen: Wie groB ist der Radius
van dem grifiten, Gberdeckten Kreis? Auf welche Weise kann der erwidhnte
Kreis iiberdeckt werden? (Unter Kreis verstehien wir immer cine geschlossene
Kreisschetbe, und wir werden den Rand des Kreises Kreislinie heiBen.)

Im Falle, dald drei (bzw. vier) Kreise gegehen sind, hat J. MoLxar [2]
das Folgende gezeigt: Konstruieren wir eint Dreieck (bzw. cingeschriebenes
Viereck) aus den Durclimessern der gegebenen Kreise! Wenn das Dreieck
(bzw. Viercek) das Zentrunm seines angeschirichenen Kreises in seineni laneren
cnthiill, licfert der crwdhnite, angeschriebene Kreis den griliten, fiberdeckten
Kreis. (Frg. 1.} Sonst, der gesnchte Kreis ist nicht grioBer als die gegebenen
Kreise.

Fig. 1.

Von nnun an beschaftigen wir uns mit dem Fall von kongruenten Kreisen.
Zuerst erwdhien wir, dafl der Fall von 7 kongruenten Kreisen trivial ist.
Die heste Konfiguration wird durch die Figur 2. veranschaulicht.
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Unsere neuen Ergebnisse lauten fogendermaBen:

Sarvz. Befrachion wir in der culilidischien Ebene solche Kreise, dic dureh
fiinf Einheitskreise dberdeckt werden kidnunen, so beirdgl der Radivs des grofit-
mmglichen, dberdecktenn Kretses 1640, .0 Die Ubcrdeckung wird durch die
Figur 3. veranschaudicht. (Hichstens drei Einheitskreise haben eluen genmeinsa-
ment Puikt: M st der gemeinsame Randpunki voun dent Kreisett ¢, ¢, ¢q; M
licgt im Auperen der Kreise ky ky; Hy Hy = H, H,<2; H, H, <2, 11, H; =
= H, H, = 2; natiiriicherweise dic Punkde H, H, Hy | 1 liegen am Rundce
des fiberdeckten Kreises und eine Spiegelung an der Geraden MH, fithrt das
Systen der Kreise i sich fiber. )
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Wir haben jetzt zu bemerken: nach einigen Hinweisen der mathemati-
schen Fachliteratur hatte E. H. NeviLLE das erwihnte Problem von fiinf
Einheitskreisen im Aufsatz [3] geldst. Tn Wirklichikeit beschiftigt sich E. H,
NEVILLE im erwidhnten Aufsatz hauptsichlich mit einer neuen numerischen
Methode, nachdem er sich ganz kurz auch mit dem Problem von flinf kongro-
enten Kreisen beschiftigt, die aber jeder mathematischen Grundlage ent-
hehrt.

BewEils pEs Sarzes. (Wir skizzieren nur die wichtigsten Schritte vom
Beweis.) Wir heifien die beste Lagerung der fiinf Einheitskreise (die nach dem
Satz von Weierstrass existiert) extreme Lagerung, und wir nennen den ihr
gehdrigen liberdeckten Kreis extremen Kreis. Es kaun vorausgesetzt werden,
daB der Radius des extremen Kreises = 2 ist, sogar daB, der Teil der Kreisli-
nie vom beliebigen Einheitskreis der extremen Lagerung, der durch den ex-
tremen Kreis nicht @iberdeckt ist, nicht linger als = ist. Mach diesen Vor-
aussetzungen fithren wir die geometrischen Eingenschaften der extremen
Lagerung auf. (Wenn ein Hilfssatz mit Hilfe von den synthetischen Metho-
den leicht bewiesen werden kann, so verzichten wir hier auf die Durchfiih-
rung des Beweises.)

Wir wihien einen Einheitskreis und betrachten jenen Teil seiner Kreisli-
nie, dessen Punkte nicht zu den {ibrigen (vier) Einheitskreisen gehéren,

Hivrssarz L. Dieser Teil ist entweder leer, oder ein cinziger, oftener
Kreisbogen, der 2 Endpunkte hat.

Deriximioxn. Man nennt den erwidhnten, offenen Kreishogen unbedeck-
ten Kreishogen des betreffenden Einheitskreises.

HiLkssatz 2. Nelunen wir die Ereanzang eines unbedeckten Kreis-
bogens beziiglich der entsprechenden Kreislinie, so gehdren ihre innenpunkte
zum Inneren der extremen Lagerung.

KonroLLakr. Die Grenzlinie der extremen Lagerung bhesteht aus den un-
hedeckten Kieishogen und aus thren Endpunkien.

HivrssaTtz 3. in Jedem Endpunkt von den unbedeckten Kreisbogen sind
genau zwei unbedeckte Kreisbogen zu finden.

HiLrssaTz 4. Die unbedeckten Kreisbogen sind nicht ldnger als =, und
sie bilden — zusammen mit ihren Endpunkten — ein zusamimenhingendes
Systent. (Seibstverstdndlich die Anzahl der unbedeckten Kreishogen ist
gleich die Anzaht ihrer Endpunkte.}

DEeFixITION. Zwei Einheitskreise der extremen Lagerung sind benach-
bart, wenn ihre unbedeckten Kreisbogen einen gemeinsamen Endpunkt ha-
ben. (Die benachbarten Kreise (tberschineiden sich.)

HivLrssatz 5. Beliebiger unbedeckter Kreishogen und der extreme Kreis
haben keinen gemeinsamen Punkt, und die Kreislinie des extremen Kreises
enthilt wenigstens drei Endpunkte von den unbedeckten Kreisbogen.

HivrssaTz 6. Belichiger Einheitskreis der extremien Lagerung hat einen
unbedeckten Kreisbogen.

10 ANNALES -~ Sectiv Mathematicu — Tomus XXVII,
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KoroLtrLar, Dic Grenzlinie der extrenien Lagerung besteht aus 5 uni-
bedeckten Kreishogen und aus itiren 3 Endpunkien.

HiLrssarz 7. Unfer allen unbedeckten Kreishogen der extremen Lage-
rung gibt es wenigstens einen, der kitrzer als =z ist.

Hirnessatz 8, Wit betrachten einen heliebigen Einheitskreis der extre-
iten Lagerung. Nimimt man seine zwei Nachbarn, so haben sie entweder
ketien gemeinsamen Punkt, oder beriihren cinander, wann Jer Beriihrungs-
punkt zum betrachteten Einheitskreis gehirt, oder fiberschuciden sichy, wann
wenigstens einer unter den zwei Schnittpunkten zum Inneren des betrachte-
ten Einheitskreises gehirt.

DErixITIoN. Einen der Punkte der cuklidischien Ebene heil3t man #-
gradigen, wenn er durch genau n Einheitskreise der extremen Lagerung iiber-
deckt wird (§=n=23).

Hitrssatz 9, Es pibt keinen 3-gradigen Punkt.

Der Beweis des letzteren Hilfssatzes lautet folgendermalBen. Wenn es
(wenigstens) einen 3-gradigen Punkt gibt, withlen wir (auf Grand des Hilfs-
satzes 7.) einen solchen Einheitskreis, dessen unbedeckter Kreishogen kiirzer
als 7 ist. Dicser Einheitskreis Kiann wegen unserer Voraussetzung so verscho-
ben werden, dal das neue Sysiem der 3 Einheitskreise die folgenden Eigen-
schaften hat: Die Grenzlinie des neuen Systems hat gleiche topologische
Eigenschaften wie im Ausgangsfall; das neue System von 3 Einheitskreisen
iiberdeckt den extremen Kreis; die Endpunkte des unibedeckten Kreisho-
gens vom verschobenen Kreis Hegen im AuBeren des extremen Kreises. So
kénnten wir aber den extremen Kreis vergraBern, was unméelich ist.

HivrssaTz 100 Es gibt keinen d-gradigen Punkt.

m

Fig. /.

Jetzt werden wir den Beweis dieser Aussage in kurzen Umrissen dar-
siellen: Wir nehimen an, dafl der Punkt £ zu den Einheitskreisen #, [, m, n
gehdrt, und i AuBeren des Einheitskreises & licgt (Fig. 4.).
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Mit Hilfe von Verschichungen kann man nachweisen, dal die Kreise m, n, k
unbedeckte iKrcishogen von & Lange haben, und £ der gemeinsame Rand-
punkt der Kreise i, [, m, nist (Fig. 3.).

iy

&

So liegen die Endpunkte (A; B; C; D; E) der unbedeckten Kreisbogen
am Rande des extremen Kreises, Das Zentrum des Kreises & Tegt auf der
Geraden D2

Fio. 6.

Jutzt betrachten wir dic Figur 6.
Die Spiegelung an der Geraden ffithrt B in C; P in P, tiber. Der offene

Kreisbogen !f;pf von Kreislinie des Kreises { enthalt die Punkte B; C nicht.

10#*
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Wenn ﬁ’,f‘.GeraL!c DA = 0s0Py:= j",!ﬁ;,

wenn PP, Gerade DA=0 so P,cPP,NGerade DA und PPy=<P P,
Man kann den Kreis 7 (bzw. II) um den Punkt D (bzw. 4) so drehen, daB der
neue Kreis n” (bzw. ') die folgende Eigenschaft hat: /2 gehirt zum Inneren
von 1’ (bzw. P, liegt im Inneren von /) und £ liegt am Rande des Ein-
heitskreises n” (bzw. i"). Sogar, wir kdnnen die Richtung und die GriBe die-
ser Drehungen so wihlen, dall man iiber das System der Kreise &, 1, m, ', It
sagen kann: die Grenzlinie des neuen Systems hat gleiche topologische
Eigenschaften wie im Ausgangsfall; das neue System von 5 Einheitskreisen
itberdeckt den extremen Kreis; der Schaittpunkt E7 der Kreise n’, i (hier
E’ = Pg) liegt im AuBeren des extremen Kreises. Hier haben wir das folgende
Lemma bhenutzt,

geeigneten, geschlossenen Kreishogen von Kreislinie des Einheitskreises
sind, die nicht ldnger als = sind (Fig. 7.), so gilt:

£

—~ e e
XL +Z¥V=XZLZY.

Fig. 7.

Also konnen wir den extremen Kreis durch eine kleine Drehung vom Kreis
#’ (um den Punkt P,) vergriBern, was unmagzlicl: ist.

HitrssaTz 11, Es gibt drei Einheitskreise (e, ¢, €,) der extremen La-
gerung, die gemeinsamen Punkt haben, und unter denen genau zwei (e, €,)
benachbart sind. Diese drei Einheitskreise (¢, ¢,, ;) sollen einen gemeinsa-
men Randpunkt M haber.

HiLrssatz 12. Die Einheitskreise k;, k, der extremen Lagerung, die
den Punkt M nicht enthatten, haben unbedeckte Kreisbogen von 7 Lange.
Mit Hilfe vom Lemma kann man nachweisen:

Hicrssarz 13. Die gemeinsante Sekante der Kreise ¢,; e, ist die Spiege-
fachse der extremen Lagerung.

KorovrLaw, Selbstverstindlich liegen die Endpunkte der unbedeckten
Kreisbogen am Rande des extremen Kreises.
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Fig. 8.

Bezeichnen wir den Radius des extremen Kreises mit x (Fig. 8.), so gilt

X+ (2sing+1—x)—1

cos y = —— - -
x(2sine +1-—x)
X —Bin
Cos & = —— __u__:L__-__ oy
V{x —sin a)? +cos®
$iNg = ——— 3{153__ _——,
V(x —sin o) +cos «
¥x2 —1
cos f = N ;
1
sinf = -
X
tind
cos y = —c0s (23+28) = —cos 273-cos 20-+s5in 23 -sin 20.
Woraus
XB+@2sina4 ] —xP—-1 0 xF-2 (x—sina)®—costa -
2v@2sina+ ! -x) x? (x—sin x)? +cos? o
%) 2¥x -1 2(x—sina}cosa
x? (x—sin «)® +cos? «
und

(2) 2sinat | =x>)2
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folgt. (1 is dquivalent mit der folgenden Gleichung:

0 = (80 sin? o Fhdsinz)x® 4 { HOIn® 2 -384 sin? 2~ 64 81 o) X 4
(848 sint & ¢ 928 8ind 2 4- 302 sin® 2 - 32 sin 2) X+
+{—-T768 sin® z— 992 sint 5 - 736 sin® x — 288 sin? 2 - 06 sim 2™ -
+ (256 sin® a4 384 sind w4 592 sint 2+ 480 sin® 2 & 336 sin? =+
+ 96 sin 2+ 16) x* 4
+(— 128 8in* 2 — 192 sin? 2 — 256 sin® 2 — 166 sin? o ~ 96 5in z— 32)x
— {64 sin® = + 64 sin =+ 16).

Folglich gilt

— max iz 2 ist die groffite Wurzel von (3), die zluclll
Lo l dic Ungleichung (2} hefriedigt ‘

Oz ==,
2

Mit Hilfe der Methode ven Sturm haben wir gefunden, daby x = 1640 .. st

Bewerkuse o Es 1aB1 sich den folgenden Satz hewceisen (siche dazu
[1]): Betrachten wir in der cuklidischen Ebene solche Kreise, die durch
sechs Einheitskreise Gberdeckt werden kinnen, so betragt der Rudius
iles grofitmaglichen, Gberdeckten Kreises 1,79585. .. . Die Uberdeckung wird
durch die Figur & veranschaulicht. (Hochstens drei Einheitskreise haben ei-

Fia 4.

nen gemeinsamen Punkt; AT (bzw. M) ist der gemeinsame Randpunkt von
den Kreisen & &, 1y (bzw. I, &, 1) H i, = 11, 1], = 2; die Punkte H, 11,
11y Hy Hy Hy liegen am Rande des {iherdeckten Kreises und eine Spiegelung
anr der Zentralachse der Kreise &) L, fillwt das System der Kreise in sich
iiber.) Der Beweis dieses Satzes ist kompliziert und weitlaufig; deshalb
verzichtenr wir hier auf die DurchfGhrung des Beweises, Jetzt mochten wir
nur das Foleende betonen : Laut dicsex Satzes ist die Vermutung von
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Grixsauwm [4] faisch. (Diese Vermutoung wird durch die Figur 10. veran-
schaulicht, wobei der Radius des Gherdeckten Kreises 1,7952. .. betragt.)

Fig. {0

BeEMERKUXG 2. Zum Schiall méehten wir noch einen Satz erwilinen:
Es seien fiinf Kreise it dem Radius r in der hyperholischen Ebene gegeben.
Wir betrachten in der hyperbolischen Ebene solche Kreise, die durch diese
(tiinf) Kreise iiberdeckt werden kinnen. [st rozarch (ctg 36°), so liefert der
angeschirichene Kreis des cingeschriebenen Fiinfecks it der Seitenldnge
2r den groBimaglichen, iiberdeckten Kreis, sont [r-=arch {ctg 367)] hat die
Uberdeckunyg des grihtmdulichien, Gherdeckten Ireises vielche geomelrische
Eigenschaften, wie im cuklidischen Fall (Fig. 3.) Diescer Satz kann auf dhn-
fiche Weise bewiesen werden, wie wir es im cuklidischen Fall gemacht haben
(siche dazu [1]).
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I. Introduction

Firstly E. EGErvary and P, TUrAX have started the study of (0,2)-in-
terpolation in order to get approximate solution of the differential equation

(L.1) Vi+fv =0

Their results (2], [3], [4]) had been developed by some other mathe-
maticians. These — so called — lacunary interpolation polynomials usually
cannot be determined uniquely. Another difficulty is that they have nto simp-
le explicit form and therefore the convergence theorems related to these
polynomials are rather complicated.

K. K. Mataur and A. Suarma showed ([2]) the uniqueness of (0,2)-
interpeolation polynomials if the fundamental points are the roots of Hermite
polynomials and 1 is even. They gave the explicit form of these polynomials
too, but they have not proved any convergence theorem because the con-
stants in their formulas were very complicated.

In order to avoid these difficulties P. Turix suggested to study the
following modified probleni.

Weighted (0,2)-inferpolation. Let (g, b) be a finite or infinite interval,

(12) B e W bz 4o (”EN)

distincet fundamental points and 0€C? (g, d) 2 weight function. How can a
polynomial R, of lowest possible degree satistying the conditions

(l:}) R::(Eg', n) i 5{4’_ n? ((_’ Rn)” (Ef.n) = ﬁ:‘.u (" = ]!2! - -!”)s

he determined where =, ,, and 7, are arbitrarily given real numbers?

te FL

J. BarAzs [1] was the first who investigated this problem. He proved,

that if the fundamental points (1.2) are the roots of the ultraspherical poly-
a1

nomial P,(,")(o:} — 1), and the weight functionis e (x) = (1 -x2) 2 (x¢[ - l,‘l )}
then generally there does not exist any polynoial of degree < 2n— | satisfying
the requirements (f.3). But he could show, that under the condition (1.4)
helow there exists a unigue polynomial of degree =2n. (If n is odd then
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fhe unigueness is not true.) He gave the explicit form of this palynomial
and proved the following convergence theorem.

Tuzorem A, Lef the function [ — L1 -R be differestiable, f7CLIp
(U2=nu="H and

w—3

2= S Bua= oM =50) % (=20 ),

where » -0, I this case the sequence of the weighfed (0,2)-fuferpelatiog pofy-
aomivls R, (n = 4, 6, ... safisfying (1.3) and

" "
(I—” Rn{n} = Z Zin {:H(O)

=
corverges b fon (- L1y and the convergence s wniform oon | -1 +8, 1 0]
Jor cach 8=0.

In this note we want to study some analogous problems in that casc

when the fundamental points are the roots of Hermite polynomials and the
weight functton is

e

(1.3) mx) = ¢ 2 {(x¢R).

2. Results

Let H he the n-th Hermite polynonzial with the usual normalization
b owa

2.1 [ HAOVH (e =dt = 20207 m

(11 mEN).

el
These polynomials are orthogonal with vespect 1o the weight fanction
w2 (x) = e (xeR). T s well-kimown that the roots of H, {whiclt we denote
by x; ,, in this note everywhere) satisfy the following relations:

—es =X, ,-t...-TXy ==X, <=...=X ,= e (17 -2m),
st R
())) Xy - At ”:{}{“‘{'\-J.nﬁ boeo (” :2”14-'_1)'
—— ot

. . H
N = _"\'nﬂﬂl.n [" =], 2, I{_)JJ

Let us denote by I, , the Lagrange-fundamental polynomials corres-
pending to the nodal point x; |, ..

_ ‘.“JFI("‘-} .
'{"':g(xf. n)(‘\‘ - xi_ n)

The following theorents are true.

{2.3) L () =~ (7= 1,2, ..., u)
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Tueores L. £ the nodal points are tHie roots of the Hermtite polynomtial H
s
and the weight functivn is w (x) = ¢ 2 (xeR), then in this case there does not
exist — in general — a polvnomial R, of dogree ==2n— | satisfying the eondi-
tions (1.3).

THEoRrREM 2. Lef 11 be even and

n(\) - s,n(r)(u: rlt i bn it _{;. n(f)
a - . [,
(""4) ‘qi,flt‘\) n(\}T !;”( A n) f. ’\ d{‘
n
Where
(2.5)  a, X, b =1 % ) =X d W [ —x2
- [ R BT i.n ST tonvtiopd T ot fow 7 H(\: ") T i
and
(2.6) B0 = - LA j Lt
‘ )“(\: n) ’”n(\: u)
(= 172....0).
Then
(2.7} Rux)y = 2> Vi .n(\)+ Vi Bi ulX)
i=l1 1—l

are the unigquely determined polynomials of degree =2n satisfving the foltowing
requiremernis:

(2'8) Rn(‘\’i‘ r:) = _"’f. n (w‘f‘)n)u (\'{ n) - v: 1] (I = ]! 2: ey ”}‘

l{eﬂ(()) = Z‘ i HII:' Ii({)).‘

i

where v, ,, and ¥[° wre arbitrury real nunrbers.

Treorem 3. If n is edd then there ure infinitety many polynontivls of
degree = 2r1 satisfying (2.8).

For a function f: R—~R we shall use a special form of modulus of con-

tinuity e (f: &) introduced by G. Freuvn ([6]):
(2.9) o (f28) 1= sup [ (X0 (x40 1w Ce)f ol b (0x) w (1) £ ),
[EREY fue¥: ]

i, r

wliere
PO BRI By
7(X): = b,if x| =1
and || - || denotes the snp-norm in C (R). 1f feC (R) and
(2.10) i w0 70 = 0,

N[~

then lim o(f, 6) = 0.
A -0
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The main result of this note is the following
THEOREM 4. Jf the interpolafed function f: R-R Is cortinuvusty diffe-
renfiable,
Iy lim ) ) =0 (F=01,..)and lim w(x) f(x)-- 0,
| o

x]-«+m x|+

Sfurthermore

(2.12) Vig = f(x!_ n)! J;;f’ n = O[Eﬁxﬂt, m VE(!)[I’; ]_ ]]
, : - Vi
1
| — l, 2, ey . 0 =p=---]
[z n B 5 ]

then the weighted (0,2)-interpolation polvnomials R, (n = 2, 4, G, . ..) given by
(2.7Y satisfy the following estimate:

(2.13) e [ f—R(x)| = ()[]og n cu[f’; }/l}r ]],

which holds on the whale real line, Where p=1 and O doees nof depend o n
undg X.

We want to prove only cur main Theorem 4, because the proofs of the
other theorems are quite similar to that of the theorems in [1].

3. Basic estimates with respect to the fundamental
polynomials B, , and A,

We shall use the following notations:

L=l Aj=A  and B;: . 3,

i,

Xl xi. He N

Lemma ). Let 1 be even, 0<=f-<1/2 and y= [, then we can extimate the
Lebesgue-function of the “second-kind™ polynomials (2.6) as follows

L e . logh
3.1 MEHBAX)| = Ol 7L xERY),
3.1 Semin ol = ofer W (ery
where O does not depend on #7 and x.

Proor. Firstly we mention some basic relations with respect to the
Hermiite pelynomiais which will be used later.
For the roots of the Hermite polynomial H,, we have
2 em

(3.2) Xboto L (i= 1,2 ,0)
i

g, b means that jo,,; = O (0 yand b, - O (a,).
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(|71, (6.31.16) and (6.31.17)). The Hermite polynomial satisfies the relation

1 3 X
3.3) H.(x) = O[n Y2 (1 +¥x|)ye? ] (x€R)
([7], Theorems 8.91.3 and 8.22.9).
We shall use the following estimate
an;
. . it T . ‘
(3.4) [HL(x ) _::qzﬂ“[—?-]' e (=12, ...,m,

where O =8 =1 i3 an arbitrary real number.

For the proof of (3.4) firstly we consider the case when |x,] =1 Since
the Hermite polynomials can be expressed by the Laguerre polynomials

([7] (5.6.1)):
Ho(x) = (— 1y )[;]l L),

thus from the relation (see {7], (8.9.11) and (8.22.9))

| (Lf—‘ff))'(x}z” NK; e’ (0<x, =Vn)

”Jrﬂ

we obtain
xi-z

() = 2 ;l] Vot G259y ()=, 2~+1[ ;’-] 7.

Let |x;} =¥ n. Then from
[ E4
—ﬁ“—-l—)-! ~nte (n=1,2,..0)

and trom the inequality (see [12])

" eb*xiﬂ i
e =0 - )= 6% =1
Z H:l(xl'):? [ 2041 gl ] ( )

i1

(3.5)

we get (the number 8* can be chesen so, that 0= 8<% < 1)

x:'2 A0 a2 s
S L . - T X 5 X
) =V 27 e 2 =ef3itipie 2 702

i &
[ - X2 . H -— x;2
=, VPt tte2 ™ g 2"+1{~—]' e "t
y L)

2
Thus the inequality (3.4) is proved.
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tn the first step of the proof of (3.1) we estimate the integral of the Lag-
range interpolation. Since ({7}, (5.5.9))

n—] | f X}— H{x
(3.6} Z ._l_ HOYH(xX) - = H"(V_) "r!—é_()f_} o) W)
S 2 28— 1) Y—x
and ([ 7], (3.5.10))
(3.7 Ty = 2 1, (),
therefore
NI

H

I
: ' H(xYH (x),
IR0 —X3) HoAx) kz_‘u 2640 ) H)

so using the relations (3.8), (3.7) and (3.3) we ohtain

X

(3.8) 1) -

USRS FTIR )

Liydt = -~ 00 H, HDdt =
f r() f':’;,(-\';)z kz ” ,I.T (‘- }] ( l'.

]
L T I

(3.9 ' ';),;‘(\‘_).; A.ZU T ”'l” F{x) (T () = H ()
- O(1) - 2t n_2_11 l JH LX) H ()] = 03 = A
- X; X - A
( n( ) ""2.&-‘1(';{ t l}, ( o | ( ) n( ))

Since from (3.3) it follows that

i " N
PR LT [H () Hy )| = ()[e' S ] :

wlhere » = 1 is again an arbitrary real number, thus

X- b x
(3.1 A= (J[ TE oy n]

The Lebesgue-function of the fundamental polynonials of second kind
(3.1) can be estimated using (3.9) and (3.10):

- c.t ,‘”n(\), nooptdt ) g '

3.11) ¢ | B (x t j!ifdt

‘ 2 Bl = A ) y o
-_%)xfgl

" §2 (,-;+ 2’
= 0|11, e * o0+ pi(lag 1) ‘2‘ o

. --—3 |
Since the number y, > 1 can be chosen so, that e: = T g+ ; 1+ ]

=0 and y; <y, then applying the inequalitites (3.3), (3.4) and

> <oy,

i1 e
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we have
ri_‘ ,,al )n+l ”1 Il
SeE| B = OV (e T o s logn 2
i1 {2“ [n]'] A e
‘)

“ofes 1),
P i

which completes the proof of Lemma 1.
To the estimation of the Lebesgue-function of the fundasmental poly-
nomials (2.4) we need some other representations of these polynomials,

LEmma 2. The “first-kind” fundamental polynomials can be written
in the fn]]owum for:

Ay = a0 f " ] IR

H(x Ho(x
- n_(\_)_ [r('\:) __ _J_l( )
H(x,) DH(x)
Proor. The Hermite polynomial M, satisfies the following ditferential
cyuation

(3.12) Oy G- 1,2, ..

HI)=2x H(X)}+2nH (X} =0 (xcR),
thus we have
VI =B — T e S B £ )] (eRii =1, ...
(3.13)
Then from (2.4), (2.3) and (3.13) we get

H) [ L0 t+b) @

A =B ) -,
. g Hx) [ L, B
— B(x )+”(( )) gfz(r) di s | e
1]

vt

or oy o Ha(X) i 1 [
= ey n g F iy — 225 gy at
l(\)JrH’(’)HIJ[ o Ho(x) f Odrr

H(\) f (L7 — 2040 + 2nl (1) dt,

and so by integration by parts we get (3.12).
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Lemma 3. Let ri be even and 3 = 1. The Lebesgue-function of the funda-
mental polynomials (2.4) aliows the following estimate:

. < A -
(3.14) Z1 Ty S O(eY 1 log 1)
where () does not depend on 17 and x.

Proor. It is well-known (see e.g. [13], (2.36)) that

(3.15) Z e5E 1(x) = O(ev).

Since |a;| = |1 —x}| =7 (0=f=1) — see (2.5) —, thus from (3.1)
we obtain that
\1 ] 1H (01
S ) [
(3.16)

[t follows similarly that

| ] L dt = 0(1) S e B ()] = o[e-.-x= ‘9§_E’_].
i-1 3
4]

7y
@I 2 ) :;j (Dt = O3 log n).

Froni (3.8) and (3.3) we get that
o UESE gnrrg
L =0Me 2, gV,
where ;= | is an arhitrary rea! number.
Thus by (3.4), (3.5) and (3.7) we have

S HR)

& ) 1O =
1 ay . ef'_—;:
3.48) = —a|H,_{(Ole * 2myn S . = O(er=¥n).
(3.18) 5 n|H,_(x)|e myn 2{ P O(er=¥n)
Simtilarly
(3.19) x| [H,(x)] ———— |1{x)] = O,
) D 9 = O

From the obvious equation

) iy = 1) gy

2H(x) 2H (0)
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and from (3.3), (3.3) and (3. 14) we obtain that

D LY ] S

- —- [ = () =
0 S W) 1)) 21T 0) A
1
L [ 9 J!
(3,20) — ()(] ) i -4 }(!2”-!—] ”! R = e},x: — ()(PX::}

Hi

From the refations (3.13) — (3.20) we get our statement (3.14).

4, Weighted polynomial approximation en the real line

G. Freup proved ([9], Theorens 4 and [6], Theorem 1) the following
statement.

THEorew B, Lef 2 R--R be continuousty differeniiable,
(4.1) lim x¥ f(x)w(x) O (=01, ad Tim fIwEx) =0,
[ - X o= ! m

then there exist polviomials p, of degree - n sach that

e ol — o )
v 110 =P = 00) - {f. V}:} (xeR),

’ ! F [
(4.2) w(x) L) — pi)| = O(1) oo [f : 'i*"'T"] (xeR),
&
where w (s the modu'us of contimely (2.9},
For the proof of Theorem 4 we need

LEmmA 4. Denoie by p, the polynomial of degree =1 satisfying the
conditions (4.2). In this case the following estimations hold:

(4.3) w(x) | p.(x) | = O()) (xcR),
(4.4) W pa() - Oy (xeR),

(4.5) W) | pix) = Oy ¥ (.,[ b ]/]] (|x] =¥ 20+ 1),
i
Proor. We obtain (4.3) and (4.4) from the incqualities (4.1) and (4.2):
@6 W) [P = () ()~ pa)] + ) LS = O(1),
Wx) | palx}] == wC) L) — pra) +w(x) 1) = O(1).

For the proof of the relation (4.5) we use sonie vther resuits of G. Frevup

([6), [10]).

1T AMMNALES - Sectio Mathematicn — Tomus XYL
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Letm = 180, Then the polynomial

Lt \.r‘-
qm l(\) - Z
iy kil
satisfics
("‘lT) ".1 [}x‘:—:qm‘i-](’\') =Ly e*
(~mid=x=0)
(4-8) L) e ﬂi}:n*l(‘\') = qm('\-) = e I

(see [6), Lemma 3). By (4.4) and (4.7y we have

4.9) qm[_ ‘)] Lt = O(1) [!.\-l = | ”: ]

If @, is & polynemial of degree at most 1, then the following relation is valid

. 0
(4.10) el = (”) ) m[Qn' “”] [;_\—;<1; ”)1]

‘)__.

Sm o/ m ]

whiere ¢ thedans the (nodulus of continuity over (he interyal [— 1/ o i o
(see [[1]). ) _

It we use this inequality on the interval [— ]) V T: t l T} for the
polynomial (4.9), then we obtain that i T )

’ d_ [q”r(“ '\r‘_]]p;('\) - —'\‘{;";u[ _____ ]p (\)"_q”r[ \ ]pn(\} -
cdxy | 3

- ounfum[q,,,p;.. -'—.-] (1] = Y20+ 1),
¥n

By (4.7) andl (4.8) we get
x= ] lﬂ:;(,\')i =, V’H w[qm p;; __l .
¥

)

Fa

ill’(.\f) P (\)] = G [ -

(4.11) Flxm(x) px) (x] <¥20+ 1)
and by (4.2), (2.9) and (4.1

Lo X+63] X2,
Cu[@'m pn; '—"] = sup B q“: [__ {_. P ] ] pn(‘\‘ + f) o qm[ -, _] pn("“) =
]/H 0=t=1n 2 ) 2 ;

" pom
:X‘H“*' -
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< - m-rens o (F]ren-

O=t=1;|n

.
3/ m 2
X =g o .
2 . m
-~ l-’
1

-

—~qm[ - J J ()= m[f’; I";;" ] = oosup iy =D (=D —w(x) SO+

2 u=i=1ln
x rlcl'l'r;
|21 -]
- 2 . oot 2]
+ sup e x4+ 1) - S - (X
it Il ) k—%w R A ) r:—%u k! /)
oyt l “mi

.}‘I

Lo N
< cym|f - |+ 2sup ! Fxy =qgoll; —_ |+
! [ ]'r” ] 'x|<]/fr”1 I.‘—%—:I )1',.'1 ( ) [ l'l”]

n* 1
(4.12) + 2sup |f (\)I[ ] ol )y
fm ko 12”-;\1 3 I/.I'I T
<1
vecsp 1) 30 el
1 i ’ f{—ﬂ_id-'] IJ/E- Qlk 3 L] lf”._

\<I

| 3 " X -
4+, sup | f() ; [ (4 ] = (’..,m[j': VI” ]-{-
oy ' r;:

l [(.5 | lm [ . i ]
-!-.{‘_—) = )“ . — |-
ko4 ¥n
I

. L o
On the other hand we have on the Iuter\rul[— o5 I 0% ;-2- -

xwe) pi)]| = |w(x) (Px) -S|+ bent) ()] =

4.13) =c ¥ ru[f ]-{-th Vi ]"i_.f W) ) =

<c Vi w[ pa ] be Vi T[V;‘;I]W(x)f’(x). :()(i)V}Iw[f'; VIH]

The relations (4.11), (4.12) and (4.13) show the validity of (4.5), thus the
statement is proved.

11%
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5. Proof of Theorem 1

Let # be even. From Theorem 2 it follows, that every polynomial Q,, of
degree < 2 satisfies the equality

B1) Q) = 3 Qul, ) Ao - _i W Q)" (%) By )+ 0 HL (1),

1=1

where

I n
5.2 = =S G, ) B .
(39) Lﬂ ffn(()) {QFI(()) I_{_i QN (\ ﬂ) [! . JI((])}

Let p,, be a polynomial of degree = 2n satisfying the inequality (4.2), then
we have

e~ | f() = Ry(x)| = om{“'m ) - pal)] e z (fxi.)
A () o A .
. pn('\_i‘ rx)) "'(-\.L n)l ll'(‘\'- ) e 21 [(u’pn) ('\a'.n e a :a]Ba n(\) +
bomn |G, H,,(x)'i} :

From (4.2), Lemimas 2 and 3 we get

e () - R ) = ou){w[ﬁ: I,—'] T m[ : },—”--] log 1+

+es o Z I‘I';a it Be’, n('\_)l + '?_':.'\-: Z H’(.\';‘ n) ip::’(\: n) B:’. n('\‘)![ 3

il

+€ x Zl |HJ (\F ﬂ) pﬂ(\! N) B{ il(\) +c \- .“ “'I'l"(\f H) l”ﬂ(\f fl) BJ’ fl(\')| +_

i= i— I

Fe 1€,

By Lemmas 1 and 4 we have

lug I

e o 2, |w”(\i n)| Ipn(\: n) Ba n(\)| = O(i) '/

) fog it

[ ,% |“',’('\"r'_. n)l ip:‘l(xf.n) B (‘)' = O(] V’”

o 3, ) By ] = 0ol g

i=1
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and therefore

(3.3) | f00) = R ()] = 0(1)9)[;"; _V%] log n+ e |C, H.(x)]

We need only an estimate for the secend term1 on the right hand side
of (5.3). By (5.2) we get

. e | Ha(x) z -'
| O H (V)| e emy | et — o I P =
e | n ﬂ(\)| e | f{n(o) pﬂ(o) I__Z-‘ pn(ll, ﬂ) [i. n(O) !
o e 0 [
LH(0)

Since # is even, thus H (0) = - therefore from (3.5) and (3.3) we have

el
g

2 "]
Yor i .[_’E_]l -1

=y - ~ = 0(l).

:
| H,(0)

The expression (F can be written in another form -

(55) G = |3 (00 - Pulits, D) B 0) + P,l0) [1 -3 f%,n(t))]i .
L=l \

F==1

From the equality

S0 1R e

i=1

we can see that

. _ HA{O)
Z!’ (0) = O(I) Z G5 0) = O(”% 1y
it 20 ] m 2] N
O‘”[‘[‘ff']r] e 11
2 )= 2"

(3.9)
Similarly we obtain from Lemma 4 that the first ferm in (3.5) is

310 i M 60 = 00) 3 1%, 1Piks | l0) =
] i;2_
= 0(])[.‘_2 ’ i, n‘ € ? i,n(O)J 0(] HO(O) Z hﬂ( E )2 |X- r =:B.

=i
(5.7)

rn
JJ’I
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From {3.4) and (3.5) it foliows that

* " h 1 I log 1
Vi N oy (R

(] R
[oq«:;].

and since {1 = [f’. —/]- ] thus from (3.3) — (3.7) we get
¥

B =0

e~ [C, ()] = O(1 (ing n)m[f’- ],' ]
"

and so our Theorem 4 is proved.

[ wish to express my thanks 1o Dir. J. Szasanos for his helpful re-
marks.
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The aim of the present paper is the investigation of Riesz summability
of eigenfuniction expansions associated with the Schradinger operator, in any
hounded N-dimensional domain (N=3). The results obtained generalize
that of the paper [6] for more general potential and for more general class of
functions (for the Nikolskil class instead the Liouville one).

Let £2 he an arbitrary hounded domain in RY(N = [) with C= — smooth
houndary, ¢ be an arbitrary non — negative function frotn the class L,{(£2).
Consider the Schradinger operalor

L= Lx,DY= —I44q(x)., D, = Ci{{).
Denote by L an arbitrary selfadjoint extension of L with discrete spectrum.

According ta a well kiriown thenrem of K. O, Frievricus ([22] p. 356.)
there exists such an extension. Indeed, it follows from the trivial estimate

(Lo, uy = (v, vuy+ (g, ”);—‘f'““”if(_;_,, N (ueCq (2))

that the domain of the Friedrichs' s extension of L is a subset of W),
Rellich's theorem [20] states the compactness of the imbedding Wi—L,.

Consequently the Friedrichs's extension L/j:\f of L + I has compact inverse
and we arrive at 4 selfadjoint exteasion of L with discrete spectrun.

Denote by 07, = /,= ... the sequence of cigenvalues and by {1, }; the
complete (in L,(¢2)) orthonormal systen of the corresponding eigenfunctions of
the operator L. For any s=0 and fe L,(€2) consider the s-th Riesz mears of
the spectral expansion of f

Ef0) =3, [1 ) ] (f, 1) 11,02)

’.”<:‘.

' We hiave used the Friedrichs-Poincard ineyuality:
leel, =t | vul,, (e ()

{[23] p. 62), and the notations
del N

{vu, vay | vu||:i‘_ = 20, Dy
- i=1
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1t is assumed in this work that the potential ¢ has the forin

d{ X — X, )

. T 01{X) = () T4, (x)  (x,€2)
[ XXy

glx) =

where acC= (0), =) is such a non-negative function for which
(H g = F- =06 =01, .. [N

hold with some z=-0 (if N - 3 then assume 7= 1;2); and ¢, {x)}e C¥(2) is
such a non — negative function for which the estimate

(2) g =l -x,l (E=(V--4)72)

holds in a neighbourhoad of x,
We shall prove the following theorems,

THEOREM L. Lot p=1, s=0, =0, x+5=(N—1),2, pe<=N, Then for
any fe Hy ()

{3) lim K} f(x) = f(x), xef
THEOREM 2. Lot § -0, o= o b5 (N = 12 Then for uny f¢ !-f;(!_))
) lim E7 f(x) = f(x), xefAsupp J.

Remanrks, These theorems were proved for ¢=0 {for any selfadjoint
extension) iu [13]. Earlier, they were proved by V. AL Iuhix [10], {12] for
g=0, 5 =0, eeN (integer); These theorems were proved by S Al Aumov
[2] for ¢, =0, N = 3 and for ¢, =0 they were proved in [} (by 5. A. ALimov
and the author).

Our theorems are not refinable, namely they are not refinable if g=10
(Cf. 113

The proofs of the thecrems are the developments of the ideas of the
papers [2], [6], [14]. First we prove a mean value formula for the eigenfuitc-
tions 1, with centruni x,; using this formula we prove the estimate

> Jxad|? = ¢ gN=1 (e 1)

et 11
] A= =1

by the method of V. A IL N [12]. (Another method for the proof of such
estimate is due to B. M. LEvirax [[5]; this method was further develepped
by L. Hormaxper [8 9]). Later on our theorems foliow by applying Hér-
mander’s Tauber type theorem [8]. For the application of this theorem we
need estimation for the Fourier coefficients of functions fromn the Nikolskii’s
class Ay further we must estimate the resolvent of the operator L outside of
an angular domain which confains the spectrum {2,}. This last estimation
is given in [6] for ¢, =0, but this method works also in our case, so we omit the
estimation of the Green’s function.
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Next we use the following condition, which is weaker than (I):

(5 1L gD =c off) [t =, Uskﬁ[ {f”
where the function e (f) increases for #= 0, further
(6) [ (r)_(_f) =on, O=eff)-=]

0

I. The mean value formula and its applications

For O=t=r define
[

| def N
Wity = o PP[ ]U(f)ms) VD JAOL = 1,

where J, and Y, denotes the p-th Bessel and Neuann function, respecti-
vely.

Lemma 1F. We have for O~f=r

(1) h(t, r)| V: (f=1),
¥ 4 = - Ll = F =_ =
(1.2) lw(, r)| iy (Ost= 1),
by r
{[.3) hwit, ry| =¢, [——] (O =ife=re 1)
-
Proor, These estinmates follow from [7], 7.2.1(2), (4); 7.13.1(3), (4).
Define
/ -
R = minll, ¢ ({0,
B(r) = / alfydi.
it
LEmma 1.2. The estimate
(1.4) P f Bt ) [w{l g, r @)} 07 a(fydt=c, B(r) W(r p) (= 0)
0 .

holds with some constant ¢,, which does not depend on 7 and on g
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Proor. Denote by f the left hand side of (L4). [f ¥ g~ 1, then using (1.3)

we get
v

Hy ()
Iy / [ ] [ {] (D df =) b{r) = ¢ b{r) hlr o).
- "‘

1]

Tfr-- 1, then set
3 ¥

I:'
I=+ [‘_ 1,41,

] 1
and apply (1.2) and (). 1} respectively. 1t follows
I o

P
? [ alfydt = ¢, b(r) i(r 1)

[l
it

1
- -
oerr | {tw)r I 1 af) dt==cdr v}
Ve
i1

and

!
E]

* I 32 |
f,=¢,077 La)y Pp— | - 1P all)ydi -
Y / o [Vfﬁ] Vru v

[

r

; r
= o dr ,N)”!. 2 / ah dt = ¢ h(r ) [11()‘) dt — e, bYW ).
l:{ [t
. 0

Lemma 1.2 is proved.
Definte

rulr, 1) = 21”1’[‘—:{--] (ru)y? jp(." i,

dr, @) =i J Pyl 1) Wta, re) 17 a(f) dt.
]
Lemma 1.3,

(1) vr )| = Ao, BN (K= 0,1, ...), (r=0, u=0).
Proor. Use induction in k. The case & — 0 is trivial, furtiler, using the
induction hypothesis we get

r

hdr, 1)l = /‘|1',‘._|(f, 'u)i[--:_ ]P (W (fer, Foedy @) df ==

4]
"

=0,[o b)) f’./ il PW {Fee, rady £ a() ot --
0
=e[ey e Dy R(rey - e, B(rn)] e b{F))E
We ased (14) in the last step. Lenuna 1.3 s proved.
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Define
wolr, 1) = [ ( / (X, +10)q,(x, 1 t0) 1) W(f,u,,—,{,)[..f.]”m,
. r
[I

w7, 1) :f e (G 1) Wit 1‘(:[ ] a(f) dt,

where w(x) = u(x, «)eWH{2) is an arbitrary normed (Jufl,, = 1} eigen-
function of the operator — 14+g, with eigenvalue u*; for 0= {=dist (x,, ({2
set

e
D(x, 1) = {‘h(-\f) it lxv—x,] __;'
0 if |‘\’_'tu|:="i
d(t, 1) = j g N uly, (1) dv, B = {xeRY, x|l = 1}
Xp+id
LEMmA 1.4 We have for p=1

(1.6) [ (7 ;;)5¢-3(fi§3(r, pyite d!) [ec0())¥,

AYi

(=012 .. ;0=2R<dist (x,, d12); R<r=2R)

The constant ¢, depends on R but it does not depend on g,

Proor. Use induction in &. First consider the case & = 0. Integrating
hy parts we get

r

) t
Wulr, p) = / ——mN !—;--;-I [ i ./ql(v) ufy, ,u)dv] W (i, f,u[ J -idt =
0

Xn+H

t

(1.7) o [ [i:! [(H“}—PW(f,a,r,u)]][ fq,(y)u(y, p)d_v]d!,
r_‘r)N . { i

where my = mes (053). Now we prove the estimate
d

(1.8) LT Wl o) sepe
£ |

(O=t<r, R=r=2R)
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where the constant ¢, depends only on R. To this we need the asymptotic
formulas

(1.9) Sy = ]/ ) {C“b[“‘p" }]H)[l]}
w v} Dfers-3)eol)

for x=8 >0 (Cf. [7], 7.13.1 (3), () further the equalities
(l’ ! l) ‘]p('\’} =k '.n';_:r(x}v
(1.12) ¥ AX) = X7 - p (),

for 0--x= 1, where ,(x) and y,(x} arc analytical functions (Cf. [7], 7.2.1. (2},

)

The desiced estimate (1.8) follows from the identity

(:{ () P Wit 1)) = (5 JAre) 0¥ oty - ¥ (82 ],

o ! n-pp[f\’__]
4 2

taking into account (1.9) — (1.12). From {1.7) and (1.8) we obtain ([.6)
for £ = 0. Now using (1.1} - (1.3) and the induction hypothesis we ohtain
wilry =1 0 [ Wl 0] | Wt )] 12 a(hydt -

i)

<.«:3[ [ ‘o, p)-'t--zﬂ—d:} [e, b()E 1rme ] W, Fa) ¢ a(dy di =
0

v
i

-z t'3[ Ii | a}(t! cu) i £ -t {”J [(‘l {;(_r)]""

n
Lennma 1.4 is proved.
CororLary. From ([.9) and (1.6) we obtain for the ftactions

del

alr, @) = >0 wlr, o)

k=1

def ==

BU 1) = 3 Wil 0,

k=0



ON THE SUNMMABILITY OF FIGENFUNCTION EXPANSIONS 11 174

the following estimates:
(1.13) la(r, @)] =, b(r) Bi(r u),

(1.14) B, )| - ey [ [ m! e de

¥]
for R=r=2R, 0 R=r, (where r,=0issuch that 2.¢, b (rg)= 1), g= 1.

Lesya 1O We have

(1.13) f”(,\}rf-l'('). ) d€ = u{xy, w) [C‘\- J(f“(.',:;:’)

o
O=<r=ry p=1)

+ a{r, .u)} +3(r, )

Proor. It is easy to sce that the function
def
s ) = X, ())[Volr 1) 3 ors )] + Blr, 1)
is the only solution in L,{0, r)) of the integral eguation

ki
F

J0y = ulxy, 1) v, i)+ /j(f) Wty rlu)[ Jp a(f) dt + wylr, 1)
¢

and hence, taking into consideration the Titchmarsh formuja (Cf. [19] p.
232)
VEUD,

P X, 1)+
Ny (o 2

fu(x,,+r(-), mMde - ¢

-

r

n f [ f 405y + 1) ulx, + 19, 11) d(—)] Wita, !"u)[--t-—]p d,
¥

0o &
[CN —= 2r l’[_j.\i.]]
2

or, 1) = j (X, + r¢, @) de

the equation

ral

follows. {The uniqueness of the solution of the integral equation given above,
follows from its contractivity, i.e. from

r

f Wit r,u){i]p o) idi<1 (0-<r<ry),
H I'- ,

Cf. [22]). Lemma [.5 is proved.



174 100, 1,

Lemma 1.6, We have
1 __l dcf .:l-.
(1.16) > un,,(\,,)l (ji=1; V2,
Aot T
The constant ¢, does not depend on p.
Praor. Consider the Fourler coefficients of the function
r
] e JAE e b op
dir, )y =1" re
0 il ra(R 2R

with respect to the system {u,}. Using (L. 15) we obiain

R

d :j {1y —x,]5 1) 11,f 1):!1’—j (r, ;.-)Uu {x, +r())u’()]r‘ dgr —

il

84

2R

- uN? .I.'n(.\’l,)lt"\v f _f!,(rju) _}p(r.un)(r‘un)‘ﬂ N2y +
R

anR IR

+ j Jplrey «lr, ) N2 ﬂ’."] +u? J T e Blry gy 2dr
R R

—_ /—l{”-f—/“ ) ll\}

Applying the formulza (1.9), using (1.13) and (1.14) further the Bessel inequa-
lity, we obtain for p= s g, —u) -1 the following estinates

R

2R
— 2
V,”!-‘nf]ﬂ("{"-‘)_fp(f'.”,,)f'df' = [C(}S {roo + g)cos{ru, +¢)dr+
-—{ L
R

”

R
I—O[l]= i fcosr(,u ,n)dHO[ ]:f:R cos‘_’f?+0[]].
IH 0 l“ T ‘N
e
R 2R |
_ . 1 f-z .
fj ST a(r, ) #dr = const f Vi (1) T O dr=
. I-H.r
'R e

2R
= const =V ] birydr=const u V2H2R)- R

i
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2

Z lr"“’l"’Z !‘Nl:f LSl - [Blr ea)l 7Y df:l =

=const pN ! >: [ ( Qﬁ(f,‘u ).!I'_Ndf)dr:l =
n=I
R r

=e(e) uN- 'f [[ S, p,) é"’]ﬂ—?*"'“—‘”dfdr:
R U

— (o) 1 f( ]wm dv)v—'\ cardr

Xg+ £
= O(Iur\-’._.l)j ffN-} U I-IN—F ff dy — 0(#_.\;_1)-
14

(We used here the assumption (2).) Consequently

> fua(xp)f* =const i (la, |2+ [AZ [ =coust gVt if R=R,,

Vg —srf =21 =1

N l” EII;O(RO)'
Lemma 1.6 is proved.

2. Estimates for the Fourier coefficients of functions from the Nikolskii’s
classes //,(12)

Assurme in this paragraph for the sake of simplicity: x, = 0.

Lemma 2.1. For any nataral number m€[0, N/2| we have

(2 ]) (J - Q)m — " é mt an, “(Y) D
and
(22) D (x)] =conts ]} x| -2 R0 = | 8] = N)

Proor. Use induction in m. The case n7 = 0 is trivial, further, using the
induction hypothesis, we get

(M=) = (d- Q) ; m, o(X) D =

D em dX) AD L2007 0 W) T D (eny, o) DT — g« D9

|ee! =2pm
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Using the frivial estimates
(1) = woll), 1D g(x}! = const o X! Y xim2- | .
we ohiain:

. Em e [ -

e

Carq 1. efiy Dufhy

_ def
(2() = (20 - -, Simp Tt 2w b, o))
VD €y 1, = 1D% e, X} = const ef | x]) | x] «-2m= -

= const ew(]x])- [x]C -2 =20m s -0

N
2. (V('m_ ") VD Z Em+l_u{i) Do) '
i~1
_ def
(cx(f) = (2. .. N A LT T _,aN))’
. ' . hY .;) . N
| D Cost, aiflX)| = D¥ Z . .') (X)) = const of |x1)- | [ - 2 g e )

. FEu f,\‘j )

= conste(|x])- jx[Csrh-2Amsyy

N
3. (Al‘:m, r\) De = {2: Cpiyl, u(r‘)] e,
i-1
[~ def a2
Ty, u(iy = T s
Adx?

- ) )2 ) o e
D 1 i ()] = D”[ ) «{ﬂ]ﬂ‘”‘“ ] i 2o e
X

ALy

= const e |x|) jx}e-Hmi ) 3
4. Gem, o D" = gl ey
|DP Cinit,ulX)] = |DHG(x) Cm, (x))] = comtst e [x]) - | x| i—2m+ 15,
Lemma 2.1 is proved.

LEmma 2.2, For every | =
the estimate

(23) WA~y fll, =chf hwaud f€ Wim()

holds. The constant C, does not depend on f.
Proor. Taking into consideration (2.1) and (2.2), it is encugh to prove

p-=2and every natural number m<{0, Nip|

that
(2.4) olfx]) x|l -2 Defe i 1ol <2m,



N CTHLE SUMMAKILUTY OF FIGEXFUNCTION EXNPANSIONS 11 177

To this use the imbedding Wi - Wy, p; is defined by the equality (Njp,)—
—la| = (Njp)— Z2mi and ¢, is defined by (Lip)+(1:¢,} = 1/p. Then, using
the generaiized Hilder inequality

IiE'J(E.\‘|) |\ o —Am U"fril.“ s ”quﬂ';'m .

: (/[m(i\!) !_\’I e --Hmlql _dl_J] ’fl‘

On the other hand, ¢, (=} —2m) = ~ N and therefore

l'[m(l.\'l) Ixle—2m)n gy = j'[m([,\'!)‘“- x|~ Ydv=

it

0 !_
= ot l eo(]r1yin R
o r

Lemma 2.2 is proved.

Lexma 2.3, For any natural cumber ke{0, N/2| the estimate

ok

(2.5) LT =l e (FEW)
holds. The constant Cy does not depend on /.

Proor. Hf & == 2 m, then (2.3) s equivalent to the case p = 2 of (2.3).
Ik = 2m+ 1, then, using the spectral theorem we get

2 Ml udl® /-[( L=} d=gy" F][( -] =

(1|
il

- _ / _. {nm ]] . !( 1- q)m }‘] + / []fq( 1- q)m )f]'_’ -
=gy S+ g (- g) Sl

for every feCy(£2). (Here we used also the Green’s formula). It is enough

to prove {2.9) for functions from C ({2}, because WA is the closure of

Cy 12y in the space Wi(.
First consider

V{l=gy S = i+ > Ve DS+ Cm . v D]

0T

take into account (2.2) and remark

. N
(26) i!“’(;-\'ll) |\] a«—k fy f!!j'_- = Cost HJHW"‘ [|m[ =k 5[ 2—}]
(This estimate follows from (2.4)). On the other hand

VaCl—gy [ =Vo I"f+ 3 Vg em. DS

o e 2

12 ANNALES - Sectio Mathemualicy — Tomus XXVILL
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hence, taking into consideration the trivial estimates
g =const <P
l/ (M)

- Const -

LM f)) = const D Fel]xt) [x[« =% 1D« f(x)!

w —2m
and (by the case p’ = Qof (2.2), we get)

[(l/q Cm, o 124 FHX) = const "_/I _a(||\\||)

VX Ixl)
|x]

zeonst[m{ X[)P2- x| - D fx)

cen([X]) - qx] T D f(0)] =<

= const -

coof|x]) V) € D f(R)] =

and aiso (2.6), the desired estimate (2.5) follows also in the case of & = 2+ 1.
Lemma 2.3 is proved.

LEmma 2.4, Let A be a positive selfadjeint operator in fhe Hilbert

space 90 let I ldscan: —= “f“.?r+11A iz and W be a dense subset in 7 which
is also a Hilbert space wlth so1e norm. Suppose

(2.7) W DAy
and
(2.8) ey = conts 1 fw  (fCW)

are fulfilled. The for every &¢(0, 1), the interpolating space (U, W)e, 2 is
imbedded in 70 (A) and the following inequality holds:

(2.9) NA® fllae = collfllca, wos, »  (FED W, 2).

The constant ¢, does not depend on f.
Proor. We use below i this work the notations of the book of H. TriE-
BEL [20}. Denote by K {f, f, 76,W ) the Peetre functional, i.e.

K156, W) = inf s+ 17T,

e ; .f»f w
Using (2.8) we get
K(t, J, 7, ((AY) = const K(t, f, 76,W),
hence

(2.10) I s, axans, » = const || fliGn, w), ,-
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After this it is cnough to remark that (75, 7{A))a, » = D(A?) (Cf. TrieseL
1201, 1.18.10) and
(2.11) NA” flize = const | fller, mcay.,, 5 -

From (2.10) and (2.11} the desired estimate (2.9} follows. Lemma 2.4 is
proved.
LEMMa 2.3, For any real nuinber s€[0, N/2|

(2.12) HL Slec=efiy (FeLyQ).

Proor. Apply Lemuma 2.4 for 0 = L, (), W = Wy )), A=

™
pal

I._I

\-—_/

and use TriEBEL [20], 4.3.2/2. Tt follows [L Wy b2 =

(©
[ 1
!

N
i -
= Q[ ] _Nowlet & = . - {(0=6=1), then we get —“:]
[N/2] W Wy 2] =
3
—L3and A = L 2[ ] - L%
Now assuime (1) is fulhiled and denote LO = —A, L = —A4q(x).

We know that |Deg(x)| =C.fx|772~«. Let m = [N,r4]. First we prove the
StaTemenT AL For any feCy (12)

. N .
(L™ = L) fC, =l Sl if ) =2m 2T

-5

Woay

Proor. Let Njp=2m+2—rviec. N/ip = 2m+2—7v4+¢« (¢=0). Obviously
" WL — L) ,r(\)l = Z:DJ_\-!}; te-2m=2 | e f(\')j

and
]« +e=2m2 D ), =ellx] = #2040,
N N N N
if A —+4-—. Let —- = || +--‘F-, =2m—|af—t+2 4 78—.
£ M P 2 q 2

N

Then the imbedding W W, holds, further §,(2m+2— |o] —7)<N.
Hence
|||l| e r— 22— D")‘(Y)HIL —=:(_‘"fll N

W
and
EZ_N..;_.N_[]MpFJ [ 1J]—T+2+J—]ﬁ2m——7+2+€.
poon 4 2 2

Statement A is proved.

12%
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Corovrrary 1. Forany fe Cy (£

: L N, s
“(Lm — L ”') fu“rp" u‘_“j” N if ')' - 200 + DT
i
[N

.'\f
CoroLLary 2, For any fe C () and 06 -~ o me Lo

12

I L) Py =W

W

(For the proof take into account the imbedding W7 - W3°).

N .
StatEMENT B. Let O=:d 9 + T) . Then for any feC;(£2)

WL flle, = ehfh

Proor. Let 6 = i 48, m = [N/4], 0--d= 1. Then we have
il”‘“fnf.g _ -!']Lm . A]'HL: - HLm -’f”u:;"" - !E(Lm _ Lf."] J'.”W'_-"’ e

A My = ATy 1 2ozl
wz2

Statement B is proved.

CoroLLARY, if o= N2 then for any fe W5 the Fourier series M (f, U,) -

Un(x) converges absolutely and unifornily on every compact subset of O,
Lemma 2.5 is proved,

Remank. Taking into account the spectral theorem, (2.12) means that

for any s€[0, Nj2] aud fe L3(€2) we have the estimate

(2.13) Z W) 25 = eyl f'l';

n—1
For the estimiation of the Fourier cocfficients of functions from the Ni-
kolskii’s class Ffp(f2) we need the

LEmma 2.6. Let A be a positive setfadjoint operator in the Hilbert
space 70, W< 7 be a dense subset, which is also a Hilbert space with some
norn. Assuime W@ (A)C 40 and | A fllz = coust |l (fe W). Define
¢() = ti(1+1) for £=0. Then we have

(2.14) (A Nl =y B0 lw,, (=@ =1,4=0, fcW,

where
(2]5) II'VH = ((7-(:’, I'V)f-)_ -
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Proor. According to the spectral theoremn we have

g (hA) fli = [ [ lfm] HE; f, ) =1
; :

and

o0 ~

bty = o [ 2P e [rang, = wjani.
J o (b0 )

{1
Now consider the Peetre functional K {1, f, 40, W) = K (¢, f). Obviously
Nl (LAY F1 4 = const KR, )

i fliw,, = Sup 1= K(t, )
el = oan

and

(Cf. TrmegeL [21], p. 23). Consequently
K, £y= 1\ fllw,,

HU
by (4A) SN2 = const A%} lhw -
Lemmia 2.6 is proved.

COROLLARY.

-+

dE; 1, j)) =0 i lw (=1, fCW ).

2

e (f

Now we give an important special case of (2.16). Let A = L0<s< NE
W = L), W = W3 (£2). According to the Theorem 2, p. 2.4.2(16) (page
223) of Triebel’s book [20] we have in this special case
W = (Lo WD, o = 37

and the estimate (2.16) gives

ke

2 t
2.17) ([d(&f,f)) -"-'an.‘"'““HfHHgsr-a[U{(-){l,0~:s~:-g]

I

ki

if {£;} deaotes thie spectral family of the operator L, e L= frdE,. (We
have used here also the estimate (2.5)). We can write (2.17) also in the form

N
(2.18) (Jr t?‘(Ei.fs f)) =] r‘!‘"a'.z”f”H; [0{'1{ {2_3 1“'331]'

"

7] y 12
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Henee we obtain the following estimate

[ oy N - ’
9 Bl i (020 T 2]
Indeed, using (2.18) we get
PLEN
TN [ e d ) =3 [ dESD -
L

f.
=const X (25 A flR L
cons Py 2) [‘I.IH_Q_

B

; e - ki - - 2 o
= const i !Zf] |fh P const 2 ﬂ_l”:.

and (2.19Y is proved.
LEMma 2.7, Suppose fO s, 0wz« N2, Q- a1, t==1. Then we have
,_\.' ]
(2.20) o[+ @)= ()] = ey i, (4 @)

wlhere

i

def .
9 () = (£ )X}
Proor. Using (1.16), (2.19) and the Schwartz inequality we obtain
P [+ Q¥ ] ()] =
Zn l_f,,i'—']u ( 2 |u,,{\ﬂ)| ) sV B flle,
]

!
—

EES IR (RY4E LI TR
l¢+ 2| It i
[ Z[ 2 X)) “ = const - I f]l,,; [Z KN ] =
R [ Lk=zVig =kt ] i
N-L
=const{{+a) ° Py

Lemuna 2.7 1s proved.
Denote by () the space of distributions with support in 2. We need

LEMMma 2.8 Suppose we D’ (£2) and . IucL;'c( N, p=- N2, Then we have
HEWs ().

Proor, Let QICR\' be such a domain for which £, Q, and supp «c {2,
Then we have e D’{Q) and AucL (). Denote | = fand define

{x) = Cy [ x j(lvi)‘ -~ dv.
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We have veW (€} and . v = 7. Hence, vED’( 1) and s {u—1) = O follows,
consequently, u—visa harmonic functlon in £,. (We used the result (6.4.1) Uf
Triebel’s book [3]). Lemma 2.8 is proved.

Lemma 2.9. Suppose g€l (2), p= N/2. Denote i, an arbitrary selfadjo-
int extension of the operator L (x, D) = —A+q (x). (with domain Cy(2))

Then for any ueD(L): if L 1 = fhelongs to the class L (€2), then ac W75 (@),

_ Proor. Let geCf(£2)=D(£2), then taking into consideration C5(Q)c D
(L}, we have

(f8) = (Lu,g)~ (u, Lg) = (u, L (x, D) g) =
= (i, - Agtg-0) = (v, — 1)+ (qu, 9),

(i, Ig) = (qu, ©)—(f. 8) = (qu—[, g)
for every ge D (£2). Thus we have the equality
o= gu—f
in the sense of distribution (in the space D’{£2)).
Now we prove that it e Ly(Q,) and p, = 2N/(2p— N), then
(2.21) ue Lyg(), where (1/p) = (1/p)—[(IN)--(1/p)].

Indeed, if u(lpl( 2)and p, < pN{(2p— N), then we have g- uEL;(ff( ), where
(I/py) = (1{po)+{I{p). So applying Lemma 2.8 and taking into consideration

§-ti— fELiff,c( )}, we obtain #e W='°(0), and hence, by an imbedding theo-
rem uEL1 . (£2) foliows, where (N/p,) = (N,rp,,)—z, i.e.

i.e.

O SO [2 ]]
P P N ” N p

Now apply the statement (2,21} for our case, when u€ L, (£2), because r’/)(L)c
< L, (£2). A finite iterative application of (2 21) gives the statement of Letn-
ima 2.9.

Lemma 2.9 is proved.

After this preparation the theorems follows by the method of the work

(6]
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Let G —= (@, ) De an arbitrary (finite or infinite) open interval, {,feL'f’“(G)
be an arbitrary (complex) function (i.e. g is integrable on every compact
subset of (7). Consider the Schrédinger operator

-
i - + g(x).
dx®
A function 1 = uy is said to be an eigenfunction of the operater f (of order ()
with (complex) eigenvaiue 7, it ¢ is absolutely continunous with its derivarive
on every compact subinterval of G and if it satisfies for almost all x¢G the
equation lu(x) = su(x).
A function «; is said to be an eigenfunction of the operator { of order £ (- 1)
with (complex) cigenvalue Z, if i, is abselutely continuous with iis derivalive
on every compact subinterval of G oand i there exist eigenfunctions
10— f-= 1) of order j with the same eigenvalue 7 of the operator / such that
for almost all x£G the equations
fiej(x) = 2,(x) +1; 4(x) (0= j-=10)

hold. Here w0 = .

lit the sequel we shall use the notation

Elliper = -1l (- p=e)

[ [1} the following is proved

THEOREM A Nuppese gC L, () and ¢ fimite. Then anarbifrary cigen-
Junction t; of order § (=0) of the operaior {vith (complex) etgenvalue 7015
necessarity ubsotuiely continnons on €.

(These facts are proved in [3] alse for morve geaeral differential opera-
tors). Furthermore the following estimates hold:
(N et sl =CAL+ IVZDEGE t 1T 21} iz,
(2) el = CAL+ 1TME AV 2l (E=p= <o),
@®) il =CLE VD el (= 0,10,

The constants C; — C; (b u, lg]];) do not depend on 4.
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Fori = {, 7=0we have (Cf. [1]}

0 - =12/ + L

—d

For fixed i, a, b and g the order of the estimates (1), (2), (3) in 2 cannot
be improved (this was proved by V. Komornik in [2]). The estimate (4)
shows the dependence of |[t,fl-/[jtfyll, o1 ¢. The author showed, that the
method of the work [ 1] gives the following more exact estimates

: 1

(5) b, o]l =C m[|y,_1, o nqnl]-

f—u
. 1 .
- nax [|mu/».|, - |iqnl] et
h—u
- - ] I'p
(6) uu,-uwt-Cg[max[llmm, e uqn,_” e, (1=p= <)

- P - . l .
(1) il = CF max [lm, , ||q||1]|1fn-!lm, (€R.).
b—a

These estimates were obtained also by V. Komor~ik |4] for 2¢C by a
slightly different method. Namely V. KomorNik generalized the results
of [ ] for differential operators of in-th order; fo this he got sonme new ideas
which give also the estimates (5, (6), (7).

The aim of the present paper is to investigate the exactuess of (3), (6),
(7) frem point of view of the dependence on ¢, further, developping the ideas
of the papers [1], [2], |6], [ 10] to prove an equiconvergence theorem for the
operalor {.

1. First we prove the

SvaTtement L. If gcL; (G) and G is finite then w«, is absolutely conti-
nuous o .

Proor. This follows from a more general result of {3] {p. 149), but the
ideas of the work [1] give a new and simple proof. (Our proof works also in
the case of differential operators of n-th order),

We need the mean value formula of E. C. TricumarsH [7] (see also | [])

i (-4 (k) = 20, (X)) cos Vil+
sin VAl - |x — &)
¥z

(X -H+u (x+1) = 20, () +

(8)

xed
b le(E)“i(E)_'“f—J.(E)] deg, £ i=-10;
x—t

(9) x4t
+ f [ — (D (= 1x— €, i 5 = 0

assuuting x -, x+1¢G.
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We prove the Statement 1 only for 2 70 (the case 2 = 0 is similar).
Using (8) at x+1 in place of x and the trivial estimates
fcosz| =2, |sinz|=2, [sinz|=2 ]z} (if [sinz|=1)
we obtain for any i,
O-iéﬁRﬁimirl{b_a, N . ]
6 [ImVap digl,
and a4+ d=x=(a+b)2
H )] = hex +2R)] + 4 (x + R+ 2Rl ol =ass, o +

) . I .
+ARNu; | =3 llL=ca- g0y " et =~ a0, b oy b AR || -

This inequality is valid by an analogous argument for all (a+80)j2-x<b-6
too, therefore

- [ y .
Ml ~cas s o-ny= Mt Ne~arre, 0-m 1 Y Nl =z b+ 3R i~

Taking the limit 8- -, we obtain
Wl = 10t L= 0 -y § 8RJtt; .
Now it follows from u,_ ¢ L™ (G) that w,cL.” (G) and 0= (§—2) t,—
¢ L1 (G) if G is a finite interval, i.e. ¢, and « arc absolutely continuous on
(. The Statement 1 follows by induction on i
Remarks, (1) if G is an infinite interval and «, is an arbitrary eigen-
function of order i of the operator { with eigenvalue 7=},

b
Vi= I lg(x)|dx

then t; helongs to the class L~ (G). 1f
b

Vo= [ lgidr,

then this is not true.
The proof is analogous to that of the Staterment 1, te. we use induction
in 7, only in this case we necd the non-synunetrical Titclumarsh formula, i c.

sin pd

H

u(x 1) = afxycos pf +1j(x)

A=t
+ [l —u o1 M e it < paen,
T
* xtf

(e F) = ()0 -1+ [ g i (10 O

if pr = Vi =0,x,x+ICG.
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The exauiple G = (= oo, + <), g=0, 2 —= { shows the validity of the second
part of the remark.
(2) The exactness of (1) hir Z follows from tie example:

G = (0,1), ¢ =0, ug(0) = 2¥726"77, wy(x) = (1 —x)e’~.
Here we have )
el eyl = 21V 2) - [TV 2.

2, Now investigate the estimate (4). It is trivial, that (4) is exact in
(b —-u). Now we show that it is exact also in ¢. For this consider the special
case of the Legendre functions [8]. They are {he eigenfunctions of the Schri-
dinger operator

e U ey

dey¥  4sin? o

namcely

1(0) = Vsin @ p,lcos O), 7, = [H 3 !

)] (= 0,1,2, )

where p, (x) denotes the n-th normalized Legendre polynomial, i.c.

] PakX)p, () = By e
Laplace proved the following non-refinable estimate [8]

(1) }p,,(x)|<-]f.l“_x3 (-1=x=<Ln=01,..)

or

-2
—

Wsin® p (cos @) = O=B-=zyn 0, 1,:
Y Pl ) = e ( 7 t,

On the other hand we obtain from (4) the e%timzltc

-

WS]I‘I O po{cos Q)= - *)-24|j (1 _[I:—) l

((J-cp«-:::i’_fﬁ? o= U, |. . )
and hence

s 1z
|Vsint e py(eos e} = 24:( / | '("["?'('E»).-; 2 }

tl=
" ()] =24
(an 1,09 - fu—~)”’

(—--I{x--:-l, n=0,1,2,...).
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It is casy to see that (10} and (I 1} are equivalent in order with respect to x,
namely, using the notations

JO) = (-7,

x Wt
ooy = (1 -—xﬁrf"-' f “ |
l / (I _52}‘: 2 I

and the L'Hospital rude we obtain

i /&)
-1 g(x)

According to the equivalence of (10) and (1F) we can consider the estimate
(4} as a wide generalization of ([0) for general Schrédinger operator . (4) gi-
ves (among others) the uniform boundeduess of the classical orthonormal
systems (Jacobi, Laguerre, Hermite etc.) on the compact subsets of the funda-
mental interval. Earlier this fact was proved e.g. for the Jacobi functions
using (10) and applying the Korus’ theorem. Qur proof is much more simple
and more general.

In connection with the estimates ahove occurs ProerEm 1. Let
G = (0, 1}, g C () and suppose

2

= ¢const < 0.

Q(\') = O[\l“] (I—r —I—O, s g =T m)

What kind of estimates can we state for an arbitrary eigenfunction u; of the
operator [ without any apriori assumption on u; (or with the assumption of
type a;€L,)y?

Probably, the key of the solution of this problem is the method of our
proof for the Statement {. This method allows one to prove the existence of

such a function f (1) (01 <) for which & ()= (f) implics

cel
m(ty = |l lle~q, 12 = 6ltllL=gromn, 12

and hence we obtain information on the hehaviour of m {f) for { - + 0. E.g.
in the case of g (x) = O (I/x) (x - +0) we obtain in {his way for an arbitrary
eigenfunction «; of the operator {

(12) ;€ Lo( 1 0).
On the other hand we obtain frem (6)
(13) [[t2oli-- = const [igll; - ||l

c. in the case of uyelt (G) we can sfate for g(x) = O (1/x*) (x~+0) the
estimate

(14) tx) = O[—I—} (x—+0).
X
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3. At last we prove an equiconvergence theoren, which generalizes the
Theoremt 1 of |9].
Let 7 be a finile or infinite open interval and consider the Schridinger
operators
L= —0"4+q,-n (4.€ LYY k= 1,2).
Let {:tff’},}“_l be a complete in L, () orthonormal systent of eigenfunctions
(of order 0} of the operator L, with (complex) eigenvalues {}.f:"’}::; (k= 1,2).
For any fe L, (G) consider the partial sums
o) - S, () (k= 1.2).
R |
Define
Zy= Zifey = {z¢C: |1 2] =},
Z, = Z(y = lzeC:. 5 =l
. [T z|
Z = L) = Z,\J Za
We shall prove the following
TheoreMm. If (YNNG Z () for k = [, 2 with some ¢ =0, then

(15) LX) =D X) -0 (e o)
uniformiy in x on every compact subsef of GG

Proor. We need some femmas. First introduce the notations

« (k) (k)2 (k) (Y | k)
P (”n ) v finy = 2o F{pu -

In the following for the sake of simplicity we omit the index & and {7}
means e.g. {347} or {5}

LEmmA 1.
(16) Zrn "“n“im(f\')‘—:cl (.'\'EK, p=1}

gt =
|Fq|=C
holds, for any compact subset K of G. The constant €, = C, (K, ¢} depends on
K and on ¢ but it does not depend on .

Proor, (16) was stated and used in [6], but the proof given there con-
tains a mistake. The main idea of [6] works and the proof given here is an
improvement of that in [6].

Use the Titchmarsh’ s formula (8) at i = 0 and x4+t in place of x for
i, Fix an arbitrary compact subinterval K = |a, ] of G, and define

. {b—ﬂ 1 }
R:=mind- -y —— e S
4 4(—(1('2([ A+ ”‘qui-‘(K)Vh -a
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(sce (19) for ¢,) where C is the constant given in (2) for i = O (also in the fol-
lowing part of this work). We obtain for xe K and O=f=R

1(x) = 20 (X4 1) cos g f— 1 (x+ 20+

(17)
x &3
[ i T D g
-”Il

and hence, integrating by ¢ from ¢ to R

R

Ru (x) = [ [20,(x + ) cos uf — u, (X + D]dt +
8]
R

+ I 2u,(x +-N[cos pu f — cos wt|df +

R x4+
sin gt — fx+1—£))
gleh () — p “dedt = A, +B,+C,,
n
consequently
(18) R 2 Ayl = )j [Z 1A+ X Bt €yl
u k3 ||__ H 1¢n j__
tpnl = oul =€
By the Bessel inequality we get
2 A, E=5R,
n=1
further, using the trivial estimates
(19) |sin z|, [cos 2| =¢,; [sin 2] =¢,)2]; |cos t—cos 0] =g, u—v}

(lf Z! ”J L"EZI(E))
and also (2) we obtain
| 8] = CoCaR¥|tnll2eicys
|C| = CoCyRgl Lrgaoplltt gl zgacy-

Summarizing our estimates and taking into account the definition of R we

obtain
h

” 1, ’
( 2 | Bad Caltx= oRE D tlisuo”,

[71—i@pi P L 3] =
“ |ﬁn|”_t- |fpl=C

1 2 denotes that we consider only finite sum. Hence (20) foitows, where infinitely
many terms are also admitted.
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canseguently
_ < 204b wa)
. ~
(20) 2 Mialleas ==
(—-;n'! ' R

‘Bul=C
Now applying (2) again, the desired estimate (16} follows, Lenima 1 is proved.

Lemma 2. For every x( (G there exists a compact neighhourhood K =K,
of xand a numhcl 8 = R = 0such that the following estimate holds

(21) e~ = V0N Loy (0= 00205 a1 =0)
where
(22) XY == 0 () chiB,0(x)],

o(xX). = dist {x, 2K}

It

(23) K= {xeG: dist (x, I)=R).

Proor. Let K = [a, b] be a sufficiently small compact conuected
neighborhood of the fixed x¢G. Then we have for B = (—a)f4: K, G
and

(20 sh {(¢R)=3, cth (eR)y-=12,

, ¢ ! l
gl o= ot = 1in .
Al == ahorcreny {)() 2000 R |

We shall often use the trivial estimates
sh (Im z)=[sin z| =ch (Im 2}
sht {Lim 2} = lcos z1 =ch (Im 2).
By the second inequality we get
|z (Ol = | eth [F,e(0)]] - [1,(x) cos | p,0(x)]],

and hence, applying the Titchinarsh formula (8) we obtain (using also (24))

()] = | cmzrfm(x)n{ 4, (x = 0CN| b |iy(x+ o)) + f””"- [ (Km}{

i

N , ligll
$3{3||Hff||f_"”(h';g\h'1 o ﬁnR“”” L= . il = =

Hgll

. 1 o
=il egepnig + i e TR L ey L )] =
h) ¢

h 8,R

. | .
= 3R e =, 4 2—||ffﬁ||h°°u<»

I |
it =go = Slinle-apnm + | Hedlle-wo-

Lenuna 2 is proved.
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Lemya 3. Under the asswmnptions of the Lemmia 2 we have
Y [T 6 & N
(“‘ﬂ,) !'“nHLNH\'n\J\') q’};‘k“li”n”[ﬁ”\'} (”EN! Jr}))r! ——_—"")'
PROOF. Suppose xC|u— R, a], R~{=2]¢. Multiply both sides of (17) by

ch |5, o (x)] and take into account

{ch x) (ch ¥)=ch {x+v} (x, »=0)
and
Ch A, @ -Ix+f—gltg (N]=ch |3, 0(8)]  (x=sex+2).

We obtain

15 A TR Rl R § TR P A AT T .\q.

rl'”n||1r TR )
Integrating both sides by  from /2 to 2R and applying the Schwarz inequality,
we obrtain
!“*(\)l f_'R |Hn|-‘ Ny T |":}'n|ll_. R
This inequality is valid by an wnalogous argument for all b~ x=h+ R too,
therefore
gl

3
a2l r= s o) == ';,R-"HH ey + ”” il =0

and hence, taking into account (21) and (24)

Neeilleer s my = i (\l'ﬂ*“;vu\)-l- ! M|l =g a6y
Lemma 3 is proved.
Lemma 4. Under the assumptions of the Lemma | we have
(26) ety = 2015 lizacy,

where
IEFE() = (x)sh|fe(x)].

Proor, 11 is enough to remark that x€ K implies o (X} = £ and to take
into account (24).
CoroLLARY.
'}
(27) e = - g0
i it l‘ R

Lemma 3. Under the conditions of the Lemma 1 we have

(28) 2. |l (B, R = Co(K).

By

FLili=
Lt =2,

13 ANNALES — Sectio Mathemutica — Tonius XXV,
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Proor. Caleudaie the following fnteorai. nsing e Titchunarsh™s formu-
la@ya i -

#x) o(x)
D,: . / ”’!(_‘\ ' f.) ; =1y et —/ e XYy cos w fill -
9(‘.;) X : t ] '
/ j G2, (5 M!']'-’””U * :—] dzdt (v K.
o ",
1 ot

Hence, using the Bessel inequaliiv, (24) and {27) further taking imo accoun?
that o (X)-=3 K, we ubtain

of X

3,0y .
, wAXdYeos n ddt - 0,4 chiBnol) o=
it ",
! 360
=3MiIR [ae e~ o= 10, - R
o {‘”N! ! (R il '_’(]t)[)ls;“i]"f,fe [F2] ]
e
- e | l T o \-_:1 i I -l sy l *
Z s llL'—'H\')! 1 TR s ”)n-_' PN .ZJ ””*I-' Peagry, vl
e i a-1 EORE Y i
or

> [““::l'f,rm'} . ] - 10 RE,
o I-”.l'r:

I
gt

Hence, using (27) we obtain

R [lluff“:,“'u\'ml

vl
izt

8 ] - 000(120) R,

M

Taking into consideration the inequalitics
r | Y
I ";L!;_f”L

[ (x)-ch B Ri=|uf(x}]  (xeK):
ch (2x)

2x

ch(x)= (x=O,
the desired estimate (28) follows.
Lemma 5 1s proved.
Consider the function
Josinp(x W)

v v =R
T {(x-))
1

v= vyl = e i
T Xx—-vi=K,

=0, 0-- 2R < dist (K, 3G), xe K)
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for any fixed compact interval Ko @G, and calculate its Fourier coefficients
with respect to the systent {u,}. We obtain by (8)

i)

RS ] vl v (v = T n,,(\)-/ sl uimb- Hal dt -+
T

o

A :i?
= | a@uaayi(Rox B,
Ly
®
AR = = ] SHD gif 5 e, (f __é.:‘_“:_sl_)_(“_
' ) afu,
Using the nutation o
X+R
Sa(fix) = jl',,[h\‘——_l'-. w}f (v = ] j f(v )““ iy - d_\’
h ol e (\ _J)

we have for an arbitrary fo L, (G) the cq uation {cf. |9])

Su(f‘ -\-) - ﬂ‘."(_f‘ '\‘) == Z (f ”n) “n(\) +

u ]

R n
=2 singd ! 5
(29) } Z{ / snpteos il gy }(f HiA(X) +
7B | T t
{1
. x ;—Fc‘
LS [ ] Gl (EYyp (R A - Ei)df:l(f. 1),
n=1i e
5 :/ xul u.*‘u.__c_)_t_n_! il = i e L =0,
) { l 2
“ \ 0, n-=<p

where xg € is an arbitrary fixed point, K denotes a compact connected neigh-
horhood of x and R .- 0. Suppose they are chosen so that our lemmas 1 —5
are fulfilled. We shall prove that the right hand side of (29) has the order
O (1) (x> Dy uniformly in K = K, and hence the statement of the Theorem
follows by Borel’s covering theovent.

To this we necd the Tollowing estimates:

R
30) E.: - __j_f.ﬂ_ll‘uicm il i _é::r L ﬂl_ N (B,R),
T t b+l — 2]
6y hmens S0 agm 0<0<r e,

g

13%
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First we prove (30). An casy caleulation gives

R
. 2 sin uf N
E, = f ; [cos o0 ch g0 — i sitt o 0 sh gifldl- 6% =
T
0
K
m 1 cos x,f chi (g1
she gt + | sin aheos ol 80 = H +
"r i
.'? U
. R
L 1 3. 2
8 j‘«mu{\m;f fin iil P
{ x
0

-t

1=

D=l --tm bR
(19){. Integrating by parts we get

I
fooe B | SNBARET j [“!'ﬁ"’ '] a = 2 R,
||” |'xn” R t fe:.” - |:’(n:]

Lh)

R :
3 . > e ’
fp=— sh AR + j [5“ ﬁ"t] dt {=— . shf,R.
||”_'|7n|| R ! Rlu_ |:7n||

(4]

Sumniarizing the estimiates (30) follows. For the proof of (31) first remark
that obviously

R

Tosin pt

9% (R, O)) = / 1.

Tu,l

1 fr

lience, in the case of j«,| = 1'R we obtain
R
Iy (R, &) = [ ch B.uit = R eh (B,R),
0
and in the case of ||~ 'R
Vil | R

[y (R, ©)] = f el (3,1t + f hig)

0

M
Lilzg!

= MBRY R

ol
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The estimates (30) and (31) are proved. Using these estimates, (16), (28) and
the Schwarz inequality we obtain

S0 =00 31wl 3 Ju0f + 3 B+

xR

FZ} f H (i (R, |x —£])dE }5
-R |

H—=

KR, s)ufnf_-(mz{m P }uh BBl <

=1 0(n| e l+|u ~j%n ]

EC(K}II.}‘!EE{—];-LE_F ol 3 G @R -

k- mn:=_if.'-.— 1

=C(K)- I71i-

We obtained: every xe(i has a compact connected neighborhood K = K

such that
[SAfexX) =0 f, ) = CK fllLzsy  (XEK, p= 1)

Hence by Borel's covering theorem the last estimate follows for every coni-
pact set K¢ (. For f: = 1, we have

Sl X)=adfy )0 (u- )
and using the Banach-Steinhaus theorem we obtain
(5o oa) (L X)=0 (.” — o2, fE L2 (GY)

uniformly in X ont every compact subset of (7. Hetice the Theorem follows by
the triangle inequality. The Theorem is proved.
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MULTI-SYMMETRIC PACKING OF EQUAL CiRCLES ON A SPHERE

by
T TARNAI

Hungaran {nstiure for Buddmg Scence. Budapest
f Recerved fulfv 412, f082)

1. Intreduction

The arrangement of the openings o the surface of eertam spherical pol-
len grains has inspired the following mathematical problem (Tammes prob-
lemy | 12]: To distribute # prints on the sphere so that the feast distance bet-
ween e points should he as great as possible. This problem is equivalent to
the determination of the largest diameter  of i cqual circles which can be
packed on the surface of a sphere without overlapping.

The literature of the Tanumes problem is surveyed, e.g., in FEfES ToTH's
books [4], [5], and mwore recent reswlts up to 2 = 60 are summarized in
SZEKELY's paper [11]. Seme of the spherical cirele-packings listed in [11]
have been improved by Daxzer [3] (1 = 17,32) and, more recently, by
Tawxar and Gaspir [13] (1 = 18, 27, 34, 35, 40); and a new packing for
o= 80 has alse heen constructed | 1471,

The aim of this puper is to present constructions for the packing of 54,72
and 132 eyual cireles on asphere and, in this way, 1o give lower bounds for the
extremal deusity of packing.

2_ Strueture of virus coats and circle-packings of Rebinson

Elcetron microscope obseyviations show that nuuy vicuses have a shape
of a regular icosahedron and their stracture units, in general, forn a regular
pattern on them. Studying the struclure of virus coats Casear and KLue
[ 1] discovered that a regular triangular plane net can be folded into a poly-
fiedral net having icosabedral synmmnetry in rotation. This fact was also dis-
covered varlier by GoLnisers [6]

CoxeTeRr {2 has shown that this operation can be done in the following
way. Consider the regular tessellation {3, 6}, which consists of equilateral tri-
angles, six at cach vertex, filling and covering the Euclidean plane. Proceed
from a vertex A along one edge, continuing in the same direction until §
edges lave been traversed, then chunge direction by 60 and procecd straight
atong ¢ edges to anew vertex 57 (Fig. 1),

The starting pointt A and the end point B3 of this “knight’s move™ determine a
straight line-segnient which can he considered as an edge of an equilateral
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Fig. 1.

triangle (dashed lines in Fig. 1). This “large” cquilateral triangle defines a
regular plane tesseliation {3, 6} every vertex of which is a vertex of the orig-
inal “small” tessellation {3, 6}. Thie edge net of an icosabedron cait be given
by the edge net of the “large” tessellation {3, 6). Because of the rotational
symmetries of the “large” tesscllation supplemented by the “simall” one, a
“small” triangular tessellation is obtained on the surface of the icosahedron.
This was denoted by
{31 2 + }b. [

by CoxETER. It this symbol, number 3 means that the tessellation consists
of triangles, and notation 5 + refers to the fact that five and more than five
(i.c., six) triangles meet in the vertices of the tessellation.

Repeating the previous argument and using an analogy with the Coxeter
symbol {3, 541}, . we can define tessellations on the regular octahedron:

{3’ 44_]!;. ot
and aise on the regular tetrahedron:
{31 3+}!). ¢

When the polyhedral tessellation {p, g +}, . (p = 3;¢ = 3,4,5; b and ¢
are integers, positive or zero, not both zero} is ““*blown up” onto a sphere then
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the edge-lengths in the obtained spherical tessellation are, in general, diffe-
rent. But if the way of “blowing up™ is not fixed, then some of the edges
can be chosen to be of the same length. And if the edges of equal length are
chosen properly, thea the system of these cdges can be considered as the
graph of a packing of cquali circles on the sphere. (The vertices of the graph
are the centres of the spherical circles and the edges of the graph ace great-
circle arcs joining the centres of the touching spherical circles.)

in his paper Rosixsox [9] used the tessellation {3, ¢ +}.. ., ¢ = 3, 4,3,
for the packing of 12, 24, 60 circles on a sphere (Fig. 2 (a)) and the tessella-
tion {3, g+, ;, 4 = 3,4 3, for the packing of 24, 48, 120 circles on a sphere
(Fig. 2 (b)). Fig. 2 shows a part of the graphs where the triangle composed of
dashed lines is a face of the regular tetrahedron {3, 3}, octahedron {3, 4} and
icosahedron {3, 5}, respectively.

Fig. 2.

3. New resulis

Consider the graphs of the circle-packings of Rosixsox (Fig. 2y . Madify
theur in such a way that, while the character of the base tessellations is pre-
served, new g-valent vertices are added to the graphs at the vertices of the
polyhedra {3, ¢}, ¢ -~ 3, 4, 3, and then the regular g-gons around these verti-
ces are removed. [n this way the edge-systems in Fig. 5 are ohtained, where
the triangle composed of dashed lines is azain a face of the regular polyhedra
O, ¢ = 5,45,

On tiie spherical tetrahedron, the edge-system e Fige 3 cannot deter-
mine gond spherical circle-packings. For this rcasen, packing of 16 and 28
circles in tetrahedeal symmietry will ot be considered further.

On the spherical vctahedron, the arrangements according to Fig. 3(a)
and Fig. 3(b) result in packings of 30 circles of diameter d = 37° 28" 43.0”
and 54 circles of diameter d = 28° 16" 32.7", respectively. The result for
n = 30 is not of interest since the obtained diamefer is less than that in
packings due to GoLniere [7] and Stronmajer [10]. The diameter obiain-
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ed for o = 34, apart from a difference of, 0,17, s the same as that of Szi-
wkeLy [ 1] This slight difference is presumably due to inaccuracies in his nu-
merical computations. Since the graph of the obtained packing in a sterco-
graphic projection has the properties of a spiral of four branches (Fig. 4)
as described in {11 ], it is very probable that we have found the missinig graph
of SZEKELY™s packing of 34 circles. For, the figure of the graph for 1 = 34
was unfortunately left out of the paper of Szexevy [11] and this graph has
heern questioned by MELN vy Kxoe and Ssru [R].

Fig. 7.

Considering the nets in Fig, 3(a) and Fig. 3(b) as parts of the graphs
of circle-packings on the spherical tcosahedrou we ohtain packings of 72 cir-
cles of diameter o == 20 30" 23,17 and 132 cireles of dinmeter o = I8 20
29.97, respectively.

Let o denste the number of edees of the graph. Tuis easy to see that
2n—03-ce holds for the graphs presented in the cases of o= 54, 72, 132, and
g0 it seems very probable that the graphs have no degree of freedom in the
Danzerian sense [3], and so they are rigid. Consequently the packings cannot
be timproved by moving the graphs [13].

Tabe 1.

" i f N ¢ 2,3 ~tessc)lalwm uriaph
34 LT IR S CBRITS 120 15 HeR: NEN W g, 3¢, Figd
12 24- a0 2317 08423 1 ‘ U 1309 by [Fig. 3
i UL
e — 5 . | | .
132 18- 217 505" 08454 | 300 1 30 HERC RS T Fig. 3(h)

The mumerical data of the pewly discovered circie-packings are collected
in Table 1. Here the guantity O which represents the density of packing
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(defined as the vatio of the total area of the surface of the spherical caps and
the surface area of the sphere), has been computed by the expression

D= ! [I - cus-d-J.
2 2

g A

Acknowledgements. | thunk Dr. C. R Cannapixie, who aroused oy
titerest in morphology of viruses and made any suggestions for improve-
ment of the text. 1 also thank Mr. J. Gyurid for the assistance in the numer-
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Note added in proof. After (e manuscript went to press, it cante
our knowledge that the result presented here for 72 cireles was also obfai-
ned carlier by Mackay et al. {13].
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By
N. L. BASSILY and J.-MOGYORODI

Department of Probability Theory of L. Edétviis University, Budapest
f Received August 4, 1953 )

1. We continue our work [ 1] and we use the notions and notations of it.
The main purpose of the present note is to give a maximat inequality for
the random variables belonging to the space ¥,. This is a direct generaliza-
tion of the spdccs X, defined in [1].

Let Xci, (Q, ¢ 1" Py and let  fFoo 7o FaC be an increasing se-
fuence of a-fields of events. Here (O, «f, Pyis a pmlmhllity space. Put

X = E(X|7)
and suppose that X, = 0 a.c., further that 7. = of U Ta} =i

It is known that if X belongs to L* then a IILC(_‘:‘»dIy and sufficient con-
dition for the validity of the maximal inequality
E(@(XE)) = E@(a1X,,),
where
XE = max | X,]
U=k=n
and « is a positive constant, is that the conjugate Young-function ¥ he of
maoderated growth [2].
The relevant knowledge aboutl the theory of Young-functions and
Orlicz spaces can be found e.g. in [4}.
We cannot prove in general that X belongs to L™ if it belongs to X,.
For this reason it is of interest to establish a maximal inequality for the
¥, martingales.
For the random variables belonging io X, we shall show among others
the maximal inequality
X7l = Call XlIx

which is true if @ and ¥, the conjugate of 4, have finite power. Here Cp =0
is a constant depending only on @.

2. Let @ be a Young-function and consider the family £ of the variables
y defined by the formula

o= {pipcLl?, BIX = X V) S EGL T ae. v ,).

&?
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H 1% is not emply then we set
(X, inf X
et
ST
TUis casy o see that PX5

, s anormton the set o

Drrixtrion 1 We say that X¢ €, with norm (X if "% is not
etpty.
Tuores 1. Lef X¢ o atid suppose it X 20 o, Lot @ be a Youngs-
Junctivn huving finite power p, i.c. the quantity
XX
P sUp )
vl r[)(,\-)
is fimrite. For arbifrary k=1 se
XE0 s wup X, XLy
ne=k
Thew for any constunts o - Vand ¢ = Lwe lune

00
Efwlg{ - X ]

‘ _[i/\((,)ﬂxrl Yo

s

b1
o
( J—
where A — A (¢Y is Hhie constant such that
g{exy = Ag{x).
Proor. Sinee W (g (X)) = X ¢ (x)— P (X} increases in x, by the monotone
contvergence theorem it suffices to prove the inequality of the assertion with

max ' X, — N,
LS=H

instead of X*%_ Also, by using the idea of Theorem [ and Coroliary 1 of
[ F]1t is enough to show the validity of our incguality with
max i X, =X}

lail=ine

By the result of Theorem I of [ 1] this random variable for arbitrary g=«--0
satisfies {he inequality
(B—e)P(X3 = 3) 5 EQrp(Xi =),
where »¢1°% is arbitrary and z{B) denotes the indicator of the event B.
For arbitrary =0 define
XE = min(XZ%, a).

Then X**¥e L. and for arbitrary ;=0 we have

cx - 0 if Z=a

Z(X:l }"-) = A o
7(XE=-2), ifi=a
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Consequently it follows that
(B—a) POXT* = P)=E(y #(X3¥ = 2)).

Choose g = ¢ =, where ¢= 1 is a constant and integrate the obtained inequality
with respeet o the measure generated by (=), Using the Fubini theorem

we get
A ‘Y:k* Al e
{r |1 )};['P[;}[ " ]” = E{pq QOG-
-

Forarbitrary ¢ - 1 there exists A4 - c(e) satisfying the inequaliry
g (ex)= Ag{x),  x =0,

sinee @ has finite power p. Thus from the preceding ineguality it follows that

(e ng[w[q [ Xf ]]] £ AW E[:«;[ Xz ]]

Now apply to the right hand side the Young-inequality to vet

- ol e ) )

where =0 is a constant to be determined later. Since X#¥¢L, we can rear-
range this inequality to obtain

fe— 1 — A(e)d IE[W [q [X{—“]]] = ,’-1({-).';[_«:[(!)[ h]]

Let ns chonse #2-0in such a way that

Ay = 7
2]
be valid, Then the preceding inequality gives

T )

c—1
Aloke
Letting a t + = by the monotone convergence theorerm we obtain

(o)

since in this case X% t X3 and since ¥ (y(x)) increases. Apply this ine-
quality with the new martingale

["){"_ bs fﬁ]! JIF{:—l—h I
vl

where
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This implics
- A - -
[n‘_)"" 1)L ys it - [ S = 15 ‘él
t. i H I'!I
L e I3l
e

Here ;-(f‘;’é is arbitrary. Since [ X', <0 by rurning to the infimum for

i

S
Xn .

[AORX e,
I

w Iy we finally get
(o—NEfW¥ (g
6

This was to he proved.
power p and g, resp. Then for X¢ ¥, we have
iy

CoroLLary 1. Suppose that both @ and its conjugate ¥ have finite
. ¢
1X 5N 2= A(e) l-IIXI'sr
r—

where ¢~ 1 is an arbitrary constant and A = A{e) is defined above.

tn fact, if ¢, the power of ¥, 1s finite, then
(= 1) (g (x)) =D(x).

Consequently, from the inequality of Theoren 1 we get
ES
Lio . X =1,
ff-—---l—A(f)liXII €
¢ —

where we have chosen o = ¢, This means that
S AOEX]
._ l O [T
ip where

BX s =g~
L

Especially, if &(x) = x7 then ¢{x) = 07~ and P(x) = ¢
pritg=t = L Thus, if X¢ Xy = & (cf. [ 1]) we obtain
# s
IX5E0,=g 1 Xlx,
¢ -1
This is the inequality of Garsia {[3], Thearem 11, 3.2.). The constant
of Garsia is, however, other than ours.
The constant ¢ 1 can be used to optimize the cocfficient on the right
hand side in this inequality. The minimal value of ¢7/(c— 1} is obtained when
we take ¢ = pi(p—1). Thus we get
X5, = pg?l Xz, = pael Xliz ,»

an inequality which gives a constant sharper than Garsia’s one.
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3. Is there some connection between the space £ and the Hardy space
647 This last is defined as the set of those random variables X ¢ L, for which
the quadratic variation

- 12
S [Ztﬁz]
i
belongs to L% Hered, = 0, d,. d,. ... is the difference sequence of the mar-
tingale
X, = E(X| T, nu=0, X, =0ac
tr this case we define

1XfLa, = 18|

= [\l

When the power of @ is finite then A, < €. In fact, the Burkholder,
Davis, Gundy inequality (¢f. [6], Theorem [5.1.) inn this case guarantees that
XE oy implies

X% = sup | X, |€L”.
el
From this for arbitrary »7= 1 we have
FE(X X, W TF)ECRX* T ae

Consequently, B
Xe ¥,
and
Xl ¢, =5 20X .

i

The following assertion gives a sufficient condition which ensures that
the spaces A, and €, coincide.

THEGREM 2. Nuppose thal & ad its conjugate W have finite power p and g
respectivety. Then the spuces o and H04 coincide. More precisely, there exist
positive consfants ¢q and Co such that

Xz = 1 XLy, = CaliXMi ¢

[ 0 "t

Proor. Suppose that X¢ €. Then by Corollary [ we have for all 1=
that

X%

3 .
=y A Xl 2 e
t—

Consequently, for the random variable
XE = sup | X,
i1

[1X

by the monotone convergence theorem we have

¢
NX* e =g - -—]—A(f)I’XH Ko

14 ANNALES - Sectio Mathemafica — Tomuos XXV
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wlhere ¢=1 is an arbitravy constant and A\ = A (¢) is defined above. 50, we
get that X*¢ L™ By the Burkholder, Davis and Gundy inequality it then
follows that X e, since @ has finite power and with some constant ¢, ~0
we have

, ; £
Cal| Xz = [[X*lo=gq- "]—A(f)HXHx@.
('_

This proves the right hand side of our ineguality.

Conversely, suppose that X¢ s Then by the remarks which preceed
the present theorent and by the Burkholder, Davis and Gundy inequalily
we get with seme constant ¢ =0 that

(X ey = 20X o = 2e0 [ Xz,

This proves the feft hand side of our inequality.
As an application consider the following martingale: let ¥, V,, ... he
independent vandom variables with zero mean. Suppose that the series

V=2V,
i=1

converges a.e. and £ (| Y1) is finite. Let. 7, be the o-field gencrated by the
random variables ¥, ¥,, ..., ¥ o=l and let 7, = (@, ). Then the mar-
tingale

X, = E(Y|'F,)
in such that

X,=Y+...+Y,, n=sl

and

Xe=0 ae

We have the following

Lemma 1. Suppose that the conjugate ¥ of the Young-function @ has
finite power ¢. Then Y¢ X, if and only if
sup |V, |€L”.
In this case =
v = sup |Vl + £(] Yel'y

and ‘
Xla=l5up [Vt o + 57D,

xl]
where x, =0 satisfies @(x,) = 1.

ProoF. Suppose thal
sup |Y,|€L®
L]

Then for arbitrary k=1 we have a.e.
EQV = Xea[ 1) =1Vl 4 E(Y = Xy =EGupl V.| 1F,) FE(Y D).



ON THE .t’rjr—SP.-'\CF.:S WITH GENERAL YOUNG FUNCTION 2]]
Thus with
¥ = sup Y [ +E(Y])
=
we have _
E(Y — X, O VP =E(vh £ ae
and consequently, »¢1'y. From this it follows that
‘ E(V!
1Y g =Tl =15up 1V o+ (i o8
i~ g
a1}

since x>0 is the number such that &{x,) = 1.
Conversely, suppose that for some y¢L” we have for all k=1
_ E(Y—X,_ | VFO=EGIF)  ac
From this
|V = E (¥ F) ae
and consequently
sup |V | == sup E(yI(F).
kxd k=l

Since the power ¢ of the conjugate Young-function of @ is finite by the maxi-
mal incquality (cf. [7]) we get
5up 1Y 4| o = 1 5p EGr 1 7o =4 5up JEGr Fidllo = gl
This proves the assertion.
On the basis of this assertion we can deduce the following inferesting

Tueoresm 3. fof

be an a.e. convergent and finitely integrable series of independent rardem variab-
les with zere nrean. Consider the mariingale

(X, =V, +...+Y, F) n=l,
where Fo = (®, ) and X, = 0a.c. If @ and its conjugate ¥ have finite power

p and q, resp. and if
sup | V,leL”

i=1
then X*cL® Muore precisely, we fuve

[ t (Y

I5up 1V o] o= X*a =g - -A(c)[u sup |V o+ S '-)—J-
2 = ¢—1 izl Xy
Here ¢= 1 is an arbitrary constainl.

Proor. The left hand side of this inequality is trivial since for arbitrary
i=1 we have
[Vl = | X=X =2X%

14*
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To prove the right hand side use the resuli of Corollary | and Lenuna 1. Ac-
cording to these we llave

t vas - . [ | : L{|VD
X e =g ANV =g Al sup [V e + ‘
-1 v i AW
This proves the assertion.
Thie result of this theorem is to be compared with that of the following
Theores 4. Lef Yy, Y, o be independent raidont variobles with zero
mean. Theu for arbifrary Young fungtion @ we gave

(X Slle = 44X ol

where S, = YV ,4-.. .-V, k=172

o . . '
X = N e X omax [N

bosho=it
Proor. We can suppose thal | X, l|l» is positive. In fact, the norm of the
submartingale {X,} increases. Consequenly, in the case | X e = 0 for all
k=nwe have || X,jle = 0. This means that X7 vauishes. [ this case we have
nothing to prove. In case [|X,|le = 0 let g(x) be defined by the formula
H{xy , if x=0
a {20
W{—x) 1 x-=0
gix} is even nomegative and convex. Broxer [9] has proved that if the
random variables ¥, ¥, are independent and symmetricatly distribated
then for arbitrary 20 we have

P max g(8,)=72)=2P(a(S,) = 1).
i=h=n
From this by integrating with respect to 7 we get

E( max g(S,)) = 2E(¢(S,))).
=k-n
This means that

E{ max & (X)) = 2E(®(X ).
l=k~wu
Now

1=zk=n

max PX,) — D(XE).

since @ is increasing and continuous. Frem these using the inequality

X ] .
r;o[ 2-] = 0
we get

E[ @[2‘23.]] = E(0(X.)).

Apply this inequality to the variables YF

YV X i to get

ATl
2”)(HWb ”)QAM
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We conclude that
Xl = 2| X o

t11 the non-symumetrical case let us consider the random variables V7, ¥),...
Y’ such that ¥, has the same distribution as ¥, i=1,2, ..., u and the
sequence
4 s ’
yl' Y]: Vz, y;:' Tt Vn! Y”

ix an independent sequence of random variables. Put
Zi=VY, -V
ain

S = Z Vi
k=1

Then the variables £, 1 = 1, 2, ...: are symmetricaily distributed and in-
dependent. Consequently, by what we have obtained above

max |Z, & ... +Z] max {8, — S| \
El | =k . . = E|l | 2rF=n );
_ 2 2

E(P(|Zy+ ..+ Z,D) = E@(S,-S))).

max |S, — 5| .
L(rb(l S S EE[(})[.EA]J_
2 2

[For this purpose let 7, be the o-field generated by the random variables
V,, ¥, ..., ¥, Uslig the Jensen incpality for the convex functions @ and
Ixi resp., we get

el i 7|2 € Si =S 7=
Oy 2 :
_ q,)[y )|] - d;[ff] a.c.

since S, s F-measurable while &7 is independent of - F, and has zero inean.

From this
jmax L[ "‘ ] --n]:: max fD[X’] a.c.
Leshzsn 2

E[ ax @['b” Té—"—']‘-?;;] = ax (D[X J 4.¢.
Ik-rn 2 ! 1zk= 2

By the monotoenicity of @ we get

TRl _ L y *
E[(D[max IS -5"1].7,,]?; (D[X” ]
Ik 2 2

*)

We show that

or
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Turning to the expectation on both sides we obtain

E[(D[ max £—ﬁ” = [qb[X_:]

lsk=zn 2 i

i =

Comparing the so obtained result with (*) we obtain

E(®(]S,~S,) = E{‘D[{ﬁ ]]

or

2

E[m[ﬁ ” = E(®(/S,i +1S4])-

Not that S, and 57, have the same distribution. So their common L®-norm
is || X ,lle- This means that

R L L RS | B

and we finally obtain that

[ X3 le = 41X llo.

This proves the assertion.
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ON THE BMO,-SPACES WITH GENERAL YOUNG FUNCTION

By
N. L. BASSILY and }. MOGYORODI
Department of Probability Theory of L. E#tvos University, Budapest

{ Received August 4, 1082 )

1. Intreduction. The ¥ -spaces are treated e.g. in the book by A. M.
Garsia|l]. Let XelL,hea fandom variable defined on the probability space
(2, 4, P)and COI]bI(JLI the regular martingale

Xrl = E (X|'}:n)! ”}:U;
where (7)), #1=0, is an increasing sequence of o-fields of events such that
.3:“ = g[ L) |?n] = (_—f'
n=0

We suppose that
X, =0 a.e.

=

For | =pz= 4« scl
P()g) =4y ’ELP; b(|X Xn 1” ”)EE(}Ji'}_n) a.c. V”EN}-
We say that X ¢ &, if the set /" is not emipty. In this case let
X0, = i;[n; a7l

[t is easily seen that |- Hz is & semi-nornt. The space X, is the well-known
BMO,-space.

The aim of the present note is to give a general inequality for the maxi-
mun of the martingale corresponding to X¢ X, further, to give better con-
stants in the maximal inequality for BMO, “random var |dbies and to generali-
ze the notion of the BMO -spaces, 1 == + o, cf. [1].

2. A general maximal ineguality. In this section we consider random
variables X € L, such that for every #1=1 we have

E(]X_Xn—-l||l;{TrJ)EE(}’|‘7‘:n) a.c.

where »€ L is a random variable.
On the basis of this we easily deduce that for arbitrary 1=k =1 the inequality

E(|X,— X, _iil Fy=E(p| Fr)
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holds. For this purpose fet us remark that the conditional expectations

EQX, X, _ 1 OF), 1=k k+1,

increase as gincreases and L is fixed. This follows from the fact that the se-
l]llC[lCC

(X, =X, o=k kel ...
is a submartingale. This submartingale converges in L, and a.c. to
X=Xl
Consequently, the same is trie for the above conditional expectations. There-
fore, for arbitrary 1 =k we have
E(|X,— X, (|| THZE(X =X, I TOEGFT) ac,
Conversely, if we suppose that for sonte »€ £ and for arbitrary i which

is nnt smaller than &, where & s arbitrary bat fixed, we have

E{ | ')(rl —' XJ'. -1 ' H ;‘:j,-} e {:‘( ' ?j;} L
then

EOX =X, _ o FosEG0 7)) ae
This asscrtion alse follows From the above remarks.
These conclusious enable us to prove the following

Turorem ). If e L 0s random variable sucl that for afl 1=k =1 we fuve
EGX, -X._,0 FYsE@V 7)) we k=120 0000
their for arbifrary 3=-z -0 we fiave
(B—nE( (XE - FN=0uNE 2T e
wiere
XF = max |X,].
I —kon

Proor. Define the stopping time vy for arbitrary fixed 2.0 by fiie for-
Mt

inf(h:l s=k-n XFn00f0 X¥-7,
n+, it Xi=2
Then, as it is easily seein, r; 2, if g2, We have

EGUXS - B Ta) = 20 EGulr = 017 =

1] K
= > D E(ur, = ke = D] T).

gy Iy ey |
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On the event {4y = &, v, = ) we have XF=o g and X¥F | ~q, 0. XF_XF =
¥ k {1 4 IS i —1
= —«. On the same event X} = | X[, since X} . <. Consequently,

K [|X|X;'l

EXE =) Ty) = z > E P = ke v = :')!CFJ]f

B—x
0ok - EX;‘_L._l_){!__ﬂ

= ZE

k=tl=1 “3‘1

wlrs = kore = D). ?'"1]
Since | X i = E(JX,, 1| £} and 1X,_! is - 7 -measurabie from the preceding

ineguality we get _
(=) EQUXT = 3 F1) =

=3 S EENX, — X070 2 = kv = D F) =
|

e I

Z ZE(LU‘X Xy nrfyas =kova - D7) =

"

Z Z {"(lX X ll/(;r = {‘ ", == “'?:I)

LoD

given that y(y = &, v, = §) Is trivially  7.-measurable. A reordering then
tmplies the inequality

(B EGUXE =B T) = 3 E[1Xy X0 0 3 s = bor = D1 |=

=3 E(1X, - X lulee = D Fy) = Z[:(b(p( - Xl el = DIFY)

(|
since (i = ) is Frmeasurable. Using our assunipiion we finally get
(B — o) E(u(X3 = B) 7)) = 2, E(EGLF) fre = DI FY) =
=1
| = EGuXi - ) 7).
This was to he proved.

Remari. Garsia it [1] {Theorem L2010 and Lenvma 11 5. 1) has
proved siiwilar & inequality. Qur inequality is a unified version of these and
leads at the sanie time to better constants in the estimations helow.

Remark. For arbitrary { =) consider the andom variable X X,_ <L,
Then the sequence
Xo=Xioygp X p=EL,

of random variahles is a martingale with respect fo the sequence

Up= Frog4, pz0
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of o-fields. Further, with arbitrary +€ L, satisfying the condition of Theorem
1 for arbitrary p=g=1 wt have
E(}X;; ‘X;—1| |Gq) = E(IXI—1+p—Xt—1+q——1| |'?f—1+q)§
=E(y| Fioisg) = E(y[G))  ae.

Consequently, (X}, (,) also satisfies the conditions of Theorem 1 and so for
arbitrary f=-z>1{ have

B-2)E( max (X, =p)6G,)=
O=p=n—i+]

=E(yy( max [ X1=«)|G)  ac

Oz=p=n—i+1
After relabeling this leads to the following formulation of Theorem 1.

CoroLLarY |. Suppose that the conditions of Theorem 1 are satisfied.
Then

(B- ) E(Z({E‘;*f_x | X =Xyl =8l F= E(yx( tlll;.lx | X=Xyl = =) 7)) ace.

3. A sharper constant in the John-Nirenberg theorem.
THEOREM 2. Suppoese thal X BMO, with
[ X|lnno, = B.
Thea for arbitrary =1 and n={ we have

E(max 1.X, —-X,_|||' F1=48 g

{=kz:n

Proor. By means of Corollary 1 it suffices’ 10 prove the assertion for
{ =1 Get 3 = z+ 28 in the inequality of Theorern 1 and estimate o by B.
Then we have

DE(pXE 2B =) F)=E(XE -2y 7)) ae.
[ntegrating this with respect to = front 0 to + o we get
QE((XE - 2By F)=EXE F)  ae
From this
E(XE Fa)= E((XE —2B)* | 7o)+ 2B = I) E(X* )+ 28 ae.

and consequently i

E(XE 7)=48B ac.
This proves the assertion.

REMARK. GARsIA in [ 1], Theorem IT1. 2. 1., gives the constant 8 instead
of our constant 4. The sharp constant secms to be 2.
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4, The conditional L*-norm. This notion wili be used for purposes to
extend the notion of the BMO p-spaces, where 1 = p< + <o,

In what follows we suppose the knowledge of the theory of the Young-
functions as weil as the theory of the Orlicz-space generated by a Young-
function. Let (2, %, P) be a probability space.

Let @ be a Ynung -function, X a random variable and « F Cc4£ ag-field.
Consider the set F% @ of random variables y defined by the formula

FR7 = {}::):>{}a.c.,'?-nlcasurahIE, E[‘ﬁ[ X1 ]I‘?]El El-e-}

We say that X e L%, if F 7 is not empty. In this case we define
I X144 = ess inf Fy ™
Amongst the clements of Fi " the ordering is the following: », =y, if this
inequality holds a.e. it is known (cf. e.g. | 2], Proposition Vi — 1 — I) that the
random variable HXH(,, exists and under the above ordering it can be obtai-
ned as the a.e. limit of a decreasing sequence from £% 7. Consequently,
X[ is an F-measurable random variable and for every element ye Fy 4
we have
v || X|e .

[t X belongs to the Orlicz space generated by the Young-function @,
ie. if XeL®(O, (£, P), then X ¢ LY where . F is an arbitrary sub o-field of
4. (Here we use the Luxemburg norm when defining L#%). To show this we
can suppose that [|X|» =0. For, | X|l« = 0 implies that X = 0 a.e. and con-
sequently, with arbitrary . F-measurabie and a.e. positive y we have

E[@[-'X--' ] .7] —0  ac

This means that 5% 7 contains all tiic . #-measurable and a.e. posifive ran-
dom variables. Therefore,

”X"l‘f —essinf Fx =0 a.e.

S0 we suppose that
ﬂ-c_'r}' - ”X”,f,f_: oo,

. G”wx[l,E[Q)[_l.Xl J ?JJ

This is & positive and . F-measurable random variable. We show that y€ Fy
For this purpoese remark that if ¢ =1 is an arbitrary number then

oﬁ[-"]g Yo

[ S

Let us take

dr, (F
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sitce @ () = 0 and @ (y) is convex. Consequently, using this and the fact
that £ (UV ] 7)) = U E(V} A if Uds. F-measurable”, we get

E[@[%‘_._] .;] - ...I]]_ELX{I_E[Q{)['T] T]] b[(b[‘/j*] C/“J*él ae.

S0 we deduce that Fx ¢ is not empty.

The properties of the random variable [ X, are presented in the follo-
wing assertion:

Tueorem 3. Suppese that X¢ L. Then

@) | XIF =0 ac ifendoaly if X =0ae.

B} for any - F-medsurable randmm veriable Y owe fave Y X¢la and
il Y’XH; = |Y|||XH¢ ae.

¢) .!f/\’éf woand Y € LG then X+ YL and we have

LY a = XS Y e ac.

Proor. ¢) If X = 0 ac. then with arbitrary  7-measurable and a.c.
positive » we have
L
1£[¢>[ X—\] .T] — i Ak,
‘}J’

Therefore, | X4 = 0 ac. Suppose now C(JI]\«LIH(JY that 1.X]|a 0 e
Then let o, be a teereasing sequence from F¥'7 such that

fim = IXje =0 ae

rt
L R

Note that for x= 0 the function - is inereasing in xoand tends o §- <

Px)
X
as X — - . Thus on the set {|X] =y} we can write for arbitvary # 24 that

(p[lxu
X1y, ol

A 7n ([)[ X ]
3o

Frons this

ar

. Pk

L UX) _f:',;)z-?]

-

. bl Vi

"L—__; Vn E[(p[_|\| ] .;‘-_']:h; n HIRAH
& [ Yk ] T (,0[ S ]

“
E
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E [fb[l—){'—] =] awc.
y!l

Letting 11 - + o from these we pet
PX]| =y ] F)=20 ae.
since p, 4 O, [t follows that for arbitrary fixed & we have
PX|z=y) =0,
Since v, | Qask - s we get that X == Oa.e.
b} Forarbitrary v F% ™ and n =1 we have

()

- ] o F - . -
Consequently, y[! Vi o+ ]EFi'y" and letting 1+ + » from this we deduce
1

since

that XV L} and that
IXVIZ= Y IIXIZ ac.
To prove the converse inequality we first show that if Xe L then
j|X||'3,t+rE F%7 whatever be «~0. In fact, let p €F% 7 bea decreasing
sequence of random variables tending to || X|4. Then

fi[(b[ | X1 Ju?]f—iﬁ[@[!)ﬂ]--?]ﬁ_l e,
};”-i-;: Yu

Therefore, by the monetone convergence theorens for condilional expectati-

ons we have
‘X| 1 =) .
E[‘p[ |X|I‘f - -—J '/—}‘—" 1 a.¢.

Now let us turn to the proof of the converse inequality. The randont variahle
max (IXV 7+ e, e(1X]5 +e))

‘ max (| ¥ |, «)
defined for arbitrary =0, is positive and . F-measurable. We show that
ye F% % Iu fact,

2] 7))

sl e el ) <o

l;
E[Q[Hxlv)ﬁ‘- ]‘ ?]‘(yﬁ‘“)g] e
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Thus the inequality
(X[a =y ae

is satisfied for arbitrary = 0. From this letting ¢ +0 we get
WXNEIYT = XY S e

This and the preceding mu]lmilty together prove the pmpexty b)

¢} Suppuse that X, YeLi and let ye FR™, y'€ £y 7 be arbitrary.
Then by_the monotonicity and the convexity of @ we have

q)[ixﬂﬂ] [IXIjﬁ1 - P [IXF] e [IVI]
7+ y+y iy ? y+y Ly

ind taking conditional expectations on both sides with respeet to . F we get
E[QD[ [ X+¥, ] I?]E] q.e.
And
since ¢ and " are  F-measurable. From this we deduce
X+ Y2 =X+ ae.

and thus ¢) is also proved.
As an example let B (x) — x2 with p such that | < p-< + «. Suppose ihat

X ¢ L, Then by the definition of F%'7 we have
Ff = {yy=0 ae., y F-measurable, (E(|X|? 7)) P=

We show that

»oode)
ess inf FR 7 = = (E(X1? | FN'e  ae.
[n fact, for nz= [ let
I(E(IXI"I PN e it E(X[P [ 7)=0,
Pe l , it E(X|7 ) = 0.
I

Then trivially y, € F% 7 and letting 11 - + « we get that

lim 5, = (EQX|7 | 7).

On the other hand the random variable
(E(IXIP| Pt
is trivially a lower bound of F%'%.

5. The BMOg-space. Let X ¢ L, and consider the corresponding martin-
gale (X, 'F,) defined in section 1. Let @ be a Young-function. We introduce
the following
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DerFNiTIoN. We say that X belongs to BMO,, if the quantity
lsupi X — X, le"ll-
H=
is finite,
REmark. Let &(x} = x?, where I<p<+ =. Then by the preceding
section it follows that
X = Xpoalla™ = (E(IX — X, [P F )P

So the above definition of BMO, reduces to the well-known BMOp-space.
Qur definition of BMO, permits te treat some results in & very natural

way.
Tueorem 2. Suppose that X € BMO, where @ is o Young-function. Then
the guanfity
; F
1X Tasiop = [Isupl] X — X [la 7]l
=
iS 0 seny-norm.
Proor. If C is any real number then by what we proved in the preced-
ing section and by the properties of the L™ -norm we easily see that
||"X"B,“U¢, = |{.|”XHB.-\‘|0¢-

The triangle inequality is also a consequence of these properties. Finally,
when X = 0 a. e. then trivially | X||gso, = 0. Now suppose that

[Xllswo, = 0.
Then _
sup [|X — X, k" = 0 ae.
n=l

Since X, = 0 a.e. from this taking # = 1 we get
IX[F =0 ae.

In the preceding section we have proved that this is equivalent to X =0
a.e. This proves the assertion.
Now we prove the following

THEOREM 6. Suppose that X € BMO,, where @ (s u Young-function. [f
&% is auother Young-function such that the imegral

+ an

| = qu(ﬂd;
Sy

Q

converges then X € BMOgs. Maoreover, we have
[ Xilemo s = max(1, NilX[euo,.

Here q* denotes the right hand side derivative of @*.
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Proor. We can suppose thai E-)(;!FS\'-U,;_:’“- (In the contrary case we
see from the definition of {he BMOas-space that X = 0 a.e, and then frivi-
ally X ¢ BMOa-) We Tirst show that for all{ =1 the inequality

E|® X=Xl 7=
!
_ X kvo,
holds ae. Let for this purpose
s X x
be a decreasing sequence of random variables tending to 1X - X, _fig. Thei
for arbitrary »~ 0 we have

E[@[l{_?;_‘l']—- '."f;]ijl e
T F

LT

Here si=1 is arbitrary. Letting 71+ + = from this by the nionotone con-
vergence theorem for conditional expectations we get

[i[@ |X‘X!.)'- T]f—’-l a.c.
X=X, it e ) 7

X — X, —
Elad RS 7 =1 a4,
[ [ X530, 2 ¢ ] 'hl

since with prohability | we have
I y
WX — X, it =1 X lswos +6 0 ae.

Since 2= 0 is arbitrary and IXllzso, is positive from the preceding inequa-

ity we obtain
h[@[_)f_& ] F=1 o

This implies

||X|]rs\'.0,p
Now for any 2= 0 with probability 1 we have
XX, 1 X=Xl =) res
Pl s A A= E| P o WAL AU VR
[ Xz vo, ' ’] o 7) [ [ [ XHn0., ] / {] )
Using the regular version of the conditional probability on the left side with
arbitrary ¢=1[ we have

-+ o

X — )\', 1 = lX X; 5 7
D* Fi=14r = dD*(2) =
[ [ ¢ I XTEMo, | & / | Xiewo, Fr ()=
G
+ o

= f O gH ) b = j VB D)
:
] v

g7y Dleh)

< ]—f D) ey = He
¢ Cﬁ(u)
4]
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P
el

Here we have used the fact that ¢ =1, Now the right side is =1 if e=].
Taking ¢ = max (1. I) this inequality means that for arbitrary {=1

X — X, oot = max (1, 1) [Xlewo, a..
holds with propability 1. Consequently,

NX im0y, = max{l, HiXligga,

amd this proves the theorem.

As it is known X ¢ BMO; implies that for arbitrary { =1 the randon
variable

Llexp (11X =X, D 7))

belongs to L., for suitably chosen values of £ 0. In the following assertion
this fact will be imbedded in a natural way in the present theory of the BMOg
@ spaces. The result will allow us to show that for a rich class of Young-func-
tions, larger than the convex power functions, the BMG,-norm is equivaient
to the BMO,-norm.

THEoREM 7. Suppose thal X cBMO. Then X ¢ BMO, where @ is the
Young-fuunction

O(x) == *—x - L.
Moreover, we have
HXHB.“D,,, e 'Q:HXHB\\D,-

Proof. We can suppose that B — {| Xfpuo, = 0. Otherwise the assertion
is trivial. The result of Theorem 2 combined with the method of Garsia
(see [ 1], Theoren 11,2, 1) for every [ =1 gives with probability |

Efexp (f max [ X, - X, ) 7)=(1 —41tB)""  a.c.
I~k=

provided that f€(0, (483)71). Letting n— | = from this we get
Ef{exp(tsup | X, - X, 7)=(1-4iB)"" ae.
fezad

Sitce
X =X '——?fulf [ X — X —4i

we deduce that
E{exp (f| X =X, Fy=(1 —41B)"% ac.
From this with { = (8571) we obiain
s |
E[uxp[ X f\iﬂ] .3‘-,] =2 ae.
8B

15 ANNALES — Scotio Mathematich — Tomus XXV
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Finally

) ol ) )
. BB sB

X — ! y P
-—E[--’X e 7;] -2 EI X ‘:I k T‘.-J —1=1 ac.
&8 8B

since X ¢ BMO, with B = I X|lzwe,- This proves the ASSErtion.
A consequence of the preceding two theorems is the following

THEOREM 8. Suppose that X< BMO,. Then X< BMOg, wiere o s uny
Yournig-functivn for which the infegral

[ - f RO
s 21

converyes, o s case we frave
1|!X|.:l$.\lli,.,, R L EH (I, l“,l ||XH|5_\1,()I .

Proor. Caotithine the results of the preceding two theorems,
Now we prove that if @ has finite power then X ¢ BMO, implies
X € BMQ,.

THroreEM 9. Lef X BMO,. If &% is « Yoeung-function havine finite
power p then with setre constains Cpe - Gand Co = O 0w have

cosl Xllpao, = 11X lemo,. = CliX isno,-

Proor. The left side of this inequality can be casily proved. To prove
the right-hand side we first estabiish that with the power
X ¢¥(x)

= 51
p X ([)*(.\'}

p .
(5]

of the Young-function @%, the inequality

) o e T .
i':XH[s.u(':m“—'“'-: max [I, Q)"{l)[l -!-] }(_;_(;S dh‘” § X tneg,
U

is satisfied, where
Py = x -1

To this end we use the assertion and the ideas of proof of Theorem 6.
Using the regular version of the conditional probability for all =1 and for
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any ¢=1 we have

X=Xd) o) o 1X Xl oY e
El@* |-~ .~ I I B S B dP*(2) =
[ (c- 11XI|15_\‘0¢] 7 f] f [cnxnam% HF ’] )
O
:d)*[ : ]+ j N d}_r_s?(b*[ ] ]+ : / ) iy
¢ D7) ¢ ¢ J B
l¢ lc
(1 e ¢ por
ffﬁ*[--- ]+ j PeHeR) d{c?) = CD*[ ! ]Jr l peT) dit =
¢ ¢ . ®(c7) ¢ ¢ uP(1r)
s |
o * ) )i . —
f?f(f)*[ : ] : f e (Dur. du = (D*[ : ]—Jr 14 D ! i a.e.
¢ ¢ 1P{11) ¢ ¢ D(u)
] [
sinee _
Xy ¥(x) =p
PH)

and with x =1 we have
PE(x)z xP PF (1)

Choose ¢ =1 in such a way that

* . =1
P I]+p§b(l)__/ ”I du=|
¢ T 1973

1

hold. Then

[X =X,y llos! == | Xflsuo, & c.
from which
I X I30,. = X 00,

Finally, use the assertion ol Theorem 7.
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A REMARK ON ADPITIVE FUNCTIONS SATISFYING A RELATION
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We shaill prove the followiig
Tueowves. If f, oo fowre real-vatiied completely additive funetions such
fhat

(H Jin+gn— N+ =2y =0 (mod 1)
Jureverv =0 Hien f, g, @ assame infeger vafues for everv

Coronrawy, I f g I are real-vatued completely additive functions such
that

(2 S+ +hn+2y= 0

Torevery n, twen f{my — o(y — f(ry — Olddentically.
The Corollary is a straightforward consequence of our Theorem, Indeed,
it (2) is satisfied for £, g, f, then it is satisfied for ¢f, rg, vh with an arbitrary

constant v. So (1Y holds for «f. v, 7, and Theorem involves that they assune
only integer values. This is possible only it £, g, f are dentically zero funce-
tiang,

The proof of our Theorem is very simple. Firt we prove the following

l.emma. 1 the conditions of Theorem are satisfied and f(in), g{n), fi(11)
asswme nteger values for 1 = 2 and 3, then f, g, f assume integer values for
every fo .

Proor. Assume the contrary, Let P be the smallest nwber for which
one of the fuictions £, «, # takes on a non-integer value, Then P has to be a
primie, #2:=5 From (1) we get that £ (1) = 0 (mod ).

Sittee P+ 1 s a composite namber, its largest prime divisor is smaller
than 2, consequently g(P+1)=0 (mod ), #(PP+1)=0 (mod ), and so
(=0 (iuod 1). Frem our assumption we have that f{P)=0 (mod 1), and
from (B that #(FP+2)=20 (mod 1). This is possible only if P42 is a prime.
Let us consider now the relations

3) HEP+2)+ (2P + 1+ f(2P)=0  (mod 1),
) R2P 13y 4 0P +3) 2P +2)=0  (mod I).
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Since (2P -+ 2y=0 (mod 1), f(2P+ =0 (mod 1), hence we deduce
thit g(2P 4+ D= — f():20 (od 1), #2074+-3N= P +2)70 (mod 1), so
the numbers 2P -+ 1, 2P+ 3 have to have priute divisors greater than P, conse-
quently they are primes. So 2P - 1 i3 a cormposite nurber, and from

P D42 2P =00 (mod 1)
we deduce that # (2P + 1)=0 {(mod [). Consequently, from
AP+ 2+ g4+ D+ f(4P)=0  (mod 1)

we deduce that g(4P 4 1) =0 (mod 1), Since 22, £+ 2, 2P+ 1 are primes, the-
refore P= — 1 (mod 3y and so 4P+ 1 = IR, (R, 2) = |, and OZg(R)y= - f(F)
(mod 1). Then R+ 1, R— 1 are even numbers, $o the largest prime factors of
them are smatler than P, consequently {R- 1}=0 (mod 1), f(R-1)=0
(mod 1Y, whence by

MR- D=p(I)--F(R- D=0 (mod 1)

it follows thit g{R)=0 (mod 1) which is a contradiction.
It remains to prove that the functions f, g, fr take oninteger values
for = 2 and 3.
Let L, denote the expression
(F, =) FOD =g+ 1y - 2).

From L =0 (mod [y we deduce that

®) gy +M3H=0  (mod 1).
Hence, and from L.=0 (uod 1) we get that
(6) M) f(Ty=0 (mod 1)

since Lg,— £, =0 (mad D), therefore by {6y and (3) we get
Oz B(OY + {13y 5 g2+ 2f(3)+ I - 13— 262y 2(3) - f{I D=
=(1(3) - Ly) +-62(2)+ 2/(3)- (2 - 26(2)- ¢3)+ L, - fI )=
=)+ 20(2) + 1) —J @) = — (@) = 22+ f) -3} (uad 1),
Hence we get that
Q) FOD=2) = (3~ )~ f3)  (mod 1.
Starting from Ly =0 (mod [) we get that
F+fOD= 235~ M6z - 2By 2y - g3 < L,
=293+ 2, - (D) L, - -2 =
= 4(2)F20(2) + 1(2) 1 h3)+- 2 (2)—1(2) + J(21) + ¢(22)y=
= 402+ 4 () R3)-/@)+ (FT) +g2) 1 ¢ (mod 1),

H2)— (23)=
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Hence we get that
FAD=4r2) £ 27+ hGE)+f(3)+g(11) - Ly,  (mod 1),
and so that
FAD=A2YL 2D L3 O FRY-FO) 22— (3)=
= ()4 22D f3)  (mod 1),
ie.
(&) FONA Fdy=22)+~ f(2)+f(3)  (mod 1),
Let us consider the relations L, =L,,=0 (mod 1}. Se we have
=L, —L =2 13)+e¢(3)+1(2*-3)- H{13) - (. 3) - f(I D=
= (27 2g(3) = 2, + 3 (2= (3 - 24(2) - 43+ Ly~ f(1 )=
= 1(2) - 20(2) = 20(3) — 4(2) + 32 = F(3) = 20(2) — £3) + 2(2) + F(2)—
A mod D,

whenee, by ohserving that - g(3)=f(2)+ 20(2), we get that

(9 JUN=HD+f(E)  (mod 1).
From (7) and (9) we get that
{1 M= M2+ £(2)  (mod 1),

From L., =0 (mod 1) we deduce that
F%= -s(36)- MATy=-3¢(2) - v(N)+~ L, — 13— I{19)=
= = 3002y 32y + 2f(2--HG)F 2 -G8+ Ly =
=H2)-- 2002y R(3) - J(36) 4+ g(37) =
D A+ 2By M3y — g3+ Lo+ gl - Ly, =
= O0R(2Y L 3 (2) 4 20— ") — T — r{112).
Hence, by (W) we gei that
20(35) = 62y « Bf(2)-- 28y M3y—f(2) f(7-1h)=
= 2R(2)+ Af () + 20 (3 3) - Ty~ L=
=)+ 3 () + 2+ F(5) + (D) + ¢e3)— Ly

231

— BEY 2R 2BV SO - BB)= — 202+ £(2)+ 2fB)+S(B)  (mod 1).

After substituting (8) into the left hand side, we get that
222+ A)+B) = — 2D+ +2/B3) +f(B)  (mod 1),
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whenee we deduce that
(i1) F(3Y=61(2) ¢ F(2)  (nod 1),
From (8) and 1., , =0 {mod 1y we deduce that
(2 - f(O)= ~fUD=213)=-h(18) = - g(3)— L, (D)~ L+ W(2) =
SRy f(2) = BB - f( =2 =2y - 5(3)--3/(2)  (mod 1),

whence by (5) we get that

(2) M2y=2(2y  {(mnod 1).
Hence, aitd from (11) and (103t follows that

(13) F3)= 13(2) (mod 1)

(1) BE) 32) mod 1),

Farthennore,
TJTO+ (D=~ ¢33 = - (- (1Y Ly B v Ly =B+ 1, =
= g2 fUI8) ¢ B8 [(3) - gld) - [(5)  ¢(5) =
T 22y g(Sya QY (2) 5 2+ £ (B) - f1D) =
=L@+ Q) L)+ (@) 1OV =f(2) = J)+f ()=
= ) A3 (mod 1),
JULy= 1402 (mod ).
Comparing this with (8, we have
{13) SO I (mod ).

Let us consider o the relation

and so

0=L,,=20(3) = F(2) + 8(3) + e(1T) - Lo+ 20— 13y~ 1., =
=2(0)+ S+ g(3)- BNy - JUR) 2 20(2) - f(11) - g(12) -
=2f0) - Q)+ @) = i(2) A JUT) - 26(2) - g(3)=
2fG) ALY -3f)=25) - fU) f(2)  (med 1)
Hence, after replacing (13),
(16) FH=25f(2)  (nod 1).
On the other haud, from {9} and (13) we get that

{7 JaD=14f(2)  (nod 1}.
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Consequently
(18) Hf2)y=0 (mod 1),
and so
(19) J@H=/2) (mod 1),

Furthermore
= Loy = 2f(0)+g(2) + g(13) - L1, + 3(3)=
= 9f(5)+ £2) ~ M2) ~ (7Y = (2}~ [(3) + 3h(3) =
=203+ 203Y - 2) - 2f(2) - f(+e(B) + f(3)  (mod 1),
and so by (19), (14, {12), (15) wu get that

(20 =712y (mod ).
Henee, by (19) we get that

20 32A()=0  (mad 1),

and so0 by (18) that

(22) 7=0  (iod b

Now we vetl immediately that

H2)=0 (mod ), H2=0 (mod ), f3H=0 (nod ),

23)=0 {moed 1}, ACH=0  (mod 1)

233

Consequently the conditions of our lemma are satisficd. By this the

proaf of our theorem is finished.
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1. Introduction. A nonabelian 2-group of maximal class has the folio-
wing properties.

1. Tt contains a maximal subgroup which is abelian.

2. The Frattini subgroup is cyclic.

3. [t has a subgroup of order 4 which is sclfcentralizing.

The last property putting p* in place of 4 characterizes all p-groups of
maximal class. In this paper we characterize those finite p-groups which have
weakened forms of 2. and 3. In an interesting way they all have 1.

ln order to state our main result we need some notations and teriminolo-
gyv. A nenahelian group is called Rédeian if all of its proper subgroups ate
abelian. For mi=:3, O25=p 1, p a prime, § a natural numnther let P, de-
ote the folowtng group:

P
The main result of this paper is the following.

Tueoren I Lef P be o finite p-group, ASC (P), N = N,(A).
Suppose N =P wd

=y M == e 2= [ y] X = N (2] = (N 2

It s

1. N isa Rédel group.
2, (P is metacvclic.
3. 6, (1) is cvelic.

Then we lrave the following possibititics.

a) = 2P - DH\' (\}n: ‘Srnr e, F
by p=2, P = pl el (P) = 3,
¢y p=2and P = P

Hl 8"
If instead of 3. we suppose that P’ is cyclic then there are even metacyclic
p— groups which satisty the cenditions of Theorem [.

* Dy, @y and Sy stands for the dihedral, the generalized quaternion aitd semidihedral
group of arder 2% respectively.
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ExamrL:;
P,y ot =" = o0 xY e X s 0,
Then PP = xv)
Z(PYy  xp erTy == P P
w7 (P) thus ¢l (I1=3.
[tis clear that A = xP o v, SCP)
N o= xP viis a Redei group and Nu(A) = N

Leunitas needed for the proof of Theorem |.

2. Lemma 1. Let P bea p-group, p=- 2. [f |[P] - ptand (P} - p* then
2745 an abelian group of type (0, ).

Proor. Let U- P, (U] = p?, U7 not cyclic. Then £+ 2, hecause
HRU - pR

Lemaa 20 Let £ be a p-group, p=-20 If (P] = p7 amd P s an abelian
aroup of type (p*, p) then [T, ()] =p.

Proor. Suppose [T, (P} = p. Set & = O, (P").

L REZ (1, If R=2Z (P) then ¢choose a V=R with (17 = p s that
127V s cyclic. Then if P — PV, so (£P] = pland [£27] = p* ad P is cyelic.
This contradicts Lemma 1.

2. Conclusion of the proof.
Set €= C(R). Then CeW(P), R.«.:Z{C) and 1C:R| = p*. Thus

c{Cy=2 and C is a regular group, Hence ([2(C) - C: 80, (C) and exp
(2(C) - . ~

' =h (Y- C thus ex)) [(,)= 7. 5o because of (G (Py. = r)i{(,‘)
= & (). Henee |[2(CY = p. By Q(Cy L Pand by | 12: 02,(Cyt == p*, P ”(L)

follows. This contradicts to exp (__]((.)) = .

Lemma 3. Let 2 be a p-group, MeW{P), M = FE. Thur 1] -
= [AMZPY - [P

Proor. See Hurrerr [4].

Levsa 4 Lot P be w pr-gr nup AENCU), N o= Ny Set N = N,
No= NuN, ) 2 1 N = p t}an
LN, | = N;,ﬂ., a2,
ING:N b =p, i
NN =N TN, P22,
4. [N, O(N)| = INI (N

Proor. See HETHELY( | 3].

_f...: ts

Lesmata 3. Let P he a p-group. Let Z(P) be cyelic. 1f #{1) = p for 4l
nonlinear z € lre(#2), then there is an MWL) with M = E.
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Ly
X
-F

Froor. Let #€ (P, deg {y} = p. 2 is an M-group* thus there is an
MeNP) and a sclir(M), with y = 6’ By M =Ker o and hy Ma P,
M = Ker y follows. Q,(Z(P))y =M and M’ = P’ |eads to

HI(Z(P)) = [} Kery=E.
o Irr{P)
This is a contradiction.

[zvisia 6 Let £ be a p-group, 7f~ Irr(##). Then
AT (mod (z(1)*).
Proor. See GuRENSTEIN [2].
Lemaa 7. Let P be a p-group, A6 SCFP)y and N = N (A) If AP and

. fD(P) is cyclic,
2. N is Rédei eroup,

then p = 2and P =0 D, Q. 8, #=-1

REMARK. I P is one of the groups mentioned above then D(#) is cyclic
and it contains an A¢ SC(P) with [A] = - and N,(A) is a Rédei group.

Proor. Since N is a Rédei group [N : B(N)| = p* Thus |12 D(P)] =
= p* by Lemma 4. Since AcSC(P), Z(P)=A. Since A«P, P'# A. Thus
cl{(PYy=3, and so there is af least one AMeM(P) such that M =E. Let H —
= D), MWL), M =E. HeD(M), H is cyclic and C(H) - H. Thus
Moz D, QS Mooy (see |2} or [P = pl. FIP] = pl, so |P'] = p* and
P is cyclic. Hence p = 2 follows by Lemma 1. If p>2 then M = M, (M)
for all MCMP), M =E. Then Z(F) - J,(ify and thus [P/2(]?) — po
Then Lemma 6. shows that »(1) = p for all ¢ bov(2), (D=1, Sinece Z{(P) is
cyclic so by Lemma 5. there is an L€ M) such that L7 = £. Then by Lem-
ma 3. L) = 1 ZPY - 1P Thus 1P = p*. On the other hand [Pl = p® and
thus [Z(P)j=:p*.

H s cyclic and P, Z(FYy= . Thus 27 = Z(£2) and so <P} =2 which is
a contradiction. Thus p = 2 and in consequence f3,(2) = G(P). As I has a
cyclic maximal subgroup and as cl(/?) =3, P —= @, D, N,

LEmmaA 8. ket p be a prime, p 22, Let s be a given natural number. Let
s be a natural number with 0=s<=p—1. Sc¢t

P, = <xs 'Y X" = yP= =¢ 2= [x, VI: Xt = 1-i'pm.-11 [v,z] = [.‘(, z]s>'

Then if # is a natural number with O=f=p—1, then P, = F, iif [—S—] = [—t]
p P
Here [ ] is the Legendre syibo! defined by
p
S 0 ifs=0,
[-—] = I if s is a quadratic residue,
P —1 if sis not a quadratic residue.

* By an M-group we imean a monomial group. This notation is standard.
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Proor, Let P, - P, Then there are x, y,, 2, € Py such that
frr . 1 IR |
Po="xp,vpxt == =ez ~[x,nlxi'=x"
v, 2] = {x,, -fii“}-
Let xp = xtyvev, v = xowizs, o = XA
Then using the commutator identities und the fact that ¢l{F) = 3 we
vet the following relations
(11 50)r =1 (),
*) {1t + sty = 3rs(p),
r=ug(p).

(*) gives that in case of P, = P,
()
i P
It on the other hand [b] = [IJ fhenr the congruences of {*) are satisfied
P 7

puttingw = 1, 3% =st Lr =g E0 -3 and so P, = P, follows.

3. The proor of THreorew I As cl(f)=3 In the case |P] = p* there
is nothing tn prove. Let |P|=p* 1 p = 2 then (FP) = &G (P) and thus by
Lemma7. P = Q,, D,, N,

Suppose that p=2. Set R = (D). Since p=-2 and &(P) is meta-
cyclic, so H(P) is regular. D(Fy is not cyclic because of Lenuma 7. By the
regularity of @(P), R is au abelian group of type (p, p). Since 01(65([)))
is cyclic and {R} ~ {P(P) : T (P(P))|, @(I’) has a cyclic maximal subgroup.
Thus @(P) is either abelan or @(P) = M (p). On the other hand Co(R)<a P
and 1P Cp(RY =p. If &(P) — M, (p) then R=Z(P(P)). This forces that
D(P) is an abelian group. Sct P = P'R. @(P) is cvelic. [P (P = p* he-
cause of Lemmad. As@(P) - P'-75,(Py and (LY is cyclic thus either

fD(P) #T,(P), or 2 (b{P) — T,(P).

I d(P) = T(P). Set C = Cp(P'). Then C» /. Namely P’ is cyclic
and p=2s0by C = P, PIP’ would be Lychc Hence P would be cyclic which
is not the case. Thus P <C=P and as |P/P'| = p* there is an MeMP)

with M=C. As M{P" is cychc M’ = E. By Z(P)=M, |Z(P)| = p tollows
using Lemma 3, lf_ve__P\ifT, B Cp(v) then |B| = p?, BeSC(P)and Np(B)
I5 @ Redei gioup. 1 B <P then p = 2 follows by Lemma 7., which is not
the case. If B4 P then [P| = p* and [P = p3. As &(P) =TT(P), T,(P) = E.
Hence |77,(P)} = p. So@ () = " and " is an abelian group of type (0, p).
This cuntrddlcts‘ to Lemua 2.

('EI(P) . p(Pyand P’ G’J(P) There is an M eM(P) which is cyclic.
As p/._, P is either abelian or 2 ~ M, (p). P is not cyclic. Thus the number
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of the M.-s in WYP), which are cyciic, is exactly p. Let A? denote the in-
verse image of M in . As M is cyclic |M’|<p and thus M’ =Z(P). Hence
M =Z(My and cl(MY=2. Thus M is regular. As ¢l{(P)=3 there is at most
one McIM(P) with M* = E. So R¥Z(P) is a consequeuce. If McM(P)
and A is eyclic but M £ then M = RMZ(P). Set D = RDZ(P) Then
PID = P is generated hy two elements. On the other hand P has at least
p— =2 maximal subgr roups which arc abelian. Thus £ is a Rédei aroup.
| 1{P)1 = p* and since Pis regular exp ',(ﬁ)) =p If |£ l(.?3)! = p* then

P has a cyclic maximal subgroup and then P = = Mo(p). Thus P has p maxi-
mal subgroups which are cychL The inverse images of these are ahelian

hecause of D=Z(P). This contradicts to cl{P)=3. Thus |__,(P)l — P

Let T denote the inverse image of ”l(P) in P then |T] = p'. Exp (!)r;r
Assume exp (T) — p. By [@(PYNT|=p*> and by [P:®(P)| = p*, P =
= M(P)-T follows. 50 P = T which cannot be the case because of |72|=p
Thus exp(T) = p*, T P and T is regular. Since J3,(P) is cyclic |,(T)] :p.
Thus Q,(P) = O(T), |2(T)] = p? and exp {(C(P)) = p because T is re-
gular. There is exactly one LeD(P) with _-,(P)f I MeMP), M=L
then 2(A) = K. M has a Cyclic maximal subgr Ull]’) hecause M is regular
and (M) is cyclic. Thus M is abelian or M = M, (p). Since there are
p— =2 maximal subgroups of P with M’ — E there arc at least two maximal
subgroups of £ which are isomorphic to M, (p). If M is such a maximal sub-
group then T (M) = T, (P), T (M) = Z(M} and MO ,(M)| = p>. Since

there are at least two such subgroups €7, (MY= Z{F?) and thus |P/Z(P)| = p*
and Z(PY is cyclic. Thus the non-linear clements of [rr(P) thL degree p
and thus the conditions of Lenuma 5. are satistied. Thus there is an M € 0(F)
with M = E. Phas a cyclic subgroup Q with [P : Q| = p*. Since |2(P)| =
= p* and exp (2,(P)) -- p, P =(P)-Q. Thus f”E“l(P) Thus P'=
=OPYNL(PY == R. Thus R = £ because ¢I{PP)=3. In the following we
have to distinguish two cases

[. L' = E. Since R - . P’ itis easy to prove that the elements of Mi(P)
are Land M; = (¢/d, b), 0=j=p—1, where

P labcs = {a, ¢ Mg = {ab;ab" == pp=¢, ot =a'tr"
and L = (a%x@)x(’c} further M; == M, . \(p), O=j=p--1. Now it is
easy to see that £ is of the form of Lemma 8.

2. L’ =E. Just as in the previous case by using R = ' we first have to
prove that the elements of JJI(P) are L and M; = {cfa, b), 0=<j=p—1
There is exactly one f such that M} = E. Now it is edsy to prove that P is of

the fornt of Lemma 8.
We miention a consequence of the Theorem 1.

Tneorem [, Lef P be a p-group of maximal class, p=2. If |P|=p®
then the following Iwo conditions cannot be sulisfied of the same time.

t. D(P) is metacyelic

2. TP is evelic.



241) CORIAL, I, AND HETHELYL, |

A well-knowun result of BLacksurx asserts that 3-groups of maximal class
have metacyclic Frattini subgroups [1]. On the other hand examples nf p-
groups P of maximal class are known with cyclic €,{(/?).
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It{ryduction

Let 2= P (12} be ann elliptic differentiad operator of order 2m with
e .0 .0 .
constant coefficicnts [D [—-I TR JJ and € = Qx, D) @ diffe-
iy, X,
rential operator of arder 2m with smooth coefficicuts which vanish for
|z} = a. Consider the elliptic equation
P+ u—f iR
[n {1] this equation has heen considered when £2(£) =0 for all :¢R7,
It has been shown that if for any fe LRy (i.e. fe LR?), f(x) = Oif |x]=a0)
there exists a solation 2 of the above equation, tending to zern at infinity
then the sofution is unique. Morcover, in 1] there have heen formulated con-
ditions on the differential operators Bifx, D) which guarantee that for suffi-
ciently large o -0 the houndary value problem in B, = {xéR": x| -0}
(Pt = | in i3,
B, Dyn -0 N fe- 1 oom

(S, = {xeR™ 1 x) = o}) has o unigque solution «, in the Scholev space
H* 8,0 and

= ”qf'uz”’:ﬁ,‘,l =il e gmtty - €70
(¢, Ly are positive constants which do not depend on fand ).

The aim of the present paper is (o prove results of this (ype it P (5) =0
for ze RO} hut 2(0) = 0. This case is important for applications since our
results are valid e.g. for P (D) = 1. It 1. estimations on the tempered funda-
mental solution of 12 (D) will be proved. 1n 2. the case € = (0 will be consi-
dered and finally in 3. theorems for the general case will be proved.

i. Fundamental solatiofis

L

Leuma 1 Let P(D} = Y PAD) he an elliptic differential operator of
it
order 2m with constant coctficients (,(D) denotes the hontogeneous part of

16 ANMNALLES — Sectio Malhematica — Tomus XXVIL
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P(D) of order j), satisfying the following conditions: P{z) -0 if :¢R™{U}
and P,(5) =0 if ¢ R0}, I=1

Then £ (D) has a (unique) fundamental solution £ such that at infinity
for any fixed « the estimation

(1.1 DeE(x) = o[_-. ! _.]

]xjriv—f% o
holds.
Proor. — is a Jocally infegrable function in R? as it is confinuous in
2

R™{0} and at zero the estimation

(1.2) : :()[i- ] [=n
P(%) 1£)!

holds. By elliplicity of P, P, () =0 if te R" {0} and so !]J- is a tempered dis-

tribution. The inverse Fourier transform of
1 I 1
_— Lo e E= = 37‘1[—
(-_3_.!.):: 2 e (2.’!)” 2 P
is a fundamental solution of P(D).
For the solutions i of the equation P {(Dyu = 0
supp (Fu) = {0}
(P(5) =0 if te¢R™\{0}), thus (Fu has the form
Fii= 2 ca®$
-
and so u js a polynomial, This implies the unigtieness of solutions of P (D) u~=
= fin the class of functions, vanishing at infinity.
Let we Cy R?) be such that ¢ = 1 in a neighbourhood of zero. Then

[E = E+E, wlhere
(1.3 i -
9 L) e Los (1)

(2:1.}:13:4 ] P - (2:_[)n-2 10 }

It is known (see: [2}) that
] _ g 1 —ip
QFDHE,| = - —— — 1 Fo peQe
| —l (2:‘&)’#2 Q P ;

where (Q)x = x* = X

oo of gt

]El.‘!ﬂ’l-l T

... X, The estimation at infinity

implies that
prge ) ;"’ ¢ LYR™ for {3~ n—2m+ jal,
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hence QPDE, is hounded in R*. Thus for any =, 8 at infinity

(1.4) (Q'DE,)(x) = O(D).
Consider the term E, in {1.3). We have the equality
- . o [ @
1.5 OQFDEE L = - e Fo e el
{ ) ) ! (:_J__[.]u : 7 [ }) ]

D¢ Ly is simooth in R0} and it has compict support, moresver at zero
[[)ﬁ QJ*’L](_;) - ()[ o ]
‘{J IE!I— o 4 gt

oy .
;);1_31{3‘! cLYRY if |B] =n—{+ =],

This implies thai

hence by (L.3)
(1.5) Qg = 0()

at infinity.
In order to show (1.6) for (g = i —{+ =] it is safficient to prove that

71D Q'—‘*’—] - 0(1)
P,
holds at infinity since

pp @ e @ yQE =)

2 r, PP,

and

o PP £
3

= €LYR")

PP,

hecause at zero

[D,-r QP -;’_85-:'}(5) - ()[__;_____II: e ()[ h i_;_.]_
PP, g ) T g

By use of Gauss — Ostrogradski theorem we get that for any test func-
tion ¢ from the Schwartz space § (see: [2])

{1.7) [[);# Q;T_](q) = ,-1.i,t.1r] . '/.[f)"" _?;:f']_j((p)_{-q(”)
RUNE,

where ¢ is a complex number. For the functions
D Q-"-J(s) it 15 =
P, k

(1.8) gl8) = ]
l g

if izl

1

16%
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it follows from equality {1.7) that the sequence (g,) tends to the distribution
D,,-_{w?_'_"f_‘ < ¢d in the weak sense of the space 37 of tempered disfributions
{see: [IIB])‘ Thus the sequence 7 *{g,) tends fo
?:—1[[).-.- Qu_'l”_] ¢ 7O
P!

in the weak sense of 7. Since 7 18 1s a bounded (constant) fusietion, for the
boundedness of 7 1[!)r‘" {‘):F ] it is sufficient to prove that there exists o
cealstant 2 such that for ;myr.\'

(7 Ve dy=2 0t k= kx).

(The sequence { F~1 g,) converges a.c.).
By the definitinn {1.8)

“ly . l .[‘F'.\'.Efr ¢ .Q(_‘i‘”. gy ¢ft
W= ] | P, ](‘)d"
1

i

Thus it is sufficient to show that there exists a namiber 7 =- 0 such that for the
functions

we o [emo oo Jos,
!

..1
Tk

(1.9) i =24 0f L ky(x),
because from the first part of the proof it follows that the fonctions F71g, —
]
— - fi, are uniformiy hounded.
().T)n 2
Let function p have the special form: p(2) = »,(15)) and suppose that
o =0, 4o(r) = O if r=a. Then

a

(1.10)  hfx) = j[[ eln Tl (;)Df’[ 'P }(;O)fr—lfzo]m -

l S

}E(U)U :“,;)m]do

e - D.'i[__Q.T ]{f(')).l"”,
bl

where
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3 ( 18] i
and ¥ ¢ {r@)r does not depend on r since D"[ I{'] is a homogeneous
! !
function of order |e|—|3|—{ = -
Equation (1.10) implies:

- - P |
h(x) = /g(!‘)){f ¢ a.;-“(r}dr}dé) +
8 i /
2

v

[

] ' | fg((—)) 4o ” / : polr) m-].

W

IS

The first term on the right and /1, are convergent ind” as & - o so the second
terny is alse canvergent in &7 which implies that

(11 fg((—))d(—) 0
St
finlds.
Thus
. ei(x,rr—;j —1
() - [{j((—))[ [ _ -——vv,nn(r}dr]dt:) =
é : !
I
' i P fi
= {p{6 Ty I dojdt,
/ ! )l, / . o))
1 - }l- .
. ' e gt - | 0
(1.12) hi(x) = g(iﬁ))’ T U I)[ o -_—] d(_;] (e |-
i a X, lc);
5‘] {X,
I
) ox, e |
i /g((—))l [ - dg} o).
.‘:‘.. e’_\'.. -y ¢
Lok

The first tern: on the right in {1.12) is uniformly bounded, because there exists
anumber ¢, such that

1 ! Il
e — 1M - = =0 if N =
tre=1) [f:x, f—);] ey
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and s0 by use of inequalities

1 1 .
T E e e = Dl D =6
ol cldx, 6] ’
we get:
.l axN, By . |

: gt -] 9 i =
(1.13) | f o e ])[-"_x, (—)}]d?! '

E T, A
LK |
] [ "
g::cg[a - ]"’\ oMY =ty
k olix. 6 o

The second teriv on the right in (1.12) can be writien in the form

aix, b SE{N, #

f g(@)[ f e dg]d(-): f _q((-))[ [ o (f@]d(r).}_
S N, ¢ &, .\, fa ?
(1.14) ' '
aox,
f n(())[ f e .:19]{16).
SN, Y

Since g(A) is bounded and

VEOAN, M
' e | el — |

we have an estiimation of the form
| BN, F,

(].15) J]‘LJ((_)){ f -ee ‘—]—dg]dé)féi if A=y,
i o :
.3 SxX, AN :

Sy
I

Finally we have:

(1.16) ]g(()}[ f _—-dg]d = [g(()) ] _‘?‘igg]dg__
K o
8y SELX, Y 5 smoN, (0

-fg((a)[f . dg]ﬂ'(“).

S sg{x, &} -
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Equality (1.11) implies that the second term on the right in (1.16) is bounded:

fﬂ@)[”if ]dg]d :é]g(0)1ﬂ|ﬂll|< ()>‘d()|_

8 sg{x, @) P §)
(.17
L SX ' X i
~ fg@)m < . (~)>,d@ = sup |g] —I|1.< ,@>,: 4o,
. EANIEY ’ PN x| I
5 &
where f[~ln'< lx , (—)>IJd€) is hounded.
IRy
51 |
Furthermore
(1.18) ]g{(—)}[ f -Br-g--dr_)]d(-):: f _Q(E)}[ f__c‘_@ xfg]d(-J+
o [
5, sgix, ) e ey SEX, (&)
al{x, &)
cte
. [ g((—))[ f dg]d@.
. [
{x, 63 = I SR, )

I

The terms on the right in (F.18) can be estimated as follows: if |{x, @}

] , e jalx, ) =1 then
a

a4x, 4%

aln fersx, £ fnp X, &) . al]
{1.19)  do = '9_ SR I [ 'f'Td?
0 i{x, 3y sgix, 0) J it

sgUN, e 5R(%, ©)

S . . l
which is unifermly bounded since f -— g =< o>, Moreover

0®
a.x, ax, 6y
f 9(9)[ f ]ﬂ’” f 2(®) f S -de}d(—)+
. o
et BTN, R, X8 ‘_._& sEON, )
(1.20

+ ] g((-))[lmwln}<—i;, @>;+]“ ]x]]d@,

1
(X 0) =
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where the first term o the rieht and (@) In ¢ are bounded,
s{H)n < * . (—)> ¢
. N

is uniformiy hounded, becanse

T S Y eN e
/{ In \M. ()/ !d()

Sy

is firttte and does oot depend on v, finally

in ix; - f HWEOY e = ln('._\'i]-()[ |I ]
X;

LN . i
Lo
X . WX

s uniformly bowtded, too.

Therefore (£.12) - (118 imply the inequality {(1.9) whicli completes
the proof of lenuna 1.

Remari, The exampie Py - 17 shows that estimation (.1} can
not be generally improved and generally it is not vaiid for n-= L

The following lemma can be proved similarly.

Lrvisia 20 Lel P(D) be an elliptic differential operator of order 2m with
constant coefficients, Then for any tempered fundamental solution £ of
£2(00) the gencralized devivates D £ of £ oare locatly integrable functions in
Reit 2 - 2m— 1 and at zero the esthmation

(1.21) DFE(R) - u[ o J
Pyt am e
holds.

Remari. [Mis well known (see e.gl |23 that on RSOV Eis a smouth fune-
tion in classical sense,

2, Equations with covstant coefficients

LEysa 3. Suppese that the operator 2{0) satisfies the conditions of
lemma Ioand fe LR, Lo fe L2RY and f(v) = 0 ae if v e Then the
gguation

(2.1) PDYu =f  inRe
has a unique solution o, tending to zero at infinity. (Moreover, at infinity
1 S . . : .
u(x)y = ()[ ! F Fhis solution ¢ can be given by & = - '+ I, where £ is the
) I_\c n—



UN EELIPTIC DIFFERENTIAL LQUATIONS iN RY 20

fundamenital solution in letmina i, and for any compact KCR”® the inequa-
lity
(2:2) iy = | 2 1D = RO ez

=2 N

holds.

Proor. We have to prove only estimation {2.2) since the other state-
ments of lenuma 3. follow frong fenuma 1.

The fornwla

iy = ff(j') E(x mdv

LEps

implies:

wWOE= [0 EE =), d [ 1B -0l dr.
B, B,
lir virtue of lemma 20 £ is locally infegrable in R thus

/ ) dy =, [ SO L(\ A :h](h el l iSO dyy

- . Bﬂ‘
l.e.
(2.3) atilLzgo = cglif e v
(s, ¢y are constants, ¢, depends on K).

Furthermore, from lenima 2. we get the formuia

LDrin(xy - /;‘(1) DRE(x — vydr for |3 - 2m,
B,

witicl rplies that for 13, 2m and any b--0
(2.4) WD 2y 3 0V e v

Let pe CF(RY) be equal to 1 in a neighbeuthood of K, supp ¢ B,
Then by the well known estimates for elliptic operators (see: {3]) ineguality
{2.3) implies:

y b it ] -

fedllpermoney = fipttfsmemy = o DX
U erty + Bt s ]

Fram this eatimation by use of (2.4) we gel inequality (2.2

For =20 a better estimation can be proved for the sofution of equation
(2. 0.

Lemaa 3. Suppose that the operator P(D) satisfies the conditions of
lenuna 1., n=2{ and f¢ LYRMN LAHR®). Then cquation (2.1) has a unique
solution 1€ HP#(R#Y (the solution is unigue in Z2(R"), too) and the following
estimation is valid:

(2.5) ltfiermertty = el ey + 11 lLary -
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Proor. By lemima 3. we have only {o prove thal for the solution
. b
= fHE = FH—.
f 7 [p a‘f]

of (2.1), ue H*™(R") and estimation (2.5) holds. Therefore we have tn esti-
mate the L*(R™ norm of the function

g - (] -{- | 'Irn)l’

: ¢ 7O
(%) 7
Assumptions on P(D) imply that
I 4m
(2.6) |*('c)'|2 CFNOR=GICEAGR i 151
and
en SRR Gners @ e ) s i
|PEE)? 15[ HE
S T R

[HE

Since 2 =< i, estimation (2.5) follows from inequalities (2.6), (2.7).
Let P(D) be a homogeneous elliptic operator and consider the following
Dirichlet problem in the sphere 5,:

(2.8) P(Dyu, = f in B,
(2.9) Hugls, =0 if j=0,1,....m -1,

where fe L* (R} and » denotes the niormal to S,.

Treowem 1. Suppose fhat the homogeneous eperator 12 (D) satisfies the
L‘Undiﬂons of lernma 1. and the problem (2.8), (2.9) has « nniyue solution w1 ¢
H*™(B,) for o = | and arbitrary fe LR, Then problem (2.8), (2.9) hus a
umque solution t,¢ H2(B,) for all o= a and Je LR, morcover the difference
of u, and the solution u of (2. Yy franishing af infinity) can be estimated as
fut‘{nws:
(2.10) sup [Dfu, - DPul k|| fllemiy s - — L .

noodme

!

o

(2.11) W10, — Dallee sy = Koll fhen gty ——r—
nﬂl..—_mr I

Proor. The function w, < H2™(B ) is a solution of problem (2.8), (2.9) if
and enly if function i, defined by ©,(¥) = w,(ve) satisfies the problen

(2.12) P(D)ile=c*"{, in B,
(2.13) Higls, =0 it j=0,1,...,m—1
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whercf;(y) = f(yg). Thus problem (2.8), (2.9) has a unique solution #,¢
€ H*m(B,) for all fe L2(R"), o>a.
The difference v, = u 1, < H*"(B,) satisfies the following problem:

(2.19) PDyr,=0 in B,

(2.15) Hvpls, = Hutls, =g if j=0,1,...,m—1,
furthemore for 7,(y) = 1,(ve). 1, € H*™(13)) and

(2.16) P(D) T, =0 in B,

(2.17) N iglsy = Fopo j =0, 4, .., m—1
where

(2.18) o, (1) = 0l 40, i (0)).

Since f{x) = 0 a.c. if fx!=a, by use of lemma |. we get for any fixed 3
the estimations:
I's . = 4 . 0 I
(2.19) Do, A0 =l Megryy - —- —
0

n-2mb b B

| D@, (0] = 07+ [ Dy, Ko V)T =¢y, f|IL‘a(R”) gr-zm”
The problem (2.8), (2.9) has a unique solution for ail f¢ Lg(R"), 50 {2.16),
(2.17), (2.19) imply that

(2.20) Ji"'p”f‘f"’“'tﬁl)"‘ 2 2 “'19 g =i Yoz e flles gemny - 2m "
j’=-0 Qn—..m
As

[D7velinzsy = [T llLacgn - 0727 7,

thus fromi (2.20) we get the estimation (2.11).
The tnequality (2.10) fellows from (2.19) arx) the Schauder estimates for
the problem (2.16), (2.17) (scc c.2. 3]}
ﬂI_v—l -
Q”C mte gy — =7 o 2':' ,llrfr(',ji!{_ﬂm S F WS
-

(=CR, 0<a- 1)
REMARK. Ax a consequetice of theorem 1, we have

(2.21) I|m e ttlpemgm y = O for ma-din
grov b~ N
and for any 2
(2.22) lim sup D¢, — Dén) = 0 for 1= 2n,
gt B

The example :
[,ifxeB,

PD) =4 f@x)= {0 if xc R"\B
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shows that in the case = 2n1 the equality (.22} is not true generally be-
cause then for all fixed x
i i) — m(x)] = + oo,
Furthermore, if 1~ 30 4 then this example shows that in the case
=i the equality (2.21) s not valid generally, because for this exanmple

e bee agipemgy -« 0o
PR

It the nperator £2 {£2) is not homogenecus then the following theorem
can be proved instead of theorem 1.

Tuuores U7, Suppose that e operutor P(D)y subisfios the comditinns of
feninrg Fooarid the polvimnial 12 has the form

Pz - D PR
RN 1]
where w,, - R, wind for aony comeplex vector (5, .00 s 00 SO e inequal ity
(2.23) T S | M N
b - e, Ld o
fiefel.

Then for arbitrary fel (R LERYY, o0 problem (2.8), (2.9) fus o
enrigie solibion 1, € OBy and for every fixed eomipuct K 2R and |}

(2248 sup [Drn, — D v — <K
IN pfi—dm—ts g
Proor. A function a, o FPAm(B,) s the solution of (2.8, (2900 and only
if for (v = w(ve)

L gy + L aerm |-

iy ey . e, - T
(2.2} > te rvn, = f,in I3,
tod iy e
(2.20) Mids, ~0 j=0,1.....m -

holds, where f(v) - f {ro). Conditions (2.23) imply the unigqueness of e
solution of (2.23), (2.26), because multiplying cquation (2.23) by i, we gel
the estimation

- . T . i, (irn
BFolranm,,! o'ty /)!r_ i, = > e, / ’ - ]
4 3 e

ot 0 i
i, Hy B B
! ’ : T . ¢ T .
. 2w D u D) - _" > o't s
(r”' g e - @*”‘ o= i

=1 13

"‘.2 o
by
(}_f”

from (2.13) it follows that f.< FHe(B)).
1
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Therefore
{2.27) telieaczy = ¢ 0 I ollrxs -

Thus for any f,€ L*(B,) there exists a (uniguey i, € HE{B,) sueh that

. Uu "
20 j (D )1y = ] oV
Lo oo @t

i iy

if ve HEB ) and s we get the existence of the solution a7 F0m(83)) of (2.23),
(2.26), too,
Equation {2.23) can he written in the form

(228) Z e {,‘_’m o [y .:"’g_{_ 9‘_’”: :’:'5, — Q:!m,;i:"l' {Jim ﬁv_
oo,y oETIN
For the characteristic polynomial of the differential operator in (2.28)
Py+ =00t 2e R, 620, (2, 0) =0

hence in virtue of results of [4] on elliptic differential operators with para-
meter we get the estimation

2m pEES
a2 I ¥ -
{Z O™ [etg| [ 32m - R(B!)} =0, 0" | follezcan + il aca -
k=0

Thus inequality (2,27} implies that

Mflszm Ky = o 0™ H| flliezs
and so

N7 glliagsy 2 e 025 24 fllezmy i |3] = 2m— 1,

(2.29) WD byl 7= g 0™ F LA S]]
Applying Green's formula, we get for x,€ B, an estimation of the form

|28y

(2.30) Iyl = > .fJ:ﬂ [_| Z%.-](D:. P EYx,— X)do, =
= s =2m X .

= 3 g[|—: |—](D=--u)(x)w*£)(xn ¥) daxf +

]

X
+ Z f‘qﬁ[
T v 4 0 <2mc; |X

4

| ]{D?'ug)(x)(D" EYxy—x)doy. =

[RA

o 2 1D, + D I E) — Dllgsy

=y |-!rﬁ!~:2m

(¢, does not depend on x,), since the coefficients g, are bounded functions.
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1 x, ¢ K then by femmia 1.

(IPE)x, -x) = o[--—---—]---- . ] :

Iyln 1478

thus

(2.31) HDPEX, ~ XVirxs,y = O

Moreover, for |y} =2m—1, u(y) = u(vo)

a-1 n

2 77 - x TV
”D?HHI}(S,‘,) = e I|Dy“1IL2(sl)§f3 b4 “uH”'}"+|(3|} =
= ¢y 0 ity v w1 gy, Fos 0l e gy
and so fennia 37 implies that
(2.37) D7l xs 0y 0 1 oy + I fllern)-

From estimations (2.29)-- (2.32) we get the inequality (2.24) in the case
1= 00 5imilarly (2.24) can be proved for arbitrary multiindex 7.

3. Equation with variable coefficients

In this paragraph an equation of the form
(3.1 POYu+Q(x,Mhu=f

will be considered, where 2 is it complex number, £ = Q (x, ) is a linear dif-
ferential operator of order 2mr with infinitely  differentiable coefficients,
vanishing for |x| = a and f€ LZ{R").

Denote by .1 the set of all 7€ C such that the upcratm‘ PN+ 2Q0x, 1)
is elliptic. Obviously -tis an open set. Denote by .1, the set of all connected
components of .1 which coutain a 7 such that for ailfe LA(R™) the equation
(3.1) has a solution «, vanishing at infinity. (.1, contains that compouent
of _iwhich contains 0. It the order of Q@ (x, D) is ]ess than 2m then .1, = €.)

Denote by P~ w the unique solution of the equation P(D) H=w,
which vanishes at infinity (see femma 3.), i.e. 4 = £+ w, where £ is the fun-
damental solution in lemma 1.

Using the method of [5] and [ ] we get the following lemuma.

LEmMmA 4. Suppose that P = P(D) satisfies the conditions of lemina 1.
and @ = Q (x, D) satisfies the above conditiens. Then for any 7 a function
1 is the solation of (3.1), vamishing at infinity, if and only if w = Py s the
solution of the equation

(3.2) W QP = f
LR,



ON ELLIPTIC DIFFERENTIAL EQUATIONS IN R?

. B
jol
b

For 2¢ 4, the index of equation (3.2) eyuals 0. If 2101 then for
arbitrary feL3(R™) there exists a vaique solution « of (3.1), vanishing at
infinity, where .1, is a countable set and the following estimates are valid:
for any compact KR
(3.3) etlhiemicrey == AR ez ry

and in the case i~ 24

(3.4) ledllermemty 2= coll Fll ez ms -

Finally consider the following Dirichlet problem in B,:
(3.9) PD) u,+ 20, D)u, = f in B,
(3.6) Hitgls, =0 if j== 0,1, ...,m—1.

Tweorem 2. Suppose that conditions of theorem 1. and lemmu 4. are ful-
Jilled and 7€ AN . Then there exists o, =0 sucht that for all o =g, and f¢ LR
problem (3.3), (3.6) has a wunique solnfion w, ¢ H*"(B,) and Jer amv compuel
KR

- : ol

(3.7) b, - M| ppermigpey 7T :‘i ,? iflie EN DY
£,

maremver, if 1= 4 the

Y] I __f'.!

(3.8) te — 1l ep )y = g S llzemy-

Proor. In virtue of theorem 1. for any o= « and f¢ L2{R") the problem
(3.9 PUNY, = f in B,
(3.10) r){l'ﬂlso- 0, j=01,...,m—1

has a unique soiution v, ¢ H#*#{{3;}). Denote the solution of (3.9), (3.i0) by
P, ! f. Then P, : LRy — FP{,) is a bounded linear operator and from
estimation (2.10) it follows that for any compact KCR"

a(K)

=

(3.11) ii(P;I )f||u ”’(K)—-' IFAERTG

Conseguently, the difference of the operators
S = I4QPTY, F, = 1+2QP; ),

mapping LR into itself (7 deuotes the identity operator in LA(R™), can
be estimated as follows:
(3.12) iF, Flspew, -p M= -9

n—2m
o

{7 is a fixed number).
From lentma 4. it follows that the inverse of F exists and F~1: L3{R*)~
-~ LXR™) is a bounded linear operator. Therefore estimation (3.12) implies
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that for sufficiently large o the inverse £, ' exists, too and /4, i LR

—~ LR is a hounded linear operator. Since the cqualily o, = P w, de-
fines a one~to-one mapping between tie solutions n, < 14",y of {3. 5) (3.6)
and the solutions w, € L3R of equation £, w, = f.so for sufficiently large o

and arbitrary f¢ L3(R®) problem (3.3), (3.6) hds a umqm solution.

The difference of the solutions a, = PQ ! fad =P F0 f

catl be estimated as follows. By (5.12) the uumhur o, - (F can be chiosen such
fhat for oo,
. I - . . i
AL Fle o and o se i Y e
' A ' 2

Hence
B = KL F o E = PR = I F P, = F) [ =200 )

and
1F, = Frifl = [P, (F o~ F ) Fif=2)

This estimation and (3.12) imply that

I, Fil.

— l‘.'
[Fo' = Fry= -2
ot Eri

Thevefore hy (3.11) we get (3.7):
e = wll=raaey = WP Py PP O, =l

(K 1, - . .
= ol —)- HFQ ! j”L'.!a(R“J -1 (;v.l{} “ L F 1),}‘”!.‘-'“(R”)§

—
f}” 2t

P =2 !.|f||l'2“{ﬂn)'

Inequality (3.8) can be proved stilarly.

Finally by usc of theorem U, we get the following

Tueovew 2. Suppose that conditions of Hreerernt 70 and fewina . are
Fulfitled, 2€ 4\ . Then there exists o, 0 stch thaf for all o =0, and fe LAR™
problent (3.5), (3.6) has o wnigue selution w2 1027(B,) and for anv compact
KCR"

. (K .
it ey = SO e
9” S--2m
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ON A GENERALIZATION OF 4-ADDITIVE FUNCTIONS

BBy
. FEHER

Teacher's Training Callege, Ples
¢ Received December 22, 1932

1. Let ¢ =2 be a fixed integer. Then every nonnegative integer 1 can be
represenfed uniguely as

(1.1) n= ag, a0l g1y, u=0
i

We shall say that a complex valued function f defined on the set of nounega-
tive integers is g-additive if f(0)y = 0 and

(1.2) fon - > /(a 4}

This notion has been introduced by AL O. GELroNp [ ].

As it s well known an arithmetic function g (defined on the set of natural
numhbersy is ddd:twc if gy = q(m)+u(n) for cvuy coprime pair of in-
tegers (u, i), Let Lo== {log iy no= 1,2, 00} 7, = log p, where p denotes a
generat prime. Let f he defined by f{log 1) = u(n) From the unique prime
factorization theorem we set thai cach element log 1 of L can be given vni-
quely as

(1.3) log it = 2 a(p)-2,  2p)e{ 1,2, )

#

whiere z(p) = 0 with the exception of [inite many primes p.
Farthermore. for additive g(i) we have

(1.4 fQogny = 3 fla(p)-7,)
n
Let us hegiven an arbitrary cotnnutative monoid Ryandlet R, R,, ...
be a sequence of subsets of R, all of them containing the zero element.

We shall say that {R,, R,, ...} is a finite direct decomposition of R, if each
element r can be represented uniquely in the form

(|.5) Fo=oap 4ot oL --}-[J;S: (_J;'RF_)Q;‘R (l'.' =1, .. ..S).

17 ANNALES  Sectio Mathemalice — Tomus NXVIL



238 FEITHR, .

W shall say that a complex-valued funciion fis additive — with respect Lo
R and its finite diveet decomposition {K,, R, ...} —, if fi0) = 0und

(1.6) O Z Jlo:,).
fi=1

It is obvious that this a straightforward generalizarion of the additivity and
g-additivity. Introducing some topology in £ we may raise some qucstlmh
about the characterization of additive functions. Let us assumie that R is a
subset of the real field. it is obvious that f(r) = ¢ {¢ being a real constant)
is an additive function for each finite divect decomposition. Under what con-
ditions stated for f can we assert that cr are the unique additive functions?

Now we restrict ourselves to the case when £ = %, is the set of non-
negative integers.

Let 2 be the sel of natural numbers. For any subset s¢ % let s - 513{0,
and s} be the cardinalify of 5.

DeFixiriox 1. Let % W (F= 0.0, ...) We shatl say that {%,,
Ry, ...} is a finite divect decomposition of 9, if every nC, can be written
uniguely as
(1.D) Ho— iy b e n PR ERy (b= bl s)

DEFINITION 2. We shail say that a finite direct decomposition {7,
Ky -} ol g is an w-system if:

3

a) 7R, is finite and nonempty: (#,0 = £ —1({ =0, 1, ...),
b) the smallest element of 7@, is smaller than the smallest element of
@, for every i-j.

DeFIxtTION 3. We shall say that an @-system is monotonic if the smal-
lest element of % is larger than the greatest element of 2, for every i = .

it is easy to see that if the - nytem is monotonic and {2;| = g1
(t=0,1,...) then &, = {1 4. , (=), and we get the g-ary
(JLCOHIDO‘HHOI].

Derixrriox 4. We shall say that a complex-valued function f{r) defi-
ned on %, is additive with respet to for the finite direct decomposition
{Ry, 2, ..} of N, if F(0) = 4 and

fOny = Jlrayt o2 f )
Ve say that an m written in the form

.'H:fjl_—fj._.T...+f_fr. f_,__l”;() (- 1.....n
and 1 given by (1.7) ave /@-disjoint if the set of indices {i), iy, ..., i} -
.., .} are disjoint.
It is obvious that if f is R-additive and wr and » are 2-disjoint then

JOn+m) = f(m-f{n}.
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For the sake of brevity we shall use the following notations.

R =U .
=10
2 cdy = Qhgb ot Ay | A ER N0
3. 0, = {ht . =001 052 e R0

That is ¢/, is the sct of positive integers that have no components from @,
for j=1i, and ', is the set of positive integers that have no components from
R for j=i—1

Itis obvious that for mec/, ne ¢, the elements i and n are #-digjoint.

2. Tueorem L. Given an arbitrary “@-svstem, let d be an  arbitrury
positive integer, fand g be additive functions concerning His 2-system, and

2.0 lim (#(n ) f(n)) — A

Hem o
Then gln—dy = flny= A for cvery 1o m,.
Proovr. Let ¢ Ad and £ and G defined by Finy = f(m)--en,
Gi() = g{i)— .
From (2.1} we et that
(2.2 Gy Y= F(m =0 {1+ =),

[t is abvious that F and ¢ are Q-additive functions. Let neR = T3,) be
fixed. Let i, be such a large index that for each Ne &;, the inequality N -~ 1+
+d hoids. This involves that GIN+d) = GINY-G(d), GIN+n+d) =
= GINYL Glri+d), F(IN-+- 1) = F(NY=F(iy for Ne . 5o from (2.2) we
get
lim (({NYy F(NY) = —G(d),
NOT

“f

lim (G(NY— F(N)) = — G d) + (1),

which gives

(2.3) G(n+y—Fm ~ - G(d).

(2.3Yis troe for every O, sofor u = 0 as well, consequently G{d) = 0, and
S0

(2.4) G(r+d)-- F(iy — O (1€ (4)

This imples the assertion g(n + d) = f(13+ A immediately. ||

THECGREMW 2. Given un arbitrury R-system, fel [ be an urbitrury comp-
fex-valied 7R2- u‘du‘n‘fl’e furunou such that

(2.5) i D] =0

X X A=Y

Then f(1) = 0 identically,

17#%
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Proor. (a) et i,--0 be fixed, and the clements of (4, in increasing
arder be O = o, -, .oy Let

V) An =2, —F=x. 30 G 180 = BAY (= 1,.. .,
Itis obvious that
AR =0 - AR Rn B =0

(7= j), and
(2.6) A W) LR (Y - e x, ned,)
for every large v

S0 we have

(2.7) A= By o B = [x]+ 1.
Since

(2.8) BixX)=By(x):z:. .. =8, (x).

therefare

(2.9 A+ A B(x)=[x]+ 1.

Since B (xX)= B ,{x)+ = . therefore for eaclt large x we have

(2.10) Bi{x) N B (x) _ 1

ATA BN ATABAN ) 2441

(b} Let now mée be an arbitrary fixed inicger. Let i, be so chosen that
for every nt = m, '€, we get mr'ccd;, Then

LS Dgoal= S i e @m0 =

“I:IJ'IIT_’?'II"\'
:\'_ > S = fim =1,

HEX—
Ty

and so by (2.10) we get that the right hand side is not less than -

244
[f(m)-- f(m— [}]. From (2.5} we get that f(m) = f(m—1).

(€) Su we have proved that f(m) — fn—1) for every mc®. Since
J(©) = 0 and 1€, thercfore f(1) = 0. Now we proceed by using induction.
Let mer, and assume that f(7') = 0 for every m' %, ni' = nr. Since mi— 1
either belongs to @ or can be written as the sumui— 1 = riy + ... 4 i, where
ri, =, therefore f(m-- 1y = 0 and so f(m) = 0.

Hence we get the theorem liwmediately.

As an immediate consequence we remark the following
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CorovLLany: Given an arbitrary -svstemr, lel g be an arbifrary
complex-rolued (R-odditive funtction sach that

fim (g(n+ 1) —g(m) =

Then g(n) - Co

3. Tueoren 3. Lel f and g be arbitrary complex-rafued q-additive func-
s,

(3.1 lim I-Z g+ D—f(ml =0
X X o=y
Theng(nn+ 1)y = f(n) for everv nc,.

Proor, Let 2«1 be aq arbitrary integer, ity = g(ng™y—f(ng+). 1t is
obvious that M(n) is a g-additive function and that g(ig®+ D—f(ng*) =
= fi(my+g{1). S0 we get that

> gl Ty = fOnY = Z BOEF]

X hoix X ng?
and so from (3.1) that

(3.2) fim I_ Z (Y + (D) = O
Since [fi(rt 4+ D= BOND| — A+ D4 g0+ 1AGD e DY, from (3.2) we get
{(3.3) ]im I' DG+ 1y i) -

From Theoren: 2. it follows that /(1) = 0, i.c. that
(3.4) gy = flag*y (== 1,2 ...;0=0,1, ...}

Let now A& he an arbitrary integer and = be so large that A+ 1 <g*”
Since g(rag* + K+ D)= fQu-£) - ()1 gtk + 1)— f(k), and the density of the
integers ug* vk (= 1,2, . )|s positive, from (3.1} it follows immediately
that glk + 1) = g{f).

By this the proof tas been completed. |

THEGREM 4. Take anB-systent for whichep, = {1, .. .. k- 1ywitha suilabel
c=2 Assumne that d€8,, F, G are complex valued @-udditive functions suf
that

(3.5 Glr+d) = F()  nc,.
Theu
(3.6) F(NE) = NF(i—d) (N =1,2,...)
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atud
Flh-—-d—m-Flhk—d) for O=un- d.
(3.7) Gy = Fu-d)y for d=n-:k,
1F(u) i k.

{roour case Ty s the sctof all pesitive muttiptes of k. Lef F(1), F(2),. ..,
F(k—1) be arbitrary cotnplex numbers, G(1), G(2), ... Gk - 1) be defined by
(3.7), and G(n) aid F(un) for ue G, be defined by (3.6, (3.7).

For = k45 052k {ef F(n) = F(km)+ F(s), G(n) = Gl + G(s).
Then F, G are R-addifive frnictions safisfving (3.5).

Proor. 1t is obvious that &5, is the set of all positive multiples of A
The last assertion s almost obvious. Let n+d = AN+r (Q=r=k).
Then G{n-+dy = GENYL G, Furthermore, 1 = (N — 5L d4+r and
fn=FLEN+r—d Then for O~r--d we get F(y = F(IN- D= Fh—d+1)
while for d =r-=k we have F(n) = FIRNY+ F(r—d). Taking into account
(3.73, (3.6) we get {3.5).

We prove the first assertion, Sinee F{0) = 0, therefore (H) = (. Since
GINE V) = GINIYA+ Gy = GINEK), therefore GINE) .~ FINE)Y for N,
By substituting # - £ dintto (3.5, we get GRY = Fk--d). Now we prove
that
(3.8 GINR) — NEF(k -dY  NOW.

This has been proved for N 1. Let ns assume that (3.8) is lrue for an
N(= ). Then, from (3.3) we deduce that

GIN+ k) = GINk+k—d+d) = F(Nk+k—d) -~ F(NK)+ F(k—d).

By vsing that F{NEY = G(NE) ind the induction hypothesis, we get that
3.8y is true for N+ 1 instead of N. Let O=r-2 ¢, From the R-additivity of
(1 we oot

Gk - m) = GEY - GO,

whence by (3.3) we deduce that
G+ my = Gkt n—d +d) = F(k- d 1),
Collecting the previous relations we get
G(ny =- F(k ~dv )y Flh- &y (0-201-d).
Finally fet o = -o & Then from (3.3) we get divectly that G(r) —= F(n~d).
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1. Let 3 be the set of natural numbers, %, be the set of nonnegative
integers. For an arbitrary subset S let 5 = §1J{0}, and |#]| be the cardi-
nality of 5. o

Let @0 M (i =0,1,2, ... ). We shall say that {@,, #,, ...} is a finite
direet decomposition (FDID) of R, if every ¢ can be written uniguely as

([]} Ho= ittt J-}',‘S, F;';:E-",()[‘j__ U\ =1, .. .,S).
We shall say that this FDIL is an 7@-system if
a) ;18 finite and nonemipty: |4 = k-1=z1{=0,1,...)

b) The simallest element of 72, is simaller than the smaillest element of @,
for every i--j.
We shall say that an Z-system ix monotonic if the smallest elerment of
R, is larger than the greatest elewrent of 2, for every 7 <.
Let f(n) be an arbitrary complex-valued function defined on 9, We
call f to be -additive concerning the FDD @, @, ...} if f(0) = 0 and for
every n written in the forin (1.1)

(1.2) F0) = fa) £ £y o+ fir):
Given a FDD {®,, %,. ...}, assume that #is represented as (1.1),

aird nzin the forim

([5) 1t :fjl -i--fj__.—}- f—[_,'r, 'IJ'-I.-G(’QJ'-J‘: (fn =1, ...,F).

We shall say that s and nare @-disjoint if the set of indices {i,, ..., i},
{/io .. g} are disjoint.
11 is ebvious that if fis «@-additive and a1 and 1 are “2-disjoint then

fansny = fGu) + fon).

For the sake of brevity we introduce the following notations:

(1 P = _L_j P
(2) oty = fhg+ . 402,60 10}

(3) T it vl =i 1,2 4ER MO,

L3
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That is « /; is the set of posttive infegers that Giave no componcnts fron
G for f=ioand €7, 0s the set of positive integers that have no contponents
from & for j=i— 1.

The structure of the monotonic 2-systenn is very siniple:

./A)n = {I‘ . );l-“_ I}.
rj\',‘] B {!2[\-1, TR . J"\'{_.. ,-'} (1 IJ

;\{ = f.'n. . h'j. b

We omit ihe proof of this ehvious assertion.
Conscquently in tlis case

oA, cning| LK =1L G - i e

For k; = ¢(=2} we get the g-ary decomposition. The additive funtions
concerning the g-ary decomposition are calied g-addirive Funtiens. This no-
tion ltag heen introduced by A O Gervoxp [1].
2. 1 a joine paper written by Lo IKATar [2] we proved the following
assertioil;
Trweowen Al Lot g(n) wnd f{n} b infoger-valired g-additive funcfions.
Asstme thal there exists ul feast naie prime p for vhich
() pigluydy holds for infindtcty may pairs ef wand Jowlere a1, o g — 1}
and fef0, 1,2, ...)
() Jor every us, pro(n) fovelves that proflny. Thea fony - cgim), ¢ s o
rational number.

With the same methed we can prove the following
Tneowew B, Given ane /2-svstem, fel f(ny, a(mny e fufeoer rafned
R-additive funtions, Assumte thaf there exists af feast ane prime p for witicl
(=) praQn) for infodtcly mame ms: a2,
(7Y there exists wn fndex 1,50 such thal 0 O, und prigliny imples tha
P ).
Then f{my = ce{n) for every ne Gy, wWhere s o seilulle Fationad coustani.
By choosing g(n) = i we gel ihe following
Treores Co Ll fQiry be an tbeger-valued &-additive funelion, Assunie
that there exists af feast nne prisme pfor whici
(o) péam fur fnfivitelv wmanmy e,
(by there exists an index i, =0 such that i G, fmples Hat 5 | f ().

Then f(in) = en for every nd &,

wfiere ¢ is a fnlcger constunt.

Rexark, Itis easy to construct such “Z-systems for which the condition
(a) in Theorem € 1s not satisficd. This is the reason for which the gext asser-
tion seenmts to be interesting.
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Turores L Given o monstontic @-system, tel | be an iiteger-ralied
-additive function. If for o saituble tndex i, =0 the relation 1) f(n) holds for
every 1€ Cx,, then f(ny = co for every ne G, wiere ¢ 1s an infeper constant,

3. The proof of Theorem | is hased on the following lemmas.

LEsan b Let pand ¢ be odd primwes, p - g. We shall define r to be the
least positive residue of ¢ (mod pyif p=1 (mod 4), while for p= — | (med 4)
r is the unique integer for which ¢= -r (mad 4p), r=1 (mod 4), o -r=4dp.

) .
Then for 1he Legendre-symbol we get [ / J::[ ’ ]
q i

Proor. See [3]. Theorem 3.5,

For an arbitrary subset § of 2 let X&) denote the set of all prime-
divisors of the elements of €. Let 7X(&) = 72 be the set of all the primes.

Lemma 20 Let &, &, ... be an infinite sequence of arbitrary integers
Az 2 sueh that P({k,}) contains all but at most finitely many prinies. Then,
for the sequence €, =& & .0 B =1, P(C, ) contains infinitely many
elements.

Proor. Assunie in contrary that /{¢, D is finite. Then ({C,}) can
be covered by a finite set of primes

{2' -‘”]\I trtr .”m i'rilll: R ] q.\}

where =1 (mod ), ¢;= - 1 (mod 4). Consequently every €, can he written
i the forin
(J|) C,, - 2“pll*'l o p;uq-ll . (}‘_‘-,—""A

We shall say that ¢ is an exceptional prime if it beleugs to 2P08D.
Since the set of exceptional primes f1 is finite, therefore every large prime ¢
is non-exceptional. H g is non-exceptional, then ¢ £, for at least n, = H{y)
consequently C, =0 (mod ¢ for rezi,(g). We shall show that there exist
infinitely many g for which this condition does not satisfied.

Let x, denote the least positive solution of

(3.2) 8¢, ..oqx=2 (modp ... p)

anned let

(3.0 Qu = K-8y pygy gy Sxgy oy

o= 1,2 .... From Dirichlet theorem we get that @, is prime for infiuitely

many £. Let g be such a prime which is non-exceptional.

i
the definttion of x, we get that g=1 (mod p;), = — | (imod qj) and so from

f;

g

Observing that g= — 1 (mad 8), we ger that [ ] =, furthermaore from

m
Lemma 1 we have Thilt[qu = 0, [ ] — L, consequently by (3.1) we deduce
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g—1

: _ —1
that [5_1_] = 1L But Co= — | (mod g), aud [ J =(-D** = | Thisis
gq q
a contradiction. f|

4, Proor of THEOREM 1.

I. If there exists a prime p such that pim for infinitely many mec,
then condition (a) in Theorem C is satisfied, consequenily the assertion is true.

2. Assume now that the relation pjm holds for all hut at most finitely
wany w2 for all pritmes p.

Sittce the 7Z-system is monotonic it can hold only if for cach prime p
there exists al least onc &y such that p | k.

3. Let 1y be the smallest clement of "Gy, 1, = K. Since the conditions
of Theorem | stated for f{n) hold for the function h{n) = 1, f(mM—fU)n
as well, even we have fi(n,) == 0, therefore it is enough to prove our theorem
under the additional condition f(s,) = 0.

4. We shall prm-'e the assertion by induction. [t is known that &, =
=N [N =1, 2, ...} Let b= Nn, N=1 bhe fixed and assume that
_f(/ln,,) =0forA =12 ..., N -1 Let mY denote the smallest clement of
2,. Let r be so chosen that b= mih, Let the index s = r and the prime p so
chosen P, p=max (b, ;f(b)) and p 4 ki .. .. k. — 1. The existence of
such a prime p is guaranteed by Lemma 2
Let X denate the smallest positive :,nlutmn of the congrucnce

(4.1 mx= —n, (mod .
Since i, = r, therefore ugpt" and so prng. So O=X - & ...k 1, and so
+.2) X e A = ke, koo L
Let j be the least integer for which pli,. Tt is clear that f = s, Turtherinore that
{1
piay’ - K. Consequently the set

Ay = (U ke[, ko — L)

contains a complete residue system mod p. So there exists a positive integer
¥ such that

{4.3) p]l/.'.-‘r(-”—:w‘?—-n, ard Vn‘.'“]-’rf

From the condition of our theorem p,j(}’n ‘b 1,)- Since the integers
ij - My = (N~ 1y, are ®-disjoint, and f{{N - Dn,} = 0, we get

(4.4) pLECY ).
We can deduce similarly that

(4.5) plAxm?).
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from (4.1}, (42) we get that piYm}”Jerfr”er. Conseqyuently

plf (YD 4 Xm0y = £V + £(X) + f(B). Collecting 4.3), (4.4), (4.5),
we deduce that pl f(b), that is possible only if f(b) = 0. |j
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