


































































































































































































































































































































































































































240 LIU ZHENHAI 

which indicates that v = (Oi. .. .,011 ) and w = (wi, .. . ,w11 ) are coupled upper 
and lower quasisolutions of the problem (1)-(3). The rest of the proof for 
Theorem 2 follows from Theorem 1. 

In the case when qk = 0 for each k = 1, . . . , n we shall rewrite the system 
(1)-(3) in the form 

(29) 

(30) 

(31) 

auk 
-+ Lkuk = fk (x,t,ui,u2,··. ,u11 ) 
at 

Uk =0 
uk(x,0) = gk(x) 

k = 1, . . . , n. 

in Q 

on S 

in n 

We say that u E V is an upper solutions (resp. a lower solution) of 
(29)-(31) if u satisfies (29)-(31) with all the equalities replaced by 2: (resp. 
::;). As a consequence of Theorem 1 we obtain 

THEOREM 3. Assume that the system (29)-(31) has a lower solution 
v and an upper solution w such that v::; w in E, fk(x,t,v), fk(x,t,w) E 
E L2(Q), and for each k = 1, ... , n there is a positive constant M such that 
fk(x,t,u1,u2, .. . ,u11 )+Muk is increasing with respect to all ui (i = 1, . . . , n) 
on [vi(x,t),wi(x,t)] for a.e. (x,t) E Q. ff condition (f2) also holds, then the 
system (29)-(31) has extremal solutions between v and w. 

In [3], GIANNI and MANNUCCI considered 

au - 'V2u =H(u -1) 
at 

(1) u(x,t) = k(x,t ) 

u(x,0) = h(x) 

in Q 

on S 

inn 

where H is the Heaviside function. They have proved existence and continu­
ous dependence theorems if the functions k(x , t), h(x) satisfy some additional 
conditions. 

Let v (x, t ), w (x, t) be the solutions of the following linear parabolic 
problems respectively, 

(II) 

(III) 

ao -'V2v=O 
at 

v(x,t) = k(x,t) 

v(x,0) = h(x) 

aw - - v W -
at 

w(x, t ) = k(:r , t ) 

w(x,0) = h(x) 

in Q 

on S 

inn 

in Q 

on S 
inn. 
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Then it is obvious that v ~ w, and v and w are lower and upper solutions of 
(I). By Theorem 3 (n = 1), we also get that the problem (I) has a solution. 

Using our Theorem 2 (n = 1), we also can get the results of CARL in [1] . 
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1. Definition: We call a set Bh(N) a basis of order h (or an h-basis) for 
the (integers of the) interval [1,N], if 

That is, the integer elements of the interval [l, N] can be represented as the 
sum of (at most) h elements of Bh(N). 

We are looking for the least possible number of elements of such a set 
Bh (N). Let us denote this number by Ah (N). 

For the case h = 2 it is easy to see that 2VN 2: A2(N) 2: ,/2 ·.JN. 
It was shown in [3] that A 2(N) $ v'3.6 ·.JN. In [2] I improved this result 

to Vf.5 · .JN by a simple construction. 

In this paper I shall give upper estimates for Ah(N) for any h. 

2. We can clearly represent any number n $ N as the sum of at most h 
numbers if we consider the number system of base VN (or more precisely 

* Research partially supported by the Hungarian National Foundation for Scientific Re­
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r W1). In this way we have an h-basis of the elements: 

First subsequence: 1, 2, , ... , VN 
Second subsequence: hr:-; hr:-; h r.;2 v Jv, 2v N, ... , v N 

Third subsequence: ht.;2 ht.;2 h1.;N3 
v JV ' 2 v N ' ... ' v JV 

h-th subsequence: 
ht.;h-1 ht.;h-1 
v JV ' 2 v N ' ... ' N. 

This basis consists of approximately h W elements. That is, 

Ah(N) h w ~. 
3. In this part we will use the rare basis given in (2]. For technical 

reasons we will need the constant C = v'33 /2. Notice, that C < 1. Let 
W be denoted by M. Let us consider first a rare 2-order basis .Bz(M2) 

of the interval [ 1, M 2] having v'33.Jii.2 = 2C M elements. We multiply the 

elements of this basis by M 2 (to obtain the set M 2 · .Bz(M2)) then by M 4 (to 
obtain the set M 4 · .Bz(M2)), etc. 

We replace the first two subsequences of the basis in Section 2 by 
.Bz(M2); the next two subsequences by M 2 · .Bz(M2), etc. 

If h is an odd number, we leave the last subsequence untouched. 
It is easy to see, that we still have a basis of order h. 

If h is even, then this basis consists of h /2 blocks, each containing 2C M 
elements, i.e. our basis has h CM elements altogether. It means that 

Ah(N) hC h w ~ <' 

since C < 1. 
If h is odd, then this basis consists of (h - 1)/2 blocks, each containing 

2C M elements, plus one block containing M elements, i.e. the basis has 
[(h-1)/2] ·2CM+M elements in total. This gives 

Ah(N) < C(h - 1)+ 1 w - ' 
a slightly weaker result than for even values of h. 

4. One can feel that the above model is not well balanced for odd values 
of h; the last block is relatively too "large" compared to the others. Therefore 
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we keep just the first CM elements of the last block, i.e. we omit the 
last (1 - C)M elements. This way we obtain a basis for the interval N 1 = 
= CM Mh-1 (instead of N = Mh) and this basis contains h CM elements in 
total. This yields 

Ah(N1
) hC --'"-- < --w - trc• 

Since C < l, this is a "better" (that is smaller) constant than the one we 
got for odd orders in Section 3, but it is still weaker than the one we have for 
even values of h. 

We can summarize our results in the following 

THEOREM. 

Ah(N) { hC, if h is even, 

lfN ~ ~· ifh is odd. 

where C = ../33/2. 

5. Unfortunately, I do not see possibilities of further improvement by 
"assembling" the h-basis from 2-basis blocks more cleverly. 
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L. G. PAL introduced the following modification of the Hermite-Fejer 
interpolation. Let 

-oo < x 11 ,11 < ... < x1,n < +oo 

be a finite system of distinct nodal points for n = 1, 2, . . . and 
II 

w11(x) :=II (x - x;,11), 
i=l 

It is obvious that 

II 

w:,(x) := n ·II (x -<11 ). 

i=l 

* X11,11 < X11-l,11 < · ·· < Xl,11 < Xi,w 

Determine a polynomial R11 of lowest possible degree satisfying the condi­
tions 

R11(x;,11 )=y;,11 (i=l,. .. ,n), K11 (x;:11 )=yf,11 (i=l,. .. ,n-1), 

where Y;,11 and arbitrarily real numbers. 

PAL [7] proved that if a~xi,n (i = 1,. . .,n; n = 1,2,. .. ), then there exists 
a unique polynomial R11 of degree ::; 2n - 1 satisfying the requirements and 
R11 (a) =0. He has also given the explicit form of this polynomial. In [l] SZlLI 
proved: 

If the interpolated function f : R --t R is continuously differentiable, 
/(0) = 0, 

lim x 2re-x
2
12f(x)=O(r=O,l,. .. ) and 

lxl-+oo . 
lim f 1 (x )e-x

2
12 = 0, 

lxl-+oo 
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furthermore 

Yi,n =f(x;,11 ) (i = 1,2, . .. ,n), y: 11 =J'(x;*n) (i = 1,2 ... ,n - 1), 
' ' 

where Xi,n are the roots of the Hermite polynomials, then the sequence of the 
interpolation polynomials R11 (n = 2, 4, 6, ... ) satisfy the following estimate: 

e-yx
2
lf(x)- R11 (x)j = 0 ( w V'· )n) logn), 

which holds on the whole real line, where y > 1 and 0 does not depend on x; 
w is the so called Freud modulus of continuity, which is defined for a function 
g :R-R by 

w(g ,o) := O~~~o 11e-(x+t)2 /2g(x + t) - e-x2 /2g(x )II+ Jlr(ox )ex2 /2g(x >JI· 

The aim of this paper is to prove a sharper estimate. 

The polynomials R11 we can give in the explicit form (see: [1] Theorem 1) 

II 11-1 

Rn (x) = 2.::>i,11 Ai,11 (x) + LYf ,n Bi,11 (x) 
i=l i=l 

and 

II [ H,,(O) ]2 
Rn(O) = -2 LYi,11 H.' (x · ) , 

i=l n 1,n 

where 
I z 2 

H11 (x) H,,(x) J [ H,,(x) ] 
Ai,11 (X)= H.'(. ) ·li,11 (X)+2n · H.'( . ) · li,11 (t)dt-2 H.'( . ) , 

II X1,11 n X1,11 II X1,11 
0 

l . ( )- H11 (x) 
1,n X - I 

Hn (xi,n )(x - Xi,n) 
( i = 1, 2, ... , n) 

(the Lagrenge fundamental polynomials corresponding to the nodal points 
x;,11), 

z 
H11 (x) J * 

B;,11 (x) = Hn (x.* ) · l;,11 (t)dt, 
1,11 0 

(i = 1,2, ... ,n - 1), 

1
1
.*,,(x) = H7,<x) , (i = 1,2, .. .,n - 1), 
' H11 (x .* ) (x - x .* ) 

1,n 1,11 

(the Lagrenge fundamental polynomials con-esponding to the nodal points 
xi:n ). 
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THEOREM. If the interpolated function f : R - R is continuously differ­
entiable 

(1) lim x 2r ·e-x
2
12J(x)=O (r=0,1,2 ... ) and lim f 1(x)e-x

2
12 =0 

Ix 1-+oo Ix 1-oo 
furthennore, f(O) = 0, 

(2) Yi,n =f(x;,n) (i = 1,2, ... ,n), Yf,n =f
1
(xi:n) (i = 1,2, ... ,n -1), 

then the sequence of the above interpolation polynomials Rn (n = 2, 4, 6, ... ) 
satisfy the following estimate 

(3) 2 ( I 1 ) 1 e-x lf(x)- R11 (x)I = O(l)w f, Vn + 0(1) yin' 

which holds on the whole real line and 0(1) is independent on x and n . 

(4) 

(5) 

(6) 

and 

(7) 

(8) 

For the proof we need some lemmas. 

LEMMA 1. Let n be even, then 
n 

" x2 /2 2 L...Je i,n • IA;,11 (x)I = O(l)ex .,/ii.. 
i=l 

PROOF. Taking into account [1], [4], it is enough to estimate 

n x?n/2 
I " e • 

IHn(x). ~ IHh(Xi,n)I · ll;,n(x)I, 

n x?n/2 x 

nlHn(x)I ·LI~'~. I· f 1i,n(t)dt , 
i=l n( 1,n) 

0 

n x?n/2 
2 " e . 

Hn (x) ~ IH.'(x· )12. 
i=l n 1,n 

First estimate (5). We know ([6]) 

n abxi:n 1 

~ IHh(X;,
11

)12 = O(l)2"n! ' (0::; 0 < 1). 

Using this we obtain 

n exi:n/2 
(9) L IH.'( . )I ·ll;,n(x)I::; 

i=l n X1,n 
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(10) 

(11) 

t.Jo6 

n 

L x2 2 2 
e i,n · l· (x) = O(l)ex 1,n (x ER). 

i=l 

Using (5), p.700 table, we obtain from (5) 

n xln/2 / ""e• 
IHn(x)I ~ -

1
H.-/i,-(x-i-,n-)I · lli,n(x)I = 

ex2 /2 x2 yin 
= 0(1) yl2ii1i!. n · IHn-1(x)I = O(l)e nl/12. 

Now estimate (6). We know (see (2), 15.3.6 and (9), Lemma 1) 

IH~(Xi,n IX exi:n/2. ~. ip;l/2(xi,n). 

Using this we obtain 

11 x 2 /2 x n x °"' e i,n · IHn(x)I J IHn(x)I °"' 1/2 J 
LI IH.'(x· )I · li,n(t)dt =0(1) M,1-:j' L1'Pn (xi,n)· l;,n(t)dt . 
. _

1 
n 1,n y 2··n: ._

1 1- 0 1- 0 

In Lemma 3 we will estimate a similar expression and we obtain 

-- O(l)IH,,(x)I ~ l/2(x· ) . ix l ( )d 0(1)ex2 yl2ii1i! LI '(J 11 1,n i ,11 t t = yin· 
i=l 0 

Therefore from ( 6) 

n xf /2 x 
2 

(12) n · IH11(x)I L 1 ~,'~n . ) · J l;,n(t)dt = O(l)ex · ...;n . 
. 

1 
n X1,n 

1= 0 

At last using (8) we obtain from (7) 

2 ~ exJ,n/2 ( H,,(x)) 2 x2 1 
(13) H11 (x)·LI 1 2 =0(1) ~ =O(l)e · 

116
. 

i=l (Hn(x;,n)) v2nn! n 

Hence ( 4) is proved. 
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LEMMA 2. Let n be an arbitrary oonnegative integer and '{Jn (xi,n) :=xi,n -
- Xi+l,n (certainly x1,n > x2,n > ... > Xn,n). Then the following estimate holds 

IHn(<n)I x exi:n12 
· J2n-l(x - 1)! · '{J;~{2<<n) (i = 1,2,. . .,n - 1), 

where an x bn means that lanl = O(bn) and lbnl = O(an). 

PROOF. The x;*
11 

are the roots of H11 _1 since H~(x) = 2n · Hn-1(x), 
• 

therefore xi~n =xi,n-1· Using [2), (5.5.8) we obtain 

IHn(xi:n)I = IHn(Xi,n-1)1=2(n - 1) · IHn-2(xi,n-1)l. 

Hence 

IHn(xi:n )j = IH~ -1 (xi,n-1)!. 
But we know (see [2]. 15.3.6 and [9], Lemma 1) 

IH~ (xi,n IX exi~n/2. ~. 'P;l/2(Xi,n) 

Lemma 2 is proved. 

LEMMA 3. If n is even then 
n 

(i =I,. . .,n). 

(14) '°' x*
2 
/2 2 L..Je i,n · IBi,n(x)I = O(l)ex (x ER), 

i=l 

where 0(1) independent on x and n. 

PROOF. Without loss of generality we may assume that x ~ 0. Using 
Lemma 2 ·we obtain 

~ x•2 /2 n-1 ex{!i/2 Ix 
~ e i,n · IB;,11 (X) = jH,1(x)I · ~ IHn(x .* )I · li:n(t)dt = 
1=1 1=1 i,n 0 

n 1 x 
_ IH11(x)I ~ 1/2 j 
-0(1) ,,;2n(n - l)! · ~'Pn-l(x;,n-1)- li,n-1(t)dt . 

1=1 0 

Here 
n-1 

l: 
i=I 

Ix; ,n _ Ji~ 2y""lo-g(,....-n _.....,.,.I) 

x 

1/2 I 'Pn-l(xi,n-1) · l;,n-1(t)dt = 
0 

n-1 

l: = -x~ 1/2 1/2 e 1,n- .,11 (x · 1). r11-l 1,n-

x 

I x
2 /2 e i,n-1 · li,n-1(t)dt = 

0 i=I 
Ix; ,n -1 l ~2y~io-g(_n ___ I) 
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-1/12 Jx n-1, 2 I 
= O(l)n n2 . ~ exi,n-if2 · li,n-1(t) dt = 

0 1=l 

-1/12 x (n-1 ) l/
2 

(n-1 ) l/2 
= O(l)n n2 · J ~ 1 · ~ exi~n-1 · li:n-l(t)dt dt = 

0 1=1 1=1 

1 Jx 21 1 ex2/2 
= 0(1) nl9/12. et 2dt = 0(1) nl9/12. 1 +x' 

0 

where we used 'P~e1 (x;,n-l) = O(l)n- 1112 (i = 1, ... ,n - 1) and (10). 

(15) 

Hence 

n-1 

L x*2/2 e i,n · IB;,n(x)I = 
i=I 

lxi ,n-11~2v'~log-(n---1) 

O(l) IHn(x)I 1 ex
2

/
2 

O(l) x2 1 
= J2n(n,.... I)! · n19/12 · 1 +x = e · n4/3 · 

where we used e-x
2
/ 2 ·x-11Hn(x)J = O(l)JFni · n-114, (Jxl ~ 1) (see [2], 

(8.91.8)). 

Furthermore 

n-1 x 

L 1/2 J 'Pn-I(x;,n-1) · li,11 -1(t)dt = 
i=l 

lxi,n-il<2v'l~og-(n---l) 0 

1 
= 0(1) nl/4 

n-1 x 

L j 1i,n-1<t)dt . 
i=l 0 

lxi ,n-11<2v'log(n-l) 

Using 

n-1 

L lli,n-1(x)I = 0(1)ex2/2 

i=l 

(lxl ~ nl/4) 
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(see [4], (19)) we obtain 

n-1 x 

~ J li,n-1 (t)dt 
1=1 0 

lxi,n-11<2ylog(n- l) 

x n-1 x2 /2 
SJ L lli,n-1(t)dtl=0(1) ~ +x , x ?. v1fi. 

0 i=O 

Hence 
(16) 

n-1 

L 
x*2/2 IHn(X) 1 ex

2
/ 2 x2 

e i,n ·IB· (x)l=O(l) ·-·-=O(l)e 
i,n J2n(n-1)! nl/4 l+x 

i = 1 ,.---.,---..,.,. 
lx;,n -11<2ylog(n- l) 

for all x ?. y'n. 

Using 

(see [4], (17)) we obtain 

"°' li,n-1(t)dt = 0(1)-. J
x ex2/2 

~ l+x 
Ix -xi,n-il;::: 1 O 

Hence 
(17) 

n-1 

L 
i=l 

lxi,n-11<2y'l,,_o-g(-n---l) 

l.x-.x;,n-11;:::1 

for all 0::; x ::; y'n. 

We need an estimate for 

n-1 

(18) 2: 
i=l 

Ix; ,n -1 I< 2y',,-lo-g(-n --1) 

l.x-.x;,n-11;:::1 

x*2/2 
e i,n · IB;,n(x)I, 
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Obviously 

n-1 
(19) 2: x*2 /2 e i,n · IB;,n(x)j X 

i=l 
Ix; ,n -1 I <2Ji~o-g(_n ___ l) 

lx-xi,n - d;:::l 

IHn(x)j 1 
x y'2n(n - 1)! . nl/4 . 

x f 1i,n-1(t)dt. 

i=l 0 

n-1 

L: 
lxi,n-11<2y',,...lo-g(-n-~l) 

lx-xi,n-Jl;:::l 

Here 

x x 

J 1 J Hn-1(t) 
/i,n-l(t)dt = I dt X 

Hn-1 (xi,n-1) t -Xi,n-1 
0 0 

x 

~ 1 . 1 ·-1-·J Hn-1(t) dt 
~ x~ /2 v'2"(n-1)! nl/4 t-x· - 1 · e 1,n-I O 1,n 

Thus 

(20) 
n-1 

L: x*2/2 e i,n · IBi,n(x) I X 

i=l 
Ix; ,n _Ji< 2y',,...io-g(_n ___ l) 

lx-xi ,n-11<1 

IHn(x)I 
x v'2'l,i! . 

n-1 

L: 
i=l 

Ix i ,n -1 I< 2y',,-lo-g(-n ---1) 

lx -xi,n-1'<1 

We investigate the cases: 

J. -1 :::; Xj ,n -1 < 0, 
2. Xi,n-1 =0, 
3. 0 < Xi,n-1 :::; 1, 
4. 1 < Xj n-1 < 2y_lo_g-(n--~l). 

' 

-xf 1/2 x 
e i,n - J Hn-1 (t) dt 

y'2"(n - l)! t - x; n-1 
0 ' 
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1. -1 ~ xi ,n _ 1 < 0. Integrating by parts we obtain 

x 

(21) J Hn-1(t) dt=_!_·Hn(x)· I . 
t - Xi n -1 2n x - Xi n -1 

0 ' ' 
x 

1 1 1 J 1 -- · Hn(O) · +- · Hn(t) · dt. 
2n 0- Xi,n-1 2n (t - Xi n-1)2 

From this we obtain 

x 

J Hn-1 (t)- l dt = 
t -Xi n-1 

0 ' 

0 ' 

21 "I x 
=0(1)-· y.G··n!·yn+O(l)-· yen! dt= 1 ex 2. ~n 1 1 e2 2 . ~n 1 J 1 

n nl/4 n nl/4 (t-Xin-1)2 
0 , 

ex 2 /2 . J2ililf 
= 0(1) n3/4 . 

Therefore 

n-1 

L: 
-xf 1/2 Jx e i,n- Hn-1(t) dt = 

..;2ncn -1)! t -x; 11-1 
i=l 

-1$x;,n-1<0 
lx-xi,n-1'<1 

Hence 

(22) 
n-1 

I: 
i=l 

-1$xi,n-t<O 
lx-xi,n-11<1 

0 ' 

ex2/2 
=0(1)-· 

nl/4 

11-l 

L: 
i=l 

-1$xi,n-I <0 
lx-xi,n-1'<1 
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(23) 
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2. x; ,n -1 = 0. In this case 

n-1 

2: 
i=l 

xi,n-1=<> 

lx-xi ,n-il<l 

IHn(x)I 1 
n-1 

I: 
i=l 

xi,n-1=<> 

lx-xi,n-Jl<l 

x 

J li,n-i(t)dt = 
0 

x n-1 
= O(l) IHn(x)I . _1_ / 

J2"(n - 1)! nl/4 I: x2 /2 
e i,n-1 · lli,n-1(t)ldt = 

0 

x 

= O(l) IHn(x)I 1 J 
J2"(n - 1)! nl/4 

0 

i=l 

xi,n-1=<> 

lx-xi ,n-1'<1 ·' 

n-1 

I: 
i=l 

xi,n-1=<> 

lx-xi,n-d<l 

= 0(1) IHn(x)I . _1_. ex2/2 = O(l)ex2 
../2"(n - l)! nl/4 

1/2 

dt= 

3. 0 < xi,n-l ::::; 1. We distinguish 3 cases: a) x ::::; xi,n-l - "Tn· 
b) Xi,n-l - 7,i ::::; x ::::; Xi,n-1 + "7n· c) x ~ xi,n-1+7n'· where c1 > 0 is a 

small absolute constant such that xn /2,n _ 1 - -1,;- ~ 0. 

a) x $ xi,n-1 - :Yn ~ 0. In this case from (21) 

x 2 2 

J 1 1 ex /2 . JFnf ex /2 . J2ii'nf 
Hn(t) · dt = 0(1)- · . ·Jn= 0(1)----

t -xi n-l n nl/4 n3/4 
0 ' 



Therefore 

n-l 

2: 
i=l 

O<xi,n-tSl 

lx-xi,n-1 I< l 
x<x· i-~ - 1,n- y'n 

-x.2 1/2 e 1,n-
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x 

J Hn-1(t) dt = 
t -Xi n-1 

0 ' 

ex2/2 

= 0(1) nl/4 

11-l 

2= e -x?n-1 /2 = 0(1)ex2/2.n1/4_ 

(24) 

i=l 

O<xi,n-1$1 

lx-xi,n-tl< l 

x<x· 1 -~ - 1,n- y'n 

Hence 
n-1 

I: 
i=l 

O<xi,n-1$1 
jx-x; n-tl <l 

x<x- ' 1-~ 
- i,n- Vn 

b) xi,n-l - 7n s; x :S xi,n-1+7n· In this case 

Xjn-1-~ x • ../n 

JH,,_1(t)· 
1 

dt= J + J 
t - Xj n-1 

0 ' 0 

Here 

I = O(l) (xi,n-1-~)
2

/2. J2nnf 
1 e 3/4 . 

1l 

Now we estimate lz. Obviously 

x 
l 

Hn-1(t)· dt= 
t - Xi,n-1 J 

=:Ii +lz. 

257 
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Since H~ (x) = 211 · Hn _ 1 (x ), therefore using the mean-value theorem we 
obtain 

l = 0(1) x2/2. JFnf 
2 e n3/4 

Hence 
x 

J 1 _ x2/2 J2nnT 
Hn-1(t) dt - O(l)e · ~/4 . 

t - Xj n-1 1l 
0 ' 

Therefore 
(25) 

n-1 

2= 
i=l 

O<x; ,n - i:$1 
lx-x; n-1'<1 

Xi,n-1--Jn$x :S.xi,n-1 +-J; 

c) c ~ xi,n-1 + ~- In this case 

Xjn-1-~ x . Vn x 

f Hn-1(t)- l dt = J + J 
t - Xj n-1 

0 ' 0 Xj n-1-~ • yn 

Here 

I = O(l) ( xi,n-1--J;)

2 

/2. ~ 
1 e n3/4 ' 

x 2/2 JFn! /,, = O(l)e · --
- 11 3/4 

Therefore (similarly as in case a)) 

(26) 
n-1 

2= 
i=l 

O<xi ,n-1 $1 

Jx-xi,n-1'< l 

x~xi,n-1+7; 

x*2 /2 2 
e i,n · IB; ,n(x)I = O(l)ex . 

=:Ii+ Ji. 
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Hence from (24)-26) 

(27) 
n-1 

L: 
i=l 

O<xi,n-1$1 

lx-xi,n-11<1 

4. 1<x; 11 _ 1 < 2Jlog(x - 1). 
' 

259 

We distinguish 3 cases: a) Xi,11 -1 - 1 < x ~ Xi,n-1 - Jn-. b) Xi,n-1 -

- Jn :S x :S Xi,11-l + fo' c) Xi,n-1 - Jn :S X < Xi,n-1 + l. 

a) xi ,n-1 - 1 < x ~ xi,n-1 - )n· In this case 

Here 

Hence 

x xi,n-1-l x 

JH11 _1(t) l dt= J + J =:Ji+lz, 
t-Xi11-l 

0 ' 0 xi,n-1-l 

I - 0(1) (x· -1-1)2/2 J2ii1i! 1- e 1,n ·--, 
n 

x 2 2 .J2lrilf lz = O(l)e I . n3/4 . 

x 

J 1 _ x 2 /2 .J2lrill 
H11 _1(t) dt - O(l)e · ~/4 . 

t - Xj n-1 n 
0 , 

Therefore (similarly as in 3.a)) 

n-1 

(28) L 
i=l 

l <xi,n-1 <2J~lo-g(_11 ___ l) 

lx-xi,n-tl< l 

X· 1-l<x<x- · 1--k r,n- - 1,n- yn 
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b) xi,n-1 - )n :::; x :::; xi,n-1 +Jn· In this case 

Here 

Hence 

I 
x xi,n-1- Jn 

f Hn-1(t) l dt= J + 
t - X; 11-l 

x 

J 
0 ' x- - I 1,n-l Vn 

x 

J 1 x2 /2 v'2nnT 
H11 _1(t) dt = O(l)e · --

1
-

t -x; n-l n3 4 
0 ' 

Therefore 

n-1 2 

(29) L x*2/2 ex 
e i,n · IB; 11 (x)j = 0(1) r.:;· 

' vn 
i=l 

l<x;,n-1<2.J-lo-g(-n---1) 

Jx-xi,n-il< l 
I< I xi,n-l _Tn_x~xi,n-J+Tn 

c) x;,11 -1 + )n:::; x < x;,,1-1+1. In this case 

I 
x x;,n-l+Tn 

Here 

f Hn-1(t) l dt= 
t - X; 11-l 

0 ' 
J + 
0 

x 

J 
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Therefore 

(30) 
x•2 /2 2 

e i,n · IB;,n(x)I = O(l)ex . 

i=l 
~--

1 <xi,n-1 <2y'Jog(11-l) 

/x-xi n-d<l 
l ' 1 

xi ,n-1-Tn:'.5x:'.5xi,n - 1+Tn 

Hence from (28)-(29) 

(31) 
x•2 /2 2 

e i,n · IB;,n(x)I = O(l)ex . 

i=l 
~--

1 <xi,n-1 <2y'!og(11- J) 

lx-xi,n-1/<1 

From (22), (23), (27), (31) we obtain an estimate of (18), 

(32) 
n-1 

I: x•2 /2 2 
e i,n · IB;,n(x)I = O(l)ex . 

i=l 
/x; n-1/<2y'~log-(1-1--l) 

lx-xi ,n-11<1 

From (15), (32) follows the lemma. 

PROOF OF THE THEOREM. From lemmas we get (see [1], (22), (23)) 

e-x
2 

· lf(x)- Rn(x)I = 

( 
/ 1 ) -x2 I H,1(x) I ~ HJ'(O) =O(l)w fr.; +O(l)e · H.(O) ·pn(0)+2~Pn(X;,n) ,2 . = 
yn n i=l Hn (x,,n) 

= O(l)w (f' Jn)+ O(l)e-x
2 ·I Z:~~~ I· IPn(O)I + 0 (1) Jn= 

= O(l)w (f' .:n) + 0(1) .:n· 
2 

REMARK. If e-x · lf(x) - R11(x)I = an(l), then for x := 0, we obtain 

lf(O) - Rn(O)I = an(l), but Rn(O) = 0 (Jn), therefore f(O) = 0. 
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NOTE ON ADDITIVE FUNCTIONS SATISFYING SOME 
CONGRUENCE PROPERTIES III. 

By 

PHAM VAN CHUNG 

Teachers' Training College, Eger 

(Received March 4, 1994) 

Let .A and .A* denote the set of all integer-valued additive and completely 
additive functions, respectively. 

K. Kov ,\cs [5] proved the following 

THEOREM A. lfj E .A* and for some integers a~ 1, b, c the congruence 

f(an +b) = c (mod n) 

holds for all n EN, then 

f(n) = 0 for all (n,a) = 1. 

In [ 1] we achieved the same result for f E .A in the case a = 1. After this 
in [2] we proved the following generalization of the above result: 

THEOREM B. Let A > 0, B and C be integers. If f E .A satisfies the 
condition 

f(An +B) = C (mod n) for all n >max ( 0,- ~), 
then f (n) = 0 for all n E N which are coprime to A. 

Using the results of [3] and [4] we have: 

THEOREM C. Let A > 0, B > 0 and C be integers. If F and GE .A* such 
that 

F(An + B) = G(n) + C (mod n) 

holds for all n EN, then G= 0 and F(n ) = 0 for all n EN which are coprime 
to A. 

In the present paper we improve the above results by proving the follow­
ing: 
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THEOREM. Let A > 0, B and C be integers. If FE .4 and GE .-4* satisfy 
the condition 

(1) F(An+B):= G(n)+C (modn) 

for all n > max ( 0, - 4) , then: 

A. 

For B ~ 0, G = 0 and F(n) = 0 for all n E N which are coprime to A. 
For B = 0, F(A) = C and F(n) = G(n) for all n E N which are coprime to 

The proof of our theorem is based on the following result: 

LEMMA. If g E .-4* satisfies the congruence 

(2) g(n + 1) = g(n) (mod n) for all n EN, 

then g = 0. 

PROOF OF THE LEMMA. The lemma follows from Theorem C, but here 
we give another proof. First we show that from (2) it follows that for all n, 
k EN, 

(3) g(n +k) = g(n) (mod n). 

Fork= 1, it is the condition of the lemma. We proceed by induction. If (3) 
holds for k, then 

g(n + k) + g(n + 1) = g (n(n + k + 1) +k) 

implies that 

g(n)+g(n):=g(n(n+k+l)) (modn) 

i.e. 

g(n +k + 1) = g(n) (mod n). 

Thus, (3) is proved. 

Let p be any fixed positive integer. Applying (3) with k = (p - l)n we 
have 

g(pn) = g(n) (mod n) 

which implies 

g(p) = 0 (mod n) for all n EN. 

Thus, we have g (p) = 0 which completes the proof of the lemma. 

PROOF OF TIIE THEOREM. First we consider the case B > 0. Assume that 
(1) holds for all n >no where n0 =max ( 0,-i) . Then replacing n by 3B2k, 

we have 

(4) F(3ABk + 1) := G(k) + C1 (mod k), 
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where Ci = 0(3) + 2G(B) - F(B). Since 

(3ABm + 1,(3ABm)2 - 3ABm + 1) = 

265 

= (3ABm + 1,(3ABm + 1)(3ABm -2)+3) = 1 

holds for all m, replacing k by 32 A2 B 2m3 in (4) yields 

(5) F(3ABm + l)+F(32 A2B 2m2 - 3ABm + 1) := 3G(m)+ C2 (mod m), 

where C2 = G ( 32 A2 B 2) + Ci. 

On the other hand, the substitution k = 3ABm2 - m in (4) provides 

F(32A2B 2m2 -3ABm+1) =F(3AB(3ABm2 
- m)+ 1) := 

(6) = G(3ABm- l)+G(m)+Ci (modm). 

Thus, the congruences (4), (5) and (6) yield 

(7) G(3ABm - 1):= G(m)+C3 (modm), 

where C3 = C2 - 2C1. Replacing m by 3ABm3 in (7) we have 

o(32A2B2m2 -1)::: G(3ABm2 )+C3 (modm). 

This combined with (7) implies 

(8) G(3ABm+l):= G(m)+G(3AB) (modm). 

We shall deduce from (8) that 

(9) G(3ABm + i)::: G(m) + G(3AB) (mod m) 

holds for all m, i E N. 

The proof of (9) is similar to the proof of the Lemma. Using that 

(3ABm + 1)(3ABm +k) = 3ABm(3ABm +k + 1) +k 

and the previous steps of the induction, we have 

2G(m)+20(3AB) := G(3ABm + l)+ G(3ABm +k) = 
= G(3ABm(3ABm +k + l)+k) := 

::: G(m)+G(3ABm+k+l ) +G(3AB) (modm). 

The choice i = 3AB in (9) yields 

G(3ABm + 2AB) ::: G(m) + G(3AB) (mod m ). 

Thus, G(m + 1) = G(m) (mod m). By the lemma then G:: 0. Therefore, by 
(1) we have 

F(An +B) = C (modn). 
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We can apply Theorem B to get F(n) = 0 for all (n,A) = 1, if B > 0. 
For B < 0, we can prove the Theorem in the same way as above using 

\Bl instead of B whenever we want to multiply by B. This proves the claim 
for B;e.O. 

Finally, we consider the case when B = 0. Assume that F, G E ..c4 and 
integers A > 0, C satisfy 

(10) F(An) = G(n) + C (mod n) 

for all n EN. 

Let k be a positive integer which is coprime to A. Applying (10) with 
n =km, we have 

F(Akm) = G(km)+C (modm), 

which implies that 

(11) F(Am)+F(k)=:G(m)+G(k)+C (modm) 

for all m EN, (m,k) = 1. It follows from (10) and (11) that 

F(k) = G(k) (mod m) for all m EN, (m,k) = 1. 

This implies that 

(12) F(k) = G(k) for all k EN, (k,A) = 1. 

Using (10) and (12) we obtain that 

F(A) = C (modn) 

for all n EN, (n,A) = 1. Consequently F(A) = C, which completes the proof 
of our Theorem. 
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Introduction 

This paper contains some results concerning earlier work of the author*. 
In point 1° we extend the result [7] on the independent oscillations of the 
points of a vibrating membrane to the case of string. We prove that the 
independence holds only for sh011 time intervals (contrarily to the case of 
membranes). In 2° we investigate the independence of the motion of points 
in a circular membrane, if the origin is one of these points. The answer is 
similar: independence holds only for limited time intervals, namely if and 
only if T < 2. Point 3° contains a description of those situations when the set 
of all movement states reachable in time T is strictly increasing in T . In Point 
4° we disprove the possibility of independent motions of a vibrating beam. 
Finally 5° extends the controllability properties of a circular membrane in the 

spaces Xr = Wr+l EB W,, W, = D (u - ~)'12), r <-~(proved in [8]) to the 

case r = -~. 

l ° Consider the string equation 

(1 ) (x)a
2
y(x,t) = i_ ( x)ay(x ,t)) 

f} ar2 ax p( ax ' O<x<l , O<t<T 

with density f}(x) and modulus of elasticity p(x), p, f} E C 2(0, 1). 

* These are solutions of problems and conjectures posed by professors J.-L. LIONS, L. SI­

MON and R. KERSNER, the opponents of my dissertation . 
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Let y(O,t)=y(l,t)=O (or we can prescribe any strongly regular boundary 
conditions). Using an appropriate substitution in variable x in y we get a new 
function u (x, t) satisfying 

1 

(2) Utt= Uxx +q(x) · u, 0 < x < l, 0 < t < T, l = J f!, q E C[O, l] 

0 

(see HORVATH [1]). 

THEOREM 1. Let x1, .. ., XN E (0,l) be different numbers and 

Au(t) = (u(x1, t),. . ., u(xN ,t)). 

Then there exists T > 0 depending only on N such that the functions Au run 
over a dense subset of C 00(0, T;CN), where u runs over the C 2 -soluti.ons of 
(2). 

Remark that since the dependence in t remains unchanged, the same 
Theorem holds also for system (1), too. 

PROOF. Consider the eigenvalue problem. 

(*) v~' +qv11 +A11 V11 =0, v11 (0) = v11 (l) = 0 

(see [1] for more general boundary conditions). It is known from Neumark's 
monography [2] that there exists a complete orthogonal system (v11 ) satisfying 
(*) and 

(3) Vn (x) =sin n; x + 0 ( ~) , A= n; + 0 ( ~) . 
Define A= {). 11 : n = 1,2, ... ,}. Clearly every finite sum 

(4) u(x,t) = L v11 (x) ( a 11 ei,;r;;i +/311 e-ivr;;I) 

satisfies (2) and u(O, t) = u(l ,t) = 0. So we consider the system 

e(A) = {e±iy'1";t ( Vn~Xi)) : n = 1,2, ... }. 

Vn(XN) 

It is enough to show that e(A) contains a subsystem, complete in 
C 00 (0, T; c,N) if T > 0 is sufficiently small. 

LEMMA 1. The vectors 

(

sin nn x ) T 1 

: ' 
sin ¥-xN 

1 ~ n ~ 3N - 2, spanCN 



SOME RESULTS CONCERNING THE CONTROL OF STRINGS AND MEMBRANES 269 

PROOF. Let /31 sin !lfx1 + ... +f3Nsin !lf-xN = 0, 1 $ n $ 3N - 2. We 
have to show that {3; = 0 for all i. The equalities imply that {31 T(x1) + ... 
. . . + f:3 N T(x N) = 0 for every impair trigonometric polynomial of period 21 

and of degree $ 3N - 2. If we set T(x) = sin¥ .TI. ( sin2 ¥ - sin2 '!f-), 
}~I 

we get f3i = 0 unless there exists j with Xj = I - Xi. In that case let T(x) = 

=sin T .TI. ( sin2 ¥cos¥ - sin2 7!.-f cos¥) which implies again f3i = 0. I 
}~I 

Fix a basis { e 1, ... , e N} out of the vectors of Lemma 1. Then we have 

LEMMA 2. For every E > 0 and for every sufficiently large M > 0 the 
system 

{ (

sin!!f!-x1) } 
eo(A) = e±i\/'.f,;t . : : n 2: 1 

sm!JfxN 
contains a subsystem of its elements indexed by n = nkj such that 

a) ( ::;.;~, k)+ 0(1) ) 
j = 1, ... ,N; k = 1, ... 

b) : - ej < E 
nk"11. 

sin'TxN 
where the implicit constant in 0(1) depend only on E • 

PROOF. It is based on the Kronecker theorem on simultaneous diophanite 

approximation (see e.g. Cassels [3]). Let ej = (sin¥-x1, ... ,sin¥-xN) r. 
then for n =nkj we require n = M · k + 0(1), lllnx; - njXi Ill< E (i = 1, ... ,N). 
Such an n exists by [3]. I 

LEMMA 3. The system e(A) contains a Riesz basis in Li_ ( 0, ~; CN). 
PROOF. The system 

± ' b 
e*(A)={ej ·e 1

T 1 
: k EN, 1 $j $ N} 

is Riesz basis in Li,(0, 21; cN ). If the vectors ej are moved at a distance < E 

with sufficiently small E > 0 then their basis properly remains unchanged, 
hence 
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is also a Riesz basis. Since k = iJ + 0 ( iJ) by Lemma 2 a), we can use a 

stability theorem like that of Duffin and Eachus stating that any sufficiently 
small shift of the exponents (within an error bound E) preserves Riesz basis 
property, see HORVATH [4] Lemma 3 or Joo [5] 

e2(A)={(v"'J;(xi))e±i"~itr: kEN, l~j~N} 
Vnk/xN) 

is Riesz basis in £i(0,2/;CN). By the same argument 

e3(A) = { ( V11kJ;(x1)) e±i~t : k EN, 1 ~j ~ N} 
VnkJ(XN) 

is also Riesz basis over (0,2/) i.e. e(A) contains a Riesz basis in 

Li ( 0, ~ ; cN) . Lemma 3 is proved. I 

LEMMA 4. Lets E N be arbitrary. If M is sufficiently large, the system 

e(A) contains a Riesz basis in the Soboleff space HS ( 0, ~; cN) . Here M 

is independent of s 

PROOF. Consider the system es(A) constructed in Lemma 3. We can 
construct a system H C e(A) \ e3(A), 

{ iµ- t } H = Vj e J : j = 1,. .. , s N 

with the propetties 

a) H is linearly independent. 

b) If limH resp. limHk denotes the linear hull of H resp. 

then 

limH n limHk = {O} . 

c) The vectors v l, .. ., Vs N form s bases in c N . This can be done: if s 
sequences of N members nk J , 1 ~ j ~ N, ko ~ k :::; ko + s - 1 are constructed 

as in Lemma 2 (with M + i instead of M) then c) follows from Lemma 2 b), 
a) follows from Lemma 2 a) and b); finally b) is a consequence of the fact 
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that, by construction, the exponents of H and Hk the different. Now we refer 
to Proposition 2 of Joo [11] which states that the above assumptions a), b), 

c) imply that the unified system HU~ Hk is Riesz basis in H~ ( 0, ~; cN) 
as we asserted. I 

PROOF OF THEOREM 1. By Lemma 4, e(A) is complete in Hs ( 0, ji.; cN) 
for all s E N if M is sufficiently large. This implies also the completeness in 

C00 
( 0, ~ ; cN) ' which completes the proof. I 

REMARK 1. ln the above Theorem only the values T :S 21 can occur. 

Indeed, if for some T the Theorem holds then {e±ivT,;" : n = 1,2, ... } is 

complete in Li,(0, T). On the other hand vA,;' = T- + 0 ( },- ) implies by the 

above mentioned Lemma 3 of [ 4] that { e ±i T t : n < no} U { e ±i -v',f,;t : n > n0} 

is Riesz basis in Li,(0,21). From Lemma 7 of Joo [11) we can shift the 

remaining finitely many exponents from T- to vA,;', hence { l,e±i-v',f,;f : n = 
= 1,2, ... } is Riesz basis in Li,(0,21). Consequently in Li,(0, n. T > 21 this 
system has infinite-dimensional deficiency: it cannot be complete. 

2° REMARK 2. In the statement of the theorem of Joo [7] on the indepen­
dent motions of different points of a circular membrane the origin is excluded. 
That theorem states that if Q is the unit disk 0..c Pi,. . ., PN E Q then taking 
the set U of all solutions u(t ,x ,y) E C00 (l~ x 0) n C(R x 0) of the problem 
Utt= Llu on Rx n, u = 0 on R x an, the mapping A: u-+ C 00(R,CN) 

Au =(u(.,Pi), .. .,u(.,PN)) 

has dense range in C 00(R,CN). If Pi = (0,0) then the mapping A: U-+ 

-+ C00 
( ( - t, t) cN) • 

Au =(u(.,P1), .. .,u(.,PN)) 

has dense range in C 00 if T < 2 (and for no larger n. Indeed, since r1 = 0, 

we have J111 ( ;.~:11 ) r1) = 0 unless m = 0. Hence 

u(t,0,0) = L (akeiA.ko>, +bF-iA.kO)t) . 

On the other hand, the distribution of the zeros Ako) of Jo is linear:;.,~) =kn -

- ~ + 0 ( t) . Consequently the system { e ±iA.kO) t : k = 1, 2, ... } is complete 
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in Li ( - t, f) only for T < 2. This means that for T ~ 2 the range set of A 

is not dense even in Li_ . For T < 2 we can argue as follows. In the set 

{ 
±iA.(m)t ±A.(m)t } 

e(A)= em,ke k ,fm,ke k : m=0,1, ... ;k=l,2, ... 

(investigated in [7]) we use the members of index m = 0 to approximate 

the first coordinate function !1 of c~); this gives an approximation of 

(:t) . The members of indices m ;;. I of e(A) are then used to approximate 

(Ji ~ g, ) , as described in [7]. So A has dense range indeed for T < 2. I 

~N-gN 
REMARK 3. In the above Remark and in Joo [7] only the density of the 

range of A is proved. In fact, A is onto in the following sense. Introduce the 
function spaces 'W, and Xr as in Joo [8]. Then we have the following 

THEOREM 2. Let r ~ 0 be an integer. Suppose that the origin doesn't 
occur, P; ;;tO Vi. Then for every function FE Hr (0, T; cN), T > 0 there exists 
an initial state (uo,ui) E Je, (uo(x) = u(O,x), ui(x) = u;((O,x)) such that 

Au = F on (0, T). 

Here Je' = 'W2 is the usual Soboleff space. 

A similar statement has been proved in A VDONIN-IV ANOV-JOO [9] for 
rectangular membranes and in Joo [19) for the Dirichlet condition in the 
square membrane. In case of Newmann condition the proof of [19] can be 
copied step by step so we give here only an outline of the proof. The idea is 
that the system e(A) contains a Riesz basis in Hr (0, T; cN) for every natural 
number r. In case r = 0 this can be shown as follows. It is proved in [7] that 
there exists a system <i> = e0().) U <t> the e0 (A) c e0 (A) and <t> is finite such that 
<i> is Riesz basis in Li_(O, T, cN ), so eo(A) has finite codimension. Since e(A) 
is complete by [7], we can join (step by step) appropriate elements of e(A) to 
e0(A) to obtain bases with smaller and smaller codimension. In finitely many 
steps we get a Riesz basis whose elements belong to e(A). This proves the 
case r = 0 because the coefficients of the sums defining uo and u 1 belong to l2. 



SOME RESULTS CONCERNING THE CONTROL OF STRINGS AND MEMBRANES 273 

In case r > 0 we join finitely many elements of e(A) to the above con­
structed basis to obtain a Riesz basis in Hr (0, T; cN ). This can be done by 
Proposition 2 of [8], already mentioned in the proof of Lemma 4 above. The 
same procedure works also for the case of string. If the origin is allowed i.e. 
P1 = 0 then using the ideas of Remark 2 above we see that the statement of 
Theorem 2 remains true only for T < 2. 

REMARK 4. It remained open the explicit determination pf the optimal 
time T < 2 for which N points of the string can obtain arbitrary movements 
states and how this time depend on the number N of points considered. 

3° REMARK 5. In several papers the authors investigated the growth 
properties of the reachability set associated to a hyperbolic equation, see e.g. 
[8], [1), [9]. A formal setting of the problem is the following one. Denote 
('{) 11 ) C Lz(O, T;CN) a system of vector exponentials and let 

R( T) = { (if ,'()11) Lit : f E Lz(O, T; CN)} 

be the reachability set (more precisely, the moment space associated to it). 
Suppose that the functions '{) 11 are named such that R( T) C 12 and that for ev­
ery T there exists a subsystem of ('{)11 ) forming a Riesz basis in Lz(O, T; cN ). 
Then 

PROPOSITION. The statements below are equivalent 

a) R( T) increases strictly as T __. oo 

. b) R( T) is not dense in LJ R( T) for every T > 0 (the line denotes closure 
T>O 

The proof requires 

LEMMA 5. R(T) is closed in 12 for every T > 0. 

PROOF. Letfk E Lz(O, T;CN) and suppose that 

(ifuP11)Li)
11 
~(c11)11 . 

Since a subsystem of ('{)11 ) is Riesz basis on (0, T) hence the mapping f 1--+ 

( (/,'fJn;)); is an isomorphism of Lz(O, T; c,N) onto 12. Consequently lfk) is a 

Cauchy-sequence in Lz hence 3 f E Lz : fk ~ f. This implies ifk>'Pn) -
(f,t.p11 ) hence (f,'{J11 ) = c11 for every n. I 

LEMMA 6. ff R(T1) = R(Tz) for some T1 < T2 then 

R(T1)=R(t) for all T> T1. 
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PROOF. R(T1)= R(Ti ) implies that for all functions! E f--2, suppf C 
[T1, Ti] there exists g E Li, supp g C [0, T1] with the same moment sequence 
(we use below the notations of [5]) 

1'2 1'1 J eiwmk T (f (r ), e~") dr = J eiwmk T (8(r),e,=!;n ) dr =} 

T1 0 

~~ ~~ 

=} / eiwm1c 1 (j(t-h),e~n)dt= J e iwm1ci(g(t-h),e~n ) dt. 
1'1+h h 

Jn other words: any function on [T1 + h, Ti+ h] can be substituted by an 
appropriate function wi th support [h , T1 + h] (in the sense that they produce 
the same moment sequences). Let now supp/ C (0, T1+2(72 - T1)] , then 
it can be substituted by some 8l· supp g 1 C [Ti - Ti, Ti] (h = Tz - Ti ). 

hence f can be substituted by fj + 81 = 82· Then gij . can 
[0, 7'2] [ T1, Ti- Tj] 

be substituted by some 83· suppg3 C [0, Ti], finally f can be substituted 

by Jj +gi l +83· This shows that R(T1 +2(Ti - Ti))= R(T, ). 
[0, 7'i) ! [0, 7'i) 

Repeating this argument we see R(T1 +k(T2 - T1)) = R(T1) which implies 
by the monotonicity of R( T) that 

R( Ti ) = R( T) for T > T1 . I 

PROOF OF THE PROPOSI110N . 

a) =} b) Indirectly suppose the a) holds and b) does not. Then for some 
10, R(To) is dense in UR(T) i.e. by Lemma 5. R(To) = U R(T) . But then 

T>O 
R(T) c R(To) for any value of T and hence R(T) = R(To ) for T > To. in 
contradiction with a). 

b) =} a) Suppose that R(T1) = R(Ti ) for some T1 < 72, i.e. that a) fails. 
Then by Lemma 6, R( T) = R( T1) for T > T1 and hence U R( T) = R( T1 ), so 

T>O 
b) can not fulfil. 

Proposition is proved. I 

1° REMARK 6. For the vibrating beam statement of Theorem 1 can not 
hold for any T > 0. ln this case the system equation is - ii = uC4) where 
solution can be developed into a series 

""'( . 2 . 2) u(x,t) = ~ auezn 1 +f3ue- 111 1 Vu(x) 
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,,(4) - n4v 
•n - n 

v 11 (0) = Vn (.n:) 

v~(O)=v:1 (n) 

v~'(O) = v~(n) 

v~' (0) = v~' (n) 

is a complete system in I.12(0,n) : v11 =cos nx. Then 

Au(t) =I: ( auein21 +f3ue-in21) ( v,,~1)) . 
v,,(xN) 

( ±" 2 ) Such a sum can not be dense over any (0, T), because in that case \ e w 1 

would be dense in L2(0, T). But this is not true. For example we can use the 

famous stability theorem of Avdonin [10] which shows that ( e±i1121
) can be 

completed for every T to a Riesz basis in Lz(O, D (consequently it is not 
complete). On the other hand it would be reasonable to describe the subspace 

of Lz spanned by (e±in
2t). 

5° The result of Joo [8] holds also for r = - ~. too. First we recall some 
notations. Let 0 be the unit circle, Pi. ... ,PN E-fl, SN+b· .. ,SM E an and 
consider the membrane 

N 

Utt= tl.u + I>5((x,y) - Pj )vj on (0, n x n 
)=1 

d ll M a,:= L o(s - Sj)Vj on (0, n x an 
j=N+I 

controlled by Vj E L2(0, T). Denote 

Wr = D ((I - ~t12) 

the domain of the 2-th power of I - tl. and let 

Xr = Wr+l EB Wr. 

THEOREM. [8] For r < - ~ the movement state (u, u1) belongs to 
C (LO, T],Je r) if the co11trols Vj are in Lz(O, T). 

Denote lm the Bessel function of m-th order and let} .. ~m>, n = 1,2, ... be 
the positive zeros the derivative 1:w We prove first 
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LEMMA 1. 

a) L 
n,m 

k9~m)$k+I 
n$cm 

I.JOO 

1 - 0(1) 
Jm(n -n *+ 1) -

where n * is the smallest natural number n (depending on m and on a constant 
I 

0 < r < 1) for which m + ~m'.J ~ ;.~m). r. 

b) 2: 
n,m 

k<A.(m)<k+l 
- n -

n$cm 

I 2 
m-'.Jn-'.J = 0(1). 

PROOF OF b). Denote Ai the Airy function [2]. It is well-known that 
;.~m) > m+ ~m 1/3, mo~ 1, mo is an absolute constant. We know ([2], 345. p.) 

(
;.(m)) a' 1 

(1) <P :, = - m2n/3 + 0(1) m4/3, 

where a~ is the n-th negative zero of Ai', j (<P(X )] 3/Z = l ( 1 - ~) 112 
dt, 

1 ~ x < oo. It is known ([3], 10.4.94.-10.4.105) 

(2) a~ =-n1'(4n-3) r +O ( ·:~') =-(3;)'1' n2/3+o()/3), 
Obviously tp is strictly monotone increasing. If k ~ ;.~m) ~ k + 1, then k ~ m + 1 
if m ~ mo. Hence 

n,m 

k <A.(m)<k+l 
- n -

n $cm 
m?:.mo 

= L: 
n,m 

V' (~ )$v> ( ~) $v> (k~I) 
11$cm 
m?:.mo 

~c L: < 
n,m 

V' ( ~) $- m1/3 +O(l) ni}3m $v> ( k~l) 
n$cm 

m?:.mo 
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:::; c < 
n,m 

(k) (31r)
2
/
3

n2/3 l (k+l) 
lfJ m $ T . m2/3 +O(l) n l/3m2/3 $<p Iii 

nS:cm 

m~mo 

<c I: < 
( ~) 213 

m2/3'P ( ;t-) 5:11 2/3 ( l+o( ~)) 5: ( ~) 2/
3 

m2/31{J ( k:l) 

nS:cm 
m?.mo 

n,m 

71- · j"'3;2 ( ~) +oo>sn::; W· j"'3;2 ( k;:;i) +o<l> 
n$cm 

m?.mo 

=:A. 

If this sum is nonempty then !ff · j'P 3/ 2 ( ~) + 0(1) :::; cm which implies 

ip3/ 2 ( ~) = 0(1), that is, ~ = 0(1). Hence k :::; cm :::; m + cm 513, from this 

!;;- I'!, cm2
/
3

, which gives :, S ( ~-1

1) , 72 <; C'f'
3
/ 2 (!;;).Furthermore in A 

m . ~'P3/2(k+1) + O(l)- m . ~'P3/2 (~) _ O(l) = 
.n3 m .n3 m 

k+l 

m Jm ( 1) 1/2 = 0(1)+ .n 1- t2 dt = 0(1). 

k 
;n 

Using these we can write 

2 

A Sc I: m-1 ( m<J>3/2 (~))-~Sc I: 1 1 

'P (~) 
< 

m m m 

ck$m$k-l ck$m$k-l 
m?.mo m?.mo 
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~c 

Hence 

n,1n 

m?.mo 
11* $11 $cm 

i.io6 

Ill 

= _!__ (~ - 1) = 0(1). 
m m 

ckSmSk-1 

11,111 

k<A.(m )<k+l 
- n -

11$cm 

1 
--;:===== < c 
y'm(n-n*+l)- n,m 

k<A.(m )<k+l 
- n -

m ?.mo 
n*$n$cm 

m+im 1 139~~ l. ri and 11"' is minimal 111$.l.~~) · ri and n"' is minimal 

~ c 

~c 

n ,111 *· jrp2/3 ( ~) +O(l)$ll $ *· jrp3/2 ( k;:;I) +O(l) 

n*$n$cm 

111 ?.mo 

<P ( *) $rp ( ~) 

I: 
n,m 

W-·jrp3/2 (~ )+o(l ):Sn$3¥- · jrp3/2 ( k:;1 )+o(l) 

'!! · 2m
312 (1·) +0( 11< 11 <cm :re j-r ri - -

m?. mo 

If this sum is nonempty then ;~ = 0(1). Furthermore 

< 

m 2 3 ,., ( k + 1 ) m 2 3/2 ( k ) 
- . -'{) 1 - - + 0(1) - - . -'{) - - 0(1) = 0(1) . 
.n3 m .n3 m 

< 
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I:= 2= + 2= + 2= =: S1 +S2+S3. 
n,m 11,m 11,111 11,111 

.l.<!.._£ 
ri-m m 

!.. _.f.. < l <!..+£.. m m-r1 -m m 
!..+.£. < j_ < k+I + £.. 
m m-ri - m m 

Since ip is strictly monotone increasing therefore 

m 2 3/2 ( k \ ( m 2 3/2 ( 1 ) ) - . -ip -J + 0(1) - - . -ip - + 0(1) ~ c > 0. 
:r 3 m n 3 , r; 

Thus 

Ill 

ck$m$k-l 
.l. < !.._£ 
r; - m m 

m?mo 

l 

i <c I: mJ !_ _ r· - 111 m I 

ck$m$k- l q$m$k-l 

m 

.l.<!..._£ c$k-r;m 
r; -m m 

m?mo 

1 1 
~ c ~ Jk ./i = 0(1). 

c<r <ck 

Now we estimate S2. 

m 
k c I k c - - -<-< ·-+­m m -r; -m m 

Now estimate S3. 

1 
--=c .;m 

Similarly as in the estimate of S2 we obtain S3 = 0(1). Hence 

< 

' 1 = 0(1). 
L,, Jm(n - n* + 1) n,n1 

k$A,~m)$k+l 

n*$n$cm 

m+4m 113<A.(1:»r; and 11· is minimal 
"' - n 

Using the above Lemma, we can show that Theorem 1 in [5] remains 
true for r = -i, too, namely 
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THEOREM l ' . For r = -i and for any control v E L2(0, T;CN) (U,Ut) E 

EC ( [0, T],X -~). 

PROOF. As it was seen in the proof of the case r < -i, we have to verify 
that 

(Here we use the formula numbering of [5].) For the pairs m, k with M 2'. m 
(M fixed), the original proof applies. For the case m ~ M, n ~cm (where c 
is a large constant) we apply the following device: denote 

then 

and 

t 

F;(z) = j vi('r)e-in dr 

0 

t 

j IF;(z)l2dz ~ c j jv;(•)l 2dr 

llmzl~l 0 

see Young [4]. Hence from ).~11 >::::: n, (;.~,m>) 2 
- m2::::: n2 and from 

(23) e~11 =o(Jn) 
we get 

t 2 

J eiwmkU-r>v;(r)dr ~c J 
0 
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t 

=c L ~ L j 11112 ~ j IFil2 ~ c j lv;l2
. 

n M$m$~,z-A.~m)l9 llmzlSl 0 

In case n :S: cm, m ~ M, ri =I we have to estimate 

00 

::::cl: 2= 
k=l n,m 

k<A.(m) <k+l 
- n -

nScm 

J 
llmz::=;t 

k-l::=;Rez::=;k+I 

I 

j e-iwmkr v;(r)dz 

0 

n,m 

k$A.~m)::;k+1 
n$cm 

t 

2 

:S: c j lfi(z)l 2dz :S: c j lvi(r)l2dr 

1Imzl$1 0 

< 

(we used Lemma I b) above). Similarly, if n:::: cm, m ~ M, r; < 1 then we 
estimate as follows 

t 2 
I 

L L Jm(n-n*+1) 
m~Mn$cm 

J e-iwmkr v;(r)dr < 
0 

n,m 

k<A.(m)<k+l 
- n -

n$cm 

t 

1 
--;::::::::;::===:;:::;: < 
y'm(n-n*+l)-

:S: c j lfi(z)l2
/ z :::: c j !v;(r)f dr. 

llmzl$1 0 
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The estimate for the sum where ).~:n>r; ~ m + 1-m t, remains the same as for 

r < - 1' · The proof is complete. I 

THEOREM 2'. The system is not approximately controllable for r = -1' 
and for any T > 0. 

The original proof works because (see p.249 in [5]) we used only that 

C' l eiwmk (I-') ( v(r),e;!;,. /ii) dr) E 12 

in the coordinates m ~ M , n ~ cm. But this is proved above in Theorem 1 '. I 

THEOREM 5'. Let r = -1. then 

a) U R(Dr;Jl _ 1 
T>O 1 

b) If e± -;t. 0 V m, n and e;!;n , e;;;n are not parallel vectors, then 

u R(D=Jl I· 
T>R - 1 

PROOF. We have to show (using the notations of the original proof) that 

a) R(oo)r;l2. b) R(oo) = l2. 

a) The system e-i(wo,k-i)r. is Riesz basis in ~(0,oo) in its closed linear 

hull. From lw~ :::.::: nr+~ = I it follows that the factor of e-i(wo,k - i)r is 
y10,n 

:::.::: le6,n = o(l), hence the moment sequence is a nontrivial subspace of 12 , 

R(oo)Qz . 

b) The original proof works. I 

References 

[IJ M. HORVATH: Vibrating strings with free ends, Acta Math. Hung., 51 (1988), 
171-198. 

[2J M. A. NEUMARK: Lineare D~fferentialoperatoren, Akademie-Verlag, Berlin, 
1960. 

[3] W. S. CASSELS: An introduction to diophantine approximation, Cambridge 
Univ. Press, 1957. 



SOME RESULTS CONCERNING THE CONTROL OF STRINGS AND MEMBRANES 283 . 

(41 M. HORVATH: The vibration of a membrane in different points, Annales Univ. 
Sci. Budapest., Sectio Math., 33 (1990), 32-38. 

l5l I. Joo: On some Riesz bases, Periodica Math. Hungar., 22 (1991), 51-60. 

(61 A. BOOMER, M. HORVATH and I. Joo: Notes on some papers of V. Komornik 
on vibrating membranes, Periodica Math. Hungar., 20 (1989), 193-205. 

(7] I. Joo: A remark on the vibration of a circular membrane in different points, 
Acta Math. Htmgar., 59 (1992), 245-252. 

(81 I. JOO: On the control of a circular membrane and related problems, Annales 
Univ. Sci. Budapest., Sectio Math., 34 (1991), 231-266. 

(9) S. A. AVOONIN, S. A. IVANOV and I. Jo6: Exponential series in the problem 
of initial and pointwise control of a rectangular vibrating membrane, Studia 
Sci. Math. Hungar. (to appear). 

UOJ S. A. AVDONIN: On the question of Riesz bases of exponential functions in Lz., 
Vestnik Leningradsk. Univ. Ser. Mathj., 13, 5-12. 

ll ll I. Joo: On the control of a circular membrane I., Acta Math. Hungar., 61 
(1993), 303-325. 

l12l A. ERDELYI: Asymptotivc solutions of differential equations with transition 
points in singularities, J. <~f Math. Physics., 1, (1960), 16--26. 

[ 131 F. W. J. OLVER: The asymptotic expansion of Bessel functions of large order, 
Philos. Trans. Roy. Cos. London, Ser. A, 247 (1954), 328-368. 

(141 M. ABRAMOWITZ, I. A. STEGUN: Handbook <~f mathematical functions with 
formulae, graphs and mathematical tables, National Bureau of Standards, 
Applied Mathematics, Series 55, 1964, Washington. 

ll51 R. M. YOUNG: An introduction to nonhamwnic Fourier series, Academic Press, 
New York, 1980. 

[161 J.-L. LIONS: Co11trolabilite exacte, perturbations et stabilisation de systemes 
disturbes, Masson, Paris 1988. 

U 71 J.-L. LTONS:Personal communication. 

081 V. KOMORNIK: On the vibrations of solid balls, Acta Math. Hung., 54 (1989), 
309-317. 

091 I. Joo: On the pointwise controllability of circular membranes, Acta Sci. Math., 
57 (1993), 373-399. 





ANNALES UNIV. SCI. BUDAPEST., 37 (1994), 285-289 

ORTHOGONAL TYPE RELATIONS FOR THE BESSEL 
POLYNOMIALS 

By 

S. D. BAJPAI 

Department of Mathematics, University of Bahrain, Isa Town, 
and Institute for Basic Research, Palm Harbour 

(Received January 7, 1993) 
(Revised April 22, 1994) 

1. Introduction 

The Bessel polynomials constitute an important class of polynomials with 
many applications [4], pp. 131-149. GROSSWALD [4], pp. 25-33 discussed 
only the orthogonality of the Bessel polynomials on the unit circle and the 
corresponding moments. EXTON gave the orthogonality property [3], p. 215, 
(14): 

00 

(1.1) J xa-2e-lfxym(x;a,l)yn(x;a,l)dx = 
0 

(-1)" n!(n +a - 2)7t = . Omn , Rea<1-m-n. 
r(a +n)(2n +a - l)sm(na) ' 

SRIVASTAVA [6] noted that the orthogonality property of the Bessel poly­
nomials: 

00 

(1.2) J x 1-ae -xym(l; a,x)yn(l;a,x)dx =n!f(2-a - n>Om,n 

0 

obtained by HAMZA [5] is incorrect. 

The author [2], in view of the remark of SRIVASTAVA, using (1.1) derived 
the following orthogonality property: 
(1.3) 
00 

1' n !f(2 - a - n) 
I x-ae-xy111 (l;a,x)y11 (1 ;a ,x)dx = 

1 2 
) Om,n. Rea< 1- m - n. 

J (-a- n 
0 
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The Bessel polynomials are defined by the relation [4], p. 38, (1): 

(1.4) Y11(x;a,b)=2Fo(-n,n+a-I;-;-~). 

In view of the relation [l] , p. 325, (5) : 

(1.5) 2Fo(-n;a;-x)=(a)11(-1)11 x 11 1F1 ( - n;l-a -n ; -~) 
the Bessel polynomials can be expressed as: 

(1.6) Yn(x;a,b) =(a +n - 1)11 (~r 1F1 (-n;2- a - 2n; ~), 

(1.7) (
b)

11 
x y(b;a,x ) =(a+n-1)11 ~ 1F1(-n;2-a-2n ;b). 

In view of the interest shown in the Bessel polynomials [4] , it appears 
w01thwhile to investigate further, the matter of the 01thogonality of the Bessel 
polynomials and the functions related to them. 

In this paper, we establish an 01thogonal type relation for the Bessel poly­
nomials over the interval (0, oo) with respect to multiplier function 
xm-n-a+2e-x/b. 

The following identity which follows from (1.4) may be found useful in 
the study of the Bessel polynomials: 

(1.8) y11 (x;a,b) = y11 (l/b;a, I/x). 

2. Orthogonal type relation 

The 01thogonal type relation to be established is 
00 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

J xm-n-a+Ze-xfi>Ym(b;a,x)y11 (b;a,x)dx = 
0 

= 0, if m < n - 1 

= b2-a n !r(2 - a - n ), if m = n - 1 

= b3-a n !(2 - a )r(2 - a - n ), if m = n 

= 3b4-a(n + 1)!(2 - a)r(2 - a - n), if m = n + 1 
(-1)11 (a +n +k - l)n+k(a +11 - l)11 r(3-a -2n) 

= x 
ba-k-3r(2 - n)(2- a - 2n)n 

[
-n - k 2 3 - a - 2n · 1] x F '' ' 3 2 2-a-2n-2k 2-n , 
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if m = n + k (k = -1 , 0, 1, 2, ... ) where 2n +Rea < 3. 

PROOF. In view of (1.7), the integral (2.1 ) can be written as 

(2.6) (a+m-l)111 (a+n-l)11(bt1+". 
00 . j 2-211 -a -x/h F [ - m; f; ] F [ -n; J; ] d 

x e 1 1 2-a-2m 1 1 2-a-2n x. 

0 

We next express the hypergeometric functions as infinite series (1], p.322, 
(10.1), interchange the order of integration and summation, which, inciden­
tally is justified due to absolute convergence of the integral and summations 
involved, and write (2.6) as 

(2.7) (a +m - 1)111 (a +n - l)11 b111+11
• 

Ill -r II -U 00 

. ""' (-m)rb ""' (-n)ub jx2-a-2n+r+ue-x/hdx. 
L (2 - a - 2m )r r ! L (2 - a - 2n )u u ! 
r~ u~ o 

Now, the integral in (2.7) can be evaluated with the help of the definition of 
the gamma function: 

00 

j x"e-xfhdx = r(n + l)b 11 +1, Ren> -1. 

0 

Thus (2.7) is equivalent to 

(2.8) 
(a +m - l)m(a +n - 1) bni+n. 

ba+2n-3 

. ~ (-m)r ~ (-n)ur(3- a -2n +r +u) 
L(2-a-2m)rr!L (2-a-2n)uu! · 
r=O u=O 

On simplifying, (2.8) reduces to 

(a +m - l)m(a +n - 1)11 111+11 ---------b . 
ba+2n-3 (2.9) 

Lm (-m)rf'(3-a-2n+r) [- n,3-a - 2n+r;l] 
. .,Fi . 

(2-a-2m)rr! - 2-a-2n 
r=O 

Applying Vandermonde' s theorem 

(c -b)n 
2F1(-n;b;c;l)= () , 

c ll 

ll = 0, 1, 2, . . . 
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the relation (2.9) reduces to the form: 
(2.10) 

(a +m -1)111 (a +tt - l)n bm+n ~ (-m),(-r -1)11 r(3- a -2n +r) 
ba+2n-3 L.J (2-a-2m),(2-a-2n)nr! · 

r=O 

If r < n - 1, the numerator of (2.10) vanishes, and since r runs from 0 to 
m, it follows that (2.10) also vanishes, when m < n - 1. Now, it is clear that 
for m < n - 1 all terms of (2.10) vanish, which proves (2.1). 

When m = n - 1, using the standard result (-n)n = (-l)n n !, and 
r(l - a - n) = (-ltr(l-a) we have 

(a)n 

00 

(2.11) J x 1-ae-x/l>Yn - 1(b;a,x)yn(b;a,x)dx =b2-an!r(2- a - n), 

0 

which proves (2.2). 

For m = n , we employ the standard results like ( -n )n -1 = ( -1 r- 1 n ! and 
(-n - l)n = (-l)n (n + l)! and add the resulting two terms (r = n - 1, n), with 
the help of r(l - a - n) = (-l)nr(l-a) to obtain 

(a)n 

00 

(2.12) J x 2-ae -xfb {y11 (b;a,x)} 2dx =b3-an!(2 - a)r(2 - a - n), 

0 

which proves the relation (2.3). 

Form= n + 1, we use the standard result [1], p. 274, (8.3): 

{ 

(klt~,! O < n < k 
(-k)n= (-n .' - -

0, n > k. 

and add the resulting three terms (r = n - I, n, n + 1), then simplify to obtain 
(2.13) 

00 J x 3-ae-xfhYn+1(b;a, x )y11 (b;a,x)dx = 3b4-a(a - 2)(n + l )!r(2- a - n), 

0 

which proves (2.4). 

NOTE. The fo1mulae for m = n + 2, n + 3, n + 4, ... , can be obtained as 
above. 

Since, we see that there is no synunetry in (2.11 ), (2.12) and (2.13), 
therefore it is not possible to find a general formula in a compact form. 
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However on setting m = n + k (k = -1 , 0, 1, 2, ... ) in (2.10), we obtain 
the general formula in following form: 

00 

(2.14) J k-a+2 -x/a (b ) (b )d x e Yn+k ;a,x Yn ;a,x x = 
0 

(-l)n(a +n +k-1)11 +k(a +n - l)11r(3-a -211) = x 
b0 -k-3r(2 - n)(2 - 2a - 2n)11 

[
-n - k 2 3 - a - 2w 1] x Fi ' ' ' 

3 2 - a - 2n - 2k 2 - n · 
' 
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ON UNIFORM CONVERGENCE OF POLYNOMIALS 
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In [1] it is shown by L. CZACH that exponential convergence of a se­
quence of polynomials in L2 implies uniform convergence. In this paper this 
result is generalized with a weaker condition on the speed of convergence in 
IP spaces (p ~ 1). A possible benefit in applications is transition to uniform 
convergence when a Banach space method yields an approximating sequence 
of polynomials converging in IP. 

First a theorem with a general convergence assumption is proved, then 
corollaries are given for power order and exponential convergence. Finally 
some consequences are proved concerning the smoothness of the limit func­
tion and the convergence of the derivatives. 

THEOREM 1. Let S C JR N be a closed ball around the origin, 
(p11 ): RN--* R a sequence of polynomials with gr(p11 ) = n, p ~ 1 and 
f E IP(S). Further, let (E 11 ) CR such that En --* 0 decreasingly. 

If llf - PnllJJ'(S)::; En for all n EN:= {1,2, .. . ,} then the following 
inequalities hold: 

00 

(1) if L,n2NE 11 < oo and1711 := L,j 2MEj then 3 k1>0 such that 
j=11 

llf - Pn II C(S) :S k117n (n EN); 

00 

(2) if L, n NE l < oo and µ11 := L, j N Ej then for every closed set F C int S 
j=n 

3 k2 > 0 such that 

ilf - Pn II C(F) s; k2Jl11 (n E N). 

* This research was supported by the Hungarian National Foundation for Scientific Re­
search under grant No. T 4385. 
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Before the proof of Theorem 1 we prove an analogous assertion for p = 1 
and with an interval instead of S. 

N 
PROPOSITION. Let I denote X (a1 1 bi] C RN and Jet (pn),f and En be as 

i=l 
in the theorem. if llf - Pn llL1(l) ~En (n EN) then the following inequalities 
hold: 

(i) ifl:,n2N E11 < oo andrJ11 is as in the theorem then 3 k1 >0 such that 

llf - Pn II C(l) ~ k11711 (n E N); 

(ii) if 2:, n Ne l < oo and µ 11 is as in the theorem then for every closed set 
F C int/ 3 k1 > 0 such that 

llf - Pn II C(F) :S kiµn (n EN). 

PROOF. Let q" := p11 - Pn-1 (n = 2, 3, ... ). The assumption 
llf - P11 llL1(l) :S £11 (n EN) implies 

(3) 

that 

(4) 

(5) 

(6) 

(n = 2,3, ... ). 

XJ X2 XN 

Let Q11(Xi,X2 1 ••• ,XN) :=ff· ·· f qll 

a1az ... aNQn =q,, and 

ll011llccl) :S ll qnllL1Ur 

Thus, considering (3), we have 

11 Q,il IC( l) ::; 2E II -1 · 

First we prove (i) . The iterated applications of Markov's inequality (i.e. 
for any polynomial Pon I with grP=n and l = 1,2, ... ,N 11a1Pllc(J) ~ 

::; Kn211Pllccl) K, depending on I only; see [3]) lead to 

11a1 a1 ... a N011 llccn :S 

[ 

N l 2 
::;KN IJ <n+k) l l 011 llcuJ ~ KN[nN(N+1)!]

2

!1Qn ll cu» 
k=O 

i.e. 
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(K1 :=KN (cN + 1)!2), which, by (4) and (6) and with M :=2K1 means 

(7) 

The assumption on en implies that I: llqn II C(l) < oo, thus I: qn converges 
uniformly, which just means that (p11 ) converges uniformly and clearly the 
limits is f itself. · 

Finally, 
00 00 

llf - Pn llc<l)::; L llqj lie(!)::; M L j
2
NEj-1 ::; 

j=n+l j=n+l 
00 

~ k1 L (j -1)2Nfj-l =k1Y/1i. 
j=n+l 

thus (i) is proved. (k1 can be chosen 22N M.) 

The proof of (ii) is similar, using Markov's second inequality (i.e. for 
any closed set F c int! 3 L > 0, depending on F and J, such that for any 
polynomial Pon I with grP=n and l = 1,2, ... ,N llc11Pllc(F) ~ LnllPllc(I) 

holds; see (3)). Thus, with M' := 2L1 (where L1 := LN(N + 1)!), we have 

(7') llqnllccF) ~ M'nNen-1' 

which leads to 
00 00 

llf-P11llc<F):SM
1 
.l:v - l)Ncj-1:Sk2 L Ej-1=k2J.'2 

j=n+l j=n+l 

(k2 can be chosen 2N M'). Hence (ii) is also proved. I 

PROOF OF THE THEOREM is node is three steps. 

(a) Let I := [-a,a]N (a > 0) and let Tip : RN -t RN denote rotation 

by cp = ( cp i. cpz, ... , ip N _ i) E [ 0, lf) N - I . Then the proposition proved above 
holds also on Tip(I) with the same constants k1 and kz. 

This is straightforward if we apply the proposition to the sequence 
(p11 o 1~) which also consists of polynomials of degree n and in (ii) to the 

set Ti{; 1(F). 

(b) Now the proof on S follows briefly for p = 1: denoting by r the radius 

of S and by I the cube [-J;:;, -::JN•] N (the straight cube with vertices on 

the sphere), in case (1) for any x E S we can find cp E [ 0, lf) N- l such that 
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x E Lp := T'P(J). Hence lf(x)- Pn(x)I ~ llf - P11 llcu<P> ~ k11J11. where the latter 
inequality follows from llf-P11 llL1(l"') ~ llf-Pnllo(S) ~En and pait (i) of 

the proposition. Since x E S was arbitrary , we have llf - Pn II C(S) :S: k11J l · 

To prove (2), we use the fact that in Markov's second inequality the 
exact value of the constant L = L(F, I) is dist (~a[). In the proposition we 

have k2 = zN+l LN (N + 1)!. Now for any x E F we can find t.p E [O, 1-) N-l 

such that x E Lp := Ttp (I) and dist (x, iJ I) 2: g := dis;f;J S). Then Fx := 

= F n S ( x,}) is a closed subset of int I with dist (Fx, iJ I) 2: } . Thus for 

any x E F, part (ii) of the proposition is valid for Fx and Lp with k2 := 

= 22N+l g-N (N + l)!, a constant independent of x. Now we can proceed as 
above: lf(x)- Pn(x)I ~ llf - P11 llc(Fx) ~ k2112. where the latter inequality fol­
lows from llf - Pn llL1(1ip) ~ llf - P11 llo(S) ~En and part (ii) of the proposition 

with k2 given above. Since x E F was arbitrary, we have llf - Pn II C(F) ~ k2J.ln . 

(c) For p > 1 the proof follows from the case with p = 1 and the fact that 
for any p > 1 we have l..J(S) C L 1(S) and 1igllL1(S) ~ const · llg ll LP(S) for any 
g E JJ'(S). I 

In two of the most important cases, namely, for En := -fr (c > 0, y > l) 
and En =cq" (c > 0, 0 < q < 1) the application of Theorem 1 can be completed 
by a simpler estimate for t] 11 and f.l 11 as follows: 

COROLLARY 1. Let SC RN be the unit ball, (p11 ): RN~ JR a sequence 
of polynomials with gr(p11 ) = n , p 2: 1 andf E lf(S). Assume that 3 c > 0 

and y > 1 such that llf - Pn llLP(S) ~ ;fY for all n E N. Then the following 
inequalities hold: 

a) ify > kN := 2N + 1 then 3 K1 > 0 such that 

(8) (n EN); 

b) ify > mN := N + 1 and Fis a closed subset ofintS then 3 K2 > 0 such 
that 

(9) (n EN). 

PROOF follows from the theorem by an elementary calculation: 
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00 Me 00 

For any f3 > 1 and n E N, .2: j, ~ p holds (with Mp := ?: ;Jr): 
1=nl J=lJ 

00 
1 1 

00 
( n )p 1 

00 
n-l ( n )p 1 

00 
n 1 

~ j P = ,J3 ~ n + j = nP ?= L j n + k ~ nP ?= j P = nP-1 Mp· 
]=II ]=0 j=l k=O j=} 

Hence 

a) 

oo oo M 
"' . 2N "' 1 C.·-y-2N CJ 

'Y/n := ~J Ej =c !- p-2N ~ nr-2N-l = nY-kN 
1=11 j=ll 

ify >kN; Ki :=c1k1; 

b) 

oo oo M 
·-"'·NE . -c "'-1- < c y-N - _c-'-2-

µn ·- !-) J - !-p-N - nr-N-1 - nY-mN 
]=II ]=II 

(c2 := cMy-N) 

I 

COROLLARY 2. Let SC JR.N be the unit ball, (pn): JR.N-+ JR a sequence 
of polynomials with gr(pn) = n, p 2'.: 1 and f E U'(S). Assume that 3 c > 0 
and 0 < q < 1 such that llf - Pn llLP(S) ~ cq 11 for all n EN. 

Then ::J c 1 > 0 and q < q 1 < 1 such that 

(10) (n EN. 

PROOF. We can find r > I and q < q1 < I such that n2N q 11 :S rqi (n EN). 
00 00 00 . 

Hence 'f/n := 'j:,j 2NEj =c .L.j 2Nqj ~ cr .L.q{ = 1 _:~ 1 qf, which yields the 
}~ 1~ )~ 

d . d . 'th ~k er esire estimate w1 c1 := . -qi 

REMARKS. I. Obviously, we obtain a constant smaller than c1 if we only 
need estimate (10) in the case n 2'.: no for some no E N. 

2. We have more rapid convergence in this case as well if we consider a 
closed subset F of intS; the same proof as above leads to llf -p11 llC(F) :::; ciq!J. 
(n EN) where q1 < ql since now nN q 11 

:::; rqj' (n EN) is required. 

Finally we discuss the facts that the proof of Theorem 1 yields about the 
smoothness off and the convergence of the derivatives of (p11 ) . 



296 J. KARATSON 

THEOREM 2. Under the assumptions of Theorem J, Jet m EN be such 
00 

that L,nN+mEn < oo and Jetr,\k> := L,jN+kEj for each k = 1,2,. .. ,m. 
j=k 

Then f E cm(intS) and for any k = 1,2, ... ,m 
F C intS 3 dk > 0 such that 

and for each closed set 

llfk) (k)ll (k) -p11 C(F)::;dkr11 (n EN). 

If L,n2N+ZmEn < oo, k = 1,2,. .. ,m and~~k) := f:,jzN+ZkEj then 3 rk > 0 
j=n 

such that 

(n EN). 

PROOF. We only prove the theorem for an interval I instead of a ball and 
for p = I . Then the rest can be done just as in Theorem 1. 

Let F be a closed subset of inti. We can find closed intervals h (k = 
0, 1, ... , m - 1) such that inti 'J lo. int lo 'J Ji, .... intlm _ 2 'J Im -1 • intlm -1 'J 
F, and for all k = 1, . .. ,m - 1 dist (lk-1' h) =dist (I, lo)= dist Um-1' F) . 

Part (ii) of the proposition after Theorem 1 can be applied with lo in 
the role of the closed subset of int/. In (7)1 du1ing the proof we obtain the 
estimate llqnllcuo>::; M'nNEn-1 (n EN) implying the uniform convergence 
of L, q11 on Io, i.e. that p11 --+ f uniformly on lo . Then by Markov ' s inequality 
applied to Ii as a closed subset of int lo we have 

IJq:,llcu1>:=max{llCl1q11llcu1): /=1,2,. . .,n} ::;LM
1
nN+ l E11 _1. 

Thus L, JJq:1 llcu) < oo, hence "£q:1 converges uniformly on 11, i.e. (p~) 
converges unifonnly on Ji. This implies that/ E C 1(11) and/' =limp~. 

If m > l then we can repeat this argument for f' on 1z as a closed subset of 
intJi . Owing to Markov we now have llq:: llcu

2
>::; L2M'nN+ZE 11 _1 (n EN), 

which finally yields that f E C2(12) and f 11 = limp~ . This can be continued 
by induction as long as L, nN+k £ 11 < oo, i.e. at least up tom. Eventually we 
obtain that f E C 111 (F) . Since this holds for any closed F c inti, we have 
f E C'" (int/). 

The estimate for the convergence of the derivatives is now proved simi­
larly to that in the proposition, using the estimate 

llq,\
111

>llc(F)::; Lm M'nM+nE11-l 
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received by the above induction: 

00 00 

llf(m)_p(m)ll < ~ jjq~m)JI < LmMI ~ ]·N+mt> < 
II C(F) - ~ ] C(F) - ~ 1- l -

j=n+l j=n+l 
00 

~ L 111 M 11 L (j - l)N+mEj-1 =d1r11 

j=n+l 

(with M" := M 12N+m, d1 := L 111 M"). 
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For the second estimate we start from (7) and apply Markov's first in­
equality on I m times to receive the estimate 

llq,~m)llc(/) ~Km Mn 2N+2m E11 -l· 

With this the proof is the same as above. I 

We may apply this theorem as well for E11 :=1't (c > 0, y > 1) and E11 :=cq11 

(c > 0, 0 < q < 1) using the estimates in Corollaries 1 and 2. 

COROLLARY 3. Let SC RN be the unit ball, (p11 ): RN~ JR. a sequence 
of polynomials with gr(p11 ) = n, p ~ 1 and f E J.J1(S). Assume that 3 c > 0, 
l EN and 0 <a ~ 1 such that llf - P11 llU'(S) ~ ,/+a for all n EN. 

Then f E cl-N-L(intS) and for any k = 1,2, .. .,/ - N + 1 and for each 
closed set F C int S 3 ak > 0 such that 

lv<k> - p~k>llccF>::; ~/+a~~+k+l) (n EN). 

Fork= 1,2, .. ., l £..?-J - N we have bk> 0 such that 

'ii (k) (k)ll bk v -Pn C(S) :S nl+a-(2N+2k+l) (n EN). 

REMARK. The result on the differentiability of f is analogous to the 
classical inverse theorems of Bernstein ([2]) concluding the smoothness of 
f from the speed of uniform approximation by polynomials. 

COROLLARY 4. Let S C RN be the unit ball, (p11 ): RN ~JR. a sequence 
of polynomials with gr(p11 )=n, p ~ 1 andf E U(S). Assume that3 c > O and 
0 < q < 1 such that llf-Pn!IU'(S) ~ cq 11 for all n EN. Thenf E C 00 (intS) 
and for any k E N 3 q > 0 and 0 < q11 < 1 such that 

IV<k> - p~k>iic<s> ~ qqf: <n EN). 
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REMARK l. Applying Corollary 2 and Bernstein's theorem on exponen­
tial approximation by polynomials, we obtain the analiticity off. 

REMARK 2. The asse11ion of this paper admit natural generalizations, this 
follows directly from the way they are proved. 

l . Instead of S we may consider any domain that can be represented as 
the union of balls or cubes with diameter bounded from below, e.g. a convex 
domain having a smooth boundary with bounded curvature. 

2. The assumption grp11 =n can be omitted for "'L,(grpn)2NE,, < oo and 
2:,(grp11 )N En < oo, respectively. 
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