


















































































































































50

J.

STROHMAJER

b)



UBER DIE VERTEILUNG VON PUNKTEN AUF DER KUGEL 51

Die Figuren® 3, 4, 5, 6, 7, 8, 9 geben fiir die Falle n=18, 21, 22, 26, 30, 31, 52
weitere giinstige Konfigurationen an. Die Konfigurationen n=18, 26, 52 stam-
men von D. KoLya, die fiir n=21, 22 von JupiT GYSRFFY, endlich die fiir n=31
von K. BOROCZKY.

Fig. 8.

In den Folgenden machen wir einige Bemerkungen iiber die Strukfur und
Giinstigkeit solcher Konfigurationen. Dazu geben wir zuerst unserem Problem
eine neue Fassung.

Schidgt man um die Punkte des zum gegebenen n gehérenden extremalen
Punktsystems nicht ineinander greifende Kreise maximalen Halbmessers, so
erhdlt man die dichteste Kreislagerung von n Kreisen auf der Kugel.® <

Unser obiges Problem kann nun folgendermaBen gefaBt werden:

Es ist auf der Kugel die dichteste Lagerung von n kongruenten, nicht ineinan-
der greifenden Kreisen zu bestimmen.

In den erwidhnten Konstruktionen fiir Werte n= 13 kommen iiberall, mit
Ausnahme des Falles n=20, Kreiskranze vor.” Ein Kreiskranz besteht aus
2k zyklisch angeordneten Kreisen, unter denen ein jeder die zwei Nachbarkreise -
beriihrt, und deren Mittelpunkte abwechselnd auf dem einen und dem anderen
von zwei parallelen Kugelkreisen liegen. Auf jedem dieser Kugelkreise bestim-
men also die Mittelpunkte der zum Kranz gehorigen Kreise je ein reguldres
n-Eck (Fig. 10). ' ~

Um die Leistung unserer Kreiskonstruktionen schitzen zu konnen, ver-
gleichen wir ihre Dichte D, mit der durch RoBiNsoN [7] angegebenen oberen

% Die Figuren ~ mit Ausnahme von Fig. 7b — stellen das Schema der stereographischen
Projektionen der Punkte dar. Es sind jene Punktpare verbunden deren sphirischer Abstand
minimal ist. :

¢ Unter der Dichte nicht ineinander greifender Kreise verstehen wir das Verhiltnis
ihrer Inhaltsumme zur gesamten Kugeloberflache,

? Siehe J. MoLNAR [6].

4%
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Schranke 4,8 Die Strukturen der Konfigurationen und die numerischen Re-
sultate enthdlt folgende Tabelle.®

n * Struktur der Konfiguration rn D, Ap
18 1, 4-4-4-4,1 24° 46/ 0,828 0,8659
21 1, 5-5-5-5 22° 28 300 | 0,798 0,8625 "
22 1, 5-5-5 -5 1 2° 12 0,815 0,8620
26 1, 6-6-6-6, 1 20° 22’ 0,813 o,'sszo :
30 5-5-5, 5~5-5 19° 4 2 0,822 | 0,8635
31 1, 5-55 5-5-5 18° 50/ 0,830 0,8639
52 1, 5, 10-10-10-10, 5,‘1 14° 23’ 0,813 0,8741

Figur 11 stellt die Werte D, und die Funktion 4, dar.1°

8 Die Robinsonsche Schranke bezieht sich auf die Werte n = 12,

® rp bedeutet den zu D, gehorenden Radiuswert. Ein Kreiskranz von 2k Kreisen wird
in der Tabelle durch k- k bezeichnet. ' :

¥ Fiir n = 19, 23, 27, 28, 29 stehen in unserer Figur jenen Konvfigunrationen entom-
mene Werte, die aus den fir die nichstgréBeren Werte bekannten Konfigurationen durch
Weglassen eines Kreises bzw. einiger Kreise entstehen.
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Il existe, dans la topologie générale, plusieurs méthodes qui servent a trans-
poser d’un espace a un autre une topologie, une structure uniforme ou, plus
%eneralement une structure syntopogéne. Telles sont par exemple la construc-

ion de I'image réciproque (d’une topologie, d’une structure.uniforme, d’une

structure syntopogeéne), la construction de la topologie quotient, la construction
de 'image d’une structure syntopogéne, la construction de la complétion d’ une
structure uniforme, la compactification d’une topologie, etc.

Le but de cette note est d’étudier une méthode générale de transposition
de structures syntopogeénes, méthode qui contient comme cas particuliers les
constructions énumeérées et encore d’autres. Pour la terminologie et la notation,
nous renvoyons le lecteur a 1’édition allemande [1] de notre traité sur les fonde-
ments de la topologie générale.

Je remercie M. J. CzipszER* pour des remarques de grande valeur.

1. Relations prétopogénes. Considérons un ensemble E et une relation bi-
naire <, définie sur I’ensemble 2E des parties de E et moins fine que la relation
d’inclusion (c’est-a-dire telle que A< B implique AC B). Une relation de cette
sorte sera appelée relation préfopogéne sur I’ensemble E. :

Le plus simple exemple d’une relation prétopogéne est celui d’une relation
~< qui ne subsiste qu’entre un seul couple d’ensembles AC B. On sait que,
AC BCE ¢étant donnés, Vordre topogéne élémentaire <, p est défini comme
suit:

(1.1) X <,V si etseulementsi X=0o0u Y=E ouXCACBCYl

De plus, < a p est un ordre topogéne biparfait. On observe aisément que <, g
est le moins fin des ordres seml-topogenes qui sont plus fins que la relation <
ne subsistant qu’entre A et B.

De fagon plus générale, on peut affirmer:

(1.2) Pour une relation préfopogéne quelconque < sur E, il existe.un ordre
semi-fopogéne <, désigné par <¢, qui est le moins fin de tous les ordres semi-
topogénes plus fms que la relation <, 4 savoir

(1.3) <-—<e—U{<AB A< B}

lorsqu’il existe au moins un couple A, Bitel que A<B, et <=<¢=<,p si la
relation < est vide (c’est-3-dire si elle ne subsiste pour aucun couple A, B).
Si < est un ordre semi-topogéne sur E et D désigne une famiile de partles

* Défunt tragiquement le 15 juin 1963.
1 {1}, p. 56, formule (5.50).
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de E, on obtient une relation prétopogéne en posant A< B si et seulement si
A< B et Ac®D, BeD; autrement dit, 1a restriction sur D XD de la relation<

constitue une relatlon prétopogéne < =<|DXD. Pour cette relation prétopo-
géne, on a évidemment

(1.4) (< DxDy € <;

le signe d’inclusion peut étre remplacé ici par le signe d’égalité si

(1.5) A< B implique Pexistence de C, D tels que .
AcC<DcB, C(Ce®, D9,

et réciproquement ’égalité (<|DXD)* = < implique (1.5) pour 0= A <B=E.
Si 1a condition (1.5) est remplie, nous disons que la famille D est dense pour
Pordre semi-topogéne <. Les formules 0<0 et E<E entrainent que, si D est
dense pour <, on a 0¢® et EcD.

2. Transposition d’ordres semi-fopogénes. Considérons deux ensembles E
et E’ et une application h d’une famille D 2E dans 2, monotone en ce sens que

2.1 - XCY, Xe9, YeD impliquent MX)CTh(Y).

Si < est une relation prétopogéne sur E, on définit sur E* une relation préto-
pogéne <’ en posant

(2.2) A'<’'B’ si et seulement si il existe A,BedD tels que
A’ =h(A), B = HB), A<B.

. Ceci établi, soit donné un ordre semi-topogéne < sur E, des1gnons par <
la’restriction <|® XD, puis par <’ la relation prétopogéne deflme a partir de
<= <|DXD au moyen de (2.2), et posons enfin<h = <’¢, c’est-a-dire

(2.3) <h= U{<h(A),h(B)'A€$) BEED, A<B},

Ou <% =< p sila famille {...} est vide.

L’ordre semi-topogéne <# sur E’ est appelé le transposé de < par 'applica-
tion h.

Dans ce qui suit, nous supposerons toujours que £ est une application mono-
tone | c’est-a-dire satisfaisant a (2.1)] de D 2F dans 2F'. Nous admettrons par-
fois que h est bimonotone, c’est-a-dire qu’elle est monotone et qu’en méme temps

(2.4) X, YeD, (X)Ci(Y)  impliguent ~ XCVY.

Une application bimonotone est évidemment biunivoque.
2. 5) <, et <, étant deux ordres semi-topogénes sur E, <1C< entraine

<€ <2, si h est bimonotone et si D est dense pour <,, alors <?C <% entraine
- 1: <4

DF:MONSTRATION. La premiére asse_rtion étant évidente, supposons que
h est bimonotone, D est dense pour <, et qu'on a <€ <4, Posons A <, B;
il existe C,De® tels que ACC<, DCB donc £(C) <" h(D), par consequent
h(C) <% h(D) Ainsi, soit il existe Cl, DIETD tels que h(C)Ch(Cl)Ch(D])C h(D)
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et C;<,D,, soit A(C)=0, soit A(D)=E’. Dans le premier cas, il vient ACCC
CC<,DiCcDCBet A<,B. Si h(C)=0, on a h(0)=0 parce que, D étant dense
pour <4, 0cD et h est monotone, d’otr résulte C=0 puisque / est bimonotone,
et finalement A==0, A<,B. On raisonne similairement si A(D)=E’.
(2.6) {<,: el‘;éO} étant une famzlle d’ordres semi-topogénes sur E, on a
(U< =u<h
vell - yel’
En effet, si
A(U<,)B,
on a pour A’#0, B'#E’
A’ChA)CK(B)C B, A(U<,)B, A, Be®,
donc A <, B pour au moins un pel’. 11 en résulte A’ <% B’ et
/(u<y)B/
Cette formule subsiste évidemment pour A’=0 ou B'=E’. Par conséquent,
U<,y ceu<
et (2.5) implique
U< W<,

En ce qui concerne la proposition suivante, remarquons que si <, et <,
sont deux ordres semi-topogenes sur E, le produit <, <, de ces deux relations
est également un ordre semi-topogéne sur E.2

(2.7) Soient <, et <, deux ordres semi-topogénes sur E. Si D est dense pour
<3 0U <, alors

(2-8) (=1 <" C <q<g-
Si h est bimonotone, alors
(2.9 <i<iC(=<y=<o

DEMONSTRATION. Admettons que D est dense pour <; et posons
A(<,< tB’. On a alors pour A’#0, B'» E’

A'CHA)Ch(B)CB’, A<,<,B, A, BeD,

c’est-a-dire
A - 1 C < B

pour un ensemble C convenable. Il existe par hypothese Cl, DD tels que
ACC,<.D,CcC, donc

A'Ch(A)Ch(Cl)Ch(Dl), C,<.,D
et par suite A"<? h(D,). D’autre part, on a
" KD)CHC)CKB)CB,  C=<,B,
= Cf (1}, p. 28, proposition (2.16) pour le cas <, = <,



38 A. CSASZAR

donc A(Dy)<% B’ et .
{2.10) A<t <t B

Cette formule est évidemment valable pour A’=0 ou B’=E’. On raisonne de

ia méme fagon si ® est dense pour =<,. :
Réciproquement, supposons que £ est bimonotone et admettons (2.10).

On a
A'<iC <8 B,

donc pour A’#0, B #E’
A’Ch(AYCHCYCC'ChC)CHBYCH,
A<1C17 ' C2<ZB9 A, Cls C2’ Be®.
De plus, B(C,)CHR(C,) implique C,CC,, par conséquent C,<,B et A<;<,B,
d’ott vient
A'(=; < )'B,

valable aussi pour A’=0 ou B’ =FE". _
Dans ce qui suit, nous examinerons le comportement de P'opération <*

vis-a-vis des opérations ¢, 9, P, et s3 ;

(2.11) h étant une application monotone de DC2E dans 2%, posons D*=
={X:E-Xe®} ef B*(X)=E' —WE—-X) pour XeD*. Alors < =<he pour
un ordre semi-topogéne quelconque sur E. Si ® et h satisfont d la conditoin suivante:
(2.12) Xe® implique E—XeD et h(E—X)=E —h(X),
alors <<= <" ef, si en outre < est symétrique, <" est aussi.

En effet, A'<hB' (A'=0, B’ E’) équivaut a
E'—B'Ch(A)Ch(BYCE' — A, A, BeD, A <B,
donc 2 : _ A
A’Ch¥(E—-B)Ch%(E—-A)CB’, E-—~B, E-A¢®* E—-B<‘E—-A
c’est-a-dire & A’ <*.B’. Si (2.12) est rempli, on a D*=D et h*=h, d’ott le reste
de 1’énoncé. '

(2.13) Si D et h satisfont a la condition suivante:
(2.14) X,YeD impligue XUYeD, XNYED et _

KX UY) = KX)URY), MXNY)=X)NKY),

alors <" @ <9 pour un ordre semi-tbpoge‘ne quelconque et, si < est unordre to-
pogéne. <" Uest qussi. Si en outre D est dense pour <, alors <M =<,

DEMONSTRATION. La formule <M @ <9 étant évidente si <"=<or,
on peut supposer que =" est déterminé par (2.3). Or, on a 1’égalité
(2.15) C(U{=mnay,npy: AED, BED, A<B}) =

=U {<c{, D (C’, D')E@'}

V. [1], pp. 27, 31, 41, 49 et 36.
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ot & désigne la famille des couples d’ensembles ayant la forme

(2.16) ¢ = U [ hAy), -0 ﬂ h(By),

i=1j=1 i=1 j==
Aijefb, Blj€©’ A <Blj7 nm = 1,2,..., ni = 1,2,...4

En vertu de (2.14), on peut écrire au lieu de (2.16)

m m n;
C’:h(u nAUY D':h(U thj)
i=1j=1 i=1 j=1
otl
m
0 A A, €D, U A B;;€®,
i=1j=1 i=1 j=1
u n A<t U n By,
i=1j=1 i=1 j=1
donc

C U{=cp:(C, D)6 €
C U {<wo,np :CED,DED,C<1D} = <,

Si < =<9, on a par suite <M E <" et <M= <h,
Supposons maintenant que ® est dense pour <. On a alors

(2.17) ‘<qh= U{<h(C),h(D):C€ @, DESD, C<qD}
et C<4D entraine, d’autre part, I’existence de m, n, C;; et D;; tels que
C = Cii, D = D, C,i<Dy.
L_J1 1n1 g 1U1 101 / U=y
Il existe donc des ensembles A;;€D, B;€D vérifiant la formule

CiCAy<B;CTDy,
par conséquent
e[ n A,,J = U 0 HayC

i=1 j=1

m m n
cU A h(.BU):h( O o B,,-)ch(o).
i=1j=1 i=1j=1 ]

Eu égard a ce que h(A;) <" h(By), il vient
h(C)<MhD), <nc),npy & <"
et finalement <# € <M d’aprés (2.17), c. q.f. d.

YV, [1]; p. 57, proposition (5.54)

59
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(2.18) Si D et h satisfont @ la condition suivante:
(2.19) XD (iel) impligue UXe® ef W(UX,) = UhX,),
. iel iel iel
alors <"P @ <P est valable pour un ordre semi-topogéne quelconque et, si < est

parfait, <" Dest aussi. Si en outre D est dense pour <, alors <" = <Ph,
(2.20) Si ® et h satisfont 4 la condition suivante:

(221 X£D (il) impligue UXED, NXED et

. iel iel

MUX) = UNX),  KNX)= NKX,),
iel iel iel iel

alors <" @ <% est yrai pour un ordre semi-topogéne quelconque et, Si < est bi~
parfait, <" lest aussi. Si de plus D est dense pour <, on a <hb— < bh,

On démontre (2.18) et (2.20) tout comme (2.13), seulement au lieu de I’éga-
lité (2.15) on a besoin des formules

(2.22) (U{<nua,np): A€D, BED, A <B})p =
= U{<c,p : (C’,D)ECE"}

otr € désigne la famille des couples
= UMA), D' = UNB),
A,€D, B,cD, A,<B,

et

(2.23) (U{<mway,npy:AED, BED, A<B}y =
= U{=<c,p :(C", D)@}

o € désigne la famille des couples

C=uUnNAy, = U N By,

iel jeJ; iel jeJ;
A €D, ByeD, Ay<By,

les ensembles d’indices I et J; étant arbitraires. Or (2.22) s’ensuit de la formule,
analogue a celle citée sous 4,

(2.24) (U{<ap:(A,B)EUAN = U{<cp:(C,0)EB}
ot B désigne la famille des couples ayant la forme

C=UA, D=UB, (A, Bjed,
iel . ie

et (2.23) -résulte de 1'égalité

- (2.25) (U{<ars:(AB)c M) = U{<cp:(CD)cEC}
ot & est identique a la famille des couples ,
C=U.NnAy D—UmB (AU, B,.j)ef)l,

iel jej; . iel jeJ;
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ces égalités étant valables pour des ordres topogénes élémentaires sur un en-
semble E quelconque.

On vérifie (2.25) de la méme fagon que legahte . 56) de [1]. Quant a
(2.24), en voici la démonstration.

Posons
<= U{<a,5:(A,B)c¥}

<’ = U{<cnp:(C,D)eB}).
"X <PY implique X =UX,, X,<Y pour icl, donc
iel

et

X;cA,cB,cY, (A;, B)e¥

pour i, X,;#0, Y E. Les indices i tels que X,=0 peuvent étre ev1demment
supprimés, §i X0, admettons done X0, Y#E X,#0 pour icl. On a“dalors

XCuACUBCY

iel iel

C= UA[, D= UBi

iel iel &

et en posant

il vient
X<cpY, C,D)e®B.
1l en résulte X <’Y pour X#0, Y= E. Cette formule étant évidemment valabld

pour X=0ou Y=E, on a donc <PQ <’. Réciproquement, si X<'Y, X = O,? :
Y=#E, on a

XCcC=UA, cuB_Dcy (4;, B)e¥ pour i€l

iel

'«*

Vu que A;-< B;, on a donc X<PY ce qui reste valable si X=0 ou Y=E. Par
suite <’C<P c.q. f. d
2. 26) Si D et h satisfont aux conditions (2.12) et (2.14), on a <4 C <sh-et

< =<* entraine <"=<"™. Si en outre D est dense pour < (ou pour <U<¥®),
alors —<hs— <sh,

En effet, on a en conséquence de (2.12) et (2.14)
(2_27) <hs — (<h U <hc)q — (<h U <ch)q —
___._(< U <c)hq c (< U <c)qh — <5Sh

conformément a (2.11), (2.6).et (2.13). Si de plus < =<5, il en résulte
<M <= <h donc <= <hs. Si D est dense pour < U <¢,1’égalité est valable
au lieu de la relation € dans (2.27) d’aprés (2.13). Enfin si D est dense pour <,
il I’est pour <¢ aussi par suite de (2.12): A<¢B implique E--B< E— A, donc
Pexistence de C, De® tels que E—~ BCCCDCE— A et par conséquent

ACE D<¢E- CCB E-Dc®, E-CeD.
Donc, dans ce cas, D est dense pour <U<*. Ceci acheve la demonstratlon
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En ce qui concerne la dépendance du transposé <" du domame de défini-
tion ® de h, on peut affirmer:

(2.28) Soient h une application monotone de DC 2E dans 25, D,C D, D,CD,
hy=hD,, h,=hD, et- < un ordre semi-topogéne sur E. Si

(2.29) A, Be‘bl, A< B impliquent Uexistence de C, DD, tels que ACC<DC B,
alors <m@<he,

En effet, A<M B’, A’#0, B’ E’ entrainent
A'Ch(A)Ch(B)YC B, A,Be%®,, A<B,

donc ACC<DCB pour C, DE®, convenables, par. conséquent

A’Chy(A) = h(A)YCh(C) = hy(C)Chy(D) = H(D)Ch(B) = hy(B)C B,
c’est-d-dire A'<"B’.

La condition (2.29) est vérifiée en particulier si D,CD,.

La proposition suivante étudie la composition de deux applications:

(2.30) Soient h et W des applications monotones de D C2E dans 2E et de
D' C2E dans 2E° respectivement. Posons ®"=h-Y(D’) ef, pour XeD", H'(X) =
=K[hX)]. Alors h" est une application monotone de ®" dans 25 et

<h @ (<hy,

Si h(®)CY’, en outre 0c¢ D’ entraine soit I'(0)=0, soif 0c¢D et h(0)=0, de plus, si
E’€®’ entraine soit K (E")=E", soit Ec® et h(E)=E’, alors

<M = (<t

Si h est bimonotone, la condition (DY D" peut étre remplacée par A(®)DD'.

" DEMONSTRATION. L’application #” étant évidemment monotone, posons
A”<M¥B”, A”#0, B”#E”. On a alors

A”Ch’(AYyCh(BYC B”, A< B, A, Be®d”,
autrement dit ’
A" Ch[A)]cH[WBY<B”, MA)e D, nB)e D,
h(A) <" h(B),

c’est-d-dire A”<""B”. Donc <" @ <",
Réciproquement, soit A” <" B”, A”#0, B”#E”, c’est-d-dire

A"CcKH(AYCH(BYCB”, . A, B'¢®, A’<"B".
En supposant A%20, B’>E’, on a encore
ACKA)ChB)CB, A BeD, A<B
et si A(D)C Y,
W(AYCH[h(A)] = i"(A)Ch(B) = K'[H(B)]CH'(B’)
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et par conséquent A”<"B”. 8i A’=0, on a donc 0¢®" et ou bien A'(0)=0,
ou bien 0¢®, A(0)=0. Dans le premier cas, /’(A")=0 impliquerait A”= O et.
dans le second, on a

0€D, 0<0, A’ ChO)<h0)CH’,

A" CR'r0)] = R"(0)Ch”(0) = K'[A(0)]C B”,
d’ou A” <" B”. On raisonne de la méme fagon si B’ = E’. Par conséquent,
<hh' @ o h",
Si h est bimonotone et A” <5 B”, A”x0, B’#E”, on a de nouveau

A//Ch/(A )Ch (BI)CBII A,, B’ € @/’ A/<h B’
et, pour A’'=0, B=E’, )
A’Ch(A)Ch(B)C B, A, Be®D, A<B.

La condition A(®)DD’ entraine A’ =h(A;), B =h(B,), A, B,£D", d’oir vient
A,C A, BC B, en conséquence de la bimonotonité de -k, donc A;< B;. Il en

résulte o
A”CHInADICH[NB)ICB”, A, B,€D", A<B,,

c’est-a-dire A” <" B”. Les cas A'=0 et B’=E’ se traitent comme plug haut
et on obtient cette fois aussi <" @ <", C. q. 1. d.

(2.31) Soit h une application bimonotone de ® C 2F dans 2E’ telle que 0, E€®
e h(0)=0, (E)=E’. Posons ¥ =h(®) et définissons Uapplication K de D’ dans
2E par Pégalité W[h(X)]=X pour XeD. Alors

<" = (<|DxD)F € <

pour un ordre semi-fopogéne quelconque sur E. Si de plus D est dense pour <,
on a donc <" = <,

En effet, on peut appliquer (2.30) en y posant E”=E, ”=9, I’(X)=X
pour Xe®. On constate aisément que <" =(<|DXD) et le reste résulte de
(1.4).

3. Transpesition de familles d’ordres. Soit, comme plus haut, i une appli-
cation monotone de DC 2% dans 2. Considérons une famille d’ordres o/ sur
E, c’est-a-dire un ensemble non vide d’ordres topogénes sur E. Les ordres semi-
topogenes <, ol <€a¥, ne seront pas des ordres topogeénes en général, ¢’est pout- .
qu01 nous defmtssons le transposé /™ de la famille d’ordres o« par 1’égalité

(3 1) ‘l/”h={<hq-<€-@‘/}:

c’est une famille d’ordres sur E’. '

Les résultats du paragraphe précédent permettent de déduire les propo-
sitions qui vont suivre.

Il résulte de (2.5):

(3.2) Si o et F sont deux familles d’ordres sur E, o K% implique ++" KB
et o ~F entraine ot~ Bh. :

On déduit de (2.11):
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(3.3) Si D et h satisfonta la condition (2.12), on a e =" pour une famille
d’ordres quelconque et, si of est symeétrique, @x/h Pest aussi.

(2.13) a pour consequence

(3.4) 8i D et h satisfont @ la condition (2.14), on a

(35) ot = {<h:<god)

pour une famille d’ordres o+ quelconque.

Il s’ensuit en vertu de (2.18):

(3.6) Si-D et h satisfont a4 (2.14) et (2.19), on a e/hp Lo/ Ph pour une famille
d’ordres o quelconque; de plus, si e est parfaite, «/* Pest aussi, si D est dense pour
tous les ordres <cod, on @ oM =od/Ph,

Il résulte de (3.4) d’apres (2.20):

(3.7) Si D et h satisfont ¢ la condition (2.21) [et & plus forte raison a (2.14)],
on a o/ K% pour une famille d’ordres o quelconque et, si o est-biparfaite, o/*
Pest aussi; si D est dense pour tous les ordres <€eo#, on a o/ =og/bh,

On dedult de (2.26):

(38) SiDeth satisfont a (2.12) et (2.14), on a o™ <os* pour une. famille
d’ordres o quelconque, et si D est dense pour tous les ordres < €eo, ona o/ "s =of/sh,

Si, dans les propositions (3.6) a (3.8), on se contente de remplacer le signe
d’egahte par celui d’équivalence, la condition que D doit étre dense pour tous
les ordres —< oo peut étre remplacée par une condition moins restrictive. Pour
cela, convenens de dire que D est un séparateur pour e/si A chaque ordre < e
il correspond un ordre <’¢€+Z tel que A< B implique I’existence de C, DD
ayant la propriété

. . ACC<"DCBJ3

On voit aisément que ® est un séparateur pour o« si et seulement si 0¢D, E€D
et 4 chaque ordre ' <¢€e#'il correspond <’€27 tel que

= (<’|SD><§D)8

Or, on peut completer (3.6) par la remarque suivante: :

(3.9) 5i D ef h satisfont ¢ (2.14) et (2.19) ef si D est un separateur pour la
famille d’ordres o¥, on a o' ~ o Ph,

DEMONSTRATION La formule o/ € /P résulte de (3.6). Rec1pro quement, si.

<€l <'Cal et < &(<'|DX DY, alors
<Ph @ (<’ |Dx D)Ph
d’ apres (2 5). De plus SD étant évidemment dense pour (<’|D XSD)‘, oma en vertu
de @19 (<’ [‘DXSD)“’"—(< | DX Dyerp.
Enfin ¢ 4) et (2. 5) entrament
(=" | DDy C <
' Par consequent <Ph@ <"MP e o/ Ph o/ P,

S5Ch la nothn C}e i-géparateur, {1], p. 275.
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On démontre de la méme fagon:
(3.10) Si D et hsatisfont d (2.21) et si D est un séparateur pour o7, on @ «/ ~
h

~ @

(3..11) Si D et h satisfont ¢ (2.12) et (2.14) ef si D est un séparateur pour -7,

on a oZhS ~ofSh,
En ce qui concerne 'opération ?, on peut dire:
(3.12) Sied est une famille d’ordres sur E, on a ¢ Ko/t of, i D ethsatzsfom‘

4 (2.14) et D est dense pour
<0=U{<Z<E@r/}

{en particulier si D est un séparateur pour =), on @ méme o/ = ./,
En effet; =" est composé du seul ordre topogéne

< =(U{=M: <€A} = (U{<": =€y =
=(U{<:=<€ePu @ (U{< 1 < €/}t = </

d’aprés (2.6) et (2.5), et o™ est composé du seul ordre <j. 81 D est dense
pour <, et si (2.14) est valable, on a le signe d’égalité au lieu de € dans cette
formule Enfin, si ® est un séparateur pour 7, il est évidemment dense pour

" Quant a Popération ¢, on peut affirmer:

(3-13) Soite une famille d’ordres sur E. On a oZ/" Lo/ ef, si o7/ est
dirigé, e/" Pest aussi. De plus, si (2.14) est .valable et D est un séparateur pour
o, on Aot ~ L8,

DEMONSTRATION. =7% se compose des ordres topogénes de la forme

n q
(U <?‘1] .ol <1€7f/.

1
Or, on a d’aprés (2.6) et (2.5)
n q {n q n hq n: qhq
(u <§zq) = (u <§z} =.(u <iJ ,c(u <l.’
1 ) 1 . 1 H .
et, «/% se composant des ordres ayant la forme
‘ ) \
[U <,-J ot <l.€.«:4r/,
1
la premiére assertion en résulte. Si e est dirigé, ona =72 € =7, donc /M < 2/t &
<o/t en vertu de (3.2), c'est-a-dire o est dirigé.
Supposons enfin que (2.14) est rempli et que D est un séparateur pour -5

Considérons un ordre quelconque de =<2, disons

n hq qh
(U< |f —(U<) ou <€A
1

5 ANNALES, Sectic Mathematica, Tomus VI
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(cf. (2.13)). A chaque ordre <; il correspond un ordre </€./ tel que <,C
C(<{DXD)y=<{ ot j désigne 'application identique de D sur soi-méme.

On a alors
n qh n \gh n Jjgh no o jhg
(U<i} C(U<:1) =[U<;) :{U<lf c
T 1 L1 1 J

n shg n q n q. .
1 . 1 1
- ..
en vertu de (2.5), (2.6), (2.13), (1.4) et du fait que D est dense pour[ U <;}!‘
1 1

Donc e/#h €e/t2, A
(3.14) Si D est un, séparateur pour la famille d’ordres o, on a »72F e/ "2,
DEMONSTRATION. Posons A’ <2 B’ < ¢ced, et soit <’€e# un ordre correspon-

dant & <= d’aprés la définition du séparateur. Si A’#0, B’=E’, on a

A'ChA)Ch(B)CB,  A<?B,
donc A<C=<B. Il existe par conséquent A, C;, Cy Bi€D tels gtie

d ACA1<,C]_CCCC2<,31CB)
‘ott -
A'Ch(A)THA)Ch(C)Ch(C)Ch(B)C(B)C B,

A’<’hh_(C1)</hB’, A/<,th/.

1l vient donc
i 2h (- « 7h2
et par suite '
<2 & ~’h2g @ <’hq2€w/h2‘

Etant donné que =21 désigne un ordre quelconque tiré de /2%, il s'ensuit
o/ 2h Lo h2,
- La proposition suivante se démontre de la méme fagon que (2.28):

(3.15) Soient h une.application monotone de ® C 2E dans 2F', ,CD, DpC D,
=hDy, hy=hD, et o une famille d’ordres sur E. Si
(3.16) <q €=/ enfraine Uexistence de <yce tel que A, BED;, A<,B impliquent
ACC<,DCB pour T, De®, convenables, :
alors o/ e/, ' ’

De plus, on déduit de (2.30):

(3.17) Soient h et I’ des applications monotones de DC2E dans 2E et de
D’ C2F dans 2 respectivement. Posons D7 =h-®) et, pour XeD”, i’"(X)=
=W[hX)]. Alors, e élant une famille d’ordres sur E, on -a e" K"}, Si.
W®YC D, en outre O¢D’ entraine soit h'(0)=0, soit 0D et h(0)=0, si, de plus,
E’€®’ entraine soit W(E'Y=E", soit E€D et h(E)=E’, si enfin ® et h satisfont a
(2.14), alors o/ = (o™, Si h est bimonotone, la condition h(D)C D’ peut étre rem-
placée par (D)D),

La proposition suivante correspond a (2.31):

(3.18) Soit h une application bimonolone de DC2F dans 2F ftelle que
0,E€9 et h(0)=0, h(E)= E’ et satisfaisant i (2.14). Posons ®'=h(D) et F[A(X)]=X
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pour XeD. Alors /" &e/' pour une famille d’ordres quelconque sur E. Si de plus
D est un séparateur pour o, on a o/ ~of | et si D est dense pour tous les ordres
<€, on a ¥ =cod. .

Toutes les assertions résultent de (2.31), sauf celle qui concerne le cas ot
D est un séparateur pour . Or, dans ce cas, on a pour <¢e¥ la formule

< e (<'|DxDy

oll <’¢cev désigne un ordre qui correspond & < suivant la définition du sépara-
teur. Etant donné que

(= [DX D) = <"

d’aprés (2.31),-on en déduit o e/, ¢, q. f. d.

On déduit aisément de (3.13), (3.2) et (3.14):

(3.19) Si <”est une structure syntopogéne sur E et D est un séparateur pour &,
alors & est une structure syntopogéne sur E’.

11 est utile de remarquer:

(3.20) D est un séparateur pour une structure syntopogéne & si et seulement si
(3.21) A< B, <¢&” impliquent Uexistence de De® tel que ACDCB.

En effet, la nécessité de la condition (3.20) étant évidente, supposons
quelle est vérifiée. Alors, <€ étant donné, il existe <’e€d” et <€+ tels que
< @<"% <’@<"’2 Par conséquent, si A<D, on a

A.<IC </ B’ A <’/ Al <”C <//.Bl <// B’
et par hypothése
ACD,C A, <” BiCD,CB, D,, D,€D.

Ceci montre la validité de I'énoncé.

On en déduit:

(3.22) Si D est un séparateur pour une structure syntopogéne < et si ¥ est
une structure syntopogéne telle que &/, €</, alors D est un séparateur pour ¥ aussi.

Une proposition analogue serait en défaut pour des familles d’ordres quel-
conques.

4. Cas particuliers. Nous allons étudier certains cas particuliers de la con-
.struction générale de la transposition définie plus haut.

(4.1) Nous avons indiqué briévement cette méthode de transposition pour
le cas ou

(4.2) D=2E h0)=0, HE)=EFE

dans iotre article [2]. La cette méthode est la base\dune construction de pro-'
longement d’espaces syntopogénes, en particulier de'la complétion et de la
compactification de tels espaces. Dans ce cas, <" est donné par i'égalité (2.3)
et' D est dense pour un ordre semi-topogéne quelconque sur E. De plus, si ¢’est
ce cas particulier qui se réalise pour les applications & et A’ de la proposition
(2.30), on a toujours <" = <P’; si (4.2) est valable pour une application
bimonotone A, on a dans (2.31) <™ = <. On déduit éncore de (4.2) que ® est
un séparateur pour toutes les familles d’ordres sur E. D’ailleurs, une générali-
sation d’autre nature de ce cas particulier a été étuciée dans 1], pp. 231 a 238,

5%



63 A. CSASZAR

(4.3) Citons le cas particulier suivant du cas étudié sous (4.1): soient f
une application de E’ dans E, D=2F et

(4.4) - KX)={-YX) pour XCE.
On constate aisément que, dans ce cas,
(4.5) <t=["=)

pour un ordre semi-topogéne quelconque sur E.® Dans ce cas, les conditions
(2.12), (2.14), (2.19) et (2.21) sont remplies. 11 est aisé de vérifier que I'applica-
tion h de (4.4) est bimonotone si et seulement si f(E")=E; en effet, si & est bi-
monototie, h(E)=h[f(E’)]=E’ entralne {(E’Y=E et, réciproquement, si f(E')=E,
alors. X€A—B implique x=f(x"), x'€E’ et x'¢f~*(A)—f~YB), c'est-a-dire
f~1(A)C f-YB) entraine”AC B et par suite & est bimonotone. De 13, on déduit
-aisément tous les résultats principaux de [1], pp. 60 a 65, 105 et 106.

(4.6) Admettons les hypotheses de (4.3) et supposons vérifiée la condition
f(E"Y=E. Alors I’application & définie par (4.4) est bimonotone, de sorte qu'on
peut considérer I'application #’ de la proposition (2.31). Autrement dit, posons

4n . - Y=hD)={{-U(X): XCE},

4.8) - K[f-¥(X)]=X pour XCE.

On voit aisément que

4.9) ="=f<")

pour un ordre semi-topogéne quelconque <’ sur E’. En effet, si A< B, on a
(4.10) ACKH(AYCH(B)YCB, A, B<Y, A'<'B,

donc ‘

A=[-YA), B'={-(B), (A)=4; K(B)=B,

et f=1(A)) <’f-UBy) entraine A, f(<")B,, d’ott résulte A f(<")B.” Réciproque-
ment, si Af(<")B, on a [~¥A)<’f~YB), donc en posant A’=f-¥A), B'=
=f-Y(B), on a (4.10) et A<'¥B. -

En échangeant les roles de E et E’, on peut donc dire: soient f une
application de E sur E’, ' o

(4:11) : D={-YX") . X' CE"},
4.12) MX)={(X) “pour XeD.

Alors <"=f(<) pour un ordre semi-topogéne quelconque sur E. Ona 0, E€D,
m0)=0, i(E)=E’, par suite (2.3) est toujours valable. De plus, l'application
h de (4.12) est toujours bimonotone et elle satisfait aux conditions (2.12), (2.14),
(2.19) et (2.21). Comme A(D)=2F, on a dans (2.30) I'égalité <F=<"" si K
est de la forme (4.12) et /" est une application monotone quelconque de D" C2E"

¢ Cf. {1}, p. 61, proposition (6.4).
7V, [1], p. 68, formule (6.29).
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dans 25". On déduit aisément de (3.20) que le systeme D de (4.11) est un sépa-
rateur pour une stl ucture syntopogéne 'si et seulement si I’application fest
compatible avec &.% Tout cela fournit les resu]tats principaux de [1], pp. 682
70 et 112 a 114. -

(4.13) Soit f une application de E dans E’ et posons ®=2E, i(X) = /(X)
pour XCE. Alors D est dense pour un ordre semi-topogéne quelconque sur
E et <" est défini par (2.3). Cette application £ est bimonotone si et seulement
si Papplication f est biunivoque. La condition (2.19) est toujours vérifiée et
(2.14) et (2.21) le sont si f est biunivoque. Dans (2.30), on a I'égalité <M= <t
si h et i’ sont du type envisagé ici et si 'ona pour les applications f et f corres-
. pondantes soit f(E)=E’, soit f(E")=E". De plus, D est un séparateur pour
chaque famille d’ordres -7 sur E, donc, d’apres (3.19), si & est une structure
syntopogéne sur E, ™" est une structure syntopogéne sur E’. ‘

(4.14)Soient de nouveau f-une application de E dans E’ et ®=2E, mais
posons k(X)=E'—f(E—X) pour XCE. Les mémes remarques s appllquent
Aici, en ce qui concerne la bimonotonité de k, les conditions (2.14) et (2.21) et 1a
proposmon (2.30), que pour I’application h étudiée souis (4.13). (2.19) est valable
si f.est biunivoque. De plus, il y a une connexion étroite entre ces deux méthodes
de transposition, puisquenl’égalité :

(4.15) <k — che

est valable pour un ordre semi-topogeéne quelconque sur E en vertu de (2.11).2

(4.16) Citons ce cas particulier de (4.13) ot ECE’ et f est Papplication
canonique de E dans E’. Dans ce cas, i est bimonotone et par suite les conditions
(2.14), (2.19) €t (2.21) se trouvent vérifiées. Au moyen de cette méthode de
transposition, la méthode (4.13) peut &tre réduite au cas particulier ou f(E)=E".
En effet, si f est une application de E dans E’ et si on définit A d’apres (4. 13)
puis on considere f comme application de E sur f{E)C E’ et on définit h, d’apres
(4.13) a partir de cette application, enfin si 4, désigne 'application de (4.16) -
construite a. partir de ’application canonlque de f(E) dans E’ on déduit de
(2.30) 1égalité <h=<Mmhs,

(4.17) Le raisonnement précédent peut &tre appliqué pour generahser Ia
méthode (4.6). En effet, soit f une application de E dans E’ et définissons D et
h par les formules (4. 11) et (4.12). Cette application & est encore bimonotone et
satisfait toujours & (2.14), (2. 19) et (2.21). En désignant par f, ’application con-
_struite suivant (4.11) et (4.12) & partir de f, considéré comme application de E
sur f(E), et par h, ’application déduite d’apreés (4.16) de I’ appllcatlon canoniqte
de f(E) dans E’, on obtient <h= <mh en vertu de (2 30). -

(4.18) Soient f une apphcatlon de.E dans E’ et & ={<} une topologle sur
E. Posons ) _

(4.19) i @:-{X:X:f—l(x'), X=X},
(4.20) : h(X)=f(X) pour Xe®.

s V. [1], p. 112

? Les transposés <h et <k de (4.13) et (4.14) sont considérés dans Particle [3] pour le
cas oit {<) est une structure topogéne sur E., En effet, le terme ,,proximity structure” de.
{3] equxvaut a ,,structure topogéne” et les symboles j"( ) et fC( ) de [31 correspondent a

<hg et 3 <kg respectivement.
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Ce systeme D n’est pas en général un séparateur pour &7, mais on constate aisé-
ment que D est une topologie classique sur E et en désignant par &5 1a topologie
associée & D, le systeme D est évidemment un séparateur pour 5 . On voit tout
comme dans (4.17) que £ est bimonotone et remplit les conditions (2.14) et
(2.19). Par conséquent, S h=o7 2 ={ <" est une topologie sur E’ en vertu de
(2.13), (2.18) et (3.19). Lorsque f(E)=E’, la topologie classique associée & &7 #
est identique a 1a ,,topologie quotient” correspondant & f et a la topologie clas-
sique associée & & 10 DVailleurs, I’application de la méthode de (4.16) permet
cette fois aussi de se borner & ce cas particulier dans lequel f(E)=E’.
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The notion of rank plays an important role.in the theory of vector spaces
and abelian groups, since it is a useful invariant. It is known, however, that no
invariant rank can be assigned to modules over arbitrary rings.! The objective
of this note is to find out which rings R.with identity have the property that
each unitary left module over R admits an invariant rank.

The definition of rank is based on the concept of (linear) independence.
This concept has been used in abelian group theory in two different senses.
In the first sense independence can hold only for elements of infinite order;
this is the definition of BAER introduced in his paper [1] and used e. g. by
KurosHt [5]. In the second sense, elements of any order (1) can be indepen-
dent, and so this seems to be more adequate from the general point of view.2
In abelian group theory it is shown'that if only maximal independent sets con-
taining elements of orders infinity and powers of primes are considered, then
the cardinal number of elements of infinite order as well as the cardinal num-
bers of elements of orders that are powers of fixed primes are the same for all
maximal independent sets of the group, i. e., they are invariants of the group.

If we wish to carry over this last result to modules over certain rings R,
then we have to impose on R certain conditions in order to exclude undesired
phenomena. We require the existence of maximal independent sets where 7. no
element may be replaced by two or more elements without violating independ-
ence, and 2. with every element a we can associate a quantity (which we have
chosen to be the order of @ — as in the case of abelian groups) so that if we
replace the element a by some mnon-zero element in the cyclic module Ra, the
associated quantity should remain the same. These rather natural conditions®
lead us directly to hypotheses (i) and (ii) in § 4, which enable us to establish a
result analogous to the one mentioned for abelian groups.

The rings with the desired properties can be characterized intrinsically
(Theorem 2). It turns out that a sufficiently large amount of factor rings of
these rings must be Ore domains (just as the ring of integers has many factor
rings which are fields). We shall see that the uniqueness of ranks is closely con-
nected with the uniqueness of ranks of vector spaces over fields.

! See for instance LEAvITT [6] or REDEI [9], p. 255.

* The first systematic use of this kind of independence has been made by SzELE [10]'
¢f. also [2].

® The first condition serves to exclude the possibility that a module of rank 1 is at the
same time a module of higher rank, while the second condition is intended to ensure that if
in a maximal independent set we replace an element by a (specified) other one, the associated -
quantity does not change. — Of course, we could choose another associated quantlty, and then
investigate the same problem for thls

* This will turn out from the proof of Theorem 1.

\
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§ 1. Independence

Let R denote throughout an (associative) ring with identity 1. We shall
exclusively consider unitary-left modules over R which we shall call, for the
sake of brevity, R-modules. _

The non-zero elements ay, ..., a, of an R-module M will be called linearly
independent, or simply, independent if

(1) Moyt -+, =0 (L €ER)
implies '
2) La,=0,..., da,=0.

If O(a) denotes the order of acM, i. e. the left ideal of R consisting of all AeR
with 2a = 0, then the conclusion (2) can also be written in the form

L EOay), ..., A €0a,).

Naturally, we say that an infinite set of elements is independent if each of its
finite subsets is independent. Hence the independence of a set a; (4€4) is equi-
valent to the condition that the submodule {..., a;, ...} generated by all the
a; is the direct sum of the cyclic submodules Ra;:

{..,a ...} = ...®Ra,® ...

On the other hand, the elements a,, ..., a,€M are called strongly independ-
ent if (1) implies ’ -

3) 4 =0,...,4,=0.

Hence.in a strongly independent set every element must be of order O; further,
independence and strong independence are equivalent for elements of order 0.
The elements a; (€A) form a strongly independent set if and only if the sub-
module {..., @, ...} is a free R-module with the a; as free generators.

An R-module N # 0 is said to be of rank 1 if it does not contain two inde-
pendent elements, or, in other words, if nc two non-zero submodules of N
have 0 intersection. It is readily checked that the R-module R/L where L is a
left ideal of R is of rank 1 if and only if L is irreducible in the sense that it cannot
be represented ds the intersection of two left ideals, other than L, of R. By mak-
ing use of this simple observation we verify:

LemMma 1. Let A be an ideal of R. Then R]A as an R-module is of rank 1
if and only if R|A as factor ring ig a left Ore ring.

Here we mean by a.left Ore ring® a ring § (with identity) such that every
pair of non-zero left ideals of S has non-zero intersection, that is, S1 = 0 and
Su # 0 imply SAN Sp # 0. Since this is equivalent to the condition that the
zero ideal is an irreducible left ideal, and since the irreducibility of 0 in R/A
is the same thing as that of A in R, Lemma I follows at once from our previous
observation.

5 See ORE [8]. An Ore ring without divisors-of zero will be called an Ore-domain.
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Independence and strong independence are properties of finite character.
Therefore, in every R-module M there exist maximal (strongly) independent -
sets. Moreover, every (strongly) independent set of M can be extended to a
maximal (strongly) independent set of M.

§ 2. Modules over Ore domains

First we turn our attention to strong independence. We tocus our attention
on elements of order 0 and are looking for conditions on R to ensure, for all
R-modules, the uniqueness of the number of elements of order 0 in maximal
independent sets. These rings can be described easily as left Ore domains:-

THEOREM 1. A ring R has the property that, for all R-modules M, the cardi-
nal number of elements of order O in maximal independent sets of M depends only
on M, if and only if R is a left Ore domain.

Assume that R enjoys the stated property. Then in the R-module R the
element 1 forms a maximal independent set, and O(1) = 0. Thus in R every
maximal independent set contains just one element of order 0. By way of con-
tradiction suppose that R is not torsion-free®. Then it contains independent
sets of elements of order 0, and among them there exists a maximal one,
say U. We claim that U is a maximal independent set in R. For if a is an ele-
ment of order 0 which is independent of U, then in view of the R-1som01phxsm
Ra = R, Ra certainly contains an element of order =0 which is obviously again
independent of U, contrary to the choice of U. Therefore R contains a maximal
independent set thhout elements of order 0, a contradiction. Consequently,
R is a torsion-free R-module, i, e. R has no divisors of zero. Independence and
strong independence thus coincide in R.

Hence if A, u are arbitrary non-zero elements of R, then they are of order
0 and are not mdependent Therefore, for some ;, 4,€R, different from 0, we
have 4,4+ p,pu = 0. This shows that RZORM # 0, and R is a left Ore domain.

To prove the converse, assume that R is a left Ore domain, Q is its field
of left quotients, and M is an R-module. First we dispose of the case in which M
is torsion-free. Let

14 ‘M~ Q ®R M

denote the canonical map x—~1®x (x¢M) where Q is to be considered as a right
R-module. We show that ¢ is a monomorphism,” i.e. 1®x is never 0 unless
x = 0. If 1®x vanishes in Q® M, then it vanishes if regarded to belong to
R*®pM for some suitable finitely generated right R-submodule R* of Q. If
R* is generated by &, ..., £,(€Q) and if A€R is a common left denominator®
of the £, £, = A-1; (4,€R), then R*S1-'R. Evidently, 1®x must vanish in

¢ A module is called forsion-free if each of its elements =0 is of order 0. Evidently, R
as an R-module is’ torsion-free exactly if it contains no divisors of zero.

" A similar proof for the monomorphism of ¢ has been given by Levy [7]. This para-
graph and the next can be replaced by a simple appeal to KERTESZ [4] where it is shown that
two maximal independent sets of torsion-free R-modules have the same cardinal number if
and only if R is a left Ore domain.

8 If A is an element =0 common to all left ideals generated by the denominators, then
it is a common left denominator.
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{(A~*R)® xM too. Here A~'R and R are isomorphic as right R-modules, and so -
the group isomorphisms A-*R® M = R®,M =~ M hold under the corres-
pondences A-'u®y—-u®y—-puy (YeM). Therefore 0= 1®@x = A-1A®@x—~1x
whence Ax = 0 and x = 0. Thus ¢ embeds M R-isomorphically in the left
Q-vector space Q@M = M*.

We continue the proof with verifying that if a,, ..., a, are independent
elements in the torsion-free module M, then their images 1®aqa, ..., [®a,
are independent elements in M*. For, if

§1(1®al)+"‘+§n(1®an) =0 (E,EQ),
then writing £, = A~1, (4, 1,€R) we have
1_1(21®al)+ ter +}'_l(lﬂ®aﬂ = 2._1[1®()»1(11+ st +2nan)] = 0

and hence ,a,+ ... +4,a, = 0; therefore all 4; and all £, vanish. Since the:
converse is also true and since the elements of M* may be written in the form
).-\1(1®b) with A¢R, bEM, it follows that ..., a3, ... form.a maximal indepen-
dent set in M if and only if ..., I®a;, .. form a ba51s in M*, But in vector.

paces over fields the cardinalities of all bases are the same.? We conclude that
-the same holds for the maximal independent sets in M.

Turning to the case where M is arbitrary, first of all we show that the ele-

~ ments of order #0 of M form a submodule T, the torsion submodule of M,
-such that the factor module M/T is torsion- freeld. If a, beM and O(a) # 0,
O(b) # 0, then, R being a left Ore domain, 0(a)N O(b) # 0 whence the obvious
inclusion O(a)r]O(b) S O(a—b) implies O(a b) = 0. Furthermore, for every
A€R, 2 = 0, we have O(a) N RA. = O which implies ud€0(a) for some ueR, u = O,
that is, u(da) = 0 and O(Aa) 0. Thus the elements of order 0 form in fact
a submodule T. If'' g*c¢M|T, a* = O satisfies Aa* = O for some A€R, then
AaeT for any representative a of a¥, and hence yia = 0 for some weR, p = 0.
From O(a) = 0 we conclude pA =0 and 1 = 0. Consequently, O(a*) =0,
and M|T is Yorsion-free.

Now it is straightforward to prove that a,, .. - @ are strongly independent
elements in M if and only if their cosets af, ..., a’, are (strongly) independent
in M|T. Hence it follows that the cardinal numbers of maximal strongly inde-
pendent sets in M are the same as those in M/T. But these have been shown
to be uniquely determinied by the torsion-free module M/T. Thus it remains
only to verify that in a maximal independent set of M the elements of order
0 form a maximal strongly independent set. This is evident, since any depen-
dence relation (1) can be multiplied by a non-zero A¢R to get a. dependence
relation containing only elements of order O.

. This completes the proof of Theorem 1.

COROLLARY. In a module over a left Ore domain the cardinality of a maxi-

mal strongly independent set is an invariant of the module. (KERTESZ [4])

® For a proof of this we refer e. g. to JacoBSON 3]
1 Compare LEvy [T7].
** By asterisks we denote. cosefs. !
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§ 3. Homogeneous elements
A non-zero element a of an R-module M will be called homogeneous if
@ for each AR, either da= 0 or O(Ad) = O(a).

This means that in the submodule Ra the non-zero elemerrts have the same or-
der. Obviously, if a is homogeneous and Ag s 0, then 2q is homogeneous too.

Manifestly, in the case of vector spaces, every element >0 is homogeneous,
while in the case of abelian groups, an element is homogeneous if and only if
its order is a prime or infinity. In the general case we have:

LEMMA 2. An element of an R-module is homogeneous lf and only if its order
is a complete prime ideal of R.1?

Assume that a is a homogeneous element of the R-module M, and set’
O(a) = P. We know that P is a left ideal. Since P is the annihilator of the mo-
dule Ra, P is a two-sided ideal. Next suppose that, for 1, ucR, Au€P holds
where p¢P. Then ua = 0 implies O(na) = P, and therefore from Apa =0
we obtain A¢P. Consequently, P is a complete prime ideal.

Conversely,- let P be a complete prime ideal of R, and acM of order P.
Assume A¢R satisfies a = 0. Now pia = 0 if and only if pieP, which holds .
true, because of 14 P, exactly if ucP. In other words, O(Aa) = P and we infer
that a is homogeneous. Q. e. d.

In general, a module need not contain homogeneous elements. If N is an
R-module of rank 1 and if it contains a homogeneous-element g, then for every
non-zero beN there exists a A¢R such that A6 is homogeneous. In fact, a and b
are dependent; hence 1b = ua # O for some 4, u€R, and so b is homogeneous.
" Obviously, 1b has the same order as a. Therefore: if-an R-module N of rank 1
contains a homogeneous element, then every homogeneous element of N has
the same order..

§ 4. The underlying rings

As noted in the introduction, we wish to have an invariant rank for
R-modules, and to this end we have to guarantee the existence of maximal inde-
pendent sets subject to conditions 1. and 2. mentioned in the introduction.
These conditions mean that there must exist maximal independent sets where
each element is homogeneous and generates a submodule of rank 1. This is
implied by the milder condition that every non-zero R-module contains an ele-
ment which generates a submodule of rank I, i.e.

(i) every R-module #0 contains a submodule of rank 1,

(ii) every R-module of rank 1 contains a homogeneous element.

If a ring R possesses these properties and if R’ is a homomorphic 1mage of
R, then R’ also shares these properties, for every R’-module can be made.in the
natural way.into an R-module.

The next result characterizes the rings R satisfying (i) and (ii).

1’ By a complete prime ideal of R we mean a two-sided ideal P of R such that AucP
implies that either ACP or ucP; we also assume that P Fe R — Note that O(a) = R isequ -

~valent to a=0.-
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THEOREM 2. A ring R has properties (i) and (ii) if and only if
i (a) for every complete prime ideal P of R, the factor ring R/P is a left Ore

omain;

(b) fo every left ideal L of R there exists a AcR such that L : ) is a complete
prime ideal of R.

Here L : 2 denotes the right ideal-quotient of L by A, i. e. the set of all veR
such that »A€L. Evidently, L: 1 is a left ideal for all left ideals L and for all
2€R; condition (b) requires that L : 2 should be two-sided in the mentioned
case. .

Let us begin the proof with assuming that R satisfies (i) and (ii). Let P
be a complete prime ideal of R, and consider the factor ring R/P = R* as an
R-module. Then every non-zero element of R* is of order P, and so every ele-
ment #0 in R* is homogeneous. If Ra* is of rank I in R*, then it'is R-isomorphic
to R/P; consequently, (i) implies that R* must be of rank 1. From Lemma 1
we .infer that (a) holds.

To verify the fulfilment of (b), let L be a left ideal of R. The R-module R/L
contains, by (i) and (ii), a homogeneous element a of order, say P, which is by
virtue of Lemma 2 a complete prime ideal. If A¢R is a representative of the coset
a, then vicL holds for some »€R if and only if »€P. This amounts to L : 2 = P,
establishing (b). :

Conversely, suppose that R satisfies conditions (a) and (b). Let M be an
R-module #0, and beM, b>=0. The submodule Rb is R-isomorphic to R/L
[where L = O(b)] under the mapping ub—u+ L (u€R). By (b) we can choose
a AR with L : 1 equal to a complete prime ideal P. Then A+ L is of order P
in R/L. Because of Lemma 2, A+ L is homogeneous in R/L, and therefore b is
homogeneous in M. In view of the R-isomorphism R(1b) = R/P and (a), Lemma 1
implies that R(Ab) is of rank 1. The proof of Theorem 2 is thereby completed.

Note that condition (a) can be omitted if R is a commutative ring. In fact,
in this case P is a complete prime ideal if and only if it is a prime ideal which
is equivalent to the fact that R/P is a domain of integrity (i. e. a commutative
Ore domain).

§ 5. Maximal independent sets

We are going to prove that the conditions of § 4 ini fact guarantee the exist-
ence of maximal independent sets which contain homogeneous elements gene-
rating submodules of rank 1.

TuEOREM 3. If the ring R satisfies (i) and (ii) of §4, then in an arbitrary R-
module M there exists a set U = [@1]iea Stch that

(a) every ax is homogeneous;

(b) each submodule Ra, is of rank 1;

(¢) U is a maximal independent set of M.

Assume R satisfies (i) and (ii), and let M be an R-module. Define U as a
maximal independent set of homogeneous elements of M; that is, U is an inde~
pendent set of homogeneous elements such that if we adjoin any homogeneous.
element of M to U, the larger set will not be independent. If acU, then by Lemma
2, Ra is R-isomorphic to R/P for some complete prime ideal P of R. Theorem 2
and Lemma 1 imply that R/P is of rank 1. This establishes (b). If a be M existed
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independent of U, then because of (i) and (ii), Rb would contain a homogeneous
element. This would clearly be independent of U, contrary to the choice of U.
‘Hence U satisfies (c), and the proof is finished.

In particular, if R is the ring of integers (abelian groups evidently satisfy
(i) and (ii)), then Theorem 3 asserts the existence of maximal independent sets -
(in abelian groups) containing elements of order infinity and primes.

§ 6. The ranks

With every subset U satisfying conditions of Theorem 3 we can associate,
for every complete prinie ideal P of R, a cardinal number as follows. Let rp be
the cardinality of the set of all those a; in U which are of order P. We shall
call rp the P-rank of the R-module M. That this definition is legitimate, i. e.
that it depends only on M and not on the special choice of U in M, is shown
by the next result.

THEOREM 4. If the ring R has properties (i) and (ii) of § 4, then for every
complete prime ideal P of R, the P-rank rp=rp (M) of the R-module M is uni-
quely -determined by M.

Let M be an R-module where R satisfies (i) and (ii). For every complete
prime P of M we consider the submodule of M consisting of all elements anni-
hilated by P:

M(P) = [xeM|2x = 0 for all A¢P].

Since P is a two-sided ideal, M(P) is actually a submodule of M which may also
be regarded as a module over the ring R/P in the obvious manner. This M(P)
contains those elements of a subset U (satisfying conditions (a)—(c) of Theorem
3) whose orders are complete prime ideals containing P; we denote this sub-
set of U by U(P). We claim that U(P) is a maximal. mdependent set in the
R([P-module M(P). Each a¢M(P) depends on U (over R), that is to say, there
-is-a relation

(5) A =A@+ ... +Aa, %0 (4 AER, agU, Aa, = 0).

Here no a; may occur whose order P; does not contain P. For otherwise there
exists a u€P, u¢P,;, and if we multiply (5) by u, the left member vanishes, and
the independence of the a; implies pia, = 0, pcO(4q;) = P, a contradiction.
This shows that ay, .. a EU(P), and hence () is a dependence relation in
M(P) provided we replace the 4; by their cosets mod P. We obtain that U(P)
is a maximal independent set in M(P).

To conclude the proof, observe that just the elements of U(P) which are
of order P in the R-module M, are of order 0 in the R/P-module M(P). Since,
by Theorem 2, R/P is a left Ore domain, we conclude from Theorem 1 that the
cardinal number of elements of order 0 in U(P) (over R/P)is uniquely determmed
by M(P), and hence by M. This completes the proof.

We have thus shown that if a ring R satisfies conditions of Theorem 2 then
1o every R-module M we can assign a cardinal number rp(M), one for each

complete prime ideal P of R, which is an invariant of the module M.
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§ 7. Noetherian rings

To illustrate our results we exhibit a non-trivial example for a class of
rings satisfying the conditions stated above. We show that commutative Noethe-
rian rings (in particular, polynomial rings in a finite number of indeterminates
over commutative fields) satisfy these conditions, and so over them the modules
admit an invariant definition of rank.

THEOREM 5. A commutative Noetherian ring (with identity) satisfies con-
ditions (a)—(b) of Theorem 2.

We have noted that (a) is always satisfied in the commutative case. Hence
we may restrict ourselves to verifying the fulfilment of (b). An arbitrary ideal
L of R can be written as an intersection of a finite number of primary ideals

Qs
L= an vee an

such that no Q; can be omitted and the primes P,, ..., P, associated with the
primary components are all different, Select an isolated primary ideal, say Q,;
this means that the associated prime P, is a minimal one amongst Py, ..., P,.
There certainly exists a we@Q,N...NQ, with u¢P,, for otherwise Q,N ...
o NQWEP, Qy...Q,SP, would imply Q,SP,, and so P,CP; for some
i=2,...,m Then

L:ip=0Q :pN(@QN...NQp):u=10Qs
Furthermore, there is an exponent r such that P;SQ, S P,. If r is chosen to be
© as small as possible, then P;-1%Q,, and thus a »¢P;-! exists which does not
belong to Qy. For this v we have Q, : v 2 P, (because Py © P} € Q;), while Q;:v» S P,
by virtue of the primary property of Q; and v¢Q,; therefore Q,:v = P,. Put
A = uv, then : :
L:d=(L:p)iv=0Q:v =P~
and (b) of Theorem 2 is satisfied. This establishes our assertion.
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In the preceding paper [1] L. FucHs ifitroduces a rank-concept for R-
modules over rings R satisfying certain conditions. The purpose of the present
note is to show that this concept of rank can be extended to the case of arbit-
rary R-modules, this extension yielding at the same time a simpler and more
natural treatment. As an additional remark we prove that the O-rank of a mo-
dule (definition see later) is equal to the sum of the O-rank of an arbitrary sub-
module and of the O-rank of the factormodule with respect to this submodule.

In this note we consider unitary modules only, on the basis of [2] however
this does not imply any loss of generality.

A non-zero element g of the arbitrary R-module G is called principal, if

Ry is of rank 1,%) and for all non-zero elements g, of Rg the relation O(g,)=0(g)
holds.

THEOREM 1. Let U = [u,},er be a maximal independent system of principal
elements of the R-module G, and the left ideal P(SR) the order of some principal
element of the module G. In this case the power of the subset of elements of order
P of the system U does not depend on the special choice of the set U, i. e. this power
is uniquely determined by the module G. — This invariant cardinality belonging
to P is called the P-rank of the module G.

First of all we show that

(*) the O-rank of G is uniquely determined.?)

We say that a principal element x of order O depends on a set A(£G) of
principal elements of order O (and we denote this by D{x, A]), if Ax, for some
non-zero A(€R), is a linear combination over R of a finite subset of the set A.
It is clear that the relation D[x, A] so defined on the set H of all principal ele-
ments of order O of G satisfies axioms (I), (II) and (IV) of [4] on abstract linear
dependence. Since the subset in U of elements of order O is clearly a maximal
independent subset of H,?) in order to prove our assertion it will be sufficient—by
the Corollary to.Theorem 1 in [4] — to show that the relation D[x, A] satisfies
also (11) of [4].

1 For the terminology and notations see [1].

2} This assertion is essentially the same as Theorem 2 of our paper [3]. Since, however,
this paper is written in Hungarian, for completeness’ sake we give a proof here.

) Let indeed h¢H and

(**) Th = Tli + .« + TRlliy (=0, uiel).

-Multiplying this equality by non-zero elements taken in turn from the order of each element
with non-zero order occurring on the right hand side, we again get an equality of the form
(*%), but with uij-GH throughout,
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Let D{h, A] and D[a, B] be fulfilled for all elements ac A. We show that
Dlh, B] is also valid. D{h, A] means that, for a suitable finite subset aq,, .. ., a,
of A, a relation of the form

(1) Qoft = 010, + + + + + 0,0y (0o #0# g, €R)

holds, and in view of D[a, B] for suitably chosen elements b; of B we like-
wise have the equalities

@1 = en byt oo+ 0um bymy
X (910 % 0 0 € R).
Okodk = @ byr+ + + - + okmy, bkmk‘

2

By the principality of the elements of H, there exist elements o; (#0) and
ol (#0) t=1,2, ...,k of R, for which

j 01010y = 01010

o
0201050y = T3 030 s

. 7
Lok r 202070k Q) = 0 Qro Qg+

)

Let us now multiply (1) (from the left) by o, and the first equation of (2) again
from the left by o7; by virtue of (3) the element 00,4, can be replaced in the
multiplied equation (1) by a linear combination (over R) of the elements b;;.
Multlplymg the expression so obtained by o, and the second equation of (2)
by o3, we effect a further replacement, again on the basis of (3). By a continua-
tion of this .process we have finally that the element

O ‘0'20'190’1 (7é O)

is a linear combination (over R) of a finite subset of B, giving D[k, B]. This
completes the proof of the assertion (*).

Let now g(€G) be an arbitrary principal element and O(g) = P s 0. Since
in this case P is the annihilator of the module Rg, P is an ideal of R. Let us
consider the set T, of all those elements of G which are annihilated by P. T, is
a submodule of G, which can be considered in a natural way as an R/P-module.
Clearly, all elements of the set S = U N Tp are principal elements of the R/P-
module Tp. Let now a be a principal element in Tp. Then a depends on U (over
R) i. e. a relation of the form

(4) O?ﬁﬂa=llul+"'+lnun (A,}.IER;UZEU;).ILZ,¢O)

holds. If =€ P, then on multiplying equation (4) by = the left hand side will be 0,
and by the independence of the system U ‘we have ad,u; = 0, i. e. PSO(u;)
for each i. Thus u, ..., u,€S, and since (4) clearly remains valid if A and the
A/s are replaced by theu‘ cosets with respect to P, we see that S is a maximal
mdependent system of principal elements of the R/P—module Tp. In S exactly
those elements of Tp considered as R/P-module are of order O, which are of order
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P in G. Thus, on the basis of (*), the P-rank of G is uniquely determined. This
completes the proof of Theorem 1.
Modules without principal elements are said to be of rank O.

THEOREM 2. If any submodule O of an R-module G has rank different
from O, then any maximat independent system of principal elements of G is a
maximal independent system of elements of the whole G. ~

Let U be a maximal independent system of principal elements of the R-
module G. Let O = g€G and suppose the system of elements [U, g] to be inde-
pendent. Then for the principal element, say g, which exists by hypothesis
in the submodule Rg(SG) we would also have [U, g,] independent, and this
contradicts the maximality of U.

THEOREM 3. A ring R has the property that any R-module different from 0
has rank different from O, if and only if

(a) for every complete prime ideal P of R, the factor ring R|P is a left Ore
domain,

(b) to every left ideal L of R there exists a A€R such that the set of all TE€R
with vA€L is a complete prime ideal of R.

Proof essentially as the proof of Theorem 2 in [1].

THEOREM 4. Let H be a submodule of the R-module G. Then the O-rank of
G is equal to the sum of the O-ranks of the modules H and G[H.

Let [h,).es be 2 maximal independent system of principal elements of order
O of the module H, and [g.]..r a system of the same kind for the module G/H.
In order to prove ‘the theorem it will be sufficient to show that the system of
elements

S = [hv, gp]vad,/lel" (gl‘ E z")

is a maximal independent System of principal elements of order O of G.
~ Sinte we clearly have Rg, = Rg,, the system S consists of principal elements
of order O. Suppose that for the elements of S there holds a relation of the form

(3) ofy+ - Fodh ot -+ =0 (eiroj € R).
Going over to the factor module G/H we get
ot og =0
and by the independence of the system [g.].er this implies
0'1="'=0'1=0.
Thus equality (5) reduces to ‘
oty - - -+l =0
and making use of the independence of the system [f,]..s we obtain

Q].:...:Qk:O'

‘We see that the system S is independent.
We have still to prove the maximality of the system S.

6 ANNALES, Sectio Mathematica, Tomus VI.
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Let g be a principal element of order 0-of the module G. Then a relation of
the form
(6) 08 = Tt +7 gy +h
holds, where o > 0 and h€ H. If h is not an element of order 0, i.e., if oh =0
for some element g(#0), then
() 00 = 0Tyt - c - +OTpEp.
If h has order O, then clearly Rf = Rg, so h is also principal and therefore a
relation of the form
8) o'h = dh+ .- +94, (¢’ #0)
holds. Multiplying equation (6) by ¢” and substituting on the basis of (8) into
the equality so obtained we get the equation
9), ggg=171h1+---+1‘7h +o T g+ - + 0T g,

Takmg into account that gis a prmupal element of order 0, we get gog # O
and ¢’og # 0, and so, by (7) and by (9), the system [S, g] is in both cases non-
independent. This completes the proof of Theorem 4.

~
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1. Some well-known attempts in finding such a common generalization
of ordinary derivatives and repeated integrals which extends immediately
the elementary limit definition of these fundamental ideas, failed mainly be-
cause of unsuitable treatment of the arising limit problems of more fine character
and in consequence of a certain inevitable ambiguity.r Not long ago, STULOFF
[10] and MorPERrT [8] gave rigorous considerations on the question and got
interesting partial results.

In [10], a definition of fractional derivative (due to LiouviLLE) is used
in case of monotone and totally monotone functiens, resp., which permits the
application of recent theorems connected with fractlonal dlfferences (Knopp).2
The starting-point of [8] is somewhat more general. The author defines the
differential quotient of order & (arbltrary real) by

PRI

as an interval function over (x,, x;]J® and shows a. o. that 1. D*/(§)|x(£) canbe
expressed for o <-0as an infegral, for « > 0 as an ordinary derivative, provided
that f(§) is differentiable or it has a continuous derivative of sufficiently high
order in xo<§¢ = x; with an O-restriction for £—x,, respectively; 2. the so-
called semigroup property* of the operator Dv i.e.

(L) DYE)RE) = hm(

X —

(1.2) D*Df = DD= = Da+8

holds not only for ¢ = 0, § = 0, but also for o < 1, 8 < 1, if f(§)isin [x,%;}
continuously derivable and vanishes for £ = x,.

Now, the aim of this paper is to investigate more closely the sums of the
type (1.1) (“generalized Euler sums”) and, on this basis, to sharpen and to de-
velop further some of the last-mentioned results. First of all, we compare the
idea of the generalized derivative (1.1) (“integro-derivative”) for o < 0 or o =

1 See e. g. Enzykl. der math. Wiss. IL. 1/1, pp., 116 - 119; for the bibliography cf. {6],
too. .
2 It may be remarked, however, that the definition of the generalized difference as a

series [Aax,, Z‘( l)t'( )xn+.] leads to unnecessary restrictions of convergence.

* Fora = 0 l 2, ..., (1.1) depends only on the behaviour of f(¢) in an arbitrarily smali
neighbourhood . of X-

* Cf. {31, pp. 439-443. - Another denomination of (1.2) is: “index law”.
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=0,1,2, ... with that of the Riemann integral and Ox)FE=01,...);
it can be pointed out that (1.1) is, in fact, a common extension of f f(Hdt, of.

. a

the Riemann— Liouville integral (2.9) and of the ordinary derivatives (Theorem
L.). On the other hand, we find a group property of the generalized Euler sums
as operators (T heorem I1.); this renders possible to give the necessary and
sufficient condition for the validity of (1.2) (Theorem IIl.) and hence a.o. a
theorem of inclusion on the existence of integro-derivatives of arbitrary order
{cf. Theorems 1V.—V.). Though we limit ourselves to the case of real corder
and of real functions, no obstacle is to the treatment in the complex field. Fi-
-nally, some remarks will be taken concerning applications to generalized diffe-
rence and integro-differential equations (cf. Theorem VI.); the detailed dis-
«cussion will be published elsewhere.

2. In what follows, x, u, t will denote allways real variables, a  x and u
"real parameters.

Let f(u) be a function defined at all points. of the interval a <u = x, for
which the ratio (u, x, @) = (u—a)/(x—a) is rational;? this enumerable set will

5 We have plainly 0<(u, x, a)<1.

be denoted by S,,. We write (n > 0, integer)

2.1 i = i = S (= 1 (%) = p=1),
(2.1) AL fw)x = A5 flx Eo( )P(pjf(x P ,
so that, in particular, |

(22 M fx = A flx = f(x)

and

@3 rxm—mr

;]f(x—‘wn)+ (= 1)r(:Jf(x—rwn) ‘

(n=r; r=12,..))
with o, = (x—a)/n.
Since (2.4) is of the type 2 F(p), i. e. a sum which occurs in the Euler—

Maclaurm summation formula, aA“ flx will be called a generalized Euler sum
of order u over (g, x].% ((2.3) shows that it may be regarded simultaneously as
a generalized difference of order y)

If for fixed a and u

(2.5) i) = [l = lim ( x—a

adnflx

¢ The extensions in question are, of course, rather strong; e. g. the function of Dirichlet
{taking 1 or O according to rational or- 1rrat10na1 x, resp.) is for all x ,D*-derivable and ,D—1-

derivable.
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exists, we say that f(u) is ,D#-derivable at the point x; for (2.5) we use the deno-
mination: lntegro-derzvatzve of f(u) of order u over (a x] and apply the signs
DHf(u)x, D*flx, ,D#f, too. By (2.1)—(2.4), it is evident that of¥Ix depends in
general on the values of f(u) between a and x; more precisely, ,f®|x is determin-

ed by the values f(u) over S,, when u = 0, 1, ..., while
(2.6) ofOlx = f(x)
and

(2.7 ]af(r)]x-——lim I(X)_(lr)f(x—w"Hmnvﬂnl)r(:,)ﬂx—m”)

l N-»00 w;

r=1,2,..)

depend only upon the behaviour of the function f in Saxﬂ Vs, where Vs means
an arbitrarily small neighbourhood of x.

As is to see, ,fO|x = f(x) and ,f(~V|x equals the Riemann integral of f(u)
from a to x, provided that f(u) is differentiable at x (at least from the left),
or it is mtegrable in Riemann’s sense in the interval (a, x], respectively.® More
generally, we can state '

THEOREM 1. 1. Let r=0, integer. The existence of f)(x) implies the ,D'-
derivability of f(u) at x for all a in a neighbourhood of x and

(2.8) of VX = [O(x).7

2. Let < 0. If the function f(u) is defined in (a,x], furthermore f(u)(X—u)~®+1
is bounded and almost everywhere continuous there, then f(u) is ,D*-derivable at
X, namely -

(2.9) : 9 = T(—p)~1 f H(E)(x — )=+ Dgs

with a Riemann integral on the right.
~In particular, (2.9) holds for any negative u, when f(u) is bounded and p. p.
continuous in (a, x].

Proor. 1. Suppose the existence of ﬂ’)(x), so that fO(u) (k =0, 1,
— 1) are defined in a neighbourhood V of x.
Differentiating the function

(2.10) ‘:F’(t):f(x)—(lr)/(x+t)+— +(-1)( ](x+rt)
r-times, we obtain ;

(.11 PO0) = 00)-Qul~1)  (k=1,2,...,7

7 This can be regarded as an 1mprovement of 4 well-known result, where the contmutty
of f(nN(x) is also required. Cf. e. g. [5], p
® The second term is the well _known [racttonal integral of Riemann - Liouville.
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with
Quou) = ( ]u+2" {2, ....Hk(:}ur_

By the recursion formula

Quesnltr) = uQ o),

induction shows that
r
Qu)= 3 c(u+1)y; Go=r. ..,y =(—Dfr(r—1)---(r—k+1)

v=r—k

and hence 0 ; | »

ork=12,. r—1;
2.12 - = P !
@12) Qul—1) {(,_ etk

Using now (2.11), (2.12) and a well-known extension of L’Hospital's rufe,
we get

M) PO0) _ e
fim == —(t—,)(,;——(—l)l“(x),

which 1mphes plainly (2. 8) (cf. (2.7)) for every acV.
2. The Gaussian definition fo the gamma-function gives

utn) _(@+Du+2)---(u+n) -1 o)
o1 {( )_ n“I(u+1) (n—~);

n n!
w=-1-2,..)
more precisely, by the Euler—Maclaurin sum-formula we have

9
u-+tn u+n+—- i t—[t]—';?
2.14 Iu+ D1 ' (24
(2.14) ' ) (u+1) n{+ expunf 7D uv
and hence
(n+uj 1
=T+ D"+ M)~ {1+ )u+—n* "1+ K, -n¥~2
@il n ) =TE+D @) {( ) 2} u
(n=12,..)

with |9,] < 1 and |K, | = K, (a constant depending upon u only).
We need especially the asymptotlc formula (4 = —pu—1):

(2.16)](— l)nm] = (n_(ZH)’ = I'(—p)~ G+ 4 0(n—®+2)  (n—),

(=0,1,2,..)
where the constant implied by the O-symbol depend, of course, on u.

® Cf. e.g. [4], pp. 548 -549. ~ Here exp x stands for ¢*.
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Let now g <O and suppose |f(u)(x—u)~¢+Y| = B, (constant) for
u€(a, x]; the condition that the function f(u) (x—u)~®+V is p. p. continuous
being equivalent to its Riemann integrability (Lebesgue’s criterion), we have
in case of an equidistant division of (q, x) (@, = (x—a)/n)

Q) [0t = Fm 'S [ ox-po, 0, =
a’ T e=

n-1 .
= lim o;# > p~¢+f(x— pay,).
n p=1

— oo

On the other hand, the corresponding “‘approximating sum” of ,f®)|x may
be written [cf. (2.5), (2.16)]

n—1
o7 * dnflx = op#f(x) + I(— w)toy* 3 p~¢t0f(x— pa,)+
p=1

n-1 i
toit 3 Apup~“tI(x— po,)
p=1

with |A,,| = A, (constant) for p=1,2,....
“Since the last term permits the estimation
n-1 n-1 1 1
(2.19) on* 2 Ap,u p~3f(x— pa,)| = A, By w, 2 —= O(Xg_n
=1 p=1 P n

4

(2.9) follows from (2.17)—(2.18) at once.

3. Let us mention here an immediate corollary of (2.16), namely the cal-
culation of the integro-derivative of a constant,

In fact, by the elementary formula_’”J = (,4— 1'4—[”_ 1} r=12...)
: p p p—1
we get

(3.1) A1 = g(_l)p[z} =1+ :Z:(*l)""#;l)—

AR R Ry

n—1
and hence (2.16) yields

lim {x_“_“J_"aAgl = lim x—_—(—l)_,‘-F(l—p)_ln_” = I'(1 - )~ Y(x—a)~*,
) n

n

n—oco n— o0

i
i.e. for the function f(u) = ¢ (constant):

(3.2) {a(c)(")lx =cl(1—p)y~"Yx—a)—*
(a and u arbitrary, x > q)
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In particular, for y = 1,2, ... the IMfactor vanishes, so that
X ) ' =0  (r=12..)

in accordance with (2.8).

As far as the properties of the operators 4, and ,D* is concerned, we re-
mark first of all that both are plainly linear. — Next we show, that every ope-
rator of the form ,4=+#: can be generated by successive application of 4=
and ,A4#; more exactly, it holds the following group property of generalized Euler
sums:

Tueorem I1. For every function f(u) defined in S, . and for arbitrary u,, u,
(3.9) A i, s aopfl)x = A2 flx  (n=1,2,.. )"

PrOOF. Owing to the definition (2.1), we have

aA:(aA‘[lfl(u,x,a)]f]ll)]x =
35) | = n§‘1 —_1yl” (s, 2 11 —1y palyf, . u—a :
p:'o( ){p){ q§0 : ¢ )_('IIJ.I(H q[n(u,x,a)]J Sy
and this, by |
(3.6) [n(u,x, @),  x-a= [n (x—-px—;q——-aJ(x...a)—l] =n—p,
equals to " ‘

3.7) :Zj ";g (= 1yt (ﬁ:)(ﬂ;] ;(x—(p+q)f;—“J.

Putting now p+¢ = k and taking into consideration the so-called addition
formula of the binomial coefficients:

€8 (MI]{#ZJJr(‘ull)(k—l]Jr"' +‘?J’?, - (M:M)’
(3.5) becomes
(3.9) 2( l)k(”l_;“z)/(x k———" = Amtuf,

Qu. e. d.
(3.4) suggests for n—, that the operator ,D¢ satisfies the relation -

(3.10) DH(Drflu)lx = Dratinfx

or, with other denotations,
(3. 1 1) ) a(af(#n)lu)(ﬂl)lx‘ — af(l‘l‘ﬂls) lx_

10 Here and below, {t] denotes the greatest integer = f.
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This is indeed true for y, = 0, u; = 0, since, by (2. 9) onie obtains then the well-
known semigroup property of the Riemann— Liouville integrals.

Whereas besides, in case of u,, uy positive integers, (3.11) corresponds to
the forming of ordinary derivatives by repeated differentiation, it cannot hold
in full generality and the operators ,D=, ,D*: must not be commutative,
too. (The simplest counter-exampleis: 'y, = 1, yp = —1 and p, = -1, g, = 1.)

By (3.4), however, we can easily establish the exact condition of validity
for (3.10)—(3.11).

THEOREM II1. Suppoese that f*d|u is known for u€S,, and one of the
integro-derivatives

(3.12) af )], al(;«l +ra)x

exists. In order that the other of these derivatives should also exist and both should
be equal, it is necessary and sufficient that

(3.13) lim (141 - A incu, x, (W) [x) =
n-—oo

with

(3.19) nntt) = [”'“j " sl e (m = 1,2, .. )1
m

Proor. Considering the linearity of the operator .45, (3.4) is equivalent
to the formula

'x_a)—(!lg+lla) x—a

aAlrll1+ltzﬂx = ) Am(af(llz)]u)[x =

(v — —py X—qa)H E
= x_"EJ adﬁl{(T) aAl[ﬁ(uyxyﬂ)]flu_af(#’)lu}]x

n I

and we may substitute nn,«, a(z) for the last difference in round brackets
by (cf. (3.6))

[I‘l(ll, X, a)] u=x-p§-;—a— a
Thexefore
— (11 +usg)
{( " g (28 A:;f(af‘“”lu)IX}=
n
(3.15)
; x—a'—"1
l = lim —J AN g, x, ay{@)}x

n—oco n

and the result follows from the definition of the integro-derivatives (3.12).

1 For a simple proof see e. g. [7], p. 74.— Cf. also [2], p 309 or [9], pp. 10-11.
12 Observe that, by hypothesis, lim 9,(u) = .0 for any fxxed u€S,

Msoo
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4. Before going further, it is useful to introduce some shortening terms.
We say that f(u) is uniformly ,D*-derivable in the interval (g, x], if the sequence
of functions

[”—;—")_",,4;;1:1 (n=1,2..)

is uniformly convergent for u€(a, x]. Moreover, instead of writing a condition
of the form

( u—a }”"a A4l — f9u = o(n?) (y <0, constant; n—oo)
n

uniformly in (a, %], we use the expression: f®lu exists for ue(a, x] with the
error-term o(mn”).
It is clear (cf. (2.6)), that (3.11) is true for u, = O (or for uy = 0). For
w # 0, we deduce now from (3.13) quite general sufficient conditions.
THEOREM IV. 1. Suppose that (*)u, < O and f(u) is uniformly ,D*-deri-
vable in (a, x], or (**) u, > 0, not integer and f*“)(u) exists for ué(a x] with
an error-term o(n=*). Then the existence of

.1) ‘ e\ e)x
implies that of
4.2) Jest |x

and inversely; furthermore (3.11) is valid provzded that at least one of (4.1)—
(4.2) exists.

2. If = 1,2, ... and the existence of ,f*?|u with the error o(n=") is
required only in a left-hand neighbourhood of the point x, then the same holds as
before.

Proor. 1° Let us assume that the conditions (*) are fulfilled. By g, < 0,
one has then
: 1— I D
(4.3) (_1),,(1;; = (-u) i (p 2) Moo (p=12..)

and the expression in (3.13) can be estimated as follows (cf. (3.6)):

| n-1
4.4) | n"ladﬁlntnw,x,an(u)IX) =nm 3 (-1)y ";‘J Nn—p| X~ p—n—] =2+2s
p=0
with ’
Ly=nm Yy ("])p(pl)"?ﬁ p(x P""—’
' =0
(4.5) - : o © < m < n).
2o = nt _IP(”lln_‘x p_—.._l
l : p=§+1( ) D P nj

Since, according to our hypothesis,
(4.6) lim #,(u) = 0

M—ro0
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uniformly in (a, x}, the least upper bound H of |, (u)| for all m and u¢(a, x]
is finite; let ¢ > O be chosen such that

__4H
I(1—py)
and
) _.ln
(4.8) 0=(1——————F(1'_“1) .
4H |

Put now m = [9n}; by (4.6), there exists an integer Ny = Ny(e) > 0 for
which

@) fnomy [x-p 2| < HZ)e 01, on); 1= Ny
=

4
Thus the first sum under (4.5) (cf. (3.1), (2.16)):

_— [#n] —
Z, < nplf(l_&)_e 2(_1)p(”1j = e (—~ ])[on]['ul 1]‘M3<
4 p=0 p [on] 4

< n#.2I(1 _y,l)~'1[,jn]—lt1-. z(_l_gﬂ_])g = %

whenever n > N; = Ny(e) (= N,).
On the other hand, we can write

5, < H 2 (_l),,(m} Hnm{(__])ﬂ 1[1‘1_1] (- 1)[0n]( 1)}

p=ion]+1 [on]

S el

The last difference in great brackets tends to I'(1—u)-1(1—9-#) as
n— by (2.16), and so it does not exceed certainly the double of this value

for n large enough; consequently

(4.11) Zy < 2HI(1 — )~ Y1 — 9—#1) -_-%

s

when n = N, = Nye).
Summing up, we get (cf. (44)— (4 3))

(4.12) l(nm Aul"?[n(u X, a)](u)lx)‘< —2“""2‘ =€

for n > N = max (Ny, N,) , i. e. the limit relation (3.13); the assertion follows
therefore by Theorem III.
2° In case of the conditions (**), one can argue similarly.

13 Hence 0 < & < 1. —~ As we know, I'(t) > 0 for u > 0.

7 ANNALES, Sectio Mathematica, Tomus VI,
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Next we remark that for u, = 0, not-integer, p > u,+1

[sg(— 1)p(/:; ' = (= i+

(4.13) l . 1),,(/«;1)

and apply the dissection
rn'uladﬁl Nin(u, x, a)](u)‘x = 2’+2/',
(4.14) X =nm 2(- 1)p

X—a
‘L‘l}nn p(x P—‘—’J,
p=0 p n

X7 = nm 2 (-—1)”(”1)% p[ —pt=t
p=m+I p n.
with m = [On]>[y]+1, 0<O<1.
By the assumption that

(4.15) lim m#n,(u) =

Mm—soo

uniformly for a<u=x, the inequality

(4.16) Inm(u)| <dm—m (8 = 0, arbitrarily small)
holds in (a, x] for sufficiently large m; hence

‘ , n“ R4
(4.17) { I=n 2|

= (— 1)[141]+p+1('u;J

J }(n 6p)m = ( —?@n]]mM& = (1=,
%)

(n> N’ = N'(3))
As regards to X", by (2.16), (3.1), (4.13) and
(= DLl —gy) = [F(1—p,)|

where M means the sum of the series 1+“”1J .. .14

we obtain
n-1 4 )
IE”I =nMm 2 (- 1)P+[M1]+1 [‘MIJ _p(x p J -
p=[6n]+1 p
(4.18) |
< H.-n#f{ — Dl )} (— Hlen] My n— 1(.”1 }<
=D {( ) ([@ ]) == )
| < 2H|P(1 = py)| =@~ — 1)

for n = N”, H denoting sup |n,(u)| over (a, x] for all m.

4 ]t is well- known that the bmomlal series X(%)2% converges absolutely for Rea > O,
lzl 1. Cf e g [4] p
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Now, after being given a positive number ¢, it is plainly possible to choose
© in such a way (near to 1) that :

2HIN(1— )| 4O~ 1) = —
and, for this fixed @, to find a & > O satisfying
(1—0)-mMs < —;-

As we see, (4.14), (4.17)—(4.18) yield again

<& (n = N* = N*()).

ks A8 ngu, x, a)](u)lxj

3° If uy = r=0, integer and m™y, (1) -0 as m—eo, uniformly in a neigh-
bourheod (X,, x] of x with @ = x,<x, then for each 6>0, no matter how small,
we shall have

4,19) Ini2)] < mi (1 € (X, X} > mg = mg(8)).

Hence results the estimate:

o] S

{n’aA,’m[n(u, x, a)](u)lx)

(4.20)
= "n_]ra b) (rl = (1+ry2rs
n-r) ;Z\pl ,
whenever n=>max{my+r, r(x—a)/(x—x,)}. Since the last bound in (4.20) may
be also arbitrarily small, the condition (3.13) is certainly fulfilled. Qu.e. d.
5. The ordinary derivatives f'(x), f"(x), . . . taking their origin in iteration of
the differentiation process, the existence of f"(x) implies, of course, that of
fr-B(x) (r = 1,2, ...). But the integro-derivatives are defined independently
. of one another, so that the question may be raised: in what measure can we
conclude from the existence of an ,D* to that of the ,Dr-derivatives with
u<wy? — The following result is a simple corollary of Theorem IV:
THeOREM V. If {(u) is uniformly ,Dre-derivable in the inferval (a, x], then it
is af the same time  D*-derivable at the point x for every p< pq.

As a matter of fact: if )|y exists uniformly for a<u = x, then also the
-existence of fWx = flrotE—wml x (u<py,) is ensured by the first part of
the previous theorem (case (*)); moreover, we have the connection:

(5.1) af(ﬂ)[x =-a(df(ﬂo)[u)(ﬂ—‘#o)lx (H < ‘uu),

Concerning the extension to complex variables and functions may be noted:
if we define the integro-derivative of f(w) of a complex order u by

G2 SO = f0 = lim 2] "21<—1>”(M]ffz—pz—_g‘J,
. Il—-«)oeA n J p=0 p ‘\ n

b



100 M. MIKOLAS

where the power to the exponent (—y) is to be taken with its principal value
and a means a given complex parameter, then ceases to exist any restriction
on the mutual position of @ and 2. (In case of (2.5), the condition a<x was
needed because of the power {(x—a)/n}~*.) For continuous functions, (5.2) can
be written as a Riemann— Liouville integral (cf. Theorem I, part 2) and hence
it is a regular function of the order p- Therefore, ,f®)|z is in thls case identical
with the derivative ,D#f(2) of the paper [7], defined by the analytic continua-
tion of the Riemann— Liouville integral and, for holomorphic f(w), there exists
also a contour integral representation of the mtegro -derivative of any order. —1®
As we pointed out in [7], for several types of functions it is suitable to consider
the case a = <« (i. e. to submit ,D* to a limit process |a| - -, arg (a—2) = con-
stant), too.

6. Further application possibilities concerning the above results are fur-
nished in the simplified treatment of certain generalized difference, differential
or integral equations.

As an example, we mention some immediate consequences of Theorems II.

and 1V:
Tueorem VI. 1. Let ¢,(§) (m = 1, 2, ...) be a given sequence of functions
defined for £€(a, x). The solution of the system of equations

{ad,’;flf =€) (@<&=x)

©.1) (m=12..)

can be given explicitly in the form

(6.2) &) = At praw i@ (n=1,2,..)),

2. Let D(u) be uniformly ,Dr-derivable with u=0 in the interval (a, x].
Then the equation

(6.3) JPlu=dW) (@a<u=x)
is satisfied by
(6.4) fu) = @Wu.

Similar assertion holds jor u <O and with a junction ®(u) for which «PWu
exists in (a, x] with an error o(n¥).

We remark still that functional equations involving fractional integrals
and derivatives occur in connection with various problems of the’literature,
especially in the class of Volterra integral equations.’® The most famous problem-
of this kind was studied by ABEL, namely the equation

I _
(6,5) : Wdt_zp(u) (A =<1).

= Cf, [7], p. 71
1 Cfoeg [11
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If f(t) is required to be continuous in [0, u], (6.5) may be written in the form
(cf. (2.9)): ,
(6.6) of Py = I'(1-2)~1p(u),
which is of (6.3) typ .
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" This note is devoted to the problem of unique prime factorization in par-
tially ordered.semigroups S. Several authors (BIRKHOFF [2]t, SULGEIFER [6],
WEINERT [7] etc.) have dealt with this question in order to get suitable gene-
ralizations of the fundamental theorem of commutative ideal theory. There
are known several necessary and sufficient conditions for S under which the
unique prime factorization holds in S. Here we are giving two new sets of con-
ditions so that 1. they are all, except for (vi), either trivially satisfied by the
ideals of a ring or are usual conditions of ideal theory; 2. we do not assume the
commutativity of S. We think that our discussion offers some novelty even in
non-commutative ideal theory and in the ideal theory of semirings. Also, the
concept of principal component in partially ordered semigroups seems to be
new. :
In § 1, our objective is to prove the existence of a decomposition into the
1ntersect10n of a finite number of (right) principal components. The conditions
are all satisfied by ideals in ririgs with left identity except for (iii) which amounts
to the restricted minimum condition. In § 2, we impose further conditions on S
to ensure that these principal components be prime powers and the intersection
could be replaced by multiplication. In § 3, we start with a newset of conditions
which means in the special case of ideals that the maximum condition is satis-
fied and the ring is a multiplication ring (Multiplikationsring) in the sense of
KruLL [5]. In this event we arrive rather easily at the unique prime factori-
zation.

‘Throughout this note, S denotes a semlgroup (i. e. a set with an associative
multiplication) which is at the same timeé a partially ordered set under a rela-
tion = such that, for all a, b, ¢ in S, a=b implies ac=bc and ca=ch. We also
assume that S is negatively ordered in the sense that ab=a and ab=b. § may
contain a minimum element? 0 which is then unique and satisfies a0=0a=0
for all acS. Obviously, the set of all ideals of a ring, semiring etc. possesses
this property. .
§ 1. The principal component

In this section we are concerned with a negatively ordered semigroup
with restricted minimum condition. We assume the existence of 1. u. b. (but
not that of g. 1. b.) and residuals, and establish a meet decomposition into right
principal components.

1 Numbers in brackets refer to the bibliography given at the end of this note.
2 We use the term , minimum element” to mean an element which is smaller than any

" other element. The meaping of jmaximum element” is clear.
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Let S be a partially ordered semigroup (with more than one element)
satisfying the following conditions:

(1) S is negatively ordered and has a maximum element e which is a left
identity:

ea =a for all acS,
(i) every pair of elements @, b in S has a 1. u. b. which will be denoted by
avb;
- (iii) for each a€ S, a=0, the set of all x€S with a=x=e satisfies the mini-

mum condition;

(iv) for every pair of elements g, b in S there exists a right-residual a:b¢ S
and a left-residual a:: b€ S defined by ,

xb=a [bx=a] if and only if x=a:b6 [x=a::b]
Observe that the residuals obey the usual formal rules for which we refer

to BIrkHOFF [1] or Fucus [4]. We need to know that (ii) and (iv) imply the
distributive laws (FuchHs [4], p. 190) '

(n - albve) =abvac, (bvc)a = bavca,
and the ‘existence of g.1. b. for residuals:
2) ‘VT (@:b)a@:c)=a:(bve), (@::d)afaic)y=a::(bve)
for all g, b, c€S.

From hypotheses (i)—(iv) we conclude in turn:

a) Given-acS with O<a~<e, there exists a prime® p€S such that, for some
beS (b=a), - :

p=a:b

The set 6f all x¢ S satisfying x> a is not empty, hence by (iii) thereis a
minimal element, say b, in this set. We show that p=a:bis a prime. If u,1€8
satisfy uv=p, then by definition we have uvb=a. Assume vz p, that is, vbs a.
Hence a<avvb=b, and in view of the choice of b we obtain avvb=>b. By (1),
uaviuvb=ub. Here the left member is=a whence ub=a and u=p. Thus p is

a prime, indeed. (
b) To every acS, O<ua<e, there exists a prime peS with the properties:

a=p and a::p=>ada.

Let p be a prime of the form p=a : b whose existence is guaranteed by a).
Then obviously a=p. Furthermore we have pb=a whence a:: p=b>a.
) Let acS, 0<a<e, and p a prime in S. There exists a uniquely determined

a(p)e S such that
. a:yzEp if and only if y=a(p).

This a(p) will be called the right principal component of a belonging to p. It
satisfies: a=a(p); if a=p then a(p)=p; if az p then a(p)=e.

3 An element pES (0<p<e) is said to be prime if ab = p implies eithera =pord = p.
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Consider the set T of all y€S satisfying a :ys p. This T is not empty, for
a belongs to it. If both y and 2 belong to T, then a : (yvz)=a : yaa : z=p cannot
hold, for this would imply (a:¥)(a:2)=p and hence a:y=p or a:z=p, in
contradiction to the choice of y and 2. Hence y, 2¢ T implies yvz¢ T. By (iii),
there exists a we T such that a: i is a minimal element i the set of all a: v
with ve T. Since T is closed under union, the set of all a : v with vé€ T is closed
under intersection, and thus a: w is the minimum element in the set considered.
Then ‘ '
(3) x=a:(a:w)
has the property @ :x=a:w. This x is the maximum element of S with this
property, moreover, X is the maximum element of T:if ye T then ¢ : y=a :w=
=g :x whence (a:x)y=(a:y)y=a and y=a:(a:x) = x. That y=x implies
a:y:|s pis evident because of a: y=a: x. Thus the existence of x=a(p) is estab-
lished. Finally, since a:a=ez[s p, therefore a=a(p). If a=p, then [a: a(p)] a(p)=
=a=p, and the prime property of p implies a(p)=p.If a:Epthena:ezlzp,
and so a(p)=e. This proves c).

d), e) and f) are concerned with some properties of a(p).

d) If be S is the right principal component of some a€ S, b=a(p), then b(p)=b.

By virtue of c), a(p)=0b(p). Furthermore, [b: b(p)] b(p)=b=a(p) implies,
by definition, that , :

a:{[6:bo(p)]o(p)} =k p

a:b(p)) :[b:0(p)] = p.

This and b : b(p): p show that the product of [a:b(p)]: [b: b(p)] and b:b(p)
cannot be =p, and so a:b(p):}z p. Therefore b(p)=a(p), and we are led to
b(p)=a(p)=>. - , T

e) For any a,beS and any prime p€S, the right principal component of
a:b belonging to p is a(p):b. '

Let x denote the right principal component of a : b belonging to p. Then
(@:b):x3dsp. Here (@a:b):x=a:xb, and so a:xbszfp whence xb=a(p) and
x=da(p):b. On the other hand,

(a:b): [a(p): b] = a: {[a(p): b] b} = a: a(p).
Here a:a(p)kp, thus (a:b):(a(p):b)d:p and a(p):b=x. We obtain

x=a(p) : b. »
g)lf a(p) is the right principal component of a€S belonging to the prime p,

and if a(p):: b>a(p) for some bES, then b=p.
' Set x=a(p) :: b. Then bx=a(p)=a :: (a: w) [see (3)], whence (a:w)bx=aq,
(2 : w)b=a:x. Because of assumption, x>a(p), and thus a : x=p, and (a : w)h=
=p. By the definition of w, 4 : w4 p, and therefore b=p.

~ Now we are going to prove the main result of this section [in the proof
we actually use only b) and c)]. '

TueoreM 1. If S is a partially ordered semigroup satisfying conditions
()—(iv), then to every a€S (O<a<e) there exist a finite number of primes
Dis - oy P -Such that _
ON a=ap)A- - -aap,).

or
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By (3), every a(p) is a left residual of a, and so our remark made in connec-
tion with (2) implies that any finite set of the a(p,) has an intersection in S.
By b), primes do exist, and so the set of all finite intersections of right prin-
cipal components of a is not empty. The elements of this set are all =a, there-
fore this set contains a minimal element ¢* which must be the minimum ele-
ment, for the set is closed under intersection. Clearly a=a*, and what we need
to show is that here equality holds. The minimum property of a* shows that
a*=q(p) for all primes p€S, and therefore, by c), a:a*==p. Consequently,
« : a*=p holds for no prime p in S, and b) implies a: a*=e. Thus a*=ea*=a,
and we arrive at a*=a, completing the proof of Theorem 1.

§ 2. Representation as product of primes

. In the previous section we have obtained representations of the elements
of S as intersections of right principal components. If we wish to get represen-
tations as products of commuting primes, then we have to impose on S further
“conditions.

Let S be a partially ordered semigroup satisfying in addition to (i)—(v)
also
V)t if a, €S, a=0 satisfy ba=a, then b=e¢; and if they satisfy ba=0,
then b=0; o » A ’
(vi) if 4, b€S and the prime peS satisfy a<b=p, then
as:p<b:up.
~Under conditions (i)—(vi) we can prove:
g) If p, q€8S are primes such that, for some acS, a(p)=gq, then q=p.

Assume that a(p)=q and q3: p. Then, by f), the left-residual a(p)::q
cannot be greater than a(p), i.e. a(p):: g=a(p). Therefore

a(p) = [q-a(p)] :: ¢ = a(p) :: ¢ = a(p).

Appiy (vi) to g-a(p)=a(p) and ¢ to obtain q-a(p)=a(p). From (v) we infer
g=e, a contradiction to the primeness of g.
h) For each prime pE€S,

(5) e>p>p2.>-..>p>...

is a properly descending maximal chain.

Since p"= pm+! and by (v) equality cannot hold here, (5) is a properly des-
cending chain. In order to verify its maximality, let us first show that e>g=p
implies g=p. Because of . b), there is no loss of generality in assuming that ¢
is a prime. Then the right principal component p(p) is equal to p, forif p::x=z p
then (p::x)x=p implies x=p. From p(p)=p=q it follows, in view of g),
that ¢=p, and so g=p, indeed.

4 This condijtion replaces the condition of integral closure of commutative ideal theory.
Here we do not consider fractional ideals”, and therefore we cannot use the notion of integral
closure as in DUBREIL — JACOTIN [3} '
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To complete the proof, assume, as a basis of induction, that we have shown
for some k=1:

1. pt-l>a=pr implies a=p*, and
2. p i p=pti.
Let p">bz p<=1 for some k=1. Then from (vi) we infer

priip=biup=pktlap.
Here pt::p=p‘-! by assumption 2., and evidently p"+1 1 p=pk. Thus
pi=b:p=ptt i p=pk, and assumptlon 1. implies b : p—-p"+1 p=
Again from (vi), we get b=p*+1, and therefore 1. and 2. hold true for k+1
in place of k. This establishes h).

i) The primes of S commute.

Suppose that p and ¢ are different primes of S. If r€ S is a prime of Ssuch
that a=pqg=r, then either p=r or ¢=r, and hence, by what has been proved
in h), either r=p or r=4. By (v) certainly a=0. On account of c¢), the only
right principal components of @ which differ from e are a(p) and a(g). From Theo-
rem 1 we obtain

a = pq = a(p) A a(g).

Obivously, pg :: p=q and pq :: p#e, thus, by h), pq:: p=q. The left-residual
of a by p yields
g = la(p):: plala(g) :: p). | |
Since p:zfzq, from f) it follows that a(g) :: p=a(g). The meet representation
of q gives qéa(q), while a(g)=¢ by c); so a(g)=¢. By h), there are two possi-
bilities for a(p) :: p, namely ¢ or e. It is not equal to ¢, for a(p)=¢ would con-
tradict g). Consequently, a(p) :: p=¢, pe=a(p). Here pe satisfies p?=pe=p.
But p*=pe would imply p®=pep= p2 contrary to h). Hence pe=p and
p=a(p), which together with a(p)=p establishes the equality a(p)=p. We
have thus shown:
‘Pg=pAg.

Changing the roles of p and ¢, we obtam qp=png, and hence the desired commu-
tability.

k) To every acS, a0, and every prime p€S, there is a positive infeger n
such that

p" = a(p).

If azfs p then a(p)=e, and the statement is obvious. Assume a=p. In the
set a(p)vp™ (m=1, 2, ...) there is a minimal element, say, a(p)vp™ [use (iii)].
If a(p)vp"=a(p), then a(p) :: p*=a(p) :: [a(p)vp"]=e, and from b). we obtain
the existence of a prime ¢¢ 8 satisfying

[a(p) :: ") 22 ¢ = alp) +: p".
We have a(p)=¢, and from g) we see that only g=p is possible. Consequently,
a(p) 2 p" < [alp) 2 ") e p = alp) 2 p* = alp) =2 [alp) v p™]
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whence a(p)vp"=a(p)vp"*1is absurd. Thus a(p)vp"=>a(p)vp™*?, in contradiction
to our choice of n. Therefore a(p)vp” =a(p), and p" =a(p), as we wished to prove,
1) If O<a=p, then the right principal component a(p) is a power of p®
By k), we have p”=a(p)=p for some n which we may assume to be chosen

as small .as possible. Also, k can be chosen so as to satisfy

p" = a(p) = p*
and to be as large as possible. If k=n, we are ready. If k<n, then p’ <a(p)<p*
and, because of (5), n=k-+1. Clearly, p**iva(p)= p* whence by multiplication
by p"—k-1'we get p'vp"~*~la(p)=p"~1. Here the left member is =a(p), thus
p"-1=a(p), in contradiction to the choice of n. Thus k<n is impossible.
-~ We have.arrived at the main result of this section.

THEOREM 2. Let S be a partially ordered semigroup satisfying (i)— (vi).
“Then every ac S, other than O and e, can be written uniquely in the form

”

a = p’{l. . .p’;r
with prime powers pfi belonging to different bases p,. )
From Theorem I and from [) it results that every a (0<a<e) is of the
form
a zpfl/\. . -I\p,’f’

with different primes p,. BiRKHOFF [1] has shown that if xvy=¢ and xy=yx,
then xay=xy, further if xvy=e and xvz=e, then xvyz=e. By making use of
these, it is straightforward to verify that e=p* ... p*r . Uniqueness follows
in the following way. Taking into account the maximality of primes, by stan-
dard arguments we infer that it suffices to show that

a=pf . pfr=pt---pr  (p, primes)

/ mplies k;=1, ..., k,=1,. By way of contradiction assume e. g. that k=1,
that is to say, pf> pir. Since '
‘ ll’ 1 ! -

p"_‘r : pﬁr = p’r‘r—lr and p’;r : pir = a:pr = pll PR prr—-ll,

therefore
- - l _

p.’_‘r:pir = pfr I’Vplf‘ . prr__ll = ¢

because of the cited result of BIRkHOFF. Hence plr=eplr=pkr, a contradic-

tion. This proves uniqueness, completing the proof of Theorem 2.

Note that conditions (v) and (vi) can be replaced by the following two:
(v*) S is commutative (or more simply that a:b=a:: b for all a, beS); (vi*)
for every prime pe S, the chain (5) is maximal. Then we could omit the proofs
of g), h) and j). .

. COROLLARY (see BIRKHOFF [2] Theorem 13). Let L be a commutative
residuated lattice-ordered semigroup with identity e, in which

5 Here we follow the argument of SuLGEIFER [6].
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() O<a<e implies that all chains between a and e are finite
and

(B) p(e: p)=e for every maximal element p<e.
Then every element a€ L with O<a<e has a unique factorization into maximal
pi=e.

It is easy to prove that the conditions of Birkhoff’s Theorem imply con-
ditions (i), (it), (iii), (iv), (v¥), (vi¥*) for the partially ordered semigroup S of
the elements acL with O=a=e.

§ 3. Divisibility partially ordered semigroups

Now we turn our attention to partially ordered semigroups in which the
order relation is defined in terms of divisibilitys, and we wish to deal with
conditions ensuring that unique prime factorization hold.

Assume that S is a partially ordered semigroup (with at least two elements)
satisfying:

(I) S is negatively ordered and has a maximum element e which is a left
identity in S;

(1D if, for some a, beS, a=ba=0 then b=e, and if ba=0 then b=0 or
a=0,

(III) if a, b€ S and a<b, then there exists a ¢€ S such that

a = b,

(IV) S satisfies the maximum condition;

(V) for every pair g, be S, the right-residual e : b exists in S.

It is evident that if every elements=0, e of S is uniquely factorizable into
primes, then S satisfies conditions (I)— (V). We are going to show the converse.
To this end, suppose that S satisfies (I)— (V). Then we have:

(A) Every acS, O<a<e, is the product of a finite number of maximal

elements p,€S: '
a4 = PyPs* * * Di-

Let a€ S, O<a<e. Because of (IV) there exists a maximal p; in the set of
all xS with e=x<e. If a=p,, there is nothing to prove. If a<p;, we may apply
(I1I) to conclude that, for some a,€S, a=p,a,. Here, by negative order, a=a,,
but equality would lead to a=p;a, contrary to (II). Hence a<a,. Repeat this
argument for a, in place of a to obtain that either a, is maximal or a,=p,a,
with a maximal p, and a,<a, etc. This process must terminate in a finite num-

- ber of steps, for the sequence a<a,<a;< ... cannet be infinite. Hence some
ak ls a max1ma1 element p,, and substitution yields A=ty = piply= ... =
(B) An element p€S is maximal if and only if it is przme

Let pe S be a maximal element and ab=p, az|z p. In view of (V), p: bex1sts
and a=p : b. Obviously, p=p : b whence ass p implies p<p: b, and so pib=e,
b=eb=p. Thus p is a prime.

¢ Divisibility in the sense of BIRKHOFF [2]; its precise meaning is given in (IID).
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Conversely, assume that p is a prime and p<a for some a¢ S. (111) guaran-
tees the existence of a b€ S with p=ab. The prime property of p shows that
b=p whence b=p.. Now p=ap implies, by (1), that a=e and p is maximal.

(C) The prime elements of S commute.

Let p, ¢ be different primes of S. By (I11), there exists an a€ S such that
pq=qa. In view of (B), ¢} p, and thus ga=p implies a=p. Therefore pg=qp.
Changing the roles of p and ¢, we get the converse inequality, whence pg=g¢p,
in fact. -

(D) S is commutative.

~ From (A) and (B) we know that the elements=c¢ are products of primes,
and in (C) we have shown that the primes commute. Therefore ab = ba whenever
a, b€ S are different from e. It remains to show that e is a right identity. It suffi-
ces to prove that pe = p for primes peS. By (A), we may write pe as product
of primes: pe=p, ...p,. Here pe=p, implies p=p,, i.e. p=p,. Thus pe = p*.
Since e is a left identity, p?=pep=p*+1. Hence, in view of (II), it follows that
pF—1=e, that is, k=1. Therefore pe=p, as claimed. '

(E) S obeys the cancellation law:
ax=>bx implies a=>b (x=0).

~ First we dispose of the case a=b. If/we had a<b, then by (II) there wouid.
exist a ¢€ S such that a=bc. Thus we would have bex=bx, whence, because of
(D) and (I1), c=e which is absurd. Now assume ax=>bx with arbitrary q, b€ S.
We have obviously a=(ax):x whence ax=(ax:x)x=ax and ax=(ax:x)x.
By the case disposed of we infer a=ax : x. Similarly, b=bx : x, and so ax=bx
in fact implies a=6. :
Now we are in a position to verify:

THEOREM 3. Let S be a partially ordered semigroup with properties (1)— (V).
Then e is the identity of S and every element acS (0<a—<e) may be represented,
in one and only one way, as the product of pairwise commuting primes.

By (A) and (D), every element=0, e of S is the product of commuting
primes which are, because of (B), maximal clements. We need still to prove .
the uniqueness. But this can be established on classical lines by making use
of (E). '
( I)t might be of some interest to observe that the maximum condition (IV)
could be replaced by the restricted minimum condition:

(IV*) the set of elements x of S satisfying x=a obeys the minimum con-
dition, for each a¢§, a=0. .

In this case wé also assume that e is aright identity and the dual of (1I).

In order to prove that (IV*) replaces (IV) in the proof of Theorem 3, we
show that (A) holds. Let a€S, O<a<e and g, a minimal element >a. There
exists a p,€S such that a=a,p,. This p, is maximal, for if p,<b then py=bc
for some c€S, and a=a,bc. Here either a,p=a; or a,b=a, that is either b=e¢
or c=e¢, and the latter case is impossible. Repeating this argument for ¢, etc.,
we obtain a=a,p,_, ... p,. Since p,> p.p,> . : ., this process comes to an end,

~establishing (A).

~
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Finally, let us mention that neither condition (IT) nor (V) can be omitted.
This is shown by the following two examples
I. Firstlet S consist ofe, a, a2, ..., b, b% ... such that

e>aA>02 > e>p=>h>...

with multiplication defined in this way: e is the identity, akal=ak+!, bkp! = b"+’
akb'=b'a*=b'. Here all conditions except for (II), are satisfied.
2. Let S consist of ¢, b, g, a2, ... such that

> (g >
a2>a3>...
>b>

where e is the identity, a*a'=da*+!' and b2 =a?, ba*=akb=ak+1. Here there is no
prime. Only condition (V) fails to hold
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UBER IN EINEM KREISRING ENTHALTENE POLYGONE

Von
K. BOROCZKY

Lehrstuhl der Geometrie, L. E6tvios Universitdt, Budapest
(Eingegangen am 15, jJuni 1963.)

Wir betrachten einen Kreisring vom Zentrum O, vom inneren Randkreis
k und duBeren Randkreis K, ferner Polygone die die folgende Eigenschaft
besitzen: sie enthalten den Kreis k.und alle ihre Eckpunkte liegen bis auf hoch-
stens zwei nebeneinanderliegende auf dem Randkreis K. Gibt es zwei solche
Ausnahmseckpunkte, so sind sie durch die Ausnahmsseite verbunden. Fiir die
betrachteten Polygone beweisen wir folgenden Satz, der von G. Hajés stammt,
und eine Verallgemeinerung eines Lemmas von J. MOLNAR! ist, welches er bei
der Abschdtzung der Dichte von Kreisunterdeckungen beniitzte.

Hat ein Polygon der betrachteten Eigenschaft einen minimalen Inhalt, so
Jberiihren alle seine Seiten den Kreis k und der Berithrungspunkt seiner Ausnahms-
seite halbiert den die Beriihrungspunkte der nebenanliegenden Seiten verbindenden
Bogen.

Wir fiiliren einige Operationen ein, welche Polygone der betrachteten Eigen-
schaft in wieder solche iiberfithren und den Inhalt vermindern.

a) Wenn die Ausnahmsseite. den Kreis k picht beriihrt und wenn -es nur
einen bzw. keinen Ausnahmseckpunkt gibt, so kann man die Ausnahmseck-
punkte bzw. einen belichigen Eckpunkt durch eine Tangente des Kreises k
abschneiden, welche durch keinen Eckpunkt des Polygons lduft (Fig. 1).

Fig. 1.

. b) Beriihrt die Ausnahmsseite den Kreis k, eine nebenanliegende Seite
aber nicht, so konnen wir diese um ihren auf K liegenden Endpunkt so ver-
drehen,-daB auch sie k beriihre (Fig. 2). ‘

¢) Den Streckenzug, der aus den die auf K liegenden Eckpunkte verbin-
denden Seiten besteht, kann man durch einen solchen ersetzen, dessen alle-
Seiten bis auf hichstens eine Endseite dieses Streckenzuges den Kreis k beriihren.

* J. MoLNAR, Kirelhelyezések dllandé gorbiiletii felileteken, M1 A Mat. és Fiz. Oszt.
Kdzleményei, 12 (1962), 223 -263, s. S. 227. ‘ '

8 ANNALES, Sectio Mathematica, Tomus VI.
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Diese Operation kann den Inhalt nicht vergroBern, was aus einem Lemma von
J. MoLNAR.2 folgt (Fig. 3.).

Fig. 2, Fig. 3. Fig. 4.

d; Wenn der Beriihrungspunkt 7 der Ausnahmsseite den die Beriihrungs-
punkte T,, T, der Nachbarseiten verbindenden Bogen nicht halbiert, so konnen
wir sie durch eine im Halbierungspunkt 7’ beriihrende Seite ersetzen. Diese
Operation vermindert den Inhalt, was wir folgendermaBen einsehen konnen
(Fig. 4). Liege T am Bogen T'T, und sei M der Schnittpunkt der Tangenten in T
und T7, welche die in T, und T, beriihrenden Tangenten in den Punkten M;, M,
bzw. M¥, M¥ schneiden. Spiegelt man das hinzugefiigte AMM,M¥ an der
Geraden OM, so ist dieses Spiegelbild im abgeschnittenen AMMFM, enthalten,
da der Punkt T, in einen Punkt 77 des Bogens T,7” gespiigelt wird. '

Nach dieser Vorbereitung beweisen wir unseren Satz folgendermaBen:

Wir diirfen voraussetzen, daB das betrachtete Polygon eine Ausnahmsseite
besitzt, die den Kreis k beriihrt, da man sonst durch die Operation a) zu einem
solchen Polygon gelangt. Ebenso darf man wegen der Operation b) voraussetzen,
daB die neben der Ausnahmsseite liegenden Seiten k beriihren. Endlich diirfen
wir wegen der Operation ¢) voraussetzen, daB alle weitere Seiten k beriihren
mit Ausnachme hochtens einer Seite P,P,, die zweinichst der Ausnahmsseite

PP, liegt (Fig. 5).

Fig. 5.

t J. MoLNAR. Korelhelyczések allandé gorbiiletii fellileteken, MTA Mat. és Fiz. Use/.
Kdzleményei, 12 (1962) 226. '



UBER IN EINEM KREISRING ENTHALTENE POLYGONE 118

Wir schneiden durch die aus P, gezogene Tangente das AP,P,Q aus unserem

Polygon ab, spiegeln dieses an der Geraden 0Q, und fiigen das erhaltene Dreieck
hinzu. Danach schneiden wir vom hinzugefiigten Dreieck jenen Teil ab, welcher
jenseits der' Tangente P,P, liegt. Dadurch erhalten wir ein Polygon von der
betrachteten Eigenschaft, welches eine Ausnahmsseite besitzt und dessen alle
Seiten k beriihren (Fig. 5a), oder gelangen zu einem solcher, wenn wir die Ope-
ration a) bzw. b) anwenden (Fig. 5b und 5c).
, Endlich konnen wir die Operation d) anwenden, wodurch ein in unserem
Satz gekennzeichnetes Polygon entsteht. Wiahrend der Operationen haben wir
den Inhalt in jedem Fall vermindert, was nur dann nicht unmittelbar ersichtlich
ist, wenn allein die Operation ¢) angewandt wurde. In diesem Fall verminderf
aber auch diese Operation unbedingt den Inhalt.

Fig. 6.
Wir bemerken noch, daB es in einem Kreisring im allgemeinen zwei solche

Polygone gibt, die laut unseren Satzes einen minimalen Inhalt haben kdnnen
(Fig. 6). ' '

8%






FILLING THE PLANE WITH CONGRUENT CONVEX
HEXAGONS WITHOUT OVERLAPPING
By
BELA BOLLOBAS

Department of Geometry of the Ebtvos Lordnd University, Budapest
(Received May 28, 1963)

Filling .the plane with congruent figures (without overlapping and in-
terstices)* seems to be a difficult unsolved problem of geometry. Not even
the special case, where the congruént figures are convex polygons, has been
settled; there are only partial results.? o .

In the present paper we shall discuss only the filling of the Euclidean
plane with congruent convex hexagons, the so called convex hexagon-patterns.
Only one of our results should be mentioned here, a corollary of Theorem 1:
if the plane can be filled with congruent hexagons, then it can be filled with
the same congruent hexagons in such a way that the graph of covering will
be isomorphic to the graph of regular tesselation with hexagons.

DErINITIONS. The term pattern will be used for any arrangement of poly-
gons filling the plane.? A tesselation is a pattern in which no vertex of a polygon
is the interior point of a side of another polygon.t

A node is a point of the plane coinciding with a vertex (consequently at
least two vertices are in a node). A node will be called first-rate, if it is interior
of a side of a polygon, second-rate otherwise.

TueOREM 1. In a convex hexagon-pattern there is a square area of arbitrary
side such that each interior node of this square is second-rate and it is surrounded
by three hexagons. :

Proor. Let a denote the area of the hexagon, and let—d— denote the dia-

meter of a circle, which contains the hexagon in its interior,
Let S be a square of side s on the plane of pattern (s = 3d) and draw paral-

lels to the sides of S of distance%. These parallels determine some squares,

two of which, S, and S, have the side s—d resp. s+d.

Let n, be the number. of first-rate nodes in the square S, n, the number of
interior second-rate nodes of the square surrounded by three hexagons, n; by
at least four hexagons. Let L denote the number of hexagons having interior

points in the square S, and K the number of hexagons contained by the in-
terior of square S (Fig. 1.)

* These conditions will not be mentioned further.-
?8eee g B. H. OJenone [2], F. Haac [3], [4] and F. LavEs [5].

® L e. each point of the plane is‘inside or on the boundary of a polygon, but no two poly-
gons have a common interior point. See e. g. CoxeTER [1]

¢ See e.g. J. MoLnAr [6].
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Fig. 1.

- Since the square S, covers the hexagons, having interior points in. S; the
sumn of the areas of these hexagons is smaller than the area-of S,; comequently

(l) ‘ » (S+d)2 ,

a
We obtain similarly the inequality -

_ (s—ap
‘a

@)
For the case, when e = ﬁ1+n_, is limited for any square S, the theorem
is trivial, so--we may now suppose ¢ = 5. We shall show that to prove the

the theorem it is sufficient to establish that the quotient will exceed

ny+ng
an arbitrary number N.

a) If — = N, the square S contains at least N(n1+n3) = Ne second-

n +n
rate nodes, sorrounded by three hexagons. Being e = 5, a positive integer f
can be found satisfying e <f? = 2e¢. Let us divide the square S into f2 con-
gruent squares. Since f* > e, at least one of these squares will contain in its
interior only second-rate nodes, surrounded by three hexagons. We shall show
that the side of this square will exceed any length, if N is sufficiently great.

For the area of this square we have the inequality:

' s st
3) — =
f 2e
The square S contains in its interior at lea_st n, nodes, each of them being
surrounded by three hexagons, consequently in these nodes there are 3n,
vertices and this number can not be greater than 6L (the number of vertices
of polygons having mterlor points in the square 8):

3ny, = 6L,
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in consequence
2 (s+d)*
a

eN <
As
s = 34,
i 2
(S--}-d)2 = ’%S) < 282,
therefore
: & (s+dy _ _eNa
2 4

s? Na
—_— —
2e 8

Considering (3) this means that we canchoose a square of areé Na such that

the interior nodes of this. square are second-rate nodes, and each of themis
surrounded by three hexagons. Thus, for proving the theorem it is sufficient
to show that N can exceed any number.

n,
my + n

b) Now we prove that for a sufficiently great number s, >N,

where N is an arbitrary number.

In the first-rate nodes there are at least two vertlces, and in the nodes
surrounded by k hexagons there are k vertices; therefore in the square S there
are at least 2n, + 3n,+4n; vertices. These vertices are contained by the vertlces
of hexagons covering the square (their number is 6L), thus -

2n,+3ny+4n, = 6L
and, in consequence of (1),

_ 2 .
4) . 2n,+3n,+4n, < Gm—.

a

The angles of hexagomns form in every first-rate node an angle x, and in
every second-rate node an angle 2z. The vertices of the interior hexagons of
t he square S are in the interior nodes of S. Hence

e+ 2nym + 2ngw > K4,

where 4z is the sum of angles in a hexagon.
Owing to (2) we get

—d)2
(5) ny, +2ny+3ng > 4(i—aﬂ,
which can be written in the form
3 (s—dy?

6 ——ny—3ny,—3n; < —6
(6) 2 2 3 <= TU P
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Adding the’ corresponding terms of inequalities (4) and (6), we have

n iy < 24sd.
2 a

By this and by the inequality (5) we obtain:
(s—d)?  24sd _ 25*—28sd+ 24>

n=>2
a a a
Consequently
ny 288 ~2sd+2a* s T d
’—zl+n3 . 24sd 12d 6 12s
2 '
Therefore o S T, 4

, Mtn, 24 120 245

d being a fixed number, the value of the above expression will exceed any num-
ber if we choose s sufficiently large. This completes the proof of Theorem 1.

From this theorem it follows that, if there is a pattern with a convex
hexagon, pattern can be made with the same hexagon the graph of which is
isomorphic to the graph of regular tesselation with hexagons.*

Fig. 2. Fig. 3.

On the other hand these patferns are obviously not the only patterns with
convex hexagons, as it is shown by figures 2, 3 and 4.

Using Theorem. 1. we can prove the following theorems:

* From this it follows that, in the case of a given convex hexagon, to settle whether or
not we can make a pattern with this hexagon, it is enough to examine the existence of a pat-

tern the graph of which is isomorphic to the graph of the regular tesselation with hexagons.
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THEOREM 2. If there is a pattern with a convex hexagon, then at least two
of the sides (of this hexagon) are equal. ‘

Proor. Let the sides of hexagon I = ABCDEF, implying the pattern, be
AB=a, BC=b,CD=¢, DE=d, EF =¢ and FA={, and let Il and
IIT be the hexagons joining to the edges AB and BC respectively. (Fig. 5.)

Fig. 5.

On account of theorem 1, we may suppose that the graph of this pattern
which will be examined is isomorphic to the regular tesselation with hexagons;
therefore the hexagons II and III are adjacent, their common edge being BG.

Supposing that the hexagon has no two equal sides, the edge AB is the
side a of hexagon 11, and the edge BC is the side of nexagon II1. From this it
Tollows that the edge BG in hexagon 11 is adjacent to a, and in hexagon III
is adjacent to b. Consequently at least one of the adjacent sides of a (b or f)
is equal to one the adjacent sides of b (@ or ¢), and the hexagon has indeed two
equal sides. »

THEOREM 3. If a convex hexagon has not more than two equal sides, there is
a pattern with this hexagon if and only if these equal sides are opposite and parallel.

a) The condition is necessary. e

If a hexagon has only two equal sides, then there are two adjacent sides,
that neither of them is equal to another side of the hexagon. Let a and b denote.
these sides, and let the others be ¢, d, ¢ and f respectively (Fig. 5.). We may
suppose that the graph of the pattern with this hexagon'is the graph of Figure 6.
As in the previous proof, we get that one of b and f must be equal to one of ¢
and c. Because a # b, a > f and b £ ¢, this can be realized if and only if
¢ = [. In this case the angles in the point B are adjacent angles of the hexagon,
their sum is 27, and consequently c|lf, i. e. the equal sides are opposite and parallel.

- b) The condition is sufficient.

9 ANNALES, Sectio Mathematica, Tomus VI.
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Let us reflect-the hexagon to the midpoint of side q, and: translate these
two hexagons in such a way that side f coincides with ¢ resp. e with . Repeating
these translations we.get a ribbon, the length of which can exceed any value.
Since the two broken lines forming’the boundary of this ribben are congruent
with each other, we can rejoin this ribbon by translations from both sides to
itself; and by repeating this we can cover an arbifrarily large part of the plane.

- (Fig. 6.)

Fig. 6.

TueEOREM 4. If we can make a pattern with a hexagon, then the hexagon has
three angles, the sum of which is 2m.

Proor: Suppose the contrary, then there is a hexagon, having no three angles
with the sum 2n, suitable for making a pattern. '

Let oy, oy, « .. g denote the angles of the hexagon, and let us suppose,

‘that 2”,‘ where i =1,2, ... 6. It is obvious that o # 5

hd =
o ——| = lo;———
3 3

because otherwise every angle of the hexagon must be —2?;5

On account of theorem 1, we may consider an arbitrarily large part of the
pattern, in which every node is second-rate, and three angles form an angle of
2z, 1t is impossible that the angles of a node should be different angles of the
hexagon; consequently, two or three of them are corresponding. Taking a node,
one angle of which is o, the angles in this node cannot be equal; hence
" we may suppose, that they are oy, og, o OF oy, o, 0. From the first case it

would follow, that 2e4 4o, = 2a, 2[a1-_2§_ = _232_(!2; therefore az__%f;
- 2n C 2n S . . :
= 2ley 3 > oy —3 which is impossible. The hexagon has no angle equal

to «,, because in this case the sum of &, o, and of this angle (which naturally
cannot be oy) would be 2z. Consequently, every node of an angle o, is formed
by two angles o, and by one angle o, only; that is to say, every domain of the
chosen part of the pattern contains at least twice as many angles o, as o.
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But this is impossible since it can be proved easily that in a sufficiently large
part of the pattern the different angles are approximately of equal number.
This proves our theorem.

o~

Fig. 7. Fig. 8.

It can be proved, that if in a pattern with the hexagon ABCDEF every
node is second-rate, and surrounded by three hexagons, and in the nodes there are
only two types of systems of angles (in one type of nodes the system o, oy, oty
forms the complete angle, and in the other nodes: oy, oy, oy, Where oy, oty
oty Oy, 0y, oy, are the angles of hexagon), then either AB # DE (Fig. 6.), -
or FAB +ABC< +CDE ¥ = 2 with FA =CD and BC = DE (Fig. -
7 and 8.). :

It ca)n be proved, too, asin theorems 2 and 3, that if a hexagon has two
sides, the lengths of which are different from the length of any other side, a pattern
can be made with this hexcgon if, and only if, the hexagon belongs to one of the
above mentioned types of hexagon (Fig. 6 and 7.). . ’

We.do not know as yet of pattern composed of another type of hexagon.

Literature

_[1]1 H. 8. M. COXETER, Infroduction to Geometry, New-York —London 1961. .

2] B. H. Jenone, Teopus nnanuronos;, Mse. Axad. Hayx CCCP, 23 (1959), 365-386.

{3] F. Haag, Die regelmissigen Planteilungen, Z. Kristallogr., 49 (1911), 360 — 369.

[4] F. Haag, Die regelmissigen Planteilungen und Punktsysteme, Z. Kristallogr., 58 (1924),
478 —489. : :

[5] F. LAvEs, Ebenenteiliing in Wirkungsbereiche, Z. Kristallogr., 76 (1931) 277 -284. . |

[6] J.- MOLNAR, Kdorelhelyezések alland6 gorbiilet(i. felilleteken, MTA, IIl. Oszt. kézl., 12
(1962), 223 -263. ) .






A CONTRIBUTION TO THE EXTENSIONS OF ABELIAN
GROUPS

By
G. VILJOENY

Department of Mathematics, Delft Technical University
(Received April 15, 1963)

1. Introduction

Throughout this paper, group will always denofe an additively written
abelian group. This paper is devoted to considering the following problems:?)
1. Which are the torsion free groups L, such that Ext (L, T)=0 for every
torsion group T7?
© 2. If Ext[L,C()]=0, is L necessarily free?

The first problem was proposed by R. BAer [1] and he showed that a
group L which satisfies the stated condition is &,-free. The second problem was
proposed by J. H. C. WHITEHEAD. (See [4]). A. EHRENFEuCHT [4] showed
that for countable L the answer is in the affirmative; J. RotmaN [7] showed
that groups L for which Ext[L, C(«)]=0, are &l-free

We shall study the above mentioned groups L and derive some of their
properties. We shall also discuss some problems related to (1) and (2).

I am greatly indebted to Professor L. Fucus for valuable advice and criti-
cal comments on this paper.

2. Homological methods

In this section we give a brief outline of some results of homological al-
gebra. For the proofs we refer to [2].

A sequence of groups and homomorphisms
L, & L~ cee,—— L (n=3)

is called exactif the image of L, in L,4, under L, —— L., coincides w1th the
kernel of L,y —i= L4, (i=1, 2, 5 n=2). Note that L-— M is an iso-
morphism of L mto M it and only if 0~ L— Misexact, whereas M—— N
is a homomorphism of M ento N if 2ad only if M—— N—- 0 is exact.

If L and K are two Varbltrary groups, the set of all homomorphic ‘mappings
of L into K forms, under a suitable operation, a commutative group Hom (L, K), :

the hiomomorphism group of L into K. If L is the direct sum of groups Li(A€4) ..
then

Hom(ZZ'L;, K) = ;‘* Hom(Ls, K)

3 The author gratefully acknowledges financial assistance received from the South
Afncan Council for Scientific and Industrial Research during his stay in Delft.

» The notation and terminology is that of {3]. For the basic concepts concerning abelian
groups we refer to {5}
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and if K is the complete direct sum of the groups K,(u€ M) then
Hom(L, 3*K,) = >* Hom(L, K,).
u »

We have also
Ext(3Li, K) = 3* Ext(Ls, K).
A A

and Ext(L, D*K,) = D* Ext(L, K,).
Let : !
06— A—B—C—0
be an exact sequence. This sequence gives rise to the following exact sequences
0—- Hom(C, K)—- Hom(B, K)—- Hom(A, K)—-

— Ext(C, K) — Ext(B, K) —- Ext(A, K) —-0
and .
/ 0—- Hom(L, A)—- Hom(L, B)—- Hom(L, C)—-

— Ext(L, A) — Ext(L, B) — Ex{(L,C) —- 0
for all groups K and L. For any group L, the sequence
(1) L A— L® B— L®C——0

is also exact. If L is torsion free, we may add 0—- to the left of (1).

R will always denote the additive group of rational numbers and C(n)
will denote the cyclic group of order n=1, 2, ... or . C(p=) is the quasi-
cyclic group where of course p is a prime number. We have R/C(=) = >'C(p~)
where the direct sum is taken over all primes p. If S is anyset, |S| will denote
its cardinality.

3. The main theorems?®)

Quite recently Cuase [3] has shown that if Ext[L, C(<)]=0 and L is of
infinite rank then Hom[L, C()]=2I1l. We shall now give another simple

proof of this fact for those groups L which satisfy |L|&°=|L[. First we observe
that if L is a group of cardinality mt and K is a group of cardinality un, then

(A) |[Ext (L, K)| = n™ and [Hom (L, K)| = n™

In the sequel we shall frequently make use of these inequalities. We shall need
the following:
LemMma 1. [Ext [R, C(=)]|=&. (% denotes the power of the continuum.)
Proor. We have the exact sequence

0 C(e) R—— RJC(s0) ——= 0

* We shall assume that the Generalized Continuum Hypothesis holds.
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from which we obtain the exact sequence
0—— Hom [C(s), C(ew)] = EXt [R/C(=), ()] — EXt [R, C(e=)] —— 0

since R and R/C() are divisible and C(e=) is free. We next make use of the
following result {5, p. 244]: If B is a torsion free and A a torsion group, then

(2) Ext(A, B) = Hom (A, D/B)
‘where D is a minimal divisible group containing B. From (2) it follows that
0 C(=) Hom [R]C(=), R/C(2)] ——— Ext[R, (()] —- 0

is exact. Hence our assertion follows since Hom [R/C(s), R/C(==)] is of the
power R. '

THEOREM 1. I} Ext[L, C(=)]=0 and |L|=m>R,, m8°=m, then
[Hom [L, C(=)]| = 2™,

REMARK. If L is countable, then it is free, and consequently Hom|[L,C(=)] =
= L if L has finite rank. If L has countably infinite rank, then obviously we have
{Hom [L, C(==)]|=2™. Consequently we may assume that |L|=m >8,.

Proor. Now |Hom [L, C(=)]l=R™=2". Assume that |Hom [L, C(«)]|=
=n<2" i e. n=m. We have the following isomorphism [2, p. 116]:

Ext{R, Hom [L, C(=)]} + Hom {R, Ext [L, C(0)]} =
3) = Ext[R® L, C(«)]+Hom [Tor (R, L), C(=)].

that is, we have o
Ext{R, Hom[L, C(«)]} = Ext[R®L, C(==)]

since Ext [L, C(=>)]=0 and Tor (R, L)=0%) because R and L are torsion free
(see [4, chapter VII}). Let us consider |Ext {R, Hom [L, C(=)]}l. We have

[Ext (R, Hom [L, C(=)[}j=n"" If n=y, then |[Ext {R, Hom [L, C(=-)]}|=

sy and if >R, we have |Ext {R, Hom [L, C(=)[jjsn’ 0=m"® = m<2m,
At any rate, we see that our assumption on |Hom [L, C(s)}| implies that
|Ext {R, Hom [L, C(es)]}] <2 o
However, R® L is a minimal divisible group containing L [5, p. 256}, that
is R®L= >R and
m

Ext[R®L, C(=)] = Ext (2R, C(oo)) =~ DY Ext[R, C(=)].

From Lemma 1 and our assumption on |L|=m we obtain |Ext[R® L, C()]|=2™.
The contradiction thus obtained shows that |Hom [L, C()]| = 2™, This
establishes the proof of the theorem. -
From Theorem 1 we obtain the following (see [3, p. 698]):

CoroLLARY L1, If Ext [L,C(=)] = 0, |L| = m = 8, m® = m, then
1(L[/pL) = t(L)y) for every prime p. :

9 For the definition and properties of the torsion product we refer to [2].
® If G is a group, (G) denotes its rank. .
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Proor. Let R® denote the subgroup of R generated by p-1, p=2, ..., p~",
. Then R®|C(=) = C(p>). From the exact sequence

0 C(=) R® -C(p=)——0

we obtain the exact sequence ' o
0—— L®{(=) = L—— L®RP ~LeCl(p=)——-0.

Since pR® = R®, clearly p(L®R®) = L®R®P). This exact sequence induces
exactness of

0—— Hom [ L, C(e2)] —— Ext [L&C(p=), C(s2)] —
——— Ext [L&R®, C(=)] — 0, |
that is, (by (2) and [5, p. 255])
0——— Hom [L, ()| —— Hom [L® C(p=), R[C(=2)] —~
— Ext[L@®R®, C(==)] — 0

is exact. But [Hom [L, C(e)]| = 2™ and hence it follows from the above exact
sequence that |Hom [L®C(p ), R[C(==)]| = 2™. However, from the definition
of the tensor product it follows that [LQC(p=)| = m and from (A) it follows
that|H0m [L®C(p=), R|C(«)]| = 2™.- Consequently

[Hom [L®C(p=), RIC(=)]] = 2.

Moreover, it follows now also that |L®C(p=)| = m.
On the other hand, it is known that LC(p~) = Z‘C(p”) where 1 denotes

the rank of L/pL, n = r(L/pL) [5, p. 255]. Thus we have N

ILe&C(p=) =] 2 C(p“_’)f = N8, = max (i, Ro) = 1.

Hence n = m. This completes the proof since t(L) = m.

CorOLLARY 1.2. If L is forsion free, |L| = m=>g,, m™o =m, and if
[Ext [L, C(=)] [<277, Ro then |Hom [L, C()]] = 2™ and ¥(L/pL) = r(L) for every
prime p.

ReEMARK. It is known {3, p. 694, Theorem 4.4] that if L is torsion free and

|Ext [L, C(=)]] <277, Ro then L is 8;-free. Hence we may assume that |L|>g,.

PROOF. Because R and L are torsion free, Tor (R, L) = 0. Hence by (3)
we have

Ext {R, Hom [L, C(==)]}+ Hom {R, Ext [L, C(«)]} = Ext[R® L, C(=)].
It is known (see the proof of Theorem 1) that ‘

[Ext[R®L,C(=)]| = |‘m2* Ext[R, C(=)]| =
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Put |Hom [L, C(=)]| = n. Since [Ext [L, C(=)]|<2™ it follows from

(A) that [Hom (R, Ext [L, C(=)}| = (2%¢)% = 2% From the above isomorphism
it follows that :

|[Ext {R, Hom [L, C(=<)]} +|Hom (R, Ext [L, C(=<)]}| = 2™
Since we have assumed that m=8,, it is also clear that
[Ext {R, Hom [L, C(=)}}| = 2™. We conclude [by (A)] that
' |[Hom [L, C(«)]| = n = 2m.
From the exact sequence (see Corollary 1.1)

0——L——L®R? -—— LC(p=)——0
we obtain the exact sequence

0——- Hom [L, C(ss)] —— Ext [L®C(p=), C(=)] =
= Hom [L®C(p>), R/C(=)].

From this exact sequence we obtain |Ext [LQC(p=), C(«)]| = 2m/ The proof
that v(L/pL) = t(L) = m follows now in exactly the same way as in the corres-
ponding part of the proof of Corollary 1.1. This’establishes the proof.

REMARK. If L is torsion free, |L|>R,, and |Ext [L, C(&»)]|<2&°, let U; -~
denote a pure subgroup of L of finite rank. Then Uy is free and L/U, is torsion
free. The exact sequence ‘

0—-U; L——LiU~——0
implies the exactness of
Hom {Uy, C(e0)] —— Ext [L{U;, C(e0)] —— Ext [L, C(w0)] —— 0.
Since Hom [Uy, C(=>)] as well as Ext[L, C(=)] is countable, it follows that
[Ext [LjU;, C(=)]|<2".
This remark and Corollary 1.2 lead to the following plausible conjecture:

If L is torsion free and |Ext [L, C(=)]|<2", then Ext [L, C(eo)] = 0.

Suppose that every torsion free group L such that |Ext [L, C(oo)]|<2Ro
satisfies the following condition:

Every pure subgroup of L of finite rank is a direct summand of L.
Then clearly Ext[L, C(«)] = 0. (See also [7, p. 251)).

The following statements are easy consequences of Theorem-1 and its
corollaries:

(f)y If L is torsion free and |L| = m=>§,, m™o = m, then either
|Hom [L, C()]] = 2™, or |Ext[L, C(=>)]| = 2™ or both.
(i) If L is an R;-free group, |L| = m=>g,, and |Hom [L, C(«)] = 2,
then v(L/pL) = t(L) for every prime p. 7
(ili) If L = X*C(e) then L is §,-free but not free, [5, p. 168]. However,
No '

N
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Ext [L C(=)] # 0. (See [7]). This follows also easily from our ob-
servations:

As a matter of fact, it is known that [Hom [L, C(eo)H = &0 [5, p. 228],
and from the 1somorphlsm (see (3))

Ext {R, Hom [L, C(=)]}+ o) (R, Ext [L CE)}} = Ext[R®L, C(=)]
and the fact that |[Ext [R®L C=)]| = o¥ , we deduce
[Hom {R, Ext [L, C(=)]}| = 2~ whence |Ext [L, C(=)]| = 2, indeed.

CorOLLARY 1.3. {f L is reduced, |L|=m>§,, m Yo =m, and Ext[L, C(«)]
is torsion free and if, moreover, r(L/pL) = (L) for at least one prime p, then
[Hom [L, C(=)]| = 2™ Conversely, it 'L is reduced, |L|=m>8, and
Ext [L C(oo)] is torsion- free and if [Hom [L, C(=)]| = 2“" then r(L/pL) = (L)
for every prtme p-

PRroOF. Itis known [3, p. 693] that if L is reduced and Ext [ L, C()] is torsion
free, then L is 8,-free-and every pure subgroup of L of finite rank is a direct

summand of L. Assume that t(L/pL) = v(L) for a prime p. Then it follows
from the isomorphism (3) that

Ext {C(p=), Hom [L, C(=)]} = Ext [C(p=)B L, C(=)]

~since Ext [L, C(-)] and L are torsion free. By [5, p. 255] and .our assumption
it follows that C(p~)®L = Z‘C(p ) and hence |Ext [ZC(p"") C(=)] =

= |Hom [ZC(p""), RC(=)]| = m. Thus [Ext {C(p=), Hom[L Cl=)}}| = 2,

whence lHom [L, C(=)]] = 2™
The converse of the corollary follows from (ii) above, completing the proof.

Now we turn our atfention to the first problem mentioned in section 1.
We prove:

THEOREM 2. If Ext (L, T)=0 for every forsion group T, |L| = m=>g,, m o =
=m, then t(L/pL) = ¥(L) = m for every prime p. ‘
For the proof we need the following:

Lemma 2. If Ext (L, T) = O for every torsion group T and S is a reduced
and unbounded torsion group, |S|=|L| = m™ = m, then [Hom (L, S)| = 2m.

REMARK. Acutally we prove much more than we need.
If S is not reduced, then it tontains a direct summand C(p*). Let G be an

arbitrary torsion free group and JG| = m=>g, m m™® = m. Then [Hom (G, S)| =
= 2m, This follows from (A) and the following observation [2, p. 28]:

Hom {R, Hom [G, C(p=)]} = Hom [R®G, C(p=)] = 2* Hom [R, C(p=~)]
n
and [2* Hom [R, C(p=)]| =.2™. ,
ProoF oF LEmma 2., First we prove that Ext (R, S) = 0. To this end, let S

be an arbitrary reduced and unbounded torsion group which satisfies [S[sm
Because of the Rl-freeness of L we have assumed m>Ro.
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Let S = Z‘S be a decomposition of S into its primary components (S

denotes the’ p, component of 8). Since S is unbounded, either |I] = &, or S
contains an unbounded p-component S,. In the first case each p-component
Sp; contains a cyclic direct summand Cp(p, i)[5, p. 80] and hence, if we put
Sp; = C(pf)+Sh;, we have S = Z‘C(p,z)+Z'Sp,, || = 8. Let T, —Z‘C(p,z)

and write T¥ = Z‘*C(p 1). Then clearly T1 1s the maximal torsion subgroup

of Ty and T3/T, i 1s d1v1sxb1e and torsion free. T37/T; does: not split since both
T3 and Tlare reduced. Consequently Ext (R, S) # 0. Moreover, [Ext (R, Ty)| =&
for the exact sequence

0 T, Ti= TT;— 0
implies the exactness of

0——= Hom (R, Tj/Ty) — Ext (R, Ty) — 3 Ext [R, C(p")] = 0
’ i€

since a bounded pure subgroup is a direct summand [5, p. 80]. Here we have
Hom (R, T3/T,) = T3/T, for the exact sequence

0 C(=) R R[C(e0) ——=Q
gives rise to the exact sequence
" 0——— Hom (R, T}/T,)——— Hom [C(ss), T?/T,] 2 T%/T,

since T7/T, is torsion free and divisible. Because |[T7/T;| = & it follows that
|Ext (R, T))| = & and hence |[Ext(R, S)| = «.
If S contains an unbounded p-component S, put §=S§,+A. Let B

denote a basic subgroup®) of S and write B = S“ B, whereB, = 3)C(p") (n=
n—l
=1,2...).
Let T denote the maximal torsion subgroup of B* = 3'*B,. Then T/B

n=1
is divisible [3, p. 100} and thus B*/B=T[B+M/B(MNT = B, {M, T} = B¥),
where M/B is torsion free. It can easily be shown that M/B contains a non
zero divisible subgroup. However, M /B does not split since both B* and B are
reduced. It can also be shown that |Ext (R, B)| = #&,. But from the exact se-
quence [5 p. 106] S,~ B0 we obtain the exact sequence

Ext (R, S,) —— Ext (R, B)———0

whence Ext (R Sp) # 0 and |[Ext (R, S,)| = 8, Hence Ext(R,S) 0 and
By makmg use of the isomorphism (3) we obtain

Ext [R, Hom(L, S)] = Ext (R®L, S)

%) For ‘the definition and properties of basic subgroups see [5].
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since Ext (L, S)=0 and Tor (R, L) = 0. Moreover, |[Ext (R®L, S)| =
=|2*Ext (R, S)} = 2. From (A) it follows that |Ext (R, Hom (L, S)| =
m

= |Hom (L, S)]&" whence [Hom (L, S)| = 2™ This completes the proof of the
lemma.

PROOF OF THEOREM 2. Let T = i‘C(p."). Then it follows from the above
1

n=
lemma that |[Hom (L, T)| = 2™. We assume of course that |L| = m>g,, m™o
=m. Then from the exact sequence (see Corollary 1.1)

0—— C(=) R® - C(p~) .0
we derive the exact sequence

0 ——L®C(>) = L—— LORP) — LRC(p~)—— 0
from which we obtain the exact sequence '

0———Hom (L, T)——- Ext[L&C(p>), T] - Ext(L&R®), T)——0.

Clearly Hom (LQR®, T) = 0 because of p(LOR®) = LQR®. From this
exact sequence it follows that [Ext{L®C(p=), T}l = 2™. That w(L/pL) =

= t(L) = m follows now in the same way as in the corresponding part of the
proof of Corollary 1.1, completing the proof.

CorOLLARY 2.1. If Ext(L, T) = O for every torsiongroup T, |L| = m=>R,,
m = m, then t[(LOL)/p(LL)] = t(L@L) = m for every prime p.

Proor. Since ¥(L/pL) = r(L) = m, the corollary is a consequence of the
following theorem (6, p. 13, Theorem 2.3]:

If U and V are forsion free groups, then U®V is again torsion free and |
for any prime p we have

(U V)/p(Ue V)] = «(U/pU)(V/pV).

Literature -

[1] R. BAER, The subgroup of the elements of finite order of an abelian group, Ann. of Math.,
37 (1936), 766 -—-781.

[2] H. CARrTAN, and'S. EILENBERG, Homological Algebra, Princeton (1956).
[3] 8. U. Cuask, Locally free modules and a problem of Whitehead, Ill. journ. of Math.,
-6 (1962), 682-699. T _
{41 A. EHRENFEUCHT, On a problem of J. H. C. Whitehead concerning abelian groups, Bull.
Acad. Polon. Sci., C1. III, 3 (1955), 127 -128.

[5] L. FucHs, Abelian gropus, Budapest (1958).

[6] L. FucHs, Notes on abelian ‘groups, .I., Annales Univ. Sci. Budapest, Sectio Math., 2
(1959), 5-23.

[73 J. RO)TMAN, On a probi¢m of Baer and a problem of Whitehead in.abelian groups, Acta
Math. Acad. Sci. Hung., 12 (1961), 245 — 254,



INDEX

TOMUS VI

Aczir, J., Remarks on proh‘able inference ...... ... iiviiiiiiiiiiiiiiiia

BoLLoBAs, B., Filling the plané with congruent convex hexagons without overlapping
BoroczKY, K., Uber in einem Kreisring enthaltene Polygone ...................
CsAszAR, A:, Transposition de structures syntopogénes ................ [

CsAszAR, A. et Sur des critéres généraux d’approximation uniforme

I CZIPSZER, J. Iet CsSASZAR, A., Sur des critéres généraux d’approximation uniforme

Fucns, L., Ranks of modules ....................oiiiian.... et
FucsHs, L. and STEINFELD, O., Principal components and prrme factorization in partiaity

ordered SemIgroUPS ....iieuiniiiininreiineeres s iiionnrorssnnnans Veeeaenn
Junisz, 1., On extremal values of mappmgs O
KArTan, L, On certain sets of IMEEZErS ...\ e it e rnneeeieernnrenerennennns
KATAHY, M., AcUMITOTHYECKAS GODMYJIA B TEODHH YHCEN «.vvviininunaraeenaennnn
KERTESZ, A., On ranks of modules ..........coiiiiiiiiiiiiriiriinnnnnnniens -
MixkoLAs, M., Generalized Euler sums and the semigroup property of integro-differen-

tial operators ........................................................

RENnYI, A, and RENYI, C., On ,,small” coefficients of the power series of entire functions
RENYI, C. and RENYIL, A., On ,,small” coefficients of the power series of entire functions
STEINFELD, O. and FUCHs, L., Principal components and prime factorization in par-

trally ordered semlgroups ....... ettt
STROHMAJER, J., Uber die Verteilung von Punkten auf der Kugel ................
SzAsz, P., On generalized quasi-step and almost-step parabolas, respectively ......
ViLJoEN, G., A contribution to the extensions of abelian groups .......... U

Technikai szerkeszt: Scharnitzky Viktor

3
117
113

55

17

17°
71

103
39

83
79

89
27
27

103
49
13

125






	Annales_1963_VI_001
	Annales_1963_VI_002
	Annales_1963_VI_003
	Annales_1963_VI_004
	Annales_1963_VI_005
	Annales_1963_VI_006
	Annales_1963_VI_007
	Annales_1963_VI_008
	Annales_1963_VI_009
	Annales_1963_VI_010
	Annales_1963_VI_011
	Annales_1963_VI_012
	Annales_1963_VI_013
	Annales_1963_VI_014
	Annales_1963_VI_015
	Annales_1963_VI_016
	Annales_1963_VI_017
	Annales_1963_VI_018
	Annales_1963_VI_019
	Annales_1963_VI_020
	Annales_1963_VI_021
	Annales_1963_VI_022
	Annales_1963_VI_023
	Annales_1963_VI_024
	Annales_1963_VI_025
	Annales_1963_VI_026
	Annales_1963_VI_027
	Annales_1963_VI_028
	Annales_1963_VI_029
	Annales_1963_VI_030
	Annales_1963_VI_031
	Annales_1963_VI_032
	Annales_1963_VI_033
	Annales_1963_VI_034
	Annales_1963_VI_035
	Annales_1963_VI_036
	Annales_1963_VI_037
	Annales_1963_VI_038
	Annales_1963_VI_039
	Annales_1963_VI_040
	Annales_1963_VI_041
	Annales_1963_VI_042
	Annales_1963_VI_043
	Annales_1963_VI_044
	Annales_1963_VI_045
	Annales_1963_VI_046
	Annales_1963_VI_047
	Annales_1963_VI_048
	Annales_1963_VI_049
	Annales_1963_VI_050
	Annales_1963_VI_051
	Annales_1963_VI_052
	Annales_1963_VI_053
	Annales_1963_VI_054
	Annales_1963_VI_055
	Annales_1963_VI_056
	Annales_1963_VI_057
	Annales_1963_VI_058
	Annales_1963_VI_059
	Annales_1963_VI_060
	Annales_1963_VI_061
	Annales_1963_VI_062
	Annales_1963_VI_063
	Annales_1963_VI_064
	Annales_1963_VI_065
	Annales_1963_VI_066
	Annales_1963_VI_067
	Annales_1963_VI_068
	Annales_1963_VI_069
	Annales_1963_VI_070
	Annales_1963_VI_071
	Annales_1963_VI_072
	Annales_1963_VI_073
	Annales_1963_VI_074
	Annales_1963_VI_075
	Annales_1963_VI_076
	Annales_1963_VI_077
	Annales_1963_VI_078
	Annales_1963_VI_079
	Annales_1963_VI_080
	Annales_1963_VI_081
	Annales_1963_VI_082
	Annales_1963_VI_083
	Annales_1963_VI_084
	Annales_1963_VI_085
	Annales_1963_VI_086
	Annales_1963_VI_087
	Annales_1963_VI_088
	Annales_1963_VI_089
	Annales_1963_VI_090
	Annales_1963_VI_091
	Annales_1963_VI_092
	Annales_1963_VI_093
	Annales_1963_VI_094
	Annales_1963_VI_095
	Annales_1963_VI_096
	Annales_1963_VI_097
	Annales_1963_VI_098
	Annales_1963_VI_099
	Annales_1963_VI_100
	Annales_1963_VI_101
	Annales_1963_VI_102
	Annales_1963_VI_103
	Annales_1963_VI_104
	Annales_1963_VI_105
	Annales_1963_VI_106
	Annales_1963_VI_107
	Annales_1963_VI_108
	Annales_1963_VI_109
	Annales_1963_VI_110
	Annales_1963_VI_111
	Annales_1963_VI_112
	Annales_1963_VI_113
	Annales_1963_VI_114
	Annales_1963_VI_115
	Annales_1963_VI_116
	Annales_1963_VI_117
	Annales_1963_VI_118
	Annales_1963_VI_119
	Annales_1963_VI_120
	Annales_1963_VI_121
	Annales_1963_VI_122
	Annales_1963_VI_123
	Annales_1963_VI_124
	Annales_1963_VI_125
	Annales_1963_VI_126
	Annales_1963_VI_127
	Annales_1963_VI_128
	Annales_1963_VI_129
	Annales_1963_VI_130
	Annales_1963_VI_131
	Annales_1963_VI_132
	Annales_1963_VI_133
	Annales_1963_VI_134

