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- that is the whole set of columns of B would be linearly dependent.: It follows
that BM is a column-permutation of a normal matrix L, so that BM = LP,
where P is a permutator. Now M is normal, hence M—1 exists and is normal,
and the products BMM~! and. LPM~1 are associative since each matrix is
- row-finite. Hence B = LPM-!, where each matrix on the right is in G(R),
and therefore so is B. This completes the proof of Theorems I.

Proor or 11. The necessity follows immediately from Theorem I(b). To,
prove sufficiency we first observe that, as in the proof of I, B = LPM-1
where L and M~ are normal. Hence by Theorems 3 and Lemma before Theo-
rem 4 in (VERMEs [4], B = NST where¢ N is normal, and S, T are strings.
Also N is column-finite since N = BT-'S—1, each matrix on the right bemg
column-finite. Now, for any row-vector ', B = ANST, so that B = 6’
implies and is implied by N = 0", It follows that the whole set of rows of
N is linearly independent. Also the whole set of columns of N is linearly inde-
pendent, since N is normal. Hence by transposition of Theorem I(b), N has a
unique two-sided column-finite reciprocal N-1. But N being normal, it has
a unique two-sided normal reciprocal, so that N-1is both normal and column-
finite, i.e. it is both row- and column-finite. Thus B= NST, where on the
right all three matrices belong to the group G(R, C), hence so does B. This
completes the proof.

ExAMPLES. The matrix

B= 1, 0,0, ...

satisfies tﬁe conditions in Theorem I(b). It has the unique two-sided reciprocal

B-1= 1,0,
1, 1
1

3 s e

~

0
, 0
717

but the whole set of rows of B is not linearly independent, since the sum of
all rows exists and is the zero vector. This example shows that it is not necessary
that the whole set of rows be linearly independent.

The next example (WILANsKY and ZELLER [8], 415, also Th. 3(d) and re-
mark on p. 417) shows that it is not sufficient that every finite subset of co-
lumns is linearly independent. The matrix

B= 1, -1, 0, 0, 0
0) .-ly "1) 0; 0)
0, 0, 1, =1, 0,
0o, 0, 0 1, —1

~

.y .
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has a unique left-reciprocal

ey ey ey s oey

which is also a right-reciprocal. Hence it has no row-finite left-reciprocal. Every
finite subset of rows and columns of B is linearly independent, but not the
whole set of columns, since their sum is the zero vector.
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ZUR CHARAKTERISIERUNG ZS-METAZYKLISCHER GRUPPEN

Von
G. PAZDERSKI (Rostock)
(Eingegangen am 18. November 71965.)

Eine Gruppe G heiit z-mefazyklisch (d.h. metazyklisch im Sinne von
ZASSENHAUS), wenn sowoh!l ihre Kommutatorgruppe G’ als auch ihre Kommu-
tatorfaktorgruppe GG’ zyklisch ist. Sind G’ und. G/G’ endliche Gruppen mit
teilerfremden Ordnungen, so heiBt G zs-metazyklisch (Bezeichnungen nach
COXETER-MOSER [1], S. 11). ZassENHAUS gab die endlichen z-metazyklischen
sowie die zs- metazykhschen Gruppen an durch Erzeugende und definierende
Relationen ([4], S. 139). Er charakterisierte auch die zs-metazyklischen Grup-
pen als diejenigen endlichen Gruppen, deren Sylowgruppen simtlich zyklisch
sind. In dieser Note wollen wir weitere Charakterisierungen der zs-metazykli-
schen Gruppen geben, und zwar einmal durch Konjugiertheitsaussagen iiber
die Untergruppen, ferner durch Eindeutigkeitsbedingungen fiir die Komposi-
tionsreihen der Untergruppen und schlieBlich durch Eigenschaften des Systems
der maximalen Untergruppen.

- BEZEICHNUNGEN. G = Gruppe (alle vorkommenden Gruppen sind end-
lich); |G| = Ordnung von G; [G: U] = Index der Untergruppe U in G; ¢" =
- = Kommutatorgruppe von G; @(G) = FrarTini-Gruppe von G = Durch-
schnitt der maximalen Untergruppen von G; N €G: N ist Normalteiler von
G; K < L: K ist echte Teilmenge von L; <K> bezeichnet die aus dem Komplex
K erzeugte Untergruppe.

Satz 1. Die folgenden Eigenschaften einer Gruppe G sind glelchwertzg

(1) G ist zs-metazyklisch.

(2) Je zwei Untergruppen gleicher Ordnung von G sind in ihrem Erzeugnis
konjugiert.

(3) Je awei isomorphe Untergruppen von G sind in ihrem Erzeugnis
konjugiert.

: BewEkls. Aus (1) folgt (2), wie wir durch Induktion nach |G| zeigen. Fiir
G =1 ist (2) trivial richtig. Seien U, V Unterguppen von G mit |U| = |V|.
Ist (U, V) echte Untergruppe von G, so konnen wir auf sie die Induktionsvor-
aussetzung anwenden und erhalten die Konjugiertheit von U und V in ihrem
Erzeugnis. Im folgenden sei (U, V) = G. Da |[U: U N @] und |V :V(YG|
Teiler von |G : G’|, ferner |U N G’| und |V N G’| Teiler von |G’| sind, so er-
gibt sich wegen der Teilerfremdheit von |G: ('] und |G’| die- Gleichheit

2%
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U N G| =1V N G| Auf Grund der Zyklizitit von G’ folgt daraus U N ¢’ =
= V N @’. Wir bezeichnen U N G’ mit N. Offenbar ist N Normalteiler von
G und HALLsche Untergruppe von U sowie von V. Nach ScHUR-(s.z. B. Zas-
SENHAUS {4], S. 125) existieren Untergruppen U; und V, mit U = U;N, V =
= V,N, Uy N N=V, NN = 1. Die Untergruppen U,G¢’/G’ und V,G'[|G’ von
G/G’ haben dieselbe Ordnung. Beriicksichtigt man noch, da-G/G” zyklisch ist,
so ergibt sich U,G¢’ = V,G’. U, und V, sind HaLLsche Untergruppen gleicher
Ordnung von U,G’. Demnach gilt a~tUa = V; mit einem acU,G" (s. [4],
S. 126). Nunmehr ist a='Ua = a=tU;aN = VN = V.

Aus (2) folgt trivialerweise (3).

Aus (3) folgt(1). Wir verwenden wieder Induktion nach|G|. Die Eigenschaft
(3)iibertragt sich auf Faktorgruppen von Untergruppen. Fiir G=1 ist (1) rich-
tig. Sei nun G # 1 und P eine von 1 verschiedene Sylowgruppe von G. Jede
maximale Untergruppe von P ist nach Induktionsvoraussetzung zs-metazyk-
lisch, mithin sogar zyklisch. Besdfie P zwei verschiedene maximale Unter-
gruppen, so erzeugten diese ganz P. Beide wéren in P konjugiert, und das ist
unmdglich, denn jede von ihnen ist normal in P. Da also P nur eine maximale
Untergruppe hat, so ist P zyklisch. Hiérmit ist festgestellt, daB jede Sylow-
gruppe von G zyklisch ist, also (1) gilt.

Sartz 2. Die folgenden Aussagen iiber eine Gruppe G sind gleichwertig :

(1) G ist zs-metazyklisch.

(2) Stehen drei Untergruppen H, U, V einer Gruppe G in der Beziehung
U<H, V<H, |U|l =1V|, dannzstU—V

(3) Wie (2), nur statt |U| = |V| schreibe man H|U = H/V1
, (4) Fiir jede Untergruppe U von G gilt, daf eine beltebzge Kompositionsreihe

von U eindeutig bestimmt ist durch das zugehdrige geordnete System der Komposz-

tionsindizes.

BEWEIS. Aus(l)folgt (2). Gerfiille(1) und es seien H, U, V Untergruppen von
G, fiir welche gelten mége U< H, V 2 H, (U] = |V]|. Dann sind U und V
in ihrem Erzeugnis normal und dort wegen Satz 1 zugleich konjugiert. Also
ist U =1V.

Aus (2) folgt trivialerweise (3).

Aus (3) folgt unmittelbar (4).

Aus (4) folgt (1). Hat G die Eigenschaft (4), so besitzt jede Sylowgruppe von
G hochstens eine maximale Untergruppe und ist daher zyklisch.

Sarz 3. Folgende Eigenschaften einer Gruppe G sind gleichwertig :

(1) G ist zs-metazyklisch.

(2) G/D(G) ist z2s-metazyklisch.

(3) Die maximalen Untergruppen von G haben Primzahlindex und zu jedem
Primteiler p von |G| gibt es genau eine Klasse konjugierter maximaler Unterguppen
vom Index p.

BEwEIs. Aus (1) folgt (2), wie man | unmittelbar einsieht. .
Aus (2) folgt (3). Da die maximalen Untergruppen von G/@(G) umkehrbar
eindeutig mit Indexerhaltung den maximalen Untergruppen von G entsprechen

. ' Auf diese Gruppeneigenschaft machte mich Herr L. FucHs (Budapest) aufmerksam.
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und auBerdem |G : ©(G)| durch jeden Primteiler von |G| teilbar ist (auf Grund
des Satzes von SCHUR iiber die Komplementierbarkeit HaLLscher Normalteiler,
s. etwa ZAsSenNHAUS [4], S. 125), kénnen wir ohne Beschriankung der Allge-
meinheit annehmen, daB ®(G) = 1. Sei also G zs-metazyklisch. Dann gibt es
in G Elemente a, b mit teilerfremden Ordnungen, so dab G = (ay (b), G’ = (b).
Fiir einen beheb1gen Primteiler p von |G] sei U, = (a?)<b)(1{a) 7). U, ist
eine Untergruppe vom Index |G: U, = p. Ist "V eine beliebige maXImale
Untergruppe von G, so ist, da G iberauflsbar ist, nach einem bekannten Satz
von HuPPERT ([2], S 416) der Index |G : V| eine Primzahl ¢. Aus |V| = |U,]
folgt mittels Satz 1, daB V zu U, konjugiert ist.

Aus (3) folgt (1) Wir verweniden wieder vollstindige Induktion nach |G|.
Fiir G = 1 ist (1) richtig. Sei nun G= 1 und (3) erfiillt. Dann ist G iiberauflgsbar
und enthilt folglich (s.z. B. HupperT [2], S. 415) die zum griBten Primteiler
p ihrer Ordnung gehdrende Sylowgruppe P als Normalteiler. Das nach SCHUR
existierende Komplement zu P werde mit K bezeichnet, so da also G = KP,
K N.P = 1. Die Faktorgruppe P/®(P) ist elementar abelsch und kann in
iiblicher Weise als Darstellungsmodul von K iiber dem Primkorper der Charakte- .
ristik p aufgefalit werden. Als dieser Darstellungsmodul ist P/@(P) irreduzibel.
Anderenfalls gidbe es ndmlich nach MASCHKE (s.z.B. v. d. WAERDEN [3], S. 182)
Normalteiler Ly, Ly von G mit P = Lil,, [, N L, = ®P)und P > L, D ®(P)
fiir i = 1, 2. Es ldge KL; in einer max1malen Untergruppe U, (i = 1 2). Uy
und U, Kkonnten in G nicht konjugiert sein, hatten aber p-Potenzindex. Das ist
nach Voraussetzung unmdglich. ‘Aus der soeben bewiesenen Irreduzibilitédt
des Darstellungsmoduls P/P(P) folgt, da K®(P) eine maximale Untergruppe
von G ist. Sie hat unter G den Index |P : @(P)|. Dies und die Voraussetzung
ergeben |P : ©®(P)| = p, woraus weiter folgt, daB P zyklisch ist. Wegen G/P = K
haben die maximalen Untergruppen von K Primzahlindex. AuBerdem gibt es
in K, wie man sofort sieht, zu jedem Primteiler ¢ von |K| genau eine Klasse
konjugierter maximaler Untergruppen vom Index ¢. Mithin kdnnen wir auf
K die Induktionsvoraussetzung anwenden. Sie liefert die Zyklizitat aller Sylow-
gruppen von K. Also ist G zs-metazyklisch.
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LOCAL METRICS WITH A GLOBAL CONNECTION

By
GIUSEPPE TALLINI (Rome)
(Received November 12, 1965)

1. Let V, be a differentiable manifold of class C‘;°, [1]. We suppose all the
geometrical ob]ects defined on it always of the same class C~.

_ We say that a local metric is defined on V,, if an open covering {Usi}act
is g1ven on V, and, for each a€cf, a metric v is defined in U,. A local metric

{Ua,y}aeot, given on V., defines the tensor K’ = V"W in U, N Ug for eactt

s”
U, A Uz = . This tensor is not degenerated (i.e. det HK;H # 0). Such a
tensor, locally defined, will be named coordinate tensor of the local metric. It
is a 1-dimensional cocycle of the non abelian cohomology group (with respect
to the covering {U,}.c4) With coefficients in the sheaf of sections of non de-
generated tensors with one index of covariance and one index of contravariance,
[3] § 3. Such a cocycle will be named coordinate cocycle of the local metric
{Ua,y}aed One can prove — by virtue of Whitney’s theorem, [5] — that,

by varymg of the local metric, the coordinate cocycle varies in the same coho-
mology class, which is the class zero.

We say that a local metric {U,,P}agot IS endowed with‘c'zglobal connection,

or that it is a metric with connecz‘ionuif there is a global connection I" on V,
which for every U, coincides with the connectlon of 'the metric v We can
easily prove that, [4]:-

A necessary and sufficient condition so that {Us, V)t IS @ ~local metric

with connection is that the coordinate fensor ;( is parallel (in U, N Uzg.= @)
: [

- with respect to y.

A connection I" on V; will be named locally metric, if it is the connection
of a local metric; globally metric, if it is the connection of a global metric. The
purpose of this paper is to state some results recently obtained on this subject
The detailed proofs will be pubhshed in another paper. :
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2. Let I" be any symmetric connection of V,. We may relate to I" a class
{w,} of vectors, where .

(1) P = —,11— (T30, logV det [Ty,

here p;; denotes a riemannian metric, arbitrarily fixed on V, (such a metric
exists by Whitney’s theorem). It is easy to prove that the vectors of the pre-
vious class may be obtained from one arbitrarily chosen of them, by adding a
gradient. Hence {y,}€ A1/Q' (where A! denotes the vector space of 1 -forms and
01 denotes the vector space of 1-forms homologous to zero).

Let I',, denote the curvature tensor and Iy = Iy the Ricci tensor

of I". Then we have: v
(2) ' _ Ly = ﬂ(aklpraﬁwk) = I'iyp— e
Consequently we can state that: '

A necessary condition in order that I' is locally metric is that v, is irrotational
(i.e. {p,}€ €12, where #* denotes the vector space of closed I-forms).

A necessary condition so that I' is globally metric is that vy, is a gradient.

We observe that the simplest local metrics are those for which the coordi-
nate tensor is proportional to the Kronecker tensor di. Such local metrics will
be named conformal. By virtue of previous statements, conformal metrics are
metrics with connection if, and only if, the mentioned factor of proportionality
is a locally constant function in U, N U # .

The main result of this paper is that wé& are able to determine all connec-
tions with a local conformal metric. More precisely we can prove that, if I’
is such a connection, the equation /,g,+2y,g, = 0, where yp, denotes any
vector of the class {y,} related to I" (actually vy, is irrotational) has a global
solution g,;, where g;; is a metric tensor. The tensor g;; is riemannian if any local
_metric related to F is riemannian. From

3 Vidij+ 29pgs; = 0
we can easily obtain that
4) IS ={p}+ Ofwn+ Ohw; —Zin€ s

and viceversa. :

Conversely we prove that if I is such that equation (3) has a global solutior
g, (where g;; denotes a metric tensor and {y,} € @*/Q", where {y,} is the class
related to I'), I is the connection of a local conformal metric, which is rieman-~
nian if so is g,;. Moreover, if y, € Q, I' is globally metric. In such a way we:
are able to characterize all the connections of conformal local metrics.

3. A connection I" which may be written in the form (4), where v, and g;;
denote respectively any vector and any metric tensor, is named a Weyl con-
nection, [2] p. 81. The pair (g;;, v;) may be named a representation of the con-
nection; generally.a Weyl connection has several representations. A Weyl con-
nection will be named riemannian if it has a representatlon &> vp)» where gir
" is a riermannian tensor.
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From the previous statements it follows that:

A necessary and sufficient condition in order that a Weyl connection I' is
locally metric is that {y,} € &1/

A necessary and sufficient condition in order that a Weyl connection I" is
globally metric is that vy, € £2'.

From n. 2 it follows that the study of conformal local metrics with connec-
tion is enclosed in the study of Weyl connections. Therefore we turn our atten-
tion to such connections.

First of all we ask if there exist other conditions so that a Weyl connection
is globally metric. The answer is affirmative; m fact we have the followmg
proposition:

If @ Weyl connection has a parallel tensor field (nof vamshmg) T}i
(s # r) it is globally metric.

Then Weyl connections which are not metric (even if they are locally
metric) do not have parallel tensor fields T} :: ks (S;fr) (not vanishing); na-
mely for those connections the equation [7th} $=0 (s = r) has the only
solution T = 0.

Another condition of global kind, for compact manifolds, is the following:

Every Weyl connection I' on a compact orientable manifold V, (n=3)
which has a representation (g, v;), &; being riemannian, and such that

fgif(Fij—Rij)n = 0, (where I';; and R;; denote the Ricci temsors of I" and

VTl
g;;» m being the volume element of g;;) is globally metric.

In the previous proposition the hypotesis n = 3 is essential, because for
every Weyl connection on a compact orientable manifold V,, whatever is the

representation (g;;, v,), we have: fgif(Fjj—R,-j)n = 0.
Vz

4. The results stated inn. 3, about Weyl connections may be applied in par-
ticular to local conformal metrics with connection, because the connections
of such metrics are Weyl connections, (n. 2). About such local metrics, which we
suppose riemantnian and defined on a compact V,, there hold several proper-
ties which generalize known results about compact riemannian manifolds.

More precisely, it is known that on a compact riemannian manifold V,
there are not subharmonic or superharmonic functions f (i.e. such that Af = 0
or Af=0on V,) different from constants, [6] p. 30. From this fact follow the"
well known theorems of Myers and Bochner, connecting the Betti numbers of
V, with the curvature of his riemannian structure, [6]. Those results may be
transferred suitably to the case of a compact V, endowed with a riemannian
local conformal metric with connection.

First of all we state the following proposition:

Let {U,, v}ecet be a riemannian local conformal metric with ‘connection on
a compact V. If f is a scalar of Vn such that Af = 0 (=0), for any U. (4 local

Laplace operator) then we have f = const, on V.
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Moreover we have the following:

THEOREM 1. If on a compact V, it is possible to define a riemannian local
conformal metric with connection {U,, ylugt, Such that for every U, the -local

24

quadratic form defined by the tensor
®) Dy = I'y+(n—2) [Vilpj_yij(lp’ P)e]+yy div P

{where I'; is the chcz fensor of the metric, P is a vector related to the connection
of the metric, n. 2, and where it is (p, p), = V’f Pl d1v p= J’h"th;k) is posztzve

halfdefinite, then the Betti number by of V, satisfies the condition by = n. If mo-
reover in a point of V, such a quadratic form is positive definite, then b, = 0.

Analogous theorems hold for vanishing of Betti numbers b,, when k =
If n'= 2, (5) becomes: @;; = I';;+y; div p. In this case we are able to

prove that it is always possiblz to detern;ineda vector p, (related to the connec-
tion of the metric) such that d1v p = 0 and consequently (D = I';; Then

Theorem 1 may be enunc1ated likewise Myers—Bochner theorem
More generally we prove that:"

If on a compact 'V, it is possible to defme a Weyl connection I, such that the
tensor I'y;, (the symmetrzzed of Ricci tensor) determines a positive lzalfdefmed
quadratic form, it is by = 2. If moreover in a point of V, such a form is positive
definite, it is b, = 0; fmally, if I'y;y = 0, then by = 2.

This last result becomes more important, because we can prove that on
any V, every locally metric connection I', such that supl;= V,?1, is a Weyl
connection. In this way the study of locally metric connections; such that
sup I';; = V,, is reduced to that of Weyl connections.

However we observe that there exist locally metric connections such that
supl'; C V,, with n = 2, which are not Weyl connections.
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CONTRIBUTIONS A LA TRANSPOSITION DE STRUCTURES SYNTOPOGENES

Par
A. CSASZAR

Ie Chaire d’Analyse Mathématique, Université E6tvos Lorand, Budapest
(Recu le 20 janvier 1966 )

1. Dans la monographie [1]' et, en particulier, dans l’article [2], nous
avons <¢tudié une méthode de transposition d’ordres semi-topogenes et de fa-
milles d’ordres. Pour en rappeler les idées principales, soient dans ce qui suit
E et E” deux ensembles quelconques et & une application de © < 27 dans 2%,
monotone en ce sens que A < B, A, B € ® impliquent A(A) < h(B). Pour un
ordre semi-topogéne < sur E, posons A" <" B’ si ou bien A’ = 0, ou bien
B’ = E’, ou bien il existe deux ensembles A, B ¢ D tels que

A" h(Ayc h(By< B/, A= B.

La relation <" ainsi définie est un ordre semi-topogeéne sur E”.2 De plus, si £
est une -famille d’ordres (topogénes) sur E, on pose

oAl = {<M: < € A}3

Pour que cette méthode .de transposition posséde de propriétés avanta-
geuses, c’est-a-dire pour que les transposés <" et o#* conservent les propriétés
-de l'ordre < et de la famille d’ordres of respectivement, on doit postuler cer-
taines restrictions par rapport au domaine de définition © de ’application A
ou a cette application méme. Par exemple, une structure syntopogéne est une
famille d’ordres dirigée* et idempotente, en convenant d’appliquer cette expres-
sion pour une famille d’ordres of telle que o#2 ~ £ ou, ce qui veut dire la méme
chose, que of < £2.5 C’est donc trés important de connaitre des conditions
dans lesquelles of < o£? implique 4" < ™. En ce qui concerne cette ques-
tion, Particle [2] considére deux conditions, a savoir les suivantes:

) (1.1) D est dense pour un ordre semi-topogeéne < si A < B implique I'exis-
tence de C, D € D tels que Ac C <= D c B;

* Nous adoptous, dans ce qui suit, la terminologie et la notation de [1].
2 V. [2], p. 56.°

3 V. [2], p. 63.

¢ V. [1], p. 83.

s Cf. 17, p. 84.
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(1.2) D est un séparateur pour une famille d’ordres of si, & < €o£ donné,
il correspond <; € £ tel que A < B implique 'existence de C, D ¢ D tels
que AcC <;Dc B.S

On voit aisément que si D est dense pour <, on a la formule -

(1.3) < <h27
tandis que si © est un séparateur pour £, on a
(L4) | A < 8

Or, si (1.3) a lieu pour chacun des ordres < € c#, il s’ensuit (1.4), ce qui impli-
que d’ailleurs que of < A2 entraine A" < A2

Le but principal de cette note est de présenter d’autres conditions, plus
faibles que celles d’étre dense ou d’étre un separateur qui permettent encore
d’établir I'implication .

(1.5) A < A implique A" < A,

ou qui entrainent directement le second membre de (1.5). L’étude de ces nou-
velles conditions est motivé par le fait qu’il existe des cas classiques otll, pour
la transposition d’une structure syntopogéne, ni (1.1), ni (1.2) ne sont vérifiés
en général, tandis que les conditions que nous allons introduire le sont.1°

2. Admettons la défi‘nition suivante:

- (2.1) D est faiblement dense pour un ordre semi-fopogéne < si A <C < B,
A €D, Be D impliquent Uexistence de D ¢ D tel que A <D < B.

La terminologie est justifiée par la proposition suivante qui découle immé-
diatement des définitions respectives:

(2.2) Si D est dense pour <, il est aussi faiblement dense pour <. .

Or, cette condition (2.1) est suffisante et en substance nécessaire pour la
validité de (1.3):

(2.3) Si D est falblemerzt dense pour <, on a < <R g h(A) = 0 ou
h(B) = E’ implique A = 0 ou B = E respectivement et, en outre, hest bimono-
tone, X1 alors <2" <" eniraine que D est faiblement dense pour <,

DEMONSTRATION. Si ® est faiblement dense pour < et A’ <2 B,
on a soit A" = 0, soit B = E’, soit A" c h(A) c (B) c B’, A, B¢ D,
A <?B, donc A <C < B. La formule A’ <" B’ étant évidemment valable
dans les deux premiers cas puisque 0 <0 <" B’ et A’ <" E’ <"E’, on n’a
qu’a considérer le troisiéme, lorsqu’il existe par hypothése D € D tel que
A<D =B, doit vient A’ c h(A) <"Rh(D) <"h(B) c B’, et finalement
A’ <" B’. Réciproquement, si (1.3) est valable, A€ D, B ¢ ‘,D et A <C < B,

H om © g o "
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on a A <2 B et h(A) <2" h(B), donc h(A) h2 h(B) par hypothese, c’est-a-dire
h(A) <"C" <"h(B). S8i h(A) =0, on a A =0¢ D et 0 < 0 < B. Similaire-
ment h(B) = E’ entraine B = E € D, A E < E. Enfin h(A)=0, h(B)=E’
impliquent

h(A) c k(D)) c C’ h(DZ) c i(B), Dy, D,e D,
A<D, D, < B,

donc D; < D, en conséquence de la bimonotonité de . Par suite A < D; < B
ce qui achéve la démonstration.

3. Une forme affaiblie de fagon analogue de la condition (1.2) est la sui-
vante:

G. 1-) D est un séparateur faible pour une famille d’ordres ot si, d< € o, il cor-
respond un ordre <, € ot tel que A <C < B AeD, Be D zmplzquent Pexis-
tence de D ¢ D satisfaisant 8 A <; D < B

‘Les propositions suivantes sont immédiates:
(3.2) Si D est un séparateur pour ot, il est un séparateur faible pour of.

(3.3) Si D est faiblement dense pour chacun des ordres < € ot, il est un
séparateur faible pour oA.

La proposition suivante correspond a (2.3):

(3.4) Si D est un se’parateur faible pour of, on a A" < A"; si h(A)=0
ou W(B) = E’ implique A =0 ou B=E respectivement It est bimonotone e,
en outre, :

B X, YeDimpliguu XU Y e®D, XNYcDet
WX U Y) = h(X) U K(Y), h(X-N Y) = h(X) N K(Y),
alors A% < A" entraine que D est un séparateur faible pour A.

DEMONSTRATION Si D est un séparateur faible pour of, <€ of et <, €A
correspond & < d’aprés la définition (3.1), alors on conclut comme dans la
démonstration de (2.3) que A’ <?* B’ implique A’ <2 B/, c’est-a-dire que

<% o <h2 dott résulte <M <P <h? (cf, [1], (3.19) et (3.53) et
par suite £ < oA Rec1pr0quement si = € of, soit =, € of choisi de la
maniére que 4 ' :
) . — 2hq C <}]1.q2’

autrement dit que <?'c <%, puisque nos hypotheéses impliquent main-
tenant <* = < <0 = <h (cf. [1], (3.53) et [2], (2.13)). En raison—
nant similairement A la demonstrat10n de (2.3), on voit que A <C = B,
A, Bed 1mp11quent Iexistence de D; € D tel que A <; D, <1B ce qui’
etalt encore A démontrer.

On tire de (3.4) le corollaire important:
(3.6) 'Si D est un séparateur faible pour une famille d’ordres idempotente

ot (en particulier, si D est faiblement dense pour chacun des ordres < € o#),
la famille d’ordres A" est également idempotente.
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En effet, of < of? implique alors of? < A" < A" (cf. [2], (3.2).
En tenant compte encore de [2], (3.13); on en obtient:
(3.7) Si D est un séparateur faible pour une structure syntopogéne & (en

particulier, si ® est faiblement dense pour chaque < ¢.9), alors " est égale-
ment une structure Syntopogéne.

4. Si of est une famille d’ordres idempotente, la condition (1.2) est équi-
valente a la suivante:

(4.1) < € o#, A < B impliquent U'existence de D ¢ D tel que A c D ¢ B.22
D’ailleurs, (1.2) implique évidemment (4.1) pour of quelconque.
De facon analogue, considérons la condition sulvante

(4.2) Pour < € of donné, il existe <, € cb-tel que A< B, A€¢D, BeD
impliquent Uexistenice de D ¢ D satisfaisant ¢ A <, D <, B. :

En connexion avec (4.2), on démontre aisément:

(4 3) Quel que soit £, (4.2) implique que D est un séparateur fazble pour ot
la réciproque est vraie si la famille ot est idempotente.

La premiére partie de I’énoncé étant évidente, soit ® un séparateur faible
pour la famille idempotente of. Pour = €cd, il existe alors =, € &£ tel que
< C =2 et d =, il correspond <, € o d’apreés la définition du séparateur
faible. Donc, si A < B, A, B¢®, on a A <2 B c’est-a-dire A <,C <, B
et par suite il existe D ¢ D tel que A =, D <, B )
" Tandis que (2.1) et (3.1) assurent la validité de 2" < dhz et par la 'idem-
potence de o£" lorsque la famille o£ est 1demp0tente la condition (4.2) 1mpl1que
I'idempotence de o£" sans faire appel a la méme.propriété de o£:

(4.4) SiD et of satisfont 4 (4.2), alors la famille A" est idempotente. Reczpro-
quement, si h(A) = 0 implique A = 0, h(B) = E’ implique B = E, h_est bimo-
notone, ® et h satisfont a (3.5) et A" est idempotente, alors (4.2) a lieu.

DEMONSTRATION. Si <; € of correspond a < € of suivant (4.2) et 0 =
C# A<M B s E, alors A CchA)ychB)yc B, A,BeD, A< B, donc
A <;D <y B, De® et h(A) <f (D) <} h(B), A’ <iC’ <k B pour C’'=
= f(D). La méme formule ayant lieu si A" = 0 pour C’ =0etsi B=FE
pour ¢’ = E’, on a <="C <%, d’oit <MC <I¥C <[? et of < A2 Pour €ta-
blir la réciproque, posons A, B€®, 0 A< B# E, < € of et <"C <
Il s’ensuit h(A) <" h(B), donc 0 # h(A) =, C’ < h(B) = E’, d’ou

h(A) € h(Ay) € h(A,) € C" < h(B,) c h(B,) C k(B),
Ay, Ay, By, By € ®, Ay <1-A,y, By <, By
On déduit de la bimonotonité

ACA<A B<IBCB

12 V. [2], (3.20) o léquxvalence de (1.2) et (4.1) n’est énoncée que pour le cas oll o
est une structure syntopogéne, mais I'analyse de la démonstration montre qu’il suffit de sup-
poser que ¢ est idempotente. .
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c’est-d-dire A <; D <, B, D € D pour D = A;. Si A =0, on a le méme résul-
tat pour D = 0 et, si B = E, pour D = E, ce qui achéve la -démonstration.

Les conditions introduites peuvent étre caractérisées d’une.autre fagon de
la maniére suivante.

Considérons ['application d : ® — 28 définie par

dD)y=D (DeD).

On voit aisément qu’avec les notations de [2], pp. 55 et 56, on a pour un ordre
semi-topogene < quelconque ' '
(4.5) <! = (=|DXP)c =
De plus: ‘

(4.6) D est dense pour < si et seulement si 0, E ¢ D ef <%= =,

De fagon analogue, on voit aisément:

(4.7) D est un séparateur pour o si et seulement si 0, E ¢ D et pour <¢ oA,
il existe <, ¢ qﬁ tel que < c <4
~ (4.8) Si D est un séparateur pour oA, alors 0, E € D et A ~ o ; la récipro-
que est vraie Si

(4.9) X,V eD impligue XU Y €D, XN YeD.

On déduit ensuite de (2.3):

(4.10) D est faiblement dense pour < si et seulement si <21c <%

Similairement, (3.4) fournit: .

(4.11) Si D est-un séparateur fazble pour oA, on a A** < oﬁdz et la récipro-
que est vraie si D satisfait a (4.9).

Enfin, on obtient de (4.4):

(4.12) Si (4.2) a lieu, alors £ est idempotente et la réciproque est vraie i
D satisfait a (4.9).

De plus, en analysant les démonstrations, on voit que la condition (4. 9)
peut étre éliminée de (4.11) et (4.12) de la maniére suivante:

(4.13) D est un séparateur faible pour ot si ef seulement si on peut trouver
d <= € of un ordre <, € of tel que <> c <.

(4.14) La condition (4. 2) a lieu si et seulement si on peuz‘ trouver @ <= ¢ oA
un ordre <, € of tel que <?c <%, :

5. Les pr0p081t10ns suivantes “concernent la question d’invariance des
conditions étudiées vis-a-vis des opérations qui jouent un role important dans
la théorie des structures syntopogenes.

B.1) Si D satisfait a la condition
(5.2) X € ® impligue E—X € ®

et ® est (faiblement) dense pour <, ou un Séparateur (faible) pour o, alors il
Pest pour <¢ ou pour ot° aussi; si (4.2) est valable pour ot, il Uest pour of° ausst.
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Considérons par exemple le cas d’un séparateur faible. Si A <¢C <¢ B,
A,Be@ <€k, on a E-B<E-C<E—-A E-~A E—-B¢%®D, donc
E—B <; D <; E—-Apour =, € of convenable, oit D ¢ D, et par conséquent
‘A <$E-D <¢ B, E—D ¢ D. Les autres cas se traitent similairement.

(5.3) Si ib est dense pour < ef satisfait a (4.9), alors D est dense pour
4,

En effet, A <9 B implique

.on ni . n nl..
A= U NA, B= U N By,
i=1j=1 i=1j=1
Aj<=By (I=i=nl=j=n).

On a par conséquent

AjcCy;<=Dyc By, CyyDye®,

donc .
n n;
ACC= U m C,; =1 U ﬂDl]—DCB
i=1j=1 i=1j=1
C,DecD.
(5.4) Si D satisfait 4 la condition
(5.5) X, €D (el impligue \J X, € D,
icl

et D est dense pour < (un séparateur pour ot), alors il Uest pour <P (cAF).
Considérons le cas d’un séparateur (I’autre se traltant de la méme maniére).
Si A <=?B, = ¢dt, alors .

A—UAI,B—UBI,A<B (i€,

icl 16(
AcC <D, By, C;,D; €D (i ¢l
olt <, € ef ne dépend que de <. On a donc
A(‘C-UC<PuD DCB, CDe%D

icl
On démontre similairement:
(5.6) Si D satisfait aux conditions (5.5) et
(5.7) X, €D (i€l impligue N X; € D,
icl

donc

et D est dense pour < (un séparateur pour ot ), alors il Iest pour <P (cA?).

(5.8) Si D est dense pour chacun des ordres semi- topogenes =; (ie D,
’est pour
<o =U <,
icl
En effet, A <0B1mphqueA =; Bpourunze I, donc A cC=;Dc B,
C,De®et Cf<:0
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(5.9) Si D est dense pbur < ef vérifie (4.9) ef (5.2), il est dense pour ;S.
_ Ceci résulte de (5.1), (5.8) et (5.3).

(5.10) Si D est un séparateur pour ot et vérifie (4.9) et (5.2), alors il l’est
- pour oA
En effet, A <* B, < € ot impliquent A(< U <9 B, ¢ ‘est- a dire

II.C =

ij2
i

(ﬁ A - B= U NB,;, A,<;B
oll <y =< ou <°- On a donc ‘
Ay Cyy =y DCB,j-

ol C,j, DyeDet <5 = <, ou <§ selon le cas, <, € ot de31gnant un. ordre
qui correspond a < suivant la définition du scparateur Ona a plus forte raison

ACC<DCB
et

ACC— U ﬂC,,<1 U ﬂDU—DCB C, DeD.

i=1j= i=1j=1

(5 11) Si %D est un séparateur pour ot et vérifie (4. 9), alors il est dense pour
<o 0l {<o} =
En effet, si A<OB on a A <7B ol

. zeI
donc
n n; n n,-
A - U Aii) B == U Bij)
' i=1j=1 i=1j=1
A <y By <y € AL
11 existe des ordres <j; € ot tels que ‘
A;cCy <) DjCB C,],D,-je‘D,

¢’est-a-dire que

. Cyj <o Dy
€t que

' n n; n n ‘
AcC=U N Ci]'<0U N 'Dij=DCB’

i=1j=1 i=1j=1 .
ot C,DeD. ’

(5.12) Si D est un séparateur (faible) pour une famille dordres dirigée oA,
alors il est (faiblement) dense pour < ol {<¢} = o'
En effet, o étant dirigée, on a d’apres [1], (8.31)

<0:U<i’ Oﬁ:{<l:l€ 1}.
. icl .
Donc, si D est un séparateur pour of et A <, B, alors A < B pour un < € of
et AcC<;Dc B, C,De®D pour un <; € o#, d’ott vient C <, D. §1 D

3 ANNALES — Sectio Mathematica — Tomus IX.
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est un séparateur faible et A <, C <y B, A, B¢ D, on a A <;C =, B, <,
<2 e ot,donc A <;C <3 B, si =5 € A est ch0131 de la maniére que <1 U <=, C
Il sensuit A<, D <, B,D €D, <,cct et par consequentA <o D =,B.

On obtient par le meme ralsonnement

(5.13) Si ot est une famzlle d’ordres dirigée et D et o satisfont a (4. 2) alors
D et A satisfont a la méme condition.
Un raisonnement semblable & la démonstration de (5.11) fournit:

: (5.14) Si D est un separateur pour of et vérifie (4.9), alors il est un Separa-
teur pour AS.

(5.15). Si.D est un séparateur (faible) pour chacune des familles d’ordres
ot; (1 € 1), il Dest pour ot = U ot;; si D et chacune des oA, satisfont @ (4.2),

alors D et o satisfont @ la meme condition.
Ceci résulte immédiatement des définitions respectives. Il s’ensuit en vertu
de (5.14): ‘

(5.16) Si D est un séparateur pour chacune des structures syntopogénes &
(i€ 1) et vérifie (4.9), alors il est un séparateur pour V .

Dans Pordre d’idées des propositions (2. 30) et (3 17) de [2]; soit (comme
toujours) h une application de ® ¢ 2F dans 2&°, considérons un systéme d’en-
sembles D’ < 2F et posons D = h=}(D’). < désignant un ordre semi-topogene
et of une famille d’ordres sur E, nous chercherons des hypothéses dans les-
quelles D et < ou D et A sati,sfont a une des conditions étudiées ici. Natu-
rellement, si (D) ¢ D', on a B = D et la question devient banale.

(5.17) Si D est (faiblement) dense pour <, D" Pest pour <" D) » D,
h est bimonofone, 0 € ®" impliqgue 0 € D ef h(0) = 0, enfin E’" ¢ " implique
E ¢ D et h(E) = E’, alors D est (faiblement) dense pour <.

DEMONSTRATION. Supposons que D est dense pour =, D lest pour .y
et 0% A< B = E. On a alors

AcC<=DcB CDe9,
d’oit vient 1(C) <" h(D) et
MC) c € <D D), C'D e
Par hypothise, ¢’ = h(Cy), D' = h(Dy), Cy, Dy € D e
O#ACCCC]_CD CDCB#E

a cause de la bimonotonité de h. De plus, on a i(C,) = 0, h(D,) # E’, de sorte
que A(C,) <" h(Dy) implique

1(Cy) < h(Cs) © K(Dy) < h(Dy), Ca D, € D, Cy < D,

De nouveau en conséquence de la b1m0n0ton1te onaCcC<=D,C D
et finalement

AcC =D, cD,CyDyecd.
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Le méme résultat étant valable si A =0 (C; = D; =0) et si B=E (C; =
= D, = E), on obtient la premiére partie de I’énoncé.

Passons au cas de ® et © faiblement denses. Si 0 # A < C = B # E,
A Bec®»”"cD ona A<=<D<= B, De®D, donc

B(AY <h (D) <" h(B), h(A), i(B) € D’
; o :
) h(A) <t D’ < "R(B), D' € .

1l s’ensuit D” = h(Dy), D; € D", et comme h(A) 5 0, h(B) = E’ par hypothese,
on a donc ' ' :

Ch(A) < I(Ay) < h(Ay) < h(Dy) < h(By) < (B, < h(B),
A, A, B, B, €D, A = A, B, = B,, ‘
d’oit résulte ' ‘
Ac Ay< A, cD cB <B,cB

et finalement A < D; < B, D; € D”. Les cas A = 0 et B = E étant banaux,
la proposition est démontrée.

Un raisonnement similaire fournit:

(5.18) Si D est un séparateur (faible) pour £, D" Uest pour A" (D) > D,
h est bimonotone, 0 € ®" implique 0 € D et h(0) = 0, E' € &’ zmplzque E ¢D
et l(E) = E’,enfin ® et h vérifient (3.5), alors D est un separateur (faible)
pour of.

(5.19) Si D ef o satisfont a (4.2), ‘E’ est un se’parateur faible pour A",
- h(®) > Y, h est bimonotone, 0 € D" implique 0 € D et K(0) = 0, E" € D" im-
plzque E €D et i(E) = E', enfin D et h vérifient (3.5), alors D" et o satisfont
a (4.2).

6. Considérons maintenant des conditions simples qui entrainent la vali-
dité de (2.1) ou (3.1), ,

Soir r une application monotone de 2F sur D telle que r(D) = D pour
D¢ ®.

(6.1) Les conditions suivantes sont équivalentes:
(6.2) X<V implique n(X)<r(Y),
(6.3) : ='C <=y

En effet, si (6.2) alieu et 0 % A <" B = E, alors A r(X) c r(Y) c B,
X < Y, donc r(X) <;r(Y)et A <1 B, ce qui est valable méme si A = 0 ou
B = E. Réciproquement, si X <V, on a r(X) <"r(Y), donc (6. 3) entraine
r(X) <, r(Y).

Nous dirons que l’application r est stable pour un ordre semi- topogéne
= si (6.2) (ou (6.3)) a lieu pour === c’est-a~dire si X < ¥V implique
"X) = r(¥).

(6.4) Si r est stable pour <, alors ® est faiblement dense pour <.

3*
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En effet, si A<C;B A, B€D, on a
=r(A) <r(C) <r(B)y=B, r(C)e®d.
(6 5) Les conditions suivantes sont équivalentes:

(6.6) a4 < € ot il correspond <, € ot satisfaisant a (6.2),
(6.7) ' A< A ,

En effet, on déduit de (6.6) & 'aide de (6.1) que <" &€ <,;, donc que
<™ C =<{ = <,;. Réciproquement, si < € £ et <" c <1 € of, alors <" C =,
et on en déduit (6.6) au moyen de (6.1).

Nous dirons que r est stable pour une famille d’ordres of i (6.6) (ou (6.7))
est vérifié pour r et of.

(6.8) Si r est stable pour o, alors ® est un séparateur jaible pour A.

Les propositions qui vont suivre corresponf‘ent a celles du § 5; observons
‘tout de-méme que 1a les conditions ,,faibles” (2.1) et (3.1) ne]oualent qu’un
‘role modeste, tandis qu’ici il s’agit de la stabilité qm est une proprlete de ca-
ractére ,,faible” (cf. (6.4) et (6.8)).

(6.9) Si r satisfait a4 la condition
«6.10) - (E-X) = E-r(X) ‘ ' (X < E),

alors <" € <, implique < 5, en particulier si r est stable pour < ou pour
oA, alors il Uest pour <°© ou pour <£¢. Si en oufre

6.11) . RME-X)=E-h(X) (X e D),

 alors < = <" quel que soit lordre semi-topogéne <.

En effet, (6.10) entraine en vertu de [2], (2.11) < = =<', d’oil la premi-
¢re assertion. La seconde en résulte pour <; = <. 81 =, =, € et =71 C <1
alors <" C <4, done < € <§et <9 € <9 = . D’ apres (6:10), X € D
implique E—X = E—r(X) = (E—X) € D, par consequent si (6.11) est
valable, [2], (2.11) fournit 'égalité < = <"

(6.12) Si r satisfait a la condition _
(6.13) r(X U Y)=rX)UrY), r(X N Y) =r(X) N r(Y) (X,Y CE),

‘alors <" C <, implique <9 C <{; en particulier, si r est stable pour <, alors
il Pest pour <9 Si en outre

6.14) XU Y)=hX) U KY), (X N Y)=hX)NKY) (X,Y€D),

alors <" € <, entraine <% c <M; en particulier, si r est stable pour <, alors
< = ha,

DEMONSTRATION, On déduit de (6.13) a Paide de [2], (2. 13) =¥ = <7,
.. d’ott résultent les deux premitres assertions. Egalement de (6.13), il découle
que X, Y €D 1mp11que

XUY=rX)Ury)=rXUY)eD,
XNY=rX)Nry)=rXNY)ecd.
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Si en outre <" € <;, alors 0 = A’ <t B’ = E' entraine A’ h(A)
chB)c B, A;B¢ ED A <7B et

n
A U m A B = U Bij)
i=1j=1" . i=1j=1 -

Ay < By (I=i=nl=j=n).
On en déduit d’apres (6.1) et-(6.13) .

non; ) n n;’
A =r(A) = .Ul _ﬂlr(Aij), B = r(B)= 'U] .ml r(By),
i=tj= i=1j=

' ‘ r(A;) <11(By)
et en vertu de (6.14)

n n;
h(A) U m hr(Au) h(B) = 'UI 'ml hr(Bij))
i=1 i=1j= _

hr(Ay) <t hr(By),

-~ donc h(A) <t h(B) et A" <% B’, ce qui est egalement valable pour A’ =0.
ou B’ = E’. Ainsi <% <’1“1, st <=7 € =, il s’ensuit =% = <M puisque
<M. € <% a lieu en vertu de [2], (2.13).
Un raisonnement analogue nous conduit a la proposition:

(6.15) Si r satzsfau‘ a la condition _
(6.16) _ r(U X)) = u r(X;) (X, C E), ~

alors <" € <, implique <7 C <§; en partzculzer, si r est stable pour < ou
pour o, alors il ’est pour <P ou pour AP respectivement. Si en outre

(6.17) MU X) = U RX) (X, € ),

alors <’ € =, entraine <Ph < <%, en particulier, si r est stable pour <, 0na
<Ph = <hP, et si r est stable pour oﬁ on a AP < AP,

Ce n’est que la derniére assertion qui doit étre demontree. Or, si A" <k,
< € ot implique Pexistence de =, € £ tel que <" ¢ =,, donc que

<P <% C <gqp, <P <hp,
On démontre de la méme maniere (cf. [2], (3.7):
(6.18) Si r satisfait a (6.16) et d: '
(6.19) r(0 X;) = N rX,) . (X; € E),
. icl icl :
alors <" C <, implique <" & <%; en particulier, si r est stable pour < ou
pour o, alors il Uest pour <’ ou pour oA respectivement. Si en outre (6.17) ef

(6.20) B0 X)) = 0 h(X) (X, € D)
icl ic . '

ont lieu, alors <" C <, entraine <" C <™; en particulier, si r est stable pour
<, on a <" =<’ sl est stable pour of, on a A" ~ A™.
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(6.21) Si r satisfait a (6.10) ef (6.13), alors <" € <, implique < C =i,
donc si r est stable pour < ou pour ot, alors il Uest pour <3 ou pour <45 respecti-
vement. Si en oufre (6.11) ef (6.14) ont lieu, alors <" € <, entraine <" ¢ <’¥;
en particulier, si r est stable pour <, on a <% = <" et §’il est stable pour 4,
on a AN~ AS. -

En effet, la premiére partie se déduit de [2], (2.26) sans aucune difficulté.
Pour montrer la seconde, on déduit de (6 9), (6.12) et [2], (2.6)

= (= U=gre (= U <9 = (U <y -
. __(<hU <) = < s
en tenant compte de .
(< U <C)r: ="U < C <1U <i
et le reste découle de [2], (3.8). ’
Il résulte de-[2], (2.6):
C(6122) Si <ic <) pour i€ I, on a
icl ic

Il s’ensuit aisément:

(6.23) Si ot est une famille d’ordres dirigée, on a A" = o et, si r est stable
pour of, il l'est pour —<q 0li { <o} = c#'. Il en est de méme, quelle que soit la famille
oA, si r est stable pour o, il satisfait a (6.13) et h a (6.14).

DEMONSTRATION. Si of est dirigée, on a <, = <’ ol

= U <p A = {‘ii 1€ 1};
icl .

Par conséquent o = {<}%) et
' h4—<'hq-(u<)hq_—(u<h)q—(u =Nt = <"
ol {<”} = A" De plus si =7 € < C <€ of,on a
(U<) CU</cU=;, = <,
. iel icl
c’est-a- d1re =§ C =,
Pour £ quelconque, of” < ot lmpllque encore =7 C <’ et on en déduit
d’aprés (6.12) :

<hT = <th = <R = < g

comme plus haut, et <f = < € <"1 = =

(6. 24) Si r est stable pour o et verifie (6.13), alors il est stable pour cA%; Si
en outre h satisfait & (6.14), on a A& ~ A",

DEMoNsTRATION. Il découle de 2], (3.13) que A ~ A8, donc que A" < ot
implique £ < #8. On déduit de la méme proposmon A" < A&, Récipro-
quement, si <, € of (1 =i =n)et <7 c <} € 4, on a d'aprés (6.22)

n n ,
(U<i)rCU<ir
1 1
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par conséquent (6.12) entraine
(U= )7 (U <] = (Ui = (U= = (U={apects,
1 1 1 1 1

Le premier membre étant la forme générale d'un élément de £8", on adonc
A < A", ce qui achéve la” démonstration.

En particulier:

(6.25) Si r est stable pour chacune des structures syntopogénes & (i ¢ I) el
vérifie (6.13), alors il est stable pour

F=V .
icl
Si en outre h satisfait a (6. 14) ona M~ VFp
icl

Soit maintenant r* une application monofone de 2E sur ® < 2F telle
que r’'(D’) = D’ pour D’ ¢ ¥, et supposons que h est bimonotone et A(®) > D".
En posant alors ®” = h~}®’), h~! est une application monotone de (<)
sur ®, appliquant ® sur ©”. On peut donc deflmr une application r” de 2%
sur ‘,D” de la maniére suivante: :

(6.26) r’(X) = h~r'hir(X) S (X C E). .

r//

est monotone et r”(D) = D pour D ¢ D",

, (6.27) Si 0 € ® implique 0 € D ef h(0) = 0, E' € D’ implique Ec® et
“h(E) = E’, r est stable pour < ef r’ l'est pour <", alors r” est stable pour <.

DEMONSTRATION. Si X < V¥, on a r(X) < r(Y), donc Ar(X) <" hr(Y),
r’hr(X) <"r’hr(Y), c’est-a-dire _ :
o hr(X) <" hr(V).
Si hr(X) = 0, hr'"(Y) = £, alors |

| hr'(X) © h(A) © h(B) = hr'"(Y), A, Be®, A< B,

donc r"(X) c A<= Bcr/(Y) et r’(X)cr’(Y). Or, r’(X)=0 implique:

r'’X) =0, ir’(Y) = E’ implique r"(Y) = E, et on-a de nouveau r"(X) <
= (V).

On démontre similairement:

(6.28) Si 0 ¢ @ implique 0 € ® ef h(0) = 0, E’ E D implique E € D et
ME) = E’, r est stable pour ot, r" Uest pour A" ef D et h satisfont a (3.5), alors
r’’ est stable pour oA.

7. Considérons une application f de E sur E” et posons
(1.1) D = {f~YX): X' < E), k(D) = f(D) (D € D).

On sait que dans ce cas <" coincide, quel que soit Pordre semi-topogéne <,
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avec image f(<) de < par rapport a S8 11 est aussi connu qne, si & est une
structure syntopogéne sur E, pour que ® soit un séparateur pour & il faut et
il suffit que f soit compatible avec % .14

Si Pon pose
(72) - "(X) =f=(X) , (X < E),

alors cette application satisfait évidemment aux hypothéses du § 6. A la con-
dition (6.2), il correspond maintenant la condition suivante:

(7.3) ‘ X<Y zmpl_zquef Y(X) < fY(Y).
Par conséquent, application r de (7.2) est stable pour < si et seulement si
(74) X < Y implique f~f(X) < /- 1f(Y)

et elle est stable pour oA si et seulement si

(1.5) < € of étant donné, il existe <, ¢ o{ tel que X,< Y implique
= X) <1 f 7).

Si (7.5) se trouve vérifié pour une application f et une structure syntopo-
gene & = of, nous dirons que application f est faiblement compatible avec .
Cette terminologie est justifiée par le fait que si f est compatible avec une
structure syntopogéne 7, elle est faiblement compat1b1e avec <. En effet, de
fagon plus générale: :

- (7.6) Si (4.1) a lieu pour une famille d’ordres idempotente of (et pour le
systéme D de (7.1)), alors (7.5) est valable.

En effet, < € of et X < Y impliquent X =1 Z <, Y pour un ordre <, € #
ne dependant que de <; on a donc

XcfYXYcZ<,Y
pour X’CE’ convenable et par conséquent
FHX) cfHX) = Y < f7H(Y),
XY = f Y.
En convenant donc d’écrire
’ f(A) = ot = {f(=): < € ot}
pour une famille d’ordres quelconque oA, on déduit de (6.8) et (3.6):

(7.7) Si (7.5) est vérifié pour une famille zdempotente A, alors f(cA) est
également idempotente.
En particulier:

(7.8) Si f est fazblement compatible avec une structure syntopogene-f’, alors
(.7 ) est également une structure syntopogéne.

Observons que P’application r de (7.2) satisfait & (6.16); par consequent
on déduit de (6.15):

5y, [2], p. 68.
*V.o[2] p. 69
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(7.9) Si (7.4) est vérifié pour <; il est pour <P et f(<P) = f(<)P.
(7.10) Si (7.5) est vérifié pour ot, il est pour AP ef f(A?P) ~ f(A)".

La derniere equwalence résulte de (6. 15) et [2], (3.6). De plus, '(6.235 a
pour conséquence: -

(7.11) On a pour une famille oA dirigée
fletty = fety,
et si (1.5) a lieu, alors (7.4) est vérifié pour < oit {<} = o
En particulier:

(7.12) Si f est faiblement compatzble avec une structure syntopogene <,
Pest avec St et avec P et

[ZY) = (&Y, [(FP) ~ ()P
Considérons encore une application f* de E’ sur E”, posons
@/ — {f/—]_(X//) : X/l C E//}’ rl(X/) _-__:f/—]_fl(X/)’
@// Zf_l(@/) — {f//—-]_(X//) : X// C E//}
olt f” = f’f. On peut alors appliquer (6.26) et on obtient ‘
r(X) = /X)) = 7 7AX) = 77 7(X).
On constate aisément que toutes les hypotheses de (6.27) et (6 28) sont véri-

fides de sorte que 'on peut dire:

(7.13) Si (7.4) a lieu pour f et < et la méme condition est vérifiée pour f
et f(<), alors (7.4) a également lieu pour f” et <.

(7.14) Si (7.5) a lieu pour f et of et la méme condition est vérifiée pour f’
et f(ct), alors (7.5) a également lieu pour f” et of. -

(7.15) Si f est faiblement compatible avec une structure syntopogene 5’ et f*
Pest avec f(&), alors J est faiblement compatible avec &

Bien entendu, des propositions analogues peuvent &tre formulées lors-
qu’il s’agit d’une partition € de E, pour I’application canonique f de E sur €.
En particulier, on peut dire que € est faiblement compatzble avec une structure
syntopogéne %7, si X < Ylmphque r(X) <, r(Y) olt <; € &est un ordre ne
dependant que de = €5 et '

PX)=f~Y(X)= U{T:TeG T NX =015

Cette condition étant remplie, f(-%") est une structure syntopogéne que I’on peut
appeler, dans ce cas encore, structure syntopogéne quotient et la de31gner par
|@0 : _

15 Cette condition a été étudiée par V. V. MasLov; cet auteur Pappelle compatibilité
forte tandis que, comme nous Pavons vu, elle est plus faible que la condition (ordinaire) de -
compatibilité. .

2 Cf [1], p. 110
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L’importance d’étudier les applications faiblement compatibies avec une
structure syntopogéne est soulignée par la proposition suivante qui montre
que la condition de compatlblllte (ordinaire) assujettit I'application 4 une
restriction treés forte:

(7.16) Une application f est compatible avec une structure Syntopogene &
Si et seulement si la partition

(7.17) ) X € E’}

est plus fine que la partition séparative® pour & .

DEMONSTRATION. Si f est compatible avec % et xe T ot T est une tranche
de la partition séparative pour &, alors ye¢ E—T implique soit x < E—y,
soit-y < E—x pour un ordre <¢&”. Il s’ensuit soit f~f(x) = E—y, soit
f7Y() € E~x, donc en tout cas f(x) = f(y) quel que soit y ¢ E—T et fina-
lement f~1f(x) € T. Réciproquement, si la partition (7.17) est plus fine que
la partition séparative et X < V, <=¢.%, alors x ¢ X, y ¢ E— Y impliquent
- x = E—y de sorte que x et y appartiennent a deux tranches distinctes de la
partition separatlve et a plus forte raison de (7.17) , d’olt f(x) =« f(y); on en
tire f~1f(X) < Y, c’est-a-dire que f est- compatible avec ..
"~ En particulier, si & est sépardée, seules les bijections sont compatibles
avec .

8. Considérons par.exemple une topologie «7” ={ <}, associée a la topologie
classique & = {G : G < G}. Une application f est faiblement compatible avec
7" si et seulement si f~1f(G) est ouvert dés que G est ouvert par rapport & ®.
En effet, la compatibilité¢ faible de f entraine que G < G implique f7f(G) <
< f- lf(G) tandis que si G ¢ & implique f~ 1f(G) €@, alors X <= Y entraine
XclGcocVY, Ged, donc

FHX) Cf‘lf(G) C YY), f7HX) < foHY).

Autrement dit, une partition € est faiblement compatible avec T si et seule-
ment si G ¢ @5 entraine que

U{T:Te(&,TﬂG#O}

est ouvert.'®

Observons que f(=) est toujours un ordre topogene parfait sur E’ (cf. 1],
(6.34)), de sorte que si la famille f(77) est idempotente, en partlcuher si f est
faiblement compatible avec 77, alors elle est une topologie, a savoir, elle est
associée A la ,,topologle quotlent” de & par f. En effet, G’f(<)G’ equwaut a
FHG) < f~Y@), cest-a-dire a f~YG") € & (cf. [1], (6.29)). v

Soit maintenant &7 ={<} une structure topogéne symétrique, associée
a la structure de proximité . Une application f est faiblement compatible
avec <7 si et seulement si A<E— B implique f~Yf(A) <= f~f(E— B), c’est-

vy, [1], p. 192.
18 Les partitions ayant cette propriété sont appelées semi-continues inférieurement.
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a-dire si ASB implique f—lf(A)(S_E—-f—lf(E—B). Autrement dit, une partition
§ est faiblement compatible avec -7 si et seulement si AdB implique

U{T:TecGTNA=0 6U{T:TeGTc B

Soit enfin .% une structure syntopogéne biparfaite, associée a la structure
quasi-uniforme %/, et désignons par U la relation réflexive associée & <¢.&
de sorte que A < B équivaut a U.(A) € B ot U-(A) désigne I'ensemble
des y € E tels que xU.y a lieu pour au moins un x € A. Ceci posé, f est faible-
ment compatible avec & si et seulement si, @ U € %, il correspond U;€ % tel
que U(A) < B implique Uy(f*(A)) < f~Yf(B), c’est-a-dire que

8.1) U(f7f(A) = f~(UA)  (AcE).
En tenant compte des formules '
Uy(f~ 1f(A)) = U R 1f(x))
- fTUCA) :xLGJAf “Y(U(X)),
ceci équivaut a _
U/ Y@) /T HUE)  (x € B),

c’est-a-dire a la condition: f(x) = f(y), yU;z impliquent I’existence de u ¢ E
tel que xUu, f(u) = f(2). :
Un cas important ot la condition (8.1) est vérifiée méme sous une forme
plus forte, a savoir en y posant U; = U, est le suivant. Soit E un groupe topo-
logique avec I’élément neutre e et, si V est un voisinage symétrique de ¢, posons
xUy si et seulement si xy~1 ¢ V; les relations U obtenues de cette fagon for-
ment la structure uniforme droite 2¢ du groupe. On a évidemment U(A) = VA
pour A < E. Or, si H est un sous-groupe invariant de E, les ensembles Hx =
= xH (x € ) forment une partition de E, et en de51gnant par f I’application
canonique de E sur cette partition, on af Y(A) = HA = AH pour A C E.
- Par consequent la condition (8.1) prend la forme (pour U, = U) VHA <
< HV A ce qui est valable puisque VH = HV. Ainsi cette partition est faible-
ment compatible avec la structure syntopogene & associée a %/. En vertu de
(7.12), elle est également compatible avec & et %%, donc avec la topologie du
groupe. C’est ce fait que 'on utilise en construisant la topologie et la structure
-uniforme droite du groupe E/H. Bien entendu, les mémes remarques ont lieu
par rapport & la structure uniforme gauche.
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EINE VERALLGEMEINERUNG DES BEGRIFFS DES LINEAREN RAUMES
UND DER KONVEXITAT

Von
~ E. DEAK
Mathematisches Forschungsinstitut der Ungarischen Akademie der Wissenschaften

(Eingegangen am 13. Jdnner 71966.)

Einleitung ,'

Unter den konvexen Mengen eines linearen Raumes haben diejenigen eine
‘besondere Bedeutung, die als Durchschnitt von Halbrdumen darstellbar sind;
dies kommt in vielen-bekannten Sdtzen iiber Konvexitdt zum Ausdruck. In-
[3] wurden hierzu ein neuer Beitrag geliefert und diese speziellen konvexen
Mengen stark konvex genannt. Wir bemerkten dort noch, daB — obwohl nicht
jede konvexe Menge stark konvex ist — mittels des Begriffs der starken Kon-
vexitit auch die gewohnliche Konvexitat definiert werden kann.

Diese Erkenntnis wird nun in der vorliegenden Arbeit fiir eine Verallge-

meinerung des Begriffs des linearen Raumes — dies ist der Begriff eines Rich-
tungsraumes (1.5) — und fiir zwei auf Richtungsrdume bezogene Verallgememe-
rungen des Begriffs der Konvexitdt (4.5, 4.9) verwertet.
" Ein allgemeiner Richtungsraum hat keine algebraische Struktur — seine
Grundlage ist die sog. Richfungsstruktur (1.2) seiner Grundmenge. Es kdnnen
dennoch einige mit solchen algebraisch begriindeten Begriffen wie Halbraum,
Hyperebene, Stiitzebene, lineare Mannigfaltigkeit usw. analoge Begriffe fiir
Richtungsraume definiert werden (1.7, 2.5, 2.6, 2.10, 3.3), die in formeller
Hinsicht mit ihren ”linearen” Urbildern weitgehend {ibereinstimmen und deren
Verallgemeinerungen sind. .

Bezezchnungen und Wortgebrauch. ”Linearer Raum” oder ”Vektorraum”
bedeutet einen reellen linearen Raum. Fiir einen Vektorraum L und eine Menge
E <€ L wird mit M(E), L(E) bzw. [E] die kleinste E enthaltende lineare Man-
nigfaltigkeit, der kleinste E enthaltende lineare Teilraum bzw. die konvexe

Hiille von E bezeichnet. A — B bedeutet: A ist echte Teilmenge von B. Aist
die Méchtigkeit einer Menge A. Unter ”Ordnung einer Menge ist lineare Ord- -
nung zu verstehen.
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§ 1. Richtungsriume

" (1.1) DEFINITION. Eine Richtung einer nichtleeren Menge X ist ein System
% von geordneten Paaren (G, F), wobei alle G und alle F Teilmengen von X,
und die Richfungsaxiome A 4

(3) (2, @), (X, X) € R, _

(B) fiir jedes Paar (G, F)e® gilt GS F, und fiir zwei verschiedene Paare
(G,,F1), (Gy, F,)€ @ besteht eine der Inklusionen F,&G,, F,S(,

(©) mit der Bezeichnung () fiir die Familie der ersten Glieder aller

Elemente von R gilt
_ UG G € §*} € d(R)  (4* < d(R), 4* = @),
(p) mit der Bezeichnung . (R) fiir die Familie der zweiten Glieder aller
Elemente von ® gilt :
N{F| F e 5% e F(R) (5% ¢ F(R), F* = &),
(E) U{F\G| G, F) ¢ ®) = X
erfiillt sind.* '

(1.2) DEeFINITION. Ein beliebiges nichtleeres System # von Richtungen
R einer nichtleeren Menge X wird eine Richtungsstruktur von X genannt. ‘

, (1.3) Aus (B) folgt unmittelbar, da jede Richtung @ einer Menge X
durch die Relation ) ’
(Gy, Fy) < Gy, Fy) Gy, F), (Gy, Fy) € R, Fy S Gy)
linear geordnet ist; diese Ordnung wird die natiirliche Ordnung einer Richtung
genannt.
(1.4) DeriniTioN. Eine Richtungsstruktur
R = {R.)ac A}

(A ist eine nichtleere Indexmenge) einer nichtleeren Menge X hat die Trennungs-
eigenschaft, wenn sie folgendem Trennungsaxiom geniigt:

Fiir jede Auswah! :
‘ B (Go, Fu) € R, (€ A)
je einer Reprisentanten der Mengen R, enthalt die Menge
N{F\Gla € A}

hochstens ein Element (sie kann auch leer sein).

* Den Begriff einer Richtung haben wir zuerst in der Arbeit [3], auf topologische Rdume
X statt auf abstrakte Mengen bezogen, definiert, u.zw. im Wesentlichen mit den Forderun-
gen (A)- (D). Eine auch (E) geniigende Richtung wurde dort ordentlich genannt, und es
hatten auch nichtordentliche Richtungen Bedeutung (vgl. den 6.§). In der vorliegenden Ar-
" neit werden ausschlieBlich ,,ordentliche” Richtungen behandelt, und eine besondere Bezeich-
ning derselben ware daher tiberfliissig.
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(1.5) DEFiNITION. Ein Richtungsraum ist ein geordnetes Paar (X, %),
wobei X eine nichtleere Menge und ) eine die Trennungseigenschaft besitzende
Richtungstruktur von X ist.

Die Menge X bzw. ihre Elemente sind die Grundmenge bzw. die Punkte
des Richtungsraumes (X; R).

(1.6) Zur Rechtfertigung dieser Begriffsbildung sei zundchst bemerkt:
Jir jede nichileere Menge X existieren Richtungsstrukiuren R, mit die X einen
Richtungsraum bilden. Mit der Bezeichnung

R, = {(7, @), (@, {1), (2}, X), (X, X)] (x€ X)

geniigt z.B. das System’
R = (@, x € X}

allen Forderungen. Mit Anwendung des Wohlordnungssatzes kann fiir eine
beliebige- Menge X das Trennungsaxiom sogar durch eine aus einer einzigen
Richtung bestehende Richtungsstruktur befriedig werden; ist nimlich X ge-
ordnet, so sind mit den Bezeichnungen

Ac={yeXly <, Bi=peXy=x (xeX)
das. mit der natiirlichen (von X iibernommenen) Ordnung versehene System
R = (2, @)} U {(Ao Blx € X} U {(X, X))

eine Richtung von X und (X, {®}) ein Richtungsraum.

(1.7) DEFINITION. Mit Bezug auf eine Richtung 2 ¢ & eines Richtungs-
raumes (X, R) werden fiir G € G(R) und F ¢ F(R) die Mengen

(a) G und X'\F bzw. F und X'\G die offenen baw. abgeschlossenen R-Halb-
riume,

(b) G und F bzw. X\G und X\F die unteren bzw. oberen R-Halbriume
genannt.

Eine Menge E S X ist ein (offener, abgeschlossener, unterer, bzw. oberer)
R-Halbraum, wenn sie fiir irgendein @ € R ein @-Halbraum (vom entsprechen-
den Typ) ist. '

(1.8) BEMERKUNG. Die Ausdriicke “offen” und “abgeschlossen” haben
hier natiirlich keinen topologischen Sinn; sie deuten nur auf die durch die
Richtungstruktur R festgesetzte Ordnungs- und Inklusionsbeziehungen der
R-Halbrdume hin.

(1.9) BEzZEICHNUNGEN. Aus dem Richtungsaxiom (B) folgt leicht, daB
fiir eine Richtung & einer Menge X ein jedes G€ (R) bzw. F¢.%(2) in hochs-
tens zwei Elementen von @ als erstes bzw. zweites Glied vorkommen kann.
Wir bezeichnen demgemaB fiir F ¢ % () mit

G(R; F) bzw. G(R; F)
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die kleinere bzw. groBere Menge. aus (@), die als erstes Glied mit F als zweitem
Glied ‘ein Element von @ bildet, und in analogem Sinne werden die Symbole

F(R; G) bzw. F(R;G)

gebraucht. Im Falle G(R; F) # G(®R; F) baw. F(R;G) = F(®; Q) ist natiir-

lich (G(R; F), F) bzw. (F(R; G, G) der wunmittelbare Nachfolger von
G({(R; F), F) bzw. (F(R; G), G) in der Ordnung von 2. v

(1.10) Aus den Richtungsaxiomen (aA) bis (D) folgt unmittelbar:
(@) fiir eine Richtung R einer Menge X sind die Mengenfamilien
GR), F(R),  &R) U F(R)
durch die Mengeninklusion geordnet;

(b) hat eine nichtleere Teilfamilie *c G(R) baw. F*CF(@) kein erstes
baw. letztes Element, so gilt

(GG € 4} = N{E@; GG € ) =N {F(®; G)|G € ¢ € F(R)
baw.
U{F|F ¢ 5% = U{G(R; F)|F ¢ 5%} =U{5(Q; F)|F € 5%} ¢ 4(R);

(cj fiir eine Richtung R ¢ R eines Richtungsraumes (X, R) ist also die Ver-
einigung beliebiger unterer bzw. oberer (R-Halbrdume gleichwie ihr Durchschnitt
ebenfalls ein unterer bzw. oberer (R-Halbraum.

(1.11) DerFiniTION. Sind (X, :R) ein Richtungsraum, @ € ® und E & X
eine nichtleere Menge, so wird das System

®|E = {(G N E, F N E)|(G, F) ¢ ®
dié Beschrinkung von R auf E genannt; mit der Bezeichnung
RHE = {RIE| R € ¥} (R* S R, R* = )
ist das Systém R|E die Beschrinkung von E)ft‘ auf E.

Es ist leicht einzusehen, dal 2|E eine Richtung und R|E eine Richtungs-
struktur von E ist, und auch (E, R|E) ist ein Richtungsraum. .

§v 2. Die R-Ebenen eines Richtungsraumes (X, ) A

. (2.1) BEZEICHNUNGEN. 1° Fiir eine nichtleere Menge E S X und eine
Richtung 2 ¢ R eines Richtungsraumes (X, R) seien

{(2.1.1) . Gg(®) = UG € ¢(®)|GNE = 3},
Fe(®) = 0{F ¢ F@)F 2 E)
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(also Gg(R) der groBte zu E disjunkte untere offene @-Halbraum und FE(Q)
der kleinste E enthaltende untere offene @-Halbraum) und

(2.1.2) 'Sp(®) = F(R)\G(R; FR),
TH(R) = F(R; GHR)NGL(R).

2° Fiir einen Punkt x ¢ X verwenden wir statt er W(R), Fi)(R), S{x (@)
bzw. T((R) das Symbol G(R), F(R), S(R) bzw. T(R), es 1st also

(2.1.3) - G(R) = UV{G € (B)|x ¢ G}.
F(R) = N{F ¢ 7(@)136 € F}
und
(2.1.49) Sx(R) = x(@)\G(Q FAR)) = Fx(@)\Gx(fQ)

= F(R; GUR)NG(R) = T(R).
(2.2) Satz. Fiir einen Richtungsraum (X, R) gilt
2.2.1) - (GUR), F(R)) € R (x € X, R € R).

Beweis. Nach (2.1.2) und (1 1), (C) bzw. (L.1), (D) gilt fiir einen Punkt
x € X und eine Richtung @ € R

G(R) € G(R), F'(R) ¢ c~(@)
und nach (1.1), (E) gibt es ein Paar (G, I') € 2 mit
. xe PNG
und — gemiss (2.1.2) —
G(R)=2G, F . (Ry< F.

Wegen (1.1), (B) gilt aber auch
G(R) S G, F(R) 2 F,
also G (R) = G, F (R) = F, und der Satz ist bewiesen.
(Da auch umgekehrt fiir jedes x € X und @ € R
X € F(R)\G(R)

gilt, ist das System der Richtungsaxiome (1.1), (A) bis (E) m1t demjenigen mit
(2.2.1) statt (1.1), (E) aquivalent.)

(2.3) BezEICHNUNG. Fiir eine mchtleere Menge E S X eines Rlchtungs-
raumes (X, ) seien

(2.3.1) - R = {(GLR), FyR)|x € B} (R €R),
(23.2) Re = (R ¢ RiR; =~ 1}.

4 ANNALES — Sectio Mathematica — Tomus IX,
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Esgilt insbesondere
Ry = {(GR), FAR)), R, = @ (x € X)

mit der Bezeichnung @, bzw. R, statt @} bzw. Ry
(2.4) BEMErRKUNG. Nach Satz (2.2) gilt

Rp S ® (R € R).

Hat nun @ in der von @ iibernommenen Ordnung ein erstes bzw. letztes
Element, so gilt

Go(®) = N Gx(%/@)' bzw.  Fh(®) = U F®)

(dies gilt also 1nsbesondere fiir endliche Mengen E); hat aber Rz kein erstes
bzw. letztes Element, so gilt nach (1.10), (b)

N G(R) € F(R) bzw. U F(R) ¢ G(R)
xeE xeE

und B
Gep(R) = G(R; N G(R))
. xegE

bzw. -
Fg(R) = FE(R; U F(R)).
xgE

Wir definieren jetzt den zentralen Begriff dieses Paragraphen.

(2.5) DeFiNiTION. (a) Fiir eine Richtung ® € R eines Richtungsraumes
(X, R) werden die Elemente der Mengenfamilie

F(R) = {F\G| (G, F) ¢ @,G < F}

die R-Ebenen des Raumes genannt.
(b) Eine nichtleere Teilmenge E & X jst eine R-Ebene von (X <), wenn
sie eine 2-Ebene fiir irgendein 2 € R ist.

(2.6) DEFINITION. Fiir eine Richtung ® ¢ ® eines Richtungsraumes
(X, ) und fiir ein (G, F) ¢ @ mit G < F sind die von F\G als R-Ebene er-
zeugten

(a) abgeschlossenen bzw: offezzen ®-Halbriume die Mengen F, X\G bzw.
G, X\F; .
(b) unteren bzw. oberen R-Halbridume die Mengen G, F bzw. X\G, X\F.

(2.7) BEMERKUNGEN. 1° Durch (2.6) sind nicht alle ®2-Halbridume erfasst,
weil ja fiir einige Paare (G, F) € ® auch G = F vorkommen kann.

2° Jede ®-Ebene ist eine Menge Sy(®) fiir irgendein E S X, aber nur
die nichtleeren Mengen Sg(®R), d.h. die Mengen S (®) fiir 1rgende1n xe X
sind (-Ebenen; dieselbe Aussage gilt auch mit TE(@) und T,(R) statt SE(CQ)
und S () (vgl. (2.1.4)). Es ist also

5”(78) {S« (@)lx € X} (@ € ).



EINE VERALLGEMEINERUNG DES BEGRIFFS DES LINEAREN RAUMES - 51

3°-Die von einer @-Ebene S,(R) erzeugten
(a) abgeschlossenen bzw. offenen R-Halbrdume sind die Mengen

F (@), XN\G(R) bzw. G(R), X\F(®);
(b) unteren bzw. oberen ®@-Halbriume sind die Mengen
G@F@Mm_mm@b@m.

4° Aqu1va1ente Fassungen des Richtungsaxioms (1.1), (E) fur eine Rich-
tung ® € R eines Richtungsraumes (X, R) sind ‘

X =U{S|Sc FR)} = U S(R),
xgX

d.Ii. die Grundmenge X ist die Vereinigung aller /2-Ebenen. Dies erinnert an
das Verhalten einer Schar von paralielen Hyperebenen eines linearen Raumes,
und die Analogie wird dadurch noch verstirkt, dall die Elemente der Familie
S (R) tiir jedes R ¢ N paarweise disjunkt sind (vgl. (3.3), 3°).

5° Mit dem Begriff der ®@-Ebene ausgedriickt und in Verbindung mit (1.1),
(E) besagt das Trennungsaxiom (1.4), daB fiir jeden Punkt x eines Richtungs-
raumes (X, N) die Menge {x} der Durchschnitt aller x enthaltenden R-Ebenen’

< ist:

{x} = N{S.(R)|R € R} (x € X).

M.a.W.: fiir je zwei verschiedene Punkte x, x2 € X gibt es mindestens eine
x; und x, trennende R-Ebene. Diese Trennung ist aber nicht unbedingt ,,strikt‘
(wir benutzen diesen Ausdruck in dem fiir Hyperebenen linearer Raume iib-
lichen Sinne); sie bedeutet nur, dass einer der durch diese R-Ebene erzeugten
abgeschlossenen M-Halbraume x; enthdlt und x,-nicht enthdlt. Damit ist auch
die Bezeichnung von (1.4) als , Trennungsaxiom gerechtfertigt; es ist tibri-
gens ein Analogon des topologischen T,-Axioms. _

6° Jede Familie () ist gemaf 1hrer Definition eineindeutig auf eine Tell-
menge von 2 abgebildet; als ihre natiirliche Ordnung wird daher die von R
iibernommene Ordnung betrachtet. *

(2.8) DEFmNITION. Sind S und S8 R-Ebenen eines Rlchtungsraumes (X, ),
so wird S ®R-héher bzw. R-niedriger als S’ beziiglich einer Richtung ® ¢ R
genannt, wenn beide ®2-Ebenen sind und in der natiirlichen Ordnung von
FL(R) S > § bzw. S < & gilt. :

(Es kann vorkommen, daB die Mengen S und S’ zugleich ®2;-Ebenen und
Ry,-Ebenen fiir zwei verschiedene Richtungen @2, @, € R sind, ihre Ordnungs-
bezichung als #;-Ebenen aber von derjenigen als @z-Ebenen verschieden ist.)

Durch die Ordnung jeder Richtung ® bzw. der entsprechenden Familie
&7 () wird eine Halbordnung von X induziert:

(2.9) DEFINITION. Sind (X, R) ein Rlchtungsraum R R und x;, x, € X

(%, 5 Xp), 80 ist x, R-hoher bzw. R-niedriger als x,, wenn zwischen den (R-Ebenen
Ss,(R) und sz(@) die entsprechende Ordnungsbeziehung im Sinne von (2.8)

. besteht.

4%
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(2.10) DErFINITION. Es sei (X, R) ein Richtungsraum, @ ¢ R und ECX
eine nichtleere Menge. Gibt es in der Teilfamilie ,

{865’(@)|80E¢®'}

von () ein R-hochstes bzw. R-niedrigstes Element, so wird es die obere baw.
unfere R-Stiifzebene von E genannt.

: (2.11) BEMERKUNGEN. 1° [st @ €R, (G Fye® und FN\G = @&, so ist
die @-Ebene S = F\G dann und nur dann die-obere bzw. untere R-Stiitzebene
einer nichtleeren Mengen E & X, wenn

(a) SN E = @ ist und

(b) E S F bzw. E € X\G gilt, d.h. E in dem durch § erzeugten unteren
bzw. oberen abgeschlossenen @2-Halbraum enthalten ist.

2° Eine nichtleere Menge E € X besitzt dann @nd nur dann einie obere
bzw. untere R-Stiitzebene, wenn S (R) N E # & bzw. Tp(®R) N E = &
gilt, und in diesem Fall ist Sp() bzw. Tx(R) die besagte @-Stiitzebene von E. -

3° Eine nichtleere Menge E < X hat in jeder Richtung @ ¢ % héchstens -
eine obere bzw. untere R-Stiitzebene, die mltunter auch zusammenfallen (vgl.
z. B. (2.1.4) und 2°).

4° Eine endliche Menge E & X hat bezugllch jeder R1chtung R E R
einen maximalen und einen minimalen’ Punkt im Sinne von (2.9); m.a.W.:
eine endliche Menge E < X hat fiir jedes 2 ¢ R eine obere und eine untere
R-Stiitzebene (u.zw. ist dies die durch das letzte bzw. erste Element -von R
erzeugte @-Ebene).

(2.12) DErinITION. Es seien (X, ®) ein R1chtungsraum E < X eine nicht-
leere Menge und 2 € K.

(a) Eine echte (die obere baw. untere) (R-Stiitzebene von E ist eine (die obere
bzw. untere) R-Stiitzebene S von E mit ENS # &.

(b) Ist S eine (die obere bzw. untere) echte ®@-Stiitzebene von E, so sind
S N E die obere baw. untere (R-Stiitzmenge und d1e Elemente von S ﬂ E die
oberen bzw. unteren (R-Stiftzpunkte von E.

(2.13) BEMERKUNG. Ist S eine nicht-echte @-Stiitzebene von E, so gilt
Sp(R) = Ty(R) = S und (mit der Bezeichnung (2.3.2))

= {R€ RISx(R) P E} =
= {ReRTe(R) 2 L} =
= {R € R(Gx(®@), F(R) ¢ B

R ist also der]emge Teil von R, fiir dessen Elemente @ die Menge E keine
nicht-echte (obere oder untere) ®-Stiitzebene hat; hierbei kann wahrhaftig
nach Belieben ,,obere oder ,,unfere’ gesagt werden, weil ja sowie aus Sg(R)=
2 E als auch aus Tg(R) 2 E, Sz(R) = Tz(R) folgt.
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§ 3. Die linearen Riume als Richtungsriume

(3.1) Der Begriff des Richtungsraumes ist eine Verallgemeinerung des Be-
griffs des linearen Raumes.

Jeder lineare Raum L ist ndmlich ein Richtungsraum (X, %) wobei X die
Grundmenge des Raumes L und % eine aus den algebraischen Halbraumen
desselben aufgebaute Richtungsstuktur ist. Mit der Bezeichnung L* fiir die -
Menge aller Linearformen auf L (wir sagen nicht ,,algebraisch dualer Raum
von L*“, weil wir uns auf die lineare Struktur von L* nicht berufen) und fii
eine beliebige Menge E < L Ssei

L¥ ={fe L*, fist auf E nicht konstant};

z.B. bedeutet L die Menge aller nichttrivialen Linearformen auf L. Es sei
ferner ‘ '
R ={RfeL}}

mit :
6= {re X|f@ <1 | :

Fi={xeX|fty=1} (f¢€ LF, —eo=1{=0c)
und endlich

RI={(G, F)|l—w=t==} (feL])

: Die Systeme 2/ geniigen offensichtlich ‘den Richtungsaxiomen (1.1), (A)

bis (E). Auch das Trennungsaxiom (1.4) ist mit R befriedigt, d.h. fiir je zwei
verschiedene Punkte x,, x,€ L gibt es ein f € L* mit f(x;) = f(xy); dies gilt
ndmiich augenscheinlich in einem linearen Raum mit endlicher algebraischer -
Dimension, also auch in dem durch x; und x, aufgespannten linearen Teilraum
von L, und jede Linearform eines linearen Teilraums kann auf den ganzen
Raum linear fortgesetzt werden.

(3.2) DEFINITION. Die in (3.1) beschriebene Richtungsstruktur der Grund-
menge eines linearen Raumes L wird die natiirliche Richtungsstruktur von L
genannt und mit R@(L) bezeichnet.

(3.3) BEMERKUNGEN. 1° Dje Erzeugung von R@W(L) aus L statt aus L+
hat nur ZweckmaBigkeitsgriinde und beriihrt nicht das Wesen der Sache. Die
Erganzung des Systems R@(L) durch die — aus der identisch verschwindenden
Linearform stammenden — Richtung '

(2, 2), (2, 1), (L, L)}

ergibt wieder eine (nicht minder ,,natiirliche’) Richtungsstruktur von L.

2° Werden neben den gewdhnlichen algebraischen Halbrdumen eines
linearen Raumes L auch die Mengen ¢ und L als (etwa ,,uneigentliche) Halb-
rdume betrachtet, so fallen die auf die Elemente von R@(L) bezogenen Be-
griffe ,,/2-Halbraum*, ,/2-Ebene*, ,,R-Stiitzebene, ,@-Stiitzpunkt** usw. mit
den entsprechenden gewthnlichen Begriffen zusammen; die abgeschlossenen
bzw. offenen @*-Halbrdume sind die durch die Linearform f erzeugten algeb-
raisch abgeschlossenen bzw. offenen Halbriume. - '
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3° Fiir jedes Paar
(G, F) € W[ ¢ LFN(@, @), (L, L)}
bgilt FNG # @, und -daher wegen (1.1), (B) und (1.10), (a)
(3.3.1) ~ Glc F(®; Gl = F(®7; GY)
G(R!; Fiy = G(RT; Ffy @ FI (fe L), —e =<1 <o)

Die linearen Rdume sind also ,speziellste” Richtungsrdume in der Hinsicht,
dass jedes nichttriviale Element einer jeden Richtung der natiirlichen Rich-
tungsstruktur eine Ebene (Hyperebene) erzeugt.

40 Ist £ € L eine nichtleere Menge, so gilt mit der Beze1chnung (2:3.2) .

(332 RO(L) = (@[ ¢ L}).

5° Mit den Bezeichnungen der Definition .(1.11) ausgedriickt besteht
zwischen den natiirlichen Richtungsstrukturen eines linearen Raumes L und
eines beliebigen linearen Teilraumes L; desselben die Beziehung

(3.3.3) - RO(Ly) = REO(L)| Ly

6° Wie bekannt, ist M(E) der Durchschnitt der E enthaltenden Hyper; :
_ebeiten; mit den Begriffen und Bezeichnungen dieser Arbeit kann dies durch’

(334)  M(E) = 0{Sg@)|f € LFNLE) = n{SH(R)|R ¢ ROLINKE(L))

_— d.h. die Menge E ist der Durchschnitt aller nicht-echten R@(L)-Stiitzebenen
‘derselben. — ausgedriickt werden.

7° Ist fe LF, so sind alle Richtungen @+ (0 <|a| <eo) im mengen-
theoretischen Sinne identisch; R@(L) kann also als eine Menge von Reprisen-
tanten der dadurch bestimmten Aquivalenzklassen der Menge aller (Qf(fEL#)
interpretiert werden.

(3.4) Es diirfte nicht uninteressant sein, diejenigen Teilmengen einer
Richtungsstruktur eines Richtungsraumes, die mit der Grundmenge der letz-
“teren ebenfalls einen- Rlchtungsraum bilden, zu untersuchen, um — wenn
“mdglich — auf diesem Wege ein Analogon (oder gar eine Verallgememerung)
des Begriffs der algebraischen Dimension eines linearen Raumes zu gewinnen.
(In diesem Sinne ist z.B. fiir einen endlichdimensionalen linearen Raum L
und eine algebraische Basis B desselben das System {®/|f ¢ B} eine minimale
Richtungsstruktur der Grundmenge von L.j Dieser Gedanke soll in einer kiinfti-
gen Arbeit weitergefiihrt werden.
In dieser -Mitteilung wird ein anderer Weg eingeschlagen: wir werden
zwei auf Richtungsrdume -bezogene Verallgemeinerungen des Begriffs der
- Konvexitit einfiihren und untersuchen. Dies ist aber eine der vorigen gewisser-
maBen entgegengesetzte Richtung, dain dieser Hinsicht eben nicht die ,,armen,
sondern die ,,reichen* Richtungsstrukturen vom grofieren Interesse sind (well
durch sie mehrere ,,konvexe Mengen erzeugt werden)
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§ 4. Konvexititsbegriffe fiir Teilmengen von Richtungsrdumen

(4.1) DeFiNniTiON. Der Durchschnitt einer beliebigen Familie von ®-
Halbraumen eines Richtungsraumes (X, %) wird eine stark R-konvexe Merzge
des letzteren genannt.

Z.B. ist jeder R-Halbraum (daher auch ¢ und X), jede R-Ebene und we-
gen . '

) = N{FRNG@IR ¢ ) = (H{F@IR € R 1 0 (XNGR)IR € 3)
jede Menge {x} (x € X) eine stark f-konvexe Menge.

(4.2) BEmErrUNG. Wegen (1.10), (c) kann jede stark R-konvexe Menge
eines Richtungsraumes (X, R) als Durchschnitt einer Familie von R-Halb-
rdumen, in welcher jede Richtung ® € ®t mit genau einem unteren und genau
einem oberen R-Halbraum reprasentiert ist, dargestellt werden.

Offensichtlich ist der Durchschnitt einer beliebigen Familie stark %- kon—
vexer Mengen selbst stark R-konvex; hierauf fuBt die folgende

(4.3) DeFINITION. Die mit K(R; E) bezeichnete stark R-konvexe Hiille .
einer Menge E eines Richtungsraumes (X, ) ist die kleinste, E enthaltende
stark R-konvexe Menge von (X, R).

(4.4) BEMERKUNGEN. [° k(R; E) genugt den dblichen Hiillenaxiomen:

(a) k(R; E) =2 E;

(b) aus E; € E, folgt k(R; E;) € k(NR; E,) (Isotome),

- (e) kK(R; k(ER E)) = k(ER E) (Idempotenz);

(d) kR; @) = @.

2° K(R; E) ist der Durchschmtt aller E enthaltenden R-Hal braume Mit
den Reze1chnun0en '

Mp(R) = n{M ¢ c@f(@) U Z(R)IM 2 E}
Ng(R) = U{N € G(R) U F(R)IN N E = g}
{(d.h. Mg(R) bzw. Ng(R) ist der Kleinste E enthaltende bzw. der groBte zu E
elementenfremde untere (2-Halbraum) gilt fiir jede Menge E eines Richtungs-

raumes (X, R) ..
: Mg(R) = UF (), Ng(R) = NG(R),
xcE . xcE

k(R E) = N{Mp(R)\N(R)|R € F}.

Hat E einen ®@-maximalen bzw. ®-minimalen Punkt im Sinne von (2.9)
fitr eine Richtung ®, so ist Mp(R) = Fp(®) bzw. Ng(R) = GE(GQ), 1nsbe-
sondere gilt fiir jede endliche Menge E ;

k(@ E) = N{Fe(R\GR(R)|R € F}.

(4.5) DEFINITION. Eine Menge E eines Richtungsraumes (X, %) ist" R-
konvex, wenn sie mit jeder ihrer endlichen Teilmengen auch deren stark R-
konvexe Hiille enthdlt, d.h.

CK(R; E¥) € E (E* € E, E* endlich).
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Jede stark %-konvexe Menge ist R-konvex. .

Der Durchschnitt einer beliebigen Familie R-konvexer Mengen ist R-
konvex, und das ermdglicht die folgende

(4.6) DEFINITION. Die mit k(R®; E) bezeichnete R-konvexe Hiille einer
Menge E eines Richtungsraumes (X R) ist die kleinste, E enthaltende R-

konvexe Menge in (X, R).
Auch k(®; E) geniigt den Hullenaxromen Eine unmittelbare Folge der

Isotonie von k(; E) ist die Beziechung
(4.6.1) . UK®R; E) S k(R;U E)
el el

fiir eine beliebige Indexmenge [ und beliebige Mengen E, & X (i € I).

(4.7y Die R-konvexe und die stark R-konvexe Hiille einer endlichen Menge
sind gleich. Auf Grund dieser evidenten Tatsache werden wir die auf endliche
Mengen E bezogenen Symbole k(%i; E) und K(R; E) mitunter vertauschen.’

(4.8) SaTz. Die R-konvexe Hiille einer Menge E eines Richtungsraumes
T (X, R) st die Verengung der R-konvexen Hiillen aller endlichen Teilmengen

von E.
_ BEwEIS. 1° Mit der Bezeichnung

(4.8.1) K(R; E) = U{k®R; E¥)|E* S E, E* endlich}

gilt E S kK'(R; E) S k@R; E), und fiir den Beweis von. k(R; E) = K'(R; E)
geniigt es daher zu zeigen, dass die Menge k’(R; E) R-konvex ist, d.h. fur eine
beliebige endliche Menge E’ < kK'(R; E) .
(4.8.2) k(R; E) € K'(R; E)

gilt. ' _
. 2° Fiir jeden Punkt x ¢ E’ seien im Sinne von (4.8.1) E, € E eine endliche
Menge mit

(4.8.3) ' x € k; E))
(fiir einen Punkt x € E kann z.B. E; = {x} gewiihlt werden) und
(4.8.4) » E¥=UE,

. o e

Es gilt dann wegen (4.8.3), (4.6.1) und (4.8.4)
E < U k(R; E,) < k(R; E¥),
also k(R; E’) S k(R; E¥), und h1eraus folgt auf Grund-von (4.8.1) die Rela-

tion (4.8.2), w.z.b.w.

(4.9) DerINITION. Eine Menge E eines Richtungsraumes (X, R) ist schwach
R-konvex, wenn sie die R-konvexe Hiille ]eder ihrer Teilmengen mit hochstens

zwei Elementen enthalt, d.h.
k@R; {x, y}) =

= N{FR) U F(R)NG(®R) U G(®) | R € |y S E (x,¥ € E).
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(4.10) DeriNiTION. Die mit sk(J; E) bezeichnete schwach R-konvexe Hiille
~ einer Menge E eines Richtungsraumes (X, R) ist die kleinste, E enthaltende
schwach R-konvexe Menge in (X, R).

Diese Definition wird dadurch ermogllcht daB der Durchschmtt einer
beliebigen Familie schwach R-konvexer Mengen schwach f-konvex ist. Auch
sk(R; E) geniigt den Hiillenaxiomen.

Jede R-konvexe Menge ist schwach R-konvex, aber

(4.11) die R-Konvexitit und die schwache R-Konvexitdt sind nicht in. jedem
chhtungsraum (X, R) dquivaient.

Z.B. seien
' ={0, 1,2, 3}, R = {Ry, Ry, R}
wobei die nichttrivialen Elemente der Richtungen ®,, @, bzw. ®,
Ry: (2,42, 3 (2, 31, {0, 2, 3)), ({0, 2, 3}, X),
Ry: (2, {1, 3), ({1, 3, {0, 1, 3D, ({0, 1, 3}, X),
Ry: (2, {1, 2), {1, 2, {0, 1, 2)), ({0, 1,2}, X)

_{123}

Dann ist (X, R) offensmhtllch ein Richtungsraum, und die Menge E ist

(a) schwach R-konvex, weil ja jede ihrer Tellmengen mit zwei Elementen
stark H-konvex (u.zw. ein R-Halbraum) ist;

(b) nicht stark R-konvex, weil der einzige 51e enthaltende R-Halbraum
X und daher k(R; E) = X = E ist; und -

(c¢) auf Grund von (b) und (4. _7) sogar nicht R-konvex.

sind, und

(Dieses Beispiel kann z. B. durch die nebenstehende Figur veranschaulicht
werden, wobei die geraden Linien die -Ebenen des Raumes (X, R) reprisen-.
tieren. Die Richtungsstruktur ® kann im Sinne von (1.11) als Beschrankung
der natiirlichen Richtungsstruktur der euklidischen Ebene auf eine Teilmenge
von vier Elementen in der angegebenen Figuration interpretiert werden.)
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Natiirlich diirften diese beiden R-Konvexitatsbegriffe in speziellen Rich-
tungsraumen (u.zw. wie man vermutet, in solchen, die nicht so ,,liickenhaft«
sind wie derjenige im vorigen Beispiel) dquivalent sein. Im néchsten Abschnitt
soll nun gezeigt werden, daB dies fiir die speziellsten und wichtigsten Richtungs-
rdume — die linearen Raume — tatsichlich der Fail ist. Es wird sich ndmlich
zeigen, dass die gewdhnliche Konvexitdt ein gemeinsamer Spezialfall der R-
Konvex1tat und der schwachen Ji-Konvexitat ist.

§ 5. Die gewohnliche Konvexitét als R-Konvexitit und schwache R-Konvexitit

(5.1y Satz. Ist L ein Vektorraum, so ist Jede algebraisch abgeschlnssene,
konvexe Menge E S L mit abzihlbarer algebraischer Dimension stark F(L)-
konvex.

BEWEIs. 1° Fiir E = @ ist der Satz evident, und fiir E = & kann — wegen
der Translationsinvarianz sowohl! der Voraussetzung als auch der Behauptung --
ohne Einschrankung der Allgemeinheit 0 ¢ £ angenommen werden. Es gilt
dann L(E) = M(E), also ist L(E) — als Durchschnitt von Hyperebenen —
eine stark R@(L)-konvexe Menge; u.zw. gilt nach (3.3.1), (3.3.4) und (2.1.2)

(5.1.1) L(E) = N{Fe(R)\Gp(R)|R € RALNRD(L)}. -

2° Bekanntlich ist jede algebraisch abgeschlossene konvexe Menge eines
Vektorraums mit abzdhlbarer algebraischer Dimension der Durchschnitt der
sie enthaltenden algebraisch abgeschlossenen Halbrdume ([1] 197); auf den
Raum L(E) und die — auch beziiglich L(E) algebraiscli abgeschlossene und
konvexe — Menge E angewendet ergibt sich daraus

E = N{Fg(RY\Gx(R)|R € RO(LE))}.
Gemiss (3.3.3) und (1.11) gilt daher
5.1.2) E = N{Fa(R)\GL(R)|R ¢ RO(L)L(E)} =
= L(E) N 0 {Fa(R)\G(R)|R € RA(L)}.
Die Menge E ist also — als Durchschnitt von stark R@(L)- konvexen Mengen —
stark R@(L)-konvex, w.z.b.w.

(5.2) BEMERKUNG. Mit diesem Beweis haben wir noch eine zusitzliche
Einsicht gewonnen; aus (5.1.1) und (5.1.2) folgt namlich

 E = 0 {F(R)\Gg(R)| R € RO(L))

also ist jede abzdhlbar-dimensionale, algebraisch abgeschlossene konvexe Men-
ge eines Vektorraums der Durchschnitt der sie enthaltenden algebraisch ab-
geschlossenen Halbrdume. Man pflegt die Variante dieses Satzes mit der Be-
dingung, die besagte Menge soll einen algebraisch inneren Punkt besitzen statt
abzihlbar-dimensional zu sein, auszusagen ([1] 197). Es sei noch erwihnt,
daB diese letzte Feststellung noch erweitert werden kann, indem man nur die
. Existenz eines inwendigen Punktes voraussetzt.

(5.3 Satz. Fiir jede endliche nichtleere Menge E eines Vektorraums L gllt
(5.3.1) [E] = k(R(L); E)..
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Bewels. [E] ist bekanntlich algebraisch abgeschlossen, aiso gilt nach

5.1), (4.4),1°(c) und der gewohnhchen Konvexitat ]eder stark R@(L)-kon-
vexen Menge

[E] S KR(L); E) € KR(L); [E]) = [E]

‘womit (5.3. 1) bewiesen ist. (Der Beweis konnte auch elementarer, ohne Beru-
fung auf (5.1), gefithrt werden.)

Als unmittelbare Anwendung von (5.3) erreichen wir nun das Endziel
dieser Arbeit:

(5.4) Satz. Fiir einen Vektorraum L sind die Begriffe der R@(L)-Kon-
vexitdt und der schwachen RW(L)-Konvexitdt mit demjenigen der gewdhnlichen
Konvexitat — und daher auch miteinander — dquivalent,

§ 6. Ausblick

Das wichtigste Modell ‘des Begriffs des Richtungsraumes ist die mit der .
natiirlichen Richtungsstruktur gepaarte Grundmenge eines euklidischen Rau-
mes. In diesem Falle sind die Definitionen und Benennungen in (1.7) mit dem
topologischen Sinn der Ausdriicke ,,offen und ,,abgeschlossen im Einklang
(vgl. (1.8)), und dies gilt auch fiir jeden, aus einem lokalkonvexen Raum L
erzeugten Richtungsraum (L R), wobei R die Menge der @/ fiir alle stetigen
Linearformen ist.

In [2] wurde der Begriff der Richtungsstruktur beziiglich topologischer
Réaume statt abstrakter Mengen definiert (mit den zusitzlichen Forderungen,
daf alle offene bzw. abgeschlossene R-Halbrdume auch topologisch offene
bzw. abgeschlossene Mengen seien, und die Familie aller offenen R-Halbraumen
eine Subbasis der Topologie sei), und es entsprang daraus u.a. ein neuer topo-
fogischer Dimensionsbegriff (Vgl. die FuBinote zu (1.1)).

Es liegt nun an der Hand die Vereinigung der abstrakten und der tonolo-
gischen Gesichtspunkte anzustreben und solcherweise ein Analogon und sogar
eine Verallgemeinerung des Begriffs des lokalkonvexen Raumes mit der schwa-
chen Topologie zu schaffen. Dies soll die Aufgabe einer folgenden Arbeit sein.
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In 1951 HaBIcHT und vAN DER WAERDEN proved the following theorem
{1 - , : . : :
If T, denotes the area of a spherical n-gon with sides @, where the distance
between any two vertices is at least a, then

= (n1—2)Ts.

In autumn 1964 MOLNAR — giving a special course.on discrete geometry —
presented his generalizations of this theorem for .general spheres and spaces

respectively. .
In this paper whe shall prove a theorem strongly related to Molndr’s

results in two dimensions, though discovered independently of those.
THEOREM. Let P, be an n-gon on the general sphere whith sides a; for which

Il=aq=0<2 (i=12,...,1n)

( and inthe case of the sphere the angle belonging to 1 is at most -;i ) where the distance

between any two vertices is af least 1.
If T, denotes the minimum of the areas of triangles with sides 1,1, b and
1, 1, 1 respectively, then polygon P, has area at least (n—2)T,.

Let b, denote the maximal value such that the area of the triangle with
sides 1, 1, b is equal to the area of the equilateral triangle of unit side.r Clearly
we may assume b, = b < 2 and that T, denotes the area of the triangle with
sides 1, 1, b, since the theorem being true for b = b, implies that it holds for
all values b between 1 and by. :

By putting b = 1 (i.e. ¢, = 1 for all i) this theorem is precisely that of
Habicht and van der Waerden, but it follows from this theorem that even if
we weaken the condition to 1 = g; = b, the same inequality holds.

1 MoLNAR’s result is concerning the case ‘b, = b.
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PROOF OF THE THEOREM.

We use induction on n.-

For n = 3 the theorem is trivial.

Suppose it holds for n =3, ..., k (k-= 3). :

1f there is a diagonal of length at most b inside the polygon, and it cuts
the polygon into two, we can apply the induction hypothes1s for both parts
separately, and result follows.

(a) Suppose such a diagonal does rot exist.

. We shall say that a point P of the polygon is ,,visible” from the vertex A
if the segment AP is 1n81de the.domain of the polygon, excepting at most the
endpoints.

1. We assert that if a point P of the side XY is vtsible from A ana'
nezz‘her X nor Y are adjacent to A, then AP = %

For 1f P is on the side XY, we may assume PX ﬁ~ (Fig. 1) . Then the

mequahty b AP+PX - AT +TX holds for any pomt T in the trlangle'
APX, and usmg — = 1 this implies that at least one of. the inequalities AT <1

and XT < 1 holds and so there is no vertex of the polygon in the triangle.
AXP. Lastly, as P is visible from A, the diagonal AX (for A and X are not
adjacent), with the exception of its endpoints, lies in the interior of the domain
of the polygon. This contradicts our assumption (a), for AX = AP+PX = b.

2. If A, B, C are adjacent vertices of the polygon (i.e. AB and BC are
sides of the polygon), and P is on the side BC, it is visible from A. and lastly

AP = i then BP < i
2 2

Fig. 1 : ' Fig. 2

First we shall show AC = b. If C can be seen from A, this follows from
assumption (a). If C cannot be seen from A, let U be the last point on the seg-
ment CP, which cannot be seen from A. Then the segment AU contains a
vertex covering U, say V, and this vertex V can be seen from B, so BV = b.
- Vis a point of the triangle ABC, therefore BV = max (BA, BC). Since BA=b

this implies-BC = b, which is impossible (Fig. 2.). : '
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‘ As AC = b and BC = b, each point on the 'side CB, including the point
P, is nearer to B than to A. Consequently BP <= AP = %—, as required.

3. Denoting the area of P, by T,

*) ' ' T =2 B-nK,

7T

where o denotes the sum of the angles of P, B the area of a circle of radius %, and 2K

the area of the intersection of two circles with radii % ,wheﬁ the distance between
the centres is 1. '

Draw circles of radii % around the vertices of P, and consider the sectors

which are cut out of these by the angles corresponding to the vertices. Denote
by K; that half of the common part of the circles around A, and A, which
is on the same side of A;A;;; as the polygon (A,;; = A)). If we take the
union of the sectors and subtract the domains K, (counting multiplicity), then,
in consequence of assertions 1 and 2, the polygon contains this domain, and
‘because of assumption (a) each point is covered only once (since two sectors
belonging to non-adjacent vertices have no point in common). The sum of the

areas of the sectors is — B. As the area of K, is maximal (K) when the corres-
1

ponding side is minimal, that is of length I, this implies immediatel y that ine-
quality (*) holds. :

The area of a rhombus of unit side and diagonal b is 2T,. Denote the leng th
of the other diagonal by c.

4, The rhombus of unit side and diagonal d = ¢ has no point which is further

b
from every verfex than 5

Let ABD be a triangle such that AB = AD = 1, BD= ¢, and denote
the mid-point of BD by M. Naturally AM = % Move the points B and D

around A, symmetrically and towards the line AM. Then there is a position
B*, D* satisfying B¥*D* = d (Tig. 3.). For this triangle AB*D* AB* = AD*=
= 1, B¥D* = d, so becayse of the symmetry it is sufficient to show that this

triangle has no point at greater distance from every vertex than %

BAM < = B*AM <; so by comparing the triangles BAM and B*AM
_Z> BM = B*M, and in the same wayé— > D*M.
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Thus M is of distance at most% from every vertex of triangle AB*D*.

If T is an arbitrary point of AB*D* let X and Y denote two of the pdints
A, B*, D* for which the triangle MXY contains 7. Then XT+ TV =
= XM+ MY = b and consequently at least one of the distances XT and VYT

is at most i
: 2

|l
AT !

7S,
SN

)

SOOI
SO

N
Ras\i8%e

Fig. 3 . Fig. 4

5. By showing that the assumption T = (n—2)T, leads to a contradiction
we shall prove the theorem. : ‘

Suppose T = (n—2)T,, thenir»-é-s 2T;. The area of the rhombus of

unit side.and diagonal dis 2T, if d = ¢. It tends to 0 as d tends to 0, so there
is a rhombus ABCD of unit side and diagonal d, where BD = d = ¢, the area

of which is . It follows from the relation between the angles and the area

n—

that the sum of angles is

20-2 . Draw circles of radii% around the vertices and

consider the sectors cut out of these by the angles of the rhombus. Then the

sum of the areas of these sectors is_ﬁ-B, and the areas of the domains
: A n—2)m

K, are exactly K. According to assertion 4 the union of the sectors covers the
rhombus, as any point is in at least one sector. Thus the domain obtained by
taking the union of the sectors, and subtracting the domains K; (counting mul-
tiplicities), covers the rhombus (Fig. 4.). As BD < 1, it is certain that the inter-
section of the circles around B and D is not empty, so some parts of the rhombus
are covered at least twice, hence . ' :

2T o
-
n—2 (n—2)n

B—-4K.
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By using n—2 = 2 this yields
T<-Z B-2(n-2)K= -2 B—nkK,
27 2

in contradiction to inequality (¥).

This accomplishes the proof of the theorem.

Our proof shows that if the ,,cut” is impossible, equality cannot hold, so
equality holds 1f and only if the polygon can be built up from triangies w1th
sides
, L, b if b > by,

1, 1, 5 and 1,1, 1 if b = b,
, L1 it b o< b

7
It is easily seen that on the Euclidean plane b, = V3, and if b> 2 cos — TX

equality holds for a unique polygon, where the sides b of the constructing tirang-
les are on two parallel lines, and there are only four angles of the polygon diffe- -
rent from = (Fig. 5).
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A set of points D of the Euclidean n-dimensional space is called a star-
domain if there is a point M of D such that the whole segment MP belongs to
D, whenever P is a point of D. In short, D is a star-domain if every point of
D is visible from a point M (see e.g. [1]). In 1946 M. A. KRASNOSELSKY proved
the following theorem:

Let T be a bounded closed set of points of the n-dimensional space. If any
n+1 points of T are visible from a point, then T is a star-domain.

Concerning star-polygons, G. HaJOs gave a simpler criterion in 1956.
He showed that a polygon is a star-polygon if any three of the vertices of the
convex angles can be seen from a point. This result was soon improved by
J. MOLNAR. It follows from the theorem of J. MoLNAR that it is sufficient to
take into consideration only those convex vertices which are joined to concave
ones. J. MOLNAR also posed the problem of the generalisation of these criteria.
He presented a polyhedron of simple structure, which is not a star-polyhedron.
This observation shows the impossibility of direct generalizations.

In this paper we shall give criteria for a polyhedron to be a star-polyhed-
ron, using a finite number of points. A point of a polyhedron which can or can
not be seen from some point will always be assumed to be a pomt on the boun-
dary.

THEOREM 1. Lef T be a polyhedron. Choose an arbitrary fixed point from the
interior of each face of T. If for any four of these points there is a point from which
all the four points can be seen then T is a star-polyhedron.

~ Proor. We shall prove this theorem in a more general form:

Each face (more precisely the plane containing the face) of T determires
two half-spaces. Consider those half-spaces for which the normal vector of the
face, pointing inside T, points inside the half-space. If the intersection of any
four of these half-spaces is not empty, then T is a star-polyhedron.

According to the theorem of HELLY, the intersection of all the half-spaces
contains at least one point, say 0. We shall verify that every point of T can
be seen from O.

5*
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a) O is inside T.

Otherwise connect it to an interior point, say P (Fig. 1). OP must contain
a point  where OP enters T. But then there is at least one of the faces contai-
ning Q, for which the corresponding half-space does not contain O.

o D1
0 %

Fig. 1 Fig. 2 Fig. 3

b) No point can be covered from O.

' Suppose there is a covered point @ (Figures 2 and 3). It can be supposed
that the line OQ does not intersect any edge except poss1b1y at 0. Then
moving from O towards Q through the first ,covering” point we leave the
polyhedron. After this we must enter 7 at latest at Q, and then an argument
similar to the previous one gives a contradiction.

The following corollaries are simple conseqtiences of Theorem 1:

COROLLARY 1. Omit the edges of a polyhedron T belonging to the concave
face-angles. Then choose a fixed point on each face. If any four of these points
can be seen from some point, then T is a star polyhedron.

COROLLARY 2. If on each face of a polyhedron there is a vertex such that all
the angles belonging to the edges adjacent to this vertex are convex, and if any four
vertices can be seen from some point then the polyhedron is a star-polyhedron.

We now prove a theorem concerning star-polygons.

THEOREM 2. If there is a point O on the plane, which is in the domam of
. every convex angle of a polygon P, then each point of the polygon can be seen
from O (consequently P is a star-polygon ).

Proor. It is sufficient to verify, that from the pomt O each side of the po-
lygon can be seen ,,from the front”. (In this case it is obvious that O is in the
polygon; and if a point, say R could not be seen from O, then by moving from
0 towards R on the segment OR we should leave the polygon through one of
its sides, and either reentering it, or at the pomt R, we should see the ,,back”
of a side from O. )

Suppose that the ,,back” of the side AB can be seen from O Then let H
be an interior point of AB. We may also suppose that the segment OH does
not intersect a side, the back of which can be seen from O. The half-line O
enters the polygon at H. Denote the first pomt where OH leaves the polygon by
G (Fig. 4
’ ( T%le szagment HG cuts the polygon P into two, and one part, say the one
containing the vertex B, polygon P, does not contam the point 0. Omitting
P and considering only the point O and the polygon P, it is obvious that some
part of P; can not be seen from O. Let a point X run from H, in the direction
of the HB directed segment, on the circumference of P;, and denote by X,
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that point furthest from it such that OX; does not contain a point of the cir-
cumference.! Then the points between X; and H can be seen, but there is a
segment on the other side of Xj, the points.of which are-covered or are on the
half-line OX;. This means that one of the following. two pr0p0s1t10ns must
hold:

1. There is a segment X,V at the circumference of P,, which is covered
by the polygon HX, (see Figure 4).

2. There is a vertex of P; on the half-line 0X,. (see Figures 5 and 6).

Fig. 4 Fig. 5 Fig. 6 _

Both of these propositions immediately lead to contradictions:

1. In this case X; is a vertex of a convex angle (which is also an angle of
P), not containing 0

2. Let Q be the point of PI, on the segment OXI, nearest to the point O,
Then Q is a vertex of P; (and P); the angle belonging to this vertex is convex
and does not contain O.

This completes the proof of Theorem 2.

The following theorem corresponds to Hajos’s theorem in the space. We
-shall say that an edge is convex, respectfully concave, if the face-angle belong-
ing to it is convex, or concave respectively.

TuEOREM 3. On each convex edge of a polyhedron T a fixed point is'given,
which is not an endpoint of any concave edge. If any four of these points can be
seen from some point, then T is a star- polyhedron

PROOF We shall prove a slightly more general reformulatlon of the theo-
rem:

Consider the domains of the convex face-angles. If any four of these domains
have common points, then T is a star-polyhedron.

By the theorem of HELLY, the domains of the convex face-angles have a
point in common, say O. We shall show that all the points of 7 can be seen
from O. Suppose a point Q, can not be seen from O. Denote by @, the point

1 We did not take covered points, because e.g. in Figure 6 we wanted to choose X, = C
instead of X; = D.
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on the segment 0Q,, nearest to the point O, which belongs to T but can not be
seen. In this case Q; can not be an interior pomt of a face parallel to 0Q;. Then
a neighbourhood of Q; can also not be seen from O, and this 1mplles there is a
point @ on T, such that:

I° it can not be seen from O;

2° it is an interior point of a face which is intersected by 0Q; and

3° the line'OQ does not contain a vertex of T, except perhaps O, since
the vertices ‘and O determine only a finite number of directions.

Let R be a point of the face containing Q, such that the plane S = PQR
does not contain any vertex of P, except perhaps for O. Consider the intersec-
tion of the plane S and T. This consists of disjoint domains of polygons (and
at least one polygon, since the segment QR is contained in the intersection).
Take that polygon of the mtersectmn which contains the point @ (and so R
too), say K.

- If X is a vertex of a convex angle of K, different from O, then X is an inte-
rior point of a convex edge of 7. The domain of the corresponding convex
face-angle contains O, so O must be in the intersection of this domain and §:
in the domain of the convex angle with vertex X.

If X = Ois avertex of a convex angle of K, O is automatically in the do-
main of the angle with vertex X.

These two propositions imply that O is in the domain of every convex
angle of K. According to Theorem 2 every point of K can be seen from O,
including the point Q. As the domain of K is disjoint to the other domains of
polygons, Q can not be covered by an other polygon either, hence Q can be seefi
from O in the plane S. Consequently Q can also be seen from O in the space.

It is easily seen, that the following result is a corollary of Theorem 3:

COROLLARY 3. Omit the concave edges of a polyhedron, and choose an arbit-
rary point on each face having at least one convex edge. If any four of these points
can be seen from some point, then the polyhedron is a star-polyhedron.

References

[1] H. Brunn, Uber Kerneigebiete, Math, Ann., 73 (1913), 436 - 440. .

[2] M. A. HPACHOCEJ’IBCRHH 00 oaHOM Kpmepmx 3BesnHOCTH, Mam. Cﬁopmuc 19 (19406),
309 -310.

3] J. MoLNAR, Uber Sternpolygone, Publ. Math., 5 (1958), 241 -



COLLOCAZIONI DI CERCHI CON ESIGENZA DI SPAZIO:

J. MOLNAR
Department of Geometry of the Eotvios Lordnd University, Budapest

(Received February 1%, 1966.)

Nella questa Nota ci occuperemo in ispecie della densita di sistemi dei
cerchi che soddisfano a certe condizioni accessorie.? Questi sistemi di cerchi
saranno chiamati da noi sistemi di cerchi con esigenza di spazio. Per farci
capire meglio menzioniamo il seguente semplice problema.?

Vogliamo costruire una cittd su un pianeta sotto le seguenti condizioni:
le piante degli edifici siano cerchi congruenti. Appartenga ad ogni edificio uno
spazio libero — pitt brevemente esigenza di spazio — di forma circolare (per
atterramento e decollo degli elicotteri, per parcheggio, ecc.,), il quale deve
aderire tangentemente all edificio. Le esigenze di spazio siano uguali. Due edi-
fici, od un edificio, e la sua esigenza di spazio non si possono intersecare. Le
esigenze invece possono avere intersezione od in parte od interamente. Sorge

il problema: come si possono collocare gli edifici con la densita massima?

Fig. 2

1 Conferenza tenuta a Bari il marzo 1964. La parte piti grande di questa conferenza e
gia pubblicata in ungherese (MOLNAR [14]).

2 Della densita di sistemi di cerchi, soddisfano alle condizioni accessorie, ci siamo gia
occupati anche in lavori precedenti (ved. MoLNAR [10]).

% ved. MOLNAR [14], cfr. FEJES TétH [5], 210 - 211.
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II problema varia secondo il numero (uno o piir) delle esigenze di spazio
di un edificio.* Se una esigenza ha pitt componenti, allora un movimento di
queste porta a nuovi problemi. v

I nostri teoremi mostreranno che, come risoluzioni dei problemi di questo
tipo, si ottengono diverse collocazioni estremali di cerchi.® Fra esse si trovano
tutti le collocazioni omogenee del NiggLi [16], [17] (fig. 3—6) e del SiNoGO-
wiTz [18].

§ 1. Densitd delle collocazioni di cerchi?

Nella nostra Nota consideriamo la collocazione di cerchi, soddisfacenti a
‘condizioni accessorie, sulle superficie a curvatura costante, pifl precisamente,
sulla sfera, sul piano euclideo e sul piano iperbolico.

Chiamasi densita di un sistema numerabile {K;} di cherchi su una supet-

ficie a curvatura costante rispetto al dominio T il quomente——KT—mz. Si de-

finisce, in modo analogo, la densita di un sistema di cerchi anche sulla sfera.

Nella presente Nota ci occuperemo.soltanto di sistemi di cerchi, tali che
ogni punto del ,,dominio’” T non possa essere punto interno di pitt di un.cerchio. .
Si puo definire 1a densita 8 di un sistema numerablle {K} dl cerchi r1spett0
al tutto il piano euclideo ,
5 — fim YK, NK(R)
Re= KE®R)

dove K(R) ¢ un cerchio di raggio R, il cui centro O ¢ un punto fissato del piano.
Si puo definire, in modo analogo, anche la densita di un sistema qualunque
di domeni pit generali.

.Si puo dimostrare che § non dipende della scelta di 0. Cio segue sempli-
cemente dal fatto che il quoziente

K(R+¢)—K(R) . 2Rc+c?
K(R) R . :

nel caso in cui ¢ & costante, tende a zero per R — .

4 Si giunge ad una ulteriore generalizzazione supponendo, per esempio, che le piante
degli edifici possano essere anche unioni di cerchi, brevemente: insiemi di cerchi. Nella fig. 1
si vede lillustrazione dei grattacieli- pari di Chicago. Le piante di questi edifici sono insiemi
di. cerchi (fig 2). Questi grattacieli sono chiamati torri di luna, con tale denominazione si
intende esprimere la supposizione che I'uomo, penetrando nel cosmo, voglia costruire, sui
pianeti conquistati, edifici simili alle torri di luna.

5 Sulte fig. 714 si trovano altre collocazioni estremali di cerchi sulla sfera, nsp sul
piano iperbolico (preso il modello di cerchio del POINCARE).

¢ Un sistema di cerchi dicesi omogeneo regolare se, per qualsiasi coppid di cerchl, esiste
una congruenza che transforma l'un cerchio nell altro, mentre il sistema si muta in se,

? Cfr. MoLnNAR [11], 224 —225.
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Su un piano iperbolico di curvatura % si ha
lim K(R+c¢)—K(R)
R K(R)

Questo fatto ci fa pensare che la definizione della densita nel caso del piano

=el=_1x0.

e !

Fig. 7  Fig. 8

iperbolico si mostra piu difficile. Anche il risultato sopredente del BOROCZKY
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Fig. 13 - .  Fig. 14

mostra la stessa cbsa:8 Egli ha diviso il piano iperboiico per celle, in due modi
ottenendo cosi la densita d;, risp. d, (d; »= d,) in ogni cella (fig. 15).

¢ Heppes diede una decomposizione del piano iperbolico, in cui figurano due specee
di celle di DIRICHLET e giunse, a seconda del ragruppamento delle celle incongruenti, a diffe-
renti ,,densitad”. Questi risultati recenti di BOROCZKY e HEPPES non sono stati finora pubbli-
cati. '
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La difficolta che sorge nella definizione della densita sul piano iperbolico
sara eliminata nel modo seguente: noi accettiamo un valored < 1 come estremo
superiore della densita di un sistema di cerchi, se si puo dare una decomposizione

“del piano in celle di Dirichlet in modo tale che si abbia, in ogni cella, la den-
sita = d. . o

§ 2. Lemmi

LEMMA. Sia A(ABC) un triangolo — con i vertici A, B fissi — su una
superficie a curvatura costante, che ha punto interno comune con il cerchio K di
raggio R e di centro O, mentre i lati AC, BC e il cerchio siano disgiunti. Sia veri-

ficata inoltre, la relazione r < OC = OB§0A§%.9 Allora: l'area del friangolo

A(ABC) assume il suo minimo quando AC ¢é tangente al cerchio K.

DimosTRAZIONE. Denotiamo i cerchi concentrici ‘con K e avanti raggi
OA, OB, OC con K,, Kg, K. Facciamo vedere che, se AC non & tangente
al cerchio K4, allora si puo muovere C sul cerchio K. verso.il vertice B in modo
tale che l’area del A(ABC) diminuisce. Sia A* il primo punto di intersezione
della retta CB con il, cerchio K, (in direzione di CB) e indichiamo con C’
tale punto del cerchio K il cui distanza dalla retta AA™ & uguale alla distanza
fraCe AA*18e C’ = C, alloral’area del 4(ABCY diminuisce, mentre si muove
il punto C sul cerchio K. verso il punto B, finché¢ AC diventi tangente al cer-
-chio K. Nel caso C” # C consideriamo il quadrangolo simmetrico con i vertici
A, C, C’, A*. Secondo l'ordine ciclico di questi quattro vertici.ci sono due pos-
sibilita: 0 N = AC’CA¥* (fig. 16) o N = ACC’A* (fig. 17). Se N = AC’C A%,
-allora, spostando il punto C.sul cerchio K verso il punto B, l’area del 4(ABC)

¢ 53 si riferisce al caso di una sfera.

1 1insieme di punti la cui distanza da una retto sono uguali, si dice linea di distanza.
Come ¢ ben noto, una linea di distanza ed un cerchio possano avere, su una superficie a cur-
vatura costante, al piu due punti comuni. Cio, nel nostro caso, vuol dire che su un cerchio
K puo esistere al pm un punto C’ = C.
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diminuisce. Consideriamo, poi, il caso- N = ACC’A*. Siccome il diametro
A*C non ha punto mterno comune con il cerchio K, vale la stessa cosa anche
per il diametro AC” del quadrangolo simmetrico N, tanto il quadrangolo &
simmetrico per il cerchio K. D’altra parte A(ACA*) = A(AC’A%*), quindi
ovviamente A(ABC) = A(ABC’) + A(A*BC’), ciot 4(ABC’) < A(ABC).** Dun-
que, se il punto C arriva alla posizione di C’, I’area di A4(ABC) diminuisce, e
poi, se AC non & tangente al cerchio K, allora spostando il punto C verso ik
punto B, l’area del 4(ABC) diminuisce sempre. Con cio il lemma & dimostrato.

Fig. 16 ' " Fig. 17

Mediante il lemma si dimostra facilmente il

LemMA 1.2 Siano Ky, K,, K, cerchi concentrici con i ragiry, 1, 1, (r] < 1, =l)
su una superficie a curvatura costante, sia S un poligono convesso che ha punto
inferno comune con il cerchio Ky, un suo lato fissato AB sia una corda del cerchio
K;. Supponiamo inoltre che gli altri vertici di S si trovino sul cerchio K,, e gli
altri lati — fatte eccezione per AB — non abbiano punti comunt con il cerchio K.

Fig. 18 ' . © Fig. 19

11 Noi denotiamo il dominio e la sua area con lo stesso simbolo.

12 Questo lemma e la generalizzazione di un nostro lemma precedente (ved. MOLNAR
[91, [11], e puo esser generalizzato - fra I'altro — per poligoni convessi, il cui lato AB non
¢ simmetrico relativamente ai cerchi concentrici K;, K.
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11 poligono S assume ll suo minimo, Se i suoi lati, differenti dal AB, sono — con
eccezione al piir di un lato — tangenti al cerchio K13

DIMOSTRAZIONE. Sia S = ABP, ... P, un poligono soddisfacente alle con-
dizioni del lemma, dove si denotano con Py, P, ..., P, i vertici del poligono
convesso S i quali si trovano sul cerchio K,. In virtu del nostro Lemma segue
facilmente, che se S ¢ di area minima, allora almeno uno del lati AP;, BP,
¢ tangente al cerchio K;. Cosi nel seguito, noi possiamo limitarci a poligoni
il cui lato BP, ¢ tangente del cerchio K;. Applichiamo il nostro lemma per il
A(AP,P,), poi per il A(PyP,P;), ..., ed infine per il A(P,_,P,_,P,): mentresi
deve stare attenti che per certi A(P,P,;,;P,,,) sard necessario anche la per-
mutazione dei lati P,P,,;, P;.1P;4,: cosi si giunge alla prova della tesi.

NorazioNI. SiaII(ry, 1y, 13) =IT il poligono minimo appartenente ai cerchi
concentrici di raggiry, 7, 75. Si distinguonoiseguenti casispeciali: 1.II°(ry, 1y 7)) =
=1I° se A = B (fig. 20), 2. II(rl, rz, ry) =1II', se AB ¢ tangente al cerchio di
raggio r (flg 21), 3 H A(ry, r2, r;)=1II4 se AB ¢ un diametro del cerchio di raggio

¥ (fig. 22

Fig. 22

2 11 lato eccezionale del poligono S puo esser (fig. 18) o no (fig. 19) corda del cerchio K.
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LEMMA 2.35 Prendiamo insieme al cerchio K di raggio r e di centro C due
cerchi congruenti disgiunti di centri Cy, Cy, e supponiamo che l'asse centrale C,C,
non abbia punti interni comuni con il cerchio K. Denotiamo con w,, (w,,) il piit

picolo (pitt grande) valore dell’ angolo C{@CQ. Affermazione: wpy—w, = ofr),
dove con o(r) si denote l"angolo sotto il quale st vede il cerchio di raggio r da distanzar.

- DimosTrRAZIONE. Se l’angolo C,CC, = w,,, allora
I"asse centrale C,C, ¢ tangente al cerchio K (fig. 23).
Sia K* I'imagine speculare del cerchio K rispetto all
asse centrale C,C, e denotiamo con ¢, ¢, le tangenti al
cerchio K* che passano per il centro C e indichiamo
poi con fy, f, le tangenti ai cerchi con centri C;, C,,
_ che passano per il punto C e si trovano-nell angolo

C,CC,. L’oscillazione dell” angolo (fl\CC2 ¢ uguale
all’oscillazione dell’angolo formato da f;, f,. Conside-
rato che in caso w,, f; = f e che f, f, sempre appar-
tengono al dominio angolare a(r) formato da e, e,
— - & evidente che l’oscillazione dell’angolo (,{1?,‘02 non ¢
Fig. 23 maggiore dell’angolo ofr), ciot wy—w; = o(r).

"§ 3. Teoremi

Sia h,_,_, la distanza del centro radicale di tre cerchi con raggir, p, ¢, i
quali sono tangenti fra loro esternamente, dal centro del cerchio di raggio r.
In una nostra Nota precedente, abbiamo dimostrato il seguente teorema:®

Se sulla superficie a curvatura costante sono collocati almeno tre cerchi
disgiunti di raggio r, allora la densitad dei cerchi rispetto alla superficie & sempre

= K@) o
- h Ho(r) hr—r—f) hr—r—r) .

1 Con la permutazione dei lati vogliano ottenere che i lati del poligono S i quali non
sono tangenti al cerchio K;, siano lati vicini, cosi ’area puo esser diminuita di pii (cfr. MoL-
NAR [10]). La permutazione dei lati P;P;.(;, P;1;P;;: non cambia — ovviamente — I'area
del A(P; Py 1Piys)- ) ) )

15 8i puo estendere il lemma — in certo senso — per il caso in cui i cerchi K, K, di centri
C,, C, non sono congruenti, Infatti si riconosce facilmente che il Lemma 2 é valabile anche
nel caso in cui K;, K, = K, 0 Kj, K, = K; cioé, se K, < K < K,, allora il lemma, in gene-
rale, non & vero. ' .

16 yed. MOLNAR [10]. Questo teorema e la generalizzazione di un teorema del FgjEs
TétH. 11 risultato ¢ interessante perché esso da un estremo superiore non monotono per la
densiti di cerchi che, in molti casi, & preciso. Su una superficie di curvatura costante x» si ha

K(r) _
o, by s by—r—)

~

T
3 cosec—-—6 _
a . E —
- , dove cosec — = 2 cos Vxr.
a

[a] —S—Earc tg { }/?Ttgiz~ cotg (1 ——[i]-)n }
7T a a
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DEFiNiziONE. Chiamasi esigenza di spazio di un dominio 7T, di um sistema
{T;} un insieme di punti 77 aggiunto al dominio T, il quale non abbia punti
interni comuni con nessuno dei domini del 51stema {T} c10e m"NT; =0,
G=12..).

Chlama51 esigenza di spazio con raggi o, 0, ..., 0, di un cerchio K, di
un sistema di cerchi {K;} 1'unione di cerchi tangenti al cerchio-K, con raggi
01, 03, - - -, Oy, 1@ quale non abbia punti interni comuni con nessuno dei cerchi K.

I nostri teoremi che seguono sono generalizzazioni del teorema citato.

TEOREMA 1. Se sulla superficie a curvatura costante sono collocati almena
fre cerchi disgiunti di raggio r, con esigenza di spazio con raggio o(p = h,_,_,—7r)
allora la densitd 8 di questi cerchi rispetto alla superficie soddisfa alla

_ k0
B Ho(r; hr—r—n r+9) ‘

Questo teorema da un estremo superiore preciso per la densita nei casi in
cui anche il teorema sopra citato da un risultato preciso, cio¢ quando intorno
al cerchio di raggio r si possono collocare cerchi tangenti disgiunti di raggio r
di numero intero, pilt precisamente nel caso in cui ’angolo del triangolo equi-
latero di lato 2r e divisore di 2». La limitazione & precisa anche, per es., nel
caso del sistema di cerchi congruenti, i cui centri formano i vertici del mozaico
di simbolo. (3, 3, 3, 3, n) (n = 4) (fig. 6, 7, 12). :

Fig. 24 . Fig. 25

DIMOSTRAZIONE.” Sia {K;} un sistema di cerchi disgiunti di raggi r soddis-
facenti alle ipotesi del teorema. Indichiamo con D, l'insieme dei punti che dis-
tano dal centro del cerchio K; non pili che dai centn degli altri cerchi. Si rico-
nosce facilmente che la cella D, (cella- di DIRICHLET, o poligonio VORONOI)'®
ottenuta in tal modo del cerchio K; ¢ un poligono convesso. Questi poligoni
convessi {D;} ricoprono la superficie interamente e semplicemente ad eccezione
delle.frontieri dei poligoni D, (fig. 24). Per dimostrare il nostro teorema, basta

17 11 raggionamento della dimostrazione si trova, in essenza, per esempio, in [10].
18 yed. COXETER [1], 53.
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far provare che la densita del cerchio K;, nella sua cella D;, ¢ sempre= »K—
(o]

E evidente che la cella D, contiene il centro C? dell’esigenza di spazio del cerchio
K;, perché C? non & a distanza pitt grande ‘dal centro del cerchio K; che dai
centri di altri cerchi {K.}. Indlchlamo con B, lmvﬂuppo convesso del punto
C; e dell’intersezione D, N K (h,_,_,). Evidentemente D; 2 B,. D’altra parte
in virtu del Lemma I, B, = Ho(r h_.—,, r+0). Con cio il Teorema [ ¢ dimo-
strato. :

e
i

et

Fig. 26 . Fig. 27

Osservazioni. 1. Nella dimostrazione abbiamo usato soltanto quella pro-
prieta del cerchio K7 di centro C} che ha assicurato la relazione C; ¢ D;. Questa
ovviamente & vera anche nel caso in cui invece del cerchio K prend1amo un
insieme che contiene il cerchio Ki. Non ¢ tanto banale perd ‘che la relazione
C; € D, sia soddisfata nel caso di un insieme di punti a O-dimensione, cio¢
nel caso di un sistema discreto di punti. Cosi, per es., sul piano euclldeo se il
cerchio K} con il centro C7 ha cinque cerchi tangenti esternamente di raggio r,
allora per la refazione cy e D; sono sufficienti quattro punti (fig. 25). Questo
quattro punti possano essere, per es., i seguenti C7, P, Q, R, dove P, @, R sono
ipunti di tangenza dei cerchi di raggio r che non si trovano sul CeI'ChIO K.
L’inviluppo r-convesso di questi quattro punti e di K, contiene il cerchio K. 1o
Mediante questa ultima osservazione si puo generahzzare il teorema precedente
per il caso in cui I"esigenza di spazio del cerchio K; sia sostituita con insieme
arbitrario di punti T} (fig. 26). In questo caso per determinare il punto C7,
consideriamo 11nv1luppo r-convesso B; di K; e T;. §i puo prendere come C*
il centro del cerchio di raggio massimale tangente ‘al cer chio K, contenuto nel
dominio Bj;= B;—K, (fig. 27). Evidentemente I’estremo superiore della den-
sita del sistema K non varia, se i domini 7, non sono congruenti, mentre
cerchi di raggio massmale, che si trovano in B} = B;—K; sono uguali.

19 1 concetto della r-convessita si trova nel [11], 253_'. '
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2. I1 cerchio K, abbia I’esigenza di spazio T, sia poi B; linviluppo
r-convesso di K;e T, Indichiamo con p il raggio del cerchio ‘massimale con-
tenuto nel B,— K e tangente al cerchio K;,. Mediante i nostri precedenti lavori
e la presente Nota possiamo generalizzare il Teorema 1 per i seguenti casi:
Lrp=r0c(cd), 2.r,€(ab), 0, =0, 3. 7, €(a, b), 0, € (¢, d).

- TEOREMA 2. Se sulla superficie a curvatura costante sono collocati .almeno
tre cerchi {K,} disgiunti di raggio.r e l'esigenza di spazio di ogni cerchio K; é for-
mata da due cerchi di raggio o (o = h,_,_,—r) disgiunti e tangenti al cerchio K;,
allora la densita di cerchi {K;} rispetto alla superficie é sempre

- K(r) .
I, ByeyepiT0)

L’estremo superiore 3 preciso, per es., nel caso in cui i centri dei cerchi di
aggio r formano i vertici del mozaico (3, 1, 3, n) (fig. 10, 14).

DiMosTRAZIONE. Si riconosce con un ragionamento analogo a quello del
teorema precedente, che D, > I1, risp. D, =II{+II,. Si puo ridurre "ultimo .
caso al primo se si usa, convenientemente, il metodo di spezzamento dell’area,
e se sara necessario anche il Lemma 1 (fig. 28, 29). Basta dunque occuparsi

Fig. 28 - Fig. 29

"del primo caso e dimostrare che IT =1II¢, dove II* contiene il cerchio K. Se
I’asse centrale AB appartenente ai centri dei cerchi congruenti formanti 1’esi-

genza di spazio, non € tangente al cerchio K, allora il poligono IT ha un lato-
MN che ¢ tangente al, cerchio K (fig.-30). Nel caso del Lemma 2, considerato
che w, = MCN, si possono designare i punti P;, P, sul lato MN,-in modo
tale che l’angolo Pl(/Z\P2 del triangolo isoscele P,CP, sia uguale proprio all’in-

cremento che & necessario dare all’angolo ACB perche, in questa nuova
posizione, AB sia tangente al cerchio K, cio¢ ACB = w,. Sia F il punto
medio di AB: applicando la tagliatura triangolare P,CP, lungo la semiretta
CF si ottiene un nuovo poligono IT* = AMPN ... BF,P,P,F, che non ¢
convesso (fig. 31). Consideriamo adesso il poligono'convessoll’ = AMN ... B.

. . [ 4 [ T ety o~
Sicome AB ¢ tangente al cerchio K, e CF,B :E’ CFZA:_E—, CPM = CPN

6 ANNALES — Sectio Mathematica — Tomus IX.
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quindi F;, F, sitrovano fu0r1 dIII’, il punto P invece & punto interno a II’. Si
prova facﬂmente che A(BF, P1)+A(AF P,)=A(MPN) e cosiIl’ <II* In virtu
del Lemma 111" =11. Con cio il teorema e dimostrato.

Osservaziont 1. Il Teorema 2 & la-generalizzazione di un nostro teorema
precedente. Infatti, si vede facilmente, che nel caso p = h,_,_,—r si giunge
al teorema citato, perche nella decomposizione del piano per celle D; si possono
trovare in relazione ad ogni cerchio K, due punti i quali possono esser conside-
-rati come centri A, B di cerchi aggiunti al cerchio K.

Fig. 32 ' 4 Fig. 33

2. All’estremo superiore preciso, nel caso di dati r, g, non appartiene sempre
una configurazione estremale univocamente definita. Cosi, per es., sul piano

euclideo, a o = (Y2—1) rci sono due configurazioni estremali: nel caso della
prima configurazione (fig. 4) i centri di cerchi figurano i vertici del mosaico
- (3,3, 3,4, 4), nell’altro caso invece si tratta del mosaico (3,3, 4, 3, 4) (fig. 5).

Ser=p allora i centri di cerchi coincidono con i vertici del mosaico (3, 6, 3, 3)
(fig. 32) e di questa configurazione si possono formare collocazioni estremali
in numero infinito (fig. 33). Si puo fare vedere facilmente il polisenso delle con-
figurazioni estremall, nel caso dell estremo superiore preciso, anche sulla sfera,
ed anche sul piano iperbolico (fig. 13, 14).
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3. Nel nostro teorema abbiamo supposto che I’esigenza di spazio di raggio
o siano disgiunte e questo ha assicurato Ia relazione w, —w,, = o(r). Sep # 1,
allora pioche w,;—w,, = a(r), il teorema puo esser estesso nel senso che i centri
dei cerchi di raggio ¢ siano tali che si abbia w,;—w;, = «r). Questo vuol dire
che supponendo ¢ = r, i componenti dell’esigenza di spazio si possono inter-
secare, senza che l’estremo superiore debba diminuire. Cosi, per es., sul piano

euclideo, preso p = (V2—1)r, dire che i cerchi di raggioosono disgiunti, significa

che w,, = 2 arcsin|1 —1—__J 2 34° 3" 40”. In virtu dell osservazione precedente

V2
si ha 10 stesso ‘estremo superiore anche se w);, = 30°. ,
4. Si puo estendere il Teorema 2 ai casi, in cui I'esigenza di spazio a) ha

pitt di due componenti, b) ha componenti disgiunti non congruenti, ¢) ha come
componenti degli insiemi di punti arbitrari.

TeoREMA 3. Su una superficie a curvatura costante sia dato un sistema
{K;} di cerchi congruenti disgiunti, ed ogni cerchio K; abbia come esigenza di
spazio cerchi tangenti al cerchio K, con centri Cy, C,, ... fissi rispetto al cerchio

K;. La densita del sistema di cerchi K; rispetto alla su‘perficiev ééempre§713~,

dove B é l'inviluppo convesso del cerchio K; e dei centri Cy Cy, . .. (fig. 34, 35).

Fig. 35

" DIMOSTRAZIONE. Per dimostrare il teorema si deve far vedere solamente,
che la cella D; (cella DIRICHLET, o poligono VoroNo1) appartenente al. cerchio
K; contiene l'inviluppo convesso B del quale si tratta nel teorema. Questo ¢,
perd, una semplice consequenza della definizione di D,, secondo la quale D,
e convesso e, d’altra parte, contiene i centri C;, C,, ... dei cerchi tangenti al
cerchio K;.

Osservazion. 1. Si prova facilmente che l"affermazione ¢ valida anche
per un spazio a curvatura costante ad dimensione arbitraria n (n = 3).

6F
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2. La limitazione in molti caso & precisa. E precisa in ogni caso in cui lo
spazio puo esser.ricoperto interamente e semplicemente con il dominio con-
vesso B. Cosi, per. es., sul piano euclideo si ha un estremo superiore preciso,
nel caso delle 121 collocazioni omogene del SinogowiTz20, Nelle fig. 36 e 37 si
vedeno sistemi estremali inomogeni di cerchi.? Anche il teorema analogo al
nostro nello spazie, ci da, in molti casi, un estremo superiore preciso. Cosi,
per es., ’estremo superiore & preciso nel caso di collocazioni omogene di sfere
del SiNnoGowITZ. '

/0808 88

Fig. 37

3. Nel nostro teorema l'esigenza di spazio puo essere anche un insieme
chiuso arbitrariamente fissato. Sia T, l’esigenza di spazio del cerchio K, del
sistema {K,}, ed indichiamo con (K, T;), linviluppo r-convesso del cerchio
K; e dell esigenza di spazio T,: denotiamo poi con Cy, C,, ... i centri di cerchi
appartenenti al dominio (K, T,),—K; e tangenti al cerchio K, In questo
caso la densita del sistema di cerchi {K;}, rispetto alla superficie a curvatura

1 - ~ .
costante & sempreég, dove con B si denota I'inviluppo r-convesso del cerchio
K; e diCy,C,, .

4. Si puo estendere il teorema anche ai sistemi di cerchi, con esigenza di
spazio, collocati in un dominio convesso. :

2 Le celle di DiricHLET di un sistema omogeneo di cerchi di SiNogowiITz sono congru-
enti e hanno lo stesso simbolo di LAvEs [7]. Il simbolo di LAVEs ci da il numerp delle celle
che — considerato Uotdine ciclico dei vertici — appartengono a ciascuno di vertici. Menzio-
niamo allora che le 31 collocazioni omogene del N1GGLI [167, [17] sono casi speciali di quelle
del SiNnogowiTz, perché i cerchi formano un insieme connesso. .

~ 2 Le celle del primo sistema di cerchi hanno lo stesso (8,8,4) simbolo del LAVES, le
celle del secondo sistema hanno due simboli: (8,4,3,3,), (8,4,4,3). »

22 SINOGOWITZ si ¢ occupato nella sua nota [18] di sistemi omogenei di sfere di tipi
monoclino, triclino e romboedrico. Fra le collocazioni di numero 2862 ha trovato 681 di
tipo NigGLI, cioé conessi. La continuazione segnata della sua nota — probablimente a causa
Qeiia sua morte — non ¢ stata pubblicata.
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5. Nelle configurazioni estremali puo emergere anche il caso in cui, facendo
figurare contemporaneamente il sistema di cerchi {K} e il sistema di cerchi
- {K7} appartenentesi, .questi due sistemi di cerchi non si distinguono a vicenda
(fig. 38, 39). :

=4 » o

Fig. 38 Fig. 39

6. Tuttii nostri teoremi si possono generalizzare auche in tal senso quando
il ruolo del sistema {K,} di cerchi copre il sistema {K7}, dove K & l'unione di
cerchi di un numero finito.

Infine ricordiamo, che la nostra ricerca ha attirato, in modo naturale,
- I'attenzione ad un campo analogo a quello della nostra nota, pift precisamente
ai problemi della collocazione di certi insiemi di punti. Dei risultati, ottenutisu
questo campo, noi rendiamo canto in un altro lavoero.

Bibliegrafia

[1] H. S. M. COXETER, Introduction to geometry, (New-York — London, 1961).

{2} G. L. DIRICHLET, Uber die Reduktion der positiven quadratlschen Formen mit drei
unbestimmten Zahlen J. fiir die reine und angew. Math., 40 (1850), 209 — 227.

(3] L. FEJES T4TH, Lagerungen in der Ebene auf der Kugel und im Raum, (Berlin —Heidel-
berg - Gottlngen 1953).

f4] L. Fejes TOtH, Kreisausfiillungen der hyperbolischen Ebene, Acta Math. Acad. Sci.
Hung., 4 (1953), 103 -110.

[5] L. FEjEs TOTH, Regular figures, (Oxford — London — New- York - Paris, 1964).

[6] A. HEPPES — J. MOLNAR, Ujabb eredmények a diszkrét geometridban II Mat. Lapok,
13 (1962), 39-72.

(7] A. HEPPEs - J. MoLNAR, Ujabb eredmények a diszkrét geometriaban I11, Mat. Lapok,
16 (1965), 19 —41.

{81 F. Laves, Ebenenteilung und Koordmatlonszahl Z. Kristallogr., 78 (1931), 208 — 241,

[9] J. MoLNAR, Alcune generalizzazioni del teorema di Segre- Mahler Rend. Accad. Naz.
dei Lincei, 30 (1961), 700 —705.

{101 J. MOLNAR Collocazioni di cerchi sulla superflme d1 curvatura costante, Affi. delle celebra-
zzonz archimedee del secolo XX, 1 (1962), 61 —



86 J. MOLNAR, COLLOCAZIONI DI CERCHI CON ESIGENZA DI SPAZIO

[117 J. MoLNAR, Korelhelyezések allando gorbiiletii feliileteken, Magyar Tud. Akad. Oszt.
Kdzdl., 12 (1962), 224 —263.

{121 ]J. MOLNAR, Estensione del teorema di Segre-Mahler allo spazio, Rend. Accad. Naz. dei
Lincei, 35 (1963), 166 —168. .

[13] J. MoLNAR, Kreislagerungen auf Fldchen konstanter Kriimmung, Math. Ann., 158
(1965), 365 — 376.

[14] J. MOLNAR, Térigényes korelhelyezésekrsl, Magyar Tud. Akad. Oszt. Kdzl., 14 (1964),

113 -136.
[15] J. MOLNAR, Sui sistemi di punti con esigenza di spazio, Rend. Accad. Naz. dei Lincei,

36 (1964), 336 —339.
[16] P. NigeLl, Die topologische Strukturanalyse I, Z. Kristallogr., 65 (1927), 391 - 415.
[17] P. NicGL1, Die topologische Strukturanalyse II Z. Kristallogr., 68 (1928) 404 — 466.
[18] U. SINOGOWITZ Die Kreislagen und Packungen kongruenter Krelse in der Ebene, Z.
Kristallogr., 100 (1939), 461 —508.
[197 U. SINOGOWITZ Herleitung aller homogenen nicht kubischen Kugelpackungen Z.

Kcristallogr., 105 (1943), 23 - 52,



Q-TEOPEMBI I PACHPEIIEJIEHI/Iﬂ MPOCTBIX YUCEJ]

H. KATAHU _
Kagenpa anredpnt Yuusepcurera um. JI. Jrsenta, bvnanenrr
(Mocmynuao 28. I. 1966) '

1. III. KHATIOBCKY pokasan [5] cieiyiomyio TeopeMy.
Ous [ 2, (mod k), (ly, k) = (I, k)=1 umeer MecTo

T : )
. fl’/’(xr k, 11)—111(x’ k, lz)l dx = T4,

X .
X

e X = T-e,(—(log T)*?), T =d;, d; >0 HyMepuuecKu OMpenessieMasi MOCTO-
sIHHaS.

B stoit paboTe Mb GvieM 0KasaTh MOLOGHBIE TEOPEMBL.
Bpenem 0003HayeHus.
Mverob k, L, [, narypanphele unena, =14, <k, (1, k)=1,

1,1) ) v, k)= 2 An),
nE?(:lﬁd )
(1,2) - Ay = log p, ecmu n = p”, p upocToe
’ ) l 0 HHaye _ ’
‘ [, ecoim nz=l,(modk)
(1,3) e(n) = e(n k, 1, 1) = ¢ —1, ecin n=ly(mod k)
0 wunaue,
(1,4) L(s, ) = % 1—(281, L(s, x)-bvuxuust Qupuxne mod k.
n=1 N .
= A
(1,5) fi) = 3 S0,

H3sBecTHO, UTO

(1,6) dm@=—zawémm%@m
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OyHKUUA f(S) uMeeT 0COGYIO TOUKY Ha ITOJIVIUIOCKOCTH b—z—l (em.[2]).

OGo3Haunm uepes p=f,+iy, 0co0ble TOUKHM GYHKUUH ]‘(s) Ha nonynnocxocm
o >0 ¥ nyeTh :

(7. 0, =supr fi, (% s@sl].
42. HEKOTOPLIE JIEMMBbl., B panbHeifileM NycTb
e () =€, e (X)=e@E) (=12 ...),
log; x = logx, log,;x = log (log,x) (v=1,2,...).
‘HEMMA1[3].npn0<as1nu»oo o

2,0 —fx“ 1logx- el( 4g x) dx = 2Vnu<xel(oc2u)+0(l)
u

JIEMMA 2 [3]. TTvets 0 <o <@, logy = 2u (@— YOI —o?) (= 1), logz =
= 2u(0+V02=ad). :
TOI‘ﬂa MMC}OT MeCTO HEepaBeHCTBA:

Ty

o g ’ log?
(2,2) 1 J x®1logx-e, (— o8 x’ dx < O(0% — o)~ 12 (a’u),
_ . 2u, : 4u _
‘ _ . :
@3) o f x@—llogx-elf—log = |ax<20(0? — a2) Ve (ou),
: . 2uz o 4y :
O log>x| '
(2,4) - fx9“161 [— ) dx < (0% — %)~ Y2, (a?u).
: ‘ 40 | :
. . 1
JIEMMA 3 [4]. TvcTb
’ : zq
(2,5) Fw)= 3 =~
: _ n=1 %
afconoTHo cxopasiuuifics Ha nipsamoll Re w=o,. TOrna ymeeT MeCTO TOXK/ECTBO
, . - .
@O ae|-L0- [ Pwjewuaw.
n=1 4u Vﬂ (aq)

JIEMMA 4. TlvcTb MHTErpan

oo

@ ~ ) = [
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afCOJIIOTHO U PAaBHOMEPHO CXOJSILUICA B MOJTYIIIOCKOCTH o—>o-1(> O) Torpa
UMeeT MeCTO TOMWIECTBO - ,

[
;

ﬂOKasaTenbéTBo HAeT TaKUM Ke 00pa3oM, KaK [0KasaTejlbCTBO JleMMbI 3.

logZx
du -

iVu

dA(x) = fh(w)el(wzu)dw.
T 0

3. TEOPEMA 1. Hpu A00BIX MAABIX NOCMOAHHBIX & = 0, & = 0 cywye-
cmeyem nocmosnnas T, = Tk, &1, &), umo npu T > T uMeerm Mecmo Hepa-
8EHCMB0 ‘

T
[ IIP(X: k; [1)—1,0(3(, k, lz), dx = TOr—c2
J X -

ri-e, )

(T 28a58Men He-3iPexmueHoil).
JIOKA3ATEJIbCTBO. BBejem COKpalleHHsI

(3,1) ’ A(x) = p(x k1)~ p(x, &, L),
(3,2) : - I(n) = i’ A(ﬁ)e(n)el (—itlogn__ log®n ,
n=2 4u
3,3 | Rr(x):f 40) e,( — iz log v)dv
J v

(0= pelicTBUTENLHAS BEJUYUHA,

~ Aw)

(3,4)

CpasnuBast gopmyasl (3,3) u (3,4) noyvuaem, 4ro '

(35 | IRe(x)] = K(x).
Hs (3,2) BEITEKAET, uTo

i) =-_fR’; ) [logx

u 4u

] 2
it+ ng_l]el(_log x]dx,
21 2

2 : 2
_log*x J[r log x + log X+ l]dx
4u : 4u

3,6) o) = o f K
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MBI JIOKa)KeM BIepBBIe, UTO TIPU INPOUSBOJLHOU e, > O HAXONUTCS HEKOTO-
pasi ocobasi Touxka o, = f;+iy; dvakuuu f(s) B noynoce O, —eg, = f; = O, A
KOTOPOro f(s) pervisipHa B o > f;, 0= [f—y| = 4. IT0 0oueBUJHO B Cjyuyae

1 . I
0,= —. PaccmoTpum cnyyait O, = —. [lycth 0603Haunm uepes N,(a, b) yucso
2 2 *

KopHeH dynruun L(s, x) B obnactu o=a, |{|=b. Ilycts nanee N(a, b) uucno
0c0o0BIX TOUeK HyHKuIUM f(S) B obnactu o = q, |f|=b. Torga

(3,7) C Nia,b) = 2 Nya,b).

. x(mod k)

: 1 : |
[Tyern @1—52<~2—. M3BecTHO [4], YTO IPH MOCTOSHHON a>E C TMOAXOHs-

UM QUKCHPOBAHHLIM &3 > O BBITOJNHSIETCS HepaBeHCTBO N, (4, b) < b'—°s, eciu
b nocrarouno Gonbuoe. Buoupas a = @, —e, ¢ noMobI0 (3,7) 0IYUAEM YTBED-
wienme.,

Hs Jlemmnl 3 cnepyver, uto
2y .
idd fw + it)e;(wu)dw.

271 & _ .

(3,8) I =

‘Brifupaem Tenepb T=1; 1 MEPEHOCUM KOHTYD HHTErpPUPOBAHUSA B NPaBOil
yactu (3,8) Ha nomaHvio I', cocTosuyIo u3 yacreit I'(2—ie,2—iA)), I'y(2—iA,,
Ag—iAy), I(As—iAy, As+iAy), Ty(As+iA, 2+i14,), Is2+iA, 2+1),

Tie 2=A;=4, 2=A,=4, FSA_Q,SZ U pyHKIMSA f(s+iy;) pervispHa Ha

auBusix t = A, t = — A}, 0 = A;. OueBUiHO, 4TO Takue 3HaueHusl A;, A,, A;
CYIUIECTBYIOT.
Takum o0pasom
2Vun

= Ff 1w+ ip)eswrydw = O {e(ﬁ)] |

TIPU NOCTOSIHHBIX 3HAYEHUSIX &y, &4, TAK KaK MOJIOCH (pYHKIMA [(§) OJHOKPATHBIE,
TO '

1) = Vi 3 “beello = iyu) +0 [ e({%))

rje WTpUX O3HayaeTr, 4YTO Mbl CYMMUPVEM TOJIbKO .Ha 3HAYEHUS o, KOTOpPDBIE
neykar HanpaBo OT I'. Tak Kak bye,((o — iy,)*u) = 0(be,e,(P?u)) NIPU U~ o= ,05 0,
TO ) : .

(3,9) Wil = Vuey(pou),

py NojXopsAmeR ¢ = 0, ecan u J0CTATOUHO 0oMbINoe.
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C npyroii CTOPOHBI M3BECTHO, UTO

| K(x)| =d,x®,
e 0O = {@1+€(S 1) ecmn 6, <1 ¢ > 0 IpOusBOJbHAs MOCTOSIHHAS.
: 0, ecn O, =1

Tyeth a<pfy, logy = 2u(@ —V0?—a?), logz = 2u 0+l/@2—oc2)
l’lpelmonoraem 4TO Ha MiTCpBAe y = X = 'z EMEeT MECTO HepaBEHCTBO

|<xa
T0r11a .
1 K(x) ( logzx) log2x ]
— &) — ——||y110g x+ +1|dx=
2u yf x 4u ’[h & 4y
log2 (x) log®x
logz +~8% 4 1 f ( dx=
(y1 g 2u JZu x | 4u]

=K, fx°=—‘e1 [ log” x’dx<K3Vue1(a u),

rae BenuunHbl K, K,, K, — N0CTOsIHHbIE (3aBUCsILIME OT 3HAYCHUH BEIUYUH &, o).
Hanee u3 JieMMBI 2 BBITEKAIOT HEPABEHCTBA .

log? x

17 | ~log?x
5 | (yl log x+ 2 X +1J [—~_g— xX0-1dx = K y(y,+ 1)(0% — a?)~V2e,(a?u) =
2u ] 2 4y :

u

e , \
= K,e, («?1), 1 f ('yl log x + log X1 Je ( log® xJ x®-1dx = Kgey(a®u),
2u . 2u

U TaxK MBI I10JIVUdeMm, YTO ]
(3,10 [ H(yp)| = Kqey(a?u).

3necy, pennuuua K, = Ky(«, €, 9,), ¥ Tak LIS ZOCTATOUHO GOJLIIOTO 3HA-
yeHus HepaBeHCTBa U (3,9) u (3,10) ABIAKTCA HPOTUBOPEYUBLHIMA. Clie10BaTE b=
HO, €CJIM 1 JIOCTATOYHO 0OJBILOE, TO HA UHTEPBAle Y = X = 2 CVINECTBVET X,
ANt KOTOpOFO |K(x)| =x* Taxkum 00pasom '

O—-VOz—u2
O+7Y02—x2
Ecan e, g4 TAKHE MaJipie, YTO BBIMOJIHSIOTCA HepaBéHCTBa :
0+7Y02— B3
S @— V@z [

TO MoNIyyaeM TeOpeMy.

KRy=Kx)=y*=¢e, |a log 2|.

. € Eo -
<I—{——1, O<ﬁl—oc<?2, Epg=<E&y
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4. MeTtop, ¢ TOMOINBIO KOTOPOTO MH noxasann TeopeMy N03BOJISIET JIOKa-
3aTh MOXOOHYIO TeopeMy JJIsi (PYHKIHH

M(x) = ngx w(m),

rue w(n) — (bym(unﬂ Mebuyca. :
[lvers £(S) — ¢vukumst Pumana, n 0603HayuM yepes g = 13,_,+ly(, KOpHH
dvuxumu (s) Ha kpuTHyeckom monoce O<o < 1. Ilyvers <

0, = supr B,.
. :
3BecTHO, YTO 3 @2<l

TEOPEMA 2. Ilnst 100BIX Malbix 3HAUCHHH &) > 0 g, > 0 .cymecTByeT
Benuunna Ty = T (&5,8,), UTO :

f [V
X
Tl—s
ecnu T>T0 (T, siBnsietcsi He-2(hGEKTUBHOM.) .
3aMeTuM, YTO IIPeANoNorasi CIpaBejJIMuBOCTD rMHOTesbI Pumana 1. KHA-
IMOBCKM mokasan, yro [1]

flM(x)’dx Tir%e, (~ 1gT~10g3T],
log,T .

log T

M 10g3 T).
log, T
Hamr meToj To>xe MO3BOJIUT HOKa3aTh MOLOOHYIO Teopemy He XY)KVI0 TE€OPEeMBbl

KHAIOBCKH.

5. B. Cram B cBoux paborax [6], [7], [8] sanumasca uccaegoBaHUEM
Q-cpoiicts pyHKUMH PamanvjxaHa .

ectn T = ¢y, e x = Te, (—- 100

S(B) _ '”El”) e

n=1

MPENIoiorasl clpaBeUINBOCTh THAO0Te3sl Pumana. ABTOp TOXKe 3aHUMAJICH Ta-
kuMu Bompocamu [9], [10]. IToxobHo ToMy, Kaxk TeopeMy 1, MO>KHO J10KasaThb
CIIEAYIOIIYIO TeOpeMy. ' o

TEOPEMA 3. JIna MobeX Mamux & > 0, g, > O CYLECTBYET BejinuuHa
TO = T0(81,£2), qyTo r

{ |S(B)|BdB>Te,

Ti ey
«

ecnu T = T,. .
Ins Toro, yro0nl [0Ka3aTb TeOpemMy, Hamo TIpPIMeHHTb Jlemmy 4 BMeCTO

Jlemmsl 3.
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KORREKTION- ZU MEINER ARBEIT
»ZUR GLEICHVERTEILUNG MODULO EINS“

Von
I. KATAI
Lehrstuhl fiir Algebra der E0tv0s Lordnd Universitit, Budapest
(Eingegangen am 5. Sept. 1966.)

‘In dieser Arbeit (Annales Univ. Sci. Budapest, Sect. Math. 7 (1964),
73 —77) stand die Definition von H 4(«; 8, N) fehlerhaft. (Sehe S. 73, Z. 14.)
Die Definition lautet richtig wie folgt:

Sei HA(aﬁﬁ, N) die Anzahl der Ungleichungen
{ea} =P, v=12,...,BN),

wo o« eine irrationale Zahl ist.

. Fiir den schlecht formulierten Satz gab der Referent einen vereinfachten
Beweis (Matematical Reviews, 30 (1965), 886, Ref. 4747).. Sem Beweis ist fiir
den r1cht1g formulierten Satz nicht giiltig.
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. KATAH
}{a{peupa anreOpbr YHHBepceuTera Mm. JI. ITBeiwa, Byaanewr

(Hocmynuao 28. 1. 7966.)

CAPOU u JIUTIABYL joxasaiu [1], uTo cnpaBeilnuBOCTL COOTHOLIEHHS

m 3o C0 oy, xew
. - b 2
E k)
U1t 11060T0 Majioro 3HaveHusd >0 — paBHOCHanO runoresod Pumana.

[MpepcTBansier unTepec TOT (axT, YTO CIpaBeJMBOCTb coOTHOINeHus (1) 3a- -
BUCUT TOJbKO OT 3HaueHu# QGyHKUMH ((S) JeykaliMx Ha TMOJYIIOCKOCTH o > 1.
C momompto 3ameHsl x = $2 (1) mepenuceBaeTcs B BUJL

@ s@ = 5 eomr = oz, g
n : )

_1

rae u(n) — dyvuruusa Mebuvca.
W3 poctrenust CAPOU u JIMTIBYOA cpa3y BEITEKALT, UTO 11m p2|S()| =0,
B

€CJIM He BBIIOJIHSIeTCS T'umnortessl Pumana. Craul saHumancs Bonpocom 2], 3],
[4], KaK GoybluMe 3HaYEHUS] IPUBUMaeT GyHKUMs |S(f)| B 3a1aHHOM KOHEUHOM
HHTepBalle, MNPeANoyoras, 4r0 HeTpUBHaJbHbE KOPHKM GYHKUMM {(S) pacmoso-

o 1 o
JKeHbl Ha TPAMOH o = o B cBoeii pab6ote oH gokasan [4], uro

max  |S(f)|= T-12-e0),

Tl U(I)SﬂST

npu T = C, npeanosioras runoresy Pumana, rae C > 0 HymepuuecKasl NOCTOSH-
Hasi. ‘ ) :
ABTOp 3aHMMancsg BOINPOCOM, 4YTO KaK GOJbIIMe IOJIOMKUTENbHbIE, U II0
abCcoNIOTHOH BeluuuHe GOJILIIME OTPHLATENIbHBIE 3HAUeHHS ROHKHA HPUHH-
maThb ¢vHKUHMs1 S(B) B 3aganHOM MHTepBaljle. B pafore [5] mHe viajnoch moKa-
3aTh, NPeANOorast Tunotre3dy PumaHa, YTO UMEIOT MeCTO HepaBeHCTBa

‘max  BU2S(B) >, min  BU2S(8) < — 9,
My=p=N; ' ‘ My=g=N1 ]
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2 logs M .
Npu M, >¢y, riie N, = eUos Mo 0850 o = e 8 mopxonsiime NOT0KUTENbHBIE
TIOCTOSIHHBIE. .

Tlosxe B.moel KaHAMAATCKOM puccepranuu [6] s moxasan — ¢ HOMOHlbIO
et Popocekoro cneayiomyia 6e3ycioBHYIO Teopemy

[Mpu T = ¢, UMEeIOT MeCTO HEpaBeHCTBa
max B2S(B)=8; - min p2S(8)< -8,
T=x=T* : T=x=T%"
rie 8 > 0, ¢, > 0 0603HAYAIOT UKCIOBEIE TOCTOSIHHBE, K = (2-+V3)
CnpamuBaercsi, MOXKHO JIM COKPATUTh JUIMHY HMHTepBaja, B KOTOPOM MBI
MOMEM TapaHTHPOBAaTh, UTO (GYHKUMS S(f) NPUHUMAET U NOJOYKUTeNbHBIE U

OTpUIIaTebHble 3HAYeHHsI. MeTox, HCIOJb30BAHHBIN B paGOTe 6] nosBosser
I0Ka3aTb U CJeIVIONIYIO TeOPeMY."

Mvery O = supr Bo, rae o = fo+iy,, U o npoﬁeraeT BCe HYIU (GYHKLUH

£(s) B }(pnaneCKOH 30He 0 <o < 1 (§=o+if), nveTh fanee g = 0, e,> 0
NPOU3BOJILHEIE TIOCTOSIHHBIE, TO CYUIECTBYET KOHeYHast Beauuuna T, = To(el,ez)
uro npu T > T, BHIMOJNHSIIOTCS HepaBeHCTBA

max freteS)=1 u min  ploteS(f) < —1.
TV *leg=T T =pg=T
K coyxanennio 3fecs Ty He sABIISACTCSA HYMEPUUECKU OTIPEJIe/IeHHbIM,

B ciiyyae rurnoresa PumaHa Mbl MOYKEM JIVUIlle JIOKATU3HPOBATH HHTEPBAIbI,
B KOTOPOM BBINIECKA3aHHASl GYHKIUS M3MEHSIET 3HAK.

[lyvcTe B fAanbHefiem 0603HaUal0T ¢, ¢4, €y, « . . HYMEPUUECKU OTIPE/IessieMble
MOJOMKHUTENbHLIe KOHCTAHTHI, Jajiee y = | MON0)KuUTenbHasl BeTHYUHA.

Beenem u cnenyiomue cokpameHusi: log,x = logx, log,. 1x = log1 (log, x),
v=1,2, ...; ex) =€, ,.,(x) = e(e,(¥), v=1,2,

MBI JOKa)KeM CIIEJYIIYI0 TEOPEMy.

" TEOPEMA. Hpeanonoraﬂ runote3y Pumana, npu T > ¢, UMEIOT MeCTO He-
paBeHCTBa

: 172 >' . Bl -
3) Cmax pES@=e,  min FES(R) < -

e 5 > 0, ¢, Cs HYMEDHUECKMe TOJOXKUTeNbHBle TOCTOSIHHBlE, T, =
log, T -logs T
log T
K N0Ka3aTeJIbCTBY Ham BbIHY)KILa}OTCH CJIeAVIOmue JIEMMBI.

: JIEmMA 1. Inst kKaxgoro sHauenust T, cyIIeCTByeT BenuyuHa | B cermeHTe
T =t=T+1, pia KOTOpOI‘O BMEET MECTO HepaBeHCTBo

= T'EIIC5

_____<t 1)es
8o+ )] (H )

"Ha OTpesKe — 1 = 8 = 2, e ¢; NOAXOAAMWAA. HYMEpUIECKas NOCTOsIHIasL.
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JIEMMA 2. Eciu B NpsSIMOVIOJIbHUKE o->i ltl< A+3 (bym(uuﬂ Z(s)

. 1 _ 5 .
He ofpanjaercs B HYJIb, TO B o6nac'm—§ <= L |t| = A umeeT MeCTO HepaBeH-

CTBO
1

Lo +it)
ThE ¢; > 0 NoAXo Amasl HYMepuuecKas MOoCTOsIHHAsA.,

JHOKABATEJILCTBO. .O603Haunm yepe3 N(T) 4uciio KopHe#d (yHKuum (s),.
JleXkawyx B npsamovroibHuke 0 = o =1, 0= [{| =T. UsBecTHO, UTO

N(T +5)— N(T) <¢g log (|T|+1).

W3 Jlemmu! 1 crneaver, uto cyuectsveT T, B otpeske m=T,=m+1,

= iy ey €79,

JUJ15T KOTOPOT 0

= (|Tpl+1)%, B unreppane —1 = ¢ = 2. IIycTb

1
Lo +iTpy)
1 5 '
So=ao+1ly, |HHI=A, 0l ‘<o-O<Z, [to] = m ([t,] 0003HAYALT LeNVI0 UacTb Be-

JINYMHBL fy). TIpUMeHsist XOPOIO M3BeCTHBIE ONEHKY I hyHKUMM £ —1(s) Ha 1u-
Hun o = 1 nonvuaem, 4to |[{7H(S)| =cy(]f] + 1)°0 Ha nomanoit I', cocrosimeit us

yacreif .
'(2+iTm—2) 2+iTm+2)> (2‘%~ iTm+2: iTm+2)7 (iTm+2r iTm—Z)J (iTm—z’ 2+iTm—2)'

O0603Hauum 4Yepes g, 92, ... 0N KODHU QYHKIHHU ((S), Neaimue BO BHY-
TpeHHocTu I

Tak Kak GVHKUUA

1G-0)

j=1
£(s)
peryisipHa BO BHyTpenHoc™ I" 1 Ha I, TO

N N :
‘H(So—Qj) | 1_7 (2‘“Qj)

i=1 _ i
L(So) - C 2mi () z-—s,

THe MHTerpupoBaHue mpumercsi sa I'. OTcrona ciexyer, uTo

bdzv,

N
( I1(sy—9;)

j=1

|C(50)|

= ¢yy SN (o] + 1),

1 .
Tak Kak |$,—g;| = o Y n N <cglog(|m|+1), TO yTBep)kgeHue JOKa3aHO,

7 ANNALES — Sectio Mathematica — Tomus IX.
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JIEMMA 3. M3 runotesul Pumana cienyer, 4ro

@) S(B) = O(B~"e(cys logzﬁ -logsp)), npu B=>1.

' JJOKASATEJIBCTBO. HeTpyAHO BHIETb, UTO HMEET MeCTO CIeAvIoliee
TOMKIECTBO ; : ; ' '
‘ I“l—s
l s L2
©) psip) = —— [ B ——as,
: 2mi £(29)
(1/2+¢1)

; 1 : :
rie 0 < g < T MOCTOSIHHAS. TlepeHOCHM KOHTYD HHTEerpHpOBaHHUS Ha JIMHHK

o = —1—+r, rae O<r< i, IOCTOSTHHASI.
4 : 4 '
dbw
2
£(2s)

1 - ) :
Ha mmoce—ZI <0-'</Z’ _ecny cnpaBefyiuBa TunoTre3a Pumana. MsBecTHo,

1 ~ .
Tak KaK OYHKUHS B TOUKE § = D) peryisipHa, To OH pervisipHa

1 . ‘ :
_ 9UTO Ha Iojioce i o < 2 BBIIOJHAETCS PABHOMEPHO HEPaBeHCTRBO
—Z 1t 5-l
ro+in) = 0{e 2" i +1)77%),
- C MOMOILBIO 3TUX I0JIVYAEM, UTO

l+.2r ~ Ty eplogi-L_r : Ly 1
BN =™ [+ 1) a2 e log g+ 1,

—oo

Tax kak g x=1, I'(x+ 1) <c;€51°8 %, 1O

1
msmnSfmwﬂaPnMgﬂ+amgidm&;ﬁﬁ
: 2r 2r

Brifupas 1 = L _lgh
2r ¢y log,B-logyf

BS(B) = O(BY2ex(¢ys 10g2!_3‘10g3ﬁ))-
JIEMMA 4. [7] Tipu O<a=1 1 u » o

’ 17 ,
ecnu fi> 5, TO r<Z, HOJIyudeM uTo

- . -
1 fx“—llogx.el(—]()g x'ldx = 2Vau ae,(o?u) + O(1).
2u 4y '




OB OUEHKE THUIIA @ IUIA ®YHKUWUK PAMAHYDHAHA 99

JIEMMA 5. [7] Tlvets O<a<@, logy = 2u(@—V0—a?) = 1, logz =
= 2u(@+7/ 07— 2. Do |
TOra MMEIT MECTO HepaBeHCTBa

Yy . 9
[xe-te - “f | e (0 o) e o),

u

f xe‘lel(“l(;gx dx <
u

z .

(62— 02)~1P¢, ().

JIEMMA 6. IlycTe mHTerpan

h@sz@

X
1

aGCONIOTHO M PaBHOMEPHO CXOJSMMUCS B TONVIIOCKOCTH o > ay(>0). Torma
HMEET MECTO TOKJAECTBO ' _

erl( 1ng)dA )-——- fh(w)e“””dw
1 . .

T (0

Jl0Ka3aTenbCTBO HAET C HpI/IMEHeHI/IEM I/I3MeHeHI/IH nopsAaKa PIHTeI‘pPIpOBa-

HUsl UHTerpana
¢7+iw o .
1 f f dA(x) U .
2l J /- x¥

O—Jeo

[lepexoiuM K J0KAa3aTeJbCTBY TEOPEMBI.
13 ¢opmyusl (5) ¢ noMomb0 GopMyIsl MeluidHa TOnyuaem, uTO CIipaBe-
JUTUBO TOMKIECTBO
oo 1y
. oo 1 P ['—" '-'S)

Of B % S(VEyp - ——5—23)_
B noJjoce i—< o <%. Hanee, Tax }(ak né’) 1(1 n) =0, T0O |
s01- 3400l (2)) - 3l )0

7%
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npu 0 = f = 1. Orcrofa cneaver, uro GyHKIMsA

def 1 ——I——S
g(S)=fﬁ * SWpds
1}

pervispHa B HONVIUIOCKOCTH o-<i'n g(s) = 0(~ l
2 A 3/2“0'}

BBenem obo3HaueHue

b 1
(6) - )= [ 87 Zs(yB)ap.
| | |

‘ 1
W3 Jlemmel 3 criepyet, 4to fi(S) peryisipHa B IOJYIIOCKOCTH o >Z’ uorpa-

1
HUUEHd B MOAYILUIOCKOCTH 0'>Z+£ IJ4 Ji060ro manoro ¢ = 0.

[lverh 7 JelCTBUTENbHAS BeIMUKMHA U Npumensiem Jlemmy 6 ¢

1 :
dAX) =x  2S(Vx)dx
Taxum 06pa3om NojyuaeM TOM/IECTBO

L
Jx‘T”S(V )dx_”/—” f h(w)ew™s dw.

T 172

log%x

4u

Brifupaem BeJMYUHEL ‘
logz = 2u(@ +V@2 —a?), logy = 2u(@ —V6*—a?),

re O = _1_ 1_<a<711—. 3HaueHue o MbI‘ Ovaem omnpegenmuTs 1mosxe. IIverh

'6>0, U npen,r?onoraem, 4TO B MHTepBaJe [y, 2] MMeeT MecTO OjIHO M3 HEePaBEeHCTBO

(8a) max (S(Vx)—éx—1/4)=0, (86) min (S(Vx)+8x—114)=0.

y=x=2 N y=x=2

To onna u3 dyHrumi S(Vx)+dx—14 ne MEHSIET 3HaKa B WHTepBase [y, 2]
OTcroga mosivuaem; uTo

’ 290 ] ¥L_i1 —
fel(—- log*x Jx 277 S(Yx)dx |=
5 4u

z s | log?
+5fe1(—10gx‘x dx= fel( ng’ x) - x— 112
; 4du

zZ %\ g
fel( - 1O4g x JX l/Z(S(V})téx*‘/“)dx +
. u ’

2 _3
+2afe1[ 1Og"]x Tdx.
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Tax kak us Jlemm 3 u 4

(oo W%‘t . og L
f ] B— J S(Vx)dx| = e,(¢;5l0g, - logsy) f el( X3y =
u
1
| ~ eyglogyy Togyyy 2=
e W (02 —o2)1/2
1 | |
- 1 . . — oo
f [ 0g®x Xx12-ES(Yx)dx | = e5(3c;5l0g,2 - loga2) fel‘_ log? x)xﬁ3’4dx+
u
‘ g’ ' ' . . 2
+ el(_ 0g"x x~3/4e1(clslog2x-10g3x)dx<el(cmlogzz,logsz)_w—u),
e " A | (O2 —2)112

namnee u3 Jlemmer 4

z g —.3 z . " 2 _ s
fel( _ log’x Jx 4dx < £2—"flogx-el[ _E)g_)_cJ x3Mdx <y Vue («2u),
‘y 4 Zuy ‘ 4u

u

T0 13 -(9) BEITEKAET HEPABEHCTBO

e, (au)

Gy O

(10) ()| < co Ve, (aPu) + ey(cyp 108, 2 - log,2)

[lvers 7 = %" THE oo = %-H'yo = %—l—l 13,14 .. . KopeHb QyHKLMH L(S),

MMEIOUH HANMEHbIIYIO TIOJI0MHUTENbHYI0 MEHIMYIO YacTh. V8BecTHO, uTo £/(o,) 7

#0 (T. e g, OMHOKpPATHEI! KOpeHB), Jajiee M3BeCcTHO, YTO B monoce 0<=f<=21
KOpeHb (QVHKUMK ((S) He CYIIECTBYET KpPOMe @o.

IlepeHocUM KOHTYD HUHTErPUPOBAaHUS TIpaBOH dyacT¥ Toykmectsa (7) Ha

‘ . (3 .3 . 3 o1 .

JIOMaHy10 I CoCTOAILY0 U3 yacted 17y (—Z— oo, 2—4—41 , Iy (~——4z, — —3i

: , 4 4

N S 1 .. 3 1 (3
Fs.(z~31’_31J’ I,(-3i, 3i), ]"5(31,—4—+31J, ]"6[—4—4—31, —Z+41), FT‘Z_F

H

.3 .
+4i, —+ o z).
4
Taxum 06pasom nosnvyaercs Gpopmyia

Yo Vir F[M_l%, uy -
1(—2~} = 2Vun » (%,_'I_iyol el(EJJrO(l).
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Takum >xe 06pasomM s ¢ = O NOJNYYaeM, UTO 1(0) = O(1).

To us (10) npu © = %‘l CIEAVET HEPABEHCTBO

- ey{a®u)

= 590 Vi €,(0%u) + £4(c,q 10g,2 - T0g3 2) W
—

(11) Vie, [{‘6

Bribupaem Tenepn
log,z-logs 2
16 logz

1
Ecin z jocraTrouHo 6osblioe, TO n < «. Janee

3

‘e,(c,, 10g,2 - l0g,2)e, (o2 [ (uw

1(Caq 108, 2 - l0g, 2)e, (w?ur) :olel_.__ , npu 2 oo,
(@2—(12)1/2 1 |

Orciona cienver, uro (8d), (8b) He UMEIOT MeCTa NMpPU 2> 2,5, €CIM & <§,

HOCTATOYHO MaJIoe [ONOMKUTENbHOE UMC0. TIVCTh Teneph 2 >z, & < d,. Torma

max (S(x)—06x"1%)>0, min (S(x)+0x~¥%)<0.

. ngxszz stx522

Tar Kax

2 @2 _ 52 log.2-log.2 log, y-log.y
logz?  ©+Y0>—a? _ 1+c25V10g2z log,2 _ Lt e V10g2y logsy
logy*  @—-yO*—q, logz ' logy

nonorasi y2 = T, NMONYYAEM VTBEPHCAEHUE TEOPEMDL.
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CONSTRUCTION OF A CONTINUOUS FUNCTION, WHOSE WALSH’ SERIES
DIVERGES AT A PRESCRIBED POINT

By
_ F. SCHIPP
11, Department of Math. Analysis of the Eotvos Lorand University, Budapest
 (Received March 3, 1966) ’

Let the functions r(x), (n = O,FI, ...) be defined by

1, if x€[0, i),
2

I —1,if xe[%,l),
(1) ro(x+1) = ro(x),
' r(x) =r2™ (n=12...).

This is the well known Rademacher-system, but the definition of ry(x) forx:—i

f olX) =

differs from that of the original one, -
Let the functions y,(x) be defined by

_ wo() = 1,
@ (%) = ry%(x)~r,z(x) o Fig(%),
for n=2"142"%+ .., 42" (= > ... =v, = 0).

This is the Walsh’ system, which is known as complete and ortonormalized.

The trigonometric- and the Walsh’-system has a lot of properties similar.
Thus for example the Lebesgue’ constants are unbounded for both of these
systems. One can deduce from this fact — by known general results — the
existence of a continuous function, with Walsh’ Fourier series diverging at
prescribed point [1], [2].

In the following we give a construction, which leads to a continuous func-
tion F(x) with the property mentioned above. To our knowledge such a
construction has not been known yet, though for the corresponding function
of the trigonometric system a lot of different constructions by various authors
can be found (cf. e.g. [5], pp. 50—51.), [3], [4].
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PRELIMINARIES. Let

def -1
(3) ' D,(u) = ygoll’v(u)-
For n = 2™+ with 0 = n’ = 2™ we have by (1), (2) and (3)
@ D) = Z 0+ Z P ) = Der) v ()3 o) =
= Dom(u)+¥or(u)D n(u). |

From (4) for n” = 2™ one can obtains "

Domia(r) = (14 Pom(u))Dgm (1),
and thus we can write _
() Demir() = (14 Pem@)(1+¥em @) ... (1+y,) (1+p,@) =
' (Y +r, )47, ... I+n@)(1+ryw) =
| 2my it 0=u < 2-(m+1)
o, if 2-miD =gy <1,

I

To the construction of our function we need the following
LLEMMA. Suppose that '

= 21420 42 (y == .. >, = 0),
then

©) L D@ =@ 3 1 @D (w).

PrOOF OF THE LEMMA. We use an induction on n. For n = 1 we have
Di(uy = 1 = rp(u)(ro()D (1)) = ypy(u)(ro{th) Doo(ir))

thus in this case the assertion is true. Suppose now that the statement of the
lemma is true for n = 2. We deduce from this its validity for 2¢¥< n = 2%+1,
Let first n < 25+1 then n = 2F+n’, where n’ has a unique representation

=242 42 (k=vimvy,> .0 >r,=0),
and 0 < n/ = 2* is satisfied. Using (4) and the hypothesis, we have -
@ - Dyw) = D)+ ru)De() =

N
= Dok(u) + ri(u)r, (), W) . .. ru) 3 1, (@)D, ().
. =1
. Using (b), for v < k we have -

r(u)Dgi(ur) = lﬁl(l +ra(u)) = DoMu),

m=0
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from this by (7) .
D,(u) = r(u)r,(u) . ..

F )W) . 1) 3 Tu()Dt) =
+ 1, ()Dyrs(ur)}-

rps'(u)(rk(u)Dzk(u )+

= pa(){ri(@) Do) + 1, (W)Deri() + . . .

Thus the validity -of the Lemma for n follows from, that n has the unique
representation,

no= 2K+ 420 4

Finally for n = 2*+* by the mentioned arguments ,

) = ’Pn(u)(rk+1(U)D2k--z-1(u))-

G (A TR

D?}H—l(u)_ = Ty d(U(F ey 2Dy 1

Thus the proof of the Lemma is completed.
Construction of the function F(x). Let the functions p,(x) be defined by

F 0, if x€(0, I
=

1

®) P = g (=D if "E[zi ) for 2(n—1)t+1=j=2nt,

0, if xe[ 1],
! 2(n— 1)4

pa(x+1) = Pa(%), _(” =12, .. )

We define another sequence of functions f,(x) by
. [ X, it xE[O, —1],
C)) . Jo(x)= 1 ‘
l 1—x, if xe[—, 1],,
. : ) 2
JxED) = £,
- S = f2), (n=1,2,.0)
We define finally a sequence of natural numbers m, by

m=12 ...

nt—(n—1)t—1

m, = . 2 22("—1)4+2v,
r=0 .

Let now the function F(x) be defined by
(10) o F(x) = ——p.(x)f vé(x)fl’nzf(x)-

v=1
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We show that F(x) is a continuous function, whose Walsh - Fourier series
diverges at x = 0.
The continuity of F(x) follows from the inequality

(i) - | (XY, ()] = 715

which is an immediate consequence of (1), (2), (8) and (9), considering that
the series (10) converges uniformly, and its terms are-continuous functions

by (1), (2), (8) and (9).
Let us denote the rn’th partial sum of the Walsh— Founer series of F(x)
by S,(F;x), then

(12) S (F 0)_ 2 ,(0) f F(u)p,(u)du =

- f F(u) {mrgl lp”(u)}du = j F(u)Dm (1)dui.
0 »=0 0

We show that _
13 lim Sm (F; 0) =+

N—ce

holds. By the uniform convergence of the series (10)
1

(14) , Sl 0) = Z po)fom (W) () D, (u)dur-

Using that by (8) for every v with 1 =v=n-1 p,(u) =0 holds for
1 ' ‘
: ue[O, m), and that by (5) and (6)

" omi—1

D () = pm () 3 ro()Ds2i(r) =

j=n-1)

holds for u'e[ ) . IJ, we have by (14)

1
22(n—~1)¢’

) - S0 = P00

+ Z fP»(U)fm(u) wm, (1) Dmn(U)dll = A +B,.

v="n}
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For the uppé_r estimafion of B, notice that b); (5) and (6)

ns—3

| D, (1)) = i ro)Dsi(1)| =

ni—1-
2> 2% = 22nt
(’1 nt ’

J=(n—-1)*

further that by (8) for 0 = u < 1

201’ O2(p--1)a
2 2

|p;,(.u)] :{ L if/ue[_l ___1_)

v 0, otherwise.
Thus we have

, ' - 92ne 4 = 92nt 1201
1) Bl= 3 - [lp@la= X = [ du=
‘ v=n+1 v? p Cp=ni1 VP
) o= 22n1 = 1 B :
== v=%.1 - P2 D20—1k ﬁ”=2n'+1§ = &py

where- ¢,~ 0 holds when n - <.

To deal with A, we note that by (6) and (8)

A

n

..
%H

(U)fzm(u)tpm (u)Dm (u)du =

1 f pret)| 'S rys)au=

j=(n-1)t

3,

2(n—1)s
mi_y L2ECT D

I

::1_.

> Pn(u)fzm(ll)fzj(a)DzzJ(u)du
J (n 1) :

/22n4

from this using (9) besides (5) and (8),  we have

| mior . 322 +1° . C12%
amn Ap=ry 22 f fzm(u)pn(u)du—?’j fens(u) p,(u)du} =
j=(n—1) : .
1/22n* 128 +1
1/2%i+1
[ =

1 : 1/2% ]
5 2 P [ b @da- 21 [ fzm(u)dllj-
j=(n—11 :
. 1/22nt .

12% 1
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Now, con51der1ng that

1jpt-1

C1(1 1 1
f2n4(u)du — ——[2-t—i—§i—] = 2t+2
172t .
holds for every natural number ¢ with t =2n% and taking into account the
definition of the p/s, (17) results that

(18) R B gjr2 1/2{.1 o ,
T 24 Dot fons (@) dus + 28 ———4 =
n( n2i=‘(%’—1)4 t=22;141/-2t 02j+3
[ m-1 %j+2 St 1"
= 2 42 (—1)tf o) Qa1 =
J=(n—-1p4 t=2n4 1/2’

Iomot (U 11
= _ 1 — 1y
2 2 e}

g | tlent 8

From (18) considering the non-negativity of the inner sums, it follows, that
' 1 m- '
(19) Ap=— 3 1 =1y
: 8n? j- (-1 :

where 4, -~ 4+« when 71 -+,

Thus by (15), (16) and (19) the statement (13) holds for the sequence
Sm,(F;0). Qu.e. d.

We remark — as well known — that

S (F;0) =+ F(O) (1~ <),

so the sequence S,(F;0) does not converge even in the weaker sense
(Sp(F; 0) »o0).

Usmg a method of FINE, one can obtain from this construction a con-
tinuous function, whose Walsh— Fourier series diverges at an arb1trary pre-
scribed pomt
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ON THE ABSOLUTE AND UNIFORM CONVERGENCE OF WALSH -FOURIER
- EXPANSIONS OF FABER FUNCTIONS

By
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(Received March 4, 71966)

The system {r,(x)}a=o of the Rademacher functions [1] is defined by

l(0§x<% .
a ro(x) = | 5 r(xH 1) = r(x)
|- sy

7(X) ;ro(znx)'(n: 1,23, ..).

The functions {wn(x)}n o of the Walsh system [2] (in Paley’s modified
form [3]) are glven by

(2) wo(X) = 1, w(x) = fnl(x)r na(X) S (%)

for n = 2m+2m+ ., +2% where the non-negative integers.are uniquely
determined by n, +1< n;.

The system (2) is orthonormal and complete in the class L[O, 1]. Since
the Walsh functions are bounded, we can develop every funct1on J(x) € L[O, 1]
in a Walsh—Fourier series

3) J) ~ Gorewy ()W) + .. W)+ ..,
where the coefficients are

) = [Tt

n=0,1,2,...).

In this note, we will investigate the convergence behav1our of the Walsh—
Fourier series of the Faber functlons [4], [5].
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In order to give these functions [5], we start out from the function p(x),
giving the distance of x from the nearest integer, i.e.

‘0< X =

L—‘—<x<w

Let be C = {c,Ja-o such a sequence of (positive) real numbers, for which

5) p(x) = ,w@+U—w@)

6) . 2 e < =,

and let. be N = {v }a—0 a strictly increasing (v, < v,:,) subsequence of
the natural numbers.

Each pair of given sequences’C and N generates a continuous Faber func-
tion

N F(x) = F(C,N; x) = 2:'0 ¢ p(2°7x),

since this series of the continuous functions »(2"x) converges uniformly for all x.

THEOREM. The Walsh— Fourier . series of every Faber function converges
absolutely and uniformly for all x and represents the function itself.

Proor. Let x be a real number, )
If we consider its dyadic representation
(8) X =@ XXXs e0e Xp oon (X, =0, 1)

— using fbr dyadic rational x that representation, which contains only a finite
number of digits 1 — we see, according to (1), that for every k(= 1,2,3, ...)

©) | = i)

and therefore the function* g(x) = x—[x] has the following representation
by means of Rademacher functions: : ' ‘

. = 1 _ 1 =1 =1 :
10) g9 =x-E= 3 5D =0 3 S 3 ) =
11 =1 . |
=57 g’ogfk(x)

* [x](entier x) = x —a.
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Since .

(11) Mn—%+¢w——ym>

we get the following equation

(m>wm=%—Z§§wmmm ~~—mr~—z—nmmm

- %[ 1 —gl —%{.rk(x)ro(w)]-

On the basis of this form of (x), we can write y(x) as the sum of the follow-
ing Walsh series

o

1
1 Qké’i ?‘ Wok1(x)],

(13 v = |

which converges absolutely and uniformly for all x.

In order to ‘get an analogous representation for the functions p(2™x);
(m = 1,2, ...), it is sufficient to observe, that for each index k(= 2™+ 22+
+. 2"1)

(1-4) . W(27X) = Iy (27X (27X) .. P (27X) =
' = 1o(2MEMA)(272(2TX)) . . . rg(271(2TX)) =
= rn1+m(x)rn2+m(x) e Trga (X)) = Wiegm(x).

In fact, using this last formula we get ffom (13), that for every natural
number m \ _

(15) ‘www=%p—§%mm@mF

k=1

1 | ’

where the series on the right converges absolutely and uniformly for all x.

Finally, a fixed Faber function (7) being given, it is, by (15), the sum of
the followmg series

oo

(16) fwwm=i%wwb,2

1 o
ry 2 k 2”n+ k 2”n (x)
n-o 4 k=1 +

which converges uniformly for all x.
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Calculatmg the Walsh— Founer coefficients of F(C, N; x), we may integ-
tate term-by-term: _

: v 1 .
(17 6 = f F(C, N; Wwa(f)dt =
o .
L= M= |
= s 1= > =w, v . ®|wHat =
4 né,() of( k§1 2k 2 n+k.+2 n( )/l ( ) »
1

: 1
_13 =1
=726 { f WalDat = 3 o, f oy zvn(t)wm(t)dt}

0
Iz .
— 3¢y ifm=0;
4 n=0

= 1 1 ; . O'ntk *n.
ZC”EH if m=2"n"" 420,
0 . im0,

In the last step we make use of the fact, that every function w,,(x) — apart

Trom wy(x) — occurs at most one times in the series: (16) because {v,} i5 a strictly
increasing index-sequence.

' The equation (17) shows, that we get the Walsh--Fourier series of
F(C, N; x), if we omit the brackets in the series (16), collect its constant terms
in one series, and rearrange the other terms so, that the indices of the Walsh-
function in (16) will be written in rising order.

Finally, taking into consideration that for all x -

1o, o]

— Col 3 14+ — Wy -k s, (X)) =
4;15'0I ll k§12k 2n i ()}
=L S iel1t 32l = = 3 el <=,

4 .20 oy 2k 2 n=o0

“we cén apply the general rearrangement theorem (cf. e.g. [6], p. 144) to the
series (16), which gives, that the Walsh — Fourier series of F(C, N; x) converges
absolutely and uniformly for every x. Qu.e. d.

REMARKS. 1°) If we choose C = {¢n}n—0 = {2-"} and N = {v,} = {n}, [5],
“-we have such a Faber functxon F(C, N; x) which has nowhere a finite derivative.
20) If for example,

Cp = | ! . (x> 0),
n-log n(log log n)t+=
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and v, is a very strong lacunary index-sequeﬁce, we can reach, that the mo-
dulus of continuity '

@, F) = sup |F(x+h)— F(x)]
h|=6 .
- does not allow an estimate of the form

(3, F) = 0(Jlogd| " 7*)); (= 0),

which is — till to day — the best local condition for the ordmary convergence
of the Walsh— Fourier series [7].
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CERTAIN INVARIANT FUNCTIONS OF THE CALCULUS OF VARIATIONS
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In the calculus of variations the so-called invariant functions play an im-
portant role among others in the establishment of the sufficient conditions.
This paper deals with the invariant functions pertaining to the problem of one
dimensional higher order variations, generahzmg a result by A. Kosat referrmg
to this problem.

1. We shall use the following notations. Let us denote by C, (k=0, 1, 2,. )
the class of k-times continuously differentiable functions, in the mterval [a b],
and by A the class of analytic functions in the same intervatl [a, b], (AcCy
k=0,1,...). Let us further define the domam T, k=0,1,...) in the
followmg Way :

= {x ¢ [a, b), —oo = Y =+, ij, 1, ..., k.
We defme 51m11ar1y the domains T, by
Tow={xelab,—cc<y; <+ i=12...,m;j=0,1,...k}
‘ m=12...;k=0,1,2,...).
Let us consider in T, and T,, the functions

(1) . f(xrymyl’ "-Jyn)’
and - : E
(2) f(xr y107 yzo’ ey ymo: yll: Yoty ve s yml) e ylm yzm . 'rymn)Y

respectively, which have in T, resp. T, continuous partial derivatives up to
order (n+1). Evidently to every y(x) € CZn resp. yl(x) € CZn (i=12...,m)
[hence also to every y(x) € A resp. y(x) € A(i = 1,2, ..., m)] the functlonals

b

If[y(x)] = ,,[f(x, Y(x), y'(x), . .., y00) dx
resp. a ‘

1 A. Késa, Sulle-funzioni di invarianza pii generali del calcolo delle variazioni unidi- )

mensionali di ordme qua1s1a81, Atti Acc. Naz. Lincei, 38 (1965). At the end of this paper a
detailed bibliography is given.

8%



116 ~ GY. TURCZI

3) Lys(x), ¥a(x), - s Ym(¥)] =

b

= J.f(x, V1 VoD -+ s Ym0, VACO, VACO, o Vi, 2, 150, yi")(x), oY) dx

a

are defined.

. DEeFriNiTION 1. The function (1) is called an invariant function, if for every
Junction y(x) € A, for which the equalities

@4 yO@) = a, yOb) = b, (i=0,1,2, ...,n-1)

fiold, the functional I;[y(x)] takes on always the same value.

In his paper just quoted A. Kosa gave a necessary and sufficient condi-
tion that the function (1) be invariant in the case when y(x) € C,,. This con-
dition can be used for generating invariant functions.

The sufficiency of the mentioned condition is evident, only the proof of
its necessity is problematic.

Following his method of proof we shall prove that his results are valid also
- for the more confined class of analytic functions.

Consider a function y(x) € A and suppose that (4) holds. We mtroduce a
function of 2n+-2 variables
(5) o L%, Yos V1 - - -5 Van)

defined in T,, so that in the Euler —Poisson expression

p .
f)’o(x’ y(X), }"(x), e ey )/(”)(X)) '_'(‘j’; fYI (x) V(X), y'(X), sy y(”)(x)) +

(= 1)”2;1_ (6, y(x), Y/ (0, .. o V)
xn

" after the differentiations we substitute yO(x) =y, (i =0, 1,2, ..., 2n).
We mention the following lemmas.
LEMMA L2 If M(x) €C xclab] and zf

jM(x) n(x)dx = 0
a.
holds for every function n(x) € A, which satisfies the
7a) = ) =0 (i=0,1,2, ...,1;

2 The special function %(x) which is usually used in the proof of Lemma 1. has already
been given by Zermelo in his Thesis, p. 35. This is the following
M) = (=@ - gy T

where X ¢ (a, b) and p is a sufficiently large number. See: O. BOLZA Vorlesungen iiber Varia-
tionsrechnung (Teubner, 1909), p. 26
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! is an arbitrarily given natural number) boundary conditions, then -
M(x) =0 x¢ [a,b].

LEMMA 2. In ora'er that the function (1) be mvarlant it is necessary and suffi-
cient that

(6) ' Lf (x) Yos yl?-.;-'lyZn) =0,
identically in the domain T,,.

Proor. The necessity of (6) follows from the definition of the function
(5) and from Lemma 1, which ensures the validity of the Euler—Poisson diffe-
rential equation.

For the proof of the sufficiency of Lemma 2 let us consider the two func-

tions y(x) € A and J(x) € A which satisfy the conditions in (4) The function
_ ¥ + —y0) O=t=1)
is also analytic for every fixed  and satisfies (4). Clearly

p(t) = LIE)+ 10 —y00)]

is dlfferentlable in (0, 1) and for ¢’(f), after subsequent integrations by parts
we obtain

b . .
o' (f) = j Li(x, oo + £ (F0 = J0), - .« ., T + 100 — P0)™ - (300 — yo)dax.

In view of ’
) (P/(t)=0, 0<t<1,
. we get finally
p(1) = 9(0) = Lyx)] = Ly()).
Thus we have proved our statement.
2. Next we shall prove
. "THEOREM 1. The function f(x, Yo, ¥y, ..., ¥,) IS an invariant function if
and only if it has the following form: : '
(7) f = qn(x’ Yos Y15 -‘-7yn—1)+a(r)1(x’ Yor Vo + - -7yn'—1)'y1+

L +aﬁ—1(x: Yos Yo -+ s yn—l)'yn
and the identities

duf _ 04 04 08k ik 0,1, n—1;] %K)

(8) :
0y; ox  dy, 9y,

are satisfied in T,_,.

By virtue of (7), (8) and (4) the sufficiency of the theorem is obvious. We
prove the nece551ty of (7) and (8) by mductlon



118 ' GY. TURCZI

The statement is evident for n = 1. Suppose that it holds for n—1 and
prove-that it holds also for n. f being an invariant function of the problem by
making use of Lemma 1 and Lemma 2 a simple argument shows that:

Lf = G(X, yo: yl; o 'ryzn—1)+(_ 1)ﬁfynyn(x> Yor Vi, - - '7yn)y2n =0 in sz

~ we only have to take into account the definition of the function L;. From the
above identity we get

fynyn(x! Yoo Yo« - oy J’n) =0 in Tm
hence _

(9) f(x yo’yl! . ’yn) = A(x,yo,yl‘, ceoy Yn— 1)+B(X,)/0,y1, . 7yn 1)'yn

Let us define the (n+ 1)-times continuously differentiable function g(x, ¥,, Vi ve
.+, ¥n—1) S0 that the identity

(10)

hold in T,-,. Evidently ‘

(an - hQ¢, Yoy Y1y -+ Vn) = Ext8yo Vit oo 8y 1 Vn

is an invariant function. By the application of (10) we find that the function
(12) FOG Yo Vi ooy Yno) = f-h = A=h—hyyi— ... —hy, Vnu

which is the difference of the functions standing in (9) and (11), resp., does not
contain the variable y,. (12) is also an invariant function because

g(x’ Yor Vi -+ o Yn-1) = B(X, Yo, V1 + s V1)

Iely(x)] = L—n[y(x)] = constant,
for every function y(x) ¢ A which satisfies the boundary conditions
(13) ya) = a;, yOb) =10b, (=012 ...,n=1)."

We call this a modified problem because we now have a problem of order n—1.
We have modified the boundary conditions in comparison with the original
ones [Definition 1, (7)], whereby the number of bondary conditions is increased
by one. In virtue of Lémmas 1 and 2 it follows that (12) is an invariant function
also for the original problem i.e. (13) holds for every functlon y(x) € A which
satisfies the boundary conditions

(14) yO@) = a, YOOy =b, (=012 ..., n—z).
From this, by virtue of our inductive supposition, it follows that
(_15) _ F(, Yoo Vi v oy V) = -1 =

= an—l(xz Yos Yio o+ o5 y:n—z)"“a(r}*l(x: Yo Vi oo o yn—z)y1+ ‘e
AT Yo Yy oo Yn-2)Vn-1
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and that in T, the following identities are valid
da—1 (9(1" 1 (9(1}1“1 _dapt
ay; ax Yy dy;

(L, k=0,1,2,...,n=2; j = k).

(16)

. Taking into account (11), (15) implies

(17 J& Yor Yoy ooy ¥n) = "2+ (@5 Gy )Vr
R R =R A S
If we substitute in (7

— -1 — -1 : — —1 . -
o= o" Tt g, 0F = a5 gye - e Qna = At Gy, A1 = Sy,

we get to (7). Using finally (16) we obtain the identities in (8) which completes
the proof of the theorem.

3. The results of section 2 may be applied also to the function in (2) de-
fined in T,

DEFINITION 2. The function (2) is called an mvarlant functwn3 tffor every‘
(18) ' yixye A (i=12,...,m)
Jor which the equalities ,
19)  y(@) = ay, yP () = by ((i=1,2,...,m; j=0,1,2,...,n-1)

hold, the functional (3) takes on always the same value.

Consider the functions in (18) and suppose that they satisfy the conditions
in (19). We introduce the functions ,

(20) Lgi)(x> yIO’ yZO! .- '7ym01 Y - -‘-)ymli MRS y12m ---r}’mzn)
(i=1,2...,m) ‘

defined in T, 5, so that in the Euler— Poisson expression system

Fo(X Y2, oo o, VXD, VI, e, Vi), o, Y00, L, YP0)—

—%fy,.l (%, 1), - - 5 Yrul¥), Y1), Y e PP, e YO 4

dr '
(1) o Frin, 100, + « oy VX, YACO, + iy Vil )y + e, y(”)(x), e YO,

(i=1,2...,m)

3 At the problem containing more than one unknown functions we confine ourselves
only to the case of analytic functions.
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after the differentiations we substitute .
YO@) =y (= 1,2, ..,m; j=0,1,2,...,2n).
Consider the system of functions _
.00 HEO—-F) €A, (=12 ...,m), 0=t=1
where ‘ '
P EA (=12 ..., m)

i.(x) cA@=12 ...,m) and they sétisfy the equalities

yP(@) =P (a) = ay, YIO) = TP () = by,
i=12...,m; j=0,1,2,...,n—1).
Using the definition of the functions LJic and Lemma 1, in a completely
similar way as we proved Lemma 2, it can be proved the following
| Lemma 3. The functi'on (2) is invariant if and only if the equ‘alities

L}(x’ym; e Ymo Yo oo s Y o+ 5 Yigns - ;5ym,2n) =0, (= 1,2,..., m)
holds identically in the domain T, ,,.

THEOREM 2. The function (2) is invariant if and only if it has the following
Jorm:
(21) f= a”+af0-yn+a§0~y21+ cew TR0 Y+
@ Vit 08 Yoat oo HA Vot
. +a’11,n—1'y1n+ag,n-;1'y2n+ 'l—a?n,n—l'xmn"4
and the identities '
dajy _ dafy 0o _ daf,
i B 3)’:’;', Vi T
(k=12 ...,m; j,1=0,1,2,...,n=1; j#1)

are satisfied in T,,—.
In virtue of (21), (22) and (14) the suff1c1ency of the theorem is obvious.
The proof of the necessity may be carried out by induction similarly to-
the proof of Theorem I, taking into attention that a slight modification is
necessary because instead of one, now we have m unknown functions.

4 ‘The argument of the functions on the right hand side is

(x; ylnx LIS ] ymo: yll; ey ymb .. ~)’y1,n—1’ M ] ym,n_—l) E Tmn—l'
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Let ) : . .
=A{p} = {(Pvs P2y -+ s Pio» -+ )}

be the set of the permutations of the natural numbers, and let

0 N (AR FD

be a conditionaily convergent series with real elements. We define the permu-
tation pa of the series g as the series

pa = (Apy, Apyy -+ -5 Apyy - -)

and the set K(@) < P, determined by the series g, as the set of all the permuta-
tions which assign a convergent series to the series a.
We call the numbers
‘ o ) A
olp. q) = DTS r—
fe=1 2514 [ p—q,
the distance of the permutations
(2) p:(plypZ’-'-:pka "')
9= (GG s G +--)

so that P is a metric space. AGNEW [I‘], SENGUPTA [2], and PAL [3] have proved
that the set K(g) is a set of first category in P, of type F,, and it is the union
of 2% disjoint everywhere dense sets. We call the permutation

pq = (QPv Qps - - +» Qpys )

the product of pérmutAations (2). Then P is a group. LEvY [4] has proved that
the set K(g) is not a subgroup in P."
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Let S denote the set of the convergent éeries; ifa, besS,

Apy gy ooy Apy o0 0)

and 4, p are real numbers, set
Aa+ub—— (€3, Coy oo vy Cpy o) Where ¢, = Aa,+ uby. k=12 ...

Let S, be the set of the absolutely convergent series. The set SO is obviously a
subspace of the linear space S.

DEeFINITION 1. The series a,€8S (i=1,2, ..., n) are linearly independent

if there is no linear combination > A,a; € S, such that >42 > 0.
- i=1 i=1

If a,,,— 2’2 € Sy then obv10usly ﬂ K(a) < K(a,,) we shall prove

‘in this paper that the converse statement is also true.

: THEOREM. If the series a, € S (i =1,2,...,n) are lmearly mdependem‘
and the series a,., € S has the property

0 K@) < K@),

then there is a linear combuzaz‘zonzla such that
i=1

Qi Z)aES
i=1

Proor. Let ,
o = (og; Oy «v ey Clyy »-0) (o € Emk=1,2,...)
be a series conditionally convergent in the m-dimensional Euclidean space

E™ with 2’ o, = 0. The set K(«) is the set of all the permutatlons which a551gn

k=1
a convergent series to the series &, and the set S(z) < E™ is the set of the sums

of the series generated by the permutations of K(x):

S@ =1{o€ E" 0= Sap, (PpPo - Po ---) € K@).

k=1
We need for the proof the following three theorems:
THEOREM 1. The set S(«) is a linear subspace in the space E™.

For m=1 this theorem is due to Riemann, for m=2 to Levy and Steinitz,
the general case has been proved by W. Groos [5], and others. .
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THEOREM 2. If oy, 0, € S(a), then there is a permufation p such that the
cluster points of the set of the partial sums of the Series po are the points

o = Aoy +(1—Doy. (0 =2=1)
This theorem is due to HapwiIGER [6].

DEeriNITION 2. The series o attains the vector ¢ € E™ in the infinite if for
arbitrary ¢ > 0 and natural number N there are natural numbers

N<ntp<tfy< ... <1y
such that

— O || =<é€.

TueoREM 3. 0 € S(x) if and only if the series « attains the vector o in the
infinite. This theorem is due for m = 1 to BAGEMIHL — ERD&s [7]; their proof
holds for arbitrary m.

We return to the proof of our theorem.

Define the product of the vector n € E™ and of the series (1) by the series

, @ = (@, @, - G, )
Suppose that {my, 1, ...,7,+1} is an orthonormal basic in the space E"+! and

n+1
®3 , o= 2 a;n -
‘ i=1
. . n
4 et =3 gy
i=1
where the series @; (i = 1,2, ..., n+1) are as it the theorem. We can suppose

that the sum of the series « is 0. We.prove that 5,4+, ¢ S{o). Assume indirectly
that n,4, € S(g). From Theorem 2 we can find a permutation p which assigns
to the series ¢*-a convergent series, and to the series o a divergent one; but from
the hypotheses of our theorem follows that K(a*) < K(a). Therefore 1,4+, ¢ S()
and so we get from Theorem 1 dim S(x) = n. The proof of our theorem is com-
pleted with the following lemma: .

Lemma. If the series g,€S (i=1,2, ..., n+1) are linearly independent
and « is the series (3), then dim S(x) = n+1. We prove the lemma by induc-
tion for n. For n = 0 the lemma is trivial. We assume that the lemma is true
for (n—1). Let (3) be an arbitrary series where the series {«;}}*} are linearly
independent. Let o, be the K- th element of the series a.

We may assume that Z’ak = 0.
k=1

- DEFINITION 3. The unit vector o € E"+1 is an intrinsic cluster direction
of the series «, if for arbitrary ¢ > O there is a subsequence of the natural nume-
bers .

(5) . Ny == 1y = ... < I =< ...
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such that

®) - 3 lanf] = =

and | : '

(7) lotn, — ollan ||| = ellan . (F = 1,2,...)

We prove that if the unit vector ¢ is an intrinsic cluster direction of the series
« then the series « attains in the infinite the vector ¢. If the real number e¢> 0
and a natural number N are given, let the series (5) be such that (6) and (7)
be fulfilled. Choose the natural number M > N so large that

) lol| < e if n =M

and let the natural number [ be so large that n, > M.
Select a natural number m such that

2 H(lnl||< I = 2 Haan
i=1.
be fulfilled; from (6) it follows that such m exists. From (8)
©) 1= 3 flenf|=1+e
' i=1
from (7)
) ” m m m
(10) |2 2 lasille= 2 llon
= 1= i=

and from (9) and (10)

A m m i m |
San—0 3 |lan||+ 3llenl|—1=
i=1 i=1 i=l

= ¢gl+e)+e > 0 if ¢ 0.

m
Z“HJ*UHS‘

=1

From this, and from Theorem 3 it follows that if ¢ is an 1ntr1ns1c cluster direc-

tion then o € S(x). »
We prove that if « is a conditionally convergent series then it has an intrin-
sic cluster direction. Assume md1rectly that it has no one. Let G be the unit

sphere in E"+1:
o = {o ¢ Er+1: o] = 1.
If ¢ € G, there is a real number ¢(o) > O such that if, for the series (5), (7) is

fulfilled, then (6) is not valid. From the Borel theorem we can select the vectors
o, € G; (1_1 ., N), so that

N
G < N G, where G, = {a € Entl:|lo—a| < s(o,)}

i=1
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Let {n{P}z_ ™“e the set of all natural numbers for which

l a"fci) — 0"[”05’11(:’)“ ” = ¢(o;)

o

(=12,...N; k=12,...)
is fulfilled. Obviously ‘ '

R = U {n(t)}k =1

where R is the set of all natural numbers. Therefore
oo N o |
Sl = > > ‘!“ng)‘[<°°;
k=1 i=1 k=1

but « is conditionally convergent, and so our indirect assumption is not true.

‘Let o be an intrinsic cluster direction of the series «. If o £ 7,44, select
the orthonormal base {nj}/} in E"** so that ¢ = nj., be fulfilled. Set

n+1

. *
o = Z’ai Kr
i=1

The series {a7}jz} are linearly independent linéar combinations of the series
{a)7+}, thus the series {a}}]F{, are also linearly independent and so for the
sake of simplicity we may assume that 5,,., = ¢. Let E” be the space spanned
in ErtL by 1, 7, ..., n,. We prove that if o € E” is arbitrary, the series «
attains in the infinite the vector g. Suppose given the real number ¢ = 0 and
a natural number N. From the inductions assumption it follows that S(oc*) =
= En" and so the series «* attaing in the infinite the vector g.
Choose the numbers

N<n<=n<...<nmn
such that

o e

be fulfilled, where o is the k-th clement of the series a*. Put

: !
A= 3 Qniin
i =1 .
where a,,4, 4, is the k- th element of the series .41 From n,,; € S() and Theo-
rem 1, it follows that (—An,+4) € S(w), thus we get from Theorem 3. that the
series o attains in the infinite the vector (— An,+1). For ¢ = 0 and the integer
n;, there are natural n_umbers

fll<l’ll+1< ...<I‘lk
such that
. k
(12) t S an T AMpga| < e
| i=141 .
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From (11) and (12) we obtain

<[4

Therefore E" < S(«), and 7,44 € S(gc_), so that Theorem 1 implies that Ef+1 <
C S(a); hence the proof of the lemma is completed.

< 2e.

“ .Z’afH-l nMp+1+ 2 “n‘

i=1+1
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Introduction

The object of the present paper is to study the distributional solutions
of the equation AT = 0 on a bounded domain that are equal to a given distri-
bution on the boundary. In [1] G. CiMmINo has given the solution of such a
problem for the Laplace equation in the unit circle by some sequence and he
has found the type of generalized functions for which there exist an one-to-one
correspondence ‘between all the harmonic functions in the circle and these
distributions. The same author has shown a topological way to prove the existen-
ce of oneand only one solution of such a problem in open sets of R, with respect

-to some given surfaces depending on a parameter ([2]).

We are going to consider the Laplace equation and to give generalizations
of the Dirichlet problem and the solutions of the problems by the Green func-
tion. It will be studied also the case of more general domains and when the
lines dependmg on a parameter tend to the boundary in different ways.

§ 1. Dirichlet problem in a circle
Let D be the set of all mfmltely dlfferentlable tfunctions (%) perlodlc

w1th 27, 1t is said that <p,fi)o (p, € D, n=12, ...)if for every D= —

929"
(k=012 ...) differential operator -lim D, = O uniformly. Let us denote

N—ce

-by ¢’ the set of all continuous linear functionals on (@, that is the set.of all
distributions defined on the space ¢ of the test functions.
DeriniTioN 1. Let u be a continuous function defined in the circle Ky =
= {(x, ¥); x*4+y* < R?% with the boundary Sg-and T, € @’. It is said that u
is equal to Ty on the boundary in generalized sense if for every ¢ € D
2 .

1 lim [ u(r, $)p(#)dd = Trp.
. I—»R’—O0
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Let us consider the equation AT = 0 in the circle K for distributions defined
in K. All the generalized solutions of this equation are harmonic functions
([3]). Therefore we can seek for the solutions of the equation AT = 0 satisfy-
ing the condition (1). '

THEOREM 1. For every given Ty ¢ (P there exists one harmonic function
u(r, 9) that satisfies (1),

R2_ r2
® 27[R?*+ > — 2Rr cos (q9—oc)]
Proor. Let {g,(#))n=1be continuous periodic functions, g,(#) _@ Ty if

l — oo
un(r_, 79) = —r j‘ — - £n -7-9) __dx
27r : R2+72—2Rr cos (& —a)

) a9 =

2

Denoting
' RZ — rZ
2a[R?+1r?2—2Rr cos (8 —a)] ;

wr, () =

im u,(r, 9) = Tgly, )] = u(r, #) uniformly for any compact subset of

N—oo

Ky, because the functions P, o(cx) are bounded in @, if r=r,<R. Thus
‘u(r, 9) is a harmonic functlon

For any ¢ ¢ D ‘
j.nu(r, Np(®)dd = Ty [ jnq}lr,a(o.C)(P(ﬁ_)dﬁ:] ~ Tx(p),
0 0
it r - R —0, for it is easy to show, fhat
o.(5) = }nq}r,,s(;x)zp(ﬁ)dﬁ P o), it r -~ R—0.
0 - :

- The problem can not have more than one solution:

27

lim j u(r; Hp(H)dd = 0, qoe@
f—rR—O .

implies that u(r, ¥)= O Namely this condition means, that u(r, ) =, 0 (weak-'
ly) if r - R—0. Let o < R be a fixed value, then in K, u(r, #)is the barmonic
function determined by the function- u(p, 19) on the boundary Se. Vo(r, #) =

=u

7t;r 19] is the harmonic function in Ky equal to g,(#) = u(p, ¥) on the

boundary Si. Let ¢ =0 and 0 < fo < R be any values, we shall show, that
forO =r=r ug 9 <e
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/

u(r, 4) 5 0 (r -~ R—0) implies that u (Er z‘}J -0 uniformly in any com-
pact subset of Kj, if o -~ R—0: there exists g, < R, for which

.‘u(ﬁr,ﬁj}<% it r =ry, and p = g,
v

t

For r, = r; < R it is true that u(r, 9) is unifoermly continuous in K,,, thus
there exists p; < R for which

[ o £ '
ur, H—u|=r,¢ < — ifr=r, and p =g, .
l( ) (R ) 5 0 0= 0

lu(r, ®)| = Iu(r,ﬁ)—u(—;‘; r,fﬁ”—k u -'gr,ﬁ)\ < ifr=r,

REMARKs. 1. It is easy to prove that T(n)@ Ty implies for the solutions
of the above problem:

u,(r, ) - u(r #) uniformly in every compact subset of K.

2. The generalization of the Dirichlet problem given by Def. 1. is equi-
valent to the following definition.

DeFriNITION 1*. -The harmonic function u(r, #) takes on T, € " on the
boundary Sy, if for any sequence {g.(¥)}n=1 of continuous per1od1c functions

satisfying the condition g (#) 2, Ty, the corresponding harmonic -functions
satisfy the condition . »

u(r, 9 - u(r, 9)
uniformly in every compact subset of Kj.
THEOREM 2. Let us suppose that r = r(r 19), 9 = ﬁ(r 19) give a contmuously
Adifferentiable mapping of K1 onto ztself, ?—(1 79) # O(K1 is the closure of the

unit circle Ky) and its inverse mapping is a such one, ftoo, and § = (1, B). Let

‘the "lines r = r(r 190) § == ﬁ(r 190) be orthogonal to S ( 190 is an arbitrary fixed
value). If T,= f(x) is a function integrable in (O, 2r) with respect fo the Lebesgue
.measure then the solution (2) satisfies the equation

27 2n

RS i [ ulr(h,3), 0, o@D — Ty(g) - [ i,

r—>1 09

PROOF. Let & = h(#*) be such a continuousty differentiable function for
-which

r = r(r*, R(9%)) = R(r*, #%), ¢ = d(r*, h(ﬁ*)) — O(r*, 19*)

9 ANNALES — Sectio Mathematica — Tomus IX.
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satisfy the condition
OR 00 d
21, 0% = 22 (1,9 {;——hﬁ* .
ar*( -») 819*( )\ - do* ( ),

(It is also supposed that the inverse mapping of the mapping given by the
above functions is continuously differentiable.) It is needed to prove that

@
lim u(R(r*, 79*)) O@*, %)) p (A(H*))

r¥-1-0
0

dh(ﬁ )

4 = Tifg) = f f(ﬁ)w(ﬂ)dﬁ

According to the Theorern 1.

f W(R(r*, %)), O(r*, 9%) p(h(*)) L)

0

_ 2 1 —R(r*, 9* *
o L | L p((5%) dh(ﬁ ) ap* |.
2m 5 U+ R¥(r*, %) — 2R(r*, %) cos [§ — O(r*, 19*)]

The expression in the brackets gr+(¥) can be written in this form:

dh(z‘} ) g —

2n

L (a.B.cas, B = 6O(1,9*), where

an :
A= 1+ R(r*, 9%)  1—R(r*, 9*)

[+r% 1—r*
B — 14+ r*2—2r*cos (5*—19?“)
LR, 9%) = 2R(r*, %) cos [O(1, 5%) —O(r*,5%)]
1__ *2

C = r ol @ xy) 20(P) dh(ﬁ )

14 7%2—2r* cos (§* — 9%)
It is clear, that : .
1—-R(r*, %)  0R

* ¥
AERER Y oy 1RO R g
[ re | - o

uniformly if r* — 1—0 and it is easy to see that for any ¢ > O there exist
4 > 0, d, > 0 satisfying the condition

1+ r¥2— 2% cos (8% — H%) _ !
1 +R¥r*, 9%)— 2R(r*, %) cos [6(1, 5%) — O(r*, #¥)] [’BE (1 5*>]2
. ‘ ' s’

=< €
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if |#%— 6% < &, and 1 = r* = 1—§, Thus
@r(9) — @(#)  uniformly
if r* -~ 1—-0 and we get the equation (4).

§ 2. Dirichlet problem in more general domains

Let @ CR, be a bounded domain (R, denotes the n dimensional euclidean
space, n = 2, 3, ...) which has an infinitely differentiable boundary S. Let
us denote by 7Dg the set of all the infinitely differentiable functions on S and
by D% the dual space. (In that case the Dg space of the test functions and
their convergence can be defined by | Iocal coordmate systems as at the Lyapu-
nov surfaces.)

DEFINITION 2. It is said that the harmonic function u defined in Q takes
on the distribution Tg € /D5 on the boundary § if it is valid for every sequence
{gi}i=1 consisting of continuous functions on S which satisfy

@l
g - Ts (k—<)

that the harmonic functions u, in Q satisfying the boundary conditions

uk[x_(—:s = gk

satisfy also the condition
u, - u unlformly in any compact subset of Q. :

THEOREM 3. For any T € 7Dy there exists. a harmonic function u(x)
satisfying the requirement of the above definition and it depends on Tg con-
tinuously and :

oG(x,
© =1
5 , on(y) |
where %}Q(E)L) denotes the normal derivate of the Green function of Q. -
niy
- Proor. We know that
oG(x, y)
w(x) = g )dS
‘ ony)
In this case B%O(C_,;’l € Dy for fixed points x € Q and for any compact set
ncy '
- . 2G(x,y) B .
K ¢ Q it is true that the functions of y —3——(—)— are bounded in Dy if x€ K,
' o ny
" therefore
dG(x, dS aG(x,
6sy)  (4S p { ( y)}
on(y) o ) on(y)

O%
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uniformly in every compact subset of @, thus the function u(x)= — {86("(’ 3)’) } '

is harmonic in Q.

Moreover if T q)f Ts then

| 0G(x,y)| 2G(x, )
() = —T@ B0 JEENY)
40 = =T { 8r_z<y>.} { on(y) }

uniformly in any compact subset of Q.

DeFiNrTION 3. Let us suppose the domain £2 < R,, is bounded and has a
boundary S infinitely differentiable. Let 0, C ©Q be domaing depending on the
parameter A (0 < A < 1). Let us suppose that their boundaries S; are infini-
tely differentiable and there are defined one-to-one continuous mappings F,

which map S onto S; so that the inverse mappings are such ones, too; lim Fy(x)=
1—41 0
= x. We take a function u (supposed to be continuous) given in £ to be equal

to Tg € D5 on S by these conditions if for any ¢ € @Dy it is true that

{6) lim fu(F ,1(x))<p(x)d.S = T().
5 .

Am1—0

THEOREM 4. Let us suppose that for the domain 2 C R, there exists a point
Xy € Q from which projecting S the reduced surfaces S; are contained by Q. (A may
denote the proportion between the similar figures S; and S.) In this case the above
problem’ can not have more than one solution for every distribution T4 €- @’

ProoF. It can be made on the analogy of Theorem 1.

REMARK. The statement of Theorem 4 can be extended on the case when
the mappings F; are replaced with the mappings F3 (also between similar
surfaces) where Fj are such ones that F;1F} are infinitely differentiable map-
pings on S. _ ‘

THEOREM 5. Let Q C R, be a bounded domain with the boundary S such

that there exists a conform mapping F in an open set containing -Q (the clou-
sure of ) which maps £ onto the unit circle K; and S onto §;. Thus the points

of Q can be characterized by the polar coordinates (r, #). Let S; be the lines
.r =1, and F, given by the lines 4 =4, Then for any T¢ ¢ 7D there exists
a harmonic function u in Q satisfying the condition (6) and given by (5).

Proor. The functions of g can be given as of the functions of ¢ by func-
tions (p(ﬁ)e@ and there exists a distribution T,¢ @’ that for any ¢ () € P

Ts(p) = 1(5(?‘)\)(10(19)) (dS = pHdd.)

According to the Theorem I
() u(r,9)y=T

1 —r?
Y 2a[1 4 12— 2r cos(§ —a)]
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is a harmonic function in K, and it is a harmonic function in Q too, because
the mapping F is conform. From the Theorem [ we know:

lim f u(r, H)p(B)B(#)ds = To(By).
Let f(y) be the analytic function characterizing the mapping F. Then the

function
() I (69
I —{()ix)

maps £ onto Kj so that it maps x to the point (O 0). The Green function can
be glven by -

1 1
G( y) T~ s
2 lfx(y)l
for which using the coordinates (r, #); (o, &) it can be written
‘ 2
G y) _ h(a) = L I-r A(z).
on(y) 89 0o=1 20 1+r2—2rcos(x—79)

If we take mto consideration that F is conform on S, too, we get the condition
h(e)f(e) = 1, thus

IG(x, ) 1 1-r2
-T (——— =T, [——~ .
on(y) 2w 1+r2—2r cos{a—%)

THEOREM 5%, Let Q C R, be a bounded domain with the boundary S. Let

us suppose that there exists a conform mapping F in an open set containing Q
which maps Q onto K, and S onto Sy; furthermore the surfaces S, and the map-
pings I (Definition 3) are given by the equations r = R(r*, #%), § = o(r*, 9*)
described in Theorem 2 if we take the polar coordinates. Then for any function
J() € Ly(0, 2m) there exists a harmonic function u in Q satisfying the condition
(6) and given by (5).

Proor. The statement follows from the Theorems 2 and 5.
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1. Introduction: In this paper we define the notion of linear compactness
in C—I-groups (for definition see below) as has been done by Lefschetz for.
topological linear spaces, state the analogues of theorems on linearly compact
vector spaces that remain valid for linearly compact C—I-groups and show
that any linearly compact Hausdorff C—I-group is a projective limit of (topo-
logically) discrete lineatly compact I-groups. We then study as a particular
case the linearly compact (totally) ordered groups. We see that if in an ordered
group (i without first convex subgroup the (unique) Hausdorff non-discrete
congruence topology is linearly compact, then G is linearly compact in the
discrete topology. We contrast this property of linear compactness with the
well known properties of topological completeness (f~completeness) and Archi-
medean completeness (a-completeness) and show that linear compactness is
in general stronger than f-completeness and weaker than a-completeness. We
then obtain a result which bears similarity with a theorem proved by CoOHEN
and GOFFMAN (see [3]) for a-complete ordered groups. Qur result says that

7an ordered group G is linearly compact in the discrete topology if and only
if for every convex subgroup P of G having no immediate successor G/P is f-
complete”. Next we consider the “function ordered groups” and show by means
of an embedding theorem — a sharper form of Hahn’s embedding theorem for
a class of ordered groups — that the function ordered.groups without first
convex subgroups are precisely the linearly compact ordered groups (without
first convex subgroups) all whose co-regular convex subgroups are direct sum-
mands.

2. Preliminary details. All [-groups considered here are commutative and
additive. It is seen that given a set C = [P;] (i € I) of l-ideals of an I-group G
(such that any two members of C contain a third member of C), the subsets
P+x(i € I, x € @) form a system of neighbourhoods at x and define a’topo-
logy T, on G with respect to which (G, T)) i 1s a topological [-group. T is called
a congruence topology on G (defined by [ 1 (i € 1)), the natural (two sided)

uniformity of (G, T,) (as a topological group) is called the congruence uniformity -

defined by the I-ideals P; (i € I), the set of I-ideals P; (i € I)is called a nuclear
base of l-ideals for (G, T,) and a l-group G together with a congruence topology
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is called a C- [-group. These topologies have been investigated in [6] and it
is shown that any [-subgroup and factor group of a C —I-group is a C —I-group:
Further the direct product of C—I-groups is a C—I-group. We have

(2.1) Let (G, T) be a Hausdorff C —I-group and V its congruence uniformity.
Then (G, V) can be uniformly imbedded as a dense [-subgroup of a projective
limit of discrete [-groups.

(2.2) (G, T)) is (isomorphic and unimorphic to) the projective limit K of
GIP, (iec Dif and only if (G, V) is complete (V being the congruence uniform-
ity of T).

If G is an (totally) ordered group, then it admits at most one Hausdorff
non-discrete congruence topology T, and T, exists if and only if G has no
first (non-zero) convex subgroup (i.e., [-ideal). In this case all the non-zero
convex subgroups of G can be taken as a nuclear base for G. -

Now we shall introdtice some well-known definitions and results on (com-
mutative) ordered groups required in the sequel (For details see [7]).

We recall first that an element x of an ordered group G is said to be Archi-
medean equivalent to an element y of G if either (1) [x | < |y| and there exists
an integer n such that'|y| < |nx| or (2) |¥| = |x] and these exists an integer
m such that |x|] < [my]. If x is not Archimedean equivalent to y and |x| < |¥|,
then we say that x is infinitesimal with respect to y. Since G is totally ordered,
if the elements of G are not Archimedean equivalent, then one of them must
be infinitesimal with respect to the other. Archimedean equivalence is an equi-
valence relation on the set G. The set of all non-zero equivalence classes of G
is denoted by A(G). :

A proper convex subgroup C of an ordered group G is said to be regular
(with respect to x) if there exists an element x € G such that C is the largest
convex subgroup not containing x. C is regular with respect to x if and ouly
if C is the set of all elements infinitesimal with respect to x. A convex subgroup
C of G has an immediate successor in the chain of all convex subgroups of Gif
and only if it is regular. The immediate successor of a regular convex subgroup
is called a co-regular convex subgroup of G. If C is a regular convex subgroup
of G and C* is the corresponding co-regular subgroup, then C*/C is an Archi-
medean ordered group.

A subset of an ordered set is said to be dually well-ordered if each of its
non-empty subsets has a last element. Let 4 be an ordered set. Denote by R(A)
the set of all mappings x of 4 into the set R of real numbers, for which the set
N, = [d € A|x(d) > 0] is dually well-ordered. R(4) can easily be verified to
be an ordered group when ordered by ”last difference” and added component-
wise [4]. We have ,

Hahn’s Embedding Theorern. An ordered group G can be mapped order-
isomorphically into R(A(G)).

Hahn’s Completeness Theorem: An ordered group G is Archimedean com-
plete (a-complete) if and only if there is an isomorphism of G onto R(A(G)).

It should be remarked that, in view of Hahn’s embedding theorem, we
can always consider an ordered group G as an ordered subgroup of functions
belonging to R(A(G)).
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3. Definition and fundamental properties. Most of the standard theorems
on compact spaces and linearly compact vector spaces can be generalized to
the case of linearly compact C —I[-groups. We shall first define the concept of
linear compactness in C —I-groups and state without proof some of these results
which are required in the sequel, as these are found to be either obvious or
effectively identical with that given in [5] for linearly compact vector spaces.

(3.1) DeriNniTION. By a residue class of an [-group G we mean a residue
class modulo an [-ideal of G. A residue class mod a closed I-ideal of a C —I-group
(G, T) is called a linear variety of (G, T). The linear varieties of (G, T) are pre-
cisely its closed residue classes.

(3.2) DeFiNniTION. A C—I-group (G, T) is said to be linearly compact in .
case every collection of linear varieties of (G, T) with the finite intersection
property has a non-zero intersection.

We have -

(3.3) ProrosiTioN. Let (G, T) be a linearly compact C--I-group and let f
be a continuous homomorphism.of (G, T) on to the C—I-group (G,, T;). Then
(Gy, T,) is linearly compact. ' '

(3.4) CoroLLARY. Let (G, T) be a linearly compact C—I-group and let
H be any closed I-ideal of G. Then the quotient space G/H is linearly compact.
_ (3.5) ProrosiTioN. The direct product of linearly compact C—l -groups

is a linearly compact C—I[-group.

(3.6) ProrosiTioN. A linearly compact Hausdorff C—I-group is complete
in its congruence uniformity.

Thus we see that any linearly compact [- -subgroup, in particular, any line-
arly compact [-ideal, of a Hausdorff C—l-group is closéd. On the other hand,
we have

(3.7) ProrosiTioN. If (G, T) is a linearly compact C-1I- group, then so is
every closed I-ideal P .of (G, T).

From (3.6) and (2.2) we deduce:

(3.8) ProrositioN. Every linearly compact Hausdorff C—I-group (G, T)
is a projective limit of discrete lmearly compact l-groups.

4. Linearly compact ordered groimps.. In this section we intend to study
the linearly compact totally ordered C—I-groups. We begin with

(4.1) LEmma. Let G be an ordered group having no first (non-zero) convex
subgroup. Then G is linearly compact in its unique non-discrete Hausdorff
congruence topology T it and only if it is 11nearly compact in the discrete

topology.

ProoF. Since any convex subgroup of G (and hence any residue class) is
closed in (G, T,), the result follows.

In view of (4.1), we shall first study the concept of linear compactness in
ordered groups with the discrete topology.

(4.2) LEmma. Let G be an ordered group and let [(C;+x;)] (i € I) be a
system of residue classes mod convex subgroups C; of G. Then the system
[(C,+x)] (i € I) satisfies the finite intersection property if and only if it is to-
tally ordered by set inclusion.
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Proor. If the system is totally ordered, then it trivially satisfies the finite
intersection property. On. the other hand, let the system [(C,+x,) (i € I) satisfy
the finite intersection property. Since G is an ordered group, the convex sub- '
groups C;(i € I) are totally ordered by set inclusion. Given C,+x, C;+x;
we can assume without loss of generality that C, < C, Now (on +x,) ﬂ
N (C;+x;) # B (by hypothesis), let y e (C;+x;) N (C +X ) Then y—x, ¢

C,fC,,y X €Cj =% = (Y—x)—y—x)€C; Hence X, € Ci+xp, and
so C;+x; € C +x Thus the system [(C +x)] (i € 1) is totally ordered by set
mclusmn

Now we will prove:

" (4.3) PrOPOSITION. Let G be any ordered group. Then G is lmearly compact
in the discrete topology if and only if the following condition is satisfied : for any
convex subgroup P-of G having no immediate successor, G|P is t-complete.

Proor. Suppose G is linearly compact in the discrete topology and P is
a convex subgroup of G having no immediate successor. Then G/P with the
discrete topology (being a (continuous) homomorphic image of G) is linearly
compact. Since P has no immediate successor, it follows that the intersection
of all the non-zero convex subgroups of G/P is zero. Thus G/P has no first con-
vex subgroup and since it is linearly compact in the discrete topology, it is,
by 4.1, linearly compact in its unique (non-discrete) Hausdorff congruence
topology Tg. Therefore, (G/P, V) is topologically complete (V¢ being the
congruence umformlty corresponding to T.). But Vi is equivalent to the in-
trinsic order uniformity of G/P (see [2]). Thus G/P is t-complete and there-
fore, the condition is necessary.

Conversely, suppose the condition is satisfied. Let S = [(P;+x,)] (i € I) be
a system of residue classes mod the convex subgroups P, (i € I) of G satisfying
the finite intersection property. If the set [P;] (i € I) has a least member, then
from (4.2) it follows that the members of the set S have a non-zero intersec-
tion. Suppose [P;] (i € I) has-no least member, and let P = ﬂ P; Then P -

is a convex subgroup of G having no immediate successor. Letf be the natural
homomorphism G — G/P. :Since P € P, for each i € I, no f(P;) = P} canbe 0.
Further, the set of convex subgroups [P?f] (i € I) can be taken as a nuclear
base for G/P (in its intrinsic order unitormity). Let x} = f(x,) for each i ¢ I.
As in the proof of (4.2) it follows that P;+x} = P;+x] for j =1, thus
(xH)(@ieisa Cauchy I-net in G/P. By assumption this has a limit, say x* ¢
€ G/P. Then x* ¢ P;+x} for large j, and therefore x* € Pf+x7. This shows
that ﬂ Pi+x) = [ZJ and G 1s linearly compact in the discrete topology.

COROLLARY Let G be an ordered group without first convex subgroup.
Then (G, T;) is linearly compact (T, being its unique non-discrete Haus-
dorff congruence topology) if and only if for every convex subgroup P of G
having no immediate successor, G/P is z‘-complete

From (4.3) we see that linear compactness in an ordered group without
first convex subgroup is stronger than f-completeness. Let us also. recall a
result of ConEN and GoFFMANN [3] characterizing a-completeness in ordered
groups. .
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(4.4) An ordered group G is a-complete if and only if for each convex sub-
group C, G/C is "non-discrete” (for definition see [3]) and f-complete.

‘On comparing (4.3) with (4.4) we observe that a-completeness implies li-
near compactness. Thus we see that (in ordered groups without first convex
subgroups) a-completeness = linear compactness = f-completeness. That the
reverse 1mp11cat10ns are not in general valid is settled by two examples given.
later.

Let 4 be any totally ordered set. With each d € 4 we associate a subgroup
A4 (2 0) of real numbers. A function x defined over 4 with values in the real
numbers is said to be admissible with respect to (A,) (d € A) if (1) x vanishes
except over a dually well-ordered subset of 4 and (2) x(d) € A, The set of all
admissible functions with respect to A, (d € 4) constitutes an ordered group

. when ordered by last difference and added componentwise. We shall call this
ordered group as the "function ordered group” over 4 with ”factors” A; (d ¢ 4).
It should be noted that R(4) defined in section 2 is a function ordered group
with all factors equal to R (= the real numbers).

" The following lemmas (4.5)—(4.7) follow easily from the defmltlons

"(4.5) LEMMA. In a function ordered group A two non-zero elements are
Archimedean equivalent if and only if their last non-vanishing places in 4 are
the same.

REMARK. In a function ordered group A x-is infinitesimal with respect to
y in Aif and only if d; < d, where d;, d, are the last non-vanishing places of
X, ¥, respectively.

(4.6) LEMMA. Let A be a function ordered group .over A w1th factors
As(d € 4). Then

(1) The regular convex subgroup C,; of A corresponding to d is the set of
all functions on A which vanish at all places =d of 4.

(2) The co-regular convex subgroup Cj; is the set of all functions which
vanish for all places >d of 4. :

" (3) C;/C, is isomorphic to A,

(4.7) LEmmA. The ordered quotient group modulo a convex subgroup of
any function ordetred group is itself a function ordered group.

‘The following lemma is essential in the sequel.

(4.8) LEMMA. Any function ordered group G without a first convex sub-
group is t-complete.

Proor. By Hahn’s embedding theorem, G can be considered as an ordered
subgroup of R(4(G)). Since A(G) has no first elemeént (as G has no first convex
subgroup), A(G) can be taken as the index set for the neighbourhoods of zero
of R(A(G)) (and hence G) when directed as follows: d; < dy & d; = d,.

Let (x,) (d € 4(G)) be a Cauchy A(G) — net of G. Since A(G) = A(R(A(G))),
if follows that (x4) is also a Cauchy A(R(A(G))) — net of R(A(G)). Since R(A(G))
is a-complete (by Hahn’s completeness theorem), it is also f-complete. Hence
(x,) has a limit x € R(A(G)). We will show that x ¢ G.

Let o € A(G). Since lim x; = X in R(A(G)) and A(G) = A(R(A(G))) it fol-
lows that for this « € A(G) there exists a d, € A(G) such that for all d = d,, -

a—X € C; = the regular convex subgroup of R(A(G)) correspondmg to .
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Hence by (4.6) x,—x vanishes for all places =« in A(G), therefore, x, (o) =
= x(o) for all d = d,. Since x, € G for each d € A(G), it follows that x,(x) € A.
(the correspondmg factor of the function ordered group G). Hence x(x) € A.
foreach o € 4 (G)i.e. x is an admissible function on A with respect to the factors
A.(x € A(G)). Hence x € G, and therefore G is f-complete.

(4.9) ProrositioN. A function ordered group G without first convex sub-
group is linearly compact (in the discrete topology and hence in its unique
Hausdorff non-discrete congruence topology).

Proor. In view of (4.3) it suffices to show that for each convex subgroup
C of G having no immediate successor, G/C is f-complete. By Lemma (4.7),
G/C is a function ordered group without first convex subgroup. Hence by (4.8)
G/C is t-complete, and this proves the theorem.

Now we shall study the concept of linear compactness in ordered groups
all whose co-regular convex subgoups are direct summands. It should be ob-
served that there exist ordered groups without this property. For example,
let G be the group of p-adic integers and G* a minimal rational vector space
containing it. Taking a basis of G* and totally ordering it, G* becomes a totally
ordered group by the last difference order. Thus G can be totally ordered such
that ‘its order is not Archimedean. By Baer’s theorem (theorem 43,1 Page
150, L. Fucus, " Abelian Groups”) P is indecomposable. So no subgroup, a
fortiori, no convex subgroup of the totally ordered group P can be a direct sum-
mand.

It should be observed that every ordered group can be embedded in an
ordered divisible group and in an ordered divisible group every convex sub-
group is a direct summand.

Let G be a subgroup of R(A(G)). For each d ¢ A(G) let Ad denote the set
of values taken at the d” place by the elements in G which vanish for all r = d,
r € A(G). Then we have:

(4.10) LEmmA. Let G be an ordered group without first convex subgroup
all whose coregular convex subgroups are direct summands. Then G is the group
of some admissible functions over A(G) with factors: A,(d ¢ A4(G)).

Proor. Now G can be considered as a subgroup of R(A(G)). Hence it suf-
- fices to show that g(d) ¢ A, for all d € A(G), g € G. Let g € G and for « € A(G)
let C; be the coregular convex subgroup corresponding to this d. Since Cj
is by hypothesis a direct summand of G, there exists a subgroup K, of G such
that G = C;+K,. Since g € G, g can be uniquely represented as gj-+g, With
gs€Crand g, € K, AsC; N K, = 0, g, vanishes for all places of 4(G) which
are = d. Hence g(d) = (g5+¢,) (d) = gi(d)+g4(d) = gi(d). Since gz € C5, it
vanishes for all 7 > d. Hence it follows from the definition of A, that g(d) =
=g¥(d) ¢ A, Therefore G is the group of some admissible functions over
A(G) with factors A, (d€4G)).
Now we shall prove
(4.11) ProrosiTiON. Let G be an ordered group without first convex sub-
group all whose co-regular convex subgroups are direct summands. Then G is order- ]
isomorphic to a subgroup G’ of an ordered group H such that
(1) H is a function ordered group with A(G') = A(H).
(2) G and H have the same Archimedean factors (i.e., Cd/Cd)
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(3) H is minimal in the sense that any function ordered gro‘up F.containing
a subgroup order-isomorphic to G contains a subgroup order-isomorphic to H.

Proor. Let H be the function ordered group over A(G) with factors Ay d €
€ AG)) (defined in 3.18). Then H can easily be verified to satlsfy all the con-
ditions given above.

(4.12) LEMMA. Let G be an ordered group (without first convex subgroup)
skl whose co-regular convex subgroups are direct summands, and let G’ be the
minimal function ordered group (cf. 4.11) containing it. If C] is a regular con-
vex subgroup of G’ such that (x’+C}) N G = @, then for the coregular con-
vex subgroup C;’ of G’, we have:

& +CY¥) N G -~

ProoF. Suppose (x'+C3) N G # ®. Then there exists an x ¢ G, such
that x—x’ ¢ CY. Hence either x—x" ¢ Cj, or x—x" ¢ C*;—C,. If x—x" ¢ C},
then x € (X’ +C}) N G. Therefore (xX’+C3) N G = P, contrary to hypothesw
Hence x—x’ ¢ C*’—C’ Thus (x—x")d = 0 and (x—x")d; = 0 for all d; > d.
Since (x—x')d ¢ A’:C’;/C; = (C}/C; (from 4.11) there exists an element y€G
such that y(d) = (x—x") (d) and d is the last non-vanishing place of y. We will
first show that x—y—x" ¢ C;. Now (x—y ~x)(d,) = x(dy)—y(d)—x'(d)) =0
for all d; = d. Further (x—y—x") (d)= x(d) y(d)—x'(d) = (x—x') (d)—y(d) =0.
Hence x — y — x’ vanishes for all d; = d, i.e., (x—y—x’) € C;. Therefore,
X—y € (Ci+x") N G. Hence (C;+Xx") ﬂ G » @, contrary to assumption. This
proves the lemma. :

Next we shall prove

(4.13) ProposiTION. If an ordered group G (without flrst convex subgroup)
all whose coregular convex subgroups are direct summands is linearly compact,
then it is a fuanction ordered group.

ProorF. From (4.11) it follows that G can be imbedded in a minimal func-
tion ordered group . Since A(G) = A(G’), ¢ has no first convex subgroup
and is therefore by (4.9) linearly compact. Therefore, G and G" are both f-com-
plete. Now we will show that G is dense in G'.

Let x’ be any element of G’ and let C’ be the largest convex subgroup of
G’ such that (x’+C") N G = &. If ¢’ has an immediate successor in G/, then
C’ will be a regular convex subgroup C; of G’ (cf. Section 1). If C} is the corres-
ponding coregular subgroup, then by (4.12) C¥' +x’) N G = & which contra-
dicts the maximality of C; = C!. Thus C’ cannot have an immediate successor.
Therefore, C’” is the intersection of all convex subgroups properly containing
it, i.e., C' = N Cy, ¢’ < C,. Hence (Co+x") N G 2 @ for each o € A. Further

acA
if ¢’y € Cp then (X'+C,") N G S (xX’+C’) N G. Thus the system of cosets
[(x+C%.) N G), (e € A), is-totally ordered, and therefore by (4.1) this system
satisfies the finite intersection property. By the linear compactness of G it
follows that ﬂ [(x’+C’.) N G] = &. Hence there exists some y € G such

that (y—x’) E ﬂ C,/ = C ie,y € (C'+x) N G. Hence (C'+x) N G # D, con-
trary to the chmce of C’. Thus we see that given an element X" € G, (x"+C’) N
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"\ G = @ for each convex subgroup C’ of G. Since G’ has no first convex sub-
group, this implies x” € G. Hence G = @', i.e., G is dense in G’. Since G is
t-complete, G is closed in G’. Hence.G=G’, and G is a function ordered group.
Since every co-regular convex subgroup of a function ordered group is a direct
summand, we have '

(4.14) ProposiTioN.. The function ordered groups (without first convex
subgroups) are precisely the linearly compact ordered groups (without first
convex subgroups) all whose co-regular convex subgroups are direct summands.

As observed at the beginning we have for ordered groups without first
convex subgroups, g-complete = linearly compact = f-complete. The following
two examples show that the reverse implications are not true in general.

ExampLE 1. Linear compactness does not imply f-completeness. .

Let A be an ordered set without first element, and G the group of all ratio-
nal valued admissible functions over 4. G being a function ordered group wit-
hout first convex subgroup is linearly compact. But it is not a-complete (by
Hahn’s completeness theorem). '

ExAMPLE 2. f-completeness does not imply linear compactness.

Let A.= P4 Q be an ordered set such that P is of order type w*, where
o* is the dual of the type w of the ordered set of all natural integers, and Q
is of order type wj, where w} is the dual type of the ordinal w; of all ordinal
numbers of the first and second class. Let C(4) be the set of all real valued func-
tions defined over 4 which vanish except over a dually well-ordered set of co-
initial type o*. C(4) is an ordered group which can easily be verified to be
t-complete. But it is not linearly compact: its-co-regular convex subgroups are
direct summands, but it is not a function ordered group.

The following question remains open: Is every co-regular convex subgroup
of a linearly compact ordered group without first convex subgroup a direct
summand ? (and therefore, is every linearly compact ordered group without a
first convex subgroup a function ordered group?) »

In this connection, I wish to express my gratitude to Dr. V. K. BaLa-
CHANDRAN, and Dr. R.. VENKATARAMAN for their valuable guidance in the pre-
paration of this paper. My thanks are also due to Professor L. Fucus for going
through the manuscript and suggesting various improvements.
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'UBER DIE MINIMALE DICKE EINER.k-'FACHEN KREISWOLKE

Von
E. JUCOVIC. ,
Lehrstuhl ftir Mathematik der P. J. Safarik Universitiat in Kogice
(Eingegangen am 8. Februar 7966.)

Es sei gegeben ein Kreis I' = (S; r)* in der euklidischen Ebene. Eine Men-
ge M von Einheitskreisen, die weder einander, noch I" iiberdecken, wird eine
k-fache Kreiswolke des Kreises I'" genannt (k = 1), wenn eine jede Halbgerade
SX, wo X ein Punkt des Kreises I" ist, wenigstens k Kreise der Menge M trifft.

Unter der Dicke einer k-fachen Wolke verstehen wir die Zahl d'(r; k) =
= R—r, wo R den M1n1malrad1us des Kreises (S; R) bedeutet, der die Menge .
M enthalt.?

In der vorliegenden Arbeit werden wir Schranken fiir die minimale Dicke
d(r; k) der k-fachen Wolken eines Einheitskreises angeben.

SATz. Fiir die minimale Dicke d(1; k) einer k-fachen (k = 2) Kreiswolke
des Kreises I' vom Radius r = 1-gilt

) V3 (k—2)+2)24V3 = d(1; k) = |22+ V3)+m@-V3),

wo m glezch 0 oder 1 und k = m (mod 2) ist. Beide Schranken sind fur k=2
genau. :

Wir sagen, dafi die zur Wolke M gehijrenden Kreise ky, ky, ..., k, von
Mittelpunkten Sy, ..., S, einen Teil des der Wolke M zugehirenden Kreises
k, vom Mittelpunkt S, verdecken, wobei SS, < SS; (i = 1, ..., n) ist, wenn
alle Halbgeraden SX des Sehwinkels USV der Kreismenge k, ..., k,, die
gemeinsamen Punkt mit dem Kreis k, haben, auch wenigstens einen der Kreise
ky, ..., k, treffen. Dabei soll es keine echte Untermenge dieser Kreismenge
geben d1e denselben Teil des Kreises k, verdeckt, also soll kein Kreis von
ky, ..., k, ,iberfliiBig* sein. : .

1 So bezeichnen wir den Kreis mit Radius r und Mittelpunkt 8.

2 Der Problemkreis iiber Wolken wurde von I. FEjES — TOTH [2] entwickelt. Weitere
Ergebnisse stammen von G. Hajos {4], A. HeppEs [5], [6], L. DANZER, B. GRUNBAUM und
G. KramMER (S. [3]). A. HEPPEs hat u.a. die minimale Dicke der k-fachen Wolke der Halb-
ebene angegeben. G. KRAMMER hat die einfachen Wolken von minimaler Dicke zu jedem
endlichen r bestimmt.
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Zur Verdeckung eines ganzen Kreises k, der Menge M sind wenigstens
zwel weitere Kreise %y, k, notig. Umgekehrt, kormen bei r < 1 drei, bei r = 1
schon zwei solche Krelse geniigen.

Wir beweisen zuerst die untere Absch'atzung M sei also eine k-fache Wolke
des Kreises (S; 1). Es sei k, = (Sp; 1) ein Kreis ihrer m-ten Schicht, — das -
bedeutet: es gebe eine Strecke SX, die mit (m—1) von k, verschiedenen Kreisen
der Wolke M gemeinsame Punkte hat, wobei X ein Punkt des Kreises k, ist.
‘Weiter sollen die Kreise ky, k,, ... den Kreis k, verdecken. Der Abstand von
je zwei Mittelpunkten Sy, S,, ... der Kreise ki, k,, ..., so wie die Abstande
der Punkte S;, S5, ... von S, sind = 2. '

Fig. 1

‘Alle Punkte §;, Sy, ... konnen nicht von S einen kleineren Abstand als
u = SN = SL haben, wo N, L einander symmetrisch um die Achse SS, sind
und SN = S,L. = LN = 2 gilt (Fig. 1.). Die Mittelpunkte derjenigen Kreise,
die einen Teil des Kreises k, verdecken und die von S einen nicht groBeren Ab-
stand als u haben, liegen ndmlich im Kreis (S; 1), ausserhalb oder am Rande
des Kreises (S,; 2), ferner in den Halbenen pS,, ¢S;%, wo p und ¢ jene Tangen-
ten des Kreises (S,; 2) sind, die parallel zu den durch S zum Kreis k, gelegten
Tangenten sind, und endlich in den Halbebenen S,T\N, S,T,L, wo S,T, und
ST, die aus S, auf p und ¢ geféllte Lote sind. Damit die Kreise k;, k,, ... die
in der Halbebene SS,N liegende Halfte des Kreises k, verdecken, ist es notig,
daB einer von ihnen mit der Halbgerade SS; gemeinsamen Punkt habe; dhnli-
ches gilt fiir die andere Hélfte. Die Mittelpunkte der entsprechenden Kreise,
die von S nicht gréBere Abstdnde als u haben, kdnnen aber nur die Punkte
L, N sein. Diese Kreise sind zur Verdeckung des ganzen Kreises k, geniigend.
Es kann also nicht Kreise kq, k,, ... geben, die den Kreis k, verdecken und
deren alle Mittelpunkte von S kleinere Abstande als u haben. Eine k-fache
Kreiswolke kann also keine kleinere Dicke haben, als wenn die erste Wolken-
schicht die Dicke 2 hat und ein jeder Kreis seiner d-ten Schicht (d = k — 1)

8 So wird diejenige Halbebene mit der Raﬁdgerade q bezeichnet, deren innerer Punkt.
S, ist.
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auf die beschriebene Weise von zwei Kreisen verdeckt wird. Das ergibt die
rekurrente Formel - : : '

, d(1; k) =
= Vd(l s k—1[d(1; k—1)+2)3]+4 = V[d(l;k—1)+ BP+1 >d(1; k—1)+V3

aus der die explizite Form (*) folgt. Bei k = 2 gibt es eine solche Wolke, bei
der in (*) Gleichheit auftritt.

Den Beweis der oberen Abschitzung ergibt die Konstruktion der 2. Abbil-
dung (Fig. 2.):

Fig. 2

_Die Eckpunkte A, ..., Agdes dem Kreise (§; 2) einbeschriebenen reguldren
Sechsecks sind Mittelpunkte der Kreise der einfachen Wolke. Die Eckpunkte
B; (j =1, ..., 12) der reguldren Dreiecke A;B, B, mit Seitenldgen 2 — wo-
bei B, B, senkrecht auf A;S steht — sind Mittelpunkte von Einheitskreisen,
die zusammen mit den schon erwihnten Kreisen eine zweifache Wolke bilden.
Die dritte und analog eine jede weitere ungerade Schicht wird folgenderweise
konstruiert: Uber die Streckén BB, B,Bs, ..., BB, werden Quadrate mit
Eckpunkten Cj, C,—Cy, Cy— ... —CyCy; konstruiert (es entsteht dadurch ein
unregelmiBiges Zwdlfeck). Die Mittelpunkte 'C,, Cq ..., Cyg der Strecken
C,Cy, C5Cop ..., C1;Cyq sind weitere Mittelpunkte von Kreisen der dritten Schicht.
Die vierte und jede weitere gerade Schicht: Uber die Strecken C,C,, ..., C1;Css
werden Rechtecke mit Eckpunkten D,, D,— Dy, Dg— ... —D,,0,, gelegt. Die
Mittelpunkte der Seiten des so entstandenen reguldren Zwolfecks, zusammen
mit seinen Eckpunkten, sind die Mittelpunkte der Kreise der vierten Schicht.

Auf solche Weise erhalten wir fiir ungerades k d(1; k) = Vk2(2 +V3)+2-13,

fiir gerades k d(1; k)y=k- V2+V§, und zusammenfassend die rechte Seite *)-
Bei k = 2 ist die so konstruierte Wolke — mit Riicksicht auf den ersten Teil
des Beweises — die Minimalwolke.

10 ANNALES — Sectio Mathematica — Tomus IX,
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BeEMERKUNGEN 1. Durch dhnliche Betrachtungen kiénnen untere und obere
Schranken der minimalen Dicke d(r; k) einer k-fachen Kreiswolke von Kreisen
mit von 1 verschiedenen Radius erhalten werden. So kann man z. B. zeigen,

daf die zu r:j%(2-]/§—3) gehdrende zweifache Wolke die minimale Dicke

a(r; 2):1—r+% V21 hat. Die betreffende Wolke stellt Fig. 3 dar; sie bringt

den Gedanken nahe irgepdeiné Wolkenstabilitdt zu untersuchen.

r

Fig. 3

2. Auch fiir Kreiswolken auf der Kugelfliche kénnen analoge Betrachtun-
gen beniitzt werden; hier mub man offenbar auch den Radius der verdecken-
den Kreise in Betracht ziehen. So gilt z. B., daB die Eckpunkte der archime-
dischen Korper (3, 4, 3, 4)* bzw. (3, 3, 3, n) Mittelpunkte von Kreisen sind, die
eine dreifache bzw. zweifache Wolke von minimaler Dicke bilden.
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In the present paper we are going to discuss soine properties of the multipli-
cative functions, appearing as consequences of the existence of a general for-
mula for their arithmetical mean.

A complex valued function «(n) defined on the set of the positive integers
will be called multiplicative in the sequel, if for (m, n) =1

: f(mn) = f(m)f(n)
holds.

We shall confine our investigations to the class T of multiplicative func-
tions «fn) satisfying

M ; la(m)] =1
for all admissible values of the argument n.

.. By P we will denote a given infinite set of rational primes (not necessary
a proper one), and it seems advisable for our purposes to make use of the
following notations

def
@ A= 4 M(x) ' 5w,
res P e

We suppose that A, — «, when x - e.
The main tool of our further investigations is the following.

THEOREM A. Let «(n) be an arbitrary multlplzcatzve Sunction belonging fo
the class T, P a given infinite setf, of ratzonal primes with A, - . Then in the
notation of (2)

@) C MEMA = 3 a(pM l-—) +O(xAL).
p=x

The-proof of Theorem A needs a theorem of TURAN (see [1]), which we shall
state as

10%*
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LEMMA. Let the meaning of a(n) and P be the same as in Theorem A. Let
U(n) be the number of different prime divisors of n belonging to the set P.

Then we have
“) > (U(n)—Ax)Z = O(xA,).

n=x

Proor oF THEOREM A. We observe at first that '

p=x n=x/p p=xn=x|p p=x  _ p=x
reP . pln peP_ pin peP =7

p/n

6) Sap) 3 e~ 3 3 alpn) =0 (z 2~1)=0(2[;‘—2J=0<x>»

.. Using Cauchy’s inequality we have

(6) > om)(Un)—

n=x

= (3 (3 U — APy =

n=x n=x

— O(x1/2x1/2A}c12) — O(XA}CIZ)

by the statement of the Lemma. So finally we have

> «(p)M ( %) — M)A+ S aln) (UM — A)+0(x) =

p=x n=x
peP

= M(x)A,+ 0(xAL?)

by (5) and (6). So the proof of Theorem A is completed.
As a very useful corollary of Theorem A we state the following

THEOREM B. Lef k and [ be given natural numbers safisfying 1 =1=k,
(k, 1) = 1, o(n) an arbitrary multiplicative function belonging fo T. Then for all
positive integers m with 1 = m =k, (m, k) =1

Koy —(1,5M(x;k,{>log2x= S «pM (;; k,m)+0(x<logzx>1/2)

' . p=x
‘ p=Im— (mod k)
holds. Here (p(k)‘ stands for Euler’s function and the meaning of M(x; k,1) isgiven
b - '
Y def
Mx; k, )= 3  «(n).

n=x
n=l(mod x)

PROOF oF THEOREM B. Choose P as the set of pr1mes p=Ilm- (mod k),
and observe that _

1
> _
p=x p

p=im—(mod k)

1
@ ogz?c+0(1).
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Then Theorem A results applying it to the function «(n)y(n), where j(n) denotes
an arbitrary but fixed character mod k, .

(8)
__1_{ > a(n)x(n)}log x= 3 apup)
o(k) 2 8 {

n=x =

> a{n)y(n) } +O(x (log, x)*2).

P
p=Im1(mod k) I

Mult1p1ymg (8) by x(l) and adding the results corresponding to the different
7S owmg to the well known relation ,

» k), for n = l(mod k),
® " ’ 2 1) = { otherwise,
we have
(10)

Mk logyx = 3 alp)| 3 atn)[ 3 70 (pm)] }+ O(x(log, x)2) =

p=
p=Iim—1 (mod k) !"S;

= 2 “(P)Iq)(k) > oc(n)} 1 0(x(log, x)1/2) =

. p=x x
p=Im—1(mod k) l n=s—
n=m(mod k)

= p(k) > a(p)M (%; k, mJ + O(x(log, x)!/%)

p=x
p=Im~Y(mod k)

taking into account that by (9)rthe inner sum on the right-hkand-side of (10)
gives (k) in the case n = m(mod k) and zero otherwise after the choosing of
the p’s. By the equivalence of (7) and (10) Theorem B proves to hold:

We state without proof the following consequence of Theorem B.

Tueorem C. Let k, [ and m be arbitrary natural numbers satisfying (k, l) =
= (k,m) =1, let o(n) be any but given multzpllcatlve Sfunction belongmg to T.
T) hen from

M(x; k, ) = o(x)
follows necessarily
M(x; k, m) = o(x).
Here the meaning 'of M(x;k, I) is the same as in the Theorem B.
As another corollary of Theorem B we obtain the following.

THEOREM D. Let g(n) be an arbitrary real valued addltwefunctwn, i.e. g(mn)
= g(m)+g(n) for (m, n) = 1. Let k,1 and m be given natural numbers with the
- property (k,l) = (k, m) = 1. Suppose that the sequence gkn+lhy(n=1,2,...)is
unzformly dzsz‘rzbuted mod 1. Then the same is true for the sequence g(kn—l—m)

(n=12,...).
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" Proor .oF THEOREM D. After a theorem of H. WEYL [2] the sequence X,
is uniformly distributed if and only if, when for any positive integer ¢

2 p2nilxy — O(X).

n=x

Let the functionslft'(n‘) be defined for every postitive integer values of f by

- def
ft(n) — eZnitg(n)

Choose an arbitrary f and apply Theorem B with o(n) = f(n). :
It results the inequality .

) Mk m) = lMt —,k,z\1+o(x)
p(k) log,x PSx

p=I"1lm(modk) }
By the quoted theorem of Weyl M,(x; k, 1) = o(x) owning to the uniform
distribution of the sequence g(kn+10) (n = 1,2, ...).
Here we used that the condition of Weyl’ s theorem is necessary for the uniform

distribution.
Hence by (11)

X

N 1 ’\
—|+o(x) = o(x).
log, x péx P )

Pp=I""1m(mod k)

. .
(12) m [M(x; k,m)| = o

. From (12) now follows the assertion of Theorem D by noticing that the condi-
tion of Weyl’s theorem turns out as sufficient for the uniform distribution.
This completes the proof of Theorem D. '
Let an) be an arbitrary multiplicative function which takes the values
+1 only, and fulfilling the condition
I
— =+ o,
«(p)=—1_P .
P. ErpGs [3] conjectures that for such a function M(x) = o(x) holds.
Though we are not able to prove this assertion, we state a position which can
be considered as a step in the direction of it.

THEOREM E. Let on) be a given multiplicative function which takes the
values + 1 only. Suppose that there exists a strictly increasing sequence {n,} of

positive integers satisfying LN 1, with

7

> min > _1_, > L = + oo,
p=1 ny=p<n, i p n,=p<ny,q p
«(p)=1 a(p) = —1
Then M(x) = o(x).
Theorem E proves as an immediate consequence of the followmg more
general
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THEOREM F. ‘Let ofn) be an arbitrary multiplicative fufzction belonging fo T,
6 a given real number with 0 < & < 1. Suppose that for every e = O there exists
Jor every x = x(e) a set Py , of rational primes not exceeding x with the property

, 1 .

(]3) FRTEL Z’ —\ Z’ a(p) <(1~6) Z’

A oo omy=x I in =p=n, PPy P
pers .

where n, = (1+¢). When for x - - the right-hand-side of (13) tends to mfmzty
Jor all but fixed &, then M(x) = o(x) holds.

Proor or Tueorem F. For sake of brevity let us denote the sum on the
right-hand-side of (13) by A%.. Applying Theorem A we have the inequality

(’14)"'_' M(XW,s | a(p)/v(p}w{m;%).-

PGPx€

First we deduce from (14) the inequality

15 M)A = z’Mp— 5 a@-ﬂ@u&“
n sx n sp<nv+1 )
PEPy ¢ -

where. 'ii@\‘s_ 2. To do so it is enough to note, that for p € (n,, n,44)

(16) 'Mﬁ ~M(3i) =5 )=
. p i<n5—x— ) )
P n,
S X Xyl ey
. p . pn, P
Combining (14) with (16), we have (15).
Next we de;fine‘ o
i JMO| IM(X)I
X X

and prove, that for any e > 0 the inequality °

(17) v = (146) (1-8)+[6]e+ (1)

. holds, where |@] = 2. From (17) letting ¢ —~ 0we get the inequality T = (1 - o)z,
which holds under our assumptions for = = O only. So the proof of (17) will

complete the proof of Theorem F.
From 315) by (13) usmg the defml’non of T we have

(18) | | 1M(x)}Ax€ (1:+F)(1—6)A +@sxA s+o(xAx£)
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for all x large enough. Choosing a special sequence for which
MG
A X
from (18) the inequality (17) follows. This completes the proof of Theorem F.

H. DELANGE [4] proved, that for a multiplicative function o(n) belonging
to T and satisfying :

X
19 ~o——y 0 # 1,
(19) > a(p) Qlogx 0

p=x
M(x) = o(x) holds.
Here we prove a last theorem, which appears as a consequence of Theorem
A and which contains the quoted result of Delange for |g| = 1, o = 1.
THEOREM G. Let o(n) be any multiplicative function belonging to T. Suppose
that : :

(20) 3 AP — oog )
where lp| = 1, o # 1. Then M(x) = o(x).

Deduction of Delange’s result in the case |o] = 1, o # 1 from Theorem G.
It is enough to show, that (19) implies (20). This will be done, if we succeed in.
showing that (19) implies '

@y 2 e @|—o{~l~f-’é~)

Namely (20) follows from (21) by partial summation. We make use of the no-

tation
def

Ea(p) =rpevr (0 =r=1).
(22) lop)—e = |1—Golp)| = 1—7,c08 g, +7, |sin g,

By (22), (21) will follow, if we show that

23 I—r_cos = 0] —
() Pé;c( » qu) log x ’
24 n =0

4 ,é; rp151 %I log XJ

(23) is the consequence of (19) by noting, that

p=x p=x p=x

s (1=r, cosqpp)_ > Re (1—u(p)) = Re {Z (1“9“("”1‘ N O(é}]
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To prove (24), by Cauchy’s inequality we have

x ju2 (172
2Tz

S rylsing,|= 3 [sing,] =K

p=x p=x logx p=x
K X ( ) K 172 : o ) 1/2
= — —COS = = —r,cos @ )+ :
(log XJ (pgx Pr J lOg X pzs’x ( P (pp) 2 n
IWP!Z?
p=x )

Here the meaning of K is not the same in the different places.

By (23)

l—r cos =0
3 (1-ryeonp,) = [log -
and by (19)
25 ' 2=0|——-
(25) 2 Iogx
l‘i’-’plZE‘
p=x

This proves (24).
We note without a detailed discussion, that in the case |o] < 1 the result
of Delange is a consequence of Theorem F.

. Proor or THEOREM G. Using the condition of Theorem G the application
of Theorem A gives the relation

p=x

(26) M(x)'logzx =0 S M (%J +0(xlog, x).

Let B be any positive number with 0 < g < % Owning to

()

the summation in (26) may be extended only on primes not exceeding y, where
¥ € (¥, x) is arbitrarily choosen.

Let g be any prime note exceeding xf. Applying (26) with * instead of X,

z

xBep=x

_ O(Xl > i) = O(x) = o(x log, x),

xB<p=x

and noting. that

logz.—x~ = log, x+0(1),
q
we have

@7 'M(q

a0 3 [ of

p=xf

11 ANNALES -— Sectio Mathematica — Tomus IX.
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From (27) we deduce

(28) | ’logg.x > .M (%) = gv > M (pq

+o(x log2 x).
qsxﬂ p=x8 /
g=xF
(26) and (28) together results the relatlon
(29) ~ M(x)log x=0" 3> M ( J+o(x10g§ X),
i ) p=xP pgq
. , o

~Wwhere in the sum on the right- hand side of (29) p and q runs independently
from each other.
From (26) and (29) one can deduce the relations

(30) o M()logix= > M

-’—C-J { > 1} log, x + O;ex log x,
n,

n,,sxzﬁ - n,<p=n,,.j
3D iQ—ZM(x)Zlogzx— > M ] > 1 +0,exlogkx,
2 : n, sX2ﬂ \11y n,<pg=tf, .y

where e > 0 any but frxed and n, = (1+¢&y. In the inner sum on the right-

hand-side of (31) gp and pg are not considered as different. :
Now usmg the prime-number theorem and the well known asymptotical

law concerning the distribution of prime-pairs, we get '

32) ey e
(32) - 2 log n,

My<P=My43’

+o(D),

ef,

(33) oy a = e (o).

n,<pg=n, .3 logn,

Using (32) and (33) by (34) and (35)

(34) (l ~——J M(x)logix = ¢ > M ( J ””QOgéx_lOgZ ) + Oex log? x.
g 20 a2 T log n, :

Now recalhng the definition of v in the proof of Theorem F, and choosing a
sequence {x} with :

l]m M — T,
xoe X
 from (38) we deduce , .
(35) i(l _L) (1—8) = e(r+0) > logox—log,m| 1 _ o,
. 0 29_ e s log n, logZx -

for every & > 0 when x is sufficiently large.
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But as well known -

log, x —log, n,

+o(1)] log? x,
fog 1, (2 ()J g3

n,=x2f
which formula enables us to replace the inequality (35) by

{1 _ L (v—8) = i(r+6)—!—.@.s.

20 2

Letting ¢ -~ 0, and noting afterwards that ¢ was choosen arbltrarlly, from (36)

follows
1

37 ' l——

(37 | %

(36)

1
T = -1,

or what is the same g-—é— =1 in the case 7 = 0. But for all p » 1 on the

periphery of the unit circle

(38) 1 L —1—,

. , 20 2
which shows, that (41) can hold only in the case 7. = 0. This proves the Theo-
rem G. :

=
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Let G denote in the sequel a given finite graph without loops or multiple
edges. By G* we denote the set of the vertices of G. We call the graph H a
subgraph of G, if H¥* & G* and H is spanned by H* in G.

The notations V(G) and E(G) will be used for the number of the vertices
and of the edges in G respectively. For P¢G*, y(P) stands for the number of

edges in G starting from P. By (P, H) we will denote the number of the edges
connecting P with vertices from H*.

The notation H U K, where H and K denote subgraphs of G is reserved
for the graph with

(H U K)* = H* U K*,

which contains every edge of G conmecting any pair of the vertices from H* UK*
By H-K we will denote the graph, with '

 (H-K)* = H*—K*

which contains every edge of G connecting any pair of the ver‘uces from H* —~
—~K*. Here H and K are arbitrary subgraphs of G.

A system of subgraphs Hy, H,, ..., H,, in G will be called mdependent
if
H} N Hf = O

holds for every pair i,j with i = J.

An independent system of subgraphs Hy, H,, ..., H,, in G will be called
saturated, if for every value of the index i, 1 =i =m

EH) = 2 v(P H)=0
PeH

holds.
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In the present paper we, confme our 1nvest1gat10ns on finite graphs G
with the properties :

M _ V(G) = kn,

) WP) < n, for every P € G*.

Here k and n stand for given natural numbers.

Let G be a finite graph having the properties (1) and (2). We ask for the
maximal number s determined by the following condition. There exist a satu-
rated system Hy, H,, ..., H; in G, which consists of s subgraphs of G and satis-
fies o
) VH) =k (=12, ...,9).

A saturated system consisting of s subgraphs of G and fulfilling the cond1t10n

(3) will be called a maximal system in G. P. ERDOS con]ecturesl that there
exists a maximal system in G with s = n.

. Inthe case k = 2, k = 3 his conjecture is true. See [1].-In the general' case .
we are going to prove the following .

THEOREM A. Let k and n be natural numbers satzsfymg k=2, n= [%1] .
Let G be a finite graph having the properties (1) and (2). Then there exists a maxi-
mal system Hy, H,, ..., H; in G fulfilling the condition (3), for which

| &= ]
S=nN—j ——
{2
holds.

For the proof we need two lemmas.

LEMMA 1. Let k> a = b be given natural numbers. Let A, B and C be a satu-
rated system in the finite graph G. Suppose that

V(A) = a, V(B) = b, and V(C) = k.
Suppose further that | .
2 vP;C)=<2b

PcA* U B*
Then there exists a saturated system in G consisting of the subgraphs D and E
with the properties
C*<C D*UE*<C A* U B* U C*
and ’ S
V(D) =k, V(E) = a+1.

"1 Oral Communication.
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For the proof of this Lemma see [2].

To the formulation of Lemma 2 we need the following preliminaries. We
suppose in the sequel the inequality s < n.
- Let G be a finite graph having the properties (1) and (2). Let H, Hy, ...
, H, be-a maximal system in G. Let the decreasmg sequence d, =d, = ...
e = d; = 2 be defined for the system Hj, H,, ..., H; in the followmg way
Let B, B,, ..., B, be a saturated system of the graph

S
4 G- U H,;
i=1
with
%) VB =4, (I1=/=10.
Suppose that for every choice of the saturated system C,, Cz,: -+, C¢ contained

in the graph (4) , with
V) =1¢, (I1=101=¢),

if the systerh is ordered in such a way, that the numbers ¢, €y + vy s formyr
a decreasing sequence, for the first mdeXJ for which d] and ¢f are d1fferent
{d; > e, holds.

So for every maximal system H;, H,, ..., Hs in G there exists asaturated .
system in (4) say By, B,, ..., B, with (5), where the system B;, By, ..., B; is
choosen in the way mentioned above, and the decreasing sequence d;, d,, ..., d;
is defined by (5).

Definition: Let H;, H,, ..., H, and L,, L,, - .., L, be two maximal systems
in G. Let.dy, dy, ..., d; and di, d,, ..., d, be the sequences corresponding to
them respectively. We call the system Hy, H,, ..., H; of highger rank than
the system Ly, L,, ..., L, if for the first j for whlch d and d; differ from each

other d; = dj holds, or if for every j = 9 d, = dj holds, then {=n It np=2¢
and d = dJ’, 1 =j=1{ hold s1mu1taneously, we do not compare the two
systems mentioned. In this case the two systems belong to the same class
The definition defines a partition of the maximal systems of G into a
finite number of classes, which has the characteristic properties of the equi-
valence relations. So there exists a uniquely determined class of the highest
‘Tank.

" Now we are ready to state the following

- LEmma 2. Let Hy, H,, ..., H, be a maximal system of G belonging to the
«class of the highest rank.? Suppose that dy, dy, ..., d; is the decreasing sequence
. «corresponding to it in the mentioned way. Then the sequence dy, dy, .. dg is
strictly decreasing, in the case { = 1. o

* The inequality s > 1 is immediate.
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Proor oF THE LEMMA 2. Suppose that By, By, . .., B is the saturated system
in (4) with (5). Suppose that there exists an index j, j < { with

d] = dj+].

We give an upper estimation for the sum

' : s :
(6) * > v[P; U H,-].
P(_;B}'UB}?‘Jrl Coi=1
'~ We have by the definition of the subgraphs B,, B,, ..., B, that
S Jj+1 j+1 ]
mn 3 v(P,-G—( UH,-)U(UB,)) Z{k(n—s)~ Sl =
PGB]"-‘UBJ*-‘_H i=1 =1 =1 J

Jj+1

s
o {m)of )
i=1 =1
On the other-hand

N j+1 . . . ’
) > v(P;lU B,) = (j~ 1)2d,+ 2d, = 2jd,.
. =1.

PeBLUB]
Now G having the properties (1) and (2) we have.that

©) S wWP) = 20— 1) = (1= VB + V(B

* *
PeBjUBj 1

By (7), (8) and (9)

§ ' j+1
(10) 2 V{P; U Hi]s S vp)- 2 v(P; U BIJ— |
PSB;UB;+1 Ci=1 PeBﬁuBﬁ_l . PeB}'uB}"Jrl e
’ s LN
S P,.G—( U H,.)U( U B’)J =
i=1 =1

& &
PijUBj+1 \

j+1
= 2n—-1)d;+2 3 d;—2jd;—2k(n—s).
=1
- Now we have two cases. In the first one we suppose, that n—j+1 > s.
Then for the right-hand side of (10) we have the upper estimation

2An—j+1) (@—k+1)+2ks—2n =
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In the second one n—j+1 = s holds. So in this case the upper estimation
of the right-hand side of (10) becomes

j+1 :
2n—j—=1)d;+2 > d;—2k(n—sy = 2(n—j—1)d, < 2sd;
: i=1
using the fact, that
' s JICERN Ji1-
o ({3
= = =1

So in both cases we have for (6) t«he‘upper estimation 2djs. So there exists
an index i with

(11) 2 wWP;H)<2d,.

P(.;B}‘ U B}‘_,_l

Now applying Lemma'l with A = B;, B = B;;; and C = H, the conditions
of the lemma are satisfied. So by the statement of the lemma there is a satura-
ted system in G consisting of the subgraphs H/ and B! for which

VH{) =k, V(B)) = dj—l-l
and '

Hi* U B* < Bf UB%,, U H¥
holds.

But this means by the construction, that H,, ..., Hj, ..., H, is a maxi-
mal system in G, whose decreasing sequence dy, d, ... d, satisties the relations

dy=d,, (1=»=j-1),

and

This contradicts to the fact, that the system Hy, H,, ..., H belongs to the
class of the highest rank. So our lemma is proved.

PRroOF OF THE THEOREM A. Suppose that n~s>[—~]+1 From this -
we deduce a contradlctlon |
Let H;, Hy, ..., H; be a maximal system in G belonging to the class of the

highest rank. Let d, ..., d; be the decreasing sequence corresponding to it.
Affer Lemma 2 the sequence d,, ..., d; is strictly decreasing. So we have

I <k(n—s)—-1
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by the supposed inequality for n—s. But this means, that there exist two ver-
tices P and Q in G with

P,Qe¢ G—(Uﬂi)U(UBz),
. ‘i=1 i=1

where B,, ..., B, denote the independent saturated system defining the num-
bers dj, ..., dr. By the definition of the sequence d, ..., d: P and @ can not be
~ connected to an edge in G

A similar argument to that in the proof of Lemma 2 shows, that there
exists an index i, 1 =i = s with

v(P; H)+v(Q; H,) < 2.

From this one can deduce a contradiction with the choise of the system
Hi, ..., H; in the same way, as we did in the proof of Lemma 2.

By this contradiction Theorem A is proved.

In the case k = 4 Theorem A asserts the inequality s = n—1. In this spe-
cial case we prove the following stronger

THEOREM B. Let G be a finite graph with V(G) = 4n, satzsfymg (2) Let the
meaning of s be the same as in Theorem A. _
Then

s =n-1

and there exists in the case s = n—1 a maximal system H,H, ..., H, ;inG .
satzsfymg (3) so, that

: n—1

> (P,-G- ) Hi) ~ 2.
12) n—1 i=1

_ . PcG— iglﬂi

Proor oF THE THEOREM B. The inequality s = n—1 is as mentioned a .
corollary of Theorem A. So it remains to prove (12). :

Let Hy, H,, ...., H,_; be a maximal system in G belonging to the class
of the highest rank. The decreasmg sequence corresponding to this system by
Lemma 2 consists of the single number 3.

Now we choose a maximal system H;, H,, ..., H,_; in G belonging to the
class of the highest rank for which (12) has its smallest possible value. We
suppose that .

n-1
v(P; G- U H[) = 2,
n—1 i=1 :

PeG— U H;
i=1

and deduce a contradiction from this assumption.
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Let P,, Q,, R, and S, be the vertices in G which form the graph

n—1
G- U H,

i=1

We can suppose after the remark made in the begmmng of the proof of
Theorem B, that P, Q, and R, form a saturated subgraph in G.
Suppose f1rst that

/ n—1
V(SO; G- U Hi) =3.
i=1

So after the con'dition's of Theorem B

n—1 '
2 V(P; U H,-)S4(n—'1)—6<4(n—1),
n—1 i=1

PeG'*__Ul H;

so there exists an index i with 1 ={ = n—1 and

n—-1
' PeG— U H;

(13) ' > wP; H)=3.

Let H; consist of the vertices P, Ql, R, and S,. From (13) now follows,
that at least one of these vertices say P, is not connected to any of the vertices
Py, Qp, Ky and §; by an edge in G.

We have two possibilities. In the first there exists a vertex among R, S,
and Q, say Q; which has the same property as P;. But this means that Py, Q,, R,
and P, form a saturated subgraph in G say H; and Q, R, S; and S, form, a
subgraph in which Q,, R;, S; is a saturated system and S, is connected to at
most two vertices of this system by an edge in G.

So Hy, ..., H; ...,H, ; forms a maximal system in G belongmg to the
class of the highest rank, and for this system (12) has a smaller value as for the
system Hy, ..., H,_,. This contradicts to the choise of the system H, ..., H, .

In the second case we can suppose, that from each of the vertices Q;, R, and
S, starts an edge to one of the vertices P, Q, and R,. So in this case the sub-
graphs {Py, Qy, Ry, P;} and {Q, Ry, S, S} form a saturated system in G. This
contradicts to the equality s = n—1. .

So we can suppose that
n~1
(14) _ ' V(SO;G—-— UH,-)SZ
i=1 :

Supp'ose next that in (14) the equality holds. Suppose further that S,
is connected with the vertices Q, and R, by an edge in G respectively, and bet-
ween P, and S, there does not exist such an edge in G. .
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As in the previous case one shows easily the existence of an i with (13).
Let the vertex P; of H, have the same property as before. We have

0= uS,; H) = 3.

Suppose first that w(S,; H,) < 2. In this case P, Q, R, and P; form a
aturated system Hj in G, @, R;, §; and S, form a subgraph H, with.

(15) : EH,) = 1
This gives again a contrad1ct10n with the choise of the system Hy, ..., Hy

as before. "
We can suppose now that 2 = 1(S;; H;) = 3 holds. In this case

(16) W(Po; H)+9(Qo; H) 4+ v(Ry; Hy) = 3-a,

wherea stands for WS, ; Hy).

From this follows, that there exist at least 1+« vertices in H; which are
not connected by an edge in G with any of the vertices P,, Q, and R,

In the case « = 2 let Ty be a vertex of H, connected with S, but with
no one of Py, Q, and R,. By (13) noticing « = 2 the existence of T, is granted.
Now {P,, Qy, Ry, T} form a saturated system in G and for the graph H;, of the
remaining vertices ‘

EH.) = |

holds.

So taking agéin the system Hy, ..., H}, ..., H,_, in the place of H, ..
H,, ..., H,_; we have a contradiction.

In the case « = 3 we have
V(Po; H,-)-l—V(QO; Hi)‘l':v(RO; Hi) = 0.

Let Hj be the subgraph consisting of @, and R, and from two - vertices of
H; connected with S, by an edge in G. Then : :

E(H)) = 0.

The remaining four vertices PO, S, and the two one from H, form a sub-
graph Hj with
E(H;) =

So in the case « = 3 substituting the system H,, ..., H,_; by the system
Hy, ..., H}, ..., H,_; we have a contradiction.
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So in (14) the equality can not hold, and so (12) is proved. Namely s =
= n—1 proves that

n=1 :
2 v(P; G— UH,.) =0.
n—1 i—-1
PeG— U H;

i=1

So the proof of Theorem B is finished.

-References

1] CorrApI, K. - HajNAL, A, On the maximal number of independent circuits in a graph
Acta Math. Acad. Sci. Hung., 14 (1963), 423 —439.
[2] CorrAp1, K., A note on finite graphs, -Acta Sci; Math. (Szeged), 25 (1964), 169 -171.






iNDEX
TOMUS 1X

BoLLoBAS, B., A generalization of a theorem of Habicht and van der Waerden
BoLLOBAS, B., Star-domains . ........... it e
CoRrRRADI, K. A, On a problem concerning finite graphs ~....... .. ... .. oo ..
CorrADI, K. A. and KATal, 1., On the theory of multiplicative functions ........
CsAszAR, A., Contributions 2 la transposition de structures syntopogénes .........
DEAK, E., Eine Verallgemeinerung des Begriffs des linearen Raumes und der Konvexitit
Jucovi¢, E., Uber die minimale Dicke einer k-fachen Kreiswolke ...............
- KapPE, LUISE — CHARLOTTE, Zur Approximation von ex ... ........... P
- KATAH, U., Q-TeopeMbl AJS DACHPELETIEHHS MPOCTHIX YHCET .. .vnvinnvvrnnnvennss
KATAH, I/I., 06 oueHKe A Q 1ja QVHKUHA PaMaHVDKAHA ..o.ovveennnnnone. ...
KAtal, I., Korrektion zu meiner Arbeit ,,Zur Gléichverteilung modulo Eins’ .....
KATal, I and CorrADI, K. A., On the theory of multiplicative func‘uons
MOLNAR, J., Collocazioni di cerch1 con esigenza di spazio .......................
PazDpERSKI, G., Zur Charakterisierung zs-metazyklischer Gruppen ................
PAL, L.G., On the absolute and uniform convergence of Walsh — Fourier expansions
of Faber functions ......... ... .o
REMA, P. 8., On linear compactness in ordered abelian groups ..................
Scurep, F., Construction of a continuous function whose Walsh’ series diverges at

a prescribed PoOINt ... ... ... . i e
SimMoN, L., Generalizations of the Dirichlet problem for the distributional equation
AT =m0 i e e e
TALLINI, G., Local metrics with a global connection .......... . oo ...

Turczi, GY., Certain invariant functions of the calculus of variations ...........

TusNADY, G., On rearrangements of infinite series ......... ... ‘

VERMES, P., Linear indepedence in basic sets of polymomials ....................

61
67
159
147
27
45
143

87
95
94
147
71
19

109
135

103

127

23
115
121



Technikai szerkeszt§:
SCHARNITZKY VIKTOR

66.877 Allami Nyomda, Budapest
A kiadasért felelds: az E6tvids Lorand Tudomanyegyetem rektora.
A kézirat nyomdaba érkezett: 1966 marcius. Megjelent 1966 december
Terjedelem 14,4 A/5 fv, 55 abra. Példanyszam 600
Késziilt mono- és kéziszedéssel, ives magasnyomadssal az
MSZ 5601—59 és az MSZ 5602—55 szabvanyok szerint,





