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Further we have

mlie -l ”!"—! 15
Since
ey no =y 2 =gl e - 2 25 200

thus we have

5o W) g = | 3 T 7(")2"""f(@}.

n2=)11 1 l: -1 1 l ‘_:. it (k‘rn)-‘
(ri, t)=1

Multiplying the last two s ries and comparing the coefficients we obtain (2.3).

LEmma 2. We have

(2.5) (H()y =) 3 2OZEI
ki km
and
(2.6) (—H() =) > ?.(k)gn(k)f(m) logkm _ AB—(2y— A

& m km

(see (1.5), (1.6)).
Proor. (2.5) is ohvions from (2.4). (2.6) from (2.4) by logarithmical diffe-

rentiation follows.
Now we introduce the following notations,

0 Py (2.8 N oy 2Oy g— s 2001 ey 4 |5 )]
en-es zw- 3 22 smo s 2"“.f(m)|5|4fkm][,

KnT &= k Rl =X

(2.9) S = > 22097 (m}| log fan

Emex knt

T 0= 3 U

(2.10)—(2.11) Su= 3

Lemma 3. The following inequalities hold.

212~ @13) )=V ylogty, S,=K(),
(2.14)—(2.13) >, (x)= clong( ), e )‘clog X K,
V\ } x

(2.16) Zy(x) = c¥x log® xK{u).
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Proor. Asit i is Lcmy to see every melement of -/ can he uniquely written in
the form st = g la(m)! = 1, and |f(u)| = 2003900 Henge by (2.11)

My)= 3 200 5 Fod,

whay ut=yn’
Observing that 3 360 = 0O(z log®* 2), hence (2.12) rapidly follows,
==z
The sum {2.10) can be writfen as the product
2 '
So= 7 {1+—, —~J
pla ptEop

Hence
Su = EXp (Cl Z ”r'p)
JIHY

follows. Denoting by g, the 7’tlr prime namber and using that ¢, ilog 2i<g, <
=gyl log 2§, by a simple computation we have

) PR
X UWp = 3 g 1 =) o)/ Vlogoi).
P =1

Taking into account that m{i)=¢; log 3uflog log 3u, hence (2.13) immediately

follows.
To prove (2.14) for the sum (2.7) we use the inequalities (2.12}— (2.13).

RS PR =
s=3io 3 ML SEDSE S 5 g
k mo-xk M it ko Shx

xof
f!!-s—:!+1
[3

200 = log x+log .)_ . log x

= 2= 2 ;TS
I E o iZo {*._' 2;] - ] x
k
Hence by (2.13) we deduce (2.14).
Since
= . 2200 flmy 2Mog x =, Y
S = 3 PN ZI0E L S o x 3,0,

: it
=0 x.:'[:gk‘.rlj_\-z +1 k-'” =0

thus by (2.14) the inequality (2.15) rapidly follows,
212
Finally we cstimate the sum in (2.8). Since |xfkm)| < ¢ \—_— we have
V ki
: "l[ flm) P horz
a0 =¥ 32 5 SOy, 50 s =
l [ Ktz J‘ m=x ml , eSS £l == urE)

= VxS, 3 2mHr).

S¥os
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Using the estimations (2.12), (2.13) we deduce (2.16).
This completes the proof of our Lemma,

3. Proof of the Theorem
By the results of the section 2 we rapidly deduce the Theorem. Using Lem-
ma | and (2.1} we have
X X

X, — Ak 2‘0{"‘.) l—--—] - 2p—1 .—\I ,w.-‘ =
IX(x, u) mzﬁ_\_»(ﬁ) f(m)l =g ==+ (2= D~ ]+O(z-(\))

= 3 +0( 5:(0)-
Furthier by Lemma 2 we have
- (slogre @ty ARZOIO) A2 ) g
kms x km kmsx ki
= (x log X+ (2p— Dx} {A+O( X (M —xX{B+ (29— DA+ O( X (<))
Thus
D(x, 1) = Ax log x4 Bx+0(x log x 2 () + O{x 3 () + O{ > o(x)).

Consequently hy (2.15), {2.16), (2.17) we obtain (1.3}, (1.3), ([.6}, (1.11).
The relations (L.4), (1.5}, (1.6), ([.1(0, (1.12) hence rapidly follows by par-
tial summation.
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CHARACTERIZATION OF ADDITIVE FUNCTIONS BY ITSLOCAL BEHAVIOUR

By
1. KATAL
Departmeni of Algebra and Theory of Numbers, Entvis Lorand University, Budapest

{ Received Seplenther 30, 1968 )

1. in {}] I proved the following result.
(A) If f(n) is restrictedly additive and

(H) jim (f(n+1)—f(m))=0,
or "
(F) lim (f(n+1)—f(m) =0,

then it is a constant multiple of log n.
This asscrtion is proved, independently by A. MATE, too {2].

Let

(1.1) dif(y = Afny = flu+ D~F(),

(1.2) Aif(ny = A=+ )— A=) fork =23, ...
We prove the
THEOREM. If f(11) is restrictedly additive and

) lim A4f(n) =0,

or o

(Fp) lim 44f(m)=0

Fi—=oa

for some natural number k, then f(n) is a constant mudtiple of log n.

2. The idea of the proof is the following. From (f,) or (F}) the assertion
follows by (A). We shall prove, that from ibe assamptiion (H;) resp. (F,) fol-
lows the inequality (Fy_,) resp. (H,_,) for k=2. After proving this tle Theorem
fotlows by induction on k.

3%
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let
(2.1) Lf(n) = 1f(n) = f(n+2)—f(m),
2.2 () = -1 (4 2y~ 15-Y(n) for kb = 2,3, ...,
LEMMa L. The following identity holds.
Kotk .
(2.3) B = 3 || B,
j=0']

This identity is a triviai one for & = {. The proof goes hy induction on 7,
and so we ontit It

LEmma 20 For everv odd 1t holds the identity
¥ otk
(2.4) .ﬂmo=z[jwﬂm+w»
j=0\}

Proor. For k =1

V() = fln+2) -f(n)y = fCn+ By - f(2m) = BfEm+ Bf(2n+2),

and thus (2.4) holds. Let now suppose that (2.4) holds for &= K. Tlien

) = A D) — AEf () = 5 [Kl AX 20+ 442))—

F=ir
‘ J 15f(2n+2j) = ]{ IR 4 27) + 1K1 427 2)) =
j- u U'

o4l
=2

FEIU

t’\+

| 1§12 +2)),

and so (2.4} holds for £ = K+ 1 loo.

[n the sequel let #(11), £ (1), &,{11), . .. denote suilable sequences of positive
numbers tending to zero monotonically for #-e,

Let now suppose (f1.) hiolds. Hence it follows that

(2.3) =14 1)z 1= () — e(n).

Iroth Lemma it follows, that

(2.6) B Dy = B — e ().

Using Lemma 2 with £— [ instead of £ and the inequality (2.6) we have
(2.1 = () = 20U =1 (2 — 2T, (),

when 1 is an odd number,
[.et now x be an integer and

o(x) = max . t§-"f(n).

X=H=Ex
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Using the inequalities (2.6), (2.7) we have

. [21RY
o{2x) = ;( ) -+ &5(X)

-1

From 1ihis inequality we obtain casily that

(2.8) fim 5= () = 0.
H o=

Using the representation (2.3) of . E-"f(r) and the inequality (2.3) we have
=1 fy= 25 =11 1) — & ().
Taking inte account the ineyuatity (2.8) we obtain that
lim P =1fr) =0,

i.e. that {F,. ;) holds.
The deduction of (H, ) from (F,) can be performed in a sintilar way,
or immediately follows from ihe previous proof repcating this for — f(n) instead

of f(m).
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A CONTRIBUTION TO BLOCH’S THEOREM

By

G. PETRUSKA
1. Departiment of Analysis of the Ettvis Lorand Universily, Budapest

{ Received Oclober 22, 1068)

1. Let D denote the unit dise {z:'z <1} and f(D) the sct {w:w=f(z), lzl <1},
where f(z) is any fuuction defined in D.

According to tie classical result of Bloch, if the function f(z) = i‘ c2h 1s
=0

regular in [ and [f°(0)! = [ then f(D) contaius a disc of radius o, p = y, where
v i an absolute contanst. (See, e.g. {1].)

W.SEIDEL and L. ]. WaLsH proved a gencralization in [2], where the
assumption |f(0y] = [¢,| =1 was substituted by |¢,[=1, but their conslant
, depended on p (and ouly on p}. (Actually they proved a sharper result.)

P. TurANn has observed ({4]) that an essentially stronger theorem holds:

TueoreM 1. Let f(z) = 3 ¢,2"% be regudar in |z] <1 and for an integer p=1,
fe=1)
2p
> eg|?= 1. Then f(D) contains a disc of radius g=y*, where »* is an absolule
k=p
constant. (That is y* does not depend even on p).

He stated the problem: what can be said under the weaker assumption

2
lep|2 = 1?
2

-]

N

It is shiown in a paper of P. UxcaAr (|3]), that > fe,|?=1 does not imply

k=1
any assertion of Bloch type. In this paper we are going to give a short proof of
Tlieorem 1, and we show that this result can not be improved, as it is stated in

THEOREM 2. Lef {v,};=1 be @ sequence of positive integers, v,—+ == arbifrari-
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Iy slowly. There exists a sequence of functions @)= Z P, p=1,2, ...
=0
. Py .
regular in D, such thai 5 ]c}?l[lz— 1, bitf gj,-»{}, nwhere
k=p
o, = sup {o: there exists a D, = f{i},

where D, is a disc of radius p.

2. Proor or THEOREM |. Let j‘(z) = :5' ¢z he regular in |zl <1, and
fi—0
@) =b, lal=y<1,b=0. f g@2)= f| L then (g =1 and
b([ 1+az

by the Bloch’s theorem f(D) covers a dm of radius at feast pb{1—r7). Let
4

> legP=1, where g=p=1 are integers.

k—p

By the Parseval formula

.:I’

jf (.’E“)} df = >—r k2|, ] -1 o 2—: !J'\-'.‘JL-J’.JZ‘,-E(:;-—I) -

27 P
5 .F. 1 Eep
= pra-v Z |ee|? = p2r2a-1;  O=r<l.

Hence |f° (re"u)[ = prde-D for some O=f,<2x. That is |f/(re)| =pri-.
By our previous remark, f(D) contains a (Im of radius at least ;pre1(1—r2),
for every O=r-1. Trivial calculation shows that this lower estimation is

] ) g— 1 113
maximal in r when r = }-——

g+ 1
That is, f(1) contains a disc of radius o,
g—1
2 9"7F 2 s 2p
of-Jpll+ Y= >l-——"'.
-1 g+1 e g+1
¢ Das
If ¢ = 2p, 2p = —, and we obtain » = =%,
2p+1 3 3e
. . o 2 F3
The theorem is proved, moregver the estimation 3*==L=""  where 3
e Ge
. ; ¥3
is the Bloch’s constant, 1= T
3. To prove Theorem 2 we need a function f{z)= ¥ ¢2% regular in D
=10

and having the properties
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(i) 3 lef=+e

-1

(i} AADY does not contain any disc of radiug > 1.

[t is proved implicitely in [3] that there exist functions with the above
properiies.

Now we give a simple clementary construction, ahnost the same as in [3],
which results our required function. Letl D, be the curvilinear triangle in the umit
disc, bounded by three circular arcs which are tangent to each other in points

Baj.

¢ T k=012 Let f(z) map D, onto T, where T denotes an arbitrary equilate-
ral triangle. We may suppose that the vertices of 7" correspond to those of D,.
Reflecting D, on its sides we obtain three new circular iriangles and by the
principle of reflection the extended f(z) maps these domains onto the reflected
images ol T.

(Reflection in a circular arc means as usual the inversion with respect fo
the circle containing the arc.)

Using repeatedly the principle of reflection we extend J{z) to the whole
unit disc. f(D) is the full w-plane from which the points obtained by repeated
reflection from vertices of 7 are removed. We shall reler {o these points as

|
vertices. Obviously f(D) can noet cover any disc of radius > — = 1, if{ =} 3
V3
is the length of sides of 7. Let f(z)= > ¢2" The assumption 3 [cg|*= 4o
k=0 =0

leads to a contradiction as follows.

It is well kiown that the relation 37 | [*= 4= implies the existence of
f=1}
the 1 ddml limit f(ef)= hm f(retn) for almost every ¢. 1f e is not a vertex of a
v

e 125
circular triangle obtdmcl by repeated inversion, the radius res, O=r=1 meets
infinitely many of inverted arcs and duoldmgly the curve f(re), O=r<|
meets infinitely often linear seginents corresponding by reflection to the sides
of T.

There exist at feast two (inoreover six) different terms in the sequence of
intersected segments. In fact, the neighbouring terms are certainly different
being images of different sides of # circular triangle hy a one-to-one ll]dppln!.{

Therefore, if iim f{re™) exists, it must be the joining point of (at least)

rel
two different segments, that is f{e’r) is a vertex. The sct of vertices is denumer-
able and so the limit function f{efr) has to be constant on a set of positive mea-

sure, By the well known theorem of M. and F. RiESz f(2) would be constant in D.

4. PROOF oF THEOREM 2. Let f(2) be the function constructed in sec. 3,

S = Z [c,]2 (Being f(2) = 0, we have s, = 0, k= 1,2, ...}

=1
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Now let us define our sequence in the following way:

Jp®) =

l
1
e
om—T
e
p.g
—

I we write f.(2) = 3 %%, then
k=0
Pp 1
@2 = . 5 (e i =
2 .[C;; ! - 2 itkiT = L
i Srp Ko

. . 1 . .
Ot course, f,(D)= V__ (D) and we see that f,(D) does not contain any
S,
"
1 oy !
dise of radius = --—- and by (i) of sec. 3, -—~ —0.
Vs,.!, bs.,
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UBER WALSH-FOURIERREIHEN MiT NICHTNEGATIVEN PARTIALSUMMEN

Von
F. SCHIPP
1. Leiustuhl fir Analysis der Edtvis Lordand Universitiil, i3udapest
( Eingegangen am 30. Oltober 1565 )
Es sei {g, ()} (1= 0,1,2, ...) ein i Intervall [0, I] definiertes Funktin-
nensystem mit
1} g (=t Gelo, 1] n=0,12 ...,

ferner sei {y, (N} (n=0, 1,2, ...) das von {y, (1)} erzeugte W-Systeni. D, I, es
ist y(f) = 1. und fir

n= a2 (n=0,1)
i—0
ist
(2) l}””("‘) = H F[,(f)
;=1

L3
Est {i, (£} orthogenal und gleichnormiert, d.I. gilt

{. ‘P”(r)]‘f}”i(f) {'r{ = é”,rﬂc ! (Jl) = U)

0
mit einer positiven Koostante ¢, so neanen wir {o, (0} ein gleichuorniert stark
multiplikativ orthegonales System ((G5MS)
Es sei {r,(N} (1 = 0, 1,2, ...) das Rademachersche System, d.h.
1 (U= 1j2)
3 rl) = ! Tt Dy = (),
( ) II() l—[ (l‘llr2'_=_!-r_:])‘ [¢] II()
ra{t) = (2D (n=12...).

(o my,

18,y g bezeichnet das Kroneckersche Symhoiz 6, = {“ (1t = 111).

3 Siehe Avexirs [i), 8. 165,
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FEs ist bekannt, daff die Funktionen {r, ()} im [ntervall |0, ] cin GSMS
bilden und Jdas ven ilmien erzenste 1W-Systemn das bLk;muru \\'als!mcllc Ortho-
gonalsystem ist, dessen Efemente wir mit {7, (0} (n = 0.1, 2, .. bezeicluien.

5. Smox 2] hat gezeigt, dab es eine Walsh-Reihe

(H > a ()
r—1{
- - :!_] .
existiert, deren Partialsunumen Sy(fy = N ¢ W7} der Bedinguny
b0
1
) fis,,(;};(n- K =12

genitren, deren IKoeffizientea aber nicht oeoen Null strebuen.
Daraus folgt, daB dic Reihe () keine Walsh-Fourierreihe ist. Man kann
fiagen, ab die stirkere Bedingung
n-1

(1) Spify = S o Wo(hH=o (=12 ..

="

schon nach sich zieht, dab o eWl) cine Walsh-Fourierreihe ist?
-0
in dieser Arbeit heantworten wir diese Prage, Es ofll ndntich der foleende

satz. s existiert ciie Walsh-Nullreilted S(y= > ¢ W, (fy welche der Be-
r=0
dineung (8) pearist,
Dy eine Teilfolge der Partialsummen der Walsh-Fourier-Entwickluny vos
Sy L0, 1] fast dberall geoen f(x) konversicert ¢(J3]). deshialb ist S{f) keine
Walsh-Fourierreilie,
Analoge Siitze gelten fiiv trivonometrische Reiben f4] wnd Haar-Reiliea 3],

1. Hilfssitze

Zum Bewels unseres Satzes benutzen wir einige Hilfssiitze,

Hrivrssarz 1. I8 sef

(1.1) Dan(ls k) = H {1+; ]; (!)I

T es st i S0 =0 fast aberall i [0, ] und limesup e et

e P
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tind

. alig
(1.2) P = 35 Wan e {(f)Dan(t; £) (n=12..0

IR
Dain gift
EL U |
ﬂ) IDH (!):': Z h!(”)H"F(r)
f=0

(1.3) b,=0; 0=21<27 b= +2-0 2122 0m)

b) ’Pn(!)|=-l del0, 1], = 1,2,...)

5
¢) ‘3 bW (r) =20 (te]|0,1], O=ms=2aon p= 1,200,
i
BEWEIS voN HII.FS:\TJ{ 1. Dic Behauptung (£.3) &) folgt unmittelbar aus

den Gleichungen?
k k+1 |
’)n ’):1

Dg” (:", ."‘\) =

(=012 ...,2"-1; #n=12 ..

Die Relzltimlcn (1.3Y @) und ¢} ergeben sich aus

alt_ Y_ g

P = 31_ N W (Do (£ fi)_-l Z War gan() 3 W ( kﬂ]li’m(f) =

-
e

E—1t

w0

RS B L

I k
- s WA W o, A0,
2 J':U nfll " (2”’”/‘ Te k2 ”( )

HiLrssatz 2, Es sei
(1.4 rly = P,y ()  ((i=10,1,2..).
Dann bitdest die Funkbionen {q (D} (i = 0, 1,2, .. ) ein GSMS.

Bewels vox HiLrssatz 2. Die Behauptung des Hilfssatzes folgt unmittel-
bar aus (1.3) @), b) und (1.4).
Aus Hilfssatz 2 und aus (1.3) &) folgt, daB die Funktionen {¢ (O} (=0, 1,2,.. )
heschriink und mit derselben Verteilung vollstindiz unabhingig sind, und so
uilt

Hrii.rFssaTz 3

(1.5) mes flim sup o+ O+ - e () _ ~ 1,
L e ¥ log log 11

1 Siehe [3).
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{1.6) mes lIim inf %(QT W}_(E)i‘_';+q.'ﬂff.'(!). = — 1 ! = |.
(R ¥2n log log n i
(Siehe: [6], S. 337--340)
HiLrssaTz 4, L5 sei

|

(1.7) =1 [1 -%ff,(r)) (=12 ...

i=0
Dann gift
(1.8) lim f,) = 0
Jast diberall in [0, 1]. o
BeEwEeis vox HirFssarz 4. Auf Grund der Voraussetzungen sind dic Funk-

tionen

{
(1.9) Folty = [fumydn @elo 1] n=1.2,..)

monoton zunchmend, weiterhin gilt
FAOy=0, F,()=1 {(n=12 ...

Aus einem Satz ven Herry ([7], 8§, 137.) folgt, dab cine Feilfolge Fuh)
(1 =ny=<...) existiert, welche imt Intervall [0, 1] {iberall koavergiert. Es ‘sei

F{ty = lim Iy (f).
o

Offensichtlich ist F(f) auch monoton zunehmend.

Zu jedem n(=0, 1,2, ...} und £€[0, 1} gibt es ein (maximales) dyadisches
Intervall 1) = [a,(0), B,0) (€ [ D) derart, daB ¢ (1) = const. (e [ (1)) ist.
Offensiclitlich gilt auch

Pmltt) = const, {(nel fh, m=n),
(1.10) Jnei(1) = const, (e f 1,

{ o ()du =0 (111> 11).

It

Daraus folgt, dab fiir v, = «,, f,
e
‘Hfl-'— .';(;'n) - 1"” ‘t(:}n) = I (fn ’ I:(”) —jn ) 1(”}) d” 7=
b
At [ 1 | 1
f fn(u)lu—i Prs1 (4) o W”“"(HHE P () Pneo{) + - } du=0
b

(k=23 .., n=0,1L2,..))
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besteht, und so ist

(.10 Faui(vny = Frap(va) = -0 = F(yn).

Aus (1.11) auf Grund von (1.10) fir nicht dyadisch rationalen { ergibt
sich

POUO)~ Flan®) _ FrosBul) = Fussoa®) _ g oo g
Bult) = aall) Bl — an(f) w8 = Snts)
(n=0,1,2,...,
und so gilt fiir fast allen {€]0, 1]
lim f(f) = F'(f).

Wir zeigen nun, dafl fast dberall lim f,(f) = 0 besteht. Auf Grund der
Ungleichung 1+ u<=¢* bekommen wir 7~

n—1

a1 1 -3 To®
0=f0)= [ {1 -l |<e 0
=0

Da nach Hilfssatz 3

n—1
mes{t 1 lim sup (2’ — (p,(f)] } = 1

ist, deshalb gilt

lim int f,(f) = 0 (f.{.a. in [0, 1]),
womit Hilfssatz 4 bewiesen ist.

2, Beweis des Satzes
Es sei

@.1) so=j[-7 qo,mJ 0= "1 |1 —Z%m)J

=0 i= D

(m=12, ...)

Da nach (1.3) a) (1.4} und (2.1} jedes Glied von Pmil) eine Rademachersche
Fuuktion enthaltet, deren index grofer als 20m 2 7 ist, und da die Indexc
der Rddemauierschcn Funktionen, die in f,{t) vorkommen, kleiner als 2m° 14 |
sind, bekommen wir aus (2.1), durch Multiplikation, eine Walsh- Reihe, in welche
dic einzeinen Funktionen W.(f) hichstens je einmal vorkommen.

Es sei

(2.2) Sty = > e, W),
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n-1

S, = > aW.(1) (=12 ...,
-
N, = 22 (=012 .)
Dann auf Grund von (1.3) b)), (1.4), (2.1) und Hilfssatz 4 gilt
Sw () = ful) = } m=12..)
2.3 Hm Sy, (0 =0 (Lia. in |0, ]}

Hl—

Ist N, ==/

[LE] oy

dann ist S, () von der Gestalt

1 l =)
S =Sx. (1 —— s oW |1 -
() \m()l 1 :%n { ! J

(2.4) — W () X W) = A0 kB

;

4
_ man? I S Y £ A

(Qnr =2 [ A moT A N iii'{_"\'m)r

wobei sich die Stmmation in X7 auf gewiBe (= N,,} bezieht.
Aus (1.3) ¢) und (2.3) folot

(2.5) oo = Aty =288 (1) (N =n-=Ny qim=1 200,00

Da endlicti auf Grund (1.3) @), (I.4) und (2.1)

Ny -1
(2.6) Wi () X7y = 3 e, = 3T e
. =1 cloen
m—1 : {m2 = 1) {10 I)"'
- oy LY T TR T LU —m
= JI 2 e ==
i—u
ilt, Lmd b(':;”) =270 (N, = 2, = NG N Destedit, deshalb bekommen wir aus
(2.4, (2.5) und (2.6) die Unffleu!mnqw

| 1 . e o
0= 5o s = Sl = 2,00

o2

Daraus und aus {2.3) folot die Behauptung unseres Satzes.
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Einleitung

Es sei {r,(x)} (m=0,1,2,...) das Rademachersche System, {y,(X)}
(n=0,1,2, ...) das Walshsche System und

n—1

Dx)= Zwp(x)y (m=12...)

=1l

die r-te Walsh-Dirichtetsche Kernfunktiont., Ist

n= yn2 (1=01),
=T
tann gilt
(1) Do) = yfx) 3 nrDsi(x) (1= 1,2,...),
i=n
wobei noch
-1 2(x€[0,2-1)), : .

2 D.i(x) = L+r.()) = ) (i=012...)
2) (= 7 () = 0L

hesteht?,

! In dieser Arbait henutzen wir die in |1] eingefithrie Bezeichnungen.
? Siehe z. B. [2].

4 ANNALES — Seclio Mathemtatica, Ton. X111,
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Wit bezeichnen mit

n—1

1
(3) Sl Xy = 3 alflx) = j'f(x TOD (L -
r={ §

(c,- (= [1ay dr)

die n-te Partialsumme der Walsh— Fourier-Entwicklung von f(x), mit

1 1'p
o,(f; 8) = Sup {Uf lx T h)—f(x)F dx]| (p=1)

den [.,— W-Stetigkeitsimodul der Funktion f(x).
In dieser Arbeit werden wir dic folgenden Sitze beweisen.

Satz 1. Geniigt die Funkiion f(x)e L |0, 1] der Sfruktureilen Bedingung

=

1 1
4) > J‘ f G )= £ Dai(ar) s dx < oo,
i

so komvergiert die Lintwickiung (3) fast doeratf.
Daraus ergibt sich

Satz 2. Ist

o

(3) 2

fi=1 n

Il
@y (f,-—l
n;
- ——

2

dann konvergiert die Enfwicklung (3) fast dberall.

Aus Satz 2 folgt, daB z. B. im Falle o (f; 0) =0 llog—;]'l_‘(e}{}) die Walshi-
Fourierreihe von f{x) fast iiberall konvergiert.

Wir werden zeigen, dal die Funktion (log%]d_s durch [loglog::—)_l
nicht ersetz werden kann. Es gilt ndmiich

Sarz 3. [s existierf eine Funktion P (x)e L0, 1], welche die Forderung

. 1
(6) (I b):O ("" 1 )
loglog —
oglog 5

erfillt, deren Walsh-T ouricrreihe aber {iberall divergiert.
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Analoge Sétze gelten fiir Fourierreihen (Siehe: (3], S. 172, [4]).
Wir gehen noch eine andere strukturelle Bedingung fiir die Konvergenz der
Waish-Fourierreihe.

Savz - Gentigt die Funktion [{iye L|0, V| fiir x¢ I der strukturellen Bedin-

gung
_ foA I
(@) - [ et =1l du = 0f - Y,
L log —
I

so konvergiert die Entwickiung (3) auf L fast dberail.
Wir werden zeigen, daB Satz 4 nichit verscharft werden kann. Es gilt néim-
fich
SATZ 3. Sel o(u)=0 eine nicht abnehmende I'wiktion, welche der Bedingnng
(8) im o{m) log M = 4+ -
u—+0
geniigl, so gibl s eine IFunktion FAx)e L [0, 1], welche in fast allen x¢|0, 1] die
Forderung
i h
{9 —- ' [FAx 2 )= F(x)| du = O(o(h))
o
3]

erfilll, deren Walsh-{"ourierreihe aber fast dberall divergiert.

J. Marcixxkiewicz [3] hat analoge Siitze fiic Fourierreilien hewicsen.
Endlich beweisen wir

SATZ B, Ls seien o(u)y und W) (e, + <)) nicht abnehmende stefige
Funkifonen, welche der Bedinguny

(10) D).y = loglog i (0€(2, + =)},
D)y = )y =10 (rel0, 2]

gendgen, Ls sel weiterhin {3,} (n == 1,2, ...) eine positive, moneton nicht ab-
nefunende Zahienfolge mit 1im 2, = =, 7, = of.l(n)). Dann existieri einte Funktion

H-=cx
Fy(x), welche die Forderung

k

(0 j )P Fy(x)]) dx = <o

{\Jf
erfiiflf wnd fast tiberall der Bedingung
(12) lim sup !Si,_(;f;_.\‘)_ =0

1o Aoy
geniigt.
Dieser Satz ist eine Verallgemeinerung eines Satzes des Verfassers. Einen

analogen Satz hat K. Taxpor: {6] fiir trigenometrisclic Fourierreihen erwilint.

4=
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§ 1. Beweis der Sitze 1 -3

BeEwEs vox 547z 1. Aus der Bedingung (4) folgt, dab in fast allen x€[0, 1]
(1.1) j (700§ )= ) | Dai () it < o=
f= l}

gilt. Es sei #=0 eine beliebige Zahl. Dann, auf Grund von (1.1} gibt es einen
Index i, = [{e, X) derart, dah

1
> ]f. L3 -0 Dyt dit = ¢
i=iy~1 o

besteht. Darans, und aus (1) und (3) erhalten wir

1S40/ ) —f()] = f [ (Fc b ) =f()) Dy du | =

0

[i

1 .
Z 2 ] 1) (f(x 3 )= JQO)r ) Do) dit +

/%' ’ [flx L) —J )| Dai() qur =

= Selendte (r.0) = (oL —fo) r)Da(w)),

i-=1}
woraus sich auf Grund der Gleichungen lim ¢, (¢, ) = 0 (i=0, 1, 2, ...) die Be-

H—

hauptung von Satz 1 ergibt.

Beweis vox Satz 2. Aus (3) folgt

Zo(fi 270 = e

woraus sich auf Grund der Ungleichung
L1 oo
J [ 17003 )= f0) | Dai(ury du dx = [ f)g{u)( J |f(x 2 1) — f(.\')ld.\‘) di =
o0 u 0
2-f o1
=" J (J e )y —f(x)] d,\') dit = e (f:270)
] u /

und nach Satz 1 die Behaupiung des Satzes 2 ergibt
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Zum Beweis der Sitze 3, 5 und 6 benutzen wir den folgenden Hilfssatz [2]:

Hivrssatz 1. Fir jede Zall k(= 1, 2, ...) kann man ein W-Polynom

g!_l ’.r{q.]._l
(1.2) Px)=2"% Z Dpria(xfe®) = % alp(x)
=0
I .
|W_ = () < ”;_ Ce=0,), ... 2%, k=12, ...

und eine olge [HYO} (n=0,1,2,...,2%=1) vonr mefbaren Mengen mit den
folgenden Eigenschaften angeben:

w2y
a) HONHD =0 (=), U HO =10, 1}
n=0
b} PU)=0  (x€f0, I);
1

(1.3) ¢) [ P (0)dx = I;
o
d) firnm=0,1,2,...,2%—1 und xelJ® gilt

&
ISPy )| = 1,

14
. a2l . g, !
wobel g o= 227404 52 st

o

BEWEIS VON Satz 3. Es sei &, = 20 N, = 2270 i — 1,2, ...}, und
N, = 1. Bilden wir die (qekla[mllcrl{.) Walsh-Reihe

. 1
(1.4) ) = 3 ()P (x)-
i= 1 k,
Da fiir jedes i(-=1,2, ...) 2N,— =N, gilt, kommen in den verschiedenen
(iliedern die einzelnen Funktionen p.(x) hichstens je einmal vor,
Aus den Eigenschaften (1.3) 8) und ¢) folgt

1 1
- ] = ] .
5 — [lpn@Pe@ldx = 3 [ Pu)dx <,
i=1 k;' F}I i—1 2t B

und so konvergiert die Reihe (1.4) fast Giberall gegen eine Funktion /7,(x)€ L]0, 1],
weiterhin aus (1.4) durch Weglassen der Klammern erhalten wir die Walsh-
Entwickhimg von Fi{x).

Wir zeigen nun, dal

(1.5) oy (Fys a)zo(__lil__)
log log —
g log 5
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gilt. Fs sei O<hA=1[. Dann gibt es cinen Index iy = i,(h) derart, dab Ngi -
“h= Ng t besteht. Da yn{(x £ MDn{y + )= ypx()Dxy) (i<iy) gilt, deshald
ist

¥

© ] p
2 —,{-‘- I E?PNI-(-Y)PRE(JC), (X =

]

e _ 4 _4__ L
‘_z? i, 1)’

f Fy(x 3 ) — Fy(x)dx=2

i

[

( log log —
. n

und so ist die Behauptung (1.5) bewiesen.

Endlich zeigen wir, dafl die Walsh-Entwicklung von F(x) in [i}, 1) fiberali
divergiert. Auf Grund der Elf*emdm[t (1.3) a) der \lenfre‘l H® kamy man zu
jedem x€[0, 1) eine Indexfolge s, = n,(x) derart anfrehen daB 0 =N, =22

k-
tnd xEHgi.’) (f=1,2,...) besteit. Es sei u, = u(x) = 2 i+me0 4 j‘ 2,
e
Dann, auf Grund von (1.4} und (1.3) d} ergibt sich fiir genfigend groBe i die
Ungleichung

: i K 1 1
k1 D= SnAF; X)) = — (08X Pe) = (21 = = =,
SwpendFai 0= Sy 0} = - pm(0Sali Pl = [ =1 £ = ¢
Damit haben wir dea Satz 3 bewiesen.
§ 2. Beweis der Sdtze 4, 5
Zum Bewels von Satz -+ benutzen wir den folgenden
Hivrssatz 2. Es sei {1} (v = 1,2, ...) eint System von disjunkien dyvadische
Jndervalte mit I, = ;—m a‘.}:] l(rr =2 g.ganz), und U = U I, V=[0,11-C.
Ist g(x)e L[0, 1] eine h;m'fhmz welche auf 'V den Wert U(\) = 0 hat wnd gilt
1 _ 1]
2.1 _f o(u) du = 0(#}, ;
. . 1,

se konvergiert die Walsh— Fourier-Entwiektung der Funktion ¢(x) auf V fast
tiberall.

311, bedeutet das Lebesquesche Mald von J,.
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BewEls voN HILFssaTz 2. Es sei

l—_ [ dpDdl (xel; »v=1,2,...),

DH(\ l
0 (xe V)
(2.2) (G,(x) = sup [g{x)]:
r=i
GE) = | 1,0, (X) (xef,; v=1,2,..,
T lo (xe V).

Offensiclitlich gilt
GHO=GH= ..., ImGH) =0 (x<i0, iy,

nrea

weiterhin auf Grund von () 1} und (2.2) ergibt sich

r GHx)Ydx = 3’ 1, ] G (x)dx = Zm, ' k ‘ a(u) du)dx =
~ r=1 . :I|I

it
=3 n.',.fjg(u)'du = 0(I) S’ |1, = O(1).
r—1 f r= 1
Daraus folet
|
(2.3) lin) fG:‘-:(x)d.\- oy

Aus (1), (), (5) und (2.2) ergibt sich

] {g.(1) —y ,?(u)g(u)) T L)Ds(x Luydu = 0 (xE V),

0

und so ist

|Sa(g; X} = Z l g (D) Dai(x L) due (x€V).
0
[Da

=i

1
TogX) = sup 1Sz ) = 3 f G()Dui(x L uydu (x£ V),
_ P

uid
Doi(x3u) =0 (ucl, x€V, i=zm,), ] Dai(x T uydx=1
v
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gilt, deshalb ist nach (2.3)

] Tog:X)dx= Y | (['U,,(u)f)ge-(x,?u){m)d.\- =
i

+ ¢}
1% =0y

5
1 4

= 5‘ fﬂ(j”(u)( ].Dgi(xin)d.\‘ du == 3 X J Gfe) J Dodx Tu)dx Ydu=
=0 v v

=fl oy I
’ it e v

=p 0

o fity—1
= ( f(},,(u) u‘u) > = ‘? i, J G ) du = ' Gy du — 0 (n—===).
=P\ i

Naucl dem Satz von B. Levi st also
lim T,(g; X) = limsup |S,(g: )] =0

1~ H o=

fast Gberall auf V, womit Hilfssatz 2 bewiesen ist.

BEwEgis vox Sarz 4. Wir bezeichnen mit £, {(n = 1,2, ...) die Menge
der Punkte xe E, in welchen

PR

» H
(2.4) 2 j (xS —fC)du = — (v = m)
b "
gilt. Offensichtlich ist lim |, | = |E|, weiterhin zu jeder Menge I, gibt es ein
J"l-u
System {7k (v = 1,2, ...) von disjunkten dyadische Intervalle derart, dal

v, =10, 1]- U I =10, 11-0,CE,

gilt und | E, — V| beliebig klein ist. Es ist also genug zu zeigen, daB die Ent-
wicklung (3) auf jeder Menge V,, fast @tberall konvergiert.

Es sei nun n fix und V,, =V, {¢ = [, U, = U. Fir x¢V bezeichne
E(x,v) (v = n,n+1,...) die Menge aller Punkte 2 = x3u (O=u=<2-7), in
welchen

Q-1 2

vilt. Dann ist

2 ﬁ‘ F(x ?')|.

s

i
1

[\..

| IV

If(\ L) —f{x}|du

also

(2.5) LE(x, v)| =20+,
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Es sefen x und y zwei beliebigen Punkte aus V omiit

l
z).

.}_—

Il!\

1A

xty

't_-l-
2

: 1 . .
Auf Grund von (2.5) gilt | E(x, ULy, r) < P und daher gibt es einen Punkt
S=xXu o yiv (O=u,r<2-) derart, dab £4 E(x, YU Ly, ») giit. Das be-
dentet so viel wie

O-fo =2 fO-J0) =

A . 4n

v v’

woraus sich fiir ein beliebiges Punktepaar x, ye V die Ungleichung
K

(2.6) JW-rfiy) = —

Cxiy
ergibt. Man kann annehmen, daf fiir die Darstelluag von

. a.+l
U= U Li =2 & )]
IEJI [2m, 2m,.

2.7 ‘ (’"3’557..]'“" 20

gilt. Wir fiihren nun eine Funktion g(x) ein:
10 (xg 'V},

(2.8) g(—\‘)=1f(_\.)_ﬂxl_) (el v=1,2,...),

| .
wabei .\‘,.E[!,, ke —}—] NV einen beliebige Punkt bedeutet.
G

Auf Grund der Ungleichiung

g=Hr+ 1

—;J.Jflg(u).du = —1 f ‘o) du = 2m f Jx ) —f(x) da =
'Y

I 0
tu(iem )

erfiiift die Funktion g(x) die Forderungen des Hilfssatzes 2, daher konvergicrt
ihre. Walsh-Entwicklung auf V fast iiberall.
Betrachten wir nun die Funktion

[J(x)  (x€V),
Vf) (xef: v=1,2,..),

wobei x, die in (2.8) eingefiihrten Punkten bedeuten. Auf Grund von (2.6) und
(2.7) ergibt sich, dafl die Funktion A(x) der Bedingung

fi(x) =
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_ K

|
log ———
Xtyw

Hh{x)~fi(y) =

geniigt, woraus nach einem Satz von L. G. Paw (f7], Thenrem £.3) die Koaver-
wenz der Walsh-Eintwickiung von f{x) in fast allen Punkten folgt.
Die Behauptung des Satzes folgt somit aus der Gleichung

Jx)y = g() +A(x).

- . I C g
BEwErs vox SATZ 5. Ex sei ¢ (= off) lugT. Dann st im ¢(f) = + ==
{==0
und man kann ohne Beschiriinkung der Allgemeinheit annelimen, dab die Funk-
tion ¢ (f}, und so die Funktion o{f}/f (U--1-= 1} auch, manoton nichi wachsend
ist. Daraus felgt die Ungleichungz

{ _QQ - n(xf)
t

ok

(2.0) 20(l) = = - o()

(OD<a=sl Otz

Auf Grond der Relation  Hm ¢(f) = + = gibt es eine Nulifolee
[~+0
{eid (K =1,2, .. .1 0=¢g= 1) derart, dab

(2.1 Jml e oal-

l}f’\—-‘f*"‘-"

besteht. Es sei f(x) = n[-—}P;(\) (F==1,2, 0.0, wobei P(x) dic in 1lilfs-
satz 1 eingeftihrte Funktion bedeutet. Wir bezeichnen mit f{x) (0-.x-2 1) die

1 }
natiirtiche Zahl, welehe der Bedingung - -— < X 10— geniigd, mit J.(x)
g SLESES o (%) 7 ' T

das dyadische Lntervall von der Linge 2=+ welche den Punkt x enthaltet und
mit £, dic AMenge

2=t =1
(2] ]) E,; = U(] Jurk(c:(.k)) {JII. = ], 2_. .. .),

wohci m=miu l(( ,,;) 2% 1' und B die in (1.2) eingefiihirte Zahlen bedeuten.

Wir zeigen, dald
ro
(2.12) " ] |filx Ty = f()] du <2 o(M)e,.

3]

Ohz 1, XL, k=1,2,..)
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die

gilt. Fiir x4L, besteht fi(x)= . Daraus folgt, dalf fir 0= u<h< .
; gy

Gleichung fi(x L) = 0 (xiL}) besteht und so ist die Behaupfung (2.12) fiir

]
{}=fr:z — richtig.
Ay

! 1 .
Ist —- =<fi= — , dann auf Grund vou (2), (1.2), (2.9), (2.10) und (2.11)

21’“;“ 2'_']\‘
fiir xq I, ergibt sicli:
o [
— {ifds L 1) duré:}f,g{:;l”} | = [Pty
0 u
n- k13
= elo ] } D r Pxtuydua = & ‘)l‘k :; 2m < gho ')lu’{

1
2 {27!\] = g,0(h).

£ |
= é‘f\\? —_— =

2'2!1' i

o]
Ist endlich =k = 1, danin aus (1.2) folgt

2'_'\’

Y]]
;’ J JxLuy—f(x) de = 2801 f Pi{x ,_u)u‘u) 0 ")Lj -
i

ot | ’ I s 1 ! .
= 2. 200 | ‘[ Pl du| e )-2—] )e;te[,),f | = 2ao o )—] < Zeyolh),
JJ‘(!;)(v‘)
womit (2.12) bewiesen ist.
Es sel &, (k, =...=k;, < ...} eine Folge mit 7 i< 1, N;—f.‘-’zk"ﬂ und
i=1
wir bilden die Reile
(2.13) ) = 3 Jiel) - pru).
i=1
Aus den Eigenschaften (1.3) 0} und ¢ folgt
3 J. (X (x) dy = Z &) l 0 ‘l— > ;o I—l—
e Cp N AL - I-— 97 } ‘|2’k ;.flr g lf.l'

f—i(‘) i=0

Hieraus bekommen wir, daly dic Reihe (2.13) auf einer Menge £, mit [H[=1
gegen eine 1ntcgne1hau, Funktion F,{x) konvergiert, weiterhin kann man zei-
gen, dab die Reihie (2.13) dic Walsh-Entwicklung der Funktion I,(x) ist.
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Es sei L= H~ ﬂ Jlk Offensichtiich gilt (Bl =1. Wir zvigen jetzt,
i=1j=1
dald £,(x) fiir xe £ die Forderung (9) erfiillt.
Ist x££, dann gibt ex einen Index s — s(¥) derart, dab X2 Ly (i=3) giit.
Daraus und aus (2.12) folgt

h h
1 + | PR
— | A Eu) =) du s - N AN ) = 0 du+
p j (3 u) P Sl)i

- ': i e X L) = fi(xh dit =

i—T»I
It

1 s . . . . =

= o2 | 1fidx )= Ji XY du+20(0) 3 e,
n i=5~1

Da endlich fiiv geniigend kieines o fi (X o1r) = fi (XY (i = 1,2, ... 8y gilt, be-
kommen wir die zu bewicesende Beliauptung (Y).
[ie Divergenz der Walsh-Fourterreilie vonr [F{x) folgt vimmittelhar aus

Sn; b (Fat X3 =Sn{Fa: x)

i 1 Y . . JIII:‘-‘ p I .
o) PRSI Pe) = (5= e o e

(i — =),

wobel n, = n{x) = 2% die Indexfolge bedeutet, welclie Jder DBedingung

a2t ko
& . L7 . Fooss
[f,lj (i=1,2 ...) geniigt und g, = g (x) = 227 -me N2 gesetz
ra bl

wird.
Brwers vox Barz 6. Es sel Ay = 0 HNY (N = 1,2, .00 Aot Grund der
Relationen

feme ) N o+ ), RS 51 N - oes s
s ( ) M(N) { )
ev-N NN N . (e
log NO(N)  log ,\f log loz N log N -Tng log N '
;-1
aibt es cine Indexfolge N; = 2577 (k<k,< ...} derart, dal
T oen
i
N, I AN : .
(2.14) e A RN (i=12...
-’:f!ﬁ(‘\) 2 2N, )
E.\! - I

- f=1,2 ...
oy <5 )
hestehen.
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Bilden wir die Reihe

. g 2 enpNAXPr(X)
(2.15) Fo(x) e 3 PSR B
AT ey
wobei P, (x) die im Hilfssatz 1 cingefiihrte Funktion bedeutet. Aus (1.3} #), ¢)
und (2.14) folgt, dab die Partialsunuuen

-1 . A .
(2.16) Sy, = 3 N IP(x)
i=1 D(N)
fast tiberall gegen eine Funktion fy(x}€ L[0, 1] konvergieren, weiterhin croibt
sich, dab die Reihe (2.13) dic Walsh-Entwicklung der Funktion £,(x) ist.

Wir zeigen jetzt, daB 77,(x) der Bedinguog (11) geniigt. Es sei

A = {x 1 x€[0, 1], Prx)=0} (f=12 ...,

I
@7 B"=A— U A (=12 ...0-1), A, =8

J

imfj+1
(n=12...).
Dann gilt
. (:t) (r) (1) ; . .
(218) UIBJ- = UIA Bj nBr -z U (}#J’),
i j=
weiterhin aus (1.2), (2.14), (2.16} und (2.17) ergibt sich
1 sy _ ' Z‘“‘"
.Bj = iAj N
ienPrx i N; 2 N
|SN, ()] = Zﬁ[—h-(g = ¥ LA/ R S Ny

SN T S 2N 225(N )
eB; j=1,2 ... 1)
Daravs und aus (2.14) und {2.18) folgt
1
[ 8w, 2( S, 0) ) = z 8w, ('S, () i =

[} B(”)

EN; - -N;
= —L BN udx = Yewf:) EN, << 0O n=12 ...}
Z f oy w(N (Npdx = 3 }% N, (

und so ist auf Grund des Satzes von Fatou die Behauptung (J1) richtig.
Es sei
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Offensichtlicliist T =0. Wir zeigen, daB (12} Fir die Punkten von R = |0, 1]=1,
d.h. fast dberall in [0, 1] besteht.

Es sei x4<R. Dann gibt es einen Index f,m={,(x} derart, dalb x3 A, (i=1)
gilt, ind so ist

Snl) = Sn; () (i=1)

Auf Grund der Eigenschaften (6) a) und ) kann man eine Indexfolge
#: = {x) angeben, fiir welche

1
18, (P X)) = —"'3—— ] = o log log N

gilt. Daraus folgt fiir geniicend grofle {

,5 BN 08 (P
Sy ST iy PSP )

;'NI'+-”E ﬁN‘-—E-;rf-

—_—— [P

en;log log N, Sy, (.\') |
T ORBNYN, e 12 24

Damit ist Satz 6 bewiesen.
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A NOTE ON KUROSH — AMITSUR RADICAL PROPERTIES
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Soine decades ago in the theory of associative rings there were introduced
many types of concrete radical properties (c.g. BrRowx-—McCoy, JACOBSON,
LEVITZKI, BAER and other radicals, sce [l]) The aim was to get a good survey
about rings having zero radical (such rings are called usually semi- szmp]e rings).
A good deqcnptmu of semi-simple rings W ouI(I he a deconiposition in a (Limcmte
or cumplr.tc) direct sum of simple rings. But generally, a semi-simple ring
with respect to a concrete radical property, has not such a decomposition.

A general theory of radicals were developed by KurosH and AMITSUR.
We recite the definition of a Kurosn— AmiTsur radical property (cf. DivinNsKy
[1]). Let R be an abstract property of rings. A ring A (an ideal [ of A) possessing
property 2 will be called an @-ring (an #-ideal). 72 is a radical property {in the
sense of Kurosn and Amrrsur), if the following three conditions hold:

(A) A lhomomorphic image of an (R-ring is an R-ring.

(B) Everv ring A confains an ‘R-ideal R which contains every other ‘R-ideal
of the ring. R is called ihe R-radical of A.

(C) The factor ring AR is R-senti-simiple (i.c. itsonly #-ideal is the ideal 0).

In a personal discussion DR. F. SzAsz asked: does there exist a (non tri-
vial) radical property satisfying the additional condition:

(X) Every (R-semi-simple ring is a discrefe dirvect sum of simple rings.

it is the purpose of this note to prove the following

Tureovem. A radical property 72 satisfies condition (X) if and only if every
ring is an "R2-ring.

Proor. If every ring has property /2, then the ‘2-semi-simple rings are
just the rings of one {.lLITlLIIt and so (X} is trivially satisfied.

Suppose that the radical property /@2 satisfics condition (X). 2 determines
a class & consisting of all @-semi-simple tings. According to Divinsky [1] p. 3.
the class & satisfies condition
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(I3 Tf every non-zero ideal of a ring A can be mapped homomorphically
onto sotite nog-zero ring of &, then the ring A4 belongs to 5.

By the assnmption every @-semi-sirmple ring A has a decomposition A =
= X A, where all the components A; are simiple rings, and in the view of (B)

it

A; e holds for cach i€ 7. Hence it is sufficient te prove that & consists of rings
having one element.

A simple ring A = 0 s either a zero ring of prime order, or A* = A holds.

11T 0 = Aed is a zero ring of prime order p. then hy condition (D) also
the zero ring A, over the eyelic group C(p?) belongs to &, bat obviously A, is
not a direct sum of simple rings. Thus & does not contain zero rings of prime
order,

2001 A4 = 0is an idempotent siinple ring of 5, then consider the complete
direct sum

") B=X*4, (4,=A, 2¢])).

Clearly, M, = X* A, is a maximal ideal of B for cach =€ /. Denote the “-radi-
FENIw

cal of B by R, now R M, holds, otherwise, namely, the Second 1somorphism

Theorem would imply

0= RIROM, = (R.MYIM, = BM, ~ A,cd

whiclh is impossible, for an «-radical ring cannot be mapped homomorphicaliy

on a non-zere ring of &, Henve we obtain R0 VL, = 00 and so B is #2-seini
=e f
simple. By the assumption & can be decompased in a discrete direet sum X B,
e

where every Boed is a simple ving. Censider an element &~ 0 of 8. According
fo (*) & has the form (... d.. .. 0) (=7 A) where at Jeast ene component o,
differs from 0. Thus A, = A, b4, © Bouisvalid which implies A, = B.. and so the
cardinal numbers of f and I ave the same. [T the cardinal number of f isinfinite
and gracter than that of A, then YA, = 2% A is obviously a contradietion, Heace

s

S does not contain simple rings differing from 0, and to the theorems is proved.

REMARK. Observe thiat this theorem is valid not only for the class of all
rings, but for any primifive cluss (i.e. varicty) of rings (assuming that in this
class there is at least one semi-simple idempotentt simple ring with respect to
the radical property #).

Instead of condition (X) nne can consider condition

(Y) Lverv @-semi-simple ring is a complete divect sun of simple rings.

Similarly (but somewhai easier) one can prove the following statement

A radical praperty 72 salisfies comdition (Y)Y if and ounly if every ring is an
R-ring.

Y The elags of zero rings over elemeniary p-groups is a primilive class and every ring
of this class is a dircct s ol simple rings.
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A corresponding fheorem for generalized Brown —McCov radical proper-
ties was obtained in [2]. (Let us remark that tie generalized Brown —McCoy
radicals, the so called _#-radicals in [2], need not he radicals in the sense of
ICURDOSH and AMITSUR.)
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NOTE ONTHE PAPER OF W. M. SCHMIDT “SOME DIOPHANTINE EQUATIONS
INTHREE VARIABLES WITH ONLY FINITELY MANY SOLUTIONS

By
K. GYORY
(Debrecen)

(Recefved December 8, 1968 )

W. M. ScaminT [3] obtained some results concerning diephantine equations
and inequalities in three variables x, v, z. In this paper we prove a slightly im-
proved form of Schmidt’s Theorem I, and we show that this is already best
possible.

We shall apply Schmidt’s notations throughout this paper. Write

X = (x,y,2) and |x| = max ([x], |y|, 12]).

Given an algebraic number fietd K of degree i and ¢ K, denote the conjugates
of &by $0 = g 22 E it norm £V, E® by N(£) and the real euclid-
ean 3-space by E;. Then the following proposition is frue.

THEOREM. Lef K be an algebraic munber field of degree n=4 over the rationals
Q. Let «, 8,y be three elements of K, linearly independent over @ and with the
property that K = Qafv, Bly). Let

LX) = ax+ py+y2
and
LX) = a@x+ 4% ((=1,...,1).
Suppose r is the maximal number of forms L&, .., LU for which there exist
an O # acE; satisfying
Lida) =0, ..., Lid{@) =0,

and m is the maxinial number of these forms L2 which ean be written simulitaiie-
ousty as linear combinations with complex coefficients of a rational tinear form
R and a reat linecar form S.

Theu there are infinitely many {riples of rational integers x,y, z having the
property

(I) |N(L(X))| - Cixlmin(n—(s_fﬂ',)r, n—-2m)

a2F
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with a suitabie constant ¢=0, buf for every =0 there are only finitely manv iriples
of rafional infegers X, v, z satisfying!

{2) 1N(L(X))[ = IXImin(n—(S_.ﬂ)r, =2 -

I is the maximal numnber of the forms LY, which are linear combinations
of two given linear forms (see [3]), then obvicusly 2=r={=n. Moreover it is
easy to prove, that m=r. Inded, if we set L0, ..., Lt as a maximal system
of the forms LY, which are linear combinations of a rational linear form R and
a real linear form §, then R(a) = S(a) = 0 and consequently L¢(a) = 0
(s = 1, ..., m) at asuilable point 0 = a< £,. Then, according to Schmidt’s tem-
mas 4 and 5

(3) r=nf2 and mjn.
Moreover the module {=, 8, v} is degenerated (see [1], p. 322.) for 1 — 2m, as

LA

it was shown by ScHaupt. Otiherwise one always has
nfd=min (n—(3/2)r, n=2m)y=n-3.

Finally we note, that r is not necessarily equal to {, only r = { holds. For
showing this let « be a complex algehraic pumber of degree 2 and K an aigebraic
nwinber field of degree n=4 containing «. Let £ be a primitive element of K,
and let

LX) = ax+ fly+2
be a form satisfying the conditions of the theorem. 1t is easy tn see, that for
NLoYywe get 1 -2 12, but r = 2. So in Lhis case we have r-=/ and
min (1 —(3/2), n—=2m)=min (n—(3/2)r, n—2mn).

Proor of (1). We suppose, that L%, (., LY form a maximal system, for
which
(4 LiiNay =0, ..., LU@) =0
al a certain point 0 = aclf,. It is cbvious, that this system does ot contain
three lincarly independent forms, but each of these forms can he expressed as
a liiiear combination of two forms of the system.

If this system contains fwo real forms L9, L), then

-1 -1
LM =alx] 2, L) <qlx] ®
stimultaneously, for infinitely many friples of integers x = (x, ¥, 2) {¢,=0 is an

appropriate constant). Then
1

(3) AR <elX] 2 (s=1,...,7)

for cach of these x, and for all other forms, since these forms are lisicar combina-
tions of LY and LY. From this we obtain

1 3
—rtt—r

- e n——
{6) IN(LR)) = gx] 2 = glx]
for infinitely many triples of integers, with an appropriate constant ¢;=0.

n (1) of [3], corresponding 1o our (2, there is a misprini, namely “max” instead of
“min”, :
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If we do not have two real forms in system (4), and if L% is a complex form
in (), then also the complex conjugate form LY belongs to (4), since LY(a) =
= L®a) = 0. For au appropriate constant ¢, =0

1
|LO@) =gy |x]

has infinitely many in;[cgrzll solutions x, cach of them satisfying also the in-
equality
1
L0 <efx] 3

Since the other forms are lincar combinations of L/ and L@, we get (3) and
(6) in a similar way for all of thesc x.

Now let m=2, and suppose that LU2, ..., LU iz a maximal system such
that ecach of these forus is a linear comtbination of a rational linear form1 & and
a real linear form S, Therefore

(M) Lis(x) = o1, R(X)- 02 S(X) (s =1,...,m)
wliere
Bix) = ax+ by +ez

and «. b, ¢ may be choosen so (hat «, b, ¢ are integers with (¢, b,¢) = [ (¢ =
= b = ¢ = 0 is impessible. since their L4, (.., LU would be proportional).
Thes there exist integers @', #, ¢ and a”, b”, ¢” (see for example [2]), such ihat

a b’
a o =L
a bhoe”

Now if we apply the transformation

x’ u h X
(8) yi=|la ¥ ¢ Vv }
4 P z/

on the forms (7), then evidently R(x) = x" and
LUMx) = LUXX) = 0,1 X 402,15 (X)) = ol 1 X 4+ 02,45 (0¥ +12)

s=1,...,n).

Hlere the read numbers g, v are lincarty independent over &, for the unimeduwlar
transformation (8) preserves this property of the coefficients of the forms L9,
Now

lay" 02 | =[x =t X = max (I3, 7] |27])
has infinitely many integral solutions x” = (0, 17, 2%), and consequently

LA <X (=1, ..., m)
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has infinitely many conumon integral solutions too. Finally applying the inverse
of (8) and using |xX’| =¢,|x|, we have
[ LU (X)| <cglX| ! (s=1,...,m)
also with infinitely many common integral solutions x. Thus we have
| N(LO)| <eqfx| 7= = cy|x|n- 2
for all of these x.

Proor of (2). L.et us suppose, on the contrary, ihat for a certain =0 the
inequality (2} has infinitely many integral solutions x. Then there exist also
infinitely many solutions x = {x, v, &) such that c.g. |x} = max {!x{, ly|, |2]) =
= Ix|. The points (1, y/x, z/x) of E,, obtained from these solutions, form an
infinit bounded set, having an accumulation point 0 = a<E,. Let us consider
only those solutions, whose corresponding points tend fo a. Since

NG+ By/x+y2/x)| = |x|min(r=@2r,n=2m—n~e
for all of these soluiions, we have
N(L@) = L%a). .. L%"a) = 0
by the continuity of the form N(L(x)). If
) L@y = 0, ..., LUa) = 0,
thet
|LO(x)] = ¢0[X]

for all other forms and for each x above, with an appropriate ¢,,= 0.
If s = 1, then one has by Schmidt |LOXx)| = [x]-2~* for every &' =0,
and so

‘N(L(K]); = culxi—z—e’-ﬂt—l = €y X [ I L

for each x above, in contrary of our hypothesis.

Suppose now, that 2=s=r and that the forms (9) can not be written simui-
taneously as linear combinations of a rational linear form and a real linear
form. In this case
1
. . e §—gf
|L6O(x). .. LU(x)| = x| 2
has onty finitely many integral solutions for cvery & =0, as it is shown in
Schmidt’s paper. Thus, for ¢ach x above

, .—%s—s’-i-n—-s . .

N(L(X)}, 2 ¢ X1 2 = CypX ORI

with an appropriate ¢,,=0, and this is a contradiction again.
Suppose finally, that s=2 and that the forms (9) are linear combinations

of a given rational linear form and a given real linear form. Then, for these forms,
the inequality

| LK), . LUS(X)| < x| =5+
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has only linitely many integral solutions for every ¢=0, as this was shown
by Schimiidi. Tiws we have

r

\([(X}) e Cl:iix__s_r,-:hn_s e E”;x;n—z‘m -+

for all of the above %, yieldinog a contradiction again.
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EIN RADIKALTHEORETISCHER VEREINIGUNGSENEOMORPHISMUS DES
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{ Efngrgangen am 20, Dezembor 1965)

Unter einem Ring wird in dieser Note ein assoziativer Ring hzw. cin alter-
nativer Ring. unter eiitem Radikal stets ein Amitsur-- Kurosches Radikal ver-
standen [1]. [6]. Beziglich der néticen Grundbegriffe verweisen wir noch auf
AxorUNAKIEWITSCH [3], Bireknorr [4], Divixsky [5] und REne [7].

Fiir die Abfassung des Resultates dieser Note machen wir cine Vorherei-
tung. Ist R ein Radikal, so wird ein R-ltalbeinfacher Ring A streng R-halbein-
fach genannt [3], wenn jedes homomorphe Bild von A ebenfalls fo-halbeinfach
ist. Offenbar ist nicht jeder R-halheinfache Ring streng R-hatheinfach. Weiter-
hin gibt es Radikale R, fiir die jeder R-halbeinfache Ring auch strene R-hal-
hemfcuh ist. Sind nun [ oein ideal eines Ringes A, und B c¢in bedichiges Radi-
kal, so ist

g I~R(I)

eine Abbiidung des Idealverbandes des Ringes A in sich. denn das Radikal
R(T}y des Ideils { ist nach Theorem 47 von DiviNsky [3] ebenfalls ein Tdeal des
Ringes A. In dieser Note wird auch die Modularitdtl des [dealverbandes eines
Ringes beniitzt, die folgendes bedeutet:

Sind 7, und i, 1deale von A mit der Bedingung /1,2 1, so gilt £,N{l,+ 1) =
= L) foir jedes ldeal I, des Ringes A,

“Als 5¥L\\ isse Dualisierung eines Satzes von AMITSUK {1} (Theorem 4.1, 8. 783)
kann folgeudes Resultat bestitiet werden:

SaTz. Sind A ein (uassoziativer bow. elternaliver } Ring, I cin Ideal von A
ind R ein solches Radikal, fir das jeder R-halbeinfache Rum auch streng R-halb-
cinfach ist, so ist die Abbildung

2l —-1 =R

¢itl Vererurrrunﬂsendanmrphmnus des Idealverbandes 'V von Ay es gilt also
1+ 1, = I, + 1, fir belichige Ideale T, and I, von A.



BeveErrexa Lo In der Arbwit von Asrrser [ wurde eine Dorchschisitt-
hositeamorphismus fir den [dealverband 5 odes Ringes S mit der Hilfe sogenans-
ter erblicher Radikale [1), [3] und etuer wesenthich anderen, wohibesiimmien
Abbildung » angegebei.

Beweis. Es seien [, und [, ldeale des Ringes A mit £ 2 £ Daon erkifiht
man 7, = £, und soniit steht an der Tinkedn Scite der fxomorphic

ein Tdeal des R-halbeiniachen Ringes £, £, v daber isU(7 = 1) 1, R-halbeii-

fach nach dem Theorem 47 von bzw, mach Theoreio 2 vein (210 A der rechicn
Seite der Isomorphie konnnt aber ciin R-Radikalring, ais ciin honaim aphes Bild
cines R-Radikalrinees, liervor. Hiertach creibt siclh [, of, = 00 felgtich
=" L

Bie Abbildung g o 71 ist alsy monoton,

Sind nun dic Ringe B°C und C beide R-halbeindach flirein {acal C von £ and
firein Radikal R, <o ist B selbst R-batheintach, s sel nimtich R Jdus £-Radi-
fab des Ringes B Da (REA) - CyC ein R-Radikalideal wind £ ¢ f-nalbeinfach
sind. ergibt sich RO 20, worans man weren der R-blalbeinfaciheit von £
wirklich R(B) = 0. alsoe die R-Falbeinfachlicit von B erhili.

Hivrnach ist jede Dvereitsche Erweiterung eines R-halbeinfacihen Rin-
ves mit der Hilfe eines -halbeitfacticn Rinees ebenfalls R-badbeinlach,

Bisher haben wii die strenge R-FHalbeinfachilicit der f8-hatheiniachen Ringe
nocly nicht bendtize, Diese leiztere Voraussetzime wird sur fetet bentivl.

Weeen der Modubritfit des Tdealverbomdes Vodes Binees OV umd weeen
L= d, croibt sich f, 7 (F = L) = o) - Baiir belichive Fdeaie £ und ool
somit ist der Faktorring L7, ¢+ LY cin honomaorphes Bild des £2-Talbein-
Fachen Rinoes L4, Also st auch Lo L, 70 - L) fe-halbeinfach nach Jer vor-
ausgeseizten strengen R-Halbeinfaehkeit von £, L, Nach dem Isemerphicsatz
crlidilt man aber

Loty Ledy = (Bh=dy vy 0y L L = 1)
and daher ist der Faktorring £+ 2.1, - L, B-halbeinfach,

Weren der Modularitdt des [dealverbandes 'V ovon 4w wegen {70/
erhalt man andererseits £, (4, - LY = £, (4,7 Ly und somit ist Jer Faktorring
100 (1 = 1) cin homomorphes Bild des strengen f-halbeinfochicin Ringes
5o he Also dstoauche 10, "'(f"l: £,y cin R-halbeintacher Ring. Noch der Eso-
maorphie

o I h = Uy Ly oy dy I )

eruiht sich die R-Hatheinfachiheit vou f-- 4, 1,0 1,

Dajetzt der Faktorring B°C - (4= L) f, - Lunddas Fdeal € ) 145 (4, 1
nuch demt vorigen heide R-hatbeinfache Ringe sind. st auch der Faktor-
ring I3 -(J']i—!.:)_'(if_,+F:} nach dem vorigen R-hatheinfach, deny 122 (7,
- 1) 05 1) ist eine Evercttsehe Ringerweiterung von C = (4, + Ly (4, i)
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mit der Hilfe von B,C = (4, -+ L)+ L). Wegen R{{, + 1) = [/, 41, erhiill
man also f,+ 7, =1, + 1, (le[m 1, =7, ist cin R-Radikalring, und f,+ 4,1, + 1,
ist R-halbeinfach.

Nach der hewiesciien Monotonitat von -/ ergibt sicht aus [ &1+ 1,
(j = 1,2) offenbar 1;=1,+ 1, folglich auch 1]+1,f_§1 +I,. Wegen der be-

wiesenten Relation /, -1-.-’ C.-' + 1, folgt 1+ 1, = )' L/, Dalier ist /-7 wirkich
ein Ven,m|gungqemlmnmp]mmus w.z.hav.

BEMERKUNG 2. Auch eine kategorientheoretische Verallgemeinerung des
Satzes und seines dualen Satzes kann in gewissen Kategorien abgefaBt und be-
wiesen werden. Fiir solche Kategorien siche z. B. [8] und [Y].

BEMERKUNG 3. Folgendes Beispiel zeigt, dald der obige Satz nicht {fir jedes
Radikal R gilt. Bestehe namiich die Klasse aller R-Radikalrinige aus simtitchen
idempotenten Ringen, und seien weiterhin 7 der Ring du‘ ganzen rationalen
Zahlen, p und ¢ Primzallen mit der Bedingtmq (P ) = Fiir die ldeale {ﬂ)
und (g) von / ergibt sich dann R{(p)) = R{(g)) = 0 und P((p) (7)) = Ry =

und somit (p)+(g) = p)+(q).
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RANDOM MODELS OF SOME QUASI-INTUITIONISTIC LOGICS
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In my earlier paper [3] I have presented a method to construct certain
rodels for some logical systems in the probhability calculus. o the present paper
I shall give a report about my attempts to extend the indicated modelizing
method to the intuitionistic logic.

Tire basic idea of the meittioned method is as follows: The logical variables
are representied by random variables, and the logical operators hy function ope-
rators ranging over random variables (viz. over n-tuples of random variables)
and having randoin variables as their values, Hencefort the models thus gener-
ated will be called randont models.

In the present paper | am going to use the notions and notation introduced
in [3]. and, somctimes, 1 shall also refer to the results of [3]. However, the great-
er part of the present article is self-contained.

As far as my results are concerned, | failed to find a random meoedel structure
being adequate representation of the infuitionistic logic (in the sense of Defi-
nitions 3.4, 6, 7 in [3], see Part T, &1 and §.2). [ succeeded only in finding a
random model structure which represents a system lying hetween intuitionistic
and classical logic, and another ene which represents a logical system having
sone Teatures characteristic of the intuitionistic logic.

§.1. Preliminaries. Notation and basic notions

We shall denote the empty set by {), the union, the infersection and the
difference of the sets A, B by AUB, ANB, and ANB, respectively. ACB
denofes that the set B includes the set A. If A is a set then A* denotes the set
of the ordered Ah-tuples of the form (4, ..., 4), where ;€ A, ..., q.€ A (k =
= 1,2, ...). The symbol {a,, ..., 8,y denotes an ordered A-tuple of the elements

y, - .., ty provided it holds that for § = f, a, = ;.

DeriniTioN 1. The formal system of the (quantified) intuitionistic logic
(briefly: Systemt H) is a quintuple
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where the meaning of J,V, O, £ aud 7 is the following.!
J s adenuiterably 1:1f1:1|l|. set called fhe set of individual variables.
Vois a denurerahiy IIIflllltL uion of pairvise disjoint denumerable sets

Voo Vie oo Vo oo (Les U= 00 U0 where Uy is e set of senieniee variubles,

FrEal
and forn=1, V, is fhe sel of the n-pluced predicate variables; V' is called the sel
of predfru!e l'm‘:'m’rfes
={v. 3,7, /.--}. where ¥ oamd 3 08 the universal and the existen-

tial qudutlflel, lu-pLLtl\ ely, 7, ALy, and — is the negation. conjunction,
disjunction and inplication operator, respectively.

Jo vV and O are pairvise disjoint.

F is the smmallest set satisfying the following conditions: {a) V, G F; (b) if

gV, (=), X ) oxe then gx,...x,£ F: (¢) if x¢J, and =2 F then
fxec F,oand j,\':f.EF; ((I} if =z F then _zEF {ey if =cF, and p-—f‘ then
fuPe FL palc P wxps 10— Fis called the scf of the formulus of H.

T is a subsel of F called the set of the theorems of 11 and defined bclo\\'

To have a transparent nefation we shall write "o/ g7, “ayv g™ and “g -5
instead of “Axg™, “Vei3” and “—«p5". respectively, and so we shall also use
brackets, in the usuval way. '

We shall use the notions of free and bound occvrrences of individual vari-
abies, elosed and epen fornmdus in the usual sense,

We say that the individual variabie v is free from the individual variable
xin g formula & il 0o frec occurrence of x i z is in a subformula of o of the
frlrnl T3 or 3, ? ("35 F}
ing conditions: {a) [f 2 { ,:ﬁ F,az ! tllcn thc fmmuldq (Il]) to {h] ]) heln\\ are
elemends of 7.2

() o (zhz)
(2} (A3~ (P =)
(h3) (2= )~ (2}~ (37D
() (e DA(F 1)) = (o)
(3 A—-(z—/
(o) (xA(e—p)) -7
7y a—(zvD
(h8) (= 3)--(V2)
(1) (2> DA (G- = (Y D)= 3)
(h10) Soa—(z—3
(1) ((z—-MA(z— 1D}~ T«
(M) If 2 F, xe f.ve fand vis free from X in = then the formulas (hi2) and (h13)
helow are elements of 7.5

! This definition is o special case of the more general Definitfen 16 given in {3, Part
11, §. 8.

* These are the aximm-schemata of the intuitionistic prapositional caleulus. See HEYTING
[}
¥ These are the additinnal axionm-schemata for ihe quantified intuitionistic logic. See

c.g. KLEENE [2], Ch, V., § 19
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(h12) Vxa->a(xfy)
(1113) o(x/v)— 3xa

(Here “of{x/v)” denotes the formula arising from « by substitnting y for ail
{ree occurrences of X)) (¢} [f €T, ge F, and o feT then T, (Delactunent.)
() If 2T, and ST then ahpe T, (e) If ze F, pe F, xe J, and x has no free
pceurrence in «, then

(ely if ¢—=pcT then a—Y¥xgeT, and
(¢2) if B-weT then Ixf-ucT.

The quadruple

‘= (J, V.0, F)
will be called the fanguage of the system H.

We shall use the symbot f(=} for denoting the sequence {x,, ..., x> of
the disttiiet individual variables having free vccurrences in the formula 2, ar-
ranged according 1o the order of their first occuirrences in =

We say that « is « prisie formula it o€ F according to (a) or (1) in the de-
futition of F above,

Derixrrion 2, We shail call a triple L=(/, 4, P) a probubilify space, if I
is a non-empty set, o £ is a g-algehra of certaiin subsets of /, and P is a probability
measure defined on the weasurable space ({, «#) satislying the condition £2(1) =
== 1. — The elements of ¢ £ will be called erenfs. Tie event I™\B will be calied
the complement of B (82c4) and denoted by B.

A measurable function w defined on 7 will be called a randam variable on
Xo— It wis g random variable on Y, and 2 is a real number, then we denote
by [w-=z] the event which contains an element £ of 7 if and only if w(E)=z.
Simitarly, [ 2], [n'—-m] Iwe=2z], and fore=z] have a self-explanatory meaning.

Derixition 3. The triple

Z=(ub, 0)

will be called a randont model siruciure (briefly: rms) of the language H' if a
and & are real vumbers such thaf a<# holds, and @ is a function defined on O
such that fthe foilowing conditions are futfilied

() O(7)= v and ©(3) = 3 are generalized function operators such
that if 3 is a non-cmpty set of raudom variables defined on a probability space
X aind the values of the clements of 8 belong to the real interval [a, §], then
v*(B) and (B} are random variables on 2, and [a, b} contains all their values.

(b} ©(7) = 7' is a functiov operator in one variable such that if w is a
randeim variable on a probability space X, and the values of w helong to [a, 5],
then 7°(w) is a random variable on X and ifs values belong to {a, &].

(¢) G(~y=p7, O(v) = vy and O(~) = - are function operators in two
variabies suchi that if wy and w, are random variables on a probability space
L, and their values belong to [a, ], then A(wy, wy), Vo (g, Wy} and —*(wy, 1)
are random variables on 2, and their values belong to [a, b).

1 This definition is a special case of the more general Derinivion 17 given in [3], Part [11,

§. 8.
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Derxeriox 4 The guintuple
= (U.f, X, 0, W)

will he called a rundont nundel helongmq to the rms 2 = (a, b, @) of the language
H’, if the fellowing conditions are fulfilled:?

U is a non-empty but at most denumerable set called the aniverse of I,

fm a function on J, the values of f are elements of I/,

Zis a probability space.

€2 is a function defined on F osuch that if ac F, and je) = &y .00 X
(f=0), then ¢ Ha) = 2% is u function on U% defined mdmtlvely as follows:

(a) If 2V, (in which casc & = 0), then (=) = «* is @ random variable
on X, and the values of =* heiong to [a, b].

(b) gV, (k=1), and x,, .... x; are distinef elements of f, then O(yx,

X)) = ¢* is a function such that, for any (u,, ..., u)e U5, o*(uy, ..., 1) is
a random variable on X, and the values of this i'andnm variable bhelong to
[a, 0].

() If weFF, fle) = {x, ..., x> (k=1 v, ... yYud S ), 1=m=k g is a
mapping of {x,....x} onln{_n. .. .,j,,,} g(x,) is free fr 0111 xinz(fori=1, ..., k),
Qz) = =% and 3 is 2(x,2(x,)). . . (x, g(x). then (3) = J’* is a function on U™
such that, for any (v, ..., v)c U™ 3%, .oy = 2%, ..., 1), where

i1, = r;if and only if "(\') viffori =1, ..., k).
(d) If € F, and O(x) = or* ﬂlen o7 ,) = T (a*),
(€ o€ Py BEF, D) = 2% O(3) = % J() = (5 o, () =

= (Vo oo Wy, v IS one of o./\p’. g\ g e—g, and J(») = 4, ... 8D, then
L2(y) =¥ isafunction on I such that, forany (s, ..., 5, ) U, 355, ..., 5,)=
= Qe ), B L 1)) where Q ds 0, vt oor - (dumdnw as
is g aVd or a—g), 4, = s; if dml {mly ifx, =1 (for 7 = L ... k). and
ro= sy ihand only if v, = 1, (for i = 1, R

(f) If w¢ F, xc J, but x 7 J{x), then ( (d‘u = ) 3Ixz) = [X2).

(@) If 26 F, f(x) = (X;, .o, X (k1) 1=i=h and () = 2%, then
Y x;2) = ¥xeF and O(3x;2) = Jx2% is a function on 7-7 such that, for
any (Hy, ..., el

VaaHuy, oty ) = et ({{E i n oy Due U,
Ixpm¥ iy ooty = Iy oo e i oy e U,

where {o%(ay, oo, eyt gy oo )€ U deniotes the set of all values of
the function «®(u,, ..., a4, |, o, 00, oo, 2, ) for e U,
Filmlly, W is a funciion on F such that, if we F, J(a} = (x,, ..., X)), and
(z) = 2% then W(x) = «*(f(x;). ..., f(x,)-

§.2.The random model structure 2,

We define the rins £, = (0, 1, @) of the language H’ by giving the defini-
tion of the function operators v, 37, 7. A%, v, and — as follows (cf. Def. 3)

* Our definition is a special case of the more general DEFNITION 18 given in [3], Parl
lil, §. 8.
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tf £ is a (non-vaoid) set of random variables, then

(1 By = infw; -*(B) = sup .
Hl R W g
[Ty and wy, ace random variables, then
) | A0 ML) == min (uy, m),
l VW, Wa) = mas (i, ),
L if w{E)=nu(E).
@ o) (B) = |11 (R E )

L, (E) otherwise

for any Eef, where 7 is thie (common) domain of w, and w,. — Finaily, if w is a
randoin variable, theq

Ty = (o, 1),

where “07 is the “degenerated” random variable having the sole value 0.

We shall write “7=w”, “w Asny”, “wpyeny” and “w -y instead of “77(w)”,
AT, )T, (g, ) and Sy, )7 respectively.

One can see easily that v+, 3, A" and v defined abave fulfii the require-
ments of Def. 3. As far as - and 7* are concerned, the probiem is somewhat
more difficult. The following fernmas will be useful to clear up the question.

LEmsa 1. Let wy and my, be random variables an a probability space ¥=
=, 4. P), and let us denote by “[w,~=mn,]” the subset of 7 that contains
E(Fe )it and only if wy(EY=w(E). Then:

(4) [ny=rmy<z] = [y =2] 7 [, ~<1] forz=1.

Proor. If FZe[w -~ ny-:2], then, according to (3} (taking intn account
that z=1), (1-="m) (L) = n(E), and wy(E)=w(E) heuce Eejfw,<z], and
Eelwy<w . — Conversely, if E<[wy,=z], and E€|w,-=m,], then, according to
(3), (= w,) () = w{£), hence Ee[w, -, =2].

Lemaa 2. Let wy, w, and X be as in Eemuna L. (a) For z=1, the . sct
[1r, =", =z] is measurable. (b Iy =1 and w, £ ! then wy—"ny, is 2 measurable
function.

Proor. (a) Since wy and w, are measurable functions, it follows that wy—w,
is a mecasurable function. Hence the sets [wy-=z] and <y = fw,—wy=0]
are measurable (for any z). If z= [, then — according to Lemma 1 — (4) holds;
henceforth [w, = w,=z] is measurabie. — (b) From the assunipiion and (3) it
follows that w,-n,= 1. Having proved (a), what remains to prove is that
[y, = 1]is measurable. Bui this fellows from the fact that oy »n, = 1§ =
= [y =1].

From these lemmas it follows immediately that alse - and 7 fulfil the
requirgnients of Def. 3.

We list sonmie sitple couscquences of the definitions of our function opera-
tors. (For the proof of the following identities (3) to (10) see [3]. Part 1. §. 2. and
Part TII, §.9.)

B ANNALES — Scctin Mathematica, Tom. X1,



(3} (& waA =, by wynm=uw
(6) (ay wATH, = LAWY, (D) Wy, = oyt
(7) [mA we=z] = [y =z]U[W,=z]
(&) (v, =<z] = [ <z]N{n,=z2]
) [v(B)<z] = U [w=z]
wEB
(i0) [F(B)=z] € N [w=z], [F(B)=z]= N [w=z]
WweRB weg g
(1) w1 = |
1 if w=0
12 Tw=w-"0 = l ’
(1) 0 if w=0.
(13) Frw = pwec = [P0
0 if w=0.

I (v} (Ey = 1, and wy(E) = 1, then (according to (3)) wy(E) = 1.
If we interpret | as “true”, and assume that w,=1, then we may give the fol-
lowing logical interpretation of the fact just mentioned: If w,—"n, and w, are
“true” then alse w, must be“true”. This gives a reason for our definition of —-,

IT we interpret O as “false” then the definition 77w = w—"0 will be in ac-
cordance with the definition 71p = p—! (where “;” means “falsehood™) used
frequently in the intuitionistic logic.

LeEmyma 3. If w=1 and w,=1, then w,—~"w, = 1 if and enly if for all
E (Ecl), w(E}Y=w(E). — This slatement follows immediately from (3) (and
from the assumptions w =1, n,=1).

Tueorem 1. If the structure of a fornula o is one of (h1) to (113) (listed in
the definition of T)then in any random mode! I belonging fo the rms Z,,, W(m)=1
holds.

Proor. We shall use the abbreviation o for W{«) (where u¢ F).

For (hl) and (hZ) the statement of the theorem follows from (5a), (6a),
and (11).

Ad (h3). (a) If (2" ="8") (E) = 1, then a*(£) = g(E). Consequently min {(a*(E),
y(E)) = min ((E), y(E)). Hence (oA )= (FAp))(E) =1 — (b) If
(=" ) (E) = 1, then (2"~ 3V} (E) = f(E)=«(E). Consequently min (a’(E),
AUE)) = min (B (E), y(E)). In the case of equality ((«"Ap)~"(3"A'y) )} (E) =
= l=(2"="f)(E). — In the case of inequality, ({«A'y')~(F A7) (E) =
F(EY = (e —~"3F)(E). — We see that in all possible cases (a"—"f") (E) =
(w Ay (3 Av)) (E) holds. Henceforth, according to Lemma 3,
By () (A = L
Ad (bd). (@) If «(E)=p(E)=(E) then
(=3 (B =y N(E)y =min(l, 1) = 1, and (& —"p) (E} = 1. — (b) If
(=Y (E) = L or (8= )(E) = 1, thea ((«"~ "IN (8 ~77)) (£) equals to

A
——

b

(o
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J{Ly or tu oy (.’) I the first case (&) 7 (L) (27-"3) (E), 1 the second
case (L) )(L) — Hence. in all cases. the antecedent of (hdy s = as
the umsequun of {Il—l e (=g e oy = L

Ad (i5). Since 3 (L) (; =AY (E)L it follows that 3 - (x =3 =

Ad (ﬁ} () I = EYEE) then (o07(e- a’))( = min (« (f) 1) =
= 2 (E)= ] r2Y., — (by If 2 (f)=i (i) then (w2 /(% :)) (E) = min (=" (E).
F(EY) = (E). - This micans that in all cases o {z =3~ 3. Hence
(" (o)) = L

Ad (h7). This case follows obviousty from o(£)=max (z(E), 3 (i) =
= (2" ) (E).

Ad (b} This fotiows from (8by and (1 I).

\(, (]111) () IF 22 (F) (L), and J(L' (F) then ((ar--m)rc(ir-- -}) (£)
=1, and (=« 7Y (E) = IIld\ (z(E) o (L)) = (), umxequu}i f(,r 1 :’ )

)(f*) = 1. — (M= {1~)- w(EY or ,;{E)w U) then ({2 (4 =)
(E) = (E). and (27 (L) = max («1L). ))=v{£). IILHLL ({z" 5"
=) (E) = (). — I hntll cases the ;mtcccniuni equals to the consequent,
heirce {(or vy (3 ="y ((» /1)) = 1L

Ad (hiy. () 1 2zE£Y = i} then ( ro2)(E) = 1, and »(EY (£}, hence
(z"=" Y (E) = 1. (b} H 2 (E}y=0 then {72)(F) =02 (25 =2 (E). — In
hoth cases Tz 7" =, lencelorth To - (z">) = |.

Ad (!111). (@) [ 2 (E) =0 then ((x—"3) (=" N (E) = 1 =
= (e {EY. (D) lf 7{EYy=0 then — since 3£} or 72{E) equals to 0 —
((7 ) s TINA(E) = U = (T2} (F). — I both cases the antecedent
is @ as e consequent: hence ((/ ~ AV (=T A T = L

Ad (M12y and (h13). If x: ](/) (sce hefore Def. 2), then W (¥xz) =
= W(z) — W{z(x 1)) (see Def. 4 (F)). Henceforth, we may assume that
X€ J{a). Assume that f{z) = (X, ...,.\',,\.. and x is x; (1=i=n; 1=1). Then
(sce Ml 4, () £2(x) — 2 ix a function on U7 and {sce (1))

; Wisxz) = ”c]f a®*(fq) o f D A D fD).
(14) W(Txz) = sup o™ (find oo 0 ) fix ) F0))
| W) = 200, 0 ) JON D f)

(taking into account that v is free from x, in «). Since f{1)e U, it fallows from
these identities that

W(vxo) (EY W(a(x/v)) (E)= W(Ixa) (E)

for any E<T. Hence W{xz—a(x1)) = | and W{x(xv)-~ -ixa) = L

TurorREM 20 Jf o2 fhen 0 amy random miodel beloneing to 7, W(x) = |
hofils.

REMark. Using Def. 6 of [3] {see §.2, Part 1) we can re-formuiate our
theorem as foliows: The rais £, is & total [-representation of system ff.

Proor. We shall prove inductively that, if «¢ T {according to (a) to (¢)
in the definition of T, see p.78) then in any random model 77 betonging to 7,
W)= 1. Evidently, it is sufficient to prove thai:

15
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() and {b): If the structure of o is the one of (W1} to (013}, then Wim)=1
holds in any I belonging {o 7.

(¢) I W{a)=1 and W(z~g)=" hold in a £, then also W()=1 holds in
this {7

(D) W= and W({)=1 hold in a 7, then W=/ 3y=1 holds in /7, too,

() 1f in every " belonging to Z,, W(z--5) =1 (W(3—=z)=1) holds, then
i any 17 belonging to 7, Wiz—vxg)y= 1 (W(2x3 =)= 1) holds, too. provided
x has no free oceurence in .

(a) and (b) is proved in Th. 1. (¢) and (¢} follow easily from (3) and (2).
We have to prove (g).

Assume that Wiz—2)= 1 lolds in any random model belonging to Z,,,
and x has no free occurrence in z. Furthermore, assume, mdirectiy, that there
is a random madel 77 belonging to 2, in which Wiz - v x7)=1 does not hold.
If we use similar notation as in (11} in the proof of Tho |, then our indirect
assumption means that there is an E¢ f for which

z'(E)::vin{f(ﬂ*(f{x,}. e JE o i o )y (E)).
ult’
The brief notation hereunrder can jead to no misinterpretation:
a(EY=inf (3¥(u) (£)).
agl’
From this it foltows that there is an #,e U for which

w(E)= i#¥(n,) (£).

Let 7, be a random model which differs from 7 only in f{x) = #,. Since x has
i1 frec occurrence in g, it Tollows that in /' W{) is the same as in /. Further-
more, in £, Wi = # (). Henee W) (E)=W{) (E) in I’ This implies thaf
Wiz - N(EY =1 in /1), from which it follows that our indirect assumptiou
contradicts to the assumption that Wz -5=1 holds in any randomn moedel
helonging to #,,.

The preof of the bracketed subcease of (¢) is dual-analogous, hence it will
he omitted here, — Thus Th. 2 is proved.

The ris £y, is not an “adequate” representation of system ff, in the sense
that the converse of Th. 2 docs ot hold. Tn other words: it is not true that if
26 5, and W(z)=1 holds in any randem madel belonging to £,, then =€T.
A counter-example is the formula 1av 172 (=€ F). [t is well-known that
apy T s notoa theorem of H (pe V). However, W( 2V 7172)=1 holds in
any radom moedel belonging to £, Indecd, one may see immediately from
{12y and (13) that one of (T )(E) (T 7e) (E) always equals to |, conse-
quently WV 1e)=max (W), W z))=1.

Lct us consider the system H, = (/. V.0, F, T)). where J, V, 0 and F
are the same as in H (i.e. H =H"), and T, is determined as follows: 2T if
and only if =€ F, and for any randoin model belonging to £, W(z)=1 holds.

THEOREM 3. (&) {f = s one of the formulas (13) fo (23) belfow then o2 T,

(h) If 2 F, and = is not w valid formmudu of the fwo-valued predicate coleulus (of
the first order), fien 22 7T,.
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(13) pyIp

(16) Tp--p

{17) (PP ~{gVv y)
(18) ~(pATY PV )
(19) ' 1PV 19)~(pAg)
(20) Hp-—-)—{(pATg)
(21) (p~-(1g-p)
(22 (-9~ (g~ p)
{23) (P—q)—~(1pVa)
(24) TYXTgx—~dxgx
(25) 73Xy xX - Yagx

(Here peV,, ge Vo geV, xe J)
Proor. (a) Let us construct the random model I'= (U, [, X, 2, W) as
follows. ln Y= (1,4 P) take T = {A, B.C}, P({A}) = P({B}) = P({C})——]

and let ¢4 be the s-algebra of all subsets of f. Furthermore, we give:

p(A) = 1/2, p(By=1/2, p(C) =
g(A) =0, g{B) =1, g(C) =12

Thus £2(p} = W{p) and (g) -- W(y) are defined (pcV, gc V). Except for this
stiputations, ' may be ar l]ltldlliy chosen,

An easy computation shows that [* “refutes™ the formiulas (13) to (22);
i.e. if « is one of these formulas, then W{z)=1 does not hold in £

Let £, be the same as {7 except that in I, U={a, b}, and for 2(q)=¢%,
¥ ()=(p), and ¢FBYy=2(g) hold. Then £y “refutes” (24) and (23).

Let £, be the same as I” except that in I,

Ay =10 p(B) = 1, mey = 112
g (A) = ¢'(B) = 1/2, 7(C) =

Then £, “refutes” (23).

(b} Assume that =< F but =« is not vatid in the two-valued logic. In {3] I
proved that there is a random maedel £ belonging to the rms Z, which “refutes”
I (see Th, 9.2 in Part I11). The stipulations used in the definition of this I” are
sufficient to define a random mode! Iy Delonging to Z,,. This I, then “refutes”
z in the sense that in £\, W(«}=0 l]U]d\ This follows from Hu: facts that (i)
any random variable in r” and in I, equais to 0 or to [; (i) the laws
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[ O0p70 = Op01 = TA0 = (3, Al =1,
Iyl =0yl =1yl =1, ) = 0
| () "l = ().+"l)= =" =1, =) = 1)
(26) Jorl = erld= || I [
T = 1, Sl = (),
if U= B, | if t< A,
I gy =)0 IEE
| 1 otherwise. L0 othierwise

huIds in Z, as far as in £, (here [ s a set of randem variables suel that if
£ B then w=0 or 1= ; (iiiy if 7 is a subformda of = then W3y in /7 is the
game as in I and {iv) in £, W(or)_() holds.
Thus Th. 3 is proved. The meaning of this thieoram is that H, is an intee-
mediate system hetween H and the two-vaiued logic. 1 seems me thal if we
add to J{ the axiom schieme

(Tx—~3)~ ({(f} )l :-")

them we gel A, But so far I have not succeeded in proving this conjecture,

§. 3. The random model structure 7,,

We define the ris Z,, = (0, 1, @) of the langnage H* as follows. Let tiwe
function operalors 7°, 3, 7, A and v be the same as in Z;. For the defi-
nition af the function eperator — assume that vy avd wy are randem variables
{on the same probability space Xy with values in JO, []. We shall detine the
fevel sets fnn—mw, =z of w0y for any real z as follows:

[U if 730

(27) [y =z] = F I, s(z)] if Ozt
l It z=1;

here

(28 )= [ sup "r(z).'lf Viz) <
| 0 otherwise:

where ¥(2) is a set of real numbers for which ¥V (z) if and only ,f Qe oz

and [ =1iP [y =<y] hold. Note that if [, <2 R[w, -::] then s(z} = z Henee:

(27 [we=rnyz] = =zl 0f fopez] 2 [z,

= It Is elear that the funetion wy—"my is fully determined by giving its level
sets for all 2o Furthermore, one may see immediately that the leve! seis of
W=y are ileasurable for any z (taking into aecount that ) asd w, are random
variables i.e. measurable fumtlrm«) hence Wy = wy is a random variabile (on X)
which falfils the stipulation (¢) in Def. 3. — Finally, we define = simil: iy as
in Z,:

(2Y) T o= e,
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In what follows we assume throughout this § that the restriction 0=w=1
holds for any random variahle .

We list some simple consequences of the definitions above. First, it is clear
that the laws (5) to (10) hold also in Z,,. Stmilarly, it is clear that

(30) s(z)=z
lolds for s(2)} in (28). — Furthermore,
(30 w-w=1.

Proor. Since [w<1]2[w=1], it follows from (27) that [w—w=1] =
= [w=s(1)]. Taking into account that for O=y=<1, fw<y]|2[w<y], we get
that the set ¥ (1) in (28) is empty, henceforth s(1)=0. Consequently [w—w=<1]=
= [w=0] = 0. From f{his and the third line of (27) it follows (31).

A simple consequence of (31) and (29):

(32) T0=0-0=1
If [w=0] = 8 then rw = 0.

Proor. From our assumption it follows that there is a number z, such that
O<z=1, and for O<=z<z, [w=z] = /. But 2=0 implies that [0<z] = 1.
Fence [w=z]R[0=z], if 0=z=2,. Consequently (using (29) and (277)):

[Tw=2z}]=[w=0<z] = [0=z] =1 for 0=z=2z,

From this it follows that for any positive z, [T w=<z] =1. This means that
Tw=0. - From this result and (32) we get that

' I if w=0

33 Tw = l ’
3 10 otherwisc.

From (33) it follows immediately:

1 if 7w = 0, i.e. if w is not identically O,

rw :{ . . . . . ..
O if 7w is not identically 0, i.e. if Tw=1, ie ifw=0.

In its final form:
(34) T = [{} if lvzq,
| | otherwise.
A further simple law: for all z,
(33) I, = W, =2 C [w,<z}.

For z=0 this [ollows from the first line of (27). For 0=2=1 our statement
follows from the second line of (27), since

(v~ <2] = [wy=s(2}} € [wy=2]
(with respect to (30), teo). — For z=1, {35) holds obviously, since n,= 1.

Lemma 4, w—w,=1 if and only if [w,=2]2 [w,<z] holds for G<z=1,
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[. From this it follows
. (,Uuscqucntly:

Proor. Assume that [ny<2z]2[w.=<2z] for (
that Y(2)=0 for 0<z=1. Heice s(h}-—.l} for O=z

et
[N
—_—

”n

[wy=my 2] = [y, =8(2)] = [mu<0] = 0 for U<z

(taking inte account that ny,=0). From this and the tast line of (27) we get
that w —"nw,=1.

Convemc]y, if wy=wy =, then [wy - n,=z]=0Tor ':: If foraz(D«z=13,
[ =2]P [1iy=z], then, according to (27°). O = [w,—~"m,=z] = [w,=z]. but
this contradicts to [, =z]| R [, <z]. Henee {nl =z} 2 {w,- z] holds for Q=z=1.

Remanri. Lemma 4 remains true even if we put “=" instead of “ =

Tueorem 4. If the structure of a forndu e is one of (D) fo (L13) except (h3)
(see in the definition of T, p. 78), then {1 uny random niodel 1" belonging to the
ris £y, Wiw)=1 holds.

Proor. The form of the mentioned formulas is aliways y—7. According to
Lemma 4, to prove that W(x—2)=1, it is sufficient to prove that for 0=z=|,
[n<z]2[%=2] holds. (We wrile briefly [z=z] instead of { W (2)<z] for any o€ F.)
In what follows we shall exploit this fact without particular reference.

For (hi) and (1h2) the statement of the theorem follows from (3a), (ba) and
(31).

Ad (h4). Let % be (2= NA(F~+). We shall distinguish four cases.

Case (i):
(36) [z<2]P[p=z] and [F=z]Riy=z].
From this, using (7), (27} and (35), we get:

[i<2] = [2-3=<2]U[3~y<2] = [f=2|U [y <2|2[3<2] 2 [a=p<2].

Case (ii):
(37} [2=<z]2[f=<z], but [F<z]|2[y=z]
in this case we have:
(n=2]=[o~p=z]U[3~y<z] =B =2]U[f=y=z]2 [B=z] 2[r=2] 2 [amp =]
{using (37) and (33)).

Case (lii):

[z=z]2[8=z], but [p<z]P[y=<z].
Similarly as in the preceding cases we gel:
[yz] = [a=f<z]UlF~y<z]2[y=2]2[a—y<z],

Cuse (iv):

(38) [x<z]2[p=z], and [j=z]2[y=z].
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From (38) it follows that Je=z]|2[y=z]. Hence:
| o= 2<2] = [F=562)]
[Fy=z] = [y=8(2)],
[e>y<z] = [¥<s@)]

Take: s= max {5,(z}. 5,(z)). 1t is clear that if s=z,=<z then (38) is true for
zZ, (instead of 2), hence [x=z,] 2|y < 2,] is true for any suchi z,. (Take into account
(30}, toe.) This means that s{z)Fs. We have to distinguish two subcases.

(a)  s5{2)=s8.(2). Then 5,(z)=5,(z). Hence:

[r=z] = [B=<s@U[y =52} 2[y =D 2 [y = 5:(2)] =[x~y =2].
(D) 8,{2)=5.(2). Then [F=35,)]2[y<s(2)]. and sz)=5,(2). Hence
[n=2]=[F=8@ U [y =@ 2[F=5(2)] 2 [y <@ |2 [ =%@)] = [x—~y=<z].

In all cases (i) to (iv) we get that [y<z](i.e. [(a=g)A{F -p)=<z]) includes
[e—p=z]
Ad (h3). According to (33) we have that

[F=z]2[a-3=<2z]
Ad (). If [e=z]2[g=z] then
[ar(z=F)<z] = [e<2|U[z=f<z]2{e<z] 2 [f=<z]
[n other cases [x~F=z] = [f<2] (see (277)), thus
[2A(z-pY=<z]2[2x~>f<z] = [B=2z].

Consequently. inr all cases, [x/{z—~)<z]2[B=<z]

Ad (h7). Since faV3<z| = fa<z]N[3=2]CS [2=<z] (s2e (8), tov), this case
s abvious.

Ad (h&). This case follows from (6b) and (31).

Ad (h%). We shall distinguish two cases.

First cuse: at least one of [z<2z|Rly=z]and [F=z| 2 [y=2z] is true. Then
one of fou—~y-22]. [F~v=z] equals to {y-=z]. Hence (using (33)), too:

[{z<p)A(d=p)<z] = [o=p<z]U[g>r<2]2{r=<2]2[(«V )~y =z].

Second cuse: Ja=<z)2[y<=z], and [p=z]2[y=z]. Then [2vp=<Z]=
= {q{z]’][ﬁ-:z]g[}--:z]. Hence:

[e~y=z] = [y=5(2)], [A=y=<z] = {y<()][(xVB)>r=2z] = [y =s)]

One may see casily that s,(2) = max {5,(2), s,2)) (similarly as in “Case (iv)”
in “Ad (h4)"). Itenceforth:

(=)A= 1) <2) = [7<3,2)U [y =<52)] =
= [r~max (s(2). N2 [y =52)] = [(xV D~y <]

We see that in both cases [(a—)A(F—y}=<z] includes [aV 3)—p=<2].
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Ad (N0). First case: W(12)=0. Then, for z>0
[Ta<z] = [0<z] = 12 [a~g=2].
Second case: W( )= 1. Then W(x)=0 (sec (33)), aud for 20
[z=zi = [0=z] = I2[7=<2].
hence W{az—p)=1. Consequenily:
W(la=(z=8)) = W(Oz)~W(=z-+3) = 1-1 = 1.
Ad (b1, First case: W(z)=0. Then W(e)=1, hence:
(=D (x—=1)=z)20={l=z]=[1z=<z] for 21

Second case: W(Te)=0. 1n this case there s a number z, such that O<z,=1,
and for O=z<zy, fo=z]=1. Taking into account {hat W(3)=t or W{15)=0
we get that

(39 [A~z] = Tor|p=z)=1
holds for z=0. Consequently, for O<=z-=z,
[z=z]2[f<z] or fo=2]R[17=2]
lolds. Hence
[% »p=z] = |p=<z]or [a—~TF=<z] = [13=<7]
for D-z=z, From this and (34) it follows that
[(o = BYA(a =1 By<2) = |
for O-=zwczy, wind for 2=z, this is true o fortieri. Hence
(= Az~ 1B) 2] = [ = [Ta=z]
holds for z=0.

Ad (012} and (13). Cousider the identities given in (14). Let us introduoce
the abbreviations

40y Wy xz) = inf «*{u); W(Hxz) = sup 2™(u);
i dl’

nel’
W{z(x/v)) = «2*(J(1).
Using the identities (9) and (10), and takiug inte account that f{v)z U, we get

[Yxz=<z] = ”LI\_JU[or.*(r.f)-:z]Q[z;‘”‘(f(_lf))az] =
= [={x.¥) u-zIQ“;;{;[G«.&(H)«.;}Q[3.\-7.«31.

This means that
[Fxa<2}D[a{xy)<z] and [x(x))<z|2[3xa - 2]

for all 2. = Thas Th, 4 is proved.
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The Toltowing cotnter-example shows that there is no possibility of ex-

tending Th. 4 to {haL.

Let 7 be {A, B, C}let ¢ 4 e the g-algehra of all subsets of 1oand et P([A}) ==
= P{B}) = PCYH be 173 Then the probabhttity space X = (1.4, P} is fully
determined. Let p.og and v be elenents of Vy e, et p, g and r be sentence
variables), and let £2(p}. 2(g) and {r) be the characteristic random variables

of {A}, {B} aud {C} respectively; i.e. assume thai the identities

(o =11 = (AL lg = 1] = (B), I = 1] = (C),
[p =01 = {4, 19 =0] = {B}. [ = 0] = {}
lold. Fimally, let /7= (U7, f. 2, 2, W) he a randomt model belonging to Z,,,
where X is as given above, 2 Tulfils the requirements just given for p, gand r,
ntherwise it may he arbitrary, & and [ may be given arbitrarily as well.
We shall get that in £ W{(n~g)—((phy -tgir3)= 1 does not hold.
Proor. If O<z=1 then
[p=zl= p = Ui = {A} [g=z] = fg = 0] = (B Jr<z]=[r=0] = ().
We see that [p=<z}2{g-=z]. henee:
(-11) |p--g<z) = [g=z] = (B} (OQ<z=1)
Furthermore:
[prr=z] = [p-=zjidjr=z] = {ACL  and
ly rosz] = [goe2U]r=2] = {B.C).

We see that {prr=z]E[gir=2] henee
[(prry ~(ghr)y=z] = [gAr-=z] = {B, C} (O=z=1).
From this and (41) we get that
[P=q=z|2[(pAr)—~(gAry<z] for Owz=z|[.

From this it {oHows — according to Lemma 4 — that our stateiment is frue.

Our counter-example shows that tlie rms Z,, is not a total l-representation
of system H. However, if is a total l-represcntation of a subsystem of /. This
follows from tiie next thesren.

Tueowes 5. i the ris £y, e Joliowing Laws hold:
(A dfwrwy =1 oand wy = VHen o, = 1.
M Jfwy = Fandw, = 1 thenw Ao, = 1L
(e) Af etz e (Aot ety = L
(d) f w~ps F (e if =3 is u formwda of if), x& J, wid Wie » = holds

i any randont model belonging (0 X, then:

if x has ne free occurrence in oz, then We—vxi) = L
if x has ne free occurrence in f, thent W{3xa «~8) = | fiolds in any randum
ntodel belonging to Z,,, g,
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Proor.

For (a). From w,=1 it follows that fi,=<1] = 0. Frem wy—w,=1 and
Lemma 4 it follows that O = [ < 1]2§w,< 1], that is {uy=1] = 0, too. This
means that w,=1, indeed.

For (b). The statement follows immediately from the definition of A-,
sec in {2).

For {¢). From w,="m,=1 it fellows (see Lemma 4) that [n <z 2 [, =2]
for all z. Henee:

ATy =<zj = [p=z]Uy<z]2[w,=<z]Uny<z] = 1Ay <2].

According to Lemma 4, from this result it follows that (e A ny—="(A 1) =1,

For (d). Assume 1hat W(z—pg)=1 holds in any random model helononw
to Z,, and X has no free occurrence in z {in 3). Furthermore, assume, muuect]y
that there is a random model [ ‘]elongmq to Z,, 1 which W{z--vx3)=1
(lV(f.\'z—*ﬂ)E 1) does not hold. Using similar notation as in (40), this means
(according to (9), (1) and Lemma 4) that there is a number z (G-<z:== 1) for
whivh

[2<2]2 U [¥u)<z] (1 [«Hw)yz=z]2[3=z])
uey it

From this it follows that there s ai € U such that
(42) [z=2] 2 [FHm)=2] ([2*()=2] R [3=2])).

Let £7 be a randem model which differs from /7 only in ,f'(\):u,. Since x has no
free peeurrence i = (in Jh |t follows that in £, W{x) (W(3) is the swme as in
I Furthermore, W= 25y (Wix) = «*()) in 7). Henee in I {o <2 P [F=z]
(sec also (42)). But this umimtlutq to the aaqul ptici tndt in any random
maodel belonging to Z,, (consequently alse in 7). W(z—+7)=1 holds (taking
into consideration Lemma 4, loo).

Let ns consider tie Wﬁtem Ho=(J.V.0.F. T, where J, V. and F
are the same as in A (i.e. H, = H", and T, is determined as follows: =7, if
and only if g2 F, and for any random muodei belonging to pae Wiay= 1 liids.

It fellows imediately from The 4 and 3:

{) 1f we F and the structure of o is one of (1) to (Wi3) except (83 then
fhs "2. (M) If 2T, 32 Foand «—3¢T,. then 37, (¢) If weT,. a‘u] 2e T, then
ah G (W) [T ee P36 F e Foand - 317, fhes (eAy) (g AmeT,. {e) If
ge Foxe f, and x has oo free occurrence in o then:

ae I,

{ely il 2= 3T, then =— vx3€T..
(e2)y if 3—«€T, then :I.\,;-—sce T..

Some properties of the system H.:

(1) £, s w proper part of the two-vatwed logic, Namwely, ou the vne haad,
il z¢ F. but = is not valid in the two-valued logic. then «4 7,0 The proof of this
statement is the same as the pronf of Th.3 (b), taking intg account that the
faws listed in (26) hold also in 7,.. On the other hand. there are formulas which
are valid in the two-valued logic, but are not theorems of H,. Such a formula
is ¢.g, (h3),
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(i) H, is not a proper subsystem of H. This means that there are such for-
nulas z for which ¢ 7 but ¢ T,. Such an « is e.g. IpV 717 1p. [t foliows easily
from (33) and (34) that 1pv1peT..

(iii) Probably, H, is a proper subsystem of H,, i.c. probably T,<T,.

System {4, is, like 1}, a kind of quasi-intuitionistic logic.
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UBER DIE TEILWEISE GEORDNETE MENGE
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1. Einleitung

Es sei H eine beiichige Untergruppe der Gruppe G. Die Menge X(G; H)
aller konjugierten Untergruppen vont H bildet beziiglich des 111en0cnthemt,t|-
schen Erhaltenseins eine teilweise gwrdnctc Menqe fst (2 cndlmh, S0 Nniuss
(G; HY triwialerweise ungeordnet sein. Es sind aber Gruppen bekannt, wo
Z(G; H) fiir eine geeignete Untergruppe eine Kette bildet. (Siehe [1] Seite 61
und [2]).

Fs gzei 4 eine teilweise geordnete Menge. Wenn eine Gruppe 4 mit einer
Untergruppe H derart existiert, dafl J(G; H)=4& ist, dann sprechen wir {iber
eine Darstellung der teilweisen geordneten Menge & in der Form X(G; H).

Wir wolien in dieser Note diejenige teilweise geordnete Mengen & charakie-
risieren die sich in der Form 2{G; H) darstellen lassen.

Ist & eine Kette, so werden wir fiir das Paar (G; H) mit & = Z(G; H) noch
eine andere Konstruktion angeben.

2. Zwei wichtige Beispiele

Dafl die eben erwidhnte Konstruktione tatsichlich verschieden Charaktere
haben, werden wir in den nachstelienden Beispiclen mit Hilfe der Normalisa-
toren der kownjugierten Untergruppe zeigen.

Beispiet 1. Als crstes Beispiel geben wir eine Gruppe an, die mit der in {I|
gegebene Gruppe isomorph ist.

Es sci N dic Gruppe aller diadischen rationalen Zahlen (d.h. deren Nenner
eine Potenz von 2 ist), und betrachten wir die Menge aller Paaren (4, 8), wo 4
in N liegt und b eine natiirliche Zahl ist.
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Diese Paare hilden dann cine Gruppe G, wenn die Maltiplikation folgender-
maBe deriniert wird:

(a. DY -(up, 0) = (a+28q,, b+ b).

Die Untergruppe H sei wie folgt erklirt:
{a, Bye H damn und nur dann, wenn « cine ganze Zahl und & = 0 ist, (H ist

offenbar eine Untergruppe der Gruppe ()

Man 1361t sich leicht zeigen, daB (G H) mit der geordneten Menge der
ganzen Zahlen isontorph ist.

Der Normalisator N(H) der Untergruppe {1 besteht aus den Elemcnten
(¢, U). Beobachten wir, daB der Normalisator N(f") ciner beliebigen zn A kon-
jugierten Untregruppe H’ chenfalls mit & iibereinstimmt.

Beispiel I, Betrachten wir jetzt die monoton-wachsenden reellen Funktio-
tien, die zugleich Permuiatienen der Menge der reeilen Zahlen sind. Solche
Funktionen wollen wir monotone Permutationen nemmen. Diese monotone
Pernmutationen bilden eine Untergruppe aller Permutationen der reellen Zah-
len, Wir definieren die Untergruppe 11 von G wie folgt:

Jye ! genau dann, wenn fiir jedes o =0 f(o)= = ist.

Man kanu leicht heweisen, dali X(G; H) isomorph mit der geordneten Menge
der recilen Zahlen ist,

Der Normalisator N(f) besteht aus den Funktionen fiir die f(0) == 0 gilt.

Es sei g€ G cine beliebige Funktion, so ist fieg—"Hy genau dann, wenn fiir
o =g, M=) = = ist, und heN(g—~'Hg) genau dann, wenn h{(g((y) = g(0) ist.
Das hedeulet, daB dic Normalisatoren zwei verschivdener konjugierten Unier-
gruppen der Gruppe H ebenso verschieden sind.

3. Die Bestimmung der teilweise geordnete Menge 2((; )

Es ist bekannt, daB die Abbildung
th:a Ha -~ Na {N = N(H) und a¢G)

eine cin-eindeutige Abbildung ist. Wir kionnen dauan die rechiseitige Neben-
klassen foigendermalie ordnen:

Na=Nb genau dann, wenn ¢ e in b= 1Hb liegt.

Wir werden diese teihweise geordnete Menge mit S(G: H) bezeichnen.
(Nach der Definition X(G; H):==5(G; [1) isf.)

s sei & eine beliebige teilweise geordnete Menge und o eine Permutation
von . Das Bild eines Aed wollen wir mit A¢ bezeiclmen. Die Permutation ¢
wird eine Ordoungspermutaifon genannt, falls aus A= B stets A= B~ folgt
(A, B3 Sind ¢ und ¢~ heide Ordnungspermutationen, so heibe ¢ monoton.

(i) Man kann die monotone Permutationen, wie Permutationen schlechthin,
multiplizieren.

(i) Man kann zwischen Permutationen die folgende Relation einfiihren:

g =1 genau dann, wenn a2us Aed stets A= A7 foloet.

Es bezeichne M($) die Menge aller monotorien Permutationen der teil-
weisen geordneten Menge &, mit der Operation und mit der Relation definiert
in (i) bzw. (ii).



UBER DIE TENAVEISE GLGRDNLTE MENGD DERH KOMJUGIERTEN | NTERCRUPPEN a7

Satz 1. M(Y) ist eine feiliveise geondncte Grippe.

BeweEis, Die Ordnunaspermutationen bildea offenbar cine Halbgrappe nuil
Einselement. Daraus folegt, daid M) cine Gruppe ist. Die, in (i) definierte
Refation st offenbar reflexiv, solange die Transitivitiit bzw. die Symmetrie
folet aus der Transitivitit bzw. aus der Symmetrie der Ovdnungsrelation der
teilweise geordnete Menge 4. Es seieir weiter o, v, o mit o 2= 1 belichige Elemente
aus WS Fiir jedes LErS aus ot folgt U7z O und so auch (U7 e (U
Anderseits, ans ¢ <ot erhalten wir, dald (U9 = (U*Y ist. S0 ist cowohl so-=70
wie wo =i ot giittie, J.he die Monotonitdt ist erfiilh.

Wir definieren. fitr jedes v aus G, die Abbildungen

o, 0 NY — (N = Nxu
(G und H sind gegeben; N = N{H)).

SATZ 2. Esgill o, < ANAS(G; HY). Bie Abbilduirg o <« -0, isl eint Homomor pliis-
s vor (G in M(S((G; ED). derest Kern, Kerg = N* = M XA IS

X6
BEwEIs. Bekanntlich ist o, cine Pmmutdtmn der \'lt.ntre aller rechtsceitigen
Nebenklassen., Nx = Ny hulculc XMWy S v Yy, woraus a-'x—"Hxe =
€ u Jl"‘Hm ferner Nxu = Nva fnlu‘t So ist e, cine Ordnungspermutafion,

Aus (5,) ' = 6,1 folgi nach Satz 1. o, M(S(G: H))

Wegen (Nxpasr = (Nxa)ys = Nxab = (Nx)yw folgt, dald ¢ wirklich ein
Homomorpltismus ist. Zuletzt, liegt ¢ in Ker o genauw dann, wenn Nye = Nx
dohe xex —te N gilt (xe (i), Das bedeutet aber, dalk a cin Element der (normalen)
Untergruppe N¥ (=7 x INX) st

X0

Betrachien wir jetzt den Homomorphismus o @ (G~ H(A((; H)) Bekannt-
lich, das vollinverse Bitd des Bildes der Uniergruppe e ' He stimmt mit ¢ - HN*y
iibercin. Aus o -"ia— M folet o INFe T H NE Sy ist Y(G: TN ¥) ein ordnung-
hontomorphes Bild der teiiweisen geordneten ilenge X(G: ). Wegen des Ord-
nungisomorphisinus X0 HNFY - SN HNFINFY huben wir gewonoen:

LEmaa 1. Die Abhildune g% : g~ "Ha - {aNFY-(FHNF N (uNF) ist ¢in
Ordnungshemomorphisnus von XG5 H) in S(GINF, TINF N,

Es sei XtG; H) cine Darstellung der teffweisen geordneten Menge 3. Wir
wollen diese Darvstellung separabel hzw. vollsiindie insepurabel nennen, wenn o*
cin tsomorphismus bzw, Z(6G N FINFNF) cinelementig ist.

4. Die Darstellung einer teilweisen geordneten Menge als X {(i: )

Bevor wir eine notwendige und hinreichende Bedingung zur Darstellung
angeben, werden wir das Kranzprodukt (s. @ {[]} verallgemeinern.

Es sei cine Gruppe (5, cine Menge 4 und cine Untergruppe @ der Permuta-
tionsgruppe H(S) der Menge § gegeben. Betrachfen wir das diskreten direkten
Produk{ ¢y der mit den Elementen der Menge 8 indizierten Exemplaren der
Gruppe G. Wir kdnoen dann die LEicmiente von Gy als diejeoige Abblidungen
[ 4 -G betrachten. fiir die f{A) nur fiir endlich viele A<4 voan demt Einsele-
iment der Grappe G verschieden ist.

TOANNALLS = Sectio Matliematica, Tom, XTI
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Das Produkt fg der Elementen f und ¢ der Gruppe Gs ist durch fe(A) =
= (f(A))-(g(A)) festgelegt. - .

Wir definieren das Permutationsprodukt 1I{G; &; 0) als die zerfallende Er-
weiterung der Gruppe G durch @ die der Bedingung

(6~ Yo) (A) = f(A°) fiir alle Acd, 0€ 0, feGy

geniigt. Es kann durchaus pafiieren, daB dic Menge § aus den Elementen einer
Gruppe H und @ aus der rechtseitigen Multiplikation der Gruppe H bestelit.
In diesem Fall gelit das Permutationsprodukt in das Kranzprodukt G H {iber,

Wir werden nur das Permutationsprodukt 71(Z; &; 0) benutzen, wo Z die
additive Gruppe der ganzen Zahlen bezeichnet.

Es sei & eine belichige Teilmenge der Menge &, Wir betrachten die Menge
(i($7) derjenigen Elementen f aus Zs, fiir die aus A< flA) = O folgt. G(+7)
ist, offenbar, eine Untergruppe der Gruppe Zs. Es sel definitionsgemdfB, G(F) =
= Zg. (37) bezeichnet die Elemente in der Form A7, wo A dic Elemente der
Menge $’ durchlauft.

LEvma 3. Die samtliche konjugierte Untergruppen der Untergruppe
G($7y vom Gruppe TT(Z; &; @) kann in der Form G({3°)"} geschreiben werden.

Bewels. Da die Gruppe G($) kommutative ist, kann man die konjugierte
Untergruppen ciner Untergruppe H der Gruppe G(§) in der Form oHo—!
schreiben. Das Element f liegt in ¢G(3")e—' dann und nur dann, wenn o—!fas
in ((4") liegt. Das bedeutet aber, daB aus A¢S” {(o—1fo) (A) = 0, und wegen
der Definition des Permutationproduktes f{ A7) = 0 folgt. Das ist gerade fiir die
Elementen der Untergruppe G{(&')") giiltig.

Wir nennen eine teilweise geordnete Menge & fomogengeordnef, wenn M(.$)
eine transitive Untergruppe der Permutationsgruppe der Menge & ist, Es sei
& (A) die Menge aller X¢4 mit X = A, wo J eine beliebige teilweise geordnete
Menge ist.

Sarz 3. Wenn & eine homogen-geordnete Menge ist, so giif:
I(I(Z; §; MDY, G(S(A)) = S

BewEis. Da die Elemente der Gruppe M($) genau die monotone Permuta-
tionen sind, gilt {S(A))" = S(A%), fiir jedes o€ M{$). Nach Lemma 3. die simt-
lichen konjugierten Untergruppen der Untergruppe G(3(A4)} sind die Unter-
gruppen, die man in der Fornt G{S(A®)) schireiben kann. Nach der Homogenitit
bringt die Abbildung @ : B—~G(3{B)) die ganze Menge & in die Menge der
konjugierten Untergruppen der Gruppe G(3(A)) iiber. Jetzt werden wir die
Untergruppe G(3(A)) bestimmen,

X £3(A) bedeutet, daB X= A ist. Folglich gehirt f dann und nur dann zur
G(S(A)), wenn aus X = A f(X) = 0 folgt.

Zu jedem Element A konnen wir ein f, zuordnen, wie folgt:

Fa(Ay =1, fA(X) = 0 falls X# A. {Offenbar ist f,€G(5(A)).)

Nehmen wir an, daB A < B ist. Daraus folgt, dab z. B. A% B gilt. Wegen
Fa(Ay=0ist £,(A)1G(3(B)), und so miissen G($(A)) und G{3(B)) verschieden
sein, was die Fin-eindeutigkeit der Abbildung & zcigt.
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[st A=B, so folgt aus X=8 offenbar X% A, folglich giit (;(r?(A))
S G(5(B)). Wenn umgekehrt, G($(A))S G(3(B)) ist, dann gewinnen wir auch
fa€G(3(B)). thenf (A)=0, ist A% B unmiglich, So ist @ ein Isomorphis-
mus, wie wir behauptet hahen

Satz 4. Die teitweise geordiiete Menge & IGBE sich dann und nur dami in der
Form X(G; H) darstellen, wenn sie eine homogen-geordete Menge ist.

Beweirs. Nach Satz 3. ist die Homogenitdt hinreichend. Wegen b-'Hb =~
= (a7 "0)~'(a-'"Ha) (a—'b) ist sie aber auch notwendig.

5. Die Darstellung einer angeordneten Menge

Die Darstellung, die im Satz 3. gegeben wurde ist eine vollsidndig insepa-
rabele Darstellung, weil N{G(5(A4))) — von A unabhiingig — mit G(3$) itber-
cinstimmt.

Wir werden uns mit zwei extremen Fiilen der homogein-angeordieten
Mengen beschiftigen. M (&) bezeichnet die, zur dem Element A(@S)gehmende
Stabilitdtsuntergruppe; d.h. o€ A ,($) (Iann und nur dann, wenn A° = A ist.
Wir nennen (JIE homogen-angeordnete Menge & separabel hz“ wllstdndig in-
separabel, wenn Keine M A(F) I einer anderen M ,($) enthaltend ist bzw. wenn
jede M ,(3) nur aus dem Einsclement besteht.

Satz 5. Jede separabele, homogen-angeordnete Menge hat eine separabele
Darstellung und jede vollsidndig fnseparabele homogen-angeordnete Menge hat nur
vollsténdig inseparabelen Darstellungen.

BewEls. Es sci 4 eine separabele homogen-angeordnete Menge. Zu jedem
AeS orduen wir eine Untergruppe H ($) der Gruppe M(3) zu. ac H () gilt
dant und nur dann, wenn aus A =X X°= X folgt. Es ist leicht zu sehen, daB der
Zusammenhang o~ 'H 4(5)o = H as($) giiltig ist. Falls A= B gilt, so liegt die
Untergruppe H ,($) offenbar in der Gruppe H 4(3). Nehmen wir jetzt an daf,
auBer A= B noch A und B verschieden sind. Wegen der Separabilitit existiert
ein Element o so, dab o in M g($) aber nicht in M (5} liegt. Mit anderen Worten
B° = B, aber A7 = A, Wir definieren eine monotone Permutation p folgender-
weise:

Xe=X7 wenn X = B und X?=X, wenn B=X. Die Permutation g ist offen-
bar in Hg(é) aber nicht in H ,(3); d.h. auch die Untergruppen H ($) und

H 5(8) sind verschieden. So ist Z(M(S5); Hg(3)) =&, was die erste Bellauptung
heweist.

Es sei jetzt & = X(G; H) eine vollstidndig inseparabele homogen-angeord-
nete Menge. Wenn das Element a zur N = N(H)} gehdrt, dann ist Na = N.
Wegen der Voraussetzung mufl ¢, mit der identischen Permutation gleich sein.
Daher ist Nxa = Nx, fir jedes x€G, woraus xax—'e€N fiir jedes x¢G folgt.
So ist N* = N, ferner HN* = N*_ Dus bedeutet aber, daB dic Darstellung
Z(G; H) = & vollstindig inseparabel ist.

Es gibt separabele homogen-angeordnete Menge, z. B. die angeordneie
Menge der reellen Zahlen hat diese Eigenschaft, wie das das Beispiel II. zeigt.
Wit werden zeigen, daB dic angeordnete Menge der ganzen Zahlen vollstindig

T¥
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inseparabel ist. In der Tat, wenn ¢ cine monotone Permutation der ganzen
Zallen ist. dann aus 47 = # folgt sogar (#—=1)" = n—1 auch (n+ )" = n+ L.

SaTz 6. Jede vollstindige inseparabele homovene Menge isf der angeordnete
Menge ciner Untergruppe der additiven Gr ippe der reeflen Zuhlen isontor ,r}!r

Bewels. Es sel A ein Element der vollstindigen inseparabelen homogenen
Menge &, Es sei ferner B A7= Av, wo o, n€ M({$). Folglich gilt oo~ 123 4(5).
uind wegen der Voraussatzung erhalten wir ¢ = . Daher ist die mmemdnetc
Menge der teilweisen qemdneten Gxuppc M(SY mit & isomnrorph. Es seio# W(S),
Ay = A, 4, = A {n= . 2, ...). Die monotone Pumui{ltion o sei, wie
folet definiert: X = X*, \\enn g8 ein 1 derart existiert, dalk X = 4,, sonst sei
.X-_X Wegent der vollstindigen Inseparabilitit kana aher I\cm Flement X
mit Xv= X existleren. Man Kann aus dies schon leicht ableiten, dab die Ordnung
dar Gruppe M(4) archimedisch ist. Non, die Behauptung folgt aus der Tat-
sache, dab jede archimedische angeordnete Gruppe mit einer Untergruppe der
additiven Gruppe der reellenr Zahlen isonorph ist.

Man kann zeigen, dabl unter den abziihlbharen Mengen nue die angeordnete
Menge der ganzen Zahlen diese Eigenschaft besitzt, Esist aber eine offene Frage,
datd neben dieser Menge auch andere vollstindig inseparabele Menge existiert
oder nicht,

Bemerkung bei der Korrelibur,

Bei der Kerrektur wurde es mir bekannt, dafl die Verallgemeinerung des
Kranzprodukies die ich gab, wurde schon in der {3] Arbeit verdffentliclit.
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in the present nete we deal with finite sets. [f A is such a set, we denote
by |A| the nwuber of its elements. For subscts B and C in A we denote by
B,C lhe set of elements in A belonging to exactly one of the subsets B8 and C.
The aim of the present paper is to prove {lie following

YUCoREM. fet A be a finifc sel with |A| = n. Suppose that Ag, ..., A,
fs a systent of subsets in A satisfving '

—

! A,r'uA i = :

!

1o |

Jor any pair {,j with [ = j. Then for k holds the inegualily

] n+1, if nisodd,
(1) k=!p+2, if n=2(mod4),
2, if =0 (mod 4.
The inequality (1) is a best possible inequality in all three cases for an in-
finity of the values of .
We nced the following

Lemma [ Let r and r be natural numbers with n=2, | =r=yn, Let ay, ...
., a,., be a system of n-dimensional vectors satisfying

(2 (a,a) =0

tor any pair §, j with i = j. Then the vectors of the system mentioned, may be
subdivided into r distinet sets Uy, ..., U, so that for be U, and ce U,

(3) (b,ey =0

holds, provided that /= m.



132 K, A, CORRALLI AND I, KATATL

Remark. In the case r = 2 the statement of this lemma aay be found
inn ().

Proor oF LEmma 1. We use induction for n. The case n = 2 is obvious.
Suppose #=2 and the statement of the lemma for natural numbers smaller
than 1. We may suppose that &, < o (0 the zero vecter) holds for 1 =i=u4r.
Suppose that a,, ..., a, is a maximal system of independent vectors in the
system a, I <i=n4r. Then

a. = > iWa; u+t=r=n+r
(4) I=j=u ‘ !
holds. We hegin by proving that for any v tire numbers 24" in the representa-
tion (4} are non-positive. Suppose the contrary. Then by (2) we have

{ 00g 1 — HOEW Sy L
" 0=¢ > Ma,a =1 3 MMa. 5 2377+
(\)" l=j=u I=j=n i=frn
i.}")>0 : ;_}”};u ,:J‘."];.U
AU Y e
+{ > sna. > A, = 0
I=jf=u 1=j=y |]'
E.}V}}ﬂ z}”)ﬁu

Use (4) and note that both summands on the right-hand side of (3) are
non-negative, (5) holds only, if in (5) the sign of cquality holds. From this

() 5 Ava —o
l=f=y
vy
10
tfollows. (6) contradicts to the independence of the system a,. ..., a,. The contra-

diction proves the non-positivity of the /'.‘J.“)—s.
Next we show, that for any paitu+1=v, w=n+rwithw = v, (a,.a,) = 0
holds. Using (2) and the non-positivity of the A=y

(7) 0= (@, &)= 3 ia,a,) =0
e
follows. This proves our assertion,
We observe now that an arbitrary ortogonal system of n-dimensionai

e . . . n+r
vectors is independent. By this remark we deduce the inequality = —

After these preliminaries we deal first with the case in which ri+r is even,
and by suitable choosing of notation for the vectors of our system the relations

(8) an+r‘_v = ful,ﬂ1., | =yps——
hold,
: HA4-r 3
Using the remarks done before, « = =~ follows. Further as an casy con-
2

sideration shows we can construct the sets U, 1 =/=r of the lemma by defining
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{a,, 3rr+r.,}! if l=f{=r—1

U {a;. an::.a-r}, if I: f.

+

Here {a,, a,-, -:} denotes the set consisting of the two vectors a, and a, ¢ s
el .

= 2
We treat next with the case r = 1. [n this case we have 1 = 1. The vec.ors
a,, ..., a, form a maximai system of independent vectors and

(10} @.a,)=0

holds for any pair i~ 1=v, w=2n, w=v. (10) means that a,.,, ..., a,, is also
a maximal-systen of independent vectors in our original system. So by symmetry
we deduce, that

(IhH a,a,) =0
holds for any pair [ =v, w=n, w:1. Now using the representation (4), and (11)
(12) O0={a, a ) = 1 2 }.J(i")},(r_w)(aj, a;)

=J=H

holds tor any pairnn4- b=, w="2n, with w= 5. By (12) we deduce that }.EV)-?.?”): 0
hold simultancously tor  =j=rn. From this follows that by asuitable choice of the
notation we have

(13) a, . = wa, l=v=n.
Now we can construct the sets U, 1 ={=n by putting

def
U, = {a, a,. ., f=i=n.

{0 the sequel we niay suppose that r=n—1 holds, and by a suitable choos-
ing of the notation if necessary we can assume that

(14) a, = 24, ,

holds for all values of { with [ =i=n+r— L. Define the vectors b, and ¢, by
{15) a="b+c, (b,a,.,)=0 ¢ =7a,.,

for | =i=yn+r—1. Here the numbers 4, are uniquely determined. By (2) using
(16) 0 = (@ 85.,) = 78, 1 8, ,)

follows for 1=i-=n+r--1. This means, that Z,=<0 holds. By this we deduce
that

(IT) (¢, cj) = ;'f}'j(an;-r'! a,,,) = &
holds for any pair | =i, j=n+r— 1 with j := I, By (17) using (2} and (13) we have
(18) = (ai’ aj) = (br'l' bj)—l—(cfr cj)

and so (b;, b)) = 0 for the pairs in our consideration.
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Now the veetors By, 1= d=u i 1 (- 2(—1)) — which can be considered
as (- Ddimensional veclors satisfy (e reguiremenis of owr lemima. So by tie
hypothesis we can construet thie sets {F, V-0 =1 so that for vecters helonging
to different sets the velation (3) holds, So {1~ mand be U7F, b, 2 UF hold we
have (b,. b)) = 0. By this we deduce uxinz (17) and (18) that (or this pair
Lo {a.a)y =0 holds. By (1) b, -~ o holds for T={-=n+r- 1. Thix mcans
that

(]U} (af' am) = ‘;'!’;'m(an i an—.- r) =0

(149} holds in the case 2,4, — U only. Sippose that 7, — 0 holls

Now we have to distinguish two cases. In the first one we suppose that
there is an mowith 2, < 0. Then by (19 it follows, that for any { « mand for
any B UF 24, = 0 holds,

So in this case the construction of {the sels £, can rus as Follows, Detine

[34) T i -
) v E t il lest=r, 74
‘{U’iﬁ‘ an'i} ﬁ I:f‘

3y (20) we mean that in the case 7 ~f a,< U, holds if and only if b, {'F
holds. n the case / =1 a, U, holds if b,e{7F holds, ar i 4 = nir.

The sets constructed above, fulfil the requirements of the femma.

In the remaining case 7, — O holds for V==f-=p-p- 1 In this case the coin-

struction of the sets U, is simiilar, bot we can put a,, , in an arbiirary of them.
This proves the lemma.

burinitiox. Let a be an n-dimensional vector, & = (day. ..., @) [ forall
fo l=k=pe, =11 holds we denote a as an e-vector.

LExnA 2. Buppose that a, b and ¢ are s-dimensional e-vectors, 1§
(a,b) =(a,e) -(b,e} =0

holds, then 4;m follows.
This lemma represents a well-known resuft of PALey. See 2.

Proor oF Tie Thurorem. Let the meaning of A, A, ..., A, be the same as
in Theorem. Suppose that |A! = n, and the assumption of Theorem. Let

q. e ..., d, be the clements of A, Let B he ainy subset of AL For B define the
vecter b = (b, ..., 8,) a< follows. For all o with I =m=n let
ary ] if
bm = I ! !';”E B’
L1, it e, B.
Lienote the veciors corresponding to the subsets A, ..., .1, by a,. ..., a,.
respectively. Then by the assumption
2N (@.a) =0 =i, j=k, j=i

holdx.
To prove (1} suppose fivst that 2 is odd. 1 the assertion of the theorem would
not he {rue, so f=s 0+ 2 would follow, Take the first 172-2 vectors from {he vec-
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tors a,. .... a,. These are a,. ....,a, ,. By {21) for these vectors Lenmma |
would apply. From this fact the existence of vectors a, a, § = j, . =f, j=sh+2
would foliow with

{22 (a,.. 3!-] = (L

Take now Dito account that a, and a; are e-vectors. By this, using that
i is odd

(23) (a.a) =1 (mod 2)

follows. (22) and (23) give a contradiction. So the statement of the Theorem
hiolds in the case if 1 is odd.

Suppose next, that n=2 (mod 4) holds. 1T (1} would not be true in this case,
s0 k=n+3 would follow. Take the first 21+ 3 vectors a,. ..., a, ,. By (21} for
this system Lemma | owounld apply with r = 3. Se by this lemma the existence
of e-vectors a = a,, b = a, and ¢ = a_, would follow with

(a,b) = (a,c)=(b,c) =00

This is impossibie by Lemma 2. So the statement of the Theorem holds i
the case =72 (mod 4) too.

In the renmaiting case #=0 (mod 4) we work as tolluws. If & =2 | would
he true, so take the first 2n+ 1 vectors a,, ..., a,, ,. From these for thefirst
21 by (21) Lemma 1 would apply with #=. So in this case by (12) and (13) by
a suitable choice of the notation

(24) a, ,=+4, Il=u=n
and
(23) (a,,a.) =14, |=zuv=nv<u

wotild follow with 2, <4, 1 = ==n. Now by (21)(a,, a,, )= UDaid(a, ,, a, )
=0 would follow for any n with 1 =g =n,

S0 by 7, =0 (@, ,.a,) = 0 wouid follow for any # with I =u=n. By (43)
now the n4- 1 e-vectors a,, ..., a, and a,,. , would form an orthogonal-system.
This contradiction proves the theorem in the case 1=0 (mod 4).

[t remaius to show, that the inequality is best possible for an infinity of
the values n. Let 7 = Jdm. I for a value of s there Is a system of e-vectors
a,, ....a, with

(a.ap) =10, lesi, f=un1, f=i

so by inverting of the definition (20) the sets A, ..., A, belonging to the vec-
tors a, ..., a, respectively can be constructed. To these sets construct the seis
Apipe o ooy Agy by the definition :
el
A = Ay, t=m=n

nom
where A denote the originagl set, alse A, = A holds. So the example of the sets
Ap oA Ay e Ay, shows that the inequality {1} can not be i_mprm-’u_d
in the case 7=0 (mod 4), if the system of the e-vectors a;. ..., a, existz. It is
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known that in the case m = 2! the system exists for every cloice of the natural
number I.

It is worth-wilc to mention, that (1) can-not be improved in the case n:=1
(mod 2) in generally. Put n=3 (mod 4). Then n+1 = 4m holds. I the system
of the e-vectors a,, ..., a,, a,.., treated before exists, then in the notation

a = (Gos Qg+ .y Q) I =i=n+1

substituting a, by —a, if necessary, we may suppose that for the vectors a,, .
.., 8, both

(a,a) = 0, I=i, j=n+1l, jxi
and @, = 1, I=i=n+1 holds. But taking 2] instead of a,, where a] is defined
by
;= (U, ..y thyey), I=i=n+l
the system ay, ..., aj,,, of n-dimensional e-vectors satisfies the relations
(@, a) = —1=<0, 1=i, j=n+l, j=I,

and so by (20) the construction of the previous case can be repeated.

This completes the proot in the case =3 (mod 4).

For the case n=2 (mod 4) the construction can be repeated taking the sy-
stent a,, ..., &, of {(n+2)-dimensional vectors with

(a,a) =0 l=i, j=sn+2 j=i
and in the notation
a,‘ == (ﬂ'”, amr LETES] a;‘n-i 2)

with the normalisation @, = 1, I =i=n+2 and putting a; tor

el
a:', = (ﬂi:;t v ﬂ','n-,-;g), | =i=s142.

So for the system al, ay, ..., a’., of n-dimensional e-vectors for any pair
Ljwith 1= j=n+4+2, ] =i

@), ) = 0

holds. So the construction by (20) used in the previous two cases can be repeated,
So our Theorem is proved.
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Introduction, notations

has the

its order. Supposce that |G

Let G be a finite group. Denote by |G
prime representation

(1) 1G] = pr-..ps

where the p,, | =i-=r stand for primes not necessarily different from each-

other.
We are interested to find a necessary and sufficient condition for the

existence of a composition-scrics

(2) G =G,5G,25...006,.,2C, = {&
satisfying
(3) |G- 1[G = P [=i=r,

supposing thatl the sequence py, ..., p, decreases, or increases monotonically,
respectively.

To the formulation of our resull we nced the concept of the one-step non-
nilpotent groups. By such a group following L. REDEr {!] we mean a non-
nilpotent group whose proper subgroups are all nilpotent.

The structure of the one-step non-nilpetent groups is now perfectly known.
The complete result is duce to L. Reper {1]. However for our present purposes
the following earlier and weaker result of O. Scumiot [2] and Ju. Goiraxn [3]
is sufficient. We slate it as

Lemma 1. Let (5 be a finite one-step nou-nilpotent group. Then & is soiv-
able, further

Gl = pg', =1, v=1I,

5 ANNALES — Sectio Mathematica, Tom, XII.



114 K. A CORRADI

holds, where p and g=p stand for primes. By suitable choice of the notation
the commutator group G"of G is the p-Sylow-group of G. The g-Sylow-groups in
G are cyclic. If n1 is the least natural number with

() pto= i(mod gq),

1hen
1G'[G) = p

lolds. Furiher for G” one obtains G = {&). G = {g) is fulfilled if and only
if G is one-step nou-abelian. G” lies in the centre of G. G” and G'/G” are element-
ary abelian p-groups. The group G/G” is a one-step non-abelian group.

We need the following

Derixirion 1. Let & be an arbitrary fixed one-step non-nilpotent group.
We shall say that U is an S g-group, or an SF%-group accerding to that in the
notations of Lemma | p=g or p=g holds. By S¥¢ (G we mean that G does not
contain an S§ ~group for any choice of p and g. The meaning of S**EG is
similar but in this case we use the 83 %-groups instead of the 8% -groups,

N
1t is useful to state the

DermxiTioN 2. The group G possesses the property (0) if there is a composi-
tion-series (2) with (3) in G, where in (1) the sequence p,, ..., p, decreases
monotonically. & possesses the property (O}, if under the same circumstances
the scquence p, ..., p, increases monotonically.

We are noew in a position te fermulate the following

Tueorem. Lef (1 be u finite group. G possess the preperty () if and only,
if S**LG holds. The group G possesses the property (O) if and only, if S*4: (;
frolds.

The proof of the two statements in the Theorem runs on similar lines. So
we prove the second one only,

NorarTions, G is the group we investigate. For the elements of G we use
small Greek letters. For subgroups in ¢ we use Latin capifels. By H =G we
mean that 4 is a subgroup of (. The notation H =G stands for proper suh-
groups of G. For normal subgroups £ we use the notation H <G, If H is a
subgroup in G, the notations N(H), C(H) and Z(H) will be reserved for the nor-
malizer, for the centralizer and for the centre of H, respectively. The sub-
groups N(H; K) and C(H; K) are defined for subgroups A and K in G hy

del def

N(H; K}y = KNON(H), C(H; K) = KNC(H).
¢ denotes the ideniity element of (. For a natural number & and for a
subgroup H in G we denote by A(&; H) the number of elentents « in H satisfy-
ing

If 2, ..., = are given elements, and H,, ..., H,, given subgroups in @,
then
;:’-11 R 2!; H]J L Hn|>
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denotes the group generated by these elements and subsgroups. The notations
|H] and |z} will be used for the order of the subgroup H and for the order of
the element e, respectively.

The condition is necessary

We need the fellowing simple
LEmma 2. Let (i be a finite group. Suppose that G possesses the property
{(O). Thesn the same is true for any subgroup H in (.

Proor. By the assumption G possesses a composition-series (2) with (3),

where in ([) the sequence p,, .. .. p, increases monotonically. Define for a given
subgroup H in G {he subgroups H}, O=i=r, by
H; = HNG, .
Then
H=H,=H\=...=H_=H, = {

is a composition-series in H. By the Lemma of ZassENHAUS (see [4] p. 47.)
one has

Hi_JJH = GHI_ G,
By this, nsing G,_, =G H,_,=@G, it can be easily deduced that

i],or
Ip

holds. The statement of Lemma 2 now follows by mentioning that the sequence
L -« -, P, increases menotenically, and deleting from the sequernice Hy, Hy, ...
..., H_y, H the terms which occur repeatedly.

Now we are in a position to prove the necessity of the condition in the
Theorem.

Assume false. Then G contains an S ,group Q. By Lemma [ for the
p-Sylow-group Q, of @ the relation @, <@ iwlds. By Lemma 2 @ contains a
subgroup R with R <1Q satisiying (@ : R) = p. R as a proper subgroup of @ is
nilpotent. R contains a ¢-Sylow-group @, of Q. By the nilpotence of R it follows
that Q, is a characteristic subgroup in R. Using R <Q we have @, 9. By @,<Q
and by @, <Q now follows, that @ is the direci-product of its Sylow-groups.
This means that Q is nilpotent. The contradiction ohtained completes the proof
of the necessity.

HI L HY] =

i l=i=r,

The condition is sufficient

We use induction on [G|. We suppose that for a finite group G, with
|Gy] = |G| the condition S*E G, has the consequence that G, possess the pro-

perty (0).

g%
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First we make the additional condition, that the group G is sclvahle.
We nake use of the following important result of P. HavLL [5]

LEmma 3. Let G be a finite soivable group. Suppose that |G| = m-n,
(m, 1y = 1 holds. Then

a) G contains a subgroup H with |[H|=m.

h) All subgroups of order m in G are conjugate to cach-other.

¢} Any subgroup of G, whose order divides a1 lies in one of the subgroups
of order .

For the proof of Lemma 3. see [4] p. 237, Theorem f1.1.1.

Using Lemma 3 onre obtains by well-known arguunents ithe following

Lemama 4. Let G be a finite solvable group. Suppose that |G| has besides
(1) the prime power represeniation
(5) |G = Qi s, = =g

Then G possesses the property () if and only, if there is a system of character-
istic subgroups GF, U=y=s, in G with

(6) G=0F=GF> .. . =0 =0F = (&
satisfying
(7) G¥. :q{j*+: cea s Il=j=s—1.

(Of course the chaii (6) is uniguely determined.)

The proof of Lemma 4 as mentioned is easy, so we omit the details.

To depict the logical structure of the proof, we mention that we have {o
deal with two cases separately. In the first one we suppose that in (3) s=2 holds.
In the reimaining one we treat with the case s=3. By mentioning that the
p-groups are nilpotent, it follows that so all possible cases are covered.

Case 1. As mentioned, in this case we suppose that
(8) 1G] = qigis  q<@ A=l A=
iolds.

We need the following

LeEmma 5. Let G be the group with (8). Suppme Turther that & contains a
normal subgroup @ satisfying ¢./|Q| and ¢,/iG/Q|. Then if S¥*ETG/Q holds, so
G possesses the property (5).

Proof. Denote by Qy, a ¢,-Sylow-group of ¢. By the induction using Lem-
ma 4 it follows that @, is a characteristic subgroup in @. By ¢ <G we deduce
that @Q,, <G holds.

Case 1. ¢,1|G/Q1. In this case Qg is the single g,-Sylow-group of G and by
Qq, <G, using Lemma 4 the statement of Lemiua 5 follows.

Cast 2. ¢,/[G{Q]. In this case by S* L GQ, by the induction on [ it foliows,
appealing to Lemma 4 that for the ¢,-Sylow-group T/Q of G/Q the relation
T/Q G/Q holds. By a well-known result, (see |4] p. 46., Theorem 2.4.2) we
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deduce that 7 <G holds. Mentioning that T contams a ¢,-Sylow-group of G,
using .emma 4 again, the asserfion of Lemma 3 follows in this case also.
G as a solvable proup has a normal subgroup Jf satisfying

GiHp = O
G-

In the case |G H =g, Lemma 3 applies. So it remuins te deal with the case
G H| =g,

Suscase 1. In this section we suppose that in (8) the equality Z,=1 holds,
We need the following

Lemsma 6. Let (7 be a finite nilpotent group. Then (G possesses the property
(D). and the subgroups G; in (2) can be choosen as normal subgroups in G,

For the preof of Lemma 6 see [4] p. 206., Theorem 9.4.3 and p, 363, Auf-
gahe 48,

By the induction on [(G] the condition S*<C G results that every proper
subgroup of {7 possesses the property (D).

Let ¥V be wit arbitrary but fixed proper subgroup of G. We show that ¥
is nilpotent. By the nilpotence of the p-groups we may suppose that

() ¥ =elmod ¢,4.)

holds. Denote by ¥V, and by YV, a g-Sylow-group and a g,-Sylow-group of ¥,
respectively. Using Lemima 4, and mentioning that Y possesses the property
{2) ¥, <Y follows, ¥V, <V holds teo. To this end it is enough to observe
that in our case A is the g,-Sylow-group of G and H < G holds, to note further
that two different g,-Sylow-groups of ¥ cannot lie in H simultancously. See [4]
p- 70. Theorein 334 By V, < ¥ and hy Y, V¥ now follows that V is nilpo-
teart.

So we obtain, that G is cither nilpotent, or (U is a one-step non-nilpotent
group. In the first case by Lemima 6§ G possesses the property (2 ). In the second
one by S*EG it follows that G Is an Sp%-group. By Lemma I and by Definition
i now it foilows, that the g-Sylew-group of ¢ is a normal suberoup in (. So by
Lemmad G possesses the property (7). This completes the proof in the Subcase 1.

Suscasg 2, In this case we suppose that in (8) the inequality 7,= 1 holds,
By the definition of A now we have that ¢,/[/f] holds. Denote by K the ¢,-
Sylow-group of A. By the induction on [G], using S* & G and appealing to Lent-
ma 4 it follows that [ is a characteristic subgroup in £, By {1 <G we deduce
that /<26 holds, If 8T G K bolds so by Lemuna 3 (G possesses the property
(). We may therefore suppose in the sequel that G/K containg an 8§ ,~group M.

Proeostmiox 1. I & dees not possess the property (), then G I is an
S% -groun
wApL T .

Proor. As mentioned hefore GIK contains an 55 g-group M. We have to
show that G'K=M holds. Assume false. Consider the inverse image in G of
M. Denote it by L. £ is a proper subgroup in G with JL] = K] |M!, and for L

(10) Afgis L) = g3-.
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holds. Use that by the induction L possesses the property (2), and appeal to
Leniua 4.

On the other-hand Lemima 1 applies 1o AL So the ¢,-Sylow- ~group of M is a
normal subgroup in M. Note that M is an SF -eroup. Since M is non- mlputu.nl
the g,-Sylow-groups of A cannot be normal subgroups in M. By [ M| = qpq
Pih =2, we deduee that

(L g )=y,
holds, Consider now the group = in M, where #° is an dihllnny elerient of A
with 2’| = ¢,. Consider further the inverse image in L of {2, Denote it by

W. Then W contains ¢, cosets of £ according to the l1()I]]1d| \uhtrmup K oof 6.
Each of these cosets contains exactly g3- ' elements of L. So W is a subgroup
of order ¢ in L. Noeting that the cosets in L, corresponding to distinet elements
of M are disjoint, using (£f) it follows that

(12) g L)=q':

holds. (10) and (12) give a contradiction, This completes the proof of Proposi-
tinn 1.

Proposrrion 2. If & does not possess the property ( 3). then the group #H
is tilpotent. Further the §,-Sylow-group Gy, of (G is a normal subgroup in .

Proor. By Proposition 1 the group G/ is a1 S}, -group. By Lemima | and
Iy Definition | t]u, g-Sylow-group of A7 is & normal \LITJU‘I(JU[] it Vi, Deiote it
hy D. By [M'=gq lq, it follows that the inverse insage in G of D is a subgroup
U with (G U) = ¢,- By the induction. using $¥C€G

(13) Wgie=1: Uy = g4t

follows. Note that U possesses the property (). and so Lenmma lapplies. By
K2 U one has that the elements with ([3) all lic in K. Observing now that all
clemenis of M which do not belong to D has an order divisible by g,. it follows
that all eleiments of 6. whose order is a power of ¢, lie in U, So especially the
g,-Sylow-groups of (i are all contained in {J.

We show first, that H =) holds. To this end we meation that H contains
at feast one ¢-Sylow-group Gy, of G further K= U holds, Using that

H=(K.G,>

holds, by K = U and by G, = U the relation H == U follows, Now using Hi=1{"
H=Ulisa consequence.

Let the nreaning of G, be as before. (G, /1 holds. By /<G we have
that N(G,)=11 holds. See [l| p. TU. Theorem 3.3.2. Assuming N{liy )= G we
deduce a contradiction.

[T N(G,; )= G, then by the induction on (G, using S*E G we deduce that
the g-Sylow-group of N(G,)) is @ normal subgroup in N(fG, ). Use Lemma |
(iy, 3 N (;i,. Y haids trivially. So N{tiy) 15 the direct-product of ite Sylow-groups,
‘111(1 so it s nilpotent.
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Denote by W an arbitrary g,-Sylow-group of G. Note forther that for any
subgroups A and B in G the relation

(14) [AHBl =4, B)|-[ANB|

holds, (sec [4] p. 32. Theorem 1.5.4) putting A={/, B=W and obscrving that
(H, WY=0C l1old<; the relation 'H"'W. = gi=" follows. This means that
HOW=K holds. Use |H| = ¢gie—?, and the definition of K.

By N(Gg)=H now follows, that the ¢-Sylow- -group of N(G, ) contains
an clement o with w3 ff. This ga-Sylow-group of N(Gy,) is contained in one of
the ¢,-Sylow -groups of G, say in W. Then W = (z; K) holds.

Using W = {«; K}, we deduce that W <G holds. Namely the elements y
of & have a unique representation

y=uq-y,  gel,, peW.
Using that N{Gy ) is nilpotent, for p< Gy, p~tap = « follows. So we have
(15) vy lay = p ¢ lagiy = plapc W

Using K <G and (13), by W = {e; K}, W <G follows.

By WaG, usiug Lemma 4 we have that & possesses the property (0). This
contradicts to the assumption in Proposition 2. So we have N(Gy,) = G. By
K <i1 and by G, < H we have thal H is nilpotent. This completes the proof of
Proposition 2.

ProrosiTion 3. Suppose that G does not possess the property (©). Then
the proper subgroups of (& are all nilpotent.

Proor, Using that the p-groups are nilpotent we may concenirate to the
subgroups T in G with

(16) [Tt = o(mod ¢,4,)

Let T be an arbitrary but fixed propec subgroup of G with (I6). Deunote a
gy-Syiow-group of 7 hy !q The meaning of T4y, let be analogous. Then by the
induction, using |T| <G, and S*CG, T possesses the |)10pe1ty (0). By Lemma 4
Ty, <T follows. By N((Jql) = {j, sce Pumosmnn 2, we deduce that quqf‘
holds. It is eqough to appeal to H] p. 70 Theorem 3.3.4 again. By T, <17 and
by T, <T we deducc that T is nilpotent. This completes the proof of Proposi-
tion 3

Now we are ready 1o prove that the condition of the Thearem is sufficient
in the Subcase 2.

Assume false. Then by Proposifion 3 G is either nilpotent, or it is a one-
step non-nilpofent group. In ihe first case using Lemma 6. we get a contra-
diction. In the second ene by S*E G if follows, that § is an Sj%-group. This
leads to a contradiction by mentioning, that by Lemma 1, and by Definition |
the g,-Sylow-groun of (G is # normal subgroup in G, noting Turther that Lemma
4 applies aud so G possesses the property (O).

This completes the proof in the Subcase 2.
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Case 2. In this case we suppose that in (5) the inequality s= 3 holds. Using
Lemma 3 we have that there are subgroups K, L and M in G with

K=1, K=»M
and

(G:K) = qhgss, (UL} =g, (G:M) = gic.

By the induction, using §* E G, it follows that L and M possesses the property
{(0). By Lemma 4

KL and K <M

follows. So we have that L=N(K), and M =N{K)} hold simultaneously. By
these relations N(K)= G follows. Using (| K|, |G/K}) = 1, it [ollows by Lemima 3
that G has a subgroup T with

(17) T2 GIK

By the induction using $* & (5, noting that by (17) S* T GIK, we have that the
g,-Syiow-group of G/K is a normal subgrovp in G/, Use Lemma 4. By this we
have that M < (i holds. Using Lemma 4 again it follows that G posscsses the pro-
perty (D). This completes the proof in the Case 2.

It remains to show, that the condition concerning to the soivability of
can be omitted.

We use induction on [G|. Suppose that for any finite group G, with |G,] < |G|
and with S*E G, it follows that ¢, posscsses the property {). IL s to prove
that the same is true for G, if S¥ E G holds.

We need the following

DeriNiTiON 3. Lel S be an arbitrary p-group. Define d(S) by
def
d4{S) = max {| Al; A an abelian subgroup of S}

Let J(S) be the {characteristic) subgroup of S, generated by all the abelian
subgroups of order d(S) in S.
The following notation will be useful in the sequel.

DEFINITION 4. Let & be a finite group. Sunpose that p#fjG} holds. (i.e.
pf|Gl, p=t11|G|.Y By a normal p-compieitent for § we mean a normal-sub-
group of index p* in G, which contains all the elements of G, with orders prime
to p.

The [ollowing statement is an important result of |. G. THompsox [B],
which we state in a modificated form due to G. GLaUBERMANN [T7].

LEMmA 7. Let p be a prime and let S be a p-Sylow-group of the finite group
G. It C(Z(8)) and N(J(S)) have normal p-complements then G has a normal
p-complement, except possibly when p=2 and §* is involved in G.

Here §' stands for the symmetric group of four letters.

Suppose first that G is simple. Choose p as the least prime divisor of {G].
Denote by § one of the p-Sylow-groups of G. By the assunmiption C(£(S)) and
N{J(8)) are proper subgroups in G. By the induction, using $* €6 it follows
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that C(Z(8)) and N{J(S)) possesses the property { 7). S0 by Lemma 4 they have
normal p-complements. By STFEG it faliaws 1nal S' Ldslﬂ()[ he involved in ().
Now by Lemima 7 it follows thai 7 hes a aormal p-complement. This contra-
dicts to the assumption that G is simpic.

We may therefore suppose thaf (f has a nermal subgroup A with H =0
and with H = By thie minimality of 1Gi using §* &G it now follows, thai
the proper-subgroups of ( possesses all the property (7). So especially they are
all solvable.

We distinguish two cases. In the [rst one we suppose that there is a maxunal
suthgroup M in Gowith [7=M. [n the second one we deal with the case, when
every maximal subgroup of G contains H.

Case 1. Using HM =G, we have
(18) GiH - MH M

See [4] p. 46, Theorem 2410 M is soivable by the assumption, So by (18)
the solvability of G/H follows. By the solvability of £ and G, the solvability
of (i follows. This completes the proof in the Case |

Case 2, Denate by fb{(i) the Frattini-subgroup of (. Then by the assumn-
tion in the Case 2 (i)', &(() is nilpotent. See [4] p. 263, Theorem 4.3.35.

So we may supnose t|ldt H <G holds, and Hois an elementary  abelian
f-group.

It sulfices to prove that S* & GrH holds, and to note that by the induction
(i'H possesses the property (D), and so it is solvable.

Asume false. Then G H contains an 8§ goroup TIHH, T = (i, Suppose that

(1) YTH| = e rei,

holds roand ¢ are primes. Suppose further that [/ =g, We may suppose that
T s a proper-subgroup of G°H. Namely e case G f=T/H results by Lem-
ma | that (-H is solvairte and so it remaing nothing to prove.

By T H =0 H # follows that 7 -=@. Suppoese first that the primes g, 7. f
are all different. T this case using Lenvaa 3 it foliows that there is a sahgroup
£ in T with

(20) B.TiH.

(20 contradicts to the assumption S¥ik (7,

[t remains to deal with the cases g=r and g=1,

Take [irst the case r;:r«!. Then T =g+ holds. By the minimality of
(} we have that T |m<<c~:<:eq 1 e property (7). By Lemma 4 we deduce that for

he -Svlow-eroup T, of 7.7, 0T holds, On the other hand by Lenvaa 1 oand

hy Detinition | we have t}mt Ihc g-Syinw-group ol T/H is & normal subgroup in
THH. By this, using [4] p. 46 Theorem 2,42, 80 follows that foir the ¢-Sylow-
group T, of T, the relation 7,27 holds, By 7,7 and by T 0T we get that
1 is iilvotent. Henee the mIpoIemc of f H fnlim\-» This is a contradiction,
This completes the proof in the case y=r<t.
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[t remains to investigate the case g=1=r-T possesses the property () as
mentioned before. So as we saw in the preceeding case the g-Sylow-group of T
is @ normal subgroup in 7. So

(21 g/ 5 Ty = ¢/
holds.

On the other hand using Lemma 1 and Definition | one obtains that
(22) WAg'; T/H) = ¢

holds, Using the one-lo-one carrespondence between tie ~Sylow-groups of
THH and those of T given in {4} p. 46 Theoven 2.2, une ebains immediately
that by (22

(23) QU D I

holds. (21) and {23) give a contradiction. This completes the proof in the case
cangidered, and so the proof of the Theorcem is finished.
We mention the following corollary of the Theorem.

ConrorLLary. Let (1 be a Tinite group. Suppose thiat for (G, (3) holds. Define
the natural numbers «; ; as the least positive ttegers satisfying

(2 /i = Lomod g¢,). Do, jrzs, i),

Iefine further the natural numbers «,, ..., o, , by

daf

(25] ﬂj'—‘.’ nin {ej.j B IR ‘?j.:-'}

Then vsing (4) in Lennma 1, one obtains by the Theorem of the present
paper, that if in (3)
(26) wjs g, [=xjems—1,
hold stmultancously, then the group (i possesses the property (7).

Lispecially the following statecnment is true.

Tneorew Al Let € be a finite group. Suppose that 120G holds, Then if
for any prime divisor p of |G, which is different from {he maximal one, g G
holds, so |G possesses the property (D).

The exampie of the group AT {the altermating group of four letters) shows
that the condition 127400 in Theorem A cannotl be omitted.
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Following L. REDEI we call a fintte non-abelian group one-step non-abelian,
it atl proper subgroups of it are abelian,

Following 1.. REDEL, we denote by a{p(mod g}) the order of p mod g, i.c.
the least national number with p™= [(g).

L. REDE! proved in [2] the following important

TueoREM A. The finite one-step non- Abelian groups of composite order are
oblained as follows: Given two different primes p, ¢ and e natural number n, put

m = o(p(mod g)),
take the finite field F of order
|| = p
and from the group F* (the muitiplicative group of IF) an wrbitrary fixed eletiient

o With
Hem) = .

Then a one-step non-abeliair group G =R, ., {aof order |G}=p™g") exists such
that by heip of certain special elemenis

P, (%€ 1), Q (P, the uuily element, o(P,) = p for a=0, o(Q) = ¢")
the distinct efements of G may be written uniguely in the form
PQi(ec 't i =0, ...,¢"=1)
and the rede for multipiicetion of elements is
PPN = P, i Q0 (o, EI Lk =0, ... ¢g"=1).

Taking for cach of the above Iriples p, g, &t such a group, we just obtain the
nutually non-isomorphic ene-step non- Abelian groups which are distinet from
{he p-groups.
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In the present work our aim is to defermine the simpie characters of an
G=R,,, , group.

Fll'bt of all we remark, that from the Theorenm A it follows, that the com-
mutator-subgroup of G is its Sylow-group of order p®. Further the centre of
{7 consist of the elements

O, gyl =0, L.y — 1

and so it is of order ¢"=1. From these two facts it follows, that G has a uniquely
determined proper-subgroup O of order prgi=!, Le, U is of index ¢ in G

As casy to see [ as a proper subgroup of G is abelian. Denote by y, the
principal character of {'. As a non-trivial character of {7 we call the characters
poof U satisfying

A

As casy to see the number of non-trivial characters in L7 is equal to
g*(p— 1) This follows by the rule for multiplication in Theorem A

After these preliminaries we are now ready 1o state the following

ToeorEM, Tof (G be a finile R

_ _ ) pogon Sroap. Let U be the proper-subgroup of
index q in . There are

(?” + qn-z(p-:; — ])

stmtple characters of (. From these ¢ are of order one. ard can be oftained (i the
well-knewn way. The simple characters of € whose order {s greater than one can be
ebtained in the follmving way,

Tuke any non-frivial character o of U, Pl

7} = ﬂ > p(2), acd,

TIR{ay " U

where N{@) stads for the nermalisater of a. aid by K(a) we denote ilie class of
elements i € eonfugate o g, Then o i a simple character of order g in G If
rins Hirough the nen-trivial ciuracters of U, we gol ol the simple characlers of
nrder greater than one af G wind cach of them acenrs exactiy g fimes,

For the proof of the theorem we need some well-known resttlts on group-
clutracters, which we quote as lemmas.

Lenma Lo Let 67 be o finite group. Denote by { the number of classes of
conjugate eleimenis in G. There are £ simple L,lldicll.t{,‘i'S of . Denote thiem b
& ¥
A7 (P =r=0). Then if £, deiotes the degree of 77 s

!
(1) f’ f;' = {
r=1
holds,

Lemaa 20 Let ¢, and y, be any two characters of (. Let us denotwe by m,
and 1, the multlp]lutv of 77 in the representation of », and 7z,. respectively.
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h
o

Then
1

1
) — ¥ n(@ple) = 3 uan,

|G| sea e
holds. m, =0, n,=0 are integers.

LeEmma 3. Let G be a finite group, U< a proper subgroup of G. Let
be an arbitrary character of {/. Then

def Jl\l’( )

(3 (@) = > p@

WUl seximnu
defines a character of G.

Lemma 4. Let G be a finite group. Let us denote by G’ its commutator-
subgroup. Then G has

|GG

simple characters of order one. If 4 denotes one of them and (a is a residue-
class induced by &, then for b, € G'a

10y = ()

holds.

Remark. Usiug lemma 2 with g,=4,

R FAGIEES Z 1y
;G'_ acG
follows. From this one obtains, that a character = of G is if and only if simple
wiien

— @)=

EGI actr
irolds.
For al} these results and their proofs see [3] pp. J00—361.

Proor oF THE THEOREM. As mentioned already the commutator-subgroup
ot G is the Sylow-group H of order p™ of G. Thus by Lemma 4 it follows that
there arc exactly q” <;lmplc characters of order one in .

Now our next task will be to prove, that the number f of the classes of
contjugate elements in ¢ is given by

(4) ! = qra+qrr-2(pm_ 1)

The number f can be calculated using the rule for multiplication in Theo-
rem A. We used here ancther way. Denote by I. a Sylow-group of order ¢¥ of
(. Denote the normalisator of L by N{L). As well-known the nwmber of diffe-
rent Sylow-groups of order ¢ is equal to |G/N(L)|. From the well-known Theo-
rem of Sylow (see {3} p. 68.) it follows, that

(5} |G N(L)| = I(mod g)
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hiolds. Note that [(7 @ N(£)]jp™ is satisfied. Note further that by the definition
of m, m is the least natural number with

= 1{mod ¢).

These two results using (3) give that

o8y ="

t DY !} H

are the only possibilities, which can occur. The first of them is impossible. Na-
mely using the rule for multiplication of Thicorem A one obtains that all clements
of the ‘rnrm @ and of the form

P, (eC = 0ygfi,i=1,...,4"=1)
has on order dividing g7 and so tie nwmber of elements a in G with
at’ ¢
— where ¢ stands for the unity element of G-would be at least
("= —q" =) +q"=q".

Note that by p=2 » p7 =1 On the gther-hand all clements, whose order
is a power of ¢ had to ]ay in the single Sylow-group L of order g
So there are p7 different Sylow-groups of arder g% in G. Each of them con-
tains the centre C of order ¢~ of (;. From this follows that any two of them
can ot have an element in common which do not lay in C, So the number of
elements in G whose order is a power of ¢ is given by
qn—l _,’_pm(qn_qn-lj_

Using that H is the single Sylow-group of order p in it now fellows,
that there are exactly

pmqu—-l_pm_qn—vl_!_ ] = ( 0 [) (qn—l )
elements ¢ in G satisfyiog
(6) o(ay = O(mod pg).

Take now the subgroup {7 of order p™g" - ' already mentioned. { is abelian,
o it contains all ae (G satisfying (6).
By

(1) U = {H C)

it follows easily that U is a normal subgroup of G. From this it follows by known
arguments, that for ac U/

|1 it eeC,

(8) K@l = 16Nl =] L ST

holds.
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For a3 U o(e) = g" follows and for such elements

K@) = pm
holds, The number of the classes containing these elements is
{9 g —qn-2,

By (8) and (9) using |U| = p™g*-1 now follows that

f = qn—l_i_(qn_qn—l)_,’_(pm_ ])qn—a = qn__}_(pm_ l)qn—z_
S0 {4) is proved. We have alse that there are (p™— 1)g" =2 simple characters of
(G whose degree is greater than one. Use Lenuma 1.
Let now y be any character of U. Define y,. by
def | \.I’ a)
@y =20 s,

Ul wximnu

By Lemma 3, y, is a character of G,
S0 one has that

0, if agl,
3 op(z), if ael!, aqC.

IE Ky

lqr,-(a), it aeC,
(a)

Denote the simple characters of degree one of G hy 9, (1 =»=¢"). Then

(10) G 3 @A) = 3 ) = —— 3 @) =

afG G| ac G G[ aclf
Here we used (8). The sign of equality in the first inequality of (10} can only
occur if for all ac U, aqC
d.(a) > w@)=gq
2K ()

holds simultaneously, This can be the case only, if for all such a

(1) (@) = o4a)

holds. Besides this (11) has 1o hold for all a€C trivially. So

n_t
!‘r,q = iy

shall be satisfied.
This means that for non-trivial characters y of L

]
— > (2)3, (@ =0
|G[ wo
holds by Lemma 2. So the (p™— 1)¢"~* non-trivial characters  of {J defines
(p™—~ Lyg* =1 characters of G whicli do not contain the characters 4, (1=r=g?)
in their representation.
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Denote tllc simple characters of ¢ of degree greater than one by a, .. .,
rr
o™ " S0 for a non-trivial character p, 7, has the representation

(pM g2
(12) i = ) Hio. .

PP

Now we iuvestigate the sun

!
(13) == S @) 3 7 (a))
ik (" o
where inn the inner sum 3" runs over (lll prgt eharacters of UL As easy to see
7Aa) = y(a) holds. Note that if »" runs over all characters of {7, " does
the same. Now
: < M) .
(1) > pea) = 3 > ).
{! R
The inner sum on the right-liand side of (14} is equal to zero if a< U. Note
that in this case K(@)M L s emipty. I ae U7, a=¢ holds, the right-hand side of
(14) can be written in the form

(13) M s sy
U ke

Note now, that in the case a=e, z=c follows. Take now inte account that

holds if z=2¢ by the well-kiown ortogonality of the characters of an abelian
group. So we have
7 ! y ) ) | [z gt ] o
a0 — > @) ,}f,' = ——n(c) 2 wled = —rgeqp™y =g
A as (1 ! IS I 0 1 . | (i

Cousider now for non-trivial characters 3 of {7 the characters 7, of (5. Let
us deitote by 4, the number of different chavacters 4 from those mentioned for
which in the representation of 3, unrder (12) n2,==0 holds,

By {12), noting that tiie number of -2 in consideration is cqual to
{.")'”-" ])qn—i

M-ty

(18) N g (= Dt !

LT3

ral

follows. Note that every », induced by a non-trivial » has at least one o, in
his representation ([2).

From {I8) now follows, that for at fcast nne £, (1=r=(p"—=1), g"~2 0, =4
holds, We show now that a,=¢ is impossible. So by (18)

o, = {, l=sr={(p"—1)g"-*

¥

will fallow.



ON THE THEQRY OF THE ONE-STEP NON-ABELIAN GROQUPS 12

Supposc the contrary. Then there exists at least one r with ¢,=¢. Let be
the characters which contains o, in their representation g,, ..., 7, By the
assumption f=g+4-1.

Note firstly that for every pair 7,, 7z,

Y > g @)y, (@) = 0
a6

lwolds. So hy (I7)

o f
(20) GG, = 3 (@1 3 "z.,»}_(a)l

L Yi--1 I

follows. On the other-hand denoting by b; the multiplicity of o, in the represcn-
tation (12) of 7, bi=1 lolds for every 2 with 1 =i=1{.
Using (2) of Lemma 2, one obtaing immediately

i {
(21) 3 @) 2 70| = 613 bbs= Gil= 16 (g4 1)

ac

i=1

(20) and (21} give a contradiction. The same argument shows, that for
=g (20} and (21} holds simultancously in the case only, if 6,=b,=...=0,=1
and the characters y ov 7y, contain the character o, alone in their repre-
sentation (12).

This complietes the proof our Theorem.

yproe
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LLt [A} = a,=a,-=... be a seyuence of positive integers. Put A(n) =
X 1. Denote by f,.(11) the smallest integer so that every sequence A satisfying

I
l(n) = f,(1) contains a subsequence of £ terms which are pairwise reiatively

prime. 11 is easy to see that fy(#) = |7]+] and it seems likely that

(1) Sy = T+ (M)

where . (17) denotes the number of integers nnot exceeding iz which are multi-
ples of at least one of the first A— | primes 2,3, ..., p,. . Clearly {!) if true is
best possible. (1) is easy o show for & = 3, but we have not been able to prove
it in general, O the other hand we prove it a sharper and more geateral form
several conjectures stated in [[]. First we introduce some notations. A, .,
denotes the integers a6 A, , = u(mod m) (A, (1) denotes the number of
terms of the ‘-?DL]IILIILL A m)- A gy respectively Ay, we will denote by
Ay respectively A, g (i) denotes Euler’s ¢ function.

g(A Ry = > 1
ﬂ""’-ﬂ
(l]'ﬁk}:'l
M{A) denotes the number of pairs (a,, @) = 1, ¢,<a;=n. Put

F(n) = min max q(A, a;)
A ﬂjEJ\

+1.

where the mininun is to be taken over all sequences A satisfving A(n) =

‘)
For simplicity we will henceforth assume that # is even, all our results could
casily be extended for odd n. ¢, ¢, ... denote suitable positive absolufe
constauts.

Let A(m)y= ‘ J"j—|1r 1. P. Erpiés proved that for n=n, ®{A)=¢nflog log
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and in fact the minimum of @(A) is assumed if A consists of the even numbers
and u, where

=35 ...,p,3...p,=n<3...p,-Prr1-
He also conjectured that
(2) lim F(n) = oo.

=
We now prove (2). I fact we prove the following sharper
THEOREM 1.
I(my=¢e,n/log log n.
We first prove two other theorems which will easily imply Theorem 1.

THEOREM 2. Let A satisfy

3 Ay = 5, | =8 <eyn,
(4) A(n) = ’_;
Then for n=iy,
6)} ‘ max g( A, a;)=¢,nflog log L
;e N
and
6) O(A)~cgsnflog log ’—;

We need the following known

Lemma 1. The number of infegers 1 =k =n satisfying ¢(k)fk =1/t is less than
(exp z = &) n exp (—exp c¢gf), uniformly in t=1.
Choose
1 2
(7) { = —loglog 2
g s
We obtain from Lemuma 1 that the number of integers 1=k=n which satisfy
g(k)fk = 1jt (where ¢ is defined by (7)) is less that s/2. Thus the number of in-
tegers a,€ A, for which g(a)ja,=1jt is by (3) greater than s/2. Denote now by
b= ...=b.=n, r=sf2 the integers in A, satisfying ¢(b)/0,=1ff. Clearly the

number of integers 2u =n satisfying (2u, b;)-=1 is greater than % Ecp(b;)/b,—:—
= nf4t. Thus (in 17" ¢; runs through the numbers of A,)
(®) S 1= A -S4,

[bl-,aj]-—.l 2 4f

or by (8) and (7) for sufficiently small ¢; and ¢, we obtain by a simple compu-
tation for sufficiently large n
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oo n n
9 A, b)Y = Ay()——+— =A@)— A (n —-~+— — —s=c floglop—
9 ) = A1) T () — A (n) Y 4/z-,z‘:s

which proves (5).

To prove (6) observe that (9} holds for every I=<i=r and r> .f);, flence

from (Y}
B(A) = b snfloglog E,
2 s

which proves (6) and hence the proof of Theorem 2 is complete.

TueEOREM 3. To every ¢, there is a ¢, = cm(cg)[cm is bounded in terms of

i e
—1 80 that i} Afn) = s=cyn1 and A(!I)z--g— then for n=n,
Ly
DAY=,
For s<¢7 Theorem 3 would follow from Theorem 2, but for the large va-

lues of s we need a separate proof,
Denote by P, the product of the primes not exceeding r. We first prove

LEMma 2. To every e=0 and 6=0 there is an r=r(s, 8) so that if -n>

>iMyle, 8, r) then for all but e L integers k satisfying

| =k=un, k=u(mod P))
w¢ have
wk)y = 7 (1 _l] ~ 1-5.
plk p
p‘>r
The Lemmua is very easy to prove and we only outline it. We evidently
have (in JT" k=u(mod P,), 1 =k =n)

n
1 b Up niF,

(10)  flraky= I [I-_;}EH}HP___H I (I—_j ,l =

repan p<n P ilr<pan P
- (] ““f?,-)mpr,

where %, can be chosen as small as we wish if r is sufficiently {arge. {10)implies
Lemma 2 by a simple argument,.
Now we prove Theorem 3. We evidently have

1
=5

(1) —Z (A, 2i-1() + Ap,, s - A, 200(1)) = Ax() +24,(7) =

= A(n)+5 > %4-5.
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Hence by (11) there is an i, lor which

P25
(12) A, 2= + Aepy 2 (1) + Aep 0 a0 = - 5

I

Clearly for every # p,, ”)(n){g + 1. Thus we obtain from (12) that

4 - .
there are two integers ¢, and i, 1y odd, "ty—u,| = 1 or 2 satisfving

9y
% 2y 1= 1,2
(13) Awp, uplny = 5 | )
Denote now by aff < ... <af the sequence of integers for which
!
(14 ke A, uy and l I = —1=1=¢,/10.
Pk

p=r

!
From Lemma 2 and (13} we have for r=r,, ¢= 3 ¢y (S=0ytt)

_ £l 208 11 .
(15) fo A, up(t) == = 2 = -2 = o3P, .
? 3 P P
Now we estimate from below the number of solutions of
{16) (a*, aj) = ], a;€ ‘4(P:,"-)‘

Assume pl{a®, by, b=uy(med P, As i, —i,| =2 and 1, is vdd, we have
p=r. Denote by B,(P,, ) the number of integers b=gs, b=u,(mmod P} for
which (b, ¢¥) = 1. We have by a simple zirgument

it
(7) BAP,, u)—— [] } = PVAEFY e 22 lngaiog dngn
Prp'af“‘ 1
pr

sinee it is well knowi (and follows from the prime nwmher thesrem or a more
elementary thrcorem) that tor m=n  V{n)=2log n;log log n,
Thus from (14) and (17) for sufficieatly large 1

(18) BAP,, 1) > (1= TP,

From (18} anrd (13) we obtaia that the muwmber of solutions of (16) is greater
than (5= ¢y}

. I 47 .
(19) — ‘-ZS-— l) Ly HfARP, = o on2P,.

From (13) and (19) wo evidently have
B (A)= i foP:

where r is bounded in terms of 1/eg which proves Theorem 3.
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[t is now easy to prove Theorem 1. Let A be any sequence satisfying

n P - .
A= Tt 1. We distinguish two cases. Assume first A, () =¢n. fn this case

(5) and the definition of F(u) implies Theorem 1. Assume next A(n)= ¢.
Then from Theorein 3 we have
max ¢4, @) = OLA)jn = (e )n
o
J
whiclt completes the proof of Theorem 1.

We outline the following sharpening of Theorem 1.

Tueores 4. Let n=>mn,. The onlv class of sequences A* for which F(n} is
assuned {5 defined as /uHmvs A*= 4} U AT, where AT consists of all odd multiples
nof exceeding noof n, (3...p,=n-=3...pp,. . 1, __3 Py md AT consists of
ife set of even nuntbers (not cxu.cdmg m ﬁ'am wmdr AT — 1 ervenr numbers
refativety prime to u, have beent omitied.

Theorem < clearly implies fhat
o

2,

+1

(20) Fan = ¢ - ]
i,

where ¢ 3Xa,) denotes the muonber of even integers not exceeding n which are
relatively prime to .

. - { n '

We anly outline the proof of Theorem 4. Let A lA(n)z: 5+ I| be any sequ-

ence whicht contains an odd number u which is not a mulitiple of u,. A simple
argmnent shows (see [1]) that '

¢ 2Ny = ¢ e,y + e f(log m)E

Thus if
o o on
(A, 1) = q-‘;,‘{ﬂ,)—[~—J+ '—]-l- !
i, 2::,_'
we must have A(m=s=o; — . But then from (3) and Theorem 3
(Iorru)

we have

max ¢(A4, a,) = ¢,flog log log it = ¢2u,)

a; €A
whiclhi proves Theorem 4. Theorem 4 implies by a well known theorem of Merfens
that (C is Enler's constant)

Firy = (1+o0(1)e-*njlog log 1.
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AXIALLY SYMMETRIC PACKING CF EQUAL CIRCLES ON A SFHEEREL, 11

By

JGOLDBERG
Washinglon, D, C. LS AL

{ Roceived \nwisd 34, JO67 )

1. lutroduction

An cartier paper [ 1] sunmnarized the known restdts on ilic determination
of the Jargest angular divmeter a(n) of 1 cquat circular rings (or sapherical cans)
wiich can be packed on the surface of a sphere without overlapping. The preseat
paper auginents these resuits with a few improvements and additions. The re-
lation of this preblem to a problem associated with some bisiogical structures
is discussed in a note by the author [2].

2, Axially symmetric packing

Previous resalts freguently  omnloved  multi-eymmietric  arrangernents.
semetimes, a apecial type of arrangeitent which had m-feld syminetry about
pily one axis was ivestieated. This paper will illnstrate the advantages of in-
vestigating m-Told syinmetry for virious values of o and foir ditferent ordering
of the successive zones.

3. A new result for =0 10 aad an impreved result for o =35

[n two recently published notes. an arrangeinent for 19 circles was com-
puted [3]. and au improved resuli for 33 circles was obtained [4]. The arravece-
meitts and the vatues a{m) are given in Toable 2.

4, Improvements for n="21 and =222

Previensty published resulis [5] for packing of 21 and 22 circles viminloyed
five-fold symmetry about an axis, An fmproved resalt by Rosixsox [6] {for
22 crrcles emploved tetrabedral symmeiry and, therefore, it has three-fold
synimetry, However, for both 20 cireles and 22 cireles, farther improved results
are sirwown here by wsing three-fold symimetry for 21 circles, and four-fold sym-
metry for 22 circles. The tocatings of the centers of typical cireles in cach zone
are shown in Table | The vatue of u{in) can be verified by computing the distan-
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ces befween adjacent centers, Figures | to 4 show these new arraigements,
Note that Figures T and 4 have skew symmetry ahout the cyuater, bul Figuves
2and 3 do ot have svimmnetry about Uie equator, The comparizon of the arran-
veitents annd their values of a(ry, Ry and Dga) are shiown in Table 20 The
guantity 200), which represents the deasity of packing en the sahiere. is oiven
by D{y = o[l -—-cos 0,5 a(ny] 20 IF the cireles have i diameier. then the
sphere has the radius R{n) given by R{n) = 14| | 2— 2 cos a(n.

5. New values for 11+ 75

No previeus commputations luve been published for 28 civeles. The present
arrangements, shewn in Figures 506, and 7, show the seasitivity of af#) to the
difierent ovdering of the zones, All of these arrangements have fear-fold sym-
inetry and a svimmetric notation. Nevertheless, only Fioure 7 is symmetric
about the equator, while the more eificient arranoeiments shown in Figures 5
and 6 have no symmetry aboui the equator,

G. New values for » - 4, s, 640, 80, 10, 120

R. M Romxson has investigated multi-synimetric arrangeiments which
vield new results for po= 220 40 480 600 800 110 and 1200 Some of these are
described i an abstract [ 7] Uheir values of a(n) are given in Tabde 2 ang their
GTARZCILNTS are expressed Bt axizl svmnmicety notationn The arrangements
for Hand 46 ciretes ave shiown in Fieures & and 9,

However, hecaitse of the low density that is lsted for 8i) cirefes, it is Hikely
that a denser arrangement exists, Alse. a denser armuigenment for 8 cireles
is likely.

7. A general metied of preducing new packings

An cificient packing of g = 1 elrcles ciun sometimes be atade by inserting
a cirele in tllu laruest ElﬂL"IIII‘T of 4 cfficient arransemient of p circies. These »
cirches are reduced in size until inether circle of the same gize can be inserted.
One sheuld oo expect my efficieni arranrement (o be mode ‘r\»' 1'1‘~L]lh]" i a
trianecular openina, Consider for examnle, the arrangenient 25013 3.3.3.3.3.3}
iade by i inseriion of a circle in a lriangutar apening ot ,ﬂf{u.o.d..ﬁ..J 3.3.8.3).

Thiz methiod of determinine new efficieit packings requires extensive com-
putation amd, {herefore, it has not vel heeit investivated, The arvangenents
ohtained may have only bilateral syimmetry and. possibly, no synunctry.

8. Summary

The granhical representation of Fieo Fois a tabulation of D{n). the density
ol packing, Tor the best arraneements kaown Tor cach value of 1. The curve is
the upper homad of D0 as detennined by Rosixsox {5]0 The values for 12
anid 24 lie on this curve. The fengths of tie vertical Hnies jotnine the Jatapolits
to the curve are indications of the deviations from the curve, The vaioe for 23
Has been obtained by omitting one of the circles from the arranocnent for 24
circles. No better valoe for 23 has yet been Tound. Values for 29, 34, 37, 8, 3,
te., where there are miussing poinls, have not yet been determined.
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The total number of contacts, and the average nwinber of contacts per
circle are given in Table 2. Tlhese serve as rough indications of cificiency. The
larger ihe uniher of contacts per circle, the greater is the expected efficiency.
However, there 19 anonalons cases. For e\dm.}lc note that, in each of the two
arrangenients ')] b, 144—1‘, and 21§1,5,5,5,5%, there are 40 contacts. Yet the
<11|anqement 21(3, ’3 3.3.3,3,3). which has anly 34 contacts, is more efficient since
6 more contacts are twarly made.

[n my previous paper |, the value for a(10) is given as 66739, This is in
error. A nore accuraie computation of this angle was made by Lacnhs {9] in
connection witii an application in technology. From his data, the angle is
(6287107,

TABLL 1

22{1,4,44,44,15 a=45 01

' |
21§3,3,3,1,3.3,3h a— 43730

T
It

R
i

b
=

G 1207 © 29780 831 300 [ 500 | Roaixsox

CIRCLE °  LATITUDE LONGITUDE | CIRCLE LATITUDIE LONGITUDE
| o
3\ G325 N D 30RATAUW | A U N -
B PO3ATTIw R ZORRO0T I [ B 4430007 [N 43-14°46" E
C I e I DN T o P B\ | G Io2202°527 N 433517 W
D 0 (0= E ' 0 oo 45-00°007 E
= 15-33'45" 3 1G-42° 457 12 ' | 22402927 8 4433517 17
{ DO35R2ATI S 29227007 W F 44°59°00" 8 437047467 W
€ 63234278 1 3037010 E _ G .0 5 —-
i il !
TABLE 2
] i CONTACTS
pe e a ARRANGEMENT ew)  Ren . DW) per ¢ SOURCE
. ; Total 4 Circle
' i
- : . | -
131 1 191 1.33406)3.3 4723227 1243 802 30 1 379 | GOLDBERG
Fig. 1 21 1 3,3,3,333.32 4530 o 12u3) 81T 340 3.72 | GoLpBERG
Fig. 2 2F 144444 45°10° COLA02) K05 40 1 381 | GoLpsere
111 P21, 13355 o 445577 | 1,305 748 40 ! 3.81 | S5TrRON-
i : i . | : MAJER
Fig. 4 | 22 14,444,441 LT | 1307 .33% | 441 460 | GoLooere
Fig. 3 | 22 | 1,3,3,3.3.3,33 | 14°35 [ 1.318) 822 42 ; 3.52 | RoBixsoN
(]! 221,553,351 | 44-04" ‘ 1.335) .813 | 40 { 3.64 | STROH-
i ! MAJER
Fig.5 | 231 4444444 ok ¢ La0dh 7O 56 | 4.00 | GoLvbeErg
Fig. G h i 4,4,4444.4 ;3sAly P I )07| 794 56 4.00 | GoLDBERG
Fig. 7 = 2% ] 4444444 TRt 13130 787 4% | 343 | GOLDBERG
i4] ©43 , 3.3, ..., 33 32T | I.UUT,' 1O 69 | 418 | GoLpBERG
Fig. & E 4133, ..., 3.3,1 3Ly : L2y 846G %4 | 3.82 | RosiNsox
IFig. & 49 044,44 30467 18850 G0 1203 | 53.00 ; Roringox
[ AR TS T e 20604 ‘ 21817 K18 150 | H.00 | Ropixsox
L 80|55, ...,33 LT | 2478 823 | 130 | 3.75 | Rosinsox
RN LER G It M 3,3 | 20706 L2866l 844 1 210 342 0 Rosinsox
LI e LIS P
|
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Fig. 1, 2113,3,3,3,3,3,3,, Fig. 2, 21i1,44,4,4,4), Fig. 3, 22(1,3,3,3,3,3,3,3},
i = 40730 a = 45%10° @ = 44°35

Fig. 4,221 44444.1,) Fig 3,284444444, Fig. 6, 28!4,4,4.4,4 4 4,
a: 457017 w == 384407, Unsyn about equator Uinsym., a4 = 38%46°
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Fig. 7, 28/4,4,4,.4,4,4,4) Fig. 8, 44'1,3,3,...,3,3,1} Fig. 9, 48'4,4,. . .,4,4]
Syni. about equater, @=:38°36

o ISP

T |

01| AR A
0 0B 20 n 30 40 30 60

Fig. 10, Graph of density of packing
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THE RADICAL OF A CERTAIN INFINITE MATRIX RING

By

AL DL SANDS
The University, Dundee, Scotland

{Received Septernber 26, 1968 )

Let R be a ring and [ an infinite set. We denote by M(I) the ring of row-
finite matrices with rows and columns indexed by [ and eniries from R; for
m e M(R) and i, J € I we denote the ifth entry of st by m({, ). For each
m ¢ M(R) we denote the subset of J indexing the non-zero columns of m by
Jim], i.ce.

Jlm} = {f€ 1}3¢ € I such that m{, j) s O},

The for cach ideal A of R and each infinite cardinal ¢ we denote by M(A, ¢)
the set of matrices m € M(A) such that f[m] has cardinality less than ¢. It is
readily verified that M(A4, ¢) is an ideal of M(K). H ¢ exceeds the cardinality
of the set 7 then clearly A(A, ) — M{A).

Patterson [2], |3] has shown that if J is the Jacobson radical of a ring R
then M(J) is the jJacobson radical of M(R) if and only if J is right-vanishing.
1t is clear that a similar resuit holds for M(R, ¢), for ¢ = &,. No general form
for the radical of M(I, ¢), ¢ = &, is known if [ is not right-vanishing. Onc
example of a ring R where the radical is not right-vanishing is the ring P, of
p-adic integers. The radical of P, is well-known to be the ideal (p) = pP,.

- Haimo™® [1] raises the question of the radical of M(P ).
it is the purposc of this note to show the following

TreOREM. The radical of M(P,, ¢) is M(pP,, Ro)-

Proor. For the case ¢ = ¥, this follows from the general result of PATTER-
soN [2] that the radical of M(R, &,) is M(J, %), for any ring i with radical j.
Thus we may assume that ¢ = .

Haimo [1] denotes M(pP,, &) by N and shows that & is a quasi-regular
ideal and so is contained in the radical. (This follews also from Patterson’s

¥ Professor Haiume has informed me in a private commanication that he has proved
this result, by a different inethod. His proof uses only the fact that the radical of the ring is
an integral domain.
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general result.) Clearly & s the intersection of the ideals Al(pP ¢} and MP L R,).
We show that cach of these is a primitive ideal and from this the resuit follows,
for & is then seen to be a semi-primitive ideal and thus eontains the radical.

Sinrce pP,, is a primitive ideal of /2 it follows from Theorem 3 of Saxs
[4] that lf(rer is a primitive ideal of AT(P.) and. by a similar proof, that
M(pP ., ¢) is a primitive ideal of M{P,, o).

We show that M(#,. 1) is a Jeft primirive tdeal of AP, ) = Ry, by
ohtaining it as the anmlulalm of an irreducible left 1’!(1’1 - module. We assume
that all p-adic integers x are expressed in standard form Xy,.n”, with 0~ x, = p.
For x, v € P, we say that v divides v if there oxists z ¢ PI such that ¥ = xz.
Since P, is an integral domain, z must be 1“11(|“L’ Let U he the set of (m\\)
vectors IﬂdL‘\L‘(' by I with e'ltllc in Prforae Uand i 2 F theiih entry of o
is denotled by 4 f). Clearly £/ forms an abelian grenn with respect 1o addifion,
where addition of vectors is delined component-wise in the usual way. or
u € U and 1 a positive integer we define ufn| hy

ufa] = i = fIpt does not divide (i)},
Let V deuste the subsct of £/ L-]llhlhtl]l{{' ol it vectors v such that vn] is finite
for every positive integer #. For g € & we denote by S(u) the support of
u. i.e.
S(uy = {i ¢ Tu(iy = k.
For v & V, S(v) = U,v[n], and thus S(v) is a countable union of finite scts and
so is a finite or cownttable subsct of /1.

[{ is casily verificd that V is a subgroup of L7, We define o mapning from

SM(P ) to Vomaking Vointe an M2, cl-moduie. Let v ¢V and fet m; be
the ith LOiL]I]]I"I of a matrix m of U(Pr.a) We detine ving to he Xx,pt \\huc
for each 1, x,, is the cocfficient of p* in Xv(Am(i. f), wiere the summation is

[
taken over the finnite set vim+ (3. It {s clear that x, is not altered by replacing
v[r+ 1] by any finite subset of 7 containing v[si--1]. Then vm is the vector
given by (vim) (j) = viny. for each jo 7, Clearly ving U/, In fact v V. Let o
he a positive integer and lel (v,m) [12] be defined by

(v,m) [1] = {jc flmii. [} < 0 for some icv[n]h
Since m is row-finite and v{n] is finite it follows that (v.m)[#] is a {inite
union of finite sets and so is a f{intie subset of /. [T fi(v.m)[n] then
2v(iymfi, f), i€ v[a]. consists of tenus in which m(7, /3y = 0 and thus i v, =
- Xx,pk, we have x,. - 0 for r=an. Hence p? divides v, ‘Therefore (vim) [n]c

(v, m) [n], and this sct is Tinite for each positive thqu 1. Henee vine V.
It is readily verified that, for v, v.£ V and m,. m,< WP, ).

(v, + Vo, = viin |- vy, vi{my ) = ym v,
Let e(n, i) and d(n, i) denote the cocfficient of p* in the ith component of
(vyi))m, and v,(m,m,) respectively. Then (s, i) is the coeflicient of p" in
.f(vlml)(k)mi(k, i), where the summation may be taken over & tn (v m,) [#4 1]
since this is a finile set containing (vym)} [1+ 1], d{n, i) is the coeflicient of
proin _‘i’v,(!) (mym) (¢, N, where the summation is token over 7 in v [n - 11
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Now (mym,) ({, i} = Y/, bk, 1), where, for cach {ev[n4 1], the stumma-
P

tion is taken over & helonging to the Tinite set such that my(f, &) - 0 and so

may be faken over the possibly larger finite set (v, my) [#4+1]. Thus d(n, i)

is the coefficient of pmin Xv (H.im (L ma(h 5 where / rans through vi[n+1]
1 I3

and & oruns through (v, my) [# L] Since these summations are finite we may
rearrange terimts to ohfain _‘,‘(_,v (Hm (1 nmyk. iy = d(v m,) (f)ym,(k, i}. Hence

d(n i) = ¢(in, i). Since this is tlu-. for all 7 aad 7 it fnllm\q that (vym,) (m,) =
- vi(mym,). Therefore V is a feft M(P,, ¢)-module. .

V is not irreducible. Let W be defined by W = {ve VIS(v) is finitc}. Clearly
Wis a subgroup of V. Let we W and me M(P , ¢). Siice S{w) is finite it follows
that m[S(w)] = {jelim(i, /) = 0 for some fcS{w)} is finite. Clearly
S{wm)c m[S (w)l. Therefore wmc U and W ois o submoduale of V7,

Weshall now show that Wis a maximat submodale of V. Let ve V, but sup-
pose that v W, Tlen S(v) is not finite. Since each sef vfn] is finite it follmrq
that there exists an infinite i inereasing sequence of integers iy =n, < ., , = It
and an infinite sabsequence iy iy oo f .. of elenients of 7 ‘;ULII ﬂldt fol
each £, pre divides v(i), bat pre-t docs not divide v(i,). Then if x<P, and p™
divides x, it follows thatl v{i.) divides x.

Let u¢ V. For cach positive integer # let 7, = u[n+ 1\ufn]. For each
positive integer &, et f, = U/, where the mnion is taken over # such that
= ni=ny o Then f, s finite. For each i€ j,, p divides u(§) and so v(iy)
divides u(f). Let v{i)x(k, i) = u{f). Let the matrix m be defined by m(i,, [} =

=x(k, ) foric ., k=12, ... and m(&, i) = O, otherwise. Since f, is finite,
m is row finite. Since u{i) = O implies x(k, 1) = 0 and S(u) is finite or countable
it follows that me M, ), for ¢=§,. Then (u—vm) (7) is zero except for a
finite number of positions iculn]. Hence u—vm<z WV, Therefore WV and v to-
aether generate Voand <o W is a maxinmal submaoduie of V.

Thus VIV is an irreducible V(P c)-submodule. The amiihilator of VW
15 the set of matrices m such that Vimc W. Since P, is an infegral domain it is
slear that m belongs to the annthilator of V/W if and only if m has oenly a finite
wniber of non-zero colunmns. Thus e annihilator of VAW is V(P 8,).

It follows that M{F,,x,) is a primitive ideal and this cnmpletea the proof
that the radical of AI(P,, ¢} s N = M(pP,. n,).
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ON THE EQUATICN ¢0S q; + €Sty +€0OS ¢34+ €08 1y = 0

By

L. WLODARSKI
{L.ddz)

(feeceived January 29, 1964 )

F. KARTESzZI in connection with his paper {3| put forward the question to
find all solutions of the equation

(N CO8 2%+ COS @, + COS 9+ 008 %, = O
in &, commensurable with 7. One may assunie without loss of generality that
(2) O=z; =2 (I1=i=4).
There exist two infinite families of solutions
|

3) (ymra=f) [0=p=r= 7l
) Jagagmllodés']

y —A—0, —aT+8s, —=x = — 7

|7 3 "3 27 ( 3

and we shall prove that besides therc are only [0 solutions (by a solution we
mean an uitordered quadruple {«;, %, @, wl).

THEOREM. [f «; commmensurable with = satisfy (1) and (2) then {oy, oy, o3, o4}
either belongs fe fanuly (3) or (4) or is ane of the following guadruples

- 2 1 4 I I | 3 2
(5) T, — T, — Ty, — T, —, — T, — T, — T
5 72 5 " 37f 52757 3
. iy oy -
(6) i:r,érr,i'zl, ‘0, :—'r,-i:r,;n},
‘ 5757737 1 5 37
i‘) 1 r
(7) ;“11131_31:_1-1!) 27{: ‘EI:ET)ij)
5 I5 15 3 i 115 157 5 3
o
(8) in: E ‘y i;'[, —! TI: [_1 Ty 4 T '1_4 ' ;313
15715 5 3 | 15 7157157 37|
4 1 3 3 2
(9) 3:r, — 4, E'r, ]—:z], {—7, — T, — @, —nl.
777 7737 7717 37

1G#
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CoroLLaRY. [f «; commensurable with = satisfy (2) and the equation
€08 o;+COS 2,k €08 oy = 0, then {z, @,, ,} either belougs to one of the Tamilies

{ﬂ,n—ﬂ,%n} (0=p=n), .{a,%n—a,%ﬂa} (Os(ﬁﬂ—;n]

or is one of the triples

I ] 2
{Eﬁ,ix,_xl, a2 lal
5775 737 |5 J
This corollary is known and was proved by W. J. R. CrosBy [l] hiowever
his argument is based on a differeat idea than the following proof.

4
Lemma 1. If > x; =

=1 i

Ly =

x¢ =0, then (x;+ %) (X, +%) (L+x) = 0.

1
o

Proor. We have
30 20,) (0 +x) (G- 3,) = (b N+)P—xi—xd—xE = —xirxd == 0.
LeEmma 2. H (1) holds,

(10) o= % 27, n, integers (1 =i=4),
N and r are integers and (r, NY = 1 then

(11) Zcosror.l- = 0.

i=1

. 2ar . 2
Proor. Since (r, N)=1, cos % is conjugate to cos —-? On the other hand,
I

N
by (10)
2
cos #; = To. |cos —71, cosra, = Ty, [cos 2 (1=i=4),
' N ' N

where T, as the n-th Chebysliev polynomial has integral cocfficients, Therefore
4 1

> cos o, s conjugate to > cos rx; and (11) follows from (I).

i=1 i=1

Lemma 3. If

E)
(12) 5’ cos 3; = Z cos 3f3, = > cos U, = _(_l) ¢ (e =11
i=1 i=1 “~
and
0=8=x 0=i=3)

then [ﬁl, Bas Bas ‘ P ar is one of quadruples (3), (6) or (9).
[ i 2 6]
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Proor. Let

ecus 3, = x(1=i=3), xx%x =p NN+HNGFLG =4 X)X =8,

Since ‘
(13 cos 33 = 4 cos? 3—3cos 3, cos Y3 = 4 cos* 3§—3 cos® B
it follews from (12) that
(14) s==m. s=g[-gtE]|=-%
2 4 2 ‘ 2
(15) S xt-anpt = ¢ [~ 143 3 o3| - -
= 4l 2 o 2
On the other Land,
g’ (Ax%—3x,) = 64ds,— 144s, |- 10855, — 275,
i=1
and we have {(see [2] p. 3[1--314 a)
(16) -8y = = 3p+3¢s;— 57,
=85 = 3Pg-- IS — 5478, + 5487 — 57
—§, = = 1p%, = Tpg>+ 21 pgs} — Tpst+ Tg3s, — 14g°s3 + Tgs} 5],

— 8y = — 3p3+2Tp2gs, + Opg® — 18p?st — bdpg®sT + 45pqs§ — 9ps§ — Ipts; -+
+ 30g3s7 — 2743 + YgsT — 53, '
11 follows by (i4) and (16) that

}
17 - —2p——,
(17) ] P=7

hence (by a rather tedious computation) -

3
> (4x¥—3x,)* = —576p*+216p°=18p— -l-

Now we obtain from (15)
576p° —216p*+ 18p = 0,
1 1
hence p =0, — or — and by (14} and (17
1 2 s y (14} (17}

B(x—x,) (x—x,) (x—x3) = f{x) or g(x) or A(x), where

— f ¥
J(x) = 8x3+4x7—2x = 2x \N__‘H ” = ;5
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3

/_ —_ i3
o(¥) = SxP A — By —2 = I(x+ 1Y x -~ Hx— Sl
4 4
A(x) = 8xP 4 Ax?-4x 1.

4
7, COS — T, COS —

2
5 5

3 . . \ 2 6
cos — a, respectively. The zeros of i{x) are cos-;{—- 7, C0S T a, CO$ 3 T since
5

The zeros of fand g are cos T and cos T, cos E T,

b —

x7 -1
oy [x+ xh_x-1
x—1
On the other hand, these zeros are =cos gy, ¢ cos B, # cos g, thus l[(i’l, By Py
| &= = | . a . 5 . -
e 276 } is for e = 1 (5)), (6y) or (7)), for ¢« = —1, (3,), (6,) or (7,}, q.e.d.

|
Proor oF THE THECREM. Represent «; in tie form {10), where
(18) (N, ny, n,, iy, 1) = 1.
Suppose first that N # 0 mod 3. Then by Lemma 2 with r == 3 and by (13)
Z c08 Je, = 4 Z cos® e; — 3 }_' CoSeg; = 4,

=1 i=1 i=

thus by (1)
4 4
Z COS ez, == Z cos® o, = 0.
f= =1
It follows Dy Lemma 1 that
(cos o, + €08 2,) (€08 o+ COS x3) (COS ©y+C05 ) = 0

and by (2), {«,, w, %, og) belongs to (3).
Suppose next N = O nod 3 and replace (2) by a less stringent assumption

2

(19) O0=|o|=a (I=i=4)

Then we have to prove that A = {| ], {2.l, |el, j2,]1} is one of quadruples
(3)—(9) but since cos & = cos {—«) we may suppose without loss of generality
that

(20) m,=0mod 3 (I=i=<k), n, = 1l mod 3 (k<i=4d).
We have by (18) 0=k =3 and by (I0)
N

21 o8 —a; = 1, :;inE a; =0 (l=i=k),
3 3
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, N [ . N .
(22) cos U= T smg u; = (k<i=4).

We distinguish two cases N = 0mod Y and N % 0 moed 9.

1. Case N = 0 mod 4. We apply Lenuma 2 with r = -‘gil and get

Z Cos [— + []
whence by addition and subtraction
. 1 1\1 1 . 1)
2 308 — o C0Sey; = 2 3 SIN — e Sin e, =0
i-1 3 iz
and by {21}, (22)
k +
23) 2 3 cose;— 3 cose, =0,
i=1 i=k+1
- 4 -
(24) > sinte; =0
i=k41

Consider successively & == 0, 1, 2, 3.
a) k = 0. 1t follows from (23), (24) that
COS %, +COS %3 = — €08 ay— COS a,
Sin o +8iN 2y =2 —Sin g —sin o,

1f COs 2,408 oy = COS o3+ c0s =, = (3, A4 in virtue of (19) belongs to (3). Other-
wise 1t follows by divisjion that

] 1
ty — (o + o) = 10— {ag+ %),
¥ 2(1 ) 2(“3 1)

thus o, + o = oy + o, mod 27, 1n view of symmetry o;+oy = o, + ¢, mod 2z,
hence %, = &y = 2, = o, mod 2z and 4 cos ¢ = 4 sin ¢, = 0, which is impos-
sible,

6] k = 1. It follows from (1}, (23), (24) that

cos 2 = 0,
COS5 2y COS ofy = —COS &y,
SiIL oy + SiN 2, = —sin .

and since by (10) and (20) cos «, = 0, we get by division
|
tg; {2+ 23) = tg a,

Wty = 2o, mod 2. In view of symmetry o+ o; = 2u; moed 27, hence
3ay, = Jo, = 3y mod 2z,
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. . | ke d i
In view of (19) we have [z = 7 amd {7} = {7 SRR TR fl— T
g -3 3 .
T | 2 U T T [ I x| i
Fmm ] OT Py — ey Tt | — e T oFr ., #y— — V- o, =
3 ™ 3 363 3 I 3 3103 -

thus A belongs to (4).
¢) k= 200t fellows from (1) and {23) that

COS o - C08 2, = COS oSz = B

and A belongs to (3).

d) k=31t follows from (1Y and (23} that cos 2, =0 which {5 ncompatible
with (24).

2. Case NzOmod 4. Changing », to — =z, if peed be, we can asstane tlny

(25) N = —3mod '

. . N N . . . .
We apply Lemma 2 with r= =203 and r - 490 We get, like before (23),

3 3
(24) the equations
N 5 4
(26) 2 N8 - N ocos 3z = (),
i1 Pl
k 1
(27) _ 23 cos O, — N cos 9x, = 0,
i1 i—f -1
4 1 )
> osindy; = N sin Yy, = 0.
- B —_ i
i—k | =k -1
Since sin Yz, = 3 siit o, — 4 5in® 3., it follows
I3 + 4
(28) > osindy = 3 sintldz 0
fofosd [AEr At

Consider successively & = 0. 1,2, 3,
a) k= 0.1t follows from (D), {13y and (26) thay
4 I
Ngosy, = Yoty = 1),
e el i
il [ 3ER ]
thus by Lemma |
(COs 2+ Cos 2,) (COS 2, 1 COS 7, {CON 2, + 008 o) - ()
and A belongs to (3).
0) k= 1. By (28) and Lenma [

sin Bz, = sin Jogy 1 sin 3uy - 0

or anuvther cyuality holds obtaingble from the above by a permuiation ol
2ar %y 7y Dsregarding the last possibility since we are interested only in the
triple {oz,, =, =;} we get

(2 3o, = Omod x
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and either

(30 3z o) = 3mod 2y
nr
(30 32y 2,) = Omod 27,

On the other hand., by {10y and (2)

N N N 2

32) C— e = - ddy T g, = —-q (Hod 2o,
( 377 3 373

N
(33} =) =0 med 2z,

3

. N 4

(34H jr; (7y4-2) = -:3—:: maod 2.

!
(23), (29 and (32) iniply =, = 3 7 mod 2z, hence by (1Y)

(35) s T :-f.- i i (' :;])‘
H 2

(30 and (33) imply «,— 2, = 7 mod 27, hence by (19} 4 belongs to (3).

3
(23}, (31) and (34) imply 2+ %, = o 7 nod 2, frence by (19)
(v
4
(365} N _q--: wr o (= 1)
1t follows that
- : |
{(431) COS o 00s % = 2 ens - {og 1 7p) CUS-.) {7y~ 2) — 5 cos - {2 — )
3 3 3
{(38)  cos Joy b cos a2 Leos P (21 o) Cos Y {oy— 2 = =2y cos. - (o2 — 24},
4 Y ¢
{3H) cos dagecos U, = 2oony I (2, 1 %,) Cos Py (my— oy} = =2y COS - {2y - 7y).

After the substitution of (35) and (37— (39} into (1), (26) and (27) we obfain
i !
COR z -y Cox ) (o, — s«._,)+-2- o4,

o
Foeye e 1 MR ‘,k;d'— — -0 = {)
e {mg— )40 = )

9
Zeos Yot eos — (my—2)+e = 1
5] b k
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Let now

4
(40) B= o], Po= 12"- =l (=), f = = (1-2).
We get

%’ cosf; = Z cos3p; = Z cos 93, =

i=1 =

and besides by (19) and (36) 0=§,=x (1 =i=3),

2
(41) n = sgn |- w- ]
By Lemma 3, {ﬁl, Bas Ba \e% —% { : is one of quadruples (5), (8) or (9). Ilo-
wever the quadruples(3) and (9) do not contain a multiple of =, thus either e=1
(2 4 ) I 3]
and , B = I-—:r, —xtore=—land {8, 5, =!—a, —al.
(b o = |5 o e e S
By (35), (36), (40) and (41)
T a | 2 2
{loal ao o o) = {fju ——6'4‘55: 3«7—.‘32: ﬁz—‘gl’ﬂ—?"fsg”[ﬁz—g?FJ}:
thus wet get Tour possibilitics
HEN o } 2'r l'r T"r ]31} {47 1’1 ]1“71
Eyly Gy y By TE Ay W, T =T, T iy — by T, T, ey
A T 15 15 5773 157157
1 2 4 i4 ] 3 2 2 8 1
— i, —— I, — ' oy ey Ty T
{5 3 15 15 5 3 715 15 )

which correspond to (7,), (8), (7o) and (8,), respectively.

¢) k = 2. By (28) sin 3«3 | sin 3, = 0, hence (30) or (31) and like before
either A belongs to (3) or (36) holds. Using (37) and (38) we get from (1) and
(26)

1
COS o, + COS oy 7 cos-é— (o3— o) =0,
2 ¢0s 3o, +2 cos 3u, + 29 Cos B (o3—ao =0,
hence by (13) and Lemma |
1 !
(COS oy +COS &) | €OS o+ ) COB Y (otg— %)J [cos o+ ) COS 3 (oty— 14) =

[¥ cos a;+cos ay, = 0, A belongs to (3), otherwise we can assume in view of
symmetry that



&
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|
|

COS %, = COS %,y + §j C08 — (7 —2,) = (.

Hence by (1Y)

1 i ~
|3 ('1.';_‘7-.1)‘ = ; "2‘ (1+ f!)— iﬁ\'-gllF
and by (36)

4 T . [
{ay, oy} = I|Q2i_—':[, (I3 —jes]t,
3 l 3 3 ( ) ..i’
thus A belongs to (4).
d) k= 3. By (28) sin 32, = O, 32, = Uuwd & and it follows like before
(35} from (24) that

o ot
-5(]:—"“:' +€'r— (("—I]).
§] 2

After the substitution into (1), (26) and (27) we obtain

o 3 3 ]
Deosz, = 308 dx, = > 089z, = ——p¢,
-1 i iz 2

thus by Lemma 3 and (19), A is one of quadruples (3), (6), or (9). The proot is
complete.

The above proof is almost self contained (the irreducibility of a cyclotomic
polynemial is implicit in the proof of Lemma 2), but may scewn artificial. Another
Aanare advanced but also mare natural treatment {8 possible based on the work
of H. B. Maxx [4].

1 conclude by expressing my thanks to Professor A, SCHINZEL who has
snggested the idea of the above proof and has prepared the figal version of
the paper.
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