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Now let us suppose that K(V)?) is not formally real. We shall show that
the condition of Proposition 2 is not satisfied. Showmg thrs, we shall show the
sufficiency of the condition. '

_In other words, we have a finite subset xy, ..., x, of X such that a sum of
squares of elements of K(Vx,, ..., Vx,) is 0, without every summand of the sum
being 0. Now let us choose a'minimal subset of x,, ..., x,, such that by adjoining

- their square-roots to K we obtain K(Vx, ..., Vx:)_.Let this subset be xy, .. ., x.
Then the elements 1, Vx;; ..., VX, Vo V5, .., Vi, . .. Vx,, that is, the products

of different Vx; -s (i=1, ..., k) form a base of K(¥x,, ..., Vx,), considered as
a vector-space over K. If a sum § of squares of non-zero elements is 0, we con-
sider the coefficient of 1 in s, expressed as a linear combination of the above
base elements. This has.to be 0, and this is a sum of products, whose first fac-
tors are products of different x; -s ({ = 1, , k), the second factors are sums
of squares (of elements of K), not all the second factors being 0. Thus the con-
* dition of the proposition is not satrsfled

3. Partially ordered groups

- One can give necessary and sufficient conditions in several ways, in order
that a ring or a group should be orderable. Some of these are based on the fact
that the conditions are of certain finite type. (See [3], pp. 3437, 50—53
113-117) .

Conversely one can ask: given a partlally ordered set, what is the necessary
and sufficient condition, that by introducing an algebrarc operatiosn, -it -should.
be made a partially ordered group. .

Let G be a partially ordered set. x|y means that x and y are not.comparable.
Let Aut G be the group of automorphisms of the partially ordered set G, that
is, for AcAut G x<y implies xA<yA, x|y implies xA|yA. We call A posrhve,
if for every x€G x<xA. If A and B are positive, so 'is AB, and for eveéry C
CAC—! is also positive, since for every xeG xC<xCA, so x= XCC=12xCAC.
Thus Aut G is a partially ordered group. iA; BgAut G are called strongly in-
comparable Al B, if for every x€@, xAixB We call; a subset.qf Aut.G. per-
missible, if the subgroup generatéd by 1t antalns elemeﬂts el’gher comparable,
or strongly incomparable with the- rdentrty (or, wl;uc:h is the sar\ue, wlth each

other). Thus we have the following \ g g

H L B | S

"PrOPOSITION 3. A partzally ordered“set-G can be fdde a_partially ordered
group if and only if in Aut G there exists a permtsszble sithset G siiehi that there
is an element a€'G, the ' zmages of whzch by the aufomorphzsms belafzgmg to'G” are

all the elements of G. RIS
i
PROOF If G is. a partially orderedigroup;; tQ;cEG we make correqund the:
automorphrsrn Ay, for which xA, = x+¢. Thys (.is embedded in, Aut. @, both
as.a'group, and’as a partially prdered set, and cfd implies. A} Ay Any el‘ement‘
0ot ’G can be' chosen' for ‘the elemert a. Coﬂversely‘,' stich & subset G'is cléarly’
a maximal -permissible subsét, and since the generated subgroup- (in" AUt G)

~contains elements comparable; ot strongly incomparabfe with eachother, it! is
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. a subgroup. The existence of such a partially ordered subgroup -G’ in Aut G
assures that G can be made a group. We make correspond to x€G the element
A, in G, for which @A, = x, thisis clearly an order isomorphism of G and ¢,
and thus also G can be made a partially ordered group:

ProBLEM 1. What is the necessary and sufficient condition that a (partially)
ordered set should be made a (partially) ordered field? By field we mean here a
not necessarily commutative field.

Clearly for any four elements a, b, ¢, d, a=b, t=d there must exist an auto-
morphism or anti-automorphism (that is an automorphlsm o of the set, such
that x<y implies ¢(x)>¢(y) and x|y implies ¢(x)(¢(y)) thapping a into ¢, b
into d. For a non-0 element the mappmg x—xa too is an automorphrsm or an
antiautomorphism. -

Of course the ordering can not determine umquely the algebrarc structure,
since every countable ordered field, as an ordered set, is isomorphic to the order-

. ed set of the rational numbers, since it has neither a least, nor a greatest ele-
ment and between any two elements there is a third one.-

4. Embedding of an ordered field into a real closed one

THEOREM 4. Let K' and K2 be isomorphic ordered fields, y an isomorphism
of K* to K®. Let Ki, K? be real closed order-extensions of K* and K? (that is ex-
tensions and the orderings of them are extensions of the orderings of K* and K%),
which aré algebraic over them. Then K and K2 are order-isomorphic; there exists

an order- zsomorphzsm P Kl»K2 which coincides on K* with . Moreover this
g s unique.

KT is called a real closure of K; by the theorem, the real closure is umque
up to isomorphism over K.
' There exists a proof of this theorem,.using Sturm’s decision theorem Here
we shall use a weaker, not constructive decision method.

"Proor. We consider triples {L, ¢, L%} where K!CLCK!, K*CL*CK?
L, L? are ordered fields, in the ordering of K%, K2, and ¢ is an order-isomorphism
. between them, coinciding on K* with y. The set of these triples will be partially
ordered: {L%, ¢y, L3} = {L3, @y, L%}, if L} and L% are order-extensions of L} and
L2, and the order-isomorphism g, is an extension of @,. For this partial order
Zorn’s lemma is applicable, so we can choose a maximal triple {L%, ¢, L%}.
Thus to every polynomial f* over L1 there corresponds a polynomial f* over L*
— and vice versa — the coefficients of which. are obtained by means of the
. isomorphism ¢, from the coefficients of f*. .

Now we prove, by induction on the degree, that (1) if f* and fZ are corre-
sponding irreducible polynomials over L' and L2 with leading coefficient 1,
then either (a) they have degree one, or (b) for every xte K* fl(x1)>0 and for
every x2¢ K2 > f2(x®)=0 (which we express briefly by calling f* positive over K2,
and f2 over K2, respectrvely) The converse statement of that of (b) is, that either

f* has a root in K1, or f2 has a root in K2 (since K and K2 are real closed). For -
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the proof let s suppose the truth of statement (1) for all polynom1als having .
. degree less than grf?* (gr f1=1).

First we shall suppose that f* has a root in K* and f? has a root in K2 De-

noting the maximal root of /7 in K by «, and the field obtained from L’
by ad]unctlon of o by L(«) (r=1,2), we will show. that LY(«') and L2(«?)
are order-isomorphie, their order-isomorphism being an extension of that of
L* and L2 This contradicts the maximality of the triple {L*, ¢, L%} and proves
the impossibility of this case.

The general element of Li(a') is of the form A'(«?), where At is a polynormal
over LY, gr ht<gr fl. By our induction hypothesis we have ht=1Ih} and si-
milarly h?= - ITh?, where h}, h# are irreducible over L1, L2, such that for all cor-
responding £}, 7 one of the followmg two p0351b111t1es holds: either they are of
degree one, or h1 is positive over K* and A2 over K2 To decide the sign of h(a),
we have to decide only the signs of the factors hi(a") of first degree (r=1, 2).
That is, we haveto decide for a pair of elements b*¢ L' and b2¢ L%, corresporn-
ding to each ot 1er, whether the statements a'<b! and o2<b? are true or not.
Since o' and «? are maximal roots, this meaus to decide whether all roots off’ in
K lie below b, i.e. for all X"=0" one has f"(x)=0 (r=1, 2).

It is known that if there is a real closed field and a polynomial-over it then
the roots of its derivative determine a finite number of intervals (finite or in-
finite), in each of which the polynomial is a strictly monotonous function. Since

gr f”<=grf', 'we know by our induction hypothesis that f* is factorizable,
- f7=IIf;, where f}, f are corresponding irreducible polynomials over L* and L?
either of first degree or f} is positive over K1, and f? over K2.- Thus the state-
ment f1(x)=0 for x'=b' is equivalent to f1(c})=0 for any root ¢! of fV, not
less than b*, and f*(b*)=0. These ci-s are roots of factors ft of degree one. Re-
spectively in"L? we have ¢3-s, and the signs of f2(c}) and fz(cz) and of f4(b*) and
JA(b?), respectively, are the same because of the order—lsomorphy of L' and L%.
Hence the two. statements F1xY=0 for x1=»5 . and fz(x2)>0 for x2=b2 are
equivalent.

~ Thus the-signs of corresponding h}(«') and h¥(«?) are the same and also the
signs of A'(«') and h*(«?), which proves the required order-isomorphism.

It remained still the case when e. g. f* has a root in K1, while f2 has no root
in K2 fv=IIf!, f¥=IIf?, where Vi and J? are corresponding irreducible factors,
either both of first deqree, or they are positive .over K1, and K2, respectively.
Let ¢c;e L' be the roots of factors f} of degree one, and c3€L” of factors f} of
deoree one. Since f2? is positive over K? we have fz(c2)>0 for all ¢3, and since f*
is not positive over K, fA(eh)=0for every ¢! is not true; this contradlcts the order-
dsomorphxsm of L1 and L2.'So this case is also 1mp0331b1e

So we have proved, if fT and the corresponding f2 are irreducible polynomials -
over L1 and L?, respectively, of degree greater than one, and of leading coeffi-

cient 1, then they are p051t1ve over Kt and K2, respectwely Thus polynomials
over L and L? of form x*—a, where a=0, are reducible, and also polynomials-
of ‘odd.degree are always reduc1b le (one sees easily that such polynomials can

not be positive over K* or K%, so they. have a root in L and L?, respectively..
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That means, both L*.and L? are . real closed, and since K1 and K2 are algebrarc
over K and K2, L'CK'and L2 cK? implies 1=K, [2=K2.
: * There remains to prove the uniqueness of the isomoprhism ¢ of K* to K2,
extending the isomorphism »: K*— K2 We consider, analogously, as in the proof
of the existence, a maximal L1, K1 Ll K, such that there exists only one’
isomorphism of L! into K?, which is an extension of ¢. Considering the same
extension as before, if it is possible, we see this extension is unrquely ordered in
contradiction to the maximality .of L, so Li= K* follows. - '

Consequtenice of the proof. Usually the real closure K of an ordered field K
is defined as a maximal order-extension being algebraic over K. By using the-

method of the proof, we can obtain this K is a somewhat constructive way.
. We define by transfinite induction K,-s, where « is an erdinal number. Let
K,=K. If « = +1, K, is obtained from K; in  the following way. Let -
Js€ Kp[x] be-a polynomial (if such exists), of degree greater than one, and let
it be of minimal degree, such that by the method of the proof it can be decided
that it has a root in K. That is, no polynomial having a degree less than gr f;
and greater than one, has a root in Kg. Denoting by x, its maximal-root, let
Kp+y = Kpy(xg); the ordering of Ksyq can bé decided by -the method of the
proof. If o is a limit-ordinal then K, = U Kg..The union of all Ka S, which can

be defrned in this way, is just K. pee

5 The cardmahty of non-1s0morphrc real closed fields
‘ of given transcendence degree ‘

We ask the following question: how many non-isomorphic real closed sub-
fields exist in an algebraically closed field K, over which K is algebraic? If K
is the field of algebraic numbers, it contains only one, the field of Teal algebraic
numbers. This is known and is the consequence of the fact that the field of
rational numbers has a unique real -closure. For the general case we have the
following r

THEOREM 5. Let the transcendence degree of an algebraically closed field K
be greater than 0. Then K contains 2\K! non-isomorphic real closed subfzelds over
which K is algebraic. {|K| denotes the cardinality of K.)

First we prove the theorem for the case when the transcendence degree
of K is at most 2¢, and after, by making use of four lemmas when 1t is at least
o. (o is the cardinality of a countable set.) -

. Proor for the case, if the transcendence degree of K is at most 2¢, Let L
be the field of complex numbers. Let a transcendence -base of L be {a;} = _
where all «;-s are real. If B& A we denote by L(B) the intersection of the al- :
gebrarcally closed subfield of L generated by B and the subfield of real numb-
ers.- This is real closed, since for acL(B) one of g and —a is non-negative, its
square-root ‘belongs to L(B), since it is real and is algebraic over B, and a poly-
~ nomial of an ofld degree over L(B) hasa'root in L(B), since it has a real root.
Let. B ;éBz, B.c.A, B,C A, then L(B) and L(B,) are not isomotphic. An
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isomorphism of real closed fields is an order-isomorphism, since the isomorphic
image of a square element is a.square element. Further, the isomorphic image
of a rational number is itself. Since B, B,, either B,— B, or B,— B; is not
empty. Let e.g. B,— B,>«, for an «. There corresponds to « a section in the
ordered set of the rational numbers. (A section of an ordered set is a partition
" of the elements in a left class, and a right class, one of which may be-empty.)
In L(B;) this section-is a section of the form {x, X<y}, {x, x>y} velL(B),
(where y=a) while in L(B,) this is not true, since « is not algebraic over B,,
so L{B;) and L(B,) are not isomorphic.
If {B|=5, L(B)(z) is an algebraically closed field of transcendence degree
B, its cardmallty is max (8, ). Thus an algebraically closed field of transcend-
ence degree §.contains at least as many non- isomorphic real closed subfields
as there are subsets of cardinality § in a set of cardinality 2» ([A] = 2¢, since
|L] = max (w, | A])) that is, 20max% @ — = 21KB), Clearly it can not contain
-more. : '
Now we prove the following

LemMA 1. Lef K be an ordered field. Then any root of a polynomial over K,
in the real closure of K is less than some element of K, or, equivalently, the modulus
of any non-zero root of a polynomial over K is greater than some posztzve element
of K.

Proor. We prove. the second statement Let us have a polynomial of
the form 1+alz+ - +a2k. Clearly for a root 2, [al] |2§} =1/(2k) for each i
=12 :..,kis 1mp0551b1e since then - 1-]a120 AR <k/(2k)=1/2,
that is lzols([ai 2k)=*" cannot hold, for i=1,2, k We estimate this
bound from below -

i ' i

1 V 1 1
V'|a|2k" kaax(l max le;]) 2k max (1, max |a;])

Thus the modulus of a root of this polynomial has to exceed the last express1on
. Now we prove the following 4

LEMMA 2. Let X ={x,} be an ordered sef. It can be embedded in a real closed
Jield having the properties (1) for any integer n, and any x, one has n<x,, (2) if
X, <Xg, then for any natural number n one has x}<xg. The embedding given below
. — Wwhich we shall call the canonical embedding — is minimal in the sense that it

is contained in any real closed field having the above two properties.-If X is embed-
ded canonically into the real closed field K, we canobtain X from K in the following
way: let us call a convex subring of K a great convex subring, if il contains the
identily. Then the chain of greaf convex subrings (thaf is, when they are ordered
according to inclusion) is order-isomorphic to the set of sections of X, ile. when
the sections are ordered -according fo inclusion of their left classes.

_ PRrooF. Let us consider the polynomials with integral coefficients and
with the indeterminates. x,. We make this to an ordered domain of integrity.
Its general element is of the form 2 ijxQ'i,j (we suppose this to be a shortest

: : . i i .
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form, that is, a monomial can occur at most once, and in. a monomlal any x,,
can be written at most once). The monomial Hx’x is said to be greater than

the monomial Hx" when, after simplifying by common factors, the greatest.

X,;, which occurs w1th positive degree in one of the monomlals, oceurs -

l]*c’ 2k H}Ju is p0s1t1ve, it the greatest monemial, occurring in it, has
i
a posmve coeff1c1ent k,. This makes this domain of mtegrlty to an ordered do-

main of integrity, evidently containing X as an ordered subset; its order can be
extended to an order of the quotient field, and further to its real closure,

Conversely, an embeddmg, having the properties (1), (2) mentioned in the
lemma, is such, that the sign of any polynomial of the x,-s with integral coeffi-
cients is the sign of its greatest monomial. This implies that the x,-s are al- -
gebraically independent (since no non-trivial polynomial of them having integral
coefficients can be 0), so they form a transcendence base of a real.closed sub-
field, which is unique, up to ISOIT]OI‘phISl’H since the subring and so the subfleld :
geﬂexated by the x,-s has a unique ordering.

Let X be embedded canonically in the real closed field K. If we have a
section in X, the left class of this section generates a great convex subring which -
clearly does not contain any element of the right class in X. Thus we have
to prove that all the great convex subrings can be obtained in such a way.
(This correspondence is trivially order-pTeservmg if the left class of the sectlon
© increases then the great convex subring will increase too).

Now we give a sharpening of Lemma 1 for the field K, which was obtained
. by a canonical embedding. Let u¢K, u0, and let u have the minimal poly- -
nomial 1+a2+ ...+ a2" over the field generated by X. These a;-s are quo-
tients of polynomlals of finite many x,-s. Then, according to Lemma 1, |u| has
a lower bound which is a quotient of polynomials with rational coefficients of .
these x,-s. This can be decreased, if in the denominator we write instead of
all x,-s the greatest one (if there is some x, there 1) and take moduli. The
numerator can be decreased, if we consider its greatest monomial, which we can
suppose to have coefficient 1; if there are N=1 other monomials with coeffi-
_cients at most M in modulus, we estimate them from above by 1/(2MN) times -
the greatest monomial. Thus lir] cannot be less than a rational multiple of a
product of powers of the x,-s. This can be decreased to obtain .either 1/n,
or 1/(nx, ); 1/(nx ) can be again decreased to 1/xT+! for some X,, and some
positive integers n, m.. Thus an element v a gebralc over some X,-s, is smaller
than some n, or than some xi. :

_The elements of X belonging to a given great convex subrmg,, learly, form

a left class of a section of X. Let us suppose that the considered great convex
subrmg contains an element ¥ not contained in the great convex subrmg, ge-
nerated by the left class of the corresponding (above mentioned) section in X
This element y is not algebraic over the left class of the section in X (see the
sharpening of Lemma 1, above final conclusion). However y is algebraic over .
a finite subset of X Xagr' + oy Xagp zﬁl, ..., 2 Where each x,, belongs to the left '
class of the section, and each zﬂ belongs to;the right class, "I=1, these elements
being written in increasing order of magnitude. If y™ would be greater - than
zg, for some positive integer n, then zﬁ would belong to the great convex subrmg,
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contrary to our supposition. Thus for every n y”<'zﬁ Also for every n x¢k<y
(if no x,, exists, for every n'n<y). The real closed field generated by Xupy o1y Xg
Zpy - ,zﬁl contains g, ..., Xay Vs gy - - ) 28p and clearly no -polynomial of
these with integral coefficients can vanish (rts sign being the sign of its greatest
monomial; also here is the meaning- of the greatest monomial clear). So y is
not algebrarc OVEr Xupy o ooy Xogy 25 - - . Thus we were lead to a contradiction,
which shows that any great convex subrrng is generated by the left class of a
section in X. -
For sake of completeness we present the proof of Lemmas 3 and 4.

- LeEmma 3. Let X be an ordered set and let X be the set of the sections_of X.
Then X determines X, that is, for ordered sets X, and X,, the isomorphy of X, and
X, implies the isomorphy of X, and X,.

Proor. For x€X let us consider the sections with left classes {y, y<ux}
and {y, y=x}. These form a jump in X. Conversely one easily sees any jump
in X is of such a form. Let' A and B be the left classes of two sections, forming
a jump, where Ac B. If B— A would contain two elements, x; and x,, where
X; =Xy, then Ac{y, y=x}c B that is, the sections with left classes A and B
would not form a jump in X. Thus B— A contains just one element x, and

B ={y,y=x}, A= {y,y=x}. Thus if for every jump in X we take the lower
sectlon, forming that jump, then the ordered set of these sections will be iso-
morphic to X. -

LEMMA 4. Let § be an infinife cardznalzz‘y Then the cardinality of non- iso-
morphic ordered sets of cardinality § is 26.

ProoF. On the one side, the cardinality of all relations of a set of cardinal-
ity B is 28. So e.g. the cardinality of non-isomorphic orderings is also at most
2%, So we have tofind 2¢ non-isomorphic orderings. Let {x}.<s be a well
ordered set (each « is an ordinal number). Let ¢(x,) be an arbitrary function,
assuming the values 0 aand 1. If p(x;) = 0, let us consider the symbols (x4, 1)
where n is an integer and if p(x,) = 1, we cousider the symbols x, (x,, 1), where
n is an integer. We order these symbo s in the following way. If «;<a,, the
symbols belonging to «, will be less than those belongrng to-ay, and for <,
we have (x,,n;)< (X, 71,), further for p(x;)=1 we have Xp=<(Xyy 1) for every in-
teger 11. :
¢ Let us suppose that for two functions @(x,) and yp(x,) the ordered sets X?
and Xv constructed above, are isomorphic. We shall show that ¢(x.)=w(x.)
for each «. Let X7 (X") denote the set of those elements of X¢ (X¥), which be-
long to indices less than a. We prove by transfinite induction that by an iso-
morphism X? and X? correspond.to eachother. For a=0 this is trivial. If «
is a limit ordinal and we know the statement for ordinals less than «, it will
follow trivially for «. If the statement is true for «, we shall prove it for a+1.
X% and X? correspond to eachother by the isomorphism,so X?— X% and Xv— XY,
too, correspond to eachother. Since X~ X?® and Xv— X? are isomorphic either
none of them or both have first elements, thus (X)) = w(xa) By omitting the
first -elements, if there Were such, the remaining subsets will be isomorphic.
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The elements (x,, 1) are characterised by the property that they are not preced-
ed by any subsequence of type w. So by the isomorphism they will correspond
to each other. If the isomorphic image of an element (x,, 1) is (X, n+c), where
cis an integer, then the same is true for all integers n, since the isomorphic images
of consecutive elements are consecutive. This means that also X%, and
X2, correspond to each other. This ends the proof by transfinite mductlon
Meanwhrle we obtained @(x)=v(x.) for every «.

There are 28 different functions ¢(x,), so there correspond to them 2/3 nomn-
isomorphic ordered sets X¢ of cardinality .

‘Proor of the theorem in the case if the transcendence degree of K is at
least w.

, By Lemma 3 the ordered set of the sectlons of an ordered set X determmes
the ordered set X. Thus if we embed two non-isomorphic ordered sets canonic-
ally in real closed fields-then by Lemma 2 the chains of the great convex subrings
in the two fields are not isomorphic, hence the fields are not isomorphic. By
Lemma 4, there are 2* non-isomorphic ordered sets of cardinality «, if a=ow.

. Thus there are also 2* non- isomorphic real closed fields of transcendence degree

o, if a=ow. B

CoroLLARY I. A real closed field of transcendence degree « can contain at
most Ces non- isomorphic real closed subfields of transcendence degree 8, where
B=a and C, is defined in the following way':

20 i w=f=a

1 if g=0

w if O<=f=a=o

1 if. O0=f=a=ow _
o if O<fB<=w<a<2®

120 it O<f=w=20=0.

These are the best results (i.e. Cys non-isomorphic ones can be contained).

For the case w=pf=« one has the stronger statement that there exists for
every a=0w a real closed field K, of transcendence degree «, having for.every 8,
w=pf=0, 2¢ non-isomorphic real closed subfields of transcendence degree f,

and for y=o K, is embeddable in K,.

Proor. Consider first the case w=f=a. Let X° be the set XT of cardmahty
« of Lemma 4, where ¢ is identically .1. We embed it canonically in a real closed
field K°. For another function ¢, X? is embeddable in X9 so the elements of
K?°, algebraic over X%, will form a real closed subfield, in which X¢ is embedded
canonically (by the definition of canenical embedding). In the same way, since
the above X of cardinality « contains the similarly constructed set of cardinality
8, the field K° constructed above, contains the similarly constructed field of
transcendence degree §. This is the best result, since there are 2# non-isomorphic
real closed fields of transcendence degree g. '

Now let 0<f<a=w. Let K be a real closed subfield of the real numbers
 of transcendence degree « and X, : .., Xs Xp+; algebraically independent-ele-
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ments- in K. Let 1 be any rational number. Let K, be the real clo-
sed subfield of K with transcendence base X;, ..., Xg—; and Xz+2AXs4q.
We shall prove that. these K,-s for® different A-s are different; - and
different real closed subfields of the real numbers are non-isomorphic by the proof-
of the first part of Theorem 5. We show that for A= u KidXg+ puxg,,. If this
would not be-so, x;, ..., X1, X+ AXp1y, Xg+ uXpy, Would be algebraically de-
_pendent, S0 Xy, ..., Xg—q, Xg, Xg+1 t00, Which is not true.-On the other hand a ..
real closed field of transcendence degree « has cardinality w, and a real closed
subfield of transcendence degree § can be given by a transcendence base, which
in turn can be chosen in w different ways.
For the remaining cases a similar reasoning can be used.
It is known that there exist real closed fields.of arbitrary infinite cofmallty
type (cofinality type of its ordering) see [4].

CoroOLLARY 2. There exist real closed fields of any given mfmlte cofinality
type and transcendence degree, the transcendence degree being not less than the
cofinality type, and also of cofinality type « and any finite transcendence
- degree. Clearly these are all the possibilities concerning the cofinality type and
the transcendence degree.

These yield examples of ordered sets where all the elements have a g1ven
character, and the set has any given cardinality which is not less than the cha-
racter. (The character of a pomt is the minimal cardinality of a set of open
intervals whose intersection is that point.)

Proor. There are no other possibilities, because the cofinality type is not
greater than the cardinality. Among the real closed subfields of the field of real
numbers there are some, having cofinality type o and any given finite transc-
endence degree. If we want to construct real closed fields of given infinite
cofinality type and transcendence degree, we note that if a set X is embedded
canonically in a real closed field K, the transcendence degree of K is | X|, and
the cofinality type of K is the cofinality type of X, if this is infinite, and w,
if this'is 1 or 0. This is easily obtained from the mequalltles in Lemma 2, at the
sharpenmg of Lemma 1.

6. Construction of all i'eai closed fields

The aim of this section is to construct all real closed fields. The constructed-
fields are not in a one to one correspondence to all the real closed fields, the
construction gives isomorphic real closed fields a large number of times.

THEOREM 6. We can construct any real closed fzeld K of transcendence degree
a in the following way. We take indeterminates {Xglp<., «, f are ordinals |«|=a,
- where we can suppose « to be the minimal ordinal of its cardinality. We define real
closed fields Kg, for B=o by transfinite induction. Let K, denole the field of real
~algebraic numbers. If =y -+ 1, we consider K,, and in it a section (that is, a parti-
tion of its elements info a left class, and a right class, one of which may be empty ).
We order K, U {x,} so, that this section in K, should be-the section {x, x<X,},
{x, x =x,}. Then K,[x,] can be ordered in a unique way, extending the ordering of



© 46 - MAKALI, E. jr..

- K,U{x,} therefrom the ordering can be uniquely extended to K,(x,), and further
to zts real closure, which we denote by KM1 Ifpisa lzmu‘ ordinal, then Kg= U K,.
Finally let K=K,. r<§

Moreover, this process- yields real closed fields, also in the case if o is not
restricted to be a minimal ordinal of its cardinality, and if in every K the section
is chosen arbifrarily. .

"Proor. Let K be a real closed f1e1d and {xg}s<. a transcendence base of
it, where 8, « are ordinals. The real closure of a subfield of K is the set of ele-
ments, algebraic over the subfield (see the first part of the proof of Theorem 5,

~at mtroducmg the field L(B)). For B=ua, let K; denote the real closed subfield -
of K generated by {x,},25. Let B=»%+1, then K,,, =K, is the real closure of
K (x,). x, defines a section of K. If we want to determine the sign of an element
of K,[x ] which. isapolynomial of x, over K,, we decompose it over K, in irre-
ducible factors. Those of second degree are of the form (x,—a)*+0% a, beK,,
b0, they must be positive, and the sign of an irreducible polynomial of first
degree is given, if only we know what a section of K, corresponds to x,. Hence,
if we know, what a section of K corresponds to x,, then also the 'ordering of -
y(x,,) is given, and also of its real closure, K, ... If §is.a 11m1t ordinal, then
Kg=
. LEMMA. If K is a real closed fzeld and we consider a section of it, and we have
an additional symbol x, then the ordering of K U {x} such that the sectwn in K
corresponding fo x (that is {y, y<x}, {¥, y=x}) is the originally given section can
be extended to an ordering of K[x] in a unique way.

[t is known that the ordering can be uniquely extended to the quotient
field, and to its real closure. We call the real closure of K(x) a transcendental
extensmn of K, corresponding to-the section in K.

PROOF Let f be a non-zero polynomial over K. In order to decide the gign
of f(x), we decompose fin irreducible factors over K, f(x) a]I[(x—b )2+ il lI(x—

—d,). Clearly we have to define f(x) positive, if a=0, andf has an even number :
of roots d, in the right. class of the section, or if a<0, and f has an odd number
of roots in the right class of the section and we have to define f(x) negative in the
opposite cases. Thus, if f(x) and g(x) are positive, f(x)g(x) is clearly positive.
We prove that if f(x)>0 g(x)=0, then f(x)+g(x)>0. If the right class of the
section is empty, then f(x) has the sign of its leading coefficient, this is clearly
an ordering. Otherwise there exists a ¢, in the right class, such that all the roots
of f, g and f+g in the right class are greater than or equal to ¢. Considering the
_ definition of the sign off(x) 2(x), f(x)+g(x), we can suppose f and g have 1o com-
mon roots, since an omission of common factors and an eventual multlphcatlon
by —1 preserves all the signs. So it suffices to prove the statement in this case.
If f(x) is positive, whatever the sign of the leading coefficient f(c)=0, and if
1(c)=0, then f(x) is positive, as one easily sees from the definition of the positiv-
ity. The same holds for g and f-+g. Thus if f(x), g(x) are positive, f(c)=0, g(c) =0
s0 f(¢)+g(c)=0, since f and g have no common roots. Hence f(x)+g(x) is positive.
Now we prove, by using transfinite induction, that the process of the theo-
rem always ylelds real closed f1e1ds For non-limit ordinals we apply the Iemma
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K,+, being a transcendental extension of K, correspondmg to some sectlon
For limit ordinals we observe that the union of a set of real closed fields {Ke}pur

for whlch y=f implies K, S Kﬁ, is real closed. For any x¢ U Ky x belongs namely
B<o

to some Kp, and the same K, contains either Vx or Y—x. On the other hand,
any polynomial of odd degree has its coefficients in some KV, and therefore has
“a root in some K, - :

Note. The description of real closed fields will be a one to one description,
if we consider real closed fields together with a transcendence base. Real closed
fields having transcendence base {xg}s. are in a one to one correspondence
~on the one hand with the orderings of quotients of polynomials with integral
coefficients, of indeterminates {Xs}s<., on the other hand with the orderings of
polynomials with integral coefficients -of indeterminates {x;};<.. So we obtained -
a one. to one description of these.

CoroLLary 1. For any set of real closed f1e1ds {Kg}p<o (B, o are ordmals)
there exists a real closed field, in which all the fields K, can be embedded, and
the transcendence degree of’ whlch is at most the sum of the transcendence
degrees of the fields K. We mention the special case ¢ when the fields K are
the set of all real closed. fields of a given transcendence degree.

~ Proor. Let a transcendence base in Ky be {xj},<ye. We define the flelds
Lg by transfinite induction. If y=<p, K, can be embedded in Ly L, is the field
of real algebraic numbers. If 8 is a limit ordinal, Ly = U La, and if f=0-+1,

we define Lyyy by transfinite induction. Let us construct the field - K from its
© transcendence base {x}}, as'in theorem 6, that is by transcendental extensions
corrésponding to some sections. Further we define the fields L3 L will contain
a subfield isomorphic to the real closed subfield of K, generated by {xi},<..
. More precisely, there exist in Ly, ; elements {y}}, <, such that the real closed
subfield given above, is generated by {y45}y<5, and the 1somorphlsm is given by
mappmg the elements x5 to the elements y;. Let L3=L,. If & is a limit ordinal,
then Lj = U L3 If e=yp+1, L} contains a real closed subfield, generated by

AY3t<ys 1somorphlc- to the real closed subfield of K, generated by {x3},<,.
In this subfield there is a section, the isomorphic image by the above given
isomorphism of the section of the real closed subfield of K, generated by
{xD,<,, corresponding to x}. If there is an element in L} greater than any ele-
ment of the left class and less than any element of the right class of this section,
we make to. correspond such an element yj to.x}, and put- LY=Lj*+1 =L;. If
there is not such an element, then we make a transcendental extension corres-
ponding to this section of L}, the extending element will be y% In this case
we shall denote this extension by Lj+!.= Ls Let us denote Li® by Ls,;.
Clearly the field L, has the property required in Corollary 1.

It is known that the only ordered field, complete in the ordermg, is the fietd
of real numbers.

CorOLLARY 2. For every cardinality « there exists a real closed field, differ-
ent from the field of real numbers, such that if there are intervals [ag, bg] for
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ordinals |8 <«, where f<y lmplies las, b5] 2 [a,, b,], then. the intersection
of these intervals.is not empty." o . ' T

- Proor. We define by transfinite induction the real closed fields K, for
every ordinal B. Let K, denote the field of real algebraic numbers. If p=y+1
we obtain K, from K, as follows. We consider all the sections of K,. We make’
transcendental extenswns transfinitely, till for every section of K, there exists’
an element of the extension field, which is greater than any e ement of the.left
class and less than any element of the right ciass: This can be made, if we con-
sider in every step a section of K,, for which there does not exist an element in
the extension field, greater than any element of the left class, and less than any
element of the right class. That is there exists a section of the extension field,
such that the transcendental extension corresponding to this section with an
element a is such that @ is greater than any element of the left class and less
than any element of the right class of the section in K,. We make the transcen-
dental extension by this a. The number of steps necessary to obtain K1 from
‘K, is at most the number of the sections of K,, at most 2/%». If g is a limit
ordmal Kg = U K,. (It follows from Theorem 6 that one can embed in Kj

any real closed f1eld of transcendence degree at most |8]). The transcendence-
degree of K, can be estimated by a y(f), which-is defined as follows: y(1) equals
to contmuum, pla+1) = 2¢@, and if § i is a. limit ordinal, () = Ezp(a)

Let ot denote the least ordinal havmg a cardinality greater than . Then
the above constructed K.+ has the required property. Let us have intervals
[as, bs], for |B|=a, such that f<y implies [a;, bs]2 [a,, b,]. K.+ is the union
- of fields K,, y<a®*, thus there exists a K,, which contains all ag, bgs, so
K, 4, contains an element which is greater than any ap and less than any b;.

A field, having this property, has a cardinality greater than e, since it can
not be complete in its ordering.

PROBLEM 2. What is the minimal transcendence degree of a real closed
. field, which has the property of case ¢ of Corollary 1, and that mentroned in
Corollary 2, respectively.

- The answer is for the first of these questions: for «=0itis 0, for 1<oc<a)
it is continuum. (For a=w it is presumably 2¢). ‘

In the case 1 =oa=c we have to consider only that in such a field for. every
section of the rational numbers, — where the left class has no greatest and the _
right class has no least element, and none of these classes is empty, — there .
must be an element of the field, which is greater than any element of the left
class and less than any element of the right class. This shows that the cardi-
nality, and so also the transcendence degree must be at least continuum. One
can see easily that the transcendental extension of the field of real numbers
corresponding-to some section’is the minimal real closed field, containing all
the real closed fields of transcendence degree 1.

NotE. In general, for an ordered field K it has no sense to speak about an
extension K(x), the element x corresponding to some section, (i.e. {y, Y€K,
-y <x} is given), since it is not unique, even if required to be transcendental.
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7. Large subfields in algebraically closed fields

The aim of this section is to construct fields, neither algebraically nor real
closed, which are near to their algebralc closure. Examples of such fields are
known and the method to obtain these is to seek fields with maximality pro-
perties, for instance, maximal fields, not containing given elements. :

If K is a field, let K* denote its closure with respect to solvability of equa-
tions of second degree that is, the minimal field in the algebraic closure .of K,
containing K, over which every polynomial of second degree is a product of
- linear factors, or, which is the same, every element has a square-root.

Construction of K*. Clearly, K* = TJKn, where K=K and K., is the field
n=0"

generated by the square-roots of the elements of K,,. Any element of K* isin a
finite extension Kj of K, such, that there exist fields K=KjcKic...cKj,
741 being a second degree extension of Kj.

One has to prove only that these elements, clearly belonging to K*, form .
a field, since their square-roots are obviously also such elements. One has to
prove that if K; and K, are extensions of K, K= K{c...cK}], K=
= Kgc...Cc K}, where KlJrl and K74, are some second degree extensmns
of K; and K, respectively, then the extension generated by K] and K, can
be obtained by second degree extensions in a similar way. Let x, be a generat-
-ing element of the extension Kj,|K}, for i = 1,...,I. We adjoin to K,
X1y Xay - . -0y X, After having adjoined x;, the extension field will contain K},
and any of these extensions has degree at most 2. By the last extension we ob-
tain the extension generated by Kj and K7,.

The same can be told aboiit the closure of a field with respect to solvabil-
ity of n-th degree equations, that is; the minimal extension, over which every
n-th degree polynomial is a product of linear factors.

For a field K let S(K) denote the set of degrees of the finite extensions of K.
It is known (see [5]) that if S(K) is finite and not {1}, then it is {1, 2}, and K
" is real closed. One can ask the followmg

ProsLEM 3. How small should S(K) be in order toa assure that K be algebra-
ically or real closed?

If the number of integers less than n in S(K) is o(log n), does this suffice?
e-log n does not, see [8], where it is shown that any multlphcatlve subsemi-
group of the natural riumbers, generated by a set of primes, can occur as
S(K)—{1).

By the exact repetition of a proof of Artin—Schreier, we prove the follow-
ing

PropositionN 7.1. If for a field L .S(L)~{7} contains only multiples of 2,
then L* is algebraically closed. More generally, if S(L)—{1} contains only multi-

" ples-of a przme p then the closure of L with resepct to the solvability of equations of
p-th degree is algebraically closed.

ProoF. We confine ourselves for the case p=2. Let fbe a polynomla-l over L,
‘We shall show that it has a root in L*; this proves that L* is algebraically clos-
ed. Let gr f=2%.1, | being an odd number. If k=0, f has a root in L, by the

4 ANNALES - Sectio Mathematica, Tom., XIII,
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condition. We apply induction on k. Denoting the roots of f by x,, ..., x,
and considering the elements cx;x;+ (x;+x;) for some c€ L, and i 5], the number
of these is 2¥~1.[’, where I is an odd number. These are the roots of a polynomial
g over L (since the coefficients are symmetrical polynomials of the X;-s). By
the induction hypothesis some XX+ (X4 X)) belongs to L*, the pair i, j de-
pending on ¢. If ¢ assumes sufficiently many values then for two differ ent ele-
ments ¢ and the same pair i, j we have cx;x;+(x; +xJ)EL* hence x;x;€L*,
X; +x;€ L% Thus x;€ L*, x; eL* :

ProposiTiON 7.2. If L* is algebraically closed, then S(L) contains only powers
" of 2. More generally, if the closure of L with respect to the solvability of equatzons
of n-th degree is algebraically closed then S(L) contains only such integers, all prime

" factors of which.are at most n. :

Proor. We shall confine ourselves for the case n=2. In fact we prove that
the degrees of the finite extensions of L in L* are powers of 2. For any element
x of L* there exist fields L,, L=L,cL,c...cL,, such that x¢L,, and for .
i=1,...., k L;]L;_, has degree 2. l.e. L,|L has degree 2%, and thus the degree
of the extension L(x) over L which is the degree of the minimal polynomial of x,
is a power of 2.

From these two propositions one sees that the followmg two statements
are equivalent: L* is algebraically closed and that S(L) contains only powers of 2.

Prorosition 7.3. If S(L)—{7} contains only multiples of a prime p, then
it contains only powers of p. Thus, for instance, it can not contain only multiples
of a product of two different primes, unless if is empty.

.Proor. If the degree of an extension would be p"-m, where pfm, m=1,
the normal extension generated by it would have degree p'-n, p{n, n=1. The
Galois group of the normal extension has.a Sylow subgroup of order pt, the
intermediate field correspondmg to this would be an n-th degree extension of
L, where pin.

Then the Galois grotip is solvable, that is any equation can be solved by
radicals. If a primitive p-th root of unity belongs to L, any element of the al-
gebraic closure of L can be obtained by adjoining finite many times roots of
irreducible binomials of p-th dégree, as it is well known from the Galois theory.

Although this is known, we mention that S(L)={1}, S(L)={1, 2},
S(LY= {p™}5 =1 for some prime p, unphes S(Ly={p"}, this can be proved by con-
sidering Sylow type subgroups in Galois groups of finite normal extensions

(cf. [8]).

PROPOSITION 7.4. There exist formally real [fields K of any given franscendence ’
degree, not real closed, such z‘haz‘ K* is algebralcally closed, that is S(K) confains
only powers of 2.

Proor. Let K' and K? be real closed fields,. having the same algeb-
raic closure, K a common subfield of them, such that K* and K2 have
no isomorphism, acting on K as identity. We can obtain such fields
K for instance by considering the quotiénts’ ef polynomials with
rational coefficients of « indeterminates («=0 is a cardinality) and
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adjoining to this an element y, for instance V2, such that neither y nor —y
is a sum of squares. Adjoining to K either Yy or ¥ —y, we have still formally
real fields which can be embedded in real closed fields K* and K2, algebralc
over them. The sign of y is different in K* and K2 so these fields have no iso-
morphism acting on K as.the identity. However, similarly, as in section 4 there
exists a maximal triple {L*, @, L%}, L, L? are subfields of K%, K2, ¢ is an iso-
morphism of L* to L? (algebraic isomorphism, not order isomorphism, as in sec-
tion 4) acting on K as the identity. Polynomials over L* and L2 of odd degree
have roots in L! and L% They have namely roots respectively in K* and K2,
and in case L' and L? would not contain any of them, by adjoining one of them
“to LY, and L2 respectively the isomorphism ¢ could be extended.

REMARK. In the same way one sees that if K%, K?are fields with S(KY)={p"},
S(K*)<{p"} then for maximal isomorphic subfields L'CK?, L*CK? one has
S(LH=S(LH<{p")- '

ProBLEM 4. If for a set of primes {¢;} S(K)—{1} contains only multlples of
these ¢;-s, is every s€S(K) a product of some of these ¢;-s? :

REMARK. One can easily construct fields K of any given transcendence
degree, not algebraically closed, such that S(K) does not contain 2, 3, n,
n is a given integer.

ProBLEM 5. If every finite normal extension of a field K (Wthh we may
suppose to contam the field of real algebraic numbers) strictly containing K(i),

contains a Va for some qu, ~ Q is a set of prlmes a€ K is a transcendental

element, and for ¢€Q we have ]/a&K — does this 1mp1y, that all finite extensions
of K(i) are normal- (or, that they are commutative?)

If the answer would be affirmative, one could eonstruct fields K, for which
S(K) consists of those natural numbers, which have the form IIg*: or 2]](]"‘1
where ¢;€Q. (K would be orderable.)

Namely, let K be an ordered field contammg the real algebralc numbers,

contammg a transcendental element a, and not containing ]/a for geQ (such a
. field exists, for instance, a pure transcendental extension of a real closed field,
by an element a, ordered in some way), and let K be maximal with respect to
these properties in its algebraic closure. (Inclusion between ordered fields is
understood so: K, S K, and the ordering of K, is a continuation of the ordering
of K;). Let N be a normal extension of K, Kc K(i)c N (K(i)#N). Let the Ga-
lois grotip of the extension N|K be I'. If the order of I' is not a power of 2,
let IV be a 2-Sylow subgroup of I'. The corresponding intermediate field is K".
The degree of the extension K’|K is odd and greater than 1. Thus K’ can be
ordered, contmumg the ordermg of K, thus because of the maximality proper

ty of K, we have K’aVa, for some ¢¢Q, thus also NaVa If I" is a 2-group,
then there is an intermediate field K’, K< K(i)c K’, such that the exten-

4%
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sion K’| K(i) is of degree 2. Thus K’'= [K(i)] ‘(Va+bi),' for some a, b€ K. Since
' / 21 p2 —giVarLp2
Va+ib = ]/‘itV;’ b +iV—&_—‘a+‘;" T eria

where c-d = b/2, there is an intermediate field K”:K(c) KcK'CN, (N
_being a normal extension, contains both ¢+ id and ¢c— id). But K”can be ordered,

contmumg the ordering of K, thus for some ¢€Q we have VaeK” thus

l/aeN ‘
‘Hence it follows that any finite normal extension of K, strlctly containing

K(z), contains a Va for some qu 1f every extension of K(z) would contain a
'Va for some ¢€Q, it would follow, as in [8], that ail fmlte extensmns of K(i)

are of the form [K(7)] (Va), for some n all prime factors of n belonging to Q.

ProsLEM 6. Let f(K) denote the minimal integer n (if it exists), such that
x3+...+x% = —1is solvable in the field K. Let K be maximal in its algebraic
closure, having prescribed f(K). What can be told about K and S(K)? (f(K) can
be an arbltrary power of 2, and has to be a power of 2 see [7]). For n=2,
S(K)={2"}. :

8. Automorphisrﬁs of real closed fields .

- We begin this section with

PRrROBLEM 7. What characterises the automorphlsm groups of real closed
fields?

MEeTHOD for obtaining the automorphlsms of a real closed field. We call
two transcendence bases of a real closed field equivalent if the subrings generat-
ed by them are order-isomorphic and by this isomorphism one transcendence
base is mapped on the other. In this case this order-isomorphism can be extended
to an automorphism of the real closed field. Thus two transcendence bases are
. equivalent, if and only if there exists an automorphism mapping one onto the

other. Thus the automorphisms correspond to an equivalence class of tran-
scendence bases. Hence there exists a one to one cofrespondence also between
any two equivalence classes, since both correspond in a one to one way to the
" set of the automorphisms.

We prove the following

PROPOSITION 8.1. There exists a real closed fzeld of any given franscendernce
degree, such that it has an aqufomorphism by which only the real algebraic numbers
are fixed.

The real algebraic numbers are fixed by all automorphisms, since the image
of an algebraic number is algebraic and by section 4, the real algebraic numbers
have only one automorphism (an automorphism acts on the rational numbers
as identity).
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Proor. Let X={x;} be an ordered set. We embed it canonically in a real
closed field K (see section 5, Lemma 2) Let n, be an arbitrary set of integers
greater than one. The mapping x,—x;* can be extended to an order-isomorph-
ism of the rings, generated by {x,} and {x;*} and therefrom to K. To an element
of K we let correspond the coefficients of its minimal polynomial with leading
coefficient 1, over the field, generated by X. If the element is not algebraic,
these coeff1c1ents are not all rat10na1 but contain x;-s, which are mapped on the
xy*s. So the coefficients of the minimal polynomial are not fixed as is easily
seen thus the element cannot be either.

A real closed field of transcendence degree a=w can have clearly at most
2« automorphisms. 1f O0<a<w, the cardinality of the field is @ and the auto-
morphism is given by the images of the elements of a transcendence base thus
there can be at most w automorphisms. Finally, if «=0, then there is only one
automorphism. Summing up, in any case there can be at most w* automorphisms.

ProrosiTION 8.2. For any cardinality o there exzsts a field oftranscendence
- degree «, having w* automorphisms.

Proor. by .the above construction.

PROBLEM 8. At least how many automorphisms must have a real closed
field of transcendence degree o? Is it true that if there is only one automorphlsm
-the field is a subfield of the field of the real numbers?

If a=2, it may occur that the field has only one automorphism because
it may be a subfield of the field of real numbers.

9. Complete real closed fields

. TorPoLOGY ON ORDERED FIELDS. Let K be an ordered field. We consider K
as a.topological space with its order-topology (that is its base consists of the
open intervals). We make to correspond the field K(i) to KX K, in the way that
for elements x, ¥ of K, let x+iy correspond the pair (x, y). We shall consider
K() havmg the product topology. For x, yeK let |x+iy| denote Vx24y2.

Thus 2,0 is equivalent to |z,|~0. Further both of these fields are topological
fields, a direct calculation shows the required continuity of the algebralc opera-
tions. :

LEMMA. Let K be a real closed field and let us have a polynomial f(2) =
= 2,2 L ag over K(§). If the moduli of the coefficients ay, . .., d,—,
are bounded, the roots are uniformly continuous functions of the coefficients.

As in the elementary algebra, for polynomials f; and f,-of the above form,
whose coefficients are differing little, one establishes a one by one correspond-
ence among the roots of f, and f,, the corresponding roots differing little.

COMPLETION OF ORDERED FIELDS. Let K be an ordered field. This field can
be completed. This completion can be made by attaching‘limit-slements tQ
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Cauchy-sequences (of which we can suppose to be well ordered, in the ordering
of K). A Cauchy-sequence is a set of elements {x,}.<s, where «, 8 are ordinals,
f is arbitrary, such that |x,—x,| -0, if min (e, y)—§. The completion is complete
that is every Catichy-sequence in the completion converges. If K is complete
then K(i) is also complete. We shall denote the completion of K by CK; this is
again an ordered field embedded in the order-completion of K. We shall denote
the real closure of K by RK. A Cauchy-sequence in K is a Cauchy-sequence in
RK too. This follows, similarly, as in Lemma 1 of section 5, by estimating the
modulus of a non-zero root of a polynomial from below, by its coefficients.

We raise the questions: how can we obtain all the complete real closed fields
and whether any ordered field can be embedded into a minimal complete real
closed field. ‘

TueorREM 9.1. If K is real closed, CK is also real closed.

Proor. Let us consider RCRK(i) (this is the field obtained from RCRK
by adjunction of {). RCRK has as subfields CRK and RCK, since the completion
of RK contains the completion of K, because a Cauchy-sequence in K is a
Cauchy-sequence also in RK. By the above lemma we have, for any ordered
field K RCK({))SCRK(i). (Clearly theelements of RCK(7) are the roots of poly-
nomials over C(K). If feCK|x] there exist polynomials f,€ K[x] the coefficients
- of which tend to the corresponding coefficients of f, and thus the roots of the f.-s,
belonging to RK(i), tend to the roots of f.)

Now, if for two ordered fields L, M we have L& M, then L()nM=L,
since LS L({yn MCSL(i), and L(i) mM does not contain i.

Now we consider the fields RCK(i) and CRK(i), the first being a subfield
of the second. By taking the intersection of these and of RCRK, we obtain
RCK and CRK, respectively and from the above inclusion we have RCK < CRK.
If K is real closed, that is K=RK, then RCRK SCRK, that is RCRK=CRK,
hence CRK is real closed.

- CoroLLARY. We can obtain the set of all real closed complete fields by tak-
ing the completions of all real closed fields. Any ordered field K can be embedded
into a complete real closed field, for instance into CRK.

We have to observe only that the completion of a complete real closed
field is itself.

Presumably not all complete real closed fields containing K contain also
CRK. : '
Earlier it was known (see [9]) that if K is real closed then the completion
of K(i) is algebraically closed. This completion is CK(i).

Now we ask the questions: when is an ordered field K dense in RK, and
when is CK real closed. We observe that if CK is real closed then KSRK<SCK,
that is K is dense in RK. (The field of rational num