
























































































































































52 CSASZAR, A,

eindeatig bestinunte linksinvariante halbuniforme Strukfur mil derselben
Eigenschaft; aus dieser hatbuniformen Strukiur leitel man aueh § ab,

Bewess. (3.3) und (3.20). |

(5.15) Es sei u eine linksinvarianie Hiillenoperation auf E. Dic folgen-
dent Aussagen sind gleichvertip:

(a) u ist p-imvarignt,

(b) u {dpi sich sowolil aus einer linksperfekien als auch aus einer rechis-
perfeliten verafigemeinerien Naclibarschafisstruktur ableifen,

(c) u {dpt sich sowohl aus einer linksinvarianfen als anch aus einer
recitsinvarianten hafbuniformen Strukfur ableifen.

Beweis. (3.22). 1

(5.16) Eine linksperfekte verallgemeinerte Nachbarschaftssirukiur auf
E ist genau dann p-invariunt, wenn sie recliisperfekt isi.

BewEls. (3.3) und (3.23). |

(5.17) Eine Linksinvariante hatbuniforme Strukfur auf E ist genau dann
p-stetig, wenm sie rechisinvariant ist,

BewEs. (3.3) und (3.24). |

(3.18) [st eine Hillenoperation u auf E nudliplikationssietig und o-
invariant, so falit w(Xy fiir Xc E mit der abgeschiossenen Hiifle von X in
bezug auf eine kiassische Topologie ® zusamunen, so daff [E, (¥] eine fopolo-
gische Gruppe isf. 11

Bewers. [3], (4.8) und (3.26). 1

(3.19) Eine hatbuniforme Struktur auf E st genau dann mulfiplika-
tionsstetig und p-stetig, wenn sie einer {ranstationsinvarianten uniformen
Struktur dguivalent ist,

Beweis. (3.3) und (3.28). |
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I [3] wurden unter anderem die ?-stetigen Ordnungsstrokturen auf
einer Gruppe untersucht. Dic Aufgabe dieses Aufsatzes ist die Unter-
suchung der f-stetigen Ordnungsstrukturen. Ahnlich wie die ”-Stetig-
keit hiat auch die ‘-Stetigkeit eine Reihe weiterer Eigenschafien zur Folge.

Es sei wie hisher E eine Gruppe mit Einselement ¢, # bezeichne cine
(voridufig belichige) Ordnungsstroktur auf £, und = sei eine Filterschar
(d.h. Z ist ein System von Fiitern W in £ mit ee & fiir Jell und mit der
Eigensohnft, daB es zu 1, 1,€ = einen Filter ;¢ £ gibt mit 10, 11, < 11,).
Wir setzen noch

0 A<, BeAVCB (A, BCE, ¢ VCE),
) cyp=Uf=<g: Uell)  (Ued),
(3) Rz ={=y : UcE},

@ = Ul : e =),

(5) Ry, ={=y : Uell}.

Wir wissen, dall =, fiir e€ V< I eine linksinvariante, biperfekte topogene
Ordnung ist (|27, (1.1}, und %z ist eine linkshiperfekte Ordnungsstruk-
tar {j2], (3.18)). Offenbar ist 1L, ein Filter aus ¢ enthaltenden Mengen, so
daB 2y nach [2]. (1.6) eine linksinvariante, biperfekie Ordnungsstruktur
ist.

Aus der Formel

(6) A=*BeVACB (e VCE)

erhilt man analogerweise die dualen Begriffe <y, RE und @5
I i,
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Mit der Bezeichnung
N W(=)={U:e=L"}
ist (<) nach [3], (L.1) .ein Filter, und
(8) E(R)={ll(<) : <€R)
ist cine Filterschar im obigen Sinne. Wir setzen noch
(9) U(R)y=U{l : e E(R)}.

Es wird sich herausstellen, daf die -Stetigkeit von Ordoungsstruktu-
ren in engem Zusammenhang mii dem Begriff der Totalbeschrinktheit
steht. Wir fithren hier nur eing der gleichwertigen Definitionen der total
beschrankten syutopogenen Struktur auf. Fir cine topogene Ordnung
< auf einer Menge E sei (=) das Systent der Teilmengen P E mit der
Eigenschaft

A=B, ANP=0N=PcB.

Nun heiBt eine syntopogene Strukiur & auf £ total beschrinkt, wenn es
fiir <¢d eine endliche Darstellung

E=UP,
1

gibt mit PeP(=) (i=1, ..., 7} (s. [4], (19.17)).

1. Charakterisierung der '-stetigen Ordnungsstrukturen

Wir zeigent , dabB die -Stetigkeit cine ziemlich starke Voraussetzung ist,
di¢ viele weitere Eigenschaften mit sich ziehf.

(1.1) Ist @ eine !-stetipe Ordnungsstrukiur, so erfiilif die Filterschar
E=E(R) die Bedingungen:

(1.2) Zu We B gibt es W, e E mil der Eigenschaft, daf fiir UcW immer
U, e, existiert mit Uic U,

(1.3) Zu Ue 2 gibt es W, € Z mit der Eigenschaft, duf$ fiir Ucll immner
U e, existiert mit UycxUx—1 (xeE).

Bemerkuxe. (1.2) fallt mit [3], (1.10) zusammen, und (1.3) hat die
Bedingung [3], (1.16) zur Folge.

BEwEIS. Zu U=U(<=)e Z(R) (< e®) sei U =1{<=,) eZ(R) (<,eR)
mit

.—:—1(<)c¢:1)(<1
gewihlt (vgl. [1], (4.9)). Fiir Ucll gilt dann wegen e< U die Beziehung
(¢, e)em=1(e) (=, X =)z~ '(U),
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(LI es gibt Mengen C, D, ¢, I mit
(¢, )eCx D, XD ca-(U), C<= 07, D=, D",
Wir setzen U =C"ND’. Dann hat man
eeCND=C'ND'=U),
also U ¢y, und

le '{j1CC’XD’C3_l(U),
=0
Ui=x(U,xUpcU.

Es sei jetzt 27 1 EXEXE~FE durch
(X, v, 2) = a(x(x, y), &) = xyz

erklart., Aos der (R X%, ®)y-Stetigkeit von = und [4], (10.7). (114 und
(11.15) folgt, daB =" (R XRXR, R)-stetig ist. Zu M =1{<)e E(L) (= £0)
sei nun Wy =0(= )¢ Z(®) mit ciner solchen Ordnung =, <% gewihit, daid

:‘5"’1(-::)(:‘:1)(.{])(4:1.

Dann gilt fitr Uell wegen e=U
:-'.':"‘1({’) (-—-:lX ) X «:1)?('_I(U).
Ls sci
A={(x"?,¢,X) : x¢ EJc EXEXE,
Aus Aca"~1(e) Tolgt nun nach [4]. (L1.10)
I ]
AC U (B;XCXD), UBXCIXDYCa—\(U),
i 1
Bi<=,B;, C;=\Cl, D;=,D; (i=1,,..,1)
mit geeigneten Mengen B, C;, D, B}, C;, D}, und man kann
A'W(BJXCI'XD‘):U (f:[, ...,”)
annelimen. Daraos folgt eeCy-= C] fiir i=1, ..., 1, somit
h
e=U;=NC;, Ul
1

Fiir x¢ £ gilt daon (x—7, ¢, x)¢ A, also

x-¢B,c B, xcD;cDy;
fiir ein geeignetes i, d.h.

- XU CBICID! = a/(BixCixX D) c U,

und U, Cxlx-1 ]
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Ein¢ weitere wichtige Folgerung aus der -Steiigkeit ist die folgende;

(1.4) Ist R ‘-stetig, so ist Ry () eine folal beschrankte, linksinvariante,
biperfekie synfopogene Struktur.

Beweis. Wir wissen, daB ) (%) eine linksinvariante, biperfekte
Ordnungsstruktur ist. Sie ist auch idempotent, denn =(®@) erfiiilt (1.2)
nach (1.1}, und daraus folgt fiir 1, =11,("@) die Bedingung

(1.5) Zu Uellygibl es U ey mit U3 U,
Das ist aber genau [2], (1.16), so daid nran [2], (1.153) anwenden darf,
Um noch einzusehen, daB @y total beschrinkt ist, sei =,€®

mit Uel, (@) gegeben, also Uglle E"(CQ), U=(=), =e®. Zu = gibt es
eine Ordnung -, €% mit

(<) C =<y Xy,
so dald

21(e) (=, X =) (U)

aus e<U folgt. Es gibt also Mcugen A; B, A], B} mit

n H
5= U(AX B, UAiX B)ca=yU),

Ap< Al Bi< B, (i=1,...,1).
Wir setzen
P=A7'NB; (i=1,...,m)

und zeigen

L]
E=UP, Pe%P(<y) (i=1, ..., n)
1

Fiir xe £ existiert wegen (x—!, x)em—Y(e) tatsichlich ein i mit (x-1, x)¢
€AX B, dh xe A—"NB,=P,. Ist andererseits C<,D und CNP, =9,
z. B. xeCNP,, so gilt fiir yeP,= A, 7N B,

Yy=Xx(x")eXAB,cxAB] = xa(A{X B))cxUcCUcD,

also P, D, sobald CNP, 40, Das ergibt 2,¢ P(=,). |

Als eine gewisse Art von Umkehrung kénnen wir beweisen:

(1.6} Erfilit eine Filterschar = (1.2) und (1.3), und ist Ry, folal be-
schrdnkt, se ist K= eine -sietige Hnksbiperfekte symtopogene Struktur,

BEwEIS, Aus [2], (3.18) siehit man, dab %= eine linkshiperfekte Ord-
nungsstruktur ist, und [3), (1.9) zeigt, daB dieselbe auch idempotent ist.
Weiterhin erfiilit 1, (1.5),s0 daB @y, nach [2], (1.15) eine syntopogene
Struktur ist (damit ist die Annahme iiber 2y gecechtfertigt).
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Zu Ne = sei jetzt W e Z gemidB (1.2), zu 1, ein Filter e & ge-
mik (1.3), und zu U, ein weiterer Filter WU, Z wiederum nach (1.2) ge-
wahit. Wir zeigen die Richiigkeit der Beziehung

A =p) =y, X <y,

Aus A=y B folgt ndmlich A=,B mit Ucll, d.h. AUcB. Es werde
U elly mit U3c U, dann U,ell, mit

U, N xUpx-t,
XEE

schlieflich U,e t, mit U3 U, gewilhlt.
Nach Voraussetzung kann man

E=UP; PicB(=u) (=1,

annehmen, Es gilt offenbar
2= AYC UP,XP, : (7, e )
wobei I die Gesamtheit aller Indexpaare (/, f) mit
a AP xP)#0

bezeichnet. Fiir (i, fyc I gibt es daher xeP;, yeP; mit (x, y)€a—1(A),
d.h. xyc A. Daraus folgt

P.cxl,, PcyU,,
da x =y xU,, ¥ = ¢, yUy Somit erhilt man
PUP UycxU U yUUgexUyyly, = xy(y—1U,y) (e Uye)
cxyU U, cxyUc AUCB,
Mit der Bezeichnung @; = P;U, (i = 1, ..., ) ergibt sich also
=M AYC WP X P (i, fYe 1},
UQxQ; « (ir e ca—i(B),

Pi{U::Q(" d.h. Pi':th:’ (f:I, ...,H). I .
Satz (1.6) liefert nun im wesentlichen alle ‘-steligen Ordnungsstruk-
turen:

(1.7) Ist R eine ‘-stetige Ordnungssirukiur, so gilt Reas@z(7vy; inis-
besondere ist dann 2 idempofent.
BEwEls., Fiir =¢® sei <,¢2 mit

([8) JI_I({)(:<1X<1
gewahlt. Wir zeigen

=< C <(<p-
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Ist in der Tat A< B, so gilt
a7 YA) (=, X =)a(B).
Wir setzen
P={(x, e) : x¢ A}ca— Y A).
Dann gilt
n n
PCLIJ(C,-XD,-), LIJ(CEXDg)cnhl(B),
Ci-<,Clh Dy=,Dl  (i=1, ..., 1)
mit geeigneten Mengen C;, C}, D;, D} und
PO(C, X D)= (i=1, ..., n).

Da ec D, fiir i=1, ..., n, ist offenbar
e<;ND; = Uell{<,)e Z(R).
1

Aus x¢ A folgt nun x¢C,cC fiir ein i, also
xUcCDic B,

sodall AUCB, A-<yB, A~ )B.
Dic somit erwiesene Beziehung

= C=p(<p€Re(w)
liefert
(1.9) R < Re(est).

Es sei nun umgekehrt W=(=)c Z(2) gegeben, und zu <¢c@ wie-
derum =, €2 mit (1.8) gewihlt. Wir zeigen

=N &=,

In der Tal, aus A-=\( B folgt A=,B fiir einec Menge Uell, d.h, AUc B,
e=U. Daraus ergibt sich

a=He} (=, X = )m=}(U),

also
Ici 2
z-e)yc LIJ(C;-XD,-): LIJ(C?XD;‘)C-T‘I(U),

C;=,Ci, D;=,D; (i=1, ..., ).
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Setzt man P,= C;~'ND, (i = 1, ..., n), so gili wie im Beweis von (1.4)

n
E=UP,
1

also
AP, icl},

waobei 7 die Menge der Indizes { mit ANP;=0 bezeichnet. Fiir i¢ [ sei
also x;€ ANP;; dann ist

P,cD=D; = xx,DjcxCDcxCiDicx,Uc AUCB,

also
Ac P, ic 1<, B.

Somit crgibt sich

Ry <R,
und zusamimen mit (£.9)
(1.10}) Rems R (),

Nach (1.1} erfiillt Z=Z("%) (1.2); daher ist 2z nach [3], (1.9) idem-
potent. Wegen (1.10) ist 2 selbst idempotent. |

Nurnt sind wir i der Lage, die angekiindigte Charakterisicrung der
{_stetigen Ordnungsstrukturen zu formulieren:

(1.11) Fir cine Ordnungssiruktur @ sind folgende Aussagen gleich-
wertig:

{a) 2 ist i-stetig, )

(b} Z("R) erfiillt (1.2) und (1.3), Ry, () ist einetolal beschirinkte syntopo-
gene Strilidur, und Rrao(iy,

(c) Rew'Rz , wobei die Filterschar 5 (1.2) und (1.3) erfiillf, und Ry, ist
efne tolal beschrinkie syntopogene Strukiur,

(d) RrR=, wobet £ (1.3) erfiilit, R ist idempolent, und Ry, ist eine
total beschrdnkte syntopogene Strukiur.

BEwEis. {a)=({b) folgt aus (1.1), (1.4) und (L.7).

(by={c) ist evident.

(c)=(d) ergibt sich aus [3], (1.9), da &= nach [2], (3.18) intmer links-
biperfekt ist.

{c)=(a) ist in (1.6) enthalten. §

2. Folgerungen

Um (1.11) auf biperfekte Ordnungsstrukturen anwenden zu kénnen,
sei es zuerst bemerki:

(2.1) Es sei ‘2 eine {inksinvariante, biperfekte Ordnungsstrakinr. Fiir
=< €8 sei
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{(2.2) V(=)= ﬂ{U:c-:U} = N{=),

(2.3) B ={V(=): <@}

gesefzt. Danin bestet U(<) aus allen Mengeu U it
V(<)cUCE,

und

(2.4) R = Ry = Re(ry~Ry, (R).

Z = E(R) erfiilit (1.2) baw. (1.3) genart dann, wenn U=1,(R) (2.3) bzw. (2.6)
erfiillt, wobei

2.5y Zu Uecll gibt es U cll mit Ui U,

(2.6) Zu Uell ¢idt es U el mit U cxUx—! fiir affe xe E.

BEMERKUNG. (2.5) bzw. (2.6) ist mit [3], (3.12) bzw. [3], (3.1Y)
iclentisch,

Beweis. Nach [2], (1.1) und (1.6) ist R =Ry, und dic Beziehung

(2.7 V(<)ell(=), =vo = <=« (=€%)

frat Ry = @=(@y zur Folge. Aus (2.7) folgt weiter B~ (%), also
Ry~ (). Offenbar folgt (2.5) aus (1.2), (2.6) aus (1.3). Ist umgekehrt
(2.5) fiir W= (%) erfiillt, so gibt es fiir gegebenes (< }€ Z(R) (<€) ein
U, e (@) mit

Uic V(=)

es sei U ell(=,), =< und W{=,)¢ Z("€) dem Filter U{<) zugeordnet.
Daun gibt es zu Ue (=) eine Menge U, € (=) mit

Uic V(<) U,

d.h, (1.2) ist fiir Z(R) erfiilll. Ahinlich sicht man, daB (1.3) aus (2.6) folgt. §

Nun erhdlt man als Spezialfall von (1.11):

(2.8) Fiir eine Ordnungsstrukiur @ sind folgende Aussagen gleiclhwvertig:

(a) R ist I-stetig und Rms R,

(b) @ ist eine tofal beac.’zrrmMc’ gleicharadip transiationsstelive syntope-
pene Struktur,

(¢) 7R ist eine lotal beschrdnkie, gleichgrudig Hni\ss{c!:ge svitopogerie
Struktur, und W=y ("R) erfiillf die Bedinguny (2.6).

BEWEIS. (a)=(D). Nach [1], (4.8) ist % gleichgradig translationsstetig,
also Rew®t nach [1], (3.14); man kann @ =727 annchmen. Dann ist
2 biperfekt und linksinvariant, somit gilt (2.4) nach (2.1). Aus (1.11)
folgt nun, dafy 2 eine total heuluanktc syntopogene Struktur ist.

(b}=(c). Nach [4], (19.13) ist R @®, und R nach [1], (3.14).
Wicderum kann 2="2" angenommen werden, da aus @~%, offcabar
Wy (R)) = W, (7Ry) folgt. Nach (2.1) gilt dann (2.4), und =1L muB nach
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(3], (3.18) die Bedingung (3], (3.19), d.h. (2.6) erfiillen; um (3], (3.18)
anwenden zu konnen, muB man nur die Bezichung () =1,(@") in
Betracht nehmen.

(c)==(a). Wie ohen ergibt sich Rae@"?, und wir nelimen wiederum
R=a®° an. Nach (2.1) gilt dann (2.4}, und (2.6) hat (1.3) fir £=5(R)
zur Folge, so daB dic Aussage (1.11) (d) giiltig ist, woraus die *-Stetigkeit
von @ folgt. §

inshesondere kann man behaupten:

(2.9 Ist R eine "~stetige Ordnungssirukiur, so ist auch Ry ) -sletig.

Beweis. Nach (1.11) ist @y eine total beschriinkte, hiperfekte,
linksinvariante (also gleichgradig linksstetige) syntopogene Struktur.
Da E(®) die Bedingung (1.3) erfiillt, muB (7€) offenbar (2.6) erfiillen,
und man kann (2.8) wegen

un(@lln("‘e}) = “‘{J((‘())

fiir Ry, () statt @ anwenden. |
Eine weitere unmittelbare Folge von (1.11) ist dic folgende:
(2.10) st R eine *-stetige Ordnungsstrukinr, so gifi

(2.11) Ry, (1) <R <Ry (4.
BEwEIs. Die Beziehung

Ry, (1) < Re() < Py, (®)
gilt fiir jede Ordnungsstruktur @2, und @ ist jetzt nach (1.11) mit Rz(w)
Aquivalent. |

BeMERKUNG. In allgemeinen gilt in (2.11) an keiner Seite Aquivalenz.
Das wird von folgendem Beispiel gezeigt.

Es sei E=[—1, Dx[—1,1) mit der Vektoraddition mod 2 als
Gruppenoperation. Wir setzen

V(d, &) = (~ 6, )X (—2 ¢) O=d<1, O<e=l),
B(d) = {V(8, &) : D=e=1}.

Dann ist (8} ein Raster fiir 0<d<1; wir bezeichnen mit W(6) den von
B(S) erzeuglen Filter,

E={0(8:0=056=<1)
ist offenbar eine Filterschar, die (1.2) und (1.3} geniigt, und zwar ist (1.3)

wegen der Kommutativitdt von E automatisch erfillt, in (1.2) aber kann
man zu (8} immer W(5§/2) wihlen, denn

v[%-f’_]qtv[% 2i}cV(a, ).

“
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Der Filter If, wird vom Raster
BV ={V(d,¢e): 0=8=1, O=e=<l)

erzeugt, woraus sich Jeicht ergibt, dab die syntopogene Struktur @y ~Ry
total beschrinkt ist, denn

d &
(xy)+V [2 . ?]E‘B(‘: ves, o)
fiir (x, )€ E, und E kann mit endlich vielen Mengen der Gestalt

& &
Ly)+V]|—, —
V(g g]
iiberdeckt werden. Nach (1.11) ist also @z ‘-stefig, und es gilf weder
= <Ry, noch Ry, <R
Iis ist leicht, (I.11) durch folgendes zu ergénzen:
(2.12) Ist R eine ‘-stetige Ordnungsstrukiur, so ist

Rar R0y~ R3 (2,
Sferner auch
Ry (1)~ R ().

Bewers. Nach (1.11) erfiilit Z(&) (1.3), und man sielit daraus, dai
E(R) sowohl [3], (1.22) als auch der dazu dualen Bedingung [3], (1.34)
geniigt. Aus [3], (1.21) felgt also

(/25( KL))N@_:[ o).

Ebenfalls aus (1.3) folgt noch, daB U (@) die Beziehung (2.6), d.h. [3],
(3.19} erfiillt, und

Ry ()~ Ry ()

ergibt sich aus [3], (3.18) mit Riicksicht anf W (@)=, (7Z"). |

Uber die p-Stetigkeit einer ‘-stetigen Ordnungsstruktur kann man
folgendes behaupten:

(2.13) Fiir eine ‘-stetige Ordnungsstrukiur @ sind folgende Aussagen
gleichwertig:

(a) 7B ist p-stetig,

(b) 2P ist g-stetig,

(c) Rrarls,

(d) B=E(R) erfiilit die Bedingung

(2.14) Zu Ve = gibt es U e E mit der Eigenschaft, daf aus Uc\l immer
U-tell, foigt.

BeEMERKUNG. (2.14) ist mit [3], (i.24) identisch.
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Bewe1s. Alles folgt aus [3], (l 23) mit Riicksiclit auf dic nach (2.12)
giiltige Beziehung Ry @Z (). |

Daraus folgt nuan leicht:

(2.13) Ist 7R eine ~stetige und g-stetige Ordnungsstruktur, so ist Ry ()
chenfalis p-stetio, und

:3
Py ey~ R (0)-

Bewers. Aus (2.14) ergibt sich, daB Ucliy(R) immer U-1¢N (&)
zur Folge hat, d.h. W=1,(R) erfiillt die Bedingung [3], (3.21). Nach {1.11)
geniigl Z(72) der Bedingung (1.3), woraus sich noch {2.6) (also {3] (3.19))
fiir =1, (%) crgibt. Daher folgt die Behaupiung aus [3], (3.24}.1

Es lohnt sich zu vcnnerkcn dak man unter Annahme der Gilltigkeit
von [3], (3.19) und (3.21) fir 11:1[0(6’2} dic totale Beschranktheit von
Ry ey darch eime einfache Bedingung charakterisieren kann. Etwas ail-
gemeincy gilt ndmlich die folgende Behauptung:

(2.16) Es sei B ¢in Raster mit den Eigenschaften

(a) VeB=ecV,

(b) zu VC% gibf es V € B mit V2V,

(c) zu Ve gibf es v, EB mit Vic VL
Die (hnf\su.ﬂl'aucmre btperfekt‘e) syntopogene Struktur Ry st genau dann
total beschrinkt, wenn es zie VB endlich viele Punkfe x, ..., x, von E
aibl it

1

BeweEls. Aus [2], (1.6) und (£.15) sieht man, daB Ry eine links-
invariante, biperfekie syntopogene Struktur ist. Wenn nun Rgq total
beschriinkt ist, so gibt es zu Ve cine Darstellung

i
E=UP
1

mit P,cP(<y) fiir { = 1, ..., n; natiiclich kann man P;=@ annchmen.
Fiir x;e P, folgt nun x,<,x;V, also P,cx; V.

s sei umgekehrt Ve gegeben. Wir wihlen Vie®B mit VicV,
Ve B mit VooV~ und V4,68 mit Vo VNV, Ist nun

"
E = le- Vs,
so muBl man nur bedenken, daB x; V(<) ist. In der Tat, aus A<VB
ANx; V=0 folgt ac ANx;V,, also a = = x;p mit veV,;, x = av-?, und
xX;VyoaVy,~WycaV,VycaVc AVaeB. |

Zum SciiuB sei noch der Fall der cinfachen, f-stetigen Ordnungs-
strukturen behandelt:
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(2.17) Fiir eine einfache Ordnungsstruktur B sind folgende Aussagen
gleichwertig:

(a) B ist i-sietig,

(b) B = & it einer total beschrdikten, gleichgradig translationssietigei
symtopogeneir Struktur 8,

(c) B=24" mit einer tofal beschrdnkten, translationsinvarianten synto-
pogenen Strukiur &,

(d) B="2" mit einer '-stetigen, biperfekien Ordnungsstrukiur R.

BEwETs. (a)=(b). Mit der Bezcichnung B = {<} besteht Z(B)
aus dem einzigen Filter (<) = U (B). Nach (1.11) ist BarBz(5), und
man hat offenbar

Rs( 1) = Ry, (3,
sontit

!
B = @y, ).

Weiterhin ist @y (%) eine total beschviinkte syntopogene Struktur, und
(B erfiiltt (1.3), also W=Y(B) erfullt (2.6), d.h, [3], (3.19). Somit ist
R(By gleichgradig translationsstetig ([3], (3.18)), und wir Kkénnen
& =Ry () setzen.

(by=(c). Mit & ist 5~ ([1], (5.21)) ebenfalls eine total beschrink-
tg zs%?tupogenc Struktur, und segar ist sie- translationsinvariant ([1],
(5.20)).

(¢)y=(d). Ist & eine tofal beschrdnkte, translationsinvariante syn-
topogene Struktur, so ist nach (2.8) S~wd? Lstetig, so dah R=75" geseizt
werden darf.

(d)=(a). Aus der (B XR, 2)-Stetigkeit von z folgt ihre ((RXRY, 2')-
Stetigkeit nach [4], (10.12), d.h. die (R X2, R)-Stetigkeit von = nach
4], (11.24). 1

(2.18) Fir eine '-stetige, einfache Ordnungsstrukinr B sind folgende
Aussagen gleichwertig:

() B ist p-stetig,

(b) Br ist p-stetig,

{c) B="Ds,

(dy B=3" mit einer g-stetigen, total beschrinklen, transtationsinvarian-
ten syntopogenein Striktur &,

(3) B=S' mit einer total beschrinkten, iranstationsinvarianten, sym-
metrischen syntopogenen Strukiur &8,

(f) B="R mif einer ‘-stetigen, symumeirischen, biperfelden Ordnungs-
struktur 2,

(g) B="R mit einer -sietigen und p-stetigen, biperfekien Ordnungs-
Struktur 2.

BEWEIS. (a)e=(b)=(c) ergibt sich aus (2.13).

{@)=(d). Nach (2.15) ist Ry, () p-stetig, und wir sahen im Beweis von
(2.17), daB B=4J&' mit einer transiationsinvarianten, total beschriankten
syntopogenen Struktur &, wobei S~~2y ().
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(d)={g). Nach (2.8) kann @=J% gesetzt werden.

(g)=(f). Nach (2.13) ist mit R auch @®~R !-stetig.

{f)=(e). Nach (2.8) ist /2 eine total beschrdnkte, symmetrische und
gleichgradig translationsstetige syntopogene Struktur, so daf Ro*~u2
([1], (5.21)) ebenfalls eine total beschrankte, symmetrische syntopogene
Struktur und nach [1], {5.17) sogar translationsinvariant ist.

(e)=(c) ist trivial. |
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ON GROUPS ADMITTING A SCATTERED ORDERING*
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This paper is concerned with groups adiitting a scattered linear
order, i.e., a linear order with no dense suborder. Such groups will be re-
ferred to as SO-groups. The class of SO-graups is a subclass of the class
of groups admnitting a discrete ordering: Abelian discretely ordered groups
have been studied in [10] and [13]. In [9], it is shown thaf an Abelian
group & admits a scattered ordering if and only if & is free Abelian. in
this note, we show that there exist non-Abelian SO-groups; in fact, afree
nilpotent group with arbitrarily many generators is an SO-group. The
structure of SO-groups is investigated. 11 is proved that every SO-group
is an N-group, consequently is locally nilpotent, and hence is an O*-
group.

Notation and definitions explained in [9] (as opposed to notation and
definitions mentioned in [9] but therein referred back to otlter sources
for meaning) will not be repeated here. Also, familiar notions of the theory
of ordered groups thatl are discussed in [1] will not be defined ltere. An
ordered greup will be considered as an ordered four-tuple

DG = (G; s "—"-");

the unit element of & will be written as e. If wm is a cardinal, then F¥,

denoted the free Abelian group with m generators and ("% the free group
with m generators. A group & = (G, -, ) is an N-group, or safisfies the
normalizer condifion, if for every proper subgroup $ = (H, -, =), the

set H is properly included in {g : g€G and g7 *Hg = H}. If g, h€G, by the
commutator [g, 1} is meant ghg~th 1. The center of the group G is, of course,

{a:aeG and J[a,g] = e for all gcG).

* This rescarch was supported in part by National Science Foundation grant
GP-12189.
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The set above will be called cen(®), while the subgroup (cen(®), -, 7)
will be denoted by Cen{®). For any group, we put 6§, = & and ,,,, =
= [, G3] for all n=0. The free nilpotent group of class p with wm genera-
fors, where p=0, is the group (WF AW

The order type of the relation = will be denoted by =(=). If a=<8,
then (a, #) denotes the open inferval with endpoints a and &. The symbol
= will be used for isoniorphisim belween relations as well as isomorphism
between groups. If a, 8 are the order types of K and S respectively, and
it R is isomorplic to a subrelation of S, we write «£f; the negation is
writlen a 8. An ordering relation R is ene-point homogencous, if for every
X, y in the domain of R, there is an automorphism f of & such that f(x) = y.
For any set N, the symbol N XN denotes the Cariesian product of N by
itself. If R is a relation, by R(NY we mean RO(NXN), The symbol w
denotes the order type of the natural numbeis in their usual order. Let
= be the order type of the relation R; then «~ is the type of the inverse of
R. The notions of suiis of order types over an ordinal and of products of
order types will be assumed, for relevant definitions see [7].

It was shown in [8] that if = is a scattered linear ordering of the
group @, then the order fype of = is (w*+ 1+m)f, for some (not neces-
sarily unique) ordinal ¢, i.e., = is the order type of all g-termed scquences
of integers that are alimost everywhere zero, ordered antilexicographically.

LEmma 1. Suppose 6 = (G, -, =, =), where 7(=) = (0" +w)-7
tor some order type ==0. Then D has an ordered suhgroup D9 =
= (M, -, 7, =) with the following properties:

(1) H =~ FU,.

(if) H € cen(®).

(i) 20 is a convex subgroup of DG

Proor, Since 7(=} = (@* +w)-=, it is easily seen that there exists
an element a€G with the properties

) ¢<=d,

and

(2) There is no x€G such that e<x<a.
Put

H = {a": nis an integer}.

Clearly 9 = (H, -, =, =4) is a convex subgroup of OO and satisfies (i).
Now assume that (ii) is false. Then there is a ¢€G and an integer n
such that fa”, ¢] = e and hence [a, ¢] ## e. For definiteness, assume that

(3) £ < Q< ac.
Then by (1} and (3),
e<cat—l=a,

in contradiction to (2).
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Au obvious consequence of Lemma 1 is that no discretely ordered
group is centerless.

THEOREM 2. If & is a free nilpoient group, then & is an SO-group.
in particualar, the free nitpotent group of class 2 with two generalors admiis
the ordering (o* +o).

Proor. Recall that the free nilpotent group of class p with m gene-
rators is M, AN, The lenima will be proved by induction on p. First,
we need the statements (1)—(3) below.

(1) 3y, admits the ordering (@~ + 14+@), where ¢ is any ordinal of car-
dinality m.

2 () ;(”')(\ = o9, for some cardinal n.
3) (111)~§ Jlf(nl]d o ((m} {:m)'s , )f( m)- 3, !’{m)r\" 1)
{4) (% /0% ., is a subgroup of Cen ((‘“)"' f("‘)" 1)

(3) 1f the group G3/H admits an ordering of type =, it H is a subgroup of
Cen ((¥), and if  admits an ordering of type #, then (9 admifs an ordering
of type #-a.

The statement (1) is proved in [9], p. 206, Theorem 10 (i}; (2) was
proved by Wit and is stated in [6], p. 41: (3} is familiar: (4) is provedin
[3], p- 121, Corellary 10.2.1; (3) is a variant of [2], p. 94, Theorem 4.

1f p=0, then the free group with m gencrators of class p is simply
the onec-element group, which adinits the order (m* +®)°. Now assume

that (m)?.’::/(m).:j"'p is an SO-group. Put
(0 = (m)a. J,r(m]o-,
— () }((I]I]o o

By (2} and (1), one obtains

()] $ admits the order (@* + 1 +o)y for some #;
while from (3) and the inductive hypothesis one gefs
(7 $3/H admits the order (w= + 1+w) for some =.

Now using (4), (5), (6), (7) we sce that & admits the ordering (o * + | +m)ﬂ‘",
and the lemma is proved.
To verify the special case, nole that
( )gmﬂ O ﬁ\)[»,
and
OF, [, 2= FA,.
THEOREM 3.
(H I 20 = ((1, - Ty =hpwhere (=) =wf+to or (=) = (0 +o),
then ¢ = FH, or &= F,.
(ii) If g is an ordinal with 3=¢, then there exists a non-Abelian group
® such that & admits the order (w* + 1 +m)j.
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Prook. Clearly, if 5 admits the order w# + o, then Gz FU,. Now suppose
that

(1) DE=(G, -, —, =), where 7(=)=(0* + o)

By Lemma I, there exists a convex ordered subgroup 2H=(H, -, =, =4)
of 26 such that

(2) 9= FAU, and HCcen(®).

We note that

3) For cach a€G, afff is an interval of <.

Now put

(4) afH =" bj/H if a/H = bfH or a/H precedes bjH.

By (1), (2), (3), (4), we get

) W(=") = 0F +o.

It is easy to check that &/ admits the order @+ +eo; hence
®/9 = 3N,

Using (3), one notes that & is a ceutral extension of JF, by {FU,; there-
fore & =3U,.

Suppoese that ¢ is an ordinal with 3=¢. Then for sonie ¢’,
¢ = 3+g.
Let m be the cardinality of ¢’. By (1) of Theorem 2, F¥,, admits the or-
dering (w* + 1 + )¢ . Now et @ be the direct product of the free nilpotent
group F/OF, by FIU,,. Using Theorem 2, we see that & admits the or-
dering
(o* + o) (o*+ 1 +m).

Now, using the lasf equation of p. 203 of [8], we conclude that the non-
Abelian group 6 acdmits the ordering (w* + 1 4 )j.

The structure of SO-groups will now be examined. In order to do so,
we need a rather detailed investigation of the order structure.

Lemma 4. Let O®=(G, ,,=) be anordered group, let a, b, ¢,€(i. Then
the intervals ={(a, b)), ={(ac, bc)), and ={(ca, cb)) ave isontorphic.

Proor. Obvicus. Lemma 3 will usually be used without explicit refe-
rence.

Lemma 7 below was employed withoui proof in [4]: instead of con-
tinuing in this rather dubious practice, we give a sketchy proof. Lemmas 3
and 6 are preliminary to Lemma 7.
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LEMMA 3.
(i) Let o, 8, 3, 8 be order types. If 2+ 8 = y+ 6, then either
(a) There is a type & such that « = y+eand & = e+ 5,
or
(b) There is a type e such that y = x+eand § = &+ 4.

(il If « is a scattered, then (a+ a)-La.
(iii) Suppose o, 8 = 0. Then x4+ £ = (w* + 1 +w)j if and only if there

is a 2 <g sucl that
o= {2 [(*+]+o)-0])*,
FETEA ]

g= 2 llo*++w)-ol.
A=y
(iv) i « = f+a+y, then for some type &, x=§ -0+ s+ y-0*.
ProoF. Part (i) is elementary. A proof of (ii) can be found in [3], p. 519,
Lemma 1.4, Part (iii) follows from [12], p. 16, Theorem 4. A proof of (iv)
is given in [I1], p. 22, Theorem 1.37.

By [8], p. 213, Theorem, cvery relation R of type {(o++1+a) is
one-point  homogeneous. Suppose 0O = (G, -, —, =), with z(=) =

= {07+ 1 +w)§. Then we can put

e=40,...0,..0
and consider each geG as a ¢-termed sequence of integers that is almost
always 0. Let g =<¢. The element g satisfying the conditions:
=1, =0 "Tor 1= and ¢ # yu,
will be written as L - Moreover, if g€G, g+e, we put

M(g) = Max {e :e<p and g, 0},

and put

LEmma 6. Suppose OG= (G, -, ~,=), where 7(=)=(w*+ | +w), sup-
pose g, &' €G and g=p’. Let u be the largest ordinal such that g, = g,,
Then the order type of ={(g,¢)) is

2 lo*+1+ok-o]+o* + 1+o)-(g~g)- D+

[ X

+( 2 [(o* +1+w)y-ol)*.
Ll
Proor. The proof follows casily from Lemma 5 (iii).
For brevity the order type above will be writfett as (p; 1), whuc i
= (gp—8a)— 1.
Lemma 7. 1f (g 1) = (; p), then =0 and n=p.
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Proor. First asswine g= 2. Put

z= 2 [{o*+l+oh ol

[ 1]

B=(@ +tl+o)-n+ ( 2 [(w*+1+w)-w])",

[y

(1} y = 2 [(@*+1+w)k-ol,

b= (@t 1vo) pt( 3 [+ 1+o)-o)r.
(244
By hypothesis,
x+f = p+ 4.

Suppose Lemma 5 (i) (a) holds, i.e.,

) D o+ 14+w)p-o] = g [(o* +1+w)o o]+ for some &

(R

Note that

(3} 2 ot +1+o)k-o =
if
2 ot ltokl-o]l+@*+1+mdh-o0+ 3 [+ 1+o)k-o).
[T pelesll

By Lemma 5 (iii),
1) (*+1+e) =( ZL [(w*+ 1+o)-o)*F+ .;: [(0*+ 1+ w)-w].
Using (2), (3), (4) successively, one obtains
¥+ 1+o)-0 L 5 [+ 1+o)-o] Lo+ 1 +o),
and hence -
(@*+ 1+0)-2 L *+1+w)s,
in contradiction to Lemma 5 (ii). When Lemma 5 (i) (b) holds, a rather

similar argument also arrives at a contradiction to Lemma 5 (ii).
Now suppose pu=¢ and O=n<p. Let

o= 2 [{o*+ 1+w)-o+@*+ 1+0)-n,

gt

f= (2l +i+e-a),
() y = 2o+ 1+w)-oj+@*+1+0)- 1,

[Ty

6 = (o*+ l+w)’o‘-(p—n)+(§ o+ 1+m)- w])*.
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We need to consider two cases:
(6) o= 7y+eand § = ¢+ f for some ¢ # 0
(7 y=ate and § = e+ for some &.

Suppose (6} holds; using (5), the second equation of (6), and Lemuma 5
(iii), one obtains

® e=( 2 [lo*+1+a) -w])*+x

A=eap

for some » and some A=< p.
From (6) and (8), it follows that
e+ 1+ -o]+{@*+ 1+w)-n =

(A

Dler+1ltop o]t +l+0)-1=( 3 [(@*+1+w)-o])*+

[ FE ]

for some A==y
Using the above identity and Lemma 5 (iv), we readily obtain

(9) ( 2 [o*+1+owp-o)* -o* Lo +1+o)- (1+1)
Aoy
trowever, one can easily show, using Lemma 3 (ii), (iii), that (9} is impossi-
ble. Finally, the second equation of (7) is clearly false.
Lemma 8. Let OB = (G, -, =, =), wherez{=) = (@*+1+o); let
n=gq. Then
(={(& gy P} = (@ m—1) for all integers m=0.

Proor. By Lemma 6,
(N ' (= {6, gu))) = (5 0);

hence (i) holds for m=1. Now assume that (i) holds for some positive m.
Note that

2) (= g)) = o(={Ew™ 8™ P}
By (1), (2) and Lemma 7,

(3) (g(.ﬂ)m).“ = (g(ri)m+1)r¢’

and

4 (80" = ™) for p<i<g.
By the inductive hypothesis and Lemma 7,

3 (€)™ = O for p=<i=g,

and

(6) (8w™a = m—1.
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From (4) and (5),

() (g™ ) = 0 for p=i=g.
From (1), (2), (3), (6), we obtain
®) (L™t = m.

Now by (7), (8), and Lemma 6, (i) holds for m+ 1. One can easily check
that (i) also holds for negative m.

Let £ = (G, -, —, =), with 7(=) = (0* + 1 +w);. For cach #=q¢,
we define

Hy ={g:g€Gandg, = 0 forall: with # =t <g}.

THEOREM Y. Lef O= # =q. Then 0Dy =(Hy, -, 7, =) I @ convex normal
subgroup of VG = (G, -, ~, =).

Proor. The fact that £9, is a convex subgroup when 3 is Abelian was
proved in [9], p. 201ff, Lemma 5. The proof is applicable with ne essential
change. The normality of $, follows easily from Lemmas 6 and 7. (In [4],
p. 258, Lemua, it is shown that every convex subgroup of a lecally nil-
potent O-group is a normal subgroup. By Corollary 12 below, whicl does
not make usc of Theorem Y, every SO-group is locally nilpotent.)

THEOREM 10. Lef 20 =(0, -, —, =), where ©(=)=(w*+1+m)5. Then

(i) & is generated by {g,y:0 = u = ¢}
(ily IfgeGand g#e, then g is wniguely representable in the form

™ o Bl
where py < ... =p, and nene of the m's is zero.
Proor. We prove by induction on m that

{(hH For T=u=q, H, is generated by {g 11 < u}.

Obviously (1) holds for m=1; now assume that (1) holds for all ¢z== 4 and
suppose
gEHﬂ‘y!—Hﬂ.

By Lemmas 6, 7, and 8, there exists an m such that

(2) (@™ = &

Using (2), and Lemmas 6 and 7, we easily conclude that
2 = h(gy)" where ic H, for some a=p,

and hence, by the inductive hypothesis, (1) holds for g+ 1. There is no
problem in extending {1) when « is a lunit ordinal.

The representation (ii) follows from a simple induction using (1),
Lemma 7 and Lemma 8. Then unicity is a consequence of (i) and the ob-
vious inequality:

M(gh) = Max (M(g), M{/D)).
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THEOREM L. Every SO-group is an N-group.

Proor. Let O8=(G, -, ~, =), where =(=)={o* + | +w)}.
Suppose § = (H, -, 7, =4) 13 a subgroup of ® with H C G. In order to
show that & satisfies the normalizer condition, we need fo find ageG—H
safisfying the following conditions:

(1) For every ficH, y~thg ¢ f1;
(2) For every he H, ghg~*¢ H.

Since © is a proper subgroup of ®, we can pick the smallest p=¢ such
that
H,CH.

Obviously, p=0. Clovse a g€ H,—If. Now for icH,

)] ghe— ' = [g, h)y
Using Lentnas 4, 6, 7, and deleting the trivial case i=¢, we obtain
4) M([g, 2]} = min (M(g), M{)).

Now by (3), (4) and the fact that [g, #]€ H: for some {<p, we obfain
(1). Simiiarly, we obtain (2}.

CoroLLARY ]2. Every SO-group is locally nilpofent.

Proor. It was proved by PLoTKIN, see [6], p. 224, Theorem, that every
N-group is locally nilpotent.

Note that Corollary 12 hecontes false if nilpotent is substituted therein
for {ocally nilpotent. For instance, the (weak) direct product of the free
nilpotent groups with two generators of class 1, n=1, 2, 3, ..., is, from
Theorem 2, an SO-group; clearly this group is not nilpotent.

CoroLLary 13. Every SO-group is an O*-group.

Proor, MaL’cev proved {see [1], p. 66, Satz 17) that every locally nil-
potent torsion-free group is an O=-group. Now apply Corollary 12.

We conclude with a question. It is possible to find a reasonable group-
theoretical characterization of SO-groups?
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Muoscectna Tex f € (0, 1) IS KOTOPHIX BBIMONHEHBl YCI0BHS, VI(A3AHEHbIE
B cxofrax. [Nonoxnm

Sy = Son {f(Tfr)— 1) dr} St 2 {f(? ) f oyl

J'

(Il=k=l=n)

S i
B.=DS,,Z,= B , e DS, = |(S (y—MS,)? dt.

n

ITvers, aance

1
F(x) = mes {S;_(z‘) - x}, ps(z) = J‘ pitS{) gf,
n o]
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M. A. UBPATUMOBBIM BLISCHEHBI YCIOBUA, MpPH KOTOPHIX (GVHK-
udy pacnpegenenna F,(x) crpemsres K lopManLHoMy 3axony. B paforax
H. A. MOCKBUMHA w® aBTopa OUEHWBAKTCH OCTATOUHBIE WiEHBI B IIpe-
JACNbUBIX coOTHOWEHKAX. B nacTosliell padoTe HaHAeHb acHMITOTHUECKNE
paznoxenug ans F,{x). MNonyrHo nexvuena TakyKe OUCIIKA OCTATOUIIOTO
unelna, nyaie yem B 5]

Chopmynipyes HAUH TeopeMbl.

TCOPEMA 1. Tlyems iynxkyus f(f) yoosaemsopacm  cAcOVIOWUM
VCAOBUAM:

1. Han nexomopoeo Hamypasbho2o s = 3

1
(1.1) [1eat < ==

2. Aag anbozo h=0 sLl1oaHeHO HepaseHcmeo

(1.2) j [t + B)— J()* di = ¢, I,

2de o u 20 HEKGIMOPLIC NOAGHCLINCALHUE NOCIOTIbE.
3.
(1.3) DS, .

4. Cywgecmeyem maroe §=0, ano ot mobux k=I, I-k=0, log n
Mepa MHOJCECNBR 3Hauenull 8, DoAnte 8.
Tozda

2 .

Fo(x) = o(x) + Vé_—e * é’ Qun{x) L2 + 8, Ly, + 9, logn-e o B",
T r= 1

8 cayuae s=3 cymaty Oydem cuumams npemoil. 3dech

n—1 *

logr=! 5 [ I#(T)— j (Tt) dt|" di

k=00
Lin=

v
Bﬂ
Qun(X) — noaunonst cmeneni 3v, ¢ PAGHOMEPHO OMHOCUNICALIO 1T 02PAIIU-

UCHHBLML KOIpPuytenrmna®,
P{x) — yuryus pacnpedectiia HOPMAABHO20 3AKOHA.

3neck # B ganeneies o, 5, v, 8, 2, ¢, A, B ¢ HoMepayu unn Gea
IMOMEDOB, 03HAUAIT AGCONIOTIIBIE WK JABHCALIME OT § KONCTANTLI.

*) SIBNMIE BIpaYEHIIT ATST KODDHTINICHTOR 9THX MOJUHOMOB MOKHO THOIYHNTL
TAKHM JKC EMocofoy, KAK 3T ¢Alenane & teopese 7 padortur [1]
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TEOPEMA 2, Ecau sunoanennt yeaosua (1.1), (1.2) u (1.3) npeost-
dyyedl meepeily mo

§—1

¢ ¢ log* 2

Vn ’

sup ]Fn(x) o (ﬁ(\f)l =
X
20¢ 04 KOMEMQINLL ¢, O pasedlied oyeHKa
1 S
leg| =2 | [f(ty” dt.
o

TEOPEMA 3. [flyems svnoanenst yeaosus (1.2) u (1.3) micopesst
1. yems, kpoaie moeo, s6110AHAOMES CACOYIOIYUE YeA0BuA

(i-9) 10| = ¢, |log 1] +&.
2. Cywecmgyen pyrytis e, ~0, makas, wno e, B, — <, 042 Komopoil: a)
(1.5) [ lys, (Nl dt <Ly, &,
G

0) npu gmodos naidepe l=k=l=...=l=k=. .=ky =Iy, =1 e0¢
[i—k;=cglogn,

[ Ng .
(1.6) o,=— 3 | x*dFg (x)-0.
n i=1 1 kilg
Jx| = T
Toz0a
| -2 -4
Fu) = D)+ —¢  * 3 Qulx) vz, n+OLy+
T r=1

+e& L expl — ¢ Lat(1 —w,)).

Omuocumeavlio noAUNOM08 Qua(X) U cyMMut 6 cayuge §=3 ocmuaioniea
8 cuac oupedeenna meopeant 1.
30ech

— log2 ny*—2
1.7 Lin=1] 22— .
(1.7) [ B,,]

Teopema 3 noxpmBaercs Teopemoil I. Paauw coxpawenun ofbema
PUBEAEM JIHUIb JI0KA3ATENBLCTBO Teopemnt 3, TalK Kax ofinuil mnau joKa-
3uTeNLCTBa Taxoli »Ke 1 B cavyae Teopensl 1. TeopeMa 2 nonyvaeresi no

XOAY A0Ka3aTeALCTREA TEGPEMDL 1.
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§2. CpoiicTea 3JieMeHTOB LENHbIX Apodeii.

Beefem B paccmoTpeine 81 BepOATHOCTHLIX MpocTpancTsa {T, F, m}
w {T, F, y} tue T=(0,1), F—g-anre6pa neferoBcikynx MIOIKECTB, p-Mepa
Iavcea, onpepensiemasn popmyiaoi

1 . dl
Ay=— . | ——.,
#(4) log 2 A J 1+¢

B oTHOWEHMY 3THX TIPOCTPAIICTE NOCACAOBATEIBHOCTL {a;()} craner
NOCAEA0BATENLHOCTBIC Chvyaituelx senuunl. B padore [3] asropa noxa-
3a10, HCNONbL3YA pe3yabTaTel M. A, UBPATUMOBA [9] u T1. Coca [10],
uro 10C/eA0BATENbHOCTL {a;(f)) YAOBJETBOPACT YCIOBUAM PaBHOMEPIOTO
CHALHOTO TIEPEMELINBANHS TI0 OTIOIICHIIO KK 0fenM NPoCTpancTBam: Ais
BeeX ACF) 4 BEF4n

(2.1) iug 31’3p |m(ABY—m(A) m(B)] = w(n) m(A)ym(B)

e p(n)=Aje~a". Uepes F, obo3navaercs munuMansHas c-anrefpa
MITO3KECTB M3 F TIOPOKAEHHAA MiIoyKecTsamu (CoOOBITHAMM) BHAA:

(@, @) =iy, = i), a=h=...=l=b

dyHeuuio p(n) B uepapencrse (2.1) Svpes naswieath ,,K03hDOULHEHTOM
nepemellnBanns”. Tlo OTHOWENHIO K MePe g TAKXKE MMECT MCCTO llepaBell-
CTRO, aNATIOTHUHOE HEPABEHCTBY (2.1), npuucsm ,,Koap(pHiikenT nepemewu-
BaHKA” yObiBaeT 9KCHOTCHOHANLHO. CTernenb H1u30CTH Mep u W 71 OLEHH-
BAETCS € MOMOUILIO IIEpaBelcTBa: Ana AEF, -

(2.2) |u(A)— m(A)] = D e—4n

Kak norazano MBPATHMOBBIM (9], no oTuolweHnlc K mepe yx Be-
TAYKLBL @,(f) cTauroHapHbl. MOMEHTHl N ANCMEPCHU CYYAiiHEIX BEAHUNII
N0 OTHOLIEHHIO K 9Tl Mepe Oyvaem obosiavarty, cooTsetreTBenito M, u D,.
B naneneiiem Ham noHagofdAaTCs CAenyIOWHe OLEHKM: Jis jodoii cny-
yailHOR BenHuUMHBl [ HMeeT MecTo

@3) ML MRLP = ML — M2 = — M — My,
Jog 2

M~ ME? = M(E— MuL)? = 2M (L — M D).
Ws caoiiers nenpepnsisix apodeit BoIBejem CAEAYIOLICE YTRCDHGIEHUHT !

JIEMMA 1. Jan aaemenmog yendod dpody uaeem secmo
sup  sup |m(C/AB)—m(C/B)| = y(k) = Bye Ak,

O=j=n a, jr
CeFj{"k, ne
BEE), jri

30ece m(AfB)-ycavsnan sepa.
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HOHASATEJILCTBO. Tak xak o airedpol f; HOPOIKIeHHbIE (Y HE-
LHAMM, NPHHEMAIONTE AHUIL [[eN0UMCITCHHBIe 3HAYEHHS, T0 A0CTATOUHO
AOKA3ATE CNpaBelIHBZOCTL COOTHOUICHNS

mesfay =iy, ... Gy =ip)  mes{jay = fpgy . Gy =n) | = Ak
mes{a, =iy, ... e = 1) mes{ap, =, ... Qon = {j1i}
(2.4)

HPHYEM KOHCTANITE B TIPAaBoil "MACTH HEPABCHCTRA e 2ARNCAT oT f, k 1 1,
p=1.
Hoxaykem CHpABEUIKBOCTL HEPABEHCTRA

| mes {a; = dpectp =1}

(2.5)
Imes{a; = iy, . ... Uper = fpag)
mesfa, = L,, ... Uy = @iy = oy, @ = i} | = Aok
Tmes{a, =1, ... O =150y = ijuqy - .?'&j,,,; = ;ﬁ,‘,}!_ c e
Q0o31agnm, Kax oduno - ;” — H-TYIO NOAXOASINY IO APOGL, F,-0CTATOK LCI-
n

nedt gpodn.

! LN
Mnrepan ]._,=E[- i COCTOMT M3 Toue MuTepnaimx f, =
n

i ...
[I i

i i ), A KOTOPRIX BRINOGUCHO NepasencTne
Lree

K
Sy = {larers Ganea o oo fn] = Fager = lpagari fpagaa o g+ 1] =

Tarxnum 06|‘12_l30,\i, KOHLami HHTEpBaia 12 ﬁb'ﬂYT TOUIKH

(2(‘) pkj'ils;!j' pkv'-‘ii " pf{_-i-j Si+pl'.'+j—1 .
Graj Syt Qa1 Qg Sa+ ey
Floacrapsisi B Bupaskenns (2.6) ;3“}_1, . &MJ-, T.e. NOAXOJsULNe jipod,
COOTROTCTBRYOILME I’IH'I'E])BHJIE!.'\I
[I F 2 S B S PR A 0 TR &
' = E - .
LA VAR R W R 4 TR Y S

naffges Koueunple TOUKW 3THX HuTeppalios. Juunol nuTepsaion /), {,
COOTBETCTBCHIIO DABIb

1 IS, — |
H -
Q@i+ Gren-1) (Girre Se+Gpan—1 )G 4x S? + ke 1)

6 ANMNALES — Sectio Mathematica, Tom, XIV.
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[MoacTapans cioja ﬁﬁ,_,_i,...,f;jﬂ. MOAYUACM  BRIDAKEHIA A% N
unrgpeanos f,, .. lpanasas Bo siunanue, 4ro

T = [an;an—b A !

A TAIGKE [epakelcTsa
' | [ 5
gy P Ly g, = 2

i dr 'I B G Gr41

yieyguacMest B COpaRefJIMBOCTH  nepasenctsa  (2.5) ¢ KoncTanTamn

: . 1

A, <4, = — . Yanoxast odc nacTh aroro HepapedcTga ta mes {o, =
V2

=ty ooy = a0 Ly, @ = b neysnpysino !y, L moayying

HepasencTso (2.4).
Jlemma poxasana.

§3. OcHOBHbIE NEMMBbI.

Caenyst [9], pyHrumn f{T/H) Oyeyn annpoRCHMIPOBATL BESHIUITHAMI
fuy, o ov qppq]). K cnyaalionn peanumian Takoro RHAa NPHMEINITHA Pas-
padbotannast B. A. CTATYJHBHYUYCOM 7Teopns CyMMIPOBAHUS Cla-
OosaBHcHMBIX  cnyualiHbix menuuud, Yceiaopne (1.2) obecnemrsaer nan
HEOOXO0AUMY 0 TOUHOCTL ANTIPOICHMALHNR.

Buieaen odoszuaueus

1
5= KT~ [ (T
0

1
GO = ey ad)= ([ - g} dt, 25 = &=
[H]

74(2) — nponssojiamasn pyuruAs cayvyalivoll senumisl s, I(s) — r-wit
cemannapuaut. Cyublen odosutavenii S, S;,, By, #,, Koropble 0THOCATCA
K BCJHIMITHAM ';‘"a"} ouepnageh,

Ouenun gorpemwocTh, KOTopasl BO3HUKACT fIpn 2avcie S, Ha §), a
TarGKe MoJjiyyun H{‘()ﬁ){O,Jll-h\lb[C GLCHICH ANns I[HCI'[EPCI-HU{.

JEMMA 2. Manom aiecmo Hepaserciigd

(3.2) 1. 1DS,,,— DS, | = ¢ e {(m-10)
(3.3) If. C{m—1N = DS, = ¢{m—1).

HAOKASATENLCTBO. Taxk rax Beaumisl 3f saBucat jmuwb or k41
BCUMNIBL G o Gy, TO TOCICAOBATENLHOCTL {1} YAOBACTRBOPALT Yei0-
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BUI0 PABHOMEPIIOFO CHALIOTO Mepemewusaiius, npuues n3 (2.1) creaver,
UTO BHIIOSIHCHO HEPABeHCTRO
3.4) sup sup [m(AB)—m(A)ym(B})| = w,(m) m{A) m(B)

AR, { ()

BEFFH:: w (1)
e Fo,—o-anrebpa, mopoxaeniias mocieposaregasnoctbio {#f), a 1oad-
HuOrenT nepemenBalus YACBIETBOPSCT 1IEDABeIICTBY

I, m=k
(3.9) P i) = [IA e 0=k m o=k,

3ameTrM, fajiee, yto u3 {I.2) cenm BOCRONB30BATLCA HepaBencTBom Jlany-
1106 AT MOMEIITOR M CJEAVIOUIMM SMEMEHTAPULIM HEDRBEHCTBOM U3 TEOPUH
LENLIX gpodeit

(a5 - -« gl = ok’
BBITEKACT OUeHKa gas momentos MILH", u=1,2,... s:

MIEY = [UT) [ KAt =1y s, 1) -

u
df =c, e~ xekn,

(3.6) e - D) m]
o

Mz nero, B MacniocTn nosyyaem, nmest BeuaAy M, = 0, uro
3.7) [Mnﬂ = pge*4k,

MB1 BOCMONG3YEMCH CHEAYIONMM PATOM:
[yery eavyaitiole BeANUHHB &), G5, - . . YAOBNETBOPAET YCIOBHIO

|P{((all e ak) 6A) M ((ak+m aer ak+f1+s)€B)}_'
_P{(al’ e {I;()GA} P{(ak-wi e ak+n+s)€B}| = (P(’I) P{(al e an)EA}

rae ¢(n)—0 jnn pcex k, s u Beex Gopenenckux miloyKecTB A 1 B. Ilvets
cayualinas sesnwyuna £=f(4q, ..., 4 cavyaiinaa genuyHHa n=
=N ks Bgrner) W IVCTh ME2= o0, Mn?= oo. Torna

(3.8) |Min— MEMn| = 2Ve(n) Y ME2 Map.

ITo ¥TBepMAeHUe noKazano g [9].
W3 (3.4), (3.6) u (3.8), ananoruuno [9] ctp. 448 noavuaem
i i 2 i

—_ —_ — Az

(3.9) \ME Lt = 1M + &)t + 250 = ¢y

g*

B |~
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.

J

OUEHUM TalSKe Rg—f) = Mi;f-‘ C?-.;_j. It covuan k= ? HPITNMEHUM  HEPABCH-
cTBa (3.6), (3.8) n (3.9):
: . . k .
lRf}l = |‘MCECHI'_M‘:Iﬂ?+f—M?}?‘;f+j+fwni+kl = |M{ Gyl +
4 i
2 K 2 K ko k k
+ (M nigil + IMET niasl + [ Mni Sl + | M mieg] = €qq€
(3.10) _
J

B cavuack = ? mociaegHee COOTHOWEHNE TARMKE HMMELT MCCTO B CHilY HE-

i

3

paseticTBa (3.6). W3 sToro cooTitowmcnis saecre ¢ (3.6) noayuaen:

(3.11) |RE| = min(c;e~22% ¢ e )

Ouecnny tenepb M(S,,—S,,)% Bvienm uierb

n-1 &
MS,—S)r= SRE+2"S SR = SRP+2'S 3 RP4

i=1 =1 j=1 i=1 i=1 j=1
n—-1 n—i (” = _13";_'
+ 3 DR =, e, ket ety con Z = 1ey; ek,

i=1 j=k

Wz nocaefnero cooTnoeN s, P NoMONL 1HepaseHcrs MuKoscoTo
u (3.7) noayuaem

(3.12) [DS,, — DS;,| = nic,, e %%,

ITHM J0KA3aHO CNPABEUIMBOCTb YTBEPIKALHIS JIeMMBl, TaK Kawk B
cuny nesapucumocty odenwi (3.11) or i Mbl MoxEeM BMECTO cyvmnl S,
Bpath S,

Flepefifem K 10KazarenLCTBY BTOPOTG YTBENIKIUEHIs Jrenabl, Jlerko
BHAETD, YTO JUIS CAYUAHHEIX BeMURIL {; MO OTHOIENHIO K MEPe it 0CTAIOTCA
pepubiyd ouenu (3.4), (3.6), (3.7) u (3.8). Uaed B pnay cTagioHapliocTh
&; MO OTHOWEINTIC I MCPE 4 IPEJCTABHAM JHCNEPCHIO B BRiE

n—1
DS, =nMLo— M, L) +2 > (11 —j) M(Ly—IM,) (:j_fw‘:;) ==
j=1

(3.13) — o2 n+e+o(l)
rue
Op = M.u(il]_M#CD)z'{_z Z M(CU_MCO)(CJ‘_MC_{) = e,
i=1 .

less) = 2 37 ] M(Ey— MENE;— ME; < oo
1

i=
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Korncrauta o, ne pagiia HyQwo B cuay DS, — o, uT0 BHITEKACT U3
veaopust (1.3) Teopembl M HepaBeHeTB (2.3). M2 oTuX e HepaBeHcTs N
cooTnonieldst (3.13) BoITeKaCT BTOpPOC VTBENIKAEIME SCMMBL JUISI CYMMEI
Sy Jlst eymmnl Sy, 13MEIEHUS B PACCYIKAEHISIX OUSBHAHBL.

Jlesma porasana.

Beegem ,,ype3ariine” cnyuaiinele BennuUiib

614 —o | ml < jlogn
' o, i = j1ogn

Otoznadenna Sy, Zr, By n 8, OTHOCTACS K ﬂﬁ—Mﬂ-}’.

H?

JIEMMA 3. Meem mecmo oyenxa

M(S:m - (S;:?’l - JM!S‘;:T]))g = -£14 —+—A2 'n f-;'iik

e

JOKASATENBLCTBO. Myeem B CHIY  Onpejenchisd  Beawuuir
- i
ouenrr (3.7) 1 yemopua (1.4) nastosxennoro na gpynxuuio f{f):

fMQ_?H =[ . ! flap - - @i} = caes*+
| af | = ylog R
+ f 10g ([a;; @y - - -a54]) di=2 S log(a;.,) di+cgeak,
I nj 1 >y logn 1og (@j+1) > y 10g i—~cg ¢ ™%3
(j=1,2,...)

WU3BeCTHO, UTO MEPA MHOMCECTBA TOUEK, B IKOTOPLIX HEKOTOPHI onpe-
AENENULt ameMeHT Uennoil apodu nyeer Aalloe 3HAYEHHE §, He TIPERBI-

.

2 . o
maer — ([6], §12). TosTomy nocnejiii UHTErpajl, ApPH AGCTATOUNO HOIIb-

LWIOM, 1o PUKCHPOBAHHOM fo, OUEHHBACTCR OCTATKOM DS

2log({+1) 1

5 =y, = |.
2,,1' 2 = ey 0=r
-

Oronyarenciio moayuaem

_ 1
(3.16) | M "] = - —— fe ek,
!

™

C{)[i(:pLLIE]IIlO Alanor iyt Y6EJI{IE8.CMCH, uro

" K _ [4
(3.17) M{f — (i} — M) = ”ﬂ +epgem ik,
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OTcioga, MpoBos TC 5KC RBIKJAAAKH, YTe M OPA J0KA3aTeNbeTe [ yacTh
k)
AeMMBE 2, TTOJIYUACM YTBEPHCLEIIHE NIEMMBL, TPHIEH 3 = 1‘:) .
Cayuaiiuple sennwiisl 7ff M3MEPHMBI OTHOCHTEALHO [Ty, NO3TOMY

uz nemmul 1 noavuaem

sup sup  [#(CIAB)Y— m(C/B)| = z+(m)
O=fz=n AEFU,I(;:'} )

BEFL !'+m("f_)

ce Ffﬂn, nin}

rjle

II, moe=k,
(3.18) ¥, (in) =

lBl g~htM—R ek,

Cooruowenus (3.4) n (3.18) osiauawt, yro BenWuHHLl 7§ VIOBJET-
BOpAWT venosuio KM (yeioBuio ,,MapirOBCKONT pervisipiocTd”) Breael-
nony B. CTATYJISIBUUYCOM (|2] »n. THI).

JEMMA 4. [lan modo20 =3 8 Urmepsaie
_ 1 -
|f. = 'LSnl

4

uMeetn Mectno cAcOviowee ouMIMONLINECKoe PAIAOICCHUE 05t Xapariie-
pucmudeckoll PyHryuL

£
- 5—3 . _
fow = ¢ 2|1+ 3 Pulif) Loy, + O+ If‘la“’“”’Lsn)]+
vr=1
O,

300ch Pop AGASENICA MHOZOUACHOM CRICHENI 3r ¢ PABHOMEPIO GINNOCUNIC.Ib-
Ho 11 oepanuder st ML KodfiPulfuenmaiu, L, n onpedestero ¢ nieopee 3.
AOKABATENBCTBO. [lyeTh B onpefenennn peandin af

(3.19%) k= fkylogn

Tae ky-iconcranrta, KoTopyio moadepes nowe. Hepasenersan (3.4) n (3.18)
MOYCHO IIPMAATL CHEAYIONYIO PopMy
ez Al P it

I‘U’?("n) = A,e Falog “J Za;(-"”) =B,¢ %oy log r.',

TaK 4To ,,Ko3pduunert aproguduecTn” pasen -— I . Hast ouennikn ce-
kg logn

MHHKHBAPMAHTOR CYMMbl S); A0CTATOUNO BOCNPOHIBECTH PACCYHICHITS JICM-

Mul 7B [1] gns cayvasn eayvyailnbix Beanuny, yYA0BIeTBOPSTIOLIIX YCADBHIO
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Cornaciio atoil JeMMe B HaWeM CAYYac HMECT MCCTO CIEAVIOAR OLer-
Rad:

(3.20) |7 S| = k' H, HY 2 1og% = DS,

NoppeShoe A0KA3ATCIALCTEO 3ITOC0 HEPABEICTBA ST CHal03dBMCHMbBIX
CAvuaiinGix BEHYII, YAOBICTROPSIOLILX YCAOBHID RM upunexciio B |2]
ri IV,
Bocioansyesey Teneph shaaikasy gemue 9 g [1] Myers A, =
B, 10s

% Zametua, uro ccau B (3.19%) u (3.14) nepodpaty y= ——,
H . log?n Y1
S
ky = max [— , —], TO TIPU NOMOUM HEPABELUCTBA MUUIOBCKOTG MOMHO
L]
OAYUNTE
La I' C
(3.21) |BZ— DS;f = - Cis _ Cu |
ns B+l

Cornacno  ouenke (3.20)  Qynxkuns  10g ¢,#(2), ¢, (2) = Men
L] "
aHaauTHuna B wpyre |zj=.,. Wmes i osuay (3.20) v (3.21), naxoxnm

d = PUSHZE-s = kI Hy HE 2 logge
g = 3 LSHZ 2 _ ¢ 5 M =
lf n k=58 Br;(ll'\,,_ S)! k=5 B . (!’L 5)1

S'O H,

sefi- B
An

; 1
B unrepsane |z|= 1 2, uMeer mecro
' b' GH
SR [V} ) = )
‘ g(pzﬂ( )| J:;_
TaK uTo B HITEPBANE
|
f = — Lz,
l£] T
HMEEM
s—1L (S, o=
(3.22) logg,-{f) = 3 - i ) [——] + L, |H®
n k=2 k! B”

18, = 25V H, HS ®.
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Ouiengu _
_I‘i{_sj} = 1+..cl?
B2 B;
)
s, rUH, HE 2 logit- D DS, rUHy HE 2 logh ¥ BE
B, B, - - B
(3.23) - = KHHL,,

HO3BOAFIOT NOBTOPHTL BLIKIAAKY Teopenst #3 [3], cornacito Kortepoii no-
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ON THE CONNECTION BETWEEN THE HULL-KERNEL
AND WEAK-STAR TOPOLOGIES

By

Z. VARGA
. Department of Analysis of the Eitvis Lorand University, Budapest

{ Received Seplember 26, 1970 )

We shall be concerned in this paper with the comparability of tie
hall-kernel (briefly h-k) and the weak-star topologies in the case of some
noncommutative algebras and at the same time we give condilions for
these topologies to be Hausdorff. In connection with an interesting examiple
of G. W. Mackey we give a simple topological condition for some non-
conmmutative C*-algebras to be completely regular.

On an algebra we always mtean an algebra over thie complex field.
£ denotes the set of all maximal medular twoe-sided ideals of the algebra,
and the set of all primitive ideals is denoted by If. In the case of topological
algebras we denote the set of all open neighberhoods of zero by HN. For
the algebraic concepts used in the paper without definitions see
e.g. 3]

[t is well-known [3] that on an arbitrary set of prime ideals the Ja-
cobson {hull-kernel) fopology can be introduced which always gives rise to
a T, space. (Further on the set consisting of all h-k open seis is denoted
by Q.) The h-k topology on the structure space /[ is yuite often compact
(c.g. if the algebra has an identity) or locatly compact (c.g. in the case of
C~-algebras), but it is rarcly Hausdorft (even for C--algebras). For any
topological algebra on an arbitrary ideal set the so-called weak-star topo-
logy can be introduced which allowes to convert the subdirecte representa-
tions into useful topological structure ticorems. The suitable general
consfructions with several applications may be found in [[]. We present
this construction here oaly for the special case used in our investi-
gations:

Let B be an arbitrary ideal set of any locaily convex Hausdorff
topological algebra A and E= N A/bwhichdenotes the disjeint union of these

be g
factor aigebras. Consider the following surjective mapping: p: E-+B
with p(x) = b for X£ Ajb.
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For any «¢€ A the mapping ¢—d with d(b) = a+b, be B gives a sub-
directe representation A - A of the algebra A. Let N(p) be the topolog
on £ generated by the subbasic open sets

U'(d) = {x€E| xed(p(x))+ U}, acA, Ue M.

The coarsest topology Q@+ on B in whiclt for any acA the function
d: (B, Qr)~(E, N(p)) is continuous we call the weak-star topology on
B. A typical subbasic open set for Q@< is of the form ¢~ '(U(9)), ag A,
UeM. ([1]1; Theorera 11, Corollary 1 and 2 to Theorem 11.) [t can be
shown that Q « is the finest topology on B which makes p continuous ({1);
Chapter 1. 2,22,

The N(p) and Q= topologics and a suitable uniform structure on A
may be deduced in natural manner from the usual uniformity of tire ad-
ditive structure of A, therefore the mapping p: (£, N(p)} (B, Q%) is
called the canonical uniform ficld of the pair (A, B) ([1]; Chapter 1.).

Examples show that the topologies @ and @+ mentioned above are
in general nof comparable [1]. In the following theorem we give a sufficient
condition for the comparability of these topologies, by means of the
inuer structure of fhe canonical uniform field. 1t is obvious from the above
construction that for any a€ A §(B) is homeomorphic with (B, @*) in the
relative topology of &(B) in (E, N(p)), therefore (B, Q*) may be regarded
as a subspace of (£, N(p)) e.g. under the mapping i(h). Let B he any
prime ideal set of A.

Tueorew 1. If (B, Q=) is a closed subspace in (£, N(p)} then QcQ -,
{.e. the fdenfical mapping 15+ (B, Q-Y—(B, Q) is continuous.

Proor. It is obviously sufficient fo show that for an arbitrary
Mc A the set Ji(M) = {be B| 6D M} is weak-star closed. Let &,2 (M)
any point in B. 11 follows that there exists an a2 M with g8, 1. e.
dg(be) =4 According to the condition, 4(B8) is closed in E, thus 4,8,)
has an N(p} open neighborhood V in E with VNd(B) = 0, consequenily
dy(d) = a(b), bca-Y(V)y = W. But WNAM) = 0, since for an arbifrary
acM d(b) = d(b), bc(M). Because of continuity of d,(6) W is a weak-star
open neighborhood of &, therefore B X M2Q - thus Q<@ -,

Further on we give conditions for the comparability of the weak-
star and h-k topology it connection with their Hausdorffness.

An algebra is said to be compietely regular [4] if

(1) = is h-k Hausdorff

(2) For any m< = thereexisis a h-k neighborliood W of s for which the
ideal NW is modular.

For algebras with an identity (2) is satisfied with W.=% thus the
complete regularity is equivalent with (1).

A locally convex Hausderff topelogical algebra is said to be weak-
star regular if Z is [Hausdorff in the weak-star topology. Sufficient con-
ditions for the weak-star regularity may be found in [1]; Chapter 1. 2. 26.
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THEOREM 2. Lef A be a weak-star regular alyebra with an idendity har-
ing the follewiny properfy: for any ac A and UeI the set {me=Z|atm+ U)
is -k compact. Then A is completely regular if and enly if (Z, @)= (&, Q).

Proor. Since in an algebra with an identity any ideal is moduliar,
from the fact that Q= is Hausdorff it follows obviously the complete
regularify of A.

To prove the nccessity first we shiow that Q< Q. To this end we
comsider an arbitrary weak-star subbasic open set:

= {meElacm+ U}, ac A, Uedl.

Then =\G = {mez|a{m4 U} being h-k compact, by the Haus-
dorftness it is -k closed thus GeQ consequently Q< @Q.

For an algebra with an identity = is h-k compact ([3]; Coroliary
2.6.9) Becausc of Q<@ the identical mapping 1:: (2, Q)—(=, Q%) is
a continuous bijection of a compact space onto & Hausdorff one, conse-
quently it is a homeomorphism i.c. @ =Q.

REMARK. An algebra has the property of compactness assurmed in
Theorem 2. e.g. if (A, Z) is a C-algebra ([1): Chapter 111, 3.6). C-algebras
are ndfmdi g:enu alizations of C=-algebras from point of view of Gelfand-
Naimark type theorems for the mmumnnuf:1ti\-'c case. Thus e.g. for a

C-algebra (A, Z) is a C-algebra it ff =
We note that the same resuit as in T]lC()I‘L‘Ill 2. can be obtained for

AT in connection with ifs Hausdorifness.

A sufficient condition for the structure space of an arbitrary C--
algebra te be Hausdorff, reads as foliows,

Tueorem 3. Faor any C--algebru, {f Q < Q on I then 118 -k Haus-
dorff.

Proor. For an arbitrary a< A the function gd(nmyy (JI, Q)R is
upper semicontinuons on ff. ([3]; Theorem 4.9.17.) Since the set
{me {11 d(m)) =} is weak-star open for any =0, thus by the condition
it is h-k open at the same time. Thus for each ¢€ A pd(m)n is lower semi-
continous on (£, Q) therefore it is continuous. Thus according to [3];
Theorem 4.9.19 I is h-k Hauvsdotff.

It is easy to sce from Theorem 3 that for any C=-algebra with [I=2
the condition Q- = implies the weak-star regularity. In [1]; Chapter FII.
Example 0.2 I7- = is weak-star Hausdorfl and Qo @~ butt @=Q . This
example shows that this condition is not necessary.

By means of Theorem 3, if we omit the condition of weak-star regu-
larity in Theorem 2, it rersains true in the following modified version:

TueoreEM 4, A Cr-algebra A with an idenfily wich satisfies the condition
H=E, is completely regular if and only if Q= Q.

We note without proof that Theorem 4 can be generalized for normed
(A, Z) C-algebras having the following property:

{meZ|nag(mn=e}e@, ac A, e=0.
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G. W. Mackev has given an example (sec e.g. [3] p. 82) for a Cx-
algebra with an identity with /f ==, buf which is not completely regular.
Under the assumption [} ==, Theorem 4 gives a necessary and sufficient
condition for the complete regularity.
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DIFFERENTIABLE APPROXIMATIONS OF CONTINUOUS
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An important application of the theory of bundles is fo decide, whetli-
er or not fhere exists a differentiable tensor field or vector field on a
differentiable manifold. The main result of this paper is that a continueus
tensor-field can be approximated arbitrarily in a certain sense by a dif-
ferentiable one.

First we mention two theorems which will be quoted below.

Tugoresm 1, Let A, A, be non-emplty closed disjoint subsets of a separ-
able Hitbert-space 1{. Then fhere exists a C= function y sucl thai

gp(x)=10 if Xe A,
p(x)=1 if x€A, and
O=p{x)=1 for each xcH.

THeorEM 2. Let a separable Hilbert-space H be the coordinate-spuace
of u Cr-manifold X. If X is paracompacl then there exists a CP-partition of
unify.

The proofs of J. Jr. EELLs (published in {1 ]) apply an idea of Dieudon-
ué, an idea which helps to prove that an arbitrary metric space is para-
compact.

Now we define the concept of 2 bundle. We denote it by (E, =, X),
where E is the bundle space, = the projection, X is the base space. (E, @, X)
satisfies the following conditions.

Vi 1.z maps E continuously onte X, and = '(x) is topologically-
linearly isomorphic with a Banach space B, for every x€X.

The set {(U,, 7,), i€ I} is said to be a trivialization if the seis U
provide an open covering of X and z; is & topological mapping of z=*(U,)
onio U;X B,.

T ANNALES — Sectio Mathematica, Tom. X[V,
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Vi 2, The follewing dingramm is conunutative:

=Y U} Uy X B,

Zan

"\\ s Pn
i,

I
Ve 3. g(x):a '(x) - {x}XB; is a topological-linear isomorphisi.
There is a natural iromorphism beiween {x}X B; and B; (x,8) -+ b,
We construet a map 7, such that

tp LT Hx) —— B,
%

FICI AN d
{x} X Ba’

It foliows that r; orﬂ £ L{B, B)1sa topolegical-lincar automorphism
of B (T‘-XCT}\I € Laut (B), B;= B, = B). Consider the map x-7, 07}
defined in U714, We assumec that this is a merplism (iLe. it is contimuous
if X is a topniuqndl space, and it is p-times ulffu'enu;mh. if X isa Cr-
manifold),

Two trivializations are equivalent if the maps

X= 101 (€ Lis (B, B))

are morphisims (for \eU I’]U) This is an equivaience relation. We de-
fine the bundle structure o (£, =, X} as an equivalence-class of trivializa-
tions.

For a Cr manifold X (p= 1} the tangent-fibre 7(X) is a vector bundle.
A continuous map = X -~ £ is called a cross-section if mox = id.

Let X be a &7 manifold, and consider the map 1—»1:,\015;' which is
a C” morphism on U,N U, Let Vi ;) J€j} be a Cr-atlas on X, Then
{t= "(V;NU, (q'XIEfB)OT) iel, e J}is a Cr-atlas for E. If we take
equwdluit atlases and trivializations then we get equivalent €7 atiases
on E. Hence the bundle-structure induces a manifold structure on £.

I a cross-section = : X - £ is a Cr-morplism, we say that
C,~cross-section.

Let M, denote a set of norms in a fixed Banach space B such that B

is @ Banach-space with respect to any of these norms, and if 1«0, € M,
then there exists a constant K, such that

z is A

Nxll, = K.ixy forevery xeB.

We remark that the equivalence of the two norms e, and #en follows
rom the closed graph theorenl. Introduce a nmetric in M,

n : o o an ity = sup bixnZ—sxn?
xeG (8) | |

Gi(B) = {x x£B, Ixi=1}L

where
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If B=H is a Hilbert-space then M contains the sct of positive defi-
nite continuous operators. We have a natural distance: A, BeM o( A, B)=
=1 A—By}. We show that this ceincides with (I).

Ixih, = ¥V=<Ax,x=,x", = Y=Bx, x>

]
2 2
ol elly, tellg) = sup |ixia—Ilxig| = sup ‘-—:Ax,x}w{Bx,x:J:
X€G(H} i x(G(H) !
= sup <(A-B}xx>=|= I1A-BI
X€G, () |

since A— B is selfadjoint. It is well-known that for self-adjeint operators
Al = sup = Ax, x>.
X£G (H)y
We further assome that, the spaces =z—!(x) are topologically-linearly
equivalent with B. Hence =~ Yx} is mctrizable by any of 1he norms in
the Banach-space B. Suppose this metric is given for every x¢ X, and
the following axioms arc satisfied:

MET. 1. For any trivializations (U, 7;} in xe X
(lsllotiy) = llzr ol €M,

MET. 2. The map x - iy ell, = sl o7% mapping U, into M
is continuous.

In certain cases it is easy o prove that there exists a metric. For
example let X be a paracompacl C7-manifold, whose coordinate-neigh-
bourhoods are taken from a scparabie Hiibert-space H, and E = T(X).
Then B = H, and there exists a Riemannian metric ([1.]}, and this clcarly
vives @ 1uetric in the above sense, as well.

After this introduction let us tackle our real problem: the differenti-
able approximations. Let X be a CP-manifold, let its coordinate neigh-
bourhoods he taken from a separable Hilbert-space, and (£, =, X) be a
vector-bundle. We have seen that £ is a ¢ manifold.

TuroreEM 3. Suppose thaf there are given a mefric |||l on E, a section
[ X E, and an arbitrary real nuinber, e=0.

If fis Cr differentiable in an open neighbourhood of Ac X where A
is closed, then there exists a Cr-cross section g @ X ~E such that

1) —gN, <&  forall xeX and
J(x) = g(x) for XEA,

If A=0 we gef that any cross-section f can be approxiniated by a C?-
cross-section g. so that i f(x)—g.(x) = e where ¢ is arbitrarily small.

To prove our assertion we need the following lemma.

Lemma. There exists a trivialization {(V,, z;) i€/} and an atlas
{(V,, @); i€ 1} such that gV} = H.

Proor. Choose a trivialization {(V;, z;); i€ 1} for (£, =, X} and an
altas {(V,, ¢p); J€ J} for xe X @V, N V) is an open subset of the Hilbert-

rid
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space H and togelher with ¢(x} it contains also a spherical neighbourhood
G, of this point. Introduce 1hic following notations:

R AP

and ¢ {G,) = U, = V,. Clearly {( Ve )} and {(V,, ¢.)} are trivializa-
tion and atlas, respectively, and o (U)cH is an open r-ball. Apply
successively the maps;

v
(L= ez’

Both & and % are C=-isomorphisms (see [1.] p. 106). The map #,5¢, pro-
vides the desired coordinate system. Having accomplished this procedure
for every x¢.X, we clearly get an atlas. The lemma is proved.

Proor oF THEorEm 3. We consider only such special trivializations
and atlases in the future. First we prove the theorem {or m—1({/;). Let

(2) S = =T ) O w{fe0) e,

be a function of real values on U, (v} is continuous and 2 (x}=0. Choose
a neighbourhood V¥, of x, such that Z ()<=« for ye V. Having ciwsen the
neighbourhood V, for every xecU, sclect a locally finite refinement
{W.} of this systemn. (X is paracoipaci). Let {g} be the corresponding
partition of unity. Thus:

|
Srv— —(¥—x) and y:iv—~
r

ywe=0, support p, W, 3 p(y) = 1.
xeU;
Lei us put

3) ) = 2 ) (00 Tl ()

€Ly
V) () (v, 7 {(x)) is a CP-morphism in fhe variable y for every

xe U, The sum (3) has a linite nuiber of sumimands because of the lo-
cally finiteness, So this sum remains a CP-morphism. Forthermore

W) =Ty = 1 2 )7 0) (v, ol ) - 2 0N, =
= 2 wdO)=70) (1 Tl {6y < =
WU MNAisempty or U,c 4, we have

vy — (0, i xel;
£4x) |0 if x¢U; or

u.(x) = ff(\) if .\‘.GUI-
v RY if xgU,;, respectively.
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It AN U;=0 and U, A then there exists an open ncighbouriivod Z of
A such that f is a €7 section over Z and UNZ=0. Take into account
that ¢, (U;) = H. So p{ANU)CH is closed and ¢ (ZU ) H is open,
g0 the complement of this latter is alsa closed. But the relation
p(ANU ¢ AZNU) implies that the two closed sets just mentioned
are disjoint. Separate them by a C--function according to Theorem 1:
) = 10 xepfANU) and &(x) = 0 if xgq{Z7U)).

Let k% denote the composition A% = Logy.

We define
, o) = R+ (1= ()(x) if xeU;
(4) 2;(x) | ( 0 ) if xqU,

,r'U is & Cr-cross-section mnd it satisties to the inequality:

{\) }"(\L = f‘*(u)‘(\ (Y= IEOOW) = A= s (U= 5% (=)=

= ({—=1Fy! ;—fe;\- < ¢ il xell,. {U, M!} Be an open covering of X
‘1=.\l choose o locally finite refinentent ufn say {V,. € 7} Thus there exists
a parfition of unity, {1} such thit sunp p.cV,.

Then 2 e{xye(x) = g(x) iz a C“—mm'phimn, and 1t is a cross-section
it
of (£, 7, X) and satisfying the following equation:

Y=g, =4 2 p(0f()- g P0G =

et

= 2 Uit 2 1) =g )y
& icct =1y
where [, denofes the finite set of indices, where (X} =<0, But for these
indices Nf(x}—gxX)il, = e, thus the first sum is less than e The second
st is ideniicatly zero (every term of it is zero). Then we have itf(x) —glx)i
< ¢ for every x£X. Let us prove that fix)=g(x) if x<A. The definiiion
of thie mappings g{x) implies that for xc U, A we have f(x)=g,(x).
Thus we have
) = X (00 = 5 o0+ X n0e) = 2 604y = J()
fEf i€t ;

. ity €1,

where /; has the same meaning as above. The theorem is proved.

In the second part of this paper we discuss some applications of
Theorem 3 for Ricmannian manifolds. Let X be a €241 manifold, its
tangent-hundle is a C” maaifold. We pose the question what other bundles
oin X are of type C2. We shall use the concept of differentiable functors,

Lot 9, B, € be subcategories of the category of Banach-spaces.
A0xS - ©

denotes o bifunctor which is co-and contra-variant. We say that 2 is a
cr-functor if:
D L(E, EYXL(F, Fy —~ L(XE, F}, {E", F'))
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is a CP-morphism. It follows that:
Mo, p) - U - LOKE, FY, M(E’, F')

is also & CP-morphism, if the functions ¢, y are CP-morphisms on the Cr-
maunifold UJ:

w:U ~ L(E,E),y: U ~ L{F, F).

THeorEM 4. Let 2 be a CF funclor and (E, g, x) (F, 7, X) be vector
bundles on the CP-manifold X. Assume that E€N IFeB. Then the sel

Ax(Ey FY = U A (), wF (x)

can be furiished with « bundle sfructure, Moreover if f 1 E, - E, gt F -~ F,
are CP-—morphisnis belween bundles, then the naps 2,.(f,¢)y: HE, Fy -
—~ AME,, F)) defined by the equation A,(f, g} = {(fag,), s also a Cr-
morphisnt between the corresponding fwo bundles, (E\, F, are bundles on X.)
It s also true that if

El, =UXE F|y= UXF
(i.e. the restrictions to some neighbourhood are trivial), fiten

Ag(Ely, Fly) = 2Ay(E, F)|y = UXAE, F).

For the proof see [1], p. 47—48.

LUE, Fy denotes the space of g4 s-linear functions. The variables
must he taken g-times from E and s-times from F*. We turn this space
into a Banach space by using the norm:

Wil = sup 1z, oty vy vl
1;€G(E)
€G' (F)®

Consider a pair of bounded linear operators A: E, —~ E,B: F -~ F,,
Let an operator LI(A, B): LYE, F) - LY, F') correspond  to this
pair so that Lg is a functor. Firstly we consider the case ¢=1, s=0.
LYE, Fy = E* holds obviously, moreover Li(A, B) = A* where A® is
defined as follows: (A"‘I}u = I{At), where I{Ae) lies in E¥, It is easy to
see, that A* : E* -~ E¥ is continuous and linear, and L’ is a contrava-
nant functor,

Let now g, s be arbitrary. LA, B) is defined as follows:
[LUA, BY] (g oy iy vy ooy 1) = I(Aw,, .. A, B¥ry, ., B¥ry).
ifA:E ~ L, B,= F, - F, than
LAAA, B,B)= LYA, B)) - LiA, B)

i.e. Liis a bifunctor co- and contravariant in its first and scecond variable,
respectively. Taking into account the continuity and linearity of L we
get the following lemma.
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LEmma 1. The map L7 is a ¢~ bhifunctor.

Let now £ be an arbitrary vector bundle ot X. Applying Theorem 4
with the funetor Lg and bundles £, E we get a tensor-bundie LYE). LYE)
is a Cr-manifold as well. A CP-tensor-field is a CP-cross-section of this
latter bundle.

First let us dennote 1the normin the conjugale space £% of & Banach
space E (with a norm || - I1,€ M) by

TMEN = sup |Ku

R L L
It ¢. s are integers, then let us denote the noru of thie space LYE, F)
(the Banach spaces E, F wilh norms | el e Mg, I ell,€ M respectively)
by
i1 = su T T LA
i L 1[";|iqéll;:’u,-es [ty AR

ljzjlif= 1w e F
is ious, th: S 0o e is in M and if the Tollow-

[t is ohvious, that the norm jjeit ) is i e, Py di ow

ing inequalities are satisfied:
ko lell =l el =K, el
kgheli=lellg=HKghel,
then the imequality

) LTSRN

1 =KiK} | o
e p™

also holds.
Lemma 2. The map

7.
5 ‘MEXMF""ML?(E £

is continuous.

Proor. Let us asswime, that Nell,, Uelln,€Mg tells, Nelln€My
and dielly, Iel,,) < & d{liely, Ite Ilr“) = §. It is ohwously safisfied:

b2 6
l+—5— = e -
L2 P2
ll””%“ i1l IR

if ueE, so from (3) one concludes

: N S I/ R
B g | A o = G0 = U | 1= —
( ) | I v k;‘2 | 1 I{;g
and similarly:

(7) du

) L s
fﬁz]/l T = = 't VI h

thed -
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We consider the following six seis:

U = lu THEE, N, = ‘/I H—é— l,
l K |

= fu:uek, nun,, = 1},

TuckE, I, = ]/I + -—52— },

= [n
! i
’zr THEF, Hll, = ]/1 - —5; l;
l Kﬁs J

= {u:ucF,un, = 1},

W’ = [u sueF iy, = ]/I + B ]

d

it follows from {6) and (7):
UcVaW and UcVcw.

Let us suppose now that / is in F*,

]/I + —6— i:l!.’;; = sup [} = sup |i{)] = NEE \.np |i{1)| =
f{f;.. : uEW newv i

50
®) Vet sms e ji- 2,
If we denote " )
Ty 1€ F* yhiy, = fl :—_.5:‘,
l K3 |

VE = [ IeF® Ly, < 1),

P l/ KR
= L HeFR il = —
| i2

then we have U*c V¥ W* resulting from (8).
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Suppose now, that [ is in LYE, F):

& Y & s:‘z[ .
[l " m?] [I _—T] Ii!"iLg(ﬂ.m} -sup [iuy, -t vy )

K2 i, e
7
= sup|iey, . u, v, V)] = = DR 7 20 EAR L T =
by E‘!"| ( i gl :]5 )l I'I“Lg(itzﬂz} Sll[’) |I(”l ] q].l? !1}5)|
}E v* v €V*
§ Y § Y,
===
Kf‘) KIJ?« “LS(zl,ﬁl)
50 we liave i i
9 l|u. —Ii? | = o', — Oy 1
©) Wen e 0. e, ) 0. g

The inequallty
d(]l o )=0(8)

obviously follows from (4) wich means the continuily of the wmap:
LE :A'IE_")(:"I"!F"'M

gt
"st.«a,ﬁ») W0 s,

Ll my

LEmma 3. Let ielig, lelig, bDe metrics gil the bundies E, F re-

spectively. Then

lia!] 4 =14 I|.IiE el :

CLiE P (lelzg lieling =4 Ls(uollg\,'.-nﬁ
is a metric on the bundle LY E, F).

Proor, If (U, zY¥ and {({J. 8} are trivializations of the bondles £, F
respectively, then (U, Lz, 8)) is trivialization of the bundle LI(E, F7).
We lave to prove the equality:

o = rafital L -1

2%, F}OLﬁ(Ix' ') = Li(letig om ok 0057)
but it is obviously true. Now, Met 1., trivially satisfied, while Met 2., is
is implied in Lemma 2, and (7).

Now it follows

THEOREM 5. Let X be a paracomipuct CP+ -munifold, whose coordinate
neighbourhoods are fsomorphic witlt open neighbourhoods of a sepuradie
Hiiberf-space H., Let E, F be identical with T{X}. Then there exists an
LI alty, e ll), medric on LYT(X)), which corresponds 10 some Riemanni-
an-metric 11 o1l on T(X). The existence of this latter is well-known,

Maoreover let f be @ continuous cross-section of this lensor-bundle, which
is differentiable on some open neightiourhooed of a closed set A. Then there
exists for every e=0 @ CP~cross-section g{x). wich satifsies:

()= g(l)u,_q

and f(x) = g(x) if x¢ A.
The proof is obvious from Theorem 3 and Lemimna 3.

sl II'I!)
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REmark, [T we take for A the empty set we obtain that every con-
tinuous cross-section can be approximated arbitrarily aud uniformly in
a metric by a differentiable orne.
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ON THE NUMBER OF HALVING LINES
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Simmons raised the following question: Let S be a sel of 2n points
in gencral position in the planc. A line going through two points of S
will be called a hatving line if there are n—1 points on both sides of it.
What is the maximum number of halving lines if 22 is given? Straus has
constiucted a set which determines ¢-n qu 7 halving lines. In this paper
we are going to show that, on the other hand,

THEOREM. A sef S of 2n points determines at most 20y 2n halving lines.

The proof will be based on a lemma which scems to be interesting for
its own sake too. To state the lenmma we need some definitions. if e is an
oriennted line in the plaite, et e* denote 1he same line with the converse
orientation. If T is a sct of points then let T'(¢) denote the set of those points
of T which lie on the {open) right hand side of e. Put T(e) = quin {|T(e}],
| T(e*}|}. Thus e is a halving line if and only if it contains two points of S
and has |S(e)] = #—1 (or S{¢) = n—1). A segment joining two points of
S is a fralving segment if its line is a halving line.

LEmMmaA. Lel e be a ltine which confains no pomt of §; thern e fnfersects
exactly b(e) halving segnients.

Proor. Put T=_S8(¢) and assume that |T}=8(e), i.e. |S(e)! = 1S(e*}|-
We may assume that ¢ is not parallel to any of the lines joining two points
of §. Therefore, there exists a line f, containing ene point P, of § which
is paralicl to e, has the same orieatation and for which |S{f,}j =#. Obvious-
ly, S(e)S 5(},)- Let f be an oriented line moving in the plane as follows.
The starting position of fis f. f rotates around P, till it reaches another
point P, of S; thereafter f rotates around P, till it reaclies a point P, of S
ete. (rotation always nreans rotation in the positive sense). Let f, denote
that position of fwhich forms an angle ¢ with fi. Let O=¢,=. .. =¢, =2
be those dnglea for which f, contains two points of S (n fact, f,,, contains
P, and P, the peints Py, ..., P,y arc not necessarily dlfh.rcnt) A value
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O g oo differeit from g, ..o, 0, will be called an indermediale value.
We now investivate [8(7,), and [T(f,) in the “neighbonrhood™ of avalue
¢ We distingaish some cases:

(2) if f,, is oriented from £, 1o Py then

«S(f.ﬁ—l_.; = é{f” ) = 'SU:,{) ;Uf,r,—-s) = "'Ufr '€) = (-Ih
(LY if £, is oriented from Py to Proand Py P €5 =T then

.:S(fqr -)I‘ = |SUW: f)i = !SU&); +1, T(jfu-f) = T(.‘!}'j'-'*‘) = T(.'f',,'):
(¢} if f,, is oriented from P, to Py and Py, P, e T then

S N =18U s M= 1SN+ 1 [T = A = AT A =T+
(dy if f,, is oriented from Py to Py and PeS—T, Pra (&7 then

1S = N =18 ) = 1SUDN T T - = 1T e T =T )1+

(¢ is voderstood to be sufficiently small; note that the case when
PeT, P, £8—T always belongs to the case (a)).

Now we can make soiite observations:

[f ¢ is an infermediate value then [S{f, ) =n. f,.is a halving line if
and only i £, 1s oriented from P,_ to P, Here we L{mlpleh this with Ui
remark that every halving line is form ],” for if ¢ 13 a haiving line and f,
is parallel 1o g then 'b(."ﬁ—-n L, 18, = R(gr)C' SO which iniplics
that g=/f,. For the intfermediate values 'T(j'q)l i non-increasing, and it
decreases by one in o position f, if aud only if P,P._, is a halving seqment
cutting e. Since [T(f)]=5(e), [T(f._ﬂ:l’l, these observations prove the
Leinma.

Proor oF T THEORES. Let oy, 0 . - .. 0oy, be parallel lines cutting the
plane into strips confainiug one point of §; e let [1S(e) = i Consider

. . il . .

those halving segmients which cut Iess than g such lines: their number
is obviously =n V2. On the othier hand, the number of intersections of
the ¢-5 and tiie halving seginents is

1424, . +n=14+n+n—-1+...+1 =

P
W 41/ 1 i .
by the Lennna, hence there are at musl”-/l-*' = ¥2n halving seg-
2

inertts having =~ l;‘f f; interscetions with the ¢-2. This proves the Theorem.

We remark thal the Lemma characierizes the halving segnients in
the following sense: Lot a system of sewmends jolning Lvo poinds of a finilg
set S be given such that any line ¢ confaining o peint of S intersects exactly
Ste) segments. Then |S| is even and the given scgments are the halving seq-
nrents. We omit details,
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Let § be a semigroup. Following the notation and terminology of
AL H. Currrorp and G. B. Presrox 1] we shall say that § is a semilattice
of groupsif it is the set-theoretical union of a set {G.,; «¢.1} of mutually
disjoint subgroups G,:

€.l

such that, for every «, 3 in .l the products G.G; and GG, are both con-
tained in the same G.{y<.1). The structure of semigroups which are semi-
lattices of groups was desceribed by A, H. CLirrorp. Recenlly sonie ideal
theoretical characterizations of semigroups which are semilattices of
groups were obtained by the author (sec [2], [3], [4], [6]). For example, a
sentigroun S is a semilattice of groups if and only if the relation

(2) LN = LR
holds for any left ideal L and any right ideal R of S. The author also proved
that a semigroup S is a semilattice of groups if and only if it is a regular
duo semigroup [3].
[n this note we prove some further criteria for an arbitrary semigroup
to be a scmilattice of groups. Our first criterion reads as follows.
THEOREM 1., A semigroup S is a semilatfice of groups if and only if the
refation

()] LNk = LSR
fiotds for every left ideal L and every right ideal R of S.
Proor. Necessity. Let S be a semigroup which is a semilattice of

groups. It is known thaf every one-sided ideal of § is two-sided and S is
regular (cf. [1] vol. I). This implies the relation

(4) Si=1=1§
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for any ideal f of §. Hence
(3) Infh=L5NSL = 1,8, = 1,81,

for any couple of (two-sided) ideals f,, I, of §, i.e. the condition {3) holds.

Sufficiency. Let § be a semigroup with property (3) for any left ideal
L and for any right ideal R of 8. Then (3) implies that L=L8§* and R=85R
for any felt ideal L and any right ideal R of S, respectively. Therefore S
is a duo senvigroup. Hence every quasi-ideal of S is alse a two-sided ideal.?
Finally (3) implies

(6) ISi=1

for any (two-sided) idcal 7 of 8. This guarantees that S is regular (cf.
Lun [7]). Thus S is a regular duo semigroup, that is, S is a semilattice of
groups.

Theoremn 1 is completely proved.

The following theorems can be proved analogously.

THEOREM 2. A semigronp 8 Is a semilattice of groups if and ouly if the
relation

(7 BNL=LSB

holds for every bi-ideal B and every Ieft ideal I of §.

THEOREM 3. A semigronp S is a semilultice of groups if and oniv if the
refation

(8) BNR=BSK

holds for any bi-ideal B and uny righi idedd R of S.

REmark. Theorem 2 and Theorem 3 remain true with quasi-ideal
instead of hi-ideal.
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1. Introduction

A few years ago, in {7] a4 new simple proof has been given for the
classical functional t(]lldtl(}n of the function I(s) of Riemann, avoiding
the application of deeper methods of the theory of functions and yielding
simulianeously a more general formula of Hurwitz [3]

(.0 A1 —=s5,x)=21(s) 5‘ (2n=) ~3cos [2!111— ——] {Res=0},

Here the first term results by analytic continuation with respect fo s of
the series

(1.2) Hsx) = > (x+m)-s (Res=1,0=<x=1).

n=20

The function (s, x) has an only singularity in the s-plane viz. a simple
pole at s=t with residue 1, and it is connected with {(s) by (s, 1)=1I(s),
<ls, —; ] = (28— 1) {(s). (Remark that (1.1) can be found in the literalure
only with the restriction Re s=1.)?

In what follows we want to show that a famous relation for the so-
called LErcB zeta-function, which is defined for Re s=0, x and o real,

x==0, -1, ... and & not-integer by
. z e(nw) 3
(1.3) ossxm)y = > : o(z) = 2,

aco (X+ 1) '

VThroughout this paper, any complex power is fo be taken with its principal

value,
*Cfoeg. [9], p. 36 37 and [10], p. 266 — 267. For the general importance of the
Hurwitz zeta-function in the anaiyiic theory of numbers we refer to {4], Ch. 1 -3,
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can be deduced much more quickly in the same manner. The functional
squation in question:

(1.4) (1=5;x, ) = é—.(:))g {e [x(l —w)— :—] E(spl—o, X} +

+e[--:- - xm] =(s; o, —x)]}

(0=Res=< 1, x and « not int.)

is apparently equivalent o the formula

a3

(1.5) Hl=sx o) =T(s)y 5 [2aik— o) ¢e(x(k— o)),

a—d
i =
and has beett established in |3] o2 the lines of Riemann’s original consider-
ations, ie. by using a complicated contour integral representation for
2(8; X, ). Since the scries (1.3) contverges, contrasted with (1.2), also in the
critical strip 0-=Re s<1, and (1.1) is (together witli Riemann's functional

equation for x=1 or x= " an immediate consequence of (1.4} (1.5)

when -+ 0, the verification helaw scems to provide the easiest, “natural”
way to the main property of £(s).

As an application, we deduce simply the corresponding facts for the
hilateral series

(1.6) Zs;x, @)= i” |x+n| “e{new) (Res=1},

H= —ar

witose significance in the theory of Dirichlet’s L-functions, cyclotomy and
close connection with theta-functions as well as with some problems of
geometry of numbers have been studied by Liescuitz [6] and EpSTEIN
f1], respectively. In (1.6) x and o are real parameters withoul restriction;
the prime beside the summation sign means, however, that for x=0,
=1, £2, ... the term with # = —x is to be omitied.

Further applications of the method, which is based upon a general
transformation principle for Fourier integrals, will be given elsewhere,

2. Prootf of (1.4) —(1.5) and some consequences

The series (1.3) is absolutely convergent for Res=1, x = 0, —1,...
and for every reai e. Since obviously J(s; x+ 1, @)= e(—w) | 3(s; X, »)—x 9]
and §(s; x, w4+ 1) = I(s; x, ®), we supposc in the following that O<x =],
O=w=1.
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Taking any fixed e=0, g=1, partial summation and elementary
estimation show {hat (1.3) converges uniformly concerning tlie variable
s in the domain Res=e¢, |s|=p. Hence I(s; x, w) exists and is holo-
morphic also in the half-plane Re §=0 for arbitrary x and @ in consider-
ation, so that it suffices to verify (1.5) for 0 =s=<1.

Now, the complex Fourier coefficienis of Z(1—s; x, w)e(xm) as a
function of x over the interval (0,1) are:

1 n+t
¢ = f &1 —s;x, w)e(x(w—k)) dx = 5‘ t5=2 e((t — n)(ow — k) + new) dt =
=0

o

- fis—le(t(cu—k))df = I(s) [2nik—w] * (k=0, £1, %2, ...),

0

the inversion of integration and summation being justified by dominaied
convergence. The corresponding Fourier expansion represents the function
for all xe(0, 1), hecause the uniform convergence of 2> (x4 n)—Se(nw)

n=1
in 0=x=1 (for fixed s and w} implies the differentiability of I(s; x, w)
there. Thus we have

e(xo)i(l~—sx,wy= 3 c.elkx) = 1(s) 3 [2zi{k—w)] e(ky),
= — k= —a=
or by writing [2ri(k—w)}® = (2a)7%e(—s5/4) (k—w)~* (k=0) and
[27i(k —w)] % = (2z)~%e(s{4) (1+w)~" (k = —n=0), and separating the
Fourier series in twe parts, the relation {1.4). Qu. e. d.
Let us regisirate Lerch’s funictional equation also in the form:

1
e(xw) {1 =%, @) — [ 5() = 55 x, @) elxo)dx =
4]

(2.1)
= ) Zw’ [e[n.\'— S——] (n—w) f+e [—S~ - nx](n-&-co)“s] .
2=y 2 4 4
Hence (1.1) follows for @ - +0 at once,
As far as the special case w= ; is concerned, we have for 0} =Re s< |

on the once hand

L

(2.2) C[s; X, —;] = éo(ﬁ 1y (x4 1) 5 = 21—sc[s, -j‘)L]~e(s, %),

B ANNALES — Scctio Mathematica, Tom, X1V.
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and on the other hand by (1.0}

g [ss X, L] SR G UMD Rt
2 k===
el e | 7S
=281 —=g)a®-t 3 (Zm+1) 'sin [(.’nH— l):r.\:-i-r-‘-J—-] .

e =

Therefore replacing s by §—s:

(2.3) 9 s;[l-s, —g-]—;(l—s,x)z

s
= s 2+ 08 [{2m+ Dax——-|,
21(8)= 2( 24+ 1) *eos [( M+ e 9]

A= ~

wliich reduces as x - 1—0 to Riemann’s functional equation:
(2.4) (1 —3) = 2(22) *1(s) cos (?)

Note that (L.4) realizes the analytic continuation of the Lerch zefa-
function into the hal-plane Re s:=0, so that I{s; x, @) is plainly an enfire
function of s, whenever o is not an infeger. Otherwise J(s; x, @) degencrates
Tu (s, xX) which is, as mentioned. a wmerenterphic function of <& The cor-
responding properties of {he assoctated functions

. T Cos 2o | - .
Hsix,m)y= X --—f_— = [Hs X, w) F (s X, —o)]
H=10 (.\:‘E‘”)" 1.)4

(2.5)

o xm?frrm I
(s, x,w) = > - e = —— [E(s; x, )= E(s; X, — m)]
’ aoy  (x+ny 2i ) ’

can be obtained easily.

3. Connection with the generalized zeta-functions
of Lipschitz and Epstein

The Laurent series (£.6) converges absolutely for Res=1 and for
arbitrary real x and . [ts sum Z(s; x. o), the so-called zeta-function of
Lipschitz, is closely connected with £(s; x, o), namiely we have for O=x =1

I/(s X, ) = Z (n+x) S efntew) + Z (n—x)Se(—now) =
(3.]) 1 =10 n=10

l—, ,.'( m)—,—c(—m) F'(S 1 —x _w)

and this relation holds by analytic continnation cverywhere in the s-plane.
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Thcrefuré the functional equation of Z{s; x, @), deduced in [6] and
[1] by means of contour integration, theory of residues or by properties
of theta-functions, is a simple corollary of {1.4).

In fact, putting in (1.4) 1—x, —e instead of x and w resp., we get
by addition and considering (3.1) at once:

(32) (o) Z(1 85 x, ) = %cm " 250, - ),

tie desired result. Since by definition Z(s; 0, @) = 2 Z 11=° £0s (2nmw)
(Re s=1) and in particular Z(s; 0, 0) = 2&(s), (3.2) is agam a generaliza-
tion of (2.4).

By well-known properties of thie gamma-function, the functional
equation {3.2) may be written aiso in the form:

s 1-5

(3.3) elxw)-x T [%] Z(s;x,0) =7 TP[ 1=s

]Z(I — 5w, —X),

or introducing the notation
(3.4)

H(s; x, ) = :;F gf[%] [e[l; ] Z(s; x, m)+e[——-2—] Z(s; o, —x)],

it 13 equavalent 1o
(3.3) H{1—-s;x,0) = H(s; x, w).

The meaning of (3.5) ntay also be expressed in saying that
I
(3.6) H)y=H [2_ + ity x, w]

is an even function of f: a counterpart and extension of Riemann’s
F-function,

The relations (3.2)—(3.3) evidence that Z(s; x,w) vanishes for
s = —2, —4, ... identically with respect to x and «, moreover also
Z{0; x,w) = 0if ® is not an integer. By (3.5) it may be conjectured that
all the points of the strip 0<=Re s<1, where Z(s; x, ) = 0 identically for

. l . N . S
x, m, lic on the line Re s = — ; this being a far-reaching generalization
2

of Riemani’s hypothesis.

Finally we reniind of the fact that (1.6) is a special case of Epstein’s
zeta-functions, which are defined in [1] by multiple complex trigonometric

8%
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series with certain powers of quadratic forms iu place of jx+un| =
= [(x+#1P]""3 and satisfy functional equations analogous to (3.2).°
Remark that all these relations as well as a nuinber of associated proper-

ties can be got in elementary way by tlie appropriate version of the ahove
Fourier method.
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§ L. Infroduction

We shalf deal with the system of differential equations
(a) X' = A{x+1(5),

where A(f) denotes an #7-n continuous matrix of period p and f(f) is 4 con-
tinuous periodic vector of 1 componetis of the seme period p

(N Al +p) = A, Y+ p) = 1().

The corresponding homogencous and adjoint systenis are

(b) v = ANy
and
{c) = —AT(z

respectively. Here AT denotes the transposed matrix of A. Let Y{#) be
a fundamental matrix solution of (b), such that the constant matrix
P=Y-()¥{{+ p) has the form P=c¥?, where K is in the Jordan canonical
normal form

Kq a,.]
2) K = : wilh Koo ={ . - | (#=1,2,...,3)
{2 . |

%,

= &5

and let fhe submatrices K, be of order m,. Obviously the fundatental
matrix solution Y(f) satisfies tlie system of differenfial equations in the
matrix form

(B) Y = A(DY.
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it is well known, that Y{f) can be written in the form
(3) Y{t) = 0", D = (g 12 < s 7n)s

where fhe matrix @©(f) is p-periodic and K is in the Jordan normal form
(2). The corresponding fundamental maitrix solution of (¢} is (see [I},
§320r [2),§1.4)

@) Z(ty = (Y-1O)T = YO e %"t with ()T = ¥ = (4, 0, - . .» P

Referring to [3], there corresponds to each submatrix K, of K with
the eigenvalue «, = 0 exactly one p-pertodic solution yu(f) = g
of (b}, and similarly ene p-periodic solution zpq(f) = pp () of (¢) with

(9) () =m+m+...+m_+1, [v]=on+m4 ...+ 00

It is comfortable to write Y(¢) in the form

(6) Y(t) = (Y1(f)! Y2(t): vee YH(!)) = (Yl! Y‘z: ey Ys)
with
YI’ = (Y(r): Y(u»)+1 P orany y[l']))

where Y, is a rectangular matrix of type nxm,. Similarly we can write

the other matrices Z(f), &(f) and W(#). Thus referring to (3) and (4), it

foilows that .

(0 Y.y = D) &', Zt) = Ee "
Using the method of variation of constants, the solution of (a) can

be written in the form

(1) = ? v edt) = () elt) = V(1) [_f Z7() ¥(z) de + ¢(0)] .

It is convenient to write the vector solution x(f) as the sum of s vector
components

5

(8) = > "x(f)
with l

t

[r] (] T

@ K= 5% = 5 yA)ed) = y..(:)[ / 27 (1) i) a'1:+c,(())],
) ® :

where

(10) ¢ = (Coyr Caty - - - Cp)-

In this paper we prove that the vector components *x(t) of the solu-
tion x(f) of {(a), which are formed from the vectors x,.(f) by the relation
(9), are solutions of certain systems of differential equations, We study the
asyinptotic behaviour of ihe vector sotutions *x(#) as well as the whole so-
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lation x{#) of (a) by using elementary methods. Theorems on the matrix
] . . . .

K = - log [(Y -YOY({{+ m]. which plays a decisive role in the study of the
}']

behaviour of the selution x{(f) of (a), are also included.

§2. The vector solutions "x(¢)

On the vectors "x{#) we prove the following
Tneorem |. The vectors "x(t), which arc defined in (V) are selutions of
the svsfems aof differeniial equalions

(10 K= AOX+ED, v=1,2,...,8
with
(1) 1) = DO = rz),(r)w,?’(t)f(r).

We need the following
LEmma 1. By means of the transformation

(13) x(f) = d{Hu(t)

with @(f) from (3). the system of differential cquations (a) can he reduced
to the svstem of differential equations with constant coefficients

(14 u' = Ku+h{)
with
(13) bty = T, b+ p) = b

Proor. Substituting from (13) in the differential equations (a) and
making use of (4) and (13), we get

' = O-Y(AD—P)u+b.

It remaing enly to show that the matrix, which is premultiplied by u,
is cqual to K, e

(16) » = AP - DK,
By virtue of (3) and the differciriial equation (b), we obtain
h-AP— D) = O (AD - A@eMp—H 4 helle- BIKY = K.

Remark. The system of differential equations (14) can be subdivided
into the s independent sysiems

(17) u = Ku+b, r=12...,5
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where i1, is the dimension of each vector. Here we have

(18) ul = (U, u,, ..., W) With u) = (tuy, Haysets « - -5 H0p)
and (see (15))

(19) b, = ¥]1.

Referring to (13) and (Y}, we obtain

(20) "X = D,

Proor oF THEorem 1. Differentiating (20} under consideration of
(17}, we obtain

' = O, + O,(K 4D, ~(P,+ 0K, + Db,
Referring to (16), it can be easily shown, that

G, + DK, = AD,.
Thus we have
% = Adu.L Db,

By virtue of (19) and (20), we obtain the required relations (11} and (12).

§3. The matrix K

. . 1
The general way to obtain the matrix K = — log P = L log
I ?
[Y-I)Y(+ p)], as it is described in [3], is in gencral laborious. That
this gocs i certain special cases without trouble is shown in the following
THEOREM 2, [f the periodic matrix A(t) of period p is commutative with
its indegral from O to £, i.e. if the relation

i t
(21 AW [ AG@ydr = [A@dz-AQ
D 0
holds identically s f, then it follows with
P
r I
(22) K° = -—-[A(‘.-:)n’r,
p
0
that
(23) P — ¢Kp

To this belongs the fundamental matrix solution

{
A ar
(24) Y(1) = ¢° = PO(f) %!
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with the periodic ntatrix of period p
i
[ (A —K®) dz
(25) Dt = ¢°
Proor. In the following the two following fornulas, which can be

proved by means of the series expansion of the exponential Tunction, will
be used ([4], §8&[5], §10.9)

(26) eB+C = ¢B.¢¢ if BC = CB;
(27) (eBOY = ¢80 .B'(f} = B'({)-c® if BB = BB

Obvicusly it follows from (27), that Y(7) in equation (24) is a fundamental
matrix solution of the system (B). The constant matrix P is

r
fama

(28) P=Y'({)Y(p) =< ,

from which with (22) the relation (23) follows. [t remains only to prove
that, the matrix @°() in (24) can be written in the form (23). Evidently

P
@=(f) has the period p, since from (22) it is J (A{r)—K®)dr = 0. The rela-
a

tions (24) and (25) lead to the identity

¢ :
Famar fam—key dr
- o] 0 [
29 ¢ =¢ TSN

if it is proved, that the refation
4 ¢ ‘ P
(30) [ Ay .J'A(a) do = [ Alo)do - [ Az)dr
0 0 0 0

is valid. Since it is true for {=0, then the retation (30) follows by differen-
tiating it w. r. t. / from the comumutative law

P 14
(31) JA(r) dz - Aty = A(r)-J-A(r) dz.
U o
Now to prove the validity of (31), we compute from (1) and (21)
fap t+p n

A() j A@)dr = A(t+p) | AlR)dz— AQY) [A@)dz = j A7) dr - A{).
0 0 P 0

Thus (30) and (29) are proved.
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By means of canonical transformation (see c.g. [4], [6] or [7]), the
matrix (22} can be brought to the jordan Lanm'mli rtormal form (2} and
moreover, such fhat the succession of the cigenvalues oy, 2y, ...y oy 18
the same. Thus we obtain a matrix K-, which is related to the |11;11|‘i:\'

+
K in (2) by the relation ¢€7=p=¢"%7. 'I'h¢ corresponding cigenvalues of
these matrices are cqual while the relation between the eigenvaluvs of
K and K~ is clear from the equation

El
o : E3 . 2ai
(32) K#* = K . wilh E, = .- — I,
" f
E;
where 1z, is an infegral number and 1. is the unit matrix of order ..
Thus we obtain

CoroLrary 1. By means of canonical transformation, the martrix K*
in (22) can be transformed to the matrix K-, which is related 1o K by
the relation (32), such that K can be calculated.

TueorEM 3. The ussumption (21) in Theorem 2 cant be replaced by the
more powerfull one

(33) A()-A(7) = A7) A()
with arbitrary { and .

Proor. There is only to show, that the relation (21} (with arbitrary
lower limtit) follows from (33). [t is

A JA(:) dr = j A(f) A(z) dr = j A(r) Al dr = JA(r)dr A,

§4. The asymptotic behaviour of the vector solution x(f)

Lemwma 20 Let »(f) be an arbitrary periodic function of period p. Then

!

(34) @y de = r@)+ &,

)]

where v,(f) is periodic of period p, and £ is the constant

(35) k= —;— fl'(r)dr

a
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Proor. It is
t f
jv(r) dr = v(()+kt  with v () = j(v(z)— k) dx.
0 0
By virtue of (33), it follows that
P

niip) = [ (@) —K)dz = 0 = »,(0).

o

Lemma 3. Let v;f"(t) = (It Voy+1y - - -» V) be an arbitrary periedic
vector of period p, having m, components, such that iis m,-th component
satisfies the relation

F
(36) [ vy de = 0,
0
and let
0 1
(37) D, =| ..
-1
. 0
be a matrix of rank nn.— | with m, == [#]—(»}+ }. Then the relation
]
! ()
(38) J e v dr = win+ | ,
0

r(m‘b—l)({)—

holds, where w,({) is an m,.-dimensional periodic vector of period p,
and r{f) is a polynomial of degree ..
Proor. Using the fact that Dy = 0 for r = m,, we get

{
(39) J- E’D”(l- 7 Vi (I)d‘ﬂ =
G

’ vy | [ Ve VL)

: . ( (f— ‘L')m"_]_ ' .
V.-] . (mm, — 1)1 iI i
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By virtue of Lemmma 2. we obtain for fixed yaud e =01, ..., 60— |
!
] at | i - 4]
J.ﬁ o)de =8 }(f)—t— EPTD L E with W =,
¥
AL RS BN oelie -
where .07 7 s p-periodic and
1z
T ] T
(40) K= — [y .
f &
By using partial differentiation, the occuring integrals in (349) can be
successively cajeotated for fixed y and o = 0, 1, . ..., 11— |
tﬂ~:-2-—p

- . 11
(41 ST v @dr = (e s _
o! n=1 (c+2-u)!

Substituting from (41) in (39) and arranging the swm of the vectors,
we oblain

1 —
r An+t)
Z I (:} ~u
=0
m 1 m,—~1
r Gy Y gl it
: S Ve — 3 KGia
19 D, {t=v) r=l n=0
(12) J.L v.(z) dr = Ml oy el +
0 S Virie — 3 kiyru
n=2 =
£y () (2)
| V] = Ko -1 — ki .
T, lm"_ jerl .
SR S UL
9 Sk ] 20 (=t D)
IO 2!
ﬁ(..] -7 my, o tml.—_u
(1) {2} sk ——
1 a1 - Ry Lt Y
ki ey - f Kby a tl (m.—w)!
(1)
+10 -+ f‘(")-%l R my, -1 tm).--_u--l -
_, (r)
: 0 R - —— o
. ‘.,-%1 {(me—u—1)
0 B .
(), . @
| Kyt -+ kg _

In the first s mmation we collect all the p-periodic terms together, such
that the othe swnmations contain only polynomials in { with fixed lower
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indices. To every polynomial vector, we have to add suitable constants,
such that the refation on the R. 8. of (38) is satisfied. Adding the additional
negative constants to the periodic vector in the first summation, we obtain
the required formula (38)

I the formula (42), there exists a term of the highest possibie powu

7, namely the term k[,.] I—T’ wliose factor k[.,] is different from zero be-
i,

cause of the assumptions (36) and (40). Consequently, it fellows that the

polynomial r(t) in (38) is of degree a1, which compleies the proof.

Lenma 4. By adding a vector of the form ¢ % ¢,(0) to both sides of
(38) with D, and ¢, {0) from (37) and (10,) we obtain the special form

JRild
1y
? fm”_l
@3)  JT7 v drr e o, ()= WD) + 4L Ty
0 ¥ '
| i
with (see (40))
(44) = _fP[:] ('L’)fi”&',
Proor. It is
_ 1 — -
o0+ )1+ +en®) i a0
iﬂl,
D, f — () + . (0 —— | = | ¢
e’ ¢, (0) n-+1(0) i )(m‘__Z)! g'(t)
: @ 1 L™

for arbitrary ¢,(0), wlhere ¢(f) is an arbitrary polynomial of degree /m,—I.
Referring to (38) and (42), the relation

1) = ki

"!- +R(D)

r H

is valid, where /) is a definite polynomial of degree ni,— 1. We need only
to determine the constants cy(0), .. ., c;1(0), such that g(f) = —i(f).
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On the boundedness of the vector solutions "x{f) for unhounded in-
creasing f we state the following

THeEOREM 4. Eaclt component of the vecter solution "x{f) is bounded for
tincreasing without linidt, and periodic of period p iw either one of the fatiow-
ing fwo cases:

(i) If the eigenvalue o, of the corresponding submatrix K, is not equal
to zero. Here "X is uniguely defermined.

P
(ily If the eigemvaliie «,=0 andjzf:.](r) i(z)dz = O simulianeousty.
o

i1 this case ' is uniquely defermined witl the exception of ane parameler.
For the proof see [3].
Now we prove the following theorem by using elementary methods.
THeorEM 5. Lel K, be a submatrix of K with the eigenvaiue 2,=0.
And et

P
J za@) iy ar = 0.
¢

(]
Then the vector solution vx(fy = 2 x.({) takes — independent of the initial
#=0)
conditions — values of the power order £, Where m, is the order of K.
Proor. Referring to (9) and (7), we get

(45) "x(f) = @,.(f)[j T i)y de + e c..(o)]-

Applying Lemma 4, we can choose e, (0) to oblain a particular solu-
tion "x*(f) in the form

o
it
=1
(46) () = ) w k] L 3,
(. — !
—_ t -

where {he vector wf(r‘) = (Mg, + .., M) is p-periodic and by virtue of

(7), (44), (45)

P F
i ; 1 f
(47) K= — | i@y dr = — f Z{n(z) f(z) dz = 0.
P p
o] 0
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Evideutly every solution "X{{) van be written in the form
(48) x(1) = X0+ D) %' ¢ (0).

Referriug to (46) and (47), we see that the particular solution "x+({f) takes
values of the power order " . This is also valid for every solution *x(¥)
w1th (llhltl ary ¢ (0), since £ is the bighest power that is included

in e ¢ ~(0) in cquation (48).
P
CoroLLARY 2. If besides «, = 0, J zf:.](r)f(r)dr = 0 (see (47)), then the

]
particular solution (46) is a p-periodic function (sce (47)). The general
solution (48) is also p-periodic if the first component ff.)(()) of cfc(O)
arbitrary, while the other components of ¢ (0} are zeros. This result coin-
cides with Theorem 4.
CoroLLARY 3. Under the assumnptions of Theorem 5, each vector
component X,{f) of the sum "x(f) = [ZI x.{) fakes — independent of the

=L
initial values — values of the power order ™,
Proor. Substituling from (7) in (46), we obtain a particular solution

» (=p™!
(49) )¥ () = Yo — ¥ F¥ea1, -0 )—Yo-) +
(m, — 1!
( O™ =
m,!
fm‘,-l

(o

E——T Yoyt t - - +Y[»]] L Wt)+ k) (1, — 1)1

H

- -/

Referring to (49) and (9), we get for the vector components x?:)ﬂ
(e=0,1,..,m—1)

t)mv—;.- m,,;] (‘_ r)a._.
(70) X(,) fl(t) =¥ HJ(I)[ k(l) m + n%ﬂ Wb - ( he Bl ].

Since from (7)

fe—v

Yoo +H(f) = ‘?7(=)-L1(t) ‘3
220 —~y)!
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{hen equation (50) becomes

tm ¥

* m—ptl gy L
Xy k) = (= 1) 7717 K midf) o —m———— +
m el =(=1) Tl .Eor{“ 1) )
3 g3 (-1 e
-+ USRS [ — 1) Wy ] .
E AN P (=) (o=

D #
From this it is evident, that each of the veclor components Xgy., of the

sum “x+(f) takes values of the power order ™. This is also valid for each
vector component Xgy4., from (48 (for p = U, |, ..., m,.— 1) with arbitra-

ry ¢ (0).
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THE UNKNOWN DOES NOT APPEAR EXPLICITLY

By
RAHMI IBRAHIM IBRAHIM ABDEL KARIM*
Cairo University, Faculty of Science, Mathematical Department

(Received Decernber 13, 1070}

1. We consider the differential equation of the n-th order
(2) Lix] = x4 a()xO =D a()x0 =4 . 4 a,_ (OD = f(1)
(l=f=n-1)

where the coefficients o, () (1 = 1,2, ..., n—f) and f({) are continuous
and periodic functions of the same period p and

(1 4,_{) £ 0.

In this paperwe study the growth of the selutions of (1) and their derivatives
in the resonance case.

By meaus of the substitufion x=(f) = x(), the differential equation
(a) is reduced to the differential equation of order n—j

(ar) Le[x*]=x+-Dpaxr@-/-Dp g, (et =/=24  pa, fHxr=f(f).
The adjoint homogeneous equations corresponding te (a) and (a+) are
(0) L[zl = (= 172 (= 1 Ha02) " D+ (= 1) 2 afl) =+
o (= D, ) = 0

and
(h+) L¥[z¢] = (= 1)yi-izt =D (= 1y =i Ma(f)z <) ~I=N

H (= 1y =T=3ay(tye ) =Dy, (2 = 0
respectively. In the differential equations (a*) and (b~) the unknowns
Llfﬁglselves appear explicitly and therefore the results it [1] are applic-

% The present address: [1 Chair of Analysis, E0tvis Lorand University, Budapest.
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The fundamental system of solutions of the homeoegenecous equation
corresponding to {(a+®) can be written in the form Y *(f)= @*(1)eK*, where
the matrix @~(f) is p-periodic and K= is in the Jordan normal form (see
e.g. [2], 82 or [3]). Let miv, be the order of the submatrices K*, (» =
= 1, , $*) of K= with the cwuwalues zn, and let w,==0for v=1, ..., o~
and /0 for v=p%+1,...,8*% Th(. p-periodic linearly independent %olutmuq
of the reduced lmmugulous equation Jadjeint equation (b=)] are y#uy(f)
=] for r=1, ..., g* (see [4], §2), where

r—1
) = m:-I- I, [»] = Z -

v=1 n=1

Unfortunalely, it is not enough for the solution of the reduced eqgua-

tion (a=), thaf we bring the corresponding matrix K+ simply in the jordan
normal form, since our requirement is the discussion of the eguation (a).
And therefore it is important to obtain the fundamental matrix solution
V(1) of the homogencous equation corresponding to (a) in a convenient
and simple form. For this purpose we bring the fundamental matrix solu-
fion YVo(f) in a “special normal fsrm”, which has the following properties:

[. For ¢, = 0, i.e. for v=1, ..., g*, either the nean value
14
(3) L f ra)dt =0 for p={(),...,[7]
P g
or there exists an index =i, =m*,.— 1, such that for the mean value the

following relations

1 r

— [aton=
p
]

I
i
— fr,n?’ﬂ.; f{Odi =0 for k=i,
P
| o

(4)

are valid.
2. The submatrices are so arranged, that for r=), ..., % there
exist indices i, and for r=241, ..., o= the rclation (3) is valid. For

x =0, Le. for v=o*+1, ..., 5%, the succession of the submatrices is ar-
bitrary.
. .
3. The orders 1, increase monotonically for r=1, ..., 2:
(5) mesm*_y, r=1 ...,2
and tiwe inequalities

. . E3 4 . "
(6) fp=i,_q. HY —:,.:.-mf_|—:,._1 for »=2,...,2



ON AN ORDINARY LINEAR DIFFERENTIAL EQUATION 131

hold. The submatrices, for which all the mean values vanish, are arranged
according to increasing values of m,’; here the inequality

. * * - :
Q) M. Zfe_q, v=i+2, ..., 0"

holds. [See [2], §3].

Constructing such fundameniai system of soiutions Y +(f) of the re-
duced homogenecus equation, we can obtain — by means of the relation
yo(f) = ¥ — a fundamental system of solutions of the same type

() Y(t) = D(f)es!

of the homoganeous equation corresponding to (a), but K does not need to be
in the Jordan normal form (see [2], theorem 2). However, by means of
canonical transformation, we can bring K to the jordan normal form

() K® = C-'KC.

The corresponding fundamental system of solutions of the homogencous
equation {s

Yo = V{0 = P(f)eK™
and consequently

(10) Pty = P)C.

Referring to {2], § 5, the orders a.= () of the submatrices K7
(r=0,...,8*)of K°arc

(i, = Min (f, i)
(in b, = m._*,;+Min (7, b )—Min (f, 1) (F=v=i-1)

m; = iy + - Min (f, iz)

m, = n, (A4 1=r=s*).
If i,=0, thea m,=0 and hence the submatrix K§ of K° does not appear.
This fact coincides also with {2], theorem 1.

The minimal power order nt+ of the solution x*(f) of {(a*) as well
as of its derivatives x<®(t) (k=1, ..., n—f—1} is given by (see {5] & [6])
(12) m* = Max  (m)).
VResoninee)

Further the minimal power ordet of the solution x(f) of (a) is determined by

(13) m=  Max (m)

( Resonince)
with m,=m,(f) from (I1), where the resonance indices for r=1I, ..., o*
are the same for both equations (a) & (a=). The corresponding staterments
hotd also for the derivatives x'(f), x”(f), ..., xU=9(), if we replace the
index Jin the formuia (11) by f—k for the k-t derivative x¥(f) (sce [2]).

10 ANNALES — Seclio Mathemaiica, Tom. X1V
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The general solution of (a) can be written in the form

(1] i}
(14) x(f)= Z'\(I) with "x(fy = > x.H = > y{)- jz,,({) f(£)dt,
) (O

where the indices ((#), [{v]] are defined, analogously to (2), by

(15) (((m) = mytnn+ . Fmo+1 = (+Min () i)
‘ U[p]] = figtily -+ ..+ = [p]+Min (f; L)
‘The components *x(f) for r=90=+1, ..., 7 can be assumed {0 be periodic

functions. Thesc are uniquely determined (see [4], theorem 5).
For »=0,1, ..., o=, we have (see [1], §3)

(16
LI A for = i if » is a resonance index,
= > - ‘(),,(t) with o ] ]

=0 (w,—,u lo, = m,, if v is an exceptional index,

where the functions "Q.{f} are linear combinations of the p-periodic
functions ¢, () (for g = ("), ..., [{[»]]), which are clements in the first
row ol @°(f). We call a solution (14) of (a), which for r = o= 1, .., s~*
is p-periodic and for v = 0, ..., ¢* is represented by (16) a “norrald
solution”. We can write such normal selution in the form

in—r)
(17) =3 — — 70,
2 -
wliere & = Max (m) and  z:(f} are lincar combinations of the

(»=0, .
p-periodic functmns "O,4f) n (16). The order of a wormal solution x{f) iu
(17} is o, where

(18) o= Max o= Max .= Max m =m
=0, ..., 0%) (v Resonance) {x Resnoance)

Let j lic in the interval
(19) ==l (=0, L..,2 §, =0, iz is uot a bound).

It is shown in [3], that all the derivatives <x®(l) for k = ¢, I. N
possess the saime power mdu w, (sce (16)) for every index r=5, r=20- and also
for v=14 if p=1i,. But if j = £, thea the power orders of the dEII\*dtl\'Cb of
'\(!) deerease suuuxively by I starting from w. till the order [. =
= \'Iin(f’—f @) attd remain constant from this value and eqml o — (1.
if .=f—1., equal O if @, 5]—1.

2. We study now the power order of the solution x(¢) of {a), such that
for given k (kK = 1, ..., n—1}, the derivative x*)(f} possesses the minimal
power order.
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11 must be noticed, that the given orders of x0(f) (A = 0, |, ..., j— D)
in the formula (11} are always the minimal orders. It may occur, that
e.g. x(f) is a solution of (a) of minimal order (with index f), while the cor-
responding derivative x’(f} has a greater order than the computed minimal
order with index (f— 1) in (11). Conversely, x’(f} may be a solution of mi-
nimal order with index 7— I, while the integrated function x{f) = fx"(f)di
has an order, which is greater than the computed minimal order with
index j. The reason is due to the fact, that for two different indices j—&
(k=0,1, ..., f) a different determination of the constanis is necessarily
required, if it is desired to obtain for instance a solution with minimal
order.

First we state an organization of [3], lemmma 6, whose proofs are si-
milar.

Lemma. If f ltes in the inferval (19), then the following rclations
hold.

(Here @uy+, denote the elements of the first row of the mairix @
before the transformation and Plr)-+s after the transformation (see (10))

and the elements (lﬁ((r})-\'vu are of mean value zero)
{20}

iin case y=vy

(‘7’((,-))) -y ‘?-"'U.-]]) = (01: Oz; RS 01, 17— [ r}J(r): &’{!') 1y o ey ’?;[!']) -
(B - 11 Pl )21y -+ o b Niriy g —iy— 19 Pl Dy o —igs Pt Dby g Ty 1 = = =5
{'}'(‘-.;- y:m, 1),

incasc» =yand j # i,

1) .[(G‘J((,,))u o) = G O 5 Op s Fons Feaets -+ fp1d
N lin case v = p and j = i,
. l( P+ P)) = L+ @en Forets - - -» E)s
incasey =v =1
(23) (‘?"((v})' = "?”[[--1]) = (Tt Poy+1s - - 2 PeI+,~j~1 | +
l + Py +iy—is Foytiy—jt1s « » 1P p1h
['in case y=1
(24)

l( Py * 2 F[e11) = @ - - +» PE1)-

Remarxk. In case »=1yp=0 it remains only from (21)

(P P@)ev - - Poy+i-1) =(13, 0y, .., 0
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and in case j=1 it remainz only (q(w”) = (1,). Similar reiations hold also

for (20). In the cases (22}, (23), (24), we have [[r]] = [»].

By means of definition (19}, tlie relation (I11) can he made sharper
hy replacing the index 2 hy ». Let us represent the minimal order of the
derivatives "x%(r) (see (14) with & as abscissa.

i power order

my, N\
» -

“
o VI R S
Fig. 1. (a)
Do weer orglar
m \
* AN
i
4 Sy / nf Kk

Fig. 7. (b)
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The broken lines in figure 1{a} for two different indices »; and », with existing
i. do not cut each other (see (3} (6)). Further for cvery index », for which

there does not exist an index i,, we have: . = m, .
We introduce now the symbols

(25) m.= Max m, m = Max  m,,
"R 7 (Redokaie”)
wiiere v is defined in (19) (compare with [2], (119)).
I Max (m , ) = m_, then it follows from the modilied relation (11),

that all the derivatives \(“(!) (k=0,1, ..., 1—1) of a normal solution

x(fy of (a) possess the same minimal mdu, which iscqual to m = ¥

Here there is no problem. - -
It remaing only the case:

(26) Max (m., m) = m. = m

to he considered. if y is a resonance index and hence y=v, then it follows
from figure 1(b), that the power order of the derivatives x®)({) of a normal
solution is equal to the power order of *x® ), i.c. m..

Interesting is the case, that v is an exceptional index, i.e.

(27) yo= .
Ifk = j—i. , ihen "x% gjves the ininimal power order of a normal sotu-
r+1
tion x(f), as it is shown in figure 1(a). On the case
(28) o= f—i.
w1
we state

THEOREM 1. Jf we subdivide u nornl sotution X(f) of (a) under the
assuniplions (19), (26), (27), (28) (see alse (14)) in the form

(29) x(0) = )+ 500,
witlt

b I f—d
30 00 = Inn= 3 7ll)
( ) 1() ‘E_,; (G ‘;ZO ( —5)'
{(see (17)), where we can choose
(3[) w = iy == Hi’?‘l‘(j"‘f‘) = ”1"{ (!—:r_-‘ l)

(see (11)), then the constants occurring in *x(f) in the cqiration (30) (sce (35))
can be choscn, such that y () 7., ..., p_(f) are constants while y(f}
is nol a constant, with

(32) [ = j~i.
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Figure 2 represents graphically the stated relations in this theorem.

power arofer
(-.l'ldr | N
N m
. NN, . s/
“as i 7
yffr o) B
o, e eseenzme Rew e S
P
Prhi)
‘1.5 =m‘; _________________________________
+ .IaJ
. e -
o Minirmal order of 2™
O M P P, S 7 nt K

Fig. 2.

Proof. Evidently all the summation-indices in (30) with exception
of ¥ are exceptional indices, If namely v (forv = i+ 1,2 +2, ..., ¥) is a
resonance index, thea it follows from (11), (5) & (6) that

o, = n, = 0y 4+ (les1— I.r)bfn:'l‘{f,.-.-l—f:_]b— m: + (z’:H —izj = m.

which contradicts with (26). Therefore for these indices the constants
"dy—y (see [1], § 3) in a normal solution x(f) can be arbitrary chosen. And
consequently by virfue of (11) and (6) we can choose

0 =o, = m:*-l-(f—f;l}-:m.:'.‘ +j— i =,
as an upper bound of the sum (30). Setting analogous to (31) for
v=v+lL,v+2, ..., v-1.

(33) W, = m:‘+( fpay—i-' = m:+ (r..ﬂ -
L4 ¥ ¥ »

-

1)4-'”!..

and observing that

x* . .
- = [ == e+ (1-. = t:)
v v vl

then we can write (30) in the form
- @y tm,,—;z
(34) ) = 3 [ Y = "c—)ﬂ(r)].

(20 (0!

r=
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Here we have (see (16) and [1], § 3)
',o,,(r) 2 e Py ) (=01, 0= 1),
(35) w,— 1 -1

' ()= 2 "demr Ty A+ Z ISR PG

witere the p-periodic functions 1?(:}(!) can he chosen of mean value zero
(sce [4]. (62)). Comparing the powers of £ in (30} and (34), by using the
notation

(35) toy = 5—(j=frpy) for P=m L
Vozj—i .,

q:r_]

we ghtain the relation

(37) /!(f) ()¢+ Z 9",)(!)?5 = U ] ' ‘)J;__ l;: = !f, L .,CU}-,

which is needed only 1ill & = {. Summalions in (37) with undcfined g,
are to he put equal zero. We notice, that the quantities {31) and (33) are
the liighest occurring expouentts of £ in O () and *6&,.

Referring to (21) and (33) we get

(38)
X ]I, if mT=0

Hypm 1,
O = 3 o erfeer@Frdswith d = j—1, Lo,

b=

=1

II— I,ifms=0.
In case m¥= 0, the 2 suny in the 244 equation (35) is added to (38) for

& = 4. This is to be noticed later also in (39), (43), (43) and (46). For
6=0,t, ..., J—i.— 1, therelation (21) or [3].(28}is contained in (38} because
i_1,s—1 will be negative by virtue of (38) and therefore the sum in (38)
will nof appear. The formula holds whether §:= §, or not, as it can be
verified hy imeans of (21} and (22).

Similar to (33), it follows by means of (20) for the remaining suinuma-
tions in (37); i.c. for

v :']J, ]_’+]f - '!‘.V_li

that
(3
Had Hpd .
Ou = = 3 e o 0F 3 e Forermiy - i) =
r=0 r=f‘l.+|—f,.
M fp—1,

= = Z -“:r)_rq‘("f']) k¥ ("i)+ Z dﬂ:_l a rq(gj kr (t)
r=0

r=0
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Since from (36)

40 d = f—iey = =1,
thent the sum in {37) does not appear in case
(40 s=0,1,...,j—i, -1

Consequently y.(f) is a constant by virtue of (38). (If j=i,, then these
terms do ot appear). We have also only to deal with

(42) =j—i,j—L+1,...,L
Now we compute from (37), (38) and (34)

H}._ 1,8
(43) o) = 3 s dererl) 4, +
r=0
—1 Hyd Hue], .
[ Z d”m r ‘T(! T lrEr (!) + Z ’Id-“r'— Lo F oy r(f)] -
r== =0
= ¥d, -+ 2 Z (,-.Hd”m_ P— '.d,um—-r) q‘-(‘,+“_;_,(f) + 2 d.ﬂ: _,(f?(:) (f)
s r=0 r=0 #—1,8 vjtr

We choose now the arbitrary coustanis *d, such that the small brackets
vanish, i.e.

(44) ’I+ld"‘r0_r - rd#‘m— ry P= t_,l ;+ I} BRI A l)

where only the relation [1], (38) for r=1» may be observed. Then it
remains from (43) only
I
i—-i,o b
(45) ;‘f('{) = 1'd¢-i- Z 1d#- hadd &‘(‘) ('{)
e rir

r=0

The sum appears here ouly if (see (30))
B =3d—(j—iy=0,
=1, ( ;J
i.e. by virtue of (32) if
=1

Referring to (43) and {1}, theorem 3, it follows that y, Fis v e s Hi_g dre
constanis, while

46 ) = 1+, G (0
(46) 24f) Q‘G)()

is not a constant. Thus the theorem is proved.
As an organization {o Theorem 1, we prove
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THeorREM 2. Under fhe assumptions of Theorem 1, if we sef the imodified
Junction x,(f) (see (30)) in (29), then x,(f) can be chosen such that the power
order of the derivative x®(t) decreases nionvlonically by 1, witl increasing
k, starting frem o = o, for k = 0 (see (31)) Hil the power order

(47) M = Max (.fnf, n )

In case M = g, the decrease of the power order goces till the /-th deriva-

tive with / from (32} and in case M = m_ = m* it goes till the /-th de-

rivative with

(48) I = 1—(::1;‘ —m¥ )

The figures 2 and 3, in which x(f) (see (29)) is drawn as a dotted line,
represent the mentioned relations, figure 2 in case ! from (32} and figure 3
in case { from (48).

powtr orakr
el
.
s

R L = AP
e T £ttt 1
>y [

Fef i
_____________________________ S|
Gt T :
PR :

L
-
S,
£

Proor. Referring to [1] theorem 4, {his theorem is proved if it is
shown that x,(f) in (29) does not contain powers of £ greater than {M with
M from (47). For this purpose we prove first, that there is no index »in
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the seguence ¥4+ 1, ..., A&, which can be a resonaiice index and heoce it
does not need to give any power of £. For such an index », it would be (sce

(L), (6)).

. ek . .
m,,:>.rn’_"+(1,-:__.)5 Moo+ i - iy = s,
" # r ol r v

which leads to a contradiction with (26). — For the resonance indices

the sequence 2+1, ..., p* the greatest index has, by virtue of (7),
the greatest m, = iy . Then from (26) it must be m, < m_. We notice

also that the case m = m_ = mis already treated just after (23). Now

the relation (47) follows immediately, since the indices r> o= give rise
oitly to periodic functions of a normal solution x{f) of (a).

As an application to the Theoreris 1 and 2, we consider for instance
the following example;
Let:wif =3, mf =5, 0 =8, mf =4, mF =10

i, = 2,1, = 3, i, = 5, i, and i; do not exijst

J=8; »r=10,2,4 resonance indices.

Referring to (11), (19), (25) we find

my=2,ny =4, m="7ny=11,m =4, m = 10

y=3i=5p=2m.=T7,m=51{ =

From (31), (32) we get

Crd

¥ #

w =, = [0, { =5,

Figure 4 shows as a dotted line the power order of the A-th de-
rivative of the solution x(f) from Theorems 1 and 2, as a broken line the
minimat power order of x®(f) from figure 1{a), as a dash-dotted line
=X}, as dashed line *xUX#). This dashed line holds in general also for

pSower order

- = B,
a8 N

mom, a¥

*

475‘5

Mimad crder of £™

0 i, el 8 Y
Iig. 4.

the selution (29) with o from (31), i.e. @ = 10. Oniy in a special choice
of the constants *d,, it can go under the height m, = 7. It goes for the
choice (44) \ill the minimal order s = 3.
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In order to obtain an example for the case (48), we consider the samc
preceding example but with m; = 6. The index » = 5 will be considered
also as a resonance index in additional fto the other resenance indices
v=10,24,

Now it is again
w=w;=10; [ =5

= - &
v=2,m_=T7,n =5 butim =m =umy;=m =6.

*
"
¥ r o

Referring to (47) and (48) , we obtain M = 6, [, = 4.
The new relations are shown in figure 5.

i
| powdr ardes
w-(..‘!,'ﬂ N
N
i
bl
5
Y 3_af
~ T
S
mern,s7 S it BT L S L E PP L e P R
. ’ x&, Zypitl |
m=m} =6 L S
n}t -5 Minimal order of x™ |
|
|
S ——
0 L7, ] Atk
Fig. 3.

3. In this § we provide an example to illustrate the general procedure
and the main ideas in [2], [3] and also in this paper,
The furtctions
vty = sin f, y?]](i) = tsinf—3cosi4 |
are solutions of the differenttal equation
2sinfcosf+-sint w 4 4 cos*f &

- — O
34sinf—cost 34sintf4cost ’

(b)) L*Ty*] = y*

whose denominator is positive for f¢(— o, o). The corresponding matrix
solution Y *(!) is

9) vHY = ar@e — 11 T -3cos "”' "] witlt K* = [O I].
cos i 4sint |0 1 00
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The transposed reciprocal matrix Z+(t) = (Y -7 is

(50) Z5(1) = WD) B‘K*""-‘
__ ] d=ind —cos ” | (J}
3-tsin*f-—cost —143cost sintl|l=t1]

The elements of the last row of Z+{f) form a fundamental sysiem of the
adjoint homogencous differential equation corresponding to (b¥).

We consider the solution x-{/) of the inliomogeneous differential
equation corresponding to (a<;) with the right side

(51) ff) = 3+sin%—cost.

. . - . E ..
Since we have the 2x-periodie solution 2 {f), then we formr the decisive
integral

2 24
(52) j 250, JD) dt = J‘ sin{f) di = 0.
)] 0

The inhontogencous differential equation is therefore in the exceptional
case. By means of the method of variation of parameters, the general
solution x*{#) of the inhomogenecus equation is

(33) XAy = —~71sin {4 [i +—!--cus 2 —cos -+
2 2
+ETeg sin fRTey([— 3 cos £+ e, sin £

Choosing ‘¢, = [, then x=({) is 2z-periodic for arhitrary ‘¢,. But if "¢, < 1,
then the order of x*(f) is m* = i. Since the factor of £ in X*(7) is a non-
constant 2x-periodic function, then the derivative x'(f) has the same power
order m#*” = m* = | (compare with [1], theorem 6).

We consider now the differential equation

2sinfcosfsint

(@) Llx} = xvro—
3+sin®f—cost

4 cos?f

. = XU = 34-sin®{ —cos f
3+sin*f—cos!

with { = |, which is reduced to the differential equation (a*) hy means
of the substitution x*(f) = x*. We construct by using the method given
in [2], § 5, the matrix solution Y(#) of the homogeneous differential equa-
tiont corresponding to (a,). Choosing j = 1,2, 3, we obtain succesively
the matrix solutions Y(f) (see [2], {54}, (3D), (61Y).
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Forj = 3, we obtain

(54) f=3|Y({)=@F)-H({) =
2 23 -
100 cost o i llo
91| 3
] 0 f*
_ | O|—sin { cosl i f 5
0| —cost —25intl I {0 f
‘ 1
0 P+ 0 |
R N
with
01 0looc
0100
Hiy=e<Tand k= | 901
o |0
0

Here we have (see (49))

(5%) PF [Sin { 1—3cos I]

cosf 4 gin £
Then we determine the matrix € in the transformation
Ko = C-'KC,
which brings the matrix K in the jordan normal form K°. We obtain
(sce [2], (40, (79), (88), (81)) - -
11 | rl

66 i=tlc=c=*cBi= T )
(57) j=21C= € -C, =*C, B, -*CsVs =
Hiio | 10

1 1

i
|
BRI 1
I
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(58) J=3[C=CCCy = *Cy B -*Co V- *C V,y =

I l
1 | ‘ I 01
I 10

: S (R

] —1 11 1 1
I I 1 |

0
1

From this we obtain the new fundamental systems (see {4}, (10))
Yo(fy = @°(HeX™ for j=1,23.

For j = 3, we get

(39) j=31ve) =
—cost 1 O cos f 0 T j_ o |
. . 7P
sinf 0 1 —sint cosf —_—
20 31
cosf 0 O 1—cosf —2sint 1 1 ;
—sinf 0 O sinf 1—3cosf | R
— _co_s_{_p__()___cos { _4 sinf || ]
in (59} we notice that
J=3,j=ii =1,y =1 {see (19))
Puoy) = Py = —Cost 5 const.,

Tion =1 Pone1 = O Pegyeioi, = Pz = Fay = cost  const,,
Pran+s = Ty = O

This result coincides with the lemma and [5], lemma 6. We obtain similar
relations also for f = 1, 2.
The reciprocal transposed matrix

2° = (YO-1T = (@0-1)T e—FeT Po(f).e KT+
corresponding to (39), i.e. for }=3, is
1

60 =312 ——— .
(60) J 1270 3+sin2f—cosf
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0 3+sin*t— cos ! 0 0 0 ‘
'i 0 ] 3+sinf—-cost 0 0 |
34sin*t—cost 0 {0 3+ sin?f{—cosf 0
‘2sinfcost—4sint —4sinfcost 1+3sin?? 2sinfcost  -—cost|
i' Jocns?i—4dcosf cosi-—3cos®! —sini{+2sinfcos! 2-+costi-cost sinti
1
1
—f I
2 .
— =t 1
2!
2 2
L
3r 21

Similarly, we get Z°(f) for j = 1, 2. We see from the last rows of Z°(1)

for j = 1,2, 3, that

61} 2 = ———L—— i —4dcost+ ! cos 2 for j=1,2,3
)™ 34 sin?t—cost {2 g S

i. ¢. independent of f, as it was shown in the proof of [2], thcorem 8.
Further the corresponding perivdic solutions = forj=1,2,318
sint

[:12 Z @ = 2*1 = - e
(02) [} “ 3+sint—cost

which coincides with [2], theorem 7.
Evidently, the function Zpop) AN be also computed by means of the
formula [2], (103):
(63) o) —(Tf’*(l)jfﬁ(1)+'1’*[1] _:*}7-‘[11”'"-”*(1))-
Referring to the last row of the matrix W=(f) (sec 30) and the j-th row of

the matrix ®() for =3 (see (34)), and the similar expressions for j = [, 2,
we ghtain

" —1+3cosi * sint
Py = . YT T
34sin?f—cosi 3-+sin?f—cost
l;(}v‘ (y = — €03 t, j!}'[]] = —2sint.

Substituiing in {(63), we ohtain again (61).



146 KARIM, R. 1. 1. A,

Further from the represeatations of Y<(f) or Z°(f) for f = 1, 2,3
(see (39), (60)), we can write the orders m, of the submatrices, and we
obtain the tuble

| T 1

" P‘:(} 1 i 2 ll 3 ij=2

(64) | mni 0 i I 1 1 |= | Ly
?m1!2 213 4 j+w

which coincides exactly with the table of the minimal order in the partial
resonance case (compare with (11).)

While the index »=1 in the special case (51} is an exceptional index
(se¢ (52)). the evaluation of the integral

2a

(65) | 2oy @ fAydt = T 5 0
0

indicates that »=01s a resonance index.

[nstead of (61) and (65} we can also, by means of [3], theorem 7, com-
pute the integral

2x 23
J. Z[[o]](r) i) dt = J XENDdt = Ta = 0,
o 0

with the aid of the 2z-periodic solution

{616) X} = -;— —4cost+—é— cos 2{4 "¢ sint

of the reduced inhomogencous equation (compare with (53) by sctting
ey, = 1)

As a whole, it follows that the minimal power order of the solufion
x(f) for j =0, 1, 2, 3 and so on, has tie sequence of values

(67) m= iy = 0,1, 1,1 and so on.

The general solution x{f} of (a,) can be obtained by two different methods:
Either by successive integration of x+(f) from (33} or by computing a
particular solution of (a,) by means of the method of variation of paranie-
ters and adding it to the general solution of the corresponding homoge-
neous differential equation, which is obtained from the matrix Yo(f)
for =1, 2, 3 (see (39)).

Using the substitution

(68) X¢) = ox()+ x(h).
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the method of variation of parameters for j = 3 gives (sce ({4))

(03%)]

! 7 . .
| 0%x(f) = —cos![ o -4 sint4- LII— si1l 2t+°c‘]],

=4 r:{
P= 3 = P e +1cos fl 4sini— 3—3 sin 2+ —L sin 2f cos f4
’ 2 13! 16 4

s 2
+ 160[-3—' +1cos f]+ gy [2:—'4—-:05 t]+ eat + ¢

Similar expressions cau be obtained for j = 1, 2.
Sulutlons with minimal order (67) can bc easily coustructed: (sce
(33, (69))

For | = 0, we need only to set (asitis already known) ¢, = 1 in (33).

For j = |, the constants are arbitrary chosen.

For j = 2, we set ', = — ‘j the other constants are arbitrary.

Forj = 3.we set ', = — 3 and ‘e = 0, while the other constants
are arbitrary.

If we go from a fixed solution x{f), we obtain for tire sequetice of
functions x{(f), xX’(). x”(f), x’7 () and so o, the power orders whose figures
can be determined from (b‘)) and the similar expressions for f= 1, 2.
We consider now the case j = 3, we choose for instance a fixed definite
solution x(#) and obtain for its derivatives x(®(f) the four different cases
(sce (B

in ail cases, it is

[F=3 i =1 y=1(see (1) j—i,=2

(1) ;
l(r)‘, = my, = [ (» = { resonance index).

Case I: ’L‘O—i-% #= 0.

Here o) = 3, 1, = J—i. = 2 (see (70)). This case coincides with {3],
case 2b).

Case 11: 1c0+v2— = 0, but ¢, = 0.
Here e, = 2,1, = 2. This case corresponds 1o [3], case 2¢).

Case 111: ¢, = 0, ¢, =0and '¢, is arbitrary.

It “-"[‘J‘

Herew, = 1, [, = [, = Min (j—i,, w,) = 1 (see [3], case 2 a)).
Case 1V: ey~ 1 = 0, the other ¢'s are arbitrary.
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Here we have

w,=w =3, [L=f-i=2

¥=0 (sec (26)), i =i, =0
(1) "
o =M. =y =m, =1 (see (70)),

[=j—i.=3 (see (32)).

|

The constant ¢, is chosen, such that the coefficient of £ mn the sum
X = %)+ () will vanish (see theorem 1)
In this case the condition (44), which is now reduced to

(72) ]du = udua
must be satisfied. Here 'dy and %, are the coefficients of the highest power
of 'x{(f) and °x(H) respectively. We find that

o]
i, = - +l¢, 'd, =

t\Jl--l

Hence the condition (72) gives ¢, = 1, just as it was assumed in the be-
ginning of case 1V.

En the following firure, we represent the preceding four cases and also
the minimal solution (the last is represented by a broken line).

§  power order

Fig. 6.

It is evidewt, that afl possible cases are considered with the cases 1
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titl 1V, — There is no solution x{f), that simu]taneeus]y with its three
derivatives x'(f), x”({), x”"’(f) possesses the corresponding minimal order,
t.e. which is represented by the broken line in figure 6.
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OSCILLATORY AND NON-OSCILLATORY SOLUTIONS
OF DIFFERENTIAL EQUATIONS OF THE THIRD ORDER
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{ Recefved fanuary 20, 1977 )

1. In this paper we study the osciltatory and non-osciliatory solutions
of the differcntial cquations of the third order of the form

(e) Py + (P’ Y +r{x)y = 0,

where p(x)=0, r(x)=0 are continuous functions of X€(— e, =) and
r(x) = 0 does not hold in any interval.

The Jifferential equation (e) is equivalent to the system of differential
equations of the first order

s z
R
P
iz’ =W,
W= — wery,

frotn which it follows, that for any arbitrary four numbers (&, 5, %, 73)
there exists exactly a function y{x) with the propertics ¥(£) = m, V'(5) =1,
(pY'Y (§) = =y, which is the solution of the differential equation (e) in
the interval (— ==, <) (see e.g. [1] or [2]).

The solutions y,, ¥, ¥, of the differential equation (e) form a funda-
mental system of solutions, i.e. linearly independent system of solutions, if
the determinani (Wronskian)

i h Y Vs

WL, yo V) =¥ Yo ¥:

(ry) (pve) (pysy

is different from zero in at least onc point,

1%
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Since
¥

gl Ya Vs
[PW]I'=| » ¥ ¥ » = —pW,
(pn) (pya)” (pa) [ A
then the Wronski determinant of the fundamental system of {e) is
e—x
l "V Vi l'*), "":) = k_—'- v
(H (V1 Yo Vs s
where & is a convenient constant.

THEOREM A, Lef v(x) be the solution of the differentivl cquation (c)
with the property y(@) = y ()} =0, (M) (1) =0, — co=a-< . Then
Y(x) fias no zero peint on the lefi of a.

For the proof see [3].

Let ac(~ ==, =) and lel v, v, be two linearly independentt solutions of
the differential equation (e) with the properties

7@ = y(@ = 0, (Y@ =~ 1,
@) = (pvY(@) = 0, w{w) = 1, a(— =, ).

The set of solutions y=c,v,+ ¢, with the property v(@)=0 is called the
band of solutions of the differential equation (¢) at the point « [3}.
Evidently the band satisfies the dilferential equation

w(py') — () y" + [((pn)” +(pw)'ly = 0,
Vi Yl

Yio¥e
order, then the zero points (if there exist) of all its solutions are simple in
(g, <o) and separate each other.

We state the following theorems (sec [3)).
 Tueorem B. Lef x;=ua be the first zero point of the soiution y, of the
differential equation (e with double zero point at a. Then every solution y of
the band at the point a has fust one zero point in the interval (4, x,).

‘Tucoresm C. If one solution of (e) has in some interval (2, =), — o< »
< o= infinite number of zero points, then every solution of (e) with one zerg
point has in (=, =) infinife nuntber of zero points.

2. We consider now two differential equations of the form (e)

where W' = . Since this differential equation is of fhe second

(&) EEYY Y ) +ny = 0
aud
(e) (PCY2Y (X)) +1(x)z = 0

and we assume that p(x)=0, r{x}), r(x) are continuous functions of
X€(— oo, ==). Then the following theorems hold.
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Treorew L. Lef O=Zr(X)=r(x), X&(— =, ). If any solufion y(x)
of the differential eguation (¢)) hus in some inferval (¢, ), — << o
infinite snmber of zero peints [te. it is oscillatory on (a, =)|, then every
selulion of the differential equation (¢,) with enc zero point is alse osciltatory
o (i, oo). Further if v aml z are solutions af the differemtial equations
(e) und (cy) with the properties v{a) = v(u) = O, (p'Y(a) = 0 and (¢} =
= F'{ay = O, (pz’y(a) = 0, then the firsl zero poinf on the right of a of the
sefution 2(x) is nof greater thun the first zero point an the right of a of the so-
fution p(x).

Proor. We shall prove Tirst the second statement. Suppose that the
solution ¥{x) of the differential cquation (e,) is oscillatory on {a, ).
- Let v{x) and z{x) be two solutions of (¢;) and (¢,) with the properties

v(ay = ¥'(uy = 0, (pY ()=0, z(t) = (¢} = O, (MY (1) = (p2)(a).

Further et x,=a he the first zero peint on the right of ¢ of the solu-
fign 1(x) and let xf =u be the first zero point on the right of ¢ of the so-
fution z(x). It is required to prove that x*:2x.

Instead of {v,) we write

(P)ZY+ (PR + 13} = (R(x)—rlx)e.
Let vy, v, vy tepresent a fundamental system of solutions of (e}, whose

Wronski determinant equals ¢ =%, p{x) (see [1]). By means of the method of
variation of constants, it can be easily shown that

(2) 2(X) = vx)+ j {7 1) — rN 1N W(x, Nz(0dr,

whiere
2165 TN €3 BN 6V
Wix. ny = | () (.
vy o I

Evidently the function W(x, {) is, for fixed £, a solution of the differential
equation (e} with a donble zero point at x=1, wlwrc Wi H =0,

JWix, B = 0. [pWx, D) () = W) = -;(!)- = () (see (1)), and
thercfore W{x, ) =0 for ¢ = = x5 x,. Since the expression under
the integral sign in (2) is not positive because ry—r, = 0, then it follows
that x® -4 x.

From this and Theorem C. under the assumption that any solutien
wWx) of (¢)) is oscillatory on (4, =), — =-=d= , it is also shown, that
every solution of the differential equation (e,) with a double zero point
itas at least one zero point on the right of the double zero point.



154 KARIM, R. I, 1. A,

In order to prove the first statement, we assume that z(x) is any ar-
bitrary solution of the differential equation (e,) with the property 2(=) = 0,
— co= g oo, Letz he the solution of {e,) with the double zero point at =.
From the result just proved, z, has at least one zero point x, (say), where
0. =< X,, Xo€ (%, =o). Then the solutions z{x} and z,(x) belong to the same band
of solutions of {e,) at «. Referring to Theorem B, the solution z(x) must
have one zero point X, (say) in the interval {= X,). 2=X,=X,.
Let again z,{x) be the solution of (¢} with tiwe double zero point at X,
Then z, has at least onc zero point x;, X3>=X,. The solutiviis 2(x}, z,(x) belong
to the same band at X, and by virtue of Theorent B, the solutioin z(x) must
have one zero point in the interval (X, x;), and so on. From this
process it follows that z(x) has in (&, ), — o= a< « jufinite number of
ZEr0s.

Similarly it can be proved:

THEQGREM 2. Let O=r (X)=r(X), Xe(— =, ). If the solulion z(x) of
the differential equation (c.) With « double zero point af ¢ has no zero point
it the right of a, then the selution v(x) of the differential equation (e,) with
double zero point af a has alse no zero poind on the right of a.

3. The solution of the differcntial equation (e) is said to be non-
oscillatory on (4, ), if it has at nrost one double zero point or at most
two simple zeros.

THEOREM 3. In the differcntiul equation (e) let p(x) be of class C' on
(u, =) and let p'(xX)—(x—u) r(x)=0 for x=a. Then every solufien of (¢}
is non-oscitlatory o (d, ).

Proor. Referring to Theorem A, it is enough to prove that y{x) with
the property y(¢) = y'(¢) = 0, (py’){a¢) = | has no zero point on the right
of a. Integrating the equition (¢) term by term from 4 to x, — eo=X < =0,
we get the following integral identity

WYY +py - rydt = (pyy() = 1.
a
From this we obtain
(3) py’+ﬂy—f [ (1)— (x— Dr(t) [p(tedf — (x— @) = 0.
[H]

Suppqge on the contrary, that x,>ais the first zevo point of 3 on the right
of a. Then y(x;) = 0, y’(x;) = 0. Thus the relation (3) gives

0=pCa)y(x)— [ [P - (= Byt — (x,— @) < 0.

This contradiction leads to the conclusion that y(x) is non-oscillatory on

(@, =).
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§.1. A semigroup 8 is called left [r :gr‘z.’/ simple it S itself is the only
left [right) ideai of §. It is clear that a semigroup is a group if and only if
it is a both left and right simple semigroup.

By a decomposition of a semigroup S one means a partition of S into
the union of disjoint subsemigroups. Suppose that

S = U8, : xe

.s @ decomposition of S such that for every pair of elements o, 3 of the
'ndex set @, there is an element » of Q such that

8.8, € S,

If one defines a product in £2 by

'Zﬁ = 7 if stlﬂ c S}.,
then £2 becomes thereby a semigroup such that for every « in 2, «2
€2 is said to be a band, and S is called a band of semigroups §..

If §,is a ieft simple semigroup [right simple semigroup, group]j
for every « in £2, then one says that S is a band of left simple semigroups
[right simple seuum 0ups, groups).

Theorems 4.2 and 43 of (2] give characterizations of semigroups
being wnions of left simple semigroups [right simple semigroups, groups]
with help ot the well-known GILCI‘I relations 2, 72, 20 (see § 2.).

This paper substitues relations £, R and 20 with the greatest con-
gruences £+, ®+ and b+ contained in £, & and 4 respectively, and
gives suach lcqults for semigroups, being bands of left simple senii-
groups [right semple semigroups groups] which are word for word ana-
logous with theorems 4.2 and 4.3 of [2}.

Note, that there are known a lot of papers characterizing semigroups
being bands or semilattices of groups in other ways. (e.g. [1], [3]). The
definitions and results of this paper are analogous to ones of [9]

== .
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§.2. Throughout the paper we shall adhere to the following notions:

(S if S has identity element,

Sl
| SU 1 otherwise,

Two clements @, # of a semigroup § are said to be L-eguivalent if
they generate thie same left ideal of S, that is, if Sla=S'". &-equivalence
is defined dually. The intersection of equivalence relations £ and & is
denoted by 0.

By £~ [R+, Z5*] we mean the greatest congruence relation contained
in 2%, 4.

Lemma 2.1, Let a, b be clements of a semigroup S. Then

a-2xb [aR¥h)
if and only if

xaLxb [ax®bx]

for every x in 8L

Proor. We say ihat the elements g, 0 of a semigroup § are v-equiva-
lent it xa£xb, that is, if Stxa=8Wb for every x in 8. Clearly aeb implies
Stxya=8"xyb and Sxay=58"xby for every x, ¥ in §' (that is, yaevh and
ayoby for every v in 8Y). Thaus o is a congruence on S contained in £.

Let 4" be a congruence on S contained in .£. Let a, b be elecments of S
such that ap’é. Then xap'xb, whence xa£xé for cvery x in &1, thus
0’ g Hence it follows that g is the greatest congruence contained in £,
that is, ¢=.£2~, q.e.d.

Lemma 2.2 The following conditions are equivalent about clements
a, & of a semigroup §.

) ado+b,

(2) aL*h and aR-b;

(3) xaLxb and ax®bx for every x in SY;

(4) xadoxb and axA0bx for every x in S

Proor. Obviocusly condition (4) implies condition (3). Conversely
akb implics xa®xb for every x in 8, thus xa£xb and a®b imply xadoxb,
One can prove similarly that

axibx  and aLb (xin SY

imply axa4bx, thus condition (3) implies condition (4).

We prove now that conditions (1) and (2) arc cquivalent. Since
ML [HCR] implies i< L [ =] by definition of £- [R~],
Jur C L [ CR7]. Thus we get 2o~ L2010, Conversely £~ v
and @~<cR imply L*NR-<Z. Thus by definition of 25 congruence
LR is contained in Jt. We have

o Ly MEr and DL,
Thus o+ = L2+ Nr2*,
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By Lemma 2.1. conditions (2) and (3) are cquivalent. This completes
the proof of Lemma 2.2,

Tueorem 2.3. If a, b and ab ail belong to the same L* [R+] class L+
[R*] of a semigroup S, then L* [R*] is a lefi [right]| simple subsemigroup
of S.

Treorem 2.4. If a, b and ab alf belong fo the same Jo+ class H+ of u
semtigroup S, then H= is a subgroup of S.

ProoF oF THEOREMS 2.3 AND 2.4. Let L+ [H*]be an L+ [/ ] class
of a semigroup S, and elements a, b, ab all belong to L= [H+*]. We show
first that L* [H*] is a subsemigroup of S. Let ¢ and d be elements of
L* [H*]. Since L= [~] is a congruence relation, from g £*candd.Lxb
[adoxc and dA0=b] we get

abL=ch and cd Loch [abdb+ch and cddb-ch].
Thuos .
ab Lo [abdi-ed].
that is,
cfe L Jed=H .
We prove now that the subsemigroup [ [H-] of § is left simple.
Note, that a semigroup S is left simple if and only if for any pair of ele-

ments u, v of §, there exists an elentent s in 8 such that r=su. (See p. 6
of [2]).
Let o and v be clements of {0 [TH | Taen Slu= 8N Since L*[H*]
is a subsemigroup of §, u*e L+ Ju*e H -}, and thus
1L 2 JudG* ).
Thus there exist elements x, ¥ in 8§t such that
t=xu? and v=yu=y(xu®)=(yxupu.
Since .2+ [J6+] is a congruence relation, u L4 [udh* u* ] implics xu L4 xu?
[xid5* xu* ] but xuL*u(=xu?) [xudo*u] implies
yxuLryu=v [yxu="2*yu=r].
Let s=ypxu. From the foregoing it follows
su=v and s€L~ [H*].
Thus L* [H*]is a left simple subsemigroup of S. One can prove dually
that if a, b, ab all belong to the same @~ [A*] class R* [H =] of a semi-
group S, then R* [H+]is a right simple subsemigroup of 5.
This completes the proof of Theorem 2.3, o
We recall that a semigroup S is a group if and only if it s left and
right simple,
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If a, b and ab all helong Lo tie same A --class #H~ of a semigroup S,
then H* s o eft and right simpte subsemigroup of S, thus H - is a sub-
group of §. This completes the proof of Theorem 2.4,

REmARK, Note, that by Theorem 2.16 of {2] if a, b and ab afl helong
to the same L-class A of a semigroup S, ther /1 s a subgroup of S.

One could easily prove that if ¢, b and ab all belong to the same
Ai-class H, further to the same 6 +-class H- of asemigroup 8, then H+
is a normal subgoup of H.

8.3. A scimigroup § is said to be leff [right] regular if for any cle-
ment & of S there exists x in S such that xe*=a, and a suhset X of a
semigroup S is called semiprime it for every g in S, «*¢ X nnplies a€ X.
Clearly a semigroup S is left [right] regular if and only if for every cle-
ment @ of §, ala? [ala?].

We introduce the following defiiifions:

We say thal a semigroup Sis ~-left [right] regudar i for any clement ¢
in S, gl-~a o a*|.

We call a subset X of a semigroup S+-semiprime if

xave X if and only if xa*ve X

forevery ain S and x, v in St
The following Lennna is analogous to Lemma 1. of [2].
Lewsa 3,10 A semigroup S is ~-left |right] regular if and onty if every
feft {right] ideal of § is ~-semiprime. :
Proor. Assume that the semigroup S is < -left regular. Let 1 be a
feft ideal of 8, @ an elenmient of § amd x, v clethents of S,
Since § is *-lef{ regular, a £ -
Since £+ is 4 congruence,
al'-a® implies xayL-xa®y, thus S'xay=S5'xa?y, whenee it follows
that
xave ] implies xa®y ¢ Styg?y = SlxayC /
and
xa*ye f implies xayeS'xay = Stxatvc 1,

These mean that 1is - -semiprime.

Conversely assume that every left ideal of the semigroup § is
“-semiprime. Let @ be an element of § and x an elenent of S Since the
teft ideal Sixe® [S'xa]is ~-semiprime,

xa€Sxa® [xa*c Sixu,
whence
Sxa S S15xa® = S'xa?
[Stxa? = S8 'xa = Stxa).

Thus we get Stxa=S'xa? for every x in 81, whence g£4¢” Thus § is
+-left regular.
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§.4. With help of ~-left [right] regularity and - -semiprime conditions
one can give such resnlts concerning semigroups being bands of left simple
semigroups Jright %mlpie semigroups, groups|, wich are analogous to
T Ilwluns 4.2 and 4.3 of [2].

Tueorem 4.1. The following conditions are eqml'alcm‘ on a semigroup S:

(AY S s ~-lgft fright) regudar;

(B) Every left [richt] ideaf of S is ~-semiprinie;

(C) Every L+ PR ] class of S is a left [right] simple subsemigroup of S;
(D) Every L= [+ ] class of S fs « subsemigroup of S:

(E) S is a band of leff [right} stmpie semigroups.

Throrem 4.2, The following conditions are equivaleni on a semigroup S:

(A) S is both ®Jeft regutar and ~-rieht regular;

(B) Every left and cvery right Ideel of S is ~-semiprime;
(Cy Every A+ class Qf is a subgroup of S;

(DY Every 70+ class of S is a subsemiorenp of S;

(E) S is a band of greups.

ProoF oF Tneorems 4.1 axp 4.2, Observe first that by Lemma 3.1
conditions (A) and (B} are cquivalent, furthermore by Thieorem 2.3 [2.4]
conditimis (C) and (D) are equivalent too. Thus it is sufficient to prove
the following implications:

(A) implies (€), (C) implies (E), (E) implies (A).

Let 8 be a »-left regular [bofh +-left regular and *-right regular]
semigroup, that is, a semigroup satisfying a.£* g fa“0*a®] for every @ in S.

Let L= {H-]bean £~ [Jo-]class of S, and & an clement of L~ [I7-].

Since bL=0? [bdu b, by Theoreim 2.3 {2.4) L+ [H*] is a left simple
subsemigroup [subgroup) of S.

We have shown that (A) implies (C).

Assunic now that S is a sermigroup satisfying condition (C). Let

{S;: a2}
be the sct of all £~ [A+] classes of S, Then
S=U8:

€ fd

is stch a decomposition of S, for whicl

(Iy for every = in 2, 8, is a left simple subsemigroup [subgroup]
of S;

(2) (since 2+ [R*]is a congruence relation) for every pair of elements
%, j of the index set £2, there is an element 3 of 2 such that S.5,ES..
This means that S is a band of lcft ‘Elillp](, sentigroups [groups]. We
have got that (C) implies (E).

Finally, assunie that S is a semigroup being a band of left simple
semigroups [groups]. Let

S=US§,

€2
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be a decomposition of S htaving properties (1} and (2). Let @ be an element
of S. Assume

acsS, (nel),
Since §, is a left simple subsemigroup [subgroup] of S,
a* €S,
further there exist elements o, v in S, such that

a*=na and a=ra*,
Then
St?=SmacSla and Ste=S8YwarC Slel
Thus
Sla=58a”
Assume x€8; (f€£2). Then there exists an element » in £ such that
xa, xa*cSy.

Since S, is o lelt simplc semigroup [group], there are elements 7, s in &,
such that xa=rxa?, and xa* =sxa.
Then

S'xa=8Yxa*CSixa® and Sxa®=Slsxac< Slxa,
Thus
Stya=8"%xq>
We have shown
Slxa=8Wa?

for every xin St and ¢ in 8.

By Lemma 2.1 this means ¢£~a? for every ain S. Thus S is ~-left
regular. [One can prove similarly that if S is a band of groups, then S
is *-right regular.] By the foregoing (E) implies (A). This completes the
proof of theorem 4.1 [4.2.]

By Theorems 4.2 and 4.3 of [2] and our Theorems 4.1 and 4.2 one
could easily prove that if a semigroup S being a union of left simple seimi-
groups [right simple semigroups, groups] has the following property:

LR, Z6] coincides with L+ [®-, J~]

on S, then § is a band of left simple semigroups fright simple semigro-
ups, groups].
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Treorem 4.3. A semigroup S being a union of groups is a band of
groups if and only if %5 coincides with 76+ an §.

Proor. Let S be a semigroup being a union of groups and let 20 coin-
cide with 26* on S. Then by Theorem 4.3 of [2] every 2h-class of S is a
subigroup of 8. Thus Zb="20+ implies that every “0+ class of S is also
a subgroup of S. Hence by Theeremt 4.2 § is a band of groups.

Conversely, let § be a band of groups. Then by Theorem 4.2 every
6% class of S is a subgroup of S. On the other hand S is a union of groups,
thus by Theorem 4.3 of [2] any &6 class of S is a subgroup of S. Since the
subgroups of a group are never disjoint, from “* C20 by the foregoing we
get ox="70. Q.e.d.
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