




























































































































































































£4 KARIM. R. I. 1. A.

where m, is the order of the submatrix P,. Then to every submatrix P,
with the eigenvalue ¢=# = 1, there exists exactly one p-periodic solution
yoy(l) of (13) as well as one p-periodic solution zjq(f) of (14) (see [5]),
where the indices (») and [r] are defined by

(25) W) =3 mp+ 1, o] = S m,. |
| 1

Let the submatrices P, (v = 1, ..., s} of the matrix P be arranged such
that
=1 (=1...,9
2y P
(26) ¢ =1 (wv=9p+1,...,5.

Then the system (13} [(14)] bas the p-periodic solutions
Yoo [2a(0] Tor v=1,...,0.

It is easy to prove the following lemma by using the method of va-
riation of the constants applied on the differential equation (19) and the
relations (22}, (23}, (2).

LeEmma. Let X*(f, 3, ¢) be the unique existing solution of the system
of differential cquations (19), which has the initial value at t = 0

(27) x¥0,8,¢) = Y(o)e.

Then the necessary and suificient condition that this solution has the
period p, is the satisfaction of the equation

P
(28) (P~ Do [ ZI@¥R)dr~§ | 27z, x¥(r, B, ©), B dx = 0,
1] 0

where 1 is the unit matrix of order n.
If we assume, that to every sufficientty small | 8|, there exists a vector
¢(3) with

(29) lim ¢(5) = e¢(a),

A0

such that the solution x*[, 8, ¢(3)] is p-periodic, then — due to the con-
tinuous dependence of the solution on # and ¢ — there exists the limit

(30) lim x*[t, 8, ¢(B)] = x*[t, 0, c(0)]-
-0

And consequently x*[¢, o, ¢(0}] is a p-periodic solution of (19) for g = 0.
Further from (28}, it follows for ¢(0) the relation

(31) (P~1— 1) ¢(0) — JPZT(r)f(r)dr = 0.
0
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Necessary and sufficient condition for the solvability of (31) is the satis-
faction of the exceptional condition for the finear system (19) for g == O:

p e
32y - [ 2@ H)dr =0 (@=1,...,0)
0

[see (17}]. Assuming that the condition (32) holds, then the [»]-th equations
of (28} become
14

(33) by, By = 0_[ Zp(2) [, x¥(2, B, 0), Bldz = 0 (v =1,...,0).

Reffering to (33), it follows for § — 0, that

4
(34) bple(o), 0] = _[ zi‘:](z) o, x*r, 0,c(0), 0}dz =0 (»=1,...,p).
0 -

We state [2]:

THeorem 3 (Exceptional case). Let all the p-periodic solufions zp4(f)
(r=1, ..., 0) of the system (14) satisfy the exceptional conditien (32),
and let ¢(0) be a solufion of the system (31), such thai the corresponding
solution x*{t, 0, ¢{0)] of (19) for p=0 s p-periodic. Moreover lef all the
p-periodic solutions zp (f) of (14) satisfy also the relation (34) and finally let
1he functienal determinarnt
| 20alel:01 | g 6= 1,..., 0

L 0wy
be different from zero. Then there exists to every sufficiently small | 8] a veclor
solution ¢{8) of (28) , such that the solution x*[t, B, ¢(8)] of (19) has the pe-
riod p. Consequently, it foliows the existence of a p-periodic solution x(f, f§) =

= pxH1 B, ()] of (7) of order |B].

§2, Expansien in power series of the parameter

(35)

In this § it will be assumed, that the functionsg(u, ) i = 1, ..., 1)
for which (6) holds are analytic functions in the variables ny, u,, .. ., i,
for every fixed value of ¢, i. e. for every i = I, ..., 1 the functions

giu, ) = gifuy() +x,1]

for which (6) holds, can be expanded in an absolute and uniform conver-
gent power series in the form

o Pglu®.0

(36) gilu (D + X, f] = glug(D), £] + > 5 +
k=1 iy
L Pgluy®), i o Aglud, ]
+ e e X+ St XXX, + ...,
ot & 01, K k%: du,ou,du, S

where the coefficients, that are depending on {, are continuous functions
nad p-periodic. Further let f(f) be a continuous function with the period p.
Then we have

5 ANNALES - Sectio Mathematica — Tomus XV,
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THEOREM 4. Under the assumption (32) and the existence of a vector
e(0), so that the relations (31), (34) and (33) hold, the system of differential
equations (3) possesses a p- periodic solution x(1, 1) w!mh depends analvtically
on B i.e. it holds a power-series expansion of the form

il
37 3 £
(37) x{t,p) = 2,0 D!

where the functions xtt) (y = 0, 1, ...) have the period p and the scries
(37y is absolute and uniform convergent for sufficiently small velues of 3.
Proor, Setting x = gx* for § = 0in (3), it becomes

v

x() (f)’

* 41—
(36) X* = g[ul}(flj-ﬁx )'{] g[”n(f): i]——i-f(f)
8
Or in components (i = 1, ..., n)
. * — |

Setting x = g x* also in (36), we obtain for the R. 5. of (38) the expansion

5o glu@),i . s bar ") g:[“n({) JI(] *
40 e e R xFeL,
4 fgl diy, o %; P i, 91, :

which is — under the condition (6) — absolute and uniforin convergent.
Then from the cxistence theorem, the solution x*(f, 8, ¢) is in the neigh-
bourhoed of 8= 0 and ¢ = ¢{0) analytic in 7 and ¢ (see e. g. [6] or [7]).
Referring to the conditiens (31), (34) and (33), it follows by means of the
theprem on the implicit functions for analytic systems for sufficiently
small |#] 1he existence of a funciion ¢(3) which depends analytically on
A and asswmes the value ¢(0) for 7= 0 ([8] & [2]. §4). Hence ¢f3) can be
expanded in a power series

(41) c(3) = DR -3cf1) i ey
such that the solution x*[{, 3, ¢(3)] of (38) has the peried p. Then it holds
for x*({t, B, ¢} a power series-expansion in 3

(#2) e = 3 Eon),

where 1lie functions x0%(f) are continuous and p-periodic. The periodicity
of x(¢) follows directly from the fact, that the following relation

—X*[t+ p. B, 6D — X*[1 B, o)) = _%( ﬁj’iﬁ [t + p) - XO(B)]

holds identic in 8. Setting x = px¥® in (42), it follows the required power-
series expansion (37). :
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For the determination of the functions x6)(f) in the power-series ex-
pamion (37), we set (37) in (5). This gives (i=12...,n

- ] = B+ , . B
Z; o +l ),[ o g;[uo(i)+ > (_157 xt(t), ] gi[uy(f), f] + B 1) =
(43) _ ﬁ[g Agilug(t), 1 x,(p)HimJjL
1 311,‘
LB (S dgiln(t) i X0 " gl 1] | © (O
FZ' [;cz_:x d uy, ;_kz.’l 9 u, du, ]+

Comparing the coefficients of powers of g in (43), we obtain the sequence
of linear systems of differential equations (i = 1, ..., 1)

o gl 1)

an) 0 = b 2O+ with 100 = 100

=1 31%
@y (- 3 S gy i)
L= i
with ) = kZ; = 5*}:‘;”; 1 00 x0)
(4473%) xi?)» él 3&[;1”(:): {] (2)({)_1_
L3 5" P alud. g <O x00) + ¢240)

k! 8 U, du,

with g = 3 T o 00 10
(44 e KLr Qi duou,
xg?.)r (f) i. ¥ g; [uﬂ(t) !(] (2} (f)—i—fgz)(f)

k=1 () "

1 a
with () = 3 2 325“3(2’ ], O 038 + ()
k! I I
— n . ,1
=1 iy

n 3 gi[uy(f), 1] Oy x 1 Oy —
1) 3 il T 7 ¢ 1+ f
+( +)kl 3uka i ()\ () @ ()

S 280 00y o) (for y=2)

h=l 3 Uy,

- f -
with (90 = (y+1) 3 SO 0 =00 4 400,
i1 duduy
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Here the expression beiween the two equality signs in (44) (for y = 2)
consists of three terms. The first is a finear form in x6X{) with the matrix

Al = [(}g,{:ﬂ(l) 2! , which is independent on p. The second term is a
[{ H,‘
i g,[un(t), f]
du du,
independent on y. The third term gi(¢) depends only on the vectors x©X#),

xU(H), ..., xR
The system of differential equations (44) will be solved in the form

bilinear form in xt—"f) and x¥){f), where the coefficients

(45) X6(f) = Y{0) [_[ 2T} (7) dr+c(ﬂ] (r=0,1,..2,

where Y(f) is a fundamental matrix solution of the homogeneous system
corresponding to (44) with the initial value (see (27))
(46) x&)o) = V(o) et

We go front a solution x®(t) of the system of differential equations
(44%), which has the period p and at the same time is determined such
that the exceptional condition for the system (44%¥) is satisfied. This is
done as it follows: From the periodicity of x®(5), it follows the satisfaction
of the condition (31), from which the constants

ofa=1...,0

C #(a)fora:l,...g
are uniquely determined. The remaining constants ¢fg (foro =1, ..., o)
would be determined such that the exceptional condition, which Cnmcides

with the condition (34), is satisfied for the next following equation.
The exceptional condition for the system (44**) is namely (see

(20) & [2], (24)) ,
(47) b (e®) = ‘|' Zi(r) () d T =

f > ZpiE) — G g,lﬂ (r) 1:] E‘D)(T) xgo)(‘f)dr =0 (r=1,...,0)

it du, du,

Referring to (45), we obtain the simple formula
3 x0()

& La)
from which it follows (for v,e = 1, .. ., 0), that

(49) ab[l](c ) — fz o (,[,) 3 g{[uu(r) t] ;(0)(,;) y;,(a)(T)dT-

9 €y o du, du,

(48) - = J,6(th
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The quantities (49) are the elements of the functional determinant of the
L. S. of the exceptional condition (47} for the system (44**) w. r. t. the
constants ¢y (o = 1, ..., g). 1t is only to assume that this determinant is
different from zero.

After determination the p-periodic solution x'O(t) of (44*), we can
determnine a p-periodic solution X)(¢) of (44**) such that at the same time
the exceptional condition for the system (44***) is satisfied. This gives

the components of the vector €™ uniquely [see (45)]; the constants ¢\

for u = (¢) (o =1, ..., ¢) are obtained from the corresponding condition
to (31):
P
(30} (P~t—Det— _[ ZT(0) N z)dz =0
for y = 1, and the constants C(a)(ﬂ' = 1,..., p) are obtained from the ex-
ceptional condition (here y = 1)
P
(51) | Zm(@) 1+ dz = 0
0

with f6+9(¢) from (44) with y + 1 instead of y. The fact that the con-
stants cf;)’ (o =1, ..., p) are uniquely determined, follows again from the
condition (35), which we want to prove below in general.

Continuing successively in this manner and determining the solution
x&)(t) for an arbitrary y, such that it possesses the period p and that the
exceptional condition for the successive equation for xG+1X¢) is satisfied,
where the uniqueness of x4)(f) can be always settled by means of the con-
dition (35), we obtain the required sequence of p-periodic functions xtXt)
for+=20,1, ...

We prove now v the uniqueness of the functions xUXf) for y = 1, 2,.
Suppose on the contrary, that there are two distinct p-periodic solutmns

x{7(t) and x§ )(!) of the system (44), such that — by setting each of these
two solutions x{ (t) and x§(f) in the next system for xG+D(f) — the ex-
ceptional cnndltmn for it will be satisfied. Obviously the difference of the
solutions Xy )(f) and x‘)(t) of (44) is a p-periodic solution y(f) of the homo-
geneous system corresponding to (44). Therefore y(a‘) can be written as a
linear combination of the p-periodic solutions yu (1} for v=1,..., ¢,
i. e. in components ({ = 1, ..., n) a representation of the form

- ¢ -
(52) vty = 2 Vi@l ¢
a=1
holds, where at least one of the coefficients ¢, is different from zero. Sett-
ing
(53) X)) = yo)
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in the exceptional condition for the next system of differential equations
for x4+ D{f) and unsing (52), we obtain the system of muatlonq (r=
= 1‘ - ey f))

54y (y+1) Z 2;, 11(7) 0% D) é’ Vi, (7} e d T = 0.
[N L {); 15 =1

Real'l'anging (54), we obtain the system of homogeneous equations in the
constants ¢y (foro =1, ..., @) '

P

I i...n ) ? gg[lln(f), T]
T € 2 a(T) — =
2 7

.\‘ﬁ”(r) s (g)(f) dr = 0.
it a1, 01,

Referring 1o (35) [see also (49)], the coefficient matrix of this system of

equations is non-singular, and therefore all the constants ¢uy (for o =
=1,...,p)are equal to zero. This leads {o a contradiction with the hypo-
thesis that the solution x6X(f) is. not uniquely determined.

We formulate the resull as

THeEorREM 5. Under the assumption, that the sysiem of differeniial
eqitations (5) has a p-periodic solution x{i, B} of the form (37), where ihe
series in (37) is absolufe and uniform convergent for |3 small enough, then
the functions xUXt) can be determined as solutions of the sequence of linear
systems of differential equations (44) in the following manner: One requires
firstly, that Xty has the period p and secondly, that the next differential
equations for XC+t) would be in the exceptional case. The solufion xV(1)
is uniquely determined by means of the same condifions, and hence 1he
successive soelutions XUXt) are also uniquely. determined.

REmark. If the homogeneous system of differential equations cor-
responding to (44) possesses no p-periodic solution, then all the systems
of differential equations {44) arc in the principal case. And consequently
the systems {44) possess the unique p-periodic solutions x(2), x\(f), x21),

(see {3]). Then by virtue of (37) the solution x(t, 8) is aiso p-periodic
and takes on, for sufficiently small || — values of order |f].
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ON THE SOLUTIONS OF SOME SPECIAL DIFFERENTIAL
EQUATIONS OF THE THIRD AND FIFTH ORDER
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In continuation of investigations of [I], we study the relations be-
{ween the solutions of the differential equations of the third order of the
form

(1) (pyY” +(pyYy +ry =0
and
(2) (p2)"" +(pzy —rz = 0,

where p = p(x)=0 and r = r(x) are continuous functions of x€(~ o, =).
We derive a comparison theorem between two differential equations of
the form (1) and the sufficient conditions for the sofutions of (I} to be oscil-
latory ot non-oscillatory in some interval (@, ).

Further we discuss the analogical relations between the solutions of
the differential equations of the fifth order of the form

(3) (py)V+ry =0
and
(4) (p)YV—rz = 0,

assuming for p and r the same assumptions stated above. At the end
we deat with the sufficient conditions for the non-vanishing of the solu-
tions of the differential equations (3) and (4).

1. The solutions i, u,, 1; of the D. E.* (1) or (2) form a fundamental
system of solutions, if the determinant (Wronskian)

| i g I,
W {uy, 1y, t15) = I (pu))” (pus)  {putg)
. (p))” (pus)”  (pug)”
is different from zero at least at one point in the interval (— oo, o).

* Abbreviation of “differential equation”,
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Evidently

{5) Wiy, s, 1) = W(x) = _i_)_

where ¢ is a convenient constant depending on the clhioice of the solutions.
In [1], it is proved the following theorem:
[f z,(x), 2,(x) are two arbitrary linearly mdependent solutions of the
D. E. (2), then the function

2,{x) 2y(x)
(P"u) () (pz) ()

is a selution of the 1D, E. (1). On the ofher hand, if y(x), y,{x} are two ar-
bitrary linearly independent solutions of the D. E. (1), then the function

o) yo{X)
ey () (pya) ()
is a solution of the D. E. (2). (See also [2])
Treorem 1. Lef v(x) be an mbiimry sofution of the D. . (1). Then there
exist fwo solutions z)(x}), z (\) of the D, E. (2) such that the relation (6) holds;

and ot the contrary, if 2(x) (s ant arbitrary solution of the D. E. (2), then there
exist fivo sofutions y(x), ¥.(X) of the D. E. (1) such that the refution (T) holds.

Proor. We prove the first statement. Let p(x) be the solution of the
b. E. (1) with the properly
(@) = 15 (PYY (@) = 70y (YY" (@) = 75, GE(— oo, =),

where at least one of the numbers w,, #,, n, is different from zero. Choose
the initial conditions at the point @ for the required solutions 2, z, such
that the relations -

wlzy, (@) = ny, P-wlzpnlY (@) = w, {p-wz, 2]} (@) = 1,

are valid, and such that at least one of the nuntbers z){@), (pz)(a), (pz,)"(a)
and atso one of the numbers z,(a), (pz,)'(a). (pz,)’(a) are different from
zera. This is evidently possible.

Let y, ¥, be two finearly independent solutions of the D. E. (I) with
the properties

nfa) = (py,) (a) = (py)"(a) = 1,
}’z(ﬂ) = {py)" (@) = 0, Py (@ =1, a€(—e=, ).
The band of solutions of the D. E. (1) at the point @ 1s defined as the set
of solutions y(x) = e,y (xX)+ .¥.(x) with the property y(a) = 0

The band of selutions of the D, E. (1) fulfils the D. E. of -thc second
order

®) pw(pyy” —(pwY (pyY +[(pw)” +pw] py = 0,

{6) y(x) = wiz,, 2,](x) =

N 2(x) = wlyy, yo](x) =
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where ‘
C N Ya
w(l’) = l-l’[_l']:}'zz(x) = E(pyl)r (pl, )’!.

is the solution of the D. E. (2) witlt the property
wia) = (pu)y (@) = 0, (pw) (a) = 0, w(x) = 0 forx = q.

By means of the D. E. (8), it can be proved

THEOREM 2. Lef v,(x), ¥(X) be two Hinearly independent soludions of the
D. E. (1) with the property w(x) = 0, x¢f < (— =, ). Then

X

) = MO =) v e
ra(x) [ o) Wit di, a,xef

is also a selution of the D. E. (1), which forms fogether with y,(x) and yo(x)
iir I a fundamental system of solutions of the D. L, (1).

Proor. Evidently the set of solutions y = ¢,y,+¢,¥, fulfils the D. E.
(8), where w(x) = z(x) is the solution of the D. E. (2). Since by differentiat-
ing {(8) we obtain the D. E. (1), then the solutions of (8) are also solutions
of (1). Replacing the right side of (8) by a constant = [ (say), we obtain a
not-homogeneous D. E. whose particular solution y, (say) is again a solu-
iion of the D. E. (1). Clearly a fundamental system of selutions of the
homogeneous D. E. (8) is vy, v,. By using the method of variation of
constants, we compute ¥, = ¢, (xX)y, + c(xX)v,, where ¢, and ¢, ar¢ obtained
from the equations

ayi+eay, =0, alpy) + capy.) = L
pw

This gives

X x

_f UM dt, ¢y = f — y‘(i)-—di, a, xef
. p{f) wi(t) p(f) wi(t)

a

™
—
J

and
X

v,(x) = f By =)yl
Py wH(t)

Evidently y; has a double zero point at @, which is tot the case by ¥, or
¥, and consequently v,, ¥,, ¥, fornt in £ a fundamental system of solutions
of the D. E. (1).

2. This § is concerned with the necessary and sufficient conditions for
the elements of the fundamental system of solutions of the D. E. (I) with
a zero point to have another zero point.
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THEOREM 3. The solufion y(x) af the D. E. (1) with the properly
&) ya) = (pyY () =0, (py) () # 0, —ee =Xy <0
has a zero point af the point x, = x| if and only if the solution z(x) of the
D. E. (2) with the property
(10} 2(x%0) = (pzY (x3) = 0, (p2)"(x5) = 0
has a zero point of the peint x,.

Proor. Let y(x) be the solution of the D. E. (1) satisfying (9) and the
relation y(x,) = 0, X, # x; and let y, and y, be two linearly independent
solutions of the D. E. (1) with the properties
[ 1) = (py) (x) =0, (py) () = 0
L yalxa) = (py2)” (Xa) = 0, (pya) (x2) # 0.

Evidently y(x) can be written in the form y = ¢,y,+ ¥, where ¢; and ¢,
satisfy the relations

ey Y1) e 1) = 0, o(py) () +espya) () = 0
and ¢, ¢, do not vanish simultaneously. This impiies, that

yl(xl) J'z(xl) _

oy ) oy )| =

It is evident from (7) and (11), that z{x) is the sclution of the D. E. (2)
with the property (10).

The converse statement can be proved by replacing ¥ and x; by 2

and x, respectively. However another proof is analogous to the proof given
in the following theorem.

Tueorem 4. The solution y(x) of the D. E. (1) with the property

(12) y(n) = (py)"(x)) = 0, (py)' () # 0,
or

(a1

z;{x;) = 0.

(pyy (x) = (py) " (x)) = 0, y(x;) # 0, —o0 <X <o

has a zero peint at x, = x; if and only if the point x| is the zero point of
{(p2Y (X), or {pzy (x)+(pz) (x) respectively, where 2(x} is the solution of the
D. E. (2) with the property (10).

Proor. We shall prove the first part. Let y(x) be the solution of the
D. E. (1) with the property (12) and y(x,) = 0, x; = X;. Then ¥(x) can be
written as ¥ = ¢,),+ sV, where y, and y, have the properties (11). The
constants ¢;, ¢, must be determined, such that

¢y Yo () 4 € valx)) = 0, ey(py)” () +ea(pre)” (x,) = 0,

where ¢,, ¢, are not both zeros. Referring to (7), it follows that (pz)’{x;) = 0
where 2(x) is the solution of the D. E. (2) with the property (10).
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Conversely, let z{x) be the solution of the D. E. (2) with the property
(10} and such that {(pzy(x,) = 0, xy # X, and let ¥(x) be the selution of the
D. E. (1) with the property (12). We claim, that y{x,) = 0.

Let vy, ¥p ¥a form a fundamental system of sotutions of the D. E. with
the properties

(%) = (py) (x5) = 0, (py,)” (%) ¢ O,
(13) ¥a{X5) = (pya)” (%) = 0, (pyo) (xy) = 0,
(pys) (x2) = (Pya) " (%) = 0, v3(x) = 0.

Obviously y(x) can be written as

(14) V=6Vt Yty Ys
where ¢4, ¢,, ¢; are obtained from the equations

3 3 3
,21' cr yr(xl) - 0: Zl’ c!(pyr)’ (xl) =c# Ur ? Cr(pyr)” (xl) = U
Evaluating ¢,;, we get

_ G (pye)” () — v (py) Gl elp2) () _

W(x,) W(x,}

Hence it follows from (14} and (13), that y(x,} = 0.
3. Let us consider also the D. E.

(15) (p2)""+ (p2y+ 72 = O,

where p = p(x} = 0, r, = r(x) are continuous functions of X€(— e, o).
Then we prove the following

TuEoREM D. Let 0=r(x)=r(x), x€(— o=, o). If every solution z(x)
of the D. E. (13) has in some interval (a, o), — o=@= oo infinite number
of zero peinis [i. e. it is oscillatory on (a, ==)], then every solution of the
D. E. (1) with one zero peint is also oscillaiory on (a, ). Furthermore if
y and z are the solutions of the differential equations (1Y and (13) safisfying
the initial conditions

(16)  y(@=(pyy(@=0, PY(@=0, a)=(pz)(@)=0, (pa)"(a)=0,

then the first zero point on the right of a of the solution v is nof far frem a than
the first zero point on the right of a of the solution z.

On the other hand, if the selution ¥ of the D. E. (1) satisfying the
initial conditions (16) has no zero point on the right of o, then the solution
z of the D. E. (15) satisfying the initial conditions (16) has also no zero
point on the right of a. '

Proor. Suppose that the solutions of the D. E. (13} are osciltatory on
(a, o). Referring to [ 1], theorem 5, the first part of the theorem is proved,
if it is shown that every solution of the D. E. (1) with a double zero point

7 =
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at the point ¢€(— <o, =) (¢ arbitrary) has artother zero point on the right
of a, not far from ¢ than the first zero point on the right of a of the solu-
tion of the D. E. (15).

Let y and z be two solutions of the differential equations (1) and (13)
satisfying (16) and let without toss of generality (py)“(a) = (pz)”(0r) =~ O
Furtler let x,=a[x;>a] be the first zero point on the right of a of the
solution v[z]. By means of the method of variation of constants, it can
be shown that y(x) can be written m the form

(17) ¥x) = 20+ _!' [ry(D) — r(D] p(0) ¥(0) W(x, 1) i,

where

L zy(x) 24(x) 2y(%) :

W=l a0 a0 w0

L) (1) (pny D) (pzy (1)
and z,, z,, z, form a fundamental system of solutions of ({3) [3}]. Ob-
viously the function W(x, ) = 0 for {= x¢{a, x,). Referring to (17),
it follows thal x, = x,.

The second part follows also by using {17).

4. In this § we derive shortly the analogical relations between the
sclutions of the differential equations (3) and (4).

Under the Wronskian of the fundamental system of solutions
Wy, Uy, Uy, Uy, s of the DU E. (3) or (4), we understand the determinant

R i, iy a; i,
1' (pu,) (pits) (pus) (pu,) (ptigy
W= (pu)”  (p)”  (pu)” (puy)”  (pu5)”

)™ (pua)” (pug)™ (pu)” (pug)”
Apu)TYY (pu) (pug )tV (pu Y (V)
Itis W = —c—, wltere ¢ is a suitable constarnt.
px)

B ay(x), t,(x), uy(x), 1,(x} are arbitrary linearly independent solutions
of the D. E. (3) [(4)], then
]l t, i, iy TP
HpwY  Apwy  pugy  (puyy
ApsYT (puy)” (pug)” (puy)”
Apn)”" (puy)”” (pugy” (pug)™”
is a solution of the D. E. (4) [(3)).

Let y,, ¥, ¥5, ¥5 be linearly independent solutions of the D. E. (3).

3

It is easy to show, that the solution y(x)= 2 ¢,y {x) of the D. E. (3} ful-
1

(18)  wleuy, wy, i1, 0 ](x) =
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fils the D, E. of the fourth order

(19)  pw(pn)™— (pwy (pyY "+ (mwy (py)” = (PwY“(pyY + {pw)*¥ py = 0,
wlhere n' = w [1!,, Yar Yy ¥4 [(X) s a solution of the D. E. (4).

are linearly mdependeni qoiuuom of the D. E. (3) satisfying 1]]L‘1éllli10l]
WY, Voo Va (X)) = w(x) = 0, xX€JC (- o, o) with v from (18}, then
the function

x | ix) vo(x) 1o(x) v(x)
rx) = f R () V() vat) RO
' POWN)  (pr) ) () (@) (r) @ ey O |

: v @) (v @ (or) () ()’ ()

a,x€1is also a solution of the D. E. (3) and forms together with y,, v,,
n, ¥4 in I a fundamental system of solutions of the D. E. (3).

Using the procedure given in § 2, it can be proved

THEOREMG. The solution y(x) of the D. E. (3) witl the property (py)¥)x,) =
=0 (kh=0,12,3). (pv)™Mx) =0, or (pWBx)=0 (kK =0,1,2,4),
(py) (v} = 0, or (py)P(x) =0 (k= 0, 1 3 4. (pr)'(v,) = 0- or
(py)xyy = 0, (k = 0.2,3,4). (0¥ {(x) =0, or (py}V(x,) =0 (k= 1.2, 3,
4}, ¥y = U has a zero peint al the poinf X, 2 X, €(— =, =} {f and mfh/ if
the peini x, is « zero peint of the function z(\), or (pzy (\) or (p2)y’(x), or
(p2)”’(x), or (pzYVNX) respectively, where z(x) is the solution of the D. E.
() with the properly (p2)*Nx,) = 0 (K = 0, 1,2, 3), (p2)"™V(x,) = O.

8. We are going to prove the following

THEOREM 7. Lef r(x) = 0, x€(— oo, o). [f V(x) is the solution of the
0. E. (3) with the property

(20) y(@)=(pyY(a)=(py) (@)= (pvY () =0, (py)¥Ha} 20, — e <a= <o,
then y(x), (pYY*(xY (k = 1,2, 3, 4) have no zero poimt for x<a.

Proof. Successive integration of the DL E, (3) froma tox, — =<a<
< 0B, = oo=T < oo gi\’L‘S

@) (= — -“'—;—f’ " ¥+ () (a) (x;.a)s‘ +
@ oy @ -+ () (@)

and

@2) Y= - f _(.\-4-:)_ r(r)y(r)dt+(py)“"’>(a)‘ —-“5 +

N (@) ( o0 @ LFZL L i@ -0+ () ().

A
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Let y(x) be the solution of the D. E. (3) with the property (20) and let
without loss of generality (py”Y’(2)>0. Further let on the contrary y(x)) =
= 0, where x, = is the first zero point of ¥ on the left of a. Then the in-
fegral ideniity (22) becomes

0= [ ESL 0oy B2 o,

whiclt is a contradiction.
Supposing that X, is the first zero point of (py)'(x) on the left of a,
then the identity (21) leads to the following contradiction

a

0= (py) (=) = f

x)

-_- —f 3 PP T
M_r(f) ¥(0) di + (py)'VXa) M = 0.
3! 3!
Sitnilarly it can be also shown, that (pv)”, (py)”
zero point on the left side of 4.

Analogously, the following theorem can be proved.

THeEOREM 8. Lef r{x) = 0, x&{— oo, o). If 2(X) is the solution of the D. E.
(4) with the property z(a) = (pz)'(a) = (p2)"(¢) = (pz)y"'(a) =0, (p2)!V) (a) = 0,
— oo < (< co, {lien neither z(X) nor the derivatives {(pYYxY (k= 1,2, 3, 4)
have zero points on the right side of a.

, (py)YYD have no
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A CONSTRUCTION OF CUBIC GRAPHS, CONTAINING
ORTHOGONAL EDGES

By

L. KASZONYI
Department of Probability Theory of the Edtvos Lorand Universily, Budapest
{ Received September 6, 1977 )

The edgesE and & of the edge-colorable cubic graph G are orthogonal,

if ¢ has no alternating circuit containing botﬁgand h as edges.
The aim of this paper is to give a construction for such graphs. 1 con-
jecture, that this construction is in a certain sense universal.

9
hy [
hq
hy
9

Fig. 1 Fig. 2

Consider the graph P, of Fig. 1. If the colors of edges g, g, and A, are
given, we can colour the remaining edges of £, only in one way. Let be

for example sl(gl) =1, 8(gs) = 2, s(h) = 1, then the colors of the edges

Oa B, By, B, Ry, k, I, g,, and g, are as follows:
Sl(g:i) =3, Sl(h-!) = 2, Sl(hs_) = 3, sl(ha) =3, S.l(E.’) =2, SI(E) =1,
s =1, s(g,) = 2 and s,(g5) = 3. (See: Fig. 2.)
Similarly, if sy(g;) = 1, s:(g2) = 2 and _sy(f) = 2, then 5,(gs) = 3,
sy = 1, 8,(k) = 2, 5(85) = 3, $o(8a) = 2, Syfhs) = 3, 8,(0) = 1, spfly) = 3,
and sy(i) = 1 (See: Fig. 3.)

6 ANNALES — Sectio Mathematica — Tomus XV,
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_ Using the symmetrie properties of P,, we can see, that if (&) = 1
83(85) = 2, and s4(h) = 3, then P, has the coloring of Fig. 4.
1 is easy to see, that for every coloring s” of P, there is a permutation

a, such, that s (g,) = 'r\s‘,(g‘) and §'(h) = ms (h]) holds for some j€{I, 2, 3}.
It means, that s” = s, thus we can get every coloring of P, from s, s,,
or $; by permutdtlon of the colors.

Fig. 3 Fig. 4

It 1s easy to verify, that no one of the aiternating circuits of the

coloring s; containes both g, and h, as edges. (j = 1, 2, 3). The permutation
of the co]ms does not alter the set of alternating circuits, thus the edges

g, and h, are orthogonal.

Let G be a quasi-cubic graph, and g = (g,, g,) being an edge of it.
(A quasi-cubic graph is a graph, the points of which have valency 3 or 1.)
Consider the graph G, to be got from G by deletting the edge g and joining
the points g, and g, with the new points &, and k, respectivelly. The ope-

ration GG’ we will call, the cut of the edge g of G. The inverse of this
operatien is the following one:

Let g, = (g1, £2) and g, = (g5, 8,) be edges of the quasy-cubic graph
G’, and assume, that the valences of g, and g, are 1. Let us omit the edges
255, and g, the points g, and g, of &, and join the points g, and g, by the
new edge (g,, £5) = £,V The graph, got form G’ this way is denoted by
G, the operation G'~G is called connection of the edges g,, and g,, of G'.
(See: Fig. 5.)

OprerATION . (0)) (See: Fig. 6.) Let G, be a connected graph having
orthogonal edges, and G, an arbitrary, connected colorable cubic graph,
which is disjunct from G;. Let us cons:der the edges g] and gl of G, and of
(,, and let us cut g, to 2 edges: g,; and gy,; the edge g, also to two edges:
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. and g,,. The graps got from G, and G, we denote by Gj, and (2. Let us
consider the graph GilJ Gz, and connect the edge g,y with g,,, and the ‘edge
gr5 With g,, The resulting graph is denoted by Gy,. If we put 0 Vi =
=g, = g, and 013Vl = g2 = &y, then G{ and G5 are subgraphs of G,,.
The set M = (£, 811 VE2) is @ cut of Gy, that is, the number of com-
ponents of the graph G,,—M is more then that of G,. 1t is well-known,
that if C is an arbitrary circuit of G,, then the nunber of edges of C com-
mon with M is even. Thus every alternating circuit of G, containing
g2V as an edge, contains g, Vg, as well.

Let s be a coloring of G,,, and let s(g,,Vga) = o, let Co,, 0, and Co,, o
be alternating circuits of G, containing the edge gr:lVg;,, colored in case
of s by the colors o, and o;. (i = 2, 3¢ {oy, 00, 03} = {1, 2, 3)) g,V €

&
93
g(f g( 2z
4
G,
913
9 94z
%, %2
%>
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¢ E(Cay, a)VE(Cay, 03), thus s(2,,Vey) = 0, = s(g, V&) (E(-) denotes
the edge-set of the graph (-).) B )

We shall prove, that G, containes orthogonal edges. Let & and !
be orthogonal edges of Gy, and let us assume, that g, »# . Put x = k, if k = g,
and X = g,,Vgy = g, if g = k. Let us assume, that G has an alternating,

)

G(R)

,5,_1 V&t‘l

% vh,r,

Fig. 9

circuit Coy, ,, wich containes both x and { as edges. Let s, be the coloring,
by wich Cay, 6, is an alternating circuit, s, induces a coloring si of Gj,
for which s{(g,) = si{¢,) holds. If we connect the edges g,, and g,, of Gi,
we shall get the graph Gl-@lvﬁg :El). Let us define the coloring si of
G, as follows:

[5:(8): if g7 &,

si(g) = Is1(g,,) = §(gy0)s if g =g,.
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If g,V § E(Co,, 00}, then Coy, o, is an altenrating circuit of G, with re-
spect to the coloring si. Co,, 6, containes the edges x = k and I, and this
is a contradiction. If g, Vg,IEE(Cor,, 0.), then g,,vg,,€ E(Co,, 0,). Omitting
the edges g, Vg, and g,Vg, of Gy, Coy, o, falls in two pieces, the first of
them being in Gi(CY), the second one in G4(CW). The edge g,,Ve, = 2,
is completing C'} to an alternating circuit of G, containing the orthogonal
edges £ and {, and this is a contradiction.

Overation 2. (0,) (See: Fig. 7.) Let G, be a connected graph, con-
taining orthogonal edges, and let G, be a connected, colorable cubic
graph; which is disjonct from G,. Let us consider the point g; of G,
(i = 1, 2). Let us assume, that g; is joined with the points g S g,,. and i
inG;. Lc‘r us omit the pmnts £ and the edges (g gy (i=1,2, 1,2, 3},
of the graph G,UG,, and join g,; with ¢, Simildrly to Opudtmn 1, here
can also see, 111'1t the graph, resulting flOl]l G, and G, in Opelatmn 2is
containing ortogonal edges.

Oreratiox 3. (0,) (See: Fig. 9.) B

If we cut the orthogonal edges g, and fr, of P, we get the graph Pj
of Fig 8. It is easy to see, that we can get every coloring of P§ by permut-
ing the colors of one of the colorings s;, s, and s, , wich are iltustrated on
Fig. 8, 10, and 11.

These Lolonngs have the property, that every maximal alternating
path contaiming g,, (f,) as an edge, containes g, (f,,) too. _

Let Gy be a cubic graph, containing the orthogonal edges & and I, let
us congider the edges p, and ¢, of Gy. Let us cut p; to the two edges p,

32:
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and p, ¢, to the two edges e and . denote the resulting graph by G-
We shall see, that umnu:tlng Py with g“, pps With g,,, g with fy, and
gay With h,,, we get a 1 graph G,(P,), which is containing ortogonal ¢ edgeq
Assuming, that p, = [, and ¢, k, let us put x = k, if p, = =
= Ve f py = !‘1? v=>1itg = Ly=gnVhy, ifq =1

Fig. 12

Let us assume, ihat G,(P,) has a coloring s, corresponding to which
there exists an alternating circuit Cey, o, of G{(P,), which is containing
both T and v as edges. s induces a coloring s” of G, which on edges distinct
from p, and g, is equal to s, on 7, equal to s{gn V) = 5(@1:V Pya) and on
q.rl to s(,, r;”) = s(hl,Vql,) It is easy to see, that using the edges p, and
¢, we may complete the pieces of Co, o, being in G| to an alternating cir-
cuif of G,, which is containing k and { as edges. This contradicts to the fact,
that & and { are erthogonal edges of G,.

Starting by P,, and using the operations (3, ¢, and O,, we get an in-
finite class of graphs, containing orthegonal edges. Such a graph is to be
shown on Fig. 12,






ZUR FRAGE DER REKURSIVITAT DER IM ,,ALGOL 68
VERWENDETEN ZWEISTUFIGEN GRAMMATIK

Von

ROZSA PETER
1. Lehrstuh! fiir Analysis der Edtvos Lorand Universitit, Budapest
{ Eingegangen am 1. Oklober 1971.)

§1. Die Satzstruktur-Grammatik

Die Anspriiche der maschinellen Ubersetzung haben die Tendenz
verstarkt, die grammatischen Begriffe der Sprachen so exakt zu definie-
ren, wie die mathematischen Begriffe definiert werden. Mit dieser Ten-
denz sind verschiedene mathematische Grammatiken entstanden. Hier
beschiftige ich mich pur mit der sog. ,Satzstruktur-Grammatik®!
(worunter ich ihre sog. ,,context-free“ Form verstehe), die auch im sog.
, Epialgol® (friiher ,,Metaalgol“ genannt, doch im ,,Algol 68% wird ,,Meta-
sprache" in anderem Sinn gebraucht), die zur Beschreibung der Program-
mierungsprache ,,Algol 60 dient, verwendet wird. Diese Grammatik wird
durch vier endliche, nicht leere Mengen

T,H, P, K

bestimmt, wo die Elemente von T (vom ,terminalen Vokabular®) die
kortkreten Begriffe der Sprache sind; die Elemente von H (vom . Hilfs-
“ vokabular®} die in der Grammatik veru endeten ,,Kategorienamen®; die
Eilemente von K gewisse ausgezeichnete {mdglicherweise alle) Elemente
von H; und die Elemente von P sog. ,,Produktionen®, welche in die durch
je einen Kategorienamen bezeichnete Kategorie gehdrigen Elemente der
Sprache ,,produzieren®, mit anderem Wort , generieren”. Genauer geschieht
das folgenderweise:

Die Form einer Produktion ist (mit unwesentlicher Abweichuag von
der urspriinglichen Bezeichnung):

Rr=ww, ... w,

wo / ein Element von H (ein ,,Hilfsbegriff“} ist, und die rechte Seite des
Zeichens ,,:=*% eine ,,Mischkette® aus Elementen von T und H. Eine
Mischkette aus lauter zu T gehbrigen Elementen wird ,,terminal® genannt.
Das Zeichen ;=% begeichnet die ,,mégliche Gleichheit®; die vorhin auf-
gezeichnete Produktion ist also so zu lesen: ,,/ ist nach einer der moglichen

1 Siche z, B. N. Cuomsky, Symlactic Structures ("S-Gravenhage, 1957).
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Definitionen gleich w,w, ... w,“. Derselbe Hiifshegriff kann niamlich an
der linken Seite mehrerer Produktionen stehen; aber mindestens an einer
linken Seite mub jeder Hilfsbegriff vorkommen.
(Eventuell kommen auch Produktionen mit leerer rechten Scite, der
Form
h:=

vor. Dann kann fiir das ,,nichts“ auch ein Zeichen, etwa ,,10% eingefiihrt
und in T aufgenommen werden; das birgt die [nformation in sich, daf
dort gewdhnlich etwas steht, jetzt aber niclit)

Wenn fir ein Vorkommen eines Hilfsbegritfes 4 in einer Mischkette
¢ die rechte Seite einer Produktion, deren linke Seite £ ist, eingesetzt wird,
dann sagt man, dab die entstehende Mischkette y durch ¢ ,,unmittelbar
generiert” wird. Und eine Mischkette » wird durch eine Mischkette ¢
seneriert, wenn es eine Mischkettenfolge

1= 00 - =¥

gibt. woriny flir { = 2, ..., r jedes ¢; durch ¢,_; unmiitelbar generiert
wird.

I3e terminalen Generierten eines Kiategoricnamens (auch seine |, Wer-
te® genannt) bilden die mit diesernr Namen bezeichnete Kategorie,

§2. Die zweistufige Grammatik

In der neuen Programmierungsprache .Algol 68¢ wird eine ,zwei-
stufige (Satzstruktur-} Grammatik® benutzt. Darin wird als zweite Stufe
cine solche Verallgemcinerung der Satzstruktur-Grammatik verwendet, |
worin die Produktionenmenge unendlich ist, die Menge der ausgezeichne-
ten Kategorienamen aber endlich bleibt. Zur Angabe der unendlich vielen
Produktionen dient die sog. ,,Metasprache® der ersten Stufe. die durch
eine Satzstruktur-Grammatik o orspriinglichem Sinn generiert wird.
Genauer wird eine zweistufige Grammatik durch fiinf nicht-leere endliche
Mengeen

ZM, PV K

hestimmt, wo Z (die Menge der ,,Zeichen®) das terminale Vokabular, M
{die Menge der , ,Metazeichen®) das Hiltsvokabular, P (die Menge der
nsMetaproduktioneny die Produktionenmenge der Metasprache ist, worin
alle Hilfsbegriffe als ,,ausgezeichnete® gelten: K enthilt die ausgezeichne-
ten Kategorienamen der zweiten Stufe, und V' die sog. ,,Vorproduktionen®
enthilt, aus welchen die Produktionen der zweiten Stufe entstehen. HUnd
zwar auf folgende Weise:

Die rechtseitigen Glieder der Produktionen werden hier durch Kom-
mata getrennt; und endliche Folgen, deren Glieder durch Kommata ge-
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irennt sind, werden ,,Listen* genannt. Listen werde ich mit groBen griechi-
schen Buchstaben bezeichinen. So ist jede Vorproduktion der Form:

f:=0,

wo # eine Mischkette, und @ eine Mischkettenliste ist. Aus einer Vor-
produktion entsteht eine Produktion, wenn fiir jedes der darin vorkom-
menden Metazeichen, tiberall, wo es auftritt, einer seiner (allgemein un-
endlich vielen} Werte eingesctzt wird. Geschieht das fiir aile Vorproduk-
tionen auf aller moéglichen Weise, dann erhélt man alle Produktionen
der zweiten Stufe.

Die linken Seiten der Produktionen werden ,,potenzielle Kategorie-
namen®, kiirzer ,,Hilfshegriffe genannt; diesc bilden das Hilfsvokabular
der zweiten Stufe. Als ,,Kategorienamen® gelten nur endlich viele unter
den potenziellen; dicse hilden die Menge K.

Jene Glieder der rechiten Seiten der Produktionen, die in keiner Pro-
duktion als linke Seite auftreten, werden ,,terminale Begriffe* genannt,
und bilden das terminale Vokabwlar der zweiten Stufe.

Se sind die linken Seiten der Produktionen Zeichenketten, und die
recliten Seiten Zeichenkettenlisten, deren Glieder teils Hilfsbegritfe, teils
terminale Begriffe sind. Eine Zeichenkettenliste, die aus lauter terminalen
Begriffen besteht, wird ,,terminal® genannt.

[Me weiteren Begriffe der einstufigen Grammatik lassen sich fast
wirtlich iihertragen:

Wenn fir ein Vorkemmen {als Glied) eines Hilfsbegriffes # in einer
Zeichenkettenliste &, dic rechie Scite einer Produktion, deren linke Seite
# ist. eingesetzt wird, dannt sagt man, daf die entstandene Zeichenketicn-
liste @, durch @, ,,ummtttlhm generiert® wird. Und ceine Zeichenketten-
liste &, wird durch eine /LILIILI]kLthI?]I\tQ &, ,generiert”, wenit es eine
Zemhenkul1|.nl|»1enfn]ge

*) 0,:0,:...:0,

gibtl, worin fir i = 2, ..., r jedes @, durch @,_, unmittelbar generiert
witd.

Die ferminalen Generierten eines Elementes & von K bhilden die mit
diesem Namen bezcichnete Kategorie.

Unter der ,zweistufig generierten Sprache” wird die Zuordnung der
Kategorien zu ihren Namen verstanden.

§3. Zielsetzung

Dic¢ Produktionen sind Definitionsgleichungen (im Sinne der ,,mgli-
chen Gleichheit®), wobei zur Definition eines Begriffes eventuell auch dieser
selbst, als ein Glied der rechten Seite verwendet wird; allgemein entstehen
hier Definitionen mehrerer Begriffe mit gegenseitiger Berufung je eines
Begriffes auf sich und auf die anderen. So scheinen diese Definitionen zir-
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kelhaft zu sein. Sind sie nicht zirkelhaft, so handeit es sich hier um Re-
kursionen (genauer wmn simultanen Rekursionen). Der Ziel dieser Aroeit
ist, die rekursiven Definitionen der Begriffe der zweistufigen Grammati-
ken anzugeben, soweit dies gelingt.

§4. Einiges iiber primitiv-rekursive Wortfunktionen

1. Dic betrachteten grammatischen Gebilde sind alle Ketten gewisser
Zeichen (unter ,,Zeichen® jetzt nicht nur ,,Element von Z“ gemeint).
Als solche konnen sie als Elemiente einer sog. ,,Wortemenge“ betrachtet
werden,

Die Wortemengen sind Spezialfdlle der ,,zahlenartig aufbaubaren®
abstrakten Mengen, auf die ich anldBlich des Internationalen Symposiums
der Grundlagen der Mathematik in Warszawa (3. 1X. 1959) die Theorie
der zahlentheoretischen rekursiven Funktionen verallgemeinert habe. Die
natiirlichen Zahlen entstehien von ¢ ausgehend durch sukzessiver Anwen-
dung der , Nachfolgerfunktion® n+1. In den genannten ,zahienartig
aufbaubaren Mengen iibernehmen beliebigviele Elemente die Rolle von 0,
und beliebigviele Funktionen die Rolle der Nachfolgerfunktion.

Eine ,,Wortemenge W iiber ein Alphabet A* — wobei A eine beliebige
nicht-leere Menge ist, deren Elemente | ,Buchstaben® genannt werden —
ist die Menge der {,,Worte” genannten) endlichen Ketten aus Elementen
von A. Die Rolle der 0O idibernimmt hier die durch A bezeichnete leere
Kette, und die Rolte der Nachfolgerfunktion spielen hier die Ankniipfun-
gen der einzelnen ,,Buchstaben” an das Ende eines Worfes; so ist hier
xa fiir jedes a€ A je eine Nachfolgerfunktion. Ais ,,Vorgénger” eines
Wortes x gelten seine zusammenhdngende Teile; unter diesen werden
der nach Weglassen des letzten bzw. des ersten Buchstaben Gibrighleibende
,»Anfangsteil” bzw. ,,Endteil”

at(x} bzw. et{x)

seine ,unmittelbare Vorgénger” genannt (da jeder der echien Vorginger
von X in wenigsiens einent von beiden als Vorginger enthalten ist).

Wegen dem Aufbau der natiirlichen Zahlen ist in der Theorie der
natdrlichen Zahlen die sich bietende Methoede zur Definition einer Funk-
tion @ die ,,primitive Rekursion”, wobei der Wert von ¢ fiir 0 angegeben
wird, und ausserdem die Art, wie an einer Stelle ¢ mit Verwendung seines
am unmittetbaren Vorginger dieser Stelle angenommenen Wertes be-
rechnet werden kann. Dementisprecliend ist das Definitionschema der
primitiven Rekursion in der Wortemenge, bei endlichem Alphabet, wor-
auf ich mich hicr beschranken kann:

(D)

f(Y by Y) _ gﬂ(xl" M "xr)! fa”S X = A
Ay -l =

g(x,x,. . x, fat(x), x,,. . ., x,), flet(x), xq,- . ., x,)) sonst,
wo g, und g bereits definierte Funktionen sind.
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Eine Funktion wird primitiv-rekursiv genannt, wenn sie von gewissen
n»Ausgangsfunktionen®” ausgehend durch endlichmalige Verwendung von
Substitutionen und primitiven Rekursionen definicrt werden kann.

Die Hinzunahme ,.fikiiver Variablen*, von welchen die betreffende
Funktion nicht tatsichlich abhidngt, wird immer gestattet.

Eine Beziehung

B(x,, ...,x)

unter Worte x;, ..., x, (die fiir r = I eine Eigenschaft des Wortes x,
bedeutet) gilt als primitiv-rekursiv, wenn dazu eine primitiv-rekursive
».charakteristische Funktion” angegeben werden kann, d.h. eine folgender-
weise definierte primitiv-rekursive Funktion:

_ [ A, falls B(xy, ..., x;) besteht

bx,, ..., x,)
' ' la, sonst,

wobei a, ein festgewihites Element von A ist.

2. Ohne Beweis teile ich die Folgenden mit:

In den Wortemengen ist die Nacheinandersetzung xy zweicr Worte
immer eine primitiv-rekursive Funktion; die Gleichheit x=y und das
»Vorgdngersein® x <y sind immer primitiv-rekursive Beziehungen.

Samt einer Beziehung B(x,, ..., x,) ist auch ihre Negation B(x,, ...
... X,) primitiv-rekursiv. Samt B(y, &y, ..., X,) ist auch die Bezichung

Boxy, X0 x) = En [y <x & By(y, %, .-, X))

primitiv-rekursiv, wobei die rechte Seite folgendes bedeutet. ,,Es gibt
cin Vorginger ¥ von X, fiir welchen

By, X o 20X,)

besteht”. Ohne ciner Schranke (wie hier x) fiir y kann von Rekursivitit
einer solchen ,,es gibt”-Beziehung garnichts gesagt werden, nicht einmal
im weitesten Ausbreitung des Sinnes der Rekursion, die atle bisher be-
trachteten Rekursionsarten umfasst.

Samt der Beziehungen B (X, ..., X,) und By(x,, ..., x,) ist auch ihre
Disjunktion

Bi(x, - .5V By{x, ..., x)

primitiv-rekursiv, wobei das Zeichen ,,V* als ,,oder* zu lesen ist (im Sinne
des lateinischen ,,vel“, das auch das Zutreffen beider Beziehungen ge-

stattet).
Ferner ist samt B(y, x,, ..., X,) auch die Funkiion

f(xl} ERCIR sxr! x) = H_v [yj.x & B(}'!xl’ -t ’xr)]

primitiv-rekursiv, welche einen bestimmten Vorgdnger y von x angibt,
fiir den _
- B(Y, Xy, - - - 5 %,)
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besteht, falls ein solches v unter den Vorgangern von x existiert; und sonst
den Wert a, annimmt.
Sind
gl(xll ot 1Xﬁ-)1 v !gk(xlv e 'xr)° g;.-+1(-\'1, e 9xr)
primitiv-rekarsive Funktionen, und
Bix,,...,x), ..., Bu{x;, ..., x)

einander gegenseitig ausschlieBende primitiv-rekursive Bezeihungen, so
ist auch die durch den folgenden Fallunterscheidungen definierte Funk-
tion primitiv-rekursiv:

i gilxy, ..., ), falls By{(xy, ..., x,) besteht

s oo X = gdxy, e, 8, falls B(x,. ..., x,) besteht
Zrer(Xys - -y X,) sONSL,

Es gibt auch allgemeinere Rekursionsformen, und unter diesen auch
solche, die auf primitive Rekursioiten und Substitutionen zuriickgefilirt
werden kdnnen. Beispiele fiir die letzteren sind:

1. die Wertverlaufsrekursion, wobei zur Angabe des Funktionswertes
an einer von A verschiedenen Stelle nicht nur an unmitielbaren, sondern
an beliebigen Vorgingern dieser Stelle angenommenen Werte der Funk-
tion (heliebige Werte aus seinem vorherigen Wertveriauf) herangezogen
werden;

2. Rekursionen, wobci die ,,Parameter” {die neben der Rekursions-
variable x auftretenden anderen Variablen, wie x;, ..., X, in der Defini-
tion (D)) nicht unverdndert bieiben, sondern Einsctzungen fiir sie er-
folgen. )

Die wichtige Rolle spielende ,Ordnung* a(x) eines Wortes x: die
Anzaht seiner Buchstaben, ist cine natlirliche Zahi. Daher miissen auch
die natiirlichen Zahlen in jeder Wortemenge vertreten werden. Die Ab-
zahlung kann durch Zuordnung des festgewihlien Buchstaben a, zu den
Buchstaben von x geschehen: daher kéinnen als Vertreter der natiirlichen
Zahlen

die Waorte
Ay gy, 8y, Qddy, ...

gewihlt werden. Nach diesem Ubereinkommen ist o(x) primitiv-rekursiv;
X ist dann und nur dann eine natiirliche Zahi, wenn

X =ox)
gilt; und auch jede primitiv-rekursive zahlentheoretische Funktion kann

durch eine primitiv-rekursive Funktion der Woriemenge vertreten wer-
den. Genauer gilt fiir eine beliehige Wortemenge der
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Savz: Es gibt zu jeder primitiv-rekursiven zahlentheoretischen Funktion
@ eine primitiv-rekursive Wortfunktion f {(ihr ,Vertreter”), die an jeder
Stelle nur von den Ordnungen der Argumente (alse von natiirlichen Zahlen )
abhingt, und auch als Werle natlirliche Zahien annimmt; ferner so geschaffen
sty dap die fiir nafirlichen Zahlen angernommenen Werte von [ und ¢ dber-
einstimmen.

Die Vertreter der zahlentheoretischen Funktionen — als Funktionen
der Ordnungen ihrer Argumente — werde ich in der Wortemenge genau
so bezeichnen, wie die beireffenden zahlentheoretischen Funktionen.

Ubrigens werden nur die im folgenden Hilfsatz aufiretenden beiden
zahlentheoretischen Funktionen zur Verwendung kommen.

HiLFsaTz aus der Zahlentheorie: Es kOonnen zwei primitiv-rekursive
Funktionen

a(my und o,(n)

folgender Eigenschaft definiert werden: man kann sdmtliche Paare natiir-
licher Zahlen derart in eine Folge ordnen, daB das n-te Glied dieser Folge

das Paar
(o(1), 05{())

Ich bemerke noch Folgendes: Wie eine Funktion f{n), deren Variable
die natirlichen Zahlen durchlduft, auch in der Form f, geschrieben, und
als die unendliche Folge '

f(l.‘f].’f2!f3’ e

betrachtet wird, kann auch eine Wortfunktion Jf(x), die nur von o(x)
abhangig ist, auch in der Ferm

H(0(x)) = foro

geschrieben, und als die unendliche Folge

ist.

f.h fal: falals falalal» e
betrachtet werden.

§5. Primitiv-rekursive Definitionen fiir gewisse Begriffe der
zweistufigen Grammatik

I. An den folgenden, sich natiirlicher Weise bietenden Definitionen
ist nicht immer unmiitelbar zu sehen, daB sie primitiv-rekursive Wort-
funktionen definieren; aber die im §4 Mitgeteiiten ermoglichen ihre Zou-
rickfiihrung auf primitive Rekursionen und Substitutionen. Dazu mdéchte
ich bemerken, daB in Definitionen, wo die Angabe des Funktionswertes
fiir ein Argument A zu felilen scheint, dies implizit enthalten ist.

Fiir die Untersuchung der im §2 durch die Mengen
LM PV, K
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bestimmten zweistufigen Grammatik eignet sich die Wortemenge iiber
das Alphabet 27, das die Elemente von Z, und dazu soch die Hilfszeichen
=% und “" and “3* enthilt. '

Seien die Elemente von Z (die ,,Zeichen®):
24,29, 1 2

und sei 2z, das festgewdhlte Element von Z’. Dann kénnen die charakte-
ristischen Funktionen

2(x), zki{x) , zkl{x), zkif(x)

der Eigenschaften
»ein Zeichen,
bzw. eine Zeichenkette,
bzw. eine Zeichenkettenliste,
bzw. eine Zeichenkettenlistenfolge zu sein®

der Reihe nach durch folgende Definitionen (die vom zweiten an auf Wert-
verlaufsrekurstonen flihren) angegeben werden:

2(x) = {/\,fa]lsx:21\]:(:22\;‘__\”;:2*
z, sonst,

[A, falls 2(x) = A V(Ey ) (Eya) [y, ¥y <X & ZK(yy) =

zk(x) = = A2y = A&X =y 1]

lz, sobst,

[/\ falls zk(x} = A V(Ey) (Ey,} [1: 1o XX & Zkl(yy) =
zkI(x) = = A& zK(y) = A&X = ¥, V]

lzl sonst,

[ A, falls zkI(x) = A WEv)) (Ey,) [y, v, < x & zkIf(y,) =
zklf(x) = = A&zkl(y,) = A& X = yi5 ¥sl
lzl sonst.

Ebenso sukzessiv kinnen die Zeichen, die Zeichenketten, die Zeichen-
kettenlisten und die Zeichenkettenlistenfolgen zu primitiv-rekursive
Folgen geordnet werden (wobei Wiederholungen zugelassen sind):

Einheitlichkeitshalber seien die endlich vielen Zeichen in die unend-
liche Folge

FA- U A A TR
geordnet, die als

(A, falls x = A

2, falls o(x) =2,
2,, falls o{x) = 2,2,
Zotx) =

I g, falls o(x) =2,2,...7
L t-mal
definiert werden kann.
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Es gilt nun allgemein, daf die aus Gliedern einer primitiv-rekursiven
Folge v, gebildeten endlichen Folgen in eine primitiv-rekursive Folge
W,y geordnet werden konnen. Die eingliedrigen unter diesen sind ja be-
reits in eine primiliv-rekursive Folge v, geordnet. Und angenommen,
daB fir ein 1 = 1 die n-gliedrigen bereits in eine primitiv-rekursive Folge

Wg(?c )

geordnet sind, konnen die (124 1)-gliedrigen als

Wom* Voy (0(X), 000) = 1,2,...)

aufgeschrieben, und so gemaB des Hilfsatzes im §4 in die primitiv-rekur-
sive Folge
{n+1) (17}
Wotx) ~ = Woy(ot)™* Voyto(x)
geordnet werden, wobet der Stern x den Trennzeichen zwischen den
Gliedern (also “,“ oder “;*) bezeichnet. Demnach crgibt sich

o

durch die Definition
in, Tallsy=A
Wg()J(()}JD = ' Vatxyr falls D(J/) =&

i
Rt p—

als eine primitiv-rekursive — nur von o{x) und o{y) abhéngige — Funktion
ven x und y. Sie nimmt flr jedes

oYy =21, 2121, 22,2y -
die aus Gliedern der Folge v, gebildeten a{y)-gliedrigen Folgen als Werte
an. All diese kénnen nun dwrch abermalige Anwendung des Hilfsatzes in
eine primitiv-rekursive Folge

{o(0(x})}
Witxy == Woin(x))

geordnet werden.
Bezeichne f,,, die derart erhaltene primitiv-rekursive Folge samtlicher
Zeichenketitenlistenfolgen, die spiter zur Verwendung kommen wird.
Die charakteristischen Funktionen

Ig(x, y) und fg(x, )
der Beziehungen ,,y ist in der Liste bzw. in der Listenfoige x e¢ines der
Glieder” kdnnen durch die folgenden Fallunterscheidungen definiert
werden:
lg(x, y) =

l;‘\, falls zKI(x) = A &zk(y) = A& (x = y W Ew}[u <x&x = u, )] V
= V(IE)[u <x&x = y,u] Eu (B} [uy, 1, ¥ & x = 11, ), 11,])

l21 sost,

T ANNALES  Sectio Mathematica — Tomug XV,
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und
fg(x, y) =
[/\, falls zkIf(x) = A& zKI(y) = AR (x = yV(Ea) [t <x&x = u;¥] V
= V(Eu) [u Xx & x =y; u] WEu, ) (Eup) [uy, i, <X & X = )3 ¥5 ta])
lzl sonst.

Das letzte Glied Ifg(x) einer Zeichenkcttenlistenfolge x ergibt sich
durch die Definition:

ifg(x) = u [y 2 x&fg(n,p) = A& (x =y v(Eu) (u <x8&x = u; y])}-

2. Bisher handelte es sich nur um Elemente von Z. In den folgenden
Definitionen nehmen auch Elemente der anderen, unsere Grammatik
bestimmenden Mengen teil.

Seien die Elemente von M (die ,,Metazeichen®):

Hly, Mgy ... i,
uiid bezeichne
mgx) ((=1512,...,r)

die charakteristische Funktion der Eigenschaft: ,,ein Wert von m; zu
sein®, d.h. ,,in die durch m; bezeichnete Kategorie der durch die Satz-
struktur-Grammatik (im ursriingtichen Sinn) der ersten Stufe generierten
Sprache zu gehdren®. Von diesen habe ich in einer friilheren Arbeit* be-
wiesen, daB sie — falls die Grammtatik derart zirkelfrei angegeben wurde,
daB kein Hilfsbegritf sich selber generiert — in der Wortemenge iiber das
terminale Vokabular als Alphabet — das hier Z ist — primitiv-rekursiv
sind. Dasselbe gilt auch in der Wortenienge iber das erweiterte Alphabet
Z’; man hat nur die Beziehung, bei welcher eine solche charakteristische
Funktion fiir x als A definiert wurde, mit ,,& zk{(x) = A (,,und x ist eine
Zeichenkette®) zu ergénzen.

Seien ferner die Elemente von V (die ,,Vorprodukiionen™):
(LT U [

Aus diesen entstehen die Produkiionen der zweiten Stufe durch Einsetzen
von Werten der Metazeichen. Bezeichne

Ip{x) (i=1,2,...,9)

die charakteristische Funktion der Eigenschaft: ,,die linke Seite einer aus
1 entstandenen Produktion zu sein®, und

lpri{x,y) (i=12,...,9)

die charakteristische Funktion der Begiehung: x und y treten als linke

2 R. PETER, Uber die Rekursivitit der Begriffe der mathematischen Grammatiken,
Publ. of the Math. Inst. of the Hung. Ac. of Sci., 8 (1963), 213 -228.
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hzw. rechte Seite derselben aus v; entstandenen Produktion auf“. 1st 2. B.
v, die Vorproduktion

so ergeben sich Ip,(x) und Ipr,(x, ¥) mit Benutzung der Funktionen
my(x), Hadx), n(x)

durch die Fallunterscheidungen:

A, Talls (Ey)) (Eye) [y, ve K x&my ()] = A Xiiig(y,) =

Ip () = =ANEX=2)1Ys
lzl sonst
und
IA, falls (Eu}(Ew,) (Euy) [0, 2, <x& uy, <v& m(u)) =
= A&myty) = Agmy(i) = A x =2, 1,8y =
Ipry(x, ) =

= Zy Uy 2y Ty 2y Hig)
2, sonst,

Mit diesen kénnen die charakteristischen Funktionen
ip(x) bzw. lpr(x,y)

der Eigenschaft: ,,die finke Seite einer Produktion zu sein® (was mit ,,ein
potenzieller Kategoricname zu sein® gleichbedeutend ist), bzw. der Be-
ziehung: ,,x und y treten als linke bzw. rechte Seite derselben Produktion
auf* durch die folgenden Fallunterscheidungen definiert werden:

|p(.1’) = [/\, falls ]p](.\’) = {\V]pz(_\') = AV... les(-\') = A
lzl sonst,

Ipr(, ) = (A, falls pry(x, y) = Avipr(x, ¥) = AvV. .. /iprdx. y) = A
|\zl sonst.

(Genau so einfach kénnte auch die Eigenschaft: ,,ein Glied der rechten
Seite einer Produktion zu sein®, und damit dann der Eigenschaft: ,ein
terminaler Begriff zu sein als primitiv-rekursive Funktion definiert wer-
den; aber dies wird nicht notwendig sein.)

Eine Zeichenkettenliste kann ,,potenziell terminal® genannt werden,
wenn keines ihrer Glicder unter den linken Seiten der Produktionen vor-
kommt. So kann ,,Ip* zur folgenden Definition der charakteristischen
Funktion {(x) der Eigenschaft: ,eine potenzieli terminale Zeichenketten-
liste zu sein* benutzt werden:

i) = IA, falts zkl(x) = A & (Ey) [y < x&1e(x, y) = A & Ip(y) = A]
' |2, sonst

(wobei (Ey) die Negation von (Ey), also ,,es gibt kein solches y* bedeutet).

7%
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Und - da bei dem unmittelbaren Generieren das Ersetzen der als
Glied einer Liste vorkommenden linken Seite einer Produktion durch die
rechite Seite dieser Produktion geschieht — wird ,,Ipr® in folgender De-
finttion der charakteristischen Funktion ug(x, y} der Beziehung: ,,v ist
eine unmiitelbare Generierte der Zeichenkettenliste x* verwendet:

A, falls zkI(x) = A & (Ea ) (Eu,) (Bt} (Eug) [0y, iy, 11, <
SLx&u, R y&lg(x, ) = A&lpriu, u) = A&x =
=y U g B Y = U Uy ]

ug(x.v) =
l2’1 sonst.

Damit kann die charakteristische Funktion

gf(x, y)

der Beziehung: ,,y ist eine mit x beginnende generierende Folge der Art
(%) durch die auf Wertverlaufsrekursion fithrende Definition

A, falls zki(x) = A & zkIf(y) = A& (v = x V(Eu)) (Ew) [y, 1, <
Fv 1) =y&of(x, ) = A& zkli,) = A&y =51, 4
gi(x.y) = I & ug(ifg(u,), ) = Al)

z, sonst

angegehen werden.
§6. Offene Frage

1. In den Bisherigen haben sich alle Begriffe, die zur exakten Fassung
der grundlegenden Frage der durch eine zweisiufige Grammatik generier-
ten Sprache ndtig sind, als primitiv-rekursiv erwiesent. Diese Frage lautet
ja: ,Wenn I ein zu K gehbriger Kategoriename ist, wie kann entschieden
werden, was in die durch ihn bezeichneic Kategorie gehirt?“ Dies giit
filr ein X, wenn x eine potenziell terminale Zeichenkettenliste ist, und es
eine mit & beginnende und mit x endigende generierende Zeichenketten-
listenfolge gibt; d.h. wenn

t(x) = AR (Ey) [gf(k, ¥) = A &lfg{y) = x]

bestelit. Wire die charakteristische Funktion auch dieser Eigenschaft
rekursiv, dann wiirde die durch die betrachtete Grammatik generierte
Sprache als rekursiv gelten.

Fiir das v in diesem (Ey) [...] kann ich aber keine Schranke angeben.
Uridl eine schrankenlose Beztehung (Ey) [. .. | ist allgemein in keinem Sinne
rekursiv. 3

Es zeigt sich eine Ahnlichkeit der Generierung der betrachteten Spra-
che mit der Generierung der Theoremeeiner axiomatischen mathemati-
schen Theorie. Dort ist eine Formel f ein Saiz der Theorie, wenn es eine
Formelnfolge gibt, die mit Axiomen beginnt, und mit f endigt; wobei
jedes Glied der Folge aus friitheren Gliedern durch Anwendung gewisser
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Schlussregeln ,,generiert wird. Und allgemein ist eine mathematische
Theorie nicht ,,rekursiv entscheidbar®: die dazu gehdrige ,,es gibt eine
derartige Folge“-Beziehung ist allgemein nicht rekursiv.

Die Rekursivitit des Spezialfalls ,,Algol 68 ist auch eine offene Frage.

,,Primitiv-rekursiv abzidhlbar® ist eine auf der beschriebenen Art
zweistufig generierte Sprache jedenfalls; in dem Sinne, dass primitiv-
rekursive Funktionen definiert werden konnen, welche als Werte alle ter-
minalen Generierten je eines Kategorienamens und nur diese annchmen.
Mit Heranziehung der primitiv-rekursiven Folge f,y, in welche in Nr. 1
des §5 sdmtliche Zeichenkettenlistenfolgen geordnet wurden, tut dies fir
ein k< K die derart definierte Funktion:

— j]fg(fu(x))r falls t(lfg(/a(x))) =A& gf(ff, in(x)) =/

k(x
) \A sonst.

Im Weiterbildung vom ,,Algel 60 war vorstellbar, dal man sich auf
eine solche zweistufige Grammatik beschrdnkt, die nur endlich viele ter-
minalen Begriffe enthilt.

Wie ich friiher bewiesen habe?®, wire die durch eine solche Grammatik
generierte Sprache auch einstufig, durch eine Satzstruktur-Grammatik
im urspriinglichen Sinn generierbar, und so — wenn nicht zirkethaft —
dann primitiv-rekursiv.

Das gilt aber nicht fiir jede zweistufig generierte Sprache. In der sel-
ben Arbeit habe ich dafiir ein sehr cinfaches Gegenbeispiel angegeben.
Die betreffende zweistufig generierte Sprache, die einstufig nicht gene-
riert werden kann, ist dabei primitiv-rekursiv.

3 R. PETER, Zur zweistufigen Satzstruktur Grammatik I, Sindia Seci. Math.
Huong., 3 (1968), 181-194.
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Nous disons qu'un domaine sphérique est convexe s’il est sur une
demi-sphire et si deux quelconques de ses points peuvent étre joints par
un arc de grand cercle conttenu dans D.

Etant donné dans un domaine sphérique convexe D un systéme dé-

nombrable {C,} de cercles disjoints, la grandeur %CE est appelée densité

d’empilement de ce systeme de cercles par rapport a D, ou simplement
densité d’empilement.!

Dans un article,? J. MoLNAR a démontié le théoréme suivant:

Soit dans un domaine sphérique convexe un systéme d’au moins deux

wura x ) : T
cercles congruenis disjoinfs, alors la densité d’empilement esl < —— =

V12

= 0,9069...2

Dans notre article, en nous appuyant sur des résultats de L. FEjES —
Totu,t de G. KramMmer? et de J. MoLNARr,® nous améliorons la borne
supérieure de la densité d’empilement du résultat précédent, plus précise-
ment nous démontrons le

! Nous désignons par le méme symbole un domaine et son aire.

2 ], MOLNAR, Ausfilllung und Uberdeckung eines konvexen sphirischen Gebietes
durch Kreise 1, Publicationes Mathematicae, 2 (1952), 266 —273.

3Sous sa forme initiale ce théoréme est plus général car MOLNAR utlhse la notion
de convexité {au sens large) suivante: un domaine sphérique est dif convexe si deux
quelconques de ses points peuvent étre joints par un arc de grand cercle contenu dang D.

1 L. FejEs — ToTh, Uber dichteste Kreislagerung und diinnste Kreisiiberdeckung,
Comment. Math. Helvatici, 23 (1949), 342 —349.

5 KRAMMER, G., Megjegyzések a gmbnek kordkkel valg kitditéséhez és lefedéséhez,
Mat. Lapok, 11 (1060 }, 120 123.

¢ ]. MoLNAR, Collocazioni di cerchi sulla superficie di curvatura constante.
Celebraziani archimedee del secolo X X, Siracusa, 1961, Vol. I, 61 -T2, )
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THEOREME. Soif sur une sphére de ravon R un domaine convexe dans
lequel on q un systéme d’au moins deux cercles disjoints de rayon r, alors
la densité dempilement est

74
3 cosec ——6

<d@)=——2_,  d46) = limd@) = 2= = 0,9069. ..,
a-6 a—6 V1
i T r
oft cosec — = 2¢05 —.
a R

DEMoNsTRATION, Considérons sur la sphére un domaine D convexe.
Seit dans D un systeme {C;} ({=2)7 de cercles de centres O; et de rayon r.
Sans perdre la généralité, nous pouvoens suppeser & = 1, c’est-a-dire que
ia sphére est unitaire.

Soit E I'enveloppe convexe des cercles. Naturellement EC D, ainsi

E‘C_,-_EEC,‘. Nous étabiirons notre théoréme en démontrant que Z¢, <

Fig. 1

Considérons le systeme {C;} de cercles ¢t fa décomposition 4 corres-
pondante de la demi-sphére contenant D, en cellules de DiRICHLET.®
AN E donne une décomposition de E en général en trois types de cellules
8, §;, §; contenant chacune un cercle:

S; estun polygone sphérique dont tous les sommets sont intérieurs a £;

§; est un polygone sphérique ayant au mwins un sommet sur la

frontiére de E;
S, est un domaine convexe contenant un arc de cercle C; (Fig. 1).

? L'hypothése { = 2 implique naturellement r = 45°,

8 La cetlule de DIRICHLET correspondant au cercle C; de centre O; est le lieu des
points de la demi-sphére contenant D plus proches de ; que de tout autre centre du
systéme,

G. L. DiricHLET, Uber die Reduction der positiven Formen mit drei unbestimm-
ten ganzen Zahlen, J. fiir die reine und angew. Math., 40 (1850), 200 - 227,
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Notons par C;, C; et C, les cercles du systéme respectivement con-

tenus dans §;, §; et §,. Pour démontrer 2G < d(a), il suffit d’établir que

% = d{a), % = d(a) et gﬁ <d(a). L’existence de S, entraine 'inégalité
i 5 k
stricte dans notre théoréme.

a) Considérons trois cercles de rayon r (r = 45°) tangents entre eux

et soit g[-::%] la distance de leur centre radicai au centre de 'un des

trois cercles.

Les sommets de S; sont 4 une distance =g du centre du cercle C,.
D’aprés un résultat de MoLNARS

7L
3cosec — — 6

’g"i' =dy = 6 ¢ =dp_+ =
! [a]—3——arctg~[l/§tg3—cotg[l—[il n]
n \ a af [
SCoseciufi
= d(a) = ‘*"*——a—:*;_— ’

. T
ol cosec — = 2cosr.
a

b) Notons par A, un des sommets de S; situé sur la frontiére de E
(Fig. 1) et par C¥ le symétrique de C; par rapport a la droite (grand cercle)
frontiere de E passant par A,. Soit §; la cellule voisine de §; ayant un
sommet en A, et soit C} le cercle correspondant. A, est alors le centre
radical des cercles C;, CT et Cj, c’est-a-dire A 0; = ¢. En conséquence

© 3 cosec T _6
Q = dM = a -
S; a—6

¢) Allons d’un point commun de la frentitre de €, et de E, sur la
frontiére de S, dans les deux sens opposés jusqu’a la rencontre des sommets
A, et A, de S, (Fig. I). Avec un raisonnement analogue au cas #) on obtient
que les angles en A, resp. en A, de Penveloppe convexe £, de A), A, et
de C; ne peuvent pas étre obtus, ainsi

E, = n—[2n—4arcsin _l cosr,
2cosr
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avec I'égalité quand ies angles de E; en A, resp. en A, sont des angles
droits.? Denc

&S&‘ﬂd](r): | —cosr

Sk E, 1 [ 2 , 1 ]
——|1—=_"-are sin ————-cosr
2 T V2 cosr
Pour achever la démonstration de notre théoréme, il suffit d’étabfir

que d,(r) = d(r), pour O = r < 45°.
Selon les résultats de MoLNAR® resp. de KRAMMER® 4,(r) resp. d(r)

sont des fonctions décroissantes de r.

d

A

09— %

16 5 £ 7
0° 15° 30° 45° F
Fig. 2

Nous allons maintenant établir que d\{r) =< d{r) pour r¢[0,45°].
Partageons cet intervalle en deux intervailes [0,30°] et [30°, 45°]. Pour
r=30° (@ =5]1048...) on a d(a) = 0,8926... et puisque lim dy(r) =

r—0

= 0,8797... on a limd(r) < d(5,1048. . ) = 0,8926. ... De méme pour
-}

r=45 (@=4) on a d(4) = 0,8787... et d,(r) = 0,8338.... Do -
4,(30°) = d(4). D’onr dy(r) < d{r) pour 0 = r =< 45°,

3 voir FEJES-TOTH, Lagérungm in der Ebene anf der Kugel und im Ruum, Berlin —
Gottingen - Heidelberg, 1933, p. 67.
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REMarRQUES. 1. Les calculs numcérigues montrent que

1l —cosr
- — = dy

1 [ 2 . 1 ]
— =1 == are sin-——-—-| cosr
2 = F2cosr

(Fig. 2). Ainsi dans notre théoreme la borne d(a) peut étre ameliorée par d ;.

2. L’exempie suivant montire que notre théoréme n’est pas valable si
le domaine D est convexe au sens large. Considérons sur la sphére S le
systeme {C;} de six cercles congrucents disjoinis de rayon 45°. D’aprés le
théoreine de FEJES-- TOTH' la densité d’empilement de ce systéme de
cercles est d(4). Soit C un cercle sur S tel que CN{C;}= @ . Naturellement

D = §--C est convexe au sens large, mais —~ = G > d(4).

§-C D






A NOTE ON A PAPER OF E. HLAWKA

By

. KATAL
Department for Numerical Mathematic of the L., Eitvas University, Budapest
{Recetved February 4, 1972)

In his paper [1] E. HLawka stated the following assertion. Let £, =
= ¢27ien (I = 1, 2, ...) be independent random variables distributed

uniformly on the unit-circle [z| = 1. Let
N

(n o2 = J] @—L).
fi=1

Then with probability 1, holds the inequality

max |y (2)|
Zl=1

(2) Tim £

- S
New  ptliog loghNy?

¢ being a positive constant,

Qur aim is to give an improvement of (2) which we can deduce al-
most immediately from the law of the iterated logarithm (see for example
[2])-

E. Heawxka deduced the inequality

def | N -
(3) ISyl =13 cos2mq, = 2log Uy
h=1 .
where
Uy == max (o (2)] .
jz.=1

(see [1] pp- 106—107).
Take into account that Rel, = cos 2y, are independent random
variables, with the same distribution function, with mean value 0 and

vartance |. Therefore we get
1
lim (NloglogN) 2S, =1,

N—oa
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with probability 1. Thus we proved the following assertion:

max ()}
P =1
lim — I3 = 1
Novm o (L=} (N tog log Ny ©
o2

for arbitrary constant ¢ = 0, with presability 1.

References

[1] HLawka, E., Iaterpolation analytischer Funktionen auf dem Einheitskreis, A4b-
handiungen aus Zaltentheorie und Andalvsis zur Frinverung am F. Landay, VEB
Deutscher Verlag der Wissenschaften, Berlin, (19GX), bb — 115,

[2) HarTyan, P —WINTNER, A, On the law of the iterated logarithm, Amer. Jorrnal
of Math., 83 {1041), 19 - 176



ON SOME SUBSPACES OF HYPEREXTENSIONS

By

AKOS CSASZAR
I. Departinent for Analysis of the L. Edtvas University, Budapest
{Received March 25, 1972)

1. Introduction. In the paper [1), a superspace E", calied hyperexten-
sion, was assigned to an arbitrary topological space £ and an open sub-
hase § in E, and various subspaces of £# were studied. For some of them,
a descriptive characterization was given up to equivalence, for others,
a similar characterization was formulated for the spaces lying between
E and the subspace in question. The purpose of this paper is to continue
the investigations of [1] and, in particular, to give descriptive character -
zations for E" itself and another subspace EY of £

Let us first recall the definition of E". Let § be an open subbase in a
topological space E with 0, E£§, and put

T={L-5:8¢8), V=SuyT.

We consider ultra-V-sieves in £. A sieve in £ is a family s of subsets of
E such that
AL As = A NA,=D, Acs and ACA T — A'¢s.

For a system M of subsets of £, an M-sieve m is a sicve such that, for
Acm, there exists a set MemNM with Mc A. An ultra-M-sieve is a
maximal M-sieve. Now, for x¢ E, the sets AcE such that xe Vc A for
a suitable VeV constitute a trivial ultra-V--"»ve v(x). Let E2oE be a
set such that, with the elements xe E¥— E, «ne can associate all non-
trivial ultra-V-sieves in a one-to-one manner; let v(x} denote, for xe " — E,
the non-trivial ultra-V-sieve assoctated with x.

Then put :
{A) = {xe E": Aev(x)) (A C E).

We equip E" with the topology Tor which
8" == {1(8): S¢S}

is a subbase. Then E is a subspace of £%, i.e. E* is a superspace of E (but,
in general, it is not an extension because E is not dense in ER),
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In [1] (4.8), the spaces lying between E and E" were characterized,
up to equivalence, in the following manner: For a supcrspace E” of E,
in order that there exist a subspace £” of E" equivalent to E’ (i.e. such
that there is a homeomorphism A from E’ onto E” with h(x) = x for
x€E), it is necessary and sufficient that

(1.1) E” be reduced (i.e. xcE'—FE and y¢E’, y = x have distinct
neighbourhood filters in E’),

(1.2) there be a subbase §” in E7 such that

(S NE:SeSy =8
and, pufting
(1.3) T ={L'~-8:8¢8}, V=SUT,

the inclusion ¥{NEcCViNE implies Vic V3 for Vi, VieV,
Moreover, for a given homeomorphism /1 1 E'~E” where

(1.4) E C E” C Ef, h(x) = x for x¢L,
the subbase 8 may be chosen in such a manner that {besides (1.2)) also
(1.3) HYYy=1(V' NEYNLE" (VEV)

be satisfied, Conversely, if (1.1} and (1.2) are true, then a subspace E”
antd a homeomorphism 1 : £+ £” can be found satisfying (1.4) and (1.5).
Among the subspaces of E? investigated in [1], we mention here four.

The space EY is the subspace of £% composed of those x¢ £% for which
i

v(x} is centrated (i.e. Ay ..., A, ov{x) implies 7 A; = 0). The spaces
|

lying between E and E¥ were characterized, in [1] (7.6}, in the following
manner: A superspace E” of £ is equivalent to a subspace of E¥ iff it is
reduced, T-strict (i.e. the closures T in E” of the sets T¢T constitute a
closed subbase in E’), and strongly T-distributive (i.e. 7, ..., T,€T
implies

no__
T,=nT,;
1

~) =

for the closures taken in E).

Another subspace of £7 we need here is the superextension E5. 1t is
obtaited by adding to £ all points xe £"— E for which v(x) is a T-sieve
(i.e., for Acvy(x), there exists Tev(x)T with T< A).

The third subspace in question is £/ We obtain E/ by taking all
points x¢ E" for which w(x) is strongly S-centrated, ie. if S;ev(x)N§
(i=1,...,m) and Tev{x)NT imply

NS, NT =0
1
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By [1] (7.4), a superspace of E is equivalent to a subspace of E/ iff it is
a reduced, T-strict, T-disjunctive (i.e. T,, T,¢T, T\NT, = B implies
T.NT, = 0) extension.

Finally, we have to recall the definition of the subspace EV (the
Wallman-type compactification of E relative to 8). It is obtained by add-
ing to E those xc E" for which v(x) is a centrated quasi-T-sieve (where
v{x} is said to be a quasi-T-sieve if, for A€v(x)}, therc exists a finite number

of sets Ty, ..., T,eTNv(x}) such that N T;c A).
1

2. Characterization of the hyperextension. In order to obtain 4 charac-
terization of £%, let us introduce the following terminology. For a cover
Cofaset X, wesay thatC is supercompact if, tfrom each subcover C'cC, a
subcover €7 <€’ composed of at most two elements can be selected. Ac-
cording to the terminology vsed in [1], this is true iff X is supercompact
relative to € when eguipped with the topology for which C is a subbase.
Similarly, we shali say that a cover € of X is compact if, from each subcover
C'cC, a finite subcover C”<C’ can be selected, i.e., with respect to a
classical theorem of J. W. ALExanper, iff X is compact when equipped
with the same topology as above.

Now, with the notations introduced in section 1, we can first formu-
late the following theorem:

2.1y The cover V' = {wW(V) : VEV} of the space E" is supercompact.

Proor. If

Er = UV (V,eV),

ICF

then there are two sets V, such that they cover E. In fact, if it would not
be so, then the system

A={E-V:ieyCV

would be a linked system (i.e. each pair of members of A would have non-
enipty intersection), and therefore A would generate a V-sieve (consisting
of all sets 8¢ £ such that there is an Ac B, A€ A) which could be extend-
ed, in account of [1] (3.3}, to an ultra-V-sieve v. By definition of E",
there would exist x€ £ such that v=v(x). But if xcv(V}), i€, then
Viev(x) and E—V;£Acvy(x), a contradiction. Hence there are 7, j€ / such
that £ = V,UV,. Then

by [1] (4.2).]
We now consider subspaces of E". For them, we prove:
(2.2) For ECE’'CEF, let

(2.3) V ={VEN E: Ve V)

Ef=wV)uwV)y

be supercompact. Then E'= E*.

8 ANNALES -- Sectio Mathematica — Tomus X V.
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Proor. Assuming this equality to be faise, let x€ E"—E” and B =
= {V,;:icl} be the family of those sets V,cV for which V;4v(x), ie.
for which £E— V,ev(x) by [1] (3.3). Then

E < U V)
i€l
In fact, for y€ E’, we have v(x) = v(y) so that therc are, in view of [1}]
(3.4), two sets VeVNv(x) and V*cVv(y) such that’V A V* = {. Hence
there is an i¢f with V = E—V,, and E— V> V* implies E-Vev(y),
V.ev(y), yen(V,;). Now the cover

V)N E:ict}

of E” is a subcover of V'. Hence there are i, j€ F such that E'cw(V,)U V)
consequently E = V,UV; by [1] (4.2), (E-V)N(E-V)=8. This
contradicts to the fact that E—V,ev(x), £V ev(x).||

From the above results, we finally get the desired characterization
of EM:

(2.4) A superspace E’ of E is equivalent fo E" iff the conditions (1.1)
and (1.2) hold and, moreover, V' is supercompact (where V' is the cover
introduced in (1.3)).

Proor. By [1] (4.8), E” is equivalent to a subspace E” of E" iff (1.1)
and (1.2) are valid, moreover, in this case, there is a homeomorphism
ft : B+ E” such that {1.4) and (1.5) are true. Thus & carries V' over

(2.5) V7 = {Vh ) B Ve VA,

From (2.1) and (2.2), we know that the cover V” is supercompact iff
E” = En|]

3. Characterization of FY. In order to characterize the subspace EY,
we shall need a lemma:

(3.1) Let M be a system of subsels of a set E such that McM implies
E—MeM. Then each maximal centrated M-sieve s an ultra-M-sieve.

Proor. Let m be a maximal centrated M-sieve and M,<M. Either
My or E— M, can be added to m without affecting its property of being
centrated; in fact, by assuming the contrary, there would exist sets A;cm,
B_,.gm such that

p q
MOHQA,-=.0, (E-M)NnNB; =0
1
so that
p q
which is impossible since m is centrated. Hence either mU{M,} or mU

U{E — M,;) generates a centrated M-sieve ihat must coincide with m,
so that either Myem or E— Mycm. By [1] (3.3), m is an ultra-M-sieve.}
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Now we can prove the following preperty of E:
(3.2) The cover
(3.3) {VE N B VReVh

of the subspace E‘c E" is compadt.
ProoF. Suppose

E4C UnY) (VieV)
r

and assume that £ cannot be covered with a finite number of V;. Then
the sets E—V; form a centrated system which generates a centrated V-
sieve in E. Clearly the family of all centrated V-sieves is inductive so that

can be extended to a maximal centrated V-sicve v. By (3.1), v is an ultra-

V-sieve so that, by definition of EY, there exists x¢€ E¥ such that v = v(x).

If xe(Vy), icl, then Viev(x) and E—V;cAcv(x) which is impossible.
Consequently

E=0V,;
for suitable indices i;€ 1. It follows
n
E‘C U (Vi)
i=1
In fact, it x€EY, xgv(V;) were true for j =1, ..., 0, then Vi 4v(x)
would imply E— Vg ev(x) by {1} (3.3), hence
NE-Vi)=0
i=) !

would contradict to the fact that v{x) is centrated. Hence, from each
subcover '

{1V N Edicl}
of (3.3), we can select a finite subcover. |
On the other hand, we prove:
(3.4) If ECE'cE" and the cover V' in (2.3) is compacl, then E' S EY

Proor. Assume x€ E4— E’ and let {V;:i¢ I} be the system of those
sets V€V for which V¢ v(x) i.e. E-- V;2v(x). Then

EC Ul

[1¥)

In fact, for y€ E’, we have v(x)=v(V), hence, by {1] (3.4), there are V€V
Av(x) and V*cVNv(y) such that VNV* = @, Hence E-V*cv(x),

g%
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V*=V,; for a suitable i¢ !, and yer(¥;}. On the other hand, by choosing
Vi, ..., Vi arbitearity,

n
N(E-V;) =D
i=1 g
since E~ Viev(x) and v(x) is centrated. Therefore the sets Vi, ..., V; do
not cover £ and, by [1] (4.2), the corresponding sets 1(V.), ..., W(Vy)
do not cover £, so that V" cannot be compact. |

We can now formulate the destred characterization of EY:

(3.3) In order that @ superspace E of E be equivalent to E¥, it is neces-
sary und sufficient that E° e reduced, T-strict, strongly T-distributive, and
that V' be compacl where

(3.6) T = {T:T€¢T), 8 ={E -T:T€T}, V=8 UT,

the closure being understood in E’.

Proor. From [1] (7.6), we know that the above conditions, without
the tast one, hold iff E” is equivalent to a subspace E” such that ECE” <
c EY4 A homeomorphism k1 E'~E’ carries a set T¢T’ (T<T) over the
closure of T in £ which coincides, by [1] (7.1), with (T)NE". Thus 2
carries V' in (3.6) over V7 in (2.5). Now, (3.2) implies that V' is compact
when B = EY: conversely, by (3.4), if V' is compact, then E7 > EY, e,
E” — Ed.|

4. Compact subspaces of E". We know from (3.2) that the cover
{v(VYNE?: VeV} is compact. A fortiori, the cover {I{S)NEY: S¢8§}
which is a subcover of the above cover is compact as well; in other words,
the subspace E9 of E* is compact (this is also a consequence of [1] (9.4)
and (9.13). On the other hand, the subspace E5 is compact by [1] (53.2).
As a partial converse of these facts, we can prove:

(4.1} If a subspace E’ such that Ec E'c E* is compact, then E > EYN ES.

ProoF. Assume x€(EYN ES)— E’, and iet {§; : i€ 7} be the Tamily of
those sets §;€8 for which S;¢v(x) i.e. £—5;ev(x). Then

EC U wS).
it

In fact, for v€ E', we have v(X) + v(y), hence there exist VeVv(x) and
V*eVNv(y) such that VNV* =0 (sec [1] (3.4)). Since x¢E°-E'C
C Es—E, we can suppose V = T¢T, and then V¥ = E—T = S¢8 may
be chosen. From E—Se¢v(x}), we get S=35; for a suitable ic/, hence
Sev(y) is equivalent to y<v(S,).

On the other hand, no finite system S;, ..., §;, can cover E (ijI)
since E—Sg €v(x) and v(x) is centrated as a consequence of xe E9, Thus
E’ cannot be covered with a finite system v(S;), ..., (Sy), and E’ is
not compact. |}
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It is to be noted that, with the notations of [1],
ECNES=E"NE=E"N ES

The compact subspaces of E* containing E are precisely those sub-
spaces E’ for which Ec E’c E" and the cover

§ ={(S)yNn E":8¢8}

is compact. We know from [1] (3.2) that E” = ES i3 the smallest such E’
for which 8" is supercompact. 1t is tempiing to conjecture, in view of this
fact and (4.1), that EYNES is the smallest compact subspace of E* con-
taining E. However, we shall show by an example that, in general, no
such smallest compact subspace of E* docs exist.

For this purpose, let A, B, C be three disjoint straight lines in a plane
and E = AUBUC. Introduce the notations

= {a,:xeR}, B ={b,:x¢R}, C ={c.:x<R}.
Let T consist of the sets 8, E, T = BUC, and of all sets

Ti={a:t=x}U{b:t=x}
and
Ty ={a:t=x} U {e:f = x}

for x¢R. Put § ={F—-T:T¢T}, V=S UT, and

S=E-T, St=E-T}, Si=E-T%
The system
v = {S} U {Ti:x€R} U {T::x€R}

is centrated and clearly generates a centrated ultra-V-sieve. Hence v=
=v(p), p€ E4. Obviously p3 E since the system v has empty intersection.

On the other hand, the system T-{f}} is a linked system so that it
generates an ultra-V-sieve v(g) with g€ E5~E. It is also clear that ¢ is
the unique element of E*—E, and ¢4 E7 since TNToNTq = 0 so that
v(q) is not centrated. Hence E{NEs = E.

if there would exist a smatlest compact subspace of E” containing E,
it should coincide with £ because E¥ and £% are both compact. Howwer,
E is not compact since v—{S} is a centrated system of closed sets with
empty intersection.

A necessary and sufficient condition for a smatlest compact space
hetween E and E” to exist imay be given with the help of the Wallman-
type compactification EV in the following form:

(4.2) There is a smallest compact space E such that Ec E'c E" iff
Evc Es, and in this case the smallest compact E’ coincides with Ev.

Proor. If E¥C ES, then
Ew — Elv n ES — Ed n Es_
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Since E™ is compact by [1] (9.4), this is, in view of (d.1), the smallest
compact space between £ and E*

Conversely, if E” is the smallest compact space between £ and E™,
then £”c E¥ and so, by [1] (9.1) and (9.4), E”=E". Since ES is compact
by [1] (3.2), necessarily E"cCES, i.e. EvC E5 |}

5. T-distributive superspaces. In [1], we constructed subspaces of
E* with the property that the spaces lying between E and the subspace in
question are characterized, up to equivalence, by being reduced, T-strict
extensions of £ and possessing moreover the property of T-disjunctivity,
or strong T-disjunctivity, or strong T-distributivity, respectively. In fact,
to the property of T-disjunctivity, there corresponds the space £/ {[1]
(7.4}, to strong T-disjunctivity, the space E/NEY ([1](7.8)), to strong
T-distributivity, the space EY ([1] (7.6)). 1t is desirable to complete these
results by an analogous statement on a subspace of E" the subspaces of
which are characterized by being reduced, T-strict and T-distributive ex-
tensions of E (where £ is said to be T-distributive iff T, T,¢T imipiies

T AT, =T, NT,

for the closures taken in E").
For this purpose, let us say that an witra-V-sieve v is very strongly
S-contrated it S;evS (= 1, .., ) and T2y 0T (f = 1, 2) tmply

I
(5.1) NS NTy N Ty
1

Let us denete by Ef the subspace of £" composed of those points x< E" for
which v(x) is very strongly S-centrated. Clearly E9c Elc EL

(5.2) A superspace E’ of E is equivalent fo a subspace of E' iff it is a
reduced, T-strict and T-distributive extension of E.

Proor. If ECE ' E!, T, T,cT, x¢T,1T, (for the closures in E%,
then xe(T )N 1(T,) since, by [1] (7.1}, T, = »(T)) N E". Hence, for ar-
bitrary S;ev(x)NS (i = 1, ..., 1), we have (5.1), consequently

f;) SN TN Ty

Since the sets
NS (SEv(x) N S)
]
constitute a neighbourhwod base of x in E", we get
XET, N Ty

Thus ) N e
Tl N Tz - Ti (i TZ
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and the opposite inclusion is obvious. This property remains, of course,
for equivalent superspaces, and reducedness and T-strictness follow from
E'CcE/ by [1] (7.4).

Conversely, if E” is reduced, T-strict and T-distributive, then it is
also T-disjunctive so that, by [1] (7.4}, E’ is equivalent to a space E”
such that ECE”cEL If xeE”, S;¢v(x)NS (i = 1, ..., n), T;ev()NT
(j = 1.2), then

(TN WTHNE =T, NT,

for the closures in E”, hence xe T, T, (E” being T-distributive as well),
thus

|’]‘| ME)NT NTy#0
which is the same as (5.1) so that E”— EL. |}
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A REMARK ON SEMILATTICES OF GROUPS
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Let S be a semigroup. Following the notation and terminology of
A. H. Cuirrorop and G. B, Prestox |1] we say that S is a semilattice
of groups if it is the set-theoretical union of a family of mutually disjoint
subgroups G, {2€.1):

(I) S = UG:U

z€.1

such that the producis G,G; and GG, are both contained in the same
G, (a, B, veA). Recently the author has obtained sonte ideal-theoretic
characterizations of semigroups that are semilattices of groups, In this
short note we prove further results concerning semilattices of groups.

A new criterion is contained in the following theoren.

THEOREM 1. A semigroup S is a semilaltice of groups if and anly if the
condition

(2) QXQ =XnQ

holds for every quasi-ideal Q and every one-sided ideal X of S.

Proor. Nccessity. Let § be a semigroup which is a semilattice of
groups. Then the condition

(3) NQs = Q Qs

holds for any couple of quasi-ideals of S (see the author [2], Theorem 2).
Hence our condition (2) follows for any quasi-ideal @ and any one-sided
(left or right) ideal X of S.

Sufficiency. Suppose that § is a semigroup in which the condition
(2) is satisfied by every quasi-ideal @ and every one-sided ideal X of S.
Then

(4) $XS =X



122 LAJOS, S.

for any one-sided ideal X of S, i.e. every one-sided ideal X of § is two-
sided. On the other hand, (2) implies

&) ISt =1

for any {(two-sided) ideal [ of S. Hence we conclude that § is regular be-
cause every quasi-ideal of § is a two-sided ideal and vice versa. Therefore
S is a regular semigroup every one-sided fdeal of which is two-sided.
A recent criterion of the author shows that S is a semilattice of groups
(cf. [3], Theorem 3).

The following results can be proved similarly.

THEOREM 2. A semigroup S is a semilattice of groups if and only if the
condition
(6) BXB=BnX

holds for every bi-ideal B and every one-sided ideal X of §.
THEOREM 3. A semigroup S is a semitattice of groups if and only if the
condition

(7) BXQ=BnXng

holds for any bi-ideal B, any quasi-ideal Q, and any one-sided {deal X of S.

THEOREM 4. A semigroup S is a semilaitice of groups (f and only if the
relation

(8) XQ = nXNQ,
holds for any couple Qy, Q. of quasi-ideals and for any one-sided X ideal
X of S.

THEOREM D. A semtigroup S is a semifattice of groups if and onfv if ihe
condition

(9 B XB, = B,NnXnB,
holds for every one-sided ideal X of S and everyv couple B, B, of bi-ideals
of S.

For another characterizations of semigroups that are semilattices of
groups, see thre author [3]—[3].
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ON THE NONPLANARITY OF SOME CUBIC GRAPHS
by
L. KASZONYI

Department of Prebability Theory of the Edtvis Lordnd University, Budapest
{ Received April 27, 1971 )

1. In this paper we mean by a graph a subset of the set consisting
all of the one- and some of the two-element subsets of a given set. If G
is a graph, we call the one-element scts of G vertices [V(G)], the two-ele-
ment sets of G edges of G [E(G}].

A cubic graph is a graph, each poeint of which has degree 3. A cubic
graph G is well-colorable, — or shortly colorable — if there is a function
s, wich maps the cdgeset of G to the set {1, 2, 3} so, that if g, and g, are
two distinct edges of G having the comnion endpoint g, then .s(g,) :ﬁ
# S(g,)-

There are non-colorable cubic graphs, for example, all cubic graphs,
which are one-fold edge-connected, arc such graphs. The first example
for an at least two-fold connected cubic graph, which is non-colorable,
was given by PeTERsEX [1] (See: Fig. 1.}

Derinrrion 1, Let G be a colorable cubic graph. A circiut Coy, 6, of
G is an aliernating circuit wiht respect to the colouring s if the edges of
Coy, @, are coloured by s wiht the '
colours ¢, and m,.

Fig. 1
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IT we say, that a circuit C is an alternating circuit of G, we assume,
that there is a coloring s, with respect to which C is an alternating circuit.

DerixiTioN 2. The edges ¢ and & of the colorable cubic graph G are
orthogonal, if there is no alternating circuit of G, which containes hoth
g and I as an edge.

The class of graphs, which are at least two-fold connected, and have
orthogonal edges, we denote by &. Let &, be the subclass of &, consisting
of the graphs, which have the minimum number of colourings.

It is easy to see, that the elements of &, have 18 colorings. Such a
graph is the to be seen on Fig, 2,

2. The aim of this paper is to prove, that the elements of &, are non-
planar.

In proving our theorem we shall use the folloving propositions, and
definitions.

Derintriox. The set M of edges of the graph (7 is a cut, if the number
of the components of the graph GNAM is more than that of G. A minimal
cut is a cuf, which is minimal by inclusion.

Let C be an arbitrary circuit of the planar graph G, and C* be the
cdge-set corresponding to C in the dual graph G*. It is easy to see, that
C* is a minimal cut of G*.

ProrosiTiox 1. Every af feast twe-fold edve-connected non-colorable

graph containes a subgraph, wiich is topolesically isemorphic to an element
of &.

We shall sketch the proof. We prove, that every at least two-fold

connected graph has an edge g such that |M|=3 holds for every cut M
of ¢ containing g. What we prove, is something more: G has two such
edyges.

If G is at least 3-fold edge-connecled — and especially if G has exactly
3 edges — then the statement is trivially thrue. Let us assume, that G
is two-fold edge-connected, |E(G}|=3, and that the statement is thrue

for every G, with |E(G)<|E(G)|. G has the edges g = (g,,8,), and hi =
= (1, i), such, that the graph G\{g, i1} has two components: G, and G..
Let us consider the graphs

Gl- = G, U {(g,, )}
and

G; = Gy U {{gs )}y

where (g, fi;) and (g,, /1,) are new edges.
|E(G)} = |E(G)| holds for i = 1,2, thus by the induction hypothesis,
G; has the edge k;, wich is distinct from (g;, &), and has the property
that every cut M; in G; contaiming &, has at least 3 elements. [t is easy
to see, that k, and k, has the same property in G.

Let us assunie, that G is a noncolorable, two-fold edge-connecied
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cubic graph, and it is minimal by topo[ugical inclusion with respect to this
property. [E(G)i > 3, because the @-graph is colorable.

Let & = (k,, k) be an edge of G such, that if M is a cut of G, contain-
ing k, then |M| = 3. Let the edges of G incident to k; and distinct from
k be k; = (k;, ky) and by = (K, k). Let us consider the graph

6 = G\({klﬁ kQ})\:ET k_ll'! I""_]:!’ k;.’ ;{_221' u {(kl Ir kl!!)! (kZU k22)}’
where (ky, ki) and (ky,, k,,) are new edges. G is two-fold connected by the
property of k, and therefore colorable by the assumption for G. We shall
see, that (kyy, ki5) and {k,,, k,,) are orthogonal edges of G. Assume indirectly,

that G has a coloring s and an alternating circuit Coy, o, with respect to
s, wich containes both (&), k) and (&,,, k,,) as edges.

Deleting the edges (&, k,.) and (k,y, ky,) of G, C falls to two picces:
to C, and C,. Let us assume, that the notations are choscn on such 2 way,
thdt ki ko € V(C)), and Ky, ky€ V(C,). We define a coloring s of G as
follows:

() = s(x), it x€ E{G)and X ¢ E(C)),
¥ (®) = foy if x € E(C,) and s(x = o,
la, if X € £(C,) and s(X) = o,
5'(X) = o, it X = k;, where

{a} = {oy.oo\Sl(hi, ki), i= 1,2,
s (%) = s[(ko. kD). it X = k,, and

5" (k) = o,

[t is easy to verify, that s" is a well-coloring of G, and that is aconira-
diction by the definition of G.

if G is an arbitrary two-fold edge-connecied, non-colorable cubic
graph, then similarly as we got G abouve, we can find a graph G, wich is
a proper topological subgraph of (i, and it is two-fold edge-connected, and
cubic. If G, is colorable, than the theorem is proved, and if it is not the
case, then we choose a G, in G; by the same method.

The propasition is proved, hecause ( is finite.

Prorposttiox 2. To every G belonging to &, there is a colouring s* of
G, and there are alfernating circuils X, X,, Xs ..., X, corresponding to
s*, so that the following conditions are fullfilled:

() 3 X, = X,

(i) X+ X; is a Hamilton-circuit of G, (i = 1,2, ..., 4),
(iity X;NX; = B for j = i+2 (mod 4), and for i =1, 2,3, 4.

4
(:'v)tdjxi =G
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(The sum of the circuits X; and X; is a graph, spanned in G by the
Boolean sum of the cdge-sets of X; and X.)

RemARK. It is easy to see, that the PETER%E\ graplt containes a sub-
graph, wich is topologicaly isomorphic to the graph P, of Fig. 2. The aiter-
nating circuits of P, corresponding to the cotouring of Fig. 2. are shown on
Fig. 3. It is easy to verify, that the conditions (i}~ (iv} hold, too.

Xo: X, T X 27
i 9, 9,

9s ) >§1 9.r<

9 9

% 9, 9 ! 9,

s 95 9%
98 X3 xﬂ,: 9
G 9%

4
<

Fig. 3

Let us consider the orthogonal edges g, = (¢,. g&.). and b, of G, denote
the edges incident to g, by £, and g,.

(a) 1t is easy to see, that if Ged,, then every alternating circuit of
it containes at leasi one of the cdges g, g,, g, 1.

(b) Using the orthogonaliti of #, and g, we can prove, that G has a
coloring s*, for wich s*(g,) = s*(h,) holds,

Using (a) we can prove that G has exactly tive alternating circuits
with respect to s*. If we denote the two factor of G spanned in G by the
edge-set (s*) (o) U (5*)6y) DY Ba, 4y we can state, that if x*(g,) =
= s*(h) = o}, then B,, ,, is a Hamilton circuit of G, B,, ,, and B, ., con-
sists of 2 circuits. Letbe B,, ,. = Xy, Bap o, = X, U Xy By 0y = X,U X,
then (i), (iii) and (iv) is trivially true.

(¢) Let us consider the coloring stV of G getting from s* by changing
the colors on edges of X,. If we denete the two-factor of G spanned by the
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edge-set (sO)~1(o)) U ()2 oy) by Blay than By., = By ot X, =

oF X,. Using (a), we can prove, that B}, is a Hamilton circuit of G.

Tueorem 3. (Cayley) Let C, C,, ..., C; be a set of closed Jordan curves
on the plain, ne twe of them having commeon point. Consider the graph F,
the peints of which are the domains of the plain determined by the C;-s and
the edges of which are pairs of domains, having a cemmon boundary. Than
F is a free.

Another formulation of the theorem is as follows:

THEOREM 4. Let G be @ realisation of a cubic planar graph, wich is two-
fold connected in his edges and consider the two-factor X of G consisting of
the components X,, X,, ..., X,. Lel G* be the dual graph of G, and X¥*
the minimal cut in G¥, corresponding to X,. Consider the grap.-’z F¥(X¥, X%,

.y X¥), the points of which are the componenis of G*— 'J X?‘, and the edges

of which are pairs of components, joined in G* by an edge Than F*(X¥,

, X*) Is a tree.

We can prove Theorem 3. and Theorem 4. by induction on e. Similar-
ly, we can prove the following theorem:

Tueorem 3. (Euler) Lef G, G*, X,, X} and F*(X%, ..., X¥) the same,
as {n Theorem 4. Consider 1he compnnenis‘ K; of the araph o UX¥. The
valency of K; in F*(X¥, ..., X¥) we denote’ by oK. Then

oK) = Ky +e(K)—-2,

where e(K ;) denotes the number of edges, and v(K} the number of vertices of

i
in the prootf of the main theorem we shall use the following
DerFmNiTion. Let o = {A, A,, ..., A,} be a partition of the set

m

V(G) of points of the graph G, that is, V(G)= UA; and ANA; =0
]

it i = j. Let us consider the graph, the points of which are the A;-s, and
two points A; and A; are joined, if there is an edge of G between a point
of A; and a point of A;.

The resulting graph we will denote by Gfe«, and will calt the factor-
graph of G with respect to the partition e.

3. THEOREM 6. The elements of &, are nonplanar.

Let be Ge&,, and assume indivectly, that G is planar. Let us denote
the dual graph of G by G*. By Theorem 2., there are circuits X, X, X,,
Xa, X, covering (G such, that the conditions (i}— (iv) are Tullfilled.

Consider th2 circuits X, X,, and X, of G, and the corresponding cuts
X%, X¥, and X, of G*. We prove, that every edge of G is contained in
E(X,UX,UX,). If this is not the case, then there is an edge ¢ of G con-
tained in E(X,) or in E(X)). But X,NX, = @ by (iii), hence geE{X,+
+ Xo+ X+ X,) = E(Xg), and this is a contradiction.
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By Theorem 4. the graphs F*(X¥, X¥) and F*XF) are trees; the
first of them has two cdges, and the second has ene edge.

Let us denote the peints of F¥(X), X3) -that is, the components of
G—(XTUX3) — by .K,, K, and K, so, that the endpoints of the edges
?orres;;onding to X\ and X3 are oK, <Ko, and oK, <K, respectively. (See:

‘ig_ 4.

. K?
XroXs
(== g
xKq wHe 3 k!
Fig. 4

Let K* and K be the two points of F*(X7), and consider the partition
= LK 1=i=31 =f= 21 of points of G*, where

K = VEKINVEY.

The graph G*#jo,, containes no edge of the form ( Kj, K3), so it is isomor-
phic to a subgraph of the graph of Fig. 5.

X Xo
K K, "Ky
Fig. 6

Consider the circuits X, and X,. The points of F*(XZ, Xa) we denote
stmilarly as in case (X, X3). (See: Fig. 6.) Let us put
yy = FKE: 1 = =31 <j=12
where *K = V(K;) 1 V(*K?), then the graph G¥/a,, is isomorphic to a sub-
graph of A, where A is the graph of Fig. 7.
We will investigate the question, what nature the connection between

oy and oy, i8?
Let us consider the functions &, and k,,, defined as follows:

k(g = @ if g€ WK
ko) = @1, if g € *K.
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Using &, and k,, the non-empty sets of a;, and a,, can be written in the
form ki3 (Q)), and k23'(Q). We may extend the functions k;, and k,, to the
set of edges of G* in such a way, that if § = (¢,,¢,), € E(G*), 4,9, € V(G*),
then k,-j{q) = [k;{(41), k;/(g2)]. As the image of the extended functions k,; and
k., we get graphs, isomorphic to G*/e,; and G*fa,,.

a; Qz Qg
AR
Q; Q; Q;
Fig. 7
K KWK " ki K}
) =—) C e =)
OZ(I )
./A“—-\./‘A\\. o" '\\OAO
K K A
X h e; a:/
o  a al
Fig. &8

Let be ¢ = {g,, ¢.) an edge of K, We will see, that either k4(¢,) =
= Kyglqy), OF Ki5(2) = Kp(q5) 7 € Xo, and g4 X1UX3, then g€ XED(X;U
U Xa). Let be for example ¢ X2N Xo, then kyy(@) = (Q5 Q1) or kolg) =
= (03, 0V and k;x(g) = Q4 02 = [Kis(g0), Kia(g)]. Thus in the first case we
have k,,(g,) = k,4(g,), and in the second one £,,(¢,) = k15(¢.).

We may assume, that we have chosen the notations so, that k,5(¢,) =
= kooq)) = Q2

We shall see, that *K} = K. K is an even graph, that is we can devide
its vertices in two classes in such a way, that there are no two vertices of
K1 in the same class, which are joined by an cdge. Such classes are K3 and

9 AMNNALES — Sectio Mathematica — Tomus XV.
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U $K3, or *KS and K| U*K3. KU is a connected grapl, therefore these
classes are well-defined, hence
Kz = *Kz or 4K3 == *K]U*K3.
Since ¢, € *Kéﬂ *[(3, the first of them holds.
If ¢, € K5 then koy(gs) = QF, or k,,(g.) = Q3 holds, hence K3 =
= kad!(Q) Ui () = *KTU 4KG.
Similarly *K3 = KU LKG.

Let us consider the sets K1, K2 and ,K3. We denote the graph, span-
ned by the point-set

U KU LK
K(,K, K2, 1K3)-

Using this notation we can write

I(l = K(*K:- *KQIJ *K.li)'

by

In 1the same way
Ky = K(*K2, *K3) = K{,K3, oK1,  K3)-
It is easy to verify, that the two components of the graph G*- (X:.+XT)
are
Ly = KK, K2 K3),
Ly = K(Ki, K3, +K3)-
Siniilarly, the components of the graph G~ (XS+X;) are
' Ly = KK, K3, 1K3),
Ly = KK, K3, (K3).-

By Theorem 5. the following equalities are fullfilled;

and

and

(1 o(KY) = e K(.K1, Ka)] + el K( K3, K3)] =
S (I ¢ Y e T

(2) e(:Ks) = el KK, oKD + el KoK, oK3)] =

) e(Ly) = el KK, (KO + el K (4K, 1K3)] =
= WK 4 KE 4 eKE| 1,

(4) e(L,) = E[K(*K:, *K:]!)] +€[K(*Kzl. *Kg)] =

= [ Kt + oKz + iG] = 1
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From these equalities follows, that
e(Ly)+e(Ly)—e(*Ky) =

= e[ KGKE o8] + el (K, (K] +

+ el KK, 2K3)] + el KK, (K3)] -

~ e K(K3, o KD)] — e[ KK, LK) =

= | K( K3, K]+ e[ K( KL, LK3)] =

= ok =G+ LG+ LK -1+
K LK+ [ -1
LRG| = 1uKa| = K3 =
= KU+ LK+ | WK =2,

and this is a contradiction by (1). Thus the Thecrem 6 is proved.

+

f
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We say that a function f(n) defined on the set of positive integers is
multiplicative if (a, &) = 1 implies

) Kab) = f{a) {b).

if this equation holds for all pairs of positive integers, then we say
that f(n) is completely multiplicative. If in the right side of (1} is addition
instead of multiplication, then f(r) is additive resp. completely additive
function.

For the simplicity let assume in the following that f(n) is not identi-
cally zero.

Erp6s [1] proved the following assertion. If an additive function
f(n) increases monotonically, then f(n) is a constant muitiple of log 7.
It is easy to deduce from Erpés’s theorem the following assertion, which
was proved by Moser and LamBeK [2] directly.

A. If f(n) is multiplicative, and increasing monotenically, then f(n) is

a power of n.
For the multiplicative functions having only integer values, it is in-

teresting the following theorem due to Sussarao {3].
B. If f(n) is a multiplicative function having only integer values, and
saltisfies the relation

(2) f(n+m) = {m) (mod n)

Jor every positive m and n, then f(n) is a power of n with nen-negative integer
exponent: f(ny = n® (a = 0, integer).

The purpose of this paper is the examination of two problems due to
KATar. According to the first one it is possible in the right side of (2)
S(m)+ f(m), and according to the second one in the theorem B. it is enough,
if (2) is true for a fix m, and every A.

The first problem is resolved in Theorem 1. completely, and the se-
cond one for completely multiplicative functions in Theorem 2.
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Tueorem 1. If f(n) is a mudtiplicative function with integer values,
aid satisfies the relation

3) fln+1)y = f(n)+ f() (mod u)

Jor every pesitive m and n, then

(= ne,
where a is a positive integer.
Proor oF THEOREM I.
Since
{h f(my = fl(m—1)u+n] = fl(m— 1}y n] + (1) (mod ),

it is casy to sce that

(3) fluuy = mif(iy (mod 5).
If we take (m, 1) = 1, then from (5) we get
(6) iy —m] fo) = 0 (mod ).

Let o be an arbitrary positive integer, p an arbitrary prime, i7=: p?,
and (m, p*) = 1. Then

[{(r) — ] f{p=} = O (mod p=),

and so either p* f(p®), or p|fim)y—m. In the latter case take m+ p* in-
stead of m. Then

(7) flpr+u)=m+p>=m (mod p).
From (3} we obtain
i+ p7y = [+ f(p~} (mod p7),
50 pff{p®). Then from (3) — taking m = 1 = p — we get p|f(p>— pf(p).
consequently p|f{p?), etc. — with induction
(8) pifp ) (=12 ...).

Let p and ¢ be arbitrary distinct primes, ¢ and i* be a solution of the
equation 1 = xp*—vg. Then x = u+itq, y = v+ip* are also solutions,
and there exist a !, for which (y, ¢) = (x, p) = 1. Then by (3)

(9) fxp?y = fyg+ 1) = f(yg) + K1) (mod yq).

If 41 f(p*), then by earliers and (9) we get g|f(1) = 1, and this can not
hold. Consequently
(10) g1 f(p7) it g = p.

We say that p is an exceptional prime, if p*/f(p*) for at least one =.
For such a p* we have f(p*} = +p=~ ! [sce (8) and (10)].
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Suppose that there exist two exceptional primes p=gq, lct f(p*) =
= +p~ Y f{¢") = t¢*~ 1 Taking m = p=and n = ¢ in (6) we get

Hg)Hp®) —p] = O (mod g),

flp)—p> =0 (mod g)

foliows. Therefore ¢+ p*—t—p* = —p=~Ypx1). This is possible only
in the case p=2, §=3. Thus we obtained that there exist at most two
exceptional primies, and if there exist two, then they are 2 an 3.

Now we prove that 2 cannot be exceptional. For this take

J2)B) = [(4+2) = {(2)+[(4) (mod4)

wlhence

and we obtain
413 = 1] -1 4D)-
Since f(3) is odd, therefore 4| f(4), Similarly,
25+ 2-22) =f(2)+ f(2= 1), {(mod 2% 1),

which by using induction, gives: 2*+1| f(2*+1). Consequently 2 cannot be
exceptional.
Suppose that p is the exceptional {odd) prime,

Hp) = £ (2 = 2).
Then

(n Hp?) = fp*— 1)+ K1) [mod (p=—1)].

Since (p, p*--1) = 1, therefore p*—1 have no exceptional divisor,
and so p*— 1 f(p:—1). Thus from (11},

pr=1] tpt-1L

This is impossible for odd p and o =2. This contradiction gives that
there no exist exceptional primes, t.e.

(12) f{i) =0 (mod n)

for every 1.

From (3) by (12) and Sussara0’s thteorem we get that f(n) = n¢
(¢ positive integer). Q.e.d.

Tueorem 2. If f(n) is a completely multiplicative function with inleger
values, and (2) holds for a fix m and every n, then f(n) = n° (a is a non-
negative [nteger.

Proor oF THEOREM 2.

If f(m) = 0, and f(n) is not zero indentically, then there exist a prime
g, for which f(¢) = 0, and an exponent «, for which g=—m=0. From (3)
we have

) = f(p) = 0 fmod (="~ m)] (i =1,2,...),



136 IVANYI, A.

and so
(13) gi—ml i) (= 1,2,...).

We can see that this is impossible by using a well known theorem
due to G. POLYA, asserted that: if D is a finite set of primesand n, =n,< . ..
is the ordered sequence of integers all prime divisors of which are ele-
ments of 9, then Hm (n.4,—n) = = [4]. If we choose P to contain

the primes ¢ and the Erime divisors of f{q), we shall see that (13) cannot
hold.
We get from (2) for a=2 and f=1 by substitution n={(a'- 1)m

(14) (@ —)m| fa'm)-f(n) = {e)[[(a) - 1] = fm)[f{a) - 1].

Let p be an arbitrary prime. Then p’i, f(m), where r =0, and so f(mn)=
=p's with (s, p) = 1. IT p|f(a), and p{a, then a*®™) = | (mod p'+1)
— where g(n) is the Euler-function. Hence by (14)

(15) p | f@pe™5 -1,

Since pi[f(a@)]*®™*", by (15) p| 1, which is impossible — consequentiy
(16) p | f(@) implies p|u.

From {16}
(17 ) =0 (a=1,2,...).

Choose { = 1, a = p¥q in (14} (p and ¢ being arbitrary distinet pri-
mes), and f(p) = 1, then

(pg—1ym| fim)f(g) - ).

For sufficiently large x this gives that f(9) = 1. Hence we obtain
that

(18) if f{p) = 1 for at least one prime p, then f(my =1 (n=1,2,...).

If @ is a prime, then by (16) either f(a) have no prime divisor [f(e)=
= +1,0], or f(a) have only a as a prime divisor [f(¢) = ta%a, 2, = 1]

By (17) f(a) = 0O, by (18) f(a) = 1.
Choose @ = p and let ¢ be a large odd integer in (14). Then

(p'—ym | fm)[f(p)— 11,

consequently f(p) = —1.
If {(p) = — p* then for odd f by (14) we get

(' = Dm | fm) = pY — 1] = —[(m)[(p'y— 1] - 2f(m),

pi—11| —2f(m}.
For large ! this is impossible. Consequently f(p) = p=.

and so
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Let p, g be arbitrary primes, {(p) = p*, {(g) = ¢, = > 3, and a = pg°.
Then from (14) by t = 1

(pg*— V) m | fen)[{(p) 149) — 11 = Hm)lp=(g"y— 1} =
= {m((pg’¥ —~ 1+ Vp=f = 1] = fim) PP [(pg*y — 1 +{p>~"— 1) j(m),

consequently
pg = 1] fim)(p*= —1).

This is impossible for large s, consequently « = §. If

n= 7 (P ¢ =0),
i=1
then

() = I Kot = [T ey = JT (Y = 1 G = (17 o =,

i=1

which finishes the proof of our theorem.
I am indepted to Professor 1. KATar for his valuable remarks.
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0 IMJIOTHERUIER YIIAKOBKY n-MEPHOI'0 UMJIMHIPA
¢ EIUHNMYHbBIMH LIAPAMH

E. XOPBAT
Hahepa Haveprareininii n [poextinyoit Feomerpin Yuusepenrera it JE Drrewa
Byianewr

{ Hocmvniian 0. 4. 1972.)

Ha copepnoBanun no marenatnke vy Minwxaowa Ulseiiaepa 5 1962-0m
ro;y JI, PEHMEIL TOT v A. XENTIEUL naMeTiid coeay HLYIo Ya a4y :
,,J]0KA3LBACM, YTO OTPEICK @ YMECT BIOAIE NPODOAATE, MIH KacaThes Mo

. a .
Kpainei mepe 2[ ﬁ]u eIUHHUYIILIY LIAPOB, 11E UMEILMX 05X BHYTpel-
X Touer.”

JI. @EREW TOT noctaBua obodulenne 3aToil npodiieyMbl B R-MepHBIX
IBKIKAOBLIX TIpocTpancTRax (A= 3). OH BBICKA3aN aHANOTHYHY ACTadKy,
nepepadaTbiBaeMy0 l1am clieayiomum 0dpazom: Uneio eannnyxplX Wwapos,
1€ HMEIOUUIX BHYTPEHIX TOULK M JIEKAWNY B H-MEPHOM LUNIUHIPE ¢ pPa-

N i
jtuyeox 2 e poicoteit 142 — no kpaiineil mepe 2[ -2~ + 2. Axancrnunasn

npodiema na MAOCKOCTH €e HePa3pellieHto.

BrocieACTEBMA Mbl 0G03HAUAEM f-MEPIBIH LIHILLPD € PAaAMyCoM
I ¢ BBICOTOHT /1 vepe3 Z"(r: /1) i De3KoHCUHBIH LHMIHAD € PajyCoM r Yepes
ZMr).

B oToii cTaThbe Mbl AaeM BEpPXIYIo OUeHKY A4 dWcia N, eIWHHYNLIX
INAPOR, ¢ MMCIOIMX O0UWX BUYTPEINHX ToUeK B Jexaiux B Z7(r; ft),
Adsee ompesesisieM TUIOTHEUYI0 YNAKOBKY eAHHMYIILIX WapoB B Z'(r),
ccm n=3n l=r=2,

Buauaie mul geunupyes MIOTHOCTE yHakosky wapos s Z7(r). Tlvete
A — mobasi GUICHPOBAHNAA TOYKA 114 ocH UMAMHApa Z°(r) u £7(r: 2h) —
TAROH f-MepPHEH LHIMHAP, CHMMETPHUCCKAS TOUKA KOTOPOro SIBASETCA
Toukoit A. BeanuuHa

— Timy N2ﬂ Kn(l) .
([) au(r) - ’{1_'11 2 K,,_,(r)

1A3bIBAETCH MAOTHOCTLIO YIAKOBKY €AMHWYHBIX Wapos B Z°(r), rie K,,(r)
ABJISIETCH 0OBEMOM HI-MEPHOTO Wapa ¢ paauyeoM r. JIerko JoKa3niBarh,
yro (1) nezasucum oT Buidopa Touku A [1]

J0KAa3bIBAIOTCA CAEAVIOUINE TEOPEMbI:
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TECPEMA 1. [flyems n=3 u l=r=2. Yucio eOuHUNHHX WEPOE,
HE UMERWUX 0GIuX SHYNIPEHHUX MOUeK 1 ACHCUIUX 6 11-MePHOM YAuuHope
: . . =2
Z(r; Iy ¢ paduyces v u ¢ sbicomoti i — no kpatdHell vepe 2[—()—]T 2, rae
T{r

[
4y2r-rt, ecnn =r=l4—,

(2) r) = 2]/4—2]@0’— 1), ecan Il+—=r=1

2
]'{2+2}/2r—r2, ecnu |+ ﬁ =y =2,

TEOPEMA 2. [lyems n=3 u 1=r=2. [Lwmuocms nromHeiued

YIAKESKU eQUNUMHBIX Wapos 8 beakoreHo  yuaunope Z7(ry ¢ paduycost v —

Kl 2

&) by = ) 2

Koolr) (n)

20e Pyuxyua v(r) onpedeasienca 6 (2) u Kn(r) — 0fses m-MepHo20 wapa ¢

paduycost r. B cayuqenr raomnelied yiaosky, ecau r=1, no yenmpsl
i _

3
WAPOE ALMCam Ha ocd YuHopa, ecau 1 <=r=14+ > e 14 _p%_ <y,

MO Yewmpe! Waposg U 0Cb GUALRGPA Aencam Ha 2-Mepuod, ual Ha 3-AtepHOL
faockocmax, Ecau r=2, mo naomueduias ynaKosra Moxcem Ootnre peail-
3uposana pasiuyHsLM 00paIeal.

TeoveTpuveckuM 3HadeHuem ¢GYHKUMK 7{F) ABIAETCA Cleiyiolwee:
Ivers O, Oj, Oy — ueHtp Tpex awdnx wapos u &, 0, Ok — Hx nep-
NMeHJUKYAAPHAR NPOeKUKMA Ha OChb HMINHAPA.

(4) z(r) = min - max(0; 0}; O; Ok; 0L 0}).

B 10Ka3aTenbCTBE TEOPEM OCHOBHYIO POb NTPAET CILAYIOAS NeMMa.

JIEMMA, [Tyeme A, B, C — mouku 8 3-MepHON Cioe, 02panudusaio-
WeMea 08YMA NAPAAeAbHBLMU NAOCKOCIIAMY, JG.10e T — PACCINOSHUE (8YX
oepaHuMus@ioyux naockocmed 4 min. (AB, BC, CA)=2. flycmb A*, B¥,
C* — nepnenduxyaapnas npoexyus mowex A, B, C Ha 00HY U3 08yX pgpanu-

qusarwux nagcxocmeld o p(r) — MUHGAYM paduyea onUCAHHOZ0 Kpyed
mpeveoastirg A*B*C*. To
412 =
[*1:: , ecan 0=1= l/?,
2¥3—+2
¥4 —1* =
5) oty =4 - e V2=r=_
( o(7) 5 e
16 —¢2 4
—, eCi —o =1 = 2
| 8Y3 V7
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Imoem anuHuNyn Gocmuzaenica moasko mozoa, koz0a AB = BC=CA = 2,
mouxa A Haxeouwmca Ha o0Hel, mowxa B na dpyeod 13 08yx 02paHiueqroyix
nagcrocmell u paccmonnue mouska C om 00Hold ozpanuvusaomell naockocmu

: I P I T

no ouepeott 0, — (z+V16~Tr2), waw —

2 2
JloKa3aTebCTBO eMMbl MOXKHO Ha#iTH B [2].

JIOKA3BATENBCTBO TEOPEMbI 1. Ilvecre {0} — MHOMXKECTBO UeHT-
POB wapoB, fexKamux B udMnunape Z%r; h) u {0} — MHOWacTBO ux
MEPNEeHANKY NSIPBBIX NpoeKunit Ha ock unanigpa. OueBHAHO, YTC LEeHTpbI
iapes nexar B uununipe Z*(r—1; i—2) u coothowenue O] = OF MoAKHo
TOALKO TOTAQ, KoTAa r = 2, panee O = Of = Ok HUKOTAA PeanusupyoTcs,
Moo obosnavar, nedTpsl wapos Tak, 4tobbl Touxa Of4, Newana na
oTpesxe 07054, Tak kax touxu {0;} nexar Ha oTpesKe AMiHbl fi—2, uza
onpejeneHnd QyHKUMH 1(r) CiIEAYET, YTO YHCTO EARHHUYHBIX WAPOE, AeHa-

3 —_ h—2
WX B unanHape Z7(r; h) — 1o Kpaiueit mepe 2[ ( ).]+ 2. Mz atare caeay-
z{r
€T, YTO A0CTaTouHO HAlTH HYHKUMI T{r).

Cuepea mbl onpeaeaum pyuxuuio ¥{r) B civyae #1=3, a NOTOM R CAy-
vae =3,

1. MNvere n=3.

ﬁ Ld v no Tk
a) Ecnu 1=r=1+-~, To MOxHO BUAETb, uTo Oj0%, =2V2r—r%

B Cyuae paBencTsa UelTphl O 0+, 1 0Cb LHHHIPA AexKar 11a 0OAHOI NAo-
crucT, Tlogofusim oﬁpaaum ()ﬁloﬁ,__._l/'?r r3 W3 ogrure 00 ..,=
=4¥V2r—r® u B civuae PaBeHcTEa UelTE O ()jﬂ, ij " OoChL UWAWHIpaA
JeXaT Ha 0AHOH NITOCKOCTH.

d) Myern 14 - <r=2. 0003ua4uy NEPAEHIURYAAPIDLIE TPOLKUKN

ToOUeK O ()H, O” Ha OAMY IUIOCKOCTL f1, mepnenguiyaapuyw Ha och
uumumpa qepes OJ, , OF 1, Of .2 1 00WYH) TOYKY TLA0CKoCcTH JT 1 ocH uuaina-
pa vyepes K. Touxu OF, Of 1, Oz neskar B kpyry ¢ uentpom K 1 ¢ paguy-
com r—1.

Jlerxo Bugets, uro GyYHKUMA g(T), onpejlesieHHas B (3), cTporo moHo-
TOHHAH YOBIBaloWan GpyHKUMS M B cavuae v=V2 umeen p{r)=1. [oaromy
Aamvina orpe3ka 0f Oy, munumaneno, eeay ueHTpul O Oy, Oy pac-
TOMOMATCH COOTBLCTRENHO CAyYUaay 2 nan 3 aemmsl HTaI\ 113 NexMBI ¢
AYET, uTO

l4 2¥3(r—-1). ecan ]+]{9§—<rf_]+£¥3_;

) = o W3
‘ 2+2l/2r re, ecan 14 ____§_ =r = 2.
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Jlerro cumesienuem MoKasuleaTh, UTO ecli gajLHeluiMe wapul pac-
MIAGKATCH COOTRBETCTREINIG CaYYaHM 2, Ha 3 JexvMbl, TGO 3ITH LllEll‘lhI HE
HMEINT OﬁlllIJ[X BHYTPCHHHEX TOJCK.

2. ThveTh #=3 n 1 =r=2. Mnl noxkaea, uro

0j 015 = ©r),

FAC PaBEHCTO HMEETCH TOALIKO TUFJ’L&I,_L'C.‘II-I OCh UHIMRApa W UeENTPbI O_,-':

0

V3
i1 O 3 ne;KaT o cavdie ] =r= l—r — lld O'UIOH \IB])]]O]! OCKOCTH 1

3 2
B CIIVUURAX I+—2—~.~_r§2 na oanoii 3-mepHoil naocKocTu.

fvere otpezor Of O, — sunumasnien. Ilokaskerest, uto nepasen-
c180 Of O, » = 7{(r} neBoamoskno. Ecau ocw miumuapa i nedtpol Oy Oy,
0;,» f€7€aT Ha 3-MepHOIl (110CKOCTH, TO 1ia ocloBe cnyuasn 1. 0j0]_, =
= r(r). Ecmi och unaunapa v uentpst 0;, O; -y, 0; -5 Aexat ile na 3-mepnoi
ITOCKOCTH, T CYUIECTBYET 0AHAa 4-MePHas NIOCKOCTb, HY KOTOPOIl NemkaT
oce u uentpul O, Oy, Orp. Ha 3T0i NAOCKOCTH MBI NPOCKTHPYEM 0CH
W LEHTPBI HA 3-MePIOH NIOCKOCTh, NEPHEIWKYIAPIYKY HA 0Ch U 0003Ha-
yaeMm Npoexkunu ocn i UeHTpos Oy Oy, Op, vepes K* v Of, Oy, Of, 0.
Touxn OF, Of,\, Of-2 nexar 5 ognom 3- \1ep1|ou wape S ¢ Hentpom K*
1 c paauveom r— 1. OuesHAHo, 9TO ILIOCKOCTB, OIMPUIEACHHAH TOUKAMY
OF, OF o, Of 42, HE COACMKUT Touky K¥. IMepecevenue 370l NaockocT ¢
3-mepnom wapom sBAAcTeA Kpyrom ¢ wentpom C* n ¢ paauveom r*—1,
riae r* = r, TIveTh ¢ — npamast, nepexolsilast yepes Touky CF u napasiiens-
Has ¢ ocblo inniapa. OGosHavaen HEPNICHARKYISPHbIE NPOEKLUI LenT-

poi O, 0,4y, Op s na npamyio ¢ uepes 0, OJ_], O,__,_.. OuesHpiio, uto

K*0j .= OF s 0pay = C* Oy (K =0,1,2).
MNozromy o
050} .5 = 0; 04 2.

Lentpot O,, O;sy, 0;., f€3kaT 8 3-meprom wumnape Z3r*—1i:h-2)
C pa:m:v't.o,\l P21 1 ¢ oenio e, IO3TOMY 114 ociose cavuasn 1. u3-3a r¥<r
nyeem

0; G :» = 1{r*) = #(r).

Taxym o0pasom Teopema [, JoKazaua,
NOKAZATENBCTBO TEOPEMA 2, CliejTyeT H3 10Ka3aTe)LCTBA TeopCmu 1.

20 = 1
B 3- 1 4-mepybix NpocTpancTBax PyuKis 4,(r) B nuTepnae [[ ]
11

_ 2n—-1, )
cTporo yomBaeT u B uMrepeaisc |~— —; 2| crporo sozpawaer. B 5-, 6-
1
1 7-MepHBIX NPOCTPAHCTBAX (PYHKUMA 0,(¢) CTPOTO YORIBAET B HITEPBANAX

[1; 2”7_1] " Il + V3. (n—1)4+2¥3)

M CTPOro BO3PALUACT 13 nHT¢PBA-
i 2" @u—-1)V3 ? B
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1dX 2!—E_ i-; 1 +—V—3—] " (n— l-)(4-1+21/3) ; 21. B n-mepnnix npocrpascrax
i 2 (21— 1)¥3

(1t = 8) gpvukumst §,(r) ctporo yousaer B nutepsane (1;r,) 1 cTpore Bo3pa-
. 4¥3 )
waeT B MuTepeane (r,; 2), rae |1+ y — < = 2
7
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3AMEYAHHWSA K TEOPHUH OBJIAKA LLUAPOB
-
£. XOPBAT
Haheapa Hanepravesaswoll 11 Hpoektiuoii Veomevpun ¥Yuusepeisrera nv, J1. 3toewa
Byaanewrr

(ffcemyman {7, 12, 1071 ).

1. Miisrectno (K} -mepibix wapos o6pasyeT YMAKOBKY B i-mep-
HOM IBKMIAALOM NPOCTpancTse £7, cean sioduce ABa apa MHoMwecrsa {/K7)
f1¢ HMCIOT 0D1MX BHYTPEUHIN TOUYeK. YIIAKOBKA Ha3BIBACTCS PelleTUaTol,
ecal HEHTPLl MApes, 00PA3YIIKY 3Ty YHAKOBKY, COCTARTAIOT PEIIETKY.

YIaKkopra sIRASETCA 06;4K0M B HAOPaBIeHMI 1IRKOTepolt gatnoi k-
MepHoll naockocT HE, ecH Rayias A-MepHas N.IeCKocTh, napaiieiblian
AAHHOIT K-MepHOIT NJ0CKOCTH, NEPecerkaeT NN KacdeTea No Kpaiineit mepe
OHOre wapa. Ecan Taroe MI0MECTRD LIAPOB OPTOroNanbHe NPOEKTHPYET-
€S Ha HEROTOPVIO (1— K )»MCPUYIO TUTOCKOCTh, BIOANE NEPICHARKY ISPV
ko pannoit k-yepnoit nnockoctn |4, To ata (11— k)-mepuast MA0CKOCTL BNOJ-
He MokpbiTa npoexmucii maper. Ecin ynakosra sigasgerces odi2KoM B Ha-
mpas.aciini K00 ."af—.\‘.(.‘DIIOIuI MITOUKOCTH, TG Ml CRIUMCH, YT OIa CoCTan-
AgeT TexHoe 087410 OTHOCKTE ILHO A-MePIBIX TLI0KoCeTed,

Tereps atbt ONPEICTUMN HHHIP B NpocTpancTse £ MHOAKECTBO TOUEK
npocrTpancTra £7, otetasumx oT gamioit (n—k)-seprioit niockoetn f5
NASBIBAENOT 0ChIO HAMHAPA, 1@ DACCTOSIHIE ==F, 11A3bIBAEMOE PATHYCOM
LHJHW,TPA, NA3BIBACTC A-MEePHLIM LM IHILIPOM /f 'k(")- Tlepeceuerne -
mnapa Zi () ¢ nexoropoii k-vieprioli mockocTblo fT, RNOANE HCPUCHLN -
Kyaspuofi & ocy quinnapa ok NPEACTARAACT A-Mepublil wap ¢ paniny-
comr n ¢ nentpon O, Lentp 0 — Toukd nepeccucnns naocxocTed Hy pn
I3, AToT j-Mepublii wap Hasaneym oCHOBILIM WapoM UHANIIPA Zy ().

CA0eM NAZLIAETCs YIIAKOBIA WAPOE Ik HIOJ0Ce MEWAY ABYMA Napan-
JAEJILHBINH THNEPTIIOCKOCTSIMIL B NPOCTPAHCTRe £7 M TOJIWNHOH 3TOTO ¢ilos
HA3BIBAETCH PACCTOSIHE MEKAY JABYMA runeprnockoctsami. Ecan cnoli
ABANECTCH OOJ1AK0M, TO MMUMMYM TOAIMAHEB CN0S HAZBIBACTCH MOMYIHON
0haaKd. )

B ctatee [5] JI. @EMEW TOT onpegeiua Toaumny ofiaka 8 npo-
cTpaHcTre £9, ecan Hanpagienue npamoii F1§ nepnenaikyisipno « mioc-
KOCTSIM, OUpalinunBamLuy notocy. B aroM civydae Tosupia 061aKka pasna
24+V2 (Puc. 1.).

10 ANNALES -- Sectio Mathemalica -- Tomus XV.
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Pue. ¥

AL XENNEW [7] noxasan, utTo pelleTiaTas yilakoBKa DaBHbIMIL IapaMi
i npoctpanctee £E* ne apaserca temubit odaakom. On noxasa, uro 17
KiGHLoi peweraatofl vNAKOBKY PaBHbIMI BIADAMII CYUIECTRYIOT OPAMBIE,
nypanieisHbe ¢ OAHbIM M3 TPeX JineliHo He3aBHCIHMBIX HANPABIeHIH,
H HEe HMeloIlire oBIUX TOUCK lits ¢ 0, 1HnM wapox. M, XOPTOBAO!N [8] norka-
Y
W 1| 3¥2
3101, UTO CYWECTBYIOT M0 Kpaiinoil Mepe Tpu mionijgpa Zg[—-:L —1] C
TIHERHO HE3ABMCHMBIMH HTOI0KENHAMT oceill, be ety o8N BHyTpen-
HEX Touek HM € oasmy mapos. Aetop [9] moxasan cvmectsopanue (4)
—H—N —
WHAMIIPOB Zpy (r) € Pa3HBLMIL HOJI0SKEHISMIT OCETT, 11e HMEHINNX BHYTPeN-

. 3Y3
HUX TOUCK HH € OAILIM Wapom, rac 7=3, 2=k=1-1, nalee r — -4~-“ 1,
; 5
ccat k=21nr= g‘— I,ecom 3=k=pn—1.
4 F —
y / 6472
B aTofi cTarne nowazkes, uto g cavuac d=r=n—-1r—= —_———1 =
etz
25¥5

= 0,1280. .. v gaen BEPXHY®) TPahb I TOIMNNEN 0671aKa B HpocTpan-
crie £ '

2. JoKa3elBaKTCH CICAYVIOLLHE TEOPEMbI:

TEOPEMA 1. [Tycnte 8 npocmpancmse E° 3¢ouna peiemyamas viid-
KOBRE eQURUNMBIX wapos. Beeadu cygeome)yom no kpaiined vepe 3 yuLuHo-

4
pa A';[ ﬂ/%
25Y5
pule HE HEPCCerQion HUKARUX W08 YITUK08I L,
HOKABATENLCTBO, [1veTh @; — HanMenblliil BeKTOp PeweTKIr, a a,,
a;, d,, 8, — TAKHE BEKTOPLL DEMIETKH, YTO BeKTOPLI &, 4y, &y, &,, 2; NPeI-
CTABAIOT OCHOBHBIC REKTOP! peretku B 27, Ecan la | =2, 10 u3 onpepene-
iINA BEKTOP& &, CReAveT, YTO WIApbl YNAKORKH MOYKHO OTABUIATL B Ham-
PABACHHII BEKTOPA a; Tax, UTo |a ] = 2 §y1eT BBINOIHATLCH 1 LIAPLl YA~
KOBKH 1i¢ UMEHT 06IMX BUTYDEHHUX Touex [8].%

— ]] € AUNCNIG HE3AaIc MELAML RO T0HCCHITALLE Uf.'(’ﬂ, -

* JTeTio wieTh, uTo B E? oVINecTBY 10T 1o KPaltHell Mepe 3 BerTopa, BMeIOIULX TAKIN
CBOfICTBOM,
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TIpocKTHPYEM 1Wabbl 1 HCKOTOPYI THENDNOCKOCTL 113, TepIeHin-
KYASIPHYI0 K BeKTopy a;. [poexkuuy uewTpa WiapoB oNPEAEIsieT pelleTky

B [IHICPTIAOCKOCTH f13 11 TIiPOCKUMY CAMBIX WANOR COCTABIANT PEETUaToC

paciofosKenie 4-AepHBIN UIapoB B THNEPLIOCKOCTH {15,
ITorkaxem, uto 371 4-MepHbie iapbl He NOKPLIBAIT HAEPIIOCKOCTL

I15. Onicuisaen Uepes LeHTPL WaAPOR B 715 TaK HaswBaeMbe NyCTHe Wwapw
[6], T.c. Takie 4-MepHble WAPH), KOTOPBIE He COACPIKAT HEHTPHL BHYTPH LIa-
pos H ua cepe KaxIbIX NVCTHIX WAPGB HAXOIMTCA fio Kpafinei mepe 5 ro-
UgK, He NPHHAIEKANNIX K 0FHOH B Toil ke 3-mepuol mnockocty.

[Mvers Cf, C3, C3, G5, C6 — 5 Tovex ua uofo# nvetod cipepe, ne
NPHHAZIEKAUMX K OIHOI H Toii 3Ke J-MepHoii n. T0CIKOCTH. Ecnn W obben

4-MepHOro ndpannaesienuneia, ONPeIeiAcyMoro BEKTO]’)EL-HH ¢ = CuC (i =

W

=1,2,3 4, 0 -—4- 00bLeM cuMnieKca, onpeeasievoro Toukavu Cg, C{, C3,

)

C3, C4. Tlvete R — paauyc nycroro wapa atoro cumnaerca. Ofmenanect-

HO, uTO 00LeM (-MEPHOI0 CHMWIJEKCa, B BOUCANNOTO B Wap ¢ pajdyco
nai

(n+1)° +I)

R, He npeBocxodutT ————— R* {6]. Odpem maxumanen, ecan cHMNIeKc

1! .'1
npaeuieH. Tloatowy

W 255 o,
24~ 24.16

! ]/FW__'
B 25Y5

M3 papencTtsa [a;] = 2 BRIBOANT, yTe 00beM D-MCpPHOrC napajiaenent-
nefa peweTikH B npocrpatcree E* pagen 2W. M3BecTHO, 4TO BIOTHOCTL
pEILETUATGI YMAKOBKM DABHBIMH WIADAMH B IPOCTpaHcTBe £% B KpaiiHem

IIJ'\

M3 aroro caepyveT, UtTo

(1

v

e
cavyae — ——— [10]. nootony
15Y2 [10)
(2) W = 4y2.
W3 nepanencts (1) v {2} cieaver, uto
(3) - V 04¥2 _ 1280 .
2515

B cootnourcnun (3) aHak papeHcTBa He JONYCTHM, (OTOMY 4TO B (2} 3HaK
PABEHCTBA HMEETCS TObKO TOMAA, KOTIA MIOTHOCTL B OpocTpaHcTe E3

o

-
paBHa Tor —[10}, a B 3rom cavuae cuminiexke CiCICC5CS ne npapnaels.

512

3C*
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Myvers € — pentp nyveroro wapa cummierca CACIC2C3CT. d-nepuntit

/ 6472 .
wap ¢ uentpom € ¥ ¢ paauycom w5 1 He yyeet 001we TOUKH ¢ IPOEK-
25

WHAMK WAPOB PeweTyaToll ynaKkoski npoctpancraa E3. [lyeth 10T 4-3ep-

l/ 64Y2

UGB Wwap — oCHOBHOR Wap BHinnIpa Z"[ e — l] C MOJ0eHIteM ocl

515

64lf~ "
nMapatefblbM K BeRTopy a; Humunap Z_‘[ ] : —2— — 1| He nymeeT 0duLei

TOYII ¢ WapaMi PeweTuaToil ynakosKin B npoc*rpauwse E3.
Taxuum odpazon Teopema ! porazana.

TEOPEMA 2. {Tycine ¢ npocmpancmae E7 30000 perierniuna Yiakosea

- -k
eourrimee wapos. Cymecmeyent e senwue 1(5) yuaunopos Zy () ¢ pas-
HBLNLE 10.1021ce U AU ocetf, KOMOPLIe He WMo OOUIX 6HY I PeHHUX HoUer ¢
mapan yearosei, ede n=3, 2=k=n-1, oa.iec

3V2

ecmt k=2, T0om=nIl=1ur= _____[ = 00,0606
et k=3, trom=1mn1=1nr= V; 1 = 0,1180.
) 5
eCiil d =k =n—1, Tocayuae { =1, m=1n, 1 r = —,)—~I ,
4
npovem [ =3, m=nu—-1nr= ]/ 0 f-—l ={,128.
255

JOKA3ATENBCTBO TEOPEMA 2 B A0CR0BIO COBMANdET € 0iA34-
reabereon Teopemol 2 padots [9], econ B cavuae 4 sk=n—1 npuyenarn
peavasTar itaweli Teopems 1.

3AMEUAHUE. bBauxdenva 1,2, 3] onpeaesui nirotheiyio peweTua-
TYI0 YNAKOBKY PABILIVMH 10ApPAVMH B NpocTpancTRax £%, E7 u ES. C me-
ToA0M JN0KA3ATENLCTRA TL‘UpEMb[ [ B 3THX CAyUasx MOHKHO onpeenrTL
LIPS Zidr) (k=35, 6, 7), 11e nepeccKanie HilkKakHX WapoB YIAKOBKM.
C cueToM NMOMKHO YCTANORNTH, 9TO TaK MOJIYYeHIIBle BEIHUWHBLI 1713 pa-

, +1/ 64¥2
Atived LHILPA MeNbLIe e 1 —=—1.
2575

3. B caeaviolem Mbi OyeM 3aHEMATLER 001aK0M WapoB, onpelease-
MbIM HEKOTOPEIM €10eM B upoctpanceree 1. Mul gaeM BepxHYI0 rpadh 1is
TOAUMHB 08aKa, ecau Hanpapienve Npsxoil [F] MepnedaukyIspHo K
3-MCPHOH TUIMEPITOCKOCTH, oTpaHi iBael noetocy,
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TEOPEMA 3. Ecay yRan08Ka PAGHBLMU WAPAMi & C.10¢ NpoculpaH-
cmea EY cocmasasem 00.1GK0 8 HANPAGACRUSL Npauod, HEPHeHOURY. LpHOU
1 3-MeNOf HLI0CKOCIIU, OP2AHUMUBMmOWed ROABCY, MO MOUUNG 00.1aKd He
ipegecxedum

}-(10+4V5’+21/1’6) = 505376 ....
b

AOHABATEJILCTBO. Mpel Oviem KOUCTPYWPOBATL YNAKOBRY eIHHHY-
o = o
libiX Wapos ¢ WuphHoit (10+4¥5+2/10) npocTpaHeTea EY) woropas
5

npeacTapaseT 0f1axe,

[yers 1 — nexovopan runepniockocTh B apocrpancTse £ Pac-
CMOTPUM HaMMenlee ILIOTHOE DEWEeTYaToe NOKPBITHE 3-MEPHBIMIT M-
HUUHBIME Wapawd Tunepraockoct fI4. Mpl §yaem ueXoAWTH N3 npo-
CTPAHCTBEHIIO NENTPHPOBAHHONT KyOHUYecKoll PelleTid, Koropas noiyya-
€TCST M3 TOUEK 0OBMHOINT KyGHUECRei penleTKy Aofaenenues K neil ueutTpos

E Bepummub kyGnuecikofi peweriu
COPTHPYEM B ABe 'pyanbl A W B Tak, Yrodel coceHue BEpLUIMHBlI NPHHAL-
Aekand K pasusim rpynnam. LeHTpbl Ky80oB cocTaBAsiOT KyGHYECKYID
PeUeTKY, W HX TMKE COpTUpyem NnoledHo B ape rpynnbl C u . Touxu tunoe
B, C u D pewerKt NepeHocHM NepneANKyAsipHO K rHmepniockocta JTi

2 242¥2 44-2V2
Hd paCCTOHIIHE — - —+—]—/- , HAH —%}/_— COOTBETCTEBENIID B OTHOM H3

RN
ABYX TOAYIPOCTPAHCTE, OOPERENNEMBIX THNEPIIIOCKOCTBI0 fT4. 4-mepHble
€MHHYNBE Waphbl, OMHCANHBIC BOKPYT TTepelleceHnbIX Tovek THIoB A, B, Cu

peex Kybom, Pelpw kv00B papnb

~ . 1 T
D, 1te umeoT 00HIMX BHYTPCHHU X TOUEK B CII0e C WHpuIIoii 2+-—5—(4V§+ 2¥10)

npocrTpaneTsa £4. OueBHHO, YTO NEPIENIHKYISIPIAA DPOEKILHA Wapos na
TUNEPINeCKocTs IT) NOKPRIBAET 3TY rHOEPTIOCKOCTE.
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CONCERNING THE ZEROS OF SOLUTIONS OF CERTAIN DIFFERENTIAL
EQUATIONS OF THE »-TH ORDER, WHERE # IS 0DD
By

RAHMI IBRAHIM IBRAHIM ABDEL KARIM
Cairo University, Faculty of Science, Mathematical Department, Egypt
{Received April 10, 1072

We consider the differential equations of the st order of the form

(N [p(x)y) =" + g{x}y = 0
and '
(2) [p(x)z =] —g(x)z = O

where p(x)=0 and ¢(x) are continuous functions of X£€(—~ ==, =), 11 is a
positive odd infeger and m and n—mn ave positive integers. In [1] the re-
Jations between the solutions of the differential equations (1) and (2) are
investigated.

In this note we deal with the zeros of solutions of differential equations
of the form (1} or (2).

We state the following

THEoREM L. The solutions of the differential equations (1) or (2) wilh
the properties

3
WD) = 7@ = - = Ya) = (y@Y(@) = - = (pp)e—Ba) = 0,
(pym)e—r—i)a) 0
or -
(4)
za) =2(a) = ... = 2" —(a) = (pLY () = ... = (pr T a) = 0

(per—m)—5(a) = 0,
— o == oo respectively are linearly dependent.

Proor. Let p(x) be an arbitrary solution of the differential equation
(l) satlsfymg (3) with (py)r-m-1{a) = ¢ 2 0 and let y(x) (r =
1,2, ..., 1) form a fundamental system of solutions of the differential
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equation {1). Writing y(x) = Zcr Ax) and evaluating these constants
¢, we obtain

r?

() = ey*(x)
y(x) (pyFemyin—m—1yg) )
Here
¥i(x) Po(X) e ¥l |
(@) yu{a) o yn(@) |
}'g(ﬂ) yaAu) _ ¥al@)
y¥HX) = (m)(”) yg;r)(u) o (r.n)( )
gt Gy O Y
;(p}'(lm))(”—m_z)(ﬂ) (pygm))(r;_m—.?)(a) . (py(m) (n—m—._)(a)

is a solution of the differential equation (1) satisfying (3). The proof for
the differential equation (2) is similar.

It can be also shown, that the solutions of the differential equation
(1} with one of the propertics

Way = {a) = ... = (py®)rTn ) = (py) e a) = 0,
. (p},(m)){n --—m—Q}(u) ; U,

or
Vi) = ey = o =(pym)ermie) = 0, ve) # 0,

— ==z = w are linearly dependent. The analogous  statement holds also
for the differential equation (2).

We note, that if n—un—i<0 [m—i<=0}, where { is a positive integer,
then (py)e a0 [(pz="n=01 is interpreted as pd—a [Z4-D)).

We consider two differential equations ol the form (1), i.e. with the
differential equation (1) we consider also the differential equation

®) [P(ue—m Qg = 0,

where p{x)=0 and @{x) are continuous functions of xX€(— =, ==).

It is easy to prove, that if ¥{x) and u{(x) are two solutions of the
differential equations (1) and (3) with the samc initial conditions at the
point a, — ===g< e, then the solution of the differential equation (1)
can be written as

Wi(x,#)

A1 df =
Wit o

©) W) = )+ [ [0 o0\

= 1{x) + J‘ [QUt} — a()] p(&) W{x, 1) y(B) dit -

a
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W(x, f) is a funciion of the form

{7) : i,{x) y(X) o t,(x)
; () o1 . uf,(!)
‘ in() H-g(f) e 1n(f)

W(x. 1) = ] u({:“)(t) u(g;”)(f) e ufq;”)(t) !
L (Y (puyy . (pu)O
I(pu(]m))(rll—m—E)({) (pugn))(:;—m—Q)(t) . (pul(nm) (r;—m—Q)(r)

where u,, t,, ..., 4, form a fundamental ‘system of solutions of the
differential equation (3) whose Wronskian is W(x) = - (—I )-.
: plx

THEOREM 2. Let 0= Q(x)=g(x) [¢(x)=Q(x)=0], — co<Xx< oo, Lef y{x)
and u(x) be hwe solutions of the differential equations (1) and (5) with the
properties

ya) = y{a)= ...=1a) = (py™)(a) = ... = (py™)"—""2a) = 0,
Jpyeye—m—n@) = o, |
®) w(a) = wa) = ... = u™a) = (pu™y(a) = ... = (put™)—"= g} = (,
(put™yn—m—{g} = (0; — oo <@g = o

and et x*=a [x*-=a) be the first zerv point on the right [left) of a of u{x).
Then y(x) has at least one zero point in (a, x*} [(x¥, a)]. Further, {f y{X}
fias no zero point on the right [left] of a, then u(x) has also ne zere poini on
the right {left] of a.

Proor. Consider the case 0=Q(x)=g(x), xé(—~ o=, =o}. Let y(x) and
u(x) be solutions of the differential equations (1) and (5) satisfying (8)
and such that (pytmt—m—1i(a) = (putm)-"=N(a)> 0 (see theorem 1).
By virtue of (6), we have

xF

(9) Yy = u(x*) + [ —qn)] p) Wixs, () dt,

where x* is the first zero point on the right of a of u(x) ([1], §2). For fixed
{, the function W(x, f) = @(x) which is defined in (7) is a solution of the
differential equation (5) with the properties
= J
ity = W) = . . . = (pumyn—m—2yt) = 0, (pEI)—m—D(t) = —— > 0
p(t)
and therefore W(x, f)=0 for t=x¢[a, x*]. Hence from (9), the requirement

follows.
Similarly the other statement can be proved.

11 ANNALES — Sectio Mathematica — Tomus XV,
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REmarK. The preceding theorem holds also for two differential equa-
tions of the form (2), if the assumption O0=Q(x)=¢x} [¢{x)=Q(x)=0],
X€(— =0, =2} is replaced by @Q(x)<g(x)=0 [0=¢{xX)=Q(X)], x€(— =, =)
respectively and the initial conditions (8) are replaced by the analogous
initial conditions as (4).

We consider now the differential equation

(10} [Py =™ + 2g(x)y = O,

where p(x)=0, ¢g(x)=0 are continuous functions of x¢(— o, o), Zisa
parameter and ¢(x) = 0 does not hold in any interval.

Then we state

THEOREM 3. Lel — co@<b=< oo and let y(x) be the solution of the
differential equation (10) with the property (3). Then there exisis a paranieter
A=0Q such that y(x) has af feast one zere point in (a, b).

Proor. Let y(x) be the solution of the differential equation (10) sa-
tisfying (3) and with (py"™)¢—m-1 (a) = 1. Considering also the differ-
ential equation (pY™M¢—" = 0, whose fundamental system of solution
is(r=12,...,m5s=12,...,n—m)

yo_lemay=t fx(x—:)m—l(r—a)s—l 7
M m— D s— 1!

’ (r— 1! Pty

and their Wronski determinant is W{x) = —g—) [2]. 1t is evident, that Y,
pix

and y satisfy the same initial conditions at the point a. Applying the for-
mula (6), we find

. | 3 (x_ f)m_l(t —_ a)n—m—l _
ye) = (m— N (n—m—1)! [f (1) dr

o]

Assuming on the contrary, that y(x) has no zero point in (g, &), i.e.
y(x, 2}=0 for x€(a, ), 2=0, a contradiction follows since the function
y(b, ) is continuous in 2 and is negative for 2=0 large encugh,
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ON PERTURBATIONS OF VAN DER POL’S EQUATION

By
I. FARKAS and M. FARKAS
Budapest University of Technology, Budapest
{Received April 12, 1972)

In this paper the non-censtant periodic solution of van der Pol's
equation is considered under smaH periodic perturbations. It is assumed
that the perturbation is “controllably periodic™ i.e. its period can be chosen

_appropriately. The existence and uniqueness (in a certain sense) of a
period and a periodic solution of the perturbed equation will be proved.
Poincaré’s method will be applied for the determination of the first approxi-
ntation of this period and sotution. Sufficient criterion will be given for
the asymptotic stability of the perturbed periodic solution. The results
are based on those of papers [1] and [2] and are close to and generalizations
of W.S. Loup’s results ([3]).

1. As it is well known ([4]) van der Pol’s differential equation
(1.1) 4 mut— Du+u =0,

where m is a positive constant and dot denotes differentiation witl
respect to f, has a non-constant periodic solution. This solution, will be
denoted by u,(f) and its (least positive) period by z,. Without loss of
generality it will be assumed that

(1.2) u{0) = a > 0, 1, (0) = 0.
Following Loud by introducing the notations
X, = —u+m [ias—-a]—rn[—lmu"~::]
3 3
(1.3) Xg = U—a
the differential equation (1.1) is equivalent to the system
:El = x2+ﬂ

(1.4) X, = —xﬁm[—éa“—a]—m[%(xﬁa)*’*-(xﬁa)}.

1=
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Introducing the notations

X = col (%, Xp)

f(x) = col l’x2+a, X 4m l% aa—a]ﬂn ["Ig (x2+a)"‘—(x.3+a)]‘l

}

system (1.4) will be written in the vector form

(1.5) X = f(x).

(In what follows, the coordinates of a vector z will he denoted by z; and
z,). The periodic solution of (1.5) corresponding to uy(!) is

(1.6) p(f) = col { - (f) +m[-;— a— a]—m [% () — uo(t)] . t(t) —a} .

The first variational system of (1.3) corresponding to the solution (1.6} is
(7 y = felpoly,
where ,
b1 = [ 0 } ]
=1 —m|ugf)— 1]
A solution of the homogeneous linear system (1.7} is

(1.8) p(t) = col [u,(,  ie(®)] -
If we denote by v (f) the solution of the differential equation

v+mlugt)—1lv+r =0
for which

(1.9 ;;n(b) — 0, vyf0) = 1
i

holds, then col [vy(t), v(1)] is a second independent solution of (1.7). Let us
denote the Wronskian of these solutions by W(). It follows from {1.2)
and (1.9) that W({0) = I, thus by Liouville’s formula

l

w(t) = exp{—m th [ () — 1] d= X

The fundamental matrix solution of (1.7) whicl at the point { = 0 is
equal to the unit matrix {J is

(1.10) Lo an®
Vn(f) = ‘

Lo and
a
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Since W{f) = det ¥ (!) therefore the characteristic matrix of system (1.7)
is ¥ (1) and

(1.11) det ¥ ,(z) = W(z,) = exp {—m jfn[ué(t)— 1] dfl.
0

J

The product of the characteristic multipliers of system (1.7) is equal to
the latter determinant. Since (1.7) has p(f) as a non-constant periodic
solution, 1 is a characteristic multiplier. Thus the qecond characteristic
multiplier is equal to (1.11).

M. Urage states in [3] that the second t,hd['dCtEl'lSth muitiplier is
less than one for arbitrary positive values of the parameter m. By nume-
rical methods he actually determines the value of this multiplier for va-
lues of i less than 20. By (1.11) the statement that the second characte-
ristic multiplier is less than 1, is equivalent to the inequality

(1.12) qu[ug(t)—]]df =0
Q

2. Set
Jf:{fjv—m{fam},

R? the ""phase plane* of (u, z'r),

={u:lu| <o} forsome o =0,
I, ={tijt—1,) <3} forseme0 =g < 1,
and let v {i, u, Ef, i, 7 [ be a function analyticin [, X R* X I, X I. and periodic

T
in the variable { with period z {for each fixed z€ J,). Consider the perturbed

van der Pol’s equation
¢
(2.1} 1t + i Du+u = p,'y[- -t :c]

Using the notations (1.3) the system equivalent to the differential equation
{(2.1) can be written in the form

. t
x=fx)+ug [— ,x,,u,t],
T

(2.2

where x and f are the same as in (§.9) and

i ]f , N 1
g|l— . x,mrf=cot|—y i~ %+, —X +m|—~
O T 3

—m [—;'(x2+ a)3—(x2+a)] s Hs r} , O]
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x(f; 8, I, pu, T) denotes the solution of system (2.2) that satisfics the
initial condition
x(#; 8, h, g, Ty = col (0, h).

As it was shown in [1] this takes care of all solutions of (2.2) which have
initial conditions (i.e. & and ) close to those of p(f), i.e. p(0) = col (0, 0},
for small enough ju!, |#] and |z—1x,|. The corresponding solution of the
scalar equation (2. ])wa]l be denoted by u{t; 8, a+ 1, u. v). As it is seen
from (1.3)

w(d; 8, a+h,p,7v)=a+h

There holds the following

TheorREM 1. If the ineguatity (1.12) holds then each (pn, #), for which
le] and | 8] is small enough, determines uniquely a period «(p, 8) and a
itmber (g, #) such that the solution

(2.3) w(t; 1, 8) = ulf; 8, a+h(u, #), g, o{p, )

of the perturbed van der Pol equation (2.1) {(where also * = w(u, #)) is periodic
with period w(n, 8); the functions (2.3}, (u, #) and fi{u, #) are anaiytic in
a neightourhood of (0, 0); v(0, 0y = =4; M0, 0y = 0 and wit; 0, 0) = uy(t).

Proor. Since condition (1.12) implies that the second characteristic
multiplier of system (1.7} is in modulus less than one, this statement is
an immediate consequence of Theorem 1. of [2].

The following theorem gives in explicit form the first approximation
of the period and the periodic solution of the perturbed equation in terms
of the periodic solution uy(f) of the unperturbed van der Pol's equation,
Note that the functien v,(f) occurring in the matrix (1.10) can easily be
expressed witl uy(f) (at least locally) since both are (independent) solu-
tions of the same linear second order differential equation (see [3]).

Introducing yet the notation

f+48

Tg

» tolt), i‘o(ﬂa 0,7

YR =y [
there holds

THEOREM 2. [If conditions of Theorem 1 are valid then the period and
the periodic solution, corresponding to (n, &) are given by

(2.4) w5, 8) = 1+ 1,(8) + o),

where

- _ *(r) . "0('{0) y
e o Of 0 i Sy SO}
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and

t—9

w(t; p, 8) = u(f—8)+ ;a[ff,](f—nﬁ) f Lg].)(‘;(_’)d
0
f-6
—lilt— ) f _'Y*(r)vn(r)_d
[} W—(r)
W(fn) 5 *(r)uu(r)

2.6 - d
26) e )f r]ﬂm
respectively.

Proor. Poincaré’s method, worked out for the present case in [2],
will be applied. Denote by ¢(t; u, #) the periodic solution with period
(g, &) of system (2.2) — where v = v(u, 9) — corresponding to w{l; u, ).
Accordingly

@20 g9 = el

19) y (F(f; £y '3): # T(.”'! "9)} .

Introducing the new independent variable s by the transformation for-
mula
t=48+sz(p, D)

and setting
wl(s; g, 8) = gl®+sv(p, 9); p, 8],

p(s; 1, 9) = 2, piy*(s; 9),

wp, §) = 2 wrr{d),
k=0
we have g% {&; N =p(st,) and 7(#) =1, Expand the right and the left
hand side of {2.7) by powers of u. Equating coefficients of g we have that
dy'(s; #)
ds

=[] 0 1 pi(s; B)+ 7, (H) [u,,(s Ty) N
[_ - m[”g(s Tp)— ! J ity(S 7o)

#
AR TR Y [S+ — p(s Tu)! 0,7, ] .

Ta

Thus y'(s; #) satisfies an inhomogeneous linear differentiat system, It i3
easy to see that a fundamental matrix solution. of the correspondin;
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homogeneous system is ¥ y(sz,), where the matrix Y, is given in (1.10) and
Y 4(0) = U, the unit matrix. Thus introducing the notations

P(0; 9 = col{c;,e0) = ¢,

b(ry = 7,(9) col [aglr 74}, itofr 7)) + tog[r'{‘ i s PAr 7o), 0, 1’0] -

Ty
we have

&
YN8 8) = Vo(Sto) e+ Y (s 70) | Yo '(reg) b(r)ar.
o

From conditions satisfied by the vector solution ¢ follows that the first
coordinate of ' (0, 9} is zero, ie.

Cl = lp} (0; 79) = 01
and that »'(s; §) is perindic with period 1, i.e.

pi(1;8) = »'(0,9).

The last equation yields an algebraic linear system of equations for the
unknowns ¢, and 7,(9). By solving this system we get for v,(#) the expres-
sion (2.5) and for the coordinates of the vector p'(s; 8) the following
expressions

oS 8) = siigs 7o) 7,(8) —— L) ol To) *(f) i)

Wizg)—1 W(r)
o “”’f e ST“)f e
r
*(r} ”o(’) YO o)
pa(s; B) = To(s 7o) f K dr — ttofs 1) dAL A
Of Wir)
W) oy [0
(2.8) ~ W] 7S Ty) f e dr -+ 8 11{s 1) T,(9)-
0

Taking into account (1.3) and (1.6) we get that
WD s (i ), 1 9] = @4 yalS; 6 9) = @t ol 7o)+ e yHs; B) + 0l) =
= H“(S 1:0) + !ﬂé(s;ﬂ) e 0(.”)v

or going back to the variable ¢

wit; p, %) = u, [:(___,_ 1'0] + gy [ b 3) ] + o().
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Substituting (2.8) into the last cxpression and expanding again every-
thing by powers of x we get (2.6) which was to be proved.

3. Applying Theorems 2 and 4 of [2] it is possible to give an explicit
sufficient condition for the asymptotic stability of the periodic solution
w{t; u, #) of the perturbed van der Pol equation. No quantities beyond
those determined in paragraph 2 are needed. The nature of the formula
(1.3) which transforms the differential equation (2.1) into the system (2.2)
ensures that the asymptotic stability of the solution o(f; «, §) of the system
implies the asymptotic stability of the corresponding solution w(f; u, 9)
of (2.1).

Taeorem 3. If conditions of Theorem 1| are valid then there exist
e,=0, 0,> 0 such that the periodic solution w(t; u, #) of (2.1) [where ¢ =
= 1(u, D) is asymplotically stable for all (u, #) safisfying the conditions

Il <6y, [8] < o,

7 (0,0) < 0
where .

At
o | — (), T oD, {),ra} ' )
(3.1) 7(00) = _[%7 B | {f'.,(r) = IM} dt.
Wi1) . a[l = W(z,)]
¢
[Here y; denotes the partial derivative with respect to f of the function
y occurring in {2.1)].

Proor. For given (u, #) which are in modulus sufficiently small
cotisider the periodic solution ¢{f; x, 8) of (2.2} where T = (g, #). Denote
by 2(x, ¢) the characteristic multiplier of the first variational system of
(2.2) corresponding to the soiution ¢(f; g, &), for which 2(0, 0) = 1 holds.
if 7,(0, 0) denotes the partial derivative with respect to g at (0, 0) of the
function Z{x, #) our statement follows from Theorem 2 of [2] and only
{3.1) is left to be proved. In proving this formula we shall make use of
Theorem 4 of paper [2] and apply the notations introduced there. Thus by

(1.10):
C()(O) = Y,,(T,,) = [l m'o(ru)- '
0 aiy(ty)
W(fn) = det yu(ro) = "-“:’u(fu);

d(A00) = i1—i  anfe) 0,
T 0 aife)— 4]

d:(1;0,0) = [ - W(z,),

B(t,0) = [f,}} [P Lt; 0,0)+g;[ : ,p(i),O,toH Yo()

]
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where
(3.2) (p;(f; 0,0) = p? [L , ()] —B(t) t2,(0) ,
d o T
an
Felp®)] eudt; 0,0) = [0 0 |
0 = 2mu(ea,t;0,0)

Denoting the elements of tiie matrix C,(0) and C,(0) by el and el
respectively (i, k = 1, 2), by the quoted Theorem of [2]

l‘,‘({),()) _ ]_ {Ci; Cl;]g i+ !Cgl—] (.'22!'] =
W) -1 ez e2— 1 ez Al
I ! 1 i 1 5y avy(z,)
=t [Wi(z))— 1] — o1 vy (7ol = €11 + = - .
W(To)—l 1" [ ( n) ] 1 u( o)l 11 1 _ ‘W(r,,)
After long but simple calculations and substitutions introducing the row
vector
] . VolTo) figlf VolTy) tolt
q({) — []‘()(!) _ I]( (;)) ()() ) _vn(i) + ll( I]) 0(___)__
W) afl — W(z,) all —W(r,)]
we get the expression
2’“(0,0) _ _ al‘u(Tn)_ T](U)"'
1= Wi(z,)

W

@33) o+ f a0 {f;x[p(r)lm;(r; 0,0)+g;[ j-,p(r).fJ,r..]}f)(r)dr,
U n

where the integrand is a scalar product,
1t is easy to verify that the transpose of ¢(f), i.c. the column vector
q*(t) satisfies the differential system

71y = — 1101970,
or taking the transpose of both sides the row vector ¢(f) satisfies
(3.4) a0 = —at) [ Ip®)];

further that g(f) is periedic with period 7,. On the other hand it is easy to
see that ¢(f; 0, 0) satisfies the system

(35) 74 0.0) = fulp(O)] 4. 0.0) +2 [—f (0.0, ru] -

Ty
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Now, consider the following derivative

Loy [f;(p(f)) p.lt; 0.0) +¢ [i , p(0), O, 'zu]]} T

| 7

— 40 [f;(p(r)) #t; 0.0) +g[ L 0.0, ]] +
+40) [f;:x(p(r)) 7t 0000 + [(p()lt; 0,0)+

+ g; [L , p(), 0, 'r:o] + g; [‘t— (0,0, J:o] p(f)] :

To Ta
(Here g; and g, are thederivative with respect to f and the derivative matrix

, t . s
with respect to x of the vector g]— , x,0, fn]s respectively). Substituting
T,

0
the expressions from (3.4) and (3.5} we get

90 o0y 0.0)+ . [ L p),0,7) 50 =

L]

. . t . ot
= oo [0 00+ p0. 01| ~a08 (= p0.0.7).
l ru . l .ﬂo
Substituting the fast expression into (3.3) we have

5(00) = — l—f}é()—) % (0)+{qc) 1.(00) 9141 0.0) +

+¢ [ riu » P}, 0, r"”}o —0 f nqf(!) g [rio ,p(1),0, z,,] dt.

Taking into account the periodicity of g{f), j_;(p(f)) and g [ f

. pin), o, ro]

and the expression (3.2), the first and second term cancel out, thus

T}

5 (00) = — AL o), 0,7 dt =
7.(0,0) 0 f ) g [ p(®), 0 10] dat

To

f .
- “]JI [7;_0 y I.‘o(f); Hu(f)s U: Tn] [1,0(1() _ ___POM....J dt
W) all - W(z,)]

L3

0
and this was to be proved.
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Note that this result is in accordance with that of W. S, Loup ([3])
who considered van der Pol's equation under perturbations with period
equat to the period of the unperturbed periodic solution.
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