












































































































































































































































































































































112 SIMON, P.

log m,,

ist, haben wir unseren Satz im Fall - = 0 (1) bewiesen.

n

m
Wein lim — g "

= + oo ist, betrachten wir die folgenden Polinomen:
a log M,

2 o ’I' f -
4 EXP - ‘} —_ exp —_ _QEL’L ]
X n, m,

(18) T = (x €G-

i=t
Es ist evident, daB die Funktion

(19) g0 = 3 en Ty () (x€Gp)
k=1

stelig ist. Man kann leichi zu sehen, daB

S by i 18551 Sy 10551 = 50, 3 ¥y (0
J

j=1
ist. Daraus ergibt sich die folgende Ungleichung:

dau

| |
IS.IH,\_MHK[HL\'” = en | 2 _j_ ij"k(x)i_[sM"k [g:x]l =

= £n, | Z wanA (Y) -}-O(I)

i j 1

(SMn,-‘, fg;x] tst ndmlich auch eine Partialsumme der konvergenten Reihe
(19), d.h. Sy, lg;x)=0(1)).
Wir haben also bekemmen, daB

ﬂh l
Sy My, [£50] Fe 2 ;
--—.-——— S L S— T
Iy, M, nan,\ loq/‘lnk M”A
&n,. ¢’ log my,
= . E™ 0@y =
€3, Mn, log An, + log My,
log 1y,
En, ]0 M
- c’_"“ B M +0(1)
n.ﬁ M-"IJ\ i+ logdnl\
log My,

gilt. (¢’ ist eine absolute Konstaute).
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Da:mit ist Satz 3. bewicesen. | 3
Wir bemerken, daf man Jdie vorigen Sdtze it einer trivialen Anderung
des Beweises fiir beliebige Folge m = (m,, 1, .. .) beweisen kann.
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Introduction, notations

In this paper we are going to prove some theorems concerning solvable
supersolvable and nilpotent groups. The most part of them were presented
in the author’s M. Sc dissertation and the others are the results of further
research carried ouf by the author. At the end of this short exposition we wish
to tell some words about the notations. We use the notations of GORENSTEIN
(See GOrRENSTEIN, D., [4]) with the following two exceptions. If G is a finite
group and H is a subgroup of G we write H =G. For the Sylow subgroups
of G belonging to the prime p we write: p-Sylow subgroups of G Groups
considered in this paper are finite. For the proof of the theorems we need
some results on finite groups, which we quote as temmas. The best known
resulls are quoted without hint to the literature.

DerixiTion 1. Let G be a finite non-nilpotent group, whose praper
subgroups are nilpotent. Let =(G) = {p, ¢} be the printe set of |G|. Suppose
that G = P is a p-Sylow subgroup in G. We will cail G a (p, ¢)-group under
these circumstances. If G is non-nilpotent, but its proper subgroups are
nilpotent and =(G) = {p, g} holds, then G is either a (p, §)-group or a (g, p)-
group. In a (p, g)-group G the ¢-Sylow subgroups are cyclical. See GoL-
FAND [3], REDEL [8] and ScHmipT [Y].

DEFINITION 2. We use the notation (p, )4 G for a prime pair p, and
g =p to express the fact that G does not contain a (p, ¢)-group H. Here
p and ¢ are fixed prime divisors of |G| and their order is essential.

LemMma . Let G be a finite group, = a given set of primes, H a nil-
potent z-Hall subgroup in G. If K is a m-subgroup of G, then K=H?
where a is a suitable clement in G. WigLANDT [11].

LEmma 2, Let G be a finite group, H a nilpotent subgroup in G with
|G : H| = p°, where p stands for a prime. Then G is solvable. See Scott

[10].

* On leave from the Department of Mathematics, Cairo University.
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LeEmsa 3. Let G be a finile solvable group, M a maximai subgroup
in G. Then |G : M| = p* for some prime p.

Lemma 4. [f /1 and K are subgroups of the finite group G with
(IG:H|,|G:K|)=1,then G = HK.

LEmma 5. Let (G be a finite group, # a nilpotent. Hall subgreup in
(I, whose order contains at least two different primes. If for every Sylow
subgroup P of /]

Ne(P)y=H

holds, then there is a normal subgroup K in Gwith G = KH and HNK =
c= E. See WIELANDT [12].

Lemma 6. Let G be a finite group, A a normial subgroup in &. Suppose
that P is a p-Sylow subgroup it A, Then

G = HN(P).

Lemama 7, If H is a normal Hall-subgroup in a finite group &, then
there is & subgroup K in § with G=HK and {/NK = E.

Lemma 8. Let G be a finite group. Let H and K be nilpotent subgroups
in G. 11 G = HK holds, then & is solvable. Further if there exists a super-
solvable subgroup L in G with

G=HL =KL

where ff and K are the same as before, then & is supersolvable. See KEGEL.
[6] and [7].

LEmma 9. G is a finite group. For the solvability of G the existerce of
a p-Sylow complemient for every prime p¢a(G) is necessary and sufficient.

Lemma 10. Let G be a finile group, H and K be solvabie subgroups
in Gwith |G:H| = pand |G : K| = ¢, where p and ¢ = p stand for prines.
Then G is solvable.

Lemma i Let G be a finite solvable group, H and K maximal suh-
groups in G. Then G = HIK holds iff # and K are not conjugate in G. Sce
Hurprert [5].

L.emma 12, Let G be a finite group. G is supersolvable iff all the maxi-
mal chains of G have the same lengtl.

l.emma 13, bet & be a finite solvable group, 7 a set of primes, then

1. There is a a-Hall subgroup in G.
. All 7-Hall subgroups of G are conjugate in .
I A s a x-subgroup in &, then A lies in a =-Hall subgroup of G.

LI

LLEmma 14. Let G be a finite group. If the Sylow subgroups of G are
all cyclical, then G is supersolvable.

LEmma 15. Let G be a finite group. The following statements are equi-
valent.

1. G is nilpotent.
2. Every maximal subgroup of & is normal iu G.
3. Every Sylow subgroup of 7 is normal in .
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TABLE of cenferings for n=7

| | penomi- | . i
Ne Dimension Remark ::&TI i Index p de&gf basis
| [ |

1 1 1
2 47 2 2 1111000
3 57 Free 2 2 1111100
4 67 Free 2 2 1111110
3 6-7 2 4 1111000
0011110
6 6—7 3 3 1111110
7 7 Free 2 2 1111111
8 7 2 4 11111190
go01111
o] 7 not free, 2 4 (111100
realizable go01111

without basic If

11110600
10 T 2 ] 1100110
0110101
il 7 Free 3 3 1111111
12 7 4 4 f111112
13 7 Free 4 4 1111122
14 7 4 4 j111222

For example, let us take the {9} centering from the Table, whose index
is 4, [t has 3 defining vectors, out of which two, a, and a, form the defining
hasis, We get the third from the following equation; ¢y = o, — @, + ¢, + ¢, and

12011921190 0)
12000911911
a,=1/2(1 119200971 1

R
l

R
0

In this case the 1—3, 4—5, 6 —7 places are equivalent. We note that this is
the only centering in which there is in all cases a new minimum (a,), the
half-diagonal of a 4-dimensional cube, but there is no basis of minimal vec-
tors in all cases. This statement can be prooved easily.
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2.4, Types of points. Each lattice I” derived from I'™* by a centering,
breaks up into disjoint sets of points (types of points) as foltows:

I'*; Q= +I* ..., Q1 =0, +I*
where @, ..., a,_; are the defining vectors of the centering.

We note that for a given j the j-th coordinates of the points of a certain
(}; set are congruent modulo {(1). From now on each congruence will be taken
mod (1), therefore mod (1) will be dropped. We also note that many of the
statements that refer to some coordinates of the vectors may be extended di-
rectly to the coordinates equivalent with it. We shall emphasize this circuni-
stance only in cases, in which this extensicn is not evident enough.

2.5. Statement about the volume. In a lattice take a ni.p. [T, ..., e.)
of index p and consider the n minimal vectors:

n i
{m}f = {Z xj,,ei} k=n,
i=1 1

Let us examine their (kXr1) matrix (x;;). If the determinant of one of its
(kX k) submatrices is ¢0, then one can find vectors gy, ..., & such that
for the p.m,

I =1im, ..., m, e, ..., ¢ ,}wehaveind i = |¢]p. The proof is
evident.

H
2.5. CoroLLARY. Let m, = ' x.¢;, X;>20 and

i=1

Hy =11, ..., 0, My, €4y, ..., 8,)

Then ind i, = |x,] ind [T,
Conscquently it is obvious that for every minimal vector x| =<1, 1=f=nif
there is no p.m. in the lattice, whose index is greater than that of I7,.

If we suppose that there is no basic p.m. in the lattice (there is no p.m,

with indI7 = 1), then lxd#i, consequently if x,>0, then [xf|:=-—l.
P P

Since both conditions will remain valid throughout oui preefs, for any
rnon-zero coordinate of the minimal vectors the inequality
1
(3) e Xyp= |
p
mtust hold.

2.6. The statement concerning the index.

Let the indices of all p. m.-s of an n=38 dimensional lattice I" be equal
to p== 1. Then I' is imperfect.
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ProoF. See Theorem 1 in [10].
2.7. The statement concerning the number m;; of vectors, whose i-th
and j-th coordinates are not zero.

In every perfect n-lattice, given in any system of coordinates, there is at
least one niinimal vector, whose i-th and j-th coordinates are different from
0, l=i<j=n.

Proor. See Theorem 3 in [10].

3.§. Proving .1, = 1 for n=<G0.

There are several proofs for the statement that any n shortest vectors
will provide a basis of the lattice, for n=3.

3.1. A, Tueorem, The equality 1, = 1 is valid.

(In any 4-dimensional perfect lattice there is a basis, consisting of mini-
mal vectors, i.e. there exists a p. m. of index 1.)

3.2. Ay THEOREM. The equality A; = 1 isvalid.

Proor. We prove both theorems in the same way. Let us supposc that
in a 4 or 3 dimensional lattice, there is a I7, but there is no basis of minimal
vectors. In other words, in every p.m. there is a lattice point, which does
not coincide with any of the vertices, that is, each p.m. is centered. Let us
look at Table 1. If a 4 or 5 dimensional /7 is centered, then its index is 2 (see
the centerings 2—3). The statement 2.6, on the index is also valid in this
case, according to which the lattice cannot be perfect. So we sec that any
it=b-dimensional perfect lattice must have a basis, consisiting of minimal
vectors.

3.3. 4y THEOREM. The equality dg = 1 is valid.

Proor. There are 5 admissible cenferings in the case n = 6, the cen-
terings | —5of the Table. Let a lattice I” be centered accerding to one of these
and let there be a p. m. {1 in it.

1° In the case of the {2}, {3}, {6} centerings we simply list those minimal
vectors which make up a basic p.m. with index 1.

i | . .
! ~I—, 0, 0] is a minimal vector (the

22 g
half diagonal of a 4-dimensional cube — see 1.4.). Then for{ = | we have

it 11,¢{2}, then a, =

I =1 (o, e, ..., &)

[ .
and ind {/, = ‘,i‘ ind i1, = o -2 = | (see the corollary 2.3.).
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If 1T, € {5} then a, and a, arc minimal. Consider the p.m.
e =glay, &, .. ., &, ay)
|11 1

111
222 2
1

00

I ]

00—
2

1
11
2 2|

b
(A

——

According to (2)

ind /T, = detfl5.ind Iy = —-4 = 1.

|

¥ 7

3 3 3
is minimal, consequently for ¢ = 1 Corollary 2.5. hold for the p.m. f7,(a—e,,

€, ..., &) In this case ind [T} = detlf,. ind [, = --é—-S = 1.

_ 1 I
I111,€{6}, then as we saw it in [4], the vectora—e; = |—, ..., — —z]

2° We could see it in 1° and the Table that if there isa p.m. /7 in a 6-
dimensienal lattice, but no minimal basis, then every IT in it has necessarily
been centered by one of the centerings {3}, {4}. Since all of these have index
2, the proof in 3.2. may be repeated.

4. 8. Proof of the .1, theorem

THEQREM, A;. The equality A, = 1 is valid.

P rooF. The proof will follow from 4.1 —4.5. Throughout we will suppose,
that there is a p.m. /1, (e, ..., ¢;) in the lattice 17, which is not a basic one,
and this " is derived by a centering of I7,. First we prove

4.1. STATEMENT. In any of the non-free centerings {2}, {5}, {6}, {8}, {10},
{12}, {14} of the Table there is a minimal basis for I" (that is a /] with index 1).

Proor. Since the proof is lengthy, we will not cite the complete proof, we
just refer to {4], where it can be found as Statements 1 - 3. In our paper the
proof of part 1°in 3.3. is similar to that of [4]. From 4.1. it follows that the
perfect lattices without basic p.m. can be centered oniy by the marked cen-
terings of the Table.

The author of [4) informed e, the centering {0} in our Table (there the
5" one in Table 3) may be realized in a lattice, without a minimal basis.
Consider, for example, the 7-dimensional cubic lattice based on the edges
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of the cube Ilye, ...,e;). Let us center the faces Wi(e,, ..., ;) and
Wie, ..., e). It can easily be shown, that in this lattice there will be no
other minimal vector besidesthee,, ... €, and the half diagonals of the cube
W3 and it is impossible to form a basis out of these. From now on, we will
examine the centerings, starting from the one which has the greatest in-
dex, as we have referred to it in the Corollary 2.5. and thus (3) will be valid.

4.2, STATEMENT. Let [7¢{9}. If there is no minimal basis in the lattice,
then it is not perfect.

Proor. According to the Table, itisobvious that thereare the following
types of pointsin I’ (see as in 2.4.)

I'* = {points with integer coordinates with respect to /7,)
11 1 I 1 5
le[??-Q—Q—Q-EQ00]+F*swa{els—--e5}:

1 1 1 1
4 =000 @~ —[+T* Wie, ... ¢),
I 1 i I * 1175
@, = ?5—2—9005?-5' -:“2—]+F.W (€1, €5, 85, €5, 89)

where, after the comma, we showed those faces of IT,, which are centered
by the vectors «,, a;, a;. The 1 -3, 4—5 and 6— 7 places are equivalent (see.
2.3.). Let us now prove the following 2 lemmas.

LEmMA 1. For the minimal vector me¢ ™ we have mq QU Q.

Proor. Suppose that meQ,.

Let us examine the matrix

Q

IR
Im]_ 2 2 2
d, 00 0¢-

+0

Ly
2 2
11
2 2
where d, is a half diagonal of W* (see in (4)); it is minimal, since it centers a

4-dimensional p.m., that is, a cube. The absolute values of the first five coor-

dinates of the minimal vector m¢ @, are all %, as it follows from (3). Neither

here, nor later will we indicate the sign of the coordinates, since it is of no
importance in the proof.
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The third and fourth colunmin of the matrix gives a submatrix, deter-

minant of which is i%. Since ind {1, = 4 (fromt the Table), according to the

Velume Statement in 2.5., we get a p.m. 1%, (e, e,, m, d,, e, e, e;) of index

—:1— ind IT;, = 1, consequently {{,, is a basic p.m. The obtained contradiction

with the condition of the statement in 4.2. proves that m4@,. The case m4 @,
may be proved similarly.

LEMmMA 2. Ifm = (x}, ... x)el*JQ,and x; = 1, then x, = 0.
Proor. Consider the minimum vector
m, = (1 x, 6,9 X X5 X5 X5)
and the p.m.
I, = (m, e, ..., &)

It is evident (see (2)), that ind [, = {x,| ind 7T, = 1.4 and the face W
(&, ..., e}/l in the Table (besides the ones examined in 4.1.), there are
two marked centerings with index 4, the {9} and {13}. But only in {9} there is a
4-dimentional centered face, because in {9} there is a defining row of shape

—21—- (1111000). Thusif,€{9}. This means (see (4)) that 3 certain edges of /1,

namtely those, which are not present in W* (e, ..., &) c I, constitute a
5-dimensional centered face with 2 edges of W*. Let this face be dencted
by W{ of which we know that its edges are m,, €., e;, €, e, where e;, e, <W*,
so d={<k=T7. At the center of W} the point Y& is present, thus

1
Y = E—{m‘+£2€2+£303+€;e;+5kek) =
|
= _2_(I,x2+32!x3-+631 M }Where ils"| =L

This shows that y, = -;—, furthermore, y, = ; (x,+ ). Since the places 1 and

2 are equivalent (see (4) and 2.3.), so ¥, =y, holds.

The x, is an integer, because meI™ U@, and jx,| =1 by virtue of (3).
Consequently x, = 0, and Lemma 2 is proved.

We saw in Lemma 1, that mdQ U Q, so only mer*JQ, can occur.
For any of these in Lemma 2 we showed that if their first coordinates are
not @, then the second is 0. Consequently, there is no such minimum m, ¢l
whose first and second coordinates would be different from 0 at the same
time. Let us apply the m,; statement from 2.7., according to which I" cannot
he perfect, and with this we have proved the statement in 4.2. completely.
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4.3. STATEMENT. Let/7,¢{13}. If there is no minimal basis in the lattice
I', then it is not perfect.

Proor. The following types of points are present in the lattice
I'* = {points with integer coordinates with respect to [7}

4 4 2 2
1111
5 22 oo o|lers wie, e
(%) Q” [222229 ] - o
33333, 11
=0 22 2 o
@ [44444922]

The places 1 —5 and 6—7 are equivalent. The following 3 lemmas will be
proved,

Lemma 1.m(x, ..., x){QUQ,

Proor. According to the statement in 2.5. (see (3)), the cocrdinates of
the minimal vector in the case of x; =0 are

|%;] 7 Lfind I, = --i—and ;[ |=1,i=1,...,7

Let us suppose the contrary, that is me€Q,. Thus, from (3) and from the pre-

ceding statement we see, that [x;| = %j =1, ..., 5. From this and from the

fact that the first five coordinates are all congruent to 3/4 mod |, it foilows

that x; = 3/4. Thus
3 3
m = [4, ‘..,"Z 9 xu, x7].

Let us examine the p.m. J1,(m, e, . . ., ¢;). Obviously, ind/I, =x, ind{f,=

—2— -4 = 3. Therefore [1,, is centered by a centering with index 3: there are 2 of

these in the Table: {6} and {l1}. Since we have already examined {6} in 4.1,
T e{11}. The point YEI" which corresponds in I to the basis of the cente-

ring {11}, that is, to the row o:[-% e ,%] is described as follows:

i
Y = 3‘ (m‘!‘szeg‘l" e ‘!‘E-;e'}), JE{' e l.
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Consequently

1 1 I ¢
Y= —x, = . = — and y, = —{x,+ = — 4 2
Wi 3 1 3 2 4 Yz 3(2 ) 4 3

We can see at once, that at the equivalent places y, #v,. This contradic-
tion proves that mq Q,. The case mg¢ @, can be proved similarly.

Lemma 2. If in the minimum me M* Q. the coerdinate |x;| =1, then
xG - 0.

Proor. Consider the vector

m = (X], X "-1x59x8' 1)
and p.m. [T,(e, ..., &, m). Obviously, ind {I, = x;-ind I/, = 1.4 and
Wo(e,, ..., e)cil, In 4.1. and 4.2. we have already examined the centerings

with index 4 of the Table, so there is only /1 ¢{13} left. Now from (5) we derive
an important property of this centering. Those edges e, are taken with coef-

ficient 1/4 in the defining vector a[ i R ---]--, P which make up the

1 4 2 ’
centered face W3. Take now the point Y €I which corresponds to the row
o inIf,. The edges e,, ..., & which constitute the face W3 cII,, should be
taken to Y with coefficient 1/4 and e; and m, whick do not helong to W3, with
1/2.
Therefore

|
Y = z(slel+ oo Feges - 2eg8, +2m)

We get that y, = %x, = % and y, = -j:-(streﬂ). Since y; = y, (equivalent

places) and x, is an intege; (melx Q) and |xq| =1 (see (3)), it is obvious
that x; = 0, which was to be proved.

From Lemma 1 it follows, that only puints of I™* or Q, can be minima.
Concerning these, we have showed in Lemma 2, that among their two last
coordinates, at least one is 0. Let us apply the the m,; statement from 2.7.
fori = 6,j = 7and thus we have prooved the statement in 4.3.

4.4, STaTEMENT. Let f7,¢{11}. If there is no minimal basis in the lattice
I, then it is not perfect.

Proor. The following types of points can be found in the lattice:
* = {points with integer coordinates with respect to /T,}



THERE EXISTS A BASIS OF MINIMAL VECTORS 267

All the places are equivalent. First we will prove

Lemma l.m(x,, ..., x)4Q,U Q.

Proor. It is sufficient to prove that m4@Q,, since a¢@, implies —aeQ,
and vice versa.

Suppose the contrary, that is, me£Q,. From (6) we get x; =% and (3)

holds that is, I =[x} = 1/ind I1, = %, i=1,..., 7 Sowehavex =%,but

the vector [ 2 ) ,3] is twice defining vector [-Zl))—, . ,%—] and so it is not

minirmal.

It follows from Lemma | that all minimal vectors are in I™* and have
integer coordinates. In this case in I" for every p.m. det /T is an integer, and
ind /7 = |det {1} -ind [f, = |det {1} .3 can take the values 3; 6; ... only.
We can see in the Table that ind IT must be equal to 3, that is, all p.m. have
the same index 3. We apply the Statement 2.6., concerning the index. This
concludes the proof of Statement 4.4.

4.5. STATEMENT. Let [1, be centered by one of the centerings {3}, {4}, {7}.
[f there is no minimal basis in the lattice I', then it is not perfect.

Proor. In 4.1 —4.4 the analogous Statements are proved for centerings,
having an index greater than 2. Now in I’ there can be p.m. with an index
equal to 2 only. We apply the Statement 2.6. concerning the index, thus our
tattice is not perfect. So we have proved the statement 4.5. and with that the
theorem A, completely.

We remark, that the table of the admissible centerings of the 8-dimen-
sional p.m. is known [11]. Our method — that is, te check in all centerings
one by one whether a lattice without minimal basis, defined by the given cen-
tering of its p.m. cannot be perfect — can be transferred to the 8-dimensional
case. In a paper under preparation we¢ have proved by this way that A4y = |,
which completes the examination of 4, in a certain aspect: 4,, = 1 when n=8
and greater if n=8. There is an important difference though. In contrast to
the 7-dimensional 14 centerings there are 42 in the 8-dimension, in the latter
case making the examination more difficult.
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NOTES ON A CONVEXITY
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Since the appearence of von Neumann’s minimax theorem, various ge-
neral minimax theorems have been found, cf. [1], [2], [3], [4], {5], 6} [71,
[9]. In order fo extend the class of saddle functions, new convexity notions
are investigated, see [3]. This paper is also devoted to the study of a simple
convexity, where the convex sets are precisely the rectangles of 12 dimension
with edges parallel to the coordinata axis. We shall generalize the well-known
intersection properties of the usual convexity (Helly theorem and others)
to this convexity. This kind of problem, related to another convexities, was
initiated e.g. in [5] and [9]. Rather surprisingly, these investigations led
to some problems of the graph theory.

Consider an arbitrary set A and a family of subsets of A,

K cP(A)
with the following properties
(1) @, {x}, AcX forall xcA.
(2) If K€k, iel then ﬂKIEX
(3) H K,eX, icland for alt i,, iy€ I there is an ;€ f such that
K UK, CK;,

UK eX.

iel

then

The system (A4, X) with the above properties is usually called a convexity
structure on A and X is called the family of convex sets. A convexity struc-
ture can be given also by the introduction of a convex hull operation
| (- 3P(A)=P(A)
with the properties
(Y @) =0, ) = {x} for all xcA.
(2  {H)) = (H)for all HCA.
(3) (H)y= U{{F) FcH is finite}.

17#%
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Obviously, if X cP(A) is given and (1), (2), (3) holds then
(H):= n{KeX: K> H}

satisfies (1), (27), (3'), and conversely, if {.} is given with (I’), (2') and (3")
then the family
Ei= {(HY: Hc A}

satisfies (1), (2) and (3). Such general convexities are considered in many
papers cf. [3], [6], [71, [9].

Following the classical intersection theorems of convex sets, we can
define the Helly-number of a convexity (4, {-)), denoted by

H(A, {-))
as the least number n¢N such that if K, ..., K¢ X and
KiyN...NK;, =0
for each 1=i, <=.... =i , =5 then
Kip ... nK=0.
Similarly the Radon-number, R(A, {-})is the least n&N such that if
HcA, card H = n4+2
then there exists a decomposition
H=HUH,
into disjoint subsets such that
Hiyn (Hyy#0;

the Caratheodory-number, C(A, {-)) is the least n¢N such that for all H c A
we have
(HY = {{F): FcH, card F=n+1}.

We shall prove the following
THEOREM. Let

K= {;< [{a;, b)) — o =@, =b; =+ oo}’
i=1

where [(a, b) denotes any sef between (a, by and [a, &). For this convexity we

have
HR™ (-3 =1
nosoy ! ifn=1,
CR, €-)) {n—l{fn:—l;

k

R(R", (-)) = max k:([%])an —1.
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Before the proof consider the more genteral situation
Lemma 1. Let (A4, (-)) be a convexity structure and let (AXR, {-))
he defined by
K= {KX[(a, b)]: KeX, —co=t=<b=co).
Then

a) H(AXR) = H(A), R(A)=R(AXR)=R(A)+ 1,
C(A)y=C(AXR)=C(A)+ 1.

b) If for some H CA, card H = R(A)+2 there is a unique decompositi-
on H = H, UH, with (H,)n (H,)0 then R(AXR) = R(A)+ 1.

¢) If there are k+1 points a, ..., a,.,€A with k = C(4) and
aca, ..., a,,,} such that
h+1 N
U, - 1,8 8y - G =, - G

i=1
then C(AXR) = C(A)+ 1.
PrROOF. a) The inequalities H(A)=H{AXR), R(A)=R(AXR) and
C(A)=C(AXR) follow from the fact that the set A is imbedded into the
structure of AXR as Ax{0}, say. Since a system of convex sets of AXR

has nonvanishing intersection if and only if its canonical projections by p,
and pﬁ)

PrAXR— A, ppAXR~R

have the same property, the equality H(A) = H(AXR)follows. If H cAXR,
ihen )

(H) = {(;H)Xco{p,H)

where co denotes the usual convex hull in R; this yields C(A X Ry=C(A)+ 1.
Finally R(AXR)=R({A)+1 can be seen as follows. Let z,,..., z,,,€ AXR,
R(A) = n; suppose that

PaZpya = MaX Phz,.
l=i=n+3

Now there is a decompasition
{11 -5 PEpsa} = H U H,
such that
(Hon (Hyy=0.
suppose that sup p,H,=sup p,H, and definc

q ﬁ]:z {z:p2 € H JU {204}, ﬁ23: {z:pz € Ho)s
€0

(Hi)y 0 (Hy), 8
hence RIAXR)=n41.
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b) Setting
Hii= H,x{0}, H.:= Hyx {1},
the set H, U f, has no desired decompositions hence R(AXR)=R(A)+ 1.
¢) For the set
H:= {a,x{0},..., a,,; X {0}, ax{1}}
we have obviously
H = U{(F):FcH,card F=k+1}
hence C{(AXR)=C(A)+1.
The Lemma 1 is proved.

Proor of the THEOREM. From the above Lemma we have H(R?) = 1.
Now C(R) = 1 is trivial and C(R*) = 1 (i.e. that {2, 2,, z;) = (&, %) U
U (z;, 239U (25, 23)) can be easily verified. If n=2, the equality C(R**!) =
= C(R™)+ 1 follows from the above Lemnma. Indeed let

a:=(0,...,0,1,0,...,0)cR"
1 L n

be the standard orthonormal basis and
a:=(1/2, 172, ..., 1/2),
then

<{a11 sy By & By, - -, an}) =
= [01, X .. x[0, 11X]0, /2] [0, 1]X ... x[0, 1]

hence, for example

n

(203,203, .. 2038 U Ay - @iy @ iy - -y @)
f=1

=

Now investigate the quantity R(R"). If H,, H, cR" are finite sets then
(Hyyn (Hy,y = B if and only if H, and H, can be strongly separated by a
hyperplane orthogonal to some coordinata axis. Hence we have to give the
maximal number k for which there exist k points in R", any disjoint decompo-
sition of which can be given by these hyperplanes. Since in each direction the
hyperplanes can separafe two sets of size [k/2], we have the obvious esti-
mate

(N ([g])s:zn
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in what follows we prove that (1) ensures the existence of & points in R”
with the desired properties. We need the

Lemma 2. The subsets of size =[k/2] of the set {I, 2, ..., k} can
k

be arranged in a matrix of [k/2] rows and (l_k_]) columns such that
2

L

a) any nonvanishing set of size = [£/2] is listed only once;
b} in the i-th row stand the sets of size i and eventuaily @ and in each
column the i-th element contains the (i — 1)-th one.

Proor. Define a bipartite graph G(A, B) where A is the family of sets of
size [k/2], B is that of size [k/2)— 1 and a€ A, b B form an edge if and only
if a>b. Then the degree of the vertices in A is [k/2] =: [ and the same in B
is k—{[k/2]—1 =: m which is greater than [£/2]. Then in G(A, B) there exists
a one-factor containing ail vertices of B. This follows easily from the classical
resuit of D. KONIG asserting that every regular bipartite graph contains a
one-factor. Indeed, taking A further m—1 times and B further I—1 times,
we can define an m-regular bipartite graph G(inA, IB) such that

G(A, BycG(mA, IB)

and hence the 1-factor of G(mA, [B) gives the one-factor in G{(A, B). Now
list the subsets of {1, 2, ..., k} of size [k/2] in the [k/2]-th row arbitrarily.
in each column in the [£/2]—1 -th row write the subset corresponding to the
subset above it by the one-factor in G(A, B). If there is no such a subset,
write @ in this column in the [k/2]— I -th row. Since the i-th row can be given
from the (i + 1)-th one as the [4/2]—1 -th one from the [k/2] -th one, the
Lemma 2 is proved.

Returning to the proof of our Theorem, recall first a theorem of Zs. Ba-
RANYAI, which states that the subsets of size [k/2] can be paired such that

k
the two sets forming a pair are disjoint (and in the case when ([ k ]) is odd,
2

oie subset of size [k/2] is not paired). (He proved more, see the Theorem [ in
[8].) Using also the Lemma 2 we sce that there exist 7 rearrangements

{ip e i l=1 o0

of the set {1, 2, ..., k} such that any of its subset has the form {j, ;, ..., j; o
or {f; o« -1 Ji &) for some [ and s. Define the points

{x, ..., X} CR?

as follows. For each 7 ={=s define the {-th coordinata of x;, ..., x, such that

Py o=PX e = =P g
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Then the partitions of the set {x,, ..., x,) CR" can be given as separations
by hyperplanes, orthogonal to some coordinate axis. This means that

k-2 <=R(R").
Since

k+1

[kfr_l_} =2n
2

(k+1)—2=R(RY)
hence the Theorem is completely proved.

implies that
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SOME REMARKS ON STRONGLY NONLINEAR ELLIPTIC PROBLEMS

By

L. SIMON
Department of Applied Analysis of the L. Edtvis Umiversity,
Budapest

{ Received fune 17, 1986 )

In [1] it has been proved the existence of variational solutions (in the
Sobolev space WT(£2)) of boundary value problems for the elliptic equation
(considered in a domain Q cR?, 2 may be unbounded}

(0.1) A) = lz (— YeDaf(x, u, ..., DPu, .. )+

+ > (= 1)“Doglx, u, ..., D, ...) = F,
lu| =t

where (8| =m, |y|=m,i<m— rl(l—,c::+g), p and p are real numbers
p

such that 1 «=p <o, p—1<p=p. Functions f, satisfy the conditions of [2]
and g, satisfy (cssentially)

(0.2) ga(X; £}z,
(0.3) |ge(x, )] = c(& WK + 7],

where £ = (&, &) and & contains those coordinates & of & for which |8] <
<m="/,, KeLr/e(4d).

In § 1, of this paper a similar existence theorem is proved when instead
of (0.3) g, satisfy more general conditions and an existence result is proved for
variational inequalities in bounded 2. Further, in § 2, it is shown that solu-
tions of boundary value problems in unbounded 2 can be obtained as limits
(as g o) of boundary value problems considered in bounded domains
22N B, (B, = {xeR": x| =¢})-

§ 3. and § 4. are connected with [3] where existence of solutions of va-
riational inequalities with respect to the operater of (0.1) has been proved.
In [3] f. are supposed to satisfy also the condition of [2], |y|=m—1, g. are
supposed to satisfy (essentially} (0.2) and

(0.4) Sup{|ga(x, Y| 18] =8, |&| =s for |y|~:m—-£};_sgﬂ,s(x),
P
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where g g€ LY((2), 5 consists of £, satisfying |y| =m— 1. (0.4) means that in
2(x, m)y no growth restriction is lmposed with respect to & and &, for |y| <
<.’?I"—"f'{

In § 3. an analogous existence theorem is proved when Za(x, 37) may in-
crease as |£,,|P for rEY |y| =m—"/, and no growth restriction is imposed with
respect to &, and &, for |y| -=m—"/,. Finally, in § 4. it is shown that solutions

of the variattonal inequality in an unbounded 2 can be ohtdmed as limits
(as o —~ ==} of solutions of variational inequalities in bounded 3,.

§ 1. Existence of solutions of boundary value problems and variational
inequalities with polynomial growth conditions

Let 2cR"be a (possibly) unbounded domain, p>1, /m a positive inte-
ger. Suppose that £ has the cone property (see [4]) and for all sufficiently
large o (p = o,) there exists a bounded 2, cQ with the cone property such that
£2,50n B,. Denote by Wm (£2) the usual Sobolev space of real valued func-
tions u whoce distributional derivatives of order = belong to LP(2). The
norm ot W(Q) is

Ullyingen = § 2 Deu|rdx\V/p,
Wl =4, &, f1P7170
0
where « = (&, .. ., %), | Z ap D=Dp ... Din, D)= -?—. By

i
ax;
W (2) will be denoted the c!osurem I+ lyymegy of Co(£2), the set of infini-

tely differentiable functions with compact support contained in £

Let N be the number of multiindices « satisfying || =m. The vectors
= - & - )ERY will be written in the form & = (5, &) where 5
consists of those & for which [8| =m— 1. Assume that

I. Functions f, : 2X RN~ R satisfy the Carathéodory conditions, i.e.
they are measurable with respect to x for each fixed £¢ RV and continuous
with respect to £ for almost all x¢ Q.

11. There exist a constant ¢,>0 and a function K, € L) (where ¥/, +
= 1) such that

falx, £} =y E[P7HF K (%)

for all |al=m, a. e. x¢O and all £¢RN,
IT1. For all (n, ), (9, SYERN with (= (" and a. e. x¢f2

2 [fﬂ(x! s C) _f“(x! L ERS )](&“F E;) >0.
a=m
V. There exist a constant ¢, and a function K,€ L'(£2) such that for a. e.

Oandall E¢ RN
2 X, B)ra=e,isf — Ky(x).

Me=m
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V. Functions p., 7,: @X RV~ R (ju| =m-1) satisfy the Carathéodory
conditions and

gu = pa+ra-

VIi. For almost all x¢2 and all E¢ RY
2 PelX, EYeaz —t3]n|F — Ky(x),

wl=m—1

where 0 =c;=c, (see I'V.), K € LY{).

VH. For each « and s=0 there exist a function K., € LP®k(2)and
a constant ¢,,s such that for almost all xeQ, ¢ = (£, &) RN with |&| =5
and |a|=m-1

| Pk X, £)| = Ko, (%) + o, s[ 7|74,
where & consists of those coordinates & of & for which [8|<m—"/, and

numbers g ) satisfy

m—
p_I{EIUJEP} Qla"ﬁp— i +-(--——n[__a..!_)ij_ .

Further, there is a function h,€ L%(2) such that
|ra(, £} = ha(x).

VII1. V is a closed subspace of W2(£2) with the property: there is R=0
such that vEV, @€ C2{R"), ¢{x) = | fof fxt =R imply gre V. (VV may bee. g.
wa(Qy or Wi n(_Q) )

A simple modification of the proof of Theorem: of [1] gives

THEOREM 1. Assume that conditions 1—V1U1. are fulfilled. Then for
any FeV* (i. e. any continuous linear functional on V) there exists ucV
such that

| fj;(x u, u, .. D dx
(1.1.) Ialﬁm_l!gu(x u, ..., D, .. D% dx = (F, v

for altveV.

Tie proof of Theorem 1. is based on Lemmas 1., 2. below. Assume that
conditions | — V1III. satisfied. For any u, v¢V let

(TW),vy= 2 ffa(x, iy ..., D, DR dx

OIS gy
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then by 1., I1. T(u)€ V*. Further, for any p=0 set
1uPa 1t | Pa] = g,

P = |pa|-- otherwise, &%% = PuatTes
where
1if xeQ, |x| =g,
Zu(x):{ . x| =u
0if xeQ, [x|>p.

Since |fa, | = py.+ H.€ L) thus equality
Su), vy = 3 [ouulu, ..., Du, . )Dwdx
-1 )

| =

defines a continuous linear functional S.(u) on V.

By assumptions I-V. operator T+ &, satisfies the conditions of {2]
for fixed g and thus we have

LeEmma 1. For any Fe V* there exists u,.€ V such that
(T+8S)u. = F.
In [1] it has been proved

LEmmA 2. Assume that (u;) —u weakly in V and for any bounded domain
wc 2

lim fr;dx =0,

j"_m
hf(x) = agjm[f.,(x, Uy, ..., Dy, ..,Dﬁuj, R R

—Jfalx, upy o, Dy o, DR, L (DR — DRuddx

(ly[=m, |8] = m). Then there is a subsequence (u}) of (1) such that (Dyuj)—
—~DFfu a.e. in Q for all g with |8 =m.

where

For bounded £2 cR" Theorem |. can be generalized for variational ine-
qualties as follows,

THEOREM 2. Assume fhai 2 C R"™ is bounded andeonditions 1 —VII. are
Julfilied; further V is a closed subspace of W7((2) and K C V is a closed convex
set containing 0. Then for each F ¢ V* fhere is ue K such that

(1.2) > [ R, Doy (D — Do+

‘al=m g

+ 2 fga(x, U, .., Dfu, .. KD — Draydx=(F,v—u)

asm-1g

Jor att ve K.
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Proor. Since operators T+ 85, satisfy the conditions of [2] thus for
eachf= 1,2, ... there is ;€ K such that

(1.3) (T+S)uy), v—u;y=(F,v—uy)

for all ve¢ K. Applying (1.3} te v = 0, by V., V1., VII. and Hélder’s inequa-
lity we obtain

WFllvell by =(F, up= (T +S)(u), up = (e —ealleiI§ —
et Kt —( 5 el

which implies that [lu,lly is bounded (p=>1). Consequently, there exist a sub-
sequence (u;,) of (u;) and u¢ V such that

(1.49) (#j,)~u weakly in V

(1.5) (Dyy )~ Dra ace. in @ for |y| =m— 1.

K is weakly closed thus u¢ K. Since 2 is bounded and it has the cone pro-
perty thus by VII. and the known theorem on compact imbeddings (see e. g.
[4]) it may be supposed that

(1.6) (Dru; )~ Dvu in LA(Q) for [p]l=m—1,
(1.7) (Dvuy,)~ D in LY(Q) for [y|=m—1,
where ¢ 15 defined hy +~——E—- =1.

ploy Vi

Applying (1.3) to v = uc K we find that

2 f [felx, s - s DYy, oo, Doy, o) —

al=nt
{1.8) —Jolx%, iy, -, DYy, o DR, L DYy, — n)dx =
El 2 ff,.(x, Uppe - - DGy o DPu, L YD™(u— uy, Ydx 4
a=nt g
+| P (fat ga, i )0 e o -, Doutgy o, DPug o YD — uy )dx +
ajsm—1p

+{F, u;,—u),
where |y|=m—1, || = m.

By (1.5) and I.
(1.9 Jalx,uj, oo, Drug, oo, DPuy )~ fulx, 1, oo, DY, oL, DRy L L)

a.e. in £ and so assumption 1., (1. 6) and Vitali's theorem imply that (1.9)
is valid in L9Q) norm, too. Thus D%u; —u)—~0 weakly in LA(Q2) implies
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that the first term in the right of (1.8) tends to 0 as k—~ . From I, [1., V,,
VIL. it follows that fo(-, &5, ..., Dvug, ..., Dluy, o) and g, g (- - - -,

, D¥uy,, .., Dy, ...} are bounded in LY(Q) resp. L?®=i(Q), therefore
(l 7) implies that also the second term in the right of (1.8)converges to 0.
Finally, by (1.4)

im(F, u;, —uy =0

K 0o

and so by I11. we find that the left of (1.8) convergesto 0 ask— eo.

Consequently, Lemma 2. and (1.5) imply that (u;,) contains a subse-
quence (u},) such that

(1.10) (DA ) Dfae. in 2if |8 =m.
Combining (1.10) and 1. we have
Julx, u;.k, .. .,Dﬁu}k, o ~fadx, q, .., D, L)

a.e. in £ and so assumption I1., Holder’s inequality and Vitali's theorem
imply that for any ve K

(1.11) lim (@), vy = (T(w), v).

Similarly, (1.10), V., VII. Holder's inequality and Vitali’s theorem imply
(1.12) lim (S(u;ﬁ), v) = (S(u), v).
o :

In virtue of [V., VI. we have

(1.13) ‘é' Jolx, J;. ...,Dﬂu}k, .. .)D“u}k-i-
+ Z pﬂ(x,u . Dﬁu}r, ...)D"r,z}‘f{qL () + Ky(x)=0

and the integral of the left hand side of (1.13) is bounded because of Il.,
VII., Sobolev’s imbedding theorem and Holder’s inequality. Thus (1.10),
I., V. and Fatou’s lemma shows that

(1.14) lim inf (T+S)u}), 0} b= 3 ffa(x,u,...,Dﬁu,..A)D“udx-.l-
k== K K lat=m

f ga(x, U, Dy, .. YDudx.

‘a:sm—

From (1.3), (1.4), (1.11), (1.12), (1.14) it follows (1.2) and the proof of
Theorem 2. is complete.
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§ 2. Approximation of solutions of boundary value problems

Assume that conditions I —VIII. are satisfied. For g =g, define closed
subspace V, of W(Q,) by
Vo= {u|Q2uecV}
assuming that
(A) There exist continuous linear operators L, : V,—~ V such that Lv]a,

= v a.e. for each veV,, sup |iL, || < + .
Further, let F.eLe(Q) and define Fe V¥ by

(F,v) = f F.Devdx.

Jﬂ|5m 0

Tueorem 3. Asswme that conditions 1—-VIN. and (A) are salisfied.
Then for each o = p, there exists u, ¢ V, such that

(2.1) S Aot o Doy . YD dx+

‘ul =m n

+ 2 fg,(x Upy ..., D, .. YD dx = 3 f FoDv,dx

jal=m—1 o la|=m o

Joratlv,eV,.
Further, lef llm lg; = + oo, 0,200 @ Uy, a solution of (2.1) with o = ¢;.

Then there is a subsequence (03} of (o) such that (Ly; ty ;) converges to a solu-

tion u = u* of (L.1) weakly in V and in the norm of W’”(m)far each bounded
o C L2,
If (1.1) inay have at most one solution then afso (Ly; i) converges to the

unigque selution u of (1.1) weakly in V and in the norm of Wr{w) for ecach
bounded m Q.

Proor. Theorem 1. implies the existence of a solution w,€V, of (2.1).
(Condition VIII. is always satisfied for bounded ). From 1., IV-VIIL. it
follows that {lu, .|,  is bounded thus by(A) ||L,; i, ||y is bounded, too.

e J i

Consequently, there’exist a subsequence (o%) of (g;) and u*¢ V such that
(2.2) (Lorjugji)-»u* weakly in V,
(2.3) (D7Lopttgy)—Dru* ae. in Q for [p[=m— 1.

Consider an arbitrary bounded wc and a function &¢C(R") such
that @=0 and O(x) = | if x¢w. By theorems on compact imbedding (see
[4]) it may be supposed that

(2.9 (Dry, )~ D7 in LP(Q N supp O) for |y| =m—1,
(2.5) (D7uy )~ Dvu in L*(Qsupp 0) for |y| =m—1
(cf. (1.6), (1.7)).
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Assumption VIII. implies @(Lyptty o —u*)eV, &Ly ity —1*)g, ,€V,r
and thus from (2.1) we obtain !

(2.6) > [ty o, Doy, L DO — ut)dx+

'nlsm 9 '

+ : E ] f e (x, uej-’, ey D“ HOJ.-, - )D [@(f[ §oa— u*) Idx —
u =m-— Q y:3 =
.F

5 [ FuD6(u, —u)lax.

'u|5mn P
ef

Equality (2.6) can be written in the form
@7 azmnf [ult, oy Doty .. Ditty, . )=
~Julx, Uppy . DUy, . DU, L .)]@Da(ul,j; —u¥)dx =

= 3 [fdmougp o Dy o DR, ODA* — ity )+

:I_m‘? 1

+ 3 [ flnt o Doty o, Dty ) 3 DYt — 1, )D0 -

= g Bl m-1

dx+ ffa(x oy - o Dty -, Dl . ) DR[O ~ ity )] dx +

,1:|ﬁm 1 _Q

+ 3 Jeloug Dy Doy, DO ity dx +

w|=m— iQ

fF De[ 1, — u¥)] dx

Qi

|
where |y|=m—1, || = m. This formula is similar to {1.8) and, similarly, it
is easy to show that all the terms in the right of (2.7) tend to 0 as j—+ o=,
(See also [1] equality (2.9).)
Thus Lemma 2. implies: there is a subsequence (g}') of (¢) such that

(2.8) DALy ity )~ DPur* ace. in Q if | B =m,

Further, Lemma 1. of {5] shows that for each fixed bounded
aC 8, ()~ u* in Wi(w).
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Now we show that u* satisfies (1.1). Assumptions 1., I1., (2.8), Holder’s
inequality and Vitali’s theorem imply that for each veV

(2.9) tim [ fulx, o, - . ., Diitgyr, .. .) DPvilx =

j_’nﬂ tr
= f fulx, 0¥, ..., DA, . )Devdx.

Eg
Assumptions V., VII., (2.8), Soboiev’s imbedding theorem, Hélder’s inequa-
lity and Vitali’s theorem shows:

lim f gl Uy, ...,Dﬂu‘,j», o Dfdx = f Zlx, u*, ., Dt L DRy,
o)

ej”
(2.10)
Obviously
(2.11) tim [ F.Dwdx = [ FaDevdx.
j_'”ﬂa I i
1

Applying (2.1) to v, = V|e (€V,), ¢ = ¢}, by (2.9)—(2.11) we obtain
as f—+ e that u* satisfies (1.1).
If (1.1) may have at most one solution but (L, u, ) does not tend to the

unigue sulution i of (1.1) weakly in V or in the norm of W/(w) then by the
above argument it is easy to get a contradiction. Thus the proof of Theorem
3. is complete,

~,

§ 3. Existence of solutions of strongly nonlinear elliptic variational
inequalities

Assume that
a) V is a closed subspace of Wi({2) and K is a closed convex subset of

V such that 0K and for any ue K there exist constants ¢=0, ¢’>0 and a
sequence of functions w,€ K cL=(2) such that

3.1 (w;) converges to 1 weakly in V
and for [a| =!({=m— | is a fixed nonnegative integer)
(3.2) Dew, e L=(), | Dwy(x)] = ¢| D u(x)| +¢" a.e. in Q.

b) There exists pc Cz(R™) such that ¢{x) = 1 in a neighbourhood of 0
and v K implies that ¢ ,v€ K where ¢, is defined by ¢,(x) = (*/)).

¢) The functions f.: @X RN R satisfy the Carathéodory conditions.

d ) For any number ¢, >0 there is a number ¢, >0 such that

|ullf =¢,, u€ K implies

(3.3) [, . Doy, ) fedx e,

18 ANNALES — Sectio Mathematica — Tomus XXX,
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¢) There exist constants ¢;>0, ¢, =0, p,> 1 such that for all u¢ K

(3.4) > [fou, .., DR, )Doudxzculg —c,.

'g|=m

J) There exist a function »¢C;*(R") and a continuous function G =
= G(R, 2)=0 (defined for R>0, A=0) with the properties: for any fixed
R=0

(3.5) lim M2 g,

and u, ve K, Jujly =R, |vily =R imply
(3.6) 5 [ Uty oo, DRy )~ ful, vy o, DY, L)

la|=m )
(D —D“v)dx = = G(R: H(H — v)w"w:;lr—lm))'

g) Denote by M the number of multiindices « with |«]=m—1. Func-

tions p,, ra : QX RM + R satisfy the Carathéodory conditions and
fa = pu-{-?’a, |G(.| =l

ft) For almost all x¢ £, for all ne RM and jo| =!
(3.7) Palx, ME=0,
(3.8) [re(x, n)] = ha(X), where h € L) N LYQ).

i) There exist constants ¢,>0 and for all $=0 functions p} (€L}(Q)
such that
(3.9) | Pa(x, M| = P2 (X) + ca| m{¥

for almost all xe @2, for all 4 = (&, ..., &,...Y = {4 if |7|= s and
|&a] = s where " consists of those &, for which |y <m—7/,.

THEOREM 4. Assume that conditions a)—i) are fullfilled. Then for any
Fe V* there exists ue K such that

(3.10) {g“( o e D, 2 )ELHE)

gl -y tty oo, Druy DM LNR), (J] =0
and
(3.11) > [fdxu, .. D, XD — Doudx+

jal=m 5

+ 3 [alxu, ..., D, . YD —Dou)dx = (F, v—u)

lal=l g

Jorallve K satisfying Dove L~({) if |«| =L
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RemARK 1. In [6]—[8] there are formulated simple conditions which
imply a), d), ¢), f).

Further we suppose that conditions of Theorem 4. are satisfied. For any
ueK,veV let

(T, vy= X f]},(x, u, ..., D%, .. YDovdx
ﬂi:-f_-mg
then T(u)€ V*. For any number u=>0 let

(3-]2) oy = pa,p:‘l_rﬂj

where

LuPdX, m) if [ pulx, p)] =g,

(313) Paidm) =1, P ) otherwise
{Palx, ¥)|
and
if xe 0, |x| =
T hor
Since
(3.19) | 2alx, M)} = prdx) + hulx) € LYL)

thus equality
(8(u), v) = fog,,, Axou, o0, D, YDovdx, veV
[a| =15

defines a continuous linear functional S, (u) on V.
Similarly fo [3] it can be proved

Lemma 3. T+S8,: K~V* is a bounded (nonlinear) operator. T+S,
is pseudomonotone, i.e. if a sequence (u;) converges to u weakly in V; u;
ueK and

lim sup (T +8,)uy), ;—u)y=0

oo
then :
(TH+SHu)~(T+SHu weakly in V* and lim {(T+S.)up), u;—u) =0.
Further, T+ 8, is coercive (if K is not bounded), i.e.

(T + Sulu), w)

]l = [l

18%
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LEmma 4. Assume that (1) converges weakly to u in V; u;, ueK and
there is a constant ¢=>0 such that

(3.15) ,é;!g“'j(x’uf’""Dmf"")D“”idxéf‘
Then for all & with |«| ={
(3.16) gl -, 4, ..., DYy, . YDFuELNQ),
3.17 paleyu, .. D, )ELYQY,
further, there exists a subsequence (¢;,) of (u;) with the properties
(3.18) lim Dvy;, = D ae. in Q for [y|=m—1,

fon

(319) Elm Hgﬂ.j;,-(' 3 ”j_:‘-s .. ')Drujk: . ')_gu( UL .,Dyﬂ, v ')"L1(1’JR) =0
for arbitrary R=0.
Proor. Assumptions g), i) and (3.15) imply

(3.20) > fp”(:\ ooy Dy YDA

alﬂ

with some constant ¢’. Since (u,) —u weakly in V thas there is a subsequence

(u;,) with the property (3.18) (see e. g. [8]) and so by assumptions g), 1),
Fatou’s lemma, Holder’s inequality and (3.20) we have (3.16).

Since for arbitrary s=0
[P, m)| = sup pa(x, n)i+ | pa(xt, m)éal

thus by using assumptions { ), 1) and Sobelev's imbedding theorem we find
that for sufficiently large s=0

Ipal, u, ..., D7u, .. )| = p¥ {x)+c; .2 1iD"ulM—
(3.2 -{-i polx, u, ..., Dy, o YD
s

Combining this inequality with (3.16) and (3.8) we obtain (3.17).
Similarly to (3.21) it can be shown
(3.22) [Pa, 5y (%, iy s Dty o ) = pE LX)+l IZ Dy |P
i

ivl=m—

i
+_§_ Pa, i k%, Wy . DYy, L) Doy
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Since W7({2g) is compactly imbedded in W7 ~1(2p) thus there is a subse-
quence of (4,) (again denoted by (u;,)) which is convergent in Wi —1(Qg).
This implies that

Z |D?ijtp

r=Em—1

is equiintegrable in £2,. Further, for any e=0 let s = ¢’/e. Then from (3 20),
(3.22) it follows that for any measurable set E

S 1Py, Dty s [ pr el [ 5 (Drugfrdxre.
E E

E lvl=m—

Consequently, the sequence of functions on the left of (3.22) is equiintegrable
in £2p and thus Vitali’s convergence theorem, assumptions g), #1), (3.18) and
Lebesgue’s dominated convergence theorem imply (3.19).

THE pROOF OF THEOREM 4. By Lemma 3. and the known theory of
elliptic variational inequalities (see e.g. [9])} for any FeV™ there exists
u;€K such that

(3.23) {(T+S)(uy), v—uy=(F, v—u;)

helds for all ve K. Substitutinghere v = 0 (¢ K), by ¢}, g), f) we obtain that
|lzlly is bounded and because of boundedness of T we find that ||T(u,)||y.
is baunded too. Thus there are a subsequence (u;,) of (4;) and ueV, yev*
such that

(3.24) lim u;, = i weakly in V,

K v
(3.25) IEim T(u;,) = y weakly in V¥,
K is weakly closed thus ue K.
From (3.23) (choosing v = 0) it follows that
(3.26) (S, i) 5> ={F, u;, ) — (T(w;,), u;,) = const.

Consequently, Lemma 4. implies that u satisfies (3.10) and there is a subse-
quence (uy ) of (4;,) such that

(3.27) lim Dy, = Dvw ace. in Qfor |yl=m—1,
e o
iin‘l "g“;j'k('?uj'k! .- ‘rDij’kr .- ')_'gﬂ('iu: DR D}'U': ‘- ')"LI(QR) =0
(3.28)

for arbitrary R=0.
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According to (3.23)

(3'29) (T(uj’k)’ V- ll> - (T(erk), L _u) + <Sj'k(uf'k)} y— u.i"';;) = (F’ L’—Hj'k>

for all ve K. Choosing ve K such that Deve L=(Q) for |«|=! and v = 0 a.e.
out of a compact subset of £2, from (3.24}, (3.25), (3.28), (3.29) we obtain as

(3.30) {y, v—u)y— lilﬂ sup (T(up,), up, —t) +
+ f gulx, u, ..., Dou, o DRV dx —lim inf (S, (up), up,) =(F, v—u).
laj=t , o=

Hence by assumption &) (3.30) is true aise for all ve K with the property
DwveL=({) (o] ={). Indeed, let wcK an arbitrary function such that
Drw¢ L=(Q) if ja!=. Then by 6) pweK and (3.30) holds for v = ¢ w.

Since
lim gw = w weakly in V,
jr=
lim 8%(pw) = &°w a.e. in Q
]

and

51;13 9% W)~y < + ==

thus from Lebesgue’s dominated convergence theorem we obtain as j—» e
that (3.30) is valid for v = w, too.

Now, similarly to [3], Fateu’s lemma, Holder's inequality and Vitali’s
theorem imply

lim inf (Sp (), )= > fga(x, u,...,Dwu, .. YDrudx
L] laf=t b

and thus from (3.30) we obtain

(3.31) lim sap (T(up), up, — )y =(y—-F,v—u)+
koo

+ 2 fgn(x.u, e Dru, o WDy — DRy dx
Lo

'a=

for all veK satisfying Dove L=(Q) if |«|={. Substituting here v = w,, by
(3.1}, (3.2} and Lebesgue’s dominated convergence theorem we find (as » —+ <)

(3.32) lim sup (T(up,), up, —u)=0.
o
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Applying Lemma 3. to S, = 0 we find that T is pseudomonotone thus
(3.24), (3.25), (3.32) imply y = T(u),

lim {T'(uy,), uyr, —uy = 0.
f

Thus from (3.31) one obtains (3.11) which completes the proof of Theorem 4.

REMARK 2. By a similar method it can be shown that Thecrem 4. is
valid also in the case when instead of 4}, €), f) assumptions IL, II1., IV, of
§ 1. are safisfied.

§ 4. Approximation of solutions of variational inequalities

Now we formulate a theorem analogous to Theorem 3.

THEOREM 5. Assume that conditions a}—c}, 1L.—1V., g}—i) and (A)
are satisfied, Fo € LY, further foreach p=p,, L(K,)cK where K, = {t/o,:
ue K). Then for all p=p, there exists u,¢ K, such that

4.D ol -, U, - ., D7y, .. YELYQ,),
Gl ey oy DVt ) Doty €LHDQ,)
and
(4.2) 5 [ rdn vy, o, DRy, o (D= D) dx +

[a|sm9

+ 3 [ 8l tte - o, Doty .. YWD — Do) dx

IaIEIQ

S [ FdDv,— D dx

ﬂjfm 2,
Jor all v,e K, satisfying Dov e L=(£2,) if |o| =I.

Further, let [im 0; = + =, 0;= 0 and U, a solution of (4.1), (4.2) with

e = p; Then fhere is a subsequence (o)) of (e;)suchthat (Ly; uy ) converges
Weakly inV (and in the norm of W7~ w) for ¢ach Jixed bounded wcioa
solution u = u* of probiem (3.10), (3.11). If (3.10), (3.11) may have at most
one solution then aiso (Lo, u,;) converges weakly in 'V (and inWm=Yw)) to the

unigue selution u of (3.10), (3.11).
From assumptions V., ¢}, g), /) it follows
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LEmmA 5. For all p=p, ucV,

ffa(x u, ..., D, .. YDrudx+ Z’ fg.,(x u, ..., D, .. )Dfudx=

n!ﬁmg la}=1 Q

=cullf,— [ Kz(x)dX—[MZ_;{”haHL"(n)]||u||vp-

Set
X, n) if xe82,,
Lo, X, 1) = g(' ) if X€ 4,
0 if xe N\Q,.

LEmMA 6. Assume that (u;) contverges weakly to uin V, uj, ucK, limg;=
= + < and there exists a conctant ¢=0 such that

4.3) | fg.,,oj(;\ Uy ..., Dy . YD dx=c.

Then for all a with |«|={ (3.16), (3.17) holds and there is a subsequence
(uj,) of (u;) such that (3.18) and

N0 g g, oo thy oo DPty )= Bl -y D, - Hlisiagy = O
(4.4)
hold for arbitrary R>0.

(See the proof of Lemma 4.)
For any u, veV, p =g, let

(4.5) (T (1), v) = P f flx, 1, ..., Dy, .. ) DPvdx,

(4.6) (Sw), vy = 2 fgu(x u,...,Dm, .. yDwdx

—f)

Lemma 7. Suppose that (u;) converges to u weakly in V; u;, uek,
limp; = 4+, T, (u ;) converges toy weakly in V* and

jre

lim sup (To (1)), u;—uy=0.

jree

Then
y = T(u) and lim (T, (u)), u;—u) = 0.
j_’“’
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The proof of this lemma can be found in [10], see also theorem 1. of [2].

THE PROOF OF THEOREM 5. By assumptions (A), a) V, is a closed linear
subspace of Wm(Q,) and K, is a closed convex subset of V,, 0¢K,. Further,
from a) it follows that for each u,¢ K, there exists a sequence of functions
Wy, o€ K,NL=(Q,) such that {(w, ,)--u, weakly in V,, Dw, ,€L=(Q,) for
l«| =1! and

1 Dow,, (x)| = c|DPuyx)| +¢" a.e. Q.
Thus by Theorem 4. there exisis a solution u,€ K, of (4.1}, (4.2).
jo=

Now, let lim p; = 4o, p;=0 and 1, a solution of (4.1}, (4.2) with

¢ = ¢- By Lemma 5.

et - | Kox—{ 3 |1ha||Lam>]1|u,,.||v,,j~=f
2 o=

1A

[ EDugyaxs 3 |Fdusaltily, -

lal=m 2, la]=m

Thus |, Jly, is bounded, (A) implies that L, 1,,€K is bounded in V and
so by ¢), I].J'In'”gj(JL@JF itp;) is bounded in V*. Consequently, there exist a sub-
sequence (gj) of (), u*€V, ye V* such that

4.7) lim Ly uy; = u* weakly in V,

Jor

(4.8) lim Ty (Lylty;) = y weakly in V*,

J-

K is weakly closed thus a¥¢ K.
Further, from (4.2) (choosing v = 0} it follows
(4'9) (Se’;(uef)’ Haj’> = <F! ue;') - (Taf(Lpfuej’)r Lo’juof) =
= :uém” Fﬂ”jﬂ(ﬂ)””tf}" ng' + ”T{-‘J’(L{-‘j'ul?j')nV-"Ll?j’uaj'"'u"

The right of this inequality is bounded thus by (4.6) Lemma 6. shows that
u = u* satisfies (3.10) and there is a subsequence (p7') of (7) such that

(4.10) Km DAL, it ) = D7u* a.e. in Qor {y| = — 1
jeoe
and for arbitrary R=0
fim ilg.,,[,ju( Sl - Dmaj», o) =g uk L, DreE, L loen = 0.

Jeeo

(4.11)
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According to (4.2)
(4.12) (Topl Loyt v =) ~(ToplLyprtty ), Lo ity — %) +

+ 2 f a0, Ugpes o oy DV, . YD = Doty ) dx =

el

> [ Fubw—Douypydx

rﬂrsm .Q "

for all ve K with D€ L=() (if || ={). Choosing v K such that Dove L=(2)
for |x|=! and v = 0 a.e. out of a compact subset of £, from (4.7), (4.8),
{(4.11), (4.12) we obtain as j e

(4.13) yyv—u*) - liﬂ} SUp (T (Lo it ), Lo ther; — %) +

+ 2 fgq(x u*, ..., Dwu* L )Drvdx—

le| =t 7y

— lim inf (Sy (AL pity ), Lo prtty ) = (F, v —t1*).
j+oa

Hence by &) (4.13} is true for all ve K with the property DveL=(£2)
([=l=1).

By using g), ), Fatow’s lemma, Holder’s inequality and (4.9), (4.10) it
is easy to show

i i0f (S, Lty ), Loty = 3 [ adx,u, ..., Do, . ) Douax.

o al=l g

Therefore from (4.13) we obtain

(4.14)  fimsup (T, ALgftogr)y Lopity g —u*y = (y—F, v—u¥) +

jroo

+ 2 f gx, u*, .., Dru*, YD — DRu*)dx

ba’=f

for all ve K satisfying Deove L=(€) if |«|={ Substituting here v = w,, by
(3.1), (3.2) and Lebesgue’s dominated convergence theorem we find

lim sup (T ity )y Lo ptty ity — ) = 0.

jr

Consequently, (4.7), (4.8) and Lemma 7. imply that y = T(u*),
(4.15) lim (T,, (L il ), ofrllop - U¥*) = 0.

Jrwo

Thus from (4.14) one obtains that u = ©* satisfies (3.11).
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If the solution u of (3.10), (3.11) is unique but (L,; u,;} does not con-
verge weakly to i then there would be a subsequence (p;,) of (g;) suclt that
(Lejy, Uq,) converges weakly to another solution i, # u of (3.10), (3.11) which
is impossible. The proof of Theorem 5. is complete.
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Levma 16, Let G be a finite group, A a cyclical nermal subgroup in
G. I G/H is supersolvable, so is G,

LEmMa 17. Let & be a finite group, p a prime in 2(G). Then for the
existence of a normal p-complement in 1 the fulfillment of the condition
(p. )1 G for every ¢-<p i a{(G7) is necessary and sufficient.

Lemama 18, Let G be a finite group, p and ¢=p given primes. Let
he a solvable norinal subgroup in G. If (p, )5G holds, then (p,g)3G/H
follows.!

Lemya 19, Doerk. Let G be a finite one-step nonsupersolvable group.®
Then 2(G) contains at most three different primes. G has exactly one
Sylow subgroup, which is normal in G. See Dogkk }2].

TueorEM 1. Lef (G be a finite group. G is nilpetent {ff (p, ¢)2 G holds for
crery chaice of the prine-pair p, g=p
Proor. Clear. |

Tueoresm 2, Lef G be a fintite aroup. €i. is nilpolent iff there are nilpoleni
subgroups H and ICin G safisfying

1. H is o ~-Hall subsroup in (G,
2K is a «’-Hall subgroup in G,
3.(p, )= G and (g, p)i G hold for every choice of pea(H)Y and q€=2(K).

Proor. Use Lemima 1 and the preceding theoreni. |

Tucorem 3. Let G be ¢ finite group. G is nilpofent iff (p, ¢)< G for all
such pairs that pis a prime dividing |G’|, and ¢ = p Is a prime dividing |G].

Proor. We use iitduction on the order of G. Let /4 be a proper sub-
group in G. H” =G’ holds, so by the choice of G, H is nilpotent. The proper
subgroups of G are all nilpotent, therefore G is either nilpotent, or a finite
groun satisfying the conditions of Definition 1. In the sccond case G is
either a {p, ¢)-group or a (g, p)-group. If G is a (p, g)-group, G"=P holds,
where Pisa p-Sviow subgroup in 2. So we get pe (') and ¢<x(G) and this
contradicts to the assumption of the theorem. In the case G is a (g, p)-
group we get a contradiction in a similar way. |

Theorem 4. Lef G be a finite proup, H @ nilpotent subsroup tn G wilh
VG = pt, a= 1, where p stands for a prime. Suppose {p, §)3 G and
(4, I (‘ hold for crery prime ¢ #p, dividing the order of G. Then G is nil-
pofer.

Proor, By induction on [G]. G is solvable by Lemma 2. Let M be a
maximal subgroup of G, Then |G : Mf g%, by Lemma 3. There are two
Cases:

. ¢ # p. In this case by Lemma 4. G = MH. From this we get
Wi H| = |M:MNH| = p* So M-in place of G-satisfies the conditions
of the theorem. Put MNH in the place of H, and notice that (p, )4 M

! Leminas 17 and 15 are due to Professor K. A. CORRADI,
* We call a finite nan-supersoivable group ang-step non supersolvahle if all proper
sithgroups of it are supersolvable.
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and (g, p)¢M hold for every prime g7 p dividing the order of M. Se by
the induction A is nilpotent.

2. g=p. i) First subcase. H is a p’-Hall subgroup in (. In this case
by Lemma 13 M contains a suitable conjugate of H. We may suppose
H=M holds. So |M; H| = p¢, and again (p, )¢ M and {q, p)iM hold
for every ¢ = p. So as before M is nilpotent.

ii) A is not a p’-Hall in G. H contains a p’-Hall subgroup H* of G by
Lentma 13. Then repeating the argument of i) for H* and M in the place
of H and M, the nilpotency of M follows.

So the maximal subgroups of G are all nitpotent. Therefore  is either
nilpotent, or is one-step nonnilpotent.” In the first case the assertion
holds. In the second by p||G| G is either a (p, g)-group or & (g, p}-group
for some prime ¢ = p. Both contradict the conditions (p, ¢)¢ G and (¢, p)1 G. |

THeoreMm 5. Let G be a finite group. Denote by q a fixed prine with
gt |G'|. Suppose that G has a nilpotent ¢-Sylow complement. Suppose further
that (p, §)4 G holds for alt p||G’|. Then G is nilpoten.

Proor. We give only an outline of the proof. By Lemma 2 G is
solvable. Using Lemma 13 one obtains that G has a normal g-complement
Q, with ¢"=Q. From this easily follows that G does not coittain a onestep
non-nilpetent group. So it must be nilpotent. |

THEOREM 6. Lef G be a finite group, H a nilpotent maximal subgroup
of G, K a selvable subgroup of G. Suppose that (|G : H|, |G : K|) = 1 holds.
Suppose further that (p, ¢4 G holds for all pair of primes p and g with
PUG K and g||G : H). Then G is solvabie.

Proor. By induction on |G]. Obviously we may suppose that H =0 =
= K. Supposc first, that =(H) contains a prime p for which the p-Sylow
def

subgroup £ in H is normal in G. Consider G = G/P. By Lenima 18 we de-
duce that (p, ¢)4G holds for every pair p, g(>p) with p||G: K| and
g||G : H|. Here we set

def et

H = H|P, K = KPJP.

Now |G : K|||G: K| and |G : H| = |G: H| holds, so by (|G : H|, [G: K[)}=
=1 we deduce that (1G: H|, |G : K[} =1 holds. So by induction G is
solvable. P as a p-group is selvable self, Therefore G is solvable in this case.
So we may suppose that No(P) = H for each Sylow subgoup P of /1.
From this it follows, that # is a Hall subgroup in G. There are two cascs.
1. H is not a Sylow subgroup in G. In this case by Lemma 3 there is
a normal subgroup K, in G with G = HK;and HN K, = E.
So by Lemma 6, Lemma | and Lemma 7 one may deduce that the

* We call a finite non-nilpoteni group onc-step non-nitpotent, if all proper sub-
groups of it are nilpotent.
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Sylow subgroupsof K,are normal in G, s0 K, is niipotent. Now GfK,, = H -1
So K, and H being nilpotent, the solvability of G follows again.

2. H is a p-Sylow subgroup in G. In this.case it follows that (p, 4)4G
holds for all g p. So G has a normal p-compiement by Lemma 17. Let it
be Ky Then K, is nilpotent as in the previous case. So again the solvability
of G follows. |

THEOREM 7. Lef G be q finite group, H and K nilpotent subgroups in
G with (|G: H|, |G : K) = 1. Suppose that for all pair (p, q) and (q, p)
with p||G - H| and ¢}|G : K|, (p, )4 G and (g, p)§G hold. Then G is nil-
poient.

Proor. Let & be a minimal counter-example. We subdivide the proof
in two parts. First we show, there are maximal nilpotent subgroups L
and M in G with H=L and K=M. Then in the second we prove that
all the maximal subgroups of Garc nilpotent. From the latter we will de-
duce a contradiction.

1. It A and K are both maximal in G, we are ready. Suppose H is
not maximal in G. Let L be any maximal subgroup in G containing H.
By (|G: H|, |G:K|)=1 it follows G = HK. (See lemma 4.) From
this G = LK follows. So [G: K| = |[L : LNK]|. Now L has the nilpotent
subgroups A and LN K, with (|L : H|, |L : LNK|} = 1. As is easily seen
the condition (p, )4 L and (g, p)¢ L arc inherited. So L is nilpotent by the
choice of G. So the first stage is reached.

2. Let now U be an arbitrary maximal subgroup in G . If U is conju-
gate either to L or to M so U is nilpotent by the 1. step. If not, so by Lem-
ma 11 G=UL and G=UM hold simultancously. From these

(%) 1G: Ll = |U:UNL|,
|G: M| = |[U:UNM|

follow. Using |G : L|||G: H|, |G : M|||G: K} and (|G : H], |G: K[} =1,
it fellows that UNJL and UNM are nilpotent subgroups in U with
(lJU:-UNL|, U UNMj)= 1L
New (p, g} ¢ G was assumed for every pair (p, ¢) with p|jG: H|
and ¢1|G : K| By (*) we get that (p, ¢)4 U/ holds for those pairs (g, ¢) for
which p||U : UNL] and ¢||U : N M| hold. The same assertion may be
made for the pairs (¢, p) satisfying the same conditions. So again by the
choice of G the nilpotency of U follows. Se an arbitrary maximal sub-
group of G is nilpotent. So the second stage is reached.
" We deduce now the contradiction. By the second stage of the proof
G is either nilpotent, or a one-step non-nilpotent group. The first is im-
possible by the choice of G. The second one means that G is a (p, §)-group
for suitable primes p and ¢ p. Now the subgroups A and K in G must be
Sylow-subgroups. Say ff is a p-Sylow, K is a ¢-Sylow in G. But then

1 For the selvahility of K, another possibility te observe that |Kj|1K]|, &, is a
normal Hall subgroup in @, and so we deduce that K= K, so K; must be solvable.
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G Hl = [K|, 1G: K] = |H|. so (p, )TG and (g, p)2G by the assuinp-
tion. This is a contradiction. |

THEOREM 8. Let (F be a finife group, H and K maximal subgroups in
(. Suppose H is nitpotent, K is supersolvable. Suppose further Hal (G : H|,
|G K{)y=1holds. If (p, )1G and (g, py4 G hold for every pair of primes
poand g=p with pl\G : Hi and {16 K{, then G is supersolvabie.

Proor. G is solvable by Theorem 6. Suppose [7(G)| = n.

1f 71=2 tiolds, the nilpotency of G follows. So G is supersolvable it
=2 holds. Suppose, n#=3. By the solvability of G, |G : H| = p* and
|G . K| = ¢° hold with primes p and g==p, using (|G : H|, |G : Kj) =1
del
Let o, == {p, ¢} By Lemmas 13 and 17 we deduce that there is a nilpotent
a,-Hall subgroup L in 7. Now we have

OG=HK =HL = KL.

So A and L beiug nilpotent, and K supersolvable, py Lenuna 8 the super-
solvability of G follows. |

Tueowvem Y. Lef G be a finite group, H and K-Hall subgroups in €.
Suppaese that H is nilpetent and thet K Is supersolvable. anpme Jurther,
that (G H| = p and |G K| = ¢ hold, where p oand g=p are primes.
Thent G is supersolvable.

Proor. We use induction on [{Fi. (7 is solvable by L.emma 1), Let
M, conjugate neither to H nor to K, be a maximal subgroup in . By
Lemma 11 we deduce |G Hj = |M: MNH!, G K] = | M MOYK,.
Tien Af satisfies the conditions of the theorem and hence s supersolvable.
So either G is supersoivable or one-step non-supersolvable. We need only
cousider the second case. By Lemma 19 [2(G)] = 3. It [2(G5)1 =2, then
[G] = pqg holds by the assumplions of the theorem. So Gis supersolvable
in  this case. In fhe remaining case |G = pgre holds. llere we
iy suppose  that ¢ = 2, otherwise the supersolvability of G follows.
Now by Lemma 19 it follows that € has a single normal Sylow-subgronp.
Let P, &, R be p-, g-, F-Sylow suberoups in &, respectively. 1f 2 < G
hotds, then by Lemuma 7 there is a subgroup ff in G with

11 is a proper-subgroup of G. So H is supersobvable, P <G amd 'Pl=p,
so P is cyclical. So the supersolvability of G follows. The case is similar if
@ <0G holds, So we may suppose that £ <36 holds. R is the Fitting subgroup
of Gus |G| = pgre and 0 has aunique normal Sylow subgroup. S0 C(R) = R
holds, by the ‘:'\l\’dhlhty of . On the othier hand by the asswption
VG HD = pand (G = gt fellovs ihat R H O K or more entinletely
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R = HNK. But one of M and K is nilpotent. Sauppose {1 is ni'potent. Then
taking a conjugate of 1 if necessary we get
H=RxQ,
so @=C,(R). This is a contradiction. So the thearein is proved. |
Tucores M. Let G be a finife sroup. Denote by W fae s2f defined by
N = {HjH =G for which from H =M =G it follows tial M is max. in G}
Stippose that for H W H < holds. Then (1 s supersaivabie.
Proor. Let A be an arbitrary subgroup in 7, and
A=< B=0G
be a maxiinal chain. Then Az%. Let as suppose the contrary. Clinose
mnaxinal chain
(1 A=Ay = A= .. A, =G

with the maximal possible Tength. Here & = 3 by the indiceet assuanpiion.
Take A, 5. Then

Ay Ay
and A,_, < by the assumpiinng on the lerigth of (1). Now we lave
) A« B =G,
(3) A=A = 0
el

Consider “A,_,, By = G*. G¥ = G bhecavse £ is maximal in 4 masinal
in B, A,_,contains A properly and finally #i,_, is not maximal in 4.

G = Ay, B, A_,<G.
Su

(—I-) G}"‘ﬁ Fl sz [)’f ,’3 q 4"‘;“_2 .

Now by (2} and (3} A-=BN0 A, and here the sign of egualify hwolds
hecause of the max. of A in B Then by (4)

(5) G A, Ll =[B:A].

Oun the other-hand A, _,< G.so A = A, _,YB<CB By (3) '8 Al isnot
a prime, on the other hand using A< B and the maximuaiity of A in B
it follows that |8 : Al must be a prime. The contradiction finisies the
proof of the assertioin. Froin this point the proof runs as follows, Let W
be an arbitrary maximal subgroup of G. Let L be a given maximal sub-
group in .M. Then by the previous argument L2, and so L <G, Therefore
L < M holds for every maximal subgroup L of M. So M isnilpotent by Leni-
ma 15. We get that & hias the property that all its maxtmal subgroups are
nilpotent. So (7 is cither nilpotent, or is a (7, g)-group.
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Suppose, that G is a (p, ¢)-group. 1f for all H¢A A is a p-group, then
take a g-Sylow subgroup @ in G. If @ is not maximal in &, then we get
a contradiction. The same idea shows, that @ must be maximal, and || =
must hold.

Now take a B = P, where P is the p-Sylow subgroup in G, with
'P:P| = p. Then P ¥ holds, so P G follows by the assumption. So
it B = E, then B, @ is a proper-subgroup in G. So B @ = £ xQ by the choice
of G. If P contains only one maximal subgroup £, then P is cyclical. But
then P and @ both are cyclical, so G is supersolvabic. On the other hand,
if there is a maximal subgroup £, = P, in P, then by repeating the argu-
ment used before B,Q = BXQ holds. So PJ,P,, = C,;{Q), and so Q =
Z{G). Hence Q< G. But PG and Q <G give that G=PXxQ, which is a
contradiction,.

So we may assume that there is an H €U which is not a p-group. H
is a proper subgroup of G, so H is nilpotent. Denote by L the ¢-Sylow
subgroup of H. L=E as H is not a p-group. L char ff by the nilpotency
of H. 11 QG holds by 1<%, So L<iG. But L lics ina ¢-Sylow subgroup
in G, so L is cyclical. Consider now

def

= G/L .

il

Then ¢ inherits the properties of G hy (he isomorphy-theorem. So G is
superselvable by induetion. L is cyclical, L 21@; so the supersolvability
of G follows. |

DeriNition. Let G be a finite group, denote by p,<=py,=...=p,
the distinct prime divisors of |G|. Let = = (q,, .. ., g,) be a given permuta-
tion of the primes py, ..., p,. The chain

(,\) G:G(,:}Gl:},,_:>Gm:E,

where I denotes the identity subgroup of G, will be called a designated
chain belonging to the permutation = if there are uniquelly determined
natural numbers by, O=j=r—1 with the properties

|GGy =q; i by =i=b;5,~1

where b,=1and b,=m hold. If the designated chain ( x ) belonging to the
permutation v is a composition sertes of (G, so (x) will be called a designat-
ed composition series of G beionging to t]le permutation st

Tveorem §1. Let G be a finite group. In the noiations of the Definition
fef ry=(py, ..., p,). Suppose that G has a designoted chain belonging to the
permutation = and one belonging fo the permuiation ==, Then if U is a
(p, @y-group in G, so p=1(q) holds. In particular G has a designated composi-
tion serics belonging to the permultation «,.

Proor. Let
G=A,= 4 >...> A, =
and
G=8B,=B,=...>=8B,=E
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be the two designated chains of G belonging to the permutations r and =71,
respectively. Then in the case (|G : A}, |G : B;]) = | we have

|G: AN B =1]G: Al G BI
from which we deduce thdt

|G B =]A A N B

So in the case (jG : A,|, |G : B}]) = 1, define A} by
def

Af=ANB,_, j=1,....

Then if = = (g - - -, ¢,) holds, the last group in the series AT, A%, ... is
a g;-Sylow subgroup of A,. So we may complete this clrain by taking a com-
position series in the ¢,-Sylow subgroup mentioned. So in A,

A=Ay ...>A,=E
T::-A;::—__.::—A;«;:E

will be two designated chains, belonging to two permutations, which are
the inverse of each-other.

So by induction we may suppose that, A, has such (p, q)-groups U
only, for which p= 1(g) helds, and that has the compositioi series mentien-
ed in the Theorem. The same assumiptions may be made on B. So we ob-
tain in particudar that A, and B, are solvable, and

|G: A =¢,, |G:B]=g,

hold, where ¢, and g, = g,, are primes. So by Lemma 10, G is solvable.

Suppose tow that U is a (p, g)-group in G with p=2 l(q) We have to
deal with two cases separately.

1. U= By the definition of U, we have U, < . Suppose that there is
a subgroup V in G with WGV =p. Let U, be a ¢-Sylow subgroup of G
in V. U< G, and V being vilpotent, we get that Ng(U,) = V. So by
Sylow’s thcmem |G Ng(Up)! = p = 1(g) which is 4 contmdlctlon

2. U= G Let M be a maximal subgroup of G with U=M. AT and A,
are not conjugate in G. Namely A, does not contuin a conjugate of U, The
same holds for tie pair M and B,. Su by Lemma 11

G=MA, and G = MB,.
Using these relations
|G: Ay = |[M:MN Ay,
|G: B = [M:MN By.
1t follows that MM A, and M N B| are maximal subgroups of M with the
following properties U MN A, U MN B,
(M:MNO A= g,

(%)
IM:-MN By =1,.



124 M. ASAAD.

So by (.« %) we deduee that U =M. Repeat the arguinent under 1. Now
we get the quadruplet M, M A, WD B, U instead of the quadruplet
7, Ay, By, U having tie same properties, but M = ;. The repetition of
the argument many tiumes eaough leads to a contradiction. Bethink
contains the primes ¢, and g.==¢, on a well defined finite power.

Su fora (p, g)-group U in G p=1{g) holds. This means that (p, ¢) . GG
hoids, for any prime pair p, ¢ with p=y4. So by Corrapt’s thearem?® tie
existence of the designated comiposition series belonging to the permutation
=, Toliows. This completes the proof.

The Theorem has a consequence, which is interesting in itsclf.

TreowrEM 12, Lef €5 be a finile sroup. T the nolations of the Definition
et
o L(p)

Jor any pair 1sl-«l-=r. Suppese that G has a destgnaied chain beloaving to
the pernnifation x und one bafoneing fo the permutation =1 Then € is nil-
paotent.

Proor. By the Theoremy for any prine pair p, g=p with p = I(y),
(9, ¢):G holds. By the assumption for p, ¢ with p=1(g), pg! |G} holds.
S G does nat contain a (p, g)-group at ail. 8o G is nilpotent. |
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To psd (1) cXoATTCa ROUTI! BCIOY 114 € s Beex X2

Yto KacaeTes oy MMUNYeMOCTH PsI08 (I). TG 3NeCh ML, HARPHMED,
peavaprar AJLKCHUA i HEAaPMa [1]
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Teopema C. Ecan yurunn Jledera ciictesmsl ¢ metoaa C!

n

]
2, r)—f ;’[i——?%]mrm(r)'dr

1Ha OTPE3KE € YAOBAETBOPHIOT ¥YCIA0BHIO
(4) Lo (CL) = 0(),

To psi (1) noutn Beloay Ha ¢ sisnsieTess Cl-CymMmupyeseld 115 Beex X2
B pabore {] arTop Hawed KNACC METOAOR CYMMHPOBAILIS, BIKIOYa-
01k, Hanpumep, merod Cl, KA KOTOPOTD HMEET MECTC adHadorHuloe K
Teopeme € yTeeprACHNKC,
Teopema D. Ilycre Tpeyronsian HopManbHaa Matpuua A=(zx,,) 11
npeodpa3oBaHKg paRAA B N0CeI0BATEABHOCTL YI0BIETBODSET CIEAVIOUUTM
YCIOBHAM

(5) 1% 3 lima,,,
n
f Pl
_Z su I Z ik "xpk ?’.‘.S =M ?
= pa; [k:s |

rie () = A~ Ecan dvHicges JleGera cucrevst ¢ Metoda A
(6) £,(A0 = f 2 @00 dr

NOUTIN BCIOAY 11a ¢ B'IL(JB,'ICTBU}'J}[I)T YC.’]UBHiO
Lo (A0 = 0,(1),

To psid (1) ABnAcTen 37151 Beex X< 12 MOUTH BCI0AY 1A € A-CYMMHPYEMbIM,
C apyroii cropensl. MOPMLL 1 TAHOOPK B padote |3] veraHos i
CAPaBEIMBOCTD CHACAYIOWEWY YTBEP KACIIIN.
Teopeya E. CyiuecTryior Taxkue opTOHOPMANLIAS cHcTeMa GysKIQHI
¢ ua e, X, €% 4 peryaapublii Metog cyyuripopanus A, uro pyuruin Jlzdera
(6) na ¢ yaoRneTRopsoT YCI0BIO

Lu(A D) = 0Q),

(1o g (1) 235 X, € {7 11e SIBISIETCS MOUTH BCIO/Y 114 € A-CYa(pyeMsbii,

Teopema E mokazmpaer, uto reopemy D neanas pacnpocrTpadiiTh #a
BCE [eTYIAPHEIE METOIbl CYMWIpPOBAMA AaWXK: B CiIy4ae, KOTLA ¢ OpTO-
nopyabias cucrema GyHruis. [loaroMy He BeanlHTEDECHD TII1VE'ITH
YCI0BNUC, TaPQITIPYIOEE CYMMARYEMOCTE psasa (1) 475 Beex X£{7 noury
BCHKIY Ha € 1aA Oonee UrpoIKord Kilacta MeTeACE CyMMMDoIBaiws, YeM B
teopese . B nactostiuell 3aveTie Ml YACTIUHO PEWIAEN NOSILTIIC0 PO~
H1emMy, A0KA3AD CAEAVIOWEE YTREPHARHIE,
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TEQPEMA 1. flas moeeo, umolst RocAe0086MeABHOC D
*n
(7) Gy, (x.00=2 % i Sk Pr {f)
k=0

0as 8cex XE {2 cxo0uAQcy oYMy o0y Ha e, 20e aemod A ydosaemsopaent
yeaosuw (5), Heobxo0umoe U docmamodno, 4mobst 048 Kayc0oz0 n=>0 Hawaucs
uzsepumoe nodmuoncecmse T,Ce ¢ mes T,=b—a—n u nocmosnuoe R,>0
maKue, 4mMo PAsHOMEPHO 044 8Cex no&pa.%de;zenuu My = (M} wwio-
stcecmga T, HG npoussorbHoe HUCA0 M+ | usMEPUMSIX 1 Henepecek Mo Ixcs
yacmetl uie.10 Mecio HepaseHcigo

b b
m . m y vi{n, p) i
= f 5 ) 3 amp (V) 3 e i () () dudvi= R,
n=0 p=0 k=0 . [
a a

200 ymn — Xapaxmepucmuueckan Pyunyus sionuciemea Wh,, a v (n, p) =
= Min (1, ¥,).

Wa reopemst | ipH «,,. = | noavuaeu

CNEACTBUE 1, Ias Toro, utofpl MoC/Hel0BATENbLILOCTL S, (x, 1) oyt
BCIOAY HA &€ Ans BcexX X&/? ¢xogunach, HeoBXoAUMO It JOCTATOMHO BLIMTON-
HEHHE CAEAVIOUETO YCA0BUA

{8) ‘f Z Yimn (1) 2’ /mp(v) Z gy (1) @ (v)dumr =R,,

rie o6o3HayeHAB B3ATHI H3 Teopembl 1.

OTMETHM, YTO TIPH ¥, = 1 PABHOCHABNYIO K YCI0BMIO (B) vesosue s
CXOJUMOCTH MOYTH BCIOAY TPHTOHOMEPHYCCIKHN PHAOBR PYpbe PyHIIN
f€ L2 nawien 3JUrMYHI (cm., nanpumep, [7], etp. 166.).

TaK Kak npu HHTErPHPYEMBIX (PYHIUMH g 11Mecy, uToe

Loy .
| A | 2 samn (12) f sup 3t i o 1 (1) 7 (1) i! dvdu,
="|k=0

TO TIPH 1OMOLM NeMmbl 3 M3 [D] Mbt ¥3 Teopembl | Buigogiy ev:
CIEAOCTBUE 2. Ecid NOUTH BCH1Y HA ¢

b

[xup
p=n

ia

> e g Lrge T (1) P ( v)‘dv =0,(1),

k=D

M METOL A YAOBNCTBODPSAET ycnoBuio (5), To MOCIEA0BATEMbIICTS (7) CXO-
IMTCR MOUTH BCIOAY na ¢ ANA BeeX X€[%
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M3 ¢rrezerist 2 BUWTEKAET, 4TO eco onpelesinTs pyurinn Jledera
CHOTEML ¢ MOTO,T4 A [P aBCHCTRGM

b

. ] !

La(AY) = [SUI" et () 7 ) dr.
Jopen e :

o

TO P GLHETY LT HOUTH BT He ¢ YE10R1TH

£ (A = 0,1,

o (1) Jcms eex X£8F GVIeT A-eYMMNIPYCMLIDE N0UTY BCOY HA ¢,
Oueni 140, YTO CCTH MeTo L A WIOBICTBopsieT yeaasimsiv 17 1 2° teo-
pess O, 10

sup £, (A ) = Msup £,(A, ).

Uz P TE LI HEDABCHCTEA SAWOVACM, ITO TEO])E.\I{I D I, CIelosa-
TRy, TC8T M C BIATEIA T 12 CAC TR 2. ](|)()_\IC TOUO, Tl Kdk 47TH
MeTo1a exod Mot

LAy = £, (B 1),

TO N3 COIEICTBIL 2 LLITCHA™MT CHIC TCaPEMLI An B.

§ 2. JoxasatenbCTRO TEOpeMnt |

AT 0KAZATCILCT TEOPeMbl | Had nysist CIe Y 0INIe olpeleens
U opeavasiarte 113 (2, 4, 3, 6],

Ueres Al mi onu3iauacy [F-NpocTpancTso peex navepiyuix no Jle-
Guery na ¢, Kepesnnx nouwrn peesy pynknuil, cae F-opaa v vHRIm
VEUV, O eaesenra raBencTRos

vo=if(xrwmesff € e () = 2.
220

Onir, JUIHHME T Onepatop § ea 20 M nazuisactes nauimmeiine.,
cedn st N Oplx e i pailieres arnellnmit onepatop T, n3 2 s M, raxoft,
HTO DBIHOTHCHEL YC0B151

L T = ()
2 TGO = ()

A O3B0 LEGT0 VP TOYTH BCIOLY Tl &,

B efore M) porazmsaetes, 410 Kaxamil nagmimeiiunit onepatop
ARIHETCN Cy G iy oncparopoy.

OLPCALIL R 20 MEOCeTRO 13MePHMbIX (PYHEIIN Q nagbipacTes
OUpaTIEnnBY A0 MEpe, ¢ TS 00010 o> 0 cVILeCTRYET HOCTOAHIIAS)
R. =0 Takas, Wre A7 Beex v2Q

mes{fcetiv()i=R) =e.
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ONPEAEJIEHME 3. Hagaurefineit oweparop { 13 2 8 M, nasunaercs
oTpaniueHITEIN, ecat annodectso Q = {f(x) 1 X =1} ssagerea orpaun-
UentbN 110 nepe,

B padote [4] (cx. crp. 137.) 20KE3BIBACTES B YACTHOCTI CACTYH0LLZE
YTREpenie.

JIEMMA 1. Ecan f — orpawaennsii najuniciineil omepatop n3 I i
M., To ams kayporo =0 nafiieres TaKne N3MEPHMOC NGAMIOAKECTBO
T,cecmes T,=b—a—yn nocrosinan R, >0, uTo nepasrucTio

I Hld =R,

Ty

CHPARLIIRG 151 Beex XE/7

Otvernm, uTn 88Uy TOrG, UTo Jexva 1 gorassisacres & [4] Toabke b
cnvyae mepn Jledera, el 0oL B Teopexie | TOMC  OTpaiim'nBaTLES
mepoii fledera, o to Bpessi Kak seopembl A 11 C Joxasanu & | 1] st ipona-
BOALHON Koneunoll moA0KHTELII0I Mepbl.

B padote [4] aoxazusaeTcs Tarske, uTo ccid psia (1) noutn neioy Ha
¢ CXOAMTCS LT BCEX XEL%, TO sup [, (X, f)] ABAALTES orpaniyentiply nai-

n

Aiefigpin oneparopon 13 2 B M. Haw jxe 11ae 1as (cneansoBanus re-
MB | HORE34TL, UTO eci T0CIe10BaTeIbHOCTL (T) CXOJIUTCH NIUTH BCIOAY
1a ¢ st peex XE[£2, To oneparop f ns 2 M, onpeacienmnii pasencrson

(9} fl.t) = sup [ov, (5, DI,

SIBISICTCH  OFPAHIMNEHHBIM  HZUNIHelibM  oneparopms.  Hazanaeiinocr,
OUEPATOPA f MOYKNO0 A0KA3dThH TOUN0 Tak, Kak B c1athe |4] (e crp. 136.).
UTe acaercsl o orpaiiiueHiioetil, TO 9T0 MOYKIIG 0KA34Th MPH TIOMO LY
APHULIIAA paRHGCTeIC Nl gelpepeisnocT, chopuy nipokannmil, nanpy-
Mep, B Ruime f2] (em. sexiay 13, ¢rp. 33.) B HACTHOCTH CACIYIOUGIM 0Gpazoa.

JIEMMA 2. TTverb nenpepblBHLIC oniepaTopbl f,. n3 2 13 A, viioniieTRops-
10T VCIOBHSIN

19 fulx41) = ™) + fa() .
25 G = A ()

B

Ecan st kaskaelx Xe? smosxectro {f,(X)} orpannueno 1 M, (T.e.
pasuoxepno no m lim 3f, (x) = 0}, To papnouepuo oTHOCITENLIY
$-0

l

limf,(x)=0.
x—0
Ha camom jete, onpeaeisst onepaTopnl f,, npu NuMOILH PABENCTBA

o (5, 1) = max fo, (0]

M =afH

9 ANNALES = Sectie Mathematica = Tomus X V1.
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nonyuaeMm B cHAY Cpoiicte F-zopmsel, uTe vcaorust 1911 2° nemyel 2 poi-
moauensl. Kpome T0ro, U3 CXOAMMOCTH NOCTEAOBATEILHOCTH (7) DOYTH
BCIOIY Ha e [UIS BCeX XE /2 BbITeKaeT, uTo

(1) =sup o, (X, )] <

[HOYTH RBCEAY HA € 118 BCeX XEI® M, claepoBaTe.iblio, NMOUTH BCIOAY A €

Aas Beex X< nmeenm, uto lim Sf{x,H) =0,
#-0

TaK KaK NOUTH BCIOIY Ha € 1719 BeeX xe 2 0=/ (x, §) = [ {x,f), TOo noyru

BCIOAY Nla € A71a BCEX XE{* panomepHo no nr tim 3f, (x, ) = 0.
f—0

CregopaTenbiio, pagHomepno no i hm 2f, (X) =0 B npoctpancrae
A0

M,, T.e. MEOKECTBO {f,, (X)} orpaunnueso B M, 1as raxoro X2 Mo qex-
Me 2 WMeeM Tenepb, YTo HaliAceTes Takas nocrosiHas R=0, 4yTo 119 Beex
Xeft ¢ 1x =1 BeIMONIEHO HEPABEHCTBO

(10) ()] =R.

Tak kar lim f,,(x, {) = f(x, {) noutH BCIOAY HA ¢ 1A BCeX XEIF, To
U3 HECpPaBeHCTRA f(X, [} =< <o, BBIMOJHSIEMOIC MOUYTH BCiOQY Ha ¢ ANA BCEX
X€{?, BLITexaer, uTo M B npocrpancTse M, fna seex x€{2 1im f,, (x) = f(x).
Ho Torga u3 nepasencTtra {10} Bmirexaer, uro pias prex xelPc x =1
ovaeT f(x) =R, BCNEACTBHC YETD MMEeM, UTO DABHOMEPHO [U1sI X£/2 ¢

ix =1
limgf(x)==0,

40

T.€. Ui KaxKaoTo =0 naitaerca 8,0 Taxoe, uto ans peex xel?c 'x ‘=1

&
=0 2 l

inf [z+mes l! ce:f(x,t)y = 1—}] =
| Be
Kpoewme Toro, naitaeres ». =0 taKoe, 4ro

inf [m+mes{! cerf(xf) = é}] >

z0

i

“:] 3
- a,+mes{lee:f(x,t) e
8. 2

- e
Yanrmsas, uro o, =0 1f 0603HAYas yepes R, = —— Moavuaes, uTo

"

mes{fce:f(x,1) >R} >¢

Anst BeeX XE£2 ¢ VX =1, T.c. oNepatop f ABMICTCSA OTPAHMUEHIBIN HALJiH-
lieftHBIM oneparopoM K3 23 M.
B kuure [2] {(ca. cTp. 332.) aoiazano 3 YaCTHOCTH CIEIYIoIUee YTRED-

AICHITE,
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JemmA 3. Ina Toro, uTofbl NGCAEIORATENLIGETE HENPEPBIBHBIX AN-
HelllbIX OMepaTopoB g, M3 I B M, cXoaunace mMouTH RCHY Ha ¢ JUIS BCex
x¢ 2, goctatoulio, 4Todbl .

1. AOCAAOBATEALIIOCTE £, (X, I} CXOAWTACL TTOUTH BCIOAY HA € A5 BCex
X 13 BCIOAY NJIOTHOTC B /7 MHOMECTBA.

2. (pynxuug sup |g, (x, f}] KoHeusa moyTH BCIGAY HA € 1 BCeX XE€[%

m

B palote [5] Mbl oKkazany cleiyiuee YTBEPHAEHWE
JIEMMA 4. Jag Toro, uToOb AAS BCEX X€ {2 NOUTH BCIOLY na ¢ PyHK-
st sup |8 (X, £} Obina 1oreunoit, HEOOX0AUMO M AOCTATOYHO, YTOOBL s

KOKLEX 1=>0 1 XE[2 HauAkHcb naMepumoe nojpmuokectso T,.Ce ¢
mes T, > b—a— 5 11 nmocTosiHHana R, = 0 Takue, Uto paBHOMEPHO OTHO-
cuTeabHo BeeX moapasgerennit My = {7} muokectsa T, HA npous-
BOABIIOE WHCAD M+ [ Henepecekanvuxca H3MePHMBIX YacTeit MMeno MecTo
I1ePaBeHCTRo '

(1) |f 25 (0 gal r)a'ri = Ryr,

[y X
FAC ¥mn NapaKTepueTHuecKas GyIKUna miuoskecTsa Wi
Tenepb MoxeM NPHCTYNMUTL K A0KA3aTEALCTBY TEOPeMbl 1.

HEOGXOAWMMOC b YCTIOBWS TEGPEMBI 1, Tak xak onepatop f uz [
B M, onpenensiemufi papencrsom (9) sSBASETCS OTPAHHYENNLIN  HAIIH-
HeilHBIM OnepaTopoy, To nNo jevMme | Am8 Kawaore »=0 naitayres uamepn-
M0e MoAMHOKeCTRO T, C ¢ C mes T,=b— a— nunocrosuxas R,=0TaKue, uto

(12) | suplow, (x, )] dt = R, |lx] .

Ty

Wz nokazatenncTra semmel 3 pabornl [3] caeayer, uto veaonuse (12}
BBITIGJIIENO TOCAA ¥ TONLKO TOUNE, KOI@ PABHOMEPHO OTHOCHTECABLHO BCEX

nogpasnenenui Py, = (M.} muokecTea T, Ha TNPOW3BOJIBHOE UKCIO
M+ 1 U3MePUMbBIX HemepeceKkawlMXcsl uacTed BLINOJNISAETCS HEPABeIICTBO

(|3) !B:’:’t(x)‘ = i[ Z /mr!(t)ﬂ.“n(Y r)dtl ?hl i

A€ 7ma NApaKTEPHCTHYECKAst PYHKUMs MHoxecTRA Wi,

B! =

f »hf‘ﬁ((f) 2, Zmn(f)ﬂ(.-nhdf’

k=0 =k
Ty

¥
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cheosaresasho, venopne (13) BriNoieHn TorIa I TOJILKO TOCJA, Koria

h= S [ f ) 3 L (O m‘]’: =R,.

k=0 r,zk
T 7]

3axenaa B zmpamenny Cpn KBaAPAT KUTErpaia tia Asoiluoii mHTErpai u
H3IMENss NOPAA0K CYNMMUPOBAKIS, AOAYYAeM, YTo

Cr = An,

OTKYAAa ¥ BLITCKAET HEOﬁXUJLI-I.\lOCTb YCIIGBIIO TEOREMBI 1.
JOCTATOUHOCTL YCNOBHA TEOPEAMBI 1. Tai Kax

| B ()| = | Cal™fixi =TAn|"xii = Ritix,

1,

To venosne (11) samoseno ¢ T, = T, u R,, = R, "x,. CacjoBareiniio,
U3 nemybl 4 BRITEKACT, 9T0 A5 BCEX XE{7 nourn BCIody 1a ¢ (hyHRLA
sup | oy, (X, 1) Koncuna, Kpose 10ro, 1yeeM, 410 ONEPATOPL! g, ONpPeTeis-
n

EMbLIC PABEHCTEOM
g (%, 1) = 0, (%, )

STBASHOTCH SUTHEHHBLIMA HEeNPepbBHMMY oliepaTopasy H3 2 B M,. npryes
12 BCIOAY TUICTHOM B {* MIIDYKECTREE oYt BCIOLY 11& ¢ CYLECTRYET

lima,, (x,1).
"

HTai, veaosus 19 1 2% jgemdibl 3 BLITOAHEHLI, BCICICTBUE YeTo No-
CHCAOBATCIBHOCTS {7) CXOLIITCA TIOUTH BCIOLY INa ¢ 170d Beex X< I Teopesia |
JloKazaa.
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I. On sets characterizing additive number-theoretical functions

In the folloving f(n) denotes an additive function, i.e.
(1) f )y = [0+ f(n)
whenever (7, m) = 1,

Je) is called totally additive if {1) holds for every m, n.

The notion of the “anicity-set™ (from now on: U-set) was introduced
Dy 1. KATAL: @ sequence of natuval numbers, {a, ) 18 a U-set, if for an
additive f(n), f{a,)=0k=1,2, ... can hold only in the case f(n)=0.

In what follows we generalize the notion of the U-set in several di-
reciions.

The set of ali prime-powers, {u, 3 is a U-set obviously. We can ask
the following questions:

1. Doos there exist a “less dense™ U-set than {4}, i.e. such an

- . Lty ;
{7 U-set, for which ~£ ~ 4+ c0?

iy,

2. Does there exist a subset of the nafural numbers, {a. )}y, that

il f{a,) = 0 implies f(n) = 0 [for additive fun)]? Most roughly: whether

-
Jny =0 implies f(z)=07? And if yes, what can we say about the density of

these {a,}1 sets? E.g. the {u )1 set of the prime powers is not such a set,
Flu ) =G does’t imiply f(i)=0, as the f(1,) values can be chosen treely.

3. An cven sharper question is the following: does the existence of
i f(r} Impiy f{m) = 0? Going cven further: can we find a suitable {a);

1= an

of “small” density, that merely the existence of lim f{a,) implies f(in) = 07
K-
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lim f{n) = + = (and thus lim f{a,) = + =) is possible (e.g. j(n1) = log 1),
Moo K an

thus we have to assume the finiteness of lim f(u) resp. lim f(a,).
K-

o

4. Going even further we may ask whether the boundedness of f{n)
implies f(n)=0. The answer is obviously no, e.g.

ay x,- 1 " l
FO) = f(T o PR = =t o b
5 fr
is a bounded additive function.

Moreover, the following general result can be proved easily: An ad-
ditive f(n) is bounded if and only if

3 sup | (p)f < =

i=1

where py, Pa, ... denote the series of the primies. But the answer to the
questions 1., 2. and 3. is the “strongest” yes:

Tueorem 1. There exists a subset of the natural numbers of “arbitrary
rarity”, {b)7, such that if {(n) is additive and L““ f(b,) exists and is finite,
then fiy={0

Here “arbitrary rarity” means: to any fi(k) function we have an ap-
propriate {b}7 with b, =(k). (We give the proofs later.)

Remark. We have seen that the assumptions of Theorem 1 cannet be
weakened to the boundedness of f{r). But it is possibie that somce weaker
assumption than convergence assures already f{i)=0.

5. If we examine, what conditions assure the beundedness of an addi-
tive function, we get

THeorREM 2, There exists a subset of the natur..t nunibers of “arbitrary
rarity”, {e, 37, such, that if {(n) is additive and the set {{(c,}}1 is bounded.
then f(n) is bounded.

Kemark. In Theorems 1 and 2 we may choose b, = ¢, (see the proofs).

. We can go even further if we consider only totally additive func-
tions. It is eusy to verify that the boundedness of f(i1) implies f{m)=0
in this case. Moreover; if |f(rr)] cannot increase “too” quickly, we have
f(n)=0, more precisely

n
2) _f(_) -0
log n
implies f(;)=0. Obviously we cannot weaken (2), as f(n)=log i is aiready
20. But we haven’t to assume (2) for all i, it is enough to take a suitable

{d!.'}r :
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THeEOREM 3. There exists a subset of the natural numbers of “arbitrary
rarity“, {d.}y, such that if {(n} is totally additive and

)
logd,

Le. j(d) = o(log d,), then f(1) = 0.

REmARK. The statement of Theorem 3 may seem rather surprising,
but considering the proofs we can realize that it is much more natuval
than eg. the statement of Theorem 1.

ﬂkOle | asserts that there exists a subset of the natural numbers
of ZlI‘blil‘dI‘y' rarity on which the values of any non-zero additive function
diverge. The following question arises: is there such a density, that ali at
least so dense series have the above-mentioned property? If we can find
such a density, what is the infimum of such densities? More gencrally;
wlhat can we assert concerning lower or upper densities? We have a com-
plete answer to tliese questions from

Tueorem 4. (a) Lef {e,}y be a subset of the nalural numbers having
apper density 1. If f(n) is addifive, lim f(e,) exists and Is finife, then f(n}y=0.
| T

() The assumption af upper density | cannot be weakened, even wider
strenpthening the other conditions: To any >0 we can find a totally addifive
JUn), and a series of density T —e, o which f(n) equals 0, but f(ny20.

8. In the same sense as Theorem 4 is the pair of Theorem 1, Theorem 3
is the pair ol Theorem 2:

THEOREM 5. (a) If an additive function is bounded on a set having upper
densiiy I, then it is “everywhere” bounded.

() The assumption of upper density 1 cannot be weakened, even under
strengthening the other conditions: To any =0 we can find a totally additive
fin), and a serivs of denstiy 1—e, en which f(n) equals 0, but f(ny is un-
bounded.

REmarK. It is an obvious corollary of Theorem 3, that a non-zero to-
tally additive function is unbounded. Thus the statements of the (b)
parts in Theorems 4 and 3 are equivalent.

Y. The “pair™ of Theorem 3 would assert the following: 11 a totally ad-

fle)

log e,

ditive function satisfies Z=-""- — 0 on an {¢;};" series with upper density 1,

then f(n)=0.

This s false. We have the following result:

THEOREM 6. (a) If a fotally addfrivefunctian is bounded on a set having
upper density 1, then the function is =0.

(b) Let g(n) be an arbifrary function tending to infinity. We can construct
a fotally additive f(r), and a series {e}; having density 1, salisfying
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fiﬁ"; - but f(1) 2 Q. Moreover, f(it) can be chosen independently from
ge
w(m) (ondy {e )7 depends on () ).

fPart (b) is duc to A. Sarkizy. |

Remari. We have fromn Theorem 4, part (b) that the condition of up-
per density | cannot be weakened at Theorem 6, part (a), even if we assu-
me “equals 07 instead of “boundedness™ (on the set),

10, We remark that we don’t utilize at the proofs that the funcdons
are complex-valued, we need only that the range is a part of an additive
semizroup, which is connuutative, regular, having O-clemant, and further
each eleinent has a norm with the following properties: 01 = . la¥ = 0
for the other elements, la+6) = ol {6l and We-al = u-fer. (The
conditions that the range is a part of an adlitive, conumutative, regular
seniigroup having O-element is necessary 1o be able to talk about additive
functiois at alll)

L1 [t s clegr that we can forimuiate our theorems in the following
way loa: if gopropriate conditions hold fur the difference of two additive
resp. lotally additive fanctions, then the two fuuctions are equal.

12, Reearding our theorems we are now in the position to give some
oeneralizolions of the U-sets:

f-ser: such a subsct of the natural numbers, wiere the values of an

additive function converge only in the case f(ny=1.

It is obvious that all B-sets are {f-sets,

We littroduce now two other nations:

C-set: such a subset of the natural nuanbers, that the unbounded

additive functions are unbounded already on this set.
Y g

D-set: such a subset of the natural numbers, {d, )7, that fdi)
logd,,
imalics f()y=0 for totally ad.litive f{n).

Now Theoarems 1 -3 can be farmudated as follows: There exist B-,
C-, D=sels of arbitrary ravity, furthermore cach set of upper density 1is a
B-and C-sef, but to any e=0 we can find a serics with density 1 —e,
wlich 13 neither 8-, nur C-set. misreover is notl even a U-set.

[t seems to be a very difficudt problem to give a general survey of the
-, C-, D=, resp. U-sets. Tt is o difficddt problem to decide in a concrete
case, whether a given set is a £3-, C-, D-, resp. U-set (or none).

Let B, 0 790 resp. 4L denote the set of all 8-, C-, D-. resp. U-sots.
What is thie relation between B, (4, 7 aimd 42 We have seeat that B = /L,
We infer Trom the remark after Thearem 2, and Taeorems -+ and 3 that
BN s “large”. [s the same true for B 7 resn, 20 707 Do we have
B =07 Ete.

[t would be interesting to examin: how “bie™ part of all srjurnees
are B, &0 0, AL resp: more precizay, iF we introduce the usual moatrics
o the set of ali subscts of tie naturat gumders, theinwhat are the measures
of B, &, D, resp.?
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13. 1n connection with Ehe U-sets we infraduce now the fllowing no-
fions:

DerixiTioN. A subset of the natural numbers {a,};" is an m-set if theve
exists such an {«,} systein of complex nuatbers, to which there are exactly
m additive f, functions with

fj(ak) = oy k=1,
i=1,

We allow m= = too.

DErFIxITION. A setis (71, m, .. set if il s an st for m =m;, but
for o other m.

Thus we have that the U-sets are just the {0, 1)- and the (1)- sets. The
(1)-sets have special significance; these are the mast fit for the characteri-
zation of the additive fuuctions: to any {s,} vicuzs we have exact!y one
additive function taking the preseribed values on a givea (1)-set.

cy
., DL

t\.r [\J

ExampLEs. (1)-set — prime-powers,
(oo )-sct — prime-powers without the “27,
(0, 1)-set — prime-powers together with “3%,
(0, == )-set — number “17 alone.

Tiigorem 7. There exist onlv (1), (oo}, (1, 1) and £}, o )-s526s.

The proots of thae taeorems

Proors ofF THEOREMS 1 AND 2. Let popy .., 2y - he an arbitrary
subsequence of fle primz nuwders. We define the sequences [B) =
= {e, )7 as follows:

Pl Pas 2P0 P 200 3P0 Prv v e s 0 280 P Py

Evidently we can choose the {6, set arbitrarity rare if we chioose the {p )
set suitably: we choose p; so, that tue nunhers p 22, .. ,fJ showid be
large enough. Let f(n) be now an additive funciisn for wi Ahich (i fb,)

PR
existsandisfinite. Let s be an arbitrary natural nunber, Wesagl preve that
fts)=0, by showing that ]{s)} <= » for any posilive ¢, Tiua let & o a posidve
iember,

Sinee ”“1 {(b,} is finite, consequenily (b} i3 a Cauchy-saquence,

. there 13 a .-'\U_hnfe), such that if &, m=Y, then [fi8)—fb, :)I < 7

On the other hand we see that if =5, thag s-p;is a memzr of the
(5,37, Furtherintore there is an index 7, sueh, that i =4, then (7. si=1.

Summ:mzmgr these three condi: 1115 there i3 an iadzz i, s that
(Pin S)=1, 5+ piga member of {537, moreover p,and §-p-, are manders
of {b, 31 with indizos greater than £, Coaszqueatly:

ff(S';"e‘?)--f(__!J-i,)! - F
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But (pi,, sy=1 and f(n) is additive, thus f(s-p.)—f{pi.) = f(s} and so
(s} <.

Hereby we proved that f(n)=0, and this was 1he assertion of Theorem I.

Proor oF THEOREM 2. Let f(11) now be an additive function for which
{60 is bounded; |f(b)| <=M, k=1,2, .... Let s be a natural number
We have just proved that there exists an i, such that (pg, s) = 1 and p;,
and s - py, are members of the {b.}7.

So

F G} = 11 pid—fwa)| = [S-pal + 1 (p)| < 2M.

Namely, }f(s)! =2M for any s, that is f(;7) is bounded. Herewith we proved
Theorems 1 and 2, and also the remark after Theorem 2.

Proor oF Treorem 3. The {d,}i sequence should be the following:
d, = k', where {; is an arbitrary natural number.

[f we choose /7, large enough then {d,}7" will be as “rare” as we wish.
Let noy f(n) be a totally add1iwe function for which

)
log d,,
Since
P _ T _ Ry fR
iogd\ loghls  1.-logk log k
and
[y 0 thus EAC I
log d,, log k
We prove nox that f(s}=0 for all s natural numbers. f{1)=0, as f(n) is
additive. If s = 1, then on the one hand f(k)- + 0 implies
log k
.f
lim 1 )
r-= log(s)
on the other hand
F) ) _ 1)
log (s 1- Iugs Iogs
and so
S _o. jm=o0.
log s

Thus fim=9. |
Proors or THEOREMS -1 axD 5. Parts (b). If e=0is given, then let p,
be a prime. where p, > l— The furction f{n) = {the exponent of p, in the

standard forin of n} s: msh s the couditions.
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Parts (a). Let {e}7 be a sequence of upper density 1. Let s be an
arhitrary natural number. Let us consider the natural nuinbers, relatively
privie to s, let these be £, 64, ..., ¢, ... We assert that there is an in-
finity of such #; for which both f; and s-f; are members of {e,}7. For if
this were not true, then with the exception of finite many indices, for all i,
at least one of 1; and s-1; is not a member of {¢}7. Using 5-f, = {,,, unless

s=1and {=m, furthermore f;=s-{;, and the density of {s-£,}1" is A0 = (),
g2
we . ) . 3 I 7 (8) e
e get that the upper density of {e,}7 is at most 1— L2 < |, whichisa
S2

contradiction. Thus really there are infinitely many f;, for which both
and s-{; are members of {eg}y .

Let now f{s} be an additive function for which lim f(e,} exists and is
&

finite. Then {f(e,}}7 is a Cauchy-sequence, and so on the basis of the pre-
cedings, to any #=0 there is a ¢; such that

Gty —1 ()] < e.

But f(s-{Y—fI) = {(s). as {(n) is additive and (5,4) = 1, and so f(s)=<e,
for any ¢, and thus {{s)=0. Since this is true for any s natural number,
we have f(rmy=0.

Let now f{n) be an additive function, for which {f(e,)}i" is bounded,
\He: D)1 k1,2, ..., Taking now any ¢, such that ¢ and §-¢§ arc
botli in {e,};;

HE = 16— = 1 1)+ 1) < 2T .

Thus for all s we have [f(s)} <= 2T, i.e. {(n} is bounded.

Proor oF TheorEM 6. Part (a). If a totally additive fuitction is bound-
ed on a set having upper density 1, then Theorein 5 implies that it is “eve-
rywhere” bounded. But we have evidently from Theorem 2, that a to-
tally additive bounded function can be only the =0.

Part (b). We may assume that g(n) increases monotonically. Let
U, Yy oo, 1y ... be patural numbers, for which v, =17 and ¢(1}) > 2
We take f(1) = {the exponent of 2 in the standard form of n}. We define
the {e, 7 sequence now: On the interval |1, v;5,] those natural numbers
shiould belong to {e, }7 which are not divisible by 2/ (f = 1,2, ...). Then
{e,}v has density 1. On the other hand, if ¢ 4 [, 1,2, then

—]j (e“')!-- < £ = --{-. Thus —]18-5)— -0, but f(n) &0,

g{e) i { g(ey)
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Proor oF THEOREM 7. 1. First we prove that m-set exisis only for
m=0,1, >~. Let us suppose that a set {a.}1 i3 an m-sct for m=1, i.e. there
exists such an {=,}1 system of coniplex numbcrs, that fi(a,) = fla@) = =0
kE=1,2, ..., 1. fyare additive, but fi(n) = f(n).

Then fm fO = 8-fi+(1—8)f, we have [ (a;) = =, k= 1.2, ..., {7
is additive, and f"') = frif & = §. Thus m =

2. We have to prove now the inexistence of (0), (0, 1, =) and (1, =)-
sefs. [ is evident that no sct is a (0)-set, as taking any {a,}i" sot, the values

o, =0, k= 1.2, ... can be saiisfied by f(ny = 0. Considering the other
two types, we shaill show, that i {a, )y 15 an m-sct for ni = =, then it cannot
be anm-set for m=1. Let {=,}7 be a systein of complex numbers, suca,
that there ave infinitely many different §; additive functions satisfying
ffa) = o, j, k= 1,2, If now {3} is a sat of complex nunhars to
which there is a o) additive function with oy =8, k=12,
thenr we have infinitely mainy such g additive functions: g; = ¢ + i‘—fj.

5

J
j=1,2,.... Thes m=1 is impossibie. |

IL. A geacralization of additivity and multiniicakivity
We call fa) mudiinticative if
(3 fluny = f(ny-f (1)

witenever (7, m) = 1, fotally mudtipiicative if (3} holds for abd s, 0.
We consider the following eguation:

(h G{{a. Y- G(la, b)) = G (2)- G (h)
With wiich G funciigns Is () valid Tor ail @, & nataral nanhers?
The totally miniinlicative funciions satisiv (4 evideatly, us
(@, By-la, b] = a0
We stw that (&) is trus for the other multiniicative Tu-iciions too,
It
a4 - p;l o _pf.\‘ b= ,U’{” . ;_’F“q. koo om0
then for naltiplicn ive GOn:
Glay=C(pl)- ... - G{pYy,
o (( } e (nm .G (f’:'”s
G{{a, t)) = G(p‘lm'1 o m')}- ... -G {p?“l(ﬁ“m ))

G{[{f. ‘I} = O (Flln-.x ] )) ... -G (pl:nux kg, ms)) )

Thoase 1..1]7'\' ( H bueansy the anmboer-pair &, B is the sams as the neader-
pabr min (K, 60, mas ().

L
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Now we determine all G(a) functions which satisty (4) and G(1) 0.
Let (o, b)== 1. 11 G(#n) satisfics {(4), then

3) G(1)-Gab) = G@-G) [(a,b)=1].

Let T () = %%)) (G (1) = 0).

Let us divide both sides of (5) by (G(1))*:

G(l) Gab) G(a) G(b)
Gy 6y GOy 6y’

i.e. we got T(ab) = T(a)- T(b). Thus T(n) is mulliplicative. And so, if G(n)
satisfies (4} and G{1)=0, then G(n) can be only a constant multiple of a
aaltiplicative function: G{zy = G(1)- T(1).

Conversely: these functions really satisfy (4): we proved that multip-
licative functions do so, and it is evident that if a function satisfies (4),
thert a constant multiple of it does so too.

We received that the solutions of (4) are just the non-zero multiples of
the 20 multiplicative functions, if we assume G(1} = 0 too.

We consider now the case G(1) = 0. () holds for G(i) = 0.

Let us suppose that G(a) £ 0, and (4} is valid for ({n). Let K be the
smallest positive integer for which G(K) = 0. If K{d then

G, d]) - GUK, d)) = G(K)- G(d),

(K, d) = K implies G((K, d)) = 0, and so G(d) = 0.
We denote F(or) = G(Km). Then for arbitrary a, b

F ((a,b))- Fla,0]) = G(K (a,8)-G(K [a,b]) =
~ G (Ka)-G (Kb) = F(a)- F ()

that is F(n) satisfies (4). F(1) == G(K) = 0, and so F(i) is a =0 consiant
muitiple of a 20 muitiplicative function. Thus

I[) it Kin

where T(1) is multiplicative, ¢ constant. On the other hand these G(i)
functions really satisfy (4). The case (1) = O is the special case of this
with K = 1, and G(n)=0 is the special case T(r)=0 or ¢=0.

Thus we proved:
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TueoreMm 8. (4} holds for ail a, b natural numbers if and only if
0 if Kin

|
Gy ="
7 c-T[”]if K|n
vk

where T(n) is multiplicative, ¢ is a constant (complex nnmber ), K (s a na-
tural number,

The situation is analogous if we consider the following equation:
{6) H ((a, b))+ H{[a, b]} = H (a)+ H (b)
but we can handle this more simply than (4).

THeEOREM 9. (6) halds for all a, b natural numbers if and only if H(n) =
= U(m)y+e¢, where U(n} s additive, ¢ constard.

Proor. The proof is entirely analogous with the case G{(1) = 0 in the
preof of Theorem 8; tnstead of multiplication, multiplicative, division we
take addition, additive, substraction. This latter explains why the case
H(1) = 0 doesn’t raise a compiication (moreover this means tlle additivity
of H(n)) and therefore we have a simpler proof and a “nicer” result than
i Theorem 8.

We may consider (4) #and (6) as the gencralizations of multiplicativity
and additivity.



SUR LES EMPILEMENTS OPTIMAUX DE CERCLES CONGRUENTS
SUR LA SPHERE

De

AMADOU KARABINTA
Centre Pédagogique Supérieur, Bamako

et

EUGENE SZEXELY
Chaire de Géométrie, Université L. Edtvis, Budapest

f Regre avrif 20, 1973}

Le probleme suivant est du au biologue hollandais Taumes [20]:

Quel est ’arrangement de 7 points sur la sphere ayant la propriétd
que la distance minimale entre ces points soit maximale?

Considérons sur une sphére S un systeme {C;} de cercles congruents
disjoints. On appelle densité d’empilement du {C;} par rapport a §, ou

simplement densité d’empilement du {C;} la valeur - S—’l Un systeme de

cercles congruenis disjoints sur une sphére ayant une densité d’emnile-
ment maximale est appellé empilement optimal. Le probleme de TAMMES
se peut ¢noncer aussi sous la forme suivante:

Determiner sur fa sphére tes empilements optimaux de n cercles congruenis.

Grace aux recherches de FEJES ToTn [2], DANZERY, SCHUTTE et van
DER WAERDEN [18], resp. de RoRinsox [13] sont connus les emzilement
optimaux pour n=12, resp. n1=24. GOLDBERG a publi¢ ses résultats
[3, 6, 7, 8, 9] concernant surtout des empitements de cercles congruents
sur la sphére axant une symetrie axiale.® J. MoLNAR pendant son séjour
a Bamako a posé la question de trouver les traits caractéristiques des em-
pilemments optimaux. KAraBINTA [12]* en observant la structure de spirale
dans les constructions optimales pour =6, 9, 12, 24 (Fig. |. a—e)® a

I Nous notons un domaine et son aire par le méine symbole.

* Concernant les constructions d’empilement de cercles congruents suppnsies
optimales v. encore Jucovic [10], STROHMAJER [19] et vaN DER WAERDEN [21],

3 Thise de doctorat de 3-ime cycle soutenue & Bamako le 8. 1. 1973,

1 DANZER a exposé ses résuitats concernant =10 resp. 11 a Oberwolfach en 1958
resp. 1962 (v. Fejes Téru [33, p. 235).

* Les illustrations sont des projections stércographiques schématisées. Les seg-
ments de droite joignent les centres de cercles tangents entre cux. Les lignes polygonales
¢pais contiennent les centres de la méme spirale.
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amelioré les constructions existantes supposces optimales pour n=36,
39, 42, 44.°

A I'aide de I'ordinateur nous avons controlé les résultats antérieurs
concernant les constructions de spirale, nous avons amelioré quelques
constructions existantes et nous avons obtenu des nouvelles constructions.?

* KARABINTA a expost ses résuliats a Budapest le 23, 11, 1972 dans une conférence
tenue & 1a chaire de Géométrie de I'Université L. EGTVOS. Les valeurs de o, et les fi-
gures de cet article contiennent aussi des rectifications par rappert a [12].

P SZEKELY a transposé l'idée de spirale de KArRaBINTA [12] sous une forme algo-
ritmisable, a construit le programime, a surveili¢ et il a controlé le derouiement des cal-
culs. Les caleuls ent ¢té effectués par 'ordinateur QDRA 1304 de I'Université L. EOT-
VOS. Nous remercions I'aide precieuse obtenue de 1a Chaire de Mathématique Numérique
¢t Mécaniqjue dirigée par 1. KATar et I'aide technigue de P. BAx.

10 ANNALES — Sectio Mathenratica — Tawus X VI,
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Fig. le.

Fig. 2.
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Notre principe de construction basé sur la conception de spirale donne des
indications bien determinées sur 'arrangement des cercles sur ta spheére.
Dans la premitre partie de notre article nous decrivons notre principe de
construction. La deuxi¢me partie contienne les améliorations pour n = 21,
35, 36, 40, 42, 44 et de nouvelles constructions pour 11 = 39, 43, 51.

Fig. 3 (21}

I. Dans le programme de Nordinateur la construction de spirale de
troisitme ordre est définie par la structure suivante algoritmisable:

Soit sur la snhere e trinlet Cf, C7, O3 de cercles congruents tangents
entre eux qui rénresente les c¢léments dedépact de trois spirales.  Le
centre radical du triplet plus proche de ces cercles determine le pile nord.
Soit la snhire ovientée par C}, C%, CF. Sur une spirale on obtient le cercle
consecutif de facon suivaat. Notons par C}, Ci. C3 les k-emes cercles des
trois spirales et par O le centre de CL. Soit A le point de Cl le plus prochs

11 ANNAL. 5 — Sectio Mathematica ~ Tomus XV
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du pble sud et considérons un cercle C congruent a Cj, et tangent a celui-ci
au point A. Rotons C autour de O jusqu’il devienne tangent & un cercle
de spirale déja considére. Dans cetie situation le cercle C est le (k+ 1)-eme
cercle de la premitre spirale, soit C=C},,. En rotant C},, autour du pole
nord d’angle + 120° on obtient C3,, et C},,. (Fig. 2.)

Fig 1040

Notons par s; la distance spherique de centre O «de nole nerd, Si
548, = 7 on peut ajouter sur chague soiraie au moins encore un cercle.
Si g, s =7 la construction est fermade et par conséguence Fenivm g
conticitiie Sk cereles,

=i aw licw dun trinlet de cercies tangents eatre eux nous dimarroas
avee quatre cercles congruents tangenis entre cux dont leurs ceatres for-
nieirt {es sonrnets d'ai earrd nous o0tz Is par wie coastraction analogue
a ceile vi-dessus une strucwire d'ecinpifenent ayant des soiraies d'ovdie 4,
je systeme des cercles moatrant une sy ndtrie axiale d'ordre 4.
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II. La relation S,+5; = @ ou n = 3(k+ 1) resp. n = 4(k+ 1) est ca-
ractéristique pour les constructions optimales et il est réalisable par les
variations du rayon de cercle. Les résultats de calcul est contenu dans le
tableau suivant ou d, resp. d, denote la valeur ancienne resp, nouvelle
du diamétre du systéme optimal et N est I'ordre de la spirale.®

Fig. 5. (39)

% Le probléme de hase concernant la précisité de calcul est que les erreurs dans la
détermination des nouveaux cercles sur les branches des spirales peuvent conduire au
changement brusque de la distance minimale. D’aprés les calculs, 4 'aide des coordon-
nées polaires que nous avens eu 2 notre disposition nous avons determiné la distance
minimale independant du rayon r du premier cercle. Ainsi le résultat du calcul de con-
tréle est chargé seulement des erreurs d'une seule formule trigonométrique spherique
de cosinus, dont P'erreur — compte tenu de Perreur de répresentation graphique de
l'ordinateur — est inférieur a 0,02”. Nous mentionons que le rapport avec la valeur
initiale en général était essentiellement meilleur. Notre tableau contienne naturellement
les valeurs obtenu déja par les caiculs de controle.

1i*



150

KARABINTA, A, ~SZEKELY, E.

n

21
35
36
34
40
42
44
45
51

d

45° 307

33° 56

33° 40" 30~
32025

32 ¥

31° 53 -

aufeur

GOLDBERG
GOLDBERG
GOLBBERG

GOLDBERG
GOLDBERG
RoBinsoN

dy
45° 33" 26.2”
34°41” 5.27
34° 41" 3,27
33° 22" 36.5”
32° 497 29.1”
32° 10 20.6”
3i° 57 37.47
31° 127 12,47
28* 5¥ 50.3"

W B W o W W

Fig. 6. (40)
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La validité du principe de construction des spirales d’ordre 3 ef 4 est
illustré par le fait que parmi les 21 cas calculés dans Pintervalle 12 <5 =52
en [2 cas on a obtenu des résultats satisfaisants, plus précisement en 4 cas
(n = 15, 16, 24, 28) on a retrouvé les constructions déja connues, en 5 cas
(7 = 21, 35—36,° 40, 42, 44) on a amélior€ les résultats antérieurs et pour
n = 39, 45, 51 nous avons obfenus des constructions qui peuvent &tre
supposées optimales.1©

En fin nous remercicns les conseils précieux du J. MOLNAR.

Fig. 7. (42)

* La construction pour 7=236 s’avére bonne aussi pour n=235,
¥ En effet les densités d'empilement correspondant aux valeurs n=309, 45, 51 sont
proches de borne supérieure de densité d, empilement de RoBinsan [13] ou de MOLNAR

[131.
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UBER DIE UMKEHRUNG DER FOURIER-TRANSFORMAAION
IM FALLE NICHT-ABSOLUTER KONVERGENZ

Von

M. MIKOLAS
Technische Universifat und
Mathematisches Institut der Ung. Akademie der Wissenschaften, Budapest

{ Eingegangen am 30. Mai 1973.}
PROFESSOR P, ERDOS ZUM 60. GEBURTSTAG

1. Das klassische Fouriersche Integraliheorem:

oo

(1) fm=§f

0

ff(t)cosn (x—1ydf du,,
d.h. die Umkehrung der Fourier-Transformierten

(1.2) Fu) = (2m)~ % f;(r)e--ﬂﬂdr

— o

in der Form

(1.3) f(x) = @)% | Tl edu .

-

wird in der Fachliteratur gewdhnlich unter solchen Bedingungen behan-
delt, die mit Recht zu stark betrachiet werden kénnen.! Es wird ndmlich

immer die Konvergenz von | [f(f)| ¢ im Lebesguescien Sinne vorausge-

setzt (wm die Existenz und Stetigkeit von . F(u) fir alle reclien ¢ beque.n
zu sichern), obgleich man bei den Anwendungen oft auch mit bedingt kon-
vergenten, bzw. nur als Hauptwerte vorhandenen Fourfer-Tntegralen zn
tunt hat.? Die Tatsache, daB die Fourier-Transtormierten von Fuastionzn

'Vl 2.B. |12, 13] [4). (3]

* Beispiel: fif) = il P mit 0=Re s=1. {Vgl. z.B. [2].) — Im Faile d>3 Analogons
des Fejérschen Satzes iiber (C, 1)-Summatinn von Fourierrcihen wird wenigstens
R Y+ 1) € L{—=, =) verlangt.
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der Klasse L{— e, ==} zwar einige spezielle Eigenschaften besitzen, aber
keine befriedigende Charakterisierung zulassen, kann gleichfalls als ein
Mangel hervorgehoben werden.?

1m folgenden untersuchen wir die lokale Giiltigkeit des Fourierschen
Integraltheorems in einer zweckmaiBig erweiterten Fassung, indem wir
fragen: was ist der genaue Zusammenhang des Doppelgrenzwertes

v E+N+
(1.4) lim [ ey f(fyem i dtdy
M, N~ o e ]
(et ()
. - 1 _ 1 . .
mit der Summe der zu f(f) beziiglich Ea-w(;- == E+? adjungierten
Fourierreie:
eo
M N
(1.3) Hmo Y g J f (et dt,
Maw T pg e
Ty
. 1 . . .
wobel [E— P E+ I) ein x im Inneren enthaltendes Intervall der Linge 1

bedeutet, die Funktion fuur der minimalen Vorbedingung {d.h. Lebesgue-
Entegrierbarkeit auf fcder endlichen Strecke) unterworfen ist und M, N die
nicht-negativen ganzen Zahlen durchlaufen.?

Es stellt sich heraus, daB die Existenz von (1.4} immer diejenige von
(1.5) und diec Cbereinstimmung beider Werte impliziert, aber das Um-
gekehrte nur unter einer pdb‘;enden zusétzlichen Bedingung iiber f() giil-
tigr ist. (Safz I.) Die Unentbehriichkeit der fraglichen Einschrinkung ist
dadurch motiviert, daB in (1.4) einerseits ein zweiparametriger Gr enzubeu
gang, andrmsutq cm ausgedehnter Grundbereich fiir f(/) auftritt. Hieraus
erhilt man leicht ein neues umfassendes Kriterium fiir die Aquikonvergenz
Fourierscher Reihen und Integrale, das auch im Falle nichi-abseluter Kon-
vergenz verwendbar ist, (Satz 71.)

Als Nebenprodukt ersibt sich eine Veralicemeinerung der Poisson-
schen Sumntenformef, die z.B. in der Theorie der Zetafunktionen cine Rolle
spielt

# 8o liest man in [1] (8, 1890, daB etwas Unbeholfenes der Fourier-Transfornia-
tion i genannien Raum anhaitet. — PLANCHEREL’s schine Theorie ither Funktionen
vun L3 — «, =) heschéftigt sich bekanntlich mit Konvergenz im Mittof,

* Es hat gewisse | technische” Vorteile, das Grundsystem {eivx} mit {e2rsix}
zu ersetzen. — Man heachte, daB {1.4) vorhanden sein kann, ohne daB der Limes des
inneren Integrals fiir N — « existiert, Beispicl; f{t) = 1, falls v = 0, =1, +2, ... ist.
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2. f(f) soll durchwegs eine Funktion bezeichnen, die in jedem endlichen
Intervall Lebesgue-integrierbar ist; alle integrale sind im Lebesgueschen
Sinne zu verstehen. Wir verwenden die iibliche Abkiirzung: %% = e(3).

Eine Funktionenfolge oder Funktionenreihe wird in einem Intervall
(a, b) majorisiert konvergenf genannt, wenn 1) ihr Grenzwert bzw. ihre
Summe in (a, b) fast iiberall existiert und 2) ihre Elemente bzw. Teilsum-
men in (a, b) eine gemeinsame Lebesgue-integrierbare Majorante zulas-
sen.”

Wir beginnen mit

Satz 1. Damit der Limes (1.4} existiere und einen vorgegebenen Wert
f. besitze, ist die Konvergenz der Fourierreihe (1.5)zur Summe |, nofwendig.
Wird f(ty so gewdhli, daff die Reihe

@.1) é](—l)"—1 L(Iﬂ+&")—] [xe [S—%,HLH

T—X+nrn T—x—1 2

Jir 5—% =T = $+5 majorisierf konvergiert, so ist die genannte Bedingung

auch hinreichend. Dies gilt insbesondere, falls f in [5—%,E+%] be-

schrinkt und mit 1 periodisch ist.

Bewels. Wir brauchen eine reduzierte Form des inncren integrals

$+N+—é~ " $+%
Fowy= | [@Oe(—uaydt= 3 [ fG@+m)e(—ulz+m)dr =

= N+%) "=_N$—%
(2.2) I

E+E
= f e(—ur)py(z, —u)dz,

waobei
23) pn@e)= 3 [Grmeo) (N=0,1,2...).

n=—N

& Jede in einem endlichen Intervall zu einer integrierbaren Fupktion gleich-
miBig konvergierende Folge bzw. Reihe ist dort offenbar majorisiert koanvergent.

12 ANNAL 5 - Sectio Mathematica — Tomus XV,
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Da F, (4) ersichtlich in jedem endlichen Intervall integrierbar ist
so legitimiert der Satz von Fubini die folgende Umformung:

1 1
$+T

el 2
_[ e(xu) Fpy (nydu = E’ _| e (xit) _| e{—u)py{r,w)drdu =
e
l HL
M
= ._Z | e (x(v—w)) I e({o—» 1) gy (v, 0)drde =
(2.4) _3 ‘ E
1
M 3
> e(rx) j e(—vo)gy (x)dr,

|—-—M
-3

wo der Kiirze halber

1
G @ = [ gn(t)e(T—x)0)do

gesetzt wurde.
Das letzte Integral kann aber sofort berechnet werden

T

(2.5) fy (1) = g’ flr+n) e (e (r—r—i—n)) dw =
A==N _'_1}
lj(x) fiir T = x,
sinz(r—x) & L T+ L - o1
l—-’z n_Z_N( 1) e fir andere ¢ [., 2,,+2],

so daB die Darstellungen
fkn | fe=m ] oLy

T—X—1n

fm 1Y
20 [r—x+n

&n,x(7) _
.'L'(T.’-.\) T on=1

sinzz {z—Xx)

(2.6)
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und
H 1
M 7 i sin (2M + 1)z (x—7)
> e{vx) _|' e(—rvo)gn (D)dr = | gy (¥) - P e =
r=—M 1 ’ o sinz(x—1)
T2 T
IH%
LTI GneM ) e (- det
T T X—7
=3
(2.7)
I g
+-— J Gn (@ sin2M+ ) (x—) dv
mit
ey =3 (i [LEED e
n=1 T—X+n1 Tv—x—n

bestehen.
Bildet man nun auf Grund von (2.4) und (2.7) die Differenz

L

k]

o
MTE

e (xu) Fy () du— g’ e (v x) j' fre(—v)dt =
1

|
pe= A
-3

i

1
i+
3 Evx (1) = (@) sin QM+ 1)z (x —<)dr =

1 sinm{x—<
3
(2.9)
1
= f(r)[ N sin @M+ ) (x—7) do+
L a(x—z) sina(x—z).
v_E . .
o
12
+-— G, x(7)sin(@M + V)= {x—1)dz,

b7 4
=1
£

so kann man fiir jeden festen N bei M— « das Riemann-Lebesguesche
Lemma anwenden, weil die Faktoren von sin (2M + Da(x—7) in beiden

letzten Integranden gemdB den vorigen integrierbar ausfallen.

12+




160 MIKOLAS, M.

1° Sei also angenommen, daB (1.4) vorhanden und gleich f, ist.
Nach Angabe eines beliebigen =0 wihlen wir zundchst M und N
so groB, dafB

Mooy |
[ e(u)Fy(uydu—j.| <
-—(M+%)
wird; nachdem N auf diese Weise festgelegt wurde, kdnnen wir auf Grund
von {2.9) M weiter so groB bestimmen, dab

I\JIm

1 1
S+ Mi=

2
Z’ e(vx) _[ fye(—v)df— J e(xu) Fy, (i) du <=
= — A 1 2
&— 2 —(M+§') i

gilt. Mithin entspringt

s+l |
; 2 e(rx) _f f(t)e(-—ri)dt—,f,cl-:% _; =
“"E 2
flir M=Mye), d.h.
eAi
(2.10) |lm Z e(rx) .f fiye(—vrdt = .,
= — M £ 2

wie behauptet.
2° Setzen wir jetzt — umgekehrt — die Giltigkeit von (2.10), fer-

ner die majorisierte Konvergenz der Reihe (2.1} bezliglich [E— _;,, $+——]

voraus,

Dann ist es auf Grund des Lebesgueschen Grenzwertsaizes gestattet,
die genannte Funktioncnreihe bzw. ihr Produkt mit der beschrinkten

Funktion sin (2M 4 1) (x —7) liber £~ L) <7< E+%g!icdwei5e zu in-

tegricren; genauer gesagt: es folgt die Integrierbarkeit in [E—%, $+%]
von

(2.11) G.() = lim Gr.x(s) = > (__,)n_l[f(n—n) L f=n l

r—X+n T—X—n
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und dic Limesrelation (vgl. (2.6), (2.8)}:

1
5+?

lim | Gn,x(z)sin QM+ D)z (x—7)dr =
N—om 1
H)

(2.12)

0o

it
= | G.(m)sin(@M+ 1)z (x—7)dz (M beliebig fest).
1

=TT

~

LiBt man in (2.9) zuerst N und danach M gegen  streben, so er-
geben (2.10) und das Riemann-Lebesguesche Lemma:

Mi—
(2.13) lim | ’ e{xu) Fy(u)du = f,.
M, N~ 1
—(M+?)

Die obige Bedingung iiber die Reihe (2.1) ist auf triviale Weise er-
fiillt, wenn f(t) die Periode 1 hat und in [5 ——;—, S+—;—] beschrénkt bleibt.

Benutzt man ndmlich die in jedem endlichen, keine ganze Zahl enthalten-
den Intervall gleichmiBig bestehende elementare Partialbruchzerlegung:

(2.14) | il :__|_+£,(_1),,[ 1o, ]

sinmu 1 S UH+n u—n

so folgt aus f(z+m)=f(z) (n=+1, £2,...) die gleichmaBige Giitigkeit

fiir E—? = T < 5+-2— der Darstellung

6.0 = /@) [~

sinn?rv-x) ] -

Das letzte Produkt ist aber der Voraussetzung nach integrierbar in

1 ] . : ;
[5——-, §+——2~] und daher lassen sich alie Teilsummen Gy, . (z) durch eine

gemeinsame Funktion EL[&—%, E+-:12—-] majorieren.

W.z.b.w.
3. Das soeben bewiesene Theorem ermdglicht uns, das Konvergenz-

problem (1.4) auf dasjenige der Fourierreihe (1.5) bzw. der Reihe (2.1)
zu reduzieren. Es ist z.B. durch partielle Summation von (2.1} leicht ein-
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zusehen: wenn es eine positive Funktion p ()€l [s—%, £+—;-] gibt, so
daB fiir alle N die Abschitzung

@3.1) 5 (=1 f@+n)

n=—N

| 1
= f-—-—-{ R
#(7) [ g “T=¢ 2]

gilt, so ist der Limes (1.5) an jeder Konvergenzstelle von (1.5) verhanden
und gleich der Summe dieser Fourierreihe.

Jetzt werden wir zeigen, dab eine natiirliche Verschirfung von (3.1)
schon auch die Existenz von F(u) = lim Fy (1) und somit ein Kriterium

fiir die Umkehrung der Fourier-Transformation liefert.
Satz 11. Wenn die symmetrischen Teilsummen der Reihe

(3.2) S f(etnye(nw)

A= —o=

Juir jedes feste w» in einem Infervall E—? < T = 5+% maforistert konver-

gleren, so ist die Fourier-Transformierte

i
Ng—
£+ +5

(3.3) , F=lim [ f®le(—uat
N 1
(v—3)
flir — oo <u<co vorhanden und beschrinki, ferner auf jeder endlichen
Strecke integrierbar.

Unter der genannten Bedingung gilt an einer Stelle x¢ [5— ; ) $+--l—]

&

die Umkehrungsformel
[

M-
(3.4) J(xy=lim [ F(ue(xuydu
")
dann und nur dann, falls die zum Grundintervall E——;—, .5+-:12—] pehiripge

Fourierreihe von {° im Punkf x den Funktionswert darstellf.

BewEis. [° Die Voraussetzung iiber die Reihe (3.2) impliziert die
majorisierte Konvergenz der Folge e(—ur)pp(t, —u) (N = 1,2, ...) bei

¢ Damit ist freilich gemeint: die Fouriersche Reihe derjenigen mit I periodischen

1 1
Funktion, die in [f—E, E+E] mit f iibereinstimmt.
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jedem festen u im Intervall £ — ; << E+%und somit — auf Grund von

-(2.2) und des Lebesgueschen Limessatzes — die Existenz von F(u), ferner
die Darstellung

tr
(3.5) Fuy= | ¢ —uwe(—ur)dz,
3
wobel
(3.6) #(@,0) = lim gy (5,0) = S ftn)e(nw).

=0

Nach unserer Annahme gibt es eine Funktion u(z) € L [5—%, §+%]

derart, daB fiir beliebige reelle w

(3.7 len T, 0} = u(r) [N:O,l,...; E—%-ﬂ'&'{f-"—;—]

und mithin

lo (z, )} = #(z) [5_% <7 =< §+4;..]

besteht. Wegen (2.2) und (3.5) erhilt man also, da alle Elemente und auch
der Limes der Folge {Fy ()} fiit — o <u~< o dem Betrage nach

et
= _[ p(x)dx
1
by

bleiben. Die gleichmiBige Beschrinktheit von F(u) (N =10,1,...) er-
laubt nun, aus der Integrierbarkeit dieser Funktionen in einem endlichen
intervall (vgl. (2.4)) auf dieselbe Eigenschaft von F (u) zu schlieBen.

2° Verwendet mah den Lebesgueschen Grenzwertsatz auf die Folge
{Fy (@) e (xu)} mit —M—% < U =< M+%, so ergibt sich
M‘i-a- . M+—,2'
(3.8) im [ Fy@e(uydu= | F(uelw)du.

e (e}
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Wic oben gesagt, impliziert aber die majorisierte Konvergenz der

Reihe (3.2} im Intervall £ — ;— < = E-F%auch die Bedingung im Satz 1.

beziiglich (2.1). Demnach bekommt man aus (2.9) mittels (3.8), wenn
zuerst N, alsdann M ins Unendliche riickt:

M+% M E+Tl,
lim j Fe(xuydu— 3 e(vx) J fHe(—rvtydi | =0.
(e
3.9)

Dies bedeutet eben die Aquikonvergenz der rechten Seite von (3.4)
mit der fraglichen, zu [5——;—, §+%] gehorigen Fouricrreilie, woher die

Behauptung diber (3.4) unmittelbar folgt.

Wir bemerken, daB man aus dem Kriterium (3.7) natiirfich andere,
zwar weniger feine, aber einfachere Bedingungen herleiten kann.

Die wohlbekannten Abschiitzungen {iber Kosinus- und Sinuspelynome
mit monoton abnehmenden Koeffizienten liefern z.B. ohne weiteres das
Korollar:

Die Pramisse des Safzes 1. kann mit der Bedingung ersefzf werden, dafi
JET) fiir gentigend grofle T>0 bei T~ o menoton failend gegen Null
sirebt.

Beachten wir ferner, dab man aus

£23

(3.10) [ 1@l at < -

auf Grund des Theorems von B. LEvi gleich die absolute Konvergenz fast
{iberall der Reilie (3.2) und hiermit auch ihre majorisierte Konvergenz
entnehmen kann, so wird auch der Verhiltnis der genannten Pramisse zur
klassischen Bedingung (3.10) klar gemacht.

4. Die Formel (3.3) geht mit der Bezeichnung u=w~ » iiber in

£+

(A1) Fe-o)= | eEmo)e(e-—)d (=0,11,...),

-

b —

| —

die besagt, daB die Werte F(r—ew) als die zum Intervall E—% < T =< $+%

A

adjungierten Fourierkoeffizienten von e(rw)g(z, ) aufgefaBt werden

kénnen. LARt sich also die aus e(za)¢(zr,w) [E— }} =1 $+—;-] durch
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periodische Fortsetzung beziiglich = erzeugte, mit 1 periodische Funktion

. I 1y, . Lo
an einer Stelle x € | £ ——, :+v§ in eine Fourierreihe der genannten Form

entwickeln, so hat man die Darsteltung (vgl. (3.3)):

4.2) > jx+meno)y= > Fr—a)e((r—o)x).

Das ist eine Verallgemeinerung der sog. Poissenschen Summenformel,
welche dem Fall x=w=0 entspricht. Fiir die Giiltigkeit von (4.2) geniigt
es z.B., daB f(f) in (— ==, =) von beschriankter Schwankung ist, sowie

iiberall f(f) = % {f(f+0)+f(t—0)] gilt?; diese Bedingung kann aber laut

der vorangehenden Uberlegungen abgeschwicht werden.

Setzt man in (4.2) f(f) = [{[S(0=<Res < 1), so entspringen die Funk-
tionalgleichungen der Lerchschen bzw. Lipschitzschen Zetafunktion, die
unlingst in [2] untersucht worden sind. Auf weitere Anwendungen wollen
wir anderswo eingehen,
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A REMARK ON STRONGLY REGULAR RINGS

By

5. LAJOS
Department of Mathematics, K. Marx University of Economics, Budapest

{Received July 10, 1973)

Let A be an associative ring.t A is said to be a strongly regular ring
if, to every element a of A, there exists x in A such that ga=a%. V. A.
AxprRUNAKIEVIE [1] proved that an associative ring A is strongly regular
if and only if the condition

(1) Ry NRy=RR,

helds for every couple of right ideals of A, The author [3] proved that A
is strongly regular if and only if the condition

) LOR=LR

holds for every left ideal L, and every right ideal R of A. It is also known
(see [T]) that A is strongly regular if and only if the multiplicative semi-
group of A4 is a semilattice of groups.

In this note new characterizations will be established for strongly
regular rings. They are analogous to earlier semigroup-theoretical results
of the author (see [4], Theorem 1, and [5]).

TrHeEOREM L. An associative ring A is strongly regular if and only if the
set of all right ideals of A is a semilaltice under the multiplication of sub-
modules.

ProoF. Necessity. Let A be a strongly regular ring. Then every one-
sided ideal of A is two-sided by (2), and (2) implies =1 for every two-
sided ideal I of A, and I,1, = 1,1, for every couple [, I, of two-sided
ideals of A. Thus the set of all right ideals of A is a commutative idempo-
tent semigroup, i.e. it is a multiplicative semilattice.

U For the terminology we refer to [4], [6], and [B].
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Sufficiency. Suppose that A is an associative ring all of whose right
ideals form a muftiplicative semilattice. Then, for every coupie R, R, of
right ideals of A, we have

(3) R, NR,= (R NR)CSRKR,.
Conversely, it is clear that the inclusion
(4) RR:}=R-|RIER10R0

also holds for every two right ideals of A. (3) and (4) imply (1) for every
couple of right ideals of A, that is, A is a strongly regular ring.
Qur Theorem 1 is completely proved.

THEOREM 2. An associative ring A is strongly regutar if and enly if the
sef of atl bi-ideals af A is @ multiplicaiive semilatiice.

Proor. Necessity. Let A be a strongly regular ring. Then it is a re-
gular duo ring. Hence it follows® that every bi-ideal B of A is a one-sided
ideal of a two-sided ideal of A. An casy calculation shows that 8 will be
a two-sided ideal of A. Evidently, the condition

(5) LNi,=11

lelds for every couple of two-sided ideals of a regular ring, and {he neces-
sity follows,

Sufficiency. Suppose that A is a ring ail of whose bi-ideals form a mul-
tiplicative semilattice. Then every one-sided ideat of A is multiplicatively
idempotent, and every product RL=LR is a quasi-ideal of A, where L
is a left ideal, R is a right ideal of A. Thus, by a J. CavLas’ result [2],
A 18 a regular ring. Finally we obtain (2) for every left ideal L, and every
right ideal R of A. Therefore A is a strongly regular ring.

Theorem 2 is completely proved.

The following result can be proved similarly.

THEOREM 3. An associative ring A is sirongly reguiar if and only if the
set of all quasi-ideals of A is a multiplicative semilatiice.

Finalty we formulate the left-right dual of our Theorem 1.

TueoREM 4. An associaiive ring A is strongly reguiar if and enly if the
set of all left ideals of A Is a semilattice under the multiplicalion of sub-
modules.

THEOREM 3.* An associative ring A is strengly regular if and only if
the condifion

(6) LNR=LRNRL
hotds for every tefl ideal L and every right ideal R of A.

* Cf. [6], Theorem 1.
1 Added in proof.
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