




























































































32 CHAJDA, I.

not hold, then there exists 7,€ T/ such that ¢(A)N B, = {1} for each
T= T €T, ‘

I. Let, for each t€T,, be pr,a=e, and let <p(a,)€B6, then bo_ p(a)y=
~(p( U a)— U qa(a) p(ay,), because for v=7, is p(a,) =h and U &

7€ To—{ro}
ex1sts and 1s equal to h. Therefore there exists U <p(a,o) and is eq:1310t0

@(a,,), we thus arrive at a contradiction with the assumptmn (b), becatise
each aegp—*(b,) has two projections different from e and a,,€p—(b,) does
not satisfy this condition. If ¢(a,)¢B, for any v'€T,, then from h=
= p(e) = glar N &) = p(@r)Nep(a,) for each 7€T, 77" we obtain easy
@(a)¢.B,, which is a contradiction again.

I1. If pr.a=e, for each z¢T,, then we obtain a contradiction dually
asin I.

I1. If pra<e, for some 7€ T, and pr.a=e¢ for other 7¢T,, we can
transform elements as in 3° and by I. we obtain a contradiction again.

Accordingly, for each o€§ there exists just one #,€7T such that
(p(A )= B Now we prove the converse inclusion.

(2) Let there exist o,€S such that for z,€7T is (p(A )DB(,0 and
qo(A );éB(,0 Let us denote S, the set of all c€S for which is go(A )DB
Clearly S, because g,€S, and

¢(A,)2 [ Bs.

6€Sy

Let (p(}i,%) # [[ B, then there exists an element
GGS()

€ (/_\.,UO) — ]gg B,

such that ¢=h and for any 0,48, is proc=¢ 0, Denote de A, = ar-
bitrary element satisfying ¢(d) = ¢ and d,€ A, arbitrary element ful-
filling p(dy) = ¢ (Where pro,¢,=¢;, G € By). If 7,,=74, then ¢,¢S,, which.
is a contradiction. f 7,27, then A, NA, . = {¢ and thus h=g(e)= .
=ep(dNd)=cNec,#h for ¢;=h,, (because prulc ProCi=0¢) or h=g(e)=
_gp(dUdl)—CUCl;éh for ¢;<h,, which is a contradiction agam Thus

A, )= B,.
¢(A.,)= I B
Let card Sy=2; then there exist oy, 0,€8,, 077 0,.
(i) Let B,,, B, fulfil (CI) or (C2), then we can choose b, eBdl, b,€ B,
such that b,=h, b,=h. Let a,cp~Yb,), a,Cp~ by, @, a,€ A, . Then

4 e~ a, and b = b Nb, = p(a@) (@) = p(a,Na) = p(a) = b; = h
(l = 1 or 2) which is a contradiction. o



DIRECT DECOMPOSITIONS OF HOMOMORPHIC MAPPINGS 33

' (ii) Let By, Bo, fulfil (C3) or (C1), we obtain a contradiction by dualiz-
ing (i): '

Thus card S, = 1, i.e. S§§ = {o,}. In summary the assertion of the
theorem 1 has now been proved.

CoroLLARY 2. The direct decomposition of WA-lattice into tourna-
- ments satisyfing (C) is unique (to whithin isomorphism).

Proor. Let A be WA-lattice, A,, A, be families of tournaments -
satisfying (C), A is isomorphic with ]] A and with ] A,. Then there

vel
exists an isomorphism ¢ of ]] A, onto ]] A, and, vice versa, ¢~ is an

isomorphism of J['A, onto ]] A, By the theorem 1 we can fix e€ [T A,
ver -:ET .
such that for each 7€ T there exrsts ]ust one y,€I" satistying p(A,) = A,
e¢c[[ A, such that for each yel' exists just one z,6T satisfying -
¢ (A, = A, . Evidently we can get &' =gp(e). Then 7=7,, y=7, and thus
card T'=card T and A, is 1somorph1c to Aq(,,), where @ is a permutatron
of the index set I'.

CoROLLARY 3. Let A,, B, be tournaments satisfying (C), ¢ be a sur-
jective homomorphic mapping of WA-lattice A = J] A, onto WA-lattice

z€T
B = [] B,. Then card § = card T.
GceS

PRrOOF. For each ¢S there exists just one 7,67 such that (A4, )=

= B, for any fixed ¢€ A, for 6,# 0, {8 75, # T, 1.€. card S = card {z,, 068} =
=card T.

THEOREM 4. Let A,, B, be tournaments satisfying (C), A = [] A,
B= ][ B, be WA lattices and ¢ be a surjective homomorphic mappmg of A
onto lg’ Then ¢ = [] @z where @, Is a surjective homomorphic mapping of -
A; onto Bagy, m is a permutatton of the index set T.

ProoF. By the theorem 1 we can choose e such that for each z¢T
there exists just one 7,€T satistying p(A)= B, . Letwbe a permutation
of T such that w(r)=7, let j, be a natural 1som0rphrsm of A, onto A..

Then we can get ¢, = J:-@|7, Plaq then ¢AA;) = Bagy and ¢ = ]]%

CONCLUDING REMARK. The theorem 4 is the converse of the general
theorem on direct products of homomorphic mappings (see [3]) formulated
for surjective homomorphisms and for WA-lattices which are direct pro-
ducts of tournaments satisfying (C) (and thus also specially for lattices
which are direct products of chains satistying (C)).

3 ANNALES — Sectio Mathematica — Tomus XVil.
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H. ArAkr and G. A. Evviorr showed recently in [1], that the condi-

tions [lxy|| = Ix}i- Iy and ||x¥|| = ||x}| follow from the other axioms
for C*-algebras (see Theorems 1 and 2 bellow). They asked also wether is
it enough to assume the condition [x*.x|| = |jx||* (lx* x| = Hx*ll flxlhy

in Theorem 1 (Theorem 2) only for normal x? (see Problem in [1]

The purpose of this note firstly to give more short proofs to the theo-
rems mentioned above and secondly to give answer in negative to the
question of Araki and EvrriorT, giving a Counter example.. ° '

Let A be an algebra over the complex field. An involution on A is
a map x--x* of A onto itself such that for each x, y in A, and each com-
plex number 2 :

1° (X*)* = x

27 (XA = 2 y*

3 (Ax)* = 2% x* (A* is the complex conjugate of )
40 (xy)* = y* x*

A *-algebra isan algebra endowed with an involution *. The algebra A is
called a Banach algebra provided there is a norm ||| under which A is
a Banach space such that the fol lowmg multxphcatwe condition is satis-
fied

5% fbeyll = x|l Iyl

We mean under a C*- algebra a Banach*-algebra A satisfying the condi-
tion

6° Jlx¥ x| = [

The following theorems of [1] omit the condition 5° and replace in
part the condition 6° with some weaker assumption in the definition of

C*-algebras.

Q%
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THEOREM 1. Let A be a *-algebra such that A is a Banach space under
the norm || - || satisfying the identity for all x in A
) ] = e

Then A is a C*-algebra.
Proor. For all x, y in A and ¢, d complex numbers holds the following
algebraic identity ([1])

5 ,
2) 4c~d-x.y:2’i”(d*y*+(—i)”Cx)(dy+i"C*x*)*
n=0 .

This gives us for x, ¥y in A
) eyl = 4 [yl

by setting ¢ = ||x*||~, d = |ly|=* (if x and y nonzero) and using the
triangle inequality and the property (l) of the norm. We have now for
X, y in A

4) D [yl = 16 fix {1yl

since by (1) if xy nonzero
eyl = llGey)* (xy')ll eyl = lly* (e xy)ll e e[| =] Tl e eyl

and only (3) must be used.
Then the norm of the so called extended left regular representation

defined for x in A as follows (see [3] p.2.)
(B)  |xly = sup {4 x+xy|| 4 A,A J complex number; [4] +|ly|l = 1}

satisfies multiplicative condition 5° on A as operator norm and equivalent
to the orlgmal norm, since obviously the following inequalities hold for

each x in A

(6) il = Jxly = 16 ]

" Thus Ais a Baﬁach*-algebra with . the norm |-, satisfying in place of
- (1) the inequality for all x in A _

a e ], = 162 [l

- 1t follows by Theorem 2 of [2] that A is a C*-algebra with some norm

|- [l which is equivalent to the norm | -||, (and of course to the original
norm). Then by 6° the following identity holds for all x in A and natural

number n

®) Il = ek x)"3~ .
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The equivalence of the norms now yields the desired property:

I

9) fixll, = Him fj(x* x)znl|§_("+1) lim o )22 (nt1) _

A oo 11> o0

. —(n+1)
= Lim [l 022" = )

N> en

for all x in A, since (8) holds for the norm |- || in view of (1) too.
The proof is-complete.

TuEOREM 2. Let A be a *-algebra such that A is a Banach space under
the norm |- || satisfying the identity for all x in A

(10) ' [l - x| = Jlx*]] - flx]
Suppose that the involution x—~x* is norm continuous.
Then A'is a C*-algebra. .

Proor. The continuity of the involution gives the existence of some
positive number k such that the following inequalities hold for all x in A

(1m k=) = ¥ = k]

So the norm ||-]|” defined for x in A as

(12) . " = max {flac], fix|[}

is equivalent to the norm |- || satisfying the inequalities for x in A
(13) lldl] = [xll” = (T+k) |[x] -

The identity (2) gives us now for x, y in A

(14 ol = AR ) vl

by setting ¢ = (x|)~% d = (|y|)~! if x and y nonzero and using the
triagle inequality and the property (10) of the norm |- ||, and (13). For
the norm |- ||” it is satistied also for x in A in view of (10) and (13) that

(15) Ihe* ) = o ) = o) ) = (LK) =2 (x])2

It follows that A is a Banach*-algebra with the norm |-||; defined by

(5) || - || being only in place of the norm ||-], such that the equivalence of
the norms |- || and | -, is given for x in A by the inequality (replacing (6))

(16) (e = [l = 4 (1+ )2 Il
The norm satisfies the inequality in place of (13) ..
(17) e xfl; = 472 (1+K)~* ]|z -

Thus A is a C*-algebra with some norm || - |, equivalent to the norms |-
and ||-|| in view of Theorem 2 of [2] and as above
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(18) iy = lim 0™ 7 = lim ety Y =
o

= lim |Gt )2 2~ = e

- oo
‘for x€ A, since from (10) only the following identity
(19) e xl| = fic* )22 ™"

- follows. This means that A is a C*-al gebra with the norm defined for
XEA (see (20) in [1]) by ,

(20) bl = flc* xl=.

Thus the first part of the proofis finished. The second part consists mainly
of the fact, that the relevant inequality

D) 3] = flxle :
holds for all x in A (see [1]). It follows then by (10) that for all x ||x||? =

= []* x|l = [Px*]| - {lx]} so that [|x]| = [lx*| and IIX*II = ¥ = [lx]|- implying
finally that ||x¥| = [jx|| and so for all x in

(22) [l =l -

- The theorem is now proved. -
ExamprLE. Let H be a separable Hilbert space with orthonormal

basis {en}n=1 and let B (H) be the C*-algebra of all bounded linear opera-
tors on H with the usuall norm ||-||. Then the norm defined for 7" in B (H)
by the expression

T*T +TT* ]1 12
2.

is equivalent to the original norm satistying

(23) T = ’

(24) TN = [T = (171 -

e
73
Then A is not a C*-algebra with the norm |- but for every normal
T|T|, = IIT|| and so ||T* T|}, = |T|} holds.

Proor. To show that ||-||; is a norm it must be proved only that the
triangle inequality (the subadditivity) is fulfilled. Since for all selfadjoint
T, \T|| = sup {|(Te, e)| : ecH, |l¢]] = 1} is satisfied, and
(25) (T 4T (T +T)e e)+((a T, +T) (@ T+ Ty e,e) =
holds for every Ty, T, in B (H); e€ H and for every real number «, the in-

equality

I T+ T3 LA T Ty TP = 4TS T+ T, | T4T, + T, T
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holds from which the desired subadditivity now follows. Since
IT* T +TT*| = sup {|((T* T+ TT*)e,¢)| :cCH, || = 1},
sup {[|Tel®+ |T* el> : ec H, le]| = 1}

holds for all T in B (H) and |\T*]| = ||T|, (24) obvious. Let T be the ope-
rator on H defined by fo lowing action

1) Te,=2""¢,0, (n=1,2,...).
Then T*¢, = 0 and
' T¥e,=2"0De | (n1=2,3,...)

l

It

and
|7 = | T*)| =271,
but.

IT, = 271V5/V8 < |T||

which shows the statement.
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MEENAKSHI (2) has defined proximity algebras (as Boolean algebras
with a proximity relation) and, in the course of a discussion mainly
concerned with the relations between (abstract) proximity structures
_and uniformity structures on Boolean algebras, proved a representation
theorem for a certain class of proximity algebras. In this paper we define
a somewhat more general concept, a proximity lattice, which includes as
special cases both the family of all sets, and the family of all open sets,
of a proximity space; we discuss the representation problem for such lat-
tices, with special reference to two particular representations in compact
Hausdorff spaces, which are respectively appropriate to the two cases
just mentioned. Our methods, which do not involve uniformity structures,
are to a large extent parallel with a standard method of obtaining the
compactification of an ordinary proximity space. Partly to facilitate our
study of representations, and partly for its own interest, we introduce
the concept of round ideals in a proximity lattice; these themselves form
a proximity lattice of a specially wellbehaved type

1. Definitions

Let L be a pseudo-complemented?! (finitely) distributive lattice; that
is, a lattice with a least element 0 and such that every element a of L has
a pseudo-complement at with the property that aAb=0 iff b=at. It is
cbvious that for all a, b, a=b = at=<bt, and that Ot is the greatest ele- "
ment of L, denoted by 1. Further, a't=a, a'ft=af, and by distributivity
(avb)t = atAbt. An element a is called regular iff att=a; L is a Boolean
algebra, with @t as the ordinary. complement of g, iff every element is
regular. It is not difficult to show (cf.[1] p. 148, where relative pseudo-

1'We do not assume, as in [1] p. 147, that L is relafively pseudo-complemented
with respect to all its members, nor that it is complete.
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complementation is not needed for thls purpose) that att Abtt = (aAb)tT,
(aAb)t=(atVbH)tt, and (aVat)it =

DErINITION 1.1. A proximity relation on L is a relation < with the
Jollowing properties:

Pl. For all acL, O<a, a<1.

P2. a=b = a=<b.

P3. (i) (qyVay)<b iff a,<b and a,<b;
(ii) a<(b;Aby) iff a<b, and a<b,.

P4. If a<b then bi<at and att<b.

P5. If a<<b then Je¢, a<cc, c<b..

We write aRb iff a<b?; by P4 and P3 this is a symmetrical relation, and
satisfies. conditions similar to the axioms for *remoteness’ in a proximity
space: we note that aRb iff attRb11. 1{ is important to notice that aRb?
(i.e. a<b?t) does not imply a<b. However (using P5 in particular) we can
say that a<b iff there exists a regular.element ¢ with aRct and c=b.

It might appear that we could take the relation R as fundamental,
writing down axioms similar to those for a proximity space, and taking
the property just mentioned as a definition of ’<’. However, since ¢;, ¢,
regular does not imply ¢,V ¢, regular, this procedure would not yield P3
without imposing an additional, rather artificial, axiom for R.

DEeFINITION 1.2. A proximity lattice (L, <) is a pseudo- complemented
distributive lattice L together with a proximity relation on L.

If L is a Boolean algebra, (L, <) is clearly a- prommlty algebra in
the sense of (2).

We list some easy examples which will illustrate our methods and
some of the difficulties which can occur: in all these examples the lattice
elements are sets, ordered by inclusion.

Ex. 1. L = 2X the set of all subsets of a proximity space X: ob-
viously this is a proximity algebra.

Ex. 2. The elements of L are all the open subsets (in the induced to-
pology) of a proximity space X. This is a sublattice of the algebra of Ex. 1
(as concerns V, A) but the psetdo-complement is not usually the set-com-
plement. (Since the open sets of a proximity space are in one-one relation
to those of its Hausdorff quotient, there is no loss of generality, in Ex. 2,
in confining ourselves to separated proximity spaces; this does not. hold
for Ex. 1.)

Ex. 3. The elements of L are all the regular open sets of a (separated)
proximity space X (i.e. sets G satisfying G = Int G). This is a proximity
algebra, but not in general a sub-algebra of that of Ex.1nor a sub-lattice
of the Jattice of Ex.2, since G,V G, is not usually the set union.

Ex. 4. The elements of L are those subsets of [0, 1] which are (if not
empty) expressible as finite unions of non-overlapping and non-abutting
intervals, each open relative to (0, 1), with the ordinary metric proximity
and topology. This is a proximity algebra and a sub-algebra of that of EX.3.



REPRESENTATIONS OF PROXU\’IITY.LATTICES A3

Ex. 5. The elements of L are those open sets G of the complex plane
which satisfy the following condition: for any real x, if x¢G, then given
any 0=0 3z, not purely real, such that |z—x| <6, 2¢G. It is easy to see
that L is a complete lattice and that as in Ex.2, the pseudo-complement of
G is Int (comp G), but G,VG, may differ from G,UG,. The prokalty
relation is that assomated with the ordinary metrlc

Now let I be the set of all GeL such that, for some n, 26G =

= |z|<1-—1/n and |&(z)| =1/n. (This is, in the language of sectlon 3 be-
low a round ideal in L.) We see that, because of the restriction on the al-
lowable elements, sup I is {z; |z| <1} All members G of I satisfy G < sup I,
but not all elements satisfying this relation are in I.

Ex. 6. In the real plane let A(8), B(8) denote respectlvely the open
rectangles

{6, n); 0=<&<, _5<77<5}

{(‘S’ 77)’ _5<§'<(3, 0<17< 5}

Let X=A(I)YUB(1)U{(@, 0)}, with the usual metric proximity as
a sub-space of the plane. To define an element of L we start with any
finite union E of open rectangles (with sides parallel to the axes) contained
in X, and apply the following rules: if, for some 8=0, E includes A(3d)
or B(c‘)) then the set E;=EU{(0, 0)}isin 'Lbut E itselfis not; if E includes
A(8)N B(8) for some & (but no A(6,) or B(&,)) then both E and E; are
members of L; in all other cases E is in L but E; is not. The proximity re-
lation is that induced from X. It is easily verified that L is a proximity
lattice, V and A being set-union and set-intersection. If ¢= A(1)N B(1)
then ¢tt=cU{(0, 0)}, ¢t being the interior (in X) of the complement of c.

Our aim is to represent a given proximity lattice by a collection of
sets in a suitable space. For convenience, we use the word ’representation’
in a rather wide sense, namely:

“DEFINITION 1.3. A representation of (L, <) is a functwn itL— 2X
where (X, <) is a proximity space, Satzsfymg

Rep.1: Ool = {2

Rep.2: a=b = aocichol.

Rep.3: a<b (in L) = qaoi <boi (in X).
A representation 1 will be called proper on a subset A of L iff it is one-one
and order-preserving both ways (on A to Aoi) and satisfies, for a;, a, in A:

Rep.4. a,<a, iff a,0i<a,0i.

Rep.5. q,Ra, iff a,0iRa,o0i (in X). ,
We note that, even when A=L, we cannot usually deduce one of Rep.4,

Rep.5 from the other, since we have not imposed any ‘condition dlrect y
relating ai and ati. .

and

? As usual, o is used to denote evaluation or composition of functions. It will.
be omitted when no ambiguity arises. . :
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DEFINITION 1.4. A representation i which is proper on A will be called
fully proper on A iff it satisfies: —

"Rep.6. (q,Vay)oi = qyoilUayoi,

Rep.7. (¢yAay)oi = a,0iNayoi.

Example 4 suggests that a non-fully-proper representation may be more
natural than a fully proper one. It is easy to give a fully proper representa-
tion (using half-open intervals) of the algebra in that example. There is
however no special significance in the extra points thus added, and it
-seems most unlikely that there is any canonical method which would yield
a determinate fully proper representation which was as approprlate as the
representation implied by the example itself.

2, Open and closed elements; the neighbourhood relations

We write (throughout the paper):
DEFINITION 2.1, A(a) = {b:b=a); l(a) = {b: b=xa};.
o(a) = {b:b=a}; r(a) = {b: b>a}.
(b>a means-of course a<<b).

If sup l(a) exists, we denote it by a°. (in Ex 1, and in many other cases,
this is in fact the interior of a4 in the topology of X). We accordingly
define:

DEFINITION 2.2. An element a is called open iff a° exists and a°=a.
Dually we define a (if it exists) and closed elements. .

Open and closed elements have many but not all of the properties
of open and closed sets in a space.

Using P5 it is easy to see that if a° exists then b<a implies b<a®
and hence that a° is open; dually, @ is closed whenever it exists. In Ex.2
* and several of the other examples every element is open: such. lattlces are
comparatively easy to represent satisfactorily.

DEFINITION 2.3, A simple proximity lattice is one in which every éle-
ment is open. _

LIt

THEOREM 1. In a proximity lattice L:
(i) If sup-{a; i€} exists and all a; are open, then sup a; is open;
dually for inf of closed elements.

(il) Every closed element is regular.
(iif) a open = at closed; the converse holds in a proximity algebra but

not in general.

The proofs of (i) and (ii) are obvious, using for (ii) the last part of P4.
We prove (iii); if b is a lower bound of r(at) then by P4

y<a = yiat = yi=b=> br=ytt=y.
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If a is open this gives bf=a and so b=bit=at, as required. The dual
argument holds if ¢ is closed and L is an algebra.

Ex.6 shows that @ closed does not always imply af open, and that
a,, a, open does not imply a;Aa, open. For if a = A(1)U{(O, 0)},
a,=B(1)U{(0, 0)} then aAa,=(A(1)NB(1))U{0,0)}. If c=A1)NB()
then ¢ is open, ¢t closed, ¢tt=a,Aa, not open, in fact (al/\az)o = ¢, while
a, and a, are both open.

However, all Boolean algebras, and many pseudo complemented
lattices, are mfmztely distributive3, in the following sense:

(ID) If a = sup {a; i€ I} exists, then for all b sup {bAa; i€} exists
and is bAa.

[tis easﬂy seen that in a prox1m1ty lattice satlsfymg (ID) the meet of
two open elements is open and, if a°, b° exist, (aAb)° = a°Ab°. In aproxim-
ity algebra, we deduce by taking complements that a;, a, closed implies
ai, af open and a;V a, closed. This gives some information about the more
general case in the light of the following theorem.

THEOREM 2. The regular elements of a proximity lattice L form a proxim-
ity algebra L, under the same order and proximity relations (strictly, their
restrictions te L, X L,), the lattice operations in L, being

N, a, = aNa,,
oV, a4 = (Vay)tt.

If at is closed in L (in particular, if a is open in L) then at is also closed in
L, and att open in L,; if L is simple then so is L,.

As is well known, it follows from the identities in §1 that L, is a Boo-
fean algebra, with the given join and meet. Using the axioms for L, in
particular P4, we see that the proximity axioms hold for L. If b (regular)
is closed in L so that b = inf r(b) (in L), then using P4 and P5 we see

that if cer(b) then Id such that dft<c and dtter(b); hence also b =
= inf (r(b)NL,), so that b is closed in L, The rest follows from Theorem 1.

We can define two “neighbourhood” relations, each analogous to the
relation AcInt B in a prOXImlty space, in a manner which does not
assume the existence of b°. :

DEFINITION 2.4. bNa (b is a nelghbourhood of a) means: — for all
4, (d)Dl(h)=>d=a.

bN* a (b is a strong nezghbourhood of a) means: a = sup {a/¢; c<b}.
(If bNa is false, we write bHa.)

We state the main properties of these relations, omlttmg the proofs,
which are straightforward.

® (1), p. 109,



LemMma 2.1.

(i) aNa & aN*a < a open.

(ii) a<b = bN*a = bNa = a=b.

(iii) If b° exists (for some given b) then for all a bNa < a=0b°; if
also L is ID then bNa + bN*a. Hence, if L is (ordinally) complete (z e.
suprema always exist) and 1D, N and N* are equwalent the same is tfrue
for an algebra even if it is not complete. .

, (iv) If bNa, and bNa, then bN(a,V a,) and similarly for N*. If bNa,

and a,=a, then bNa,; this is true for N* if L is 1D but not in general.

: (V) byNa and b,=b, = b,Na; similarly for N*. If L is ID then b N*a
and b,N*a = (b, /\bZ)N a.

A counter—example for the last part of (iv) is supplied by Ex.6 above;
this shows also that N, N* are not in general equivalent. (In the notation
of the discussion 1mmed1ately following Theorem 1, a;N*a,, ¢t = q,,
o, H*cit.) .

It is now natural to make the followmg definition:

DEFINITION 2.5. A representation i of a proximity lattice L will be cal-
led topological iff bNa = aoiC Int (boi) (the topology being that induced
by the proximity on the representation Space), and topologically proper iff
the converse also holds.

Con31der1ng Ex. 4 above, we note that the representation given in the
example is topologxcally proper, while the fully proper representation by
half-open intervals is not. It is possxble to construct a representation (which
appears rather artificiat) which is both fully and topologically proper, but no
such representation can exist in a compact Hausdorff space. For if i is a fully

proper representation in such a space, and 0 = § < § = Y -m=n=1,

then since [51,%] < (&,m) we have [[&1,—;-] ° z] c(&n)eoi, with a

~ 1 1 - T
similar result for %, 171]. Since [&1,—9] an‘-d[z—_, _171] are in proximity, we .

ool o[- T s

Now if { is also topolog'ical, £, %] oi and [%,n oi are open and dis-

have also

joint, so neither meets the closure of the other. It follows that (£, n) o i
1 1 1 .
#= |, ol U , n| o i, while 5,—Jv[—,97}= &, n)in L. — acont-
[ 5oz [e2)v[zr)=en

radiction. -
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(A similar argument applies to the proximity algebra of all subsets
in the space of rational numbers in (0, 1).)

To conclude this section, we note that we can use the relation N
(or N*) to give a condition which in the case of an actual proximity space
(Ex.1) is eqmvalent to saying that the proxumty is separated (Haus-
dorffian).

DEFINITION 2.6. A proximity laiz‘zce is said to be separaz‘ed iff a,=az
implies 3b, bNa, and bHa,.

(In a space X, if x;€ A\ A,, consider b = X\{x.3)

3. Ideals and filters. Round ideals and round filters

We recall that a subset A of L is an ideal iff aq;, a,€ A = a,Va,€ A
and a€ A = aAbe A for all b. A dual ideal is defined similarly; a proper
dual ideal (3 @, L) is often called a filfer in L (not to be confused with a
filter on L in the classical sense of a sef of subsets). By standard Zorn
arguments, any filter is contained in a maximal filter (ultrafilter) and
we have:

LemMma 3.1. A filter F in L is an ulfrafilter iff, for every aeL ezther
acF or atcF. A

We note that for an ultrafilter, U, ae U < aft€ U, so that in the non-
Boolean case ultrafilters do not -always ’separate’ distinct elements. If
however a't = btt, say for example att = bt so that attAbt = 0, then
an ultrafilter U refmma (i.e. including) o(atfAbT) will have a and att as
members but not b or b7t since bTADTT = 04 U.

It is interesting to note that the condition of the lemma (applied to

an ideal 1) ; while necessary, is not usually sufficient for / to be maximal
(proper). Con51der e.g. a lattice of five elements with relations O<a<
<c¢=<1,0<b=c=<]1, at=b, bt=a, c¢t=0, taking I=={0, a}.
If Ais any subset of L, r(A) denotes as usual U{r(a); ac A}; by P5,
r[r(A)] = r(A). In particular, if F is a filter, it is clear that r(F) is also a
filter included in F.

DEFINITION 3 1. An ideal I is round iffun = 1; dually, afllz‘er Fis
round iff r(F) =

If F itself is not round, then r(F) is clearly the largest round filter
contained in F. Almost exactly as for proximity spaces ((3) 34-37),
it is easy to prove:

LeEmMmA 3.2. Any round filler is contained in some maximal roundleter
If F is a round filter then each of the following is a necessary and sufficient
condition that it be maximal round: ,

(i) For some ultrafilter U, F = r(U).

(ii) -For every acL, either a*€ F or r(a)C F.
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For example, we prove (ii) sufficient by remarking that if F,, F are round
filters with F;> F, b€ F|\F then JacF,, a<xb; hence a'¢ F(c F,) while
r(a)y¢ F as ber(a)\F We remark also that if F. is round and aTEF then
dbe F with b<at, bt>att=q, so that r(a)¢ F.

The following lemma (a kind of converse of the last) is important -
Jater. 1t is easily proved for proximity spaces (cf. [3] 37, Theorem 6.15),
but requires some care in the general case.

LEMMA 3.3. If a4 4 b, then there exists a maximal round filter M con-
taining neither at nor b, so that r(a)yc M.

By Zorn’s lemma, g(a), which does not meet (), can be enlarged to
a filter F which is maximal subject to Fﬂl(b) = Q) We show first that if
¢<b and d¢ F then dAct4I(b).

For [dA(cVen)]it = dttA(cVef)tt (by’ §1)
= dft since (cV i)t = 1.

Now dAc<b so that if also dAct<b we should have (by P3 and P4),
dit = [dA(cVct)]ft<b contrary . to supposition. It now follows that
cte F, for if not we could add to F all elements of form dAc?, d¢ F, and all
targer elements, without violating the condition FNI(b) = §. Next we
- take ¢y, c<<¢;<cb; as above for ¢t we show that ¢f€ F whence ct(=c)€r(F).
Finally, we enlarge r(F) to a maximal round filter M; since a€ o(a¢)C F,
we have r(e)cr(F) so that at¢M, also b M since M is round and, if
¢<h, ¢ and ¢t cannot both be in M.

4. The proximity lattice of round ideals

DeFiNiTION 4.1. If I}, I, are round ideals' we write I,<I, iff there exists
a,€ 1y such that I, < A(a,) (and hence, 1, being round, there exists by€ I, such
that 1,cl(by)).

. TueEOREM 3. The non-empty round ideals, ordered by inclusion, form
a simple complete 1D proximity lattice -Lpy.

It is almost obvious that if I,, I, are round ideals then so also is their
set-intersection I, I,, which is therefore I\ I,. (Alternatively, it is easy
to see that ;A L, = {a,Aay; a,€ 1, a,€1,}.) If {1 J€J} is any set of round
ideals, we form the set of all elements of the form a=supia,; l=r= n}
where a.€1;,, say, for each r,” n being finite but arbitrary. This again-
is a round 1deal as is easily seen, and is therefore sup {/; j€ J}, since any
round ideal mcludmg all I, must contain all elements of the above forni.
Using the second formula for I, A I, we see that L, is distributive, in fact
ID. Its least member is clearly {0} and greatest member L itself. We
next say that the pseudo-complement It exists and is given by
{b; e>b, T A(ch)); this is an ideal because if b Vb=, Ve, say,
N Ve)t] = MetAc) = MehHNA(f), and is round by P5. It meets
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I'only in 0, and includes every round ideal with this property, since
Tcouet)y = chd =0, all del. -

The axioms P1, P2 are clearly satisfied by our definition, and P3 (i)
holds because if Iy c(ay), Iy, A(by), a3 and by in I, then by construction
LV I,cA(a;Vbs), while P3 (ii) needs only A(a,Aa) = Aay)NA(ag). We
consider P4 and P5. Let I,< [, and I, CA(a,), ay<<b,, b€ 1,. Then I(b,) is
itself a round ideal and a,, b, show that I,<l(b,)<1,; this proves P5.
From the formula above for It we see that a<af = a€ If, whence IT>I(af)
and in particular bj€ If, while by I, gives If <I(b}) since by=ct < c=0f;
thus b} shows that 11‘<<1’r Fmally, bielf gives similarly It cI(bf7), but
-as I, is round bft must also be in 19, as €y>=by, ¢y in Iy, 1mp11es cy=>bit,
Thus Ift<1, as required.

. We note next that,acl, implies 3bcl,, ael(b)cl(b)c: I;. Thus
I, = U{l(b); be I,} and as each {(b) is a round ideal, with I(b)<1,, we must
have I, = sup {{; I< I} so that Ly, is simple; this completes the proof.

We have just shown that the ideals of the form I(b) form a 'base’
for Lp; in a sense analogous to that occurring in the term ’base of a
topology’. By a slight extension of the argument used above in proving
- P5, we see that these ideals [(b) also form a ’proximity base’ for Lp; in
the sense that if </, then there exist b, ¢ with I;=I(b)<l(c)= I, (cf. [3],
47, Def. 8.2).

‘We may consider the operator [ as mapping L into Lp; when thmk-
ing in this way we shall write aol instead of I(a). That is, [(a) is used to
- denote the set {0 : b<a} as a subset of L, but aol to denote the same set
as an element of Ly, though complete consistency is-unattainable. We
now state the most important properties of this mapping.

THEOREM 4. The map 1 preserves the relations <’ and ’<’, and
(aAbyol = aolAbol. Therestriction of l to the open elements of L is one-one
and satisfies aol=bol iff a=bh, aol<bol iff a<cb. For all a; atol=(aol)t,
and if ay<a, then (g ol)tt=(ajtol)tt=(afol)t=a,ol. A necessary and
sufficient condition that (aol)t=atol is that, for all ¢, l(a)cl(ct) =
= l(c)cl(a"). If Iis a round ideal and a = sup I exists then It=atol;
in particular, (aol)t=atol if ais open, or a regular and open in L,.

- Most of these statements follow at once from the definitions. If a
is open and aol<bol, then Fe¢, ccl(b), l(a)cA(c), so that a = sup [(a)
satisfies a=c<b (whether or not b is also open). For any a, aolAafol =

= (ahat)ol = 0ol = Og,, hence afol=(aol)t. If now a=<a, 3d, a,
) << @3 << 4y <dy, at>at. Thus de(atol)t = dAal = O (a} being a member
of I(a})) so that d<a37‘<<a,, it follows that (a’rol)f<<azol while (aol)tt=
=(ajtol)tt; because a,=<ajt.

Now suppose that atol = (aol)t for some a, and that I(a)<i(cT) in
L. If bel(c) then, from the formula for It given in proving Theorem 3,
be(aol)t = atol, i.e. bel(at) in L; the converse (sufficiency) is proved
similarly. :

4 ANNALES - Sectio Mathematica — Tomus XVII.
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Finally, suppose that a = sup I and beIt, so that bAc = 0, c=bt,
for all ¢ of I. Then a=bt, at=btt=b. As It is round we can replace b by
b;>b and obtain IT<a’rol the converse is obvious as INI(af) = {0} or,
in Lg;, INatol = 0. If a is open, we can put I = aol in the result just
proved (but note that Ex.5 shows that a = sup I does not of itself imply
I = aol). Again, if q is regular and open in' L,, we can apply the same ar-
gument to any regular element bt of (aol)t, using only regular elements
¢ of aol and working for the ' moment in L,, thus obtaining bt =at. But, "
if b is any element of (aol)t, since this ideal is round it also contains
b1t so that as before (ao)t=atol.

We remark that there are obviously dual forms of Theorems 3 and 4
concerning the lattice of round filters, Ly, but as we do not need any
detailed s‘cudy of this lattice we do not investigate how far the duality is
© exact.

‘As Ly, is itself a proximity lattice, we can form (Lg,)g; and
(Lrp)rr The first of these is easily seen to be isomorphic with Ly, itself.
Rather more mterestmgly, there also exists a natural 1somorph1sm between
Lyrr and (Lgp)gr:

THEOREM 5. The mappings l;:Lp; —~ (Lp)g; and ZQ:LRF—»(LRI)RP;;
defined by o
: Lol = {I; I< 1}
and ‘

Fyol, = {1' JaeF,, aol=1I}

are one-one onto mappmgs and are order- preservmg (with respect to in-
clusion) both ways.

CorOLLARY. [, maps the maximal round filters in L onto the maximal
round filters in LR,

Using the methods and results of Theorems 3 and 4, it is easy to see
that I,ol; is indeed a round ideal and F,ol, a round filter, and that both
mappings arc order-preserving in the wide sense. The map I; is one-one
because Ly, is simple so that I, = sup {I; I<I} for every I If how I*
is given in (Lg,)g; we put Iy = U {I; I€I*} and show that I, (a union
of subsets of L) is a round ideal such that I,ol, = I*; thus [, is onto and
its inverse, being given by the formula quoted, is also order-preserving.
The details are left to the reader. .

Suppose now that F,ol,c F,ol,; take any a€ F, and note that cer-
tainly aol€ Fyol,. Hence 3b, b€ F,, such that {(b)c [(a) in L; since Fs
is round there exists c€ FyNI(b), so that a=c and therefore a€ F,. That is,
Fioly,c Fyol, implies F, < F,, so that [, is one-one and {; * order-preserving.-
Finally, given any F* in (Lg)zr We put Fy = {a; aclc F*} and show
that, F* being round, F, also is round in I and satisfies Fyol, = F*
so that [, is onto; the details are again omitted.
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5. Representation in the space of ultrafilters

The obvious method of trying to obtain a representation of L is to
form (as in the well-known representation of Boolean algebras) the set X,
of all ultrafilters in L, with the map f given by aof = {U; ac U, UcX,}.
The axioms Rep 1 and Rep 2 clearly hold, and we ensure Rep 3 by the
following definition.

DeriniTION b.1. If A, B are subsets of X, then A<B means: — Ja,bcL
such that a<b and Acacof, bofc B.

It easily follows from the properties of ultrafilters that (aAb)of =
= aofNbof, atof = X\aof, and (aVb)of = aofUbof, whence (X,, <)
is indeed a proximity space, and aof<bof iff a<<btt.

The topology induced on X, by its proximity is given by U,€ Int B
iff Ja, b, a<xb, acU,, bofc B; we can deduce that a base of open sets is
{bog; beL} where bog = {U; JacU, a<b} = {U; ber(U)}. 1t is not dif-
ficult to prove that this makes X, a compact regular space; we omit the
proof as we shall be proving a 31mllar result for the closely assoc1ated space
X defined in the next section. :

if (and only if) L is an algebra, the representation is one-one and
coincides with that defined in (2) (the definition itself in (2) is meaningtul
for any proximity algebra, and coincides with the definition of our repre-
sentation). Our remarks above prove that Rep 4, Rep 6 and Rep 7 all
hold, whence Rep 5 follows easily since aft = a and afof = Xy\aof.
In spite of these excellent qualities, the representation has the grave -
drawback that X, is not Hausdorff. As we shall see, when we take the
natural step of reducing X, to a Hausdorff space by taking the quotient
with respect to the relation U, ~ U, iff {U;}< A & {U,}< A all A, the rep-
resentation, carried into the quotient space, loses many of its properties.

. L 3 :

6. Two representations in the space of maximal round filters

In forming the quotient X/~ , it is sufficient to let the set A, in the
formula above, Tun through a base of open sets. In our space, we easily
get

Uy~ U, iff r(Uy)) =r(Uy).
Just as in the compactification of a proximity space, we may therefore
take as the elements of X=X/~ not the actual equivalence classes but
the filters r(U), i.e. , the maximal round filters in L. The map correspond-
ing to f is then £ (say) defined by

aoh={MecX; r(a)c My},

for. r(a)cMc» U, aeU, r(U) = M, since if r(a)c M then at¢M and
JU>M, acU. We find it more convenient to define first the topology of
X rather than the proximity; corresponding to the sets {bog; beL} in X,

we take, as a base of open sets for X, {boj: bcL} where boj = {M; be M}.

4%
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We note that, by section 3, aoh = X\atoj; thus every set aoh is closed
and at=0t => aoh=>boh. We now have two maps 7, j of L into the same
space X. If L is an algebra, each is deducible from the other by taking
complements, and neither has any obvious advantage. In general, however, -
since q determines at but not conversely, j is likely to be a better repre-
sentation than A in that it identifies fewer elements. (This is not surprising,
since the open sets of a topological space form a pseudo-complemented
lattice while the closed sets usually do not.) In the particular case of Ex.1,
where the maximal round filters correspond exactly to those of proximity
space theory, ath gives the closure of the image of at in the compactific-
-ation of the space, and @j its (open) complement, which will include the
image of the interior of a. In general, therefore, we may expect that in
some sense gj will represent an ’interior’ of @ and ah a ’closure’; our theo-
rems are largely concerned with illustrating this viewpoint.

'LEMMA 6.1. The space X is compact Hausdorff, and thus has the (uni-
que) proximity consistent with its topology, given by A<B iff ACInt B.

The proof is again analogous to. one often used in proximity space
compactification. Let M;, M, be distinct elements of X and aeM\M,
(by choice of notation). We can find b, ¢ in the round filter M; with
cxb=blt<a, ct>bi>at. By lemma 3.2, as b'T¢M, we have
crer(bt)C M,; thus Myectof, MlECO] and these are disjoint open sets
in X.

To prove compactness, consider any ultrafilter (Zl in the ordinary
sense, on the space X, and write F = {ecL; eo]e(%} R = r(F) in L.
Let a, b be any elements of L with a<b. If b¢R, choose ¢, d with b>ctt>
>d>a. Then b¢r(F) = ¢it¢ F = cftojd@; now by lemma 3.2 X\cttoj
consists only of elements M with r(ct)c M, that is, X\cttojcdfoj. Since
(U is an ultrafilter this set is in @ afid so dt¢ F, at¢R. Thus R, which is
clearly a round filter, is. maximal round by lemma 3.2. If eoj is any basic
open neighbourhood of R in X, Je;, ¢,€ F, e;<<e, so that e,oj, a fortiori
eoj, is in @{. That is, U —~R in the topology of X, so that X is compact.

We now state the simpler properties of the map j; properties of /1
can usually be deduced from the fact that atth = ah =X\afj.

THEOREM 6. (i) a=b = aojcboj.
(i) (@Ab)oj = aojNboj. ‘
(i) aoj = [i(a)]of (i.e. Ufboj: b<a}).
(iv) (aoj)~caoh.
(V) a<b iff aohcboj.
(vi) acjcboj iff (a)cl(); in particular,

aojNboj = @ (in X) iff (aAb) = I(@)NI(b) = {0} Thus j is a representa-
tion of L in X (nof necessarily proper).
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CoroLLARY. The restriction of j to the open elements of L is one-one,
and j is one-one on L iff L is simple.

The proofs of (i)—(iii) are trivial, while (iv) follows from the fact
that X\aoh = a'oj, open, and atjNaj = (atAa)j = 0j = 0. From the
definitions, a<b = aohcboj, while the converse follows from lemmas
3.2and 3.3, for if a « «b, IM with r(@)c M, b¢ M. 1T [(a) I(b) then aj = b]
by (iii), but if l(@)¢l(b), J¢, £=<a, ¢« b, 50, again by lemmas 3.2 and
3.3, IM, b¢ M, acr(c)yc M, whence (vi) follows.

If now a, b are distinct open elements then l(a) = l(b) so aj = bj.
If however ais not open, 3b, aAb  a, l(@)c M@)NA(b) = AaAb); as (a)
is ' round we see that l(a) = [(aNb) so aj = (aAb)j, a = alb. Thus jis
one-one iff L is simple.

Our next result connects the mapping j with the theory of round
ideals. Let X,, j, be the space and map associated with Ly, as X, j are
- with L. Since X, X, are subsets of Lpz, (Lp)rr We can by Theorem 5
consider (the restrlctlon of) I, as a one-one map of X onto X,. If / is a round
ideal in L, Iojol, will denote (I, being one-one) the set {xz, X0lytelojf}
in X,, where Io] as usual means U{aoj; a€l}. We note also that as /
is round (I) = I (where I is considered as a set in L.

THEOREM 7. (i) dojoly, = aoloj, for all a; hence if I is a round ideal
Tojoly = Ioloj, = Ioj,.

(ii) L] X is a homeomorphism of X with X,.
(iit) J, is a complete lattice isomorphism of Ly, with the latlice Lg of
- all the open sets of X, (ordered by mcluszon) in particular, X,\(1oj,)~
= Itoj,
(iv) L=<, iff Iiojy<lyoj, in X,, i.e., iff (Iy0js)~ C Iy0j,: thus j, is
a proximity-lattice isomorphism.

COROLLARY 1. j; is a proximity-lattice isomorphism of the proximity
algebra of regular elements of Lg, with the proximity algebra of all regular

open sets (G = Int G) of X,.

COROLLARY 2. For any proximity laftice L, the restriction of j to the open
elements is sz‘rzctly order-preserving and pro*czmzz‘y preserving in both direc-
tions.

If aEM then by definition aleMl and so Mlgealj2 if Meaj. Conver-
sely, any point of alj, can by Theorem 5, Corollary, be expressed as M,
where al € Ml, so that 3be M, bl=al. As M is round, 3cc MNI(b), whence
cel(a) so aeM, Mcaj. This proves (i).

If MycG, G open in X, then Ja, MycajcG so that Myl,cajl,c G,
But ajl, = alj, is a basic open set of X,, so as M, is arbltrary Gl must be
open in X,. Conversely if G, is open in X, any pomt of G, can be expressed
a8 Myl Then 31 M, GIJZCGZ, that is, Te Myl, and ZucM,, al=I,
whence ajl, = al],clh(_G;,, so that M,cajcG,l; . Thus G,l;' is open
and [,, being one-one, is a homeomorphlsm
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To prove (iii) it is now sufficient to show that every open set G, of
X is of the form Iyj for some round ideal I, in L; for then, by (i) and (ii),
js is onto L, but by Theorem 6 (vi) and Corollary, j, is one-one and order-
preserving both ways as Ly, is simple; it is therefore a complete lattice-
isomorphism.

Given G, write I, = U{l(a); a]cGO}. We show. that by, b1, =
b Vb,e 1y I, is therefore a round ideal as the other defining conditions are
obviously satisfied. Let b;y<a;, a;jc Gy, = 1,2; choose ¢;, b;<c<a,.
If ¢;Ve,€ M then ¢f, ¢f cannot both be in M as (CIVCZ)/\CT/\CT = O by
lemma 3.2, one at least of ay, a, is in M, so that Mca,jUa,jCG,. That is,
(e1V 6)] =Gy, and b Vby€l(¢,Vey) < I 1f now My€ G, then Fa, My€ajc Gy;
as M, is round Elbel(a)ﬂM0 so that M,cbjc [,f; the converse (I,jCG,)
is trivial.

We note that in L; we have Gt = Int (X2\G), Gtt = Int (G). Thus
given I, we can find I, with I j, = X,\(1j,)~ = (1012)1‘ By the 1somorphlsm

, is the largest element of Ly, satisfying I)|Aly = Og,, ie. Iy = IT.

Finally, if I;<lI, then by Theorem 6, (iv) and (v), (1,],) = C I,j, 50 that

I ja<lyjz In X, whlle if <1, isfalse there exists by lemma 3.3 an element
of X, which is in nelther IZJZ nor Ifj, = X\([L]z)_ so that (11]2) < Lj,
is also false.

This completes the proof. Corollary 1 follows at once from the formula
for Gtt. For Corollary 2, we remark that, [, being one-one, we have aj =
T=aljlyt. It we restrict ourselves to the open elements of L, the maps
1, js, I; and their inverses are all one-one and strictly order-preserving and
proximity-preserving, so that the same is true of j and j—* (Here j, j,,
and ;' are considered as maps into the lattices of open sets of X or X,
rather than into the spaces themselves.)

From Theorems 4 to 7 it is easy to deduce further properties of the
map j, particularly as applied to open elements.

TrEOREM 8. (i) (aj)~ = ah iff (al)t = dtl. The conditions Rep 4 and
Rep 5 are satisfied by j over the set of all such elements. (In particular, by
Theorem 6, Corollary, j is proper over the set of open elements.)

COROLLARY. If b is-closed, then bj = Int (bh) and hence is a regular
open set.

(i) If a is open and a't closed then a] isa regular open set iff al=atil.
If L is simple, then aj is a regular open set iff a is regular; j|L, is a proximity-
lattice isomorphism of L, with a sub- algebra of the proximity algebra (as in
Ex.3) of all regular open sets of X. If L is also order-complete then L,j con-
tains all such sefs.

The first statement is an immediate consequence of Theorem 6, (iii),
(vi) with Theorem 7 (i), (ii), (iii) since ah=X\atj; we easily obtain
[X\(@))~ U, = (al)tj, which is (atj), iff (al)t=a'l. 1f a,, a, satisfy this con-
dition then Rep 4 reduces to Theorem 6 (v), while

a,jRa,j & (0.)) " N(@))~ =0 ahnNah =0 ahcaj
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and, again by 6 (v), this gives Rep 5. We note that in general j is not one-
one over the set of all such elements, but is so over the subset of open
elements. For the Corollary, we use b closed =6t open in L, (Theorems
1, 2) 50 (bTol)t = bol by Theorem 4, since b being closed is regular. It
remains only to put a=0b% and take complements in X.

If a is open and atf closed then putting b = a*f we have (a)tt =
= (a'l)t = bl by Theorem 4, since at is open in L,. By Theorem 7, blj, =
= (alj,)'" in the lattice Lg, so applying I3+ we 'have bj = (ajl, )Tle 1=

= (@j)ft in the (isomorphic) lattice of open sets of X. Thus aj is regular
open iff aj=attj, i.e. iff al=attl. If L is simple, a't is always closed (Theo-
rem 1) and al=a'tl iff a=att. We already know that j is one-one (L
simple), that j, j~' preserve order and proximity, and that (mAa)j =
= a,J1a,j. Now (a,Va)t1j = (af Aa})'j = [(a,]) "N (@%])T]" = (& ]U &))",
the smallest regular open set containing ¢,j and a,j. Thus L,j is a sub-

algebra of the algebra of regular open sets, though not usually a sub-
lattice of the lattice of all open sets.

Finally, any regular open set G of X is (uniquely) expressible as [j,
I regular in Ly, (Theorem 7). If L is simple and complete, let @ = sup [;
since I is round, I=aol. But by Theorem 4 H=atl, whence I=If=
=attl=al. That is, I=al, Ij=alj=aj, so by the above results ac¢L, and
GelL,J.

7. A representation particularly appropriate for proximity algebras

The representation j studied above,-while appropriate for simple
proximity lattices, is clearly a very blunt instrument in general, e.g. for’
an algebra arising from the standard case of Ex.1. By the use of the neigh-
bourhood relation we can obtain a better (more néarly proper) representa-
tion, which is particularly satisfactory for proximity algebras which fulfil
two special conditions. One of these is the separation condition of section
2, while the other is an existence condition, satisfied in particular by all
algebras arising as in Ex.I.

- DerINITION T.1. With L, j, X as before, we define the map k: L—2X%,
by aok=N{boj; bNa}. If a0 implies ack:=0, we say that L satzsfzes
condition E (the ’existence’ condztmn)

(It can be shown that, even for proximity algebras properly repre-
sentable in Hausdorff proximity spaces, condltlon E does not follow from

the axioms.)
We could define similarly a map k* using N#; ‘most of the results

below can be obtained in a very similar way for N*, but we do not discuss
thls case in detail. From lemma 2.1, together with the fact that ah =
= N{bj; b>a}, we have at once, for all L: :

- Lemma 7.1. For all a, aj CakC ah; lf ais open then ak=aj.
COROLLARY. k is a topological representation of L in X.
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For k is order-preserving by lemma 2.1 (iv), and a«xb = ek ah<
«<bjc bk (in X). We note that it can well happen-that (e.g. in a simple
algebra such as that of Ex.3) g, at are both open and closed, and aj = ak =
#ah; hence a closed does not imply ak=ah. .

Since -bj is open and bj C bk, bNa implies akcbjclnt bk, so that k
is. topological.

Lemma 7.2. If L is separated then aj = Int ak.

 As {c¢j; ceL} is a base of open sets, it suffices to show that ¢j cak =
= ¢jcaj. Let then Myecjak; c,e My, ¢;<c. 1T ¢;=q then 3b, bNa, bHc,:
a fortiori ¢, «b. By lemma 3.3 3M, r(¢;)c M, b¢ M, from which ceM,
Mecjcak, M4bj, a contradiction. Thus in fact ¢, =a and My€¢jcaj,
as required.

LEmma 7.3. If L satzsfzes condition E then (ak)"_ ah = X\a'j.

It is sufficient to show that ¢jNak = @ implies ¢jcatj. As before,
let ¢, ;€ M,, ¢;<<¢, and suppose ¢, = at. Then, by. E, (cAa)k > @. Since
¢N¢, we have (gA@)kccj, so (qANa)kccejNak = §. This contradiction
proves that ¢;=at and.se My€a'j.

LEMMA 7.4. If L satzsfzes condition E, and ay is an element such that
a,<a, = ait=xa,, then b a, = ak ¢ bj. Hence, if L is also separated, ay£a
implies ok < ak.

Since bHa,, 3d, d=a,, such that (b A(d). Let a, = a,Ad<a,. Then
by supposition a, = a,Aaf # 0, whence a, k = 0. If Mea,k and beM,
then 3b;, b, in M, by<<by<b. Hence b;=d, b, \ay=a,, so b, \a,= aAaf = 0,
and a,= b1‘<<b’r But this gives biNa,, Whence M€a2kcb1‘1, impossible as
b, and bT cannot both be in M. Thus a,kNbj = @ and so, as ak < ayk,
aokq:bj

If now L is also separated, and a,=£a, then 3b, bNa, bI/IaO so that
ak < bj, a,kcbj and hence ak ¢ ak.

Combining our lemmas, and restricting ourselves to a proximity al-
gebra so that the special condition of lemma 7.4 is certainly satisfied, -
we obtain:

Tueorem 9. If L is a proximity algebra, then-k is one-one iff L satisfies -
" condition E and is separated. Then k is a proper and topologically proper
representation of L.

The conditions are obviously necessary; if they are satisfied lemma
7.4'shows that k is one-one, strictly order-preserving both ways and, with
lemma 7.2, that k is topologically proper. By Theorem 6 (v) with lemmas
7.2 and 7.3, a<b & ahcbj < (ak)~ < Int bk < ak<bk in X; this is Rep 4;
while as btj = X\boh we obtain Rep 5 similarly: in fact a<bt o (ak)- <
CX\(bk)~ so that aRb < (ak)~N(bk)~ = 0 © akRbk in X.

We remark that the discussion at the end of section 2 shows that,
even for simple proximity algebras for which Theorem 9 holds, k is not
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usually fully proper. Indeed, even for the algebra of all subsets of a sepa-
rated proximity space (Ex.1), we may have akNatk % @, as is shown
by the following example.

ExampLE 7. Let X be the space of ordinals =w, (the first ordinal of
cardinal >g,) with its. natural compact Hausdorff interval-topology and
the associated proximity, and X; the sub-space obtained by omitting w,
(with the induced proximity). Let A, be the set of all ordinals in X, ob-
tainable as limits of strictly increasing enumerable sequences, B, the set
of those similarly obtainable by sequences of length w,. Any set E not
bounded above in X; contains sequences of both types so that EN A,
and EN B, are non-empty. Thus A, cInt C and B,cInt D (in X,) imply
that both C and D include a residual segment of X;. It easily follows
that, when we consider 2%t as a proximity algebra, there exists a maximal
round filter containing all C, D with CNA;, DNB, so that A kN Ak = 0
(the space of maximal round filters is indeed a copy of X).

This last anomaly may easily be removed, while retaining topological
propriety, for any algebra for which Theorem 9 holds. For if a=0 then.
lemma 7.4 gives akd atk, so if we define &y by aok; = aokN(X\afok),
which is clearly order-preserving, then the following condition is Satis-
fied: condition E; : @0 = aok, » §. Examination of the.proofs of lem-
mas 7.1 to 7.4 above shows that they all (and hence Theorem 9) remain
valid if & is replaced by k.

Two further questlons naturally .arise. Is it always possible, by a
further modification of k, to obtain a fully proper (but not usually topo-
logical) representation i in X, retaining the most important properties of
k, in particular, such that ajcal? Secondly, can we, by restricting k or
k, to some subspace of X, obtain a fully proper and topologically proper
representation in a space X, which is Hausdorff but usually non-compact?
I have not been able to answer either of these questions. We can however
see that any general method for answering the first question seems bound
to be non-constructive, since for any fully proper representation i of an
algebra L and any given point x of 1i the set {a; x€ai} must be an ultra-
filter in L and if L has no atoms there are no trivial ultrafilters.
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Introduction. The most effective method of investigation for Uni-
versal Algebras is the use equational classes. However, numerous questions,
which are useful in the investigation, are strange to this method. The
most important among these are the Amalgamation Property and the Con-
gruence Extencion Property (further on CEP).

It is well-known that the only equational class of lattices where CEP
does hold is the class of distributive lattices. The introduction of the
Weakly Associative Lattices (further on WAL) (see, e.g., in [2] or in [9])
has given us several equatlonal classes where CEP does hold (see [3]
and [5]).

‘ The aim of this paper is to describe those subdirectly irreducible .
WAL-s which satisfy CEP. Then, we shall give identities such that in the
class of WAL-s satisfying these identities exactly those WAL-s satisfy
CEP which have been given in [3]. '

Preliminaries. A WAL is a relational system with a reflexive and anti-
~symmetrical relation = where each pair of elements has both feast upper
bound (lub) and greatest lower bound (glb).

Denoted by aVb and by aAb the lub and the glb of the elements a
and b, respectively, we are in the position to define the WAL-s by these
operations, as follows. A = (A; Vv, A) is a WAL if the two binary opera-
tions V and A are.idempotent and commutatives, the both absorptlon
Taws hold, and

[(aVe)A(BVe)IAe = [(a/\c)V(b/\c)]Vc =

are valid (see [2] and [9]).

- Let ¥ be a subalgebra of an algebra A and & be a congruence rela-
tion on 2. If the meet of the congruence-classes of @ by % are the classes
of a congruence relation @ on B then @ is called an extension of @ to U.

U is said to satisfy CEP whenever each congruence relation on any sub-
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algebra of U has an extension to 2. An equational class satisfies CEP,
by definition, if all elements of this class satisfy CEP.

CEP, generally, for WAL-s. To determiine, in an equational class,
the connection between algebras satisfying a given property and equa-
tional subclasses one has to answer three questions:

1. Does all subdirectly irreducible component of an algebra satisfying
‘the given property satisfy this property, too?

2. Does all subdirect products of subdirect irreducible algebras satisfy-
ing the given property satisfy this property, too?

3. Which are those subdirect irreducible algebras that satisfy the
given property? .

If the answer of question 1 is yes then the class of all algebras satisfy-
ing the given property is contained in the equational subclass generated
by the subdirectly irreducible ones.

If the answer of question 2 is yes then the class of all algebras satisfy- -
ing the given property containes the equational subclass generated by
the subdirectly irreducible ones. '

If both of the two answers are yes then the property is an “equation-
al” one.

This shows that the answer of question 3 is always essential.

In our case the given equatlonal class is the class of all WAL-s and
the given property is CEP.

We shall give a complete answer of questlon 3 and a partial answer
of question 2.

. A WAL % is said to have the unique bound property (further on UBP)
if any two different elements of 2 have exactly one common upper bound
and exactly one common lower bound.

THEOREM 1. A WAL QI has UBP if and only if it is subdlrectly irreduc-
ible and it satisfies CEP. ’

Proor. Let us suppose, firstly, that % is a subdlrectly irreducible
WAL satisfying CEP. Being 2 subdirectly irreducible it has a smallest.
non-trivial congruence-relation @, i.e., there are different elements which
belongs to the same conrguence- class C of ®. The idempotency implies
~ that there are elements a<b in C.

Let, now, c€% such that both ¢=¢ and b=c. Then a, b, ¢ form a sub-
algebra of 9 in which the sets {a} and {b, ¢} are cosets of a congruence-
relation. This congruence-relation has an extension ¥ to %, by®*CEP.
Since a#b(¥). a=b(P) and being @ the smallest non-trivial congruence-
relation on U therefore ¥ must be the trivial ones, i.e., by b=c(¥), we
have ¢=b. Dually, d=a and d=b imply d=a.’

- Let, now, b=c be supposed for an element ¢ of %. b= bAc=c¢(D) im-
phes a=ahceC and b=bVb=a'Vb(®P) implies b’'=a’VbeC. Clearly,
a=sb, b=V, and v=g, for each vel{a’, V', b}). b=b' =0 would imply b=
=W =a'=aAc=a contradicting a<b. In case b<b’ (¢C) the relations b=c
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and b’ =c imply ¥’=c and in case a’<b" (¢C) the relations a’=c¢ and
b’=c imply b’=¢, as it just has been proven. In both cases c-b’ belongs
to C. Dually, d€C follows from d =a, for each d€¥l.

Let, finally, u be any element of A. b=bVu, and aAu=a imply that
both bVLl and aAu belong to C. Hence, by u= (a/\Lz)Vu_bVLz((D), uecC,
i.e., all elements of A belong to the class C.

- Let us consider a lower bound 2 of x and y different from xAy (x, y,
z2c). Since z<xAy and both of them belong to C,2=x and xAy=x imply
x/\y:x. The equality of xAy and y is implied similarly. Thus, x=y,

, the only lower bound of different elements is their meet. The UBP
is proven using duality.

Let, conversely, the UBP be supposed for %. Let further, @ be a
congruence on ¥ such that there are different elements a and b in U with
a=b(P). We may suppose, without the loss of generality, that a<b holds.

For x€9, a=xVb=b contradicts a<b, i.e., a and xVb are different. -
In case x=a, the relation x=xVb implies x=(xVb)Aa, by UBP. Thus,
x=(xVbAha=xVa)Aa=a(P) holds. Dually, b=y implies y=a(D), too.
So, for any u €, we have, using aAu=g and b=bViu, u=uv(uray=uVb=
= q(P), i.e., A is simple, hence, subdirectly irreducible.

Having each subalgebra of % also the UBP each of them is simple,
too. Since the trivial congruence-relations have always extension to A,
this algebra satisfies also CEP.

It is worth formulating the result we have been just found:

CoroLLARY. If the WAL ¥ has the UBP then each subalgebra of A is
simple.

One needs, for the description of the extension of congruences, the
description of the extension of the principal congruences (see [I]). One
can do this by telling when are the elements ¢ and d congruent by @(a, b)
(see, e.g., [6] for the notations). This has been done in [3] and in [5] by giv-
ing three equivalent conditions. We are going to prove the equivalence
of two such conditions, generally, for WAL-s having UBP. ‘

" THEOREM 2. Let A be a WAL having me UBP. For a=0 and x In il
we define
= (aVx)Vh and x* = aA(XAD).

Then, for c=d in¥, c¢=d(0(a, b)) if and only if

both ¢’ AN’ = d’ANd” and ctVetr+ =d+rvdrT
are valid.

Proor. Let, first, a=b be supposed. Then, by Theorem 1, ¢ =
= d(O(a, b)) is always fulfilled. This means, that in this case we have to
prove that for each x€% both x’Ax” and x+Vx++ are independent from’
x. It.is enough to prove this statement, using duality, only for x"Ax".

In case x’=b, b"=(aVb)yb=>b implies X"AX"=bAb="0.
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Let, now, y’=y, for some ye. Then, y= —(aVy)Vb< avy=y
imphesy aVvy,i.e., a=y. On the other hand b<(a\/y)vb y' =y is valid.
Then, using UBP, a;ﬁb implies y=aVb="0. Hence, x">b implies x' = x"",
i.e., from y” =b and from the UBP follows x’Ax*=b. -

Now, let us suppose that a=b. Then, c=d(0(a, b)) is possible only if
c=d. I, for c=d in U, Ac”"=d"Nd” and c+Ver+=d+Vd++ hold we
shall prove ¢=d.

The condition a=b implies X’ Ax”"=aVx and x+\/x++—a/\x, for all
x€. These imply, for u=aAc=aAd and for v=aVc=aVd, the relations
u=c=v and u=d=v. Hence, we have for c¢#d, . by UBP, u=cAd=c
and v=cVd=d, i.e., c=aAd= a/\(a\/c) a=aV(aAd)y=aVc=d, which is
a contradiction.

REMARK. The existence of a polinomial p(x;, X, X;, X4, X5) With ¢=
=p(a,a,b,¢c,d)y and d = p(b, a,b,c,d) if and only if ¢ = d(O(q, b))
(a=b, c=d) for WAL-s having UBP would imply that the answer of ques-
tion 2 is yes. The polinomial defined in [5] has, in some special cases, this

property
Construction of WAL-s having UBP. Theorem 1 gives us a complete
description of WAL-s having UBP. However, it would be possible that

~ there would not exist such WAL-s. That it is not the case it has been shown

n [3] but it also would be possible that those WAL-s would given us all
examples. We are going to prove that there are other examples, too. We
shall give a general method constructing WAL-s having UBP.

A relational system with a reflexive and antisymmetrical relation
- = will be called partial WAL. It has been proven in [4] that each partial
WAL is, indeed, a relative subalgebra of some WAL. We shall say that -
a partial WAL U has the UBP if any two different elements of 2 have
no more then one common upper bound and no more then one common
lower bound.

We shall prove:

THEOREM 3. There exist to each partial WAL %[ having UBP a WAL
containing U and having UBP, too.

REMARK. Theorem 3 guarantees that it is nearly no matter how one
begins the construction of a WAL having UBP.

To prove Theorem 3 we need two construction-steps. Let % be any
partial WAL having UBP. Let us choose different elements a and b in
A such that no lower bound of & is less then or equal to an upper bound
of a. Then, we define a partial WAL A (a b) adding the one more relation
a<b to the relations on 9.

ProrosiTioN 1. U (g, b) has the UBP.

Proor. Let x=u, y=u, x=v, and y=v in ¥ (a, b), for the dlfferent
elements x and y. If all of these four relations belong to ¥ then u=v is
implied, in advance. If it is not the case then we may suppose x=a and
u="5, by symmetry. This is, however, impossible since in this case b would
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have a lower bound (namely y) which would be less then or equal to an
upper bound of a (namely v) contradicting to the construction of %(a, b).
The duality completes the proof.

Now, we define %, for cardinals y=«, for a fixed cardinal «. If
y = f+1, then we define %, = Wz (a,, b,), for some a,, b, which satisfy
the condition. If » = 8+ 1 holds for no 8 then we define a=6 in 2, if and
only if a=b is valid in %, for some g<+y. All of these 2, will be called
inner extensions of .

We have, obviously,

ProPOSITION 2. Each inner extension of a partial WAL % having UBP
is, itself, a partial WAL and it qlso has UBP.

Let, now, ¥ a partial WAL having UBP. Let us choose a set A con-
sisting of some subsets A, of the underlying set A of % such that:

1. If the elements a and b of ¥ have no common upper bound in %
then they belong exactly to one of the A,.

2. The pairs of elements of a given A; have no common upper bound
in A. (We may choose, e.g., exactly the pairs of such a, and b,.)

We define U* as fplldws:

1. The underlying set A* of 9* is the disjoint union of A and A.
2. Let, for a, b€ A, a=b in U* if and only if

a=b in 9,
for ac A, A,€ A a= A, in U* if and only if
_ ac Ay,
no other pairs of elements of * is comparable.’
| It is routin to verify:
ProrosrrioN 3. U* is a partial WAL haviﬂg UBP.

One can define, dually, %, where each pair of elements of 9 has com-
mon lower bound. .

We shall call A+ = (A*), an outer extension of A. Now, let AW define
by AD= (M) + for some inner extension A of A. AW is, of course, not uni-
quely determined. We define, for each natural number n, ™ by AW =
= (A=Y and A as the direct union of all AM.

Propositions 2 and 3 guarantee that %W is a partial WAL having
UBP whenever 9 has. Thus, %’ also has, clearly, UBP, moreover %" is
not only a partial WAL but it is a WAL proving Theorem 3.

REMARK. One can say that this is the only possibility to construct a
WAL having UBP. Let, namely, % be such a WAL with the underlying set
A. Then 2, with the underlying set A and with the relations a=a is,
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clearly, a partldl WAL having UBP and % is, obviously, an inner extensmn '
of U,

It has been shown, in papers [3] and [5], that the finite algebras have
been given in these papers have over the CEP a direct decomposition. We
refer fo Proposition 11 in [3] yielding this result:

ProposiTioN 11 1N [3]. Let A be a subdirect product of the algebras
Aoy Ay + .., W, Let us assume that there exzst a family f, and g, of poly-
nomials (ZEA uEM) such that -

(i) [,y .. )=x and g0,y,y) =y
holds in all N;

(ii) there exist, in each U;, to the elements a and b elements a,, ... and
A€ A such that fi(a, ay, ...) = b and to an element d and to different elements
b and ¢ a u€M such that g,(a, b, ¢) = a, whenever i = 1, ..., n.

Then any subdirect product of %, %,, ..., A is isomorphic to a direct
product of some of them. ’

THEOREM 4. A WAL U has the properz‘y listed above if and only if
1| =2 and A has UBP.

ProoOF. It has been proven, indirectly in [3], that the twoelements
WAL has not this property. Let us suppose that the given polynomial
exist in 9 and let ¢ be an upper bound of the different clements a and 0. -
If aVbs=c then, for a suitable g(x, y, z) we would have g(a, aVb, ¢)=a
(or g(b, avb, c)=>). Let us map this three-elements chain to the two-

elements one, by ¢(@)=0 and ¢(aVb) = ¢(c) = L. Then we would have
0 = g(a) = ¢{g(a, avb, ¢)) = 20, 1,1) = p(g(a, ¢, ¢)) = p(c) = 1 which is
a contradiction. Hence, using duality, 2 must have UBP.

Now, let % have UBP and let || =2. We are going to give the poly-
nomial f; and g,. Let, first #(x, y, 2) = ((xVy)V2)Ax and f(x, ¥, 2, 4, V) =
= l(t(x y,2), 4, v) with 1(x, u,v) = ((xAu)Av)Vx. Since (x,, y) =
- f(x y?y) =X, wWe have t(t(x ;V,J’) y)y) - f(X y,y) = X

Let, now, a and b be given elements in ¥. Since A has, clearly, no
greatest element there exist a;>a. Let a4, = (aAb)Va,. Let, further,
a3<a/\b and ¢, = @;Ab. Then, we have {(a, a;, @) = ((aVal)\/ao)/\a =

C= (@yVa)A\a = a,Aa. Since a<a, = a, implies as2a, and aAb is a lower
bound of both of them, from UBP follows a,Ad = aAb. Dually, we have
HaAb, a;, a;) = b, proving i(t(a, &, ay), @, @) = b.

Finally, we define the polynomials

hy(x, ¥, 2) = (XAY)V (((xA2)Vy)Az) and

o, ¥, 2) = (xV2)A(((xVY)A2)Vy), turther,

(%, y,2) = h(x,¥Vz,y) 2a(x, ¥, 2) = Iy(x, yVz, 2)

2(%, ¥, 2) = hy(x, ¥V2, Y) 26,9, 2) = hy(x, yV2, 2).

Clearly, hl(x ¥, ¥) = ha(x, y, V) =1 lmplymg 8%, Y, y) =Y, for

each 1.
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Now, let bs#c, i.e., either bVe=b or bVe=c be supposed. We may
suppose, without the loss of generality, b>c. Thus, we must consider only
(a, b, ¢) and fy(a, b, ¢) with b>c. c<b = (aAc)Vb implies that ¢ =
= (aAc)Vb.Since aAcis a lower bound both of ¢ and of (¢Ac)Vb, we have,
by UBP, ((aAc)Vb)Ac = alc, ie., h(a, b, c) = (aAb)V(aAc). In case
aAb = aAc UBP implies #y(a, b, c) = ¢. Otherwise, aAb = ¢ implies, by
UBP, aAb = ¢, i.e., c=a. Dually, ,(a, b, ¢) = a, unless a=b. Then, UBP

implies either ¢=a or b=a when h(a, b, c) = hz(a, b, ¢) = a is implied by
the absorption law..

Since every. subalgebra of a WAL having UBP has UBP too, we
arrive, usmg Proposition 11 in [3], at

THEOREM 5. Arzy fmzfe algebra of the equational class generated by
WAL-s having UBP is a direct product of a distributive lattice and of some
‘WAL-s having UBP.

Combining Theorem 5 with Tehorem 6 in [8], we have:
THEOREM 6. Each finite WAL having UBP is functionally complete

CEP, for special classes of WAL-s. The large number of the WAL-s
having UBP makes impossible to take in the situation in the equational
class generated by these WAL-s. Therefore, we are intend to consider
UBP only in-a smaller class of WAL-s which is, however, wide enough to
contain all the significant WAL-s.

To narrow down the possibilities to get WAL-s having UBP we
~ should need a method to declair, somehow, that two elements in such a

‘WAL must be comparable. Since we are interested in equational classes,
the only method we can use is to give identities.

Let us consider two polinomial p and ¢ defined for WAL-s, Supposmg
either p=q or g=p for some subdirect irreducible WAL-s this imply only
pAg=pVq in the equational class generated by them. However, the rela-
tion pAg=pV ¢ for an equational class of WAL-s does not, generally, imply
either p=q or g=p for the subdirect irreducible elements-of this class.
Nevertheless, this implication is valid for WAL-s having UBP.

PROPOSITION 4. Let pAq=pVq fulfilled in a class of WAL-s defined
by equations. If A is a WAL belonging to this class and having UBP then
either p=q or ¢=p is valid in Y.

PRrOOF. ¢ is, clearly, a common upper bound of pAg and of p. Thus,
by UBP, pAgsp implies pVq=(pAq)Vq=p, i.e., we have either p=pAg
or p=pyq proving the statement.:

. We shall use the notation p-~ ¢ instead of p/\q<qu which is, clearly,

equwalent to the identity pVg=(pAq)V(pVg).
. Such kind of identities hold always for lattices and for tournaments
(see, e.g., [2]). Indeed, pAg = pVq is implied by associativity for lattices
and by comparability of any two elements for tournaments. This mean
that the classes we shall construct will be wide enough.

‘5 ANNALES — Sectio Mathematica — Tomus XVII.
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The first step of specialization of the.class of WAL-s will be done by
the identity xAy ~ xVy. This class is, however, too wide for our sake.
One-can, namely, define partial WAL-s where for incomparable elements
xVy=<xAy isvalid, whenever both hands exist. Then, one can construct,
- with a small modification, a WAL which contains the given partial WAL,

has UBP and, moreover, satisfies the condition above. Thls means that .
we can construct such WAL-s freely. :

The final specialization- will be done in the following manner. Let '
W#* denote the class of WAL-s satistying the following three identities:

() xAy ~ xVy
(ii) XAy ~ yAz - for y=xvz
~ (iii) xVy ~ pVz for y =xAz.

It is obvious that the duality holds in W*.

PROPOSITION 5. Let e W* having UBP. Then Jor incomparable ele-
ments a and b in U the relation aVb<a/b holds.

PROOF. (i) implies, by Proposmon 4, either aAb = aVboraVb<aAb.
In the first case from aAb = a = aVb follows, using UBP, either a=0
or b=a. That is, the incomparability implies the given relation.

PropositioN 6. Let 9 be as in Proposition 5 and a, b, ¢ mcomparable
elements of W having a common upper (lower) bound u (v). Then they have,
also, a common lower (upper ) bound v(u) such that

u=agVVb=>bVe=cvVa and v = aAb = bAc = cha hold.

Proor. It is-enough to deal, by duality, only with that case when u
is given. Then, u = aVb=>bVc=cVa is an immediate consequence of
UBP. So, (ii) and Proposition 4 imply the comparability of aAb and bAc
We may suppose, by symmetry, aAb = bAc. Thus, we have, using Pro-
position 5, 1 = aVb<a/Aband u = bVe<bAc proving that u is an upper
bound of both aAb and b Ac different from their meet which is aAb. Hence,
aAb = bAc, by UBP. The symmetry of the elements a, b, and ¢ completes
the proof.

We shall prove that in W* all subdirect product of WAL-s having
UBP satisty CEP. Firstly, we shall give those WAL-s in W* which have
UBP.

Let A be any set of elements and we defme a WAL, denoted by W,
- as follows. W, consist of all elements of A and two more elements denoted
by 0 and by 1. Moreover, we define <0 and O<a<1 for all a€ A. It has
been proven in [3] that W, is subdirect irreducible and satisfies CEP for -
countable A. It is easy to verify this property for all A, since W, has,
clearly, UBP. One can, also, easily prove that all W belong to W,
Let, further, W@ consist of all cosets modulo 7 such that j=>i if and only
if the coset j—1I contains either 1 or 5. The verification of the necessery
statements are, also, obvious (see, e.g., [3])
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THEOREM 7. An algebra A ¢ W* has UBP if and only if it is isomorphic
either to W or fo one of W 4.

Proor. Let us, first, suppose that in % the relation X=y=2 1mp11es
z<x. If % containes comparable elements only then it is, clearly, iso-
morphic to a W, where |A] = 1. Let, now, the existence of incomparable
elements a and b in % be supposed. Then, by Proposition 5, defined 1 and
0 by l=aVvb and O=aAb we arrive to 1<0. Let us consider any u<0
in . Then, 1<0<a and u<0<b imply a<u and b<u, respectively, by
our assumption. Thus, UBP implies u = 1. Dually, 1<u is only in case
u=0 possible. Let, now, O<=v<u. This implies, by our assumption, u<0,
u=1. Let us c0n51der an element c€9( different from both 0 and 1. Then
we have v=cAl<1 which implies, combining with 1<0, 0<v. So, v<¢
would imply ¢=1, i.e., v=c. Hence, we have for all ce¥ different from both
0 and 1 that O<c<1 proving that A=W, where A denotes the set of all
elements of 2 different from both 0 and 1.

In the further case U containes elements a<b<c such that ¢<a does
‘not hold. Since a=c is by UBP impossible, ¢ and ¢ must be incomparable.
For the sake of convenience we shall denote the elements of 2 by the
cosets modulo 7. Then we have 2=0<5 with incomparable 2 and 5. Let
us denote 3=2V5 and 4=2A5. 3 and 4 are different and 3<4, by (i).
Obviously, 0 is different from both 3 and 4. We get, using UBP, 0A3=2
and 0V 4=5. For 1=0V3 and for 6=0A4 condition (i) implies 1<2 and
5~<6. Since 0<x<2 is for no x in {0, 2, 3, 4, 5} possible, 1 does not belong
_to the set {0, 2, 3, 4, 5}. The proof of 6¢{0, 2, 3, 4, 5} is similar. The differ-
ence of 1 and 6 is implied by 6 <0< 1. Hence, we have:

0<1=2<3<4<5<6<0 and 6<4<2<0=5=3=1.

To show that these elements form a subalgebra isomorphic to W@ we
have to prove 1<6. For u=2A6, we have, by (i), 0=2V6<u. Being
u=0=1AE, (ili) implies 1\ u=uV5 and this latter one is equal fo 6, by
UBP. However, 1Vu="56 means, exactly, 1<06. .

~ Itisleft to prove that % has no more elements. Let us suppose, on the
contrary, that there is an element ¢, different from the given elements.
Then we may suppose, that % has an element which is comparable with
one of the seven elements. By symmetry and by duality we may suppose
u<0. Then, by (iii), u, 6, and 2 have the same meet, i.e., I <u. Let us
consider the elements x=5Au and y=5Vu. By (i) y<x; being 5=u.
The method which gave us 1<u guarantees 6<x and y<4. Thus, x and
4 have two- different lower bound, namely y and 6, contradicting the
UBP.

Further results on W*. We have to mention that (i), (ii) and (iii) hold
also, for the following five-elements WAL {0, 1, @, b, ¢} where O is lower
bound of all elements 1 is upper bound of all elements and, moreover,
a<b=<c is valid. The equational class of WAL-s generated by this WAL
covers the class of all distributive lattices. Thus, we have that this class
is also contained in W*.

. 5%
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Let us mention that W* does not contain all WAL-s. For example,
it does not contain the free WAL on two generators (see [4]) since (i) does
not hold, e.g., for the generators.

It is obv1ous that the condition of Theorem 2 in [8] does hold for
WAL-s listed in Theorem 4, i.e., the equational class generated by them
- satisfy CEP. This gives us the followmg result.

THEOREM 8. The equational subclass of W* generated by those WAL-s
which have UBP satisfies CEP.

Probiems

1. Let % be a WAL satisfying CEP. Does each subdlrectly irreducible
subdirect component of A satisfy CEP, teo?

2. Let %, be WAL-s having UBP. Does each subdirect product (or,
equivalently, the direct product) of them satisfy CEP?

3. May one answet any of the above problems affirmatively at least
in an equational subclass which is wide enough? (Problem 2. was solved,
affirmatively, by E. FRIED, G. GRATZER and R. W. QUACKENBUSH
in 1975.) :
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Let &(f) be a real diffusion process which is a solutlon of the stochastic
Ito differential equation '

M dE() = a(£()dt+dw ()
where w(f) is the Wiener process. It is known [1] that a solution £(f) of

this equation exists if, for example, the drift coefficient a(x) satisfies the
following conditions

la@) = C(I+x)",  fa(x)-a(w)l < Clx—x
(C=0 is a suitable constant).
The proof of the following theorem can also be found in [1]: If a(x)=
= —a(—x), a(x)~«x’ as x tends to + - and '
(i) «=0, =1 then .
lim M !E ol _
im
t-r =

with probability one [p. 127],
(if) «=0, |f| <1 then

lim

[

with probablllty one [p. 125, 127, 133]
(iif) x€(— e, 4- ) B<—1 then f(t) has “similar asymptotlc pro-
per‘ues” as w(t), e.g.

quw:aa_m

X 22

}i:EP(&(t)< x Vi) = @ (x) =7;: ferz
[p. 155]. -
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-1n this paper we discuss the case g= —1.
THEOREM. If a(X) = —a(—X),

hmxa(x)—ac y:oc—l—%>0,

fooo

and &, (z‘) is a solution of (1), z‘hen

X 22

@) PO <xV) =200 | e T
and
(B) i 5= O

tee V2 In In t
with probability one. | 4
REMARK. Applying the theorems mentioned in [2] (p.'269 and 273)
it is easy to see that &,(¢) is not recurrent if o > ~%—and the expectation of
~ the return time (z) is finite if o <'—é— and it is infinite it « = —%.

4

[It is also possible to prove that

E(@®) < +< if oc<—;f—6
and
. 1 1
E@) =+ if a>——8 la<-—]|,
2 -2

but in this paper we don’t prove this statement.]
For the sake of simplicity we prove the following discrete version of
our theorem:

Let £(n) a random walk whose state space is the set of integer
numbers, n = 0, 1, 2, Suppose that [&(n+1)—&(n)] = | and the
sequence of tran31t10n probablhtles

. pi = P& (n+1)—&(1) = 1|&(n) = k)
is given. _

f0<=p, = %—[1+a(k)] < 1, where aky= —a(—k),

lim ka (k) = o, y:a+%>0,

Koo
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then

(A)A lim P (&.(n) = xVn) = 277 I'(y)7} f 2]2=1e” 74
and

(B) - h—r{l_l‘sﬁﬂL_ =1

n-- V2ninlnn

with probability one.

LEmma. If o > —% then

E (£ (ny™) = n™ [T (24 2i — 1)+ 0 (n™)
i=1

m=1,2....
PROOF.

E(@E(n+])=E (E(Ea_(n)+£u(n+ })—&«(n))2l£u(11)) =
= E(Ei(n))—l—ZE(ga(n)a(ga(n)))+1 n=012.

Summing these equation and using the relation lim ka(k) o and the
ke

following (above mentioned) fact: E(7) =  if
o> e S Pl <C)=o0(n) if « > — L
2 i 2

and C=>0 is and arbitrary constant we get
E (& (n) = Qu+1)n+o(n).

The proof is similar if m=1.

‘PROOF OF THE THEOREM. Applying the lemma and the method of
moments we can easily see that the distribution of n~*&(n) tends to a
I'-distribution, which proves (A).

Finally (B) is a consequence of the lemma and [3].
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Von
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(Eingegangen am 6. Februar 1974)

HADWIGER hat in [3] die Kugel I' von minimalem Radius bestimmt,
in der die k=6 Einheitskugeln zu lagern sind. In dieser Arbeit untersu-
chen wir die Lagerung von n = 6 kongruenten Kugeln mit r > 1 und
k= 6—n Einheitskugeln mit den folgenden Voraussetzungen:

1. Wenn die- Kugelmittelpunkte auf der Oberfliche einer Kugel G
von minimalem Radius sind. Wir bezeichnen so eine Lagerung mit |n, ki,
und den dazugehtrigen Radius mit R|n, k|.

2. Enthalt eine Kugel I' von minimalem Radms die Kugeln dieses
Systems. Wir bezeichnen so die Lagerung m1t [n, k], und den dazuge-
horigen Radius mit P[n, k].

Die Lagerung von Kugeln mit verschiedenen Radien erscheint in
der. Molekulargeometrie folgendenmaBen [2]: Seien in einem Molekiil auf
der duBeren, sogenannten Valenzschale des Zentriatoms n+k Elektron-
paare. Der Raumanspruch der in der chemischen Bindung teilnehmenden
Elektronpaare X, X,, ..., X, ist kleiner als der der nicht-bindenden
Elektronpaare E,, E,, .. E Bei erster Naherung konnen diese Elektron-
paare wegen der AbstoBungs Wirkung zwischen den Elektronpaaren und
des verschiedenen Raumanspruchs als nicht iibereinandergreifende Kugeln
mit Radius 1 und =1 betrachtet werden. Es ist vermutlich, daB die gleich-
gewichtige Geometrie und die strukturalischen Parameter eines Molekiils
im Falle der Kugellagerung |n, k| oder [n, k] konform werden.* In diesen
Modellen ist die Anzieungskraft zwischen dem Kern und den Elektronen
durch die Minimalisierung des Radius der Kugeln ¢” bzw. I” reprasentiert

Nach Einfiihrung einiger Hilfssdtze und Bezeichnungen kénnen zwei
zusammenfassende Sdtze aufgestellt werden, die alle Félle der Lagerungen
|n, k| und [n, k] enthalten, wenn n--k=6 ist. Im allgemeinen ist der Be-
weis eines Falles [n, k] dem Beweis des entsprechenden Falles |, k|

* B. CSAKVARI hat diese Hypothese aufgestelit.
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dhnlich, darum beweisen wir beide Sitze fiir die einzelnen Werte von n
nacheinander, oder wir berufen uns auf dem Gang dieses Beweises. In
mehreren Fillen wird die langwierige Beschreibung durch eine Figur er-
setzt. Die sich aus den im Satz befindlichen Graphen, Figuren, bzw. dem
Text eindeutig ergebenden Rechnungen werden auch nicht angefiihrt.

HivLrssarz H.1. Sind die durch die n Punkte bestimmten Mindestab-
stdnde in einer Kugel von Mittelpunkt O und Radius R nicht kleiner als
R, so wichst der Abstand jeglicher Punkte B0 von den Punkten der.
Punktmenge, falls B sich auf der Halbgerade OB bewegt (B’ S. Fig. 1).

BEwEIs. Sei T ein beliebige Punkt der Punktmenge Im Dreieck -
OTB ist

OT=R=BT,

darum ist . © OBT < <90°.

Fig. 1.

So ist im Dreleck TBB’ B’T die langste Seite, d.h. B'T = BT.

Bei dem Beweisen des Hauptsatzes werden wir auch folgende drei Hilf-
sitze anwenden. Ihr Beweis ist einfach, darum wird davon abgesehen.

Hivrssatz H.2. Sind die Mittelpunkte zweier sich schneidenden Kreise
auf derselben Seite der durch die Schnittpunkte bestimmten Gerade, so
enthilt der Kreis mit kleinerem Radius den kiirzeren Bogen zwischen
den Schnittpunkten des Kreises mit groBerem Radius.

HiLrssatz H.3. Die Menge der Mittelpunkte der bei angegebenen 2d
nicht Kiirzeren Sehnen einer Kugel mit Mittelpunkt O und Radius R,
bilden einen Kugelkdrper mit Mittelpunkt O und Radius YR?—d”.

Hivessatz H.4. Der Umfang der einem Kreis einbeschriebenen Vier-
ecke ist im Falle des Quadrats maximal.

Wir bezeichnen die Mittelpunkte der Kugeln X, E mit X;, E;. So
ist die sich auf die Lagerung beziehende Voranssetzung die folgende
X X;=2 X Ey=r+ 15 Efy=0r fir jeglichen i, j, wenn is¢j ist. Zu jeder
Lagerung ordnien wir — wie weiter unten folgt — einen Graphen zu: Die
Punkte des Graphen sind die Mittelpunkte X, X,, ..., X, und E, E,, ...

, E,.. Beriihren sich die Kugeln, so verbinden wir ihre Mittelpunkte

gendenmaﬁen

, wenn X, X; = 2,
——— , wenn EE; = 2r,

e e— =4 WENN X,EJ. =r+1.
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In dieser Arbeit gilt bei den Lagerungen in den Kugeln fiir die nicht iso-
lierten Punkte auch, dab X; auf der Oberfliche der Kugel I'n_, mit
Radius P—1 und E; auf der Oberflache der Kugel I'p_, mit Radius P—r
sind. Darum folgt daraus die Identitit der Konstruktionen nicht, wenn die
Graphen einer [n, k] und |n, k| Lagerung identisch sind. Die Identitét
der Konstruktionen wird der Bezeichnung [n, k] = |n, k| ausgedriickt.
In Satz 2. wird also der Graph der Lagerung nur dann angegeben, wenn
dieser von der entsprechenden Konstruktion |n, k| abweicht.

Im Weiteren bezeichnen wir mit r, den Radius des um das reguldre -
k-Eck — dessen Seiten 2 Einheiten betrégt — umbeschriebenen Kreises,
wo wir einen Punkt (k= 1) und auch eine Strecke (k=2) als regulires k-Eck
auffassen.

Satz 1. Wenn die Mittelpunkte der nicht L'ibereinandergrezfenden n
kongruenten Kigeln mit Radius r=>1, und der k=0—n Kugeln mit Einheits-
radius auf der Oberfliche einer Kugel sind, so ist der Minimalradius R|n, k|
dieser Kugel, und der Graph der zugehorzgen Lagerzmg der folgende:

1.0. 10, k|..
RO =r, =0. )
RI02] =r, =1.
R10,3] ~} = iu 1,1547 oA

’ s V§ ’~ ) a'.'.-n

R|04| = ]/? ~ 1,2247 . L
R|05] = V2 ~ 1,4142.
R|0,6] = V2.

1.1. |1, k]

Wenn k=4 und r=1 oder k=5 und r=y5, dann

_ (r+1)
2V(r+ 12—}
RII(r < V5),5) = %V4+(r+1)2_.. | \'ii?-i;i‘/;
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L2 )2,k

: B j
RlQ(r; 1+72), 1] I G ok (’ '
Y N

—1) 7

CR|2(r = 14+7V2),2| = ‘/r2+——————(’2—§’; Dz <
RI2( = 1+V2),3] = ;

. /,/.’!'
_ ]/a+l/a2—4(2r2+3r—I)(r+1)4'(r~1)(r2+6r+1) <:(1

8(2r+3r—1)

wo a = r®+9r*+13r® +r2 +6r + 2 ist.
R|2(r = 1+V2),4] istdie Lisung folgender Gleichung:

32RS(r+1)2—8R* A+ 4R*B—C+4Y(R2— 1) (R*~r?) -
(B8R (r+12—2R*D+E) =0,

wo
A = 5rt 4+ 16r% - 302+ 16r + 5,
B = 3r8 4+ 16r5 2 5774 1 5678 £ 5772+ 16r + 3,
C=r8+-8r"+32r8 - 72r5 + 1584+ T2r3 +32r2+8r + 1,
D = 3rt+ 125+ 2612+ 12r +3,
E = 154675+ 2374+ 36r° + 2372+ 67 + 1
ist.
RIZ(T>I+V§),k§7[=T. . o———o——-'
1.3. |3, k.
. 2 . .
Rpfr=2Es2), e /)
5 2V(r+ 1)2—r2r? PN
RlS[r>v2V65+i],k§2,ll= |
V)l /N
:RS[r>l+ ——]3.:—:r. .
S) Y3 |
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2V6+3 1 RN
RS(ré——+—],2(:—r—t—. <>
. 5 V2 AN

(bl -

LV (3P 2r £ 3) (1P + 61 + D,
2 —r24+10r—1

Die |3,3] Lagerung ist auch auf folgende Weise erfiillbar,

wenn 1,8802 < r < 1+ 2 gilt. .
1.4. |4, k|

Rl4(r = 1+1f), I|=Rl4(r= 1+V”) 2| =
_ Vr+1p2+4r

R4 = 14+V2) k=4 =71 V%

1.5. 5, 1]

R|5,1| = R[6,0]'=rR|0,6] = r/2.

SATZ 2. Wenn eine Kugel die nicht L'ibereinandergreifénden n kongruen-
ten Kugeln mit Radius r > 1, und die k = 6 —n Kugeln mit Einheitsradius
enthdlt, so ist der Minimairadius P {n, k] dieser Kugel, und der Graph der

dazugehdrigen Lagerungen wie folgt:

2.0. [0, k].
P[0,k] = R|O, k| +1,

[0, 4] = 10, ] .
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2. 1. [1, k]
Wenn k = 4 und r = 1 oder k = 5 und _
Vo (a+lsevs)
r= (3+‘/5) (V2+t 5+V5) ~ 1,6808, dann
V2(3+1F+L2(5+f)
2 - V 2 r2
[ (r+1) ri+2V(r+ 172 —r3 [, 6] = |1,k
4r —r
[1 (r = b),5] ist die Losung der folgenden Glezchung < :‘? 5
(r+2)P?+rP+r~0 _ “{;,’

2. [2, &].

Pl2(r=15),1] =
_ r+242V2r+1

g ) f2(r=15),1] = 12,1].
P[2(r=15),2] = |
o r+14Ver ' ' . B
=T—7%" __r2_|_4r 1 ) . v L [2(7 —:'1,5), 2] = |2,2l.

P[2(r = 1,5), 3] ist die Lisung der folgenden Gleichung:
Pt =3r+ 1)+ P*(4—r)r*~P(2r—1)r*—r* = 0. |

rEl+Vr+ 12 +4r

Pl2(r=15),4] = 2

. Zwei Kugelsysteme sind mdglich:

Pl2(r = 1,5),k = 6] =2r, [2(r = 1,5),k = 6] =
I = 2(r= 14V2)k=7].

2.3. [3,K]. . :

P[3(r=3-V3),1] =

3 Tz—r—g | ' |
4 +I/6 r2i+ 8r+9. [3(r=3-V3),1] = [3,1].
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o e
PI3(r=3-13), 1] = Be=3-13)1 =
=P[3(r>3-V3),2] = =[3(r=3-V3),2] =
= P[3(r>5-2/3),3] = =[3(r=5-2V3),3] =
(. 2 3 - 2V6+3)
(5 | = [sfr~ 218 Jil.
- P[3(r=3-V3),2] = . , A
B F 1+ Vi + 12 +4r < ‘5 >
- 5 . RN

P3(=5-2/3),3] =

rel+V=rrior—1 ' ' :
— i 3(r = 5--2V3),3] =
=T —r%4-4r -1 " 3¢ )3l ~

ey Tl
bzw. : ‘
[3(1,3945 < r = 5-23),3] =

= }3{1,8892 <r=1+ ]/g] 3?.

2.4, [4, K]

Pl4(r=4-V6),1] = P[4(r = 4-V6),2] ist die Lisung folgender Glei-
chung: :

A
PN
PE—P2(2r+ 1)+ Pr+r>= 0. *\

: k=1 k=2
Pla(r=4-V6),k=4] =

:r[1+1/§]: k [4(f>4l—1/6);k54]=

— A= 1+VI) k=4].
2.5. [5,1]. - |

P[5,1] = PI6,0] = rP[0,6] = o
'=r(1+ﬁ), [5,1] = |5,1] . -
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BEWEIS.
1-2.0. 10, k| =10, k]

Wenn der Radius, der in [3] bewiesenen [0, k] Lagerung um I_Vermin-
dert wird, so gelangen wir zur entsprechenden [0, k[, denn R|0, k| <
< P[0, k]—1 kann offensichtlich nicht bestehen. ‘

1.1 )1,k

11, k|-Fall wird in zwei Teilen bewiesen. Wenn k=4 oder k=5 und
r=V5 (Punkt a), bzw. k=5 und 1<r=}5 (Punkt b).

a) Wir betrachten die Pyramide X X,... X, E, wo X;X;1 ;=2
und X;E=r+1 (i=1,2,...,k k+l1 = 1) ist. E’ liegt auf der Um-

kugel von Pyramide mit dem Punkt E gegeniiber. Neben obigen Voraus- -

setzungen ist X;E’<2. Wir zeigen, daf diese Pyramide die beste |1, k|
Lagerung’ erglbt

Sei der Mittelpunkt E ein Punkt der Oberflache der Kugel G/, deren
Radius R’=R, wo R der Radius der in unserem Satz figurierenden G
Kugel ist. Die Kugel mit Mittelpunkt E und Radius r+1 bedeckt von
der Kugel @ wegen EX; = r+1=2>X,E’ und R’=R einen Teil, der
groBer als eine Halbkugel ist. Sei 1 der Schnittkreis (S. Fig. 2). Teilen wir

Fig. 2.

die iibriggebliebende Kugelkappe auf gleiche Teile k mit GroBkreisen die
durch E’ gehen, so erhalten wir auf dem Grenzkreis h die Spitzen eines

= 2 seitigen reguldren k-Ecks. Von den Punkten X; liegt mindestens
einer auf 11 (X)), sonst kénnte R’ nicht minimal sein. Im Falle R’ <R ko6n-
nen Xj, X,, ..., Xy nicht auf der Kugelkappe liegen, da wegen a,<2
und E’X;<2 die um X, umbeschriebene Kugel mit Radius 2 zwei Gebiete
enthilt. Im Falle R’=R, wenn wir einen von den Mittelpunkten X; nicht
auf der Spitze des reguldren k-Ecks wihlen, so wird durch die um X um-
beschriebene Kugel von Radius 2 das entsprechende Gebiet auch voll-
stindig bedeckt, darum kann jeder der weiteren Punkte nicht auf der
Kugelkappe sein.
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Aus der Rechnung ergibt sich, daf
. . 2
: 2V +1)E—12
ist. o
b).Sei k=5 und 1<r=V¥5. In diesem Falle ist

RIL(r = ﬁ), 5( = 1/1 +-[r;1]2‘,

Die dazugehorige Anordnung ist eine Doppelpyramide mit viereckiger
Grundfldche. Das Grundviereck ist nur im Falle r= 1 eindeutig (reguldrer
Oktaeder), sonst konnen sich die Mittelpunkte der Einheitskugeln auf dem
Umkreis des Vierecks bewegen. Ist r=V5, so kann auch eine sechste Ein-

heitskugel angebracht werden, d.h. '

R1(¥5),5] = R|1(V3), 6] =]/5J;V5 :

Wir betrachten einem Punkt E auf der Oberfldche einer Kugel G, deren

. 2
Radius R” = |/ 1 +[’J; ! ] ist. Die Kugel mit dem Mittelpunkt E und dem

- Radius r+1 schneidet aus der Kugel @ wegen 1<r <1/5 einen Kreis mit
dem Radius p=r; heraus, der ein Gebiet groBer als eine Halbkugel von
G’ bedeckt. Weitere Teile des Beweises sind dem vorhergehenden dhlich.
Im Falle r<=5 sind die Mittelpunkte X;, X,, X3, X, auf dem GrenzKreis,
und X;, E gegeniiberliegende Punkte von G.

2.1. [1, &].

[1, k] Anordnungsbeweis kann.den Grenzen entspreéhend die im Satz
vorkommen, dhlich dem Beweis der Lagerung |1; k| geldst werden, darum
gehen wir auf diese einzetheiten nicht ein. - '

12,12, k.
a) Sei 1<r<1+V2.

Zuerst wird gezeigt, dab wenn k=4, so ist

r<R|2(r<1+l/§) k| < rel

V2

R =r kann nicht sein, dﬂ in diesem Falle E;, E, gegeniiberliegende Punkte
von G sind, und dazu daB die um E; umbeschriebene Kugel von Radius
r+1 die gesamte Oberflache G nicht bedecken soll, mul}

: r1=RV2=rV2,dh.r=1+V2
bestehen. . o

6 ANNALES — Sectio Mathematica — Tomus XVII,
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Wir zeigen, daB der Radiuswert R’ = %{ vorausgesetzt.r = 1+¥2
immer vermindert werden kann. Daraus ergibt sich, daB im Falle eines
Minimalradius zur Sehne von der Lénge r+ 1 der Kugel G ein Zentri-
winkel groBer als 90° gehbrt Seien die Punkte E,, E, Diagonalpunkte der

Kugel G’ mit Radius V_ . Wegen r<1-+V2 ist E.Ey>2r.

Ist k=3, so kénnen wegen r+1>2 auf dem Bogen des Kreises mit

Radius —r%, der kleiner als ein Halbkreis'ist, wenigstens drei Mitte_zl—-
punkte der Einheitskugeln liegen (S. Fig. 3). Die Kugeln E,, E, koénnen in
diesem Falle gegeneinander gerollt werden, wo die. Punkte Ej, E, ins
Innere vom G geraten und so R hernach vermindert werden kann.

Fig. 3. Fig. 4.

Ist k=4, so zeigt Fig. 4 die orthogonale Projektion auf zwei Bildebe-
. 1

nen einer Lagerung |2,4|, wo R = rl;% E\Ey = 2r, E1X1_EX2_
=EXs=EX,=EX,=EX=r+1, X, X;=X,X,=2 ist. Mit.der ‘Anwen-~
dung H.3. kann durch eine kurze Rechnung beweisen werden, daf XX, >2
ist. So kann durch die Bewegung in Richtung der Pfe:le ein Po 1eder
X X, XX ,E\E, erlangt werden, fiir dessen Kanten: X X;=2, X,E;>r+1
und E1E2/2r besteht also der Radius R’ mit einer Verklemerung von
Mittelpunkt O Vermlndert werden kann. .
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Nun kénnen wir zum Beweis des Teiles a) von |2, k| iibergehen. Seien
die Punkte E;, E, auf der Oberfliche der Kugel G” mit einem Radius

R"=R, wo E,Ey=2r ist (S. Fig. 5). Wegen R” =R < 7_?:1 ist in G” der
zur Sehne r41 gehérige Zentriwinkel =90°. So lassen die um E; umbe-
schriebenen Kugeln mit Radius r-+1 von G” ein ,,sphérisches Zweieck--
artiges® Gebiet K frei, dessen Spitzen X, X, sind, wo X, X,<2R" und die
Mittelpunkte der Grenzkreise die E; gegeniiberliegenden E; Punkte sind,
-~ ihr Radius < R” und ihr Bogen < 90°, der Winkel ihrer Ebenen
180°— E,OE, < <90° ist, darum ist Ej ein duBerer Punkt des Gebietes K.
Mit Anwendung des Hilfssatzes H.2. kann bewiesen werden, daB wenn
wir den Mittelpunkt irgendeiner Einheitskugel k¥ nicht im entsprechenden
Punkt-des im Satz erwinten Graphen wihlen, oder R”<R, oder E,E,=2r
ist, so-kann die Lagerung |2, k| nicht durchgefiihrt werden.

E

Fig. 5.

b) Wenn r=>1+V2 ist, so konnen auf dem GroBkreis der Kugel G
mit Radius R=r die Mittelpunkte von mindestens 7 Einheitskugeln Platz
finden (r,<1-+V2), die keine gemeinsamen Punkte mit den in die Polen
gelagerten Kugeln mit Radius r haben (RV2 = r/2=>r+1). Die Mittel-
punkte der beiden Kugeln mit Radius r kénnen aber auf einer Sphire
mit Radius Kieiner als r angebracht werden.

2.2, [2, k).

Ist r=1,5 und k=3, so kann der Beweis dem entsprechenden Falle
|2, k| dhnlich durchgefithrt werden. Aus dem Mittelpunkt der I'" Kugel
mit Radius P erscheint jede Strecke 7+ 1, deren Endpunkte auf der Ober-
fliche der Kugeln mit Radius P—1 und P—r sind, unter stumpfem
Winkel. . . :

8%
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Ist r<1,5 und k=4, so ist die Kugelpackung nicht eindeutig.

"a) Seien die Mlttelpunkte E, E, gegeniiberliegende Punkte der Kugel
mlt Radius

—1.

PL2(r = 1,5),4]—1 = r+1+l/.(r+1)2+4r
? 7 N 2

In diesem Falle konnen sich die Mittelpunkte X; in der Ebene des auf
E\E, senkrechten GroBkreises bewegen, denn P—1>2, wenn r=>1 ist.
Keine Kugel X; kann in I' gelagert werden, wenn, wir den Radius I ver-
mindern, denn eine um E; umbeschricbene Kugel mit Radius r+1 be-
deckt ein Gebiet grofer als die Halbkugel von der Kuge! mit Mittelpunkt
Q und Radius P'—1 (Tpr—y).

b) Auch mit der Bewegung von El, E, kann der Radius nicht ver-
mindert werden. Ndmlich-ist P—1<2, -wenn r<1,5. Darum beriihren die
Kugeln der Lagerung die Kugel I', wegen H.I. _OE = P—r und QX; =
= P—1 ist. Die Anordnung nach F1g 6 kann bloB im Falle P’ =P ver-
wirklicht werden, sonst geraten die Punkte des ,,Viereck-artigen“ Gebietes
N einander um 2 Einheiten ndher (H.3).

Fig. 6.

Ist r=1,5, kdnnen in die Kugel mit Minimalradius P=2r, die die zwei
Kugeln mit Radius r enthilt, mindestens noch 6 Einheitskugeln gelagert
werden, denn

Pol=2r—1=2=1, und (P—1)*+(P—r)2=5r2—4r41=(r+1).
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1.3 13, k).
2V6+3

[st k=1 und r<=——, dh. im Umkreis des 2r seitigen regula-

ren Dreiecks der zur Sehne r+ 1 gehorige Zentriwinkel strumpf Aist, so ist
die Lagerung eindeutig. Der Beweis |1, k| kann dem Fall ¢) dhnlich durch-
gefiihrt werden, wo der Mittelpunkt X der einzigen Einheitskugel die
Rolle von E {ibernimmt.
Ist r = ﬂ%ﬂ
Dreieck, und der Mittelpunkt- der Einheitskugel kann auf beiden Seiten
der Ebene E,E,E, im Pol, bzw. im dessen Nahe gelagert werden. R kann
wegen |0, 3| mcht verrmgert werden.
2r V§

= 27553 1| s = 20553) o] . 20

R IS r=
: Der Beweis des ﬁbrigén Teiles vom Falle k=2 ist noch Untersuchung'
i3, 3| einfacher, darum folgt dieser Beweis spiter.

, bildet E; auf dem GroBkreis von G ein reguléres

=R

F=3 und r< 1+1/§~2,2649.

Sei E,, E, auf der Sphiire G, wo R’ ='R|3, 3| und E,E, = 2r. Ist k=3,
so ist der Radius der Lagerung |3, k| bestimmt kleiner als der Umkugel-
radius eines. 2r seitigen reguldren Oktaeders, so ist der zur Sehne 2r ge-
hérige Zentriwinkel in der Kugel mit Radius R|3, k| groBer als 90°.

Fig. 7.

Die Kugeln mit den Mittelpunkten E;, E,, und mit dem Radius 2r
lassen von G’ ein ,,Zweieck-artiges” Gebiet K frei, das kleiner als eine
Viertelkugel ist (S. Fig. 7). Ist R"<R oder E E,=2r, so wird K kleiner.
Wenn wir eine Spitze von K fiir £, nehmen, und um die Mittelpunkte E;
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Kugeln mit Radius r+ 1 umschreiben, so erhalten wir bloB im Falle
E\E, = 2r und R’=R auf einer Seite der Ebene E,E,E; ein freigebliebenes
,»Dreieck” X, X,X,, dessen Spitzen-Entfernung 2 Einheiten betrigt, und
jegliche andere Punktpaare einander ndher als 2 Einheiten sind. Bewegen
wir E, in K, so kommt E; auch X; und X, zugleich ndher, denn die Kugeln
mit den Mittelpunkten X, bzw. X, enthalten K, da — z.B. auch der Kreis
kg, mit Mittelpunkt E{ der E,; gegeniiberliegt, und K abgrenzt, und auch
‘der Kreis kx, mit Mittelpunkt X, iiber die Punkte E, und E, geht, sich
also auf dem im Frage stehenden Bogen nicht schnelden konnen.

kx, enthilt X, wegen X,X, = 2=<r+1, wo E.X, = r+1<2r ist,
d.h. kx, enthdlt den zu K gehorlgen Bogen von kg,.

Also kann auf einer Selte der Ebene ElE E, im Falle R”<R bloB ein
Punkt von X, sein.

Mit VergroBerung von r verringert sich die En‘[fernung d von Mittel-
punkt O zur Ebene E\E,E,. Fiir die Werte r>1,8892 kann auf die durch
die Ebene E,E,E, aus G abgeschmttene klemere Kugelkappe auch X,
Platz haben, d. h

R3,3| = R|3,4].

Ist dp. =0, so ist r = 1+ l/ —8— Tn diesem Falle konnen auf beiden -

Seiten der Ebene E E,E, je 3 Mlttelpunkte von Emhextzkugeln Platz
haben, so ist -

2r
RI33] =R|3,k=6
13,3] = R | = i
Sei k=2undr < 2V_+3 . Wir betrachten von der Lagerung |3,3|

das symmetrische Trapez XlX ElE (S. Fig. 7). Sein Umfang istd(r+1).
Wegen des Hilfssatzes H.4 geh6rt zum Schenkel ein Zentriwinkel kleiner
als 90° in um das Trapez umbeschriebenen kleinen Kugelkrels In der-
Kugel mit Radius R|3, 3| gehdrt darum zur Sehne r+1 ein noch mehr
spitzer Winkel. -

In der Kugel mit dem Radius R {3,2| = r+1

gehdrt zur Sehne r+ 1

ein Zentriwinkel von 90°. So gilt Ri3, 2]<R|3 3]. Beim Beweis der La-
gerung |3, 3| aber konnten wir sehen, daf neben obigen r Werten, wenn
R’<R|3, 3|, auf der Kugel G" auf einer Seite der Ebene E,E,E, nur ein
X; Punkt Platz haben kann. Di¢ Punkte E; miissen wit also im Falle k=2

auf dem.GroBkreis einer Kugel mit Radius rtl

V2
2V_+

konnen sich die Punkte E; im Verhiltnis zuemander bewegen.

wahlen. Wegen r<
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2.3. [3, kI.

Sei k=1. Wir betrachten die Entsprechende Kunstruktion |3, 1| um-
gebende T' Kugel, deren Mittelpunkt © und Radius P ist. Im Falle r<
<3-V3ist XQE; <« >90° d.h. es bestehen die beim Beweis der Lagerung
13, 1] angewandten Voraussetzungen ,

Im Falle r = 3—V3 bilden E,, E,, E, auf der Ebene eines Groﬁ-
krelses von I ein 2r se1t1ges regulires Dreieck. :

PI3II = P13.2] = r[l +722_—)

Auch jetzt befassen wir uns zuerst mit der Lagerung [3, 3]. Der Mittel-
punkt Q der das Kugelsystem |3, 3] enthaltenden Kugel I', wird bei
l1<r<5-—2V3 der innere Punkt der Streche KoKy (S. Fig. 8). Da ist

_2L<'P r<R<P—1 Welterhm ist die Funktion R(r) streng monoton

V3
zunehmend, 50 1s’t
R() < R(5—2V3) ~ 1,91 <2 = min X, X,

Darum kann wegen H.I. festgestellt werden, da die Punkte nicht im
Inneren der Kugel I',_, mit Mittelpunkt Q und mit Radius P—7 sind.

Fig. 8.

Sei :
. P,<P E1E2:2f QEl—QEo—P,‘“r

Dié um die Mittelpunkte E;, E, umbeschriebenen Kugeln mit Radius 2
lassen-von der Oberfidche der Kugel I'p_, einen ,,Zweieck- artxgen“ Teil
K frei. (Wegen P'—r = P—r<R .ist E,QE,< =90°.) Sei E, eine Spitze
von K. Sei T die Union der um die Mlttelpunkte E; umbeschrlebenen
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Kugeln mit Radius r+ 1. Die Punkte X, konnen also in I'p—;—T sein.
Der Radius des um die ,,Spltzen“ von Fp _1—T umbeschriebenen Kreises

V_ , wo die Gleichheit nur im Falle E, E, = 2r und P'=P g1lt

Wir betrachten die durch die Punkte E,, E,, E, gehende Kugel G mit
Radius R(r), deren Mittelpunkt O im gleichen Halbraum mit € ist. Der
Radius des gemeinsamen Kugelschnitts von G und I'p_ ist nicht kleiner
als ry, also enthilt G den Raumteil 'p_; =T, d.h. im Falle eines Minimal-
radius P sind die Punkte X; wegen H.1. an der Grenze von [p_,. Projizie-
ren wir die Punkte E; aus 'Q auf Ip_y (E¥), so kann der entsprechende
Teil des Beweises |3, 3] mit dem Punktsystem X, X,, X,, E¥ E¥, E%
neben den Abstandsbedingungen 2, (r+ 1)*, (2r)* wiederholen.

Sei k=2 und r=3—V3. Der Beweis ist bei Anwendung von [3, 3]
analog mit |3,2|. Die Lagerung [3, 3] kann z.B. X,QF,<q <90° sein
(dies kann rechnerisch beweisen werden), darum gilt P[3 31=P[3,2].
Die Anordnung [3, 2] ist eine trigonale Doppelpyramide die gestreckter
als bei |3, 2| ist, denn P—1 = OX;>~0F; = P—r. _

ist = rs =

PL2(r = 15), 4] = P3(r = 3—13), 2] = ’“*V(g“f”r .

1.4. |4, k|.

Seien X, und E, die Endpunkte des Durchmessers von G, X\E, =
=r+1 und E E, = 2r Der Radius yon G betrdgt dann .

i 2 2 . —_
R = _w =rV2.
Die durch E, gehende auf E,X, senkrechte Ebene schneidet aus G einen
Kreis mit Mittelpunkt K und mit Radius E, K heraus, fiir den im Intervall -

l<r<1+Y2 rV—>E K>~VT-
gllt d.h. mindenstens 3 groBe Kugeln ohne sich zu beruhren zu lagern sind.

‘In einer Kugel G’ mit Radius R’<R<rf 2 kénnen die Mlttelpunkte
E,, E,, E,, E, nicht in einer Ebene liegen.

Da die Punkte auf der Sphire G’ liegen, ist X, der dufere Punkt des
Tetraeders E,E,E;E,. Z.B. trennt die Ebene E,E,E, die Punkte X, und E;.
Die Kugel mxt Mlttelpunkt E, und Radius 2r bedeckt mehr als dle Halb-
kugel von G’, der Radius des Schmttkrelses k ist aber nicht groBer als der
Wert des obigen E,K. Seien A, B, C, D die Punkte des Kreises &k so, dafl
AB=BC=r+1 ist und AD=CD ist. Wegen KA<R’'=R ist AD<2r.
Sei X der E; gegenuberlxegende Punkt, X A=r+1 ist, Gleichheit besteht
nur im Falle R"=R, also nur da kann der Kugelmlttelpunkt X, in X ge- -
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wéhlt werden. Ist. R"<R, oder X; nicht identisch mit X, so bedeckt die
um X; umbeschriebene Kugel mit Radius r+1 das Gebiet AXCB der
Kugelkappe, dadurch kénnen die Mittelpunkte E,, E;, E, nicht am freien

Platz sein. Wegen E,K > —% ist die Lage der Punkte E,, E;, E, auf dem
Kreis k nicht fix. Bewegen wir Ej, E; auf dem Kreis k so, daB E, E; = -
= E,E, = 2r s¢i (S. Fig. 9). Da kann der dem E, gegeniiberliegende Punkt
wegen seiner Symmetrie auf die Ebene OE3E als X, betrachtet werden
(XX, = 2r>2). Also ist

Ri41| = Ri42) =

Ist r=14¥2, so kann jeder den Spitzen E; gegeniiber liegende Punkt
des reguldren 2r kant1gen Tetraeders, bzw. seme Umgebung fiir X; ge-

wihlt werden.
Ri4(r=14V2), k=4 =r |/%

X

& A

M

4
Fig. 9. Fig. 10.

24. [4, k].

Sei r<4—}6, P’=P und X, ein innerer — oder Grenzpunkt der Kugel
I'p_y mit Mittelpunkt 2 und Radius P’— 1. Die Punkte E; konnen Punkte
der Kugel I'p_, mit Mittelpunkt Q und Radius P’~—r sein, die nicht im
Inneren der Kugel mit Mittelpunkt X; und Radius r+1 liegen. Es kann
beweisen werden, da P’—r<r+1 ist, so geniigt es wegen H.1. die Grenz-
punkte zu untersuchen. Ahnlich dem Falle |4, k| konnen bei r=4—V6
die Punkte E,, E,, E;, E, nur dann auf obiger Kugelkappe liegen, wenn
P’=P und X auf der Sphdre I'p_ sind (8. Fig. 10).
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Ist r=4—V6, so ist eine bessere Lagerung als [4, 0] nicht méglich, d.h.

piat =10z o1/

" ist.
1-2.5. [5, 1] und [5, 1].

R 10,51 =R 0,6 = P[0,5]—1 = P[0,6]-1 =V2,

darum kann cine Spitze des 2r kantigen Oktaeders als Mlttelpunkt einer
Einheitskugel betrachten werden. Also im Falle r=1 gelangen wit zu-
einem instabilen System, dessen Radius

RI5,1] = R16,0] = P[5,1]- = P[6,0]-r=rV2
ist. -
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Von

~ F.SCHIPP und H. TURNPU

11. Lehrstuhl fiir Analysis der Estvos Lorand Universitat, Budapest
und Lehrstuhl fiir Math. Analysis der Universitdt in Tartu

(Eingegangen am 22. Februar 1974)
Herrn Prof. G. ALEXITS zum 75. Geburtstag gewidmet

Es sei (X, S, ) ein MaBraum mit endlichem, positivem u-MaB und
F = {f,:neN}c LX) ein Funktionensystem mit

M, = vrai max |f, (x)}| <o 4(n€N); N=1{0,1,2,...).
xeX R

Es bezeichne G = {g, : n¢N} das Produktsystem des Funktionensystems
F: das bedeutet, daB fitr n€N mit der dyadischen Darstellung

= > 2 (=01
i=0

m g, = I Gdmo

gestzt wird. Das S}}stem F heiBt stark multiplikativ, wenn G ein Orthogo-
nalsystem ist, mulfiplikativ, wenn fgndy =0 (n=1,2,...) ist; und
J

schwach mzzltiplikativ, wenn fiir sein Produktsystem G die Beziehung gilt:

f'gndﬂl =A <o
¢ . .

Diese Begriffe wurden von G. ALexits [1], [2] eingefiihrt. Das Rade-
‘machersche System R = {r,,: neN} ist ein stark multiplikatives System
und das Produktsystem des Systems R ist das- Walshsche Orthogonal-
system W ={w, nEN}

-

@

n=9
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Wir fithren den folgende Begriff ein: Das System F heiBt p—schwaclz-
multiplikativ (1<p< o), Wenn fur das Produktsystem
2”—1
> Ay

k=0

(3) = A(neNy

p

gilt, wobei A, = f g (KEN) ist

Es ist klar, daB jede schwach mult1phkat1ve System fiir 1<p< oo
auch p-schwach multiplikativ ist. -

- Wir beweisen, daB die Bedingung (3) von der Anordnung des Systems
F unabhiingig ist. Es bezeichne = : N—N eine Anordnung der Menge N.
Mit Hilfe dieser Anordnung definieren wir eine Anordnung T.= T, : N—N
von N folgenderweise: :

T () = ,{2 P [n - Z‘Onk 2k].

v Es ist klar, dal?) wir damit eine Anordnung T: N-N definiert haben
“und daB

G=TG= {gn gT(n):”€N}
_das Produktsystem des Systems

. nF“‘{fn_in(n) n€N}
ist.

Die Unabhanglgkelt der Bedmgung (3) von der Anordnung des
Systems F kann nun folgenderweise formuliert werden:

SATz 1. Ist =F eine Anordnung des Systems F und ist

{gn - gT(n) nEN}
das Produktsystem von k', 8o gzlt fir l=p= .

_ 2"—1 2"—1
sup || > Arg Wk|| =sup| 3. Agwy
ol k=0 p Tl k=0 P

G. ArLexits und A. SHarRMA haben den folgende Satz bewiesen [3]:
Ist I ein multiplikatives System mit M, = 1 (n€N), so ist die Reihe
Z’cnfn unter der Bedingung >'¢%< e fast uberall konvergent.

n [2] wurde dieser Satz folgenderweise verschirft: Ist F ein be-
schranktes, schwach multiplikatives System, so konvergiert die Reihe
2 Cnfn unter der Bedingung ¢k < oo fast {iberall.

In-dieser Arbeit wird dieser Satz folgenderweise verallgemeinert:

: Satz 2. Ist F ein beschrinktes, p-schwach multiplikatives System mit 1<
<p<ee und M, = 0(1), so folgt aus 2a%< - die Konvergenz fast tberall
der Reihe Ja, fn bei jeder Anordnung zhrer Glieder.

| |, bezeichnet die Norm in LP [0, 1] (_1 spsoo).
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Es sei a = (@, a,, d,, ...) eine reelle Zahlenfolge und fiir xeX,
te]0, 1] und n = 1, 2, ... fithren wir die folgenden Bezeichnungen ein:

S (@) () = 2 am), G @@ =3 080,
(4) ) o
@) = 5P 15, @O, 6% @) () = 5up 16, (@)

Wir werden zeigen, daB Satz 2 eine unmlttelbare Folge der nach-
stehende Behauptung ist:

SATZ 3. Ist F ein p-schwach multiplikatives System mit 1=p= < und
¢ = (ay @, ...) eine belzebzge Zahlenfolge, so gilt

®) I6* @llx,, = AlIS* (@),

wobei 1/p+1Jg = 1 ist.?
Aus Satz 2 ergibt sich leicht der folgende

Satz 4. Ist F ein p-schwach multiplikatives System mil 2<=p=co und
ist Dla} < o, 80 konvergiert die Reihe > a,g, fast tiberall.

Satz 3 ist eine Verallgemeinerung des Satzes 1 der Arbeit [4]

Beweis der Sitze

BEWEIS DEs SaTzES 1. Es bezeichne S,(f) die n-the Part1alsumme
der Walsh- Fourlerrelhe der Funktion f¢ L]0, 1]

Su 0 ="3 1 (0w () (f(k) = f FOweds n=1,2, . )
k=0
: 0 _
Es JéiBt sich zeigen (siehe [5]), daB fiir fe L [0, 1]
6) IS (Dlly = Wl (1 = p = =) lisup [Sar (DI, = By I, (1 < p = =)
gilt; :
In [6] wurde bewiesen, daB es eine (im Lebesguesche Sinne) mefbare

Transformation 7*:[0, 1] — [0, 1] gibt, die abgesehen von einer ab-
zdhlberer Menge ein-eindeutig ist, und die der Bedingung

[ GeTHOd = [ [ (feLi0,1]); Wr o (T* () = w0
(7) OA 0 ‘
gt (keN, te[0,1])

2| llx, p bezeichnet dic Norm in L[I;(x). .
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Es sei nun €N beliebig und meN so gewahlt daB

{Tk):k=0,1,...,27—1}yc {0,1,...,2m=1}
gilt und setzen wir
. oM _y .
Fm = Z Ak Wy .
i k=0

Dan auf Grund von (7) ergibt sich
1

(Fno T* () = [ (Fyo T O WO dt = [ Eu(T*(0) gy (T* () dt =
= f En () Wy gy (D) dt = }:m(T(k)) = Az -
0 .
Daraus und aus (6) folgt

Wel| = 1S2n (F 0 T*Wlp = il 0 THll, =

i4

= [1Ball, =

Ak wy

P

- Aus dieser BeZIehung ergibt sich unmittelbar die Behauptung des_ ‘
Satzes 1.

BEWEIS DES SATZES 3. vWir fithren die ,,Kernfunktionen®

k=0

D, (x,1) = ng(x)wk(t) (tel [0,1]; x€X; n=1,2, )

ein. Aus der Definition von G und W folgt

®) Do = [ (a0 f M) =0 (€10, 1]; xeX).

Auf Grund der Orthogonalitidt des Walshschen Systems folgt, daf
fiir 2f=n

Gn (@) (x) = f1 S (@) (1) Dax (x, 1) dt

gilt, woraus sich

1
sup, [Ga(@) ()] = [ sup, S, (@) (] Dok (x, ) dt - (x€ X, keN)
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efgibt. Daraus, durch Anwendung der Hoélderschen Ungleichung auf Grund
von (3) und (8) folgt

Xf sup, |G, (a) () dx = Xf Of sup, 15, (@) (O] D (x, 1t =

= [ s, 18, @1 [ [ Dok o) o =
0 = ' X ) -

-

b 1/q |12k
s{f sup[Sn(a)(t)lth} > Auw,
d n=2k n=0 .

P
1/q

A f sup, |5, (a)(t)lth}

Aus dieser Unglelchung fir k— oo erhalten wir die Behauptung des
Satzes 3.

BEWEIS DES SATzEs 4. Es sei a" = (0,0, ...,0, a, » Gy -« ). Auf
Grund der Bedingung 2a2< w 146t sich aus der Folge (a") eine Teﬂfolge ‘
(a™) mit

S lla s < o
k=0 C
“herausgreifen. Ist ny=n<m,,, so gilt
0, (x) = sup |G,y (8) ()~ G (@) ()] =

=2 5up |Gy (0) (X)— Gy, (@) ()] = 26* (@) (x)

mzny

Da nach einem Satz von P. Sj0LIN ([7] Satz. B) (mit einer Konstante
B) :

R oo 1/2
I5* @)= B 3 a}

k=m

gilt,® deshalb folgt aus Satz 3, dab fiir I/p+1/¢ = 1 (g=2)

[ G*(@w) () dx = A|Is* (@), = A[S* (@), =

== AB[ 2 al} 8

oo i/z
ol = | > ai} (a = (aya,-..)).
k=0 ) . ]



96 ' SCHIPP, F. und TﬁRNPI‘ H.

besteht. Daraus folgt endlich

Z f G* ( a"h)(x)dx< AB 2 la], < oo

k=0 ¥

und so ist lim @, (x) = 0 fast iiberall in X.
K- oo

Damit haben wir Satz 4 bewiesen.

BEwEIS DES SATzES 2. Aus Satz 1 folgt, daB die Bedingung (3) von
der Anordnung des Systems F unabhéngig ist. Deshalb geniigt es zu zeigen,
daB aus der Bedingung (3) und aus >a2< - die Konvergenz der Reihe
>a,f, w fast iiberall folgt.

Offensichtlich gibt es eine Funktion feL2[0, 1] fiir welche

| -0 . (n—>oo)

2

!If Z akMsz"!

k=0

gilt. Auf Grund der Khintschinsche Ungleichung besteht
oo 1/2
i =0m {3 @ ©<q<=).

Aus Satz 3 und aus _(6)_f01gf ’

n n
sup| > af ( sup| > a, M gok i =
k=0 X,1 m k=0 i X,1
1% 1on
= A Sllp Z ak MIC Wzk -
n .
q .

Alsup 1Sy = 1, = 0(1){ > ak}

Daraus ergibt sich die Behauptung des Satzes dhnlich, wie im Satz 4.
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A 05 ABCOJIIOTHOM P-CYMMMPVYEMOCTH
©YHKUNOHAJIbHBIX PSIN0B I10YTH BCIOAY

X. TIOPHITY
Yuusepcurer, TapTy

(Hocmynu/w 22.2.1974)

1. [vets ¢ = {g} — TaKas cHCTeMa M3MEPUMBIX, KOHEUHBIX nouTH
BCIOAY HA ¢ = [a, b] pyHKLMH, qTo0Bl PSF,

(1) ' 3 e
k=0

Juist Beex x = {&,} € I? (1 <p< =) cXoauics o mMepe Ha e.

CoBopsT, 4To psAf (1) Novry BCIOAY HA € ABJAETCS abCOIOTHO CYMMU-
PVeMBIM TPeVTOJIbHBIM MeTOAoM A = (ocnk) T.e. |Al-CYMMUDYEMBIM TIOUTH
BCHOJLY HA e, eclIi NOYTH BCIOAY HA @

n

> &nkgk(p'k(t)l < o

@ ‘ >

’ n=0

B Hacrosieit craTbe Ml nccaeayem | Al-cyMMupyeMocTb II0UTH BCHOAY

Ha e pspoB (1) ana x € [P B ocHoBHOM B ciivuae, Korja A — meroj Puca

P, 3a)1aeBaeMbm Tpeyronbﬂon ManPlLlel/I AJIsA Hp€06paSOBaHI/IH psiia B pAx

o = B 1pnpn 1

Tne 0<P, tu p, = P,—P,_;. Uepe3 P(z) Mbl 0603HaUyaeM MOHOTOHHO BO-
spacranumy. AnddepeHIUPYeMyI0 GVHKINO, IS KoTopod P(n) = P,
a yepes Q — ofpranHvio K P QyHKUHIO.

OT™MeTHM, YTO HcchenoBanuem |P| CVMMI/IpYeMOCTI/I pstao (1) npu
OPTOHOPMUPOBAHHOM cucTeMe @ W p=2 MOCBAINEHO MHOro pabor. Tak,
nanpumep, AJIEKCUY, KPAJIMK. .1 'MOPUL B paborax [6], [7] noxasanu,
B YacTHOCTH, CICAYIOLIEe VTBEPIKIEHNE

TEOPEMA A. OproroHaybHblil psf (1) sSIBISIeTCS IOUTH BCIOAY Ha e
|Pl-cymmupyeMBIM JJ1s1 TeX X €I, U1 KOTOPBIX

ZA <c>e’

T ANNALES _ Sectio Mathematica — Tomus XVII.
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rae
i/2
A={Za) . 2 =0
Bocnoabaysics Teopemoit A, IPETTAUEBCKAS nokaszana B [2], B yacT-

HOCTH, CJIeAVYIOEe YTBCp)K}leHI/I €.

TEOPEMA B. Ilvers ¢pvnruust P(z) y}mBneTBopﬂeT CJIEAYIOIIKM YCJII0-
BUSIM:

1° P’()/P(z) yObiBaeT MOHOTOHHO TPH Z~ oo,
'2° P+1) = oP(R) (1<a<2) Aaa ROCTATOUHO OOJBINUX 2.

Oproronaneubii psp (1) nouyrn Bcoxy Ha e gBusgercs |P| -CYMMHDY-
eMBIM IS TE€X X €[, 1JIST KOTOPBIX

> P/ (n) P~ 1(fl)E g2 P (n) < =,

- n=1
o 21/2
n:{z Ek} .
k=n.

Mbl JoKaXKeM CIIeYIOLiHe TEOPEMBL. .

TEOPEMA 1. Ecau pao (1) 0aa écex x€lP (1<p<-oo) cxodumcs no
Mepe Ha e, Mo oH noumu 6ciody Ha e agasemcs |P| cymmupye/vzbuvz oas mex
xelp, O/m Komopuix A

oo

(3) | > AP <

20¢
i/p
ap ={"3 lsklp} .
"mt1

TEOPEMA 2. Ecau ¢ynxyus P(2) yéoeﬂemeopﬂem yeaosuam 1° u 2°
meopemst B 1 pao (1) 0aa ecex x€lP (1 <p-<e<) cxo0umeca no mepe Ha e,

Mo OH NOYMIL Cew0y Ha e 815emesd ]P[ cymmupyemm 019 mex xe P, FYY
KOImopblx )

@ S P ()P () EP g P(n) < o,
’ ’ n=1 : ’ .
20¢ ,
1/p
(p) — .
|2 )
OQueBUIHO, UYTO TeopeMbI A 1 B SIBISIOTCS YaCTHBIMU CAYUASIMH Teo-'

pem 1 u 2.
Mzl lokar)Kkem elie clejyiolliee YTBEPIKACHHUE.



OB P-CYMMHUPYEMOCTHU CDYHKU.?IOHAHbelX Pﬂ,ﬂOB Q0

TEGPEMA 3. ITycrb pso (1) 045 ecex xelP (1<p< e ) (X00UMEA N0
Mepe Ha e. Hycmb oanee 047 wyt oo

1° Z’ || O A=) < oo,

k=0
: Ty 3P UG- : 4
20 mn He so3pacmaem rio n daak =0,1,2, ...,
O'*Yll’l .
3 3 |aul = N.
n==k

Toeda psao (1) noumu ecto0y Ha.e agasemcs |Al- cymmupye/wbw oA
nmex X€lP, 048 komopsix

G) ‘ g:gk;mk;w.

I[lp# OPTOTOHATLHBLIX CHCTEMaX K p=2 MOAYYAEM B Cliyyae A P
oTcoga Teopemy d us [1].

2. Ilpn noxasarenbCTBe TeopeM 1 —3 MBI BOCHOJIb3VEMCS CIIEAY-
HLMIUMA Pe3yIbTaTaMy. '

JIEMMA 1. ([3], crp. 158). Ecau psag (1) pisa Beex x€lP (1<p<-eo)
CXO/MTCA 110 Mepe Ha €, TO IS KaXaoro =0 HalxyTca usmepumoe moj- .
muoskeerBo T.ce ¢ mes To=b—a—e u nocrosinHoe M,=>0 Takue, uro
A1 Beex unced {¢,}

e

JIEMMA 2. ([4], cTp. 142). 1na Toro, uro0bl uamepumasi QYUK g
Obljia KOHEYHOH MOYTH BCIOAY HA ¢, Heoﬁxommo ¥ I0CTaTO4HO, YT0GRI BuIs
Kagoro e>0 HAIIOCh TaKoe W3Mepumoe MOAMHOMXKeCTBO T,ce ¢
mes Te=b—a—e, 4TO

> ckqokm{dt m (3 lcklp]f“’.

k 0 k=0

Jrle®dt < .

JOKA3ATEJILCTBO TEOPEMBI 1. B cnny jieMmMsl 2 1 Teopemsl JleBu Mbi
JOHKHBL JIs1 CXOJAMMOCTH psfia (2) NOKa3aTb, 4TO MJISA -KaXAOro &=0
Halinvress usmepumoe moamHOMecTBO T,ce ¢ mesT.=b—a—e w TO-
crostHHoe N.>0 Takne, utoOel

n

Bm:Z Z&Hkstk(pk(t)’ldtSNs-

n= 0

Ho B cuny jgemmbl 1 umeem, uro

i/p

. m . . n ' » )
(6) B, =M. 3 p. P B\ [ > Pl Iéklp]

. n=0 k=0 ) .

IMyerp my(r) 0o6o3navaeT YNUCIO0, JJIST KOTOPOTO ¥myn) < 11= Vmy(n)+1-

74
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YunTEIBAA MOHOTOHHOCTD HOCHEN0BATENBHOCTH {P.}, moavyaem u3
nepasencrsa (6), uro

’ _ mO() m+1 .
B = M, 2 nr (S S Pkllsm] =

n=0 m=0 k=y,+1
' m 1 mo(n) (p)
(7) =M. 3 p. B Bl 3 P, 1 A
n=90 m=0

Onpepenum umcyo i NP TIOMO WM HEPaBEHCTBA mo(n—1)<m<m0(‘)
Torga y4uThBas, 4ro

Pz = Pm, y+1 =P (Q (zmo(ﬁ))) = 2mo () = 2m

HoJIy4aeM U3 HepaBeHCTBaA (7) MOC/e M3MEHEHHUA MOPSIIKA CYMMUPOBAHUSA,
gTo : - : . '

=M, > A(")Rerl_lP{‘ =M. 5 AD.

m=0 -m=0

V3 cxopumocTH psija . (3) BBITEKAET CYI.LleCTBOBaHI/Ie HOCTOSTHHOM

N, >0 TaxKo#, uToGEI
B, = N,.
Teopema 1 morasauna.

JIOKABATEJILCTBO TEOPEMBI 2. TToxa)keMm, uTo u3 vciioBus (4) cie- '
, dver yeyoue (3). Ha camom jgeste, TaKk Kax

= 5; P’ (n) P=1(n) EP 1g=7 P (n) =
= 3 (ue 1)y ED S P (1) P~ 1<n>
m= n= vm—)—l
TO U3 OLEHKH (CM. 2] ctp. 740)
VE_I P,(n)P—l(n)ZIHZ[I g_P_(v_i—_.l_)} =M1~>0,
n=vy, +1 (vm) .
noJyyaeM, 4ro

m=1 Ak=m+1

B =M, S’ (m+ 1)*1/17{ % . ‘[Agcp)]p}llp
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ITonoxugp Tenepb B HepaBeHCTBe (cm. [5], Teopema 345)
- /e
> |z |1/p<M Z m‘””[z lzn|]

) m=1 n=m
12| = [AP)? ; nonyunm, uro’
B =M M, % AR

. m=1
Teopema 2 JoxkaszaHa.

JIOKA3ATEJIECTBO TEOPEMBI 3. TOUHO TaK, KaK B A0KA3aTe/bCTBE
Teopembl 1, Mbi YOEX(IAEMCA B TOM; UTO HaO JIOKA3aTh HEPABEHCTBO

® = 3 (3 liar) < m.

n=0 \k=0
Ho

n=0

m fq ( m. . n |
Cp = {2 ol wyﬂ—m}”{ 5 el on 3 [Ewl? 807
. n=0 0 k=0 f

BCJIEACTBHE Yero U3 veoBUs 1° BBITEKAET CYLUECTBOBAHUE IOCTOSIHHOMN
N;=>0 rTdxoi, uro mnocjie U3MEHEHUs OpsAAKa CYMMUPOBAHUS B NPABOM
MHOMHTENe 6V}1€M UMETh

m . m. ifp
1 Z |&]? 2 }“nklpwn I“nnllﬁp}
k=0 n=k

Vunrteieasg yveiaosue 2°, moaydaem, UTo

m m 1/p
5N1{Z Ifklpa’kz l&nkll )

BCJIECTBHE Yero M3 VCIIoBus 3° 1 (5) BHITEKAET HepaBeHCTBO (8) Teopema
3 noxasaHa.
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'1', Introduction

This paper investigates the subalgebra system of algebras. The in-
terest is concentrated about, how the arity of the algebra (supremum of
the arity of the operations) influences the structure of the subalgebra
system or vice versa. We allow finite as well as infinite arity; and when the
arity is a non-regular cardinal, we do not substitute it with its least regular
upper bound, but try to list all the consequences of its exact value (the
consequences that the arity is, e.g., exactly four and not three).

The structure of the subalgebra system is investigated on two succes- .
sive levels of abstraction: firstly, forgetting about the operations and in-
vestigating the closed-set system, and secondly, forgetting about the con-
crete sets and investigating their lattices, in abstract.

The interrelations between the arity and the lattice propertles have
been investigated in detail in [1} and [2] gives a brief up-to-date summary,
but both of them have dealt with only the case of regular cardinals. The
usual proof of the representation theorem of m-algebraic lattices uses -
the system of ideals of a subsemilattice and fails for non-regular cardinals.
We have simplified this proof (the ideals and.the sub-semilattice turn
out to be a dispensable detour) and so it became applicable to non-regular
cardinals, too. See theorem 1. in this paper.

We.also put much emphasis on the closed-set system, which we feel
to be a key point on the way between the algebra and the lattice. Closed-
set systems have been investigated in detail, e.g., in [3], but only for fi-
nitary and unary algebras; more precisely the arities 2 and &, have been
investigated. Our investigation of closed-set systems is exhaustive w.r.t.
the properties introduced in this paper, that is we give a complete axiom
system for closed-set systems w.r.t. these properties (which are closely
connected to the arity of the possible corresponding algebras, and the
properties of the lattice). This completeness result is announced in theo-
rem 4, which might be called an independence theorem.
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We would also like to draw attention to the regular cardinal 2, the
role of which has not been stressed so far, though the result in [1] applied
to this cardinal explains some pecularities of unary algebras.

2. Closed-set systems and lattices

Let of be a family of sets. of is a closed-set system if it is closed under
intersection, i.e., for any subfamily H € of we have NHect, Incase H = @
we take N@¥= A. The elements of of are called the closed sets of the system.
There is a one-to-one correspondence between closed-set systems. and
closure operations. The closure of a set X is denoted by [X]. Actually,
[X] is the smallest element of of containing X. If we want to distinguish
the closed-set system in which the closure is taken we write [X].. Some-
times it will be more convenient to define the corresponding closure opera-
tion instead of of. The script capitals, like o, will always stand- for a
closed-set system, and the corresponding cap1tal A will stand for Uct.

Note, that we did not exclude the empty set, that is, {} is also a
closed-set system.

DEFINITION. A closed-set system is called m- -gen if any element, gene-
rated by any set, can also be generated by a subset of the same set havmg
less than m elements, i.e.,

: xE[X :>(3Y mX)xe[ ] for any X and x,
where , i
Y, ,Xmeansthat Y € X and |Y| <=m.

We shall extensively use <,, as a shorthand for “is a subset of ... having
less than m elements”. (Fig. 1.) a

/A ~ .
Wi s

SN

[x]

Fig. 1. ' - Fig. 2.

DEFINITION. A.complete lattice is called m-com if every element is
the supremum of some set of m-compact elements, where an element x
of a lattice is m-compact if, for any set X, x=sup X implies that x<sup Y

for some YC_X. (Fig. 2)
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THEOREM 1. Let m be any cardinal. Then,

(i) for any m-gen closed-set system ot the lattice (ct, <) is m-com,
(ii) for any m-com lattice £ there is an m-gen closed-set system ot such
that L={ct, <).

Proor. (1) is trivial, since the closed-sets in £ generated by one ele-
ment are m-compact elements of (cf, <), for any m (and any closed set
is the union of its closed subsets generated‘by one element).

(ii) given an m-com lattice .2 we construct the closed-set system of

by defining a closure operation on the set A of m-compact elements of £:
def

for any X< A we define [X] = {x€ A : x= sup X} where the sup is taken
in .£. (Fig. 3.) This is a closure operation since £ is complete, of is m-gen
because all the elements of A are m-compact, and the homomorphism,
from .£ onto (£, <), givingly {xeA x=y} for every ¥, is an isomorphism
because £ is m-com. .

Note, that the m- compact elements do not necessarlly form a sub-

semilattice. [
We remark that theorem 1. implies that every 2-com lattice is com-

pletely distributive.
DerINiTION, A set X is called m-closed (w.r.t.c£) if it contains the

closure of each of its subsets having less than m elements, that is:
X is m-closed if (\7’ Y <, X)[Y]< X.

We defme an m-alg closed-set system to be a closed- set system in which
a set is closed iff it is m-closed. That is: .

ot is m-alg if Xeck (VY c.X)Y]cX.

'DEFINITION. A partially ordered set is m-directed if any of its subsets
having less than m elements has an upper bound.
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A closed-set system is m- -inductive if the union of any m-directed
family of closed sets is also closed, that is:

A is m-inductive it (vm- directed Hc o) UHeA Where
© H is m-directed it (VX< Hy(a3YeH)yUXcY.

In our investigation of closed-set systems and subalgebra-systems the
property of being m-inductive will play a secondary role. Actually, the
~con’cept ‘m-inductive” is an auxiliary concept, to treat the inductions
arising in connection with the regular cardinals.

DEFINITION. A cardinal m is not fegular iff any set of cardinality m
can be written as the union of fewer than m sets each of cardinality less
than m.

Regular cardinals will play an 1mportant role in our discussiomn, e. g,
they explain why the unary-algebras behave in an essentially different
way from the fmltary algebras, or the finitary ones from the 1nf1mtary
ones. -

: For example 0, 1, 2, &, 8, are regular cardinals, all. the other finite
numbers are not.

THEOREM 2. :

(i) for any cardinal m: the property of being m-gen implies that of
being m-alg which further implies that of being m-inductive

(ii) for any regular cardinal m=1: the above properties coincide. (Fig. 4.)

ot is m-alg

‘ﬁ
ot is m-gen
- .
in case 1 < m is regular H
ot is m-ind

Fig. 4.

ProoF. (i) m-gen implies m-alg, because for any m-closed set:
X€[X]=(3Y €, X)xe[Y]c X
o is m-gen " Xis m-closed

m-alg implies m-inductive because the union of any m- dlrected family
of closed sets is always m-closed.
(if) If 1<m is regular then m-inductive implies m-gen because itm

" is regular, then H ={[Y]:Yc X} is m- -directed for any X and any
closed-set system, and in addition, if m=1, then UH2X. ||

- Later, we shall modify our concepts, so as to get rid of the restriction
m>1 :
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NotaTion. We use = to denote the smallest cardinal g for which any
f =&~ is not regular, that is:

def !
a= N{:p=E&=<a=E&is.not regular}.

THEOREM 3. For any cardinals a= 8 < o the property of being a«-inductive
coincides with the property of being g inductive.

ProoF. It is enough to prove that any x-directed set is also a-directed.

The proof goes by induction: let us suppose that n=« is such that
for all £< y any «-directed set is also &-directed.

*We shall show .that this hypotheSIS Imphes the same for #.

Let H be z-directed and XC,H. &= |X]. It is enough to consider
the case @=&< 7. Thus X has a decomposition X = X, where &, |X,;| <&
. <<
for all i<Z. ' T
By the induction hypothesis /7 is &-directed and so every X; has an
upper bound and also these upper bounds have a common upper bound.
This upper bound is an upper bound of X as well and so-H is 5-directed. §
Now, we define four functions to caracterise the closed-set systems.

DEFINITION. ‘

gen ot is the smallest cardinal « for which o is «-gen,

alg o4 - is the smallest cardinal « for which f is z-alg,

ind <4 is the smallest cardinal « for which <# is a-inductive,

_ com ot is the smallest cardinal « for which (£, S) is «-com.
That is e.g.: '
def - :
genot = () {«: ot is a-gen}.

Since any closed-set system of is surely | A|*-gen, the four functions,
introduced above, are everywhere defined. By theorems 1,-2 and 3, for
any closed-set system we have

indcﬁ:,genoﬁsalgoﬁsgeno{zcamoi, it gencot > 1.

The next theorem states, this is all what can be said about these functions:
“any statement, which is not a consequence of the above ones, does not hold
for all <£. The only exceptions are the cardinals 0 and 1, an exhaustive
description of which is given after the following theorem.

We may omit ind from our further investigations since ind is determ-
ined by gen as well as by alg.

The characteristic of of is defined as the triple

xot = (comct, alg ot , genoty.
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Tueorem 4. For any triple of cardinals «, f, y > 1,' such that
a=f=a=y, there exists a closed-set system of characteristic (y, §, «).

To prove this theorem we need some definitions and lemmas.
DEFINITION. Let o#;, i<( be a family of closed-set systems with
mutually disjoint greatest elements.

We define U + of, as a closed-set system on the set U A,;. The closed-
<¢
setsof UT o{ are those X-s, whose intersection w1th A; 1s closed, for each
i<

" i'< ¢. That is:
’ ' U+oz {X (Vz<z_;)XﬂAeo4,,}

i<C

Now, U * of; is easily seen to be a closed-set system itself.
1<¢ . :
Lemma 1. for any (=0 :
gen Ut ot; = U gendt;,
i<t i<t -

alg Ut oty = U alg oty

i<t i<t
com Ut ot = U comdt;.
i<¢ i<¢

Proor. It is easy to see that
(1) [X]uw, = U[XOA]

(i) Xi 1s a 8- compact element of (ct;, <) ift
X is a é-compact element of (U *+ oé! C>

for any X et

Thus, the lemma follows from the next observations:

U*oé is 8-gen iff (v i < &) ot; is-é-gen

i<¢

Ut ot; is d-alg iff (Vi< Q)oﬁ- is 6-alg
i<¢

U+t is 6-com itf (v i <¢)ct; is é-com
i<é

which are consequences of (i) and (ii). |}
Now we introduce a tool to change the value of alg w1thout disturbing
the values of gen and com too much.

DEFINITION. Let of be a closed-set system, B of and p a one-one
mapping of B into a set disjoint from A. '
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Now we define a new closed-set system <£[B] on the set AUp(B)
as follows:

A[B] = (X U (p(Y): X 2 VEB): Xeo) .

Usually we refer to XU{p(Y): X2V €3} as X’ and to A[DB] as
o’ for convenience. B’ is the family of closed-sets in <#’ corresponndig
to B-PB is also referred to as the change sef of the construction.

Lemma 2. Let of, B, o', B’y X’ be defined as above, and [A| = «.

(i) oA is a closed-set system, and (', ) = (ct, C).

* (it) Every set X has a subset with fewer than «* elements the closure
of which — taken in of’ — contains the original set X, that is:

(VXS A)YRY € XDV ] = [X]ow.
(iii) If 6 and » have the following property:

“for all 6=E<mn, any subset of A’ of cardinality & can be obtamed as
U Y, such that (<&, |Y;[<& and [V;].o€B for all i<{” then for any

XC.A’ the hypothesis, that X is d-closed w.r.t. ¢’ implies that X is also
7- closed w.r.t. o, _

Proor. (i) Is obvious.
(i) Let X< A’ be arbitrary. We have to prove the existence of a
Zz C,.+ X such that [z] 2 X.

To 'do this we 1ntrpduce X as

__ def ' )
X = U :p(V)eXyU (X N A)
and define a function k from X back to X by choice:

k(x) = x o - if xeXN A, and we choose
k(x) e A otherwise, such that x¢Y.

{The construction of X guarantees the existence of such a Y for every
xeX\X.) :

Now, defining z as the k-image of X we can satisty the requirements,
for: _ _ , :
' 2 S+ X since X € Aand |A|<at B
[2] 2 X since XNACz and for any p(Y)€X we have V<X, and k

has the property that for any Y X the closure of the k-image. of ¥
contains ¥ and so also contains p(Y). Thus we have p(Y)¢€z.
(iii) Let 6 and % satisty the property prescribed in (iii).

The proof goes by induction: Let us suppose that &=+ and for all -
z=E& the conclusion of (iii) holds, that is: the property of being 8-closed
implies the property of being z-closed.



110 ANDREKA, H. and NEMBEIT, L

From this hypothesis we prove that the conclusion of (iii) holds also

for &
det
Let X< A’ be é-closed in of” and Y CX. 2 = |V|.

z< 6 implies [V ]S X since X is §-closed,
2= implies d=z<&=n, and so Y has a decomposxtlon Y = U Y,

satisfying the requirements in (iii). Hence, we have . 1Y, ]<z<§ and
[V,}€®’. From the induction-hypothesis follows that X is z-closed and
S0 p(Y)E[Y ]eCB’ Since {p(Y,):i<(}<,X we have X 2 [{p(Y):
i<} 2 =Y.
Thus X is &- closed in of’ , and this completes the mductmn |

Lemma 3. Let «, f>1 be two cardinals satlsfymg G = f* = a*.
Then:

(i) there exists an of of characteristic (2, @+, a*),
(i) there exists an of of characteristic (2, 8+, a*),
(iii) there exists an of of characteristic (a*t, o+, at),
(iv) there exists an of of characteristic (2, 2, 2).

To prove lemma 3. we need four statements.
Let |Z] = « and k¢Z. Now we construct three closed-set systems,
A, CB and € as follows:

def

e, :{y:z:m<a}u{zu{k} {1

ot < S Z[Sb 2], where sz {X Xczy.
BESbZY CZ: V] =B,

eZe1e].

StaTeEMENT 1: The conclusion of lemma 2. (ii) holds if We substitute
ot by € not only for |C;|+ but also for at.
That is ,
(VXSO (3Y S X)[Y] = [X].

Proor. For an arbitrary X ©C we have two cases:

Case 1. {k, p({k}), p(C)} is not disjoint from X. If X C{k, p({k}), p(C)}
then X is clearly generated by one element. If X & {k, p({k}), p(C)} then
- any xe X\{k, p({k}), p(C)} together with some element of {k, p({k}), p(C)}
generates C, which is identical with [X]. a*>2 proves case 1.

Case 2. {k, p({k}), p(C)} is disjoint from X The proof of lemma 2.

(ii) may be applied since X<Z, and |Z] =
"This completes the proof of St.1.
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STATEMENT 2. gen of = gen B = gen € = at. '
PROOF. a) By lemma 2. (ii) o, B, and by St.1. € are «*-gen.

b) (VYC.2)[Y]=Y" implies (VYC.Z)p(Z)4]Y ]. Thus from
1 VAISVA follows that neither o nor @ are - ger.

The proof is similar for € substituting p(Z) by p(C) everywhere in
the proof. .

STATEMENT 3. comoA = com ‘13 = 2 and com € = <x+

Proor. €; is not «-com since {k} < sup {{x} : x¢Z} but no subset
of {{x} : xc¢Z} with less than « elements contains {k}.

@, is «t-com by St.l., and so the fact that com@ = a* and
com SbZ = 2 imply St.3., by lemma 2. (i).

STATEMENT 4. alg ot = alg @ = o+ and algv@ = g+

Proor. a) We shall show that the conditions of lemma 2. (iii) are -

satisfied, for n=a* and for §=a+ in case of and @ and for d=f+ in
case B.

The statement is obvious for o and €, since every closed set is an
element of the change set. For @3, we have to show that for any
ft=f<ut, XCB and | X| = & there exists a decomposition X = U X;

i<
for which [X,] is an element of the change set and the requxred cardinality
conditions are also satisfied. Being & not regular, there exists a decomposi-
tion X = U X, satisfying the cardinality conditions. :
i<t

Since | X| = &=3, everyX can be extended to X;CV,CX, |V, |<p
i.e., the decomposition X = U ; satisfies the conditions of lemma 2. (iii)

Thus by lemma 2. (iii) of and € are a+—a1g and B is g+-alg (since all of
them are «+-alg by St.3.)

b) B is not g-alg since Z is B-closed but it is not a closed-ste of B.
ot and @ cannot be of less than «*-alg because m-alg implies m-gen for
each regular m=1. .

. PROOF OF LEMMA 3. of satisfies (i), @ satisties (ii), @ satisfies (iii)
and {Z, 0} satisfies (iv).

Proor oF THEOREM 4. Let (y, 8, «) = (3", §’, «’) means y = »’,
B = B’ and « = o’. We consider a triple (y, 8, «) satisfying the conditions
of the theorem. Let .F be a choice-function mapping each triple (y, 5y, @)
= (y, f, «) to a closed-set system as follows: .

Q) 1 F({yu B oc1>) = <y1, By, @) if such a closed-set system does

exist ¥ F((y, B, ) = (25 2, 2) otherwise.
(ii) the greatest elements of the values of F are mutually disjoint.
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Such an F does exists.
We construct the needed closed-set system from the values of F:

det A ' ,
ot = U+ F ({y181%1))
<’V17 }'317 OC1> = <’}), :6) OL>

Now, we prove that of is of characteristic (y, 8, «): By lemma 1. the ca-
racteristic of f is not greater than (y, 8, a), and it cannot be smaller either

because, for any oy <, « = f; < B, 7, < 7, we have:

2, &_f’ af ) = _<V’ By &y
(28 ) = (05 B, )
<7’1 ’ 71 ’ 7}1+> = (y, B, ®).

To any triple (y’, f’, «’) on the left hand of each of these inequalities there
exists, by lemma 3, a closed-set system with characteristic {y’, §’, «).
Thus by lemma 1. gen of # «;, alg ot # ﬂl, com ot = ;. We have imme—'
diatelygenoﬁ = and com ot = y. Thus « = alg o = Band so alg A =
=61

- By the theorem above we have a complete axiom system for the
closed-set systems, which are not 1-gen.w.r.t. com, ind, alg, gen. To give a
similar complete description of all closed-set systems, we omit the auxiliary
function ind and introduce a new, modified version of com and gen:

DEFINITION. A complete lattice is 1-com’ iff it is a- I-com Boolean-
algebra. For m=1, m-com’ coincides with m-com. No lattice is 0-com’.
(Note, that we had 1‘0 exclude O since, for any 1-alg closed-set system, there
is a lattice-isomorphic 0-alg one.) -

A closed-set system of is m-gen’ if for any X, xe¢ X]\X implies
(3V <, X)xe[V].

THEOREM 5. Theorems 1, 2, 4 remain valid if, we replace all the restric-
tions like m=1 with m=0, and substitute com’, gen’ for com and gen (and
of course omit ind ). Let us mention fhat in case m=1, com” and gen’ coincide
with com and gen. Theorem 2. remains valid if we omit the restriction m=0
as well. . _

We omit here the proof to avoid lengthiness, but remark that the proof

we have for this theorem concentrates on closure operations instead of

closed-set systems, and avoids case distinctions just as Well as the proofs
of theorems 1—4. did. J

Instead of theorem 5.-we could augment theorem I'—4., to obtain a
complete description of all closed-set system, by stating that:
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ot is 1-gen iff of = {A}
ot is O-gen iff of = (B}
otisl-alg iff (3B)et = {X: B&XC A}
oA is 0-alg  iff ot = SbA S
ot is 1-ind  iff of is 0-ind iff of is a complete closed-set system
(seee.g. [3]). :
iff ot is 2-ind
(ct, <) is 1-com iff (c#; ©)is O-com iff || = 1.

“These follow from the definitions of alg, gen e.t.c. As a consequence,
we have that, if the characteristic of of is smaller then or incomparable
with (2, 2, 2) then it is {0, 0, 0), (0, 1, 1), (2, 0, 2) or (2, 1, 2).

Note, that ind behaves at 0 and 1 as if they were not regular:
0-ind + O-gen, 1-ind + 1-gen and O-ind = l-ind = 2-ind.

Fig. 5.

8 ANNALES - Sectio Mathematica — Tomus XV!I.
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Summing up the consequencés of theorem 4. and the above remarks:

(i) The range of the functions gen and alg is the class of all cardinals,
the range of com is the same excluded the cardinal 1, and' the range of

ind is the class of the cardinals of the form x except 1 and 2 (supposing
we disregard the restriction in the definition of ind, that is, if we redefine
ind £ as the smallest cardinal « for which of is «-inductive).

We illustrate this in the following figure: (Fig.5.)

(ii) By fixing m arbitrarily, the relations between the four properties
are: :

in case m=0 or m is not regular, (Fig. 6.)

in case m=1, (Fig. 7.)

C.8.6.

Fig. 7.
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in case 1<m is regular, (Fig. 8.)

bl

Fig. 8.

and for the modified concepts: m is regular (0-com is not defined), (Fig.
9.) m is not regular. (Fig. 10.)

Fig.o. Fig. 10.

(iii) The lattice mirrors precisely the'ploperty gen, moreover the pro-
perty com (based on the lattice) still mirrors gen; in the following sense
for any palr of cardinals n<m » 1:

{(3Im- geno{)(/a n-gen By (ct, =) = ((B <)

that is the lattice (c#, <) shows that of is not n-gen. _
Note, that the restriction ms1 can not be avoided by using gen’.
The proof of lemma 2. can be used to derive that no lattice-property can
precisely mirror the property alg:
THEOREM. 6. For all cardinals n and m satisfying m = n = m we

have:
(v m-alg A)(In-alg BY (A, <) = (B, C) :

8%
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Proor. By lemma 2. (i) and (iii) the theorem is immediate, since
we can choose of[c#] for B. § _

Let us note, that theorem 4. also implies that the condition m=n=m
cannot be omitted in theorem 6.

3. Applications to algebras

Now, we turn our attention to algebras and apply the results ob-
tained so far to them. There will be a close correspondence between al-
gebras and closed-set systems, and as a consequence of this an indirect
correspondence between algebras and lattices. An algebra-property will
correspond to m-alg, and another to m-gen.

We consider cardinals as special ordinals. The properties, defined
below, have sense for any ordinal m, but, since we are interested in the con-
nections between algebras and closed set systems, we restrlct ourselves
to cardinals.

Let « be an ordinal and A be a set. If f:*A—~ A, then we say thatf
is an «-ary operation on A.

A = (A, F)is an algebra if Fisa family of operations on the set A
S 9 denotes the set of closed sets of AU, that is, the subets of A which are
closed under the operations of 2. Note that S A is a closed-set system.
Since we have considered {0} to be a closed-set system we also consider
(@, F) to be an algebra.

DEeFINITION. For any cardinal m, we say that o is m-ary if for any
operation f of ¥, being a-ary implies a<m. An algebra U is transitive ii
to any triple <p, X, y) consisting of a polinomial-function p, a set XS A,
and an element y¢€ A such that p maps an argument chosen from the suit-
able power of X to y, there exists an operation f of % for which the triple
{f, X, y) has the same property." -

We say, that % is m-tra if it is m-ary and transitive.

We can define the modified versions of the above properties similarly
as gen” was defined (for similar purposes):

U is transitive’ if for any triple consisting of a polinomial-function p,
a set XS A and an element y€ A\X such that ... the definition goes on
precisely as above. U is m-tra’ if it is m-ary and trans1t1ve

Note that m-tra coincides with m-tra’ if m=1 just as it was the case
with gen’ and com’.
THEOREM 7. For any cardinal m:
(iy WAis m-ary impliesthat SN is m-alg
ot is m-alg  implies that (Im-ary Ayt = S U,
(iiy A is m-tra  implies that S W is m-gen
‘ ot is m-gen implies that (Im-tra Wyt = S ¥,
- (iti) A is m-tra’ implies that S A is m-gen
of is m-gen’ implies that (3m-tra’ Ay=A = S A,
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ProoF. The first statements of (i) and (ii) are obvious. -
Now, let of be m-alg. We construct to of an algebra %, on A: for all
&<, and c€ A, f: is a £-ary.operation of 9, defined as:

HES )“”{c if ce[(y;: i < &)

co Ve e Ji<e) = ¥, otherwise

{f; 1 & < m, c€ A} are all the operations of 20,
Clearly, 9 is m-ary. It is easy to see, that
(VY S A) (V] =[V]su, .
This immediately gives that

if of is m-alg, “then of = S %, and - o
if of is m-gen, then in addition %, is transitive, and so it is. m-tra.
if of is m-gen’, then in addition %, is transitive’.

Now we shall see that, if we forget about the operations of the algebra
and we have only the closed-set system, from the properties of this latter
we can reconstruct certain non-trivial properties of the operations. (Note,
that we have not succeeded to do so in the closed-set system -- lattice
relation.) Theorem 1. and 7. are representation theorems but our next
observation will be more concrete. -

By using theorem 7. the only information we can obtain from an
algebra by investigating its closed-set system is the following:

If SN is m-alg, then there exists an m-ary. algebra %, such that
SU = S B. Now, we state more, namely, that we can construct the al-
gebra 8 from the algebra A in a rather simple manner by taking the &-ary
polinomials with §<m as operations and nothing else. This aigebra will
be denoted by Dis (m). This is not only an m-ary algebra having S U as
closed-sets, but this algebra is also transitive whenever S is m-gen.

THEOREM 8.

(i) S A is m-alg iff S A = S Dfy (m)
(i) S A is m-gen iff Dy (m) is m-tra and S A = S Dy (m)

Proor. (i) the only non-trivial part is that S % being m-alg implies
that SUA 2 SPle(m). X¢S A implies (IY <, X) [V ]EX and so there is
a polinomial with arguments in ¥ and valué not in X. This further implies
the existence of a |Y|-ary polinomial with the same property, and so

(i) It is'enough to show that, if S U is m-gen, then Py (m) is transit-
ive. Let S U be m-gen, and x€[X] arbitrary.

By, the definition of m-gen there is a Y <, X such that xc[Y ], and
so there is a polinomial which can be given arguments from Y such that
it yields x as value. Therefore there is also a | Y|-ary polinomial with the -
same property, and so | Y| <=m shows that D/y (m) is transitive.
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Let us mention that the theorem holds for tra’ and gen’ as well.

Note, that the 1-ary algebras are exactly those which have only con-
stants as operations, 1-tra algebras are in addition minimal, the O-ary
algebras are the algebras without operations and the O-tra algebra is
(8, ¥). Of course, the 1-tra’ and O-tra’ algebras coincide with the I-ary
and O-ary ones, respectively.

4. Summing-up

We can draw-up in a diagram the main correspondences between the
properties of algebras, closed-set systems and lattices studied in this paper.

In the following diagram the implication symbol 3« means repre-
sentability in the sense of theorems 1 or 7. For any cardinal m, the follow-
ing diagram holds: (Fig. 11.) - : :

m-ary 2 m-qlg
o Uif [ < m is regular

R |

. m-fra 3 m-gen e m-com
a o ' Fig. 11.

" Additional corresponde'nces:.

. (i) between algebras and closed-set systems (theorem 8)
(ii) an independence result for the closed-set system and lattice pro-
perties (theorem 4) . ‘

" The concepts alg, gen, etc. behave irregularly at 0 and 1. These ir~

regularities were avoided by the modified concepts alg’, ger’, etc. It re-

maitis an open problem to find a more natural definition for com’. =~
Here we list some of the avoided irregularities:

" the restriction in the above diagram 1<m;
the similar restriction in theorem 4 «, 8, y>1;

.. mm-alg - m-gen for the regular cardinals 0 and I; com does not di-
stinguish 1-ary and 2-ary though this distinction can be lattice represented
(we do not care about the distinction between 0-ary and l-ary since this
cannot be lattice represented). - - ' ‘
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ON INTERPOLATION ON THE ROOTS OF JACOBI POLYNOMIALS
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1. Consider the interpolating polynomial .
L) = 3 () BR) (B> —1)
k=1

of degree 2n—2 of f(x), where x,, = xi? (k =1,...,m) are the zeros of
the Jacobi polinomial Pg°®(x) which form an orthogonal system of poly-
nomials on [—1, +1] with respect to the weight function

Wo, p(X) = (1 —xp(1+xy (-l<x<1{ « B> —1)‘?

23 rf% £) (X)

lk = Ty
* PP (%) (x— )

and the normalization is such that .
o n
P&P (1) —_~( +“}.
. n :

~ We shall prove the following

THEOREM. Let f(x) be a continuous function-in {1, 11- 1] then

3 +3
-9 2 T 0-LEY G ) =

sc@pﬂfnpwwﬂ%ﬂ “JS%%D
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Wwhere
! if ¢ = min(«, B) = —%
=1 ‘ 1
I[ 29— 21fq..mm(oc ﬁ)< iy

and |if|] = max ()], furt/zer C depends only on o and f.

COROLLARY 1 If f(x) continuous in [~ 1, +1] then L&P(f, x) tends
to f(x) in every point x (—1<x<1) and uniformly in [—14e, +1—2]
(e=0).

COROLLARY 2.

n
) lim 3 G(x) =1 (—1<x<1; oc,ﬂ>—1).
N> g=1
The convergence of {L$% (f, x)} (a>0) to f(x) has been studied by
J. Bardzs [1]. The convergence of LS (f, X)(—1=a, f<0) to f(x) fol-
lows from a general theorem of G. GRUNWALD [2] because, as it is well
known, the roots of PSP(x) (— 1 <o, 8<0) form a normal pomt system
on [—1 +1].
2. We need some lemmas
LeEmma 1.

def a+>3 - +3 n '
2) HO) = (1-x) 2-(14x) 2 1—21%(x)l =
. k=1

[cl n=t logn if ¢ = min(x, f) = —%
= (—-l=x=1; o,f>—1),
2 2logn if ¢ = min («, p) < —é—‘
where ¢,, ¢, (and later on ¢, ) are positive constants depending only on
o and B.

Proor. We need some rélations for P <(x).

3) PO (x) = (— 1 PP (—x) ([3],(4.1.3)),

1 .
4 - max |P? (x)l ~ 1 E[a< —_] (I31, pp. 167)

O0=x=1
N .
(5) " lim M,n® = const, [oc = —_] ([3],(7.32. 9))

N>
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where ‘

: 1 1

def oA —— ﬁ+__
M, = max 1i[sin Q] 2. [cos 9] 2P (cos @)!
0=6<= | 2 ©2
2
1

®) O == (ke t0()) (3},(89),

“where 0=0, < ... <@-<x are the zeros of P$? (cos ) («, B> —1) and
0(1) depends only on « and 8.

d s —— — ot+2 \ -
|4 pes (x)} , ~k 2.1 {o <0, = ﬁ} (13),(8.9.2)),
ldx . X=C08 @k 2

(M _ | '

where «, 8= —1, depends only on « and f.

(8) {_‘L p®® (x)l =
. dx ;xzcos@ .

-[@_ -2-0(. ]1fcn1<9<—”—.

%, >~~1, ,(7.32.10)) .
IO(nQ'H‘) If0<@<cn 1(‘8 )( ]( ))

1t is well known that

n - n (2, BY”’ '
/ ‘ th(x):21[1 —P—*(@(x xk))l(x)z

k=1 . k— P& ‘3)(
© (x+p+2) -B
n o X —I—oc
= 3 [1- SRR )i =
From (2) and (9) by x = cos © we get
: | ol 3
(10) |H (cos ©)] = ¢, (1 —cos @) *(1+-cos oy ®.

0 —cos O | |
fcos @ —cos O, 2(cos@ = >, + . =8+8,.

ket Sin® 6 lo—6gl=n-1  |o—bp|>n-1

We consider S; in the case of _

‘ -

-0 ==, —n—<@sn—~2—, n~2-<@:£n
2 2 n n

IOSQs‘z-, 2

7 n
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respectively but we shall deal with the first and second case only, because

mean value the others are similar. By the Lagrange mean value theorem
we get .

3 [cos & — cos O, )

“+§ B+
S; =¢;(1 —cosO) (1 +cos9) X -
: ' lo-6pt=n-t  sin% @,

[ P& (cos @) — PP (cos ©,) 1{P,§“’5)' (cos ©))=2 =

| oS Q— cos O,
. s ,
- 2 B = _
= ey(1—cos0) = -(1+cos ey * 3, 1ecos@—cos By
| o-byisns  sin® @,
an APE (cos )l B (cos @))2,
Where 7, is between & and @k )
2
From (11), (3), (6), (7) (8) follows in the” case of 0 = @ =2
i
20+ 3 .
Sl = C4 —L} .'n—l.n2a+4 . Z’ 1 {P(a 2 BY (CO‘} @,{) -
n |6 —6kl=n-1 sm2@
. ‘ I
ICS” it g = minGef) = -5
(12) =5 - .
- lcs n=2=2 if ¢ = min(«, f) < —
)
in the case of — <0 = 3
n - 2
—2¢—3 1 .
SISC7@2uV+3.[@_i] .n—l,n Z o { ()/3) (COS@)}
el n) o~ 9k|<n181n2@
f 1 e 1
cgn” if ¢ =min(,p) = ——

2
{13) ' = ' .
C Jenmer if g = min (s, B) < —

We have used that the sum contains finitely many member only. From

. c]
(10), (3), ), (5), (6), (7) and by 1—cos O = 2sin® g)—, 1+cos @ = 2‘c052—2—

we have
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==

%+1 26+1
Sy = C40 [sin —@—] ' {cos @] - {P(“ #) (cos 0)}2 -
) ’ 2 2

A
—2g— 4k2ﬁ+3n —2p— 4)}

]@«-%l;n“ {k2

'(cl_ln‘llogn if ¢ = min (o, 8) = —

(14) =3 .

Ilcm n~%2logn if ¢ = min(x,f) < Y

L
2

From (i0), (12), (13), (14) follows (2).

These methods have been used in [3] in esﬁmating the Lebesgue
constant of Lagrange interpolation for Jacobi abscissas.

LEMMA 2.
a+; ﬂ+% n e ’
(I-x) “-(I+x) =3 Ix—x]E(x) = ¢ n~tlogn
k=1
(15) ‘ (-l=x=lLaf=—1;n=12...).

Proor. Similar to the proof of (1) so we omit if.

3. Now we shall prove our theorem. Evidently

(16) (-0 2140 2@-L5? (9] =

3 . \
=(-x) Z.(14x) 2 Z(f(x)—f(xk))l%(x)Jrf(X)(l'—-Z l;%(X)] =
. k= :

3 N
=0 3 - A ) |1—zzk<x)

,d

)

Using the well known relation o(f, ,16) (A+ De(f, 8) for the continuity
modulus of f(x) on [—1, +1] we obtain ‘

-1l = a)[f ;{‘loiﬂ, l( { n

(17) = w[f ; _-_] .[ fl> lx__,xk! + I] ,

log n
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so we get

i +i n . '- :
18)  (1-%) Z-(1+%) 251|f(x)~f(xk)|lﬁ(x)wg[f;Ioi”].

n a+—;— » ﬁ+§ 3‘ ﬁ+%n 9 ]
-@(l—x) (1+x) > x— xk|lk(x)+(1—x) (1+x) > ().

. k=1 : k=1 ’
We have from (16), (2), (15) (18)

(l—x) (1+x> 2!f(><) ESP(f,0] =

= e loff; Togn o
where o s ]+an v

if ¢ =min(a,p)= —

)

It [Ql»—-n

—2¢—=2if ¢ = min(«,f) = —

]
M
o et N e,
|

from which follows our theorem.
4. Finally 1 should hke to state the followmg

PROPLEMS.

1 Characterize the weight functions for which (1) is fulfll ed.

2. Another open ‘question is if there exists a weight function in
[—1, 1]for which (1) is fulfilled uniformly in-[ — 1, + 1] but the fundament-
~al pomts do not form normal point system.,
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0 CYMME CTENEHM PACCTOSAHUIA

E. XOPBAT

Hadenpa Haueprarensnolt 1 Ilpoexrusnoil I'eomeTpun
YHupepcurera um. Orsewa JlopaHaa

(Hocmynuao 6. 3.71973)

Vi3BecTHO, UTO U3 BCEX BBUTIYKJIBIX H-YFOHBHVIKOB, nexamux B faH-
HOM KpyTe, HauboJsiblipe MEPUMETD M IJI0IIAb - UMeeT HPaBUJIbHBIH 11-
VYTOJIbHHUK, BIUACAHHLIN B JAHHYIO OKPVYIKHOCTh, AAJEC, U3 BCEX BBINYKJIbIX
N-YTOJIbHUKOB, 3aKIIYAKIINK B cebe NAHHYI0 OKPYIKHOCTb, HAMMEHBIIHE
HNEPUMETD ¥ IUIOLAJb WMeeT NPABUJIBHHIL N-VFOILHUK, ONUCAHHLIA BO-
KpyT oKpyykHocTa [ 1]. JI. PEMEL TOT [2] 3aHMMaIcst BOPOCOM, KoTa Oy et
MAaKCUMallbHa Ha SBKHHlLaBOﬁ IIJTOCKOCTH CYMMa paC'C_TOHHHVI MEXAY TGY-

Kamn Py, P,, ..., P,, nexaujymu B JaHHOM Kpyre M Korja 0vier MuHH-
MajilbHA CYMMa BO3BPATHOR BCJIMYMHBL DACCTOSHUH MEXKAY TOUYKAMU
Py, P, ..., P, nexaiqumMu Ha JaHHOHX oxpyykHoctd. OH JoKasal, uTo

MAKCUMYM, WJIN MWHHMYM JAIOTCSi BepLIMHAMYU TPABUJIbHBIX H-YIOJIbHH-
KOB, BIUCAHHBLIX B OKPY)KHOCTHU. '

B aroif paboTe Mbpl MOHMMAaeMm II0J, IIOBEPXHOCTHLI0 MOCTOAHHON KpH-
BH3HLI OBIUINAABY U THIEPOOJIMIECKYI0 TJIOCKOCTH, WM eARHUUYHYIO
chepy. Mpl ofo0uiaem IpeJbAVIINE Pe3vibTarbl. MBI JOKAKEM Clefy-
I0LAE TEOPEMDI:

TEOPEMA 1. ITyems v=1 u v0 OdaHHoe sewgecmsenroe uucao. Ha
106EPXHOCMY NOCMOAHHOU KPUSU3HBL OAA CYMMbL v-CiTleneHl PACCMOAHUL
MENCOY N PASHOLMU MOUKAMbL, ACHCAYUMI HA OQHHOL OKPyMCHOCTU, 6ep-
WUHL  APABUALHOR0 N-Y20/A6HUKA, 6MUCAHHO20 6 OUHHYH OKPYHCHOCNIb,
0 arom maxcumym, ecan O<=v=1 u muHumym, ecau y<0.

TEOPEMA 2. Ha nogepxtocmu nocmoaHHOU KPUeU3Hbl CYyMmMa v-cie-
NEeHU CMOPOH BHIMYKABIX N-Y20AbHUKOB, AHCAUX 8 OQHHOM Kpy2e, y npa-
8UABHO20 N-Y20A6HUKA, 6MUCAHHOZ0 6 0KPYICHOCHID, Gyoem MaKcumaasbHa,
ecant G-<=v=1 u munumarota, ecau v<0. ‘

TEOPEMA 3. Ha noeepxxHocmu NOCMOAHHOU KPUGUIHbL OAA CYMMbL
v-CIMeneniL CIMOPOH 6b6LITYKAbLX 11-Y0AbHUK06, 3ARAMUAIWUX 6 cefe OQHHYH
OKPYHCHOCHIb, APABILIBHAILL N-Y20 AbHLK, ONUCAHHBLL 80KPY2 OKPYHCHOCTIU
oarom MLlHlIM)/M eca v=1.

- 7
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Jisa moxasaTtenncTBa TeopeM HaM HVIKHO CHEAVIOILHE H3BeCTHBIE
JIeMMBI; : )

JIEMMA 1. HVCTL C — TouKH ILeJ‘IeHI/IH HOI10J1aM OILHOI/I U3 ABYX VT,
OTDaHMUEHHLIX NAHHBIMU TOUKaMU A U B Ha OfHOH OKPY)KHOCTH NOBEpX-
HOCTH MOCTOSIHHON KPUBU3HEL, a P .— NPOU3BOJIbHAS TOUKA JAYTH, OTpaHHU-
4eHHOM Touxamu B u C n He cofepaweif T0uky A (puc. 1.). Ecnu P npu-
raercst K Touxe C na nyre, Torfa cymma AP+ BP cTporo Bo3patuaercs.

(MoxasaresberBo cM. B [3].)

JIEMMA 2. TIvéth p U ¢ — KBe TaKue KacaTelibHble I[aHHOI/I OKPYIK-
HOCTH K 1 Ha& HUX Pu Q — TOYKU KaCdHWs1 Ha MOBEPXHOCTH NMOCTOSIHHO |
KPUBUSHEL, YTO CYILECTBYET K OKYPIKHOCTH K KacarejbHas §, Nepecexa-
I0LIAfCA KacaTeJbHble p U ¢ B OAHOH M3 JBYX MHOJYILIOCKOCTel, orpaHu-.
yeHHBIX OpsiMoit PQ. [Tvers P, n Q" — TOUKW NIepecedeHusi KacaTebHON
S ¢ KacaTeJdsHBIME p u ¢ (puc. 2.). Cymma PP+ P,Q+Q,Q MunuManbHa,
€CIU KacaTesibHast § NEPHEHIUKYIAPHA K 6HCC€KTpI/[C€ vria POQ<,
rae O — LEHTP OKPY)KHOCTH.
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(IoxasarenbcTBo Jlemmbl 2 MOA0GHO K JIOKA3ATENHLCTBY JEMMBI U3
[1], ecnn BMecTO SBKIMJZOBOM INIOCKOCTM MBI pPAaCCMATpUBAaEM HPOU3BOIb-
HYI0 IIOBEPXHOCTh NGCTOSIHHON KPUBU3HEL )

JIEMMA 3. CreneHHLIM CpPeIHHM NOPSAKA v JAHHBIX N IIOJOMHTENb-

HBLIX YUcel &, d,, - . ., (,, HABLIBAETCST YK CII0
L
S N
> a
. - i=1
M) sey =\ ,

[s

TAe v=( BellleCTBEHHOE ancio. OYHKIUS S(v) CTPOT0 BO3pAILANOLIAs.
(HoxasaresbcTBO M. B [4].)
JIOKASATEJILCTBO TEOPEMBI 1. TMyers Py, P, ..., P, — TOYKY Ha
JAHHOH OKPYHHOCTH B IMKJIMIECKOM NOpsMKe, fajee '

2) Si= 3 BP
i,ij<=jl
u
"
3 L Sk = i_lpipiitk} (Fovj=F)

THe k< HatvpajibHoe uucno. M3 jemmel 1. ciexver, dro st BbUIVKIas
¢yuxuus ot yraos P,OP;y, (i = 1,2, .., n). (S} COCTOMT U3 OXHOIO, WU/
fonplue MHOIOYIOJIbHUKOB B 3aBUCHMOCTH OT TOTO, JleJuTCst N Ha K, wiu
uer.) ITosromy

€)) k= Z Qi Qi+r = Gy s (Qn+;=Qp
i=1
rae Touru Qq, Qy ...,Qn — BEPUIMHBI npasnnbﬁoro' N-yToJIbHUKA, BIIU-

CAHHOI0 B OKPYIKHOCTb.
"Mz (4) 1 neMMBL 3. CIIEAVeT, 4To

PN :
(5) » [ =2 =y,
Tax B civuae O<p=1 |
(6) : Sk = 1k,
u B cavyae v<0
@) Sk = Ny
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Tax Kax sy = Sp_g, TO

(®) | - S=nzg
u-us (7) B civuae =0
©) | Sz "g 0.
NS 7
ELPORIRIN
2 / / X ‘ > §
‘ N
D A
0@\
AT N
2 ¥ =
Ntk 7/

Puc. 3.

B (4), moaromy B (B), (6), (7), (8) 1 (9) nMeeM PABEHCTBO TOIAA U TOJILKA
T Torjga, Korga Tou4kn Py, P, ..., P, BepPUHHBI IPABUIBHOTO /1-YTOJBHUKA,
BIIUCAHHOI0 B OKPY)KHOCTb.

Taxum ofpasom Teopema 1. goxasana. :

3AMEUAHHME. Eciit v =1, TO MOXKHO HOpeflloNOMMUTL, UTO TOYKU
P, P,, ..., P, 1exxaT B faHHOM KpVyre, HO MakcumMyMm QvHKIUE S} naetcs,
ecan toukn Py, P,, ..., P, BepIIMHLI IPABUJIBHOTO N-VFOJLHNAKA, BHHCAH-
"HOr0 B JIAHHVYI OKPYZKHOCTD.

JIOKA3ATEJIBCTBO TEOPEMBI 2. B cnvuae v=1 Teopema 2. cienyver
U3 neMMel 1. -
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TIyets Py, Py, - - oy Py —-CTOPOHBI BEINIVKIION0 A-YTONBHAKA, JIEHKAIETO
B JIaHHOM KpVTe. Mo sremme 3.

1
>pi

' A =1 = i=1
(10) A\ == =0

Tae r=1 (»>0) BelweCTBEHHOE YKCIIO ¥ ¢ — JJIKHA CTOPOHBI IPABUJbLHOIO
N1-YyTOJbHNKA, BIUCAHHOIO B OKPYIKHOCTH. VI3 9TOT0 CIEAYET, UTO B CIIviae
O<rv=l

(11) | Zpisng,
1l=1 "
‘¥ B cavyae v<0
. o
(12) v - Zpi=ng.

r=1

B (10), (11), n (12) nmeem paBeHCTBO B TOM U TOJILKO B TOM Civuae,
€I Py =Py=...=Pp=¢, T. €. N-YIOJIbHUK HpaBVIHeH '
Teopema 2 Jl0KasaHa.

JOKA3ATEJILCTBO TEOPEMBI 3. Mbl He 6yfiem BAaBaThesi B MOAPO0G-
HOCTH. VICXONsT U3 JIeMMBI 2., OHO BIOJIHE COTJIACYeTCst ¢ JI0Ka3aTeMLCTBOM
TeOpeMEl 2. : :
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UBER EBENE HYPERBOLISCHE MOSAIKE

Von

L. VERMES
Lehrstunl fiir darsteilende Geometrie der Technischen Universitat, Budapest

(Eingegangen am 12. -juli 1973)

In dleser Arbeit beschéftigen wir uns mit der Frage, wie ein voll-
standiger Uberblick simtlicher aus kongruenten Dreiecken bestehenden
hyperbolischen Mosaike gegeben werden kann. Sodann geben wir einen
vollstdndigen Uberblick aller aus kongruenten nichtreguliren- gleich-
winkligen Vierecken bestehenden Mosaike der hyperbolischen Ebene.
Die benachbarten Elemente der in unseren Untersuchungen vorkommen-
den Mosaike verkniipfen-sich ldngs ihrer kongruenten Seiten.!

1. Wir geben einen vollstandigen Uberblick nur solcher aus kongruen-
ten Dreiecken bestehenden hyperbolischen Mosaike, die jedé Kongruenz-
abbildung, die irgend zwei Elemente eines Mosaiks aufeinander abbildet,
in sich selbst {iberfiihrt. Solche Mosaike heiBen homogen.

Ist ein Dreieckmosaik homogen, so konnen die zu irgendwelchem
Element gehorigen, mit ihm je eine-gemeinsame Seite besitzenden be-
nachbarten Elemente nur nach.den folgenden vier Mogllchkelten abgelei-
tet werden: :

1. Man spiegelt das Elementardreieck an die Seiten.

2. Man spiegelt das Elementardreieck an die Seitenmittelpunkte.

3. Man spiegelt -das Elementardreieck an einen Seitenmittelpunkt
und an die anderen beiden Seiten.

4. Man spiegelt das Elementardreieck an eine Seite und an die Mlttel-
punkte der anderen beiden Seiten.: :

Wir betrachten die Seiten der Mosaikelemente als voneinander ver-
schieden, im Falle, wenn sie gleich sind, zweks ihrer Unterscheidung be-
zeichnet man sie mit verschiedenen Buchstaben.

» Die notwendige Annahme ist fiir die Existenz solcher Dreieckmosaike,
daB man um ein Dreleck ihm kongruente Dreiecke — mit der Beriicksichti-

! Hf:rr Professor L. FEjEs TOTH hat mich — in seiner Beur-teﬂ.ung itber meine
Dissertation — an die Untersuchung der hyperbolischen Dreieckmosaike angeregt.

o*
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gung auf 1.—4. — liickenlos fiigen konne. Man erkennt leicht, daB diese
notwendigen Annahmen entsprechend den vier obenerwinten Fillen auf
folgende Weise versammelt werden konnen:

Seien a, b, ¢ die Seiten und a, 8, y die entsprechenden gegeniiberliegen-
den Winkel eines Dreieckes, das zur Konstruktion eines homogenen Mo-
saiks zugrunde liegt.

. (i) Wenn wir das Mosaik aus einem vorgegebenen Dreieck a, b, ¢
durch Spiegelungen an die Seiten konstruieren wollen, so miissen

o= %:—, g = %, y = z (k, I, m=2 ganze Zahl) sein und natiirlich be-
m :
steht die Ungleichung
1 1 1.
——+—=1.
kI m

(i) Wenn wir das Mosaik aus einem vorgegebenen Dreieck a, b, ¢
durch Spiegelungen an die Seitenmittelpunkte konstruieren wollen, so
muB die folgende Gleichung (fiir s=2 ganze Zahl) bestehen: '

2m
atfty=—.
S

(iii) Werm wir das Mosaik aus einem vorgegebeneﬁ Dreieck a, b, ¢
durch Spiegelungen an die Mittelpunkte der a-Seiten und an die - bzw.

. . : .. 2 7
¢-Seiten konstruieren wollen, so miissen « = £ B+y = " (nz3, k=2
' : no S

ganze Zahl) und 2k + n<nk sein.

(iv) Wenn wir das Mosaik aus einem vorgegebenen Dreieck a, b, ¢
durch Spiegelungen an die a-Seiten und an die Mittelpunkte der b- bzw.
¢c-Seiten konstruieren wollen, so muf die folgende Gleichung (fiir k=1
- ganze Zahl) bestehen: , . : :

' 7
14 = —.
N |
Wir zeigen, daB die in (i)—(iv) gegebenen Annahmen zur Konstruktion
der homogenen Dreieckmosaike auch hinreichend sind.
~ Nennt man im folgenden zwei Dreiecke bei den obenerwahnten Fil-

gungen in einem allgemeineren Sinne benachbart, falls sie mindestens
einen Randpunkt (also entweder einen Scheitel oder eine Seite) gemein
haben. : :
" Betrachten wir ein vorgegebenes Dreieck (als Anfangsdreieck bei dem
Bau eines Mosaiks) und die ihm benachbarten Dreiecke. Diese Dreiecke.
haben freie Seiten, die nicht zu zwei Dreiecken gehdren. Die freie Seiten
bilden einen abgeschlossenen Streckenzug (also ein Vieleck), der das vor-



UBER EBENE HYPERBOLISCHE MOSAIKE ’ 133

- gegebene Dreieck im inneren hat. Wir sagen, das diese Dreiecke einen Giir-
tel (spater wird als erster Giirtel genannt) um das vorgegebene Dreieck
bilden (Fig. 1 im Falle ({)). Man kann aus einem beliebigen Randpunkt
des vorgegebenen Dreieckes zu der Gurtelbegrenzung eine Verbinduns- -
strecke ziehen, die entweder im inneren eines einzigen, im Giirtel liegenden
Dreieckes oder auf dem gemeinsamen Rand zweier Drejecke vom Gurtel
geht. ,

s

‘ Betrachten wir nun alle Dreiecke, die den im ersten Giirtel liegenden

Dreiecken benachbart sind und im duBeren den ersten Giirtelbegrenzung
liegen. Diese Dreiecke bilden den zweiten Giirtel und die freien Seiten vor,
ihnen begrenzen den Giirtel durch einen abgeschlossenen Streckenzug.
Man kann aus einem beliebigen Punkt der ersten Giirtelbegrenzung zur
zweiten Giirtelbegrenzung eine Verbindungsstrecke ziehen, dic entweder .
im inneren eines einzigen, im zweiten Giirtel liegenden Dreieckes oder auf
dem gemeinsamen Rand zweier Dreiecke vom zweiten Giirtel geht.

Die Bildung der Giirtel kann dhnlicher Weise unbegrenzt fortgesetzt
werden. Die n-ten Giirtelbegrenzung hat im inneren die Giirtelbegrenzun-
gen g, (fiir i<n), und man kann aus einem beliebigen Punkt der (n— 1)-ten
Giirtelbegrenzung zur n-ten Giirtelbegrenzung eine Verbindungsstrecke
ziehen, die entweder im inneren eines enzigen, im n-ten Giirtel liegenden
Dreieckes oder auf dem gemeinsamen Rand zweier solcher Dreiecke geht,

Die Ebene wird durch diese Dreiecke bzw. diese Giirtel schlicht und
liickenlos bedeckt. Es soll noch dazu beweisen, daB jeder Punkt der Ebene
- auf solche Weise iiberdeckt werden kann. Falls ein Punkt P in der Ebene
wadre, der nach der Konstruktion beliebiger vieler Giirtel unbedeckt bleibt,
so muBte die Strecke OP unendlich viele Giirtelbegrenzungen bzw. Ele-
mentardreiecke schneiden, wo der Punkt O im Anfangsdreieck der Mosaik-
konstruktion beliebig ist. Daraus folgt, daB die Menge der Schnittpunkte
einen Héaufungspunkt besitze, dessen Umgebungen mit willkiirlichen,
Radien Punkte aus unendlich vielen Elementardreiecken hatten, was
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. aber unméglich ist. Folglich gibt es kein Punkt, der in der Mosaikkonstruk-
tion unbedeckt bleiben kann. -

Damit haben wir den vollstindigen Uberblick der homogenen Drei-
eckmosaike gegeben.

BEMERKUNG. Herr I. DomiNnyAK hat angemerkt daB die Existenz
aller halbregelméafiger Mosaike (2k, 2I, 2m) in der hyperbolischen Ebene
aus der Mosaikkonstruktion nach der in (i) gegebenen Annahme folgt.
Man erkennt leicht, daBl die Menge aller halbregelmaBiger Mosaike (u, v, w)
und die vorige Menge der Mosaike (2k, 21, 2m) iibereinstimmen sollen, 2

2. Im folgenden beschiftigen wir uns mit dem vollstindigen Uber-
blick jener Mosaike, deren Elemente kongruente gleichwinklige Vierecke
sind. Vor allem soll es bemerkt sein, daB der vollstindige Uberblick re-
guldrer Viereckmosaike aus jener Ungleichung

L+L<< L (p, ¢ = 0, ganze Zahl)

P q

folgt, die die regularen Mosalke {p, q} der hyperbolischen Ebene charak-
teriesiert.®

Nun untersuchen wir die nichtreguldren gleichwinkligen Vierecke.
Es ist leicht einzusehen, daB die gegeniiberliegenden Seiten eines solchen
Viereckes paarweise gleich sind. Der Mosaikkonstruktion halber betrach-
- ten wir die reguldren Lagerungen Kongruenter Abstandslinien. .

- Wir zerlegen die Ebene durch n (von einem Punkt C ausgehende,

miteinander den Winkel gn_ einschlieBende) Halbgeraden in kongruente
. n :

Teile (n=3). Auf jeder Halbgeraden betrachten wir je einen Punkt mit

der Entfernung d von C, so daf d=4 {f—] sei, wo- 4 [—ﬂ»] das zum Win-
o A n . n ' o

kel = gehorige Parallellot bedeutet. Wenn man zu jeder Halbgeraden durch
n o

den auf derselben vorher bestimmten Punkt je eine senkrechte Gerade
zieht, so haben die zu zwei benachbarten Halbgeraden gehdrenden Sen-
krechten je ein gemeinsames Lot. Zu einem solchen gemeinsamen Lot ge-
hort je eine Abstandslinie in jedem Teil der Ebene, die die Halbgeraden
(mit dem Anfangspunkt C) in den fixierten Punkten jeweils beriihren und
folglich paarweise miteinander einen Berithrungspunkt haben. Man kann
von den Punkten der Halbgeraden, deren Abstand von C gleich 24 ist,

2 8. die Bedeutung des Simbols (u, v, w) in [1]S. 18.
38. [2]S. 94—96.

. 4In dieser Arbeit verstehen wir unter einer Abstandslinie (Aquidistante) die
Gesamtheit derjenigen Punkte der Ebene, die von den Punkten einer Geraden (Grund-
linie) gleichen Abstand haben und auf einer Seite von der Grundlinie liegen. Die beiden
. kongruenten Aquidistanten auf verschiedenen Seiten von der Grundlinie bilden ein
Paar von Abstandslini€n.
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zu den benachbarten Abstandslinien Tangenten zichen, wobei die Lénge
der Tangentenstrecken ebenfalls ¢ ist. Von diesen Punkten konnen noch
(n—3) Halbgeraden so gezogen werden, daB diese Halbgeraden paar-

weise miteinander bzw. mit den Tangenten den Winkelﬁeinschlieﬁen.

: : n
In diese Winkel kann je eine mit den vorigen Abstandslinien kongruente
Aquidistante auf dhnliche Weise wie vorher gelegt werden. Dieser ProzeB
kann unendlich oft fortgesetzt werden, und so ergeben sich unendlich viele
Abstandslinien, um jede Abstandslinie je ein unendliches Tangentenpoly--
gon von gleichen Seiten und Winkeln. (Fig. 2 zeigt, falls n=4 ist, die Kon-
struktion eines solchen  unendlichen Tangentenpolygons im Poincaré-
schen Kreismodell.)

Spiegein wir gleichzeitig diese Konfiguration an die Grundlinien der
vorkommenden Abstandslinien. Nach den Spiegelungen kommen weitere
Grundlinien vor, die die neuere Konfiguration begrenzen. In &dhnlicher
Weise wie vorhin kénnen gleichzeitige Spiegelungen an diese Grundlinien
durchgefiihrt werden, und dieses Spiegelungsverfahren.kann unbegrenzt
fortgesetzt werden. So bekommen wir eine regulére Ausfiillung der hyper-
bolischen Ebene durch die Paare von Abstandslinien.

Nun betrachten wir ein Paar von Abstandslinien und ihre beziiglich
der Grundlinie symmetrischen unendlichen Tangentenpolygone. Die Ver-
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bindungsstrecken der symmetrischen Ecken zerlegen diesen Teil der Ebene
auf kongruente gleichwinklige Vierecke. Wir bekommen ein hyperboli-
sches Mosaik aus kongruenten gleichwinkligen Vierecken, falls man solche
Zerlegungen fiir alle Tangentenpolygone der vorig erhaltene Ausfiillung
macht. Es folgt aus der Konstruktion, daf die Mosaikelemente sich
liickenlos verkniipfen. Man erkennt auf dhnlicher Weise, wie bei der Konst-
ruktion der Dreieckmosaike, da jeder Punkt der Ebene durch Mosaik-
elemente {iberdeckt werden kann. Man kann ein solches Mosaik unendlich
"manigfaltig auch in demjenigen Falle verwirklichen, wenn n eine vorge-
gebene ganze Zahl ist. - .

Es ist leicht einzusehen, daf die reguldre Mosaike {4, 2k} auch auf diese
Weise konstruiert werden kénnen. Wir bemerken noch, daB die folgende
Tatsache aus dieser Ableitung der Mosaike {4, 2k} folgt: Die Kreise einer
zut den Mosaiken {4, 2k} gehorigen Kreisausfiillung sind so eingelagert,
daB die Mittelpunkte der Kreise je eine dquidistante Punktreihe auf den
Grundlinien der Abstandslinien bilden, und so ergibt sich eine solche
Kreisausfiillung als die Gesamtheit der Serien der Kreise, wo die Kreise
je eines Paar von Abstandslinien und sich selbst auf der Grundlinie be-
rithren.

Jetzt beweisen wir, daB es ausschliBlich die in dieser Konstruktion
gegebenen Mosaike aus kongruenten nichtreguldren gleichwinkligen Vier-
ecken gibt. In der Tat ist es moglich die gleichwinkligen kongruenten
Vierecke um einen Punkt (als Scheitel) liickenlos einlagern, falls die Winkel

der Vierecke die Grobe —— (1=3) haben. Wenn aber wir cine unendliche
" : |

Serie aus kongruenten'gleichwinkligen (nichtreguldren) Vierecken durch
die 14ngs ihref gleichen Seiten passierenden Hinzufiigungen bilden (Fig. 3),
so die anderen Seiten der Vierecke gehoren zu zwei Streckenziigen, deren

benachbarten Seiten den Winkel ) einschlieBen. Diese Streckenziige
1 :

sind die Tangentenpolygone eines Paares von Abstandslinien, deren Grund-
linie das gemeinsame Lot aller in den Hinzufiigungen vorkommenden

Seiten ist. Daraus folgt unsere Behauptung:

T

Fig. 3.
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In der hyperbolischen Ebene kdnnen Mosaike aus kongruenten nicht-
reguldren gleichwinkligen Vierecken dann und nur dann gebildet werden,

wenn die Seiten der Vierecke den kael — (n=3) emschlleBen
1

Damit haben wir den vollstandigen Uberblick der hyperbolischen
glelchwmkhgen Viereckmosaike gegeben.

3. Wir geben noch ein Beispiel fiir ein nichthomogenes Dreieckmosaik
der hyperbolischen Ebene. Betrachten wir die gleichwinkligen Vierecke,
- aus denen Mosaike aufgebaut werden kdnnen. Die Diagonalen eines sol-
. chen gleichwinkligen Viereckes zerlegen das auf je zwei kongruente Teile.

Man kann ein Dreieckmosaik aus solchen Dreiecken in der im Abschnitt 1.

(iii) gegebenen Weise konstruieren. Zwei benachbarte Dreiecke, die auf-

einander durch eine Spiegelung an einen Seitenmittelpunkt abgebildet
werden konnen, bilden einen Viereck, es gibt also auch ein Viereckmosaik

nach der vorigen Mosaikkonstruktion, wobei je eine Dlagonale jeder Ele-

mentarvierecke gegeben sind. Falls man die Diagonale nur eines Viereckes

mit der anderen Diagonale vertauscht, so bekommen wir auch ein Drei-

eckmosaik aus kongruenten Dreiecken, das aber offenbar mchthomogen

ist.
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0. A classical problem of extensmn theory of topological spaces is
to produce all Hausdorff compactifications of a given completely regular
Hausdofff space. Thére are several known methods for the solution of
this problem: it can be done with the help of proximity relations, or di-
rection structures, or precompact uniformities, or function algebras. The
latter method is of greatest importance for our present purpose; the essenti-
al 1dea leading to it is the following.

Let X be a completely regular Hausdorff space and ¥ a compact
Hausdorff space containing X as a dense subspace. Consider the set C(V)
of all continuous real-valued functions on Y and the class @ of the restric-
tions to X of the elements g€ C(Y). It IS easily seen that 0] satlsfles the
following conditions:

(a) ©CC*(X) where C*(X) denotes the set of bounded continuous, -
real-valued functions on X,

(b) The cozero-sets of the elements of @ constitute a base for.the to-
pology of X (the cozero-set of fis the set X —Z(f) = {xcX .1 f(x) = 0},

(¢) The limit of a uniformly convergent sequence of functions from
@ belongs to @,

(d) Each constant belongs to @,

(e) @ is a ring under pointwise addition and multiplication.

Conversely, it can be shown that if @ is a class of functions defined
on X and satisfying the conditions (a) to (e) then there exists a compact
Hausdor{f space Y containing X as a dense subspace such that @ is pre-
cisely the set of the restrictions to X of the elements of C(Y). Moreover,
Y is uniquely determined by @ up to equivalence; more precisely, if ¥
and Y’ are two compact Hausdorff spaces containing X as a dense sub—
space and if we denote by @ and @’ the classes :

? = {g|X: gGC(Y)}, D" = {g|X :geC(Y)}
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then @c @ iff there is a continuous mapping i1 : Y'~Y such that h(x) =
= x for xeX. _

The above results are well-known and it is also probably known that
condition (e) can be replaced by other suitable conditions, e.g. by the con-
dition that @ is a vector lattice (i.e. a vector space and a lattice under
pointwise operations). However, it is probably of some interest to show
that (e) can be replaced also by the condition that @ is a subtractive lattice
(i.e. a lattice under pointwise operations such that f, g€ @ implies f—ge @), -
or an gffine lattice (i.e. a lattice under pointwise operations satistying
af+be® for fed, a,beR), or as a common generalization of both, a
semi-affine lattice.(i.e. a lattice under pomtw15e operations. such that'
Je® implies af+bec @ for bE R, ac A where A is a subset of R unbounded
both from above and from below). S

A very natural generalization of the above problematic is to look for
a construction of all Hausdorff realcompactifications of a given space X
by considering the restrictions to X of the functions in C(Y) for a real-
compactification Y. The question is to find suitable conditions, concerning
the class @ of these restrictions, corresponding to the conditions (a) to (e}
for the case of compactifications. The second and third parts of this paper
are devoted to this subject.

The main idea of the fourth part is the’ followmg The construction
of the compactifications of X by means of precompact uniformities can
be brought into connection with the construction by means of subclasses
of C*(X) by associating with a precompact uniformity on X the class of
all uniformly continuous real-valued functions with respect to the given
uniformity, and conversely;, by associating with a subset @ of C*(X),
satisfying the conditions (a) to (e), the precompact uniformity induced by
® (i.e. the coarsest uniformity with respect to which each element of &
is uniformly continuous); then the compactification corresponding to @
can be obtained as the completion of X equipped with the uniformity
associated with @. In the fourth part, we look for a class of uniformities
which plays a similar role, with respect to realcompactifications, to that
one of precompact uniformities with respect to compactifications.

1. Let X be a set and @ a class of real-valued functions defined on X.
@ is said to be a semi-affine lattice if

(1.1) f, g€ @ implies max(f, g)e D, min (f,2)€ P,

(1.2) fed, ccR implies f+c€ D,

(1.3) there is a set Ac R unbounded both from above and from below
such that 0c A and fe @ implies ¢fe @ for c€ A.

Now the following theorem is well-known and easy to prove:

: (1.H Let Y be a compact Hausdorff space and X a dense subspace of Y .
- The class @ of the restrictions to X of the elements of C(Y) satzsfzes z‘hefollow-
ing conditions:

(1.5) DCCH(X),
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(1.6) The cozero- sets of the elements of ® consntute a base for the topology
of X,

(1 7y The limit of a umformly convergent sequence of functions from
D belongs to D,

(1.8) @ contains all constants,

(1.9) @ is a semi-affine lattice.

Proor. (1.5), (1.8), (1.9) are obvious (the Iatter e.g. with A= R),
'(1.6) follows from the complete regularity of Y, and (1.7) is the conse-
quence of the fact that, if f, = g,|X with gnGC(Y) is a uniformly conver-
gent sequence, then g, also converges uniformly in view of

sup {{/n(*) —Jfm()| : x€X} = sup {lg.(") —gm()] 1 y€Y}-}

Let us now prove the following converse of (1.4):

(1.10) Let X be a completely regular Hausdorff space and @ a class of
JSunctions defined on X and satisfying the conditions (1.5) to (1.9). Then there
exists a compact Hausdorff space Y such that X is a dense subspace of Y
and D consists of the restrictions to X of the elements of C(Y).

Proor. Let us consider the product space

E= XE
, : seo 7
where E; denotes.a compact interval [a;, b;] containing the range of f.
Define the mapping i : X ~E by : :

 (h(x)) = /(%)

where 7, E E; is the projection of E onto E;. Clearly h is continuous -

and one-to-one in account of (1.6). Moreover, the inverse mapping

B~ (X)X is continuous as well since, for z,€ i(X), X, = A~1(z,) and

a nelghbourhood V of x,, there is a functmn J€@ such that f(x,) == Oand
(x) =0 forxcX-—V. Clearly the set

= {ZER(X) @) = 0)

is a neighbourhood of 2, in A(X) satisfying A=Y (W)c V.

Hence h is a homeomorphism from X onto the subspace Z = h(X)
of E. We identify the space X with the subspace Z by replacing xe X by.
h(x)€Z; then f¢ @ goes over to foh™t = m;|Z. The set @’ of these functions
clearly satisfies the conditions (1.7) to. (1 9). If Y denotes the closure of '
Z in E, then Y is a compact Hausdorff space containing Z as a dense
subspace, and each function fo h~*€ @’ has a.continuous extension over
Y namely ;| Y. '

The set @” of the functions z;|Y is obv10usly a semi- affme lattice of
continuous functions defined on Y, contains all constants, and separates
the points of ¥. On account of Theorem 4 of the paper [4], every element
of C(Y) is the limit of a uniformly convergent sequence taken from @”.
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By (1.7), the restriction to Z of an arbitrary element of C(Y) belongs to
@’. In view of the identification Of X and Z, the space Y satisfies all re-
quirements of the theorem.

Theorem (1.10) is completed by -the followmg well-known unicity
theorem:

(1.11) Let Y, and Y, be two compact Hausdorff spaces both containing
a space X as a dense subspace. Denote by @, and D, the set of the restrictions
to X of the elements of C(Y,) and C(Y,) respectzvely Then D, c D, iff there
exists a continuous mapping h: Y,—~ Y, such that

(1.12) o h(x) = x for xeX.

D, =D, iff there is a homeomorphism h from Y, onto Y, satisfying (1. 12).
Proor. If h: Y,~V, is continuous and fulfils (1. 12), then f¢ @, im-
plies f = g[X geC(Y) hence

f=goh|X, goheC(Y,)

and fe @,. Conversely, if @, @,, then we can define a ring homomorphism
@ C(Y,)~C(Y,) by the formula :

P(g1) = g, iff !X = g|X.

Clearly ¢(1) = 1 so that there exists, by Theorem 10.6 of [5], a continuous
mapping h: Yy~ Y, such that

(g,) = gy oh for gIEC(Yl).
Then xe X implies
400 = (g () = ()

for each g,€C(Y,). Since C(-Yl)‘ separates the points of Y, necessarily
h(x) = x.

If h:Y,~Y, is a homeomorphism satlsfylng (1.12), ‘then @ c@A
and @;c @, 31multaneous]y Conversely, if @, = @,, then there ex:st two
contmuous mappings

h: Y.Z»Yl_and k:Y,-Y,

such that .
h(x) = x and k(x) = x for x€X.
Then both ‘ ' ‘
koh:Y,~Y,and hok:Y,-VY,

are continuous extensions of the identical mapping of X. Hence k= h 1
and /1 is a homeomorphism from Y, onto V. |} :

‘ 2. We turn to the problem of the realcompactifications, and begin
with the definition and study of the properties needed for this purpose.
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Let @ be a set of real-valtied functions defined on a set X. A filter 8
in X is said to be a @-filter if every f¢ @ converges on 3, i.e. if the filter base

1) = {£(S) : Ses)

is convergent in R, for every f¢ @. The function class @ is said to be filter-
closed it a real-valued function g defined on X belongs to @ whenever it
converges on each P-filter.

The following theorem shows that the concept of a filter-closed func-
tion class is related to our present problem:

(2.1) Let Y be a topological space and X a dense subspace Of Y. Then
¢ he class @ of the restrictions to X of the elements of C(Y) is filter-closed. -

ProoF. Assume that a function g : X >R converges on every @-filter.
Then g(8) is convergent whenever 8 is the trace in X of the neighbourhood
filter of a point y€Y, since f(8) clearly converges for f€ @, so that 8 is a
@-filter. Hence, by a classical theorem (1), § 8, n° 5, Théoréeme 1), g can
be continuously extended over ¥V and ge®. §

We shall also consider another related property. Let @ be a class
of functions f: X —~R. For an arbitrary index set I, let f,¢® for i¢c/,
(2.2) E = X E;where E; = R for i€l

: iel
define h : X~ E by

(23) C wh(0)) = [ (XX, ie)

where =, is the projection of E onto Ej, and let ¥ be the closure of h(X)
in E. The class @ is said to be composition-closed if, for any choice of I
* and the functions f;€ @, and for every continuous function k: Y ~R, t
composition k o i belongs to ®.

The property of being composition-closed is obviously a generaliza-
tion of that of being a ring, or an algebra, or a vector lattice, etc. On the
other hand, it is equivalent to the filter-closed property:

2. 4) Alez‘er -closed class is composition-closed and vice versa.

Proor. Let [, f,¢ D, E, h Y, k be as in the definition. Then ko A: X»R_
converges on every @- fllter‘ In fact if 8 is a P-filter, then
A fi®)—~z€R for i€l
hence ’
h8)—>2€E where 7 (2) = 2.
Clearly z€Y, thus (koh) (8)—~k(z). Hence, it @ is filter-closed, then
kohed. :

Conversely, assume that @ is compos1t10n -closed, and let g : X—~R
_ be convergent on every ®-filter. Choose an index set [ such that

@ = {f:icl)
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and construct E, h, Y as in the definition. For 2¢€ Y, let b denote the neigh- .
bourhood filter of z in-Y and t the trace of b in i(X). Let

B=hT) = - {n~H(T) : Tet).
Then 8 is the base of a @-filter in X. In fact, for any f,€®, S¢5, we have

L-(S) = m(1(S)) = (1)
with T¢t, hence
f(g)_’z - 7[1(2)
Therefore g(3) converges in R. Define k(2) equal to the limit of g(3).
The function k: Y —~R is continuous on V. In fact, for z¢ Y and

£>0, there is a Vv open in Y such that g(S) is contained in the e-neigh-
bourhood of k(z) for

S = Y VN (X))
If2’€ V, then S belongs to the filter #=1(f") where t’ is the trace of the neigh-
bourhood filter b of 2’ hence k(2’) is in the closure of g(S) and
Nk@Y—k@)] = ¢

By hypothesis, ko h¢ ®. This implies ge@ In fact, if xeX 2= h(x),
then x is contamed in each element of 3, hence

23) »g(X) = k(h(X))

and g = koh. |}
A property very similar to that of composition- closedness was intro-
duced by J. R. IsBELL in the paper [7]. A function class @ is said to be
weakly composition-closed if, with the same meaning of I, E, i as above,

kohe®d whenever k is a continuous real-valued function on E (and not .

only on Y). The following example shows that the distinction is not purely
formal:

(2.5) Let ® denote the first Baire class on the real line. Then @ is weakly

composition-closed without being composition-closed. 4

Proor. Let Y be the union of the straight lines y =0 and y = 3

: : - : n

(n€N) in the plane, equipped with the following topology. For p =

= | X, L], a neighbourhood base of p consists of the sets
n : .

Vix, n,e) = {[x, ~1—] I Xg—e<X<Xo+ 8} ‘ (e=0).
n
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For p = (x,, 0), the elements of a neighbourhood base are of the form
U U Vxnep)
h=ng

where n,€N and the numbers &,>0 (n=n,) are arbrtrary ‘These neighbour-
hood bases clearly define a topology onY.

_ On the line y = 0, the functions of the first Baire class (with respect
to the usual Euclidean topol ogy) comc1de with the restrictions of the ele-

ments of C(Y). In fact, 1fg€C(Y), then fn(x) g[x L] is continuous on R

with the usual topology and clearly f,(x)—f(x) = g(x, 0). Conversely, if
anC(R) Ja(x)=>f(x) for xR, then the function g defined by .

gom—ﬂogh—J-mo

' belongs to C(Y) smce for x,€R, >0, there is n,¢N such that n=n,
implies '

mmrmm<i,

and then there are numbers e,>0 (n=ny) such that xj—e,<x<X,+¢,
1mp11es

moyomN<§;

hence .
lg(P)—g(%, O)| <&

~ for p being in a nerghbourhood of (%, 0). :
This result implies that @ is weakly comp051t10n -closed. In fact

(cf. {7]; p. 114), if
.fzeé fz(x) - gt(x7 0)7 gtec(y) (IGI),

" E is defined by (2.2) , and k: E~R is continuous, then g = kthC(Y)
for the mappmg h defined, 51m1larly to (2.3), by

ah(p) = gp)  (i€l, peY)
| fed for f(x) = g(x,0), f = kol
where 1’ is defined by
() = [) (<L, xeR).

10 ANNALES — Sectio Mathematica ~ Tomus XVII.

Hence
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On the other hand, @ is not composition-closed. By (2.4), it suffices
to show that it is not filter-closed. In fact, let 8 be a @-filter. Then f(3)
must converge for f(x) = x, hence 8»x, with respect to the usual topology
of the real line. Now f(8) converges for

j0 = @), g =0

0
(since clearly fe @) which is only possible if 8 coincides with the trivial
ultrafilter associated with x,. But then f(8) converges for any real-valued
function f so that @ is not filter-closed. |§

The above example enables us to answer a question posed by IsBELL
([7], p. 114) by the negative. It was asked whether a weakly composition-
‘closed class @ on a set X is necessarily of the form C(X) for a suitable
" topology on X, under the restriction that @ contains the limits of uni-
formly convergent sequences taken from @ and fe®, f(x)#0 (x€X) im-
plies 1/fe ®. Now the class @ in (2.5) clearly satisfies all these conditions
- but is not of.the form C(X) for any topology on X in consequence of (2.1).
(The first example of this kind was given in [3].)

The characterization of the classes of the form C(X) can be done with
the help of another similar condition. In fact, let us say that a class @
of real-valued functions defined on X is strongly composition-closed if,
whenever f;€®, il for an index set I, E and h are defined again by (2. 2)
and (2.3), and k : h(X)~R is contmuous then ko he @. Clearly a strongly
composition-closed class is composition- closed and a composition-closed
class is weakly composition-closed. Now we have the following theorem:

(2.6) Let @ be a class of real-valued functions defined on a set X. There
exists a topology on X such that ®=C(X) iff @ is strongly composition-closed.

Proor. If @ = C(X) for some topology, and f;€C(X) for i</, then
h: X —E is continuous, hence koheC(X) whenever k : A(X)—~R is conti-
nuous. Conversely, assume that @ is strongly composition-closed. Choose
an index set I such that

O ={f,:icl}

and construct E and 4 by (2.2) and (2.3). Equip X with the initial topology
corresponding to A: X —E. Then clearly f,¢C(X) for each ic]. On the
other hand, if g€C(X), let us define k : A(X)—~R by

K(h() = g(x)  (xeX).

This definition is unambiguous because, if X, yeX h(x) = h(y), then x
and y have the same neighbourhoods in X, hence g(x) = g(¥). Moreover,
k is continuous, since

2,EM(X), 2, = h(x,), €0
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implies the existence of an open neighbourhood V' of z, such that

‘| 200 —g(x))| < & for xchYV),
hence '
k(@) — k(z)| = & for z€ VN A(X).

Therefore k o he @, that is to say, g€ ®.

Another characterlzatlon of classes of the form C(X) is given in [4]
Theorem 9.

[t is easy to see that a composition-closed class need not be strongly
composition-closed. For this purpose, let @ be the class of all contmuous
functions f on R such that

lim f(x) = lim f(x)

X oo

exists and is finite. Then @ consists of the restrictions to R of the conti-
nuous functions on the one-point compactification of R, hence @ is com-
position-closed by (2.1) and (2.4). On the other hand, fe® for f(x) =
= exp (—x?) but 1/f¢ D, so that @ is not strongly composition-closed.

We can introduce further similar properties by making restrictions
on the cardinality of the index set /. Hence we say that @ is finitely or
countably strongly composition-closed if, whenever f,€¢® for i€l and I is
finite or countable, respectively, E and h are defined by (2.2) and (2.3),
finally k: i(X)—R is continuous, then kohe®. Similarly, @ is said to
be finitely composition-closed if the same condition holds, for finite I,
with the modification that & is a continuous real-valued function on the
closure YV of h(X). The weak variant does not lead to a new property in the
finite case because the normality of E = R" implies that a continuous
k : Y —~R can be extended to a continuous k* : E—~R. (For this property,
see [7].) The same remark applies, of course, for the countable case, but
here we can say even more: .

(2.7) Let @ be a class of real-valued functions on X. For f,é@ (ié 1)‘,
consider E and h as in (2.2) and (2.3), and Y = h(X). Then the following .
statements are equivalent: - '

(2.8) @ is weakly composition- closed
(2.9) kohe® whenever I is countable and k : E»R is contmuous
(2.10) ko he @ whenever I is countable and k :'Y —~R is continuous.

ReEMmARK. The property (2.9) was studied in [6].

"Proor. (2.8) = (2.9) is obvious, and (2.9) = (2. 10) follows from the
normality of E in the countable case. (2.10) = (2.9) is obvious again. -

10%
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Now suppose that (2.9) is true, and consider an arbitrary index set
I and a continuous k : E-~R. Let b,: R—~R be, for neN, the function de-
fined by :
t if —n=t=n,
bo(t) ={n if t=n,
N\—nift=s—-n.

Now define r,, : E—~K,, where

K‘“.XKi Kl.,__— [——fl,n] for €1,
/ .

YL\ n = bp(7;
and &k, : E~R by 7)) (72)

kn(2) = K(ra(2)) (2€E).

Since w(r,(2)) ~ 7(2) for i€ I and n— o, we have r,(2)~2 and k,(2)~k(?).

The functions &, are uniformly continuous with respect to the product
uniformity of E. In fact, by the compactness of K,,, one finds, to a given
e>0, a finite subset Iyc [ and a =0 such that

k(@)—k(u)| = ¢ whenever z, ucK,
and ’ _ C

_ | (R)—m(u)| <& for icl,.
Now clearly - - d
2, UEE, |m(2)—n(u)] < b for ic],
implies o o
Fo@)s rWEK, and |m(r@) ~m(ra(w)] < 0
foricl, hence - o

. [kn(Z)—kn(u)i < e

Now k,, being uniformly continuous, there exists, for a given meN,
- a finite set I,,,c I such that

S L, ueE, n(2) = w(u) for iel,,,
implies
1
|kn () =k, ()| < —.
: m

For the countable set -

we have therefore

k.(2) = k(1) whenever n€N and m(z) = my(u) for i€ 1'.
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Hence, by k,(2)—k(z) and k,(u)~k(u),
k(z) = k(u) whenever n,(2) = w(u) for i€ I'.*
Now define .
E'= X E, ' : X~>FE, m(h'(x)) = f(x) (i€]),

t€]
g:E'-E, ~z(g(z ) = m,(z’) for iel,
n(g(@)) = 0 for iel-1T,
KR, () = He@)).

The mapping g is continuous, hence by (2.9), the functmn k ok’ belongs
to @. On the other hand;

k(B (x)) = k(g (" () = k (h(x))

i (g (' (1)) = my (h (%)) for xe I,
Hence kol = koh and kohe ®. |

The properties considered above have therefore the following inter-
relations (where CC stands for composition-closed):

since

strongly CC = CC
Lo y
countably strongly CC = weakly CC
y y
finitely strongly CC = finitely CC

We know that the implication in the first line cannot be reversed.
Moreover, the above example of a composition-closed but not strongly
composition-closed class is not even finitely strongly composition-closed.

Now consider the following example: let X be the subspace of the
plane composed of all straight lines y = n (ne€N) with Euclidean topology,
and let © be the class of all continuous functions f such that, for some n,
depending on f, the function f is constant on each line y = n for n = 1,
(ct. [7], p. 103). @ is obviously finitely strongly composition-closed. How-
ever, @ is not weakly composition-closed. In fact, the function

flx,n) = —smx

* The fact that a continuous function on E depends only on countably many
coordinates is, of course, well-known and can be obtained from much more general
results ([2], [3], [8]). However, these general theorems require essentially deeper tools

so that the elementary proof above is not superfluous perhaps.
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does not belong to @, but it is clearly the limit of a unlformly convetrgent
sequence taken from @. Now the. following theorem is valid:

(2.11) A weakly composztzon-closed class contains the limits of the uni-
SJormly convergent sequences taken from it.

Proor. Let @ be weakly composition-closed on X, f;,€® (ieN), [
and f defined by (2.2) and (2.3) for I = N, and suppose that f;—g uni--
formly on X. Let V be the closure of h(X). If z€h(X), 2 = h(x), x€X,
define k(z) = g(x). This is possible because h(x) = h(y) implies fi(x) =
= f(y) for ieN, hence g(x) = g(¥). Now if z€Y, &=0, select neN such
that

8
|fn (x)_g(x)| = I (XEX),
and let V be the neighbourhood of z composed of the points 2’ sat’isfyirig
[ ) = @)] = -

Let x, y€ X be chosen With h(x), i(y)€ V. Then
|k(hCO) — k()| = |8 —2() =
= |g()— )+ 1fnl0)— fn(y)H'fn(y) gl = Z+ 5 — = i
since |

&

5"

il

= O] = a0~ O] + 10 ()= ()] = 4

Thus k can be continuously extended over Y, and ko = g is obvieus.
By theorem (2.7), in particular, in account of the implication (2.8) =
= (2.10), then gc . §

Finally, a countably strongly composition-closed class need not be
composition-closed. In fact, let X be the plane equipped with the product
of the Euclidean topology on the x-axis and the discrete topology on the
y-axis, and let @ be the class of all continuous functions on X which are
constant on all but a countable number of straight lines parallel to the
x-axis (the value of the constant depending on y). @ is strongly countably
composition-closed. However, it is not composition-closed because it is
not filter-closed (cf. (2.4)). In fact, let 8 be a @-filter. The function f(x, y)=y
belongs to @, hence f(§) has to converge so that

y@’) Yo
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On the other hand, the function

belongs to @ as well, and the convergence of g(8) implies {y,}€m,(8). Let
8, denote the trace of on the line y = y,; then h(él) converges where

h(x ) X Ify yO)
- 0 if y = o,

and 8, —(x,, yo) for some xoeR In other words, §o—>(x0, Vo) With respect
to the topology of X. Therefore any continuous function on X converges
on every P-filter.

3. Let us turn to the apphcatlon of the above results to ‘the construc-
tion of réalcompactifications. First we can state:

(3.1) Let Y be a completely regular Hausdorff space and X a dense
subspace of Y. The class @ of the restrictions to X of the elements of C(Y)
satisfies the following conditions:

(3.2) dcC(X),

(3.3) The cozero-sets of the elements of @ constitute a base for X,

(3.4) @ is composition-closed.

ProoF. (2.1) and (2.4). §
The converse is easily obtained as well

(3.5) Let X be a completely regular Hausdorff space, and @ a class of
functions satisfying (3.2) to (3.4). Then there is a realcompact, complelely
regular Hausdor{f space Y such that X is a dense subspace of Y and @ con-
sists of the restrictions to X of the elements of C(Y).

PROOF. Let & = {f; iel}, E and h defined by (2.2) and (2.3), and
Y be the closure of A(X) in E. The continuous mapping /1 is now, in account
of (3.3), a homeomorphism from X onto 2(X) (cf. the proof of (1.4)). Hence
we can identify X with Z = h(X), and f;¢ ® will correspond to
fioh™t = @, | Z. ’

The space Y is closed in a product of real lines, hence realcompact, and con-
tains Z as a dense subspace. Each function ;] Z has, of course, a continuous
extension over Y. Conversely, if geC(Y), then gohe® by hypothesis,
hence goh = f; for some i€/, and

glZ = m|Z. §
The proof of the following umc1ty theorem is the same as that of

.11y
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(3.6) Let Y, and Y, be two realcompact, completely regular Hausdorff
spaces both containing a space X as a dense subspace. Denote by @, and @,
the set of the restrictions to X of the elements of C(Y,) and C(Y ) respectively.
Then @, @, iff there exists a continuous mapping h: Y,—Y, such that

(N0 o h(x)y=x jfor xeX. '
D, = O, iff there is a homeo‘morphi_stﬁ h from Y, onto Yy satisfying (3.7). |}

-1t is to notice that the mapping# : Y, — Y, in (1.11) is necessarily sur-
jective since A(Y,) is compact and contains the dense subset XcV,.
On the contrary, a similar statement does not hold in (3.6). In fact, let
X be the real interval (a,b), Y, = [a,b], Y, = [a, b). Clearly &, C®,
“but no mapping h: Y,~Y, satisfying (3.7) can be surjective.
If @ is a class of real-valued functions defined on a topological space
- X, let us call a compactification (realcompactification) associated with @
a compact Hausdorff space (realcompact, completely regular Hausdorff
space) Y containing X as a-dense subspace such that @ consists of the
restrictions to X of the elements of C(V). Hence the conditions (1.5) to
(1.9) and (3.2) to (3.4), respectively, are necessary and sufficient for the
existence of a compactification or realcompactification associated with @.
v Let us remark that the two kinds of extension are connected with
each other in the following way: - ' '

(3.8) Let Y be a realcompactification of a space X, associated with a
class @, and let Z be the Cech— Stone compactification of Y. Then Z is a
compactification associated with ®* where ®* is the class composed of all
bounded functions in ©.

ProoF. Z is a compact Hausdorff space containing X as a dense sub-
space. If h¢C(Z), then h| X is bounded and is the restriction of 7] Y €C(Y),
hence h|X¢c®*. Conversely, if fe®*, then there is geC(Y) such that
f = g|X, and g is bounded too. Henceg = h|Y with heC(Z), and f = h|X.]

4. Let us now examine the connection of the above results with the
theory of uniform spaces.

If @ is a class of real-valued functions on a set X, let (®) denote
the uniformity induced by @, i.e. the coarsest uniformity for which each
fe® is uniformly continuous. It is induced by the family of all pseudo-

metrics
o, (6 ¥) = )= (feP).

A uniformity @ on X is said to be a c-uniformity if it is of the form (D)
with some suitable @. _
Let us denote, for a uniformity @, by C(@) the class of all real-
valued functions uniformly continuous with respect to @. If @ is a c-
uniformity then clearly @ = GU(C(U))." ' :
It is well-known that, if a uniformity is induced by a family of pseudo-
mettics, then a filter 8 is Cauchy iff, for each pseudo-metric o in the family
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and each £=0, there IS a set in ) w1th o- dlameter less than e. Hence we
have:

“.n Afiltef in X isa qﬁfilter iff it is Cauchy with respect to @Z(@) i

If AcX then the uniformity @(®) induces on A the unlformlty
U(D" where

Q= {f]A :fE@}.

If Xisa topologlcal space, @ C(X) and the cozero-sets of the ele-
ments of @ constitute a base for X, then @ (®) induces the topology of
X. In particular, in a completely regular space X, U(C(X)) is compatible
with the topology of X. It is well-known that a completely regular Haus-
dorff space is realcompact iff @(C(X)) is complete (see [5], 15.14).

Now it is easy to prove: :

(42) Let Y be a realcompacttfzcatwn of X associated wzth the class @.
Then Y, equipped with the uniformity U(C(Y')), is the completion of the uni-
form space X equipped with U(D).

Proor. @(C(Y)) induces on X the uniformity (), it is complete
and compatible with the topology of Y hence separated, moreover X is .
dense in Y. |} :

(4.3) Under the hypotheses of (4.2), ® = C(@l(@))

Proor. Clearly C(Y) = ((%(C(Y))), and a real-valued function has -
a uniformly continuous extension over the completion of a uniform space
iff it is uniformly continuous itself. J
In view of (3.1), (3.5), (3.6), (4.2), and (4.3), we have a complete
analogy with the construction of compactifications by means of precom-
pact uniformities as soon as we can find alt those uniformities which are
compatible with a given completely regular Hausdorff space X and are,
moreover, of the form @{(®) with a composition-closed (or filter- closed,
cf. (2.4)) class @. In fact, if @ is composition-closed and @{(®P) is compatible
with X, then @< C(X) and the cozero-sets of the functions f clearly con-
- stitute a base for X:

- < e (=1, ..., m)}
is the cozero-set of _
g = e—min (e, max (i~ Go)ls - s = Fa (1))

and ge® whenever f, ..., [,€.

On account of (4.3), we have to look for a condition which, for a
c-uniformity @, assures that C(() is filter-closed. The following defini-
tions have the purpose to enable us to formulate such a condition.
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Let us recall that a uniformity is said to be fine if it is the finest uni-
formity compatible with its topology. This is the case iff each continuous
mapping of the given space into any uniform space is uniformly continuous.

Now let us say that a uniformity is realfine if each continuous real-

alued function is uniformly continuous.

(4.4) A fine unzformlty is realfme In particular, a compacz‘ or a discrete
uniformity is realfine. §

(4.5) A compatible uniformity of a topologzcal space X is realfine iff
it is finer than U(C(X)). §

A realfine uniformity need not be fine. In fact, let X be an uncount-
able discrete topological space. Then the umformlty AU(C(X)) is realfine
by (4.5) without being fine since it is strictly coarser than the discrete uni-
formity. (A c-uniformity, i.e. a uniformity of the form (%(@) is necessarily
separable; a uniformity- (U is said to be separable if, for a given surrounding
Ue@, there is a countable cover of the space Whose members A; satisfy
LA AU

A uniformity will be called prerealﬂne if a real-valued function is
uniformly continuous whenever it is convergent on each Cauchy filter. The
expressmn “prerealfine” is motivated by the following theorem:

(4‘6) A uniform space is prerealfine sz its completion is realfine.

Proor. Let Y be the completion of X. Ifg: ¥ - R is contintous, then
g|X is convergent on each Cauchy filter in X. Hence, if X is prerealfine,
then g|X is uniformly continuous, and it has a uniformly continuous ex-
tension over:Y, clearly coinciding with g.
Conversely, if V' is realfine, let f: X —R be convergent on each Cauchy
filter in X. Then f hias a continuous extensiong : Y —R. Since g is uniformly
~continuous, the same holds for f. §

In particular
(4.7) A precompact uniformity is prerealfine. |

Since a function which converges on each Cauchy filter is necessarily
-continuous, we also have:

(4.8) A realfine uniformity is prerealfine.

(4.8) is not superfluous because a realfine uniformity need not be
complete. In fact, if X is a completely regular Hausdorff space which is
pseudo-compact without being compact, then @(C(X)) is realfine by
(4. 5) but not complete since X is not realcompact. More precisely:

(4.9) A uniform space is realfine iff it is C-embedded in its completion
and the latter is realfine.

ProoF. If X is a realfine uniform space, then its completion Y is
realfine by (4.8) and (4.6). Moreover, X is C-embedded in Y (i.e. each
[€C(X) has an extension g€C(Y)) since each element of C(X) is uniformly
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continuous. Conversely, if X is C-embedded in ¥ and Y is realfine, then
each f¢C(X) has a uniformly continuous extension g : Y—»R and is uni-
formly continuous itself. § :

The following theorem furmshes the solution of our problem:

(4:10) A uniformity can be written in the form U(D) with a filter-closed
class @ iff it is a prerealfine c-uniformity.

PrRoOF. Assume U = (D) and @ is a filter-closed class on X. Then
U is plainly a c-uniformity and, if f: X—~R converges on each Cauchy
filter with respect to @, then f converges on each @-filter by (4.1), hence
Jfe® and fis uniformly continuous. Thus @ is prerealfine.

" Conversely, suppose that @ is a prerealfine c-uniformity. Then @ =
=QU(P") with some class @’. Let @ be the class of those f: X —~R that
converge on each @’-filter. Clearly @ c @, hence @(®’) is coarser than
U(D). On the other hand, each fe @ converges on each Cauchy filter by
(4.1), hence is uniformly continuous by hypothesis, so that (D) is coarser
than @ = QUP’). Therefore U = UD) = U(P"). Now if f: X >R,
converges on each @-filter, then it converges on each ¢filter by (4. 1)
and is contained in @. Hence @ is filter-closed. |

A prerealfine uniformity need not be a c-uniformity: the discrete uni-
formity on an uncountable space is fine, hence prerealfine by (4.4) and
{4.8), but not a c-uniformity since it is not separable.

The following theorem sums up our considerations:

" (4.11) Let X be a completely regular.Hausdorff space. We oblain all
completely ‘regular, Hausdorff realcompactifications of X by looking for all
compatible prerealfine c- urzzfarmzz‘zes on X and by taking the completions of
X equipped with the uniformities in question. If (U, and (i, are two such uni-
formities and Y, Y, the respecttve completions, then (U, is coarser than (U,
iff there is a continuous mapping h: Y,—~Y, such that

©(4.12) h(x) = x for xeX.
U, =AU, iff there is a homeomorphism from Y, onto Y, satisfying (4.12).

Proor. If V is a completely regular, Hausdorff realcompactification
of X, then it is associated, by (3.1) and (2.4), with a filter-closed class
® on X. On account of (4.2), V is the completion of X equipped with
QU(D). By (4.10), U(D) is a prerealfine c-uniformity and we know (cf. the
proof of (4.2)) that @(®D) is compatible with X.

Conversely, if @ is a prerealfine c-uniformity compatible with X,
then @ =Q(P) with a filter-closed @ by (4.10). Now @ fulfils the condi-
tions (3.2) to (3.4) (cf. the remarks after (4.3)). Hence there is a realcom-
pactification Y associated with @, and it is the completion of X equipped
with @(®) in view of (4.2).

If AU, = HD,), Uy = U(D,) are compatible with X, &, and P,
filter- closed then @, = C((%l) ®, = C(,) by (4.3). Hence (Zé is coarser
than @y iff ©;C Py, and the remaining statements follow from (3 6). &
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SUR LE PROBLEME DE TAMMES

De

_ EUGENE SZEKELY )
Chaire de Géométrie, Université L. Egtvds, Budapest

. (Regule 3. Mai 71974)

TamMEs [30]! en etud1ant la distribution des orifices sur les grains de
pollen de forme sphérique il a observé que pour une espece donnée, la
surface de grain de pollen est approximativement proportionelle au nombre
des orifices. Il a soulevé fe probleme suivant connu sous le nom de pro-
bleme de TaAMMES: '

Quel est ’arrangement de n points sur la sphere ayant la proprieté
que la distance minimale entre ces points soit maximale?

Considérons sur la sphere un systéme fini de points et soit d la dlstance
minimale entre les points. Si au tour de chaque point du systéme on place
un cercle de diamétre d, on obtient un systéme de cercles congruents dis-
joints, soit un empilement de cercles. L’empilement de cercles est appellé
optimal si le rayon des cercles congruents disjoints est maximal. Le pro-
bleme de TAMMES se peut énoncer aussi sous la forme suivante:?’ :

Determiner sur la sphere les empllements optimaux de n cercles con-
gruents.

La littérature de ce probleme est assez riche. Sont connues les solu-
tions du.probleme pour 2=n=12 et n=24.3.Pour autres valeurs de n ils
existent d’une part des bornes supérieurs dues a L. FEjes ToTu {5], [6],.
[7], @ MoLNAR [19], [20], [21] et & RoBinsoN [25], resp. une borne infé-
rieure due & MOLNAR [18], d’autre part des empilements supposée opti-
maux pour 1 = 13—23, 26, 27, 30— 33, 36, 39, 44, 46— 48, 59, 60, 80, 110,
119, 120, 122. La méthode des bandes sphériques de MoLNAR .[18], utili-
sable pour un n quelconque, n’étant pas crée potr un but d’optimisation,

1 Pour le nombre en crochets se reporter 4 1a bibliographie.

2 Pour autres énonces du probléme ou pour des problémes analogues v. L. FEJES
ToTH [7], p. 123. Nous signalons ici la généralisation interessante du probléme de
TAMMES due 3 MOLNAR [22], [23] Cette généralisation a des appllcatlons par-ex. con-
cernant la structure des petits vlrus (v. MOLNAR [24])

2 v. tableau 2.
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en cas d’un n donné on le peut améliorer facilement. Le principe de GoLp-
BERG [11], [13] en considérant des arrangements axialement symétriques.
d’ordre 3, 4 et 5 est en général suitable. Le premier principe constructif
(le principe de spirale) basé sur I'idée de spirale de KARABINTA [16] vient
d’apparaitre dans I’article de KARABINTA et SzEKELY [17]. Ce principe
dans sa forme originelle n’est pas utilisable pour un n quelconque.

Fig.1.(25)

Dans notre article nous généralisons le principe de spirale de telle
manitre que le principe modifié nous nous améne aux résultats totalement
nouveaux pour n = 29, 34, 38, 50, 5358 (v. tableau 2) et on obtient
aussi des améliorations par rapport aux résultats antérieurs pour n = 25,
28, 35, 37, 40—42, 45, 51, 52, 59, 60 (v. tableau 1).4

* Dans cet article nous nous bornons aux valeurs. de n=60. Pour des valeurs
supérieures de 1 1és recherches sont en train d’avancer. Le tableau 2 contienne les em-
pilements supposés optimaux.
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Parmi nos empilements supposés optimaux, interessants sont en par-
ticulier les empilements pour 17 =59 et n = 60 qui représentent des con-
treexemples concernant une supposition de RoBinson [27].5 En effet
ROBINSON en caractérisant par une proprieté extremale le systeme de

Fig. 2. (28)

5 Selon une remarque de KATALIN BORNEMISSZA [1] le résultat de GOLDBERG [10]

pour n=19 est erroné.
- Nous mentionons ici que I’article de STROBMAJER [29] a une caractefre sommaire,
Tauteur des empilements supposés optimaux pour n=18 et 52 est D. KoLva (v. [20}

p. 51).
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60 sommets du polyedre archimedien {3, 3, 3, 3, 5},® a soulevé 1a supposi-

tion que ce systeme de points ayant la distance minimale entre ses points

“de 26°49°17” nous fournit aussi la solution du probléme de TAMMES pour

n = 59 et n = 60. Mais dans notre constructions pour n = 59 et n = 60

la distance minimale entre les points est de 27°0°37,7” > 26°49'17", -
ainsi la supposition de RoBinsoN est fausse.

Fig. 3. (29)

¢ La premiere caractérisation du systéme des sommets du polyédre {3, 3, 3, 3, 3} par-
une proprieté extremale est due a8 MOLNAR [22], [23]. ’
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La premiere partie de notre article contienne la description de notre
principe modifié¢ de spirale, tandis que la deuxiéme partie contienne des
remarques concernant les calculs numériques et les empilements supposés
optimaux. : : ’

Fig. 4. (34)

1. La construction des empilements correspondants au principe mo-
difié de spirale est la suivante: _

Soit d le diametre du cercle du systéme consideré et soit 05, 0,, ... Oy
(k = 3,4,5,6,7) les sommets d’'un polygone regulier sphérique de coté
d. Au tour de 0y, 0, ..., 0, nous considérons les cercles correspondants
C,Cy, ..., C, de diametre d. Ces cercles représentent les cercles de départ
des branches de spirale. Si sur toutes les branches de spirale sont déja
arrangés les I-2mes (I=1) cercles, un cercle consecutif, soit (/4 1)-eme, est
pris de facon suivant: : (O ;

11 ANNALES - Sectio Mathematica — Tomus XVIi.



162 ' SZEKELY, E.

Sur urie branche donnée de spirale au I-eme cercle, si est possible nous
considérons un cercle C tangent de diametre d qui soit tangent aussi au
moins 4 une cercle du branche consecutive de spirale, mais qui n’a pas de
points interieurs communs avec les cercles déja considérés. Si le systeme

o

/

Fig. 5.(35)

{C} de cercles qu"on peut obtenit par des rotations consecutives de C
d’angle %, autour du centre N (pdle nord) du polygon 0,0,...0,, a des

cercles disjoints, on considere les cercles de ce systéme A{C} comme les
({+ 1)-emes cercles des branches de spirale. -
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Si le diametre d du cercle est choisi de tel facon, que les derniers k
cercles sont tangents, alors le systeme des cercles considerés donne un
empilement qu’, on.suppose optimal pour n=km, si k=5. Si k=6 'empile-
ment supposé optimal est de type n=~km+2, puisque au tour de N (pdle
nord) et de S (pble sud) on peut placer encore deux cercles, qui n'ont pas
de point interieur commun avec le systéme de cercles considéré. Dans
notre tableaux les empilements de ce type seront notés par km si k =
= 3,4, 5 resp. par 1, km, 1 si k=6. ‘

- Fig.6.(37)

Sik = 3,4,5 et le diametre d est choisi de tel facon que S (le pdle
sud) est a la distance d de centres des cercles de la derniére operation
effectuée sur les branches de spirale, dans ce cas on peut encore placer un
cercle au tour de S. Cet empilement est de type km+ 1. o

11%
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Comme nous voyons dans la construction des spirales les deux poles
N et S ne jouent pas toujours un role symetrique, car le principe de spirale
»’condense” vers le pdle nord. Par conséquence, en général on obtient des
arrangements différents si les centres des cercles de départ sont placés sur
les sommets d’un polygon regulier inscrit dans un cercle de rayon d au
tour du pole nord. Dans ce cas nous pouvons placer un cercle de diameétre

Fig.7.(38)

d.aussi au tour de N, mais ce cercle on ne le calcul pas aux branches de
spirale. Les empilements obtenus de tel facon sont de type 14 km resp.
1+km+1.- : . ,
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En plusieurs cas etait preférable de choisir le diarhétre d de telle maniere,
-que dans [a place libre au tour de S soit placé encore 3 ou quatre cercles
(v. les fig. 5, 8).7 : o

Fig. 8. (40)

7 Les illustrations de notre article contiennent les projections steréographiques
des centres de cercles, par rapport & N. Les segments de droite joignent les centres de
cercles tangents entre eux. Les lignes polygonales épais contiennent les centres de cercles
de la méme spirale. o
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2. Remarques. 1. Les calculs numériques® montrent que dans l'inter-
valle 12<n=060 a l’aide de notre principe modifié¢ de spirale soit on ret-
rouve la majorité des empilements antérieurs, soit on obtient des meil-
leurs empilements (v. tableau 1), soit on trouve des nouveaux résultats.
Mais il y a aussi des cas (n = 10, 14, 17, 19, 20, 22, 33, 46 —48) qui n’ont

Fig. 9. (41)

pas une structure de spirale et qui nous avertissent que le principe de spi-
rale ne fournit pas toujours les empilements optimaux, en autres mots, le
probleme de TaMMES en général reste encore ouvert aussi dans le sens de
la supposition de la solution.
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2. En notant par d, le diamétre du cercle d’'un empilément optimal
de n cercles, s’avere interessant le probléeme de determiner les 1 pour les

Fig. 70. (42)

8 Les calculs ont été effectués par "ordinateur ODRA 1304 de I’Université L.
Eotvids. Nous remercions 1’aide precieuse obtenue de la Chaire de' Mathématique Numéri-
que et Mécanique dirigée par 1. KATal et U'aide technique de Z. HArRMATHY et de L.
NYIRADI. . : ’

Concernant la précisité de calcul nous signalons le suivant: Le probléme de base
concernant la précisité de calcul est que les erreurs dans la détermination des nouveatx,
cercles sur les branches des spirales, peuvent conduire au changement brusque de la
distance minimale. D’aprés les calculs, a ’aide des coordonnées polaires que nous avons
et a notre disposition nous avons detérminé la distance minimale independant du
rayon du premier cercle. Ainsi le résultat du calcul de controle est chargé seulement des
erreurs d’une seule formule trigonometrique sphérique de cosinus, d’ont I’erreur — com-
pte tenu de erreur de représentation graphique de I’ordinateur — est inférieur a 0,027,
Nous mentionons que le rapport avec 1a valeur initiale en général était essentiellement
meilleur. Notre tableaux contiennent naturellement les valeurs obtenues déja par les
calculs de controle. ) :
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quels d,,_; = d,. Selon MoLNAR beaucoup de n (non seulement les valeurs
6, 12, 24, 48, 60, 120 citées par RoBinsoN [27]) satisfont la relation
d,_4 = d, et ne sont pas exclus des cas pour les quels d,_; = d,,, ou i=1.
Peut &tre c’est 48 le premier pour lequel { = 2. .

En fin nous remercions ’aide précieuse donnée par J. MOLNAR.

o)

Fig. 71. (45)
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~ Tableau 7
{
| . type du .
n diametre graphe Fig. d;f;ige auteur, article
arrangement
i nouvel arrangement
25 | 41°28'15,4” 4m+1 1 | 41024 Jucovig [14]
28 | 39°2728,3” 1+3m 2 | 38°47 GOLDBERG [13]
35 . | 34°51'26,4” 1;6m; 4 5 1 34°415,2” KARABINTA —
SzeEKELY [17]
37 |.34°166,0” 14-3m 6 | 33°30° GOLDBERG [11]
40 | 32°57'24,8” 1; 6m; 3 8 | 3204929,17 KARABINTA —
- SzEKELY [17]
41 32038'34,4” 1+5m 9 32°197 GOLDBERG [11]
42 | 32°30'22,9” 145m4-1] 10 | 32°1020,6” KARABINTA [16]
45 31°13'29,3” dm+1 11 31°12'12,4” KARABINTA —
SzEKELY [17]
51 209°18’13,7” Sm+1 13 | 28°53'50,3” KARABINTA —
SzeKELY [17])
52 | 29°03725,2” 1+5m+1] 14 | 28°46” KoLya [29)
60 | 27°37,7" 3m 16 | 26°45'17” RoginsoN {27]
Tableau 2
n’ diametre type du graphe . auteur, article
2 180° :
3 | 120° 3m FEJES TOTH [5]
4 | 109°28'16” 3m+1 FEJES TéTH [5]
5 | 90° 1+3m+1 FEJES TOTH [5] .
6 | 90° 144m+1 FejES TOTH [5]
7 | 77°51'58” 3m+1 SCHUTTE — VAN DER WAERDEN [28]
8 | 74°51'31” 4m SCHUTTE — VAN DER WAERDEN [28]
9 | 70°31744” 3m SCHUTTE — VAN DER WAERDEN [28]
10 | 66°19 0° DANZER [4] :
11 | 63°26'5,8” 1+5m DaANzeR [3]
12 | 63°26'5,8” 3m, = 14+5m,+1 FEJES TOTH [5]
13 | 57°8'12,1" dm+1 SCHUTTE [28]
14 | 55°40° 0 SCHUTTE [28]
15 53°39/28,2” 3m SCHUTTE — VAN DER WAERDEN [28]
16 | 52°14/39,77 4m SCHUTTE — VAN DER WAERDEN [28]
17 | 51°% 0 KARABINTA [16]
18 | 49°33%5,77 14+4m+1 KoéLya [297,
19 —~ [10], [1]
20 | 47°25'52" 0 VAN DER WAERDEN [31]
21 | 45°33726,2” 3m KARABINTA —SZEKELY [17]
22 | 45°1” : 0 GOLDBERG [13]
23 | 43°41'26,7” 4m+3 ROBINSON [25]
24 | 43°41°26,7" 3m, = 4m, Rosinson [25]
25 | 41028’15,4” 1 dm+1 *10 '

9 Le graphe de type O signifile que Yempilement correspondant n’a pas une structure de spirale.
10 Les empilements notés par * représentent des nouveaux resultats.
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n diamétre type du graphe auteur, article
26 | 41°1'34,17 5m—1 | GOLDBERG [11]
27 40°40)39,2" 1+5m+1 GOLDBERG [11]
28 | 39°2728,3” 1+3m *

29 | 38°12'10,3” 4dm+1 *

30 | 38°0739,2” 5m GoLDBERG [11]

31 37042/35,3" 14+5m GOLDBERG [11]

32 | 37°25'50,9” 1+5m+1 GOLDBERG [11]

33 |-36°15'32” 0 GOLDBERG [12]
- 34 | 35°23'18,8” 1;,6m;3 x : .

35 | 34°51'26,4” 1; 6m; 4 *

36 | 34°41'5,2” 3m KARABINTA [16]

37 | 34°16'6,0” 1+3m *

38 | 34°152,3” 1;6m; 1 *

39 | 33022'36,5” 3m KARABINTA [16]

40 | 32°57'24,8” 1; 6m; 3 *

41 | 32°38'34,4” 1+5m *

42 | 32°30'22,9” 1+5m+1 *

43 —

447 | 31°57'37,4” 4m KARABINTA [16]

45 31°13'29,3”7 am+1 *

46 — .

47 | 30°4¢7 0 RoBINSON [27]

48 | 300467 0 ROBINSON [27]

49 — :

50 | 20°45'10,6” 1;6m; 1 *

51 | 20°18713,7” 5m+1 *

52 | 2003252 1+5m+1 *

53 | 28924'53,7" dm+1 *

54 | 28°16732,6” 1+4m-+1 *

55 | 27°48'56,8” 5k *

56 | 27°47'28,3” 1; 6m; 1 *

57 - .

58 | 27°32743,7” 1; Tm; 1 *

59 ) 27°0'37,7" 3m+2 *

60 | 27°0'37,7” 3m *
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Since entire functions of finite order play a considerable role in this
work we begin w1th stating some known facts concerning these functions.

Let F(2) = a! 2" mean an analytlc function on the entire complex
A== 0 nt
plane, and M(r) = max |F (rel?)|.
O=¢p=2p
I ‘ g = limsup log log M (r)
. r-o logr

is finite, then F(z)is said to be of finite order g, otherwise of infinite order
If pis finite then clearly ¢ =0 by Liouville’s theorem. If F(2) is of fmlte
order p then .

o = lim sup — log M)

I . re

is called its type, again 0=0= . If 0<o< = (¢=0, 0= ) then F(2) is
said to be of normal (minimal, maximal type of order p (GELFOND [1]).

To show the meaning of the order clearer we mention that if F(2)
is of order o, this means that to every 6=0 it can be found an ry, = r,(9)
so that - ‘ ‘ .

|F (2)] < exp (|z]¢*°)
when |z| = r,and at the same time
|F ()| = exp ([2]*~9)

at least for one sequence {zn} where zy] = oo

If the function is of order o and its type is o, then this means that o
is the smallest number satisfying |F(2)| < exp (o|2|2 for |2| large enough,

12 ANNALES — Sectio Mathematica — Tomus XVII.
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By I(p, o) we denote the class of entire functions of order less than g,
or of order p and type at most . Obviously this class is a linear space if
we define the addition and the multiplication by complex scalars in the
usttal way.

Let’s consider the space I(l, o) where O<o<oo. Suppose that
F(z)€ I(1, o). In this case we can introduce a function

’e) - ef [ ]ewdm

called the Borel transform of F(z). Using the definition of the order and
type we can show that in case p<1 the integral converges absolutely and
the convergence is uniform outside every closed disk |£]=7; r=0, and if
o=1 then the integral converges absolutely and uniformly outside the
disk |&] =0y where 0,>0. '

So if |&| =0y then we obtain by a term by term integration of F:

an
g Entt :

w(&) 2’

Since this formula holds for every o;>g it is true for every |&|=o.

We can get directly the radius of the disk outside which ¢(£) is ana-
lytic. (Gelfond [1]).

The application of the Borel function is very useful in the case of
equations of infinite order with constant coefficients. Now we shall uce
the concept of this function for investigating some special kinds of equati-
~ons of infinite order with polynomial coefficients.

1. Consider the equation

S 3 Gz y"‘)(“k 2)=1,

k=0n=0

a generalization of Euler’s dlfferentlal equation. This equation was investil
gated by an elementary method by K. SEitz (see [2]). The fundamenta
idea of his method was that he assumed the solution to be of the form

p=0 Dp

This was substituted into the equation and in th1s way he determined the
unknown values B,

Now let f(2) = Z’ /,#° be an entire function, and we suppose the exist-

—0
ence of a constant P for which

If,l = p%p > 0.
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Here we shall give a method applicable for a larger class of equations —
for example as we remarked for the equations of infinite order with con-
stant coefficients — and giving a more natural way of solving. With this
method, however, we can find solutions only in the class of entire functions.

oo

Let us seek the solution y(z) Z’ Z—zﬁ from I(1, o). We assume that
=0

o is finite, its value will be exactly glven later. Let ¢(&) be the Borel trans-
form of the function y(z). Integratmg term by term one can easily show
the validity of the formula

(i) V(@) =— / p()etde, where 0, > 0.
' |sl

Differentiating & times with respect to z we obtain

® 6 - —-f pE) e ed .

[&l=01
Let us denote the circle |&| =0, by C and substitute y(">(z) from (2) into
the equation:
o o 1 ‘
S 3 Gt f p(€) Femnde = £(2)
k=0n=0 2mi :

' Takmg the power series expansion of e*kn?¢ we can interchange the order
of the summation and integration, since the serles is uniformly convergent:

-
o

2 z 1 1
3 S S 3 Gn%n— ’—Tf¢(§)§k+ld5k+’=f(2)-
k=0 n=01i=0 I 2mi
C

Notice that here

1 v
“Z;i'fq)(&)g‘“d& = Vr+:

since the left hand side is just the coefficient of the term of power
- —(k+1)—1 in the Laurent series expansion of p(£) around 0. Assuming
uniform convergence in (3) we have using the notation k+1 = p:

w p pen 1 ’ o )
> > Qpn Cien - —— — YpaP = prz
pP—£K)r . p=0

12%
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from where one can see that choosing

yp - p % K 1
ak _—
202
the equality is attained. Let’s denote the denominator by A,. If A, was

finite it would guarantee the proper convergences supposed above. There-
fore we prescribe the following conditions: ~

log,| = ¢* and |a,| = N, ¢*" where 0 < ¢ =1 0<=g* <1, N,=>0.

Thus
' 1

(p—h)! |

' z N 1
Ny(g* g = E
o (p— k)' o(p )t T—q*gn=*

which is finite. Moreover it .will be comfortable to suppose the existence
of the posmve quantxty Q satistying

IIA

14 = 3 3 [ -l

4) |A,] = QP
Consider
oo fp -
= P
y() go P,

We recall a well known result from the theory of entire functions:
> xp2'c1 (g, 0) ] O=<p=12=,0=<0=<-=<)
n=0 . .

if and only if
lim sup {n!'/ |x, )II/" = (po)lle

(see [3]). "

Applying this condition 'together with our conditions imposed above
we get for y(z):

lim sup 1p!\p'2

- P

ip ‘ W1/p
l = limsup{il

A T4,

P
=—.
Q

Thus indeed y (2)€ I (1, ¢) with the choice o = L .



ON LINEAR INTEGRO-DIFFERENTIAL EQUATIONS 181

2. Now we shall solve the following integro-differential equation of
infinite order:

3 [ A0y ds = 1)
k=0q

where A,(s) is continuous on [0, a], and A,(s) = Skk* it s¢[0, a] and

k=0. Furthermore let the coefficients of 3’ f, 27 satisfy the inequalities
p=0

) |fpl = K*KP |K*, K = 0.

Our method will be useful in this case, too. Again'we seek the solution irv
I(1, o), (1) and (2) are valid. Let us put (2) into the equation:

a
e 1
> f Al f g (&) Ehestd g2t ds = f(2).
k=0 271
o : c
Using the Taylor series expansion of €#¢ we can again interchange the
summatlon and the integration:

[fwe)wdmk(s)sn Lantnds = 7).

kOnOZ%

Applying the remark in section 1 we have

. 1
Yo+ = f¢(§)5"+kd5
2
. c .
and thus ‘

HMB

fAk(s)s“ds Yntk v = f(2).

We assume the absolute and uniform convergence on the left hand side
and sum with respect to n+k = p:

a .-
o r ’ 1 ' a0
> > /Ap_n(s)s”ds—'—ypzp = 3 fp?.
p=0n=0 /ﬂ. p=0

. 0
Choosing

I

Yp = a

4 ) 1
> /Ap_n(s)s” ds —
n=0 n!

]
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equatily is attained. Let’s denote the denominator by B,. We state that
the convergence will be the immediate consequence of otr conditions im-
posed upon Ay(s) and f,, moreover ye 1(1 o), 0=>0. To prove this we need
the following estimation:

a

) | :
|B,l = > sp—'”(p—n)l"”s”ds#:

p ( ')p aP+1 ) P +1
= p—n)r—n =D
nzo (p+1)n! p—1
whence
fp |yue pr 1p
lim su { !] = li —} =
p»wp .p p! B, p~= U Bp
= i K*Kp \lUr —9
= lm sup ‘—“‘a—pil— =
P> pp
p+1

80 ¥(2) satisfies the necessary and sufficient condition of belbonging to
I(1, o), for every O<o=< o
REMARK 1. This method enables us to prove a uniqueness theorem

for the equation S’ 1,2" Y™ (2) = f(2). The necessary conditions and the

whole theorem can be found by an elementary method, too. So here the
proof will be omitted.

REMARK 2. Yu. F. KoroBeINIK, [4] got a uniqueness theorem for
differential equations of infinite order with polynomial coefficients but in
his investigations the degree of the polynomial before the n-th derivative
of the unknown function is less than .
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INTERPOLATION ON THE ROOTS OF LAGUERRE POLYNOMIALS
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Let

1) —o mA<N <Xy < .h. <X, <D= +o0

ben arbitrary points in (a, b) and consider the interpolating process

R, (f,x) = 2f< >[—(—“’%~x—)] kgf(x,» B (x)

@ _.pmfﬁuwﬁ;

This was investigated by FejEr ([2]) for Jacobi abscissas with para-
meters —1<o, <0 and «=8=0, by GRUONwALD ([4]) for normal point
systems in (=1, 1), by BaLAzs and TurAn ([1]) for the roots of Hermite
polynomials in (— e, oo) by Joo ([5D for Jacobr abscissas with arbrtrary
parameters «; §>— :

In this paper we shall deal with this processin the case of a=0,b= o,
LO () =0 (k=1,...,n), where LY (x) denotes the n-th Laguerre
polynomial with: parameter « (a>—1). We shall prove the following
theorems.

THEOREM 1. If a> —1, f(X) is continuous in [0, =), f(X) = O(exx—“ ®)
(x=1, x> o=, e=0), Rt x) is the interpolating polynomzal (2) belonging
to f(x) in the case of a=0, b=oo, L% (x,)=0 (k = 1, ..., n) then

R (520 ~1 () = CA 1) w0+ Ca (730, 245n-)

(3)._ (O<e’%x5d,d>1,s’>0>«>—1)
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where

def def
I = max 7COl, I =2 sup (IfG)ljex=),

o(iabi)= s {10-SO))

:)’G[a, b]

is the continuity modulus in [a, b] of the continuous function f(x), & =0,
d=1 are arbitrary fixed numbers, z‘he C-s remain independent of x and n
but depends on e and d.

CoroLLARY. Under the conditions of theorem 1.,.R§1°‘) (f, x) tends to
f(x) uniformly in [¢, d]. '

THEOREM 2. For Jacobi and Laguerre abscissas, the relations

I it x=1, —l=<=a=<0, = —1
— & ) .
+o if - x =1, «a=0, = —1
(4) lim Z’ lk(x) 1 if —l<x<1, af=>-—1, ,
R | '
—1~if ox=1 —1=<f=<0, o= —1
-8 : . o
4o if g x =1, ‘8'20,1>—1'
1 |
n if x=0, - 1l<a<0
5 im > B@)=!"%
(5) nwgl 7 (0 e i c=0, w20
1 1 if x==0, > —1
hold resp.

REMARK. (4) was proved by FEJER ([2]) on another way, for the
special cases —1<a, <0 and, « = =0
For the proof of theorem 1 we need some lemmas.

LEMMA 1. For Laguerre abscissas we have

nooeXg xa+1

® > —

Bx)y=1 (x=0; a>—~1; n=0,1,2...)

=, & ,xz+l
further ' _
X (2n) ) :
(M) [—] =0 (x=0; y>=0n=0,1,2...).
XV )

Proor. See Joo [6].
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LEMMA 2.
n

® - -3EE

=Cnt O<ée=x=d a> —1).

PRrOOF. By the formula (see [9])

n _ — 1 i
9) > [1 —EL(x~xk)Jz§(x) =1
k=1 Xy
we have
ToXe+ e+ 1
y—zpw} 5 A e nw =
k= I
= . =A .
Ix.—-xkiénl“ Ix—%gn”" +B

By (6), using the following estimates:
QA0) LY (x) = 0(n) (a = max [%—%, oc]; O=x=d; a> — 1]

(see [9], (7.6.11))

(1 1) lim n“‘;‘/2+1'/4-M,, - const. [oc = ~%]

A-> oo

(see [9] Theorem 7 6.5) where

def
M = max e‘xfzxm/zﬂ“”“lL(“)(x)]
o<x<d

L omy ey aer  DmA DD (mtat1)
12 xp LS () = O=m=2n—1)
(12) 51 Kk (%) F( mtatl) ( )
(see [9], (1475)) we have
A =cnny x;l B(x) = Cx~11,
Xk

BSHML?@P{Z(LW(%»”+M+1LZxr%U”@Q)} Cn-,
k=1 k=1
So (8) follows from our estimates. We obtained

. n ‘
(13) 2 l_x—xkl Gx)= Cn—1i/4 O<ée=x=d, a> —1)
k=1 ) .

too.
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LEmMA 3

(14) Zk e"kxk‘“ BE)=Cn 2 O<¢ ®x=da>—1)

. xk>
Proor. Similarly to the proof of Lemma III. 1.5 in FREUD [3], takmg
into con31derat10n (7) we can obtain ,

(15) %

ek | S
=
1 (e Dt x Ly s (x)?

S.\/‘*__zca_]vdx M (a>—.1;g>0)’
(x4 1)iHate I(n+a+1) : :
g :

which by (10), (11) gives (14), using the trivial:inequality

3, enxe () = LY () 3, ——[k—-"k ]2{L2“>’<xk>}—2s
X — X

Xg>2d xg>2d xl2(+a+6

ek 1
xk>2d XZtate L(")'( )2

=4LP (2 3 O<¢ =x=4d).

‘Now we shall prove theorem 1. We have
RO (£, 9— £ ()] - 2 () —f (] £ () +f<x>[1 - 2 B (x)]
= g =16l B+ Zy (111 +17(01) )+

T “é% 209

From-the well known relation w(f; a, b; A8) = (A-+ Dw(f; a, b; 8) we obtain

1) =1 ()] = o (f;0,2d; |x—x,]) = o (f; 0, 2d; n=Y4) {n* [x = x| + 1},
(0 = x4, x = 2d)

50 (8), (13), (14) gives (3) from the incquality
R (1, )= ()] = @ (f;0, 2d; n=11%)
fr 3 lrexd a3 (x)}!c

A Zk ek xee I} (x)+|]]‘H[o a- (1 — 2 2 (x)|.
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For proving (5) we remark that this follows from theorem 1 in the
case of x>0, and from the identity

%;’;()A ja{l_,(n—l—oc] Zxkl(L(a)(x)) }

(16) : , o I {1_[)'1-[-0:]} |

. — n
in the case of x=0, a=0. [This identity easily follows from (9) and (12).]
For x = 0, « = 0 we obtain from (16)

o (o).

n n 1
7 —
gn )= é’ k

So the proof of (3) is complete. In the case =0 (4) follows in a similar
way from the result of [5] and from the identity

%zg(l): ! {1-(1+ﬂ)[”+°°] > (1) (BB (x,)) - }

’:_1_{1 _[ﬂ+.oc]2 148 _I‘(n+1)F(n+oc+/3+'1')
1

——.ocl

(This follows from Szec6 [9], (15.1.6), (15.3.1), (14.1.11).) In the case
of =0 (4) follows from the resuit of [5] and from (17) similarly to the
case of Laguerre polynomials with «=0. So the proof of theorem 2 is
complete.

(4) and (5) show that the process (2) at the endpoints generally does
not converge. J. SZABADOS (see [7], [8]) dealt with Hermite-Fejér inter-
polation for Jacobi and Laguerre abscissas respectively. He proved con-
vergence at the endpoints making certain assumptions for the function
f(x). His method may be used for our process too.

We have for Jacobi and Laguerre abscissas

Datp+1 F(n+°‘+1)r(ﬂ+ﬂ+l)_lf (1—x)«(l+x)ﬂdxl.

: ‘ B w0 B —
(18) lim%f(xk)lﬁ(l): ——ocf(l) (—1 3 0; g 1)

e + oo (@ =0; {(1)20)

—1l<a<0)

(19)  lim 2 106 7(0) =

n-e pq

+ o (@=0; [(0)20)
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if f(x) is continuous function in [~ 1, 1] or [0, =) resp. and f(x) = 0 (e)
(x - oo,y = 1) in the second case. These follows from (4), (5), SzeG6 [9]
p. 351, FreuD [3] p. 94, and by estimating f(x) by step function.

At last I should to thank Professor J. SzaBapos for his _vaiuable
remarks.
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