


































































































34 CATER, F. S.

THEOREM 6. For a disk plane {X, E} the following are equivalent.

(1) {X, E} is perfectly normal
(2) E is countable.

(3) {X, E} is second countable.
(4) {X, E} is metrizable.

Proor (1)=(2). Assume (1). By Lemma 4, E is an F-subset of R
in the Euclidean topology. But {X, E} is also normal since it is perfectly
normal. By Theorem 1, every Euclidean closed subset of -E is countable.

It follows that E is countabie.

PROOF (2)=(3). Each point in E has a countable basis for its nbd.
system. The rest is clear.

ProOF (3)=(4).. Any second countable regular Hausdorff space is
metrizable.

ProoF (4)=(1). Any metrizable space is perfectly normal. § _

Now suppose that the Bing subspace {X, L}, is collectionwise normal.
The points in E form a discrete family of sets in {X, E},. Then for each
x€ E, there is a basic nbd: V, of x such that the sets V, are pairwise dis-
joint. For each n=0, let E, = {x¢E: radius V,>1/n}. So E = U, E,.
But clearly each set E, must be discrete in the Euclidean topology and
be countable. Thus E is countable. We will use this fact in Corollary 5.

We conclude this section with some corollaries.

COROLLARY 3. Assume that 2% <28, (This would follow for example
from the continuum hypothesis, 2% = §;.) Then any completely normal
disk plane is metrizable.

Proor. Suppose that £ is uncountable; that is, [E|=8,;. Then the
number of subsets of E exceeds 2% by hypotheSIS But the number of
F-subsets of R in the Euclidean topology is only 2%, so it fellows from
Theorem 2 that {X, E} is not completely normal. |

CoroLLARY 4. The Bing subspace {X, E}, has the property that every’
closed subset is a Gs-set. (Compare with Lemma 4.)

Proor. Let S be any closed subset of {X, E},. Fix an mteger n=0.
For each x€S\E, let V, denote the ‘basic nbd. of x with radius |x, E|/n,
and for each x¢e SNE, Tet V. denote the basic-nbd. of x with radius 1/n.
Put U, = U, V,. It follows that S = NaUn |

CoroLLaRY 5. For a Bing subspace {X, E},, the following are equi-
valent.

(1) E.is countable.

(2) {X, E}, is second countable.

(3) {X, E}, is metrizable. :

(4) {X, E}, is collectionwise normal.

The proof is almost exactly the proof of Theorem 6, so we leave it
to the reader.

We note that {X, E} must be metrizable if {X, E}, is metrxzable.
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Another kind of topological space that is sometimes discussed is a
countably paracompact space [3]. We say that S is countably paracompact
if every countably open covering of S has an open locally finite refinement.

CoroLLARY 6. For a disk plane {X, E} the following are equivalent.

(1) {X, E} is countably paracompact
(2) {X, E} is normal. ]
(3) {X, E} is paracompact. ‘

PRroOF. (2)=(3) is Theorem 3. (3)=(1) is clear. It remains only to
prove that (I)=(2). We proceed by contradiction. Assume {X, E} is co-
untably paracompact but not normal. Then E contains an uncountable
Euclidean closed set which in turn contains a nonvoid Euclidean per-
fect set A. Then A is also a complete metric space under the Euclidean
metric. Let (a,) S A be a sequence of distinct points in A which is dense
in the metric space A. Let {U,} be the countable open covering of X where
U, = X\{a,:n=1}, and U, is a basic nbd. of a, for each n=1. Let V, be an
open set containing a, in some open locally finite refinement of {U,}.

For each x¢ A let W, be a basic nbd. of x intersecting at most fini-
tely many V,,. For each mteger m=0, let A, = {x¢ A: radius W,>1/m}.
Then A = U, A,, and some A, is second category in the metric space A.
Call it A,. For each integer m=0, let B, = {x€ A, : W,V (Uk=o Viprs) = 0}
Then A = U,, B, and some B,, is second category in the metric space
A. Call it B,. Then there is some interval Jsuch that AN J = @and B,NJ.
is dense in the open set AN J relative to the metric space A. Likewise
{a,:n= l}ﬂ] is dense in AN J. There exists an a4, (k=0) lying in J and
clearly V., intersects W, for some x¢€ B,. This is contrary to the choices
of A, and B, |

5. Homeomorphisms

We now turn to homeomorphisms of one disk plane {X, E} onto
another disk plane {X, E }. It is interesting that any such homeomorphism
must also be a homeomorphism with respect to the Eulidean topology.
Of course both {X, E} and {X, E,} have topologies finer than the Euclidean
topology.

THEOREM 7. Let {X E} and {X, E,} be disk planes. Then any homeo-
morphism f of {X, E} onto {X, E,} is also a homeomorphzsm with respect fo
the Euclidean topology, and fE = E,.

_Proor. Take any peX and any ¢=0. We can enclose p in the in-
terior of a square I of diameter — ¢ as shown in figure 5. The boundary of
I is evidently compact, and so is f(bdry T). But f(p){f(bdry I) and f(bdry I)

S Unzy {g€Xilg, f(p)l=1/n}. So f(bdry DES{geX:|g, f(p)]>1/n} for

some 1 and f(bdry I) is bounded away from f(p). Thus we can enclose f(p)
in the interior of a square J such that no point in J lies in f(bdry I).

' We claim that f=*J< I. Suppose, on the centrary, that g€/~ J and

q¢ 1. Then fqe J and there is a connected set S containing fp and fq and

3%
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S< J. Thus f-1§ is a connected set containing p and ¢, so some point ¢’
in f-1S lies in bdry I. Then fq’¢f(bdry I J which is impossible. Then
St J< I and clearly thereisa §=>0such that |{, fp| < dimplies [f~1¢, p| <e.
Thus f-1is continuous at fp relative to the Euclidean topology. Finally
J~* and likewise f are continuous relative to the Euclidean topology.

{
P
!
5 R
Fig. 5.
_ J
¥
fp
J
N -
R
fr 19 ,
Fig. 6.

Now suppose that pe E. Let V be a basic nbd. of p and let U be any
open set such that pe¢ U< V. Then any line segment joining any point in
R\{p} to any point in U\{p} must contain a boundary point of U. By join-
ing points’in U close enough to p, to points in R close enough to p, we see
that there are points in the boundary of U arbitrarily close to p. Now
bdry UC Us_; {g€X: |p, q|=1/n}, but bdry U is not a subset of any of
the open sets {ge X:|p, ¢|=1/n}. Thus bdry U is not compact. We conclu-
de that p does not have a basis for its nbd. system composed of open sets

- with compact boundaries. On the other hand, the only points in {X, E;}
- with this property are points in E,. Thus fpeE Hence fECE,, and
similarly f~* E,CE. |

However the converse of Theorem 7 is false as we now see.

ExampLE 2. There is a homeomorphism of X onto X relative to the
Euclidean topology which is not a homeomorphxsm of balloon space

onto itself.
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P
Fig.7.

ProOF. For 0=y=1 let g(y) = 2y—y»)'2, and for y=1, let g(y) = 1.
Thus g is a continuous mapping of the nonnegative real axis onto [0,1].

Now for each point (x, y) in X, let f(x, y) = (x+g(y), y). Then fis
obviously bicontinuous relative to the Euclidean topology. Let ¥ =.
= {(0, y)€ X:y=0}. Then (0,0) is in the closure of Y and f(0,0) = (0,0) is
not in the closure of /¥ = {(g(¥), ¥) € X:y>0}. Note that the basic nbd. of
(0,0) of radius 1 does not meet fY. So f is not a continuous mapping of-
balloon space onto itself. It likewise follows that f~1 is not a continuous
mapping of balloon space onto.itself. _

“In Theorems 8 and 9 we will find a sufficient condition that a Eucli-
dean homeomorphism f of X onto X be a disk plane homeomorphism.
" The property is that f satisfy a Lipschitz-like condition between points in
R and points in X\R. ) .

(0,0)

Fig. 8.
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THEOREM 8. Let E and L, be nonvoid subsets of R and suppose f is a
bijective mapping of X onto X such that fR = R and fE = E,. Suppose
there exists a number M =0 such that for any wecR and any 2 X\R,

(W, 2| [M={f(W), [(2)| = M]w, 2] .

Then the mapping f: {X, EY—~{X, E,} and the mapping-f-1: {X, E.}—~{X, E}
are continuous af each point of R relative to the disk plane topologies.

ProoF. First suppose that peR\E. Then for any ¢€R, there exists
te X\R such that |p, t]<|p, q| and |q, t] <|p, ¢q|. Then

I1(p), @)= 11(p), FO| + 11 (@) =M]p, 1|+ M]t, q| =2M|p, q|

and it is clear that f is continuous at p. So f is continuous at all points of
R\E, and likewise f-*is continuous at all points of R\E,.
Now suppose that peE. We argue by contradiction. Assume that
Jis not continuous at p. Since {X, E} and {X, E.} are first countable spa-
ces, there exists a sequence (p,)< X such that p,—p but f(p,)-+f(p). For
convenience, let p; denote f(p,). Then p,—p and p;+p’. Indeed we can
suppose, without loss of generality, that there is a basic nbd. U of p’
such that p, ¢ U for all n and p,€ X\R for all n. Let p, = (xn, y,) and pn =
= (X5, Yn)- We can assume, without loss of generality, that p = p" =
= (0,0) by translating if necessary.
Now Vx2+¥2 -0 and it follows from the hypothesis that VX24+y72 >0.

Hence y,—~0 and y,~0. Since p,¢ U, we havethat y,/¥xZ+y?2 -~0. Then

GV +32) GV 24y ) =
M) = (alya) (25 V45 =M(als) -

But yy, is the distance from (x, y;) to (x5, 0) and y, cannot exceed the
distance from (xy, yn) to £~ (x,, 0). From (1) it follows that -

@) V) OrlVEyE) =M .
It follows that Yuf¥ X2 +3% ~0, and hence |x,|/Vx%2+y% ~1. But

x| VX2 +y2 -1
also, so

(3§)lxnl/VXﬁ+yﬁ) (IXZI/VXQZ-H/; 1= (x| fp]) (V2 + 372 /Vx2+yn)—>1

It follows from (3) that for large enough ,
*) CARM =13 x| =2M .

We assure, w1thout loss of generality, that (4) holds for all n.

-+ Let U have radius r. Let V be a basic nbd. of (0,0) with radius s<r
such that s<r/4M3. We assume, without loss of generality, that (x,, y,)¢
¢Vand O<yp<sand O<y,<r for all 1. Then we have that
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(5) X2=82—(S—Yn)? = 25Yn—Y2.
Likewise (x, y/)¢ U, so ‘
© Xp=rt— (=Y = 2y, Y.

(Consult figure 9.)

(xn,g...)
(00)
Fig. 9;

Thus .
(7) X5 (72 = (Ynf¥7) (25— yn)/(2r yn))
and - '
) (/%2 ((2r =Y)(28 = Yn)) =YnlVp -
So
9) lim mfyn/y,,>(r/s) 11m mf (xn/ X;2)= (1/4M3) (r/s)=M.

N> oo

Thus there is an index N with yy/yy =M, and -

(10) Yn=YnIM.

But yj is the distance from (xy, ¥y) to.(xy, 0), and yy cannot exceed
the distance from (xx, ¥n) to f71 (x4, 0) Finally

(11 | (e Vi) (s O = 117 Gy )y £ (i, OIIME

which conflicts with the hypothesxs
So fis contmuous at each point in E. Likewise f—* must be continuous
at each point in E,.
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We also state

THEOREM 9. If fisa homeomorphzsm of X onto X relative (o the Eucli-
dean topology- satisfying the conditions of Theorem 8, then f is a homeomor-
phism of the disk plane {X, E} onto the disk plane {X, E,}.

The proof is left to the reader.

6. Conclusion

We have determined which disk planes satisfy each of the separation
axioms listed in Section 2.* We also determined which disk planes are
countably paracompact, paracompact, and developable. In sections 3
and 4 we used the Bing subspace of a disk plane to produce examples
of a topological space with a subspace satisfying an unusual .combination
of properties.

YouNGLOVE [7] observed that when E is a Euclidean G,-subset of R,
the Bing subspace {X, E}, is countably paracompact if and only if E is
countable. Compare with our Corollary 6.

We conclude with some questions not answered in this paper that
could be the subject of further study.

1. It can be shown, as in the proof of Corollary 6, that {X, E} is normal
if{X, E}; is countably paracompact.-Is the converse true?

2. If the answer to 1 is no, find a necessary and sufflclent condition for
{X, E}; to be countably paracompact :

3. Is the converse of Corollary 3 true? If every completely normal disk
plane is mefrizable, must 2% <28 ?

4. The condition given in Theorems 8 and 9 is unfortunately not necessary
for f to be a disk plane homeomorphism. (This is easily shown by
example.) Is there a “nice” way to characterize those Euclidean ho-
"meomorphisms of X onto X that are also homeomorphisms of balloon
space onto itself?

7. Postscript

The construction in Example ‘1 inspired the following set theoretic
constructions that admittedly have nothing to do with the topology of
disk planes. We attach these digressions for their own sake.

DigressioN 1. Suppose &, = 2%. Let & be a family of =&, second
category subsets of the real line R. Then there exists a sequence of pair-
. wise disjoint sets E;, Ey, ..., E;, ... such that |[SNE,| = §; for each
index n and each S¢J, and |TNE,| <4, for each index n and each first
category set T.

~ Proor. Let Q denote the well ordered set of all countable ordinal
numbers. Of course || = xl. Since #;]/8| = §;, there exists a surjective

*The author wishes to express his thanks to Prof. BooNAR MArvAs for his
valuable suggestions.
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~

mapping «/—S, of Q onto & such that for each S¢&, S = S, for &, indices
«. Likewise there is a bijective mapping «|—T, of 2 onto the set of all
closed nowhere dense subsets of R.

By transfinite induction, we select for each «€, a sequence of dis-
tinct points X,q, Xugy -+« Xepyy - - - 112 Sa\ Up=a T such that Xan # Xp, fOr all
f<eaand all n, m. This construction is possible because S, is not the union -
of countably many first category sets. For each n, put E,, = {X,,}co. Clearly
IT.NE,| <&, for all «€Q and all n; hence |TNE,| =<8, for all first cate-
gory sets T and all n. Moreover, |SNE,| = &, since meS“ =S for
{; indices o« and any Se¢d&. |}

DigrEssioN 2. Suppose &, = 2%. There -exists a famxly Sy of 8,

- subsets of R such that

(1) for any distinct sets A, B in &, all the sets Aﬂ B, (R\A)ﬂ(R\B)
(R\A)N B, AN(R\B), are second category
- and
(2) for any first category set 7 and any S€d&,, |TNS|=4,.

‘ Proor. Let I' denote the family of all families ¢ of subsets of R sa-
tistying (1) and (2). To show that there exists a nonvoid such ¥, let & =
= {R} in Digression 1, and note that {E,} satisfies (1) vacuously and also
satisfies (2). Also R\E, is second category since E,C R\L,. .

Partially order I' by inclusion. By Zorn’s axiom, there is a maximal
family in I

Now suppose that y is a member of I and |y|=8;. Let S be the fa-
mily {S:S€y or R\S¢€y}. Let E; and E, be the sets given by Dlgressmn I.
For any S¢d&, we have

|ENS| = [E;NS| = |[E\NR\S)| = [E;NR\S)] = &y,

50 ENS, E;NS, E;N(R\S), and EZQ(R\S) are second category. But
E,2 R\ E,. 1t follows that y U{E,} satisfies (1) and (2) and lies in I, so y is

not a maximal member of /". Finally, any max1mal member of I" has car- -

dinality =,. §
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EIN ANALOGON EINES SATZES VON F. SZASZ

Von

DINH VAN HUYNH
Math, Inst. Hanoi, Vietnam

(Eingegangen am 2. September 7976 )

Unter einem Ring verstehen wir stets einen assoziativen Ring.

Beziiglich der Untersuchung der hinerichenden Bedingung der Ex- .
istenz eines Rechtseinsclementes in einem Ring hat F. SzAsz [3] einen
Satz bewiesen, der eine Verallgemeinerung einer Behauptung von CH.
Hopxins darstellt. Das Ziel dieser Note ist es, ein Analogon dieses Satzes
von F. SzAsz (mit einer einfacheren Methode) zu beweisen, indem wir statt
der Existenz des Einselementes von dem Faktorring R/ J des Ringes R nach
dem JACOBSONschen Radikal J von R die Existenz eines Rechtsein-
selementes von R/ J voraussetzen, was F. SzAsz in [3] vorgeschlagen hat.
Es gilt also der

Satz. Ist R ein Ring mit dem JACOBSONschen Radikal J, der die
Jfolgenden Eigenschaften besitzt:

1. der Faktorring R/ ] hat ein Rechiseinselement;

2. es gilt die Minimalbedingung fiir die in J liegenden Rechisideale
von R, .
so gibt es in R Linksideale L, und L, mit R = L+ L, und L,N Ly, = (0),
wobei L, ein Ring mit einem Rechiseinselement und L, ein nilpotenter artin-
scher Ring ist, '

» BeEweEIs. Es sei R ein Ring mit den Bedingungen des Satzes. Wegen
2. konnen wir wie in [2] (S. 151 —152) zeigen, dap das JACOBSONsche
Radikal J von R nilpotent ist. Es sei ¢ ein Rechtseinselement von R/]J.
‘Da J nilpotent ist, gibt es in R ein idempotenter Vertreter e von e, d.h.
e2=-¢ und ece ([1], S. 54). Mit den Bezeichnungen

def
. Ly =Re = {re]V reR}
und '

L= R(—0) = {r—re| v reR)
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gilt L,NL, = (0) und R = L,+L,, wobei L, und L, Linksideale von R
sind und L, ein Rechtseinselement e besitzt. Da ¢ Rechtseinselement von
R/J ist, gilt offenbar L,= J. Wir sollen noch zeigen, daB die Minimal-
bedingung fiir Rechtsideale von L, gilt, d.h. L, artinsch ist. Diese Be-
hauptung beweisen wir durch vollstandige Induktion nach dem Nilpo-
" tenzgrad k von dem Radikal J von R. Fiir k = 1 ist J = (0), die Behaup-
tung ist also trivial. Die Behauptung sei fiir alle solche Ringe bewiesen,
die den Bedingungen des Satzes geniigen und deren Radikal einen Nll-
potenzgrad besitzt, der klemer als k ist.-

Da ]" = (0) und M j" 13 Qist, ist der Nilpotenzgrad des Radikals

von R R/M gleich k— 1. R erfiillt offenbar alle Bedingungen des Satzes.
Wir konnen also die Induktionsannahme fiir R anwenden. Es sei ¢ das Bild
von ¢ bei dem natiirlichen Homomorphismus von R auf R. Dann sind
, l __ def _ e '
Ly = {re| VreR}
und :
__ def C o
Lo ={r—re| VTER)}
Bilder von L, bzw. L, bei diesem Homomorphismus und es gilt R = L; & Ly.

Nach Induktionsannahme ist L, artinsch. Wegen Satz 6.1 aus [2] (S 142)
und der Isomorphie

Ly = (Ly+M)/M = LyJ(L,N M)

def .
geniigt es zu zeigen, daB A = L,NM als 1deal von L, artinsch ist. Es sei

) ADAD ... DA DALD ...
eine absteigende Kette von Rechtsidealen A; von A. Dann ist
(2) A+ARD ... 2A+ A RD A+ AR

eine absteigende Kette von in J liegenden Rechtsidealen von R. Es sei
x€ A, und x¢ A,,, fiir ein i. Dann gilt x¢ A, + A;R. Wire auch x¢ A, +
+ A,HR so wiirde x¢€ A,+1 sich ergeben. Dabei wurde die folgende Tat-
sache benutzt: Es gilt -

; A +A G R=A+A4 (R3+J) = A+ A Re.
Is : o
x=a+bre(a,b€A;;,,rCR), dh. x€A; 1+ AR,

so gilt 0 = xe = ae+bre* = bre, woraus X = a€ A;4; folgt. Daher haben
wir A, + A;R> A1+ AR, wenn - A; D A4, gilt. Wegen 2. muB (2) und
somit auch (1) nach endlich vielen Gliedern abbrechen, d.h. A ist artinsch.
Damit is der Beweis des Satzes erbracht.
Die folgende Folgerung folgt unmittelbar aus dem Satz und der

Tatsache, dass jeder nilpotente artingche Ring ein Torsionsring ist.
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FOLGERUNG. ‘Ein Ring R mit den Eigenschaften 1. und 2. des Satzes
besitzt ein Rechtseinselement, wenn R eine der zwei fogenden Bedmgun—
gen erfiillt:

(a) R enthélt kein von Null verschiedenes nilpotentes artmsches

Linksideal;
(b) das JACOBSONSsche Radikal J von R ist torsionsfrei.

Insbesondere enthilt ]eder torsionsfreie artinsche Ring stets ein
Rechtseinselement.
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~ IPUMEHEHUWE METOJIA YCPEHEHMA K OHOH

ABYXTOUYEUYHOM KPAEBOH 3AJTAUE JJIs1 CUCTEM
VMHTEI'PO — IU®OGEPEHIUAJIbHBIX YPABHEHUI THUIIA

®PE/IC0JIbMA HEPASPEINEHHBIX OTHOCUTEJILHO

MMPOU3BOIHOM
O. 0. BAMHOB - C. OI. MIJIYHIEBA
InoBmuBCKI VHUBEPCUTET Bricmuit MamMEHO0 — JIEKTPOTEXHMYEC-
nmenu I'l. Xunennapckoro KUil #HCTHTYT uMenut B. . Jleauna
Codus

(ocmynuao 27. 9. 1976 )

B paforax [1], [2] Opi1 060CHOBAH METOJ, YCPENHEHUA JJIA PellleHus
JIBYXTOUEUHOH KPaeBoit 3a1auu 7151 ccTeM 00bIKHOBEHHBIX Auddepenimarib-
HBIX ypaBHeHVxﬁ. B Hacrosei pa60Te STOT METOJ, MPUMEHSIETCST [UIsT Pelle-
. HMsi HeJNMHeHHOH! IBYXTOYEYHON Kpaesou 3aflauu JJIg CHUCTEM HHTErpo
— nuddepeHIMATBHBIX ypaBHeHnn TUIIA (Dpenronbma HepaspeleHHbix
OTHOCUTEIILHO [IPOU3BOIHOM.

Hapo orMeTnTdb, uTo MeTOJ Yepeauenns Aisl 3ajaun Kowm oIt cucreM -
MHTErpo — un(bq)epeﬂumanbﬁblx vpaBHenuit 6pu1 060cHOBaH B pabotax [3}]
— [6]. : :

- Nyers s cucTeMel

x(t) = e X [t, x(), y(0), %(0), (), f #(t5,X(5), 7(5), %(6), () ds)
(M) 3 S
() = Y[t, (0, 700,50, 3O, [ 1(t,5,%(9), K6), y(s),),ds] ,
Fﬂe - 0 .
x = (xO, .. LX) y= (WD) pm), X = (X, c, Xy,

Y =®,. LY, e =(pW,...,99), ¢ = (e ...,90), \
a e=0. — manuil napamerp, 3agaHo KpaeBde VCIIoBUE
@ x(0) = x°, R[4y(0),(T)] =0,
A=W, ., 2m)y R =(RY,....R™), icACR,,,

T =Le 1, L= const=0.

Hapsy ¢ cucremoit (l) paccMOTpUM BBIPOIKACHHYIO (8 = O) 0 OTHO-
WEHHKIO K Hel cucremy
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3) - x = const, X = const,
S .
30 = ¥[63, 90,5 50, [ (0%, %,56) ds]
J ,

C KpaeBbiM Y CJIOBAEM

@ . R[4, %(0), ®(T)] = 0.

ITvCcTh BAOJB MHTErpaJIbHBIX KPUBBIX Y = p(f, X, X, 2, T) kpaeBoi 3ana-
un (3), (4), Tae A paccMaTpuBaeTCsl KaK BEKTOPHbIA mapamerp, CVIHeCTBYeT
He3aBucsIlee OT TlapameTpa A cpefiHee 3HaUeHue

T

fim L X[t, %9t %, % 4 T), %, 2=t x, %, 2, T)] dt
Toe T o

1

5) ‘/cp[[tsxw(s;cxlT).x,.a (sx,x/lT)]dS]dt X(x x)

Torpa vcpeaHeHHBIM VpaBHeHMEM IIepBOre IPUOMMOKEHMST JUIsS Mel-
JIEHHBIX TepeMeHHBIX X(f) cuctembl (1) GvieMm HA3bIBATH YpaBHEHHE

. (6) | it) = e X (20, £0)
¢ HAYAJLHLIM YCIIOBHEM o
(M £0) = x°.
OTMeTI/IM uro ecm X = (x®, ..., x") n A = (4;;),m, TO 10 OHpPEiC-
NeHNI0 o

Il = > (x<f>)2]”2, Al = [% ; a,?j]m.

Joxayem Teopemy o Giusoct womnoneHt x(f) pewenusi {x(f), y()}
Kpaesoit 3apaun (1), (2) u pewenns 3apaun Kowwm (6), (7).

Teopema 1. Ilyers: :

1. dynryuu o, s, x,y, u,v).u ¢ (4, X, ¥, u, V) onpedeaens, Henpepsis-
Hol U PABHOMEPHO 02PQHUYEHBL BMECITIE €O CBOUMU QACIHLIMI NPOUIEO0HBIMIU
notoasecext=0,s=0, (x,y,u,v)€G, 20e G HeKOMOPaAs OMKPLIMAs 06.1aCMb
2(n+ m)-mMepHo20 NPOCMPAHCITIEN TEPEMEHHbIX X, Y, 1, V.

dynryua X, x,y, u,v,2) onpedesera, HenpepoleHd 1 pAGHOMEPHO 02pPa-
HUYEHA 8MeCTe €O C0UMU YACIMHBIMIU MPOUIBOOHbIMI NEPE020 NOPAOKA 045
seext=0u(x,y,u,v, z)EGxGl, 20e Gy-Hexomopas omipetmas 06.aacms Npoc-
mparicmeéa R,

. Pynryua Y(t, x,y, 4, v, w) onpe()e/lena HenpepblgHa U pagHoMepHO 02D a-
HUUEHQ 8mecme €0 caoumu yacmHbimil ﬂpOlI360()HblMll nepsoeo ﬂOﬂﬂOKCI 041
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scex t=0 u (x,y,u,v,W)eGXQ,, 20¢ G,-HeKOmMopas omxpsimag 064acmo -
npocmpatHemea R,.

2. Cyu;ecmeyrom DABHOMEPHO 02PAHUYCHINbIC 6 COOMBLCMEYIOWUX Npo-
exyuax obaacmu G* = {{=0, s=0, GX G, X Gy} 06pamnsie mampuybsl

B () S ) S
ou ov ) . oV ou ou ov

20e I, u I,-coomsemcmeentio n u m-mepHsle eOUHUIHbE MATPLUYLL.
_ 3. Yepes rancoyrw mouxy obaacmu G¥(,x,y, u) (G*(t, x, y, u)-npoexyus
ofaacmu G* 6 npocmparcmee 1ePeMEHHBLX: t,x,y,u) npoxoOum e0UHCMBeH-
HAA UHMe2PAAbHAA KPUBASA KPaesoil 3a0aqu (3), 4), coomeemcmeyiomjas
HeKOmopomy 3HAUeHUI napamempa A, Npudem mo peuwieHue onpedesero
0 ecex snauenud t€[0, =) u npu smux 3HauenUaX | YeaUuKom AeHCUITL 6
G*(x,y, w).
[Tycme yrazannble peuteHus Kpaesoil 3a0auul (3) (4) 3a0ammc,q 8 wopme'

(8)» _w(txxAT)

20e y—m — MepHAs, HenpPepbl6HAS N0 COBOKYIHOCHI 6CeX MepeMEHHDIX 6eK=
mop — (PyHKyus.
4. Jaa ecex (x,u, A)eG¥*(x,u) x 4 cyu;ecmsyem Hesqsucawyui om napa-
Mempa A npedea
T

lim L X[t, x,plt,x,u, 4, T), u, —a—qp(z‘, X, U, A, T)] dat,
Treo T ot
0

©)

. .

f(p[[t s, x,y)(s x,u,2,T), u,—a-—wp(s VX, Uy A, T)]ds]a’t X(x, uy,

npudem npedesHolil nepexoa 6 (9) npoucxoOum paenomepﬂo OMHOCUITEALHO
cosoxyntocmi (x, u, A)€ G¥(x, u) X A. Cpeonee 3nauerue X(x, u)-onpedesena,
Henpepyi6Ha U pasHomepro oepanudena @yHkyus 0aa écex (x,u)e€G*(x, u)
1 yoosaemeopsem ¢ G¥(x, u) Hepasercmsom

X (x, 1) — X, ) =

20e ¢-noA0MCUMEAbHAL NOCMOAHHAA.
5. Kpaesasa 3a0aua (1), (2) umeem eOuHCmBeHHOe petuerue {x(z‘) y(t)}
ydomemeopmou;ee ycaosuem :

x(0) = x°, R[lyy(o)y(T)] =0,

20e no0 A noopasymesaemcs Hexomopoe (PUKCUPOSAHHOe 3HAUCHUe NAPQ-
mempa 2. Pewenue {x(f), y(1)} onpedesero na ompesice [0, T] npu gcex sHa-
yenuax €€(0,e*] u He ewxooum u3 Hexomopol omxpblmoll nodedaacmu
G*(x, y) cG*(x, y) sencaweil yeaukom euympi G*(x, y) emecme co céoell
epanuyedl.

4 ANNALES — Sectio Mathematica — Tomus XX.
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6. Peuzemze yepeOHeHH020 ypasHeHU

(10) o & = SX(E(t), E(f))
y0osaemeopsiomjee nauansromy ycaosuro §(0) = x® cymecmeyem, 00H03HAUHO

onpedeneno npu t=0 041 ecex 3nauenuax e€(0, e*] u kpusas {£(t), ()} coom-
sememeyias Imomy peuterurn Ha unmepsase 0=f<o He eorxo0UmM U3
obaacmu G*(x, u).

7. YpasHenue 6 uacmmsim npouseodnbzx

1
W . 2 ,Y+a“[12—ay],(ay+ay Y+-3Yfa<p1d8]___
ot oy v ov oo oy 0w § ot

an = X(t,x,y,u,v,2)— X(x, 1),
W|t0=0 x = const, u = const

061adaem HeKOITlOpblM pewenuem W = W(t, x,y,u,v), Komopoe onpeoeigHo -
U PAgHOMEPHO 02PAHUMEHO GMECMe CO C60UML HACTHbLMU npouseo0HpLMU
nepsozo nopaoKa 6o eceil o6aacmu G*.

Toeda, ecau {x(f), y(t)} pewenue xpaegoii sadaun (1), (2), a &(t)-pewenue
3a0aun Kouu (6), (7), mo 0aa 106020 cK0OAb Y200HO MAA020 6=>0, MOICHO
yrasame maxoe =0, umo npu 0<e<s° He ompe3ke O=i=<T 6y0em 8bl-
NOAHAMbCA HEPABEHLITIBO

. Nlx(@) =& =8
JIOKA3ATEJIbBCTBO. .Oﬁosnaqnm yepes 7(f) BHpAKeHHE
(12) ' n(f) = x(t) —e W(t, x(t), y(©), X(), (t)),

. tae {x(f), y(t)}-peienne Kpaeoil 3ajaud 1), (), a W-HenpephiBHO Jub-
hepenLupyeMOe pelleHie (11) :

OrneHuM pasHocTb 7(t) — E(F), Tae &(f)- pemeHue VCpeJHEHHOI'0 YpaBHe-
Husi (10) ¢ HauagbHBIM VenosueMm §(0) = xO.
Vimeem

(13) o ()~ &) = x() —
_8{‘9W + W sy + 2% g+ O x(t)+ y(t) (0 E(t))}

ot X oy 0x
ILnst ompefiesIeHust '5c(t) u yt) nponwp(pepeﬂunpyelvx cructemy- (1):

o aX X ..
x(t) = s{ 3t 5 (O +

x(t)+ . X 5+ ";f 00 +

JOX f D (15,05, 96, K690, 56) ds}
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oYy .. oY . Y . oY .
xX(t) +——y({t) +——— x() + —y(t) +
o O I0 RO+ 50

. oY
)= +
¥(H) o

+%5 _(’()9; 1 (1 5 x(s), y(s), x(s), ¥ (s)) ds. |
]

Orciona

[11—'8 "’;i ]5@(9—;3 ‘;j_f i(r) =

}‘I‘ 8£_a£
ox

1
m 0K 0X 09X [ 0p

X,
Lot ay 0z J ot

(14)

1

——&WH[IZ——»L] V() = 3Y’+ oV Y+ oY f o7 ds—!—a-aLX.
ox . oy ot oy ow J ax_ L ox

Pemenne cucremsl (14) otHocutensHo X(f) u j(f) ApefcTapnsieM B BUje
X({t) =eP,

t

(15) (o) = [iz— oY ]_1[” + 2y Y / ” ds]+eQ,

dy ot Yy awo
/
rae |
-1 | -1 ~1
ST RV R A P
0x ‘ ay ay 0X ox oy

. . . 1

_1 T 14 €

N ‘9)?] }[M $ IX y X [0 4oy OX XJ+
% | o o oy 0 ) ol ox

3X]'12£[1 Yy __9Y [ ax]—lﬁr.
9y ox

et 1 2% )72
ox ) - oy oy

ox
1 o
.[‘i‘i.;.ﬂy_;_ﬁ_y_ _3_‘El_ds+gﬂx],
Ja ay 'BWD of ox

4%
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Q;[[z—ﬂ] {‘W X+ W[I1 3X] XXy
y ox ox ox ot . ay

+3_X_ ﬁr@dS'Jr 0X X]} 0(8){ oY 6Y /‘ 89‘01 ds+
02 ot & ot
. 0

—1 )
_|_ KX_‘_ B_Y.[I — i{)_g.(_] [8X+ aX.Y+_.¥3;>(, ﬂds_l_
0x 0x 0x ot oy

e 0X X]I
ox
HO)iCTaBIIﬂH (15)-B (13) monvuaem
. —1
W, oW _QVK[I __3)1] [i&r_ﬁi

Y +— -
ot oy oy oy ot oy

i)~ &t) = —e[ Y+

1 |
% / %”tids]—x(t, X, 9, %, 9,0+ X(x, i)]+ e[ X(n,7) - X(& )] +
0 : .

(16)  +e[X(x, %)~ X(n, )] —[ W xy Wpy WQ].
. ox - 0x (9)’

B cuny venoBuit TeOpeMbl

i) — E@)ll=e elln(®) — EON + i) — f(t)HH!n(f) x(t)||+lln(f) X(f)ll]+62M
(17)

rae
(18) . oW X+ BW P+au_/ QHSM:C(}HSL

[ox ox 0y '

Vmes BBH)ly, 9TO )

(19) In@®) —x@)| = & |Wl|=eM,,
20 ity — X)) = & [|Wlj=e M,,
rge M, m M,-TI0TI0KUTeILHEIE HOCTOSIHHBIE, TTOJIYYAEM '

. 2

i)~ = —E—n) — &) + SCEM T M M) |
I1—cec- 1—ec

(21) [(t)— E@)] =0 = O.
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Orclopa cieayver, UTo

e2(c My +c M, +M)
1—¢

() — £l = explec(l—ee)(t—)}d7 =
0
(22) =gc¢1 exp{ec(l—sc)_lt}—l](cM1+c:M2+M).
Ha orpeske 0=¢=T uMeeM OLEHKY
23)  |m(h-— E(t)||<sb‘1(cM +ecM, —HVI) exp{cL(l—ec) n-1].
YuuTeBasi BeIpaxenue ans 7(f) Haxoaum
ey HX(t)—if(f)HSII?C('t)-??(l)H+H*?(f)—éf(f)llsellWllnL
dec e My +eM,+M)[exp{c L(1—ec)y "} —1].

Tax Kak Gyuxius W orpanndena, To BHIPayKeHUe, CTOsIIee B IPaBoii
4acTy HepaBeHCTBa (24) Npu KocTaTouHo MaIoM e(0<e=¢?, e =e*) MorkeT
OBITH clleJ1aHO CKOJIb YEOJHO MaJibIM, T. €., CIIPABEJJINBO HEPABEHCTBO

[x(®)— &@)]| <9 .-

JtuM Teopema I poxasana.

Tlepeusiem Tenepb K oﬁoCHOBaHum BToporo BapyanTa METofa vepej-
HeHUS.
- Tlycrb BROJL HHTErpaNbHBIX KpI/IBbIX y = w(t,x,%,2, T) Kpaesolt saxaun
(3), (4), roe A paccmarpuBaeTcsi KaK BEKTOPHEIH MapameTp, cYIIECTBYIOT
He3aBucsiIMe OT A cpejiHue 3HaueHus

T

'lim;fX[txw(txxlT)x . (txxlT) ] ~ X%, %,2),

T

lim% [tsaup(sxxAT)xa (sxx/lT)]ds_qo(txx)

Torga vepeHeHHLIM VDaBHeHUeM MepBoro npnﬁnuﬁ(eﬂuﬂ Lis1 MeJ-
JIEHHBIX TepeMeHHbIX X(f) pewenust {x@®), y(©)} Kpaegoif sapaun (1), (2) Ha-
30BeM VDaBHeHHe

@7 i) = sx[ 0, £Q), f 7,469, €9) ds]

C Ha'{aﬂbeIM VCIIOBUEM -

(28) )=
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Joxaxkem Teopemy o Oumu3octy xommoHenT x(f) pemenust {x(f), y(£)}
Kpaepoii sajaun (1), (2) n pewenns &(f) sagaun Koum (27), (28)

TEOPEMA 2. ITyem:
1. Betnoauerst yeaosua 1, 2, 3 u 5 meopemst 1.
2. Oynryus ¢, s, x, ¥, v) ydoeﬂemeopﬂem eo6ﬂacmu G*(z‘ 8,X,¥,U,V)
Hepagercmey
lpt, s, %, 9, u,v)—o(t, s, %', , u,» )l 5_0'1 (£, 9) [ =x" + llu — w)l],
20e Pynxyun o, (t,S) co ceoeli cmopoHst y008AeMBOpAEMm YCAOBUIO
_[0‘1 (¢,s)ds=c, = const .
0
3. [Jaa ecex (x,u,2,)€G¥(x,u,2) XA u (f,x,u,)€G*(t, x,u)></1 cy
UjeCITisy1om Hesasucsuue om napamempa 2 npet)e/zbt

T .
lim % X[t, X, p(t,x,u, A, T), u,v—{; w(t,x,u,2,T), z] dt = X(x,u,2);

T+ oo

(29)

T

lim—;— [t S, %, p(s,x,u,2,T), u,a (sxu}{T)]ds_qa(txu)

(30)

npuaem npedesseie nepexoost 6 (29) u (30) npoucxooam paenomepno omHocu-
MeAbHO COBOKYNHOCIU (X, 1, 2, ) € G*(x, u, ) X A u (¢, %, 1, )€ G*(E, x, u) X A.

Cpednite 3Hauentis X(x,u 2) u g(t,x, u) onpedeactsl, Henpepovi6Hsl U paAG-
HOMepHO o02paxuueHst A0bl 8cex (X,u z)eG*(x u,2) u (t,x,u)cG¥{t,x,u) u
Y008.1eME0 PANM VCAOEUAM A

1XCx, 1, 2) = X0 ', )| = el = x| + lu — ') + 2 = 2711,
) ”‘f(h xfu)” = Gz(t)r 4
lpt, s, %, y,u, v) —9(l, X, W = oyt 9),

20e c-noAONCUMebHAA NOCMOAHHAA, & PyHKyul. o, () u o, (t) yooeaemeo-
pAIOM YCAOBUAM ' ‘

—-/-oz(r)dr—»o | . npu t-»o;,

—/dr/og(r,s)ds-»o npu ft— oo,
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4. Petientie ycpeOHeHH020 ypaeﬁenu;z
.
(31) 0 = e X[50, 0, [ 70,59, £0) )
. 0

y008.1emeopawmee HauawHomy ycaoguio (0) = x°, cywecmeyem u 00HO3HAU-
HO onpedeaero npu t=0 o0aa ecex 3nauenuax ¢€(0,e*] u rpusaa {&(%), &(f)}
C00MEeMCMEYIOWAA IMOMY. peulerlio, Ha IMOM UHMeEPsate He 6bzx00um u3
obaacmu G*(x, u).

5. Ypasnenue 6 4acMmHbIX npouaeodnbtx

. . . 1
—1
8W+3W Y+3W[12— BYJ [3Y+3Y Y+ 3Yf3(p1ds]=
o oy v ov ot oy . ow J ot

(32) = XXy, u,,2)— X(x, 4, 2),
Wlt:o =0, x=const, u=const,

obaadaem Hexomopwim pewenuem W = W(t,x,y, u,v), komopoe onpedeeHo
1 PABHOMEPHO 02PAHUUEHO GMECIHTIE CO CBOUML YACITHBIMIL NPOU3B0OHBLMU NeEP-
6020 nopaoxa 6o eceti o6racmu G*,

Toz0a, ecau {x(t), y(t)}-pewenue xpaesoii 3a0auu (1), (2), a &(f)-pewe-
Hue ycpeOHennoeo ypagrenud (31) ¢ nauaavrvim ycaosuem §(0) = x°, mo 0aa
106020 CKOAb Y200HO MAA020 & MOMCHO YKazamb maroe =0, umo npu
O<e=¢e® Ha 0mpe3r<e O0=t=T 6yoem GulNOAHAITILCA HEDUAGEHCITIEO

lhe(t) — (Dl <.

,U,()I{ASATEIIbCTBO Ouennm pasHocts 7(f) — 5(1‘) rae &(f)-pemenne ve-
peaHeHHOro vpaBHeHud (31) ¢ HauaNbLHEIM VCIoBHEM £(0) = x°, a n(f)-BH-
paycenune (12). .

I{Imeem
i) —E) = 50— |2 1 W s WY 50 Wi+
, 1 X oy ox
@) + W50+ X0, o))
oy f
rae

1' -
(0= [t &), €6)) ds.

S O ‘
popuddepennuporar cucremy (1) u noacrapnsg (15) » (33) nony-
uyaeMm : : '
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(oW oW, +3W[ aY]—l'

00 —E) = —e I~
Lar oy oy oy |
1
. _@Y + oY y-_q---ayr / Q(p—lds —X(t,x,y,fc,jz,z)+5((x,a‘c,z)}+
ot oy ow ; ot : ’
+6[>_<(77,’l’], C)—X({E,E C) +8[Y(x x:Z)“Y(“?ﬂ?,C)]—
- [‘W x+-‘9—“ip+~—Q)
0x ox oy

B cuny yenosuit Teopemsl 2 u HepaseHcTB (18), (19) u (20) Haxopum

i) — 0l = =TIy~ &OI +

T e, M) (1 6) + M+

EC
4.
1—cc

[205() + o50(D],

rjape
1

oyo(l) = f os(t,s)ds .

0

“Orcwopa, Tak xax 7(0) = &(0), creaver

o ¢
)= SO0 == [ (e + M) 1+ 4 ] ¢

+ec[20(1) +o50(r) ]} exp {ec(l —ec) 1 (t—1)}dv.

Brens gyHKUMK
t

WO = [a@ar-0 e,
. "0 .
t .

0= [owtao I

0

HaXO[UM, 4T0 Ha oTpe3Ke 0=f=T

) 0= exp 2 1{s[c(M FM) (1 e+ MIL+

+eL[2py(Le™) +yo(Le ]}
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V3 groro HepaBeHcTBA M u3 BbpakeHus (12) mns n(f) BUAHO,-YTO
Bcerja Mo>KHO BLIOpaTh e(0=e=¢?, ¢ =¢%) Takum o6pasom, uToGLl HA OT-
peske O=/=T 0bUIO CIPABENJIUBO HEPABEHCTBO

() —E@)N <.

ITUM Teopema 2 JoKazaHa.
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>§ 1. Introduction

The structure of topological rings has been extensively studied by
several authors. Less attention has been paid to the study of subclasses
of topological rings. In this paper we make an attempt to develop the
theory of semisimple classes in certain classes of topological rings. A class
of topological rings, designated for a semisimple theory, should be closed
under continuous homomorphisms and under taking closed ideals. More-
over, it should consist of complete topological rings (this requirement
discards inconveniences by forming inverse limits). The class K of all com-
pact topological rings satisfies all the above requirements and so does
the class W of all linearly compact rings in the narrow sense whose
Jacobson radicals are lineatrly compact rings in the narrow sense. In this
paper we shall define semisimple classes (in the sense of Kurosh and
Amitsur) for topological rings and we shall give several characterizations
of semisimple classes in K and W. Our main result states that the semisim-
ple classes of these categories are exactly those which are hereditary, clo-
sed under extensions and inverse limits. This result can be regarded as a
counterpart of the characterization of semisimple classes of groups given
by TraN Van Hao [10] and of the recent characterization of semisimple
classes of associative and alternative rings given by L. C. A. van LEEU-
WEN, C. Roos and R. WiEGANDT [4]. In the proof we use. the method
developed in [4] as well as several statements and consideration concern-
ing topological rings due to ZELINSKY [13], [14], H. LEPTIN [6], [7] and
A. WiDIGER [11]. In § 3 we shall give two further characterizations of
semisimple classes, one of them corresponds to a theorem of N. DiviNsky
[3]. Concerning the Kurosh — Amitsur radical and semisimple theory we
hint to [12]. For details of topological algebra we refer to [8] and [13].

-On end, I should like to say thank to my teacher, Dr. R. WIEGANDT
for numerous valuable advices and the permission of using his manuscripts
which meant a great help in my work. v



60 PHAM NGOC ANH

§ 1. Preliminaries

In this section we recall some definitions and theorems we shall
use later on. . _

All topological spaces considered, will be Hausdorff spaces.

The class of all compact topological rings will be denoted by K.

A topological A-module (M, 7) is called linearly compact in the nar-
row sense if M is the inverse limit of discrete A-modules satisfying the.
mininum-condition on submodules and the topology = is that which is
induced by the inverse limit. A ring A is linearly compact in the narrow
sense if A as an A-module is linearly compact in the narrow sense and
the open ideals form a fundamental system for neighborhoods of zero.
This definition slightly differs from that of H. LEpTIN [6]. :

We denote by L the class of linearly compact rings in the narrow
sense. Further, W will denote the class of the L-rings the Jacobson radi-
cals of which are also L-rings. :

DEFINITION: A subclass § of topologlcal rings is said to be a semisimple
class if S satisfies the following two conditions:

(A) If Ais an S-ring, then every non-zero closed ideal of A has a
non-zero continuous homomorphic image in 8.
- (B) If every non-zero closed ideal of a topological ring A has a nor-
zero continuous homomorphic image in S, then S contains .A.

For discrete rings the above definition gives the usual definition of .
semisimple classes in the sense of Kurosh and Amitsur.

A subclass S of topological rings is called hereditary if S contains
every closed ideal of each S-ring.

The fact that B is a closed 1deal of a topologlcal ring A, will be deno-
ted by B« A.

A subclass 8 is said to be closed under extensions if the conditions
B4 A, BES and A/BeS ‘imply AcS.

We say that S is closed under inverse limits if for every inverse system
{A.|mp: A, —~ Ag} where each a5 is a continuous surjective homomorphism
and A,cS for every « it follows that lim {A.}¢S.

A linearly topologized ring A is said to be strictly linearly compact if
A as a module over the integers, is linearly compact.
In [11] A. WIDIGER has proved

(1) ([11]Satz 5) Aring A is a w-ri'ng iff
” ' A= > S(“)
. pel

where each S(”) is an n,xn, full matrix ring over an infinite (discrete) skew

Jield S and- R is a strictly linearly compact ring.
2) ([11‘], Satz 6) A rzng A is a W-ring iff every closed ideal of A is an

L-ring. Hence the class W is hereditary.



ON SEMISIMPLE CLASSES OF TOPOLOGICAL RINGS 61

Let ‘A be a W-ring and I an arbitrary closed ideal of A. By a theorem
of ANDERSON — DIvINSKY — SuLINSKI ([2], c.f. [12] Theorem 5.2) the
Jacobson radical J(I) of I is a closed ideal of A, hence J(I) is linearly com-
pact in the narrow sense, i. e. I belongs to W.

- In view of TycHONOFF’s theorem and (1) we have

(3) The classes K and W are closed unter faking complete direct sums.
(4) ([5] ], Proposition (1. 38. 3)) If {As} is an inverse system of topological

spaces, then hm A, is a closed set of the complete direct product ]] Aj.
As an obvious conscquense of the above assertions we have

(5) K is closed under taking inverse limits.
- We say that the inverse system Q = {A,, =3} of the rings A, («cl)
" is a direct sum of the inverse systems .Q,{—{AM, om} it A, = ZAal

(x€l").and 03 is the restriction of the mapping =} onto A, The fact that
Q is a direct sum of the inverse systems £;, will be denoted by Q= Z’ Q;.

(6) (ZELINSKY [14], Theorem D)
| ‘ lim 3 2 =3 limQ; -
-~ 1 l -

holds in algebraic and topological sense.

Now we are in the position. fo prove a statement analogous to (5)
(7) W is closed under faking inverse limits.

Proor. Let {A,, @3} be an arbitrary inverse system of a W-rings A,.
By (1) A, has the following decomposition

A= 3"SPOR, = S,®R,
uel
where ’

.Soc — Z S(#)
Her
- One can see that {S,, ¢f} and {R,, 0i“} form inverse systems where
0F, g,}"“ are the restrictions of nfé_ to S, and R, respectively. By (6) we have

lim{A,} = lim{S.}®lim {R,}.

It is evident that lim {S.,} is Jacobson semisimple and

lim{S,} = 3 Si¥

uEI* . “

 where SE®.

-s are 1, X n, full matrix rings over infinite (discrete) division
rings S*(®, : ' -
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As modules over the integers, the rings R.-s are linearly compact, so
lim{R,} is a linéarly compact module over the integers i. e. lim{R,} is a

strlctly linearly compact ring. so by (1) hm {A}¢ W holds.

(8) If f is a continuous homomorphism from a W-rmg A onto a lmearly
topologized ring B, then B is a W-rmg too.

PRrOOF. By (2) it is sufficient to show that every closed ideal I of B

- is a linearly compact ring in the narrow sense. Indeed, I* = f-%([)is a
closed ideal of A, hence [* is linearly compact in the narrow sense. We
define a scalar multiplication for all acI*, and xcI by ax = f(a) x, so [ is
the continuous I*-homomorphism from the I*-module. I* onto the I*-
module I. Hence the I'*-module I is linearly compact in the narrow sense.
This implies that the ring I is linearly compact in the: narrow sense, be-
cause the I*-submodules of I are exactly the left ideals of 1. :

In [8] L. S. PoNTRjAGIN has proved the following statement

(9) Let G be an arbitrary topological group, H a compact normal subgroup
of G and f the natural mapping of G onto G/H If a set Q< G/H-is compact,
S0 is the set P = f-1(Q). _

As an evident corollary of (9) we have

(10) Let A be an arbitrary topological ring. I a compact ideal of A, and
f.the natural mapping of A onto AJl..If a set Q< A/l is compact, so is the
set P = f-(Q).

The first zsomorphzsm theorem: Let B and C be a closed subring and a
closed ideal of a topological ring A, respectively. Provta’ed that B+C is also
closed in A,

B/(BNC) = (B+C)/C

holds in both algebraic and topological sense.
The second isomorphism theorem: Let B and C be two closed ideals of a
topological rmg A such that BSC, then:

AB L arc
C/B
holds in the algebralc and topological sense.
(11) If AeK or W and I, I, are two closed ideals of A, then 11+I is
also closed.

Proor. For the W-ring our assertion is the special case of Satz 4in [6].
For a compact ring by the first isomorphism theorem we have

I+ L)1y = LI(ILNT,).

I, is compact and I,/(I,N1,) as a continuous image of the compact space
I2 and so (I,+1,)/1, are also compact. By (10) I, + I, is compact and hence
it is closed.
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As a trivial consequense of (1.1) of [7] we have:

(12) A linearly topologized ring A is linearly compact in the narrow
Sense, provided I and A[l are linearly compact in the narrow Sense where

I < A.

Let now A be alinearly compact ring in the narrow sense or a compact
rmg and {I,}a fllter base consisting of closed ideals of A for which ﬂ I, =

= 0. Obv10usly, the rings A, = A/l,-s from an inverse system together
with the natural surjective homomorphisms

ng:A/Im—»A/Iﬁgf—\& forall 1,=1;.
Ig/1,

Similarly to ZELINsKY’s Theorem 1 in [13] we can prove
< (13) A is isomorphic and homeomorphic fo lim (A}

Proor. Taking a mappmg @ where p(x) = (.. ...) with x, =~
=x+1,¢A, for every x¢ A, we have a homomorphlsm ‘from A into
lim {A.}. Further p(x) = O implies x, = 0 for each I, i.e. xe NI, = 0,

hence x = 0, so ¢ is an injective homomorphism.

Conversely, consider an arbitrary element y = (..., Y, . )Ellm {A4}

For each I, denote S, the set S, = {x|x€ A and x+ [, = y,} It is obvious
that S, is a closed set of A for every I.. For each index o and § there
exists an fndex y such that I,<1.N Iz which implies S,CS.NSg, so {S.}
is a filterbase consisting of cosets of closed ideals of A which has an ad-
herent point x*, since A is linearly compact or compact, respectively. It
- is trivial that ¢(x*) =y, hence ¢ is an ismorphism.

By the continuity of ¢ it is sufficient to show that every open sub-
basic set U of [T A, has an open counterimage in A by ¢. By definition

U has the form U= J[*A,xU’" where the symbol J[*A, denotes the

Cartesian product of alal A, without only one index fo; example A,g,-and .
U’ is an open set of Ag Obviously ¢—(U) = @3 ' (U’) holds where 5 is
the natural mapping of A onto A By the definition of the quotient
topology ;' (U) is -always open in A, hence ¢ is continuous.

If A€W, then ¢ is an open mapping; if A€K, then ¢ is a closed map-
ping, so in both cases thls implies that ¢ is a homeomorphlsm between
A and hm {A.}.

§ 2. Characterization of semisimple classes

In this section we 'shall characterize the semisimple: classes of the
categories K and W and we shall give examples for the semlslmple classes
of K and WwW.. .
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4

THEOREM 1. A subcldss S of K or W is a semisimple class z"ffS satisfies
the following three conditions:

(1) S is hereditary,
(2) 8 is closed unter exfensions,
(3) § is closed under inverse limils.

" PROOF. Necessity: Let B be a closed ideal of a ring Aof Kor W, res-
pectively, such that B and A/B are contained in S. Consider an arbitrary
closed ideal I of A. 1f 0 # I< B, then by BeS condion (A) implies that’
I has a non-zero continuous homomorphic image in S. If- I ¢ B, then by
the first isomorphism theorem, (6) and (9) we have:

05 I/(BNI)= (I+B)/B1A/B.

Hence by (A) I/(BN1I) as well as I has a non-zero continuous homo-
morphic image in §, so condmon (B) implies A€S. Thus (2) has been veri-
fied.

Now we turn to exhibit the va11d1ty of condition (3) Let Q=
= {A,, @5} be an inverse system of S-rings such that each = is surjective.
By (5) lim A, is contained in the class K or W, respectively. Let I be an

arb1trary non-zero closed ideal of lim A,. Then there exists an index a«
such that a, (I) # 0, where =z, is the projection of lim A, onto A,. Since

@, is continuous and A, are in K and W, respectlvely, so a, (I) is closed in
A,. Hence (A) implies that both 7, (I) and I have a non-zero continuous
homomorphic image in 8. Thus (B) implies that lim A,€S.

The necessity part of the proof will be flmshed if we proceed to.show
that S is hereditary. For this purpose for every ring A (of K and W) we
define the ideal R(A) as the smallest closed ideal of A which contains all
closed ideal of A having only trivial continuous homomorphic image in
8. One can easily see that:

R(A) = Cl > (I,11,< A and I, has only trivial image in S).

holds where Cl means the t0p010g1ca closure. It is obvious that'$ contams
aring Aiff R(A) = 0. »
To prove the validity of condition (1) we need the followmg
Lemma 1. R(I) <1 A for every closed ideal I of A.

PROOF. R(1) is trivially closed in A. We can suppose that R(I)#0
otherwise the assertion is trivial. We assume indirectly that ‘R(I) is not
an ideal of A, i.e. there exists at least one element a or b of A such that
aR(I) or R(I)b is not contained in R(I), for instance aR(I)ER(I), aR(I)+
+R(I)is an ideal of I, namely for any element y of I, we have ,

Y(aR(D)+R(D) = (ya) RO+ RIS I R()+R(1) = R()
(aRU)+R() ¥ = a(R()Y) +R() ySaR(D+R()

and
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We define the following mapping
¢ : R(I)~ (aR(I) + R(D)/R(I)

by taking ¢(x) = ax+R(I) for any x€R(I).
@ is a homomorphism, for '

P(x+y) = a(x+y)+R(I) = ax+R(I)+ay+R(I) = w(X)W(y)-
#() = axy LRI -R(I)+RI)SRUI)+R() = RUy=0

and

9() p(y) = ax-ay +R(I) = (axa) y+ RIS I -R(UI)+R(I) = 0.

. Furthermore, let U be an arbitrary open set of (aR(I)+R(I))/R(I).
Then #—*(U) is open in aR(I)+R(I) where = is the natural mapping of
aR(I)+R(I) onto (aR(1)+R(I))/R(I). This shows that V = a-XU)NR(I)
'is open in R(I). The continuity of ¢ follows from the equality ¢(V) = U.
(aR(I)+R(1))/R(I) as a continuous homomorphic image of R(I) is again
in K or W, respectively. This implies that aR(1)+R(!) is also in K or W,
respectively; hence aR(I)-+R(I) is closed in I, therefore in A.

We say that A has property (R), if

(R) A has not non-trivial continuous homomorphic image in S.

We prove that R(I) has property (R). Otherwise there exists a non-
zero continuous homomorphism f such that 0 f(R(I))€S. Thus by (A)
every non-zero closed ideal of f(R(/)) has a non-zero continuous homomor-
phic image in 8. But the closed ideals-of {(R(])) are exactly images of those
of R(I) by f, contradicting the definition of R(I). Moreover,

(aR(1)+R(D)[R(I)
as image of R(I) by ¢ has'also property (R).

Let f be now an arbitrary continuous surjective homomorphism of

arR(I)+R(I) for which 0xf(aR(I)-+R(I))€S.
If R(I)Cker f, then the second isomorphism theorem yields

. | (aR()+R(D))
| : _ @RM+RI) RO
HaR()+RU)) = === =

- R()

‘in both algebraic and topological sense.
If R(I)& ker f, then by the first isomorphism theorem we obtain

R(I) . (kerf+R(1)) 4 (aR(Iy+R(1))
(ker fOR(D)) ker f  kerf

in both algebraic and topological sense, since any continuous injective
homomorphism in both K and W, is 2 homeomorphism. -

= f(aR(I)+R(I))

5 ANNALES — Sectio Mathematica — Tomus XX.
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This implies that neither (aR(I)+R(I))/R(I) nor R(I) has property
(R) which is a contradiction. Hence aR(I)+R(I) has property (R) and
consequently aR(I)+R(I)CR(I) contradicting the assumption aR(I)g
ER(I), so R(I) is a left ideal.

Analogously we get that R([) is a right ideal too. Thus R(1)<1 A is

proved.
Let A be now an arbitrary S-ring and I a closed ideal of A ‘then

R(I)SR(A), hence R(I) = R(A) = 0i.e. I¢S. .

SUFFICIENCY. It is clear that property (A) follows from property (1)
We assume that the property (B) is not true, i. e. there exists a ring A
of K or W such that every non-zero closed ideal of A has a nontrivial image
in 8§, but A¢S. Consider the following operator T which assigns to each
ring A in K or W the ideal

T(A) = N(L|L< A and AJl€S).

We show that the system {/,} forms a directed set by the set theoretic
inclusion. Indeed, let I, and I, be two closed ideals of A for which A/l
and A/l, are contained in S.

- Taking into consideration (9) by the first isomorphism theorem and
* the second isomorphism theorem we have '

LN 1) '

and -
Iy (1 +12)
(LNl I 12
algebraically and topologically where A/l,, and A[I, are in S. The heredi-

tariness of § implies that (I;+ I,)/I, and so I;/(I, N I,) are in §. By condition

(2) Aj(iNI,)isin 8, i.e. I;N1,e{L}. Thus the system {A/l,, g} forms an
inverse system with the continuous homomoriphic prolectmn

wh: All,—~ Allg = Ally for all I,&1;.
I/, ' :

Therefore by condition (3) and (11) we have A/T(A)z= lim A/L,€S.
Since” A¢S it follows T(A)s0. Similarly one can easily see that
T(A)T(T(A)

belongs also to 8. If we proved that T(T(A)) 4 A then we could complete
the proof as follows. By the second ismorphism theorem we have

CATTA) L A
T(A)T(T(4)  T(Ay
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Hence by T(A)/T(T(A))€S condition (2) ensures that A/T(T(A))
. belongs to 8. Thus by the definition of T(A) we have T(A)c T(T(A)),
but evidently T(T(A)) S T(A) holds, i.e. T(A) = T(T(A)).By our assump- -
tion T(A)is not zero and the equality T(A) = T(T(A)) implies that T(A)
has property (R). But T((A), as a closed ideal of A, cannot have property
(R). This contradiction proves the validity of property (B).

To come to end of the proof of Theorem 1 we still have to prove

LEMMA 2. T(T(A)) < A.

Proor. T(T(A)) is obviously closed in A. For an arbitrary element
a of A one can see that aT(T(A))+T(T(A)) is a closed ideal of T(A) as
we have done it at the proof of the heredutariness of the semisimple clas-
ses. We define a mapping :

(aT(T(A) + T(T(A)))
| T(1(A)
by taking p(x) = ax+ T(T(A)) for every xc T(T(A)).
One can easily check that ¢ is a continuous surjective homomorphism.
By the hereditariness of 8 the closed ideal (aT(T(A))’+ T(T—(A))) |T(T(A))
of the S-ring T(A)/T(T(A))isin§. .
On other hand we have
T(T(A) _ (aT(T(A) +T(T(A))
kerg - T(T(A))€S

algebraically and topologically.
For every x€ T(A), ycker g it is true that

Ca(xy) = (ax)y < T(T(A)) -

| 4 - a(yx) = (@) xeT(T(A)) ,
i.e. {xy, yx}<Sker ¢, hence ker ¢ is an ideal of T(A).
By the second isomorphism theorem we have

T(A)kerg _ T(A)
T(T(A))fkerp  T(T(A))ES

Using condition_(2) we have T(A)/ker ¢¢§ which implies by defini-
tion of T(T(A)) that T(T(A))Sker ¢. But clearly ker o< T(T'(A)) holds,
so T(T(A)) = ker ¢; hence aT(T(A)) S T(T(A)). Similarly, one can prove
that T(T(A)) ac T(T(A)) which implies that T(T(A)) is an ideal of A

REMARKS. In the proof we have followed the ideas of L.C.A. van
LeeuweN C. Roos, R. WIEGANDT [4]. Nevertheless the statement of
Theorem "1 differs essentially from the characterization of semisimple
claases of associative (or alternative) rings. In [4] it has been proved that a

¢: T(T(A) ~

and

5* x
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class 8 is a semisimple class of rings iff S is hereditary, closed under ex-
tensions as well as subdirect sums. As it has been mentioned in [4], the
class of all Jacobson radical rings is hereditary, closed under extensions
and under taking inverse limits, but it is not a semisimple class in the
category of all associative rings.

As examples for semisimple classes of K and W, let us cons1der the
classes J and SJ of all Jacobson rings in K or W and of all Jacobson semi-
simple rings in K or W, respectively.

Clearly both J and SJ are semisimple classes of K and W, respecti-
vely (cf. also Theorem 1).

An assertion analogous to Theorem 1, is not vahd in the category L.
Since L itself is not hereditary, a subclass of L satistying- COHdl'[lOHS (4)
and (B) is not necessarily hereditary either.

§ 3. Further characterization of semisimple classes

Before we give other characterizations for semisimple classes, let us
draw up an easy proposition. Let §* be an arbitrary semlslmple class of
associative rings, i. e. §* satisfies:.

(A) If AcS*, then every non-zero 1dea1 of ‘A has non-zero homo-
‘morphic image in §*.

(B) If every non-zero ideal of a ring A has non zero homomorphic
image in S¥%, then A¢8*. = -

Let § denote the class of all topological rings (A 7) where A is an
element of §*. Evidently there holds the following

PROPOSITION. SﬂK and- SﬂW is a semisimple in K and W, respecti-
vely. "

. THEOREM 2. In Theorem 1 condltzon (3) can be.replaced by the coin-
ductive property:

@) If B2B,2...2B,2... isa descendmg chain of closed ideals
of any ring AinK or ‘W suct that A|B,€S for all o and B= ﬂ B then also
A/BeS :

The satement corresponds to that of Theorem 1 in [9] and Theorem
3in [4] and the its proof is a slight modification of Theorem 3in [4], there-
fore we omit it.

To be able to draw up our next result we begin with the following
definition. A subring B-of a ring A in K or W is said to be accesible if there
exist finitely many subrings B,, By, B,, .. , B, of A such that B = B,,
A = B, and each B, is a closed ideal of B,ﬂ, i = 0,1, n—1. It follows
~ clearly from this definition that B is again in Kor W, respectlvely and B is
closed in"A. Now, we are in the position to draw up following

THEOREM 3. A subclass S of K or W zs semzszmple if and only if S
satzsfzes
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(A*) Every non-zero accesible subring of S-ring has a non-zero conti-
nuous. homomorphic image in S.

(B*) If every non-zero accesible subrmg of aring A in K (or in W)
has non-zero continuous homomorphic lmage in 8§, then the class S contains
the ring A.

Proor. Condition (A*) follows immidiately from the hereditariness
of the semisimple classes.

We suppose indirectly that (B*) is false i.e. there exists a ring A of
K or W such that every non-zero accesible subrmg of which has a non-
zero image in S, but A¢S. Since S does not contain A the closed ideal
R(A) is not zero, so R(A) has a non-zero imageo in § which contradicts
the definition of R(A) This contradlctlon ends the proof for the nece551ty
part of the Theorem. A

. Conversely, let § satisfies conditions (A*) and (B*). S is hereditary,

namely let ] be a closed ideal of an arbitrary S-ring A. It is clearly that
‘every non-zero accesible subring C of I is also an accesible subring of A,
i. e. C has a non-zero image in 8, hence by (B*) § contains obviously I. :

Let A be an arbitrary ring in K or W such that a closed ideal I of
which and the factor ring A/I are in 8. Let B = B, be an arbitrary non-
zero accesible subring of A, then there exist By, ..., B, = A subrings of
A such that each B; is a closed ideal of B;,, fori=20,1,...,n—1.

If BSI, then B= B,<A BiNI<q...q4B,NI =1, ie. B is also an
accesible subrmg of I, so B has a non-zero image in S.

If B&I, then ’
5 g(BJf’)q'(Bl“)a.;.'qu_n*—’):f‘_
(BN 1 I T I

which implies that B/(BN[) and so B has a non- trlvxal image in § and by
(B*) we get Ae€S.

- Let now {A,, =5} be an inverse system of §-rings. For any non-zero
accesible subring B = B, of hm A, there exists an index o such that

w. (B) # 0 where x, is the pro]ectlon of lim A, onto A,. One can easﬂy see

that a, (B) is a non-zero accesible subrmg of A,. By (A*)=,(B) andso B
have a non-zero image in 8. Hence (B*) implies lim A, €S. Thus S satisfies

conditions (1), (2) and (3) in Theorem 1, so S is a(s_em'isimple class.
g Let us remark that Theorem 2 corresponds.to a characterization of
semisimple classes given by N. Divinsky in [3].

-
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1. Introduction

Group representations play an important role in modern physics.
It seems, -however, that the usual definition- of group representations
hinders this theory from being a more general, all-embracing branch of
mathematics and from being a more powerful tool in physics.

Eleméntary particles are classified in quantum mechnanics by rep-
resentations of the space-time symmetry groups. Recently a classification
of elementary particles appeared also in classical mechanics which seems
similar to the quantal one ([1], [2], [3], [4]). However, the analogy is not
perfectly clear and “it would be desirable to formulate a correspondence
principle to relate the classifications” ([4]). To establish the desired cor-
respondence, one must first recognize that some sort of group representati-
ons should be used also in classical mechanics.

I defined a general notion of group representations ([6]) which inclu-
des the usual representations, that is, the linear and unitary representati-
ons, ray representations and actions of transformation groups as well.
By the aid of this general notion of group representations we can state a
- perfect parallelism between classical and quantal elementary particles.

After recalling the general notion of group representations, here [
shall examine the special feature of representations needed in quantum
mechanics and in classical mechanics. The investigatiofis are based on
the formulation of mechanics using the algebraic structure of events, the
so called 10g1c of a physical system (071 [8D)-

2. Representatmns of groups |

. A category consists of objects and morphisms satisfying some axi-
oms. We are concerned, in our applications, with so called concrete cate- -
_ gories, the objects of which are sets with a certain structure and.the mor-

-phisms are maps related to the structure (e.g. preserving it). An isomor-
phism is a one-to-one and onto morphism whose inverse is also a morphism;,
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~ an automorphism of an object is an isomorphism of the object.onto it- -
. self. The automorphisms of an object X form a group under the composi-
tion of maps; we denote this group by Aut (X). One generally defines the
notion of subobjects in concrete categories in a natural way and it has an
intrinsic meaning that a subobject is invariant for an automorphism;
hence, we do not give here the precise and convenient definition of sub-
objects and invariant subobjects in category theory. These definitions
are given for an arbitrary (not necessarily concrete) category in [6]. For
turther details on categories we refer to [9]

Definition 1. Let G be a group and € a concrete category. A represen-
. tation A of G on the object X of € is a group homomorphism

CAG-Aut (X)), g1 A

The representation is faithful if it is one-to-one. :

The representation is irreducible if there is no subobject of X invari-
ant for all A, and not invariant for all automorphisms of X. ,

-The representation is weakly irreducible if there is no element of X
. invariant for all A, and not invariant for all automorphisms of X.

Two representations of the same group Gy, A on X and Bon Y, X
and Y being objects of @, are equivalent if there is an isomorphism :X Y
such that io A, = Byo.iforallgeG.

IfGisa topolog1cal group and the structure of X contains a topology
too, we require that the map GX X ~X, (g, x)1-A, (x) be continuous. Such
representatlons are called continuous.

If G is a Lie group and X has a differentiable structure, we require
that the map GX X~ X, (g, x) I~ A, (x) be dlfferentlable Such a represer-
tation is called differentiable.

As an example, take the category whose objects are Hilbert spaces
“and morphisms are linear contractions. Then continuous representations
on such objects are exactly the strongly continuous unitary representati-
ons. : ' :
As a second example, let us consider the category of topological spa-
ces and continuous maps. Then we obtain topological transformation
groups in the customary sense ([10], p. 110).- Effective actions are nothing
else than faithful representations. Transitive actions are irreducible rep-
resentations; the converse is only true, in general, on-those spaces whose
homeomorphlsms form a transitive transformation group; such spaces are
called homogeneous. In the theory of ‘topological transformation groups one
examines a given single action. In representation theory one is looking for
different,- that is, inequivalent representations.” The two theories meet
in the theorem that every continuous irreducible representation A of a
‘locally compact second countable group G on a locally compact homo-
geneous Hausdorff space X is equivalent to-the representation L on G/H
where H is a closed subgroup of G and L is the canonical or standard
action (left translation) of G ([10], p. 111). Recall that equivalence means
here that there i isa homeomorplnsm f:G/H X such that fo L, = A,of
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for all g€G. Quite the same is true for differentiable representations of a
Lie group on a differentiable manifold ([10], p. 114). However, if X has a
further additional structure then representations and equivalences are
given by maps related to this structure too and there can be much more
inequivalent representations of G on X.

3. Representations in quantum mechanics

The logic of a physical system in quantum mechanics is the ortho-
complemented o-lattice D(#0) of projections on a separable complex
Hilbert space /0, called the structure space (of the physical system). The
lattice structure, that is, the ordering of projections is defined by the or-
dering of closed linear subspaces Now we introduce a category in which
objects are such lattices and morphisms are orthocomplementatlon pre-
serving lattice o-homomorphisms.

We assume from now on that the dimension of 75 is greater than two.
By a theorem of Wigner ({7], vol I, p. 199), every isomorphism S:P(H)—
—~D(A0’) is induced by a unitary or antiunitary map U: =207, deter-
mined uniquely up to a unit factor, such that S(E)= UEU-! for all
Ee@(#). Consequently, as it is known, a representation of a group on |
() gives rise to a unitary-antiunitary ray representation-on 76 ([11}).
Conversely, a ray representation on @5 determines a representation on
D(#). Representations on projection lattices will be called projective rep-
resentations. Let us see more closely the connection between ray represen-
tations and projective representations.-

Let A be a projective representation of a group G on () and
(U, 7) its realisation as a ray representation on 26. It means that we have
a map gl-U,, U, being a unitary or antiunitary operator %, and we have
a function : G>< G-T (T is the complex unit circle) such that

(1) .~ A,(E)=U,EU.",

(2) . - Ug Uh = T(g> h) Ugh!

3) . e, ¢)=1 (eisthe unit element of G)
“ - | - g Wy gh f) = ok, ]) <(g, )

for all Ec()(J6) and for all g, h, f¢G. In the sequel, a function 7:Gx G—~T
satisfying (3) and (4) will be called a unitary cocycle of G. Two unitary co-
cycles v and 7" will be said cohomologous if there is a functlon 0:G-T such
“that

7:’(g, By = z(g,.h)M for all * g, heG.
_ e(gh)

v and v are weakly c'ohomologoizs if either v and 7" or 7 (the complex con-
jugate of the function 7) and 7" are cohomolegous.
Now, first we mention the known fact that if G is a connected topolo-

gical group then U, is unitary for all g€ G ([11]). Then we state
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ProrosiTioN 1. The projective represeﬂtation'A ofa connected Zopologz-
cal group G is weakly irreducible if and only if (U, t) is trrednczble in the
" usual sense. _

- Proor. We have Ug-: = 7(g, g=1) U, * from (2) and thus we can
repeat the familiar arguments for umtary representations to get.that a
closed linear subspace is invariant for all U, if and only if the correspond-
ing projection commutes with all U,. Consequently, we conclude from
(1) that a projection is invariant for all A, if and only if the corresponding
subspace is invariant for all U,. Recall that A is weakly irreducible if the
only elements of the pl’O]eCtIOH lattice, which are invariant for all A are
the identity and the zero.

Recall now that it follows from our general definition concernmg group
representations that two projective representations of the same group,
A on P(H) and A’ on ('), are equivalent if and only if there is an iso-
morphism S:D(J6) ~PD(H") such that

(5) So A= A0S for all ged.

ProposITION 2. Let A and A’ be two projective representations of the
connected group G and let (U, 7) and (U’, ©’) be their realizations as ray rep-
resentations. A and A’ are equivalent if and only if there is a unitary or
antiunitary map V and a function p:G--T such that

(6) VU, = (g Uy V. for all geG.

Consequently, v and v or v and ', depending on whether V zs unitary or
antiunitary, are cohomologous by p.

_ Proor. (5) and (6) are simple consequences of each other. Further-

more, multiplying the equality (2) from the left and from the right by V>
and by V-1 respectlvely and using (6) we get that, according to the nature
of V, v and v’ or 7 and ¢’ are cohomologous by o.

As a consequence of Proposxtion 2, if (U, 7) and (U’, ') are ray rep-
resentations such that v and 7" are not weakly cohomologous, the projec-
tive representations determined by the ray representations are not equi--
- valent. In other words, the weak cohomology classes of unitary cocycles
. of a connected group can be used for certain labelling of the equivalence.
classes of projective representations of the group. .

Now we want to cousider projective representations continuous in
the sense of our definition. For this purpose recall that there is a well
working notion of continuity of ray representations. A ray representation
(U, 7) of a topological group G is continuous in the sence of Bargmann if
there exists a neighbourhood of the xdentlty of G so that U is strongly
continuous and 7 is continuous in this neighbourhood. The continuity of ray.
representatlons can be related to projective representations as follows. A
distance d is defined on the set of one-dimensional® prOJectmns (on the

rays) by
© d(E, F) =inf{lx—yl, x¢EX, yeF, |Ix| = [yl =1}
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Let" A-be a projective representation induced by a continuous ray repre- -
sentation of G. Then the map gi—~A,(E) is continuous in the distance d
for every one-dimensional prolectlon E. Conyersely, if A is a projective
representation for which the map g1—A, (E) is continuous for all one-di-
mensional E, then one can find a continuous ray representation inducing A.

We would like to-define a topology on a projection lattice PD(#)
w1th ihe following conditions:

1. The topology is compatlble with the structure of @(%) that is the
orthocomplerentation and intersection are continuous operatlons
2. The automorphisms of D(#) are continuous.
" 3. The continuous projective representations can be given by con-
_ tinuous ray representations and continuous ray representatxons 1nduce
continuous projective representations.

PropositioN 3. There is no Hausdorff topology on the projection lattice
D(A0) satisfying condztzons 1 and 3.

PROOF. Let e, (n=1,2,..., dim ) be an orthonormal basis of 75.
The formula :

Use, — {exp(lt) e, ifn=1 (teR)
e ifn=1

n

determines a ray representation of the additive group of real numbers.
The ray representation is continuous in Bargmann’s sense. Let / be the
subspace generated by the two vectors e, +e, and e,;, and let @ be the sub-
space generated by e;. If there is a topology T with the propertles listed
in conditions 1 and 3, then

O = T —tim (U, (J)NM) = (T —-lim U, (JOYNM = M,
120 =0
which is a contradiction.

Therefore we are forced to change Cond1t1on 1 into the following
weaker one:

B The orthocomplementation and the mtersectlon are continuous
operations in every distributive sublattice of (D(Z).

We say in this case that the topology is parizally compatzble with the
lattice structure.

Proposttion 4. The topology ‘on (D(40), induced by the strong operator
topology, satisfies conditions 1/, 2 arzd 3.

Proor. Condition 2 is triv1ally satisfied. It is also simple to see that
Condition 1’ is fulfilled. The orthocomplementatmn E|l—~1— E(Ee@(%))-‘
is evidently continuous. A sublattice of PD(ZL) is distributive if and only

if it is commutative.- Furthermore, if E and F are commuting prolectlons

then their mtersectlon EAF is their product EF The multiplication
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in a set of operators bounded in norm is jointly continuous in the two
variables with respect to the strong topology, hence the intersection is
continuous operation in a distributive sublattice.

Regarding Condition 3, standard arguments show that-the norm to-
pology, the strong topology and the topology of the distance d on the set
of one dimensional projections are equivalent. As a consequence, the
continuity of.a projective representation implies the continuity of ray
. representations.

Conversely, let the ray representation (U 7) be “continuous. Then
we get the continuity of the projective representation A induced by (U, z)
from the equality

A, (F)-E = UV (F—E)U*1+(U EU;'—E)

and from the fact that the multlphcatxon of operators in a set bounded in
norm is continuous in the two variables.

. REMARK 1. One can see by a simple example that the topology on
PD(40), given by the distance

d(E, F) = int{[x—y|, xe(E-EAF), y(F—~EN F)%, .= Iyl =1}

satisfies Conditions 1’ and 2 but it does not satisfy Condition 3.

From now on we equip the prolectlon lattices with the strong ope--
rator topology.

Let us now consider continuous prOJectlve representations of con-
nected Lie groups. To every unitary cocycle continuous in a neighbourhood
of the identity of the Lie group, one can assign a closed bilinear antisym-
metric real valued function on the Lie algebra of the group. Closedness
means that if 8 is a bilinear antisymmetric function on a Lie algebra &
then

B0, 01¢) + (15, ¢1,0) + (e, @l 5) = 0

for all @, b, cc G. A closed bilinear antisymmetric function on a Lie algebra
will be called a commutator cocycle. Two commutator cocycles g and '
are said cohomologous if there is a linear function « such that 8" = f+ao
o [,] where [,] dehotes the commutator on the Lie algebra. 8 and- 8’ are
- weakly cohomologous if either p and p’ or — gand g are cohomologous.
Collectmg the results of [11] we get

COROLLARY T0 PROPOSITION 2. Let A and A’ be continiois pro]ec-
tive representations of the connected Lie group G. Assume (U, 7) and (U*, ")
are realizations of A and A’ as continuous ray representations. Let f and
B’ be the commutator cocycles on the Lie algebra & of G, corresponding to =
and to ¢ respectively. Let H, and H} denote the self- adjomt infinitesimal gen-
erators corresponding to ae@ in the 1 ray representation (U, ) and (U’, 7°)
respectively.-A and A’ are equivalent if and only if there is a unitary or anti-
unitary map V and a linear function «:G—R, a|— «, such that if V is uni-

ary then B and B’ are cohomologous by « and
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=VH, V 1}{a, for all acq .
IfVis antzunztary then — f and f’ are cohomologous by « and
—H, = VH, V™ l4a, foral acég.

" 4. Representations in classical mechanics

Let us turn to classical mechanics. The question is what objects are
logics of physical systems in this theory. One knows a partial answer:
the logic of ‘a physical system is the o-algebra @(M) of Borel subsets of
- a differentiable manifold M called the phase space (of the physical sys-
tem) ([7]). Morphisms between such objects are defined as differentiable
Boolean g-homomorphisms. A Boolean g-homomorphism u:B(M)-~B(M")
is called differentiable if it can be given by a (necesrarily uniquely de-
termined) differentiable map f,:M’ —~ M such that u(E) = f,*(E) for all
Ee@B(M). This choice seems, however, too large, because of the previously
mentioned fact that all good representations on such objects are equi-
valent to a few ones.

We assume that on the phase spaces there is given some structure
inducing a Borel measure in a canonical way. Then we can require that
morphisms, besides being ditferentiable Boolean a—homomorphlsms, be
related to this structure or only to the measure inddced, but in any way
in such a manner that isomorphisms, which are given by dlffeomorphlsms
of phase spaces, preserve the measure. The most simple examples: the
phase spaces can be Riemannian manifolds, contact manifolds or symp-
lectic manifolds. Here only one possibility will be investigated. o

Some preliminary notions are necessary for our work. A closed two-
form with constant rank on a differentiable manifold will be called a pre-
symplectic form. If the rank of a presymplectic form is maximal then the
form is called symplectic. A symplectic manifold is a pair (M; w) where
M is a differentiable manifold and « is a symplectic form on M. .

DEFINITION 2, Let w and o’ be two presymplectic forms with rank

- rand r’ on the same manifold. We write w <o’ if r<r" and if there is a

presymplectic form w, with rank fo =1'—r such that w+ow, = o’. We
write |o] < || if either v <o’ or —w<w’.

Now we introduce a category whose objects are o-algebras of Borel
stbsets in symplectic manifolds and morphisms are given as follows. Let-
(M, w) and (M’, »’) be two symplectic manifolds. B(M, w) and B(M’, w’)
will denote the corresponding Borel o-algebras. A morphism B(M, w)—~
~B(M’, o) is a differentiable map f:M"~M such that |f*w|=]|w’|. The
morphisms will be called semi-symplectic maps. Note that it MM
represents an Isomorphlsm then fis a dlffeomorphlsm and |f*w| = ||,
that is either f*w = o’ (f is symplectic) or f*w = —’ (f is antisymplectic)..

We define that logics of physical systems m classical mechanics are

objects of this category.
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Let us consider group representations on the objects of the above
category. Let (M, w) be a symplectic manifold; a representation A of a
group G on B(M,w) is a group homomorphlsm gl— A, from G into the
group of semi-symplectic diffeomorphisms of M. That 1s why we shall
call such representations semi-symplectic.

In other words, a semi- -symplectic representatlon is nothing else than
a special “action” of G on M, an ““action” which preserves in spme sense
the additional structure of M. The “action” will be identified with the rep-
resentation and will be denoted by the same symbol A. For topological
_ resp. Lie groups we consider exclusively continuous resp. differentiable
semi-symplectic representations, which means that the corresponding
- “action” is a topological resp. Lie transformation group.

We shall say for simplicity that a _semi-symplectic representation
is given on a symplectic manifold. One must not forget, however, about
the Borel structure because the meanmg of irreducibility and weak 1rre-
ducibility is related to it.

If the representation A on B(M, w) isnot weakly irreducible then there
exists a non-trivial Borel subset invariant for all A,. The converse is true

only if there is no non-trivial Borel subset invariant for all automorphisms
of B(M, w). 1t is the case if B(M, w) is homogenous in the sense that
Aut (B(M, w)) constitutes a transitive transformation group of M. Every
orbit of a locally compact second countable topologlcal transformation
group is a- Borel set, hence we have.

PROPOSITION 5. If the “action” on M corresponding to a representation
on B(M, ») is transitive then the representation is weakly irreducible. If a
continuous representatzon of a locally compact second countable group on a
homogeneous B(M, w) is weakly zrreduczble then the corresponding “action” .
is transitive.

We shall call a semi-symplectic representation fransitive if the corre-
sponding ‘““action” is transitive. We used the term action only for pointing
out how we arrived at this familiar notion; quotation marks were applied
- to underline that, as it was mentioned earlier, an action is a special sort
of representations. Later we retain the term action only for standard °
actions (left translations) on coset spaces.

We shall now restrict our investigations to differentiable semi-symp-
lectic representations of Lie groups. If G is connected we have the follow-
ing simple but important facts. First: A, is symplectic for all ge¢G.
Secondly: if the representation is transitive then also M is connected.

Let us denote the Lie algebra of G by & and that of the infinitesimal
generators of the representation by -£,. Recall that the infinitesimal ge-
nerator of a one-parameter group g(e) is the vector field defined by x|
= (d]dt);= Ay (X) (x€M). There is a surjective algebra anti-homomor-
phism Z:¢4 ~L£,, al—~Z, ([3] Chap. I. 4.). Let ©D(M) denote the algebra
of dlfferentlable functlons on M, and assume the usual notation ix for the

interior product of differential forms by a vector f1eld X.
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ProrosiTioN 6. Consider a differentiable semi-symplectic representa-
tion of a Lie group on a simply connected symplectic manifold (M, w) Then
there exisls a generating function H 2€D(M) for all Z, such that iz, & = dH,.

. Evidently, H, is determined only up to-an additive constant.

ProOF. Z, is the infinitesimal generator of a one- parameter group of
symplect1c d1ffeomorph1sms, hence Lz,w = 0 ([12], Chap. V. 2). Now,
Lz, = iz;jod+doiz, and thus iz, o is closed. We conclude from the -
51mply connectedness of M and from Poincaré’s lemma ([12], Chap. IV)
that iz, w is exact.

REMARK 2. The simply connectedness of M is not necessary at all
. for the existence of generatmg functions. We suppose in the sequel that
M is connected and there is a generating function for every infinitesimal
generator.

We start our further investigations recalling that the symplectic form
w induces an isomorphism j, from the module of vector fields onto the
module of one-forms on M, X |—~j., (X) = iy w ([12], Chap. VII. 1). The Lie
structure is transferred by this 1som0rphlsm from the vector fields to
the one-forms:

@ [o (X), jo (N2 = Ju [X, Y] |
Furthermore one defines a Lie structure on 22(M) by the Poisson bracket:
{F, H) = —o(j,* (@F), j;* (¢H))

®)

. (F, He@(M)).
One has the identity
© d(F, Hy = [dF,dH];.

PrOPOSITION 7. The map H:G —~@G(M), al—H, (cf. Proposition 6
and Remark 2) can be chosen to be linear. Furthermore by such a choice,
there is a commutator cocycle B on € so that

(10) . {H,, Hy} = —Hia, 01+ B4 for all. a,bed .
(We find it convenient to write g, , instead of 8(a, b).)

Proor. The kernel.in (M) of the R-linear map d is R, viewed as
the constant functions on M. Let ®:D(M) -D(M)/R be the natural
surjection. R is in the center of (M) with respect to the Poisson bracket,
thus one can define a Lie structure.on D(M)/R by

an {D(F), D(H)}: = O{F, H}.

Now, d can be factored, d = D o @. The image of d is the submodule
consisting of exact one- forms Then D~ is an R-linear isoinorphism from
the module of exact one-forms onto D(M)/R. Let us transfer the Lie
structure defined by (7) from the one-forms to @(M)/R Then we obtam

by (8) and (11):
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[D-*(dF), D~*(dH)]: = D=1 [dF, dH], =
(12) = D1d{F, H} = {O(F), D(H)}.

That is, the Lie structures on D(M)/R, induced by the Poisson bracket
and by the Lie structure of the vector fields, coincide. , '
(D(M)[R) X R can be linearly imbedded in — ‘and onto — D(M)-
It can be done in such a manner that the imbedding followed by the natu-
ral surjection @ gives the projection from (@(M)/R)XR onto D(M)/R.
Now, by Proposition 6, the elements of j, (.£,) are exact one-forms,
that is, we can consider D 4 : = D~(j, (£,)). It is a subalgebra of D (M)/R.
© Thus. there is a linear imbedding i:/D 4 X R~D(M) so that ®(i(X, 1)) =
-= X for all X¢D , and for all 2€R. Furthermore, &(F)¢c/D , if and only
it Fei(D4XR). Thus we conclude from (11) that the Poisson bracket of
two elements of (D, X R) is again in i(D 4 X R). In other words, i(D 4 X R)
with the Poisson bracket is a central extension of 0 , by R. :
Equivalence classes of such extensions are in one-to-one correspon-
dence with cohomology classes of commutator cocycles of D , ([14], Chap.
3.8). Let § be a commutator cocycle of D ,; the extension defmed by B
' s given by the commutator

<13> (((%,2), (7, 1)} = (%, V1B, V) (%, Ve Dy 1, ucR)

Put now Z,: = D~*(j,(Z,)) and define the linear map H : &G —D(M)
by H,=i(Z, 0). Then ®(H,)=2Z, and by d=Do @ we get dH, =
= ],,,(Za) hence H, is a generating function for Z,,. Furthermore, it is obvio- -
us from (12) that the mapping (a,b)1— 8, ,: = ﬁ(Za, Z,) defines a conimu-

tator cocycle § on &. Then equality (10) follows from (13) and from the
fact that Z is a Lie algebra antihomomorphism.

Later we need the following facts. Let X be a vector field on a dlffe-
rentiable manifold M. Consider a manifold M’ and a dlffeomorphlsm
[:M-M. Then f,(X): =df o X o f~* is a vector field on M’. If 9" is a
p~form on M’ then

(14) (WX, Xas - - p) =¢ (f*(X1) f*(Xz) f*(Xp)) of
for all vector fields X, Xz, -+, X, on M ([10], p. 24) Making use of tlns
equality one easily proves the followmg

LEMMA. Let (M, w) and (M’, «") be symplectic manzfolds oM~ M
a symplectic (resp. antisymplectic) diffeomorphism. Suppose X and X’
are vector fields on M and on M’ respectively and put «: = j,(X), «': =
1= Jjo (X'). Then X’ = fo(X) if and only if « = f* &’ (resp. —a = {*a’).

We can now state B

PROPOSITION 8. Let A and A’ be -differentiable semi-symplectic rep-
resentations of the connected Lie group G on the connected symplectic mani-

folds (M, w) and (M’, o') respectively. Lel & denote the Lie algebra of G.
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. Assume that H, B and H’, B’ corresponding to A and A’ respectively, are
the same as in Proposition 7. A and A’ are equivalent if and only if there is
a symplectic or antisymplectic diffeomorphism f:-M—~M’" and a linear func-
lion w4 >R, dl—>o,, such that if f is symplectic then  and g are cohomolo-
gous by « and o

(15) H),=H o[ 4«, foral ac4.
Iff‘is aﬁtisymplectic then — g and B’ are cohomologous by -« and
—H = H, of 1+, for all acd.

PROOF. Suppose first that A and A’ are equlvalent Then there
exists a symplectic or antisymplectic diffeomorphism fiM —M’ sich that
fo Ag= Ajof for all geG. Let f be symplectic; the other case can be
treated similarly. The equivalence of the representations implies that the
corresponding infinitesimal generators satisfy the equality dfo Z,
= Z/of that is

(16) | Z, =] (Z) forall acg.

Consequently, dH, = f*(dH}). Now, f* and d commute ([12], Chap. 1V. 2)
thus there exist real numbers ®, such that H, = f*(H;)— o, for all ac 4.
It can be easily seen from the lxnearlty of H and H’ and from the identity
f*(H}) = H} o f that the correspondence a|— «, defines a linear map on
4., whence we obtain equality (15). Furthermore because of the identity
“{H,, Hy} = —w(Z,, Z;), we get from (10), (15), (16) that

Bo v = _C"(Za:Zb)ﬂ' Hia, 5]
B = — O (fulZ ) S Zy)) + Hig 010 [+ oqa, 51

for all a, bc €. Using (14) and the fact that g, ,0 7t = B, ,, we get the
desired resulf concerning the cohomology of g and p’.

Suppose now that we have an f and an o with the properties listed in
the proposition. Then dH, = f*(dH}) or —dH, = [*(dH}) which implies
(16). Let s, be the one- parameter subgroup of G generated by ac 4. Then
we have fo As, = As, o f. Since every ‘element of G can be written as a
product of elements taken from one- -parameter subgroups, we obtain the.
equality’f o A, = Aj o f for all g€ G which proves our assertion.

5. Discussion

There is a well known analogon of Proposition 7 for ray represen-
tations which, together with Proposition 8:and Corollary of Proposition
2, shows how a complete parallelism can be established between group
representations in quantum and in classical mechanics. Unitary resp.
antiunitary maps in quantum mechanics correspond to symplectic resp.
antisymplectic diffeomorphisms in classical mechanics. As an essential -

consequence of our definition of representations and their equivalence,

6 ANNALES — Sectio Mathematica — Tomus XX.
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weak cohomology classes of commutator cocycles appear in labelling equi-
valence classes of representations of connected Lie groups, both in quan-
tum and in classical mechanics.

Souriau’s treatment of dynamic systems, translated to our language,
is similar to our treatment of representations in classical mechanics, but
he considers only symplectic representations and follows a somewhat
different way. Our line was worked out to make the parallelism between

quantum and classical mechani¢s apparent.

‘ On the other hand, one does not see the connection between Arens’
method and ours at first sight. Arens considers cononical left actions of
groups on their coset spaces modulo closed subgroups and he looks for
symplectic structures which make the actions symplectic. The following
method would seem corresponding in quantum mechanics: one constructs
some canonical linear representations of groups and then one looks for
inner products which make the representations um’[ary However, Arens’
method can be arrived at from ours by the reasoning befow.

Suppose we have to find transitive differentiable semi-symplectic
representations of a connected Lie group G. Let A be such a representa-
tion of G on the symplectic manifold (M, w). Then, as we know, there is a

closed subgroup H of G and a dlffeomorphlsmfG/H —~ M stich that fo Ly= .

= Ago ffor all g€G, where L is the canonical action of G on G/H. Then
(G/H f*ow) is a symplectic manifold and L =: (L, f*w) will be a semi-
symplectic representation of G. One easily proves the following.

ProposiTiON 9. Let A and A’ be lwo transitive differentiable semi-
symplectic representation of the connected Lie group G on (M, w) and on
(M, ') respectively, and let f and [’ be the diffeomorphisms sending A and
A’ to canonical actions on the coset spaces G/H and G|/H’ respectively. Then
(L; f*w) and (I, f** w’) are equivalent if and only if A and A" are equivalent.

In this way we obtained, for representations in classical mechanics,
a method of “symplectification” of canonical actions on coset spaces, and
thus there is given directy a correspondence desired in [4].

6. Elementary particles

We define elementary particles both in quantum and in classical
mechanics as follows. The Galilean group in non-relativistic theories and
the Poincaré group in relativistic theories will be called the space-time
symmetry group.

DEeFINITION 3. An elementary particle is a physical system on whose
logic there is given a weakly irreducible faithful representation of the
identity component of the space-time symmetry group. The properties
of an elementary particle are characterized by the corresponding rep-
resentation so that equivalent representations, and only those, descrlbe
the same particle.

Souriau ([1]) stated a general method of finding the representatlons

we need for elementary particles in classical mechanics and he gave ex-
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plicitly the representations both of the Galilean and of the Poincaré group.
ARENS ([3], [4]) obtained a similar result for the Poincaré group. There
are two aspects in which the given form of representations is not suffici-
ent. First: the equivalence classes are not the same as ours because equi--
valence made by an antisymplectic map is not considered. Secondly: we
-would like to get a member of an equivalence class of representations
which reflects the dynamics of the particlej in a customary way. This
means the following.

States of a physical system are defined to be probability measures on
‘the logic of the system. Let g be a probability measure on the logic £ of
a classical or a quantal system and let fi—A, be a “convenient” represen-
tation on .2 of the time translation group. Then the map

ti~g: = go At

describes the dynamics of the system. We mean by “convenient” that
some condition must be fulfilled; for instance, for an elementary particle,
the representation of the time translation group is obtained by restricting
the representation of the space-time symmetry group.

Here we-mention that pure states can be identified, both in classical
and in quantum mechanincs, with the atoms of the logics ([7] vol. I. p.
116, p. 160). Consequently, the points of the phase space in classical me-
chanics and the vector rays of the structure space in quantum mechanics
can be considered the pure states of a physical system and thus the rep-
resentations on the logics can be transferred directly to the pure states.

Now I give a form of transitive semi-symplectic representations
of the Galilean group and of the Poincaré group which is in perfect accor-
dance with the results in quantum mechanics and with the canonical
formulation of classical mechanics. ‘

"~ Let S2 denote the two dimensional sphere in R® with radius ¢=0. -Let

x = (¢, p, 8) be an element of R®*X R®x §2 with an obvious meaning in the
case ¢ = 0. A vector field V on R®X R?x 82 is given by three components
(X, Y., Z) such that X(q, p, s), V(q, p, 8) and Z(q, p, 8) are in the tangent
space of the points ¢, p and s respectively. Let us define a symplectic form
ws 0n RIX R3XS?2 by

w5 (V, V) (1) 1 = (X(x), V7 (X)) =Y (%), X7 (0)) + (s, ZO) X Z7 (X))

where (,) resp. X' denotes the inner resp. exterior product in R3. We shall
write p2 for (p, p), and ¢,, p,, s, (i =1, 2, 3) for the Cartesian coordinates
in R3.
We state our theorems based on the results in [1].

THEOREM 1. There is a family of inequivalent differentiable transitive
semi-symplectic represeniations of the connected Galilean group labelled by
two real numbers p=0 and ¢=0. The representation A»°) can be given,
up to equivalence, on (R¥X R3X 82, w,) by the follewing generating functions
for the canonical base of the Lie algebra of the Galilean group:-

8%
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Ki(q,p,s) = ru 4 , (pure Galilean subgroup),
Pi(q,p,8)=p; (space translation subgroup),
Ji(g, p,8) = Gt],c q; P+ (space rotation subgroup),
H(g, p, 8) = 2 | (time translation subgroup);
‘U: .

(G k=1,2,3; (¢ P, HERIXRXS}). .

p enumerates the weak cohomology classes of commutator cocycles and ap-
pears in the commutator (Poisson bracket) {K;, P.} = u 0,5

One can write down the representations explicitly: .
A, 1 (@, D55) = [Rq+a+5p—"“‘—"~ t,Rp—‘uv,RS].
' H

(tis a time translation, a is a space translation, v is a pureAGalilearl trans-
formation and R is a rotation in space.)

The representation given in Theorem 1 can be extended; in a unique
way, to semi-symplectic representations of the Galilean group with space
and time inversion. 1t is an easy task to check that the representation Is
of the space inversion S and the representatxon I, of the time inversion
T are obtained as follows:

s (g, p,8)=(~¢ —p,9), " Ir(¢, p,8) = (¢ —P, —9).

Note that the time inversion is represented by an anti-symplectic diffeo-
morphism; in quantum mechanics, as it is known, the time inversion is
represented by an antiunitary operator

THEOREM 2. There is a family of inequivalent dlfferentzable fransitive
semi-symplectic representations of the connected Poincaré group labelled by
two real numbers u=0, 0=0. The representations can be given, up fo equi-
valence, on (R®X R3*X 82, w,) by the following generating functions for the
canonical base of the Lie algebra of the Poincaré group:

Pl ps)=p (space translation subgroup)
H(q, p, 8) = py = VP2 + 12 , (time translation subgroup)
Ji(q, p,s)= E,,k qiDp+S; (space rotation subgroup)
Ki(q, D, ) = Po i+ €1jic Py Sul (Po+ 1) (pure Lorentz one- parameter
subgroups) :

(i’j>k: 1:2)3; (q7PyS)ER3XR3XSE).

The interpretation of Theorem 1 and Theorem 2 is straightforward:
the representations describe free particles with mass x and spin o.

There is another family of representations which correspond to par-
ticles with zero mass. These representations, however, lie outside of the
framework of mechanics, and do not describe particles in mechanical sen-

se ([1] p. 220, [7] vol. IL. p. 2I7).
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ON SOME SPECTRAL PROPERTIES OF OPERATOR FUNCTIONS

By
B. NAGY
(Received October 20, 1975 )

It is well-known that the spectral classification of the point 0 with
respect to the classical parts of the spectrum is identical for every {=0
in the case of a semigroup T(f) of linear operators acting in a Banach
space X. In this paper we show that this property extends with one ex-
ception to the various essential spectra surveyed recently by B. GrRamscH
and D. LAy [1]. It is also shown that cosine operator functlons behave
quite dlfferently in thxs respect. :

1. Preliminaries

Let X be a complex Banach space and B(X) the space of bounded
linear operators from X to X. R will denote the real line, R+ its positive
part, and we shall assume the semlgroup {T(1); teR+}cB(X) to be of
class (A) [2, p. 342].

If Ve B(X) let R(V) denote its range and p(V) its resolvent set. The
nullity of V, n(V) is the dimension of the null space N(V). The defect of
V, d(V) is the dimension of the null space N(V). The defect of V, d(V)is
the dimension of the quotient space X/R(V). The index of V, ind (V) is
n(V)—d(V), where o — < remains undefined. The ascent of V, a(V) is
the smallest nonnegative integer p such that N(VP) = N(VPHh). The des-
cent of V, e(V) is the smallest nonnegative integer ¢ such that R(V‘I) =
= R(Va+1). 1f no such p or ¢ exist, set a(V) = « or e(V) = «, respecti-
vel;

‘yA survey of essential spectra was given in [1]. We shall defme them

by means of the regularlty sets G;, where VeG,; (i = 1,2, ..., 11) means
Gy 1V~ 1€B(X)
G, :ind (V) = O and a(V) = e(V)< =,
s cind (V) = '

Gy rind (V) is fmxte -
Gy in(V)<e and R(V) R(P) for some P = P*¢ B(X)
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Gg 7d(V)< <o and N(V) = R(P) for some P = P%¢ B(X),
G, :n(V)<e and R(V) is closed,

GS 'd(V)< oo,

G, :G,U G, '

Gy 1 R(V) is closed, o

Gyp:a(V)<o and &(V)< oo,

Clearly, the following inclusions hold: .

cgc Gy
{ : Gy C Gy,

GICGCGCG
’ 02 ’ 4\CG5CG7C/

G

However, the relation G,, cG,, is not true (see [4]). -

, The essential spectrum s;(V) is defined as the set of all- complex
numhers ¢ such that V—c = V—cld¢G, (i =2, 3, ..., 11; for i = 1 we

obtain the spectrum of V). In Section 2 we shall study whether 0¢s,(T(p))

* for some p=0 implies 0s,(T(f)) for every =0 or, equivalently, whether .
T(p)€G; implies T(f)€G; (i=1 fixed). The affirmative answers for i =
= 2,3, ..., 9and 11 define regularity classes of semigroups by means of
the sets G,. Section 3 investigates thie similar problem for cosine operator

“functions; here Ps and Cs will denote the point and continuous spectra,
respectively. ' :

2. Regularity classes of semigroups of class (A)

In this section T(f) ({>0) denotes a semigroup of class (A). The
following lemma will be fundamental. . : :

LEmMMA 1. If there is a positive p for which n(T(p))< e, then for
every 1=0 n(T(f)) = 0. Similar statement holds with defect replacing
nullity throughout. : ’ :

Proor. Clearly, N(7(f)) is monotonically nondecreasing and R(7 (%))
is nonincreasing, if { increases. Define for k =1,2, ... nk) =
= inf{{>0; n(T{)=k}, dk)=inf{t=0; d(T(t)=k}, nk)= - or
d(k) = = if n(T()) <k or d(T({)) <k for every {=0, then both extended
real-valued sequences are nondecreasing. If n(1)>0, then there is an s=0
with n(T(s)) = 0, and [2, Theorem 16. 7. 5] implies that the nullity is
identically 0. If n(1) = 0 and n(T(p)) < =, then for some positive integer
r 0= n(r) and O<n(r+1)=e. Hence N(T(s)) = X, is a fixed r-dimen-
sional subspace of X for 0<s=<n(r+1), though [2, p. 346 Corollary 1]
implies that X, =0, a contradiction. '

Similarly, if d(1)=0, then there is an s=>0 with T(s)X = X, hence
for every positive integer k T(ks)X = T(sy*X = X. Thus the monotoni-
city of R(T(t)) implies d(T(f)) = 0 for every t=>0. If d(1) = 0 and d(T(p)) <=
< o0, then there exists a positive integer r with 0 = d(r) and O<d(r+1)=
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=oo, Hence R(T(s)) = X" is a fixed subspace of X with codimension r
for 0<S<d(r+1) Then

L) R(T@®) = X"

and, X7 bemg closed, this would imply X7 = '[2, p. 321]. Contradic-
tlon

THEOREM 1. If there is a positive p for whzch T(p)eQ;, then for every
=0 T(HeG; (i =1, 8). .

Proor. For i = 8 this follows from Lemma 1. Further, if T(p)cG,,
then for {=0 we have n(T(t)) = 0. Hence the closedness of R(T(f)) is
equivalent to the existence of a continuous inverse of T(f) defined on -
R(T(t)). This, on the other hand, is equivalent to T(f) not having the spect-
ral property P [2, p. 54]. However, it T(p) dose not have R, then no T(f)
has it (see the proof of [2, Theorem-16, 7. 5]), thus the proof is complete.

CoroLLARY 1. If there is a positive p for which T(p)eG, (i = 2, 3, 4), -

_then for{=0 T(t)€ G, or, equivalently, {T(t)} can be embedded in a strongly
continuous group of operators Further, T(p)eG9 1mplles T(t)eG,y for
every 1=0.

ProoF. This follows from the preceding results and [2, Theorem 16,
7.°5]. .
The question naturally arises whether milder regularity condltlons
on T(p) still imply that it can be embedded in a strongly contmuous
group of operators. However, we have

THEOREM 2. There exist Banach spaces X, and semigroups T, (@) of
class (Cy) in them such that for t=0 T;({)€G;, but T,(H)¢G, (i = 5, 6, 11

Proor. We exhibit the following examples.
ExamPLE 1. Let X = L,(0, =), I=p<eo, and for xe X put
| ATWHXI(E) = x(s+0) (=0 |
Then R(T(f)) = X, hence d(T(})) =0, further
N(T(®) = {x€ X; x(s) = 0 a.e. for s=1}.

Bl =10 i 07

Define

Then P, is a continuous projection of X onto N(T(t)), thus T(t)€ G, though
clearly T()¢ G,

ExampLE 2: Let X ="L, (0, ), 1<p<oo and for xe X put
»fx(S " s>t

T S) = t=0).
rox16) = e 0
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It is easily seen that T(f) is of class (C,), n(T(#)) = 0 and
R(T(t) = {xeX; x(s) = 0 a.e. for 0<s<1}.
The projection ' |

) x(s) ., s=t
Fx](s) = if
[Pl {O o
-maps X onto R(T(t)), hence T(t)€ Gy, though T(£)¢G,.
ExaMPLE 3. The nilpotent semigroup of [2, p. 537]. Obviously, here
a(T (1)) < o, e(T(t)) < e, thus T()€ Gy, but T(f)¢ G,.
THEOREM 3. If there is-a positive p with T(p)eG;, then for every t=0
T(HeG; (i =5, 6). 4 ‘ _
" ProoF. If the assumption holds for a given i, then for r = np (n being
ary positive integer) we have ‘

T(r) = (T(p))"€G; (i =5 or 6); see [5, Satz 2.1., 1°].

Let O<t<r. If T(r)€G;, then T(f) = T(r—1) T(t) implies T(t)€G;, while if
T(r)€G,, then T(r) = T() T(r—1) implies T(f)eG,; see [5, Satz 2.1., 2°].
Since r can be arbitrarily large, the proof is complete.
Lemma 2. The following three conditions are equivalent:
" Al: There is a p=0 with o(T(p)) = o,
" A2:For every (=0 a(T(t)) = =, ,
A3 : N(T(1)) is strictly monotonically increasing in (0, ).
~ Similarly, conditions E1—E3 below are equivalént:
El : There is a p>0 with e(T(p)) = <o,
E2 : For. every t=0 e(T(f)) = =, '
E3 : R(T(#)) is strictly monotonically decreasing in (0, ).
Proor. For every positive integer k T(f)* = T(kf), hence A3 implies
A2, while A2 clearly implies Al. Suppose now that A3 dose not hold, i.e.

there are real numbers O<r<s such that N(T(r)) = N(T(s)). Then for
! = s—r and every k the relation T(r+kf)x = O implies

\ 0= T(s+(k—1)f)x = T(s) T((k— 1)) x =
=T T{(k—1)t)x = T(r+k-1)t)x, B
thus T(r)x = 0. Hence for every k N(T(r+kt)) = N(T(r)), consequently

N(T(u)) = N)T(r)) for every u=r. But then Al cannot hold, and the
proof for conditions Al—A3 terminates.

Similarly, it is obvious that E3 implies E2 and E2 implies El. If) E3
does not hold, then there are real numbers O0<r<s such that R(T(r) =

= R(T(s)). With t = s=r we get for every k
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T(r+ki) X = T((k—1)1) T(s) X = T((k— 1)) T(r) X =
= T(r+(k—1)1) X,

thus R(T(r+kt)) = R(T(r)), hence R(T(w)) =R(T(r)) for every u=r.
Therefore E1 can not hold, and the proof is complete.

THEOREM 4. [f there is a p=0 with T(p)cGy,, then for every t=0
T(H)eGyy. ' '

Proor. This follows fmm Lemma 2.

REMARK. It can happen that N(T(f)) is strictly increasing and R(7T (t))
is strictly decreasing for 0<f<b, then both become constant. Take e.g. -
the nilpotent semigroup of [2, p. 537].

THEOREM 5.. There exist a Banach space X and a semigroup {T()}<
< B(X) (Cy) of class such that T(p)€ Gy, and T(r)¢ Gy, for some p, reR*.

Proor. Let >0, f(t) = (b—1)~1 for O=<t<b, and S = [0, b]. Let L
denote the class of Lebesgue measurable subsets of S, m the Lebesgue
measure on L, and F(E) = f f(Hdt for EcL. Put X = L(S, L, F), and

for x¢X, =0

(7021 = 16 om0 07

0 max (0,b—f)<s=b '

Then T(f) is a contraction semigroup, and for {>b R(T(l)) = {0}, hence
closed. We show that T'(t) is of class (C,).
For x¢X, 0<i<b :

b—t b

IT@x~x) = [ xls+)—x©)dFE)+ [ 1x(:)] dF(s).

The second term on the right side converges to 0 as {—~0+. As for the
other term, we first prove that the set H consisting of all functions h
which are continuous on S and have their support in [0, b—q] for some
g=0 depending on h is dense in L (S, L, F). It suffices to show that the
. characteristic function k, of an E< L with F(E)~< s can be approximated
by elements of H. :

Given e>0 there is a ¢ = ¢(e)=0 such that.with the notation Q =
= EN[g, b—2q] we have F(E\Q)<e. Moreover, we can find a § = 8(e)=0
such that the relations DeL, Dc[0, b—q], m(D)<d imply F(D)<e.
Choose an open set U and a closed set V such that VcQcU [0, b—q],
m(U\Q)<= 6 and m(Q\V)<é. By Urysohn’s theorem there exists a geH
such that O=g(s)=1, g(V) = 1, g(S\U) = 0. Hence

o ke — gl =lkg— kol + kg —gll <3e.
Thus H is dense in X.
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Given x€X, e>0 we choose a he H with ||x— h|]<e Then
f lx(s+t) h(s+t)] dF(s) = f [x(s)— h(s)]f(s~t)ds<||x Il <e,

hence

b—t

’ f ]x(s_+t)»—x(s)|dF(S)<234;f |h(s+1)— h(s)| f(s) ds.

[

Since hcH and h is uniformly continuous, the last term converges to O
if t—0+. Thus T(f) is of class (C,).
Now we prove that R(T()) is not closed for 0<t<b. Clearly

= N(T(t)) = {xeX, x(s) =0 for t=s=b}.
If R(T(t)) were closed, we should have with some p=>0
IT() x| > p. dist (x.Ny),

that is
b—t b
f |x(s+1)| f(s) ds=p. inf flx(s)“J’(S)if(S)dS,
o . . yENtO
or ) . A
f]x(s)[f(s—t) dszpf[x(s)| f(s)ds for x¢X.
Pt i o
t<a,<b, b,=b—(b—a,)e™, X,= Ka, b,)€X.
Then _ .
b
f 1x.(8)] f(s)ds = 1,
t .

" whereas

[ 1% Fs—0ds =00 (ty=a)~0 it a,=b.
~ Hence R(T(t)) is not closed.

3. Cosine operator functions

A cosine operator function is a strongly contmuous mappmg C from
R into B(X), satisfying C(0) = I and
Cs+0+C(s—1) = 2C(s) Ct) (s teR),

see e. g' [3], [6]. With respect to the spectral character of 0, cosine opera-
tor functions show a behavior completely different from that of semi-

groups We have
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THEOREM 6. There exist a Banach space X and a cosine operator function
{C(); te R} — B(X) such that the following sets are all dense in R:

E = {t; 0Oco(CO)},
F = {t; 0ePs(C(1))},
H =1 OECS(C(I))},
K ={;0es,(CO)}y  (i=1,2,...,11).

PROOF. Put X =1, and for x = (x, X,, . ..)¢ly, t€R define C(f)x =
={(cosnf)x,; n=1,2,...} If { and = are rationally independent, then
by Kronecker’s approximation theorem (see [2, p. 146]) the set

Ps(C(t)) = {cosnt: n=1,2, ...}

s dense in the interval [—1, 1] and, clearly, 0¢Ps(C(t)). Applying the
reasoning of the proof of [3, Theorem 6] we see that 0cCs(C(f)). Hence
R(C(t)) cannot be closed, so that also O¢s;(C(t) (i=1,2,...,10).
Moreover, C(t) is a one-to-one mapping, therefore a(C(t)) = 0, whereas
R(C(t)) = X, hence by [7, Theorem 5. 41— E}, e(C(f)) = == . Thus 0€sy; (C(t))
and, since the numbers { = ¢z with girrational are dense in R, the statement
of the theorem holds for the sets # and K; (i = 1,2, ..., 11).

Suppose now that t = ﬁn, where r=0 and p are relative primes.
r .

Then cos (n+2r)f = cos nf, so that the set {cosnf; n =1,2, ...} contains
at most 2r different numbers. If none of them vanishes, then for every
X = (x; X, ...)eX we have C(f)'x = {(cosnf)~x,; n=1, 2, ...},
hence 0€o(C(t)). If, on the other hand, one of the values cosnt is zero,
then clearly 0ePs(C(f)). But the relation cosnpr~im =0 holds for at
least one positive integer n if and only if p is odd and r is even; hence

E:It;t:ﬁft_e.ggl’. F='l‘;t:n0dd_f}' :
| odd | ! even -

~ Thus the statements of fhe theorem follow. Moreover, R = E(JFU H.
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ON SOME CLASSES OF SEMIGROUPS, II

By
~S. LAJOS -
Department of Math. of the K. Marx University, Budapest

(Received October 22, 1975 )

‘This note is a sequel to [3]. For the terminology not defined here
- we refer to A. H. CLirForp and G. B. PresToN [2]. A semigroup S is
said to be left quasi-regular if every left ideal L.of S is'globally idempotent,
iie. L? = L (cf.-CaLals [1]). Three classes of semigroups will be charac-
terized here in terms of bi-ideals.

THEOREM 1. A semigroup S is regular if and only if the relation
N BNLNRSRBL
holds for every bi-ideal B left ideal L, and right ideal R ofAS

Proor. Let S be a regular semxgroup Then, for any bi-ideal B of S’
the representation

2 ’ B=RL =RNL

holds, where L’ is a left ideal, R’ is a right ideal of S (see [4], Theorem 9)-
On the other hand, we have

3 LNL'cl’ L

for any couple L, L’ of left ideals of S because a regular semigroup is left
(and right) quasi-regular. By making use (2), (3), and the well-known
IsEkI-KovAcs regularity criterion we get
BOALNR=R'NLNLNRC
CRRNL Lc
CRRL'L=
= RBL

for any bi-ideal B, left ideal I, and right ideal R of S.
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The sufficiency of condition (1) follows easily because
) ' LNRSRSLSRLCLNR
holds for every left ideal L and every right ideal R of S. Hence LNR = RL,
i.e. S is a regular semigroup.

THEOREM 2. A semigroup S is both regular and intra-regular zf ana’
only if the condition

©) BALARSERL
holds for every bi-ideal B, left ideal L, and right ideal R of S.

Proor. It is known that.a semigroup S is both regular and intra-
regular if and only if every bi-ideal B of S is globally idempotent (see [5],
Theorem 39). Hence it follows that the condition (5) is necessary.

Conversely, let S be a semigroup with property (5) for every bi-ideal
B, left ideal L, and right ideal R of S. Then, for any left ideal L and rlght
ideal R of S, (5) implies

®  LARSR*LCRL,
whence LNR = RL, i.e. Sis regular. On the other hand, (5) implies
(7 - LNRCLRLCLR ‘

for every left ideal L, and every right ideal R of S Applying (7) for prin-
cipal left and prmclpal rxght ideals of S generated by an arbltrary element
aof S we get

(®) ‘ ¢%M@0M@CMQM@C§M§.

whence S is intra-regular.

THEOREM 3. A semigroup S is intra-regular and left quasi-regular if
and only if the condition

9) | " BALNRCLRB-
holds for every bi-ideal B, left ideal L, and right ideal R of S.

Proor. It is known (see [7]) that for any bi-ideal B and left ideal
L of an intra-regular and left qua51 regular semigroup S the following
condition holds:

(10) BNLCLB.
This implies (9) for any bi-ideal B, left ideal L, and rlght 1deal R of S.
Conversely, suppose that S is a semigroup with property (9). Then (7)

follows for every left ideal L and every right ideal R of §, whence S is
mtra -regular. In case of B= L, R = S, (9) implies

an. - LCLSLCL?
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for any left ideal L of S. He.nce L = L2 for every left ideal L of S, that is,
Sis left quasi-regular indeed.

CoROLLARY. For a commutative [duo] sengroup S the following are
equivalent conditions:

- (i) S isregular.
(if) S is both regular and intra-regular.
(iii) S is left quasi-regular and intra-regular.

" Finally we have the followmg criterion.t .
THEOREM 4. A semigroup S is infra-regular lf and only if the condztzon

_ BNLNRCLBR
~ holds for every bi-ideal B, left ideal L, and right ideal R of S.
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OfMH KPUTEPUIl p-HWJILIIOTEHTHOCTU KOHEUHBIX [PYIII

@. ObATIMALI

Kadepa BHMICTITEILHON MATEMATHKH 1. KHOePHETHKH,
Yuusepcurera uM. JI. Oreewa, bBypganenrr

(Hocmynuao 28. 12, 1975 )

Henb}o ‘HacTOSILIEH paboTsl SIBIISETCS] ILO}(asaTebCTBO CHEJIVIOIUX
YTBep)KIIEHI/II/I

TEOPEMA 1. ITycms P —2pynna nopadxa p+3, Ecxlu
. a) nodepynna Z(P) yurxaudeckas,
6) P'=Q,(P),
8) |2 (P)| = p?,
moz20a epynna P moxcem Qbimb moabKo CAeOYIOWUX Mumnos:
I. p=2, n>3;, aubo p>2, n=3,
P = (a,blaF" ='bP = ¢, a® = al+P" "),
Il. p=2, n=4, .

P =<{ab,cla®=0b*=¢, a®* =0’ a =ab, b°=a*b, ¢* =a'b)

. p=3, n=3,
P={abcla®=a=c¢ & =a", a“=0ab, *=a".

TEOPEMA 2. ITycmb G- roneunas epynna, p Haumersuee npocmoe

qucno, deasyee nopadox 2pynnst G. Hycmb P — cunosckaa p-nodepynna
epynnbzG Ecau

a) nooepynna Z(P) yurauiecrasn,
6) P'=0,(P),
8) |2, (P)| = p?

o G — p-HUAbIIOMeHMHA.

B pafore 0yIYT UCIONb30BaHbl CTAHAAPTHEE 0003HAYEHNS.
" 51 ioKasaTeibcTBA TeopeMbl 1 Ham nonanoﬁmcsx clieviollee yTBep-
H(ILEHI/IE .

T*
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JIEMMA. (cM. [2], crp. 349. aajaua 30.) Ecn P —2-rpynma, P’ 5 (),
-|P| =16, Exp P = 4, To rpynlna P n3omop{Ha rpyIime, 0fHOMY U3 CIeAYIO-
X THIIOB: ' :

.DYZ=/{a,b, z|a4—b2—e av= a1, 22 =a?%.

. HXD, rne }Hl = 2, D-rpynna quanpa nopsigox 8.

. HXD, rue |H| = 2, Q-rpvimna KBaTepHUOHOR.
MeTaUUKJIMuecKas 2-rpynna. - -
(a,b,cla* =02 =2 =¢, [a,b] =[b,c] =¢, [a.c] =0).

JOKABATEJIBCTBO TEOPEMbI 1.

G 00 0

1. Ecmun: nompynna A rpynnbx P gaBnsiercs 06001eHHOM rpynnon
KBaTepHUOHOB, TO [Al = 8: -
Ecnn o -
: =(a,b]a¥ =¢, 0?= a7, @ =aY),
. TO - :
A" ={a%), A=P' =0,(P).

W3 3T0T0 CefVeT; uTo A — rpyIlia KBaTepHUOHOB. .
2. Ecmn Q, (P)<(15(P) TO '
(1) =~ (a,b|a”" = bP — e, ab = T bR

Us 2, (P) = ©(P) cuenyeer, uro rpynna P obragaer MaKcumasibHoi
HOATPYNIION A, coleprkalledl ofHy Hoarpvimy nopsiaka p. Iloprpynma
SIBJIACTCA WM IMKJMUeCKOM, wiau o000IIEHHON TPYNIOH KBATEPHMOHOB.
Ipepnonoykum, uro A-o6o6iieHHas Tpyllia KBAaTEPHUOHOB. Tlokakem,
YTO 9TO NMPENNOJIO)KEHME TIPUBOAUT K MpoTHBopedrto. CoriacHo NYHKT 1,
us A’=P’ =0, (P) cleayer, uro

0(@) =2, n=3,"|P| =16, ExpP =4, P’ % (¢).

Orciopa cienyer, uro P —rpynna ojHOTO U3 TUIIOB, ePEeUNCIEHHBIX B JIeM-
me. LleHTpBl TpYHHO THIOB 2.—5. COAEPIKAT NeMeHTapHbl aleneBbl NOMA-
rpynst nopspok 4. Ho aro mporusopedynt vesosuio a). [pynma P cofep-
#wuT 3 3nemedTa nopsﬂma 2 u TaKk P%D YZ ITosTomy, nom‘pynna A
LMKJIAYeCKasl.

ITo poxasannomy, rpynna P ofnafaer [MKIMYECKOil MAKCHMANbHOM
noarpyimoit. B cuny sroro (em. [2], crp. 90. Teopema 14.9), ecn He Bbi-
nonbusierest (1), To p = 2, 1 rpynna P Mo)KeT GBITb TOJBKO CHEAYIOWIX
TUIOR: JNIPVIIA AMSApA, 0006IleHHAs TPYNNa KBaTepHAOHOB, PYIIA
ceMujuaNpuyecKkast. B Iocnefnux ciavuyasx vciuosuu @), G), 6) He BHI-
noapHsioTCs. V13 aroro cnenver, uto (1) peficTBuTeNeH. ,

B nanpHeliem Mbl IPEeANOIO0KUM, YTO :

©) L 0(P)=0(pP).

M&I noJih3veMes 0003HAUCHH MY :
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B:=Cp(h) (be@, (P)—Z(P)),
A:=Cp(a) (a€P-B),

D:=%b A).
. |B| = pr :
,HJIH MOOBIX 37IeMEHTOR U, V. TPYIIIbL P
3) : wi=vtuv =ulu,vlcuP .

COFJ’IaCHO (3) u3 ycnopuit 6) u 8) cnepver, uto |P:Cp(u)|=p? |
) TMonrpymma Q, (PYNZ(P) # (¢) sBnsrercs xapamepncmqecxou noji-
rpynnon oaromy |P:Cp(b)| < p*. CuenoBatensHo, |P:Cp(b)| =

4. [Al=p", Pl =0,(P), [D] =pm

I/Is cooTHomennit Cp (a)<P (3) u yciloBuit 6), 6) cnepver, uro ph—l=
=|A|=p".B cuny Hawero BeGopa, b¢ A. Eci [Cp(a)} = p©, To

beQ, (P)=B(P)=A,

4To npomsepeqm coorHomenuno b¢ A. Cornacuo (3), us | A| = p*~1 cme-
aver, uro P’ = Q, (P).

Ecmn D =P, To us b4, (P)y=®(P) cuenyer, uro P = (b, A) =
JT0 NPOTHBOPEUYUT COOTHOIEHUID A< P. : A

" 5. n=3, faxe, ecad p =2, 70 n=3: ,

B cuny vciopuit a), 0), 6) u pasenrcrea P’ = Q, (P), cnexver, dro
¢(P) = 3. CnepoparensHo, n=3. Ilpu p=2u n=3 (CM [2], cTp. 339.
TeopemMa 11.9.), rpynma MoyKeT .GBITh TOJILKO CHEAVIOIUX THUIOB: PYyIa

Auajpa, OﬁOGHI&HH&H rpyviana KBaTHPHUOHOB, Irpyimna cemnnmeﬂpnqecxaﬂ,
YTO NPOTHBOPEUHT VCIIOBHIO 8). Hosromy, eciu p = 2, TO n>3.

6. A= {a) u s TOXXOISILEr0 IEMEHT b _
D ={a,bla?" ' = b= ¢, ab = q+r"");
Hoprpynna A COREPIKUT TOJBKO OJHY HOArPYINY mopsifka p. Ilog-
rpymna A sBJISeTcs I UKIHYeCKol, nim 06001mennolt rpynmoit kpatep-
HroHOB. IIpenmono>xum, uro. A —o00001eHHAS TPYNHia KBATepHUOHOB. Ilo-

KaKeM, UTO 9TO NPEANOJIO)KeHHe NPUBOAUT K- HpoTuBopeunto. CoryacHo
nvHKT 1, A siBisieTcst rpymnnoi KBarepuonos. [1vere

A= @,wrt=e w2 =12 W =yp1),

_ b,v2€Q, (P), b4 A

TO3TOMY '
2, (P) = {v%,b). ‘

Us Z(P)= A cnepyer, uyro Z(P)=Z(A) = (v?. CnenoBatensHo, u3 acZ(P)

cIlefveT, uTo a = v2, b= ab = @, YTo NPOTUBOPEYUT K COOTHOIIEHHIO ad B.
Ioeromy noarpvnna A ummuna. Ecin A = {u) o uc P— B, o(u) = pn—L

Myets @ = ut. Ecmu ¢ = 0 (mod p), To ac®d(P), P = (a, B, uro HpOTI/IBO-
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PEYHT K COOTHOINEHUIO | B} = p™. U3 3toro cnegver, uro A = (a). A = {a)
sIBJISleTCSl MaKcHMMajbHON moarpynmoit rpvomnsl D = {a, b). Tosromy u3s
cooTHoweHui [a,b] +# e, [a, b]P = e, cnenyer, uTo - '

@) btab = '+ P, k = 1 (mod pr-?).

Ecim mk = 1(mod p), 1o ns (4) cneaver, 4ro

2 n—a

p—mgpm = gl+Emp" T — gl+p
Ecom MBI mosI03KHM by, = b™, T0
A (byy = (b, bitab, = a**+P""",

[TosTomy, He orpaniHBaﬂ 00LIHOCTH, MOYKHO CUWTATH, 4TO

(5)- ‘ = {(a,bla?" " =bP =¢, @ = al+P""),
7. I'pynna P coaepxut Takol 9JIEMEHT ¢, 410 ¢¢ B, ¢~ tac =ab, P =
={a,b,¢): :
|P’| = |P:A| = p? m03TOMY CYIIECTBYET TaKoi u€P, 4ro u—l ai =
= ab. AuE B, 103TOMy cylIecTBYeT Takoil c€ P—C, uto '
(6) ' clac=ab.

Us AJD cnepyer, uro cED u Tak P =(a,b,¢). Us coomomemm ab =
= a1+P u (6) cnenyver, 4yro

. .k_kpnz
(7N - ¢ 1a"c-—a G) bk

8. Eciu p = 2, T0 »
P=(a,bcla = b2 =g, ab =170 e =ab, b = @ b, ¢ = ab),

" IJIe 1M HedOTHOE.
U3 (7) cnepyer, uro

8) : crazc = @t Y, clate = at. _
Us (8) u o \
(CIN @ =g+t

CIIeYET, UTO . '

(10) @CL(P), @ TUCLP), (n1=4)

[b,c] > b, a®" " b, nosTomy ¢be = a2 " b.
- HscZac = A+ = p=1gb cuenver, UTO
(11) | (@) La( b = a, PCAD.

n—2
Ecmn ¢% = akb, To ¢t = gektk.2 a(e) = 2n71, n=4, nosromy e =

= (ctyn=3 =gt k= om (m, 2)*1
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;

'9. Ecniu p =2, 10

P={a,bcla®=0>=¢, a* = a’ ac—ab b* = a*b, c2—a‘*b>

CornacHo nyHKT 8. '
P={(a,bcla® " = =¢, &= a"*?""", ¢° = ab, b° = "0, ¢ = D).
Ecan, MBI ITOJIOKUM ¢ - ca=*, To u3 a*CZ(P) cuepyer, uTo |

P (ab,c e = b =e, ab =i+
act = ab, b= a¥" b (2 = > 4h).

HoeTOMy, He OI‘paHI/I‘IBaH OBIHOCTH, MOYKHO CUMTATh, uro m = 1, umm
= 3,

[Tocmorpum cnvyail n1=>4. Ecan MBI IOJIOXUM .
n—3 —
_ a =a* " b =b, ¢, =ca?
o —3, .
10 U3 a2 ¢ Z(P) cienyer, uro
n—1 i 11—2
P={a,b,claf =0 =¢ afr =1+
— ey — 2" 7E 2 _ g2m—4
ag = ay by, bt =a} by, ¢} =ai"th).

[Toetomy, He orpaHuyuBast o0LIHOCTH, B ciyyae >4, MO)XHO cunTaTh,
yro m = 1. ) .
" Us ONIPeJENAIIINX OTHOIICHNH cefiver, uTo

' : om+2k+(5)-2" 2k 2n 2
(12) (cakby = a T et

Us (12) cnegver, uro, [Q, (P)| >4 npnu m=1. Cnavyanr n>4 u n =4,
m =1 ornagawt. Ecim n=4, m=3, 10 .
Z(P) = (a*), P' = Q.(P) = (a"b).
Hycerb

K k Loft—2_ f.on—2
@ by = a H)e bt
JIerko MpoBepsieTcs, UTo « — aBTOMOP(U3M IpyIIbl D, KpoMe TOTO
(a° by = a®b, (a*b)”* = (a®b)~* (a*b') (a®D).

W3z storo cnepver, uro rpynna P usomopdna rpyime MUKIMYecKoro pac-
IIMpeHusl TPYHNE D NpH NMOMOINM TPYIHEL (oc|oc2 =¢), u TaK |P| = 32.

10. Ecm/{p>2 TO p=3u
= (a,b,cla® = b® = e, @ = ab, af = ab, b¢ = a®b, c3~aﬁ)

Vi3 |Q, (P)| = p? cnexver, uro rpyina P umeer p+ 1 mogrpynm mnop-
anka p. Ecim p=3, 10 P—MeTauukandeckas rpyuma (em. [2], crp. 338.
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Teopema 11.6). Hosrromf rpynna P’ — MKIMYHA, YTO npo*msopeqm K COOT-

HOIIEHUAM. '
Takum o6pasom, cnyuait p>3 ormagaer. [lvers p=3. U3 ®)n (8) -

CIIeRyeT, UTo

ctatc ='a3, ¢ Z(P), P’ = <a3"“2v, by

Orciona | |
. (13) ’ ‘ C'lbc = as.3n~2‘bl‘ (O$S<_3’ O<l‘<3)
(14) C—Qb c2 — aS(l-H)-s”'—z btz

¢4 B, nostoMy, u3 (13) u (14) cuenyer, uro s = 0. Ecim s = 2, 10
(a)™1b(ac) = a®" b, (ac)ta(ac) = ab.
[o3TOMY, MOYKHO CUMTATD, UTO .
(15) : clhc ="""bh:

I/Is (7) u (15) creayer, uto-3€ A'= (a), a(c) = 371, mo3TOMY ¢® = a?%, rje
k,1) = 1. Ilvets &k = l+3t O0<I<3. Ilvcts (x,¥) pemeHMe B LIEJIBIX YK C-
ﬂax VpaBeHust

k+3r2x = l(1+3y)
Eciu, Mbl TIONOXAM, @, = atty, To o
=(ay), blab=al*¥", cla e = alb

Tlosromy, He orpaHmMBaH 0611IHOCTI/I MO>KHO C‘{I/ITaTb qTO O<k<3 Jler-
KO NPOBEPSIOTCS, YTO . :

(a3, b, ca~1), eemn n=3, k=1 ,
(a3, b),  eemn n=3, k=2,
(@7 b, eay, e n=3, k=1,

@77 b, ca®” Yy, ecma n=>3, k=2.
TloaTomy :

P={a,bcla® =0 =¢, a* =a*, a°=ab, b°=0a’b, ¢ =ab)."

" AHAJIOTHYHO, KAK TIPH p = 2, MOYKHO JOKA3aTb, 4T0 rpynna P uso-
Mopq)Ha TPYIIE HUKITHUECKOro Paclupens rpyImbL D KpoMme Toro |P| =
ﬂOHASA’I‘EJIbCTBO TEOPEMBI 2.

Myers |P| = p”+1 Ecmu p>2, 10 Teopema SABJIAETCS cneunaanmM
cavvaeM CIeAVIOel TeopeMbl:

[lycrb G — KoHEUHAs IPYINA HEUOTHOM OPSAKOM. [1VCTh p -~ HANMEeHb-
uice IpoCToe UUCIIOo, Aefsllee MOPsAoK rpynnel G. Ecnu rpynna (I He.co-
AEPIKUT DJIEMEHTAPHYIO abesieBY MOArpYIIY, NOPS0K KOTOPO#- p?, TO G p-

HUTbNOTEHT. (M. .[1], memma 8.5. uim [3], Teopema B).
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Eciun £, (P)$Q5(P) TO COTJIACHO. TeopéMé 1,
P = (a,b|a"" —bl’-e ab =e).

HOSTOMY eciIu p = 2 o, (P)<<D(P), TO TeopeMa 2 CIeAYET U3 TeopeMbI
Boura (cm. [4], nim [2], crp. 424. Teopema 3.5). [Tosromy, MBI MO)KeM OT-
pPaHMYUBATLCS paCCMOTpeHHeM ciyyaes, Korga 2, (P)=®(P) u p = 2. Mu
0TMEYaeM, YTO NaHHOe NOK43aTeNbcTBO NMPaBMIbHO npu p = 3. Iloxasa-
_ TeJIbCTBO NpUBEAEM MoJbHON MHAVKUMe. [Ivers rpynma G HauMeHbIUMR
KOHTpanpumep . Juist teopemsl. Tlocmorpum ciyuait P = G. Torga P=
- =Ng(P)<P, caepoBarensho, rpvina Ng(P) p-aunenorentna. Iosromy

Na PyYnp="r.
Comacno Teopeme FploHa
GNP = (NG (Py NP, P*NP|xeG),

P’ = Q, (P)=®(P), nostomy (P*Y NP=0Q,(P)=®(P) nna mobuix xcG.
Y tax o ' :
G NP= @(P)

Corsacso reopeme Tare (cM. [2] cTp. 432 TeopeMa 48) rpyrma G

 p-HUJIBIIOTEHTHA, YTO- IPOTUBOPEUMT VCIOBHIO. :

Mocmotpum civuait P<QG. Torpa PG, Z(P) <G, Q,(Z(P))«G.

| p HauMeHbllee IIPOCTOE YMCIIO, -JieJisiiee MOPSOK TPYINb G, M03TOMY

us |2, (Z(P))| =p CHELVET, uTO 0, (Z(P)) =Z(G). Ecmn beP'—Z(G), 10
13 cooTHouieHuit |P’| = p?, P’ 4G, Ql (Z(P)) =Z(G) cnepyer, 4To

|G:Cp(b)| = p, u Tax Cc(b)QG..-
[Noaromy noprpynna Cp(b) = PNCy(b) siBAsieTCS CUNOBCKON p-TOATpYI-

noit rpvanst C; (b), kpome Toro B = Cp (0) < G.
' Cormnacho Teopeme Ilaccenxavsa, g coorHolIeHHH

PAG n (G P], ]PI)_I

CNENVET, YTO CYLIECTBYET CoGCTBEHHAA noz[rpynna H FpYHl‘IH G, nnsa

Koroporo |H| = |G:P|. Kak usBecTHo, u3 3TUX VCIOBUI caepyer, 4To
|H| = ¢™, , TiAe ¢ mpocroe uucio, Aejsiiee NOPsAAOK rpynnsl (. Hanom-
HUM KpPaTKO Ha JOKa34TelbCBO 9T0TO ¢axra. Ilvers |[H| =ggt ... ¢

(s=2), roe g,-mpocThle uMcia, AeMME NMOPSAoK rpymmel G. Ecnm Q-
CUIIOBCKasA ¢;-moarpvina H u R; = PQ;, T0 nerxo monvyaercs, uro R, =
= PXQ;, n tax H=C;(P). OTCIO,[(a cineayver, yro H <|G. Taxum ofpasom,
G p-HWJLNOTEHTHA, UTO npomgopeqm nHayKTuBHomy HPEIOTIOMKEHU 0.
ITo3ToMy, MOYKHO CUUTaTh, 4T0 |[H| =

Corsraco Teopeme 1, |P/D(P)| = p2 T03TOMY rpynna P obaajgaer
p v 1 pasupIx MaKcuMaNbHBIX NOAIDPYI, CKayKeM B, Dy, w.., D). B«G,

noaTomy g aobnix xEH
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(i)
D)

/e Sp—rpynna MOJICTaHOBOK MHO)KeCTBA Dy, ..., D,. TIOpSIOK 7 AEJIUT
|H| = ¢™ u pl, [oaromy, us (g™, p!) = 1 cnenye'r lno DY = D; (1=i=s)
aid odbeIx X€ H. Hych D-MaKCI/IMaJIbHaH JIOArpyINIa IpyIubel P, ompe-
NeJieHHAs B TeopeMe 1, Kpome Toro L : = DH. QOueBuHO, 4To D-cunoBcKast
P-TIOATpYIHIA I'PYIIIEL L. Kpome TOro BEIIONBHAKTCA VCIOBUS TeOpeMbl 2,
Hosromy rpynna L — p-HUJIBIOTEHTHA. Taxum obpasom, HL, 1e. L=
=Ng(H).

H — cunosckas ¢- NoArpymia rpynmost L. TaKI/IM 06pa30M cOTJ1acHo
Teopema Cunosa, us L = Ng(H) crneaver, uro

|G:L| =p= l(modq)"

YTO JIPOTUBOPEUNT p<q Y3 sroro cnenyer; uro H < G. uto IPOTUBOPEYUT
" MHAVKTHBHOMY npennono»{eﬂmo drum. 3aBeleIaETC${ ILOKa3aT€JIbCTBO TEO-
peMbI 2.
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In our paper we give another proof for a theorem of H. HALKIN (see
“[1], Theorem G), which shows that this theorem is very close to certain
results of M. R. HESTENES obtained at least ten years ago. The proof 1s
based on the following

LemmA. Let V be an arbitrary set, X — an Euclidean space of finite
dimension, e, a positive number, G — the unit ball in X with centre 0,

F:GX]0, g [XV~+X,
A a linear map from X onto X, and let us denote
N{f):= sup [Az—F(zt,v)|.
. (z, eEGXYV -
If
Q) th 0 and .
(i) for every (4, v)€]0, &[XV the function F(o,t,v):G—X i

continuous, then there exists (for some posmve co) a function
2:10, o[ X V-G such that

a) hmz = 0 uniformly in veV,
b) F(z(t v) t, v) =0 V(v)E, o[XV.
Th1s lemma is a consequence of Brouwer’s fixed point theorem, its

proof can be found in Chapter IV of [2] (see the proof of Theorem 7.2)

THEOREM. Let xcR?, UcCR? be a neighborhood of x,, f: U—~R" a
.continuous function which is differentiable at x,, and suppose that Df(x,) is
invertible. Then there-exist a nezghborhood W of f(x,) and a function b : W —~

U such that
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I A(f(x)) = xa,
1 iy ) = Vyew,
III his dlfferentlable at f(x,) and Dh(f(xo)) = [Df(xo)

PROOF. Let A: — = Df(x,), G be the unit ball of R™ with centre O again,
V its boundary, and e, a. positive number such that |]z|]<280 implies
Xo+2€U. Then we have for every 2¢G, veV andte]O &l :

Q) o _ B xo+t(z+v)eU.
Finally the function F:GxX]0, & [X V~R® will be defined by

F@t0)s = [+ +0) ~f)]

We shall apply the Lemma. The condition (ii) is satisfied because -
of (1) and the continuity of f. As for the condition (i) let e be a positive
' number; fis differentiable at x,, so there exists a positive number 6 such
that

'Hﬂ@-f@0~AM—XJN<_i

llx — %, -2

whenever [|x—X,| <é. In partlcular if. 0<t<%, 2€G, and veV, then

/(o + 2+ V) — (o) — Alf(z Il _
e+l T2

7

thus

I’%_[f(xo+1;(z+v))'_f(x0)]'.— Av— Azl < BV _

gonsequently if O<t<%, then OsN(t)és.

By the Lemma we have a function z: ]O w[>< V — G which satisfies
the identity ), that is

@) f(x+ b v)+Y)) = ) +tAY for all (5, )€]0, w[X V.
Let - h ' :

W:={yeR"|30=t<w and veV - such that y = f(x,)+1Av};

since A~1 éxists, W is a neighborhood of f(x;). The function k' w111 be
defmed on W by .

h( f(x0)+tAv) t= 2+ 1(2(E, V) +Y) -
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First of all we must verify that this definition is'correct,'that' is if
3) ty LE[O, o], vy, V€V, and  f(x))+1, Av; = f(%y)+1, Avs,
then | o ' ' RN
-4 Xo-+1 (2(ty, vl)‘Jr V) = X+, (2t Vo) +Vy) .
Really, if £t =0, then f;y =1, = 0 because A~* exists, thus in this case
Xo-+1; (2(t;, vi) +V)) - x, for i=12. ‘
It fl>0 and iZQO, then from (3) and the invertibility of A we get

vy =1Vy, V= t—?vz
L )
and herefrom — since ||i]l = |jv] =1 — that ¢ _t and v, =1, so (4)

holds. Now from the definition of h and from the 1dent1ty (2) one can see
that h has the properties I and.II. We must prove I1I: v :

B (x0) +1AV) = h(f(x0)) = 1(a(t, V) +V) = A7 (tAv)+ta(h, V),
therefore the proof will be complete, if we show that ‘
) i2(t, v) = o(tAv)

To this end first we observe that there exists a positive number m such
that

®) | | | | Avj=m for all veV.

Let e be a positive number. From statement a) of the Lemma we
get a =0 such that 0<f< ¢ and ve V imply

. ll2(t, V)| <e-m.
To obtain (5) we show that if [fAv]|<dm, then

! )
’|tZ(f, I’)” —¢
litAvll
From (6) we know that ||tAvH<6 m 1mp11es t=4, thus

=t ) _ Tl _ Hz(f V)H
tAv A - om

REMARK 1. The Theorém could be called “right-inverse function
theorem”.
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. REMARK 2. Under the assumptions of the Theorem f hds no inverse
in general. This fact can be shown by the following simple example:

0 if x=0

=}
!

= b %r=0,70):= xzsi,n—l——]-x if x#0°
A X :
- REMARK 3. The function F used in this proof appears in Chapter 1V
of [2], too, in the proof of the Theorem 7.3, that can be regarded as a spe-
_cial case of the present Theorem.

REMARK 4. It would be interesting to know whether the Theorem
remains valid (my conjecture is that it does not) if R" is substituted by an
infinite dimensional normed space (assuming that [Df(x,)]~* is defined on
the whole space and is continuous).- :
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1. Notations and definitions

. We shall use mostly the same notations and definitions as in Part
of this paper (see [3]). However, we shall use also some new concepts and
some notations will be modxfled Thus we are going to recapltulate the-
notations and definitions needed also here.

- Sequence will mean a strictly increasing (finite or infinite) sequence
of non-negative integers. The sequences will be denoted by upper case

- Gothic letters, their elements by the corresponding lower case letters,

while their accountmg functions (the number of the elements not exceed- ,
'_ mg x) by the correspondmg capitals:

A={a,a,...} where G=<ly<...,
A(x) =

a;=x

For j=0,1,2,..., we denote the set of those elements of A which do
not exceed i, by A, : » : ‘

W =AN{0, L, ey )

Sets of sequences will be denoted by upper case Greek letters. In
particular, let >, >* and 2~ denote the set of all sequences, finite
sequences and infinite sequences, respectlvely For some set J[ < > and
for j=0,1,2,..., let [, denote the set of those sequences

A0, 1,2, ., )

for wh1ch there exists a sequence B¢ JT such that %; = %I
" The sum of the sequences 9, B, i.e. A+ is de%med as the sequence
consisting of those 1ntegers which can be written in form- a;+0b; (where
a,e€%, b,cRB). For n=2,3, ..., we define n by 2% = %I+QI and kU =
= (k- f)?l+%¥ for k = 3, 4,
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For k=2,3 ..., the sequence % is said to be an asymptotic baszs of

. order k if there eXISts a non-negative integer n, such that

{ny, ng+1, ny+2, . }ck%t

(1 e. any integer n=n, can be written in form n = a,1+a,2 .40, ).
For k = 2,3, ..., let ®® denote the set of those sequences which are
not asymptotlc bases of order k.

To investigate -subsets of > by mnieans of measure theory, we use
-the usual mapping of > into the interval [0, 1]: for some €¢ >, let

' 1
. 1 : . .
™ W= 3 oo

(Obv1ously, ¢)) defines a one-to-ore correspondence between the infinite
sequences and the points in the interval (0, 1].) For some I' 3, let o(I")
denote the set consisting of the points o(%) where €¢I

_ We need also the concepts of the Hausdorff-ieasure and Hausdorff-
"dimension. The definitions and notations concerning these concepts can
be found in Part I of this paper. In particular, we denoté-the Hausdorff-
dlmenswn of a set M by dim M.

2. The problem and some lemmas

In this paper, our aim is to investigate. the sets ®® (k=2,3,
by means of the measure theory; more exactly, we are going to estzmate
dim g(@®). In Section 3, we shali determine dim o(®®). For k=3, we -
shall not be able to determme dim Q(czi(’f>) instead, it will be shown in
Sectlon 4 that

lim dim Q(@(")) = %

k> oo
We shall need the following lemmas:
_ Lemma 1. (B. Volkmann, [47):
For some sequence %, let (%) denote the set of those sequences B for
which LU holds. Then
dim o((2) — fim int %)
X o e S X .
For 0=x=1, let us define the function d(x) in the following way:

. 1 )

—— (xlogx+(l—x)log (1l —x for O0=x<1 and

) = | gy (EFH(I =D loR(1 ) for 0=x _
0 for x=0 and x=1

This function d(x) is continuous in [0, 1], increasing in [O 1/2] d(1/2) =1
and d(1—x) = d(x) for 0=x=1.
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LEMMA 2. (see [3]): v

Let O=a<b and ¢=0. There exist.a positive number § = 6((1 b, €)
and a positive integer my(a, b, ) such that

' vmzmoh(a, b, ),

- |lu—bm|<é&m

and -
' lv—am}<ém
imply that :
. (2) ’ L [u] « Qbd(a/b)+e)ym
- : . . v . R
and (provided that O<a)
3 ‘ [”] — QWdam)—am,
: v

LemMmA 3. (see [3]):
Let OWc > for j=0,1,2, ... and let
| | o re
0cn [U O(J)J'.
~i=0lj=0 '
For fixed j, let p(OD) denote the cardinality of @(D (i.e. the number of those
sequences BL{0,1,2,...,j} for which there exists a sequence W such that

U =B and 2[69(1) hold) Let 0=p<1 and let us assume that for =0
arbitrary small, j=j, () implies that -

(4 S (@) =209 (j=fo () - -
Then - '
dimo(@)=p
Lemma 4. (H. G. Egglesto,n, [1]; see also P. ErDSs and S. J. TAYLOR,
A2)D: . , '
Suppose I, (k =1,2,...) is a linear set conszsnng of N,c closed mter-
“vals each of length 6k Let each interval of I, contain .

® N1 =2 '
closed intervals of 1,4, so distributed that their minimum distance abdrt is-

(6) . Op+1> 011 -
Let
o
P=n1I,
k=1

8 ANNALES — Sectio Mathematica — Tomus XX.
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Then

m ' kmfmmkaHQ,mak 10
implies that A
(8  dimP=s.

Lemmas 1, 2 and 3 can be proved relatively easily. Lemma 2 is an
extension of Lemma 3 in [3]. Namely, Lemma 3 in [3] contained only the
upper estimate (2) while here Lemma 2 includes also the lower estimate
(3). Using Stirling’s formula, the lower estimate (3) can be deduced in the
same way as (2). Lemma 3 is identical to Lemma 2 in [3]. :

Lemma 4 is deeper than the first three lemmas. It is a consequence of
Theorem 6 in [1]. In fact, Lemma 4 is identical to Theorem A in [2]
(which is stated there as a special case of Theorem 6 in [1]), except that
(8) is replaced there by the slightly stronger statement that the set P has
positive s-dimensional Hausdorff-measure.

3. In this section, we will prove the following theorem:

THEOREM 1.
dim o(@®) = log3
, log 4
PROOF:
It is sufficient to show that both
©) ' dim o(@®) = 10¢3
_ 10g4 .
. and _
(10) | dim Q(q;<z>)> log3 -
. ’ lo g4

hold. The upper estimate (9) can be deduced relatlvely easily (by using
Lemmas. 2 and 3). The lower estimate of dim¢(®®) will be -much more
difficult; it -will be based on Lemma 4. .

UPPER ESTIMATE OF dim g(@®)

) Forj=0,1,2, ..., let ©W denote the set of those sequences ¥ for
which j¢ 2% holds. Obviously,

) o0 = (U’ @(f)].

Ci=0 \j=i

In order to apply Lemma 3, we have to estimate ¢(60).



METRIC PROBLEMS IN THE ADDITIVE NUMBER THEORY, II. 1 15

Let us take some sequence % O, Then the elements of
12) Counfon [l
can be chosen from the [%]—l-l integers 0,1, ..., [—;—] Thﬁs if we fix

A[[—%—]] =k, then- the elements of the sequence (12) can be chosen in
[[j/2]+ 1']
k

ways.

Let us suppose now that k and the sequence (12) have been fixed.
Then

]_[ ]<] a,=j for i=1,2,... k.

Furthermvore, Ae OV implies that j¢ 2, thus -

o ) e

must not contain the k integers j—a,, j—a,, ..., j~ak.' Hence, for fi,xed
k, the elements of the sequence (13) can be chosen from at most

{ree- -

integers, i.e. in at most 20211k ways Summarizing, we obtam that
U; can be chosen in
c;r)((@‘f'))é[j_/%’+‘1 [,[]/2] + 1] oLif2I+1=k =
k=0 k '
. log3 . log3
= J21H 1 — 32141 =< 3je+1 - plogd / 1032
(14) = (24 DA+ = 3L+t = 32+t = 27

ways. Applying Lemma 3, we obtain (9) from (11) and (14).
LowER ESTIMATE OF dim o(®®)

In order to prove (10), it is sufficient to show that there exists a set
¥ for which :

(15) o Yo o®

and

(16) ' dim (sp) log3
o 4 , log4

hold. '

8%
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Let us define the seduence % in the following way: let
by = 30, b,-+1 =b for i=0,1,2...

{bo, by, b2, L)

and
Furthermore, let
€© = {0, 30, 60, ..., 870} = {0, by, 20y, - - ., by — by},
cm = {bi) bi+bi—1) bi+2bi-1) Cie bi+1'—bi_1} for i=1,2, ...
(ObViOﬁSIYy bi;llbi aﬂd bi_1/bi+1; thUS‘ also bi—l/bi+1—' bi) and
. too .
@ = {CO'ICIJ 62, . } = U @(i).

i=0

Fmally, let ¥ denote the set of those sequences %€ 3 for which the follow—
ing conditions hold:

(17) ‘ ,' 42U for i=0,1,2,...,

(18 - —1¢ A for i=1,2,...,

(19) ' ¢ A for-i=0,1,2,...,

(20) G+1¢ U for i=0,1,2,...

and - :

1) _A(c,-+1)—vA(ci')=—C'—ﬂ3;£"—- for i=0,1,2,...

(obv1ously, ¢+1—C; is integer for i=0,1,2,...).

For this set ¥, (15) holds trrvrally In order to prove that also (16) -
holds, we are going to apply Lemma 4. We have to define the sets I, at

first.
Fork =1, 2, ...v,let

L= U [e@t),e@r)+ L ]

¥, et
and *
: 1
Je= Y [+ ]
. Uewe, : 2%+
Obviously,
: ) : e
(22) o) = Jie

k=1

Furthermore, if Ac¥,, for some positive integer k then (19) and (20)
- (with i =Fk) 1mply that _
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(%[) + 2c1+1 3 P
Thus ‘
+ te
- (23) o - N A= N Sk
k=1 k=1
- By (22)-and (23), .
e4) = m I

We have to show that the sets I, satisfy (5), (6) and (7) [w1th §=

log 3 e
log 4
To prove that (6) holds, we have to estimate g4,
. 1.
bviously, §,4+; = ————|{ .
[0 VIO Gt 26141 ]

If Aewe, A*ewy, ,, and o) =p(U*), then (18) and (19) (with i = k+1y
imply that . E

o2~ (o) +8,.1,) = (%)~ o) = 8ys1 =

1.
%W—ﬁkﬂ = 4'm p+1 = 40441 —pyy = 30444 .

Hence

(25) ‘ rr1= 30415

which proves (6).
To show that also (5) holds let us introduce the followmg notation: .
~ for some non- negatlve mteger k and for a sequence

(26) . QIe!Pck,

let f(3, k) denote the number of those sequences B for whxch
(27) - ' B, =A '

and :

28) I Bew,,

hold (i.e. 2 can be continued in f(%, k) ways to obtain a sequence belong-
ing to ¥, ). With respect to the construction of the sequence €, b,€€ and

%E@ held for any non-negative integer i. Thus for fixed k, there exists

a uniquely determined non-negative integer j such that either
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: : . ' . o bivy
(29) : by=Cp<Cyyy = » ’2
or
(30) b

) =C<C1=0bp4y
holds.

If (29) holds and the sequence % satlsfles (26), then (27) and (28) 1mp1y
that the sequence

G1) BOLe,+1, 6,42, - o) eernd

must not contain the integers ¢, +1, ¢4, — 1, ¢r+1 (by (18), (19), (20)) and
the number of its elements is

B(ck—l-l) —B(c,) = ——Ck+13— 2
(by (21)), and these are the only restrictions c‘onceming the sequence (31)..

In other words, to obtain the sequence (31), we have to choose -1 %

of the ¢+, —¢,—3 integers

(32) 42,0043, e G =2
Thus :
o , Crr1—Ce—3 :
(33) f(QI, =1 ¢ca1—¢ (in case (29)).
5 g

. If (30) holds then the sequence (31) must satlsfy one more cond1t10n.
Namely, by (17), :

- | b2
Thus it =~ = -
(34) Rl +2) 643, - -y Cosr—2)
and '
(35) bysy—n€d

hold thenn must not belong to the sequence (31) Let us put m = b4y —n.
Then the conditions (34) and (35) can be rewritten in the form '

(36) mE{bj+1—ck+1+2!bj+1 Ot 3, ooy Dy — 2}
(37) me. : :
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The construction of the sequernce (& implies that b, —¢,., €€ and by, —
—cke(él Let us write

bjs1—Cpas = G bj+i—fk = L.

Then (18), (19), (20) and (21) imply that (36) and (37) hold for -
Aj1——2)— Abjy— Gyt 1) =

= Al =2)— Al +1) = AC) - Ae) =55 =

. (041 =) = (11— Cirr) =
T 3 o e 3

integers m. In other words, v&hen we construct the sequence (31), Cueta —Ci

of the ¢, 41 —¢—3 integers in (32) must be excluded. Thus we have to

choose 1%k of

(Cht1—Cx—3)— S Bk 2(6“1 —%) _ 3

3 3
integers:
2(crr1—c) 3
3 .
(38) S k) = (in case (30)).
© Cpr1— G
3

(33) and (38) show that in fact S k) is mdependent of A thus we
may put it = f@&, k) and

[ /er1—e—3 o
Cr1—Ck : : b1

3 2
S B9 mgy = |2k 3
: 3
Cro1—Cr bivy

‘Since ck+1—ck230 for any non- negative integer-k, (39) implies (5)

log 3 —-8], we'
log 4 ,

Finally, in order to prove that also (7) holds |for s =
have to give a lower estimate for Ny, (for large k). Since
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N, N, N, Ny,

Ny =N, 2.2k =
o Ny Ny, = " Ny N,
40 - =N,-n,-ny- ... -nk-nkﬂ,

it suffices to estimate n, for- Iarge i
Let us fix some e=0. Applying Lemma 2, we get from (39) that

(41) , ni+1>2(d(”3)~‘5) Ciprmed for jzjy(e),
: . )
j+1
b=c;<Ciy,=- 3
and
(42) - My = 2@ AUD= €1y a=e) =

. . . + T
= 2@13=9) €i11-%) for jz=jye), e =C<Cip1 by -

The constructions of the sequences ¥ and € imply that b,¢€ and

b, .
]2+1 =0,1,2,...; let by =¢,; and ’2“. = ¢y We are going to
show that if :
(43) i) b= eg=t=by =y,
. then .
) . ’ . 10g3—28 (Cr—ey )
(44) o » Muyjit Mujez - - ﬂt?2(1°g4 ) Y .
b; '
Let us assume at first that ¢,= jZH = ¢y Then by (41),
. : . t—1 - .
(45) Ty I’luj+2' /) 2W(1/3)=e) (€i 1—¢;) —
) . i=u]- .
= 200199 er-ay) (for 6= b’; ]
Since ‘
P 1 (1 1 2. 2
46 d1/3) = ——— | —log—+-Zlog-Z] =
(46) 13 log2[3 g3 Bg]A

2 log3 _ log3 log3 _ log3
o Jog3 _ _ log3  log 0g

N ) log2  2log2 log2 log4
(45) implies (44) in this case.

b
= <Ct.

2

Let us assume now that
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T

Then by (42) and (45): |
(4T)  Tup Mujrz- . Ny = (o nuj+%'. . .n,,j)-(n,,jH Myisz - .- n,)>‘

f—1 .
= 2(d(1/3)—¢) ,(c"j_c»”j) ]] 2@B= (i 1) =

i=vj
d| — — —¢ —
_ 2( (1/3)—%) (Cv- Cy .)2(2/3 ) (¢ Acvj) —
— 2d(1/3) (Cp 7 )+(2/3) (cp— Cy]) . 2*5(0['*%]-) )

In view of (46) the exponent of the first factor can be estlmated in the
following way:

_ logS

1y 2
(1) log3 log3 ‘ 2 log3
+ d{— v; G+ — -— —Cy,) =
[[3] 1g4](c ) (c, )t [3: log4](ct V’)_
10g3 log3 2 : 2  log3
]0g3 log3 2 ' '
C . - 1(2¢,.— ¢, —Cy.) =
FRCRNRE e e [
I
_ log3 (Ct‘cu)""[ g —’2‘}(1+1 Ci) b; {logB _2‘]
' log 4 7 {log4 3 logd 3
Here : :
(49) : bjry—¢=0,
(50) 0<l83_2
logd 3
and

o b, ___ b, o
(1) se(e—b) = e(e—cu).
We get from (47) (48), (49), (50) and (51) that
log 3

(e~ “uj )= 6(ct"cu ) —ele—~ Cu; )
log 4
nuj+1 nuj+2...n,>2 ] 2 ) =

log 3
_ 2( Tt ~2) “=tup

‘which completes the proof of (44) (provided that (43) holds).
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Starting out from (40) and using (44), N+, can be estimated easily.
Let us define the non-negative integer g by

u, <k+1=u Ugt+y

(Where u; IS defined by ¢u; = b;). Then we get from (40) and (44) that for
k>k0(6)

(52) : Nity = N1 flyrTlye wvo s Tys Ty =

g—1 ll]+1‘ . k+1
=N1-ﬂ2-l’l3-...-fl H[ H ﬂ] H n>

10 i= uj+1 i= ugtl

. I=Jy
log 3 ) (logS ) :
—92 ] —Cyy, _—2 ~C
(1og4 2e ( 4y .u]). o\Toga #) Crqa uq):

q—-1
=1-772
j=jo

log 3 ) log 3 )
. a2 (e —C¢,.) ( —2¢} e —c,,,
3 2(]0g4 - k+1 HJU . 10g4 kA—f—l u-’()

log 3 ) o log 3
(h"zs Cr178 1 ('— _35) Craa
=9 .log4‘ ’ =9 log 4 .

~ Let us put s = iogB —4e. Then we get from (25) and (52) that for

og4
k=ky(e), :
16g3
. 2B 3,
. . (l 4 k41
Nigi 0i 857121 ) 3041 5k =
oGOk 3. 1 1 _3. zgck+l+(s_1)(ck+l'—ck)—s.

26k+1+1 2(L‘k+1) (s—1)

By the construction of the sequence €, ck+1—ck = 0(Cy41)- Thus for k>‘
=ky(e), '
Nij10e41851=3-2° c"+1_(€’:2) 1 = 3. 2E s

“Hence ' I

lim inf Njyq 0300571 = + o0
L

which proves (7).
Summarizing: we have proved that all the conditions in Lemma 4

hold with P = o(¥), s = log3 —4e. Thus applying Lemma 4, we get that

dim g(P) é—lﬁ—% .
- log 4

This inequality holds for any >0 which implies (16) -and thus also (10),
and the proof of Theorem 1 is completed.
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4. It seems to be hopeless to determine d1m Q((D(")) for'k=3. Instead,
we shall prove the following theorem:

THEOREM 2. _
- (53) L lim dimg(qw)):%,.

k> oo

PROOF. . : : :
The lower estimate of dim o(di(k)) is near trivial. Namely, let M =
={0,2,4,...,2i,...}. Obviously, A<M implies that Ac mv dW, In .

k=2
+oo . .
other words, (M) n @, thus by Lemma 1,
’ k=2

. + <o
(64) dimg(@®)=dim Q[ n ®<k>]§dim o((TM)) =
DA : T k=2
~ tim it MO L s k=23,

X>too - :

On the other hand, we are going to show that

(55) ' 11m sup d1m 9(¢(k))< x
B k-> oo

It suffices to show that

(56) ' Jim_sup dim (3~ N B®) = %

(since dimp(Z*) = 0) In fact, we are going to prove that for fixed e=0,
k=>ky(e) implies that .

_ ‘57) dim Q(Z’ ﬂ CD("“)) + e (k > ko(a))

Let ' : '
G8) U ={a, a,, .. YE(ST NDETD)
- and let us put @ = a,—a;. Then (58) and
(k+2) 2 = A+ 205 kfay, 0129 = |
= (a4 {0, 8, — 0} + U = K{a) +4{0, @) +1e% =
= {ka}+{0, a, 2a, .. ka}—|—2%{ ‘

imply that there exist mfmltely many positive mtegers Ji (l =12, ...)
for which

59 Ji00,0,20, .. k@) 12U (i=1,2,...).
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Fora=1,2,..., let ®@ denote the set of those sequences e =
for which a,—a, = a holds and there exist infinitely many positive inte- -
gers j; satistying (59). As we showed, :

e o
(60) ‘ o U @(a>32°"ﬂ¢<"+2>-
' b=1 ' .
- Furthermore, for fixed a,Aj (a=1,2,...;j=1,2,.. .), let @@ D denote
. the set of those sequences U for which '
61 L j€{0, a, 2a, . . ., ka}+2%
holds. Obviously,

. deo (oo .
: (62) . ' 0@ — 0 [U Ofa, j)]' ‘
. ) =0

: i=t
In order to apply Lemma 3 with ©@ = 0@, @W)'= @@, we have.to.
estimate @(©% ) for fixed a and large j. We may suppose that

@ el

and let Aec @@ N, o
Forr=0,1,...,a—1, let us define the sequence AP in the follow-
ing way: ne® should hold if and only if

0§ﬂ§[—;—], n=r (moda) and ne¥
or

[_]-]<n§j, n=j—r (moda) and ned

hold. Obviously,

APNAD =g for O=p=<q=a-1
and - : ‘ :

. - : a—1 R ' , -
(64) - . L_JO?I(’)‘: @N{0, 1, ..., =)
"For fixed %D, let us define the sequences
B[O = {0, b, ..., B0Y, €O = {c, ¢, ..., )
by the following recursion: 4 '

Let b§” =1 (by (63), b{” <[j/2]). Furthermore, let ¢ be the smallest
positive integer ¢ for which ¢>b6%?, ceA® and c=[j/2] hold. If such num-
ber ¢ does-not exist then we end the construction, ie. let 8@ = {p{7},

€0 =g,
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Let us spippose now that
<=t <cP=...=t"<cd” (i=0)
have been defined. Then let 'b,@:)l be the smallest positive integer b for
which be¥M, P=b=[j/2]—ka and AON{b+a,b+2a,...,b+ka} =9
hold. If such number b does not exist then we end the construction, i.e.
let s =t=1. If {7, exists then let ¢{); be the smallest positive integer
for which ceA.and b{7, <c=[j/2] hold. If such number ¢ does not exist

then we end the construction, i.e. let s=i+1,t=1.
Let ' ‘

DB =Xy, B =Xy, L, G0 — B = X,
in case s = t+1 (including the case BM = {H{"}, € = ), let also
) i _pn ‘ . '
a{[[f_/zi_”i_}J, 1) = x,.
: a J
Obviously, '

(65) x0+x1+;..+x3§—;—+a, alx; for i=0,1,2,...,5,

xo=a and x;=(k+1)a for i:O,.l,Z,....,s.

Let us put :
(66) ' O XX hX = ag,
Xp = Yy
and
. x;—ak =ay; for i=12,...,5.
Then ‘ '

(6T) Yo+it...+¥s=q—sk and y=1 for i=0,1,2,...,5.

We are going to estimafe the number of those sequences D {0; 1, 2>

., [j/2]} for which ® = %{j); holds for some Ac O and fixed r. To
get a such sequence ®, let us fix the numbers y,, ¥;, - . ., ¥, at first. These
numbers satisfy the diophantine equation (67), thus for fixed s, the num-

- bers y; can be chosen in q_Skﬂl ways. The y, determine also the
s .

numbers x;. In the second step, we fix the sequence 8. b = r is fixed.
The integers bcBW), b's b satisty

b=r. (moda)

and r<b<[j/2], thus these numbers can be chosen from at most [j/2a]
integers, and their number is s. Hence, for fixed s, the sequence B can
[i[2d]

be chosen in at most [ ] ways. B and the numbers x; determine
. $



126 SARKUZY, A.

also the sequence Em. 1f %V) €™ and the x; have been flxed then also the
sequences

{b&,’)-l?a, _bB')+2‘_’" cen e ﬂ'm;(r)‘: {ct} - _ .
{b%")’ b&r)—i-a, bgr)+2a’ ce ey Csr)}m%{(’) :A {b&r)’ CET“)} (fOr l =. .1) 2) .. "S— 1)

and o ,
{b(r\ b(’)'-l-a b<ﬂ+2a L b(r) +(.x _a)}mgl(r) = {b(r)}

are fixed. Thus to get A®, we have to choose only from those mtegers n
which satisfy the followmg conditions:

() n=r (mod a);

(i) 0=n=ljj2];
(iii) n is different from each of

b +a, b +2a, ..., e = b + x5
b, 09 +a, B +2a, ..., 6" = b4 x; (where { = 1,2, ...,5—1);
B0, B0 a, DO+ 2a, B+ (x—a).
- Obviously, (i) and (ii) hold for at most [j/2a ]+ 1 integers 71, but by (iii),
oy 2 [ + 1]+~
a

of these integers must be excluded. Thus for fixed 8D, €0, x,, x, .. 5 X,
we may choose only from at most ‘

R | e e &
B IS 41 1_~ x=]-L]+1-
[ 2a ] a i§1 a a 2a ‘ 2 2a] 1
integers (with respect to (66)), i.e. in at most 2Lii2a1+1-¢ ways.
Summarizing: for fixed g, s, %)) can be chosen in at most

[q—sk~— 1] [[1/2‘1]] oLi2al+1-q

s s
ways. |
Now we are gomg to investigate
(68) ADO{[j21+ 1, L2142, .., )
(for Ac O@ D). We will show that :
(69) j=bD =n=j—c" (where i=0,1,...,5—1)

and case s =1,
(70) - = [;_.]<n§j—c§’)
imply that n¢A®.
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By the construction of the sequence A, it suffices to investigate
those integers n which satlsfy

(1) 4 n= ]—r (mod a) .
(69) can be rewritten in form
c(r) <] n= b(r)

Thus the constructions of the sequences %(’) and cn 1mply that there
exists an integer a, for which a, €%, .

(72) S ax?f (mod a) "

and -
j—n—ka=a,=j—n

hold. The last inequality can be rewrltten in the form

(73) ’ ’ O=j—n—a,=ka.
Furthermore, we get from (71) and (72) that
(74) j-n—a=j-(j—r)—r=0 V(moda).‘

By (73) and (74), n€A" would imply that
j=(-n—a)+n+a.€l0,aq 2a, ..., ka}+2%

which would contradict (60).
It can be shown in the same way that also (70) 1mp11es that ngA®,
Thus to get the sequence (68), we must not choose integers from the
intervals (69) and (70). Also we have to drop those integers which do not
satisfy (71). The remaining integers are: -

j‘—r:j,—bg): jf“bgr)—a)j—b(()r)—'za»~- 7]_C(r)+a:j_b(()r)—.(xo'_a)"
j_by)—'a:jf—'bgr)‘“2a)'")]'_<c§r)+a=]_bz(r)‘-—(xi"—a)
where i = 1,2, ..*.,s—l; :
]'_b(r)__ ] b(r) . ,] b(r)_xs_

The number of these integers is ‘at most -

X ST'xi—a x, 1 8
=L = Y x =g
a g; a a a zé; :

thus the sequence (68) can be chosen in at most 2¢ ways (for fixed QIU,Q])
Summarizing the estimates above, we get that for fixed 8, the
sequence AM can be chosen in at most

[(I‘Sk - 1] [[]/ZQ]J oli2al+1-q. 99 — [q sk— ] [[J/za]J olil2a]+1
t : : B

N § § S
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‘ways. By (63), (66) and (67), s and ¢ must. satisfy
SERRER
2x 2x

L e

Thus for k>3 large j and fixed r, A can be chosen in at most

Ljl2a) +1 [if2aK1+1 (ool — | iy
> > [l] Sif ][[1/3‘1]] oLj/2a] +1 <

-and

q=0 =0

<.

[j/2az]’+1 [i/2ak]+1 [([j/:'Za]+ 1)_1)[. . [j/2a] A].‘Z—‘%“ =
s=0 =0 [//2ak] +1 [j/2ak] +1
af Lij2al ] R
=j? 2 k=3, j>jsa
= ggpae (=3, 1=140)
- ways. '
Thus by (64), the sequence A, can be chosen in -

a, J <'2 [!/2‘1] 2 2a+ll — % []/2(1] 2.‘1 %+a
(73)  p(O“7) V [[./201{]“] 2 j = [[j/2ak]+l] 2

ways (for k=3, j=j, (a)) Fixing some =0 and applymg Lemma 2 we
get for k>k0(s) j=Jji(a, s) that

& i e j\2a _j‘ £ 1 .
(76) PO M) <2® (23 2") 27 2(2+)
(for k=ky(e), j=ji(a,¢)) since hm d(x) =

Applymg Lemma 3, we get from (62) and (76) that for k>k0(£) and
a=1,2 ...,

dimg(@@)é-; +e (kzkoe), a=1,2,...).

By (60), this implies (57) and thus also (56) and (55) which completes the
proof of Theorem.2.
We remark that for k=3, also the estimate

1 1
“dim o(@* T é——i—d —
of ) 5 [k]

can be deduced from (75) :
Furthermore, our proof glves also the following theorem:
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=T

THEOREM 3.
+
dim Q[ N @@J =

. k=2
Proor.

Theorem 2 implies that
dim g{ N di(")]éé

k=2
while

+ oo
- dim g[m Qi("]z

k=2

no =

holds by (54).
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UBER DAS MINIMUM DER »-POTENZSUMME
. DER SEITEN SOLCHER n-ECKE,
DIE IN EINEN GEGEBENEN KREIS EINGESCHRIEBEN SIND, II.

Von

AGOTA TEMESVARI
Lehrstuhl fur Darstellende Geometrie der Eotvis Lorand Universitdt, Budapest

(Emgegangen am 15 April 7976)

Schreiben wir in einen gegebenen Kreis ein solches konvexes n-Eck
- ein, fiir das der Mittelpunkt des Kreises ein innerer Punkt oder ein Grenz-
punkt des n-Eckes ist. Betrachten wir die Quadratsumme der Seiten die-
ses n-Eckes. P. SzAsz bewies [1], daB das Minimum dieser Quadratsumme

im Falle n="1. auftritt, wenn das n-Eck regulir ist;

im Falle 6=n=4 auftritt, wenn eine Seite des n-Eckes der Dutch-
messer des Kreises ist und die anderen Seiten miteinander gleich
sind. (Dieses n-Eck nennen wir Typ F,.)

Wenn n = 3 ist, dann geben die rechtwinkligen Dreiecke das Minimum.
Betrachten wir statt der Quadratsummie die y-Potenzsumme der
Seiten, wo y=>1 eine reelle Zahl ist. Da gilt der folgende Satz: '

-SATZ. Es seien n=3 eine ganze, v>1 eine reelle Zahl, sowie »(n)=1
und vo(n)>1 solche reelle Zahlen, fiir die die folgenden Gleichheiten

) Conesinao X = 14+ @ —1)sinn™? ——
n ( —1)
. und ‘
' 1
(2) I = (n -1) 81n”o<”) e —
( -1
gellen.

Die v-Potenzsumme S.(n) der Seiten solcher konvexen n- Ecke, die in
einen gegebenen Kreis so eingeschrieben sind, daff der Mitlelpunkt des Krei-
ses'ein innerer Punkt oder ein Grenzpunkt der n-Ecke ist, wird minimal

im Falle v=y,(n), wenn das n-Eck regulir ist;

im Falle y(n)=v=vy(1), wenn das n-Eck Typ F, ist..

Wenn vy(n)=v=>1 ist, dann existiert min S,(n) "nicht und inf S.(n) =
= 2'+1 ist, wenn der Radzus des gegebenen Krezses eine Einheit ist.

9¥



132 . ’ TEMESVARI, A.

Im [2] wurde der Satz im Falle y>2 bewiesen und dort kann man
zwei Hilfssétze finden, die wir spiter verwenden werden. Man kann Jeicht -
einsehen, dafll der erste Hilfssatz auch im Falle »>1 giiltig ist. Im [2]
fithrten wir die folgenden Bezeichnungen ein. A und B seien zwei Punk-
~ te eines Kreises mit -dem Mittelpunkt O, dessen Radius eine Einheit ist,

sowie F der Halbierungspunkt des Bogens E\B 20 der Winkel AOF

und C solcher Punkt des Bogens AFB fiir den die folgenden Ungleichun-
gen gelten:

AC=CB, < AOC=nx und < AOC=4s.
Wir bezeichnen < FOC mit 28. Da w1rd die v-Potenzsumme der
Strecken AC und CB

H,(8) = 2'[sin"(«+ 8) + sm”(oc =-9)],
wo

0=d=a und oasoz—{—f)s%

sind.
Wir bezeichnen denjenigen Winkel mit i(»), wo die Funktion y =

= sin* x einen Wendepunkt hat, wo x€|0; 12”. ist.

Zum Beweis des Satzes sind noch weitere Hilfssitze notwendig.

Hivrssatz 111, Es sei 1 <v<?2 eine reelle Zahl.
Wenn

L -Z—soc <§ ist, dann ist H,(d) abnehmend;

2. l'(v)<oc<—§ ist, dann hat H, () ein Minimum im Inneren des

untersuchten Intervalls;
3. O<a=i(v) ist, dann ist H, () zunehmend.

BEWEIS. Weil 1 <=»<2 eine fixe reelle Zahl ist, ist es genug die Funk-
tion - :

h.(8) = sin” (x+38) +sin (x—8)

statt der Funktion H, (8) zu untersuchen..

1. Es séi —ﬂ—sa<f—. Wenn « = S ist, dann ist
4 .2 4
hA(8) = sin [—“—+ a]_+ c‘osv[—’i+ a],
T 4 ’ 4

deren erste Ableitung
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1, (3) = »|sin—1| 7+ 8] cos| T+ 8] = cow—1 [ Z 4 8] sin[Z + 5
T 4 4 4 4

ist. Die F‘unktibn . (8) hat dasselbe Vorzeichen im Falle & % wie die
'Z' . .

Funktion
y (6) [4+6] g[ +6]

Weil 1<y<2 und 6=0 smd ist y 0)<0, also ist h, (6) abnehmend.

Aus den vorangehenden und aus dem ersten Hllfssatz folgt die erste
Behauptung.

2. Es seien i(v)‘<_ oc<—;1, sowie
Y1 (8) = sin*~! (a+8) - cos (x+9)

und ‘
V2 (8) = sin"~! (@ —8)-cos (x—8).

Im folgenden erweisen sich die Eigenschaften der Funktionen y,(8) und
Yx(0) als notwendig. Die erste Ableitung der Funktion y,(8) ist

V1 (0) = sin"=2 (a+8) [v-cos? (x+0)—1].
Weil a+ 6=>i(v) ist, ist cos?®(a+ 5)<l, ¥1(8) ist also abnehmend. Die

erste Ableitung der Funktion yz(é) 1st
V5 (8) = si’~2 (e — 8) [—»-c0os? (w— 8)+1].

d, sei ein solcher Winkel, fiir den die Gleichung cos?(x— 8,) = — gilt.
) v

Im Falle 8= 8, hat die Funktion y,(8) ein Maximum. Wenn 0= 8= &
ist, dann ist yz(a) zunehmend. Weil y, (0) = y,(0) ist, bekommen wir auf
Grund der vorangehenden, dab : A

(3) , H,(8)<O im Falle 0=0=d

ist. - ' _ )
Mit der Anwendung der folgenden Identitét

sin (a4 0) = sin 2ec- €08 («— 6)— €08 20 - 8ift (a— 8)
und , .
€08 (a4 ) = c05 2a- c0S (x— §)+5in 2« - sin («— 9)

nimmt die erste Ableitung der Funktion 7, (8) folgende Form auf:
@ B, (8) = »-sin*=! (a— 8) - cos (a— 8) [f(8)—1],
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wo
(3) . f(8) = [sin 2a- ctg (a— 8)—cos 2u =" [c0s 20+ sint 20~ tg (2 — 8)]

ist. Weil v.sin*—! (¢ — 8)- cos (x— 8)=0 ist, so werden wir das Vorzeichen"
der Funktion f(8) statt des Vorzeichens der Funktlon h;(d) untersuchen
- Wenn wir die Bezeichnungen

sin2« =@, cos2e=0>b und ctg(a—9)=x

emfuhren dann wird die erste Ableitung der Funktion f(9):
1 ) .
f’(a) = (v— 1) (ax—by—2.a-x [b—l— a- A-Jb—(ax—b)”—‘ -a-—l?~x’,
X : X
wo die Ungleichungen -

x’-=~1—>0, a=0, b=0, x>0
sin? (o — d) _
und ‘

ax—b = sin 20+ ctg («— 8)— cos 26 = sin 2a[ctg (x— 8)—ctg 20]=0

gelten. So zeigt die folgende quadratlsche Funktion das Vorzelchen der
Funktion f7(8): .

(6) £.(8) = v—l) boxt4(r—2)-a-x+b.

So hat die Funktion f(6) hiochstens zwei Extremwerte Aus (3) und dar- ‘
aus, daB f(0) =1 und hmf(é) + o= sind, folgt, daf die Funktion f;(3)

eine einzige Nullstelle hat

- Auf Grund der oben Erwihnten gilt auch die Behauptung 2.

3. Es sei O<a=i(p).

Wenn o = i(v) ist, so kann man dhnlich der Behauptung 2. beweisen,
dab d, = 0 eine einzige Nullstelle der Funktion (6) ist und wenn §,<é 1st
dann ist die Funktion (6) zunehmend, also /;(8)=0, so ist ha(a) zuneh-
mend. Aus diesemn und aus dem Hilfsatz 1. folgt die Behauptung 3.

HiLFssaTz 1V. Betrachten wir ein solches konvexes n-Eck (n=4),
das in einen. gegebenen Kreis mit Radius eins eingeschrieben ist und
dessen eine Seite der Durchmesser des gegebenen Kreises ist und aus

“den weiteren (n—1) Seiten die (n—2) Seiten einander gleich sind. Wir
bezeichnen jene Zentriwinkel, die zu den gleichen Seiten gehoren, mit
28, und jenen Zentriwinkel, der zu der Seite gehort, die dem Durchmesser
nicht gleich ist, bezeichnen wir mit 2e. - :
‘Wenn a=i(v), =i(v), | <v<2 eine reelle Zahl und

oc—l—ﬁ k2
_4,

sind, dann gibt das n-Eck Typ Fn ‘das Minimum der Funktion S, (n),
oder existiert das Minimum nicht und in diesem Fall ist inf S, (n) = 2+1.

I(V) =
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BEweEis. Fiir das obige n-Eck ist

S, (n) = 2 [1+sin® a +(n—2) sin” B],
WO . '

(n—2)B+a= 2
_ 2
. . . a+pf K
ist. Aus den Bedingungen i(»)= ) bzw. «=f geht hervor, daB

T2 i) _
' 2 1
f=—"——— Dbzw. f="— "
n—3 2(n-1)
sind. : . ‘
) Es ist genug, statt des Minimums der Funktion S. (n) das- Mlmmum
der Funktion
2(f) = 1 +sin” e+ (n—2)sin*

zu bestimmen, deren erste Ableitung

g (B) = »(n—2) [sim=1 B-cos f—cos'—! (n—2) B-sin (n— 2)/3

ist. Das Vorzeichen der Funktion g’(8) ist dasselbe, wie das Vorzelchen
der Funktion .
L@ =1-F@),
cos*=X(n1—2) - sin (n—2) B
‘sin~! 8. cos B '

und 870 sind. Das Vorzeichen der ersten Ableitung von F(ﬂ) ist dasselbe
wie das Vorzeichen der Funktion

F(f)=(n—2)sin28[—»-sin?(n 2)B+1]—
—sin 2(n—2) Blv-cos2 B—1].
‘Es ist offenbar, daf die Ungleichung

WO

F(8) =

() , (n—2) sin 28— sin 2(1—2) f=0

gilt. Die erste Ableitung der Funktion

®) k() = —v-sin®(n—2)f+1—[v-cos? f—1]
ist . ‘ | ' . '

K ()= —(n—2)-v-sin2(n—2) f+v-sin28.
Wenn ) .
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ist, dann gilt die Ungleichung
sin 28=sin 2(n—2) 8

und die Gleichung gilt nur in den Fillen =0 und g = — T so

2(n—1)
ist K’(B)~<0, wenn B0 ist, die Funktion k(p) ist also abnehmend. Be-
‘trachten wir das Vorzeichen der Funktion k(f) im Endpunkt. Wenn

i(v)‘s———_Q(n Sy

ist, dann ist leicht einzusehen, daf

L=

i(v)
ist, dann gilt die Ungleichung

ist. Wenn
i

- —

2(n—-1)

—Z———2-i(v) |

=
2(n—1) n—3

so ist der Funktionswert im Endpunkt

S Z24m)) | : T 2.0
k(—2——~1(—z) = —vcos2(2~i(v)—f2———l(z)+
n—3 n—3

%—Q-i(v)
+l—p-cos2\ S )41,
: n—3

Weil i(v)<_-Z~ ist, folgt aus den Eigenschaften der Funktion cos®x

{xe[o;%”, dab

| T 2w | T 2.i)
cos? (2 . i(v)—ET_—B—> + cos? ( —2—-———)

n—3

—t

=cos? i(») = —

<

2
ist, also
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(T
k’(_z__;)>o..
n—3

Weil k(f) abnehmend ist, ist k(8)=0, also F(B)=0 auf Grund (7), so ist
F(p) zunehmend. Es gllt auch, daB 11m F(B) =0 ist. Aus den obigen

kommt, daB die Funktion g(8) eine e1n21ge Maximumstelte hat, g(8) hat
also ein Minimum entweder im Falle 8 = 0 oder im Falle

g-z-i(y)

vn~3
Wenn

7T

2(rz—1) |

ist, hat g(B) ein memum im Falle g = 0.
. Wenn g =0 ist, dann gibt es kein Minimum, wenn

i) <

JT .
ﬁv ?‘21(11)
n—-3
ist, dann ist '
— - = i),
5 i)

also man kann den Hilfssatz 111./3. anwenden und so bekommt man das
n-Eck Typ F,.

HiLrssAaTz V. Wir schreiben in einen gegebenen Kreis mit Radius 1
ein solches konvexes n-Eck (n=4), das den Mittelpunkt des Kreises ent-
halt und dessen (n—1) Seiten einander gleich sind. Wir bezeichnen jene
Zentriwinkel, die zu den gleichen Seiten gehdren mit 28 und jenen Zen-
triwinkel mit 2«, der zu der n-ten Seite gehort. Wenn a=i(»), f=I(v),
1 <p<2eine reelle Zahl und i(y) s“—;é s—Z— sind, dann gibt das reguldre
n-Eck das Minimum, oder tritt inf S,(n) beim (n— 1)-Eck Typ F,_, auf.

Den fiinften Hilfssatz Kann man ebenso beweisen wie den vierten
Hilfssatz, deshalb gehen wir darauf nicht niher ein.
HiLrssatz VI. Wenn die Potenzsumme S,(rn) bei einem Exponenten
1 <»(n) fiir das reguldre n-Eck minimal ist, dann
1. gibt das reguldre n-Eck das Minimum auch bel jedem v(n)<v,
wenn n eine fixe natiirliche Zahl ist;
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2. ist die Summe S,(N) fiir das reguldre N-Eck kleiner als die fiir das
N-Eck Typ Fy, wenn n=N ist und der Exponent »(n)=v eine
fixe reelle Zahl ist.

.~ BEwEis. 1. Es seien die Selten des n- Eckes a,, ..., a,. Die y-te
Potenzmitte der Seiten ist '
. no 1
( Z ai >r
1
n
Auf Grund der Bedingung ist '

n 1
> a® @
b=\ - —)

wo b die Seite des in den Kreis eingeschriebenen reguldren n-Eck ist. Die
Gleichheit tritt nur im Falle ¢, = ... = a, = b auf. Weil d1e Potenz-
mitte zunehmend ist, wenn » zunimmt, ist .

1
Za’“ w sa\v
[, == 1 O
n n

wo v(n)<v ist und die Gleichheit ist dann und nur dann, wenn a, = ...
= a, ist. So gxlt die Behauptung L.

i

2. Wenn i(v(n))<—- ist, dann kann das reguldre n-Eck das Minumum -
n : :
“offenbar nicht geben, also ist i(r(1)) =" Die erste Ableitung der Funk-
. ) n -

tion {(z) = z-sin = (r=>1, z=4) ist
, 2

) C @) = sin1 e cos [tg - ’”]
. k4 F z 0z
Weil
i{r) =7 ,
Z
also
1
N
0S8 —
: 4

ist, so-ist
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[. 2 2:1]
sin —— — ——

1 7
(@) =— sin*—1 —
0=

F z 2
cOs— _
A .z
Die Ungleichung
sin m _ 2 0
z Z

gilt, das heift l’(z)<0 so ist [(z) abnehmend. D1e zweite Ableltung von
(2) ist
l”(z) —_— sm’*z i [v cosz - — 1] ,
z 4

die wegen l(v)>—— positiv ist, also [(z) 1st eine konvexe Funktlon Zum
z.

Beweis der zwelten Behauptung werden wir zeigen, da d1e Funktion
m(x) = x-sir® = = |(x—sind — T4 1]'
() * = e nawe

im Falle x=n abnehmend ist. Die erste Ableitung von m(x) ist

o) =)= R)a-1).
Weil [(z) abnehmend und konvex ist, ist m’(x)<0.

In den Fillen »(n)<v lst die zweite Behauptung die Konsequenz der
ersten.

Hivrssatz VII, Wenn die Potenzsumme S,(n) bei einem Exponenten
1 <w(n) fiir das n-Eck Typ F, kleiner als 22W+1 ist (der Radius des gege-
benen Kreises ist die Emhelt), dann ist

1. S(n)<2*! bei jedem Exponenten p(n)<v und bei ]edem n-Eck;

2. Sn)<2M+1 pei jedem N-Eck, wo n=N ist, und bei jedem Ex-
ponenten »(n)=v.

BewEis. Die Richtigkeit von 1. folgt auch daraus daf d1e Potenz-
mitte zunehmend ist.

2. Aus (9) geht hervor, dab die Funkt:on l(z) = 2-sin" — eine einzige
z
Maximumstelle im Falle-z=4 hat. Wenn »=2 1st, dann ist /(z) abnehmend,

wenn 1<p<2 gilt, dann ist [(4)=2. Daraus folgt: wenn S§,(n) bei dem
n-Eck Typ F, kleiner als 2#™+1 ist, das heifit

2=2(n—1 sm’(”)—————- | .
(n—1) 1)

ist, dann ist die Funktion l(z) an der Stelle z = 2(n— 1) .schon sicher ab-
nehmend also gilt die Behauptung 2. -
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DerR BEWEIS DEs SATZES. Bezeichnen wir die Eckpunkte des n-
Eckes mit A,, ..., A, und mit 2¢; jene Zentrlwmkel der von der Seite
A; A;4q bestimmt w1rd Man kann voraussetzen daB «;=<a,, ist und der
Radlus des Kreises die Einheit ist. Da ist

. . . n N
(10) S (TZ) Z Ai Aji’+1 = 2 Z sin” %; (An+1 = An)7

wo Z'ac, =n und O=ao;=- Z sind.
Man kann die Summe S,(n) folgenderweise vermmdern Wenn es im
Intervall [z(v), ?J mindestens zwei Winkel, «, und o; gibt, dann werden

diese zwel Winkel so verdandert, daB ihre Summe konstant und eine der

Winkel entweder i(y) oder % sei. Wenn wir diese Methode wiederholen,

bleibt hochstens ein Winkel « im Intervall [i(v);%]. Auf Grund der Jen-

senschen Ungléichuhg kann die Potenzsumme weiter vermindert werden,
wenn die Winkel im Intervall (0; i(»)] durch ihre aritmetische Mitte
(B) ersetzt werden. So bekommt man folgende Fille:

. 1. Wenn im Intervall [i(v);—;t— kein Winkel ist, dann bekommt man
entweder das reguldre n-Eck oder das n-Eck Typ F,. :
2. Ein Winkel ist im Intervall [z(v) ] ein kael ist glelch —5 die

anderen Winkel sind einander gleich, das heiBt

"8, (n) =2 [1+sin” oc+(n—2)sin”ﬁ]_. ‘

3. Ein Winkel ist im Intervall [l(v) -7.] und die anderen Winkel sind
einander gleich, so ist :
S, (n) = 2 {sin” a4+ (n— 1) sin” B].

© Im Faile v=2 gibt das Minimum entweder das regulire n-Eck oder
das n-Eck Typ F, nach [2].
Es sei l<v<2
Im Falle n = 3 kann man auf Grund des Hllfssatzes I11. leicht be-
weisen, daB S,(3) kein Minimum hat. Es sei im folgenden n=4. ‘
: a+p
2

Im Felle 2., wenn

<i(») ist, dann kann man den Hilfssatz I11./3.

anwenden und man bekommt den Typ F,, wenn
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+/3<£

O==5=3

ist, dann gibt sich entweder der Typ F,, oder daf inf S,(n) = 2+! ist, auf
Grund des Hilfssatzes 1V. : L

3. Wenn ;—‘6 <i(v) ist, dann kann man den Hilfssatz I11./3. anwen-

+ﬁ

- den und man bekommt das reguldre n-Eck. Wenn i(y)=—— _74— ist,
dann gibt sich entweder das reguldre n-Eck oder, daB das (n—1)-Eck
Typ F,—; das Infinum von §,(n) gibt, auf Grund des Hilfssatzes V.

Aus dem Hilfssatz VI. folgt: wenn die Gleichheit (1) besteht, dann
wird das reguldre n-Eck das minimale n-Eck im Falle v=v,(n). Wenn
v = py(n) ist, das heit die Gleichheit (2) gilt, dann kann man aus dem
Beweis des Hilfssatzes VII. auch das sehen, daB inf S, (n) = 2rm+1
bei jedem n;<n und bei jedem fixen Exponenten »y(n) kleiner als die
Potenzsumme fiir den Typ F, ist, also dér Typ F,_, kann bei dem Expo-
nenten »,(n) nicht minimal sein. Wenn 1<V<1)0(ﬂ) ist, dann werden die

Werte 2(n—1)-sin” —Q——I—»groﬁer als im Falle » = »y(n), also kann we-

der der Typ F, noch der Typ F,_, das Minimum gebén. In diesem Fall
kann das regulare n-Eck das Minimum nicht geben (n<2(n—1)). Also
das Minimum von §,(n) existiert im Falle 1<v<w,(n) nicht und 1st
inf Sy(n) = 2+1.

Aus dem Hilfssatz VII. folgt auch, daB das regulire n-Eck und das
vom Typ F, verglichen werden muB, wenn »y(n)=v=y»y(n) ist. Wenn bei

~ jedem solchen Exponenten » i(v)<£- ist, wird das Minimum nur der
n ' ‘
Typ F, offenbar geben. Es sei v (1) <v, < (n), wo auf », gilt, dab i(v)=

=" und i(v,) = — im Falle »,=» sind. Wenn »y(n)=»=», gilt, dann ist
n n » . .
i(v)<—n-, also die Funktion
n . .
14
m() = n- sm’~—[(ﬂ— sin®- ——— + 1]
n 2(n—1)

ist poéitiv. Es gilt auch, daB m(»(n)) =0 ist. Die erste Ableitung der
Funktion m(») ist

m'(y) =n- si ~ - Insin —ﬂ—~(n— I)sin* ————-Insin T
, n n 2(n—1) 2(n—1)

(n(m)=v=w,(n)).
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Das Vorzeichen der Funktlon m’(v) ist dasselbe wie das Vorzelchen der
Funktion

14 v .
sin ?(-’-;1—) - In sin - :
p(y) = : - g
N ) ]
“sin — Insin ———
n 2(n—1)
Weil die Funktion
. 7 v
sin —————
2in—-1)
- 1
sin —.
n

abnehmend ist, hat m(v) eine einzige Maximumstelle und auf Grund des
vorangehenden ist m(v)=>0, wenn v ,(n) ist, so wird das Minimum im
Falle vo(n)<v<v1(n) vom Typ F, gegeben. :

Literatur

[1] SzAsz PAL, Egy minimum-feladat a kérbe beirt sokszogekre vonatkozélag, Matema-
tikai és fzzzkaz lapok, 42 (1935), 93— 106.

[2] TEMESVARE A., O MUHUMYME CYMMBI »-CTENEHEN CTOPOH 71-YyTOJIbHUKOB, BINICAHHHIX B
OKPYIYKHOCTH, Ann Univ. Sci. Budapest, Sectio Math., 18 (1975), 135—141. ’



RENORMING A BANACH. SPACE FOR CONTINUITY
OF A METRIC PRO JECTION :

.By

A. BOSZNAY, JR.
Department of Probablhty Theory of the L. E5tvos University Budapest

(Received April 22, 7976) :

Let (X, ]-) be a Banach space, and L be a subspace of X. Let us
define for v x¢X

P =By () = {yyel, iyl = mfua'c-zu};

' P is called the metric projection to L. In the case where V x€X P, (x)=#,
and P, is single valued, we call L a Chebyshev subspace of X (we use the
termmology of [2]).

It is well known that the metric projection to a Chebyshev subspace
is not always continuous.

OsuMmaN [4] gave several necessary and sufficient conditions for the
continuity of all metric projections, when all subspaces in X are Chebyshev
subspaces. Here we only mention that reflexivity is a nécessary condition
(in the case of strict convexity).

In this paper-we give an arbitrarily small renorming of a separable
Banach space X so that a given complemented subspace L becomes a
Chebyshev "subspace and the corresponding metric projection is con-
tinuous. The construction is such that the points of L nearest to the points
of a certain dense subset of X are contained in a given dense linear subspa-
ce of L.

We first fix some notations. . -

Let (X, | -) be a Banach space. The topological concepts to be used
will be referring to the norm topology. If H, H,C X, denote coH, the con-
vex hull of H,, and by H,& H, the direct sum of H, and H, (if it exists).

If Lc X is a closed linear subspace, define

x4+ L = inf{px+1 .-
leL

For x, ye X, reR, r=0, set
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S, r)={yeX;llx—yl=r},

Firg@n={yeX;llx—=yl =r},
6, y] = {2 x+(1—-2)y;0=2a=1},
) =Ax+(1-2)y;0<i<1}.

'DEFINITION. Let X be a vector space, ¢=>0 fixed, ||| and |- | norms
on X. ||-|| and |- | are said to be e-equivalent, if either

(1—¢) [x] SIIXIIS(IAH) x|
for vV x€X, or

(l—e)IIXII<M (1+¢) x|
for VxeX.

We shall often use the following 31mp1e properties of a Chebyshev
subspace L (see [3]):

a) P, (ix) =P, (x) for VIER, .
b) P (x+1) = P, (x)+1 for vI€L,
©) IIPL (X)lls2HXN,

) LoP (o) =

THEOREM. Let (X, ||-])) be a real, separable Banach space, L, a (not
necessarily closed) linear subspace with complemented closure I.. T hen for

every neN there exists a norm || - ||, on X, i-equzvalent fo ||+, such that L

is a Chebyshev subspace in (X, [||-1lln), the metrzc projection Py y.qy, = P, is
continuous, and a suitable dense set V satisfies B, (v)€ L, for all ve V and n EN.

. Proor. Before we go to the technical details of the proof, it will be
useful to see the idea of it. First we construct a part of the surface of the
new unit ball: the set whose image according to P, is 0. After this, the new
unit ball will be the convex closed hull of these points and the ball in the
original norm (with radius a little less that 1). To construct this, we shall
apply the Michael selection theorem (to the “almost nearest” elements
to x in L to obtain a continuous £), and lemma 2 (to obtain a set V with
the property mentioned in the theorem). Lemma 1 is necessary to assure
the Chebyshev property of L (we must.construct the surface of the unit
ball so that no set y+ L disjoint from the interior of the new unit ball can
contain more than one element of the new unit ball),

Let

: : 1 N
() E:(X\L)~ 25, By () = {y;yEL, =yl =lx+L] [1 +“167]}
We shall demonstrate that F, is lower semi-continuous, i.e. {x; F,(x)N
NU =@ is open in the relative topology of X\L, if U is open in the re-
lative topology of L. If F,(y)N U@, then for some z¢F, (y) and §>=0
we have {v;veL, |lz—v||< o}c U. We distinguish between two cases,
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First let ||y—2z|| = ||y + L|l. Consider a pomt weX with 4

| W=yl =ly+ Ln—;
Obviously,

1 1
= ] e - LI
e ny+Ln[ o) L=l 1=
Therefore ’ '
[1 +—1—] I+ Ljj=[w—2].
10 -

Hence, in view of (1), Z¢F, (w), i.e. UN F, (w)=d.
Next c0n51der the case

T 1
Iy L=<ty —2l=ly-+ L 1 +~—] -
A : 10n
Then there exists 2’ ¢ L with ||y —2’||<||y—2}l. For 27€(, 2), the triangle-
inequality yields||y — 2| <|ly —2||, Let 27 ¢(¥/, 2) satisfy also
2) lz—2"| <8, ie. 2’e¢U.
If

| [1 +—] +Li—ly—2"]
3 Iy —wj< ,
ol -
IO

then

o (1 +i] ly+Li~lly—2"]
w =2 <ly—2"] + ‘

24—
10n
and

[1 +F] ly+ Ll —ly—2"|

W+ L= [ly+ Ll - 1

10n

2+
From the.last two formulas Wé obtain
1
L+ W+ Lij=[w-2z"].
10n

S0, 27 € F, (w), and by (2), £, (w)n U=0.

10 ANNALES — Sectio Mathematica — Tomus XX,
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We have proved that F, is lower semi-continuous. Clearly, the ele- -
ments of its range are convex, closed, non-empty subsets of the Banach
space L. Therefore Michael’s theorem ([1], p. 85) ensures. the existence
of a continuous selection f, of F,. We shall also need the following obvious
property of F:

4) F, (tx) = tF,(x) for v Z‘GR.
Now consider a decomposition '
(5) X=LoeM,
where M is a closed sﬁbspace, and the corresponding projection
(6) m:X—>M; x—m(x)eL for all x€X.
m is linear and closed, thus continuous. Let
M 8o (5 x€X, x+ L] = 1} = Dg, ~ X,
R AU OE AU R
Then, in particular
©) gn (1) = —gn (1),
and g, is continuous. Using (8), (4) and the convexity of F,(m(u)) we find
10y 8 () F, (m(u)) —m(u)

Before proceeding with the proof of the theorem, we need two lem-
mas. ‘

LEmmA 1. Let (X, |-]) be a real separable Banach space. Then for
any =0 there exists a locally uniformly convex norm |[|-||| on X which
is e-equivalent to |.|.

PRrOOF OF LEMMA 1. We replace relation (3) of [1], p. 177 (proof of
theorem 3.1) by

M=%@+iz«§wm.
K=1
Then

RBM@P+H&M

while the other parts of the proof remain unchanged. So, instead of the

conclusion of theorem 3.1, we obtain an %-equivalent Kadec norm. In the

proof of proposition 3.1. of [1], p. 178, let a,>0(i =1, ...) be such that
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= ) e
2 IIX?‘.(X)PSE [l .
i=1

Using these as well as relation (8) of the same p. 178, we find

imSmmh{p+§jﬁ+§H”uu

and also |||+ || is locally uniformly convex. Lemma 1 is proved.

LEmMA 2: Let (X, |-|) be a separable real Banach space, U a dense
(linear) subspace, K=0, Then for any e=0 there ex1sts a continuous
mapping L : §;.; (0, K)-U such that

(11) |l ()—u|=e
and .
(12) l(—u)= —1.(u)

for VUES].I(O, K) .
PROOF OF LEMMA 2. Let {y/hen be an %-net. in UNS,.i(0, K),
lyil=K. Then (because of the density of U) there exists an yec U, with

PRV LA
2 o Yi—y 16’
and 3{z;ienc U with .
' ' 2= 2,1 ] <—— 1
P e 2
lim z, = y— SL {
; i y A 2i L
So, if - , ’
Vi=yi+2' (-2 ((=1), yy=y+2,
then . )
' = 1 =1 . —
(13) 2o 23-y1+hr,nzi=y€U-
i=1 i=1 i -

The sequence {y}icn is an —E—-net in UﬂSH (0, K), and

; <K+————K’.
[y:l K+75
Set

W - - maxfo, S y=yilfy 10) = 3740

i=1

10%
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Obviously_,

() 0= p)=, 0=n().
Moreover, for some fo =i, (y)

(16) max{ L) (y)} = on0) it i=i,,
since otherwise for infinitely many i "

[%] n(y)=L(y),

which is impossible by (15). Set '

> max{——l 0 (y)‘yl+2-l (y)yf

l;(y) i=s+1

A _ n(y)
where S is chosen so large that -
. . = 1 €
17 . = .

The mapping [; is continuous, because

(1,0 Lo ]
max {1 0), 500}
n(y)

1 .
I 10, - 1
vl + Z Iyll—ZK’

=

Z - Vi
i=s+1

=2 TR0
Also, by (13) and (16), for some index m we have

L= y+2 &Y
. i=1
Therefore I7(y)eU. Further

é%li(y)yi Wl_ng (y)y
1) - S 7 R ()
. > [maxI LY — n(y)}———l (y)] Vi
-+ i=s+1 ==
‘ : ﬂ(y) -
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e 1 oo

2_371@@ » N
i=1 +

n(y)

max| LO) SO h0)
2, ") =2t K 5

(at the last step we used (14) and (17))..
Consequently, the mapping

=

v L) =0 l( y)

satisfies (11) and (12). Lemma 2 is proved.
Returning to the proof of the theorem, let I Hn be a locally uniformly”
convex norm on X/L such that

1 o
b g ==L
3 - '10n
By (18) '
sup{ M}. ; uEDgn}<T< + oo
g () + LI .
is Valiq, because from (1), (5), (6), (7) and (10) we obtain
1
(19) @1 =143 e,
: 10n
~and by the definition and continuity of m, fdr some H =0,
20 Nm@)l=H|lu+L|.
Let D,, = Dg,, ' .
@1) . ll/lOn [gn (u)+m(U)] mu) _
: Mg, @)+ LI,

g, @)+ LI,
where C

Lot (LN S (0, T))~ Ly
and Iy, satisfies (11) and (12) withé:%. ‘The mapping t, is
. 1

continuous. Moreover, using (9) and (12)

(22) t(=u) = =L, ().
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Let H, be the closﬁre of
‘ 1
co [Sn-n [0,1 ——] U{t. () veDt,,}] :
n
© Obviously, HnDS”.H[O,l ——1«]. On the other hand, by (11) and (21
n .

1

A

lgn () + LI 1|
Using (1), (10) and (18) we find’
' | 1 I
=g — .t

“-10n
so that '
- 1
(23) in(u)ES“.“[O,l +—-—].
2n)-
By (22) H, is symmetrical to O, therefore its Minkowski functional
is a norm —equivalent to ||-||. Let us denote this norm by |||-]||,. Now,
n .
we shall prove that the norm |||-]||, satisfies the requirements of the
theorem.
Clearly,

S, 0,1) = H,.
We are going to prove that for all ue Dy,

(24) () +L)NH, = {t, ()}
and !
(25) At, (L})é{Hn if i=1.

Suppose that either (24) or (25) is not valid. Then, for each n, there
exists a sequence {Wk}xen,

. 1 ‘ '
WiEco [s”.,” [0,1 —~n—]u{t,, o); vEDtn}], )
with o » '
(26) lim wy =, (u)+r, (.€L, 1, = 0)
K . .
or with. ,
(27) lim wy = At, (u).
K
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We have
(27)
where

(28)

(29)

Wik = 2 AKtn(uK)+ Z’ ,LLKVK

i=1 i=1

" P(K)
Z (2K+1u'{<) - 1 }'l b MK>O

uf €Dy, vfésnm[OJ-lq,
n

and 2K, uf, uf, vK, P(K) depend on n. By (26)

(30) t(u)+L_hm[

i=

Using (10) and (21)

31
(32)

It )+ LI = 1,
It @)+ Ll = 1.

Further, by (18) and (29)

(33)

L= v+ L= 1=
n

AR (t, i)+ L) + 2 p R+ L)

From (27), (27), (28), (31), (32) and (33) we obtain a contradlctlon whxch

proves (25)
Going on with the proof of (24), from (26) and (31) we fmd

(34

Let
(35)

lim w4+ LI, = 1.
K

e=¢g=0.

If K>K0 (&g n), then by (34) and (26)

(35)

’and
(36)

HW"+LM>1——“'
n

”wrll(_tn (Ll)—rn”<81 .

Relations (27°), (28), (32), (33) and (35) yield

(37)

P(K)

2 pl=e,.
i=1
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Setting .
- P(K)
(38) 2 At (uK)

and making use of (27’) (33), (36) and (37) we obtain
(39) ) ”xK - 2(n (Ll)-—— n” <2_81. -
Therefore, according to (18) and (26),
X% — 1o () + Ll <2¢, .
Hence by (28), (31) and (37)
2— 251<]|x,<+t (u)+LHn =
LP(K) ' ,
= ”2 A{<(t,,(u,l<)_+tn(u)+L)+[l - Z' l,K] (t,(+L)| =
i=1 i=1

n

P(K) _ : '
= 3 K () b () L ey

i-1
Thus, in view of (28), (31) and (32), .
(40) 3 a=ye
iem?
_ . K
~where )
| M = (j, 1= = P(K), o (45) 1, (u)+Lun<2 3Ver).
By the deﬁmtlon of M%

(41) |;t,,(u{<)+tn(u)+L||;'>-2—3V€ for igM%.

Let . : S '

(42) e=e>0,

Choose &, so small (i.e., K so large) that from (41) o
43 [0 () =t () + Lip<e, for 1My ‘

(this is possible on account of (31), (32) and the local uniform convex1ty ‘
of - [I7.) :
By (18), (21) and (43), for i¢ M%,
K .
l ) m(f). L“dzu
g @)+ LI, llga (@) +EI; 1

(44)

- < 28y .-

5 “Yon
As 1, uKeD,, = Dg, relation (7) and the definition of m yicld
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@ I L1 = e L1 = 1
From (44) we obtain

,I&WHIM e
— e, lga (1) + LI, + ]i37§~zﬁw (k) + Ll =lim(a) + L

< | m(uk) + L g, (1) + L%

T s 7 i, 282 n L;,
lgn @O+ o e )+

so that by (45)°

g, @ +LI _ |

—2s, |lg, (W) + Ll + =
Tl O oL,

) _ g @+Ll;
g @+ LE,

According to relations (1), (6), (7), (10) and (18)
Ngn )+ Llp=1.

€9 “gn (Ll) + L“n .

Thus from (46)

gL -
1 —2g, <2027 "0 —142e,. )
== g, (B T LI, B

Hence makmg use of (10), (18) (44) and (45),

) (et + L1 = (o) m(ﬁi%#%g%%+4h

g, (W) + LIl l
+ m(u,K) —————1 +L||=2e,+2¢, = 4e,,
l' Mmm+w; ! e

and in view of (20)
lim(u)—m(uk)| = |m{m(u)— m(ul))| <4He, .

YSO, if &, is sufficiently small (to this end, also e, must be sufficiently small),
then with the aid of (8), (21) and the continuity-of 7, we obtain

it @)=t W)l <&

(K sufficiently large 1=i=P(K), zQM ) Consequently, ‘by (23) (28),
(35), (37), (38) (39), (40).and (42),

Irall = lixk — 1, (U) r U+Hf (U) Xl =
528+s+2f[1 +. QLJ_H[I +L}

n 2n
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for every ¢=0. It follows that r, = 0, which contradicts (26). Thus (24) is
valid.

We are going to prove that L is a Chebyshev subspace in (X, ||| [|,)
and P, is continuous.

At points of L the existence and uniqueness of the metric pro;ectlon
are obvious. If we already know that L is a Chebyshev subspace, then also
the continuity of £, is clear at these points, since b) and ¢) yield

B, C=F. Ol = 1P, (x~ l)lllns2H|x—llHn for IcL.
- So let x€(X\L). We define
P (x) = ||x+L||[ [ al ]+ X ]
Ix+L{ ) lx+Li,

 and show that P/ (x) is the only nearest point to x in L according to |[|-| I ne
By (8) and (21) B, (x)€ L. Further, as

an P! (x)—x = nx+Ln;tn[”xjf_ L”],

making use of (25) we obtain
B (e Fiy-, (6 lx+ L)
and by (24)
Si- 1 6 x4+ LI N L = {F] (%)} -

Thus L is a Chebyshev subspace, B, (x) = F,(x), and B, is continuous.

Finally, we must prove the exxstence of a dense subset V < X such’
that P, (v)e L, for all veV and neN. In other words, we must prove that
‘the set

(48) X\Gl 4, G+RO)

is dense in X. To this end it is in turn sufficient to show that, for flxed
my€eM, the set

(“9) S Crm\U Y (GRTO)

is dense in L +m,.
Note that by (47) and property a )

(50) P-1(0) = {At, (u); A€R, u€Ds }.

Now, if y+p,eL+my, Y+pu€Ll+my (Pa€F1(0), pn¢Pi(0)), then
Pn—DPm€L, so that in view of (5), (21) and (50)

(51) pri,_plnELl‘
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According to property d), L&F,*(0) = X. So, if
Y+ Pa€L+m, (yEL, p,eRTH(0)),

then -there is no p;, = p, with ' +p,eL+m,(y’ €L, preb;*(0)). Thus,
assuming L > L;, we can find elements p,eF; " (0) for all n¢N, such that

62 @rmIn[0 y G+EIO)] = O ().
n=1ycL\Ly n=1
Let Q ={p,—py. neN; n=>1}. By (51), Q< L,. Further, p,+L; is
~dense in L+4m,, and (p;+L,)N(p,+(L\Ly) = @. Moreover, (p,+L)N .
N(pa+(L\Ly)) =0 (n>1). In fact, if there is an element s in the set
(1 + L) N (pn+(L\LY), §=py+14 = po+1 (l€L, LEL\Ly), then p,—p, =
=1,—lc€L\L,, contrary to the relation Qc L. Thus the set (49), the
complement of the set (52) relative to L+m,, is dense in L+m,.
In conclusion, I should like to thank J. BogNAR, L. CzAcH and F.
SzigeT1 for their advices.
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1. §

In this section we introduce some notations and definitions. Let
1)y m=@mymy,...,m,...) Q=m,meNkeN:={0,1,...})

be a sequence of natural numbers and denote by Z, the m, the discret
cyclic group, i.e. :

) Zm,:=1{0,1,...,m—1} (keN).

Furthermore, if we define the group G,, as the direct product of groups
Zm,, then G, is a compact Abelian group. Thus the elements of G, are
of the form x = (xo, Xyy ooy Xy - - o) With O=x, <my, (keN) and for x,y in
G,, their sum x 1y is obtained by adding the nth coordinate of x and y
modulo my, (k€N). We define the subgroups I,, (x) of G,, as follows:

. (3) I, (X) - {yEGm Y=o X Vo - )} (XEGm’ neN).
Then the I,(0)s (0€G,, neN) form a basis for the neighborhoods of -
0¢@,, in G, and these subgroups completely determine the topology of G,,,.

Let F(m) ={¥,:n¢cN} denote the character group of G, We
enumerate the elements of I'(m) as follows. For k&N and x¢G,, let 7y be
the function defined by -

(4) r(x): = exp 2

(x€Gpy i1 = V=T, keN).

k

If we define the sequence (M,, keN) by My: =1 and M, : = Mmymy- ... -
smy_y (keP:={1,2,...}) then each neN has a unique representation
of the form ’ : :

n= 2 n, M
where 0= My <1, (keN) For such neN we - define the function ¥, by
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(5) . Wn: B ﬁ (rk)f’lk .
k=0 .

We remark that I'(m) is a complete orthonormal system relate to the
normalized Haar measure dx on G, [10]. Furthermore, if m, =2 (n¢N)
then G, is the so-called dyadic group and the elements of the character
group I'(m) are the Walsh-Paley functions.

For fe L1(G,,) we define its partial sums and (C, 1) means by

© Sy = f FOF, D dt, S,f: = 2 Ak)y®, (nep, S,=0),
va. k=

0ufi=— 3 S, (neP).
n k=0
.Then we have the formula .
Saf(®) = [ /O Dy(x=1tydt = (F%D,) (x),
Gm

(M
onf@) = [FOKne=t)dl = (J5 K,) (),

xeGm, neN, where D,, K, are the so-called Dirichlet and Fejér kernel,
resp. In [9] was proved the following formula:

o my—1 .
D,=%, 2 2 (rk)]DMk
k=0 j=mk—nk
® - (n€N)
Dm, = T (1 +rg+... +@)™).
k=0

C. W. ONNEWEER has given the following generalization of the con-
cept of a derivative of P L. BUuTZER and H. J. WAGNER:

'DEFINITION ([4]): Let

n—1 mj-—l k m;—1 " . .
df(x):= > M; > - ri(se)” f(x tse))
j=0 k=0 TMj s=0

[xEGm,nEP,ej:: (0,0,...,0,‘1,0,...]eGm,sej:= ... te, fis an

arbitrary function on G,,|.
If for the function f there exists lim d, f(x) at some point x€G,, then
. n B

this limes is called the pointwise derivative of f at x and is denoted by

S ).
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The following relation is easily verified:
i X) =n¥,(x) (neN,x€G,).

Further we suppose that the sequence (1) is bounded.

2. §
Let WeL2(G,,) denote the function for which
1 k=0
l1 [k (k€P)

holds and let .
If:=Wf (fEL(Gn)).
The system I'(m) is complete, therefore the function W is uniquely deter-
mme&:t T denote the maximal operator of the operator sequence
dy: L1 (G,)—~ L2 (G,) (n€P), i.e.
Tf): = sup |d (Ify ()] (f€L*(Gr), X€Cp). .
Then the following maximal theorem holds.

THEOREM. The operator T: L*(G,)~ L*(G,,) has weak type (1,1) and
has type (o=, <), i.e. the following znequalmes hold :

@ ITfl-=Alfll. (feL=(Gn)),
(ii) mes{xcG,,:Tf()=y}=BI|fl./y (fELl(Gm),y>0)

where the A and B are absolute constanis.
Since 1Y, = 1/nW¥,_ (ncP), for an arbitrary “polynomial” of the form

P = ZaJYf (necP) we have Ixmdk(IP)(x) P(x) (xeG). From this,

applymg that the set of the polynomlals is closed in L*(G,), follows the

CoroLLARY 1. For an arbitrary function feL'(G,), f(O) 0 the
following statement holds:

limd, (If) (x) = f(x) (a.e. x€G,,).

The above COROLLARY 1. is similar to the well-known theorem of the
classical analysis on the a.e. differentiability of the integral function.

An immediate consequence of the THEOREM and of the interpolation
theorem of Marcinkiewicz [12] is the following

. Cororrary 2. The operator T:L?(G,)~ L?(G,,) has type (p, p) for
all 1<=p=eo. ‘

We remark that the above statements in the case m, =2 (neN)
was proved and generalized for measures by F. SCHIPP [6] [7] We follow

the method of these papers.
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3.§

PRrOOF oF THEOREM. To the proof we shall need also some lemmas.
LEmMA 1. Let x denote an arbitrary element of G,\{0}. Then the series

> v, (x)/k is convergent. Furthermore, for the function W, defined by
k=1 ’

W) : = 2 W, ()k  (xeG,\OY

the following estimation holds:

W[ =0(1) 2 - L Du,.

k—1

- Proor oF LEmMa 1. Let x€G,\{0} and neN be fixed. Then we have
on the basis of (8) that

1D, ()] =0(1) % D, (x)

i.e. the series Z’ v, (X)/k is convergent
Applymg Abel transformation-we obtain that

< 1.
W= kgz_k-(k'—l) D)=
from which ) 1
W(X)+1 = k;;k_(‘k__T) Dk (x) :
§ (k— 1) "(_x) rf‘;,-z mZ_k (ri ()Y D, (x) =
j \ 1
B ig{)i:ﬂ%%{(ri (X))] Dy; (x) .’;%;Zlmgjk (x)
follows. Since ‘ . |
| 1 -

2 [k

=

"()‘ w, k(k—1) T M1 M,

.- the last estimation implies that

1W<x>|<om§

D‘Mz' (X) .

t-’l ’

Lemma 1, is proved,
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LEMMA 2. For an arbitrary n€P we have the following decomposition:

d,W =Dy, —1+F,+H,,
where ’

) |F (X)|<0(1)2’ T

A[Z M; 2 DM;+l(x+q )],

nt+i—1 \j=0

(i) "an<>;>\so<1>[DMn<x>+\KMn-loos+ K 9] (€0,

n i1

PrOOF OF LEMMA 2. From the definition of d,, follows that

n—l oo Mn—l k
d, W = 1/s¥P, $; M, > Y - Yim, p-
| | Z / [:2 ] 2022 Tk e
Let . )
C “k ik
a,(i,n): =1 ——— " (i€P, n, keN).
il ) [Mn iM,,+k] (  keN)
Then ' '

4, W) = DM(x>—1+21/zuv,M (x>2 W) -

n

= Da, () =1+ 3 i ()5 M, () —
: i=1 k=0
SRl RO WAL ALY

Let GV (neN) denote the dlrect product of groups Zm, (k = n, n+1,

.) and Tet i and ri™ (ieN) be the characters of G{P ‘efined in the

sarmie ‘way as !P and r; are defined in (5)-and (4), respectlvely We can
easily verified that

i, (x) = WO (x),
- where .

X = (X X1r -+ )Gy X5 = () Xppy - )G, neN, i€P.
Applying this we obtain the following decomposltlon for d,W: -
o Mp—1
d, WX) = Dm, =1+ 3 1/i¥PW ) 3 kIM, ¥ ()~

i=1 k=0

3 Wi, () M"Zil‘ (i, 1YW () = < Doy () =1+ Fy ()4 H, ().
i=1 3 k=0 ] .

11 ANNALES — Sectio Mathematica — Tomus XX.
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W®: = > 1)iwm,
: i=1 :
Since o L
My—1.
M, 3 k¥, ()= 1/M,(d,Dm,)(x),
k=0
we have that '

Fy(x) = WO () 1M, 57 M, ’z plm,"S T GE) Da, (c 2ae)).
Jj=0 p=0 9=0

Applying the Lemma 1. for the function W we obtain that for x™ 5 0

| B ()] <0(1) g’ o D(n)(n) (x(n))[jvlr .nil1 MjmngMn (Xi-qe,)],

M 1 n Jj=0 q=0
where - _ \
M(n) CEMyMptys e My

o (")
D (x®) : = Z’ !P(") (™) (neN, icP, x(”)EG‘”’)

On the basis of (8) the followmg equatlon is valid for all j=0,...
,n—1, q 0,....,m~1:

D (x(n)) D, (x Tge) = |
= 7]1 [1+.. +(f‘”)(x‘")))”’"+3“] ]] [14... +(r(x1ge))™ '] =
s=0 .
i—1

= H [I +rn+s(x‘?"‘]‘ej)+ stk
=0 )

]

3

+(fn+s(X+<I ))'""+S“] ]] [1+.. +(ft(x+qe))’"f‘ 1= DM,,-+,-'(X4°—‘¢I€j)“
From this follows that

1R @I=00) 3 i [zM 5 DMn+,<x+q )]

i=1 j=0

To the estimation for H, Iet

B,: = sup
i

My—1 .
> a (i, n) ¥yl .
k=0

We prove that

nslz[DM Kl 1M, S |K|]
k=0
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'Then . :
|Hu|=B, 3 1/k*=<2B, (neN)
k=1

* and from this follows the statement concerning with H,.
Let g; denote the function defined by

2
()= i=1,0=t=1). :
6 O 1+1i (. , ) ,
Then q, (i, n) = g, (k[M,). Applying Abel transformation we obtain that
Myt Mgt (-] (k1
D e 1 SR A CLART L |
k=0 M M

k=1 n n

: M, —2) M, —1 M, —1
(M, —1 hall P ot g | En D .
( )[gi[Mn ] g[ M,,‘]KM" ”Lg[ M, )] Hn

Since

max max gD ()] <6 (ieP),
0=j=2 O=t= ‘

the following estimations are valid:

(e B e

| g,-[ kz;,,l —2, (k/M)+g,[

Frorri fchis it is obvious that

]!slz/Mz

M,—1
3 a0y, sl2[DM 1Kt + 1M, 2 IKIJ

Lemma 2. is proved.
On the basis of Theorem 3. of [5] we obtaim the followmg

LEmMA 3. Let L, denote the function detined by

L,(x): = I/M 2 M; Z’ [DM (x)+ 2 DM (x+q )] (xe:Gm? nep).

. =0 . i=j
Then - '
IKnI<O(1)L (nEP)
A modified version of a theorem of F SCHIPP will be used whlch has
the following form ([8]; Satz):

LEMMA 4. Let A = (a ) ({,j,4, n€N) be'a matrix having the follow-
ing properties:

11%
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() a@=0 (i,j,q,neN),

(ii) SUp sup % A<, -
n i,j=0 :
(iii) sup sup % S‘[sup a,,]
i=0 j=s \n=<j
-0 J= .
(iv) sup su 2 Z’ I/M; sup(M a,,)<oo
i=0 j=k nzj

Furthermore let
'w mi—l N . ) .
hei= 303 aﬁ;"DM(xiqe» (n€N, x€G,).

Then the maximal operator Tf = sup ](f,,alef)i has type (o, =) and
weak type (1,1).
PRrOOF oF THEOREM Let fc L1(G,y), f(0) = 0. By Lemma 2. we have
du(If) = dy (W %[) = (@ W)%f = Dy % f+ Eyx f+Hok ]
We introduce the following notat—ions- v

fii=Du, fi= 1M, z:M,zDM,

j=0 i=j

= 1M, zmzm'z D, (- 40¢),

fi: = Z oy Z' M; 2 DMn+z( tqe) (neP).
i=1 nti—1 j=0

It is easily verified that the functions fr (i = 2,3, 4) satisfy the conditions
of Lemma 4. From this follows that the operators T'f: = sup (f’e;ef)]

have type (e, =) and weak type (1,1). It is obvious that the operator
Tif: = sup |(fi% f)| has the same property. Since by Lemma 3. |K,|=

<0(l)(fn+f ), the operator 7% f: = sup |(1K,,| % )| has also type (e, %)

and weak type (1,1) ([5]). From thls ‘by Lemma 2. we obtain that
sup [(H,* )| =0(1) (T*f+T°f), i.e. the operator H*:= sup [(H,* )|
n R

has the above type. Applyihg Lemma 2. we have that
- TI=0) (T} + T+ H]),

hence the operator T has type (e, =) and weak type (1,1).
This completes the proof of THEOREM.
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SU UNA CONGETTURA DI SEPPO ILKKA

F. KARTESZI
Istltuto di Geometria, Universita L. Eotvos, Budapest

( qurato in Redazione il 15 seftembre 1976 )

1. Ci occuperemo nella presente Nota della nozione di .sémiordine in
uno affine di GALOIS di ordine dispari.- P. KUSTAANHEIN® [1] & stato
“fra i primi chi studiava le geometrie di GALOIS in relazioné all’astrono-
mia ed alla fisica e tra alcuni anni — nel 1957 — ha introdotto una certa
-nozione di ordine (o meglio di semiordine), Fra queésta rozione e quella
" classica si presentano analogia, ma nello stesso tempo alcuni diversioni
sorprendenti. Un vasto ed interessante lavoro di SEGRE [2] contiene tutti
i risultati che sono finora ottenuti, segnalando le” questioni apperte. Tra
Paltro dimostrava una congettura di S. ILkka (rispetto alle nozioni
«internoy ed «esterno» ad una conica e ad utk segriento).

Per svolgere il presente studio & opﬁortvfﬁo premettere alcuni propo-
sizioni, in parte ben note.

Nei seguenti — per la brevita — pianoe vuol dire: «pxano affine di
GALOIS di ordine dispari». Per egni ke GF(q) (dove GF(q) ¢ un campo
di GALOIS di ¢ elementi), se k > 0; scriveremo che

. (1.1 . k=0 oppure k= A

a seconda che in GF(q) esista 0 non esista un elemento x(0) tale che
x? = k. Il prodotto o gtiozierrte di un quadrato ed un non-quadrato & sempre
un non-quadrato, meritre il prodotto o quoziente di due quadrati o di
due non-quadratf & sempre un quadrato. Il numero di elementi quadrati
ed anche di non-guadrati: (g—1)/2. Gli elementi non"nulli di GF(q) che
sono quadrati formano un sottogruppe moltiplicativo di GF(g). :

Ora la definizione del punto interno rispetto al segmento A B, pud
regolarst al modello classico. Considerando. quest’ ultimo, siano Pl, 1?2, P
tre punti allineati che hanno-il rapporto semplice (P, B,P) = k; il punto P
¢ un punto interno al segmento B B, se ¢ soltanto se k<0. Se (x;, y1),
(% Vo), (%, y) sono le coordinate di tre punti, si ha

(1.2 . P R
XX 'y—yz
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Sul piano di GALOIS ¢ lecito adottare per definizione del rapporto sem-
plice la formula (1.2), se le lettere denotano elementi di GF(q), mak0,1.
Se e soltanto se k = A —cioé non-quadrafo — diremo che P ¢ un punio in-
terno rispetto al segmento K F. (Punto esterno se k =01.) -

Come sul piano cuclideo anche sul piano di GALOIS il punto P non
situato su un’ellisse € ¢ un punto esterno od interno secondocche per esso
passano o non passano tangenti di €.

Nella geometria euclidea un punto esterno al segmento P, B, & anche
esterno rispetto ad ogni ellisse che passa per i due punti P, e . Nel caso
del piano di GALOIS non & cosi. Recentemente. S, ILKKA. [3] ha studiato
questo fatto utilizzando un elaboratore elettronico e ha formulato una
congettura relativo al punto pseudoregolare (rispetto ad una conica).

Ma prima di tutto daremo la definizione di- punto pseudoregolare.
Diremo che un punto P mon gidcente sull’ellisse € risulta pseudoregolare
rispetto a @, quando P sia.esterno rispetto a € ma interno rispetto ad
ognuno dei segmen’u intercetti da @ sulle singole rette per P secanti la €. .

Ora possiamo formulare brevemente la cengettura di 1LKKA:
Punti pseudoregolari rzspetto ad un’ellisse- .possano esistere soltanio per
piccoli valori di q.

~ Nella presente nota non intendiamo parlare delle 1perbole € para--
bola. Ma rileviamo ancora due lemmi utili e necessarii.

E noto che '

_ : i—*l‘ =[O oppure —1= A
secondo che e S

(1.3) g=1 (11'10(:1»4)" oppure g=3(mod 4).

L’insieme dei punti di un elllsse @ pud essere rappresentato con un
(¢+1)-agono regolare del piano.euclideo che rifletta tutti i parallelismi
che si presentano fra i secanti (e tangenti) di €. La spiegazione di questo
fatto segue da un noto lemma: Considerando i punti di € esiste una tale
permutazione ciclica di essi, [ ... £, che le rette P,F, e F, B, siano .

parellele se e soltanto se '

(1.4) L j+h=k+((@modg)
(PP, denota le tangente di € nel punto Py). Cfr. [4],, [5]

"Nella presente modesta nota daremo (per contributo ad [2]) due
modelli euclidei: la conﬁgurazmne dei punti di un’ellisse se g = 5 oppure
g=71 " , . . A ‘

_ 2. Se ¢ = 5, per determinare un elhsse sara opportuna la forma
(2.1) ‘ @.y253x2+1(m0d 5).

Questa forma mediante una traszformazlone delle coordinate affine &
sempre ottenibile. »
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Fig. 1.

~Ne segue che i punti di € sono i seguenti:
(2'2) P1~(0,4), PZN(I,Z), %’\’(1)3): P4N(O,l),
‘PS’\’(4)‘3): PGN(4)2) .

L’equazione della tangente nél punto P, dellz @:
‘ y,5=3%; x+1(mod 5).

Ora consideriamo i punti tangenziali P, e P, e le tangenti in essi. Prescin- .
dendo dai casi se |j—k|=3 (mod 5), le due tangenti s’incontrano in un
punto, che sia denotato con F, (j # k). In tal modo otteniamo tutti i-
punti esterni a €: .

, '12~(44) P~ (24), By~ (3,4), Po~(1,4); _
(2.3) . {Ba~(3,0), Bi~(2,1), Bs~(0,3); Ry~ (4,1), P35~(02)
P45"’(1 1): 46N(3 1)’ SGN(QO)

I punti dlametralmente opposti — con tangentl m essi copplamente
parallele — formano le coppie: .

P, P; B, B; B, B

Le rette A5, K, B R s’incontrano nel punto 0~ (0, 0), ciot nel centro
di @.
I punti rimanenti del plano
(1,0), (2 2) (2,3), (3 2), (3,3), (4, O)

Questx punti e il centro sono i punti interni 2 €. - E
I 25 punti preseinrdendo dal centro O e dai punti dl € formano ancora

tre ellissi ulteriori determinate pet le equazioni:
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€, : y?=3x2+2 (mod 5),
(2.4) ' €, :y*=3x2+ 3 (mod 5),

@, : y*=3x2+4 (mod 5).
Particolalareggiamente'

@ {(2,2), (4,0), (2,3), (3,3), (1,0), (3,2)} — punti interi a € —
. 1 {(1,1), (2,0), (1,4), (4,4), (3,0), (4,1)} — punti esternia € —
@ :{(0,2), (3,1), (3,4), (0,3), (2, 4), (2 1)} — punti esterni a € —

Per mezzo dei risultati finora ottenutl potremo disegnare i modelli
euclidei che fanno vedere eleganti conflgurazxom .

3. La relazone fra € e @, (fig.
" Ogni secondo lato dell’ essagono cost1tu1t1 dai punti di €, & lato di un

“triangolo iscritto in e.

D

7& _

- (o)

* Fig. 2.

. L’esagono costituito dai punti di € & un poligono circoscritto a €,.
— Ad esempio la retta [(0,4), (1,2)] & la tangente di €, nel punto (3 3)
L’equazxone di questa tangente:

3y= 3. 3x+2(m0d5)
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Le coordinate 0,4 e 1,2 soddisfano all’ equazione. — Partncolaregglamente
le rette B B, P, P?,, ga, PR, B R, R, B, toccano la €, in ordine ne1 punti
(3,3), (10), (3:2), (2.2), (40), (2,3).

La relazione fra € e @, (fig. 3)

Pig (k)

Fig. 3.

Similmente alla precedenti ¢ facile verificare che: Ogni secondo lati
dell’esagono P, F, B, P, R, B, risultano — come lati di due triangoli iscriti
nella @,: :

- . Py Po By € BgFyyFs.

1 lati dell’ esagono P45P06P16 P P34 sona le tangentl di @ nei punti P,
R, P, B, B, P.. — Ad esempio le equazioni delle tangenti nel punto
(0,1) e nel punto (4 3). ,

y=3-0- x+1(mod5) e 3y=3-4. x+1(mod5)

Ne segue che le rette s ’incontrano nel punto (1 1). —

Dunque la relazione fra €, e € & conférme alla relazione fra € e €;:
un esagono iscritto nella prima e circoscritte alla seconda.

La relazione fra € e €, (fig. 4).

Ci sono ancora-sei punti del piano, sei punti esterni a €: By, Py, Pls,
* Py, B, By — Considerando il modello euclideo dobbiano scorgere che-i

rappresentanti di questi punti sono (necessariamente) interni a €, —
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R"i(oll")z -

Fn (0,4)
Fig. 4.

Come precedentemente si pud verificare la seguente proprieta: Si puo
rilevare due friangoli iscritti in una qualunque delle € e @, che siano circos-
critti all’ altra. Una delle coppie di triangoli: BB P, e P, F, F; l'altra
BsPs P, € Py PPy — Sul piano euclideo tale relazione simimetrica &
ben conosciuta, ma con numero infinito di tali triangoli, come dimostia -

. PONCELET. In tal caso le due coniche s’incontrano in alcuni punti.-—
Per ultima osservazione rileviamo che i punti di €y, ma soltanto essi
sono pseudoregolari rispetto a €. — Cfr. [2] — )
Per ogni punto di €, passano due secanti alla €. Consideriamo — ad
esempio — la secante B B, che passa per Pi. Essendo P (0 4), B~ (4 2) '
e Pj; ~(1,1), in virtt della (1.2)

(PP P, __1____5_—_*53(m0d 5)

-e3 = A, ne discende che il punto esterno P45 ¢ un punto interno rispetto
al segmento PR, Calcolando in tal modo si puo verlflcare la proposmone
di sopra. :

4. Se ¢ = 7, 'equazione canonica di un’ellisse & .

@n . SRR ©:y*=3x+1(mod 7).
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‘Se consideriamo lo scopo — cioe costruire un modello euclideo che rappre-
- senta tutti i parallelismi delle corde e tangenti appartenenti a-€: — sara.
utile ordimare i punti di € in una ordine ciclica:
42 {a~<0,1), R~ (1,2), B~(40), Pi~(15),
. [)5""(0:6); £~ (6,5), B-’\’(?”O)’ %’\’(6)2)'

o Fig. 5.

Con un calcolo sempiicissimo si ottiene Iinsieme dei punti pseudo-
regolari rispetto a €. Sia denotata con [, la retta P;F. Ora i punti interni
rispetto al segmento P,F, sono i seguenti:

[ X+ X yj+yk] o xj+2xk y/'+23’k] .(xj.“‘ 4%, _y_i.+‘4y‘l€] ‘
2.7 2 ’ 3 3 7 5 7 . 5. )7
(4.3) '

essendo 3 5 61 non quadratl e’

~3=4(mod7), —5= 2(mod7),-—6_1(mod7)
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Ne segue ~ ad esempio-, che i punti interni rlspetto al segmento PP"
sono i seguenti:

45), (34); (5,6). °

Ma si pud controllare facilmente che essi sono punti esterni alla conica €.
Similmente i punti interni a B F, ed i puntiinterni a P, B, sono i seguenti:

(6,6), (2,1), (3,4) ¢ (3,4), (4,1), (2,0),
ma nello stesso tempo essi sono punti esterni rispetto alla conica €. Come
si vede le secanti passano per punto (3 4), dunque (3,4) ¢ un punto pseu-

doregolare rispetto a €.
In-tal modo ottemamo tuttii puntl pseudoregolari:

@4 - G, 6), (2,6), (3,4), (3,3), (2, 1) 6,1), (4,3), (4,4).
Ora si vede questl punti formano un rellisse di equazione

(4.5) o | . @2 (Y= 3x2;|; 3(mod 7). |

.'L.artan‘gente di € che tocca essa nel punté-(x;,, y'(;) ha l;equazionef

4.6) | yoy 3%, x+3 (mod 7). o

- Consideriamo — ad esempio — la retta [(3, 3), 2, 1)] e la tangente di €
nel punto (6,2) si vede subito che esse coincidono. In tal modo discende
la lista delle rette

(1), .1, [(51), &3], [43), 49, [(44), (5.6)],
- [5:6), (2.6)], [(2.6), BA)] [34), B3] [(3,3), (21)].

toccano la € in ordine nei punti di essa

@

| 4,8 - (0,1), (1,2), (4,0), (1,5), (0,6),'(6,:5), (3,0), (6,2) .

Ne segue che I'ottagono iscritto in &, e circoscritto a €.
Dungque la relazione fra €, ¢ € nel caso q = T ¢ la stessa che si presenta
nel case se ¢ = 5.

OSSERVAZIONE — L’autore non ha intenzione continuare di questo
studio percheé alcuni dei suoi allievi desiderebbero studiare ed analizzare.
le questioni genereli che rimangono ancora appertl in [2] appoggland051
sui modelli iniziali della presente Nota
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1. Filter-Convergence with Respect to the Final Topology

The purpose of this section is to examine some problems concerning
convergent filters, similar to those considered for nets in the author’s
paper [4]. We shall use when possible the same terminology and notations
as in the case of nets. We omit those proofs which are simple modifica-
tions of the corresponding ones for nets.

Let X be a set. We denote by ®(X) the set of all (proper) filters on
X. I (F e &(X), we define the set 6;((\) by the equality:

qg(rF )—-{DCX|(VF€(“)DHF¢Q}

For every xeX the principal filter on X generated by the set {x} Wlll
be denoted by x. If Y is a set and (F € &(X), then for any mapping f: X - Y
we denote by f((F) the image of (F by f, considered as a filter on V. If
((F))ier is a set-indexed family~of filters on X and Sle @(I), we shall de-
note by K (‘,, or simply by K(F; the filter on X for which a base is
the collectlon of all unions of the form U Fy, where I’eg and Fye(Fv for
rer
eac_h el '
' The followmg result will be useful later:

"LEMMA 1: Let (Fe®(X) and ACX. Then Ae F iff- AmD # 0 for
every De€((F).

By a generalized convergence stucture (GCS) on X we shall mean a set
Cc P(X)xXX.AGCSon X may have any or all of the following properties:

(C1) If (7, x)e@ and (F’ € ®(X) with (FS(F, then (7, x)e@
(C2) If the filter (F € @(X) possesses the property:

() (VDe@@)(IF:€B(X)) [DEF A (Fr 1)€€],
then (F, x)¢6; '

12 ANNALES - Sectio Mathematica — Tomus XX.
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(C2’) If the filter (F € D(X) possesses the property:

@ (v F € B(X) with (F<F") (IF” € D(X))

. ) ) [(} g(\ll A( //’ x)e@]’ .

then (£, X)€€;
(C3) If xeX, ((F )zel is a set-indexed family of. fllters on X, ded(l)

and ¢:I -~ X is a mapping such that (¢(), x) €€ and (7, <p(z))e@ for each
i¢ I, then there exists an (F € &(X) with ﬂ (} c(F and (F x)e@

(C3’) Under the hypotheses of (C3) (K fﬁ, x)€e;
(C4) (v xeX) (%, x)€€.
" Obviously (C2)=(C2’) and (C3')=(C3).
LEMMA 2. [1]. Suppose that € satzsfzes Axtoms (C3 ), (C4) and let
x€X, F% €D(X), If
A (Y Fe7)(3F €®(X)) FeF (%x)e@]
then there exists an (F' ¢ (D(X) with (F <(F and (F, x)eé. .

With the aid of this lemma one can prove:

THEOREM 1. If @ satisfies Axioms (C3"), (C4), then for every xecX
and every (F € ®(X) the statements (1) and (2) are equivalent.

COROLLARY. If @ satisfies Axioms (C3’), (C4), then the propertzes
(C2) and (C2') are equivalent.

- In the paper [4] a set ’UC@(X) was called a generalzzed topology
(GT) on X. We recall the possible axioms for ‘O:

(01) 1f ACT, then UcteD;
(02) XeC and it Gy, G,€70, then G,NG,e0.

Given a GCS € on the set X, we can associate two GTs ‘T, (@) and
“Ty(@) with it, defined as follows:
Gy (@) = {G=X|[(F,0€€ AxeCG)=>GeG(F)};
Gy (@) = {GSX|(F,x)e@Ax€G]=CeF) .
Obviously ‘Cy(€)C Ty(€)..

THEOREM 2. If @ satisfies Axiom (Cl) then ‘C\(@) = (@)
1f "Ty(€) and "O,(€) are equal, we denote their common value by ‘C(@).
For any GT ‘G on the set. X we define the GCS @(@) on X-as follows:

Y0 = {(F, x)e@(X)XX|(Ge@/\xea)=>Ge(‘}

LEMMA 3. T,(€) satisfies Axiom (01) and "Ty(€) satzsfzes Axwms (01)
(02).
LemmA 4. €(0) satisfies Axioms (C1), (C2), (€2, (C3), (C¥), (C4).
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Let €@ be a GCS on X and McX. We defme the closure Cy(M) =
= CH(M) (resp. C (/V[) CZ(M)) of M as the least of all sets H<= X with
McH and X\H<'G(€) (resp. - X\He Ty(@)). Taking, into account the
relation between @1(@) and “Cy(@) we deduce that CI(M)CCZ(M) and if
€ satisfies Axiom (C1), then the equality holds.

In order to find an expression of these two closures let us consider
for any MC X the sets:

lel(M):Lxm@(M)={x€X[(3 E(D(X))[ME AT, x)e€]};
- Limy (M) = Lim§(M) = {xe X| (3F FeDB(X)) [Me G(F) NF x)€@]}

Again we have Lim,(M)C Lim,(M) and if € satisfies Axmm (Cl) then the
equality holds.

THEOREM 3: a) If € satisfies Axioms (CS) (C4) then C(M) = lel(M)

b) For each (Fepr,(@) = {Fed(X)| (IxeX) (F, X)€@} let Bz be
a base of (F. Let & be a regular ordinal with =1 (i.e., §=w), having a car-
" dinality strictly greater than that of each B, and let oco be a fixed ordinal with
0= Xy == d. Then

Co(M) = u Ma, where My = M, M, Clez( U Mﬂ)

f<a
is _>arbiz‘rary Jor O<a<o, and
M. = Limz( U Mﬁ) Jor sy=o<4.

Proor. We show only that X\ U M, e@ 2 (€). For this purpose let
(F, x)€€ such that U M, E@((“) Then for each BeCB(; we have Bﬂ
(U M) # @, thus there exists an o:B<6 with BQM = . The set

- a<d

{ag| BBz} is contained in the segment [0, 6) and has a cardinality strictly
less than that of 8, thus its ordinal number is strictly less than §. Using the
regularity of 6 we can find an ordinal y < such that «y=y and az<y

for each Be@Bg. Then Bﬂ( U Mﬁ) = (J for every BeB3, i.e., U Mﬂea((}')
B< :
It follows that S
XGLimg ( U Mﬁ) = Myg U Ma-. ’

B<v . a<d .

- REMARK. In the case of nets [4] the author has introduced two GTs:
‘C1(©), 0, (€) and a single notion of closure, corresponding to G, (©). In
the reallty one can define for nets one more GT which lies between’C ,(©)
and “C,(€) (replacmg the word “eventually” by “frequently” in the
definition of “0y(@)) and two more notions of closure, corresponding to
‘Cy(@) and to this new GT. Thus one.can consider everywhere besides

1(@) and “G,(€@) this intermediary GT and Theorem 3 in [4] can be com-

pleted by two more statements concerning the two new closures.

. 12%
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Having a GCS € on X we define the GCS € on X as follows:
@ = (T, )EB(X) X X| (¥ DEG(F)) x€C, (D)}
THEOREM 4. We have the equality: e = e('c, (©). '

Like.in the case of nets, the proof is facilited by using Lemma 1."
One can easily translate the remaining results and definitions from
[4] for the case of filters. We recall the last theorem in terms of filters:

 THEOREM 5. Let ((X,, C)pep be a family of topological spaces (P is
a class), Y a set and, for each pcP, ¢, a mapping of X, into Y. Denoting
by = the final topology of the topologies ‘O, p € P, with respect to the mappings
®py PEP, we have the equalities: }

. E(v) = €(T(e)) = &*,
where :

0% — (FY)EBTIXY | (3pEP) (3T px,)€E(T)

[‘pp ((fp)g(} A Pp (xp) = y]} .
2. The Equivalence of Two Regularity Axioms

In their paper [1] C. H. Cook and H. R. FiscHER have given a new
characterization for thé regularity of a topological space in terms of
filters and have shown that if this characterization, as well as J. DiEU-
DONNE’S one [2] are translated for FISCHER’s convergence spaces [3], the
second implies the first. We shall prove that they are in fact equivalent.

For any two sets A, B and any @ ¢ ®(A), (V¢ @(B) let us denote by
U @ the product filter on AX B, for which a base is formed of the sets
UxV, with Ue@ and Ve@.

THEOREM 6. Lef € be a GCS on a set X, salisfying Axiorﬁ (C1). Then
the following two statements are equivalent: '

(i) (COOK-FISCHER) If x€X, (F)icr is a sel-indexed family of fil-
ters 'on X, dc ®(I) and ¢:I~X is-a mapping such that (K (£, x)€€ and
(F i, p(i))€@ for each icl, then (p(), x)€€; . :

. (ii) (DIEUDONNE) If xeX, A, B are sets, e ®(A), e D(B) and
[AXB~X, gtA~X are mappings such that (f(U®D),x)e€ and
(H(a®@),g(a)) €@ for each ac A, then (g(U), x)€c€.

Proor. The implication (ii)=(i) was proved by Cook and FisCHER
and we remark that their proof does not require-Axiom (C1). Conversely,
supposing that (i) holds, with the notations -of (ii) let (7, = f(@® @) -
for each ac A. As the sets f({a}x V), with Ve@, form a base for (7, it

follows that the-collection of all unions J f({u} < Vu'),A where U@l and
: - weu -

V, €@ for each ucU, is a base for ‘K (F, At the same time, taking

acA, U
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the sets f(UX V) = U f({u}x V), with U@ and V ¢, we obtain a base

for (U D). Thus we can see that K(F,DH#®@) and. hence, by
Axiom (Cl1), (KC/:a, x)€€. In addition, by the construction of (7, we have
t((“a,g(a))eé for each aeA Thus, using (i), it follows that (g(%), x)€e€.
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DISTRIBUTION OF DIGITS IN CANONICAL REPRESENTATION
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(Received October 25, 1976)
1. In a recent paper [1] we have considered the following problem.

We say that a Gaussian integer # is a canonical base, if every Gaussian
“integer « can be represented and umquely in the form :

(1.1) » Ca= gty D .. Fa, B )
(1.2) o qEe%={0,1, .:,N(ﬂ)—l},,
' CN@) = |82, ‘

We have proved that ¢ is a canonical base if and only 1f Reﬁ<0
and Im& = 4 1.

In what follows # denotes a canomcal base, « denotes a general
Gaussxan integer. Let j(a) be a function defined on QI

(L.3) L Aw = Zf(a)

| ~ Our purpose is to consider the distribution of A(oc) Let C(r, b) denote the ’

disc with radius r and centre b. Let B be-a positive number satistying

the inequality o
(1.4) B= NO)

9] ~1"

* For an « stated in (1.1) we write
=, P+0a, 1y =cxd+a, ..

First we observe that if « runs over the integers of C(r, b), then oy, oy, . .
run over the integers of

C[W bl],‘a[ﬁ, ).
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respectively, where

b — b—a, _ b—a, @
1 19 y Y2 ?92 '19 ’ ’
b, b—ay a, _ G
: U Uik S S
Furthermore, if |b| = B, then |b, |<Bfor every v. Let
. N@)—1
(1.5) | g= > ),
a=0
and
: logr Y
1.6 Ty(r,b) = [ () ——5 ]
(o l «e(%:b) N(®) log|8|
Let - :
ay U= max |(a)|.

From A(a) = f(ao)+ A(al) we deduce that

max max |[A(a)| <U+max max |A(x)],
|b|=B «€C(r,b). v-1€C(—L— b)
o’

whence we get

(1.8) max max |A(x)] = Ologry.
=B «cc(r, b)

Since the number of integers in the sets C(r bl)\C(r b,) for ||, |b, [<B

is O(r), therefore

(1.9) T, 00~ T;(r,0) = O(r (logry), [b] =5
Let ‘ .
oo o 1 N(zj):l f( )_ ]h
"TNG) 2 [ N()
It is obvious that ¢, = I, cl— 0. :
Since
A N logr - B
A NG logwl (f( ? N«»]“L
log(Ir|/191)
( 2 N(?‘/‘) log || J

therefore
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B 1 ! N{®)—1 B h _I. b'—ao
nen=x|,] B v L ; ]
Consequenty by (1 9) we get ' 4

(1.10) Tis0) = ﬁ[ ]N(ﬁ)ch ’h[lgl <]+0(,”(’1;)gr),~)" |

h=0

and by using the vnotationv

(L11) t(r) = T;’r ,9)
that ,
w03l

Now we give the asymptotlc of {;(r) for even [, and the order of it for odd [.
Let u* be defined by r= |8|** and let u = [u*] be the mteger
_ part of u. First we state without proof the following simple

Lemma 1. If .

(1.13) o H(x) = A(log x)*+0((log x)*~1),
where A, ¢ are constants, ¢ =0, then
: e+l
(1.14) ﬁH[ lgl”] _ A (logry +((log ) .
r=0

c+1 . log |8
We prove the following '
THEOREM 1. We have

j . .
(1LI5) - Tyy(r,0) = Agymr® ( log ]+o(rzaogr)f—1),
‘ : log | 9]
(1.16) Ty (r,0) = O(r* (logr)Y),
(j=0,1,...) where ,
ey
T2+ |
-Proor. The relations (1 15) "(1.16) are true for j =.0. Suppose that

they are true for j = 0, ... k—1. We prove those for j = k. From (1.12)

we get . »
)= [Iﬂl] tk_z{ﬁ]-[zg‘]juo((logr)’f”z).
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Taking t}lis for [';']v v=c¢1,...,u—1), and adding, we get

r

&N*%“wJA[]§Z“hm}ww%m”

By using Lemma 1, and (1.15) for j = k—1, we deduce that -

_ 2k-(2k—1) . logr Y - et
) = = A ) O,

which proves (1.15) for j = k. The proof of (1.16) is SImllar and so we
omit it.

2. Now we consider the distribution of

_logr
A~ N7 Tog (9]

o [ logr Jlfz_ :
‘ - Uog o)}

for acC(r, 0). :
For this we need a well known result from the probability theory..
In the sequel 8, 61, . - .. denote suitable positive constants.
Let &,&,...,6, ... be completely independent random variables
assuming the values f(s) (s = 0, 1; ..., N(#)—1)- with probablllty

P&, = f(s)) = N—@, (i=1,2...).

( - .‘.

Let M(E) and D(&) denote the mean-value and the variance of a random
variable &, respectively, further let for the sake of brevity

: I N@-1 ' 9

(1—12 ).

Let , =& 4 ... +&, 50 M(nn) = nM, D (M) = nD2, and F,(y) be the
distribution function defined by

F,(y) = - P(y,<nM+yD l/n)
Then the following assertion holds.
LeEmmaA 2. We have

. i
B ) =) =

uniformly in — e =y= o, where
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y
1
o() = = [ e-"radt.
70) Vz‘n/

For the proof see the book of B. V. GNEDENKO — A.N. KOLMOGOROV
[2] (Theorem 1, p. 201). ,

Let N(r, b) denote the number of Gaussian integers in the disc with -
- radius r and centre b. It is well-known that N(r, b) = nr2+0(r)
Every « can be stated uniquely i in the form

@n . a= )+,

where ' |

2.2) Ba) = o+, B+ ... +apy -1,

and . : .

(2.3) oc,,gc[ r_ _&_L_.”_gv_i]_4
K7 AR 9

Let 8 denote a general inté_ger' of the form
{ﬁ =dy+d, 9+ .. +dey 7
ded (j=0,1,..,»—1) = = %

Then the number of a¢C(r, 0) satlsfymg Bflx) = B is équél,to the number

of integers in
R
o e e )
and so

ORI Nl C(r,0), f(x) = B - (W ]2+0( ’)

2.4y

| #”

Furthermore we have

(2.6) . FA(@) = A(B()+ Alow) -
Let F.(¥) be the frequency of the number of g7 s satlsfymg the condition
. A(,B)<rM+yDVv, ‘
i.e.
E(y) = - N{B| A(ﬁ)<vM+yD VV}

|19|2

From Lemma 2 we have that

B~ =< l—f
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AUsing Lemma 2 we have that for every pair of real numbers y,,y, the
inequality :

IE()—F (yz)l<lF () - ()| + o) — <P(y2)1+lq)(y2) E (y2)l =
- @0

25
‘/— +[¥1— 2l
is satisfied. '
Let ‘
@28 . K@= Nl A<M +5D Ve

N( r,0)
'Observmg that
(2.9) A(B(w))—0: (p* —V)<A(°<)<A(ﬁ(°<))+61 W =),

and by usmg the notation

(2.10) o=t
" we get- : '

K, y)= N( 5 N{ﬁIA(ﬂ)<vM+61(y)VvD}[ {!;l”}ﬂo[#“:

(' 5, (3)) Alf’o)[ lq;?z,w[ || = Be.onu+oa-a,

K

assuming that g<—;— %, Here

o M+4, p* e M+é, 1 ¢
8 () = — L4 I/—~ Sl BRSO E
) v Do TV, V» D 2 57

Sinﬁilarly we have

- K(r,y)=F 8, () [1 +0(|#] 9]
where .

52() = 8, ()= 2,5
From (2 7) we have

ARG - F(5 M) =8, —=

K
r——'—|
=
=
L]

“and so
. |F(8: (1)) = ()] =y~ —9—_-‘[1 ~+'_yJ_] ,.
if p=1. ‘
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Consequently we have

K, () = [qo<y>+o[; [1+ ’Vy‘]]][l,wum—vn.

By choosing

_[L logu*

o 9_[2416glﬁ1]’~
we get o

a1y K, () = g(y)+0[2B# [y L ]
@1 0= 90 +0[SEE [ o ])

~In the interval [y|=Vu* we have

: K@= gL,
(2.12) K0 =900 W]

189

But this relation holds for |y| >V u*. To prove this, we need to apply the

relation (1.15) for j = 2. Indeed, from this

A B 08T
N(@) log |9]

Nla

¥

loo| <r, E“’_wlog}}s
Vlog 19

=03 (logr)2T, ,(r, 0)=34,

log r
and hence (2.12) immediately follows.
So the following assertion holds.
THEOREM 2. We have

logr  ,—( logr )2 }_
a|<r, Ax < £ : =
{ l=n A= Oglﬂl+w[oglﬁ|] g

= mz’[fp()’)JrO [g)—;gg%” ’

uniformly in y as r tends to infinity.
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'V3KASl PELIETUATASI YIIAKOBKA LIAPOB
B PEHNIETKAX TNEPBOIO THIIA .

1. XOPBAT

Kadenpa HaueprarenbHoit u IpoekTuBHO# [eomeTpry
YHusepcurera nm. JI. Otsewa

(Hocmynu/w 70. 79 1976 )

K ceMHAECSITUIIETHYIO CO [UIS po»{neﬂm . }{APTECI/I

MuosecrBo {K7} eJII/IHI/IquIX 1I4pOB B NpOCTpaHcTBe E™ cocrasiser
VIIaKoBKY WIAPOB, €ClM LIAPHl MOMApHO He HMeWT O0MMX BHYTPEHHUX
ToyeK. PaccmoTpuM TaKo#l mwap K™ paguvcea r, He UMeONmit 061X BHYT-
PEHHUX TOUYEK HH C OJHUM M3 wapoB {K?}. — Ot JI. PEMEIUA TOTA npo-
MCXOJUT BOTIPOC, UEMY PaBeH

(1) g(n) = min (supr) .
UV KOTOPOH YNAKOBKM eAMHUYHBIX IIAPOB JOCTUIAETCS ITOT MUHHMYM.
Takyio yIaKoBKY iapoB OH Ha3BaJj Y3K0U ynaxo6xod ulapos. :

Ou 3anumascst B [4] vsKoit vakoBkoit Kpyros ua cdepe. K. BEPELIKU
B CBOelf JOKTOPCKOH "puccepTanyuy pemmya NpobieMy ysxcon VIIaKOBKU
Iapos B 3-MEPHOM IPOCTPAHCTBE.

B Apyrom oTHOlIEHNYM 3aHUMACTICS ITUM Bonpocom C. C. PbILLKOB [3].
eC E™ naspiBaeTcsl JUCKPETHOH cucTeMoH nim (r :R)-cucTeMoH,. ecim cy-
IIECTBYIOT TaKHe YMCHA 1< R, UTo BHIMOJHSIOTCS CeAVIOIHE IBA VCIIOBUS

«) B OTKpHTOM Lape paguyca r, ONMCaHHOM Bor(pyr_-moﬁoﬁ TOUKHU
MHO)KE€CTBA €, HET 0osbLIE TOYEK ITOIO MHO)KECTBA.
B) B ano6om BaMKHyTOM Wape, pajguyca R 00653aTeNbHO JIEHKUT TOUKA
MHO>KeCTBA &. :
. R*
Ivers — r* =supru R* = inf R. OtHouleHMe —, OH HasBaJ IJIoT-
: r
HOCTbI0 JaHHO# cucreMbl e. O6o3HAUMM uepel

E3
w(n) = L
r*
10 BcEM PABHOMEPHO JUCKPETHBIM CHCTeMaM mpocrpanctBa E". PbILIKOB
B [3] KoKasan HeCKONLKO TeopeM O IIOTHOCTU (r; R)-cucTeMm. ’
B 3T0i1 pafote MBI pemmm  npobiemy V3KOH peileTyaroll VIIAKOBKH
11apoB NIEPBOIo THIIA.
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B panpHelfiliem vooTpefnsiioTcs cienviolpe obosHauveHus: ™ —
N-MEpHAsT PEIIETKA, ONIPe/ieIeHHast HeHTPaMK LapoB peleTIaToR YIakoBKy .

a,,a,, ...,0a, — OCHOBHOi penep peuerxku I,
3(ay, @y, - -+, dy, Gptq) — PENEp 3eJUMHIA PELETKA I, T €. HpOI/ISBOHb-
HBIf OCHOBHOH penep al,az, ..., @, pewerky I, NOMOJIEHHBIH BEKTOPOM
- n - I ‘
dp1 = 2’ N h
gp=a;a,. tae i=kwu i,k=12,...,n+1.
Jlerxo Buper, 4TO ‘
n+l
= Z 8k -
z;ék

Peuterka HasbiBaeTcst peileTKoR nepBoro Tuma 1o Boponomy, eciu

CYIIECTBYIOT BEKTOPHI penepa 3estuHra 3(ay, a g, - - ., @p11), KOTOPBIE YAOB-
JIETBOPSIIOT HepaBeHCTBaM '
(2 ' L gw=0,

e i=kuik=12,...,n+1 [2]. . -

Peuweryarast yrakoBKa eJUHHYHBIX 1HAPOB HAa3bBAeTCs pellemdamot
YNaKoexoll apos nepso20 mMung, ecyivd LeHTPLl IAapoB COCTARISIOT PEIleTKY
nepBoro. TMna Ino Boponomy. o

 1lap (L), Ha KOTOPOM JIE)KHT 71-MepPHast COBOKYIHOCTb TOYEK PEIETKHU
M He MMEET TOYEK PeUIeTKH B ero BHYTPEHHOCTH, OYeM HasblBaTb IIyCThIM
mapom” (L) peweTkn I, a BHIOVKIVIO 000J0YKY ‘BCEX TOUEK PEIUCTKH,
nexawux Ha wape (L), 6vieM HasbBaTh ' L-MHOTOIDAHHUKOM PEIIETKH.
3BecTHO, YTO L-MHOTOrpaHHHKM pelteTky I ofpasyvioT HOpMajbHOe
paS6MeHHe HpOCTpaHCTBa Em™ [2] STo pasbuenue nasblBaetTcss L-pasbu-
€HHEM. '

3Besfa [LA] — COBOKYNHOCTb BCeX L-MHOrOTpaniHKOB L-pasﬁueﬂuﬂ
nMermuX 001yvio BepuwuHy A. Pelerka siBiisieTcs oblueif, eciun ajiemeH-
bl [L7] TOSIBKO CHMITIEKCHI, U CHELUaNbHOM, €CIIH SIEMEHTHI [L%] He TONb=
KO CUMILIEKCHL.

Ecnu peimteTka sBAsETCA peIHeT}(OI/I OepBOro THIA, TO BePUIMHDI
L-cumniexcoB B [L%] 3agarorcss BekTopamu

3) ' ail, ail-l-l_liz, ...,E,—l+a,-2+....+a,-n+1,
TAC iy, iy, - vy Ipp; — HEKOTOpAs MepecTanoska uucen 1, 2, ..., n+1[2].
Nvere Ry, Ry, ..., Ruep — panuye 1apa, ONUHCaHHOro BOKPYT

L-cumnnexca B [L%]).
ToxassiBaercs cieayiomas

TEOPEMA. Cpedu ynaxoéox COUHIILHBIX mapog nepeoeo muna no
BOpOHOMy V3KYHW YNakogxy.mapos cocmasgagem IMoAbKO 2A08HAS pelllemKka

nepgoco muna, m.e.
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[a;| =2, 20e i=1,2,...,n+1 u
) y :
Q= ——, 20e i=kuik=12...,1+1.
Coon

B amom caygae munumym no opmyae (1) pasto

© o) = )2

JIOKABATEJIBCTBO: PaccMOTPUM PElIeTUATYIO YIAKOBKY eNMHHYHEIX
mapos nepgoro TUTA, 3aJaHHVIO TPUBEEHHEM penepa, 3e/UMHTa M0
BOpOHOMy T.C.

m@<oi¢kuuk=hz;;m+1u
(6) - - ,
la,|=2 i=1,2,...,n+1.

OueBMIHO, €cNU CYIECTBYET Wap pajuvca f, He MMEIomuxX O00IUX
BHYTPEHHUX TOUYEK INAPOB VIAKOBKU, TO B pELIeTKE CYHIECTBYET MYCTOMH
map pammvea Ry, riie R,=r7+1. [losromy pemeHne o, (1) popmvan (1)
9KBUBAJIEHTHA ¢ QOPMYIIOH :

(M R:min(maka), rae k=1,2; ..., (n+1).
Ussectno [1], uto
(n+ 1 (n+2)y ntl_ (n+ly
8 R} = a3+ ¢
® 2, 12(n+1) 2 ht 2

rae ¢, — paccrosHue Me)i(lly ueHTpOM TSDKECTH U ueHTpOM OIIMCAHHOTO
wapa L,-cuMimexca.
N3 (6) cneayer, u4To

(bt (n+2)
2 N
9 : 2 R} 3

¥ PABCHCTBO UMEET MECTO TOJNBKO TOrAa4, €Ciu -

la| =2, e i=1,2,...,n+1 n

(10) |
Cr=0, tre- k=12,...,(n+1).

Jlerko BUEETb, UTO €C/IM CYUIECTBYET DELIETKd, YAOBJETBOPSIOLAS VCIIo-
sueMm (10) n paBencTBam :

"Ry =R, = ... = Rus+1y,
TO . : .
. : R = min(max R)) = Vﬂ;—Q ’

T.e.

13 ANNALES - Sectio Mathematica — Tomus XX.
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gl(n)z 5 —1.

Mbl JIOK&)KeM, UTO CVIIECTBVET TOJBKO OJHA TaKas peulerka. dra
pewerka sajgaercs Gopmynamu (4).
PaccmoTpyM /1Ba IPOU3BONLHBIX COCENHUX L-cumniexca Sy, u S,. Io (3)

BepuMHB S;: A, A}, Ay, oo Ap 1, A Agrs - Ay,
BePWHHH Sy: A, A, Ay, oo Ay, Al Aptyy - - 1 A,

rne k = 1,2,...,n+1,

AA]- = i, +a,+ .. St j=41L2,...,n

o

ARy = G+ 8+ o+ gy Ty W Ty Ty -, T,
HEKOTOPAs NePECTAHOBKA BEKTOPOB Gy, Gy, -« -y Apiq-

Ivere Oy, u Ty, Oy u T, uim O u T — UeHTPH ONHCAHHOTO Iuapa U
LEHTPBl TSDHKECTH CHMILIEKcoB Sy, S, uan (n—1)-mepHoro cummiexca A,
Al, A Aty o Ay Tak Kak S HS, — cocefiHMe CHUMIUIEKCHI,
T103TOMY NPOEKNH Toqe}( 01 u O, Ha ofmyio rpaHb 6vier O.

Hockonmsky ¢, =0 (k=1,2,.,.,(n+1)), Te. T, =0, u T 0, u
S,, S, — ocHoBHBIE CHMILIEKCHI, TO cnenyeT, yro Touxkd 1) n T, Taxk cumi-
JeKchl S;, ¥ S, CUMMETPUYHBEI OTHOCUTEJILHO THIIEpPIUIOCKOCTH A Al, A,,

Ay, AHD ..., A,. V3 3roro creiver, yro
(EIJ; aik)q = (alj; El.k._!_l)q’ ] : 1727 A '7k~ 1)k+27
- .
g = |-
, Tak KaK S; u S, — NPOU3BOJILHBIE COCEIHHE CUMILIIEKCH 3Be3/(bl ILA],
MO3TOMY VTJIBL MEXAY Jo0HIMY. JLBYMH BEKTOpaMH. U3 Ay o - -y Ay

SIBJISIETCS PABHBIMU U ,
la;| = 2, rae 1—12 . ,n-l-l

Taxum 00pa3om B: HepaBEHCTBe (9) pageHcTBO HMEET MecTo TOrfd H
TOJIBKO TOT/IA, €CJIM pellleTKa olpeereHa ¢ fopmynama (4).
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Let {C;} be a packing of circles in the euclidean plane. A circle is said
to be a supporting circle of the circle system {C;} if has no common inner
point with {C;} and touches at'least three circles of {C,}. If the radii of the
supporting circles of {C;} are =p=>0 and there exists a supporting circle
whose radius is g, then {C;} is called a g-system of circles.’

The density of a circle system {C;} with respect to the euclldean plane

is defined by
5= fim 2 CNCER) ,
R-~" C(R)

where C(R) is a circle of radius R and of center in a fixed point O of the
plane.?
Our main result is the following

Tueorem: The density of a g-system of non-overlapping unit circles in
the euclidean plane is

- a(l +p)? . _
=, 1 = 2—1 s
8Vo2+2¢ S
resp. . 7 .
R I 2 [S— . = ?
2[—]V@2+29 +(1+9)251n2[‘ﬂ—__[—]a]
[~ B ’ o

where

LT B 1 . A ’ -

& = arcsin , if e=V2-1.
I+

Equality can be attained, for all values,of 0.

. 1 Communication made at the Colloquium of Discrete Geometry. in May 1975 '

. in Salzburg.

2 We denote a domain and its area by the same symbol, '
3 It is easy to show that 4 does not depend on the choice of O. See FEjes Totn [4].

13*
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Before proving the theorem first we shall give the intuitive meamng
of the upper bounds of the density, i.e. of

o - e
resp. |
dy (o) = 2[%] Vmgl +e)2siﬁ2[“ _[%]m] |

Let us consider a unit circle of centre O, touched by two other unit
circles of centres O,, O,. If these circles have the same supporting circle

Fig. 1. - Fig. 2.

of radius p=)2—1 (Flg 1) then d 1(e) is the den51ty of these three circles
with respect to the triangle 0, 0, 03, i.e.

di (o) = 720 0,0, "

Let ¢, resp. C be two concentric circles of radii 1, resp. 1+ p-and H .
the polygon inscribed in C having its sides, except for at most one, tan-

gent at ¢ (Fig. 2). d,(p) is the density of ¢ with respect to H, i.e.

In the proof of our theorem a prominent role plays the tessellation L*
which in general is a modified tessellation of the well known L-tessella-
tion of VORONOI — DELAUNAY .4 : S

We introduce the tessellation L*%.7°

We consider a system {0,} of points in the plane havmg the following
properties: .

1. OO_a(tJ_IZ i#j)and

¢ See DELAUNAY [2].
3 This tessellation was introduced ten years ago by MoLNAR (See MOLNAR [5])
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2. no point of the plane at distance b= a can be added to the sys-
tem {0;}. - '

Such a system of {0,} points will be called briefly a saturated point
system.

Associating with a point O, the set D, of all points P lying nearer to
O, than to any other point O; more precisely, d(P, 0,)=d(P, 0)), i#]
where d(P, O;) denotes the distance of P from 0;, we obtain a convex
polygon D; (DIRICHLET-cell, VORONOI-polygon)®. It is known that the
convex polygons {D;} constitute an Lp-tessellation (DIirICHLET-tessel-
lation, DIRICHLET — VORONOI-tessellation). ‘

Fig. 3. ' : Fig. 4.

By replacing each edge of L separating the neighbouring faces. D,,
D, by the segment O, O, we obtain the “dual” tessellation, the L-tessalla-’
tion (VORONOI — DELAUNAY-tessellation)” (Fig. 3). The L-tessellation has
the property, that the circumcentre V of a face is a vertex of a DIRICHLET- -
cell. Obviously the faces of L are also convex polygons.

~ Let us consider a polygon inscribed in a circle of centre V (Fig. 5).

We call a side O, 0, of this polygon a separating side if the straight-line
0, 0, separates the polygon from V. In such a case we call the broken line
0, V O, the bridge of the polygon and the segments O, V and O, V the
components of the bridge.

It is easy 1o see that in an L-tessellation any separating side can be
replaced by only one bridge.

LEMMA 1. Let us consider an L-tessellation of a saturated system of po-
ints. If we replace each separating side of the face of L by ils corresponding
bridge, we obtain a tessellation. - :

ProoF. Let {0;}, resp. {V} be the vertex system of the L-tessellation, -
resp. of its “dual”- L-tessellation corresponding to the saturated point-
system {0,}. Replace every separating side of the faces of L by the corres-
ponding bridge (Fig. 4). - .

. 6 See DIrRICHLET [3] and VORONOT{ [10]. )
" For a direct construction of the L-tessellation see for instance DELAUNAY [2].
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To prove our lemma it is sufficient to prove, that

1. the components of the bridge do not intersect one anot'her,
2. no bridge can intersect a non-replaced side of L.

Fig.5. ' Fig. 6.

To prove 1. we start with the obvious remark, that the circle of centre
V-and of radius OV does not contain in its interior another vertex 0; of L.
Let OV and O* V* be components of two bridges. The perpendicular to
00%* at the midpoint of O0* divides the plane into two. halfplanes H, H*.
A simple consequence of our remark is that V*¢H and V¢ H*, hence oV
and O* V* do not intersect each other. OV and O*V* have-a common
point iff V = V* .

To prove 2.8 we consider an arbitrary bridge O, V 0, of the face F of
L and we investigate the. relation of this bridge with respect to the non- -
replaced sides of L. Since O, V O, exists, the straight-line 0, O, divides
the plane into two halfplanes H, resp. H, containing F, resp. V (Fig. 6).
Denote by C the circle of centre V and radius O, V. Let us consider now
the neighbouring face F* of F, having with F the common 'side Oy 0,, i.e.
the straight-line O; O, separates Fi* from F. Since F* is a face af L, Fj* is
convex and obviously all its vertices lie on a circle C* having the radius
0, V* greater than O, V. In the case when F* contains the bridge O, V 0,,
then the bridge does not intersect-the sides of L. If however F¥ does not
contain the bridge 0, V 0,, then it must have a side Of OF which intersects
the bridge (Fig. 6). In this case Of OF is a separating side of F*, i.c. Of V*
OF is a bridge, that is the side OF OF is a replaced side of L.

Since 1. 0, V = 0, V=b, 2. 0, 0 =2b and 3. in the circle € of centre
V and radius 3b°there are only a finite number of 0,, it follows obviously
that the number of non-replaced O, O; sides which can have common
points with the bridge O, V 0, is finite. Thus continuing the annexion of
{F#*} in a finite number of stepes the bridge O, V O, will be covered by the
annexed faces {F*}.

8 The proof of this part deffers from otir earlier proof (See MoLNAR [5]).
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The following two simple remarks will be valuable in the proof of our
theorem. In an L*-tessellation [. V V*is perpendicular 10 0,0y, 2. V¥0;>
>V 0, and V* 0,>V 0, (Fig. 6).

. In the proof of our theorem we shall use also the following three
known lemmas:® :

LEMMA 2. (Hajés’ lemma): Let us consider two concentrzc circles ¢, C
(¢cC) and a polygon contuining ¢ and having its vertices not in the interior
of C. The area of the poligon is minimal if the polygon is inscribed in C and
ils sides are tangent to c, except for at most one. :

LEMMA 3. Denote by OTF, a rzght—angled triangle [<IOTP = -;i] of

hypotenuse OF, and by ¢ a circle of cem‘re 0. If OF, <OP, <OF,, then
s(P,OR) S(P OF)

P,OF,  POPR,
Wwhere s(P OP)) denotes a sector of the circle ¢ of < F, OP;.

LEMMA 4. Let OT,, P be a richt-angled triangle of hypotenuse OP and let ¢
be a circle of centre O. If «T, OP < < T, OP then
ST, 0P) _ s(T,0P)
T, OP T,0P

PROOF OF THE THEOREM. To prove our theorem we shall consider an
L*-tessellation if p=)2-—1, reps. the tessellation of DIRICHLET if
‘Q>1/2——1
. p=<V2=1. Of course we can restrect ourselves to saturated {C,}
system of unit circles of centre system {0,}. Let L* be the corresponding
tessellation. We distinguish two types of faces L*: 1. face F, which is a
polygon having only non-replaced sides, i.e. F = 0,0,...0,, 2. face F*,
containing at least one bridge, i.e. F = 0,V,0,...0,, resp. F* = 0,V, O,
S 7 : .

>

. _’]I{"ype 1. Let V be the corresponding centre radical of the face F
a) If VO,=V2, then F is of course an acute triangle 4= 0,0,0,.
‘ It is easy to see that in this case 4 has minimal area if its sides are 2, 2
4 cos g ! (Fig. 1). Thus the density-of the corresponding unit circles
1+¢ ,

~ with respect to 4 is =d, (o). -

b) 1f VO,=Y2 we decompose the face F = 0,0,...0, in the
triangles ‘4, = O1 VO, 4=0,VO...,4,=0,V0, and we consider
the density of the unit crrcles in these triangles. According to our Lemmas
3 and 4, the circle density in such a trrangle 4, takes its maxrmal value

T if 0, o,+1 =2 and VO, = Y2. But 7l:<ar (o).

#8ce MoLNAR [5], [6] 171,187 (9]
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Type 2. Let V* be the centre radical corresponding to F*. The exis-
tencs of a bridge implies V*0,=}2. Indeed, if there is a bridge 0, V 0,,
then around V we may consider at least four circles at the same distance
from V having theirs centre distances O, 0;=2: Thus V01>!/2, but.
V*0,>V 0,, hence V*0,>V2. ' :

We decompose F* =0,V,0,...0,, resp. F*=0,V,0,...V, into
triangles 4y = O, V, V¥'= 0, V, V¥, ..., 4, =0, V*O,, resp. A, =0, V,-
e VE = OZ_V1 vV, ...,Ak = Ok V*Vk :O1 V* V.

According to our Lemmas 3 and 4 the circle density in these triangles

is ‘<% This density value is not greater as d, (0)- Thus the. density of

unit circles in a face of L* of type 2 is not greater as d, (o).

1. p=V2.--1. Of course also in this case we can restrect ourselves
to a saturated {C,} circle system. Let us consider the corresponding tessel-
lation of DirIcHLET.X® Let V be an arbitrary vertex of the face F corres-

Fig. 7.
ponding to the circle C; of centre\O Since VO;=1+y¢p according to Hajos’
lemma (Lemma 2) the density of C with respect to the corresponding F
is not greater as d, ().

10 See MOLNAR [9].
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We finish the proof of our fheorem stressing the fact that the given
upper bounds d (o), resp. dy (¢) obviously may be attained (Fig. 7, resp. 8).

REMARKs. 1 For every 42#; l<o<V2—1 there are infinitely many

packings of unit circles having the same density (Fig. 7).

Fig. 9...

2. The L*-tessellation can be introduced essentially in the same way
on the sphere and in the hyperbolic plane.

3. It is easy to see that our theorem can be extended to the case of
the sphere and the hyperbolic plane.lt The equality for the corresponding
upper bounds d, (p) and d, (¢) can be attained only for discrete values of ¢

-(Fig. 9).

1 In the h.yperf)olic plane the non-existence of a general notion of circle density
(See BOROczZKY [1]) forces us to use a density notion corresponding te a fixed type

of tessellation (See MOLNAR [8], [9]).
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