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and grave illness, His death is an irreparable loss not only for the editorial
board of our review but also for the international mathematical science
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0 CYIHECTBOBAHVM U EIIPIHCTBEHHOCTI/I PEMIEHUS
HEKOTOPbIX CUCTEM :
UHTErPOIM®®EPEHIIMAJILHLIX YPABHEHUI

T. CT. HUKOJIOBA u O. . BAKHOB
Inosausckuit Yaupepcurer umenn 1. Xunengapcexoro, TInosaus

(Hocmynuao 5. 3. 1975 )

1. flocTasoBKa 3afayu

" PaceMoTpuUM HAuaJbHYIO 33134y

: (1) ' Xt =1 {l‘, x(t), @(f), K1), X(x50), %(t), X(1), 2(459),

f t (} [1, 8, x(s), Z(s), %(s), X(z5), 5(5), X(5), X(5), %(4ES)] ds} , =0,

. 0 . . )
@) x(t) = o), #O) = ¢(0), tcly =[x, 0],

tne x =Xy -+ %) = oo 5 S F=(Fp ..., F) (n n -HaTYpaAIHL~
Hble yucsa) npu Kaxaom 1€ 1 = [0, T](T=0), ¢ = (g1, - - -» ¢,) — HaYaNb~
Hasl pYHKIMSI, ONpexesIeHHast i HelPePHIBHO un(b(bepe}luupyemaﬂ Ha Cermex-

dx(t)

Te I,, X(t) = % (mon x(0) TIOHMMAeTCst TIpaBast NpoOu3BOJHAS),

xX(t) = sup x(u), () = sup x(u); d=0.
uelo,1] ueft-d,t

TpeoGpasoBanusie aprymentst w5@ u 45O onpepensiorest npu IoMoOIM
PEKYPPEHTHBIX COOTHOLIEHHH

O = 7, (8, x(2), X(2), F(1), 2(T5Ly), %(2), (), %), (45DY)) »

B0 = A, (t, x(2), 2(0), %), x(z75Ey), 30, (1), (1), H(4L))
k=0,1,...,m—=1 (m=1),

w0 = 7, (, x(0), X(t), X(t), (1), (1), (1)) ,

A5D = A, (8, x(), X(£), X(t), (D), (D), (1)) .
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Ipenmonoykum, uto Gyuxuua f(t, &, &, &3, £3, 1., 5, m3, 4) ONpefeseHa
1o { Ha cermente I, a 10 OCTANLHBIM APIYMEHTAM — HEeKOTOpPOM MHOMeCTBe
G, R"XR*"XR*XR"X R"X R" X R" X R! (R-BellleCTBeHHAs 0Chb); QYHKIMS
(F(t, 8, &1, &y &3y £, 115 My M3, 13) OTPeTesieHa 1o £ ¥ § Ha MHOMeECTBe X I[p
(0=s5=1=T), a Mo ocTaNbHBIM apPryMeHTaMm — Ha MHOMKeCTBe G, & R" X R* X
XR"XR*XR"X R"X R" X R™; (pyHKuMﬂ 7, (£, &1, &5y &5y 85, 1y My Mg, M5) M
A (881,85, 85, 88y, Mg, 1y, ) (k= 0,1, ...,m—1) onpegenenst o f Ha cer-
menTe I, a IO 0CTANBLHBIM aprymeHTaM — Ha G,; ¢vuxunu 7,, (4, £,,,, &,
N1y NasNg) U A (£, &1, &sy 311, M9y M3) ONPEMENEHEL 0 | HA cerMeHTe [, a MO
OCTaNbHBIM ApPTYMEHTaM — Ha MHO)KeCTBe Gg,CR”XR“XR”XR"XR”XR";

oc0=min{fd,min inf 7,(¢,),min inf  4,(5),
k fpelTXGs k  £,€17XGy

inf  7,(ly), inf Am(Cm)}

Cm€ITXGy tm€lTXGg
k=0,1,....,m—=1).
Havanbnasn 3agava (1), (2) siBasercst obobLieHneM HEKOTOPbIX 3ajiad,
KOTOpBIE BIIEPBbIE NOSIBUJIMCL B aBTOMATHYECKOM PEryJIMpOBaHMM IPH aHa-

JIM3¢ TaK Ha3BIBAeMBIX cucTeM ¢ Hacwimlenuem [1]. A yactHoro ciyuyas,
Korja f 3aBUCHT TOJIBKO OT t, x(f), x(f) 1 x(f), 3agaya (1), (2) uccnegosana B

[2] m [3].

Ilycte F = F(f) — cKajsipHasi, HeOTPULATeIbHAsT 1 HHTeryeMaﬂ Ha
cermenTe [ QVHKIMSL.

Onpefenum CleyIoNye MHOYKeCTBA U3 R™:

. T
o :{5: 1&] = |p(0)] + f F(t)dt},
0.
Qp = {n:|n|=F* =sup F()},
telp
o= U{p@s), 2= U {o6s)
s€lp s€lo

(|]-] — Hexoropas HOpMa B COOTB@TCTBVIOHICM KOHEYHOMEPHOM IIPOC-

TpAHCTBE).
Iyere Gy, Gy ¥ G4 onpefesnensl cneayIomum o6pasom:

G, = oM X0 X 0® X o®x QD % QO X QWX R,
Gy = oW X @ X o X o® X 00 X 0@ X 0O X O |

Gy = 0WX 0@ X a® x QU X QX Q®

rae , .
o) = @ = or, ® = oW = wr Uao,

Q0= QW = 0., 00=0,U0, QW="0r,U8,

A>O — HEKOTOpOe 4HCII0, KOTOpoe 6VIeT ompeneseHo HUIKE.
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Bcerojy aanbiie IpHHUMAeM, YTO BHIIOJHEHB ClefyIOIue YCHOBKH, 0603-
HaueHHble Yepes (A):

Al. B ofnactu Qp = I+ XG, GyHKuus f HenpepulBHA 10 f, YXOBIET-
BOpSIeT HePABEHCTBY

If(t 51; 527 Esy 9 772,7]3,7']2)[51:(0

¥ yesiosuio JlMnmumna mo BeeM apryMeHTam KpOME [IePBOr0 ¢ KOHCTAHTaMH
COOTBETCTBEHHO Ly, Ly, Ly, Ly, My, My, My, o

A2. B ob6nactu Qr = IX G, yHKIUSA (F HenpepblBHA 10 { U § ¥ YI0B-
JeTBOpsier yenoByio JInnmuna no BceM aHTYMEHTaM KpPOME I1epBOr0 K BTO-
poro ¢ KoHCTaHTamu cooTsercTBeHHo Ny, N,, N3, Ny, B, B, B, P,. '

A3. B obnactt Qp = [ XG, pvuxumu v, u 4, (k=0,1,...,m—1)
HeNpepuIBHB 0 { U VIOBJIETBOPAIT VCIOBHIO JIMMMIa Mo BceM aprymed-
Tam Kpome NepBOro ¢ KOHCTAHTAMU COOTBETCTBEHHO Ay, Ay, A3, Ay, y, U, s,
{4y ¥ OTpaHUYEHHASIM:

min inf {t—rk(Ck)}>O min inf {f— Ak(Ck)}>A>0
ckeQT ) CkEQT

B obnactn Q = 1. XGy (byHKuvm Ty U 4, HENPEPBIBHEL 110 £, YI0BNETBOPSIOT
yenoBu0 JIMnmuna 1o BeeM aprymeHTaM KpoMe IIepBOro ¢ KOHCTaHTaMu
COOTBETCTBEHHO 4y, Ay, A3, fhy, Uy, ptg OTpPaHHYEHMSIM

ll’lf {t —Tm (Cm)} =0, ll’lf {t - Am (Cm)}2 A=0.
Em€Qr L€y

A4. Ha unrepBane I, ¢vuaxuun o(f) 1 ¢(f) VIOBIETBOPSIOT YCIOBUSIM
JlumuMuya ¢ KOHCTaHTaMu COOTBETCTBEHHO B u 8.
A5, BrimoJiHeHo YCIIOBUE COIVIACOBAHMS:

#(0) = 7(0, #(0), #(0), §(0), p(x3®), #(0), $(0), $(45©),0).

IMvers i = min{T, A} u I, = [a, h]. O603Hauum yepes C NpoCTPaHCT-
. Bo ¢vukimit y:[,—~R", oOpeJelleHHLIX U HeNpepHIBHBIX HA. cerMedte [,,
C MeTpUKO#t, NopoyKaeHHOH HopmoHt [4]

3) Iyl = sup {{p()| e~ :tel,},
e o : '
e 2a - A
T VPt da(i—0)
: a=aNy+A(NDP+FB)og,
b= Lo+ q(Ly,®+M,B)+Fa+pgqu(NyP+Fp),

¢ = M0+HO‘I(L4¢+M4IS)’
Ly=Li+L+L,+L,,
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. M, = Mz""'Ms ’
Ny=N,+N,+N;+N,,
R=PR+B+h,
Ao = Ayt Ay + A5t Ay,
Ho = ‘“1"‘1“2“"““37
(D:max{B,F*}, ‘
1= P+ pymt
@O mp)
MoskHo f0KasaTh, 4To C'— MONHOE METPUUYECKOE TIPOCTPAHCTRO.

q.

II. Teopempl cymecTB0BanHA U €MHCTBEHHOCTH
PeICHAsA HAYAJILHOH 3ajauu

TeopEmA 1. ITycme 6vinoarenst yeaosus (A) . I1 yemb kpome mozo
4) . 1 =[Mo+po gLy P+ M, 8)]=0.

Toeda navarenas 3adaqa (1), (2) umeem eduncmeennoe peutenue Ha uH- -
mepsase Iy, 6 Kaacce nenpepoisro ouggepernyupyemorx gynryutl x(t), npous-
600naa x(t) komoputx yoogaemeopsaem ycaosuio: |x(f)| =F(f), te I, =[O0, h].

TloxasatenscTeo. IIvers onepatop IT mefictsyer B C 1o (opmyJie
f-{f, x(t), @(0), (1), X(x59), y(O), 90, WH®), [ Flt,5,x(5),
. G) Hyt)=3_ - I

(s), X(8), X(w§), y(5), ¥(s), J(8), Y(A5)] ds , t€ 1,

e ,
() = g+ [ y(5)ds,

M IyCcTh Y, — MHOKeCTBO ¢yuKuud yeC, VAOBJIETBOPSIOLINE ¥ CIIOBUSIM: -
ly®l=F®), tel,,

YO = ¢(0), ted.

Jlerko BuptHo, 4to Il Y, C Y.
Ha ocHose (5) 1 A4 nonyyaem

) |x(t)—x(2)| =@ |t—t| npu t,tcd,, yiY,.
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INyers yy, y,€ Yy, Torga
1 (&) =y O] =y, —yal e
a JUIS COOTBETCTBYIOIIUX X;, Xy HMEEM
EAORENG] = Y1 =l €

T.C.
1 . .
6) =l == =3l

» ﬁs yenosuil Al — A4, .(5) u (3) cneﬁyeT
[T y; ()~ 1T 3, (O =Ly |20 () — %2 (B)] + Lo [ % (— %, ()] +
+ Ly | X () =X )] + Ly | %, (@ D) — 2, (75 0) + M, |7 ()~ Y2 O] +
My (1 ()= 2 (O] + My |9 (450) =y, (4520 +
[ N 12 (5) =% (8)] Ny [%1 () =% ()] + N |1 ()= %o (9) +

N 2 (59—, (5 O) + R 1 =2 ()] +B 72 () =72 ()] +
FB 172 (5) =P 6)] + Py 131 (4519 — 3, (45) } ds =
= L0y gl e My Iyl et Ly @ (50 0] 1
2

t

M, B | 450 — 459 4+ f {NT s — yall €55+ By [, = ol 2+
(7) +N4 D ]%ﬁ(s) - ng(S)I +PB,p IAgl(S) — Agz(s)l}ds .

OGosHauasi yepes y, Kakyko-uubyap us pyukuur 7, u 4, (k= 0,1, ...
m) u3 A3 nosyuyaem ‘

A
70 =0 = =yl e oyl 2, @ [~ Y +

. (8) ‘ +H4Ig‘Ain(-lg~A’I§2~}(—t1)!’ k=0,1,...,m-1;
21+22+2

) [y @ —yu0| = Slyi—yall e+ uollyr—yol €.
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Uz (8) " (9) cnexgyer

A
a0 0 7501 =2 o g vl
Toactasnsiem (10) B (7) u mosnyyaem

1y, ()~ y, ()] =(0) |y, — ysll e

THe NOJI0YKEHO

(o) = a— b t¢
o? ¢

Vmest BBuay (3), monvuaem
Ty, —IT ysl|=w(0) ly1 —¥ell -

Wz yenosus (4) cuepyer #(p) <#(g,) = 1. CnemosatenpHo II — onepa-
TOp CXKaTUs HA MHOKecTBe V). Torpa cvilecTByeT ¢HUHCTBEHHOE pelleHHe:
OmepaTopHoro vpasHeHus1 y = I1y, KoTopoe MO)KeT OnlTh HalifeHo Moceno-
BaTeJIbHBIMU NPHO/IMKEHHAMUA 10 CXeme Y, = Iy, n=0,1,..., ecau
TOJIBKO Y, € Yy, OTcioga cnenyer yTBep)KaenHe Teopembl 1. ’

Tropema 2. ITyemo esinoanenst yeaogus (A) npu T = o u 6 o6aacmu

Q. |
!(pt(t,s, 51: Sz; 531 Eg; 7}17 772’ 7}37772){ SW (W = COHSt>O) -

Iycmo kpome moeo dyuryuu f, (F, y, (k =0, 1, ..., m—1) u y, coom-

sememeenno 6 o6aacmsax Q.., Q., Q., Q. ydosremsopsiom ycaosurw Jun-
wuya no t ¢ korcrmanmamu E, O, e, e. ITycmv HaroHey .

.L2=L3~_=M2=M3=A'2=Z'3=M2:y3.=0’

(11) 2 P+up<], 03'>O., ¢=0, c;—c=V2¢,¢, ,
20e . : |
6 =[E+LP+u(W+OD)](1 -2, P)+ L, Ple+ D),
6o = My(e+2,9)~ u [E+Ly D+a(W +04)],

6, =1-2,0—p, L, @, ‘

€y = g+ iy My,

1

B = > (cs—cat+V(cs—Co)2—4cic,) .

4
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Toeda, ecau f=pB, mo nHavaseHas 3a0a4a (1), (2) umeem edurcmeertoe
peenue Ha unmepsane I.. = [ay, + o) 8 KAacce HenpepeisHO duddepenyu-
pyemvix gynxyuu x(f), npouseodnas x(t) komopsix y00semeopsem yca08ut:

O] =F@), tel. =10, + ).

- Horasatenscrso. PaccMoTpuM 1AroBeiil poliecc NOCTpoeHus! pelleHu s
¢ mwarom 4. IToka)kem, 4To MoJiyueHHOe TaKkm 00pasom peiliedue 6vier of-
Jlajiath NPOMSBOIHOM, Y/IOBNETBOPSIONIed yCioBuio JIunmuna ¢ KOHCTaHToR

*B. IlefCTBUTENIbHO, NIETKO NPOBEPKTD, UTO W3 VCJOBHI TeopeMbl 2 CHefVIOT
VCII0BUst TeopeMbl 1. CIefOBATENbHO, CYMIECTBYET eAWHCTBEHHOE DeLIeHUe -
x(f) navyanbioif sapauut (1), (2) Ha untepsaie 4 = [o,, 4]. '

Ilycts £, t*é] 4. Torpga us yénomm TeopeMbl 2 CIefyeT
RO —H)| SE ({5 Ly D |1 —15] + Ly B [750— w509 +
(12) +M, B | 45O — A5 4 [W [f—1%| + 604 [1—1¥|];
O~ e Jt— 15+ Ay & |15 12, D |50 —wD] +
‘ + oy | RO = FE)| + oy B | L - B, k=0,1,...,m—1,
[VED — 5| e [E— 1% + 4y @ [{— 1% + py [%(E) — X(t*)]
U cJIeloBaTe/IbHO

(e+2, D) [t —t*] +py [#(H) —X(¥)|
1= (2, P+ B)

(13) P50 — 5| =

TogcTassis (13) B (12) u nonw3ysich (11), nonyuaem

IR

C3— €y

|%(8) —#(t*)| = [t—t¥| = B |t—1*].

Honverum, yro npu nomoin N (N =2) miaros nocTpoeHo peilieHHe Ha-
yanpHON 3ajjauy Ha uHTEpBane [y, NPUYEM MPOU3BOJHAS ITOIO PelleHus]
-yA0BJeTBOPSIET yeaoBuIo Jlunmuna ¢ nocrosiHnoi By =p. Torga 910 peile-
HHE MOXKeT ObITh MPOJO/DKEHO HA MHTepBal I(n.1)s. AHajorudseiM obpa-
30M, KaK 310 jenanoch qist N = 1, MO>KHO II0KasaTh, 4TO [POHU3BOJAHAA
MIPOROJHKEHHOr0 peilleHust 6VIeT VAOBIETBOPSATH VCIoBu0 Jlunummua ¢ moc-
TOSTHHOU

Bn+i=max {ﬁN! _Cﬁfz_f?} =8,

Ca—Cyf
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T.e. MHAVKIMe# 1o N 1OKas3aHo, UTo paccmarpuBaemoe pelleHue obiagaer
NpOUSBORHOM, VOBIeTBOpsionlell yetoBuio Jlunmuma ¢ mocrosnnoit B (na
KawIoM uHrepBaie In.).

IL1aroBEli IPOTIECC TOCTPOCHMS PEIIEHUS MOYHO IPOLOIIKITE 10 GecKo-
egrocr. IlonyueHHoe pemeﬂme bvmer COOTBETCTBOBATL YTBEPHKJEHUIO Te0-
pemsei 2.
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SETS OF DIVERGENCE IN THE GROUP OF INTEGERS
~ OF A p-ADIC OR p-SERIES FIELD

By

C. W. ONNEWEER
University of New Mexico, Albuquerque

(Received February 16, 1977)

1. Introduction

Let G denote the group of integers of a p-adic field @, or a p-series field
K, p prime. Thus an element x of G can be represented as x = (X, Xy, - . .)
with O=x; < p for each i=0. The subgroups G, of G are defined by G, = G
and for n>1 by .

G, = {x€G; Xo= X, = ... =%,y =0}

The elements of the dual group & of G can be described as follows. For k=0
and x€G let

exp (27 i x,/p) - 7 i GeK,,
O ne- o
exp 2m i(xg+ - - . +x, pYYptt, if GcQ,.

" Next, for ‘nzo with 71 = @y p°+ . . . +a, p*, 0=a,<p for each i, let
2n () = (@) ©(x) - - - - () (x) -

Then the y,, n=0, are precisely the elements of G.

REMARK. If G is the set of integers of the 2-series field K, then G is the
dyadic group, G = 2¢, and G is the group of Walsh funtions ordered by -
Paley’s method.

Let dx or m denote the normalized Haar measute on G. For feL Q)
its Fourier series is defined by

o

370 @, where fi0 = f O 7D dt

Its partial sums will be denoted by S, (f; X) and we set S¥(f;x) =
= sup {S, (f; x); n=1}. Additional information on groups G as considered
here, and their Fourier theory can be found in [7, Chapter I1. 6].
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Many results in the Fourier theory for G are similar to resulfs in the
Fourier theory on the circle group T. The present paper is a contribution
to the question whether a well-known theorem of KAHANE and KATZNELSON
on sets of divergence in T can be extended to G. The theorem in question
states that every subset of measure zero in T is a set of divergence for C(T),
see [3] or [5, Chapter II. 3.4]. It is still unknown whether the same holds
for C(G). In [6] ScHirp showed that there exist uncountable sets of di-
vergence for C(2¢). Additional results for the case G = 2» were recently
obtained by Harris and WADE [2], who proved, among others, that every
subset of 2¢ of measure zero is a set of divergence for L,(2%), 1=r< e, and
- that certain subsets of measure zero in 2% are sets of divergence for C(2¢).
In the following we present some new results on this problem in the more
general context of groups G as described here. Qur first theorem shows that

the result of Harris and WADE for L, (2*) can easily be extended to L, (G).

THEOREM 1. If EC G is a subset of Haar measure zero, then E is a set of
divergence for L(G), 1=r< .

In order to formulate our main result for C(G) we need the following .
definition.

DEFINITION 1. A subset E of G is of logarithmic Hausdorff measure
zero, H(E) = 0, if for each ¢>0 there exists a collection of disjoint cosets

of certain G, in G, say {x; +Gyp)iz1, such that

(M) Ec U (x+Guw),

i=1

(ii) S log m(x;+ Gpp)l < \
. i=1 .

THEOREM 2. If EC G satisfies H(E) = 0, then E is a set of bounded di-
vergence for C(G). '

For trigonometric Fourier series a similar result was obtamed by ERDOS,
HEerzoG and PIRANIAN, see [1].

2. Proofs of the Theorems

Since the proof of Theorem 1 is to a large extend the same as corres-
ponding proofs in [2], [4] or [5] we shall only present an outline here. First
we observe that the following holds.

LeEmMA 1. A subset ECG is a set of divergence for a homogeneous
" Banach space B < L, (G) if and only if there exists a sequence of polynomlals

{P}n=1 on G such that

) | | i Pls<=
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and '
(i) sup {S* (B x); n=1} =
for all x¢E.
Next, if D, (x) = Z %; (x) denotes a Dirichlet kernel on G then unlike
the D1r1chlet kernels on T we have, see [7, Chapter 11. 6],

@ D= O
: 0, if X€G\G,.
- Thus, p=* D «(x) is precisely the characteristic function of the subset G, in G.
Proor oF THEOREM 1. Let EC G be a set of measure zero. Then there
exists a sequence {E, }n-1 of subsets of G with the following properties.
) Each E, is the union of Tinitely many cosets of some G, say

N(n)
En = U xi.,n+Gk(n)’

i=1
(i) m(En)<2 n
(iii) each x€E belongs to mflmtely many E,’s.

If @, is the characteristic function of E,, then (2) implies that
' L Ny
D, () = P S D s (x—2,,).
’ i=1

Thus @, is a polynomial on G and if y,(x) = n®P,(x), then Ya is also a poly-
nomial on G and we have

(1) “wn“r = n(m(E ))1/r<n2 nlr and
(11) p, (x) = n for xcE,,. _

. Therefore, applying Lemma lhwe obtain the result stated in Theorem 1.
In order to prove Theorem 2 we start with a technical lemma. For £,
[=0 we define k11 by z ., = %x- %i- Also, to simplify our notation, for

each n=1 we set n = [(n—1)/2],
mny = (P—1) 3, p# and  H() = (j; pri=j=pr).
=0 . : ' _

LEMMA 2. For each n=1 we have’
(a) if jeH(2s) for some s with 2=<2s=m,-then
‘ 7
m(n) <~ 1+(p_1)2,,2,<m(,,)+,<,,zm+(,,_1) > p
j=8 ) j=5+1
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(b) If jeH(2s+1) for some s with 1=2s+1=n, then

(p=1) 3 pi=m(m)fj=(p—1) 3 pi=mn).

Jj=s-1 Jj=s
2s—1 . »
" PROOF. (a) Let j = Z a;p' with O=a;<p for each i and a,_; 5 0.
=0 : .
Then !
A I (O I (e e (4 AR (%) Lo
Hence, : '
mm+j<pe+@E-1)@E*+... +p7) =
_ 7
- pzs+1+(p_1) Z P
‘ j=s+1
Also,

() § j=ay 1p28ﬂ1+(p_ 1)(1928"‘ )=

>p28 1+(p—1) Z pH=m(ny.

] &

2s . A '
(b) Let j = > a;p* with O=a,<p for each i and a,, = 0. Then
: R ,

) Xm(n)}r]. = v(‘Po)a”p_l (p)™- (‘st——l)a?s‘l : (‘st)fz25+p_l c s (pan)P T
- Thus ‘
m(n)f-j=bopO+ ... +byy p*~ 1+bz pzs+(p_1) Z ¥,

] R : j=s+1
for certain b, with O=<b;<p for each i and b, = p——l. Therefore,

(-1 3 pi=min) tj=(p—1) 3 pi=m(z).
C =St S = :

Now we define certain polynomials on G which are a generalization
of the polynomials Q, defined by Scuipp in [6]. Let ¢, = 0 and if n€ H(k+1)
for some k=0, let ¢, = (— 1) p~*. :

LEmMA 3. Forl n=1 and n>l+l let Q(l n) be defmed by

) Q. n) () = 7oy @) z 1 ().

Then the following holds

@ QU X = 0. if x4G,, |
(b) 1 m)-=C,
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(© S*(Q(, ”)) = supy [|S; (Q(, M)l =C(n—1),
(d) S, (U n); x)=C(n—1) if x€Gy,
(&) S*(QU, n), )<C if xe{G,,

where C denotes a certain constant independeﬁt of [ and ﬁ, which is not
necessarily the same each time.

PRoOF. (a) We first observe that Q(/, n) (x) can be represented as
pitis

Q(l n) (X) = Lt (X) Z 2 Ck 2 (x) =

= Yont) (x) Z (~1)ip- I(Dy 2 (x) Dpf(x))
j=
Smce accordmg to (2), D,j(x)=0 if j=I and xGGI, we see immediately
that (a) holds.

(b) Next, for each x€G,x#0, there exists an r=0 such that x€ G\G,,.
For such an x we have

Q0 ) ()] = zz (1Yo, m(x) D ](x»

— 1)/ ™ (pl ¥ )

(=1 P (=Pl =

- 1
s(p ——l)j +1=

which proves (b). .
() Now we observe that for each r=1 we have

j1
5,20, ;%)= z |ck|<z””z i = z<p—1>—<p—1>(n—z>

[N
which implies (c). :
- (d) According to Lemma 2 we have

B3

H(, ) = (i pr=j=p* and jEm(m<m(my= U HEs+1).

Therefore, since y;(0) =1 for all ]>O and since for JEH(ZS-{—]) we: have
¢;=p7%, we see that

Smen (Q(l n); 0) = ¢j x]+m(n) (0)'='

= Z P ) = (p— 1) (D)
1<2s+1=n S

9 ANNALES — Sectio Mathematica — Tomus XXI,
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-

Also, Q(I, n) is a polynomial of degree < p®, thus, since such polynomials are
constant on cosets of G, we see that for all x€G, we have

Semy QU 7); ) =C(n—1).

(e) We flrst observe that (a) implies that for each k= degree Q(/, n)
and x¢G; we have S, (Q(/, n); x) = 0. Next consider k such that k= degree
Q(l, ). We observe that Lemma 2 implies a certain ordering of the elements

belonging to the sets {m(n)+ J; jeH(r)} with [<r=n. To be precise, we have; | =

it j;eH@2s+10), 1=0,1,2,3, with 2s+3=n, then m(n)+j,<m(n)tji<
<m(n) 4 jo<m(ny ¥ jo. Also, for x¢G; and | <s=n we have
° = — - —(s— e : =
j%s) €1 Lyt ;X = Iy (XY (= 1P p~ (D s (0): Dps—l(x)) 0.
So, choosing k= degree Q(l, n) and assuming that k—1 = m(n) J ] for some
JE€H(r) with [<r=n, we find for xefG, :

f

1S (Q, )= * i, O =3 e = p1.
=P I=p

Slmxlarly, if k—13 m(n)3j for all jeH(r) and all r with I<r=n, then
8¢ (Q(, n); x) = 0. This completes the proof of (e).

By choosing [ =0 in Lemma 3 we obtain polynomials Q(0, n) =
which are the analogue on G of the classical Fe]er polynomlals For these
polynomials we have

CoROLLARY 1. For each n> 1 there ex1sts a polynomlal Q,on Gof degree
< p" and such that .

(D) 1Qnll«=C,
(11) Ism(n) (Qn; X)l =Cn for xEGn’

(iii) [IS* (@ ~=Cn. .
Proor OF THEOREM 2. Assume EC G has logarithmic Hausdorff mea-
- sure equal to zero. Let {¢}i-; be a sequence of positive real numbers such

that Z g = 1. According to Definition 1 for each k=1 there exists a se-

quence of dlSjOlnt subsets of G, say {x,k+G wioy=1 for which

(1) E C[U (xl k+Gn(l k))a
t

(ii) i |og M, + o) ™ = ,i (n(l, k) log p) " <e, .

Let the function fbe defined by (compare (1) for the definition of the
functions ¢,)

@) ) = ki S (1K) Qe (X=X, Py ()
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where the ¢(/, k) are chosen in such a way that no two different polynomials
of the type g, Quui overlap, that is to say, contain the same character

x;. 1t is obvious that feC(G). Next, let {M(n)},~ be the sequence obtained

by arranging the numbers g(/, k), 1=k, [ < o, in increasing order, let {N(n)}r—
be the sequence of corresponding numbers n(l kyand let x, = x;, be defined
similar Iy Then

f(X) Z (N(”)) (pM(n) (X) QN(n) (x xn)

For a given k=1 we distmgulsh the followmg two cases.
(a) If pMD 4 pN© < k< pMU+i) for some r=1, then, accordmg to Corol-

~lary 1 (i) and the assumption that Z g =1, we have for each x¢G
. k=1 o .
Sk (f: X) = Z (N(n))“lipM(n) (X) QN(n) (x'_xn) =
n=1

= Zr: (N(n)) L “QN(n)“oe =C.

) If pM(’)<k<pM(’)+pN(’) for some r>1 then it follows from Corol-
lary 1 (iii) that for each xEG we have

18 (i) = Z (N) ™ Quioll- +(N(r))* CN(r)=C . -
A . ‘
Thus, [S*(f; x)| =C for all x€G. Finally, it follows from Corollary 1 (ii) and
the definition of f(x) in (3) that
[Spq(l, k)+m(n(l, k) (f» x) - S‘pq(l, 9] (f) x)l =
= (A, K)) ™ Sttt 9 (@03 X = %, ) =C(rnll, k)~ (L, k) =

whenever x—x, , €Gy ), that is to say, whenever x¢x; k+Gn(, - Since each
x€E belongs to infinitely many of the sets X+ Grg ryy WE S€€ that limg. .
S, (f; x) does not exist for x¢ E, which shows that E'is a set of bounded di-
vergence for C(G).
As an additional consequence to Lemma 2 we present another sufficient
condition for a set to be a set of divergece for C(G).

THEOREM 3. Let {[[}i=1 and {n}i~, be two increasing sequences such that
n;=>1;+1 for each i=1 and i (n;— 1) *<oo. Foreach i=1 let E; be the union
of certain cosets of G, with tlh=elproperty that each of the cosets of Gn, belongs fo a
different coset of Gy If E = 5 E;, then E is a set of bounded dive}‘gence for C(G).

Q=1 o

2*
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. N() . :
Proor. For i=1, let E;, = J (x,;+Gn,) and define f; by

k=1
NG '
fi(x) = Z Pty (X) QU 1) (X =)

where the %(k) 1 =k=N(i), are chosen so that the polynomials in the sum
defining f; do not overlap. Next, define f by

Je) = Z (= 1) ay () £ (%)

where the A({), i=1, are chosen so that the polynomials in the sum defining
J do not overlap. Smce accordmg to Lemma 3 (a), the support of Q(l,, 1,) is
contained in Gy, and since x, ;+ Gy, X, ;+ G, = forr = s and 1=r, s=N(i),

Lemma 3 (b) 1mp11es that || f,[],,,sC for each i=1. Consequently, feC(G).
. Also, an argument like that used in the proof of Theorem 2 shows that

S*(f; x)<C for all x¢G and that {S,(f; x)}n=1 does not converge for x€E,
that is to say, E is a set of bounded divergence for C(G).

By choosing n; = {;;4—1 in Theorem 3 we easily obtain the following
corollary, which shows again that there exist uncountable subsets of G which
are sets of bounded divergence for C(G).

CoroLLARY 2. Let {/; }_1 be a. monotone mcreasmg sequence w1th
liy1=1;4+2 for each i and Z (ligz—1) <. Let E = {x€G; 0sxk<p if

k =1, for some 1>1 and xk =0 otherw1se} Then E is a set of bounded~
divergence for C(G). : _
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'PABHOMEPHBLIE OLEEHKY CXOTUMOCTHU
K HOKA3ATEJIbHOMY PACTIPE[EJIEHHIO CYMM
CIVUAMHOIO UMCJIA CIYUAHAHBIX BEJAYMH

.A. A. [DKAMHP3AEB
TamkeHt

(ocmynao 9. 3. 1977)

Ilyers )
(1) ‘4 ' 451)527“-,5,1,--

— TI0CJIE0BATENBHOCT He3aBUCHMBIX, 0AMHAKOBO pacrpesieeHHBX cnyyail- -
HHIX BeJIMUMH ¢ KOHEUHBIM MaTeMaTHUeCKUM OYKUIAHUeM ME, =q#=0n
v, — IHOCJel0BaTeIbHOCTh MOJOKUTENBHBIX, LeNOUMCIeHHbIX CIyJYaifHRIX
penuuny. Pl Mogworonu [1] moxasas, 4ro ecyu juist HEKOTOPOH MOCIEN0Ba~
TeJIbHOCTH II0JIO/KHUTENbHBIX YHCEIT oy, o, = oo IIPU 11— =0, CYHIECTBYET QYHK-
sl pacnpenenennst G(x) taxasi, 4To IpU 11— oo

p{ﬁl_<x}—>0(x), 6(+0) =0,

“rl
TOTA
=~ E &t .. +E
2) iijri-p{l za“ "<x}=G(x).

Bpexem oﬁosnaqex—x_nﬂ: ‘
N o‘z = DEI’ ‘6 = MIEI"‘al,S, Sn :§1+§2+ .. +§n7.

’

4G P S
n( )—'Slip amﬂ<x ""G(X)

H

d,(G) = sup’

P{%< ag} —G(x)

n

Q(h, G) = sup [G(x+h)—G(x)], h=0,

0 npa x=0
1—e™ mpu x=0.

E(x) = {
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OTMETPIM, yro ecJu Vn numeet FEOMETqu,ECKOG pacﬁpeneneﬂme, T.€.
3 P, =k} =p,(1—-p)Y% k= 1,2:-‘-, O=p,=1

1
n lim P, = 0, 1o nonaras e, = Mv, = ——, JIETKO npOBepmb 4To G(x)

N> oo
= E(x). I/I TaKas cxema CYMMMPOBaHHUs CITYYAIHBIX BEJTHUMH ¢ reomeTquec-
KM pacnpe/ie/IeHHBIM CJIvualHBIM MHJIEKCOM, YacTo BCTpevaeTcs B 3afayax
TEOPUH MacCOBOI'0 00CIIY)KMBAHUA U TeOPUM Haje)KHocTH. M3BectHO [2] Tak-~
ke, 4T0 0GCTOSITENLHO UCCNeoBaHa CKOPOCTh CXOMUMOCTH B TPE/iebHOM
COOTHOIWIEHHH (2), KOTJa »,, UMeeT reoMeTpuYecKoe pacipesiesenue. [1pu atom .
IPEoNaranoch Yto v, He 3aBUCHT MJIM YK€ MMEET OIPe/iesCHHBIA BT 3aBu-
CHMOCTH OT CJIVUAMHBEIX BeJUUYUH nocseposatesnbHoctd (1). B [3] nonyvuenst
HEKOTOPEIE PABHOMEPHBIC OLEHKHI CKOpCOTI/I CXOINMOCTY HENOCPEeJACTBEHHO B
(2), 0e3 HoMOJBLHUTENBLHBIX OTPAHNYEHHH Ha 3aBUCUMOCTD v, 1 {£,}. A umento
J0KasaHa cieJylomas Teopema.

Teopema 1. ITycmb’ Q(h, G)=k, h npu ecex h=0, o, =Mv, u Dy =
=k, ol 042 6cex n u npu HeKOmMopom 6, 2=98-<4. _Ecxzu D&, < o, moz2da

4y | 4©)=4,0+ [2+kz+kl ﬁ] amt=el7,

a e cayyae cyu;ecmeoearzu}z ROHEUH020 mpembez0 MOMEHMA CAYYAiinoil geu-
auriel &

%) A A (G)=d, (G)-I—C[ﬁ—l—‘g] LN

20¢ ¢ — NOCMOAHHASA 3A6UCAAT MOALKO 0m Ky u k.

B nauHoil crathe joKasaHa BO3MOMHOCTH HEKOTOPHIX VIIyUILEHUH IO
HOPSAKY CXORMMOCTHY MONYYEHHOl B Teopeme 1 B rpefiesbHOM COOTHOLUEHUM
(2), npu 3rom He Hajaras Kakue-nu00 MOMEHTHBIE VCIIOBUA Ha ciayvaiHbiil
HHAEKC v, TaKk Kax B0 MHOTHX 3afiayax TCOPMH MacCOBOTO OKCIY)KHUBaHUA
M HaJIeYKHOCTU SKCIOHEHIMANHBIA 3aKOH 4acTo BCTyMaeT B KayecTBe Ipe-
JIGJILHOTO pacipe/IesieHus], T03TOMY pesyanaTm cqyopMynnpyeM U TOoKaKem
s G(x) = E(x).

Treorema 2. ITycma D & < . To2da 0as awbozo =0
© An (E)=2d, (E)+ [1 +_._-'f[—)u,;1/3'<1—6>+é—anﬁ.

TEOPEMA 3. Hyems M|&, —a|3< e=. To20a 049 1106020 5>0 cywecm-
-6Y10IM AOCOHOMHBIE NOCMOAHHYIE €y 1 C; MAKLE, Ym0

[}

1
G .AH(E>szdn<E>+[ﬁl"—+c1 —f—s]m,:‘%”’%@e "

al
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Cnepereue. Ilvers p, MMeeT reomerpuyeckoe pacmpepeneHue. Ecmu
D& < e, Torpa nns awboro 6 =0

(8) 4, (E)s[cg+—!2—I o 130=0) 4 pren?
aBcnvuae M|E —al¥< o
: i
(9) An(E)S['ﬁ‘{“C‘i——% a;(l/z_é)_{_cze 4 ,
: - _

. | _
rae o, = My, = — ¥ ¢, ¢, — aGCOMOTHBIE TIOCTOAHHbIE,

n
Yreepyenus (8) u (9) nosnyyatorest us (6) u (7), COOTBETCTBEHHO, NIPK
HOMOIIM CJIE/YIONIEr0 HETPYHO MPOBepsieMoro daxta [2] CYIEeCTBYeT ab-
COJIIOTHAS MOCTASIHHAS C5 TaKasd, YTo

d,(E) = sup |[P{p, v, <X} = E(X)| =¢; P = Csot7" .
X

‘ | 1
3ameuanusi. (a) [MokasaTenbHble craraemeie exp {~«’} u ex-p{—-—a,i
~ 4

A5 jo6oro 6=0 MOI'YT OBITh OHEeHeHH! CIefyIOEM 06pasoM:
exp {—ag}=c; (8) o, 1P,

rae ¢;(8), ¢,(8) — mocTosiHHLIE 3aBUCSIIME TOILKO OT 8, SIBHBII BUJ KOTO-
PBIX JIETKO ONpPENeUTh JIEMEHTAPHBIM CII0COGOoM,

(6) myis cpaBHeHUSI OTMETHM, Hampumep, 9ro B ciyyae (3) us (4), (5)
CO0TBeTCTBEHHO uMeeM (cm. [3])

A, ()= {ea+ -2 i

R e Lo

I'ie g €; — abCOMOTHBIC MOCTOAHHEIE, A U3 (8) m (9) cnenver, 4To ecin
6<L TO 1<—(1 —6) 1 eciu §< —- TO — <[~—6

7 7 3. 34 17 2

[Mpesxpe yem HpI/ICTYHI/ITb K JI0Kas3aTenbCTBY Teopem 2 1 3 C(bOpMYHI/I-
pyem oxny semmy u3 [4] (nemma 3, crp. 27) B ciegyiolem BUJE. . ‘

JIEmmA. Tlvers § u 1 — cnyualinple BequuuHbl, ¢ = §+1 K G(x) —~ po-
usBoIbHAsE QyHKUMS pacnpepesennss. Torpa pist moﬁoro e=>0

sup | {£ <= 09| =sup |P (<23 =G| +P {1 =)+ QG ).
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JIOKA3ATEJILCTBA TEOPEM 2 U 3. OqumlHo, qT0

e il

Vicnonp3yveMm JeMMmy, nojaras

.[Svn 1] Y,
1= (e ar

. | ‘ S, —av
A,(Ey=dy B+ Qe By P 2

An (E) = Sup
) x

Toraa umeeM

e,
=¢(,

snech e>0 — mOKa NPOUSBOJIBLHOE, HOJJIEKAIEe ONTUMAIBHOMY BHIGOPY.
Teneps OLieHUM BePOSITHOCTU

S, -—av
. n n -
pn_P{’—“—'a“n —8[.

HeTpyaHO IpoBepUTh, YT s H0Goro o>0

n

n

Po=P{r,=}+ P{S,,—av,|=\al ex,, v, =0} =
ﬁp{vn>g}—l—P{ max |S,—ak|=la| eocn} .
- 1=k=o

Ipu nomowtu d,, (E) JIErKo OUEHUTD, 9TO

P, >Q}<d (E)+exp{ ai

Taxum 06pasom

4, (Ey=2d,(E)+¢&+exp {——Q~}+P {lrglzg IS, —ak| =|a| smn} ,

. n
TaK Kak Q(e, E)=1—e"*=¢g, £>0. [l OLEHKU BEPOSATHOCTH

E =P {max !Sk—akl.z]a[ Socn}
1=k=o )

Bocronb3vemes Hepabencrsom A. H. Konmoroposa. Torna 6viiem umers, 4To

iy
(aex,)

Tenepb AN n10ooro 6 =0 noaoxuM

P =

ag
CE=

;1/{*,(1—5)’ 0 =al¥s,
a
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Torja P,=a; "34-9), CrefoBarenbHo

A, (E)=2d,(E) +ﬁ o H30=0) L exp { — ) + o 13—

uTo nu }IOKaSBXBaET TeopeMy 2.

Urobul 0KasaTh TeopemMy 3, ILJIH OLEHKU BePOSATHOCTU P, BOCIIOJb~
3yeMcsl CIIeIVIONMM pe3vibraTom u3 [5] (3amevanue 6):

sup PJ max (Sk-ak)'>xo-]/;z']_12_ =2 dyp | = CB;B_ ,
x l=k=n ’ n i o8 ]/n/

rfie ¢ — abcoJoTHAST NOCTOSTHHAST.
OTciofa Terko BeIBeCTH, 4TO

oo

P26l A [ gy,
g’ ]/g 1/271

n
rie .
LE
Ve

TaroKe J1erKo npoBepUTh, UTO

.Tﬁz

P, <2¢, B_ +2 V?exp{—i—Tf}.

Vo

Tenepb ecnu pis nwoboro § >0 nonoxum

" _
& = m“—u/z 8, 0= “,11+6
TO HMeeM
.
—_— — 1
R,schﬁac;1+"/2+»2V2 expd ——adt.
o 4
CiefoBaresbHO

A0 (B) =20 (E)-+exp (= af} o G0 4
: a

+2¢ P %y 1T+ 22 exp —Loc‘;,} .
o? ' 4

OTKYJA U [10JIvYaeM J0Ka3aareibCcTBo TEOPEMBI 3.
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TpocrenB Xox 10KAa3aTeNbCTBA TeopeM 2 H 3, HETPY/IHO YGeIuThes B
TOM YTO JUIS NPOU3BOILHOK G(X) TeopeMbl 2 U 3 MOT'YTh OHIThb 0606u1eHbl
CJIeHy oMM o6pasom

. Trorema 4. Tycms Q(h, GY=k, h npu 6cex h=0. Ecau D §1< oo Mmoeda:
045 1106020 6 =0

4,(G)=2d,(G)+G (22) + (1 +k, l—"l.] iy H20-0),
. . ' a

a 6 C/Ay4ae Cywecme06aniIa KOHEUHO20 Mpentvee0 MOMeHMA CAYYQiiHoll eeau-
qutiet &4, 048 4106020 6> 0

4,(G)=2d,, (G)+G (5) + [k‘1 ﬁ*—l— ¢ —/9;) a 2= ¢, e~ erp? |
. . a o .

20e G(x) = 1 —G(x) 11 ¢, €, — AGCOAOMHBIC NOCIOSHHBIE.
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“Introduction. In this paper we shall prove for real Banach spaces of
dimension =3 the following: if any countable family of finite-dimensional
subspaces can be transformed by arbitrary small renorming into Chebyshev
subspaces so that the corresponding metric projections are linear, then this
Banach space is a Hilbert space (Theorem 2).

This result resembles the JAMES — Rupic — ScHMIDT theorem ([1] p. 249).
" 'We mention that the restriction on the dimension is essential, because all
subspaces of an arbitrary strictly convex (essentially strictly convex in the
- terminology of [2]) two-dimensional Banach space are Chebyshev subspaces
with linear metric projections.
~ We also prove that for all real Banach spaces it is p0331b1e to transform
a countable family of finite-dimensional subspaces to Chebyshev subspaces
by arbitrary small renorming (Theorem 1).
Theorem 3 characterizes Hilbert spaces by a symmetry property of met-
ric projections.

Preliminaries. If (X, }] -1 is a Banach space and H'c Hc X, we denote

by HL the linear closure of H, by co H the convex closure of H, by H the
topological closure of f1 (all topological concepts refer to the norm topology),
and by mary H’ the boundary of H” in the relative topology of H.

We denote by P, the metric projection to the Chebyshev subspace L.
More generally, Py, denotes the metric projection P to the Chebyshev

subspace HE.
For x,y€X; reR, r=0, we set

Sy (x,r) = {526 X, Ix—2l=r},
FijGory={zz2eX, [lx—2| =1},
Y= {x+(1-2)y; 0=2=1},
() ={Ax+(1-2)y; 0<i<1},
d(x, Hy = d(H, x) = ;?Ifi llx—hi .
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DEFINITION:. We say the sequence { nen of two dimensional planes
F,c X converges to the plane Fc X if there exist a,, a,, a;€ F which are non-

-Collinear and such that for any e>0 we have d(a), F,)<e, d(a, F))<e, .

d(a;, F,)<e provided n is sufficiently large.
Clearly, if {F,}nen converges to F, and x¢€ 0 F,, then x¢ F.

n=1
DEFINITION. Let |- [l; and |||, be two norms on X. Let ¢>0 be fixed.
We say that {|- ||, is e-equivalent to ||-||, if either
(1—o) [l =lxla=(1+e) Il for all xeX
or
(=) lxllg=lxlly=(1+e) fix]ly forall xeX.

We shall often use the followmg properties of the metric pro;ectmn B, '
of the Chebyshev subspace L (for the proofs, see [1]:

(a) P (tx) =1F.(x) (t€R),

(b) PL(x+)=F, ()+1 (€L,

(©) 1P (ol =2 1xl-

For the rest of the terminology see [2].

THEOREM 1. Let (X, ||-]|) be a real Banach space, and {M;}ien a coun-
table family of finite-dimensional subspaces in X. Then for any e=0 there

exists a norm |j|-|\| on X, which is e-equivalent to ]] | and such that M, is a -
Chebyshev subspace of (X, |||+ |l|) for all -i€N.

LEmMA 1. Let (X, ||-||") be a real Banach space and let M be a finite-
-dimensional subspace of X. If the relations [x,y CFH (0, 1), ys£x imply
y—x4M, then M is a Chebyshev subspace of (X, |- ")

‘ ProOF OF LEMMA 1. M is proximinal in X, [I-), because M is finite-
~-dimensional. If some x¢X has two different best approximants x,, x,€ M
then all elements of [x,, x,| are best approximants of x in M (triangle ine-
quahty) So all elements of [x;, X,] are at the same distance from % and
—X,eM.

Proor oF THEOREM 1. Using the Hahn-Banach theorem, we fmd closed

subspaces K; such that

¢ X=MeoK, (i=12...).
Letel(j=1,...,dimM;) be a normed-basis of M. ‘Then for each xeX
and ieN there is a unique representation of the form

- dim M;j

x=xt 3 de,

where x;€K;, dj¢R (j=1,...,dim M,-).
Set :

pi(x) = ]/dh_nzfi |ajf® (xéX; i=1,2,...).
= .
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p; is a seminorm on X. Let S; = {xeM;; p; (x) = 1}. S, is compact in X
because M, is finite-dimensional. Further, p; and || -| are equivalent on S,.

We have d,=d(S;, K;))=0. Otherwise there exist {y,)encS; and
{2}ien < K; with lim ||y, —z,{ = 0. Taking a convergent subsequence

J .
nlien Y ien, li;nyn,- =Y,

~we obtain lim ||y—-z,,j]|.' Thus y‘ES,ﬂKi and ys£0, which contradicts (1).
: : j .
’ Let XEX, X = xi+zi, xiEK,-, 2iEMi, Zl-#O. Then ' .
[

X =2 |

0<d, = d(S,K) = _inf {nufv||}s” "
: | HEKpves; piz)  pi() | P ()
so that
(2) - S ped=In. o
"This is fulfilled also in the case z; = 0. But p;(x) = p,(z;). Hence
\C) R 0=d; p; ()=l - |
Set '

I = Y e+ 3£ @y

il Il is a norm on X (the triéﬁgle inequality comes from the Cauchy — Bunia-
kovsky —Schwarz inequality). Using (3) we get

W Jl=lxlll=(1 + ) 1]
forall xeX. - ) .

We demonstrate that [x, y]cFy.; (0, 1), x#y, x—y €M, is impossible
for any icN.

Otherwise there exist x, y€X and [€N such that x>y, x—y€M, and
for O=i=<l ~

L= [2x+ =2yl < lx+1-Dy|E =
) = Pat(l=2)yl+ z (@G =2y,

Consider the relations

e d | e 2 R e R
(6) ! _[ : J— sy
@ p?[x;yv]s{pj(X);p,-(y)]zs p?(x);p?(y) =12 ).
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Summing them and applying (5) to =0, —, 1 it follows that in (6) and

(7) we always have the case of equality. Therefore uxll [yl and p;(x) =
= pJ(y) for all j. In particular, p,(x) = p;(y) and

® p,[x;yJ_ [Pz(x%;p,(y)]

But this is impossible since x—y €M, and p, is strictly convex on M,.

So Lemma 1 and relation (4) yield the desired conclusion.

THEOREM 2. Let (X, ||-|)) be a real Banach space with dim X=3. If for
every countable family {M, },GN of finite-dimensional subspaces of X and every
e=>0 there exists a norm ||| - ||I, e-equivalent to ||-|| on X, such that M; is a
Chebyshev subspace of (X, t |- Il) and Py, is a linear operator for all ieN, ther
(X, l| -1y is a Hilbert space. .

Lemma 2. Let (T, || - ') be a real Banach space, x€Y, x#0. If {x}- is a
Chebyshev subspace and B, is linear, then the function

,iR-R, g,(3) = |y+2x]
. has strict global minimum at 0 for all yeB*(0).
Proor. By the definition of £, and y, :
' mzin gy () = min ||y +2x|" = ly—=BOI" =yl

-Moreover, this is a strict minimum, because {x}* is a Chebyshev subspace.
ProOF oF THEOREM 2. We shall demonstrate that (G, ||- |]) where G is
any three-dimensional subspace of X, is a Hilbert space.
Let U {a}* be dense in (G, || - H) and |||-||| be a norm, &- equlvalent to

- such that {a;}" is a Chebyshev subspace in (G, ||| - |||) and P, is linear for
all ieN. It means no loss of generality if we assume »

©) ' lladll = 1 ae{a}ien=—ac{aken.
Further, let us denote P, =P,.
Our next aim is to show that |l Il is strictly convex.

Otherwise two cases are possible:

(A) There exists a supporting plane H of the unit ball of (G, [[-[[}y -
whose intersection with the unit ball is an interval.

(B) There exists a supporting plane H of the unit ball of (G, {||-{|l}
whose intersection with the umt ball contains a disc. .

In the case (A), let .
(10) .. la, 8] = Fip-y O, I)OH’
lla—dll _ _¢
. 100 100

ay her, (-t = -0,
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' ~ ¢
(12 d(hy b+{a—0}) = .
(12) . (h, b+{a—b}") 100
Choose a subfamily {a;, }nen{a;}ien such that

- ¢
13 a+{a; YN Sy |1, —E— [#0, lim a;

( ) (@+{a,y )N Sy |||[ 1000} ma,
exists, and .
(14) ' lim( sup d(H, u)) =0.

ué[a—qin, a+a,—n]
This is possible because of (9) and the density of
| U {a}".
ieN
Set . , ,
o= max{lx—yllix = atuar, y = a+v i, prER, =L {Iyli=1},
(15 S )
d = max{fx =yl x = 0 e, = 0 iy o €R, ] =1 =1}
(16 |

- and denote by X, y,, xk and ¥y, respectlvely, the points where these maxima
are attained. We are going to prove the relations

(17 hm ¢ =0,

Suppose that (17) fails, The trxangle inequality and (15) yield
(19 O=c,=2.

So there is a subfamily

| : {exien < {eiuen

such that the limits ‘

lim Ck, f, hmxk) = x*, llmyk = y*
i .

exist and f=0. Qn account of (15), '
(20) =l =1

From (14), (15) and (19) it follows that x*, y*eH. Hence, in view of (20) and
(10), x* and y* belong to [a, b]. On. the other hand, x*--y* —flxm a,, or

—p* = _f]i;n a;,. Therefore
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lIim diké{b - a}L .
k .

“This, however, contradicts the relations (1) —=(13).
The proof of (18) is similar.
Now let K be so large that

c c
O=cx<——, Omdg=—m

: | 100
By (15), (16) and Lemma 2

- P O)N Dk 2128, P’ (0)N [Xx, Frl#6.
Consequently ‘

21) d(a, P,
@n. (o il 100
22 d(b, P, :
2 ' ( 100
~ By (13) there exists ¢R with
a+pay—h
a8 o~ <=
Hence, in view of (9), (11) and the triangle inequality,
989¢ 1011c
=|p|=- .
1000 1060
Let a;, ‘be chosen so that =0. Then ,
‘ 12¢
a+cag, — | .
lla-+ca— il <o
Making use of (11) and (22) we obtam
- 32¢
da+ca, ,P H0) = )
, ( K ©) 1000
So there exists /P’ (0) with -
33¢
a+cay, —lj|l=——.
lla+eane ] =2

By the linearity of Py, and property (c) of the metric proj ection

66¢
1000

(23) ' mle (a‘l‘cai[()m = I“P'K (a —I—vcainl)]Hs
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On the other hand, by (21) and the same property (c)

24) 1P @l =2

Further on account of (b)
Py (a+caig) Py (@) = ca .
So using (9), (23) and (24) we find
87c
1000

¢ = [Py (a+eai) =Py (a)| =

By (11) this is a contradiction.

In the case (B), let ¢, be an extreme point of Fy.y (0, I)NH (such an
¢, exists by virtue of the Krein-Milman theorem). Let beFy., (0, )N H,

8=0, HOS)jiy (b, ) <H N Fyyy (0, 1) ,

‘ by +b

(25) . by, ngHﬂSm.m [b, —a—] s _1_+_2_
) 2 2

(26) 2,>0, e; = b+ 2 (ey—b), e;¢mary (HN Fy. (0, 1)) (i = 1,2)

(such ¢, exist because of the boundedness of H N Fy.y (0, 1)).
Choose a subfamily A

= b, by, b,4[b, &1,

{aitren {a}ien
such that a,-1; tends to -
eo—b
lileg— &1l °

0 and b+a,K lie on the same side of H. This is possible because of (9) and
the density -of U {a;}".

@n b+, AH;

Let : ,
(28) m = max {; e +p ardll=1, p=0} (1 =0,1,2).
Then ' -
9 | limm = 0.

In fact, otherwise some subsequence of {m} has a limit S,>0 so that (28)
and the definition of {ai,} yield e,-l-S,(eO—b)eHﬂF,” 11 (0, 1), which con-
tradicts (25), (26) and the convexity of HFy.y (0, 1)

As H is a supporting plane of the unit ball, (27) implies that .

llet2agll=1 if 4<0.

8 ANNALES — Sectio Mathematica — Tomus XXI.
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So by (28) and Lemma 2 »
(30) P O Nlepet-mPai]=6 (1 =0,1,2).

As ¢, is an extreme point of N Fj. (0, 1), the points e €, 2, are not con-
tained in a line (because (25) and (26) imply that ¢, and e, are on different
sides of the lme in H containing e, and b). Therefore, in view of (29) and (30)
the planes P; (0) are converging to H. This, however, contradicts the rela-
tions 0¢ mP"1 (0), 04 H.

Now we shall prove that for any xEG x0, the metric projection P,
is linear (by the strict convexity of ||| - ||| just established, {x}"is a Chebyshev
subspace in (G, ||f - [|)). Let {a,K}KENC{a },EN satxsfy

\ Cdima =
o K el

We claim that

31 fim P () = BaO)-

Assume the converse. Clearly

fim d(y, [ —2ax |[y] 20ix =dly

im o, =2l 20 WD) = o[- ol uym]]
Hence by property (c),
B2 lim||ly—Fy 9] = Iy =P WII- _

From (¢), {By (¥)}xen is bounded in (G, |[|-]|). So we may assume, there
exists ]

fim B (y)yf& )=
Then

llmd(y,[ 2az,<lliylll 2azK|HyllI])~hmHly RK(y)IH—‘l}y—hszK(y)m

From this, using (32) and that {x}- is a Chebyshev subspace, we obtain
. contradiction.

As a consequence’ of (31) B, is linear. Therefore, by the james—
Rudin — Schmidt theorem ([1 p. 249) (G, 1]]-1])) is a Hilbert space. So, for
arbitrary x, yeG :

2 el 2 vl = | x+ e+ x =yl

If e~0, then ||| ~||2ll for any z€G. Thus
2 I+ 200" = e i =y
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~ THEOREM 3. The real Banach space X with strictly convex norm ||-| is

a Hilbert space iff for all pairs a,bcX, |la|| = ||b]| = 1, we have
(33) . 1B, @)l = IR, @)

Proor. If (X, || ]}) is a Hilbert space, then
1Fe O = llaca, H)ll = [[6¢a, Byl = [Py (@) -

To prove the converse, assume that (33) is valid.

Choose any ac X, a=0, and let b€ X, bs20, be Riesz-orthogonal to {a}L
Then a is Riesz-orthogonal to {8}* since by. (33) the relation P, (b) = 0 implies
P, (@) = 0. It is clear that a4 b<0. By property (a) of the metrlc projection

34 H%+A®H=Hd”&+muuuﬂa[w
(35) H&+A®H=HMT&+MMMHE£WN-

By properties (a) and (b)

(36) - | Fp5(@) = a+b—Fy, (D),
that is, o ‘
(37) Foro @+ By (b) = a+b.
Using (b), B,(a+Db)=a+F,(b)=a, Py(a+b)=P,(a)+b= b So (a)
yields
o ezl
9 [t ””'ua+m1 Ta+el
a+b a+b ]
39 ollle °
o9 1m+m1” m”lm+m1H fa-+0]
| Replacmg a and b of (33) by —“a—“— and h respectively, then applymg
(34) and (38) we obtain
, _ llal
(40) IBoto (@] = llaf] —— TR
Similarly, from (33) [applied'to Hzll and llaj—le ], (35) and (39) we deduce
el
4D s O = b ———
e T

3%
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By (37), (40) and (41), either

(42) lla+b[2 = |lal|>+ o]
or A o
(43) ' la+0l|* = |{lall>—[l6]%| -

But a is Riesz-orthogonal to {b}-, and b is Riesz-orthogonal to {a}-, so that
l|a—|—b[|>max{[la]| |Ibll}; hence (43) is impossible.

Let x,y be linearly independent, and let the vector ze{x, y}L, 2#0,
be Riesz-orthogonal to {x}t. There is a unique c€R with y—cze{x}*, ie,
y=c@+dx, x-y=—+(1-d)x, x+y= cz+(1—(—d)x Since ¢z is Rlesz-
-orthogonal to {x}, (42) yields

Iy11* = llcall* +[lax]* ,
lx—yl? = l|—cz]*+li(1 —d) x|]?, \
I+ yl* = lleall®+ I (L+ ) x|f® .
From the last theree formulas we obtain
’ 2[pdP+21lyl2 = e+l + =y,

This holds also when x, y are linearly dependent. The proof is complete.
I should like to thank J. BOGNAR, L CzAcH and F. SZIGETI for useful
advice.
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Let (X, ||+ [) be a Banach space, M a subspace of it. Let us define
Py (x) = {y; yeM, x—yll = inf llx—mll}-
: meM )

If for Vx€X Py (x)=0, we call M a proximinal subspace, and P, is called
the metric projection to M. We say Py, has a linear selection if 3 A4, A: X~
- M, A linear, such that for VxeX A(x)€P,(x).
- When for Yx€X Py (x) has one and only one element, M is called a
Chebyshev subspace of (X, ||-]).
In this paper we prove an analogon of the JAMES—RUDIN — SCHMIDT
theorem (see [1], p. 159). The latter says:

Let X be a Banach space, dim X=K 42, KeN fixed. Then X is a
Hilbert space iff every K-dimensional subspace of X is a Chebyshev subspace
with a linear metric projection.

If Hc X, denote by [H] the linear span of H. For other notatlons,
definitions and theorems to be used see [1] and [2].

THEOREM. Let (X, ||-])) be an infinite-dimensienal normed linear space.
Then the following condition (C) is sufficient, and in the case of X a Banach
space also niecessary, for X being an inner product space:

(C) Given acX, a=0, there exist reflexive Chebyshev subspaces X,>
oX,D...0X,>... with linear melric projections such that

= [a].

n=1

Proor. If X is a Banach inner product space, that is, a Hilbert space;
then the Riesz-orthogonal projection theorem yields (C).
For the rest we need a



38 " " BOSZNAY, A. P.

LemmA. If Y < Z are Chebyshev subspaces with linear metric proj ectlon,
then Py o P, = P,.

PROOF OF THE LEMMA. [t is clear that
X=ZeP;'0), Z=YoPr'O)NZ).
So for x€X we have x = y(x)+y, (X)+2, (x), where \
YEEY, ¥, (EPT (ONZ,  2(x)EPZ' (0).
From the definition and linearity of P, and P, we obtain:
Py () = Py (y(0)+¥o () +20 (1) = y) = Py (@) + 5, (%)) = Py (P (0) . |

Let us return to the proof of the theorem. Let us write F,=F,. Con-
sider an element x€X. Obvmusly (see [1]p. 159)

| PGyl =2 ]
So, Im=<my<...<m<...(m;€N) such that weak
mPy (X) =%
1

exists. It is clear that x,€[a].
By Mazur’s theorem, for Ve=0 3K, ¢;(j=1,...,K),

R K
. j=1
and i, ..., I, such that

K
¢y Z Py () —xf|<e

_]=
Usmg our lemma in the case n=max{iy, ..., iK}, we have

K

Pn[,% ¢; Pij(x)J Z (Pfj(x))_ = é ¢;P.(x) = B, (x). '

Hence, in view of (1) and x,€{a]c X,

B2 o) -

j=1

1, () = Xl = =2e.

Consequently, lim P, (x) = x,. Therefore
n .
lim B, (x)€ Pra (%),
n

so that P[a] has a linear selection. Usian [3], our theorem is proved.
The same proof yields the following o
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Prorosition. If (X, ||-])) is a normed linear space, and X;>X,>...>
oX,D... are reflexive Chebyshev subspaces of X with linear metric pto-

]ectlons then m X, is a proximinal subspace of X, its metric projection

has a linear selectlon and Px, converges pointwise to this selection.

The next example shows that in the latter proposition the reflexivity
of X, is essential.

' Let

X = (X1, Xgy oo ey Xpy oo )€l
= ] '
Il = sup [x,| + >, — %!,
n n=1 n

1 2 n
N’ N Ny
€y = (0, 0,...,0 1,0,...],

1t can be proved that if X, is the closure of [e, e, Cnyys -+ - |, then X,

is a Chebyshev subspace w1th linear metric prOJectlon in (I, |-, but
Px,, does not converge to Pp,;. (For-

== Z en
n=1i

we have

PXn(X); €1+2€,~, (n=1), P[ed(x):e~17

i=n

1Py, () = Preq ()= 1. )
1 should like to thank J. BoGNAR for useful advice.
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Introduction

We introduce the concept of a maximal function to the theory of the
- Vilenkin-Fourier series. This is a modification of the well-known Hardy-
Littlewood maximal function [3]. It is shown that our maximal operator
M has weak type (I,1), for all 1<p=-< has type (p, p) and |Mf|; is
bounded for all f¢ L(log *L). For application of this see [2].

1. We introduce some notations and definitions. Let
m= (Mg, ...,My, ...) 2=my, meN:={0,1,...})

be a sequence of natural numbers and denote by Zn,, (k€N) the m,th discrete
cyclic group. If we define the group G,, as the direct product of the groups
Zm,, then G,, is a compact Abelian group.

Let 4 be the normalized Haar measure on G,,. Each element of G, we
can consider as a sequence (x;, K€N) with O=x,<m, (keN). Set My: =1,

k—1
My:= ] m (keP:={1,2,...}.
i=0

We can identify G, with the interval (0, 1) as follows:

Xk

G 3t kEN) > >

=0 Myqq

€[0,1].

This mapping is “almost” one-one (excépt the set of my-rationals), onto and
measure preserving.
Let (I, keN) be a sequence of subgroupssof G, defined by

I,:=G, [,:={=(@,...,0,%,...)x€qG,} (keP).

For all xeG,, and k€N we define the set I, (x) as the coset of I, by x, i.e.:
I,(x):={x}+ I, (§ denote the group operation on G,). Let o, (kEN) be
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the o-algebra generated by the cosets of I,. We remark that on the mterval
(0, 1) atoms of o, are the intervals of the form

[_z_ t_+l
M, M,

The set 1< G, is called “interval”, if exist x€G,, and keN such that
I is a proper subset of [, (x), €0, and I is an interval on I (x), if I, (x)
is considered as a circle. We denote the set of intervals with ol

Furthermore define the maximal function Mf of f€ L1(G,,) as follows

] (i=0,...,M,—1,keN).

M = _ fi.
() sup 0 f /]

M is evidently sublinear.
C=0 will denote an absolute, although not always the same, constant.

2. We have the following analogue of a well-known theorem [3].
THEOREM. There are absolute constants C and C,> 0 such that

) p o MIG) =y} =C- ”f le (et (@), y=0),

@ W=y, (feLs @) 1<p=<, €y = 0L 1),

(iiiy 1Mflly=C-|lf-log™ | fll,+C (feL(log* L)).

In the case p = - the statement (ii) is trivial. For | <p<<e follows
the part (ii) from the weak type (I, 1) inequality (i) and from the case p =
= oo by the Marcinkiewicz interpolation theorem [3]. Applying the part
(ii) and an extrapolation theorem [3] then yields the part (iii).

For the proof of the inequality (i) we need a modified form of the Cal-
deron-Zygmund decomposition lemma [1].

LEMMA ([2), Lemma) Given feL'(G,) and y=|f|;. Then there exist
decompositions G,, = FUF (F: = G,\F), f=f,+w such that

(@) F = U H,, where H,e3 is a proper interval, H,NH; =0 (k#]),
keP . : )

(0) w = 2 fo sup pfycHe [l =120(Hy), [fe=0,
Hy Hy,

[171=y- w(H) keP),
H, ™ )

© Ifol- =6y, (ol =211, (F) Hflh



‘ON A MAXIMAL FIINCTION . 43"

PROOF OF THE PART (i) OF THEOREM. For the proof of (i) we note that we -
can evidently assume ||f]l; =y. Decompose f as in Lemma and we use the
following notation. Let H; €0y, 4, and H, contained in the coset I;, (§¥) of
I;, (keN, j.€N, E®¢eG,). We consider [;, (W) as a circle, and let DH cd
denote the interval inside I, (§%) which contains H, at its center “and
M(DH,) = 3- u(H,). When this is not possible, then let DH, denote I, (§®).

Let DF: = U DH,, then by Lemma
keP

(1) S y(DF)sS-—.ILf“—l
Sy

holds. We prove the following inequality: -
{2) Mw(x)=C-y (x4¢DF, C>6).

To prove of (2) let x¢ DF be arbitraly fixed and let /€ be an interval such
that x¢ I, I is a propet subset of [, (x), IEo‘kﬂ for certain keN. Applying
Lemma, we have the following estlmatlon

(1) f‘ czk(x) f Al =

(1)[2 e 3 lf,] DA

H;cCI
l Hinl;éﬁH

. For >/, we have easily an estimation: the sets H; are by pa1rs disjoint,
therefore

1= =Ceyr—o ‘H-SC-:‘
3 W)delf,x Iy By

Furthermore, Lemma (a) 1mp11es that 2/, contains not more than two mem-
ber, e.g. H; and H,. By definition of & we have in this case that H; and H;
are measurable w1th respect to o, ,,. Since x¢ DF, thus we have

p(D=pH)+w(H)).
Therefore, the following inequality holds:

g = — ; =C.y-——[u(H; H)]=C-y.
b <1>[/'f [lf,} P )+l =C oy

Hence, we have'proved that for all x¢DF and for all interval I¢£ which
contains x, the following inequality holds:
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1
. =C-v.
u() /le Y

From this, by definition of M, easily follows for the above x that Mw(x)=C - y.
Now, we can prove the inequality of the part (i) of Theorem as follows.
Since by Lemma ©) |foll- =6y, we have

&) Mfy ()=6-y (x€Gy).

Hence, applying the 1nequa11t1es (1), (2) and (3), the following es‘tlmatlon
holds (C denote the constant in the inequality (2)): :

o M) > 209y = e My (9)> Co} -4 {x s M) > Cy) =
= s Mfy () Cy}+pdx : XeDF, Mw(x)>Cy}+

+u{x:x¢DF, Mw(x)=>Cy} = u{x:xeDF, Mw(x)>Cy}=3- (v
| » y
From this easily follows that

u{: MF(X)>y}=6-C %

holds.
This concludes the proof of Theorem.

References

[1] A. P. CALDERON and A. ZyGmunDp, On the existence of certain singular integrals,
Acta Math., 88 (1952), 85—139.

[2] P. SimoN, On the concept of a conjugate function, Colloquium on Fourier Analysis
and Approxtmatzon Theory, 16 —21. 8. 76., Budapest, Hungary.

[3] A. Zvemunbp, Trigonometrical sertes, Vals. I, 11, 2 nd ed Cambridge Univ. Press.,
New York.



ON. DIFFERENCE SETS OF SEQUENCES OF INTEGERS, II.

By
- A. SARKOZY
Mathematical Institute of the Hungarian Academy of Sciences, Budapest

(Received February 4, 1977)

1. Throughout this paper, we use the following notations:

Wewrite e* = exp x. C, C,, C,, . . . denote absolute constants, p, p, p, - - .
(positive) prime numbers. We denote the least (positive) quadratic nor=

-residue modulo p by ¢(p):
(3)-) () ()

[Where [i denotes the Legendre symbol] If p is a prime number, n is an |

integer then we denote the least non-negative residue of 7 modulo p by
r(n, p) i.e., r(n, p) is defined by

r(n, p)= n(mod D),
O=r(n, p)y=p-1.
A set of positive integers 1, <1, <... will be called an of-set if its

difference set does not contam the square of a positive integer; in other
words, if

u,—u, = 2*

(where X, y, 2 are integers) implies that x =y, z = 0. Let A(x) denote the
greatest number of infegers that can be selected from 1, 2, ..., x to form
an of-set and let us write

a(x) = __;_‘Lx_)_

~ 2.1In Part I of this series 1 proved (starting out from a conjecture of
L. LovAsz) that v ‘
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_ [ (loglogx)*2Y
a(x)—O[ (log x)H/3 ]

(see [2]). The aim of this paper is to investigate the problem that how far is
this estimate from the best possible ? ‘
I conjecture that for any >0,

(1) a(x) = O(x~12+2),
Theorem 1 will show that it is near hopeless to‘pr’ove this conjecture at the
present time,

On the other hand, it can be shown easily that there exists an absolute
constant C;>0 such that for x=4,

2 a@x2=C,.

Namely, let p denote the greatest prime number satisfying p=x*2. Let.us
investigate the set

3) : o p2p, ., PR
If 1=i<j=p then obviously, 7
plip—ip = (j—i)p
and o
O<jp—ip=(j—Dp<p*,

hence p*{jp—ip. These facts imply that the set (3) forms an of-set, selected
from 1,2, ..., x., Thus

a6y = O

X

Ll C x—1/2

{since p>%x1/2 by Bertrand’s postulate and x=4| and (2) is proved.
P. Erp0s raised the problem (oral communication) whether

lim a(x)xt’2 = + o ?
Xt o

In Theorem 2, we shall prove (4) in a sharper form. ((4) could be deduced
also from the simple construction given in Theorem 1. The aim of Theorem 2
is to give a better lower estimate for a(x)xV/2 than the one which could be
deduced in a relatively complicated way from Theorem 1.) ) -

3. In this section, we will prove the following theorem:

THEOREM 1. Let x be a positive integer, p a prime number such that

() : ' —;—xl/2<‘p§x1/2
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and
(6) o " p=1 (mod4)
(provided that such a prime number p exists at all ). Then
. ' 1
(N . a(x) x? = 4(p).-
Proor. Let s denote a fixed integer satisfying -
(3) ‘ [i] = —1.
p
For i=0, 1, 2, let B, denote the set of the integers zp+r(s, p)s
ip+r(2s, p), . zp+r(q(p) S, p) Fmally, let
B = U @i .
=0

We are going to show at first that

)] 7 BA{l,2, ...,x}. R e
(8) implies that '
(IO) (SJ p) =1 .

Furthermore, if 1=j=¢(p) then (j,p)=1. Thus if I=j=q(p) then
r(js, p)=>0, consequently, the elements of B are positive.
. On the other hand, bc@ implies that & can be written in form

(1 b=ip+r(js,p) where O=i=p-1 and l=j=q(p).

Hence - , A
b= ip+r(js, py=<(p—1)p+p = p*=x

which completes the proof of 9). L
Now we are gomg to show that @ is an of-set. To show this, we have to
prove that if b, b, 2 are integers satisfying

(12) ' b,€B, bcB
and - R S -
(13) | b—b, — 22
then

(14) . b, = b,

must hold.
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By (12), b, and b, can be written in form (11). Let
by = b p+1(es, p) for k=1,2

where . .

{(15) . O=i=p—-1 (for k=1,2)

and' ' .

(16) ‘ I=j,=q(p) (or k=12).
If :

Q7 prbi—b,

then (13) implies that

[bl"bz] =[£J - +1.
P 14
‘On the other hand, it follows from (17) that j, > j,, thus with respect to (16),
(18) ‘ O<lji—jal=4q(p).
By (6), (8), (17) and (18),
[ b, —b, ] _ [(i1 p+r(jys, p))— (i p+1(js s, p))] _
P P

5

Thus (17) leads to a contradiction which proves that p/b,—b,. By (13),
_ this implies also
p?/by—b, = (i, p+r(i,$, P)) (i p+7(j2 5, P)) =
= (i~ i) p+(r(1 5 P)—1(j2 5 D)) -
By (15) this implies that i, = i, and 7(j; s, p) = r(j, s, p) which proves
{(14), thus B is an of-set.

Summarizing: B is an of-set, selected from 1,2, ..., x (by (9)). Thus
'with respect to (5),

A= 1 - ”j‘[ > 1] =5 1) = pa(p) =2 (p).
5ER vEB; i=o 2 .

Dividing by x'2, we obtain (7).
By Theorem 1, conjecture (1) (for all e>0) would imply that

g(p) = O(p*) for p=1 ‘(mod 4);
but, in fact, it is hopeless to prove even this consequence at the present time.
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4. To prove Theorem 2, we shall use the same idea as in the proof of
Theorem 1. The proof will be based on Lemma 2,

LeEmmA 1 (P. ErpOs and G. SzEKERES). Let K, N be positive integers and
Gy a graph of K vertices. If
2N — 2J

(19) | Ké[ NI

then either Gy or the complement of Gy contains a complete subgraph of N
vertices.
For this lemma and its proof, see [1].

COROLLARY 1. Let K be a positive integer. For each graph Gy of K vertices,
logK ]
24

either Gy or the complement of Gy contains a complete subgraph of [ oo
. og
vertices.

Proor. Let us put

N = [logK ]
log 4
Then
log K . log K
g2 = | ‘°g“]"2§22 et = K.

Combining this with the trivial inequality .
[ZN -2
N-1

we obtain (19) thus Lemma 1 yields the corollary. . ‘
For any prime number p, a set of integers v;, vy, ..., v, will be called an
A, set if '

] = 22N—2_’

vop)=1 for 1=i=t,

v;#v; (mod p) dor l=i<j=t
and ,

V=V
[’ j]=—1 for l=i<jst.
p

Let M, denote the greatest number of mtegers that can be selected frem
L2, .. ,p—ltoforman./]l -set. A

LEMMA 2. If the prime number p satzsfzes
(20) : 1" (mod 4)
then

M,= ——Iog(”_l)ﬂ].
P71 log4 .

4 ANNALES — Sectio Mathematica — Tomus XX1.
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Proor. Let us defme the graph G,_, of p—1 vertices P, R, ..., B
in the following way:
The vertices P;, P; (where ij) should be connected if and only if

(5

[by (20), [J_l] = [ ".-1 ][i_-’] = [lﬁj], i.e., the graph is not directed].
D p D p

-[Mer ]

Let us write

Applying Corollary 1, we obtain that either G,_; or the complement of
G, contains a complete subgraph of T vertlces let us denote the vertices
of this subgraph by Py, Py, ..., Pip. In the first case, the integers i;,
iy ..., iy form an A, set while in the second case, the integers r(i;s, p),
r(iy S, p) o r(ips, p) do where s denotes a fixed integer satisfying (8). In
either case, we have an J-set of T integers thus

R L
log 4
which completes the proof of Lemma 2.
THEOREM 22 For any e=0 and x> X (¢),

21 a(x)>x'”2eXp{l'_g Iogxlogloglogx}.
2 log log x

Proor. Let us denote the ntt prime number of form 4k+1 by

PaiPr=35 pp=13, py =17, p, =29,
Let x be a large integer and let us define the positive integer R by

n=1 n=1
and let
R
P=IT p,.
n=1
By the number theorem of the arithmetic progressions,
1 y
23 1 ~—
@) pnzéy 2 logy ,
(24) pp~2nlogn,

k
(25) log JT po~klogk.
n=1



ON DIFFERENCE SETS OF SEQUENCES OF INTEGERS, IL (533

For n=1,2,...,R, let S, be a maximal M, -set selected from
1,2, ..., p,— 1. (Obviously, if certain integers form an ./, -set then also
their least non-negative residues do; thus we may select an Jp -set also
from 1,2, ..., p,—1.)

Fori=0,1,2, ..., let B, denote the set of the integers of form P+ j
where

(26) ‘ r(j, p)eS, for n=1,2,..,R :
and '
@7 0<j<P.
Finally, let
P-1
(J_)) - @i .
i=0

Obviously, the elements of @ are positive. Furthermore, by (22) and
(27), b= iP+jeB implies that

b=iP+j<(P—1)P+P = P?=x
thus

(28) B{1,2,...,%}.

We are going to show that @ is an of-set. In other words, we have to
prove that if b, by, z are integers satisfying

(29) bE€B, b,cB
and
(30) by—b, = 22
then
31) b, = b,
tnust hold.
(29) implies that for k =1, 2, b, can be written in form
by =i, P+, |
where :
(32) O=i,=P-1 (for k=12)
and (in view of (27)) '
G3) O<ju<P for k=1,2.
If
(34) Pn{ b—b,

4%
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for some n (where 1 =n=R) then (30) yields that

[il;”_z} - [_zz_] = +1
Pr Pn :
while (26) (with j; and j, in place of j) implies that
[bl“bz] _ [(i1P+j1)—(i2P+j2)] - [fl“‘fzJ = —1

Pn Pn Pn
Thus (34) leads to a contradiction; consequently,
‘ pp/by—b, for n=12..,R,
By (30), this implies also

pifb,—b, for n=12,...,R,

hence
Peo,=b, = (i, P+ j1) = (L P+ o) = (L~ i) P+ (i —Ja) -
By (32) and (33), this implies that i, =i, and j, = ] which proves (31).

Summarizing: B is an of-set selected from 1,2, ..., x (in view of (28)).
Thus
p-1 :
(35) AWz S 1= Z[Z 1].
) bER i=0 \beR@;

“The inner sum is equal to the number of the'integers j satisfying (26) and

(27). If r(j, p,) is fixed for n =1, 2, ..., R then (26) and (27) determine j
uniquely. Furthermore, for fixed 7, r( j» p,) in (26) can be chosen in M,
ways. Thus for fixed i,

R
Z 1 = H Mpn.
bePB; n=1
Putting this into (35) and using Lemma 2, we obtain that
p=1( R 1
66 A= (7 My,| = P 3 My, =P 3 [PELD 1],
/=0 \n=1 izl . log4 o
With respect to (23), (24) and (25),

o0 [ ] S -

R
~Zloglogpn= 2 loglogp,+ 2 loglogp, =

YR<n=R 1=n=VR
= (1+0(1)) Z’ log log R+ O(VR log log R) =
R<n§R

= (14+0(1))R log log R+O(VR log log R) ~Rloglog R .
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(22), (24) and (25) imply that

R

log P = log[]] Pn]NRlog R~log x12 = %Iogx
n=1

hence

1 dogx

38 ~— T
(38 2 loglogx

furthermore, for x> X,

/ / f
(39) P X2 _ pat _ K2 —_1_ x1/2 ‘
Pri1 3RIlogR 4-—%—1ch 2 logx

(37) and (38) yield that

R I'log(p,—1) 1 logx
40 log j7 | 22 <+ 1|~— —=2"—Tloglogl .
(0) gn{_]l[ log 4 ] 2 Toglogx o 08% .

Combining (36), (39) and (40), we obtain for x> X, (¢) that

1/2
A(x)>_1_ X exp [i_i) Iogxlogloglogx}>
2 logx

2 2 log log x
Sl exp I(i_E] log x log log log x } .
\\ 2 log log x

Dividing by x, we obtain (21).
5. In Part 111 of this series, we will prove the solvability of the equations
u,—u,=22—1
and Y
u,—u,=p-1, _
respectively, for sequences u;<1,< ... of positive upper density. (We remark
that e.g.
u,—uy, =22+1,
Uy—ty,=p
need not be solvable.) .
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In the mathematical analysis the differentiability of a real function f
can be interpreted by the tangent line to the graph of f.

One may ask how the notions of tangent lines can be generalized to the
graph of Fif F is a function from X into ¥ where X, V are normed spaces,
and whether the several concepts of the differentiability of functions can be
characterized by these generalized notions.

In this paper we consider this problem.

Let X, ¥V be normed vector spaces, and let I'y,, I'c and I's denote the
following subsets of X:

Ty ={{x}; xeX}
I'c ={QcX; £ iscompact}
I's ={2cX; £ isbounded}.

For convenience, in all the following definitions I" is considered as
common notation for Iy, I'c and [.

Let F be a function from a subset of X into V. We denote the domain,
graph and the interior of the domain of F by D(F), G(F) and Int D(F),
respectively.

The function F:X Y is said to be

(i) I-continuous at x,¢Int D(F) if F(x,+1x) converges to F(x,) as
{—0 uniformly in x€Q, on each Q¢cl'.
. (ii) I'-differentiable at x,€Int D(F) if there exists a continuous linear
operator Ac.L(X, Y), such that

lim[F(Xo+1x)~F,(X0) _ Ax] =0
=0 !

holds unifom}ly in x, on each Q¢ I, If such an operator A exists, it is unique,
and we call it the differential of F at x,, and we denote it by dr F(%,).
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Analogously to differentiation at an interior point of D(F), following
NASHED [2] we say that F is I'-differentiable at - (or asymptotically dif-
ferentiable), if

{x; IX|=R}ycD(F) for any R=0,
i.e. = €lnt D(F), and there exists an Ac£(X, Y) such that

lim[F(:x) —Ax] -0, xc0

t—+ oo

holds uniformly on £, for all Q€1

Again, if such an operator A exists, it is unique, and we call it the
differential of F at =, and also denote it by dr F(<=). These definitions of
differentiability coincide with differentiability by Gateaux,>compact and
Fréchet, respectively. It is an important question, whether the different
types of differentiability defined above, can “geometrically” be characterized
by appropriate tangent cones to the graph of F.

This question was positively settled by FLETT [1]in the case when both
X and Y are finite dimensional normed vector spaces and the assumption
on differentiability is that of Fréchet differentiability.

This question in the infinite dimensional case is open, NASHED [2].

In this paper we extend the previously mentioned finite-dimensional
result to the case when X is an infinite dimensional normed vector space, but

Y is still assumed to be finite dimensional.

In addition, our discussion has enabled us to show that this result re-
mains in force for such types of differentiability which can be defined by
means of sequences converging is some sense, i.e. for Gteaux, compact and
Fréchet differentiability. In order to show that the extension of this result
fails in the case when Y is an infinite dimensional space, we give an example
in Hilbert space.

The definitions of tangent cones for the different types of differentia-
bility which we use, are described below. It is helpful to introduce a common
terminology for three types of well-known convergences of the sequence {x}
in X. A sequence {x,} in X is said to be

I
(i) Iy ~-convergent to x, (denoted by x, e x)
if x,, = x for all n;

e
(ii) ['c-convergent to x, (den‘oted by x,,—— x)
if x,, converges to x in norm;
s
(iiiy I'g-convergent to x, (denoted by x,— x)
if x,, converges to x weakly.

It will often happen later we should state and prove three similar
theorems differing only in the types of convergence. When we say that a
sequence {x,} is I'-convergent to x then we conceive that the sequence {x,}
converges to x in one of the previously defined types of convergence. .
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Let G(F) be the graph of F. We define the I'-tangent cone fo G(F) at
Xo€Int D(F) as the set of all (x, y)€X XY with the property that there
exists a sequence {x,} in D{(F), converging to x, in norm, and a sequence
of non-negativ numbers {4} such that 4,(x,—x,) is I'-convergent to x;
further {F(x,)} and {%,( F(x,)— F(x,))} converge to F(x,) and y in norm,
respectively, i.e. we have the formulae

Tr = T(G(F); (o F(xp)))

= {(x, y); there exist sequences {x,} in D(F) {4,}, 4,=0, such that

(1) Te Te . I'e
Xn—Xop» }'n_—> -+ oo, F(xn) - F(xo): )'n(F(xn_F(xo))ﬁ_’y’

z’n (xn _xo) ——i X} ’

where Tr (G(F); (%o F(xo))) or its abbreviation Ty denotes the I'-tangent
cone to G(F) at (xo, F(x,)). It is easy to check that Tr is a cone, and

TFW o TFC C TFS .

Analogously to the I-tangent cone at (%o, F(x,)), we can introduce the
notion of the I'-tangent cone at =~ in the following way:

@ Tr = Tr (G(F)) = {x, y)€X X Y; there exist sequences {x,}¢D(F)
and {4,}€R such that /ln»‘+ o, Ayt F(X,,) —-C+y, A;ix, —— x} .

It is evident that T~ are cones, too.

In order to reveal the relationship between [-differentiability and the
I'-tangent cone, we have to reformulate the definitions of I-differentiability
by using I'-convergent sequences instead of defining uniform convergence
on a I'-set. More precisely it can be shown easily that the function F is
I-differentiable, I' = I'y, or I'; at an interior point x, of D(F) or at o if
and only if there exists a linear operator A such that

F(xo'l'tnxn)_F(xO) -

3) lim Ax
g I
I
xn»x
or
(4) fim FUnXn) 4y
. tn—);ya fn

Xp—>X

holds for all I™-convergent sequences, where lim stands for convergence in
norm. This statement remains true also'in the case I' = I'g if X is a reflexive
Banach space and Y is a finite dimensional normed vector space, FLETT
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[1] has shown that if X,V ate finite dimensional spaces and F is continuous
- at x,, then F is Fréchet-differentiable at x, if and only if there exists an
A€L(X, Y) such that the I's-tangent cone to G(F) at (x, F(x,)) is con-
tained in G(A), and then A is equal to drg F(x,).

Generalizations of this result for the mflmte dinmiensional case cannot
be made under the same conditions, as we show by an example below.
Nevertheless, we-can prove a similar theorem by only assuming that the
range of the function is finite dimensional.

More exactly we have the following

THEOREM 1. Let X be a Banach space and let Y be a finite dimensional
normed vector space, further let F: X —~Y be a function from D(F) into Y which
is I'-continuous at x,€Int D(F). Then

)y if ' =1y, or I' =1, then F is I'-differentiable at x, if and only if
there exists an Ac€.L(X, Y) such that

Tr (G(FY; (%o F(xo))) G(A)

and then A is equal fo dr F(x,).

(ii) If X is a reflexive Banach space, then (i) remains valid in the case
I'= FS too.

(iiiy The statement (1) and (ii) are frue in the case x, = = too, without
assuming continuity. The following example shows that the theorem is not
true in general in the case Y is an infinite dimensional normed vecfor space.

Let X =R and H = ¥ be a Hilbert space and {p,}< H be a complete
orthonormal system. Further, let F be defined by

[l‘(pn if —I<[t\< ! n=12,...

F(t) = n n—1

0 if t=0, ort=L n=12,.
n

Since ||F(t)|| = |¢| for all {, the function F is continuous at 0.
However, F is not differentiable at 0, because
F)=FO) _ g p - 2121
t 2n{n—1)

n
Next we consider the graph of F

1- i

lf(f,tcpn) it -—<|tj= n=12,...
n

1
G(F) = 1 &
l(t,@) if |f|=— or =0 n=12..
n

There is no difficulty in showing that



ON DIFFERENTIATION IN NORMED VECTOR SPACES 59

T (G(F), (0, FO))) = Rx {0}

where RX{@} is evidently the graph of the zero operator from X into H.
Furthermore, since the dimension of the space X is equal to 1, we have

T =Try = Tro = Trg-

For Gateaux-differentiability we have a theorem in the case of K convex
function.
Let X, Y be real normed vector spaces, and assume that Y is an order
complete vector lattice with normal order cone K [3].
- The space Y is said to be an order complete vector lattice if

(i) ¥V is an ordered vector space with the positive cone
K={yeY; y=0}
(K is a pointed convex closed cone.),
(if) Y is a vector lattice, i.e. inf {y;, y,} exists for all y, y,€Y,

(iif) Y is order complete i.e. inf Q exists for each nonempty subset Q
of V¥ such that Q is order bounded from below.

The cone K is said to be normal, if the space V has the following
property, if a sequence {y,)c Y is monotonously non-decreasing and
bounded from above, then it is convergent. The function F:X -V is said
to be K-convex, if

(i) D(F)is nonempty convex subset of
(n) o F(x)+ (1 —a) F@z)— F(ax+(1 — o)z 2YeK for all x, z€D(F) and
€0, 1].

THEOREM 2. Let F: X —~ Y be a K-convex function which is I'o~continuous
at xy€Int D(F). The function F is Gdfeaux-differentiable at x, if and only
if there exists an A€L(X, Y) such that

Tr (GF); (Xor F(%))) CG(A)

and then A is equal to dry, F(Xg).
Before proving the Theorem 1, we formulate two lemmas.

Lemma 1. Let X, Y be normed vector spaces, let F be a function from
a subset of X into Y.

(i) If Fis [-differentiable at an interior point x, of D(F), then
Tr = Tr (G(F); (xor F(xp))) ©G(dr F(xp)).
(i) If Fis I-differentiable at o, then
T (G(F)) = G(dr F(=)).

Proor oF LEmmA 1. In case (i), let (x, ¥) be a point in 7. On account
of the definition of T, there exist sequences {1,} and {x,} such that
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T,

c Tc
Mg+ oo, X,—>Xg,  F(x,)— F(x,)

n
and

e
A (F(x)— F(xo))—
r
An(X,—Xp)—>X as n->+ o,

From this it follows that
y= h,gn ’In(F(xn)—' F(XO)) =

F [xo A ) (x; —%) J — F(x,)

= Iitgn /1’11 ~ = dr F(x,) x

hence (x, y)€G(dr F(x,)) and this gives (i) immediately.
To prove (ii), let (x,y) be a point in T~ (G(F)). On account of the
definition of Ty there are two sequences {4} and {x,} such that

I'e
dn> F oo, ALF(X,)——>y

and
Ir
Atx,—x as n-+ .
Since
5]
y = lim Fxn) = lim A =dr F(e)Xx,
n ﬂ‘n n Zn

this implies that (x, y)€ G(dr F()), whence the case (ii) follows.

To the second iemma we introduce some notations.

Let F: X~V be a function, x,€Int D(F), further let {xn}(—X {t.}JcR
be two sequences and x¢X with the following properties

r
(5) X, —X
(6) [tn[>¥tn+1l! tn"’o'
If xo = + <, then
) th<lpyy, Lt

By means of the triples ({x,}, {f.}, x) defined above-,. we construct
functions f and g from R into X by

F(e,+1,x,) if t, =t
10 =

. n=12,...
F(x,+1x) it f, =t

(8

and
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F(t,x,) if t,=t
9) gt ={

F(tx) it f,=t

Now let F be I'-differentiable at x,€Int D(F) (resp. at <= ). Then it is easy
the check that f (resp. g) is differentiable at O (resp. =) and further

a = dr F(x,) X, E‘g— =drF(e)x..
dt |y at

= oo

LEMMA 2. Let X, Y be normed vector spaces, let F be a function from
a subset of X into Y, and x,€Int D(F), (xoeX or x, = ). If there exists a
linear operator A such that

T (GCFY; (%o F(xo») cG(A)

(resp. Tr" =G(A)), then for any triple ({x,}, {t.}, x) with the properties (5),
(6) (resp. (5), (7)), and the function f (resp g) assoctated with the triple, we

have
T (G(f); (0, £(0))) =G(Ax)
T= (G(g)) = G(Ax)

and

respectively, where Ax is considered a linear function from R into Y with
the property (Ax)(f) = {(Ax).

Proor oF LEMMA 2. Since the arguments are similar in both cases, we
consider only the first case. Let ({x.}, {t.}, x) be a triple with the properties
{5) and (6), and let f be the function associated with the triple in the sense,

mentioned above. Now take any (s, u) in T(G( (0, f(O))) By definition,
there exist two sequences {s,}, {#,}€R such that
8,0, p—> 4+, f(Sn)-*f(O)

Put tySp~S and  p, (f(s,)—f(0))~u as n->+4 o,
Pu
P _{x0+t,nx it s,=t, foranym, m=12,...
=

Xo+S,x if s, # 1, m=1,2,

where {x,} and {t,} are the sequences used for defmmg J. The defmltlon of
J shows that
F(zy) = f(sy)

(o PO,
ton (Flan) = F(x0)) = i ((5)~/ Q) = 11

The sequence {z,} converges to x,, and we have

hence

and

<
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UnlmXn = U8y %y 1 Sy =1y
lu’n(zn_xo): . m=12,....
UpSpX it s, =1,

This implies that

’ r
thn (2 —Xg) —> X

(8, x, u)eTr.

and so

Now using the condition Tr< G(A) we have
SAX =1.
Since (s, u) was an arbitrary point of

T (G(1); (0, F(0)))

we finally obtain
T (G(f); (0, (0))) =G(Ax).

PRrOOF oF THE THEOREM 1. It will sﬁffice to prove the theorem in the
case x,€Int D(F), because the proof for the asymptotical case is similar.
Lemma 1 shows, that if F is I-differentiable at x,¢Int D(F), then

Tr (G(F); (%o F(x0))) =G(dr F(x,)) -

Let x be an arbitrary point in X, and Iet {x,}, {f,} be two sequences with the
property that

r
(10) Xp—>X, I,=>0 |6l =[faa] .
To prove the theorem, it suffices to show that the differential quotient
Fo+ 1, %0) = F(xo)
t

n

converges to Ax in norm, for every triples ({x,}, {t,}, x) which satisfy the
condition (10). The triple ({x.}, {t}, x) determines a function fby (8) and on
account of lemma 2.

T (G(): (0, £(0))) = G(Ax).
Now we define a sequence {1,,} in the space R X Y.

u, P [ by | ft)—£(0). ]
"l Ukl I = SO k] + 1)~ SO

Since ||iz,|] = 1 for all n, there exists.a subsequence of {1}, converging to an

element of the unit spherein RX Y.
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Let us denote this element by (s, ¥), and suppose that the subsequence
is indexed in the same way as the original one. Put

= = (It +17¢) —FON)~* -

n

”'Zn”

The function F is I-continuous at x;, and so f is continuous at 0, therefore

Ap— oo

By definition
2 (f(E) = S(0)) =y
and
A Anly—>S,
which means
2T (G0, (0, /).

By lemma 2. o
o (5 )€ G(AX)
ie.
(11 SAx =Y.

From this and the condition |s|+|yll =1 it follows that s = 0, therefore
i LG =1 ) —FO) Tz

" ty n (12, t

1
:-——y_
n N

Let us consider the differential quotient of F
Flxytt ) = Flxy)
tn
By definition f(t,) = F(x,+1,x,) for all n, from which we get
Flxo+tax)—F(x) _ 1

hn i S y
and according to (11) sAX = ¥, 1.e.
lim F(xy+1,%,) — F(X,) — Ax
n t,
which means F is I'-differentiable at x, and
dr F(xp) = A

Proor oF THE THEOREM 2. To prove the theorem, it is sufficient to
show that, if

Try (GOF); (X0 F(x0))) SG(A) l

then F is Gavteaux-differentiable at x;.
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It is known, that if y is an order complete vector lattice with normal
order cone, then the directional derivate of F at x, in the direction x exists
for all x€ X, and we have

i PO 10— Fx)

t>0+ t

=V, F(xy; x).

From the definition of Try, it follows that

(x, Vo F(xg; x))€Try,, cG(A),
hence :
Vi F(xg; X) = Ax

for all xe X. This means that the directional derivate of F at x, is linear and
continuous i.e. F is Gateaux-differentiable at x, and

er FXO = A .
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§ 1. Introduction

In the present paper we construct largest radical and semisimple clas-
ses contained in a given class of rings (Theorems 1, 2 and 3). Starting from
radical classes « and § we define a composition («z o §). If « and g are here-
ditary radicals, then the class (« o 8) is hereditary and has the inductive
property as well as the extension property (Theorem 4), though (x o f) is
generally neither a radical nor a semisimple class. Theotrem 4 can be regarded
as a generalization of a theorem of SNIDER [9]. We also discuss the interrela-
tions between the class (x o 8) and those studied in [9]. If « and S are radi-
cals and &« is a homomorphically closed semisimple class, then (x o ) is a
radical (Theorem 5). If « is any hereditary radical and j is a radical — semi-
simple class, then (x o f) is a semisimple class (Theorem 6). Qur results of
constructing semisimple classes are based on a recent-characterization of
semisimple classes given by Sanps [8] and vAN LEEUWEN — Ro00s —
WIEGANDT [7].

We shall work with associative (or alternative) rings. For the funda-
mental concepts and results of the radical theory we refer to the textbooks
[4], [11] and [12]. Nevertheless, we recall some definitions and results.

A class C of rings is said to be hereditary, it B< AeC implies B€C. A
class C of rings has the inductive property, if for every ring A and every
ascending chain I,c...clc ... of C-ideals of A it follows U I;€C. Dually,
a class € has the co-inductive property, if for any descending chain A>
OILio...ohLo... of ideals of A such that A/,¢C it follows A/NT,<C.
We say that a class C is closed under extensions (or has the extension property)
if BeC and A/BeC imply A¢C. We shall apply frequently the Anderson —
Divinsky — Sulinski — Theorem (cf. [2] or [12] Theorem 5.2):

For any radical R 1< A implies R(I) < A.

Also Andrunakievi®’ Lemma will be applied:

* Temporarily at the Science Centre, University of Alexandria, Egypt. Most of the
results were obtained during a visit of the second named author at the first named otie.

5 ANNALES — Sectio Mathematica — Tomus XXI.
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If K< 1< A then K3C K whenever K denotes the ideal of A generated
by K.

Amitsur [1] has proved that a class R of rings is a radical class if and
only if R is homomorphically closed, and has the inductive property and the
extension property.

The dual statement characterizing semisimple classes, was recently dis-
covered (SANDs [8] and VAN LEEUWEN — Ro0s — WIEGANDT [7]): A class 8§
of rings is a semisimple class if and only if S is hereditary, has the co-inductive
property and the extension property.

§ 2. Constructions of radical and semisimple classes

We define two operators a and /1 acting on classes X of rings by
a X = {A ] every accessible subring of A is in X}

and '
hX = {A | every homomorphic image of A isin X}.

Obviously aX (and hX) are the largest hereditary (and homomorphically
closed) subclasses of X.

. ProposiTion 1. If a class B of rings has the inductive property, then also
hB has the inductive property.

Proor. Let I;c...c ;... be an ascending chain of ideals of a ring
A such that I,¢hB for every A. We claim that U I, = B¢hB. Consider an
arbitrary ideal L of B and take the chain

(L+L)Lc...c(h+L)Lc....

We have ([i+L)/L=L/(I;L)¢B, for I,¢hB. Since B has the inductive
property, we have B/L = U (1,1+L)/LeB for every ideal L of B. Thus
.BehB. §

PROPOSITION 2. If B is closed under extensions, then also hB is closed
under extensions.

Proor. Suppese BehB and A/BehB and consider an arbitrary ideal
K< A. We want to see that A/K¢B. Since /1B is homomorphlcally closed,
A/BchB implies A{(B+ K)chB. Further,

(B+K)/K=B|(BNK)chB
for BeiB. Hence by S
AJK|(B+ K)[K = A/(B+ K)¢chB
the extension property of B yields A/K¢B. |

THEOREM 1. Let C be a class of rings having the inductive property and
being closed under extensions. Then hC is a radical class, the largest radical
class contained in C.
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Proor. It is obvious in view of Propositions 1 and 2.

Prorosition 3. If B is a hereditary class of rings which is closed under
extensions and which contains all nilpotent rings, then hB is hereditary.

Proor. Suppose B<| AchB. We have to show that for each ideal K of

B also B/K¢B holds. Let K denote the ideal of A generated by K. Then

B/K <1 AJ[K¢B, for AchB. Hence the hereditariness of B implies B/K¢B.

On the other hand, E/K is nitpotent by Andrunakievié’ Lemma, so R/KEB.
Since

BIK

KIK

the extension property of B implies B/K¢B. ||

CoroLLARY 1. If € is a hereditary class having the inductive property
and the extension property and if C contains all nilpotent rings, then h€ is the
smallest supernilpotent radical contained in C. ||

ProrosiTion 4. If B is a hereditary class such that B has the inductive
property and the extension property and if B consists of idempotent rings, then
hB is hereditary.

=~B/KcB

Proor. Using the notations of Proposition 3, we have to see that B/Ke
€B. Since K < A¢B and B is hereditary, so KB, moreover, K is idempotent.
Hence K = KPc KC K yields K¢B. Thus B/K < A/K€B and the hereditari-
ness of B implies B/K¢B. |}

CoroLLARY 2. If C is a héredifary class having the inductive property as
well as the extension property and C consists of idempotent rings, then hC is the
smallest subidempotent radical containing C. }

Prorosition 5. If the class B has the co-inductive property, then also
aB has the co-inductive property.

ProoF. Let A be a ring having a descending chain A o>...ohL>...
of ideals such that A/I;caB for every A. Since aBCB, we have A¢B. The

assertion will be proved, if we proceed to show that every accessible subring
JiNIof A/NI;is again in B. Consider the descending chain

JoNhLo...oJNhLD..

Now we have J/(JNL)=(J+ L;)/1;. The right hand side is an accessible
subring of A/I;€aB. Hence J/(JNL)€B. Moreover, N(JN IZ)CDIA Thus
J/ 0 L,¢B since B has the co-inductive property. |

PropoSITION 6. If the class B is closed under extensions, thert aB is again
closed extensions, f0o.

Proor. Assume B¢caB and A/B¢aB. Then by aBSB and by the hypo-
thesis we have A€B. Let us consider an arbitrary accessible subring J of A.

Since (J+ B)/B is an accessible subring of A/BeaB, we have J/(JNB)=

5%
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=(J+ B)/B¢B. Further JNB is an accessible subring of BeaB, hence
JN B¢B holds. Since B is closed under extensions, we get /¢B. Thus A€ aB. ||

THEOREM 2. [f C is a class if rings having the co-inductive property and
being closed under extensions, then aC is a semisimple class, moreover, aC is the
largest semisimple class contfained in C.

Proor. Apply Propositions 5 and 6. J

In the proof of Theorem 2 we used that the considered rings are associa-
tive or alternative (cf. [7]).

As usual, let & denote the semisimple operator

SX = {A | A has no nonzero ideal in X} .

ProposiTION 7. If B is a homomorphically closed class, then 8B is closed
under subdirect sums, hence SB has the co-inductive property.

Proor. Let A be a subdirect sum of rings A,¢5B, 1¢A. Consider an
arbitrary B-ideal I of A and the projection n; of A onto A;. Since B is
homomorphically closed, we have m;(/)¢B and also m(1)<1 A;€5B. Hence
a;(I) = 0 for every A€4. Thus I =0 AcSB holds. |

ProrosiTiON 8. If B is a homomorphzcally closed class, then 5B is closed
under extensions.

ProoF. Suppose B¢SB and A/B¢dSB, and take a B-ideal I of A. We
have I/(INB)=(I+ B)/B< A/B¢JSB.

Since B is homomorphically closed, it follows I/(/NB)eB. Hence
IJINB) =0, that is 1< BeIB. Since I¢B, so necessarily [ = 0. Thus
A¢dSB holds. |

THEOREM 3. If C is a homomorphically clossed class, then aSC is a
semisimple class, the largest semisimple class contained in 5C, a 8C is the semi-
simple class of the lower radical class determined by C. |

Proor. Apply Propositions 7 and 8 and Theorem 2. §

§ 3. A composition of radical classes

In this section we are going to define a composition of two radical clas-
ses. This composition is dual to that investigated by SNIDER [9].*
Let « and B be two radical classes. We define

(xo B) ={A | A)SB(I)forevery I < A}.

PROPOSITION 9. If aC B, then (a o P) is the class of all rings. If o is the
class of all rings, and B is hereditary, then (o f) = . If =0, then (e o f) =

= Se.

* Also N. Divinsky and A. SULINSKI studied the dual composition in their pre-

print Radical pairs, Oct. 1076.
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ProrosiTioN 10. If B is a hereditary radical, then (« o B) is hereditary and
BS (o B).

Proor. Suppose I<B<Aé(ao f). Now we have a(l)Sa(B)<S p(B),
since A€(x o B). Further a(1)SH(B)N I = B(I), for B is hereditary.

Hence B¢ (« o ). The second assertion is trivial. |

ProposiTION 11. If « is a hereditary radical, then (e o ) has the inductive
property.

Proor. First, consider a ring C which is the union C = U J; of ideals
J1<1C. Using the hereditariness of « we have

#(U J3) = (U)NAC) = U(JiNa(©)) = U J3).
Next, let I,c...c ... be an ascending chain of ideals of a ring A such
. that I;¢(« o §)for each 2and put B = U I,. We want to prove that B€(« o f)
A

that is «(K) < (K) for every K < B. For each 1 we have a(KN L)S (KN )
and so «(K) = a(Kﬂ(%JIA)) = oc(%)(Kﬂ 1)) '

By the above remark we get -
a(K) = of EJ(KQ 1) = aJoc(Kﬂ I)SUBKNIL)S
A

SHUEKN D) = BKN(U1) = AK) -

Thus Be(xo p). |

PRrOPOSITION 12, If « and B are hereditary radicals, then (o o f) is closed
under extensions.

Proor. Suppose that I€(xo §) and A/I€(x o §). We claim that «(A)S
c B(A). Since (I+x(A))/1< AJl, we have

a ((1+ A B ((T+(AN/T) .

Since

we get (I+a(A))/ I = A)(IN o A)) €
a((I+a(A)1) = (I+(A)/

and so

(I +a( AT ((1+ (A1)

W A)(INa(A)=(1+a(A)I€B.

Since « is hereditary and I¢(x o 8), we have INa(A) = a(/)< p(I). Using
the hereditariness of 8 we get INa(A)€p. The extension property of §
yields that «(A)€ g, hence a(A)< B(A).

Taking an arbitrary ideal /< A, the hereditariness of g implies

o f) = (A)NJSHANT = B()).
Thus A€(x o §) holds. i

which means that



70 LEEUWEN, VAN L. C. A, AND WIEGANDT, R.

THEOREM 4. If o and f are hereditary radicals, then the class (x o p) is a
hereditary class having the inductive property as well as the extension property.

Proor. Apply Propositions 10, 11 and 12. |

For hereditary radicals « and g the obtained class (x o 8) is, so to say,
close to radical classes as well as to semisimple classes: (« o ) possesses name-
ly two out of the three characterizing properties of radical classes and semi-
simple classes, respectively. But (« o g) is generally neither a radical class
(it need not be homomorphically closed), nor a semisimple class (it need not
have the co-inductive property).

PROPOSITION 13. Let o and y be hereditary radicals and f8 any radical.
Then yNa< g if and only if y(A)N o A)< B(A) holds for every ring A.

Proor. y(A)Na(A)cf(A) for every ring A implies yNa< g without
any assumptions. Suppose yNa S f and take a ring A. Then by the heredi-
tariness of y and « we have p(A)Na(A)¢€ B. Hence p(A) N a(A) < B(A).

Following SNIDER [9], let y = (f: «) denote the largest hereditary radical
class such that y(A)Na(A)< B(A), further let R denote the class

R = {A | «(A/)C B(A/I) for every 1< A}.

In view of Proposition 10 clearly Rc(x o p) whenever f is hereditary.
SNIDER has proved that for any radical class 6 the class ad is the largest
hereditary radical class in 6 ([9] Proposition 24).

COROLLARY 3. If o and f are hereditary radicals, then 6 = h(oco f) is a
radical class, the largest radical such that y(A)Ne(A)S B(A) for every ring A
and also the largest radical class -in (x o ). Moreover, h(ec o B) = (8:«) if and
only if h{x o B) is hereditary.

Proor. By Theorems 1 and 4 h(«x o ) is the largest radical class contai-
ned in (x o g). For any ring A we have y(A)Na(A)S B(A). If 6 is a radical
class such that &\ y#, then by Theorem 1 there is a ring A€ 8\ (= o p).
Hence there is an ideal I of A such that «(I)&E B(J). By the hereditariness
of « and B we have a(A)YNITE B(A)N I which implies a( A)E B(A). Hence
by the hereditariness of « and g 8(A)Na(A) = ANa(A)EL(A). |

Let us remark that for hereditary radicals « and §

y =h(xo f)={A| All¢(x o g)forevery I < A}
and by Proposition 9 this means -
y = {A | a(A] S B(A]I) for every I< A} =R

-Hence the statement of Corollary 3 is that of SNiDER [9] Theorem 26. Our
Theorem 4 can be considered, in fact, as a generalization of ANDRUNAKIE-
vi¢ [3] Theorem 2 and of SNIDER [9] Theorem 26. Hence we have also

CoROLLARY 4. If « and 8 are hereditary radicals, then ah(e o f) is the
largest hereditary radical calss in h(eo B) as well as in (xo f). Moreover,

ah(wo f) = (§:%), R = (o f) and R<(xo ). | -



ON RADICAL AND SEMISIMPLE CLASSES 71

Analogous proot yields the following generalization of Corollary 3:
CoROLLARY 5. If « and f are hereditary radicals, then ¢ = (a0 f3) is the
largest class such that for any ring A the relation p(A)Na(A)< B(A) holds

where p(A) denotes any maximal ( not necessarily unique) ¢-ideal of A. ||
In this context we present also

PropositioN 4. Lef « and B be arbitrary radicals. A hereditary class v is
contained in (« o B) if and only if yNa S p.

Proor. Assume that & (x o ) and take a ring A€yNa. Then A€y
implies A€(x o ), 50 «(A)CB(A). But Acx, s0 A = «(A)SB(A) and Aep.

Conversely, suppose that y Na < f. Take a ring Bey and an ideal /< B.
Then the hereditariness of y implies a(l)eypNac B. Thus «(7)< B(I) and so
Be¢(x o B) holds.

ProposrtionN 15. For any radicals « and f a homomorphically closed
hereditary class 8 is contained in (« o B) if and only if sNSFCSer.

Proor. If §C(x o B), then §NSFS (a0 fNSFCSa.

If 6% (o B), then there is a ring A€ 6\ (« o B). Hence there exists an
ideal 1< A such that «(/)S B(J) and by the hereditariness of 6 we have
o 1)C . Take the ring =(N)/(«(I)NB(1)) = 0. Since & is also homomorphiy,
cally closed, it follows , :

0 = a(D)(eo HNB(N)ESN S 8\ St .
On the other hand,

DD B =l 1)+ BB < TBU)ES

07 A DI((DHNBU))EBNSH\Sex. |
Using the operator »
(UX = {A | Ahasno nonzero homomorphic image in X}

Thus

we can easily construct a semisimple class containing (x o ) and excluding
o o ). | '
ProprosiTiON 16. If « and 3 are radicals and f is hereditary, then o =
" =3QUx o B) is a semisimple class such that o U (x o f) = 0. Moreover, o
is the smallest semisimple class containing 8 and Sar.

Proor. By Proposition 10 (« o g) is hereditary, so (x o p) is a radical
class, which proves the first statement. As 8 is hereditary, we get fS(x o )<
Co (Proposition 10). Obviously SxC (a0 f) without any assumptions, so
(z 0 BYCo implies SuCo.

Take a ring Ac(xo 8). Then &(A)ySp(A)€pB and the hereditariness of
B implies x(A)€pB. Further Aja(A)eda. Thus every ring A€(xo ) is an
extension of a g-ring by an Sa-ring. Hence (« o f) is contained in every semi-
simple class containing 8 and S«. Let & be a semisimple class such that <9, -
Sac d. Then (zo fé. But o = SU(xo ) is the semisimple closure of
(x o B) (cf. WiEGANDT [12] Theorems 6.2 and 7.4), hencesCd. §
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§ 4. Criterions for (x o §) to be a radical or a semisimple class

As we have already seen, (x o f) is generally neither a radical, nor a se-
misimple class. In this section we impose conditions upon o« and g implying
that (« o'8) becomes a radical and a semisimple class, respectively. We start
with : '

ProrosiTionN 17. Let o and {8 be hereditary radicals. T he following asser-
tions are equivalent:

(1) (o B)isradical class

(i) (xo B)= M(ao p);

(ii)) (xo0 f) = (B:a);

(iv) (a0 ) = ah(x o f);

(v) (o B)=R.

The proof follows straightforward from Corollary 4. | .

Let us remark that h(x o f) = (8:«) does not imply that (xo f) is a’
radical class. If (xo B) is not hereditary, then (8:x)Eh(xo F)E(xo p).

Omitting the hereditariness of § but imposing the restrictive require-
ment that S« is homomorphically closed, we can prove (xo f) = h(xo f),
that is, (z o §) is a radical. We shall make use of

° ProrosiTion 18. The semisimple class Sw of a radical o is homomorphi-
cally closed if and only if «(A/I) = («(A)+1)/I for all ideals I in A and for
all rings A.

ProOF. (a(A)+ I)[ISa(A/I) is true without any assumptions. Assume
that S« is homomorphically closed. Then
A - Ala(A)
(A)+1 (e A)+1)a(A)
for any ring A and I < A. But then ‘

oA Al
(A D)D) (A A+ )
whereas «(A/I)€ . Thus a( A/ ) S (a( A)+ I)/1. Hence (A1) = («(A)+1)/1. |
Conversely, let a(A/I) = («(A)+ I)/I for every ring A and ideal /< A.
Take a ring A€Sa. Then a(A/I) = (a(A)+ 1)/ = 0. Hence A/IeS«. ||
PRroPOSITION 19. If a semisimple class S is homomorphically closed, then

its upper radical US is hereditary. In particular, if Sa is homomorphically
closed, then the radical « is hereditary.

Proor. As is well-known (cf. STEWART [10], GARDNER [5] and GARD-
NER — STEWART [6]), any S-ring is a subdirect sum of finite fields. Hence 8
is the upper radical class of finite fields (rings with unity) and so @S is
hereditary (cf. WiEGANDT [12] Theorem 15.4). |} :

ProposiTioN 20. If « and 8 are radicals and S« is homomorphically clos-
ed, then (« o B) is homomorpphically closed.

= Al(a(A)+ 1)eSa

*
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Proor. Suppose A¢(xo f) and I, K< A such that IS K. We have to
show that «(K/I)S B(K/1). Since (B(K)+ I)/1= B(K)/(B(K)N I)€ B, Proposi-
tion 18 and A€ (x o f) yield

a(K/1) = (K)+ DI<(BK)+ DI = BK/T). |

PropositioN 21. If o and 8 are radicals and Sa is homomorphically clos-
ed, then (« o ) has the inductive property.

ProoF. Propositions 19 and 11 prove the assertion. ||

PRrROPOSITION 22. If o and § are radicals and S« is homomorphically clos-
ed, then (o o' B) is closed under extensions.

Proor. Assume [€(x o ) and A/I€(x o B). First we show that A/a(l)S
S(x o B). Take an arbitrary ideal K/x(I) of A/a(I). Since So is homo-
morphically closed, so « is hereditary and by «(J)S K we get «(I)S«(K) and

W(K)NT = f(ANKNT = a()NK = o(I) = a(I)Ne(K) .
Hence by Proposition 18 we have
a K1) = (oK) + (D)) = a(KY(a(K) N I) 2= (x(K)+ D)1
and (x(K)+ 1)/1¢a. Since a(K)<t A and A/I€(x 0 f), s0
(a(K)+ D)1 = a ((a(K)+ 1)/ 1) € B () + T 1) S(o( K+ D)/ .

Thus ac(K/oc(I))E(oc(K)—!—])/IE,B holds which means a(K/a(1))< B(K/x(1))
is valid for every ideal Kja([l) of Aje(I). Hence Aja(I)€(x o B).
Let J be an arbitrary ideal of A. Since Aja(l)€(x o f) and

(J+ (D))<t Afa(l),

we have

(*) a ((J+a D)D) < B((J+a D) (D))

and also :
«(JII D)) =B (JIIND)) -

By the hereditariness of « we have
| o J) = JNa(A)2 JNa(l),
S0 Propqsition 17 gives
2NN J) = () + (DN D) [(D N ) = e (JL DN ])) -

Thus by (*) we obtain

S T «DI(ADNI)EB (KD )) -

Since a(I)N J < 1€(x o B), the hereditatiness of « and (x o f) yields
«(1)NJ = az()NJ) S HD)N]).
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Hence o(I)NJ = B(a(I)N J)€B. Further, there exists an ideal T < J
such that T/(«(I)N J) = B(JN (1)1 J)). Now by e(1) J&B it follows T ¢ 3.
Hence T < J gives T S (/). Then by (**)

(DA NTYST (DN J)S BN )

holds whence a( /)< B(J). Since J was arbitrarily chosen, we have established
A€(zo p). | -

THEOREM 5. Let o and B be radicals. If S is homomorphically closed,
then y = (oo B) is a radical class staisfying y(AYNo(A)YSB(A) for every
ring A.

Proor. Propositions 20, 21 and 22 imply that («x o §) is a radical class.
By the hereditariness of « we have o y(A4)) = a(A) N p(A) and p(A)e(x o f)
for every ring A. Hence p(A)Na(A) = o 7(A)) = B(¥(A)) < B(A). |

CorOLLARY 6: Let o and B be radicals. 1f So is homomorphically closed, -
then (a0 B)<SR.

Proor. Assume A€(x o f). Since (x o §) is homomorphically closed, we
have a(A/I)C B(A/I) for every 1 A. |}

Generally (xo 8)#R even if S« is homomorphically closed. Consider,
for instace, the lower radical g = £(Z(p~)), where Z(p>) denotes the zero-
-ring over the quasicyclic group C(p~), and let S« be the homomorphicaily
closed semisimple class of all boolean rings (a® = a for all ac A). fis not here-
ditary, for Z(p) << Z(p~) but Z(p)¢-L(Z(p=)). Furthermore, Z(p)¢Sa imp-
lies Z(p)€a, for Z(p) is simple. Hence Z(p) = aZ(p)) EB(Z(p)) = 0 implies
Z(p~)¢(x o f). On the other hand, obviously Z(p=)eR.

COROLLARY 7. If &a is homomorphically closed and B is hereditary, then
(ox o B) is a hereditary radical and (xo )= h(oo ) =(f:a) =R. y = (x 0 f)
is the largest hereditary radical such that yNaC B as well as yNSBSSa.

Proor. By Theorem 5 and Proposition 10 (x o §) is a hereditary radical.
Corollaries 4 and 6 and Proposition 15 imply the remainders. |

Next, let us suppose that g is a homomorphically closed semisimple
class. Since every homomorphically closed semisimple class is a hereditary
radical (cf. WiEGANDT [12] Corollary 32.2), (« o f) makes sense. It may be
remarked that, if we take g = 0 in Theorem 5, (x o f) = S« is a radical class
(Proposition 9). So, by Theorem 5, a homomorphically closed semisimple
class is a radical class.

ProposiTioN 23. If 8 is a hereditary class having the co-inductive property,
ther (o o B) has the co-inductive property.

Proor. Assume that a ring A has a descending chain AD/;D...D
>I;>. .. of ideals such that A/I;¢(a o B)for every A. Cousider a(A/N1z) =
= L/N 1. Then (L4 L)/ < A/I;€(x o f). Since by Proposition 10 (x o f)
is hereditary, we get L/L,NL=(L+I)/1,c(x0 B) and also «(L/(I;NL))S
S B(L{(I;NL)). Since
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L Linkh
LNL  (LnL)/NIL

Li(iNL) = el LN L)) S B(LI(1LN L))
implies L{(IaN L)€ p for every A. Now
Lo(LNI)>...o(LNL)>..

is a descending chain of ideals of L with L/(l,mL)eﬂ for every A. Since
B has the co-inductive property, it follows L/N1; = L/N(I,NL)€B. Thus
(AN 1) = LN, S B(A/N ;). Further, by the hereditariness of g for any
ideal K/N I, of A/NI; we have

WK/ NLYSH AN LYNKINL)SBAINL)NKINTL) = BKINL).
Hence A/NILie(xo B). |

THEOREM 6. Let o be a hereditary radical and B a homomorphicaily closed
semisimple class. Then (a0 B) is a semisimple class, moreover (x o ) is the
smallest semisimple class containing S« and f.

S0

Proor. Since gis also a hereditary radical, the first statement is a con-
sequence of Propositions 10, 23 and 12. Now (xo 8) =S (xo B) and
Proposition 16 implies the second statement. ||
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REMARK ON A THEOREM OF J. NEVEU
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1. J. Neveu in [1] (Appendix, Proposition A—3—4) formulates the
following theorem:

Let ¢(f) be a Young function with ¢(0) = O and let us consider the cor-
responding Orlicz space L? (22, o, P), where (2, o£, P) is a probability space.
I (X, (F,) is a martingale, defined on this space, such that sup X lle< +

then (X, (#,) is regular and converges in L?-norm to its almost sure limit
lim X, = X.

N>t oo

The purpose of this note is to give a counterexample which shows that
the above statement is false for general Young functions. Namely, the con-
vergence in Le-norm of X, to X.. fails to be true.

Conversely, if we impose on ¢ the additional growth condition

p(2x)=d p(x), x=0,

where d=0 is 4 constant, then the assertion remains valid.

Throughout the present note we use the notions and results of [1].

2. Let o(f) =e'—1—1, {=0. Then ¢(f) is a Young function. Let Q =
= [0, 1), ot the o-field of Borel-measurable sets of [0, 1) and let P be the
corresponding Lebesgue measure. The random variable

X(o) = log 71_1_60', we[0, 1)

1+V5
2

is exponentially distributed with parameter 1 and its L#-norm is . In

fact, for C=1 we have

B = 5 Bl o) f(l—w)ﬂc ,”259——1‘
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From this
if C;—Ijzl/—s. Thus [ Xjl, = 1+2V We remark that for 0<C=1 trivial-
ly we have

obl)- -

Let Cfn be the o-field generated by the n-th dyadic partition of [0, 1),
=0,1,2,.... The atoms of (F, are

[k~1 ’ _k,], k=1,2,...,2".

2% 2n

. These o-fields increase with n and the o-field (. generated by G (F, co-
n=0

incides with o£. Consequently, the regular martingale
Xn = E(X|(F7)

converges almost surely to X. Since ¢(f) = ¢/'—1—1 is convex, by Jensen’s
inequality for C=——/—— '

b e )
“=lr )=

and the conditions of Neveu’s theorem are satisfied.

we have

[A

1)

1+V5
2

We remark that on the atom
n__
[ on 1 ’ ]]
271

dy = 1+nlog2.
-y

Thus [|X,/l,=

the value of X, is
1

2n / log

1—1/27

Put C = é— and remark that
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E {(p {'ﬁﬂ"_’]] = E(@0X) 1.

C
We show that

E(exp(2(X—X,))) = + o
for every n. In fact,

! Io; —l——X
E(exp(2(X—Xn))) = [ez( g1y ”)dyé

0
1

i . 1
_ e2 (log ]__.y—-l—nlog 2) dy = e=2 (emtog 2 / 1 &y = 4 =
. -y
1—1/2 1—1/2
Thus X, does not converge in Le-norm to X = lim X,.
N>+

3. We prove the following assertion.

THEOREM. Let () be a Young function with ¢(Q) =0 and suppose that
Jor every t=0 we have
p2)=de(),

where d=0 is a constant. Consider the corresponding Orlicz space L? (2, ot, P),

where (Q, ot, P) is a probability space. If (X, (F,) is a martingale defined orn

(2, ct, P) such that sup || X |, < + = then {X,} is regular and X, converges in
n

L? fo its almost sure limit lim X, = X..
N>} o
Proor. The proof of the regularity of {X,,} is the same as that of Neveu.
Regularity implies that the almost sure limit X.. of the sequence {X,}
exists and _ v
, X, = EX.|Fy).

If X.. is bounded by a constant, i.e. if |X.|=a almost surely with a=0
then |X,|=a almost surely and for arbitrary ¢>0 we have

{2 f2)

_ (p[:lxn—c.xul]

further

converges to ¢(0) =0 almost surely. Thus the Lebesgue dominated con-
vergence theorem implies that | X, — X.|l,~>0 as 1> 4 oo,
In the general case let o = sup ||X,]|,- Then by our condition o< + oo
n

and without loss of the generality we can suppose that o=0. Let further
a=0 be arbitrary and take
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_(X., if [X.|=a
Tolo, i |Xa)=a
Put X** = X_ — X%. Then we have
Xo—Xo = E(X2|F)— XS+ E(XE | F,) - X5F.
By the triangje inequality for the norms

1X 0 = X ally S DE(XZ|F ) = XXl +IE(X | F ) = Xl
We have proved that the first term on the right hand side tends to 0 as

N+ oo, since |X%| is bounded by a. By the Jensen inequality the con-
ditional expectation contracts the norm. Thus we have the following esti-
mate for the second term

IE(XE | F )~ X2y =2 | XY, .
‘We prove that the growth condition
(20 =d p(t), t=0,.

implies that 2| X**], becomes as small as we please if a=0 is chosen suitably.
In fact, for arbitrary C =0 we have

| XE¥| ] f | X | f [0 IX»I]
Elp| /Il = 1 |dP = — == 1dpP
[(p[ c ] 7 C J i C ¢
{Xw(>a} {{Xe[>0a}
If %él then by the monotonicity of ¢ we have
Kk
G Y R G Kl
c ¢
{{X|>a}

since | X.|lp=0c. If %21 then there exists a positive integer k such that

'2"—1s%<2k. From this by the growth condition imposed on ¢

S R

{Xwi>a

[l

2

Finally, since
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31

it follows by the Beppo Levi theorem that

lim X |
@
at +te g
{1 X o l>a}

This means that for arbitrary C =0 we have

b2

JdP:O.

if a=0 is chosen suitably. Consequently, || X%*|,=C for suitable a=0.

This proves the theorem,
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1. Introduction. Let f(x) be a function defined in a neighbourhood of
X,- The numbers q; (O=i=n) are said to be the Peano derivatives of f(x)
at x, (in symbols f (x) = ) if ay = f(x,) and, in the case >0,

709-3 0, E=3) — o)

holds as x—~x, (see [3]). Suppose that f,_,,(x) exists in a neighbourhood of
X We shall prove in Theorem 1 that the function f,_,)(x) determines the
number f,, (%,) i.e. whenever g,y (x) = fi,=p (x) holds for a function g(x)
and a natural number k in a neighbourhood of x, and gy, (x,) exists then
Lo (Xo) = fin) (X)- We interpret this result as follows: f, (x,) can be regarded
as a derivative of the function f,_q)(x) in a generalized sense. This generaliz-
ed derivative will be called absolute Peano derivative.

DEFINITION. Let f(x) be defined in a neighbourhood of x;,. We say that
the absolute Peano derivative (a.P.d.) of f(x) at x, exists and equals to A
(in symbols f*(x)) = A) if there are a function g(x), a non-negative integer
n and 6=0 such that :

(i) g (x) = f(x) holds in (x,— 8, x,+ 8) and
(ii) Zn+v (xo) =A

In this paper we are going to study the properties of the a.P.d. f* (x). Making
use of some theorems of M. E. Corominas, H. W. OLIVER, C. E. WEIL and
S. VErRBLUNSKY. we shall prove that f*(x) is a Darboux Baire 1 function
(Theorems 5 and 7) and possesses the following property well-known to hold
for the Peano derivatives: if f* (x) is bounded from above or below in [q, b},
then f” (x) exists in [a, ] and f*(x) = f’ (x) (Theorem 6). .

 The existence of f (x,) obviously implies the existence of f* (x;) (we can
choose g(x) = f(x) and n=0 in the Deﬁnition). More generally, if f(x}
exists everywhere then we have (fi,—y (X))* = fi,» (x). On the other hand,

(333
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we shall prove that there exists a continuous function f(x) having a.P.d.
J*(x) everywhere in [0, 1] such that f*(x) is not of the form g, (x) (n=1)
(Theorem 9).

The following example shows that f*(x) may exist everywhere even if
Jf(x) is discontinuous.

ExampLE 1. Let f(x) = sini2 for x 2 0, f(0) = 0. Then f*(x) is defin-
x ;

ed everywhere and f*(0) = 0.
In fact, let

e = [ 10,

then we have

x o §
_ N sinu , 1 . .
g(x) = fsm " dt_Ef o du-?-x . fsmudu
0 x-2

x-2

by the second mean-value theorem of the calculus. Hence |g(x)|=|x3]|
everywhere from which g (0) = g (0) = 0. Consequently g(x) satisfies (i)
and (ii) in the Definition with n =1 and we have

f*(0) =g ©)=0.
2. We introduce the following notation.

(n—k+1)! n [
pin ) = L2 (1 ()= 5 o 9]

LemMmA. Let O=k<I[=n and suppose thaffm (x) is defined in [q, b] and
Jo (%) is defined at x,€[a, b]. Then for every 10, xo+h€[a, b] there exists
O<a=<1 such that

’ Pign (s X0y 1) = 91,0 (s X0y ) .
ProoF. Let 1>0 (the case h<0 is similar). Suppose first | = k41 and let

n (x_xo)i—k—-l (x_xo)n—k
X) = xX)— n () —————— ) Xgy 1) o —— .,
g( ) .ﬁk+1)( ) i.—.kz-l-lf(l)( 0) (i——k-— 1)‘ 'l/"k,n(f 0 ) (ﬂ—“k)'
We have to show that g(x) has a zero in (X, X,+h). It is easy to see that
£(x) = 811 (x) where
S (x—x)’ (= xp)" "
s(x) = f(x)— H(xe) ———— ) Xy 1) s ———— .
(x) = f(x) Z;)fo( O Yin (f Xor 1) D)
It follows that g(x) has the property of Darboux (see [3], Theorem 2, p. 450).
If g(x) # 0 in (Xg, Xo+ ), then g(x)=0 or g(x)<0 in (x,, x,+h). Hence, by a
theorem of M. E. CoromiNas and H. W. OLIVER (see [1], p. 221 or [3],
Theorem 3, p. 452), s*+D (x) exists in (o, %,+h). Thus sg (x) = s® (x) is
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strictly monotone in (x,, x, + /1) moreover, by the Darboux property of s, (x),
in [xg, xo+h] (if £ =0, then s4y(x) —s(x) is continuous since fy(x) =
= f’(x) exists in [a, b]) However, we have sy, (xo) =0 and

Sy (Ko + 1) = foo (xo+ 1) — Zf(l)( o) ( Y
hn—k+1

~¥in ’xy _“—“ZO,
Yy, (f 0 ( —k+1)‘

a contradiction.
Finally, if O=k<I=n are arbltrary, then we have
Q:Uk,n(f; Xos h) = '/’k+1,n(f7 Koy h) = e = "Pl,n(f’ Xy Oy Clp* - . '“l—k'h)

with suitable O<ay, ay, ..., % ;<1 and the proof is complete.

We recall the definition of the upper and lower Peano derivatives. Let
J(x) be defined in a neighbourhood of x, and suppose that f,)(x,) exists for
O=i=n-1. Then f, (xo) and fi,) (%) are defined by

f(n) (xo) = hm Po, n—1 (/s Xo» 1) and f(n) (xo)= lim vy .4 (f; %o, 1)

0
(see [4]).
THEOREM 1. Let O=m=n and suppose that fi,,(X) = g (x) holds in
[a, b} for the functions f(x), g(x). Then
(i) There exists a polynomial p(x) of degree <m such that g(x) =

= fon - )+ P(x) i1 [a, b].
(i) If k=0 and g, exists at xy€[a, b], then so does fi.1(X,) and

Jent1 (Xo) = Lo (Xo).
(iii) We have

g+ () =finrn (%) = fonrn (%) = Bms ) (X)
Jor every xe[a, b].

Proor. Let n>0be fixed and let m = 0. First we prove (ii) by induction.

The case k = 0 is trivial. Let k=0 and suppose that (ii) is true for 0, 1, ...,
k—1 and that

{0 (XO) = ]im Yo,r—1 (g) Xy 1)

exists. Then, by the inductive hypothe31s Jonr pp (X0) = g(]) (%) holds for
Jj=0,1, ..., k-1 and hence

PYor—1(Zs Xos 1) = Y nar—1 (s X0, 1) .

Let (h;) be an arbitrary sequence tending to zero, then by the Lemma there
are «;€(0, 1) such that .

Yo,n+k—1 (fs xgy Bj) = Yo,ntk—-1 (/s xp» *i hz’) i=12,.. ).
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This implies
lh_fralg Yo,n+k-1 (fy %o 1y) = }Lﬂl Vrontr—1 () Xor 2 By) =
T = gim Yo,x—1 (g xgp 0, 1)) = Zao (Xo) -

Hence we have f,,. ) (Xo) = 8w (%) and (ii) is proved for every k.

Next, let O<m=n be arbitrary. Since gy, (x) =g (x) exists in [a, b],
g(x) is continuous in [a, b]. Hence there exists a function h(x) defined in
[a, b] with A= (x) = g(x). Then h,_, (x) = B"=™ (x) = g(x) and we can
apply (ii) replacing f, n, m, k by h, n—m, 0 and m, respectively. We get
Hiny (X) = fi (%), that is (i(x)—f(x)),y =0 in [a, b]. It follows (see [3], Corol-
lary of Theorem 3, p. 454) that f(x)—f(x) is a polynomial of degree <n.
Let p(x) = (h(x)—f(x))»~™, then we have

8(x) = ltpey () = P+ fen—m (X)

which proves (i).

Let k=0 be arbitrary and suppose that g.,., (x,) exists. Since
Pin+rp(X) = 0, it follows from (i) that the (m+k)th Peano derivative of
Jin—my exists at x, and equals to g, (%,). Thus we can apply (ii) replacing
g, n,m, kby fi,_.», n—m, 0 and m+k, respectively, and we get f,,.) (%) =
= Ziman (%), Which is the assertion of (ii).

Finally we prove (iii). It easily follows from (i) and (ii) that

2 () = fonmmen () + Py (%) -
holds for every x€[a, b] and i =0, 1, ..., m. Thus we have
) wo,m(g’x’ h) = wn—m,n(f’ X, h)"‘%,m(ﬁrx’ h)
Since p(x) is of degree <m, hence.
}jn(]) Yo, m (p,x, 1) = piin(x) =0
and s - )
Zm+1) (%) = lim Yo,m (g, x, i) = lim Yn—mn (f,x, h).
h-~0 h—0
Now, by the Lemma, for every & = 0O there is an «€(0, 1) such that
Yo,n (fr X, h) = Ya—mn (f’ X, ah) .
This easily implies
Lot () = Ty (X )= 0, (30 1) = Jirsn (D)
Applying this result to the functions —f(x) and —g(x) we get

Z(m+1) (X) é.f(n+1) (x)

which completes the proof of Theorem 1.
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We mention that the assertion (ii) is known in the special case m =0
([1], Théoreme X1V).
The definition of a.P.d. and Theorem 1 (ii) obviously imply

TueoreM 2. If f*(x,) exists then if is unambiguously defined.

THEOREM 3. If f*(x) exists in {a, b] then there exist a function g(x) and
a natural number k such that g, (x) = f(x) holds for every x¢[a, b].
If f(x) is bounded in [a, b} then f(x) is an ordinary derivative.

ProoF. Suppose first that f(x) is bounded and let
G = {xc[a, b]:f(x) has a primitive in a neighbourhood of x}.

Then GN(a, b) is open and [a, 6]\G = F is closed. Let x,€ F, then there
exist n=0 and A(x) such that A, (x) = f(x) in a neighbourhood of x, and
v 1y (o) = I (xo). Since f(x) is bounded, we have A™ (x) = A,y (x) = f(x)
in a neighbourhood of -x;. (See [1], Théoréme XV, p. 216 or [3], Theorem
3, p. 452.) Now x,4G implies n =0 from which f*(x,) = fip, (%) = F (%,)-
That is, f(x) is differentiable at every point of F.

This implies that f(x) is a Baire 1 function and

Pe) = [ st

is a primitive of f(x) in [a, b]. In fact, for x,€ F, P’ (x,) = f(x,) follows from
the' continuity of f(x) at x,. If xOEG and H(x) is a primitive of f(x) in
(xo— 8, x5 +6), then

P(x) =c+ fxf(t) dt = c+H(x)——H(x0)

for every x€(x,— 6, x,+ 8) and thus P’ (xy) = H’ (xy) = f(xp)-

Now let f(x) be arbitrary. We put H = {a}U{x,: there exist g(x) and
k=1 such that g, (x) = f(x) for every xe[a, x,]} and ¢ = sup H.

By the definition of f*(c), there are fi(x), n=0 and 6>O such that
hpy (x) = f(x) whenever x¢[c— 6, c+6]N[a, 0] and hyp(c) =
_ We can suppose n=1. Indeed ‘it n=0 then f(x) is dlfferentlable at ¢

and hence, f(x) is bounded in a nelghbourhood of ¢. By the preceding argu-

ment, f(x) has a primitive in this neighbourhood and we can choose n =1,
h(x) and 8=0 such that fey (x) = 1 (x) = f(x) holds in [c— 9, c+ é]N]a, b].
This implies ¢>a.

Let x,€ H, xo=>c— 8, then there are g(x) and k=1 with gy, (x) = f(x) in
[, x,]. Let m = max (k, n). By the continuity of /(x) and g(x) there are two
functlons r(x) and s(x) such that

: rim=(x) = g(x) if xela,x]
and .
smm(x) = Mx) if xe[c—d,c+d]N[a,b].
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By Theorem 1, (i) there exists a polynomial p(x) of degree <m with
§(x) = r(x)+p(x) in [c— §,x,]. Thus for the function
1) = {r(x) ff xe[a,xo]‘
s(x)—p(x) if x€[xy, min(c+6,b)]

we have f, (x) = f(x) in the interval [a, min (c+ §, b)]. By the definition
of H thisimplies min (¢4 8, b)€ H whence (by the definition of c) we getc = b
and be H. This proves Theorem 3.

CorOLLARY. If f*(x) exists in [a, b] then f(x) is a Darboux Baire 1
function.

THEOREM 4. If f*(x)>0 holds in [a, b] then f(x) is continuous and
increasing in [a, b].

Proor. By Theorem 3 there are g(x) and k=1 such that gy, (x) = f(x)
holds in [a, b]. Let x,¢[a, b] be arbitrary, then by the definition of f* (x,)
there exist fi(x) and n=0 such that A, (x) = f(x) in a neighbourhood of x,
and fig, 1.4y (o) = f*(x,). If n=k then by Theorem 1, (ii), ¢, (X,) exists and
equals to fg,. 1) (X)) = f*(x,)=0. If n>k then by Theorem 1, (iii), we have

Lt (X0) =M1y (Xo) = ¥ (%) =0

In both cases gg., 1) (x)>d holds for every x€[a, b]. Hence, by a theorem
of S. VERBLUNSKY ([4], Theorem 1, p. 314), g, (x) = f(x) is increasing and
continuous in [a,b], g.e.d.

THEOREM 5. If f*(x) is defined in [a, b] then f*(x) is Baire 1 in [a, b].
Proor. We shall prove that the level-set
H, = (x: f*()=¢)
is F, for every ¢. We put

Q1) = 3 (- 1>n—f‘[ e,
i=0 i
It is well-known that
(1) lim —— Q,, (1, x, H) =t ()
r-0 R

whenever #,, (x) exists.

By Theorem 3, there exists a function g(x) and a natural number k
such that gq, (x) = f(x) holds in [a, b]. Since g(x) is continuous, there exists
a sequence of-differentiable functions G, (x) satisfying

@) Ge() =400 Gha (9 =Go () (1=K k+1,...).

We show that for every x,c[a, b] there exists an N=k such that
G ye1) (Xo) = [*(x) holds for n=N. By the definition of f*(x,), there are
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h(x), m=0 and 6=0 such that kg, (x) = f(x) for every x€(x,— 6, X,+ O
and Ag,. 4y (X)) = f*(X). Let N = max(m, k). If n=N then by (2) we have

Grin— (X) = G279 (x) = g(x)
and hence, by Theorem 1, (ii),
Gy (%) = B () = F(X) = hiy (%) -
Applying Theorem 1, (ii) again we get
Grtnr) (Xo) = 1y (Xo) = J* (X0}«
We prove

@ He= O b tim ot @ Gk =c).
=k

Let B denote the set in the right hand side of (3). Let x,€ H, and let
n>k be such that G, (%) = f*(x,) holds. Then by (1) we have

Qpn+1(Gy Xo) h) = f*(x)=¢

lim
R0 hn+1
and hence x,€ B.
Now let x,¢ B, then there are m=k and >0 satisfying

. 1
4 _ ll_mm Qi1 (G Xy 1) = c+5.
A0 I

Suppose indirectly that x,¢ H,, i.e.
® J*(x)=c.

Let n=m be chosen with G,y (%,) = J* (%) and let
n+1 X—X i
K = 6,93, G () E =
i=0 *

Then we have

(6) k(o) = kay (o) = - .. = Kinypy (%) = 0
and

k( ) G n+1 G ( ) (x__xo)i—n+m
X)) =GR ()— () Xo) ~—————7—
®) = 6@ 3 Guo (== s

since G&~™ (x) = G, (x) by (2). Hence
Qn+1 (k(n_m)’_x’ h) = Qm+1 (Gm’ X h) - Gn(nJrl) (xo) LS
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By (4) and (5),

. 1
lm - Qe (K7, %, W)= e = .
h—0 .

Hence there exists an 5>=0 such that
() (@ (s 0y IO = Qe (£, g, )=

for every he(0, n). We put

hn+1

S(h) = m+1(k Xo» h)_? (n+1)n (m+2) ’

then (6) implies
® S0) =5 (O) = ... =B () =0
and (7) implies
(9) s=m (1)=0 for every O<h=<q.
Now (8) and (9) easily imply that
prit

§() = Qs (K, %0, 1) — 9 (n+1)n. .(m-f—z)>O

for every he(0, n). Hence

£
20+ 1)n... (m+2)

(10) hm hl Qs (K, X0, B) =
On the other hand, by (6) we have

hm—l— k(+h) = 0.

-0 T

It follows that the left hand side of (10) vanishes, which is a contradiction.
This proves H, = B.
For every “tixed n=k the functlon

Qn+1 (GrU X, h)

Qn(xa h) = pni

is continuous on the set

{(x, hy:x¢[a, b], x+h¢]a, b], h0}.
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1t follows that the set

x:limg, (x, h)=c] =
R=0 J

= G G {x:qn(x, h)zc+—lf for every || =min [-1—, x-a, b—x]}
i=1j=1 L J

is an F; set for every n. Consequently, by (3), H, is F;, as we stated above.
Applying this result to —f*(x)- it follows that H® = {x:f*(x)<c} is

F, for every ¢ as well and hence f*(x) is Baire 1, q.e.d.

THEOREM 6. If f*(x) is defined in [a,b] and f*(x) is bounded Jrom
above or below, then f’(x) exists and f*(x) = f’(x) holds in [a, b].

Proor. We can suppose f*(x)=0 in [a, b]. Then, by Theorem 4, f(x)
is increasing on [a, b]. Let xy€[a, b] be arbitrary and let n be the smallest
natural number for which there is a function g(x) such that g, _,) (x) = f(x)
in a neighbourhood of x, and g¢,(x,) = f*(x,). We have to prove n = 1.

Since f(x) is bounded in [a, b], g»~ (x) exists and equals to g, (x) =
= f(x) in a neighbourhood of x;. Let

) = 809 —'3, g0 )

then we have
an R =H () = .. = hOD () = 0

and
iy (o) = f* (%) =0

Since h»—Y(x) = glr=D(x)—g*~V (x,) is increasing, (11) implies that
A9 (x) is increasing in [x,, X,+ 4], for. every 0=i=n—1.

Suppose that n=2. By a theorem of S. VERBLUNSKY ([4], Lemma 2,
p. 315), the monotonicity of I (x) and the conditions in (11) imply that
the (n—1)th Peano derivative of the function A’ (x) exists at x, and equals
to Ty (xg) = 1% (Xp). 1t follows that (g'),—1) (Xo) =% (X,). Since

()2 () = gD () = (%),
this contradicts the minimality of 7. This contradiction proves n =1, q.e.d.
THEOREM 7. If f*(x) is defined in [a, b] then

(i) f* (x) is a Darboux function and
(ii) f*(x) possesses property A, i.e. for every c<d the set {x:c<f* (x)<d}
is empty or has positive measure.

Proor. By Theorems 5 and 6, f* (x) is Baire 1 and possesses Darboux
property in every interval in which f*(x) is bounded from above or below.
H. W. Oniver proved in [3] that these conditions imply that f*(x) is
Darboux in the whole interval [a, &] (see [3], the proof of Theorem 2, p. 451).
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The proof of (ii) is similar: by a theorem of C. E. WEIL ([5], Theorem
1), it is enough to verify that f*(x) is Baire 1 and possesses property A in
every interval in which f*(x) is bounded from above or below. Since every
(ordinary) derivative has property A (see [2]), Theorems 5 and 6 imply that
f*(x) satisfies these conditions.

3. Miscellaneous counterexamples. First we show that the existence of
J*(xg) and g* (x,) does not imply that the function f(x)+g(x) has a.P.d. at x,.
ExampLE 2. Let

.1 .
0 if x is rational sin— if x#0

g(x) = x?
0 if x=0

and let h(x) = f(x)+g(x). Then f*(0) = g*(0) = 0 and h*(0) does not exist.

Indeed, we have f*(0)=/f"(x)=0 and g*(0)=0 (see Example 1).
If s (x) = h(x) holds in a neighbourhood of O then k = 0 since A(x) is not
Baire 1 in any interval. On the other hand s§y.4)(0) = 8" (0) = A" (0) does
not exist since h(x) is discontinuous at 0. This proves the non-existence of
h*(0). _ '

THEOREM 8. If f*(x) and g*(x) exist everywhere in [a,b] then
(f+9)* exists everywhere in [a, b] and (f+8)* (x) = f* (x)+g* (x) holds.

Proor. For every x,¢[a, b] there exist two functions F(x) and G(x)
and k=0, m=0, 6=0 such that Fy, (x) = f(x) and G,,(x) = g(x) hold in
(xo— 8, %+ 08) and Fry) (%) =f* (%), Goprny (%) = &% (%) Let n>max
(k, m), then there exists a function U(x) such that U®~" (x) = F(x)in a neigh-
bourhood of x,. In fact, this is obvious if k=1 since then F(x) is continuous.
If k=0 then f(x) is differentiable at x,, consequently f(x) is bounded in
a neighbourhood of x,. By Theorem 3 f(x) has a primitive in this neigh-
bourhood. If we choose U(x) such that U@~*=D(x) is the primitive of f(x).
then we have U9 (x) = f(x) = F(x). :

We similarly get a function V(x) with V@™ (x) = G(x) in a suitable
neighbourhood of x,. By Theorem 1, (ii) we have '

U (%) = Lo () =F() Vi () = Gimy (X) = £(X)
Utpsn) (o) =% (Xo)y Vi1 (Xo) = &% (%) -
Hence (U+ V) (x) = /() +¢(0) and -
(U V)tarny (Xo) = F* (%) +87 (Xo)
(f+8)* (o) = F* (o) +£* (%0) - ,
In the following example we construct a function f(x) which is not an

ordinary derivative but f*(x) exists everywhere. At the same time, f(x) is a
(second) Peano derivative (cf. Theorem 3).

1) = {

. « . . ’
x2 if x isirrational

which proves
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ExampLE 3. Let

x‘-‘sinL it x=0 g'(x) if x=0

glx) = x? and  f(x) =
0 if x=0 0 if x=0

Then f(x) = g (x), f*(x) exists everywhere (f*(0) = g (0) = 0) and f(x)
is not an ordinary derivative. In fact, suppose indirectly that F(x) is a

primitive of f(x). Since g” (x) = f(x) holds for x#0 hence we have

F() :{ g (X)+c \1'1“ x>0
g (x)+d Vif x<0
with suitable constants ¢ and d. However, no function of this form can be

continuous at 0, a contradiction.

The followmg theorem shows that the Peano derivatives form a proper
subclass of the class of a.P.d. functions.

THEOREM 9. There exists a continuous function f(x) defined in [0, 1] such
that f*(x) is defined in [0, 1] and f*(x) is not of the form g, (x) for any k=1.

Proor. We shall prove that for every natural n there exists a function
£, (%) with the following properties.

(12) gt (x) is continuous in [0, 1], g&(0) = g»(1) =0
(13) g+t (x) is continuous in (0, 1], g+V(1) = 0;
(14) - Zntnrp(0) =0

and -

(15) the functiontg,’l (x) does not have nth Peano derivative at x = 0.

Then we construct the function f(x) as follows. Let M,, = max |gi"X(x)|
O=x=1.
-and let i

O if x=0 or SX§

o) =

gm (2n (n+1)x—2n) . i

(n=12,...).

First we show that f(x) possesses the desired properties. (12) easily implies
that f(x) is continuous. Since

tim % _ o
x>+0 X
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" we have f*(0) =" (0) = 0. If x = —— or x = — then f*(x) =0 fol-
2n 2n+1

lows from g9 (1) = 0 and g,(,+1) (0) = 0, respectively. If

1
<X =< —
i+1 i
then the existence of f* (x) follows by (13).
Suppose that k=1 and f*(x) = Fy,(x) holds in [0, 1]. Then for

1 1
X

2%+1 2

(IA
[iA

we have

Fo () = f*(x) = Giirn (2k 2k + 1) x - 2k) .

1
kM,
By Theorem 1, (i) there exists a polynomial p(x) such that

I g (2k 2k + 1) x —2k) + p(x).

F(x) =
€9 A
for every
1 . 1
=XE——.
2k+1 2k
This implies that g; (x) has a kth Peano derivative at x = 0, which contra-
dicts (15).

Now we turn to the construction of the functions g, (x). Let n be a fixed
natural number and let

8(x) = x*(1 —x)*sin 2z x) .

Then s (x) is continuous in [0, 1], s™ (0) = s™ (1) =0 and

1

(16) ’ s(x)dx =0.
AL
We put

0 if x=0

h = (i —n

) i—”ﬁ-s[i—(l—ﬂ)-——] it ((+D)"=x=i" (i=12,...)
P+

and
x

g.() = [ htydt.

0
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It is easy to see that

(7) " K™ (x) is continuous in (0, 1] and =D (1) = h™® (1) = 0.
We prove

(18) lim A0 (x) =0 for Osk=n-1.

x>+0

Let’

' K = max {[s® (x)| :x€[0, 1], 0=kZn—1}.
Then for every (i+1)"=x=i{"" we have

:s<k> St ]

m—(i+1nT"
=K i (i —(i+ 1)) D=K . i [n. (4 1)1 etie
S )

1A ()] = (= 1) ) =

as - oo .
i
Now, A(0) = 0 and
lim #/(x) =0
x40

imply #(0) = 0. & (0) = 0 and
lim A" (x) =0

x40
imply h”(0) =0 etc., finally we get
(19) - h®@©0)=0 for O=k=n-1.

(17), (18) and (19) obviously imply (12) and (13). In order to prove (14) we

show that g, (x) = o(x"*1) (x~0). Let (i+1)-n=x=i~". By (16)

X X
g, (%) = fh(t)dtlz f h(t) dt .
0 i+n~"
Hence
0| ynt [ )] dt= (i 0 (e 1))
xn 1

@+~
i 1)y2+n
Gy

5(1 + 1)n(n+1) cpi—n-l,j-n? —
- n2+n+l

0

as i—oo. This proves (14).
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Finally, suppose indirectly that (g;), (*) = hy,y (x) exists at x=0.
Then by (19) we have

h»y(0) = lim i(x“)_
x-+0 x"/nl
Since A(i™) =0 for i =1,2, ... hence h,(0) = 0.
Now let '
. 1. .
x, = (i+ 1)—"+Z(z”"—(z+ H-y,

then lim x; = 0 and
1 . 1 (3
h i) = j—n? — = —nt, _—_ .
=il =)

o) e, L (3 e _ (B)°
Xt 47 (4

Thus A

from which
3 n
A O)=nle|—| ,
0 (0) [16]

a contradiction. Consequently (15) holds and Theorem 9 is proved.

Finally we show that the concept of a.P.d. cannot be extended to
approximative Peano derivatives. In other words: if we replace the Peano
derivatives by approximative Peano derivatives in the Definition in sec-
tion 1 then this definition becomes contradictory because the approximative
Peano derivative f, ,(x) does not determine the number f,, 1) 4 (X)-

ExampLE 4. We construct the functions f(x) and g(x) such that f’(x) =
=g(9£) ir% [0, 1] and fig) 4 (0) = 1, gy, 4 (0) = O.

e

0 if x=0

f(X)=[2‘1(n+1)‘2if Lose=loL oo,
1/2 it 12=x=1

n+1 n n

and let f(x) be increasing and differentiable in the intervals [L—L l]

n n n
with

- f'[i_i]=f'[i]=o (=23, ...).
n o on n :
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Then
@) - i (x) = g(x) exists everywhere (f"(0) =0),
(if) f.2(0) = fiy(0) = 1 since - lim S0 _ 1
x>+0 X%/2
and
(i) g0 (0) = 0.

In fact, O is a density point of the set

(i) =02 0 [— 1]

and hence lim app,M =0.
x> +0 x—-0
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We shall consider in this paper two questions about complexes,

The first one can be formulated as follows: How far is it suitable to gene-
ralize the concept of the geometric simplicial complex so that the notion of
the supporting cell and that of the subdivision should Ppreserve the essence
of its geometrical meaning?" -~

And the second question: How is it possible to determine the class of the
geometric simplicial complexes as the intersection of two classes, where the
first class of the complexes is defined by its combinatorical properties and the
second by its geometrical ones (convexity etc.)?

To this purpose we shall regard three special classes of complexes:
the class of the general simplicial complexes, the class of the general cell
complexes and the class of the convex complexes. Showing the special pro-
perties of these classes we obtain the following result:

A complex is geometric simplicial iff it is convex and general simplicial.

As to the class of the general cell complexes, this is in a certain ‘serise
a common generalization of the CW complexes, that of the fundamentat

system of subcomplexes and of other similat structures.
We start with the general concept of the complex In [1] these are the
abstract complexes.

1. Complexes

We recall here some basic notlons and properties of the complexes.

1.1. DEFINITION: A complex Kisa partially ordered set, ro each of ‘whose
elements s is assigned a non-negative integer dims, the dzmenszon of the
element s, such that s;<s, implies dim s, <dim s,.

K denotes in this section always a complex.

1.2. DerFiniTiON: The set of the elements of the complex K will be
denoted by |K|. We say that |K]| is the underlying set of K.

T*
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1.3. For se K the fact that dims = ¢ will be indicated by &,

1.4. DEFiNITION: For s, s"¢ K s is said to be a face of s (in K) if s=¢§
(that means: either s<¢s” or s = §"). s is said to be a proper face of s if s<s'.

1.5. DeFiNITION: The maximum of the dimensions of the elements of
K, provided that the maximum exists will be called the dimension of K and
will be denoted by dim K. If K@ and this maximum does not exists then
write dim K = . If K =0, then dimK = —1.

1.6. DEFiNITION: The complex K is said to be a subcomplex of K — and
this fact is indicated by K;<K — if the following conditions are satisfied:

(a) |K| < |K]. o '

(b) For any s¢ K, the dimension of s in K| is the same as the dimension
of sin K. :

(c) The partial ordering in K, is the restriction of the ordering in K.

Roughly speaking K, is a substructure of K. ’

1.7. Each subset M of | K] is the underlying set of a unique subcomplex
of K. This subcomplex will be denoted by M.

1.8. Note that |Mg| =M for any Mc|K| and |K,|x = K, for any
K1<K-

1.9. NotaTions. We shall use the-symbols

K UK,, K;NK,, K\K,, U{K.; a€ A}, N{K.; «€ A}

(KLU KD (IK N K Do (KK D
(U{IKa]5 €A, (N{IKL] «€ A}k

" respectively, where K;, K, and the K,-s are subcomplexes of K.

In such a way the notion of the union, intersection and difference s
defined in the family of subcomplexes of a given complex K.

Further wesay that K, contains the subset M of |K| if |K;| does it
(Ky=K). _ A

1.10. DerFiniTiON: The subsomplex K; of K is said to-be a closed sub-
complex of K, if each face (in K) of any element of K; belongs to K.

The system (F of the underlying sets of the closed subcomplexes of K
determines a T, — space K, the underlying set of whichis | K| and the system
of the closed sets in K, is identical with (7.

, ‘1.11. DerintTiON: The subcomplex K, of K is said to be an open sub-
complex of K if the set |K]| is open in K.
‘1.12. The subcomplex K, of K is evidently an open subsomplex of K
iff 5, €K, s<¢§ and s€ K, imply "€ K;. ,
1.13. Note that the union and the intersection of a family of open
(closed) sets of K; is an open (closed) set in K.

1.14. DeFINITION: For M |K| there is a unique minimal open sub-
complex K,<K and a unique minimal closed one K,<K containing M.
We say that K, is the star (in K) of M and StM or more precisely St M

for
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is written for K. On the other hand K, is the closure (in K) of M and M or
more precisely M is written for K,.

St M is the intersection of all open subcomplexes of K and M is the
intersection of all closed ones containing M.

For K*<K write St K* or StX K* instead of St |K*| and K* or K*< -
instead of [K*]. St K* is the star and K* the closure of K*.

1.15. DeErFiNiTiON: Let s€ K. Write Sts or StXs instead of StX{s} and
§ or 5K instead of s} :StK s is the star of s and §X the closure of s (in K).

EVIdently ,

[Sts| = {s€K; s=¢}

IS| = {s€K; ' =5s}.
1.16. DEFINTTION: For s€ K [5]|\|Sts| = |s[\{s} is called the fronfier of s.
It will be denoted by Frs or more precisely by Fry s. Clearly
Frs = {’¢K; s <s}.

1.17. DEFINITION: Let m be a non-negative integer and let us consider
the subcomplex K™ of K consisting of all elements of K with the dimension
not greater then m, i.e.:

and

[K™| = {s€K; dims=m}.
K™ is called the m-skeleforr of K. K™ is evidently a closed subcomplex of K.

1.18. DEFINITION: Let s€ K. We say that |s| N |K®| is the O-skelefon of s.
This set 3] K| will be denoted by d(s) or more precisely by d (s).

d(s) is the set of the O-dimensional faces of s. If K| is a closed subcomplex
of K and s€ K, then there is no difference between dy (s) and dx, (s).

1.19. Note that s¢ K° implies d(s) = {s}.

1.20. &’ <s implies evidetly d(s")cd(s) for s, s € K.

2. General simplicial complexes

The notion of the general simplicial complexes in this paper corresponds
to the unrestricted simplicial complexes in [1]. In this book of Alexandrov
the unrestricted simplicial complexes are defined as abstract complexes being
isomorphic to the unrestricted skeleton complexes. We shall give here a di-
rect definition for the general simplicial complexes.

2.1. DeErFiniTION: Let K be a complex. We say that K is a general sim-
plicial complex if it satisfies the conditions:

(a) d(s) has the cardinality 1+dims (i.e.: Card d(s) = 14-dims) for
every seK.

(b) d(s) = d(s’) implies s = &’ for every s, s’eK.

(¢) If s¢K and if M is a nonempty subset of d(s) (@M cd(s)), then
there ex1sts a face &’ of s in K such that d(s') =
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2.2. Let K be a general simplicial complex and s, s’¢ K. Then
§'=sed(s)Cd(s).

In fact, 1.20. shows )
s’ =s=>d(s")Cd(s).

Conversely if d(s")cd(s) then d(s’)s20 by 2.1. (a), hence there exists by 2.1.
(c) an s”€ K such that s”=s and d(s”) = d(s’). In view of 2.1. (b) this yields
§” =" and thus §’=s.

2.3. It is immediate form 2.1 (b) that for any s, s’€ K

§ = sed(s) = d(s),

where K is an arbitrary general simplicial complex.
2.4. For any subcomplex K, of a general simplicial complex K K is
evidently a general simplicial complex iff K, is a closed subcomplex of K.

2.5. ProposiTiON: Let K be a general simplicial complex, s, s'¢K, and
suppose that sNs"=@. Then there exists an s” € K such that sNs" = §”.

Proor. sNs’ 0, 1.20. and 2.1. (a) imply d(s)Nd(s’)»@. Hence because
of 2.1. (c) there exists an s” € K such that d(s”) = d(s) N d(s”). The proposition
follows now immediately from 2.2.

3. General cell complexes

Let X be a CW complex with respect to a family of cells S (see [3]

p. 41). We shall first study the system of the carriers of the cells of S.
In particular attach to each (closed) cell s€S its carrier § in (X, S) (i.e.
the underlying set of the least subcomplex of (X, S) containing s). It is pos-
sible to describe the complex (X, S) through these carriers as well. Namely

= = - .
s =8\U{s"; €S, s"Cs and § #§}
holds for each s€S. Observe that the condition: “X has the weak topology
with respect to §” can be replaced by the following one: “X has the weak
topology with respect to § = {s sESY.

For two cells s, s of X §" is the face of sif s’cs (see [3] p. 79). This
definition is very suitable if X is normal, i.e. if each closed cell is a sub-
complex in X, but in the general case it is more convenient to use the fol-
lowing one: For two cells s, s’ of the CW complex X s’ is a face of s if 5’8,

- .
or — what is the same — .5’ is the face of s — §’=s — if §" 5. In such a
way the concept of the face is also expressible through the carriers of the
cells. Let s"<s denote that s’ and §” is a face of s. Then one can obtain
the interior of any cell s through the formula

C
s\s = S\U{s"; §<s}.
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Hence taking the system S of the carriers of the cells of a CW complex X,
\ ~ 3 s ~ ot . -
setting Y <5if scfand § #§, and assigning to every §€S a dimension
"
number, which is the same as the dimension of 8§\ U{s"; & <s} we get a
complex K, the elements of which are certain subsets of the given space X.
A similar situation arises in connection with the fundamental system of
subcomplexes of a complex K. In fact, let K be a triangulation (geometric
simplicial complex). K is a complex in the usual sense and thus K determines

a topological space K, (see 1.10.). Let U7 be a system of subcomplexes of
K of various dimensions satisfying the following conditions:

1° All the Ur are disjoint simple pseudomanifolds and their union is K.

2° For every r-dimensional U7 the subcomplex Bf—1 = Un\UT (the
closure operation is meant in Kt) is r—l dimensional and B’ 1 is the union
of certain pseudomanifolds U3, O=s=r—1 ([2] p. 129).

Setting U< U7 if |US|c]B’ 1} (see. 1.2.), and ass1gnmg to each Ura
dimension number which’is the same as its dimension as a complex, we
obtain a new complex K’. This is the fundamental system of subcomplexes
of K.

Let us consider now the sets |U| in K,. Setting |U3| < |Uf|if US| <
<|U"} and U3} # | U}, we see that the set of all [U7] is partially ordered
It is now possxble to express the Ul-s in the following way

\Utl = |USNUIUS; (U] <073

Assigning to-each |U7] the dimension number dim U7 = r we obtain a new
complex K,-K, is not a CW complex, but its elements are also sets in a
space, namely in the T-space K,.

‘We are going now to describe a family of complexes such that both of the
complexes K, and K, belong to this family.

3.1. DEriNnITION: Let R be a topological or Euclidean space. By an-
abstract cell complex K with the supporting space R = R(K) we understand
a nonempty complex (see 1.1.), the elements of which are triples of the type
b =(R,Q, 1) where Q is a nonempty subset of R and t — the dimension of
b — is a non-negative integer: ¢ = dim b. Furthermore the partial order in
K should be defined in the following way;

b=(R,QN=0 =R, Q1) iff QcQ;
b<bt' iff b=0" and b#V.

3.2. DEFINITION: Let K be an abstract cell complex with the supporting
space R and b = (R, Q, {)€ K. The underlying sef of b — written “|b|” — is
the set Q (]b] = Q). By the set b is unterstood also |b]. Thus

b=b o bl || for b,b’eK.

3.3. REMARK: To present an abstract cell complex K it is enough to take
its elements. The elements determine namely their d1mens1ons and the partial

order in K
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In order to get a complex indeed we must suppose that for b, b’ c K

(a) If |b] = |b| then dimb = dimb’, and thus b = V'
(b) 1f [6]c |&| and |b| 5 |b’|, then dimb=<dimb'.

3.4. DerFiniTION: Let K be an abstract cell complex with the supporting

space R. We say that the topological subspace of R with the underlying set
U{|b]; b€ K} is the body of K (or of |K]|) and we denote it by [K] (or by

[|K]])- We shall use also the symbols [0] or {[@]] for @, where §§ can be
regarded as a subcomplex of K (but not as an abstract cell complex).

It be K, then we call the subspace of R with the underlying set |6| the
body of the element b. [6] will denote the body of 5.

The underlymg set of [K] will be denoted by |[K]!.

I[K]l = U{Ib]; beK}.

3.5. REMARK: Any nonempty subcomplex K of the abstract cell complex
K is also an abstract cell complex. The supporting spaces of K; and K are
the same. The body of K is a subspace of [K].

3.6. Let us observe that distinct subcomplexes of an abstract cell complex
K may have the same body. In fact we can find evidently to each sub-
complex K, of K a maximal subcomplex K, of K such that [K;] = [K;]. This
K, is always a closed subcomplex of K and it contains K, as its subcomplex.

The body of a subcomplex is obviously the same as the body of its
closure (see 1.14.). Moreover if b¢ K then evidently [b] = [b] (see 1.15.) and
thus {[b]] = |b].

3.7. DEFINITION: Let K be an abstract cell complex and b€ K. Then
int, b will denote the set |b]\|[Fry b]| (see 1.16.). We call inty b the inferior
of b rel. K.

- 3.8. REMARK: {inty b; b€ K} is obviously a covering of the body of the
abstract cell complex K.

3.9. REMARK: If K is a nonempty closed subcomplex of the abstract

cell complex K and be K, then evidently

inte b = intx, b.

Now we shall turn to the definition of the general cell complexes.

3.10. DEFINITION: Let K be an abstract cell complex with the supporting
space R. K is said to be a general cell complex — or shortly a GC complex —
if the following conditions are satisfied:

(a) The underlying sets of the elements of K are closed sets in R.

(b) [K] has the weak topology with respect to the system {[b]; b€ K}.

(c) Each element of K has only a finite number of faces.

(d) intg b0 for each beK.

(e) For any two elements b, & of K the set [b| N |¥’]| is the union of
the underlying sets of certain elements of K; i.e.

= U{J0

48

J0'=b and 0"=0)=bN0].

2
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The elements of a GC complex are said to be the cells of this complex.

3.11. Remark: For 3.10. (b) it is sufficient that 3.10. (a) should be
satisfied and that the system of the underlying sets of the elements of K
should be a locally finite system with respect to [K]. However this second
condition is not necessary.

We show some properties of the general cell complexes and get acqua-
inted meanwhile with some new notions too.

"3.12. THeorem: Let K be a GC complex and K, a nonempty closed sub-
complex of K. Then K, is also a GC complex and [K;] is a closed subspace

of [K]-
Proor. Let b€ K. Because of 3.10. (e)

BINTIKT] = 6] N(U{0']; V'R = U{bIN10]; BEK ) =

(D = U{llend]l; 0Ky} = [[oN (U e KDl = [TENK]

b has only a finite number of faces. Their underlying sets are closed in R(K}
and hence also in [K]. Therefore (1) shows that |b] N |[K,]]| is closed in [K]
and hence also in [b]. But since |[K,]| N |b]| is closed for each &K, 3.10. (b)
shows, that [K,]is indeed a closed subspace of [K].

We are going to show that K, is a GC complex. The conditions 3.10. (a)
and (c) are obviously satisfied. Since K, is closed (e) is also true. 3.9. shows
that K, satisfies 3.10. (d) too. Hence we only need to verify that K, satisfies
also 3.10. (b).

Indeed let M be a set in [K,] such that [6”| N M should be closed i in [b”}
for each "¢ K. Let ¢ K. Then by (1) and since K, is a closed subcomplex
of K

lNM = [l NMNI[K,]| = llémmmM = [[bnKy]INM =
2) = U{|Y"|NM, b"€K, and b"=b}.

b has only a finite number of faces and the body of each face is closed in
[6]. Hence by (2) |b] N M is closed in [b] and this is true for each b€ K, The-

refore K being a GC complex M is closed in [K] and hence also in [K,] as
required. J

-In the remainder of this section let K be always a GC complex and R
its supporting space. The cells of K should be called K-cells.

3.13. DeFiNiTION: A subset M of R is said to be K-compatible lf it satis-
fies the following conditions:

(@) M =0.

(b) There is a cell & of K containing M :McC |b].

(c) If M is covered by a finite system of K-cells, then M is contained
in a single cell of this covering;

McU{lb]; i=1,...,k}=3;:1=j=k and MC|b).
We shall look at first at a strengthening of the condition (c).
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3.14. ProPOSITION: For any K-compatible set M and for any cevering of
M by K-cells there is a cell of this covering, containing M.

Proor. Suppose that M is K-compatitle and let

3) Mc U{|b,]; yeI'}.
Let
“) Mc |bl; beK.

3.13. (b) shows the existence of such a b. In view of 3.10. (e) (3) and (4)
yield

) McU{jpln byl VET}— U{lby, 115 by, i =0y, by,1=band yeI}.

By 3.10. (c) b has only a finite number of faces and this implies by (5)
and 3.13. (c) the existence of a b,,, ;, which contains M. For this y, it is clearly
Mc |b,,| as required. J

To prepare the notion of the supporting cell we make here some pre-
liminary remarks.

3.15. Let M be a K-compatlble set and b a minimal dimensional cell of
K containing M. Because of 3.13. (b) there exists such a b. In view of 3.3.
(b) M is not contained in any proper face of b;i.e. M |b”| and V"=0b imply
v =b. ’

3.16. Let M and b be the same as in 3.15. Then Mc |b| and b,eK
imply b=,

Indeed by 3.13. (c) and by Mc|b|N|by] = |[6N 5]
such that Mc|b,|, by=5b and b,=b,. Because of 3.15. b,
holds b=b,.

3.17. Given a K-compatible set M there is only one minimal dimensional
cell in K containing M.

For otherwise there would exist two distinct cells of this kind b, and -
b,. Hence by 3.16. by=b, and b,=b, would hold simultaneously, but this
is impossible.

3.18. DerinITION: If M is a K-compatible set, then the minimal dimen-
sional K-cell containing M is said to be the supporting cell of M in K, and
it is denoted by Sy (M).

Because of 3. 17 Si (M) is a well defined cell.

3.19. If M is a K-compatible set and M c |b| for some bEK, then 3.16.
shows that Sy (M)=b.

3.20. Let M and N be K-compatible sets such that M c N. Then Mc
< |Sk (N)] and thus by 3.19. Sg (M)=Sg (N).

The supposting cell has the following useful characterization:

3.21. ProrosiTioN: [f M is a K-compatible set and be K, then b = Si (M)
holds iff Mc |b] and MNintg bs0.

Proor. Because of M < [Sy (M)| we only need to show that for M < |b],

th ere is a beK
= b, and thus it

beK
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Suppose now M [b|, b€ K and b;éSK(M) Then by 3.19. S (M)<b, con-
sequently

Mninte b = MO(B\[Fr b]1) < (MN([6\[Sx (M) <
c(MO(b\D) = 9.

Conversely suppose Mc |b|, b¢K and MNint,b=0. Then Mc
C |[Frg b}l and thus by 3.14. there is a ¥"<b for whlch Mc |b’|. Since
dim 0" <dim b we get b= Sy (M). |

We shall consider now the singletons (one point sets) of [K]. They are
evidently K-compatible sets.

3.22. DerFinitioN: For pe[K] S ({p}) is called the supporting cell of p
and we write also S (p) instead of Sg ({p})-

In view of 3.19., 3.21. and 3.9. one easily checks the following statements:

- 3.23. If p€|b] (b€K) then Sk (p)=0.
3.24. 1t holds peinty S (p) for any pe[K].
3.25. If peint,c b (b€K), then b = Sx (p).
3.26. If K, is a closed subcomplex of K and p€|[K,]|, then Sk, (p)

= Sk (P)-

As for the K-compatible sets, we shall give here in connection with 3.21.
a characterization of them.

3.27. PropoSITION: A subset M of R is a K-compatible set iff there exists
a cell b of K such that M < |b| and M Nintg b=0.

Proor. If M is a K-compatible set then 3.21. shows that for b = Sy (M)
Mc |b] and M Nintg b0,

Suppose conversely the existence of a b€ K such that MC|b| and MN
Nintg b=0. The conditions 3.13. (a) and 3.13. (b) are then clearly satis-
fied for the set M. Let us consider now a covering of M by a finite system of

cellsoft K:Mc U{|b,]; b;eK;i=1,...,m}=N.Let pe MNintgb. By 3.25.
Sx (p) = b. Because peN there exists an i such that pE1b;]. 3.23. shows
then Sk (P)=b;, and since MC |b] it holds M |b;| too. Hence condition
3.13. (c) is also satisfied for the set M, M is indeed a K-compatible set. |

3.28. Recall from 3.8. that {thb be K} is a covering of [K] and note
that this covering consists of pairwise disjoint sets.

In fact let b, b’ be cells of -K and suppose that peintg b int, &’ Then
3.25. shows that b = Sy (p) = V'.

Let us regard some properties of the closed subcomplexes. The next
proposition is of importance.

3.29. ProrosiTION: Lef K, be a closed subcomplex of K and let beK.
Then the following statements are equivalent:

(a) beK,,
- (b) intg be KL
() int b [[K,][=0.
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Proor. (a)=(b). It is obvious. (b)=(c). Because intg b=0. (¢)=(a).
Let peintgbN|[K,]|. Since intx 8N |[K,]| #0 there exists such a point p..
Because of 3.25. b= S, (p) and by 3.26. Sk (p) = Sk, (p). Consequently
b= SKI (p)7 bEKl I

3.30. It may be noted that according to 3.29. [K,] determines uniquely
the cells of the closed subcomplex K,. That is, for two closed subcomplexes.
K, and K, of K, [K;] = [K,] implies K; = K, and |[K,]| < |[K,]| implies.
K=

3. 31 Observe that in view of 3.6. and 3.30. [K,] = [K,] holds for two
subcomplexes K and K, of K iftf K = K5 (see 1.14.). Notice also that by
3.10. (c) the finiteness of any subcomplex K1 of K implies the finiteness of
its closure KY.

In connection with K-compatible sets accordmg to 3.27., 3.29., 3.21.
and 3.9. we can assert the following statement:

3.32. Let K, be a closed subcomplex of K and Mc|[K,]|. Then M is
K,-compatible ift it is K-compatible and in this case Sy (M) = Sk, (M).

_3.33. Apply 3.29. to the case when K is a subcomplex of the form
b™ where b’ K (see 1.15). Then [K,]=[#"], |[K]| = |¢'| (see 3.6.) and
be K, holds iff b=0". Whence we may conclude that for any b, ¥€K the
statements

(a) b="b,

(b) IHthC [0},

() intx 6N 0’| 0
are equivalent.

Let us show some consequences of this statement above,

3.34. If dim &’ <dim b for b, b’ K then intx bN |V} = 0.

For otherwise b=0" by 3. 33 hence dim b=dim ¢" would hold contra-
dicting our assumption.

Consequently

3.35. For b, ¢ K dim b’ <dim b 1mpl1es
I el = [[Fri bl Nio'f .

3.36. If dim b = dim & and bz ¥ for b, V' V€K, then intx bN 0| = 0.

For otherwise b=?" by 3.33. and since dim b = dim &’ this would yield
b = b’ contradicting our assumption.

We can state now evidently the following remark

3.37. If dimb = dim ¥’ and b=¥ for b, ¥ c K then
1IN b] = |[Freb]i 0 |{Frg 0] -

3.38. We take for each subcomplex K, of K the union of the interiors of
its cells and we denote this subset of |[K]l by (K,) or more precisely by

Hod -
(Ky) = (Kpg = Ufintg b; bEK,}.



ON COMPLEXES 100

Some elementary relations follow immediately from 3.28.

3.39. :
<K1UK2> = <K1> U <K2> ’
(KiNKy) = (K N<{Ky),
int, bN(K,) # B = beK,,
(K\Ky) = (Kp\(Ky),
(UfKs; a€ AD) = U{(K.); a€ A}
(N{Ks; 2€ AP = N{(K.); =€ A}

where K,, K, and the K,-s are arbitrary subcomplexes of K and b¢ K,
- 3.40. Taking 3.10. (d) into account we obtain

- K1<_K2<:’<K1>C<K2>
for any two subcomplexes K; and K, of K. Consequently

Ky =Ky« (K = <K2>
In particular
=0 (K) =
and this yields '
KiNK,; =0 = (Kyn{Ky =0

3.41. If K = {b}x for be K (see 1.7.) then (K,) is the same as inty b.

If K;= K then (IKG) = [[K]].

Furthermore { K,Yc [K] holds for each subcomplex K; of K.

3.42. Let K, be a subcomplex of a closed subcomplex K, of K. Then
by 3.9. (K, = (Ky)x.

3.43. Let K, be a closed subcomplex of K. Then by 3.41. (K)x =
= (KDk, = |[K}|- Consequently by 3.12. (K,)is aclosed set in [K].

3.44. If K, and K, are closed subcomplexes of K, then evidently

KNG = Gy NG = GNKL) = [[K MK, -

3.45. Let K be an open subcomplex of K. Then K\K; is closed and hence
by 3.43. (K\K)is a closed set in [K]. Consequently

(Ky) = (KNK\K,) = [[K]\K\KL) -

is an open set in the space [K].

3.46. Let t be a positive integer. The f and f—1 dimensional skeletons
K* and K'* of K (see 1.17.) are closed subcomplexes of K. Therefore it
Kt=0 then [[K!]|\|[K!~']] is an open set in [ K].

3.47. Let b be a maxzmal element of K(b=0b'=b"="b). Then {b} i8
an open subcomplex of K, consequently ({b}); = intgxb is open in [K].
In particular for any e K\K'™* the sef intx b 1s open in [K'].

We shall now construct two open coverings of (K;) where K; is an open
subcomplex of K.
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3.48. DEerFINITION: Let pe[K]. The star of p in K — denoted by
StK(p) — is then defined as the star of the supporting cell of p:

St¥ (p) = StK(Sk (p))-
3.49. 3.23. shows that
bESEK (p) < pe |b]

for pe[K] and be K.
3.50. Let K, be an open subcomplex of K and p¢ <K1> Then StX (p) < K.
In fact since pe (K, ) it holds Sk (p)€ K, and thus

StK (p) = StX (S () < K -

3.51. Notice as a direct consequence of 3.30. that for any open sub-
complex K, of K

= U{StX(p); pe (K}

(Ky) = U{(St(p)); pelKy)}-
3.52. Consider now an open subcomplex K, of K. Then
2 ((Kp) = {{K,); K, is open in K and K,< K}

ox ((Kp) = {(StX(p)); pe(K}

are open (in [K]) coverings of (K,). ok ({(K;)) is clearly a subsystem of
2 ((Kp)) and each element (K,) of X ((K;)) is the union of those elements
of ox ({K;)) which are contained in (K,).

Observe that the intersection and the union of any subsystem of
S ((K2)) belong to Ty ((K,)-

Note that if K is finite then X% ((K,)) and oy ({(K;)) are clearly tinite
coverings of (k).

Now we shall study the subdivisions of a GC complex. .

3.53. DeFINITION: A GC complex K’ is called a subdivision of K — and
" this relation is denoted by K'(E K —

(@) R(K’) = R(K), ’

(b) to every b’¢ K’ there exists a b€ K such that }b’l c |b],

(c) to every be K there exists a finite system bf, ..., by, of cells of K”
such that '

and thus

and

o] = |by|U...Ulby]|. .
3.54. Let us consider some direct consequences of the difinition:

K”(S K” is true for every GC complex K”. -

It K"(cK’ and K'(K then K"(c K.

If K’(c K then [K’] = [K

In the remainder of this section let K’ be always'a GC complex such
that K’ (K.
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3.55. ProrositioN: The underlying sets of the elements of K’ are K comn-
patible sets.

Proor. Let 0’€ K’ and let pcintg-b’. 3.10. (d) shows the existence of
such-a point p. Let b, = Sk (p) (see 3.22.). Then by 3.24. peinty b, |b,].
Choose b7 ¢ K’ such that pe|bf| < |b,]. Because of 3.53. (c) there exists such
a by. intg b’ N |b7| =@ implies then b’ =b] (see 3.33.) consequently [¢’| C |b,|,
and since int, b, N |67] =20 3.27. shows that |b"| isindeed a K-compatible set. ||

3.56. Because of 3.35. each b»'€K’ determines the supporting cell
S (10']) of |0’ in K. For this cell we shall also use the symbol Sy ().

3.57. REMARK: If €K', beK and [V’|c|b| then 3.19. shows that
Sk (b)=b.

3.58. If b, b€ K’ and by =0’ then by 3.20. Sx (b7)=S (V).

-3.59. Notice that |Sks(p)] < |Sk (p)] holds for any p€[K'] = [K].

In fact by 3.53. (c) we can find to each pe[K] a cell "€ K’ such that

pe|b’| < |Sk (p)]. This in turn yields :

pelSk (DI << [Sk(p)].
3.60. Because of 3.59. 3.19. and 3.20. it holds evidently

Sk (S () = Sk (p)
for any pe[K]. 1

3.61.-PropositioN: Let ¥’ cK’. Then intg b’ Cinty SK' ®).
PRrOOF. Let pcinty b’. Then b” = Sk-(p) by 3.25. consequently
- Sk (t) = S (SxAp)) = Sk (p)-
Thus peintg Sk (p) (see 3.24.) and this yields the required inclusion '
intx b’ Cinte S (0). | '

3.62. It may be noted as a consequence of 3.61. that the interior rel. K”
-of any cell " of K’ is contained in the interior rel. K of one and ev1dently
only one cell b of K and this cell b is the supporting cell of |b’| in K.

3.63. Because of [K’] = [K] we can state now the following formula:

int, b = Ufintx’ b"; S (b') = b}

for be K.

3.64. It follows from 3.62. that for any subdivison K” of K’ and for
any b//EK//

Sk (Sx (b)) = Sk ().

3.65. DeFINITION: Let K, be a subcomplex of K. Let K{ be the sub-

complex of K’ for which
Ki| = {'eK’; S (B)EK}.

K} is a complex. We shall call it the subdivision of K, induced by K~
and it shall be denoted by K{".
The following statements are evidently clear;
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3.66. The subdivision of K induced by K’ is K’ itself.
3.67. If K, =@ then K{K?=.

If K, then in view of 3.63. and 3.10. (d) K" 5 @,
3.68. (K\K)¥ = K'\K{" for any K;<K.

3.60. If K;< K, <K then

KK < KK

3.70. Let K” be a GC complex which is a subdivision of K’ and let
K,<K. Then by 3.64.

(K&K = KiK”);
* 3.71. Taking 3.63. into account we can state
(KENWr = (K forany K, =K.
3.72. Let K;be asubcomplex of K and let
K; = K&, Then |[K}]| < |[K,].

In fact let pc|b’| where b€ Ki. Then pe || |Sk (b')] where Sy (b')€
€K,. Hence indeed [[K{]IC|[K]I-

3.73. Let K, be a fmlte subcomplex of K and let K] = K{K. Then
Kj is also finite.

In fact because of 3. 53 (c) we can find a finite subcomplex K; of K’
such that [K;] = [K,]. In view of 3.31. K; = K~ is also finite and [K}] =
= [K;] = [K;]. On the other hand because of 3.31. and 3.72. |[K{]| = .
= |[K{]| < |[K,]] where K] = K;¥. Hence |[K]]| < |[K}]| and this yields
by 3.30. K{<Kj. Consequently Ki<Kj, K7 is also finite as required.

. 3.74. Let K, be a nonempty closed subcomplex of K. Then because of
3.67. and 3.38. the subdivision Kj of K induced by K" is a nonempty closed
subcomplex of K’. Therefore by 3.12. K] is a GC complex. We show that
K{ is a subdivision of K, (Kj (< K.

3.53. (a) and 3.53. (b) are obviously satisfied. Let bcK,. Then |b| =
= |b]|U...U|bL|, where b;¢ K" for i = 1, ..., m. Since |b;| C |b] we get by
3.19. Sy (b})=0, and therefore since K is closed S (b)) € K, and thus b€ K].
Hence 3.53. (¢) is also satisfied, K is indeed a subdivision of K.

3.75. Let K, be an open subcomplex of K. Then K, = K\K is closed
and therefore by 3.68., 3.67. and 3.74. K{) = K\K{K) is an open sub-
complex of K.

3.76. ProrosiTioN: Let pe[K] = [K’]. Then (St¥ (p))xc{StE(p))x
(see 3.38. and 3.48.),

Proor. Let qe(St¥ (p))x and b = Sk:(q). Then by 3.24. geintx O’
therefore " €StK' (p) (see 3.39.) and thus Sk (p)=b’, p€|b’]. Let b = Sk (¥').
Then |b’|clbl and by 3.61. intxr 0" Cintg b, consequently pe€|b] and g€
€intx b pelb| implies by 3.23. Sy (p)=0b, that means beSt*(Sk (p)) =
= StK (p) and this yields thbc(StK (0D k> €S (P) )ic- Thus (St (p)>K <
< (8t (p))k as required. J
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3.77. Let K, be an open subcomplex of K and let Kj be the subdivision
of K, induced by K’. Then besides the two open coverings Xx ((K;)) and
o ({Ky)) of (K )x (see 3.52.) we have two further open coverings, namely

2 ((K71)) and oxe (K1) of (K )g = (K )k (see 3.71.) where

D ((KD) = {(Kpx; Kjisopenin K and  Kj;<K7}

ox ((KD) = {S (P s pe(KDx}

In view of 3.76. ox- ((K7)) is a refinement of ox ((K)). Xk ((K1)) is also
a refinement of Xy ((K,)). For each (K )€ Xk ((K1)) it holds namely that

Ky c(Kprr = (Kpg€Zx (Ky).

We shall show now that Sp ((K;))< Zx ((K7))-

In fact let (K;)r€2y ((Ky)). K, is an open subcomplex of K and
K,< K. Therefore by 3.75. and 3.69. the subdivision Kj of K, induced by
K’ is an open subcomplex of K’ and Kj<Kj. Thus because of 3.71.
(Ko = (K€ S ((KY) as required.

and

4. Convex complexes

4.1. Before the beginning of the discussion let us summarize some basic
notions and facts about convex sets (see [1]).

Let R" be the Euclidean n-space. This should be fixed in this section as
well as in the next one.

(a) Let M be a nonempty convex set in R™. The least dimensional plane
Rs in R™ containing M is uniquely defined. We say that R is the carrying
plane of M. s is called the dimension of M, it is"denoted by dim M. int M
denotes the set of the interior points of M with respect to its carrying
plarne. int M@. The set of the boundary points of M with respect to its
carrying plane will be denoted by M-. M- is called the boundary of M.

If M is bounded then every halfline issuing from a point of int M and
lying in the carrying plane of M contains one and only one boundary point
of M. Therefore each compact convex set M of dimension =1 is the closed
convex hull of its boundary; furthermore M = int MUM*, M = int M.

Note that if M and M’ are convex sets in R™ such that M’— M- then
dim M’ <dim M.

In fact let RS be the carrying plane of M. Since M- and thus M’ do not
contain any interior point with respect to R®, therefore the plane RS con-
taining M’ is not the carrying ‘plane of A’. Hence the carrying plane of
M’ is lower dimensional than R*, consequently dim M’ <dim M = s.

(b) Let M be a subset of R™. The closed convex hull of M will be denoted
by C(M).

The points a,, a,, ..., a, of R are said to be linearly independent if
they are not contained in any plane in R® of dimension <r. If g, q, ..., @,
-are linearly independent points then ai,, ai,, . . ., a;, are also linearly indepen-
dent for each “

O=iy<ij<...<[=r.

8 ANNALES — Sectio Mathematica — Tomus XXI.
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Let ag, ..., a, be linearly independent points of R". Then the closed
convex hull of thé set {a,, ..., q,} is called the simplex o™ with vertices
gy -0y 4,

Y e

o = o (U -, 0) = C({ds - - -, @)

o” determines its vertices. ¢’ is an r-dimensional compact convex set.

The simplex o in R" is a face of the simplex o™ in R" if each vertex of
of is simultaneously a vertex of ¢". o is a proper face of o" if o is a face
of o” but o #20¢”. Note that the boundary ¢* of a simplex ¢ is the union of
its proper faces. Furthermore for any two distinct faces ¢’ and ¢” of the
simplex ¢ we have int ¢’ Nint¢” = 0.

4.2. DEFiNITION: A GC complex K (see 3.10.) is called a convex complex
if the following conditions are satisfied:

(a) The supporting space of K is the Euclidean n-space R™.

«(b) The underlying sets-of the elements of K are (nonempty) compact
convex setsin R",

(¢) For any beK, dim b = dim |b| (see 3.1., 3.2. and 4.1. (a)).

(d) For any beK, |[Frgb]] = |b|" and thus inty b= int|b| (see 3.7.
and 4.1. (a)). :

We shall show some simple properties of the convex complexes.
4.3. Let K be a convex complex and K; a nonempty closed subcomp-
lex of K. Then K, is evidently also a convex complex (see also 3.12.).

4.4. ProposITION: Let K be a convex complex. Then the system of the
underlying sets of the cells of K is locally finite in [K].

: Proor. We argue by contradiction. Let us suppose the existence of a

p€[K] such that each neighbourhood of p intersects an infinite number of
cells of K. Consequently in view of 4.2. (b) and 4.2. (d) there would exist an
infinite sequence ps, ..., Py, ... of points different from p with the limit
point p such that each pair of points of the sequence is contained in the
interior of different cells of K, i.e.: i]=8,(p) =Sk (p))- Let M ={p,, ...
Py - --yand beK. If pi€|b] then Si(p)=b (see 323) and thus by 3. 10.
(¢) JbIN M s finite, consequently closed in [b]. Hence beceuse of 3.10. (by
M is closed in [K] contradicting the assertion that p is a limit pomt of
M = M\{p}. |

It is immediate from 4.4.:

4.5. The set of the cells of any convex complex is always countable
4.6. The body [K]of a convex complex K is compact iff K is finite.

4.7.Proposrtion: Let K be a convex complex and bé K. Then |b] is the closed
convex hull of U{|b°|; 0°=b}: |b] = C(|[d(b)]]) (see 1.18.). Roughly speak-
ing: b is the closed convex hull of its O-skeleton.

Proor. If dim b =0, then the only O-dimensional face of b is b itself.
Hence U{]b" |; P°=b} = ]b} and thus by the convexity of |b] C(U{|t°;
=) = [b].
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Suppose now that dim b>0, and that the assertion is true for any &
satisfying the condition dim & <dimb. Let M = U{|0°]; 8°=b}. Since M is’
a subset of |b] and |b| is convex, the closed convex hull C(M) of M is con-
tained in |b] :C(M) < |b). .

Let b <b and M’ = U{Jt°}; 0°=V’}. Then dim ¥’ <dim b, M’'c M and
therefore by the assumption above |b'| = C(M’)c C(M). This implies by
4.2. (d) |b|"cC(M), and thus }b) < C(M) (see 4.1. (a)). Hence C(M) = |b}
as required. J

4.8. Note as a direct consequence of 4.7. that for any convex complex
K and for each beK d (b)=0.

4.9. A O-dimensional convex complex K is uniquely determined by its
supporting space R* and by the underlying set of its body. It holds namely

[K| ={(R" {p}, 0); pe|[K]I}.

4.10. Remark as a consequence of 4.9. that for any convex complex K
and for each bc K d(b) is determined by |[d()]]. d(b) is namely the under-
lying set of a O-dimensional (see 4.8.) closed subcomplex of K. Hence by 4.3.
d(b) is the underlying set of a O-dimensional convex complex.

4.11. Let K be a convex complex and b, '€ K. Then clearly

LA < [[d@)]] = db)d(b').

4.12. Let K be a convex complex, b€ K and Nc |[d(b)]|. Then there
exists obviously a unique M c d(b) such that |[M]| = N. It is namely

M = {(R", {p}, 0); pEN}. -

Now we shall consider some special convex complexes the cells of which
belong to a given family of compact convex sets.

4.13. DEFINITION: Let X, ={Q,; y€I'} be a nonvoid system of non-
empty compact convex sets of R* equipped with a partial order <. X, is
called a complexogenic structure in R* if for any Q¢X,

() Q= U{Q; Q <="Q}.

In the case Q" <’ Q Q' is said to be the face with respect to X, of Q.

4.14. The system X" of the simplexes of R* — equipped with the
partial order: ¢’ <’o with respect to X" if ¢’ is a proper face of ¢ in the
usual sense (see 4.1. (b)) — forms obviously a complexogenic structure.

In the remainder of this section let X, be always a complexogenic
structure in R™,

4.15. Note that if Q, Q"¢ X, and Q’ <’ Q then Q' c Q" and thus dim Q' <
<dim Q (see 4.1. (a)). A

4.16. DEFINITION: Two members @ and @’ of X, are said to be properly
Jjoined with respect to X, if either QNQ’ =@ or QNQ €X, and QNQ =’Q;

m 7’ §I l.

@1.17. %et Q, Q' ¢, and suppose that Q and Q are properly joined with-

respect to X,. Then Q' < Q implies Q' = Q'NQ and thus @’ =7 Q.

8%
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4.18. Let 7 be a subset of X, satisfying the condition: For any Q,
Q' €W, Q and Q’ are properly joined with respect to X, Then by 4.17. and

4.13. (6) '
. QRcQeQ ='Q

for Q, Q€. _

Now we shall consider convex complexes composed from certain mem-
~ bers of X,

4.19. ProposrtioN: Let 7 be a nonempty subset of X, satisfying the con-
ditions: -

(a) W is a locally finite covering of U{Q; Qe }.

(b) Qe and Q' =’ Q imply Q€ 70.
(¢) For Q, Q€W, Q and Q are properly joined (with respect to X).

Let Q* =(R", Q, dim Q) for Q€. Then the abstract cell complex K consisting
of the elements Q* (Q€'W) is a convex complex.

Proor. First of all observe that by (c), 4.18. and 4.15. Q, Q"¢ W, Q"< Q
and Q'#Q imply dim Q'<dim Q. Hence the conditions (a) and (b) of 3.3.
are satisfied, K isindeed an abstract cell complex.

Let us note that [Q*| = Q for Q*¢ K.

We are going to show that K is a GC complex. ' -

Each Qe is a compact set in the Hausdorff space R". Hence 3.10. -
(a) is satisfied.

By (a) and 3.11. 3.10. (b) is also satisfied.

3.10. (c) holds, since 70 is locally finite and the members of 7 are com-
pact sets.

By (b), (c) 4.18. and 4.13. (6) int, Q* = int Q for Q€7, and therefore
intx Q*=0, 3.10. (d) is also satisfied.

Let Q, @’ be elements of 7 satistying the condition QNQ’=@. Then by
(¢) and (b) QNQ €. Hence 3.10. (e) also holds. )

K is a convex complex. 4.2. (a), 4.2. (b) and 4.2. (c) follow namely
directly from the definition of K. By (b), (¢), 4.18. and 4.13. (6) 4.2. (d) is
also satisfied.

The proposition has been proved. |

5. Geometric simplicial complexes

5.1. DEFINITION: Let X, be the family of simplexes in R" equipped
with the usual partial order, namely o’ <’o if o’ is a proper face of 0. X, is
a complexogenic structure in R" (see 4.14.).

Assign to each o €X,, the triple ¢* = (R, 0, dim o). The cells 6* obtained
in this way should be called simplicial cells.

5.2. DEFiNITION: A nonempty set K of simplicial cells is said to be a
geometric simplicial complex if the following conditions are satisfied:

(a) {o; 6*€ K} is alocally finite covering of U{s; s*€K}.

(b) o*€K, o’cXy and o’ <’ o imply 0"*€K.

(c) If o*, o’*¢ K, then o and o’ are properly joined with respect to X,
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5.3. As 4.19. shows each geomietric 31mp11c1a1 complex is a convex
complex.

5.4. THEOREM: A complex K is a geomelric simplicial complex iff it is
convex and general simplicial (see 2.1.).

Proor. Suppose that K is a geometric simplicial complex. By 4.19. K
is a convex complex, and obviously |¢*| = o for 6*€ K.
«) First of all we show that for

. o* = (R" 0" (ay, ..., a,), )EK
() d(o*) = {(R" {a}, 0); i=0,...,7}.

In fact let 6*9¢d(o*). Then 0**=0¢* in K and thus by 4.18.
- (®) lo*?]="]0%] .

Moreover dim [o*0| = dim ¢*0 = 0, consequently |o*°| is a singleton and
thus by (8) |o*| = {a},

o* = (R, {a;}, 0) for some .

Conversely for i =0, 1, ...,r {a} =’|o*| thereforeby 5.2. (b) (R", {a;}, 0)€K.
Moreover (R, {a;},0)=0¢* in K and since dim {a;} = dim(R", {¢;},0) =0,
we have (R", {a;}, 0)€d(c*), as required.

) Note that from 5.2. (c) and 4.18. we get immediately the formula

o¥=0¢* in Ko |[o¥]| =%
for o*, o€ K.
y) Now 2.1 (a) and 2.1. (b) follow immediately from «) and from the
fact that each simplex in R"is uniquely determined by the set of its vertices.
We are going to show that 2.1. (c) is also satisfied.

In fact let o*¢ K where |6*| = o7 (ay, . .., a,) and let M be a nonempty
subset of d(o*). Then by a) M = {(R", {a:}, 0) J=0,1,...,k} where 0=
Siy<ij<...<p=r. Let * = o™ (a, ..., ai,). Then a”‘<’]a*l and thus

by 5.2. (b) a”‘*eK Because of f) a”‘*<a* in K. Simultaneously by (7)
d(a’k*) M as required.

Hence K is indeed convex and general simplicial.

8) Now suppose in the remainder of the proof that K is a complex
which is simultaneously convex and general simplicial.

Let b¢K and let dimb=r. Then Card d(b) =r+1. Since each O-
dimensional convex set is a singleton therefore |[d(b)]| = U{|?°|; 0°=0}
consists of r+1 = dim |b|+1 points: a,, ..., a, and by 4.7. || is the closed
convex hull of M ={a,, ..., 0} a, .. a must be hnearly independent
since otherwise |b| = C({ag; ..., &}) would lie in a plane R for which f<r.
Hence |b] = C(M)cR! would hold and this yields dim |b|=¢<r contradict-
ing the assumption dim b =dim |b| =r.

Thus a, ..., q, are linearly mdependent and |b| =CM) =0"(ay, - ..,

a,), lbl is a snnplex with the vertices d,, ..., @,. The set of the vertices of
b is |[d(®)]-
¢) We show finally that K is a geometric simplicial complex.
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As we have seen in 8) the elements of K are simplicial cells. Because
of 4.4., 5.2. (a) is satisfied. '

To prove 5.2. (b) let b¢K and ¢ =’ |b|. Let N be the set of the ver-
tices of o”. Since the set of the vertices of [b| is |[d(b)]| (see &)) therefore
o’ =’ |b| implies BN |[d(b)]|. Let M be the subset of d(b) for which
[[M]] = N (see 4.12.). Evidently M. Choose v’ € K such that ¥’ =b and
d(t'y = M. 2. (c) shows the existence of such a . [¢’| and o” have the
same vertices. Consequently |b’| =o¢’. Hence o'* =¥/, ¢'*¢ K and 5.2, (b)
is satisfied.

We need only to prove 5.2. (c).

Let b, ¢ K. 1f [b|N|t'] =0 then [b| and |¢’| are evidently properly
joined with respect to K,. Suppose [b|N|¥'|5¥. Then by 3.10. (e) 16| N
N = |[bNb’]] (see also 1.15.) and bN & >=@. Whence 2.5. shows the

existence of a b”€K such that b &" = b”. Consequently

9) b 10| = BN = |[T7]] = ||

(see (3.6.) and simultaneously b”=0b.and 6" =b". Therefore by 1.20. d(b")<
cd(b) and d(b”ycd(t’). Hence |[d(®")]] < |[d(®)]} and [[d(®")]| < |[d®)]].
Thus by &) the set of the vertices of |b”| is a subset of the vertices of || and
of |b'|, that is |b”| is the face of |b| and of |¥’| (see4.1. (b)), |b”| =’ |b| and
|6”] =’ |0’| and this yields by (9) |b]| N [6'| =’ [b], |b|N]6/| =" |b’] so that
|b] and |&’| are properly joined with respect to X, as required.

The theorem has been proved. J

5.5. To characterize the class of the geometric simplicial complexes as
a subclass of the convex complexes it is enough to suppose that the cells
are simplicial and 5.2. (c) is satisfied.

ProposiTioN: Let K be a convex complex. K is geomertic simplicial Iff

(a) For beK, b is a simplicial cell; :
(b) For b, ¥ cK |b| and |b’| are properly joined with respect to X,.

Proor. The necessity of (a) and (b) is obvious.

To prove the sufficiency 4.4. shows that 5.2. (a) is satisfied. Thus we
only need to prove 5.2. (b).

Let b€K and o"="|b|. Let g€int¢’. Then g€ || C[K]. Let 0 = Sk (q)
(see 3.22.). Then by 3.24. and 4.2. (d) geintg b’ = int |b’|. Thus int, d'N
N 0] =0 and therefore by 3.33. b’=0, |6’| < |b|. Because of (b) and 4.17.
this implies |6’] =’ |b]. Hence |0’| and ¢” are faces of the same simplex |b|
and they have a common interior point ¢. Consequently [¢’| = ¢’ (see 4.1.
(b)), v =o’*, ¢’*cK as required. [
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Let A and B be fixed rational integers statisfying the conditions B0
and A2%:£4B, and let R be a second order recurrence defined by R, =0,

Ri=Vland R, =A-R,,,—B-R,. It is well known that the n*" term of
the sequence R may be expressed in the form

. n__ [n n__An
W T
a=f VD
where « and # are the roots of the equation
2) X¥*—Ax+B =0

and D = A®—4B is the discriminant of this equation.

We define the rank and period for a prime p in the sequence R. The
integer r =r(p)=0 is called the rank of the occurrence of the prime p in
the sequence R if p|R, and p{R, for O<n<r, furthermore ¥ =r(p)=0 is
called the period of the sequence R modulo p if # is the smallest positive
integer for which R;=0 and Rrr1=1 mod p. It is well known that if p{B
then r(p) and 7(p) exist (see e.g. in [1] and [2] respectively), and

&) r(®)l(p—(D/p)),
Q) (p)|2d-(p—(D/p))

where (D/p) is Legendre’s symbol in the case p{D, (D[p) = 0if p|D and d is
the order of B mod p (i.e. d is the smallest positive integer for which B4=1
mod p). (3) was proved by H. J. A. Durarc [3] and (4) by P. BUNDSCHUH
and J.S. SHIUE [2].

Let us introduce the functions

ﬁ—_(%)_ and  g(p) = Qd‘(l"(pﬂ

r(p) _ r(p)

g2gp) =
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for sepuences R, for which «/g is not a root of unity. These have meaning
for the prime p if p/B and their values are integers on account of (3) and
(4). D. Jarpen studied in [4] the function g(p) related to the Fibonacci
sequence and he proved that, for the special sequence R in which A =
= — B =1, the function g(p) is unbounded.

In this paper we generalize D. Jarden’s theorem, we show that it also
holds for the general sequence R, furthermore we give an upper estimate for
the values of g(p) and we prove that the function g(p) has the same pro-
perties as the function g(p).

THEOREM.* The function
P-Dfp) P

r(p) logp

2(p) = is unbounded and g(p)<c-

or all sufficiently large primes p where ¢ is a constant depending only on A
and B.

Proor ofF THE THEOREM. Let us suppose that g(p) is a bounded func-
tion and so it has only a finite number of distinct values: ky, &, ..., ;. Let
n,>1 be any integer and let us consider the integer

(5) n= (nokl_l)'(nokﬁ' 1)' '(noks—l)'(noks‘l‘])"‘.no

for which clearly n>n,. A. ScHINZEL [5] proved that there is an integer /
such that for every integer m=h there exists a prime p for which r(p) =
Let us choose the integer n, satisfying the conditions r,>=#h and ny>|D|.
Now, by the theorem of ScHiNzEL, there is a prime p for which r(p)=n
and so

_ p—(Dlp)
g2p) = e

From this follows
p = n-g(p)+D/p) -

But p=n—1=n,>|D] implies (D/p) = 1 or (D/p) = —1, furthermore
on account of our supposition g(p) = ky, g(p) = K, ... or g(p) = k;, therefore

p=n-k+1 or p=n-k-1

for some integer i (0<i=s). However, neither n-k;+1 nor n-k;—1 can be a
prime because by (5), they are lelSlble by nyk;+1 ‘and Ny k; 1 respectively.
This is a contradiction and so the function g(p) cannot be bounded. Thus the
first part of the statement of the Theorem is true.

* Note that after the manuscript of this paper had been given in, there appeared
a paper by C. L. STEwART [On divisors of Fermat, Fibonacci, Lucas and Lehmer num-
bers, Proc. London Math. Soc., 35 (1977), 425— 447] from WhICh the first part of our
Theorem can also be deduced.
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Now we prové that g(p)<c- l P_ tor all sufficiently large primes p.
0 .

Let p=3. If r =r(p) then p|R, which implies

<X'l‘_ﬁl’ -
) =p.
But « and f are the roots of the equation (2) therefore
Al + YD
o, 1= AL

From this follows that
|7+ 1BI7 _2¢
¥D| VD]

since D is a rational integer. From this we have (as p=3, and so ¢;>1)

=2c

p=

p
10g7
r=
log ¢,
and v
L p—(D +1 +1 '
o) =2 (r Dp - =lga £ ; <c-10‘g’p
log? log?'
log g
where we can shoose
c=(1+e)logc1=(1+s)1og'—‘4|i2]'—‘/lﬂ

for p=p, (2).
CoroLLARY. If (D/p) = —1, then

in=dgpy<c-L
log p

Proor oF THE CoroLLARY. By (3) and by the definition of d we have
r(p)|(p+1) and d|(p—1), and so :

6) (rp), )=(p+1,p-1)=2.

On the other hand O. WyLER [6] has proved that if p{B then r(p) =
= k- [d,r(p)] where k=1 or 2, and [d,r(p)] denotes the least common
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multiple of d and r(p). This implies together with (6) and theA Theorem the
inequality

2d(p+1) _ 2d(p+1)

=T T e
_ 2d(p+ 1)(dv r(p)) = Ap+1) = 4dg(p)<c’ P
kdr(p) r(p) - log p

which proves our statement.
Finally we note that in the case (D/p) = I, the trivial mequahty

o 2d(p-1) _ 1
g TR 2(p~1)

holds.
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In this work we deal with Frobenius-groups. The theory of these
groups is now well known endugh. Burnside’s fundamental result on the
structure of the complement and Thompson’s theotem on the nilpotency
of the kernel represent some of the most significant features of the theory.
In our paper we give a characterization of Frobenius-groups with abelian
kernel and abelian complement. The method used is elementary, and
leads to a complete characterization of the group-type considered. Some
other-result of similar kind are also included. Our notations are standard.
See GORENSTEIN, [1] or HuPPERT [2].

In this paper all groups are finite.

THEOREM 1. G is a Frobenzus—group With abelian complement and abelian
kernel if and only if:

(i) If B¢Cq(w), then Cq(a)NCs(F) = FE
Jor all o, BeG with a=e+ p.
(ii) If Co()NCq(B) = E, and Cq () is not a normal subgroup in G,
Cs(B) is not a normal subgroup in G then Ng(Cg (oc))ﬂ

ﬂNG(CG(B)
(i) Z(G) =

For the proof we need the following Lemma, which presents known material
LEMMA. In a group G there are no proper subgroups H and K with

following properties: [ NH* = E for all xeG\H, KNKY = E for all yeG\K,
and H*NKY = E for all x, y€G.

ProoF oF THEOREM 1. We first suppose that G is satisfying the proper-
ties (i), (ii), (iii). We show, G is a Frobenius-group with abelian complement
and abelian Kkernel.

StaTEMENT 1. In G there are no elements «, § w1th aZe+#p, oc&CG 8,
and C4 ()G, Cs(f)<a. :
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Proor. Suppose the contrary. By (i) C;()NCq(B) = E, so Cg(e)+
Cs(B) = Cy () XCq (B), hence BcCy;(x) which is a contradiction. .

STATEMENT 2. If B€G, C4(f) is not a normal subgroup in G, fhern

Ns(Cg(8)) = Co (B)-

Proor. Suppose the contrary. There exists an element x with x¢
€ N;(Cs (B)) and x4 Cq (B). By (i) C (x)NCq (B) = E holds.

(a) If Cq(x) is not a mormal subgroup in G, by (ii) Ng(Cq(X))N
NNg(Cs(B)) = E but xse, which is a contradiction.

(b) 1f C; (x) <1 G, let D denote D d_—e.f Cq ()N NG (Cs(B), D <N (Ca(B)),
© XeD, Co(B)ANG(Co(B)), DNCo(B) = E, 50 D Ca(B) = DXCq(f), hence
x€Cq (P) which is a contradiction. -

STaTEMENT 3. If B€G, Cq(f) is not a normal subgroup in G, and
Ng(Cq(B)) = Cq (B), then Co(B)*NCq (B) = E for all y€G\Cq ().

Proor. We know Cg;(B)” = Cg (B%).

(a) If p24Cq(f), then by (i) Co ()NCe(B) = E.

(b) If preCq(P), since y§Cq(B) = Ng(Cs(B)) there exists an element
bwith beCg (87) and b4 Cq (8). We consider Cg (b), f7€Cq (b) and 7€Cq (B),
but by (i) C; ()N Cg (B) = E which is a contradiction.

We now return to the proof of Theorem 1.

Let 8 be an element of G with Cy(B) is not a normal subgroup in G.
By (iii) and by Statement 1, g exists. ' -

Put

def
T =y Ce(BE.

gea

(a) If there exists an element 8 with §¢G\T and C;(8) is not a normal
subgroup in G, then we show, that Cg(8)2NCq (8)° = E holds for all a, b€G.
By 8¢T, C;(B)ab*NCs(8) = E. The Statements 2, 3, are applicable for
Cg(B) and Cg (). A contradiction by the Lemma. :

(b) If C4(8) <1 G for all §¢G\T, consider an arbitrary 6¢G\T. We show
T UCq (8) = G. Suppose the contrary. Then there exists a y with yeG\(T' U
UCs(8)), so Cq(y) < G. By Statement 1, this is a contradiction. '

T NCgs(8) = E holds by (ii) and by the choice of 6. By application of
Statements 2, 3, : :

G}
C,(8)| = |a|—1|T ==,
[Co(8)] = |G| —|T|+ o)

Using (ii) it follows: G is a Frobenius-group with kernel Cg (8) and comple-
ment Cg (8).

It remains to prove that, Cg (8) and Cg(8) are abelian. It is sufficient
to show that, Cg(a) is abelian for all a€G, aze. :
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Suppose the contrary. There exists an element a of G for which Cg;(a)
is non-abelian. Then there exists an element b with b€Cq(a) and Cq (b)5
#=Cq (a), but Cq(b)<Cq (), so there is a g with geCqs(a) and g¢Cq (). By
(i) C4(9)NCq (b) = E follows. But axe, which is a contradiction.

The converse statement is trivial. So the proof is complete.

THEOREM 2. Let G be a group with the following properties: Let J denote:

] {z/1<z<n} Let a; be an element of G for-all i€ J. Put Hk = CG (a,) for
all ke J.
Suppose'

@ U H, =G, HiNH;=E i#],

(i) CG (uk)<CG () for all u,eCq(ay), and for all ke ],
(iif) If H; is not a normal subgroup in G, H; is not a normal subgroup
in G i ]ej is=], then N, (H)QNG(H)_
(iv) Z(Q) = '
Then there exist [, k€ J with H, <G, G = H,- Ng(H,) and H{(\Ng (H,) =
=E and Gis a Frobemus—group with kernel H, and complement Ng (Hk)

Proor. n=>1 holds, by (i) and by (iv).
StaTEMENT 1. If H; <G, H; <G for some i, j¢ J then i =].

Proor. See the Statement I, of Theorem I.

STATEMENT 2. If H, is not a normal subgroup in G, then H,NHY = E
for all yeG\Ng (H))-

Proor. H, = C;(a,), by (i) and by (ii) C; (a})=H, holds for some [€ J.
If I =k, then C4 (a))=<H,, hence HY = H,. But y¢ N, (Hk) A contradiction.
So I#k. By (i) H,NH, = E, hence H,(ﬂHk =E.

Statement 2. has a consequence.

- SratemEenT 3. If Ng(H,) = H, for some k€], then H,NH} = E for
all 2€G\H,.

STATEMENT 4. If H, is not a normal subgroup in G for some k¢ J, and
NG(HI{)#HR then N(}(Hk)nNG(Hk)x = E fOl‘ all xEG\Ng(Hk).

Proor. Let 2 be an element with z¢€ Ny (H,) NN (H,)*, by Statement
2. Cq (ak)ﬂCG (ak)x = E. Hence by (i) and by (ii) Cg (¢,)*=H, for some (€], .
SO HlﬂHk =

(a) If ze{NG (H)), by Statement 2, H,NH; = E. But Cg (a;g)sH,, and
2€Ng (H,)*, a contradiction.

(b) If zeNG (H)NNg (H)) and H, is n»t a normal subgroup in G, then
H, is not a normal subgroup in G. Namely Cg;(af)=H, Cs(a¥)x™1 = H,,
and H,NH;=E lmply the assertion. So Ng(H,)Ng(H,) = E, hence
z=e.

We now return to the proof of Theorem 2.
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Let k¢ J be, with H, is not a normal subgroup in G.
Define

def
T = U NG(Hk)g.
F44¢; :

(a) If there exists a b with b€ G\T and beH, for some le], Hyis not &
normal subgroup in G, we show:

(**) A = NG (H)'*NNg(Hy)e: = E

holds for all g, g,€G.
Suppose t¢ A, define

def def

V=1t gy = g8t S0 VEN(H)BRN NG (Hy).

By (i) af*cH; and C; (af*)=H; for some j€ J.

(«) If v§Ng(H)), by Statement 2, H, ﬂH” E. But VENG(Cg af*)).
A contradiction.

(B) If v€Ng(H;)NNg(H,), j#k then H, is not a normal subgroup in
G, H; is not a normal subgroup in G since Cq(af*)=H,, Cq(af?)8s™" = H,
and H, is not a normal subgroup in G. Hence by (iii) Ng (H)NNg (H;) =
Thus v = e. Hence ¢ = ¢ follows.

By Statement 4. and by (*¥), the Lemma of Theorem 1. is applicable
for Ng (H,) and N¢(H;). A contradiction.

(b) If for all b€ G\T', H; <1 G holds for the suffix / with beH,, s0 ) consider
an arbitrary b with b€ G\T. We show: TUH, = G.

Suppose the contrary. Then there exists a ¢ with ceG\(T UH)). By i,
c€H,, for some me J m»=l, so H,NH, = E, H, <G, which is impossible -
by Statement 1. '

We prove: TNH, =

Suppose the contrary Then there exists a k Wxth kej and HN

ﬂNG(Fk) K#E By K=Ng,(H,), we get, that L HkK is a subgroup
of G.’H,< L and K< L hold. By H;<(G and by H,NH, = E, using K=1H,.
L = KX H, follows. Hence K=Cg;(a,) holds. So' K=H, follows. Thus K =
- =H,NH,. A contradiction. Now it follows at once, that G is a Frobenius-
-group with kernel H,, and complement Ng (H). So the proof is complete.

It is known, that in a Frobenius-group the complement is a w-Hall
subgroup.

THEOREM 3. Let G be a Frobenius-group with the w-Hall complement H,
and with kernel F. We prove, that G satisfies the n-Sylow property.

Proor. Suppose the contrary. Let G be a counter-example of smallest
order. Then there is a subgroup L, with |L|/]H| and L=H~ is false for ail
x€G. Choose such an L with the smallest possible order.
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Let L, be a maximal subgroup of L. |Ly|/|H], hence by the minimality
of L, L,=H?" for some bcG. Without loss of the generality we may assume,
that Ly=H. Ly=HNL L#HNL. Thus Ly = HNL. We show, that L is a
Frobenius-group with complement H (M L.

Let acL be with a¢HNL. Using (HﬂL)“<H“ and HNH® =
(HNLYN(HNLY = E follows. Put

Fo = L\U'(HHL)“-

a€l

Choose b with beF,, bs2e. |(b)]/|L| hence |{b)|/|H]|, by the minimality of
L, {b)=H"* holds for some c€G\H. We show H°"\Lc Fj (as a subset). Sup-
pose the contrary. Then there exists a d=e with d¢F, deHCﬂL Thus d¢
€(HNL) for some acl, a¢H. (HNL)* = H'NL, deHcﬂLﬂHa Thus.
d**st¢ and d**cHNH“™, 1 Hence H = He* ', be H*N L. Consequently b€
cRNEH*NL). A contradlctlon

One finds easily, that (H*“NL)N(H°NL)* = E for all acL\(H*NL).
Observing, that F, is an invariant subset, the Lemma of Theorem 1. is appli-
cable for L with HﬂL and HeN L. A contradiction.

REMARK. In this proof we did not use the fact, that the kernel is a normal
subgroup.

ACKNOWLEDGEMENT. The author expresses his decp sense of gratitude
to Professor K. CorrRADI for his work in reviewing the paper and for a num-
ber of valuable suggestions and comments.
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- Introduction

In the first part of the present paper we generalize some results, known
in the case of linearly compact modules and rings. We define the class of
K-compact universal algebras of a fixed type as a natural generalization
of lineraly compact rings, groups, etc.

After the preparations we shall prove that a K-compact algebra is
isomorphic and homeomotphic with the inverse limit of discrete algebras.

In the second part of this paper, using the results of §1, we study some
properties of K-compact semigroups. We shall characterize those K-compact
semigroups wich are inverse limit of torsion groups. It will be proved that a
K-compact semigroup is w-nilpotent if and only if it is the inverse limit of
its nilpotent factor-semigroups. '

The notion of linearly compact vector-spaces was first introduced by
LEFSCHETZ [3]. ZELINSKY [9] [10] has discussed some properties of linearly
compact modules and rings. H. LEPTIN [4] [5] has proved, among others,
a generalization of the Wedderburn-Artin’s theorem: The semisimple linearly
compact rings are exactly the directe sums of endomorphism rings of vector-
spaces. R. WiEGANDT [6] [7] [8] has investigated the semlslmple the trans-
finitly nilpotent and the regular linearly compact rings.

Finally 1 wish to- express my thanks to R. WIEGANDT and Zs. NAGY
for theirs remarks and valuable advices. _

§1.

.. Inthefollowing an algebra means an element of a variety of algebras of a
fixed type. A topological space is always a Hausdorff-space. We say, that
KcQ if a=b (K) implies a=b (Q), where K and Q are congruences of an_

_algebra A. The O-element of the lattice of congruences of an algebra A is
the equality, denoted by O. :

Denote P(x) the set of all subsets of the set x.
A set S forms an uniform base over A if

9 ANNALES — Sectio Mathematica — Tomus XX1I.
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(i) SSP(AX A),
(ii) for every S,e8:(x,x)€S, and (x y)€S, if and only if (y,x)€S.,
(iii) for every S,, Sg€S there exists. S, such that S,&S5.NSp (S is a
filter-base),
(iv) for every S, there exists Sp such that {(x,¥)|3z:(x, y)€Ss and
(:y)eSHes.

If Sis an umform base over A, then S generates a topology on A. This
topology is totally regular. (CSASZAR [1].

Let A be an algebra and K = {K le€ '} a filter-base, where K,-s are
congruences of A.

Taeorem 1. If NK =0, then the sets K’ ={(x, »)|y=x(K)} form an
uniform base over A, the generated topology is T,, the operatzons of A are
(uniformly ) continouvs.

PROOF. Since every K is a congruence, the set K’ = #HGleel} is a
subset of P(AX A), for every x€ A (x, x)€ K3, and (x,y)€ K if and only if-
(nx)eK’. K is a filter-base, consequently (iif) is satisfied. Since every
K, is a transitive relation, also (iv) is satisfied: For every K, the set
{(x, ¥)|3z:(x, y) and (2, y)eK } is a subset of K,.

The sets V, (x) = {y|y=x(K.)} are open neighbourhoods of the point x
in the topology generated by K. The set {V, (x)|«€I'} is a base of neighbour-
hoods of x. Since N K = O, there exists to every x>y an index y, such that -
V,(x)NV,(y) = 0. Thus we proved, that the space is T,

Let F be an operation of the algebra A and let F(xl, X, - .-, X,) equal
toy. If x;=x;(K) (j=1,2,...,n), then y=F (x1, X3, ..., x3) (K).

Thus theorem 1is completely proved.

DEFINITION. Let the set K = {K.|a€I'} be a subset of the set of all
congruences of A. Let K be a filter-base, and we define the set =
= {K;| K. = {(x, Y)|x=y(K.)}x€I'}. The topological algebra A is called
K-topological, if K’, as an uniform base over A, generates the topology of A.

1t follows immediatelly from the definition that a K-topoelogical algebra
is totally regular, and, if it is M,, then it is metrisable.

Every set V. (x) is open and closed. They are open namely for any y&
€Va(x) is Vo (y) = Va (x). Since - ,

' V.(x)= A\ U V@),

. . GV 4 (x)
they are closed. A K-topological algebra is a O-dimensional space.

The proofs of the general topological statements can be found in the
cited book of CsASZAR.

REMARK 1. A module A is linearly fopological 1f 0 has a base nelghbour—
hoods {M.} consisting of submodules of M. Clearly the linearly topological
modules are exactly the modules among the K-topological algebras. N

A filter R is. called Cauchy-filter, if to every K, there exist r.€R such-
that (x, y)erm implies (x, y)€ K. that is — in this'case — (x, y)Era implies

x=yp (Ka
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A topological space is called complete if every Cauchy-fllter {F.} has

the property: NE. =@, where F, denote the topological closure of the set F,.
if A’ is a subalgebraor afactoralgebra of A, let the topology of A" the
topology generated by the topology of Ain the general topological meaning.
In the first case it is the topology generated by the congruerices K, where
K is the congruence of A” induced by K,. In the second case it is the finest
topology on A’, such that the natural homorphism f: Al—-A’ is continuous.
It can be also characterized by the following property: Let N and N’ be the
family of the open setsin A and A’ respectlvelly N’ generates the above
“topology on A’, if N = f~1(N\’), that is n’¢ N’ if and only if f~1(n’)€N.

DeriNiTiON. The congruence Q is open (closed), it every class of Q is
an open (closed) set.

As is well known that "A/Q is a Hausdorff space in the case that Qis
closed, and A/Q is discrete, if Q is open. In partlcular if Ais a K-topological
algebra, then every A/K, is discrete. »

Finally, if F is an open-continuous homomorphism of A, then F(A)
is isomorphic and homeomorphic to A/KerF. (If A/KerF has the topology
generated by the topology of A then the natural homomorphism is open-
-continuous).

REMARK 2. A congruence is not nesseserly closed or open. If a class of
the congruence Q is open (or closed). Q may be not open (not closed).

ExampLE 1. Let S be a K-topological semigroup with 0, let K denote
a set of congruences induces by Rees-factors. In particular, let S be the
semigroup of the non-negative integers with the multiplication, and

Q=1{Q,={x|]x=n or x=0} ncw},

and let K be the set of the Rees-congruences induced by Q,,. The equality is
a non-open congruence of S, but every point x0 is open.

Let A, be Ks-topological algebra for o€2. The direct product of the
As-s can be defined as their algebraic direct product endowed with the

Tychonoff-topology. This topology can be generated by congruences, too.

Let I" be a directed set of indices. If a family of topological algebras
A, y€eI' is given, and continuous homomorphisms at, a, ﬁe]“ with the
following properties:

(i) @5 Apl—~A, for B=«,

(ii) @po 7= for y=f=a,

(iii) @, = the identity of A, - ,
then the set of all vectors (... x,, ... X3, ...) with the property x. = ms (Xs)
(for B=w), is called the inverse limit of the inverse system [A,, #, «, 8,
y€I']l = Q. The inverse limit will be denoted by th (c. f. GRATZER [11]
p.131)

It'is not hard to see, that hm!) is a closed subalgebra of the direct

product of the A,-s.

g%
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~ Let A be a K-topological algebra with K= {K.}, let 11, be the natural
homomorphism Al—A/K,, IT; the natural homomorphism IT, oIz ' if B=a
that is K,=Kg. -The inverse system A/K,, IT. is called the natural inverse
%ystem belongmg to the K-topological algebra A, and will be denoted
Y Ta -

LeEmma 1. If the K-topological algebra A is complete then A=
'vhm T, g is valid in algebralcal and topological sense.

Proor. Let x, =11, (x), for every x< A.
The vector (... X, ...)is an element of the inverse limit. The mapp-
ing F:x|—(... X4y ...) is a homomorphism of A into lim Ty, k..

F(x) = F(y) implies, that x=y (K.) for every K., That is x=y. We
proved, that Ker F =
Let x = (.. )ehm Ty x»

Co(x) = Y. (y) = X} = 11" (%) .

C.(x) is a filter-base and every C, (x) is a closed class of the congruence
K.. Hence C.(x) is a Cauchy-filter, by the assumtion we have NC,(x)~0.
Let x an element of the intersection. x€ MNC, (X) implies ‘F(x) =X, proving,
that F is an isomorphism.

The algebras A/K, are discrete, a base of neighbourhoods of x is the
family of the setsfD, (X)={(. .. Xa, ...)| X, = 1L, (x); y=a}'It is easy to see,
that F(V. (x)) = D.(X). Hence F is a homeomorphlsm

REMARK 3. One can -easily verify, that a K-topological algebra can be
embedded into lim T g, and A (the closure of A)isisomorphic and homeo-

morphic to this inverse limit.

DeriniTion. The K-topological algebra A is K-compact, if every filter-
-base R = {r.}, which consists of classes of congruences of K, has the pro-
perty: NR=0.

A is called linearly compact, if every filter-base, consisting of- closed
classes of congruences has this property.

Obviously an algebra, which is linearly compact and K-topological is
always K-compact, but the converse statement is not true.

- ExaMPLE 2. Let S be the semigroup of the positive integers with the

multiplication and with the K-topology generated by K ={0}. Let x="
=y(Q,) if and only if x, y=n or x =y. Q, is a congruence of S for every

positive integers 2. The classes Q, (n) are closed, but NQ, (n) @. S is clearly
K-compact, but it is not linearly compact.

LEMMA 2. If A s K-compact then it is complete.
PROOF. Let {r.} =R a Cauchy-filter, let the set Q = {K.(x)[3r.&

CK, (x.)}. Since R is a Cauchy-filter, there exists a class for every K, such,
that K, (xu)EQ : .



LINEARLY COMPACT ALGEBRAS .. 133
I 1 ’ ] T

We prove, that Q is a filter-base:

~ Let r,& K, (%), rsS Ks(x5). There exists a K, such that K, K.NKj,
and the assumption that R is a Cauchy-filter, implies that r,c K, (x,) for
some x, and r, €R. Let x an element of r, Nr.Nrp. For this element we have
K. (6) = K. (¥), Kp()=Kp(x) and K, (x,) = K,(x). Thus K,(x)2r,,
consequently K, (x,) =K, (x)€Q and Q is a fllter-base

The eIements of Q are classes of congruences belonging to K, such that
NQ is not empty. Let z be an element of the intersection. We can erte every
element of Q in the form K, (2).

Since Q contains at least one class of every K., every neighbourhood of
z contains an element of R. This implies, that every 7, contains the pointz.

CoroLLARY 1. If A is K-compact then A=limT, « in algebra1cal

and topological sense.
This fact is an immediate consequence of Lemmas 1 and 2.

REMARK 4. If A is a linearly compact algebra, and the topology is
generated by the set K = {K,}, then the algebras A/K., are linearly compact.
But the converse of Corollary 1 (if A is inverse limit of T, x, the algebras
in T, x are linearly compact, then A is lmearly compact) is an unsolved
problem.

Lemma 3. If the K-topological algebra A has the minimal-condition
— that is every descending chain of -congruences is finite —, then it is
discrete and linearly compact.

Proor. The fact, that there exists a minimal element in the set K =

= {K,}, implies, that A is discrete. Let K, {x,} be a closed filter-base in A.

Among the congruences of this filter-base there exists aminimal K. Itis easy

to see, that every element of {K,(x,)} contains the class of this minimal
congruence. Hence the assertion follows ‘trivially.

DerintTioN. The K-compact algebra A is K-compact in the narrow
sense, if the factoralgebra A/Q satisfies the minimal-condition for every
open congruence Q.

Using Lemma 1 and 2, as immediate consequence of the definition can
we have the next: '

CoRrOLLARY 2, If A is a linearly compact algebra in the narrow sense,'
then A=limT, g, (in algebraic and topological sense) and the algebras in

T, x satisfy the minimal-condition.

§ 2. K-compact semigroups

LetSbea semigroup with 0. We define S° = S, Sri1=89.8 and §* =

= N S« whenever y is a 11m1t01dmal Clearly there exists an ordinal §
a<ly

such, that $# = SP+1. :
DEFINITION. The semigroup S with 0 is called g-nilpotent if S = 0,
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TeEHOREM 2. The semigroup S with 0, is w-nilpotent if and only if
there exists a set of congruences K = {K.}, such that S is K-compact and
every S|K, is niipotent.

PROOF. Let the semigroup S with 0 w-nilpotent. Let K = {S"}. S" is
ideal of S, NS™ =0, consequently the Rees-factors belonging to this ideals
generates a K-topology. It is easy to see, that S, equipped with this
K-topology, is K-compact: If every element of the filter-base K, (x.) con-
tains at least two element, then every K, (x,) is an ideal of S and contains
the 0. If there exists a class consisting of one element of S, then every .
K. (x,) contains this element.

On the other hand, let us suppose, that S is not w-nilpotent and there
exists a set K = {K,} such, that S is K-compact and every factor S/K, is
nilpotent. Since S is K-topological, there exists a congruence K,, such, that
K. (0)R §", for every natural number 1; By the assumption is S/K, nilpotent,
that is (S/K,)™ =0 for a sultable m. Consequently K.(0)28™, and this is a
contradiction.

CoroLLARY 3. If the semigroup S with O is w—nilpotent, then S is the
inverse limit of nilpotent semigroups S,,. More precisely, we can create an
inverse system @ = [S,,II*], such that every S, is nilpotent, |{S,}| = &,
and S = th : o

DEFINITION A K-topological semigroup is Rees-topological 1f K con-
sists of Rees-factors.

REMARK 5. Such a semigroup is K-compact 1f and only if 1t has a 0-ele-

ment. We have proved the if part of the statement in the proof of theorem 2.
. Let us suppose, that S is a Rees-topological semigroup, let 7 a set of -

ideals, and let the topology of .S generated by the Rees-factors belonging
to I. Since the-intersection of two ideals of a semigroup contains the
product of this ideals, this intersection is non- -empty. Since the set of the
Rees—congruences generated by I is a filter-base, the set I is also a filter-
-base. Clearly every [ is a closed set, consequently NI#0. NI has at
most one element, (the space is Ty), say {x} = NI.

For any yeS yx=ynIc ﬂyIC NI=x and analogousy yx X,
thus x is a O-element of S.

DEFINITION. A’ Rees- compact semigroup S is Rees- compact in narrow
sense if it satisfies one of the next equivalent statements:

(i) If I is an open ideal of S, then the Rees-factor S/I satisfies the

minimal-condition: for two-sided ideals. -
(i) If /is an open ideal of S, then the natural homomorphlsm $:81-+S/1

is open, for every Rees- topology of S/I.

We have to prove, that (i) and (i) are equivalent.
Since S/I has a minimal ideal, it is — if it is Rees- topologlcal — dis-
- crete, analogously to Lemma 3. Consequently the natural homomorphlsm

‘is always open-continouos.
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- On the other hand, let Q,2Q,20Q,2 ... a descending chain of ideals
of S/I. Since [ is open, we can choose [ such that NQ, = 0. The set {Q,}
generatees a Rees-topology on S/I; this topology is not finer, than that
induced by the topology of S, consequently the natural homomorphism is
continouos, considering the topology generated by Q. According to the
assumption, this homomorphism is open, thus the topology generated by Q
is discrete, that is, some Q is equal to 0. (The set {O} is an open nelghbour—

hood of the point O thus it contains any Q).

. REMARK 7. It is not hard to see, that a Rees-topological semigroup
which is’linearly compact in the narrow sense, is always Rees-compact in
the narrow sense, The converse statement is not true, it is easy to create a
counter-example.

, Let us consider a semigroup with 0, S; §¢ = NS7 is a closed twosided
ideal of S, and the Rees-factor semigroup S/S« is clearly o-nilpotent.

Se contains every regular element (in the sense of von Neumann) of S;
if we assume, that every element of S is regular, we obtain that S has an
idempotent ideal 7, such that J is union of groups and S/I is inverse limit of
countable nilpotent semigroups.

_ We can consider a Semigroup S not only as a binary algebra, but as an

unary algebra with the operations f,, where f, is the left (or rigth) mulitipli-
cation with the element s. We can define the left Rees-factor to any left
ideal L, as the congruence: ¢=0 if and only if a =5 or a, be L. It is not
hard to see, that if S is K-compact in the topology generated by the left .
Rees- factors {L.} =L, and I is a subset of L consisting of two-sided ideals
(Rees-factors), then S is I-compact in the Rees-topology generated by I if
I generates a topology. Analogous statement holds for the property of
K-compactness in the narrow sense.

DEFINITION. Let S a semigroup, K = {K,} a set of left (right, two-sided)
congrugences, and let S K-topological as unary (or binary) algebra. S is
called hereditally left- (right- or two-sided) cancellative if every factor S/K
s left-(right or two-sided) cancellative. In place of “two-sided cancellative”
we shall write “‘cancellative”.

" LEmMA 4. If the semigroup S has the minimal-condition for left ideals
and it is right cancellative, then it is a left group.

Proor. Sa* is a left ideal of the semigroup S and Sa*>Sd**+*. Since
the set of left ideals {Sa*|k€w} has a minimal element, Sa* = Sa**! holds
for some k. The equality xa*** = ba* is solvable for every 0. (In a right
cancellative semigroup a* =0 implies a = 0.) Since S is right cancellative,
the equality a-x = b is also solvable for every a=0.

CorOLLARY 4. A cancellative semigroup S, which has the minimal con- .
dition for left and right ideals, is a group. (May be a group with 0.) ‘
Let S be a commutative, hereditally cancellative semigroup, which is
K-compact in the narrow sense. We know, that in this case there exists an

inverse system Q = [S“',Hf | such that every S, has the minimal-condition for
congruences, and every S, is commutative and cancellative, In account of
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. Lemma 4 we can see, that every S, is a group (wich may possess a 0-element).
It is not hard to see, that every S, or S,\0 is an Abelian group with minimal
condition for subgroups.

By a theorem of Kurosh (Fucus [2] p. 65.) such a group S, can be
written in the following form:

ZEBC(p) where O<mn,=< and for n.<ooc(p§‘i)

is the cyclis group with order nl, for n;, = oo C(pi?) is the P1ufer-group
(Fucus [2]).
Thus we have

THEOREM 3. If the commutative semigroup S is K-compact in narrow
sense and hereditally cancellative, then there exists an inverse system [S,, ITt]=
= Q such, that S = lim'Q and every S, is an abelian group (or a group with
0), with the following(_strucz‘ure: S. (or S.\0) is the direct product of a finite
collection of groups C(pi), where 0<n,< o and C(pi) is as above.
THEOREM 4. Let S be a K—compact semigroup with unity and satisfying
the following property:
(%) : vU.(e), x€S

there exists an n such that x"€ U. (e), where U, (e) is a neighbourhlod of the
-unit. Such a Semigroup is always a group, there is an inverse system =
= [G,, ITZ] such, that every G, is a torsion group. ,

Proor. S is K-compact, consequently there exists an inverse system
Q = [G,,I1%] such, that S = lim Q. It is easy to seg, that every G, is a group,
and every element of G, has tinite order. (x"€U,(¢) implies K, (x") =

= K, (e), and K, (e) is clearly the unity of G,). A semigrouphomomorphism
of a group is always a grouphomomorphism, consequently S is a group.
- REMARK 7. S may have elements of infinite order.
REMARK 8. It is not hard to see, that a K-compact semigroup Wthh is
inverse limit of torsion groups, has the property (*).

THEOREM 5. Let S be a commutative semigroup‘. If S has property (*)
and it is K-compact in the narrow sense, then there exists an inverse system

K
Q =[G, IT}] such ihat every G, is a group of the form G, = > &C(p{"),
’ i=1

where 0<n;= w and the groups C(pi?) are defined as in Theorem 4.

Proor. Used Corollary 2 and Theorem 4 we can obtain, that there exists

an inverse system Q =[G, [I¢] such, that G,-s are Abelian groups with
minimal- condition According to the cited theorem of KurosH, every G, has

the form G, = Z @ C(p? ) where the meaning of C(p{%) is determined in
=1
the Theorem 4 T
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- LEAST-SQUARES SOLUTION FOR N-PERSON:
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In this paper N-person games are considered in which each player has

several performance indices. In other words, at the same time, several

- N-person games are played on the same strategy sets. The single N-person

~ games have, in general, different equilibrium points. In [8] solution con-

cepts wereintroduced for antagonistic two- -person multicriteria games. In this

note one of these concepts is generalized. This solution consists essentially

in minimization of the mean-squares deviation of the single pay-off functions

from their equilibrium values. This way of defining a solution for multicrite-

" ria games is a game-theoretic adaptation of a scalarization process used»m
multicriteria optimization ([5]).

First, in § 1. the notion of the least-squares solution is introduced and
its basic properties are established. In § 2., as an illustration, certain N-per-
son linear multicriteria differential games are considered. An existence theo-
rem, necessary conditions and bang-bang principle are obtained concerning
the least- -squares solution of these games. In § 3. the problem of finding the
least-squares solution for the considered d1fferen’ual games is reduced to the
solving of a non-linear equation system. - .

For the brevity the proofs of some theorems are omitted.

§ 1. Least-squares solution.
Existence and basic properties

Let @, be an arbitrary nonempty set, considered as strategy sets for
the kth player (k=1,...,N), -

N
i:% U~R (k=1,...,N)
k=1 : .

a given function, the pay-off function of the ktt player in the N-person
game '
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N
r,-z[x @ék,li},
k=1
where If:= (I, ..., Iy). Define F,:=(I%, ..., %), and I:=(Iy, ..., Iy)-

The collection _

N
k=1 :

is said to be an N-person multicriteria game with the strategy sets U, and
vector-valued pay-off functions 7, for the kth player (k=1, ..., N).
The existence of an equlllbrlum point (in the sense of Nash) for the

scalar games I'; is garanteed by the following classical theorem (see e.g.
[6], § 23., Th. 2.) ’

THEOREM 1. Let A, ...,y be nonempty compact and convex straiegy' A
sefs in a locally convex Hausdorff linear topological space, and

N .
Jie: X @U—~R
T k=1
continuous pay- off functions such that the function u, —~f, (g, « . .y Uy <« ., UNY
(uk €@Uy) is quasi-concave for every fixed 1u;€,;, j=k. Then denoting f:=
fln . »fk)) the game

N
[X Uy f]
k=1 :
has an equzlzbrlum point,

For the definition of the solution of the game I" suppose that for all I';

(i=1,. n) an equilibrium pomt (i, ..., uy) is given. Denote I} : =
= I (ul, oy and L= (1, ..., 1), and define the functions

k()= LU, ..., u;c 1 U Uhrqy <oy k) (W €WU)

and ¢, = (¢}, ..., 0 (k=1,...,N). Obv10usly max (pk(llk) I,

uy €Y

DEFINITION The point (U, ..., Uy€ >< @, is said to be a least-squares:

(L —8) solution for the game I, if it mlmmlzes the function
N
(M Jy, - uy) = Z |9 (i) — I |2, [(”1’ S UN)E X (%k] .
. k=1 k=1 -

REMARK 1. The L—S solution depends on the choice of the equilibrium:
point of the games I'";. We shall see that for a certain class of linear differen-
tial games these equlhbrlum points are unique.

The basic properties of the L—S solution are established in thefollow-
- ing theorem, the proof of which is omitted. :
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THEOREM 2. : K

(@) If each I'; (i = 1, ..., n) satisfies the conditions of Theorem-1., then
1" has a L —S solution. :

(b) For any L—S solution (uy, ..., uy) of I' i, is Pareto optimal (in the
sense of maximization) Jor o (k=1, .

©) If (g, ...,uy) is an equzlzbrzum point for each I'; (i=1, ..., 1),
then (uy, ..., uy) isal— S solution for I

§ 2. Differential games.
Existence and bang-bang principie

The following statement can be proved using the standard tools of the
functional analysis.

LEEMMA. Let UcR™ be a nonempty compact, convex set, Lp: =
= L2([0 T}, R’") and define v ‘ .

(2) WU ={uclp . u()eU forae. tc[0,T]}.
Then U is weakly compact in the space LT
Let A be an nXn matrix, By nxm matrices (k=1,...,N), and

O=dicR" given vectors (i=1,...,m k=1, ..., N). For glven nonempty
compact, convex sets Uchmk define -the strategy sets

U cLype: = L, ([0, T], R™)
as in (2): ‘
(3) Uy s = e Lfe: ()€U, forae. tc[0,T]}.

On the fixed time interval [0, T'] consider the following N-pefson multierite-
ria differential game:

) | * = Ax+ % Bk. 1 i,
k=1
©) X0 =
(©) TGty oy tin): = (@l KT, (s - - )€ X Uy

k=1

where x denotes the trajectory corresponding to the control 'strategies
(U, ..., Uy). Further on, taking in account the notations of § 1. and (4)—
(6), denote

N ’ N '
Fi:=[>< (Zlk,l"] and F:z[x (Zlk,I].
k=1 ’ =1

By means of the Lemma the following existence theorem can be proved.
THEOREM 3. The game I' has a L. —S solution.
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It is'not hard to prove the following theorem concerning the existence,
‘uniqueness bang-bang principle for the games I';.

THEOREM 4. Let U, cR™ in (3) be convex polyhedra such thai trzples A,

By, U, satify the condition of general position for k = 1 N. (1], § 17)
Then '
(@) eachgame I'; (i =1, ..., n) has a Lmique equilibrium point (Ui, ...,

.., uk) satisfying the condition ,
(Wi (0), B uj () = max Wi (), By forae. t€[0,T],

where vy} denotes the Solutlon of the ad jomt system p = — A" ¢ with the end-
-point condition vi,(T)=d,. (i=1, ..., m; k=1,..., N),

(b) the equzlzbrzum poznt (i, .. uN) consists of pzece wise constant con-
frols uk (i=1,. n,k_l,...,N),

(c) if, besides, U, = >< [, 8], and A is symmetric, then the j*® coordina-

=1
te of the equilibrium control ul takes only the values o and ,8" with at most n—1
switching points (i =1, ...;m k=1,...,N).~

§ 3. Fiﬁding L —S solutions for linear differential games

For the simplicity we shall consider only two-person (nonzero-sumy
games, with scalar controls.
Let U;=U,=[—1, 1], and let

Uy = Uy = {ueLy ([0, T], RY), Ryc[—1, 1]}

Let A be an nxn matrix, B,, B,cR", di, d;eRﬁ (i=1,...,n) given
column vectors. Denote by 1" the following two-person multicriteria dif-
_ferential game. ,

o) ' % = Ax+ B u,+ By u,,

®) s x(0) = 0 |
(9) - ];c (ul.! Uz) - = <d;{,X(T)>, (ul’ u2)€ (lll X(Z[Z 4

(i=1..,m k=12).
Then Theorem 1. implies the existence of an equilibrium point (u}, ub) for
I'; (i=1, ..., n). Further on, suppose that A, B, U, and A, B,, U, satisty
the condition of general position. Then Theorem 3 implies the uniqueness
of the equilibrium poeints (ui, ub). _
Put Q(f): = eAT-D, (teR), and define the 3nX 3n matrix
A [A 0],
lo o

and the 3nx2 ﬁlatrix
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(di, A1) By) 0

DO): = | @ oHBY 0 |, (eR).
-0 (3, Q1) By)

L o wmonsy.

- THEOREM 5. Suppose that the equilibrium points (uy, ub), (i=1, ..., ny
are not all the same, and let A, D and [—-1,1] satisfy the condition of general
position on an open interval including [0, T] ([1], § 23.). Then

(@) every L —S solution (i1;, U,) of I' consists of piece-wise constant controls;

(b) if, besides, both the vectors di and the vectors di are linear independent,
moreover not all ui and not all u} camczde then for a symmeric matrix A the
optimal controls i, and Ui, have at mosl n—1 swilching points;

(c) in the general case, if it is known that the optimal controls have at most
s switching points, the problem of finding all extremals reduces to the solving a
system of non-linear equations constructed in the proof of the theorem:.

Proor. The proof consists of several steps.
1. Reduction of the functional. Denoting

<dk, Q(t) By u}(t) dt>

<d Q(z‘) B, u} (t) dt>

for the equilibrium values of the gamies 1“,- we obtain
=, u)=Ki+L, (k=1,2i=1,...,n).
- Straightforward calculations show that the minimization of the functional
Jy, u,) = Joy (u) = L2+ oo (1) ~ L |?,
(11, uy) €Uy X U,
is equ1valent to that of the functional

Jou, ) = i {[ f (d, Q(t) By u, (1)) dt] —

i=1 0

— 2K} fT (d3, ) Byu, (1)) dt -+ [ fT (dy, Ql(ﬂ By u, (1)) df‘r -
0 ) 0

T N B
2Ly [ (s, 90 By () df}  (, w) €Uy XUy
0 .
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2. Extension of the system. The functional JO is neither integral, nor
terminal functional for the system (7)—(8). However, it can be transformed
into a terminal functional by an appropriate extension of the system, which
makes us possible to apply the Pontryagin’s maximum principle. Let

"Xt (t) [ x()]
xt):=| - |= y@ . x()eR"XR"XR".
Lx°" (£) (1)

Introducing the new equations
i) = (a’i, QW) B u, (), ¥ (O) =0 (i=1,...,m);
2(t) = {d}, Q) By u, (t)), 2(0)=0 (=1,...,n),.
and denoting '

we obtain the control system :
(10) X = Ax+Dw, x(0)=0, well,xU,.

Then the functional j®is equivalent to the terminal functional, generated by
n
an Gx): = > ' —-2K iy + [P - 2L 27,
i=1 - .
ie.

JO (W, ) = J° (W) = G(x(T)),
where X is the trajectory, corresponding to w.

3. Applzcatwn of the maximum principle to the extended system.'T he ad-

joint system of the problem (10—(11) for the function ¥ = (LT ¢) has
the form '

(12) 'I}z—A’!F, 7=0, £=0
" On the other hand ‘
Gx(X) =0, ...,0, 22 —2K%, ..., 2yn 2K§, 221—2L%, ..., 22— 2L%).

Applying the maximum principle in the needed form ([3], Th. 5.10, Th.5.11),

for the adjoint solution ¥ figuring in the maximum prmmple we have 'I’(T) =

= —Gx(x(T)) i.e. ¥, (T) =0, n,(T) = 2Ki —2y'(T), {;(T) = 2L, —22(T),

(i=1,...,n), where y', 2! are the components of the trajectory correspond- :

ing to the optimal control (i, u,). Thus the solution ¥ of the system (12)
-satisfying the end-point condition E’(T) - —Gx(x(T)) is constant.
¥ is not a trivial solution. Namely, the triviality of ¥ implies
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y® =t f [ 208, i (Dt = Kis 2 (1) =

- <d ’ .Q(t)B i, (f) dt>

(1:1, co ).
Moreover, by the definition of the equilibrium point, for any u, €@,

<d Q(t) B,u, () dt> <d Q(t)B 1L (f) dt> -

"‘11(111’ )<Il(u1: 2)—K1+Ll—

= <d Q(t)B i, () dt>+L
that is

(13) <d;, fT () B, u, (1) dt> = <d;, fT Qt) B, 1y (¢) dt> .

This implies that
I(uy, u) =1 (i, u,), (we@), (i=1,...,n).
In a similar may we obtain

I (uy, ug) <1 (y, ), (Ua€Uy), (i=1,...,n).

Thus, by the uniqueness of the equilibrium point for I';, (i1;, iI,) = (1}, ub)
i=1, , I, which contradicts to the conditions of our theorem.
Accordmg to the maximum principle, the nontrivial adjoint solution

¥ and the optimal control w = (i1, U,) a.e. satisfy the following maximum
relation.

(14) @0, DO W) = max (#(0), DOw).

Although, ¥ depends on the control the 1dea of the proof the bang-bang
- principle for time optimal control of nonautonom linear systems applies
([1], Th. 15.). Thus u, and u, are (up to a.e. equation) piece-wise constant
taking only values +1. The statement (a) of our theorem is proved.

For the proof of the statement (b) rewright the right-hand side of (14)
in the form

@ DOW) = 3 11, (T) (@, 20) By ) +,(T) dy, ) By )] =

a5 =20 zl )k B>+ {20 zl 0T by Bty

10 ANNALES — Sectio Mathematica — Tomus XXI.
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Now, if in (15) e.g. n;(T) =0 (i =1, ..., n), then, as in the proof of state-
ment (a), we obtain (13). Thus, adding the term

<d Q(t) B, (f) dt>

to both sides of (13), we have

I (uy, ug) =15 (g, 1)
for u,c@, and i =1, ..., n. On the other hand,
(16) 1 (uh, up) =14 (u, u})

for u,€@, and i =1, ..., n. Because of the separability of I} (1, u,) in 1
and u,, from (16) it follows that

I (i, up) =1 (uy, uh)

for uze(liz, i=1,...,n Thus (i, u2) is an equilibrium point for I";, which,
by the uniqueness 1mphes u, =ui i=1,...,n This contradicts to the con-
ditions of our theorem. Therefore, because of the linear independence of the

: n
vectors df i =1, ..., n, ' (f) > »,(T)d} is a nondtrivial solution of the sys-

i=1
tem adjoint to (7). Consequently, as in the case of time optimal control, for
a symmetric matrix A we get that the number of switching points in the
control function u; is at most n—1, which is also obtained for u, similarly.
The statement (b) is proved.

4. Finding extremals. The problem is not standard in the sense that

¥ in (14) depends on the control. Using (15) the maximum principle is of
the form

520 3 nm|mo+[B20 3t g_T) 45] 1y () =
= max {[B;Q’(t)i:jl ni(r)] u1+[B;Q’(t) ; C,.(T)d;]uz}\

(uy, ug) U X Us

where
i (T) = 2K{ —2y!(T) = 2K} -2 f [BiQ ) di]u, (Hat,

(T = 2L, —221(T) = 2L’ 2 f [B; @ (f)dL]a, (f) dt .

Assume that both u; and u, have at most s switching points: 0<z,=<...=<
=1,<T and O<o;=...=o0,<T respectively. Further on, considering e.g.

1, put
() = (=1, te@pry), ((=0,1,...,9),
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where 7,: =0 ,7,,,: =T, and u is a parameter taking the value O or 1.
Then the end-point condition for the adjoint solution, as a function of the
switching points, has the form

41
s
n,-<T>=2Ki—2z<—1>ﬂ+lf319'<t)d§dt=
=0

I

HES
=2K§-22<—1)ﬂ+1(fQ’(t)dt)dfl::eé‘(rp )
1=0

¥
The functions gf are known quasi-polynomials for every i and . Further,
introduce the notations

M:={geR :O<ty=<...=7,<T},

B(t): =Bl ()3 o' (mdi, (t(0,T)),
{=0

. T4
s—1
of (T, ---,%'s_l):=2K§—22(_1)¢+z.31(f.Q'(t)dt) i
1=0
“t
M:=f{FcR:0<T,<...<7,_,<T},

PE®O: = Bi2 () S d@dl, (1€, T)).

Case (). If there exists no z¢M, such that B“(z) =0, (=1, ...,5),
then an extremal control of paramerer u can be only 1, (f) = (— 1y, te [0 T}
The extremality of this control can be immediately verified.

Case (B). Let zcint M, B* (%)) = 0, ({ = 1, ..., 5). Then the function sign
P (1), t(0, T) is an extremal control of parameter p if and only if the func-
tion B*, beginning at (—1)#, changes his sign subsequiently at the points 7
(=1 ...,s

Case (y). Let 1€ M be a boundary point, and () =0, ({=1, ...,5).
Then some coordinates of the point 7 are equal:

Ty = oo =T<Tpp1<...<Thps = ... = Tl,<Tig+1 -+ - =np =Tg.

Now the function sign P* is an extremal control of parameter u with £,
switching points if and only if B, beginning at (—1)# changes his sign sub-
sequently at the points =y, Ty41, ooy Tty -+ o5 e

Obviously, by means of criteria (oc), (,3) and () we can obtain all ex-
tremals of parameter w havmg a switching number s’=<s, where s—s’ is
even. Indeed, if 7;<...<wvs" are the switching points, then the vector

10%
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1 =T, ..., %, ..., )EM satisfies the equations B'(r)=0 (/=
=1, ...,8). Then extremal controls of parameter y having s" switching
points, where s—s’ is odd, can be obtained from the solutions of the equation
system P7(7) =0 ({ =1, ..., s) on the set M, applying considerations (),
(B) and (y) mutatis mutandis. :

Applying similar arguments to the control u, (with a sign parameter
» = 0,1) we obtain all extremal controls w(f) (€ [0, T ]).

If the number of extremal controls is finite (this is “expected”, since

both the number of equations of the type P“(z) =0 (=1, ...,s) and the
number of unknowns are equal to s), then by comparing the values of the
functional J° we get the optimal controls w, i.e. the L—S solution of the
considered game.

The proof of Theorem 5. is complete.

REMARK 2. For the case of N-person games with vector control func-
tions the proof of Theorem 5 is similar, only the description of the ex-
tremals is more complicated.

REMARK 3. The assumption that the equilibrium points (124, u) are not
all the same, is not strong. Indeed, in the contrary case these idendical
equilibrium points give a L —8 solution of the game.

REMARK 4. If the functionals I} does not depend linearly on the end
point of the trajectory, then in the functional J the terms depending on
u! and ui can not be omitted. Thus, these piece-wise constant functions
figure on the right-hand side of the extended system. In this case, convert-
ing the terminal functional into an integral one, the maximum principle
applies on each continuity interval.
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DIE KONJUGIERTE GITTERFORMIGE INKONGRUENTE
KREISPACKUNG DER EBENE

Von

MARTA HOLLAI

Lehrstuhl fiir Darstellende und Projektive Geometrie
der L. Eotvds Universitdt, Budapest

( Eingegangen am 24. August 1977 )

Eine Punktmenge M’ wird konjugiert zur diskreten Punktmenge M
genannt, wenn M” aus den Eckpunkten der Dirichletschen Zelle (D-Zelle, s.
{17) von M besteht.

Uber konjugierte Packung der inkongruenten Kreise sprechen wir,
wenn wir um die Punkte einer Punktmenge Einheitskreise und um die
Punkte der konjugierten Punktmenge Kreise mit gegebenem Radius r
schreiben.

In dieser Arbeit kniipfen wir uns an unseren friitheren Artikel [2] und
wir bestimmen die Dichte der dichtesten inkongruenten konjugierten Kreis-
ausfiillung der Ebene abhdngig von r, wenn die Punktmenge M ein Punkt-
gitter ist. Dieser Problemenkreis wurde von JENG HorvATH aufgeworfen.

In der Ebene geben es zwei Gittertype:

1. Das rechteckige Gitter, wenn die D-Zelle Rechteck ist. In diesem
Fall bilden M und M’ ein Doppelgitter.

2. Das primitive Gitter, wenn die D-Zelle Sechseck ist. Der Durch-
schnitt eines Grundgitterparalellogramms mit den betrachteten Kreissyste-
men ist natiirlich ein Einheitskreis und zwei Kreise vom Radius r.

Satz 1. Die Dichte der konjugierten rechteckgitter firmigen inkongruentert
Kreisausfiillung der Ebene ist hichstens

2 —
vtr :I fiir O=r=y2-1,
r241 . =
4yr2+2r f .
r:+1 . =
- ur ler]/Z—f-l
4ryar+1 f ’
2 —
Skl fiir r=Y3+1.

4r?
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Die Angabe des Gitters, womit die dichteste Ausfiillung verwirklicht werden
kann, und die Funktion der maximale Dichte d(r) sind in der folgenden T abelle
auch anschaulich gegeben.

d,
032015
090589 |
08508 |
2 tim o
4. ——
0 Y2-1 067 ¢ 15 2 12:1 3 r
b
b
b
1 \
a 2 2r
bl 2 l 2V2rsf l 2r

Tab. 1.

BewEeis. Die Ecke der D-Zellen des rechteckigen Gitters sind die Mittel-
punkte der Rechtecke, so ist die konjugierte Punktmenge zum urspriingli-
chen Gitter kongruent, d.h. sie bilden ein Doppelgitter.

Der Flidcheninhalt des Rechtecks von der Seitenidnge =2 ist minimal,
wenn es ein Quadrat von der Seitenldnge 2 ist. Die Behauptung des Satzes
ist also offenhar, wenn r=y2—1 ist.

Ist VE— 1<r=1, haben wir die Behauptung in [2] bewiesen.

Wenn r=>1 ist, dann ergibt sich die Behauptung aus dem Tausch der

Rollen der Punktsystemen.

Sartz 2. Die Dichte der konjugierten primitivgitterformigen inkongruenten
Kreisausfiillung der Ebene ist hichstens '

2 ~_—
a 2’;_1 fiir 0=r=Y12-3 01547, ),
23 |
2 —-— h__
- @rr+1)(r+1) fir V12 —3 e Yi7 -3
8Yrr+2r 3 “ 4

(=0,2807...),
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@+ 1) (r+1)2

AVor+1 (r+V2r33+5r242r)

wo r, die positive Lisung der Gleichung 8r3+3r2—2r—1 = 0 ist,

- @r2+1)(r+ 1)

fiir

sry@r+1y

. 2rr+1
6V3r?

fiir

Jfir ry=r=1,

r=1.

YI7T —3 =r=ry(=05334..
4

Dy

-Die Angabe des Gitters, womit die dichieste Ausfiillung verwiklicht werden

kann, und die Funktion der maximale Dichte d(r) sind in der folgenden
T abelle auch anschaulich gegeben.

di
035030 -——*\/
0,90889 -/ \ A
lind- T
o VB3 ﬁ;7—3 7=0.53... TL
4 £
AN .
2 a a ] a z
|
4ror st
a 2 rid s
7
b| 2 pEER 2057 i
I 2qf€— r °
q/ab) 50 cas,;’—, arc cos - 50

Tab. 2
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BEWEIS. Wir wollen eine Ausfiillung bekommen, d.h. die Kreise kdnnen
keine gemeinsamen inneren Punkie haben, darum miissen die Seite des
Stiitzdreiecks =2 (s. [1]), die Seiten der D-Zelle =2r und der Radius des
Umkreis vom Stiitzdreieck =r+ 1 sein. Die Dichte der Ausfiillung ist maxi-
mal, wenn der Flicheninhalt des Stiitzdreiecks minimal ist. Diese Bedin-
gungen konnen auch so abgefaBt werden: wir schreiben ein Dreieck dem
Kreis K vom Radius R=r+1, Mittelpunkt O ein, dessen Flicheninhalt
minimal und die Seite =2 sind, und dieses Dreieck enthiilt einen Kreis k
vom Radius r, Mittelpunkt O,

Wenn rs—l/—l%f—:i ist, dann gibt das reguldre Dreieck von der Seiten-

ldnge 2 offenbar das Minimum.

Der Flicheninhalt eines Dreiecks, das einen Kreis enthilt, ist minimal,
wernn es ein dem Kreis umbeschriebenes reguldres Dreieck ist. Wenn r=1
ist, verfiigt dieses Dreieck auch iiber weitere Bedingungen, so ist die Be-
hauptung des Satzes auch in diesem Intervall offenbar.
y12-3

3
zuerst bestimmen wir das dem Kreis vom Radius R=r+1 einbeschriebene
Dreieck mit obgenannten Bedingungen, dann beweisen wir, daf der Fla-
cheninhalt des Dreiecks eine zunehmende Funktion von R ist, dann ist also
die Dichte maximal, wenn R = r+ 1 ist.

Wenn R=2 ist, dann ist rs—g— wegen r=R—1, darum existiert das

Im Intervall[ , 1] ist die Methode des Beweises folgendes:

dem Kreis K einbeschriebene, den Kreis k enthaltende Dreieck ABC. Wir
beweisen, dafl der Flicheninhalt eines solchen Dreieck minimal ist, wenn
zwei von seinen Seiten den Kreis k beriihren. Es seien AB=BC=CA. Wenn
AC den Kreis k nicht beriihrt, bewegen wir die Ecke A zu B dem Kreis
K entlang (Fig. 1.). Mit dieser Bewegung nimmt der Flacheninthalt des Drei-

ecks ab, weil AB= AC war. Wir kinnen erreichen, dab AC den Kreis k be-
rithren soll. Wir wiederholen die obige Bewegung mit dem Punkt B, wo AB
weiter abnimmt.
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Die Linge der den Kreis k beriihrenden Sehne ist

VR =1 =2Y(r+1)"—r* =2y2r+1=2.

Die Basis des Dreiecks ist 2 Einheiten lang, wenn R = Ryund r = R, —1
sind, wo Ry,>1 die Losung der Gleichung 8R3—-21R24+16R—-4 =0 ist
(Fig. 2.).

1 _ Ry,—1
2 VR(ZF‘(RO_ 1)2 Ro
8R3—21R2+16R,—4 =0,
R, = 15334 ...

sin ¢ =

y

Es sei R<R,. In diesem Fall bewegen wir den Punkt A wie oben, aber
den Punkt B bis zur Lage, wo AB = 2 ist.

Die Lange der Schenkel des gleichschenkligen Dreiecks, dessen Basis
VI7+1

eine den Kreis k beriihrende Sehne ist, wird 2, wenn R = i

= R—1 sind (Fig. 3.).

und r =

4

AO?>—-QOF?*+BF? = AB?,
(r+12-r24+C@r+12 =4,
Y17 -3
r=-—j—
Fig. 3.
VI7T+1 e . . .
Ist R< i kann auch die Seite AC den Kreis kK nicht beriihren.

In diesem Fall bewegen wir den Punkt A nur bis zur Lage, wo AB = 2 ist,
dann bewegen wir die Ecke C zu B bis zur Lage BC = 2.
Die Flacheninhalte der obigen dreierlei Dreiecke sind:

4ry(R*—r??® s r?
f].: (R2 ) =4I'I/R —7‘2[1—'1?],

5= 2yRi=p PHHEZDRD _gymapa iy,

4VR2—1
faz'_}%‘l—

. 1
= 2sin [2 arccos 7?—] .
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Ju f; und der erste Faktor von f, sind offenbar zunehmende Funktion von
R. Die Ableitung des zweiten Faktors von f, ist umzuschreiben:

_VR—r-—ryRe-1)"

I®)
RV R (R =)

Weil r=1 ist, so ist f’>0. Das Stiitzdreieck des die dichteste Ausfiillung
gebenden primitiven Gitters ist also dem Kreis vom kleinsten Radius R =
= r+1 einbeschrieben.

ANMERKUNG. Die D-Zelle ist ein reguldres Sechseck von der Seiten-
y12-3
3

ldnge =2r, wenn r = ist (Fig. 4.).
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Ist r = R,—1, sind zwei Seitenpaare 2r lang (Fig. 6.).

Ist r>1, dann ist die D-Zelle ein regulires Sechseck von der Seiten-
lange 2r (Fig. 7.).

Fig. 7.
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