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SPLINE FUNCTIONS AND CAUCHY PROBLEMS, VI.

APPROXIMATE SOLUTION OF THE DIFFERENTIAL EQUATION
3™ = f(x, y) WITH SPLINE FUNCTIONS

By

THARWAT FAWZY
Suez Canal University, Ismailia, Egypt

( Received September 13, 1979)

1. Introduction and description of the method

In the recent papers [1]—[7] the approximate solution by spline func-
tions of differential equations with given initial value conditions has been
studied. In this paper a method to approximate the solution of the initial
value problem y™ = f(x, ¥) by spline function is given, which generalizes
the results of [7].

Consider

(1) y® = fx, y)

where fe C7([0, b] XR) and re ]+, We assign to equation (1) the initial con-
ditions:

(2 Y(0) = ¥, ¥(0) = yg, ..., YD = yfr=D,

We can define the total g-th derivative of f w.r.t. x, expressed as a func-
tion of x and y only, as

) da @
3) —fx ) =72%:¥, ¢=0, I,..,r
dxq

which could be obtained from the algorithm:
JOUx, y) = f(x, 3)

for «=0,1,...,r—1
(@+1) _ 9 R
JeD(x, y) = — fOx, )+ f(x, ) — [Ox, y)
ox oy
where

de '
Ef(x’ y(X)) - f (x7 }’(x))

1%
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We assume that f: RXR-Ris defined and continuous with its first,
second, ..., r-th derivatives in

D:lx—x,| <a*, |yO—yP|<p, i=0,1,...,(n=1)

and in what follows the interval [0, ] is in D.
We also assume for (x, ¥), (x, ¥,) and (x, y,) in D

[P, =M, ¢=0,1,...,r
and the Lipschitz condition

) |f9x, y)) = f9x, y)| =Ly, =y, ¢=0,1,...,r.

Let y: [0, b]—~R be the unique solution of (1)—(2). Our purpose is to
construct a polynomial spline function of degree m=2n+2r+1 approxima-
ting the solution y on the interval [0, b]. This spline function will be denoted
by s4(x) where 4 is the mesh points

A:0 =Xg<Xy<...<Xp<Xjy;<...<Xy=2Db

and x, ., —x, =h k=01,...,N=-1).
If we integrate equation (1) (n—1i) times, i =0, 1, ..., (n—1) from x,
to x where x,=x=x,,, and then putting x = x,,, we get
) ) n—i—lylgi+j) .
(5) yi = YO0 = > T
=0 J!
Xp 41 fh-i1
. f P V(o)) oy . .
(n—i)times
Xx Xx
The relation (5) gives the values of the exact solution and its i-th derivatives
atx =x,,,wherei=0,1, ..., (n—=1).Ifi =n, n+1, ..., n+r then the
exact values of the higher derivatives, using the definition (3), will be

(6) y§fn++1q) = f(q)(xk+17 yk+1)’ q = Oy 1) ool
and the corresponding approximate values are defined as
(7) }_/ftr-ll:‘iq) = f(q)(xk+1’ yk+1)r q = 01 1’ Y4

where ¥, is the approximate value of ¥, and it can be obtained from the
following defintion:

We define the approximate value of {2, as 32, and it will be given from
the relation:

Xjeal fn_j-1

(8) . T yEE_)) Gty .. dty
(n—i) times
Xk Xk
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wherei =0,1,...,(n—1)and

n+r

S0 ,
) yiy = 2 yjk' ~(t=x), xp=t=Xp,,.
j=o !

Here, it is convenient to write down the Taylor polynomial of the exact
solution for X, = t<x,{+1 as

0 0 ="5 I oy S g

X< & <X, 41, Which will be used later.
We start the calculations by using the substitutions

FP =3P j=0,1,...,n4r.

2. Error estimations

Let e{)), denote the error at any point x, ., of A.i.e.:

(11 el = |y =i
i=0,1,...,n+randk = 0, , ..., N—1, then we can introduce the follo-
wing lemma:
LEMMA 1. For n=i=<n-+r the inequality
(12) el =Leysy

is trueforall k=0,1,...,(N=1).

Proor. From (11), using (6), (7) and the Lipschitz condition (4) it is
easy to get the result.

Now, our main task is to seek about the errors e{), forO=i=n—1 only,
and for this purpose we introduce the following defmition regarding the
inequality of matrices:

DeFINITION 1. Let A=[g;;] and B = [b;;] be two matrices of the same
order. Then we say that
A=B
iff:
i) a,;and b;; are non negative numbers.
i) a;;=b,;forall i j.

THEOREM 1. Let y, (i = 0, 1, ..., n—1) be the exact values of the solu-
tion of (1)—(2) and its derivatives at x,,,. If the corresponding approximate
values Y1), are given by the formula (8), then the error is bounded by the inequa-

lity
= Vi =Pl s e

which holds for all k = 0, I, ..., N—1. Here ¢; are constants independent of
h and w(h) is the modulus of continuity of y+7) (x).




6 THARWAT FAWZY

Proor. By using (11), (5), (8), the Lipschitz condition (4), the expansion
(9) and (10) it is easy to get

n—i—1 o(i+j) n+r )
= > LWLy iy
j=0 ! j=0 (]+n-—l)!
L .
(3 (e
@n+r—i)

If we used (12), then last inequality can be written in the form
e, = el (1 + ayh) + ae "™ +ape i L g, qelimDR1 L O
Qa8+ 00T L eI L+
(14) + QgD g by (R)RR T

Using definition 1, the inequality (14) for i = 0, I, ..., n—1 takes the
matrix form

[exsr [=T(+aph) auh agph* -+  ay "1 e T4
Cr+1 aohn=t (L 4+agh) ah - - ay 2 e
eﬁcr-lli_ll) Qp_1ofl  Qn_y 1h2 e e (1 +an_1n_lh) e’gn.—l)
+b*60,(h)h”+'+1 hn—1
hn—z
h
1
Otherwise,
(15) E..=(,+hA)E, +o,(h)++1 B

where [, is the n-th order unite matrix, A = [q;;], 4,/ =0, 1, ..., n—1and
B is the n X1 matrix B = (b*b*. . b*)T Obv1ously b — max b; Applying

O=i=n—1

the principle of successive substitution, (15) reduces to

(16) Eyr =+ hAYHIE, + o (R)hrtr+t. Z (I, +hA)-B

and with E; = 0 we easily get .

Epy =0 (H)ir+rC

where C is an n x1 matrix whose elements are constants independent of A.
Otherwise, :
C = betA.B

uad this completes the proof.
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THEOREM 2. Let y+9)(x, . ,), given by (6), be the higher derivatives of the
exact solution of (1)—(2) for g = 0, 1, ..., r. If the corresponding approximate
values y{"59 are given by (7), then the error is bounded by the inequality

gcrfiq) =(p +qwr(h)hn+r
which holds forallk = 0,1, ..., N—1.

Proor. Using the results of theorem 1 and the inequality (12), it will
be easy to get the proof.
As a conclusion of Theorems 1 and 2, we have proved that the inequality

(17 el =cw (hhn+r
holds foralli = 0,1, ..., n+randallk =0,1, ..., N—1.

3. Spline functien appreximating the solution

In this paragraph we construct the spline function approximating the
solution of (1)— (2) and we prove that this spline function is unique. Thus we
introduce the following theorem:

THEOREM 3. For the given mesh of points

A4:0 = Xg<Xy=<...<Xp<Xpyi;=<...<Xy =D
where
Xpar1— X = 1, k=01,...,N—1

and for given sets of approximate values

JO PP, .99, ¢=0,1,...,n+r

there is a unique spline function S 4(x)=S(y; X) interpolated on A fo the set'y
and satisfying the following conditions :

(18) S(7; x) = Salx)€Cr*r[0, b],
(19) S(x) = ¥4, S{Llxn) = ¥
whereq =0,1,...,n+randk =0,1, ..., (N=1), Also for
Xp=X=Xp4
20 Su) = S = 3 I et z A —x .
=

Proor. From the continuity condition (18) using (19) and (20) it is easy
to get

r+1
a1 n+Z+ ﬂ[p+n+r] ék)llp"l = F®
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where

n+r-—t S(j+1)
22) e e L

=0 J!
t=0,1,...,n+randk=0,1,...,(N=1). Here a®® (p = 1,2, ..., n+
r+ 1) are the unknowns to be determined. The system of linear equations (21)
in the unknowns a{” has a unique solution since its determinant D, 0.

Here,
D, = |d;l, i& =12,...,n+r+1,

g = ("7 o=
and it is easy to prove that

n+r
D, = hr2(n+r)ndr+1) H f!!
t=0

and this does not equal to zero since k0.
If we replace the p-th column in D, by the column

(F§p, F{o, .. ., F&)T
and denote the resulting determinant by D2, then the solution of the system
(21) will be
Dy
D

r

(23) al® =

, p=1,2,.. ., n+r+l
and after factorizing Df in terms of F{®, F{®, ... F{, thesolution (23) will
take the form

(24) aw = ! nirc F»
P hP=1 55 et

and this completes the proof.

4, Convergence of the spline function to the solution

Before we prove the convergence of the constructed spline function to
the solution of the differential equation (1)—(2), we first prove the following
lemma:

LEMMA 2. The following inequalities are true
A
o] =2 wi(h)

where A, are constants independentof handp = 1,2, ..., n4+r+1.
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Proor. Using (24) we get
1

he=1

n+r
(25) lag¥] = 2, Cul FI.
=0

Now, using the Taylor expansion of y®(x), i.e.:

n4r—t—1 (j+l) {(n+r)
26 BO(x) = Y7 X —X j+_y__._(§_"t_)_ X —x, yrtr—i
(26) YO j§> i (x—X) (Er—1) (x—x)

wherex, <g,<x,_,forallf =0,1,...,n+randallk = 0,1, ..., N—1. For
allx = x,,, we get

ntr—i—1 ylgj+t)

h]+ y(n+r)(£kl) hn+r—t
j=0 j! (n +r— t)'
and if we used this result with (22) we can get

¥y, =

F| < pt-n-r=f g "8 egtn
| F{9] = e+ )
. j=0

|y(n+r)(§kt) ——y,(‘"+')lh"+'Pt] .

hi+

jt
.
(n+r-0H

Using the Theorems ! and 2 and the definition of the modulus of continuity
of ytn*7)(x), then (27) becomes

(27)

(28) |FynscrE%@n t=0,1,...,n+r

where ¢ff are constants independent of &. Using the help of this result (28) in
(25), the proof of this lemma will be complete.

THEOREM 4. Let y(x) be the solution of (1)—(2) and let feCr([0, b] ¥R,
where rc I+, If S4(x) is the spline function constructed in Theorem 3, then
there exists a constant K, independent of h, such that

[y @) ~ SP(x)| = Kw (R)hr¥r =4

forallxe[0,b]andallg = 0,1, ...,n+r.
Proor. Using (26) and (20), it is easy to get

r— i (n —vin
ly(x) — SO)] S"J'quiﬁjj'q) gy ) —yEH0| -
i~ J (n+r—g)

n+r+1
4 Z q![n+;+p]lag{),hp+n+r—q.
p=1

Taking the help of Theorem 1, Theorem 2, the defi_nition gf the modulus of
continuity of y+7)(x) and the lemma 2, the above inequality becomes

1Y9() ~ SP| = ci*w, (yhr+r=e
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where ¢F*(q = 0, 1, ..., n+4r)are constants independent of /. Taking K =
= max c;"* @=0,1,...,n+r), we get

|y@(x) — SO(x)| = Kw, (Iyh"+7—4

and the proof is complete.
THEOREM 5. If S(P(x) denotes the function

() = f(x, Salx))

where S(x) is the spline function approximating the solution of (1)—(2) and
constructed in Theorem 3, then for any x€ [0, b] we have

|S§2(x) — SP(x)| = M*w, (h)hr

where M* is a constant independent of h.
Otherwise,
lim S§(x) = f(x, S4 (x)).

n—>oo

Proor. We have
1S$() ~ S | = 18(x) =y )| + [y7() —SP()| =

= 1/(% Sa(x)) = £ (6, ye) | + 1y = SP )1
Taking the help of the Lipschitz condition and Theorem 4, this becomes
1SE(x) — S (%) | = LKw (h)h"+7 + Kw (h)h" = M*w (h)hr.
Hence the proposition.
REMARK. We have proved that the method is stable in [8].
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EINE BEMERKUNG UBER GEWISSE NULLMENGEN VON
KETTENBRUCHEN

von
G. RAMHARTER
Institut fiir Analysis, Technische Universitat, Wien

( Eingegangen am 30.9.7987)

Ist a eine beliebige natiirliche Zahl, dann ist bekanntlich fiir fast alle
reellen Zahlen x€(0, 1) die mittlere Haufigkeit, mit der a als Teilnenner in

der reguldren Kettenbruchentwicklung x = —— . coe=1lay, ay ..

a,+ a,+
auftritt, vorhanden und gleich ,log(1+ 1/(a®+2a)). Im Gegensatz dazu ist

bei der semireguldren Entwicklung ——— ... mit Teilnennern a,=2 die

a,— —

Haufigkeit des Auftretens jeder ZahllazBZfast iiberall gleich Null. Seit dem
Beweis des zuerst erwdhnten schon von Gauss vermuteten Satzes durch
LEvy und (unabhingig) Kuzmin sind zahlreiche weitere Mittelwerteigen-
schaften der Teilnenner gefunden worden. Man hat aber auch die dabei
auftretenden Ausnahme-Nullmengen genauer untersucht, wobei sich ins-
besondere die Hausdorffdimension als feineres Unterscheidungsmerkmal
eignet (vgl. etwa [1]—[4], [7], [8]). Speziell I. J. Goop hat Zusammen-
hange zwischen Wachstumseigenschaften der Teilnenner und den Dimen-
sionszahlen systematisch studiert. P. ErRDOs hat angeregt, die Menge E der
Kettenbriiche mit paarweise verschiedenen Teilnennern zu untersuchen.
Wir werden sehen, daB deren Dimension entgegen den Erwartungen groB
ist, sogar dann noch, wenn man eine beliebige (endliche) Anzahl von Werten
fiir die Teilnenner ausschlieBt oder dariiber hinausgehend nur wachsende
Teilnennerfolgen zuldBt. Es hat sich gezeigt, daB die semireguldre Version
des Problems eine Anwendung auf das in [5], [6] untersuchte asymmetrische
Lagrangespektrum erlaubt. Die im folgenden betrachteten Mengen G,NE
enthalten ndmlich gerade die am schlechtesten einseitig approximierbaren
reellen Zahlen.

Es bezeichne fiir festes g€N F, die Menge der Zahlen x = [a;, 4y, ...],

deren Teilnenner alle =¢ sind, und G(C F,) die Menge der Zahlen x, fiir
die iiberdies (=) a;=a,=... gilt.
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Satz. Es gilt
dim G, = dim (G,NE) = é— (geN)
sowie

dim (Fan)=—;«+0

dim F, hat nach ([2], Th. 2) das gleiche asymptotische Verhalten wie
dim (F,NE). Die Zusatzbedingung a, = a,(n#s) hat also auf die Dimension
in beiden Fallen {iberraschenderweise keinen EinfluB.

Gleichlautende Aussagen gelten in der semireguldren Version, wenn man
q=23 voraussetzt.

Beweis. Fiir jedes hochstens abzdhlbare System  von Intervallen I,
mit Lingen |I;| setze man L(J) = X|1,|s. Fiir eine Menge H [0, 1] und
ein >0 bezeichne A, (H) = inf L(J), wobei das Infimum iiber alle Sys-
teme von Intervallen zu erstrecken ist, die H iiberdecken und deren Ldngen
samtlich durch e beschrénkt sind. Dann existiert h(H) = lim 4;, .(H), das

e-+0
sogenannte s-dimensionale Hausdorffsche MaB von H beziiglich der MaB-
funktion #s. Ferner gibt es (wie man zeigt) eine eindeutig bestimmte Zahl
de[0, 1] (die sogenannte Hausdorffsche Dimension dim H von H) derart,
daB fh(f) = o fiir s<d und h(H) = 0 fiir s>d (Im Fall d = 0, bzw.
d = 1, entfdllt die erste, bzw. zweite, dieser Aussagen). Wir nennen ein ab-

geschlossenes Intervall I = I(a,, ..., a,) mit Endpunkten [a,, ..., a,],
la, ..., a,+1] (n, a;, ..., a,€N) fundamental (beziiglich H) von n-ter
Ordung genaudann, wenn es ein Element xe Hmit x = [a,, .. .. q,, ...] gibt.

Offenbar wird H fiir jedes feste n€N vom System § aller beziiglich H fun-
damentalen Intervalle der Ordnung n {iberdeckt; wir bezeichnen J™ als das
fundamentale Uberdeckungssystem n-ter Ordnung von H. Aus der Definition
der Dimension folgt unmittelbar, daf dim H=s gilt, wenn lim inf L(§")<

N> oo

< oo zutrifft. Jedoch impliziert lim inf L(3™)>0 im allgemeinen nicht

n-—>oc

dim H =s. Dadurch ist der Zugang zu den unteren Abschitzungen, mit denen
wir hier beginnen wollen, erschwert. Es ist klar, daB es wegen der Monotonie
der Dimension beziiglich Inklusion geniigt zu zeigen

(M —;—sdim(GqﬂE).

Die Idee ist nun die, geeignete Teilmengen von G, N E mit nicht zu schnellem
(und zwar hochstens polynomialem) Wachstum der Teilnenner zu betrachten,
fiir welche ein Schlufl wie der oben erwdhnte gerade noch zuldssig ist, und
damit die Dimension von unten zu approximieren. Es sei dazu G, (< G,NE),
g, peN, die Menge der Zahlen x = [a,, a,, ... ], fiir die

J=a,<ly=<...s0wiea,=(n+2)—1 =:g(n) (n€N)
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erfiillt ist. Offenbar ist G, , abgeschlossen. Aus dem Satz von Heine-Borel
folgt ohne Schwierigkeit, daB man sich bei der Bestimmung von 4, (G, ,
auf diejenigen Uberdeckungssysteme U beschrinken kann, die aus endllch
vielen abgeschlossenen Intervallen mit Endpunkten in G, , bestehen. Nun
zeigt man:

Essei e=0, 1>s>s—1=0,q, peN, und ein Uberdeckungssystem W von
G,, , der beschricbenen Art mit Feinheit <& beliebig gegeben. Dann exi-

2) stiert ein endliches, nur aus fundamentalen Intervallen (eventuele
variabler Ordnung) bestehendes Uberdeckungssystem 8 mit Feinheit <!
derart, daf L,_, (W)= Ly(W) gilt.

Die Argumentation ist im wesentlichen dieselbe wie bei Goobp ([2], S. 207 —
209), bis auf die Beobachtung, daB die fiir die dortigen Zwecke hinreichende
Forderung g(n) = O(log? n) durch die schwéchere g(n) = O(nP) ersetzt werden
kann (Man beachte dort insbesondere die Beziehung (4.7)). Wir behaupten
weiters:

Es sei qeN beliebig gegeben und peN, 27— 1>¢, sowie s =%~Lge—

wdhlt. Dann gilt fiir jedes endliche nur aus fundamentalen Intervallen
3) bestehende Uberdeckungssystem ¥ von G, , von beliebiger Feinheit
Ly(W)=1.

4 p

Es ist klar, daB8 aus (2) und (3) zusammengenommen dim G, p—»~21»(p—> o)

fiir jedes feste g folgt und daraus (1).

Ist ¢, == g(a, ..., a,) der Nenner des reduzierten Bruches p,[q, =
= [a,, ..., a,], dann ergibt sich fiir die Lénge eines Intervalls
Ia,, ..., a,) mit Hilfe bekannter Regeln

|I(n)| = I[al’ ] an]_[al’ sy n 1 n+1]| ll(qn(qn+qn—1))l

zusammen mit der trivialen Abschdtzungen ¢q,_,<g¢, und a,...a,<¢q,<
<(a;+1)...(a,+1) also

(4a,b)  (ay...a,) %= I(ay, ..., a)|5=275((a;+1). . .(a,+ 1))~2.

DaB zur Uberdeckung von G, , iiberhaupt endliche aus fundamentalen In-
tervallen bestehende Uberdeckungssysteme ausreichen, ist aus der Defini-
tion dieser Mengen unmittelbar klar. Zum Nachweis von (3) kann man ohne
Beschridnkung der Allgemeinheit annehmen, daB keine zwei Intervalle eines
solchen Uberdeckungssystems B innere Punkte gemeinsam haben. Kommt
ein Intervall I(a,, ..., a,) vor, so entferne man alle eventuell auftretenden
Teilintervalle I(ay, ..., a,, ki, ks, ...). Dabei wird Ly(2) sicher nicht ver-

)n}

groBert. Enthdlt nun ein Uberdeckungssystem der betrachteten Art ein
Intervall I(a,, ..., 0,1, Q. .., @), SO e0thalt eszu jedem & = a,,_,+1, ...
.., g(m) ein Intervall der Form Iay, ..., Gp_1, Kk, by, ... ,(k)) mit im
allgemeinen von k abhédngiger Ordnung »(k)+m. Berucksichtigt man alle
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diese Tatsachen und die Beziehung (4b), so erhdlt man, wenn n die groBte
vorkommende Ordnung von Intervallen in 28 bezeichnet,

L(W) = 2 | 1m]s=
I(ay, ..., ap)eW, meN
g . gn=1) (0]
=27 > (g + )7 > (@t +D)72 0 > (@, +1)7%
aj=q n_1=8y_o+1 ap=ay_,+1
Nun ist
&(n)
gn)

S (@) 2S>f(x+1)~°sdx_ P ((n+27—(a,_ 1+2)2/p)>

ap=a, ,+1 .
X= an 1—1-

=L (22— (@ 1r 4 1)),

und wegen p=2 ist dies =2 fiir n€N, wie man sich leicht iiberzeugt. So wei-
terschlieBend bestatigt man die Richtigkeit von (3).

Wir wenden uns den oberen Abschidtzungen zu. Fliir m =0, 1, 2, ..
bezeichne H,, die Menge der Zahlen mit einer Entwicklung der Form [(1),,,
a,, a,, ... ], wobei eine Sequenz von m Einsen am Anfang stelien und fiir die
fibrigen Teilnenner 2=a,, =a,= ... gelten soll. Offenbar ist

Gl = U HmU{[(l)m]}'
m=0
Nach [2, Lemma 1] ist dim H, = dim H, und daher (dim G,=) dim G, =
= dim H,. Nach einer Bemerkung von oben genligt es also, folgende Aus-
sagen ubeI die fundamentalen Uberdeckungssysteme 3(") von H, bzw.
F,NE) zu zeigen:

() Essei 2=0 = 25 = 1+i=1  beliebig gegeben. Dann ist
L(S™(Hg)) <1 fiir alle hinreichend grofien neN.

(6) Ist iiberdies q=(1/t), dann gilt fiir alle n¢N
L (%(n)(Fq+1 N E)) <1

(Der Nachweis von (6) wire natiirlich entbehrlich, da die obere Abschatzung
von dim (F,NE) wegen F,NECF, auch aus dem erwihnten Resultat von
Goon iiber dim FF ; folgt. er geben hier einen davon unabhdngigen einfachen
Beweis). Wegen (4a) ist

LS(S(H)(HO)) — Z II(H)IS< Z al‘"f Z a2—0' . Z a;o’
2=a) =a.s... 540, ay=2 as=a; an=an_,
Nun ist
S 1 A
> an <an_1+/x dx:[ 1+ ] il ={—+—|azi;,
a,=a t 2 f
n n—1

a1
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daher

e -0 hod el 1 I - 1 -
> et D an <l?+—t~][an}2+5]anfgs

n_1=0y_o An=an,
1 1 1 1
|
[2 t][z 21‘] e

LS (H) < [z—n j’z[ L+ L%]]zt

v=1

und so fort bis

Der letzte Ausdruck strebt offenbar fiir jedes noch so kleine feste =0 ge-
gen O bei n— o. Daraus folgt die Richtigkeit von (5). Wieder wegen (4a) ist

L(S™F, 1 NE)<n! > (@ a; ... a).
q a

+il=aj<ao<...< n

Ausgehend von

- _ |
an”<fx "dx:-l:-a,jil

an_1

ap=a,_,+1

erhdlt man induktiv
nt > ar’. .. > an’<n

—nt
q -,
ay=g+1 a,=a, ;+1 nln

und dies ist kleiner als 1 wegen der Annahme iiber ¢. Damit ist auch (6) ge-
zeigt und der Beweis des Satzes abgeschlossen.

Literatur

[1] Cusick, T. W.: Continuants with bounded digits, Mathematika, 24 (1977), 166 —172;
1., Mathematika, 25 (1978), 107 —109. 111., Monatsh. Math., 99 (1985), 105 — 109.

[2] Goop, I. J.: The fractional dimensional theory of continued fractions, Proc. Cam-
bridge Phil. Soc,. 37 (1941), 199 —228.

[3] JarNIK, V.: Zur metrischen Theorie der diophantischen Approximationen, Prace
Mat. Fiz., 36 (1928), 91 - 106.

[4] KaurmaN, R.: Continued fractions and Fourier transforms, Mathernatika, 27 (1980),
262 —267.

[5] LINDGREN, A.: One-sided minima of indefinite binary quadratic forms and one-sided
diophantine approximation, Ark. Math., 13 (1975), 287 —302.

[6] RAMHARTER, G.: Uber asymmetrische diophantische Approximationen, Journ.
Number Theory, 14 (1982), 269 —279.

[7] RAMHARTER, G.. Some metrical properties of continued fractions, Mathematika,
30 (1983), 117-132.

[8] RoGERs, C. A.: Some sets of continued fractions, Proc. London Math. Soc., (3) 14
(1964), 29 —44.






NOTES ON LACUNARY INTERPOLATION BY SPLINES, 1.
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1. Introduction. P. TurRAN and J. BaLAzs [1] in 1957 have initiated the
study of “Lacunary Interpolation”. Recently, A. MEIR and A. SHARMA [2],
B. K. Swartz and R. S. VARrGA [3], S. DEmko [4], A. K. Varma [5] and
J. Prasap and A. K. VARMA [6] considered special lacunary interpolation
problems.

In this series of papers titled Notes on Lacunary Interpolation by Spli-
nes, we present new methods for the cases (0,3), (0,2), (0,4), (0, 1, 3), (0, 1, 4)
and (0,2,4) interpolation and we get results of the same order as that of best
approximation for the functions and their all possible derivatives. Moreover,
the stability of interpolation in each case is proved.

In this paper we begin with the case (0,3) interpolation and it is conve-
nient to state the results of J. PRasaD and A. K. VaArMA [6] in the following
two theorems.

THEOREM A. Given arbitrary numbers f(x;)), i =0, 1, ..., n; f),
i=0,1,...,n=1,p=0,3;22 = x;+%;.1; [ (xo), ['(x,); there exists a uni-
que S, €SP such that

Sn(xl)zf(xi)’ i =07 11 cee
(1.1 SPE) = fPz), i=01...,n-1; p=0,3
Shx) = f(x),  SiXe) = F'(Xo)-

THEOREM B. Let feCr[0, 1). Then for the unique quintic spline S,(x)
associated with f and satisfying (1.1), we have

(12) [SY'(X) —fP)| =8, 60 8), j=0,1,2andr=3,4,5
(1.3) |SYP(x)—fx)| =8, ,6°" max | f®(x)], j=0,1,2andr =6,
O=x=l

2 ANNALES —Sectio Mathematica— Tomus XXVIII.
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where w,(~) denotes the modulus of continuity of f, § = max(x,,;—x),
i1=0,1,...,n—1landB; , are constants independent of f and 6.

Note that these constaﬂts f; , have not been calculated while in our
results their values are completely given. Also, the error estimation is not
given in the above theorem for higher derlvatlves than the second deriva-
tive and in our method it is given for all possible derivatives. Moreover, the
conditions S;(x,) and S;(x,) are released.

In this note, we study the (0,3) interpolation, f€ C"[0, 1], separately for
r=34andb in the three following cases:

2. Case. A. In this case fe C*[0, 1] and we consider the partition
A4:0 = xp<Xy<...<=X<Xj4q<...<X, =1,
where for k =0, 1, ..., n~1,

h,=x,,,—x, and I = max h.

THEOREM 2.1. Given arbifrary numbers f(x,), k=0, 1, ..., n, fP)(z,),

k=01, ..., n—1, p=0, 3; 22, = X, x,..1; then tlzere erzsts a unique
spline S, € S®y such that
@.1) Snl) = J(),
(2.2) S.2) = J@, k=01...,n-1,
(2.3) S = [Pz, k=0,1,...,n—1
Proor. For x€{x,, x,,,;]and k =0, 1, ..., n—1, set

(2.4) S0 = f(x) +alx —x;) + (1/2)b0x — x,)* + (1/3Ne,x — x,)%.
Then the values

(2.5) 4 = ()[4 (z) — 3S () — f%ie41) + (B 12) /D) ],

(2.6) by = [4 (10 +4S(x) — 8/ (2)) — (13/2) SO =)/
and
(2.7 ¢ = SOz

prove the theorem.
THEOREM 2.2. Lef fe C? [0,1). Then for the unique cubic spline S, asso-
ciated with f and given in Theorem 2.1. we have for all x¢ [0, 1]
|SO) — fOx)| =¢; 137 wg(h) i=0,1,2,3,
where wy( ) denotes the modulus of continuity of f®, h = max h,, k=0,1, ...,
n—1and the values of ¢, ; are

30 = 2/3, 3,1 = 4/3, (39 = 5/3, €33 = 1.
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Proor. We have for x€[x,, X1}, Xy<&<Xppand k =0, 1, -1,
182(x) = f) = hlag—F' ()| + (13)2) | b = F7 ()] + (B¥[3N) e, — ] “‘”(&)l-
(2.8)

Using (2.5), (2. ) and (2 7), the following estimations could be easily obtained
for all k = O, , n—1

(2.9) [a,— ['(x)] = (1/6)hwq(h),
(2.10) [0~ " (%) = (2/3) heog(h)
and

(2.10) Ick“f(s)(s&k)l = wy(h).

The above three estimations with (2.8) give
|S(X)— ()] = (2/3)h2wq(h).
Similarly, it is easy to complete the proof for the derivatives.
3. Case B. In this case f€ C4[0, 1] and we consider the partition

A:0 =xy<Xy<...<X<Xpi1<...<X, =1

where
h=xk+l—xk aI’ld k:O, 1y ...,n_l.

THEOREM 3.1. Given arbitrary numbers f(x,), k =0, 1, ..., n, f¥P(z,),
k=0,1,...,n=1;p = 0,3; 22, = X+ X,,; then there exists a unique spline
S,4€C[0,1] such that
3.1 Ss(x)em on each [, x, 4,11, k=0,1, ..., n—1,

(3.2) SA(xk) =f(xk), k = 1, ey n

400 = [SCar) = 20() + [ (1) — (3 12)(fOz,) —[®(-)) |1k
(3.3) k=12 ..., n-1,

(3.4) SPwy = fP), k=12,...,n—=1; p=0,3.

ProOF. Set for x€[x,, x4, k= 0,1, ..., n—1
(3.5) Sax) = {S olX),  Xp=SX=X,

Sux), xp=xs=x4, k=12,...,n-1
where,

Si(x) = fx) + ap(x —x,) + (1/2)b(x — %)% + (1/3Dex(x — %)% +
(3.6) +(1/40)d, (x —x,)%,
3.7 b, = (I/hz)[f(xk+l)_2f(xk +f(Xm1) = h3/12)(f(3)(2k)_f(S)(Zk—l))]
2*
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and
So(¥) = f(x))+ay(x —x;) + (1/2)by(x — x>+ (1/3De,(x —x,)% +

3.8) + (1/4Dd, (x — x;)%
Then, fork = 1,2, ..., n—1, the values

¢=—L%jﬂmmrﬂm4wmrwmwmmhamwwm
(3.9)

Cp = [‘5’;%] A (Xrn) — Fx) — (h2 400, — 2 (2,) + 2 (x,)] — (T/5) Dz,
(3.10)
and
B.11)  ay = (D) — ) — (B/2)b, — (h¥[3Y)¢, — (h*[41)d, ]
prove the theorem.

THEOREM 3.2. Let f¢ C*[0,1]. Then for the unique spline S 4(x) associated
with f and given in Theorem 3.1, we have for all x€[x,, x, ;. k=1,2, ...,
n—1

(3.12) |SO(x) — fx) | = ¢y, Ht (), 1=0,1,2,3,4
and for x € [xg, x,],
(3.13) ISP() — fO)| =€k ht-iwg(h), {=0,1,2,3,4

where w,( ) denotes the modulus of continuity of f®,
a0 = 23/30, ¢4y =49/30, ¢, =179/60, c,; =23/5, ¢4, = 17/5,
cho=97/120, ¢f, = 18/10, %, =209/60, %, =28/5, c%,=22/5.

Before proving this theorem, we state and prove some lemmas which will
help us in arriving at the proof.

Lemma 3.1. For b, given in (3.7), the estimation
b, — 1 (x )1 = (h2/12)e, ()

holds trueforallk = 1,2, ..., n—1.

PRroor. We have forallk = 1, 2, , n—1,
(3.14) J(xi1) = Z (W)[FNS D) + (RANFD(ER), X, = £8P <Xpey s,

j=
3

J(X1) Z — )P (x,) + (R4 f DY), x_ ) <D <X,
(3.15) =
(3.16) Nz = [+ (B2 O, x<n§o <z,
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and

(3.17) Ty_y) = FO0x) — (BFO(nEY), 2y <nf <X,
Using (3.14)—(3.17) in (3.8), it is easy to prove this lemma.
LEMMA 3.2. For d, given in (3.4), the inequality

(3.18) |dy— FP()l = (17/5),(hr)

holds true for all x¢[x,, x,.,]Jand k = 1,2, ..., n—1.
Proor. We have forallk = 1,2, ..., n—1,

(3.19) f) = 3 (WD) + (R254D7O08), 3, <D <z,

j=0
Using (3.14), (3.19) and Lemma 3.1 in (3.9), we easily get (3.18).
LeEmma 3.3. For ¢, given in (3.10), the estimation

|ex— SO = (6/5)hary(h)

holds true forallk = 1,2, ..., n—1.

Proor. Using (3.14), (3.16), (3.19) and Lemma 3.1 in (3.10), we get the
required results.

Lemma 3.4. For a, given in (3.11), the inequality
| @ = J (x| = (23/60)r%wy (1)

holds trueforallk = 1,2, ..., n—1.
Proor. Using (3.14), Lemma 3.1 and Lemma 3.3 in (3.11), Lemma 3.4
easily follows.

Proor of THEOREM 3.2. We have for all x¢€[x,, x,.,]and allk = 1,2, ..
co,n—1 .

o) = i [P = DN = 2,090 4 (1)(4 = ))S O eP)x — x4 =P
j=i

(3.20)

where x,<&W<x,,,andi=0,1,2,3.

Using (3.20) and (3.7) with the help of Lemmas 3.1—3.4, it will be easy
to prove the theoremfork = 1,2, ...,n—landi =0, 1,2, 3.

If i = 4, we then get the situation of Lemma 3.2. Hence the proposition
3.12)fork=1,2, ..., n—1L

For x€[x, x,], let

o) = i [P/ = D =x) 970 +(1/(4 = DN DE)x —x,) 4P

j=i
(3.21)

where x,<¢;<x; and i = 0, 1, 2, 3. From (3.8) and (3.21), with the help of
Lemma 3.3 and Lemma 3.4, it is easy to get (3.13)fori = 0, 1, 2, 3.
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Ifi = 4,then
18§9(x) = fD(x)| = |dy — fOX)] = |dy — fDx) | + |/ D xy) = D) =
= (17/5)w,(h) + w(h) = (22/3)w,(h)
and this completes the proof of Theorem 3.2.
4. Case C. In this case fe C3[0,1] and we consider the partition

A:0=xXp<X;<...<Xp<Xpp1<...<X, =1

where,
Xpg1—X,=h and k=0,1,...,n-1.

THEOREM 4.1. Given arbitrary numbers f(x,), k=2, 3, ..., n—1,
PN, k=0,1,...,n~1;p =0, 3; 22, = X, + X, ,,; then there exists a uni-
que spline S, such that
4.1) Sacmgoneach [x, x40,k =0,1,...,n—1
4.2) Saxy) = fxp), k=2,3, ..., n—1,

4.3) S®z,) = fPz), k=0,1,...,n—1;p = 0,3,
4.4) S4€CO[0, 1],

that is, both of S 4 and its third derivative is continuos for all x€ [0, 1] and
(4.5) SPzy) = e

where,

ex = [[®@41) =2/ P2 + f P2 )I/H? and k= 1,2,...,n-2.
(4.6)

Proor. For all x¢{0, 1], set

SFx),  xp=x=z,

S,(x), zp=x=2z,

Sx),  p=Ex=z4, k=1,2,...,n-2,
Sp-1(X), Zp-1SXEX,

A7) Sax) =

where,

= S(20) + Sg(2e)(x — 26) + (1/2)S8'(2)(x — 2)% + (1/31) S @2, )(x — 2,) +
(4.8) +(1/ADSE(20)(x — 20)* + (1/5D)SE) 2o (x — 2,)5,

5

(4.9) Z [S¥(2)/j1] (x ~2,)/,
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S(x) = fZax—2)+ (1720 (x — 2,)* + (1/3D)e(x — 2,)% +
(4.10) + (1/40d (x —2,)t + (1/3)e,(x — 2,.)°,
Spo1(X) = f(2,-1) + ) 021 (X = 2,_1) +(1/2)S) (2,1 ) (X —2,_1)2 +
+ (1730 Bz, _ ) (x—2,_ 1) + (1/ANSD (2, _ W x— 2, ) +
(4.11) + (1/5)S® (2 ) (X — 2,1 )

and ¢, in (4.10) is given by (4.6).
Thus, fork =1, 2, ..., n—2, the values

(4.12) dy = [fON2y40) — O (21) — (H%[2)e,]/h,

= (4/ne) [f(zm) + f(20) — (BHAN D) — 2f (xs1) —

Th 15 h3
(*.13) _[8~4!]d"~[16-5!]ek]

and
@ = [f(2isr) = [z — (B3N Dz,) — (B2[2)b) — (h[Al)d, — (h3[5))e, ][
(4.14)

complete the proof of Theorem 4.1.
THEOREM 4.2. Let fcC®[0, 1]). Then for the unique spline S, given in

Theorem 4.1, we have for all x€ [z, 2, Jand k = 1,2, ..., n=2
(4.15) | SiD(x) — fO(X) = ;155 (h),
Jorzp=x=z,
(4.16) |S§9(x) — fO(x) | = Bih° g (h),
Jorxo=x=z,,
4.17 1SED(x) — fO(X)| = p;h5log(h)
and forz,_=x=x,,
(4.18) [SE (%) — fO(x)| = 8,15 'wog(h)
where in (4.15)—(4.18),i = 0,1, 2, 3,4, 5 and
ay = 1/4, x, = 19/40, ay = 63/80, ay = 3/2,
B, = 31/120, B, = 31/60, B, = 229/240, B, = 2,

ve = T43/1920, , = 4111/3840, y, = 43/30,  y, = 33/16,
5 = 527/1536, 6, = 1187/1280, &, = 553480, &, = 25/16,



24 THARWAT FAWZY

g = 52, ay = 3/2,
By = 13/4, B =5/2,
Ye =5, vs = 1/2,
8, = 15/4, &, = 5/2.

Before proving this theorem, we prove some lemmas which will help
us in arriving at the proof of Theorem 4.2.

LEmMa 4.1. For ¢, given in (4.6) we have
e~ SO0 = (3/2)ws(h)

which holds true for all x€ [z, 2,,,]and allk = 1,2, ..., n—2.
Proor. From (4.6) we have for all x€ [z, z,,,]and allk = 1,2, ..., n—-2

ley — fO(x)| = [f(3)(2'k) + hf(4)(Zk) + (h2/2)f(5)(t2) - 2f(3)(zk) +f(3)(zk) -
—hf®(z,) + (12]2)f ;)] - fO(x)|

where 2, <t,<2z,,, and 2,_;<#,<z,.
Thus, we easily get

le—F®(x)] = (1/2]fO(ty) — D) +(1/2) | fOt) - fOx) | =
= (1/2)eo5(h) + (1/2)ws(2h) = (3/2)wg(h).
LEmma 4.2, For d,, given in (4.12), we haveforallk = 1,2, ..., n—2
|y~ f 2| = (3/4)hws(h).
Proor. From (4.12) we get
|de— 92| = [(N[FPGy11) = O] — (h]2)e,— fD(z,)| =
=(h2)| SO —enl, 2 <P <244y

Using Lemma 4.1, we get the required result.
Lemma 4.3. For b, given in (4.13), we haveforallk = 1,2, ..., n-2

bk —= 17 (2)] = (13/80)Pwy(h).
Proor. From (4.13) we get

1 1
b= 2| = ](4/h2)[<n2/2>f"<zk> - h4[;;!——ﬁ]f<4><zk> n

1 1
+ h4(2 T _Z!_]dk + (h5/5!)(f(5)(5l(,k)) _ ek) +

1 77
* [ 24,51 }hs (ex— f(5)(l‘3))] ~J" (%)

where 2, <£§0 <z,,, and z,<ty<2,,,.
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Using Lemma 4.2, it is easy to prove Lemma 4.3.
Lemma 4.4, Fora, givenin (4.14), we haveforallk = 1,2, ..., n1-2

la,— F'(z,)] = (1/8)htws(h)
Proor. We have from (4.14)
lay =T ()] = (h[2)]b,— [ ()| + (B[4 d, — f 9 (z,)| +
+(R[5!) e, — fOES) |

where 2, <9 <z, ;. Using Lemmas 4.3,4.2 and 4.1, then Lemma 4.4 follows.

ProoF of THEOREM 4.2. For x€[z,, 2;4,]and k = 1,2, ..., n—2, using
(4.10) we get

|Sx) = FOO = hla, = F@)] +(1[2) b= F" ()| + (h4]41) |y — f9(z,)| +
+(72[51) | e, — F ()|

wherez, <ny <2y 4:.
Using Lemmas 4.1 — 4.4, we get easily

| S (X)—f(X)] = xoPws(h) with «, = 1/4.

Similarly, using Lemmas 4.1—4.4 and (4.10), it is easy to prove (4.15)
of the theorem fori = 1, 2, 3, 4 and 5.

Thus, using the results of (4.15) with (4.9) and (4.11), we easily get (4.16)
and (4.18). Using (4.16) in (4.8), we get (4.17), and this completes the proof.

5. Stability, We conclude this note with stability results concerning the
Cases A, B and C. We state the stability theorem for each case and prove it
for the Case A only, while in the other two cases, the proofs are similar to
that of Case A.

THEOREM 5.1, Let f€¢ C3[0,1] and let S, be the unique spline constructed
in the same manner as that of Theorem 2.1 and satisfying the following data:

(5.1) Sax) =0, k=0,1,...,n,
(5.2) Siz)=Bro k=0,1,...,n—1,
(5.3) S¥WE) =8y k=0,1,...,n-1
Wwhere we suppose that there exists a function F(f, n) such that
(5-4) wy() 1 F(f, 1) =max| f(x,) — a, ol
(3.9) ws(h) B> F(f, nyzmax|f(z,) — B, ol

and

(5.6) wy(MF(f, n)ém3XIf(3)(zk)—ﬂk, al-
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Then there are constants K, independent ¢f f, F and n, such that
F(S, n)K ;3= iwg(h) = | I D{(f =S )||., i=0,1,2,3
where || - || = lL.to, 17 and
K, =109/6, K, =317/12, K,=115/6 K,;=2.
Proor. Analogous to (2.4), then for x¢[x;, x,,;]and k=0, 1, ..., n—1

(B.7)  Sy(X) = ay o+ By(X =) + (1/2)B(x — x;)2 + (1/31)6,(x — ;)3

where

(5.8) ay = (1/1)[4By, 0 — 3%, 0 = %ks1,0+ (MP[12)By 3]s
(5.9) Bk = (1/h})[4ey 41,0 + 4oy, o= 8By, o — (AR[2) By, 5]
and

(5.10) ¢ = B, s

Using (2.5) with (5.8), (2.6) with (5.9) and (2.7) with (5.10), witl1 the help
of (5.4), (5.5) and (5.6), the following estimations could be easily obtained for
alk=0,1,...,n—k

(-11) [@)— ax| = (19 12)Pwy(h) F(T, 1),
(5.12) 1b,—b,| = (33/2)hwy(h) F(f, n)
and
(5.13) [ — ¢l = wg(F (S, n).
Thus, the above three inequalitites (5.11)—(5.13) with (5.7) and (2.4)
give for all x€[x,, x,,;Jand k=0, 1, ..., n—1,
(5.14) |8,:06)— Su(x)| = (35/2)3w(h) F(f, 1),
(5.15) [S(x) = Sa(x)| = 301/ 12)ha,(h)F(f, n),
(5.16) | SH(x)— 87 (x)] = (35/2)hwy(h) F(f, 1)
and
(5.17) |SP(x) — SP(x)| s wy(h)F S, n)
Using (5.14)—(5.17) with the help of Theorem 2.2, we easily get
. — JOO)] = 184(X) = S,(0)| +18,(x) — f(%)] = (109/6) iy (D)F (f, 1),

1S,
18)
15;( ~F101 = 184x) — SH0)] + 1Sh(x) — /(%) = (317/12)Pas(R)F (f, n),

Ut
fD

(.
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1Sa(x) — ()] = [S7(x) = Spx) | + [S(x) — f7(x)| = (115/6)hog(h) F(f, n
(5.20)

and

[S00) — F9(x)| = [SP() = SP) | + IS0 ~ FO()| = 20y(W)F (], 1)
(5.21)
and the proof of Theorem 3.1 is now complete.

THEOREM 5.2. Let f¢ C4[0, 1] and let S% be the unigue spline constructed
in the same manner as that of Theorem 3.1 and satisfying the following data :

(5.22) SHe) =k, k=1,2,...,n,
(5.23) S¥z) =P k=1,2,...,n—1,
(5.24) SEOz) = %, k=1,2,...,n—1,
{5.25) S5”(x) = (1/8) [2%1,0—20%, o+

+of_ o= (IB12)(B% o —BF-10)], k=1,2,...,n—1,

where we suppose that there exists a function F*(f, n) such that

(5.26) wy (MR F(f, n) zmﬁle(xk) —af ol
(5.27) w(MIAF(f, i) %mkaXIf(zk) — 8%, ol
and

(5.28) w(WhF(f, n) Em;a‘le D(z,)— 8% 5l

Then there are constants K¥, independent of f, F* and n, such that
Kt ~loy WF(f, )= [|D(f ~$%)||., 1=0,1,2,3,4
where |-l =] [l .0, n-

THEOREM 5.3. Lef f¢ C?[0, 1] and let S¥* be the unique spline constructed
in the same manner as that of Theorem 4.1 and satisfying the following data:

(5.29) S¥*(x,) = ¥, k=23,...,n—1,
(5.30) S¥*(z,) = Bi%, k=0,1,...,n-1,
(5.31) SE*@)z) = pEY, k=0,1,...,n-1,

(5.32) SE*O) = (1) fii15—285 5+ B8], k=1.2,...,n-2
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where we suppose that there exists a function F**(f, n) such that

(5.33) s(MIEF(f, n) = max | f(x) - of3],

(5.34) ws(MRF**(f, n) zmixlf(zk) —BEsl,

(5.35) os(MEF**(f, n) = max| f®(z,) — g%
k

Then there exist constants K¥*, independent of f, F** and n, such that
K¥*hs-in (h)y = ||Di(f - S%%)|... i=0,1,3,4,5
where || [l =]+ llL.r0, 11-

As we have mentioned before, the proofs of the last two theorems are
similar to that of Theorem 5.1.

Finally, to illustrate our method, a numerical example is given. The
method described in Case B is applied to the function f(x) = 14 xe* and the
following results are obtained for x = 0,86 and h = O, 1.

Numerical value Exact value The error
f(0.86)  3.0323231 3.0323176 5.5.(10)-¢
(0.86)  4.3949245 4.3954776 5.531 - (10)-*
J7(0.86)  6.754668 6.7586376 3.9696 - (10)-3
f®(0.86) 9.1491812 9.127976 2.73836-(10)-2
J®(0.86) 14.15292 11.484957 2.6679624

Note thatforh = 0.1, «,(h) = 1.53936.
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1. Introduction

The investigation into the existence of an automorphism « of a group
A such that « acts as the identity on the torsion subgroup T of A and as — 1
on the factor group A/T, has attracted attention in various papers. From
[4] we know conditions under which the existence of such an « implies that
A is splitting. It is still an open question whether A splits if there exists to
each pair (6, y) of automorphisms of T and A/T respectively, an auto-
morphism inducing 8 and y.

MADER [4] considered the following more general situation. Let B be
an arbitrary subgrotp of A and « an automorphism of A which acts as the
identity on B and as — 1 on A/B. We then have the following ([4] Proposition
2.2):

(*) Let such an o exist and let A/B [2] = 0. If either 2B = B or 2(A/B) =
= A/B, then B is a direct summand of A.

In [3] it was noted that if « is an automorphism of A which acts as the
identity on T and as — 1 on A/T, then 2A=T & C for some subgroup C of A,
and hence A is quasi-splitting (in the sense of WALKER [5]). It is the purpose
of this paper to elaborate on results in [3] by considering generalised direct
summands of a group A; defined as subgroups B of AsuchthatrA=B&C for
some subgroup C of A and some non-zero integer r.

In section 2 we shall consider endomorphisms of A which act as multi-
plication by (different) integers n and m on the subgroup B and the factor
group A/B respectively. It will be seen (Proposition 2.4) that if either
B[n—m] = Oor (n—m)aeB, ac A, implies a€ B; then such an endomorphism
exists if and only if (n—m)A=B@ C for some subgroup C of A. Conditions
under which generalised direct summands are direct summands (in the ordi-
nary sense) are also given, showing, inter alia, how MADER’s result mentioned
above, fits into a much more general theory.

In section 3 we go astep further by considering subroups B of A for which
there exists a subgroup C of Asuch that ®A=B @ C, for some endomorphism
@ of A. For reasons which will become clear, it will be necessary to restrict
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ourselves to those endomorphisms @ which map B into itself. Given endo-
morphisms « and g of A (each of which maps B into itself), we shall inquire
into the existence of an endomorphism @ of A which agrees with « on B,
while the endomorphisms induced on A/B by @ and f are equal. Proposition
3.2 places the results of section 2 in full perspective.

The notation followed is that of Fucus [1] and [2]. In particular, E(A)
denotes the endomorphism ring of the group A. If r>0 is an integer, the
endomorphism a-ra, ac A, is denoted by 74, and if no danger of confusion
exists we simply write 7. For a subgroup B of A and an integer r =0, let

r=1B = {a¢ Alrae B} and B[r] = {x¢Bjrx = O}.

We say that B satisfies conditions S(r) if either r—B = B or B [r] = 0. The
torsion subgroup of A satisfies condition S(r) for all integers r>0, and so does
any subgroup of a torsionfree group. Also, if A is a mixed group and B a pure
subgroup of A containing the torsion subgroup of A, then B satisfies condition
S(r) for all integers r=0.

2. Generalised direct summands

A subgroup Bof A is called a generalised direct summand if there exists
an integer r=0 such that rA=B @ C for some subgroup C of A. If B is the
torsion subgroup of A then this notion corresponds with that of quasi-split-
ting groups introduced by WALKER [5].

We commence by giving some necessary and sufficient conditions for B
to be a generalised direct summand of A.

(2.1) IfrA=B@C=A, 0#rcZ, then there exists a commutative triangle

O—> B —>» A

Sz
g #*

Fig. 1.

with exact row.
Conversely, if such a triangle exists and if B [r] = 0 then rA<B@®
Kera.

Proor. If rA=B@®C=A and n: B&C~B is the projection, then
o = ar , makes the triangle commutative.

Conversely, if such an o exists, then f = r,—a€ E(A) maps B onto 0,
and hence fau = 0. For every ac A we therefore have ra = aa+fa where
aa€B and fa€ Ker «. Moreover, since B [r] = 0 we have BN Ker « = 0 and
0 rtA=BoKer a<A. B
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(22) IfrA=BeC=A, 0=reZ, then there exists a commutative triangle

A= AlB—=0

[N
AlB

Fig. 2.

with exact row.
Conversely, if such a triangle exists and if r-1B = B then rA=B®
Imp.

Proor. If a€ A and ra = b+¢, beB, ccC, then g defined by f(a+ B) = ¢
is a homomorphism making the triangle commutative.

Conversely, if such a § exists then g(a+B)+B = ra+ B for all ac A,
and hence rA=B+1Im f. Furthermore, if for some a€ A we have f(a+B)¢B
then g(a+B)+ B = ra+B = B and so r~1B = B implies that a¢ B, that is
B(a+B) = 0.Hence BNIm B = 0and thusrA=BoImf=A. &

It is well-known that there is a one-to-one correspondence between di-
rect summands of A and endomorphisms = of A satisfying z? = =. Using the
same techniques as in (2.1) and (2.2) it is not difficult to show the following
analogy for generalised direct summands.

(2.3) lfrA=B®C=A, 0#rcZ, then there exists an endomorphism @ of A
such that @* = r@.
Conversely, if B satisfies condition S(r) and if @ : A~ B is an epimor-
phism with @2 = r®, then rA=B&(r—¢) A. A

Let B be a subgroup of A and suppose there exists an endomorphism «
of A such that ax = nx, x¢B, and eca—ma¢B, a€ A, where n and m are in-
tegers. Note that if n = m then always such an endomorphism exists, na-
mely « = n1,. This trivial case will henceforth be excluded. If B is fully
invariant in A then we can describe this situation by saying that a€ E(A)
induces the pair (17, m)€ E(B) XE(A/B).

The first proposition gives a correspondence between generalised direct
summands of A and endomorphisms of A acting in the way mentioned above.

PRrorosITION 2.4. Let B be a subgroup of A and o an endomorphism of A
such that ax = nx, x€B and ea—ma¢B, ac A, where m and n are integers,
mz n. If B satisfies condition S(n—m) then (n—m)A=B @ C for sone C= A.

Conversely, if rA=B@C=A for some integer r0, then for any pair
n, m of integers with n—m = r, there exists an a € E(A) such that ex = nx,
x€B, and aa—macB, a€ A.

Proor. If ac A then the hypothesis on o implies that «a—ma¢ B. Define
B:A-~B by pa=aa—ma, and y: A[B-~A by y(a+B) = na—aa, acA.
We have commutative triangles
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with exact rows and so the second parts of (2.1) and (2.2) complete the first
part of the theorem.

0—= B —=A A —= AlB—=0
/7 \\ —_—
(n_m)l // and T\\ 1 (n"m)
B \A/B
Fig. 3.

Conversely, if rA=B@®C=A, 0srcZ, then (2.1) and (2.2) imply that
we have commutative triangles

A\_:— A/B—-I-o O—’B_’/A
N W%
r Ve
‘f'\\\? and B, ¢
AfB
Fig. 4.

with exact rows. Let r = n—m and defineo.: A—~A by aa = Pa+Py(a+ B)+
+ma, ac A. If xeB then ax = Ox+mx = nx—mx4+mx = nx. Also, if ac A
then wa—ma = Pa+DPy(a+B)eB. W

We now give two conditions under which generalised direct surmmands
are direct summands.

LEmma 2.5 [3]. Let B be a direct summand of rA for some O=reZ. If
rB = B then B is a direct summand of A. H

COROLLARY 2.6. If rA=B@®C=A, 0#r¢Z, and rB = B then B is a
direct summand of A.

Proor. If rA=B&C then rA+B = B@(Cﬂ(rA+B)). Since rB = B
we have rA = B (CN(rA+ B)), and so Lemma 2.5 completes the proof. W

LemMa 2.7. If rA=BaeC=A, 0r€Z, and r(A/B) = A/B, then B is
a direct summand of A.

Proor. Since any a¢ A is of the form a = rx+b, xc A, b€ B, the result
follows immediately. @

We are now ready to show how MADER’s result (mentioned in the intro-
duction) fits into the more general theory described above. It also shows
how the requirement A/B[2] = 0 can be replaced by the weaker condition
that either A/B[2] = 0 or B[2] = 0. (The reader should bear in mind that
an endomorphism of A which acts as the identity on B and as —1 on A/B,
is in fact an automorphism of A).
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ProprosiTioN 2.8. Let B be a subgroup of A satisfying condition S(r) and
n, meZ with n—m = r. Suppose further that either rB = B or r(A/B) = A/B.
Then B is a direct summand of A if and only if there exists an a€ E(A) such
that ex = nx, x€éB and aa—maeB, ac A.

Proor. If B is a direct summand of A, say A = BeC, and ac A with
a=b+c, beB, ceC; then « defined by aa = nb+mc is an endomorphism
of A having the required properties.

The converse follows from Proposition 2.4, Corollary 2.6 and

Lemma 2.7. W

The following places Proposition 2.4 of [4] in perspective.

CoRrRoOLLARY 2.9. Let A be a torsion group and B a subgroup of A such
that either A[p] = 0 of A/B [p] = 0, p a prime number, Then B is a direct
summand of A if and only if there exists an a € E(A) such that ax = nx, x¢B,
and ea—maeB, a€ A, where m and n are integers withn—m = p.

Proor. A torsion group which does not contain elements of prime order
p, is divisible by p. W

3. A more general situation

In this section we go a step further by considering a subgroup B of A
and a pair («, f)€ E(B) X E(A/B) where « can be extended to an endomor-
phism « of B and f can be lifted to an endomorphism g of A, 8. We wish
to find conditions under which (x—p)A=B&® C for some subgroup C of A,
;['hu'st extending the results of the previous section to, what we believe, the
imit.

Let Ann B ={f¢ E(A){fB = 0} and Ez(A) = {PcE(A)|PB=B}. Every
@ ¢ Eg(A) thus induces (by restriction) an endomorphism @’ of B and an
endomorphism @ of E(A/B), the latter being defined by ®(a+ B) = ®a+ B,
a€ A, such that

E:0-B-+-A-A/B-~0

lqi' iaa }5
yoob
E:0-B-~A-~A/B-0
is a commutative diagram. It is well-known that @ and @ induce endomor-
phisms @, and ®* of Ext (A/B,B). These maps are given by
@, E~®'E and ®*: E—~E®

where &’E and E® are defined in [1] (Section 50). Since the above diagram
commutes we have @’E=E® and thus Ker @} = Ker ®*. This fact will
play an important role in the rest of this section.

For ®¢E4(A), let ©-1B = {ac A|®acB). Then D is injective if and only
if ®-1B = B, while @’ is injective if and only if BN Ker @ = 0.

3 ANNALES —Sectio Mathematica— Tomus XXVIIIL.
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LemmA 3.1. Let E denote the extension 0-B—~A/~A/B-~0 and let
DcEQA). If DA=Be C=A then EcKer @} = Ker ¥,

Conversely, let E¢ Ker @}, = Ker @*, If either

(i) @’ is injective and f@ = &f for all f¢ Ann B or

(ii) @ is injective
then @A=Ba C=A.

Proor. If DA=B@®C=A and n: B C—B the corresponding projec-
tion, then 7@ is an endomorphism of A such that adx = @’x, xc B. Hence
@'E splits ([1] p 218) and so E € Ker @}, = Ker ®*.

Conversely, assume that E ¢ Ker @, = Ker @*. Thus ([1] p 218) we kiow
that homomorphisms » and y exist such that the following triangles commute

O—==pg—=A 4 “/;L“A/B—i»O
) ’ AN _
AP L

B

Fig. 5.

Suppose that (i) holds. From the first diagram we have @ —»n = fc¢Ann B
and hence that f@ = @f. From f@—fy = f2 = &f—nfand the fact that
Jn = 0it follows that nf = 0. It is now easy to show that A= B& Kern=A.

Next, suppose that (ii) holds. If x¢ BNIm ¢ then x = yp(a+ B) for some
agA. Hence B = jx = jy(a+B) = ®(a+B) = ®Pa+B. Thus ®acB and
since @ is injective we have a¢ B, proving that BNIm y = 0. For any acA
we have jy(a+ B) = @a+ B and so Pae B+ Imy. Thus@A=B @ Imyp=A.

It is clear that if «” is an endomorphism of B which can be extended to
an endomorphism « of A, then a€ E4(A). Also, if f is an endomorphism of
A[B which can be lifted to an endomorphism 3 of A, then 8¢ Eg(A). Con-
sequently, «— € E5(A). For obvious reasons the case « = 8 will be exclu-
ded. We are now ready to discuss the situation («—p)A=B&C for sone
subgroup C of A.

As before, (x—f)" denotes the restriction of «—f to B and (x—g) de-
notes the endomorphism of A/B with

(«—P)a+B) = (a—p)a+B, ac A.

ProrosiTioN 3.2. Let B be a subgroup of A and (oc’,_ﬁ)eE(B) X E(A[/B)
Where o can be extended to an endomorphism o of A and g be lifted to an en-
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domorphism B of A, a=p. Suppose further that a @€ E(A) exists such that
Ox = ax, XeB and ®a—paeB, ac A. If either

(i) (x—p’) is injective and f(a—pB) = («—pB)f for all f¢ Ann B or
(i) («—p) is injective
then («—p)A=BaC=A.

Converseley, if «, BEE(A) and (e—pB)A=B@C=A, then a OcEgA)
exists such that ®x = ax, x€B and wa—facB, ac A.

Proor. To prove the first part of the theorem, we notice that the hypo-
thesis on «” and g implies the commutativity of the diagrams

E:0-B-A-AB~0  E:0-B-A~A/B~0

la' Ia la and ’ﬁ' Iﬁ l./;
E:0-B>A>A/B~0  E:0-B~A-A/B=0

We therefore have o’ E= Ex and f’E= Ef. On the other hand, we also have a
commutative diagram

E:0-B-A-A/B-0
v lo |5
v }
E:0-B->A-A/B-0
which implies that «’E=Ef. Thus o/ E=g’E and so E¢Ker (o’ —8’),. Since
«—p€Ep(A) we may apply Lemma 3.1 to complete the first part of the theo-

rem.
Conversely, if a, € Eg(A) are such that («x—f)A=B@C=A, then the

first part of Lemma 3.1 implies that «’E=p’E and since A’ E=EB we have
o’ E=EB. Hence there exists a commutative diagram (cf[1])

E:0-B~A~A|B~0
€ Il
a’E:O—»‘B—»}ﬁ\l—»A/B—»O
I l"’ Il
EB:0-B—~A,~A/B-0
I ]6 ‘5
E:O—»B—»%—»A/B—»O

o

It is clear that @ = dye is an endomorphism of A having the desired pro-
perties. §

Lemma 3.3. Let PA=B@ C=A for some PeEg(A). If either @’ is an
automorphism of B or @ is surjective, then B is a direct summand of A.

3*
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Proor. First assume that @’ is an automorphism of B. We have @A+
+B = B®(CN(PA+B)) and hence PA = ®Bg (CN(PA+B)). It is not
difficult to see that A = B@C’ where C’ = {xe A|®x€cC}. On the other
hand, if @(A/B) = A/B then for all x¢ A we have x = Pa+b, acA, beB,
and hence x¢BaC. H ‘

CoroOLLARY 3.4. Let B be a subgroup of A and («, B)€ E(B) XE(A/B)

where «’ can be extended to an «€ E(A) and B be lifted to a f¢ E(A), a=p.
Suppose further that either

() (@x=p) is an automorphism of B and f(x—p) = («—p)f for all
f€Ann B or

(ii) (x—p) is an automorphism of A/B.

Then B is a direct summand of A if and only if there exists a @€ Ez(A) such
that @x = ax, xé B and @®a—pacB, ac A.
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J. T. BALpwIN and J. BERMAN [1] described a close connection bet-
ween definability of principal congruences and relatives of congruence per-
mutability and 3-permutability. Some of these results and problems can be
translated into the terminology of tolerance relations, [3], [5] and can be
useful for characterizing so called principal tolerance trivial varieties. These
varieties form a very large class of varieties with “nice” properties which can
be used in applications.

1. Permutability and its relatives

By a folerance on an algebra % = (A, F) is meant a reflexive and sym-
metric binary relation on 9 having the Substitution Property with respect
to F, i.e. it is a symmetric and diagonal subalgebra of 9 X%. It is easy to
show that the set LT(%) of all tolerances on U forms an algebraic lattice
with respect to set inclusion, [2], [3], [5]- If a, b are elements of U, denote
by T(a, b) or T ,(a, b) the least tolerance on 9 containing the pair {a, b).
By Con () we denote the congruence lattice of 9 and by 6(a, b) or O ,(a, b)
the principal congruence on ¥ containing the pair (a, b).

An algebra ¥ is folerance trivial if every tolerance on U is a congruence;
A is principal tolerance trivial if T(a, b) = O(qa, b) for each two elements a, b
of U. T(a, b) is called a principal tolerance. A variety @ is (principal) tole-
rance trivial if each % €@ has this property.

The following statement is well-known (see e.g. [3], [4]):
ProposiTioN 1. For a variety @, the following conditions are equiva-
lent:

(1) @ is tolerance trivial;
(2) @ is permutable.
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This result motivated our effort to characterize principal tolerance trivial
varieties by relatives of permutability and use such characterizations for
creating polynomniial conditions.

ProposiTiON 2. Let x, y, a, b be element of an algebra %. Then

x,y)€T(a,b)

if and only if there exist a (2+ n1)-ary polynomial p and elements ¢,,. . ., ¢, of
U such that

x = pa,b,¢q, ..., )
y=pb, ac, ..., ¢

For the proof, see e.g. Lemma 1 in [2].

Thus, in the terminology of [1], principal tolerance trivial algebras are
exactly algebras with 1 —step principal congruences. We can adopt another
concept on [1]: A has 3 — permutable principal congruences if

O(a, b)-O(c,d)-O(a, b) = O(c,d)-O(a, b)-O(c, d)
for each elements a, b, ¢, d of U, or equivalently, if
O(a,b)Vv O(c,d) = O(a, b)-O(c, d)-O(a, b)

in Con (). Now we can translate Theorem 3.7 in [1] for n = | in our termi-
nology:

ProposiTioN 3. Let @D be a principal tolerance trivial variety. Then for
each Ne@, each O ¢Con (A) and every elements a, b of ¥,

OV (g, b) = 0-6(a, b)-0

in Con (%), i.e. principal tolerance trivial varieties have 3-permutable prin-
cipal congruences.

It is worthy to say that principal tolerance trivial varieties constitute a
very large class of varieties containing among others these “nice” varieties:

(i) all permutable varieties (i.e. all varieties of groups, quasigroups,
rings, modules, etc.) as follows by Propositiont;

(ii) a variety of distributive lattices, varieties of distributive p-algebras,
a variety of Heyting algebras etc., see e.g. [6].

It follows that some theorems on permutable varieties remain true also for
e.g. the variety of distributive lattices provided those proofs use only prin-
cipal congruences. One such case will be given in the third part.

It is evident that the identity from Proposition 3 is equivalent to the
inclusion

(%) 0-0(a, b)-020(a, b)-0-0(a, b).

However, it is not characterizable by a Mal’cev condition. Such characteri-
zation is possible for the converse inclusion:
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THEOREM 1. For a variety <0, the following conditions are equivalent :
(1) Foreach %€, each ©<cCon () and each element a, b of U,

0.0(a, b)-O<0O(a, b)-O-0(a, b);
(2) there exist 6-ary polynomials p,, ..., p, such that
X = px%,¥,2,2,%,¥,%,2)
Y = P52, %,,%,,2,2)
PV, X, 1, %,9,2,V) = Py, v, x, v,V fori =1, ..., n—1.

Proor. (1)=(2) : Let % = F,(x, 5, 2, v) be a free algebra of @ with four
free generators x, ¥, z, v. Put © = O(x, 2) vV O(v, y).

Then x,¥)€0-0(2,v)-0, thus, by (1),
X, V) €O, 1) -0-0(, V).
i.e. there exist elements ¢, 4 of 9 such that
(x,6)€0(z,v), (¢, d)€0O, {d, y) €Oz, v).
Hence, there exist 6-ary polynomials p,, . .., p,, such that
¢ =Dy, 5,0,%,9,2,0)
PV, X, Y, %,¥,2,V) = Py, ¥, 2, v, x,9,2,v) fori=1,...,n—1
d=pVv,x¥x Y27V

as follows from (c, d)€0O(x, 2)V O(v, y) in F(x, y, 2, v). However (x, ¢)¢
€0z, v) and {d, y) €O(z, v) give immediately

x =P, 9,2,2,%,9,2,2)
y=p2,2,%9,%1Y,22).
(2)=(1): Let €@, ©¢Con (A) and a, b be elements of A with
(x,¥)€0-0(aq, b)-0O.
Then there exist ¢, d of ¥ such that
(x, €0, (¢, d)eO(a, b), {d, y)€0O.

Putr = p(x,y,¢d,x,,¢,d), s = p,c,d,x,9,%¥, ¢ d).
Thus (r, 5) €0(x, ¢) V O(d, y) SO and, by the identities of (2),

x,r) = (px. vy, 60 x,y,60),p(x,v,¢d xy,cd)c6(a,b)

(8,y) = {pale, d, x, ¥, %, y, ¢, d), ple, ¢, X, ¥, X, ¥, ¢, €)y €6(a, b),
L.e. (x, yy€O(a, b)-O-O(a, b) proving (1).
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REMARK 1. The identity (1) of Theorem 1 is probably the best approxi-
mation of 3-permutability of principal congruences which can be characte-
rized by a Mal’cev condition, since there exist varieties whose free algebras
have 3-permutable principal congruences but the whole ¥ has not this pro-

perty, see e.g. [1].
REMARK 2. If we replace (1) of Theorem 1 by an analogous identity for
tolerances, namely:

(1") For each A ¢, each T¢ LT() and each a, b of ¥,
T-T(a, b)-T<T(a, b)-T-T(a, b),
then it can be proven in a way similar as in the proof of Theorem I (only Pro-
position 2 is used instead of the description of T'(a, b) or T(x, 2) V T(v, ¥) in
LT, see e.g. [2], [3], [5]) that (I") is equivalent with:
(2) there exists a 6-ary polynomial p over (@ with
X = p(X,¥,2,2,X,¥,2,2)
y= p(Z,Z,x;y, X,}’,Z;Z)-
It is easy to show that (2-) implies the permutability:
if A€, R, S€Con (A) and (x, y)€R-S, then {x,2)€R and
(2, y) €S for some z€ A and (2°) inplies
<x’ p(x’ Z’ Z’y’ x’ y’ Z’ Z)>ES’ <p(x) Z, Z) y’ x’ y’ Z’ Z)?y>ER’ thus
<X, y> €S R.

By Proposition 1, (1') as well as (2') are equivalent ot the permutability of
congruences.

2. Characterizations of principal tolerance trivial varieties

Firstly, we give a characterization of principal tolerance trivial varieties
in the terms of 3-permutable tolerances:

An algebra U has 3-permutable principal folerances if for each a, b, ¢, of ¥,

T(a, b)-T(c, d)-T(a, b) = T(c,d)-T(a, b)-T(c, d).

A variety @ has 3-permutable principal tolerances if each Ye@ has this
property.

THEOREM 2. For a variety (0, the following two conditions are equivalent :

(1) @ is principal tolerance trivial;

(2) O has 3-permutable principal tolerances.

ProoF. (I)=(2): Let Ac@, a, b, ¢, d be elements of A and (x, y)€
€T(a, b)-T(c, d)- T(a, b). Then, by (1),

<x7 }’> € 0((1) b) ' O(Cy d) ! 0((1, b)
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By Proposition 2, % has l-step principal congruences and, by the remark
after Theorem 3.5 in [1],

1(6(a, b)) = O(h(a), h(b))

for any homomorphism h of 9. Let h be a canonical homomorphism of
onto A/O(c, d), thus

(h(x), h(y)) € O(h(@), h(b)) - O(h(a), h(b)) = O(h(a), h(b)),

(x, ) €0(c, d)-O(a, b)-O(c, d) = T(c, d)-T(a, b)- T(c, d),
proving
T(a, b)-T(c, d)-T(a, b)< T(c, d)- T(a, b)- T(c, d),

whence (2) is evident.

(2)=(1) : Let A<D and q, b be elements of A. Then T(a, b) = w-T(a, b)-
-w = T(a, b)-w-T(a, b) = T(a, b)-T(a, b), where w = T(a, a), i.e. it is the
identity relation on . Hence T(a, b) is transitive, i.e. T(a, b) = O(a, b). W

The polynomial characterizations formulated in v 3-conditions are
used for characterizing of tolerance modularity, distributivity, decomposa-
bility of tolerances on direct products etc., see [2], [3]. Such type of condition
is used also for principal tolerance triviality. For the sake of brevity, denote
the sequence z;, ..., z, only by z.

THEOREM 3. For a variety 0, the following two conditions are equivalent:

(1) @ is principal tolerance trivial;

(2) for every (2+ n)-ary polynomials f, g there exist (4+n)-ary polynomi-

als p, q, r such that

f& ) = (B, x, 2), g%, ¥, 2), %, ¥, 2)
P, ¥, %, ¥, 2) = 9(8(x, ¥, 2), f(, %, 2), X, , 2)
PG, %, X, ¥, 2) = r(f(y, X, 2), g%, ¥, 2), X, ¥, 2)
80, x, 7) = r@(x, ¥, 1), S0, X, 2), %, ¥, 2)-

Proor. (1)=(2): Let % = Fy,, (X, ¥, 2}, ..., 2,) be a free algbera over
0 with 2+ n free generators x, ¥, 2y, . . ., 2,. Let f, g be (2+ n)-ary polynomials
over (0. By Proposition 2, we have

e, 3, 2, fO, %, 2D €T(x, ),

&, ¥, 2), 80, x, 2) € T(X, y),
thus clearly

<f(xy Y, Z)7 g(y’ X, Z)> € T(X, y) T(f(y’ X, Z)r g(xr Y, Z)) : T(xr y)
By Theorem 2, it implies
Sy, 2),80, %, ) T(f(¥, X, 2), g(%, ¥, 2)) - T(x, ¥)- T(f (¢, x, 2), g(x, ¥, 2)).
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Hence there exist ¢, d of A such that

() ¢, )eT(x, y)
(i) (f(x,y,2), 0 €T(f(y,%,2),8(x,¥,72))
(iii) {d,g(y, x, 2)eT((», X, 2), &(x, ¥, 2))-

By Proposition 2, (ii) implies the existence of a (4+ n)-ary polynomial g such
that

£6,3,2) = 4(f, %, 2), 8,9, 2), %, 9, 2)
¢ =q(g(x, 7,2, /(. X, 2), X, ¥, 2).
Analogously, (iii) implies the existence of a (4 + n)-ary r with
d =r(f(,x,2), g(x, ¥, 2), X, ¥, Z)
20, %, 2) = r(g(x, ¥, 2), f(0, %, 2), %, , 2).
Finally, (i) implies the existence of a (4+ n)-ary polynomial p with
¢=p(xyxY,2)
d=pQy,xxYy 12
and (2) is proved.
(2)=(1): Let Ae@, a, b, ¢, d, x, y be elements of ¥ and
&, yycT(a, b)-T(c, d): T(a, b).

Then (x, 2)€T(a, b), (z, v)€T(c, d), v, ¥)€ T(a, b) for some z, v of A. By Pro-
position 2, there exist (2+ n)-ary polynomials f, ¢ and elements €y, ..,y €,
of U such that

x = f(a, b, e), z2=f(b,a, e
and

v = g(a, b, e), y =g, aqce).
By (2), there exist (4+ n)-ary p, g, rsuch that
x = f(a, b, &) = q(f(b, a, e), g(a, b, €), a, b, &) = q(z, v, a, b, €)
p(a, b, a,b,¢) = q(gla, b, e), f(b, a, e), a, b, &) = q(v, 2, a, b, e),
hence, by Proposition 2, (z, v) € T(c, d) implies
(x, p(a, b, a, b, )y €T(c, d).
Analogously we obtain
(P, a, a, by €), y) € T(c,d).
({p(a,b,a,b,e),pb,aa b, e)cT(a,b), thus
x, »eT(c, d)-T(a, b)-T(c, d)

whence the 3-permutability of principal tolerances is clear. By Theorem 2,
(1) is evident. &

Clearly
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3. Some applications

A variety (0 has directly decomposable congrounce if for all %, B of (¥ and
eachh @¢Con (A XB) there exist ©,¢Con (A) and O,¢Con (B) such that
O = 0, X0,. G. A. FrRaser and A. Horn [8] gave a Mal’cev conditions cha-
racteziting such varieties. This condition is, however, rather long and com-
plicated. Here we show how it can be simplified if (@ is assumed to be prin-
cipal tolerance trivial:

THEOREM 4. Let (D be a principal folerance trivial variety, then the fol-
lowing conditions are equivalent:

(1) O has directly decomposable congruences;
(2) there exist a (2+ n)-ary polynomial p, binary polynomials gy, ..., 4,
and ternary polynomials r,, . .., r, such that

X =px ¥, 669, -, Palx, )

y=p0 % & Y - 4alx, ¥))

z2=p6y0069,2), -, (6 1,2) = p(0, X, (%9, 2), ..,
(%, ¥, 2)).

Proor. (1)=(2) : Let A = F,(x, y), F = F4(x, y, 2) be free algebras over
@ and let (0 have directly decomposable congruences. By Theorem 4 in [8],

we have
(x, 2}, [y, 2D €O([x, x], [, ¥])-
By (1) it means

% 2], vy 2D e T([x, x1, [y, ¥])

and, by Proposition 2, there exist a (24 n)-ary polynomial p and elements
€y -+, €, of U XPB such that

[, 2] = p(x, X1, [, Y], € - €0)
[y: Z] = p([y7 y]) [X, X], € vvny Cn)'

Since ¢;¢ A X B, we have ¢; = [g,(x, y), ri(x, ¥, 2)] for some binary or ternary
polynomials g, or r;, respectively. If we write it componentwise, we obtain (2).

(2)=(1): Let %, B€@ and a,, a, be elements of A and by, b,, b be ele-
ments of B. Put ¢; = [¢(a;, a,,), ri(by, by, )]
By (2),
([a;, b], [ap, b)) = <[p((11, ay, q(ay, (12)), p(bp by, 1(by, by, b))],
[p(am al) q(aly az)); p(bm bl) r(bD bzy b)) ]> =
= <p([(11, bl]: [(12) bz]» €y ov ey Cn)! p([az) bz]’ [(11, bl]) ST Cn» €
€T([a,, b1], [as, by]).

Thus {[a,, b], [a5, b])<O({ay, b;], [a,, b,]) and by Theorem 4 in [8], (1) is
proved. G
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The easy way of using the condition (2) of Theorem 4 can be illustrated
by these examples:

ExampLE 1. Let (@ be a variety of rings with unit element. Since @ is
permutable, it is principal tolerance trivial and we can take n = 2, p(x,, x,,

Xy Xz) = Xo- X3+ X3, (X, ¥) = 1, 2(x, ¥) = 0= ri(x, ¥, 2) and ry(x, ¥, 2) = 2.
Clearly

P, ¥, 41 g} = x-1+0 = x

PO X, s @) = y- 140 =y

P, Y, iy b)) = X042 =2=y-04+2 = p(y, X, 1y, 1)
proving the direct decomposability of congruences.

ExXAMPLE 2. Let /D be the variety of distributive lattices. By [6], D is
principal tolerance trivial and we can take n = 2,

p(xoy X1, Xo, x3) = (xo /\xz) V X3, ql(x? y) =xVYy, qz(x: y) =XAY,
rn=xAYAz, rix,y,2) =z
Then
P Y, 41 42) = [XA(XVY)VI[XAY] = x
POL X, 41 §2) = [V AGVIIVIXAY] =y
P(x:y, rl) r2) = [X/\(X/\y/\Z)]\/Z =z =
= AEAYADIVZ = p, X, 1, 7).
The next application is in the case of Congruence Extension Property.
A variety (0 satisfies the Congruence Extension Property (briefly CEP) if for
each Ae@ and every subalgebra B of  and each @¢Con (B) there exists
©O*cCon (A) such that @ = O*N(B X B). Such varieties are not characteri-

zable by Mal’cev type conditions, see [7]. In the case of principal tolerance
trivial varieties, we obtain a short polynomial v 3-condition:

THEOREM 5. Lef @ be a principal tolerance trivial variety. The following
conditions are equivalent :

(1) @ satisfies CEP;
(2) for every (2+n)-ary polynomial p there exists a 6-ary polynomial g

such that
P, ¥, 2) = 4, ¥, %, ¥, pX, ¥, 1), pO, X, 1))
py, x,z) = (v, x, X, y, p(x, ¥, ), p(Y, X, Z)).

Proor. By [7], @ satisfies CEP if and only if for each % ¢, every sub-
algebra B of U and each element, a, b of %,

Op(a, b) = O 4(a, D)N(B X B).
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The inclusion < is evidently true in any case, hence CEP is equivalent to

the converse inclusion only. Since (@ is principal tolerance trivial, CEP is
equivalent to

(¢ %) Ty(a, b)2T A(a, b)2(B X D).

()=(2): Let A= F,,.(x,¥,2,, ..., 2,) be afree algebra of D with free
generators x, ¥, 2, ..., 2, and let p be a (2+ n)-ary polynomial over @.
Denote by

¢ =pxY, Z): d = pQy,x, 7).

Let 8 be an algebra of (@ generated by the generators x, y, ¢, d. Then clearly
B is a subalgebra of U and, by Proposition 2,

(e, Ay €T ,(x, y)N(B X B).
By (% ) it implies {c, d) € Tz(x, ¥), thus, by Proposition 2, there exists a
6-ary polynomial ¢ such that
c=4q(x, ¥, x,¥,¢d)
d=q(,x,x,¥,¢ d)

proving (2).

(2)=(1): Suppose A, Be@, B is a subalgebra of ¥, ¢, d, x, y are elements
of B and {c, d) € T 4,(x, y) N (B X B). By Proposition 2, there exist a (24 n)-ary
polynomial p and elements a,, ..., a, of % such that

¢ =p(x,y, a,, ..., a,)
d = P(y, Xy dyy o vey an)'
By (2), there exists a 6-ary polynomial ¢ with
¢ = q(x, ¥, x ¥ ¢ d)
d = q(y,x,x,%,¢A4).
Since x, ¥, ¢, d are elements of B, it yields {¢, )€ Tx(x,y). B

4. Connections with modularity

Now, we can study connections of varieties investigated in the first
part and congruence modularity. A variety @ is modular if Con (%) is mo-
dular for each A €(@. It is well-known that the 3-permutability of congruences
implies the modularity. The first theorem shows what can be said in this
sense on principal tolerance trivial varieties and the second one is a streng-

thening of the result on 3-permutability.

TueoreM 6. Let @ be a principal tolerance (rivial variefy. Then for each
Ae@, OcCon () and elements a, b, c, d of A, O(c, d)S O implies O A (O(c, d) V
Vv @(a, b)) = O(c, d)V (O A O(a, b)).
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Proor. Suppose A ¢ @, @ is principal tolerance trivial and &(c, d)<06.
Let

x, ¥)€O N(O(c, d)V O(a, b)).
Then {x, ¥) €O and, by Proposition 3,
x,y)€0(c, d)-6(a, b)- O(c, d),
i.e. there exist elements p, ¢ of % with
() (x, p)e0O(c, d), (p,q)€0(a, ), (g, ¥)€O(, a).
By the assumption, (i) implies
P 0€d, U, 9co

which with (x, y) €0 gives (p, ¢) €©. By (i), we have {(p, ¢)€O A O(a, b), thus
(i) also implies

x, yyeO(c, d)-(O A O(a, b))-O(c, d).
By Proposition 3, this yields
X, ¥)€0(c, d) V (O A O(a, b)).
The converse inclusion is trivial.

THEOREM 7. Let D be a variety of algebras such that for each % ¢ @, every
©¢Con (A) and each a, b of ¥,

(% % %) 0-6(a, b)-0<0O(a, b)-0-60(a, b).
Then @ is congruence modular.
Proor. It is evident that (s % %) of Theorem 7 implies
OV O(a b)=0-0O(@, b)-O
in Con ().

(A) Firstly suppose R, T€Con (%) and O(c, d)=R. In a routine way,
analogous to that of the proof of Theorem 6, we can easily obtain

RA(O(e, )V T) = 0(c, )V (RAT).

(B) Now suppose the general case R, S, T¢Con (%), SCR and proceed

t0 prove the modular identity by an induction, using (A) as an induction
hypothesis. Let

x, YERASVT).
Clearly S = V {0(cq, do); o< I} in Con (), thus the previous formula implies
<X, y>€ v {@(Cu; da), 49 I} v T,
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By the Mal’cev lemma, there exists a finite subset, say {I, ..., n} of I such
that

(% yye(V O, d) VT
=
Clearly O(c¢;, d)cS fori =1, ..., n and

X, ¥)ERN [(_i}l@(c,., d)VT],
ie. -
(% Y)ERA[O(cy, dy) V (ZZQ(C“ dyVvT)].

Applying (A), we have

(% ¥) €0y dy) V (R A [,-\22@“"’ d)V T])
and after n steps of this procedure we conclude

*, y>€i§1@(c,-, d)V(RAT)SSV(RAT)

proving the modularity of . W
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0. Introduction

While considering conditions under which a mapping T of a complete
metric space X into itself has a unique fixed point, KANNAN [3] and sub-
sequently FisHER [1], [2] have considered the first three of the six conditions
listed below as (T;)— (T,).

For any x, yeX:

(Ty) d(Tx, Ty)=cld(x, Tx)+d(y, Ty)}, where OSC<%.

(T,) d(Tx, Ty)=c{d(x, Ty)+d(y, Tx)}, where Osc<%.

(Ty) {d(Tx, Ty)R=cld(x, Tx)d(x, Ty)+d(y, Ty)d(y, Tx)}, where 0$c<—é—.
(Ty) {d(Tx, Ty)P=c{{d(x, Tx)P+{d(y, Ty)}?}, where 0s0<—;—-

(Ty) {d(Tx, Ty)P=cld(x, TX)d(y, Tx)+d(x, Ty)d(y, Ty)}, where Osc<—:lz—.
(Ty) {d(Tx, TY)R=cld(x, Tx)d(y, Ty)+d(x, Ty)d(y, Tx)}, where OSC<%.

KANNAN has proved that (T,) implies a unique fixed point for T which
is the limit of the sequence {T"x} for arbitrary x€X. Fisher later proved that
(T,) and (T,) likewise imply a unique fixed point for T. The object of this
note is to show (in part 1 below) that each of the conditions (T,), (T;), (T,)
imply the same result; and then to study (in part 2) the relation between
conditions (T;)—(T,). Specifically, we show that (T,)=(T,), which implies
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that our Theorem 1 is stronger than that of KANNAN; that the theorem is
strictly stronger is shown by means of an example. Various examples are
then given to show that (T;), (T,) and (T,) are all uncomparable and also
that (T,) does not imply any of the other five conditions. In the special case
of a linear mapping Tx = ax on (R, d), where R is the set of all real numbers
and d is the usual metric, exact intervals have been obtained in which the
coefficient @ must be in order that each of the conditions (T,)—(T,) may
hold. All of our counterexamples such as (T;) no=(T,), (T;) no=(T,), . . . etc.,
come from this linear mapping, in some cases restricted to a smaller domain.
While there are some implications for which we neither have proofs nor
counterexamples, it has been demostrated that the linear mappings on R
cannot be employed for counterxamples in these cases, and some mappings
on other complete metric spaces might well be useful.

1. Fixed Point Theorems

THeOREM 1. If T is a mapping of the complete metric space X info itself,
satisfying (T,), then T has a unique fixed point.

Proor. Let x be an arbitrary point in X. Then
{d(Trx, T"+1x)}2sc{{d(T"—1x, T"x)}z-}-{d(T"x, Tn+1x))2},

which implies that

12
d(Tnx, Tntix) §[ ] d(Tn"1x, Tx)

1—¢
forn=1,2,....Since Os(_‘<—-21——, {Tnx} is a Cauchy sequence in X and hence

has a limit z in X.
We now have

{d(Trx, T2)P = {{d(T"x, T"X) + {d(2, T2)}2},
which implies that
{dz, T2)}*=c{d(z, T2)}%.

. S '
Since O=c<—, it follows that d(z, T2) = 0, and hence Tz = 2, so that z is a
a fixed point of T. If 2’ is a second fixed point of T, then

{d@z, 2)? = {d(Tz, TZ)}=c{{d(z, T2)P+{d(Z’, TZ)P*} = 0,502 = 2.

THEOREM 2. If T is a mapping of the complete metric space X into itself
satisfying (Ts), then T has a unique fixed point.
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Proor. Let x be an arbitrary point in X. If for some positive integer n,
d(Tnx, Tn*1x) = 0, then we have a fixed point; if not, then from (T;) we
obtain

d(T™x, T"*1x) s[ ]d(T"‘lx, T7x)

1—c¢
forn = 1,2, .... Now the rest of the proof is similar to that of Theorem 1.

TREOREM 3. If T is a mapping of the complete metric space X into itself,
satisfying (Tg), then T has a unique fixed point.

PRroor. Let x be an arbitrary point in X. If for some positive integer n,
d(Tnx, T"*1x) = 0, then we have a fixed point; if not, then from (T,) we
obtain

Ad(Trx, Trx) =< cd(T"2x, Trx)

forn=1,2,....Since 0=c<1, {T"x} is a Cauchy sequence in X and hence
has a limit 2 in X, which in fact is a fixed point of T. It is easy to see that the
fixed point is unique.

REMARKS. (a) If T is a continuous mapping of the compact metric space
X into itself, satisfying the inequality

{d(Tx, Ty)P<{d(x, Tx)d(y, Ty)+d(x, Ty)d(y, Tx)}

for all distinct x, y in X, then T has a unique fixed point.
(b) The result in (a) is similar to Theorem 4 of [2].
(c) A remark similar to (a) also holds for each of the Theorems 2 and 3.

2. Comparison of (T,)— (T)

THEOREM 4. Let T be the linear mapping Tx = ax for |a| <1 defined on
R and let d(x, y) = |x—y|. Then T satisfies

. 1
(i) the condition (T,) if and only if —1 <a<?;

; I '
(ii) the condition (T,) if and only if —?<a< I;
. 1 1
(iii) the condition (T,) if and only if ——V?<a<—}/—5,
however, by restricting T to a suitable subspace of R, (T,) can be satisfied

also for ——=a<-—;
for ==

1
(iv) the condition (T,) if and only if —1 <a<?,

however, by restricting to a suitable subspace of R, (T,) can be satisfied also

1+y2’

Jor —=a<

4%
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(v) the condition (Ts) if and only if ——;—<a<—;—;
(vi) the condition (Ty) if and only if —1<a<1.

Proor. We first consider (i), (ii) and (vi). The “if"’ parts of (i), (ii) and
(vi) follow from the respective inequalities: for all x, y€R,

)= |4 | (el -

{Ix—ay|+|y—ax]},

la(x—y) | = ‘Taa

and
a*(x—y)y=|a| {|(x—ax) (y—ay)| + |(x—ay) (y —ax)]}.

The ““only if”’ part follows from the observation that each of the inequalities
becomes equality along the lines which make the value of either of the sum-
mands on the right hand side equal to zero.

To prove (iv), we note that (u—vP=u?+1? if uv=0 and (u—v)P=

=2(u?+1?) if uwv<0 with equality along u = O or v = 0 and along u = —v
respectively. We can now express condition (T,) in the following form
2 2 202 2 2
a*(x—y) sm{(x—ax) +—ayyh

which determines the range — 1< a<% for (T,). If however, we select a sub-

space of R as X = [0, «) and consider restriction of T to X (with a=0),
then (x— ax) (y — ay)=0 and hence condition (T,) can be expressed as
2
a(x -y =——— {(x—ax)*+ (y—ay)?}.
(1—a)?

Thus (T,) also holds for %sa< where T is taken on some sub-

|
1+y2 "’

paces of R.

(iii) and (v) are essentially similar, so we will only prove (iii).

Case 1 (0<a<1). We observe that linesx =0,y =0, x = ay, y = ax
and y = x partition the plane R xR into 10 regions as shown in figure 1.

Since condition (T,) is symmetric in x and y, we consider the maximum
value attained by the function
d(Tx, Ty)p
S y) = @(Tx, Ty)

d(x, Tx)d(x, Ty)+d(y, Tx)d(y, Ty)

in each of the five regions below the line y = x. Of course on the line y = x
condition (Tg) (and all the other conditions) are trivially satisfied for any
value of a.
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If we let u = (x—ax)(x—ay) and v = (y—ax)(y—ay), then u and v
are both positive in regions I, 11 and V; u=0 and v=0 in region II; u=<0

and v=0 in region [V. Upon substituting for the various distances in f(x, y)
we obtain

y=ax

Fig. 1.

[ _dx—y) for (x, y) in region 11
(1-a)(x+y)’ ’ s
2y —x) . .

Jx,y) = ——a———, for (x, y) in region 1V
Sl Wy (x, y) in reg

2(y __ 1)2
a*x—y) for (x, y) in regions I, I1I and V.

L(1—a){(x—p)2+2(1—a)xy}

Clearly, f has its maximum along y = 0 in region II and along x = 0 in region
IV. Also, by considering values of f along the lines y = Ax in regions I and
V and along circles x2+y2 = A in region 111, it can be seen that f attains its
maximum along y = ax in region I, along y = —x in region I1I, and along
X = ay in region V. Thus:

( 2
1 , for(x, y) in regions Il and 1V,
—-a
2
Je, y) = la , for (x, y)in regions I and V,
+a
2
2a = for (x, y) in region III.
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Therefore, f attains its absolute maximum in region III and condition (T,)
will be satisfied if and only if

<—1{i.e. O<a<i_ . However, since
[—-a2 2 ¥5

2
in the first quadrant, the absolute maximum of f is only la ,
—a

by choos-
ing X = [0, ) we can require

2
a <—1—[i.e. 0<a<—1—}.
2 2

l—-a

y=ax

Fig. 2.

Case 2 (—1<a<<0). Referring to figure 2, we note that u=0 and
v=0 in regions I, III and V; u=0 and v=0 in region I1; u=0 and v=0 in
region IV. Using the same expressions for f(x, y) as before, and by similar
reasoning we have

2

2 ,  for (x, y) in regions II and IV
l+a :

2

ey = 2 ,  for (x, y) in regions I and V

l—a
2
2a ,  for (x, ) in region III.
1—a®

\

From this, it follows that condition (T,) is satisfied if and only if a> —

¥5

which completes the proof of the theorem.
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Squaring both sides of the inequality in (T,) and using the fact that
(u+v)2=2(u?+1?) we obain (T,). This shows that (T,)=(T,). If (Ts) holds
and z is a fixed point of T, then d(z, Tx)=c d(x, Tx) for allx in X and conse-
quently d(Tx, Ty)=c{d(x, Tx)+d(y, Ty)} for all x and y in X. Thus (T5)=(T),)
and (T,). By choosing various values of a as indicated by the above theorem,
we can construct examples of linear mappings which satisfy one or more of
the conditions (T,)—(T¢) and fail the others. At least for the linear mappings
discussed above, it seems that (T;)=(T;) i = 2, 3, 6 and that (T,)=(T,) for
i =1,2, 3, 4. We do not know whether these implications are true in gene-
ral; we believe (T;)=(T,), i = 2, 3, 6 are, but (T,)=(T,), i = 1, 2, 3, 4 are
not. Apart from these unsettled cases and (T,)=(T,), (T;)=(T,) (and (T,)),
every possible implication (T;)=(T,) does not hold (for i>j) as can be seen

by choosing different values of a. Thus, for example, Tx = —g—x satisfies (T,)
and (T,) but fails to satisfy (T;), (T,), (T,) and (T;). Tx = —%x satisfies
(Te) and (T,) but fails to satisfy (T,), (T,) and (T;). Tx = él%x on X = [0, =)

satisfies (T;) but fails (T;) and (T;), while Tx=~§—x satisfies (T,) but not (T,).
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1. In this paper a method for approximating functions and their deri-
vatives is introduced on the basis of Hermite — Fejér interpolation. Only the
function values are needed for the use of the method and there is no need to
know the values of the derivative.

" The approximation problems based on the Hermite — Fejér interpolation
have been discussed by several authors. First, L. FEJER [2] and later G. SzeGl
[7], E. EGeErVARY and P. TurAN [1], G. GRUNwALD [4], P. Sz4sz [6],
G. FReuD [3] and others have investigated this problem, but the simulta-
neous approximation of the function and its derivative and the rate of con-
vergence have not been examined before.

In this paper all of these three problems will be discussed.

The interpolation points are selected as the roots of ultraspherical poly-
nomials. The ultraspherical polynomials are defined as _

= p@y - (=D an
on) = PP =
(1.1}

wherea>—1. .
All roots of polynomials (1.1) are single and are between —1 and +1,
that is, .

d:—l<X,<Xpy<...<Xy<Xpy<...<X <] (n=1,2,...)

(1.2)

On the basis of the nodes (1.2) and function f(x)€ C([—1,1]) define the fol-
lowing spline function:

H X€[Xpy Xout], @sw=n+t], X, = fl)let _
(1.3) Fa(x; /)= Yo+ a(x— X,) + bu(Xx = X,)* + ¢,(X — X,)2 = (x)

[(1 —xz)"‘f"]}(l —-x3)~° n=0,1,2,...
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and in the interval x€[x;, I = xo], let

(1.4) 26 =+ -2 (x—x) =fix).
’11
In (1.3)
(1-5) ar = M‘; b, = — Coltyy
1 L yv—-l Yo1— yv}
I. y = — - .
( 6) ‘ hv{ hv 1 hv

In relations (1.4), (1.5) and (1.6), h = x,_l—x,, (I=r=n+1)and y, = f(x,),
O=sv=n+1).

It is easy to verify that
(1.7) Fixs; f) =y (Osvsn+]
and i . A : : :
(1.8) %) = k), @=vsndl,s=0,1)

that is, Fa(x; f)€ CO([—1,1}).
. Let H,,,_,(x; f) denote the Hermite — Fejér polynomial of degree at most
(2n— 1) which satisfies equalities

(1.9)  Hpa(6if) = = %), (1=r=n)
and o , : _
(1.10) Hip s f) = yo = Fi(xs; f), (I=v=n)

at the nodes (1.2).

It is well known that polynomials {H,,_,(x; f)}a=1 can be uhiquely
determined.

The following theorems will be proved in this paper
THEOREM 1. Let f(x)e C([-1,1)).

If either xe[— 1,1} and ——21—=ac> —1 then

log n \ .
g b ( ")’

(LI1) 1) = Hynals 1) = o(i)'w(_;_; f]

where w(- ; f') denotes the thodiilus of continﬁity of f(x).
THEOREM 2. Let f(x)e CW([—1,1)). If x€[~ 145, 1 —¢], then

(1L12) | f/0)— Hips(6; )| = O(l)w[%; f] logn, (n=1,2,...)

where O<£<é— and w(- ; f’) denotes the modulus of contt'm'zity'of f(x).
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Expression (1.12) tends to zero for —l—; f{log n= o (1). This condition
n

is obviously satisfied of for example f'(x)eLip g, O<pu=1).
"2. Before proving the above theorems, the following well known facts

should be mentioned. Polynomials w,(x) = PY(x) satisfy the relations
(Szea6 [7])

I @« 1

o(l—x) * 2.n %, XE(l,l),az_s"%:
(2.1) POx) = ]
o(Hne, xe[—-1, 1], _],<a§—?

and for the roots (1.2), x, = cos &y, (X, = X,,_v41),
(2.2) ﬂ,=—]—[vn+0(l)], (Isvsnn=12,...)
n

and the derivatives satisfy inequalities

2 2+a
c -n?te, (O=x,<1
@3) PPy ( )

cn—v+1) 2 pzte, (- 1<x,=0),

where O(1) does not depend on v and 1, and constant ¢ depends on only «.
Polynomials H,,_,(x; f) satisfying (1.9) and (1.10) can be written in
the form

(2.4) Han-a(%; f) = Z yoh(x) + Z Yo —x)l2(x),
where !

(2.5) () = [1 —%ﬁ (x— x,)] 2(x)
and - .

Qe h(x) = —F P

PO (x)(x— %)

If r,(x) is a polynomial of degree m and m=2n- 1, then it is well known that
n .n
@7 T = 3, Fn)AX) + D ()X = X)),
v=1 =1
which implies that for r,(x)=1,

(2.8) S h)=1.
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FEJER [2] has proved that if — 1 <a <0, then for x¢[—1,1]
(2.9) h(x)=0, (1=v=n).
The “Lebesgue constants’ of interpolation satisfy inequalities (SzeG6 [7])

@10) A= max 3 |LE)] = 0(1)logn, if -%gp 1

x€[~1,1)pa1

and for a> —i
2

@l11) A= max 3 L] = 0(1)logn, [O<s<—;—].

x€[—1+e, 1—2]; 71

If f(x)e C([—1,1]) and function Fy(x; f) is defined by identities (1.3) and
(1.4), then (ENEDUANYA [8])

@Q12) IO F Nl = 0ol | =0,

for any x€[—1,1], where w L; f’] denotes the modulus of continuity of
n

functions f’(x). Furthermore,
(2.13) w[—l—; Fg] - O(I)w[——l—; f’].
n n

In the proof the following relation will be used (Jackson [5], SzeGH
[7]): If p(x)eC([~1,1]) then there exists a polynomial g,(x) of degree m
such that for xe[—1,1],

@14) 199 — o) = oaw[#; «p],,% (s=0,1)

where o(- ; ¢”) denotes the modulus of continuity of function ¢’(x).

3. In this part of the paper the proofs of Theorems 1 and 2 are presented.
Let f(x)e C([—1,1]) and let g,,_,(x; Fs) be the polynomial defined for
function Fa(x; f). The relations (2.12), (2.13), (2.14), (2.7), (2.4) and the facts
Yo = Fa(xo; [), yo» = Fi(x,; f) (which are simple consequences of relations
(1.7) and (1.9)) imply that

1) = Han—1(65 /)| = 1(X)— FAx; N + 1 Fl; 1) = 0an-a(%; Fa)l +

+ ﬁ;{em-l(xv)—a(x»)}h,(xw z (@5nm1() — FA(t))(x — %)) | =

@.1) = oa)w[%; f’]%+ |V anea() + Wy (9.
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If —l<as _%, then from (2.14), (2.13), (2.9), (2.8), (2.1), (2.3), (2.6)

and (2.10) imply the assertion of Theorem 1 since
n
|V an—1(x) + Waq_y(x)| = max| gy, 4(x,) — Fa(x,)| 3 ho(x) +
4 p=1

logn
—

K| ofy1(5) ~ )| 3~ ltie) = O(1)e{ 5 7
(3.2) ”

If o> _%, then relations (2.12), (2.6), (2.1), (2.3) and (2.11) imply that

for XE[—-1+£, 1-¢], [O<s <-—;—],

W anos(0)] = l)w[ ]IP‘“’(X)I 3 LG =

Py IP‘“’( %,)|
logn
==

(33) - O(I)w[? f']

The mean value theorem of Lagrange implies that
02n—1(%s) — Fa(x,) = [pgn—1(X) — Fa(x)] +
+[02n—1(m) = Fi(m)1(x, = %), (m,€(x, X4))
then from (2.8), (2.5), (2.6) we may conclude that

IV anes (] = | eanes ()= FaX) + z {hn—1(1)— Fim)} X
2+ )X, PO(x)
3.4 2R gyl T
(3.9) x{ + 2P x)} e

and by using relations (2.14), (2.1), (2.2), (2.3) (2.11) simple calculations show
that for x¢ [-—- | + ¢, | —8], 0<e<—;—

log n

(35) |Vanea ] = 0(1>w[ f']

Relations (3.1), (3.3) and (3.5) imply the assertion of Theorem 1 even for
1

x> ——,

Thus Theorem 1 is proved.
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The proof of Theorem 2 is based on the relation
| ()= Hins(x N = 1(x) = Filx; )] + 1Fa(x; )~ ean-a(x; Fa)l +
(3‘6) + I V;n—l(x) + Wén-—l)})

which are similar to relations (3.1) applied for the derivatives.
Since function V,,_,(x)+ W,,_,(x) is a polynomial, the inequality of
Bernstein, and relations (3.3) and (3.5) imply that

1) |
(3.7 [V gnea () + Wiy (0)] = 0(1)60[? f]v_l"!iﬁx?

From relations (3.6), (2.12) and (3.7) one may conclude that in interval

—l4+e=x=1+¢, [0< e<—2—

| [/ (x) = H3,_y(x; )] = O(l)w[%; f’] log n.

Thus Theorem 2 is proved.
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ON THE DERIVATIVE OF INTERPOLATION POLYNOMIALS
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In this paper we shall investigate a system of interpolation polynomials,
that converges to the derivative of function.

Itis awell-known fact (see FEJER [3]), that if fis a continuous function on
[—1,1] and if the Hermite—Fejér interpolation polynomial H,,_,(x; f)
satisfies the following conditions _

(1) H2n—1(x7; f) = f(xl’)’ Hén—l(xt‘; f) = 07
where
(2) : —l =X, <X _1<...<Xp<Xp_j<...<Xg<X) =1

are the roots of the integrated Legendre polynomial

X
(3) n(x)= —n(n—1) [Pp_;(t)dt=(1—-x)P}_1(x)

Z1
with the normalization P,_,(1) = 1, then converges uniformly to f(x) on
[-1,1]. _

It is, however, trivially true that Hj,_,(x; f) does not converge to f’(x),

if f/(x)eC([~1,1]). We shall give with the help of the polynomials
H,,_,(x; f) a system of interpolation polynomials that converge to f’(x).
For the polynomial H,,_,(x; f) the following explicit form can be given
(see [3])

n

(4) H2n—-1(x; f) = Z f(x..)A.(x),

p=1

where

Ayx) = [1 2D e 1)] B(x),
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Anx) = [1 + ”(”2‘ D s 1)] £(x),
(5) Ax) = B(x), 2sv=n—1;n=1,2,...)
and
(6) I(x) = ,(X)

op()x—%)
We define the numbers y, in the following way:

‘ (1= &)P;4(E)" 7
(M ngHzn-l(e,)[z— 5’2 4 ]

I=j=n-1,n=23, ...),

where

l<fp1<Epog<...<fj<fjg<...<f=<l
are the roots of the polynomial
®) wh(x) = —n(n—1)Pp_;(x).

We shall now determine the following interpolatorial polynomials L,_,(x; f*)
of degree =n-2, such that

(9) Loyt )=y, (Isjsn-1,n=23,...)
The polynomials that satisfy the condition (9) are given explicitly by
n=1}
(10) Loo(; ) = > y (%)
Jj=1
where
’
(1 1) IT(x — mn(x) — Pn—l(x)

OfENx=E)  Paoa(g)x—g)
We prove the following
THEOREM. If f(x)€ CW([ - 1,1], then we have

/() = Lu—sl; £)] =

O(Nw [ogn f’]logn,for—1+e§xgl+e

(12)

[logn ; f’] Vn, for —1=x=1,

where O<e<-;— and w(- ; f’) denotes the modulus of continuity of f'(x).
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REMARK. The polynomials L,_,(x; f’) converge uniformly to f’(x) in

every interval [—1+¢, 14 ¢] where O<e <—;— provided that

co[ log ; f’] logn = o(1).
n
In the interval [— 1,1] we have uniform convergence if
[logn ’ f’)}’n = ol
Now differentiating (4) we get

(13) Hyo (63 f) = i‘lf(x.)Ai(x)

From the Lagrange mean-value theorem we obtain
Jx:) = f(&) + F (&) (%= &) + [ (m) — f(£))(Xs— &)
(14) (ms€ (x5 £)), 1=v=n, I=j=n-1)

where x, and ¢, are the roots of w,(x) and w(x) = P,_,(x) respectively.
Hence from (13) and (14) we get, if x = ¢;

Hi (&5 ) = flg) Zx AE)+ (&) Zl (o~ &AL +

15+ S-S EN—E) AL (=j=n1).
It is a well-known fact, that
(16) S A=l i )=0
and from (16), (5) and @), | -
an Stm=1-4= ﬂ’iﬁ;""z .
Finally we have from (15), (5), (16) and (17)forx = &,
Hineatt 1) = 716 [2 - S L2 S0 -y epie +

——2‘—1—’— Lf () — /&) 16, = DE(E) ~

(18) -—i‘%’—”—[f'mn) PN+ VBE) = Lt L+ L+

We shall now proceed to prove the

5 ANNALES-Sectio Mathematica="Tomus XXVIII.
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LEmMA. We have for | =j=n-1 the inequality
, logn
(19) =) =0l 75 1)

ProoF. Let w(8) = w(d; f") be the modulus of continuity of f(x) then for
n,€(Xy, &;) the well-known relation

(20) lf'(??v)—f'(Ej)l§w(]x,~§j|)_<__w[ logn][

n
holds.
For the polynomial w,(x), we have S. BERNSTEIN's inequality [2] for
n=4 and for —1=x=1

n
log n

1x,—5j1+1]

@) o)) = Zn, YT 1Pyl = 0(11n

For the numbers | P, _,(x,)| we have the estimation [1]
1

(22) IPp_1(Xy)| = O(1)—=, (1=v=n).
Vo
We have for the ‘“Lebesgue function” for —1=x=1 the estimate [3]
(23) 2nx) = 3 L) = 0(1) log n
and from (17) =
(24) S =1,

Hence from (18), (17), (20), (21), (22), (23), (3) and (17) we have the in-
equality

“2‘[ )(E’)2 ]_1 = 1) [1 +§}1§(&,)]_1§|12| =
=0<”°°[lin][mgn, f”’ el + 2 | =
o oo - o

and
-1

|13|[1+§z%(s,->] =L =

logn [ n* o}(&)) (1 -€3)Pa_ylg)) log n
éO(l)w[ . Hlognw( ;24—n2 a;,,(l)zl ! ]éO(l)w[ i J
(26)
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The same holds for
n -1
IX [1 +See|
=1
From (18), (25), (26) and (7) we have

¥~ ) = 0<1>w[ "’i n. f']. -

Now we can turn to the proof of our theorem.
Since f’(x) is continuous on [—1,1], a polynomial p(x) of degree n—2
exists such that [4]
y 1,
27) 7090 = otte| - 1]
It is known that
n—1
(28) e(¥)= 2 e(EF(x)= Ly—ofX; 0)-
j=1
From (9), (27) and (19)

)= Lo 1)) 5 1700 —0(0)] +:§l{le(§f)—f’(£,)l +

# 17e) =3 = 0{ 1 1)+ 0me{ 5 1) 5 17l +

lo

(29) +0(l)w[

holds.
It is a well-known fact that 4]

gn. , n-1
; ,f]; ()]

1
n—1 [0(1)10gn, for —l4+e=x=l—¢, O<eg<—,
(30) 2 1l = 2

i=1

10(1)}/5, for —l=x=I.
(29) and (30) complete the proof of Theorem.
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ON HERMITE ~FEJER INTERPOLATION POLYNOMIALS
USING TCHEBYSHEV ABSCISSA

By
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1. In this paper a method based on the Hermite — Fejér interpolation
will be introduced for the simultaneous approximation of functions and their
derivatives. It will be assumed that the function to be approximated is con-
tinuously differentiable. Only the functional values should be known at the
interpolating points and there is no need for the knowledge of the values of
the derivatives. The method to be introduced in this paper can be applied
in several fields of applied and numerical mathematics.

Assume that the interpolating points are either the roots

”'ln}" , (m=1,2,3,...)
2” ye=1

(L.1) A:{x,,=cos2

of the first kind Tchebyshev polynomials T,(x) = cos (n arc cosx) or the
points

i )ni—1
(1.2) {e,=’—”} . (1=2,3,4,...)

n j::l
which are the roots of the second kind Tchebyshev polynomials T ,(x) of deg-
ree n— 1, furthermore the points ¢, = —l and ¢, = 1.

Let f(x) be a continuously differentiable function on the interval [ - 1,1],
that is, fe CO([ - 1,1]).

Let Fsx; f) denote the spline functions such that for x,=x=x,_, and
2=v=n+1

(1.3)  Fax; H=y+ y”’m y’(x Xy) + (X — X,)2 + by(x — X,)3=f,(x)
and for x,=xsx, = 1

(1.4) Fats =y, + hy‘x x)=/,(%)

1
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where y, = f(x,), (O=v=n+1) and

b= L yv_z—yw_l_yv_l—yv}
el ke h J

(1.5) a=—bh, 2svsn+l; b =%x_,—X%, Ilsvs=n+1,
furthermore
Xg=1, Xx,,; = —1 and x, = cos 1’2; 7.
It is easy to verify that
(1.6) (X f) =Y (Osw=n+1)
and
(1.7) %) = &%), 2sv=n+1,5=0,1)

that is Fa(x; f)e CO([—1,1]).
Let H,,_,(x; f) denote the Hermite — Fejér interpolating polynomial of
degree not greater than (2n— 1) such that for interpolating points (1.1).

H2n——1(xry f) =Y = f(x")r (1 =v=n),
(1.8) H; (% f) = Fz;(xv;f) = }’-', (I=v=n).

It is well known that polynomials {Han_1(x; f)}n=1 exist and are unique. The
following theorem will be first proved in this paper.
THEOREM 1. Let f(x)e CO([— 1,1]), then for all n=9,

(190)  |fx)—H,_ (6 )] = O(1) [,f]'Og”,xe[—lll
(196) | F(X) = Hin_y(6, )] = O(I)w[%;f’llog moxe[—14e 1—él,

1
where 0<e<?and o(-; f') denotes the modulus of continuity of functions
J' ).
Relation (1.96) implies convergence only if w i; f’] log n = o(1). This
n
condition is obviously satisfied if f'(x)¢ Lip @ (0<a=1).
Let L (x; f) be the Lagrange interpolation polynomial of degree at most

n, such that for the interpolating points ¢, = 1, ¢, = —1 and the points
defined by (1.2),

y] y]+1
_xj+

(1.10) L,(sf) =

= yp(o an)’
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where y; = f(x)), X, = 1, x,,, = —1 and points {x; }j=1 are defined by (l.1),
andf(x)e C<1)([— 1 1]), The followmg theorem will also be proved:

THEOREM 2. Let f(x)€ CO([— 1,1]) then for all n=9 and x€[—-1,1],
(1.11) 170~ L Dl = O(al 1 | ogrn,

where w(- ; f*) denotes the modulus of continuity of f'(x).
Relation (1.11) implies convergence only if w(—l—; f’] log n = o(1).
n

2. Preliminaries and some Lemmas. It is well known (FeJEr [1]) that
polynomial H,,,_,(x; f) satisfying equalities (1.8) can be written as

(2.1) Hony(%; f ZJ’»h(x)"'ZJ’vx x,)3(x)
where

(22) hix) = [ = s )| B = weeo
and

2.3) hx) = — &)

T/ (x)(x—x)

For all xe[— 1,1], the following relations are satisfied (Szecd [3]):

2.4) S L) = 0(1) log n,
(2.5) S x=xJ8(x) = 0(1) log n
(2.6) v,(x)z—;— and h,(x)=0.

If g,.(x) is a polynomial of degree m and m=2n—1, then it is known
that

@.7) gnlX)= ﬁ;lg,n(x») h(x)+ ﬁ;lg:no«»)(x — %)B(%).
If g,.(x)=1 then relation (2.7) implies that
(2.8) 2 h(x)=1.

Before proving the above theorems; the following lemmas will be veri-
fied.
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LEMMA 1. If f(x)e COY([— 1,1]), then for all xe [—1,1]
1 1
O UG- DI = 0el 15 ) i =0,

where F4(x; f) denotes function (1.3), (1.4) and w(:; f’) is the modulus of
continuity of function f’(x).

Proor. For x,sx=x,_, and 2=v=n-1, the mean value theorem of
Lagrange and relations (1.3), (1.5) imply that

769~ Fis; )] =
(2.10)
=110~ (0] +71‘; POy =S —”f—ém(h,; 7 +%m(h,+h,-1; 7)

(- Z':;l"—y’ + b [2hfx —x5) = 3(x — %)} | =

14

since 7,€(X,, Xy.;) and n,_;€(X,—y, X,—;). Since f(x,) = Fa(x,; f), relation
(2.10) implies that

\fe)=Fatx; NI= [170-Fitt Nidt=

@.11) = [w(h,; ) +%w(h, th_y; f’)] h,

The well known inequality w(d4)=w(8)(A+ 1) and inequalities (2.10), (2.11)

and h, = 0—1— imply the assertion for all x¢[-—1,1]. The case when
n

X¢€[xy, 1] can be verified by a similar way. Thus Lemma 1 is proved.
Polynomials L,(x; f) satisfying equations (1.10) can be written as

C oA ,l+x.T,’l(x) 1-x T}(%) —x3
Lix 1) =y~ TN ,,(—1)+Zy'1- 1F(x)
(2.12)

where

(2.13) 13(x) =

T7(x)
THENx—¢)
LEmMMA 2. If x€¢[-1,1], then

THx) _Thx)
A (x) = —(l+) () —(l.x) (- 1) +
n l_xz
(2.14) +> ~ 1)) = 0(1) log n.
=1-g
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Proor. It is well known that polynomials T,(x) satisfy the differential
equations

(.15) (1 =x)T2(x)—xT () +n2T(x) =0. (n=0,1,2,...).

Since |Tp(1)] = |Tp(—1) = |T(g)l =1 and for xe[-1,1], |T(x)|=1,
relation (2.15) implies that

(2.16) (I=ENTHEP = n% [ T(D] = |TH(=1)| = n2

furthermore

(2.17) IT(0)] = 71{}7 xe(—1,1),

The inequality of Markov implies that

(2.18) |T(x)| ®n®, xe[—1,1].

From (2.16) and (2.18) are may conclude that

@19) IFXITR g I=x] Ta®) |oq yero1,1).
2 T;,(l) 2 | TH=1

Since (2.13) and (2.14) hold,

(2.20) (D) =2(-)=4¢) =1 (=j=n-1).

If x€(&x+1s &) (1=k=n—2), then the mean value theorem of Lagrange and
relations (1.2), (2 13), (2.15), (2.16) imply that

1- 12| = 1-x2 THx)—To(&)
e -l x—&
@21) =12 1) = X1 - )ITm) = 0,
n3(1 —xf)

and similarly for x€ (&, 41, &), O=k=n-2)
1—x
[ ,()] = 0(1).

1- K+1

If xe(e,‘“, &), (1=k=n-2), then relations (2.13), (2.16), (2.17) and (1.2)
impl yt at

(2.22) -

= 0(1) 2 ———i‘-—-— oS L= oty log n
=1 1= - &) je1 k-
2.23)
and similarly
(2.24) s 1= Il*(x)l = 0(1) log .

juk+2 I-
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If x€(%,, 1), then the mean value theorem of Lagrange, Markov’s inequality
and relation (2.13) (2.16), (1.2) and (2.18) imply that

L2 0| =2 T = 0(1), me e D).

(2.25)

From (3.13), (2.16) (2 17) and (l 2) one may conclude that
n—1 —
(2.26) * =
122 £ l ( ) 122 ”(x )
Similarly to the relations (2.25) and (2.26) it can be proved that for
XE(— 17 En—l)

1—
2.27 -
e

= 0(1).

n-1(0)] = 0(1); Z

n—1 111“'

117()1 = 0(1).

And finally, relations (2.20)—(2.27) imply the assertion.

The proofs of the theorems will be based on Gopengaus’ inequality [2],
which can be stated as follows. If ¢(x)€ C)([—1,1]), then there exists a

polynomial G, (x; ¢) of degree m, m=9, such that for xe[—I,1],
Vi—x2  YyT—=x2 )
lp(x) — G @) = O(l)w[ el v o , (5=0, 1),
(2.28)

where w(- ; ¢”) denotes the modulus of continuity of function ¢’(x).

3. The proofs of the theorems. Assume that f(x)e C)([—1,1]). Then
relations (2.9), (2.28), (2.7), (1.6), (1.8) imply that for x¢ [—1,1],

|f(X) = Haao (65 NI =1f00)— Fislx; )1+ [Fa(x; [)— Goo_1(X; Fa)| +

~1(%s; Fa) = Fa(xs; f)}ho(x) +

+ g {Gan_y(xs; Fs)— Fi(x,; f)}(x—x,.)l?.(x)f - O(I)w[%; f’]+

@3.1) +o<1>w[‘“ FA] AEE )

dince o(0;)=w(d,) for 8,<9,, and relations (2.28), (2.6), (2.8) and (2.5) are

true, one may conclude that for all xe[—1,1],

(3.2) Vo (0)] = O(I)w[%; FA] +o(1) [7 FA] loi .

where (- ; FJ) denotes the modulus of continuity of function Fi(x; f).
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If w(-; F4) and w(-; f’) denote the moduli of continuity of functions
7(x; f) and f’(x) respectively, then

(3.3) w[%; Fj) = O(l)w[%; f’].

In order to prove this inequality observe that x’,x”¢[—1,1] and |x' —x"|=
§—1—, then relation (2.9) and the fact that
n

max |f(x) -/ (x")] = w{%; f']
|x’—x”|§;
imply that
FAK; )= FAX"5 DI = 1FAXG 1= PO+ 176) = P +
F 1) ~Fix”, ) = oum[%; f']

and since

max |Fi(x";f)—Fi(x"; f)] = w[i; é]
n

[ x —x" 1571-
inequality (3.3) is necessarily true.

Equality (1.94) is a consequence of relations (3.1), (3.2) and (3.3).

By the use of Bernstein’s inequality for polynomial V,,_,(x) and apply-
ing relations (3.2) and (3.3) we get the following inequality:
, 1 .Y logn
(3.4) Vinest)l = 0(0o{ 3 7| 780 xe(=1, 1,
n Y1—x2
By using relations (2.9), (2.28), (3.3) and (3.4) inequalities similar to (3.1) can

be verified for the derivatives, that is, for x¢[— 1 +¢, | —¢], [O< £<—2—]

(3.5) 17/ (0) = Hipeyl3 )] = 0(1>w[%: f'] log n

which is equivalent to inequality (1.96). Thus, Theorem 1 is completely pro-
ven.
Next, Theorem 2 will be verified.

If f(x)e CO([—1,1]) and x€[—1,1], then it is easy to show that

(3.6) 70— LG )] = 0<1>w(—n'—; f'] log 1,
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where function
v g — e (LEOTHE) o (1 =X)TH(X)
Ln(xrf)"f(l) 27.;‘(1) +f( l) 27.;‘(_1) +
(3.7) +3 1)
j=1 — &

is a Lagrange interpolation polynomial with nodes defined by (1.2). Let
G,(x; f’) denote the polynomial satisfying inequality (2.28), then relations
(2.28) and (2.14) imply that for xe[—1,1],

|f/(x) =LA ) =11/ (0)=Gulx; )] + L3 Gy — ) =
= O(I)w{%; f’] log n,

which is equivalent to inequality (3.6). The mean value theorem of Lagrange
and relations (3.6), (1,10) and (2.14) imply that

L' (¥) = La(x; N =1/ (X) = LY f)| +

. Yi—Y+n1 _ 1, ,]
max | (e~ z,.<x)—0(1)w[7f log n+
(3.8) + max |16 = '(1) () = O 1>w[%; f'] log

since £}, 7,€(x; 4y, X)), consequently relation (1.1) implies that
4 l 4
\fEp—Fmpl = 0| —; f']-
n

Thus, Theorem 2 is proved.
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ON THE CONVERGENCE OF SPECIAL HERMITE -FEJER
INTERPOLATION POLYNOMIALS
By
SYLVANUS A. N. ENEDUANYA
University of Technology, Minna, Nigeria
( Received October 31, 1983 )

In this paper we define a Hermite — Fejér type interpolation process
which approximates in “Jackson order”. This interpolation process is in-
teresting for the numerical analysis, too.

Let us denote by

(1 Ay = {cos —(—‘2%9— n}"

vyl
the roots of the Tchebyshev polynomials
(2) T,(x) = cos(narccosx), (n=0,1,2,...).

To every real function f(x) defined on the closed interval [—1,1] we can
order the system of the generalized Hermite — Fejér interpolation polynomials

{Hyp,_1(x; Nin=1 where for every index n
Hypr(%; f) = Hypy(X)
is a polynomial of degree= (2n— 1) satisfying the conditions
Hppes(%) = f(0) = ¥y
Hipoy(%) = Yon = Yo
=t and (yiar

may be any preassigned system of real numbers.

L. FEJER [1] has proved that if f(x) is continuous on [—1,1] and for
every pair of indices (v, n) y,, = 0 then H,,_,(x; f) tends uniformly to f(x)
on [—1L1]as n+oo.

(Isy=mn=12...)

(3)
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Later FEjJER [2] improved on this result by proving that if f(x) is con-
tinuous on [—1,1], and the preassigned values of the derivatives satisfy the
condition

n
4 v =Y = Hy (%) = 0| /———
(4) Y=y 2n—1(%) [Vl—xz(logn)]
then the relation lim H,,_,(x; f) = f(x) holds also uniformly on [—1,1].

n— oo
The aim of the present paper is to investigate the special Hermite— Fejér
interpolation sequence

(5) {f_lzn—l(X; f):=1

for abscissas (1), where H,,_,(x; f) satisfies the following equalities if f(x) is a
continuous function in [—1,1]

(6) EZn—l(x"; f) = EZn—l(xv) = f(xv) =Yv (1 =v=nn=12,...)
and
Hypr(6; ) = Hipoy(6) = wth_y(t; F) = ¥4 (Isvsm, n=1,2,...).
(7)
In (7) Fs(x) = Fx(x; f)is defined as follows:

ryz_l__ll%(x_xﬁ:fl(x), for x;=x=1,

2

Fix; f)= 1 JA%) for x,=X=X,_,,2=v=n

o= 1 4TI g = £ ()

| " " for —l=x= X,
(8)
where
) mw=n+&§kv—m=ﬁm
2
and

(10) fu(x) =y»+—y%_y"(x—xv)+a;-(x—x~)2+b,(x—xv)3, B=v=n)

¢4
furthermore

(11) hv=Xy_1—Xy>0, (2§V§_n), hn+1=xn+l
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and
a4, = R N S s / (B=v=n)
hi’ hl'—l hl’
(12) b, = —%”—, (B=v=n).

Taking into consideration (9), (10), (11) and (12) we have from the definition
(8) of Fulx; 1)

(13) Fox; ) = f(x) =y, (1=v=n),
(14) F%oy) = froatoo)) = Yoy @Sv=041)
and clearly

(15) fxsy) = fio(ooy),  @=v=n+l).
It follows from (8)—(15) that

(16) Fsx; )€ CO([-1,1])

that is F, is continuously differentiable in [—1,1].

If x = cos & then () =L Fy(cos 9) is an even function, so its Jackson
mean y,(&#, ¢) [3] is a pure cosine polynomial of degree 2n—2 and therefore
obviously

(17) Ya(@rc cos x; @) = my,_1(x; Fi)

is an algebraic polynomial of degree 2n—2, where

ot

z
3
Tan—o(%; Fq)= m /{‘P(”)u=arc cos x—2¢t +
0

sin nf )
(18) +§0(u)u=arccosx+2f}[ J dt.
sint

Since F,eCO([—1,1)( and ¢(u) = Fu(cos u), differentiating m,,_, with
respect to x and substituting x by x, we get

3 1
an(2nt+1) V1-x3

n;n—2(xv; FA) =-

T

2
dy do sin nt )
=¥ +]— ; dt.

(19) X/ {[ du ]u =arccos x -2 [ du Ju=arc cosx —~ 21}[ sint

]

The expression (19) figures in the equality (7).
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We remark that the sequence of interpolation polynomials (5) satisfying
the equalities (6) and (7) is really a Hermite— Fejér type one. Obviously, to

construct the polynomial H,,_,(x; f) of degree 2n—1 at most we need the
discrete values y, = f(x,),(v» = 1,2, ...,n,n = 1,2, ...)only.
We prove the following theorem:

THEOREM. If f(x)€ C([—1,1])) then the inequality
(20) )~ Tlaneis D=0 1), (1x=1)

is valid, where w(- ; f) denotes the modulus of continuity of f(x).
The estimation (20) shows that in [—1,1] the rate of convergence of the

sequence of interpolation polynomials H,,_,(x; f) to the function f(x) is the
* Jackson order”.
To prove our theorem we need the following lemmas:

LemMma 1. If f(x)e C([— 1,1]) then the inequality
@1 1160 Fits; Pis0(ef 5 1) (-1=x=1)

holds, where (- ; f) is the modulus of continuity of f(x).

P Rroor. First we consider the case x€ [x,, x,). If xe[x,, x,_;], v = 3,4,...
..., n; then we have by (8), (10), (11), (12) 0, = fu(x.), » =1, 2, ..., n)
and a,+b, h, = 0 the estimation

()= Fx; Nl = 1) =) = 1S00) = Yol + Yor— 0 +
+ max |af(x—x) +b(x—x,)%| = 20(h,; f)+
X EXEX
2

22 +—fw(h; N+
22) e D
It is easy to see form (1) and (11) that

h
_r h'_ ; .
ety )|
at(y—1n~? for2=y= [%],
(23) h, = Xyo1—X,=
a(n—v+ n=2 for [-rzl]évén,

Av—2)n=*  for 35»;[—;1],

h"l = xy_.—' X,_IE

4(n—-v+2)n~2* for [%]+ lsv=n,

h,
hy

2
§“7, (3=v=n).
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Using (22), (23), the monotonicity of w(-; f) and the well-known rela-
tion w(61)=w(d; f)(A+ 1) we obtain

(24) 09— Exx; P §0<1>w[—,‘1—; f]

if 2= vé[—g—]. A similar inequality is true, if [%] fl=vy=n.
In the case x€[x,, x, ] we get by (8), (9) and (23) inequality
1
(25) 17— s D S @) =33l + 91— = oaw[;].

Finally, if x€[x,, 1] or x€[—1, x,,] then from (8), (1), (23) and the rela-
tion 1—-x; = 1+x, follows

(26) 1769 Fic; DI=00e(-5 1)

(24), (25) and (26) give the proof of Lemma 1.

LEMMA 2. If w(-; f) and w(-; F,) denote the moduli of continuity in
[— 1,1]of f(x) and Fa(x;f)respectively, then the inequality

@7) w[%; Fd]éoaw [% f]
holds.
PRrooF. If ¥, x"¢[—1,1] and |x’—x"[§—:l—, then we have by (21) the
relation
R )= Fs DI IEA's H=F00) |+ 176) 1) +
(")~ Fae”; ) 20 <1>w[ : f]
Since

w[%; z«:,]-: max (Fic's )= E3 )]

]x’—x”}é—
n

Lemma 2 is proved.
If @y, _,(x; Fu) denotes the polynomial given in (18), then by the theo-
rem of JacksoN [3] and the inequality (27) follows the estimation;

s f) =gl FAISGw[ a]so(l [ f], ~1sxsl.
n
(28)

6 ANNALES~ Sectio Mathematica— Tomus XXVIII.
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Since m,,,_,(x; F,) is a polynomial of degree (2n—2) at most, therefore
the following identity is satisfied:

(29) 7'52n—2(X; Fy)= i“zn—2(xv FA)hV(x) + i ”;n—Z(x"; Fd)f"(x)’
=1 =1

where h,(x) an §,(x) denote the fundamental polynomials of interpolation of
the first and the second kind for the abscissas (1), that is

0 if » 5 p,

(X)) = { . hi(x.) = 0,
Iif » =y,
, 0 if »s=
(30) I)”(x#) = 07 f)r(x,u) = { . Y ‘U«
[ if v=1p

For the abscissas (1) L. FEJERr [2] proved the inequality

hix) = [ (=% (x— xv)] 2(x)=0,
[ —x?

(31) (~l=x=L»=01,2, ...,m;n=12,...)
wlere
(32) L) = — o)

is the fundamental polynomial of Lagrange interpoiation and
T,(x) = cos (n arc cos X).

The explicit form of the polynomial §,(x) is

(33) B(x) = (x—%)B(x).

the following identity is well-known (see L. FEJER [2])

(34) Shix)=1.
r=1

Now we can turn to the proof of our theorem. Onjaccount of (30) the
explicit form of the polynomial H,,_,(x; f) satisfying (6) and (7) is
3=V

(35) Han-s(5 /) = zl Ph(x)+ Y0,
po= p=1
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Taking into consideration (35), (29), (31), (7), furthermore (21), (28), (34) and
the fact that y, = Fa(x; f) by (8), we get the estimation

| ) = Hanr(%5 1) = 11(0) = Falx; )] + [FalX; ) — g5 Fo)| +

+ z o F»—y.-lhv(x)éou)a)[%; f)+0(l)w[%; f]+

+0<1>w[~,‘7; f] S = O(I)w[%; f]

and the Theorem is proved.
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1. Einleitung

Bei Lagerungs- und Packungsproblemen spielen unter anderem bikon-
jugierte Punktsysteme eine besondere Rolle. Ist eine diskrete Punktmenge
M in einem n-dimensionalen euklidischen Raum vorgegeben, dann wird
die Menge I der Eckpunkte der Dirichlet-Voronoischen Zellen von It
konjugiert zu MM genannt. Die Punktmenge M heiBt bikonjugiert, wenn I’
zu IR und M zu M’ konjugiert sind; es gilt folglich fiir bikonjugierte Mengen
M die Beziehung (M')" = M. Unter Verwendung von Ergebnissen von E. S.
Feporov [1] hat M. HorLAl gezeigt, daB im dreidimensionalen euklidischen
Raum genau drei Typen von bikonjugierten Punktgittern existieren, nam-
lich Quadergitter, Prismengitter und spezielle Tetraedergitter. Die L-Polye-
der (Stiitzpolyeder) von bikonjugierten Tetraedergittern sind Tetraeder, die
zwei einander gegeniiberliegende rechte Keilwinkel besitzen.

Ein weiteres Anliegen in obigem Zusammenhang ist die Angabe von
bikonjugierten Systemen von Einheitskugelpackungen. Dabei wird eine
Einheitskugelpackung g-System genannt, wenn die Stiitzkugelradien der
Punktmenge ,, die von den Einheitskugel-Mittelpunkten der Packung
erzeugt wird, mindestens die GroBe p+ ! besitzen. Das p-System wird bi-
konjugiert genannt, wenn IR, bikonjugiert ist.

Um Aussagen iiber maximale Dichte von bikonjugierten gitterférmigen
o-Systemen von Einheitskugelpackungen zu machen, sind Stiitzpolyeder
der entsprechenden Punktgitter zu suchen mit minimalem Volumen bei vor-
gegebenem Stiitzkugelradius R = ¢+ 1, mit Stiitzkugelmittelpunkt nicht
auBerhalb des Stiitzpolyeders und wegen der Packungseigenschaft von sich
nicht durchdringenden Einheitskugeln mit Kantenldngen nicht kleiner als
Zwei.

Der Quader- und der Prismentyp eines solchen p-Systems sind aus-
fithrlich untersucht worden (vgl. M. HoLL Al [3]). Dagegen fehlte ein genau-
eres Studium des Tetraedertyps eines bikonjugierten gitterférmigen p-Sy-
stems maximaler Dichte. Um einen solchen Typ vollstandig beschreiben zu
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kénnen, geniigt es, alle diejenigen Tetraeder im euklidischen Raum mit
minimalem Volumen zu kennen, die folgende Eigenschaften haben:

(a) Es gibt zwei einander gegeniiberliegende rechte Keilwinkel,
(b) es gibt keine stumpfen Keilwinkel,

(c) die kiirzeste Kantenldnge ist nicht kleiner als 2,

(d) der Umkugelradius hat die vorgegebene Linge R.

Eigenschaft (b) resultiert aus der Tatsache, dafl der Mittelpunkt der
Umkugel des Tetraeders nicht auBerhalb desselben liegen darf.

Das Ziel dieser Arbeit ist nun die vollstindige Losung dieser Minimum-
aufgabe. Es kénnen samtliche Minimaltetraeder mit den Eigenschaften
(a) bis (d) und deren Volumen in Abhiingigkeit von der Umkugelradiusgréie
R hier angegeben werden.

Der erste der beiden Verfasser hatte 1979 nach dem Studium von zahl-
reichen Spezialfallen die Vermutung ausgesprochen, daf solche Minimal-
tetraeder gewisse wohlbestimmte symmetrische Tetraeder sind, die wegen
der Forderung (b) jeweils in Abhingigkeit von der Umkugelradiusgrofie R
zu einem von zwei mdglichen Tetraedertypen (dreikantengleiche bzw.

Orthogonal-Tetraeder) gehéren. Der Grenzfall liegt bei R = V3, und nur
dieser kann gleichzeitig zu beiden Typen gerechnet werden. Fiir kleinere
Umkugelradien kommen in dem Minimaltetraeder auBer den Rechtwinkel-
kanten gleicher GriéBe drei weitere untereinander gleichgroBe Tetraeder-
kanten (dreikantengleiche Tetraeder) vor. Fiir groflere Umkugelradien gibt
es immer genau zwei inkongruente inhaltsgleiche Minimaltetraeder, die sich
hinsichtlich ihrer Kantenldngen lediglich in der Linge einer Rechtwinkel-
kante unterscheiden. In einem solchen Minimaltetraeder kommt auBer
einem bzw. zwei Paaren gleichgroBer Kanten immer ein weiterer rechter
Keilwinkel vor, so daB diese Minimaltetraeder stets Orthogonaltetraeder
(Orthoscheme) sind. Diese angegebenen Beschreibungen reichen hin, die
Mannigfaltigkeit aller Tetraeder beider Typen zu konstruieren. Es sei
angemerkt, daBl umgekehrt jedoch nicht alle Tetraeder dieser beiden Typen
als minimale moglich sind. — Ein Beweis dieser Vermutung wurde dann
vom ersten Verfasser auf elementar-geometrischem Wege durch Riickgang
auf ein dquivalentes ebenes Kreisproblem gefithrt. Im folgenden zweiten
Abschnitt wird die Beweisidee dafiir skizziert. Daraus unmittelbar u. W.
bisher noch nicht bekannte ableitbare Eigenschaften, Sétze und Folgerungen
iiber Kreisvierecke sollen an anderer Stelle dargelegt werden. — Dem zweiten
Verfasser ist es gelungen, koordinaten-geometrisch den Beweis der o. g.
Aussagen zu fiithren. Dabei haben sich bemerkenswerte innergeometrische
Beziehungen ergeben, so daB es fiir richtig gehalten wird, diesen weiteren
Beweis hier im dritten Abschnitt ausfiihrlich darzulegen.

2, Losung der Aufgaben mit Hilfe eines dquivalenten ebenen Problems

< sei die Menge der euklidischen Tetraeder mit den Eigenschaften (a)
und (b). Ein beliebiges Tetraeder T€% besitzt ein cindeutig bestimmtes ge-
meinsanies Lot der Linge [ zu den beiden gegeniiberliegenden Kanten, die
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die Scheitelkanten der rechten Keilwinkel sind (Rechtwinkelkanten). T
wird so in ein kartesisches Koordinatensystem eingebettet, da der Mittel-
punkt des genannten gemeinsamen Lotes dessen Ursprung darstellt, das
Lot selbst in die y-Achse fillt und eine Rechtwinkelkante parallel zur x-
Achse verlduft. Die Orthogonalprojektion 7" von T auf die xz-Ebene (Ebene
g, genannt) ergibt dann ein Kreisviereck. Der Mittelpunkt M’ seines Um-
kreises fallt mit dem Mittelpunkt M der Umkugel von T zusammen. Wegen
der Eigenschaft (b) liegt M nicht auBerhalb von T und M’ = M nicht au-
Berhalb von T’. In dieser kanonischen Lage kdnnen dann fiir das Tetraeder
T sowie fiir seine Projektion 7" — abgesehen von einer Orientierung — vier

charakteristische Parameter [, «, p,, p, mito. B. d. A. 0<a§%, 0<p,=p,,

2
Po = min|l p,, £ ; 0< p, abgelesen werden, die T und T~ eindeutig beschrei-

2
ben. Dabei ist o die Grofle des orientierten Winkels zwischen den beiden
Vierecksdiagonalen von T, und p; = p, cosec « (i = 1, 2) stellen die GriBe
der Diagonalenabschnitte dar, die den Winkel der GroBe o erzeugen. Ab-
gesehen von der Orientierung konnen T und T’ einander eindeutig zugeord-
net werden, fiir ihren Inhalt gilt

(1) vol (T) = évolz(T’).

Fiir den ersten Teil der Untersuchung wird zur Normierung dhnlicher
Tetraeder die Menge & auf die Menge $* mit allen T €% eingeschrankt, de-
ren Projektionen 7° den Umkreisradius R’ = 1 haben. Das ermoglicht einen
iibersichtlichen Vergleich der Vierecksinhalte. Nun wird $* in Klassen T¥
mit Tetraeder gleicher Lotldnge I (O<I/=1) (Lotklassen genannt) zerlegt,
die ihrerseits in Unterklassen f, zerfallen, zu denen alle Tetraeder T€Z¥
gehoren, in deren Projektion T’ die Vierecksdiagonalen sich unter einem

Winkel der GroBe «, 0<a§% schneiden. Diese Normierung, Klassen- und

Unterklassenbildung kann auf §’ {ibertragen werden und ergibt die Mengen
T*, ¥ und T}, (vgl. Abb. 1). In der Ebene ¢, gelten beziiglich der Menge
¥ die folgenden Hilfssétze:
. 2
HiLrssatz 1. Die Kreislinie um M mit Radius ¢ = l/l— S a
ist genau die Menge der Diagonalenschnittpunkte der Vierecke aus Tf;.

HiLrssaTz 2. Zwei Kreisvierecke aus T* mit paarweise gleichgrofen
Seiten sind inhaltsgleich und gehdren zu ein und derselben Lotklasse.

Darum bietet sich fiir die weitere Betrachtung eine Beschreibung der
Vierecke T"¢ %} durch die Angabe des Diagonalenschnittpunktes von T°
durch Polarkoordinaten (p, t) an, wofiir M’ der Pol und die Halbgerade mit
dem Anfangspunkt M’ und demselben Richtungssinn wie die positive x-
Achse die Polarachse p sind (vgl. Abb. 1). Bei Beachtung des Zusammen-
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hangs zwischen p und der Winkelgroe « kann dann jedes T'¢I} auBer
durch [ durch die Parameter « und ¢ charakterisiert werden. Wegen der
Maoglichkeit der Einschrankung der urspriinglichen Parameterwerte auf
die oben angegebenen Bereiche, was hinsichtlich Inhaltsuntersuchungen auch
durch Hilfssatz 2 noch einmal legitimiert wird, geniigt es hier, « und f im
Bereich B, mit

2 arcsinl/ = « éaéiund—— r_z ={=
( 0 5

zu wiahlen. Fiir den Inhalt von T’ = T'(«, )€ T} ergibt sich

N2 ~ — 72\2
(voly(T"(a, 1))? = M cos (4t —2a) +
2sin% «
indy /4
+2(sm oc. ) cosa cos (2 — ) +
sin?«
in2 2)\2
3) + 3M)_ —(sin? a — [2)2 —2p2,
2sin?a
Fiir die Vierecke T" = T’(«, f) aus T}’ mit je zwei gleichlangen (gegen-
iiberliegenden) Seiten der Lange myp ist entweder { = — %—%J oder

t= g—. Sie werden zu der Menge D) bzw. D, zusammengefaBt. Genau die
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zwei Vierecke D = D{(e,, )eD{P(i = 1, 2) haben drei gleichlange Sei-
ten, und es gilt bei diesen zwischen [ und « der Zusammenhang

4) 2 = (14-2 cos o;)(1 —cos ;)2
bzw.
(5) 2 = (1—2co0s ay)(1 +cos ay)*;

«; (i = 1, 2) sind die einzigen Winkelgré8en mit 0<oc,-§'—;~, die fiir O</=1

die jeweiligen Gleichungen (4) bzw. (5) erfiillen. Fiir die GroBe der drei gleich-
langen Seiten ergibt sich m%gl) = 2(1 —cos a,)bzw. m%fz) = 2(1 +cos a,). Auf

der Menge T}’ besitzt D{ die lingste kleinste und D{® die Kiirzeste
langste Vierecksseite der GroBe M o1y bzw. M p2) Die zu den Vierecken D

gehorenden Tetraeder sind spezielle dreikantengleiche Tetraeder. Die
Vierecke aus D sind durch weitere Extremaleigenschaften ausgezeichnet,
wie sich aus (3) ableiten 1aBt:

Hivrssatz 3. Auf der Menge 3}, nehmen die Vierecke T €D NI},
(i = 1, 2) extremalen Fldcheninhalt an, und zwar bei i = 2 maximalen In-
halt, bei i = 1, cos a=1~1 minimalen Inhalt und bei i = 1, 0=cos a<1—1
(relativ) maximalen Inhalt.

Wegen der letzten Aussage in Hilfssatz 3 mu8 es fiir a mit 0=cos a<1-1
und te]-[%—-;—], %[ ein Viereck in ¥ mit minimalem Inhalt geben.
Fiir dieses ist

in2
cos (2 —a) = — 2L s a (= —1).
sin? o — 2
DO sei die Menge dieser letztgenannten Vierecke aus ¥F zuziiglich des

Grenzfalles A, = T’[as, —[g—%} mit cos «, = 1—1I. Folglich besteht

der Durchschnitt D9 NDM nur aus dem einen Element A,, und es ist fiir
[<1 stets a; <a,, as. In T} gibt es wegen der Einschrdnkung auf den Bereich
B, (vgl. (2)) keine weiteren Extremwerte beziiglich des Flacheninhalts als
die hier angegebenen.

Satz 1. Auf der Menge I} nehmen genau die Vierecke DY den mini-
malen und 2 den maximalen Fldcheninhalt an. ’

Gleichzeitig erhdlt man Monotonieaussagen, die zusammengefafit
werden zu

HiLrssATz 4. Die Funktion (voly(T"))? ist auf der Menge D) mit arcsin | =
= ag=a=a, €ine streng monoton fallende Funktion und auf der Menge DY

. . T .
mit ocléocé?n sowie auf der Menge DO mit wSas dne sireng monolon
wachsende Funktion in .
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Die Menge T¥, — im Spezialfall beil = I handelt es sich um die Menge

¥ _ — ist einelementig und fillt mit der Menge DPND® zusammen.
1, -~
"2

Die Funktionswerte der Inhaltsfunktion von T e DV NI}, = I}, cinerseits
und von 77 e DV NIT*_ andererseits stimmen infolge von Hilfssatz 2 {iber-

’

ein. Ebenso sind die Funktionswerte der lnhaltsfunktion fiir die Vierecke
T2, ~Z)ed® und T [i, i]é@}” gleich.
2 4 2 4

Wegen der Eigenschaft (b) sind die Vierecke D{V nur fﬁrziélzé I als

minimale brauchbar. Fiir ilren Inhalt ergibt sich

min (vol, (T’)) = voly(D{) = 2sin3«,.
eI

Die Diagonalenschnittpunkte markanter Kreisvierecke aus ¥ fiir ein
festes [ mit%§12<l liegen etwa so, wie in Abbildung 2 skizziert ist (dort

fiir I2 = 0,648); ihre Bezeichnung wird mit der fiir die zugehdrigen Vierecke
bzw. Vierecksmengen identifiziert.

Abb. 2.
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Abb. 3.

Fiir 12<—;— liegt der Mittelpunkt des Umkreises von D{® auBerhalb D{®.

Darum sind bei diesen Lotldngen weitere Untersuchungen erforderlich.

Die Menge der fiir die vorliegenden Betrachtungen wegen der Forderung
(b) nicht zulédssigen Vierecke aus £}’ werde mit &, bezeichnet, die Menge der
Vierecke aus %}, deren Umkreismittelpunkt jeweils auf einer ihrer Seiten
liegt, so daB diese Seite ein Durchmesser des Umkreises ist, sei &,. Die dazu-
gehorigen Tetraeder sind Orthoscheme. Die Menge der Diagonalenschnitt-
punkte der Vierecke aus 8, ergibt den konvexen Bereich B; (vgl. Abb. 3;
dort ist 2 = 0,446 gewihlt). Der Rand dieses Bereiches setzt sich aus den
Diagonalenschnittpunkten aller Vierecke der Mengen %B,: = ®MNY, und

R, zusammen. Zu B, gehdren genau alle Vierecke T'[oc, —[—Z———;]JESD?),

bei denen fiir « die Beziehung g >0 gilt mit
) ='2 cos a(l—cos a)— 2.



92 JOHANNES BOHM - WALTER BORNER

T o, — | =21, TP a5, —[-75— %2 ]] ist fiir 0<l2<i die zweiele-
2 2 2 2 2
mentige Menge DD NR,, wobei «} (i = 1, 2) die Losungen der Gleichung

g = 0 sind und O<oz{<oc;<—72L gelte. Fiir alle [ mit—;—512§1 ist B, = @, und

fiir 0<l2<»;~ enthdlt B, jeweils DM aber niemals D{» (vgl. Abb. 4; dort fiir

2 = 0,21 skizziert. Der Diagonalenschnittpunkt von A, = T’ [as, —[%-—%]]
liegt genau fiir O<l<% in B;). Auf Grund der Lage der Diagonalenschnitt-
punkte der Vierecke mit extremalem Inhalt in Bezug auf die Menge I}=
und der in Hilfssatz 4 angegebenen Monotonieverhaltnisse muB fiir 12<—1—
ein zuldssiges Viereck mit minimalem Inhalt in R, liegen, so daB es fiir die
weiteren Betrachtungen bei festem ! mit 12<% ausreicht, nur Vierecke auf

der Menge ®, zu betrachten und dort diejenigen mit minimalem Inhalt zu
bestimmen.
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Es sei jetzt 12<%. Die Menge %, .: = ®,NTF, besteht fiir g=0 aus

genau einem Element, sonst ist sie gleich der leeren Menge. Um den Inhait
des Vierecks T, das das Element der einelementigen Menge %, , sein

mdoge, einfach beschreiben zu kénnen, wird ein Parameter y, 0<y<—2~, ein-

gefiihrt. Dieser kann bei dem Viereck in kanonischer Lage als die Grdfie
des Winkels interpretiert werden, der gebildet wird einerseits von der parallel
zur Polarachse (x-Achse) verlaufenden Vierecksdiagonalen und andererseits
von der Vierecksseite, die mit einem Durchmesser des Umkreises zusammen-
fallt (vgl. Abb. 5). Zwischen « und y besteht die Bindung

G: = cos a sin y sind (a—y)—%lz =0,

Dann ergibt sich
vol,(T’) = 2sin a cos y o8 (x—7).

Zur Bestimmung der gesuchten Extremwerte fiir den Vierecksinhalt
wird die Funktion

H: = —;—volz(T’)+zG

hinsichtlich Extremwerte auf dem Bereich R, untersucht. Es ergeben sich
genau die drei moglichen Stellen y = %, v =12r——a und y = 2&—%. Eine

Auswertung dieses Ergebnisses zeigt, daB alle drei Falle durch Seitent.ausch
von Vierecken entsprechend Hilfssatz 2 ineinander iiberfiihrt werden konnen.

. . . o
Darum reicht es aus, etwa nur den ersten Fall zu diskutieren: Fiir y = o
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erhdlt man aus G = 0 die Beziehung g = 0, woraus die Losungen «; und

oy mit 0<a1<a1<a;<5best1mmt werden konnen. Die dazugehérigen Vier-

ecke T = T§i>[a;, _(_’21_%]) (i =1, 2) sind infolge g = O die beiden
Elemente von D NR,, und ihr Inhaltsvergleich ergibt wegen vol,(T{) =
= sin «j(1+cos «}), dab vol,(T{)<vol,(T?) gilt.

Die anderen beiden erhaltenen Werte von y geben zu weiteren vier
Kreisvierecken AnlaB, die zwar nicht zu DV, aber von denen genau zwei,
S und S, zu R, gehoren, die, wie bereits erwdhnt, entsprechend Hilfssatz
2 durch Seitentausch aus T{V bzw. T¢» hervorgehen und somit mit diesen
jeweils inhaltsgleich sind. Im einzelnen gilt, daB fiir a§’=%—»zi die Menge

R, o AUS dem genau einen Element S{? besteht (vgl. Abb. 4; es ergibt sich,
daB stets gilt S{P¢D®. Der Schnittpunkt zwischen den mit D und R, in

dieser Abbildung bezeichneten Kurvenbdégen, der nur bei O<I§%existiert,

muB dann auf Grund der Lage der Extremwerte beziiglich der Mengen
I, fiir l<—32— immer auf demjenigen Bogen zwischen T(¥® und S liegen,

der T{® nicht enthélt). Da es keine weiteren Extremstellen auf R, gibt,
kann somit geschlossen werden, daB genau die beiden Vierecke 7% und S{v
minimalen und gleichen Inhalt auf R, annehmen. Darum gilt insgesamt

SaTz 2. Bei 0<I2<% nehmen genau die Vierecke T® und S® auf

0,: = T¥\B, den minimalen Fldcheninhalt an.
Fiir den Wert des Inhalts gilt

min (voly(T")) = vol, (T{V) = vol, (SP) = sin «{(1 + cos «))
T’cll,

mit O<12<L,
2

_ Da TP und SV zu DY gehoren, haben sie jeweils zwei Seiten gleicher
Lange My = ms?) mit szfl) = 2 (1—cos «f). TV und S besitzen auf

der Menge U, die ldngste kleinste Vierecksseite der GroBe myay. Es geniigt
]

darum fiir das weitere, nur eines dieser beiden Vierecke, etwa T, zu be-
trachten.

Die Sitze 1 und 2 lassen sich gemdB (1) auf die ihnen zugeordneten
Tetraeder iibertragen, so daB es jetzt geniigt, nur die den Vierecken D)
zugeordneten dreikantengleichen Tetraeder und die den Vierecken T
zugeordneten Orthoscheme zu betrachten. Ein Inhaltsvergleich dieser Tetra-
eder bei verschiedenem ! kann im Sinne der vorgelegten Aufgabe erst durch-
gefiihrt werden, wenn diese gleichen Umkugelradius besitzen. Darum werden
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durch geeignete Ahnlichkeitsabbildungen die den Vierecken D{® und T
zugeordneten Tetraeder auf solche mit einem Umkugelradius von ein und
derselben GroBe R abgebildet. Die Lotldngen [ (0</=1) der Originaltetra-
eder dienen als Parameter zur Beschreibung der Bildtetraeder. Fiir das
zugehdrige Volumen V und die Lange k der kleinsten Kante der jeweiligen
Bildtetraeder, die aus den Kreisvierecken D{¥ bzw. T{V hervorgegangen
sind, erhdlt man in Abhédngigkeit von dem Parameter [ = I(«)

G V= V2(I(w) =

— 5
(1 —cos a)*(1 +2cosa) fiir —l—élzél

5]
L3 (5—5cos o +2 cos® «)®
2 . 2
[i] Ro. €08 x(1—cos ) filr 0<12<L’
3 (2—cos a)? 2
8) k? = k¥(l(x)) =
AR?. (1 —cos «)(3 —2cos ) fir L =p=1
_ 5 —5c0s o + 2c0s% &
gRe . LmC0se fiir O<l<—.
2—cosux 2

Die Funktionen V und k sind stetig in « und in [, insbesondere auch an der

Stelle 2 = —;—bzw. fiir den dazugehérigen Wert « = %, sowie streng mono-

ton wachsende Funktionen auf dem Intervall [0, 1] fiir / bzw. auf [O, %] fiir o.

Um fiir die Tetraeder mit dem geforderten minimalen Volumen die Eigen-
schaft (¢) zu gewdhrleisten, sind darum dem Umkugelradius der GroBe R
genau diejenigen bei den oben genannten Ahnlichkeitsabbildungen entstan-
denen Tetraeder als solche minimalen Volumens zuzuordnen, fiir die die
Kantenfunktion k in (8) den Wert 2 annimmt. Denn das sind gerade diejeni-
gen Tetraeder, die auf den zum Vergleich zugelassenen Mengen von Tetra-
edern gleicher Lotldnge die groBte kleinste Kante besitzen, die dann hier
die Lange 2 hat. DemgemiB ergibt sich aus (8) der Zusammenhang

)] coS a =
| 5
————(BRE -5 Y (RE-1)(R2+ 15 ir —=R?=3
_I 4(R2—1)( V( X ) fiir 3
l -2 fiir 3<Re,
R2—1

Folglich kann zu jedem Umkugelradius R mit Rze[%, oo[ aus (9) ein wohl-
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bestimmtes « und daraus aus (4) bei—g—é R?*=3 bzw. bei 3<R? aus (6) (dort

fiir g = 0) ein wohlbestimmtes / gefunden werden. Genau die Tetraeder mit
dem Umkugelradius R, deren oben beschriebene kanonische Projektion zu
den Kreisvierecken D) bzw. T{ und S mit dem aus (9) berechenbaren
I(x) ahnlich sind, nehmen auf der Menge aller Tetraeder mit den Eigenschaf-
ten (a), (b), (c) und (d) minimales Volumen an. Fiir den Wert Vpy, des Volu-
mens erhélt man aus (7) und (9)

(10) Viuin(R) =
' I fiir i§R2§3
E[Z(RH—11R2+12)-V(R2—1)(R2+15)— 3
—(2R®+36R*+ 114R? — 88))] [bzw. %g P 1]
fiir 3=R?
9 (bzw. 0<l2§—2—].

Durch Radizieren ergibt sich dann daraus die gesuchte Funktion von R fiir
das Volumen der Tetraeder minimalen Volumens mit den geforderten Eigen-
schaften (vgl. die zusammenfassende Darstellung am Ende von Abschnitt 3
hinsichtlich Gestalt und Volumen dieser Tetraeder).

Es sei angemerkt, daB sich (9) andererseits auch eindeutig nach R?
auflosen 148t. Man erhalt dann als Zusammenhang zwischen Umkugelradius
R und Parameter « eines Tetraeders von minimalem Volumen und mit den
Eigenschaften (a), (b), (c) und (d)

5—5 cos a+2 cos?

T T
(1—cos «) (3—2 cos «) ' _3—§“§_2_’

(%) R¥e) = 2—C0S o n
—_— fir O<o<-—.

1—cosa 3

Zusammen mit (7) ergibt sich daraus eine Darstellung von V3;, als Funktion
des Parameters « (bzw. cos «), der in dem dem Tetraeder kanonisch zugeord-
neten Kreisviereck die oben angegebene geometrische Bedeutung hat, in der
Gestalt

(10a) men(“) _
fiir —

[E] i =
(3 —2c0s «)? 3 2

2
3

2
i _Lose« fiir O<oc§£.
3) 1—cosa 3

(I —cos a)%(1 +2c0s «)

lIA

o=
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Weitere Untersuchungen lassen erkennen, da8 in (9a) und (10a) R? und

Viin in dem angegebenen Intervall ]O, %] stetige und streng monoton

wachsende Funktionen von « sind. Daraus kann dann geschlossen werden,
daB die zugehorigen Umkehrfunktionen cos « bzw. Vi, in (9) und (10) eben-
falls stetige und streng monoton wachsende Funktionen von R2 im Intervall

3§Rz< o sind.

3
Als spezielle Werte, die fiir weitere praktische Berechnungen von be-

sonderer Wichtigkeit sind, erhdlt man aus (9), (10) bzw. (10a):

Vin(R) =
[
256 fir R = l/i b, w =
243 3 2
4 .

B fiir R = R, baw, o= a
O fier=y3 b «=Z
L 9 ur = ZW. 3 )

wobei dk die kleinste Wurzel der Gleichung
152 c0s® 0 —300 cos?a+ 162 cos «—17 = 0
mit dem Naherungswert
cos o, = 0,13751968 ... bzw. «, = 82,0956537 ...°
darstellt. Fiir den zugehérigen Umkugelradius R, erhdlt man dann
R? = a = 1,85098238 ... bzw. R, = 1,3605081 ...,

was AnlaB zu einem o-System mit ¢ = Ya—1 = 0,3605081 . .. gibt.

3. Losung der Aufgabe auf koordinatengeometrischem Wege

Im folgenden werden die inhaltskleinsten Tetraeder mit den Eigenschaf-
ten (a) bis (d) — unabhéngig von Abschnitt 2. — mit Mitteln der analytischen
Geometrie bestimmt. AuBerdem wird in 3.1. eine anschauliche Beschreibung
aller Tetraeder mit der Eigenschaft (a) mittels eines Kegelschnittbiischels
gegeben.

3.1. Tetraeder mit zwei gegeniiberliegenden rechten Keilwinkeln

Zunichst werden die Eigenschaften (b) bis (d) nicht beachtet und Tetra-
eder mit der Eigenschaft (a) untersucht.

7 ANNALES - Sectio Mathematica— Tomus XXVIII.
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In einem Kkartesischen Koordinatensystem sei
(1H A~(0,0,0), B~(0,0, 1), C~(c;, 0, ¢5), D~(0, dy, dy)

mit ¢; >0 und d,>0 (vgl. Abb. 6).

Jedes Tetraeder mit der Eigenschaft (a) ist dhnlich zu einem geeigneten
derartigen Tetraeder ABCD, welches langs der Kante CD einen rechten
Keilwinkel hat. Es soll untersucht werden, wie C und D in den Koordinaten-
ebenen gewidhlt werden miissen, damit langs CD ein rechter Keilwinkel liegt.

|
|

N

Abb. 6.

Lings CD liegt genau dann ein rechter Keilwinkel, wenn die Normalen-
vektoren der Ebenen ADC und BDC senkrecht sind. In Koordinaten bedeutet
dies d3(1+ cs(c;— 1)e; )+ dy(d3— 1) = 0. Aus dieser Gleichung folgt: Bei fest-
gehaltenem C ergeben genau die Punkte D der in der yz-Ebene liegenden
Kurve

(12) V2(1+2D)+2-1) =0

eine Rechtwinkelkante CD, und andererseits fithren die Punkte C, fiir die

¢3(¢3— 1)ey® konstant gleich 4 ist, also Punkte der in der xz-Ebene liegenden
Kurve

(13) 2z—1) = Ax

auf dieselbe Kurve (12). FaBt man in (12) und (13) die Zahl 4 als Parameter
eines Biischels von Kurven zweiter Ordnung auf, so ergibt sich

LEMMA 1. Das Teiraeder ABCD gemdf (11) hat lings CD genau dann
einen rechten Keilwinkel, wenn C und D auf zugeordneten Kurven der beiden
Biischel von Kurven zweiter Ordnung

(1+2)x2+2(z—1) = 0,
(I1+2)y2+2(z—-1)=0

liegen, wobei die Biischel durch die Beziehung 3’ = —2A—1 aufeinander ab-
gebildet sind.
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Die Biischel (12) und (13) sind offenbar kongruent, sie haben A und B
als (doppelte) reelle Grundpunkte und bestehen aus Ellipsen, einem Kreis,
Hyperbeln und einem Parallelenpaar. Macht man die wegen (11) allein inter-
essierenden Halbebenen x>0, y = 0 und y=0, x = 0 durch eine Drehung
einer der Halbebenen wm die z-Achse komplanar, so ergibt sich das in Abb. 7
gezeigte Bild. GemaB Gleichung (12) gehéren die Kurven folgendermaBen
zu den Parameterwerten:

A< —1: Hyperbeln
A= —1: Parallelenpaar
—1l<3< 0: Ellipsen auBerhalb des Biischelkreises
A= 0: Kreis
A< 0: Ellipsen innerhalb des Biischelkreises.

Abb. 7.

Die in Lemma 1 genannte Biischelabbildung (die in Abb. 7 als involutorische
Selbstabbildung aufgefalt werden kann) bildet die Hyperbeln auf die Ellip-
sen innerhalb des Biischelkreises, das Parallelenpaar auf den Biischelkreis
und die Ellipsen auBerhalb des Biischelkreises wieder auf Ellipsen auBerhalb
des Biischelkreises ab. Die Ellipse mit dem Parameterwert 4 = —1/2
(Scheitel F~(0, V1/2, 1/2)) wird auf die dazu kongruente Ellipse abgebildet,
sie moge Fixellipse genannt werden.
Hieraus ergibt sich auch

LEMMA 2. Das Tetraeder ABCD gemdfi (11) mit der Ezgenschaﬁ‘ (a) ist
genau dann nicht stumpfwinklig, wenn C und D nicht auferhalb des Biischel-
parallelenpaares und nicht innerhalb des Biischelkreises des Biischels (13) bzw.

T*
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(12) liegen. Es ist ein Orthoschem, wenn einer der Punkfe C und D auf dem
Kereis und einer auf dem Parallelenpaar liegt.

Beweis. Die zweite Behauptung ergibt sich aus dem Satz des Thales,
denn liegt z. B. D auf dem Kreis, so wird AD senkrecht zu DB, und C muB
auf der x-Achse oder der Parallelen dazu durch B liegen, also wird AC oder
BC senkrecht zur Ebene ADB, d. h., ABCD ist ein Orthoschem. Liegt aber
D innerhalb des Biischelkreises, so liegt C auf einer Biischelhyperbel, so daB
entweder (¢;<1) lings BD oder (¢;<0) ldngs AD der Keilwinkel stumpf ist.
Liegt D auBerhalb des Biischelkreises und innerhalb des Parallelenpaares,
so C ebenfalls, und es gibt keine stumpfen Keilwinkel.

Ferner gilt

LEMMA 3. Hat ein Tetraeder die Eigenschaft (a), so ist eine der vier Kan-
ten, die von den beiden gegeniiberlicgenden Rechtwinkelkanten verschieden sind,
kiirzeste Kante des Tetracders.

Bewekis. Das betrachtete Tetraeder habe gemafl (11) die Eckpunkte
A, B, C, D und Rechtwinkelkanten lings AB und CD. Liegt D auf einer
Biischelhyperbel, ohne Beschrinkung der Allgemeinheit sei d;<1, so liegt
C im Kreis, also ist BC-< AB; auBerdem ist das Dreieck DBC stumpfwinklig
mit stumpfem Winkel bei B, so da BC-<DC ist. Liegt aber D auf oder zwi-
schen den Biischelparallelen, so C ebenfalls; das Tetraeder ist nicht stumpf-
winklig. Wiire in diesem Fall die Rechtwinkelkante AB eine kiirzeste, so
witren AC und BC beide groBer oder gleich 1, also lage C auBerhalb, folglich
D innerhalb der Fixellipse, was aber AD <1 zur Folge hat, so daf AB doch
nicht kiirzeste sein kann. Wire die Rechtwinkelkante CD kiirzeste, so kénn-
ten durch Ahnlichkeitstransferimation CD in AB und AB in CD iiberfiihrt
werden und dieselben Uberlegungen angestellt werden.

3.2. Umformulierung der Aufgabenstellung

Statt der Eigenschaft (c) wird zunichst die folgende Eigenschaft (c”)
in Betracht gezogen, dabei sei b eine beliebige positive reelle Zaht:
(¢") Die kiirzeste Kantenliinge ist b.
Es sei MR.® die Menge aller Tetraeder mit den Eigenschaften (a), (b),
(¢), (d), und es soll zunéchst das minimale Volumen der Tetraeder aus der
Menge MR.% bestimmt werden. M sei die Menge der Tetraeder ABCD gemiB
(11) mit den Eigenschaften (a) und (b), also den Rechtwinkelkanten AB und
CD, AB = 1. Zu jedem Tetraeder T€MR.? existiert eine Ahnlichkeits-
abbxldung @, so daB ¢(T)eM ist. Ist r die kiirzeste Kantenldnge von ¢(7),
so ist wegen (¢’) der Lingenverdnderungsfaktor von ¢ gleich r/b, und ¢(T")
hat wegen (d) den Umkugelradius Rr/b. Es gilt dann fiir das zu bestimmende
minimale Volumen
(14) min {vol T : Te€ MR-} = min {b3r=> vol ¢(T) : T¢ MR %} =
= b3 min {k73 vol X: X¢M und X hat den Umkugelradius Rk/b},
wobei & = min {AC, BC, AD, BDj} ist.
Folglich ist fiir die Funktion k=2 vol X in einem bestimmten Bereich das
Minimum zu ermitteln.
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3.3. Rechnerische Darstellung der zu minimierenden Funktion

Zunichst gilt

LEmMA 4. ABCD sei ein Tetraeder gemdf (11). Sind von ithm die Punkte
A, B, D und der Umkugelradius u gegeben, so liegt C auf dem Kreis

) _ 3
(15) xQ_ZVug_L_[ﬂg_iM] .x.!r_z(z_]):O.
4 24,

Bewels. Der Umkugelmittelpunkt hat als erste Koordinate x,, die erste
Koordinate des Umkreismittelpunktes von ABC, man berechnet leicht
X = (201)71(c}+ c4(c3— 1)). Analog berechnet man fiir die zweite Koordinate
¥, den Wert (2d,)1(d}+d,(d,— 1)), die dritte Koordinate ist 1/2. Da A auf
der Umkugel liegt, ergibt die Umkugelgleichung die Beziehung x2+y2+1/4 =
= u?, hieraus folgt, wenn man x = ¢;, z = ¢, setzt, die Gleichung (15).

Im folgenden soll vorausgesetzt werden, daB im Tetraeder ABCD ge-
mdB (11) die Kante AD eine kiirzeste ist. Wegen Lemma 3 ist das keine Ein-
schrinkung der Allgemeinheit. Wegen (14) sind dann nur solche Tetraeder
von Interesse, die den Umkugelradius R- AD/b haben. Es gilt

- LEmmA 5. Das Tetraeder ABCD gemdf (11) mit dy(dy—1)>0 hat ge-
nau dann die Eigenschaft (a) und den Umkugelradius R-AD/b, wenn C in
der Weise von D abhdngt, daf fiir die Koordinaten (c;, 0, ¢;yvon C gilt :

¢ = —ﬂ———-—}/(4sz’2)d§ + ((4R*0=2 = 2)d5 4 2dy — 1)d5 — d3(1 — dy)?,
dy(1 —dy)
(16)

1
(17) c3:?(1i]/l+4c§(d3(l—d3)d2‘2—1)) mit ¢, aus (16).

BEwEIs. Es seien A, B, D gegeben. D liegt auf einer Biischelkurve
(12) mit einem Parameterwert A. Esist dj(1+A)+dy(d;—1) = 0, alsoA+1 =
= d,(1—dy)d; 2.

ABCD)hzat wegen Lemma | genau dann die Eigenschaft (a), wenn C auf
der Kurve (13) liegt. Wegen Lemma 4 hat es den Umkugelradius R- AD/b
genau dann, wenn C auf dem Kreis x*—2wx+2(z—1) = 0 liegt, wo w die
in (15) vorkommende Wurzel mit u* = R2b~2(d3+d3) ist. Aus beidem folgt
¢, = 2w(1+2)7%, und das ergibt Gleichung (16). Aus Gleichung (13) ergibt
sich eine quadratische Gleichung fiir ¢; mit der Losung (17), wenn man fiir
A den angegebenen von d, und d, abhdangenden Wert nimmt und x = ¢,
setzt.

ERGANZUNG. Ist dy(d;— 1) = 0, d. h., liegt D auf den Biischelparallelen,
so ergibt jeder Punkt C des Biischelkreises ein Tetraeder mit dem Um-
kugelradius R-AD/b, wobei dy = (4R*)~*—1)~%2 sein mufi. Denn es ist
dann der oben genannte Parameterwert gleich —1, hieraus folgt w = 0,
und das ergibt fiir d, diesen Wert,
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Statt der nach (14) zu minimierenden Funktion k=2 vol X = %cl dyk~3

wird im folgenden das Quadrat ihres Sechsfachen, also die Funktion

(18) [ =k™%d3
betrachtet und minimiert. Wird AD als kiirzeste Kante vorausgesetzt, so ist
(19) [ = cidj(dg+d3)~>

Fiihrt man s: = k% = d}+d? als neue Variable €in, so 1Bt sich f als Funktion
von s und d, darstellen, falls d,(d;— 1) 0 ist. Zunéchst ergibt sich aus (16)
die Gleichung

(20) & = s(s—dds2(1 —dy)2((AR%D ™2 — 1)s — 4R ~2d3 + 2d, — 1),
und hieraus folgt mit (19) die Gleichung
@1 f= (s— @3 ((4R*b 2 — 1)s —4R*b2d3 +-2d; — 1)
(1 —d,)*s*
Fiir die partielle Ableitung nacl: s ergibt sich

g = __w-_dz(sl‘ "3 . ((4R2072 — 1)s* + (4R ™2 — 1)d3s +
FA]

(22) +203( — 4R?b2d3 + 2d, — 1)),

3.4. Abgrenzung des Bereiches fiir die zu minimierende Funktion f

Die Festlegung der nach (14) zu betrachtenden Tetraeder soll mittels
des Punktes D erfolgen. Zu jedem (geeigneten) Punkt D gibt es dann nach
Lemma 5 genau zwei (eventuell iibereinstimmende) Tetraeder X aus M mit
dem Umkugelradius Rk/b, die gemédB (11) D als einen Eckpunkt haben.
Wegen Eigenschaft (b) und Lemma 2 liegt D nicht auBerhalb der Biischel-
parallelen und nicht innerhalb des Biischelkreises. Da AD als kiirzeste Kante
vorausgesetzt wird, miissen die drei Ungleichungen

(23) AD=BD,
(24) AD=AC,
(25) AD=BC

gelten. (23) ist gleichbedeutend mit dy=1/2. Aus (24) und (25) folgt: Ist S
der von A und B verschiedene in der xz-Ebene liegende Scheitel der dem
Punkt D gemidB Lemma 1 zugeordneten Biischelellipse, so muB AS=AD
sein, denn andernfalls kann weder (24) noch (25) gelten. Formuliert man diese
Ungleichung unter Benutzung von (12) und (13) in Koordinaten, so ergibt
sich, da S durch D eindeutig bestimmt ist, eine Ungleichung fiir d, und dj,
namlich

I 1 |
G+ ——d |3+ d3——dy——|=0.
[ 2 3 2 3][ 2 3 2 3 2]
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Hierdurch ist fiir D ein konzentrischer Kreisring [Mittelpunkt y =0,

F4 =% festgelegt, von dem der innere Kreis innerhalb des Biischelkreises

liegt, so daB nur der duBere Kreis

1
26 &= —dj+ —dy+—
( ) 2 3 2 3 2

LITEN

Abb. 8.

eine Einschrankung fiir D liefert. Insgesamt sind also nur Punkte D des in
Abb. 8 dargestellten Bereiches zu betrachten, er wird durch die auf den
Biischelparallelen liegenden Strecken FK und AP, den auf dem Biischelkreis
liegenden Bogen KA und den auf dem Kreis (26) liegenden Bogen PF
begrenzt. Punkte D auBerhalb dieses Bereiches ergeben Tetraeder, bei denen
AD nicht kiirzeste Kante ist oder die stumpfwinklig sind. Andererseits er-
fiillt nicht jeder Punkt D dieses Bereiches mit dem nach Lemma 5 zu ihm
gehdrenden Punkt C die Ungleichungen (24) und (25). Zur Umformulierung
dieser Ungleichungen in Koordinaten ist zu beriicksichtigen, daB die beiden
nach (17) zu festem D gehoérenden Punkte C; und C, (die sich durch unter-
schiedliche Wahl des Vorzeichens in (17) ergeben) symmetrisch zur Mittel-

senkrechten z = —;—von AB liegen, daB also die Langen von AC, und BC,

gleich sind, so daB (24) und (25) beide erfiillt sind, wenn man nur (24) mit
demjenigen Punkt C fordert, fiir den in (17) das untere Vorzeichen genommen
wurde. Die Ungleichung AD?= AC? ergibt unter Verwendung der Formeln
(16) und (17) nach einer hier nicht ausgefiihrten Zwischenrechnung die gleich-

bedeutende Ungleichung
(27)  (4R272— 1)d§ + ((4R% 2 — 1)d% + 2d, — 1)d2 + 2d2(d; — 1) =0.
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Der Rand des durch (27) gegebenen Gebietes der yz-Ebene schneidet die
Geraden z = const in zwei Punkten, deren y-Koordinate durch die aus (27)
fiir den Fall der Gleichheit sich ergebende quadratische Gleichung in d3
bestimmt ist. Man rechnet leicht nach, daB von diesen beiden Punkten
héchstens derjenige mit der gréBeren y-Koordinate in den relevanten Bereich
fallen kann, daB also von der quadratischen Gleichung nur die Lésung

I
= (—(4R22— )% —2dy+ 1 +
2 2(4R2b_2—1)( ( )3 3

(28) +V(4R%~2—1)2ds—4(4R?% 2 — 1)d3 + 2(12R%b~> — 1)d; —4ds + 1)

zu beriicksichtigen ist. Der Bereich B, in dem das Minimum der Funktion f
zu bestimmen ist, ergibt sich als Durchschnitt des oben beschriebenen Berei-
ches (vgl. Abb. 8) mit dem Bereich (27). Die durch (28) gegebene Kurve
d, = dy(d,) ist, soweit sie in dem in Abb. 8 beschriebenen Bereich verlauft,
Teil des Randes von B. Abb. 9 zeigt zwei charakteristische Beispiele des
Verlaufs dieser Kurve und der Gestalt von B. Hinsichtlich der Begrenzung
von B gibt es genau zwei Fille: Entweder besteht die Begrenzung aus einer

Strecke auf der Geraden z = %, einem Kreisbogenstiick des Biischelkreises,

einem Stiick der Kurve (28), einer Strecke auf der y-Achse und einem Stiick
des Kreises (26) (Abb. 9a), oder sie besteht aus einer Strecke auf der Geraden

zZ= %, einem Stiick der Kurve (28) und einem Stiick des Kreises (26) (Abb.
9b). Der erste Fall tritt bei 42R~2>3 ein, der zweite bei 4R2)~2=3; das er-
gibt sich, wenn man in (28) d; = % bzw. O setzt und so die Lage der End-

punkte des relevanten Teils der Kurve (28) bestimmt.
Hinsichtlich der unteren Grenze fiir R gilt

LEmmA 6. Der kleinstmigliche Umkugelradius eines Tetraeders mit den

Eigenschaften (a), (b) (") ist % I/ %

: ;
LA A
T oot YT

Abb. 9.
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BewEls. Zu jedem Tetraeder mit den Eigenschaften (a), (b), (¢’) existiert
ein dhnliches in der Menge M, fiir das der Eckpunkt D im Bereich B liegt.
Fiir D¢B gilt die Ungleichung (27), also ist

AR%-2— | %(1 —2d,)d} + 2d5(1 —ds)’
(d3 + d3)d3

wegen (26) ist d§+d25%, also

4AR?b2— |

4. —2d,)d% +2d3(1 — d,)
=3 z .

Ferner ist
(1 —2d)dj +2d5(1—d;) _ 1

d3 2
denn diese Ungleichung ist gleichbedeutend mit (1 —4d,)d%+ 4d%(1 —d,)=0,

und dies ist fiir Oédséj offensichtlich erfiillt, wiahrend fiir z—<d3 §—1— auf
2

Grund von (26) die Abschiatzung

?

(1 —4d,)d% +4d3(1 —dz) = (1 —4d3)[—;—+%d3—d§]+4d§(1 —dy) =

=(1—d3)[—;——d3J§0

mdglich ist. Folglich ist 4R%6-2—1 3%-%, also 4R2b‘2§%. Der Wert —:—

wird bei d2 = d, = z auch tatsichlich angenommen.

2

3.5. Bestimmung der Lage des Minimums von f

Es soll gezeigt werden, daB das Minimum von f nicht im Inneren von B,
sondern auf dem Rande angenommen wird, und zwar auf dem in Abb. 9
dargestellten ‘“‘rechten” Rand, genauer:

LEMMA 7. Im Bereich B ist (19) fiir konstantes d, (0) eine monoton
steigende Funktion von d,.

BEWEIS. a) 4R?b2=3.
Im Bereich B ist s >d,>d% und d”é%' Setzt man dies in (22) ein, ergibt

sich

iy
[/ L—f’i(SRZb—Zd3+4R2b-2~3)>o.
os 1—d
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Auf Grund der Definition von s unterscheiden sich% und gdf— nur um ei-
v S 2
nen positiven Faktor, also gilt die Behauptung.
b)4R2b~2<3.
In (22) ist der Vorfaktor positiv. Ferner entnimmt man (22), da8 zf fiir
S

festes dy hochstens eine positive Nullstelle s, hat, fiir s>s, ist%— positiv. Es
S

wird gezeigt, daB s, kleiner ist als der sich aus (28) ergebende Wert s, fiir s

des zum selben festen d, gehdrenden (“rechten’’) Randpunktes von B. Da

sich 3f und 3[{ nur um einen positiven Faktor unterscheiden, folgt die Posi-
S 2

of

tivitit von ——in B, also die Behauptung. Zur Abkiirzung werde p: =

= 4R?H72—] fmd y: = d, gesetzt. Aus (22) folgt

I
So = 5[ ~PY*+ YOp®y*+8py* — 16py* +8py 2]'

Ersetzt man in (27) bzw. (28) d% durch s—dZ bzw. s—y?, so ergibt sich

= zi(py2 —2y+1+V(py* -2y +17 + 4py2]-
P

Es ist zu zeigen, daB s,<s,, also

) 2py*—2y+1+V(py* =2y +1)* +4py=V9py* +8py* —16p)* + 8y
2

.2 1
fiir —=p<2 und O<y=—
3 F Y 2
gilt. Es ist

202 —2y+1 = [VZpy— +§1—(2p—1)>0,
p

2
7o)
so daB (29) quadriert werden kann, es ergibt sich

2P +2p)y + 20 + (P4 -y + 1+

(30) +(2p2 -2y + 1) (py* =2y + 17 +4p)*=0

als zu beweisende Ungleichung. Fijr0<y§-;— ergeben die ersten fiinf Sum-

manden etwas Positives, so daB fiir diese y die Ungleichung und erst recht



MINIMALTETRAEDER BIKONJUGIERTER GITTER 107

(29) gilt. Die linke Seite von (30) wird verkleinert, wenn man die Wurzel
durch 2y py ersetzt. Es geniigt demzufolge zu zeigen

gy 2R @2 +4pVP)y* + (P~ p+4)y*+ 2V p—4y+1>0

1 1 2
fir —<y=-— und —= 2.
1 7ES 3P~

Fiir konstantes y ist die linke Seite eine monoton steigende Funktion von p,
denn die partielle Ableitung nach p ist

Qip(yap(—ByVﬂ 12)+ (4y%(— 2y + 1)+ 295 p+ 29(— 2y + 1)),

sie ist wegen —8yYp+ 12= —8. —;V'2'+ 12> 0 positiv. Es geniigt also, (31) fiir
p = 2/3 zu beweisen, d.h. die Ungleichung
(5 23.)41/§y4 +(12V3 424V 2)y® + (42 3 - 36V 2)y2 + (18Y2 — 36}/ 3)y + 9Y3=>0.

Die Ableitung der linken Seite von (32) ist kleiner als
(33) — 235y3 + 165y2 + 44y — 36,

aus der Entwicklung von (33) an der Stelle y = 1/2 gewinnt man die Darstel-
lung von (33) in der Form

T lﬂ( 1/2—y) —i(l/2 —¥)%(374—235(1 —2y)),

8 4 2
aus der man ablesen kann, daB (33) fiir 1/4<y=1/2 negativ ist. Also ist die
linke Seite von (32) monoton fallend. Da sie an der Stelle y = 1/2 den posi-

tiven Wert %Vhsv?i hat, ist die Ungleichung (32) richtig, und die Be-

hauptung ist bewiesen.

In Lemma 7 ist wie in (21) der Fall d; = 0 ausgeschlossen worden.
Dieser Fall kann aber auBer acht bleiben, denn es muB dann C auf dem Bii-
schelkreis liegen, und aus Symmetriegriinden erhdlt man diese Tetraeder
auch schon, wenn D auf dem Biischelkreis liegt.

Auf Grund von Lemma 7 und der Begrenzung von B gibt es fiir die Stel-
len minimaler Funktionswerte zwei Moglichkeiten:

I. fwird in einem Punkt der Kurve (28) minimal,
2. fwird in einem Punkt des Biischelkreises minimal.

Der Fall 1. tritt ein, wenn 4R26-2=3 ist, bei 4R26~2> 3 sind zunéchst beide
Fille denkbar (vgl. Abb. 9).
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Zur Bestimmung des minimalen Funktionswertes und der zugehdrigen
Tetraeder geniigt es nun in Falle 1., Punkte D mit d; = 1/2 zu betrachten.
Zum Beweis dieser Behauptung sei D, ein beliebiger Punkt auf der Kurve
(28) mit minimalem Funktionswert. Nach Lemima 5 gibt es dazu zwei (mog-
licherweise gleiche) Punkte C,, C,, die symmetrisch zur Geraden z = 1/2
liegen, es moge C, die kleinere z-Koordinate haben. Da die Koordinaten von
D, die Gleichung (28) erfiillen, sind AD,, AC; und BC, gleich lang. Das
Tetraeder T,: = ABC,D, hat dann zwei zusammenhangende kiirzeste Kan-
ten, namhch AB und AC Bei der Ahnllchkeltsabblldung B, die D,C, auf
AB A in die Halbebene x = 0, y=0, B in die Halbebene y = 0, x>0 abb11~
det, ergibt sich (Abb. 10) ein Tetraeder T aus der Menge M, dessen einer

Eckpunkt B(A) auf der Geraden z = 1/2 liegt, das den Umkugelradius

b—1R B(A) B(D,) hat, und der Funktionswert f(T7) ist derselbe wie bei T,
weil die Funktion f = (k2. vol X)? offenbar invariant gegen Ahnlichkeits-
abbildung ist. Es ergibt sich also ein zum Minimaltetraeder T, dhnliches
Tetraeder T;, wenn man die Minimaltetraeder nur ldngs z = 1/2 bestimmt,
so daB T, selbst nicht explizit bestimmt zu werden braucht. Das Tetraeder
T,: = ABC,D, kann ebenfalls aus T; gewonnen werden. Denn esergibt sich
T, aus T,, indem man den Punkt C, an z = 1/2 spiegelt und die anderen
Eckpunkte festldBt, so daB man es aus T7 herleiten kann, indem man auf T}
die Abbildung f~ anwendet und anschlieBend den in der Ebene y = 0 lie-
genden Punkt C, an der Geraden z = 1/2 spiegelt. (Es kann natiirlich auch
gleich der Punkt $(C,) an der in der Ebene B(ABC)) liegenden Mittelsenk-
rechten zur Strecke p(A) B(B) gespiegelt werden, das neue Tetraeder hat dann
aber zum Koordinatensystem nicht mehr die Lage gemiB (11); vgl. den
SchluB von 3.6. Die Tetraeder T, und T gehoren zu den in 2. betrachteten
Vierecken S, und T, gehort zu den Vierecken T, vgl. Satz 2.) Damit ist
bewiesen, daB man alle minimalen Tetraeder mit Eckpunkt D auf der Kurve
(28) aus den minimalen Tetraedern mit d, = /2 herleiten kann.
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3.6. Bestimmung der minimalen Tetraeder mit kiirzester Kantenlinge b

Erster Fall: 4R?h~2<3.

Fiir das minimale Tetraeder ABCD ist zundchst D als Schnittpunkt
der Kurve (28) mit der Geraden z = 1/2 zu bestimmen. Setzt man in (28)
dy = 1/2, ergibt sich

34 S ]/M
(34) @2 8( Ny ol

Damit ist D bestimmt. Aus (16) und (17) berechnet man fiir die Koordinaten
des zugehorigen Punktes C (wobei man sich in (17) aus Symmetriegriinden
z. B. auf das untere Vorzeichen beschrénken kann)

35 o 1 1/4R2+15b2 b

) a 2[ A (-l Ry g
o /13 5 1/ 4RP L 150° _ 4b?

(36) Cs‘?(l_] 7"71/ ARE—b? +4R2—b2)'

Fiir die kiirzeste Kantenldnge AD bzw. BD ergibt sich

1 \ 4R?%4 152
(37) eV - V@[” V—ZTQTI)_)

dies ist, da D auf der Kurve (28) liegt, zugleich die Lange von AC. Die Kante
BC ist fiir 4R*»~2>5/3 ldnger als AD, fiir 4R*»~* = 5/3 haben die vier

Kanten AD, BD, AC, BC alle die Lange -1{22 Fiir die Kantenlinge CD er-

2
gibt sich CD? = c2+d5+|cs —%] = 1, die beiden Rechtwinkelkanten sind

also gleich lang. Die am SchiuB von 3.5. erwdhnten Tetraeder T, und T,
sind im vorliegenden Fall kongruent (Abb. 11). Das so erhaltene Tetraeder
gehort zur Menge M (vgl. (14)). Das minimale Volumen des entsprechenden
Tetraeders aus der Menge MR:® bekommt man durch Riicktransformation.
Der Lingenverinderungsfaktor ist dabei b/k, wobei k die Kiirzeste Kanten-

N A &
linge (37) von ABCD ist, und das Volumen é ¢,d, von ABCD ist mit [?]

zu multiplizieren; ¢, und d, sind dabei aus (34) und (35) zu nehmen. Es
ergibt sich

(38) min volT =
TeMRD
1
[ 2__h2 2 2 AP2_ h2e
7 VY iR = VAR + T — 4R~ b

(4R2 + 70—V 4R*— b2 Y R* + 15b2).
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B
1
DN\K 2
C
B A x
Abb. 77.

Zweiter Fall: 4R*b—2=3.

Auf Grund von Lemma 7 kann das Minimum von f auf Punkten des Bii-
schelkreises oder der Kurve (28) angenommen werden. Um den Verlauf von
flangs des Biischelkreises zu untersuchen, ist in (21) d; = s zu setzen (denn
der Biischelkreis hat die Gleichung y2+2(z—1) = 0, also gilt s = d}+d3 =
= d,), das ergibt

J(s) = —4R%™2+ (4R2%=2 4 1)s~1 — 572,

und in (27) ist dy = s sowie d% = d;—d} = s(1—s) zu setzen, das ergibt
s(1—s)((4R?0~2—1)s—1)=0, wegen 1—s=>0 also s=(4R%~2—1)"1, so daB

f fiir Werte s aus dem Intervall {(4R?6-2—1)71, %] zu untersuchen ist.

Man rechnet leicht nach, daf

f{4—R2b—1_?1] = f[%] = 4R~ -2

ist, und daB im Inneren des Intervalls die Funktionswerte groBer sind. Das
Minimum wird also auf dem Schnittpunkt des Biischelkreises mit der Gera-
denz = 1/2bzw. mit der Kurve (28) angenommen; es geniigt aber, die Gerade

z=1/2 zu betrachten. Dieser Schnittpunkt D hat die Koordinaten | 0, ?I, i]

Fiir den zugehdrigen Punkt C, der auf den Biischelparallelen liegen muB,

ergibt sich aus (20), wo mans = d, = 1/2zu setzen hat, ¢, = b-1y2R2_pe,
und es ist ¢, z. B. gleich 0. Das Tetraeder ABCD ist demnach ein Orthoschem
mit dem total-orthogonalen Kantenzug BDAC (Abb. 12). Die kiirzesten

Kanten sind AD und BD mit der Linge Vg Die Kante AC ist fiir 4R?b 2>

>3 ldnger, fiir 4R%h—2 = 3 ist sie ebenfalls kiirzeste Kante. Die Rechtwinkel-
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N

<4

>

(9!
X9

2b? v —s—— sieist fiir 4R?%b—2> 3 ldnger als die Recht-

winkelkante AB, fiir 4R?b—% = 3 gleichlang mit AB.

Das zweite minimale, zu ABCD nur im Falle 4R%~2 = 3 kongruente
Tetraeder AB’CD ergibt sich durch Ubergang von B zu B’ mittels Spiegelung
an der in der Ebene BCD gelegenen Mittelsenkrechten zu DC. Es ist ebenfalls
ein Orthoschem, es hat den total-orthogonalen Kantenzug DACB’ und die
kiirzesten Kanten AD und CB’. Die Rechtwinkelkanten AB’ und DC sind
gleich lang, wie sich sofort aus der Kongruenz der rechtwinkligen Dreiecke
DAC und ACB'’ ergibt. Das minimale Volumen der entsprechenden Tetraeder

kante DC hat die Lange V4R

aus MR.b berechnet man aus dem Volumen é 6 d, = —E—b— Y2R2—b% von

ABCD durch Multiplikation mit (b} 2)?, es ergibt sich

39) min volT = -é—lﬂ Y4R2—2b2%.

TeMRb

3.7. Bestimmung der minimalen Tetraeder mit kiirzester Kantenlinge 2

Zur Bestimmung des minimalen Volumens von Tetraedern mit den
Eigenschaften (a), (b), (c), (d) ist min {vol X : X¢ MR:® und b>2} zu be-
stimmen. Es gilt

LEmMA 8. Fiir konstantes R ist vol X mit X€MR-® eine monoton wach-
sende Funktion von b.

BewEs. Es werden die partiellen Ableitungen nach b der in (38) und
(39) angegebenen Volumenfunktionen betrachtet.

Erster Fall: 5/3<4R%*~*<3, Formel (38).
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Es ist nach (38)

(volT)? = ﬁ(w —4R2 — b2)(4R? + T2 — W)?

mit
W = V(4R 0*%)(4R* + 15b2) = V16R? +56R2b% — 15b*.
Hieraus folgt
‘;ib( Ty = (4R2+7b2 W)(24R? + 38Rb? - 15b% + (b% — 6R?)W).

Auf der rechten Seite dieser Gleichung sind die beiden ersten Faktoren offen-
sichtlich positiv, und aus der Voraussetzung

b <%R2 folgt 16b4(12R2—5b2)(10R? —3b6%) >0,

und hieraus
(24R* + 38R2%b2 — 15b%)2 > (b2 - 6R%)2(16 R* + 56 R2b% — 15b%),

so daB auch der dritte Faktor positiv wird, nur fiir 2 = 1—52 R? ist er O.

Also ist vol T in & monoton wachsend.
Zweiter Fall: 4R*~?=3, Formel (39).
Esist nach (39)

0 b3
— (vol T)2 = —(4R%*—-3b*)=0
ob 9
fiir 4R?0—2=3, also ist vol T in b monoton wachsend.

Auf Grund von Lemma 8 sind die inhaltskleinsten Tetraeder mit den
Eigenschaften (a), (b), (c), (d) diejenigen in 3.6. ermittelten minimalen Tetra-
eder, bei denen b = 2 ist. Hieraus erglbt sich folgender

Hauprsatz. (I) Fiir R = l/ —S«gibt es bis auf Kongruenz genau ein Tetra-
eder mit den Eigenschaften (a) bis (d) und minimalem Volumen. Es hat zwei
43

senkrechte windschiefe Rechtwinkelkanten der Ldnge 3 die ibrigen vier

Kanten haben alle die Linge 2 (Abb. 13), und das Volumen ist —_-— 6}/

(1) Zu jedem R mit I/ %<R<}/§gibt es bis auf Kongruenz genau ein

Tetraeder mif den Eigenschaften (a) bis (d) und minimalem Volumen. Es hat drei
Kanten der Ldnge 2, die restlichen Kanten sind ldnger, die Rechfwinkelkanten
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Abb. 13.

Abb. 14.

8 ANNALES-— Sectio Mathematica— Tomus XXVIII.
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Abb. 15.

Abb. 76.
sind gleich lang. Das Tetraeder ist dhnlich zum Tetraeder ABCD mit Koordina-
tent nach (11, (34), (35), (36) mit b = 2 und d; = %(Abb. 14). Das Volumen -

berechnet sich nach der Formel

%Vm VR24+15—R2—1.-(R*+7 —YR*—1 VRE+ 15) (vgl. (10)).
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(IN) Fiir R = V3 gibt es bis auf Kongruenz genau ein Tetraeder mit den
Eigenschaften (a) bis (d) und minimalem Volumen. Es ist ein Orthoschem mit
den Eckpunkten P,~(0, 0, 0), P,~(0, 0, 2 ¥2), P,~(0, V2, V2), P,~(2, 0,0)
und dem total-orthogonalen Kantenzug P,P,P,P,, dessen drei Kanten alle die
Ldnge 2 haben, die restlichen Kanten sind ldnger, und die gegeniiberliegenden

Rechtwinkelkanten sind gleich lang (Abb. 15). Das Volumen betrdgt ~;‘—

(IV) Fiir R>V3 gibt es bis auf Kongruenz genau zwei Tetraeder mit den
Eigenschaften (a) bis (d) und minimalem Volumen. Es sind Orthoscheme, die

durch die total-orthogonalen Kantenziige mit den Ldngenfolgen (2, 2, 2 R*—2)

und (2, 2VR?—2,2) charakterisiert sind. Die gegeniiberliegenden Rechtwinkel-
kanten sind im ersten Fall unterschiedlich lang, beim zweiten Tetraeder sind sie

gleich lang (Abb. 16). Das Volumen betrdigt % VR2—2 (vgl. (10)).

Literatur

[1] ®EOOPOB, E. C., Cummempusn npasuabrbix cucmenm gueyp, CI16., 1980.

[2] HoLral, M., Doppelgitterformige Lagerungen inkongruenter Kreise und Kugeln,
Annales Univ. Sci. Budapest, Sectio Math., 18 (1975), 75 —86.

[3] Sz. HoLral, M, Die bikonjugierten Punktsysteme. Annales Univ. Sci. Budapest, Sectio
Math., 28 (1985), 279 — 281.

8%






V3KAS YIIAKOBKA OBJIACTEN 'MINEPLIUKJIOB U
T'NNEPCO®EP B T'MNEPBOJIMYECKHUX ITJIOCKOCTU
U NMPOCTPAHCTBE

BYH BAH 3YHI"

Kagenpa HauepratennsHoit u IlpoextnBHoi [eoMeTpun
Yunpepeurera um. JI. 3teewna, Byjanewr

(ITocmynuno 9.9.7983.)

[lycte a; M o; — NpsAMast ¥ IUIOCKOCTb B TUMep6OIUYECKUX TUIOCKOCTH
H? unu npoctpancTee H3 cooTBeTcTBeHHO. MHO)KECTBA TOUEK P, paccTosiHUe
KOTOpbIX 0T a; B H? unu «; B H® MeHbure f, Ha3BEM 006,1aCTbAMM TUIIEPLHUKIIA

2

uiy runepceps! 1 06o3naunm depes Hgy unu Hfl,, rae t=0 BewlecTBEHHOE
yucino. [lpsimass a; MM TUIOCKOCTb «; Ha3blBaeTbCsl OCHOBOU ofnacreit ru-
nepuuKia Hﬁlt WM runepcdepsl H::’it.

MuoxxectBo obnacret {H?}, unu {H}}, o6pasyver ynaxoBKy, ecid jwobue
ABa M3 HUX He UMEKT obumvio Touky. OueBugHo, ecnu {H2}, unu {H3}, 06-
pasveT YIaKOBKY, TO UX OCHOBBl He IepeceKarwT ApYT Apyra U OHY mapas-
JienbHel, ecnu t = 0.

Y3octh e2(f) uim e3(f) nannoit ynaxosku obnacreit {H?), unu {H3), 8 H?
unu B H? onpenensiercss no ¢gopmynoit

N ent) = supp, n=2,3

e TOYHAsi BEPXHss rpaHb GepeTcst Mo BceM pajguycam KpyroB WJIM 11ApoB,
PAcCIoJIoXKeHHbIX B He TMOKPBITHIX YacTaX MiaockocTd H? MM nmpocrpaHcTBa
H3.

Haia oCHOBHAst 3a7aya PeLIMTb HIDKHIO TpaHb v30CTH e%(f) unu e3(f)
v yrnaxoBky ooyacreit {HZ}, unu {H3},, 11 KOTOPBIX 3TOT MUHMMYM JOCTH-
raercsi.

Bonpoc 06 v3octi ynakoBok mocraBun JI. demew Tor [2]. Hec-
KOJIbKO pe3ysbTaToB Haxoasrcst B paborax [1]—[7]. W. Bepmem [8]
3aHMMaJICsl TUIOTHOCTBIO yI1aKoBKHU obnacreit {H?),.

B nameil paGore Mbl Haillem V3KyI0 ynaxkoBky obnacteii {H?}, B H?
1A BCex t=0 u nccnenyem GyHKuUMI0 €%(f). Mbl faeM HIDKHIOI OLEHKY eX(f)
Il y30¢TH ynaxoBku obnacreit {H3}, u Halifem sHaueHust { M YIIAKOBKHU
{H?};, a5l KOTOPBIX 3Ta OLEHKA TOYHA (OECKOHEYHO MHOTO pas), aanee Mcc-
nenyem QyHKumMo €3(f).
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1, CHauana Mbl KOHCTPYMpYeM IpaBuiibHVI0O vnaxoBky H* of6nacreif
{H?}, B H?, 3arem mbl goxaxkem, uto H* naerT v3kvio ynakoBky ofyacteif
{H?}; s Beex £,

TMocMOTPUM TIPABUJIbHBIM TPEVIONBHUK HAeasbHLIMM BEpLIMHAMH A,
B, C, B KOTOpoM paccTosinue JbbIX ABYX CTOPOH paBHO 2f (umaeasibHOMH
TOYKOH HasbiBaeTcsl 00iass TOYKA NPAMBIX, NEPHNEHAMKYJISIPHbIX AaHHON
npsiMoit B H? unu naunolt mnockocru B H?), o6nactu H%p 4, Hi , u Hie
nonapHo kacawotcs (puc. 1.).

Puc. 1.

Mycte r — paauyc Kpyra, Kacaioumerocs obnacreit H%p ,, Hyo, u
H%c ; ¥ Haxoisiuierocst B NpPSIMOYTOJILHOM ILIECTUYTONbHUKE, B KOTOPOM
BB, = AJA, = C,C, u AB 1 B,B, | BC u. T. a. OueBUHO, UTO

(2) r=R—t,

rie R = KF — paauyc BOMcaHHOro Kpyra TpevrojbHuka ABC. W3 yetbip-
éxyronbHuka Jlambepra FC,DK

cht 2
3) ¢hR = sml = 73 cht.
3
Taxk,
2
4 r = Arch ——chit{—t.
@ [

(B nawielt paboTe Mbl MCTOJb3YEM €CTECTBEHHBIl MJIM aGCONMIOTHEI M3MepH-
TeJIb OTPE3KOB.)
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OToGpasum MpSIMOYTOJIbHBIHA ecTUyronbHuK A A,B,B,C,C, n obnactu
HZ Ha CTOpOHBI LIECTHYTOJNBHUKA, TOTOM MNPOJADKAeM 3TO OTOOpa)KkeHue
" nonylmm pasGuenne nuockocTd H? Ha IUECTUYTOJBHUKM U YNAKOBKH
obnacreit {H?},. Jlerko BUAeThb, 4TO Y30CTh VIaKoBKM obnacreit {H?}, paBHa

(4).

2. Teorema 1. Y30cme ynakosku o6aacmeii {H?}, 6 H2 ne meHbuue, yem
(6) Arch[72§—— ch t]—t, t=0.

Pasercmao gocmueaemes gynaxosxe o6aacmeii {H?},, onpeoenenroli 6 nynxme 1,
JIOKASATENBCTBO. PaccMOTpUM YNaKkoBKY MHO)KectBa obnacreit {H?},.
OueBUiHO, YTO OCHOBHI ofnacreif He nepeccexatorcs. [lvers H2, — ogna
u3 {H?}, u a; e€ ocHosa. !
MHOYeCTBO ToueK P, paccrosiie KOTOpbIe OT a; GoJblile, Uem OT OCHOB
apyrux obnacreit Hj k,€{H2}, (k=j), HasBém 061aCThI0 Hupuxie D2,
npuHapnexamei odnacty HE, (cm. ewg B [8]). (Hanpnmep, obsacTb Jlupnx—
ne D; B 1. — MHOrOYroJbHHK, CHMMETpHUECKUi Ha ;. YuCI0 ero BepnH

2z
ﬁeCKOHe‘lHO, €ro vrijia paBHbI ? A pacCTOosiHUE €ro CTOpoH OT a]- paBHO t.)

IMycte P ~ ojHa U3 BepUIMH obnacTtu D;, u k=3 — e€ creneuy, T. €. YUCIO
oGnacreff D,, BepmHHOH KOTODHIX siBisieTcs1 P, paBHO k. V3 onpeneneHus
obnacreit D; cieaver, 4TO pacCTOSIHUE TOUKH P or ocHos paBHo R, 1 ot
APYTHX OCHOB Oosibiie R. DTH OCHOBBI (TIPSIMBbIE) ONPEAENSIOT K-YIOJIBHHK
UjeaJbHbIMH HIIH OeCKOHEUHBIMH BeplIMHaMHU. (Bepuina 6eckoHeuHa TONBKO
Toraa, xorga t = 0.)

Mycts A}, A, ..., A €ro BepliMHbl U A A,y — paccTosiiHe CTOPOH,
npUHajIeKamMx BepunHe A;. OueBngHo AjA,=2f u PA,; = PA,
(puc. 2.), T. e. P Hax0QUTCs HA OCH CUMMETPHM TPAMBIX 4;_, U 4;. (Moxer
CJIVUMTCS, UTO P He HAXOAUTCA B NMPSIMOYTOJIBHOM 2K-YTOJbHUKE A A Ay

A11A12 A k2 )

[Myvete 2y, = <(E;_ PE), rae PE;1a; mn E,=E, (i=1,2,...,k).

[TpeanonoXKum, uto y,=min(y; ... »;). Tlerko BUJIETb, UTO

T
(7) “/2—<-_3'
¥ PABEHCTBO TOJILKO Torja, Koraa k = 3 ¥ TpevroibHUK A A, A, NIpaBHJIeH.
W3 vethipéx-yronbHuka JlambepTa B,yA,E,P,
_ chB,A,,

(8) chR=chPE, = -
Sin vy,

W3 (7) u HepaBeHCTBA ~;—A21A22 = B,A,, =1 cieayer

(9) chR= Cht__ = 2_Cht.

siny/3 V3
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W3 onpepneneHus Touku P clefyeT, 4TO CYILECTBYET Kpyr paguvca (R—1)
C LleHTpOM B TOYKe P, KoTopblff He mepecekaetr HM oaHy u3 {H?}, T. e.
v30CTh yniakoBKH obnacteit {H?), He menblue (6), ¥ paBEeHCTBO TOJILKO TOTAA,

T
KOrja y, = ?u B,A,, =, T. e. TpeyrojbHUK A;A,A; npasuneH. PaBen-

CTBO TocTynaer B vnaxoke H* (cm. 1.).
Ak

Puc.’ 2,

Jlerxo BHAeTb, YTO ecnM P OeCKOHeuHas MM MAeaNbHas TOUKa, TO
CYIECTBYET KPYF paguyca r, He nepecexawwui Hu omny u3 {H?}, u r=>

2
> Arch|——=—cht]—t.
(7]

TeoPEMA 2. V30cmb y3koid ynaxosxu obaacmeit {H*), cmopozo y6eigaro-

2
was gynxyua om t. 3HadeHue y3ocmu MeHsemcs om In—= 0o In— u pasHo

V3 V3

= 2
Iny3, ecaut=0uln—, ecau t > .

JoKA3ATENBLCTBO. M3 Teopembl 1 Mbi 3HaeM, UYTO V30CTh €(f) v3Koii yna-
KoBKHM obnacreit {H?},

(10) 2t) = Arch[ ch t] —t.

2
V3
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M3 (10)
2 shi .
ey = _s___3_ ~1.
—ch2+_ 2f__
l/ ch?2f—1 Vcht i
Tak Kak
Vch2t—z>}/ch2t—l = sh#,
TaK

sht -1

'—————3 b
252
Vch t 7

noaTomMy €'(f) <0, T. €. €(f) croporo yobiBaowas GYHKLHUS.
U3 (10)

(11) £(0) = Arch =1Iny3~0,549312. ...

2
V3

¥YpasHenue (10) mo)KeT OLITb MPHBEIEHO K BHIY :

- 2 ]/ 4
e(t) = ln[—ﬁ_—cht-k ?Chzt— 1]—

ITocne npeBpalieHus

1 —
e(t) = ]n—V§—+]I](l +e"‘2!+‘/l +e—4l_e—2l)’

MO3TOMY

(12) lim &(f) = In—2—~0,143841 . . ..
{—+ oo '/3
Teopema 2 gokasaHa.

3. PaccmoTpum ueThipe THMNepIiocKocTH «; (i = 0, 1, 2, 3), nycTb
paccTosiHue Me)KAY HUMH monapHo pasao 2f (puc. 3.). Obnactu H: i, T1pH-
Ha[JIe)Kalue MII0CKOCTSM o l'IOHapHO Kacawrtes. Tlverb A"Ak - npﬂmaﬂ,
nepreHauKyNspHas «; U a, (i#k; i, k=0, 1, 2, 3), rne Af€e;. Tak Kak
AFAL, AlAL A‘A'_La,, NO9TOMY paCCMOTpEHHbIe 3 npsiMpie MMeT o01YI0
uneaanylo Toukn A,;. TeTpasgp MHAeaTbHBEIMH BepUIHHAMU ApALALA,
MpaBUjIeH U TeJo AIAZASA"A2A3AzAIA3A°AlA3 N paBUJILHEINA ycet{eHHbm
TeTpasyp.

[lyctb P — 4eHTp BHOMCAHHOTO LIapa, KAcalowerocs IjocKocTed o,
E;, = PA;,Na;u PE; = R, nanee F,k — cepefuHa oTtpeska AFAL, a r(f) —
paguyc ulapa, Kacatouterocs uethipéx obnacreit {H2},. Tak

(13) r(t) = R—t.
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W3 verbipéxyronbuuka Jlambepra E ALF P

1
(14) ch PE, = ch AgFoy  _ cht

. —
sin »* V1~ cos2y*

Puc. 3.
{(15) cos v* = sh AJE,-shAJE,, = sh ALE,-sh{,
rie
(16) v* = Q(EoPE,).
W3 npsimoyrosbHoro umectuyrosnbHuka AJASA2ALAJA?2
2
ch AjAR = _Ch2i+ch®2t
sh?2¢
U3 aroro cieaver, uro
Al A2 1
(17) sh—L° = .
2 2sht
W3 (17) u npaBunbHOro TpeyronbHuka AYAZA3
1A2
(18) sh AE, = e, 1 |

2 sin60°  VY3sht
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Us (15) u (18)

(19) cosv* = —,
MO3TOMY

(20) ¢chPE; =chR = —:;—ch f
Tak, uto

21 r(t)=R——t=Arch[l/—g— cht]—t-

Jlemma 3.1. TycTb «; — MIOCKOCTh, MePMeHAUKVISpHas pebpam A,A,
(k =0, 1, 2, 3; ks#i) npaBuIbHOrO0 TeTpa3Apa WIeaNbHLIMH BepPUIMHAMH
AA A Ay, AFALA] — BeplIMHHBIA TPEYTONBHUK, NpUHaexauwui Bep-
wuHe A; u A¥A] = 2t=0. B H? ay1a 6ecKOHEYHO MHOro 3HaueHuid ! Cy-
LlecTBYeT HOpMalbHoe pa3bueHHe Ha NpaBHIIbHBIE TpeyronbHUKH Ak¥AIAJ
rae i, j, k, ! = 0, 1, 2, 3 u pasHble yucna.

HowxasatEnscrBo. ['panb AFAYA2ALASAZ veeuénnoro rterpaszpa Af
(i£k; i, k=0, 1, 2, 3) — NpsAMOYTONbHHI{ IIECTUYTOIBLHUK (pHUc. 3.).
Ha ocHOBe TpuroHomeTpuu NpsiMOYTOJILHOTO LIECTHYTOJIbHUKA [9] ciegver,
4TO

ch2t = —ch?2{+sh?2t+cha,

rae

OTcioga BbITEKaeT, UTo

(22) chg = — 2
ch2t—1
Us tpeyronbHuka AJAZA3
29—
(23) cos—zf- _ cha—cha _ cha ’
q sh?a cha+1

2n
rIe — — VYrOJI 3TOr0 TPeYroJIbHUKA, p =6 BellecTBeHHOE uuciio. M3 (22) u

q
(23) pmaercsi, uto
2@ ch 2t
q 2¢h2t—1"

(24) cos
Tak kaK 0 <f< e, TO

2m
| >cos—=>—,
q 2
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T. e. 1jIg 11000T0 Leaoro uuciaa ¢=6 CyLeCTBYeT { TaKoe, YTO BHIIOJIHS-
eTcst (24).

C npvroit cropassl, U3BECTHO, YTO eclaM ¢=>0 — pejloe UMCIo, TO CY-
ILIECTBYET HOpMasIbHOE pa3fueHHe MaockocTH H? Ha npaBHiIbHBIE TPEYToJib-

27
HUKHU C YTJlaMH, PaBHbBIMU —.

Tak nemma 3.1. jgokazaHa.

Jlemma 3.2. Ecnu £=0, BelleCTBEHHOE 4YMCIO W B ypaBHeHuu (24)
q(f) = 7 — Uesoe UYMCIIO, TO CYLIECTBYET HOPManbHOE pa3bueHue MpoCTpaH-
crBa H3 na npasusibHble yceudHHble TeTpadapbl A¥i=k; i, k = 0,1, 2, 3).

JOKA3ATENLCTBO. PaccMOTPHM NpABUIIbHBIA VCEUEHHBIH TeTpasnp Bep-
wuHamMi A¥ u obozuauum uepes T,(f). M3 orpanuuenust ans {, faHHOro B
Jlemme 3.2., ciefver, 4TO OTOOpa)KeHUSIMH OJHO 32 APYTUM OTHOCHUTEJIHHO
rpasei, nojsydaem muo)xectBo {T(f)}, 271eMeHTb KOTOPOro He UMEIOT BHYTPEH-
Hell Touku. Ins jpoxasarennctBa, uto B H2 mHoykectBo {T(f)} obpasver
pasfueHue, AOCTAaTOYHO MMOKa3aTb, YTO Jibast TOUKA NPOCTPAHCTBA MpHU-
HaJUJIe)KUT 10 Kpaiineit mepe ogHomy u3 {T(f)}.

OGosHauum TUIOCKOCTb rpaHu AJ, Af, A}, (rae i, j, k, 1 =0, 1, 2, 3
¥ He paBHBl MeXKAY COOOH) uepes wy,), @ IJIOCKOCTb MPaHH, MPOTUBOIOIOK-
HYIO OT ay,) U€PE3 fy,), PACCTOSIHHE MEXKAY MUMHU yepe3 x (puc. 4.).

Rcm)

Puc. 4.
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Ilycte P — npousBosbHast Touka B H3, PPy, — pacCTOsHHSI TOUKH
P ot nnotkocrel wy,). [peanonoyxum, uro PPy, = min (PPy,); i = 0, 1,
2, 3.

B cBsi3u ¢ VvCIIOBMEM “NIeMMBI CJIEJVET, YTO CVIECTBYeT pasbuenue

27
IJIOCKOCTH o,y Ha TNPaBHJIbHBIE TPEYIOJIBHUKM C YIJIAMH, PaBHHIMM ——

(g=T). Tostomy, Py, HaAXOMMTCS B OAHOM, Hampumep, AlnAlonAdo)»
M3 9THX TPeYToJIbHUKOB, mpuHamiexaiem K To(f) us {T(f)}.

[Tvete g, — ocb cummerpun To(f), mepneHAMKYIsipHasi K TUJIOCKOCTH
%o} (Ad)Ab)Ad0)s U Pay, — TPOEKLMS] TOUKH P Ha TMpsMyI0 a,, jajee
13 = a,Nuyq). OToOpaxum Ty(f) Ha agq), NOTOM Ha Boy), THE By — OT-
pakenue By, H. T. I.

ITyeTb I, WM ag(,y — OTP@KEHHE TOYKHM [§ MITH TUTIOCKOCTHU o) HOCTIE
2n, orobpaxkenuit. O4eBUAHO, UTO CYIUECTBYET LENIOE YKMCIO 71, TAKOE, UTO
Pg, € 121121_}.1.

Iycte PPopn;) — PpacCTosgHue TOYKM P OT IUIOCKOCTH agmy). CoBep-
IIEHHO TaK )Ke KaK M Bbillle H3JI0XKEHHOE pacCy)KIeHHe, CyLIeCTBYeT pas-
OHeHHe TUIOCKOCTH &o(n;) HA NpaBUJIbHBIE TPeYTONbHUKH. I103TOMY Poeny)
HaXOAMTCSl M0 KpaifHell mMepe B OJHOM M3 3THX TPeyroJbHUKOB, NpHUHA-
nexatowem Hanpumep, K T, o(f) u3 {T(#)}.

ITyctb a; — ock cummerpuut Tp, of), NepneHIMKYIISHAA K ony), Jajlee
Py, — mnpoexuust ToukM P Ha a4, ¥ a; Naogmy = [§1. AHajmoryyHo mpeawiay-
IeMy Mbl BHIMM, YTO CYLIECTBYET l{eJI0€ YUCJIO 11, TAKOe, 4TO IOCHIe 27,
oToBpaXKeHuit Po, € Inilntv1, e Ihh — oTpakueHue Touyxy o'

Corj1acHO H3JIO)KEHHOMY, MBI IOJIYUKM, YTO

PPy <PPy,y—2n;-h
PPony) < PPoguyy — 211y - b < PPy — 2(ny + n)h

(25) PPog,y < - . . <PPyy—2(1y+ 1+ . - . +1)h.

W3 nepaBeHcrsa (25) clefyer, 4TO MOCJIe HECKOJbKO 0TOOpa)KeHHH moJy-
yaercst HekoTopoe Testo T,(f), copeprkaluee B ce6e TouKy P.

Wrak Jlemma 3.2. noKasaHa.

4, 13 nemma 3.2. BUAHO, 4TO 151 BCeX { CTOJIBKO, UTO B ypaBHEHUH (24)
q(t) npeacrapisieT coGoit 1e0e YMCII0, CYIIECTBYET HOPMabHOE pasfueHne
npoctpantca H® Ha mpaBMibHble VCeuéHHbe TeTpasapel Af(i = k; i,
k=0,1,2,3), rie A¥A] = 2t ’

IycTb «; — MJIOCKOCTH TPeyroybHO rpadu atoro Tejia. Ilocmorpum
obnacru rumepcdep {H3}, ¢ ocHoBaMM «;. JIerko BUJETb, YTO MHOXKECTBO
oonacreit {H?), o6pasyer yiakoBky B H® i 3HaueHne y30CTH 3TOH YIIaKOBKH
BEIpKEHO ¢opmyioit (21).

OGosHauum uepe3 H** o1y ynaxoBky obnacreit {H3},.
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Teorema 3. Y30cme ynarosku obaacmeti {H3), ne mensie yem

(26) Arch [ Vgch t] —L

Paserncmea evinonsbHsaemcs, ecau 6 ypasHenuu (24) q(t) npedcmasasem co6oii
yeAoe 4UCAO U YNaKosxa Gydem y3xoll ynaxosxoil onpedenenHoi 6 4.

HoxasaTEnbcTBO. PacemoTpum ynaxoBky mHokecTBa {HP),. [Tlverb
HE, — omua u3 obnacreit {Hf}, n «; — e€ ocHoBa. MHO)KecTBa Toyexk P,
paCCTOsIHHE KOTOPBIX OT «, He GoJblle 4em OT OCHOB Apyrue obsacrei
H2,,€{H3), (j = k) nasbiBaercsi obnactbto [upuxme D3, npuHaaexaueit
obmacrn HE,.

IMyets Q@ — oaHo w3 BepumH o6nacti D3, VM3 onpeneneHss o6nacTd
D3 cneayeT, UTo paccTosiHue TOYKH Q oT k oCHOB paBHO R(k=4) u oT ApyTHuX
ocHOB Goyiblie R. BuiGupaem u3 k obnacreit {H}}, ocHaBamu oy, oy, oy, o3,
He TMepreHIMKYIISTHBIMA OJHOBPEMEHHO K HYU OoRHOH miockoct. Paccrosinue
AFA! nBYX mlockocTelt M3 HUX He MeHbiue 2f, rme A€, Tlpambie AXAL
ONpelesIsIioT TeTPasp MACANbHBIMHA BePLIMHAMH A, A,, A,, A; U BbINYKJas
oGonouxa ToyeKk A¥ — yceuduublif TeTpasgp (puc. 5.).

Puc. 5.

Iyew E; = ¢;N0A, QE; = R, panee 2v; = <(E,QE;) HanmeHb-
wmit yron u3 vrioB A(E,QE) (i=j;i,j =0, 1,2, 3).
Jlerko BUaeTb, YTO

(27) vy =v¥

rae v* ompenenén no dopmynamu (15), (16) u (19) mpu cayyae, Korga
Touku Ey(i = 0, 1, 2, 3) o6pasvioT npasuibHblil TeTpasap (cM. 3.).
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M3 vetnipéxyronbHuka Jlambepta AYF,QE,,

ch A}Fy, .

(28) chR = chQE, = —~
siny,

Tax Kak v;=v* u AAF,, =1, caegver
1 04 01

29 _cht ]/i
(29) chR= o 5 cht.

CornacHo y3noyxeHHOMY, CYILECTBYET Iap ¢ paauycom (R —1), He mepecaxa-

lowuit HU onHY U3 obnacreit {HF},, T. e. v3ocTh vnaxoBku obnacreii {H3), ne
MeHbILe (26).

3ameTHM, YTO PaBEHCTBO MMEET MeCTO TOJBKO TOTAa, KOria », = »*,
AjFy =1, T. €. VCeuEHHBIN TeTPasfpoB A¥ CTaeT mpaBUIIbHBIM.

Kak n3BecTHo, cyuiecByeT paséuenne npocrtpanctsa H? Ha npaBunbHbie
vceyéHHble TeTpasfiphl, e€ClM B ypasHeHud (24) ¢(f) npencraBisieT co6oii
uesioe yucao. OTCl0Aa CIEAYET, YTO PABEHCTBO BHINOJHAETCS B CIyyae yra-
KoBkH H**.

Teopema 3 noxasaHa.

Teorema 4. Oyenra e(f) 04a y3ocmu ynaxosxku obracmed {H3},, Oannas
8 giopmyae (26), cmopoeo ybuisarowas GyHryus.

HorasaTenscreo. U3 (26)

(30) ef) = Arch[ %ch t]—t.

Orcroga

3

-—~sht
] V i
e’(l)=——2——l =—S———1.

3 2 V 2 ___2_

Jlerko BUaeTh (CM. J0Ka3aTeqbCTBO Teopembl 2), uTo €'(f)<0, T. e. e(f)
croporo yGeiBaiolLas GyHKLMUS nepemeHHoro f.

lim e(f) = lim Arch [V%eh t] —t=1In V%,
t~ee t->co

¢(0) = Arch Vg~0,658478. .
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ON AN INVERSE FUNCTION THEOREM OF HALKIN
By
B. M. GARAY

Technical University of Budapest
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In [3], HALKIN has proved the following

THEOREM: Let X be a finite dimensional real normed space. Let x,€ X,
Uc X be a neighbourhood of x,, f: U—X a continuous function which is
differentiable at x,, and suppose that Df(x,) is invertible. Then there exists a
neighbourhood W of f(x,) and a function h: WU such that h(f(x,)) = x,,
f(h(y)) = y for ye W, hisdifferentiable at f(x,) and DA(f(x,)) = [Df(x,)] =L

In [4], SziLAcy1 has given a new proof for Halkin’s theorem. He has
formulated the conjecture that Halkin’s theorem does not remain valid if X
is to be taken infinite dimensional. The aim of this paper is to verify Szila-
gyi’s conjecture.

Let us observe first that the conclusion of Halkin’s theorem implies
that W being a neighbourhood of f(x,) is contained in the range of f. Con-
sequently, f(x,) is an interior point of the range of f.

Let (X, ||-|]) be an infinite dimensional real Hilbert space. As usual, the
zero element of X is denoted by 0,. Fix an e€ X such that e>=0,. The ortho-
gonal complement of {Ae[A¢ R} is denoted by M. Denote by P,, the orthogonal
projection of X onto M and by P, the orthogonal projection onto {i¢|1¢R}.

Let K = {xeX]| |Pyx]|<||Pyx|I?}. Since {2e]2eR\{0}}c K cuts every
neighbourhood of 0, it follows that

n 0, is not an interior point of X\ K.

In order to prove Szilagyi's conjecture, we define a function f: X -~ X
satisfying the following conditions:

(2) J(0x) = 0.

3) fmaps X onto X\K.

@) fis continuous on X.

5) fis Frechet differentiable at 0, and the derivative is I, the
identity on X.

Let B,, and S,, denote {xe¢ X| |x||<=l}NM and {xeX||x]| = }NM,
respectively. It is well-known that S,, is a retract of B, [1], i. e. there exists a
continuous function r : B,;—~S,, such that for x€.8,,, r(x) = x.

9 ANNALES - Sectio Mathematica— Tomus XXVIII.
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As usual, the closure of K is denoted by K. We define a function g : K~ X
as follows
g(x) = JPex+IPoXI® rPyx/|[Pox|®) if x€K\(0x)
OX f X = Ox.
The definition makes sense since x€ K\ {0} implies Pox# 0y, Py X/||PoX|[2€ By.
Before defining f, we make some simple remarks. Let us observe first
that g is continuous on K. For x¢ K\{0}, it is a simple consequence of the
continuity of P, P,,, r. The continuity at 0y follows from
(6) lgC)—xl|=2lx|?, x€K.
Inequality (6) can be checked by a simple computation. In fact, x€K\{0y}
implies
llg()— x| = |Pox —x+{[PoX||* r(P /[ Pox|®)l| =
== Pyl + [ PoxI|? = 2| Pox[|* = 2f|x||*.

On the other hand, ||g(05)—04|| = 0.
A direct computation shows that

) g(x) = x provided that x¢ K\K.
In fact, x€ K\(K U {0y}) implies P,x,/||Px|[2€S,;, which, in turn, implies
80) = Pox+[|Pox|*Ppx[|Pox[|* = Pox+Ppx = x
Now we are in a position to define f. For x¢ X, let
f) = {g(x) if xXeK
x if xeX\K.
We have to show that f satisfies conditions (2), (3), (4), (5).

(2) follows directly from the definition of f.

In order to prove (3) we distinguish two cases according as x€ K or
xe X\K. If x€K, then P,f(x) = Pyx and PMf(x) 1P ox® (P pex/I|Pox|?)-

Since r(P,X/|Pyx|?)€S, it follows that f(x)e K\K < X\K. The case x€ X\K
is, of course, trivial.

Clearly f is continuous on K and on X\K, separately. Since g is continuo-

us on K, the continuity of f on X is a simple consequence of (7). Thus f sa-
tisfies condition (4).

Using inequality (6), it follows directly from the definition of f that
)] for all xe X, || f(x)—x||=2|x|?.

5) is a simple consequence of inequality (8).
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In virtue of (4) and (5), the conditions of Halkin’s theorem are fulfilled
apart from the one assuring X to be finite dimensional. (x, is to be taken for
0,, U can be taken for X.) On the other hand, (1), (2) and (3) imply that the
conclusion of Halkin’s theorem is not true. Thus, we have arrived at the
following

PRroprosITION. Halkin’s theorem does not remain valid if X is allowed to be
infinite dimensional.

On an infinite dimensional version of Halkin’s theorem and on its appli-
cations in the theory of functional differential equations, see [2].

ACKNOWLEDGEMENT. The author is indebted to T. SziLAG Y1 for valuable
discussions.
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Introduction. In this paper we prove an approximation theorem for the
Vilenkin systems, which is in the so-called “bounded’ case a generalization
of a theorem proved for the Walsh system by H. J. WAGNER in [7]. We follow
the method of paper [7]. Our statement is proved for those Vilenkin sys-
tems, which satisfy a certain condition. We remark that this condition was
introduced earlier by T. S. QUEK and LEONARD Y. H. YAP [4} and it is sa-
tisfied not only for the “bounded”, but many “unbounded’ Vilenkin systems
too. The concept of a derivative due to C. W. ONNEWEER [2] plays an im-
portant role in our paper.

§. 1. In this section we introduce some notations and definitions. For all
sequences

(N m= (Mg, My,..., My,...), (2=my, meN:={0,1,2,...})
of natural numbers let us denote by Z,,, the mi discrete cyclic group, i.e.
Zm:={0,1,...,m—~1}, (keN)

and we define the group G, as the direct product of the groups Zn,. Then G,
is a compact Abelian group, and his elements are of the fromx = (x,, X, . - -,
ey Xpy - o) With X, €Zp,, (KEN). For x, y€G,, their sum is got by adding the
kth coordinates of x and y modulo m,, (k€N). The symbol of the addition is +,
the inverse of +let = .

Let AGm = {y,|n€N} denote the character group of G,. We enumerate
the elements of Gm as follows. For k¢ N and x€G,, let r, be the function given
by

2mix,,

rx): = exp (x€G,,i: = ¥V —1,keN).

mk
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Define the sequence (M )ken by My:=1and My:=my m; ... m,_,,
(keP:= {1, 2, ...}), then each neN has a unique representation of the form

n= anMk
k=0

where 0= n, <m, (n,€N). Now we define the function y, by

oo

Yui = J] (7", (n€N).

k=0

We remark that G, is a complete orthonormal system with respect to the
normalized Haar measure dx on G, [6].

For fe L,(G,,) we define its Fourier coefficients by
flny: = f f(tw(t)at.
Gm

-1
D, = nz y, (n€N) is the so-called Dirichlet kernel. It is known [6] that
k=0

M, (x, =0, 0=k<n)

Dy (%) =
409 {0 otherwise

We denote the spaces LP(G,,)) (1= p< =) or C(G,,) (the space of the continuo-

us functions on G,) by X(G,). If f, g€ LXYG,,), then the convolution fxg is

defined by (f*g) (x) = ff({f) g(x=1) dt, (x€G,). We define the integrated
G

modulus of continuity as follows
o(f, X, 6): =M8yt)1péllf(- +Y) =1k (6=0, f€X(G,)),

where

o Yk
Ay): = » (Y€Gn).
Zo Mk+1 Y

Let Lip (x, X) be the set of those functions for which
I7C-) = FC- +9)lx = O(A)*) (M¥) >0, >0, f€ X(G,,))
holds.

C. W. ONNEWEER [2] has given the following generalization of the
Joncept of a derivative of P. L. ButzEr and H. J. WAGNER: the function
c€X(G,,) has a (strong) derivative

dlif = dfe X(G,,) if lim||df —d, flix =0
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where

(d,f)(x ZM ka Z j(lej)"f(xirlej)
51 < 1.2 L
(xeGm,neP,ej:=(0,0,...,O,1,0,...)€Gm,(ej:=ej5rej5r...Jrej).

The operator of the derivative d is linear and closed in X(G,,) [2].
A good property of d is easily verified:

dy, = ny,, (neN).
The nth, (n€P) derivative dl”] f of fis defined by induction. Let us denote by
P, the set of the Vilenkin polynomials of order n¢P, i. e.
= {f€LYG)|[ (k+n) = 0, keN},
and for an arbitrary f€ X(G,,) we define E, (f, X), (n€P) as follows
E,(f, X): = inf Hf—pllx-

It is well-known [6] that there ex1sts P, € P,, for which E.(f, X) =
= [|f =P, x> (f€X(G,)) holds. The set of V11enkm polynomials (U P,) is
nep

dense in X(G,,) [6], consequently lim E,(f, X) = 0 (fe X(G,,)).
n
Further we say “bounded” Vilenkin system if lim sup m< « and‘‘ un-
bounded” Vilenkin system otherwise.

§. 2. Let us denote by # the set of the sequences mwith the property
(1), for which the folloving condition holds:

(2)  for every e=0 there exists n,€N such that m, <M,
for all n=n,, (n€N).

Next we give examples for some sequences m belonging to 7.

(i) If mis bounded, then me 4.
(i) If m, = O(n*) (where k is an arbirary but fixed natural number),
or m, = O(n!), (n€N), then me#.

From the definition of 2 it follows that for all me 2 and s>0 are ther B

following assertions true:

(i)

(3) (i) n=0/{M&,) and

(iif) M =0e(n"1+9)
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where K(r)€P denotes the number for which My,)=n<Myy+, holds.
The next theorem is the main result of this paper. We shall prove the equiva-
lence of five conditions for those functions of X(G,,), which are to be good
approximated in X(G,,) by Vilenkin polynomials.

THEOREM. If medb, fe X(G,,), réN, >0 and n— -, then the following
conditions are equivalent:

(i) E(f, X) = On~""2*¢), (¢=0),
(i) dUfeX(G,) and dUife Lip(a—e¢, X), (O<e=<a),
(iii) dUIfeX(G,) and o(df,X,n1) = 0(n==**), (¢=0),

(iv) drlfe X(G,,), O=s=r and
dtslf =dBlp, (llx = On=r==*5%2), (e=0),
(V) ”d[slpn,fHX = OE(nS—r—H.E)’ (S>r+“) 8>0)-

This theorem shows the applicability of the concept of the derivative
in the approximation theory. We remark that the above theorem is valid
also in the case e=0 for the bounded Vilenkin system. (For the Walsh sys-
tem see [7].)

§. 3. To the proof of the theorem we need some lemmas.

LEmma 1. (see e. g. [1]) Let (A}m be an arbitrary Vilenkin system. Then
for every f€ X(G,,)

EMn(fy X)S(J)(f, X7 MrTl)S?'EMn(f: X)7 (nEN)°

LEmMma 2. If the function f belongs to X(G,,) and reN such that
dife X(G,,), then

(i) ol f, X, 8) = 0[[

where M, =6"1<M,__,, 6-0.
(ii) If m is bounded, then

o(f, X, 8) = 0(8"w(d"f, X, 8)), (6~0).

log—Ml]'w(d[,]f’ X, 5)],

n

Proor. Define the functions wi€ L%G,,), (n€N) by its Vilenkin-Fourier
coefficiens as follows:

[0 if O<k<M,

(WD) (k) —]% if k=M, (keN).

Furthermore the functions w?, (r€P, n€N) are defined inductively:

Wi = Wi, x Wi
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It is obvious (by the well-known equality (f*g)* (k) = }’(k) - g(k)) that

0 if 0=k<M,
wr)Mk)y =
(w7 k) _,} it k=M, (keN,neN,reP).
The relation
4) S(x) = f(x+h) = (Wi dUf)(x) — (WP dUf)(x+h)

a.e. x€@,, /l(h)<—]vlr——] is to be proved by comparison of the Fourier coeffici-
ents, applying Fubini’s theorem and (dU1/)A(k) = k"f(k), (keN).
By means of the convolution theorem it follows from (4) that

o(f, X, 8) = oW} x dV1f, X, §) < |wr|l; - o(df, X, 8).

Since .in the “bounded” case ||w}||;, = O(M;") holds ([3] lemma 2), thus
lwelly, = O(MZ"), (n€N, reP). Applying that M1 = O (§") the proof of part
(if) is complete.

Now we consider part (i). Let w? , = wix Dy, for an arbitrary k€N,
then likm lwp—wi ll; =0 (see [3] lemma 1). Applying the Abel transformation

we obtain
) (Mt logl 1 1 log M,
Iwil, = ll;nllwl,klll = O[Ilgl[hzzn:qn 2 +Mk+ M, —1 ]] a 0[ M, ]
log M,

From this jw?||; = 0[[ ]r] follows. Lemma 2 is proved.

n

COROLLARY 1. If me 75, then
logM, Y
(a8 =oar =0,
therefore
o(f, X, 8) = 0] *w(d)f, X, 8)], (e=0).
CoRrOLLARY 2. Let f€ X(G,)) and dU')fe X(G,,), (r€P).
(i) Hmed, then E.(f, X) = O(n~"**ldVIf]|x), (¢=0).
(i) Iflimm=< o, then E (f, X) = O(n~"]|d")f|| ).
LeEmMma 3. The following Bernstein type statement is true.
() If me% and pe P, then
ldUIplly = On"*¢||pllx), (n€N,r€P, e=0).
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(i) If im m< « and peP,, then
(5) ldtplly = O(n'|pllx), (n€N,reP).

Proor. It is enough to prove the statements only in the case r = 1,
as for r=1 they follow from this by induction. Since

thus we have that

K(n) i1 mi—1
2 M, 2 kmy? Z rj(lej)" p(-+l ej)
j=0

=0 =1

ldpllx =

=
X
K(n)
=|pllx Zé)m%Mj-
j=

. K(n)
First we consider part (ii) of Lemma 3. In this case m; = O(1) and >’ M;<2n,
j=0
consequently (ii) is proved.
Now we prove part (i). It is obvious that

K(n) K g2 K@ m2
SmM, =it S mi M; Sﬂ”‘Z—ﬂ—’—, (e >0).
j=0 j=o nite j=o Mj

s 2
By (2) (i) we get > _]’Z_j < o, thus the relation (i) is true. This proves our
j=o Mj

statements.

We remark that the relation (5) is not valid, if the Vilenkin system has

an unbounded structure, namely Dy, € Py, (n€N) but [|[dDpy |l #O(M,) [5]
in this case.

Now we begin to prove the theorem.

Proor of (i)=(iv). We define for an arbitrary but fixed fe X(G,,) the
sequence of functions (U )ken as follows:

U = {Pmk+l,f —Pm,, if k=2,3,...
Pmy, s if k=1
By (i) we have that

nUk”XS “pMki»llf—f“X + “f—pMk,f“XSZEMk (f’ X) = OE(M;r—u-ﬂ);
’ (e <0).
We have, applying Lemma 3 (i), the estimation
(6) W Ix = OMz="=*9), (e>0).
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n—1
Since pm, ; = >, Uy, therefore by (6) we get for e<a that
k=1

= 0(M3~"=*2), (n,l€N, [=>n).
X

14U pag, s —dClpm, rllx =

-1
Sy,
k=n
From this it is to be seen that (d{s1pa,, r)nen is a Cauchy sequence, and since
the operator d is closed, consequently there exists dlslf€ X(G,,) for which

) li’flfl |dts)f —dllpa,,rlix = O.

Now we consider the formula

Y —dIp, fllx, (n€N).
By reason of the definition of U, we have

”d[s[f_ d[s]pmf”X = “d[s]f_ d[s]pMK(n)urf ”X + ”d[s]pmj"" d[s]pMK(n)+1,f ”X =

3
=[dblf—dblpy, Jix+1I 3 dEUlx + 1dE Py — dE Paye sl x
K=l(n)+1
where [€N, [= K(n)+ 1. In this estimation there tends the first part by (7) to
zero, furthermore

3
—r—a+
= 03( ;<(r:)+a1 5)
X

lim

!
-

dslu,
k=K@)+1

is valid.
On the other hand

”pn,f— pMK(n)ﬂJ”x = 2En(fv X) = Oﬁ(n_r_a—s)

hence according to Lemma 3 (i) and the relation

Mym+1 = 0n**)
we obtain

”d[s]pmj"’ d[s]pMK(n)uJ”X = 05(ns—r—¢+‘)-
From the above facts we have for all e=0
ldtlf — dlIp,, fllx = Oc(ns=r=*%¢)

and (i)=(iv) is proved.

CoroLLARY 3. Let f€ X(G,) and r=1, then from (i) follows the exis-
tence of dls)fe X(G,,) such that E, (dU)f, X) = O.(ns-"-2%¢), (<0), (0=s=7).

Proor of (iv)=(i). This is a simple consequence of Corollary 2.
PRrooF of (i)=(v). For [[dls1p, /| (s€N) we get easily the estimation

191l x = NN Pty ol + 100D, p— AN Pyl -
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By means of the method used in the proof of (i)= (iv) we obtain

1dCIp = AN patye s rllx = O(n®™772%¢), (e>0),
and according to (6) we have

1 K(n) 1 !
41 atge e rllxc = M d[s]UkH = Oe(ns=72%), (e=0).
|x
These prove the statement (i)=(v).

Proor of (v)=(i). If PMyny 1S AN arbitrary element of PMK(H), then we
can get the following estlmatlon

nfv =EMK(n)(f; )<)—<—”f"pMK(n)HXs

= ”f - pMK(n)u»f HX + |'pMK(n)+1vf - pMK(n)”X'
FOr pmycny PMycinyent the above relation has the form

EMK(n) f’ <EMK(n)+1 f, +EMK(n)(pMK(n)+1’f’ X).
By induction it is not hard to see that

EMK(n)(f> X) sEMK(n)”((f) X) + ZEMK(,-,)+,-_1 (pMK(,-.)u,f ’ X)
i=1

Since limEMK(n)+k(f, X) = 0, therefore we have
k

EMK(n) (f! X) = ZEMK(H)+i'1(pA1K(n)+i1f’ X).

According to Corollary 2 and (3) (iii) we get from (v) for e<r+« that

EmgmlSs X)siéoe(ME?rwa AR P Mty ot %) = Ol Mgfmyete) =
= (M ™) = 0n=777¢), (n€N),
as was stated.
Proor of (iii)=(i). By Lemma | we have
E(f, X)=Emy (f; X)=olf, X, Mgly), (n€N).
Applying Corollary 1 and (3) (iii), (i) follows from (iii).

PRrOOF of (iv)=(iii). f satisfies the conditions of Corollary 3, thus apply-
ing it we have that d\"Ife X(G,, ) and

C) E(dl)f, X) = O(n=*+¢), (¢=>0, neN).
Since

(df, X, 1) = (@Y, X, Mihy) =2Eny, dIf; X)
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(see Lemma 1), thus from (8) and from (3) (iii) we obtain
w(d[r:!f’ X, n—l) = Oe(n-—-a+e)’ (5 >0, nEN).

The proof of (iv)=(iii) is complete.

The equivalence of (ii) and (iii) is a direct consequence of the definitions
of Lip («, X) and of w(f, X, é).

The theorem is proved.

We remark that the proof of the theorem in the “bounded” case is si-
milar to the method used in the case me7, we need only to apply
the appropiate part of the auxiliary lemmas and corollaries and the relas
tion n = O(My), (n€P).
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Introduction

In [1], B. GoEBEL raised the following question:

Does there exist an open bounded and convex set G in the Z real sepa-
rable infinite dimensional Hilbert space such that for any x€ G there is exactly
one y point satisfying y€0G and

=yl = dist (x, 9G)

where 0G denotes the norm-boundary of G.
In this paper we show the nonexistence of such G — assuming some
additional properties on G.

The result

We call the open bounded convex @=Gc 75 set as a Chebyshev-type
set, if for any x€G there is exactly one point y€9G satisfying

lx=y| = dist (x, 2G).
THEOREM. There exists no 0¢G Chebyshev-type set in ‘6 with the follo-
wing additional property :
3G = | H,
n=1

where H, is a convex closed subset of
{xed; (x, &) = 1}.

Here £,€ 20 fixed, and H,, has nonempty interior in the relative norm topology of
{xed; (x, &) = 1}

(Roughly speaking, we assume that G is the intersertion of a countable
set of closed half-spaces. It is clear that 0€G is only a technical assumption.)
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Proor. Without loss of generality, we can assume that &, &, for nm.
We shall show the Theorem on an indirect way.

Let us denote the nearest element to x¢€G in G, Pg(x). By our assump-
tion, for all x€ G Pg(x)€H,,. for some neN. First, we prove that x—Pg(x) is
orthogonal to H,, for this n = n(x), in the sense that for allz€ H

(1 x—Pg(x) L2—Pg(x).

We shall prove (1) indirectly. By the indirect assumption, it is easy to prove
that P,(x)€dH,, where 9H,, is the boundary of H, in

xe€%; (x, &) = 1}.
It can be shown also easily that
(2) (x—=Pg(x), 2—Pg(x))=0

for all z€ H,,. (In the other case we would have a nearer element in H, to x
than Pg(x).)
By (2),
(X —Pg(x), Ps(x)—2)=0

for all z€ H,,, and using the indirect hypothesis, there exists z€ H,, with
(X=Pg(x), Ps(x)—2)=0.
This implies for sufficiently small =0

3) lbe—(Pg(x)+e(Ps(x)2)ll < lx—= Pg()l,
50, P(x)+¢(Pg(x)—z) is nearer to x than Py(x). Clearly,
4) Po(x)+e(Pg(x)—2)4 G

because of the fact that Pc(x)—e(PG(x)—z)e_G and Pg(x)€dG (here we have
used that G is open and convex)
Because of (4), on the interval

[x, Po()+e(Pe(x)—2)]
there exists a point of 0G, and for this y* point we have by (3)
[x=y* <llx—Pgl,

which is a contradiction. So, (1) is true for all z€ H,,.
Using (1) and the fact that G is open, clearly we have

Pe(H)NPGYH,) = 2

or n=m. (Here we apply &, #¢,,.)
We prove now that P51(H,) is closed in G.
Letx,, ..., Xgq, ... EPGYH,),

6) lim x,, = x4, X, €G

K+ o
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then using (1) and the fact that A, has nonempty interior in the relative
topology of

{XE%; <X, £n> = l}r

) lim Py(x,) = x*¢H,.
Ko oo

Using the well-known closedness of Pg, we have Py(x,) = x* so, Pgi(f,) is
closed.

We receive that the convex G set is the union of countable many pair-
wise disjoint closed sets.

Now, we can use the following result due to AspLunD [2]:

Let G be a convex set is a Banach space, and G is the union of countably
many disjoint closed sets. Then all but one of these sets are empty.

This implies that

PGY(Hus) = G

for some n*¢€N, which is a contradiction.
The Theorem is proved.
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In [1] E. M. NikiSiN introduced the notions of superlinear and posi-
tive superlinear operators concerning his investigation on Fourier series with
respect to general orthonormal systems. According to [1], a mapping T :
E-~S8(0, 1) where E is any Banach space is by definition superlinear if for
every e€ E there exists a linear mapping L, : E-~S(0, 1) such that L, = Te
and |L,f|=|Tf| for each fe E. Furthermore, if E = .2P(X, u) for some p=1
and for every ec E, L, can be chosen to be a positive linear mapping then T
is called a positive superlinear operator (.£7 —S).

The aim of this paper is to exaniine these conccpts in a vector lattice
theoretical setting.

DEeriniTION 1. Let E, F be avector space and a vector lattice, respecti-
vely. A mapping T : E~F is superlinear if for every ¢€E there exists L €
€ L(E, Fysuchthat L,e = Teand |L,|=|T|. (Throughout this work, we deal
with real vector spaces. The symbol | T'| means the operator f—~|Tf]|.)

ProrosiTiON 1. Suppose the space F is oder complete (for def. see [3]).
Then T : E —~F is superlinear if and only if |T| is a vector norm on E i.e. if,
| T(e, +¢)| = | Tey] +1Te,| and [Ty = |23] |Te,] ¥ &, &,€E, A€R.

Proor. Let T : E —~F be superlinear. Then we can write |T'| = sup |L,|.
ecE

But L is clearly a vector norm whenever L : E—~F is linear.

Conversely, assume T is a vector norm on E and F is order complete.
Given ecE, define L on the subspace R, by L3le=ATe (A€R). We have
L%=<|T| on R,. Thus by the generalized Hahn-Banach theorem [2], L?
admits a linear extension L,such that L,=|T|. To complete the proof, we
show—L,=|T}|. Indeed, —L,f = L(-N=|T(=NH)l = |Tf| Vs€E.

DEFINITION 2. Let E, F be vector lattices. A mapping T : E~F is po-
sitive superlinear if for every ecE there exists L, €., (E, F) (i. e. L,p=0
whenever p€E, (i.e. p=0in E)such that L,e = Teand |L,|=|T|.

10*
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THEOREM 1. Let E, F be vector lattices, T : E—~F a superlinear operator.
Assume that the ordering of F is complete. Then equivalent are

(a) T is positive superlinear.
(b) e,=e, implies Te,=|Te,| and —Te,=|Te,| forall e;, e,€ E.
(c) Bysetting P=|T| and Qe= inf P(e+p), (e€E), we have

Qe=(Te)V (= T—e)) for all ¢&E.

PRroor. (a)=(b) : Suppose T is superlinear and ¢, =¢, in E. Then choos-
ing L,,, L., in accordance with Definition 2, we obtain

Tel = Le1 elsLﬁ 6’15|L21 e2|5 |T€2|
and
—Tey = —Leyey = Lef(— ) =Le,0,=|Le, €] =|Tey|.

(b)=>(c): Let p be any element of E, and ecE. An application of (b)
to e, =e¢and e,=e+ p yields P(e+p) = |T(+¢e+p)| =Te. Similarly, if e, =
=—e—p, e,=—e¢ we have P(e+p) = |T(e+p)| = |T(—e—p)l=—-T(—¢).

(c)=(a): By assumption, P is a vector norm on E. Hence for any «j,
wER,, €, € Eand py, p,€E,,

2 %;Ple;+p;) = %’ P(oe; + ajpj)zp(%' ocjej—i—%' a.jpj).

1,2

Since > a;p;€E,, too, it follows that Q is also a vector norm on E
1,2

Let now eeE\{O} be arbitrarily given and define LY: Re—F by L(Ae)=2 Te
(2€R). Observe that Q(ie) = 2Qe=by (c)=A((Te)V(—=T(—¢)))=ATe =
= Li(%) if 2=0 and Q(%e) = |A|Q(—e)=by(c)=|A] (T(—¢)V(—Te)) =
=(|A|T(—e)) vV (ATe)="Te = L3(2¢) if 2=0. Thus L2=Q on Re. By the ge-
neralized Hahn— Banach theorem [2], L9 admits a linear extension L, to
E such that L,=Q.

Clearly L,=P since Q=P. On the other hand, L,c.£,(E, F) since
L(—p)=Q(—p)=P(p—p) = 0 for all pcE,.

Next we turn our attention to the continuity properties of positive su-
perlinear operators. It seems that those ranging in S(0, 1) (as in Nikisin’s
original definition) are of particular importance among them because, as we

see, positive superlinear operators between locally convex topological vector
lattices are very rarely continuous unless being linear.

LEmmA 1. If E, F are vector lattices and T : E—~ F is positive superlinear
then T is convey, positive homogeneous and positive valued when restricted
to E,, furthermore T(—p) = —T, for all pcE,.

Proor. If p€E, then L, p, L_, p=0.But L, p = T,andL_ (~p) =
= T, whence T,=|T,[ and T(-p) = —|T(=p)| = —|T,| = —T,.
Thus T coincides with |T| on E,. This implies its convexity and homoge-
neity on E, since T is a vector norm.
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LemMaA 2. Suppose T : RZ—R is a continuous positive superlinear map
ping. Then T is necessarily linear.

Proor. We may assume also T520. Then we have T(4,, 4,)=0 for all
A, A <0. Indeed, T(2,, 4,) = 0<2,, 4, would imply |L (4, )| = |T(%s, 2,)| =
=01ie. 0= LA, 4) = 4L, (1,0)+4, L0, 1) and hence L, = 0 (for L ¢
€L, (R?% R) by Definition 2) for all e€R. Thus, by Lemma 1, range T contains
both positive and negative numbers. Since T is a vector norm, this means
that the set @ ={e: Te = 0} is a 1 dimensional subspace of R? disjoint from
(0, = )X (0, ==). Therefore we can find a linear functional p€.£2,(R? R) such
that ¢(1, 1) = T(1, I)>0and G = {e: pe = 0}. Let f¢R? be arbitrarily fixed
and consider the linear functional L,. Since |L;|=|T|, we have {¢: L;e = 0}
D Hence for some A€R;, L= 2. To conclude, we prove A, = Ay
for all f g¢/M7. We may assume O/lf A Then 4,|¢f| = |L, f|s|Tf|

= |Ls f| = Agf| whence 4, = /4 COMP etmg the proof

THEOREM 2. Let E, F be topologzcal vector lattices and let F¥={pcF%)
olfl = lefl VfEF}) If F* sparates the points of F then each continuous posi-
tive superlinear map T : E—»F is linear.

PRroor. Let us fix any ¢€ F¥. Observe that the functional g o T is also
positive superlinear (E—~R). In fact, given e, =<e¢,, from Theorem 1. (b) we
obtain Te,=|Te,|, —Te;=|Te,| whence ¢Te,=g¢|Te,| = |pTe,| and
—gTe,=p|Te,| = |¢Te|. Now from Lemma 2. we see that for any p,,
p.€E, the functional R*>(g;, 02) ~¢T(01P1+uP) is linear. Thus for all
e1, &€Rp, +Rp, and 2€[0, 1

2

QT —l—el+—1—e9 —iTe'l—-iTe2 = 0.
2 2 2 2
Since F§ separates F, it follows
l I
T iel +—ef=—Te + lTef_,
2 2 2 2

i.e. the mapping T is linear when restricted to any 2 dimensional subspace
of E spanned by positive elements. Thus if ¢, f E then

P I I 1
T[5e+5f] _T [-2—<e+ )+ (e —f_)J = S Tlestfa)+

l 1 l l
T f) = Tles +f) = 5T<e_ +1) =g Tee+ T )

[;Te n Tf_}—w(TeﬁL—Te )+ (77, - Tf_>=2ire+—2'~rf

establishing the linearity of T.



150 A. BOGMER-1. JOO—L. STACHO

CoroLLARY 1. If E is a topological vector lattice and Q is a compact to-
pological space then each continuous positive superlinear map E—C(£) is
linear.

Proor. The functionals é,=[C(Q)ef~f(x)] (x€£2) form a separating
family in C({2) and satisfy 8,|f| = |f(x)] = |6,f].

CoroLLARY 2. If E is a topological vector lattice and w is an arbitrary
measure then each continuous positive superlinear map E - L=(u) is linear.

Proor. By Kakutani’s representation theorem on AM-lattices [3], each
L= — space is isometrically order isomorphic to some C(2) space for suitable
compact topological space.

CoroLLARY 3. If E is a topological vector lattice and I=p= - then
every continuous positive superlinear map E —[” is linear.

Proor. Every continuous superlinear operator T : E—[P can be viewed
as a continuous positive superlinear E -[~. mapping.

The following question arises from the above corollaries: Is there any
non-linear continuous positive superlinear operator L? (0, 1})—L30. 1) if
g< <= ? The answer is always affirmative in this case.

ExampLE. Let 1=p=o and 1=¢<e. The mapping T:LP(0, 1)~
-L4(0, 1) defined by
L
(-0 [ f

1/2

12 1/2
tff if tf fl=
Tr=[0,1)3t- ° ' °
(l—t)ff else
1/2
is positive superlinear and continuous but non-linear.

Proor. The non-linear character of T is obvious.
Continuity: Suppose f,, - fin LP(0, 1) (11— o).
Now
12 112

ff ffand ff—'ff,n*c>°

1/2 172
Hence Tf, (f)—~Tf(f) whenever
1/2 I 1/2
fff 1~t)ff or t ’(l—t = 0.
0 2 I 1/2

i. e. almost everywhere. Since the sequence {|Tf.|};" consists of functions
1

majorized by the constant sup f!fn], it follows
n.o

1 1/p
ITfu=TS)ee = [ [T -Trw)s dt] L0, (11 o).
0
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Positive superlinearity: Given e€ LP(0, 1), it is immediate that the linear
mapping L, : LP(0, I)~L9(0, I) defined by

1/2

t[fif
0

1/2

tfe
0

1
(1—t)ff else

ij2

=

(l—t)f e\

L.f=[(0,1)3t~ 1z

is positive and fulfills the requirements of Definition 2.
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A Lucas sequence of integers R = {R,};—; is defined by the recursion
Rn = A'Rn—l_B'Rn—z

for n>1, where A and B are fixed integers and the initial terms are R, = 0
and R; = 1. Let « and f be the roots of the polynomial

Jx) = x*— Ax+B
and we denote the discriminant of f(x) by D. Thus
D = A>—4B = («—p)%

Throughout this paper we suppose that AB=0, (A, B) = 1 and «/8 is not a
root of unity. In this case we say the Lucas sequence is non degenerate.
It is well-known that for an odd prime number n with (n, B) = 1 we

have

(1) n‘Rn—(D/n)’

where (D/n) is the Jacobi symbol. If (1) holds for a composite integer n then
it is called a Lucas pseudoprime number with respect to the sequence R.
The Lucas pseudoprimes are the generalizations of the pseudoprimes with
respect to an integer b(= 2). Namely a composite integer n is called pseudo-
prime number with respect to the integer b if n|(b"~*— 1) and one can easily
see, using the explicit form

ot — ‘Bn
«—f

for the terms of Lucas sequences, that a pseudoprime number n with respect
to b is a pseudoprime with respect to the Lucas sequence defined by the
constants A = b+1, B = b, if (n, b—1) = 1. The pseudoprime numbers
with respect to 2 are called pseudoprimnes. Furthermore if n is a pseudoprime
and every divisor of n is a prime or a pseudoprime then we say n is a super
pseudoprime.

(2) R, =



154 PETER KISS

The pseudoprimes and the Lucas pseudoprimes have been studied in-
tensively, since they can be well used for tests for primality (see e.g. R.
BaILLIE and S. S. WAGSTAFF JR [1] and the references there). A lot of results
on them, up to 1971, were collected by E. LIEUWENS [8] and A. ROTKIEWICZ
[13].

In this paper we give some new results on Lucas pseudoprimes and
shall use these results to study the distribution of them.

Let @,(x), O(x) and R(x) denote the number of pseudoprimes with res-
pect to b, with respect to 2 and with respect to the Lucas sequence R, res-
pectively, not exceeding the real number x. C. POMERANCE showed that for
alllarge x

O,(x) = exp {(log x)**}
for any base & (in [11}) and
O(x)=x-[exp {log x logloglog x/loglog x}]~-V2

(in [12}), which were generalizations and improvements of the results of
P. Erp6s [2}and D. H. LEHMER [7] respectively. R. BaiLLIE and S. S.
WaGsTAFF, JrR [1] proved that there are positive constants ¢; and ¢, such
that for all large x

R(x)<x.exp {—¢; (log x loglog x)¥z2}
for any non degenerate Lucas sequence R, and
R(x)>c, log x

for sequences R for which D=0 but D is not a perfect square. Now we extend
this lower bound for all non degenerate Lucas sequence.

THEOREM 1. Let R be a non degenerate Lucas sequence. Then there exists a

positive constant cg, depending only on the parameters of the sequence R, such
that for all large x

R(x)>c,-log x.

It is known that the number of the super pseudoprime numbers is in-
finite. For example K. Szymiczek [17] showed that F,-F,,, is a super
pseudoprime for n>1, where F, = 22"+ [ is the n-th Fermat number. In a
joint paper [3] written by J. FEJER we proved: If b is an integer with b>1
and 41b, then there exist infinitely many super pseudoprime numbers with
respect to b which are products of exactly three distinct primes.

The definition of super pseudoprimes can be extended for Lucas pseu-
doprimes, too. A composite integer n is called a super Lucas pseudoprime
number with respect to a sequence R if every divisor of 2 (greater than one)
is a prime or a Lucas pseudoprime with respect to the sequence R. We note,
if n is a super Lucas pseudoprime, then it is a Lucas pseudoprime as well,
since n divides itself.
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Since |R,,/A| is a composite integer for infinitely many prime p, the
next theorem shows that there are infinitely many super Lucas pseudoperi-
mes.

THEOREM 2. Let R be a non degenerate Lucas sequence defined by the
constants A and B. Then |R,, [A| is a super Lucas psezzdoprzme with respect to
the sequence R for any prmze p with p>c,, where ¢, is a positive constant de-
pending only on A and B.

In order to formulate an other result, we introduce some notations. Let
R be a non degenerate Lucas sequence defined by constant integers A and B.
If n is an integer with (n, B )=1 then there are terms in R divisible by n.
The least positive integer r, for which n|R,, is called the rank of apparition
of nin the sequence R and we shall denote it by r(n). Thus 1|R,, but n{R,,
forO<m=<r(n).lfn=pisa prlme then p is called a primitive prime d1v1sor
of R, or more exactly, p is a primitive prime divisor of the term R, if

PIR, l])Jut pt{BDR, for 0<m<n.

It is known that there is an absolute constant n, (=4) such that R,
has at least one primitive prime divisor for any 1z n, (see. A. ScHINZEL [15]
or C. L. StewaRT [16]). In the followings we denote the product of the pri-
mitive prime power divisors of R, by &, where a primitive prime power di-
visor of R,, means a prime power p’ for whichpisa prlmltwe prime divisor of
R,andp |]R For n=n, we have @,> 1.

We shall prove:

THEOREM 3. Let R be a non degenerate Lucas sequence defined by con-
stants A and B let p=max (|B|, [D{, n,) be a prime for which r(p)= p—(D/p).
Then pR,_(ppy s asuper Lucas pseudoprinte with respect ta the sequence R.
Furthermore the consition r(p)= p—(D|p) holds for infinitely many primes p.

Our theorems imply some results on the distribution of super Lucas
pseudoprimes. It is known that the sum of the reciprocals of all Lucas pseu-
doprimes with respect to a Lucas sequence is convergent (see in [1]). But
A. Makowskl [9] showed that if P,<P,<P3;<... is the sequence of the

pseudoprime numbers then the sum > l/log P; is divergent. Furthermore

i=1
A. Rotkiewicz [14] proved that for given ¢=0 there is a pseudoprime bet-
ween x and x'+¢ provided x> x,(¢). These results can be extended for super
Lucas pseudoprimes and so for Lucas pseudoprimes, too.

CorOLLARY 1. Let R be a non degenerate Lucas sequence and let P; <
<P,<Py<... be the sequence of the super Lucas pseudoprime numbers

with respect to R. Then tlie sum i I/log P, is divergent.
i=1
CorROLLARY 2. Let R be a non degenerate Lucas sequence defined by
constants A and B. Then, for any e>0, there exists a real number x, = x,
(e, A, B) such that the interval (x, x!+¢) contains a super Lucas pseudoprime
with respect to R provided x> Xx,.
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We list some properties of non degenerate Lucas sequences, defined by
constants A and B, which will be used in the proofs of the theorems. Let n,
m, k, e be positive integers and let ¢ be a prime suc h that (¢, B) = 1. Using
the notations defined above, we have

(i) r(@)i(g—(D[g)), supposing that (D/q) = 0 if q|D.
(ii) q|R, if and only if r(g)|n.
(iii) If ¢°||R,(p then r(g¥) = g*~¢ r(q) for k=e.
(V) Rol Ry
(V) (Rm Rm) = R(n, m)*

(For these properties of Lucas sequences we refer to D. H. LEHMER [6]).
For the proof of Theorem 1 we need a lemma.

LEMMA. Let p and ¢ be distinct odd primes. n = pq is a Lucas pseudopri-
me with respect to a Lucas sequence R if and only if r(p)|(¢—(D/q)) and
r(@)l(p—(Dp)).

Proor of the LEmma. The integer n = pq is a Lucas pseudoprime if
and only if n|R,_¢p,n,. But

n—(D[n) = pg—(D|pq) =
= (p—(D/p))(¢—(D]9))+(D[p)(a—(D/9))+(D/q)(p—(D/p))
imd b); (i), r(p)I(p—(D/p)) and r(q)|(q—(D/q)), therefore (ii) implies the sta-
ement.

Proor of THEOREM 1. Let n>2n, be and integer with condition n=2
(mod 4). Thus n = 2k, where k is an odd integer. Let p and ¢ be a primitive
prime divisor of R,, and R, respectively. By the definition of r(n) we have
r(p) = 2k and r(q) = k and so, by (i),

(3) 2k)(p—(D/p))
and
) k|(g—(Dg)).

But k is odd and ¢—(D/q) is even, therefore (3) and (4) imply the relations
r(g) = k|(p—(D/p)) and r(p) = 2k|(g—(D/g)). It shows by the Lemma that
n = pq is a Lucas pseudoprime with respect to R.

(2) implies that there exists a positive constant c; depending only on the
constants of the sequence R such that

[ Ry| < ecsn
for all n= 1. Let x and y be real numbers with conditions 2ny<y = b log x.
c
y—2n,1. . ’
There are at least 1 integers 1 for which n =y, n=2 (mod 4) and both
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R, and R, have primitive prime divisors. By using the result proved above,

hence it follows that for sufficiently large y there are at least %y = 100 log x
Cs

Lucas pseudoprimes with respect to R such that they do not exceed

|Riys21+ Riyl- However

[Riyr21 - Ryyy| < €550+ < g26¥ = x

which proves the theorem with ¢; = 1/(10¢;).

Proor of THEOREM 2. Let R be a non degenerate Lucas sequence and
let p be a prime with p>max (n,, A, D). The number R, /A is an integer
since by (iv) A = R,|R,,, furthermore R, /A is odd by the properties (ii),
(iii) and (v), since r(2) = 2 or r(2) = 3 if there exist terms in the sequence R
divisible by 2. The number R,,/A is composite namely it is divisible by R,
and both R, and R, has primitive prime divisors for p> n,.

We have to prove that Q|R,_(p,q) for any divisor Q of R, ,/A.

Let Q=1 be an integer which divides the number R,,/A.This divisor
can be written in the form Q = ¢,-¢,...q,, where the gis (i = 1, 2, ..., §)
are primes. r(g)2, namely r(q,) = 2 would imply that ¢¢|A = R, and
g1 R,,, which contradict to (iii) since ¢;| A and ¢,|p are impossible by the
condition p=A. Thus r(q;) = porr(g,) = 2pfori =1,2, ..., s. So, by (i),
we have
S N
Q= J] ¢:= [ (kip+(Dlg;)) = kp+(D/Q)
i=1 1

F iy

i=

and

©) Q—(DIQ) = kp

with some integers k, k,, ..., k; and k. As we have seen R,,/A and so Q are
odd integers. Furthermore (D/q;))=0 for i =1, 2, ..., s, since otherwise

¢;|D and r(q;) = g¢;, and so by (ii) we should have ¢; = p, which contradicts
to the condition p> D. Therefore, by (5), kp is an even integer. This and (iv)
imply the divisibility

ﬁ RszRQ—(D/Q)r

which proves the statement since Q|R,,.

ProoF of THEOREM 3. Let Q = ¢,-¢,...q,>1, where the ¢js are odd
primes and let us suppose that Q|2,_p,,- We have to show that n[R,_(p/
for n = p°.Q, where e = 0 or I.

By the conditions and the properties of the sequence R mentioned above
we have r(g;) = p—(D/p) for any 1 =i=s, therefore (i) implies the equality

(6) g; = k(p—(D/p))+(D|q;)
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with some integer k;. Using (6) and supposing that (D/p¢) = 1 in case ¢ = 0,
we get

n—(D[n) = p* ]_] [k, (p—(D|p))+(D[g;)]1 - (D/p°) ]_s]1 (Dlg;) =
= pk(p—(D|p)) + p* ]_]1 (D/g;)— (D[p°) [_]1 (Dfq,) =

= pk(p—(D[p)+ (p°—(D[p*) ]_I1 (D/qy),

where k is an integer. From this it follows that (p—(D/p))|(n—(D/n)) which,
together with (iv), implies the divisibility

Rp—(D/p)an—\D/n)'

But in the case r(p) = p—(D/p) we have (p, @ ,_(p,,y) = | by the definition of
R,,; furthermore p{R,_(p,,» and @,_ /)| R,_(p/py, therefore n|R,_ p/ .
Thus n is a Lucas pseudoprime with respect to the sequence R and so pfép_(D/p)
is a super one.

We have to prove yet that there are infinitely many prime p satisfying
the conditions of the theorem. In [4], with B. M. PuonNg, we have showed
that the function g(p) = (p—(D/p))/r(p) is unbounded for primes p=B.
This result implies that (p—(D/p))/r(p)=1 for infinitely many prime p
which completes the proof of Theorem 3.

Proor of CoroLLARY 1. We can suppose that |«|=|8]=1 in (2) and
|af =1 since «/f is not a root of unity. Therefore there is a positive constant
g such that

() |Rn| < Cle|”
for n>0. Using it, by Theorem 2 we get
= | 1 I 1

> > e 3

= > _—
i=1 logPi p>c4 IOg IRZp/A] P§4 Q'p log lal + & ° PZ; P

where ¢, and ¢4 are positive constants depending only on the parameters of
the sequence R. Hence the assertion follows.

Proor of CoroLLARY 2. Using Theorem 2, it is enough to show that
if x = |Rop,[Al, then Ryp ,,/A] <x'+¢ for sufficiently large consecutive pri-
mes p; and p; ;. Let p, = p and p;,, = ¢. It is known that there is a real
number 0<® <1 such that ¢<p+p® for sufficiently large p and we may

take ©® = 17/31 (see J. Pintz [10]). This and (7) imply the inequalities
@®) |Rog/ Al <glaf?® = |af?a*eo< |oc|2p+2p® + 6o

with some constant ¢,. We showed in [5] (Theorem 1) that there is a positive
constant ¢,, such that

)

anl - Iain——cm logn
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and so
9) X = [RZP/AI>|QI2P_CIO log 2p

for p>p,. Furthermore p® <dp for any 6<0 if p is sufficiently large, there-
fore by (8) and (9) we have

|R2q/Al<x' |o|20P+e10log 2p+¢ = x. Jo|2P—c0 log2p)-y < x. x7,
where
_ 20p+cyelog2p+cy
2p—cyolog2p
for sufficiently large p. Hence the statement follows with § = ¢/2.

<28
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In [2] Jo6 proved: If Ac R*is an arbitrary domain, q(x) = C/|x~—x,|2**,
(x, xo€4, n=3), then for an arbitrary eigenfunction u of the Schrodinger
operator L = — A +¢, the equation u(x,) = 0 holds.

The aim of the present note is to generalize this result for more general
class of potentials, namely we assume only that for the potential the relation
g(x)=C/|x—x,|2*¢, (C>0, e=0, xcA)! holds. For the proof we need essen-
tially new ideas comparing with [2].

Joo used essentially in his proof the spherical symmetry of g.
Our result may have interest in quantum mechanics [1].
We consider the eigenfunctions in weak sense: a function u¢C(d) is

said to be an eigenfunction of the operator L = — A +¢,. if for every
9eCs(4)
(1) [uLo) = [ ut@).

A A

We prove the

THEOREM. If u is a generalized eigenfunction of the operator L, further
g(x)=C/|x—x4|2+% (C=>0, £=0), then u(xy) = 0.

Proor. The main idea of the proof is: we construct a function g, such
that supp ¢, < G(0, 1),

(2) f”(A‘Po'*‘A%)SC"'"
|x|=r
and
(3) [ wgpo=c-r=, (0<r<r,, &=0)
|x|=r

if u(x,)>0. But (2) and (3) contradicts to (I).

1 Assume gec(A\{X,}).

11 ANNALES - Sectio Mathematica-- Tomus XXVIII.
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Suppose u(x,) = ¢>0 and let ry be such that |u(x)—¢|<¢/2if |x—x,| =
=r,. Let r€(0, ry). Choose a sequence ¢, € Cy (R) such that

cr® if t=rf2,
) =
#all) {0« if 1=,

-1
£ g0 = @(x]) + = g (1X]) = Aol X)),

x|
where
Pol8) = ff(o‘)do‘
S
and
(
0, «fs—l‘,
2
l‘—-—r-, Lstsir,
r-f(t) = 2 2 4
—I+r, —3~rstsr,
4
10, t=r,
further

| & @n(|x])] = const for%s x| =r,

Agalx) = 0 if |x|¢[§, r].

By Lebesgue’s dominated convergence theorem

fU(A%H%)*fu(A%H%)
A K|

and
f uge, ~ [ Upodo-

Hence

B = fu(A(poJrl%) =fu4%=J-
A

A
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But

[B|=const f u(x)dx=c-rn

- - |x|=r

On the other hand
J= fqupoacr2 f g(x)dx =~ crn-e.
A lxi=r

The obtained contradiction proves the Theorem.

References
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Kadenpa HaueprarenvHoit u IlpoekTuBHOH I'eomerpun VHypepcurera um. J1. Oteema,
Bvaanewr

(ocmynuno 4. 7. 71983)

BBenenune

B pabore B. H. [lesioHE [1] 6bls10 A0Ka3aHO criefyioliee YTBEP)KIEHHE :

UHCI0 pasiUyHBIX LIEHTPUPOBOK PEIIETKH C NAaHHBIM MHIEKCOM Orpa-
HeueHo. (CcM. B yacTHocTH B 2.) Tam »ke HaiiieHo U 3T0 UKCIIO.

B pabote C. C. Pouuxosa [3] 6bin BbiBeleHbl IpH 11 =7 BCe MOMapHO
HEeKBHUBAJIEHTHbIE JONYCTUMblE LEHTPUPOBKU INapasijiesiefnunea MHHUMY-
MOB (CM. B 2) — 11 n=06 OoHM paHee Haligensl H. Xowopanterom [2],
HO ApyTHUM cnocobom — M s n = 8 Hauma ux H. B. 3axaroBa [4].

B HacrosimeHd paboTe MCNOJB30BaHbLl 3JIEMEHTH TeOpuu AbeseBblX
rpvnm, I[aé'TCH AOKAa3aTeJbLCTBO JIEMM, CBSIZ2HHBIX C LEHTPHPOBKaMH (CM. B
2.), ¥ BbIBeJEHbI YMCJIA HEM30MOP(HBIX LIEHTPHMPOBOK C AaHHBIM HHIEKCOM
¥ HeM30MOp(pHbIE NOMYCTHMble LIEHTPUPOBKU MNapasieienunesa MUHUMYMOB
npu n=38 (cM. B 3.).

1. LIeHTPAPOBKH

Ilverb B N-MePHOM €eBKJIMZOBOM IpocTpaHctBe EP 3agaH n-mepHblit
pemep :
e={e,e,...,e}
T. €. CHCTEMA 711 NMPOU3BOJIBHBIX JIMHEHO He3aBUCHMBIX BEKTOpPOB, C o0LIMM

HayaJioM.
Muo)kecrBo

i=1

n
Ir= {er“lx = Dlxe;, X; uenoe tmcno}
HasbIBaeTcsl N-peléTKoit, u penep e, 6asucom I'. [TonyOTKPHITLIHA Mapasen-
enuInes
n
II = {{er"[x =>xe,0=x< 1}

i=1



166 30JITAH MAMOP

Ha3bIBAETCS OCHOBHLIM napaaeaenunedom pewétku I, mpl 6viaeM o6osHa-
4atb ero oobem vepes V(I').
[yverb I'Y To)KE n-peléTka Mpudem :

I'o>14.
MuoykecTBo
il = {a,,a,, ...,a,

HAa3bIBACTCA YEHMPUPOSKOL, U BEKTOPbl 3TOTO MHO)KECTBA Ha3bIBAOTCS 011
pedeasomuMU 6eKMOPAMU LeHTPUPOBKH, TJ€ CaM¥ BEKTOPHl 3a/aBaioTCsi
KOOPAMHATHBIMU CTPOKAaMHM OTHOCHTENIbHO TOro 0asuca e, Ha KOTOPOM [0-
cTpoeH napanienenunen I1.

WsBectho [1], uto ecnu V(I'¥) n V(I')-00L€MBl OCHOBBIX Mapasiiesen-
TMef0B COOTBETCTBEHHO peluétky I' 1 e€ noapemeTky I", TO

(1) p-V(I%) = V(I),

rie p — HaTypajibHOe YHCI0 (UMCI0 ONMpENessoUIMX BEKTOPOB), Hasbi-
BaeMoe UHOeKCOM UEHTPHUPOBKH.

Ianee u3BecTHO [3], UTO U3 p TOYeK — IMPHHAMIEKALMAX Mapasies-
ermneny IT — ojHa sIBJSIETCS OJHOBPEMEHHO M TOuKO# pewériu T,

a,=(0,0,...,0),

a octanbHble p— | TOUEK — TOJBKO TOUKAMH PELUSTKU I'%, T. €,

1 n
(2) a,.=[’_',’_',...,’_l] i=1,2. . .,p-1
m; m, m;

rae (L2, ..., 0,m) =1ul0=li=m,j=1,2,...,n.

UKCno m; — Ha3bIBAETCSl 3HAMEHAIMEAM ONpedefsiouje20 6eKmopa a,.
A HaumeHwnit o0WHA 3HaMeHATEb

(3) m=[my,m,, .. .,mp_l]

Ha3blBA€TCA 3HAMEHAMENAEM YEeHMPUPOBKU.

Pewérky I'u I' OTHOCHTENBbHO CJIOYKEHHST BEKTOPOB 06pa3vioT Gecko-
Heyuble AbeneBbl — rpynmnsl. Paccmorpum daxtoprpynmy

T,

3JIEMEHTB! KOTOPOM SIBIISIIOTCS CMEXKHBIMM KJlacCaMu MOATPYMNbl I' B rpymre
I'%. 91y pakroprpynny Gylem HasblBaTb 2pynnoll yenmpuposku, oHa 6yier
urpatb GONBIYIO PONb B OMUCAHHM I[[EHTPHPOBOK.

Ofo3nauum CMEXKHBIR Kiacc cofepykamwmii BeKTop a, uepe3 {a}, Toraa
N3BECTHbIE CJIEeaAYoume CpOpMY.HbII

{a} = {b}ea—-becT,
{a} +{b} = {a+Db},
n{a} = {na},
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rae a, beI™ u n HatypanbHoe umcao. OTciofa BMAHO, 4TO (akToprpymmna
I'/I™% siBnsieTcsl KoHe4HoH AOleneBoii-rpymiioif p — TOro mopsaka, rae p-
MHIEKC LeHTPUPOBKH. 3aMeTHM, YTO YKa3aHHas Bbllie (OpMYJINPOBKA COOT-
BeTCTBYeT (OpMYJMPOBKe, NpuBeJeHHo B [4] 1151 ApobHoil yactu BeKTOpa,
MOCKONbKY TaM {a} o0o3Hauaer ApoOHYI0 YacTb BeKTOpa a, T. €. {a} ompe-
AENSAIOUHM BEKTOp, JUIst KOTOPOro HMeeT MeCTo

a—{a}erl.

Hanee u3 (2) cieaver, uTo eclM 3HameHATeNlb BEKTOpA a; paBeH m;, TO
MOPSIIOK CMEXKHOro KJlacca {a;} TaKKe paBeH 11;.

IMocmoTpum KoHeunvio AleneBy — rpynny I%/I". Bcerpa cymiecTByer
v Heé Oasuc, T. e. ajaeMeHTH {c,}, {¢,}, ..., {¢,} u3 I'¥/I’, 1151 KOTOPHIX
3JIeMEHT rpyIibi {¢} nojyyaercs oaHo3HauHo B BUme {¢} = n{c,} +n,{c,} +
+...+nde}, rae ny, ny, ,..., n, UeJble, NONOKUTENbHbIE YHCIIA, NPHYEM
umcio 1n; He Gonbule nopsAnKa anementa {¢;} (i = 1, 2, ..., r). UssectHo,
YTO YMCJIO 3JJIEMEHTOB 0asyca BoOOLIe He OJHC3HOUHO. A BCEraa MOYKHO
BbIOpaTh 6a3MC, COCTOSLMA U3 MMHMMAJILHOTO UMCia 3J1eMeHTOB {c,}, {C.},

veooy {€g} THE €y, € ,. .., €, CYTH ONpENENAIILNE BEKTOPH ITHX CMEKHBIX
KJ1accoB. MHOYKecTBO ONpEAENAIINX BEKTOPOB :
{ei, €9, - - 505}

OyiaeM Ha3bIBaTb MMHUManbHOH 6a30it 1eHTpHpoBKU. QUEBUIHO, UTO LI@HTPHU-
poBKa OvieT NOJBHOCTBIO 3aJaHa, €CJIM 3a[aTh BEKTOPhl MUHHUMANbHO Ga3bl.
(Bei6op muHMManbHOH 6a3bl, BOOGLIE rOBOPSI, HEONHO3HAYEH.)

HM3BectHO Janee, YT0 0003HAYMM NOPSIAKH 3JIeMeHTOB 0asuca

{ei), {ea}, - - s {

Yepes ry, fyy ..., Iy TO CYIUECTBYET TaKOH MHHUMAIbHOH Gasuc B I'¥/T,
IJIsT KOTOpOro

(4) rlerI"'qu

¥ TIDUYEM YHCNA 7y, Ty . . ., Iy M ¢ ONHO3HAUHBIE. (ITO CJIeAVeT U3 OCHOBHOM

TeopeMbl KOHeUHHX AfeseBblx rpynn.) MHOXKeCTBO TaKUX OIpeeTALIUX
BEKTOPOB :
{ei, € - - -5 €}

fynem Ha3plBaTh KAHOHHWYECKOH 0a30if LEHTPUPOBKH.

2, Pa3nmuHBIe U 3KBUBAJNCHTHBIC LEHTPAPOBKM

Pacemotpum 6asuc pewréTkH I'¥, 3JIeMEHTaMM KOTOPOTO SIBJSIHOTCS

BEKTOPbI
bl = (xu,o, .. .,O)

b, = (X51, X9, - - ., 0)

b, = (X0 Xnay -+ s Xpin)s

*ronn
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Flle KOOpAMHATHI BEKTOPOB paljMOHaNbHble OTHOCUTENbHO 6a3uca e pelIéTKH
I'u Osx,]sl, i=1,2,..., n. U3 (1) oueBUAHO, UTO 0003HAUUB YHCIA

— yepea p; I = 1,2, ..., p, TO nonyyaem :
X

P=p1Ps - Pn

JEenoHE aoka3san [1], 4To BCAKOH LEHTPUPOBKE C HHAEKCOM P COOTBETCTBYET
BIIOJIHE OIpeJe/ieHHoe (PUHMMAETCS BO BHUMAHHE H IOPSI0K) Pas3yioyKeHHe
P Ha leJIble MOJIOKUTENIbHEIE MHOXKHTENH, MPUYEM HEKOTOPble M3 HHX MOTYT
6biTb paBHBI U 1. TaK OH MONYYHMII, UTO YHCIIO 1, ;, BCEX BO3MOYKHBIX pa3Au4Hsl
LIEHTPHPOBOK 71-MepHOI pelleTKH ¢ HHLEKCOM p paBHO

Zpy-Py-pi. . -pATY

rae 2' pacrnpocTpaHHeHa Ha BCe BO3MOXKHbIE Pa3JIMUHble PA3/IOKEHUs YuUcCia
p Ha n MHOXuTene#k p,, p,, ..., P, NMPHUEM TOPSILOK MHOXKUTEJIEH NPHHHU-
MaeTcsl BO BHUMaHUe.

JIBe LeHTPUPOBKM COOTBETCTBEHHO f-MEPHBLIX Napajeienunenos I,
— B pewétke I'y, u IT, — B pewétke I', 6vaem HA3bLIBATh IKEUBAACHIMIHLIMU,
€CJIM MOXKHO Bbl6parb 0a3uchl B pewméTkax Iy U I',, KOTOpble ONpeJensiioT
napannenenuneds II§ v I1%, rie ecny e eCTb 0JUH U3 TeX BEKTOPOB, Ha KOTO-
PBIX TOCTPOeH napannenenuneg I1¥ (i = 1,2), Toe unu — e — ecTb OAMH U3
TeX BEKTOPOB HA KOTOPBIX MOCTpoeH napanienenuneq I, (i = 1, 2), u otHo-
CHUTEJIBHO KOTOPLIX 00€ eHTPUPOBKU 33/al0TCSl OJHUM U TEM YK€ MHO)KECTBOM
OTPEAEISIIOLIUX BEKTOPOB.

3AaMeuARME. OnpejeneHne 3KBUBAJIEHTHBIX LIeHTPUPOBOK B [3] u B [4]
cliefviomiee : JIBe LEHTPUPOBKU COOTBETCTBEHHO M-MEPHBIX Mapasiiesienure-
Ao IT, — B pewérke I', U IT, — B pewéTke I', Gygem Ha3bIBaTh 3KBUBAJIEHT-
HBIMHM, €CJIM MOXKHO BbiOpaTh 6asucbl B pewérkax Iy U I',, OTHOCUTEJILHO
KOTOpbIX 00€ HEHTPUPOBKU 3aJalOTCSl OJHUM U TeM >Ke MHOXXECTBOM OIpe-
JETA0IWUX BEKTOPOB. B HacTosiel pabore H0Ka)KeM, UTO 3TO ONpefieNieHHe
9KBMBAJICHTHO C OINpe/e/IeHHeM HEM30MODPGHHBIX HEeHTPHUPOBOK (cM. TEOPEMA
2.).

IMycre I pewéTka, B KOTOPOM CyiIecTBYET MMHMMaJIbHBIA 6asuc e,
T. €. BEKTOpHl €; 6asuca, sIBJISIOTCA MUHUMAJbHBIMM BEKTOPAMM pELIETKH,
npHIém

le;| =1, i=12,...,n

LlentpupoBka napannenenunena I7, KOTopblit MOCTpoeH Ha 6asuC &, Ha3bl-
Baetcs [3] donycmumod, ecnu AnvHBL BeKTOpoB I'Y He MmeHblue I, T. e. B
pewéTke I JIMHA MMHMMAJbHbiX BEKTOPOB OCTagTcsl TOM >Ke, UTO MU
pewérke I

Uucna HeeKBUBAIEHTHBIX JOMYCTUMBIX LIEHTPUPOBOK Mapalljiesienunena
MHHMMYMOB — Tpu n=8 — HaxogsaTcs B Tabmuue I. (CMOTpPH ¥ BBeneHHE).

A TENEPL QOKaXKaem /Be JIEMMBbI, KOTOpPbIE€ NTIOMOTYT HaM MCKaTb HEEKBHU-
BAaJIEHTHbIE LIEHTPUPOBKH.
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Jlemma 1. BexTopr MUHMMaNbLHOR 6asbl LEHTPHUPOBKU JIMHEHHO He3aBH-
CHMbIE,

HorasatenscTBo. lycTh MHHMManbHas 6asa {¢,, €y, ..., C;} H npen-
TMOJIOMKHM, YTO BEKTOPhI JHHEHHO 3aBHCHMblE, T. €. CYILLECTBYIOT weble
Yyucaa A1 KOTOPBIX UMEEM :

nC+ Nyt ...+, =0
MOCKONBbKY ¢, €I, i = 1, 2 ,..., p, TAe MOXXHO MpeAnosaraTh 4To
(M4 Mgy .. ny) = L.
O603Haunm Mopsiiky 371eMeHToB {c;}, T. €. 3HAMeHaTesIU BEKTOPOB €, yepes

i i =1,2,...,q. VisBecTHo, ut0 MOCKONBKY {¢}}, {Cy}, ..., {¢,} sABNsAETCA
MHHUMATbHEIM 6a3ucom B (axToprpymne I'4/T", nosTomy

(ql’ Qs - - '?qn)> 1.
A 1o (5) umeem, uTo

m{ey) +myfea}+ . - +nfe} = {0,
T.e. ¢;ln, i =1,2,...,q, 1 Takum o6pasom MoOJYUUIH
(911G - - -:qq)l(nlv Mgy « o oy My) = 1
OuYeBHAHOE NMPOTHUBOpeyre. JleMma JoKa3aHa.
Cnencrsue. YHCIIO 371EMEHTOB MUHUMANbHOM 6a3bl He NPEBOCXOAMT M.

JIEmmA 2. 3HameHaTeNnb LEHTPUPOBKHU SIBJISIETCS HAUMEHbLIMM OOIUM
3HaMeHaTelleM BEKTODOB MHHUMANLHOH 6aswl, T. €. :

m=[qqs - "qq]'
HorazaTenscteo. C ofHOM CTOpOHH

(91 Gas - - 5 o)l [my,my, . ymy_y ] =m,
MOCKONIBKY YHCTIA ¢; HAXOJSITCA U Cpeau mi;.
C npyroit CTOPOHEI U3 paBEeHCTBA :
{a;}) = mic} + e+ - - +nfe} = {me +n60+ - - + 1,6,
CJIeVET, YTO
mil[qqu""’qq] i=12...,p-1,

U TaK IojJyyaem, UTo

m|[qy, g - - - 4q)-
Jlemma mokasana.
W3 JleMMbi 2. 1 M3 paBEHCTBA P = ;- (s . . . * , HEMOCPEACTBEHHO CJle-
1ot Jlemma 3. u Jlemma 4., xotoprie B [4] Jlemma 5, 1 Jlemma 6., HO ApYTHUM

crocobom J0Ka3aHbl.
JIEmmA 3. 3HaMeHaTes b /11 LeHTPUPOBKH AETUT €€ HHAEKC p, T. €.

m|p.
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JIEmmA 4. TlycTb 3HaMeHaTelb LEHTPUPOBKH /m — IPOCTOE YHCJI0, a
¢ — YHCI0 BEKTOPOB €€ MUHMMasbHOH 6asbl. Torna 1y MHAEKca LEHTpH-
POBKH HMEET MeCTO :

p = mi.

3. U3omopdHbIe HEHTPHPOBKH

JIBe HEHTPHUPOBKHU HA3BIBAWTCA U3Z0MOPPHOLIMU, €CIU UX TPYIINLI SBJs-
I0TCST U30MOP(HBIMHU.

TeorEma 1. Yucao Heu3oMop@HbIX YeHMPUposox ¢ OAHHLIM UHOEKCOM
P, pasHo ducaa pa3noyMceHus p HA yeavle noaoucumenbHole MHOMCUMeEAll :

P=D1Ps - Pp

20e p; cmenenu npocmux 4ucen, a ﬂOpﬂ()Ol‘{ COMHOMCUme el He npurumaemcs
80 BHUMAHUeE, U 3aAMeMUM, Ym0 qucaa p; He ofa3amensHo pasaudHbsie.

JoxasaTEnbCTBO. TTOCKONIBKY MHIEKC P LEHTPUPOBKH paBeH MOPAAKY
rpynmnsl HEHTPUPOBKH, YHMCJIO HEH30MODPOHEIX LEHTPHPOBOK C TAHHOM HH-
JEKCOM OYeBMIHO PAaBHO YHMCj1A HEH30MOP(PHBIX KOHEUHbIX AGeseBHIX IPYIHN
¢ JaHHOM nopsiikoM. M TaK 1o ompeneneHHIo HEU3OMOP(QHLIX LEHTPUPOBOK
M 110 OCHOBHOI Teopembl KOHEUHbIX AOesneBbIX IDYIN YyKe cllelyeT yTBep-
JKJIEHHE Halleil TeopeMbl.

Jemma 3. Iverb I’ I'% n-pemérru. Torna cyiecrsver 6asuc, {a;, a,,
s+ ;@) B pelIéTKe I' ¥ CYLIECTBYIOT HEHVJIEBBIE HeJble UHCIA Iy, Py ..., Iy,
TaKue, 4To :

1. BEKTOPBI 1qay, Fo@g, - - ., ',a, 00pa3yioT 6a3uc B pewéTke I,
2. rlrs| ...y
3. 4ucna ry,ryy . . ., I, CYTh OHO3HAUHBIE,

Joxasatenbcreo. Ilverb a,€I%, bel’, ry-a, =b uIn_y, I'n_y
n— 1 mepHple MoApeIlETKY B I'? U B I, TaKHe uTo ;

I't = {x€E"x =t-a,+a,1€Z,acTh_1)}
I ={XE€EMX =f-by+b,tcZ, bel 4}
Ilvcre nanee r, MUHHMMAJIbHOE TaK0€ 4YHCJIO.

ToyKe camast MONYYHM OAPEWETKU I, _, CI'_2 U I'y_2 < I'n_1, BEKTOPHI

a,C 31, b€ n_1 ¥ MUHHMAJIBHOE YHCII0 ra(rsdy = b,), rae HeTpyaHO BH-
JeTb 4To

rilre.

Tak nonvuum 6asuc {a,, a,, ..., a,} B I'Y u basuc {b, = ra,, b, = r,a,,

., b, =r.a,} B I raeryr,]...|r,. Cpeau uucen ry, ry ..., I, MOTYT
ObITb HEKOTOPbIE PABHLIMBI €JAMHULE, T. €. HATIPUMED I =F,= ... =In_qg=1.
Ho Toraa cme)xHble KJIAcCHl {@n—g+1}, {@n—g+2} - - -, {8,} 06pPA3YIOT KaHOHH-
yeckuit 6asuc B paxroprpynne I'¥/I", ¥ 103TOMY YUCaA Fy, Py, - .., I, OLHO3-
HAUHbIC,
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* JTu paHHble Mbl NOAYYHMAu no coobwenuto H. B. 3AXAPOBA B PediepamusHom
mcypHaae (1982/1.; 1A828JEIT), roe HaXOAUTCA ROMOJIHEHHE pe3yntaroB [4] (T. e. ewé

Tabauya I.
Uncno
Paamep- HeeKBHBAJIEHTHBIX |  HEM3OMOPQHLIX
noets | i
n : ROMYCTHUMBIX LIeHTPHPOBOK Napannenenunena
. MHHUMY MOB
2 1 1
3 1 1
4 2 2
5 3 2
6 6 4
7 14 6
8 42* 11

TPH OTTY CTHMBIX LIEHTPHUPOBKH 8-MepHbLIX PeléToK).

Tabauya I1.
Hupexc MHUHuUMANbHAsA Gaga 3Hame- Pasmep- Homepa u30MOpGHRIX
P (m-KpaTuas) HaTenb HOCTb HEHTPHUPOBOK
m nz B TaGanue I. B [4]
(00000000) - 2 1
(11110000) 2-4,6, 10
(11111100) 19-21
4=2.2 Eéé}}??ggg 2 6 |57-9,11-14
4 (11111120) 4 7 23-30
(11111122) 31-33
6 (11122223) 6 8 [34-39
8 = (11110000)
_5 2.9 (11001100) 2 7 15-17
e (01011010)
_ (11111120) Aok
8 =4-2 1| (00022222) S A s
_ (11111100)
9=3-3 | (00221111) 5 8 =
(11110000)
16 = (11001100)
=2.2-2:2 | (10101010) 2 8 18
(01101001)
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Taxkum o6pa3oM JieMMa [OKa3aHa.

3AMEYAHME. TTOCKOJIBKY peléTka I cBoGOXHBIA MOAYJIL Hajd KOJBLOM
Lesslx yuces ¥ I' ero MOAMOAYJIb, TAaK Hallla JIEMMA [ePEU3JI0XKeHHEe OCHOB-
HOH Teopembl CBOGOAHBIX Monyied (cM. Hanpumep B Kuure Jlenra [5], B
rnaBe XV., Ha c1p. 440.).

W3 JleMMBI 5. HENOCPEACTBEHHO CIIEVeT CJEAVIOLIas BaXKHAs TEOpeMa :

TeopEMA 2. [l6e yeHmMpUuposKU COOMEEMCIMEEHHO N-MepHbIX napaite-
enuneoog II, — 6 pewemxe I'y, u II, — 6 pewémie I', usomopgrivie moz0a
U moabKo mo20a, ecau MoxtcHo sidpame Gasucet 6 pewtemxax I'y u I'y, 0mHO-
CUMEALHO KOMOPLIX 00€ YeHmpuposku 3a0Qiomcs OOHUM U Mem e MHO-
HCECIMBOM ONPEQeATIWYUX 8eKITIOPOS.

3ameuanue. Tlo yrBepykaeHuio Teopembl 2. MOXXHO TOBODUTH 0 LiEHTPU-
POBKaX PeINETOK, IOCKOJIbKY M30MOP(HbLIE [{eHTPUPOBKHM TOYHO T€, KOTODhIE
TIOJIVYAIOTCS OTHOCHTENIBHO Pa3fMyHbIX 0a3MCOB OAHOH peLIETKH.

Teopema 3. Yucao Heu30MOPHBIX 00NYCMUMbIX YeHMPUPOBOK NAPANNEA-
enuneda MunuMymoe npu n = 2, 3, 4, 5, 6, 7, 8 pasro coomsecméenro 1, 1,
2,2,4,6, 11.

JLOKASATEJILCTBO. YTBEP)KAEHHE Teopembl BuaHo u3 Tabnuuu lI., B
KOTOpoil [JaéTcs HEM30MOpQHBIE [OMYCTHUMBIE LEHTPUPOBKU Tmapasnese-
nuneja MHHAMYMOB npu n=§8. Tabnuuy I[l. cocTaBunu no onpeneseHuio
HeM30MOP(QHBIX LEHTPHPOBOK 1 mo Tabauue . u3 [4].

JiuTepatypa

[1] AenoHE B. H., ®AOQEEB 1. K.: Teopusi UppalMOHanbHOCTEH TpeTel cTeneHtl,
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[5] JIEHT C.: Aacefpa, VsnatenscTeo «Mup» Mocksa 1968, (Addison — Wesley Publi-
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AUSFULLUNG UND UBERDECKUNG DER EBENE DURCH KREISE

Von
A. BEZDEK

Mathematisches Institut der Ungarischen Akademie der Wissenschaften,
Budapest

(Eingegangen am 28. Juli 1983)

Betrachten wir eine unendliche Folge von Kreisen k,, k,, ..., deren
Halbmesser von oben beschriankt sind, und deren Gesamtflachenmhalt unen-
dlich ist. L. FEjes TotH [1] hat die Packungswirtschaftlichkeit w einer

n

Zk

Kreisfolge mit lim=1— — wo T, das kleinstmdgliche einem vorgegebenen

konvexen Gebiet 4nliche Gebiet ist, in dem die ersten n Kreise ohne gegen
seitige Uberdeckung eingelagert werden kénnen — eingefithrt. Der Wesen des
Unterschiedes zwischen der Dichte d der Dichtesten Packung der Kreise
[2] die zu der Folge von Kreisen gehoren, und w besteht darin, daB w von
der Reihenfolge der Kreise abhdngt, aber d nicht. Es 148t sich zeigen, daB
besteht die Kreisfolge aus kongruenten Kreisen, so gilt w = d. In dhnlicher
Weise konnen wir die Deckungswirtschaftlichkeit der Kreisfolge definieren.

L. Fejes TOTH hat gezeigt [3], daB

[ _ +V12 n%( v kn)
wo 7 Ml(kl,...,kn)

Hier bedeutet M,(k,, ..., k,) das a-te Potenzmittel der Flacheninhalte der
ersten n Kreise. Hieraus folgt, ist

M
limM = 0

e My(kyy .2 k)
dann w>1. Das ist der Fall, wenn z.B. die Halbmesser der Kreise der Folge
1=, 2~= .. n-= ... sind wo O<a<1 ist. Trotzdem — wie wir es jetzt
zeigen werden — 148t sich die Ebene mit der Dichte [ ausfiillen.
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Satz 1.Wenn die aus den Halbmessern der Kreisfolge ky, ..., ky, ... be-

stehende Zahlenfolge ry, r,, ... den Voraussefzungen irl? =oco und limr; =0

1 [—>co
gentigt, so ldpt sich die Ebene mit den Kreisen k,, ..., k,, ... mit der Dichte
1 ausfiillen.

BEwEIs. Im folgenden werden wir die Kreise mit ihren Halbmessern
bezeichnen. Wir beweisen erst folgenden spéter zu verwendenden Hilfsatz.

HiLrsaTtz 1. Wir geben ein Verfahren, wie wir ein beliebig gewidhltes
Quadrat A;B;CD mit einer endlichen Anzahl der Kreise der Kreisfolge mit

der Dichte groBer als % ausfiillen kénnen.

Zuerst numerieren wir die Kreise so, daf die Halbmesser eine abneh-

mende Zahlenfolge bilden. Es gibt ein natiirliches i; so, daf ril<%ist. Die

Kreise werden nach folgender Vorschrift in den Zonen eingebettet (Fig. 1):
r;, wird der erste Kreis der ersten Zone, A, B, wird die obere Randstrecke der
ersten Zone sein.

Wenn im allgemeinen der erste Kreis r;, und die obere Randstrecke
A,B, der n-ten Zone vorgegeben ist, wihlen wir und fiillen wir die n-te Zone
folgenderwelse aus: Der Kreisr;, soll die Gerade A,D und A B, beriihren.
Es schneide die Stiitzgerade von' ri,, welche mit A parallel und von ihr
verschieden ist, die Gerade A,D und B,C in den Punkte Anyq bzw. B, .
Die Strecke An+1 B, ., wird d1e obere Randstrecke der n+ 1-ten Zone sein.
Das Rechteck A,B, B, A, ., nennen wir die n-te Zone und wir bezeichnen
ihren Flachemnhalt mit 8,. Die nach dem Kreis Ti, folgenden Kreise der
Kreisfolge legen wir sukzessiv so, daB jeder Kreis den vorhergehenden be-
rithre, und die Mittelpunkte auf der mit A, B, parallelen Symmetrieachse
der n-ten Zone liegen. Der erste Kreis r; ,,, der sich so in der n-ten Zone
nicht einladen 146t, wird der erste Kreis der n1+ 1-ten Zone sein.

Der Gesamtflidcheninhalt der Kreise, die in der n-ten Zone eingelagert
werden, ist groBer als die Hélfte vom Fldacheninhalt der n4 I-ten Zone, da

int1—

1 ing—1 a S
D rmeri, Z 2r; >r,n+1[a Z]>"—+1

j=in j=in

ist. Da D'rf = o, gilt iSn = . Es sei N die kleinstmégliche ganze
n=1

i=1y N
Zahl, fiir die ' S,= % a* ist. Da die Breite der Zonen abnimmt und 2r;, < 411 a

n=
ist, sind die ersten N Zonen im Quadrat enthalten. Das bedeutet, dal der
Gesamtflacheninhalt der Kreise, die in den ersten N—1 Zonen eingelagert
werden, das Achtel von Flicheninhalt des Quadrates iiberschreitet. Wir wen-
den uns nun dem konstruktiven Beweis des Satzes zu.
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Betrachten wir eine um einen festen Ursprungspunkt O geschlagene
Kreisfolge, deren Halbmesser (2n—1) r;; n =1, 2, ... sind (Fig. 2). Den
Kreis ry selbst nennen wir den O-ten Kreisring, und den von den Kreisen
(2n—1r,, (2n+1)r; begrenzten Kreisring nennen wir den n-ten Kreisring.
Die Kreise werden nach folgendem Verfahren eingelagert werden.

a

Aq By
ri1
______________________ ]
Ag B3
a
AN BN
N
D o
Fig. 1.

Legen wir den Kreis r, in den O-ten Kreisring.

Nach der Ausfiillung der ersten i Kreisringe fiillen wir den i+ I-ten
Kreisring mit einer endlichen Anzahl der Kreisen aus so, daB die Dichte im

i+ I-ten Kreisring grofer als [1——_!—1_—1] ist: Wir legen als erstes den Kreis
i
r;;, in den Kreisring, wenn er friiher nicht gebraucht wurde.

Wiahlen wir jetzt ein Quadratnetz. Wir betrachten jetzt den Gesamt-
flicheninhalt aller solcher Quadrate, die ganz im i+ 1-ten Kreisring liegen
und die eingelagerten Kreise nicht schneiden. Wir wihlen die Abstinde des
Geraden des Quadratnetzes so klein, daB dieser Gesamtflicheninhalt grofer
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als der halbe Fldcheninhalt der Restfliche des Kreisringes nach dem Her-
ausnehmen der Kreise ist. (Da nur eine endliche Anzahl von Kreise im
i+ I-ten Kreisring liegt, ist das moglich.) Unter Beriicksichtigung des Hilf-

satzes | ist esmdoglich, diese Quadrate nacheinander mit der Dichte —513— aus-

zufiillen.

T"—gf\’\;\

™

Lt Y N

o
04

T

P N \
N
9 \

IR /T
\ JLIN \_J/
N A T ~, %
D Iy
\_/ L7 /
‘\,\L__/\/V

Fig. 2.

Dies bedeutet, daB das von den Kreisen freigelassene Teilgebiet auf

das %fache zuriickgeht. Hieraus folgt unmittelbar, daB nach einer endlichen

Anzahl von Wiederholung unseres Verfahren die Dichte im Kreisring groBer

als 1—71— ist.
i+1

Jetzt werden wir einen analogen Satz fiir die Uberdeckung beweisen.
Satz 2. Wenn die aus den Halbmessern der Kreisfolge k,, ... bestehende

Zahlenfolge r,, r,, ... den Vorausselzungen ir% = oo und limr;=0 geniigt

i=1 [—>oo

so ldft sich die Ebene mit den Kreisen ky .. _, mit der Dichte 1 iiberdecken.
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Der Beweis des Satzes 2 beruht dhnlich wie der von Satz 1 auf einem
Hilfsatz.

HiLrsatz 2. Wir geben ein Verfahren, wie wir ein beliebig gewahltes
Quadrat durch eine endliche Anzahl Kreise der Kreisfolge mit einer Dichte
kleiner als 8 iiberdecken kénnen.

Es sei die Kreisfolge wieder so numeriert, daB die Halbmesser eine
abnehmende Zahlenfolge bilden. Wir bezeichnen die Seite des zu iiber-

deckenden Quadrates mit b. Fiillen wir das Quadrat, dessen Seite a = 2)/2b
ist, nach dem Verfahren des Hilfsatzes 1 aus. Es seien die Breiten der Zonen

breit und b lang ist, 1aBt sich

21y, ..., 2r;y_,. Ein Rechteck, das % Fines

durch die in der n-ten Zone liegenden Kreise iiberdecken. Dies folgt unmit-
telbar daraus, dafl jeder Kreis r; ein in ihn einbeschreibenes Quadrat mit

der Seite % r; iiberdeckt und jeder Kreis groBer als r; , ist. Da N so ge-

N _
wahlt war, daB p 2r,-n>g- = J2b ist, ist es moglich das Quadrat mit der
n=2
Seite b durch die in den ersten N— I-ten Zonen liegenden Kreise zu iiber-
decken. Natiirlich ist der Gesamtflicheninhalt dieser Kreise «<a® = 8b2,
und die Dichte ist so <8. Mit Hilfe der Konstruktion des Satzes 1 ist der
Beweis des Satzes 2 sehr einfach. Natiirlich ist es genug zu zeigen, daB der
n-te Kreisring sich durch Kreise endlicher Anzahl und mit einer Dichte klei-

ner als [1 +iJ iiberdecken 14Bt.
1

Erst fiillen wir den n-ten Kreisring mit einer Dichte gréBer als [1 - 151 J
n
aus.

Wihlen wir einen Quadratnetz so, daB der doppelte Flacheninhalt des
ausserhalb der Kreise liegenden Teilgebietes von n-ten Kreisring groBer
ist als der Gesamtflacheninhalt der Quadrate des Quadratnetzes, die mit dem
ausserhalb der Kreise liegenden Teilgebiet gemeinsame Punkte haben.

Wir iiberdecken die Quadrate, mit Hilfe des Hilfsatzes 2, nacheinander.
. 1 2 I
Die Dichte im n-ten Kreisring ist <{ 1 —— |1 +— -8 = 1 +—.
15n 15n n
Damit ist unser Beweis beendet.
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LIEHTPUPOBKH PEIIETOK CO 3HAMEHATEJIEM 2,
MPHU n=10

30JITAH MAIOP

Kadenpa Hauepratensnoit n IlpoextuBHo#t Ieomerprn YHupepcutera wm. JI. Srsewa,
Bynaneurr

(Mocmynuno 9. 9. 7983 )

PaccmoTpuM B n-MepHOM €BKJIMBOAOM mpocTpaHcTBe E” n-pemérky
I, KoTopast COASP)KUTL KYOUUeCcKyI0 n-pelétku I, T. €.

Ir.cry,
NpUYEM NVCTh
minI", = minI™¥ = 1.

I'oBopAar, 4yto pewéTka I'¥ NOJVYaeTCsT AONYCTHMOM [EHTPUPOBKOH PeLI&TIH
e

[lycte & = {€;, €, ,..., €,} 1-MepHbI penep, T. e. CUCTEMA 71 TIPOU3-
BOJIbHBIX JIMHEHHO He3aBUCHMbIX BEKTOPOB C OOIMUM HayaloM, Ha KOTOPOM
NOCTPOEH OCHOBHBIN Kv0 I, T. €. OIMH U3 OCHOBHBIX IapajjiellenunefoB —
Kybuueckoit pewétku I'.. Cucrema ¢ siBnsercs 6asucom pewétku I°,. Ma-
BecTHO [3], uTo Bce KOOpAMHATHI BEKTOPOB pelIéTKU 1™ OTHOCUTeNIbHO 6a3uca
£, CYTb pallMOHANbHbIE Yucia. Eciu naumeHbIUUH 00N 3HAMEHATeNb 3THX
pauMoHaNIbHLIX UKCeN He NPeBOCXOMUT 2 — U peléTku I, u I pasnuuHble
-, TO Mbl TOBOPUM O LIEHTPUPOBKE CO 3HAMEHaTesleM 2.

B Hacrosiueli 3amerke BbiBeleHBl NpU 1= 10 Bce HE3IKBUBAJEHTHbIE H
HEM30MOP(DHBIE JONYCTHMBble LEHTPUPOBKHM OCHOBHOIMO Kv6a KyOUUHOH
PeWETKYA Co 3HaMeHaresem 2.

B pabore H. B. 3axaroBonm [4] KOKasaHo, UTO eCIM JONYCTUMAA
LHEeHTPUPOBKA TNapasiejenuneia MUHUMYMOB CO 3HAMeHAaTeJeM 2 CVILecT-
BVET, TO OHA MMeeT MeCTO 1o KpaiiHeil mepe RN KyOuueckoil peuwréTku. B
pabore C. C. PbiuxoBa [3] HOKa3aHO, uTO KaKAas MONYCTHUMAA LEHTPHU-
pPOBKa MPOM3BOJIBHOM pEILETKM, T. €. LEHTPUPOBKA COXPAHALIAS perep
oC/IeA0BaTe/IbHBIX MHHUMYMOB, 3KBUBAJIEHTHA XONYCTUMOM LEHTPHPOBKE
napanienenunena MUHMMYMOB. OTCIOfa CliefveT, uTO B HacTosiieit 3a-
meTie BbiBefeHsl npu n=10 ¥ BCe HEM30MODOHHIE M HEIKBHBAJICHTHDIE
IDONYCTUMEIE LEHTPUPOBKU N-PEIIETOK, COXPAHSIIOLME peINep IMocieloBa-
TeJIbHbIX MUHUMYMOB CO 3HaMeHaTesleM 2 (B YacTHOCTH CM. B 3).

12%
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B pa6orax C. C. Poinrosa [3] u H. B. 3axapoBornt [4] vike Gblin
BbIBe/IeHbI TPU N=7 U TpPH N = 8 BCe HEIKBUBAJIEHTHbIE JONYCTHMbIE L(EH~
TPUPOBKM COXPAHSIIOLIME perep I0C/ae10BaTeIbHbIX MUHUMYMOB.

B Hacrosimeit 3ameTice Mbl JOKa)KEM HECKOJIBKO HOBBIX JIEMM M HallH
pe3yJbTaThl NOJIVYaeM — IpPU n=1— — C NOMOWIYI0 NePCOHAILHOI0 KOM-
noTepa.

1. OnpeneneHusn 1 0603Ha9eHAsA

[lycTe B n-MepHOM eBKJIMA0BOM NpocTpaHcTBe E™ 3ajgaH cucrema n
IIPOHU3BOJILHBIX JIMHEHHO HEe3aBUCUMBIX BEKTOPOB, C 06H1HM, Ha4aJioMm :
e={e,e,,...,¢.}
HOCMOTpHM JABa MHO)KECTBA :

n
I = xeErx = > x€;, x; uenoe 4ucio},

i=1

oI, = {x€E"|x = >'xe;, 0=x;<1}.

i=1

I', HasplBaeTcs1 n-pewémroii, penep e 6asucom I'., ¥ NONYOTKPHITHIN mapa-
Jinenenunen I1,., NocTpoeHHbI Ha Basuce e, HA3LIBAETCS OCHOBHBIM NApaiies-
enuneoom pemeTkn IT,.

MHo)KecTBO
Se =Nl = {al;azy o ')ap}

Ha3bIBAETCA YeHmpuposKoll, ecu I'¥ TaKk)Ke n-peréTka, 1 Ipudém
I.cIH,

BexTopsl MHO)KeCTBa S, Ha3bIBAIOTCS 0npedeftioWUMU 8eKMOPAMU [EHTPHU-
POBKH, I'le CaMi BEKTOPbl @;, 8y, ..., &, 3aJAOTCA KOOPJAMHATHBLIMH CTPO-
KaMH OTHOCHTeNbHO 6asuca ¢ :

12 n
aiz{l_lyl—l"'rl_l]) i=172>"')p_1)

’
m; im; n,;
rape
(1 .. '7l?ymi) =1ln 0§1§<mi, .l= L2,...,m,

nanee,

a,= (0,0, ...,0).
Yucno

m= [my,my, ...,m, ]

Ha3bIBACTCS 3HAMeHAme eM LEHTPUPOBKH, Te 1, 3HaMEHATEeIb ONpefeIsaio-
IEro BEKTOpA a; M 1M ABJSETCS] HaUMeHmMM O0[MM 3HameHaTenem 3Hame-
HaTenen m;.
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Yucno P HasbIBAETCS UHOEKCOM LHEHTPUPOBKHU, p HATYpaJIbHOE YHUCIIO,
YHCJIO OMpeAeTsAOInX BEKTOPOB. Llenoqncnem{aﬂ Mmarpdna:

R R
BB ok
Loy By o Iy
0 O -+ 0

HA3bIBAETCST MAMPUYOL IEHTPUPOBKH.
Mo)KHO paccMaTpuBaTh GaKTOPrpynmy :

YT,

NOCKONBKY PemeTKH I'% U I, OTHOCHTEJIBHO CJIOKEHHI0 BEKTOPOB 06pasyioT
Geconeunsle AGeneBLI-Tpynnel. J1y ¢axroprpynny Gyaem HasblBaTh 2pyn-
1ol NeHTPUPOBKU. JTa (aKTOpPrpyina siBjsieTcsi KoHeuHoi AGeneBol-rpym-
o p-TOro MOpPsiAKA, T'Ae p MHAEKC LEHTPHPOBKH. OO03HAUMM CMEXKHBIH
KJacc cofepkamowiuit Bexrop a pewérku I'¥, uepe3 {a}. MssecTHo, uTO
Bcerga cyulecrByer Gasuc B rpymnme I'#/I"., COCTOSIIMY H3 MUHHUMAaJIbHOTO
YKCJia 37TEMEHTOB :
feh (o), - e,

rape €4, € ,..., Cq CYThb ONpENEJAIONIUEe BEKTOPB! ITUX CMEKHBIX KJIACCOB.
Muo)xectBo ONpENECIISIIOIIMX BEKTOPOB :
{e, €0 - - os cq}

Oy/eM Ha3blBaTh MUHHMATbHOM 06a30it LEHTPUPOBKH.

OueBUHO, UTO LIEHTPHPOBKA OY¥aeT MOJBLHOCTLIO 3afaHa, €CIH 3a/dTh
BEKTOpPH! MHHUMabHOH 6a3el.

JIBe LEHTPUPOBKH COOTBECTBEHHO NH-MepHBIX MNapamienenuneios II.,
— B pewértke I',, u IT,, — B pewéTre I'., 0v/ieM HA3bIBATD IKGLEANCHITIHIMDI,
eCIM CY)KeCTBYVIOT Takue 0a3uchl e¥ U ef B pewfrkax, Ajst KOTOPHIX HMMeeT
MECTO :

1. efC ey e C Loy,
2. 8.+ = Sy, ,
T. €, €CJIM €€ef, TO €€g;, WM —€€¢;, [ = 1, 2, H OTHOCUTESILHO KOTOPBIX

obe LIEHTPHPOBKHU 3aJAKOTCsA OJTHAM U TEM )K€ MHOXKECTBOM ONPEEJISIIOIMUX

BEKTOPOB.
JlBe LEHTPUPOBKY Ha3LIBAIOTCS UIOMOPEHBIMLU, €CTTH MX TPVIIILL SIBJIS-

I0TCS1 H30MOP(QHBIMU .
[Mycte manee I' Taxkasi pewléTka, B KOTOPOH CYIIECTBYET MUHUMAAbHOIL

0asuc e, T. €. BEKTOpH €; (j = 1, 2,..., n) Gasuca e ABJISIOTCS MUHAMAIb-
HBIMH BEKTOPAMH DELIETKH, TIPUUEM ;

le| =1 i=12,...,1
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LlentpupoBka S, napassenenunena II, Ha3bBAeTCs 00nycmuMoll eciin
minI=minI, = 1

T. €. JUIMHBI BEKTOPOB pelréTky I'¥ He MeHblue 1. JlonycTUMas LEHTPUPOBKA
S. HasblBaeTcs c60600H0i, ecnu mapameTpbl peléTkd I', MO)KHO BbIOpaTh
TAKUMH, YTO Cpeldl BEKTOpOB peméTkH I He OVIeT APYIUX MUHHMAaJbHBIX
BEKTOpPOB, KpOME MHUHUMAaJIbHBIX BEKTOPOB peléTkd I'. U cam pewétka I,
Oyzer oby1agath JULIb OJHUM MapajljieenuneoM MUHUMYMOB. B npoTHBHOM
ciiyyae J0nyCTUMas LEHTPHUPOBKA HA3BIBAETCS HEC0G00HOM .

2. HecKonbKo MM

Bcioay Hy)Ke Mbl GyjieM paccMaTpUBaTh TOJIbKO KYGMUECKYIO PELIETKH,

e;-e;=0 nmnpu I}
e, =1 npu i,j=1,2,...,n,
U NIYCTb 3HaMeHaTesb LEHTPUPOBKU m = 2.

JIemma 1. TlyCTh p-MHAEKC LIEHTPUPOBKU, M §-UHCIIO BEKTOPOB MHHU-
ManbHOH 0asnl. Torga MMeeT MECTO PaBEHCTBO

p =24

JIEmma 2. LlenTpupoBka S, gomycrumast TOrja M TOJbKO TOrAa, €Ciu
CYMMa 9JIEMEHTOB B MepBbIX CTPOKAX MATPUUBI S He MeHblre 4 :

(1) Sliz4, i=12,...,p—1.
j=1

JIEmma 3. Ecnu B (1) umeeT mecTo 3HaK HepaBeHcTBa npu i = 1, 2 ,..
p—1, TO LleHTPUPOBKA HecBOGOAHAS.
ITH siemmbl CreavioT u3 Jlemmax 6. u 9. B [4].

.y

JleEmma 4. JIBe UEHTPUPOBKU SABJISIOTCS 9KBUBATEHTHBIMH, €CNIM MX
MaTpULsl MOYKHO MMEPEBECTH APYT B APYra INMEPecTaHOBKOW MX CTPOK WM
CTOJIOUOB MEXAY o060,

JoKA3ATENLCTBO. T10CKONBKY M =2, VTBep)K/eHHE JIEMMbl HEMoCpes-
CTBEHHO CJIEAVET U3 ONpeJesIeHUsT IKBMBAJIEHTHOCTH.

JIEmma 5. EciiM 4ucsio 3J1eMEHTOB MHHUMAJIBHOH 6a3bl UEHTPHUPOBKH

¢=1wmq=2, T0 IBe LEHTPUPOBKH OSKBUBANEHTHbHl TOTAA M TONBKO
TOorga Korja MHO)KECTBO YHUCeN

S i=1,2...,p—1
s

i=1

OJHMH M TOT >K€ B MATPULIaX UEHTPUPOBOK.
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HorasatensctBo. Eenu ¢ = 1, 1o nemma tpuBManbha. Ecm g = 2,
TO JleMMa clleyeT U3 TOro, UTO KOOPAMHATHI BEKTOPOB MHUHMMAaNbHOK 6asbl
MOJILHOCTBIO ONPENeNSIT YUC0 HEeHVJIEBbIX KOOPAMHAT OCTAJbHLIX oflpe-
IeJISIIOUIAX BEKTOPOB.

Jlemma 6. JIBe LEHTPUPOBKHU SIBJISIIOTCS M30MOPQHBIMU TOTAA U TOJBKO
TOr/ia, KOTAA UX MHAEKCHl PABHBI.

JokasATENBCTBO. JTa JlemMma crieaver U3 Jlemmsl 1. M U3 OnpegesieHUst
K30MODPHBIX LEHTPUPOBOK.

Jlemma 7. OGosHauum uepe3 S, , n-MEPHYIO [JONYCTUMYIO LEHTPH-
poBKY, e n>1, p>2n
p = 24

(3HamenateNb m = 2, YMCJI0 BEKTOPOB MHMHMMasnbHOW Gas3el g). Toraa
CYILECTBYET LIEHTPUPOBKA Sp», ps, Tlie

n*sn—1, p* = 241
Sn.'p'CSn’p.

HoxasaTEnecTBo. PaccMoTpum marpuuy S UeHTPUPOBKU Sp, p. Jile-
meHTH e€ paBubl O M 1, a B nocnegHoit crpoke crostT 0. JoKa)kem, 4To BO
BCEX CTpOKax 3ToH MaTpHLM YUCJIO JJIEMEHTOB 1, Tak W uMciio anemeHToB O,
paBHO p/2. OTMETMM, TOCKOALKY 3T0 OyfeT Ba)KHO B jajibHeilleM, 4TO
CTpoKH Mmatpuud S o0pasyioT KoHeunyio AGeneBy-rpynmy p = 29-TOro
NOPSIIKA, GTHOCHTENBHO CIIOYKEHHIO MOX 2 CTPOKOB. JloKa)keM YTBeprKAeHHE
UHOVKUMeH no ¢. Tlpu ¢ = 1 vTBep)KiAeHHe TpHUBianbHO. [Ipexnmonoxum
VTBEP)K/CHYE CNPaBIJIMBbIM NIDH HEKOTOPOM HaTypalbHOM uHcne ¢—1, H
NOKayKeM UTO MMEET MeCTO u fpH ¢. IleHcTBUTENbHO, CpeaH CTPOK MaTpHLbI
S HaxonATCs ¢, KOTopble 00pas3vioT MUHUMaNbHYIO 6a3y Bbllle YKa3aHHOH
AbGeneBoii-rpynnbl, TO3TOMY OHHM OJHO3HAUHO ONpPeEJEsIsIOT OCTanbHble
crpoku marpuuu. O6Go3Haumm uepe3 S* MaTpuuy, KOTOPYIO Mbl MOJIVUMM
H3 CTPOK S, KOTOpble ONpeleNsiioT MepBble §-—1 BEKTOPHl MHUHHMMaJIbHOR
6a3pl. Marpuuy S Mbl MOXKeM TONYYMTB M3 CTPOK MaTpuubl S* co cioxe-
HHEeM MOR 2 CTPOK S* M g-Toro BeKTOpa MMHMMasbHOM 6a3bl. Takum ofpa-
30M B Ka(moit cronbiue maTpHubl S W YHCH0 eAMHML OyZeT paBHO YMCIY
uyneit, umeHHo 2(p/4) = p/2. YTBep)KIeHHE I0Ka3aHO.

TMocMoTpum jajiee Hanpumep mnepBblil cTon0el MaTpuuM S, U NOCMOT-
puM Matpuuy $’, KOTOPbIH MOJYYaAeTCst U3 TeX CTPOK MaTpuLM S B KOTOPBIX
B nepBeIM ctonbue crouT 0. OTCioaa vyke JIerko BHAeTb, yto martpuua §’
SIBJISIETCST MATpULIeH LEeHTPUPOBKH Spx ps, B KOTOPOU ONpejessiiolue CTPOKH
ABJANTCA N* =n—1 MepHbIMHM, U YHCIO UX paBHO p* = p/2 = 297! 1 oHH
00pasyioT GeckoHeuHYH AGeseBy-rpynny p*-Toro nopsiaka.

Taxum obpazom emMma foKasaHa.

3AMEUAHME. AHAJIOTHUHYIO JIEMMY MOMKHO [J0Kas3ath npu m=>2, eClu
3HaMeHaTesb LEHTPUPOBKYM /11, MPOCTOE YKCIO, TOJbKO B ITOM Cliyyae B
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JIEMME BBLIIIOJIBHACTCS PABEHCTBO p* = mi~1, u [0Ka3aTenbLCTBO TO)Ke aHa-
JIOFMYHO.

JIemma 8. IlycTb
q = max {g|Sn, 27 AONYCTUMAsT LIeHTPUPOBKa}.

Torga umeeT MecTo :
In-1=¢,=qn_1+1.

HorasaTEnscTBo. JleBast yactb o4eBHAHO. [IpaBast 4acTb Hernpocpen-
CTBEHHO cJIegveT U3 JleMmbl 7.

3. J[loxa3aTenabCcTBO TEOPEM

B atom maparpade Oviem 10Ka3aTb CleLVIOLIYIO TEOPEMY :

Teorema 1. Yucaa 00mycmumblX HEEKBLUSAACHNIHLIX YEHMPUPOBOK O
3HaAMeHameneM 2 0CHO8H020 KyGa kyOuueckold pewemru npu n= 10 Haxodamcs
8 2-om cmpoke Tabauyu 1., (cuumas u mpusuaibHy) U3 HUX 4UCA0 €60000-
HbIX U 4uCA0 HecB0600HbIX Hax00amcs 6 3-em u 4-om cmpoxe Tabauyu 1., u
YuCcAQ 00NYCMUMSIX HEU3OMOPPHUIX YEHMPUPOBOK CO 3HAMEHAMENEM 2 0CHOE-
Ho20 Kyb6a kyb6uueckoii pewtemxu Haxodamcs 6 5-om cmpoke Tabauyu 1.
Camel HeeKsUBANCHIMHbIE U HEU3OMOPPHBIE YeHMPUPOSKL Hax00amca ¢ mabau-
yax [1—-1V. u 6 mabauye V.

3ameuanue. H. B. 3axapoBa [0Kasana crefyouyio Jiemmy (3T0
crieqyeT u3 Jlemmel 9 B [4]):

Jlemma. Eciin flonycTumasi HeHTPUPOBKA Tapasliesienuneia MUHUMYMOB
CO 3HaMmeHaresieM 2 CYLIECTBYET, TO OHA MMeeT MeCTO [0 KpaiHeil mepe ans
KybuuecKoll peméTiu.

C. C. Poiukos B [3] Aokasan cneaviouyio teopemy (B [3] Teopema
10.):

TeoPeMA. Kancdasa donycmumas yeHmpuposka penepa nocaedosamens-
HbIX MUHUMYMO8 IKBUBAACHMNA 00NYCMUMOI YeHmpUPOsKe napanneaenuneda
MUHUMYMO8, M. €. MOK020 PEnepa rnocaedosamenvHslX AUHELNHO He3A8LCLMbIX
MUHUMYMO8, 8 KOIMOPOM 8C€ 6EKTNOP6L PABHBL N0 OAUHE.

Taxkum ofpasom M3 Hawelt Teopembl 1. HeMOCPEACTBEHHO CJIEAYET U
CJIEVIOILAsT TEopeMa :

Teopema 2. Ha mruoxcecmse n-pewémox, npu n=10, qucaa donycmu-
MbIX U HeU30MOp(PHbLX, 0aaee yucaa c80600HbIX U HECB06OOHBIX YermpuposoK
penepa nocae008amenbHbIX MUHUMYMO8 CO 3HAMEHamel 2, U camu 3Imu yeH-
mpuposku Haxodsamesa ¢ maGauyax 1 —V. (cuuman u mpusuaivryo).

JloKA3ATENLCTBO TEOPEMBI 1. Jlemma 2 1aét Heo0x011M0O€e ¥ JOCTATOYHOE
VCI0BHME [JIsi TOro, yToObl IEHTPUPOBKA CYThL JOMYCTUMOM. C MoMOiIbIO
Jlemmbl 3 MO)KHO JIErK0 V3HaTh, YTO LIEHTPUPOBKA CBOGOJA MM HecB0OOJa.
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[To Jlemme 1, MHEEKC LEHTPUPOBKU paBeH p = 29. C momomyio Jlemm 4—5
U 7—8 MO)KHO BbIOpaTb HEIKBUBAJIEHTHbIE LEHTPUPOBKU M3 JOMYCTHHBIX
[IEHTPUPOBOK CJIeYIOLIMM 00pa3om :

3.1. p = 2, 4. LIeHTPUPOBKU C HHAGKCOAMH p =2 U p = 4 Mbl Cpasy
nonyyum no Jlemme 2 m mo Jlemme 5. Tax mbl nonyuum Homepa 2-13. B
tabnuue I1. Homepa 19—25. B taGnuue I11. u Homepa 38—46. B Tabnuue
I'V. QueBHAHO, uTO OOMbILIE TAKUX LEHTPUPOBOK HET.

3.2, p = 8. TNoCKONBKY LEHTPUPOBKA C MHAEKCOM p =4 mnpu n<6
He CYILECTBYET Mo3ToMV 1o Jlemmam 1. u 8. npu n=6 UeHTPUPOBKU U HH-
JEKCOM p = 8 He CYIEecTBYIOT. [7st Toro 4To0bl MONVUUTB CYIIECTBEHHO
7-mepHble LEHTPUPOBKY C UHAEKCOM p = 8, 110 Jlemme 7 MOYKHO UCXOIUTH U3
MMHUMaNbHOHM 0asel UEHTPUPOBKM 1oj Homepom 7 B Tabnuue 11. MoxHo
100aBaATb K 9T0i 0ase TpeTHil BeKTOp

(50 5050 —’-]

2 2 2 2

4To0bl [TONYUUTH HEIKBUBANEHTHYIO M JONYCTUMYIO LEeHTPUPOBKY. Tax Mbl
MoJIYYUM UEHTPHMPOBKY MojJ Homepom 14. B Tabnuue I1. Ins Toro utobhl
NOJIVYUTh CYILECTBEHHO 8-MepHbie LEHTPHPOBKHU C MHIEKCOM p = 8, OmsiTh
no Jlemme 7 MO)KHO MCXOAMTH M3 MUHUMaNGLHX 0a3, comep)KalliuX JBa BEK-
Topa moj Homepamu 7. 8. 9 B Tabauue I1. Y3 3Tux mul nonyuum Homepa 15.
16. u 17 B tabauue 1I. Ianee, A5t TOro 4rodbl MOJIYUUTh CYIIECTBEHHO 9-
MepHBIX U cviecTBeHHO 10-MepHble LeHTPHUPOBKHM MOXKHO MCXOAUTh M3 LeH-
TPUPOBOK noA Homepamu 7—13. B Tabaunue 11. 1 20—25 B Tabaunge 111. Tak
MBI TOJIVYuM HoMepa 26 — 33 B Tabnuue 111. u Homepa 47— 67. B Tabauue IV.

3.3. p = 16. ITocKoNBKY LEHTPUPOBKHU C UHJEKCOM p = 8 NpU n <7 He
CYLIECTBYET, T103TOMY 110 Jlemmam 1 ¥ 8 npy n =7 UEHTPUPOBKH C UHIEKCOM
p = 16 He cywecrtByioT. 1o Jlemme 7. cviuecrBeHHo 8, 9 u 10-mepHble He-
9KBHBAJIEHTHRIE [IEHTPUPOBKH C UHAEKCOM p = 16, Mbl MOJAYYUM U3 LEHTPH-
poBoK nof, HoMepamu 14— 17. B tabnuue I1. n 26— 33. B Tabnuue I11. Onu
Haxogatcsi nmox Homepamu 18, B Tabauue II., 34—37. B tabmuue III. n
68— 86 B Tabnuue 1V.

Tabauya I.
PasmepHOCTS (1) 2 3 4 5 6 7 8 9 10
HeokpuBa-

JIEHTHBIE 1 1 2 5 9 18 37 90
CBoGogHbE 1 1 1 2 3 4 6 10 18
He cBobojuble o0t 0 1 1 2 5 12 27 72
Hewnsonopduere 1 1 2 2 3 4 5 5 6
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Tabauya 11.
HeasKBUBaTeHTHbIe A0, LeHTPHPOBKKU ; n=8, m = 2
Homep Hugexce Yucno 1 B onpex. cTpoK. MnHumanbHas 6asa
1 1 0 (00000000) cB0O.
2 2 4 (11110000) HeCBoO.
3 2 5 (11111000) ¢Bo6.
4 2 6 (11111100) ¢B0G.
5 2 7 (11111110) cBo6.
6 2 8 (11111111) cB0G.
7 4 | 444 (11110000) HeCBOG.
(11001100)
8 4 4,46 (11110000) HecBo6.
(10001110)
9 4 4,5,5 (11110000) HeCBOO.
(11001110)
10 4 | 448 (11110000) HECBOG.
{00001111)
11 4 4,5,7 (11110000) HecBoG.
(00011111)
12 4 | 466 (11110000) HECBOG.
(00111111)
13 4 |556 (11111000) cBoG.
(00011111)
14 8 |44,4,44,44 (11110000) HeCBoG.
(11001100)
(10101010)
15 8 14,444,448 (11110000) HECBOG.
(11001100)
(11000011)
16 8 14,444,466 (11110000) HECBOG.
(11001100)
(10100011)
17 8 4,44,5,5,5,5 (1 1110000) HecBob.
(11001100)
B (10101011)
18 16 | 4,4,4,4,4,4,44 (11110000) HECBOG.
4,44,4,448 (11001100)
(10101010)
(01101001)
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HeaxBHBaieHTHbie AOT. LEHTPUPOBKU, n = 9, m = 2

Tabauya I111.

Homep

Hnpexc

Uuncno 1 B onpel. CTpoK.

Munumanshan 6asa

19

9

(111111111)

¢B00.

20

21

22

4,59

(111100000)
(000011111)

4,6,8

(111100000)
(000111111)

4,7,7

(111100000)
(001111111)

5,5,8

(111110000)
(000011111)

5,6,7

(111110000)
(000111111)

6,6,6

(111111000)
(000111111)

HecB0O.

HeCBOO.

HeCB0O.

cBo6.

¢B00.

cBo0.

26

27

29

30

31

32

33

34

4,4,4,4,6,6,8

(111100000)
(110011000)
(100000111)

4,4,4,55,5,9

(111100000)

| (110011000)

(110000111}

4,4,4,5,5,7,7

(111100000)
(110011000)
(101000111)

4,44,6,6,6,6

(111100000)
(110011000)
(101010111}

4,4,4,6,6,6,6

(111100000)
(100011100)
(01001001 1)

4,4,5,5,5,6,7

(111100000)
(100011100)
(110010011)

4,5,5,5,5,6,6

(111100000)
(110011100)
(101010011)

4,4,5,5,5,5,8

(111100000)
(110011100)
(110010011)

16

4,4,4,4,4,4,4,4
4,4,6,6,6,6,

)

(111100000)
(110011000)
(101010100)
(110000011)

HecBo6.

HecBoO.

HecBO6.

HecBob.

HecBoO6.

HecB0O.

HecBob.

HecBob.

HecBob.
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Tabauya 111.
IMponno)kenue

]
|
Homep HHnekc Usucno 1 B onpen. CTPOK. ' MunumanbHas 6a3a !
|

35 16 | 4,4,4,4,4/4,4 (111100000) HECBo6.
5,5,5,5.5,5.5,9 (110011000)

(101010100)
(011010011)

36 16 4,4,4,4,44 (111100000) HecBo6.
5,5,5,5,5,5,5,5,8 (110011000)

(110000110)
(101010101)

37 16 4,44,4,4,44,4,4 (111100000) HecBog.
6,6,6,6,6,6 (110011000)

(101000110)
(100010101)

3.4. p = 32. ITo Jlemmamu 1 u 8 TaKe UEHTPUPOBKU MOTYT CYILECTBO-
BaThb TOJIbKO B 9 ¥ 10-mepHBbIX npocTpaHcTBaX. HoO LEHTpUPOBKY IOA HOMe-
pom 18. B Tabnuue 1I. Henb3st 106aBUTH TaK, UTOOLI Mbl TTOJIVUUIIM LEHTPH-
poBKy ¢ mHAeKCOM p = 32, B 9-MEpHOM IIpOCTpaHCTBe, MOITOMY TaKue
HEHTPUPOBKH CYIIECTBYIOT TONLKO Tipu 1 = 10. OHM HaxoasaTcst B Tabnuue
1V. mox Homepamu 87—90.

B tabauue VI. BugHO oAuH U3 HUX. TaM HaXxomATCS BCe €€ Onpenensio-
l{e CTPOKH.

3.5. p=32. o Jlemmamu 1 U 8 TaKoi#l UEHTPUPOBKH HE CYHIECTBYIOT.

3.6. Mo Jlemme 6. ¥ mo Tabnuuam II—1V. y)ke jnerko nonvuyum Heus-
30mop(dHbIe LEHTPUPOBKH (CM. B Tabnuue V.).

3.7. B KoHue KoHLOB, o Tabnuuam 11— V. y)Ke He TPYAHO MONVUHTE
tabnuuy 1., U TaK Teopema JoKasaHa.
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Tabauya IV-
HeoxsuBaneHTHBIE A0N. UEHTPUPOBKM, h = 10, m = 2
Homep Hnperc Uncno 1 B onpeR. CTPOK. MunumaneHas Gasa

38 10 (1111111111) ¢B06.

39 4,6,10 (1111000000) HecBoG.
(0000111111)

40 4 4,7,9 (1111000000) HecBo0.
(0001111111)

41 4 48,8 (1111000000) HeCBOG.
(0011111111)

42 4 5,5,10 (1111100000) ¢B06.
(0000011111)

43 4 5,6,9 (1111100000) cB0G.
(0000111111)

44 4 5,7,8 (1111100000) cBO0.
(0001111111)

45 4 6,6,8 (1111110000} cB00.
(0000111111)

46 4 6,7,7 (1111110000) ¢B0G.
(0001111111)

47 8 4,4,4,4,8,8,8 (1111000000} HecBoO.
(1100110000)
(0000001111)

48 8 4,4,45,7,7,9 (1111000000) HecBoG.
(1100110000)
(1000001111)

49 8 4,4,4,6,6,6,10 (1111000000) HecBoO.
(1100110000)
(1100001111)

50 8 4,4.4,6,6,8,8 (1111000000) HecBo0.
(1100110000)
(1010001111)

51 8 4,4,4,7,7,1,7 (1111000000) HecB0G.
(1100110000)
(1010101111)

52 8 4,4,4,6,6,6,10 (1111000000) HecBoG.
(1000111000)
(1000000111)

53 8 4,4,4,6,6,8,8 (1111000000} HecBoO.
(1000111000)
(0100000111
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Ipoxonsixenne 1.

Tabauya IV.

Homep

WHpexc

Uueno 1 B onpea. €TPOK.

Muunmansnan 6asa

55

56

57

58

59

61

62

63

64

65

66

67

4,4,5,5,6,7,9

(1111000000)
(1000111000)
(1100000111)

445,6,71,1,7

(1111000000)
(1000111000)
(0100100111)

4,4,6,6,6,6,8

(1111000000)
(1000111000)
(1100100111)

4,4,5,5,1,1,8

(1111000000)
(1100111000)
(0000100111)

4,5,5,5,5,6,10

(1111000000)
(1100111000)
(1100000111)

4,5,5,5,5,8,8

(1111000000)
(1100111000)
(1010000111)

4,5,5,5,6,7,8

(1111000000)
(1100111000)
(1000100111)

4,5,5,5,6,6,9

(1111000000)
(1100111000)
(0000110111)

4,5,5,6,6,7,7

(1111000000)
(1100111000)
(1010100111)

4,4,6,6,6,6,8

(1111000000)
(0000111100)
(1100110011)

4,5,5,6,6,7,7

(1111000000)
(0001111100)
(1000110011)

4,6,6,6,6,6,6

(1111000000)
(0011111100)

(1010110011)

5,5,5,5,6,6,8

(1111100000)
(0001111100)
(1100010011)

5,5,5,6,6,6,7

(1111100000)
(0001111100)
(1001010011)

HecB0O.

HecBoO.

Hecsob.

HecB0O.

HecBoO.

HecBob.

HecBoO.

HecBoO.

HecBoO.

HecBob.

HecBoO.

HecBo6.

cBo6.

cBob6.
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Npomonsxenue I1.

Tabauya IV.

Homep

Hupexc

Uncno 1 B onpeR. CTPOK,

Munnumanbnas 6asa

68

69

70

71

72

73

74

75

76

77

78

16

(1111000000)
(1100110000)
(1010101000)
(1000000111)

16

(1111000000)
(1100110000)
(1010101000)
(1100000111)

16

(1111000000)
(1100110000)
(1010101000)
(0110100111)

16

(1111000000)
(1100110000)
(1100001100)
(1100000011)

16

(1111000000)
(1100110000)
(1100001100)
(1010000011)

16

(1111000000)
(1100110000)
(1100001100)
(1010100011)

16

(1111000000)
(1100110000)
(1100001100)
(1010101011)

16

(1111000000)
(1100110000)
(1010001100)
(0110000011)

16

(1111000000)
(1100110000)
(1010001100)
(1000100011)

16

(1111000000)
(1100110000}
(1010001100)
(0000101011)

16

(1111000000)
(1100110000)
(1010001100)
(1010100011)

HecBoG.

HecBo6.

HecBob.

HeCBOO.

HecBoO.

HecBoO.

HecB0O.

HecBoO,

HecBoO.

HecBoO0.

HecBoO.
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MNpononwxenue III.

Tabauya I'V.

Homep

Hnpnexc

Yncno 1 B onped. CTPOK.

MwuHumanbHas 6asa

79

80

81

82

83

84

85

86

16

(1111000000)
(1100110000)
(1010001100
(1000101011)

16

(1111000000)
(1100110000)
(1010101100)
(1000001011)

16

(1111000000)
(1100110000)
(1010101100)
(0000001111)

16

(1111000000}
(1100110000)
(1010101100}
(0110100011)

16

(1111000000)
(1100110000)
(1010101100)
(1100001011)

16

(1111000000)
(1000111000)
(0100100110)
(0010010101)

16

(1111000000)
(1000111000)
(0100100110)
(1010010101)

16

(1111000000)
(1100111000)
(1010100110)
(0000110101)

HECBOO.

HECBOO.

HECRBO0O.

HECBO0G.

HECBOO.

HECBO0O.

HECB0G.

HECB0O.

87

88

32

4, (1111000000)
A, (1100110000)
6, (1010101000)
(0110100100)
(1100000011)

32

» (1111000000)
(1100110000)
(1010101000)
(1100000110)
(1010000101)

HecBo0.

HecBoO.



13

HEHTPUPOBKU PELIETOK CO 3HAMEHATEJIEM 2 163
Tabauya 1V.
Ipopoabikenue 1V.
Homep Vinpexc Uuceno 1 B onpeR. cTpoOK MuHumanbHasa 0asa
89 32 4,4,4,4,44,44, (1111000000} HecB0O.
4,4,5,5,5,5,5,5, (1100110000}
5,5,5,5,5,5,5,5, (1100001100)
5,5,8,8,8,8,8 (1010101010)
(1100000011)
90 32 4,4,4,4,4,4,44, (1111000000) HecBoO.
4,4,4,44,44, (1100110000)
6,6,6,6,6,6,6,6, (1010001100)
6,6,6,6,6,6,0,1 (1000101010}
(0001101001)
Tabauya V.
HeusomopdHbie AoN. LEHTPUPOBKYU, M = 2
P - H
Homep HH’}&KC :gg;ebp MunumanbHan 6asa OM:E:TSZ%Aégggﬂmx
nz= 8 Tabnunax 11-1V.
1 1 (0000000000) Ir. 1.
2 2 4 (1111000000) II.2-6., 111. 19., IV. 38
. (1111000000) 1. 7-13.,1V. 20-25.,
3 |4=22 6! (0011110000) 1V. 39— 46.
(1111000000) _ _
4 |8=2.2.2 7 | (1100110000) i 1417, 1. 26 -33.
(0101101000) ’ ’
(1111000000)
5 16 = 8 (1100110000) II. 18, 111, 34 -37.
=2.2.2.2 (1010101000) 1V. 68 —86.
(0110100100)
(1111000000)
(1100110000)
6 32 = 10 (1010101000) IV. 87 -90.
=2-2-2.2.2 (0110100100)
(1100000011)
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Tabauya VI.
IIpumep
MunumanbHasa Gasa ' PasmepHOCTb 3HameHaTelb Hunexc
ay, Az, ag, ag, as q=5 \ n=10 m=2 p=32
a, = (1111000000) a;, = (1001011000)
a, = (1100110000) a;g = (0101010100)
a, = (1010101000) a,, = (1010100111)
a, = (0110100100) a,, = (0110101011)
a; = (1100000011) a, = (0110010111)
a; = (1100001100) a,, = (1010011011)
a, = (0000001111) a,, = (0101100111)
a, = (0110011000) a,, = (1001101011)
a, = (1010010100) a,, = (1001010111)
a,, = (0000110011) a,, = (0101011011)
a,, = (0000111100) a,, = (0011111111)
a,, = (0011110000) a,, = (1100111111)
a,;; = (0101101000) a,, = (1111001111)
a;; = (1001100100) ay, = (1111110011)
a,;; = (0011000011) ay = (1111111100)
4, = (0011001100) az, = (0000000000)
Jiutepatypa
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A REMARK ON SIGNUM TYPE ORTHONORMAL SYSTEMS
By

N. H. LOI and M. HORVATH
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Consider the orthogonal series
(1) >y pa(X),
n=1

where {a,} is a sequence of real numbers and {g,} is an orthonormal system
on the interval (0, 1) (briefly: ONS). The series (1) is said to be convergent
almost everywhere (a. e.) unconditionally if it is convergent in every rear-
rangement

(2) Z n(l) ‘pn(l)

a. e. (The set of divergence points may depend on the rearrangement). The
orthonormal system {p,} is said to be signum type, if [g,(x)] = 1 a.e.on (0, I)
forn=1,2, ....

For any {a,}€!l, denote by {a*} such a rearrangement of {a,} for which
|a¥|=|af| = ... and define

o vk+1) 1/2 k
S = Z[ > a,";"’logzrz] (v(k “22)
k=0\n=s(k)+1

I. Jod proved in [2]: If S = <, then there exists a signum type orthonormal
system and a rearrangement {n(l)} such that the series (2) is divergent a. e.
on (0, 1). His theorem results from the following.

LemMmA. Let ¢,=<k, <k, be integers (where ¢, and later on ¢y, ¢,, ... are

absolute constants) and {an} (n = vlk)+1, . , ¥(k,) asequence monotone
decreasing in absolute value. Then there is a constant ¢, such that if

ks (ke + 1) —1(K) 172 ¥(ke) 12
3 z(a%mHJr S a3<k>+,log2l] zcl[ S ai] .

k=ky =2 n=s(ky)+1

13*
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then there exists a signum type orthonormal system {p,} (n = »(k))+1, ...,
.., w(ky)) of stepfunctions and a simple set Ec (0, 1) (i. e. E is the union of
finitely many intervals) with mes E=c, such that the series

(ko)
@ Pa(X)
n=yky)+1
has a rearrangement
#(ka) = (k1)
Ay (pm(l)(x)
=1
for which
) ko , v(k+ 1) —v(k) ) log? ] 1/2
max a X)=c a; + az 0g
(@))] 1§A§v(k2)—v(k1)l§ m()Pm 3k§1[ »()+1 zz=:1 () +1 ]
(x€E)

is fulfilled.

For the proof of this Lemma in [2] are used independent functions and
the well known Kolmogorov’s inequality for them (see also in [3]).

The aim of the present note is to show that this Lemma follows by an
elementary construction. Our method may be useful also for other related
problems.

Indeed. Use the notation

def WD) 1/2
Ak:[af(k)+1+ av(k)+llog21] .

=2

It is well known [2], that there exists a 1-bounded orthogonal system {u,}
(n = w(ky)+1, ..., v(k,)) from stepfunctions (i. e. lp(x)| =1 a. e. on (0, 1))
and a simple set E*c (0, 1) with mes E*=¢} such that for an appropriate
rearrangement {m(/)} the relation (4) is fulfilled for {y,} in every x¢ E*, with
some ¢¥. Here ¢f and c¢§ are absolute constants. Now we construct from the

system {y,} a signum type orthonormal system {p,} satisfying the require-
ments of the Lemma.

To this let I,, ..., Iy be a partition of (0, 1) into disjoint intervals so
that every function v, (n = v (k;)+1, ..., »(k,)) is constant on every I,
((=1, ..., N), further
(5) E*= U I.

E*nlll;éo

Denote #; ; = yiuup(x)forxel, i=1,...,Nandj =1, ..., v(k,)—v(k;);
we know that [, ;|=<1.
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We construct a series {f; ;}, i =1, ..., Nand j =1, ..., v(ky)— (k)
of stepfunctions such that

(6) supp f;, ;< 1,

) fi,jx)=1=9, ; or =1-9, , on [,
®) 15,5 =0

©) oo fige =01 1]

holds for all possible choices of the indices i and j.
Denote I, = (a;, b,). Let

1—9; Da;,+~(14+9; )b;
1—8, ,, if xe[ai, (=% 2( 1) J

=& Da;+(1+8, )b,
i—l—ﬁi’l, if xe[ (=9 2( .2 .b,.J,

L 0 otherwise.

/i, 1(X) =

Suppose f; ;is given. Let f; ;,,(x) = 0 if x¢ /. The interval I, can be divided
into (maximal) subintervals on which f; ; is constant. On each of these sub-
intervals we give f; ;,, as follows:

Denote by (a, b) a subinterval described above.
Define

|
¢ = ”2‘[0(1 =By, je) FO(1+ 94 ;4]
and let

ot = { T ey
Since j,ﬁ’ j+1 = 0, itis easy to verify (6) (7) (8) and (9). Having constructed
thef,-,(;’ s, define for x¢
@j+ e (X) = pjesen(¥) + l%fi,m(kl)(x)-
By (8) and (9) the system {p,} 7 = »(k;)+ 1, ..., »(k,) is a signum type ONS.

To prove our Lemma we have to verify (4).
Define 1= A;=»(k,)— v(k;) such that for x¢/;

i 4
max TP X) = D' AW miny(X)-
[ =ty ) 1;1 m¥m 1=Zl m(Y¥Pmn)
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Applying the inequality
]
mes {x¢ I: | f(x)] >e}s~—2~ff2
&
I

we get from (3), (9):

A l_a &
mesJxel; ! 5‘ am(l)fi, m(l)(x)’ = Z A=
= =
v(ks) )
an
c;’”(,’:)“ 5 -mes [;=c,mes I,
2 k=k1
Here ¢, = w55 e can suppose that the constant ¢, is great, namely that
€371

€< % Now for I;C E* we have

A C* ko
mes {xel,.: max > am(,,rpm(,)(x)z—z"‘— > Ak}z

L=d=v(ke)—v(ky) {1 k=ky

li C;g kg
= mes {XE 12 Qpp®rme(X) = o > Ak} =
=1

K=k,

A kp
= mes {XE I;: Z am(lW’m(l)(x) >3 Z Ak} -
I=l

k=ky

A ‘ ¥ L 1
z a(ml)fl, m(I)(x)I >—2 Z Ak}>-:—2-mes 11"
k

=1 =k,

—mes{xe],.:

* *
We obtained the statement of the Lemma with ¢; = 673 and ¢, = iy
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In this paper we consider positional games from an unusual point of
view. We are going to calculate the use of espionage in the simplest situation
where it can be asked for. As far as we know this problem is new at all, so we
have no references.

The simplest situation is the following one. Two players, Red and Blue
are playing on the set of natural numbers N = {1, 2, ..., n}. They colour
alternately one of the uncolured numbers of N with Red colouring first. Before
the game Blue fixed a set ACN (|A| = k=n/2) and his goal is to colour the
numbers of A till the end of the game. Red does not know A, so, it is wise for
him to act randomly.

Red has two main possibilities to make use of random. On the one hand,
Red may colour randomly and independently with the same probability
one number of the uncoloured rest by move. Now there is nothing to know for
Blue. He has two choices when he is on move: to colour a number of the rest
of A or to colour a number of the rest of N— A. We define a program for
Blue to be a function that says what to do of the above mentioned two choi-
ces. Let g,, denote the probability of the event that Blue can colour A.
(It depends on Blue’s program, of course.) Let Q,, denote ¢, , if the prog-
ram is to colour an element of A as long as it-is possible.

On the other hand, Red may choose a strategy randomly, Strategy
means a function whose domain is the set of positions in which Red is to move.
Two positions are different iff they evolved on different ways. Its range is
the set of possible moves. All the strategies have the same probability. The
notion of espionage means that Blue knows the randomly chosen strategy.
Let p,, denote the probability of the following event: Blue has possibility
to colour A.

There are absolutely dlfferent limit dlstrlbu‘uons of Q,, and p,,. This
difference is that, what we call as “use of espionage”’.
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THEOREM 1. Every program of Blue satisfies q, ,=Qp -

If k = O(VE), then Qn,k -1;
k=c/nvoYn),  then  Q,,—~e~ 2
k[Yn— e, then Qu 0.

Proor. Because of the independent choices g, , is a product of proba-
bilities. So

—k n—k—1 n—2k
n n—2 -2k’

n
Qn,k =

and it is easy to see that ¢, , =@, , factor by factor. Using the asymptotic
formula

e—%ml—i it X0
n n
and the inequalities
M=) 1 _k k=10 k(k=1) 1
2 n n n-— n—2k 2 n—2k

we have our statements. Wl

THEOREM 2. If k=n/2, then p, , ~ l—ﬁ.
n

Proor. Let S(n) denote the number of Red strategies, F(n, k) denote
the number of those Red strategies which give possibility for Blue to colour A
if he spied.

It is obvious, that p, , = F(n, k)/S(n). We make recursive formulae for
S(n) and F(n, k).

There are n possible choices for Red in the first move, all these choices
allow n—1 choices for Blue in the first move. Having done the first pair of
moves the number of the Red strategies on the set of the remaining n—2
points is S(n—2). After any of the n—1 possible Blue choices in the first
move Red can continue his play by all of the S(n—2) then possible strategies.

So we have S(n) = n-S(n—-2)"1.

_ Suppose p¢ N— A. Let us define B,(X) to be the set of those Red strate-
gies, in which Xc N— A, (i) and (ii).

(i) Red’s first move is p,
(if) Blue can win if he choose in the first move whichever element of X.

Using the sieve we have:

Finky= 2 2, (= D==1Bx)|.

PEN-A o=#x<N-{P}
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Using the notations | X| = x, | XN A| = m, we have
IBP(XH = F(ﬂ—2, k— l)m F(ﬂ—z, k)x—m S(ﬂ—?_,)”_x_l

since an element of X N A can be followed by any Red strategy that allows
Blue’s win on k—1 of n—2 points, an element of X— A can be followed by
any Red strategy that allows Blue’s win on k of n—2 points, and an element
of N—{p}— X can be followed by any Red strategy on n—2 points. We have

Z IBp(x)I =

x|=x

= zx: [ k ][n— k— 1]F(n—2, k= 1y F(n—2, ky==m S(n —2)r=*-1,
X—m

m=0 n

Changing the sums and using the Binomial Theorem twice

F(n, k) Z - 1)x—11 :Z | B,(x)| = (n—k)S(n— 2y~ +
a= X|=x

(n— k)Z (—1ym- 1[ ](n 2, k—1)m Z

.[nnk# Jrin=2,kmsa—2pesms = stz -
X—m

—(n—k)(S(n—2) — F(n—2, k—1))¥(S(n—2)— F(n—2, k))*~*1,
Dividing to S(r7) we have

k
P = [1 ”Tz]“ (1= P, 1 = s, )]

It is easy to see by induction that P [,,] _.L, since P, [n] =0.
Hence P [n] isseparated from zero. Obviously i< jxmplxespn i=Pp ;8
L2

Pn, x 18 separated from zero.
pn, k
k

n

We have -

= l+o(e") withan e>1. W
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1. Diophantic systems and partitions of numbers

In the present paper we are investigating the number of solutions of the
following diophantic system:

(i) Ix;+2x,4+...+nx, =N,,
(i) x;+ x4 ...+ x, = N,,
(i) O=x;=p (j=12,...,n).
Although the above system has been out of regard, all of its subsystems have
been intensively investigated.

It is well-known, that the number of solutions of (i), n = N, is P(n), the
number of partitions of the number n,

o= (1ol ey

as it was proved by HARDY and Ramanujan in 1918 [4]. Here the term of
error n~Y2 was changed to n—1/4+¢ by an easier proof of FREymaN in 1955
(see in PosTNIKOFF’s book [9]). In 1943 PauL Erpd&s found an elementary
proof for [2]

c 20—
P(n)~—exp|—V¥n|.
(m)~— p[ Ve ]
Every introduction in combinatorics contains, that the number of solutions of
eay N2+n_l
(ii) is .
n—1

HarpY and RamMaNujaN found for the number of solutions of (i) and
(iiiyincase of n = Ny, p = 1 [4]

I+0o(1) T -
i P [7_371//1 J
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In case of fixed p rather than p = 1, by the private communication of
M. SzaLAY is

[] 1 ]3/4
pti exp i’f.—l/l——l—nm .
2.6V pl/2 13/t V6 p+1

I. Joo [6] proved the number of solutions of (i), (iii) to be

(N—Ap)

i WN-Aw
n-—-—— 2D2 i
P+ 1"y52D, [e no /1]

(1+0(1))

where |@] is bounded by an universal constant,

A = nin+1)p D _n(n+D(2n+1)p(p+2)
" 4 7T 72 '

The system (ii), (iii) was investigated by CasteLNouvo [1], and in case of
more generality by PosTNIKOFF. PosTNIKOFF proved that the number of
solutions is ([9], [10]):

(N-a,)?

1 s (p+1)n—
l n _ 2ne2 4+ 0 )
(p+1) V2an é ¢ [ n ]]

where
a = .‘l.)_+.1_, 62 = —1_ L x2p_[p_H]2 .
2 P+ I x=0 2
We have found the following theorem.

THEOREM 1. Suppose 3=n, 1=p=(1,0014)"4n=32 N,, N, are natural
numbers. Let us define

n nn+1)
A, = ._ép_, Ay = (_4_1’_,
pr - _Pp+2) . _ nn+D2r+1)p(p+2)
mtT T Dn2= 72 ’

— 3ﬂ+3_ _ _1__ 2 2
hn V’Tn+—2’ Q(uy, uy) = 1 —hg(ul —2hnu1u2+u2).

Now we have R, (N,, N,) the number of solutions of (i), (i), (iii)

—iQ Ni—Ap, Nl_Anz)
(p+ l)ﬂ [ e 2 Dnal ' Dny'-’- 0 ]

D,.D,, 27y T— h2 n

Rn(Nv Nz) =

where |0 =105,
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The proof of the theorem is contained in the following two sections of
the paper. We apply so me techniques due to Jod and to the book of SirRASH
DINOFF, AzLAROFF and ZupAROFF [12]. The final section is devoted to an-
application to Wilcoxon statistics.

2. The proof of the theorem

Let us consider for £k = 1, 2, ..., n the independent random vectors
g, asfollows (x =0, 1, ..., p):
i
gk = (Ek,p Ek,z); P(gk = (x,kx)) = —.
p+1

Set
Sn,j = kZ:‘ fk,j (] = ]; 2);

P(N1,Ny) = P((Sp1 Sn2) = (N1, Ny)).
It is easy to check, that
E(Sn,l) = An,l? E(Sn,2) = An,Z’
Dz(sn,) = Dn,21’ DZ(Sn,2) = Dr21727

where the quantities A, ;, D, ; are defined in the theorem. Set

Dn,1,2 = E{i (5!:,1—E(Ek,ﬂ)(fk,z—E(fk,z))};
k=1

Dn
h, = —--—’1—’2~, Easy computation gives f#, = 3n+3 . Let us consider
n= D D, Y gIVES fin Ant2
the characteristic functon f,(t;, £,) of the random vector variable (S, 1, S, )
. L Y 2
(L) = E{el(sn’111+3n’2f2)} = I eithx+tekx) —
f b k]=71 P + ] x=0
L+ kt
sin(p+1) LR
(1) = —l.__ei(An,1‘1+An,2’2)H 2 ,
(p+1) = g tl_J;kt_2

and the characteristic function f}(t,, t,) of the normed random vector variable
{ Sn,l - An,l Sn,Z - An,Z .

D D

n,1 n,2

. Sn'l - A ,1 Sn,2 —_ An,Z _
(2) fﬁ(tlr t?.) =E €Xp l[ Dn i tl + 5 t2 _

,1 n,2

tl 12 . An,lt AnZt
—an "D exp -t D—1+Fn2—2'
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It is important, that f* is real-valued. The following identity is easy to check:

(3) [/fn(tl’ ty)e~{Ni+ieND dt dt, =
= (p_{l_ l)n ff i Oei[tl(xl+xz+...+xn—N1)+tg(l-x1+2x3+...+nxn—Ng)] dtl dt2=
X1, X2y o0y Xp=
’ 42
= Rn(Nl’ N2) = 47r2Pn(N1’N2)'
(p+1)?

Let us consider the quadratic forms
qt, 1) = B+ 2h 11, + 1,

1
Quy, up) = T“;Z’z'(u% — 2h,uyu, + uj).

The density of the two-dimensional standard normal distribution is

o(u;, Uy) = ——}—_—e"‘;‘Q(“luz)
v 27) 1 —h2

[3]. We recall the following identity: if J is a positive definite quadratic
form with the symmetric matrix A and J* is the quadratic form of the matrix
A~-1 then

1
()] / /g-ﬂ'/’(xh Xg)porj(U1X1+ UpXz) dx,dx, = }/—-'——e—f‘w”"(ulv uz)
det A

(see [7] Chapter XI, section 2). Let us apply (4) to the matrices

A:L[l h,,], A-io 2@ (1 —hy)
2\, 1 1—nzl—n, 1

We have
o = .
(5) [ [T gty = gy, ).
Itis easy to get from (2), (3)
(6) 4PNy No) = [ [ fulty, tp)e it N gt ity =
= f f THD sty Daly)eilAnn= N0t (Ana=Nolel i ity =
- . osin(p+1) Lt iy
= f f cos [(N, — A+ (Ny— A, )t] I Tk, dt,dt,.

S =1 (p+ 1) sin T
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By slight modification of (5) we have

(7) 4n2¢( Moy, Nazdpe ] =

nl Dn72

=Dy Dp [ [ c0S[(Ny— Aty +(Ny—~ Apo)t] -

— a0 — oo

1
—54(Dpy ytts Dp o)
e 2T mIRTNEE gt .

Let us consider

(®) 0n=,.{<t1,t2>:|t1|< ) —Vi—}

L < ——
4D, , 2V12D,,
Now multiplying (6) to D,, ;, D,, , and subtracting (7) we have

Ni—A,,  Ny—A,, ]] -
D ’ D,,

n,l

(9) 4ﬂz[Dn,l Dy, P(N,;, N,) —‘P[

= Dn,l Dn,2[11+ 12“‘13]’

where
L= ff cos [(N, — Ap ) + (N — ALt
on
sin{p+1) ll—ilit—z- 1 \
ﬁ 2 _e—fq(Dn'l'th’zh) dt dt
k=1 .t kL, 1
(p+1)sin 1 —=-
J
sin(p + 1)——’1 + iy
n
I, = f].!:_o cos [(Nl_An,l)tl +(Ny— A L)) 7 Py dt, dt,,
(-2n*=On k=l{p+1)sin 122

1
—— 4(Dpady, Dpyata)
Iy= [ [ cos[Ny=Apnti+(Ny— Aty =™ " at, by

R:-0,

In the following we have to give good estimates for 1,, I,, I,.
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3. The estimation of the integral 7,

This estimation is the hardest of the three ones. Our base is

1
10) a1 = [ [ Dat Dyt = ¢ 2 7 latt =
1
—— q(t1, t2)
= |fA(t,t) —e 2 |dtydty,
5l /
n1%~n,2 5n

yn Vn }

where
0, = {(t, Hl=— |l]=—7=
n {( 1 I 1| 4 l 2\ 2]/12

Using higher moments we expand the function and estimate the term of
error. There is no restriction for our method but the convergency to the func-
tion, and this condition is given by the definition (8). The new quantities
are:

82, = E{(&,i—E(&.0)) i = 1,2,

B = El(&ni—E(Eu))™ i = 1,2,
1 P p
E = - X =,
(Ex,1) PP 5
1 P
E(Ek,z) = —— > kX = Ek,
p+1:o 2
12 p(2d + 1)
Eg)=—-Sx=22""1
o p+1 zo 6
1 3 p(2pH)
E(£y) = — > k2= 502,
=T 2, 6
< pAp+1)
EE)=——-Sx3=_2¥T "/
o p+1 zo 4
1 < pp+1) .
E(,) = —— K3x3 L )
* p+1 xz=:0 4
| 2 (3p2+3p—1
E(gt) = ——> xt = p2p+ 13, +3p—1)
p+1:55 30
I < p2p+1)(3p*+3p—1)
E 4 = — k4x4 — k"’
Gio =72, 30
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2
%f=ﬂﬁa—mem>=ﬁ%§l,

2
6@=E@@~B@a=ﬁ%§lw

y . P(P+2)3p*+6p—4)

e 240

. _ P(p+2)@p*+6p—-4) ,,

‘Bk 2 k ’
' 240

1. 3 3p216p—4 9[1 4 1 ]
8. 5 p(p+2) ~ 5\ 3 p(p+2))

5%,:'5.3?:,1‘5 ’g'aﬁ,i-
We have also:
O, 1,2, = E{(6x1— ECi0))(Ek2— E(Ex2))} =

Léo[ x— g][kx - kﬂl = M/{,

p+1 2 12
n n
An,l = Z E(Em) = —E:
k=1 2
n n{n+1
Ane = Z E(te) = ‘—'—( L )
iz 4
n np(p+2
D3, =S 8% = _p(u,
k=1 12
n nn+1)2n+1 +2
D=3 8%, = (1+D@n+ Dp(p+2)
k=1 72
n n(n+1 +2
Dn, 1,2 % Z 6k, 1,25 ( )P ) ’
k=1 24
P V 3n+3
" DyiD,, I 4n+2

& p . NP(P+2)(3p7+6p—4)
2, Pia 240 ’

i ge, = n(n+1)(2n+ 1)(3n243n— p(p+2)(3p2+6p —4)
ke 7200 '

14 ANNALES - Sectio Mathematica— Tomus XXVIII.
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Now we have

n 4 9 n ﬂ4 81
k k,2
2085 2D, %

umum

Let us consider the characteristic function g, (f,, £,) of the random vector
&, and expand it:

P
Pty 1) = L > etk = | 4 (E(E, )t + kty) —
p+ 1 x=0

1 ] 1
- "é‘ E(E%,l)(tl + kty)? — —é‘E(E?m)(ﬁ + kty)® + ;ZE(Et,l)(tl +1k,)t +

and let us define the functions

. ty fz
—lE(Eku)(——-— 4 t, ]
11 ¥, 1) =e¢€ Dy, Dpyy , ——|.
( ) Pty 2) (pk[Dn,l D

n,2

It is essential, that ¢} is real-valued and their product is f¥.
On the other hand we have

t
e—lE(Ek:l)( Dn,l kD: 2)1 —IE(E 1) [ +k t2 ]_
Dn,l Dn,2
1 t t, )2 i t 3
~—Ez(&k,)[ - +k—2] +—E3(s,)[ +k J +
2 ! Dn,l Dn,2 6 ol Dn,l Dn,2
+‘—E4(§k1)[ +k 12 4-i-...
24 D,, D,,

and multiplying the expansion, in (11), we have by Taylor’s formula with a
0<B<1

1( 8p4 g2 ]2 1 Bys Br,» !
Moty = l——| =ttt | +55] 0L+ 5208
(Pk( 1 2) 2 [Dn’l 1+ Dn’2 2 + 24 [Dn’l e 2

If (¢,,1,)€Q,, then

1| 84, 1,2
ll_q’f(tpfz)lfle 1t1+ ty

+

n,2

8
+ﬁ “1t|+ﬂ Ile

—|—2—4<1,
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and the possibility is given to expand log (1 —¢¥) on QNH. Using (a +b)*=
=2(a*+b*) we notice

1 1 8
|1—¢:>1257[ ]+ |t|] 288{,‘; ltl+ﬂ “2!]5

L NP B Y 5(A B Y
=zl e 2y i+ )

This way we have w1th 0<06,0,<1

l0g J3(t ) = 3,108 [1=(1=p(t )] =

- Z:l {(<p,’f(t1,t2)— 1)——-(rp (ty, 1) — 1)}

ot Bl 5 (B ons o]

2 k=1

Having applied
i[—ak’lt LLE PP
&i\D,., 1+Dn,2 2] = LG talhiy+1;,

we have for (f,, {,)€ Q,,

1 1 | 121 3, ( Bk, B,z 4 i
—Eq(thtz) —iq(h,tz) ~E76 > ( 0l |+ O'tgl) 1
Saty 1) —e =¢ : ’e " =1 P Pna 1=
Bi1 B »
12 5 Q(tl: t) 121 Z 14 kZl fo? 1
( ) =e 72 D4 i+ Dé,z 2 /"

121 Z ﬂkl . 2: ﬂkz . —%q(flytz) 121 9 4
- eXp th+ f;) |=e itgh)
72 Dﬁ,1 Dy 40m °

Comparing (10) and (12) we have

121 9 gttt 6,5-10°
Lls———+ H+ ——t4 2 dt, di,
l ll 40nDn an2 /[[ ] =Dy D,, nanZ

The latter estimate is given by f, = I/ % for n=3, and £ + 2h, 1,1, + 2=

_>_[1 - I/ S‘J(t%*'t%)- We have t%+%t§s%(f%+t§)2, and having an rota-

14 *
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tion-invariant majorant, we substitute polar coordinates and in the later
integral of one variable we integrate partial twice. It is worth noting I, =

= 0[~1—], I; = O[D;]’ but we must not ignore them, since

nD, 1Dy, . n,14/n,2
we are interested also in the values of constants.

4. The estimation of /, and /,

We begin it with I,.
b t+ ki

n
I|= — dt,dt, =
|2‘ k]=]1 . fl—f-kfz e
[—7,7]2-0p (p+ 1) sin T

= ] n

[-% 2] -2

The essence of the proof is

sin (p-+ 1)(t, +t)
(p+ 1) sin ({, + kt,)

1 t2'

sin (p+ x

(p+1)sinx
rest mz at a great distance apart, it is much lower than 1. This way we

=1, and being x from the nea-

give an uniform estimate for the integrand not only out of — Qn, but out
of the less domain
={(x, y):lx|= V3 e 1Y = ____1/_5_}
- 8(p+1) An+1)(p+ 1))

V3
Indeed, if — 3 |x] <?, then x+ky(k= 1,2, ..., n)is at least n/2

8(p+1) )
times at least at distance —ﬁ— from the nearest mz. If |x]<L,
T 16(p+T) 8(p+1)
V3 . ,
then z/2=|y|= EICESVEESL and x+ky is at least n/2 times at least at
V3 a al
==~ dist apart f tl t mz. If - Al -
16(p+ 1) istance apart from the nearest mz. If (x, y)¢ 5 H,
then for all p=1
] ]/§ n/2
. 1)
b s neerky) || PTG |
k=1 (p+1)sin(x+ky) | (p+1) sin V3

16(p+1)
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. ) n/2
- sin ]/3/1 6 s0,99855n/2.
V3 [V3 ]31 1
16 |'16) 6 (p+1)*
It follows
11,) =420,99855%2 < — 90 ince pe(1,0014)vtn-22,
nDn,l n,2

We can estimate in a similar way as we made the last estimate in the previous
section:

1 ! 8Yp2 2. p2 2
e-EQ(Dn,ltI: Dy ots) - e——z“(l —l/-.l—)(Dn 1+ Dn 9013

/f (1+2)d Jdry =

e /re ey ot

Dy1 Dy o nDp1Dp s

and

llals

n

2V12

5. Application to Wilcoxon statistics

Suppose f and g are continuous distribution functions, X,, X,, ..., X,
and Y, Y,, ..., Y,areindependent random variables with these dlstrlbutlon
functions. The event that two of the m+f variables have the same value, is
of probability zero, so, this event will be out of regard. Let us consider the
increasing sequence of m+f numbers of a sample and denote by R, the num-
ber of position (among the m+f numbers) of the increasing subsequence of
X-es. Several order statistics try to decide using the positions of X-es whet-
her f = g or not.

In the Wilcoxon statistics W = Z R, is considered, see the book of

ScHMETTERER [!1]. From this point we supposef g. MANN and WHITNEY
[8] proved the Wilcoxon statistics to be asymptotical ly normal.
IsMATULLAEFF and Joo [5] noticed the following, quite general con-
nection of order statistics and diophantic systems.
Let us denote by X(k) the k™ element of the increasing sequence of X-es,
Xy =:1— 0, X( m+1 =:+ o, by S, the number of Y-s in the interval
(X(k_l), X(k))(k = m+ 1). Let us consider the statistics

m+1

Tre= 2, alk, Sy,

k=1
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where a(i, ) is an integer-valued function. The notice of the authors is
m+t
P(T,, = K) = 7 (K) / [ t ]

where 7, (K) is the number of solutions of the following diophantic system:

m+1

(i) > a(k, x,) = K,
k=1
m+1

(il’) Z xk = t,
k=1

(iii") 0=Xy, ..., X4 =t

(It is easy to check by x;, = R,—1, x,,, =t+m—R,_, x, = R,—R,_,— 1,
k=2,3, ..., m). The authors applied it to the case of Dixon statistics
a(k, x,) = x3. Connecting (i), (ii"), (iii’) to (i), (ii), (iii) of the first section we
have information on the distribution of Wilcoxon statistics through Theorem
1. We have

m+1

WziRk:[
k=1 2

where Ry = 0, R,,,; = n+m—1 and introducting the function

]+'"z+:’ (m—k+ D)(Re—Rer—1),

alk, x,) = (m—k+1) x,,
we have W — m;l =Tphe
Denoting by P(A|B) the conditional probability, we have
m+1

2 ”S’"“=S)=
w3 ) el

S Y

where 7, , is the number of solutions of the diophantic system

PW = K}smﬂ =9 = P(Tp = K-

m
(i) > kx, = K_[’”+ 1],
k=1 2
m
(ii”) > x, =15,
k=1
(i) 0<%y, ..., X, =i—s.

This way we have the following theorem.
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THEOREM 2. Suppose 1 <t —s=(1,0014y"4m=3/2 3=<=m, then

f— 1)m
PW = K|S,y =) = m+t£8_31|‘ ) )
{ ﬂ‘l—l ]Dm,le,z
poftmna, 1o )t
. e m,1 Dm,z n @
27z]/1 —h2, m
where
3m+3
= _ = 105
he= | 5o, 16]=105,
1
Q(uy, Up) = ———— (U3 —2h,uu,+ uf),

I —h2,

1 1
Apa = ?m(f—s), Amg = mm(m+ D(t--3),
D, = llzm(t—s)(t—s+2),

D%, = ?lgm(m-k DE@m+1)(f—s)(f—s+2).
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1. Introduction

A great number of papers investigate asymptotic formulae for the num-
ber of solutions of Diophantine equations (Cf. [1]—[3] and references there),
even a prominent monography has been written in this topic by S. CH.
S1rASHDINOFF, T. A. AzLAROFF and T. M. ZuparorF [4]. The number of
solutions of Diophantine equations in connection with the number of parti-
tions is of particular interest. Nevertheless, the problem mentioned in the
title of our present paper seems to be new in the literature.

Let us consider the following equation
¢)) 1%, +2%,+...+nx, =N, O=x;=<p integer.

Let us denote by R the number of solutions of (1).
G. H. HarpY and S. RaMANUJAN in 1918 [2] proved

R= [1 +0[V%]]ZVI§_17€XP[§—%VE] if n=N=p

and

T 4.3V4, 34 V3

The aim of our paper is to prove the following theorem using probabilistic
methods.

THEOREM. Suppose n=2, p=1 and N are natural numbers. Let us intro
duce the notations

R = 1+—"(1)—exp[—“—ﬁ] if n=N,p=1.

n

A, = ~i—n(n+ 1)p and D} = 7—12n(n+ D@n+Dp(p+2).
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Then the number of solutions of (1) is

= (p+ 1)"_}7:;—1);_{”“)[_%%&]4_%}

where |©| = K with an universal constant K.

REMARK. The ideas of our proof were further developed in [5] for the
investigation of Diophantine system of equations. The proof of the Theorem
will be given in several sections.

2. Proof of the Theorem

Let us consider the independent random variables ¢, (k =1, ..., n)
with the following distributions:

P(g, = k-x) =

(x =0, 1’ .. -;P)-
Let us define S, to be
= > &
k=1
It is easy to check that
E(S,) = A, and D¥S,) = D2.

Let us consider the f,(f) characteristic function of S,, and the f*(¢) characteris-
tic function of (S,— A,)/D,,.. We have

sin (p+ 1)—’5—

@.MFEWﬂ—H*—pWE T
1 p+1 & P+ iz g
2
and .sn‘Ant . An ! t
o -

In fact we are going to prove a local limit distribution theorem, what is a
standard tool in this field (See [4]). However, the realization of the proof
requires also new ideas in our contribution. We have

n

ff (t)e-—thdt ( 11),, ﬁ eit(l *Xp+2xz+ . +BxX = N)dt =
+ 1y ooy Xp=0
©) = —2”—R = 22P(S, = N)

(p+1)y
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and the well known inversion formula

Y . -
5) — eminte Tt = _———¢ 2,
27 l/2:n:
We have to prove
(N-Ap)
(6) '/Zt Dn ”—‘B—— 2D,21 = O[L}
(p+1) n

since (6) is equivalent to the Theorem.
Using (2), (3), (4) and (5) we can write

(N=-Ap)

D,P(S,=N)— V;—n e 2D

Dn dt

27t

— oo

and

i -5 )
) D,P(S, = N)— 7o ¢ 2Dp = el USR]
where

[ et f2(D ) - e=Phe) at,

[
ISFE
£ <it|=n
np
I, = f e—iN—Ap)t . g-DE12/2 gt
mg—n%
We shall prove
R

nD

n

oo D2 ®
(ff*(D t)e iN-Ap) df — f 2 —-x(N-An)tdt)
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what proves
1
Do(| |+ o] + [ Fa]) = 0[7]
and having a look at (7) we get (6).

3. The estimation of /,

Let us consider the following quantities:

= E[(Ek— E(E))],
(ék E(ék))ﬂ’

P
Eéz——— kx = —k,
( p+ Z 2

‘ 1
E() = —— > k2x? = 2p + k2,
(&0 p+ Z 5 —p(2p+1)

x=0

E@) = —— z o = 211‘1’2(”* ke,
p

E@) = ;—~ Z ktxt = 3ip(2p+ NEp*+3p—1 kY

x=0

of = E(6)—E* (&) = —P(P+2) k2,

k= mp(p+2)(3p +6p—4) k4,
_ﬂ%«_zi.ﬁﬂ_fip_—i=3[l_i. 1 ]
o 5 p(p+2) 5 3 p(p+2)
We have
(®) 1=l
gt 5

n

S E@E) = A, = %n(n+ Dp,

k=1

S ot = D = o-n(n+ 1)@n+1)p(p+2),
= 72

tE 3 Bl = (e 1)@ D = 3n— Dp(p-+ D35+ 6p-4),

k=1
17 Bt 8l
= = .
20n D%  25n
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Let us consider the characteristic function ¢,(f) of ¢, and

(p,’f(t) = e‘iE(sk)UDn-(pk[ t ] Of Ek_E(Ek) .
Dn n

Expanding them we have

1 r. 1
B = —— 3 ek = |4 iE(E) —— E(E) -
@i(1) o il x=0€ iE(&,) 5 (&)
) 1
____E 3t3 __E 4t4__
6 & +24 )

— B¢ 5~
e k.

+__
24

I o2 @,8
ffy=1l—~——Ftppr Tk pu (0<P@<l
pi0) =1~ D P oy et (0<0<1).

If |{|=cVn with a c=3%4, then

Lot 1 B, 1 1 _
2D: 24DF 2 24

Using (a+ b)*=<2(a®+ b?) and (9) we get

9 -k =

8
1 = gp(t) Pt a1 Bh s
2 D4 288 D8

<[L 1] B 145 B

+
D 288 D“

10 =
(19) 2 288

Since f5(f) = JT pi(t)is real and (10), we have
k=1
log () = 3, log [1 (1~ ()] =

n @ n o_k )
= ¥ —1)—— (o —k 2
3 oto-0-5 o1} = -5 3
(1) __Ql_@lz“: B _ *t_z_@ﬂﬁriﬂ

2 288 ;=\ D? 2 576 D2

_ T I SRR
= —’E(fk) 75 (Ek)iz"_*—FE (fk)”DT‘*"
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From (11) and (8) follows

' _eﬂ Bn 14 ]
THOSTS Tt PR B
157 B}
e 15T BY OIS Ky g
576 DY ' n

and

| = f |fA(Dat) — e=PR2 |dt =

=
np
— 1_ —~12 Kl —q2
= | fa(t) — e PP |dt=—— tte~t2dt = K,/D, n.
D, D,
|t|=c¥n itt=c¥n

4. The estimation of /,
We need a number of lemmata to estimate the characteristic function f (t).

LEMMA 1. We haveforp =0, 1, ...

(12) w =1+ |cosx|+ ...+ |cosx|?,
sin x
(13) '5"_“(_1’_+_1)’£1 =1
(p+1)sinx|

Proor. Use induction on p:

sin (px + x)

—_—_ =
sinx

sin px

- «|cos x| + |cos px| =1+
sin x

+ |cos x|(1 + |cos x| + ... +|cos x[P~1).
LEmMMA 2. Let us define m and M as follows:

=, (g
e e
m= l;?jm r¢+1) ’ y M= 12‘33,, reg+1) -
Denote
=[ 3z = ] and g(x)_i nosin(p+1)kx l
n(p+1) p(p+1) k=1 (p+1)sinkx
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Then

M n
(14) g(x)dx=C 2  (n=2,3,...).
/ )

1 e
m n(n—l)(p+1>[6

Here and in below C denotes a constant not depending on n, N, p, and it
may be different in different places.

Proor. Using (13) we have
nm v I 1

g= 4 , S —
o1 (p+D)sinkx o T 2
smk:c;p_'_1 ;kxgm (p+ l)n kx
and
(15) g(x)= H id 5[ i ]"‘ 2@11)::“ .
Toapene_, 2P+ Dkx U p(p+

B

P[~——” + 1]
2(p+1)x _ x [ e ]"
n! T 2(p+Dx | 2n(p+1)x
M__=
,_m ¥(p+ Dx <c[ me ]n+_;.
e—m—}/ﬂ 2n(p+ l)x
The right hand side of (14) is the integral of (15).

14 T

LemMMmA 3.Denote B = | ————, ——|. Then
2(p+1) 2n
1
x)dx=C , (n=2,3,...).
fg() i@’ ¢ )
B
Proor. As in (15),
)i n
X)= . —_——
8¢ . 2(p + 1)kx
2+ Dx Sk=n

and

fg(x)dxs/[——yt—]nidxs i .
J 2 2(p+1)x ) n! 2(p+1)(n—-1)n!
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LemMmA 4. Assume n=4 and 1/2=x=1/8. Then there exists at least
max (n/8, 1) number of the sequence x, 2x, ..., nx being at least at distance
1/4 apart from the nearest integer.

PRroOF. At least [n1 x]+ 1 of the intervals [0, %], [%, 1], [l, l%], e

contains [1/4x] elements with the claimed property of the sequence x, 2x, . . .,
. nx. Hence
| n o n_n
nx]+ 1) [1/4x]=nx]——-1|l=———=—.
() +1)- 1= =1 = ==
We are ready, since it is evident, that there exists at least one element with
the claimed property.

LEMMA 5. Denote C = [l, l], D= [i a2 A p=3, xeDUC then
2n 8 8 2

C —n —
g(x)= T +1)e ,(n=2,3,...).

Proor. Denote () = min |t—sz|. From (12) and (13) we have
S integer

n

min [p+ I,
g=1I
k=1

Tess)

p+1
S[_Z____IH 1{k€{l,...,n):k(kx)g.%} .
2-V2 p+1
Lemma 4 implies for n=4 and x¢C
3 5 max (n/8, 1)
o-(2%)
p+1

and there exist C,, 1y, p, such that for every n=n,, p=p,

’

gx) = —en, (x€C).

O e
(r+1)
We let denote

p

e—cn 3 5 ymax (n/8,1)

C, = sup sup [ ] ,
2s=n 3=p=py (p+ 1) +1

C, = sup sup-
1 2§n£n03§5 (p+1)

’

g—en [ 35 ]max(n/s,l)

these numbers are finite.
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Comparing these results for xéC, n=2, p=3
max (C,, C;, C
g(X)S ( 0 i 2)
(p+1)
In the case x€D we use similar arguments. There exist at least max]|—|, 1}
elements of the sequence x, 2x, ..., nx such that (k-x) =s/4. Then

e =2 ]max([] )

for xeD, n=2, p=3; what means

LEMMAG. If p=1, —=
PROOF.

applying the methods of Lemma 4 and 5, we have: (kx)=x/4 implies
[cos kx|=1]y2.

LEMMA 7. 1f p = 2, °F —x=" we have
n

1
X)=—.3"1/4,
g(x) 73

Proor. Use the elementary inequality

In 27
|1 —t| =27 =¢ 4 for Osts—g—.
We have
n o sin 3kx n 4
2(x) = ]Z 3 s fo ]_] 1 —?smzkx =
n In27 n+1  sin (n+1)x cos nx
- sin2 kx — T R 1
= e 3 =e¢ 2 2sin x =-——13-n/4
o 7337

15 ANNALES —Sectio Mathematica— Tomus XXVIII



226 1. JoO

Summarizing our results, we obtain: there exists universal constant
K with
321 Dkx | K
n 1 X |
(16) g Sinlpt Dk
k=1 (p+1)smkx | (p+1)
3n

n(p+1y

e—Cn

for every n=2, p=1, further

n o1 ogin p+ Dktf2 _
1] = f,g,l(pﬂ)sinkt/z\dt_

—=|t|=sn
np

a
2

sin (p+ k| Ky

(p+1)sinkt | p

e—en,

=|t|=

2np

5. The estimation of /,

This estimation is much more easier than the previous ones. We have

_D’21 12/2 —n3p22
=€

and hence

3| = f e~ gt = l fe-”dtsﬁe‘c".
n3/2p p

= |ti=cYn
=0

6. Remark

Our theorem gives an asymptotic formula if and only if
(1-¢) Df log n>(N-A,),

since in the opposite case the term of error exceeds the main term. It
follows, that our results are incomparable with those of HARDY and Ra-
MANUJAN.

The ideas and the result of the present paper were, further developed
by A. BoGMmER and L. A. SzEKELY in [5].
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In problems of calculus of variations it occurs frequently that after a
substantial extension of a functional the infinum and supremum of its range
do not change (see e.g. [2], [4]). In this paper a theorem of this type will
be proved, namely for such an extension of a functional studied in the clas-
sical case, the investigation of which is important from the point of view of
applications ([5]).

Let a, b, ¢, d¢R, a<b. Denote by F the class of all functions of first kind
defined in [a, b]. € F means that the domain of ¢ is [a, b] except for an at
most countable set, moreover, ¢ has a finite right limit at each point of the
interval [a, b[ and a finite left limit at each point of the interval ([a, ] (see
[1], [3])- Denote by D the part of F consisting of functions which are not de-
fined on an at most finite set and for which the set where the left and right
limits are different is also at most finite.

Let D, and F; the set of the integral functions of the functions in D and
F respectively. For a p€ F we shall also use the following notation

/@:[mb]»|R, tkiiw

Define the following norm in F: for any ¢, p€F
le—vl: = ’gl[iar?b[lq)(t%—O) —y(t+0)| + é;ir’)bllq)(f—O) —y(t—0)|.
Letj:= idiq,5; and for any € R define
w(-): = [a, b]+|R, H—o.
Introduce the following sets,
L:= {xeFlgp(a) = ¢, ¢(b) = d},
M= {xeD;|g(a) = ¢, @)= d}.
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Let f: R®—R a continuously differentiable function and denote by f; the
partial derivative of f with respect to the i-th variable (i = 1, 2, 3). Define
the following functionals:

b
I:L—~R, xI»ffo(j,x,ic),

b
J:M~R, xi—[fo (%)
Clearly )
Iy = J

The infimum and supremum of the range of a real-valued function & are
called shortly the infimum and supremum of @ and are denoted by inf @ and
sup @ respectively.

The following theorem holds.

THEOREM. inf J = inf I, sup J = sup I.

Proor. For the proof of the theorem it is clearly enough to show the
following: for any g€ L and £=0 there exists a we€ M such that

(1) H(p)—I(y)l <e.

Fix the function pc L arbitrarily.

The function ¢” is of first kind, therefore, there exists a finite interval
[o, ] containing the range of ¢’.

Put

U= {(t s, )eRtela, b], se[p(t)—1, p(O)+1], u€[o—1, z+1]}.
U is clearly a bounded set. Define

Q: = max {sup|f.2[ul, sup|fslul}.
Now fix an arbitrary number

) 8€10, min {1, 1/(b— a))[.

The function ¢’ is of first kind, so there exists a step function g : [, #]-R
such that

0
3 e —gll<—.
3 A L
Hence
1 |
__6 ] < ’< +—-6 .
g 5 (+)<¢'<g 5 (+)
which implies that

afb[g*-;5(')]<j¢’<j[g+—;—a(.)],
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From the above inequalities it is clear that a number

4 xE|—— —
@ =5l
can be chosen such that the equality
b b
) [o = [Ge+a(-))

holds. Define
vi=c()+ f@ral).
It is obvious that yw€D;. From (3) and (4) and from the definition of ¢ it
follows that
(6) g’ —yll <.
Taking in account (5), from the definition of » we get

p(a) = ¢,
w(b) = c+ [(gra(-))=c+ [¢' = c+(@—0) = d.

From the first equality by (6) we obtain that
) N —pll=8(b—a).

From the relation (2) and the inequalities (6), (7) by the definition of
the set U it follows that at any point £ of the intersection of the domains of
¢’ and v’ for any 9#€]0, 1] we have

(8) & e+ (O — o), ¢'O+ @' O —¢'()eU.

Now estimate the difference of corresponding values of the functional. Using
(8) and the definition of Q a simple calculation shows that

@)= 1w = [Ifo Ghpn @) =Fo Grw,v) =

=Q0(b—a)+Qé(b—a) = {Qb—a)y+Q(b—a)}.

Hence if =0 is fixed and the number é is chosen sufficiently small the
inequality (1) holds. Theorem is proved.

REMARK 1. Let N be the part of M consisting of all polynomials and let
K be the restriction of the function J onto the set N:

K:= Jin:
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From the classical results of calculus of variations it is known (see e.g. [4]
chapter 6) that
inf K = inf J, sup K = sup J.

So our theorem implies that
inf K = inf I, sup K = sup I.

REMARK 2. Introduce in L the following norm

) hglly i= gl +1@.

In the proof of our theorem, essentially, we have proved first that D, is dense
in F, with respect to the metrics induced by (9), then it has been shown that
I'is a continuous functional with respect to the same metrics.
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DIE ZAHL DER OVALE IN DER BOLYAI — LOBATSCHEFSKY
EBENE S(3, 3)

Von
T. HORVATH
L. Eotvos Universitdt, Budapest

(Eingegangen am 19. Septemnber 71983 )

Es sei S eine endliche Punktmenge. Bestimmte Teilmengen von S werden
Geraden genannt, wenn die folgenden Erforderungen erfiillt sind:

1. Zwei beliebige verschiedene Elemente von S werden von genau einer
Geraden genannten Teilmenge von S enthdlf.

2. Fiir jedes Paar, das aus einem beliebigen Punkt und aus einer nicht
durch diesen Punkt verlaufenden Gerade von S besteht, gilt es, daf3 es m schnei-
dende bzw. n nicht schneidende Geraden durch den Punkt eines Paares zu dem
Geradenclement dieses Paares gibt.

3. Es gelten m=2 und n>2.

Die den vorigen drei Erforderungen entsprechende Struktur wird eine
BoLyai— LoBATscHEFSKY Ebene (kurz B—L Ebene) mit Charakter (m, n)
genannt. Diese Struktur wird mit S{m, n) bezeichnet.

Das Oval ist eine Punktmenge mit héchsten Punktanzahl in einer end-
lichen Ebene, die héchstens zwei gemeinsame Punkte mit einer Gerade hat
und die in jedem von ihren Punkten genau eine Gerade (Tangente) besitzt,
die keinen weiteren gemeinsamen Punkt mit der obigen Teilmenge hat.

Zwei Geraden, die beziiglich eines Punktes perspektiv sind, und das
Zentrum der Perspektivitit werden eine II-Konfiguration genannt. Diese
Konfiguration besteht aus sieben Punkten und fiinf Geraden (Fig. 1.).

Vier Geraden bilden ein vollstindiges Vierseit, wenn sich jede zwei
Geraden schneiden und nicht dreivon ihnen durch einen gemeinsamen Punkt
verlaufen.

In dieser Arbeit beschaftigen wir uns nur mit der B—L Ebene § (3, 3).
Diese Ebene besteht aus 13 Punkten und 26 Geraden, weiterhin jedes Oval
besteht aus 6 Punkten. Deshalb gilt die zweite Erforderung in der Defintion
des Ovals offenbar, wenn die erste Erforderung gilt. Bis jetzt sind zwei,
miteinander nicht isomorphe Ebenen S¢3, 3) (siehe in [2]) bekannt.
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Zuerst beschaftigen wir uns mit den Kollineationen dieser zwei Ebenen.
Dann beweisen wir, daB 0 = 3n+ p gilt, wo o die Zahl der Ovale, n die Zahl
der vollstandigen Vierseite und p die Zahl der /7-Konfigurationen sind.

?
2
A
1
_u._——d——"—’_"'(’_"-
6 5 N

Fig. 1.

1. Wir schreiben die Geraden der zwei bekannten miteinander nicht
isomorphen Ebenen 8(3, 3) auf. Mit den Elementen der Menge {1, 2, 3, 4, 5,
6,7, 8,9, 10, 11, 12, 13} werden die Punkte der erwdhnten zwei Ebenen S,
und 8, bezeichnet. Die Geraden der Ebene $,{3, 3) sind die Punktmengen
(siehe [I]):

{12,341, 4,5), (1,6, (1,8, 9} (1, 10, 11, {1, 12, 13,

{2, 4, 6}, {2, 5, 7}, {2, §, 10}, {2, 9 12}, {2, 11 13}, {3, 4, 8},

{3, 5,9}, {3, 6 11}, {3, 7, 13}, {3, 10, 12}, {4, 7 10}, {4, 9 13},
{4, 11, 12}, {5, 6, 1 } {5 8, 11}, {5, 10, 13}, {6, 8, 13}, {6, 9, 10},
{7, 8, 12}, {7,9, 1

und die Geraden der Ebene 8,(3, 3) sind die folgenden Punktmengen (s. [2]):
{1, 2, 3}, {1, 4, 5}, {1, 6, 7}, {1, 8, 9}, {1, 10, 11}, {1, 12, 13},
{2, 4, 6}, {2, 5,7}, {2, 8, 10}, {2, 9, 12}, {2, 11, 13}, {3, 4, 8},
{3, 5,9}, {3, 6,10}, {3, 7, 13}, {3, 11, 12}, {4, 7, 12}, {4, 9, 11},
{4, 10, 13}, {5, 6, 11}, {5, 8, 13}, {5, 10, 12}, {6, 8, 12}, {6, 9, 13},
{7, 8, 11}, {7, 9, 10}.

Die Ebene §,(3, 3) ist mit der endlichen hyperbolischen Ebene isomorph,
die man im Artikel [1] finden kann. Deshalb sind die Kollineationen der
Ebene §, (3, 3) die folgenden:

1 234567 8 910111213
11, 1 234567 8 910111213
1, 1 235476 9 812131011
II,: 713 3 812 6 1 410 911 5 2
,: 713 312 8 1 610 4 5 2 911
1, 611 3 910 7 1 512 813 4 2
1, 611 310 9 1 712 5 4 2 813
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Die Gruppe dieser Kollineationen ist mit der symmetrischen Gruppe S; iso-
morph.

Man kann eine beliebige Kollineation von §,(3, 3) folgenderweise auf-
schreiben:

1 2 3 456 7 8 910111213
o: 135 8 112 410 9 6 3 711 2

Man kann sehen, dal ¢ der Zyklus (I, 13, 2, 5, 12, 11, 7, 10, 3, 8, 9, 6, 4) mit
der Linge 13 ist. Die Potenzen von p sind auch Kollineationen, deshalb hat
die Gruppe der Kollineationen von §,(3, 3) eine zyklische Teilgruppe von der
Ordnung 13. Auch aus den Vorhergehengen folgt der in [2] bewiesene Satz:
die Ebene 8,(3, 3) und S$,(3, 3) sind miteinander nicht isomorph.

2. Im folgenden betrachten wir eine beliebige Ebene §¢3, 3), und zu-
erst beweisen wir den folgenden

Satz 1. In einer beliebigen B—L Ebene S(3, 3) ist die Zahl der Ovale
mindestens dreimal soviel wie die Zahl der vollstindigen Vierseite.

Es sei N ein vollstandiges Vierseit. Wir nennen den dritten, zu N nicht
gehorigen Punkt einer Diagonale von N einen Diagonalpunkt von N. Ein
Diagonalpunkt ist mehrfach, wenn dieser Punkt ein Diagonalpunkt von
mehreren Diagonalen ist. Wenn der Diagonalpunkt nur zu einer einzigen
Diagonale von N gehort, dann ist der Diagonalpunkt einfach.

Zuerst beweisen wir zwei Hilfssdtze.

HiLrssaTz 1. Einem beliebigen einfachen Diagonalpunkt des vollstindigen
Vierseits N konnen wir ein Oval zuordnen.

BewEis. Diese Zuordnung ist das folgende. Mit 1 bezeichnen wir einen
beliebigen einfachen Diagonalpunkt von N. Die Punkte 2, 3, 4, 5, 6, 7 von
N seien so gewihlt, daBl die Punktmengen {1, 2, 3}, {2, 4, 5}, {2, 6, 7}, {3, 4, 7},
{3, 5, 6} Geraden bilden. Weil 1 ein einfacher Diagonalpunkt ist, deshalb
liegen 1, 4 und 6 bzw. 1, 5 und 7 nicht auf einer Gerade, d.h., durch 1 kann
man vier weitere Geraden ziehen. Diese Geraden sind {1,4, }, {1,5, },
{1, 6, }, {1,7, }, deren dritte Punkte nacheinander 8, 9, 10, 11 sind. In der
Ebene S(3, 3) kénnen wir durch jeden Punkt sechs Geraden ziehen, deshalb
gibt es eine sechste, von den vorigen verschiedene Gerade durch 1. Diese
Gerade ist {1, 12, 13}. Wir beweisen, daB die Punktmenge 2 = {8, 9, 10, 11,
12, 13} ein Oval ist (Fig. 2.).

Nehmen wir indirekt an, dafl £ kein Oval ist. Dann hat & drei Punkte,
die auf derselben Gerade g liegen. Wir zeigen, dal keine B—L Ebene §¢3, 3)
existiert, wo die vorige indirekte Bedingung gilt.

Die Gerade g kann zweierlei sein.
(1) Die Punkte von g gehoren zu der Menge {8, 9, 10, 11}.

(2) Zwei von den Punkten der Gerade g sind in der Menge {8, 9, 10, 11}
und der dritte Punkt von g gehort zu der Menge {12, 13}.
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Wir betrachten den Fall (1). Ohne Beschriankung der Aligemeinheit kon-
nen wir annehmen, daB {8, 9, 10} die oben erwdhnte Gerade ist. In diesem
Fall sind die Geraden {2, 8, }, {2, 9, }, {2, 10, } verschieden und die dritten
Punkte dieser Geraden sind 11, 12, 13. (Auch eine andere Reihenfolge der
Punkte kann vorkommen.) Ebendas kann man auch iiber die Geraden
(3,8, },{3,9, }, {3, 10, }sagen.

Fig. 2.

Wir betrachten die Geraden {7, 8, }, {7, 9, }, {7, 10, }. Die dritten
Punkte dieser Geraden kénnen die Punkte 5, 11, 12, 13 sein. Der dritte Punkt
von {7,9, }kann weder 5 noch 11 sein, weil 5 und 9 bzw. 7 und 11 schon mit
einer Gerade ({1, 5, 9}, {1, 7, 11}) verbunden sind. Deshalb ist der dritte Punkt
von {7,9, }12oder 13. Wir kénnen annehmen, da dieser Punkt 12 ist.

Was kann der dritte Punkt der Gerade {4, 9, } sein? § und 10 sind nicht
madglich, weil die Menge {8, 9, 10} eine Gerade ist. Auch 12 ist nicht méglich,
weil auch {7, 9, 12} eine Gerade ist. 11 und 13 konnen keine dritte Punkte
sein, weil 11 und 13 die dritten Punkte der Geraden {2, 9, } und {3, 9, }
sind. Die Punkte 1, 2, 3, 5, 7 waren mit dem Punkt 4 verbunden, deshalb
sind auch diese Punkte nicht moglich. Endlich bleibt nur eine einzige Mog-
lichkeit fiir den dritten Punkt, ndmlich der Punkt 6 und dann ist die Gerade
eben die Gerade {4, 6, 9}. Aus dhnlichen Uberlegungen ergibt sich, daB der
dritte Punkt der Gerade {5, 12, } nur 11 sein kann.

Wir betrachten die Gerade {6, 12, }. Die Punkte I, 2, 3, 4, 3, 7, 10 kon-
nen die dritten Punkte dieser Gerade nicht sein, weil sie mit dem Punkt 6
schon verbunden sind. Auch die Punkte 8, 9, 11, 13 sind nicht méglich, weil
sie mit dem Punkt 12 verbunden sind. Folglich hat die Gerade {6, 12, }
keinen dritten Punkt. Das ist aber in der B—L Ebenc §(3, 3) unmaglich.

Nun betrachten wir den Fall (2). Hier miissen wir zwei Unterfalle unter-
suchen. {8, 9, 12} und {8, 10, 12} sind diese Fille, die wir gemeinsam erortern.
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Wir betrachten die dritten Punkte der Geraden {2, 12, } und {3, 12,
Diese Punkte kdnnen nur 10, 11 bzw. 9, 11 sein. Daraus folgt, daB {6, 4, 12}
und {7, 5, 12} Geraden sind. Deshalb sind die Geraden {1, 12, 13}, {2, 13, },
{3,13,}, {4, 13, }, 5, 13, }, {6, 13, }, {7, 13, } verschieden, d.h., durch den
Punkt 13 verlaufen sieben verschiedene Geraden. Das ist aber in der B—L
Ebene S(3, 3) nicht moglich.

Wir konnen also ausgehend von cinem beliebigen einfachen Diagonal-
punkt eines vollstdndigen Vierseits ein Oval bekommen.

HiLrssatz 2. Das vollstindige Vierseit N in der B—L Ebene 83, 3) hat
nur einfache Diagonalpunkte, d. h., alle drei Diagonalpunkte von N sind ver-
scheieden.

BeEwEeis. Wenn die drei Diagonalpunkte von N zusammenfallen, dann
bilden N und dieser Diagonalpunkt eine Galois-Ebene PG (2). Betrachten
wir einen Punkt, der von den vorigen Punkten verschieden ist. Wenn wir
diesen Punkt mit den Punkten von PG (2) verbinden, bekommen wir sieben
verschiedene Geraden. Das ist aber ein Widerspruch.

Wenn N einen zweifachen und einen einfachen Diagonalpunkt hat, dann
tritt derseibe Fall auf, wie bei der Untersuchung des Falles (2) im Hilfssatz 1.
Der Punkt 1 ist der einfache, 12 ist der zweifache Diagonalpunkt. Deshalb
ist auch dieser Fall nicht méglich.

Der BEWEISs des SATzes 1. Nach dem Hilfssatz 2. hat ein vollstindiges
Vierseit drei verschiedene einfache Diagonalpunkte. Mit dem Verfahren,
das wir im Hilfssatz 1. geschrieben haben, bekommen wir ¢in Oval zu jedem
einfachen Diagonalpunkt. Diese Ovale sind verschieden, weil sie in je einem
Punkt verschieden sind.

Wir miissen noch einsehen, dall wir aus sieben Punkten zwei vollstindige
Vierseite N, und N, derart niclit vorstellen kdnnen, daB der siebente Punkt
in beiden Fillen der Diagonalpunkt des vollstindigen Vierseits sei. Der
Punkt 1 sei der Diagonalpunkt von N;. Weil N, =N, ist, muB} der Punkt 1
zu N, gehoren. Deshalb kann man durch den Punkt 1 noch eine weitere Ge-
rade ziehen, die zwei Punkte von N, enthilt. Diese Gerade kann nur {1, 4, 6}
oder {1, 5, 7} sein. Das wiirde aber bedeuten, da 1 ein mehrfacher Diagonal-
punkt wire. Das ist aber nach dem Hilfssatz 2. unméglich.

Also ist die Zahl der Ovale mindestens dreimal soviel, wi¢ die Zahl der
vollstindigen Vierseite.

Satz 2. Ist eine aus sieben Punkten bestehende Teilmenge eine I1-Kon-
figuration in der Ebene 8(3, 3y, dann bilden die zuriickbleibenden sechs Punkte
ein Oval.

Beweis. Eine I7-Konfiguration besteht aus fiinf Geraden. Es gibt sechs
weitere Geraden in 8¢3, 3), die je zwei Punkte von II enthalten. Jede von den
zuriickbleibenden 15 Geraden enthiit mindestens zwei Punkte, die nicht zu
IT gehdren. Hochstens 15 Geraden gehdren zu sechs Punkten derart, daB jede
Gerade mindestens zwei Punkte enthalt. Wenn eine dieser Geraden schon
drei Punkte von diesen sechs Punkten enthdlt, dann existieren weniger als
15 Geraden durch diese sechs Punkte. Deshalb gibt es keine Gerade, die von
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den zuriickbleibenden sechs Punkten bestimmt ist und die drei von diesen
Punkten enthilt. Daraus folgt schon, daf die Definition des Ovals erfiillt
ist, d. h., die zuriickbleibenden sechs Punkte ein Oval bilden.

Wir bemerken, dal man einen dhnlichen Beweis fiir den Hilfssatz 1.
angeben kann.

Satz 3. Bilden sechs Punitte ein Oval Q in der Ebene 8(3, 3), dann bilden
die zuriickgebliebenen sieben Punkte und fiinf Geraden, die keinen Punkt von
Q enthalten, entweder eine IT-Konfiguration oder ein vollstindiges Vierseit mit
seinem Diagonalpunkt.

BEweEls. Betrachten wir das Oval @ und die Geraden, die durch die
Punkte von Q verlaufen. Aus der Definition des Ovals folgt, daB die Zahl
dieser Geraden 21 ist. Die zuriickgebliebenen Konfiguration besteht aus
sieben Punkten und fiinf Geraden. Diese Konfiguration wird eine L-Konfigu-
ration genannt.

Nehmen wir an, daB hochstens zwei Geraden durch jeden Punkt von L

durchlaufen. Dann ist die Zahl der Geraden hchstens L32>5, weil hochstens

zwei Geraden durch jeden Punkt verlaufen und jede Gerade drei Punkte
enthélt. Deshalb gibt es einen Punkt M, durch den mindestens drei Gera-
den durchgehen. Auf diesen drei Geraden sollen diese sieben Punkte liegen.
L hat noch zwei weitere Geraden. Diese zwei zuriickgebliebenen Geraden
enthalten je einen Punkt der obigen drei Geraden, der von M verschieden ist.
So kann man diese zwei Geraden nur zweierlei legen. Die erste Moglichkeit
ist, wenn sich diese zwei Geraden schneiden. In diesemn Fall bildet L ein
vollstdndiges Vierseit mit seinem Diagonalpunkt. Im anderen Fall, wenn
sich die Geraden nicht schneiden, bekommen wir eine /7-Konfiguration.
Damit haben wir den Satz bewiesen.

Satz 4. In einer beliebigen Ebene 8(3, 3) gilt 0 = 3n+p, wo o die Zahl der
Ovale, n die Zahl der vollstidndigen Vierseite und p die Zahl der II-Konfigura-
tionen sind.
BeweEls. Aus den ersten und zweiten Sitzen dieses Abschnittes folgt
0=3n+p. Aus dem dritten Satz folgt, daB man ein einziges vollstdndiges
Vierseit oder eine einzige //-Konfiguration einem Oval zuordnen kann. Des-
halb besteht die Gleichheit in der Ungleichung, d. h., 0 = 3n+p gilt.
FoLGERUNG. In der Ebene §,(3, 3) sind 8 vollstindige Vierseite und 10
II-Konfigurationen. Diese sind:
{1,2,4,5,/6,7),{1,3,4,5,8,9, {1, 86,7, 13, 12},
{1,9,6,7, 10, 11}, {2, 4, 9, 12, 13, 11}, {2, 5, §, 10, 11, 13},
{3,6,5,9, 12, 10}, {3, 7, 4, 8, 10, 12},
{1,2, 11,13, 3, 10, 12}, {1, 4, 11, 12, 5, 10, 13},
{2,1,8,9,3,10,12},{3, 1,6, 7, 2, 11, 13},
{6, 2, 8, 10, 4, 13, 9}, {6, 2, 11, 13, 4, 3. 8},
{7, 2,9, 12, 5, 11, 8}, {7, 2, 11, 13, 5, 9. 3},
{11, 3, 4, 8, 6, 12, 5}, {13, 3, 5, 9, 7, 10. 4}.

Deshalb gibt es 3-8+ 10 = 34 Ovale in der Ebene §,(3, 3).
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In der Ebene S,(3, 3) gibt es 13 vollstindige Vierseite und gibt es keine
IT-Konfiguration. Die vollstindigen Vierseiten sind:

(1,2,4,5,6,7,{1,3,4,53809},{1,6,89, 12, 13},
(1,7,8,9 11,10}, {1, 10, 4, 5, 13, 12}, {1, 11, 2, 3, 13, 12},
(2,3 4,6, 8, 10}, {2, 8,5,7, 13, 11}, {2, 9, 4, 6, 11, 13},
(2,10, 5,7, 12,9}, {3, 5, 6, 10, 11, 12}, {3, 7, 4, 8, 12, 11},
(3,9, 6, 10, 13, 7).

Deshalb gibt es 3-13+0 = 39 Ovale in der Ebene §,(3, 3).

Literatur

[1] KArTEszI F., Egy legkisebb véges regularis hiperbolikus sik, MTA II1. Oszt. Kizl.,
19 (1969), 5—-17.

[2] KARrTEsz1, F.—HoRvVATH, T., Einige Bemerkungen beziiglich der Struktur von end-
lichen Bolyai— Lobatschefsky Ebenen, Annales Univ. Sci. Budapest, Sectio Math.,
28 (1985), 263 —270.






ON STRONGLY NONLINEAR ELLIPTIC EQUATIONS
IN UNBOUNDED DOMAINS

By
L. SIMON
I1. Department of Analysis of the L. E6tvos University, Budapest

( Received March 2, 1983 )
Introduction

n[1]J. R. L. WeBB the following elliptic equalion has considered:
(0.1) 2 (= DDA, u, ..., Do, .. ) +g(x,u) = F,x€Q
le]=m

where Q is a possibly unbounded domain in R?, |§| =m and the terms f,(x, &)
are required to have polynomial growth in &, in the term g(x, u), however,
no such growth restriction is imposed but it is supposed that g (essentially)
satisfies the sign condition g(x, #)u=0. He has proved the existence of solu-
tions of the boundary value problems for (0.1).

In the present paper a similar existence theorem is proved for the more
general (elliptic) equation

(0.2) HZ (— DEDfx, uy - .., Dy, .. )+

+ (- D (x,u,...,Du,...)=F
|1|§l

where I=m—1, |y|=m—1 and in the terms g.(x, &, ..., &, ...) no growth
restriction is imposed with respect to g, but it is supposed that g (essentially)
satisfies the condition g.(x, &, ..., &, -..) &=0. The assumptions on f, are
similar to that of [1] but in certain sense are less restrictive than the assump-
tions in [1]. (Such assumptions has been formulated in [2]— [4].)

Another generalization of the equation (0.1) has been considered in [3].

1. The formulation of the main result

Let Qc R” be a (possibly unbounded) domain, p>1 and m a nonnegative
integer. Denote by W (©2) the Sobolev space of real valued functions u whose
distributional derlvatlves of order =m belong to LP(Q). The normin W5(Q)

is defined by Wl 1S bl
W@ lefzme J

16 ANNALES - Sectio Mathematica— Tomus XXVIIIL.
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where « = (x5, ..., %,) is a multiindex, D* = Djt...Dzn D, =i. The

ox;
expression W} o(©2) will denote the closure in || -ljwhi@ of Cg (.Q), the infini-
tely dlfferentlable functions with compact support *contained in Q.
Let N be the number of multiindices « satisfying the condition |«|=m.
Assume that

a) Vis aclosed subspace of Wi(Q) with the property that for any ucV
there exist constants ¢=0, ¢’=0 and a sequence of functions w;€V n L=(Q)
such that

(1.1 (w;) converges to u weakly in V
and for |a|=l=m—1, D*w;€ L~(Q),
(1.2 | D*w(x)| = ¢|D*u(x)| + ¢ ae. in Q.

b) The functions f,: 2 X R? R satisfy the Carathéodory conditions, i.e.
they are measurable in x for each fixed & = (g, ..., &, -..)€RY and conti-
nuous in ¢ for almost all x¢ Q.

¢) For any number ¢, >0 there is a number ¢, >0 such that
(1.3) lunfy=c, implies f|fu(x, u, ..., Dfu, .. )|9dx=c,,

where L+L = 1.
P g

d) There exist constants ¢; =0, ¢,>0 such that for all u¢ V the inequality

(1.4) |Z S, u, ..., Dy, .. YDrudx = cyllu|f — ¢,
laj=m @
holds.
e) There exist a function y€C(R™) and a continuous function F, =

= F|(R, })=0 (R=0, 2=0) with the following properties: for any fixed
R=0

(15 Fy(R,7)

40 y

=0

and u, veV, luly=R, Wiy =R imply
(1.6) HZ SUAGu, oo Doy oY —fulX, vy ooy DPY, L )]
aj=m QR

+(D#u— Dw)dx= — F (R, {|(u—v)yl|

wg_l(o))'

f) The functions p,, r,: QX RM R satisfy the Carathéodory conditions
(i.e. pa, 1. are measurable in x for each fixed & ¢ RM and continuous in ¢’ for
almost all x€£2) and

806 &) = px, E)+1ax, &), || =1
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where M denotes the number of multiindices y with |y|=m—1.

g) For almost all xeQ, for all £¢RM and |«|=!

(L.7) Pa(x, £)5,=0
and
(1.8) Ira(x, &) = ha(x), where h,€ LY(Q) N LY(Q).

h) Denote by A the set of multiindices « = («,, ..., «,) satisfying the
condition |«| =m and let

A= UA, where A,NA,=0if v#u
14

and
o, «*€ A, if and only if g, = g,x.

Further, for a fixed v denote by ¢” the vector consisting of those coordinates
of ¢ = (&, ..., &, ...)¢RM which satisfy y¢ A,. For any s=0, xcQ let

2, (X, &) = sup{|g.(x, &) : |&.]=s for «€ A,}.

Suppose that for any number ¢>0 there is a function g, ;¢ LY(Q) such
that

(1.9) tunf =cimplies g, s(x, i, ..., D, ...)=g; §(x) a.e. (Where y¢ A,).
The main result of this paper is the following

THEOREM. Assume that conditions a)—h) are fulfilled. Then for any
FeV* (i.e. for any linear continuous functional on V) there exists u€ 'V such
that

(1.10) g+, 1, ..., Du, ... )eLYQD),
g u, ..., D, .. YDue LY (82) (J«|=!) and
(1.11) > Jfdx,u, ..., Dfu, .. .)Dvdx +
laj=m 2
+ 2 fex,u, ..., D, .. )Dwdx = (F,v)
|e|st 9

for all ve V satisfying o*ve L=(Q) (if |«|={) and forv = u.
RemaRrks. . In [1] it is shown that assumption a) is satisfied for [ = 0
in the interesting cases V = Wn, (2) and V = W (Q). Further if [<m—TL

p
and the boundary of Q is sufficiently smooth then the assumption a) is trivi-
ally satisfied because of theimbedding Wi(Q)c CL(£2) where Ci(£2) denotes
the set of / times continuously differentiable functions u on £ with the pro-
perty that 9=u is bounded for || =1.

2. In [2], [4] and [5] there are formulated simple algebraic conditions
which imply c) resp. d) and e).

16%
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3. The assumption (1.7) is satisfied if and only if
Pu(x, EN=0 for £,20
Pu(x, V=0 for g,=0.

4. Let #<m—-" and suppose that for alls=0and all » there is a function

p
g s € LY(Q) such that for almost all x€Q
sup{|g.(x, &) : |&.| =s for a€ A,y gy - - -1 &y - . )| =S fOT |p| =¥} =
=gs(x).

Then by the boundedness of the imbedding Wi Q)< Ci¥ (£2) the assumption
h) is satisfied.

2. The proof of the existence theorem

Further suppose that the assumptions a)—h) are satisfied. For any
u,veVlet

(T),v) = [ [Zs: !ffl(x, u, ...,Dfu, .. . )Dwdx.

Then from the assumptions b), ¢) it follows that T(u)¢ V*. (See also [2], [4]).
First we shall prove several lemmas. (Similar lemmas are proved in [1] and

[31)

Lemma 1. T: V—-V* is a bounded (nonlinear) operator. Further T is

continuous in finite dimension, i.e. if the sequence of ¢/ = (¢{, ..., ¢c/)eR"
converges to ¢ = (¢, ..., ¢,)€R" then for any fixed u, ,..., u,, veV
2.1) Hm (T (cjuy + . . - +clu), vy = (T(eity + - . . +ca1,), v).

j—ro

Proor. The boundedness of T follows from (1.3) and the inequality
KT @), vy= > [[1fux,u, ..., Dy, .. .)]qu}”q{f[D“vlpdx}”p.
|e|=m| 2 [o)

Denote cju, + ... +clu, by w and ¢y, + . . . +¢,u, by u°. By assumption
b) the sequence of functions
Sy wdy oo, DPudy L) Do
converges a.e. in Q2 to the function
Jol 18, o, DPuCy L) Dy

as j— . Moreover, for any measurable set EcQ

S falx o, oo DPudy YD =] | fux, ud, ..., DPui, .. .)|9dx . f| Dov|Pdx.
E E . E
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By virtue of (1.3) f |fu(x, w/, ..., Dfuj, ...)|9 dx is bounded thus by the
E
Vitali convergence theorem we obtain (2.1).

LeEmMma 2. The operator T : V- V* is pseudomonotone, i. e. whenever
a sequence (u;) converges to u weakly in V, T(u;) converges to y weakly in V*
and
lim sup (T(u;), u;—uy=0
e

then
y = T(u) and lim (T'(u;), u;—u) = 0.
j—beo

Proor. Since by Lemma 1 T is continuous in finite dimension thus
assumption e) implies that T is pseudomonotone (see [3]).
For any number x>0 let

(2.2) Gy X, &) = 1) Py (X, &)+ 7ulX, &)
where
P(X, &) if [pux, &) | =pu,
2.3 (X, &) = ’
(2.3) Pey %, &) M— otherwise
[P(x, &)1
and
[ 1if xeQ, x| =y,
74) {Oif x€Q, x| >p.

Then by (1.8)
(2.4) 182, (X €] = pg (%) + 1 X); e, € LUQ).
LemmA 3. If lim Deu; = D=u a.e. in Q for |«| =m—1 then the sequence

J—bm

of functions g, . (-, u ..., Du;, ...) converges to g, » (-, 4, ..., D%, ...)
in L9(£2).
Proor. In virtue of the assumption b) g, . (-, covy Druy, .. L) con-

verges to g, . (-, U,..., Dy, ...)a.e. asj—oo. By the estimation 2.4
| e, w2 15 - -,Dyu,-, co ) =ga Wty o DYy L ) I c[ugu(X) + ha(X) ]9

where the constant ¢ does not depend on x and j, thus Lebesgue’s dominated
convergence theorem implies the assertion of Lemma 3.
By the inequality (2.4)

(2.5) (S W) = 25 g u(xt, ..., D, .. )Dovdx, vV
la|=l 02

defines a continuous linear functional S,(u) on V.

LemMA 4. The (nonlinear) operator S,: V- V* is bounded and continuo-
us in finite dimension.

Proor. The boundedness of S, follows fron: the estimation (2.4). Lemma
3 implies that S, is continuous in finite dimension.
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Lemma 5. T+S8, is pseudomonotone operator.

Proor. Suppose that (u;) converges to u weakly in V, (T+38.) (1))
converges to y€ V* weakly in V¥ and
(2.6) lim sup (T+S,) (4)), u;—uy=0.

e
Then there is a subsequence (u}) of (u;) such that

lim (D#u}) = D=u a.e. in Qif |a]=m—1

j—bon
(see e.g. [6]). Thus by Lemma 3
(2.7) limig,, u(- 1y ., DYy oo ) = o5, o, Dy L )Ly = 0

J-*no
whence
1im S,(u}) = S.(u) weakly in V*
and '
(2.8) lim T(u}) = y—S,(u) weakly in V*.
j—i-ou

From equality
(Sulug), uj—u) = (Su(u}) = Sulu), uj—i1) + (S (), uj—u)
it follows that
(2.9) lim (Su(u)), uj—uy =0
j>eo

because by (2.7), the boundedness of I — uil, and Hélder’s inequality
lim (S (u))— S (u), uj~u} = 0.

j—boﬂ
Therefore (2.6) implies
(2.10) lim sup (T(u}), u;—u)y=0.

Jree
Since T is pseudomonotone (see Lemma 2), by (2.8), (2.10)
T(Ll) = y—S#(u)a

(T+S,) (W) = y;

i.e.

further
lim (T(u}), uj—u) =0
j—

and so by (2.9)
(21 1) .liI]] <(T+AS'") (U}), ll;-—ll:» = Q.

j—ro=
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(2.11) is valid also for the sequence (u;) because else by the above argu-
ments we get to a contradiction and so the proof is complete.

Lemma 6. Assume that (u;) converges weakly to u in V and there is a
constant ¢ such that

(2.12) |a[zs:u{g“'j(x’ W, ..., Dy, .. )Drudx=c.

Then for all « with |«| =1

2.13) g.(-, 4, .. ) DrueLYQ), g.(-, 1, ..., Dy, .. )ELYRQ)

and there exists a subsequence (1, ) of (u;) with the properties

(2.14) ;Efn Druj, = Dvua. e.in Q for |a|=m—1,

(2.15) klir.lluga,jk(-,ujk coo Dy ) =gty - DY, L) Lie) = 0.
PRrOOF. As (u;) tends to u weakly in V thus there exists a subsequence

(15, of (u;) with the property (2.14) (see [6]). Let for xc2

lim Dvu;, (x) = D7u(x) if |«f=m~1.

K—»

We shall show that
(2.16) klim Lo, 1, (6 Wi, (%), - .o, DYy (x), .. ) = galx, u(x), ..., D"u(x), ...)

and

(2.17) klim Xin (P ji (X5 Uy (%), - - o, DYWLy (X), .. ) =
= pux, u(x), ..., Dru(x), ...).

Indeed,

(2.18) 18, (6 4 (X), -+ - oy DU (), - - -) = ZalX, U(X), - -, DYU(X), .. )| =
= | o, j, (06 U, (%), « 5 D (%), - o) = galX, 4, (X, <o, DY (X), )+
+ 1%,y (X); - DYUG(X), L) — el u(X), ., DYU(X), L)

Consider the neighbourhood B, of the point (u(x), ..., Dvu(x), ...)eRM
with radius e. By virtue of the assumption f) and (2.2) there is j, such that

G X &) = g, ux), ..., Dux), ...) if £'€B., jyZ o

Thus for sufficiently large k the first term in the right of (2.18) equals to O.
The second term in the right of (2.18) converges to 0 as ¥ -~ « by the assump-
tion f). Therefore (2.18) implies (2.16). The relation (2.17) can be similarly
proved.
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By (2.2), (2.3), (2.12) and the assumption g)
Iél£xj(x)p,,j(x, iy, ..., Dy, o )Drudx =c+ lél e llully
thus (2.17) and Fatou’s lemma implies
P, u, ..., D, o) Drue LY(Q).

Therefore in virtue of the assumption g) we have the first part of (2.13).

Now we shall prove the second part of (2.13) and (2.15), using the Vitali
convergence theorem. For any fixed number §=0

@19) g )= sup 18 &)+ 2 81ége i, €)1

a€ A,

Since by (2.2), (2.3) and the assumption g)

18a, X, &) = | Pals £)] +ha(3) = [ 820X, )] +2h(x),
from (2.19) we obtain

(2.20) 8o, ulX, EN =85, 5m1(X, E7)+ 2h«(x)+¢§f5 £ae, u(X, £
(the definition of g, ;-1 see in the assumption h)).
(2.2), (2.3) and the assumption g) implies the estimation
|8, % £)Eal =8, ulX, &)Eut 2h(X) ] &l
Consequently, by (2.20) and the assumption h)
|8, 7, (% w0, (%), -, DYy (xX), .. )| =

=g s1(X) + 2M,(x) + 26 ZA ha(xX) | D711, (%) | +
x€A,
+ 61241 ay i (% ujk(x), . .,ijk(x), .. .)D"ujk(x).

Hence by (2.12), the assumption g) and Hélder’s inequality there exists a
constant ¢’ such that for any measurable set EcQ

(2.21) }fsjga,jk(x, Ujpy - -, Dy, o) dx =[18; s-1(%) + 2h(x)]dx + 5.
E

Let e=0 an arbitrary number and set § = —25— Then by (2.21) for suffi-
C,
ciently small meas E

f]gl,,-k(x, Wjps - - .,D"/uj/‘_, .. .)Idx<g
E
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and there exists a set A, cQ of finite measure such that

f ]ga,jk(x, Ujpr - - .,D”lljk, .. .)]dX<5,
Qla,

Thus (2.16) and Vitali’s theorem imply the second part of (2.13) and (2.15)
which completes the proof of Lemma 6.

LEmMA 7. For all ueV
(2.22) UT +8,)(u), uyzcllulf —Ca— (Iélllhallwm))llullv

where ¢, ¢, are the constants of (1.4). Thus T+ S, is coercive, i.e.

(TS, ) _
[Jut]| = o ]

+ oo

PRrooF. According to (1.4)
(2.23) (T(w), u) =gl —c,.

Further from (2.2), (2.3), (2.5) and the assumption g) by Hélder’s inequality
we find

(2:24) (Suw, uyz = 2, s | Dulra

The estimations (2.23), (2.24) imply (2.22). Finally, from (2.22) obviously fol-
lows that T+ S, is coercive.

The Proor of the THEOREM. By the Lemmas 1, 4, 5 and 7 the operator
T+S,: V- V*is bounded, continuous in finite dimension, pseudomonotone
and coercive for all j = 1, 2, ... Using the well known theory of pseudomo-
notone operators in reflexive Banach spaces, we obtain that for any Fe V*
there exists u;€ V such that

(2.25) (T+S,)(u;) = F.

By Lemma 7 the sequence (u;) is bounded in V. T is a bounded operator
(Lemma 1) and so the sequence (T(u;)) in bounded in V*. Since V is a reflexive
Banach space, there exist a subsequence (u,) of (4}), u€V and y€ V* such
that

lim (u;,) = u weakly in V,

(2.26) e .
lim T(y;,) = y weakly in V*.
Koo

Combining the definition of S; with (2.25) we find that
Z fga,jk(x, Ujs o oy Druy,, .. .)Dzujkdx =

la|=l 0

= (8 (u; ), uj,) = (Fyu) — (T (), ) =

= | Fllvs lujllv + 1T @dlv=luglv =c.
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Thus by Lemma 6 for all « with |« =1
(2.27) gu(-,u, ..., D, .. YDruelN(D), g, 1, ..., Dy, .. .) €LY(Q)
and there is a subsequence (”jlﬁ) of (1, ) such that

(2.28) limDruy = D7u a.e. in @ for |«|=m—1,
k £

(2.29) kl_i’r?°||g¢,jé(-,uj;(, ce Dy o) =gy o DY )|y = 0.
From (2.25) it follows that for all veé V with the property D=v¢L=(Q)
(lel =)
<(T+Sj,'{)(uj,:)’ vy = (F,v),
whence by making use of (2.26), (2.29) as k-~ « we find
(2.30) v +|;§”f}g,(x, u,...,Dv, ... )D¥dx = (F,v).

Now we shall show that y = T(u). Since T is pseudomonotone, it is suffi-
cient to prove the inequality

(2.31) “T_f;'p (Tuy), ug,—uy=0.
By (2.25)
(T(uy),uy, —uy = (Fyuyy —(Spuyn), upy —(T(uy)), u)
thus (2.26) implies that
(2.32) lizn:rp (T(ug),uy—uy = (F—y,uy— li‘miff (Synlup)up).

By making use of (2.2) the expression (Sy(uy), 117y in the right of (2.32)
can be written in the form

(2.33) (Sjilush sy =
= 2 Lt i g - Dty - Do

- fr(x gy .., Druy, . )Douydx.

a]ﬁl
By (1.7), (2.3), (2.28) and the assumption f) Fatou’s lemma yields that

(2.34) liminf fx]kpa e ug, . D, .)D“uj;‘dxg

ko ||

= 2 [pxu, ..., D, .. )Deudx,

|lej=l 2
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Further by (1.8), (2.28), the assumption f) and the boundedness of
gy Hélder’s inequality and Vitali’s convergence theorem imply

lim 2 frdx, uy y Druyr, o )Duydx =

k> ja|=s10

= D frdxu, ..., D, .. )D:udx.

[ETE31%)

Thus from (2.33), (2.34) we obtain

liminf (Sy(u;), uzyz 2 Jeu(xu, ..., D, .. .)Doudx
k—r e v lej=l0

and so
(2.35) fim sup (T'(u;;), uj; —u)y =(F —y,uy—
K=o

- > Jgxu, ..., Dy, .. .)Deudx.

laf=l 0

In virtue of the assumption a) there exist constants ¢=0, ¢’=0 and a
sequence of functions w;€ V< L=(Q)such that (1.1) and (1.2) hold. By use of
(2.30) and (2.35) we find the inequality

(2.36) ]iin—fgp (T(uj),uy —uy=(F -y, u—wp+

+ 2 Jgdx,u, ..., D', .. ) (D*w;— Dru)dx.

lej=t 0

From (1.1) we have
im (F—~y, u—-w) =0

j—reo

further as for a subsequence (w}) of (w;)
lim D2w}; = Doz a.e.inQif la|=m—1
J—»oo
(see [6]) thus (1.2), (2.27) and Lebesgue’s dominated convergence theorem
imply
lim 2 fg.(x,u,...,Dwu, .. ND*w}; — D*u)dx =0.

J—roo la]=t 2
Therefore from (2.36) we obtain (2.31), consequently, y = T(u) and by (2.30)
the equality (1.11) is valid for all ve V with 9=v€ L=(Q) (for |a|=1).

Since (1.11) is true for v = w} thus letting j— < we find that (1.11) is
frue also for v = u. The proof of the existence theorem is complete.
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ON THE SUMMABILITY OF EIGENFUNCTION EXPANSIONS I11.
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Let Q2 be an arbitrary bounded domain in RN(N >3) having C= —smooth
boundary and ¢ be a function of the form

q(’() — a(‘x_xol)
|2 — 2]

b

where for the function a(f) the following conditions are fulfilled: there exists
()€ C(0, =) such that

[ [a(t)] = w(t) (t=0)*,
w(f) increases, w(f)/t decreases on (0, 1),

(1) YV 8=031(8):w [71] increases for f =1y(4),

fﬂd1<oo.
o

Denote by L an arbitrary positive selfadjoint extension of the Schrodinger ope-
rator Ly = Ly(x, D) = —A4+¢(x) from the domain C;(£2) with discrete
spectrum. E.g. if ¢(x)=0, (x€£2), then according to a theorem of K. O.
FrIEDRICHS [2], there exists such a selfadjoint extension. Denote L =

= f)LdEg the spectral expansion of L and for any fe L,(£2) consider the ex-

m
pansion E,f.
The aim of the present paper is to prove the following

*E. g. w(f) = 1/log?.
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THEOREM. Suppose the above conditions are fulfilled. Then for any feCg
(Q) the expansion E;f(x) tends fo f(x)(as A~ <), uniformly on every compact
subset of Q.

For the proof of the Theorem we need some lemmas.
Consider the functions

0Fol] 0™ [0 w0 =,
yt d oA+t
(O<z<1).
Then by Lemma 1.1 of [14] we have

9(A) = A=v(@)e.+o(D)],

hence
2) A= (D)= p(1)(2=0).
Consider the operator
det 7
?(L)= [¢()IE;
m
Obviously
H T ] r
L) = —~ dt|dE; = HR_«(L)dt,
o(L) "f,[bfﬂ—l 3 bflﬂ() «(L)
where

Ry(L) &t (L —t1)1,
Denote ®(x, y) the kernel function of the operator ¢(L), i.e.
D(LYf(x) = [@(x, Y)fW)dy, (feD(p(L)), x€Q).

Define

i

7, zEC:“arg —= =2 ¢, £>0 fixed!,
| 2| T2
B = {x€R": |[x—x,| <R},

B, = {XERH : Ix—xol<% R},

B, = fxere: lx—xol<%R}, r= ey,

0<R<dist (xy, 00Q) def P*,

denote E(x, y, u) the exponentially decreasing (for Im u=0) fundamental so-
lution of the operator L, = L—y? I (this was constructed and estimated in



ON THE SUMMABILITY OF EIGENFUNCTION EXPANSIONS I11. 255

[7]), G. = G(x, ¥, p) the Green function of L,, i. e. the kernel function of the
operator (L —u? I)71. At last define

By(x, ) = j YOH*, y, iVDdt,
0

where n€ C(B) is such that 9(x) = 1 for x€ B; and
H(x, y, p) & EX)EX, ¥, w),

H*(x, y, u) LLEWMEW, x, u) = EWE*(X, ¥, ).
LeEmma 1. For x¢ By and y€Q

3 |Do(x, ¥)| = Ce|x—y[2=Ny(Jx—y|~?), O<z=<1),
Proor. In [7] is proved the estimate
4 |E(x,y, w)| = clx—y|2=Ne-llm =¥, (x, y € B; u€C),

hence we get
B 19, )1 = | [pOH*(x, y, iVidt] =c|x—y[>=N [t=rv(p)e= Vit
0 0

Using the substitution s = ryf and the notation

. @
I = 1(1jr?) = [st—27y| —|e~sds,
ar = [ [r]

we obtain
[Do(x, ¥)| =cr?—NI.

We must estimate /. To this first consider the function
2
2x(8) d="fs“21e‘s[1(———}"s ) _ 1].
v(4)

Now we prove the existence of a function g(s) such that
(6) g1 =8),  [e(s)ds< .
0

Let >0 be arbitrary. Taking into consideration (1), A°v(4) increases for
for 2=t, = #(6). Hence

1. if s2=1, then v(As?)/v(A)=1;
2. if h =$§%=1, then
A

V(As?) _ Av(2) _ @

v(3s?) = (4s%)° Gy Gy s
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i.e.

v(As?) =52

v(2)
3. if = %‘), then for A=1f, we have
t3v(ty) = 2%v(A),

ie.

v(A)=ci~?,
consequently

2
Vs m =cA = (s Uy)° =52,
V(3 v(2)
From 1., 2. and 3. we obtain:
tga(s)| = cs!—27e~s(1 4 5=,

Because O0<z<1, we can choose d<I1—7, and the desired estimate (6)
follows.
Now we estimate /. Obviously

I(2) = v(2) {js‘—%e—SdH- js‘—he—s[%;:)— l}ds} =

= cv(A) + v(l)jg;(s)ds.
0

It is easy to see that for every s€(0, o) g,(s)~0 as A~ <o and by Lebesgue’s
dominated convergence theorem

jg;,(s)ds -0 (A~ ).

We obtain for 2 = 1/r¥: I=c, v(1/r%).
Lemma 1 is proved.

Lemma 2. For arbitrary compact set KC£2 we have

7 D (x, N9y =c(K)< =, |x€K, q = .
( [12 sty =cty ==, [xek, g = 2]
Proor. Using polar coordinates and applying (3) we get
f[cDO(x y)[‘?dv<cf ~NpN=1yq L ]dr =
+0 r
r dr
=cfV|-—-l—=c¢c| o%(r)-—< .
+fo [rz] r +fo ¢ r

Lemma 2 is proved.
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Define
Mf() = [ )Ry Gif (x)et,
0

where
Ki(x,y) 2127 £(3) - VL E*(x, 9, ) + (2 EONE*(x, ¥, 1)

LeEmMma 3. For any fe L,(2) and x€ B,

8) | Mf(x)| =chfiip,-
Proor. In [7] we proved the estimates
© |Gulx, ) =y |x—p| 2 Nem el 551, (ue Z; x,y€ By),

3
(10) |7 .E(x, 3, )] = c(R)e~1m s Ix—yi,[ZRs|x1<R, lyls%R, uGC]-
Consequently

|MFG)] =ex [pt)e 410 i =il fl. [p(Detdt=ci .
0 0

Lemma 3 is proved.
LemMa 4. For any fe L () (p = N/27) and x€ B,

(11) lp(L)f ()| =cil fiir,.

PRroor. It is proved in [7] that for any f€ L,(@2) and x€ B,
(12) Guf () = F*f(x) = K*Guf (x), (1€ C\{2,)),
hence

[p(L)f1(x) = Bof (x) + Mf (%),

and taking into consideration (7), (8) the desired estimate (12) follows.
Lemma 4 is proved.

Lemma 5. For any fe L,(2)
(13) (L)L« = cllf L@

=)

Proor. Using Lemma 4 and the imbedding W%"——Lp, [3—20=— =
p

= 2r] we obtain

le(LIL=]l <CIL=TN, gy =CIL™TN 0=l (€TI8D)-

L (Bo) L (Bo)
Lemma 5 is proved.

17 ANNALES- Sectio Mathematica— Tomus XXVIII.
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CoroLLARY. For any compact set KCQ there exists a constant C(K),
such that

N Ivk(x)‘z 2 C K " }" N 1
(14) > N2 Vi(4,) =C(K), (x€ K, N=1).
k=1 “k
Indeed, using (2) and (13) we obtain for any x€E,
u N |u(x)
3 R e =c3 O e -
k=1 oy Y A
NooJu ()2, Py ) (x
= ¢ - 1N/‘( )1 (P“(}-k) — CJ_ESI‘UE))I (f k) l( ) (}.()
i ()2 s lis g
k k
=c¢ sup sup | | = € Sup Je(L)L SLw@y ===
T e fe?

The Corollary is proved.
LEMMA 6. Suppose f€ C(R2), x, = 0 and f(0) = 0. Then
1 (N
15 LofllLyoy < o=, {0 = —|—+ 1|[{.
(15) Il = = (o= {5 +1])
N+2
Proor. Let R = m+9, 0<d=1. It is proved in [8] that
L"f(x) = (= 2)" () + 2 D (x)
and
v L7 f(x)] = coo(|x]) 2 | x|l =2m=1[ D=f(x)| = co(]x])|x|~2m,

because
|D*f(x)! =const, if |a|:==0,

|D=f(x)| =const- |x|, if |«| = 0.

We obtain
v Lmf()|L, <o, if 2mp = N,i.e. p = ~1y—
2m
Taking into consideration the imbedding W.-W2,
N N
N o8 opiens=No NN, Ldm]
P 2 2 D2

it follows

ILmf]f1 < o TR
p p
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hence
ILm*ofl,, = HL"L’“fllLZSCHL’"flIWgasCHmeHW},< .
Lemma 6 is proved.

CoroLLARY. For any feCx(Q) with f(0) = 0, the spectral expansion
E;f(x) tends to f(x) absolutely and uniformly on every compact set K Q.

PRrooF. It is enough to prove the Corollary for K = B,. Using (14) and
(15) we obtain (taking into account the spectral theorem):

ST ()] = [Zt (, mg;aia]‘”[”j”; u,((xmk_za]uz )
k=n gt

k=n
<e(z ]u,{(x)|°}{_2"] - e(l)e
if n and p is large enough.

The Corollary is proved.
Lemma 7. Let y(]x[)€Cq (L) such that ¢(ix]) =1 for |x|<§ and

7(1x]) = 0if |[x| = R. Then we have
(16) |25 )| =¢ | %S%)iw[m] (n=1,2,...).

Proor. First consider the case N=0 (mod 2) and usc the notation
m = N/j2.
Obviously

(X’ n) (/7L un)_l__(l‘ X u )
n n
On the other hand (cf. {8])

JLmX(X)I = M_).

e
Taking into account that g is spherically synimetrical, it is enough to esti-
mate the integral

I = fx(r) o) [un(0 +r0)a0

0 | &

rN=1dr,

We proved in [8] the following “‘generalized” Titchmarsh formula

fun(0+r0)d@ = 1,(0) [CN jJ’—E/—Vi-qL a(r, V2, )]

(rV 2,)?

17%
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where
p= %— 1, |e(r, Vag)| =cb(r)ia(ria,),
b(r) d:“f"igﬁdt, h(z‘)dzﬁmin{l,t—""fl}, (t=0).
We obtain °
(n|J (ern)
I=clu, )] [x() 220 | Lo
ol f e
+J' b(r)/z(rl/ln)dr} = ¢c|u, (0)[{I,+ I}

For the estimation of 11 we prove
;- f Jo(rV2,)
1 -

0 (rV)‘n)p

For N=3 the well known estimates

Ll )

]]p(x)[<*(x . 0),‘JP(X),<~ (0<x=5)
hold. We have |

1 =

V4, UV, e
= j () dr<co[ ! ],
Va

o 0 r
and
R R R
> A N
I”def j = J ___Lw(r) dr=—— J o) “_)(r_)drs
W, vl I T Vi, wio T

e[ eie) 4]
Vlnl,r 1/Va, r
Now estimate I, in a similar way. Denote
R 1V, j,
I,=1{ = + = I+ 13
=

0 Vi,
Obviously
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Now consider the case N=1 (mod 2). In this case define m = (N—1)/2 and
repeat the argument above. We have in this case

| L] = XD

Ix'N—l
further
R . Wi, R
l, n
= | T2 | omiryar [+ [ =n+r
8 | (rVa,)r o i,
I/W 1
1= | o™r)dr=cw [—_],
| i
[ w[VL] f
2 |
= —a(r)=—— ldr =co|—|
C VA, ( Vﬂ VA, 8 J [Vln]
_ Wi, K
lo=c[ "RV A)dr = [+ [ =+,
0 1V,
YV,

Igsc}]—u [ ]fl rec [m]'

1¥a, r An
Summarising our estimates (16) follows. Lemma 7 is proved.

ProoF of the THEOREM. Let feC(Q) be arbitrary. We may suppose

supp fC B, (according to the Corollary after Lemma 6). Let x be the function
satisfying the requirements of Lemma 7. Obviously

JG) = f0)r () + 2 ()(fx) - f(0)),

and hence: it is enough to prove the uniform convergence of E;y on B,. To
this first remark the inequality

1)

2 o= 5 52 o[5)) (25w

which is a corollary of (14) and take into account that for u=1

2in uMo)=cpN7, (et [8]),
| Vin=u]=1
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which implies

n=1 4An k=1 k=Vijsk+1 k=1

The Theorem is proved.
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EINIGE BEMERKUNGEN BEZUGLICH DER STRUKTUR VON
ENDLICHEN BOLYAI — LOBATSCHEFSKY EBENEN

Von
F. KARTESZI und T. HORVATH

Lehrstuhl fiir Darstellende und Projektive Geometrie der L. E6tvis Universitidt und
Student der L. Eotvos Universitat, Budapest

(Eingegangen am 24. November 7982)

Man kann eine endliche Punktmenge mit Hilfe von ihren bestimmten
Teilmengen zu einer Struktur, die Ebene genannt wird, organisieren. Die
oben erwdhnten Teilmengen werden Geraden genannt. Die Geraden in der
klassischen hyperbolischen Geometrie haben die folgende Eigenschaft:
Durch einen beliebigen Punkt gehen wenigstens drei Geraden, die mit einer
nicht durch diesen Punkt verlaufende Gerade keiren gemeinsamen Punkt
haben. Diese Eigenschaft gab die Idee, die Geraden der endlichen hyperboli-
schen Ebene zu definieren.

Es sei 8§ eine endliche Punktmenge. Ihre bestimmten Teilmengen werden
Geraden genannt, wenn die folgenden Erforderungen (Axiomen) erfiillt
sind:

B1. Zwei belicbige verschiedene Elemente von S werden von genau einer
Gerade genannten Teilmenge von S enthdlf.

B2. Esgilt fiir jedes Paar, das aus cinem beliebigen Punkt und aus einer
nicht durch diesen Punkt verlaufenden Gerade von S besteht, dafs m schneidende
bzw. n nicht schneidende Geraden durch den Punkt eines Paares zu dem Gera-
denelement dieses Paares geben.

B3. Es gelten m=2, n>2.

Mit der letzten Erforderung koénnen wir die nichtssagenden Féllen
ausschlieBen.

Wir nennen diese den vorigen drei kombinatorischen Erfordernissen
entsprechende Struktur eine BoLvyal—LoBATscHEFSKY Ebene (kurz BL
Ebene) bei Charakter (m, ny. Diese Struktur wird mit S§{m, n) bezeichnet.

Es ist offenbar, daB jede Gerade wegen B1 und B2 m Punkte enthilt.
Wenn wir die Zah! der Punkte bzw. der Gerade der Ebene mit w bzw. A
bezeichnen, dann gilt

mi = (m+now.
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Auf jeder Gerade m Punkte gerechnet, haben wir namlich jeden Punkt
(m+ n)-mal in Betracht gezogen. Nun bestimmen wir w. Die Geraden, die
durch einen bestimmten Punkt hindurchgehen, {iberdecken die Punkte der
Ebene, mit Ausnahme des bestimmten Punktes, einfach. Deshalb gilt

w = (m+n) (m—1)+1,
und so bekommen wir fiir

A= [(m+ n)*(m—1)+(m+m}/m.

Die Tatsache, dal m der Teiler des Dividenden ist, ist nur die notwendige
Bedingung der Existenz von S{m, n). Die Nichtexistenz einiger Fille ergibt
sich sofort. Z. B. §(4, 3) existiert nicht, weil sich keine ganze Zahl fiir A
(A = 154/4 = 38,5) ergibt.

Die Existenz der Ebene 83, 3), die ein nichttrivialer Fall mit der klein-
sten Elementenzahl ist, wurde von F. KArTEszr im Jahre 1969 mit Kon-
struktion eines entsprechenden Modells bewiesen. Ein zu dem vorigen nicht
isomorphes Modell wurde von T. HorVATH konstruiert. Wir analisieren diese
Modelle in dieser Arbeit, weiterhin untersuchen wir auch die BL Ebene, die
den Fall 8§(3, 4) realisiert.

Die drei Beispiele, die wir im Rahmen dieser Arbeit vorlegen, decken
interessante Eingenschaften auf.

1. In den Fillen der BL Ebenen 8¢3, 3) und §'(3, 3) sei
$§=8=1{1,23,456,7,8,9,10,11, 12, 13}

die Menge der Punkte, die die Ebenen bilder. Die Geraden der Ebene
8(3, 3) seien die folgenden Teilmengen:

{1,2,3}4 {1, 4,5}, {1,6,7), {1, 8,9}, {1, 1¢, 11}, {1, 12, 13},
12,4,6),{2,5, 7}, {2, 8,10}, {2,9, 12}, {2, 11, 13}, {3, 4, 8},
{3,5,9), 13,6, 11}, {3, 7, 13}, {3, 10, 12}, {4, 7, 10}, {4, 9, 13},
{4, 11, 12}, 5, 6, 12}, {5, 8, 11}, {5, 10, 13}, {6, 8, 13}, {6, 9, 10},
(7,8, 12}, {7, 9, 11}.

Man kann leicht sehen, daB die 26 Teilmengen unserer Menge mit 13
Elementen so ausgewdhlt wurden, daB jede Teilmenge drei Elemente hat.
Jede von den 13 Elementen tritt in sechs Teilmengen auf und eine beliebige
Teilmenge {x, ¥} (xs>¢y) ist der Teil genau einer von den oben aufgefiihrten
Teilmengen mit drei Elementen, d. h., die Axiomen B1, B2, B3 gelten.

Deshalb haben wir ein Modell der Ebene S§(3, 3) angegeben.

Ein anderes Modell bekommen wir aus denselben Elementen, wenn
wir die Teilmengen auf einer anderen Weise organisieren:

{1,2,34,{1, 4,5}, {1,6,7), {1,809}, {1, 10, 11}, {1, 12, 13},
{2,4,6}, 12,5, 7}, {2, 8,10}, {2, 9, 12}, {2, 11, 13}, {3, 4, 8},
{3,5,9, (3,6, 10}, {3, 7, 13}, {3, 11, 12}, {4, 7, 12}, (4, 9, 11},
{4, 10, 13}, {5, 6, 11}, {5, 8, 13}, {5, 10, 12}, {6, 8, 12}, {6, 9, 13},
{7,8, 11}, {7, 9, 10}.
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Es ist leicht einzusehen, daB die Axiomen B1, B2, B3 auch in diesem
Fall gelten. Dieses letzte Modell wird mit 8'(3, 3) bezeichnet.

2. Die BL Ebenen S(m, n) und §’{mn, n) sind im wesentlichen nicht ver-
schieden voneinander, sie sind isomorphe Strukturen, wenn es eine bijektive
Abbildung zwischen den Punkten von 8{m, n) und §'(m, n) gibt, die die
Geraden von S{m, n) in die Geraden von §'(m, n) iiberfiihrt. Mit Hilfe der
folgenden Konfiguration kénnen wir entscheiden, daB die oben erwihnten
zwei Modelle nicht isomorph sind.

Wir betrachten eine beliebige Gerade von 8(3, 3) und projizieren die
Punkte dieser Gerade von einem Punkt, der nicht auf unserer Gerade liegt.
Auf diesen drei Projektionsgeraden betrachten wir die dritten, von den
vorigen verschiedenen Punkte. Diese drei Punkte liegen auf einer Gerade
oder nicht. Die zwei vorkommenden Fille kann man auf der Figur 1. sehen.

Fig. 7.

Die erste von diesen zwei Konfigurationen hat eine wichtige Rolle.
Diese Konfiguration wird ein perspektives Dreierpaar und der Punkt 2 den
Mittelpunkt der Konfiguration genannt? Es gibt auch solchen Mittelpunkt,
der der Mittelpunkt von zwei verschiedenen Dreierpaaren ist. Dieser Punkt
wird 2-fachen Mittelpunkt genannt. Wir sprechen iiber einen gewohnlichen
Punkt, wenn der Punkt weder einfach, noch 2-fach ist. Mit IT bezeichnen wir
ein perspektives Dreierpaar. Wir miissen die Konfiguration /7 von den
2610 = 260 Gerade-Punktpaaren auswéhlen, wo der Punkt und die Gerade
miteinander nicht inzident sind. So bekommen wir, dafl

die gewthnliche Punkte: 4, 5, 8, 9, 10, 12,
die einfachen Mittelpunkte: 2, 3, 11, 13,
die zweifachen Mittelpunkte: 1, 6, 7

sind. Es gibt also 10 verschiedene Konfiguration// in der Ebene 8(3, 3). Auch
die Mittelpunkte bilden eine Konfiguration//, weil wir die Punkte der Gerade
{1, 6, 7} vom Punkt 3 mit Hilfe der Geraden {1, 2, 3}, {3, 7, 13}, {3, 6, 11} in
die Punkte der Gerade {2, 11, 13} projizieren kénnen. Diese sg. Hauptkonfigu-
ration IT kann man auf der Figur 2. sehen.
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Mit den Zeichnen O, @ und () bezeichnen wir nacheinander den ge-
wohnlichen, den einfachen und den zweifachen Mittelpunkt.

Wenn wir die dritten Punkte der Geraden {1, 11}, {11, 7}, {7, 2}, {2, 6},
{6, 13}, {13, 1} betrachten, sind diese Punkte 10, 9, 5, 4, 8, 12, d. h. die ge-
wohnlichen Punkte. Die Menge dieser dritten Punkte und der diese Punkte
enthaltenden Geraden bilden die Konfiguration £.

1
1
\\ i . AN - ', L
N\,
6
‘?«, . A A
i N s N 7
i AN // \\\ e ‘I
N\
: X 3 \ e i
1 Ve o X 1
I -
I s N il \ !
! // \\ , \\ {
1/ N ,/ N |
N
43 (11 %2
e N N
’ | s N TN
N !
Fig. 2

Jetzt stellen wir die Liste der Geraden zusammen, die gemeinsamen
Punkt mit der Punktmenge {4, 5, §, 9, 10, 12} haben.
Wir kénnen sehen, daB jede von den Geraden

{4, 5, 1}, {4, 8, 3}, {4, 9, 13}, {4, 10, 7}, {4, 12, 11}, {5, 8, 11},
{5,9, 3}, {5, 10, 13}, {5, 12, 6}, {8, 9, 1}, {8, 10, 2}, {8, 12, 7},
9,10, 6}, 19, 12, 2}, {10, 12, 3)

mit der Menge Q zwei gemeinsame Punkte hat. Jede von den Geraden
{4, 2, 6}, {5, 2, 7}, {8, 6, 13}, {9, 7, 11}, {10, 1, 11}, {12,1,13}

hat einen einzigen gemeinsamen Punkt mit £, d. h., diese Geraden beriihren
dic Menge Q.
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Das Oval ist eine wohlbekannte Konfiguration in der Theorie der endli-
chen Ebenen. Das Oval ist solche aus meisten Elementen bestehende Teil-
menge der Punkte der Ebene, die hochstens zwei gemeinsame Punkte mit
einer Gerade hat und die in jedem von ihren Punkten genau eine Gerade
(Tangente) hat, die keinen weiteren gemeinsamen Punkt mit der obigen
Teilmenge hat.

Wir bemerken, daB die Ebene 8§(3, 3) aus dem Oval Q und aus der Haupt-
configuration I1 besteht. Die Tangenten von Q sind die Seitengeraden des
Sechsecks, dessen Ecken zu dreien zwei Geraden bilden.

3. Die Untersuchung der Ebene §'(3, 3) geht &hnlicherweise, wie bei
8@, 3).

Wenn wir die 260 miteinander nicht inzidenten Gerade-Punktpaare
betrachten, kdnnen wir sehen, daB die Ebene keine Konfiguration IT ent-
hélt, d. h., jede Punkt der Ebene gewthnlicher Punkt ist. Daraus folgt
schon, daB 8(3, 3) und §'(3, 3) keine isomorphe Modelle sind.

Im folgenden beweisen wir auf einer anderen Weise, daB S$(3, 3) und
8’3, 3) nicht isomorph sind. Wir zeigen ndmlich, daB es eine solche Kon-
figuration in §'(3, 3) gibt, die man in 8¢3, 3) nicht finden kann. Nun betrach-
ten wir die Punkte 2, 3, 4, 6, 8, 10 von §(3, 3). Diese Punkte sind die Eck-
punkte eines vollstdndigen Vierseits. Die Seiten dieses vollstdndigen Vier-
seits sind die Punktmienge {2, 4, 6}, {2, 8, 10}, {3, 4, 8}, {3, 6, 10}. Die Punkte
1,2,4,5 6,7bzw. 1, 3, 4, 5, §, 9 sind die Eckpunkte je eines vollstdndigen
Vierseits, dessen Seiten die Punktmengen {1, 4, 5}, {1, 6, 7}, {2, 4, 6}, {2, 5, 7}
bzw. {1, 4, 5}, {1, 8, 9}, {3, 4, 8}, {3, 5, 9} sind. Die obigen drei Vierseite ordnen
sich entsprechend der Figur 3. Mit X bezeichnen wir diese aus drei voll-
standigen Vierseiten bestehende Konfiguration.
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Es ist zu sehen, daB die Punkte 2 und 3, 1, und 2 bzw. 1 und 3 die Ge-
genecken je eines vollstdndigen Vierseites sind und diese Punkte auf einer
Gerade liegen. Man kann auch das sehen, dall der Punkt 4 der gemeinsame
Punkt der drei vollbtﬁndiqen Vierseite ist.

Nun betrachten wir die Ebene 8(3,3). A und B seien beliebige Punkte
der Ebene. Nehmen wir eine von den durchi A verlaufenden Geraden, die
den Punkt B nicht enthilt. C und D seien die weiteren zwei Punkte dieser
Gerade. Wir betrachten die Geraden BC und BD. E bzw. F sei der dritte
Punkt auf der Gerade BC bzw. BD. Wenn die Punkte A, E und F auf dersel-
ben Gerade liegen, dann bekommen wir ein vollstindiges Vierseit, dessen
Eckpunkte A, B, C, D, E, F sind. Nun probieren wir dieses vollstdndige
Vierseit zur Konfiguration X ergdnzen. Ein von den Punkten C, D, E, F soll
dem Punkt 4 der Ebene §(3,3) entsprechen. Wir willen einen von den
Punkten C, D, E, F aus. Dann ist die Ergdnzung der Konfiguration schon
eindeutlich und es ist einzusehen, dafl wir keine Konfiguration & bekommen.
Insgesamt 390+ 3¢ Fille miissen wir untersuchen, wo { die Zahl der voll-
stindigen Vierseite ist.

Nach der Durchfiihrung der Rechnungen bekommen wir die Konfigura-
tion X in der Ebene §(3,3) niemals. Daraus folgt, daB die Ebenen 8(3,3) und
§°(3,3) nicht isomorph sind.

Nun betrachten wir die Ebene §7(3,3). Mar: kann Ovale auch in dieser
Ebene finden. Das Oval enthilt hichstens 6 Punkte auch hier, weil keine
Tangente im entgegengesetzten Fall gibt.

Wir betrachten die Liste der Geraden, die durch je zwei Elemente der
Punktmenge Q" = {1,5,7,9, 11, 13} bestimmt sind:

{1,5,4},{1,7,6}, {1, 9,8}, {1, 11, 10}, {1. 13, 12}, {5, 7, 2},
{5, 9, 3}, {5, 11, 6}, {5, 13, 8}, {7, 9, 10}, {7, 11, 8}, {7, 13, 3},
{9, 11, 4}, {9,13, 6}, {11, 13, 2}.
Wir konnen sehen, daB jede von diesen Geraden nur 2 Punkte von @’ ent-
halt.
Die Tangenten von £2” sind die folgenden Geraden:
{1,2,3},{5, 10, 12}, {7, 4, 12}, {9, 2, 12}, {11, 3, 12}, {13, 4, 10}.

Im Punkt 12 treffen sich vier Tangenten. Die Konfiguration der Tangenten
konnen wir auch folgenderweise kennzeichnen. Sie bilden dic Seitengeraden
der Dreiecke, die eine gemeinsame Ecke haben. Es handelt sich um die Dreiecke
{2, 3, 12} und {4, 10, 12}.

Nun betrachten wir die Punktmenge Q” = {1, 5, 7, 9, 11, 12}. Wie im
vorigen konnen wir einsehen, daB auch Q" ein Oval 1st und 0 gleiche
Eigenschaften hat, w1e (. Dasselbe wissen wir auch iiber die Punktmenge
Q7 =1{5,1,9, 11, 12, 13}. Man kann sehen, daB sich diese drei Ovale nur
in je einem Punkt voneinander unterscheiden. Das bedeutet, daB fiinf Punkte
in der Ebene §'(3,3) ein Oval nichl eindeutlich bestimimnt.

4. Die in der Einfiihrung erwihnte Ebene 8(3,4) besteht aus 15 Punkten
und 35 Geraden. Jede von den Geraden besteht aus drei Punkten und durch
jeden Punkt geht sieben Geraden hindurch.
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Bezeichne 1, 2, 3,4, 5, 6,7, 8,9, 10, 11, 12, 13, 14, 15 die Punkte. Die
Liste der Geraden ist:

{1,2,9,{1,3, 10}, {1, 4, 11}, {1, 5, 12}, {1, 6, 13}, {1, 7, 14},
{1,8, 15}, {2, 3, 15}, {2, 4, 14}, {2, 5, 13}, {2, 6, 12}, {2, 7, 11},
12,8, 10}, {3, 4, 9}, (3, 5, 14}, {3, 6, 11}, {3, 7, 12}, {3, 8, 13},
{45, 15}, {4, 6, 10}, {4, 7, 13}, {4, 8, 12}, {5, 6, 9}. {5, 7, 10},
(5,8, 11}, {6, 7. 15}, {6, 8, 14}, {7, 8, 9}, {9, 10, 11}, {9, 12, 13},
{9, 14, 15}, {10, 12, 15}, {10, 13, 14}, {11, 12, 14}, {11, 13, 15}.

Wir bemerken, daB die Punkte 9, 10, 11, 12, 13, 14, 15 und die aus diesen
Punkten bekommenden Punktdreier (s. die letzten sieben Dreier der vorigen
Liste) als Geraden eine wohlbekannte Konstruktion reprisentieren. Das
ist eine Galois-Ebene zweiter Ordnung, anders eine Fano-Ebene. Mit @
bezeichrien wir die obige Teilebene.

Greifen wir den Punkt vom Index 8 der Ebene 8(3,4) heraus und betrach-
ten die dritten Punkte auf der Geraden, die den Punkt 8 und die Punkte
von @ verbinden. Diese dritten Punkte sind 1, 2, 3, 4, 5, 6, 7, weil es sich um
die Geraden {1, 8, 15}, {2, 8, 10}, {3, 8, 13}, {4, 8, 12}, {5, 8, 11}, {6, 8, 14},
{7 8, 9} handelt. Diese Geraden sind die Tangenten der Punktmenge Q =
={1,2,3,4,5,6, 7} weil jede von den obigen Geraden nur durch einen ein-
zigen Punkt von 2 hindurchgeht. Weiterhin ist Q ein Oval nach den Geraden,
die je zwei Punkte von 2 verbinden:

{1,2,9 {1, 3,10}, {1, 4, 11}, {1, 5, 12}, {1, 6, 13}, {1, 7, 14},
(2,3, 15}, {2, 4, 14}, {2, 5, 13}, {2, 6, 12}, {2, 7, 11}, {3, 4, 9},
13,5, 14}, {3, 6, 11}, {3, 7, 12}, {4, 5, 15}, {4, 6, 10}, {4, 7, 13},
{5, 6, 9}, {5, 7, 10}, {6, 7, 15}.

Wenn es einen solchen Punkt gibt, in dem sich die sdémtlichen Tangenten
eines Ovals treffen, dann wird dieser Punkt Kernpunkt genannt. Der fol-
gende Satz faBt unsere bisherige Ergebnisse zusammen:

Die Ebene $(3,4), hinsichtlich ihrer Punkte, besteht aus einem Kernpunkt,
aus einem Oval und aus einer Fano-Ebene. Die Tangenten stellen die folgende
bijektive Abbildung zwischen dem Oval und der Fano-Ebene her :

g1 2 3 4 5 6 7
5 10 13 12 11 14 9

L T

Die hier erorterten Bemerkungen zeigen, dab die endlichen BL Ebenen
schéne Struktureigenschaften haben. Die Untersuchungen der Fragen, die
die allgemeinen Fille betreffen, versprechen interessant zu werden.
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1. Let =2 be an integer. We shall say that a function f defined on the
set of nonnegative integers is g-additive if f(a+mg®) = f(a)+f(mg®) holds
forO=<a<gs,m=0,5s = 1,2, .... Let of, be the class of realvalued ¢g-additive
functions.

The function f(11) = cn belongs to o#,, and behaves very regularly. It
plays a similar role as ¢ log n does for additive functions.

THEOREM 1. Let feot,. The condition

(L.T) Af(n) = f(n+ 1) —f(n) = O(1)
holds if and only if f can be written in the form
(1.2) J(n) = en+g(n),
Where
(1.3) glagh =0(1), (a=1,...,9-1;j=0,1,2,...)
(1.4) > (g8 = 00), (5= =).
=

It is obvious that fe £, is bounded if and only if
w g—1 .
(1.5) 2 2 f(ag)] < e-.
j=0a=1

THEOREM 2. Let fy, fi, - ., €ty U(n) = fo()+ . .. +fi(n+k).
The condition

(1.6) (ny=0(1), (n=0,1,2,...)

holds if and only if

(1.7) fn) = cntgn), (=01, ..., k),
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(1.8) gagh) = 0(1), (@a=1,2,...,g-1;7=0,1,2, ..
(1.9) 2&@—nw=00x@»wx
=

Lt

o g— R
(1.10) ZOZ Z (aq]) << 0o,
j=0a=1]i=0

and

(L.11) Cote+ ... +¢, =0

D,

Let us consider iow Theorem 2 in the special case. Let P(2) = oq+o2+
+ ... 425 E denote the shift operator defined as Ey, = y,.11, E%, = ¥p.

THEOREM 3. Let fect,. The relation P(E)f(n) = O(1) holds if f(n) is
bounded. There exists no more solution if P(1)==0 while in the case P(1) = 0

the relation P(E)f(n) = O(1) holds if and only if Af(n) = O(1).
LEmmA 1. Let feof,. The relation
1
(1.12) — 2 <1, (x~=)

holds if and only if

(1.13) flagh =0(), (a=1,...,9~1;j=0,1,2, ...
(114 =33 )

isbounded, o

(1.15) 12 z:; 2(agl) < o.

We shall use Lemma 1 to prove Theorem 6.
THEOREM 4. Let feot,. and

(1.16) éxldf(ﬂ)l = 0(%).
Then f ecan be written in the form
(1.17) f(n) = cn+g(n),

furthermore with the notations

1
[As =gt —1), A = —(]S—: A1 —q4y)

(1.18)
lns,a = f(aqs)—ads—lr (a =1, .. .,(]—~1)



SOME REMARKS ON ¢g-ADDITIVE FUNCTIONS 273

we have
(1.19) & L, (s~ <),
qS
(1.20) Z |1j| < oo,
j=0
3 q—l 1
(1.21) Z Z l’)’]s,al——< oo

If fe A satisfies the conditions (1.17)—(1.21), then (1.16) holds.
THEOREM 5. Let f,, ..., fyedt,, Un) = fo(n)+ ... +f(n+k), and

(1.22) 2 ()] = O(x).

Then -

(1.23) éxidfi(nﬂ =0(x), (i=0,...,k),
(1.24) 2, [Fim) = 0x),

where )

F(n)y = fo(m+ ... +fi(n).

The fulfilment of (1.23), (1.24) involves (1.22).
From this and the earlier theorems it follows immediately

THEOREM 6. Let f,,. .., fyect, (n) = fo(m)+ ... +fi(n+k).
The relation

éxll(ﬂ)l = 0(x)

holds if and only if the following assertions are true:

(1) f(ny=cntgn), (=0,...,%),
(2) gt —=1) =0(¢°), (5—=;i=0,...,k),
3) é%q‘%(ﬁ“—1)—qg,~(q~°'—1)l<oo,
@ 20 20 q:i g5\g(ags) —ag(g° — 1)| < ==,
N g-1 k& .
(5 >SS flag) = vy
j=0a=0i=0

18 ANNALES-— Sectio Mathematica— Tomus XXVIII.
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is bounded as N — =,
- gq—1
© > 5
j=0a=1
) Co+C+...4¢, =0.

As a special case of Theorem 5 we have
THEOREM 7. Let féct . The relation

(1.25) éle(E)f (m] = 0(x)

obviously holds if

k

Oﬁ(aqf)r <o,

=

éxlf(n)l = 0(x).

There exists no more solution if P(1)s0. If P(1) = 0, then (1.25) holds if
and only if

2 |4fm)] = 0(x).

n=x

2. Proor of THEOREM I. Let n+1 = b+mg®, O0<b<gs. Then Af(n) =
= Af(b—1). If n+1 =mgs, m=1, then n=(g—1) (1+g+...+¢ )+
+(m—1)gs, and so

Af(n) = f(mg") —f((m— D) —f((g— DL +q+ ... +¢=71).
Let us denote by /1, the sum
4; = f@g—D+/(g-Dg)+ - .. +f((g— 1)g).
Assume that (1.1) holds. By putting n = mgs— 1, we get that
2.1 |f(mg?) = f((m—1)ge) — 4, | =K

for every m=1, s=1. Here and as follows K is a suitable large constant.
Summing these inequalities form = 1,2, ..., ¢— 1, we deduce that

IA(@—De)—@g— )4, | =K@g-1),
whence we have
iAs_qu-—ll SK((]— 1):
and so for 8, = g7s4, we get
K
qs—l '
From (2.2) if follows immediately that there exists

lim g = y,

S+ oo

(2.2) |Bs—Bs—al =
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and that
K
(2.3) ly — Bl s—qs—-

Let us consider the function g(n):= f(n)—c¢n, ¢ = Y. Then Adg(n) = 0(1),
consequently (2.2), (2.3) holds with y = 0 and f; instead of g, where

B= 07 3, =10,

Bs = O(g~%) involves (1.4). By considering (2.1) with g instead of f we get
(1.3) immediately. So we proved that (1.1) involves (1.2), (1. 3), (1.4). It is
obvious that for a geof, satisfying (1.3), (1.4) the relation Ag(n) = O(1)
holds. Consequently (1.2), (1.3), (1.4) involve (1.1). &

3. Proor of THEOREM. 2. Let

FAR) = 350, S0) = 3,10

Assume that (1.6) holds.
Let n = a+mgs, a<q¢*—k. Then

@3.1) e+ mp?) = 10) + 3, Fi(m?) = (@) + Fimp).

i=

By putting a = 0, we get that F,(mgs) =: #{(m) is bounded. Observing
that € o£,, by our earlier remark we get

(3:2) 35 (<.
j=0a=1

Let now n = mgs—r, O<r<k. We have
(mge—r) = fo(mg*=r)+ ... +fr_y(mg°— 1) + f(mg*) + .. . +
+filmg +k—r) = F,_(((m=1g)+ S,(mg) +folg*—n) + ... +
+fral@ = D+LO) + - ik —1) = F_y((m—1)g°) +
+8,(mg) = S(¢°) + U¢° —r) = Fi(mg?) + F,_,((m— 1)g°) — F,_(mg®) —
=S(¢)+Ug-r)

Hence it follows that F,_ (mg%)— F,_,((m—1)¢%) = O(1), (m~ ). By using
this for r = 1, 2, ... we deduce that f(mg®)—f((m—1)g°) = O(1), (m—~ ).
This last relation involves that Af(n) = 0. Really, for 14+n = mg+aq,
0>a=¢s we get Af,(n) = Af(a— 1) while for n+1 = mg°® we have

J{mg)~filmg—1) = fi(mgs) = f((m—1)g*) = fi(g°— 1) = O(1).
Consequently the relations (1.7), (1.8), (1.9) hold with suitable constant c,.
Now we prove (1.11).

18%
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Let 8 = co+¢,+...+¢,. (1.8) involves that F,(ag)) = dagi+O(1).
From (3.2) we get that 6 = 0. The necessity of the conditions (1.7)—(1.11)
has been proved. It is obvious that these conditions are sufficient for (1.6). B

4. Proor of LEMMA 1. The assertion is an easy consequence of basic
probabilistic theorems. Let &, &, ... be independent random variables
with the distribution

Pz, = f(ag)) = % @=0,1,...,9-1)

Let 7y = &+ ... +En- [t is obvious that
Miny—| =78 2 1f(m)].

N<gq
Let us assume now that (1.12) holds. Then
(4.1) Mlnyl<c, (N—<e).
Consequently | Mny| <c¢, and hence by o, = Mny we get (1.14). Since

1 o2} .
Mlny| = — > Miny_y + f(ag))|,
a=0

from (4.1) we get (1.13).

Let

my = Mg, Df = M|&,—my|?, H} = M|&, —my|?,
n n
Sz = > Di, Ki = > Hj.
k=0 k=0

Since g,, consequently m, are bounded, we get that Hi<«D?. Hence we
have K3«@82.

We shall prove that S,, = O(1). Let us assume that S,, - <. Then ﬁ—»O,

N
i.e. the Liapunov condition for the central limit theorem is fulfilled, con-
sequently

lim P [M<y] =D(y)-D(—y)
N Sy
holds for every y=0. Hence we get that

lim P(jny|=H) = 1
N

for every H, that involves that M|ny|—~ <, but this is impossible. So we
have S = O(1). Since

Mg—myt = =S (agy - mye=L (50~ my =",
q a=1 q q

we get that ' mE< «, and so S2 = O(1) involves (1.15).
k=0
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Let us assume now that (1.13), (1.14), (1.15) hold. Then D2y, = O(1),
Mny—ay|? = O(1), M|ny—ay| = O(1), and so M|ny| = O(1). Let now
gN=x=gN+1_1]. Since

L s 1mi=gMiny,

n=x
(1.12) is proved. ¥

5. Proor of THEOREM 4. Let A, = f(¢***—1), s = -1, 0, 1, .
Assume that (1.16) holds. If n+1 = aq, +mqs+1 O<a<gq,thenn = (qs—1)+
+(a—1)g,+mgs+1, and so

Af(n) = flag?)— f((a—1)g7) =4y

The number of n<¢N having the above form with fixed a and s is gN-s-1
consequently

-N :’g}l :j:ll |f(aq5)__f((a— l)qS)___As_ll NS,

and so
o g—1
(3.1) 2 2 ()= f((a= D)) = Asy| - q7° < o=
s=0a=1
Hence we get that

(5.2) 35 1/ - adsylg=s <
=0d=1

and by observing that f((¢— 1)¢5) = A,—4,_,, we have
(5'3) Z IAS— qu—llq—s< hal

Let 8, = g=s4,. From (5.3) we get that 11m B, = y exists. Substituting

f(n) with f(n)—cn, ¢ = y/q, if needed, we may assume that y = 0. The rela-
tions (1.18)—(1. 21) immediately follow from (5.2), 5.3).
The converse assertion is obvious.

6. Proor of THEOREM 5. Let us assume that (1.22) holds. By using
the notations of section 3, from (3.1) we deduce that

6.1) 2l Fimee)] = (™)
and from (3.3) that
62 2 Fma(mg) = Fros((m=Dg)] = 0g"), ¢ =1, -, ).

Here s being fixed so that k<g¢s.
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By repeating the argument used in section 3, from (6.1) we deduce that

(6.3) lele(n)l = 0 (x),
and from (6.2) that
(6.4) zfoi(n)] =0x), (=01,...,5k).

The necessity of (1.23), (1.24) is proved.

The sufficiency of these conditions is almost obvious. We split the in-
tegers n<gN —k into d]S]OiI‘lt subclassesn = a+mgs, (a =0, ..., ¢¢—k—1),
n=mgs—r,(r=0,...,k-1).

Assume that (6 3) (6 4) hold. From (3.1), (3.3), (6.3), (6.4) we deduce
immediately that

2 )] = 0@gY), (N—~-<)

n<q -k

and so (1.22) holds. W
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In dieser Arbeit geben wir eine hinreichende Bedingung dafiir an, daB
ein diskretes Punktsystem: des n dimensionalen euklidischen Raumes bi-
konjugiert ist. (S. Definition 2., Satz 1.) Eine notvendige Bedingung wird
nur fiir Punktgitter angegeben. (Satz 2.) Wir beschéftigen uns ferner mit
den bikonjugierten Gittertypen von E? und E3.

1. Die binonjugierten Punktsysteme im E”

DeriniTiON 1. Eine Punktmenge M wird konjugiert zur diskreten
Punktmenge 9 genannt, wenn M aus den Eckpunkten der Dirichletschen-
Voronoischen Zelle von I besteht [1]. (D—V Zelle: [3].)

DEFINITION 2. Ist (V') = IR, dann wird M bikonjugiert genannt.

Im weitern spielt der Begriff der Stiitz- oder Leerkugel eines Punktsys-
tems eine wichtige Rolle. Ein solche liegt vor, wenn eine Kugeloberflache
mindestens n+ 1 Punkte eines Punktsystems enthalt, diese Punkte nicht in
einer Hyperebene liegen und sich kein Punkt des Systems in ihrem Inneren
befindet.

Nimmt man die konvexe Hiille der auf einer Stiitzkugel liegenden
Punkte, so bekommen wir eine sogenannten L-Polytop.

Bildet man alle Stiitzkugeln und L-Polytopen eines diskreten Punkt-
systems, so bekommen wir die Delaunay — Zerlegung des Raumes, Kkurtz:
L-Zerlegung. Das ist eine duale Zerlegung der Dirichletschen— Voronoi-
schen—Zerlegung. Die Ecke der D-V-Zellen sind die Mittelpunkte der
Stiitzkugeln von Punktsystem.

Satz 1.Wenn die Radien jeder Stiifzkugel einer diskreten Punktmenge IR
in En gleich sind, dann ist I eine bikonjugierte Punkimenge.

BEwEls. Wir bezeichen die Punkte von It mit P;, von I’ mit P/, den
Radius der Stiitzkugeln mit R und mit L} die Gesamtheit der Polytope, die
P; als Eckpunkt besitzen. Die konvexe Hiille der Mittelpunkte der Um-
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kugeln der L-Polytope in L¥ ist die D-V-Zelle von P,. Da nach Vorausset-
zungen die Radien aller Stiitzkugeln gleich sind, so ist diese Zelle ein n-di-
mensionaler Polytop mit wenigstens n+ 1 Ecken, die einer Kugel mit dem
Radius R und mit dem Mittelpunkt P, einbeschrieben ist. Nach der Vor-
aussetzung ist auch P,P}=R. Daher ist die Umkugel dieser D-V-Zellen eine
Stittzkugel von M. Es ist also die D-V-Zerlegung des Raumes nach It der
L-Zerlegung nach M gleich. Diese Zerlegungen sind eindeutig ([3]), deshalb
sind alle Punkte von 9% und nur diese die Ecken der D-V-Zellen von %".

Satz 2. Wenn {P;}:= I' ein bikonjugiertes Punkigitter des n-dimensio-
nalen euklidischen Raumes ist, dann sind die Radien der Stiitzkugeln von I’
gleich.

Bewkeis. Es gibt nur endlich viele inkongruente L-Polytope in einem
Gitter [3]. Sei R der Radius der Stiitzkugel mit kleinstem Radius. Nach der
Bezeichnung im ersten Satz sind

¢)) PPi=R.
(2) Die Gleicheit gilt fiir jedes i,

weil I' gitterférmig ist. Nach der Voraussetzung bilden die Punkte von I’
und nur diese Punkte die Mittelpunkte der Stiitzkugeln von I'. Nach (1)
sind die Radien dieser Stiitzkugeln mindestens gleich R. Nach (2) sind sie
nicht groBer als R, sonst wire mindestens ein Punkt von P} im Inneren, d.h.
Die Kugeln wére nicht leer.

Satz 3. Wenn die Radien aller Stiitzkugeln einer diskreten Punktmenge
I in Er-gleich sind, dann liegen die Mittelpunkte der Umkugeln aller L-Poly-
tope vort N im Inneren der L-Polytope.

BeEwEls (indirekt). Nehmen wir an, daB L,, von L-Polytopen seinen
Mittelpunkt nicht im Inneren enthilt. So gibt es wenigstens eine n—1 di-
mensionale Seitenflaiche von L (:= 1)), deren Hyperebene den Mittel
punkte Py, und der P, trennt, wobei P,, der nicht in dieser Hyperebene lie-
gende Punkt von L, ist. Die Zerlegung ist normal [3]. Daher gehért noch
eine Stiitzkugel zu dieser Seitenfldche [ ,. Ihr Radius ist auch R nach Vor-
aussetzung, aber die beiden Kugeln sind nicht identisch. So ist ihr Mittel-
punkt im gleichen Halbraum wie P,,. In diesem Fall enthilt die zweite
Kugel P, im Inneren, d.h. sie ist nicht leer.

2. Die bikonjugierten Gittertypen von E2 und E3

Fjodorow hat die Gitter nach L-Zerlegung klassifiziert [4]:
InE2:

1. Rechtecksgitter: die L-Zellen sind Rechtecke, (die D-Zelle ist auch
Rechteck);

2. Dreiecksgitter (das primitive Gitter): die L-Zellen sind Dreiecke
(die D-Zelle ist Sechseck).
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In E3:

1. Quadergitter: alle 8 Ecken des Grundparallelepipeds des Gitters be-
finden sich auf einer Stiitzkugel.

2. “Prismengitter mit 6 Punkten”: 6 Gitterpunkten liegen auf einer
Stiitzkugel und bilden ein Prisma.

3. “Oktaedergitter” : das Gitter solche Stiitzkugeln hat, auf denen ge-
nau 6 Punkte des Gitters sind, die aber ein Oktaeder bilden.

4. “Pyramidengitter mit 5 Punkten’ : das Gitter hat solche Stiitzkugeln,
auf denen sich genau 5 Punkte des Gitters befinden. Diese Punkte bilden
eine Pyramide mit rechteckiger Grundfliche.

5. “Tetraedergitter” (das primitive Gitter): jede Stiitzkugel des Gitters
hat genau 4 Punkte des Gitters.

Im ersten Teil haben wir gesehen, da ein Gitter dann und nur dann
bikonjugiert ist, wenn alle Stiitzkugelradien des Gitters gleich sind. Daraus
folgt:

s Satz 4. In der euklidischen Ebene sind alle Gitter bikonjugiert (vgl. [1]).

Satz 5. Im dreidimensionalen euklidischen Raum sind die folgenden
Gitter bikonjugiert:

— alle Quadergitter,

— alle “Prismengitter mit 6 Punkten” und

— solche Tetraedergitter, die zwei windschiefe Kanten haben, die rechte
Keilwinkel tragen (Rechtwinkelkanten).

Bewels. Es ist nach dem in [2] beweisenen Hilfssatz 2. gilt: wenn 4
L-Polyeder eines Gitters in einer Kante zusammankommen, sind die Radien
der diesem L-Polyeder umschriebenen Kugeln dann und nur dann gleich,
wenn die in dieser Kante zusammankommenden Seitenfldchen zueinander
senkrecht sind. Der Hilfssatz 3. von [2] schlieBt jedes ‘‘Oktaedergitter”
und “‘Pyramidengitter mit 5 Punkten’ aus.
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Corrections to

B. M. POTSCHER, Some Results on w,-Metric Spaces,
Annales Univ. Sci., Budapest, Sect. Math., 25 (1982), 3—18.

On p. 4, line 1 replace “cofinality w,” by “cofinality =w,”. On p. 4
replace the second sentence of footnote 2 by “If X is discrete any linearly
ordered base of %, has cofinality 1 if w,>|X| and either | or w,ifw,=|X]|;
and for every w,=|X| there is an w,~metric d such that the cofinality of
U, is w,. On p. 7, line 9 replace the symbol 2 by <. On p. 16, line 22
replace “cofinality w,” by cofinality =w,”. Note also that some proofs
(especially in sect. 3) do not cover the trivial discrete case as they stand,
but nevertheless the corresponding statements are also true in this case.
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