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SPLINE FUNCTIONS AND CAUCHY PROBLEMS, VI. 
APPROXIMATE SOLUTION OF THE DIFFERENTIAL EQUATION 

y(n) = f(x, y) WITH SPLINE FUNCTIONS 

By 

THARWAT FAWZY 

Suez Canal University, Ismailia, Egypt 

(Received September 13, 1979) 

1. Introduction and description of the method 

In the recent papers [ 1 ]- [7] the approximate solution by spline func­
tions of differential equations with given initial value conditions has been 
studied. In this paper a method to approximate the solution of the initial 
value problem y<nl = f(x, y) by spline function is given, which generalizes 
the results of [7 ]. 

Consider 

(1) y<n) = f(x, y) 

wherefECr([O, b] xR) and rE[+. We assign to equation (1) the initial con­
ditions: 

(2) Y(o) - y y(O) - y y<n-1) - y<n-1) 
- O> - O> • • • ' - 0 • 

We can define the total q-th derivative ofjw.r.t. x, expressed as a func­
tion of x and y only, as 

(3) 
dq 
-f(x, y) = j<ql(x, y), 
dxq 

q = 0, I, .. . ,r 

which could be obtained from the algorithm: 

pol(x, y) = f(x, y) 

for 11. = 0, 1, ... ,r-1 

& & 
J<a+ I) (x, y) = &x J<al(x, y) + f(x, y) &y pa>(x, y) 

where 

da 
-f(x, y(x)) = Ja(x, y(x)). 
dxa 

1* 
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We assume that f: R xR-R is defined and continuous with its first, 
second, ... , r-th derivatives in 

D:Jx-x0 J <oc*, JyCil-y~ill <flu i = 0, I, ... , (n-1) 

and in what follows the interval [O, b] is in D. 
We also assume for (x, y), (x, y1) and (x, y2) in D 

IJ<ql(x,y)l-s.M, q = 0, I, ... , r 

and the Lipschitz condition 

(4) IJ<ql(x, Y1) - J<q>(x, Y2) I ~ L IY1 -Y2 I, q = 0, I, · · ·, r. 

Let y : [O, b ]-R be the unique solution of (I )-(2). Our purpose is to 
construct a polynomial spline function of degree m$2n+2r+ I approxima­
ting the solution y on the interval [O, b ]. This spline function will be denoted 
by s,i(x) where LI is the mesh points 

LI: 0 = X0 <X1 < ... <X1c<Xk+l < ... <XN = b 

andxk+1 -X"=h (k=O,l, ... ,N-1). 
If we integrate equation (I) (rz-i) times, i = 0, 1, ... , (n-1) from x" 

to x where x"sxsxk+ 1 and then putting x = xk+ 1 we get 

(5) 
n-i-1 yU+j) 

Yki(1 = y<i)(Xk+l) = L: ~-hi+ 
i=O JI 

Xk+l tn-i-1 

+ J . . . J J(tn-i> y(fn-;)) dfn-i ... df1. 
(n-i)times 

xk xk 

The relation (5) gives the values of the exact solution and its i-th derivatives 
at x = xk+i where i = 0, 1, ... , (n-1). If i = n, n+ 1, ... , n+r then the 
exact values of the higher derivatives, using the definition (3), will be 

(6) Yk"+"\ql = J<q>(xk+1• Yk+1), q = 0, 1, ... , r, 

and the corresponding approximate values are defined as 

(7) ji~1;_q) = J<ql(xk+v jik+1), q = 0, 1, ... , r 

where Y1c+i is the approximate value of Y1c+i and it can be obtained from the 
following defintion: 

We define the approximate value of Yi;i 1 as .Yn1 and it will be given from 
the relation: 

(8) 

n-i-1 y-u+ j) 

Y-(1) = ""' _k_ hi+ 
k+l Li. ., 

j=O }• 

Xk+l ln-i-1 

+ J · · · J J(tn-i' Yf(fn-1)) dtn-i · · · df1 
(n-i) times 

xk xk 
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wherei = 0, I, ... ,(n-l)and 

n+r y(j) 
(9) y~(t) = 2; ~- (t-xk)j, xk:s:.f:;s;:,xk+i· 

j=O j. 

Here, it is convenient to write down the Taylor polynomial of the exact 
solution for xk:;s;:,f:;s;:,xk+I as 

n+r-1 y<i> y<n+r>(.;k) 
y(t) = 2; ~I ·(f-xk)i+ (t-xk)n+r, 

i=D J. (n+r)! 
(I 0) 

Xk< .;k<Xk+v which will be used later. 
We start the calculations by using the substitutions 

-o (") . 0 Yo1 = Yo1 , J = , I, .. . ,n+r. 

2. Error estimations 

Let e}/~ 1 denote the error at any point xk+l of L'.1. i.e.: 

(11) e~i1 = 1Yk1-1.1 -J1n1I 
i = 0, I, ... , n+r and k = 0, I, ... , N-1, then we can introduce the follo­
wing lemma: 

LEMMA 1. For nsi:s:.n+r the inequality 

(12) en1 s Lek+1 

is true for all k = 0, I, ... , (N-1). 

PROOF. From (11), using (6), (7) and the Lipschitz condition (4) it is 
easy to get the result. 

Now, our main task is to seek about the errors e~t 1 for O:;s;:, is n- I only, 
and for this purpose we introduce the following definition regarding the 
inequality of matrices: 

DEFINITION I. Let A= [a1i] and B = [b1j] be two matrices of the same 
order. Then we say that 

AsB 
iff: 

i) a11 and b11 are non negative numbers. 
ii) a11 :;s;:, b1i for all i, j. 

THEOREM I. Let y}/t1 (i = 0, I, ... , n-1) be the exact values of the solu­
tion of (l)-(2) and its derivatives at xk+l· If the corresponding approximate 
values y}/t1 are given by the formula (8), then the error is bounded by the inequa­
lity 

which holds for all k = 0, I, ... , N- I. Here c1 are constants independent of 
hand w,(lz) is the modulus of continuity of y<n+r) (x). 
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PROOF. By using (11), (5), (8), the Lipschitz condition (4), the expansion 
(9) and (IO) it is easy to get 

n-i-1 e(i+j) n+r e<j) en1 :s; 2,; _k.-hj + L 2,; . k . hj+n-i + 
j=O JI j=O (J+n-z)! 

(13) + L w,(h)h2n+r-i. 
(2n+r - i)! 

If we used (12), then last inequality can be written in the form 

e~i 1 :s; ehi)(I + auh) + aiOekhn-i + ailekhn-l+l + .. . + au_1ehi-l)hn-l + 0 + 
+ a;;+1eht+1) + au+ zeht+z)hz + .. . + au+ se~i+s)hs + .. . + 

(14) + ain-1ehn-l)hn-i-l + b;w,(h)h2n+r-i. 

Using definition I, the inequality (14) for i = 0, l, ... , n- I takes the 
matrix form 

e~+l a10hn-1 (I + a11h) a12h · · · al n-lhn-2 e~ 
[

ek+l ] s [(I+ a0oh) a01h a02h
2 

• • • 

. . . . . . . . .. 
er+11

) an-1 oh an-11h2 

a0 
n-lhn-l ][e ] + 

(l + a~~1~_ 1h) ehn~1) 

Otherwise, 

+ b*ro,(h)hn+r+l hn - 1 
hn-2 

h 
l 

(15) Ek+l :S (/ n + hA) Ek +ro,(h) hn+r+l B 

where In is the n-th order unite matrix, A = [ aii ], i, j = 0, I, ... , n- I and 
B is the n x l matrix B = (b*b* . . . b*f. Obviously b* = max b; Applying 

O~i~n-1 

the principle of successive substitution, (15) reduces to 
k 

( 16) Ek+l :S (/ n + hA)k+ 1£ 0 +ro,(h)hn+r+l · 2,; (/ n + hA)i · B 

and with £ 0 = 0 we easily get 
j=O 

Ek+1 :s;w,(h)hn+rc 

where C is an n x l matrix whose elements are constants independent of h. 
Otherwise, 

C = bebA.B 

uad this completes the proof. 
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THEOREM 2. Let yCn+q))(xk+ 1), given by (6), be the higher derivatives of tlze 
exactsolutionof(l)-(2)/orq = 0, I, ... , r. lfthecorrespondingapproximate 
values }ii~iq) are given by (7), then the error is bounded by the inequality 

e(n+q)<C W(h)hn+r 
k+l - n+q r 

which holds for all k = 0, I, ... , N - I. 

PROOF. Using the results of theorem I and the inequality (12), it will 
be easy to get the proof. 

As a conclusion of Theorems I and 2, we have proved that the inequality 

(17) 

holds for all i = 0, I, .. ., n+r and all k = 0, I, .. ., N-1. 

3. Spline function approximating the solution 

In this paragraph we construct the spline function approximating the 
solution of (1)-(2) and we prove that this spline function is unique. Thus we 
introduce the following theorem: 

THEO REM 3. For the given mesh of points 

LJ: 0 = X0 <X1 < ... <Xk<Xk+l < ... <XN = b 
where 

k = 0, 1, ... , N - 1 

and for given sets of approximate values 

y<q):y~q>,yiq>, .. .,y}3>, q = 0, I, .. .,n+r 

there is a unique spline function S Ll (x) = S L1 (y; x) interpolated on L1 to the set y 
and satisfying the following conditions: 

(18) 

(19) 

S(.Y; x) = SL!(x)ECn+r[O, bJ, 

Skq)(xk) = _Hql, S}..1~1(xN) = y)Sl 

where q = 0, I, ... , n +rand k = 0, 1, .. ., (N - 1 ), Also for 

(20) 

PROOF. From the continuity condition (18) using (19) and (20) it is easy 
to get 

(21) 
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where 

(22) 
( 

n+r-t y-<i+t) ) 
p(k) = hl-n-r-1 -y(I) _ ""' _k _ hl 

I k+l ,L,,,J. •1 ' 
i=O } 

t = 0, 1, ... , n+r and k = 0, 1, .. ., (N-1). Here a~"> (p = 1, 2, ... , n+ 
r+ 1) are the unknowns to be determined. The system of linear equations (21) 
in the unknowns a~k) has a unique solution since its determinant Dr,c.O. 

Here, 
Dr= ld11 1, i&j = 1, 2, .. ., n+r+ 1, 

d11 = (n:r+j)(i-l)!hJ-1 
1-1 

and it is easy to prove that 
n+r 

Dr = hl/2(n+r)(n+r+l) JI ii 
1=0 

and this does not equal to zero since h ,c. 0. 
If we replace the p-th column in Dr by the column 

(F~k)1 p~k>, .. . , F}.~,)T 

and denote the resulting determinant by D~, then the solution of the system 
(21) will be 

(23) tk) - Df - 1 2 + 1 aP - --, p - , , ... , n r + 
D, 

and after factorizing Df in terms of F~k>, Fik>, ... , F}.~,, the solution (23) will 
take the form 

(24) 
l n+r 

a lk) = __ ""' c p<k> 
p hP-1 ,L,,,J. pt t 

1=0 

and this completes the proof. 

4. Convergence of the spline function to the solution 

Before we prove the convergence of the constructed spline function to 
the solution of the differential equation ( 1 )- (2), we first prove the following 
lemma: 

LEMMA 2. The following inequalities are true 

1a<k>1 ::s; AP w (h) 
p hP r 

where AP are constants independent of hand p = 1, 2, .•. , n+r+ I. 
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PROOF. Using (24) we get 

(25) 
1 n+r 

ja<k)j s-- ~ C JF<k>j. 
p hP-1 L.J pt I 

1=0 

Now, using the Taylor expansion of y(l>(x), i.e.: 
n+r-t-1 yli+t) y<n+r)(t: ) 

(26) y<l)(x) = L: _k_. -(x-xk)i+ <>kt (x-xk)n+r-1 
J=O J! (n +r-t)! 

wherexk<l;k1<Xk_1forallt = 0, 1, . .. ,n+randallk = 0, 1, .. . ,N-1. For 
all x = xk+l we get 

n+r-t-1 ylj+I) y<n+r>(t:kt) 
Yn1 = L _k_. - hj+ "' hn+r-1 

i=O JI (n+r-t)! 

and if we used this result with (22) we can get 

(27) 

( 
n+r-1 eU+1> 

1F?>1 shl-n-r-1 e~i1 + 2: ~hi+ 
. j=O j. 

+ I 1y<n+r)(l;k1)-ykn+r) I hn+rpt) • 
(n+r-t)I 

Using the Theorems I and 2 and the definition of the modulus of continuity 
of y<n+r>(x), then (27) becomes 

(28) I F tk>1 * w,(h) t o 1 
1 sc1 --, = , , .. . ,n+r 

h 

where cf are constants independent of h. Using the help of this result (28) in 
(25), the proof of this lemma will be complete. 

THEOREM 4. Let y(x) be the solution of (1)-(2) and Let fECr([O, b] xR, 
where rE J+. If S,,(x) is the spline junction constructed in Theorem 3, then 
there exists a constant K, independent of h, such that 

Jy<q>(x)-S~>(x) Is Kw,(h)hn+r-q 

jorallxE[O,b]andallq = 0, I, ... ,n+r. 
PROOF. Using (26) and (20), it is easy to get 

n+r-q eti+q> Jy<n+r>(1: )-y(n+r> I 
jy<q>(x)-S~>(x) I s ~ _k_. - hi+ <>kt k hn+r-q + 

i=O JI (n +r-q)! 

+ n+ft ql[n+r+p)la~k>jhP+n+r-q. 
p=l q 

Taking the help of Theorem I, Theorem 2, the definition of the modulus of 
continuity of y<n+r>(x) and the lemma 2, the above inequality becomes 

jy<q>(x)-S~>(x) Is cJ*w,(h)hn+r-q 
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where cef* (q = 0, I, ... , n+ r) are constants independent of h. Taking K = 
=max c;* (q = 0, l, ... , n+r), we get 

Jy<q)(x)- S~l(x) I :=; Kw,(h)hn+r-q 

and the proof is complete. 
THEOREM 5. /f EJ<;l(x) denotes the function 

S~n)(x) = f(x, SLJ(x)) 

where S,lx) is the spline function approximating the solution of ( 1 )-(2) and 
constructed in Theorem 3, then for any XE [O, b] we lzave 

I s~n)(x)-S~n)(x) I :5 M*w,(h)Jzr 

where M* is a constant independent of h. 
Otherwise, 

Jim sSn)(x) = f(x, SJ (x)). 
n-~ 

PROOF. We have 

JSSnl(x)-S~n>(x) I ::o; JS~n)(x)-y<">(x)J + Jy<n>(x)-S~n)(x)J = 

= l/(x, SJ(x))- f(x, y(x)) I+ i/n>(x)-S~n\x) J. 
Taking the help of the Lipschitz condition and Theorem 4, this becomes 

JS~n)(x)-S~n\x) J ::5 LKw,(h)hn+r + Kw,(h)hr ::5 M*wr(h)hr. 

Hence the proposition. 
REMARK. We have proved that the method is stable in [8]. 

References 

[l] OH. MIC ULA: Numerical Integration of Diferential Equation y(n) = f(x, y) by Spline 
Functions, Rev. Roum. Math. Pures et Appl., 17 (1972), 1385-1389. 

[2] THARWAT FAwzv: Spline Functions and Cauchy Problems, I. Approximate solution 
of y" = f(x, y, y') with spline functions, Anna/es Univ. Sci., Budapest, Sectio Comp., 
1 (1978), 81-98. 

[3] THARWAT FAwzv: Spline Functions and Cauchy Problems, II. Approximate solution 
of y" = f(x, y, y') with spline functions, Acta Math. Acad. Sci. Hungar., 29 (1977), 
259-271. 

[4] THARWAT FAwzv: Spline Functions and Cauchy Problems, III. Approximate solu­
tion of y' = f(x, y) with spline functions, Anna/es Univ. Sci. Budapest, Sectio Comp., 
1 (1978), 35-45. 

[5] THARWAT FAwzv: Spline Functions and Cauchy Problems, IV. On the stability of the 
method, Acta Matil. Acad. Sci. Hungar., 30 (1977), 219-226. 

[6] THARWAT FAwzv, K6HEGVI jANOS and FEKETE ISTVAN: Spline Functions and Ca­
uchy Problems, V. Applications programs to the method, Anna/es Univ. Sci. Buda­
pest, Sectio Comp. 1 (1978), 109-123. 

[7] THARWAT FAwzv: Spline Functions and Cauchy Problems, Ph.D. Thesis. The Hun­
garian Academy of Science. Institute of Math. Researches. Budapest. 1976. 0/6906 + T. 

[8] THARWAT F AWZY: Spline functions and Cauchy Problems, VII, Anna/es Univ. Sci. 
Budapest, Sectio Mathematica, 24 (1981), 57-62. 



EINE BEMERKUNG OBER GEWISSE NULLMENGEN VON 
KETTENBROCHEN 

von 

G.RAMHARTER 

Institut fiir Analysis, Technische Universitat, Wien 

( Eingegangen am 30.9.1981) 

Ist a eine beliebige natiirliche Zahl, dann ist bekanntlich filr fast alle 
reellen Zahlen xE (0, I) die mittlere Haufigkeit, mit der a als Teilnenner in 

der regu!aren Kettenbruchentwicklung x = - 1
- --

1
- ... = : [av a2 , ••• ] 

a1 + a2 + 
auftritt, vorhanden und gleich 2log(l + l/(a2 + 2a)). Im Gegensatz dazu ist 

bei der semiregu!aren Entwick!ung-
1
- --

1
- ... mit Teilnennern an~ 2 die 

al - a2-
Haufigkeit des Auftretens jeder Zahl a2=3 fast ilberall gleich Null. Seit dem 
Beweis des zuerst erwahnten schon von GAuss vermuteten Satzes durch 
LEVY und (unabhangig) KuzMJN sind zahlreiche weitere Mittelwerteigen­
schaften der Teilnenner gefunden worden. Man hat aber auch die dabei 
auftretenden Ausnahme-Nullmengen genauer untersucht, wobei sich ins­
besondere die Hausdorffdimension als feineres Unterscheidungsmerkmal 
eignet (vgl. etwa [I]- [ 4 ], [7 ], [8 ]). Speziell I. J. Goo D hat Zusammen­
hange zwischen Wachstumseigenschaften der Teilnenner und den Dimen­
sionszahlen systematisch studiert. P. ERDOS hat angeregt, die Menge E der 
Kettenbriiche mit paarweise verschiedenen Teilnennern zu untersuchen. 
Wir werden sehen, daB deren Dimension entgegen den Erwartungen groB 
ist, sogar dann noch, wenn man eine beliebige (endliche) Anzahl von Werten 
filr die Teilnenner ausschlieBt oder dariiber hinausgehend nur wachsende 
Teilnennerfolgen zulaBt. Es hat sich gezeigt, daB die semiregulare Version 
des Problems eine Anwendung auf das in [5 ], [6] ttntersuchte asymmetrische 
Lagrangespektrum erlaubt. Die im folgenden betrachteten Mengen Gq n E 
enthalten namlich gerade die am schlechtesten einseitig approximierbaren 
reellen Zahlen. 

Es bezeichne fiir festes q E'N F q die Menge der Zahl en x = [ a11 a2, ••• ], 

deren Teilnenner alle ~q sind, und Gq(c Fq) die Menge der Zahlen x, fiir 
die i.iberdies (qs) a1 sa2 s ... gilt. 
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SATZ. Es gilt 

sowie 

d. (F E) I (loglogq) 1m qn = -+o ---
2 logq 

(q- 00 ). 

dim Fq hat nach ([2], Th. 2) das gleiche asymptotische Verhalten wie 
dim (FqnE). Die Zusatzbedingung an~as(n~s) hat also auf die Dimension 
in beiden Fallen iiberraschenderweise keinen EinfluB. 

Gleichlautende Aussagen gel ten in der semiregularen Version, wenn man 
q?: 3 voraussetzt. 

BEWEJS. Fiir jedes hochstens abzahlbare System S von Intervallen Ii 
mit Langen I/ii setze man Lsff5) = .EII;ls. Fiir eine Menge Hc[O, I] und 
ein e>O bezeichne As, ,(H) = inf LsCJ), wobei das Infimum iiber alle Sys­
teme von Intervallen zu erstrecken ist, die f-1 iiberdecken und deren Langen 
samtlich durch e beschrankt sind. Dann existiert hs(H) = Jim As, ,(H), das 

e-0 
sogenannte s-dimensionale Hausdorffsche MaB von H beziiglich der MaB­
funktion ts. Ferner gibt es (wie man zeigt) eine eindeutig bestimmte Zahl 
d E [O, I] (die sogenannte Hausdorffsche Dimension dim H von H) derart, 
daB lzs(H) = = fiir S<d und /zs(H) = 0 fiir S>d (Im Fall d = 0, bzw. 
d = I, entfallt die erste, bzw. zweite, dieser Aussagen). Wir nennen ein ab­
geschlossenes Intervall /Cn) =/(av ... , an) mit Endpunkten [av ... , an], 
[av ... , an+ 1] (n, av ... , anEN) fundamental (beziiglich H) von n-ter 
Ordung gen au dann, wenn es ein Element x EH mit x = [av .... a,J) ... ] gibt. 
Offenbar wird H fiir jedes feste nEN vom System SCn) aller beziiglich H fun­
damentalen Intervalle der Ordnung n iiberdeckt; wir bezeichnen 3cn) als das 
fund amen tale Oberdeckungssystem n-ter Ordnung von H. Aus der Definition 
der Dimension folgt unmittelbar, daB dim H =5 s gilt, wenn Jim inf Ls(SCn))< 

n-~ 

< 00 zutrifft. jedoch impliziert Jim inf Ls(S<n))>O im allgemeinen nicht 

dim H ?:S. Dadurch ist der Zugang zu den unteren Abschatzungen, mit denen 
wir hier beginnen wollen, erschwert. Es ist klar, daB es wegen der Monotonie 
der Dimension beziiglich Inklusion geniigt zu zeigen 

(1) 

Die ldee ist nun die, geeignete Teilmengen von G/IE mit nicht zu sclmellem 
(und zwar hochstens polynomialem) Wachstum der Teilnenner zu betrachten, 
fiir welche ein SchluB wie der oben erwahnte gerade noch zulassig ist, und 
damit die Dimension von unten zu approximieren. Es sei dazu Gq, p( c Gq n E), 
q, pEN, die Menge der Zahlen x = [a1 , a2 , ••• ], fiir die 

q=5a1 <a2 < ... sowie an=5(TZ+ 2)P- 1 =: g(n) (nEN) 
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erfiillt ist. Offenbar ist Gq, P abgeschlossen. Aus dem Satz von Heine-Borel 
folgt ohne Schw.~erigkeit, daB man sich bei der Bestimmung von As, .(Gq, p) 
auf diejenigen Uberdeckungssysteme U beschranken kann, die aus endlich 
vi~len abgeschlossenen Intervallen mit Endpunkten in Gq, P bestehen. Nun 
ze1gt man: 

Es sei s>O, I >S>S-t> O, q, PEN, und ein Oberdeckungssystem U von 
Gq, P der beschriebenen Art mil Feinheit <s beliebig gegeben. Dann exi-

(2) stiert ein endliches, nur aus fundamentalen Intervallen (eventuele 
variabler Ordnung) bestehendes Oberdeckungssystem m:! mil Feinheit <l 
derart, daf3 L5 _ 1(U)>L5(m:!) gilt. 

Die Argumentation ist im wesentlichen dieselbe wie bei Gooo ((2], S. 207 -
209), bis auf die Beobachtung, daB die fiir die dortigen Zwecke hinreichende 
Forderungg(n) = O(IogP n) durch die schwachereg(n) = O(nP) ersetzt werden 
kann (Man beachte dort insbesondere die Beziehung (4.7)). Wir behaupten 
weiters: 

Es sei qEN beliebig gegeben und pEN, 2P- I >Q, sowie s =_!__ _ _!__ge-
2 p 

wahlt. Dann gilt fiir jedes endliche nur aus fundamentalen Jntervalle11 
(3) bestehende Oberdeckungssystem m:! von Gq, P von beliebiger Feinheit 

Ls(m:!)> I. 

Es ist klar, daB aus (2) und (3) zusammengenommen dim Gq, P-~+(p- =) 

fiir jedes feste q folgt und daraus (1). 
Ist qn = q(a11 ••• , an) der Nenner des reduzierten Bruches Pnfqn = 

= [a1, ••• , an], dann ergibt sich fiir die Lange eines Intervalls 
!(av ... , an) mit Hilfe bekannter Regeln 

IJ(n)I = l[av ... , an]-[av ·· ., an-v an+l]I = l/(qn(qn+qn-1)), 

zusammen mit der trivialen Abschatzungen qn-l < qn und a1 ... an< qn < 

<(a1 +I) .. . (a11 + I) also 

(4a, b) (a1 ••• an)-25 >II(a1, •• . , anW>2-s((a1 +I) . .. (an+l))- 2s. 

DaB zur Oberdeckung von Gq P ilberhaupt endliche aus fundamentalen In­
tervallen bestehende Oberdeckungssysteme ausreichen, ist aus der Defini­
tion dieser Mengen unmittelbar klar. Zurn Nachweis von (3) kann man ohne 
Beschrankung der Allgemeinheit annehmen, daB keine zwei Intervalle eines 
solchen Oberdeckungssystems m:! innere Punkte gemeinsam haben. Kommt 
ein Intervall /(av ... , an) vor, so entferne man alle eventuell auftretenden 
Teilintervalle /(av ... , an, k11 k2 , • • • ). Dabei wird L5(m:!) sicher nicht ver-
groBert. Enthalt nun ein Oberdeckungssystem der betrachteten Art ein 
JntervalJ f(Gv ... , ilm-V ilm, .. . , il,), SO enthaJt eS ZU jedem /c = llm-1 f J, • • • 
.. ., g(m) ein Intervall der Form I(a11 • • • , am-v k, bv .. ., bv(k)) mit im 
allgemeinen von k abhangiger Ordnung v(k)+ m. Berilcksichtigt man alle 
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diese Tatsachen und die Beziehung (4b), so erhalt man, wenn n die gr6.5te 
vorkommende Ordnung von Intervallen in m5 bezeichnet, 

Ls(m5) = L; I J(m) Is> 
J(ai, .. ., am)Efil\, mEN 

g(l) g(n-1) g(n) 

> 2-s L; (a1 + 1 )-2s . . . L; (an-1 + l)-2s L: (an+ 1 )-2s. 
an-1 =an-2+ I an=an-1 +I 

Nun ist 

und wegen p "2= 2 ist dies "2= 2 filr n EN, wie man sich leicht iiberzeugt. So wei­
terschlie.5end bestatigt man die Richtigkeit von (3). 

Wir wenden uns den oberen Absch~ttzungen zu. Fiir m = 0, 1, 2, ... 
bezeichne Hm die Menge der Zahlen mit einer Entwicklung der Form [(l)m, 
a11 a2 , ••• ], wobei eine Sequenz von m Einsen am Anfang stehen und fiir die 
iibrigen Teilnenner 2 ~ a11 ~ a2 ~ ••• gel ten sol!. Offen bar ist 

= 

01 = U HmU{[(lL]}. 
m=O 

Nach [2, Lemma 1) ist dim H 111 =dim H 0 und daher (dim oq~) dim 0 1 = 
= dim H 0 • Nach einer Bemerkung von oben geniigt es also, folgende Aus­
sagen iiber die fundamentalen Oberdeckungssysteme sen) von H 0 bzw. 
F q n E) zu zeigen: 

(5) 

(6) 

Essei 2>a = 2s = l+t>l 
Ls(S(n)(Ho))< 1 

beliebig gegeben. Dann ist 
fiir alle hinreichend gro(Jen n EN. 

/st iiberdies q>(l/t)111, dann giltfiir alle nEN 
Ls(SCn>(Fq+inE)) < 1. 

(Der Nachweis von (6) ware natiirlich entbehrlich, da die obere Abschatzung 
von dim (FqnE) wegen FqnEcFq auch aus dem erwahnten Resultat von 
Gooo iiber dim Fq folgt. Wir geben hier einen davon unabhangigen einfachen 
Beweis). Wegen (4a) ist 

"" "" I J(n)ls< 2 al'1 2 a2a... 2 a;;a 

Nun ist -
~ -a -a J -ad - ( -1 1 ) -I ( 1 1 ) -I L.. Gn <an-I+ X X - an-l +-an-I~ -+- an-v 

an=an-l f 2 f 
an-1 
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daher 

-a ~ - a l } 1 )( 1 1 ) 21 an-i £_, an < -+-- a;;-_2+- a;;-_2::=;; 
an=an-i 2 f 2f 

::;:;; (_!___ + _!___) (_!___ + _I ) a -::_1 
2 f 2 2f n 

2 

und so fort bis 

Der letzte Ausdruck strebt off en bar filr jedes noch so kleine feste t >-0 ge­
gen 0 bei n- 00 • Daraus folgt die Richtigkeit von (5). Wieder wegen (4a) ist 

Ls(S<n)(Fq+inE)) < n! ~ (a1-a2 ... an)- 0 • 

q+ 1 :;:a1 <a2 < ... <an 

Ausgehend von 

erhalt man induktiv 

11! -a I J -nl G11 <11.--Q , 
n!tn 

und dies ist kleiner als I wegen der Annahme iiber q. Damit ist auch (6) ge­
zeigt und der Beweis des Satzes abgeschlossen. 
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1. Introduction. P. Tu RAN and J. BALAZS [I] in 1957 have initiated the 
study of "Lacunary Interpolation". Recently, A. MEIR and A. SHARMA [2], 
B. K. SwARTZ and R. S. VARGA [3], S. DEMKO [4], A. K. VARMA [5] and 
J. PRASAD and A. K. VARMA [6] considered special Iacunary interpolation 
problems. 

In this series of papers titled Notes on Lacunary Interpolation by Spli­
nes, we present new methods for the cases (0,3), (0,2), (0,4), (0, I, 3), (0, I, 4) 
and (0,2,4) interpolation and we get results of the same order as that of best 
approximation for the functions and their all possible derivatives. Moreover, 
the stability of interpolation in each case is proved. 

In this paper we begin with the case (0,3) interpolation and it is conve­
nient to state the results of J. PRASAD and A. K. VARMA [6] in the following 
two theorems. 

THEO REM A. Given arbitrary numbers f(x;), i = 0, I, .. ., n; j<P>(z1), 
i = 0, I, .. ., n-1, p = 0, 3; 2z; = x1+xi+ 1 ;f'(x0),f'(xn); there exists a uni-
que Sn E S~~>5 such that 

Sn(x1) = f(x;), i = 0, I, ... , n, 

(1.1) s~)(z;) = j<P>(z;), i = 0, I, .. ., n-1; p = 0, 3, 

S~(xn) = f'(xn), S~(x0) = f'(x0). 

THEOREM B. Let fE Cr[O, I]. Then for the unique quintic spline Sn(x) 
associated with f and satisfying (I. I), we have 

(1.2) /S~t(x)-jCi>(x)/ 2§PJ,r6r-Jwr(6), j = O, I, 2 and r = 3, 4, 5, 

( 1.3) I S~J>(x)- j<i>(x) I :=§ f31, r66-1 max IJ<0>(x) I, j = 0, I, 2 and r = 6, 
O"'x"'I 

2 ANNALES-Sectio Mathematica-Tomus XXVIII. 



18 THARWAT FAWZY 

where wr( ·) denotes the modulus of continuity of J<r\ o = max (xi+l -x1), 
i = 0, I, ... , n- I and fJ j, r arc constants independent off and o. 

Note that these constants fJ j, r have not been calculated while in our 
results their values are completely given. Also, the error estimation is not 
given in the above theorem for higher derivatives than the second deriva­
tive and in our method it is given for all possible derivatives. Moreover, the 
conditions S~(x0) and S~(xn) are released. 

In this note, we study the (0,3) interpolation,JECr[O, I], separately for 
r = 3, 4 and 5 in the three following cases: 

2. Case. A. In this case f E C3[0, 1] and we consider the partition 

where for k = 0, I, ... , Tl - 1, 

h" = xk+ 1-xk and /z = max hk. 

THEO REM 2.1. Given arbitrary numbers f(x"), k = 0, I, ... , 11, j<Pl(z1,), 

k = 0, I, ... , n- I, p = 0, 3; 2z" = xk+xk+ 1 ; then there exists a unique 
spline Sn ES~% such that 

(2.1) 

(2.2) 

(2.3) 

Sn(z1J =f(zk), f{ = 0, I, ... , 11-I, 

S~3l(z") = J<3>(z"), k = 0, 1, ... , n- 1. 

PROOF. For xE[x", xk+iJ and k = 0, I, .. ., n-1, set 

(2.4) Sn(x) = f(x1<)+a1<(x-x")+(l/2)b1c(x-xk)2 +(1/3!)c1<(x-x1<)3• 

Then the values 

(2.5) ak = (I /hk)[ 4f(zk) - 3f(xk) - f(xk+ 1) + (hV 12)j<3l(z1<) ], 

(2.6) bk = [ 4f(Xu 1) + 4f(xk)- 8f(zk) -(lzV2)j<3l(zk)]/hi 

and 

(2.7) 

prove the theorem. 

THEOREM 2.2. Let fE C3 [O, 1 ]. Thell for the unique cubic spline Sn asso­
ciated witlz f and given in Theorem 2.1. we have for all x E [O, l] 

I S~l(x)- j<i>(x) I:§ c3, i1z3 -iw3(/z) i = 0, 1, 2, 3, 

where w 3( ·) denotes the modulus of continuity ofj<3l, lz =max hk, k = 0, I, ... , 
n- I and the values of c3, 1 are 

C3,o = 2/3, C3,1 = 4/3, C3,2 = 5/3, C3,3 = J. 
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PROOF. We have for XE [xk, xk+iJ, Xk<~k<Xk+ 1 and k = 0, 1, . . . , n-1, 

ISn(x)- f(x) I:§ hi ak - f'(xk)I + (h2/2) I bk - f"(xk) I + (h3/31) lck - j<3)(~k) I· 
(2.8) 

Using (2.5), (2.6) and (2.7), the following estimations could be easily obtained 
for all k = 0, 1, .. ., n- I 

(2.9) 

(2.10) 

and 

(2. IO) 

lak-f'(xk)I :;§(1 j6)h2w3(h), 

lbk-f"(xk)I :;§(2/3) hws(h) 

The above three estimations with (2.8) give 

I Sn(x)-f(x) I:;§ (2/3)h3w3(h). 

Similarly, it is easy to complete the proof for the derivatives. 

3. Case B. In this case /E C4 [0, I] and we consider the partition 

L1: 0 = X0 <X1 < . .. <Xk<Xk+l < ... <Xn = I 

where 

h = xk+ 1 -xk and k = 0, I, .. ., n-1. 

THEOREM 3.1. Given arbitrary numbers f(xk), k = 0, I, .. ., n, j<P)(zk), 
k = 0, I, .. ., n- I; p = 0, 3; 2zk = xk + xk+l; then there exists a unique spline 
S LIE C[O, I] such that 

(3.1) SL1(x)E11:4 on each [xk, xk+ 1 ], k = 0, I, ... , n-1, 

(3.2) SLl(xk) = f(xk), k = l, ... , n: 

S',l(xk) = [J(xk+ 1)-2/(xk) + f(xk_1) -(h2/12)(j<3)(zk)- j<3)(zk_1)) ]/h2
• 

(3.3) k = I, 2, .. . , n-1, 

(3.4) S~)(zk) = j<P)(zk), k = l, 2, .. . , n - l; p = 0, 3. 

PROOF. Set for XE [xk, xk+1 ], k = 0, I, .. ., n- l 

(3.5) 

where, 

Xo ":;§X ":;§Xv 

Xk ":;§X":;§Xk+l> k = I, 2, ... , n - l 

S1r(x) = f(xk) + ak(x-xk) + ( l/2)bix-xk)2 +(1/31)ck(x-x1J3 + 

(3.6) +(1/4l)dk(x-xk)4, 

(3.7) bk= (l/h2 )[j(xk+i)-2f(xk) + /(xk_ 1)-(h3/l 2)(!<3)(zk)- j<3)(zk_1))] 

2* 



20 

and 

3.8) 

THARWAT FAWZY 

S0(x} = f(x1) + a1(x-x1 ) +(I /2)b1(x-x1)2 +(I /3!)c1(X-X1) 3 + 

+ (I /4!)d1(X - X1) 4
• 

Then, fork = I, 2, ... , n- I, the values 

dk = - (-8-) 4![/(xk+1)- f(xk)-(h2/4)bk-2f(zk) + 2f(xk)] + (24/5h)/<3)(zk), 
5h4 

(3.9) 

ck = (____!__) 4![/(xk+il - f(xk)- (h2/4)bk - 2f(zk) + 2f(xk)] - (7 /5)/<3)(zk) 
5h3 

(3.10) 

and 

(3.11) ak = (I /h)[/(xk+ 1 ) - f(xk) - (h2/2)bk-(h3/3!)ck - (h4/4!)dk] 

prove the theoretn. 
THEOREM 3.2. Let fE C4[0, 1 ]. Then for t!ze unique spline S Ll(x) associated 

with f and given in Theoretn 3. I, we have for all xE [x,<' xk+iJ , k = 1, 2, . . . , 
n-1 

(3. J 2) I S~)(x) -J<O(x) I :§ c4 , ;h4-iw4 (/z), i = 0, I, 2, 3, 4 

and for XE [x0 , x1 ], 

(3.13) I s~n(x)- /<i)(x) I ~ct, 1h4-iw4(h), i = o, 1, 2, 3, 4 

where w4( ·) denotes the tnodulus of continuity of /<4>, 

C4,o = 23/30, C4,1 = 49/30, C4,2 = 179/60, C4,3 = 23/5, C4,4 = 17/5, 

ct0 = 97/120, c!,1 = 18/10, ct2 = 209/60, c!,3 = 28/5, c!,4 = 22/5. 

Before proving this theorem, we state and prove sotne letntnas which will 
help us in arriving at the proof. 

LEMMA 3.1. For bk given in (3.7), the estimation 

lbk-f"(xk)I :2(h2/12)w4(h) 

holds true for all k = I, 2, ... , 11- 1. 
PROOF. We have for all k = 1, 2, ... , n- l, 

3 

(3.14) f(xk+i) = L; W)/j!)j<il(xk) + (h4/4!)j<4l(;~kl), x,, < ;cikl < xk+v 
j=O 

3 
f(xk-1) = L [(-hi)/j!]j<il(xk)+(h4/4!)j<4l(;1k-1l), xk-1 <;ik-1l<xk, 

j=O 
(3.15) 

(3.16) j<3l(zk) = j<3l(xk)+(h/2)j<4l('YJ~k), Xk<'YJ~kl<zk 
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and 

(3.17) pa>(zk-1) = pa>(xk) -(h/2)/(4)(riik-1>), zk-1 < rilk-1) <Xk. 

Using (3.14)-(3.17) in (3.8), it is easy to prove this lemma. 
LEMMA 3.2. For dk given in (3.4), the inequality 

(3.18) ldk- J<4>(x)I ~(17/S)wih) 

holdstrueforallxE(xk,xk+l]andk = 1,2, ... , n-1. 
PROOF. We have for all k = I, 2, . .. , n-1, 

3 

(3.19) f(zk) = L (hj/2jj!)j<j>(xk) + (h4/244!)j<4>(17~kl), xk < 'Y/~k) <Zk. 
j=O 

Using (3.14), (3. 19) and Lemma 3. I in (3.9), we easily get (3.18). 
LEMMA 3.3. For ck given in (3.10), the estimation 

lck-J<3>(xk)I ~(6/5)hw4(h) 
holds true for all k = I, 2, .. . , n- I. 
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PROOF. Using (3.14), (3.16), (3.19) and Lemma 3.1 in (3.10), we get the 
required results. 

LEMMA 3.4. For ak given in (3.11 ), the inequality 

I ak- f'(xk)I ~ (23/60)h3w4(h) 

holds true for all k = 1, 2, ... , n-1. 
PROOF. Using (3.14), Lemma 3.1 and Lemma 3.3 in (3.11), Lemma 3.4 

easily follows. 
PROOF of THEOREM 3.2. We have for all XE (xk, Xk+il and all k = 1, 2, .. 

. . . , n-1 
3 

j<i)(x) = ~ [J<i>(xk)/(j - i)! ](x-xk)<i-1) + ( 1/(4 - i)l}j<4>(;}k>)(x-xk)<4 - 1> 
j.:i 

(3.20) 

where xk < ~}k> < xk+l and i = 0, 1, 2, 3. 
Using (3.20) and (3.7) with the help of Lemmas 3.1- 3.4, it will be easy 

to prove the theorem fork = 1, 2, .. . , n- 1 and i = 0, 1, 2, 3. 
If i = 4, we then get the situation of Lemma 3.2. Hence the proposition 

(3.12) for k = 1, 2, ... , n- I. 
For XE (x0, x1], let 

3 
j<i)(x) = ~ [J<i>(x1)/(j - i)! ](x -x1)<i-i) + ( 1/(4 - i)l)f(4)(C;)(x -x1)<4 -i) 

i""' 
(3.21) 

where X0 <C;<X1 and i = 0, I, 2, 3. From (3.8) and (3.21), with the help of 
Lemma 3.3 and Lemma 3.4, it is easy to get (3.13) for i = 0, I, 2, 3. 
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If i = 4, then 

I S<l4>(x) - J<4>(x) I = I di - J<4>(x) I :§ I d1 - J<4>(x1) I + IJ<4>(x1) - J<4>(x) I ;§ 

:§ ( 17 /5)w4(h) + w4(h) = (22/5 )w4(h) 

and this completes the proof of Theorem 3.2. 

4. Case C. In this case f E C5 [O, I] and we consider the partition 

where, 

xk+ 1 -xk = h and k = 0, 1, .. . , n-1. 

THEOREM 4.1. Given arbitrary numbers f(xk), k = 2, 3, ... , n-1, 
j<P>(zk), k = 0, I, ... , n-1; p = 0, 3; 2zk = xk+xk+ 1 ; then there exists a uni­
que spline Sil such that 

(4.1) 

(4.2) 

(4.3) 

(4.4) 

SilE:rr:5 on each [xk, xk+d, k = 0, I, ... , n-1 

SLJ(xk) =f(xk), k = 2, 3, ... , n-1, 

s~>(zk) = j<P>(z,), k = 0, I, ... 'n-1; p = 0, 3, 

Sil E c<o,a)[O, I], 

that is, both of Sil and its third derivative is continuos for all XE [O, 1] and 

(4.5) 

where, 

ek = [J<3>(zk+1)-2j<3>(zk) + J<3>(zk_ 1)]/h2 and k = I, 2, ... , n-2. 
(4.6) 

k = 1, 2, ... , n -2, 

where, 
Sri(x) = f(z0) + S~(Z0)(x - Z0) + (I /2)S'r/(Z0)(x - Z0 )2 + ( 1 /31)j<3l(z0){X-Z0 ) 3 + 

( 4.8) + (I /4!)S~4l(z0)(x -Z0 ) 4 + (I /5!)S~5)(z0)(x - z0 ) 5 , 

(4.9) 
5 

S0(x) = 2: [ Sii>(z1)/j!] (x - z1F, 
j=O 
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Sk(x) = f(zk)ak(x-zk) + (1 /2!)bk(x-zk)2 + ( 1 /3!)ck(x-zk)3 + 

(4.10) + (1 /4!)dk(x-z1)4 + ( l /5!)e"(x-zk)5, 

Sn-1(X) = f(zn-1) + S~-2(Zn-1)(X-Zn-1) + ( 1 /2)S;(_2(Zn-1)(X-Zn-1)2 + 

+ ( 1 /3!)/<3>(zn_1)(X- Zn_ 1 ) 3 + ( 1 /4!)S~42 2(Zn-i)(x- Zn_ 1 ) 4 + 

(4.11) + (l/5!)5~52 2(Zn-i)(X-Zn-i)5 

and e" in (4.10) is given by (4.6). 
Thus, fork = I, 2, ... , n- 2, the values 

( 4.12) dk = [J<3>(zk+ 1 ) - j<3>(z1J - (/z2 /2)e"]/h, 

bk= (4/h2)(/(zk+ 1 ) + f(zk)- (3h3/4!)j<3>(z1J- 2f(xk+ 1)-

(4.13) -( 8
7~; 1 )d1c-(/:.~!)e1,] 

and 

a1c = [/(z1c+i) - f(zk)- (fz3/3!)j<3>(z1c)- (h2/2)b1c-(h4/4!)dk- (h5/5!)e1c]/h 

(4.14) 

complete the proof of Theorem 4.1. 
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THEOREM 4.2. Let fE C~[O, I]. Tlzerz for tlze unique spline 5.1 given in 
Theorem 4.1, we have for all xE [z1c, Z1c+il and k = 1, 2, .. ., n- 2 

(4.15) 

(4.16) 

(4.17) 

( 4.18) I 5~2. 1 (x) - J<O(x) I ";§ bih5-iw5(h) 

where in (4.15)-(4.18), i = 0, I, 2, 3, 4, 5 and 

o:0 = 1/4, :x1 = 19/40, o:2 = 63/80, 

/30 = 31/120, /31 = 31/60, /32 = 229/240, 

Yo = 743/1920, y1 = 41l1/3840, 71
2 = 43/30, 

o = 5270536, b1 = 1187/1280, b2 = 553/480, 

0':3 = 3/2, 

f3a = 2, 

y3 = 33/16, 

03 = 25/16, 
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IX4 = 5/2, IX5 = 3/2, 
{J4 = 13/4, {J5 = 5/2, 

y4=5, Ys=7/2, 
«54 = 15/4, «55 = 5/2. 

Before proving this theorem, we prove some lemmas which will help 
us in arriving at the proof of Theorem 4.2. 

LEMMA 4.1. For ek given in (4.6) we have 

le"- J<5)(x)I ~(3/2)w5(h) 
which holds true for all XE [z", zk+i] and all k = I, 2, ... , n-2. 

PROOF. From (4.6) we have for all XE [z", zk+1] and all k = I, 2, ... , n-2 

I ek - j<S)(x) I = u<al(zk) + hj<4l(zk) + (h2 /2)j(5)(t2) - 2/(3l(zk) + j<3l(zk) -

- hj<4l(z") + (h2 /2)j<sl(t1)] - psl(x) I 
where Z"<t2 <Zk+ 1 and z"_1<i1<Z1. 

Thus, we easily get 

lek-j<sl(x)I :§(l/21J<sl(t2)- psl(x) I+ (1/2) 1J<sl(t1)- j<sl(x) I:§ 

~ (I /2)w5(h) + (I /2)w5(2h) =: (3/2)w5(h). 

LEMMA 4.2. Ford" given in (4.12), we have for all k = I, 2, ... , n-2 

I dk- j<4l(z")I ~ (3/4)hw5(h). 

PROOF. From (4.12) we get 

ld"-jW(z")I = l(l/h)[J<3l(zk+1)- j<3l(z")]-(h/2)e"- j<4l(z")I ~ 

:§ (h/2) IJ<5>(g~"l) - e" I, z" < ;~") < zk+l' 

Using Lemma 4.1, we get the required result. 
LEMMA 4.3. For b" given in (4.13), we have for all k = I, 2, . . . , n- 2 

I bk - f"(z")I ~ (13/80)h3w5(h). 

PROOF. From (4.13) we get 

I b" - !" (z") I = I ( 4/ h2
)[ (h2 /2)f" (z") + h4

( ~1- - 2 ~ 41 )J<
4l(z") + 

+ h4(2 ·14! - ~! )d" + (hs /5!) (J<s>(;&">) - e") + 

+ ( 24 ~ 5! )hs (e" - psiua)) ]- f"(z") I 

where z"<~~"l<zk+ 1 and z"<f3 <zk+1. 



NOTES ON LACUNARY INTERPOLATION BY SPLINES, I. 

Using Lemma 4.2, it is easy to prove Lemma 4.3. 
LEMMA 4.4. For ak given in ( 4.14), we have for all k = I, 2, .. ., n- 2 

I ak- f'(zk) I ::§ (I /8)h4w5(1z) 

PROOF. We have from (4.14) 

I ak- J'(zk) I = (h/2) I bk - f"(zk) I + (h3/4!) I dk - j<4>(zk) I + 
+(h4/5!)jek- ps>(;~''))j 
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where Zk< ~ak><zk+i· Using Lemmas 4.3, 4.2 and 4.1, then Lemma 4.4 follows. 
PROOF of THEOREM 4.2. For xE[zk, z1,+i1 and k =I, 2, .. ., n-2, using 

( 4.10) we get 

ISk(x)- /(x)I :§hlak-f'(zk)I + (h2/2)lbk- f"(zk)I + (h4/4!)Jdk- j<4>(zk)I + 
+ (h5/5!) I ek- J<5>(rio) I 

wherezk<'YJo<Zk+i· 
Using Lemmas 4.1 -4.4, we get easily 

ISk(x)-/(x)j :§r:x0h5w 5(h) with r:x 0 = 1/4. 

Similarly, using Lemmas 4.1-4.4 and (4.10), it is easy to prove (4.15) 
of the theorem for i = I, 2, 3, 4 and 5. 

Thus, using the results of (4.15) with ( 4.9) and ( 4.11 ), we easily get (4.16) 
and (4.18). Using (4.16) in (4.8), we get (4.17), and this completes the proof. 

5. Stability. We conclude this note with stability results concerning the 
Cases A, B and C. We state the stability theorem for each case and prove it 
for the Case A only, while in the other two cases, the proofs are similar to 
that of Case A. 

THEOREM 5.1. Let fE C3 [0, I J and let Sn be tlze unique spline constructed 
in the same manner as that of Theorem 2.1 and satisfying the following data: 

(5.1) Sn(xk) = rxk, o> k = 0, I, ... , n, 

(5.2) Sn(zk) = fJk, 0 , k = 0, I, ... , n-1, 

(5.3) Sh3>(zk) = fJk, 3l k = 0, I, . .. , n - I 

where we suppose that there exists a function F(f, n) such that 

(5.4) w3(h)h3 F(f, n)§:maxlf(xk)-r:xk 0 1, 
k ' 

(5.5) w3(h)h3 F(f, n)§:maxjf(zk)-{Jk ol 
k ' 

and 

(5.6) 
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Then there are constants K;, independent of j, F and n, such that 

F(S, n)Kih3-iw3(h) ~I IDi(f-Sn) 11 _, i = 0, I, 2, 3 

where 11 ·II-= II· llL-[O, 11 and 

K0 = 109/6, K1 = 317 /12, K 2 = 115/6 K3 = 2. 

PROOF. Analogous to (2.4), then for xE [x", xk+i] and k = 0, I, ... , n- I 

(5. 7) Sn(x) = IXk, 0 + a,,(x-xk) + (I /2)bk(x- X1c)2 + (I /3!)ck(x - xk)3 

where 

(5.8) Qk = (l//zk)[4,B,,,0-3cxk,O-CXl<+1,0+(/z3/12),8k,3], 

(5.9) bk = (I I hz)[ 4ixk+l,O + 4cxk, 0 - 8,Bk, 0 - (M/2),Bk, a] 

and 

(5.10) 

Using (2.5) with (5.8), (2.6) with (5.9) and (2.7) with (5.10), with the help 
of (5.4), (5.5) and (5.6), the following estimations could be easily obtained for 
all k = 0, I, .. ., n- k 

(5. I I) 

(5.12) 

and 

(5.13) 

I ak- ak I "2(79/12)h2w3(h) F(f, n), 

lbk-bki "2(33/2)hw3(h)F(f, n) 

Thus, the above three inequalitites (5.11 )- (5.13) with (5.7) and (2.4) 
give for all XE [x", xk+il and k = 0, 1, ... , 11- I, 

(5.14) 

(5.15) 

(5.16) 

and 

I Sn(x)- Sn(x)! "2 (35/2)h3w3(h) F(f, n), 

I S~(x)- S~(x)l "2(301fl2)hw3(h)F(f, n), 

I S;,'(x)-S:.'(x) I "2 (35/2)hw3(h) F(f, n) 

(5.17) IS~3)(x) -S~3)(x) I -;§w3(h)F f, n). 

Using (5.14)-(5.17) with the help of Theorem 2.2, we easily get 

I Sn(x) -'/(x) i "2 !Sn(x) -Sn(x) I + ISn(x) - /(x)! "2 (I 09/6)h3w3(/z)F(f, n), 
(5.18) 

I S~(x) - f'(x) I "2 I S~(x) - S~(x) I + I S~(x) - j'(x) I "2 (317 /I 2)/z2w3(h)F(f, 11), 
(5.l 9) 
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!S~(x) - /"(x) I ;§ !S~(x) - S~(x) I + I S~(x) - /"(x) I ;§ ( 115/6 )hw3(h) F(f, n) 
(5.20) 

and 

!S~3l(x)- j<3l(x) I;§ !S~3l(x)-S~3l(x)I + ISA3l(x) - j<3l(x) I;§ 2w3(11)F(f, n) 

(5.21) 

and the proof of Theorem 5.1 is now complete. 
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THEOREM 5.2. Let fE C4 [0, l] and let S~ be the unique spline constructed 
in the same manner as tlzat of Theorem 3.1 and satisfying tlzefollowing data: 

(5.22) 

(5.23) 

(5.24) 

s-:(zk) = fl't, o, 

s*<al(z l = fl* L1 k - k, 3> 

k=l,2, ... ,n, 

k = I, 2, ... , n - I, 

k = I, 2, ... , n -1, 

(5.25) S~"(xk) = (l/h2 )[x1+ 1, 0 -2xt, 0 + 
+afc_1, 0 -(lz3/12)(fl!, 0 -flL1, 0)], k =I, 2, .. . ,n-1, 

where we suppose that there exists a function F'~(f, n) suclz tlzat 

(5.26) w4 (h)lz4 F(f,n)~maxjf(xk)-at 0 1, 
k ' 

(5.27) 

and 

(5.28) 

Then there are constants Kt, independent off, F* and n, such that 

Kfh4 -iw4(h)F(f, n) ~I IDi(f-S*) 11 _, i = 0, I, 2, 3, 4 

where II· II-= II· llL_ro, 11· 

THEOREM 5.3. Let fE C5[0, I] and let S~* be the unique spline constructed 
in the same manner as that of Theorem 4. I and satisfying the following data: 

(5.29) 

(5.30) 

(5.31) 

-S**( ) - ** L1 Xk - 17.k, U> 

-S**( ) fl** d zk = k,u, 

k = 2, 3, ... , n - I, 

k = 0, I, . . . , n -- I, 

k = 0, I, ... , n - 1, 
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where we wppose that there exists a/unction F**(f, n) such that 

(5.33) w5(h)h5F**(f, n)~maxJ/(xk)-attJ, 
k ' 

(5.34) w5(h)h5 F**(f, n)~maxJ/(zk)-Pttl, 
k ' 

(5.35) 

Then there exist constants Kt*, independent off, F** and n, such that 

K1*h5 -iw5(h) ~ llDi(f -S~*)ll =. 

where II· II== 11 · llL=ro, tJ· 

i = 0, l, 3, 4, 5 

As we have mentioned before, the proofs of the last two theorems are 
similar to that of Theorem 5.1. 

Finally, to illustrate our method, a numerical example is given. The 
method described in Case B is applied to the function /(x) = l + xex and the 
following results are obtained for x = 0,86 and h = 0, I. 

Numerical value Exact value The error 

/(0.86) 3.0323231 3.0323176 5.5. (I0)- 6 

f'(0.86) 4.3949245 4.3954776 5.531. (10)- 4 

/"(0.86) 6.754668 6.7586376 3.9696. (10)- 3 

j<3) (0.86) 9.1491812 9.127976 2.73836. (10)- 2 

j<4) (0.86) 14.15292 11.484957 2.6679624 

Note that for h = 0.1, W4(/z) = 1.53936. 
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1. Introduction 

The investigation into the existence of an automorphism rx of a group 
A such that rx acts as the identity on the torsion subgroup T of A and as - I 
on the factor group A/T, has attracted attention in various papers. From 
[ 4] we know conditions under which the existence of such an rx implies that 
A is splitting. It is still an open question whether A splits if there exists to 
each pair (fl, y) of automorphisms of T and A/T respectively, an auto­
morphism inducing fl and y. 

MADER [4] considered the following more general situation. Let B be 
an arbitrary subgroup of A and rx an automorphism of A which acts as the 
identity on Band as - I on A/B. We then have the following ([4] Proposition 
2.2): 
(*) Let such an rx exist and let A/B [2] = 0. If either 2B = B or 2(A/B) = 
= A/B, then B is a direct summand of A. 

In [3] it was noted that if rx is an automorphism of A which acts as the 
identity on T and as - I on A/T, then 2A ::=:; T EB C for some subgroup C of A, 
and hence A is quasi-splitting (in the sense of WALKER [5 ]). It is the purpose 
of this paper to elaborate on results in [3] by considering generalised direct 
summands of a group A; defined as subgroups B of A such that r A::=:; B EB C for 
some subgroup C of A and some non-zero integer r. 

In section 2 we shall consider endomorphisms of A which act as multi­
plication by (different) integers n and m on the subgroup Band the factor 
group A/B respectively. It will be seen (Proposition 2.4) that if either 
B[n-m] = 0 or (n-m) a EB, a EA, implies a EB; then such an endomorphism 
exists if and only if (11- m)A ::=:; B EB C for some subgroup C of A. Conditions 
under which generalised direct summands are direct summands (in the ordi­
nary sense) are also given, showing, inter alia, how MADER's result mentioned 
above, fits into a much more general theory. 

In section 3 we go a step further by considering subroups B of A for which 
there exists a subgroup C of A such that<!> A::=:; B EB C, for some endomorphism 
<!> of A. For reasons which will become clear, it will be necessary to restrict 
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ourselves to those endomorphisms <Jj which map B into itself. Given endo­
morphisms ex and (3 of A (each of which maps B into itself), we shall inquire 
into the existence of an endomorphism <Jj of A which agrees with ex on B, 
while the endomorphisms induced on A/B by <P and (3 are equal. Proposition 
3.2 places the results of section 2 in full perspective. 

The notation followed is that of Fuetts [I] and [2]. In particular, E(A) 
denotes the endomorphism ring of the group A. If rreO is an integer, the 
endomorphism a-ra, a EA, is denoted by r A' and if no danger of confusion 
exists we simply writer. For a subgroup B of A and an integer rreO, let 

r- 1B = {aEAlraEB} and B[r] = {xEBlrx = O}. 

We say that B satisfies conditions S(r) if either r-1B = B or B [r] = 0. The 
torsion subgroup of A satisfies condition S(r) for all integers rreO, and so does 
any subgroup of a torsionfree group. Also, if A is a mixed group and Ba pure 
subgroup of A containing the torsion subgroup of A, then B satisfies condition 
S(r) for all integers r7"'0. 

2. Generalised direct summands 

A subgroup B of A is called a generalised direct summand if there exists 
an integer r;;t:O such that rA-o=;BEBC for some subgroup C of A. If Bis the 
torsion subgroup of A then this notion corresponds with that of quasi-split­
ting groups introduced by WAL KER [5 ]. 

We commence by giving some necessary and sufficient conditions for B 
to be a generalised direct summand of A. 
(2.1) If r A-o=; B EB C-oo; A, 0 7"' rE Z, then there exists a commutative triangle 

Fig. 1. 

with exact row. 
Conversely, if such a triangle exists and if B [r] = O then r A-o=; B EB 

Kero;. 
PROOF. If rA-sBEBC-o=;A and n:BEBC-B is the projection, then 

ex = nr A makes the triangle commutative. 
Conversely, if such an ex exists, then f = rA-o:EE(A) maps B onto 0, 

and hence Jex = 0. For every a EA we therefore have ra = ex.a+ fa where 
cxaEB and faE Ker ex. Moreover, since B [r] = 0 we have B n Ker ex = 0 and 
so rA-oo;BEBKer cx-o=;A. Ill 
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(2.2) If r As: B EB Cs A, 0 ~ rE Z, then there exists a commutative triangle 

Fig. 2. 

with exact row. 
Conversely, if such a triangle exists and if r-1B = B then rA,,;;Bffi 
Im{J. 

PROOF. If aEA and ra = b+c, bEB, cEC, then fJ defined by {J(a+ B) = c 
is a homomorphism making the triangle commutative. 

Conversely, if such a fJ exists then {J(a+B) +B = ra+B for all aEA, 
and hence rA ,,;; B + Im {J. Furthermore, if for some aEA we have {J(a + B)EB 
then {J(a+B)+ B = ra+B =Band so r-1B = B implies that aEB, that is 
{J(a+B) = 0. Hence B 11 Im fJ = 0 and thus rA:$B EB Im fJ s: A. B 

It is well-known that there is a one-to-one correspondence between di­
rect summands of A and endomorphisms n of A satisfying n 2 = n . Using the 
same techniques as in (2. I) and (2.2) it is not difficult to show the following 
analogy for generalised direct summands. 
(2.3) If r A :$ B EB C,,;; A, 0 ,,o r E Z, then there exists an endomorphism <I> of A 

such that <!>2 = r<l>. 
Conversely, if B satisfies condition S(r) and if <I>: A-Bis an epimor­
phism with <!>2 = r<l>, then rAs:B EB (r-rp) A. • 

Let B be a subgroup of A and suppose there exists an endomorphism a 
of A such that ax= nx, xEB, and aa-maEB, aEA, where n and mare in­
tegers. Note that if rz = m then always such an endomorphism exists, na­
mely a = Ti.A. This trivial case will henceforth be excluded. If B is fully 
invariant in A then we can describe this situation by saying that aE E(A) 
induces the pair (n, m)EE(B) XE(A/B). 

The first proposition gives a correspondence between generalised direct 
summands of A and endomorphisms of A acting in the way mentioned above. 

PROPOSITION 2.4. Let B be a subgroup of A and a an endomorphism of A 
such that ax = nx, x EB and aa-maEB, aEA, where m and n are integers, 
m~ 11. If B satisfies condition S(n- m) then (n-m)A ,,;; B EB C for some C==:: A. 

Conversely, if r A ::,;; B EB Cs: A for some integer r~ 0, then for any pair 
11, m of integers witlz 11-m = r, there exists an aEE(A) such that ax= nx, 
xEB, and aa-maEB, aEA. 

PROOF. If aEA then the hypothesis on a implies that aa -maEB. Define 
{J: A-B by {Ja = aa-ma, and y: A/B-A by 11(a+B) = na-aa, aEA. 
We have commutative triangles 
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with exact rows and so the second parts of (2.1) and (2.2) complete the first 
part of the theorem. 

a~ B --A 
/ 

(n-m) I ,/ ., 
B 

and 

Fig. 3. 

A - A/a~o 

' ~', t (n-m) 

'A/B 

Conversely, if rA,,;;;BffiC,,;;;A, O::ZrEZ, then (2.1) and (2.2) imply that 
we have commutative triangles 

and 

Fig. 4. 

with exact rows. Let r = n- m and define rx : A-.. A by rxa = <!>a+ <Pip( a+ B) + 
+ma, aEA. If xEB then rxx = <Px+mx = nx-mx+mx = nx. Also, if aEA 
then rxa-ma = <I>a+<l>ip(a+B)EB. • 

We now give two conditions under which generalised direct summands 
are direct summands. 

LEM.MA 2.5 [3 ]. Let B be a direct summand of r A for some 0 ::Z rE Z. If 
rB = B then B is a direct summand of A. • 

COROLLARY 2.6. If rA,,;;;BEf)C,,;;;A, O::ZrEZ, and rB = B then Bis a 
direct summand of A. 

PROOF. If rA,,;;;BffiC then rA+B = Bffi(Cn(rA+B)). Since rB = B 
we have rA = Bffi(Cn(rA+B)), and so Lemma2.5 completes the proof. • 

LEMM.A 2.7. If rA,,;;;BEf)C,,;;;A, O::ZrEZ, and r(A/B) = A/B, then B is 
a direct summand of A. 

PROOF. Since any aEA is of the form a= rx+b, xEA, bEB, the result 
follows immediately. • 

We are now ready to show how MADE R's result (mentioned in the intro­
duction) fits into the more general theory described above. It also shows 
how the requirement A/B[2] = 0 can be replaced by the weaker condition 
that either A/B[2] = 0 or B[2] = 0. (The reader should bear in mind that 
an endomorphism of A which acts as the identity on B and as - 1 on A/B, 
is in fact an automorphism of A). 
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PROPOSITION 2.8. Let B be a subgroup of A satisfying condition S(r) and 
n,mEZwithn-m = r.SupposefurtherthateitherrB = Borr(A/B) = A/B. 
Then B is a direct summand of A if and only if there exists an o:EE(A) such 
that rxx = nx, xEB and rxa-maEB, aEA. 

PROOF. If Bis a direct summand of A, say A= B$C, and aEA with 
a= b+c, bEB, cEC; then rx defined by rxa = nb+mc is an endomorphism 
of A having the required properties. 

The converse follows from Proposition 2.4, Corollary 2.6 and 
Lemma 2.7. • 

The following places Proposition 2.4 of [ 4] in perspective. 

COROLLARY 2.9. Let A be a torsion group and B a subgroup of A such 
that either A[p] = 0 of A/B [p] = 0, pa prime number. Then Bis a direct 
summand of A if and only if there exists an ocEE(A) such that rxx = nx, xEB, 
and rxa-maEB, a EA, where m and n are integers with n-m = p. 

PROOF. A torsion group which does not contain elements of prime order 
p, is divisible by p. • 

3. A more general situation 

In this section we go a step further by considering a subgroup B of A 
and a pair (o:', f)EE(B) x E(A/B) where rx' can be extended to an endomor­
phism oc of Band""$ can be lifted to an endomorphism f3 of A, oc r'-{J. We wish 
to find conditions under which (cc-{J)A ::s; B EB C for some subgroup C of A, 
thus extending the results of the previous section to, what we believe, the 
limit. 

Let Ann B = {JEE(A)IJB = O} and EB(A) = {<1>E£(A)i<1>BsB}. Every 
<1>E E B(A) thus induces (by restriction) an endomorphism <1>' of B and an 
endomorphism <1> of E(A/B), the latter being defined by <1>(a + B) = <Pa+ B, 
a EA, such that 

E: O-B-A -AJB - 0 
'<l)' l <l) 1 ~ 
i i i 

E: O-B-A-A/B-0 

is a commutative diagram. It is well-known that <1>' and <1> induce endomor­
phisms <1>~ and if>* of Ext (A/B,B). These maps are given by 

<1>~ : E -<1>' E and <f>* : E - Eif> 

where <1>' E and E"ii> are defined in [ 1] (Section 50). Since the above diagram 
commutes we have <1>' E = E<fi and thus Ker <1>~ = Ker <P*. This fact will 
play an important role in the rest of this section. 

For <1>EEB(A), let <t> - 1B = {aEA[<1>a EB}. Then <1> is injective if and only 
if <t>-1B = B, while <1>' is injective if and only if B n Ker <1> = 0. 

3 ANNALES-Sectio Mathetnatica- Tomus XXVI II. 
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LEMMA 3.1. Let E denote the extension 0--B --AL ... A / B --0 and let 
<P EE8 (A). If <PA::SBEB C::S A then EE Ker <P~ = Ker <P*. 

Conversely, let EE Ker <P* = Ker <P*. If either 

(i) <P' is injective andf<P = <Pf for allfEAnn B or 
(ii) <P is injective 

then <PA ::SB EB C ::SA. 

PROOF. If <PA:~BEBC::SA and n: B EB C--B the corresponding projec­
tion, then n<P is an endomorphism of A such that n<Px = <P'x, xEB. Hence 
<P'E splits ([I] p 218) and so EE Ker <P~ = Ker <P*. 

Conversely, assume that EE Ker<!>~= Ker <P*. Thus ([I] p 218) we know 
that homomorphisms ri ancl ip exist such that the following triangles commute 

Fig. 5. 

Suppose that (i) holds. From the first diagram we have <P - ri = fE Ann B 
and hence that f<P =<Pf. From f<P - f17 = !2 = <Pf- rifand the fact that 
fri = 0 it follows that rif = 0. It is now easy to show that <PA ::SB EB Ker YJ::S A. 

Next, suppose that (ii) holds. If xE B n Im 1p then x = 1P(a + B) for some 
aEA. Hence B = jx = jip(a+B) = cf>(a+B) = <Pa+B. Thus <PaEB and 
since<!> is injective we have aEB, proving thatBnim 1p = 0. For any aEA 
we have jip(a+ B) = <Pa+ B and so <PaE B + Im ip. Thus <PA ::S B EB Im ip::S A.• 

It is clear that if 'l..
1 is an endomorphism of B which can be extended to 

an endomorphism o: of A, then rx EE8 (A). Also, if f3 is an endomorphism of 
A/B which can be lifted to an endomorphism fJ of A, then /JEE8 (A). Con­
sequently, c~-f3EE8(A). For obvious reasons the case cc= f3 will be exclu­
ded. We are now ready to discuss the situation (rx-{J)A ::S B EB C for some 
subgroup C of A. 

As before, (cc - (J)' denotes the restriction of rx-f to B and (rx-/3) de­
notes the endomorphism of A/B with 

(rx-fJ)(a+B) = (o:-fJ)a+B, aEA. 

PROPOSITION 3.2. Let B be a subgroup of A and (rx' , {J)EE(B) x E(A/B) 
where rx' can be extended to an endomorphism rx of A and 7f be lifted to an en-
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domorphism {J of A, rx-cp{J. Supposefurther that a <l>EE8 (A) exists such that 
<Px = rxx, xEB and <Pa-{JaEB, aEA. If either 

(i) (rx-(J') is injective andf(rx-(J) = (rx-(J)f for allfEAnn B or 
(ii) (rx-(J) is injective 

then (rx-(J)A :SB Ef) C :SA. 
Converseley, if rx, {JEE8 (A) and (cx-{J)A:SBEf)C:SA, then a <l>EE8 (A) 

exists such that <Px = cxx, xEB and cxa-(JaEB, aEA. 

PROOF. To prove the first part of the theorem, we notice that the hypo­
thesis on rx' and fimplies the commutativity of the diagrams 

E: o ..... B ..... A ..... A/B-+-0 E: o ..... B ..... A-A/B ..... o 
I a' I a I~ 
+ + + 

and I 1r I ~ I 7i 
t + t 

E: 0-B-+-A-+-A/B--+-O E: O-~B ..... A-A/B--+-0 

We therefore have rx'E=E~ and {J'E=Elf. On the other hand, we also have a 
commutative diagram 

E: 0--+-B--+-A--+-A/B ..... O 

la' la> l7i 
+ + t 

E: o ..... B-A-A/B -0 

which implies that rx'E=Ef. Thus rx'E={J'E and so EE Ker (rx'-/J'k Since 
rT..-{3EE8 (A) we may apply Lemma 3.1 to complete the first part of the theo­
rem. 

Conversely, if ex, /JEE8 (A) are such that (rx-(J)A:SBEf)C:SA, then the 
first part of Lemma 3.1 implies that rx'E=fJ'E and since {J'E=Elf we have 
rx'E=EP. Hence there exists a commutative diagram (cf[I]) 

E: o ..... B ..... A-A/B-0 
I a' J, II 
t t 

cx'E: O--+-B-A1 -AJB-0 

II I y II 
- t 

E(J: o ..... B ..... A2 -A/B--+-O 

II 16 I ii 
t + 

E: O-B ..... A ..... A/B---0 

It is clear that <!> = oys is an endomorphism of A having the desired pro­
perties. • 

LEMMA 3.3. Let <!>A:SBEf) C:SA for some <l>EE8 (A). If either<!>' is an 
automorphism of B or<!> is surjective, then Bis a direct summand of A. 

3* 
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PROOF. First assume that <l>' is an automorphism of B. We have <!>A+ 
+B = B ffi (Cn(<l>A+B)) and hence <l>A = <l>B ffi (Cn(<l>A+B)). It is not 
difficult to see that A= BffiC' where C' = {xEAl<l>xEC}. On the other 
hand, if ~(A/B) = A/B then for all XEA we have x = <l>a+b, aEA, bEB, 
and hence xEBffiC. • 

COROLLARY 3.4. Let B be a subgroup of A and (ex.', °f)EE(B) xE(A/B) 
where (1.

1 can be extended to an ixEE(A) and 7J be lifted to a /3EE(A), (/.~{3. 
Suppose further that either 

(i) ((/..-/3)' is an automorphism of B and f(cx.-{3) = (a-{3)f for all 
fEAnn B or 

(ii) (cx.-{3) is an automorphism of A/B. 

Then Bis a direct summand of A if and only if there exists a <l>EE8 (A) such 
that <l>x = cx.x, xEB and <l>a-{3aEB, aEA. 
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J. T. BALDWIN and J. BERMAN [I] described a close connection bet­
ween definability of principal congruences and relatives of congruence per­
mutability and 3-permutability. Some of these results and problems can be 
translated into the terminology of tolerance relations, [ 3 ], [ 5] and can be 
useful for characterizing so called principal tolerance trivial varieties. These 
varieties form a very large class of varieties with "nice" properties which can 
be used in applications. 

1. Permutability and its relatives 

By a tolerance on an algebra 21 = (A, F) is meant a reflexive and sym­
metric binary relation on 21 having the Substitution Property with respect 
to F, i.e. it is a symmetric and diagonal subalgebra of 21 x21. It is easy to 
show that the set LT(21) of all tolerances on 21 forms an algebraic lattice 
with respect to set inclusion, [2], [3], [5 ]. If a, b are elements of 21, denote 
by T(a, b) or T A(a, b) the least tolerance on 21 containing the pair (a, b). 
By Con (21) we denote the congruence lattice of 21 and by e(a, b) ore A(a, b) 
the principal congruence on m containing the pair (a, b). 

An algebra m is tolerance trivial if every tolerance on m is a congruence; 
m is principal tolerance trivial if T(a, b) = @(a, b) for each two elements a, b 
of m. T(a, b) is called a principal tolerance. A variety <V is (principal) tole­
rance trivial if each \llE<V has this property. 

The following statement is well-known (see e.g. [3 ], [ 4]): 

PROPOSITION I. For a variety <V, the following conditions are equiva­
lent: 

(I) <V is tolerance trivial; 
(2) <V is permutable. 



38 IVAN CHAJDA 

This result motivated our effort to characterize principal tolerance trivial 
varieties by relatives of permutability and use such characterizations for 
creating polynomial conditions. 

PROPOSITION 2. Let x, y, a, b be element of an algebra m. Then 

(x,y)ET(a,b) 

if and only if there exist a (2 + n)-ary polynomial p and elements c11 ... , en of 
m such that 

X = p(a, b, C11 ..• , Cn) 

y = p(b, a, C11 ••• , Cn)· 

For the proof, see e.g. Lemma 1 in [2]. 
Thus, in the terminology of [I], principal tolerance trivial algebras are 

exactly algebras with I -step principal congruences. We can adopt another 
concept on [I]: \J{ has 3- permutable principal congruences if 

E>(a, b). E>(c, d). E>(a, b) = E>(c, d) · E>(a, b) · E>(c, d) 

for each elements a, b, c, d of Ill, or equivalently, if 

E>(a, b) V E>(c, d) = E>(a, b) · E>(c, d) · E>(a, b) 

in Con (Ill). Now we can translate Theorem 3.7 in [I] for n = I in our termi­
nology: 

PROPOSITION 3. Let <V be a principal tolerance trivial variety. Then for 
each \J{E<V, each E>ECon (2l) and every elements a, b of m, 

e v E>(a, b) = e. E>(a, b). e 
in Con (\JI), i.e. principal tolerance trivial varieties have 3-permutable prin­
cipal congruences. 

It is worthy to say that principal tolerance trivial varieties constitute a 
very large class of varieties containing among others these "nice" varieties: 

(i) all permutable varieties (i.e. all varieties of groups, quasigroups, 
rings, modules, etc.) as follows by Proposition I; 

(ii) a variety of distributive lattices, varieties of distributive p-algebras, 
a variety of Heyting algebras etc., see e.g. [6]. 

It follows that some theorems on permutable varieties remain true also for 
e.g. the variety of distributive lattices provided those proofs use only prin­
cipal congruences. One such case will be given in the third part. 

It is evident that the identity from Proposition 3 is equivalent to the 
inclusion 

e.e(a, b)·E>2E>(a, b)·EJ·E>(a, b). 

However, it is not characterizable by a Mal'cev condition. Such characteri­
zation is possible for the converse inclusion: 
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THEOREM I. For a variety({), the following conditions are equivalent: 
(I) For each 2! Em, each e E Con (2!) and each element a, b of 2!, 

e.e(a, b)·Bc;;G(a, b)·G·G(a, b); 

(2) there exist 6-ary polynomials Pv ... , Pn such that 

x = p1(x,y,z,z,x,y,z,z) 

y = Pn(z, z, x, y, x, y, z, z) 
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p/z, v, x, y, x, y, z, v) = Pi+1(x, y, z, v, x, y, z, v)for i = I, .. ., n-1. 

PROOF. (1)=>(2): Let 2! = F,1(x, y, z, v) be a free algebra of({) with four 
free generators x, y, z, v. Put e = G(x, z) V G(v, y). 

Then (x, y) E G · E>(z, v) · 0, thus, by (I), 

(x, y) E G(z, v) · e · E>(z, v). 

i.e. there exist elements c, d of 2! such that 

(x, c)EE>(z, v), (c, d)EG, (d,y)EG(z, v). 

Hence, there exist 6-ary polynomials Pv . .. , Pn such that 

c = p1(x, y, z, v, x, y, z, v) 

P;(z,v, x, y, x, y, z, v) = P;+ 1(x, y, z, v, x, y, z, v) for i = I, ... , n- l 

d = Pn(z, v, X, y, x, y, z, v) 

as follows from (c, d) E G(x, z) V G(v, y) in F4(x, y, z, v). However (x, c) E 
E E>(z, v) and (d, y) E G(z, v) give immediately 

x = p1(x, y, z, z, x, y, z, z) 

y = Pn(z, z, x, y, x, y, z, z). 

(2)=>(1): Let 2XE<V, BE Con (2!) and a, b be elements of 2! with 

(x,y)EE>·E>(a, b)·E>. 

Then there exist c, d of m such that 

(x, c)EE>, (c, d)EE>(a, b), (d, y)EE>. 

Put r = p1(x, y, c, d, x, y, c, d), s = Pn(c, d, x, y, x, y, c, d). 
Thus (r, s) EE>(x, c) V E>(d, y)c;;E> and, by the identities of (2), 

(x, r) = (P1(X. y, c, c, x ,y, c, c), P1(X, y, c, d, x, y, c, d)) E E>(a, b) 

(s, y) = (Pn(c, d, x, y, x, y, c, d), Pn(c, c, x, y, x, y, c, c)) E Q(a, b), 

i.e. (x, y)EE>(a, b)·B·E>(a, b) proving (1). I! 
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REMARK l. The identity (I) of Theorem I is probably the best approxi­
mation of 3-permutability of principal congruences which can be characte­
rized by a Mal'cev condition, since there exist varieties whose free algebras 
have 3-permutable principal congruences but the whole ({) has not this pro­
perty, see e.g. [I]. 

REMARK 2. If we replace (I) of Theorem I by an analogous identity for 
tolerances, namely: 

(1·) For each 2lE<V, each TELT(2l) and each a, b of m, 
T. T(a, b). T~ T(a, b) · T. T(a, b), 

then it can be proven in a way similar as in the proof of Theorem I (only Pro­
position 2 is used instead of the description of T(a, b) or T(x, z) V T(v, y) in 
LT(W.), see e.g. [2], [3], [5]) that (I·) is equivalent with: 

(2·) there exists a 6-ary polynomial p over({) with 

x = p(x,y, z, z, x,y, z, z) 

y = p(z, z, x, y, x, y, z, z). 

It is easy to show that (2·) implies the permutability: 

if IJf.E({), R, S ECon (W.) and (x, y) ER .s, then (x, z) ER and 
(z, y) ES for some z E 121: and (2·) implies 
(x, p(x, z, z, y, x, y, z, z)) ES, (p(x, z, z, y, x, y, z, z), y) ER, thus 
(x, y) ES ·R. 

By Proposition I, (I·) as well as (2·) are equivalent ot the permutability of 
congruences. 

2. Characterizations of principal tolerance trivial varieties 

Firstly, we give a characterization of principal tolerance trivial varieties 
in the terms of 3-permutable tolerances: 

An algebra IJf. has 3-permutable principal tolerances if for each a, b, c, of W., 

T(a, b) · T(c, d) · T(a, b) = T(c, d). T(a, b). T(c, d). 

A variety ({) has 3-permutable principal tolerances if each IJf.E({) has this 
property. 

THEOREM 2. For a variety({), the following two conditions are equivalent: 

(1) ({) is principal tolerance trivial; 
(2) ({)has 3-permutable principal tolerances. 

PROOF. (1)=>(2): Let \Jf.E({), a, b, c, d be elements of SJ(. and (x, y) E 
ET(a, b)·T(c, d)·T(a, b). Then, by (1), 

(x, y) E G(a, b) · G(c, d). G(a, b). 
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By Proposition 2, m has I-step principal congruences and, by the remark 
after Theorem 3.5 in [ I], 

h(B(a, b)) = B(h(a), h(b)) 

for any homomorphism h of m. Let h be a canonical homomorphism of m 
onto m/e(c, d), thus 

<lz(x), h(y)) E B(h(a), h(b)) · B(h(a), h(b)) = B(h(a), h(b)), 

i.e. 

<x, y)E8(c, d)·B(a, b)·8(c, d) = T(c, d)· T(a, b)· T(c, d), 

proving 
T(a, b) · T(c, d) · T(a, b)~ T(c, d). T(a, b). T(c, d), 

whence (2) is evident. 
(2)=>(1) : Let m E<V and a, b be elements of m. Then T(a, b) = w. T(a, b). 

· w = T(a, b) · w · T(a, b) = T(a, b) · T(a, b), where w = T(a, a), i.e. it is the 
identity relation on m. Hence T(a, b) is transitive, i.e. T(a, b) = B(a, b). • 

The polynomial characterizations formulated in v 3-conditions are 
used for characterizing of tolerance modularity, distributivity, decomposa­
bility of tolerances on direct products etc., see [2], [3]. Such type of condition 
is used also for principal tolerance triviality. For the sake of brevity, denote 
the sequence z1, ... , zn only by z. 

THEOREM 3. For a variety <V, tl1efollowing two conditions are equivalent: 

(I) <Vis principal tolerance trivial; 
(2) for every (2+ n)-ary polyllomials f, g there exist (4+ n)-ary polynomi-

als p, q, r such that 

f(x, y, z) = q(f(y, x, z), g(x, y, z), x, y, z) 

p(x, y, x, y, z) = q(g(x, y, z),j(y, x, z), x, y, z) 

p(y, x, x, y, z) = r(f(y, x, z), g(x, y, z), x, y, z) 

g(y, x, z) = r(g(x, y, z), f(y, x, z), x, y, z). 

PROOF. (1)=>(2): Let m = F 2 +n (x, y, Z1, •.• , Zn) be a free algbera over 
<V with 2+ n free generators x, y, z11 ••• , zn. Let/, g be (2+ n)-ary polynomials 
over <V. By Proposition 2, we have 

thus clearly 

<f(x, y, z),j(y, x, z)) E T(x, y), 

<g(x, y, z), g(y, x, z)) E T(x, y), 

(f(x, y, z), g(y, x, z)) E T(x, y) · T(f(y, x, z), g(x, y, z)) · T(x, y). 

By Theorem 2, it implies 

<J(x, y, z), g(y, x, z)) E T(J(y, x, z), g(x, y, z)). T(x, y). T(f(y, x, z), g(x, y, z)). 
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Hence there exist c, d of 2! such that 

(i) (c, d) E T(x, y) 
(ii) <f(x, y, z), c) E T(f(y, x, z), g(x, y, z)) 

(iii) (d, g(y, x, z)) E T(J(y, x, z), g(x, y, z)). 

By Proposition 2, (ii) implies the existence of a (4+ n)-ary polynomial q such 
that 

f(x, y, z) = q(J(y, x, z), g(x, y, z), x, y, z) 

c = q(g(x, y, z),j(y, x, z), x, y, z). 

Analogously, (iii) implies the existence of a (4+ n)-ary r with 

d = r(/0', x, z), g(x, y, z), x, y, z) 

g(y, x, z) = r(g(x, y, z),j(y, x, z), x, y, z). 

Finally, (i) implies the existence of a (4+ n)-ary polynomial p with 

c = p(x, y, x, y, z) 

d = p(y, x, x, y, z) 
and (2) is proved. 

(2)=>(1): Let 2!E<V, a, b, c, d, x, y be elements of 2! and 

(x, y) E T(a, b) · T(c, d) · T(a, b). 

Then (x, z) E T(a, b), (z, v) E T(c, d), (v, y) E T(a, b) for some z, v of m. By Pro­
position 2, there exist (2+ n)-ary polynomials f, g and elements e11 ••• , en 
of m such that 

x = f(a, b, e), z = f(b, a, e) 
and 

v = g(a, b, e), y = g(b, a, e). 

By (2), there exist (4+ n)-ary p, q, r such that 

x = f(a, b, e) = q(f(b, a, e), g(a, b, e), a, b, e) = q(z, v, a, b, e) 

p(a, b, a, b, e) = q(g(a, b, e),j(b, a, e), a, b, e) = q(v, z, a, b, e), 

hence, by Proposition 2, (z, v) ET(c, d) implies 

(x, p(a, b, a, b, e)) E T(c, d). 

Analogously we obtain 

Clearly 
(p(b, a, a, b, e), y) E T(c,d). 

(p(a, b, a, b, e), p(b, a, a, b, e)) E T(a, b), thus 

(x, y) E T(c, d) · T(a, b) · T(c, d) 

whence the 3-permutability of principal tolerances is clear. By Theorem 2, 
(1) is evident. • 
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3. Some applications 

A variety({) has directly decomposable corzgrounce if for all m, l8 of({) and 
each E>ECon (filx58) there exist 0 1 ECon (fil) and 0 2 ECon (lB) such that 
0 = 0 1 X02• G. A. FRASER and A. HORN [8] gave a Mal'cev conditions cha­
racteziting such varieties. This condition is, however, rather long and com­
plicated. Here we show how it can be simplified if({) is assumed to be prin­
cipal tolerance trivial: 

THEOREM 4. Let({) be a principal tolerance trivial variety, then the fol­
lowing conditions are equivalent: 

(I) ({)has directly decomposable congruences; 
(2) there exist a (2 + n)-ary polynomial p, binary polynomials qv ... , qn 

and ternary polynomials rv ... , rn such that 

X = p(x, y, q1(x, y), .. ·, Pn(x, Y)) 
y = p(y, x, q1(x, y), ... , qn(x, y)) 
z = p(x, y, r,(x, y, z), ... , rn(x, y, z)) = p(y, x, r1(x, y, z), ... , 

rn(x, y, z)). 

PROOF. (1)=>(2): Let m = F 2(x, y), F = F 3(x, y, z) be free algebras over 
({)and let({) have directly decomposable congruences. By Theorem 4 in [8], 
we have 

([x, z], [y, z])EE>([x, x], [y, y]). 
By (l) it means 

([x,z], [y,z])ET([x,x], [y,y]) 

and, by Proposition 2, there exist a (2 + n)-ary polynomial p and elements 
C1 , ... , Cn of fil X58 such that 

[x, z] = p([x, x], [y, y], c1 , ... , en) 

[y, z] = p([y,y], [x, x], c1 , ... , en)· 

Since Ci Em x m, we have C; = [ q;(X, y), r;(X, y, z)] for some binary or ternary 
polynomials q; or r;, respectively. If we write it componentwise, we obtain (2). 

(2)=>(1): Let fil, 58 E({) and av a2 be elements of fil and bv b2 , b be ele­
ments of )8. Put Ci = [qi( av a2,), r;(b11 b2 , b) ]. 
By (2), 

([av b], [a2 , b]) = ([p(a1 , a2 , q(a11 a2)), p(bv b2 , r(b11 b2 , b))], 

[p(a2 , a11 q(a11 a2)), p(b2 , bv r(b11 b2 , b))]) = 

= (p([ av bi], [ a2 , b2 ], Cv ... , en), p([ a2 , b2 ], [av b1 ], C11 ••• , en)) E 

E T([av b1 ], [a 2 , b2 ]). 

Thus ([av b], [a2, b])c0([a11 b1 ], (a2 , b2 ]) and by Theorem 4 in [8], (I) is 
proved. • 



44 IVAN CHAJDA 

The easy way of using the condition (2) of Theorem 4 can be illustrated 
by these examples: 

EXAMPLE I. Let CO be a variety of rings with unit element. Since <V is 
permutable, it is principal tolerance trivial and we can take Tl = 2, p(x0 , xv 
x2, x3) = x0 ·X2 +x3, q(x, y) = I, q2(x, y) = 0 = r1(x, y, z) and r2(x, y, z) = z. 
Clearly 

p(x, y, qv q2) = x · I+ 0 = x 

p(y, x, q1 , q2) = y · I+ 0 = y 

p(x,y, r1 , r2) = X·O+z = z = Y·O+z = p(y, x, rv r2) 

proving the direct decomposability of congruences. 
EXAMPLE 2. Let([) be the variety of distributive lattices. By [6], ([) is 

principal tolerance trivial and we can take n = 2, 

Then 

p(Xo, Xv Xz, X3) = (Xo /\ X2) v X3, ql(x, y) = xv y, qz(X, y) = x /\ y, 

rl = x /\Y /\Z, r2(x, y, z) = z. 

p(x,y,qvq2 ) = [x/\(xVy)]V[x/\y] = x 

p(y, x, qv q2) = [Y /\ (x VY)] V [x /\Y] = y 

p(x,y, r11 r2) = [x/\(X/\Y/\Z)]Vz = z = 

= [y /\ (x /\Y /\Z)] V z = p(y, x, r11 r2). 

The next application is in the case of Congruence Extension Property. 
A variety <V satisfies the Congruence Extension Property (briefly CEP) if for 
each \!{ E <V and every subalgebra Q3 of 9t and each 0 E Con (Q3) there exists 
0* E Con (\l!) such that 0 = 0* n (Q3 x Q3 ). Such varieties are not characteri­
zable by Mal'cev type conditions, see [7]. In the case of principal tolerance 
trivial varieties, we obtain a short polynomial 'r/ 3-condition: 

THEOREM 5. Let <V be a principal tolerance trivial variety. The following 
conditions are equivalent: 

(I) <V satisfies CEP; 
(2) for every (2+n)-ary polynomial p there exists a 6-ary polynomial q 

such that 

p(x, y, z) = q(x, y, x, y, p(x, y, z), p(y, x, z)) 

p(y, x, z) = q(y, x, x, y, p(x, y, z), p(y, x, z)). 

PROOF. By [7], <V satisfies CEP if and only if for each W E<V, every sub­
algebra Q3 of 12{ and each element, a, b of Q3, 

0 8 (a, b) = 0A(a, b)n(mxss). 
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The inclusion <:;;:: is evidently true in any case, hence CEP is equivalent to 
the converse inclusion only. Since ({) is principal tolerance trivial, CEP is 
equivalent to 

(I )=(2): Let 2i = F 2 +n(x, y, Z1 , ••• , zn) be a free algebra of({) with free 
generators x, y, Zv ... , zn and let p be a (2+ n)-ary polynomial over ({). 
Denote by 

c = p(x, y, z), d = p(y, x, z). 
, 

Let Q3 be an algebra of({) generated by the generators x, y, c, d. Then clearly 
~ is a subalgebra of Ill and, by Proposition 2, 

(c, d) ET A(x, y) n (\Bx \B). 

By ( * *) it implies (c, d) ET B(x, y), thus, by Proposition 2, there exists a 
6-ary polynomial q such that 

proving (2). 

c = q(x, y, x, y, c, d) 

d = q(y,x,x,y, c, d) 

(2)= (I): Suppose W, Q3 E ({), Q3 is a subalgebra of W, c, d, x, y are elements 
of Q3 and (c, d) ET A(x, y) n (\Bx \B). By Proposition 2, there exist a (2+ n)-ary 
polynomial p and elements a11 •.• , an of m such that 

c = p(x, y, a1' ... , an) 

d = p(y, x, al> ... ' an)· 

By (2), there exists a 6-ary polynomial q with 

c = q(x, y, x, y, c, d) 

d = q(y,x,x,y,c,d). 

Since x, y, c, dare elements of \B, it yields (c, d) ET 8 (x, y). • 

4. Connections with modularity 

Now, we can study connections of varieties investigated in the first 
part and congruence modularity. A variety ({) is modular if Con (W) is mo­
dular for each WE({). It is well-known that the 3-permutability of congruences 
implies the modularity. The first theorem shows what can be said in this 
sense on principal tolerance trivial varieties and the second one is a streng­
thening of the result on 3-pennutability. 

THEOREM 6. Let <V be a principal tolerance trivial variety. Then for each 
WE({), GE Con (W) and elements a, b, c, d offil, @(c, d)<:;;::Q implies Q /\ (Q(c, d) V 
v e(a, b)) = @(c, d) v (e /\@(a, b)). 
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PROOF. Suppose mE<V, <Vis principal tolerance trivial and 0(c, d)r:;;6. 
Let 

(x, y) E0 /\ (0(c, d) V 6(a, b)). 

Then (x, y) E 0 and, by Proposition 3, 

(x,y) E0(c, d)·6(a, b)·6(c, d), 

i.e. there exist elements p, q of 2l with 

(i) (x, p) E 0(c, d), (p, q) E 0(a, b), (q, y) E 0(c, d). 

By the assumption, (i) implies 

(p, x) E0, (y, q)E 0 

which with (x, y) E 0 gives (p , q) E 0. By (i), we have (p, q) E 6 /\ 0(a, b), thus 
(i) also implies 

(x, y) E 0( c, d) · (0 /\ Q(a, b)) · 0(c, d). 

By Proposition 3, this yields 

(x, y) E 0(c, d) V ( 0 /\ 8(a, b)). 

The converse inclusion is trivial. II 

THEOREM 7. Let <V be a variety of algebras such that for each mE<V, every 
0 E Con (m) and each a, b of m, 

(* **) 0·E>(a, b)-E>r:;;E>(a, b)-8·E>(a, b). 

Then <V is congruence modular. 

PROOF. It is evident that ( * * *) of Theorem 7 implies 

eve(a, b) = 6·B(a, b)·E> 

in Con (2!). 
(A) Firstly suppose R, TECon (~l) and 0(c, d)r:;;R. In a routine way, 

analogous to that of the proof of Theorem 6, we can easily obtain 

R /\ (E>(c, d) VT) = 6(c, d) V (R /\ T). 

(B) Now suppose the general case R, S, TECon (2£), Sr:;;R and proceed 
to prove the modular identity by an induction, using (A) as an induction 
hypothesis. Let 

(x, y)ER /\ (S VT). 

Clearly S = V {0(ca, da); rxE /}in Con (ill), thus the previous formula implies 

(x, y) E V {E>(ca, da); ci: E /}VT. 
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By the Mal'cev lemma, there exists a finite subset, say {1 , .. . , n} of I such 
that 

n 
(x, y) E ( V 0(c;, d;)) VT. 

i=I 

Clearly 0(c;, d;)t;;S for i = I, ... , n and 
n 

(x, y) ER/\ [ ( V 0(c;, d;)) VT], 
i=l 

i.e. 
11 

(x, y)E R /\ [ 0(cv d1 ) V ( V 0(c;i d;) VT)]. 
i=2 

Applying (A), we have 

11 

(x, y) E 0(cl' d1) V (R /\ [ V 0(c;, d;) VT]) 
i=2 

and after n steps of this procedure we conclude 
11 

(x, y) E V 0(c;, d;) V (R /\ T) r;; S V (R /\ T) 
i= I 

proving the modularity of <V. • 
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0. Introduction 

While considering conditions under which a mapping T of a complete 
metric space X into itself has a unique fixed point, KANNAN [3] and sub­
sequently FISHER [I], (2] have considered the first three of the six conditions 
listed below as (T 1)- (T 6). 

For any x, yEX: 

(T1) d(Tx, Ty)sc{d(x, Tx)+d(y, Ty)}, 
l 

where Osc<-. 
2 

I 
(T2) d(Tx, Ty)sc{d(x, Ty)+d(y, Tx)}, where Osc<-. 

2 

1 
(T3) {d(Tx, Ty)}2 ::s;;c{d(x, Tx)d(x, Ty)+d(y, Ty)d(y, Tx)}, whereOsc<-. 

2 

1 
(T,) {d(Tx, Ty)}2 sc{{d(x, Tx)}2 +{d(y, Ty)}2}, where Osc<-. 

2 

1 
(T5) {d(Tx, Ty)}2sc{d(x, Tx)d(y, Tx)+d(x, Ty)d(y, Ty)}, where Osc<2 . 

1 
(T6) {d(Tx, Ty)}2 sc{d(x, Tx)d(y, Ty)+d(x, Ty)d(y, Tx)}, where Osc<2 . 

KANNAN has proved that (T1) implies a unique fixed point for T which 
is the limit of the sequence {Px} for arbitrary xEX. Fisher later proved that 
(T2} and (T3) likewise imply a unique fixed point for T. The object of this 
note is to show (in part I below) that each of the conditions (T4), (T5), (T8) 

imply the same result; and then to study (in part 2) the relation between 
conditions (T1)-(T8). Specifically, we show that (T1)=?(T,), which implies 

4 ANNALES-Sectlo Mathematlca-Tomus XXVlll. 
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that our Theorem 1 is stronger than that of KANNAN; that the theorem is 
strictly stronger is shown by means of an example. Various examples are 
then given to show that (T1), (T2) and (T3) are all uncomparable and also 
that (T 6) does not imply any of the other five conditions. In the special case 
of a linear mapping Tx = ax on (R, d), where R is the set of all real numbers 
and d is the usual metric, exact intervals have been obtained in which the 
coefficient a must be in order that each of the conditions (T 1)-(T 6) may 
hold. All of our counterexamples such as (T1) no=>(T2), (T1) no=>(T2), ••• etc., 
come from this linear mapping, in some cases restricted to a ;:;mailer domain. 
While there are some implications for which we neither have proofs nor 
counterexamples, it has been demostrated that the linear mappings on R 
cannot be employed for counterxamples in these cases, and some mappings 
on other complete metric spaces might well be useful. 

1. Fixed Point Theorems 

THEOREM I. If Tis a mapping of the complete metric space X into itself, 
satisfying (T4), then T has a unique fixed point. 

PROOF. Let x be an arbitrary point in X. Then 

{d(Px, p+ix)}2 =5 c{{d(rn-1x, Px)}2 + {d(Px, p+Ix)}2}, 

which implies that 

d(Tnx, Tn+ 1x) :§ (-c-)112 

d(Tn- 1x, Tnx) 
1-c . 

for n = 1, 2, .... Since 0:5 c < _!_, {Px} is a Cauchy sequence in X and hence 
2 . . 

has a limit z in X. 
We now have 

{d(Px, Tz)}2 :5 c{{d(P-1x, Px)}2 + {d(z, Tz)}2}, 

which implies that 

{d(z, Tz)}2 s c{d(z, Tz)}2 • 

Since Osc<+, it follows that d(z, Tz) = 0, and hence T; = z, so that z is a 

a fixed point of T. If z' is a second fixed point of T, then 

{d(z, z')}2 = {d(Tz, Tz')}sc{{d(z, Tz)}2+{d(z', Tz')}2} = 0, so z = z'. 

THEOREM 2. If T is a mapping of the complete metric space X into itself 
satisfying (T 5), then T has a unique fixed point. 
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PROOF. Let x be an arbitrary point in X. If for some positive integer n, 
d(Tnx, yn+lx) = 0, then we have a fixed point; if not, then from (T5) we 
obtain 

d(Px, yn+ 1x) :s: ( l ~ c )d(Tn-ix, Px) 

for n = 1, 2, .... Now the rest of the proof is similar to that of Theorem I. 

TREOREM 3. If T is a mapping of the complete metric space X into itself, 
satisfying (T6), then T has a unique fixed point. 

PROOF. Let x be an arbitrary point in X. If for some positive integer n, 
d(Tnx, yn+ix) = 0, then we have a fixed point; if not, then from (T6) we 
obtain 

d(Tnx, yn+lx) :s: cd(Tn-ix, Tnx) 

for n = 1, 2, .... Since Osc< I, {Tnx} is a Cauchy sequence in X and hence 
has a limit z in X, which in fact is a fixed point of T. It is easy to see that the 
fixed point is unique. 

REMARKS. (a) If Tis a continuous mapping of the compact metric space 
X into itself, satisfying the inequality 

{d(Tx, Ty)}2<{d(x, Tx)d(y, Ty)+d(x, Ty)d(y, Tx)} 

for all distinct x, y in X, then T has a unique fixed point. 
(b) The result in (a) is similar to Theorem 4 of [2]. 
(c) A remark similar to (a) also holds for each of the Theorems 2 and 3. 

2. Comparison of (T 1)- (T 6) 

THEO REM 4. Let T be the linear mapping Tx = ax for I a I< I defined on 
Rand Let d(x, y) = jx-yj. Then T satisfies 

(i) the condition {T1) if and only if - I <a<_!_; 
3 

(ii) the condition (T2) if and only if _ _!_<a< 1; 
3 

(iii) the condition (Ta) if and only if - ;g <a< ;
5
, 

however, by restricting T to a suitable subspace of R, (Ta) can be satisfied 
I 1 

also for .r sa<-; 
y5 2 

(iv) the condition (T4) if and only if- l <a<_!_, 
3 

however, by restricting to a suitable subspace of R, (T4) can be satisfied also 
I I 

for-sa< .r ; 
3 I+ r 2 

4* 
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(v) the condition (T5) if and only if _ _!_<a<_!_; 
3 3 

(vi) the condition (T6) if and only if - I< a< I. 

PROOF. We first consider (i), (ii) and (vi). The "if" parts of (i), (ii) and 
(vi) follow from the respective inequalities: for all x, y ER, 

and 

la(x-y)I s ,_a_, {lx-axl + ly-ayl}, 
I-a 

ja(x-y) is I-a-I {lx-ayl + ly-axl}, 
I+a 

a2(x-y)2 s lal {l(x-ax) (y-ay)I + l(x-ay) (y-ax)j}. 

The "only if" part follows from the observation that each of the inequalities 
becomes equality along the lines which make the value of either of the sum­
mands on the right hand side equal to zero. 

To prove (iv), we note that (u-v)2 su2 +v2 if UV2'=0 and (u-v)2 s 
s2(u2 +v2) if uv<O with equality along u = 0 or v = 0 and along u = -v 
respectively. We can now express condition (T4) in the following form 

2a2 

a2(x - y) 2 s {(x- ax)2 + (y- ay)z}, 
(I -a)2 

which determines the range - I< a<_!_ for (T 4). If however, we select a sub-
3 

space of R as X = [O, =) and consider restriction of T to X (with a>O), 
then (x-ax) (y-ay)2'=0 and hence condition (T4) can be expressed as 

a2 
a2(x- y)2 s {(x- ax)2 + (y- ay)2}. 

(I - a)2 

I I 
Thus (T4) also holds for -sa< , where Tis taken on some sub-

3 I +Y2 
paces of R. 

(iii) and (v) are essentially similar, so we will only prove (iii). 
Case 1 (O<a< I). We observe that lines x = 0, y = 0, x = ay, y = ax 

and y = x partition the plane R xR into IO regions as shown in figure I. 
Since condition (T3) is symmetric in x and y, we consider the maximum 

value attained by the function 

f( ) 
_ {d(Tx, Ty)}2 

x, y - ------'---"-----'--'--'-----
d(x, Tx)d(x, Ty)+d(y, Tx)d(y, Ty) 

in each of the five regions below the line y = x. Of course on the line y = x 
condition (T3) (and all the other conditions) are trivially satisfied for any 
value of a. 
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If we let u = (x- ax)(x- ay) and v = (y- ax)(y- ay), then u and v 
are both positive in regions I, III and V; u~o and vsO in region II; u::::s;O 
and v;;;::~ in region IV. Upon substituting for the various distances in f(x, y) 
we obtam 

y=ax 

Fig. 1. 

J 

a2(x-y) 

(1-
2

a)(x+y)' 

!( ) _ a (y-x) 
x,y - ' 

I 
(1-a)(y+x) 

a2(x-y)2 

for (x, y) in region I I 

for (x, y) in region IV 

l (l -a){(x-y)2 +2(1-a)xy}' 
for (x, y) in regions I, II I and V. 

Clearly,/has its maximum alongy = 0 in region II and along x = 0 in region 
IV. Also, by considering values of j along the lines y = .?i.x in regions I and 
V and along circles x2 + y2 = A. in region II I, it can be seen that f attains its 
maximum along y =ax in region I, along y = -x in region III, and along 
x = ay in region V. Thus: 

j 
__!!__, for (x, y) in regions I I and IV, 
1-a 

f(x, y) ::::s; I I ~a , for (x, y) in regions I and V, 

~. for (x, y) in region III. 
I -a2 
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Therefore, f attains its absolute maximum in region II I and condition (T3) 

will be satisfied if and only if ~<-1-(i.e. O<a< ,,~)·However, since 
1-a2 2 r 5 

2 

in the first quadrant, the absolute maximum off is only _a_, by choos-
1-a 

ing X = [O, oo) we can require 

a
2 

I ( I ) I-a <2 i.e. O<a<2 · 

y=ax 

Fig. 2. 

Case 2 (-I< a< <0). Referring to figure 2, we note that U2'=0 and 
v;;;,:O in regions I, III and V; ll2'=0 and vsO in region II; usO and v;;;,:O in 
region IV. Using the same expressions for f(x, y) as before, and by similar 
reasoning we have 

!
~' for (x, y) in regions II and IV 
I+a 

a2 
f(x y) s -- for (x, y) in regions I and V ' 11~: ·, 

for (x, y) in region I I I. 
1- a2 

From this, it follows that condition (T3) is satisfied if and only if a> - :s 
which completes the proof of the theorem. 
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Squaring both sides of the inequality in (T1) and using the fact that 
(u+v)2 ~2(u2 +v2) we obain (T4). This shows that (T1)=>(T4). If (T5) holds 
and z is a fixed point of T, then d(z, Tx)-:;;. c d(x, Tx) for all x in X and conse­
quently d(Tx, Ty)~ c{d(x, Tx) + d(y, Ty)} for all x and y in X. Thus (T 5)=>(T 1) 

and (T.1). By choosing various values of a as indicated by the above theorem, 
we can construct examples of linear mappings which satisfy one or more of 
the conditions (T1)-(T6) and fail the others. At least for the linear mappings 
discussed above, it seems that (T5)=>(T;) i = 2, 3, 6 and that (T;)=>(T6) for 
i = I, 2, 3, 4. We do not know whether these implications are true in gene­
ral; we believe (T5)=>(T;), i = 2, 3, 6 are, but (T;)=>(T6), i = 1, 2, 3, 4 are 
not. Apart from these unsettled cases and (T1)=>(T4), (T5)=>(T1) (and (T4)), 

every possible implication (TJ=>(T1) does not hold (for i ~ j) as can be seen 

by choosing different values of a. Thus, for example, Tx = _±_ x satisfies (T6) 

5 

and (T2) but fails to satisfy (T1), (T3), (T4) and (Ts)· Tx = _i_x satisfies 
5 

(T8) and (T1) but fails to satisfy (T2), (T3) and (Ts)· Tx = 10 
x on X = [O, =) 

21 

satisfies (T3) but fails (T1) and (T5), while Tx=.3._x satisfies (T4) but not (T1). 
5 
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t. In this paper a method for approximating functions and their deri­
vatives is introduced on the basis of Hermite- Fejer interpolation. Only the 
function values are needed for the use of the method and there is no need to 
know the values of the derivative. 

The approximation problems based on the Hermite- Fejer interpolation 
have been discussed by several authors. First; L. FEJER [2] and later G. SzEoO 
[7J, E. EoERVARY and P. TURAN [l], G. GRUNWALD [4J, P. Sz.A.sz [6], 
G. FREUD [3] and others have investigated this problem, but the simulta­
neous approximation of the function and its derivative and the rate of con­
vergence have not been examined before. 

In this paper all of these three problems will be discussed. 
The interpolation points are selected as the roots of ultraspherical poly­

nomials. The ultraspherical polynomials are defined as 

a>n(X) = P~0>(x) = (-I)" {~((l -x2 )"+ 0 ]}(1-x2}-0
, n = 0, 1, 2, ... 

2"· nl dxn 
( 1.1) 

where ii> -1. 
All roots of polynomials ( 1.1) are single and are between - 1 and + 1, 

that is, 

LI: -1 <Xn<X"_1 < . .. <X,<X,_1 < ... <X1 < 1 (n = 1, 2, ... ). 

( 1.2) 

On the basis of the nodes ( 1.2) and function f(x) E c<1>([ - 1, 1 J) define the fol­
lowing spline function: 

If xE[x,, x,_i], (2:§J1:§n+ I, Xn+l = ~I) let 

( 1.3) Fd(x; f) = Yv + a,(x- x,) + bv(X- Xv)2 + Cv(X- x,)3 = j.(x) 
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and in the interval xE [x1, I = x0], let 

(l.4) FA(x;f)=y1 + Yo-Yi (x-x1)=f1(x). 
h1 

In (1.3) 

(l.5) - Y·-1 - y. . b - h a. - , • - -c • ., 
. h. 

( 1.6) c, - . · __ I {Y·-2-Y•-1 _ y."'.""1-y.} 
hv h,_1 h, 

In relations (1.4), (1.5) and (1.6), h, = x,_1-x., (I~ v~ n+ I) and y, = f(x,), 
(O~v~n+ 1). 

It is easy to verify that 

( 1.7) 

and 

FA(x.; j) = y., (O~v~n + l 

(l.8) f,,5>(x,_1) = f.~1(X,_1), (2~v~n+ I, s = 0, I) 

that is, FA(x; f)E c<1>([ - I, l ]). 
Let H 2n_1(x;f) denote the Hermite- Fejer polynomial of degree at most 

(2n- l) which satisfies equalities 

(1.9) H2n_1(x.;f) = y, = f(x.), (I~ JI:§ n) 
and 

(I. I 0) H~n-i(x.; /) = y; = F~(x.; f), (I~ v ~ n) 

at the nodes (1.2). 
It is well known that polynomials {H2n_1(x;f)};;=l can be uniquely 

determined. 
The following theorems will be proved in this paper. 

THEO REM l. Let f (x) E c<1>([ - I, 1 )). 

If either XE [-1,l] and _ _!_~ex> - I then 
2 

· .,. ( I ') log n 
(I.11) lf(x)-H2n-1(x; f)\ = O(l)w -;; f -n-, (n = I, 2, ... ), 

where w( · ;/')denotes the modulus of continuity of f'(x). 

THEOREM 2. Letj(x)EC(l)({-1,l]). If xE[- l+e, 1-e], then 

(l..12) .. lj'(x)-H~n- 1(x; f)j = O(I)w(~; !')logn, (~ = 1, 2, . . . ) 

where O<e<_!__ and w(- ;f') denotes the modulus of continuity of f'(x). 
2 . 
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Expression (1.I2) tends to zero for w( ~; t) log n = o (I). This condition 

is obviously satisfied of for examplef'(x)E Lip µ, (0<µ~ I). 
2. Before proving the above theorems, the following well known facts 

should be mentioned. Polynomials ron(x) = Pha>(x) satisfy the relations 
(SZEGO [7]) 

(2.1) 

I a I ---- -- I 
0( I - x2) 

4 2 
• n 2

, x E (I , I), tx ~ - -
2 

O(l)na, XE [ - I, I], - I <tx~ _ _!__ 
2 

and for the roots (1.2), x,. = cos{),, (x. = xn-•+ 1), 

I 
(2.2) {), = -[vn+O(l)], (I ~v~n, n =I, 2, ... ) 

n 

and the derivatives satisfy inequalities 

(2.3) IP;' (x.) I > 
<> l cv-f-a · n2 +a, (O::§!X,< I) 

3 
---a 

c(n-v+l) 2 ·n2+0
, (-l<X,sO), 

where 0( I) does not depend on v and n, and constant c depends on only tx. 
Polynomials H 2n_ 1(x; /) satisfying (1.9) and (1.10) can be written in 

theform 

(2.4) 
n n 

2 H 2n_ 1(x; /) = ~ y,h,(x)+ ~ y;(x-x,)l.(x), 
•=I •=I 

where 

(2.5) h.(x) = [1 - 2(tx+ I~x. (x-x.)] /~(x) 
I - x. 

and 

(2.6) l (x) = p~>(x) . ()' 
Pna (x,)(x-x.) 

If r m(x) is a polynomial of degree m and m ~ 2n- I, then it is well known that 

n n ' 2 
(2.7) rm(x)= ~ rm(x.)h.(x)+ ~rm(x.)(x-x,)/,(x), 

v=I ?=I 

which implies that for r m(x) = I, 

n 
(2.8) 2: h,(x)= I. 

v=I 
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FEJER [2] has proved that if-1 <oc<O, then for XE [-1, 1] 

(2.9) h.(x)~O, (l~v~n). 

The "Lebesgue constants" of interpolation satisfy inequalities (SzEoo [7]) 

n 1 
(2.10) An= max 2; jl.(x)! = 0(1) log n, if - -~oc > - 1 

xE[-1, lJ,~1 2 

and for oc > - _!_ 
2 

(2.11) An= max :i; jl.(x)j = 0(1) log n, (o <e <-
2

1 
)· 

xE[ -1 +•, 1-•]•= 1 

If f(x)E c<1>([ - 1, 1]) and function F.d(x; f) is defined by identities (1.3) and 
(1.4), then (ENEDUANYA [8]) 

(2.12) IJ<s>(x)-F}3>(x; f)! = O(l)w(__!_; /')-
1
-, (s = 0, I) 

n ni-s 

foranyxE[-1,1],wherew(~ ;f') denotes the modulus of continuity of 

functions f'(x). Furthermore, 

(2.13) 

In the proof the following relation will be used (JACKSON [5 ], SzEoo 
[7]): If cp(x) E c<1>([ - I, I]) then there exists a polynomial em(x) of degree m 
such that for x E [ - I, 1 ], 

(2.14) jp<s>(x)- e~(x)! = O(l)w(-
1 

; rp')-1
-, (s = 0, I), m ml-s 

where w(. ; p') denotes the modulus of continuity of function cp'(x). 
3. In this part of the paper the proofs of Theorems 1and2 are presented. 

Let f{x)E c<1>([ - 1, I]) and let e2n_1(x; F4 ) be the polynomial defined for 
function F4(x; f). The relations (2.12), (2.13), (2.14), (2.7), (2.4) and the facts 
y. = F.d(x.; f), y; = F.;(x.; f) (which are simple consequences of relations 
(1.7) and (1.9)) imply that 

l/(x)-H2n-1(x; f)I :§ l/(x)-FJ(x; /)! + jFJ(x; /)- Qzn-1(x; F4)I + 

+I~ {e 2n-1(x.)- F4(x.)}h.(x) + ~ fo2n_ 1(x,)- F.;(x.)}(x- x.)L~(x) I = 

(3.1) = O(l)w(~; /')~+ IV2n- 1(X)+ W2n-1(X)I. 
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I 
If - l<a;§ --, then from (2.14), (2.13), (2.9), (2.8), (2.1), (2.3), (2.6) 

2 
and (2. IO) imply the assertion of Theorem I since 

(3.2) 

n 
Iv 2n-1(X) + w 2n-1(X) I ;§max I e2n-1(x.)- FA(x.) 12: h,(x) + 

• •=l 

+maxi e2n-1(x.)- F.d(x.) Ii: 1x-x.11;(x) = 0( l)ro(__!_; r) log n . 
• •=l n n 

If a> _ _!_, then relations (2.12), (2.6), (2.1 ), (2.3) and (2.l I) imply that 
2 

forxE[-l+e, 1-e], [o<e< ~). 

IW2n-1(X)I = O(l)w( nl; !'] IP~a)(x)l•2:=nI ( >~ IL.(x)I = IPna (x.)I 

(3.3) 

The mean value theorem of Lagrange implies that 

e2n-l(x.)- FA(x.) = [ e2n-1(X)- FA(X)] + 

+ [e~n-1(1J.)-F.d(77,)](x.-x), (77.E(x, x.)) 

then from (2.8), (2.5), (2.6) we may conclude that 

IV2n-1(X)I =I l>2n-1(X)-FA(x)+ ~ fo~n-1(1).)-F.4(1),)}X 

(3.4) { I 2(a + l)x. ( >} P~a\x) x - + x-x. 
I - x; P~a)' (x,) 

and by using relations (2.14), (2.1 ), (2.2), (2.3) (2.11) simple calculations show 
I 

that forxE[-l+e, l-e],O<e<-

(3.5) 

2 

( 
I ') log n IV2n-1(x)I = O(l)w -;; f -n-. 

Relations (3.1 ), (3.3) and (3.5) imply the assertion of Theorem l even for 
I 

a>--. 
2 

Thus Theorem I is proved. 
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The proof of Theorem 2 is based on the relation 

lf'(x)-H~n-1(x; f)I ~ lf'(x)-F,l(x; /)I+ IF~(x; /)- e~n-i(x; FA)I + 
(3.6) + IV~n-1(X) + w~n-1)!, 
which are similar to relations (3.1) applied for the derivatives. 

Since function V2n_ 1(x)+ W2n_1(x) is a polynomial, the inequality of 
Bernstein, and relations (3.3) and (3.5) imply that 

(3. 7) IV~n- 1(X) + W~n-1(X) I = 0( 1 )co(_..!_; !') /og n 
2

• 
n 1- x 

From relations (3.6), (2.12) and (3.7) one may conclude that in interval 

-1+e~x~1 +e, (o< e<+) 
lf'(x)-H~n- 1(x; f) I = 0( I )ro( ~ ; /' J log n. 

Thus Theorem 2 is proved. 
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ON THE DERIVATIVE OF INTERPOLATION POLYNOMIALS 

By 

SYLVANUSA.N.ENEDUANYA 

University of Technology, Minna, Nigeria 

(Received October 31, 1983) 

In this paper we shall investigate a system of Interpolation polynomials, 
that converges to the derivative of function. 

It is a well-known fact (see FEJER [3]), that if f is a continuous function on 
[- 1,1] and if the Hermite-Fejer interpolation polynomial H 2n_1(x; f) 
satisfies the following conditions 

(I) 

where 

(2) - I = Xn<Xn-l < ... <X,<X,_1 < ... <X2 <X1 = I 

are the roots of the integrated Legendre polynomial 

(3) 
x 

wn(x)= -n(n- l) JPn_ 1(f)dt=:(I -x2)P~_ 1 (x) 
-1 

with the normalization Pn_ 1(1) = I , then converges uniformly to f(x) on 
[-1,1]. 

It is, however, trivially true that H~n-i(x;f) does not converge toj'(x), 
if f'(x)EC([-1,I]). We shall give with the help of the polynomials 
H

2
n_ 1(x; f) a system of interpolation polynomials that converge to f'(x). 

For the polynomial H 2n_1(x; f) the following explicit form can be given 
(see [3]) 

n 

(4) H 2n-1(x; f) = 2: f(x,)A,(x), 
•-1 

where 
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(5) 
and 

(6) 

S. A. N. ENEDUANYA 

An(x) = [I + n(n; 
1) (x + I)] l~(x), 

A,(x) = l~(x), (2~v~n- l; n = 1,2, ... ) 

/,(x) = ----'(J)n=(x-') __ 
(J)~(x,)(x - x,) 

We define the numbersy1 in the following way: 

( ~,) det [2 (I - ;j)P~-1(;1)2 ]-1 
Yi-H'ln-1(~1) - 2 

1~r~n-l, n = 2, 3, ... ), 
where 

I <;n-1 <;n-2< · · · <E1<;1-1<···<;1<1 

are the roots of the polynomial 

(8) co~(x)= -n(n- l)Pn_ 1(x). 

We shall now determine the following interpolatorial polynomials Ln_2(x;j') 
of degree :'§ n- 2, such that 

(9) Ln_2(;1; f') = yi' (I ;"§j:'§ n-1, n = 2, 3, ... ). 

The polynomials that satisfy the condition (9) are given explicitly by 
n=I 

( 10) Ln_2(x; f') = 2: y ilj (x), 
j=l 

where 

( 11) 

We prove the following 

(12) 

THEOREM. If f(x)EC<1>([- l,l], then we have 

lf'(x) - Ln-z(X; /')I = 

= 1 0( I )w( 10~ n ; /') log n, for - 1 + e ~ x ~ 1 + e 

0( 1 )w( 10! n ; f') }"n, for - I ~ x ~ I, 

where O<e<_!_ and w( · ;f') denotes the modulus of continuity of f'(x). 
2 
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REMARK. The polynomials Ln_ 2(x; f') converge uniformly to f'(x) in 

every interval [ - I + e, 1 + e] where 0 < e < _!_ provided that 
2 

co( 10~ n ; f') log n = o( l ). 

In the interval [-1,l] we have uniform convergence if 

co(1°~ n; f') fn = o(I). 

Now differentiating (4) we get 
n 

( 13) H~n-1(x; f) = ~ f(x,)A~(x). 
•=I 

From the Lagrange mean-value theorem we obtain 
f(x,) = f(;1) + f'(;1)(x,-E1) + [!'(77,)- f'(;1)](X,-E1) 

(14) (77,E(x,1 ; 1)1 l~v~n, l~j~n-1) 

where x, and ;1 are the roots of O>n(x) and w~(x) = P n-i(x) respectively. 
Hence from (13) and (14) we get, if x = ; 1 

n n 
H2n-1(;1; f) = f(;1) ~ A:(;1) + f'(;1) ~ (x,- ;1)A~(;1) + 

•~1 p~J 

n 
(15) + L [/'(77,)-/'(;1)J(x,-;1) A~(;1), (1 ~j~n-1). 

•~I 

It is a well-known fact, that 
n n 

( 16) ~ A,(x) = l; ~ A~(x) ::0 
•-1 •-1 

and from (16), (5) and (3), 

( 17) 
n 2 (l-x2)P~-1(x)2 
~ l,(x) = 1- n(n-1) 

Finally we have from (15), (5), (16) and (17) for x = ;1 

H~n-1(e1 ; /) = /'(;
1
)[2 - (l -;})P~~~(;1)

2 

] + 2 :± [/'(;,)- f'(E1)]l~)e1) + 
n(n- •=t 

+ n(n; 1) [f'(111)-/'(;1)](;1- l)l~(E1)-

( 18) 

We shall now proceed to prove the 

5 ANNALES-Sectlo Mathematlca-Tomus XXVIII. 
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LEMMA. We have for 1 ?§j?§ n-1 the inequality 

(19) IYi-/'(;i)l;'§O(l)w(--1..?~n; !'} 
PROOF. Let w(o) = w(o;f') be the modulus of continuity ofj'(x) then for 

'Y/vE(x., ~i) the well-known relation 

(20) i/'(71.)- f'(;j)I ?§w(lx·-~jl):§w( log n )(-
11
-lx.-;jl + t) 

n log n 
holds. 

For the polynomial wn(X), we have S. BERNSTEIN'S inequality [2] for 
n~4 and for -1 :§Xo§ I 

(21) 

(22) 

V2 -
1%(X)I ;'§ -;:n, YI -x2 IP~_ 1(x)I = O(l)n. 

For the numbers IP n-i(x.)I we have the estimation [I] 

1 
1Pn-1(X,)I = O(I)y;' (1:§v:§n). 

We have for the "Lebesgue function" for - I o§Xo§ I the estimate [3] 
n 

(23) An(x) = L; ll.(x)I = 0(1) log n 
v= I 

and from (17) 

(24) 
n 2 L; l,(x) :§ 1. 

V=I 

Hence from (18), (17), (20), (21), (22), (23), (3) and (17) we have the in­
equality 

[ 
(I - ;})P~-1(;i)2 1-1 - [ n z 1-1 

11212- n(n-1) -J/21 I+tiL.(;1) :§j/21= 

= O(l)w(1°~ n JL0: 11 .~ I =~~!~; ! ll.(;)I + .~ l~(;1)] = 

(25) 

and 

= 0( I)w (log~)[± ~~ 11.(;i)I · -
1-+ 1] = O(l)w( log n) 

n •=I rn logn n 

1131[ 1 + .~ z;(~j) rl :§I/al?§ 

(
logn)[ n3 w~(;) 2 (I-;)) 0 n_1(;1)] (logn) 

;'§0(l)w -- -1 --,-(l)~+n (l)2 ;'§Q(l)w -- . n og n wn ~ wn n 
(26) 
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The same holds for 

J/4 J [1 + ~ L~(t; 1) r1

• 

From (18), (25), (26) and (7) we have 

Jyj-!'(t;1)1=0(1)w(1°~n; !'} • 
Now we can turn to the proof of our theorem. 

67 

Since /'(x) is continuous on [ - 1, 1 J, a polynomial e(x) of degree n-2 
exists such that [4] 

(27) 

It is known that 

(28) 

J/'(x)- e(x)J = O(l)w( ~; !'} 

n-1 

e(x) == L: e(t;1)Lj(x) == Ln_ 2(x; e ). 
j=I 

From (9), (27) and ( 19) 
n-1 

lf'(x)-Ln-2(x; /)I:§ l/'(x)-e(x)I + L: {le(/;1)-/'(!;1)1 + 
}=I 

+ lf'(ti)-y11}Jlf(x)I = O(l)w(__!_; f')+O(l)w(~; !')~
1

llj(x)I + 
n n 1~1 

(29) 

holds. 
It is a well-known fact that [4] 

n-t fo(I)logn, for -1+e:§X:§1-e, O<e<__!__, 
(30) L: llj(x)I = l 2 

1
=

1 
O(l)Yn, for - 1:§X:§1. 

(29) and (30) complete the proof of Theorem. 
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ON HERMITE-FEJ£R INTERPOLATION POLYNOMIALS 
USING TCHEBYSHEV ABSCISSA 

By 

S. A. N. ENEDUANYA 

University of Technology, Minna, Nigeria 
(Received October 31, 1983) 

1. In this paper a method based on the Hermite-Fejer interpolation 
will be introduced for the simultaneous approximation of functions and their 
derivatives. It will be assumed that the function to be approximated is con­
tinuously differentiable. Only the functional values should be known at the 
interpolating points and there is no need for the knowledge of the values of 
the derivatives. The method to be introduced in this paper can be applied 
in several fields of applied and numerical mathematics. 

Assume that the interpolating points are either the roots 

(I. I) Lf: x. = cos--n , (n = 1,2,3, ... ) { 2v-1 }n 
2n •=I 

of the first kind Tchebyshev polynomials Tn(x) = cos (n arc cosx) or the 
points 

( 1.2) { 
jn}n-1 E1 = - , (n = 2, 3, 4, ... ) 
n }cl 

which are the roots of the second kind Tchebyshev polynomials T~(x) of deg­
ree n- I, furthermore the points ~n = - I and ~0 = I. 

Letf(x) be a continuously differentiable function on the interval [- 1,1 ], 
that is,fEC<1>([-l,l]). 

Let F.d(,x;f) denote the spline functions such that for x.~x:;!;x,_ 1 and 
2~v:;!;n+1 

( 1.3) 

and for x,,~X~Xo = 1 

( 1.4) 
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where y. =f(x.), (O~v~n+ I) and 

bv = _!_{Y·-2-Y .. -1 _Y1·-1-Y1
·}· 

h; h,._l h. 

(1.5) av= -b.h,., 2:§v:§n+i; h.=x,._1-x • ., 1:§v:§n+1, 

furthermore 

2v- I 
x0 =I, Xn+l = - I and x,. = cos--n. 

2n 

It is easy to verify that 

(1.6) FtJ(x,.; /) = y., (O:§v:§n+ I) 

and 

(1.7) f~s>(x,_ 1) = f.~~1(X,._ 1), (2:§v:§n+ I, s = 0, l) 

that is FtJ(x; /)E C<1>([ - I, I]). 
Let H 2n_1(x; f) denote the Hermite- Fejer interpolating polynomial of 

degree not greater than (2n- I) such that for interpolating points ( 1.1 ). 

H 2n_ 1(x,., /) = y. = /(x,.), (I ~ v ~ n), 

( 1.8) H~_ 1(x,.;/) = F~(x.;j) = y:,, (I :§v:§n). 

It is well known that polynomials {H2n_1(x;/)};;=l exist and are unique. The 
following theorem will be first proved in this paper. 

THEOREM I. Let/(x)EC<1>([- l,I ]), then for all n~9. 

(
I ')logn (l.9a) l/(x)-Hn_ 1(x;j)J = O(l)w -;;•! -n-,XE[-1, IJ. 

( l.9b) lf'(x) - H~n- 1(x,/) J = 0( I )w[ ~ ;f' J1og n, x E [ - I + e, I - e ], 

where O<e<_!_ and w( ·; f') denotes the modulus of continuity of junctions 
2 

/'(x). 

Relation (1.9b) implies convergence only if w(~; !')log n = o(I). This 

condition is obviously satisfied if j'(x)ELip ex (O<cx~ I). 
Let Ln(x; f) be the Lagrange interpolation polynomial of degree at most 

11, such that for the interpolating points ; 0 = I, ;n = - I and the points 
defined by ( 1.2), 

(I. I 0) 
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where yj = f(xj), x0 = 1, xn+i = -1 and points {xj}7=1 are defined by (1.1), 
and f(x) E C<ll([ - I, I]), The following theorem will also be proved: 

THEOREM 2. Letf(x)E C(l)([ - 1, 1]) then for all n ~9 and XE [ - 1, 1 ], 

( 1.11) /j'(x) - Ln(x; f)/ = 0( 1 )w( +;f') log n, 

where w( · ;j') denotes the modulus of continuity of j'(x). 

Relation ( 1.11) implies convergence only if w( +; f') log 11 = o( 1 ). 

2. Preliminaries and some Lemmas. It is well known (FEJER [I]) that 
polynomial H 2n_ 1(x;f) satisfying equalities (1.8) can be written as 

n n 

(2.1) H2n- 1(X;f) = ~Yvhv(x)+ ~ y;(x-Xv)l;(x) 

where 

(2.2) 

and 

(2.3) 

"=' "=' 

h,(x) = [I -~ (x-x,,)] t;(x) = v,,(x)t;(x) 
1-x; 

l,(x) = T n(x) . 
T~(x.(x-x.) 

For all XE [ - 1, 1 ], the following relations are satisfied (SzEo6 [3]): 
n 

(2.4) 2:Jlv(x)J = O(l)logn, 
t=I 

(2.5) 
n log n 

2: jx-x.\l~(x) = 0(1)--, 
v=I 11 

(2.6) 
1 

v.(x)~- and h,,(x)~O. 
2 

If gm(x) is a polynomial of degree m and m-:§ 2n- I, then it is known 
that 

n n 
(2.7) gm(x)= 2: gm(x.)h,,(x)+ 2: g:n(x,)(x-x,,)lt(x). 

"=I "=I 

If gm(x)= I then relation (2.7) implies that 
n 

(2.8) 2: h.(x)= l. 
v=I 

Before proving the above theorems, the following lemmas will be veri­
fied. 
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(2.9) 
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LEMMA 1. If f(x)E C(l)([- 1, l ]), then for all XE [ -1,l J 

lfl;~-Fia>(x;f)I =O(t)ro(_!__;j')-
1
-, (s=O, 1) 

n n1-" 

where F..i(x; f) denotes function (1.3), (1.4) and co(·; f') is the modulus of 
continuity of function j'(x). 

PROOF. For x.~x~x._ 1 and 2~ v~ n- l, the mean value theorem of 
Lagrange and relations (1.3), (1.5) imply that 

lf'(x)-FJ(x; f)I = lf'(x)-Y'-~~Y· +b,(2h,(x-x,)-3(x-x,)9 I :s 
(2.10) 

:!! lf'(x)- /'(11.)I +~ lf'(17,_,)-f'(11.) I h~ :!!co{h.; J') +~h. + h._1; f') 
~ 3 3 

since 17.E(x,, x._1) and 17,_1 E(x,_11 x,_2). Since f(x,) = F.d(x.;f), relation 
(2.10) implies that 

x 

lf(x)-F..i(x; /)I :s jlf'(t)-F~(t; f)ldt~ 
• 

(2.11) ~ [ co(h.; f') + ~h. + h._1; J')] h,. 

The well known inequality co(a.A.);§co(a)(.A.+ 1) and inequalities (2.10), (2.11) 

and h, = o( ~ ) imply the assertion for all x E [ - 1, 1 ]. The case when 

XE [x1, 1] can be verified by a similar way. Thus Lemma 1 is proved. 
Polynomials Ln(x;f) satisfying equations (1.10) can be written as 

Ln(x; f) = y~ l +x • T~(x) + 1-x :~(x) + :i; y; 1-x: LT(x) 
2 Tn(l) 2 Tn(-1) •~I 1-x, 

(2.12) 

where 

(2.13) lj(x) = T~(x) 
T~(~1)(x- ~1) 

LEMMA 2. If XE [-1, 1 ], then 

).n(x) = ~ 1 + x) I T~{x) I+~ 1 ..- x) I T~(x) I+ 
2 T~(l) 2 T~(-1) 

(2.14) 
n l-x2 

+ ~ -- llf(x)I = O(l)logn. 
J=I 1-E' 
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PROOF. It is well known that polynomials T"(x) satisfy the differential 
equations 

(2.15) (l-x1)T~(x)-xT~(x)+n2T"(x) = 0. (n = 0, I, 2, ... ). 

Since ITri(l)I = ITri(-1) = 1Tn(E1)1=1 and for XE(-1,1), ITn(X)l~l, 
relation (2.15) implies that 

(2.16) (1-E,)IT:i'(E1)1 = n11 ; IT~(l)I = IT~(-1)1 = n1• 

furthermore 

(2.17) IT~(x)I = y n , xE(-1,1). 
l-x2 

The inequality of Markov implies that 

(2.18) IT~(x)I ~n1, XE[ -1,1). 

From (2.16) and (2.18) are may conclude that 

(2.19) 1 +x I T~(x) 1~ l; 1-x j T~(x) 1~ 1, XE[-1,1]. 
2 T~(l) 2 T~(-1) 

Since (2.13) and (2.14) hold, 

(2.20) J.n(l) = Ari(-1) = Ari(E1) = 1, (l~j~n-1). 

If xE(E1c+u Ek), (1 ~k~ n-2), then the mean value theorem of Lagrange and 
relations (1.2), (2.13), (2.15), (2.16) imply that 

I -xi ll:(x)I = 1-x
11 

\ T~(x)-T~(~k) I = 
1-E~ (l -EUIT:a'(Ek) X-E1c 

l -x1 1 x2 

= 1r::c11k)I = - (l -11:)IT~(17k)I = 0(1), 
n9 n2(1-11n 

(2.21) 

and similarly for xE(E1c+11 Ek), (O;;!;k~ n-2) 

1-x11 

(2.22) · llt+1(x)I = 0(1). 
l -E~+1 

If xE(E"+i' E"), (I~k~n-2), then relations (2.13), (2.16), (2.17) and (1.2) 
imply that 

~1 
l -x' llj(x)I = 0(1) ~

1 

k -= 0(1) ~
1 

-
1
-. = 0(1) log n 

1·• 1-EJ 1-1 n'(E1-E") i·• k-J 
(2.23) 

and similarly 
(2.24) 

n l-x2 
~ --11r(x)I = O(t) log n. 

i-k+2 l -E' 
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If xE(;1, I), then the mean value theorem of Lagrange, Markov's inequality 
and relation (2. 13), (2. 16), (1.2) and (2. 18) imply that 

(2.25) 

From (3.13), (2.16), (2.17) and (1.2) one may conclude that 

(2.26) '2:1 

l -x
2 

ll*(x)I ~ '2:1 

yT-=xf = 0(1). 
j=2 I-;] 1 j=2 n(x1 -xj) 

Similarly to the relations (2.25) and (2.26) it can be proved that for 
XE(- I, ;n-1) 

I x2 n-2 I x2 
(2.27) - \l~_ 1(x)\ = 0(1); ~ - \lj(x)\ = 0(1). 

1 - ;~-1 j= I 1 - ;j 

And finally, relations (2.20)-(2.27) imply the assertion. 
The proofs of the theorems will be based on Gopengaus' inequality [2], 

which can be stated as follows. If cp(x)EC<1>([-l,I]), then there exists a 
polynomial Gm(x; cp) of degree m, m~9, such that for xE [ - I, 1 ], 

\cp<J>(x)-O~~?(x; rp)\ = O(l)w(Yl~~2 ; cp')(y~ r-s, (s = 0, 1), 

(2.28) 

where w( · ; cp') denotes the modulus of continuity of function rp'(x). 

3.Theproofs of the theorems. Assume thatf(x)EC<1>([-l,l]). Then 
relations (2.9), (2.28), (2. 7), (I .6), ( 1.8) imply that for x E [ - I, 1 ], 

\f(x)-H2n-1(x; f)\ ;'.§ \f(x)-F.d(x; f)\ + \F.d(x;f)-G2n- 1(x; F.d)\ + 
I n 

+I.~ {G2n- 1(x.; F.d)- F.d(xr; f)}h,(x) + 
+ ~ {G~n- 1(x,.; F.d)- F~(x,.; f)}(x- x,.)lt.(x) /: = 0( I )w(_!__; !') + 

=I n 

(3 1 ) ( y' 1 - x2 
') y' 1 - x2 

· +O(l)w n ; F.d -n--+ \V2n-1(x)\. 

Since w(o1)~w(o2) for b1~b2 , and relations (2.28), (2.6), (2.8) and (2.5) are 
true, one may conclude that for all XE [-I, 1 ], 

(3.2) \V 2n- 1(x) I = 0( 1 )w(_!_; F~J _!_ + 0( 1 )(_!_; F~) log n , 
rz n n n 

where w( ·; F~) denotes the modulus of continuity of function F~(x; f). 
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If w( · ; F~) and w( · ; f') denote the moduli of continuity of functions 
Fi(x; /)and f'(x) respectively, then 

(3.3) 

In order to prove this inequality observe that x', x" E [ - I, I] and Ix' -x"I :§ 
;§_!_, then relation (2.9) and the fact that 

n 

max I l/'(x')- f'(x") I = w(_!_; r) 
[x'-x" [ ~- n 

n 

imply that 

IF.d(x'; !)- F~(x"; f)I :§I F.d(x'; f)- f'(x')I + lf'(x')- f'(x")I + 

+ lf'(x")-F,l(x", f) = O(l)w( ~; !') 
and since 

max IF.d(x';f)-F.d(x"; /)I =w(_!_; F:i) 
[x'-x" J;i;_!_ n 

n 

inequality (3.3) is necessarily true. 
Equality ( l .9a) is a consequence of relations (3.1 ), (3.2) and (3.3). 
By the use of Bernstein's inequality for polynomial V2n_1(x) and apply­

ing relations (3.2) and (3.3) we get the following inequality: 

(3.4) IV~n- 1(X)j = O(l)w(_!_; !') /og n , XE(- I, I). 
n 1- x2 

By using relations (2.9), (2.28), (3.3) and (3.4) inequalities similar to (3.1) can 

be verified for the derivatives, that is, for x E [ - I + e, 1-e ], ( 0 < e < +) 
(3.5) lf'(x) -H~n-1(X; /)I = 0( I )w( ~: f') log n 

which is equivalent to inequality (l.9b). Thus, Theorem I is completely pro­
ven. 

Next, Theorem 2 will be verified. 
If f(x)E C<1l([- I, I]) and xE [ - I, I], then it is easy to show that 

(3.6) lf'(x)- L~(x; j') I = 0( I )w( ~; f' J log n, 
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where function 

L*(x· /') = f'(I )(I +x)T~(x) + /'( _ I) (I - x)T~(x) + 
n ' 2T~(I) 2T~(- I) 

n-l l -x2 
(3.7) + ~ f'(;1)-l1(x) 

J~ I 1- ;' 

is a Lagrange interpolation polynomial with nodes defined by (1.2). Let 
Gn(x; f') denote the polynomial satisfying inequality (2.28), then relations 
(2.28) and (2.14) imply that for XE [-1, I], 

lf'(x)-L~(x; f')I ~ lf'(x)-Gn(x; /')I+ IL~(x; G,,- /')I = 

= 0( l)a>( ~; r) log n, 

which is equivalent to inequality (3.6). The mean value theorem of Lagrange 
and relations (3.6), (1,10) and (2.14) imply that 

lf'(x)-Ln(x; f)I ~ lf'(x)-L~(x; f')I + 

max lf'(E1)-YJ-YJ+l I l.n(x) = O(l)a>(~; !')log n+ 
O•J•n X1-X1+1 n 

(3.8) +max lf(;1)-f'(171)11.n(x) = O(l)w(_!_; !')logn 
O~j;!;n n 

since Ei' 111E(x1+11 x1), consequently relation (1.1) implies that 

lf'<E1)-f'(111)I = O(l)co( ~; f'} 
Thus, Theorem 2 is proved. 
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In this paper we define a Hermite- Fejer type interpolation process 
which approximates in "Jackson order". This interpolation process is in­
teresting for the numerical analysis, too. 

Let us denote by 

(1) Ll:{x!n>}~ ... 1 = cos n { 
(2v-1) }n 

2n ••l 

the roots of the Tchebyshev polynomials 

(2) Tn(x) = cos (narc cos x), (n = 0, 1, 2, ... ). 

To every real function f(x) defined on the closed interval [ - I, 1] we can 
order the system of the generalized Hermite- Fejer interpolation polynomials 
{H2n_1(x; f)};=l where for every index n 

H2n-1(X; f) = H2n-1{X) 

is a polynomial of degree;§ (2n- 1) satisfying the conditions 

(3) H2n-1(X,) = f(x,) = y,, (1 ~v~n; n = 1, 2, ... ) 
H~n-1(X,) = y;n = y; 

{y.}~ ... 1 and {y;}~ ... 1 

may be any preassigned system of real numbers. 
L. FEJER [I] has proved that if f(x) is continuous on [- 1,1] and for 

every pair of indices (v, n) r:n = 0 then H2n_1(x; f) tends uniformly to /(x) 
on [ - I, I] as n- oo. 
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Later FEJER [2] improved on this result by proving that if f(x) is con­
tinuous on [ - I, I], and the preassigned values of the derivatives satisfy the 
condition 

(4) y; = Y~n = H~n-1(x,.) = o(y'J - x;(log n)) 
then the relation Jim H 2n_1(x;/) = f(x) holds also uniformly on [-1,1 ]. n--

The aim of the present paper is to investigate the special Hermite- Fejer 
interpolation sequence 

(5) 

for abscissas (1), where H 2n_ 1(x;f) satisfies the following equalities if f(x) is a 
continuous function in [ - I, I] 

(6) H 2n- 1(xv; f) = H 2n_1(xv) = f(x.) = Yv, (I ~ v ~ n, n = I, 2, ... ) 

and 

H~n-1(Xv; f) = H~n-1(x,.) = :n;~n- 1 (x,. ; FtJ) = y~ (I ~v~n, n = I, 2, ... ). 

(7) 

In (7) FLJ(x) = FtJ(x; f) is defined as follows: 

r
y2 + Y1 -Y2 (x-x2) =/1(x), for x1 ~x~I, 

h2 

FtJ(x; /)= lf..(x) for x •. ~x~x •. _11 2 ~ v ~ n 

Y _Yn-1-Yn h +Yn-1 -Yn (x+ l)=J (x) 
n h n+l h n+l ' 

n n 
for - I ~X~Xn 

{8) 

where 

(9) 

and 

( 10) fv(x) = Yv + Yv-l -Yv (x- Xv)+ a,.(x- x.)2 + b.(x- x.)3, (3 ~ v ~ n) 
h. 

furthermore 

(11) hv=Xv-1-X,>O, (2~v~n), hn+l=Xn+I 
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a. = - - - , -;§ v ~ n I ( Y•-2 -Y·-1 Y•-1 -y.) (3 ) 
hv h,,_1 hv 

b,. = - !!::__, (3-;§ v-;§ n ). 
h,. 
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Taking into consideration (9), (10), (I I) and (I2) we have from the definition 
(8) of Ft1(x; f) 
(I3) 

( I4) 

and clearly 

(15) 

FLJ(x.;f) =f(x,.) = y,. (I:§v:§n), 

f,.(Xv-1) = fv-1(X,._1) = Y•-1• (2-;§v§n+ I) 

It follows from (8)-(15) that 

(16) FLJ(x;f)EC<1)([-l,l]) 

that is FLJ is continuously differentiable in [ - l, I]. 
If x = cos 1} then rp(fJ) ctef FLJ(cos fJ) is an even function, so its Jackson 

mean Yn(1J, rp) [3] is a pure cosine polynomial of degree 2n-2 and therefore 
obviously 

(I7) Yn(arc cos x; cp) = n2n_ 1(x; FLJ) 

is an algebraic polynomial of degree 2n - 2, where 

( 18) 

"' 2-

:7r2n-2(x; FLJ) = 3 f {cp(ll)u=arc cos x-2t + 
nn(2n2 + l) 

0 

(
sin nt]4 

+rp(U)u=arccosx+21} -. - df. 
sm t 

Since FLJEC<1)([- I,I]( and rp(u) = FLJ(cos u), differentiating n2n-z with 
respect to x and substituting x by x. we get 

3 l 
n~n- 2(x.; FLJ) = - :irn(2n2 + I) YI - x; X 

" 

( 19) 1
2 

{( dcp J [ dcp) }[sin nt)4 

x du u=arccosx,.-21 + du u=arccosx,-21 sin! dt. 
0 

The expression {19) figures in the equality (7). 
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We remark that the sequence of interpolation polynomials (5) satisfying 
the equalities (6) and (7) is really a Hermite-Fejer type one. Obviously, to 
construct the polynomial H2n_1(x; f) of degree 2n- l at most we need the 
discrete values y. = f(x.), (v = I, 2, ... , n, n = I, 2, ... ) only. 

We prove the following theorem: 
THEO REM. If f(x) EC([ - I, I]) then the inequality 

(20) l/(x)-H2n-1(x; f)I ~O(l)co( ~; !} (1~x~1) 
is valid, where c.o(. ; f) denotes the modulus of continuity of f(x). 

The estimation (20) shows that in [ - I, I] the rate of convergence of the 
sequence of interpolation polynomials H 2n_1(x;f) to the function/(x) is the 
"Jackson order". 

To prove our theorem we need the following lemmas: 
LEMMA I. If /(x) EC([ - I, I]) then the inequality 

(21) lf(x)-F..,(x;f)i:§O{l)c.o(~;f} (-l:§X~l) 

holds, where c.o( · ;f) is the modulus of continuity of f(x). 
PROOF. First we consider the case xE [xni x 2 ). If XE [x., x._iJ," = 3, 4, ... 

. . . , n; then we have by (8), (IO), (II), (12) (y, =f.(x,), v = I, 2, ... , n) 
and a.+ b, h, = 0 the estimation 

lf(x)-F..,(x; /)I= l/(x)-f,(x)I ~ lf(x,)-y.I + IY·-1-Y·I + 
+ max la.(x-x,)z+b,(x-x.)3 1 ~2c.o{h.; f)+ 

x,;a;x;&x,_1 

(22) +~[ro(h,; f)+~c.o(h,_1; !>]· 
27 h._l 

It is easy to see form (1) and (11) that 

(23) 

h. n1 

--~- (3~v~n). 
h._1 - 2 ' 
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Using (22), (23), the monotonicity of w( · ; f) and the well-known rela­
tion w{d/.)~w(d;f)(J.+ I) we obtain 

(24) jf(x)-F<J(x; f)I ~O(l)w(~; !) 
if 2~ l'~ [ ; l A similar inequality is true, if [ ; ] +I~ v~ n. 

In the case xE [x2, xi] we get by (8), (9) and (23) inequality 

(25) lf(x)-F<J(x;f)I ~ lf(x)-Y2i + IY1 -Y2l =20(I)w(+} 

Finally, if x E [Xv I] or x E [ - I, xn] then from (8), ( 1 ), (23) and the rela­
tion I-x1 = I +xn follows 

(26) lf{x)-F.1(x; f)I =20(l)w(+; !} 
(24), (25) and (26) give the proof of Lemma I. 

LEMMA 2. If w(. ; f) and co(. ; F1.1) denote the moduli of continuity in 
[ - I, I] of f(x) and F<J(x ;f) respectively, then the inequality 

(27) 

holds. 

I 
PROOF. If x', x"E[-1,l] and jx'-x"j=2-, then we have by(2l)the 

n 
relation 

Since 

IF1.1(x; f)-F&(x"; /)I-:§; JF<J(x'; f)-f(x')I + lf(x')-f(x")I + 

+ lf(x" )-F&{x";f)I =20 (l)w(+; !} 

w( nl ; F1.1) = max jF&(x' ;f)- F1.1(x" ;f)j 
Ix' -x" I,._!_ n 

Lemma 2 is proved. 
If n2n_2(x; F1.1) denotes the polynomial given in (18), then by the theo­

rem of JACKSON [3] and the inequality (27) follows the estimation; 

!F1.1(x; f)-n2n-2(X; F,i)I :§6w[~; F,i ):§O(l)m(~; !). -I ~X:§ I. 
(28) 

6 ANNALES- Sectio Mathematica- Tom us XXVI I I. 
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Since :n:2n_ 2(x; F11) is a polynomial of degree (2n- 2) at most, therefore 
the following identity is satisfied: 

n n 
(29) n 2n_ 2(X; F.J) = L;n2n_ 2(X,. F11)hv(X) + L; n~n- 2(x,.; FLJ)/,.(x), 

1·=! 1·=1 

where h,.(x) an f),.(x) denote the fundamental polynomials of interpolation of 
the first and the second kind for the abscissas (I), that is 

/l,{Xµ) = . ,.(Xµ = , {
o if v r!- µ, h' l 0 
I 1f v = µ, 

(30) 1J,{Xµ) = 0, f),(X1,) = . · I {o if V r!- µ 

I If v = µ 

For the abscissas (l) L. fEJER [2] proved the inequality 

(31) 

where 

(32) 

h,.(x) = [ l - _ _!_i:._. (x- x.)] L;(x) §: 0, 
1-x; 

( - I 2§ x ;§i I ; i· = l, 2, . . . , n; n = I , 2, . .. ) 

Tn(x) 
L.(x)=----

T~(x.)(x-x.) 

is the fundamental polynomial of Lagrange interpolation and 

Tn(x) = cos (n arc cos x). 

The explicit form of the polynomial lJ.(x) is 

(33) f).(x) = (x- x.)t;(x). 

the following identity is well-known (see L. FEJER [2]) 

n 
(34) L;h.(x)= I. 

••=I 

Now we can turn to the proof of our theorem. On1account of (30) the 
explicit form of the polynomial H 2n_ 1(x;f) satisfying (6) and (7) is 
( '..>... .. . • 

·- n n 
(35) H 2n_ 1(x; /) = L;y.h.(x) + L:Y~fJ.(x) . 

i·=I v=I 



ON HERMITE- FEJER INTERPOLATION POLYNOMIALS 83 

Taking into consideration (35), (29), (31 ), (7), furthermore (21 ), (28), (34) and 
the fact that y. = F.d(x.; f) by (8), we get the estimation 

lf(x)- H 2n_ 1(x; /)I:§ l/(x)- FLJ(x; /)I+ I FLJ(x; f)-n2n_ 2(x; FLJ) I+ 

+ i; ln2n- 2(x,.; FLJ)-y,.!h.(x):§O(l)w(J_;.!)+o(l)w(J_; 1)+ 
v= I Tl Tl 

+ 0( l )w(J_; !) i; h,(x) = 0( l )w(J_; !) 
n •=I n 

and the Theorem is proved. 
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MINIMAL TETRAEDER BIKONJUGIERTER GITTER 

Von 

JOHANNES BOHM und WALTER BORNER 

Sektion Mathematik der Friedrich - Schiller - Universitat Jena 

( Eingegangen am 18. April 1983) 

1. Einleitung 

Bei Lagerungs- und Packungsproblemen spielen unter anderem bikon­
jugierte Punktsysteme eine besondere Rolle. 1st eine diskrete Punktmenge 
9J1 in einem n-dimensionalen euklidischen Raum vorgegeben, dann wird 
die Menge WC' der Eckpunkte der Dirichlet-Voronoischen Zellen von WC 
konjugiert zu ill1 genannt. Die Punktmenge ill1 heiBt bikonjugiert, wenn WC' 
zu ill1 und ill1 zu WC' konjugiert sind; es gilt folglich filr bikonjugierte Mengen 
ill1 die Beziehung (9JC')' = WC. Unter Verwendung von Ergebnissen von E. S. 
FEDOROV [I] hat M. HoLLAI gezeigt, daB im dreidimensionalen euklidischen 
Raum genau drei Typen von bikonjugierten Punktgittern existieren, nam­
lich Quadergitter, Prismengitter und spezielle Tetraedergitter. Die L-Polye­
der (Stiltzpolyeder) von bikonjugierten Tetraedergittern sind Tetraeder, die 
zwei einander gegeniiberliegende rechte Keilwinkel besitzen. 

Ein weiteres Anliegen in obigem Zusammenhang ist die Angabe von 
bikonjugierten Systemen von Einheitskugelpackungen. Dabei wird eine 
Einheitskugelpackung e-System genannt, wenn die Stiltzkugelradien der 
Punktmenge ill10 , die von den Einheitskugel-Mittelpunkten der Packung 
erzeugt wird, mindestens die Gr6Be e+ I besitzen. Das e-System wird bi­
konjugiert genannt, wenn mo bikonjugiert ist. 

Um Aussagen iiber maximale Dichte von bikonjugierten gitterformigen 
e-Systemen von Einheitskugelpackungen zu machen, sind Stiltzpolyeder 
der entsprechenden Punktgitter zu suchen mit minimalem Volumen bei vor­
gegebenem Stiitzkugelradius R = e+ I, mit StUtzkugelmittelpunkt nicht 
auBerhalb des Stiitzpolyeders und wegen der Packungseigenschaft von sich 
nicht durchdringenden Einheitskugeln mit Kantenlangen nicht kleiner als 
Zwei. 

Der Quader- und der Prismentyp eines solchen e-Systems sind aus­
fiihrlich untersucht warden (vgl. M. HOLLAl [3]). Dagegen fehlte ein genau­
eres Studium des Tetraedertyps eines bikonjugierten gitterfi:irmigen e-Sy­
stems maximaler Dichte. Urn einen solchen Typ vollstandig beschreiben zu 
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k6nnen, geniigt es, alle diejenigen Tetraeder irn euklidischen Raum rnit 
rninirnalern Vo lumen zu kennen, die folgende Eigenschaften haben: 

(a) Es gibt zwei einander gegeniiberliegende rechte Keilwinkel, 
(b) es gibt keine sturnpfen Keilwinkel, 
(c) die kiirzeste Kantenfange ist nicht kleiner als 2, 
(d) der Urnkugelradius hat die vorgegebene Lange R. 

Eigenschaft (b) resultiert aus der Tatsache, daB der Mittelpunkt der 
Urnkugel des Tetraeders nicht auBerhalb desselben liegen darf. 

Das Ziel dieser Arbeit ist nun die vollsHindige Losung dieser Minirnurn­
aufgabe. Es k6nnen sarntliche Minirnaltetraeder rnit den Eigenschaften 
(a) bis (d) und deren Volurnen in Abhangigkeit von der Urnkugelradiusgr6Be 
R hier angegeben werden. 

Der erste der beiden Verfasser hatte 1979 nach dern Studiurn von zahl­
reichen Spezialfallen die Verrnutung ausgesprochen, daB solche Minirnal­
tetraeder gewisse wohlbestirnrnte syrnrnetrische Tetraeder sind, die wegen 
der Forderung (b) jeweils in Abhangigkeit von der Urnkugelradiusgr6Be R 
zu einern von zwei rnoglichen Tetraedertypen (dreikantengleiche bzw. 
Orthogonal-Tetraeder) geh6ren. Der Grenzfall liegt bei R = y'3, und nur 
dieser kann gleichzeitig zu beiden Typen gerechnet werden. Fiir kleinere 
Urnkugelradien kornrnen in dern Minirnaltetraeder auBer den Rechtwinkel­
kanten gleicher GriiBe drei weitere untereinander gleichgroBe Tetraeder­
kanten (dreikantengleiche Tetraeder) vor. Fiir gr6Bere Urnkugelradien gibt 
es irnrner genau zwei inkongruente inhaltsgleiche Minirnaltetraeder, die sich 
hinsichtlich ihrer Kantenfangen lediglich in der Lange einer Rechtwinkel­
kante unterscheiden. In einern solchen Minirnaltetraeder kornrnt auBer 
einern bzw. zwei Paaren gleichgroBer Kanten irnrner ein weiterer rechter 
Keilwinkel vor, so daB diese Minirnaltetraeder stets Orthogonaltetraeder 
(Orthoscherne) sind. Diese angegebenen Beschreibungen reichen hin, die 
Mannigfaltigkeit aller Tetraeder beider Typen zu konstruieren. Es sei 
angemerkt, daB urngekehrt jedoch nicht alle Tetraeder dieser beiden Typen 
als rninimale rnoglich sind. - Ein Beweis dieser Verrnutung wurde dann 
vorn ersten Verfasser auf elernentar-geornetrischern Wege durch Riickgang 
auf ein aquivalentes ebenes Kreisproblern gefiihrt. Im folgenden zweiten 
Abschnitt wird die Beweisidee dafiir skizziert. Daraus unrnittelbar u. W. 
bisher noch nicht bekannte ableitbare Eigenschaften, Satze und Folgerungen 
iiber Kreisvierecke sol!en an anderer Stelle dargelegt werden. - Dern zweiten 
Verfasser ist es gelungen, koordinaten-geornetrisch den Beweis der o. g. 
Aussagen zu fiihren. Dabei haben sich bernerkenswerte innergeornetrische 
Beziehungen ergeben, so claB es fiir richtig gehalten wird, diesen weiteren 
Beweis hier im dritten Abschnitt ausfiihrlich darzulegen. 

2. Losung der Aufgaben mit Hilfe eines aquivalenten ebenen Problems 
'.!: sei die Menge der euklidischen Tetraeder rnit den Eigenschaften (a) 

uncl (b). Ein beliebiges Tetraeder TE'! besitzt ein eindeutig bestimmtes ge­
meinsames Lot der Lange l zu den beiden gegeniiberliegenden Kanten, die 
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die Scheitelkanten der rechten Keilwinkel sind (Rechtwinkelkanten). T 
wird so in ein kartesisches Koordinatensystem eingebettet, daB der Mittel­
punkt des genannten gemeinsamen Lotes dessen Ursprung darstellt, das 
Lot selbst in die y-Achse fa.lit und eine Rechtwinkelkante parallel zur x­
Achse verlauft. Die Orthogonalprojektion T' van T auf die xz-Ebene (Ebene 
c0 genannt) ergibt dann ein Kreisviereck. Der Mittelpunkt M' seines Um­
kreises fallt mit dem Mittelpunkt M der Umkugel van T zusammen. Wegen 
der Eigenschaft (b) liegt M nicht auBerhalb van T und M' = M nicht au­
Berhalb van T'. In dieser kanonischen Lage k6nnen dann fiir das Tetraeder 
T sowie fiir seine Projektion T' - abgesehen van einer Orientierung - vier 

charakteristischeParameter l,rx,p11 p2 mito. B. d. A. O<rx~~' 0<p1~p0 , 
2 

Po =min (t, p2 , ~:} 0< p2 abgelesen werden, die T und T' eindeutigbeschrei­

ben. Dabei ist rx die Gr6Be des orientierten Winkels zwischen den beiden 
Vierecksdiagonalen van T', und p~ = P; cosec rx (i = I, 2) stellen die Gr6Be 
der Diagonalenabschnitte dar, die den Winkel der Gr6Be rx erzeugen. Ab­
gesehen van der Orientierung konnen T und T' einander eindeutig zugeord­
net werden, fiir ihren Inhalt gilt 

(I) 
l 

vol (T) = - vol2 (T'). 
3 

Fiir den ersten Tei! der Untersuchung wird zur Normierung ahnlicher 
Tetraeder die Menge% auf die Menge%* mit alien TE% eingeschrankt, de­
ren Projektionen T' den Umkreisradius R' = I haben. Das ermoglicht einen 
iibersichtlichen Vergleich der Vierecksinhalte. Nun wird %* in Klassen :tf 
mit Tetraeder gleicher Lotlange l (O<l~ I) (Lotklassen genannt) zerlegt, 
die ihrerseits in Unterklassen %~" zerfallen, zu denen alle Tetraeder TE'.tf 
geh6ren, in deren Projektion T' die Vierecksdiagonalen sich unter einem 

Winkel der Gr6Be rx, O< rx~~ schneiden. Diese Normierung, Klassen- und 
2 

Unterklassenbildung kann auf %' iibertragen werden und ergibt die Mengen 
%*', '.t'f' und :tt~ (vgl. Abb. I). In der Ebene c0 gelten beziiglich der Menge 
'.t'f' die folgenden Hilfssatze: 

HILFSSATZ I. Die Kreislinie um M' mit Radius e = VI ---4-­sm rx 
isl genau die Menge der Diagonale11schnittpunkte der Vierecke aus :tt~· 

HILFSSATZ 2. Zwei Kreisvierecke aus %*' mit paarweise gleichgro{Jen 
Seiterz sind irzhaltsgleich und gehoren zu ein und derselben Lotklasse. 

Darum bietet sich fiir die weitere Betrachtung eine Beschreibung der 
Vierecke T' E'.tf' durch die Angabe des Diagonalenschnittpunktes van T' 
durch Polarkoordinaten (Q, t) an, wotur M' der Pol und die Halbgerade mit 
dem Anfangspunkt M' und demselben Richtungssinn wie die positive x­
Achse die Polarachse p sind (vgl. Abb. I). Bei Beachtung des Zusammen-
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Abb. 1. 

hangs zwischen e und der Winkelgri:iBe ex kann dann jedes T' E'.l:j"' auBer 
durch l durch die Parameter ix und t charakterisiert werden. Wegen der 
Moglichkeit der Einschrankung der ursprilnglichen Parameterwerte auf 
die oben angegebenen Bereiche, was hinsichtlich Inhaltsuntersuchungen auch 
durch Hilfssatz 2 noch einmal legitimiert wird, genilgt es hier, ix und t im 
Bereich B0 mit 

(2) arcsin l = ix0 ;§ix;§ ; und -( ; - ; ) :§ t :§ ; 

zu wahlen. Filr den Inhalt von T' = T'(ix, t)E'tt' ergibt sich 

(sin2 ix -12)2 
(vol2(T'(ix,t))2 = . cos(4t-2ix)+ 

2 sm2 ix 

2(sin4 ix -14
) cos ix (2t ) + cos -ix + 

sin2 ix 

(3) 
( • 2 12)2 

3 sm ix + ( . 2 12)2 212 + - sm ix- - . 
2 sin2 ix 

Fi.ir die Vierecke T' = T'(ix, t) aus '1-1' mit je zwei gleichlangen (gegen­

ilberliegenden) Seiten der Lange mr' ist entweder t = -(; - ; ) oder 

t = ~. Sie werden zu der Menge ~~1 > bzw. ~~2>. zusammengefaBt. Genau die 
2 
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zwei Vierecke Dll) = D}0(1X1, t)E'll\1>(i = 1, 2) haben drei gleichlange Sei­
ten, und es gilt bei diesen zwischen l und IX der Zusammenhang 

( 4) 12 = (1+2 cos 1X1)( I - cos IX1}2 

bzw. 

(5) 

IX1 (i = J, 2) sind die einzigen WinkelgroBen mit 0<1X1 ~ "\die fiir O<l~ I 
2 

die jeweiligen Gleichungen (4) bzw. (5) erfiillen. Filr die Gr6Be der drei gleich­
langen Seiten ergibt sich mi,<1> = 2(1- cos 1X2) bzw. mii<2) = 2(1+cos1X2). Auf 

l I 

der Menge c.tt' besitzt D~1> die Jangste kleinste und D~2) die kiirzeste 
Iangste Vierecksseite der GroBe mve1> bzw. mve2> Die zu den Vierecken D}I) 

I I 
geh6renden Tetraeder sind spezielle dreikantengleiche Tetraeder. Die 
Vierecke aus 'l)~O sind durch weitere Extremaleigenschaften ausgezeichnet, 
wie sich aus (3) ableiten IaBt: 

HILFSSATZ 3. Auf der Menge stt~ nehmen die Vierecke T' E'll~O n stt~ 
(i = I, 2) extremalen Flacheninhalt an, und zwar bei i = 2 maximalen In­
halt, bei i = I, cos IX~ l-L minimalen lnhalt und bei i = 1, O~cos IX< 1-L 
(relativ) maximalen lnhalt. 

Wegen der Ietzten Aussage in Hilfssatz 3 muB es filr IX mit Q;§ cos IX< I-/ 

und fE ]-(; - ; } ; [ ein Viereck in stt~ mit minimalem Inhalt geben. 

Fiir dieses ist 
sin2 1X + 12 

cos (2t - IX) = - . cos IX ( > - I). 
sm2 IX -/2 

'll~0> sei die Menge dieser letztgenannten Vierecke aus 'if' zuziiglich des 

Grenzfalles A1 = T'( IX5 , -( ; - ;s J J mit cos IX5 = 1- L. Folglich besteht 

der Durchschnitt 'll~0>n'll~1> nur aus dem einen Element A1, und es ist filr 
l< I stets IX1 <IX2, ix5• In 'if' gibt es wegen der Einschrankung auf den Bereich 
B0 (vgl. (2)) keine weiteren Extremwerte beziiglich des Fiacheninhalts als 
die hier angegebenen. 

SATZ I. Auf der Menge stt' nehmen genau die Vierecke 'll}1> den mini­
ma/en und 'll}2> den maximalen Flacheninhalt an. 

Gleichzeitig erhalt man Monotonieaussagen, die zusammengefaBt 
werden zu 

HILFSSATZ 4. Die Funktion (vol2(T'))2 isl auf der Menge 'll~1l mil arcsin l = 
= ix0 ;§ix~ ix1 eine streng monoton fallende Funktion und auf der Menge 'lip> 

mit IX1~IX~~ sowie au/ der Menge mj0) mi! ~s~~~~ eine Streng mono/on 
2 2 

wachsende Funktion in cc. 

- - - - ·--·-----
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Die Menge :tt~ - im Spezialfall bei l = I handelt es sich um die Menge 
%*' - ist einele~entig und fallt mit der Menge ;.D~1 > n:.D~2> zusammen. 

I::.___ 
'2 

Die Funktionswerte der Inhaltsfunktion von T'ESD\1>n:tt~0 = :tt~0 einerseits 
und von T' E:.D~0> n %*' andererseits stimmen infolge von Hilfssatz 2 iiber-

1 ~ 
' 2 

ein. Ebenso sind die Funktionswerte der Inhaltsfunktion fiir die Vierecke 

T' (;, - : JE~~1> und T' (;, ; )E~l2> gleich. 

Wegen der Eigenschaft (b) sind die Vierecke D\1> nur fiir_.!_:§[2 :§ I als 
2 

minimale brauchbar. Fiir ihren Inhalt ergibt sich 

min (vol2 (T')) = vol 2(Dp>) = 2 sin3 ix 1 • 

T'E::t1*~ 

Die Diagonalenschnittpunkte markanter Kreisvierecke aus :tr' fiir ein 

fest es l mit + :§ l2 < I liegen etwa so, wie in Abbildung 2 skizziert ist (do rt 

fiir l2 = 0,648); ihre Bezeichnung wird mit der fiir die zugehorigen Vierecke 
bzw. Vierecksmengen identifiziert. 

Abb. 2. 
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Abb. 3. 

Fiir l2 < _!_ liegt der Mittelpunkt des Umkreises von np> auBerhalb np>. 
2 

Darum sind bei diesen Lotlangen weitere Untersuchungen erforderlich. 
Die Menge der fiir die vorliegenden Betrachtungen wegen der Forderung 

(b) nicht zu!assigen Vierecke aus 'l,t' werde mit ~1 bezeichnet, die Menge der 
Vierecke aus %t', deren Umkreismittelpunkt jeweils auf einer ihrer Seiten 
liegt, so daB diese Seite ein Durchmesser des Umkreises ist, sei ffi1• Die dazu­
gehorigen Tetraeder sind Orthoscheme. Die Menge der Diagonalenschnitt­
punkte der Vierecke aus ~1 ergibt den konvexen Bereich B1 (vgl. Abb. 3; 
dart ist l2 = 0,446 gewahlt). Der Rand dieses Bereiches setzt sich aus den 
Diagonalenschnittpunkten aller Vierecke der Mengen 581: = ~)1> n ~1 und 

ffi 1 zusammen. Zu 581 gehoren gen au alle Vierecke T'( oc, -(; - ; )) E~)1>, 
bei denen fiir oc die Beziehung g>O gilt mit 

(6) g =' 2 cos oc( l - cos oc )- z2. 
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Abb. 4. 

{r,1>(0:~, -(~ - ~)} n2>(~~, -(-i- ~~))}ist fiir 0</2<+ diezweiele-

mentige Menge :!:ll1>nm1, wobei ~; (i = I, 2) die Losungen der Gleichung 

g = 0 sind und O<~~ <~~<~ gelte. Fiir alle l mit _!_:§ /2 :§ I ist ~1 = 0, und 
2 2 

fiir 0<12 <_!_ enthalt m1 jeweils Dl1> aber niemals D\2> (vgl. Abb. 4; dort fiir 
2 

l2 = 0,21 skizziert. Der Diagonalenschnittpunkt von A1 = T' ( ~5 , -(; - ~ )) 

Iiegt genau fiir O<i<.3._ in B1). Auf Grund der Lage der Diagonalenschnitt-
3 

punkte der Vierecke mit extremalem Inhalt in Bezug auf die Menge ~:t'" 

und der in Hilfssatz 4 angegebenen Monotonieverhaltnisse muB filr 12 <_!_ 
2 

ein zulassiges Viereck mit minimalem I nhalt in ffi1 liegen, so daB es fiir die 

weiteren Betrachtungen bei festem l mit l2 < _!_ ausreicht, nur Vierecke auf 
2 

der Menge ffi 1 zu betrachten und dort diejenigen mit minimalem lnhalt zu 
bestimmen. 
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Es sei jetzt 12 <_!_. Die Menge ffi1,"': = ffi 1 n:ri~ besteht fiir g~O aus 
2 

genau einem Element, sonst ist sie gleich der leeren Menge. Um den lnhalt 
des Vierecks T', das das Element der einelementigen Menge ffi1,"' sein 

moge, einfach beschreiben zu konnen, wird ein Parametery, O<y<~, ein-
2 

gefilhrt. Dieser kann bei dem Viereck in kanonischer Lage als die Gr6Be 
des Winkels interpretiert werden, der gebildet wird einerseits von der parallel 
zur Polarachse (x-Achse) verlaufenden Vierecksdiagonalen und andererseits 
von der Vierecksseite, die mit einem Durchmesser des Umkreises zusammen­
fallt (vgl. Abb. 5). Zwischen a. und y besteht die Bindung 

Dann ergibt sich 

G: = cos a. sin y sind (a.-y)-_!_ /2 = O. 
4 

Abb. 5. 

vol2(T') = 2 sin a. cosy cos (a.-y). 

Zur Bestimmung der gesuchten Extremwerte fiir den Vierecksinhalt 
wird die Funktion 

I 
H: = -voliT')+.AG 

2 

hinsichtlich Extremwerte auf dem Bereich ffi1 untersucht. Es ergeben sich 

genau die drei moglichen Stellen y = ~. y =~-a. und y = 2a.-~. Eine 
2 2 2 

Auswertung dieses Ergebnisses zeigt, daB alle drei Falle durch Seitentausch 
von Vierecken entsprechend Hilfssatz 2 ineinander ilberfiihrt werden konnen. 

Damm reicht es aus, etwa nur den ersten Fall zu diskutieren: Filr y = !!:._ 
2 
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erhalt man aus G = 0 die Beziehung g = 0, woraus die Losungen o:~ und 

o:~ mit O<o:~ <oo:1 <o:~<; bestimmt werden konnen. Die dazugehorigen Vier-

ecke T\i) = T)il(o:;, -(; - ~ )) (i = I, 2) sind infolge g = 0 die beiden 

Elemente von ~)1> n ffi1, und ihr I nhaltsvergleich ergibt wegen vol2(T)i)) = 
= sin o:j( I+ cos o:;), dal3 vol2(T?>) < vol2(T)2>) gilt. 

Die anderen beiden erhaltenen Werte von y geben zu weiteren vier 
Kreisvierecken AnlaB, die zwar nicht zu ~)1 >, aber von denen genau zwei, 
S)1> und S)2>, zu ffi1 gehoren, die, wie bereits erwahnt, entsprechend Hilfssatz 
2 durch Seitentausch aus T}1> bzw. T)2> hervorgehen und somit mit diesen 

I 

jeweils inhaltsgleich sind. Im einzelnen gilt, dal3 fiir o:~'=~-2. die Menge 
2 2 

ffi 1 a'~ aus dem genau einen Element S)i> besteht (vgl. Abb. 4; es ergibt sich, 
' t 

dal3 stets gilt S)1>f ~)0>. Der Schnittpunkt zwischen den mit ~)0> und ffi 1 in 

dieser Abbildung bezeichneten Kurvenbogen, der nur bei 0< z~2 existiert, 
3 

muB dann auf Grund der Lage der Extremwerte beziiglich der Mengen 

'.!~~ fiir l< ~ immer auf demjenigen Bogen zwischen T)2> und S)1> Jiegen, 

der T)1> nicht enthalt). Da es keine weiteren Extremstellen auf ffi1 gibt, 
kann somit geschlossen werden, dal3 genau die beiden Vierecke T)1> und sp> 
minimalen und gleichen Inhalt auf ffi1 annehmen. Darum gilt insgesamt 

SATZ 2. Bei 0<!2 <__!_ nehmen genau die Vierecke T)1> und s)1> auf 
2 

U1: = '.!f'\>81 den minimalen Flticheninhalt an. 
Fiir den Wert des Inhalts gilt 

min (vollT')) = vo1 2 (T)l>) = vo1 2 (5)1>) = sin oc~(l + cos o:f) 
T'cU1 

mit O<l2 <__!_ 2. 

Da T)1> und S)1> zu ~)1> gehoren, haben sie jeweils zwei Seiten gleicher 
Lange mr<1> = m8 c1> mit m~(l) = 2 (I - cos o:~). T)1> und S)1> besitzen auf 

I I I 
der Menge U1 die Iangste kleinste Vierecksseite der Gr6l3e mr<l>· Es geniigt 

I 
darum fiir das weitere, nur eines dieser beiden Vierecke, etwa T)1>, zu be-
trachten. 

Die Satze I und 2 !assen sich gemaB (I) auf die ihnen zugeordneten 
Tetraeder iibertragen, so dal3 es jetzt geniigt, nur die den Vierecken D)1> 
zugeordneten dreikantengleichen Tetraeder und die den Vierecken r;1> 
zugeordneten Orthoscheme zu betrachten. Ein Inhaltsvergleich dieser Tetra­
eder bei verschiedenem l kann im Sinne der vorgelegten Aufgabe erst durch­
gefiihrt werden, wenn diese gleichen Umkugelradius besitzen. Darum werden 
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durch geeignete Ahnlichkeitsabbildungen die den Vierecken Dl1> und Tl1> 
zugeordneten Tetraeder auf solche mit einem Umkugelradius von ein und 
derselben GroBe R abgebildet. Die Lot!angen l (O< l~ I) der Originaltetra­
eder dienen als Parameter zur Beschreibung der Bildtetraeder. Fiir das 
zugehOrige Volumen V und die Lange k der kleinsten Kante der jeweiligen 
Bildtetraeder, die aus den Kreisvierecken D)1> bzw. r)1> hervorgegangen 
sind, erhalt man in Abhangigkeit von dem Parameter l = l(ix) 

(7) V2 = V2(l{ix)) = 

e-~r R6. (1 _cos ix)5(1 + 2 cos ix) fiir 
1 
-~[2'§1 

3 (5-5cosix+2cos2ix)3 2 

( ~ r R6. 
COS et{ 1 - COS IX ) 2 

fiir 
1 0</2<.-

(2- cos ix)3 2' 

(8) k2 = k2(1{ix)) = 

4R2
• 

{l - cos ix){3-2cos ix) 
fiir 

1 -;;2/2'§1 
5 - 5cos ix + 2cos2 ix 2 

4R2 
• 
1 - COS IX 

fiir 
1 0</2<-. 

2-cos ix 2 

Die Funktionen V und k sind stetig in ix und in l, insbesondere auch an der 

Stelle 12 = _!__ bzw. fiir den dazugehorigen Wert ix = _!E_, sowie streng mono-
2 3 

ton wachsende Funktionen auf dem I ntervall [O, 1] fiir l bzw. auf [ 0, ; J fiir ix. 

Um fiir die Tetraeder mit dem geforderten minimalen Volumen die Eigen­
schaft (c) zu gewahrleisten, sind darum d.~m Umkugelradius der GroBe R 
genau diejenigen bei den oben genannten Ahnlichkeitsabbildungen entstan­
denen Tetraeder als solche minimalen Volumens zuzuordnen, fiir die die 
Kantenfunktion kin (8) den Wert 2 annimmt. Denn das sind gerade diejeni­
gen Tetraeder, die auf den zum Vergleich zugelassenen Mengen von Tetra­
edern gleicher Lot!ange die grOBte kleinste Kante besitzen, die dann hier 
die Lange 2 hat. DemgemaB ergibt sich aus (8) der Zusammenhang 

(9) COS IX = 

_, 1 
(5R2-5-Y(R2-l)(R2+15)) 

5 
fiir -;;!§ R2=23 

4{R2-l) 3 

-i R2 -2 fiir 3<R2
• 

R2 - l 

Folglich kann zu jedem Umkugelradius R mit R2 E [ ~ , 00 [ aus (9) ein wohl-
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bestimmtes ix und daraus aus (4) bei~'2R2 '23 bzw. bei 3<R2 aus (6) (dort 
3 

fiir g = 0) ein wohlbestimmtes l gefunden werden. Genau die Tetraeder mit 
dem Umkugelradius R, deren oben beschriebene kanonische Projektion zu 
den Kreisvierecken D)1> bzw. T~1> und s)1> mit dem aus (9) berechenbaren 
!(ix) ahnlich sind, nehmen auf der Menge aller Tetraeder mit den Eigenschaf­
ten (a), (b), (c) und (d) minimales Volumen an. Filr den Wert Vm1n des Volu­
mens erhalt man aus (7) und (9) 

(10) V~in(R) = 

_!_[2(R4 + 11R2 +12) · y (R2 - 1)(R2 +15) -
9 

-(2R6 +36R4 + l 14R2 -88)] 

fiir ~ :§ R2 '2 3 
3 

~ l !96(R'-2) 

(bzw. +:§ /2 :§ 1) 
filr 3 '2 R2 

(bzw. 0</2 -:§+l 
Durch Radizieren ergibt sich dann daraus die gesuchte Funktion von R filr 
das Volumen der Tetraeder minimalen Volumens mit den geforderten Eigen­
schaften (vgl. die zusammenfassende Darstellung am Ende von Abschnitt 3 
hinsichtlich Gestalt und Volumen dieser Tetraeder). 

Es sei angemerkt, daB sich (9) andererseits auch eindeutig nach R 2 

auflosen JaBt. Man erhalt dann als Zusammenhang zwischen Umkugelradius 
R und Parameter ix eines Tetraeders von minimalem Volumen und mit den 
Eigenschaften (a), (b), (c) und (d) 

1

5- 5 cos ix+ 2 cos2 ix f" n n 
(l-cosix)(3-2cosix) ur 3'2ix~2' 

R2(ix) = 
2-cos ix f '" 0 n ur <ix<-. 
I -cos ix 3 

(9a) 

Zusammen mit (7) ergibt sich daraus eine Darstellung von V~in als Funktion 
des Parameters ix (bzw. cos ix), der in dem dem Tetraeder kanonisch zugeord­
neten Kreisviereck die oben angegebene geometrische Bedeutung hat, in der 
Gestalt 

(!Oa) v~in(ix) = 

(
1
3
6)2 (I -cos ix)2(1 +2cos ix) 

(3 -2cos ix)3 

( 
4 )Z COS IX 

3 1 -COS IX 

f - n n Ur-:§ex:§-
3 2 

n filr O<cx:§-. 
3 
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Weitere Untersuchungen !assen erkennen, daf3 in (9a) und (10a) R2 und 

V~in in dem angegebenen Intervall Jo, ; ] stetige und streng monoton 

wachsende Funktionen von o: sind. Daraus kann dann geschlossen werden, 
daf3 die zugehorigen Umkehrfunktionen cos o: bzw. Vfuin in (9) und (10) eben­
falls stetige und streng monoton wachsende Funktionen von R2 im Intervall 

~;;§R2 < = sind. 
3 

Als spezielle Werte, die fiir weitere praktische Berechnungen von be­
sonderer Wichtigkeit sind, erhalt man aus (9), (10) bzw. (10a): 

2 
V min(R) = 

fiir R = v+ bzw. 

f 

256 
243 
4 = -

l ': 
bzw. 

fiir R = y3 bzw. 

wobei o:k die kleinste Wurzel der Gleichung 

;n; 
0: =-

2 

;n; 
0: =-, 

3 

152 cos3 o:-300cos2 o:+162 cos o:-17 = 0 

mit dem Naherungswert 

cos o:k = 0, 13751968 ... bzw. o:k = 82,0956537 ... 0 

darstellt. Filr den zugeh6rigen Umkugelradius Rk erhalt man dann 

R~ = a = 1,85098238 ... bzw. Rk = 1,3605081 ... , 

was Anlaf3 zu einem e-System mite= ya- I = 0,3605081 ... gibt. 

3. Losung der Aufgabe auf koordinatengeometrischem Wege 

Im folgenden werden die inhaltskleinsten Tetraeder mit den Eigenschaf­
ten (a) bis (d) - unabhangig von Abschnitt 2. - mit Mitteln der analytischen 
Geometrie bestimmt. Auf3erdem wird in 3.1. eine anschauliche Beschreibung 
aller Tetraeder mit der Eigenschaft (a) mittels eines Kegelschnittbilschels 
gegeben. 

3.1. Tetraeder mit zwei gegeniiberliegenden rechten Keilwinkeln 

Zunachst werden die Eigenschaften (b) bis ( d) nicht beachtet und Tetra­
eder mit der Eigenschaft (a) untersucht. 

7 ANNALES-Sectio Mathematica-Tomus XXVIII. 
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In einem kartesischen Koordinatensystem sei 

( 11) Arv (0, 0, 0), B rv (0, 0, 1 ), C rv (Cv 0, C3), D rv (0, d2 , d3) 

mit c1 >0 und d2 > 0 (vgl. Abb. 6). 
Jedes Tetraeder mit der Eigenschaft (a) ist ahnlich zu einem geeigneten 

derartigen Tetraeder ABCD, welches Iangs der Kante CD einen rechten 
Keilwinkel hat. Es soll untersucht werden, wie C und D in den Koordinaten­
ebenen gewahlt werden miissen, damit Iangs CD ein rechter Keilwinkel liegt. 

D 

Abb. 6. 

Lings CD Iiegt genau dann ein rechter Keilwinkel, wenn die Normalen­
vektoren der Eben en ADC und BDC senkrecht sind. In Koordinaten bedeutet 
dies d~(l +c3(c3 - l)c1n+d3(d3 - l) = 0. Aus dieser Gleichung folgt: Bei fest­
gehaltenem C ergeben genau die Punkte D der in der yz-Ebene Iiegenden 
Kurve 

(12) y2(1 +A.)+z(z-1) = 0 

eine Rechtwinkelkante CD, und andererseits fiihren die Punkte C, fiir die 
c3(c3 - 1 )c1 2 konstant gleich A. ist, also Punkte der in der xz-Ebene liegenden 
Kurve 

(13) z(z-1) = A.x2 

auf dieselbe Kurve (12). FaBt man in (12) und (13) die Zahl A. als Parameter 
eines Biischels von Kurven zweiter Ordnung auf, so ergibt sich 

LEMMA I. Das Tetraeder ABCD gemti{J (11) hat !tings CD genau dann 
einen rechten Keilwinkel, wenn C und D auf zugeordneten Kurven der beiden 
Busche! von Kurven zweiter Ordnung 

(1 +A.')x2+z(z- l) = 0, 

(1 +A.)y2+z(z- l) = 0 

liegen, wobei die Busche! durch die Beziehung A.' = - ). - 1 aufeinander ab­
gebildet sind. 
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Die Biischel (12) und (13) sind offenbar kongruent, sie haben A und B 
als (doppelte) reelle Grundpunkte und bestehen aus Ellipsen, einem Kreis, 
Hyperbeln und einem Parallelenpaar. Macht man die wegen (I I) allein inter­
essierenden Halbebenen X>O, y = 0 und y>O, x = 0 durch eine Drehung 
einer der Halbebenen um die z-Achse komplanar, so ergibt sich das in Abb. 7 
gezeigte Bild. GemaB Gleichung (12) gehoren die Kurven folgenderm aBen 
zu den Parameterwerten: 

y 

A< - I: Hyperbeln 
};= - I: Parallelenpaar 

- I <A< 0: Ellipsen auBerhalb des Biischelkreises 
};= 0: Kreis 
.A.< 0: Ellipsen innerhalb des Biischelkreises. 

Abb. 7. 

x 

Die in Lemma I genannte Biischelabbildung (die in Abb. 7 als involutorische 
Selbstabbildung aufgefaBt werden kann) bildet die Hyperbeln auf die Ellip­
sen innerhalb des Biischelkreises, das Parallelenpaar auf den Biischelkreis 
und die Ellipsen auBerhalb des Biischelkreises wieder auf Ellipsen auBerhalb 
des Biischelkreises ab. Die Ellipse mit dem Parameterwert },. = - 1/2 
(Schei tel F ~ (0, y' 1/2, 1 /2)) wird auf die dazu kongruente Ellipse abgebildet, 
sie moge Fixellipse genannt werden. 

Hieraus ergibt sich auch 

LEMMA 2. Das Tetraeder ABCD gema{3 (11) mit der Eigenschaft (a) ist 
genau dann nicht stumpjwinklig, wenn C und D nicht aufJerhalb des Biischel­
parallelenpaares und nicht innerhalb des Biischelkreises des Biischels (13) bzw. 

7* 

·-- - - ·--------
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(12) liegen. Es ist ein Ortlzoschem, wenn einer der Punkte C und D auf dem 
Kreis und einer auf dem Parallelenpaar liegt. 

BEwE1s. Die zweite Behauptung ergibt sich aus elem Satz des Thales, 
denn Iiegt z. B. D auf elem Kreis, so wire! AD senkrecht zu DB, uncl C muB 
auf cler x-Achse oder cler Parallelen claw clurch B liegen, also wird AC oder 
BC senkrecht zur Ebene ADB, cl. h., ABCD ist ein Orthoschem. Liegt aber 
D innerhalb des Blischelkreises, so Iiegt C auf einer Blischelhyperbel, so claB 
entwecler (c3 < 1) liings BD oder (c3 <0) Iangs AD der Keilwinkel stumpf ist. 
Liegt D auBerhalb des Blischelkreises uncl innerhalb des Parallelenpaares, 
so C ebenfalls, und es gibt keine stumpfen Keilwinkel. 

Ferner gilt 
LEMMA 3. Hat ein Tetraeder die Eigenschaft (a), so ist cine der vier Kan­

ten, die von den beiden gegeniiberlicge11dc11 Rechtwinkelkanten verschiedcn sind, 
kiirzeste Kante des Tetracders. 

BEWEIS. Das betrachtete Tetraeder habe gemiiB (I I) die Eckpunkte 
A, B, C, D uncl Rechtwinkelkanten langs AB und CD. Liegt D auf einer 
Blischelhyperbel, ohne Beschriinkung, der Allgemeinheit sei d3 < I, so Iiegt 
C im Kreis, also ist BC< AB; auBerdem ist das Dreieck DBC stumpfwinklig 
mit stumpfem Winkel bei B, so daB BC <DC ist. Liegt aber D auf oder zwi­
schen den Blischelparallelen, so C ebenfalls; das Tetraeder ist nicht stumpf­
winklig. W~ire in diesem Fall die Rechtwinkelkante AB eine klirzeste, so 
wiircn AC und BC beidc gr6Bcr oder glcich I, ulso Inge C auBcrlrnlb, folglich 
D innerhalh der Fixellipse, was aber AD< 1 zur Folge hat, so daB AB doch 
nicht klirzeste sein kann. Ware die Rechtwinkelkante CD klirzeste, so ki:inn­
ten durch Ahnlichkeitstransformation CD in AB und AB in CD liherflihrt 
werden und dieselben Uberlegungen angestellt werden. 

3.2. Umformulierung der Aufgabenstellung 

Statt cler Eigenschaft (c) wire! zunachst die folgende Eigenschaft (c') 
in Betracht gezogen, dabei sei b eine beliebige positive reelle Zahl: 

(c') Die klirzeste Kantenlange ist b. 
Es sei AfR, b die f11enge aller Tetraeder mit den Eigenschaften (a), (b), 

(c'), (d), und es soil zunachst das minimale Volumen der Tetraeder aus cler 
Menge AfR, b bestimmt werden. M sei die Menge der Tetraeder ABCD gemiiB 
(11) mit den Eigenschaften (a) und (b ), also den Rechtwinkelkanten AB und 
CD, AB = I. Zu jeclem Tetraeder TE AfR, b existiert eine Ahnlichkeits­
abbildung cp, so claB rp(T)EM ist. Ist r die klirzeste KantenEinge von rp(T), 
so ist wegen ( c') cl er Uingenveranderungsfaktor von rp gleich r/b, und rp(T) 
hat wegen (cl) den Umkugelraclius Rr/b. Es gilt dann flir das zu bestimmende 
minimale Volumen 
(14) min {vol T: TEAfR, b} = min {b3r- 3 vol rp(T): TEAfR, b} = 

= b3 min {f<- 3 vol X: X Uv1 und X hat den Umkugelradius Rk/b}, 
wobei k = min {AC, BC, AD, BD} ist. 

Folglich ist flir die Funktion 1<- 3 vol X in einem bestirnmten Bereich das 
Minimum zu ermitteln. 
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3.3. Rechnerische Darstellung der zu minimierenden Funktion 

Zunachst gilt 

101 

LEMMA 4. ABCD sei ein Tetraeder gema(J (l I). Sind von ihm die Punkte 
A, B, D und der Umkugelradius u gegeben, so liegt C auf dem Kreis 

(I5) 2 2V2 I (d~+did3-I)J2 ( I)-0 x - u --- ·x+z z- - . 
4 2d2 

BEWEIS. Der Umkugelmittelpunkt hat als erste Koordinate x0 die erste 
Koordinate des Umkreismittelpunktes von ABC, man berechnet leicht 
x0 = (2c1)-1(ci+c3(c3 -1)). Analog berechnet man fiir die zweite Koordinate 
Yo den Wert (2d2)- 1(d~+d3(d3 -1)), die dritte Koordinate ist 1/2. Da A auf 
der Umkugel liegt, ergibt die Umkugelgleichung die Beziehung x~+y~+ I/4 = 
= 112, hieraus folgt, wenn man x = Cv z = c2 setzt, die Gleichung (15). 

Im folgenden soll vorausgesetzt werden, daB im Tetraeder ABCD ge­
maB (II) die Kante AD eine ki.irzeste ist. Wegen Lemma 3 ist das keine Ein­
schrankung der Allgemeinheit. Wegen (14) sind dann nur solche Tetraeder 
von Interesse, die den Umkugelradius R. AD/b haben. Es gilt 

. LEMMA 5. Das Tetraeder ABCD genza(J (11) mit d3(d3 - 1) or= 0 hat ge­
nau dann die Eigenschajt (a) und den Umkugelradius R. AD/b, wenn C in 
der Weise von D abhangt, da(J fiir die Koordinaten (cv 0, c3 ) von C gilt: 

c1 = da •1(4R2b-2)d4 +((4R2b-2 -2)d2 +2d - I)d2 -d2(I-d )2 
d:iO - d3) r z 3 3 z 3 3 , 

(I 6) 

BEWEIS. Es seien A, B, D gegeben. D liegt auf einer Bi.ischelkurve 
(I 2) mit einem Parameterwert J.. Es ist d~(l + J.) + ds{d3 - 1) = 0, also J.+ I = 
= d3(l -d3)d2 2

• 

ABCD hat wegen Lemma I genau dann die Eigenschaft (a), wenn C auf 
der Kurve (13) liegt. Wegen Lemma 4 hat es den Umkugelradius R · AD/b 
gen au dann, wenn C auf dem Kreis x2 - 2wx + z(z- I) = 0 liegt, wo w die 
in (15) vorkommende Wurzel mit u2 = R2b- 2(d~+dD ist. Aus beidem folgt 
c1 = 2w(I +J.)-1 , und das ergibt Gleichung (16). Aus Gleichung (13) ergibt 
sich eine quadratische Gleichung fi.ir c3 mit der Losung (I 7), wenn man fi.ir 
). den angegebenen von d2 und d3 abhangenden Wert nimmt und x = c1 

setzt. 
ERGANZUNG. Ist d3(d3 - l) = 0, d. h., liegt D auf den Bi.ischelparallelen, 

so ergibt jeder Punkt C des Bi.ischelkreiscs ein Tetraeder mit dem Um­
kugelradius R ·AD /b, wobei d2 = ( 4R2b- 2 

- I t 112 sein mu5. Denn es ist 
dann der oben genannte Parameterwert gleich - I, hieraus folgt w = 0, 
und das ergibt fiir d2 diesen Wert. 
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Statt der nach (14) zu minimierenden Funktion k- 3 vol X = J_c1 d2k- 3 

6 
wird im folgenden das Quadrat ihres Sechsfachen, also die Funktion 

(I8) j = k-Gcid~ 

betrachtet und minimiert. Wird AD als ki.irzeste Kante vorausgesetzt, so ist 

(I 9) f _ 2d2(a'2 + d2)-a 
- C1 2 2 3 • 

Fi.ihrt mans: = k 2 = d~+d5 als neue Variable ein, so IaBt sichf ais Funktion 
von s und d3 darstellen, falls d3(d3 - I) ,.t 0 ist. Zunachst ergibt sich aus ( I6) 
die Gleichung 

(20) ci = s(s-dDJ3 2(I -d3)-2((4R2b-2- I)s-4R2b- 2d~+2d3 - I), 

und hieraus folgt mit (I9) die Gleichung 
(s-dD2 ((4R2b- 2

- I)s-4R2b- 2d~+2d3 - I) 
(2I) != d2(I-da)2s2 . 

Fi.ir die partielle Ableitung nach s ergibt sich 
()f' s d2 

i - 3 ((4R2b- 2 - I)s2 +(4R2b-2 - I)d2s+ 
()s d5( I - d3)2 3 

(22) +2d5( -4R2b- 2d~ + 2d3 - I)). 

3.4. Abgrenzung des Bereiches fiir die zu minimierende Funktion f 
Die Festlegung der nach (I4) zu betrachtenden Tetraeder soll mittels 

des Punktes D erfolgen. Zu jedem (geeigneten) Punkt D gibt es dann nach 
Lemma 5 genau zwei (eventuell i.ibereinstimmende) Tetraeder X aus M mit 
dem Umkugelradius Rk/b, die gemaB (I I) D als einen Eckpunkt haben. 
Wegen Eigenschaft (b) und Lemma 2 liegt D nicht auBerhalb der Bi.ischel­
parallelen und nicht innerhalb des Bi.ischelkreises. Da AD als ki.irzeste Kante 
vorausgesetzt wird, mi.issen die drei Ungleichungen 

(23) AD~BD, 

(24) AD~AC, 

(25) AD~BC 

gel ten. (23) ist gleichbedeutend mit d3 ~ 1/2. Aus (24) und (25) foigt: Ist S 
der von A und B verschiedene in der xz-Ebene liegende Scheitel der dem 
Punkt D gemaB Lemma I zugeordneten Bi.ischelellipse, so muB AS~ AD 
sein, denn andernfalls kann weder (24) noch (25) gelten. Formuliert man diese 
Ungleichung unter Benutzung von (I2) und (I3) in Koordinaten, so ergibt 
sich, da S durch D eindeutig bestimmt ist, eine Ungleichung fi.ir d2 und d3 , 

namlich 

(a~+ d2 _ _l_d )(d2 + d~ - _Ld _ _!__) ~ o. 
- 3 23 2 3 23 2 
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Hierdurch ist fiir D ein konzentrischer Kreisring ( Mittelpunkt y = 0, 

z = ! ) festgelegt, von dem der innere Kreis innerhalb des Biischelkreises 

Iiegt, so daB nur der auBere Kreis 

(26) 

z 

M ,, 
""£ 

A 
y 

Abb. 8. 

eine Einschrankung fiir D Iiefert. Insgesamt sind also nur Punkte D des in 
Abb. 8 dargestellten Bereiches zu betrachten, er wird durch die auf den 
Biischelparallelen Iiegenden Strecken F K und AP, den auf dem Biischelkreis 
liegenden Bogen KA und den auf dem Kreis (26) liegenden Bogen PF 
begrenzt. Punkte D auBerhalb dieses Bereiches ergeben Tetraeder, bei denen 
AD nicht kiirzeste Kante ist oder die stumpfwinklig sind. Andererseits er­
fiillt nicht jeder Punkt D dieses Bereiches mit dem nach Lemma 5 zu ihm 
geh6renden Punkt C die Ungleichungen (24) und (25). Zur Umformulierung 
dieser Ungleichungen in Koordinaten ist zu beriicksichtigen, daB die beiden 
nach (17) zu festem D geh6renden Punkte C1 und C2 (die sich durch unter­
schiedliche Wahl des Vorzeichens in (17) ergeben) symmetrisch zur Mittel-

senkrechten z = _!_ von AB Iiegen, daB also die Langen von AC1 und BC2 
2 

gleich sind, so daB (24) und (25) beide erfiillt sind, wenn man nur (24) mit 
demjenigen Punkt C fordert, fiir den in (17) das untere Vorzeichen genommen 
wurde. Die Ungleichung AD2 ::§ AC2 ergibt unter Verwcndung der Formeln 
(16) und (17) nach einer hier nicht ausgefiihrten Zwischenreclmung die gleich­
bedeutende Ungleichung 

(27) (4R2b-2 - l)d~+((4R2b- 2 - l)d~+2d3 -l)d~+2d~(d3 - 1)~0. 
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Der Rand des durch (27) gegebenen Gebietes der yz-Ebene schneidet die 
Geraden z = const in zwei Punkten, deren y-Koordinate durch die aus (27) 
fiir den Fall der Gleichheit sich ergebende quadratische Gleichung in d~ 
bestimmt ist. Man rechnet leicht nach, daB von diesen beiden Punkten 
hochstens derjenige mit der gr6Beren y-Koordinate in den relevanten Bereich 
fallen kann, daB also von der quadratischen Gleichung nur die Losung 

d2 -
2 -

zu beriicksichtigen ist. Der Bereich B, in dem das Minimum der Funktion f 
zu bestimmen ist, ergibt sich als Durchschnitt des oben beschriebenen Berei­
ches (vgl. Abb. 8) mit dem Bereich (27). Die durch (28) gegebene Kurve 
d2 = d2(d3) ist, soweit sie in dem in Abb. 8 beschriebenen Bereich verJauft, 
Tei! des Randes von B. Abb. 9 zeigt zwei charakteristische Beispiele des 
Verlaufs dieser Kurve und der Gestalt von B. Hinsichtlich der Begrenzung 
von B gibt es gen au zwei Falle: Entweder besteht die Begrenzung aus einer 

Strecke auf der Geraden z = __!_, einem Kreisbogenstiick des Biischelkreises, 
2 

einem Stiick der Kurve (28), einer Strecke auf der y-Achse und einem Stiick 
des Kreises (26) (Abb. 9a), oder sie besteht aus einer Strecke auf der Geraden 

z = __!_, einem Stiick der Kurve (28) und einem Stiick des Kreises (26) (Abb. 
2 

9b). Der erste Fall tritt bei 42R- 2 >3 ein, der zweite bei 4R2b- 2 ::§3; das er-

gibt sich, wenn man in (28) d3 = __!_ bzw. 0 setzt und so die Lage der End-
2 

punkte des relevanten Teils der Kurve (28) bestimmt. 
Hinsichtlich der unteren Grenze fiir R gilt 

LEMMA 6. Der kleinstmogliche Umkugelradius eines Tetraeders mit den 

Eigenschaften (a), (b) (c') ist ~ A· 
z 

F K 
H N 

A A 
y y 

R.i 3 
a) b.i > if 

Abb. 9. 
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BEWEIS. Zu jedem Tetraeder mit den Eigenschaften (a}, (b}, (c') existiert 
ein ahnliches in der Menge M, fiir das der Eckpunkt D im Bereich B Iiegt. 
Fiir DEB gilt die Ungleichung (27), also ist 

4R2b_2 _I~ (I - 2d3)d~ + 2d~( I -d3) 

- (d~ + d~)d~ ' 

wegen (26) ist d~ + d~,,;;; ~' also 
. 4 

4 R2b _ 2 _ I ~ __±_ . (I - 2d3)d~ + 2d~( I - d3}. 

3 d~ 
Ferner ist 

(I - 2d3}d~ + 2d~( I - d3} I 
'-----"'---~---'-'----=-> -

d~ 2' 

denn diese Ungleichung ist gleichbedeutend mit (I -4d3)d~ + 4d;( I - d3) ~0, 

und dies ist fiir 0 :§ d3 ;§__!__ offensichtlich erfiillt, wahrend fiir __!__< d
3 

'2 __!__ auf 
4 4 2 

Grund von (26) die Abschatzung 

(l-4d3}d~+4d~(I -d3)~(1 -4d3)(++ ~ d3 -d~J+4dW-d3) = 

=(I -d3)(+-da)~o 

moglich ist. Folglich ist 4R2b- 2 - I~__±_·_!__, also 4R2b- 2 ~~- Der Wert~ 
3 2 3 3 

wird bei d~ = d3 = _!__ auch tatsachlich angenommen. 
2 

3.5. Bestimmung der Lage des Minimums von f 
Es soil gezeigt werden, daB das Minimum von f nicht im I nneren von B, 

sondern auf dem Rande angenommen wird, und zwar auf dem in Abb. 9 
dargestellten "rechten" Rand, genauer: 

LEMMA 7. Im Bereich B isl (19) fiir konstantes d3 (:;:CO) eine monoton 
steigende Funktion von d2 • 

sich 

BEWEIS. a) 4R2b-2 ~ 3. 

Im Bereich B ist s > d2 > d~ und d3 :§ _!___ Setzt man dies in (22) ein, ergibt 
2 



106 JOHANNES BOHM-WALTER BORNER 

Auf Grund der Definition von s unterscheiden sich of und of nur um ei-
as od2 

nen positiven FaktOr, also gilt die Behauptung. 
b)4R2b- 2 <3. 

In (22) ist der Vorfaktor positiv. Ferner entnimmt man (22), daB of fiir as 
festes da hochstens eine positive Nullstelle So hat, fiir S>So ist of positiv. Es 

as 
wird gezeigt, daB s0 kleiner ist als der sich aus (28) ergebende Wert s1 fiir s 
des zum selben festen d3 gehi:irenden ("rechten") Randpunktes von B. Da 

sich of und of nur um einen positiven Faktor unterscheiden, folgt die Posi-
()s od2 

tivitat von &f in B, also die Behauptung. Zur Abkiirzung werde p: = 
&d2 

= 4R2b-2 - I und y: = d3 gesetzt. Aus (22) folgt 

So= 2~(-py2+ y9p2y4+8py4- l6pya+8py2} 

Ersetzt man in (27) bzw. (28) d~ durch s- d~ bzw. s-y2 , so ergibt sich 

S1 = 
2
1
p(py2 -2y+ l + y(py2 -2y+ 1)2 +4py2l 

Es ist zu zeigen, daB S0 <Sv also 

fiir .3_ ';§ p < 2 und 0 < y ';§ __!__ 
3 2 

gilt. Es ist 

2p2-2y+ I = (v2py- ,r I )
2 

+__!__(2p- l)>O, 
r 2p 2p 

so daB (29) quadriert werden kann, es ergibt sich 

-2(p2+2p)y4 +2py3 +(p+4)y2 -4y+ I+ 

(30) 

als zu beweisende Ungleichung. Filr 0 < y:§ -_!__ ergeben die ersten fiinf Sum-
4 

manden etwas Positives, so dal3 fiir diese y die Ungleichung und erst recht 
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(29) gilt. Die Iinke Seite von (30) wird verkleinert, wenn man die Wurzel 
durch 2V py ersetzt. Es geniigt demzufolge zu zeigen 

-2(p2 + 2p)y4 + (2p + 4pt/J)y3 + (p -4¥/J + 4)y2 + (2v/J-4)y + 1 > o 
(31) 

f .. 1 1 d 2 
2 ur -<y~- un -~p< . 

4 2 3 

Fiir konstantes y ist die Iinke Seite eine monoton steigende Funktion von p, 
denn die partielle Ableitung nach p ist 

1 ,,-
-(y3p(-8Yr p+ 12)+(4y3(-2y+ 1)+2y2)Vp+2y(-2y+ I)), 
2p 

- I -
sie ist wegen -8yy p + 12;;:: -8 · -1/2+ 12>-0 positiv. Es geniigt also, (31) fiir 

2 
p = 2/3 zu beweisen, d.h. die Ungleichung 

-34y3y4 +(12v3 + 24y2)y3 +(42r'3-36r'2)y2 +(1Bv2-36l"3)y+9i3>o. 
(32) 

Die Ableitung der Iinken Seite von (32) ist kleiner als 

(33) - 235y3 + I 65y2 + 44y- 36, 

aus der Entwicklung von (33) an der Stelle y = 1/2 gewinnt man die Darstel­
lung von (33) in der Form 

17 131 I 2 -8-4( 1/2-y) -2(1/2-y) (374-235(1 -2y)), 

aus der man ablesen kann, daB (33) fiir l/4<y~ 1/2 negativ ist. Also ist die 
Iinke Seite von (32) monoton fallend. Da sie an der Stelle y = 1/2 den posi-

tiven Wert _2_y3+ 3y2 hat, ist die Ungleichung (32) richtig, und die Be-
8 

hauptung ist bewiesen. 
In Lemma 7 ist wie in (21) der Fall d3 = 0 ausgeschlossen worden. 

Dieser Fall kann aber auBer acht bleiben, denn es muB dann C auf dem Bii­
schelkreis Iiegen, und aus Symmetriegriinden erhalt man diese Tetraeder 
auch schon, wenn D auf dem Biischelkreis Iiegt. 

Auf Grund von Lemma 7 und der Begrenzung von B gibt es fiir die Stel­
len minimaler Funktionswerte zwei Moglichkeiten: 

1. f wird in einem Punkt der Kurve (28) minimal, 
2. f wird in einem Pun kt des Biischelkreises minimal. 

Der Fall I. tritt ein, wenn 4R2b- 2 ::§ 3 ist, bei 4R2b-2 > 3 sind zuniichst beide 
Falle denkbar (vgl. Abb. 9). 



108 JOHANNES BOHM-WALTER BORNER 

Zur Bestimmung des minimalen Funktionswertes und der zugehi:irigen 
Tetraeder genilgt es nun in Falle l., Punkte D mit d3 = 1/2 zu betrachten. 
Zum Beweis dieser Behauptung sei D0 ein beliebiger Punkt auf der Kurve 
(28) mit minimalem Funktionswert. Nach Lemma 5 gibt es darn zwei (mi:ig­
licherweise gleiche) Punkte C11 C2, die symmetrisch zur Geraden z = 1/2 
Iiegen, es mi:ige C1 die kleinere z-Koordinate haben. Da die Koordinaten von 
D0 die Gleichung (28) erfilllen, sind AD0 , AC1 und BC2 gleich Jang. Das 
Tetraeder T1 : = ABC1D0 hat dann Z:Yei zusammenhangende kilrzeste Kan­
ten, namlich AB und AC1• Bei der Ahnlichkeitsabbildung (3, die D0 C1 auf 
AB, A in die Halbebene x = 0, y>O, Bin die Halbebene y = 0, X>O a~bil­
det, ergibt sich (Abb. 10) ein Tetraeder T~ aus der Menge M, dessen emer 

f3{ Do) 

Abb. 10. 

Eckpunkt f3(A) auf der Geraden z = 1/2 liegt, das den Umkugelradius 
b- 1R f3(A) f3(D0 ) hat, und der Funktionswert f(T~) ist derselb~. wie bei T 11 
weil die Funktion f = (k- 3 ·vol X}2 offenbar invariant gegen Ahnlichkeits­
abbildung ist. Es ergibt sich also ein zum Minimaltetraeder T1 ahnliches 
Tetraeder T~, wenn man die Minimaltetraeder nur Jangs z = 1/2 bestimmt, 
so daB T1 selbst nicht explizit bestimmt zu werden braucht. Das Tetraeder 
T2 : = ABC2D0 kann ebenfalls aus T~ gewonnen werden. Denn es ergibt sich 
T 2 aus T 1, ind em man den Punkt C1 an z = I /2 spiegelt und die anderen 
Eckpunkte festlaBt, so daB man es aus T~ herleiten kann, indem man auf T~ 
die Abbildung 13-1 anwendet und anschlieBend den in der Ebene y = O lie­
genden Punkt C1 an der Geraden z = l /2 spiegelt. (Es kann natilrlich auch 
gleich der Punkt /3(C1) an der in der Ebene /3(ABC1) Iiegenden Mittelsenk­
rechten zur Strecke (3(A) (3(B) gespiegelt werden, das neue Tetraeder hat dann 
aber zum Koordinatensystem nicht me hr die Lage gemaB ( 11); vgl. den 
SchluB von 3.6. Die Tetraeder T1 und T~ gehi:iren zu den in 2. betrachteten 
Vierecken Si1l, und T2 gehOrt zu den Vierecken T)1l, vgl. Satz 2.) Damit ist 
bewiesen, daB man alle minimalen Tetraeder mit Eckpunkt D auf der Kurve 
(28) aus den minimalen Tetraedern mit d3 = 1/2 herleiten kann. 
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3.6. Bestimmung der minimalen Tetraeder mit kiirzester Kantenlange b 

Erst er Fall: 4R2b-2 < 3. 
Fiir das minimale Tetraeder ABCD ist zunachst D als Schnittpunkt 

der Kurve (28) mit der Geraden z = 1/2 zu bestimmen. Setzt man in (28) 
d3 = 1/2, ergibt sich 

(34) d~ = +( - l + 4R2 + 15b2
) 

4R2-b2 . 

Damit ist D bestimmt. Aus (16) und (17) berechnet man fiir die Koordinaten 
des zugehorigen Punktes C (wobei man sich in (17) aus Symmetriegrilnden 
z. B. auf das untere Vorzeichen beschranken kann) 

(35) ci = -}(- l + v 4:;:~~~2 )-~- b2, 

(36) I( 1113 5v4R2 +l5b2 
4b

2 
) 

c3 = 2 I - 2-2 4R2-b2 + 4R2 -b2 . 

Fiir die kiirzeste Kanten!ange AD bzw. BD ergibt sich 

(37) _ v-2 I _ v I ( v 4R
2 + I 5b2 

) k - dz+ 4 - 8 I + . 4R2 - b2 , 

dies ist, da D auf der Kurve (28) Iiegt, zugleich die Lange von AC. Die Kante 
BC ist fiir 4R2b-2 > 5/3 !anger als AD, fiir 4R2b-2 = 5/3 haben die vier 

Kanten AD, BD, AC, BC alle die Lange ~3 . Fiir die Kantenlange CD er-

gibt sich CD2 = ci+d~+(c3 -+r = I, die beiden Rechtwinkelkanten sind 

also gleich lang. Die am SchluB von 3.5. erwahnten Tetraeder T1 und T 2 

sind im vorliegenden Fall kongruent (Abb. 11 ). Das so erhaltene Tetraeder 
gehort zur Menge M (vgl. (14)). Das minimale Volumen des entsprechenden 
Tetraeders aus der Menge AfR. b bekommt man durch Riicktransformation. 
Der Uingenveranderungsfaktor ist dabei b/k, wobei k die kilrzeste Kanten-

Iange (37) von ABCD ist, und das Vo lumen -~ c1d2 von ABCD ist mit (: r 
zu multiplizieren; c

1 
und d2 sind dabei aus (34) und (35) zu nehmen. Es 

ergibt sich 

(38) min vol T= 
TEMR,b 

= ~y Jf 4R2-b2 Jf4R2+ 15b2-4R2-b2
' 

24y2 

· (4R2 + 7b2 -Y 4R2 -b2 y R 2 + 15b2). 
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z 

B 

1 

D I 

c 
x 

Abb. 11. 

Zweiter Fall: 4R2b-2 ~ 3. 
Auf Grund von Lemma 7 kann das Minimum von/ auf Punkten des Bil­

schelkreises oder der Kurve (28) angenommen werden. Um den Verlauf von 
/Iangs des Bilschelkreises zu untersuchen, ist in (21) d3 = s zu setzen (denn 
der Bilschelkreis hat die Gleichung y2+z(z-1) = 0, also gilts= d~+d~ = 
= d3), das ergibt 

f(s) = -4R2b-2+(4R2b- 2 + l)s-1 -s-2, 

und in (27) ist d3 = s sowie d~ = d3 - d5 = s( 1-s) zu setzen, das ergibt 
s(l-s)((4R2b-2- l)s-1)~0, wegen 1-s>O also s~(4R2b- 2 -1)-1 , so daB 

f filr Werte s aus dem Intervall [(4R2 b-2 - l)-1, f] zu untersuchen ist. 

Man rechnet leicht nach, daB 

ist, und daB im Inneren des Intervalls die Funktionswerte gr6Ber sind. Das 
Minimum wird also auf dem Schnittpunkt des Bilschelkreises mit der Gera­
den z = 1/2 bzw. mit der Kurve (28) angenommen; es genilgt aber, die Gerade 

Z= 1/2 zu betrachten. Dieser Schnittpunkt D hat die Koordinaten ( 0, ~, + J. 
Filr den zugehorigen Punkt C, der auf den Bilschelparallelen Iiegen muB, 

ergibt sich aus (20), womans = d3 = 1/2 zu setzen hat, c1 = b-1f2R2-b2, 

und es ist c3 z. B. gleich 0. Das Tetraeder ABCD ist demnach ein Orthoschem 
mit dem total-orthogonalen Kantenzug BDAC (Abb. 12). Die kilrzesten 

Kanten sind AD und BD mit der Lange irT· Die Kante AC ist filr 4R2b-2 > 

> 3 Ianger, filr 4R2b-2 = 3 ist sie ebenfalls kilrzeste Kante. Die Rechtwinkel-
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Abb. 11. 

1 --z 
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kante DC hat die Lange V 4
1:;b-; b

2

, sie ist fiir 4R2b- 2 > 3 Janger als die Recht­

winkelkante AB, fiir 4R2b- 2 = 3 gleichlang mit AB. 
Das zweite minimale, zu ABCQ nur im Falle 4R2b- 2 = 3 kongruente 

Tetraeder AB'CD ergibt sich durch Ubergang von B zu B' mittels Spiegelung 
an der in der Ebene BCD gelegenen Mittelsenkrechten zu DC. Es ist ebenfalls 
ein Orthoschem, es hat den total-orthogonalen Kantenzug DACB' und die 
kurzesten Kanten AD und CB'. Die Rechtwinkelkanten AB' und DC sind 
gleich Jang, wie sich sofort aus der Kongruenz der rechtwinkligen Dreiecke 
DAC und ACB' ergibt. Das minimale Vo lumen der entsprechenden Tetraeder 

I I 
aus AfR,b berechnet man aus dem Volumen -c1d2 = -- y2R2-b2 von 

6 12b 
ABCD durch Multiplikation mit (by'2)3 , es ergibt sich 

(39) min vol T = _ _!__b 2 y 4R2 -2b2 • 

TEMR,b 6 

3.7. Bestimmung der minimalen Tetraeder mit kiirzester Kantenlii.nge 2 

Zur Bestimmung des minimalen Volumens von Tetraedern mit den 
Eigenschaften (a), (b), (c), (d) ist min {vol X: XEAfR,b und b:c:-2} zu be­
stimmen. Es gilt 

LEMMA 8. Fiir konstantes R ist vol X mil XEAfR.b eine monoton wach­
sende Funktion von b. 

BEWEJS. Es werden die partiellen Ableitungen nach b der in (38) und 
(39) angegebenen Volumenfunktionen betrachtet. 

Erster Fall: 5/3s4R2b-2 <3, Formel (38). 
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Es ist nach (38) 

(vol T)2 =-
1
-(W -4R2 -b2)(4R2 + 7b2 - W)2 

I 152 

w = Y(4R2 -b2)(4R2 + 15b2) = Yl6R2 +56R2b2 -15b4
• 

Hieraus folgt 

-#-<vol T)2 = ~(4R2 + 7b2 -W)(24R2 +38R2b2 - 15b4 +(b2 -6R2)W). 
ob 384W 

Auf der rechten Seite dieser Gleichung sind die beiden ersten Faktoren offen­
sichtlich positiv, und aus der Voraussetzung 

12 
b2 <-R2 folgt 16b4(12R2 -5b2)(10R2 -3b2)>0, 

5 

und hieraus 

(24R4 + 38R2b2 - I 5b4) 2 > (b2 - 6R2) 2( I 6R4 + 56R2b2 - I 5b4), 

so daB auch der dritte Faktor positiv wird, nur fiir b2 = E R 2 ist er 0. 
5 

Also ist vol T in b monoton wachsend. 
Zweiter Fall: 4R2b- 2 ~3, Formel (39). 

Es ist nach (39) 

0 b3 

- (vol T) 2 = -(4R2 -3b2)~0 
ob 9 

fiir 4R2b- 2 ~3, also ist vol Tin b monoton wachsend. 
Auf Grund von Lemma 8 sind die inhaltskleinsten Tetraeder mit den 

Eigenschaften (a), (b), (c), (d) diejenigen in 3.6. ermittelten minimalen Tetra­
eder, bei denen b = 2 ist. Hieraus ergibt sich folgender 

HAUPTSATZ. (I) Fiir R = Agibt es bis au/ Kongruenzgenau ein Tetra­

eder mit den Eigenschaften (a) bis (d) und minimalem Volumen. Es hat zwei 

senkrechte windschiefe Rechtwinkelkanten der Lange 4~3 , die iibrigen vier 

Kanten haben alle die Lange 2 (Abb. 13), und das Volumen ist 1~3 . 
(II) Zujedem R mit A<R<}f3gibt es bis au/ Kongruenz genau ein 

Tetraeder mit den Eigenschaften (a) bis (d) und minimalem Volumen. Es hat drei 
Kanten der Lange 2, die restlichen Kanten sind Langer, die Rechtwinkelkanten 
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Abb. 13. 

Abb. 14. 

8 ANNALES-Sectio Mathematica-Tomus XXVllI. 
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Abb. 15. 

z 

lR 
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~ 

y 

Abb. 16. 

sind gleich Lang. Das Tetraeder isl iihnlich zum Tetraeder ABCD mit Koordina­

ten nach (11), (34), (35), (36) mit b = 2 und d3 = __!_ (Abb. 14). Das Volumen · 
2 

berechnet sic/z nach der Formel 

~2" v VR 2 - l yR2 + 15-R2 - l ·(R2 +7 -JfR2 - l yR2 + 15) (vgl. (10)). 



MINIMALTETRAEDER BIKONJUGIERTER GITTER 115 

(III) Fiir R = y3 gibt es bis auf Kongruenz genau ein Tetraeder mil den 
Eigenschaften (a) bis (d) wzd minimaLem VoLwnen. Es ist ein Orthoschem mil 
den Eckpunkten P 1 "' (0, 0, 0), P 2 "' (0, 0, 2 Jf2), P 3 "' (0, Jf 2, v'2), P 4 "'(2, 0, 0) 
und dem totaL-orthogonaLen Kantenzug P2P3P1P4 , dessen drei Kanten alle die 
Lange 2 haben, die restlichen Kanten sind Langer, und die gegeniiberliegenden 

RechtwinkeLkanten sind gLeich Lang (Abb. 15). Das VoLumen betragt ~. 
3 

(IV) Fiir R> y3 gibt es bis auf Kongruenz genau zwei Tetraeder mit den 
Eigenschaften (a) bis (d) und minimaLem VoLumen. Es sind Orthoscheme, die 
durch die totaL-ortlzogonaLen Kantenziige mit den LangenfoLgen (2, 2, 2 y R2 - 2) 
und (2, 2 y'k2 -2,2) clzarakterisiert sind. Die gegeniiberliegenden Rechtwinkel­
kanten sind im ersten Fall unterschiedlich Lang, beim zweiten Tetraeder sind sie 

gLeich Zang (Abb. 16). Das Volumen betragt~ y'R2-2 (vgl. (10)). 
3 
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Y3I<AH YflAI<OBI<A 06JIACTEA rHnEPQH!{JIOB " 
rHnEPC<l>EP B fHflEP60JIH4ECI<HX nJIOCI<OCTH 

H flPOCTPAHCTBE 

6Ytl BAH 3YHf 

J{a!jle,npa Hal!epTaTCJJbHOH H DpOCKTHBHOH reoMeTpHH 
YHHBCPCMTCTa HM. Jl. 3rnewa, BY,nanewT 

(ITocmynu;zo 9.9 .1983.) 

CTYCTh a; 11 oc; - npHMaH 11 nnoc1<0CTh B rnnep6on11qec1<11x nnoc1<ocT11 
H2 11n11 npocTpaHcrne H3 coorneTcTBeHHO. MHo:>Kecrna TOl!eK P, paccTOHH11e 
KOTOpb!X OT a; B H2 11J111 OC; B H 3 MeHb!lle t' Ha3BeM o6JiaCTb5lMl1 rnnepl.\11KJia 

11n11 rnnepccpepbI 11 o6o3Ha411M qepe3 H~;t HJI11 H~11, r.ne t §: 0 Bell{ecrneHHoe 
l.IHCJIO. CT p5IMa5l G; l1J111 nJIOCKOCTb OC; Ha3bIBaeThC5l OCHOBOH 06JiaCTef.t rn-

2 3 
nepl.\HKJia Ha1t HJIH rnnepccpepbI Ha;t· 

MHo:>Kecrno o6nacTei1 {H7h HJlH {Hrh o6pa3YeT yna1<0BKY, ecn11 mo611e 
JlBa 113 HHX He HMeIOT 06ll{YIO TOlJJ<Y. OlleB111lHO' ec1m {H~}i HJIH {Hn, o6-
pa3YeT ynaKOBKY' TO HX OCHOBbl He nepeceKaIOT npYr .npYra H OHM napaJl­
JieJibHbl, ecmi: t = 0. 

Y3ocTb e2(t) 11n11 e3(t) naHHoH: Yna1<oa1<11 oonacTeH: {H~h 111111 {Hrh s H2 

HJIH B H3 onpe,neJI5leTC5l no cpopMYJIOH 

(I) en(t) = sup (!> n = 2, 3 

r.ne TQqHa5l BepXH5l5l rpaHb 6epeTrn no BCeM pa,nHYCaM KpYroB HJIH !llapoB, 
pacnOJIO)l(eHHb!X B He noKpbiTblX qacrnx nJIOCKOCTH H2 11JIH npocTpaHCTBa 
ff3. 

Hallla OCHOBHa5l 3a,na11a pe!lIHTh HH:>KHIOIO rpaHh Y30CTl1 e2(t) HJIH e3(t) 
H ynaKOBl<Y o6nacTeH {H7h HJ111 {H?}r, .[{J15l KOTOpbIX 3TOT MHHHMYM .!(OCTl1-

raeTC5l. 

Bonpoc 06 y3ocrn Yna1<0BOK nocTaBHJI Jl. <PEAEw ToT [2]. Hec­
KOJihKO pe3YJihTaTOB HaX0.[{5lTC51 B pa6oTax [l]-[7]. Vf. BEPMEW [8] 
3aHmrnncH nnornocTbIO ynaKOBI<l1 o6JJacTeH: {H;}i. 

B Ha!lleti pa6oTe MhI HatineM Y3KYlO YnaKOBKY o6nacTdi {Hrh B H2 

,nll51 Bcex t ~ 0 H 11ccne.n,YeM cpYHKI..\HlO e2(t). Mb! .naei\1 HH)l(HIOIO Ol.\eHKY e3(t) 
}.{JI5l Y30CTH YnaKOBKH o6nacreii {Hrh l1 Haii~eM 3HaIJemrn t H ynaKOBKH 

{H?}i, .ll,JI5l KOTOpblX :na 01.leHKa TOllHa (6eCKOHellHO MHOro pa3), JI,aJiee HCC­

Jle,ll.yeM <PYHKl.ll1IO e3(t). 



118 SYV! BAH 3YHr 

1. CHallana Mb! KOHcrpY11pYeM npaBl1JlbHYIO YnaKOBKY H* o6nacret:i 
{Hrh B H 2 , 3areM MbI ,ll,OKa)f(eM, qro H* ,ll,aer Y3KYIO yna1<0BKY o6nacret:i 
{Hrh )l.1111 scex t. 

nocMorp11M npas1111bHbIH rpeyronbH11K 11)1,eanhHh1M11 sep1J.111HaM11 A, 
B, C, B 1<oropoM paccro11H11e 11106b1x ,ll,BYX cropoH paBHO 2t (11,ll,eanhHOH 
TOlIKOH Ha3bIBaeTC71 06ma11 TOl!Ka np7!Mb!X, nepneH,ll,11KYJ17!pHb!X ,ll,aHHOH 
np11Mot:i B H2 111111 )l.aHHOH nnoc1<ocr11 B H3), o6nacru H3i.8, 1, H~c, 1 11 H~c, 1 
nonapHo Kaca10rc71 (p11c. 1.). 

A 

Puc. 1. 

nYCTh r - pa,ll,ttYC KpYra, Kaca10meroc11 o6nacret:i H3i.B, t• H~c. t 11 
H~c. 1 11 HaXO,ll,Hll\eroc11 B np11MoYronhHOM 1J.Iecr11YronhHttKe, B KoropoM 
B1B2 = A 1A 2 = C1C2 11 AB l.B1B2 1.BC H. r. ,ll,. Qqestt,ll,HO, lITO 

(2) r = R-t, 

r,ll,e R = K F - pa,ll,ttYC sn11caHHoro KpYra rpeYroJlhHttKa ABC. vfa qerb1p­
exYronhmma JlaM6epra FC 1DK 

(3) 

TaK, 

(4) 

ch t 
chR = ---

:rr; 
sin-

3 

2 
= y"3 ch t. 

r = Arch( : 3 ch t)-t. 

(B Ha1J.Iei1 pa6ore Mb! 11cnonb3YeM ecrecrse1-1Hbii1 111111 a6conIOTHbIH 113Mep11-
renh orpe3KOB.) 
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0T06pa3HM npHMOYrOJibHbIH wecTHYrOJihHHK A 1A 2B1B2C1C2 11 o6nacTH Hr1 Ha cTopoHhI wecTHYroJihHHKa, noToM npogan)l(aeM 3To oT06pa)l(eH11e 
11 noJIYl!HM pa3fa1eH11e nnocKOCTH H2 Ha wecTHYrOJibHI1KH 11 ynaI<OBKH 
o6nacTei1: {Hrh· Jlerno m1geTh, l!To Y30CTh YnaKoBKH o6nacTefi {Hrh pasHa 
(4). 

2. TEoPEMA I. Y3ocmb ynaKoeKu 061wcmeii. {Hth e H2 He MeHbme, 'leM 

(6) Arch( : 3 cht)-t, f2:.0. 

PaeeHcmeo oocmuzaemcR e ynaKoeKe 06/lacmeil {Hy}i, onpeiJe!leHHoii. e nyHKme 1 • 
.IloKA3ATEJihCTBo. PaccMoTpHM YnaKOBKY MHO)l(ecrna o6nacTeti {HrJ1• 

Ol!eBHAHO, l!TO ocHOBhI o6nacTei1: He nepecceKaIOTCH. 0YCTb H~ .1 - ogHa 
H3 {Hf}i H aj ee OCHOBa. 

1 

MHO)l(eCTBO TOl!eK p' paCCTOHHHe KOTOpb!e OT a j 6oJibllle, l!eM OT OCHOB 
.npYrnx o6nacTei1: H~k1 E{Hrh (k ¥- j), Ha3seM 0611acTh10 .Il,11pux11e D~, 
npHHa,[(Jie)l(all\ei1: o6nacTH H.111 (cM. ell\e s [8]). (Hanp111v1ep, o6nacTh .Il,HpH~-
11e Dj B l. - MHOroYroJihHHK, CHMMeTptttieCKHH Ha aj. 40c110 ero seprnHH 

2n 
6ecKOHel!HO, ero YrJia paBHbl - H pacCTOHHHe ero CTOpOH OT aj paBHO t.) 

3 
OYCTh P - ogHa H3 seprn11H 0611acn1 D j• 11 k 2:. 3 - ee cTeneHH, T. e. l!HCJIO 
o6nacTefi D1, seprnHHoi1: KOTOpbIX HBJIHeTCH P, paBHO k. l13 onpegeneHHH 
o6nacTei1: D1 cne.nyeT, l!TO paccTOHHHe TOl!KH P OT ocHOB paBHO R, 11 OT 
.npYrnx ocHoB 6oJibllie R. 3rn OCHOBbI (npHMbie) onpe.ne11HJOT K-YrOJibHHK 
HgeaJibHblMH HJIH 6eCKOHel!Hb!MI1 sepurnHaMH. (Bepw1ma 6eCKOHel!Ha TOJibKO 
Tor,a:a, Kor,a:a t = 0.) 

0YCTb A 1, A 2, ••• , Ak ero seprn11HbI 11 A 11A 12 - paccTOmrne cTOpoH, 
npHHagne)l(all\HX seprnHHe A 1• OtieBHAHO A 11A 12 2:. 2t 11 PA 11 = PA 12 
(pHC. 2.), T. e. p HaXO.l{HTCH Ha OCH CHMJ\ieTpHI1 npHMb!X ai-1 Hai. (Mo)l(eT 
CJIYl!HTCH, l!TO P He Haxo.n11TCH B npHMOYrOJibHOM 21'-YrOJihHHKe A 11A 12A 21 
... A11A12 .. · Ak2·) 

0YCTb 2y1 = 4 (E1_ 1PE1), r.ne PE1 l_ a1 H £ 0 = Ek (i = I, 2, ... , k). 
OpeAnOJIO)l(HM, l!TO y2 ,s;min (y1 •.• y1). Jlerno s11.neTb, l!TO 

(7) 
n 

Y2,s;-
3 

H paBeHCTBO TOJihKO Torga, KOrga k = 3 H TpeYrOJibHI1K AiA2A3 npaBHJieH. 
l13 l!eTbipex-YronhHHKa JlaM6eprn B2A22E2P, 

h R - hPE - ch B2A22 (8) c - c 2 - • • 
smy2 

I 
l13 (7) H HepaseHCTBa -A21A 22 = B 2A 22 2:.f c11egyeT 

2 
ch t 2 

(9) ch R;;;,; ,1- = ,1--ch t. 
sin r 3 r 3 
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J13 onpe.[(enemrn: roqK11 P cne,[(Yer, qro cymecrayer KpYr pa.[(HYCa (R- t) 
c l..{eHTpOM B roqKe P, KOTOpbltt He nepeceKaer HH O,[(HY H3 {Hr}i, T. e. 
Y30CTb YnaKOBKl1 o6Jiacreii {Hrh He MeHhille (6), 11 paBeHCTBO TOJibKO ror,[(a, 

1t 
KOr,[(a y2 = -H B 2A 22 = t, r. e. rpeYrOJibHHK A 1A 2A3 npaBHJieH. PaaeH-

3 
CTBO nocrYnaer B YnaKOBKe H* (CM. 1.). 

AK 

I\ 

Jlerno BH,u,erh, qro ecJIH P 6ecKoHeqHa51 HJIH H,u,eaJihHa51 roq1<a, ro 
cYmecrayer KpYr pa,u,11yca r, He nepeceKa10m11ii HH OJI.HY H3 {Hrh H r > 

>Arch ( y~ chtJ-t. 

TEoPEMA 2. Y3ocm& Y3Koii ynaKOBKu o6Aacmeii {Hrh cmopozo y6b1Ba10-
3 2 

UJaH. rfiYHKlJUH. om t. 3naqenue y3ocmu MeHH.emCH. om In ,r oo in--= u pa6HO 
r 3 y3 

- 2 
In f3, ec11u t = 0 u In y'J , ecAu f ... = 

.[(OKA3ATEJibCTBO. J13 TeopeMhl 1 Mb! 3HaeM, qro Y30CTh t(f) Y3K0tt Yna­
KOBKH o6nacreii {Hrh 

(IO) e(t) = Arch ( V~ ch tJ-t. 



J.13 (10) 

Y31{A,s:t YnAl{OBl{A 06J1ACTEA nmEPUHl{JlOB 

~sht 
e' U) = --;:::Y=3===­

Y ~ ch2 t- I 

sh t 
I= -1. 

Vch2 t- ! 
Vch2 t- ! >fch2t-I = sht, 

sh t 
1 -r====-<, 

Vch2 t-! 
n03TOMY e'(t) < 0, T. e. f(t) CTOpOro Y6bIBaIOll(a.s:t <}lYHKl..{11.R. 

J.13 (IO) 

(I I) - 2 J-
e( 0) = Arch yJ = In r 3 ""'0,5493 I 2 .. . . 

YpaeHeH11e (10) MO)l(eT 6bITb np11ee,[{eHo K 811.[{Y: 

e(t) =In( y~ cht+ y ~ ch2t-1)-t. 

CTocJie npeepall(eHl1.R 

- I ( e(t) = In yJ +In 1 + e-21+y1 + e-tt _ e-21), 

n03TOMY 

(12) Jim e(t) =In }- ""'0,143841 .... 
1-- f 3 

TeopeMa 2 .[{OKa3aHa. 
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3. PaccM0Tp11M tieTbipe rnnepnnocKocrn IX; (i = 0, 1, 2, 3), nYCTb 
paCCTO.RHl1e Me)l(,[{Y Hl1MH nonapHO paBHO 2t (pHC. 3.). 06JiaCTM H~,1, npM­
Ha,[{Jie)l(all(He nnocKocrnM IX1 nonapHo KacaIOTC.s:t. 0YCTb A~Ak - np.RMa.R, 
nepneH.[{HKYII.RpHa.s:t IX; H rxk (i r" k; i, k = 0, I, 2, 3), r,[{e A~Erx 1 • TaK KaK 
A~ AL A{A j, A!A) .l rx 11 no3TOMY paccMoTpeHHhie 3 np.RMbie HMelOT o6ll(YIO 
M,[{eaJibHYIO TOllKM A 1• TeTpa3.[{p M,[{eaJibHbIMH eepIUMHaMH A 0A 1A 2A3 

npaem1eH M reno AAAaASA~AiA~A5A~A~AgAlA~ npaeHJibHbiii yceqeHHhiii 
reTpa3.[{p. 

0YCTb p - qeHTp BnHCaHHOrO rnapa, Kaca10meroc51 nJIOCKOCTeii IX;, 

E, = PAinlX; 11 PE;= R, ,[{aJiee Fik - cepe.[{11Ha 0Tpe3Ka A~A~, a r(t) -
pa,u.MYc wapa, Kacawll(erorn qer11pex o6JiacreU {H~J1 • Tm< 
(I 3) r(t) = R-t. 
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( 14) 

( 15) 

( 16) 

BYA BAH 3YHr 

ch A/jF01 ch t 
ch P £ 0 = ----"----=-=-- = , 

sin v* VI - cos2v* 

Puc. 3. 

cos v* = sh AAE0 • shAA£01 = sh A~E0 ·sh t, 

ch 2t+ ch22t 
ch AAA~ = -----­

sh22t 

Ha 3Toro CJie.L(YeT, tITo 

( 17) sh A~Aij = _I -. 
2 2 sh t 

Ha ( 17) 11 npaBHJibHoro TpeYroJibHHKa AAA~A~ 

(18) 1 AAA~ l 
sh AoEo = sh-2- • sin 60° = -}73 sh t' 



H3 (15) 11 (18) 

( 19) 

no3TOMY 

(20) 

(21) 

Y31-(A5'1 YnAl-(OBl-(A OSJlACTEA rvmEPUHl-(JlOB 

* I cos v = y'3, 

ch PE1 = ch R = V ~ ch t. 

r(t) = R - t = Arch ( (f ch t )- t. 
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JlEMMA 3.1. nYCTb IX; - IlJIOCKOCTh, nepneHlUIKYJI51pHa51 pe6paM A,Ak 
(k = 0, I, 2, 3; k.,,: i) npaBl1JihHOro TeTpa3.upa 11.ueaJihHhIMl1 Bep1mrnaM11 
A 0A 1A 2A 3 , A~A!A/ - BepumHHhIH rpeYrOJihHHK, np11tta.u11emam11ii aep­
rmrne A 1 11 A}Ai = 2b-O. B H2 .UJI5J 6ec1<otteqHO MHoro 3HalJeH11i1 t cY­
mecrBYer HOpMaJihHOe pa3611eH11e Ha npaB11JihHb1e rpeYrOJihH11KH Af A!A/ 
r.n:e i, j, k, L = 0, I, 2, 3 H pa3Hbie q11CJia. 

,IJ,01-<A3ATE11bcrno. rpatth A~A~AiA~AgAg YCe'IeHttoro reTpa3.upa Af 
(i.,,: k; i, k = 0, I, 2, 3) - np51MOYroJihHbIH rnecmYrOJihHHK (p11c. 3.). 
Ha octtoBe rp11roH0MeTp1111 np51MOYrOJihHOro Uiecr11YrOJihH111<a [9] cne,.uyer, 
'ITO 

r.ue 

(22) 

ch2t = -ch2 2t+sh2 2t+cha, 

ch 2t 
cha=-----

ch 2t-1 

2:n: ch2 a-ch a ch a 
(23) cos- = ------ ··- ----, 

q sh2 a cha+ I 

2:n; 
r.ue - YroJI 3Toro TpeyroJlbH111<a, p > 6 BemecTBeHHoe q11cJ10. H3 (22) H 

q 
(23) .uaeTC5J, 'ITO 

(24) 

Ta1< KaK 0 < t < oo , TO 

2;-i; ch 2t 
cos-=-----

q 2 ch 2!- I 

2n: 1 
I >COS--> ·­

q 2' 
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T. e. ii:1rn JIID6oro QeJioro 'lttcJia q > 6 cymecrnyeT t TaKoe, 'ITO BbIITOJIH5l­

eTC5l (24). 
c Jl:PYfOH CTOpaHbI, l13BeCTHO, 'ITO eCJil1 q>-6 - l{eJioe l!l1CJIO, TO CY­

mecTBYeT HOpMaJihHoe pa36tteHtte rrJIOCKOCTtt H2 Ha rrpaBHJihHhie TpeyroJib-

2n 
Hl1Kl1 c YrJiaMH, paBHb!Ml1 -. 

q 
TaK JieMMa 3.1. ii:oKa3aHa. 

JIEMMA 3.2. Ecm1 t 2: 0, BemecrneHHoe 'IHCJIO 11 s YpasHemrn (24) 
q(t) 2:: 7 - l{eJioe 411CJIO, TO CYll\eCTBYeT HOpMaJibHOe pa3611eH11e npoCTpaH­

CTBa H3 Ha npas11JibHb1e yceqeHHbie TeTpa3)J,pbI A Hi r= k; i, k = 0, I, 2, 3). 
,noKA3ATEJ1bcTso. Pacc1110Tp11M npas11JibHb1i1: YCe'leHHbitt TeTpa3Ap sep­

llll1HaM11 Ar 11 o6o3Ha4HM qepe3 Te(!). J13 orpaHw1eH115l )J,JI5l t, )J,aHHoro s 

JleMMe 3.2., CJie)J,YeT, 'ITO OT06pa}l{eHH5lMl1 O)J,HO 3a APYrHM OTHOCHTeJibHO 

rpaHei1, JJOJIY'laeM MHO}l{eCTBO {T(t)}, 3JieMeHTbl KOTOporo He 11Me!DT BHYTpeH­

Hei1 TO'IKH. ,nJI5l Jl:OKa3aTeJibCTBa, 'ITO B H3 MHO}l{eCTBO {T(t)} o6pa3YeT 

pa3611em1e, Jl:OCTaTO'lHO noKa3aTb, 'ITO JIID6a5l T04Ka npoCTpaHCTBa npH­
Ha)J,Jie}l{l1T no Kpai1Hei1 Mepe O)J,HOMY 113 {T(t)}. 

06o3Ha411M nJIOCKOCTb rpam1 A/, AF, AL (r)J,e i, j, k, l = 0, I, 2, 3 
fl He paBHbl Me}l{Jl:Y co6oi1:) Liepe3 Cl.;(e)> a IIJIOCKOCTb rpaHH, npoTHBOIIOJIO}l{­

HYID OT (l.i\t) qepe3 {l;(e)> paCCT05IHHe Me}l{)J,Y HMH Liepe3 x (pHC. 4.). 

• 3 
A~cei Ao(e> 

I 
\ 

I \ 

' z 
o<o(e) / Aoc«> \ 

f-30 (o) 

Puc. 4. 
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CTYCTh p - np0113BOJlbHa5I TOtIKa B H3 , ppi(e) - paCCT05IHH5I TOtIKH 

p OT IlJIOTKOCTei1 O:i(e)· npe,!(nOJIO)!(HM, tITO PPo(e) =min (PPi(e)); i = 0, 1, 
2, 3. 

B CBH3H c YCJIOBHeM 
0

JieMMbI cne,!(YeT, tITO cymecrayer pa36J,1eHHe 

2:n: 
nJIOCKOCTl1 O:o(e) Ha npaBl1JlhHbie TpeyrOJibHl1Kl1 c yrnaMH, paBHblM11 -

q 
(q "2= 7). CT03T0111Y, P o<el HaXOJJ;HTCH B OAHOM, Hanp11Mep, Afi<olA~<olA~<o» 
113 3THX TpeyronhHHKOB, npHHa,!(Jie)!(all.(eM K T0(t) 113 {T(t)}. 

DYCTh Go - OCb CHMMerpm1 To(t), nepneH,!(11KYJI5IpHa5I K nJIOCI<OCTl1 

e<o<oi(Afi<olA~<olAg<oJ), 11 P a0 - npoeI<QH5I TOtIKl1 P Ha npHMYIO a0 , ,l(anee 

Jg = Go n O:o(o)· Oro6pa)!(HM To(t) Ha O:o(o)• noTOM Ha /30(1)• r,!(e /30(1) - OT­
pa)!(eH11e /Jo<o)• H. r . .!(. 

CTYCTh Jgl 11JUI Geo(n1) - orpa)!(eHHe TOtIKH Jg 11Jll1 nJIOCKOCTl1 O:o(O) nocne 
2111 oro6pa)!(eH11i1. 0tieB11AHO, qro cYmecrnYeT Qenoe q11cJio 111 raKoe, qro 

PaoE Ig/g1+l· 
DYCTh PPo(n1) - paccT05IHl1e TOtIK11 P or nJIOCKOCTl1 o:o(ni)· CoBep-

wettHO raI< )!(e KaK 11 Bblllre 113JIO)!(eHHOe paCCY)!(JJ;ett11e, CYll.(eCTBYeT pa3-

611ettHe nJIOCKOCTl1 o:o(n 1) Ha npaBHJibHbie TpeYrOJihHl1Kl1. CT03TOMY Po(ni) 
HaX0,!(11TC5I no I<patittei1 Mepe B OJJ;HOM 113 3Tl1X rpeyrOJihHl1KOB, np1rna,!(­

Jie)!(a10ll.(eM ttanp11Mep, K T n1. o(t) 113 {T(t)}. 
CTYCTh a1 - OCb Cl1MMerp11H T n1, o(f), nepneHJJ;11KYJIHHa5I K o:o(nih ,!(anee 

Pal - npOCKQH5I TOtIK11 p Ha al 11 al n Cl:O(n1) = 1a1. AI-IaJIOrHtIHO npe.!(bl.!(Y­
ll.(eMY Mb! Bl1,!(11M, qro CYll.(eCTBYCT Qenoe tIHCJIO 112 TaI<Oe, tITO nocJie 2112, 
oTo6pa)!(eHHi1 P a1 Ei~!J~!+1, rJJ;e /~~ - orpa>KAeHHe roq1rn 181

• 

Cornactto H3JIO)!(eHHOMY, Mb! nonyqHM, qTo 

PPo(ni) <PPo(e)-2111 • h 

PPo(n2) < PPo(ni) - 2n2 • h <PP o(e)- 2(11 1 + n2)h 

(25) PPo<nm> < ... <PPo(e)-2(111 +n2+ ... +11m)h. 

VI3 ttepaBettcrna (25) cne,nyer, tITO nocne HeCI<OJihKO oro6pa)!(eHHi1 noJIY­

qaercH HeKoropoe TeJio Ti(t), co.!(ep)!(all.(ee B ce6e TOtIKY P. 
l1TaK JleMMa 3.2. AOKa3aHa. 

4. l13 JieMMa 3.2. Bl1JJ;HO, tITO ,!(JI5I Bcex t CTOJlhKO, qro B YpaBHeHlrn (24) 
q(t) npeJJ;CTaBJI5IeT co6oi1 Qenoe lll1CJIO, CYll.(eCTBYeT HOpMaJibHOe pa3611eH11e 

npocrpaHTCBa H3 tta npaBHJihHbie yceqeHHbie TeTpa3JJ;pbl Af(i r= k ; i, 
k = 0, I, 2, 3), r,!(e A~Ak = 2t. . 

DYCTb rx.1 - TIJIOCKOCTH rpeyrOJibHOW rpaHH 3TOf0 Tena. nocMOTp11M 

o6nacrn rnnepccpep {Ht}1 c octtoBaM11 o:1• Jlerno BHJJ;eTh, qro VMHO)!(ecrno 

o6Jiacrei1 {ttn, 06pa3yer ynaKOBKY B H3 M 3HaqeHHe Y30CTH 3TOM Yfl8f{0Bf{H 
Bbrpa)!(eHO cpopMYJIOH (21). 

06o3HatIHM qepe3 H** 3TY YnaKOBKY o6nacrei1 {H~}i. 
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TEoPEMA 3. YJocmb ynaKOBKU o6Aacmeii {H1}1 He Melibme !feM 

(26) Arch ( V ~ch 1)- t. 

Paemcmea BbtnOAbliRemCR, ecJlu e ypaeHmuu (24) q(t) npeocmaeARem co6oii 
qeAoe ttucAo u ynaKOBKa 6yoem Y3Koii ynaKOBKoii onpeoeAeHHOii e 4. 

JloKA3ATEJlhCTBo. PaccMOTpHM YnaKOBKY MHO)l{eCTBa {H?}i. CTYCTb 

H~jt - OJ{Ha H3 o6Jiacreti {H~h 11 IX j - ee OCHOBa. MHO)l{eCTBa TOt.IeK p' 
paCCTOHHHe KOTOpb!X OT IX j He 60Jibll!e t.IeM OT OCH OB ,npYrne o6nacTeH 

H!k1 E {H~}1 (j ,,= k) Ha3h1Baerc51 o6nacTbJO )lHpHxne D1, npHHa,AJie)l{ameti 

o6nacrn Hg;t· 
0YCTh Q - OAHO 113 Bepw1rn o6nacrn Dj. vfa onpe,Aenemrn 06nacT11 

or CJie,nYeT, 'I.ITO paccTOmrne TOl.IKli Q OT k OCHOB paBHO R(k~4) 11 OT APYnIX 
ocHOB 6onhwe R. Bb1611paeM 113 k o6naCTeti {H~}i oCHaBaMH ix0 , ix1 , ix2 , ir.3 , 

He nepneHA11KYJIHHhIMH OAHOBpeMeHHO K HH OAHOti n11oc1<ocT11. PaccroHHtte 
AfA~ ABYX nJIOCKOCTeH 113 H11X He MeHbllie 2t, r,Ae A:'Eet;. CTp5IMbie AfA~ 
onpe,AeJIHIOT Terpa::i.np 11,neaJJbHbJM11 Bep1II11HaM11 A 0 , A1 , A 2 , A3 11 BhmYKJJaH 
o60JJOt.IKa TOt.IeK A~ - YCet.IeHHbIH TeTpa3,Ap (pttc. 5.). 

Puc. 5. 

OYCTb Ei - a:inoA, Q£i = R, J:t:anee 2v1 = ~(E0QE1) Ha11MeHb­

llIHti YrOJI li3 YrJIOB <r.(E1Q£j) (i,,=j; i, j = 0, 1, 2, 3). 
Jlemo Bli,AeTh, 'I.ITO 

(27) 

r,Ae v* onpe,AeneH no ¢opMYJiaM11 (15), (16) 11 (19) np11 CJIYl!ae, Kor.na 
TOl!Kl1 E;(i = 0, I, 2, 3) o6pa3YIOT npas11JihHhIH Terpa::i,Ap (cM. 3.). 
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(28) R QE 
ch AijF01 ch = ch 0 = ---'--=-

sin v1 

(29) cht V1 ch R 2:: • * = -
2 

ch t. 
Sill V 

CornacHo Y3JIO)f(eHHOMY, cYi.necrnyer wap c paJJ.HYCOM ( R- t), He nepeca1<a-
10rn11i1 Hli OJI.HY 113 o6nacrei1 {Hfl1, r. e. Y30CTb yna1<os1<11 o6nacretl {H~h He 
MeHbwe (26). 

3aMeTHM, qro paseHcrso 11Meer Mecro TOJibKO ror.n:a, KOrJJ.a v1 = v*, 
AijF01 = t, r. e. yceqeHHhIH rerpa3;:i:pos A1 craer npaBHJihHhIM. 

l{a1< 113secrno, cyi.necsyer pa3611eH11e npocrpaHcTBa H3 Ha npaBHJibHbie 
yceqeHHbie rerpa3;:i:ph1, ecn11 B YpasHemrn (24) q(t) npeJJ.crasm1er co6oi1 
nenoe q11cno. OrcIO;:i:a cJieJJ.YeT, qro paseHcrso Bhmonm1erc51 s cnyqae yna­
KOBKH H**. 

TeopeMa 3 JJ.OKa3aHa. 

TEOPEMA 4. OqeHKa e(t) O/lJl y3ocmu ynaKOBKU 0611acmeu {H~}i. oamiaJl 
e ¢opMy11e (26), cmopo20 y6b1ea10UJaR ifiYHKlJUR • 

.IJ:oKA3ATEJlhCTBO. vfa (26) 

(30) e(t) = Arch ( v; ch t J- t. 

v; sh t ht 
C'(t) = - l = s - I. 

V; ch2f- l Vch2 t- ~ 

Jlemo BHJJ.eTb (CM. JJ.OKa3aTeJibCTBO reopeMbl 2), qro e'(i)<O, T. e. e(t) 
croporo Y6brna10i.na51 cpYHKUHH nepeMeHHoro t. 

Jim e(t) = Jim Arch ( v ; ch t)- t = In v ; ' 
t-- t-~ 

e(O) =Arch Vt"'o,658478 .... 
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In [3], HALKIN has proved the foJiowing 
THEO REM: Let X be a finite dimensional real normed space. Let x0 EX, 

Uc X be a neighbourhood of x0, f: U -X a continuous function which is 
differentiable at x0, and suppose that Df(x0 ) is invertible. Then there exists a 
neighbourhood W of f(x0) and a function h : W - U such that h(f(x0)) = x0, 
f(h(y)) = y for YEW, his differentiable at f(x0 ) and Dh(f(x0 )) = [D/(x0 )]- 1 • 

In [4], Sz1LA.ov1 has given a new proof for Halkin's theorem. He has 
formulated the conjecture that Halkin's theorem does not remain valid if X 
is to be taken infinite dimensional. The aim of this paper is to verify Szila­
gyi's conjecture. 

Let us observe first that the conclusion of Halkin's theorem implies 
that W being a neighbourhood of /(x0) is contained in the range of f. Con­
sequently,f(x0) is an interior point of the range off. 

Let (X, II· II) be an infinite dimensional real Hilbert space. As usual, the 
zero element of Xis denoted by Ox. Fix an eEX such that e~Ox. The ortho­
gonal complement of {Ael J.ER} is denoted by M. Denote by PM the orthogonal 
projection of X onto Mand by P0 the orthogonal projection onto {AelAER}. 

Let K = {xEXI llPMxll<llP0xll2}. Since {AelAER\{O}}cK cuts every 
neighbourhood of Ox, it follows that 
{I) Ox is not an interior point of X\K. 

In order to prove Szilagyi's conjecture, we define a function f: X -X 
satisfying the following conditions: 
(2) /(Ox) = Ox. 
(3) f maps X onto X\K. 
(4) f is continuous on X. 
(5) f is Frechet differentiable at Ox and the derivative is /, the 

identity on X. 

Let BM and SM denote {xEX/ I/xi/:;; I}nM and {xEX/ //xii= I}nM, 
respectively. It is well-known that 8 M is a retract of BM [ 1 ], i. e. there exists a 
continuous function r: BM-8M such that for xESM, r(x) = x. 

9 ANNALES-Sectio Mathematica-Tomus XXVIII. 
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As usual, the closure of K is denoted by K. We define a function g: K-X 
as follows 

g(x) = {Pox+llPoxll2 r(PMx/llPoxll2l ~f xEK\{Ox} 
Ox 1f x =Ox. 

The definition makes sense since xE K\{Ox} implies P0xr=Ox 1 PMx/IJPoxll2 EBM. 
Before defining f, we make some simple remarks. Let us observe first 

that g is continuous on K. For xEK\{Ox}, it is a simple consequence of the 
continuity of P0 , PM, r. The continuity at Ox follows from 

(6) llg(x)- xii :5 211xll2 , x EK. 

Inequality (6) can be checked by a simple computation. In fact, XE K\{Ox} 
implies 

llg(x)-xll = IJPox-x+IJPoxlJ2r(PMx/llPoxl12)!!s 

:5 11- P Mxll + llP oXll2 :5 211P 0xll2 s 21lxl12
• 

On the other hand, llg(Ox) - Oxll = 0. 
A direct computation shows that 

(7) g(x) = x provided that xE K\K. 

In fact, xE K\(K U {Ox}) implies PMx0/llPxJl2 ESM, which, in turn, implies 

g(x) = P 0x+JIP0xJJ 2PMx/IJP0xJj2 = P 0x+PMx = x 

Now we are in a position to definef. For xEX, let 

/(x) = {g(x) if XE K 
x if xEX\K. 

We have to show that/ satisfies conditions (2), (3), (4), (5). 
(2) follows directly from the definition off. 
In order to prove (3) we distinguish two cases according as xEK or 

xEX\K. If xEK, then P0f(x) = P0x and PMf(x) = IJP0xll2 r(PMx/llP0xl!2
). 

Since r(PMx/llP0xl!2)ESM, it follows that/(x) EK\KcX\K. The case xEX\K 
is, of course, trivial. 

Clearly f is continuous on Kand on X\K, separately. Since g is continuo­
us on K, the continuity off on X is a simple consequence of (7). Thus f sa­
tisfies condition (4). 

Using inequality (6), it follows directly from the definition off that 

(8} for all xEX, llf(x)-xll s2!1xll2 • 

5) is a simple consequence of inequality (8). 
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In virtue of (4) and (5), the conditions of Halkin's theorem are fulfilled 
apart from the one assuring X to be finite dimensional. (x0 is to be taken for 
Ox, U can be taken for X.) On the other hand, (1), (2) and (3) imply that the 
conclusion of Halkin's theorem is not true. Thus, we have arrived at the 
following 

PROPOSITION. Halkin's theorem does not remain valid if Xis allowed to be 
infinite dimensional. 

On an infinite dimensional version of Halkin's theorem and on its appli­
cations in the theory of functional differential equations, see [2]. 
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Introduction. In this paper we prove an approximation theorem for the 
Vilenkin systems, which is in the so-called "bounded" case a generalization 
of a theorem proved for the Walsh system by H.J. WAGNER in [7]. We follow 
the method of paper [7 ]. Our statement is proved for those Vilenkin sys­
tems, which satisfy a certain condition. We remark that this condition was 
introduced earlier by T. S. QuEK and LEONARD Y. H. YAP [4] and it is sa­
tisfied not only for the "bounded", but many "unbounded" Vilenkin systems 
too. The concept of a derivative due to C. W. 0NNEWEER [2 ] plays an im­
portant role in our paper. 

§. 1. In this section we introduce some notations and definitions. For all 
sequences 

(I) m=(m0,m11 .. ., mk, . .. ), (2:§mk, mkEN:={0,1,2, ... }) 

of natural numbers let us denote by Zmk the m1h discrete cyclic group, i.e. 

Zmk: = {0, I, .. .,mk-1}, (kEN) 

and we define the group Gm as the direct product of the groups Zmk· Then Gm 
is a compact Abelian group, and his elements are of the from x = (x0 , x11 • • • , 

... , xk, . : . ) with xkEZmk' (kEN). For x, yEGm their sum is got by adding the 
kth coordinates of x and y modulo mk, (kEN). The symbol of the addition is +, 
the inverse of + let -'- . 

Let Gm = {vinlnEN} denote the character group of Gm. We enumerate 
the elements of Gm as follows. For k EN and XE Gm let rk be the function given 
by 

( 2nix,, 
rk x): = exp ----'-'-
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Define the sequence (Mk)kEN by M0 : = 1 and Mk:= m0 m1 ... mk-v 
(kEP := {1, 2, ... }), then each nEN has a unique representation of the form 

where Os n1c<m1c (nkEN). Now we define the function 1Jln by 

~ 

1Pn: = IJ(rk)nk, (nEN). 
k=O 

We remark that Gm is a complete orthonormal system with respect to the 
normalized Haar measure dx on Gm [6]. 

For fEL1(Gm) we define its Fourier coefficients by 

J(n): = f f(f)1Jln(f) dt. 
Gm 

n-1 
Dn = ~ 1Pk (nEN) is the so-called Dirichlet kernel. It is known [6] that 

k=O 

DM (x) ={Mn, (xk = 0, Osk<n) 
n 0 otherwise 

We denote the spaces LP( Gm) (Is P< =)or C(Gm) (the space of the continuo­
us functions on Gm) by X(Gm)· If f, gEU(Gm), then the convolution f*g is 
defined by <f*g) (x) = f f(t) g(x..!... t) dt, (xEGm)· We define the integrated 

G 
modulus of continuity asfollows 

w(f,X,fJ): =sup II!(· +y)-f(·)llx, {b>O,fEX(Gm)), 
J.(y)<ii 

where 

Let Lip (a, X) be the set of those functions for which 

holds. 

C. W. ONNEWEER [2] has given the following generalization of the 
/onceptofaderivative of P. L. BUTZER and H.J. WAGNER: the function 
cEX(Gm) has a (strong) derivative 

dPlf = dfEX(Gm) if lim lldf-dnfllx = 0 
n 
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where 

n-1 mrl mrl --
(dnf)(x): = ~ M 1 ~ k m]1 ~ rp e1)kf(x + L e1) 

j=O k=O l=O 

0 I j I 2 l 

(xEGm,nEP,e1: = (0,o, ... ,o, T,o, . .. )EGm, (e1: = e';+e1+ ... +e1). 

The operator of the derivative dis linear and closed in X(Gm) [2]. 
A good property of d is easily verified : 

d"Pn=n1JJn, (nEN). 

The nth, (nEP) derivative d[nJ f off is defined by induction. Let us denote by 
P n the set of the Vilenkin polynomials of order nE P, i.e. 

Pn: = {!EU(Om)lf (k+n) = 0, kEN}, 

and for an arbitrary /EX(Gm) we define En(f, X), (nEP) as follows 

En(f, X): = inf Iii - Pllx· 
pEPn 

It is well-known [6] that there exists Pn, 1E P n• for which En(f, X) = 
= llf-Pn,Jllx, (!EX(Gn)) holds. The set of Vilenkin polynomials (U Pn) is 

nEP 
dense in X(Gm) [6], consequently Jim En(f, X) = 0 (!EX(Gm)). 

n 

Further we say "bounded" Vilenkin system if Jim sup m < = and" un­
bounded" Vilenkin system otherwise. 

§. 2. Let us denote by dt.i the set of the sequences m with the property 
( 1 ), for which the folloving condition holds: 

(2) for every e>O there exists n0 EN such that mn<M~ 
for all n>n0 , (nEN). 

Next we give examples for some sequences m belonging to ~­

(i) If mis bounded, then mE'dO. 
(ii) If mn = O(nk) (where k is an arbirary but fixed natural number), 

or mn = O(n!), (nEN), then mE'dO. 

From the definition of ~ it follows that for all m E ~ and e > 0 are the 
following assertions true: 

~ m 
(i) ~-n- < oo 

e ' 
n=O Mn 

(3) (ii) n = o.(MM;>) and 

(iii) w- 1 o ( -1+•) J K(n) = e n 
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where K(n)EP denotes the number for which MK<n>$n<MK<nl+i holds. 
The next theorem is the main result of this paper. We shall prove the equiva­
lence of five conditions for those functions of X(Gm), which are to be good 
approximated in X(Gm) by Vilenkin polynomials. 

THEOREM. If mE'JV, fEX(Gm), rEN, ~>O and n- =,then the following 
conditions are equivalent: 

(i) En(!, X) = O.(n-r-d<), (e > 0), 

(ii) d['JjEX(Gm) and d['lfE Lip(~-e,X), (O<e<~), 

(iii) dl'lf EX( Gm) and w(dl'lf, X, n- 1 ) = 0,(n-<X+•), (e >O), 

(iv) dl'lf EX( Gm), 0$S$r and 

lld[s]f -d(s]Pn,1llx = 0,(n-r-cx+s+e), (e > 0), 

(v) JJdl5lpn,1llx = O,(ns-r->-+•), (S>r+~,e>O). 

This theorem shows the applicability of the concept of the derivative 
in the approximation theory. We remark that the above theorem is valid 
also in the case e = 0 for the bounded Vi Jenkin system. (For the Walsh sys­
tem see [7 ]. ) 

§. 3. To the proof of the theorem we need some lemmas. 

LEMMA I. (see e. g. [I]) Let om be an arbitrary Vilenkin system. Then 
for every fEX(Gm) 

EMn(f, X)$w(f, X, M-;; 1)s2EMn(f, X), (nEN). 

LEMMA 2. If the functionfbelongs to X(Gm) and rEN such that 
dl'lfEX(Gm), then 

(i) w(f, x, (;) = o[( lo~~n r w(dl'lf, x, (;) l 
where Mn$b- 1 <Mn+v b-0. 
(ii) If m is bounded, then 

w(f,X, b) = O(b'w(d[rlf,X, b)), (b-0). 

PROOF. Define the functions W7EL2(Gm), (nEN) by its Vilenkin-Fourier 
coefficiens as follows: 

ro if O~k<Mn 

(wVA (k) = l + if k"2: Mn, (kEN). 

Furthermore the functions w?, (rEP, nEN) are defined inductively: 

wp: = w~_ 1 * w~. 
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It is obvious (by the well-known equality (f * g) A (k) = f(k)- g (k)) that 

The relation 

1
0 if 0"5k<Mn 

(wn) A (k) = I 
' ___:_ if k2::Mn (kEN,nEN,rEP). 

k' 

4) f(x)- f(x+h) = (wP* dl'1/)(x)-(wf *dl'1J)(x+h) 
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( a.e. XE Gm, ).(h)< ~n) is to be proved by comparison of the Fourier coeffici­

ents, applying Fubini's theorem and (dl'lf)A(k) = k'f(k), (kEN). 
By means of the convolution theorem it follows from (4) that 

w(f, X, tS) = w(w~* dl'1/, X, tS) ::=; llw~ll 1 • w(dl'lf, X, tS). 

Since in the "bounded" case llw~ll 1 = O(M;;') holds ([3] lemma 2), thus 
llw~ll 1 = O(M;;'), (n EN, rE P). Applying that M;;1 = 0 ( b') the proof of part 
(ii) is complete. 

Now we consider part (i). Let w~. k = W1*DMk for an arbitrary kEN, 
then Jim llw~-w~ kll 1 =0 (see [3] lemma 1). Applying the Abel transformation 

k ' 

we obtain 

[ (
Mk-I log/ I I )] (IogM ) 

1iw~ll 1 = lim1iw1 ,klJ 1 = 0 lim L -~+-M + M _ 1 = 0 M n • 
k le le Mn le n n 

From this llw?ll 1 = o[( lo;::n )'] follows. Lemma 2 is proved. 

COROLLARY I. ff mE'J6, then 

( 
log M )' Mn n = 0,(b'-•), (e>O), 

therefore 

w(f,X,b) = 0,[b'-•w(dl'l/,X,b)), (e>O). 

COROLLARY 2. Let/EX(Gm) and dl'l/EX(Gm), (rEP). 

(i) If m E 16, then En(f, X) = 0,(n-r+•lldl'l/llx), (e > 0). 

(ii) lflim m< oo, then En(/, X) = O(n-'lldl'l/llx). 

LEMMA 3. The following Bernstein type statement is true. 

(i) If mE'J6 and pEPn, then 

lldl'lpllx = O,(rz'+'llPllx), (nEN,rEP,e>O). 
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(ii) If Jim m< oo and pEPn, then 

(5) !ldfrlpllx = O(n'llPllx), (nEN, rEP). 

PROOF. It is enough to prove the statements only in the case r = I, 
as for r> 1 they follow from this by induction. Since 

irpei)kl = 1 (j,l,kEN,Osl<m1,0sk<m1), 

thus we have that 

lldPllx = 11~: M1 ~~
1 

kmj1 m~
1

rp e1)k p( · +l e1)1L s 

K(n) 

s llPllx 2: m~ Mr 
J=O 

K(n) 

First we consider part (ii) of Lemma 3. In this case m 1 = 0( l) and~ M 1<2n, 
j=O 

consequently (ii) is proved. 
Now we prove part (i). It is obvious that 

K(n) K(n) m2 M K(n) m?. 
"" m2 M = n1 +• "" 1 1 :s; nl+• ""-1 

, (e > 0). 
L.J J 1 L.J l+• L.J M• 

J=O ]=0 n j=O j 

By (2) (i) we get ~ m' < oo, thus the relation (i) is true. This proves our 
j=O Mj 

statements. 
We remark that the relation (5) is not valid, if the Vilenkin system has 

an unbounded structure, namely DM EPM (nEN) but lldDM ll 1 ~0(Mn) [5] 
in this case. n n n 

Now we begin to prove the theorem. 

PROOF of (i)=>(iv). We define for an arbitrary but fixed fEX(Gm) the 
sequence of functions (Uk)kEN as follows: 

U . - {PMk+l>f - PMk,f if k = 2, 3, ... 
k' - • 

PM,"f tf k = I 

By (i) we have that 

llU kllx :s llPMk+i.!- fllx +II/ - PMk• 1llx :s 2EMk (f, X) = O.(M;;-r-tt+•), 
(e<O). 

We have, applying Lemma 3 (i), the estimation 

(6) 
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n-1 
Since PMn,f = ~Uk, therefore by (6) we get for e<cx that 

k=I 

lld[sJpM1.J-d[sJpMn,Jllx = 11%d[sJuk\\x = O.(M~-r-,.+•), (n,lEN,l>n). 

From this it is to be seen that (d[sJpMn,J)neN is a Cauchy sequence, and since 
the operator dis closed, consequently there exists d[slfEX(Gm) for which 

(7) Ii~ lld[5ij'-d[s]PMn,Jllx = 0. 

Now we consider the formula 

lld[sJj-dl5Jpn,tllx1 (nEN). 

By reason of the definition of Uk we have 

IJd[s~ -d[s]Pn1Jllx s lld[5lj-d[s]pMK(n)+1.f llx + IJd[s]PniJ- d[s]PMK(n)+l•f llx :S 

l 

-s lld[sJj- d[s]PM1)lx +II ~ d[sJU kllx + IJd£sJpn•f-d[sJpMK(n)+i.fllx 
K=l(n}+I 

where ZEN, l > K(n)+ I. In this estimation there tends the first part by (7) to 
zero, furthermore 

is valid. 

lim II :± d[5JU k II = O.(Mk(~)+at•) 
..J. k=K(n)+ I X 

On the other hand 

llPn.t- PMK(n)+1.Illx-s 2En(f, X) = 0.(n-r-..-•) 

hence according to Lemma 3 (i) and the relation 

MK(n)+l = o.(nl+•) 

we obtain 

lld[sJpn,f-d[sJpMK(n)+l•Illx = 0.(ns-r-<>+•). 

From the above facts we have for all s>O 

Jld[sJj-d[s]Pn11llx = O.(ns-r-<>+•) 

and (i)=:?(iv) is proved. 

COROLLARY 3. Let fEX(Gm) and r;;:;: I, then from (i) follows the exis­
tence of df5lfEX(Gm) such that En(df5lj, X) = 0,(ns-r-a+•), (s<O), (0-ss-sr). 

PROOF of (iv)=:?(i). This is a simple consequence of Corollary 2. 

PROOF of (i)=:?(v). For IJdfsJpn.Jllx (sEN) we get easily the estimation 
lld[sJpn,Jllx,,;; JJd[s] PMK(n).Jllx + lld[s]Pn•f- d[sJpMK(n)•!llx· 
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By means of the method used in the proof of (i)=>(iv) we obtain 

lld[s]Pn•f-d[sJpMK(n).!llx = 0,(ns-r-o:+,), (e>O), 

and according to (6) we have 

i! K(n}-1 . 

lld[sJpMK(n).!llx = l'i· L; d[sJUkl'I = O.(n~-r-o:+•), (e>O). 
I k=I X 

These prove the statement (i)=>(v). 
PROOF of (v)=>(i). If PMK<~ is an arbitrary element of PMK(n)' then we 

can get the following estimation: 

En(f, X) ;§: EMK(n/f, X) ,s; 11/ - PMK(n)llx ,s; 

,s; 11/ - PMK(n)+1.f llx + llPMK(n)+1.f- PMK(n)llx· 

For PMK(n)' PMK(n)+i.f the above relation has the form 

EMK(n)(j, X) ,s;£MK(n)+l(f, X) + EMK(n/PMK(n)+1.f1 X). 

By induction it is not hard to see that 
k 

EMK(n)(f, X) sEMK(n)+k(f, X) + °'L,EMK(n)+i-1 (PMK(n)+I.f, X). 
i=I 

Since li{!1EMK(n)+k(f, X) = 0, therefore we have 
~ 

EMK(n) (/, X) s L;EMK(n)+i-1 (PMK(n)+;.! 1 X). 
i=I 

According to Corollary 2 and (3) (iii) we get from (v) fore< r +ex that 
~ 

EMK(n)(f, X) ,s; i 0,(Mj{~~/+i-t lld[s]PMK(n)+i.! llx) = O,(Mi((,Do:+') = 
z=I 

as was stated. 

PROOF of (iii)=>(i). By Lemma l we have 

En(/, X},s;EMK<nl (f, X),s;w(f, X, Mi(fnl ), (nEN). 

Applying Corollary l and (3) (iii), (i) follows from (iii). 

PROOF of (iv)=>(iii).f satisfies the conditions of Corollary 3, thus apply­
ing it we have that d['lfEX(Gm) and 

(8) 

Since 
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(see Lemma I), thus from (8) and from (3) (iii) we obtain 

w(d!'l/, X, n-1) = 0,(n-"+'), (e >0, nEN). 

The proof of (iv)=>(iii) is complete. 
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The equivalence of (ii) and (iii) is a direct consequence of the definitions 
of Lip (ex, X) and of w(f, X, <5). 

The theorem is proved. 
We remark that the proof of the theorem in the "bounded" case is si­

milar to the method used in the case mE'dU, we need only to apply 
the appropiate part of the auxiliary lemmas and corollaries and the rela• 
ti on ll = O(M K<n»• ( n E P). 
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Introduction 

In [I], B. GoE BEL raised the following question: 
Does there exist an open bounded and convex set G in the ;J6 real sepa­

rable infinite dimensional Hilbert space such that for any xEG there is exactly 
oney point satisfyingyEoG and 

llx-yjj = dist (x, ()G) 

where ()G denotes the norm-boundary of G. 
In this paper we show the nonexistence of such G 

additional properties on G. 

The result 

assuming some 

We call the open bounded convex 0~Gcd6 set as a Chebyshev-type 
set, if for any xEG there is exactly one point yEoG satisfying 

llx-yll = dist (x, ()G). 

THEOREM. There exists no OEG Chebyshev-type set in d6 with the follo­
wing additional property: 

-()G = U Hn, 
n=l 

where H n is a convex closed subset of 

{xEd6; (x, ~n) = I}. 

Here ~nEd6 fixed, and Hn has nonempty interior in the relative norm topology of 

{xEd6; (x, ~n) = I}. 

(Roughly speaking, we assume that G is the intersertion of a countable 
set of closed half-spaces. It is clear that OEG is only a technical assumption.) 
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PROOF. Without loss of generality, we can assume that .;n ?"" .;m for n ?"" m. 
We shall show the Theorem on an indirect way. 

Let us denote the nearest element to xEG in oG, Pa(x). By our assump­
tion, for all XEG Pa(x)EHn. for some nEN. First, we prove that x-Pa(x) is 
orthogonal to Hn for this n = n(x), in the sense that for all zEHn 

(1) x-Pa(X)l_Z-Pa(x). 

We shall prove (I) indirectly. By the indirect assumption, it is easy to prove 
that Pa(x)E8Hn where 8Hn is the boundary of Hn in 

{xEX; (x, .;n) = I}. 

It can be shown also easily that 

(2) (x-Pa(x), z-Pa(x))~o 

for all zEHn. (In the other case we would have a nearer element in Hn to x 
than P a(x).) 

By (2), 
(x-P a(x), P a(x)-z) "2=0 

for all z EH"' and using the indirect hypothesis, there exists z EH n with 

(x-Pa(x), Pa(x)-Z)>O. 

This implies for sufficiently small s > 0 

3) llx-(Pa(x)+s(Pa(x)-z))ll < llx-Pa(x)ll, 

so, Pa(x)+s(Pa(x)-z) is nearer to x than Pa(x). Clearly, 

(4) Pa(x)+s(Pa(x)-zHG 

because of the fact that Pa(x)-s(Pa(x)-z)EG and Pa(x)EoG (here we have 
used that G is open and convex) 

Because of (4), on the interval 

[x, Pa(x)+s(Pa(x)-z)] 

there exists a point of oG, and for this y* point we have by (3) 

l\x-y*ll < llx- P a(x)ll, 

which is a contradiction. So, (I) is true for all z EH n· 

Using ( l) and the fact that G is open, clearly we have 

P"(j1(Hn) nP"Q1(Hm) = 0 

or n?"'m. (Here we apply .;n?"'.;m.) 

(6) 

We prove now that P"(/(Hn) is closed in G. 
Let Xv ... , XKv ... EP(j1(Hn), 

lim xk = x0 , X0 EG 
k-~ 
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then using ( l) and the fact that H n has nonempty interior in the relative 
topology of 

(7) 

{xEd6; (x, ~n) = I}, 

Jim P0(xk) = x*EHn-
K-~ 

Using the well-known closedness of P0 , we have P0 (x0) = x* so, P01(Hn) is 
closed. 

We receive that the convex G set is the union of countable many pair­
wise disjoint closed sets. 

Now, we can use the following result due to ASPLUND [2] : 
Let G be a convex set is a Banach space, and G is the union of countably 

many disjoint closed sets. Then all but one of these sets are empty. 
This implies that 

P·(,1(Hn•) = G 

for some n*EN, which is a contradiction. 
The Theorem is proved. 
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In [I] E. M. N1K1S1N introduced the notions of superlinear and posi­
tive superlinear operators concerning his investigation on Fourier series with 
respect to general orthonormal systems. According to [ 1 ], a mapping T : 
E--+-S(O, 1) where E is any Banach space is by definition superlinear if for 
every eEE there exists a linear mapping L": E--+-S(O, 1) such that Lee= Te 
and I Leff ::s; [ Tfl for each f EE. Furthermore, if E = J!P(X, µ) for some p;;,:: 1 
and for every eEE, Le can be chosen to be a positive linear mapping then T 
is called a positive superlinear operator (JZ.P --+-8). 

The aim of this paper is to examine these concepts in a vector lattice 
theoretical setting. 

DEFINITION I. Let E, F be a vector space and a vector lattice, respecti­
vely. A mapping T: E-F is superlinear if for every eEE there exists LeE 
EJ!.(E, F) such that Lee= Te and [Lei ::s; [T[. (Throughout this work, we deal 
with real vector spaces. The symbol IT[ means the operator f-1 Tf[ .) 

PROPOSITION 1. Suppose the space F is oder complete (for def. see [3]). 
Then T: E-F is superlinear if and only if IT[ is a vector norm on E i.e. if, 
IT(e1 +e2)l::s;ITe1 f+ITe2 [ and IT.Ae1 I =I.Al [Te1 [ ve11 e2 EE,.AER. 

PROOF. Let T: E-F be superlinear. Then we can write I Tl = sup I Lei. 
eEE 

But Lis clearly a vector norm whenever L: E -Fis linear. 
Conversely, assume T is a vector norm on E and F is order complete. 

Given eEE, define L~ on the subspace Re by L~?.e:.ATe (AER). We have 
L~::s; I Tl on Re. Thus by the generalized Hahn-Banach theorem [2], L~ 
admits a linear extension Le such that Le ::s; [ T[. To complete the proof, we 
show-Le:5 [ T[. Indeed, -Lef = Le(-f)::s; [ T(-f)[ = [Tfl V 1EE. 

DEFINITION 2. Let E, F be vector lattices. A mapping T; E __,. F is po­
sitive superlinear if for every eEE there exists LeE~+(E, F) (i. e. Lep'2::0 
whenever pEE+ (i.e. p;;,,,0 in£) such that Lee = Te and [Lei :51 T[. 

10* 
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THEOREM I. Let E, F be vector lattices, T: E-+F a superlinear operator. 
Assume that the ordering of Fis complete. Then equivalent are 

(a) T is positive superlinear. 
(b) e1 -s; e2 implies Te1 c:s; I Te2 I and - Te2 c:s; I Te1 I for all ev e2 EE. 
(c) BysettingP=ITI andQe= inf P(e+p),(eEE),wehave 

pEE+ 
Qe2(Te) V ((-T-e)) for all eEE. 

PROOF. (a)=(b): Suppose Tis superlinear and e1 -s;e2 in E. Then choos­
ing Le,, Le2 in accordance with Definition 2, we obtain 

Te1 = Le, e1 ,,s;Le, e1 c:s; IL21 e2 1 c:s; I Te2l 

and 

-Te2 = -Le2e2 = Le2(-e2),,s;Le2e1c:s;JLe2e1Jc:s;JTe1l· 

(b)=(c): Let p be any element of E+ and eEE. An application of (b) 
to e1 = e and e2 == e+ p yields P(e+ p) = IT(+ e+ P)I 2: Te. Similarly, if e1 = 
=-e-p, e1 =-e we have P(e+p) = IT(e+p)I = IT(-e-p)J2-T(-e). 

(c)=(a): By assumption, P is a vector norm on E. Hence for any ccv 
cc2 ER+, e1, e2 EE and p1, p2 EE+, 

Z rxjP(ej+ p) = Z P(cxjei+ ccipi)2P(Z cxiei+ ~ rxiPi)· 
1,2 I,:! 1,2 1,2 

Since Z ccjpjEE+, too, it follows that Q is also a vector norm on E 
1,2 

Let now eEE\{O} be arbitrarily given and define L~: Re-+F by L~(M) =). Te 
().ER). Observe that Q(.A.e) = }.Qe2by (c)2).((Te)V(-T(-e)))2.A.Te = 
= LW.e) if }.20 and Q(J.e) = l.A.IQ(-e)2by(c)2l?.J (T(-e)V(-Te)) = 
=(l.A.IT(-e))V(.A.Te)2Te = L~(}.e) if },c=s;O. Thus L~,,s;Q on Re. By the ge­
neralized Hahn - Banach theorem [2 ], L~ admits a linear extension Le to 
E such that Le-s;Q. 

Clearly Le-s;p since Q,,s;P. On the other hand, LeE.12.+(E, F) since 
Le(- p),,s;Q(-p):s;,P(p-p) = 0 for all pEE+· 

Next we turn our attention to the continuity properties of positive su­
perlinear operators. It seems that those ranging in S(O, I) (as in Nikisin's 
original definition) are of particular importance among them because, as we 
see, positive superlinear operators between locally convex topological vector 
lattices are very rarely continuous unless being linear. 

LEMMA I. If E, Fare vector lattices and T: E __,..Fis positive superlinear 
tl1en T is convex, positive homogeneous and positive valued when restricted 
to E+, furthermore T(-p) = -T<Pl for all pEE+· 

PROOF. If pEE+ then LP p, L_P p20. But LP p = TP and L_p(-p) = 
=T<-p> whence TP=ITPI and T(-P)=-IT(-P)l=-ITPl=-Tp. 
Thus T coincides with I Tl on E+. This implies its convexity and homoge­
neity on E + since T is a vector norm. 
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LEMMA 2. Suppose T: R2 -R is a continuous positive superlinear map 
ping. Then T is necessarily linear. 

PROOF. We may assume also T ,= O. Then we have T().1 , ).2) ,=0 for all 
J.11 J.2 < 0. Indeed, T(),11 J.2) = O< J,11 / ,2 would imply I Le(J.1 , J.2)1 :=;;I T(}.2 , J,2)1 = 
= 0 i.e. 0 = Le(J.11 } .2 ) = }.1 Le (I, 0) + A2 Le(O, 1) and hence Le = 0 (for Le E 
E.12+(R2, R) by Definition 2) for all eER. Thus, by Lemma 1, range T contains 
both positive and negative numbers. Since T is a vector norm, this means 
that the set (){_ = {e : Te = O} is a I dimensional subspace of R2, disjoint from 
(0, oo )X (0, oo ) . Therefore we can find a linear functional <pE.12+(R2 , R) such 
that q;(l, 1) = T(I , l) > O and ({{_ = {e : rpe = O}. LetfER2 be arbit rarily fixed 
and consider the linear function al L1. Since I L1 1 :=;; I Tl, we have {e: L1 e = O} 
~m. Hence for some A1ER+ , L1 = )fP· To conclude, we prove ).1 = ;.g 
for allfg~m. We may assume O< .A.1:=;; Ag. Then J.glcpfl = ILgf l:=; ITfl = 
= I L1 fl = 1.11 q;/I whence 1.1 = },g completing the proof. 

THEOREM 2. Let E, F be topological vector lattices and let Ft={<pEFt) 
1Plfl = lcpfl V f E F}. If Fri sparates the points of F then each continuous posi­
tive superlinear map T : E - F is linear. 

PROOF. Let us fix any rpE F{f. Observe that the functional rp o T is also 
positive superlinear (£ -• R). In fact, given e1 :=;; e2, from Theorem 1. (b) we 
obtain Te1 :=;; ITe2 1, -Te1 :=;;1Te2 1 whence q;Te1 :=;; q; ITe2 I = lq;Te2 1 and 
- q;Te2 srplTe1 1 = lrpTe11. Now from Lemma 2. we see that for any Pv 
P2 EE+• the functional R2 ;i (e11 e2)-q;T(e1P1 + e2P2 ) is linear. Thus for all 
e1, e2 ERp1 +Rp2 and .A. E[O, I], 

<P (T (__!_e1 + __!_e~ ) -__!_Te1 _ _ __!_Te2 ) = 0. 
2 2 - 2 2 

Since Ft separates F , it follows 

T - e1 + - e2 = - T e1 +- T e? ( 
I I ) I I 
2 2 2 2 -

i.e. the mapping T is linear when restricted to any 2 dimensional subspace 
of E spanned by positive elements. Thus if e, f E then 

r(__!_e + __!__ f ) = T ( __!__ ( e + + f +) + __!__ ( - e _ - f _)) = __!__ T ( e + + f +) + 
2 2 2 2 2 

+ - T(- e_ - f _ ) = - T( e++f+) - - T(e_+f _) = - Te++ - Tf+ -I I 1 ( I I ) 
2 2 2 2 2 

- - Te_ + - Tf_ = --(Te+- Te_) +- (Tf+ - Tf_) =-Te+ - TJ 
[ 

I I ) I I I I 

2 2 2 2 2 2 

establishing the linearity of T . 
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COROLLARY l. If Eis a topological vector lattice and Q is a compact to­
pological space then each continuous positive superlinear map E ..... C(Q) is 
linear. 

PROOF. The functionals c\= [C(D)Ef-f(x)] (xED) form a separating 
family in C(Q) and satisfy c\ Iii = lf(x) I = I oxfl. 

COROLLARY 2. If Eis a topological vector lattice and µ is an arbitrary 
measure then each continuous positive superlinear map E __.. L ~ (µ) is linear. 

PROOF. By Kakutani's representation theorem on M-lattices [3], each 
L~ - space is isometrically order isomorphic to some C(Q) space for suitable 
compact topological space. 

Co ROLLA RY 3. If E is a topological vector lattice and l-:5: p-:5: oo then 
every continuous positive superlinear map E __..f P is linear. 

PROOF. Every continuous superlinear operator T: E ..... [P can be viewed 
as a continuous positive superlinear E --f~. mapping. 

The following question arises from the above corollaries: Is there any 
non-linear continuous positive superlinear operator LP (0, I)__.. Lq(O. I) if 
q< =?The answer is always affirmative in this case. 

EXAMPLE. Let l-:5:p-:5:oo and J,sq<oo. The mapping T:LP(O, I)­
_,. Lq(O, I) defined by 

t ]
2 

f if I t ]
2 

f 12: I (I - t) j f I' 

O 0 1~ 
T/=[(0,1)3t-+ I 

(l -t) J f else 
1/2 

is positive superlinear and continuous but non-linear. 

Now 

PROOF. The non-linear character of Tis obvious. 
Continuity: Suppose Jn-/ in LP(O, I) (rz-> oo ). 

1/2 1/2 1 1 

J fn-+ J f and J fn-> J f, (rz-- 00 ). 

0 0 1/2 1/2 

Hence Tfn(t) ..... Tf(t) whenever 

It 1
2 

f I ~ 
1

J (I - t) / f I or I t 12 

f I = [<I - t) / f I = 0. 
0 1/2 ' 0 1/2 

i. e. almost everywhere. Since the sequence { \ Tf n \ }~ consists of functions 
1 

majorized by the constant sup f 1/n!, it follows 
n o 
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Positive superlinearity: Given eELP(O, 1), it is immediate that the linear 
mapping Le : LP(O, I )-U(O, 1) defined by 

1/2 

if I 
1/2 

~1(1-t)/ tf f t J e e 
Lef = [(0, 1) 3 t-

0 0 1/2 

1 

(l-t)f f else 
1/2 

is positive and fulfills the requirements of Definition 2. 
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A Lucas sequence of integers R = {Rn},7=1 is defined by the recursion 

Rn= A·Rn-1-B·Rn-2 

for n > I, where A and B are fixed integers and the initial terms are R0 = 0 
and R1 = I. Let ix and (3 be the roots of the polynomial 

/(x) = x2 -Ax+B 

and we denote the discriminant ofj(x) by D. Thus 

D = A2-4B = (ix-{3)2 • 

Throughout this paper we suppose that AB;;<: 0, (A, B) = I and ix/ (3 is not a 
root of unity. In this case we say the Lucas sequence is non degenerate. 

It is well-known that for an odd prime number n with (n, B) = I we 
have 

(I) n I Rn-(D/n)1 

where (D/n) is the Jacobi symbol. If (I) holds for a composite integer n then 
it is called a Lucas pseudoprime number with respect to the sequence R. 
The Lucas pseudoprimes are the generalizations of the pseudoprimes with 
respect to an integer b( ~ 2). Namely a composite integer n is called pseudo­
prime number with respect to the integer b if n I (bn-l _ 1) and one can easily 
see, using the explicit form 

(2) 
IXn _{Jn 

Rn=---
ix - fl 

for the terms of Lucas sequences, that a pseudoprime number n with respect 
to b is a pseudoprime with respect to the Lucas sequence defined by the 
constants A= b+ I, B = b, if (n, b-1) = I. The pseudoprime numbers 
wit/1 respect to 2 are called pseudoprimes. furthermore if n is a pseudoprime 
and every divisor of n is a prime or a pseudoprime then we say n is a super 
pseudoprime. 
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The pseudoprimes and the Lucas pseudoprimes have been studied in­
tensively, since they can be well used for tests for primality (see e.g. R. 
BAILLIE and S. S. WAGSTAFF j R [I] and the references there). A lot of results 
on them, up to 1971, were collected by E. LIEUWENS [8] and A. RoTKIEWICZ 
[13]. 

In this paper we give some new results on Lucas pseudoprimes and 
shall use these results to study the distribution of them. 

Let eb(x), e(x) and R(x) denote the number of pseudoprimes with res­
pect to b, with respect to 2 and with respect to the Lucas sequence R, res­
pectively, not exceeding the real number x. C. POMERANCE showed that for 
all large x 

6b(X) ~exp {(log X)SIH} 

for any base b (in [ 11]) and 

e(x) ;§ x. [exp {log x logloglog x/loglog x} 1-112 

(in [12]), which were generalizations and improvements of the results of 
P. ERDOS [2] and D. H. LEHMER [7] respectively. R. BAILLIE and s. s. 
WAGSTAFF, j R [I] proved that there are positive constants c1 and c2 such 
that for all large x 

R(x) < x. exp { - c1 (log x loglog x)1i•} 

for any non degenerate Lucas sequence R, and 

R(x)>c2 log x 

for sequences R for which D > 0 but D is not a perfect square. Now we extend 
this lower bound for all non degenerate Lucas sequence. 

THEOREM I. Let R be a non degenerate Lucas sequence. Then there exists a 
positive constant c3 , depending only on the parameters of the sequence R, such 
that for all large x 

R(x) > c3 ·log x. 

It is known that the number of the super pseudoprime numbers is in­
finite. F~r example K. SzYMICZEK [Fl showed that pn.pn+i is a super 
pseudopnme for n> I, where Fn = 22 +I is the n-th Fermat number. In a 
joint paper [3] written by j. FEJER we proved: If bis an integer with b> I 
and 4f b, then there exist infinitely many super pseudoprime numbers with 
respect to b which are products of exactly three distinct primes. 

The definition of super pseudoprimes can be extended for Lucas pseu­
doprimes, too. A composite integer n is called a super Lucas pseudoprime 
number with respect to a sequence R if every divisor of n (greater than one) 
is a prime or a Lucas pseudoprime with respect to the sequence R. We note, 
if n is a super Lucas pseudoprime, then it is a Lucas pseudoprime as well, 
since n divides itself. 
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Since IR2 p/AI is a composite integer for infinitely many prime p, the 
next theorem shows that there are infinitely many super Lucas pseudoperi­
mes. 

THEOREM 2. Let R be a non degenerate Lucas sequence defined by the 
constants A and B. Then IR2p/AI is a super Lucas pseudoprime with respect to 
the sequence R for any prime p witlz p > c4 , where c4 is a positive constant de­
pending 01Zly on A and B. 

In order to formulate an other result, we introduce some notations. Let 
R be a non degenerate Lucas sequence defined by constant integers A and B. 
If n is an integer with (n, B )=I then there are terms in R divisible by n. 
The least positive integer r, for which nlR,, is called the rank of apparition 
of n in the sequence R and we shall denote it by r(n). Thus n !R,(n) but n{ Rm 
for O< m < r(n). If Tl = p is a prime then p is called a primitive prime divisor 
of R,(p)i or more exactly, p is a primitive prime divisor of the term Rn if 
Pl Rn but Pi BDRm for 0< 111< n. 

It is known that there is an absolute constant n0 ( > 4) such that Rn 
has at least one primitive prime divisor for any n ~ n0 (see. A. Scm NZEL [15] 
or C. L. STEW A RT [16 ]). In the followings we denote the product of the pri­
mitive prime power divisors of Rn by rR.n, where a primitive prime power di­
visor of Rn means a prime power p1 for which pis a primitive prime divisor of 
Rn and P111Rn· For n ~ n0 we have (Qn > I. -

We shall prove: 

THEOREM 3. Let R be a non degenerate Lucas sequence defined by con­
stants A and B let p>max (IBI, IDI, n0) be a prime for which r(p)r=p-(D/p). 
Then pr/.2.p-CD!pl is a super Lucus pseudoprime with respect to the sequence R. 
Furthermore the consition r(p) .,,= p- (D / p) holds for infinitely many primes p. 

Our theorems imply some results on the distribution of super Lucas 
pseudoprimes. It is known that the sum of the reciprocals of all Lucas pseu­
doprimes with respect to a Lucas sequence is convergent (see in [I]). But 
A. MAKOWSKI [9] showed that if P 1 <P2 <P3 < ... is the sequence of the -pseudoprime numbers then the sum L; I/log Pi is divergent. Furthermore 

i=I 

A. RoTK1Ew1cz [14] proved that for given c:>O there is a pseudoprime bet­
ween x and x1+< provided X>X0(s). These results can be extended for super 
Lucas pseudoprimes and so for Lucas pseudoprimes, too. 

COROLLARY I. Let R be a non degenerate Lucas sequence and let P 1 < 

<P2 <P3 < ... be the sequence of the super Lucas pseudoprime numbers 

with respect to R. Then the sum L; I/log P; is divergent. 
i=l 

COROLLARY 2. Let R be a non degenerate Lucas sequence defined by 
constants A and B. Then, for any £ > 0, there exists a real number x0 = x0 
(s, A, B) such that the interval (x, x1 +•) contains a super Lucas pseudoprime 
with respect to R provided x > x0 • 
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We list some properties of non degenerate Lucas sequences, defined by 
constants A and B, which will be used in the proofs of the theorems. Let n, 
m, k, e be positive integers and let q be a prime sue h that (q, B) = I. Using 
the notations defined above, we have 

(i) r(q)l(q-(D/q)), supposing that (D/q) = 0 if qlD. 
(ii) qlRn if and only if r(q)ln. 

(iii) If qellRrcq) then r(qk) = qk-e r(q) fork~ c. 
(iv) Rn I Rnm· 
(v) (Rn, Rm) = Ren, m)· 

(For these properties of Lucas sequences we refer to D. H. LEHMER [6]). 
For the proof of Theorem I we need a lemma. 
LEMMA. Let p and q be distinct odd primes. fl = pq is a Lucas pseudopri­

me with respect to a Lucas sequence R if and only if r(p)l(q-(D/q)) and 
r(q)l(p-(D/p)). 

PROOF of the LEMMA. The integer fl = pq is a Lucas pseudoprime if 
and only if nlRn-(D/n)· But 

n-(D/n) = pq-(D/pq) = 

= (p-(D/p))(q-(D/q)) + (D/p)(q- (D/q)) + (D/q)(p-(D/p)) 

and by (i), r(p)l(p-(D/p)) and r(q)l(q-(D/q)), therefore (ii) implies the sta­
tement. 

PROOF of THEOREM I. Let n>2n0 be and integer with condition 11=.2 
(mod 4). Thus 11 = 2k, where k is an odd integer. Let p and q be a primitive 
prime divisor of R2k and Rk, respectively. By the definition of r(n) we have 
r(p) = 2k and r(q) = k and so, by (i), 

(3) 2kl(p-(D/p)) 

and 

(4) kl(q-(D/q)). 

But k is odd and q-(D/q) is even, therefore (3) and (4) imply the relations 
r(q) = kl(p-(D/p)) and r(p) = 2kl(q-(D/q)). It shows by the Lemma that 
n = pq is a Lucas pseudoprime with respect to R. 

(2) implies that there exists a positive constant c5 depending only on the 
constants of the sequence R such that 

IRnl <ecsn 

for all n ~ I. Let x and y be real numbers with conditions 2n0 < y = _l_ log x. 
2c5 

There are at least ( y-:no] integers n for which fl 2y, 11=2 (mod 4) and both 
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Rn and Rn12 have primitive prime divisors. By using the result proved above, 

hence it follows that for sufficiently large y there are at least J__y = - 1
- log x 

5 IOC5 
Lucas pseudoprimes with respect to R such that they do not exceed 
I R[y;21 • RryJ I - However 

I R[y/2]. R[y] I< ecs(Y+Y/2) < e2C;Y = x 

which proves the theorem with c3 = I /(10c5). 

PROOF of THEOREM 2. Let R be a non degenerate Lucas sequence and 
let p be a prime with p>max (n0 , A, D). The number R2p/A is an integer 
since by (iv) A = R2 !R2P, furthermore R2p/A is odd by the properties (ii), 
(iii) and (v), since r(2) = 2 or r(2) = 3 if there exist terms in the sequence R 
divisible by 2. The number R2p/A is composite namely it is divisible by R 
and both RP and R2P has primitive prime divisors for p > n0 • P 

We have to prove that QIRQ-(D/Q) for any divisor Q of R2p/A. 

Let Q >I be an integer which divides the number R2p/A.This divisor 
can be written in the form Q = q1 · q2 • •. q5 , where the q;s (i = I, 2, ... , s) 
are primes. r(q;)7':-2, namely r(q;) = 2 would imply that qfllA = R2 and 
q~+ 1 1R2P, which contradict to (iii) since q;IA and q;IP are impossible by the 
condition p>A. Thus r(q;) = p or r(q;) = 2p for i = I, 2, ... , s. So, by (i), 
we have 

s s 

Q = n qi= n (k;P+(D/q;)) = kp+(D/Q) 
i~l i~l 

and 

(5) Q-(D/Q) = kp 

with some integers k11 k2 , •.• , ks and k. As we have seen R2p/A and so Q are 
odd integers. Furthermore (D/q;)7':-0 for i = I, 2, ... , s, since otherwise 
q;ID and r(q;) = q;, and so by (ii) we should have q; = p, which contradicts 
to the condition p > D. Therefore, by (5), kp is an even integer. This and (iv) 
imply the divisibility 

R2plRQ-(D/Q)> 

which proves the statement since QI R2P. 

PROOF of THEOREM 3. Let Q = ql ·q2· .. qs> I, where the q;s are odd 
primes and let us suppose that Ql!'Qp-(D/p)· We have to show that n!Rn-(D/n) 

for 11 = pe. Q, where e = 0 or I. 

By the conditions and the properties of the sequence R mentioned above 
we have r(qJ = p-(D/p) for any 1-;§i-;§s, therefore (i) implies the equality 

(6) 
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with some integer k;. Using (6) and supposing that (D/pe) = I in case e = 0, 
we get 

s s 
n-(Djn) = pe fl [k;(p-(Djp}) + (D/q;)]- (Djpe} fl (DlqJ = 

i=I i=I 

s s 
= p•k(p- (D/p}) + p• fl (D/q;)- (Djp•) fl (Dfq;) = 

i=I i=I 

s 
= pek(p- (Djp}) + (p•-(D/pe)) fl (D/q;), 

i=l 

where k is an integer. From this it follows that (p-(D/p))[(n-(D/n)) which, 
together with (iv), implies the divisibility 

R p-(D/p) [ Rn-\D/n)· 

But in the case r(p),c p-(D/p) we have (p, !Qp-CD!pl) = I by the definition of 
!Qm; furthermore p [ Rp-(Dfp) and !Qp-(D/p)) [ Rp-(D!Pl' therefore n [ Rn-(D!p)· 
Thus n is a Lucas pseudoprime with respect to the sequence Rand so p!Qp-(D!p) 

is a super one. 
We have to prove yet that there are infinitely many prime p satisfying 

the conditions of the theorem. In [4], with B. M. PHONG, we have showed 
that the function g(p) = (p-(D/p))/r(p) is unbounded for primes p:o-B. 
This result implies that (p-(D/p))/r(p)> I for infinitely many prime p 
which completes the proof of Theorem 3. 

PROOF of COROLLARY I. We can suppose that [a[~[/)[~ I in (2) and 
[a[> I since a//) is not a root of unity. Therefore there is a positive constant 
c6 such that 

(7) 

for n>O. Using it, by Theorem 2 we get 

~ I I I 
2: > 2: > 2: > Cs· 2: -, 
i= 1 log P; p>c4 log I R 2p/ A I p>c4 2p · log I a I + c7 p>c4 p 

where c7 and Cs are positive constants depending only on the parameters of 
the sequence R. Hence the assertion follows. 

PROOF of COROLLARY 2. Using Theorem 2, it is enough to show that 
if x = ! R2p;f A I, then R2P;+il A I < x1 +< for sufficiently large consecutive pri­
mes P; and P;+i· Let P; = p and P;+i = q. It is known that there is a real 
number 0< e <I such that q < p+ p0 for sufficiently large p and we may 
take e = 17 /31 (see J. PINTZ [10]). This and (7) imply the inequalities 

(8) [R 2q/A[ <c6[a[ 2q = [a[ 2q+c9< [a[2p+2p
0

+c9 

with some constant c9 • We showed in [5] (Theorem I) that there is a positive 
constant c10 such that 
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and so 

(9) 

for p >Po· Furthermore p0 <op for any o < 0 if p is sufficiently large, there­
fore by (8) and (9) we have 

IR2q/Al<X· locl26p+c1olog2p+co = X· loc 1(2p-c1olog2p)-y<X·X", 

where 

2op+c10 log2p+c9 2
1! 

y = < u 
2p- C10 Jog 2p 

for sufficiently large p. Hence the statement follows with o = e/2. 
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In [2] jo6 proved: If Ac Rn is an arbitrary domain, q(x) = C/jx-x0 j2+•, 
(x, x0 EA, n2=3), then for an arbitrary eigenfunction u of the Schri:idinger 
operator L = - £:o. +q0 the equation u(x0) = 0 holds. 

The aim of the present note is to generalize this result for more general 
class of potentials, namely we assume only that for the potential the relation 
q(x)2=C/jx-x0 j2 +s, (C>O, e>O, xEA)1 holds. For the proof we need essen­
tially new ideas comparing with [2]. 

jo6 used essentially in his proof the spherical symmetry of q. 
Our result may have interest in quantum mechanics [l ]. 
We consider the eigenfunctions in weak sense: a function u E C(A) is 

said to be an eigenfunction of the operator L = - £:o. + q0 • if for every 
cpECo(A) 
(1) J u(Lcp) = ;,J u(cp). 

A A 

We prove the 
THEOREM. If u is a generalized eigenfunction of the operator L, further 

q(x)2=C/jx-x0 j2 +• (C>O, e>O), then u(x0) = 0. 
PROOF. The main idea of the proof is: we construct a function% such 

that supp % c G(O, r), 
(2) J u(l:o.cp0 +Acp0)-sc·rn 

and 

(3) 

lxl~r 

J UQ<po2=C·rn-•, (O<r<r0 , e>O) 
lxJ~r 

if u(x0)>0. But (2) and (3) contradicts to (1). 

1 Assume qEc(A\{X0}). 

11 ANNALES-Sectlo Mathematlca-Tomus XXVIII. 
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Suppose u(x0) = C>O and let r0 be such that ju(x)-cl <C/2 if lx-x01 $ 

s r0 • Let rE (0, r0). Choose a sequence Tn E c; (R) such that 

where 

and 

further 

t _ { cr2 if fsr/2, 
({Jn( ) - 0 "f t 

-<-I >f, 

~ 

'Po(s) = J f(a )da 
s 

r r 
0, -t::S: - , 

2 

r r 3 t-- -$ fs-r 
r·f(t) = 2 ' 2 4 ' 

3 
-t+r , -r::S:fsr, 

4 

l 0, t>r, 

r It::. Tn( lxl)I ::s; const for - :S: IXI ::;;; r, 
2 

t::.rpn(lxl) = 0 if lxl~(;, rl 
By Lebesgue's dominated convergence theorem 

ju( t::. rpn + ).rpn)- ju ( t::. <to+ Arp0) 
.t1 .·I 

and 

Hence 

B = Ju( t::.rp0 + Arp0 ) = Juq<po = ). 
A / I 



But 

On the other hand 

ON A PROPERTY OF THE EIGENFUNCTIONS 

IBI ::s;const J u(x)dx::s;c·rn. 
!__.,,. [x1' -sr 2- -

j = J UQ<f!o 2:: cr2 J q(x)dx ~ crn-•. 
11 [ xi~ r 

The obtained contradiction proves the Theorem. 
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0 QEHTPHPOBJ{E PEIIIitTOJ{ 

30JIT AH MAtlOP 

l{a4JeJJ.pa Ha'lepTaTeJJbHOH H npoeKTHBHOH reoMeTpHH YHYBepCHTeTa HM. JI. 3TBerna, 
BY.a:arrernT 

(llocmynuAo 4. 7. 1Q83) 

Bee.l(euue 

B pa6oTe B. H . .[(EnoHE [ 1] 6bmo AOI<a3aHo CJleAYIOmee YTBep)J(Aemrn : 
Yl1cJio pa3Jil1qHhIX l.leHTpMpoBOI< pernern11 c AaHHbIM HHAeI<COM orpa­

ueqeuo. (cM. B qacrnocrn B 2.) TaM )J(e uai1AeHo l1 3TO qHCJlO. 
B pa6oTe C. C. Phillil{OBA [3] 6h1JIH BbIBeAeHbI nptt n :!:§. 7 ace nonapuo 

ueeI<Bl1BaJieHTHhle .l(OilYCTl1Mbie '-leHTpttpOBI<H napaJIJJeJJen11ne.l(a Ml1HHMY­
MOB (CM. B 2) - AJIH n ~ 6 OHH pauee Hai1AeHbl H. Xo<i>PAATEPOM [2], 
no APYrHM cnoco6oM - 11 AJJH n = 8 uarnna MX H. B. 3AXAPOBA [ 4 J. 

B uacToHmei1 pa6oTe McnOJJh30BaHhI 3JJeMeHTbI Teop1111 A6eneBbIX 
rpYnn, .naeTC51 .!J.OKa3aTeJibCTBO JieMM, CB513aHHb!X c QeHTpHpOBKaMH (CM. B 

2.), 11 BhIBeAeHbI q11cna ue113oMop<flHbIX l.leHTp11poBOI< c AaHHhIM MHAeI<COM 
11 HeH30MOp<flHbJe AOilYCTHMhJe l.leHTpttpOBKH napannenemmeAa Ml1HHMYMOB 
np11 n:§.8 (CM. B 3.). 

1. QeuTpHpOBl(H 

nYCTb B n-MepHOM eBKJJHAOBOM npocTpaHCTBe E" 3a.l(aH n-MepHbIH 
penep: 

e = {ev e2, ... 'en}, 

T. e. Cl1CTeMa n npOl13BOJJbHbIX JJHHei1HO He3aBl1Cl1MbIX BeI<TOpOB, c 06m11M 
uaqanoM. 

MHO)J(eCTBO 

r = {xEE"IX = i:x;e;, X; '-leJJoe q11cno} 
1=1 

Ha3bIBaeTC51 n-perneTKOM, l1 penep e, 6a311COM I'. noJJYOTl<pb!TblH napanJJeJI• 
en11ne,A 
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Ha3brnaeTrn ornoBHbLM napa1uze11enuneaoM peweTKH I', MbI 6YJleM o6o3Ha­
qaTb ero o6beM qepe3 V(I'). 

0YCTh I'll TO)f<e n-peweTKa npttqeM : 

I'::>I'll. 

I'llnfl = {a1,a2, .•. ,ap} 

Ha3brnaerrn lJeHmpupoeKoii, 11 Be1<ropb1 3roro MHomecrsa Ha3b1Ba10rcH on­
peae11R10UJUAtu eeKmopaMu ue1np11poBKl1, r}le caMH BeKTOpbI 3a}laBa1-0Trn 
KOOp}l11HaTHb!Ml1 CTpOKaMH OTHOC!1TeJihHO TOro 6a3l1Ca e, Ha KOTOpOM no­
CTpOeH napannenenHne}l II. 

l13Becrno [I], qTO ecnH V(I'll) H V(I')-o6beMbI OCHOBbIX napannenenH­
ne}loB COOTBeTCTBeHHO peweTKl1 I'll 11 ee nO}lpeweTKl1 I', TO 

(l) p. V(I'll) = V(I'), 

r}le p - HaTYpaJibHOe 4l1CJJO (4HCJIO onpe}leJJHI-OmHx BeKTOpOB), Ha3bl­
BaeMoe uHaeKCOM ~eHTpttpOBKl1 . 

.II.anee H3Becrno [3], 4TO tt3 p To4eK - npttHa}lnemamttax napamien­
enttneJlY II - O}lHa 5!BJI5!eTrn O}lHOBpeMeHHO l1 T04KOi1 peweTKI1 r, 

aP = (0, 0, ... , 0), 

a OCTaJlbHble p- I TOqeK - TOJJbKO roq1<aMl1 pemeTKH I'IJ, T. e. 

( 
if Lr l? ) . I 2 I ai = -, -, . . . , - , z = , , ... , p-
m; mi mi 

(2) 

ri:~e(l},lr, ... ,l7,mi)= 1ttOsl(s.mi,j=1,2, ... ,n. 
4Hcno mi - Ha3hrnaeTCH 31wMmame11eM onpeae11R10UJeco eeKmopa ai. 

A HattMeHwHH: o6mtti1 3HaMeHaTeJih 

(3) 

Ha3b!Baerrn 3HaMmame11eM qenmpupoeKu. 
PeweTKH r l1 I'll OTHOCl1TeJibHO CJJO)f(eHHH BeKTOpOB o6pa3YI-OT 6eCKO­

HeqHb!e A6eneBbI - rpYnnbI. PaccMoTpttM cpaKroprpYnny 

I'll/I', 

3JJeMeHTbI KOTOpoH: 5!BJJ5!1-0TC5! CMe)f<HblMH KJJaccaMl1 no}lrpYnnbI I' B rpYnne 
I'll. 3TY ¢aKTOprpYnny 6Y}leM Ha3bIBaTb 2pynnoii lJeHmpupOBKU, OHa 6Y}leT 
ttrpaTb 6onhwYI-O ponb B onttcamrn ~eHrpupoBOK. 

06o31-rn1rnM c111.emHh1i1 1-rnacc co}lepma10mui1 BeKTOP a, qepe3 {a}, ror}la 
l13BeCTHbJe CJJe}lYI-OmHe cpopMYJibl: 

{a}= {b}~a-bEI', 

{a}+ {b} = {a+ b}, 

n{a} = {rza}, 
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r)le a, bEI'IJ H n HaTYpaIIhHOe tI11CJIO. 0TCI-O)la 811,[{HO, tITO cjlaKTOprpynna 

I'/I'IJ 51BJI5IeTc5I KOHCtIHoM: A6eJiesoM:-rpynnoM: p - Toro nop51L(Ka, rne p­
HHlJ:CKC ueHTpHpOBKH. 3aMenIM, tITO YKa3aHHa5I Bblille cjlopMYIIHpOBKa COOT­

BeTCTBYCT cjlopMY II11pOBKe, np11Be)leHHOM B [ 4] J{JI5I Jlp06HOH LfaCTl1 BeKTOpa' 
nocKOJihKY TaM {a} o6o3HaLfaer Jlp06HYI-O tiaCTh ae1<Topa a, T. e. {a} onpe­

.neJimoll{HH BeKTOp' J{Jl51 KOToporo 11MeeT MCCTO 

a-{a}EI'. 

)J.anee 113 (2) cneJ{YeT, tITO ec.rrn 3HaMeHaTeJib BeKTopa a1 paseH m1, TO 

nop5IJlOK cMe)!(HOro 1rnacca {a;} TaK)!(e pasett mi. 
nocMoTp11M J(OHelJHYl-0 A6enesy - rpYnnY J''l/I'. Bcer)la CYilleCTBYeT 

y Hee 6a3HC, T. e. 3JleMeHTbl {c1}, {c2}, ... ' {c,} 113 I'IJ/I', J{JI5I J(OTOpblX 

3JleMeHT rpYililbl {c} IlOJIYtiaeTC5I OL(H03HalJHO B 811,llC {c} = ll1{C1} + n2{c2} + 
+ ... + n,{c,}, r)le n1, n2 , ••• , n, ueJib1e, noJI0)!<11TeJihHb1e til1CJia, np11tieM 

lfHcno n1 He 6oJJbllle nop51JlJ<a 3JJeMeHra {cJ (i = I , 2, ... , r). Vl3BecrHo, 
tITO q11cno 3JieMeHTOB 6a311ca soo6ll{e He OJlH03HOtIHO . A scer)la MO)!(HO 
Bbi6paTh 6a311C, COCT05Ill{l1H 113 MHlml'rlaJlbHOro til1CJJa 3JieMeHTOB {c1}, {c2}, 
' ... ' {cq} r)le C1, C2 , ... , Cq CYTb onpe)lCJI5Il-Oll{He BCKTOpbl 3THX CMC)!(Hb!X 
KJJaccos. MHo)!(ecrno onpe)leJJ5II-Oll{l1X BeI<ropos: 

{C1, C2, .•• , Cq} 

6Y)leM Ha3brnaTb r.rnH11MaJJhHOi1 6a3oi1 ueHrp11pos1<11. 0tieBl1JlHO, tITo ueHrp11-
posKa 6Y)leT nOJibHOCTbl-0 3a,lla1la, eCJJl1 3a)laTh BeKTOpbl Ml1HHMaJJbHOM 6a3bl. 

(Bb16op Ml1Hl1MaJibHOM 6a3bl, B006ll{e rosop51, HeO,llH03Hatie1l.) 
Vf3aecrno .uaJJee, LfTO o6o3HatI11M nop51JlJ<H 3JieMeHTOB 6a311ca 

{c1}, {c2}, . .. , {cq} 

qepe3 'v '2· ... ' 'q• TO CYll{CCTBYeT TaKOM MHHHMaJihHOM 6a3HC B I'IJ/I', 
J{J15I KOTOporo 

(4) r1 Jr2 J ... Jrq 

H npHL!eM lJl1CJJa '1• '2 , ... , rq H q O.l{H03HatIHbie. (3TO CJJe)lYCT 113 OCHOBHOM 
reopeMbI KOHCtIHbIX A6eJieBhlX rpYnn.) MHo)!(ecrso TaKHX onpe)leJJ5II-Oll{HX 

BeJ<TOpOB: 
{c11 c2 , ... , cq} 

6Y,[{CM Ha3bIBaTh KaHOHHtieCKOM 6a30M ueHTpHpOBI<H. 

2. Pa3JIHqnb1e H 3KBHBaJieHTHbie l\CHTpnpoBKH 

PaccMorp11M 6a311c pemeTKH ri1, 311eMeHTaM11 Koroporo 5IBJI5II-OTC5I 

BCJ<TOpbl 
b1 = (Xw 0, .. . , 0) 

b2 = (X21• X22• · · ·' 0) 
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r.u.e KoopmrnaThI BeKTopoB pal.{110HaJ1hHb1e ornoc11TeJ1hHO 6a311ca e perneTK11 
I', 11 Q::;;x1rsl, i =I, 2 , ... , n. vi3 (I) 01.JeB11.n.Ho, 1.JTO o6o3Ha1.J11B 1.J11cna 

__!_ 1.Jepe3 P; i = I, 2, ... , p, TO noJ1Y1.JaeM: 
X1 

P = P1 · P2 · · · · · Pn· 
,l],EJIOHE ,lJ,OKa3aJI [I]' lJTO BC51KOii L{eHTp11pOBKe c 11H,U,eKCOM p COOTBeTCTBYeT 

ano1rne onpe~eJieHHoe (np11H11MaercH so BH11MaH11e H nopH~oK) pasJIO)l{'.eH11e 

p Ha L{eJibie nOJI0)1{'.11TeJlbHhie MHO)l{'.11TemI, np111.JeM HeKOTOph!e 113 Hl1X MOfYT 

6bITh paBHhI 11 I. TaK o~ nOJIYlJl1JI, qro lJl1CJIO In,p• Bcex B03MO)l{'.HhIX pa3JlWlHbt 
L{eHTp11pOBOK n-MepHOl1 peilleTK11 c 11H,U,eKCOM p paBHO 

£p2. p~. p~ . .. p~-1, 

r.u.e £ pacnpocTpaHHeHa Ha Bee B03MO)l{'.Hhie p33Jll1lJHhie pa3J10)l{'.eH115I 1.J11cna 

p Ha n MHO)l{'.11Tenew p 1, p 2, .•• , Pn• np111.JeM nopH.U.OK MHO)l{'.HTeJieii np11H11-
MaeTc5I BO BHl1MaH11e. 

,l],Be L{eHTp11poBK11 coorneTcTBeHHO n-MepHhIX n3p3m1e11en11ne.n.0B II 1 
- B perneTKe r 1 , 11 II2 - B perneTKe r 2 6y.u.eM Ha3hIBaTh JKeueaJZeHml-lbtMu, 
ecJIH MO)l{'.HO BbI6p3Th 6a311Chl B peweTKax I'1 11 I'2, KOTOpb!e onpe.u.eJI5110T 

napa1111e11en11ne.n.h1 IIt 11 II~, r.u.e ec1111 e ecTh o.n.11H H3 Tex BeKtopoB, Ha KOT0-
ph1x nocTpoeH n3p3n11e11en11ne.u. IIr (i = I, 2), TO e mrn - e - ecTh o.zurn ri3 
Tex BeKTopos Ha KOTOphIX nocTpoeH nap31111enemme.u. II1 (i = I, 2), 11 orno­
c11TeJihHO KOTOpb!X o6e eHTp11pOBKl1 33,U,alOTC.51 0,lJ,H11M 11 TeM )l{'.e MHO)l{'.eCTBOM 
onpe.u.eJI51101..l.{11X BeKTOpOB. 

3AME4AHHE. Onpe.u.eneH11e 3KB11BaJieHTHhIX L{eHTp11poBOK B [3] H B [ 4] 
CJie,U,YlOI..l.{ee : ,l],Be L{eHTp11pOBK11 COOTBeTcTBeHHO n-MepHb!X n3p31111e11en11ne­
,lJ,OB II1 - B peweTKe r 1 11 II2 - B peweTKe r 2 6Y.n.eM H33hIB3Th 3KB11BaJieHT­

HhIMl1, ec1111 MO)l{'.HO Bb!6parh 6a311Cbl B perneTK3X I'1 H I'2, OTHOCiiTeJihHO 

KOTOpb!X o6e L{eHTp11pOBKl1 33.QalOTC.51 O.QH11M 11 TeM )l{'.e MHO)l{'.eCTBOM onpe­

.u.eJI51101..l.{11X seKTopoB. B HaCT0.511..l.{eH p36oTe .U.OKa)l{'.eM, 1.JTO 3TO onpe.n.e11eH11e 

3KB11BaJieHTHO c onpe.u.e11eH11eM He113oMop<}lHhIX L{eHTp11poBoK (cM. TEOPEMA 
2.). 

nYCTh I' perneTKa, B KOTOpOH CYilleCTBYeT Ml1Hl1MaJihHhiii 63311C e, 
T. e. BeKTOpbl e; 633HC3, 51BJ15110TC51 Ml1Hl1M3JihHhlMl1 BeKTOpaMl1 perneTKH, 
nptttJeM 

le;I =I, i = 1,2, .. . ,n. 

UeHTp11poBKa napa1111e11en11ne.u.a II, KotophIH nocTpoeH Ha 6a311c c:, Ha3hI­
BaeTc51 [3] iJonycmuMoii, ec1111 JIJil1HhI BeKTopos I'IJ He MeHhrne I, T. e. B 

perneTKe I"l ~Jil1Ha Ml1Hl1M3JihHh1X BeKTOpOB ocraeTC5I TOH )l{'.e, lJTO H 

perneTKe r. 
411cJia HeeKB11BaJieHTHh!X ,lJ,OilYCTliMhIX L{eHTp11pOBOK napaJIJieJien11ne.u.a 

Ml1Hl1MYMOB - npH n:§8 - HaXO,lJ,51TC51 B Ta6JI11L{e I. (CMOTp11 11 BBe,U,eH11e). 

A renepL D.OKa)l{'.3eM .U.Be neMMhI, KOTOpbie noMorYT HaM 11cKaTh HeeKB11-
B3JieHTHhie L{eHTpHpOBKl1. 
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J1EMMA 1. BeKTOpbr MHHHMaJibHOH 6ashr QeHTp11posK11 JIHHei1Ho He3as11-

CHMbre. 

,1J.OKA3ATEnbCTBO. nYCTb MHHHMaJibHa51 6a3a {C1, C2, ... , Cq} H npe,l{­
IlOJIO>KHM, tITO BeKTOpbI JIHHei1HO 3aBHCHMbie, T. e. CYI.l(eCTBYIOT QeJihie 
q11cJia ,[(JI51 KOTOpblX HMeeM : 

n1c1 +n2c2+ ... +nqcq = 0 

nocKOJihKY c1EI'll, i = 1, 2,. . ., p, r.ne MO>KHO npe.nnoJiararh qro 

(n1, n2, •.• , nq) = 1. 

06o3Haq11M nop51JJ;KH 3JieMeHTOB {c;}, T. e. 3HaMeHaTeJIH BeKTopoB c, qepe3 

q,, i = 1, 2, ... ' q. HaBeCTHO, qro IlOCKOJibKY {c1}, {Cz}, ... , {cq} HBm1errn: 
MHHHMaJibHbIM 6a3HCOM B cpaKTOprpYnne I'll/I', n03TOMY 

(qv q2, · · ·' qn) > 1. 
A no (5) HMeeM, tITO 

ni{C1} + n2{c2} + ... + nq{cq} = {O}, 

T. e. q;! no i = 1, 2, .. ., q, H TaKHM o6pa30M nOJIYtIHJIH 

(qv q2, .. ., qq) I (n1, n2, .. ., nq) = 1 

OtieBHJJ;HOe npOTHBOpeq11e. JleMMa JJ;OKa3aHa. 

CnE.rtCTBHE. tfacJio 3JieMeHTOB MHHHMaJihHOH 6asbr He npeaocxo.n11r n. 
J1EMMA 2. 3HaMeHaTeJib QeHTpHpOBKH 51BJI51eTC51 HaHMeHblIIHM 06Il(HM 

3HaMeHaTeJieM BeKTOpOB MHHHMaJibHOH 6a3bI, T. e.: 

m = [q1,Q2, .. .,qq]· 

,1J.OKA3ATEflbCTBO. C OJJ;HOM CTOpOHH 

[qvq2, · · .,qq]l[mvm2, · · .,mp-1] = m, 

IlOCKOJibKY tIHCJia q, HaXO.l(51TC51 H cpe.n11 m,. 
c ,npyroi1 CTOpOHbI 113 paaeHCTBa : 

{a;} = n1{c1} + n2{c2} + ... + nq{cq} = {n1c1 + n2C2 + ... + nqcq} 

cJie.nyer, qro 

mtl[qv q2 , .. ., qq] i = 1, 2, .. ., p-1, 

H TaK IlOJIYqaeM, qro 

JleMMa ,[(OKa3aHa. 
J,13 JleMMbI 2. H 113 paBeHCTBa p = ql. Q2 • .••• Qq Henocpe.l(CTBeHHO CJie­

IOT JleMMa 3. H JleMMa 4., KOTOpbie B [4] JleMMa 5, H JleMMa 6., HO .U.PYrHM 

cnoco6oM ;::i;oKa3aHhI. 

JlEMMA 3. 3HaMeHaTeJih m QeHTpHpOBKH ,l(eJIHT ee HH,l{el{C p, T. e. 

mlp. 
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IIEMMA 4. 0YCTb 3HaMeHaTeJlb l.{eHTp11poBKl1 m - npocTOe q11cno, a 
q - ll11CJIO BeKTOpOB ee Ml1H11MaJibHOM 6a3hl. Tor)l.a )l.JIH 11H)l.eKca QeHTp11-

pOBK11 11MeeT MeCTO : 

3. lf30MOPt1>Hbie ueHTPHPOBl(H 

.JJ:se QeHTp11pOBKl1 Ha3hIBalOTCH U30AWp<jHW.tU, ecJrn 11X rpYnnhI HBJIH­

I-OTCH M30MOp!PHhIMH. 

TEOPEMA l. CfUCAO HeU30MOp<fl1iblX qmmpup060K c OGlifibl.M UliOeKCOM 
p, pa6HO IJUCAa pa3AOJ1celiUfl p Ha qeAble nOAOJKumeAblible MliOJKumeAU: 

P = Pi · P2 · · · · · Pt• 

zae Pi cmenmu npocmux 11uceA, a nopRaoK coMHOJKume,1eii rze npuHuMaemCfl 
eo BHUMaHue, u JaMemuM, 11mo 11ucAa Pi fie o65l3arneAbHO pa3AUl1Hble . 

.JJ:oKA3ATEJibCTBO. 00CKOJihKY HH)l.eKC p l.{eHTp11pOBKH paBeH nopH,QKY 

rpynnhI QeHTpHpOBK11, ll11CJIO Hel130MOpcpHbIX l.{eHTpHpOBOK c )l.aHHOM HH­
,QeKCOM OlleBl1JJ.HO pasHo q11cna He11301110pcpHhIX KOHelJHhIX A6eneBbIX rpYnn 

c ,QaHHOM nopHJJ.KOM. l1 TaK no onpe,QeJieH1110 HeH30MOpcpHb!X QeHTp11pOBOK 
H no OCHOBHOM TeopeMbl KOHel!HblX A6eJieBb!X rpYnn Y)l(e CJie)l.YeT YTBep­

:>J<)l.eHHe Harnei1 TeopeMhI. 

J1EMMA 5. CTYCTh I'cI''I n-perneTKH. TorJJ.a CY~ecTBYeT 6a3HC, {au a 2, 
, ... , an} B pellleTKe I' 11 CYllleCTBYIOT HeHYJieBhie l.{eJibie lJl1CJia r 1, r 2 , ••• , fn 
TaKHe, lJTO : 

J. BeKTOpbl r 1a 1 , f2a2 , ••• , rnan o6pa3YIOT 6a3MC B peweTKe I', 
2. r1!r2I · ·. lrn 
3. 'l!l1CJia '1•'2• .. ·•'n CYTh O)l.H03Hal1Hb!e • 

.JJ:m<A3ATEJibCTBO. nYCTh a1EI''I, b1EI', f 1 ·a1 =b1 11 I'L1, I'n-1 
n - l MepHbie IlOJJ.perneTK11 B I''I H B I'' TaK11e l!TO : 

I''I = {xEEn!x = i·a1 +a, iEZ, aEI'Li} 

I'= {xEEn!x = i·b1+b, iEZ, bEI'n-1}. 

nYCTh ,QaJiee f 1 MlifHMMaJibHOe TaI<Oe lllifCJIO. 

Tome caMaH nOJIYlll1M not1,peweTKl1 I'n_ 2 cI'L2 !if I'n-2 cI'n-1, BeKTOpbI 

a2EI'L1, b2EI'n-I 11 M11HMMaJibHOe lll1CJIO f2(r2a2 = b2)1 r)l.e HeTpYtl,HO BH­
tJ,eTb lJTO 

f1!'2· 

TaK IlOJIYlJ.HM 6a3HC {au a2, . . . ' an} B I'll 11 6a311C {bl = r 1a1' h2 = r za21 
... , bn = rnan} B r rtJ,e r1!r2I ·. · ''n· Cpe)l.11 lllifCeJI '11 '2· ... ' rn MOrYT 
6b!Th HeKOTOpb!e paBHb!Mbl etJ,HHHQe, T . e. Hanp11Mep f1 =f2= ... =fn-q= I. 
Ho TOr)l.a CMe)l(HbJe KJiaCCbl {an-q+i}. {an-q+2} •.. ., {an} o6pa3YIOT KaHOH!if­

lleCKHH 6a3HC B cpaKTOprpynne I''l/I', H no3TOMY lJHCJia '11 '2· ... 'rn Otl,H03-
Hal1Hhle. 



Pa3Mep­
HOCTh 

n 

2 

3 

4 

5 

6 

7 

8 

0 L{EHTPHPOB!-{E PEW~TO!-{ 

Ta61zuqa I . 

YHCJJO 

Hee1<BHBaneHTHblX HeH30MOp!j>HblX 

11onYCTllMhlX 1.1eHTpHpoeo1< napannenenHne11a 
MHHHM..YMOB 

1 I 1 

1 1 

2 2 

3 2 

6 4 

14 6 

42* 11 

* 3TH 11aHHb1e Mht nonY•mnH no coolSmeHHto H. B. 3AXAPOBA e PeifjepamueHOM 
:xcypHa/le (1982/1. ; I A828,l].En), r11e H3XOJ1HTCJ'I 11ononHeHHe pe3Y maTos [ 4) (T. e. eme 
TPH 11onYCTHMhtx 1.1e1npHpoB1<1i 8-MepHbtX pewern1<). 

1 

2 

3 

4 = 2·2 

4 

5 

6 

8= 
=2·2·2 

8 = 4·2 

9 = 3. 3 

16 = 
=2·2·2·2 

Mm1HManhHaJ'I 6a3a 
(m-1<panrnH) 

(00000000) 

(11110000) 

(11111100) 

(11110000) 
(00111100) 

(11111120) 

(11111122) 

(11122223) 

(11110000) 
(11001100) 
(01011010) 

(11111120) 
(00022222) 

(11111100) 
(00221111) 

(11110000) 
(11001100) 
( JOlOIOJO) 
(01101001) 

-

2 
----

3 

2 

4 

5 ---··-----
6 

2 

----

4 
---- ---

3 
- - --· ----

I 2 

I 

Ta611uqa II. 

Pa3Mep- HoMepa H30MOPQJHblX . 
HOCTb QeHTpHpOBOI< 
n~ B T30J1Hl.le I. B (4] 

2 1 

4 2-4, 6, 10 
----

6 19-21 

6 5,7-9, 11-14 
- -----

7 23-30 

8 31-33 
----

8 34-39 
~------

7 15-17 

------· 

8 40-42* 

8 22 
-----

8 18 

171 
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Ta1<HM o6pa30M neMMa .a.01<a3atta. 

3AME4AHHE. nocKOJibKY perneTKa I'fJ CB060,!1,HbIH MO,!J,YJlb Ha.Q KOJibQOM 
QeJibIX q11ce11 H r ero no.a.Mo,!J,YJib, TaK ttarna neMMa nepeH3JIO)l(em1e ocHos­
HOH TeopeMbl CB060,nHblX MO,QYJieH (CM. ttanpHMep B KHHre JlEHrA [5], B 
rnase XV., Ha cTp. 440.). 

J13 JleMMbI 5. ttenocpe.a.crnetttto cne.a.YeT cne,nYJOl.I.la.H sa)KttaH TeopeMa: 

TEoPEMA 2. /(ee qettmpupoeKu coomeemcmee1mo n-MepH&lX napa1uzeA­
enuneiJ08 Il1 - B pewemKe I'1 , u II2 - e pewemKe r 2 uJoMop<jHbze mo2oa 
u moAbKO mo2oa, ec;zu MO:>ICHO Bbz6pam& 6a3UCbt e pewem«ax I'1 u I'2 , omHo­
cumeA&HO «omopbtX o6e qeHmpupoeKu 3aoa10mrn oiJHUM u meM me MIW­
:»eecmeoM onpeiJeARIOUJUX ee«mopoe. 

3AME4AHHE. no YTBep)K,neHMIO TeopeMbl 2. MO)KHO rosopHTb 0 QeHTpH­
pOBKaX perneTOK, IlOCKOJlbKY H30MOpcpHbie QeHTpHpOBKH TOqHo Te, KOTOpbie 
IlOJIYqaJQTC51 OTHOCHTeJibHO pa3JIHqHbIX 6a3MCOB 0,[{HOH perni!TKH. 

TEOPEMA 3. lJUCAO HeU30MO<jHblX oonycmuMblX lJeHmpupOBOK napaAAeA­
enuneiJa MUHUMYMOB npu n = 2, 3, 4, 5, 6, 7, 8 paBHO coomeecmeeHHO 1, 1, 
2, 2, 4, 6, 11. 

,UoKA3ATEJ1bCTBo. Yrnep)K,nettHe TeopeMbI BH.ll.HO H3 rn6m1QH 11., B 
KOTOpOH .n:aeTC51 HeH30MOpcpttbie .ll.OilYCTHMbie QeHTpHpOBKH napannene­
nHne.n:a MHHHMYMOB npH n :§. 8. Ta6JIHQY 11. COCTaBHJIH no onpeJJ,enemuo 
HeH30MOpcpHblX QeHTpHpOBOK H no Ta6JIHQe I. 113 [4]. 

JlHTepaTypa 

[1] ~EJlOHE E. H., <l>A.D..D.EEB ~. I{. : Teopm1 HppauHoHaJihHOCTdi TpeTei1 CTeneHhl, 
Tpyobl MHAH CCCP, 11 (1940), 63-69. 

[2] HoFFREITER N.: Zur Geometrie der Zahlen, Monatsh. Math. Phys., 40 (1933), 181-
192. 

[3] PbllltKOB c. c. : I{ npo6JieMe OTblCKaHH.51 coseprneHHbIX KBa,npaTH'IHblX <jlopM OT 
MHomx nepeMeHHhIX, Tpyobl MHAH CCCP, (1976), 142 215-239. 

[4} 3AXAPOBA H. B. : UeHTpHpoBKH 8-MepHbIX perneTOK, coxpaH.5!10LUHe penep no­
cne.nosaTeJibHhlX MHHHMqMoB, Tpyobz MHAH CCCP, 152 (1980), 97 -123. 

[5] JlEHr C.: A.11ze6pa, l1a,naTeJibCTBo «MHp» MoCKsa 1968, {Addison - Wesley Publi­
shing Company; Reading, Mass., 1965.) 



AUSFOLLUNG UND OBERDECKUNG DER EBENE DURCH KREISE 

Von 

A. BEZDEK 

Mathematisches lnstitut der Ungarischen Akademie der Wissenschaften, 
Budapest 

(Eingegangen am 28. Juli 1983) 

Betrachten wir eine unendliche Folge von Kreisen k11 k2, ••• , deren 
Halbmesser von oben beschrankt sind, und deren Gesamtflacheninhalt unen­
dlich ist. L. FEJES T6TH [I] hat die Packungswirtschaftlichkeit w einer 

n 

L,ki 
Kreisfolge mit Jim i=I - wo Tn das kleinstmogliche einem vorgegebenen 

Tn 
konvex~n Gebiet anliche Gebiet ist, in dem die ersten n Kreise ohne gegen 
seitige Uberdeckung eingelagert werden konnen - eingefilhrt. Der Wesen des 
Unterschiedes zwischen der Dichte d der Dichtesten Packung der Kreise 
[2] die zu der Folge von Kreisen gehoren, und w besteht darin, daB w von 
der Reihenfolge der Kreise abhangt, aber d nicht. Es liiBt sich zeigen, daB 
besteht die Kreisfolge aus kongruenten Kreisen, so gilt w = d. In ahnlicher 
Weise konnen wir die Deckungswirtschaftlichkeit der Kreisfolge definieren. 

L. FEJES Torn hat gezeigt [3], daB 

1 •112-n M(kv ··.,kn) 
-~ 1 + r 113 • 

w n M 1(k1, .. ., kn) 

Hier bedeutet Ma.(k11 ••• , kn) das cx-te Potenzmittel der Fliicheninhalte der 
ersten n Kreise. Hieraus folgt, ist 

dann w~ 1. Das ist der Fall, wenn z.B. die Halbmesser der Kreise der f olge 
1-a, 2-°', ... , n-a., ... sind wo O<cx< I ist. Trotzdem - wie wires jetzt 
zeigen werden - liiBt sich die Ebene mit der Dichte 1 ausfilllen. 
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SATZ 1. Wenn die aus den Halbmessern der Kreisfolge k11 ••. , kn, ... be--stehende Zahlenfolge r1 , r2 , ••• den Voraussetzungen L: rf = oo und _Jim r; = 0 
1 l-+-~ 

geniigt, so ltif3t sich die Ebene mit den Kreisen k11 ••• , kn, ... mit der Dichte 
I ausfiillen. 

BEWEIS. Im folgenden werden wir die Kreise mit ihren Halbmessern 
bezeichnen. Wir beweisen erst folgenden spater zu verwendenden Hilfsatz. 

H1LFSATZ l. Wir geben ein V{!rfahren, wie wir ein beliebig gewahltes 
Quadrat A1B1CD mit einer endlichen Anzahl der Kreise der Kreisfolge mit 

der Dichte groBer als __!__ ausftillen konnen. 
8 

Zuerst numerieren wir die Kreise so, daB die Halbmesser eine abneh-

mende Zahlenfolge bilden. Es gibt ein natilrliches i1 so, daB r;1 <~ ist. Die 
8 

Kreise werden nach folgender Vorschrift in den Zonen eingebettet (Fig. I): 
r;1 wird der erste Kreis der ersten Zone, A1B1 wird die obere Randstrecke der 
ersten Zone sein. 

Wenn im allgemeinen der erste Kreis r;n und die obere Randstrecke 
AnBn der n-ten Zone vorgegeben ist, wahlen wir und fiillen wir die n-te Zone 
folgenderweise aus: Der Kreis r;n soil die Gerade A 1 D und AnBn beriihren. 
Es schneide die Stiltzgerade von r; , welche mit AnBn parallel und von ihr 
verschieden ist, die Gerade A 1D und B 1C in den Punkte An+i bzw. Bn+i· 
Die Strecke An+t Bn+i wird die obere Randstrecke der n+ I-ten Zone sein. 
Das Rechteck AnBnBn+iAn+i nennen wir die n-te Zone und wir bezeichnen 
ihren Flacheninhalt mit Sn. Die nach dem Kreis r; folgenden Kreise der 
Kreisfolge legen wir sukzessiv so, daB jeder Kreis d~n vorhergehenden be­
ri.ihre, und die Mittelpunkte auf der mit AnBn parallelen Symmetrieachse 
der n-ten Zone liegen. Der erste Kreis r; +i' der sich so in der n-ten Zone 
nicht einladen IaBt, wird der erste Kreis d~r n+ I-ten Zone sein. 

Der Gesamtflacheninhalt der Kreise, die in der n-ten Zone eingelagert 
werden, ist groBer als die Halfte vom Flacheninhalt der n + I-ten Zone, da 

in+L:i-1 2 inL:+1-I ( a) Sn+l r.n > r. 2r.>r. a- - >--
. • J •n+1 . . J •n+I 4 4 J=ln J=ln 

- -
ist. Da L: r~ = 00 , gilt L: Sn = oo. Es sei N die kleinstmogliche ganze 

i=i1 n= I 

Zahl, fiir die ~ Sn;z,:: l_ a2 ist. Da die Breite der Zonen abnimmt und 2r;1 <_!_a 
n=l 4 4 

ist, sind die ersten N Zonen im Quadrat enthalten. Das bedeutet, daB der 
Gesamtflacheninhalt der Kreise, die in den ersten N - I Zonen eingelagert 
werden, das Achtel von Flacheninhalt des Quad rates i.iberschreitet. Wir wen­
d en uns nun dem konstruktiven Beweis des Satzes zu. 
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Betrachten wir eine um einen festen Ursprungspunkt 0 geschlagene 
Kreisfolge, deren Halbmesser (211- I) r1 ; 11 = I, 2, ... sind (Fig. 2). Den 
Kreis r1 selbst nennen wir den 0-ten Kreisring, und den von den Kreisen 
(2n- I )rv (211 + I )r1 begrenzten Kreisring nennen wir den 11-ten Kreisring. 
Die Kreise werden nach folgendem Verfahren eingelagert werden. 

a 

a 

Fig. 1. 

Legen wir den Kreis r1 in den 0-ten Kreisring. 
Nach der Ausfiillung der ersten i Kreisringe fiillen wir den i + I-ten 

Kreisring mit einer endlichen Anzahl der Kreisen aus so, daB die Dichte im 

i +I-ten Kreisring gr6Ber als (I-~) ist: Wir legen als erstes den Kreis 
l +I 

r;+i in den Kreisring, wenn er friiher nicht gebraucht wurde. 
Wahlen wir jetzt ein Quadratnetz. Wir betrachten jetzt den Gesamt­

flacheninhalt aller solcher Quad rate, die ganz im i + 1-ten Kreisring liegen 
und die eingelagerten Kreise nicht schneiden. Wir wahlen die Abstande des 
Geraden des Quadratnetzes so klein, daB dieser Gesamtflacheninhalt gr6Ber 
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als der halbe Fllicheninhalt der Restflache des Kreisringes nach dem Her­
ausnehmen der Kreise ist. (Da nur eine endliche Anzahl von Kreise im 
i +I-ten Kreisring liegt, ist das moglich.) Unter Berilcksichtigung des Hilf-

satzes 1 ist es moglich, diese Quadrate nacheinander mit der Dichte _!__ aus-
8 

zufilllen. 

v 
/ 

Fig. 2. 

Dies bedeutet, daB das von den Kreisen freigelassene Teilgebiet auf 

das 2-tache zurilckgeht. Hieraus folgt unmittelbar, daB nach einer end lichen 
8 

Anzahl von Wiederholung unseres Verfahren die Dichte im Kreisring groBer 

als (1-~-) ist. 
z+ I 

jetzt werden wir einen analogen Satz filr die Oberdeckung beweisen. 

SATZ 2. Wenn die aus den Halbmessern der Kreisfolge k11 ••• bestehende 
~ 

Zahlenfolge rv r2, • • • den Voraussetzungen L; r7 = = und _lim ri = 0 geniigt 
i=l i-.~ 

so lti.f3t sich die Ebene mit den Kreisen k1 .•. , mit der Dichte I iiberdecken. 
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Der Beweis des Satzes 2 beruht ahnlich wie der von Satz 1 auf einem 
Hilfsatz. 

HILFSATZ 2. Wir geben ein Verfahren, wie wir ein beliebig gewahltes 
Quadrat durch eine endliche Anzahl Kreise der Kreisfolge mit einer Dichte 
kleiner als 8 iiberdecken konnen. 

Es sei die Kreisfolge wieder so numeriert, daB die Halbmesser eine 
abnehmende Zahlenfolge bilden. Wir bezeichnen die Seite des zu iiber-
deckenden Quadrates mit b. Fullen wir das Quadrat, dessen Seite a = 2y'2b 
ist, nach dem Verfahren des Hilfsatzes I aus. Es seien die Breiten der Zonen 

2riv ... , 2riN_
1

• Ein Rechteck, das ;
2 

rin+i breit und b Jang ist, JaBt sich 

durch die in der n-ten Zone liegenden Kreise iiberdecken. Dies folgt unmit­
telbar daraus, daB jeder Kreis r; ein in ihn einbeschreibenes Quadrat mit 

der Seite :z r; iiberdeckt und jeder Kreis groBer als rin+i ist. Da N so ge-

wahlt war, daB i; 2rin >!!_ = y2b ist, ist es moglich das Quadrat mit der 
n=2 2 

Seite b durch die in den ersten N- 1-ten Zonen liegenden Kreise zu iiber­
decken. Natiirlich ist der Gesamtflacheninhalt dieser Kreise < a2 = 8b2 , 

und die Dichte ist so < 8. Mit Hilfe der Konstruktion des Satzes I ist der 
Beweis des Satzes 2 sehr einfach. Natiirlich ist es genug zu zeigen, daB der 
11-te Kreisring sich durch Kreise endlicher Anzahl und mit einer Dichte klei-

ner als ( 1 +~ J iiberdecken JaBt. 

aus. 

Erst fiillen wir den n-ten Kreisring mit einer Dichte groBer als (1--1-) 
15n 

Wahlen wir einen Quadratnetz so, daB der doppelte Flacheninhalt des 
ausserhalb der Kreise liegenden Teilgebietes von n-ten Kreisring groBer 
ist als der Gesamtflacheninhalt der Quadrate des Quadratnetzes, die mit dem 
ausserhalb der Kreise Iiegenden Teilgebiet gemeinsame Punkte haben. 

Wir iiberdecken die Quadrate, mit Hilfe des Hilfsatzes 2, nacheinander. 

Die Dichte im n-ten Kreisring ist < ( I - -
1
-) 1 + ~ · 8 = 1 + __!___ 

15n 15n n 
Damit ist unser Beweis beendet. 
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l.(EHTPMPOBl{M PEllIETOI{ CO 3HAMEHATEJIEM 2, 
IlPM n~lO 

30JlT AH MAVIOP 

l{acpe.npa Ha'lepTaTeJlhHOll H Dpoe!{THBHOH reoMeTpHH YHHBepC!iTeTa HM. JI. 3rnerna, 
BY,nanewT 

( nocmynuAo 9. 9 . 1983) 

PaccMOTpJilM B n-MepHOM esKJIJilBOAOM npocTpaHCTBe En n-peweTKY 
I'l.J, KOTOpaH COAep)J<JilTb KY6Jill-IeCKYI-O n-peweTKJil I'., T. e. 

I',CI''1, 
npJill-IeM IlYCTb 

min I',= minI'IJ = I. 

fOBOpHT, t.ITO perneTKa I'l.J OOJIYl!aeTCH ,AOOYCTHMOM QeHTpHpOBKOM pernemH 
r,. 

TIYCTb s = {ev e2 , ••. , en} n-MepHbii1 penep, T. e. CIICTeM.a n npoII3-
BOJibHhIX JIHHeHHO He3aBJilCHMbIX BeKTOpOB c o6ll.V1M HallaJIOM, Ha KOTOpOM 
nocTpOeH OCHOBHbIM KY6 II, T. e. O,AJilH 113 OCHOBHblX napannenemme.QOB -
KY6HlleCKOH peweTKJil r,. CJi!CTeMa s HBJIHeTCH 6a3HCOM perneTKH I',. 1'fa­
seCTHO [3], l!TO see KOOp,AJilHaTbl BeKTOpOB perneTKH I'l.J OTHOCHTeJibHO 6a3HCa 
s, CYTh paQHOHaJibHbie l!JilCJia. EcJIH Ha11MeHbrn11i1 06rn11l1 3HaMeHaTeJib 3THX 
paQJilOHaJihHhlX l!HCeJI He npeBOCXO,AHT 2 - Ji! perneTKH I', H I'll pa3JIHl!Hh!e 

- ' TO Mhl rosopHM 0 QeHTpJilpOBKe co 3HaMeHaTeJieM 2. 
B 1-1acTOHil{ei1 3aMeTKe BhIBeAeHhI np11 n ~ IO see He3KB11saneHTHh1e H 

HeH30Mop¢Hhie ,AOOYCTHMhie QeHTp11pOBKH OCHOBHOfO KY6a KY6Hl!HOH 

perneTKH co 3HaMeHaTeJieM 2. 
B pa6oTe H. B. 3AxAPosoA [ 4] AOKa3aHo, l!To ecJIH AOOYCTHMaH 

l.{eHTpHpOBKa napaJIJieJien11ne)l:a MHHHMYMOB co 3Hall\eHaTeJieM 2 CYil{eCT­

syeT, TO OHa JilMeeT MeCTO no I<pal1HeH Mepe AJIH KY6Hl!eCKOH perneTKH. B 
pa6oTe C. C. PhIWKOBA [3] AOKa3aHo, l!TO Ka)J<AaH AOOYCTHMaH l.{eHTp11-

poBKa npOJi13BOJlbHOH perneTKH, T. e. l.{eHTpHpOBJ{a coxpaHHil{aH penep 
nocJie,AOBaTeJibHhlX MHHHMYMOB' 3KBHBaJieHTHa AOOYCTJilMOH QeHTPJilPOBKe 

napannenenJilne,Aa MJilHHMYMOB . 0TCIO,Aa CJJe,AYeT, l!TO B HaCTOHil{eiI 3a­

MeTKe BhIBej{eHbl npw n ~IO H BCe HeH30MOpqJHbie H He3KBJ1BaJieHTHbie 
i:i;onYCTHMhie QeHTpJ11pOBKH n-peweroK, coxpaHHI-Oll{He penep nocnei:i;osa­

TeJibHhIX MMHHMYMOB co 3HaMeHaTeJieM 2 (B l!aCTHOCTM CM. B 3). 

12* 
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B pa6oTax C. C. PhIWKOBA [3] 11 H. B. 3AxAPoBon [ 4] Y)f(e 6wrn 

Bb!Be,a:eHbl np11 n :§ 7 11 np11 n = 8 nee He3KBl1BaJleHTHbie )l;OTIYCTl1Mb!e l.(eH­

Tp11pOBKl1 coxpaH5IIO!l.(11e penep TIOCJie,a:oBaTeJibHb!X MI1H11MYMOB. 

B HaCT05Ill.(eti 3aMern:e Mb! AOKa:»<:eM HeCKOJibKO HOBbIX JieMM 11 HaWH 

pe3YJibTaTbI TIOJIYqaeM - np11 n :§ 1- - c TIOMQ!l.(q]{) nepcoHaJibHOro KOM­

TIJDTepa. 

1. Onpe~eJieuua u 0003uaqeuua 

DYCTb B n-MepHoM eBKJIHAOBOM npoCTpaHcTBe En 3a,a:aH c11cTeMa n 
npOI13BOJibHblX J111HeHHO He3aBI1Cl1MbIX BeKTOpOB, c 06Il.(i1M, HaqaJIOM: 

e = {e1, e2, ... ' en}· 

00CMOTp11M )];Ba MHO}KeCTBa : 
n 

r. = {xEEnlx = L;x;e;i X; l.(eJioe q11CJ10}, 
i=l 

n 

II,= {xEEnlx = L;x;e;, 0:2X;< I}. 
i=l 

I', Ha3hlBaeTC5I n-pememKoii, penep e 6GJUCO;W I'., 11 ITOJIYOTKpb!TbIH napa­

JIJieJien11ne,a: II., nocTpoeHHbIH Ha 6a311ce e, Ha3hrnaeTcri OCHOBHbtAt napaJ11zeJ1-
enuneaoM perneTK11 r .. 

MHO}Kecrno 

S, = I'lJnII, = {a11 a2, ... ,ap} 

Ha3hrnaeTcri qmmpupoeKoi'i., ecJIH I''! TaK}Ke n-perneTKa, 11 np11qeM 

I',CI'IJ. 

BeKTOpbI MHO)f(ecrna S, Ha3blBaJDTC5I onpeiJe!lHIOUJUAtU eeKmopaMu l.(eHTp11-

poBK11, r,a:e CaMl1 BeKTOpbl al> a2, ... ' ap 3a,a:aJDTC5I KOOp,a:11HaTHbIMH CTpo­
KaMH OTHOCHTeJibHO 6a311ca e : 

( 
zf zr z7) a;=-,-, ... ,-' 
mi m; m; 

i = I, 2, ... , p - I, 

AaJiee, 

aP = (0, O, ... , 0). 

411CJIO 

m = [m11 m2, ... , mP_i] 

Ha3brnaeTcri 3HGAte1-rnmeJ1eAt l.(eHTp11poBK11, r,a:e m 1 3HaMeHaTeJib onpe,a:eJiriJD­

Il.(ero BeKTOpa a; 11 m 5IBJI5IeTC5I HaHMeHllll1M 06Il.(HM 3HaMeHaTeJieM 3HaMe­
HaTeneti m;. 
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YttcJio p Ha3bIBaeTC51 uHiJeKCOM QeHTpHpOBKH, p HaTYpaJibHoe lfHCJio, 

qHCJIO onpe.D;eJI51IOI1{HX BeKTOpOB . Ll,eJIOlfHCJieHHa51 MarpHQa: 

s = un = 
I 2 

lp-1 lp-1 

0 0 

Ha3bIBaeTC51 Mampuqoii l.{eHTpHpOBKH. 

MO)f(HO pacc111.arp1rnarb Qia1<:roprpYnnY : 

I'll /I'. 

l~-1 
0 

IlOCKOJlhKY pewfaKH I'll H I', OTHOCHTeJlbHO CJIO>KeHJ1!0 BeKTOpOB o6pa3YIOT 

6ecKoHeqHhie A6e11eBb1-rpYnnb1. 3ry cpa1<:roprpYnnY 6YAeM Ha3hIBaTh 2pyn­
not1 l.{eHrpttpOBKH. 3ra cpaKroprpYnna 51BJI51errn KOHelfHOi1: A6eneaoi1:-rpYn­

noi1: p-roro nop51AKa, rAe p HHAeKC l.{eHTpttpOBKH. 06o3HalfHJ\1 CMe>KHh!H 
KJiacc COAep>KaIOil{HH BeKTOp a peweTKH I"J, qepe3 {a}. ¥13BeCTHO, lfTO 
scerAa CYil{eCTBYeT 6a3HC B rpYnne I''l /I'., COCT05111{11H H3 MHHHMaJihHOfO 
qHcJia 3JieMeHTOB: 

fAe Cv Cz ' .•. ' Cq CYTb onpeAeJI511011{11e BeKTOpbI 3THX CMe>KHhIX KJiaCCOB. 
MHO)f(ecrno onpe,neJI51IOil{HX seKropoa : 

{c1, c2, ••• , Cq} 

6YAeM Ha3hIBaTh MHHHMaJihHOH 6a3oi1: l.{eHTpHpOBKH. 
QqeBHAHO, lfTO QeHTpHpOBKa 6YAeT TIOJibHOCTbIO 3a,naHa, eCJIH 3aAaTh 

BeKTOpbl MHHHMaJibHOH 6a3bl . 
.IJ.se QeHrp11poBK11 cooraecrBeHHO n-MepHbIX napam1e11emmeAOB ll,1 

- B peilleTKe I',1 H ll,2 - B peweTKC I',2 6YAeM Ha3bIBaTh 3K8UBGAeHmHblMbt, 

ecJrn CY>KeCTBYIOT TaK!1e 6a3HCbl ef H et B peweTKaX, AJI51 KOTOpblX HMeer 

MeCTO: 

I. ef C ± e1 e~C ± e2, 

2. s,1• = s.2., 

T. e. ec1111 eEet, TO eEe;, mm -eEe;, i = I, 2, H OTHOCHTeJibHO KOTOpbIX 
o6e l.{eHTpHpOBKH 3aAa!OTC51 0,l{HHM H TeM >Ke MHO>KeCTBOM onpe,n:eJI51!011{11X 

BeKTOpOB • 
.II.Be QeHTpHpOBKH Ha3b!Ba!OTC51 U30MOp<jjHblMU' ec1111 HX rpYTITibl 51BJI51-

IOTC51 1130MOpcpHbIM11. 
CTYCTb AaJiee I' TaKa51 pellieTKa, B KOTOpoi1: CYil{eCTBYeT MUHUA-taAbHblU 

6a3MC c, T. e. Be1<ropbl ei (} = 1, 2, . .. ' n) 6a311ca e TIBJI51IOTC51 Ml1H11MaJih­

HhlMH BeKTOpaMH perneTKH, npHqeM.: 

le;!= I i = 1,2, .. . ,n. 
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UeHTpHpOBKa s. napaJIJie.Jiemme,L(a II. Ha3bIBaeTCH oonycmu,woii ecm1 

min I'll = min I', = I 

T. e. ,L\JIHHbl BeKTOpOB perneTKH I'll He MeHbille I. JJ:onYCTHMaH QeHrp11pOBKa 

s. Ha3bIBaeTCH ceo6ooHOii' eCJUI napaMeTpbl perneTKl1 r, MO)!(HO Bbi6paTb 
TaK11Ml1, l!TO cpe,L\11 BeKTOpOB perneTKI1 I'll He 6Y,L\eT ,npyrnx M11Hl1MaJibHhIX 

BeKTOpOB, KpOMe Ml1HI1M3JibHblX BeI<TOpOB perneTKl1 I', 11 CaM perneTKa I', 
6Y)ler o6na)larh JII1lllh OJJ.HHM napa,rrnenerrnneJJ.Oll'l MHHMMYMOB. B npor11BHOM 

CJIY'.Jae ,L\ODYCT11M3H QeI-ITpHpOBKa H33hIBaeTCH Heceo6oaHOii. 

2. Hecl(OJihl<O neMM 

BCIOJl.Y HY)!(e Mb! 6Y,L\eM paccMaTpi-rnaTb TOJibKO KY611qecKYIO perneTKl1, 

T. e. 
e; · e j = 0 np11 i r0 j, 

e;·ej=l np11 i,j=l,2, .. .,n, 

H TIYCTb 3HaMeHaTeJib QeHTp11pOBK11 m = 2. 

JlEMMA J. nYCTh p-11HJl,eKC QeHTpHpOBI<H , 11 q-ql1CJIO BeKTOpOB Ml1Hl1-
M3JibHOM 6a3hl. Tor.ua 11Meer MeCTo paaettcTBO 

p = 2q. 

IlEMMA 2. UeHTp11poa1<a S, .uonYCTl1MaH Tor.ua 11 TOJihKO ror.ua, ecJIH 
CYMMa 3JieMeHTOB B nepBhlX CTpOKax MaTp11Qhl s He MeHbllle 4: 

n 
(I) ~1{'?!:4, i = I, 2, .. ., p-1. 

j=I 

JlEMMA 3. Ecn11 B (I) 11MeeT MeCTo 3HaK ttepaBeHCTBa np11 i = I, 2 , ... , 
p- 1, TO QeHTp11pOBKa 1-1ecao60J1,HaH. 

3TH JieMMbl CJieJl,YIOT 113 JleMMax 6. 11 9. B [4J. 

JlEMMA 4. JJ:ae QeHTp11pOBKl1 HBJIHIOTCH 3KB11BaJieHTHhlMl1, eCJIH HX 
MaTpHUhl M0)!(!-10 nepeaecrn .UpYr B .UpYra nepecTaHOBKOM HX CTpOK 11JIH 
CTOJI6QOB Me)!(,UY co6ott. 

JJ:oKA3ATEJ1bCTBO. noCKOJibKY m = 2, YTBep>1<JI,eHtte JieMMhl HenocpeJJ.­
CTBeHHO CJJeJl,YeT H3 onpeJ1,eJieHHH 3KB11BaJieHTHOCTH. 

JlEMMA 5. Ecm1 qttcJio 3JieMeHTOB MimttMaJibHOtt 6a3hI QeHTpttpOBKH 

q = I 11n11 q = 2, TO JJ.Be ueHrp11poBKH 3KB11aaneHTHhI rorJJ.a 11 TOJihKO 
TOrJl,a KOrJl,a MHO)l<eCTBO qHceJI 

L~ l{I i = 1, 2, . . . 'p- I} 

OJI.llH H TOT )!(e B M3Tp11Qax ueHTpHpOBOK. 
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.[loI<A3ATEnbcTso. Ecm1 q = 1, TO JJeMMa TpHBHaJJhHa. EcnH q = 2, 
TO JJeMMa CJle.D,YeT l13 TOro, l!TO KOOp.!1,HHaTbl BeI<TOpOB MHHHMaJlhHOH 6a3bl 

nOJihHOCThlO onpe.D,eJJ5IIOT l!HCJIO ~eHYJieBhlX KOOptJ:HHaT OCTaJihHhlX onpe­
.l(eJl5IIOl.l{HX BeKTOpOB. 

JlEMMA 6. ,[lBe QeHTpHpOBKH 5IBJI5IlOTCH H30MOpcpHb!Ml1 TOr.D,a l1 TOJihKO 
TOr.D,a, KOr.D,a HX 11H.D,eKCbl paBHhl. 

.rloI<A3ATEJibCTBO. 3Ta JJeMJl-la CJJe;weT 113 JleMMbl 1. H l13 onpe.D,eJJeHHH 
l130MOpcpHbIX ueHTpHpOBOK. 

IlEMMA 7. 0603HatIHM t1epe3 Sn, p n-MepHYIO .ll,OCTYCTHMYIO ueHTpH­
pOBKY, r.D,e n > I, p > 2 H 

p == 2q 

(3HaMeHaTeJJh m = 2, l!HCJJO BeKTopoB MHHl1MaJihHoti 6a3bI q). Tor.ua 
CYl.l{eCTBYeT ueHTpHpOBKa Sn', p•, r.D,e 

n*<f!n-1, p* = 2q-1 

.[loI<A3ATEJibCTBO. PaCCMOTp11M MaTpHQY s ueHTp11pOBKl1 Sn, p• 3ne­
MeHTbl ee paBHbl 0 H 1, a B nocne.D,HOH CTpoKe CT051T 0 . .[loKa)!{eM, llTO BO 
acex cTpoKax 3TOi1 MaTpttu11 tIHCJJO 3JieMeHTOB I, TaK H ll11c110 311eMeHTOB 0, 
paBHO p/2. OTMeTHM, noCKOJihKY 3TO OY.D,eT Ba:>KHO a .D,aJihHei1meM, llTO 
CTpOKH MaTp11u11 S o6pa3YIOT KOHetIHYIO A6enesY-rpYnnY p = 2q-rnro 
nop51.llI<a, OTHOCl1TeJibHO CJIO)KeHHIO MOJI: 2 CTPOKOB • .[l.oKa)!{eM YTBep)I{.l(eHHe 
11H.ll,YKU11etf no q. npH q = 1 YTBep)I{.!1,eH11e Tp11Bi1aJibHO. npe.l(CTOJIO)I{HM 
YTBCp)!{.D,em1e cnpaB.D,JIHBbIM np11 HCKOTOpOM HaTYpaJJbHOM llHCJJe q- 1, 11 
noKa)!{eM llTO HMeeT MeCTo 11 npH q. ,D.eikTBHTeJibHO, cpeJI:H CTpOK MaTpHUbl 
s HaXOJI:HTCH q, KOTOpbIC o6pa3YIOT MHHHMaJJbHYIO 6a3Y BhJUJe YKa3aHHOi1 
A6enesoi1-rpYnnhI, no3TOMY OHH OJI:H03HatIHO onpe.D,eJIHIOT ocraJihHbie 

CTpOKH MaTpl1Q11. 0603Hal!HM qepe3 S* MaTpHQY' KOTOpYIO Mb! TIOJIYl!l1M 
113 CTpoK S, KOTOph1e onpe.D,eJJHIOT nepab1e q- I seI<TOphI MHHHMaJJhHOi1 
6a3bI. MaTpHUY S MhI 11-to)I{eM noJIYlll1Th 113 CTpOK MaTp11QhI S* co CJIO)l{e­

HHeM MO.ll, 2 CTpOK S* l1 q-rnro aeKTopa Ml1Hl1MaJihHOH 6a3hJ. TaKHM o6pa-

30M B Ka)l\.ll,OH CTOJIOQe MaTpHUhl s 11 l!HCJIO e.D,11Hl1U OYJI:eT paBHO l!l1CJIY 

HYJieH, 11MCHHO 2(p/4) = p/2. Yrnep)KJI:eH11e j.lOKa3aHO. 

TioCMOTp11M JJ,aJiee Hanp11Mep nepBb!H CTOJ16eu MaTp11u11 s, 11 TIOCMOT­

pHM MaTp11UY S'' KOTOpb!H TIOJIYtiaeTC51 113 Tex CTpOK MaTp11u11 s B KOTOpb!X 

a nepBhIM cTon6ue cT011T 0. 0Tc10.ua Y)!{e nerno s11,UeTh, l!TO MaTpHua S' 
HBJJHercH Marp11ueti ueHrpHpOBKH Sn*, p•, B KOTopoi1 onpe.D,eJIHJOI.l.{11e crpoK11 
51BJIHIOTCH n*~n-1 MepHhlMH, 11 lll1CJIO 11X paBHO p* = p/2 = 2q-l H OHl1 

o6pa3YJOT 6ecKOHetIHYJO A6eneBY-rpYnnY p*-Toro nopHAKa. 

TaKHM o6pa30M neMMa JI:OKa3aHa. 

3AME4AHHE. AHanornl!HYIO JieMMY MO)l<HO J{OI<a3arb np11 m > 2, ec1111 

3HaMeHaTeJih ueHTpHpOB!<H m, npocroe lll1CJIO, TOJlhKO B 3TOM CJIYttae B 
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JieM.Me BhinOJJhH5IeTrn paBeHCTBO p* = mq-l, 11 ,ll,OJ<a3aTeJibCTBO TO)!{e aHa­

nornqHo. 

JlEMMA 8. CTYCTb 

q = max{qJSn, 2q .11.orrYCTHMaH ueHTp11poBKa}. 

Tor.11.a 11MeeT MecTO : 

,Uol{A3ATEJJbCTBO. J1eBa5I l!aCTh oqeBH,ll,HO. CTpaBa5I tiaCTb Herrpocpe,ll,­

CTBeHHO cne:.weT 113 JleMMbl 7. 

3. Am<a3aTeJihCTBo TeopeM 

B 3TOM rraparpacpe 6Y.11.eM .11.0Ka3aTh CJie.D.YJOW.YJO TeopeMY: 

TEoPEMA I. qucAa iJonycmuMbtX meKeueaAammbtX LJemnpupoeoK co 
3H.aMeHameAeM 2 OCH.06H.OCO Ky6a Ky6w.zeCKOU pewemKU npu n ~ I 0 H.aXOOflnlCfl 
6 2-oM cmpoKe Ta6AULJU /., (c1mmaR u mpueuaJ1bHy10) u3 Hux l.{UC!lO ceo6oa­
HbtX u l.{UCAO mc6o6oiJHbtX HaxoiJRmrn 6 3-eM u 4-oM cmpoKe Ta6AUlJU I., u 
l.{UCAG aonycmUMblX HeU30MOpcfiHblX lJeHmpup060K CO 31-iaAtef!ame!leM 2 OCH06-
HOZO Ky6a Ky6ul.{eCTCoii pewemKu HaxoiJRmrn e 5-oM cmpoKe Ta6J11111u I. 
CaMbI tteeKeueaAeHmHbte u Heu3oMoprjjHbte LJenmpupo6KU HaxoaRmCfl B ma6Au­
qax I I - IV. u 6 ma61mqe V. 

3AME4AHHE. H. B. 3AXAPOBA .D.OI<a3ana cne.11.YJOW.YJO JJe.MMY (3TO 
cne.11.YeT 113 J1e~1Mb1 9 B [ 4]) : 

JlEMMA. Ecn11 .11.011YCT11Ma5I ueHTp11poBKa 11apannenen11ne.11.a MHHHMYMOB 

co 3HaMeHaTeJieM 2 CYlll,eCTBYeT' TO OH a HMeeT MeCTo no Kpati:Heii Mepe ,ll,JJ5I 
KY611l!eCKOH perneTK11. 

c. c. Pblllll{OB B [3] ,ll,OKa3an cne,ll,Y!Olll,YIO TeopeMY (B [3] TeopeMa 

10.): 

TEoPEMA. Ka:HCaaR iJonycmuMaR LJeHmpupoeKa penepa nocAeiJoBameAb­
HbtX MUHUMYM06 JK6U6a!leHmHa iJonycmu,1wii qeHmpupoeKe napaAAeAenuneiJa 
MUH.UMYM06, m. e. mOK020 penepa nocAeiJoBameAbfiblX AUHeUHO He3G6UCll1HblX 
MUHU.MYAWB, 6 KomopoM Bce eeKmopbt pa6Hbl no iJAuHe. 

TaK11M o6pa30M 113 Harneti: TeopeMhI I. Herrocpe.11.crneHHO cne.11.YeT 11 
cne.11.Y10w.aH TeopeMa : 

TEOPEMA 2. Ha MHO:HCeCm6e n-pewemoK, npu n ;§ 10, l.{UCAa aonycmu­
AtblX U HeU30MOpfPHblX, Oa!lee IJUC!la C80600HblX U H.ec6o6ooH.blX 1JeHmpup080K 
penepa 710C!leOo6ameAbfiblX MUHUMYM06 co 3HGAteHameAu 2, u CGMU Jmu LJeH­
mpup06KU 1.zaxoaRmrn 6 ma6AULJaX I - V. ( Cl.{Wllilfl u mpu6uaAbHy10). 

,UoKA3ATEJJbCTBO TEOPEMbl l. Jle~ma 2 .11.aeT Heo6xO,ll,Hl\\Oe 11 ,ll,OCTaTOl!HOe 
YCJJOBHe ,ll,J15I Toro, qTo6bl ueHTpHpOBI<a CYTh ~011YCTl1MOH. c 110ii10lll,h!O 
JleMMhI 3 MO)!{HO nerno Y3HaTh, qTO ueHTp11poB1<a CB060,11,a 11n11 Hecao60.11.a. 
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no JleMMe l, HH,LJ,eKC ueHTp11pOBKl1 paBeH p = 2q. c noMOllllO JleMM 4-5 
11 7 - 8 MO)l{HO Bb!6parb He3KBl1BaJJeHTHbie ueHTp11pOBK11 113 JJ:OnYCTl1HbIX 

ueHTp11pOBOK CJJe.[(YIOlll11M o6pa30M: 

3.1. p = 2, 4. UeHTpwpoBKl1 c HHJJ:eKcoaMw p = 2 H p = 4 Mb! cpa3Y 
noJJYlll1M no JleMMe 2 11 no JleMMe 5. TaK Mb! noJJYl!HM HOMepa 2-13. s 
ra6m1ue 11. HOMepa 19- 25. s ra6Jim..1e I I I. w HOMepa 38- 46. B rn6JJHI.\e 
IV. Qqes11.11:Ho, l!TO 6oJibllle raKwx I.\eHTp11poBOK Her. 

3.2. p = 8. CTOCKOJibI<Y L{eHrp11pOBKa c 11HJJ:el(COM p = 4 npw n < 6 
He CYll.leCTByer n03TOMY no JleMMaM 1. l1 8. npH no:§ 6 ueHTp11pOBKH l1 11H­
.a:eKCOM p = 8 He CYll.leCTBYIOT. ,UJJ51 roro l!T06bi nOJJYl!HTb CYll.leCTBeHHO 
7-MepHbie QeHTp11pOBKH c HI-I.[(eKCOM p = 8, no JleMMe 7 MO)l{HO 11CX0.[(11Tb !13 

MHHHMaJibHOtt 6a3bI I_\eHTpttpOBI<H no.11: HoMepoM 7 B ra6JJHI.\e I I. Mo)l{HO 
,LJ,o6aBJI51Tb K 3ToM: 6a3e rpernM: BeKrop 

(__!_, 0, __!_, 0, __!__, 0, __!_) 
2 2 2 2 

tiro6b1 noJIYllHTb He3KBHBaJieHTHYIO H .11:onYCTHMYIO I.\eHrpttpOBKY. TaK Mb! 
noJIYl!HM I.\eHrpHpoBl\Y no.11: HOMepoM 14. B ra6JJHI.\e I I. )J.JJ51 roro tIT06b1 
nOJJYl!HTb CYll.leCTBeHHO 8-MepHbie I_\eHTp11pOBKl1 c HHJJ:eKCOM p = 8, On51Tb 
no JleMMe 7 MO)l{HO l1CXOJJ:l1Tb 113 JIUIHHMaJibHX 6a3' co.11:ep)l{all.ll1X JJ:Ba BeK­
ropa no.11: HOMepaMH 7. 8. 9 B ra6JJHI_\e I I. 113 3Tl1X Mbl nOJIYllHM HOMepa 15. 
16. H 17 B ra6JJHl.\e I I. )J.anee, JJ:Jrn roro tIT06b1 noJJYllHTb CYll.lecrseHHO 9-
MepHbIX l1 CYll.leCTBeHI-IO 10-MepHb!e I_\eHTpttpOBKH MO)KHO HCXOJJ:l1Tb l13 I_\eH­
TpttpOBOK no.11: HOMepaM11 7 - 13. B rn6Jl.11Qe 11. 11 20- 25 B Ta61rnQe II I. Tai< 
MbI noJJYl!tt111 HOMepa 26- 33 s ra6JJttl.\e I 11. H HOMepa 47 - 67. s ra6nttl.\e IV. 

3.3. p = 16. CTOCKOJJbKY L{CHTp11pOBKl1 C HH,LJ,eKCOM p = 8 npH n < 7 He 
CYll.leCTBYeT' no3TOMY no JleMMaM 1 l1 8 nptt no:§ 7 I_\eHTpttpOBKH c 11HJJ:eKCOM 
p = 16 He CYll.leCTBYlOT. no JleMMe 7. CYll.leCTBeH!-IO 8, 9 11 10-MepHbie He-
3KBHBaJieHTHbie I_\ettrp11pOBKI1 c 11HJJ:eKCOM p = 16, Mb! noJIYllHM 113 I_\eHTp11-
pOBOK no.11: HoMepaMH 14- 17. B ra6nm.1e 11. 11 26 - 33. B ra6JJttl.\e I 11. 0HH 
HaXOJJ:51TC51 no.11: HoMepaJYm 18. B Ta6JJHI.\e II., 34-37. B ra6JJHI.\e III. 11 
68- 86 B ra6JIHI.\e IV. 

Ta6AULJa I. 

Pa3MepHOCTh (n) _ _ 2 ___ 3_\_ 4 ___ 5 ___ 6 __ 7 ___ 8 ___ 9 _ ___JQ_ 

He3KBHBa-
JJeHTHhie 2 3 5 9 18 37 90 

----------!--- - - - - -------- --------- - --
CBotioµ;Hbie 2 3 4 6 10 18 

0 0 He cno6o}lHh1e 
-------- - - - - - - - -----------2 5 27 72 12 

He1130~10p<}lHb1e 2 2 3 I 4 5 5 6 

- ·--- - - - - ----
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Tafilzuqa /I. 

He:iKeneaJ1eHTH&1e Aon. 11eHTpupoeKH; n::<8, m = 2 

HoMep I HHAeKc I 4Hcno I e onpen. CTpoK. MHHHMMbHaR 6a3a 

1 1 0 (00000000) CB06. 

2 2 4 (11110000) HeCB06 . 

3 2 5 (11111000) CB06. 
4 2 6 (11111100) CB06. 

5 2 7 (11111110) CBOO. 

6 2 8 (11111111) CB06. 

7 4 4,4,4 (11110000) HeCB06. 

(11001100) 
8 4 4,4,6 (11110000) HeCB06. 

(10001110) 
9 4 4,5,5 (11110000) Hecso6. 

(11001110) 
10 4 4,4,8 (11110000) HeCB06. 

(00001111) 
11 4 4,5,7 (11110000) HeCB06. 

(00011111) 
12 4 4,6,6 (11110000) HeCB06. 

(00111111) 
13 4 5,5,6 (11111000) CB06. 

(00011111) 
. -

14 8 4,4,4,4,4,4,4 (11110000) HeCBOO. 

(11001100) 
(10101010) 

15 8 4,4,4,4,4,4,8 (11110000) HeCB06. 

(11001100) 
(11000011) 

16 8 4,4,4,4,4,6,6 (11110000) HeCB06. 

(11001100) 
(10100011) 

17 8 4,4,4,5,5,5,5 (11110000) HeCBOO. 
(l 1001100) 

-··--
(10101011) 

18 16 4,4,4,4,4,4,4,4 (11110000) HeCB06. 
4,4,4,4,4,4,8 (11001100) 

(10101010) 
(01101001) 
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Ta6Auqa II I. 
He31\BHeaneHTHble AOn. u,eHTpHpOBl{H, n = 9, m = 2 

411cno I n onpe11. CTpOK. 

19 2 9 (111111111) ceo6. 

20 4 4,5,9 (111100000) Heceo6. 
(000011111) 

21 4 4,6,8 (111100000) Heceo6. 
(000111111) 

22 4 4,7,7 (111100000) Heceo6. 
(001111111) 

---· 
23 4 5,5,8 (111110000) ceo6. 

(000011111) 
-----· 

24 4 5,6,7 (111110000) CBOO. 
(000111111) 

25 4 6,6,6 (111111000) CB06 . 
(000111111) 

26 8 4,4,4,4,6,6,8 (111100000) Heceo6. 
(110011000) 
(100000111) 

27 8 4,4,4,5,5,5,9 ( 111100000) Heceo6. 
(110011000) 
(110000111) 

- - - --
28 8 4,4,4,5,5,7,7 (111100000) ueceo6. 

(110011000) 
(101000111) 

----· 
29 8 4,4,4,6,6,6,6 ( 111100000) Heceo6. 

(110011000) 
(101010111) 

30 8 4,4,4,6,6,6,6 (111100000) Heceo6. 
( 100011100) 
(010010011) 

31 8 4,4,5,5,5,6,7 ( 111100000) Heceo6. 
(100011100) 
(110010011) 

32 8 4,5,5,5,5,6,6 (111100000) Heceo6. 
(110011100) 
(101010011) 

- --- ·- · 
33 8 4,4,5,5,5,5,8 (111100000) Heceo6. 

( 110011100) 
(110010011) 

·---
34 16 4,4,4,4,4,4,4,4 ( 111100000) Heceo6. 

4,4,6,6,6,6,8 (110011000) 
( 101010100) 
(110000011) 
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Ta6Auqa I I J. 

l.! Hcn o I s onpen. cTpOK. MHHHMa.%Hafl 6a3a 

35 16 4,4,4,4,4,4,4 (111100000) Hecsoti. 
5,5,5,5,5,5,5,9 {110011000) 

( 101010100) 
(011010011) 

36 16 4,4,4,4,4,4 ( 111100000) Hecsoti. 
5,5,5,5,5,5,5,5,8 ( 110011000) 

(110000110) 
( 101010101) 

---
37 16 4,4,4,4,4,4,4,4,4 (111100000) Hecsoti . 

6,6,6,6,6,6 ( 110011000) 
( 101000110) 
( 100010101) 

3.4. p = 32. no JleMMal\ll1 l H 8 TaKl1e QeHTpHpOBKl1 MOfYT CYl.l{eCTBO­
BaTh TOJihKO B 9 11 10-MepHbIX npoCTpaHCTBax. Ho QeHTpHpOB!( Y CTOA HOMe­
poM 18. B rn6m1Qe I I. HeJib35I A06as11Tb TaI<, ~no6b1 Mb! noJIY'UIJIH QettTp11-
pom{Y c l1tt.D;eKCOM p = 32, 8 9-MepHOM npoCTpaHCTBe, n03TOMY Ta1<11e 
QeHTp11pOB!( l1 CYl.l{eCTBYIOT TOJ!bKO np11 n = 10. 0Hl1 HaXOA5ITC5I B Ta6mu~e 
IV. noA HoMepaM11 87-90. 

B Ta6n11Qe VI . BHAHO OA11H 113 H11x. TaM HaXOA5ITC5I see ee onpeAe11mo­
ll.{11e CTpOKH. 

3.5. p > 32. no JleMMaMl1 1 11 8 TaKOH QeHTp11pOBK11 He CYl.l{eCTBYIOT. 

3.6. no JleMMe 6. 11 no Ta61111QaM I I - IV. Y)f(e 11emo noJIYlJl1M He113-
30MopcpHb1e QeHTp11pos1<11 (cM. B Ta61111Qe V.). 

3.7. B KOHQe KOHL\OB, no Ta61111QaM I I - V. Y)f(e He TPYAHO noJIYlJ11Th 
Ta6JI11QY I., 11 TaK TeopeMa AOKa3aHa. 
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Ta61!U1Ja IV· 
HeaKBHBaJ1eHTHb1e AOn. ueHTpHpOBKH, n = 10, m = 2 

HoMep I l1HAe1<c I 411cno I e onpe11. cTpo1<. M111111A1aJ1bH3.R 6a3a 

38 2 10 (1111111111) CB06. 

39 4 4,6,10 (1111000000) HeCB06 . 
(0000111111) 

40 4 4,7,9 (1111000000) HeCB06. 
(0001111111) 

41 4 4,8,8 (1111000000) HeCBOO. 
(0011111111) 

42 4 5,5,10 ( 1111100000) CBOO. 
(0000011111) 

43 4 5,6,9 (1111100000) CB06. 
(0000111111) 

----
44 4 5,7,8 (1111100000) CB06 . 

(0001111111) 

45 4 6,6,8 (1111110000) CBOG . 
(0000111111) 

46 4 6,7,7 (1111110000) CB06. 
(0001111111) 

47 8 4,4,4,4,8,8,8 (1111000000) HeCBOO. 
(1100110000) 
(0000001111) 

48 8 4,4,4,5,7,7,9 ( 1111000000) HeCB06. 
(1100110000) 
(1000001111) 

49 8 4,4,4,6,6,6,10 (1111000000) ttecaoo. 
( 1100110000) 
(1100001111) 

50 8 4,4,4,6,6,8,8 ( 1111000000) HeCBOO. 
(1100110000) 
(1010001111) 

------
51 8 4,4,4,7,7,7,7 (1111000000) HeCBOO. 

( 1100110000) 
(1010101111) 

52 8 4,4,4,6,6,6,10 (1111000000) HeCDOO. 
(1000111000) 
( 1000000111) 

53 8 4,4,4,6,6,8,8 (1111000000) HeCB06. 
( 1000111000) 
(0100000111) 
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Ta61zuqa IV. 
IlpO,t\OJib)l{eHHe I. 

HoMep I HHne1<c I 4Hcno I e onpe11. CTpo1<. MHHHMBnbHBll 6aaa 

' 
54 8 4,4,5,5,6,7 ,9 (1111000000) HCCB06. 

(1000111000) 
( 1100000111) 

55 8 4,4,5,6,7,7,7 (1111000000) necao6. 

( 1000111000) 
(0100100111) 

56 8 4,4,6,6,6,6,8 (1111000000) HeCB06. 

(1000111000) 
(1100100111) 

57 8 4,4,5,5,7,7,8 (1111000000) HeCB06. 
(1100111000) 
(0000100111) 

58 8 4,5,5,5,5,6,10 ( 1111000000) HeCB06. 
( 1100111000) 
( 1100000111) 

59 8 4,5,5,5,5,8,8 ( 1111000000) HeCB06. 
( 1100111000) 
( 1010000111) 

60 8 4,5,5,5,6,7,8 (1111000000) HeCB06. 
(1100111000) 
(1000100111) ----

61 8 4,5,5,5,6,6,9 (1111000000) HeCB06. 
(1100111000) 
(0000110111) 

62 8 4,5,5,6,6,7,7 (1111000000) HeCB06. 
(1100111000) 
(1010100111) 

63 8 4,4,6,6,6,6,8 ( 1111000000) HeCB06. 
(0000111100) 
(1100110011) 

64 8 4,5,5,6,6,7,7 ( 1111000000) HeCB06. 
(0001111100) 
(1000110011) 

65 8 4,6,6,6,6,6,6 ( 1111000000) HeCB06. 
(0011111100) 
(1010110011) 

66 8 5,5,5,5,6,6,8 ( 1111100000) CBOfi. 
(0001111100) 
( 1100010011) 

67 8 5,5,5,6,6,6,7 (1111100000) CBOfi. 

I (0001111100) I (1001010011) 
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Ta6Auqa JV. 
Ilpo~OJIL)l(eHHe II. 

HoMep I MHAeKC I 4Hcno I a onpei:t. cTpoK. 

I 

68 16 4,4,4,4,4,4,4,4 ( 1111000000} Hecao6. 
6,6,6,6,8,8,8 ( 1100110000) 

( 1010101000) 
(1000000111) 

69 16 4,4,4,4,4,4,4 (1111000000} Hecao6. 
5,5,5,7,7,7,7,9 (1100110000) 

(1010101000) 
( 1100000111) 

70 16 4,4,4,4,4,4,4 (1111000000) Hecao6. 
6,6,6,6,6,6,6,10 (1100110000) 

(1010101000) 
(0110100111) 

71 16 4,4,4,4,4,4,4,4 (1111000000) Hecao6. 
4,4,8,8,8,8,8 (1100110000) 

(1100001100) 
(1100000011) ---

72 16 4,4,4,4,4,4,4,4 ( 1111000000) Hecao6. 
6,6,6,6,8,8,8 (1100110000) 

( 1100001100) 
(1010000011) 

73 16 4,4,4,4,4,4,5,5 (1111000000) Hecao6. 
5,5,7,7,7,7,8 ( 1100110000) 

( 1100001100) 
(1010100011) 

-· 

74 16 4,4,4,4,4,4,6,6 ( 1111000000) Hecao6. 
6,6,6,6,6,6,8 (1100110000) 

(1100001100) 
(1010101011) 

75 16 4,4,4,4,4,4,4 ( 1111000000) Hecao6. 
6,6,6,6,6,6,6,10 (1100110000) 

( 1010001100) 
(0110000011) 

76 16 4,4,4,4,4,4,4, (1111000000) Hecao6. 
6,6,6,6,6,6,8,8 ( 1100110000) 

(1010001100) 
( 1000100011) 

--
77 16 4,4,4,4,4,4,6,6, ( 1111000000) Hecao6. 

6,6,6,6,6,6,8 ( 1100110000) 
( 1010001100) 
(0000101011) 

----·· 
78 16 4,4,4,4,4,5,5,5, ( 1111000000) Hecao6. 

5,5,6,6,7,7,9 (1100110000) 
(1010001100) 
( 1010100011) 
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Ta6Auqa IV . 
Ilpo):{OJib)l(eHHe III. 

HoMep j HH11e1<c I 4Hc110 l s onpe11. crpo1< . 

79 16 4,4,4,4,4,5,5, ( 1111000000) Hecno6. 
5,5,6,6,7,7,7,7 (1100110000) 

(1010001100) 
(1000101011) 

80 16 4,4,4,4,5,5,5,5, (1111000000) Hecnofi. 
5,5,6,6,7,7,8 ( 1100110000) 

( 1010101100) 
(1000001011) 

81 16 4,4,4,4,5,5,5,5, ( 1111000000) Hecno6. 
5,5,5,5,8,8,8 (1100110000) 

( 1010101100) 
( 0000001111) 

82 16 4,4,4,5,5,5,5, ( 1111000000) HeCBo6 . 
5,5,5,5,6,6,6,10 (1100110000) 

(1010101100) 
(0110100011) 

83 16 4,4,4,5,5,5,5,5, (1111000000) HCCBOO. 
5,5,5,6,6,6,6,9 ( 1100110000) 

( 1010101100) 
(1100001011) 

84 16 4,4,4,4,4,6,6,6, (1111000000) Hecnofi. 
6,6,6,6,6,6,6 ( 1000111000) 

(0100100110) 
(0010010101) 

85 16 4,4,4,5,5,5,5, (1111000000) HeCBOO. 
5,5,6,6,6,6,7,7 (1000111000) 

(0100100110) 
(1010010101) 

86 16 4,4,5,5,5,5,5, (1111000000) Hecnofi. 
5,5,6,6,6,6,8 (1100111000) 

(1010100110) 
(0000110101) 

87 32 4,4,4,4,4,4,4,4, (1111000000) Hecnou. 
4,4,4,4,4,4,4,4, (1100110000) 
4,4,6,6,6,6,6,6, (1010101000) 
6,6,8,8,8,8,8 (0110100100) 

(1100000011) 

88 32 4,4,4,4,4,4,4,4, (1111000000) Hecso6. 
4,4,4,4,4,4,4,4, ( 1100110000) 
6,6,6,6,6,6,6,6, ( 1010101000) 
6,6,6,6,8,8,8 (1100000110) 

( 1010000101) 



HoMep 

89 

90 

HoMep I 

1 --- -
2 

3 

4 

5 

6 
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Ta611uqa JV. 
IIpoAOJib)l(eHHe IV. 

HHJ1eJ<c I l.lucno I a onpe11. crpoJ< MHHHMaJJbHai! 6aaa 

32 4,4,4,4,4,4,4,4, ( 1111000000) HeCBOO. 
4,4,5,5,5,5,5,5, (1100110000) 
5,5,5,5,5,5,5,5, (1100001100) 
5,5,8,8,8,8,8 (1010101010) 

(1100000011) 

32 4,4,4,4,4,4,4,4, ( 1111000000) HeCBOO. 
4,4,4,4,4,4,4, (1100110000) 
6,6,6,6,6,6,6,6, ( 1010001100) 
6,6,6,6,6,6,6,10 (1000101010) 

(0001101001) 

Ta61mqa v. 
HeH30MOpljJHbie Aon. 1.1euTpHpoB1<H, m = 2 

1 

2 

HH11e1<c 
p 

4 = 2·2 

8 = 2·2·2 

16 = 
=2·2·2 · 2 

32 = 
=2 · 2·2·2·2 

P a3Mep- 1, I 
HOCTb M 1rnHMaJ1bHa11 6a3a 
n~ 

(0000000000) 

4 ( 1111000000) 

6 ( 1111000000) 
(0011110000) 

-----
( 1111000000) 

7 (1100110000) 
(0101101000) 

(1111000000) 

8 ( 1100110000) 
( 1010101000) 
(0110100100) 

( 1111000000) 
( 1100110000) 

10 (1010101000) 
(0110100100) 
( 1100000011) 

HoMepa H30Mop<jlHblX 
l.ICHTpHpOBOK 

a Ta5nH11ax II -IV. 

I I. 1. 

II. 2-6., III. 19., IV. 38 

II. 7-13., IV. 20-25., 
IY. 39-46. 

II . 14-17., III. 26-33. 
IV. 47 -67. 

II. 18., III. 34-37. 
IV. 68-86. 

IV. 87 -90. 
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MHHHMaJlbHaf! 6a3a 
ai, a2, a3, a4, as 

at = (1111000000) 
82 = (1100110000) 
83 = (1010101000) 
84 = (0110100100) 
85 = (1100000011) 
3 6 = (1100001100) 
87 = (0000001111) 
3 8 = (0110011000) 
89 = (1010010100) 
810 = (0000110011) 
811 = (0000111100) 
312 = (0011110000) 
313 = (0101101000) 
814 = (1001100100) 
815 = (0011000011) 
8 16 = (0011001100) 

30J1TAH MAPIOP 

fipHMep 

Pa3MepHOCTb I 
n=IO 

3HaMettaTe/1b 
m=2 

JlHTepaTypa 

I 

817 = (1001011000) 
8 18 = (0101010100) 
8~9 = (1010100111) 
820 = (0110101011) 
821 = (0110010111) 
822 = (1010011011) 
823 = (0101100111) 
824 = (1001101011) 
825 = ( 1001010111) 
8 26 = (0101011011) 
327 = (0011111111) 
3 28 = (1100111111) 
829 = (1111001111) 
830 = (1111110011) 
831 = (1111111100) 
832 = (0000000000) 

Ta611uqa V /. 

11HAeKC 
p=32 
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A REMARK ON SIGNUM TYPE ORTHONORMAL SYSTEMS 

By 

N. H. LOI and M. HORVATH 

II. Department for Analysis of the L. Eotvos University, Budapest 

(Received October 26, 1983) 

Consider the orthogonal series 

where {an} is a sequence of real numbers and {cpn} is an orthonormal system 
on the interval (0, 1) (briefly: ONS). The series (1) is said to be convergent 
almost everywhere (a. e.) unconditionally if it is convergent in every rear­
rangement 

~ 

(2) L: an(/) 9?n(l)(x) 
l=l 

a. e. (The set of divergence points may depend on the rearrangement). The 
orthonormal system {cpn} is said to be signum type, if f cpn(x)[ = 1 a. e. on (0, I) 
for n = I, 2, .... 

For any {an}E/2 denote by {a~} such a rearrangement of {an} for which 
Jajj;:,,Ja~f;:,, ... and define 

~ ( v(k+ I) )1/2 ( def k) 
S = L; L; a~2 log2 n v(k) = 22 • 

k=O n=v(k)+ I 

I. jo6 proved in [2]: If S = =,then there exists a signum type orthonormal 
system and a rearrangement {n(l)} such that the series (2) is divergent a. e. 
on (0, I). His theorem results from the following. 

LEMMA. Let C0 '5.k1<k2 be integers (where c0 and later on c11 c2 , .•. are 
absolute constants) and {an} (n = v(k1)+ I, .. ., v(k2) a sequence monotone 
decreasing in absolute value. Then there is a constant c1 such that if 

kz ( v(k+ 1)-••(k) )1/2 ( •(k2) Jl/2 
(3) L; a~<k>+i + L; a;<k>+1 log2 l ""'c1 L; a~ . 

k=k1 1=2 n=•(k1)+ I 

13* 
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then there exists a signum type orthonormal system {rpn} (n = v(k1)+ I, ... , 
... , v(k2)) of stepfunctions and a simple set E c (0, I) (i. e. E is the union of 
finitely many intervals) with mes E?:C2 such that the series 

v(k2) 

L; an Tn(x) 
n=v(k1)+ I 

has a rearrangement 

v(k2)-v(k1) 

L; am(l) Tm<l)(x) 
l=I 

for which 

(4) 

(xEE) 

is fulfilled. 
For the proof of this Lemma in [2] are used independent functions and 

the well known Kolmogorov's inequality for them (see also in [3]). 
The aim of the present note is to show that this Lemma follows by an 

elementary construction. Our method may be useful also for other related 
problems. 

Indeed. Use the notation 

def ( l'(k+ 1)-v(k) )1/2 
Ak= a;uc>+1 + L; a;rk)+ 1 log2 l . 

1=2 

It is well known [2], that there exists a I-bounded orthogonal system {111n} 
( n = v(k1) + I, ... , v(k2)) from stepfunctions (i. e. l111n(x) I ~ I a. e. on (0, I)) 
and a simple set £* c (0, I) with mes £*?: c; such that for an appropriate 
rearrangement {m(l)} the relation (4) is fulfilled for {111n} in every xEE*, with 
some ct. Here c: and c~ are absolute constants. Now we construct from the 
system {1/1n} a signum type orthonormal system {cpn} satisfying the require­
ments of the Lemma. 

To this let I 1, ... , IN be a partition of (0, I) into disjoint intervals so 
t~at every function 1fln (n = v (k1)+ I, ... , v(k2)) is constant on every I; 
(t = 1, ... , N), further 

(5) E* = U I;. 
i 

E* n l;>'O 

Denote ff;, j = 1flj+•(k1)(x) for XE!;, i = I, ... , N andj = I, ... , v(k2)-v(k1 ); 

we know that \B;,j I~ I. 
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We construct a series {f; i}, i = I, ... , N and j = I, ... , v(k2)-v(k1) 

of stepfunctions such that ' 

(6) 

(7) 

(8) 

(9) 

supp f;, jc I;, 

f;jx) = 1-1Ji,j or-l-1J1, 1 on I;, 

J f". . = 0 Jz, 1 ' 
I; 

f f;,ji,Ji,h = 0 if k""j2 
Ii 

holds for all possible choices of the indices i and j. 
Denote I; = (a;, b;). Let 

r 1-D;," if 

f;,1(X) = 1- I -1}. if 
c, 1' 

l 0 otherwise. 

Supposef;, 1 is given. Letf1, j+ 1(x) = 0 if x~ Ii" The interval I; can be divided 
into (maximal) subintervals on whichf;, 1 is constant. On each of these sub­
intervals we give f 1, j+i as follows: 

Denote by (a, b) a subinterval described above. 
Define 

and let 

, ( ) _ { 1-1J;,J+i if XE(a, c), 
Ji" ·+1 x -
'.J -1-1>;,j+l if XE(c, b). 

b 

Since J f;, j+i = 0, it is easy to verify (6) (7) (8) and (9). Having constructed 
a 

the f;, / s, define for x EI 
N 

<pj+v(k1) (x) = 1f!j+v(k1)(x) + ~ ft,j +v(k1)(X). 
i+I 

By (8) and (9) the system {??n} n = v(k1)+ 1, ... , v(k2 ) is a signum type ONS. 
To prove our Lemma we have to verify (4). 

Define 1 ::s; J.i::s; v(k2)- v(k1) such that for XE/; 
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Applying the inequality 

mes {xE /: lf(x)I >s}:s;J_-jf2 
82 

I 

we get from (3), (9): 

{ 
I ;.; I c* kz } 

mes XE/i:I z: am(I)f;,m(l)(x)I' >-
3 L: Ak :s; 

;l=l 2 k=ki 

v(kz) 

4 ~ a~ 
:s; n=v(k1)+l ·mes/1:s;C4mes/;. 

(ct ~ Ak) 2 

2 k=ki 

Here c4 = ~ we can suppose that the constant c1 is great, namely that 
ci2ci 

I 
C4< -. Now for 11cE* we have 

2 

2':illes{xE/;: ~ am(I)'f/Jm(l)(X)>c; ~ Ak}-
1= I k=k2 

- mes {xEI;: I ~ a<mnf1, m<n(x) / > ct ~ Ak}>_!_ mes I;. 
1=1 I 2 k=ki 2 

c* c* We obtained the statement of the Lemma with c3 = - 3 and c2 = - 2-. 
2 2 
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In this paper we consider positional games from an unusual point of 
view. We are going to calculate the use of espionage in the simplest situation 
where it can be asked for. As far as we know this problem is new at all, so we 
have no references. 

The simplest situation is the following one. Two players, Red and Blue 
are playing on the set of natural numbers N = {I, 2, ... , n}. They colour 
alternately one of the uncolured numbers of N with Red colouring first. Before 
the game Blue fixed a set AcN (IAI = ksn/2) and his goal is to colour the 
numbers of A till the end of the game. Red does not know A, so, it is wise for 
him to act randomly. 

Red has two main possibilities to make use of random. On the one hand, 
Red may colour randomly and independently with the same probability 
one number of the uncoloured rest by move. Now there is nothing to know for 
Blue. He has two choices when he is on move: to colour a number of the rest 
of A or to colour a number of the rest of N -A. We define a program for 
Blue to be a function that says what to do of the above mentioned two choi­
ces. Let qn k denote the probability of the event that Blue can colour A. 
(It depends on Blue's program, of course.) Let Qn k denote qn kif the prog-
ram is to colour an element of A as long as it-is possible. ' 

On the other hand, Red may choose a strategy randomly, Strategy 
means a function whose domain is the set of positions in which Red is to move. 
Two positions are different iff they evolved on different ways. Its range is 
the set of possible moves. All the strategies have the same probability. The 
notion of espionage means that Blue knows the randomly chosen strategy. 
Let Pn,lc denote the probability of the following event: Blue has possibility 
to colour A. 

There are absolutely different limit distributions of Qn k and Pn,k' This 
difference is that, what we call as "use of espionage". ' 
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THEOREM I. Every program of Blue satisfies qn,k'.5,Qn,k· 

If k = o(Yn), then Qn,k - I ; 

k = c}"n+o(Yn), 

kf{iz- =, 

then 

then 

Q e-c2/2· 
n,k _...,... ' 

PROOF. Because of the independent choices qn k is a product of proba-
bilities. So ' 

n-k n-k- l 
Qnk = --·----

, n n-2 

n-2k 

n-·2k' 

and it is easy to see that qn,k :$;, Qn,k factor by factor. Using the asymptotic 
formula 

_!:.. k k 
e n "" I - - if - -. 0 

n n 

and the inequalities 

k(k- l) ·___!_=~+~=---!__+ .. . + 0 = k(k- l) ·--
2 n n n - 2 n - 2k 2 n - 2k 

we have our statements. • 
k 

THEOREM 2. If k:5o n/2, then Pn k rv I - -. , n 

PROOF. Let S(n) denote the number of Red strategies, F(n, k) denote 
the number of those Red strategies which give possibility for Blue to colour A 
if he spied. 

It is obvious, that Pn,k = F(n, k)/S(n). We make recursive formulae for 
S(n) and F(n, k). 

There are n possible choices for Red in the first move, all these choices 
allow n- I choices for Blue in the first move. Having done the first pair of 
moves the number of the Red strategies on the set of the remaining n- 2 
points is S(n- 2). After any of the n- I possible Blue choices in the first 
move Red can continue his play by all of the S(n-2) then possible strategies. 

So we have S(n) = n·S(n-2)n-1. 
Suppose p EN - A. Let us define B p(X) to be the set of those Red strate-

gies, in which X c N -A, (i) and (ii). 
(i) Red's first move is p, 

(ii) Blue can win if he choose in the first move whichever element of X. 

Using the sieve we have: 

F(n,k)= L; L; (-I)!x:-11sp(x)J. 
PEN-A Or'X<N-{P} 
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Using the notations JXI = x, JXn Al = m, we have 

I B p(x) I = F(n - 2, k- I)m F(n- 2, k)x-m S(n- 2)n-x-1 

since an element of X n A can be followed by any Red strategy that allows 
Blue's win on k- I of n- 2 points, an element of X - A can be followed by 
any Red strategy that allows Blue's win on k of n - 2 points, and an element 
of N -{p}- X can be followed by any Red strategy on n- 2 points. We have 

:2; JBp(x)J = 
ixl=x 

= ± ( k )(/Z- k-
1
)F(rz- 2, k- l )m f(rz-2, k)x-m S(n -2)n-x-i, 

m=O m X-ln 

Changing the sums and using the Binomial Theorem twice 
n-1 

F(n, k) = (n - k) :2; ( - I y-1 :2; I B p(x)I = (n- k)S(n - 2)n-1 + 
a=I IXl=x 

+(n-k) ~~ (- l)m-i(~)F(n-2, k- l)m x~~ (- qx-m. 

· F(n - 2, k)x-ms(n- 2)n-x-l = (n -k)S(n- 2)n-i -
(
n-k- I) 

x-m 

- (n- k)(S(n- 2)- F(n -2, k- l})k(S(n- 2)- F(n- 2, k))n-k-1. 

Dividing to S(n) we have 

Pn,k = (I - ~ Jr I - (I - Pn-2, k)n-k-1(1- Pn-2, k-1)k]. 

It is easy to see by induction that p [ n] ___..__!__, since p [ n] = 0. 
n, 2 2 n-2, 2 

Hence p n, [-i] is separated from zero. Obviously i < j implies p n,; > P n, i' so, 

Pn, k is separated from zero. 

We have- Pn, kk = I+ o(en) with an e> I. • 
1--

n 
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l. Diophantic systems and partitions of numbers 

In the present paper we are investigating the number of solutions of the 
following diophantic system: 

(i) lx1 +2x2 + ... +nxn = N 11 

(ii) X1 +x2 + ... + Xn = N2 , 

(iii) O,sx1,sp (j = 1, 2, ... , n). 

Although the above system has been out of regard, all of its subsystems have 
been intensively investigated. 

It is well-known, that the number of solutions of (i), n = N 1 is P(n), the 
number of partitions of the number 11, 

( ( 
1 )) I ~yn 

P(n) = 1 + 0 y'n 4Y3 Tl e 1'6 

as it was proved by HARDY and RAMANUJAN in 1918 [4]. Here the term of 
error n-112 was changed to n- 114 +• by an easier proof of FREYMAN in 1955 
(see in PosTNIKOFF's book [9]). In 1943 PAUL ERDOS found an elementary 
proof for [2] 

P(n)"' ~ exp ( :~ y'n} 
Every introduction in combinatorics contains, that the number of solutions of 

( .. ). (N2 +n- l) 11 IS . 
11- 1 

HARDY and RAMANUJAN found for the number of solutions of (i) and 
(iii) in case of n = N 11 p = 1 [4] 

I + o(I) ( n y'-J 
- 4. 3114n3/4 exp }"3 n . 
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In case of fixed p rather than p = I, by the private communication of 
M. SzALAY is 

( 
J )3;4 

(1 +o(l)) I - P+J 
2 . 5114 p112 n3/4 

exp ( 
2~ V l - _l ~n112J 
y'6 p+I . 

I. jo6 [6] proved the number of solutions of (i), (iii) to be 

(p + I )nV2~ Dn [ e (N2-~n) +-~ l 
where 101 is bounded by an universal constant, 

A = n(n+ l)p 
n 4 ' 

D = n(n+ 1)(2n+ l)p(p+2). 
n 72 

The system (ii), (iii) was investigated by CASTELNouvo [l ], and in case of 
more generality by PosTNIKOFF. PosTNIKOFF proved that the number of 
solutions is ([9], [10]): 

(N-an)2 

(p + J)n l [e - 2nt2 + o( (p + 2n-i )]· 

V2nn o 
where 

a= p+ l' f>2 = _l _ _i: x2p_(P+ 1)2 . 
2 p + J x=O 2 

We have found the following theorem. 
THEOREM I. Suppose 3::s;n, l,::s;p::s;(l,00l4r14rz- 312, N11 N2 are natural 

numbers. Let us define 

np A - --
n,1 -

2 
' 

D2 - np(p + 2) 
n,l - 12 

n(n+l)p 

4 

D 2 _ n(n+ 1)(2n+ l)p(p+2) 
n, 2 -

72 

hn = l /3n+f-, Q(u11 u2 ) = -~--(ur- 2hnu1u2 + u~). 
V -4n +2 1 -h~ 

Now we have Rn(N 1, N 2) the nwnber of solutions of (i), (ii), (iii) 
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The proof of the theorem is contained in the following two sections of 
the paper. We apply so me techniques due to jo6 and to the book of SrnASH 
DINOFF, AzLAROFF and ZUPAROFF [12]. The final section is devoted to an­
application to Wilcoxon statistics. 

2. The proof of the theorem 

Let us consider for k = I, 2, ... , 11 the independent random vectors 
i;k as follows (x = 0, I, ... , p): 

Set 
n 

Sn,j = L; ~k.j (j = I, 2), 
k=I 

Pn(N1 , N 2) = P((Sn,i• Sn, 2) = (N1 , N 2)). 

It is easy to check, that 

E(Sn,1) = An,v E(Sn, 2) = An,2 , 

D2(Sn,l = Dn, 2
1, D 2(S,,,2) = D~,2' 

where the quantities An,i• Dn,i are defined in the theorem. Set 

Dn,1,2 = £{~, (gk,1 -E(;k,1l)(;k,2 -E(;k,2)) }• 

h Dn,1,2 E t t' . h v 3n + 3 L t 'd n = -D--D , asy compu a 10n gives n = 4 2 . e us cons1 er 
nl n2 n+ 

the characteristic functon fn(t11 t2) of the random vector variable (Sn,v Sn,2): 

(I) 

and the characteristic function ft(t1 , t2 ) of the normed random vector variable 

(
S -A S -A J n,1 n,1 , n,2 n,2 : 

Dn 1 Dn 2 ' ' (S -A S -A J 
) !* ) £ . n,l n,1 f n,2 n,2 f = (2 nUv t2 = exp l --D-- 1 + D 2 

n,1 n,2 



206 A. BOGMER-L. A. SZEKELY 

It is important, that f~ is real-valued. The following identity is easy to check: 

(3) 

" " 

" " !ff, (f f )e-i(l1N1+l2N2) df df -
n1'2 v2-

-n -n 

4n2 

= Rn(Nv N2) = 4n2Pn(N11 N2). 
(p + 1)2 

Let us consider the quadratic forms 

q(t1, f2) = fi + 2hnf1f2 + f~, 

Q(u11 u2 ) = -
1
-(ui-2hnU1U2 + u~). 

1-h~ 

The density of the two-dimensional standard normal distribution is 
l _ _!_ Q(u tU2) 

<p(U1, U2) = 2ny'1 - h~ e 2 

[3]. We recall the following identity: if~ is a positive definite quadratic 
form with the symmetric matrix A and ~* is the quadratic form of the matrix 
A-1, then 

(4) 

(see [7] Chapter XI, section 2). Let us apply (4) to the matrices 

A= _l (I hn), A-I=~( 1 -hn)· 
2n hn l 1 - hn - hn 1 

We have 

(5) 

It is easy to get from (2), (3) 
" " 

-n -n 

" " 
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By slight modification of (5) we have 

(7) 4 2 ( Ni -An•1 
TC <p ' 

Dni1 

- -
= Dn•l Dn•2 J J cos [(N1 -Ani1)f1 + (N2-Ani2ll2J. 

Let us consider 

(8) 

Now multiplying (6) to Dn,v Dn, 2 and subtracting (7) we have 

(9) 

where 

Ii = J J cos [(N1 -An,1ll1 + (N2 -An,2ll2J. 
On 

( 

. ( 1) f1+kt2 sm p+ 
.fr.-2 

k=I ( I) . f1 +kt2 p + sm -"----
2 

--
2
1

q(Dn 111, Dn 212) 1 
e ' ' i dt1 dt2 , 

J 

In the following we have to give good estimates for 111 12 , / 3 • 
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3. The estimation of the integral / 1 

This estimation is the hardest of the three ones. Our base is 

= 
1 jjlf*(t t ) -e -~ q(ti, 

12
> ldt dt D D n v 2 1 2, 

n,1 n,2 ,....., 
On 

where 

Using higher moments we expand the function and estimate the term of 
error. There is no restriction for our method but the convergency to the func­
tion, and this condition is given by the definition (8). The new quantities 
are: 

~ti = E {(;k,i - E(;1<) )2} i = 1, 2, 

PL= E{(~k,;-E(~ki,))4} i = 1,2, 

1 p p 
E(gk 1l = --L; x = -, 

' p+ 1 x=O 2 

1 p p 
E(;k, 2 ) = --L; kx = -k, 

P+ 1 x=O 2 

E(;b) =_I _i: x2 = p(2d +I) ' 
p + 1 x=O 6 

E(gb) =_I _i: k2x2 = p(2pH) k2, 
P+ I x=O 6 

E(;t1l =_I _i: xa = p2(p+ I) ' 
p+lx=O 4 

E(;t2l = _I_i: kaxa = p2(p + 1) f<3, 
p +I X=O 4 

E(gb) = _l_i x4 =p(2p+1)(3p2 +3p-1)' 
p + 1 x=O 30 

E(;b)=-1-:f k4x4= p(2p+l)(~~2+3p-l)k4, 
P +I x=O 
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St2 - £(t2 ) £2(!: ) - p(p+2) 
uk,l - "k'l - <,;k,1 - IZ • 

!J2 =£(t2 )-£2(; )= p(p+2)k2 k,2 \;k,2 k,2 12 ' 

f3k -
p(p + 2)(3p2 + 6p-4) 

4
'
1 

- 240 

f3' - p(p+2)(3p2+6p-4) k', 
k,2 - 240 

f3L 3 3 p2 + 6 p - 4 9 ( 4 I ) 
l>t1 = 5 p(p+2) = 5 l - 3 p(p+2) ) 

and by p~ 1, 

{J k4 • .,;;; f3k4 . .,;;; ~{J k4 •• 
,l ,, 5 ,, 

We have also: 

l>k,1,2, = E{(;k,1-E(;k,1))(;k,2-E(~k.2))} = 

= -1 -~ (x- ..E_)(kx-k..E_) = P(P+ 2) k, 
P+ I x=O 2 2 12 

An,l = ~1 E(;1c•1) = ;, 

n n(n+I)p 
An,2 = ~ E(;k•2) = ' 

k=I 4 

D2 = ~ f>2 - np(p+2) 
n,2 L..i k•l - 12 ' 

k=I 

n 

D~.1 = ~ l>~,2 = 
k=I 

n 
D -"Vf> -n, 1, 2 - L.J k, 1, 2 -

k=I 

n(n+ 1)(2n+ l)p(p+2) 

72 

n(n+ l)p(p+2) 

24 

h _ Dn 112 v 3n+3 
n - Dn,: Dn,2 = 4n + 2 ' 

~ {3 4 _ np(P+2)(3p2+6p-4) 
~I k,l - 240 ' 

~ {3' _ n(n+ 1)(2n+ 1)(3n2 +3n- I)p(p+2)(3p2 +6p-4) 
~I k,2 - 7200 . 

14 ANNALES-Sectio Mathematica-Tomus XXVllI. 
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Now we have 

Let us consider the characteristic function cpk(t1, t2) of the random vector 
;k and expand it: 

cpitv t2) = _ I_ i eix(t1 +kt2> = I + iE(;k,1)(t1 + kl2) -
P+ I x=O 

and Jet us define the functions 

(I I) -iE(~k.1>(-1-1 +k__!!_) ( tl f2 ) cpntv f2) = e Dn·i Dn•2 cpk -D , . 
n,1 Dn,2 . 

It is essential, that cpt is real-valued and their product is/~. 
On the other hand we have 

-iE(l;k•1>(-
1
-' +k____!L) ( t t ) e Dn•l Dn•2 I - iE(;k,1) _1_ + k _2_ -

Dn,1 Dn,2 

+-E kl --+k-- + ... I 4( ) ( f 1 t2 )
4 

24 Dn,1 Dn,2 

and multiplying the expansion, in (I I), we have by Taylor's formula with a 
O<e<l 

*(t t) = I-~( bk,1 t + bk,2 t )2 +-1-( f3k,1 et + f3k,2 et )4 
cpk v 2 2 D 1 D 2 24 D ' D 2 

n,l n,2 n,1 n,2 
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This way we have with O<E>, E>k< 1 
n 

log f~(fv t2) = L: log [I -(I - rpt(t1, t2))] = 
k=I 

1 ~(ak, I ak,2 )2 121 ~ (f3k,1 f3k,2 )4 = --2 Li Dt1+v--t2 -576 Li D-E>lt1l+v-E>lt2I . 
k= I n,1 n,2 k= I n,1 n,2 

Having applied 

(12) 

exp [ 121 ( ~1 /Jt,i 
114 

+ _;._: 1_f3_t._
2 

14)] -{qc11, 12> E!_(t4 ~ t4) 
· -72 D 4 D4 2 ,se 40n 1 + 5 2 • 

n,1 n,2 

Comparing (10) and (12) we have 

I/ j-< 121 ff(t4 ~t4) -{q(ti.lz)df dt 6,5· 105 
1 - 40nD D 1 + 5 2 e 1 2 ,s D D . 

n,1 n,2 - n n,1 n,2 
On 

The latter estimate is given by h" ,s ff for n 2: 3, and ti+ 2hnt1f2 + q 2: 

2:(1 -Vf)<t~+fD. We have ti+; t~,s; (ti+tn2
, and having an rota-

14 * 
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tion-invariant majorant, we substitute polar coordinates and in the later 
integral of one variable we integrate partial twice. It is worth noting I 2 = 

= o ( 1 
)' I 3 = o( 1 

)' but we must not ignore them, since 
nDn,1Dn,2 11Dn,1Dn,2 

we are interested also in the values of constants. 

4. The estimation of I 2 and I 3 

We begin it with / 2 • 

The essence of the proof is \ sin (p + ! )x I s I, and being x from the nea­
(p + 1) sm x 

rest mn at a great distance apart, it is much lower than 1. This way we 

give an uniform estimate for the integrand not only out of _!_ Qn, but out 
2 

of the less domain 

{ y3 y3 } 
H= (x,y):\x\s 8(p+l)'[y[s4(n+l)(p+l)' 

¥3 n ( · f Indeed if s\x[::=;;-,thenx+ky k= 1,2, ... ,11)1satleast112 
' S(p+ 1) 2 

times at least at distance 16 (~: l) from the nearest mn. If \x\ < S(:~ l) , 

then n/2 "2=. IY I "2=. 4(
11 

+ ~~p + 1) , and x + ky is at least n/2 times at least at 

16 (~! 1) distance apart from the nearest mn. If (x, y)E [- ~, ...:'fr -H, 

then for all p "2=. l 
y3 n/2 

n I sin (p+ l)(x+ky) 
I::=;; 

sin (p+ 1) 
l 6(p + 1) ::=;; 

k=I ! (p+ 1) sin (x+ky) 
I (P + 1) sin 

y3 
16(p+l) 
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s ( sin }"3/16 )n/2 s0,99855nl2. 

y3 ( y3 )3 
1 1 

16 16 6 (P+ 1)2 

It follows 

1121 s4n20,99855"12 < JOO , since ps(l,0014)"14n- 312• 

nDn,1Dn,2 

We can estimate in a similar way as we made the last estimate in the previous 
section: 

and 

I, 1 · I 06 

nDn,1Dn,2 

5. Application to Wilcoxon statistics 

Suppose f and g are continuous distribution functions, Xv X2, ••• , Xm 
and Yv Y2, •• ., Y1 are independent random variables with these distribution 
functions. The event, that two of the m + t variables have the same value, is 
of probability zero, so, this event will be out of regard. Let us consider the 
increasing sequence of m+t numbers of a sample and denote by Rk the num­
ber of position (among the m+t numbers) of the increasing subsequence of 
X-es. Several order statistics try to decide using the positions of X-es whet­
her f = g or not. 

m 
In the Wilcoxon statistics W = L: Rk is considered, see the book of 

k=I 

SCHMETTERER [11 ]. From this point we suppose/= g. MANN and WHITNEY 
[8] proved the Wilcoxon statistics to be asymptotically normal. 

IsMATULLAEFF and jo6 [5] noticed the following, quite general con­
nection of order statistics and diophantic systems. 

Let us denote by X(k) the kth element of the increasing sequence of X-es, 
X<ol =: - oo, X<m+il =: + oo, by Sk the nu~ber of Y-~ i!1 the interval 
(X(k-il> X(kl)(k = I, 2, ... , m + I). Let us consider the statistics 

m+I 
T m,t = L; a(k, Sk), 

k~I 
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where a(i, j) is an integer-valued function. The notice of the authors is 

P(T m,t = K) = rm,1(K) /(m;l 
where rm, 1(K) is the number of solutions of the following diophantic system: 

m+l 
(i') L: a(k, xk) = K, 

k=I 

m+I 
(ii') L; xk = t, 

k=I 

(iii') Osx11 . . . , Xm+l sf. 

(It is easy to check by x1 = R1 -I , Xm+l = t+m-Rm, xk = Rk-Rk_1 -I, 
k = 2, 3, ... , m). The authors applied it to the case of Dixon statistics 
a(k, x,) = x~. Connecting (i'), (ii'), (iii') to (i), (ii), (iii) of the first section we 
have information on the distribution of Wilcoxon statistics through Theorem 
I. We have 

m (m+ I) m+I W = L; Rk = + L; (m-k+ l)(Rk-Rk_ 1 - I), 
k=I 2 k=l 

where R0 = 0, Rm+i = n+m- I and introducting the function 

a(k, xk) = (m-k+ l) xk, 

we have W-(m; 1)= Tm ,t· 

Denoting by P(A I B) the conditional probability, we have 

P(W = KI Sm+l = s) = P(T m,t = K -(m; l) I Sm+l = s) = 

Tm,{ K -(m; l)) . (m+~~s1-- I) 
(m:tJ · (m;t) 

where rm,t is the number of solutions of the diophantic system 

(i") 

(ii") 

(iii") 

L; kxk = K- , m (m+ I) 
k=I 2 

m 
L; xk = t-s, 
k=I 

Os xv ... , Xmsf-s. 

This way we have the following theorem. 
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THEOREM 2. Suppose l:sl-ss(I,0014)ml4m-312, 3sm, then 
(t-s+ I)m 

P(W = KISm+i = s) = ( t 1) m+ -S- D D 
I 

m,1 m,2 
m-

where 

h - V Jm + 3 I e I s I 05, 
m - 4m+2' 

I 
Q(u11 u2) = (u~-2hn,u1u2 +uD, 

I -h~, 

I I 
Am,1 = 2m(t-s), Am,2 = 4 m(m+ I)(t--s), 

I D;,,1 = 12 m(t-s)(t-s+2), 

I 
D;,,2 =

72
m(m+1)(2m+ l)(t-s)(t-s+2). 
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1. Introduction 

A great number of papers investigate asymptotic formulae for the num­
ber of solutions of Diophantine equations (Cf. [I]-[3] and references there), 
even a prominent monography has been written in this topic by S. CH. 
SIRASHDINOFF, T. A. AZLAROFF and T. M. ZUPAROFF [4]. The number of 
solutions of Diophantine equations in connection with the number of parti­
tions is of particular interest. Nevertheless, the problem mentioned in the 
title of our present paper seems to be new in the literature. 

Let us consider the following equation 

(I) 

Let us denote by R the number of solutions of (I). 
G. H. HARDY and S. RAMANUJAN in 1918 [2] proved 

R = (1 +o( V~ )) 4Y~n exp(~~ vn) if n = N = p 

and 

R = l +o(I) exp(.~- Yn) if n = N, P =I. 
4 . 3114. n3/4 r 3 

The aim of our paper is to prove the following theorem using probabilistic 
methods. 

THEOREM. Suppose n"2=2, p"2: I and N are natural numbers. Let us intro 
duce the notations 

I I 
An = - n(n +I )p and D~ = - n(n +I )(211+I)p(p+2). 

4 72 
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Then the number of solutions of (I) is 

R = (p + I )n I {exp [- (N - An)2 ] + e } 
Y2:rr:Dn 2D~ II 

where 101 sK with an universal constant K. 
REMARK. The ideas of our proof were further developed in [5] for the 

investigation of Diophantine system of equations. The proof of the Theorem 
will be given in several sections. 

2. Proof of the Theorem 

Let us consider the independent random variables ;k (k = I, ... , n) 
with the following distributions: 

I 
P(;k = k·x) = -- (x = 0, I, ... ,p). 

p+I 
Let us define Sn to be 

It is easy to check that 

E(Sn) = An and D2(Sn) = D~. 

Let us consider thefn(t) characteristic function of Sn and theg(t) characteris­
tic function of (Sn-An)/Dn. We have 

(2) 

. ( I) kt 
n I p iA t n sm p + -2-

E( eiSnl) =JI -- ~ eixkt = e n II-----
k= 1 P + I x= 1 (p + I)n k= 1 sin .!5!_ 

2 
and 

(3) 

In fact we are going to prove a local limit distribution theorem, what is a 
standard tool in this field (See [4 ]). However, the realization of the proof 
requires also new ideas in our contribution. We have 

_,. _,, 

(4) 
2:rr: = R = 2nP(Sn = N) 

(p + I)n 



ON THE NUMBER OF PARTITIONS OF THE NUMBER N 

and the well known inversion formula 

(5) 

+-

--& J 
_.!:._ I us 

e-iut e t dt = -=e-2 
¥2n 

We have to prove 

(N-An) 

(6) Y2n Dn R e 
20~ = o(-n1 

)· 
(p +I )n 

since (6) is equivalent to the Theorem. 
Using (2), (3), (4) and (5) we can write 

(N-An) 

DnP(Sn=N)- ./ e 2D~ 
r 2n 

D !"' I !- -~ -iN-An t 
= _n_ fn(t)e-ilNdf- -- e t e Dn df = 

2n 2n 

and 

(7) 

where 

We shall prove 

_,.. 

/
1 

= J e-i(N-An)t(/~(Dnt)-e-D;1212Jdf, 
Ill;:!;~ np 

/ 2 = J e-i(N-An>1I'n(Dnf)df, 

~;:!;ltl~" np 

/3 = J e-i(N-An)t.e-D~t2/2df. 
1 1 1 ~-~ np 

219 
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what proves 

Dn(ll1I + llzl + llal) = o(~) 
and having a look at (7) we get (6). 

3. The estimation of / 1 

Let us consider the following quantities: 

a~= E[(~k-E(~k))2 ], 

Pt= E[(~k-E(~k))4], 
I P p 

E(~~ = -- 2 kx = - k, 
p+lx=O 2 

1 p 1 
E(;D = -- 2 k2X2 = - p(2p + 1 }k2

, 

P+ 1 x=O 6 
1 p 1 

E(;D = - . - _L: kaxa = - p2(P+ I)ka, 
P+ I x=O 4 

I P 1 
£(!;~) = -- ~ k4x~ = -p(2p+ 1)(3p2 +3p- I)k4

, 

P+ 1 x=O 30 
I 

a~ = E(;n- £ 2 (~k) = - p(p + 2) k2
, 

12 

I Pfc= -p(p+2)(3p2 +6p-4)k4, 
240 

Pt = ~ . 3 p
2 + 6 p - 4 = ~( 1 _ _i_ • 1 ) 

at 5 p(p+2) 5 3 p(p+2) · 

We have 

(8) 
p4 9 

Is-ks-
4 5' Gk 

n I 2 E(;k) =An= -n(n+ l)p, 
k=I 4 

n 1 
,L: a~= D~ = -n(n+ 1)(2n+ I)p(p+2), 
k=I 72 

def n 1 
B~ = 2 p~ = -n(n+ 1)(2n+ 1)(3n2 -3n- l)p(p+2)(3p2 +6p-4), 

k=I 7200 

17 B~ 81 
- s--s--. 
20n D~ 25n 
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Let us consider the characteristic function cpk(t) of t;k and 

( 
t ) of !;k-E(!;k) rp~(t) = e-iE(~k)l/Dn. rpk Dn Dn 

Expanding them we have 

Tk(t) =_I_± eixkt = 1 +iE(!;k)t-_!_E(t;nt2-
p +I X=O 2 

_ _i___ E(t;Dt3 + _!__ E(t;t)t4 - ••• , 

6 24 

If Ill :$cin with a c:S3-314 , then 

(9) * ) I a~ 2 1 [3~ 1 1 
ll-rpk(t I ::52[)2 1 +24 D2 14 ::52+24<1. 

n n 

Using (a+b)2:S 2(a2+b2) and (9) we get 

1 a 4 1 [3 8 
I I -rp*(t)l2:5 __ k f4+ __ k fBs 

k 2 D4 288 D 8 
n n 

(IO) ::5 (_!__ + _l_) /3t fLs; 145 /3t 4. 

2 288 D4 288 D4 t n _ n 

n 
Since fri(i) = JI rpt(t) is real and ( 10), we have 

k=I 

n 
logf;(t) = ~ log [I -(1-rpt(t))] = 

k=I 

( 11) _ e 151 :± fJt = _£_ 8 157 B~ 14 _ 
2 288 k=t D~ 2 576 D~ 

221 
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From (I I) and (8) follows 

and 

I
I -9~ B~ t' ! 

576 -lf~(t)- e-11121 s e-1z12 e D~ - 1 Is 
4 -9~ B~ t' 

-tZ/2 157 Bn [4 576 -D4 K1 4 1•12 se ---- e n s-t e- -
576 D~ n 

II1ls f l.fn'(Dnt)-e-D~1i12ldt= 
l /l:!i-c­

np 

4. The estimation of I 2 

We need a number of lemmata to estimate the characteristic functionfn(t) . 

(12) 

(I 3) 

LEMMA I. We have for p = 0, I, ... 

I 
sin (p + I )x I . sl+lcosx!+ ... +lcosx!P, 

smx 

I 
sin (p+ I)x I s I. 
(P+ 1) sin x 

PROOF. Use induction on p: 

l sin(~x+x) Is l si~px l·lcosxl+lcospxl:,,;;l+ 
smx smx 

+ lcosxl(I + lcosxl + ... + lcosx1P-1). 

LEMMA 2. Let us define m and M as follows: 

. (+rv-2nt (~)'v2nt 
m = mf , M = sup ----

1 :s1:s - I'(t+ 1) 1:s1:s- I'(t+ I) 

Denote 

A-[ 3n n] 
- n(p+ 1)' p(p+ 1) 

d () _ I [Jn sin(p+l)kx I 
an g x -1 . 

k=I (P+ I) sin kx 
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Then 

(14) fg(x)dxsC _!'!!___ I (!_Jn• (n = 2, 3, .. . ). 
m n(n- l)(p+ I) 6 

A 

Here and in below C denotes a constant not depending on n, N, p, and it 
may be different in different places. 

PROOF. Using (13) we have 

g(x);;;,, II II 1 
sin kx k~-1- (p + I) sin kx ;;;,, !kx:=_,_ (p + I)~ kx 

p+I n p+I n 

and 

(15) g(x) s {! n 
2(p+ l)x + 1 

2(p+ l)x .,,;,k.,,;,n 

'"' 

r( n 1) 
2(p+ l)x + s--;;r;~-( ne )n 

nl 2(p+ l)x 2n(p+ l)x · 

M n 

m Y(P+ l)x 

e 2(p+t)x Y2n 
( 

ne Jn+.!. sC 2 
2n(p+ l)x 

The right hand side of (14) is the integral of (15). 

LEMMA 3. Denote B = [ n ' _!!__]· Then 
2(p+ I) 2n 

fg(x)dxsC 
1 

, (n = 2, 3, ... ). 
(p+l)(n-l)n! 

B 

PROOF. As in (15), 

g(x) :s; II n 
n k: 2(p+ l)kx 

-=2..,-(p-+'""'1)-x "Sk~n 

and 

fg(x)dxsf( n )n_J dxs---1l __ 
2(p+ l)x n! 2(p+ l)(n-1) n! 

B B 
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LEMMA 4. Assume n2=4 and 1/2~x~ 1/8. Then there exists at least 
max (11/8, 1) number of the sequence x, 2x, ... , nx being at least at distance 
1/4 apart from the nearest integer. 

PROOF. At least [nx]+I of the intervals [o.+J. [+· ll [1,1+J.· .. 
contains [ l/4x] elements with the claimed property of the sequence x, 2x, ... , 
... nx. Hence 

([nx]+l)·[l/4x];;e:nx-- l 2:---2':-. (
1 ) 11 11 11 
4x 4 8 8 

We are ready, since it is evident, that there exists at least one element with 
the claimed property. 

LEMMA 5. Denote C = r~' !!___], D = [!!___,!':___]·If p2=3, XED UC then 
2n 8 8 2 

c 
g(x)~ (p+l) e-cn,(n=2,3, ... ). 

PROOF. Denote (t) = min Jt-snJ. From (12) and (13) we have 
S integer 

. ( l l ) n mm p+ ,----
g(x)~Il 1-JcosxJ ~ 

k=I p+ l 

~(-~·-1-)1 {kE{l, ... ,n):k(kx)~-i-} I. 
2-v2 p+1 

Lemma 4 implies for 11;;e:4 and x EC 

g(x) ~(~)max (n/8, I)' 

p+l 

and there exist C0 , n0 , Po such that for every 11 ;;e: n0 , p;;,,: p0 

c 
g(x) ~ 0 e-cn, (xEC). 

(p+ l) 

We let denote 

cl = sup sup --- -- ' 
e-cn ( 3,5 )max(n/8,1) 

2;i;n;i;no 3;i;p (p + I) p + I 

C2 = sup sup -- , 
e-cn ( 3,5 )max(n/8,1) 

2;i;n 3;i;p;i;po (p+ l) p+ 1 

these numbers are finite. 
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Comparing these results for xEC, n?::2, p?::3: 

( ) 
max (C0, C1, C2) en gx,s; e-. 

(p+ 1) 

In the case xED we use similar arguments. There exist at least max([~} I) 

elements of the sequence x, 2x, ... , nx such that (k. x) ?::n/4. Then 

g(x) ,s; (~)max( [ i]. I) 
p+I 

for xED, n?::2, p?::3; what means 

e-cn 
g(x)::5C-­

(p+ I) 

3n n 
LEMMA 6. If p = 1, -::5X::5 -, then 

2n 2 

PROOF. 

n sin 2kx n 
II = II cos kx, 
k=I 2 sin kx k=I 

applying the methods of Lemma 4 and 5, we have: (kx) ?::n/4 implies 
!cos kxl ::5 l/Y2. 

3n n 
LEMMA 7. If p = 2, -::5X::5-, we have 

2n 2 

PROOF. Use the elementary inequality 

We have 

_ln27 
1 4 11-tl ,s;27-i14 = e 4 for Q,s;f,s; 3 . 

g(x) = II . = II I --sin2 kx ::5 
I 

n sin 3kx I I n 4 I 
k=t 3smkx k=t 3 

n _Jn 27 sin2 kx - n+ 1 

:o;;If e 3 =e 2 

k=l 

sin (n+ l)x cos nx 
2 sin x 

15 ANNALES-Sectio Mathematica-Tomus XXVJII. 
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Summarizing our results, we obtain: there exists universal constant 
Kwith 

" 2 

( 16) If ----- 1 dxs---JI 
n sin (p+ l)kxr 1 K e-cn 

k=I (p+ I) sin kx ! (p+ I) 
3,, 

n(/1+ I) 

for every n::?: 2, p::?: I, further 

2 J 

J ll J sin p+ l)kt/2 1 dt = 

k= 1 I (P + I) sin kt/2 

sin(p+l)kt jdts K2 e-cn. 

(P + I) sin kt ; p 

5. The estimation of I 3 

This estimation is much more easier than the previous ones. We have 

and hence 

6. Remark 

Our theorem gives an asymptotic formula if and only if 

since in the opposite case the term of error exceeds the main term. It 
follows, that our results are incomparable with those of HARDY and RA­
MANUJAN. 

The ideas and the result of the present paper were, further developed 
by A. BOOMER and L.A. SZEKELY in [5]. 
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In problems of calculus of variations it occurs frequently that after a 
substantial extension of a functional the infinum and supremum of its range 
do not change (see e.g. [2], [4]). In this paper a theorem of this type will 
be proved, namely for such an extension of a functional studied in the clas­
sical case, the investigation of which is important from the point of view of 
applications ([5 ]). 

Let a, b, c, d ER, a< b. Denote by F the class of all functions of first kind 
defined in [a, b ]. cp E F means that the domain of rp is [a, b] except for an at 
most countable set, moreover, cp has a finite right limit at each point of the 
interval [a, b[ and a finite left limit at each point of the interval ([a, b] (see 
[I], [3]). Denote by D the part of F consisting of functions which are not de­
fined on an at most finite set and for which the set where the left and right 
limits are different is also at most finite. 

Let D 1 and F1 the set of the integral functions of the functions in D and 
F respectively. For a cpEF we shall also use the following notation 

t f cp : [a, b] --> I R, t1-J cp. 
a a 

Define the following norm in F: for any cp, 1P E F 

llT-1Pll: = sup lrp(t+0)-1P(t+O)I + sup lrp(t-O)-'l/J(t-0)1. 
tE[a, b[ tE]a, b] 

Letj: = idea, bJ and for any o:ER define 

o:(-): =[a, b]~IR, t:-o:. 

Introduce the following sets, 

L := {xEF1 jcp(a) = c, (p(b) = d}, 

J\.1 := {xED1 lrp(a) = c, rp(b) = d}. 
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Let f: R3 -R a continuously differentiable function and denote by f; the 
partial derivative off with respect to the i-th variable (i = I, 2, 3). Define 
the following functionals: 

b 

I: L-R, XI-ff o (j, x, x), 
a 

b 

j: M ..... R, XI-ff o (j, x, x). 
a 

Clearly 
IIM = ]. 

The infimum and supremum of the range of a real-valued function <P are 
called shortly the infimum and supremum of <P and are denoted by inf <P and 
sup <P respectively. 

The following theorem holds. 

THEOREM. inf J = inf I, sup J = sup/. 

PROOF. For the proof of the theorem it is clearly enough to show the 
following: for any cpEL and c:>O there exists a 1PEM such that 

{I) I I(cp)- I(1P)I <c:. 

Fix the function cpEL arbitrarily. 
The function cp' is of first kind, therefore, there exists a finite interval 

[er, r] containing the range of cp'. 
Put 

U := {(t, s, u)ER3 ifE[a, b], sE[cp(t)-1, cp(t)+ I], uE[cr- I, r+ I]}. 

U is clearly a bounded set. Define 

Q: = max{suplf.2lul, suplf.3lul}. 

Now fix an arbitrary number 

(2) (;E ]O, min {I, I/(b- a)}[. 

The function cp' is of first kind, so there exists a step function g : [a, b ]-R 
such that 

(3) llcp'-gll<~. 
2 

Hence 

I ~ ) I l g--u( · <<p <g+-o( ·) 
2 2 

which implies that 

b( 1 ) b b( I ) Jg---{;(-) <fcp'<f g+--{;(·). 
a 2 a a 2 
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From the above inequalities it is clear that a number 

(4) 

can be chosen such that the equality 

b b 

(5) jrp' = j(g+rx(·)) 
a a 

holds. Define 

tp: = c( · )+ j(g+rx( · )) . 
a 

It is obvious that tpED1 . From (3) and (4) and from the definition of VJ it 
follows that 

(6) II rp' -1P'll < o. 

Taking in account (5), from the definition of ip we get 

1P(a) = c, 
b b 

1p(b) = c+ j(g+a.( · ))=c+ J rp' = c+(d-c) = d. 
a a 

From the first equality by (6) we obtain that 

(7) llp-111ll ~ b(b-a). 

From the relation (2) and the inequalities (6), (7) by the definition of 
the set U it follows that at any point t of the intersection of the domains of 
rp' and 1P' for any 1JE ]O, 1 [we have 

(8) (t, rp(t)+1~(ip(t)-rp(t)), rp'(t)+17(1P'(t)-q/(t))E U. 

Now estimate the difference of corresponding values of the functional. Using 
(8) and the definition of Q a simple calculation shows that 

b 

l/(rp)-/{1P)I ;§ jlf 0 (j,rp,rp')-/ 0 {j,1J!,'1//);§ 
a 

sQo(b-a)2+Qo(b-a) = o{Q(b-a)2 +Q(b-a)}. 

Hence if c:>O is fixed and the number o is chosen sufficiently small the 
inequality (1) holds. Theorem is proved. 

REMARK I. Let N be the part of M consisting of all polynomials and let 
K be the restriction of the function} onto the set N: 

K:= JI N· 
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From the classical results of calculus of variations it is known (see e.g. [4] 
chapter 6) that 

inf K = inf j, sup K = sup j. 

So our theorem implies that 

inf K = inf I, sup K = sup /. 

REMARK 2. Introduce in L the following norm 

(9) II <pll 1 : = II <pl\ +II <p'll. 

In the proof of our theorem, essentially, we have proved first that D1 is dense 
in F1 with respect to the metrics induced by (9), then it has been shown that 
I is a continuous functional with respect to the same metrics. 
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DIE ZAHL DER OVALE IN DER BOLYAI - LOBAT8CHEF8KY 
EBENE 8(3, 3) 

Von 

T. HORVATH 
L. Eotvos Universitat, Budapest 

( Eingegangen am 19. September 1983) 

Es sei 8 eine endliche Punktmenge. Bestimmte Teilmengen von S werden 
Geraden genannt, wenn die folgenden Erforderungen erflillt sind: 

I. Zwei beliebige verschiedene Elemente von 8 werden von genau einer 
Geraden genannten Teilmenge von 8 enthtilt. 

2. Fiir jedes Paar, das aus einem beliebigen Punkt und aus einer nicht 
durch diesen Punkt verlaufenden Gerade von 8 besteht, gilt es, da[J es m schnei­
dende bzw. n niclzt schneidende Geraden durch den Punkt eines Paares zu dem 
Geradenelement dieses Paares gibt. 

3. Es gelten m>2 und !1>2. 

Die den vorigen drei Erforderungen entsprechende Struktur wird eine 
BOLY AI- LOBATSCHEFSKY Ebene (kurz B-L Ebene) mit Charakter (m, n) 
genannt. Diese Struktur wird mit 8(m, n) bezeichnet. 

Das Oval ist eine Punktmenge mit hochsten Punktanzahl in einer end­
Iichen Ebene, die hochstens zwei gemeinsame Punkte mit einer Gerade hat 
und die in jedem von ihren Punkten geriau eine Gerade (Tangente) besitzt, 
die keinen weiteren gemeinsamen Punkt mit der obigen Teilmenge hat. 

Zwei Geraden, die beziiglich eines Punktes perspektiv sind, und das 
Zentrum der Perspektivitat werden eine II-Konfiguration genannt. Diese 
Konfiguration besteht aus sieben Punkten und fiinf Geraden (Fig. I.). 

Vier Geraden bilden ein vollstandiges Vierseit, wenn sich jede zwei 
Geraden sclmeiden und nicht drei von ihnen durch einen gemeinsamen Punkt 
verlaufen. 

In dieser Arbeit beschaftigen wir uns nur mit der B-L Ebene 8 (3, 3). 
Diese Ebene besteht aus 13 Punkten und 26 Geraden, weiterhin jedes Oval 
besteht aus 6 Punkten. Deshalb gilt die zweite Erforderung in der Defintion 
des Ovals offenbar, wenn die erste Erforderung gilt. Bis jetzt sind zwei, 
miteinander nicht isomorphe Ebenen 8(3, 3) (siehe in [2]) bekannt. 
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Zuerst beschaftigen wir uns mit den Kollineationen dieser zwei Ebenen. 
Dann beweisen wir, daB o = 3n+ p gilt, woo die Zahl der Ovale, n die Zahl 
der vollstandigen Vierseite und p die Zahl der JI-Konfigurationen sind. 

6 

Fig. 1. 

1. Wir schreiben die Geraden der zwei bekannten miteinander nicht 
isomorphen Ebenen 8(3, 3) auf. Mit den Elementen der Menge {I, 2, 3, 4, 5, 
6, 7, 8, 9, 10, I I, I2, I3} werden die Punkte der erwahnten zwei Ebenen 81 
und S2 bezeichnet. Die Geraden der Ebene S1 (3, 3) sind die Punktmengen 
(siehe [I]): 

{I, 2, 3}, {I, 4, 5}, {I, 6, 7}, {I, 8, 9}, {I, 10, I I}, {I, I2, I3}, 
{2, 4, 6}, {2, 5, 7}, {2, 8, 10}, {2, 9, I2}, {2, I I, I3}, {3, 4, 8}, 
{3, 5, 9}, {3, 6, I I}, {3, 7, I3}, {3, 10, I2}, {4, 7, 10}, {4, 9, I3}, 
{4, I I, I2}, {5, 6, I2}, {5, 8, I I}, {5, 10, I3}, {6, 8, I3}, {6, 9, 10}, 
{7, 8, I2}, {7, 9, I I}, 

und die Geraden der Ebene 82(3, 3) sind die folgenden Punktmengen (s. [2]): 
{I, 2, 3}, {I, 4, 5}, {I, 6, 7}, {I, 8, 9}, {I, 10, I I}, {I, I2, I3}, 
{2, 4, 6}, {2, 5, 7}, {2, 8, 10}, {2, 9, I2}, {2, I I, I3}, {3, 4, 8}, 
{3, 5, 9}, {3, 6, 10}, {3, 7, I3}, {3, I I, I2}, {4, 7, I2}, {4, 9, I I}, 
{4, 10, I3}, {5, 6, I I}, {5, 8, I3}, {5, 10, I2}, {6, 8, I2}, {6, 9, I3}, 
{7, 8, I I}, {7, 9, 10}. 

Die Ebene 81 (3, 3) ist mit der endlichen hyperbolischen Ebene isomorph, 
die man im Artikel [I] find en kann. Deshalb sind die Kollineationen der 
Ebene 81 (3, 3) die folgenden: 

I 2 3 4 5 6 7 8 9 IO II I2 I3 

II1 : I 2 3 4 5 6 7 8 9 10 I I I2 I3 
II2: I 2 3 5 4 7 6 9 8 12 I3 10 I I 
Ila: 7 13 3 8 12 6 I 4 10 9 II 5 2 
II4: 7 I3 3 12 8 I 6 10 4 5 2 9 II 
IIs: 6 II 3 9 10 7 I 5 I2 8 I3 4 2 
JI6: 6 II 3 10 9 I 7 I2 5 4 2 8 13 
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Die Gruppe dieser Kollineationen isl mit der symmetrischen Gruppe 83 iso­
morph. 

Man kann eine beliebige Kollineation von 82(3, 3) folgenderweise auf­
schreiben: 

2 3 4 5 6 7 8 9 10 11 12 13 

e: 13 5 8 l 12 4 10 9 6 3 7 11 2 

Man kann sehen, daB Q der Zyklus (1, 13, 2, 5, 12, 11, 7, 10, 3, 8, 9, 6, 4) mit 
der Lange 13 ist. Die Potenzen von e sind auch Kollineationen, deshalb hat 
die Oruppe der Kollineationen von 82(3, 3) eine zyklische Teilgruppe von der 
Ordnung 13. Auch aus den Vorhergehengen folgt der in [2] bewiesene Satz: 
die Ebene 81 (3, 3) und 82(3, 3) sind miteinander nicht isomorph. 

2. Im folgenden betrachten wir eine beliebige Ebene 8(3, 3) , und zu­
erst beweisen wir den folgenden 

SATZ I. In einer beliebigen B- L Ebene 8(3, 3) ist die Zahl der Ovate 
mindestens dreimal soviet wie die Zahl der vollstiindigen Vierseite. 

Es sei Nein vollstandiges Vierseit. Wir nennen den dritten, zu N nicht 
gehorigen Punkt einer Diagonale von N einen Diagonalpunkt von N. Ein 
Diagonalpunkt ist melzrfaclz, wenn dieser Punkt ein Diagonalpunkt von 
mehreren Diagonalen ist. Wenn der Diagonalpunkt nur zu einer einzigen 
Diagonale von N gehort, dann ist der Diagonalpunkt einjach. 

Zuerst beweisen wir zwei Hilfssatze. 
HILFSSATZ 1. Einem beliebigen einfachen Diagonalpunkt des vollstiindigen 

Vierseits N kiinnen wir ein Oval zuordnen. 
BEWEIS. Diese Zuordnung ist das folgende. Mit l bezeichnen wir einen 

beliebigen einfachen Diagonalpunkt von N. Die Punkte 2, 3, 4, 5, 6, 7 von 
N seien so gewahlt, daB die Punktmengen {1, 2, 3}, {2, 4, 5}, {2, 6, 7}, {3, 4, 7}, 
{3, 5, 6} Geraden bilden. Weil I ein einfacher Diagonalpunkt ist, deshalb 
Iiegen I, 4 und 6 bzw. I, 5 und 7 nicht auf einer Gerade, d.h., durch I kann 
man vier weitere Geraden ziehen. Diese Geraden sind {I, 4, }, {I, 5, }, 
{I, 6, }, {I, 7, }, deren dritte Punkte nacheinander 8, 9, 10, II sind. In der 
Ebene 8(3, 3) konnen wir durch jeden Punkt sechs Geraden ziehen, deshalb 
gibt es eine sechste, von den vorigen verschiedene Gerade durch I. Diese 
Gerade ist {1, I2, 13}. Wir beweisen, daB die Punktmenge Q = {8, 9, 10, I I, 
12, I3} ein Oval isl (Fig. 2.). 

Nehmen wir indirekt an, daB Q kein Oval ist. Dann hat Q drei Punkte, 
die auf derselben Gerade g Iiegen. Wir zeigen, daB keine B-L Ebene 8(3, 3) 
existiert, wo die vorige indirekte Bedingung gilt. 

Die Gerade g kann zweierlei sein. 

(I) Die Punkte von g gelzoren zu der Menge {8, 9, l 0, I I}. 
(2) Zwei von den Punkten der Gerade g sind in der Menge {8, 9, IO, I I} 

und der dritte Punkt von g gelzort zu der Menge { 12, 13}. 
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Wir betrachten den Fall (1). Ohne Beschrankung der Allgemeinheit kon­
nen wir annehmen, daB {8, 9, 10} die oben erwahnte Gerade ist. In diesem 
Fall sind die Geraden {2, 8, }, {2, 9, }, {2, 10, } verschieden und die dritten 
Punkte dieser Geraden sind 11, 12, 13. (Auch eine andere Reihenfolge der 
Punkte kann vorkommen.) Ebendas kann man auch liber die Geraden 
{3, 8, }, {3, 9, }, {3, I 0, } sagen. 

Fig. 2. 

Wir betrachten die Geraden {7, 8, }, {7, 9, }, {7, 10, }. Die dritten 
Punkte dieser Geraden konnen die Punkte 5, 11, 12, 13 sein. Der dritte Punkt 
von {7, 9, } kann weder 5 noch 11 sein, weil 5 und 9 bzw. 7 und 11 schon mit 
einer Gerade ({I, 5, 9}, {l, 7, 11}) verbunden sind. Deshalb ist der dritte Punkt 
von {7, 9, } 12 oder 13. Wir konnen annehmen, daB dieser Punkt 12 ist. 

Was kann der dritte Punkt der Gerade {4, 9, } sein? 8 und IO sind nicht 
moglich, weil die Menge {8, 9, IO} eine Gerade ist. Auch 12 ist nicht moglich, 
weil auch {7, 9, 12} eine Gerade ist. 11 und 13 konnen keine dritte Punkte 
sein, weil 11 und 13 die dritten Punkte der Geraden {2, 9, } und {3, 9, } 
sind. Die Punkte 1, 2, 3, 5, 1 waren mit dem Punkt 4 verbunden, deshalb 
sind auch diese Punkte nicht moglich. Endlich bleibt nur eine einzige Mog­
lichkeit flir den dritten Punkt, namlich cler Punkt 6 und dann ist die Gerade 
eben die Gerade {4, 6, 9}. Aus ahnlichen Oberlegungen ergibt sich, daB der 
dritte Punkt der Oerade {5, 12, } nur 11 sein kann. 

Wir betrachten die Gerade {6, 12, }. Die Punkte I, 2, 3, 4, 5, 7, IO kon­
nen die dritten Punkte dieser Gerade nicht sein, weil sie mit dem Punkt 6 
schon verbunden sind. Auch die Punkte 8, 9, 11, 13 sind nicht moglich, weil 
sie mit dem Punkt 12 verbunden sind. Folglich hat die Gerade {6, 12, } 
keinen dritten Punkt. Das ist aber in der B- L Ebene 8(3, 3) unmoglich. 

Nun betrachten wir den Fall (2). Hier mlissen wir zwei Unterfalle unter­
suchen. {8, 9, 12} und {8, 10, 12} sind diese Falle, die wir gemeinsam erortern. 
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Wir betrachten die dritten Punkte der Geraden {2, 12, } und {3, 12, }. 
Diese Punkte konnen nur 10, 11 bzw. 9, 11 sein. Daraus folgt, dal3 {6, 4, 12} 
und {7, 5, 12} Geraden sind. Deshalb sind die Geraden {l, 12, 13}, {2, 13, }, 
{3, 13, }, {4, 13, }, {5, 13, }, {6, 13, }, {7, 13, } verschieden, d.h., durch den 
Punkt 13 verlaufen sieben verschiedene Geraden. Das ist aber in der B-L 
Ebene S(3, 3) nicht miigliclz. 

Wir konnen also ausgehend VOil einem beliebigen einfachen Diagonal­
punkt eines vollsttindigen Vierseits ein Oval bekommen. 

H1LFSSATZ 2. Das vollstti11dige Vierseit Nin der B-L Ebene S(3, 3) hat 
llUr einjache Diagonalpwzkte, d. h., alle drei Diagonalpunkte VOil N sind ver­
sclzeieden. 

BEWEIS. Wenn die drei Diagonalpunkte von N zusammenfallen, dann 
bilden N und dieser Diagonalpunkt eine Galois-Ebene PG (2). Betrachten 
wir einen Punkt, der von den vorigen Punkten verschieden ist. Wenn wir 
diesen Punkt mit den Punkten von PG (2) verbinden, bekommen wir sieben 
verschiedene Geraden. Das ist aber ein Widerspruch. 

Wenn N einen zweifachcn und einen einfachen Diagonalpunkt hat, dann 
tritt derselbe Fall auf, wie bei der Untersuchung des Falles (2) im Hilfssatz I. 
Der Punkt I ist der einfache, 12 ist der zweifache Diagonalpunkt. Deshalb 
ist auch dieser Fall nicht moglich. 

Der BEWEIS des SATZES I. Nach dem Hilfssatz 2. hat ein vollstandiges 
Vierseit drei verschiedene einfache Diagonalpunkte. Mit dem Verfahren, 
das wir irn Hilfssatz 1. geschrieben haben, bekommen wir cin Oval zu jedem 
einfachen Diagonalpunkt. Diese Ovale sind verschieden, weil sie in je einem 
Punkt verschieden sind. 

Wir mtissen noch einsehen, dal3 wir aus sieben Punkten zwei vollstandige 
Vierseite N 1 und N 2 derart nicht vorstellen konnen, dal3 der siebente Punkt 
in beiden Fallen der Diagonalpunkt des vollstandigen Vierseits sei. Der 
Punkt I sei der Diagonalpunkt von N1 • Weil N1 ,c.N2 ist, mu13 der Punkt I 
zu N 2 gehoren. Deshalb kann man durch den Punkt 1 noch eine weitere Ge­
rade ziehen, die zwei Punkte von N 1 enthalt. Diese Gerade kann nur {I, 4, 6} 
oder {1, 5, 7} sein. Das wtirde aber bedeuten, dal3 1 ein mehrfacher Diagonal­
punkt ware. Das ist aber nach dem Hilfssatz 2. unmoglich. 

Also ist die Zahl der Ovate mindestens dreimal soviet, wie die Zahl der 
vollstti11digen Vierseite. 

SATZ 2. /st eine aus sieben P11nkte11 bestehende Teilmenge eine II-Ko11-
fig11ratioll in der Ebene S(3, 3), dann bilden die wriickbleibe11dell sechs Punkte 
ei11 Oval. 

BEWEIS. EineII-Konfiguration besteht aus ftinf Geraden. Es gibt sechs 
weitere Geraden in S(3, 3), die je zwei Punkte von II enthalten. jede von den 
zuri.ickbleibenden 15 Geraden enth~ilt mindestens zwei Punkte, die nicht zu 
JI gehoren. Hochstens 15 Geraden gehoren zu sechs Punkten derart, dal3 jede 
Gerade mindestens zwei Punkte enthalt. Wenn eine dieser Oeraden schon 
drei Punkte von diesen sechs Punkten enthalt, dann existieren weniger als 
15 Geraden durch diese sechs Punkte. Deshalb gibt es keine Gerade, die von 



238 T.HORVATH 

den zuriickbleibenden sechs Punkten bestimmt ist und die drei von diesen 
Punkten enthalt. Daraus folgt schon, da5 die Definition des Ovals erfiillt 
ist, d. h., die zuriickbleibenden sechs Punkte ein Oval bilden. 

Wir bemerken, da5 man einen ahnlichen Beweis fiir den Hilfssatz 1. 
angeben kann. 

SATZ 3. Bilden sechs Punkte ein Oval Qin der Ebene S(3, 3), dann bilden 
die zuruckgebliebenen sieben Punkte und funf Geraden, die keinen Punkt von 
Q enthalten, entweder eine ll-Konfiguration oder ein vollstt.i.ndiges Vierseit mit 
seinem Diagonalpunkt. 

BEWEIS. Betrachten wir das Oval Q und die Geraden, die durch die 
Punkte von Q verlaufen. Aus der Definition des Ovals folgt, daB die Zahl 
dieser Geraden 21 ist. Die zuriickgebliebenen Konfiguration besteht aus 
sieben Punkten und fiinf Geraden. Diese Konfiguration wird eine L-Konfigu­
ration genannt. 

Nehmen wir an, daB hochstens zwei Geraden durch jeden Punkt von L 

durchlaufen. Dann ist die Zahl der Geraden hochstens 
7 

· 
2 

>5, weil hochstens 
3 

zwei Geraden durch jeden Punkt verlaufen und jede Gerade drei Punkte 
enthalt. Deshalb gibt es einen Punkt M, durch den mindestens drei Gera­
den durchgehen. Auf diesen drei Geraden sollen diese sieben Punkte liegen. 
L hat noch zwei weitere Geraden. Diese zwei zuriickgebliebenen Geraden 
enthalten je einen Punkt der obigen drei Geraden, der von M verschieden ist. 
So kann man diese zwei Geraden nur zweierlei legen. Die erste Moglichkeit 
ist, wenn sich diese zwei Geraden schneiden. In diesem Fall bildet L ein 
vollstandiges Vierseit mit seinem Diagonalpunkt. Im anderen Fall, wenn 
sich die Geraden nicht schneiden, bekommen w[r eineJI-Konfiguration. 

Damit haben wir den Satz bewiesen. 
SATZ 4. In einer beliebigen Ebene S(3, 3) gilt o = 3n+ p, woo die Zahl der 

Ovale, n die Zahl der vollsttindigen Vierseite und p die Zahl der II-Konjigura­
tionen sind. 

BEWEIS. Aus den ersten und zweiten Satzen dieses Abschnittes folgt 
o ~ 3n + p. Aus dem dritten Satz fol gt, daB man ein einziges vollstandiges 
Vierseit oder eine einzige JI-Konfiguration einem Oval zuordnen kann. Des­
halb besteht die Gleichheit in der Ungleichung, d. h., o = 3n+ p gilt. 

FOLGER UNG. In der Ebene S1 (3, 3) sind 8 vollstandige Vierseite und 10 
11-Konfigurationen. Diese sind: 

{I, 2, 4, 5, 6, 7}, {I, 3, 4, 5, 8, 9}, {I, 8, 6, 7, 13, 12}, 
{I, 9, 6, 7, 10, 11}, {2, 4, 9, 12, 13, 11}, {2, 5, 8, 10, 11, 13}, 
{3, 6, 5, 9, 12, 10}, {3, 7, 4, 8, 10, 12}, 
{l, 2, 11, 13, 3, 10, 12}, {l, 4, 11, 12, 5, 10, 13}, 
{2, I, 8, 9, 3, 10, 12}, {3, I, 6, 7, 2, 11, 13}, 
{6, 2, 8, 10, 4, 13, 9}, {6, 2, 11, 13, 4, 3, 8}, 
{7, 2, 9, 12, 5, 11, 8}, {7, 2, 11, 13, 5, 9,. 3}, 
{I I, 3, 4, 8, 6, 12, 5}, {13, 3, 5, 9, 7, 10. 4}. 

Deshalb gibt es 3 · 8 + 10 = 34 Ovale in der Ebene S1 (3, 3). 
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In der Ebene S2(3, 3) gibt es I3 vollstandige Vierseite und gibt es keine 
11-Konfiguration. Die vollstandigen Vierseiten sind: 

{I, 2, 4, 5, 6, 7}, {I, 3, 4, 5, 8, 9}, {I, 6, 8, 9, I2, I3}, 
{I, 7, 8, 9, I I, 10}, {I, 10, 4, 5, I3, I2}, {I, I I, 2, 3, 13, I2}, 
{2, 3, 4, 6, 8, 10}, {2, 8, 5, 7, 13, II}, {2, 9, 4, 6, II, I3}, 
{2, 10, 5, 7, I2, 9}, {3, 5, 6, 10, I I, I2}, {3, 7, 4, 8, I2, I I}, 
{3, 9, 6, 10, 13, 7}. 

Deshalb gibt es 3. 13+0 = 39 Ovale in der Ebene S2(3, 3). 
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Introduction 

In [l] j. R. L. WEBB the following elliptic equalion has considered: 

L ( -J )l"ID"fa(x,u, .. . ,Df3u, .. . ) +g(x,u) = F,x EQ 
JxJ ;:;; m 

where Q is a possibly unbounded domain in Rn, I/JI :;§ m and the termsf"(x, ;) 
are required to have polynomial growth in ;, in the term g(x, u), however, 
no such growth restriction is imposed but it is supposed that g (essentially) 
satisfies the sign condition g(x, u)u ~ 0. He has proved the existence of solu­
tions of the boundary value problems for (0.1 ). 

In the present paper a similar existence theorem is proved for the more 
general (elliptic) equation 

(0.2) L ( - I )l:xl D"f:x(x, u, ... , Df3u, ... ) + 
i:xJ;:;;m 

+ L ( - I )l"i D"ge,.(x, u, ... , Dru, .. . ) = F 
J:x J;:;; I 

where l 2 m- I, IYI 2 m-1 and in the terms g"(x, ; 0 , .• • , ; ,, , •.• ) no growth 
restriction is imposed with respect to;" but it is supposed thatg (essentially) 
satisfies the condition g"(x, ; 0 , • • • , ;,,, ••• ) ;" ~ 0. The assumptions on fa are 
similar to that of [I] but in certain sense are less restrictive than the assump­
tions in [l ]. (Such assumptions has been formulated in [2]- [ 4 ].) 

Another generalization of the equation (0.1) has been considered in [3]. 

1. The formulation of the main result 

Let Q c Rn be a (possibly unbounded) domain, p > l and m a nonnegative 
integer. Denote by W;J' (Q) the Sobolev space of real valued functions u whose 
distributional derivatives of order 2 m belong to LP(Q). The norm in W;;'(Q) 
is defined by 

16 ANNALES- Sectio Mathematica - Tomus XXVlll. 
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where ex = (av ... , e<n) is a multiindex, D" = D11 ... Dctn D
1
. = _i__ The 

n ax. 
expression w;: 0(.Q) will denote the closure in 11 . 11 w~1(.a) of C;(Q), th~ infini­
tely differentiable functions with compact support contained in Q. 

Let N be the number of multiindices ex satisfying the condition I ex I ~ m. 
Assume that 

a) Vis a closed subspace of w;(Q) with the property that for any uE V 
there exist constants C>O, c' >O and a sequence of functions w1E V n L=(Q) 
such that 

(I.I) (wi) converges to u weakly in \/ 

and for [ex! ":;?_f=?.m-1, DctwiEL=(Q), 

(1.2) !D"w/x)[ =?.c!D"u(x)[ +c' a.e. in .Q. 

b) The functions f,,: Q X Rn - R satisfy the Carathfodory conditions, i.e. 
they are measurable in x for each fixed ~ = (~0 , •• ., ~th ... ) E RN and conti­
nuous in~ for almost all xE.Q. 

c) For any number c1 >0 there is a number c2 >Osuch that 

(1.3) 11u11v=?.c1 implies f[f"(x, u, .. . , Df3u, ... wdx~c2, 

I I where - + --- = I. 
p q 

n 

d) There exist constants c3 >O, c4 >Osuch that for all u EV the inequality 

( 1.4) 2: f f,(x, u, ... , Df3u, ... )D"udx ~ c3![u![v- c4 
l"l"'m .Q 

holds. 

e) There exist a function ip EC; (Rn) and a continuous function F 1 = 
= F 1(R, J.)~O (R>O, },>0) with the following properties: for any fixed 
R>O 

(1.5) lim ~ i<_R, ;,) = O 
.1-.+o ). 

and u, v EV, 11 Ull v-=?. R, 11 VII v-=?. R imply 

( 1.6) 2: f [f"(x, u, ... , Df3u, ... ) - f"(x, v, ... , Df3v, ... ) ] · 
lrxl,,.mn 

· (D"u-D"v)dxs: -F1(R, l\(u-v)ip\\ m-1 ). w p (.Q) 

f) The functions Pct, rct: Q x RM - R satisfy the Caratheodory conditions 
(i.e. Pct, rct are measurable in x for each fixed (ERM and continuous in ;' for 
almost all xE.Q) and 

g,.(x, n = Pct(x, ()+r,,(x, n, lex.I-=?./ 
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where M denotes the number of multiindices y with J y I -;§ m- I. 

g) For almost all xED, for all .;'ERM and la.I;§. l 
(1.7) p"(x, fl;"~O 

and 

(1.8) 
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h) Denote by A the set of multiindices ex = (av ... , ixn) satisfying the 
condition Ja.J-;§m and let 

A= UA. where A,nAµ = 0 if v~µ 
~ 

and 
a, a* EA. if and only if g .. = g .... 

Further, for a fixed v denote by (' the vector consisting of those coordinates 
of;' = (~0 , •• ., ~Y' ••• )ERM which satisfy y4 A •. For any S>O, xEQ let 

gv,s(X, ;'') = sup{Jg"(x, ;')! : J;:xJ-;§s for a.EA.}. 

Suppose that for any number C>O there is a function g.:sEU(Q) such 
that 

( 1.9) II Ull ~-;§ c implies g,,, s(X, LL, ••. ' DYu, ... )-;§g:, s(X) a.e. (where y 4 Av). 

The main result of this paper is the following 

THEOREM. Assume that conditions a)- h) are fulfilled. Then for any 
FE V* (i.e. for any linear co11tinuous functional on V) there exists uE V such 
that 
(I.IO) 

(I.II) 

g .. ( ·, u, ... , D"u, ... )EU(Q), 

g .. (.,u, ... ,D1·u, ... )D"uEU(Q) (Ja.J-;§f) and 

2: f f"(x, u, ... , Df!u, ... )D"vdx + 
l:xl~mn 

+ 2: f g .. (x, u, ... , DYu, . .. )D"vdx = (F, v) 
lo.I~' n 

for all VE V satisfying 8"vEL-(Q) (if JCY..J-;§/) and for v = u. 

REMARKS. I. In [I] it is shown that assumption a) is satisfied for l = 0 

in the interesting cases V = W~1 0 (Q) and V = W~1 (Q). Further if l<m-!!__ 
' p 

and the boundary of Q is sufficiently smooth then the assumption a) is trivi­
ally satisfied because of the imbedding Wpi(Q)c q(.Q) where C~(Q) denotes 
the set of L times continuously differentiable functions u on Q with the pro­
perty that a~u is bounded tor i iZ I ~ t. 

2. In [2], [4] and [5] there are formulated simple algebraic conditions 
which imply c) resp. d) and e). 

16* 
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3. The assumption (1.7) is satisfied if and only if 

Pcx(X, (}?=0 for ;'";:'~0 

Pcx(x, ()~0 for ;cx<O. 

4. Let l* < m-..!!__ and suppose that for alls >O and all v there is a function 
p 

g~,s EU(Q) such that for almost all xEQ 

sup{lgcx(x, nl: l;cxl ;§;S for cxEA,,!(;0 , ••• , ~Y' •• • )! ~s for IYI :§f*}:§ 

;§; g2,s( X). 

Then by the boundedness of the imbedding W;1(Q)c C~* (Q) the assumption 
h) is satisfied. 

2. The proof of the existence theorem 

Further suppose that the assumptions a) - h) are satisfied. For any 
u, v EV let 

(T(u), v) = L f fcx(X, u, ... , Df311, ... )D'"vdx. 
!cx!;§m fl 

Then from the assumptions b), c) it follows that T(u)E V*. (See also [2], [4]). 
First we shall prove several lemmas. (Similar lemmas are proved in [I] and 
[3].) 

LEMMA I. T : V _... V* is a bounded (nonlinear) operator. Further T is 
continuous in finite dimension, i.e. if the sequence of cj = (c{, ... , c/)ER' 
converges to c = ( Cv .•. , c,) ER' then for any fixed u1 , .•. , un v E V 

(2.1) lim (T(c{u1 + ... + c/u,), v) = (T(c1a1 + ... + c,u,), v). 
j--+oo 

PROOF. The boundedness of T follows from (1.3) and the inequality 

I (T(u), v) ~ L 
1
1J lfcx(x, u, ... , Df3u, ... ) lqdx} 1fq{!ID'"v!Pdx} 11P. 

lex I ;§m fl fl 

Denote c{u1 + ... +ctu, by uj and c1u1 + ... +c,u, by u0 • By assumption 
b) the sequence of functions 

fcx( ·, uj, ... , Df3uj, ... ) D'"v 

converges a.e. in Q to the function 

/ex(·, u0
, ••. , Df3u0

, ••• ) D'"V 

as j _... = . Moreover, for any measurable set E c f2 

flfcx(x,uj, ... ,Df3uj, ... )D'"vl~flfcx(x,uj, ... ,Df3uj, ... )lqdx·flD'"vJPdx. 
E E E 
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By virtue of (l.3) f l/et(x, ui, ... , DPui, ... )lq dx is bounded thus by the 
E 

Vitali convergence theorem we obtain (2.1 ). 

LEMMA 2. The operator T : V _,. V* is pseudomonotone, i. e. whenever 
a sequence (ui) converges to 11 weakly in V, T(ui) converges toy weakly in V* 
and 

Jin: sup (T(ui), ui-u)~O 
1----

then 
y = T(u) and ~im (T(ui), ui-u) = 0. 

1----

PROOF. Since by Lemma I T is continuous in finite dimension thus 
assumption e) implies that Tis pseudomonotone (see [3]). 

For any number µ>O let 

(2.2) get, µ(X, ;') = xµ(X)Pet, µ(X, ;') + r .. (x, ;') 

where 

(2.3) 

and 

Then by (1.8) 
(2.4) 

1
Pet(x, n if I Pet(x, ;')I ~ µ, 

Pet, µ(x, n = Pet(x, n th . 
µ o erw1se 

IP"(x, ;')I 

X1• X -( ) 
_ { 1 if xEQ, Jxl ~µ, 

, 0 if xEQ, lxl >µ. 

LEMMA 3. If.lim D"ui = D"u a.e. in Q for lixl ~m- I then the sequence 
i----

of functions get,µ ( ·, u i' ... , DYu i' ... ) converges to get,µ ( ·, u, ... , DYu, ... ) 
in Lq(Q). 

PROOF. In virtue of the assumption b) get,µ (., u i• ... , DYu i' ... ) con­
verges to get,µ ( ·, u, . .. , DYu, ... ) a.e. as j-. =. By the estimation (2.4) 

Jget,µ(X,Uj, ... ,DYuj, ... )-get,µ(X,U, ... ,DYu, .. . )JQ;:§c[µxµ(x)+het(x)]q 

where the constant c does not depend on x and j, thus Lebesgue's dominated 
convergence theorem implies the assertion of Lemma 3. 

By the inequality (2.4) 

(2.5) (S 11(u,)v)= 2: fget,µ(x,u, ... ,DYu, ... )Detvdx,vEV 
letl;§I g 

defines a continuous linear functional Sµ{u) on V. 

LEMMA 4. The (nonlinear) operator Sµ: V _,. V* is bounded and continuo­
us in finite dimension. 

PROOF. The boundedness of Sµ follows from the estimation (2.4). Lemma 
3 implies that S µ is continuous in finite dimension. 
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LEMMA 5. T + S µ is pseudomonotone operator. 

PROOF. Suppose that (u1) converges to u weakly in V, ((T +Sµ) (u1)) 
converges to y E V* weakly in V* and 

(2.6) Ii~ sup ((T +S1,) (u1), u1- u) :§0. 
J- -

Then there is a subsequence (uj) of (uj) such that 

.Iim (D"uj) = D"u a.e. in Q if iai :§m-1 
1--

(see e.g. [6 ]). Thus by Lemma 3 

(2.7) lim llga., µ(- uj, .. . , DYuj, .. . )-g", µ(-, u, ... , DYu, ... )JiLq<Q> = 0 
j__. oo 

whence 
. Jim Sµ(uj) = Sµ(u) weakly in V* 
I--

and 

(2.8) lim T(uj) = y-S 1,(u) weakly in V*. 
j--+ 00 

From equality 

(Sµ(uj),uj-u) = (Sµ(uj)-S ,,(u),uj- u) + (Sµ(u),uj-u ) 

it follows that 

(2.9) .Jim (S µ( uj), uj- u) = 0 
I--

because by (2.7), the boundedness of 11 uj- u11 v and Holder's inequality 

!im (S,,(uj)-S µ(u), 11}-u> = 0. 
1--

Therefore (2.6) implies 

(2.10) lim sup (T(uj), uj-11) :§ 0. 
j_..oo 

Since T is pseudomonotone (see Lemma 2), :Jy (2.8), (2.10) 

T(u) = y-Sµ(u), 
i.e. 

further 

and so by (2.9) 

(2.11) 

(T +Sµ) (u) = y; 

~im (T(u j ), uj- u) = 0 
1--

lim ((T + 8.,,) (u j), uj- u;. = 0. 
1--
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(2.11) is valid also for the sequence (ui) because else by the above argu­
ments we get to a contradiction and so the proof is complete. 

LEMMA 6. Assume that (u i) converges weakly to u in V and there is a 
constant c such that 

(2.12) 

Then for all ix with I ix 1-;2 f 

(2.13) g .. (·, u, ... , DYu, . .. )D .. uEU(Q),g .. (· , u, . .. , DYu, ... )EL1(Q) 

and there exists a subsequence (uh) of (u) with the properties 

(2.14) Jim DYuik = DYu a. e. in Q for lixl -;'2m- l, 
k--

(2.15) limllg .. ,h(·,Ujk ... ,DYuik, ... )-g .. (·,U, .. ,,DYu, . .. )llLi(.a) = 0. 
k--

PROOF. As (u1) tends to u weakly in V thus there exists a subsequence 
(uh) of (u1) with the property (2.14) (see [6]). Let for xEQ 

Jim DYuh(x) = DYu(x) if I ix 1-;'2 m- I. 
k--

We shall show that 

(2.16) Jim g .. ,h(x, uik(x), ... , DYuh(x), ... ) = g .. (x, u(x), ... , DYu(x), ... ) 
k-+ -

and 

(2.17) Jim Xik(x)p .. ,jk(x, uh(x), ... , DYuh,(x), ... ) = 
k-+-

= p .. (x, u(x), .. . , D"u(x), ... ). 
Indeed, 

(2.18) lg .. ,h(x,uh(x), ... ,D"uh(x), ... )-g .. (x, u(x), ... ,DYu(x), ... )1-;'2 

::§ lg .. ,h(x, uik(x}, ... , DYuik(x}, ... ) -g .. (x, uik(x), ... , DYuik(x}, ... ) I + 

+ lg .. (x, uh(x), ... , DYuh(x), .. . ) - g .. (x, u(x), ... , D"u(x), .. . ) I· 

Consider the neighbourhood B, of the point (u(x), ... , DYu(x), ... )ERM 
with radius e. By virtue of the assumption f) and (2.2) there is j 0 such that 

g .. ,jk(x, n = g .. (x, u(x), ... , DYu(x), . . . ) if (EB,, jk ~io · 

Thus for sufficiently large k the first term in the right of (2.18) equals to 0. 
The second term in the right of (2.18) converges to 0 ask--- 00 by the assump­
tion f). Therefore (2.18) implies (2.16). The relation (2.17) can be similarly 
proved. 
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By (2.2), (2.3), (2. I 2) and the assumption g) 

L: fxj(x)p,,j(x,uj, .. .,DYup ... )D•ujdx:§c+ _2: llh.l\Lqc.a>liujllv 
l•l~l D 1•1~1 

thus (2.17) and Fatou's lemma implies 

pa(., u, .. ., DYu, ... ) D•11 E L1(Q). 

Therefore in virtue of the assumption g) we have the first part of (2. I 3). 
Now we shall prove the second part of (2.13) and (2.15), using the Vitali 

convergence theorem. For any fixed number o > 0 

(2.19) lg.,µ(X, n1 :§ sup \g. ,µ(X, n1 + L 01;.g.,µ(X, n1. 
1.;.1 <6 - 1 • E)'v 

aEAv 

Since by (2.2), (2.3) and the assumption g) 

lga,µ(X, n1 :§ lp.(X, n1 +h.(X)o§ lga(x, n1 +2h.(X), 

from (2.19) we obtain 

(the definition of g., 6-1 see in the assumption h)). 

(2.2), (2.3) and the assumption g) implies the estimation 

lg., µ(x, ;');.! :§ga, µ(x, ;')~. + 2h.(x)I ;.! . 

Consequently, by (2.20) and the assumption h) 

lg.,jk(x, uh(x), ... , DYuh(x), ... )I:§ 

:§g~ 6-1(x) + 2ha(x) + 2o L: h.(x) I D•uh(x) I + 
aEAv 

Hence by (2.12), the assumption g) and Holder's inequality there exists a 
constant c' such that for any measurable set E c Q 

(2.21) f/ga:,jk(x,uh, ... ,DYujk' .. . )/dx:§f[g;, 6_1(x)+2h, (x)]dx+c'o. 
E E 

Let c: >O an arbitrary number and set o = -~. Then by (2.21) for suffi-
2c' 

ciently small meas E 

Jlg.,i/x, uh, .. . ,D;·uh, .. . )!dx < c: 
E 
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and there exists a set A,cQ of finite measure such that 

J Jg,,h(x,uh, ... ,Druh, ... )Jdx<e. 
D/A, 

Thus (2.16) and Vitali's theorem imply the second part of (2.13) and (2.15) 
which completes the proof of Lemma 6. 

LEMMA 7. For all UE v 
(2.22) ((T+Sµ)(u), u)?:c3JJuJ{j-C4-cz: JJh.JJLq(D))JJuJJv 

1•1~1 

where c3 , c4 are the constants of (1.4). Thus T + S µis coercive, i.e. 

Jim ((T + S µ)(u), u) = + 
00

• 

11u11~~ !lull 
PROOF. According to (1.4) 

(2.23) (T(u), u) ::§ C3ll 1111 v- C4. 

Further from (2.2), (2.3), (2.5) and the assumption g) by Holder's inequality 
we find 

(2.24) 

The estimations (2.23), (2.24) imply (2.22). Finally, from (2.22) obviously fol­
lows that T +Sµ is coercive. 

The PROOF of the THEOREM. By the Lemmas I, 4, 5 and 7 the operator 
T + S j: V _.. V* is bounded, continuous in finite dimension, pseudomonotone 
and coercive for all j = I, 2, ... Using the well known theory of pseudomo­
notone operators in reflexive Banach spaces, we obtain that for any FE V* 
there exists ujE V such that 

(2.25) (T+Sj)(ui) = F. 

By Lemma 7 the sequence (uj) is bounded in V. Tis a bounded operator 
(Lemma 1) and so the sequence (T(u j)) in bounded in V*. Since Vis a reflexive 
Banach space, there exist a subsequence (ujk) of (uj), uE V and yE V* such 
that 

(2.26) l 
lim (uh) = u weakly in V, 
k~~ 

Jim T(uh) = y weakly in V*. 
k~~ 

Combining the definition of S j with (2.25) we find that 

.Z: f g.,h(x, uh, ... , Druh, ... )D"uhdx = 
J•l~ID 

= (Sjk(uh), Uj) = (F, Uj)-(T(uh), Uj) ~ 

'2 llFll V* liuhcll v + llT(ujJl!v* llujkll v '2 c. 
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Thus by Lemma 6 for all cc with !eel;§/ 

(2.27) gtt(. , u, ... , DYu, . . . )D"u E U(Q), g"( · , u, ... , DYu, ... ) E U(Q) 

and there is a subsequence (uj~) of (uh) such that 

(2.28) 

(2.29) 

Jim DYu
1
J = DYu a. e. in Q for ice! ;§m- I, 

k " --~ 

Jim Ilg", 4. , u ik' ... ' DYu ik' ... ) - g.,(.' i.•, ... 'DYu, ... )l!L1cm = 0. 
k.-.~ 

From (2.25) it follows that for all VE V with the property D"vEL~(Q) 
(!eel="/) 

((T +sj~)(u1~), v) = (F, v), 

whence by making use of (2.26), (2.29) as k-.. 00 we find 

(2.30) (y, v) + L: f g"(x, u, .. . , DYu, . . . )D"vdx = (F, v). 
lo:/~/D 

Now we shall show that y = T(u). Since Tis pseudomonotone, it is suffi­
cient to prove the inequality 

(2.3 I) Jim sup (T(u 1~), u 1~ - u) ::! 0. 
k-:. 

By (2.25) 

(T(u 1~), u 1~ - u) = (F, u 1~) - (S 1~(u 1~), LI 1~)- (T(u 1~), u) 

thus (2.26) implies that 

(2.32) limsup (T(u1~),uj~-u) = (F-y,u) -Iiminf (S1~(u1k),u1k). k-+ oo ;{-+oo 

By making use of (2.2) the expression (S1;,<u 1~), u1~) in the right of (2.32) 
can be written in the form 

(2.33) 

By (1.7), (2.3), (2.28) and the assumption f) Fatou's lemma yields that 

(2.34) 

~ L: f Po:(x, u, . . . , DYu, . . . )D•udx. 
/<:t/~ID 
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Further by (l.8), (2.28), the assumption f) and the boundedness of 
11 u1k11 v Holder's inequality and Vitali's convergence theorem imply 

= 2: f ra(X, u, . . ., Dru, ... )D•udx. 
\ai~ID 

Thus from (2.33), (2.34) we obtain 

and so 

(2.35) 

Jim inf (S1;((u1k), u1k) §: ~ f g._(x, u, . . ., Dru, ... )D"-udx 
k-+- , .. ,~/!.) 

li~2_;~P (T(uj~), uj~-u) ~ (F-y, u) ­

- 2: J g .. (x, u, ... , Dru, ... )D"udx. 
jo.\~I D 

In virtue of the assumption a) there exist constants c >O, c' >O and a 
sequence of functions w1E V c L-(Q) such that (I.I) and (1.2) hold. By use of 
(2.30) and (2.35) we find the inequality 

(2.36) Jim sup (T(ujf)• u1~ -u) ~ (F-y, u-w1) + 
k--

+ 2: J g._(x, u, ... , Dru, ... )(D"w1-D"u)dx. 
\«j~ID 

From (I.I) we have 
Hm (F --y, u-w1) = 0 
J-+-

further as for a subsequence (wj) of (wj) 

.lim D"wj = D"-u a. e. in Q if lixl ~m-1 
J-+-

(see [6]) thus (1.2), (2.27) and Lebesgue's dominated convergence theorem 
imply 

Jim 2: Jg .. (x,u, ... ,Dru, .. . )(D"wj-D"u)dx=O. 
j-+ - Jo.\~I D 

Therefore from (2.36) we obtain (2.31 ), consequently, y = T(u) and by (2.30) 
the equality (1.11) is valid for all v~ V with o"vEL-(Q) (for Jixl :§f). 

Since ( 1.11) is true for v = wj thus letting j __.. = we find that (1.11) is 
true also for v = u. The proof of the existence theorem is complete. 
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ON THE SUMMABILITY OF EIGENFUNCTION EXPANSIONS III. 
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Let Q be an arbitrary bounded domain in RN(N >3) having c~ -smooth 
boundary and q be a function of the form 

q(x) = a(IX-Xol), 
IX-Xol 

where for the function a(t) the following conditions are fulfilled: there exists 
w(t) E C(O, =) such that 

(I) 
I 

la(t)I s;w(t) (t>O)*, 

w(t) increases, w(t)/t decreases on (0, I), 

1 
't/ o >0 :Jt0(0) :t6w(f) increases for f2::f0(o), 

J w(t) df< =. 
l +o t 

Denote by Lan arbitrary positive selfadjoint extension of the Schrodinger ope­
rator L0 = L0(x, D) = -Ll+q(x) from the domain C;;(Q) with discrete 
spectrum. E.g. if q(x)2::0, (xEQ), then according to a theorem of K. 0. 
FRIEDRICHS [2], there exists such a selfadjoint extension. Denote L = 

= J ME~ the spectral expansion of L and for any f E L2(Q) consider the ex-
m 

pansion E;.f. 
The aim of the present paper is to prove the following 

* E. g. w(t) = 1/log2t. 
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THEOREM. Suppose the above conditions are fulfilled. Then for any fE C;; 
(.Q) the expansion EJ(x) tends to f(x) (as I.~ =), uniformly on every compact 
subset of .Q. 

For the proof of the Theorem we need some lemmas. 
Consider the functions 

def ( I ) v(t) = w ft, g;(I.) def j t-rv(t) dt, 
0 ).+t 

(O<i-<l). 

def 
7JJ(t) = t-•v(t), 

Then by Lemma I.I of [14] we have 

qi(/.)= ;.-ri•(/c)[c,+o(l)], 
hence 

(2) 

Consider the operator 
def 

1
-

g;(L) = g;().)dE;. 
m 

Obviously 

<p(L) = j(j 7P(t) dt)dEl = j ip(i)R-t(L)dt, 
m 0 f+I. O 

where 
R1(L) def (L-t!)-1. 

Denote <P(x, y) the kernel function of the operator rp(L), i.e. 

Define 

<P(L)f(x) = j<P(x, y)f(y)dy, (JED(<p(L)), xEQ). 
g 

def { C i n I n . } Z0 = z E : I arg z - 2 s 2 - e, e > 0 fixed , 

B = {xERn: IX-X0 l<R}, 

B1 = {xERn: IX-X0 1 < ~ R}, 

B0 = f XE Rn: IX-X01<+ R). r = lx-y!, 

O<R<dist (x0 , ().Q) def R*, 

denote E(x, y, µ)the exponentially decreasing (for Im µ>O) fundamental so­
lution of the operator Lµ = L-µ 2 I (this was constructed and estimated in 
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[7]), Gµ = G(x, y, µ)the Green function of Lµ, i.e. the kernel function of the 
operator(L-µ2 /)-1 • At last define 

def 
1
- ,1-

tP0(X, y) = 1JJ(l)H*(x, y, i r t)dt, 
0 

where ?JE C;-(B) is such that 17(x) = 1 for xEB1 and 

H(x, y , µ)def ;(x)E(x, y , µ), 

H*(x, y , µ)def ;(y)E(y, x, µ) = ; (y)E*(x, y , µ). 

LEMMA I. For x EB0 and yED 

(3) jtP0(x, Y) I sC,jx-yj2'-Nv( jx-yj-2), (O·«r< 1), 

PROOF. In [7] is proved the estimate 

(4) IE(x,y, µ)I scjx-yj 2-Ne-J1m l'J Jx-yJ, (x,yEB; µEC), 

hence we get - -
(5) jtP0(x, y) I = I J 1JJ(l)H*(x, y, iy'tdtl s cj x - y j2-N Jt-Tv(t)e-Yi'Jx-yJdt. 

0 0 

Using the substitution s = ry't and the notation 

I= /(l/r2
) = f s'-2'v(;:Je-sds, 

we obtain 
ltPo(x,y)I s.cr2'-Nf. 

We must estimate /.To this first consider the function 

g;.(s) def sl-2re-s[~(,?.s2) -1]. 
v(I.) 

Now we prove the existence of a function g(s) such that 

-
(6) jg;.(s)I sg(s), J g(s)ds < =. 

0 

Let o>O be arbitrary. Taking into consideration (1), l.6v(.A.) increases for 
for ). ?:: !0 = t(o). Hence 

I. if s2 ?:: 1, then v(.A.s2)/v(.A.) s I ; 

2. if~ s. s2 s 1, then 
). 
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v(.As2) --ss-2d· 
v(.A) ' 

3. if s2 :=;, !.2_, then for hd0 we have 
.A 

t~v(t0) :=;, .?.6v(.?.), 

v(}.) ~ d-0, 

consequently 
v(.As2

) v(o) ---:=;,- scA.6 s c(s- 2t0) 6 ,;; cs-26. 
v(.A) v(A.) 

From I., 2. and 3. we obtain: 

lg,(s)I :=;,csl-2re-s(l +s-::o). 

Because O<r< I, we can choose fJ< 1--r, ancl the desired estimate (6) 
follows. 

Now we estimate /. Obviously 

/().) = v(.?.){js1- 2'C 5ds+ js1- 2'e-s[v(.?.s
2

)- I]ds} = 
o 0 v(A.) 

~ 

= c,v(.?.) + v(.A) J g1.(s)ds. 
0 

It is easy to see that for every s E (0, co) gl(s)-+O as J. __.. co and by Lebesgue's 
dominated convergence theorem 

Jg;.(s)ds-+0 (J. ..... co). 
0 

We obtain for A.= I/r2 : /::5C, v(I/r2). 
Lemma I is proved. 

LEMMA 2. For arbitrary compact set K cQ vve have 

(7) f l<Po(x,y)Jqdy:=;,c(I<)< co, (xEK, q = __!!__)· 
n N-~ 

PROOF. Using polar coordinates and applying (3) we get 

J (I) dr J dr = c vq 2 - = c wq(r) -- < co. 
+o r r +o ,. 

Lemma 2 is proved. 
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Define 

Mf(x) def] 1P(t)K;-vt Gryif(x)dt, 
0 

where 
Kt(x, y) def 2 \J y;(y)) · \J yE*(x, y, µ) + ( 6 y;(y))E*(x, y, µ ). 

LEMMA 3. For any fEL2(Q) and xEB0 

(8) IMJ(x)I ::=;Cllf11L2 • 

PROOF. In [7] we proved the estimates 

(9) IGµ(x,y)I ::=;c1 1x-yl 2-Ne-c2 lµl lx-yl, (µEZ0; x,yEB 0), 

( 10) Iv xE(x, v, µ)I ::5 c(R)e-IIm µ11x-y1, (2 R ::=;!xi< R, I.YI:::=;___!_ R, µEC). 
- 4 4 

Consequently 
= = 

I Mf (x) I :::=; C3 J 1P(t)e-c41 llGnrifl/L2dt::=; csll!llL2 J 1f!(l)e-c61 df :::=; cllfl/L2· 
0 0 

Lemma 3 is proved. 

LEMMA 4. For any fELp(Q) (p = N/2r) and XEBo 

(11) lqi(L)f(x)I ::=;CllfllLp· 

PROOF. It is proved in [7] that for any fEL2(Q) and xEB0 

( 12) 

hence 

Gµf(x)-H*f(x) = k*Gµf(x), (µEC\P-n}), 

[ <p(L)f](x) = (p0f(x) + Mf(x), 

and taking into consideration (7), (8) the desired estimate (12) follows. 
Lemma 4 is proved. 

LEMMA 5. For any fEL2(Q) 

( 13) /lr(L)L -11/L=(Bo) ::5 cll!llL2(f.?)' 

(a=~ -r, r~+(~ -[~])} 
p ROOF. Using Lemma 4 and the imbedding w~a ...... LP, ( N - 2a = N = 

2 p 

= 2r) we obtain 

//rp(L)L-afl/ ::;c/IL-af// sc/IL-af/I 2a:SC/lf/I , (c/[8]). 
L=(Bo) Lp(Bo) W2 L2 

Lemma 5 is proved. 

17 ANN ALES- Sectio Mathematica- Torn us XX VII I. 
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COROLLARY. For any compact set K cQ there exists a constant C(K), 
such that 

( 14) ~ Jv,.(x)J 2 ?( ) C(K) ( '·' N 1) Li ' N / 2 v- Ak ::s; ' XE r,' 2:: • 

k=I h 

Indeed, using (2) and (13) we obtain for any xEB0 

i: l~k~~1_l_~ v2(.Ak) ::= c-i l uk~~i C 'P2(.Ak)J.~r = 
k=I Ak k=I Ak 

N I u (x) \ 2 : N (/ u )u (x) I 
= c L; ~· cp2(.A"') = c sup • L; ' ~ " cp(.A,c) \:::;; 

k=I ,(- -T)· ? fEL2(Q) I k=l ,--T 
/\. 4 - II/I I;§ ! I A4 ' 

k k 

:5C sup sup I I= c sup J!cp(L)L-"fl\L~<Bo)< 00
• 

fEL2(Q) XE Bo f EL 2(Q) 
llf,1 ;§ 1 l!fll;:;l 

The Corollary is proved. 

LEMMA 6. Suppose f E C;(Q), x0 = 0 and f(O) = 0. Then 

(15) llL"fl!L2(D) < 00
, (a=+(~-+ I)} 

PROOF. Let N + 2 = m+ o, 0< O::s; 1. It is proved in [8] that 
4 

U 'f(x) = ( - 6 )mf(x) + L; c~x)Docf(x) 
oc 

and 
i 'V Lm f(x) I :s; cw( j xj) L: / x j loc l - 2m- 1 I D""f(x) j :;;; cw( jx j) j xj-2m, 

because 

We obtain 

.. 
ID""f(x) ! ::;;canst, if lizl >O, 

!Docj(x)l:::;;const·lxl, if lizl = 0. 

11 v Lm f(x)J\LP < 00 , if 2mp = N, i. e. p = .!!__ 
2m 

Taking into consideration the imbedding W~ ._.. W~~, 

- - I = - - 2o, 1. e. 2o = - + I - -- = - + 1- 2m (
N N . N N N ) 
p 2 2 /J 2 

it follows 

IJLmJllw1 < = if N = 2m, 
p p 
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hence 

Lemma 6 is proved. 

COROLLARY. For any fE C:(Q) with f(O) = 0, the spectral expansion 
E;.j(x) tends tof(x) absolutely and uniformly on every compact set KcQ. 

PROOF. It is enough to prove the Corollary for K = 730 • Using (14) and 
(15) we obtain (taking into account the spectral theorem): 

n+p (n+p 2 )l/2 (n+p 2 )1/2 
k~nl (f, u,.)uk(x) I :s k~n I (f, uk) 12;.k" t:n I uk(x) 12;.;; " :s 

:Se(tl lu,,(x)f
2).k"

2"r2 

= c(k)e 

if n and p is large enough. 
The Corollary is proved. 

LEMMA 7. Let z(lxi) EC;- (.Q) such that x( lxl) = 1 for !xis R and 
2 

z( ixl) = 0 if lxl ~ R. Then we have 

lun(O) j ( 1 ) (16) lx,un)l:sc ~-ii/'2- co ,,- , (n = 1,2, ... ). 
An y An 

PROOF. First consider the case N = 0 (mod 2) and use the notation 
m = N /2. 

Obviously 

l l 
(x, un) = ).'/: (x, Lmun) = ~ (Lmx , lln). 

On the other hand (cf. [8]) 

ILmx(x) j ::sc wm(Jxll. 
!xl2m 

Taking into account that q is spherically symmetrical, it is enough to esti­
mate the integral 

17* 

I = J x(r) (J)m~r) I J un(O +r@)de I rN- 1dr. 
o r I (·J 

We proved in [8] the following "generalized" Titchmarsh formula 

J un(O + rG)dQ = un(O) [cN }_yjrYAr:~ + (/.(r, Y-1n)], 
01 (rY .An) P 
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where 

We obtain 
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p = N - 1, I et:(r, y' An) I s cb(r)/z(r Y An), 
2 

b(r) def f w(t) dt, h(t) def min {I, r p-} }, (t >- 0). 
0 t 

I sclun(O)I fsRx(r) wm(r) I ]p(r!_).n) dr+ 
lo r ' (rY A,JP 

+ J x(r) wm(r) b(r)ll(rYAn)dr)J .. = cl u
11
(0) ! U1+12}· 

o r 
For the estimation of J 1 we prove 

/ 1 =JI }p(r~I,;) \ wmJl drsc~( l )· 
o (ry' }.n)P 

1 
r Y }.n 

For N;?; 3 the well known estimates 

IJp(x)!s.:_(x;?;o>-0),1• }p(x) i sc, (O < x:=;o) 
v x ~ xP 1 

hold. We have 

and 
R R R 

1~ def J s J 1 m
2
(r) drs c J m(r) ~(r) drs 

11-y;:;;- 1110-;/Y An r Y An 11y;~ r r 
R -

s c J w(l/y'~) w(rlscw ( 1 )· 
Jf An 11y;:;; I jy' An r y' An 

Now estimate 12 in a similar way. Denote 

R lllrz; R 

12= J= f + J =!~+1;. 
0 0 11-v;:;;-

Obviously 

11¥;:;; 
2

( ) ( I ) /~:s; J ~drscw ,r=, 
o r r A, 

I " RJ ( ,r;;-)_!!_ __ 1_ wz(r) d RJ ( ,11)-1 w2(r) d ( I ) 
2 s c r y An 2 2 - - - r s c r r An -- rs cw ~ . 

11¥!.;; r 1/yf,;" r Y}.n 
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Now consider the case N = I (mod 2). In this case define m = (N - I )/2 and 
repeat the argument above. We have in this case 

ILmx(x)J :sc-wm(Jxl) 
o • 1x1N-1 ' 

further 

/~:s/'J w(r)dr:scw (y'~J 

1; ~c J 1 ro(r)dr~ ' "'[r~J J ldr" cro ( 
1 

)· 
I/jfJ.;;-TVAn V.An Ijy'.An O V.An 

Summarising our estimates (16) follows. Lemma 7 is proved. 
PROOF of the THEOREM. Let /E C;o(Q) be arbitrary. We may suppose 

supp f cB0 (according to the Corollary after Lemma 6). Let x be the function 
satisfying the requirements of Lemma 7. Obviously 

f(x) = f(o)x(x)+ x(x)(f(x)-f(o)), 

and hence: it is enough to prove the uniform convergence of E,x on B0 • To 
this first remark the inequality 

which is a corollary of (14) and take into account that for µ'2:: l 

L:n u~(o):scµN- 1 , (cf. [8]), 
1~-µ1~1 
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which implies 

~ u~(o) ( I ) ~ ~ I ( I ) w(t) ,L: ---y;[j2 (J) ,/- = ,L: ,L: /1 :5 C ,L: (J) - - - -s C J - dl < co . 

M=l An r.An k=lk:,,;"J'J;;:;;k+I k= l k k +o t 

The Theorem is proved. 
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EINIGE BEMERKUNGEN BEZOGLICH DER STRUKTUR VON 
ENDLICHEN BOLYAI - LOBATSCHEFSKY EBENEN 

Von 

F. KARTESZI und T. HORVATH 

Lehrstuhl filr Darstellende und Projektivc Geometric der L. Eiitvi.is Universitiit und 
Student der L. Eiitviis Universitii.t, Budapest 

( Eingegangen am 24. November 1982) 

Man kann eine endliche Punktmenge mit Hilfe von ihren bestimmten 
Teilmengen zu einer Struktur, die Ebene genannt wird, organisieren. Die 
oben erwahnten Teilmengen werden Geraden genannt. Die Geraden in der 
klassischen hyperbolischen Geometrie haben die folgende Eigenschaft: 
Durch einen beliebigen Punkt gehen wenigstens drei Geraden, die mit einer 
nicht durch diesen Punkt verlaufende Gerade keinen gemeinsamen Punkt 
haben. Diese Eigenschaft gab die I dee, die Geraden der end lichen hyperboli­
schen Ebene zu definieren. 

Es sei Seine endliche Punktmenge. Ihre bestimmten Teilrnengen werden 
Geraden genannt, wenn die folgenden Erforderungen (Axiomen) erfiillt 
sind: 

Bl. Zwei beliebige verschiedene Elemente voll S werdell VOil genau einer 
Gerade genannten Teilmenge von S enthtilt. 

B2. Es gilt fiir jedes Paar, das a11s einem beliebigen P1111kt und aus einer 
nicht durch diesen P11nkt verlaujenden Gerade von S besteht, da(J m schneidende 
bzw. n nicht schneidende Geraden durclz den Punkt eines Paares zu dem Gera­
denelement dieses Paares geben. 

B3. Es gelten m>2, 11>2. 

Mit der letzten Erforderung konnen wir die nichtssagenden Fallen 
ausschlieBen. 

Wir nennen diese den vorigen drei kombinatorischen Erfordernissen 
entsprechende Struktur eine Bo LY AI - LOBATSCHEFSKY Ebene (kurz BL 
Ebene) bei Charakter (m, rz). Diese Struktur wird mit S(m, rz) bezeichnet. 

Es ist offenbar, daB jede Gerade wegen Bl und B2 m Punkte enthalt. 
Wenn wir die Zahl der Punkte bzw. der Gerade der Ebene mit w bzw. ;, 
bezeichnen, dann gilt 

111/, = (m + n)w. 
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Auf jeder Gerade m Punkte gerechnet, haben wir namlich jeden Punkt 
(m+ n)-mal in Betracht gezogen. Nun bestimmen wir w. Die Geraden, die 
durch einen bestimmten Punkt hindurchgehen, iiberdecken die Punkte der 
Ebene, mit Ausnahme des bestimmten Punktes, einfach. Deshalb gilt 

w = (m+ 11) (m-1)+ I, 

und so bekommen wir fi.ir 

J. = [(m+ nf(m-1)+ (m+ 11)]/111. 

Die Tatsache, daB m der Teiler des Dividend en ist, ist nur die notwendige 
Bedingung der Existenz von S(m, n). Die Nichtexistenz einiger Falle ergibt 
sich sofort. Z. B. 8(4, 3) existiert nicht, weil sich keine ganze Zahl fiir ). 
(J. = 154/4 = 38,5) ergibt. 

Die Existenz der Ebene 8(3, 3), die ein nichttrivialer Fall mit der klein­
sten Elementenzahl ist, wurde von F. KA.RTESZI im jahre 1969 mit Kon­
struktion eines entsprechenden Modells bewiesen. Ein zu dem vorigen nicht 
isomorphes Modell wurde von T. HORVATH konstruiert. Wir analisieren diese 
Modelle in dieser Arbeit, weiterhin untersuchen wir auch die BL Ebene, die 
den Fall 8(3, 4) realisiert. 

Die drei Beispiele, die wir irn Rahrnen diesu Arbeit vorlegen, decken 
interessante Eingenschaften auf. 

1. In den Fallen der BL Eben en 8(3, 3) und S' (3, 3) sei 

8 = S' = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13} 

die Menge der Punkte, die die Eben en bilder. Die Geraden der Ebene 
S(3, 3) seien die folgenden Teilmengen: 

{1, 2, 3}, {1, 4, 5}, {l, 6, 7}, {!, 8, 9}, {l, 10, 11}, {1, 12, 13}, 
{2, 4, 6}, {2, 5, 7}, {2, 8, 10}, {2, 9, 12}, {2, 11, 13}, {3, 4, 8}, 
{3, 5, 9}, {3, 6, 11 }, {3, 7' 13}, {3, 10, 12}, { 4, 7' 10}, {4, 9, 13}, 
{4, 11, 12}, {5, 6, 12}, {5, 8, 11}, {5, 10, 13}, {6, 8, 13}, {6, 9, 10}, 
{7, 8, 12}, {7, 9, 11}. 

Man kann leicht sehen, daB die 26 Teilmengen unserer Menge rnit 13 
Elementen so ausgewahlt wurden, dag jede Teilmenge drei Elernente hat. 
jecle von den 13 Elernenten tritt in sechs Teilrnengen auf und eine beliebige 
Teilmenge {x, y} (x r" y) ist der Tei! gen au einer von den ob en aufgefiihrten 
Teilmengen rnit drei Elementen, d. h., die Axiomen Bl, B2, B3gelten. 

Deshalb haben wir ein Modell der Ebene S(3, 3) angegeben. 
Ein anderes Modell bekornmen wir aus denselben Elernenten, wenn 

wir die Teilrnengen auf einer anderen Weise organisieren: 

{1,2,3},{1, 4, 5}, {!, 6, 7}, {!, 8, 9}, {!, 10, 11}, {!, 12, 13}, 
{2, 4, 6}, {2, 5, 7}, {2, 8, 10}, {2, 9, 12}, {2, 11, 13}, {3, 4, 8}, 
{3, 5, 9}, {3, 6, 10}, {3, 7, 13}, {3, 11, 12}, {4, 7, 12}, {4, 9, I I}, 
{4, JO, 13}, {5, 6, 11}, {5, 8, 13}, {5, 10, 12], {6, 8, 12}, {6, 9, 13}, 
{7, 8, 11}, {7, 9, 10}. 
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Es ist leicht einzusehen, daB die Axiomen Bl, B2, 83 auch in diesem 
Fall gelten. Dieses letzte Model! wird mit S' (3, 3) bezeiclmet. 

2. Die BL Ebenen S(m, n) und S' (m, n) sind im wesentlichen nicht ver­
schieden voneinander, sie sind isomorplze Strukturen, wenn es eine bijektive 
Abbildung zwischen den Punkten von S(m, n) und S' (nz, n) gibt, die die 
Geraden von S(m, n) in die Geraden von S' (m, n) iiberfi.ihrt. Mit Hilfe der 
folgenden Konfiguration ki:innen wir entscheiden, daB die oben erwahnten 
zwei Madelle nicht isomorph sind. 

Wir betrachten eine beliebige Gerade von S(3, 3) und projizieren die 
Punkte dieser Gerade von einem Punkt, der nicht auf unserer Gerade liegt. 
Auf diesen drei Projektionsgeraden betrachten wir die dritten, von den 
vorigen verschiedenen Punkte. Diese drei Punkte liegen auf einer Gerade 
oder nicht. Die zwei vorkommenden Falle kann man auf der Figur I. sehen. 

i2 

2. 

8 

Fig. 1. 

Die erste von diesen zwei Konfigurationen hat eine wichtige Rolle. 
Diese Konfiguration wird ein perspektives Dreierpaar und der Punkt 2 den 
Mittelpunkt der Konfiguration genannt: Es gibt auch solchen Mittelpunkt, 
der der Mittelpunkt von zwei verschiedenen Dreierpaaren ist. Dieser Punkt 
wird 21aclzen Mittelpunkt genannt. Wir sprechen iiber einen geivolznliclzen 
Punk!, \Venn der Punkt wed er einfach, noch 2-fach ist. Mitfl bezeichnen wir 
ein perspektives Dreierpaar. Wir mi.issen die Konfiguration II von den 
26. 10 = 260 Gerade-Punktpaaren auswahlen, wo der Punkt und die Gerade 
miteinander nicht inzident sind. So bekommen wir, da13 

die gewohnliche Punkte: 4, 5, 8, 9, 10, 12, 
die einfachen Mittelpunkte: 2, 3, 11, 13, 
die zweifachen Mittelpunkte: I, 6, 7 

sind. Es gibt also 10 verschiedene Konfiguration J fin der Ebene S(3, 3). Auch 
die Mittelpunkte bilden eine Konfiguration / f, weil wir die Punkte der Gerade 
{I, 6, 7} vom Punkt 3 mit Hilfe der Geraden {1, 2, 3}, {3, 7, 13}, {3, 6, 11} in 
die Punkte der Gerade {2, 11, 13} projizieren konnen. Diese sg. Hauptkonfigu­
ration Tl kann man auf der Figur 2. sehen. 
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Mit den Zeiclmen O, • und 8 bezeichnen wir nacheinander den gc­
wohnlichen, den einfachen und den zweifachen J\littelpunkt. 

Wenn wir die dritten Punkte der Ge rad en {I, I I}, {I I, 7}, {7, 2}, {2, 6}, 
{6, I 3}, {I 3, I} betrachten, sind diese Punkte IO, 9, 5, 4, 8, I 2, d. h. die ge­
w6hnlichen Punkte. Die Menge dieser dritten Punkte und der diesc Punkte 
enthaltenden Geraden bilden die Konfiguration .Q. 

Fig. 2. 

jetzt stellen wir die Liste der Geraden zusammen, die gemeinsamen 
Punkt mit der Punktmenge {4, 5, 8, 9, IO, 12} haben. 

Wir k6nnen sehen, daB jede von den Geradrn 

{4, 5, I}, {4, 8, 3}, {4, 9, 13}, {4, IO, 7}, {4, 12, l I}, {5, 8, I l}, 
{5, 9, 3}, {5, IO, I3}, {5, I 2, 6}, {8, 9, I}, {8, IO, 2}, {8, 12, 7}, 
{9, 10, 6}, {9, 12, 2}, {IO, 12, 3} 

mit der Menge Q zwei gemeinsame Punkte hat. jede von den Geraden 

{4, 2, 6}, {5, 2, 7}, {8, 6, I3}, {9, 7, I I}, {10, I, I I}, {12,1,13} 

hat einen einzigen gemeinsamen Punkt rnit Q, d. h., diese Geraden beriihren 
die Menge Q. 
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Das Oval ist eine wohlbekannte Konfiguration in der Theorie der endli­
chen Ebenen. Das Oval ist solche aus meisten Elementen bestehende Teil­
menge der Punkte der Ebene, die hochstens zwei gemeinsame Punkte mit 
einer Gerade hat und die in jedem von ihren Punkten genau eine Gerade 
(Tangente) hat, die keinen weiteren gemeinsamen Punkt mit der obigen 
Teilmenge hat. 

Wir bemerken, daB die Ebene S(3, 3) aus dem Oval Q und aus der Haupt­
konjiguration II besteht. Die Tangenten von Q sind die Seitengeraden des 
Sechsecks, dessen Ecken zu dreien zwei Geraden bilden. 

3. Die Untersuchung dcr Ebene S' (3, 3) geht ahnlicherweise, wie bei 
8(3, 3). 

Wenn wir die 260 miteinander nicht inzidenten Gerade-Punktpaare 
betrachten, konnen wir sehen, daB die Ebene keine Konfiguration ll ent­
halt, d. h., jede Punkt der Ebene gewohnlicher Punkt ist. Daraus folgt 
schon, daB S(3, 3) und S' (3, 3) kei11e isomorphe Madelle sind. 

Im folgenden beweisen wir auf einer anderen Weise, daB S(3, 3) und 
S'(3, 3) nicht isomorph sind. Wir zeigen n2imlich, daB es eine solche Kon­
figuration in S' (3, 3) gibt, die man in S(3, 3) nicht find en kann. Nun betrach­
ten wir die Punkte 2, 3, 4, 6, 8, IO von S' (3, 3). Diese Punkte sind die Eck­
punkte eines vollstiindigen Vierseits. Die Seiten dieses vollstandigen Vier­
seits sind die Punktmenge {2, 4, 6}, {2, 8, IO}, {3, 4, 8}, {3, 6, IO}. Die Punkte 
I, 2, 4, 5, 6, 7 bzw. I, 3, 4, 5, 8, 9 sind die Eckpunkte je eines vollstandigen 
Vierseits, dessen Seiten die Punktmengen {I, 4, 5}, {I, 6, 7}, {2, 4, 6}, {2, 5, 7} 
bzw. {I, 4, 5}, {I, 8, 9}, {3, 4, 8}, {3, 5, 9} sind. Die obigen drei Vierseite ordnen 
sich entsprechend der Figur 3. Mit J; bezeichnen wir diese aus drei voll­
standigen Vierseiten bestehende Konfiguration. 

Fig. 3. 
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Es ist zu sehen, dal3 die Punkte 2 und 3, I, und 2 bzw. I und 3 die Ge­
genecken je eines vollstandigen Vierseites sind und diese Punkte auf einer 
Gerade liegen. Man kann auch das sehen, dal3 der Pun kt 4 der gemeinsame 
Punkt der drei vollstandigen Vierseite ist. 

Nun betrachten wir die Ebene S(3,3). A und B seien beliebige Punkte 
der Ebene. Nehmen wir eine von den durch A verlaufenden Geraden, die 
den Punkt B nicht enth~ilt. C und D seien die weiteren zwei Punkte dieser 
Gerade. Wir betrachten die Geraden BC und BD. E bzw. F sei der dritte 
Punkt auf der Gerade BC bzw. BD. Wenn die Punkte A, E und F auf dersel­
ben Gerade liegen, dann bekommen wir ein vollstandiges Vierseit, dessen 
Eckpunkte A, B, C, D, E, F sind. Nun probieren wir dieses vollstandige 
Vierseit zur Konfiguration .E erganzen. Ein von den Punkten C, D, E, F sol! 
dem Punkt 4 der Ebene S' (3,3) entsprechen. Wir w~ihlen einen von den 
Punkten C, D, E, F aus. Dann ist die Erganzung der Konfiguration schon 
eindeutlich und es ist einzusehen, dal3 wir keine Konfiguration J; bekommen. 
Insgesamt 390+3t Falle mi.issen wir untersuchen, wo t die Zahl der voll­
standigen Vierseite ist. 

Nach der Durchfi.ihrung der Rechnungen bckommen wir die Konfigura­
tion E in der Ebene S(3,3) niemals. Daraus folgt, dal3 die Ebenen S(3,3) und 
S' (3,3) niclzt isomorplz sind. 

Nun betrachten wir die Ebene S'(3,3). Mar kann Ovale auch in dieser 
Ebene finden. Das Oval enthalt hochstens 6 P~mkte auch hier, weil keine 
Tangente im entgegengesetzten Fall gibt. 

Wir betrachten die Liste der Geraden, die jurch je zwei Elemente der 
Punktmenge Q' = {I, 5, 7, 9, 11, 13} bestimmt sind: 

{I, 5, 4}, {l, 7, 6}, {I, 9, 8}, {I, 11, 10}, {L 13, 12}, {5, 7, 2}, 
{5, 9, 3}, {5, 11, 6}, {5, 13, 8}, {7, 9, 10}, {7, 11, 8}, {7, 13, 3}, 
{9, 11, 4}, {9,13, 6}, {II, 13, 2}. 

Wir konnen sehen, dal3 jede von diesen Geraden nur 2 Punkte von Q' ent­
halt. 

Die Tangenten von Q' sind die folgenden Geraden: 
{l, 2, 3}, {5, 10, I2}, {7, 4, I2}, {9, 2, I2}, {1 I, 3, I2}, {I3, 4, 10}. 

Im Punkt 12 treffen sich vier Tangenten. Die Konfiguration der Tangenten 
konnen wir auch folgenderweise kennzeichnen. Sie bilden die Seitengeraden 
der Dreiecke, die eine gemeinsame Ecke haben. Es handelt sich um die Dreiecke 
{2, 3, 12} und {4, 10, 12}. 

Nun betrachten wir die Punktmenge Q'' = {I, 5, 7, 9, I I, 12}. Wie im 
vorigen konnen wir einsehen, dal3 auch Q" ein Oval ist und Q" gleiche 
Eigenschaften hat, wie Q'. Dasselbe wissen wir auch fiber die Punktmenge 
Q"' = {5, 7, 9, I I, 12, 13}. Man kann sehen, dc:cl3 sich diese drei Ovale nur 
in je einem Punkt voneinander unterscheiden. Das bedeutet, daBfilnf Punkte 
in der Ebene S' (3,3) ein Om! nicht eindeutliclz bestimmt. 

4. Die in der Einfi.ihrung erw~ihnte Ebene S(3,4) besteht aus 15 Punkten 
und 35 Geraden. jede von den Geraden besteht aus drei Punkten und durch 
jeden Punkt geht sieben Geraden hindurch. 
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Bezeichne I, 2, 3, 4, 5, 6, 7, 8, 9, IO, 11, 12, 13, 14, 15 die Punkte. Die 
Lis te der Ge rad en ist: 

{l, 2, 9}, {1, 3, 10}, {I, 4, 11}, {I, 5, 12}, {I, 6, 13}, {l, 7, 14}, 
{I, 8, 15}, {2, 3, 15}, {2, 4, 14}, {2, 5, 13}, {2, 6, 12}, {2, 7, 11}, 
{2, 8, IO}, {3, 4, 9}, {3, 5, 14}, {3, 6, 11}, {3, 7, 12}, {3, 8, 13}, 
{4, 5, 15}, {4, 6, 10}, {4, 7, 13}, {4, 8, 12}, {5, 6, 9}, {5, 7, 10}, 
{5, 8, 11}, {6, 7, 15}, {6, 8, 14}, {7, 8, 9}, {9, IO, 11}, {9, 12, 13}, 
{9, 14, 15}, {IO, 12, 15}, {IO, 13, 14}, {11, 12, 14}, {11, 13, 15}. 

Wir bemerken, da3 die Punkte 9, IO, 11, 12, 13, 14, 15 und die aus diesen 
Punkten bekommenden Punktdreier (s. die letzten sieben Dreier der vorigen 
Liste) als Geraden eine wohlbekannte Konstruktion reprasentieren. Das 
ist eine Galois-Ebene zweiter Ordnung, anders eine Fano-Ebene. Mit <[J 
bezeichnen wir die obige Teilebene. 

Greifen wir den Punkt vom Index 8 der Ebene S(3,4) heraus und betrach­
ten die dritten Punkte auf der Geraden, die den Punkt 8 und die Punkte 
von <fJ verbinden. Diese dritten Punkte sind 1, 2, 3, 4, 5, 6, 7, weil es sich um 
die Geraden {l, 8, 15}, {2, 8, 10}, {3, 8, 13}, {4, 8, 12}, {5, 8, 11}, {6, 8, 14}, 
{7, 8, 9} handelt. Diese Geraden sind die Tangenten der Punktmenge Q = 
= {1, 2, 3, 4, 5, 6, 7}, weil jede von den obigen Geraden nur durch einen ein­
zigen Punkt von Q hindurchgeht. Weiterhin ist Q ein Oval nach den Geraden, 
die je zwei Punkte von Q verbinden: 

{I, 2, 9}, {I, 3, IO}, {I, 4, 11}, {I, 5, 12}, {l, 6, 13}, {I, 7, 14}, 
{2, 3, 15}, {2, 4, 14}, {2, 5, 13}, {2, 6, 12}, {2, 7' 11 }, {3, 4, 9}, 
{3, 5, 14}, {3, 6, 11}, {3, 7, 12}, {4, 5, 15}, {4, 6, 10}, {4, 7, 13}, 
{5, 6, 9}, {5, 7' IO}, {6, 7' 15}. 

\Venn es einen solchen Punkt gibt, in dem sich die samtlichen Tangenten 
eines Ovals treffen, dann wird dieser Punkt Kernpunkt genannt. Der fol­
gende Satz faBt unsere bisherige Ergebnisse zusammen: 

Die Ebene S(3,4) , hinsichtlich ihrer Punkte, besteht aus einem J(ernpunkt, 
aus einem Oval und aus einer Fano-Ebene. Die Tangenten stellen die folgende 
bijektive Abbildung zwischen dem Oval und der Fano-Ebene her: 

* * * 
Die hier erorterten Bemerkungen zeigen, daB die endlichen BL Ebenen 

schone Struktureigenschaften haben. Die Untersuchungen der Fragen, die 
die allgemeinen Falle betreffen, versprechen interessant zu werden. 
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1. Let Q2::.2 be an integer. We shall say that a function! defined on the 
set of nonnegative integers is q-additive if f(a+ mqs) = f(a)+ f(mqs) holds 
for0:-;;a<q 5 ,m2::.0,s = 1,2, .... Letc!lqbetheclassofrealvaluedq-additive 
functions. 

The function f(n) = cn belongs to c!lq, and behaves very regularly. It 
plays a similar role as c log n does for additive functions. 

THEOREM I. Let fEc!lq. The condition 

(I.I) LJf(n) :=f(n+ 1)-f(n) = 0(1) 

lwlds ~f and only if.f can be written in tlze form 

(1.2) 

where 

f(n) = cn+g(n), 

(1.3) g(aqi) = 0(1), (a= 1, .. .,q-1; j = 0, 1,2, ... ) 
s 

(1.4) L g((q- l)qi) = 0(1), (s-.. oo ). 

l=O 

It is obvious thatfEc!lq is bounded if and only if 

~ q-l 

(1.5) L: L: lf(aqi) I < 00 • 

j=Oa=l 

THEOREM 2. Let f 0,f11 •• ., f,cEc!lq, !(11) = f 0(11)+ ... + fk(n+k). 
The co11dition 

(1.6) l(n) = 0(1), (n = 0, 1, 2, ... ) 

holds if and only if 

(1.7) fi(n) = cin+gi(n), (i = 0, 1, .. ., k), 
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(l.8) g;(aqj) = 0(1), (a = I, 2, ... , q- I; j = 0, I, 2, ... ), 

s 
(1.9) 2: g;((q- l)ql) = 0(1), (s-- = ), 

1=0 

(I. I 0) 

and 

(1.11) 

Let us consider now Theorem 2 in the special case. Let P(z) = o:0 + o:1z + 
+ ... +o:kzk, E denote the shift operator defined cis Eyn = Yn+ 1, E0yn = Yn· 

THEOREM 3. Let fEdq. The relation P(E)f(n) = 0(1) holds if f(n) is 
bounded. There exists no more solution if P(I) 7-"' 0 while in the case P( I) = 0 
the relation P(E)f(n) = 0(1) holds if and only if Llf(n) = 0(1). 

LEMMA I. LetfEdq. The relation 

I 
(1.12) -~jj(n)j<d, (X--+=) 

X n~x 

holds if and only if 

(l.13) f(aqj) = 0(1), (a= I, ... ,q-I;j = 0, 1,2, ... ) 

N q-1 

(J.14) O:N = 2: 2: f(aqj) 
j=O a=l 

is bounded, 

(1.15) 

We shall use Lemma 1 to prove Theorem 6. 

THEOREM 4. Let fEdq. and 

(I.16) 2: IL1f(n)I = O(x). 
n~x 

Then f can be written in tl1e form 

( l.17) f(n) = cn+g(n), 

furthermore with the notations 

fLJs = g(qs+l _ 1), },s =_I_ (Lls+l -qLJs} 
(1.18) qs+l 

l11s,a = f(aqs) - aLls-1' (a = 1, ... 'q- 1) 
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(1.19) 

(1.20) 
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Lls -0, (s- = ), 
qs 

- q-1 I 
(l.21) 2: 2: l?Js,al-

5 
< oo, 

s=O a=I Q 

If f E dlq satisfies the conditions (1.17)- ( 1.21 ), then (1.16) holds. 

THEOREM 5. Letfo, .. .,fkEdlq, l(n) = fo(n)+ ... +f,,(n+k), and 

(1.22) 2: jl(n)j = O(x). 

Then 

(1.23) 

( 1.24) 

where 

n~x 

2: ILlf;(n)I = O(x), (i = 0, ... , k), 
n~x 

2: IFk(n)I = O(x), 
n~ x 

Fk(n) = f 0(n)+ ... + fk(n). 

The fulfilment of ( l.23), ( l.24) involves ( l.22). 
From this and the earlier theorems it follows immediately 

THEOREM 6. Letfo,· . ., fkEdlq, l(n) =fo(n)+ .. . +fk(n+k). 
The relation 

L ll(n)I = O(x) 
n~x 

holds if and only if the following assertions are true: 

(I) f;(n) = C;n+g;(n), (i = 0, . . . , k), 

(2) 

(3) 

(4) 

(5) 

gMs+l_ l) = o(q5 ), (s- oo; i = 0, ... , k), 

k -2; L q-slg;(qs+l_ 1)-qg;(qs-1)1 < =, 
i=Os=O 

k - q-1 
2; 2: 2: q-s lg;( aqs) _ ag;(qs _ I) I < =, 
i=Os=Oa=l 

N q-1 k 

L: L: L: f;(aqi) = YN 
j=0G=0i=0 

18 ANNAL ES- Sectio Mathematica- Tom us XXVll I. 
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is bounded as N ...... = , 

(6) 

(7) c0 +c1 + ... +ck = 0. 

As a special case of Theorem 5 we have 

THEO REM 7. Let f E d q. The relation 

(1.25) ~ IP(E)j(n)I = O(x) 
n:;x 

obviously holds if 

~ lf(n)I = O(x). 
n:;x 

There exists no more solution if P(l),,,:O. If P(l) = 0, then (l.25) holds if 
and only if 

~ I Llf(n) I = O(x). 
n :t! X 

2. PROOF of THEOREM l. Let n+ l = b+mqs, 0<b<Q5
• Then Llf(n) = 

= LJf(b-1). If n+ I = mqs, m "2= I, then Tl = (q-1) (l +q+ .. . +qs-1)+ 
+(m- l)q5, and so 

LJJ(n) = f(mq5 )-f((m- I)q5}-f((q- I)(I +q+ .. . +qs-1)). 

Let us denote by A 1 the sum 

Az = f(q- l)+f((q- l)q)+ ... +f((q- l)q1). 

Assume that (I. I) holds. By putting /1 = mqs - 1, we get that 

(2.1) !f(mq5)-f((m- l)q5}-A
5

_ 1j :=;K 

for every m2: l, S"2::: I. Here and as follows K is a suitable large constant. 
Summing these inequalities form = I, 2, .. . , q- 1, we deduce that 

lf((q- l)q5}-(q- l)As-i1 :=; K(q-1), 

whence we have 

IAs -q.1l s- 1I :=;K(q-1), 

and so for f3s = q-sAs we get 

(2.2) 

From (2.2) if follows immediately that there exists 

lim {35 = y, s--
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and that 

(2.3) 

Let us consider the function g(n): = f(n)- en, c = L. Then Llg(n) = 0(1 ), 
q 

consequently (2.2), (2.3) holds with y = 0 and (3; instead of (3
8

, where 

s 
f3~ = q-s 2: g((q- l)qJ). 

j=O 

(3~ = O(q-s) involves ( 1.4). By considering (2.1) with g instead off we get 
(1.3) immediately. So we proved that (l. l) involves ( 1.2), (I. 3), (l.4). It is 
obvious that for a gEolq satisfying (1.3), (1.4) the relation Llg(n) = 0(1) 
holds. Consequently (1.2), (1.3), (I.4) involve (I.I). B 

3. PROOF of THEOREM. 2. Let 

r k 

F,(n) = 2: fi(n), S,(n) = 2: fi(n). 
i=O i=r 

Assume that (1.6) holds. 
Let n = a+mqs, a<q5 -k. Theri 

k 

(3. l) l(a + mqs) = l(a) + L fi(mqs) = /(a)+ Fk(mqs). 
i=O 

By putting a = 0, we get that F k(mqs) =: t(m) is bounded. Observing 
that t E ol.q, by our earlier remark we get 

~ q-1 
(3.2) L L 1Fk(aq1)1 < oo . 

j=Oa=I 

Let now n = mqs-r, O<r<k. We have 

l(mqs -r) = f 0(mq5 -r) + ... + f,_ 1(mq5
- I)+ f,(mq 5

) + . . . + 

+fk(mqs+k-r) = F,_1((m- l)q8)+S,(mq5)+f0 (q5 -r)+ . .. + 
+f,_1(q5 -l)+J,(O)+. · · +fk(k-r) = F,_1((m- l)qs)+ 

+ S,(mq8)-S,(q5
) +l(q5 -r) = F k(mqs) + F,_1((m- I )q8

)- F,_ 1(mg5)-

-S,(q8) + l(qs - r). 

Hence it follows that F,_1(mq5)-F,_1((m- l)q5) = 0(1), (m-- oo ). By using 
this for r = 1, 2, ... we deduce that f;(mq 5)-f;((m- l)q5) = 0(1), (m-- = ). 
This last relation involves that Llf;(n) = 0. Really, for I+ n = mqs+ a, 
O>a>q5 wegetL1f;(n) = L1/;(a-l)whileforn+t = mqswehave 

/i(mqs)-/i(mqs-1) = fi(mq 5)-fi((m- l)q5)-f1(qs- J) = 0(1). 

Consequently the relations (1.7), (l.8), (l.9) hold with suitable constant ci. 
Now we prove ( l.11 ). 

18* 
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Let o = c0 + c1 + ... +ck. ( 1.8) involves that F k( aqj) = oaqj + 0(1 ). 
From (3.2) we get that (J = 0. The necessity of the conditions (1.7)-(1.11) 
has been proved. It is obvious that these conditions are sufficient for (1.6). • 

4. PROOF of LEMMA I. The assertion is an easy consequence of basic 
probabilistic theorems. Let ~0 , ~1 , . . . be independent random variables 
with the distribution 

P(;i = f(aqi)) = _!__, (a= 0, 1, ... , q-1). 
q 

Let 'Y)N = ~o + ... + ~N· It is obvious that 

Mi'Y}N-11 = q-N ~N if(n)i. 
N<q 

Let us assume now that (1.12) holds. Then 

(4.1) MJ'Y)Ni <C, (N-- 00 ). 

Consequently IM'Y)NI <C, and hence by IXN = M'Y)N we get (l.14). Since 
1 q-1 . 

Mi'Y)Ni = - ~ MJ'Y}N-1 + f(aq1)J, 
Q a=O 

from (4.1) we get (1.13). 
Let 

n n 

S~ = ~ D~, K~ = ~ H2. 
k=O k=O 

Since ~k, consequently mk are bounded, we get that H2«D~. Hence we 
have K~«S~. 

We shall prove that Sn = 0( 1 ). Let us assume that Sn__.. oo. Then KN --0, 
SN 

i.e. the Liapunov condition for the central limit theorem is fulfilled, con­
sequently 

li~P( l'Y)N~r;,NJ <YJ =<P(y)-<P(-y) 

holds for every y2:0. Hence we get that 

lim P(J'Y)Ni >H) = 1 
N 

for every H, that involves that MJ 'Y)N I __.. oo, but this is impossible. So we 
have S~ = 0( 1 ). Since 

1 q-l 1 m2 
M(~k-mk)2 = - ~ (J(aqk)-mk)2?=-(J(O)-mk)2"2::_k, 

q Q= 1 q q 
~ 

we get that 2: m~< oo, and so S~ = 0(1) involves (1.15). 
k=O 
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Let us assume now that (1.13), (l.14), (1.15) hold. Then D217N = 0(1), 
Mj17N-o:Nj 2 = 0(1), Mj17N-o:Ni = 0(1), and so Ml1JNI = 0(1). Let now 
qN-sx-sqN+1 - l. Since 

I - L; l/(n)I ::=;qMl1JNI, 
X n;;;;x 

( l.12) is proved. • 
5. PROOF of THEOREM 4. Let A8 = j(qs+ 1 - l), S = -1, 0, I, .... 

Assumethat(l.16)holds.Ifn+I = aq5 +mqs+1 ,0<a<q,thenn = (q
8
-l)+ 

+(a- I)q8 +mqs+ 1 , and so 

L1f(n) = f(aqs)-f((a- l)q8)-As-l' 

The number of n<qN having the above form with fixed a and s is qN-s-1 
consequently 

N-1 q-1 

q-N L; L; l/(aqs)- J((a- 1 )qs)- .As-1 I . qN-s-1« 1, 
S=O a= 1 

and so 

- q-1 
(5.1) L; L; lf(aqs) - f( (a- l )qs)-As-1 I · q-s < 00 • 

S=0a=1 

Hence we get that 

- q-1 
(5.2) ~ ~ lf(aq5

)- aAs-1 lq-s-< =, 
s=Oa=I 

and by observing that/((q- l)qs) = .A 8 -A~_ 1 , we have 

-
(5.3) ~ IAs-qAs-1lq-s < 00 • 

S=I 

Let fls = q-s_A5 • From (5.3) we get that Jim fls = y exists. Substituting s--
f(n) with/(n)-cn, c = y/q, if needed, we may assume that?' = 0. The rela-
tions (1.18)-(1.21) immediately follow from (5.2), (5.3). 

The converse assertion is obvious. • 

6. PROOF of THEOREM 5. Let us assume that (1.22) holds. By using 
the notations of section 3, from (3.1) we deduce that 

(6.1) L:NIFk(mqs)I = O(qN) 
m<q 

and from (3.3) that 

(6.2) ~NI F,_1(mqs)- F,_1((m- I )qs)I = O(qN), (r = I, ... , k). 
m<q 

Here s being fixed so that k < qs. 
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By repeating the argument used in section 3, from (6.1) we deduce that 

(6.3) 
n<x 

and from (6.2) that 

(6.4) ~ ILlf;(n)I = O(x), (i = o, 1, ... , k). 
n<x 

The necessity of (l.23), (l.24) is proved. 
The sufficiency of these conditions is almost obvious. We split the in­

tegers n<qN-k into disjoint subclasses n = a+mqs, (a= 0, .. ., q5 -k-1), 
n = mg5 -r, (r = 0, .. . , k-1). 

Assume that (6.3), (6.4) hold. From (3.1 ), (3.3), (6.3), (6.4) we deduce 
immediately that 

~ Jl(n)I = O(qN), (N~=) 
n</1-k 

and so (l.22) holds. • 
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In dieser Arbeit geben wir eine hinreichende Bedingung dafiir an, daB 
ein diskretes Punktsystem des n dimensionalen euklidischen Raumes bi­
konjugiert ist. (S. Definition 2., SATZ 1.) Eine notvendige Bedingung wird 
nur fiir Punktgitter angegeben. (SATZ 2.) Wir beschaftigen uns ferner mit 
den bikonjugierten Gittertypen von £ 2 und £ 3 • 

1. Die binonjugierten Punktsysteme im En 

DEFINITION 1. Eine Punktmenge 9)1' wird konjugiert zur diskreten 
Punktmenge fil1 genannt, wenn ?J.W aus den Eckpunkten der Dirichletschen­
Voronoischen Zelle von 9J1 besteht [1 ]. (D-V Zelle: [3].) 

DEFINITION 2. Jst (9.J1')' = 9)1, dann wird Wi bikonjugiert genannt. 
Im weitern spielt der Begriff der Stiltz- oder Leerkugel eines Punktsys­

tems eine wichtige Rolle. Ein solche Iiegt vor, wenn eine Kugeloberffache 
mindestens n + 1 Punkte eines Punktsystems enthalt, diese Punkte nicht in 
einer Hyperebene Iiegen und sich kein Punkt des Systems in ihrem Inneren 
befindet. 

Nimmt man die konvexe Hill le der auf einer Stiitzkugel Iiegenden 
Punkte, so bekommen wir eine sogenannten L-Polytop. 

Bildet man alle Stiitzkugeln und L-Polytopen eines diskreten Punkt­
systems, so bekommen wir die Delaunay-Zerlegung des Raumes, kurtz: 
L-Zerlegung. Das ist eine duale Zerlegung der Dirichletschen- Voronoi­
schen-Zerlegung. Die Ecke der D-V-Zellen sind die Mittelpunkte der 
Stiltzkugeln von Punktsystem. 

SATZ 1. Wenn die Radien jeder Stiitzkugel einer diskreterz Punktmenge 9J1 
in En gleich sind, dann ist 9J1 eine bikonjugierte Punktmenge. 

BEWEIS. Wir bezeichen die Punkte von WC mit Pi, von WC' mit P;, den 
Radius der Stiltzkugeln mit R und mit Li die Gesamtheit der Polytope, die 
Pi als Eckpunkt besitzen. Die konvexe Hillie der Mittelpunkte der Um-
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kugeln der L-Polytope in L'! ist die D-V-Zelle von Pi. Da nach Vorausset­
zungen die Radien aller Stiitzkugeln gleich sind, so ist diese Zelle ein n-di­
mensionaler Polytop mit wenigstens n+ 1 Ecken, die einer Kugel mit dem 
Radius R und mit dem Mittelpunkt Pi einbeschrieben ist. Nach der Vor­
aussetzung ist auch Ppj?. R. Daher ist die Umkugel dieser D-V-Zellen eine 
Stiitzkugel von WC'. Es ist also die D-V-Zerlegung des Raumes nach WC der 
L-Zerlegung nach WC' gleich. Diese Zerlegungen sind eindeutig ([3]), deshalb 
sind alle Punkte von WC und nur diese die Ecken der D-V-Zellen von WC'. 

SATZ 2. Wenn {PJ: = r ein bikonjugiertes Punktgitter des n-dimensio­
nalen euklidischen Raumes ist, dann sind die Radien der Stiitzkugeln van I' 
gleich. 

BEWEIS. Es gibt nur endlich viele inkongruente L-Polytope in einem 
Gitter [3]. Sei R der Radius der Stiitzkugel mit kleinstem Radius. Nach der 
Bezeichnung im ersten Satz sind 

(1) 

(2) 

PiPje?:R. 
Die Gleicheit gilt fiir jedes i, 

weil I' gitterformig ist. Nach der Voraussetzung bilden die Punkte von I' 
und nur diese Punkte die Mittelpunkte der Stiitzkugeln von I'. Nach (I) 
sind die Radien dieser Stiitzkugeln mindestens gleich R. Nach (2) sind sie 
nicht gr613er als R, sonst ware mindestens ein Punkt von Pj im I nneren, d.h. 
Die Kugeln ware nicht leer. 

SATZ 3. Wenn die Radien aller Stiitzkugeln einer diskreten Punktmenge 
WC in £n-gleich sind, dann liegen die Mittelpunkte der Umkugeln aller L-Poly­
tope von WC im Inneren der L-Polytope. 

BEWEIS (indirekt). Nehmen wir an, daB Lm von L-Polytopen seinen 
Mittelpunkt nicht im I nneren enthalt. So gibt es wenigstens eine n- I di­
mensionale Seitenflache von Lm( : = lm), deren Hyperebene den Mittel 
punkte P'm und der Pm trennt, wobei Pm der nicht in dieser Hyperebene lie­
gende Punkt von Lm ist. Die Zerlegung ist normal [3]. Daher gehort noch 
eine Stiitzkugel zu dieser Seitenflache lm. I hr Radius ist auch R nach Vor­
aussetzung, aber die beiden Kugeln sind nicht identisch. So ist ihr Mittel­
punkt im gleichen Halbraum wie Pm· In diesem Fall enthalt die zweite 
Kugel Pm im Inneren, d.h. sie ist nicht leer. 

2. Die bikonjugierten Gittertypen von £ 2 und £3 

Fjodorow hat die Gitter nach L-Zerlegung klassifiziert [4]: 

In E2: 

I. Rechtecksgitter: die L-Zellen sind Rechtecke, (die D-Zelle ist auch 
Rechteck); 

2. Dreiecksgitter ( das primitive Gitter): die L-Zellen sind Dreiecke 
(die D-Zelle ist Sechseck). 
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In E3: 

I. Quadergitter: alle 8 Ecken des Grundparallelepipeds des Gitters be­
finden sich auf einer Sti.itzkugel. 

2. "Prismengitte r mit 6 Punkten": 6 Gitterpunkten Iiegen auf einer 
Stiitzkugel und bilden ein Prisma. 

3. "Oktaedergitter": das Gitter solche Stiitzkugeln hat, auf denen ge­
nau 6 Punkte des Gitters sind, die aber ein Oktaeder bilden. 

4. "Pyramidengitter mit 5 Punkten": das Gitter hat solche Stiitzkugeln, 
auf denen sich genau 5 Punkte des Gitters befinden. Diese Punkte bilden 
eine Pyramide mit rechteckiger Grundflache. 

5. "Tetraedergitter" (das primitive Gitter): jede Stiitzkugel des Gitters 
hat genau 4 Punkte des Gitters. 

Im ersten Tei! haben wir gesehen, daB ein Gitter dann und nur dann 
bikonjugiert ist, wenn alle Stiitzkugelradien des Gitters gleich sind. Daraus 
folgt: 

SATZ 4. In der euklidischen Ebene sind alle Gitter bikonjugiert (vgl. [I]). 

SATZ 5. Im dreidimensionalen euklidischen Raum sind die folgenden 
Gitter bikonjugiert: 

- alle Quadergitter, 
- alle "Prismengitter mil 6 Punkten" und 
- solche Tetraedergitter, die zwei windschiefe Kanten haben, die rechte 

Keilwinkel tragen ( Rechtwinkelkanten). 

BEWEIS. Es ist nach dem in [2] beweisenen Hilfssatz 2. gilt: wenn 4 
L-Polyeder eines Gitters in einer Kante zusammankommen, sind die Radien 
der diesem L-Polyeder umschriebenen Kugeln dann und nur dann gleich, 
wenn die in dieser Kante zusammankommenden Seitenflachen zueinander 
senkrecht sind. Der Hilfssatz 3. von [2] schlieBt jedes "Oktaedergitter" 
und "Pyramidengitter mit 5 Punkten" aus. 
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On p. 4, line I replace "cofinality wµ" by "cofinality :§.wµ"· On p. 4 
replace the second sentence of footnote 2 by "If X is discrete any linearly 
ordered base of <lld has cofinality I if w µ > IX I and either I or w µif w µ s IX I; 
and for every wµs !XI there is an wµ-metric d such that the cofinality of 
<lld is ww On p. 7, line 9 replace the symbol ~ by S:. On p. 16, line 22 
replace "cofinality roo" by cofinality s %". Note also that some proofs 
(especially in sect. 3) do not cover the trivial discrete case as they stand, 
but nevertheless the corresponding statements are also true in this case. 
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