
























































































































































































































































































































































116 K. BEZDEK—R. CONNELLY

THEOREM 1. Suppose that a system @ of unit disks covers the Euclidean
plane such that any unit circle which contains two intersection points of € belongs
to @. Then the intersection points of @ are either identical with the vertices
of a rectangular lattice, where the diagonals of the rectangles are equal fo 2 and
the shortest side. of the rectangles is = 1, or they are identical with the vertices
of a regular triangular lattice of side length 1, or they are everywhere dense
in the plane (Fig. 7).

a*+b?=l | 4<a<h

Fig. 7.

An open problem is the higher dimensional case. As a special case it is

easy to prove the following. Let Oy, O,, ..., 0,, be n points in n-dimensional
Euclidean space such that the unit spheres centred at these points have
a point in common. Set §; = {G,, 0,, ..., 0,}. If §, (i=1) has already

been determined then add to the configuration all unit spheres whose centers
belong to S, and which have not been drawn in before. Further, let S; ., be de-
fined as the union of S, and the set of all intersection points of unit spheres
whose centers are in S;. (A point is an intersection point if it belongs to

oo

at least n unit spheres.) Then (y S; is everywhere dense in n-space
{=1

=
[i.e., any neighborhood of any point contains at least one point from

'Ul Si]'
i=

Now let € be an arrangement of unit disks in the plane, where we
require that any two unit disks of € are distinct sets of the plane. We call
the arrangement consisting of unit disks centred at the intersection points
of € the dual arrangement €* of €. We shall compare the density of €*
with the density of @. (The density may be interpreted roughly as the total
area of the disks divided by the area of the whole plane. A rigorous defi-
nition of the density can be found in [4].) In fact, we have the following.
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THEOREM 2. Let @ be an arrangement of unit disks in the plane with
density d(@) such that any unit disk of @ is intersected by at least one unit disk
of € but no two of the unit disks of € are tangent. Let d(€*) denote the (lower)
density of the dual arranguement €% of €. Then d(€*)=d(€).

REMARK. An open question is whether d{(€*)=d(€) for any covering
€ consisting of unit spheres of n-dimensional Euclidean space. If n = 2,

then, using the proof of Theorem 2, we get d(@*)z—}d(@).

Finally let f(n) denote the maximum of those positipe integers k for
which there exist & homothetic copies of a convex body in n-dimensional
Euclidean space such that any two of them touch each other. (A convex
body is defined as a compact convex subset of n-dimensional Euclidean
space with nonempty interior. We say that two convex bodies touch each
other if they have at least one common point, but their interiors are dis-
joint. Finally, two sets X, Y of n-dimensional Euclidean space are said to
be homothetic if either X is a translate of ¥V or there exists a point O and

a positive real number 2 such that X = {P|OP = A0P* where P*¢ Y}.) We
ask the following question. Is it true that f(n) = 2? In the special case
when only translates occur, L. Danzer and B. GrUnsauM [5] proved
S(n) = 27 which was conjectured by P. Erp§s [2,3] and V. KLEE [7]. Here
we claim the following as a joint observation with J. PacH.

PROPOSITION. 2"=f(n)< 3" for any integer n=2.

REmMARK. Also, we know the following fact. The maximum number of
(distinct) n-dimensional (n=2) balls such that any two touch each other
is n+ 2. Here is a simple proof.

First, if we have congruent n-dimensional balls (n=1) such that any
two touch each other, then there are at most 41 of them. Second, suppose
that we have a system of n-dimensional (distinct, not necessarily congruent)
balls (n=2) in which any two of them touch each other. Then we choose
an inversion whose center is an intersection point of two balls. The images
of the spheres of our two balls are parallel hyperplanes and the images of
the other balls are again balls. Of course they not only touch each other
pairwise but the two parallel hyperplanes are supporting hyperplanes for
all of the balls. Thus in our second system, the centers of the congruent
balls lie in a hyperplane. By our first observation, the total number of
the balls is at most (n—1)+1 = n. Hence the number of balls in the
original system is at most n-+2.

2. Proof of Theorem 1.

A set is called locally dense if there exists an open disk in which the
set is (everywhere) dense. Let .2 be the se’c of intersection points of € as
in Theorem 1.

Lemma 1. If £ is locally dense, then it is everywhere dense in the
plane.
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Proor. Let B be the open disk with center O in which .2 is everywhere
dense. We shall show that .2 is everywhere dense in the open disk B’ of
radius 2 with center O (Fig. 2). Choose an arbitrary interior point P of B’.
If P is an interior point of B, then, of course, we are done. Otherwise, let us
denote the arbitrary open disk centered at P by B,.

Fig. 2.

We have to show that there exists a point of .2 in B,. In order to find
this, let us connect the points 0, P by two unit circles X and Y. So we can
choose the points X;, X,, Y, ¥, of BN .2 such that the unit circles X’, Y”
going through the points X,, X, and V,, Y,, are very close to the unit
circles X an Y and, therefore, one intersection point of X’, ¥’ will be in B},.
This yields that .2 N B, = 0 because the circles X’, ¥’ belong to € by defi-
nition. After this, if O is any interior point of B’, and we continue our pro-
cedure, then we get Lemma 1.

We shall need the following notion. An empty disk (or an empty circle)
of .2 is a disk which does not contain any point of .£ in its interior, but
we can find at least three points of .2 on its boundary.

Lemma 2. If E is an empty circle of £, then the radius of E is equal
to either 1 or T/%— and the points of .2 belonging to this empty circle form

either the vertices of a rectangle or a regular triangle.

Proor. The radius of E cannot be greater than 1 because then there

are additional intersection points.

(i) Suppose that the radius of E is smaller than 1. Denote M,, M,,
..., M, the points of £ lying on the circle E. We know that k=3. If k=4,
then suppose that M;, M,, M,, M, are points lying in counterclockwise
order on the circle E. But then two unit circles, connecting the points AM;,
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M, and M,, M, belong to @ and intersect at a point belonging to the interior
of the disk E, which is a contradiction. Hence k = 3.

Let us denote by C, the unit circle going through the points M, M,
such that the intersection point M, lies outside the disk C, (1=i=3, j=#i,
I<i, j#I and l=j=3, lI=I=<3). We shall show that any two of
the disks C,, C,, C; touch each other. It is enough to prove this for the
disks C,, C,. Suppose on the contrary, that the unit circles C,, C, intersect
at the points M,, M, (Fig. 3). Obsviosuly M, lies outside the empty disk E.
We claim that the points M;, M,, M, cannot lie on a unit circle. In order to
prove this, we assume that there exists a unit circle C* containing the
points M, M,, M,. (Fig. 4)

So the point M, lies inside the triangle A M, M,M, and it is easy
to see that if the angles of this triangle at the vertices M,, M, are « and B,
then 180°—a = < M;M,M, and 180° -8 = ¢ M, M,M,. Hence, < M\M,M, =
= a+p and <MMM, = 180°—(«+f) which yields that the reflected
unit circle of C* about the line MM, contains M,, i.e., E is a unit circle
which is a contradiction.

Now let us consider Fig. 3. If Cj, denotes the unit disk which is
different from C, and which contains on its boundary the points M,, M,,
then M, lies inside C{. This is true because of the previous observation that
M, cannot lie on the unit circle C;, and if M, is outside Cj, then the arc

MTIT/I2<n, belonging to the unit circle C4, will intersect the unit circle
Cy, (M, is inside the unit disk C7) at a point of .2 lying inside the E, which
is a contradiction. (Do not forget that the unit disks C,, C,, C;, Ci, belong
to €.) Obviously, if Cs, is the unit circle different from C, going through
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Fig. 4.

the points M,;, M,, then M, lies inside the unit disk C;. But then there
exists an intersection point M, of the unit circles Cf, Ci, inside the disk
C,. Of course, M €.£. Moreover, if C;” is the unit circle different from, C3
going through the points M,, M;, then M, isinside the disk Cj’, but M,

is outside the disk Cj’. Consequently, the arc M:R43<n, belonging to the
unit circle C,, intersects the unit circle C3’, at a point of .2 belonging to the
interior of E, which is a contradiction. That is, the unit disks C;, C, touch
each other and this is true for any pair of the unit disks C,, C,, C,. Hence,

A M M,M; is aregular triangle of side length 1 and E has radius —1__-

V3
(Fig. 5). .

(if) Suppose that the radius of E is 1. Let us denote the points of 2
lying on the empty circle E by M,, M,, ..., M,. As before it is easy to see
that k cannot be greater than 4. Hence, 3=<k=4. Let us consider the convex
hull conv {M,, M,, ..., M} of the points M, M,, ..., M,. We claim that
the center point O of E lies in the interior of conv {M;, M, ..., M,}. Suppose
?11:1 the contrary that O lies on the boundary of conv {M,, ..., M,} or outside

ig. 6).
Of course now E € €. Without loss of generality we may suppose that

th/eiine MM, separates the conv{M,, ..., M,} from the center 0. Then let

MM, be the arc of unit circle E separated from conv{M,, ..., M,} by the

line MM, and let us denote the midpoint of @k by N. € forms a covering
of the plane; therefore, there exists a disk C* of € different from E which
covers N. But then this unit disk C* cannot cover both of the points M,, M,.
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Fig. 5.

I.e., there is an intersection point on Aﬁ/Ik different from M; and M,
which is a contradiction. Hence, O¢ int conv{M,, ..., M,}. Using this we
get that any angle of the convex polygon conv{M,, ..., M,} must be at
least a right angle, otherwise, we could find an intersection point of the
unit circles of C in the interior of E. Consequently, since 3=k=4 the only
possibility is that k=4, and conv {M,, M,, M,, M,} is a rectangle. This com-
pletes the proof of Lemma 2.

N
Fig. 6.

Lemma 3. The empty circles of .2 are congruent.
Proor. Using Lemma 2, there exist two possibilities. Either the radius

of an empty circle of .2 equals 1 or V% Therefore, it is enough to show
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that if we have an empty circle with radius 7%, then any other empty

. . . |
circle has the same radius. Let E denote our empty circle of radius 75

We know by Lemma 2 that E N £ is a regular {riangle with vertices
M,, M,, M, (Fig. 7).

Fig. 7.

Let us consider the system of six unit circles going through two of
the points M,, M,, M,. We get 12 intersection points (are shown by Fig. 7)
which, of course, belong to £ since the unit circles belong to € and, on the
other hand, they form some of the vertices of a regular triangle-lattice I"
generated by the triangle A MM, M,. If we continue this procedure using
another three points which form a regular triangle of side length 1 we find
that the vertices of I" belong to £. But this means immediately that any

empty circle of £ cannot have a radius greater than —%— Consequently,

using again Lemma 2, the radius of any empty circle of .2 must be equal

to L_, and we are done.

V3

LemMmA 4. If .2 is not locally dense, then the empty disks of .2 cover the
plane.

Proor. First of all, we shall prove that if £ is not locally dense then
£ does not have accumulation points.

Suppose on the contrary, that .£ has an accumulation point A. This
means that there exists a sequence a,, a,, ..., a,, ... of intersection points
(i.e., of points of .£ ) such that lim a4, = A.We suppose without loss o

n— o

generality that the points A, q;, a,, ..., q,, ... lie on a unit circle C of €.

n
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We claim then that any point of .2 C is an accumulation point of 2. In
order to prove this, let P ¢ £ N C be an arbitrary intersection point.
Without loss of generality, we may suppose that the points A, a,, a,, ..
a,, ... are consecutive points clockwise on C (Fig. 8) and P is different
from q,.

After this, let M, be that intersection point of the unit circles different
from C and going through the points a,, a, and a,_,, a, ., which lies inside
C (n=3). Obviously, lim M, = A. Let us consider the unit circle going

N— oo

through the points a;, M, which does not contain a, and denote it by C,.
We know that C,€€ for any n=3 and lim C,, = C. Consequently,

if C, denotes the unit circle which intersects—‘E at P, then there exists
a sequence Pg, ..., P, ... of points such that P,¢ C NC, (n=3) and
lim P, =P. "That is, P is an accumulation pomt of .,2 and this is

n—ee

what we wanted to prove.

Fig. 9.

But now we can prove more. Namely any point of .2 N C is an accu-
mulation point of £NC. In order to prove this, choose again the arbitrary
point P¢.2N C. We know, using the previous observation, that there exists
a sequence Py, ..., P,, ... of intersection points such that lim P, = P.

N—oo
Obviously we can find a point Q inside C such that Q is an intersection point
(i.e., a point of .£) and does not lie on the unit circle C,. So the unit circle
connecting the points Q and P, (n=3) cannot contain more than two points
of the sequence P, ..., P,, .... (The points P, ..., P, lie on C,!)
Consequently there exists a subsequence Py, Py, ..., P;, . " of the sequ—
ence Py, ..., P, ... such that we can construct unit circles C;l, Cipy «v o)
Ci,, ... going through the points Q, Py,; Q, Piy; .5 Q, Py ... rra\{ing
the property that there exists a system P, Pi,, ..., P/, ... of distinct
intersection points with P%,€C;, NC, P, eC,NC, . P’ € Cinﬂ c,.
and lim Pj =P. Since Pi €.£ we are  done,

N—s oo
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Now consider the set 2N C. If .2 C donotes the closed hull of the set
LNC, then we claim that .£NC = C. Otherwise, there exists an open

arc,@of C such that ZB NLNC =0 but Ac LNC and B< £NC.

(Of course the length of AB is smaller than 7.) We proved before that
any point of .£ N C is an accumulation point of .£ N C; therefore, there
exist two sequences A, 4,, ..., 4,, ... and B,, B,, ..., B,, ... of the
points belonging to .£ N C such that lim A, = A and lim B, = B.

N— oo N oo
Without loss of generality, we may suppose that the points A}, A, ...,
A,, ... are consecutive points clockwise and the points B, B,, ..., B
are consecutive points counterclockwise on C (Fig. 9).

nr ot

Fig. 9.

Let F be the midpoint of the open arc AB and reflect F in the line
AB getting the point F’. Without loss of generality we may suppose that B,
(and so the other points of the sequence B,, B,, ..., B,, ... too) is (are)
close to B. I.e., the unit circle which is a rotated copy of C through an angle
<gz about the point B, clockwise connecting the points B,, F’ intersects

C at a point D belonging to the open arc AF (<w). Again without loss of
ommN o~ Poun
generality, we may suppose that A, A<B,B (where AA is an arc on C

with length smaller than = and @ is another arc whose length is smaller
than = too). Consequently the unit circles different from C connecting the
points A,, B and B,, A will intersect each other at a point E lying on the
same side of the line F, F” as the points D, A, A, A,, ..., 4,, ... Therefore,
if we rotate the unit circle C clockwise through an angle <@ about the point
B; such that it contains E, then the new unit circle will intersect C, at a

point D* belonging to the open arc AD (<a).

After this, it is clear what we have to do. Let us choose a point A,
close enough to A and a point B, close enough to B such that we get an
intersection point M of the unit circles connecting the points A4,, B, and
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B,, A,, close to E. This shows that if we rotate C through an angle <=
about B, in a clockwise manner such that M is on it, then this new unit

circle intersects C at a point M* belonging to the open arc AD. But this
P~
is a contradiction because M*¢ £NC and so ABN.LNC = @ although

we supposed that ABN.LNC = §.

Hence 2NC = C. lLe., the point set £NC is everywhere dense on
C. But from this we get immediately that .2 is everywhere dense inside the
unit disk C, which is a contradiction because we knew that in our case .2
is not locally dense. This means that we could prove that if .2 is not locally
dense, then .2 cannot have accumulation points.

In order to complete the proof of Lemma 4 we have to show that
using the above observation, the empty disks of .£ cover the plane.

Let O be any point of the plane. If O¢ .2 then because .£2 cannot have
accumulation points, there exists a disk which does not contain any point
of .2 in its interior, but whose interior contains 0. Increasing this disk,
we shall reach a position when the boundary will cover at least three
intersection points (i.e., at least three points of .£) and no point of .£ will
be inside this disk, i.e., it is an empty disk whose interior covers the point
O (Fig. 10). If O¢.£ then a similar argument shows that there exists an
empty circle containing the point O. (Actually in both cases we used the
fact that the radius of an empty circle cannot be arbitrary large; in our
case this mieans that it cannot be greater then 1.) This completes the proof of
Lemma 4.

<L
‘ ’eL

Fig. 10.

Now let us complete the proof of Theorem 1. If .2 is locally dense, then
by Lemma 1 it is everywhere dense in the plane. If £ is not locally dense,
then we know using Lemma 4 that the empty disks of .2 cover the plane.
So because of Lemma 3, these empty circles are congruent. And by Lemma 2,
-2 is identical either with the vertices of a rectangular-lattice with diagonals
2 or with the vertices of a regular triangle-lattice of side length 1. In addi-
tion, it is obvious that the smallest sides of the rectangles must be
greater than 1.
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3. Proof of Theorem 2.

If a point of the plane is covered by infinitly many unit disks, then
the density d(€) and also the density d(@*), are infinite and we do not have
to prove anything. Therefore, we may suppose that € ={C,;|C; is a unit
disk, i = 1,2, ...} and any intersection point of @ belongs to finitly many
unit circles of @; moreover any unit circle of € contains finitly many inter-
section points of @. Let M be an arbitrary intersection point contained

by m unit circles of @. We assign the real number 1 to each center point
m

of a unit circle of € which contains the point M. Compute this for every
intersection point of @. Then choose an arbitrary unit circle C; of € with
center point O,. Let us denote the intersection points of € belongmg to C;
by Mil, Mig, iy M;

.. 1
1,, assigning the real numbers X

My, my My,
to the center point 0,. In order to prove our theorem, it is enough to show
that

1 1 1
+ + ...+ = 1.
my, My, My,

But since any unit disk of € is intersected by at least one other, and no two
of the unit disks of € touch each other, we know that k=2 and my =k
for any l=j=k. Consequently

1 1 1 1 1 1 I
+ + ...+ ..
m;, mi, m;

which completes the proof of Theorem 2.

4, Proot of the Proposition

The case of the cube shows that f(rn)=2" (n=2). On the other hand,
suppose that K, Ky, ..., K, is a system of homothetic convex bodies such
that any two of them touch each other. Without loss of generality, we may
suppose that K, is the smallest. Then in each convex body K;, (i=2) we
can find a translate K} of K; which touches K;. In this way we construct
(k—1) translates K%, K%, ..., Kf of K; which touch K; and whose interiors
are pairwise disjoint. But then the theorem of H. Hapwiger [6] shows
that k—1=37—1 with equality if and only if K, is a parallelotope. This
completes the proof.
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ON SOME PAIRS OF MULTIPLICATIVE FUNCTIONS
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Let L (resp. JM*) denote the class of complex-valued multiplicative
(completely multiplicative) functions. The subclass of the arithmetical
functions f satisfying the relation

Q Zfm) =00) (=)

will be denoted by L,.
Our purpose in this paper is to give a complete characterization of the

functions f, ge #* for which the relation
2 Ig(n+ K)— f(m)| = O(x)
(2) iz

holds. Here K is an arbitrary positive integer.

The following assertions are obvious. If f, g€ L, N *, then (2) is satis-
fied. If f, g is a solution of (2) and one of f, g belongs to L, _#*, then so
does the other. Let f(n) = nsU(n), g(n) = nsV(n), Res=1, V(n+K) = U(n)
(vn€lIN). Then the module of U(n) may take only the values 0 and 1,
as it follows immediately from Theorem 1 in [4] consequently (2) is true
for f, g as well.

THEOREM. Assume that f, g€ M*, satisfy (2). If f¢ L, then

) f(n) = neU(n), g(n) = n=V(n),
0=Re s=1, furthermore
“) V(n+K) = U(n) (vneN).

Remarks. (1) All solutions of (4) for U, V&_/* have been determined
in [4], Theorem 1.

* Written while the second author held a visiting professorship at the University
of Paderborn. Financial support has been provided by DFG.

9 ANNALES — Sectio Mathematica — Tomus XXXI.
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(2) The basic idea of the proof is to reduce the problem to an equation
——]gl(n+K) Ji(n)| < =, and apply Theorem 4 in [4]

(3) The special case f(n) = g(n) has been treated in [6).

LEmMmA 1. Assume that f, ge (¥, and there exists a constant C = 0
such that

(5) — 2 lg(n +K)—Cf(n)] <1.

n=x

If there exists a prime p, p’fK for which f(p) = O or g(p) = O, then f, geL,.

Proor. It is enough to prove Lemma 1 under the condition that K
is ”minimal®, i.e. that (5) does not hold for any proper divisor K; of K.

1. We may assume that f(¢) = g(q) = O for all ¢|K. If there exists
a prime ¢ such that f(q) = 0, g(g)=0, then by K = ¢K, we have

(©) L s e k) — L Dgimy <1,
X n=x 40)

that contradicts to the minimality of K.

If f(g) = 0 and g(q) > O, then summing over the integers of form
n = myq in (2) we find

— 2 lgm + K| <1,

m=x

which implies that geLl. In the case f(q) = 0, g(g) = 0 we get similarly
that feL,.

2. We may assume thatf g= 0, C=0. It is enough to observe that (5)
implies the inequality

- 3 len+ K| - [l - | <1,

We shall assume that f, g =0, C=0.
3. Let D ={p, (n, K)=1, f(p) =0}, R={g, (g, K) =1, g(9)=0},
D, ={peP|3ny = K (mod p) such that g(n,) = 0},
R, ={geR|3n, = — K (mod g) such that f(n,) = 0}.

Assume that DU R is not empty. We prove that f, g¢L,.

Case 1.: D, = B. Let pe,, and let ny = K (mod p) be such that

g(ny) # 0. Let » run over the integersy = 1 (mod p). Then plvny—K, con-
sequently from (2) we conclude

gon<x, = 2 glv)<x.
v= l(mod p) v=17(mod p)
<X y<X

Il
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Let now » run over the arithmetic progression » = I (mod p), where (I, p) = 1.
We shall estimate the sum

v=l(mod p)
r<x

This is zero if g(v) = O for every ». Let g(»)) = 0, v, = I (mod p).
Then »§ %=1 (mod p), and k, = »§~2 »=1( mod p).

So we have
gy 2 g(ﬂ)<<x
v=l(mod p) a=l(mi
¥<X <y 2x

Doing this for each [, ([, p) = 1, we find
(7 > g(n)<x.

.27
If g(p) =0 then geL,, and we are ready. So we assume that g(p) = 0.
Let us assume first that there exists an #, f(n) =0, n £ l(mod p).
Let s, = pmn—Kn+ K. Then (s,, p) = (K((1-7), )_. 1, furthermore

> g(pmy<x+ Zf(pm— K)y<x+ Zf(n(pm— K))<x+ Zg(s,)<x.

m=x
In this case we are ready as well.
Remains the case: f(n) =0 for each %, n # I (mod p). We have

pm—K = —K(mod p). If 1 # — K(mod p), then f(pm—~ K) = 0 for every m,
consequenty 2’ gpm) = O(x), g€ L,. Assume now that 1=-—K (mod p)

i.e. p]K+1. Let K= —1+pfs, (s, p) = 1. We shall prove that
(8) > fn)<x.

n=x
(n, py=1

If f(n) = 0 n, (n, p) = 1, then (8) is true.

Let now n run over the integers n for which p’ln—1, § = 8. Then
n+K = p’m+pfs, pijn+K if 6<f and pflln+ K if é=>pB. The contri-
bution of these terms in (8), can be majorated by _

x+ Zgn+ Kysx+ > ( 2 T)e(po)<x.

(v, p) 7

If f(ny) = 0, (n,, p) = 1, then f(nk) = 0 (k€N), therefore for an arbi-
trary y there exists n, such that f(n)) # 0, n; # 1 (mod p*). Now we estimate
the contribution of integers n for which pf|ln—1. Then we shall choose
two integers P,, P, so that P, = 1+4pn, P, = l4+4,pv, B<p <y,
f(Py) # 0, f(P,) # 0 (tty, p)=land put n = I+mp (m, p) =1. Since
nP; = (l+tprt) (14+pPm) = 1+ pPm+Lpm +1,mpf+n, therefore nP+K =
=ph(m+8)+1,pri+t,mpP+vi. Let pYm+s. If A s y,—p then the exponent

(233
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o of p defined by p°||nP,+ K is determined by 4, 8, »; and o=v,. Since
A = y;—f holds at most for one of the y,, y,, therefore

LM< Zf(Pyn)+ Zf(Pyr),
where in the first sum p»1—#|(m+s) and in the second p»—#|m+s. Since

Zf(Pmy=x-+ ZePin+ Ky=x-+4(p) 3 gls)=cx

we find that

S f(n)<x.

philn~-1

So we have proved that

J(n)<<x.
n=1(mod p)
But in our case f(n) = 0 for every 5, (y, K) = 1, pfn—1 Consequently (8)
is true, and f(p) = O implies that f¢L,.

Case 11. ®, = (. Hence one can deduce that f, geL, by the same
method as was used in Case I., so we omit the proof.

Casel1l. D, = @, Ry = 8, DUR s not empty. If peP, then g(n) = 0
vn, n = K(mod p), consequently @ is an infinite set, and so is .

Now we shall see that the following assertion is true. (COND): f(i1) = 0
if and only if g(n+K) = 0.

This assertion is true if (n, K)>1. If pe{D, then g(n) =0 Vn, n = K
(mod p), since P, = @. Let f(1,) = 0, (115, K) = 1. Then there exists p|n,,
peP, therefore g(n) = 0 for n = ny+ K. So the implication f(n) = 0=
=g(n+ K) is true. Assume now that g(n+ K) = 0, (n, K) = 1. Then there
exists gjn+ K, g<R. Since ¢4 R, therefore f(n) = 0. By this (COND) is true.

In [3] (see p. 262—264) it was proved that DU®R = @, (COND) imply
that f(11) = g(n) = 0 Yn=2.

By this Lemima 1 has heen proved.

Lemma 2. Let f, ge ¥, f(n) = g(n) =0 if (n, K)>1 and f(n) = 0,
g(n) = 0 if (n, K) = 1. Assume that (2) holds and f, g¢ L,. Then|f(n)| =
=lg(m| vn=1."

Proor. Let H(n) = ﬂ’% defined on the set (11, K) = 1. Then H(n)#0.

g(n

Let 2 be an integer that has exactly the same set of prime factors
as K. Then clearly (A+1, K) = I. Let g be an integer coprime to K and
put C = lp+1; we have (C, K) = 1..

We shall prove that

O - H(A+1) = H(C).
From (2) we have the inequalities:
Z 18O+ DeN) ~g()g((+ DeN +K)| <=x,
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2.18(0+ 1)eNC +KC) —f((3+ 1)NC + K2g) | <<x,
2 @7+ HNC+ KX —f(0)g(( + )CN + K(A+ )| <x,

2 @8+ Dg(CN +K) —f(e)gl2 + DF(CN)| <x.

From the triangle-inequality we get

2 180G+ DI ~ff (C)g@+ DI - | fN)] <x.

Since f¢ Ly, f(o) = 0, this inequality implies (9).

Let K* be any positive integer all prime divisor of which divides K,
and which contains all prime divisor of K at least on the first power. Let
o be coprime to K, C = 14+ K* p. Then (K*+ 1, K) = 1 and from (9) we have

(10) H(1+K*g) = H(K*+1).
Since for (v, K) = 1, (1+K*y = 1+vK*+ ... = 1+0K*, and (p, K) = I,
therefore H((1+K"‘)) = H(l+ K*). Since H((I+K*)) # 0, we have
(11) H((1+K®)y=! = 1 if (,K) = 1.
Let T(n): = |H(m)|. From (10) and (11) we get that
(12) T(1+K*) = T(1+K¥%g) = 1 if (¢, K) =

Let now n = I{mod K). Then n can be written in the form n = 1+ K*p,
where (o, K) = 1, K|K*, and all prime divisors of K* divide K. Conse-
quently T(n)=1. Let now (n, K)=1, n be an arbitray integer. Then n*(¥) =
= I(mod K), consequently T(n*®)) = 1. Since T€A* and T=0 there-
fore T(n) = 1. So we have proved that T(n) = 1 v¥n, (n, K) = 1. i.e. that
If(m)] = |g(m)} vn, (n, K) = .

Let h(n) = |f(n)|. Then from (2) we have

(13) 2 |h(n+ K) — h(n)| = O(x).

Since h¢ L;, from the Theorem in [6] we mfer that |A(n)] = n° =
= |f(n)] = |g(n)| with a suitable ¢, 0<dé=1, (n, K) = 1.

Let ,(n) = fr)n=s, g(n) = g(mn=c.

hen

an+ K)— fy(n) = f(n+1<){ gt K)—1@)

v L

1 i
e Ll V()

lg1<n+f<>—f1<n)1s<n+1<)a[7;-ﬁ
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Summing up for n€[x, 2x] we get that

1 2x + K)° 1 .
> Lan+ K- fim) =2 3 lg(n+K)— f(m),
x=n<2x N xlte x14+9 x<h=2x
and by (2) the right hand side is less than O(x~).

Forming these inequalities for x = 2* (v = 1,2, ...) and summing,
we get that

1 .
(14) 2 —rl—lgl(n+K)—f1(n)|<°°-
n=1 )

In [4] it was proved that (14) with | f,(n)| = |g(7)| = 1 Vn, (n, K) = 1
implies that fi(n) = n*U(n), gy(n) = n*V(n), and U, V satistfy (4).
By this our theorem is proved.
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1. Let oA* (*) denote the class of complex-valued completely additive
(multiplicative) functions. Let /¥ be the subclass of #* containing all
those fe J[* that are nowhere zero.

Our purpose in this paper is to determine all functions in o£* and M
which satisfy some linear recursions in a suitable sequence of relatively
small intervals. ‘

The exact assertions will be formulated in sections 2 and 3.

Lemma 1. Let feot*, or let fe M§. Assume that there exists an e=0
and a suitable sequence N;<N,<... of integers, such that

f(n) = A;¥ne[N, N;+(2+e)/N;]

(=12, ...). Thenf(n) =0 if feot* and f(n) = 1 if fe M for each neN.
This assertion for feo£* has been proved in [1]. The case fe ¥ can
be considered in the same way, so we omit its proof.
For some generalizations see [2], [3], [4]

LEMMA 2. Let ge #¥. Assume that there exist s¢C, e>0 and a sequence
of integers N,<N,<... such that

(1.1)  gny=n"A; N;=n=N;+Q+eIN,(j=12,...).

Then g(n) = n* for every néN.

Proor. Let f(n): =g(n)n~s and apply Lemma 1. (3

In the space of the sequences {x;, X,, . ..} let E, I, 4 denote the operators
defined by the following relations: Ex, = X,,,, 4%, = X, 3 —X,, IX, = X,.
Let € [x] denote the ring of polynomials over C. For P€C[x], P(x) = ¢+ -
+a1x+ [P +akxk we Sha“ Wl’ite P(E)xn = aoxn'*'“lxn_{_l'}' e +akxn+k
(n€N).
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LEmma 3. Let ge M§. Assume that there exists a nonnegative integer
i, e=0, and a suitable sequence of mtwers N,;<N,<...suchthat

(1.2) Arg(n) =0 ne[Nj,Nj+2(l+h+s)l/Nj] G=12,...).
Then g(n) = 1, identically.

Proor. If (1.2) holds with i = 0 or 1, then Lemma 1 contains the
assertion. We may assume that =1 and that the condition (1.2) does not
held for h—1 instead of h, for any j. From (1.2) we have that g(n) = Q)
in ng[N,, Nj+2(l+h+e)VN ], where QJEC[x] deg QJ = h—1. If Q)x) =
= Axh- 1 for an infinite subsequence of the integers j,, then the condltxons
of Lemma 2 are satisfied and we are ready.

Letnow N = N;, M = Z(IThTe)VNJ,g(n) Q(n)yinne[N,N+M] =
=J, Qx) = B,Hx" 1+B xk+ ..., wheré B,_, #0, B, #0, and B, =0
if k<v<h-1. Letp, g m be positive integers and

(1.3) R, ((m): = Qpm) Q(a(m+1))—Q(p(m+1)) Qgm).

Then R, (m) is a polynomial of m of degree =2h—3. If pm, gm, p(m+1),
q(m—+ I)E j , then @ can be replaced by g, and by using its complete multi-
plicativity, we get that R, (m) = 0. If this happens for 2hA—2 distinct
values of m, then this Imphes that the polynomial R, , is identically zero.
But this cannot occur if p = g, since by an easy computatlon one can get
that R, , is a polynomial of exact degree h—24-k.

Let p—[]/N]+1—mo,q=p+ 1, M*=2(1+h)/N +4h. Then N=pm,<
<=q(my-+2h—1)=N+M* and M*<M if j is large enough. Consequently
pm, qm, p(m+1), ¢(m4-1)€J hold for m = my+s (s=0,1, ..., 2h—-2).
This is a contradiction. We are ready. O

Lemma 4. Let feo#*. Assume that there exists a nonnegative integer
h, >0 and a suitable sequence of integers N, <N, <. .. such that

(1.4)  Arf(n) =0 nE[Nj,Nj+(2+‘h+s)VNj] (=12...)

Then f(n) = 0, identically.

Proor. If h =0 or 1, then the assertion follows from Lemma 1. Let
now h=2, and assume that (1.4) does not hold with h—1 instead of A. Then
J(n) = Q](n) with a suitable polynomial Q]€C[x], deg Q; = h~—1. Choosing

atypical N = Ny M = (2+h+e)/N, we take f(n) = Q(n)in ne [N, N+ M].
Now we define

Sy, (M) = Q(p(m+1)) +Q(gm)~Q(pm)—Q(g(m+ 1)).

If pm, gm, p(m+17), g(m+1)€[N, N+M], then the right hand side
can be written as f(p(m+ 1)) +f(gm)—f(pm)—f(g(m+ 1)), and this is zero,
since fec£*. In the other hand, S, (m) isa polynomial in m of exact degree
h—2,if p = q.
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By choosing p = my = [YN]+1, ¢ = p+1, we get that n=pm,=
s(p-l—l)(mo-}—h—-l)qu-M which implies that §, (m)=0 m = m,,
, my+h—2, that is a contradiction. O

2. DeriNiTION 1. We shall say that an arithmetical function f satisfies
condition Cy, ., if there exists a sequence N, <N, < ... of integers, a suitable
sequence b; of real numbers, b -, and a sultable sequence @ ,(2) of non-
Zero polynomlals over C, of deg @, sh such that

2.1 @D (E)f(n) = constant = A; in n€[N,, Nj+b;N].
1 s+1
Let oy = DX o, = " (s=1).

Tueorem 1. If fect* and f satisfies Ch,q, then f(n) = 0, identically.

Proor. We may assume that @, are monic polynomials, furthermore
that @,(0) = 0.

If'h = 0, then Lemma 1 implies our assertion. We may assume that
h=1 and that h is the minimal value for which Cy,q, is satisfied.

Let ] be a large value, N = N;, M = b;N;", & (z) D) = g+ &2+
. +E7 £, = 1. Lettherootsof @be 0, ..., 0, OE)=@2~6),) ... E—0,).
IfO, = = 0, = 1, then ®(2) = (z—- I)” If this occurs for mflmtely

many j, then A“f(n) A and so A"*1f(n) = 0 in the corresponding interval

[N; N;+b,N°]. In this case, by Lemma 4, we are ready. Now we assume
that dij(z) #= (z— 1), D(z) = (z— 1) Since
P(E)f(n) = constant = A in ne[N, N+ M]
therefore for every reC[x]
(2.2) r(EYP(E)f(n) = constant = r(1)A

in n€[N, M+ M-s}], s = deg r. For an arbitrary integer m=0 let k,(2) =

= ]h] (z —O7F). Since k,(2™) is a multiple of @ (2), deg k,(2™) = mh,
thef'zflore k(") = u,(2)D(), deg u,, = (m—1)h, consequently
(2.3) k (E™f(n)y = A, if ne[N,N+M—(m-1)h].

Let k,() = no+m2+...+52% n,=1, and write n = my, véN
in (2.3). Then for

(2.4)

o[, N
m

we have nof(my)+n f(m(r+ 1))+ . . . +mf(m(r+h)) = A, ie. that
kn(Dfm)+ kn(EN() = Ap
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and so that
(2.5) ko(EY(v) = Ap; A = Ap—k,(1)f(m).

Let 2,(2) = kp+y(R)—k,(2). Then either 4,(2) is the zeropolynomial,
or deg A,,<h. Furthermore in

R

(2.6) ,
m m+1

the relation (2.5) holds with m+ 1 instead of m as well, consequently

2.7 Ml EY () = An— AL

We shall choose such a set of integers m for which the length of the
interval is large, i.e. satisfies

(2.8) N+M_ —n—ﬂ>b;=[ﬁ]“”“
m+1 m m

with a suitable sequence bF - . We have M = b jN"”. If for asubsequence
j» one can find an m = m, satisfying (2.8) such that A, (2)=0, then f

satisfies Cp—1,q,, contrary to our assumption. So we may assume that
(2.8) implies that 4,(2) = 0. The inequality (2.8) holds with b} = }/b if

Y —ap_y)
2.9) E—N'—“hsms[i}/b}] YN,
b; 4
which is easy to see. Consequently 4,.(2) = O for these values of m.

Let U be the least and V be the largest m satisfying (2.9). Let D be
a large constant depending only on h, which we shall determine later. Since
b;— o, therefore V=DU if j is large enough. We shall prove that if

(2.10) {or,...,opy={or+, .. .,o8+

for each m, UsmsDU, then there exists such an my¢[U, DU] for which
{em, ...,6:", .. .,0%} = {1, ..., 1}. But in this case km, (2) = (z— 1)%, and
by (2.5), (2.4) we have A"f(v) = constant in (2.4). If this occurs for infini-
tely many N = N;, then we shall get our theorem by Lemma 4 applying
it with h+1 mstead of I,

Let E,, = {07, ...,07; listing the elements with multiplicity. The
subset E") denote’ those elements Or which occur with multiplicity
rin E,,. Let r be such an integer for which E® 5 @. Let F® be the same
set as E<') but in F¢) welist each elements only once. Let Ff,’) ={pM ...

. 0 From (2. 10) it is clear that

(2.11) FO = F®

Since @(0)#0 therefore g,0. From (2 11yweget that F{) = F{@(s =
=12, ...,D).
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‘Let o denote the permutation opf = p?V. Let iy, iy, ..., i, I, be
a cycle of the permutation, such that
U 20 U 2U U 2U0 U 2U
Qiy = Qig » @iy = Qig » -5 @iy = @i, » Ri, = 0iy -
Hence we get that
=Y, i e that o P = 1

(=12, ..., u). The length of the largest cycle that can be occur is =<h.
Thelefore by choosing d to be the least common multiple of the quantities
2-1(=1...,h),wehave @ = 1(i=1,...,h),ifd=D.

This fimshes the proof of our Theorem 1. D

3. THEOREM 2. Let fe M¥, and let it satisfy condition Cp,q,.
Then f(n) = n° for some integer s¢[1, h].

Proor. The proof is similar to that of Theorem 1. If # = O then Lemma 1
implies our assertion. We assume that =1 and that # is the minimal value
for which Ch,q, is satisfied.

Let j be a large number, N, M, D, 0,, ..., D, be the same quantities,
as in the proof of Theorem 1. The formulas (2.2), (2.3) are satisfied. Since

nof(m)+ . . . +9,f(m(v+ h)) Jm)[nof()+ - . . +-n,f(v+h)], using that fe M*
we have f(m)k (E)f(») = A,, that by f(m) = 0 implies that

@G.1) (E)f(v) = AL, AL = A, f~Xm).

We may assume that @ 42) » (z—1)*, for each large j, since in the
opposite case we can apply Lémma 3 with h-+1 instead of A, and this ieads
to our assertion immediately. We can continue the proof in the same way
as was done in Theorem 1. O

Remark. The multiplicative functions satisfying a linear recursion
on the whole set of positive integers has been considered by A. SArRKkOzY
in [5].

ACKNOWLEDGEMENT. The author is indebted to the referee for his
vaiuable remarks.
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1. The system (p,)ncz in a separable Hilbert space H is called Riesz
basis if there exists an isomorphism A: H-H of H onto itself such that
(A @p)nez is an orthonormal basis of H. A system (@,)ncz is said to be
an L — basis in A if it is a Riesz basis in the closure of its linear hull.

Let T,: = 2(9-1)/q, z, = 2\qz

= {ei™t:kez,),

where ¢€N (natural number) and Z denotes the set of integers.

The aim of the present paper is to investigate the Riesz bases from
exponents and some related problem. First we are looking for the properties
of Riesz bases of L%(a, b) over the subintervals of (a, b). We shall prove the

THEOREM 1.

(a) ¥, is a Riesz basis in L*0, T,);

(b) ¥, isan L — basis in L*0, T) if T=T;

(©) There exists YT C'W, such that W7 is a Rzesz basis in L*0, T)
ifT<T

The proof is based on the theory of entire functions so some notions
will be introduced below.

Consider the more general case ¢, =e%* H = LX0,2r), 2,€C.

First, an entire function f(2) is called of exponent1a1 type if

lim sup ln—M—@-< o, M(r): = fnax 1f®)].
r lzl=r

r— oo

In this case the indicator function

r— oo

h(O): = lim sup M—(;’fﬂ
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can also be defined. It is known (Cf. [11]) that for any exponential type
entire function there exists a unique compact and convex set GCC such that
hO) = sup (xcos® +y sinH)
x+iy€G '

The set G is called the indicator diagram of f. After B. JAo. LEvIN [12] we call
sine type function an exponential type entire function f whose zeros lie
in a strip parallel to the real axis (i.e. the imaginary part of its zeros is
bounded) and if In|f(x+iy,)|, x¢R is bounded for an appropriate y,€R.

Recently several necessary and sufficient conditions for the system
{e#*n*: 3 €C} to be a Riesz basis have been given in the terminology of entire
functions (Cf. [2]). Roughly speaking, we take the entire function with
zeros 2, and indicator diagram [-ia, 0]cCC; then the Riesz basis property
of (¢»*) in L*(0, a) is characterized by the growth properties of this function
along the real line. The statements of this type are based on deep results
from the theory of Hardy spaces. The following sufficient condition, very
useful in the applications, was found formely by S. A. AvboNIN; its proof
requires only the study of some infinite products:

THEOREM A ([8], see also in [2]). Let (A )ncz be the set of zeros of
a sine type function with indicator diagram [-ia, 0], all 2, being simple
zeros. Take a bounded sequence (8,)ncz 0f complex numbers. Define
A(R): = 3,  Res,

x—R=Rei,=x+R

and suppose that

(1) inf |(4,+ 8,) = A+ 8,m)| =0,
nsm
. 4R 1
(2) im sup——=7-

Then (ei@n+om¥),., forms a Riesz basis in L*(0, a).

The following theorem of S. A. Avponin and the author [10] shows
that the exponents 2, of some Riesz basis are precisely the sequences which
are close to the sequence of the zeros of a sine type function in some sense.

THEOREM B ([10]). Suppose that the systeni (1,)ncz satisfies the separa-

bility condition: inf |1,—2,]=0. Then the following two statements are
n¥m
equivalent for any a=0.

(a) (en*)n¢, is a Riesz basis in L*(0, a).

(b) There exists a sine type function with indicator diagram [-ia, 0]
and with real zeros (u,)ncz such that

6) d Re (hyy—~A)= Re (up—2,)= d Re (Aysy—4,)

holds with some O<d<1/4 (the sequence (u,) is indexed increasingly and
{(2,,) in the order of the real parts).
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For the sake of brevity we rewrite (2) in an equivalent form.
Let A = {4,: n€Z} be a separable set (i.e. inf |4, — 4| >0) lying in some

strip |Im 2| =<C. A partition 4 = U 4;is sald to be A — partition if we’

give a partition of the strip by vertlcal lines such that the lenghts [; of
the domain defining 4, form a bounded sequence. Now (2) is equivalent’ to
the existence of an A partition A4 = U 4, such that
i

.
i d<—4—,]€z .

2" 2n Red,

lnEAj

PRrooF oF THE THEOREM 1.
(a) Using the easily verificable identities

4) sin kzx + sin kn{x+—2—]+ ...+ sin kn[x+2-q—_—1—JEO,
q q
(5) cos kmx + cos kn[x+—2—] + ...+ cos kn[x+2—q-——l—]50,
q q
we get
g—1 . g—1
2> [ak cos km| X +2-+—— |+ by sin kx| x + 22— | =
q+k q q
=| > [a,cos kax+b,sinkax]l+ ... +
qt+k
2 |a, cos kn[x+2—q—2—J+bk sin kn[x+2 qg—2 J” =
q+k q q

=Vq- 1{! > [ay cos kmx + by sin knx]|2+ . .. +
gtk

+ ‘ z[akcoskn[xmﬁ—?‘—]w smlm[x+2q 2]]}
q q

q+i

and taking infinite sums it foilows

I-q
2 2

q
> = fu(x)zdxsqf | > [a cos kax + by, sin kzx]|%dx
k=1 P P gtk
which proves the Riesz basis property of ¥,.

(b) This statement follows from the fact thet the canonical projection
L*(0, T,)~L*0, T) is isometric.
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(c) Use the Theorem A. Let 4, = 27:%. Then the conditions of the

Theorem A are fulfilled for the system {2,}. We have to define the numbers
{6,} and an A—partition of 4 = U A, for which the conditions (1) and

(2') hold. We construct them in two step. Before we remark the

StaTEMENT. In the sequence {[2n/T ]} there is no ¢ consecutive integers
and there exists an m,¢N such that in any sequence of ¢m, consecutive
integers at least m,+ I numbers do not belong to the series {[2n/T]}.

PRroor. This follows immediately from T<T,.

First step. Consider the sequence kq, kg+1, ..., kg+q—1. It contains
<¢ members from the sequence {[2n/T]}. If kq¢{[2n/T]} then we define
(2n/T)y: = [2n|T) (kg+1=<[2n/T)=kq+q—1). If kq = [2ny/T], then we
put (2ny/T)4: = kg+1 and we add 1 to every member of the sequence
{[2n/T1} until the first member, until we get [2n/T]+1 = kq+1 = [2(n+
+1/T)]. By the first step we have the property (2n/T),€Z\qZ.

Second step. Denote {c,: k€Z} = Z\qZ\{(2n|T), : n€Z}.

We know ¢, —¢,<qm,. Now let

= {n: 100 jgm,=2n|T < 100(j + 1)gm,).

Suppose Cxp Cujrty - -5 Chyy 1€ A
Let (2n/T)4y: = (2n/T), (neA (2n/T)*\c]{) and (2n/T)gy: = (2n/T)—1
for n with cx;<(2n/T)s =< Cxj+1, q {2n|T)e—1;;2nT) gy = (2n/T),<—'> for
n with ¢ <@n|T)g<Cxje1, 4120 T)s— 1.

Consider the sum
2n 2n
% [77).)

@n[Ta<cy, 1

If this sum is negative, then we take (2n/T),4: = (2n/T), if ¢« j+1<@n[T)y <
<(kj+2. If this sum is non—negative, then set (2n/T),y: = (2n/T),—1 for
Cx +1<(2n/T)*<ck +2,4 1@n/T)e—1, (2nfT)gs: =(2n/T),—2 for Chje1=
<(2n/T)*<ck 1 q|(2n/T)*——1 Then investigate the sum

% 7))

(Zn/T)*<ij 42

Use the same process for the definition of (2n/T),, as above. We continue
this process until ¢, = It follows from the construction of (2n/T),, that

2n 2n
2 [F-(7.) =
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Now define an A—partition of A= {1} as follows: 4;: = {1;:ncAj}
T he length of 4; is (according to 4, = an/T and by the defmxtton of A ;)
l; =~ 100z gm, aind therefore 4qmy=1; d for some d<1/4. Applying the Theo-

rem A, the proof of the Theorem 1 1s complete.

RemaRrxks. 1. In the above Theorem 1 the distribution of the exponents
is very regular: they form a linear sequence, omitting from it a linear
subsequence. When we apply e.g. the Fourier method in the theory of partial
differential equetions (Cf. [21]) we need the Riesz basis property of a system
of exponentials which are close to some regularly distributed system. For
example, the square roots of the eigenvalues of the Schrddinger operator
are at a distance belonging to /, from a linear sequence. We can easliy prove
in general that if (¢*»¥)Z, is a Riesz hasis in L¥0, a), if 3 16,/2< « and
if the numbers 2, + 3, are all distinct then (e/®n+*2%)”_ is also a Riesz basis
in L*0,a). We refer first to the following theorems of N. K. Barr [7].
Let (p,) . be a Riesz basis in a Hiibert space H and suppose 3 |lp,, — P,,||% <
< oo, Then the system (¥,).~ is minimal iff it is complete and in this
case (¥,) is in fact Riesz basis. On the other hand if (p,) is a Riesz basis
and 3 |lg,—P,ll=K when K=0 depends on (g,), then (¥,) is also a Riesz
basis. Applying this for g, = ein*, ¥ = eiCntox we see that for large
NeN the system

(eiznx)‘:’N U (ei(}'“+6”)x)\n]>N

is a Riesz basis in L2(0, a). Now a lemma of Levinson [22] is needed which
states that if a system (e**)Z. is complete in L%*0, a) and A4,
(n# 0) then the system {ef*ox}(J{ei!x},, .o is also complete. Unifying this
with the above mentioned Bari theorem we get the following interesting
corollary. Let (¢*»¥)~ . be a Riesz basis in L*(0, a) and change finitely many
exponentials of the system to anothers. If the new system consists of different
elements, it will be a Riesz basis in L*0, a). Hence, we can change the ele-
ments e“n*, |n|=N in the Riesz basis

(emnx)le U(eitnton), N
to eiGntd)x to get the Riesz basis (ei¢nton*)T

2. Now suppose only that (en*)Z . is Riesz basis and §,—-0. If the
numbers 4, + 8, are distinct, the Riesz basis property of (¢i*n+on)*)Z_ follows.
To see this we use instead the Bari theorem on quadratically close systems
in general Hilbert space ( 3 |lg,— ¥ l?< <) a theorem of DurFIN and
ScHAFFER [23] on exponential bases stating that if (ei*n*)Z.. is Riesz
basis then there exists an e=0 such that |§,|<eV, implies that
(ei®n+9X)77 is a Riesz basis. Applying this theorem for the case 6,—~0
and changing finitely many elements en* to e'Cn+on* (this is ]ustlfled
in 1.) we see that 8,0 also ensures the Riesz basis property of (/%)
consisting of distinct elements. In Theorem B below there is given

10 ANNALES — Sectio Mathematica — Tomus XXXI.
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a characterization of exponential bases. This theorem generalized the
sufficient condition of KADEC [24] to a necessary and sufficient condition,
further the above mentioned theorem of Duffin and Schaeffer follows from
the Theorem B.

3. In connection with the point (c) of Theorem 1 introduce the following

terminology. The system (4,)Z.CC, sup | Im4,| < - has uniform density
d if for e>0 there exists T>0 such that

!%card {n:x=Re A, =x+ T}—di <e¢ (XER).
! !

By the method applied to prove the point (c) it can be easily seen that if
(A,)= ~ has uniform density d=0 then for any O<=a<2nd we can extract
from the system (en*)~. a subsystem forming a Riesz basis in L2(0, a).

Here the question arises: which are the Riesz bases (e#n*)Z.. of L%0, 2z d)
where (4,) has uniform density d ? Recently we have proved with M. HorvATH
in a joint paper that all exponential bases have this property.

2. We can also consider Riesz bases from exponentials of higher order,
i.e. systems of the form

e(A) = (etn*, xein*, . . ., XMn=leinX), .7 C L2 (0, a).

In what follows we consider basis criteria for e(A4) and some of its relatives.

Recall that a non — negative function weLILC(R) satisfies the Muckenhoupt
condition [13] if

(4 oo o)l 5]

1 I

where J denotes the family of all finite intervals of R. Definition: Denote
A: = {(2,, m,): = n€Z}. Then the generating function of the pair (4, a) is
an exponential type entire function F, , (z) with indicator diagram [-ia, 0]
and whose zeros are A, with multiplicity m,. It is known ([11, Theorem
7.8.3]) that the generating function is unique.

A. M. SEDLECKII proved the

THeEoREM C ([14]). Let O<d= Im 2, =K< o, sup m, = m= e and
suppose that

(a) the system (2,) is separable,
(b) there is a generating function F = F, , satisfying

| F|?| R €(Ay)-

Then the system e(A) forms a Riesz basis in LZ[——;L, %]
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Recently M. HorvATH proved the converse statement.

THEOREM D ([9]). Let supm, <<, inf |1,—4,/>0,0<d6= ImA,=<
K=o n=m

Then the following assertions are equivalent

(a) e(A4) forms a Riesz basis in L%, a) (or in any interval of length a).
(b) The generating function of (A, a) exists and

IFAr alleE(AZ)'

The proof is based on the following result of B. S. PavLov [2]: the condition
(b) is equivalent to the statement that the canonical projection of L*0, )
onto L*(0, a) maps isomorphically the closed linear hull of e(A4) in L%(0,)
onto L0, a).

This result makes possible the generalization of the theorems established -
for the case of eigenfunctions of order o(i.e. m,, = 1), Cf. [2]. First introduce
the following terminology: the function f ¢ L[.(R) is called a function of
bounded mean oscillation (in symbols, f¢ BMO(RY)) if

T 1] f’f Jil= o=, where £ = F,ff'

Define further the following operator of conjugation

Tt = —ov- [ [+t o
R

where the function f(f) satisfies

/@)
() f TR

and the notation p.v. means the Cauchy principal value of the integral.
For y>0 denote by P, the set of all fe BMO(R) for which there are
¥5>0, ¢€R and u, vEL""(R) such that

——f |x— 1I2+y2 0 f(t) dt = €+ 11;4(x) +V(x) and V). =y

Then the following generalization of Theorem 8 of, [2] holds.
THeorEM E. Let (1,)CR and denote

D My, x=0

N4(X)' — } M€l0x]
. _Zn my, x=<0.

2n€lx, 0]

10*%
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Suppose sup m, < . Then the family e(A4) forms a Riesz hasis in L*(0, a)
n
if and only if
(a) (4,) is separated

(6) Na(x) - 2"

XEPy,

7T

Now we prove the following corollary of Theorem D:

THEOREM 2. Let (1,)CR be separated, (3,)CR be bounded and suppose
that supm, < . Then for A*: = {(A,+i8,, m,): ncZ} the family e(A*)
Jorms Z Riesz basis in L2 (0, a) if and only if ¢ (A) does.

Proor. We know from [1, p, 323] that the generating function has the
form

;e 2 \m L a zZ Y™n
F(2) = ce 2Zp.v.]][1 —] "~ e T lim I (1 ——] :

;{n r—ee 1 )‘n
|Al=r
So we have
F‘I*+iy(x) = H\ ;"n—l—i}’y 32mnﬂi ;*11+ian+iy_x 52mn
Forr (%) vy T x|

Now

D (S e 1) B
‘ ln""iy_x ‘ (Zn_x)2+y2 2

if y is large encugh. Further let 4, be the point of A nearest to the fixed
x€R and let d = inf |2, —2,|. Then
k=n

n_____an(2y+6,,) s—l—-l— const ¥ [lm—xl‘zs—l+ const d < o
nez (A"n_x)z_;_yz 2 ms#n 2

which shows that log | F.i,4i(x)|2 — log | F.i41(x)|2€ L=(R).
By Theorem D the proof is complete.
THEOREM 3. Lef O<d=Imi,, supm, << and let e (A) be a Riesz

basis in L* (0, a). Then there exists an ¢>0 such that taking any 7%,
| A% — 2| <e, the system e (A*) remains Riesz basis in L*(0, a).

The proof repeats only the ideas of [2, Theorem 2.4] so we omit the
details.

in the above considerations the condition

(8) |Im 1| = const
was naturally implied by the normality condition
O<c= Heﬁ'n»anz(o, @ = €< o

(or shortly ||e"n¥|| L2, ay 1.
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But if we allow systems (c,e!*n*) as exponential basis, the condition (8)
can not he proved by the above way, in fact (8) is not necessary for the
Riesz basis property. More precisely, in [2] is proved the following

THEOREM F. Suppose that0<é= Ima,, lim a, = + e and that

n—e+o
(a,, : n€Z) satisfies the Carleson condition
a,—a
C inf —n__k1=0.
( ) n ]ZI an_ak !
k#n

Then for any a=0 the family (a, : n€Z) can be complemented up to such
a family (4, : k€Z) that the system (c,e**: k€Z) form a Riesz basis in
L2(0, a) for appropriate constants ¢, >0.

Here and in the whole theory of exponential bases developed in [2]
a fundamental role is played by the fact that the exponentials eit»* have
large oscillation. This means that the real parts of the exponents, Re 2,
must be large in some sense. The Carleson condition ensures this property :
it means that the sequence (g,,) is distributed “near’ the real axis. In connec-
tion with these remarks we pose the following

ProeLEM 1. Is there a Riesz basis of the form (c,e%n*) in some
L%0, a), a=0 such that |Rel,! = const ? More directly : is there a Riesz
basis with Re 4, = Ofor all n?

We mention that £ — basis with Re 4, = 0 can be easily found:

THEOREM 4. Let O<a< oo be arbitrary and 2, = 2. Then for some
Ny = N, (a) the system (e*n*:n = N, ...) is an £ — basis in L0, a).

PROOF. We shall use the following known fact, proved by N. K. Bari
(see [7] or [20, p. 172]): the system (g,), {lp.l<1 in a Hilbert space H

forms an £ — basis if and only if the Gram matrix I = (<g,, ¢,>),, &
defines an isomorphism of [, onto itself. We have obviously

a

[letn|[2 = fezant dt =

¢}

eZAna —1 eZZHa
=

22 A

n n

so the general element of the Gram matrix is

ot = o S ET Vi Vi Vi
le#n || Jle*m~]] A tA et gimd T L+,

We shall prove that for some N, = N, (a)
Ir= (711, m)n, m=Ng = I1+K,

where K is a conmpact operator with | K]} < 1; it will be enough to show that

1

Z 2 'Vn, m|2<_

n=Nom>n 2
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or, what is the same

) 2 |7n, m|*=C(@
nzNo
Since n<m implies 4,<4,, and then ﬂ'ﬁ‘ﬁ_< I/ ﬁ, so it is enough to
. At Ay Am
prove that
’ I
(9) 2t 2 —=C(a).
n>Noe n<m }.m

But using the inequality A,/,,,=(2*"*1)~* the estimate (9’) canh be easily
guaranteed and the proof is complete.

ProBLEM 2. Let 1<¢<2 be arbitrary and consider the expansion by
gready algoritm: 1 = > a,(g)g". What can we say on the length of

nes1
0-—sequences in {a,(¢)} for almost every ¢ ? What is true for the length of
1 —sequences? It is easy to check that for a. e. ¢ they are unbounded,

n .
{Z ey & = {2} = {n}/ =,
0
then y, 1 —¥p, ~07?

3. In the final part of this paper we shall deal with function theoretical
problems. In [18] J. A. HAIGHT proved the following interesting

THEOREM G. There exists a medsurable set DCII, 2], |D| =0 suc that
(0, =)\ U nD| = .

n=1

The construction proving Theorem G played an important role in
the investigations of Z. MAcYAR [17] and M. HorRvATH [15] concerning
a problem for functions not belonging to L2,

In connection with Theorem G we pose the problem of the speed of

| €0, n)\ Ln) kD |. We shall prove the
k=1

THEOREM 5.
@T here is no set Dc(1,2) with positive measure and such that

(0 n)\ U kD | =cn (n€N), namely, this quantity is of o(n) for any measurable
=1
Dc(l ,2). ‘
(b) For any sequence a, — < (n- <o) there exists a set D (1,2) with positive
measure satisfying the property

n
O,n)\ Yy kD
k=1

Proor. The statement (a) easily follows from the fact that there exists
a Lebesgue density point of D. The proof of (b) is a modification of the proof

=nfa, (neN).
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of Theorem G. We shall construct the set D by giving the system of intervals
avoiding any set k D. Introduce the following notation of HAiGHT:

A(xy, X5, G, €) = [X3,X,) N U {(e79, et+aia):t € Z}.
It is proved in [18] that for
X
q= 16(x2/x1)/_ -

1
we have

(10) —Z—(xz-xl)< | Axy, X, g, )] < 3e(2, — Xy)-
Let (n,) be a monotone increasing sequence whose rate of growth is quick

in a sense to be specified later. Define B,: = A(n,, Ny, Gy, 27%), where
q,€N is a number satisfying

g,> max {__l_%_llﬂ—k_’ 2knk+1}
(Mg4afm) 1
and such that the inequalities
Lo p 1 i1
11 Hni-— < <—--—,(f=1..,n
an | . g 1)

My
r '

hold sor some pﬁf)eN; this is possible by the well-known Dirichlet theorem
on simultaneous approximation, see [19, p. 14]. Define further C,:=

=[1L2)N U i-Bk In order to ensure that the set B, avoid all multiples
=1 N
of a set D we must suppose C,ND = @ so it is plausible to define D as

D: = [1,2)\ U C, where k, will be given later. We estimate the Lebesgue

k=Fk
measure of C,: as follows. Let x¢C, then nxeB, for some n, hence
€M< nx < et+27 "4k for some ¢, From 1=x, nx¢ B, it follows that n=n,,, and

then by (I1) and

. ._t__...lnn —_——=Inn
e <X<e % .

we get that for some integer s

52" gy < x <ps+27 gy
In other words, x¢C, implies that
xel2 e ¢ A2 ok, 2112 e, g, 3/2k)
which means by (10) the estimate
|C,| = e=112"ax] A(el/2sk, 2e112ak, g, 3/2)] <9/2%.
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So if k, is large enough (k,>4) then |D|=>0. Taking into account the defi-
nition of the sets B, we see that for

n c
m=n<i: (0, M\ U rD| >-2?n
r=1

with some ¢=0 independent of k& and n. If the sequence 71, tends rapidly
to infinity then

[4 n
N> —— (11, =N <Ij4q)
2k a,

which completes the proof of Theorem 5.
ProBLEM 3. Are there disjoint intervals /,C (0, =) with the properties

5. |12 = = and !(1 MU U il,f% - 07
k=1

k=1 n=1
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SOME PROPERTIES OF THE GOLOD-EXAMPLE*
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The aim of this paper is to prove certain properties of Golod’s follo-
wing example [1]

For any natural number d>1 there exists an associative algebra R, over
a field K for which R,is generated by d elements, R, is not nilpotent, but every
(n—T)-generated subalgebra of R, is nilpotent.

Throughout the paper we denote by IR that I is an ideal of the
algebra R, L(R) stands for the locally nilpotent radical of R. The right
annihilator of a subset H < R will be denoted by Anng(H).

Let us recall that an algebra R (not necessarily with unity) is said
to be (right) strongly prime if for every nonzero element x€ R there is a finite
subset FSR such that Anng(xF) = 0. It can be shown, similarly as in 6]
Prop. 1. that an algebra R is (right) strongly prime if and only if for any
nonzero I <R there is a finite subset FC I such that Anng(F) = 0. An
algebra R is said to be bounded (right) strongly prime of bound n or less if
for every element x€R there is an n-element subset FC R such that Anng
(xF) = 0.

In the above cases F is called an insulator of x in R or an insulator in I
respectively. In the following strongly prime will always mean right strongly
prime.

PRrOPERTY 1. a) Suifable hamomorphic image S, of R, has the property
that every (d— 1)-element subset of S; has a nonzero right annihilator, but there
is a d-element subset in S, the right annihilator of which is zero.

b) S, can be constriicted to be strongly prime as well.

Proor. Let R, be the Golod-example mentioned above. As R, is finitely
generated, by Zorn’s lemma there exists an ideal I <R, maximal with the

* Research supported by Hungarian National Foundation for Scientific Research
grant no. 1813.
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property that R1& I for any natural number n. As in [2] or [3] one can
show that S, = Rd/l is strongly prime. In R, every (d--1})-element subset
generates a nilpotent subalgebra, so this holds in S, as well. Thus every
(d—1)-element subset of S, has a nonzero right annihilator. Now let
H ={x,, ..., X;} be the image of generators of R;in S,. Then if Anns, (X, - - -,
X,) = J/I # 0 for some ideal J <R then by our assumption RPcj for
some n. So R2*1c [, contradiction. So we are done.

Remark 1. If we would not need our example to be strongly prime
we could have used a simpler construction just taking the nonzero factor
S; = R,/L(R,). Then we would get similarly as above that every (d—1)-

element subset has a nonzero right annihilator. This time if H = {X;, ..., X}
is the set of images of generators of H then Anns,(H)< S, and Anns, (H)* =
=0, so Armsd(H) = 0 as well.

Let R be an algebra (not necessarlly with unity), I <R. We say that
R is relatively k-strongly prime with respect to the ideal I if for every J 4R
properly containing I there is an insulator in J consisting of k elements.

REMARK 2. a) If an algebra R is bounded strongly prime of bound
k or less then it is relatively k-strongly prime with respect to every ideal
I<4R.

b) If an algebra R is relatively k-strongly prime with respect to the
ideal I then R/I is not necessarily relatively k-strongly prime with respect
to the ideal O.e.g. if R = (x) and | = (x*) then Ris bounded strongly prime
of bound 1 but R/I has no insulator

¢) If R is relatively k-strongly prime with respect to the ideal 0 then R
is strongly prime as well.

Lemma 1. Let S, be a ring satisfying the conditions of Property 1. a)
Let M, be a maximal element of the set

{I<]Sd

Then M, » S, and S, is relatively d-strongly prime with respect to ideal
M, but it is not relatively (d — 1)-strongly prime with respect to anty ideal in S,.

Proor. Easy to see.

every d-element subset of 1
has a nonzero right annihilator '

REMARK 3. In [4] it is proved that for any division ring D the algebra
M (D) of d X d matrices over D is bounded strongly prime of bound exactly 4.
However this algebra is relatively l-strongly prime with respect to the
ideal 0 as the unit matrix is an insulator. Now we have an infinite chain
of algebras {S;} which are relatively d- strongly prime but not relatively

(d—1)-strongly prime.

LemMaA 2. Let R be a relatively k-sf;rongly prime algebra with respect to
the ideal 1< R. Let us suppose that there is no insulator in I. Then RJI is
relatively k-strongly prime with respect to ideal 0.

Proor. The proof is similar to that of [5] Th. 2.1 and therefore we omiit it.
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ProPERTY 2. Let S, and M, be the same as in Lemma 1. Then either
there is a natural number n>d such that the ideal M, has an insulator consi-
sting of n elements or every nonzero ideal in S,/M, has an insulator consisting
of d elements.

Proor. By its definition M, cannot have an insulator of at most d
elements. Let us suppose that M, does not have an insulator of more then
d elements. Since by Lemma 1 S, is relatively d-strongly prime with respect
to the ideal M, by Lemma 2 we have that S /M, is relatively d-strongly
prime with respect to the ideal 0.

REMARK 4. Let S, be defined to be R,/I as in the proof of Property 1.
If the first case does not hold in Property 2 then M, = 0, otherwise the
generators of S7'=M, would be an insulator ih M,.
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1. Introduction

Following Poincaré’s geometric method, we shall construct an isometry
group G, acting discontinuously and freely on the hyperbolic 3-space H3.
This group is given by a compact fundamental Dirichlet polyhedron D and
by pairing its faces via isometries satisfying certain conditions. These

isometries generate G and we obtain a hyperbolic space form @ = H3/G.
Since the group G contains only orientation preserving isometries, the
manifold H3/G becomes orientable compact hyperbolic space form.

This example seems to be not mentioned in the literature up to this
time. It was surprising fact that the construction can be derived from
a compact non-orientable hyperbolic plane form of genus 3, by choosing
a special fundamental dodecagon. We shall also exploit the existence of a
supergroup C of G, generated by reflections, for describing the metric data
of & = H3G, [9, 10, 11].

Concerning the Euclidean and the spherical space forms, we refer
to the monograph [15] of J. A. WoLF. In the appendix to its Russian trans-
lation Y. D. BuraGo has given an account of the hyperbolic space forms
(of constant negative curvature K = —1/k2), [3]. We mention the report
[13] of W. P. THURsTON on his remarkable results. For each dimension
there are infinitely many mutually non-homeomorphic compact hyperbolic
space forms. The construction of the dodecahedron space of C. WEBER
and H. SEiFerT (1933), [14], has been extended by L. A. Best [2] for the
space-filler regular hyperbolic polyhedra. In this manner he obtained 11
hyperbolic space forms. V. S. Makarov and I. S. Gursur constructed
infinite series of compact and non-compact (of finite volume) hyperbolic
space forms [19], [17]. All these space forms are orientable and their con-
structions are based on Poincaré’s theorem for fundamental polyhedra

of discontinuous isometry groups. N. K. Ar-JuBouri [1] gave the first
example for a non-orientable compact hyperbolic space form, by means
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of algebraic construction, by taking a normal subgroup of the dodecahedral
reflection group. Independently of this, MoLNAR E. constructed two infinite
series of non-orientable compact hyperbolic space forms [7], [8]. F. L.
Damian and V. V. BALKAN constructed non-compact, non-orientable
hyperbolic space forms of finite volume [18]. These papers also contain
numerous references to other publications.

I offer cordial thanks to my mentor Docent EmiL MOLNAR, who guides
my studies in Budapest at the Department of Geometry of Eotvos Lorand
University, for helping me in preparing the manuscript.

2. Dirichlet polyhedra for discontinuous isometry groups acting freely on H?

Let G be an isometry group acting discontinuously and freely on the
3-dimensional Bolyai-Lobachevskyan hyperbelic space H3, that means for
any point PcH? its stabilizer in G contains only the identity map 1, and
its orbit under @, i.e.

(N PG ={PescH?: gcG},

is a discrete point set in H® Now consider, with the metric d of H3, the
Dirichlet polyhedron

2) Dp ={XeH?: d(X, P)<d(X, Pg), for every g€ G\{1}}.

Then G acts discontinuously on H3 and 0p is a fundamental domain for
G, i.e. the following conditions hold:

6) Dp is a domain, i.e. a non empty connected open set;
(if) No two distinct points of D are equivalent under G;

(iiiy  Every point is equivalent under G to some point of D.

Here D, denotes the closure of @D, and 9Dp: = D \Dp will denote the
boundary of Dp.

A face of 9D, will be denoted by Jo if it lies on the symmetry plane
of the points P and P& (g€G, g7l g). As a polygon, fe-1 is equivalent
to f, of 0Dp : f, lies on the symmetry plane of P and P#, Then the isometry
geG transforms Je-1 onto f, and the domain Dp maps onto Dpee: = (Dp),
a domain that is a nexghboul of Dp along the common face f,. The roles
of g and g~ can be changed. Now, g = g~! because of free action of G.

The isometries attached to the above pairing of the faces of 7D, generate
the group G. For any isometry « € G, ("Dp)* = Dpe is a domain in the Dirichlet
tessellation according to the orbit PC. This domain has a neighbour (Dp)&* =
= Dpe= along the face (f,).

The pairing of the faces of @D, eventually induces a subdivision of the
edges into oriented segment such that a segment does not contain two
equivalent points in its interior. Consider an arbitrary equivalence class
consisting of edge segments ¢, ¢,, ..., ¢, with face angles &(¢), «(e), -. .,
e(e,), respectively, defined as follows.
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We choose an edge segment, say e;, and consider one of the faces denoted
by fe,-» Whose boundary contains ¢,. The isometry g, maps ¢ and fz,-1 onto
e, and f,,. There exists exactly one other face f,,- with ¢, on its boundary,
furthermore an isometry g,, which maps ¢, and fg,-: onto ¢; and f,, and
so on. We obtain a cycle of isometries gy, g,, .. ., g, according to the scheme

(&0, fer) o Sy (€ar fioas) e )i - - - (@ fiy1)m(er, fi)-

We remark that the transformations g,, g,, ..., g, are not necessarily dis-
tinct. The above facts can also be formulated as follows. The edge segment
e, is successively surrounded by domains

@) - RN/ N S
which fill an angular region of measure
3) e(e)+e(eg)+ - - +e(e) T (@) = 2n

because of free action of G. Finally, the cycle transformation g, g,, ...,
g,, belonging to the edge segment ¢, is the identity, thus we have the cycle
relation

(6) 18s- -8 = L.

Choosing now the face f, to e, as the first step of the process above, we
obtain the cycle transformation

(7 2 e = (488
Starting with ¢; and f; -1, we arrive at
(8 g 8818 Licy = (- L)1 &G -8)7?

as cycle transformation. These lead to relations equivalent to (6). The
cycle relations (6) form a complete set of relations for G, i.e. any relation
in G can be algebraically derived from these.

The converse problem of Poincarg [12], i.e. the question whether
a polyhedron 7D, with a system of identifying isometries, is a fundamental
domain for a discontinuous, freely acting isometry group G generated by the
identifications, will be considered only in a restricted form for bounded
polyhedra and freely acting groups generated by orientation preserving
isometries [12], [4].

3. Construction of discontinuous freely acting isometry groups generated
by orientation preserving isometries

(i) A bounded polyhedron 0 is an open connected bounded subset
of the hyperbolic 3-space H3, where the boundary 072 is the union of finitely
many faces {f;}, defined as follows. Each face f; is a closed polygon in a
hyperbolic plane. The sides of the polygon f; are called edges of /D, and
the end points of these edges are called vertices of 0. We require that for

11 ANNALES - Sectio Mathematica — Tomus XXXI.
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each edge e there are exactly two faces f; and f; (they may lie on a common
plane) with e = finf; Any two faces are elther disjoint, or they intersect
in a common edge, or intersect in a common vertex. An edge is either a subset
of a face, or meets the face in a common vertex, or is disjoint from the face.
Two edges are disjoint or meet in a common vertex.

(i) Identifications on the polyhedron /D are face pairings by orientation
preserving isometries, satisfying conditions (a)— (b) below.

(a) For each face fg-» of D there is another face f, and an identifying
isometry g of the space H?, which maps f-: onto f, and D onto DE % (D,
D¢ is called the neighbour of 70 along f,.

(b) The isometry g~* maps the face f, onto fe-1and D onto D&, joining
the polyhedron D along fe-1.

(iii) The identifications of faces of /D generate an isometry group G.
We have to impose edge conditions on /D so that it is a fundamental poly-
hedron for the group G acting freely on the space H5.

The face pairing induces a classificaticn of the oriented edge segments
so that no segment contains G-equivalent points in its interior. Take an
arbitray edge segment class e, e,, ..., ¢, with angles &(¢;) between faces
at ¢;, and perform the procedure described in section 2. Consider a segment,
say ¢, and choose one of the faces, denoted by f;-1, whose boundary contains
e,. An isometry g, maps ¢; and fg -1 onto ¢, and f,,. There is exactly one face
Jfe.-t with e, on its boundary, furthermore, an isometry g,, which maps
e, and fg,-1 onto ¢; and fg,, and so on. We get a cycle of isometries g, g,,

.., g, according to scheme (3).

(c) Assume that (5) holds for the face angles at ¢; in each segment
equivalence class. This condition guarantees so-called cycle relation (6).

Now we state the specified Poincaré theorem:, without proof [4].

THEOREM 1. Let 7D be a bounded polyhedron satisfying conditions (i)—
—(iii) and (a)—(c). Let G be the group generated by the orientation preserving
identification of the faces. Then G is discontinuous freely acting group, D
is a fundamental polyhedron for G and the cycle relations, of type (6) for every
equivalence class of edge segments, form a complete set of relations for G.

The identified polyhedron denoted by @ geometrically characterizes
the transformation group G, but a given group G can have more funda-
mental polyhedra.

4. The construction
In Figure 1 we present the graph of the polyhedron 7D to be constructed
together with its symbolic picture. Take on a plane o, in the hyperbolic

3-space H? a regular dodecagon 0 with angles of measure —231. Let O

denote its centre. We place congruent Lambert quadrangles ONA,A,
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Fig. 1.

and ONA A, joining symmetrically each other and perpendicularly to
g, plane of 0. We assume the angles, distinct from rectangles, to be

(9) JA,AN = —g— =4 A,AN.

We have 04, = 04, and A, A, = A,A,, by symmetry. ,
Now we can construct the regular dodecagons: fs-1 as the lower base,
with centre A, and with radius 4,4, of the inscribed circle, perpendicularly

to A,A,; f, as the upper base, with centre A, and with radius A,A, of the

1%
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inscribed circle, perpendicularly to A,A,. Moreover, we can construct the
side faces which are orthogonal to the plane «, of dodecagon (D, so that

all they form, with both of base faces, angles of measure % Finally,

we get the polyhedron D with centre O. Such a polyhedron /2 is also called
a lens.
The metric data of 7D will be described in section 5 (see table).

Now, we turn to identify the faces of /0. The result is symbolized
in the Schlegel diagram of 70 where we omit the ,,f”’ ’s from the face symbols.
The “lower” base fs-» of 7D is paired to its “upper” base f, by the screw

motion s of screw rotation angle 5%; the pairs of side faces fy-1, fs,;

(i =1, 2, 3) are identified by screw motion s; of screw rotation angle z;
the pairs of side faces fy-1, fy;, (I = 1, 2, 3) are identified by translatiors .

The identifications of the side faces above can be induced by those
of the sides of ¢ in the midplane «,, and vice versa. The action of s; will
be glide reflection, that of {; will be translation in «,. These observations
motivated us to construct the group G, as it was mentioned in the introduc-
tion.

We list now the edge equivalence classes of @, induced by previous
identifications, giving for each class the cycle transformation, in comformity
with (3). We establish incidentally that the condition (c) also holds.

There are 12 side edges, divided into 4 classes:

(10) 8.1, )
(11) SpSals )
(12) SaSats —)——
(13) tilgl —mm )

27

each angle is _2;;_’ 80 3+ —— = 2.

There are 24 base edges, divided into 4 classes:

(14) s 8 0§ty st 4 N TN
(15) s 3t ostosyt sttt R R
(16) s hosH o, s s, oma=Yo—a-
(17 s sgtos syt s st co00)oono

each angle is E, 50 6- = = 2.
3 3
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We conclude that @ is a fundamental polyhedron for the group G with
presentation

G = (5, 5y, Sgy Sy, tyy by, B3 — Sy, = S, = Sity = titaty = 88,8t =
(18) = sty s~y s ML = stysTU,s8; = ssylssytssyt = 1).

Forming the orbit 0%, where O is the centre of 2D, we obtain, by a

symmetry argument, that D = ), is a Dirichlet polyhedron.
Note that in terms of the three generators s, s, and s, the presentation
of the group G have been written as the minimal presentation

G = (5,81, 5y — ST 257 1557 28%s7 16557 15% = s%s3s~Lsy Zss5 1% 1ss5 L =
(19) = 53571557 25,57 15,5727 25 = sdssylssy Ls%s7 sy tss? = 1)
The effect of adding new relations
(20) §§,87ISTY = §5,87Is5Y = §;8,87 155 = 1

to the presentation (20) of G is to form a new group, which is a factor group
of G, so-called commutator quotient group of G. This group, conveniently
denoted by G/[G, G]is the largest Abelian factor group of G. The presentation
of G/[G, G] may be smphﬁed so that (apart from (20))

21 G/[G,G] = (5,5,8,—s% = 1,53 = 5§ = s7).
Introducing a new generator s, = s,s7!, we obtain
(22) GJ[G, G] = (51, 5, —SI® = §% = 5;5057 155t = 1).

Hence, the Abelian group G/[G, G] is C;3X C,, the direct product of cyclic
groups C,, and C; i.e., as it is well known, the group

(23) G/IG, G] = CisX G4
is just the first homology group of the manifold D = H3/G.

5. Metric construction of 2 in vector model of H?

We consider the 4-dimensional real vector space V4, whose dual space,
i.e. the space of its linears forms, is denoted by (@U%. In the usual way the
projective 3-space P? (V4 %) can be introduced. The I-dimensional sub-
spaces of V4 (or the 3-spaces of (©%) represent the points of P® and the I-
subspaces of [OF (or the 3- subspaces of V) represent the planes of P3. The
point X (x) and the plane a (a) are incident iff Xx-a = 0, i.e., the value of
the linear form a on the vector x is equal to zero (xe V4, a€@¥, the dot
denoted that the zero vector and the zero form are excluded). The straight
lines of P* are characterized by 2-subspaces of V* or of 0%, respectively.
If {e;} is a basis in V* and {¢/} is its dual basis in %, i.e., e, o = &/ (the
Kronecker symbol), then the form a = ¢/ a; takes the value X a = x'a;
on the vector x = x’e,, We use the summation convention for the same
upper and lower indices.
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We can introduce a hyperbolic projective metric in P3, by giving
a bilinear form (see [9, 16])

Gr:OEXOF~R, (blug; bivy) = u,-b‘fvj,

by means of the Schlafli matrix

1 —c0s—— 0 0
— €08 —17;— 1 —CO0S —g— 0
(24) (45 65)) = (b)) =
0 —C0S — 1 —COS—
0 0 —-c0os— 1

where the basis {4'} in (0% represents some planes m;, being in connection
with the polyhedron @ (i =0, 1, 2, 3). The planes m, = A;A,ON and
m, = A A,OP, will be the symmetry ones of @D (Fig. 2), m; = A A A,
will be a base plane and m, = A,A,NP; will be a side plane of D.

We can simply compute that

2-3Y3
16

(25) B = det (bY) = <0.

TRUNCATED
SIMPLEX

S A

Fig. 2.
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We shall see that the inverse matrix (a;;) has great importance. The equation
bliay, = & holds, iff

] 7T
gy = —| 1 —2cos®2—| <0,
00 B 3]
q ——l—icosl]—a <0
01 B 4 12 10 ’
a ——l—cosj— cosi]—a <0
" B 12 3 o
Aoy = 1 oS -ﬂ—][cosz—n— = (g <0
%" B 12 3 o
(26) Q= L 1—c052-]<0
11 B ]

1 e
Ay = ——| €082~ | = a,, <0,
13 B[ 3] 31
a -4 I —cos*-—|<0
22 B ’

1(3 7
Qo = —|— —€0OS2———[=0.
3 3[4 12)>

Now, we take the dual basis {a;} in V4, defined by a4 = §]. Geometrically,
the vectors a; represent the vertices of the smplex whose side planes are
described by the forms 4. The induced bilinear form

() VEXVER, (Xa; yia;) = x'a; iy
is defined just by the matrix
(27 (Ca;; a;)) = (a;))
in (26).
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From the chain of the minor determinants

i h22 H23
b33 = ,[b . 1 —cos? >0,
: p32 p33 | 3
bll blZ b13
(28) b2 22 28| = 1 —2cos® >0, B<0
b31 bSZ b33 3

we see that the signature of the bilinear form (; ) is (+, +, +, —). This
means that the projective metric in P3(V%, @%) is hyperbolic, indeed. The
vectors X in the cone

(29) X = (xeV*: (X; x)<0}

define the ordinary points (x) of the Bolyai-Lobachevskyan 3-space, the
corresponding polar forms x* = :a describe their polar planes (x), for
which (e, 2) = (X, X)<O0.

The forms «, defining planes which intersect the cone X, describe the
ordinary planes («) of the Bolyai-Lobachevskyan 3-space, their poles (w,)
are defined by the polar vectors «, = u, and {«; «) = {u; u)=>0 holds
for them.

The boundary points and their polar planes are defined by isotropic
vectors p and forms p, i.e. {p; p) = {p; ) = 0.

Hence, we can state that the planes m, to /D, represented by the forms
4, are indeed ordinary planes of the hyperbolic 3-space, modelled in P?
(V4 OF). From (26) we see that the vertices Ay(@,), A,(a,) and A,(a,) of
a simplex described by the vectors a,, a, and a,, respectively, are ordinary
points, but this is not true for the point A,(a,), described by the vector
a, (Fig. 2.) Therefore, the polar plane (a;) represents the ordinary plane
oy, the midplane of /0. This means that we have a once truncated simplex
& with faces m; (6%) (i = 0, 1, 2, 3,) and with truncating face «; (a;).

It is well-known that the bilinear form induces the distance and the
angle measure of the hyperbolic 3-space. If (x) and (y) are two. ordinary
points, with (x; y)<0, then their distance d(x, y) is determined by

(30) S5 /i 1.

k VX - (y; ¥

i

Here k = 1/—71(— is the metric constant of H3, where K <0 is the sectional

curvature.

Let () and (») be ordinary planes. They intersect in an ordinary line
iff {u; u) {ose)— {u; 8)?=0. Their angle « («, ¢) in this case is determined by

T R L) [l
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Thus we can check that the Coxeter diagram (Fig. 2) correctly describes
the situation. For angle data this is clear from (24) and from the definition
of o (a,). For the distance d(im,, «,) we can use the extended formula of (26)

« 43
(32) nd o ety 1 1
k Vias; ag) - (4% 6%) Va1 Vag,

We apply (26) and get d = OA, = OA, = 0,4246029 k.

Other data of the truncated simplex & or of 7D can be computed also in
this way (see table 1).

The Coxeter group C, generated by reflections in mirrors my, m,, m,,ms,,
a, Of the truncated simplex &, is a supergroup of our group G of finite index
48 since P is the union of 48 congruent copies of &. Therefore, we could
express the generators of G also by matrices with respect to bases {4’}
or {a;}.

1.

Data Simbol Applied formula Result
_ {as 6% 1
Distance 0A,=0A,| d Ch—,‘(‘ =————————— = ——=| ¢ = k-0,4246020
Vias as){b% %) Vg
Iy
sh_g_ = ——
In-radius ON e k V 1 o = k-1,276687
o
. r —ay
In-radius A, A, r ch— = —————— r = k- 1,4400526
k Va, - a5
Table 7.
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1. Introduction

An additive subgroup (a non-empty subset) Q of a ring (a semigroup)
A is called a quasi-ideal of A if QAN AQEQ. 1t is known that a non-empty
subset Q of a semigroup S with 0 is a quasi-ideal of S if and only if it is
an intersection of a right ideal R and a left ideal L of S, that is, Q = RNL.
Example 2.1 in [8] due to A. H. CLiFForD shows that the analogous result
for rings does not hold in general. In his paper [12], H. J. WEINERT has
given a nice generalization of Cliffordi’s example. A non-zero quasi-ideal
Q of a ring (semigroup with 0) A is called minimal (0-minimal) if Q does
not properly contain any non-zero quasi-ideal of A. If R is a minimal (0-
minimal) right ideal, L a minimal (0-minimal) left ideal of a ring (semigroup
with 0) A such that the intersection RN L = Q is not zero, then Q is a minimal
(0-minimal) quasi-ideal of A. Example 7.1 (a) in [8] shows that the converse
of this result does not hold in general.

A non-zero quasi-ideal Q@ of a semigroup with 0 (a ring) A is called
canonical if Q is the intersection of a 0-minimal (minimal) right ideal R
and a O-minimal (minimal) left ideal L of A, that is, 0 * Q = RNL. This
important notion was introduced by A. H. CrirrorD [1] for semigroups
with 0, and he has proved in [1] many interesting results concerning this
notion.

A ring (semigroup with Q) A is called semiprime, if A has no non-zero
nilpotent ideals. By Theorems 7.2, 7.7 and Propositions 7.6a, 7.6b in [8],
the following results hold:

(A) Every minimal (0-minimal) quasi-ideal of a semiprime ring (semi-
group) is canonical.

(B) Let Q be a canonical quasi-ideal of a semiprime ring (semigroup)
A and let a€ A, then Qa (aQ) is either O or a canonical quasi-ideal of A.

*Research partially supported by Hungarian National Foundation for Scientific
Research grant No. 1813.
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(C) The product Q,Q, of any two canonical quasi-ideals Q, and Q,
of a semiprime ring (semigroup) A is either O or a canonical quasi-ideal
of A.

In our paper [9], we have sharpened the results (B) and (C} for any
semigroups with 0. The main results (Theorems 2.2 and 2.8) of section 2 are
analogous to Theorems 2.3 and 2.9 of [9] and they sharpen the results (B)
and (C) for any rings. To the proof of the mentioned theorems in [9], we
have used essentially a well-known Green’s Lemma (see e.g. Lemma 2.2 in
[2]). In this paper, we need to define the Green’s relations in rings and to
prove an analogue of this Green’s Lemma for rings (see Lemma 2.4 and
Corollary 2.5).

It is known that a simple ring has a minimal left ideal if and only
if it has a minimal right ideal. Thus the completely O-simple semigroups
and the simple rings containing at least one minimal cae-sided ideal can
be considered as analogous notions. We shall use the following terminology.
A simple ring A is called completely simple if A has at least one minimal
right or left ideal. A two-sided ideal M of a ring A is said to be a completely
simple ideal of A if M is a completely simple ring. In the paper L. M. GLUSKIN
and O. STEINFELD [4], it is given some equivalent conditions to the property
that a ring A has at least one completely simple ideal. In Theorem 3.2,
we have proved that this property is equivalent to the condition that a ring
A has at least one idempotent canonical quasi-ideal. By Theorems 8.1 and
10.1 of our book [8], the primitive regular semigroups and the semiprime
rings satisfying the minimum condition for principal left ideals are analogous
notions. Analogously to Theorem 3.2 in [9], Theorem 3.3 characterizes
this class of rings by means of idempotent canonical quasi-ideals. In the
paper [9], we have used an interesting characterization of the canonical
quasi-ideals due to A. H. CLIFFORD to the proof of Theorem 3.2, the analogous
Theorem 3.3 in this paper is proved by means of two known results of L. M.
GLuskiIN and O. STEINFELD [4]. .

2. Canonical quasi-ideals

First we give a sufficient condition for the existence of a canonical
quasi-ideal in a ring.

Tueorem 2.1. (Cf. O. StEINFELD [6] and [8, Theorem 6.7a)). If the
product RL of a minimal right ideal R and a minimal left ideal L of a ring
A is not zero, then RL = RNL, that is, RL is a canonical quasi-ideal of A.

The main result of this section is the following

THEOREM 2.2. Let Q be a canonical quasi-ideal of a ring A, and let a€ A.
Then Qa (aQ) is either O or a canonical quasi-ideal of A.

Remarks. I. This result is an essential sharpening of Proposition
7.6a in [8] and it is analogous to Theorem 2.3 in [9].

2. Example 5 of P. N. STEwART [10] proves the existence of a ring
A such that A has a minimal quasi-ideal Q and an element a such that
Qa is neither 0 nor a minimal quasi-ideal of A. The example of Stewart
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solves the ring theoretic part of Problem 7.3 in [8]. (Independently from
P. N. STEwART, G. PoLLAK has given two examples, which solve the ring
and semigroup theoretic parts of this problem.)

To the proof we need the following known

LEmma 2.3. Let L be a minimal left ideal of a ring A, and let ac A,
then La is eithier O or a minimal left ideal of A.

We also need some notions and notations which are analogous to that
of Green’s relations defined in semigroups. Let A be a ring and let acA.
The principal left (principal right) ideal L(a) (R(a)) generated by a is la+
+Aa = L(a) (Ia+aA = R{a)), where | denotes the ring of all integers.
We define a.£b (a, b€ A) to mean that a and b generate the same principal
left ideal of A, that is, a.£b=L(a) = L(b). Clearly £ is an equivalence
relation on Aj; let L, denote the equivalence class of A mod £ containing
the element a(€ A).

Dually we define a®b to mean that R{a) = R(b) (a, b€ A), and R is
an equivalence relation on A. By R, we mean the equivalence class of A
mod 2 containing the element a of A.

By definition of .2, a.£b (a, b€ A) if and only if thereexist &, k" in I and
u, 12’ in A such that ¢ = kb+uband b = k’a+ u’a. For the sake of simplicity
we introduce the following notation kx+ux = (k, u)x (k€ 1, x, u¢ A). Dually
aRb (a, be A) if and only if there exist m,m’in I and v, v* in A such that
a = mb+by = b(m, v) and b = m'a+av’ = o(m’, v’).

Lemma 2.4. (Cf. [2, Lemma 2.2] and Lemma 2.51n [9]). Let a.2b in a ring
A. Then there exist a one-to-one mapping @ of R(a) onto R(b) and a one-to-one
mapping ¥ of R(b) onto R(a) such that @ maps R, onto R,, ¥ maps R,
onto R, and ¥ = @~ holds.

CoroLLARY 2.5. (Cf. Corollary 2.6 in [9]). Let a.£b in a ring A, then
R(e) is minimal if and only if R(b) is minimal.

Proor oF LEmma 2.4. From a.£b we have a = kb+ub = (k, u)b and
b="~Ka+u'a=(k',u)ak,k'el, u, u’ ¢ A). Let ma+av = a(m, v) (mel,
veA) denote an arbitrary element of R(a), and let nb+bw = b(n, w)
(nel, we A) be an arbitrary element of R(b). Consider the mappings
@: a(m, v)—~D(a(m, v)) = (k’, u’)(a(m, v)) = ((k’, u")a)(m, v) = b(m, v)e R(b)

and

¥ b(n, w)—~(b(n, w)) = (k, u)(b(n, w)) = ((k, u)b)(n w) = a(n, w)eR(a),

then P(®(a(m, v))) = ‘P(b(m 1)) = a(m, vy and S(P(b(n, w))) = P(a(n, w)) =
= b(n, w), that is, ¥ =

Ifgb+bz = b(q, ?) (qe[ zCA) is an element of R(b), then for the element
qa+az = a(q, z) of R(a) it holds ®(a(q, 2)) = b(g, 2), that is, & maps R(a)
onto R(b). Dually ¥ maps R(b) onto R(a).

Let x¢R,, then xRa, that is, R(x) = R(a). By definition of ® there
existr,r’'élandd,d’ € A such that @ = rx+xd = x(r,dyandx = r'a+ad’ =
= a(r’, d’), whence

Kx+u'x = k', u'y = ((k, ua)r, d’)
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and
kKa+u'a= (K, u")a = ((K', u)x)r, d).

Again by definition of @ we have R((k’, u’)x) = R((k’, u’)a). This fact
and the relations

(K, uya = b, (&', u'yx = (&, w)(a(r’, d’)) = (&', u")a)(r’, d’) = b(r', d’)

imply R(b) = R(b(r’, d’)). Since D(x) = B(a(r’, d’)) = b(r’, d’), there-
fore @ maps R, into R,. Now consider an arbitrary element y of R,. By
definition of @, there exist s,8"¢I and ¢,c’€ A such that y = b(s, ¢) and
b = y(s’, ¢’). Hence (k,u)y = ((k,u)b)(s,c) and (k, u)b = ((k, W)y)(s’, ¢)-
By definition of 2 this means that R((k, u)b) = R((k, u)y). On the other
hand, since (k, u) b = a and (k, u)y = (k, u)b(s, ¢) = a(s, ¢) we get R(a) =
= R(a(s, ¢)). These facts and @-Y(y) = P(y) = P(b(s, ¢)) = a(s, ¢) imply
that @ maps R, onto R,.

Evidently the mapping ¥ has also the properties given in Lemma 2.4.
From Lemma 2.4 it follows

x€R(@)ye (K, u')xeR(b) (K €l, w'€A),
yER, ok, u')yeR, ' (k' el, u' € A),

whence R(a) = R,Y0+<R(b) = R,J0.
Thus Lemma 2.4 implies Corollary 2.5.

Proor oF THEOREM 2.2. By definition, Q has the form Q = RNL,
where R and L are minimal right and minimal left ideals of A, respectively.
If Qa = 0, then 0 = QaE RN La. This implies La = 0; by Lemma 2.3, La
is a minimal left ideal of A. So it suffices to show that RNLaSQa. Let
0 = ¢ceRMLa, then there exists a non-zero element b in L such that ¢ = ba.
Hence R = R(¢) = R(ba) = 1ba+baASbASR(D) and L = Ib+4 Ab = L(b).
Now we consider a non-zero element ¢ of Q = RNL. So we have R = R(q)
and L = L(g) = L(b), whence ¢.£b. By Corollary 2.5, the right ideal R(b)
is minimal. From these facts it follows that R = R(b) and b€ R. This means
that b€ RNL = Q, thus ¢ = ba€Qa, that is, RNLaSQa.

The relation aQ = aRNL can be shown by the duals of Lemmas 2.3,
2.4 and Corollary 2.5.

We say that the ring A is the sum of its subrings B, (A€ 4) if every element
aof Acan be written in theforma = 2 b, (b:€B;) with finitely many ele-

finite

ments by of B; (A€ 4), that is, > B; = A.
. ie.‘l

Theorem 2.2 implies

CoroLLARY 2.6. If the ring A contains at least one canonical quasi-
ideal, then the sum U of all canonical quasi-ideals of A is a two-sided ideal
of A.
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k
Proor. Let u = > u;€U and a€ A. By definitionof U, 1 (i = 1, ...,
i=1
k) is an element of a calmonical quasi-ideal Q; (i = 1, ..., k) of A. In view of
Theorem 2.2, the product Q,a (i =1, ..., k) is either O or a canonical
k k

quasi-ideal of A, whence ua = > w,ae 3 QaS U, thatis, U is aright ideal

i=1 i=1
of A. Dually one can show that U is a left ideal of A.
By means of Corollary 2.6 one gets
CoroLLARY 2.7. Let K be a minimal left (right or two-sided) ideals
of a ring A. If K contains at least one canonical quasi-ideal of A, then K is
the sum of all the canonical quasi-ideals of A contained in K.
Now we are going to prove the following sharpening of [8, Theorem 7.7].

THEOREM 2.8. Let A be a ring and let Q,, Q, be any two canonical quasi-
ideals of A, then the product QQ, is either O or a canonical quasi-ideal of A.

- Proor. By the definition, we have Q, = RjNL; and Q, = R,NL,,
where R,, R, and L,, L, are minimal right and minimal left ideals of A,
respectively. Assume that Q,Q, = 0, then 0 = QQ, = (RyNL)(R.NL)E
SRL,SR,NL,. Since §,Q, = 0, there exists a non-zero element ¢, in Q,
such that @,q, = 0. By Theorem 2.2, (¢, is a canonical quasi-ideal of A
such that Q,g, = R,NL,q,. As g, is an element of L,, we have 0 > L,q,S L,,
thus Lemma 2.3 implies L,g, = L,. Hence Q,¢, = R,NL,. From the
relation :
RNL, =Qg, EQQ,ER Ly &Ry N Ly,

it follows QQ, = R, NL,y; g.e. d.

REmARKs. 1. It is evident that the product Q,Q, of any two quasi-
ideals Q, and Q, of a ring A is a subring of A, but Q,Q, is not a quasi-ideal
of A, in general. (See Example 1 in STEWART [10] and see Propositions 6.1
and 6.2 in WEINERT [12].)

2. It is not difficult to show that the associative law (Q,Q,)Q; =
=0,(Q,Q,) holds for the products of the quasi-ideals @y, Q, and Q, of A.
This fact and Theorem 2.8 imply:

CoroLLARY 2.9. (Cf. Corollary 2.10 in [9]). Assume that the ring A
has at least one canonical quasi-ideal. Let V' denote the set of all canonical
quasi-ideals of A, then V (JO is a multiplicative semigroup with 0.

ProBLEM. Does there exist a ring (a semigroup with zero) A with two
minimal (0-minimal) quasi-ideals, the product of which is not a quasi-ideal
of A?

3. Idempotent canonical quasi-ideals

In order to sharpen Theorem 2.1 we need scime preliminaries.

Lemma 3.1. (See e.g. L. M. GLuskiN and O. STeEINFELD [4, Corollary
1.6]). A simple ring contains at least one minimal left ideal if and only if it
contains at least one minimal right ideal.
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We shall use the terminology given in Introduction.

THeEOREM 3.2. (Cf. L. M. GLuskIN and O. STEINFELD [4]). The following
conditions on a ring A are equivalent:

(i) A has at least one minimal right ideal R and at least one minimal
left ideal L such that (LR)* = 0;

(iiy A has at least one minimal right ideal R and at least one minimal
left ideal L such that RL # 0;

(iii) A has at least one idempotent canonical quasi-ideal Q (that is, Q is
canonical and Q% = Q);

(iv) A has at least one completely simple ideul.

Remarks. 1. The equivalence of conditions (i), (ii) and (iv) was proved
in [4].

2. This result is an essential sharpening of Theorem 2.1.

Proor oF THEOREM 3.2. ()= (iii). By condition (i), there exist a minimal
left ideal L and at least a minimal right ideal R of A such that (LR)? =
= LRLR 0, then RL % 0. By Theorem 2.1, RL = Q is a canonical
quasi-ideal of A. Since (LR)? = LRLR = 0O, therefore LRL = 0, whence
LRL = L. Thus Q> = RLRL = RL = Q.

Now assume that condition (iii) holds. Then there exist a minimal
right ideal R and a minimal left ideal L of A such that Q = RNL( = 0)
and (RNLY = RNL. Hence 0= RNL = (RNL)YRNL)SRL. This
means that (iii)=(ii).

ReEMARK. Let A be a ring containing at least one completely simple
ideal. Then by Theorem 3.2, A has the following properties:

(i)o A has at least one minimal right ideal R and at least one minimal
left ideal L such that LR = 0;

(iif); A has at least one canonical quasi-ideal;

(iii), A has at least one idempotent minimal quasi-ideal.

The following example shows that these three conditions together
do not imply condition (iv) in Theorem 3.2.

ExampLE 3.1. (See Example 4.3 in [8]). Let D be a division ring and
let T denote the ring of all triangular matrices

a«y a
2y, a4, gy eD).
0 0y

Consider the matrices

En:[e 0],E12=[0 e]and E,, =(0 OJ,
00 00 0e
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where e denotes the identity element of D. Evidently TE,;, TE,, are minimal
left ideals of T and E,,T is a minimal right ideal of T such that

TEll * E12T = 0 (but (TEu . E12T)2 = 0)’
E12T ! TElg #0 (but EmT . TE12 = O),

Furthermore ETE,, is an idempotent minimal quasi-ideal of A, but it is
not a canonical quasi-ideal of A..

These facts mean that T has the properties (i),, (iii), and (iii),, but
evidently T contains no completely simple ideals.

In order to give the main result of this section we need the following
notion. The ring A is said to be the discrete direct sum of its two-sided ideals
Byel), if A = gBy and B,N( ga Bs) = 0.

V! Y

It is known that the primitive regular semigroups and the semiprime

_rings satisfying the minimum condition for principal left ideals can be

considered as analogous notions. (See e.g. Theorems 8.1 and 10.1 in [8].)
We shall call these rings as semiprime MPL-rings.

The following result is analogous to Theorem 3.2 in [9].

Tueorem 3.3. (Cf. O. STEINFELD [7] and [8, Theorem 8.1]). The
Jollowing conditions on a ring A are equivalent:

(a) A has idempotent canonical quasi-ideals Q, (y€I') such that A is
the discrete direct sum of the ideals AQ,A(y€I");

(b) A is the discrefe direct sum of two-sided ideals which are completely
simple ideals of A;
(c) A is a semiprime MPL-ring.

RemARrRk. The equivalence of conditions (b) and (c) is known (see
e.g. C. C. FaitH [3]} and F. Szasz [11]).
To the proof of Theorem 3.3 we need the following known results:

THEOREM 3.4. (See L. M. GLuskiN and O. STEINFELD [4]). Let R and
L be minimal right and minimal left ideals of a ring A, respectively, such
that RL # 0, then ARLA is a completely simple ideal of A.

THEoREM 3.5. (See L. M. GLuskiN and O. SteiNFELD [4], and cf.
R. P. RicH [5]). If M is a completely simple ideal of a ring A, then M = LR,
where L and R are minimal left and minimal right ideals of A, respectively,
furthermore RL # 0.

Proor oF THEOREM 3.3. (2)=(b). As Q, (y€I) is an idempotent quasi-
ideal of A, we have (AQ,A)? # 0. On the other hand, Q, is an idempotent
canonical quasi-ideal of A, so there exist aminimal right ideal R, and a mini-
mal left ideal L, of AsuchthatQ, = R,NL,and (R,NL,)> = R,NL,. Hence
0=R,NL, =(R,NLFER,LER,NL, =Q,, thatis, R, L, # 0and Q, =
= R,L,. Theorem 3.4 implies that the ideals AQ,A (y€I') are completely
simple ideals of A.

12 ANNALES — Sectio Mathematica — Tomus XXXI.
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(b)=(a). In view of condition (b), A is the discrete direct sum of the
ideals A, (y€I')and the A, are completely simple ideals of A. From Theorem
3.5, it follows that every A,(y¢I") has the form A, = L,R,, where L, and
R, are minimal left and minimal right ideals of A, respectively, and (L,R,)* =
= A; # 0, R,L, # 0. (From the proof of Theorem 3.5 it follows that L,

"and R, are also minimal left and minimal right ideals of A,, respectively.)
These facts and Theorem 2.1 imply that R,L, is an idempotent canonical
quasi-ideal of A, furthermore A, = AR,L,A.

Theorem 3.3 implies

CorOLLARY 3.6. A ring A is completely simple if and only if A contains
an idempotent canonical quasi-ideal @ such that A = AQA.
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A natural number m is called weakly composite if the reciprocal sum
of its distinct prime divisors is not greater than 2, i.e.

1

pim P

Proving conjecture of I. KAta1, J. GaLamBos [2] showed that for any
sufficiently large n there is a weakly composite number between n and
n-+log log log n.

In this note we prove a similar result for Lucas numbers.

The Lucas numbers R, (n = 0, 1, 2, ...) with paramterers A, B are
defined by the recursion

Rn = A'Rn_1+B'Rn_2 .

for n>1 and by the initial terms R, = 0, R, = 1. Denoting by « and B the
roots of the characteristic polynomial x2--Ax--B, we say the sequence
of Lucas numbers is non-degenerate if A, B are non-zero integers and «/f
is not a root of unity. In this case R, # for any n=0.

Throughout the paper we assume that A, B are fixed integers and the
sequence is non-degenerate, furthermore we shall denote by ¢, ¢, ...
positive constants which are absolute ones or they depend only on the
parameters A and B.

If p is a prime and p{B, then there are Lucas numbers divisible by p.
The least positive index of these numbers is called the rank of apparation
of p in the sequence and we denote it by r(p). Thus r(p) = n if p|R, but
P{R,, for O0<m<n. We say p is a primitive prime divisor of R,,. We note
that if p!B and p|A for a prime p, then r(p) = 2 and p|R, for any n=2;

A

2
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furthermore if p|B but p{A, then there is no term in the sequence divisible
by p (see Theorem 2.1 in [3]). In this case we assume that r(p) = - or we
say r(p) does not exist.

For the reciprocal sum of prime divisors of Lucas numbers in [4] we
proved that

1
> — <logloglog m+¢
PRy P

for any sufficiently large m. It is an extension of a result of P. ERp6s who
proved a similar estimation in the special case R, = 27—, i.e. in the case
A = 3,B = —2.1In this case P. Erpds [1] and C. PoMERANCE [6] obtained
some interesting results concerning the reciprocal sum of the divisors (not
only primes) of the terms, as well.

Now we show that the reciprocal sum of the prime divisors of the terms
in Lucas sequences can be less than a constant for infinitely many indices.
In this case we may say R, is weakly composite, since the essential point
in the definition of weakly compositeness does not require that the value
of the constant should be just 2 as in [2].

THEOREM. For any n=3 there is a Lucas number R,, such that

— <
PRy p

and n<m = n+log log n, where ¢ is a constant depending only on A and B.
First we prove two auxiliary results. In the proofs we shall use some
elementary properties of Lucas numbers which can be found e.g. in [5].

LEmmA 1. Let m>3 be an integer and let Q,, = Ry R,- ...R,,. Then
for the distinct prime p divisors of Q,, we have
1 > L log iog m+0O(1).
PiQm p r(py=m p

Proor. It is known that r(p)=p+1 for any p for which r(p) exists,
and so

(1) +0(1) = loglog m+0(1).

On the other hand
R _ “n_ﬂn
n a—‘B

for any n = 0 and from it
) |Rn| <eon

follows. By (2), R, has at most ¢,n distinct prime divisors since the product
of ¢gn distinct primes is greater than ec” for some ¢,. It implies that the
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number of distinct prime divisors of Q,, is less than c¢,m?. But each of the
first ¢,m? primes is less than ¢;m®, so we have

1
3) S L= 3 L= ioglogm+oQ).
rpy=m P p<esmd
From (1) and (3) the lemma follows.

LEmMMA 2. For any real x=1 we have
i

——— < (.

ru;éx p-r(p)

Proor. If p is a prime and p|R,, then naturally p=R, and by (2) it
follows that n>c, log p. Thus r(p)=c,log p by the definition of r(p) and so

1 I i

r@=x P-1(P) € p=nplog r

where N is a sufficiently large integer (e.g. N> e2), But ﬁsing some summa-
tion formulas, e.g. Abel’s identity, one can easily see that

1
;ZN plogp
for any N, from which the assertion follows.
Now we prove our theorem.
Proor oF THE THEOREM. Let n>3 be an integer and

= o(1)

k = log log n.

We give an upper estimation for the sum

@ Sn =

)
n<mz=n+k [lem p )

It is known that p|R,, if and only if r(p)|m in case p{B and, as we have seen
above, p|R,, for any m=2 in case p|(A, B). Let
1
—_ = cs,
pi(A,B) P

where ¢g = 0 if A and B are relatively prime. Then

2D g o
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From this, using Lemma 1, Lemma 2, the definition of k¥ and the fact
[n_tl_c —_ E. s_k_+ ]
d dl"d " "’

Si= > [[§+1] S l]+csk§

r(py=d P
PiB

we get

=k

1 1
— k=
rpy=n+k Pr(P)  rpy=nek P

=c.k+log log (n+k)+0(1) <4 log log n.

But there are [k] = [log log n] summands in the outside sum of (4), so
there is an integer m such that n<m=n+log log n and

1z

m;m p [loglogn]

which proves the theorem with ¢ = ¢;,.

Cy1
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ON SOME PROBLEMS RAISED IN CONNECTION WITH
EIGENFUNCTION EXPANSIONS*

By

I. JOoO
Department for Analysis of the L. Edtvds University, Budapest

(Received April 30, 1987 )

1. In this paper we investigate three problems of function theoretical
character the origin of which lies in spectral theoretical works. To introduce
the first one, consider a function w(f)€ C[0, <) satisfying
@) w(0) = 0, w(f)=0 (¢=0),

(i) w2)=Co() ({=0),
(iif)  o(f) is monotone increasing,
(iv) t'w(f) is monotone decreasing.
Introduce further the usual L2—modulus of continuity
1-h : 1/2
olf, 8 = sup [ [7176x+ 1)1 ]
|h|=<d o
and the n—th best approximation of a function fe L*(0,1) by trigonometric
polynomials of order =n

EDa = int I~ tylh

In [1] is proved that for a class of functions, the continuity modulus
of which have the order O(w(8)), the Fourier coefficients and the equicon-
vergence between two eigenfunction expansions of these functions have
also the order O(w(8)). Here the question arises, what is the connection
in general between the order of the Fourier coefficients dnd that of the
modulus of the function. The statement that the two mentioned order is
equal, is not true in general! In what follows we give a transformation

f—»f such that the order of the Fourier coefficients of f equals to the
order of the modulus of f.

* Work was supported by the Hungarian National Science Foundation for Research,
grant No 1157.
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THeoREM 1. There exists a (nonlinear) mapping F : LY0,1)~L%*0,1)
satisfying the following property. Let w(f)eC[0, =) be a function satisfying
(i)—(iii) and

@iv") t==1w(f) is monotone decreasing for some &=0.
Let
a = .
J(x) ~—:-2°—+ > (@ cos 2kmx + by, sin 2knx)
k=1

be the Fourier series of f(x). Then we have

(1) 4,0, = o[w[%] oo(F, 8), = 0((®))-

Proor. It is widely known that for any g¢ L%*(0,1)

(2 E(8): st{g, %’

72

=c- 3 Edels (neN)

We shall prove that

®  Edgh-= O[w[%]]wg, O = O(w(®)).

Indeed, the “if”” part (<=) follows from
: 1 1
E (g), =Colg,—] =Co —]
nJy n
Consider the “only if”” part (=). Let 2N =n<2N*1, then

1 c & ca 1
,—f =-= E = =
w[g ﬂL ~ > Edeh an"[k]

g UL

nj=0 o2 k2 LK
N
s 2fw[—L] <L) 2Nw[—1—] = C(s)w[—l—] -
n j=o 27 n N 2N

1 1
since by (iv’):

2fa)[—l—] 52"2f+1w[——1-—] 52—e<~—f>2Nw[~l].
j 9j+1 , ON

2/
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The assertion (3) being proved we shall give the construction of Ff as follows.
Let

d,: = max |a,],d,: = max |b,|.
k=n k=n

Then

o i)

because w(f) is monotone increasing. Define

dp: = (E;zz— Er21+1)1/2’ [{n: = (‘?;'21— a__rzi+1)1/2
and let

~

Ff(x): = E__ + Z (d, cos 2kmx + dk sin 2knx).

Since > (d2 +7i,§)< , this series converes in L2(0,1). Obviously
E(Ff), = [2 > (d; + )] [2(d +1+dn+1)]
k=n+1

and hence

(5) an 0 = o[ ]| =P = 0[of]}

which proves (1) by (3). O
We can formulate here three problems.

ProBLEM 1. Is the mapping F continuous from L* to L2? (or from L2
to L2?).

ProBLEM 2. Is there a continuous linear mapping F: L'~ L2 (or L%~ L?)
satisfying property (1)?

ProBLEM 3. Is there a multiplier type mapping F: L2 L2 satisfying
(1) for any w(f) (or for a fixed w(f))?

ReEMARK. In Theorem 1 the condition (iv") can not be substituted by
(iv), i.e. (1) does not hold for Ff constructed in the proof. Indeed, let a, = b,

= 1/k, then
V2k+1
T RE+T)

[(FF, 8), 2= Ff(x+ 8)— F()[Z =
= ¢S {{d(cos kb= 1)+ sin k8] -+ [dy( cos kb 1)+, sin k8]2) =
k=1

ZZ

dy =

Q.

and
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=C 2 (@ +2)(2 -2 cos ko) =

1

(2—2coskd) =C Z ——(kzé2 +0(k*6%) =

i M*l‘»-l

1
1 k
=(é? ln —_— C54~—2C52 ln —

é o é

so w(Ff, 8),% cd indeed. Here we can formulate the

ProBLEM 4. Does Theorem 1 remain valid (with another construction
of Ff) if we replace instead of (iv”) the original condition (iv)?

2. To show the summability of a series is much easier in general than
to prove the convergence (see [4}, [5]). Sometimes it is useful to prove the
convergence thorough summability and some further assumptions; the
results of this type are called Tauberian theorems. In what follows we
present a Tauber type theorem related to Riesz summability of entire
order s.

THEOREM 2. Fix a positive sequence A, (k = 1,2, ...) and the natural
numbers m, s€N. Take an arbifrary sequence (c,); CR such that
l s
@ Zye{1- ] = oy 6=0)
Ap<2 A
2’ m
(b) 3, o %] =ome=o,
Ap<i A
(c) Ok lexl <o for all 2=0.
lk<1
Then
(d) 2 & = 0(1) (A=0).
Ap<i

Proor. The inequality (b) can be written in the form
—cm = 2’ A =ct™ (t=0)

for some ¢>0. Integrate here in t from O to 2:

A
lm m+1

. A
=2 [ GApdt=2 2 gAY — 2 odpti=c
m + 1 Ap<i 1k<1 2k<1 m+ 1
A
Dividing by 4™ we obtain
2’ klm+1/)'m+1 0(1)

Ag=h
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Hence if (c) is valid and (b) holds for m then it holds for m+ 1, too. On the
other hand we can integrate (b) in its original form; then we obtain

A i
o= [ > e[ at= 5 [cf[X) =
=k t A <A t
0 k k 2

(3

1-m__ 31-—m
= 3 e
Ap=<i 1—-m
dividing by 4 we get
2 Ck =0(l),

hence if (b) holds for some m then it holds for m = 1 too. Consequently (b)
holds for all values m = 1, 2,

Taking the binomial expansion of[ 1- —}i"—]s we get

S e = zc@[l—T] 2(+1)12{ }=0(1).

Theorem 2 is proved.

REMARK. A more careful analysis shows that the Theorem 2 remains
valid for arbitrary real s=>0. We shall give applications of Theorem 2 in
subsequent papers.

3. At last we estimate the diameter in C-norm of the set of Lip («, M)
functions belonging to a ball of radius & in the space L?(0,1).

THEOREM 3. Let O=oa=1.

2

©) A(d): = sup {|flcro, 11: € Lip (& M), ]| 2, 1y = )<, M) =T

Proor. We shall show that if f¢ Lip (¢, M) with |fll. =& then
1
I f||2zr:(oc+M)61+I and for any 8>0 there exists fy€ Lip. (x, M) with

Ifoll = & and ||f,]| = C(a, M)> "% Indeed, let fé Lip (&, M), /] = 8.
We can suppose f(0) = Defme

6— Mi= for t <t
foa)—{ o et
or =1,
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1

where £, =[_;4_] Now fe Lip («, M) implies |f(t)l =fof) for all t and

hence, as an easy computation shows

t
° 1 1

1Al3= 1l = f O—Mtydt = 8~ =M F

]

202

(1+2)(1 +2)

Cearly f,€ Lip(e, M) and hence the Theorem 3 is proved. O
REMARK 1. Denote for f,€ L2(0,1)

Aumlfo, 8): = sup{llf —gllcro, 11: /,g € Lip (e, M), I = follz = 8, g — foll=8}-
Then for large M (depending on f,) we have
2a+1

0< Af(fo, 8)=c(e, M)D **

Indeed, forlarge M there exists fe Lip(a, M) with ||f—foll,=® and then
by shifting the elements of Lip («, M) in the neighbourhood |f—f,ll,=é

by fwe get

2z

Au(f,, 8) = Asm(26) = b(x, M) 241

The exactness of this estimate also can be seen just as in case f, = O.

REMARK 2. At last we prove that if £ man lose n type object and receive
(each) n object randomly so that no one get more than 1=/=n of the same,
type, then the probability that noone get his owen tends to e=" (k— o).
It seems that this statement is new. B. D. McKAY gave a different proof
(privat communication). Denote A the event that one man get his own,

A(I) that the i-th man gets own for all i€ I ={i,, ..., i}c{l, ..., k},
k
then obviously A = > (—ry~' > A(l). Denote ¥ resp. Z}¥* the
r=1 [Ii=r
summation over all (s)), I=i=n, 1<j=k O=sl=<l, Ssk=nj=1,...,k
k

resp. (t,), I=t;=n,i =1, ..., rfurther let

B:= 3% S%(k—b)l ... (k=LY JT (=1 [T sl
8 t i=1 (h:j()h?é.()tirji)
]

3

where the (ordered) system (f;) contains /, times the number 1, ..., [, times
the number n. Let

C = S*n(tyk. . (k=) ] [T s

j=1li=t
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for r<k and C = O for r = k. It is easy to see that B—~C=A=B

B= Sy ] ns" S*her ns/l = I T nsf'n'k-

jorin i
and
[2* (k')n/,l_]l ‘]] ol ] [(k(k-— 1)...(k=r+1)~t. 12‘ s,{.i] _
- [zs,“k(k!)nnr/j]:]1 i]:]l si!]-[k(k— ... (k=r+ D],
hence
2*(1«')"/1171 !17 sk — o+ k(e — 1). . (k=) ] = A(l)=
= Z*(k')"ﬂ'/ ]]1 ]]SJ' k(k—1)...(k—r+1).

Taking into account that the number of all redistributions is

(k] ]I ]] st

j=1li=

we obtain

S (- 1)r—1["] (kT (k= 1), (=)t = 1= p=
r=1 r

- 2(- l)’[l;]n’/k(k— ). . (k=r+1).

Since for small r the r-th member of both sums is nearly (— 1y ~*n’/r!, hence

k
p~1+ 3 (= 1ynTjri~e™", the sign becomes equality as k—~c. O

r=1
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ON THE UNIFORM RIESZ SUMMABILITY OF EGIENFUNCTION
EXPANSIONS I*

By

1. JOO
Department for Analysis of the L. Edtvds University, Budapest

(Received May 11, 7987
Let £ be an arbitrary domain in R¥(N > 3) having C~ —smooth boundary.

Let ¢ be an arbitrary “potential function from the class Ly(Q) such that
¢=0 in £ and

1) | D) | = Cato((|x —Xo|)/ | — %o 2+ 1% (%o € 2)
for some w, satisfying
@) f ﬁf_) i< oo,

+0

Let 1=<=m=N/[4 be arbitrary natural number and consider the operator
L = L{x, D) = (—4+4(x)-)".

Denote L an arbitrary non—negative selfadjoint extension of L from
the domain Cz (2) with discrete spectrum. According to a theorem of K. O.
FrieDRrICHS [1], [2] there exists such a selfadjoint extension. Let 0=4, <1, <
=... denote the sequence of the eigenvalues of the operator L and let
(U,)r be the complete orthonormal system of the corresponding eigen-
functions in Ly(©2). In the case m=2 assume that
®) 21 =(0R)

lk<l

holds with some y = yp(m)=0.

For any s=0 and f€ L,(£2) consider the s—th Riesz means of the spectral
expansion of f:

ESf(o): =zk2<§[1 ——Zzi]s(f, U U ).

*Work was supported by the Hungarian National Science Foundation for Research
grant No 1157).
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We shall prove the following theorems.
THEOREM 1. Let p=1, s=0, >0, {[+s=(N--1)/2, pl>N. Then for
any fe Hy(Q) iim Eif(x) = f(x) uniformly in x on every compact subset of Q.

THEOREM 2. Let s=0, =0, {4+ a=(N-1)/2. Then for any
FEHAQ), im Eif(x) = 0

Ao

uniformly on every compact subset of £\ supp f.
These theorems generalize that of [9]—[14].
We need some premilinary results given in next sections.

1. Estimatien of the Green function
Define

Z: ={zeC: argz—%—J s—z——s, e>0fixed},

B:={xeRVN:|x—x,] <R},
where 0<R<—;— dist (x,, 0Q) = : R*.

Denote G: = G(x, y, p) the Green function of AL‘,,: = 1—;421, i.e.
the kernel function of the operator (L—p? I)~1. We shall prove the
THEOREM 1.1. We have

(1.0) G(x, 7, )] =Clx—y [2m~Nemantx=,

uniformly in ucZ and x, y € B. Here C,a=0 are some constants independent
of x, y, and p. '
Proor. It is easy to see that

(1.1) (~A+g)" = (A" 3 Cm o)D"
where (assume x, = 0) ' i
(1.2) | DPCrm, o(x)| = Cyoo(|x])|x[1¥l=2m= 15!, (0= | 8] = N).

It is known (HorRMANDER [6]) that for the fundamental solution Ey(x, y, 1)
of the operator (—Ay"—u?™ [. which decreases exponentially, the estimate

(1.3) |DXEo(X, ¥, u)| =Cy|x —y|2m—N—lalg—2rix=yllu
(x, y€B, pez)

holds. Hence we are looking for E(x, y, ) in the form

(1.4) E(x,y, p) = Eglx, y, ,u)—f Eo(x, u, wyh(u, y, wyol|ul)|u] -2 du.
B
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Then for the function i(x, y, 1) we get the integral equation:
(1.5) h(x, y, ) = Folx, y, .“')‘*'fFo(x’ u, wyh(u, y, ﬂ)w(lul)|u1_zmdu’
Q

where

—_ _I_xlj. 2 D;[Cm, an(x7 }’, ﬂ')] *

Folx, y, p) =
ol » #) (] X|) |a|<2m-2

Indeed, if we define
(Bf)(x): = f D(x, V) (y)dy,
B

then
Ef, L) = | [10) [Eo(x, ¥ -
B B

— [Eox, u, wilu, y, .u)w(lul)lul‘“du]Ly(p(X)dx,

Lip = [(=d+qgm—p*mp = (" —p?™e+ 2 Cm, D",

ju] 2Zm—

[(— )™= 2 IEol, 3, ) = (x-),
ES, Lup) = o)+ [ [FOIESx 3, ) > Com aDopl)dydx—

~ [ 1 3, meolhixi =2 Ay )p(x)dxdy -

= [ [ [Et% u, i), y, wyoljul)|u|-2mdu-

B BB

2 ComoDgtlxf(y)dy =

laj=2m-—

=G+ [ [T, 2 DiConcBo, 1)~
~h(x, y, we(|x)x| ="~ [ [la, 2 2D§(Cm,an(x,u,u))]-
- |=2m-

W, y, pa(jul)lu|~2ndu).
Hence the equation (1.5) for i(x, y, p) follows.
Definefork =1,2, ...

(1.6) Flx,y 1)1 = fFo(x: u, w)Fy_o(u, y, wo([u]) | ~2"duz,

13 ANNALES — Sectio Mathematica ~ Tomus XXXI.
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Obviously
(17) h(x: §4 .u‘) = 2 Fk(x’ Vs 1)
k=0

if the series converges uniformly. For the proof of the uniform convergence
of the series in (1.7) we need some lemmas.
Define

I: —[|x y|am=N |y —y|m= N“’i‘”" du,

|u|2m

% = f[x_ulzm—NM_ du,
B

= |x=yl.
LemmA 1.1. We have
(1.8) I=4a(R)yr*m—N,
(1.9 I*=2a(R),

uniformly in x, y€ B and 0<R<dist (x, Q).
Proor. Consider the sets

B(x,y): = BN{ueB: |x—u|=|y~ul}.
Obviously
B(x, 0)uB(y,x) =B, B(0,x)UB(x, 0) =

Now estimate I*. We have

X — u|2m—N_aﬁul_) usfﬂ('ﬂ)_du=a(R),

ul>m |u|N
B, x)

further, obviously,

allul) _ alx—u)
ol ey PO

B(x, 0)C{u€RN:|x—u|<R} =
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~nsequently
jx—aajnn 2D g, f olx=al) 4
, jufem el
*,0) B(x, 0)
- [ L

and hence (1.9) follows.
Estimate I. Obviously

r=|x-y|=|x—ul+u-y|=2{u-y| (eBxy)),
r=|x-y|=|x—ul+|u—y|=2x-u| (u¢B@,x)),
consequently, applying (1.9) (which was proved above) we get
J peatin=sty —uprey S qu <[ g <o 2 acw)
r r

B(x, 0) [z

f X —u|@m=N|y — y|2m-N o(lu]) du =
B » |uf?m

é[%]N—zml*@)s2[ : ]N' a(R),

and hence (1.8) follows.
Now we prove that the series in (1.7) converges uniformly in x, yeB
and € Z, For this we must estimate the functions F,. Define

fk(X, Y, t“') : = ellim #i'lx-yle(x, ¥ l‘)-

o(lal)
e

Obviously
(1.10) |, ‘u)lsCfIx—ulzm_lek_l(ll,y, )
B

Using (1.3) we prove by induction

(1.11) e v, )| = [ca(R)J[x —y >~ N(x, y€ B, p€Z).

For k = 0 (1.11) follows from the definition of the functions f, and F,,
taking into account (1.3). Now using (1.10) and the induction hypothesis

we get
/% 3> ,u)ISCflx ulPm=N|fi_4(x, ¥, @) T(IIZ;L)
oflu)) 4,

= Clea(R)}< []x—ujtm=n ju—y|en=N
B

Hence (1.11) follows from (1.8).

13%
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It follows from (1.11) that the series in (1.7) converges absolutely and
uniformly in x, y€ B and u€ Z if R (the radius of B) is choosen so that Cya(R)<
<1/2. )
Let Ry = sup{R: Coa(R)>1/2}, Ry: = min {R,, dist (0, 02)} From (1.7)
and (1.11) we obtain the

LemMmA 1.2. We have
(1.12) [E(x, u, H)IsCIx_y|2m—Ne—i[m‘u!.\x__yf

uniformly in x, y¢B and u€¢Z, 0<R<R,.
Now estimate the grandient of the fundamental solution.

LEmMA 1.3. We have

£ %
(113) 7By, )| = Cemtmsteo e —ypnenf Ly PR
Ix—yl Ix]
O=e=<1,

where
i

w*(t) = / _“’(7’)— dr.

0
Proor. According to (1.4).

eltm = E(x, y, ul =Clx—y[m—N+

. S S (1)
]x-zz]N'ZmH ,u _yIN—zm luIZm

u|=R
Denote 7 the last integral and estimate it:

I= f + f = I+ 1,

=R =R
x|z o x—y jx—iso Xy

Obviously

L= |x—y|2m‘1‘N/ ! . o(|ul) du=C|x—y|2m-1-N,
ju—y [N e

iuj=R

Now estimate I,. If |x—u| = % [x—y|, then |lu—y|=|x—y|—|u—x|=

2—;— |x —u|, henceforth
If,slx__y|2m—N |x_ul2m—1—N,w(lul) du =
) IHIZm
lu|=R
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= lx=ylmn] f L I B T U
i

luj=

—2— 2 |x] = [uj=R

If ]u[s——zl— |x|, then |x—u|=]|x|— lula% |x], hence

I=c—1 / 1, o) du<c;x|—lf|@aa

x| |x—u|N=2m u|m

0
IHISE Ix]

Further we have

e L a(a)
2= | x—u|N-2m+1 |yem =

fx]

——-s[u|sR
(| x d
D) u _
!xIE Ix_u]N—2m+1]uI2m—€
—g—slulsR
o)) o(|x]) [ f /‘ du ]s
les |u|N+1—s |x_ulN+2m—1_ |u|2—s
——s[u[sR —Z‘SIUISR
BIEZE S
’ R
a)s x t
- 1(l| l) { /t—2+adt + f Ix_ul—N—1+sdu+
x &
% ‘ziis|x—u|sR

Ix}
+ |x]e~2 f |x—u|t~Ndu Scw_l(’lc_’%)_ 1+|x|_1+‘+IXI‘“2fdt -

Jxi 0
jx—u = 2

= Cler(Jx])/1x[*][1 + |x|*7*] = Car(|x])/|x],

where O=<e¢~1 is an arbitrary fixed number.
Define

E* (x, y, u): = E(y, x, p).
The equation

(1.14) JE*x v, WLy, DIOMy = f&x)  (x€B)
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holds for every f¢ fD(f,) with supp fCB. Now let n€C(Q) such that »(x) =
= ] for x€ Q,CB.

Let ‘
H(X,y, lu’) = E*(x: Y, ;u‘)"r](y);
1
Ky, W)= 2 —Dn)LAy, D)E*x, y, u),
O<|a|<2m &%:
where a!: = a,! ... apl,
We have

(L, D) — p*™)H(x, ¥, p) = n(Y)[L(y, D) — uw*™]E*(x, y, p) + K(x, ¥, ).
If yeQ,, then K(x, y, u) = 0, hence
(1.13) ' |K(x, ¥, u)] = Ceeie

uniformly in x€Q,, Y€, ueZ.
It follows from (1.14) that for every fe/D(L)

A Lfe) = [f-RF®),  (xeQ).
On the other hand, for any f¢Cg(Q)
L—wn)1f =L7'feD (D).
Consequently
Af) = Guf) =R Guf(x),  feCT(Q), (EQ).

Extending this equality for every fcL,(2) we obtain the following:

LeEmMA 1.4. For every feL,(Q) and x€Q,
(1.16) Guf () - Af(x) = R G.f(x).

Proof of the Theorem 1.1. The Theorem 1.1 follows from Lemma 1.4,
1.2 and from (1.15) immediately.

2. The mean value formula

Suppose the function ¢(x, x) satisfies the equation

2.1) [—4+9()"p(x, 1) — w*"p(x, g) = O
where ¢(x) satisfies (1), (2), u>0, m a natural number.

DEFINITION. Let I be an arbitrary natural number. We say that g(x, u)€
M(Q) if
1. g(x, p) is measurable in u=1 and xcQ,

2. for every compact set KCQ there exists a constant C(K)=0 such
that |g(x, )| = C(K)u! (x€K, p=1).
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Let M=: = U M!(Q).
1

DeriniTION. We say g(x, u)€ E(Q) if

1. g(x, u) is measurable for p=1 and x€Q.
2. for every compact set KCQ there exists C(K)=0 and g = A(K),
0<pB<dist (0k, 02) such that

lg(x, )] =C(K)e™# (x€K, p=1).
For arbitrary complex numbers g, b and for any p, r=0 set
N-2

(2.2) Wy, 0): = J(@)Y ,(0) - J, ()Y (@), »= o

(23) Siglxm):= [olx+r0, p)d0; S g(x, p): = [N-1S,g(x, pat;
] 1]

r
24 I Pg(x, my: = [Wo(tu, ru)Sig(x, w)tN"2dt.
0

We shall prove the
THEOREM 2.1. Let x¢ KC 2 and O<r<dist x(, Q). Then for any normed
in L,(Q) solution ¢(x, u) of the equation (2.1)
5 Sals ) = i B gl )+ T ap + )5 )
holds, where ¥(x, u)€ E(Q2) and ¥(x, p) =0 zf m=1.
PRroor. Fix an arbitrary compact set K and a number R>0 such that

0<2R< dist (9k, 8%2). First weé prove the theorem for the case m = 1.
To this consider the function

= Lx=yVh) oy Xf('x—y'ﬂ—) JARVE).

|x—yI? yI?
An easy calculation shows that
(2.6) (4+XF, =0, (x=y);

F,
O o YArFuy(r)
or

Fyx,): =

further
oF

lim r2+1 =2 = _5imVAr+'V, (VA JARYA) =
r-0 3" r-0
JARY2) _

= YA J(RY2) fim Py, Yy = C 7oy
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First consider the case x # 0. Then

(pAF, — Fudg)dy = f [qp . _p, 09 ]ds -

on on
|x—yI=R lx—y|=R
|¥|=¢1
Ix—y|=ep
P [ -
on on on on
vl=a jx—y|=e2
aFv aFv 3¢
= Spp— ——F, ds—
ar |,-r s f [(p on an]
x—y =e2
- f (piF—’—F,ﬂ]ds.
on on
yl=o1

Taking into consideration

|22 | el (),
| on 1x|
we have
. 9F, dp JARYZ)
2.8 ] — —F,—tds = CL22—2 p(x
(2.8) im f [fp o o ] 7 p(X)ew
eg+0|x—y|=¢g
further
. aFv 3<p
2.7 lim —F, ds =0,
27) s:»o _[[¢ on 3n]
Iyl=e1
because

} oF,

=, |F|=C, |22 oc2Ux)
: an Ix]

Taking the limits ¢, &, ~0 and using (2.1) we get for m = 1

(2.9) f FA(x, 20000, i)ty =

lx—y|=R

— —VIRF..(RIR¥+1C %)- #(x, 1)
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On the other hand
VAR>42F,, |(R) =

= [Jo+ (RVA) YRV = Yo 1(RVZ) JARY )Y 2 R24 271 = %R,’

consequently

2 (RY2y

(2.10) f o+ ROWO = —wyC~ A e i+

]

R
+—“2— R-v f W.(tY4, RYA)N2 . f q(x +10)p(x +10, u)dOdt.
0

4

Using
j”+ l(Z)yv(Z) — Y,,+ l(Z)Jv(Z) -

we get

zZ_ 2, 2% ]2
C=1lmZ+1Y,i(2) = | = vz
I Yol) = I e e v =

_Te+D) m _ 2HT641)
= - > . ’

hence -%—a)NCn = (2m)N2.

Thus (2.5) is proved for m =1 and x # O (when ¥ = 0). Now let
x = 0. In this case the method used above gives the equality

(pAF,— Fudg)dy = f [.pﬁ’f—" F, 92 ]ds
on " on

s={y=R ly|=R

oF, 3(;0
- £ _F,
f [(p on on

|y|=e

oF» dop 2
———Fp—"lds = ——R" | ¢,
/ [(P Fn on ] w K f(p
[

[yI=R

Obviously,
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further

_9_, |F,|s-9—,
lyi%

53

=

99
on

henceforth

lim f F, % 4s = 0.
3»0[ ] on
yl=¢

According to the continuity of p(x, u) we have

lim fgo oF, ds = (2m)N/2 2 #(0)
e-0 on b4
lyl=2

and the Theorem 2.1 is proved in the case of m = 1. Now we prove it for
m=2. To this we first prove some lemmas.
Let « be any comiplex number such that j«| = 1 and Im« % 0 and set

(2.11) Ko(x,y): = Y Wer (X pa, Ruajq(y)
8 2”+2ﬂ’Jw+1(R,uoc)|x-y|’
(2.12) T(y): = max f |Ku(x, 9)ldy, p>0.
lx—y|=R
We shall prove the

LeEmmA 2.1. There exists a positive constant C such that for y= R~
T (u)= Clo(e™)+ o*(e™4)]

holds, where o* is defined in the Lemma 2.3.
Proor. According to the definition of ¢ and that of K, in (2.11) we have

FKu(x, ¥)|dy =Cp| Joa1(Rpue)| 71+

[x—y|=R

IWsii(|x—ylpe, Rpe)| - [x—y|~q(y)dy =

Ix—yl=R

=celpm®al[ [+ [ ]=
jx—yl=p"t pl=ix—-y|=R

= Cp’ s+ 1f(Rue) | [ 11 + 1]
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Using
(2.14) |V 1(Ruo)]| = },2_;7& e"maw[uo[R—L]],
we obtain
I, = Cpu/2gltm iR f (1] ~2(y) + 5| %~y |~y ~2(y)|dy =

[x=y|=p1
-1

u
SCM—l/ZelIm a|Rpf [‘ulthV—lw(t) + y_lf—lw(f)dts
0

=Cu 2 w(u™) + (u™1)elim eiRe,

Now estimate I,. Using formulas (7), (8) on p. 12 and (1), (2) on p. 98 of the
book [5] we obtain _

(215)  [Wapi([x—y] e, Ruo)| = Cu|x—y| ~Voe®@=lx=siimels
(u™t=|x—y|=R).
Hence, taking into account the equality

f e-aipp=1dt = D(b)a-> (a>0, b>0)
0 :
(T'(®) — is the Gamma function of Euler) we get

I,=Cp~teltmalRu e=-x=yllimalu|y _ yl=r-2) ¥ 'Zm(y)dy -

ul=<|x—y|=R

- C‘u-1/2e[lm a}Rpw(M—l)fe— ¥m a utfp—1 gt = C”—1/2—1w(u—1)ellm alRu
1]

i.e. for Ru=>1 we have
(2.16) | i+ Ip| =Cu2a=" (™) + (w2 JelimelRe,
Using (2.13) and (2.16)
T(w)=Clo(™")+w*(u™)]
follows.
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LEmMMA 2.2. Let « be an arbitrary complex number such that |«] = 1
Im « #=0. Let p(x, p) be a solution of

(2.17) [— A+40)- +o2- Jp (x, ) = P(x, p) (x€2)

loc

in the space Ly~ (), where ¥(x, p)eE(2). Suppose for every compact
set KC {2 there exists a number /=0 such that

(2.18) [lo(x, wI?dx = 0(u") (u=0).

Then p(x, u)€E(Q).

Proor. Fix arbitrary compact sets K,CQ, K,CQ with K, CK,
and a number R=0 and define

K ={yeQ : dist (¥, K,)=2R}CK,C L.
Then for any solution ¢(x, u) of the equation (2.17)

v+ 1(Rua)R*+ !

Srp(x, ) = Qu)N2 J p(x, w)+
(o)
v+ 1
2 R IR g 1, ),
He
i.e.
(2.19) 9%, 1) = J(x, )+ Pplx* ), (x€Ko),
where
PR | ~ +1
f% B = [ o ] s 1(R/w)]‘1[SR<P -z R R ”+‘<w)]<x, o),
7R 2 pe
Pox, u): = [PCx, )y, )y,
Ky
P(x, y) — {K#(x’ }’) 1f xEKO ny€ VR(X),
0 if x¢K,Uy4Vg(x)

Ve(¥): = {y:|x-y|=R}
and K,(x, y) is defined in (2.11).

It is easy to see that for the integral operator P: ﬁ(C(Kl))CC(Ko),
hence for any feC(R2) and for j =0, 1, ...

1Pl o = THlfllc -
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It follows from Lemma 2.1 that T(u)<1/2 if pu=pu,, hence for the solutoin
¢(x, p) of the Fredholm type integral equation (of second order)

(X, 1) = 2 Bif)x, 1)

absolutely and uniformly in x€ K,, consequently

(2.20) Ipllc oy = 1fllc (-

According to WeE(2), there exist positive constants C(K,) and B, with
0<f<R|Im a|< dist (0K,, 022) such that

lwlle ooy = C(K p)e .
Hence, similarly to the proof of (2.16) we obtain
[R* LR 7+ ()| c sy = Cu = 12elm olRu—pu,

Consequently, according to the assumption (2.18) and (2.13) there exists
[=0 such that

Il gy = Cp+ 512 im iRu] o 4. y=r=32glm e8] = Ce,
Hence, taking into account (2.20) we get
lgllc ay=C(K)e=?, ie. g(x. u)eE(Q). O

LEmma 2.3. Let «, |a| =2m—2 be an arbitrary multiindex and g(x, )€
Ly(£2) be an arbitrary solution of (2.1). Then there exists /=0 such that

[1D5p(x, w)?dx = O(u) (u=1)
K

uniformly on every compact set KCQ.

Proor. Fix any compact sets K,C KC £ such that 0¢K, and let we¢
€C=(Q), supp oC K such that o(x) = lon K,. Let 2¢ Z and consider the
soluiion E(x, y, z) of the equation

(—4+9x)"E(x, y, ) —Z*mE(x, y, Z) = 8(x—Y).

Applying the Green’s formula for the functions ¢(x, p) and w(y)E(x, y, 2)
we obtain

(2'21) ?’(X, ;u) = fEl(xy Y H)(P(J’, N)d}’,
K

where
E\x, ¥, u): = [-4+q0)]"(1-0@))EX, ¥, )+
+ (p*m — Z2™ya(Y)E(x, ¥, 2).
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Iterating (2.21) some times, we get a kernel belonging to L,, and then
applying the Cauchy —~ Schwartz inequality, we obtain:

pllz= oy =Cpht

with some /,>0. Hence, taking into consideration the Lemma 1.3 and the
condition |x| =2m—-2<N/2 we get

[ 1D, w)l2dx=
K 2
=cus [ [ [ [ > #ZMIx—ylz’"'”““"lyl—zm“'“'"ﬁ"w(lyl)dx]] dx=C,
21 Lei=al

where [ = [, +4m.

Proor ofF THE THEOREM 2.1. Denote «;, j =1, ..., m the m—th
roots of «, and let «; = 1. Define
A= —-A+Q(X), (Pl(x’ Au’) = (P(x: ‘U’Zm),.

qu+1(x, Au‘): = [A—“‘?/"z](Pj(x) cu‘)) (.’ =1 ..., m)
Obviously, @,+1=0, g(x)€Ly(Q) and
(Am—pim)p = a (A—aiu)p.

Applying Lemmas 2.2 and 2.3 we obtain ¢;€E(Q), j = m,m—1, , 2,
Because ¢(x, u) fulfills the equation
[~ 4+ - lp(x, 1) = golx, 1)
and @,(x, p)€E(Q) if P(x, u) = @,(x, p), we get the desired (2.5).

3. Estimate of the sum of square of eigenfunctions

We shall prove the
THEOREM 3.1. For any A=
3.1) > Unx)=00@N1

lup—Al=1
uniformly on every compact set KCQ. Here u, = 1%”—
n
Proor. Fix any compact set K2 and any x¢ K. Consider the function
1 JKrd)
N/2 r=9
(3‘2) v(r) = (27'5 N/ZJ' P R=r= R,

0, othervise,

where » = —2

and 0<R<% dist (x, 0 2),r= |x—y|, yeK.
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For the eigenfunctions U, according to the Theorem 2.1

S.Ux) = @apva L) oy 1
(reny

63)  + 5 [ U~ i)Vl S AqU+ o)

where

S,0(x) = f o(x +16)d0.

Using 3.3 calculate the Fourier coefficients of v(r) with respect to the system
{Un}:

(3.4) Vy = f V(U (y)dy =

Q2

i

(2m)~NIANT2 jv(llx J;ll) )y =

R=|x—y|=2R

(2 T / Jur l)r"“S U, (x)dr =

e f AR JArurdr +
&n

r

f I x)r UtV o) = JAru)V e +2S (qu, + p)dt.

2(2 )N/z

Denote

2R r
35) I (g =Vi f JGAY uaryr f JAtu Yo +iS g)dtdr,
R 0

2R r
(3.6) I, (9):=V4 f JokAr) Joanr)r f Yi{tu,) S g)dtdr.
R

o
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First prove

2R
(3.7) A = u, f JAr) I rdr =0,
R
(Jpp—4] =1,AR=>1).
Using
2 YR @ 1
= == cosjz— - . -
&) Vnz [ 2 4]+0[z3/2]’
we have
2 7 1
Vi T
A== — cos|rA——— 20l —||-
/[er [r 2 4} ((Ar)m]]
it 5l
Ve T2 4 (run)*?
Obviously
2R 1
-2 n_zz__]d +0[ ]
- Vlun [r 4]cos[m 5 2 r 1
R

Using |u,—4| <1,cospcosy = %—[COS(QU—}—@U)—}-COS (p—v)] we get

2R
= %V—‘[}‘— [/ cos [r(l —l—,u,,)—vn——%]dr+
R
2R
+f cos[r(ﬂ—‘un)]dr]+0[%] =
R
in|r(A+p,)— [*
sin|r -
_L]/ﬁn_[l[ " 2];
Cal A Ay,

. SIN(2R(— 1) ~Sin(RG— 1) ]+0[_L]
A

z'_#ﬂ

+
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hence, taking into account sing—sin » = 2 cos PEY gip P¥
we obtain
cos[ 2R (- sin[ X - )
A=t 2 2 +o[i
Tz A—p, Ay

T .
We can assume R<16~. Hence, using

N—1

[Un()] =Clva| +CA 2 [| @ity +9)] + | Ln(qU )|
For the proof of the Theorem 3.1 it is enough to prove the following estimates

(3.8) > v,2=Cavt,
n=1

(3'9) —?|<l| ]ln(qunlgscy

(3'10) |12n(qun!25C7
#p=Ail=1

(3’1 1) Z !Iln('lp)lzsC)
[tn—4]=1

(3.12) 2 aw)P=C.
tp—A|=

The estimates (3.8), (3.9), (3.10) one can prove similarly asin [10]. For the
proof of (3.11) change the integrals in (3.5). It follows:

2R r
Iyn= VA [ JNYun)r [ JAtu,)+ 1S (y)dtdr =
R 0 i
__ R 2R
= VI [ Jltu)t+ Syt [ JAar)Y ryrdr +
0 R

i V}T.?R Jltp )P+ S{w)at 7{? SNV w,r)rdr.

14 ANNALES - Sectio Mathematica — Tomus XXXI.
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If |u,—4| =1, then

(3.13) 7 JAANY (u,r)rdr | <CA-1, (R=t=2R).

This follows immediately from the asymptotic of J,(x) and Y,(x) for x=1.
According to the Theorem 2.1 p€E(f2), hence there exist positive
constants C, § such that

(3.14) lp(x, p)| =Ce=Pin, (x€K),

hence
2R

[ 1T+ 18 Ly d = Ceton,
0

consequently, according to (3)
2R

Zn | a?=C7r 2, f | Joltun) | F 1S, |y |di=
=1 ltp—ai=1

ll‘n_l = h

=CA~1e=2 3 1=<Cir-1e~22 <(C.

tn=4

The estimate (3.11) is proved. Now prove (3.12). Changing the order of
integrals in 1, ,, we get

2R r
Lyw = V2 [ JONJud)r [ Viltun )+ 1Sppdtdr = -
R 0
_R 2R
= V7 f Vltu, )+ 1Spdt f JQ) Jkpr)rdr +
0 R
_ 2R 2R‘
+VE [ Yiltun)t+ Sppdt [ JOn) Sl yrdr = 13, 13, e
R i
On the order hand the symptotic of J,(x) for x=1 gives
(3.16)

2R
[ 3N Juaryrdr | =Ca72,

further, according to (3.14) we have
2R pp

f lyv(t/‘n)ltvﬂstiy)l dfsCf ‘u.;”te—ﬁundt.l_
0 0

2R
+C f 24 U2e=Pun df = Ce—Pun[u2-7 4 pu—112] = Ce~Fen,

lll‘n
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consequently, taking into consideration (3.15) and (3.16) we obtain

2R 2
2 ot=en 2 ([ 1vmyirsivia) =
lep—4[=1 lep—2i=1 gy
=CA71e A3 1=Ch-le-=<C
Hp<i

which proves (3.12). O
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THE NUMBER OF SOLUTIONS OF THE GENERALIZED PSEUDOPRIME
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In 1972 A. Rorkiewicz asked in his book the following question.
“Let a, k=1 be fixed positive integers. Do there exist infinitely many
composite integers n such that

¢))] a*~*=1(mod n) ?”

(Cf. [10], Problem 18). A composite solution 7 of (1) is called a pseudoprime
with respect to a if k = 1. It is known that infinitely many pseudoprimes
with respect to a exist for all a. In [10] A. RoTkiEwicz established several
necessary conditions for the congruence (1) to be true for an arbitrary
pair (a, k). Other investigations have shown that (1) has infinitely many
composite solutions when (a, k) is subject to various restrictions (see e.g.
[5), [9), [10], [11] and [12]). Finally P. Kiss and B. M. PHoNG in [4] have
given the positive answer for the problem mentioned above, proving that
for any fixed integers a, k=1 there exist infinitely many composite integers
n satisfying the congruence (1).

Recently, W. L. Mc DaniEL [6],[7] and B. M. Prong [3] investigated
a composite solution n of the congruence

(2) an~k=br"* (mod n),

where g, b and k are fixed positive integers. Their result shows that if
(a,b, k) = (25+1, 25—1, 3) for s=2 or either of (¢+1,¢, 2) and (c+3, ¢, 2)
for c =2 then the congruence (2) also has infinitely many composite solutions
n. In {8] W. L. Mc DanIeL proved that there exist infinitely many triples
(a, b, k) of each of the (c+ 1, ¢, 2), (¢+3, ¢, 2) and (25+ 1, 25— 1, 3) such that
(2) has infinite many composite solutions.

On the other hand, R. BAILLIE and S. S. WAGTAFF, Jr [1] proved that
for any given odd positive integer n there exist exactly

3) T@n-1,p-1)

pin
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distinct values of a modulo n, for which the congruence a*~'=1 (mod n)
holds.

The aim of the present paper is to extend the result of R. BAILLIE
and S. S. WacgTAFF, Jr [1] mentioned above for the congruences (1) and (2).
We shall use the following notation. If n is a positive integer, then we define
n* as follows:

1*: = 1 and n*: = S if n>1,
IIp

pin

where p runs through all prime divisors of n.
First we prove the

THEOREM 1. Let n and k be fixed positive integers with 2{n and n=k.
Then there exist exactly

(4) (¥, k)I{I]n (n—k,p-1)

distinct values of a modulo n, for which the congruence (1) holds.
We note that in case k¥ = 1 the formula (4) gives that of (3).
Proor. Consider first the congruence

®) f(x) = x~¥—1=0 (mod p*),

where p is an odd prime number and «=1 is an integer. It is well known
that for the moduli p* there exist primitive roots. Let g be a primitive root
modulo p~. Then the congruence () is equivalent to that of

(6) (n—k)ind, x=0 (mod ¢ (p*)).

Since (n—k, ¢(p*))|0, the congruence (6), and so (5) has exactly
(n—k, @(p=)) solutions.
Let n = J] p*, where p’s are odd primes and hence p?|n denotes

%lin
that pe|n, bit p**1{n. Consider the congruence
) J(x) = xr~k—1=0 (mod n).

Using the number of solutions of the congruence (5) and the Chinese Remain-
der Theorem we obtain that the congruence (7) has exactly

(8) IT (n—Fk, p(p))
p“l|n
distinct solutions (mod n). On the other hand, we have

=) — an_k a—1fp _ =
S (G ﬂg& [ re-n) =
pltn—ry

- H pmin (a,p-7) [fl_—ak, p— 1] —
p“”n p
pAlltn-1)




ON A GENERALIZED PSEUDOPRIME CONGRUENCE 215

= J] prin@d(n—k, p—1)=(n*, n-k)]J] (n—k p-1) =
pPlln* pin
il (n-k)

=(n*, k)][(ﬂ k,p—1),

because (p, p~1) = (p, (p—k)/p®) = 1 and n*|n. Thus (8) and (9) give (4).
This completes the proof.

Another question one might ask is: for given positive integers n, k
and ¢, how many pairs (a, b) satisfy (2) and a—b = t? The answer is given
in the ‘

THEOREM 2. Let n, k and t be arbitrary given positive infegers with (n, 2t) =
= 1. and n=k. Then there exist exactly

(10) (n*, k)‘.{IIn{(ﬂ—k,p—l)—l}
distinct values of a modulo n, for which there is an integer b such that a—b =t
and (2) holds.

For the proof of the Theorem 2 we need some lemmas. For given integers
a>b=1 put Ea, b): = a—¥* (i=0). If a positive integer n is a divisor
of one term in E(a, b): = {E,(a, b)}i=o0, then we denote by e(n:a, b) the
least positive integer m such that n|E, (a, b). The following result is well
known.

Lemma 1. ([2], [13]) We have
(1) n|E,(a, b) if and only if e(n; a, b)|m,

(") e(p; a, b)|p—1,
(i) if pIE,(a,b), then pPlE 5, (a,5)/E.(a,b),
where (n, ab) = 1 and p is an~ odd prime with (p, ab) =

LemmA 2. Let £, m and « be given positive integers and let p an odd

prime number with (p,f) = 1. Then there exist exactly

(11 (p=~, m)f(m, p—1)—1}

distinct values of @ modulo p%, for which there is a positive integer b such
that a—b = f and

(12) E, (a, b)=0 (mod p%).
Proor. For given integer f we put
m-l(m o
(13) F (%)= (x+fym—xm =i=zo [ ; ]tm“'x‘.
Then
(14) F(a) = E_(a, b).

Consider first the congruence

(15) F,(xX)=0  (mod p).
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Since {p,t) = 1, any solution x of (15) satisfy (x+1, p) = (x, p) = 1. Taking
into account the Lemma 1 (i) and (14) it is easy to see that the congruence
(15) is equivalent to that of

(16) Fyx)=0 (mod p),
where d = (m, p—1). Since d|p—1, hence, using (13) we get
(17) F,,,(x)=F, () G(x),

where G(x) is a polynomial in x with integer coefficients and deg F,(x) = d— 1,
deg G(x) = p—d— 1. The congruence F,_, (x)=0 (mod p) has exactly p—2
solutions (mod p) and so by (17) it follows that (16) has exactly d— 1 solutions
(mod p). Thus the congruence (I5) has exactly (m, p—1)—1 solutions
{mod p).

Now consider the congruence
(18) F(x)=0 (mod p).

Using (13) we have (F,(x))’ = mF,,_,(x). Thus, if pfm then for any solution
x of (15) (F,(x))’=0 (mod p). This proves that the congruence (I18) has
exactly (m, p—1) — 1 solutions (mod p). Since (p, m) = 1 we have (p*—!, m)=
= 1 and so we get (11).

Let now p|m and we write m = p#f m’, where =1 and (p, m") = 1.
In this case for.any integer x we have F/{x)=0 (mod p). Since (15) has
(m, p—1)—1 solutions (mod p), the congruence (18) has p>—{(m, p—1)— 1}
solutions (mod p?) if e =<f+ 1. From this we also get (11) because in our case
(pa—l, m) — p'x——l_ .

Finally, assume «=>f+1, where m=pf m’, f=1 and (p, m") = 1.
We have

E 5,.(a,b)

E (a,0) = _—~Em'(a, o)

EmAa, b)

and so, using the Lemma 1 (iii) and (14), the congruence (18) is equivalent
to the congruence

(19) F ,(x)=0(mod p*—F).

As we have shown above, since ptm’, hence the congruence (19) has (m’,
p—1D—1 = (m, p—1) — 1 sulution (mod p=—#). Since (18) and (19) are equiv-
alent, hence we obtain that the congruence (18) has pf{(m, p—1)—1}
solutions (mod p*). In this case, we have a=>g+1, (p>—1, m) = p2 and so we

obtain also the formula (11). This completes the proof of Lemma 2.

ProoF oF THE THEOREM 2.
Let n = [] p> and consider the congruences
p“”n

E,_(a,b) = an~k—-p"~ =0 (mod n)
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and
(21) E, _(a,b) = a»~*-b"k=0(mod p*).

Applying Lemma 2 with m = n—k for the congruence (21) and using the
Chinese Remainder Theorem we obtain that there exist exactiy

_{L% (pa_l’ n—k){(m, p— 1)_ 1}

distinct values of ¢ modulo n, for which there is an integer & such that
a—b =t and (20) holds. On the other hand we have

I (=Y, n=k){(m, p—1) -1} = ]] Rl ”—k)ﬂ{(m p-D-1}=

‘ZHn

= (n%, —l\)]]{(m P—l)—l} = (ﬂ* k)ﬁ{(m p—1)-1} =

pin

= (TZ*, k)pg/]n{(n_k’ pP—- 1)" 1},

and this proves the Theorem 2.
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Introduction

Let (X, || ||) be a Banach space. An M C.X subset is proximinal,
if for all xc X, there is an element m(x)€ M such that

lx—m@)| = inf {x—m|=d(x, M).
meM

A proximinal set is trivially closed.

E. W. CHENEY [1]raised the following question. Let be U, V proximinal
subspaces of a Banach space X. Assuming that U+ V is closed, what is the
situation with the proximinality of U+V ?

M. FEDER [2] gave an example with the above assumptions such that
U+V is not proximinal. On the other hand, he has shown that U+ V
is proximinal in the case when U is proximinal, V is reflexive, UNV is
finite dimensional and U+ V is closed.

In this remark — modifying the proof of FEDER — we show that the
finite dimensionality of UNV is not necessary.

The result

THEOREM. Let (X, ||, ||) be a Banach space, UC X a proximinal, VC X
a reflexive subspace of it. Let us assume that U+ V is closed. Then U+ V
is proximinal.

Proor. Let us start with the following (probably well-known)

LeEMMA. Let A: Y~ Z alinear operator, where Y, Z are Banach spaces.
Then there exists an Y'CY dense subset such that AlY’ is continuous.

PRroor oF THE LEMMA. We define

Y, ={ye¥; |Ay|=n}
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Clearly D Y, = Y. Using the category argunent, there exists an n* and
n=1
a ball centered at some y* with radius >0 with the property

B(y*, s)CVn*.

This implies the existence of the desired Y’ subset using a shift of y*
. into 0. The Lemima is proved.

Returning to the proof of the Theorem, let be x,€ Y. Clearly, there
exist uy, uy, ..., €U, v,V,, ... €V such that

1l<im lixo = (g + Vi)l = d(xo, u +v).

Let be U* a(non necessarily closed) subspace of U such that U+ V = U*+ V
with the property U*NV ={0}.

We define the linear map P: U+ V —~V on the following way:
P(u*+v) = v for all u*cU*, veV.

By the Lemma, P is continuous on a dense subsetWcC U+ V.

Now, we can modify the sequences uy, u,, Uy, ..., V5, Vo, Vg, + .
so, that uj, u;,...,€U, vy, v3, v, ... €V and uj+ VW, us+ VoW, ...
with the property

fim [}, — (uic + il = d(xy U+ V).
Ko

Clearly, the sequence uj-+v{, usj+vj, ui+vj, ... is bounded, so, the
same is true for the sequences

gx = Plug+vi) k=12 ...)
and
Ug+Vik—8k k=1,2...)

Here gpeV, uip+vk—ge€U*, so, up+vg—gg€cU.

After this point we use (almost) the proof of Feder. For the sake of
completeness, we reproduce it here.

Being gy, g,, g5, a bounded sequence of the reflexive space V, it has ([3], p.
38, Th. 1) a weakly convergent subsequence. Without loss of generality,
we assume that g;, g,, g5, ... weakly converges to an element g, V.

Using now a well-known result of Mazur there exists a sequence g,

o Zas -

go= 2 MG
pn<lspn+1
with properties
M=0, 2  A=1

1
pp<i=ppT,
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and
(1) ,l,ir{la | Zn—2l = 0.
Introduce
fo= 3 Aui+vi-g)
pn<zspn+1
Io—Fu—Eal=l 2 (o—u/—vitgi—gll= 3  Allxo—u;j—vi|
p<i=pp 1 Pp<i=Ppi;

SO

Tim %y = fou— Fall = dlxoy U+ V),
applying (1),
(2) lim ||Jxo~ [~ goll = d(xo, U + V).

n— o

Let be f, a nearest element to x,—g, in U (here we have used the proxi-
minality of U). Being f,€U,

%o =80 — foll =1%o = go— Tall,
so,
1xo —go — foll = d(x,, U+V)

clearly.
The Theorem is proved.
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The notion of trigonometric conjugate function played an important
role in the harmonic analysis and in the approximation theory. In 1941
G. ALexits [2], [3] proved that for any 2z-periodic continuous function
I =0, (Nlicroz=1 = O (1/n) if and only if the conjugate function f
of f belongs to Lip 1. Later on from the ideas and results of G. Alexits deve-
" lopped a fruitful branch of Fourier analysis, the theory of ‘“‘saturation”.
Recently E. M. SteIN and B. MUckeENHOUPT [4] generalized the notion
of conjugate function for ultraspherical case and using this they developed
a theory analogous to classical harmonic analysis, e.g. they proved the
analogon of the Riesz Marcel theorem etc. B. MuckeNHoupT defined
analogously the Laguerre and Hermite conjugate and showed in [5], [6],
[7] that they are also suitable for developing a corresponding harmonic
analysis.

On the basis of the notion of Hermite-conjugate I. Joé developed the
analogon of the theory of Fejér's means for the Hermite case, i.e. he showed
that thisnotion isvery useful and suitable also in approximation theory.
Among others he generalized Alexits above mentioned classical result for
the Hermite case [8], [9], [10].

Our aim in this paper is to prove an analoguous theorem for the Fejér-
means of the Jacobi-Fourier expansions.

Using our result, M. HorvATH [12] recently proved asaturation theorem
for Abel-Poisson means.

Denote j, (a, 8, x) (2, B> —1) the orthonormal system of Jacobi poly-
nomials, i.e. j,, is a polynomial of degree n for every ne{0, 1,2, ...} further

1
f s By %) B (1 =21+ X)PAx = 8,
1

6,,, m= {O’ _fl'?-"m; n, meN.
l,n=m
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Denote
Ju, 8 = {Jnle, B, cOs O}no,
Iy, g0 = {sin O («, B, cos O)}r=1
We, s(x): = (1 —x)*(1 +x)°.

For any orthonormal system @ = {p,} denote D(®D) the set of measurable
functions for which the Fourier coefficients with respect to @ exist.

DeriniTiON (after Stein-Muckenhoupt [4]).
Let feD(j.,p) and

e

@)~ 2 a{f)jile B, cos ©),

k=0
3 1
af): = / FO s s X)(1 ~ )1+ x)Pdlx.
-1

If there exists an fe/D(1,, ;) with Jacobi-Fourier scrics

£=3

O~ 3 —adDjiale+1,8+1,c050)sin O

k=1
—af) = f F(O)sin Oj,_y{a+ 1, 3 + 1, cos @)oXO)dO

then we call f the Jacobi conjugate function of f of parameter a, §.
Introduce the notation

ﬁ& 9 1+_1 9 ﬁ.{. _l_
0(©): =2 2 [sin ——5] 2[cos —2—] 2,0<0<1I
and let

(1) Lr(o): = {:[0, II]~R:fo € LP(0, m)}.
We shall prove the following statement, seeming new also for o = /3

THEOREM. Let «,f= ——;—, l<p< oo and feLP (o). Suppose that there
exists fe Lp (0). Then the following assertions are equivalent
le(®)o(f, ©)=f(E)]ilro, m = O(1/n)
(2) fis locally absolutely continuous on (0, =) and

lim g%f = 0, [0 ]’ 1€ LP(0, IT).
a—-0

Q-7
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REMARK. We hope to return to the cases < ——;—or < ——%— in a

subsequent paper.
The proof uses the ideas of the paper [9].
We need some lemmas.

LEMMA 1.
[e¥@)sin Of,_y(x+ 1, 8+ 1,c0s0)] 0~ %O) =

®3) = [n(n+a+B+1)]? B, cos 0).

Proor. Using the notation of the SzeG6’s book [11], we can write the
Rodrigues formula

(1 =x)*(1 +x)Pp,» #(x) = —%}1—?”—[( 1 —x)r+e(1 + x)n+e)m,

Consequently
[(— D)n=320=Y(n— D1 —x)=+ {1+ x)e+ 1PSH PP D)) =
= [(1 —x)"+(1 + x)PHE) = (—1)2nal(1 —x)*(1 —l—x)ﬁP("" ﬁ)(x)

Using the fact that for the normalizational constants h$” »® | defined by
1

P P(x) = <h$:" ) 2 jul@ 8, %)

we have
1

1
[ hga,ﬂ) ]T_L( n+oa+p+1 ]“2“
h 2

(«+11,ﬂ+ 1y n
we obtain
[(L=xy+ (A +x)+ T, _y(a+ 1, B+ 1,%)] =

na
= —[n(n+a+ B+ )] (1 -x)2(1 +x)j(x B, %).

Now the substitution x=cos @, 1 —x=2 sinzg, 14x = 2 cos? —g—gives 3).

LEmMA 2. Let
(4) Z akjk(“’ /9, €os @)7

k-0

any formal Jacobi series such that its Fejér means o, are bounded, oo/, =
= O(1) for some l<p< . Then there exists an f with of :LP(O 77) stch
that (4) is the Jacobi expansion of f.

15 ANNALES — Sectio Mathematica — Tomus XXXI.
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The proof can be given as that of the corresponding Lemma 3. in [9];
we omit the details.

LemMa 313,14, 15, 16]. Let l=p=<c,0,f= ——;—and of € LP(0, m).
then
©) leonfllp=c(@)ieSN,-

Lemma 4. [10]. Llet (p,) be a sequence in a Banach space B and let

2, ~ [n(n+o+B+1)]2. Then the following statements are equivalent for
the Fejér means o,:

(4) lloa( 2 Lupill = O(1),
(B) lon( 2 @) —oll = O(1/2,) for some o€ B.

Now we can prove our Theorem. (1)=(2).
We can suppose a,(f) = 0, i.e.

(6) f@)~ > a,ji(=, B, cos 0).
k=1
Consider the series
1

(7) Zl [k(k+a+ B+ 1)) 2 & ji(@ B, 05 ).

From (1) and Lemma 4. it follows that

leon (MM, = O (1)

and it means by Lemma 2 that there exists g, pg€LP(0, =) with Jacobi
series (7).
From (3) we get

an(g) = [den(7)],9—1'
Using Lemma 3. we obtain

lelon(g)—£lll,~0 (n—~ )
or ,
®) le~X([e. 1 — e%)ll,~0
and again from Lemma 3

©) le™Xe%n] — 0*)ll,~0.

The comparison of £8) and (9) shows (see [9]) that ¢*f is locally absolutely
continuous and (%f)" = p?¢ and hence o' (%) €LP(0, =). The relation
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(<]
limp?f = 0 follows from the fact that 0%(0)0, /(@) = f o%,g tends
[s]

-0
Gon

-4
uniformly to f 0% = p%(O)f(6).
0

(2)=(1).
We know that

ot = [0%1 02 € L0, m).
Let

(10) P(O)~ > dyjula, B, cos O).
k=0
The coefficients will be counted as follows

de= [ p(O)ifa: B, 05 0)e(0)d0 = [ [Fe*) jile B, cos ©)d6 =
1] 0
1 =
= [kk+at+p+D]? 7(0)0%0) sin Ojy, -y(a+ 1, B+ 1, cos O)dO =
. 0 .

1 1

= {[k(k+<x+ﬂ+ 1) 2o y(f)=[kk+a+B+ 1] 2a(f) it k=1,

0 if k=0.
By Lemma 3.

leon(@li, = O (1)
and then Lemma 4. states that there exists o€ LP(0, ) such that
le(ea(H)—all, = O (1/n).

Since ||le(on(f)—Nl,~0, hence
f=o0

hence (1) holds.
The Theorem is proved.
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The aim of the present paper is to prove an L,-convergence theorem
with order for Lagrange interpolation based on the roots of Laguerre poly-

nomials LE x), «=0. Our result is continuation of the classical investigations
of J. BaLAzs, P. ErpGs and P. TURAN [1]—[4]; see also the further refe-
rences.

1. Introduction

In 1911 D. Jackson proved the following inequalitiy
C e

where
E(f): = inf ||f=tllcro,2x,f€C[0,2]

theTn
T, denotes the set of all trigonometric polynomials of order at most n,
C[0,2x] denotes the class of 2z-periodic continuous functions. The inequality
(1) plays an important role the theory of trigonometric approximations.
Later on many authors gave the analogoues of (1) for different approxi-
mations. First result of this type was proved by G. FREuD [3], namely,
he proved the following inequality:

@ En(e,f)ps%Ilgf’llzﬂ—w,»), l=pe o,

where

e = e, E(of)y: = itk olf — P )lusie o
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P,, denotes the set of algebraic polynomials of degree at most n. This ine-
quality was further generalized by G. FReuD in [6] for more general weight
functions. The analogous problem for the Laguerre weight was solved by the
first author of the persent paper in 1975, but it remained unpublished.
Recently the same result was found independently by the second of us, and
we have recognized that this result can be applied to solve a problem of
P. TurAN. We present all this in the paper. Remark that Jackson type
theorem was proved also for Jacobi weight in [21]. The first step in the
direction of solution of Turdn’s problem is due to K. BarLizs [15] by giv-
ing another approximative representation for the Fourier transform and
by estimating the order of approximation. MERCER [I6] condinued these
considerations.

The authors are indebted to professor J. BaLAzs for setting the problem
and for his valuable discussions.

2. The Jackson-type inequality
Let
U(x): = x¢~ o> —1,x>0), I sp= o
and define

BNy = int .l =)l -l = [f E xp] v,

0
Introduce the following function classes

Wa): = {f:uf € LP(0, )},

Ma): ={f: 1.1, -. ,f(" B are locally absolutely continuous and 1, 44, fP €
elfp(o wyfor[=0,1,...,4.
We shall prove the followmg Jackson type inequality.

THEOREM. 1. Suppose, 1 k€N, feW ), l=p<e and «=0.
Then

(1  Euef),= (’” R LN

with a constant ¢(p, k) depending only on p and k.
For the proof we need a lemma.
Lemma L. Let > —1 and

@f;‘(ua): = {gGL”(O,“): fgpnuz =0 Y Pn e@n}'
0
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Then for any gePL(u, we have

e

) IIgIl Ua43/2(X).

Proor.
Denote I'x(f) the characteristic function of the segment [0, x]; then

fxgua = ' f g,
4] ]

<lgl [ |7~ palu
0

= fg(rx—pn)ul
0
implies

X
[ g | =gl ELT ks

0

hence it will be enough to prove that

o(x
@) E(Ty o)y = E/ﬁ) ua+l[2(X)
W; l;now- the Fretid’s estlmate ([27 1, p. 72) S
RS T £ R0 oDl SR oAt 2 A .
(4) 2n—2(Px7 _uar.)]_S }u,,(x)
where

‘ n -1
ey = (3 e )
k=0
is the Christoffel-function. It is known that (C£.[7], [30])
(5) Zn(X)S ( ) 1( )

Uy p1y2(X) if ==L =x=c)()n.

Now for ——+ 4() 222 = x=c,(x)n (3) follows from (4) and (5).
n .
If 0=x=C,(x)/n then approximate I', by the constant function 0:

¢(@)
14

=l 1/2(%).

x
C
En(r'x, ua)s / ll,,‘s(,‘(oc)x““*’1 S—}/(rf_’l‘_)—_xa_H/ZS

0

If X =C,(a)n then approximate I", by 1:

E(Ty uo)= f ”aﬁ—c"%)"”aﬂ/z(x)-

x
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|
The last inequality can be checked by differentiating both sides. So (3)
and Lemma 1 is proved. |

Proor of Theorem 1 for p = 1 (we prdve this case for a> —1).
If X is a normed space, X,C X is a clépsed subspace and x; ¢ X, then

dist (xy, Xo): = sup [(f, %]

fexy

Hrl=i

(The supremum runs over the functionals fe X* with norm=1 which are
are vanishing on X). This is an easy application of the Hahn-Banach
theorem. As a special case we get

(6) Ef,udy = sup | [ fou..
gD b

: Hgllw=1
Integrating by parts we obtain

(7 Offgu<x = [f(x) ()j‘xgua]:—ofoef’(x)[()fxgua];lx.
Now

T fawax =17 - | — o] = ter il
PR | .

[l ua+1/¢. 0 }/Il

hence Theorem 1 will be proved for p = 1 if we show

®) |7 fu]” =0
h 0
Consider first the case X —0+. Then
X X
gu, | =c [ tdt=c(e)x*t1,
Je=ef

hence

1) [ g | =] F) = D) 41+ A1) 3.

The second number here tends to zero by «= — 1, and the first one can be
estimated as follows:

1
x!l+1 ff/
x

1

syicf ]f’(t)}t““/?dtscﬁcf |/ |tat 120,

X

I

=x*t 1“f” Ll(O,l)_”O-

1
xo:+lff’
X
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Now consider the case x— «. If follows from (7) that there exists the
limit

A: = lim f(x)fgug

X— oo

Suppose indirectly that 14| =0; then for large x we have

%IAi =| 1) f g1t | = (@) (ttas 1)1,

~—*< clo) | f()ue))|

which contradicts to fU, ELl(O ). This contradiction proves (8) and
hence Theorem 1 for p = 1.

Now let p = «. In order to avoid technical difficulties we apply
the substitution f*(f): = f(t*/2). Denote for f>—1 by W,[B] the space
of all oddfunctions g: R~R, locally absolutely continuous on 0, <) and
satisfying

Ugg, Ugg’ € LA(R), Ug = |x|Pe—*"

If can be simply checked that the transform f-f* is a one-to-one corres-
pondance between W () and W [8] further

9) NS, = elpy U 2es 1pS i llttar 112 1, = €2(0y U204 110S* |l
Introduce the notation

E (U, )y = iﬂf llUﬁ(q)—Pn)Hp-

Since ¢ is odd, the best approxxmatmg polynomxal must be also odd hence
we can apply the substitution x = 2/2 to obtain

(10) E,(u,, f)p = ¢3(P, X)Ep (U2 !'/Pf*)p'

The above considerations show that (for any fixed 1 =p= ). Theorem 1 is
equivalent to

(1 EUn0y=-~CL U,
for any ﬂz-}l)— and geW [B].

In what follows we prove (11) instead of (1). We showed (11) for p = 1
and 8>0. (The case § =0, p =1 was proved by FrReuDp [5]). Take the
case p = o, f=0. Use the device of G. FReuD [5]. First we have for =0
and I=p=-o

(12) 1Usangl, = ()1 Uagll
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(see [18]). Define for x>0 the function

Ug(t) sgn (x—1
ll): = {0
(Px(—t)
where :
L fILx
) = {[x, 1

Then for the function

te(l,x,
tE[O) °°)\<1’x>7
<0

, x>1,
x=<1.

4

X

qn+1(x): = g(l) + _/. ﬁn(g’f t)dt’

where

'ﬁn: _ Sn +Sn+1 +

-+

n

is the de la Valleé-Poussin mean, we get

18(X) = g 4a(X)| =

[1g' = 2e)psU3

=clUg'l- [ |
0

and hence

(13)
We know that

[8(%) = p41(x)]| = cE (U

E2n(Uﬂ’ (Px)l = CEn(ll,,, Yjx)

where 2041 = § and

(]/ Q“z) ~28p22

"/)x(z) = (Px(ﬁ—z) =
0

x(g’ - 79n(g ’))
/

[

" — ﬁn(g,)][(px _pn]UE

=

)c_pnIUﬁ

gy @xhllUpg’|| -

sup [ g
BEDL() §
[8]] =1

X

n{x— l E _1' T —2
’ t ) b

,te[O,w]\[%, —’;—]
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Integrate by parts

z x/2 x32

of PxQlUe = [ P2) of gua] ~ f [ bfzgua]w;(z)dz

2 12
x? x2 1 1

o 1) IR 2] P —2—] +Ua+1/2[7] Px 7} +

x2f2

+ [ Ua+1/2(2)lfl’x(2)ld2}s ) Ui
1/2

hence by Lemma 1

f Pgile | =

as it can be easily seen. Now we get from (13)

E(Un 8)-= U010~ Grr®l- =52 Upg') -

So Theorem 1 is proved for p = 1 and p = <. In case l<p=<e we apply
the usual interpolation arguments. It follows from (10) that

Zn(Uﬁ’g)pSHUﬁ(g ﬁng)”p c(ﬂ’p)En(Uﬁ:g)p

so (11) is equivalent to

U~ 0,00, ==L U,

. which is proved for 8=0in case p = 1 and hence it remains valid for 1 <p< oo
by the Marcinkiewicz interpolation theorem. More precisely : consider first
the mapping

Ush—Us(H —#,H)

X

where H(x): = f h and h is a simple function in the terminology of the

0
Zygmund-book [28]. In this case
Ugh, UgH € L\R)NL=(R)
and

)
URH ~ 8, =S

U 8=,
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Then the Marcinkiewicz interpolation theorem states that for l<p< e

(14) NUAH = 8.1, =

e(p,

vn

B) 0,

T

for any simple function . Now let g be an arpitrary function with Uzge€ LP(R)
x

and let G(x): = [ g.
/

There exists simple functions h, such ti

nat Ughy,—~ Upgg in LP (R). Now it

follows from (14) that UzH, is a Cauchy sequence, so it has a limit UgH

in LP (R). On the other hand UgH, tends t
We get analogously that Ug(H ,— 9,H,) tend

”Uﬁ(G - gnG)”p =

The Theorem 1 is proved for & = 1. In cas
Since

En(uuy f)p = En(um f— pn)PS =
implies
E (u f) - C((Z,p) E
n 2 §4 VF[ ns

_dp,
V

0 UG pointwise; so UgGe LP(R).
s in LP to Ug(G—4,G) and then

D) g,

e k>0 we use a simple induction.

%y p)

E W —p)tasipliy

~1(lla+ 1/2, f,)p,

hence the induction on k shows (1). The proof of Theorem 1 is complet‘c.

ReEMARK. The above proof shows by
Wie) = {f:£,.f", ..., f% are loc

(15)
Ui ky2f® € LP(O; o)}

Define the following modulus of continuity:

w(g) Uﬁa)p = (D(g, (jﬂa a, b, 6) = OSL}};&H[

+ sup [[g(x—h)—g(x)
O<h=é

where =0, gUs€ LP(R) and O<a<b< oo|.

We know that
Ug(x)=c(a, D)Ug(x+h) (a<
Ug(x)=c(a, b)Ug(x—h) (a-<

Consequently Ugge LP(R) implies Ug(x)g(x
Lr(a, <), so the above modulus of contin

' (9) that

ally absolutely continuous and

g(x+ 1) —g()Us(2)| LPo,b) +

Us(x)||LP (b, )

-x<b,0<h<a),

= X < 00,0<h<a).

+M)eLP(, b) and Ug(x)g(x—h)¢
uity is finite. We shall prove the
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THEOREM 2. Lef l=p= oo, a=0, u,f€LP(0, ). Then we have
1
,,(lla, f)p£ C(,O[f Uﬂ, }/v ]
where B = 2<z+—1, J*(® = f(t?]2) and the constant ¢ does not depend of n, f.
P

Proor. As in [5]} use the Minkowski inequality to obtain -

n-i/2 P lp
202 [ [fHO+0)~[HO—D)] dtéd@} =
fa

b
n-1z2f2

Vi

<o f { [1r4@+0- 0~ t)ypd@}”pdt -

Ve g

n-1/2

<cm [ { f ILF*O + ) — 1O - 1)]UA0) ]Pd(-)}l/pdts

n-1/2/28g
= coo| [*, Up, __1_ .
yn

Consequently there exist a =0, =5 such that

n—l/2

ontr [ O, +1)— FHO,~1]dt

n—1/2/2

(16)

= C(J.)[f*, Uﬂ, —'/lﬁ—].

Define the function
n-1/2

2|/n FXt+0)dt (0<0=0,),
n- 1/2
on(0): =} 2

n-1/z

Izm T [/HO 0+ 4O+~ 1%0,~D](0,=0< =)

n-1/22

and let tpn( 0) = @,(0). Using again the Minkowski inequality and (16)
we obtain

lign —f*]Uﬂllpscw[f*, U —Vl,_;]

Since
n- —1/2

J zyﬁ[ FH 4 0) — f*[

o l +@” 0=60=0,),

—1/2

zyﬁ[f*(@_n—1/2)—f*[@ ]] (0,=0< =)
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hence
, 1
IosUl=ermol 7 Un -]

is immediate. Now
En(uw f)p = CEzn(Uﬁ; f*)p = C{"[% —f*luﬂllp + E2n(Uﬂ7 ‘Pn)p} =

=l =110+ loAUly =eaf 1%, U5

which completes the proof.

2. On the Turin’s problem

Let L. (f, x) be the n-th Lagrange 1nterpolat10n polynomial of f¢ C[O0,

based on the roots of the Laguerre polynomlals L}, of parameter 2.
Let !

0<s<—1—, O<d< Z+l,a: = A—i*_l
2 12

-5, fer = 1[5}

=2°¢

We shall prove the
THEOREM 3. Let A> —1. If fe WS (a)‘ then

(17) [1@—Las, x)]zxZe-xdx; = o(1) (n+ =).
J |

If feW" (a) for some kef1, 2, ...}, then

(e

(18) f (1)~ Lol 0o sdxm L0 22E pu pf ..

Proor. We argue as in [2] of BALAzs and TURAN. Define the quantities
p(x): = xte—*, h(x): = x—1+26e—%ex,g(x): = x~2ep(1-2x,

It is proved in [17] (see also [29]) that

g2eM (x)=0  (x=0;n=0,1,2,...).

Hence it can be proved as in [2] that

00 o«

> g0 [ BpGdx= f H(x)dx = c(e, )< =,
=1 g )

where [, are the fundamental polynomials of the Lagrange interpolation.
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There exists a polynomial of the form p,_,(x) = pn_l[ lx ] such
—2——-6
that

(19) Epyltter Yo = I(F = Pros)tell- = €L/ ) = pro(@xe= ().

Using the orthogonality relations
f L) (x)xte~*dx = 0 km)
0
we get that

[ U0~ Lol Festr=2 [ 1)~ ppos() et +
0 0

] L
2 [ | = Py 00 =20~ Ppg)re (T [ 1020001
] (1]

+kZ:]1 | (k) = Pr—a ()] / I(xX)xte—*dx =<

0

sn(f—p,,_l)xae-(%'e)"ui{ f Xtz S glx,) f zﬁ(x)xieﬂdx}s
0 k=1 0

1 ~
=l ~ pa-shee (F R =en M fOI (6 =0,1,...)
as (19) and Theorem 1 shows; this proves (18).

It is known [9] that the polynomials are dense the L2 spaces weighted
by x* e~* and for them (17) is obvions, hence (17) follows from the Banach-
Steinhaus theorem.

Theorem 3 is proved.

Now we come to the Turan’s problem. BaLAzs and TURAN considered
in [3] the following problem. Consider a function

peC[0, <)
such that
(20) lim g(t)e~¢ = 0.

t— 4 oo

Suppose that we are given only finitely many discrete values of ¢. What
can we say on the Fourier transform of g(f)e=* ?
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They chose the nodes the zeros of the
and took the known Lagrange interpolati
(unknown) function ¢.

Let

Bp, x): = Fp(H)e™)x)

@n((py X) = rf(Ln(‘p’ t)e_t)(x)

In [3] is proved that if ¢(f) is a polynom

= (¢, x), futher for any ¢ salistying (2
1)

uniformly for x=0. We have

1P, 1)~ Bo(g 1= [ Iy
0

(22)

in [3] the relation

(23) [ 1o =L (g, e~

is in fact proved. In connection with thes

s{ [ IO = Ly 1174
2

n-th Laguerre polynomial L (x)
on polynomial L,p instead of the

L f (p(t)e—tﬂxidt’
0

= an((p, fe=trixtgy,
0

ial of degree<n then @, (¢, X) =
D)

P, (7 X)~P (9, 1) (1> )

1)~ L, 1)|e~tdt =

1/2( = 1/2
t} { e”’dt} ;
/

it~0 (11—~ o0)

e investigations P. TurRAN raised

in [4] the following question (Problem X1I1.): What can we say about the

speed of convergence in (21) or (23) if the
Our following theorem gives an answer.

THEOREM 4. Use the notations of Th

Then we have
o 1
( f |f—Lnf12t’-e-fdt)
0

Proor. In proving Theorem 3 we sl

(24)

continuity modulus of g is known?

corem 3. and let 2> —1, feW?, ().

2

X

.

:’:CCU[f*, Uzz, }/n

owed that

[flf—Lnf‘Ztle—idt]llz =cE, _(u,, f),,
0

Combining this with Theorem 2 we get (
REMARK. Obviously

o(f*, Uzey 8)e = 200(f*, 8).: = 2
0

D,

4) at once.

$up 1*GetB) = F*(©licewy-
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ON SOME PROBLEMS OF M. HORVATH*
(Saturation theorems for Walsh-Fourier expansions)

By

I. JOO
Department for Analysis of the L. Edtvds University, Budapest

(Received September 2, 7987 )

The classical saturation theorem of Avexits {7}, p. 43 and 64, con-
cerning the order of the approximation of the Fejér means, have been
generalized for classical orthogonal expansions by many authors: I. Jo6
investigated the Hermite case [5], [16], [17], [18], A. BogMER [19] and M.
HoRrvATH [20] the Jacobi case finally M. HorvATH [21] the Laguerre case.
In the papers [18], [20], [21] a saturation theorem is proved for the Abel-
poisson means of resp. the Hermite, Jacobi and Laguerre expansions.
In [21] M. HorvATH raised the problem: is there a known expansion,
different from the classical ones, for which these saturation theorems hold?

In what follows we prove both saturation theorems for the Walsh
expansions. In this case the conjugation operator is a simple multiplier
operator hence the proofs are easier than in the above mentioned papers.

In the second part of this paper we prove estimates for the square
sums of Laguerre polynomials. As it is known, in the investigation of eigen-
function expansions the estimates of the square sums of the eigenfunctions
play an inportant role. E.g. we know that given a finite interval G, a poten-
tial geL! (G) and a complete orthonormal system (U,)C L*G) from the
eigenfunctions of the operator Lu = —u’’+qu with eigenvalues {1,>0},
the eigenfunctions are necessarily uniformly bounded and moreover

(4) ' ] _zz i [,(x)|2=C(x€G, u=1)

(see [30]). This estimate can be locally inverted if g€ LP(G) for some p=1.
Namely for any compact set KCG there exists M >0 and «>0 satisfying

(131D
(B) 2 |u)P=a>0(xeK, u=>0).

ll‘_-y"n|5M

* Work was supported by the Hungarian National Science Foundation for Research,
grant No 1157.
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The estimates (A) and (B) do not remain

necessarily true for infinite interval
ermite functions

ot for g€ Li,(G). In the special case of H

u(x): = e_ighn(x)
satisfying the equation ([27]).
—u} +qu, = Ayl A, = 21, ¢(x) = x3— 1.

I proved in [26] the two sided estimate

©) O<gVk=max 3 uXx)=cVk (k=1).

X€R p=Vn=<k41|

M. HorvATtH in {25] investigated Lagu%rre expansions. Through an equi-
converge theorem he proved the Fejir— Lebesgue theorem corresponding

to Laguerre series, naniely: the Riesz mefans of order z%of any function

ffrom the (weighted) L converge to f a.ei. The Laguerre functions
i xz

y(x) = y2x"" Be 219(x2)
satisfies ([27]) |
— Vo Qv = AV,

. az-j—l—
4
q=x*—20—2+-——7—, 1, = 4n.
x-
In [25] is proved that
(D) > vix) sc]/E[x >0, az= ‘_1_]
ksﬁsk+ 1 2
This is a generalization of the right inequality of (C). Intruduce the weight

Uslx) = [x|Fe

and denote p,(Uj x) the polynomials
weight UZ:

x
1 (xeR)
orthonormal with respect to the

oo

/ PU% %), (U %)

oo

fg(x) dx = an, m*

By the substitution we see that

Pan(U?_1,0) 2 12(8)
2

Pensa(UZ 1,0) =|1IE* ()
2
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hence (D) implies for $=0 the estimate
020! Uix) 2 paUs0)=cVk (k=1,x€R).
k=Vn=sk+1

Since for 8 =0, p,(Uj x) is the n-th Hermite polynomial h,(x), (D)
indeed generalizes the right inequality of (C). Here the following question
arises naturally: can also the left hand inequality of (C) be generalized for
Up(x) weight? More precisely : does the inequality

(E) O<cVk=max 2  »3x)
x=0 k=Jn=k+1

hold for all a= — 1/2 with some constant ¢>0? In the second part of this
paper we shall prove an analogous statement, namely the lower estimate

of the sum Jj_o v(x).
Introduce the Walsh system as follows. Let
2 = {(e,)o :e, =0 or 1}
be the Walsh group with the addition
(l) (En)'?‘(an): = (lsn’,_‘an')'
We can define a mapping
A2 ~[0, 1],

(en) Z “:nz—n—_1

n=0

which is onto and the inverse mapping is well:defined for x¢[0, 1] which
are not dyadic rationals. Define for x, t€ [0, 1], not dyadic rationals the sum

) X3t = AAx L A

(which can be not dyadic rational).
The Rademacher system is defined by

1,0<t<1/2

3 ro(): = s o+ 1) = ryft
© = o e =
and for n=1
@ ra(t): = ro(2t).

It is easy to see thatx = i &;27171 implies

j=o

®) ra(%) = (= 1)n
consequently

(6) rn(x‘?' t) = fn(X)fn(f)-



246 . L. JOG

The Walsh system (w,);> is defined as

) W, = ]} rii= Ilrjifn= i g2,
: j=0 ej=! j=0

We see from (1) and (5) that

(8) W W = Wnir

and in particular

(8" Wign s = WpnWs.
From (v) it follows
(9) wn(x 1) =w, X) wn(t):
1
further frnlrnz- o Thy = 0(n;mn)) implies
g
1

(10) f W W = 0 e

0

So the Walsh system is a uniformly bounded orthonormal system on (0,1)
and then the theorem of F. Riesz [1] implies that

n n 1/q
(11) > v sc(m[go w]

p

1 1

where —+— = 1.
p g

The Walsh — Fourier series of a function fe L1(0, 1) is

1
Jx)~ > ewx), ¢ = /fwj
j=0
0
and the partial sums are

1
dfx] =S epi) = [ FOB 3 dt = (%D) ()
= 0

(12) D =S w,(0).

=0
Looking for a closed form for the kernel D, (f) we get

ok+1_y 2k_y 2k_y
, == k., = , = k
> W, Z WakW; = 1, Z w; =D
j=2k j=0 J=0
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i.e. Doks1 — Dok = r, Dok, whence
k-1

(13) Da) = IT (1+140) = |
y=0

Unifying (12) and (13) we obtain

(14) SoN[f, %] = —l—ff it x€w, 0| = 2-N
o] J

2% if 0<t<27k,
0 if 27 k<t<1.

(that is  is the dyadic interval of length 2—N containing x).
Consequently

(15) 1\111_{2 S,n[f,x] = f(x) a.e.;

this is false for ordinary Fourier series, see [1].’The relation (15) shows also
the completeness of (w,)e in L* (0,1).
Introduce the conjugate partial sums ([8]):

(16) _ §n[f: x]: = wn(x) Sn[“’nf: x]'
In another form

1
Silf,xl = [fOD(x 0 dt = (f%D,) (),
1}

(16’) Dn(t): = wn(t) Dn(t)'
We can easily obtain
~ - (20t -
a7 D=3 aj[ > w,,] if n = > &2l
j=0 p=2] j=0

Indeed, this is a consequence of
(18) {n,nil,...,n3(n—1)}= U {2/,2/+1,...,2*1 1},
81==l '
which can be proved as follows. Denote H the right hand side of (18).
Now yeH implies 3. v<n, hence
' n{Hc{0, 1, ..., n—1}.
Since H (and then n+ H) has exactly n elements, the inclusion is in fact
equality; so (18) and (17) hold indeed. From (13) we derive
Qk+1_y 2k if 0<t<27k"1,
(19) 2, P =q—2kif 27k t<p <27k 0 =1t DO
- 0 if 2~*k<t<1.
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and then (17) gives that

(20) D,(x%1) is constant in pach e if x¢w.
We shall prove
LEMmA 1.
a) ik =2k 426 (k< ... <k)
then
[\n<2kstting k<nj| = 2k 1.
b) Define 5 5
G fr e Sof +. . 1 +S,.f
" n
then
~ 1 1
anwk—»z 1— o Wy (n— o).
PRooFr.

ay If n<2ksthenn$ k=2k=>nandif
so a) follows.

2ks=n<2kstlthen n$ k<2ks=n

b) We know
@1) [ L ifnik<n,
ETV0 i ntk=a
Let for jeN
J=r-2kst 4 O j < 2kt
then, of course,
Jtk<jej k<]
Since for any fixed r the proportion of “goqd” j’-s (i.e. for whichj’ § k<j’)is
y g
ks
-1 = i(l 2~k
2ks+1 2

by a), hence b) follows. [J

Derinition ([8]). The conjugate function of fe LX(0,1) with expansion

S~ Zewy
is a function f¢ L2(0,1) with expansion

(22 Frr 32

(if such anfexists in L1).

)i
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We need the following norm estimate, proved by Paley
THEOREM [ ([32] or [2], p. 90). If 1 <p< e and fec LP(0,1) then

HSafllp=A,lIf11,

where the constant A, depends only on p.
It is not hard to derive from this the

THEOREM 2. For 1<p< < the conjugation operator maps continuously
the whole LP(0,1) into itself:
A= COMII

Proor. The Banach— Steinhaus theorem implies by Theorem 1 that

(23) I18nf = Fllp~0(n~ o, f€L?).

The conjugation operator is a multiplier operator; this means that the
operator multiplies the coefficients by fixed numbers, the k-th one by

-;—(1 — 2~%s), The sequence of multipliers

{%(1—2—ks);k=o, 1}

is a bounded and monotone increasing sequence. As in the multiplier theorem
of STECKIN ([3] or [12], p. 105) we can prove that arbitrary sequence («,)
bounded variation

Z fog — g | < o=
k=0

is a multiplier sequence i.e. (for 1<p< )

\ .
H Z akakwki 2;) G Wy
k= P

with C depending only on («,). Indeed, by Abel transform we see from
Theorem 1

=C-.

-

o, S, + Z (2~ OC1!:+1)Sk

2 ak“kwk
=0

= (o0, 1,1, + 20 o= ] - [1Sill,=ClS

p

This means in the special case «, = %(1 — 27 %s) that the partial sums of

the formal seriesZ’%(l —2-ks)a,w, are bounded, i.e. the sequence of op-.

erators
T ,: LP(0, 1)~ LP(0, 1),
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o
- S (1-2
f ,Zoz(

are uniformly bounded. Using the same

in [5]) we see that T, f converge in L? to

Tnf —’?

Indeed, let for a fixed f¢ LP(0, 1)
T L2(0, 1)

g_'<Tnf’

Now

| Tog| =IT,Sl,lg
hence (T,) is uniformly bounded. It con

polynomials

n
= 2 CWrs
j=1

hence there exists a continuous functiona

To: = lim T2, ¢

n—e

Since Tg has the form (h, g) for some h¢

TEs)a Wy

device as in [4], p. 23 (see also
an feLP

¥

R,
2-

l=cllgll,

verges in a dense set of Walsh—

T with
€ LY0, 1).

270, 1) and

a (k) = (b w) = Tw, = lim T.w, = %(1 _2-kya,,

n-— e

hence h = fand by (23) we get 171, = COIN -

. Theorem 2 is proved.

DeriniTION ([6]). Consider the dif
@0 = 5 2776
k=

a) We say that a function has a dyq

if there exists the limit
S(x): = lim

fl1](x) is the dyadic derivative of f.
b) If for fELP(0,1), 1 =p< e the fu
gelr,
lim ||d,f — f1

N—

ference quotient operators
12761~ f(x)]-

dic derivative at the point x<[0,1)

dnf)();

nctions d,,f converge in LP to some

0,
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then g is called the strong dyadic derivative of f and we denote

Df:=g.
THEOREM 3 ([6]).
a) Dw, =kw,,
b) D : L?(0,1)— LP(0,1)

is a linear and closed operator whose inverse is absolutely continuous.
Namely
¢) There exists a functionW € L*(0,1) with expansion
W’\’ 2 i1'vk-
<1 k

d) The transformation

1
If: =Wxf = ff(t)W(xJ'rt)dt
is the inverse of D : if fe LY(0,1) and

ao(f)=ff=O

then
DIf = IDf = f.
The function If is called the dyadic integral of f.
Some questions about the dyadic derivative and integral were investi-

gated by F. Schiprp, P. Simon, J. PAL, cf. [2], [9], [10], [11].
Now we prove an Alexits type theorem

THEOREM 4. Let 1 <p= oo and fe LP(0,1). Then

(24) lonf = 11l = o[%]

if and only if

(25) DfeLr.

Further we have

(24) low £l =0 (%]@fsconst.

Proor. First prove (24’). Let f~ Za,w,, then for fixed k=n we have

k
n+1

ol -] / =11 <t~y = o]
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which implies for k = 0 that g, =0, so

o.f = f. Now prove that (24)<(25). By th
: 1

(26) fouf — fll, = 0[7]=»||c,,( b

We know that the Fejér means of a fun

in Lr-norm provided [ <p= oo.In case p= o

in case p = o the boundedness of the stror

[13]. Using this and the proof of Lemma 3
1

(27) louf — 1, = 0(;]«:» 3¢

Now take ge L? with the expansion indica

cients of Ig:
1

[ UG dx = | [ [ent
0 0 0

- f g(t){ [wxtyw
0 )]

i i
= [ [wom:
0 0

1 1
y fg(t) w(t) di =
‘Y

Since SpNf—f a.e. for any fe L1(0,1), hence]
in L1(0,1), consequently
Ig = f+c¢
g=Dlg =1
so DfeLr(0,1). Conversely suppose that

f(Dj)wk = lim f(a

n— oo

and then

= lim

M=o

ffdnwk = fwak
0

i.e. g = DfeLP has the expansions figurin
THEOREM 4°. Denote

(S 0 = 2:'0[1—

k=

1

f = ¢. Conversely if f= cthen
62—63)

ff
e Alexits lemma ([7], p.
kawll, = 0(1).

ction from LP(0,1) are bounded
this follows from Theorem I,
1g Fejér means is already known
of [5] we get that

[P, g~ 2 kaw,.

ted in (27) and count the coeffi-

x3t) dt}wk(x) dx =
X) dx]dt =
'.t)dx] dt =
a, (k=1).
the Walsh system is complete

f
DfeLr(0,1); its coefficients are

nf Wy =

1
=kffwk=kak
0

g in (27). Theorem 4. is proved.

)

kr
(n+1y
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n-th Riesz mean of parameter r. Lef r=1 be entire and denote D" the r-th
Jdied strong derivation. Then for 1 <p=  we have

‘\ DrfeLA(0, )| RS — fl, = 0[ ‘ ]

o
(29) f=colRif~fl, = o[ni]

Proor. This theorem is analogous to KRrRALIk [14], Korollar, p. 369.
Using the Alexits- type lemma, (Satz 1 in [14]) asserting that

IR 3 gl = 0[;117]c»nRz< S gl = 0(1)

valid in arbitrary Banach spaces we can give same proof as in Theorem 4.
Remark that the Riesz means R, r=>1 are convex linear combinations of
the Fejér means o, k=n hence we have

IR ly=cPIfl, 1<p =

as for the Fejér means. The remained part of the proof is immediate.
Consider the Abel — Poisson means

1
(30) T J) = f(x,9): = [F@P(x,y,2)dz (x>0)
0
where
(31) P(x,7,2) = z eRw(y 17) = ljoe—kwkm W,(2)-

The series in (31) converge uniformly for fixed x>0 hence for fe L1(0,1),
f~Zaw, we have

(32) ftoy) = Z ae ™ wyy)

again with uniform convergence since |a,| = ||fl;.
THEOREM 5. Lef 1<p< oo and fe LP(0,1). Then

(33) 17, )= fll = 0(x) (x~0+)=f = 0,

(34) I/ G - ) =Sl = O(x)=DfeLr.
Proor. The semigroup property

(35) ToTxf = Tyixf
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can be proved as follows

1
ToTuf(9) = [(Txf)XD) P(xy, y,2) dz =
0

1 1 .
= b/‘ [ Of f(O) P(x,, 2, f) dtJ JlP(xl, y,2)dz =
= jf(t)j'P(xer7z)P(Jz,Z,t)dZdt =
0 0

1
- ff(f)P(xl'l‘xz:J’: f)dt = Txy40/()-
0

Since the partial sums S, f converge to f in LP-norm, the Abel means must
also converge:

(36) 157G )= fll,~O0(1<p<p=, fELP(O, 1)).

Consequently the operators {T, ‘x>0} llth Tof: = f form a continuous
operator semigroup in the reflexive Banach space Lr(0,1). So we have to
prove that

37) feD(Ay=DfEL,

where A is the infinitesimal generator olf the semigroup {T, :x=0} and
D(A) is its domain (see [15], p. 90.). As k)ve have seen above, (37) states
the same as

(38) feD(Aye3gelry g~Zka,w,.
Prove (38). Let first f¢ D(A), then
f(Af)wk = lim f ka(y) dy =

x

. x—0+
0

e—kx 1
= lim ——a;, = —ka,
x—0+ X

hence
- Af ~ Zka,w,

so the only if part of (38) is proved. To prove the if part, take a function,
geLr, g~Zkaw,. 1t is easy see that

(39) —A(onf) = 0,8
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and by Theorem 1

(40) lownS = fll,~0, llong —gll,~0 (-~ c=).

Since the operator A is closed ([15]), (39), and (40) imply that feD(A)
and Af =—g. The proof is complete.

REMARK. If l<p<< and f€LP(0,1) then

‘A1) DfeLresDfeLr
and "
(42) o =11, = 0f )l -l = o]

Indeed, the sequences
o, =1-27%,8, =(1-2"%)"1
satisfy
Zlogss—o] < ooy ZNBraa—Bil <
.ence using the proof of Theorems 2 and 4 we get
DfeLre3gelr, g~ 3 kaw, o

IS Zhagl, = 0(1)= 5, 3 5 (1-2" i,

— O(1)> 3heLo, hn S %(1 — 2-ks)ka,w e DF € LP.

(41) follows. By Theorems 4 and 2 we obtain (42) from (41).
We formulate here the following

ProBLEM. Does the statements (41) or (42) remain true for p = ?

In what follows we shall deal with lower estimates for the square
sum of Laguerre polynomials. Recall some notions as given in [24] Let du
be an m-distribution function on R, p,(x) = p,(d«, x) the n-th polynomial
orthonormal to de

’ fpnpm d“ = 6n, m*
R
Denote by X, , = X ,(d=),
X

1,n

the roots of p,(de,x). The Christoffel function of the m-distribution d« is

A(da, x): = [:Z;:: p{do, x)J—l.

>Xpn>...>X, 4
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Consider further the denominator of the Christoffel -- Darboux formula

q]n(x’ 5) = pn—l(E)pn(x) - pn(&)pn—l(x)‘
In x, the polynomial ¥, has degree
ke — {n if p,_1(¢) = 0
n—1if pn—l(&) =0
and denote its zeros by
E1=E> ... >§j = §>§j+1> o>

The following inequality of Posse is known ([24], p. 33). Let n=3 and
feCn*—1(— =, ) with

[=0,f=0,...,f@*=D=0 on (— «,&).

Then
&
S lde £)f(E)= [ flas 3 Aa(da, £)F (),
5k<5 ] e SkSS
which implies by ¢ = &, that

Gj___l
A(do, /()= [ fdu.
5j+1
We shall need the Laguerre weight
U(x) = x*¢* (x=0,a> —1).

THEOREM 6. Let a>=—1. if C, is large enough, C, is small enough (depend-
ing on o) then

(X) 2 e—x, 1
n

n(uay x) =

—=X=C(N1

RemARK. This statement was proved by FrReup [23] for «=0. In [29]
the authors stated its validity for any «= —1; the proof will be given here.

Proor. Use the Posse inequality with f(x) = ex:

§i_
it a1 a1

@) noers [ ewerie= SEE < g,

§jun
with an appropriate

§j1=§;<&j—1-



ON SOME PROBLEMS M. OF HORVATH 257

We know [24] that the sequences &, and X, , separate each other. More
precisely in case n* = n—1 we have

(44) Xp, n<Ene<Xp_y p<Ent—1<...<Xy p<E<Xy ,
and in case n* = n one of the statements

(45) En*<xn,n<§n*—‘<"'<x2,n<51<x1,n
(46) xn,n<§n*<"'<§2<xl,n<sl

holds. The following estimates are known [27] for the smallest and largest
zeros of Laguerre polynomials

l@.]z
(47) ¢ x [ 2
i n,n>‘~°H__l (n>n,)
n+——
2

where j, is the smallest zero of the Bessel function J.(x);

[
c"n<——2——-—<x <2n+a+l+l/(2n+al+1)2+i-—a2=
n+oc+1 Ln 4

(48) = 4n+0 (1),
where j, is the n-th zero of J.(x). Using (44)— (48) we see that if ¢; is large

enough, ¢, is small enough and %sgsc2n then (for n=>n,)

J=j=n*-3

and hence (43) implies that

(49) An(8)ef = (5;—-1 - §j+1)E; =(Xj—g, n = X 42, WXit2, n

where the sign 4 depends on the sign of «. To estimate (49) further we use
the following known theorem of STUrM ([27]). Suppose that the function
U(t) satisfies

(50) U’"+Ru =0
where the potential R is positive and continuous in [f,, £,] further U(f) =

= U(ty) =0, U(t) = 0 for fe(t,, 1,).
Then

2
. 7

min R=———< max R.

[t1, f} (t,—1)? [t

17 ANNALES - Sectio Mathematica — Tomus XXXI.
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We shall apply this with
2 1
u(t) = ¢ 24 2LY(®)
since in this case ([27]) (50) holds with

1 — 40
4xz

R(t) = 4n—F+2u+2+-

Introdice the notation
a=<b,

this means that there exist positive constants ¢, C which may depend only
on « satisfying
ca=b=_Ca.

The Sturm theorem implies as in [23] that

(51) (X, n) XX, = X1, n
where the function ¢, is defined by
~1- ,0=x=<-—,
n n
o) =

1
T =X =4n—4n15,
n—-x ' n

/e , dn—ntB =x,

So (49) can be further estimated by
1

¢ ]/ Xjt2,n x 1 g
£Y)os = . -
"{n(a)e =0 An Xjo,n Xjr2,n=C Vﬁ xji2, n'
Finally we know from [27], (6.3].11) that

oDy _ n=i)
n n
and it follows from [27], (1.71.7) that
Jexk (k=1Iy)
So if the index i is <n—n, with large n, then

iy

2y XX
M, nes n y M 1A

Taking ¢, large enough we can obtain that

Jj=n—-n,—2
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and hence

1 ) £ 1 ¢+—1§ ta+i2
< (——X - (—
II(E 4 —‘Cl/'ﬁljizyn—cl/'ﬁs M

Theorem 6. is proved. (O
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INTERPOLATION BETWEEN DYADIC HARDY SPACES H~:
THE REAL METHOD
By

V. ECHANDIA
Central University of Venezuela

(Received September 3, 1987 )

1. Preliminaries

In what follow L? will denote LP[0,1], 0<p=oo. In this section fol-
lowing [6], we shall introduce the dyadic Hardy spaces.

DeriniTiON 1. For each fel?, let
E.f=8nf (neN:={0,1,2,...})

where Spnf is the 27th partial sum of the Walsh series of f.
In [6] it is proved that

(1) VESl,=Ifll, (feLr; T=p=-) DO.

DeriniTION 2. The dyadic maximal operator f* = E*f is defined by

¥ = E*f = ilélg |E.f| (f€LY).
For fe LY, set
Eof = |Eofl,
and for neP, also define
E.f = sup (|Enf]+|En(fra)l),
O=m=n

where r,, is the m‘th Rademacher function.
For each fe L set

[s it easy to see that

) E*f=Ef=<3E*/.
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The following lemma is proved in [6].
Denote 4(A) the characteristic function of the set A.

Lemma 1. If fe L* has zero mean and we define f,, = E, f, and for k¢ Z
we put :

fO = 3 g2k <E = 20 frir— fo);
n=0

then we have

Ex(fY)= 2k+2x{f3f> 2K
and
f= 3w
kEZ

a.e. on [0,1]. Moreover, if E*feL!, then this series converge to fin L* norm.
This series will be called the canonical decomposition of f.

DeriniTION 3. The dyadic Hardy spaces is defined as
1

Hr: = {fe LY flar: = [ [y dx]””< oo} (0=<p= ).

0

Notice that ||...|lgr is a norm on H?, when I=p<e, and a quasinorm
when O<p<1. For a detailed study of these spaces see [6].
Based on the idea of [4]; HP4 is defined as follow:

feHP4 if and only if, f*€LP4[0,1],
and

I/ilse. g = L/ ¥z 9,

where LP4 is the Lorentz space on [0,1].
Notice that for p>1 He = Lpra,

2. Characterization of intermediate spaces between H? (0<p< ) and L=

The following lemma will give a decomposition of H? functions into
‘“‘good” and ‘‘bad” parts.

Lemma 2. Let fe L be of zero mean, y=>0 and O<p=< <. Then f can
be written as the sum of two functions ¢ and h which satisfy the following
inequalities with some absolute constante ¢>0,

i) lgl-<cy
i) Ihliwe=c [ (F*@)at.

=
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Dko—1 ko
Proor. Let k,€Z such that 3 <y= 3 ; and take. the

canonical decomposition of f:

f= 3 [0 = 3[04 30 =gk
ke€Z k==kg

k<kyp
since
|f®] = | E*f®] <dy{Ef > 2K)2k
therefore '
gl= 3 |/®] =4 3 2k<q2b-t <y,
k<ko k<ko
consequently,

lglle<cy.
To prove the other inequality, we have that

h* = E*fM <4 3 ok
2 E*f kz%’ HEf=> 2632%,

k=ko
Applying Abel’s transformation, we obtain
Wb S 2k <Ef = 26412k 1 4 2oy (Ef > 2},
K=o
Therefore
|h*|P= CP[ > w2k < Ef =26+y)2ke 4 20opy{Ef > 2""}]’
k=ko

where ¢, is constant depending only on p. Hence we obtain that

1
/|h*|ndtscp§j okedt yc, f Dkop(lf =
0

k=ko K
o <Ef=okty {E*f>2k0}

=, 3 |Ef|pdt +c, f \Ef|pat.
k=k
0(2"<§f52"+1) - {Er>2k _
From the fact that {Ef=2k) = ( {2t<Ef=<2+1), and using (2), we
k=Ko

obtain that

1
f!h*lpd1’52cp f |Ef|pdt=2c, f |3E* f|Pdt =
0

§ol K ki
(Er>2ko} { aofs 230}

=t, [ I/*et.
{f*=>3}
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The proof is complete.
Now we prove the following

THEOREM 1. IfO<p<oo;0<BO=<1;0<g< o ;

then
(HPO’ L"")@’ ¢ = HP: q;
where
_L _ 1-6
p Po
Proor. Set T(f) = f*, clearly T is a sublinear operator. The equality
1/%(lpe = 1/ ll5p00

and (1) imply that T is a bounded operator form HPo into LPe, and from
L= into L=. By interpolation we can conclude that T is bounded from
(Hpo, L=)g, 4 into (LPo, L=)g, o = LP-9. Hence if f¢ (HPo, L=)o, 4, then f*€ LP: 4
and therefore feH? 9; i.e. (HPe, L=) o, ;CHP 9.

For the inverse inclusion, take fe H? 4. Denote by f* ths non increasing
rearragement of f*. Fix =0, and take y = f*(tP0). Let f = g, +h, be the
decomposition in Lemma 1. Then we have

1 i/p 1/po
hllgpe = hFE(x)podx| = [ *(x))Podx =
” tHHp [6[ \ t(x)i \] C {f*>f‘/’:(tp0)}(f (Y)) k]
tPo

sc[ Of ,(jf_*(s))pods]l/m.

Therefore
v dt g tho__ alpo df
LD t[ f*(S)ds] L
[ ey =e o] :
py L qipo (It
= {—@4/po % pog. -
rol oo
N = alpo dt A Ry g arpo 2022 4y
= -9 * Po(f = o * Pog t Po -
cf[ [ 7 " Cof[tof(”s” J t

Applying theorem 8 of [5] if ¢<p,, or Hardy’s inequality if ¢= p,, we obtain

~ <~ g(1-8)
[t [ R = Al
0 )]
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Furthermore

[ @-oldpF=e [ (-0t -
0 0 i

= f (tpo/pF(tpo))q.%t_‘ = / (u”PF(u))"iuu_ = én F*Lps.

The inequality
K(t, f; Hpo, L=) = ||| spo + tllgell
- implies
[ [(t-GK(f: f))q_dti] l/qsc”f *lLra = ¢||f P
0
Hence
Hpr4  (Hpo, L*=)o,
which complete the proof.
By reiteration we get the following Corollary to Theorem 1.
CorOLLARY 1. If 0<@<1;0<@=o;0<p;<e (i =0,1), and
1 1-6 6

7 P Po

14

then
(}lPOcQO’ HPIﬂl)e,q = Hp9.

We have the following result analogous to [5].
COROLLARY 2. If I <sp;< o, 0<y<e,0<g<~,0<O<]I, and

then
(HY, Lru@)g , = LP4

in particular, if ¢, = p,, p =¢, one gets
‘ (H, L7)e, = L.

I wish to express my gratitude to professor F. Scuipp for calling my
attention to the problem and for his helpful comments.
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