




































































































































































































































INTERSECTION POINTS 
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1. Introduction 

In a recent note [I] K. BEZDEK, .J. PACH gave a short proof of the 
following theorem, which was conjectured hy L. FEJES Torn. Taket wo points 
0 1, 02 in the Euclidean plane having mutual distance at most 2, and set 
S1 = {011 02}. If S; (i '2:: I) has already been determined, then add to the 
picture all unit circles whose centers belong to S; and which have not been 
drawn before. Further, let S;+i be defined as the union of S; and the set 
of all intersection points of unit circles (i.e. circles with radius one) whose 
centers are in S; (An intersection point is a common point of at least two 

circles). Then u S; is either identical with the set of vertices of a regular 
i=I 

triangle-lattice of side length I, or it is everywhere dense in the plane. (An 
infinite point set S is said to be everywhere dense in the plane if every 
(circular) disk contains at least one element of S. In this article a circle 
means a closed curve and a disk is a closed region enclosed by a corres­
ponding circle with positive radius). 

Obviously the set of unit circles of this construction has the property 

that if a unit circle contains two intersection points (i.e., two points of 

;9
1 

s+ then it belongs to the system of unit circles. The following question 

arises naturally. Let @ be a system of unit disks covering the Euclidean 
plane such that any unit circle which contains two intersection points of 
unit circles of @ belongs to @. (A collection of disks covers the plane when 
any point of the Euclidean plane belongs to at least one disk.) What can 
we say about the intersection points of @? This problem generalizes the 
previous question because, for example, the system of intersection points 
of face-circumcircles of the regular tiling {4,4} with edge length y2 cannot 
be generated by two points 0 11 02 • We shall prove the following. , 

8* 

- - - ---



116 K BEZDEK- R. CONNELLY 

THEOREM l. Suppose that a system ff2 of unit disks covers the Euclidean 
plane such that any unit circle which contains two intersection points of (f2 belongs 
to Q. Then the intersection points of @ are either identical with the vertices 
of a rectangular iattice, where the diagonals of the rectangles are equal to 2 and 
the shortest side of the rectangles is > I, or they are identical with the vertices 
of a regular triangular lattice of side length 1, or they are everywhere dense 
in the plane (Fig. 1 ). 

Fig. 1. 

An open problem is the higher dimensional case. As a special case it is 
easy to prove the following. Let 01 , 0 2 , ... , On be n points in n-dimensional 
Euclidean space such that the unit spheres centred at these points have 
a point in common. Set S1 = {01 , 0 2 , ... , On}. If S; (i?: I) has already 
been determined then add to the configuration all unit spheres whose centers 
belong to S; and which have not been drawn in before. Further, let S;+i be de­
fined as the union of S; and the set of all intersection points of unit spheres 
whose centers are in S;. (A point is an intersection point if it belongs to 

~ 

at least n unit spheres.) Then u Si is everywhere dense in 11-space 
i=l 

(i.e., any neighborhood of any point contains at least one point from 

u si)· 
i=l 

Now let ff2 be an arrangement of unit disks in the plane, where we 
require that any two unit disks of (2 are distinct sets of the plane. We call 
the arrangement consisting of unit disks centred at the intersection points 
of @ the dual arrangement Q* of @. We shall compare the density of 12* 
with the density of @. (The density may be interpreted roughly as the total 
area of the disks divided by the area of the whole plane. A rigorous defi­
nition of the density can be found in [4].) In fact, we have the following. 
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THEOREM 2. Let @ be an arrangement of unit disks in the plane with 
density d(@) such that any unit disk of@ is intersected by at least one unit disk 
of@ but no two of the unit disks of @ are tangent. Let d(@*) denote the (lower) 
density of the dual arranguement @* of@. Then d(@*) '2!:: d(@). 

REMARK. A11 open question is whether d(@*) '2!:: d(@) for any covering 
@ consisting of unit spheres of n-dimensional Euclidean space. If n = 2, 

then, using the proof of Theorem 2, we get d(@*)'2!::l_d(@). 
4 

Finally let f(n) denote the maximum of those positipe integers k for 
which there exist k homothetic copies of a convex body in n-dimensional 
Euclidean space such that any two of them touch each other. (A convex 
body is defined as a compact convex subset of n-dimensional Euclidean 
space with nonempty interior. We say that two convex bodies touch each 
other if they have at least one common point, but their interiors are dis­
joint. Finally, tv•o sets X, Y of rz-dimensional Euclidean space are said to 
be homothetic if either X is a translate of Y or there exists a point 0 and -- _ _,.. 
a positive real number A such that X = {PIOP =/,.OP* where P *E Y}.) We 
ask the following question. Is it true that f(n) = 2n? In the special case 
when only translates occur, L. DANZER and B. GRUNBAUM [5] proved 
f(n) = 2n which was conjectured by P. ERDOS [2, 3] and V. KLEE [7]. Here 
we claim the following as a joint observation with J. PACH. 

PROPOSITION. 2n,s;f(n) -< 3n for any integer n~2. 

REMARK. Also, we know the following fact. The maximum number of 
(distinct) n-dimensional (n'2!::2) balls such that any two touch each other 
is n + 2. Here is a simple proof. 

First, if we have congruent 11-dimensional balls (n '2!:: l) such that any 
two touch each other, then there are at most /1 + I of them. Second, suppose 
that we have a system of n-dimensional (distinct, not necessarily congruent) 
balls (ll '2!:: 2) in which any two of them touch each other. Then we choose 
an inversion whose center is an intersection point of two balls. The images 
of the spheres of our two balls are parallel hyperplanes and the images of 
the other balls are again balls. Of course they not only touch each other 
pairwise but the two parallel hyperplanes are supporting hyperplanes for 
all of the balls. Thus in our second system, the centers of the congruent 
balls lie in a hyperplane. By our first observation, the total number of 
the balls is at most (n-1)+ l = n. Hence the number of balls in the 
original system is at most n+2. 

2. Proof of Theorem 1. 

A set is called locally dense if there exists an open disk in which the 
set is (everywhere) dense. Let Jl. be the set of intersection points of @ as 
in Theorem I. 

LEMMA I. If J2, is locally dense, then it is everywhere dense in the 
plane. 
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PROOF. Let B be the open disk with center 0 in which .J2. is everywhere 
dense. We shall show that .J2. is everywhere dense in the open disk B' of 
radius 2 with center 0 (Fig. 2). Choose an arbitrary interior point P of B'. 
If Pis an interior point of B, then, of course, we are done. Otherwise, let us 
denote the arbitrary open disk centered at P by BP. 

Fig. Z. 

We have to show that there exists a point of .J2. in BP. In order to find 
this, let us connect the points 0, P by two unit circles X and Y. So we can 
choose the points Xv X2 , Yv Y 2 of B n .J2. such that the unit circles X', Y' 
going through the points Xv X2 and Yv Y 2 , are very close to the unit 
circles X an Y and, therefore, one intersection point of X', Y' will be in Br 
This yields that .J2. n BP ¢ 0 because the circles X', Y' belong to @by defi­
nition. After this, if 0 is any interior point of B', and we continue our pro­
cedure, then we get Lemma l. 

We shall need the following notion. An empty disk (or an empty circle) 
of .J2. is a disk which does not contain any point of .J2. in its interior, but 
we can find at least three points of .J2. on its boundary. 

LEMMA 2. If E is an empty circle of .J2., then the radius of E is equal 

to either I or y'~ and the points of .J2. belonging to this empty circle form 

either the vertices of a rectangle or a regular triangle. 

PROOF. The radius of E cannot be greater than 1 because then there 
are additional intersection points. 

(i) Suppose that the radius of E is smaller than 1. Denote M 1, M 2 , 

. .. , Mk the points of .12. lying on the circle E. We know that k;;::.3. If k;;::.4, 
then suppose that Mv M 2, M 3, M 4 are points lying in counterclockwise 
order on the circle E. But then two unit circles, connecting the points M 1, 
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M 3 and M 2 , M 4, belong to@. and intersect at a point belonging to the interior 
of the disk E, which is a contradiction. Hence k = 3. 

Let us denote by Ci the unit circle going through the points Mi' M 1 
such that the intersection point M 1 lies outside the disk Ci (Isis 3, j ,c. i, 
l ,c. i, j ,c. l and Is j s 3, Isl s 3). We shall show that any two of 
the disks C1, C2, C3 touch each other. It is enough to prove this for the 
disks C1, C3• Suppose on the contrary, that the unit circles Cv C3 intersect 
at the points M 2 , M 4 (Fig. 3). Obsviosuly M 4 lies outside the empty disk E. 
We claim that the points Mv M 3, M 4 cannot lie on a unit circle. In order to 
prove this, we assume that there exists a unit circle C* containing the 
points Mv M 3, M 4• (Fig. 4) 

Fig. 3. 

So the point M 2 lies inside the triangle 6 M1M 3M 4 and it is easy 
to see that if the angles of this triangle at the vertices M1, M 3 are rx and (3, 
then 1800-a= <rM3M 2M 4 and 1800-(3= <rM1M 2M 4• Hence, <rM1M 2M3 = 
= a+{J and <rM1M 4M 3 = 180°-(a+,8) which yields that the reflected 
unit circle of C* about the line M1M 3 contains M 2 , i.e., E is a unit circle 
which is a contradiction. 

Now let us consider Fig. 3. If C{, denotes the unit disk which is 
different from C1 and which contains on its boundary the points M 3 , M 4, 

then M1 lies inside C{. This is true because of the previous observation that 
M1 cannot lie on the unit circle C~, and if M1 is outside C~, then the arc 

~2 < :ri, belonging to the unit circle C3 , will intersect the unit circle 
C~, (M2 is inside the unit disk CD at a point of J!. lying inside the E, which 
is a contradiction. (Do not forget that the unit disks C11 C2, C3, C!, belong 
to @.) Obviously, if C~, is the unit circle different from C3 going through 
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Fig. 4. 

the points Mv M2, then M3 lies inside the unit disk C~. But then there 
exists an intersection point Ms of the unit circles C~, C~, inside the disk 
C1 • Of course, M 5 EJ2. Moreover, if C~' is the unit circle different from, C3 
going through the points Mv M5, then M2 is inside the disk C3', but M3 ,-.... 
is outside the disk C~'. Consequently, the arc M2M3 <n, belonging to the 
unit circle C1, intersects the unit circle C~', at a point of J2 belonging to the 
interior of E, which is a contradiction. That is, the unit disks Cv Ca touch 
each other and this is true for any pair of the unit disks Cv C2 , Ca. Hence, 

!'::. M1M2M3 is a regular triangle of side length I and E has radius y~ 
(Fig. 5). 

(ii) Suppose that the radius of E is I. Let us denote the points of J2 
lying on the empty circle Eby M 11 M 2 , ••• , Mk. As before it is easy to see 
that k cannot be greater than 4. Hence, 3:sk:s4. Let us consider the convex 
hull conv {M1, M2, ..• , Mk} of the points M 11 M2 , ••• , Mk. We claim that 
the center point 0 of E lies in the interior of conv {M11 M, ... , Mk}. Suppose 
on the contrary that 0 lies on the boundary of conv {Mv ... , M 1J or outside 
(Fig. 6). 

Of course now E E @. Without loss of generality we may suppose that 
the line M1Mk separates the conv{M1, ... , MJ from the center 0. Then let .--
M1Mk be the arc of unit circle E separated from conv{Mv .. ., Mk} by the 

,-.... 
line M 1Mk and let us denote the midpoint of M 1Mk by N.@ forms a covering 
of the plane; therefore, there exists a disk C* of @ different from E which 
covers N. But then this unit disk C* cannot cover both of the points M1, Mk. 
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c~ 
c,. 

Fig. 5. 

,-.... 
I.e., there is an intersection point on M1Mk different from M1 and Mk 
which is a contradiction. Hence, 0 E int conv{M1, ... , Mk}. Using this we 
get that any angle of the convex polygon conv{M1, ... , Mk} must be at 
least a right angle, otherwise, we could find an intersection point of the 
unit circles of C in the interior of E. Consequently, since 3sk,,,;;4 the only 
possibility is that k=4, and conv {M1, M 2, M 3, M 4} is a rectangle. This com­
pletes the proof of Lemma 2. 

N 

Fig. 6. 

LEMMA 3. The empty circles of .2 are congruent. 

PROOF. Using Lemma 2, there exist two possibilities. Either the radius 

of an empty circle of .Q equals I or y~. Therefore, it is enough to show 
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that if we have an empty circle with radius ~' then any other empty 
¥3 

circle has the same radius. Let E denote our empty circle of radius /
3 

. 

We know by Lemma 2 that E n ..Q is a regular triangle with vertices 
M 1, M 2, M 3 (Fig. 7). 

Fig. 7. 

Let us consider the system of six unit circles going through two of 
the points Mv M 2 , M 3• We get 12 intersection points (are shown by Fig. 7) 
which, of course, belong to .2. since the unit circles belong to @ and, on the 
other hand, they form some of the vertices of a regular triangle-lattice I' 
generated by the triangle 6 M 1M 2M 3• If we continue this procedure using 
another three points which form a regular triangle of side length I we find 
that the vertices of I' belong to .2.. But this means immediately that any 

1 
empty circle of .2. cannot have a radius greater than y3". Consequently, 

using again Lemma 2, the radius of any empty circle of .2. must be equal 
1 . 

to ¥
3

, and we are done. 

LEMMA 4. If .2. is not locally dense, then the empty disks of .2. cover the 
plane. 

PROOF. First of all, we shall prove that if .2. is not locally dense then 
J2. does not have accumulation points. 

Suppose on the contrary, that J2. has an accumulation point A. This 
means that there exists a sequence al> a2, ••• , an, ... of intersection points 
(i.e., of points of .2. ) such that lim an = A.We suppose without loss o 

generality that the points A, av a2 , ••• , an, ... lie on a unit circle C of @. 
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We claim then that any point of J2 n e is an accumulation point of J2. In 
order to prove this, let P E J2 n e be an arbitrary intersection point. 
Without loss of generality, we may suppose that the points A, a1, a2 , ••• 

an, . . . are consecutive points clockwise on e (Fig. 8) and P is different 
from a1• 

After this, let Mn be that intersection point of the unit circles different 
from e and going through the points al> an and an-v an+i which lies inside 
e (n ~3). Obviously, lim Mn = A. Let us consider the unit circle going 

n->-
through the points a1, Mn which does not contain an and denote it by en. 
We know that enE@ for any n~3 and Jim en = e. Consequently, n--
if CP denotes the unit circle which intersects .C at P, then there exists 
a sequence P 3 , ... , Pn, ... of points such that PnE ennCP (n~3) and 
lim Pn = P. That is, P is an accumulation point of J2, and this is 
n->-
what we wanted to prove. 

Fig. 9. 

But now we can prove more. Namely any point of J2 n C is an accu­
mulation point of J2 n e. In order to prove this, choose again the arbitrary 
point PEJ2n C. We know, using the previous observation, that there exists 
a sequence P 3 , •• ., P n• ... of intersection points such that lim P n = P. 

n->-
Obviously we can find a point Q inside C such that Q is an intersection point 
(i.e., a point of J2) and does not lie on the unit circle CP. So the unit circle 
connecting the points Q and Pn (n~3) cannot contain more than two points 
of the sequence P 3 , ••• , Pn, .... (The points P 3 , • . ., Pm ... lie on Cp!) 
Consequently there exists a subsequence P;1 , P;2 , •• ., P; , ... of the sequ-
ence P 3, ••• , Pm . . . such that we can construct unit circles C;p C;2 , •• ., 

C; , ... going through the points Q, P;1 ; Q, P;2 ; ••• ; Q, P; ; ... having 
thi property that there exists a system P~1 , P';

2
, •• ., Pf n, . ~. of distinct 

inters~ction points w!th P/1 E C;1 n C, P{z E e;2 n C, ... , Pin E C;n n C, ... , 
and llm Pin =P. Smee Pin E.12. we are done. n--

·-- - - ··- ---------
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Now consider the set J2. n C. If -on C donotes the closed hull of the set 
J2. n C, then we claim that J2. n C = C. Otherwise, tllere exists an open - -.. -- - - ~-
arc AB of C such that AB n Jl.nC = 0 but AE Jl.nC and BE Jl.nC. 

-.. 
(Of course the length of AB is smaller than n.) We proved before that 
any point of J2. n C is an accumulation point of J2. n C; therefore, there 
exist two sequences Av A 2 , .• • , An, . . . and B1, B2 , ..• , Bn, . . . of the 
points belonging to J2. n C such that lim An = A and Jim Bn = B. 

Without loss of generality, we may suppose that the points A1' A!, ... , 
An, . . . are consecutive points clockwise and the points B1, B2 , ... , Bn, .. . 
are consecutive points counterclockwise on C (Fig. 9). 

c 

Fig. 9. 

-.. 
Let F be the midpoint of the open arc AB and reflect F in the line 

AB getting the point F'. Without loss of generality we may suppose that B1 
(and so the other points of the sequence Bv 8 2 , .•• , Bn, ... too) is (are) 
close to B. I.e., the unit circle which is a rotated copy of C through an angle 
<n about the point B1 clockwise connecting the points Bv F' intersects 

-.. 
C at a point D belonging to the open arc AF ( < :o). Again without Joss of 

,-.. ,-.. ,-.. 
generality, we may suppose that A1A<B2B (where A1A is an arc on C 

,-.. 
with length smaller than n and B1 B is another arc whose length is smaller 
than n too). Consequently the unit circles different from C connecting the 
points Av B and B2 , A will intersect each other at a point E lying on the 
same side of the line F, F' as the points D, A, Av A 2 , • • . , An, ... Therefore. 
if we rotate the unit circle C clockwise through an angle < n about the point 
B1 such that it contains E, then the new unit circle will intersect C, at a 

-.. 
point D* belonging to the open arc AD (-< n). 

After this, it is clear what we have to do. Let us choose a point A,, 
close enough to A and a point B 1 close enough to B such that we get an 
intersection point M of the unit circles connecting the points A1, B1 and 
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B2 , A,(, close to E. This shows that if we rotate C through an angle <n 
about B1 in a clockwise manner such that M is on it, then this new unit -circle intersects C at a point M* belonging to the open arc AD. But this - --is a contradiction because M* E ..Q n C and so AB n ..Q n C = 0 although - --we supposed that AB n ..Q n C = 0. 

Hence ..Q n C = C. I.e., the point set ..Q n C is everywhere dense on 
C. But from this we get immediately that ..Q is everywhere dense inside the 
unit disk C, which is a contradiction because we knew that in our case ..Q 
is not locally dense. This means that we could prove that if ..Q is not locally 
dense, then ..Q cannot have accumulation points. 

In order to complete the proof of Lemma 4 we have to show that 
using the above observation, the empty disks of ..Q cover the plane. 

Let 0 be any point of the plane. If 0 ~ ..Q then because ..Q cannot have 
accumulation points, there exists a disk which does not contain any point 
of J2. in its interior, but whose interior contains 0. Increasing this disk, 
we shall reach a position when the boundary will cover at least three 
intersection points (i.e., at least three points of ..Q) and no point of ..Q will 
be inside this disk, i.e., it is an empty disk whose interior covers the point 
0 (Fig. 10). If OE..Q then a similar argument shows that there exists an 
empty circle containing the point 0. (Actually in both cases we used the 
fact that the radius of an empty circle cannot be arbitrary large; in our 
case this means that it cannot be greater then I.) This completes the proof of 
Lemma 4. 

el 

Fig. 10. 

Now let us complete the proof of Theorem I. If ..Q is locally dense, then 
by Lemma I it is everywhere dense in the plane. If ..Q is not locally dense, 
then we know using Lemma 4 that the empty disks of ..Q cover the plane. 
So because of Lemma 3, these empty circles are congruent. And by Lemma 2, 
..Q is identical either with the vertices of a rectangular-lattice with diagonals 
2 or with the vertices of a regular triangle-lattice of side length I. In addi­
tion, it is obvious that the smallest sides of the rectangles must be 
greater than I. 
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3. Proof of Theorem 2. 

If a point of the plane is covered by infinitly many unit disks, then 
the density d(@) and also the density d(@*), are infinite and we do not have 
to prove anything. Therefore, we may suppose that @={Cd Ci is a unit 
disk, i = I ,2, ... } and any intersection point of @ belongs to finitly many 
unit circles of@; moreover any unit circle of@ contains finitly many inter­
section points of @. Let M be an arbitrary intersection point contained 

by m unit circles of @. We assign the real number _l_ to each center point 
m 

of a unit circle of @ which contains the point M. Compute this for every 
intersection point of @. Then choose an arbitrary unit circle Ci of @ with 
center point Oi. Let us denote the intersection points of @ belonging to Ci 

by Mi
1

, M;2 , ••• , M;k, assigning the real numbers _ I-, 
1 

,. . ., 
1 

m;1 m;2 m;k 
to the center point Oi. In order to prove our theorem, it is enough to show 
that 

I I I --+--+ ... +--2= I. 
mi1 m;2 m;k 

But since any unit disk of@ is intersected by at least one other, and no two 
of the unit disks of @ touch each other, we know that k ~ 2 and mi. = k 
for any Isjsk. Consequently 1 

1 l l l I 1 1 -+-+ ... +-2=-+-+ . . . +- = k- = I 
m;1 m;2 m;k k k k k 

which completes the proof of Theorem 2. 

4. Proof of the Proposition 

The case of the cube shows that f(n) 2= 2" (n 2= 2). On the other hand, 
suppose that K11 K 2, ••• , Kk is a system of homothetic convex bodies such 
that any two of them touch each other. Without loss of generality, we may 
suppose that Ki is the smallest. Then in each convex body K;, (i 2= 2) we 
can find a translate K1* of K1 which touches Ki· In this way we construct 
(k- I) translates K~, K';, .. ., K; of Ki which touch Ki and whose interiors 
are pairwise disjoint. But then the theorem of H. HADWIGER [6] shows 
that k- ls3"- I with equality if and only if K1 is a parallelotope. This 
completes the proof. 
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ON SOME PAIRS OF MULTIPLICATIVE FUNCTIONS 

By 
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(Received January 24, 1987) 

Let _JJ[ (resp. _J/[*) denote the class of complex-valued multiplicative 
(completely multiplicative) functions. The subclass of the arithmetical 
functions f satisfying the relation 

(1) 
Z f(n) = O(x) (x- =) 

n,,;x 

will be denoted by Li-
Our purpose in this paper is to give a complete characterization of the 

functions j, gE_JJ[* for which the relation 

(2) 
Z jg(n + K)- f(n)j = O(x) 

holds. Here K is an arbitrary positive integer. 
The following assertions are obvious. If j, g E L1 n _/}[*, then (2) is satis­

fied. If j, g is a solution of (2) and one off, g belongs to L1 11 JJl*, then so 
does the other. Letf(n) = nsU(n), g(n) = nsV(n), Re Ss; I, V(n+ K) = U(n) 
(V nEIN). Then the module of U(n) may take only the values 0 and I, 
as it follows immediately from Theorem 1 in [4] consequently (2) is true 
for f, g as well. 

THEOREM. Assume that f, gE_JJ[*, satisfy (2). If f~L1 then 

(3) f(n) = nsu(n), g(n) = nsv(n), 

Os Ress I.furthermore 

(4) V(n+K) = U(n) (VnEN). 

REMARKS. (1) All solutions of (4) for U, V E_JJ[* have been determined 
in [4], Theorem I. 

* Written while the second author held a visiting professorship at the University 
of Paderborn. Financial support has been provided by DFG. 
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(2) The basic idea of the proof is to reduce the problem to an equation 

L,' _!__lg1(n+K)-f1(n)I < =, and apply Theorem 4 in [4] 
n 

(3) The special case f(n) = g(n) has been treated in [6 ]. 

LEMMA I. Assume that f, gE..Jll*, and there exists a constant C ;z0 0 
such that 

(5) -
1 ~ lg(n+K)-Cf(n)i«l. 
X n,,;;x 

If there exists a prime p, p{K for whichf(p) = 0 or g(p) = 0, thenf, gEL1 • 

PROOF. It is enough to prove Lemma 1 under the condition that K 
is "minimal", i.e. that (5) does not hold for any proper divisor K1 of K. 

l. We may assume that f(q) = g(q) = 0 for all qj K. If there exists 
a prime q such that f(q) ,c 0, g(q) ,c 0, then by K = qK1 we have 

(6) -
1 L,' !g(n+K1)-Cf(q)f(n)j«l, 
X n,,;;x g(q) 

that contradicts to the minimality of K. 
If f(q) = 0 and g(q) ;z0 0, then summing over the integers . of form 

n = mq in (2) we find 

which implies that g E L1 . In the case f(q) ,c 0, g(q) = 0 we get similarly 
thatfEL1 . 

2. We may assume that f, g'2:: 0, C>O. It is enough to observe that (5) 
implies the inequality 

1 -L: llg(n+K)l-ICI · lf(n)ll « l. 
X ns:x 

We shall assume that/, g '2=0, C>O. 

3. Let 1J ={p, (p, K) = I, f(p) = O}, rQ = {q, (q, K) = 1, g(q)=O}, 

(/)J. ={PE1JI 3 n0 == K (mod p) such that g(n0 ) ¥ O}, 

rQ1 ={qErQj3n0 == -K (mod q) such thatf(n0) ¥ O}. 

Assume that (/)Ul'Q is not empty. We prove that/, gEL1• 

Case I.: (/)1 ¥: 0. Let p E(/)v and let n0 = K (mod p) be such that 
g(n0) ¥: 0. Let v run over the integers v == I (mod p). Then Pi vn0 -K, con­
sequently from (2) we conclude 

L,' g(vn0)«X, ==> L,' g(v)«X. 
•= I (mod p) •= 1 (mod p) 

v<x v<x 
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Let now" run over the arithmetic progression v = L (mod p), where (l, p) = I. 
We shall estimate the sum 

Z g(v). 
v:;[(mod p) 

•<X 

This is zero if g(v) = 0 for every v. Let g(v0 ) ;:.: 0, v0 = L (mod p). 
Then v&- 2 =1-1 (mod p), and k, = vg-2 v = 1( mod p). 
So we have 

Doing this for each l, (l, p) = 1, we find 

(7) Z g(n)«X. 
(n, p)=l 

n°""x 

If g(p) = 0 then gEL1, and we are ready. So we assume that g(p);:.: 0. 
Let us assume first that there exists an r;, f(r;) ;:.: 0, r; ~ l(mod p). 

Let sm = pmr;-Kr;+K. Then (sm, p) = (K((l-r;), p) = l, furthermore 

Z g(pm)«x+Ef(pm-K)«x+Ef(ri(pm-K))«x+Eg(s111 )«x. 
m°""x 

In this case we are ready as well. 

Remains the case: /(ri) = 0 for each 'YJ, ri ~ l (mod p). We have 
pm-K = -K(mod p). If I ~ -K(mod p), thenf(pm-K) = 0 for every m, 
consequenty Z g(pm) = O(x), gE L1 • Assume now that I= -K (mod p) 

m,,,;x 
i.e. Pl K +I. Let K = -1 + pf1s, (s, p) = l. We shall prove that 

( 8) Z f(n)«X. 
"°""x (n, p)=l 

If f(n) = 0 n, (n, p) = I, then (8) is true. 

Let now n run over the integers n for which p6 jJn-1, o ;:.: {3. Then 
n-1-K = p6m+pf1s, p6lln+K if 0</3 and pf1Jjn+K if 0>/3. The contri­
bution of these terms in (8), can be majorated by 

x+ Zg(n+K)«X+ Z( Z f(v))g(pa)«X. 
o°""/J V<X 

(v, p)=1 

If f(n0 ) ;:.: 0, (n0 , p) = I, then f(n~) ;:.: 0 (kEN), therefore for an arbi­
trary y there exists n1 such that/(n1) ;:.: 0, n1 ~ I (mod pY). Now we estimate 
the contribution of integers n for which pf1Jjn- I. Then we shall choose 
two integers Pv P 2 so that P1 = 1 +t1pr1, P 2 = I +t2pr2, fJ<Yi <y2, 

f(P1) ¥- O, J(P2) ~ O, (t1t2, p) = I and put n = I +mpf1, (m, p) =I. Since 
nPi = (l+tiprt) (I+pf1m) = l+pPm+tipr1+timpf3.J-1'i, therefore nP,+K = 
=pP(m+s)+t1p..,,1+t1mpf3+1';. Let plllm+s. If .'. 7"' y1-{J then the exponent 

9* 
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a of p defined by P"llnPi + K is determined by A, {J, Y; and asyi. Since 
}, = Yi -{J holds at most for one of the y1, y 2 , therefore 

Ef(n)«Ef(P1n)+Ef(P2n), 

where in the first sum pY1-illl(m+s) and in the second pY~-1111m+s. Since 

2,f(P1n)«x+ 2,g(P1n+K)<-«:X+J.?(P") 2, g(v)«x, 
. (,,, p)=I 

we find that 

°L, f(n)«X. 
p/li[n- I 

So we have proved that 
°L, f(n)«X. 

n:d(mod p) 

But in our case f(17) = 0 for every 11, '(17, K) = I, p{17- I Consequently (8) 
is true, and f(p) = 0 implies that fE L1 . 

Case I I. rQ1 ¢ 0. Hence one can deduce that f, g E L1 by the same 
method as was used in Case I., so we omit the proof. 

Case/11. </)1 = 0, rQ1 = 0,</)UrQis not empty. If PE</), theng(n) = 0 
V n, n == K(mod p), consequently rQ is an infinite set, and so is</). 

Now we shall see that the following assertion is true. (COND):f(n) = 0 
if and only if g(n + K) = 0. 

This assertion is true if (11, K)> 1. If pE</), then g(n) = 0 V n, 11 == K 
(mod p), since </)1 = 0. Let f(n 0 ) = 0, (n0 , K) = 1. Then there exists Pl 110 , 

pE</), therefore g(n) = 0 for 11 = n0+K. So the implication f(n) = 0= 
=g(n + K) is true. Assume now that g(n + K) = 0, (n, K) = I. Then there 
exists qln+K,qEIJ2.Sinceq ~rQ11 thereforef(n) = 0. Bythis(COND)istrue. 

In [3] (seep. 262-264) it was proved that </)UrQ ¢ 0, (COND) imply 
that f(n) = g(n) = 0 V n ~ 2. 

By this Lemma I has heen proved. 

LEMMA 2. Let f, gE..JJl~', f(n) = g(n) = 0 if (n, K)> I and f(n) ¢ 0, 
g(n) ¢ 0 if (n, K) = I. Assume that (2) holds and f, g~L1 • Thenlf(n)I = 
=lg(n)! vn~I. 

PROOF. Let H(n) = f(n) defined on the set (11, K) = I. Then H(n)¢0. 
g(n) 

Let I. be an integer that has exactly the same set of prime factors 
as K. Then clearly (}.+I, K) = I. Let e be an integer coprime to Kand 
put C = ),e +I; we have (C, K) = I. 

We shall prove that 

(9) H(J.+ 1) = H(C). 

From (2) we have the inequalities: 

2, lg(C)f((}, + l)QN)-g(C)g((Jc + I)gN +K)I «X, 
N,,,,;x 
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z lg(O. + l)eNC +KC)-f((J,+ l)eNC +KAe) I «x, 
Nsx 

z lf(e)J(().+ l)NC + KA)-f(e)g((A + l)CN + K(), + 1))1 «X, 
Nsx 

Z !f(e)g(J,+ l)g(CN +K)-f(e)g(J,+ l)f(CN)!«x. 
Nsx 

From the triangle-inequality we get 

z !g(C)f(A+ l)f(e)-f(e)f(C)g(A+ l)! · lf(N)!«X. 
Nsx 

Since f ~ L11 f(e) ~ 0, this inequality implies (9). 
Let K* be any positive integer all prime divisor of which divides K, 

and which contains all prime divisor of K at least on the first power. Let 
e be coprime to K, C = 1 + K* q. Then (K* +I, K) = I and from (9) we have 

(IO) H(I +K*e) = H(K*+ I). 

Since for (v, K) = 1, (l+K*)v ~ I+vK*+ . . . = I+eK*, and (e, K) =I, 
therefore H((I+K*)") = H(l+K*). Since H((I+K*)) ¢. 0, we have 

(11) H((l+K*))v-I =I if (v,K) =I. 

Let T(rz): = IH(n)j. From (IO) and (I I) we get that 

(12) T(l + K*) = T(I + K*e) = I if (e, K) = I. 

Let now n == I(mod K). Then n can be written in the form n = I+ K*e, 
where (e, K) = I, Kl K*, and all prime divisors of K* divide K. Conse­
quently T(n)= I. Let now (n, K)= I, n be an arbitray integer. Then rz'l'<K> = 
= l(mod K), consequently T(rz'l'{l<>) = I. Since TE.Jl1.* and T2=0 there­
fore T(n) = I. So we have proved that T(n) = I 'in, (n, K) = I. i.e. that 
lf(n)! = !g(n)l V n, (n, K) = I. 

Let h(n) = !f(n)!. Then from (2) we have 

(13) Z !h(n+K)-h(n)I =O(x). 
nsx 

Since h ~ L11 from the Theorem in [6] we infer that I h(n)! = n" = 
= lf(n)! = jg(n)! with a suitable a, O<o=s; 1, (n , K) = I. 

Letf1(n) = f(n)n-", g1(n) = g(n)n-". 
Then 

g1(n+K)-f1(n) = f(n+K)( 1 - - 1 )+ g(n+K)-f(n) , 
(n+K)" n" n" 

jg1(n+K)- f1(n)!-$(n+K)0 
--- +-lg(n +K)-f(n)I ( 
I I ) I 

n" (n+K)11 n11 
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Summing up for n E [x, 2x] we get that 

Z _!_lg1(n+K)-f1(n)I:,;; (2x+K)" 
x,,;n<2x n xi+" 

+-1- Z Jg(n+K)-f(n)j, 
xl+a x,,;h-s2x 

and by (2) the right hand side is less than O(x-"). 
Forming these inequalities for x = 2• (v = 1,2, . .. ) and summing, 

we get that 

(14) 

In [4] it was proved that (14) with l/1(n)I = jg1(n)I = 1 Vn, (n, K) = 1 
implies that f 1(n) = niTU(n), g1(n) = h" V(n), and U, V satistfy (4). 

By this our theorem is proved. 
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l. Let d.* (JJt.*) denote the class of complex-valued completely additive 
(multiplicative) functions. Let Jllg be the subclass of Jll* containing all 
those fEJ!l* that are nowhere zero. 

Our purpose in this paper is to determine all functions in d.* and Jll(i' 
which satisfy some linear recursions in a suitable sequence of relatively 
small intervals. 

The exact assertions will be formulated in sections 2 and 3. 
LEMMA 1. Let /Ed*, or let /EJJt.t. Assume that there exists an e>O 

and a suitable sequence N 1 < N 2 < . . . of integers, such that 

f(n) = A/v' nE[Ni, Ni+(2+e)y'NiJ 

(j = 1,2, ... ). Thenf(n) = 0 if/Ed* andf(n) =I if/EJ!l.'t for each nEN. 
This assertion for /Ed.* has been proved in [I J. The case fEJ!l't can 

be considered in the same way, so we omit its proof. 
For some generalizations see [2J, [3J, [4] 
LEMMA 2. Let gEJ!lt. Assume that there exist sEC, e>O and a sequence 

of integers N 1 <N2 < ... such that 

(I.I) g(n) = n5 Ai Ni:s;n:s;Ni+(2+e)YNi (j =I, 2, . .. ). 

Then g(n) = ns for every nEN. 
PROOF. Let f(n): =g(n)n-s and apply Lemma I. o 
In the space of the sequences {xv x2 , ••• } Jet£, I, L1 denote the operators 

defined by the following relations: Exn = Xn+V LJxn = Xn+l - xn, Ixn = xn. 
Let C [xJ denote the ring of polynomials over C. For PEC[x], P(x) = a0 + 
+iX1X+ ... +llkXk we shall write P(E)xn = oc0Xn+oc1Xn+1+ ... +ockxn+k 
(nEN). 
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LEMMA 3. Let gE.Jltt. Assume that there exists a nonnegative integer 
h, e>O, and a suitable sequence of integers N 1 <N2 < ... such that 

(1.2) Jhg(n) = O nE[Nj,Nj+2(l+h+e)YNj] (j = 1,2, ... ). 

Then g(n) = 1, identically. 

PROOF. If (l.2) holds with h = 0 !Or 1, then Lemma 1 contains the 
assertion. We may assume that h> 1 and that the condition (1.2) does not 
hold for h- I instead of h, for any j. Fr?m (l.2) we have that g(n) = Q1(n) 
in nE [Nj, Nj+2(l + h+e)YN~], where QjEC[x], deg Qj = h-1. If Q/x) = 
= Ajxh-l for an inf~ni~e subsequence of the integers j/1 then the conditions 
of Lemma 2 are sat1sf1ed and we are niady. 

Let now N = N1, M = 2(1 +h+t')YNj, g(n) = Q(n) in nE [N, N +M] = 
= ], Q(x) = Bh_1xh-1 +Bkxk+ .. ., where Bh-l ,c 0, Bk ,c 0, and B. = 0 
if k< v<h-1. Let p, q, m be positive integers and 

(1.3) Rp, q(m): = Q(pm) Q(q(m + 1))-Q(p(m+ 1)) Q(qm). 

Then Rp,q(m) is a polynomial of m of d~gree s2h-3. If pm, qm, p(m+ I), 
q(m+ l)E], then Q can be replaced by g, and by using its complete multi­
plicativity, we get that R p, q(m) = 0. If this happens for 2h- 2 distinct 
values of m, then this implies that the polynomial RP q is identically zero. 
But this cannot occur if p ,c q, since by an easy computation one can get 
that Rp, q is a polynomial of exact degree h-2+k. 

Let p= [YN] +I =m0 , q=p+ I, M "i= 2(1 +h}YN +4h. Then N::s;pm0 < 

<q(m0 +2h- 1)$N+M*, and M*<M :if j is large enough. Consequently 
pm, qm, p(m+ I), q(m+ l)E] hold for :m = m0 +s (s = 0, I, ... , 2h-2). 
This is a contradiction. We are ready. o 

LEMMA 4. Let fEc!l.*. Assume that ;there exists a nonnegative integer 
h, e > 0 and a suitable sequence of integer~ N1 < N 2 < ... such that 

(1.4) !Jhj(n) =0 nE[NpNj+(2+'h+e)YN1] (j = 1,2, ... ). 

Then f(n) = 0, identically. 

PROOF. If h = 0 or I, then the assertion follows from Lemma 1. Let 
now h2::2, and assume that (1.4) does not hold with h-1 instead of h. Then 
f(n) = Q/n) with a suitable polynomial :QjEC[x], deg Q1 = h-1. Choosing 
a typical N = Nj, M = (2+h+e)YN1 we takef(n) = Q(n)in nE [N, N +M]. 
Now we define 

Sp, q(m): = Q(p(m+ l))+Q(qrri)-Q(pm)-Q(q(mt 1)). 

If pm, qm, p(m+ 1), q(m+ l)E [N, N +M], then the right hand side 
c~n be written as f(p(m+ l))+/(qm)-/(ipm)-f(q(m+ I)), and this is zero, 
since/Edi:.*. In the other hand, Sp, q(m) i~ a polynomial in m of exact degree 
h-2, if p ,c q. . 
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By choosing p = m0 = [VN] + l, q = p+ l, we get that nspm0 s 
:s:(p+ l)(m0 +h- l):s:_N +M, w~ic~ implies that Sp, q(m) = 0 m = m0, 

.. . , m0 +h-2, that 1s a contrad1ct1on. o 
2. DEFINITION 1. We shall say that an arithmetical function f satisfies 

condition Ch,.,,, if there exists a sequence N1 <N2 < ... of integers, a suitable 
sequence b1 of real numbers, br .. =, and a suitable sequence <J>1(z) of non­
zero polynomials over C, of deg <J>1sh, such that 

(2.1) <I>1(E)f(n) =constant= A 1 in nE[N1,N1+b1Nj]· 

1 s+ 1 
cc0 = -, rx5 = -- (s;;,: 1). 

2 s+2 
Let 

THEOREM 1. If fEol* and f satisfies Ch,ah then f(n) = 0, identically. 
PROOF. We may assume that <I>1 are monic polynomials, furthermore 

that <I>1(0) ¢ 0. 
If h = 0, then Lemma I implies our assertion. We may assume that 

h "2: 1 and that h is the minimal value for which Ch, ah is satisfied. 
Let j be a large value, N = N1,M = b/\J}h,<I>1(z) = <J>(z) = ; 0 +;1z+ 

... + ;hzh, ;h = 1. Let the roots of <I> be 8 11 ••• , eh, <!>(z) = (z-e1) ••• (z- @h). 
If 01 = ... = eh = I, then <J>(z) = (z- l)h. If this occurs for infinitely 

many j, then tJhf(n) = A1, and so Jh+1f(n) = 0 in the corresponding interval 
[Ni' N1+b1Nah]. In this case, by Lemma 4, we are ready. Now we assume 
that <I>iz) ¢ (z- I)\ <J>(z) ¢ (z- l)h. Since 

<J>(E)f(n) = constant = A in nE [N, N +MJ 

therefore for every rEC[x] 

(2.2) r(E)<J>(E)f(n) =constant = r(l)A 

in nE [N, M + M-s], s = deg r. For an arbitrary integer m>O let km(z) = 

h 

= IJ (z - 8j). Since km(zm) is a multiple of <I> (z), deg km(zm) = mh, 
}=I 

therefore km(zm) = um(z)<J>(z), deg um = (m- l)h, consequently 

(2.3) km(Em)J(n) =Am if nE[N, N+M-(m- I)hJ. 

Let km(z) = 170+171Z + ... + 1JhZ\ 1Jh = I, and write n = mv, v EN 
in (2.3). Then for 

(2.4) vE[!!__, N +M -h] 
m m 

we have rJof(mv)+rJJ(m(v+ I))+ ... +'r/hf(m(v+h)) = Am, i.e. that 

km(l)j(m)+km(E)J(v) = Am, 
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and so that 

(2.5) 

Let }.m(z) = km+i(z)-km(z). Then either /.m(z) is the zeropolynomial, 
or deg Am<h. Furthermore in 

(2.6) vE -, -[
N N+M h] 
m m+ l 

the relation (2.5) holds with m+ I instead of m as well, consequently 

(2.7) 

We .shall choose such a set of integers m for which the length of the 
interval is large, i.e. satisfies 

(2.8) N + M _ h- N """b*(!i)"h-1 
m+ I m 1 m 

with a suitable sequence bj- oo. We have M = biNah. If for a subsequence 
j. one can find an m = m. satisfying (2.8) such that Am,(z) ,c 0, then f 
satisfies Ch- 1, ah_1 contrary to our assumption. So we may assume that 
(2.8) implies that /.m(z) = 0. The inequality (2.8) holds with bf = yb1 if 

2 ( } _i_)l/(l-ah-1) _ 
- N 1- "1isms -''b'. N 1 

"" 
b . 4 y J ' 

J 

(2.9) 

which is easy to see. Consequently ).m(z) = 0 for these values of m. 
Let U be the least and V be the largest m satisfying (2.9). Let D be 

a large constant depending only on /z, which we shall determine later. Since 
b 1 - oo, therefore V ===DU if j is large enough. We shall prove that if 

(2.10) {er, ... , elr} = {er+i, .. . , eg1+ 1} 

for each m, UsmsDU, then there exists such an m1 E[U, DU] for which 
{B!1

, •• • , B7'1, .. ., e~1} = {l, . . . , 1}. Butin this case km1 (z) = (z- l)h, and 
by (2.5), (2.4) we have LJhf(v) = constant in (2.4). If this occurs for infini­
tely many N = N 1, then we shall get our theorem by Lemma 4 applying 
it with h + 1 instead of h. 

Let Em= {Bj'.', ... , B;:'J listing the elements with multiplicity. The 
subset £)-ii) denote those elements er which occur with multiplicity 
r in Em. Let r be such an integer for which E<,:? ,c 0. Let F;~> be the same 
set as E<'m> but in F<~> we list each elements only once. Let F~~> = {e ~1 , •• • , 

... , ef1}. From (2.10) it is clear that 
(2.11) p<r) - p<r) 

m - m+l' 

Since <P(O);;eO, therefore e.;;eO. From(2.ll)weget that F~f} = F'{)(s = 
= l, 2, ... , D). 
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Let a denote the permutation a12f = 12fu. Let 
a cycle of the permutation, such that 

U 2U U 2U U 2U U 2U 

.. . , 

1211 = 1212 '1212 = l21s '· · ·' l2iµ-I = 121.u 'l2iµ = l2i1 • 

Hence we get that 
2U • (21U) 

1211 = 1211 , 1. e. that e11 = 1 
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(l = 1,2, ... , µ).The length of the largest cycle that can be occur is -:5h. 
Therefore by choosing d to be the least common multiple of the quantities 
21-1 (l =I, ... , h), we have eFd = 1 (i = I, ... , h), ifd~D. 

This finishes the proof of our Theorem I. o 
3. THEOREM 2. Let /E..Jll.t, and let it satisfy condition Ch, ah· 

Then f(n) = ns for some integer sE[l,h]. 

PROOF. The proof is similar to that of Theorem I. If h = 0 then Lemma I 
implies our assertion. We assume that h 2:: I and that h is the minimal value 
for which Ch,ah is satisfied: 

Let j be a large number, N, M, tf>, Bv ... , <Ph be the same quantities, 
as in the proof of Theorem 1. The formulas (2.2), (2.3) are satisfied. Since 
710f(m11)+ ... +rihf(m(v+h)) = /(m)[ri0f(v)+ ... +rihf(v+h)], using that/E..Jll.* 
we have/(m)km(E)f(v) = Am, that by /(m) r!: 0 implies that 

(3.1) km(E)f(v) =A~,, A~= Am·J-1(m). 

We may assume that tf> i(z) r!: (z- I )h, for each large j, since in the 
opposite case we can apply Lemma 3 with h + I instead of h, and this leads 
to our assertion immediately. We can continue the proof in the same way 
as was done in Theorem I. o 

REMARK. The multiplicative functions satisfying a linear recursion 
on the whole set of positive integers has been considered by A. SARKOZY 
in [5 ]. 

ACKNOWLEDGEMENT. The author is indebted to the referee for his 
valuable remarks. 
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1. The system (rpn)nEZ in a separable Hilbert space H is called Riesz 
basis if there exists an isomorphism A : H ---- H of H onto itself such that 
(A ffJn)nEZ is an orthonormal basis of H. A system (rpn)nEZ is said to be 
an L - basis in H if it is a Riesz basis in the closure of its linear hull. 

Let Tq: = 2(q-I)/q, Zq = z\qz 

Pq: = {eink1:kEZq}, 

where qEN (natural number) and Z denotes the set of integers. 
The aim of the present paper is to investigate the Riesz bases from 

exponents and some related problem. First we are looking for the properties 
of Riesz bases of L2(a, b) over the subintervals of (a, b). We shall prove the 

THEOREM I. 

(a) Pq is a Riesz basis in L2(0, Tq); 
(b) Pq is an~ - basis in L2(0, T) if T> Tq; 
(c) There exists P~ c Pq such that Pr is a Riesz basis in L2(0, T) 

if T<Tq. 

The proof is based on the theory of entire functions so some notions 
will be introduced below. 

Consider the more general case ffJn = e it.nx, H = L2(0, 2:n), },n EC. 
First, an entire function f(z) is called of exponential type if 

Jim sup In M(r) < =, M(r): = max lf(z)j. 
r-oo r !Zi=r 

In this case the indicator function 

In lf(reie) I 
h( fJ): = Jim SU p -'---'----'--'-

r __, = r 
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can also be defined. It is known (Cf. [11]) that for any exponential type 
entire function there exists a unique compact and convex set GcC such that 

h(B) = sup (x cos Q + y sin G) 
x+iyEG 

The set G is called the indicator diagram off. After B. ]A. LEVIN [12] we call 
sine type function an exponential type• entire function f whose zeros lie 
in a strip parallel to the real axis (i.e. the imaginary part of its zeros is 
bounded) and if lnlf(x+ iy0)1, xER is bo!unded for an appropriate y0 ER. 

Recently several necessary and sufficient conditions for the system 
{ei.<nx: },n EC} to be a Riesz basis have been: given in the terminology of entire 
functions (Cf. [2]). Roughly speaking, we take the entire function with 
zeros An and indicator diagram [ -i a, 0] c C; then the Riesz basis property 
of (ei.<nx) in L2(0, a) is characterized by the,growth properties of this function 
along the real line. The statements of this type are based on deep results 
from the theory of Hardy spaces. The following sufficient condition, very 
useful in the applications, was found fonnely by S. A. AvooNIN; its proof 
requires only the study of some infinite products: 

THEOREM A ([8], see also in [2]). Let U•n)nEZ be the set of zeros of 
a sine type function with indicator diagram [-ia, OJ, all }.n being simple 
zeros. Take a bounded sequence (c5n)nEZ of complex numbers. Define 

Llx(R): = ~rt Re bn 
x-R.,,;; H.e).r,.,,;;x+R 

and suppose that 

(1) 
nY'm 

(2) 
. !Llx(R)I 1 
hmsup-r;---R· <-

4
. 

R-+~ ,,_, 

Then (ei<.<nHn)X)nEz forms a Riesz basis in L2(0, a). 
The following theorem of S. A. AvooNIN and the author [ 10] shows 

that the exponents An of some Riesz basis are precisely the sequences which 
are close to the sequence of the zeros of a sine type function in some sense. 

THEOREM B ([IO]). Suppose that the system U•n)nEz satisfies the separa­
bility condition: inf I.An-Ami >O. Then the following two statements are 

nY'm 
equivalent for any a>O. 

(3) 

(a) (e0·nx)nEz is a Riesz basis in L2(0, a). 
(b) There exists a sine type function with indicator diagram [-ia, 0] 

and with real zeros (µn)nEz such that 

d Re (An_1 -An)s; Re (µn-An)s; d Re (An+! -An) 

holds with some O<d< 1/4 (the sequence (µn) is indexed increasingly and 
(.An) in the order of the real parts). 
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For the sake of brevity we rewrite (2) in an equivalent form. 
Let A= {An: nEZ} be a separable set (i.e. inf l.An-.Aml>O) lying in some 

n,;m 
strip I Im zJ,,,;;; C. A partition A= U Ai is said to be A - partition if we 

iE'l. 
give a partition of the strip by vertical lines such that the lenghts Li of 
the domain defining Ai form a bounded sequence. Now (2) is equivalent to 
the existence of an A - partition A = l) A 1 such that 

J 

(2') 
I Zn. Re On J ,,,;;;dli(d < ! ,jEz). 

'-nEtl J , 

PROOF OF THE THEOREM l. 

(a) Using the easily verificable identities 

(4) sin k:rix+ sin kn( x+ : ) + ... + sin k:ri(x+ 2 q~ 1 ) ::0, 

(5) cosk:rix+ cos kn[ x+: )+ ... +cos k:ri(x+2q~ 1-)=o, 

we get 

/ qfk[akcosk:ri(x+2q~l )+bksink:ri(x+2q~l )]/,,,;;; 
,,,;;; I Z [akcosk:rix+bksink:rix]! + ... + 

q+k 

+ /qfk [ak cosk:ri(x+2 q~ 2 
)+bk sink:ri(x+2 q~ 2 J1 /,,,;;; 

-syq-1{1 Z [akcosk:rix+bksink:rix]J 2 + .. . + 
q+k 

+ iqfAak cosk:ri(x+2 q~ 2 
)+bksin k:ri(x+2 q~ 2 )f} 

and taking infinite sums it follows 

1-q 
2--

2 q 

~1 q = J u(x)2dx,,,;;;q J 
0 0 

12: [ak cos k:rix +bk sin k:rix] l2dx 
q+ k 

which proves the Riesz basis property of lJfq. 

(b) This statement follows from the fact thet the canonical projection 
L2(0, Tq)-L2(0, T) is isometric. 
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n 
{c) Use the Theorem A. Let l.n = 2n-. Then the conditions of the 

T 
Theorem A are fulfilled for the system f.A.n}· We have to define the numbers 
{<5n} and an A-partition of A= U Ai for which the conditions (I) and 

jEZ 
(2') hold. We construct them in two step. Before we remark the 

STATEMENT. In the sequence {[2n/T]} there is no q consecutive integers 
and there exists an m0 EN such that in any sequence of qm0 consecutive 
integers at least m0 + I numbers do not belong to the series {[2n/T]}. 

PROOF. This follows immediately from T < Tq. 

First step. Consider the sequence kq, kq+ I, ... , kq+q-1. It contains 
< q members from the sequence {[2n/T]}. If kq ~ {[2n/T]} then we define 
(2n/Tk = [2n/T] (kq+ Is [2n/T]~kq+q- I). If kq = [2n0 /T], then we 
put (2n0/T)*: = kq + I and we add I to every member of the sequence 
{[2n/T]} until the first member, until we get [2n/T] +I = kq + l ~ [2(n + 
+ l /T) ]. By the first step we have the property (2n/Th E Z\qZ. 

Second step. Denote {ck: kEZ} = Z\qZ\{(2n/T)*: nEZ}. 
We know ck+i -Ck<qm0 • Now let 

Suppose ckl' ckrtb .. ., ck1+1-i E Ar 
Let (2n/T)**: = (2n/T)* (n EA i' (2n/T)* < c)() and (212/T)**: = (211/T)* - I 
for n with ck1<(211/T)*<ck1+i, q 1(2n/T)*- l; ;(2n/T)**: = (2n/T)*-2 for 
n with ck1<(2n/T)*<ck1+i, q!(2n/T)*- l. 

Consider the sum 

If this sum is negative, then we take (2n/T)**: = (2n/T)* if ck
1
+ 1 < (211/Th < 

< ck1+2· If this sum is non-negative, then set (211/T)**: = (211/Th- I for 
Ckj+I <(2n/T)*<Ck1+2,q 1(211/T)*- l, (2n/T)**: =(2n/T)*-2 for ckj+l < 

<(2n/T)*<ck1+1, ql(2n/T)*- I. Then investigate the sum 

Z (-2n -(~) ) 
nE..f1 T T ** . 

(2n/T)* <Ck j + 2 

Use the same process for the definition of (2n/T)** as above. We continue 
this process until ckJ+i· It follows from the construction of (2n/Th* that 

I
. Zn (~-(-3!!___) ) I s4qm0 • 

nEAj T T ** I 
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Now define an A- partition of A= P.n} as follows: A 1 : = P.n: n EA 1}. 
The length of Aj is (according to },n = 2nn/T and by the definition of Ai) 
11 ~ lOOn: qm0 and therefore 4qm0 5 fj d for some d < 1/4. Applying the Theo­
rem A, the proof of the Theorem 1 is complete. 

REMARKS. I. In the above Theorem 1 the distribution of the exponents 
is very regular: they form a linear sequence, omitting from it a linear 
subsequence. When we apply e.g. the Fourier method in the theory of partial 
differential equetions (Cf. [21]) we need the Riesz basis property of a system 
of exponentials which are close to some regularly distributed system. For 
example, the square roots of the eigenvalues of the Schrodinger operator 
are at a distance belonging to 12 from a linear sequence. We can easliy prove 
in general that if (ei.lnx):_ is a Riesz basis in L2(0, a), if~ lon! 2 < = and 
if the numbers l.n +on are all distinct then (ei(!.n Hnlx): _ is also a Riesz basis 
in L2(0,a). We refer first to the following theorems of N. K. BARI [7]. 
Let (cpn): _ be a Riesz basis in a Hilbert space Hand suppose .Z 11% - Pnll 2 < 

<=.Then the system (Pn):- is minimal iff it is complete and in this 
case (Pn) is in fact Riesz basis. On the other hand if (q;n) is a Riesz basis 
and .Z llcpn- Pnll 5 K when K >0 depends on (ip11 ), then (Pn) is also a Riesz 
basis. Applying this for rp11 = e0 nx, Pn = eiUn -+ 6n>x we see that for large 
NE N the system 

(eiJ.nx)~N U (ei(J.n+<>n>x) lnl>N 

is a Riesz basis in L2(0, a). Now a lemma of Levinson [22] is needed which 
states that if a system (ei!.nx): _ is complete in L2(0, a) and /.~ ~ A.n 
(n F 0) then the system {eiJ.'ox} U {eiJ.nx}n ,.o is also complete. Unifying this 
with the above mentioned Bari theorem we get the following interesting 
corollary. Let (ei?·nx): _ be a Riesz basis in L2(0, a) and change finitely many 
exponentials of the system to an others. If the new system consists of different 
elements, it will be a Riesz basis in L2(0, a). Hence, we can change the ele­
ments ei;.nx, I nj cS N in the Riesz basis 

( eiAnX)~ N LJ ( ei().n + 6n)X) inl > N 

to ei(i.n-+Dn>x to get the Riesz basis (ei(!.nHnlx):_. 

2. Now suppose only that (eu.nx): _ is Riesz basis and on ...... 0. If the 
numbers An+ on are distinct, the Riesz basis property of (ei(!.n-+ anlx): _follows. 
To see this we use instead the Bari theorem on quadratically close systems 
in general Hilbert space ( .Z 11% - Pnll2 < =) a theorem of DuFF1 N and 
SCHAFFER [23] on exponential bases stating that if (ei!.nx):_ is Riesz 
basis then there exists an e >O such that I on J < e V n implies that 
(ei(!.nHn>x):~ is a Riesz basis. Applying this theorem for the case on ..... o 
and changing finitely many elements ei;.nx to ei<Jn+on>x (this is justified 
in l.) we see that on ...... 0 also ensures the Riesz basis property of ( ei(iln Hn>x) 
consisting of distinct elements. In Theorem B below there is given 

10 ANNAL ES - Sectio Mathematica - Tom us XXX I. 
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a characterization of exponential bases. This theorem generalized the 
sufficient condition of KADEC [24] to a necessary and sufficient condition, 
further the above mentioned theorem of Duffin and Schaeffer follows from 
the Theorem B. 

3. In connection with the point (c) of Theorem I introduce the following 
terminology. The system ().n):~cC, sup/ Imiln/ < oo has uniform density 

n 

d if for s>O there exists T>O such that 

I I ' 
- card {n:x :s: Re iln::;;; x+ T}- d I < e (x ER). 

i T : 

By the method applied to prove the point (c) it can be easily seen that if 
(iln): ~ has uniform density d>O then for any O<a<2nd we can extract 
from the system (ei.<nx): ~ a subsystem forming a Riesz basis in L2(0, a). 
Here the question arises: which are the Riesz bases (e0·nx): ~ of L2(0, 2nd) 
where (}.n) has uniform density d? Recently we have proved with M. HoRV,~TH 
in a joint paper that all exponential bases have this property. 

2. We can also consider Riesz hases from exponentials of higher order, 
i.e. systems of the form 

e(A) = (eiAnX, xeiJ.nx, ... ' xmn- 1 eO.nX)nEZ c L2 (0, a). 

In what follows we consider basis criteria for e(A) and some of its relatives. 
Recall that a non - negative function w E L1~c(R) satisfies the Muckenhoupt 
condition [13] if 

sup -- . w -- - < oo ( I J )f 1 J 1 ) 
IE] I Ii . ! I I w ' 

I I 

where j denotes the family of all finite intervals of R. Definition: Denote 
A: = {Vn, mn): = n E Z}. Then the generating function of the pair (A, a) is 
an exponential type entire function Fi, a (z) with indicator diagram [-ia, O] 
and whose zeros are J.n with multiplicity mn. It is known ([11, Theorem 
7.8.3]) that the generating function is unique. 

A. M. SEDLECKll proved tile 

THEOREM C ([14]). Let O< o:s: Im }.n:s: K < oo, sup m..., = 171< co and 
suppose that 

(a) the system V•n) is separable, 
(b) there is a generating function F = F.1, a satisfying 

/Fl 2 /R E(A2). 

Then the system e(A) forms a Riesz basis in u( - ~ , ~ } 
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Recently M. HORVATH proved the converse statement. 

THEOREM D ([9]). Let supmn< 00 , inf P·n-Am\>O,O<b:S Im.:\.n,s 
nr'm 

:SK<=. 
Then the following assertions are equivalent 

(a) e(A) forms a Riesz basis in L2(0, a) (or in any interval of length a). 
(b) The generating function of (A, a) exists and 

IF A, al 21 R E(A2)· 

The proof is based on the following result of B. S. PAVLOV [2]: the condition 
(b) is equivalent to the statement that the canonical projection of L2(0, oo) 
onto L2(0, a) maps isomorphically the closed linear hull of e(A) in L2(0,oo) 
onto L2(0, a). 

This result makes possible the generalization of the theorems established . 
for the case of eigenfunctions of order o(i.e. mn = 1), Cf. [2]. First introduce 
the following terminology: the function f E U oc(R) is called a function of 
bounded mean oscillation (in symbols, fE BMO(R)) if 

sup--
1 j If - f 11< 00 , where f 1: = --

1 J f. 
IE} III ·Ill 

I I 

Define further the following operator of conjugation 

1**(x): = _!_p. v. f [-1
-+-t - ]!(t)dt, 

n x-t t2 + 1 
R 

where the function f(t) satisfies 

(7) I 11<01dt < 00. 
l +t2 

R 

and the notation p.v. means the Cauchy principal value of the integral. 
For y>O denote by P,, the set of all f E BMO(R) for which there are 

Y0 >0, cER and u, vEL-(R) such that 

__!_ J Yo f(t) dt = c + u**(x) + v(x) and llvll- ,sy. 
n lx-tj 2 +y3 

R 

Then the following generalization of Theorem 8 of, [2] holds. 

10* 

THEOREM E. Let P•n)CR and denote 

{ 

Zn mn, X2::0 
N.1(x): = •nE[O, x] 

- Zn mn, X<O. 
).nE[x, O] 
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Suppose sup m,, < oo . Then the family e(A) forms a Riesz hasis in L2(0, a) 
n 

if and only if 

(a) (.l.;,) is separated 
a 

(b) Nix)- - xEP1w 
2:n: 

Now we prove the following corollary of Theorem D: 

THEOREM 2. Let Un) CR be separated, (on)CR be bounded and suppose 
that sup mn < 00 • Then for /l" : = W•n +ion, mn): n E Z} the family e(A*) 

n 
forms a Riesz basis in L2 (0, a) if and only if e (A) does. 

PROOF. We know from [l, p, 323] that the generating function has the 
form 

i.!!..z ( Z )mn i-~-z [ z )mn F(z)=ce 2 p.v.II 1- - :=ce 2 Jim II I-- · 
An r~~ n An 

[J. f ""r 
So we have 

F ( ) • · ' 2m · • · ~ · i 2m .l*+iy X =II : l.n+zy i n [_A11 +1un+1y-x I n 
F ( ) I )."" • I II I , . I • 

. I+ iy X ' ·n + zy ' i l°•n + zy - X : 
Now 

1 A11 +io,,+iy - x 1

2mn == (i + bn(2y+bn) )mn <~ 
~ A11 +iy-x (}.n-x)2 +y2 2 

if y is large enough. Further let /,
11 

be the point of A nearest to the fixed 
xER and let d =inf IJ.,,-.l.nl· Then 

k"' n 

o (2y+o) I 1 Zn n 11 ::5-+ const .2: !Am-x J-2 ::5 - + canst d< oo 

nEZ (An - X)2 + y 2 2 mr=n 2 

which shows that log jF.,*+iy(x)j 2 - log j F,J+iy(x)j 2 EL~(R). 
By Theorem D the proof is complete. 

THEOREM 3. Let O<o::S lm).n, sup m
11

< oo and let e (A) be a Riesz 
fl 

basis in L2 (0, a). Then there exists an c:>O such that takinrt any ;,~, 
IA.~'-}·nl <c:, the system e (A~') remains Riesz basis in L2(0, a). 

The proof repeats only tlle ideas of [2, Theorem 2.4] so we omit the 
details. 

In the above considerations th~ condition 

(8) I Im An! ,s; con st 

was naturally implied by the normality condition 

0 < C :5 IJ ei?.,,xl lL2(0, a) ::5 C < = 

(or Shortly 11eiJ.nx11 L2(0, a) X l. 
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But if we allow systems (cnei!nx) as exponential basis, the condition (8) 
can not be proved by the above way; in fact (8) is not necessary for the 
Riesz basis property. More precisely, in [2] is proved the following 

THEOREM F. Suppose that 0< OS Im an, Jim an = + = and that 
n-±~ 

(an: nEZ) satisfies the Carleson condition 

(C) inf JI I an-~k l>O. 
n k I an -ak , 

k"' n 

Then for any a >0 the family (an : /1 E Z) can be complemented up to such 
a family ().k : kEZ) that the system (ckei!.kx: kEZ) form a Riesz basis in 
L2(0, a) for appropriate constants c1,>0. 

Here and in the whole theory of exponential bases developed in [21 
a fundamental role is played by the fact that the exponentials eu.nx have 
large oscillation. This means that the real parts of the exponents, Re An 
must be large in some sense. The Carleson condition ensures this property : 
it means that the sequence (an) is distributed "near" the real axis. In connec­
tion with these remarks we pose the following 

PROBLEM I. Is there a Riesz basis of the form (cne;;,nx) in some 
L2(0, a), a>O such that I Re?n! s const ? More directly: is there a Riesz 
basis with Re ).n = 0 for all n? 

We mention that J2. - basis with Re An = 0 can be easily found: 

THEOREM 4. Let 0-<a< = be arbifrilry and },n = 2n2
• Then for some 

N 0 = N 0 (a) the system (eiAnx: n = N 0 , • . . ) is an J2. - basis irz L2(0, a). 

PROOF. We shall use the following known fact, proved by N. K. BARI 

(see [71 or [20, p. 172]): the system (<pn), ll:PnllXI in a Hilbert space H 
forms an J2. - basis if and only if the Gram matrix I' = ( < Cf!n, rpk > )n k 

defines an isomorphism of 12 onto itself. We have obviously ' 

so the general element of the Gram matrix is 

< e!-nx eAmX > e(i·n + !"m)a YAn y Am ¥~:;:: 
Yn , ,,,: = Tie)·nXll' 11e)·mx11 x An+ Am • e!·na . eAma = An+ Am . 

We shall prove that for some N 0 = N 0 (a) 

I'= (Yn , m)n, m~No = f + K, 

where K is a compact operator with llKll < I; it will be enough to show that 

Z Z 1Yn,ml 2
<-

2

1 

n:>?:No m>n 
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or, what is the same 

(9) Z Z IYn, ml 2 <C(a). 
n;a,No m > n 

Since n< m implies }.n <Am and then y'f,;I,;; < l 0n, so it is enough to 
. ~+~ v~ 

prove that 

(9') 

But using the inequality An/n+ks:.(22n+l)-k the estimate (9'>: canh be easily 
guaranteed and the proof is complete. 

PROBLEM 2. Let l<q<2 be arbitrary and consider the expansion by 

gready algoritm: I = L; an(q)q-n. What can we say on the length of 
n-1 

0- sequences in {an(q)} for almost every q? What is true for the length of 
I - sequences? It is easy to check that for a. e. q they are unbounded, 

{~ e1q1
, e, = ~} = {yn}/=, 

then Yn+1-Ynn->-O? 
3. In the final part of this paper we shall deal with function theoretical 

problems. In [18] J. A. HAIGHT proved the following interesting 

THEOREM G. There exists a measurable set De [I,2], IDI >O sue that 

I (O, = )\ n91 nD I = =. 

The construction proving Theorem G played an important role in 
the investigations of Z. MAGYAR [17] and M. HORVATH [15] concerning 
a problem for functions not belonging to L2. 

In connection with Theorem G we pose the problem of the speed of 
I n I 

divergence of 1' (0, n)\ u kD j· We shall prove the 
k=I 

THEOREM 5. 
(a) There is no set Dc(I,2) with positive measure and such that 

/ (0, n)\ k9, kD I "2: en (n EN), namely, this quantity is of o(n) for any measurable 

Dc(I,2). 
(b) For any sequence an--- =(n--- co) there exists a set Dc(1,2)withposit{ve 

measure satisfying the property 

I (0, n)\~ 1 kD I "2: nfan (n EN). 

PROOF. The statement (a) easily follows from the fact that there exists 
a Lebesgue density point of D. The proof of (b) is a modification of the proof 
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of Theorem G. We shall construct the set D by giving the system of intervals 
avoiding any set k D. Introduce the following notation of HAIGHT: 

A(xvx2,q,e) = [x1,x2)n U{(e11q,e(t+•)fq):tEZ}. 

It is proved in [18] that for 

we have 

(10) 

q> l6(x2/x1) / Xz - l 
X1 

..:.__(X2 - X1) < i A(xv Xz, q, e) I < 3e(x2 - X1). 
4 

Let {nk) be a monotone increasing sequence whose rate of growth is quick 
in a sense to be specified later. Define Bk: = A(nk, 11k+i> qk, 2-k), where 
qkEN is a number satisfying 

and such that the inequalities 

! p<i) I 1 1 
(11) 

1

1 In i- - qkk <----<-·-, (i = 1, ... , 11k+i) 
t+-1- 2k qk 

qk "k+1 

hold sor some p~>EN; this is possible by the well-known Dirichlet theorem 
on simultaneous approximation, see [19, p. 14]. Define further Ck:= 

= [I, 2) fl u _!_ Bk In order to ensure that the set Bk avoid all multiples 
n=I n 

of a set D we must suppose Ck n D = 0 so it is plausible to define D as 

D: = [ 1, 2)\ U Ck where k0 will be given later. We estimate the Lebesgue 
k=ko 

measure of Ck as follows. Let xECk then nxEBk for some 11, hence 
etfqk < nx < e1+z-kfqk for some t. From l sx, nxEBk it follows that /1 s nk+l and 
then by (I I) and 

t t+2-k 
· --Inn ---Jn n 
eqk <X < e qk 

we get that for some integer s 
es-2-k;qk < x <'es+2- k+1;qk. 

In other words, XE Ck implies that 

xe112kqk E A(e112kqk, 2e112kqk, qk, 3/2k) 

which means by (IO) the estimate 
k k k I ck I ;S; e-112 Qk I A(elf2 qk' 2e112 qk, qk 3/2k) I < 9/2k. 
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So if k0 is large enough (k0 >-4) then ID!>-0. Taking into account the defi­
nition of the sets Bk we see that for 

n C 
nk,,;;n < nk+i:l(O, n)\ u rDI >-n 

r=I 2k 

with some C>-0 independent of k and n. If the sequence nk tends rapidly 
to infinity then 

which completes the proof of Theorem 5. 

PROBLEM 3. Are there disjoint intervals Ikc(O, =) with the properties 

: ~ ~ 1 I 
1(1,2)\ u u -/k l >-0? 

k=I n=I n I 
-.z: llk j2 = =and 

k=I 
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The aim of this paper is to prove certain properties of Golod's follo­
wing example [I] 

For any natural number d> 1 there exists an associative algebra Ra over 
afield Kfor which Ra is generated by d elements, Ra is not nilpotent, but every 
(n - 1)-generated subalgebra of Ra is nilpotent. 

Throughout the paper we denote by I <JR that I is an ideal of the 
algebra R, L(R) stands for the locally nilpotent radical of R. The right 
annihilator of a subset H £. R will be denoted by AnnR(H). 

Let us recall that an algebra R (not necessarily with unity) is said 
to be (right) strongly prime if for every nonzero element xER there is a finite 
subset Fr;;;.R such that AnnR(xF) = 0. It can be shown, similarly as in [6] 
Prop. 1. that an algebra R is (right) strongly prime if and only if for any 
nonzero I <JR there is a finite subset F £.I such that AnnR(F) = 0. An 
algebra R is said to be bounded (right) strongly prime of bound n or less if 
for every element xER there is an n-element subset Fr;;;.R such that AnnR 
(xF) = O. 

In the above cases Fis called an insulator of x in R or an insulator in I 
respectively. In the following strongly prime will always mean right strongly 
prime. 

PROPERTY 1. a) Suitable hrJmomorphic image Sa of Ra has the property 
that every (d-1)-element subset of Sa has a nonzero right annihilator, but there 
is ad-element subset in Sa the right annihilator of which is zero. 

b) Sa can be constructed to be strongly prime as well. 
PROOF. Let Ra be the Golod-example mentioned above. As Ra is finitely 

generated, by Zorn's lemma there exists an ideal I <J Ra maximal with the 

* Research supported by Hungarian National Foundation for Scientific Research 
grant no. 1813. 
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property that Rgi I for any natural number n. As in [2] or [3] one can 
show that Sd = Rd/ I is strongly prime. In Rd every (d -- I )-element subset 
generates a nilpotent subalgebra, so this holds in Sd as well. Thus every 
(d- I )-element subset of Sd has a nonzero right annihilator. Now let 
H = {x\, ... , xd} be the image of generators of Rd in Sd. Then if Annsd (.'.i\, ... , 
xd) = j /I ~ 0 for some ideal j <JR then by our assumption Rg c;;.j for 
some n. So Rg+i c;;_ I, contradiction. So we are done. 

REM.ARK 1. If we would not need our example to be strongly prime 
we could have used a simpler construction just taking the nonzero factor 
Sd = Rd/L(Rd). Then we would get similarly as above that every (d-1)­
element subset has a nonzero right annihilator. This time if H = {x1, ... , xd} 
is the set of images of generators of H then AnnsiH) <J Sd and Annsd (H)2 = 
= 0, so Annsd(H) = 0 as well. 

Let R be an algebra (not necessarily with unity), I <JR. We say that 
R is relatively k-strongly prime with respect to the ideal I if for every j <JR 
properly containing I there is an insulator in j consisting of k elements. 

REMARK 2. a) If an algebra R is bounded strongly prime of bound 
k or less then it is relatively k-strongly prime with respect to every ideal 
I <JR. 

b) If an algebra R is relatively k-strongly prime with respect to the 
ideal I then R /I is not necessarily relatively k-strongly prime with respect 
to the ideal 0. e.g. if R = (x) and I ,= (x2) then R is bounded strongly prime 
of bound I but Rf I has no insulator 

c) If R is relatively k-strongly prime with respect to the ideal 0 then R 
is strongly prime as well. 

LEMMA I. Let Sd be a ring satisfying the conditions of Property I. a) 
Let Md be a maximal element of the set 

{
/<JS I every d-element subset of I }· 

d has a nonzero right annihilator 

Then Md ~ Sd and Sd is relatively d-strongly prime with respect to ideal 
Md, but it is not relatively (d-1)-strongly prime with respect to any ideal in Sd. 

PROOF. Easy to see. 

REMARK 3. In [4] it is proved thatfor any division ring D the algebra 
JJld(D) of dX d matrices over D is bounded strongly prime of bound exactly d. 
However this algebra is relatively I-strongly prime with respect to the 
ideal 0 as the unit matrix is an insulator. Now we have an infinite chain 
of algebras {Sd} which are relatively d-strongly prime hut not relatively 
(d- 1 )-strongly prime. 

LEMMA 2. Let R be a relatively Jc-strongly prime algebra with respect to 
the ideal I <JR. Let us suppose that there is no insulator in I. Then Rf I is 
relatively k-strongly prime with respect to' ideal 0. 

PROOF. The proof is similar to that of [5] Th. 2.1 and therefore we omit it. 
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PROPERTY 2. Let Sd and Md be the same as in Lemma 1. Then either 
t!zere is a natural number n>d such that the ideal Md lzas an insulator consi­
sting of n elements or every nonzero ideal in Sd/Md has an insulator consisting 
of d elements. 

PROOF. By its definition Md cannot have an insulator of at most d 
elements. Let us suppose that Md does not have an insulator of more then 
d elements. Since by Lemma I Sd is relatively d-strongly prime with respect 
to the ideal Md, by Lemma 2 we have that Sd/Md is relatively d-strongly 
prime with respect to the ideal 0. 

REMARK 4. Let sd be defined to be Rd/I as in the proof of Property I. 
If the first case does not hold in Property 2 then Md = 0, otherwise the 
generators of S~1 ::s;Md would be an insulator ih Md. 

ACKNOWLEDGEMENT. The author would like to express her gratitude 
to Professor R. W1EGANDT for his valuable suggestions and comments. 
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1. Introduction 

Following Poincare's geometric method, we shall construct an isometry 
group G, acting discontinuously and freely on the hyperbolic 3-space H3 • 

This group is given by a compact fundamental Dirichlet polyhedron fl) and 
by pairing its faces via isometries satisfying certain conditions~ These 
isometries generate G and we obtain a hyperbolic space form d5 = H3/G. 
Since the group G contains only orientation preserving isometries, the 
manifold H3/G becomes orientable compact hyperbolic space form. 

This example seems to be not mentioned in the literature up to this 
time. It was surprising fact that the construction can be derived from 
a compact non-orientable hyperbolic plane form of genus 3, by choosing 
a special fundamental dodecagon. We shall also exploit the existence of a 
supergroup C of G, generated by reflections, for describing the metric data 
of IJJ = H3/G, [9, 10, 11 ]. 

Concerning the Euclidean and the spherical space forms, we refer 
to the monograph [15] of J. A. WoLF. In the appendix to its Russian trans­
lation Y. D. BURAGO has given an account of the hyperbolic space forms 
(of constant negative curvature K = - l/k2), [3]. We mention the report 
[13] of W. P. THURSTON on his remarkable results. For each dimension 
there are infinitely many mutually non-homeomorphic compact hyperbolic 
space forms. The construction of the dodecahedron space of C. WEBER 
and H. SEIFERT (1933), (14], has been extended by L. A. BEST [2] for the 
space-filler regular hyperbolic polyhedra. In this manner he obtained I I 
hyperbolic space forms. V. S. MAKAROV and I. S. GuTSUL constructed 
infinite series of compact and non-compact (of finite volume) hyperbolic 
space forms [19 ], [17 ]. All these space forms are orientable and their con­
structions are based on Poincare's theorem for fundamental polyhedra 
of discontinuous isometry groups. N. K. AL-jUBOURI [IJ gave the first 
example for a non-orientable compact hyperbolic space form, by means 
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of algebraic construction, by taking a normal subgroup of the dodecahedral 
reflection group. Independently of this, MOLNAR E. constructed two infinite 
series of non-orientable compact hyperbolic space forms [7], [8]. F. L. 
DAMIAN and V. V. BALKAN constructed non-compact, non-orientable 
hyperbolic space forms of finite volume [18]. These papers also contain 
numerous references to other publications. 

I offer cordial thanks to my mentor Docent EMIL MOLNAR, who guides 
my studies in Budapest at the Department of Geometry of E6tv6s Lorand 
University, for helping me in preparing the manuscript. 

2. Dirichlet polyhedra for discontinuous isometry groups acting freely on H3 

Let G be an isometry group acting discontinuously and freely on the 
3-dimensional Bolyai-Lobachevskyan hyperbolic space H3 , that means for 
any point PEH3 its stabilizer in G contains only the identity map I, and 
its orbit under G, i.e. 

(I) 

is a <iiscrete point set in H 3 . Now consider, with the metric d of ff\ the 
Dirichlet polyhedron 

(2) 0p = {XEH3 : d(X, P) < d(X, pg), for every gEG\{l}}. 

Then G acts discontinuously on H3 and (/)p is a fundamental domain for 
G, i.e. the following conditions hold: 

(i) 0 P is a domain, i.e. a non empty connected open set; 
(ii) No two distinct points of (f)P are equivalent under G; 
(iii) Every point is equivalent under G to some point of il>P. 

Here iJJP denotes the closure of (f)P and &Dp: = 15p\Dp will denote the 
boundary of 0p. 

A face of &0p will be denoted by fg-1 if it lies on the symmetry plane 
of the points P and pg-i (g E G, g-L,o g). As a polygon, fg-1 is equivalent 
to fg of ()(f)P : fg lies on the symmetry plane of P and pg. Then the isometry 
gEG transforms fg-1 onto fg and the domain 0p maps onto !J)pg: = (0p)g, 
a domain that is a neighbour of 0p along the common face fg· The roles 
of g and g-1 can be changed. Now, g ,:: g-1 because of free action of G. 

The isometries attached to the above pairing of the faces of 0p generate 
the group G. For any isometry rxEG, crJJp)~ = (f)P,,_ is a domain in the Dirichlet 
tessellation according to the orbit P0 . This domain has a neighbour (0p)g,,_ = 
= 0pg11. along the face (fg). 

The pairing of the faces of (/JP eventually induces a subdivision of the 
edges into oriented segment such that a segment does not contain two 
equivalent points in its interior. Consider an arbitrary equivalence class 
consisting of edge segments ev e2 , ••• , e, with face angles e(e1), e(e2), ... , 

e(e,), respectively, defined as follows. 
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We choose an edge segment , say e11 and consider one of the faces denoted 
by fg

1
-1 whose boundary contains e1 . The isometry g1 maps e1 and fg 1-1 onto 

e2 andfg1 • There exists exactly one other facefg2-1 with e2 on its boundary, 
furthermore an isometry g2 , which maps e2 and f g2-1 onto e3 and fg 2, and 
so on. We obtain a cycle of isometries g11 g2 , ••• , g, according to the scheme 

~ ~( ~ (eufgc1)-(e2, fg1); (e2Jg2-1)- e3,fgz); · · · • (e,,fg,-1)-(evfg,)· 

We remark that the transformations g11 g2 , ••. , g, are not necessarily dis­
tinct. The above facts can also be formulated as follows. The edge segment 
e1 is successively surrounded by domains 

(4) 

which fill an angular region of measure 

(5) 

because of free action of G. Finally, the cycle transformation gii g2 , •• • , 

g,, belonging to the edge segment e1 , is the identity, thus we have the cycle 
relation 

(6) 

Choosing now the face fg to e1 as the first step of the process above, we 
obtain the cycle transfon~ation 

(7) g, -l . . . g2 -lgl -l = (g1g2 . . . g,)-l. 

Starting with e; and Jg;-•• we arrive at 

(8) 

as cycle transformation. These lead to relations equivalent to (6). The 
cycle relations (6) form a complete set of relations for G, i.e. any relation 
in G can be algebraically derived from these. 

The converse problem of Po1NCARE [12], i.e. the question whether 
a polyhedron 0, with a system of identifying isometries, is a fundamental 
domain for a discontinuous, freely acting isometry group G generated by the 
identifications, will be considered only in a restricted form for bounded 
polyhedra and freely acting groups generated by orientation preserving 
isometries [12], [4]. 

3. Construction of discontinuous freely acting isometry groups generated 
by orientation preserving isometries 

(i) A bounded polyhedron (f) is an open connected bounded subset 
of the hyperbolic 3-space H3 , where the boundary fYZJ is the union of finitely 
many faces {!;}, defined as follows. Each face f; is a closed polygon in a 
hyperbolic plane. The sides of the polygon h are called edges of (/), and 
the end points of these edges are called vertices of 0. We require that for 

11 ANNALES - Sectio Mathema tica - Tomus XXXI. 
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each edge e there are exactly two faces f; and fj (they may lie on a common 
plane) withe= f;nfr Any two faces are either disjoint, or they intersect 
in a common edge, or intersect in a common vertex. An edge is either a subset 
of a face, or meets the face in a common vertex, or is disjoint from the face. 
Two edges are disjoint or meet in a common vertex. 

(ii) I den~ifications on the polyhedron t7J are face pairings by orientation 
preserving isometries, satisfying conditions (a)-(b) below. 

(a) For each face fg-1 of t7J there is another face fg and an identifying 
isometry g of the space H3, which maps fr1 onto fg and t7J onto rf)g ~ 0. 
rf)g is called the neighbour of t7J along fg· 

(b) The isometry g-1 maps the face fg onto fg-1 and t7J onto rf)r1, joining 
the polyhedron t7J along fg -1. 

(iii) The identifications of faces of rfJ generate an isometry group G. 
We have to impose edge conditions on t7J so that it is a fundamental poly­
hedron for the group G acting freely on the space H3 . 

The face pairing induces a classification of the oriented edge segments 
so that no segment contains G-equivalent points in its interior. Take an 
arbitray edge segment class e11 e2 , •.. , e, with angles c:(e;) between faces 
at e;, and perform the procedure described in section 2. Consider a segment, 
say e11 and choose one of the faces, denoted by /g-1 , whose boundary contains 
e1. An isometry g1 maps e1 and fg1-1 onto e2 and fg

1
• There is exactly one face 

fg,-1 with e2 on its boundary, furth ermore, an isometry g2 , which maps 
e2 and fg2-1 onto e3 and fg2, and so on. We get a cycle of isometrics g11 g2 , 

. . . , g, according to scheme (3). 

(c) Assume that (5) holds for t he face angles at e; in each segment 
equivalence class. This condition guarantees so-called cycle relation (6). 

Now we state the specified Poincare theorem, without proof [4 ]. 

THEOREM. I. Let t7J be a bounded polyhedron satisfying conditions (i)­
-(iii) and (a)-(c). Let G be the group generated by the orientation preserving 
identification of the faces. Then G is discontinuous freely acting group, r7J 
is a fundamental polyhedron for G and tile cycle relations, of type (6) for every 
equivalence class of edge segments, form a complete set of relations for G. 

The identified polyhedron denoted by !JJ geometrically characterizes 
the transformation group G, but a given group G can have more funda­
mental polyhedra. 

4. The construction 

In Figure I we present the graph of the polyhedron ifJ to.be constructed 
together with its symbolic picture. Take on a plane o:3 in the hyperbolic 

2n 
3-space H3 a regular dodecagon 1J with angles of measure - 3 . Let 0 

denote its centre. We place congruent Lambert quadrangles ONA)~2 
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Fig. 1. 

$ 

tl : 
3 ~4 

163 

and ONA1A2 joining symmetrically each other and perpendicularly to 
o:3 , plane of lj). We assume the angles, distinct from rectangles, to be 

(9) 

We have OA2 = OA2 and A2A1 = A 2Av by symmetry. 
Now we can construct the regular dodecagons: fs-1 as the lower base, 

with centre A2 and with radius A2 A1 of the inscribed circle, perpendicularly 
to A2A2 ; fs as the upper base, with centre .A2 and with radius A2 A1 of the 

11 * 
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inscribed circle, perpendicularly to A 2 A 2 • Moreover, we can construct the 
side faces which are orthogonal to the plane ix3 of dodecagon 1), so that 

all they form, with both of base faces, angles of measure ~. Finally, 
3 

we get the polyhedron 0 with centre 0. Such a polyhedron 0 is also called 
a lens. 

The metric data of 0 will be described in section 5 (see table). 

Now, we turn to identify the faces of 0. The result is symbolized 
in the Schlegel diagram of ?iJ where we omit the ,,f" 's from the face symbols. 
The "lower" base fs-1 of iJ5 is paired to its "upper" base f s by the screw 

motion s of screw rotation angle -Sn ; the pairs of side faces fs-1, fs · 
6 1 I 

(i = I, 2, 3) are identified by screw motion s; of screw rotation angle :n;; 
the pairs of side faces fte, ft; (i = I, 2, 3) are identified by translations f;. 

The identifications of the side faces above can be induced by those 
of the sides of 1J in the midplane cc3 , and vice versa. The action of s; will 
be glide reflection, that of f; will be translation in ix3 • These observations 
motivated us to construct the group G, as it was mentioned in the introduc­
tion. 

We list now the edge equivalence classes of !!J, induced by previous 
identifications, giving for each cl ass the cycle transformation, in comformity 
with (3). We establish incidentally that the condition (c) also holds. 

There are I 2 side edges, divided into 4 classes: 

(IO) S1S1f1 

(I I) S2S2f2 

(12) S3S3f3 

( 13) i'1f 3f2 

. 2:n: 2n 
each angle ts --, so 3 . -·- -- = 2n. 

3 3 
There are 24 base edges, divided into 4 classes: 

(14) 

(15) 

(16) 

(17) 

each angle is ~. so 6 · _::._ = 2n. 
3 3 

s 

s 

s;-1 s 

t-1 
3 

S -1 
3 

=)= = 

-~)~ 

--)-~ 

----)--- -

.... ) .... 

-·-·)·-·-

0- 0- )0 - 0 -

0 000 ) 0000 
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We conclude that 15 is a fundamental polyhedron for the group G with 
presentation 

G = (s, S1, S2, S3, f1, t2, f3 - srt1 = s~t2 = s~t3 = t1tat2 = SS2Sf3s-1t1 = 

( 18) = st; 1s-1s11s-1t3 1 = st1s-1t2ss3 = ss1 1ss21ss3 1 = 1). 
Forming the orbit QG, where 0 is the centre of tJ), we obtain, by a 

symmetry argument, that tJ) = (/)0 is a Dirichlet polyhedron. 
Note that in terms of the three generators s, s1 and s2 the presentation 

of the group G have been written as the minimal presentation 

G = (s, s1, S2 -s12s-1s22s2s11ss21s2 = s2s~s-1s12ss21s2s11ss21 = 

(19) = s~s- 1s1s- 2s2s- 1s1s- 2s1 2s = s~ss;:- 1ss2 1s2s1 1ss2 1ss~ = 1) 

The effect of adding new relations 

(20) 

to the presentation (20) of G is to form a new group, which is a factor group 
of G, so-called commutator quotient group of G. This group, conveniently 
denoted by G/[G, G] is the largest Abelian factor group of G. The presentation 
of G/[G, G] may be simplified so that (apart from (20)) 

(21) G/[G,GJ = (s,s11 s2-s6 =!,sf= s~ = s-1). 

Introducing a new generator s0 = s2s11, we obtain 

(22) G/[G,G] = (s11 sJ-s}8 = s~ = s1s0s11s0 1 = 1). 

Hence, the Abelian group G/[G, G] is C18 XC3 , the direct product of cyclic 
groups C18 and C3 i.e., as it is well known, the group 

(23) G/[G,G]=C18 XC3 

is just the first homology group of the manifold 15 = H3 /G. 

5. Metric construction of tJ) in vector model of H3 

We consider the 4-dimensional real vector space V4, whose dual space, 
i.e. the space of its Ii nears forms, is denoted by <Vt. In the usual way the 
projective 3-space P3 (V4, <Vt) can be introduced. The I-dimensional sub­
spaces of V4 (or the 3-spaces of <V~) represent the points of P3 and the 1-
subspaccs of <Vt (or the 3-subspaces of V4) represent the planes of P3 . The 
point X (x) and the plane a (a.) are incident iff x ·a = 0, i.e., the value of 
the linear form a on the vector x is equal to zero (xEV4 , a.EcVt, the dot 
denoted that the zero vector and the zero form are excluded). The straight 
lines of P·1 are characterized by 2-subspaces of V4 or of <Vt, respectively. 
If {e;} is a basis in V4 and {ei} is its dual basis in <Vt, i.e., ei ej = o{ (the 
Kronecker symbol), then the form a = ei a i takes the value x a = xiai 
on the vector x = xiei. We use the summation convention for the same 
upper and lower indices. 
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We can introduce a hyperbolic projective metric in P3, by giving 
a bilinear form (see [9, 16]) 

( ; ) :<V~x<V~-R, (6h1 1; 6.iv1) = u;biivi, 

by means of the SchJafli matrix 

1C 
0 -cos-

12 
1C 1C 

-cos-- -cos-

(24) ((6J; /;.l)) = (bii) = 
12 3 

0 
1C 

-cos-
3 

0 0 
1C 

-cos-
3 

0 

0 

1C -cos-
3 

where the basis {6-1} in <Vt represents some planes m;, being in connection 
with the polyhedron tJJ (i = 0, I, 2, 3). The planes m0 = A1A20N and 
1111 = A0A20P1 will be the symmetry ones of tJJ (Fig. 2), m 3 = A0A1A 2 
will be a base plane and 1112 = A0A1NP1 will be a side plane of tJJ. 

(25) 

We can simply compute that 

2-3¥3 0 B = det(bii) = 
16 

< . 

COXETER DIAGRAM 

TRUNCATED 
SIMPLEX 

J Ao 

... : : 
.. 

: : 

/7... al \ m,J! ()(. 

R /__..---2~2~ N 
1r--2 I I._; 

, I • 

Fig. 2. 
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We shall see that the inverse matrix (aij) has great importance. The equation 
bijajk = o~ holds, iff 

- 1 (1 2, 2 n) 0 Goo - B - cos 3 < ' 

1 ( n )( 2 n) G03 = B cos -{"2 cos 3 = G30 < 0, 

(26) G11 = ; ( 1 - cos2 ~ ) < 0, 

012 = ~ (COS ; ) = G2l < 0, 

_1( 27(,)- 0 
Gia - B cos 3 - G31-< ' 

G = -1-(1-cos2~J<o 22 B 12 ' 

a33 = ~ (-! -cos
2 1~ ) > 0. 

Now, we take the dual basis {a) in V4, defined by a/J-i = oj. Geometrically, 
the vectors aj represent the vertices of the simplex whose side planes are 
described by the forms 6.i. The induced bilinear form 

<;> : V4 x V4 ...... R, (xiai; yia) = xia;jyi 

is defined just by the matrix 

(27) 

in (26). 
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From the chain of the minor determinants 

bz2 b23 n 
b33 = I >O, = I -cos2->0 

b32 b33 i 3 ' 

bll bl2 bl3 

b21 b22 b23 

b3l b32 b33 

n I - 2 cos2- > 0, B < 0 
3 

we see that the signature of the bilinear form <; ) is ( +, +, +, - ). This 
means that the projective metric in P3(V4, <Vt) is hyperbolic, indeed. The 
vectors x in the cone 

(29) X = (xEV4 : (x; x) <O} 

define the ordinary points (x) of the Bolyai-Lobachevskyan 3-space, the 
corresponding polar forms x* = : ;;e describe their polar planes (;;e), for 
which (;;e, ;;e ) = (x, x) <O. 

The forms u, defining planes which intersect the cone X, describe the 
ordinary planes (u) of the Bolyai-Lobachevskyan 3-space, their poles (u*) 
are defined by the polar vectors u* = u, and (u; u) = (u; u)>O holds 
for them. 

The boundary points and their polar planes are defined by isotropic 
vectors p and forms p., i.e. (p; p) = (>fl; p.) = 0. 

Hence, we can state that the planes m; to f/J, represented by the forms 
bi, are indeed ordinary planes of the hyperbolic 3-space, modelled in P3 

(V4; <Vt). From (26) we see that the vertices A0(a0), A1(a1) and A2(a2) of 
a simplex described by the vectors a0, a1 and a2 , respectively, are ordinary 
points, but this is not true for the point A3(a3), described by the vector 
a3 (Fig. 2.) Therefore, the polar plane (a3) represents the ordinary plane 
cr.3 , the midplane of f/J. This means that we have a once truncated simplex 
J with faces m; (b.i) (i = 0, I, 2, 3,) and with truncating face o:3 (a3). 

It is well-known that the bilinear form induces the distance and the 
angle measure of the hyperbolic 3-space. 1f (x) and (y) are two ordinary 
points, with (x; y)< O, then their distance d(x, y) is determined by 

(30) 
d 

ch- = 
k 

- (x; y) 2!: I 
y' (x; x) -(y; y) - · 

Here k = V- ~ is the metric constant of H3 , where K <O is the sectional 

curvature. 

Let (u) and (o.) be ordinary planes. They intersect in an ordinary line 
iff (u; u ) (tJ. ;c ) - (u; o. )2>0. Their angle er. (u, e) in this case is determined by 

(31) sino:= 1/ (u;u)-(0.;o.) - <u;o.)2 ( n) 
V (u;u) · (tJ;1;.) ~O, O:§o: :§ 2 · 
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Thus we can check that the Coxeter diagram (Fig. 2) correctly describes 
the situation. For angle data this is clear from (24) and from the definition 
of cx3 (a.3). For the distance d(m3 , cx3) we can use the extended formula of (26) 

(32) ch.!!_ = (a.3; 6.
3

) = I > I. 
k Y (a.a; a.3) · (6.3; 6.3) Y G33 · 1 Y G33 

We apply (26) and get d = OA2 = OA2 = 0,4246029 k. 
Other data of the truncated simplex J or of ID can be computed also in 

this way (see table I). 
The Coxeter group C, generated by reflections in mirrors m0 , m11 m2,m3 , 

i:x3 of the truncated simplex J, is a supergroup of our group G of finite index 
48 since ID is the union of 48 congruent copies of J. Therefore, we could 
express the generators of G also by matrices with respect to bases {6.i} 
or {aJ 

Data i Simbol l Applied formula 
i 

Result 

d (a.a; b.a) 1 
Distance 0 A2 = 0 A2 d ch-= =- d = k . 0,4246029 

k y' (a.a; aa) ( 6.a; 6.a) y' aas 
--

sh~= 
-b2a 

In-radius ON e k v 1 -1 e = k · 1,276687 

aaa 
--

r -a12 
In-radius A 2 A 1 ch- ~ r ~ k · 1,4409526 r k y' au . a 22 

Table 1. 
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1. Introduction 

An additive subgroup (a non-empty subset) Q of a ring (a semigroup) 
A is called a quasi-ideal of A if QAnAQ~Q. It is known that a non-empty 
subset Q of a semigroup S with 0 is a quasi-ideal of S if and only if it is 
an intersection of a right ideal R and a left ideal L of S, that is, Q = Rn L. 
Example 2.1 in [8] due to A.H. CLIFFORD shows that the analogous result 
for rings does not hold in general. In his paper [12], H. J. WEINERT has 
given a nice generalization of Cliffordi's example. A non-zero quasi-ideal 
Q of a ring (semigroup with 0) A is called minimal (0-minimal) if Q does 
not properly contain any non-zero quasi-ideal of A. If R is a minimal (0-
minimal) right ideal, L a minimal (0-minimal) left ideal of a ring (semigroup 
with 0) A such that the intersection Rn L = Q is not zero, then Q is a minimal 
(0-minimal) quasi-ideal of A. Example 7. I (a) in [8] shows that the converse 
of this result does not hold in general. 

A non-zero quasi-ideal Q of a semigroup with 0 (a ring) A is called 
canonical if Q is the intersection of a 0-minimal (minimal) right ideal R 
and a 0-minimal (minimal) left ideal L of A, that is, 0 ~ Q = Rn L. This 
important notion was introduced by A. H. CLIFFORD [I] for semigroups 
with 0, and he has proved in [I] many interesting results concerning this 
notion . 

A ring (semigroup with 0) A is called semiprime, if A has no non-zero 
nilpotent ideals. By Theorems 7 .2, 7 .7 and Propositions 7 .6a, 7 .6b in [8 ], 
the following results hold: 

(A) Every minimal (0-minimal) quasi-ideal of a semiprime ring (semi­
group) is canonical. 

(B) Let Q be a canonical quasi-ideal of a semiprime ring (semigroup) 
A and let a EA, then Qa (aQ) is either 0 or a canonical quasi-ideal of A. 

*Research partially supported by Hungarian National Foundation for Scientific 
Research grant No. 1813. 
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(C) The product Q1Q2 of any two canonical quasi-ideals Q1 and Q2 

of a semiprime ring (semigroup) A is either 0 or a canonical quasi-ideal 
of A. 

In our paper [9], we have sharpened the results (B) and (C) for any 
semigroups with 0. The main results (Theorems 2.2 and 2.8) of section 2 are 
analogous to Theorems 2.3 and 2.9 of [9] and they sharpen the results (B) 
and (C) for any rings. To the proof of the mentioned theorems in [9], we 
have used essentially a well-known Green's Lemma (see e.g. Lemma 2.2 in 
[2]). In this paper, we need to define the Green's relations in rings and to 
prove an analogue of this Green's Lemma for rings (see Lemma 2.4 and 
Corollary 2.5). 

It is known that a simple ring has a minimal left ideal if and only 
if it has a minimal right ideal. Thus the completely 0-simple semigroups 
and the simple rings containing at least one minimal 0:1e-sidecl ideal can 
be considered as analogous notions. We shall use the following terminology. 
A simple ring A is called completely simple if A has at least one minimal 
right or left ideal. A two-sided ideal M of a ring A is said to be a completely 
simple ideal of A if Mis a completely simple ring. In the paper L. M. GLUSKIN 
and 0. STEINFELD [4], it is given some equivalent conditions to the property 
that a ring A has at least one completely simple ideal. In Theorem 3.2, 
we have proved that this property is equivalent to the condition that a ring 
A has at least one idempotent canonical quasi-ideal. By Theorems 8.1 and 
10. l of our book [8]. the primitive regular scmigroups and the semiprime 
rings satisfying the minimum condition for principal left ideals are analogous 
notions. Analogously to Theorem 3.2 in [9 ], Theorem 3.3 characterizes 
this class of rings by means of idempotent canonical quasi-ideals. In the 
paper [9], we have used an interesting characterization of the canonical 
quasi-ideals clue to A.H. CLIFFORD to the proof of Theorem 3.2, the analogous 
Theorem 3.3 in this paper is proved by means of two known results of L. M. 
GLUSKIN and 0. STEINFELD [4]. 

2. Canonical quasi-ideals 

First we give a sufficient cemclition for the existence of a canonical 
quasi-ideal in a ring. 

THEOREM 2.1. (Cf. 0. STEINFELD [6] and [8, Theorem 6.7a]). If the 
product RL of a minimal right ideal R and a minimal left ideal L of a ring 
A is not zero, then RL = RnL, that is, RL is a canonical quasi-ideal of A. 

The main result of this section is the following 

THEOREM 2.2. Let Q be a canonical quasi-ideal ~fa ring A, and let a EA. 
T11en Qa (aQ) is either 0 or a canonical quasi-ideal of A. 

REMARKS. I. This result is an essential sharpening of Proposition 
7 .6a in [8] and it is analogous to Theorem 2.3 in [9 ]. 

2. Example 5 of P. N. STEW A RT [ 10] proves the existence of a ring 
A such that A has a minimal quasi-ideal Q and an element a such that 
Qa is neither 0 nor a minimal quasi-ideal of A. The example of Stewart 
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solves the ring theoretic part of Problem 7.3 in [8]. (Independently from 
P. N. STEWART, G. POLLAK has given two examples, which solve the ring 
and semigroup theoretic parts of this problem.) 

To the proof we need the following known 

LEMMA 2.3. Let L be a minimal left ideal of a ring A, and let aE A, 
then La is either 0 or a minimal left ideal of A. 

We also need some notions and notations .which are analogous to that 
of Green's relations defined in semigroups. Let A be a ring and let aEA. 
The principal l~ft (principal right) ideal L(a) (R(a)) generated by a is Ia+ 
+ Aa = L(a) (Ia+ aA = R(a)) , where I denotes the ring of all integers. 
We define a.,.Qb (a, bE A) to mean that a and b generate the same principal 
left ideal of A, that is, aJ2.b~L(a) = L(b). Clearly J2. is an equivalence 
relation on A; let La denote the equivalence class of A mod .J2_ containing 
the element a( EA). 

Dually we define a(Qb to mean that R(a) = R(b) (a, bE A), and (Q is 
an equivalence relation on A. By Ra we mean the equivalence class of A 
mod (Q containing the element a of A. 

By definition of .i2_, a.,.Qb (a, bE A) if and only if there exist k, k' in I and 
u, u' in A such that a = kb+ 11b and b = k' a+ u' a. For the sake of simplicity 
we introduce the following notation kx+ux = (k, u)x (kEI, x, uEA). Dually 
a'/2.b (a, bE A) if and only if there exist m, m' in I and v, 1'

1 in A such that 
a = mb+b11 = b(m, v) and b = m'a+av' = a(m', v'). 

LEMMA 2.4. (Cf. [2, Lemma 2.2] and Lemma 2.5 in [9 ]). Let a.,.Qb in a ring 
A. Then there exist a one-to-one mapping<!> of R(a) onto R(b) and a one-to-one 
mapping lf.! of R(b) onto R(a) such that <!> maps Ra onto Rb, P maps Rb 
onto Ra and 1P = <:]>-1 holds. 

COROLLARY 2.5. (Cf. Corollary 2.6 in [9]). Let a.,.Qb in a ring A, then 
R(a) is minimal if and only if R(b) is minimal. 

PROOF OF LEMMA 2.4. From a.,.Qb we have a = kb+ ub = (k, u)b and 
b = k'a+u'a = (k',u')a(k,k'El, u, u'EA). Let ma+av = a(m, v) (mEI, 
vEA) denote an arbitrary element of R(a), and let nb+bw = b(n, w) 
(nEI, wEA) be an arbitrary element of R(b). Consider the mappings 
<P: a(m, v)-<P(a(m, v)) = (k', u')(a(m, v)) = ((k', u')a)(m, v) = b(m, v)ER(b) 
and 

P: b(n, w)- P(b(n, w)) = (k, u)(b(n, w)) = ((k, u)b)(n, w) = a(n, w)ER(a), 

then lff(<l>(a(m, v))) = P(b(m, v)) = a(m, v) and <!>('P(b(n, w))) = <!>(a(n, w)) = 
= b(n, w), that is, P = <1>- 1 . 

If qb+bz = b(q, z) (qE I, zEA) is an element of R(b), then for the element 
qa+az = a(q, z) of R(a) it holds <l>(a(q, z)) = b(q, z), that is, <!> maps R(a) 
onto R(b). Dually P maps R(b) onto R(a). 

Let xERa, then x(Qa, that is, R(x) = R(a). By definition of rQ there 
exist r, r' El and d, d' ~A such that a = rx + xd = x(r, d) and x = r' a+ ad' = 
= a(r', d'), whence 

k'x+u'x = (k' , u')x = ((k', u')a)(r', d') 
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and 

k'a+u'a = (k', u')a = ((k', u')x)(r, d). 

Again by definition of rQ we have R((k', u')x) = R((k', u')a). This fact 
and the relations 

(k', u')a = b, (k', u')x = (k', u')(a(r', d')) = ((k', u')a)(r', d') = b(r', d') 

imply R(b) = R(b(r', d')). Since <I>(x) = <I>(a(r', d')) = b(r', d'), there­
fore c/J maps Ra into Rb. Now consider an arbitrary element y of Rb. By 
definition of r/2., there exist s, s' EI and c,c' EA such that y = b(s, c) and 
b = y(s', c'). Hence (k, u)y = ((k, u)b)(s, c) and (k, u)b = ((k, u)y)(s', c'). 
By definition of rQ this means that R((k, u)b) = R((k, u)y). On the other 
hand, since (k, u) b = a and (k, u)y = (k, u)b(s, c) = a(s, c) we get R(a) = 
= R(a(s, c)). These facts and cp-1(y) = P(y) = P(b(s, c)) = a(s, c) imply 
that c/J maps Ra onto Rb. 

Evidently the mapping P has aim the properties given in Lemma 2.4. 

From Lemma 2.4 it follows 

xER(a)=(k', u')xER(b) 

YE Ra =(k', u')yERb 

whence R(a) = RauO=R(b) = Rbuo. 

Thus Lemma 2.4 implies Corollary 2.5. 

(k'E/, u'EA), 

(k'E/, u'EA), 

PROOF OF THEOREM 2.2. By definition, Q has the form Q = Rn L, 
where R and L are minimal right and minimal left ideals of A, respectively. 
If Qa;;: 0, then 0 7'"' Qa~RnLa. This implies La 7'"' O; by Lemma 2.3, La 
is a minimal left ideal of A. So it suffices to show that RnLa~Qa. Let 
0 7'"' c ER n La, then there exists a non-zero element b in L such that c = ba. 
Hence R = R(c) = R(ba) = Iba+baA~bA~R(b) and L =lb+ Ab= L(b). 
Now we consider a non-zero element q of Q = Rn L. So we have R = R(q) 
and L = L(q) = L(b), whence q.J2b. By Corollary 2.5, the right ideal R(b) 
is minimal. From these facts it follows that R = R(b) and bER. This means 
that bERnL = Q, thus c = baEQa, that is, RnLa~Qa. 

The relation aQ = aR n L can be shown hy the duals of Lemmas 2.3, 
2.4 and Corollary 2.5. 

We say that the ring A is the sum of its subrings B1. ().EA) if every element 
a of A can be written in the form a = Z b1. (b1. EB;.) with finitely many ele-

finite 

ments b,. of B,. (Mil), that is, z B). == A. 
-iE : I 

Theorem 2.2 implies 

COROLLARY 2.6. If the ring A contains at least one canonical quasi­
ideal, then the sum U of all canonical quasi-ideals of A is a two-sided ideal 
of A. 
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k 

PROOF. Let u = L; ui EU and aE A. By definition of U, ui (i = 1, ... , 
i=l 

k) is an element of a canonical quasi-ideal Qi (i = 1, . .. , k) of A. In view of 
Theorem 2.2, the product Qia (i = 1, . . ., k) is either 0 or a canonical 

k k 

quasi-ideal of A, whence ua = L; uiaE L; Q;a~ U, that is, U is a right ideal 
i=I i=I 

of A. Dually one can show that U is a left ideal of A. 
By means of Corollary 2.6 one gets 
COROLLARY 2.7. Let K be a minimal left (right or two-sided) ideals 

of a ring A. If K contains at least one canonical quasi-ideal of A, then K is 
the sum of all the canonical quasi-ideals of A contained in K. 

Now we are going to prove the following sharpening of [8, Theorem 7 .7]. 

THEOREM 2.8. Let A be a ring and let Qv Q2 be any two canonical quasi­
ideals of A, then the product Q1Q2 is either 0 or a canonical quasi-ideal of A. 

PROOF. By the definition, we have Qi = Ri n L1 and Q2 = R2 n L2, 
where Rv R2 and Lv L2 are minimal right and minimal left ideals of A, 
respectively. Assume that Q1Q2 ¥- 0, then 0 ¥- Q1Q2 = (R1 n L1)(R2 n L2)~ 
~R1L2 ~R1 nL2 . Since Q1Q2 ¥- 0, there exists a non-zero element q2 in Q2 
such that Q1q2 ¥- 0. By Theorem 2.2, Q1q2 is a canonical quasi-ideal of A 
such that Q1q2 = R1 nL1q2 • As q2 is an element of L 2 , we have 0 ¥- L1q2 ~L2, 
thus Lemma 2.3 implies L1q2 = L2 • Hence Q1q2 = R1 n L 2 • From the 
relation 

RinL2 =Q1q2~Q1Q2~R1L2~R1nL2, 

it follows Q1Q2 = R1 nL2 ; q. e. d. 
REMARKS. I. It is evident that the product Q1Q2 of any two quasi­

ideals Q1 and Q2 of a ring A is a subring of A, but Q1Q2 is not a quasi-ideal 
of A, in general. (See Example 1 in Srnw A RT [IO] and see Propositions 6.1 
and 6.2 in WEINERT [12].) 

2. It is not difficult to show that the associative law (Q1Q2)Q3 = 
=Q1(Q2Q3) holds for the products of the quasi-ideals Qv Q2 and Q3 of A. 
This fact and Theorem 2.8 imply: 

Co ROLLA RY 2.9. (Cf. Corollary 2.10 in [9 ]). Assume that the ring A 
has at least one canonical quasi-ideal. Let V denote the set of all canonical 
quasi-ideals of A, then VU 0 is a multiplicative semigroup with 0. 

PROBLEM. Does there exist a ring (a semigroup with zero) A with two 
minimal (0-minimal) quasi-ideals, the product of which is not a quasi-ideal 
of A? 

3. Idempotent canonical quasi-ideals 

In order to sharpen Theorem 2.1 we need some preliminaries. 

LEMMA 3.1. (See e.g. L. M. GLUSKIN and 0. STEINFELD [4, Corollary 
1.6 ]). A simple ring contains at least one minimal left ideal if and only if it 
contains at least one minimal right ideal. 
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We shall use the terminology given in Introduction. 

THEOREM 3.2. (Cf. L. M. GLUSKIN and 0. STEINFELD [4]). The following 
conditions on a ring A are equivalent: 

(i) A has at least one minimal right ideal R and at least one minimal 
left ideal L such that (LR)2 ~ O; 

(ii) A has at least one minimal right ideal R and at least one minimal 
left ideal L suclz tlzat R L .,r. 0; 

(iii) A has at least one idempotent canonical quasi-ideal Q (that is, Q is 
canonical and Q2 = Q); 

(iv) A has at least one completely simple ideal. 

REMARKS. I. The equivalence of conditions (i), (ii) and (iv) was proved 
in [4]. 

2. This result is an essential sharpening of Theorem 2.1. 

PROOF OF THEOREM 3.2. (i)=>(iii). By condition (i), there exist a minimal 
left ideal L and at least a minimal right ideal R of A such that (LR)2 = 
= LRLR ~ 0, then RL ~ 0. By Theorem 2.1, RL = Q is a canonical 
quasi-ideal of A. Since (LR)2 = LRLR ~ 0, therefore LRL ~ 0, whence 
LRL = L. Thus Q2 = RLRL = RL = Q. 

Now assume that condition (iii) holds. Then there exist a minimal 
right ideal R and a minimal left ideal L of A such that Q = Rn L( ?"' 0) 
and (RnL)2 = RnL. Hence o ~ RnL = (RnL)(RnL)~RL. This 
means that (iii)=>(ii). 

REMARK. Let A be a ring containing at least one completely simple 
ideal. Then by Theorem 3.2, A has the following properties: 

(i)0 A has at least one minimal right ideal R and at least one minimal 
left ideal L such that LR ~ 0; 

(iii)1 A has at least one canonical quasi-ideal; 

(iii)2 A has at least one idempotent minimal quasi-ideal. 

The following example shows that these three conditions together 
do not imply condition (iv) in Theorem 3.2. 

EXAMPLE 3.1. (See Example 4.3 in [8]). Let D be a division ring and 
let T denote the ring of all triangular matrices 

Consider the matrices 



ON CANONICAL QUASI-IDEALS IN RINGS 177 

where e denotes the identity element of D. Evidently TEll> TE12 are minimal 
left ideals of T and £ 12 T is a minimal right ideal of T such that 

TE11 • E12T,c.O (but (TE11 • £ 12T)2 = 0), 

E12TnTE12?6-0 (but E12T·TE12 = 0). 

Furthermore E11TE11 is an idempotent minimal quasi-ideal of A, but it is 
not a canonical quasi-ideal of A .. 

These facts mean that T has the properties (i)0 , (iii)1 and (iii)2 , but 
evidently T contains no completely simple ideals. 

In order to give the main result of this section we need the following 
notion. The ring A is said to be the discrete direct sum of its two-sided ideals 
B,,(yEI'), if A=-~ z By and B,n( z 86) = o. 

yEI' y¢6EI' 

It is known that the primitive regular semigroups and the semiprime 
. rings satisfying the minimum condition for principal left ideals can be 

considered as analogous notions. (See e.g. Theorems 8.1 and IO. I in [8 ]. ) 
We shall call these rings as semiprime MPL-rings. 

The following result is analogous to Theorem 3.2 in [9 ]. 

THEOREM 3.3. \Cf. 0. STEINFELD [7] and (8, Theorem 8.1 ]). The 
following conditions on a ring A are equivalent: 

(a) A has idempotent canonical quasi-ideals Qy (yEI') such that A is 
the discrete direct sum of the ideals AQyA(yEI'); 

(b) A is the discrete direct sum of two-sided ideals which are completely 
simple ideals of A; 

(c) A is a semiprime MPL-ring. 

REMARK. The equivalence of conditions (b) and (c) is known (see 
e.g. C. C. FAITH [3) and F. Szi\sz [I I]). 

To the proof of Theorem 3.3 we need the following known results: 

THEOREM 3.4. (See L. M. GLUSKIN and 0. STEINFELD [4]) .. Let Rand 
L be minimal right and minimal left ideals of a ring A, respectively, such 
that RL ,c. 0, then ARLA is a completely simple ideal of A. 

THEOREM 3.5. (See L. M. GLUSKIN and 0. STEINFELD [4), and cf. 
R. P. R1cH [5 ]). If M is a completely simple ideal of a ring A, then M = LR, 
where L and R are minimal left and minimal right ideals of A, respectively, 
furthermore RL ,c. 0. 

PROOF OF THEOREM 3.3. (a)=(b). As Qy (yEI') is an idempotent quasi­
ideal of A, we have (AQyA)2 -;r'; 0. On the other hand, Qy is an idempotent 
canonical quasi-ideal of A, so there exist a minimal right ideal RY and a mini­
mal left ideal Ly of AsuchthatQy = RynLyand(RynLy)2 = RynLr Hence 
O ,c. RynLy = (RynLy)2 ~RyLy~RynLy = Qy, that is, RyLy ,c. 0 and Qy = 
= RYLr Theorem 3.4 implies that the ideals AQyA (yEI') are completely 
simple ideals of A. 

12 ANNALES - Sectio Mathematica - Tomus XXXI. 
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(b)=>(a). In view of condition (b), A is the discrete direct sum of the 
ideals A,, (y EI') and the A,, are completely simple ideals of A. From Theorem 
3.5, it follows that every A,,(yEI') has the form A,, = L,,R,,, where L,, and 
R,, are minimal left and minimal right ideals of A, respectively, and (L,,R,,)2 = 
= A~ r" 0, R,,L,, r" 0. (From the proof of Theorem 3.5 it follows that L,, 

· and R,, are also minimal left and minimal right ideals of A,,, respectively.) 
These facts and Theorem 2.1 imply that R,,L,, is an idempotent canonical 
quasi-ideal of A, furthermore A,, = AR,,L,,A. 

Theorem 3.3 implies 
COROLLARY 3.6. A ring A is completely simple if and only if A contains 

an idempotent canonical quasi-ideal Q such that A = AQA. 
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A natural number m is called weakly composite if the reciprocal sum 
of its distinct prime divisors is not greater than 2, i.e. 

L:_!_~2 
Pimp 

Proving conjecture of I. KP.TAI, J. GALAMBOS [2) showed that for any 
sufficiently large n there is a weakly composite number between n and 
n +log log log n. 

In this note we prove a similar result for Lucas numbers. 
The Lucas numbers Rn (n = O, I, 2, ... ) with paramterers A, B are 

defined by the recursion 

Rn= A·Rn-i+B·Rn-2 

for n> I and by the initial terms R0 = 0, R1 = I. Denoting by <X and fJ the 
roots of the characteristic polynomial x2 -· Ax-- B, we say the sequence 
of Lucas numbers is non-degenerate if A, B are non-zero integers and rx/{J 
is not a root of unity. In this case Rn ~ for any n >O. 

Throughout the paper we assume that A, B are fixed integers and the 
sequence is non-degenerate, furthermore we shall denote by . Cu c2 , ••• 

positive constants which are absolute ones or they depend only on the 
parameters A and B. 

If p is a prime and p{ B, then there are Lucas numbers divisible by p. 
The least positive index of these numbers is called the rank of apparation 
of p in the sequence and we denote it by r(p). Thus r:(p) = n if pJRn but 
pf Rm for O<m<n. We say pis a primitive prime divisor of R,cp>· We note 
that if p!B and PIA for a prime p, then r(p) = 2 and pJRn for any n~2; 

* Research (partially) supported by Hungarian National Foundation for Scientific 
Research grant No. 273 and 907 
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furthermore if Pl B but pf A, then there is no term in the sequence divisible 
by p (see Theorem 2.1 in [3]). In this case we assume that r(p) = 00 or we 
say r(p) does not exist. 

For the reciprocal sum of prime divisors of Lucas numbers in [4] we 
proved that 

I L: - <log log log m +c1 
PIRm p 

for any sufficiently large m. It is an extension of a result of P. ER oos who 
proved a similar estimation in the special case Rn = 2n - l, i.e. in the case 
A = 3, B = -2. In this case P. ERDOS [I] and C. POMERANCE [6] obtained 
some interesting results concerning the reciprocal sum of the divisors (not 
only primes) of the terms, as well. 

Now we show that the reciprocal sum of the prime divisors of the terms 
in Lucas sequences can he less than a constant for infinitely many indices. 
In this case we may say Rn is weakly composite, since the essential point 
in the definition of weakly compositeness does not require that the value 
of the constant should be just 2 as in [2]. 

THEOREM. For any n>3 there is a Lucas number Rm such that 

I L: --<C 
pJRm p 

and n < m ;§ n +log log n, where c is a constant depending only on A and B. 
First we prove two auxiliary results. In the proofs we shall use some 

elementary properties of Lucas numbers which can be found e.g. in [5 ]. 

LEMMA I. Let m>3 be an integer and let Qm = R1 · R2 • ••• Rm. Then 
for the distinct prime p divisors of Qm we have 

L: _I_ = L: __!__ = log log m + 0( 1 ). 
p lQm p r(p);;;;m p 

PROOF. It is known that r(p) "§ p + 1 for any p for which r(p) exists, 
and so 

(1) 'Y I ""' I 
Li - ;::- 2 - + 0( I) = log log m + 0( I). 

r(p);;;;m P p;;;;m P 

On the other hand 
a,n _ pn 

Rn=--
a.-(J 

for any 11 ?: 0 and from it 

(2) 

follows. By (2), Rn has at most c3n distinct prime divisors since the product 
of c3n distinct primes is greater than ec2n for some c3 • It implies that the 
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number of distinct prime divisors of Qm is less than c4m2 • But each of the 
first c4m2 primes is less than c5m3, so we have 

1 1 
(3) L: - < L: - = log log m +0(1). 

r(p)~m P p<c5m3 P 

From (1) and (3) the lemma follows. 
LEMMA 2. For any real X> 1 we have 

1 L: -- <Co· 
r(p)~x p. r(p) 

PROOF. If p is a prime and p\Rn, then naturally p ~Rn and by (2) it 
follows that n>c7 log p. Thus r(p)>c71og p by the definition of r(p) and so 

L: _l_ < _!_ L: _I_ ' 
r(p)~x p · r(p) C7 p~N p log p 

where N is a sufficiently large integer (e.g. N >ec2x). But using some summa­
tion formulas, e.g. Abel's identity, one can easily see that 

L: 1 
= 0(1) 

p~N plogp 

for any N, from whiCh the assertion follows. 
Now we prove our theorem. 

PROOF OF THE THEOREM. Let n>3 be an integer and 

k = log log n. 

We give an upper estimation for the sum 

(4) ( 1 ) Sn= L: L: - . 
n<m~n+k plRm P 

It is known that p\Rm if and only if r(p)!m in case pf Band, as we have seen 
above, p\Rm for any m~2 in case p\(A, B). Let 

1 L: - =Cs, 
pJ(A,BJP 

where c8 = 0 if A and B are relatively prime. Then 

::5 2: - - - • _L: - + c8k [[[ n + k] [ n ]J 1 J 
- d;?.n+k d d r(p}=d P • 

P{B 
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From this, using Lemma I, Lemma 2, the definition of k and the fact 

we get 

[n;kJ-[:J~~+l, 

1 1 
~k ~ -. -+ ~ -+c8k~ 

r(p);!;n+k pr(p) r(p).,;n+k P 

~c9k+ log log (n +k) + 0(1) < c10 log log n. 

But there are [k] = [log log n] summands in the outside sum of (4), so 
there is an integer m such that n<m~n+log log n and 

""" I Sn L.i -~ <C11 
PIRm p [log log n] 

which proves the theorem with c = Cu. 
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1. In this paper we investigate three problems of function theoretical 
character the origin of which lies in spectral theoretical works. To introduce 
the first one, consider a function w(f)E C[O, =) satisfying 
(i) w(O) = 0, w(t)>O (t>O), 
(ii) w(2f),,;;; Cw(t) (t>O}, 
(iii) w(t) is monotone increasing, 
(iv) t-1w(t) is monotone decreasing. 

Introduce further the usual L2-modulus of continuity 

w(f, a)2: = sup [ f h I J<x + h)- J(x) I z dx]
112 

lhl,,,;6 0 

and the n -th best approximation of a function f E L2(0, I) by trigonometric 
polynomials of order s n 

In [I] is proved that for a class of functions, the continuity modulus 
of which have the order O(w(a)), the Fourier coefficients and the equicon­
vergence between two eigenfunction expan~ions of these functions have 
also the order O(w(a)). Here the question arises, what is the connection 
in general between the order of the Fourier coefficients and that of the 
modulus of the function. The statement that the two mentioned order is 
equal, is not true in general! In what follows we give a transformation 
f ..... J such that the order of the Fourier coefficients of f equals to the 
order of the modulus of J 

*Work was supported by the Hungarian National Science Foundation for Research, 
grant No 1157. 
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THEOREM l. There exists a (nonlinear) mapping F: L1(0,l)-L2(0,l) 
satisfying the following property. Let w(t)EC[O, =) be a junction satisfying 
(i)- (iii) and 

(iv') t•- 1w(t) is monotone decreasing for some e>O. 

Let 

a ~ 

f(x)rv-f!....+ ,6 (akcos2knx+bksin2knx) 
2 k=l 

be the Fourier series of f(x). Then we have 

(1) ak,bk = o(w(+))=w(Ff, o)z = O(w(o)). 

PFOOF. It is widely known that for any gEL2(0,1) 

(2) En(g)2 :sCw(g,__!_) sC__!_ i; Eig)2 (nEN). 
n 2 n k-1 

We shall prove that 

(3) 

Indeed, the "if" part (<=) follows from 

Consider the "only if" part(~). Let 2N:sn<2N+1, then 

CN-12i+
1
-1 (1) C n (1) 

s- 2: 2: (!)-- +- 2: w- ::5 

11 j=O k= 2j k n k=ZN k 

:s C( e )w(-1
-) :s C( e )w(J.-), 

2N+l n 
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The assertion (3) being proved we shall give the construction of Ff as follows. 
Let 

~:=max lakl,d,,: =max lbkl· 
k'C?=n k'C?=n 

Then 

(4) 

because w(t) is monotone increasing. Define 

and let 
i . = (d2 - (f 2 )1/2 d . = (d2 - {[2 )112 

n· n n+l ' n· n n+l 

d~ = ;:::; 

F f(x): = - 0 + L; (dk cos 2knx + dk sin 2knx). 
2 k=l 

Since Z (d~ + d~) < oo, this series converes in L2(0, I). Obviously 

En(Ff)2 = [2 i (~+d~)J
112 

= [2(ll;+1 +d~+i)]
112 

k=n+I 

and hence 

(5) 

which proves (I) by (3). o 
We can formulate here three problems. 

PROBLEM I. Is the mapping F continuous from U to L2? (or from L2 
to L2?). 

PROBLEM 2. Is there a continuous linear mapping F: U-L2 (or L2-L2) 

satisfying property (I)? 

PROBLEM 3. Is there a multiplier type mapping F: L2-L2 satisfying 
(I) for any w(t) (or for a fixed w(t))? 

REMARK. In Theorem I the condition (iv') can not be substituted by 
(iv), i.e. (I) does not hold for Ff constructed in the proof. Indeed, let ak = bk 
= I/k, then 

and 

~ % Jl2k+ 1 
dk=dk= k(k+I) 

[ w(F f, b)2 ]
2 

2':: llF /(x + b)- F f(x)ll~ = 

=Ci: {[dic(coskc5- l)+~sinkc5]2+[~(coskc5-l)+~sinkc5]2} = 
k=I 
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= c i (df + df)(2 - 2 cos klJ);;;;:: 
k=l 

~coz In _!__-Co4_!__~co21n __!__ 
(J (J (J 

so w(Ff, lJ)2 * c(J indeed. Here we can formulate the 
PROBLEM 4. Does Theorem I remain valid (w._ith another construction 

of Ff) if we replace instead of (iv') the original condition (iv)? 
2. To show the summability of a series is much easier in general than 

to prove the convergence (see [4 ], [5 ]). Sometimes it is useful to prove the 
convergence thorough summability and some further assumptions; the 
results of this type are called Tauberian theorems. In what follows we 
present a Tauber type theorem related to Riesz summability of entire 
orders. 

THEOREM 2. Fix a positive sequence A.k (k = 1,2, ... ) and the natural 
numbers m, sEN. Take an arbitrary sequence (ck);cR such that 

(a) zk ck( 1-__&_)s = 0(1) (A.>0), 
Ak<A ). 

(b) Z ck[~)m = 0(1)(.A.>0), 
).k<). ). 

(c) 

Then 

(d) zk ck= 0(1) (A.>0). 
Ak<A 

PROOF. The inequality (b) can be written in the form 

-ctm~ Z ckA.7c1:SCtm (t>O) 
Ak<t 

for some C>O. Integrate here int from 0 to A.: 
A 

-c--~ Z ck),~dt =;., z ck),~1 - z ck;l;;i+1 :s;c--. 
).m+l J ).m+l 

m+ 1 Ak<A Ak<A Ak<A m+ 1 
).,, 

Dividing by ).m we obtain 

Z c0'7/1/A.m+l = 0(1). 
Ak<A 
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Hence if (c) is valid and (b) holds for m then it holds for m+ I, too. On the 
other hand we can integrate (b) in its original form; then we obtain 

dividing by A. we get 

)_1-m_;.,i-m 
= Z ck.?..zi·---"---

.1k<.1 l-m 

hence if (b) holds for some m then it holds for m = I too. Consequently (b) 
holds for all values m = I, 2, .... 

Taking_the binomial expansion of ( I - ~ r we get 

Theorem 2 is proved. 
REMARK. A more careful analysis shows that the Theorem 2 remains 

valid for arbitrary real S>O. We shall give applications of Theorem 2 in 
subsequent papers. 

3. At last we estimate the diameter in C-norm of the set of Lip (ex:, M) 
functions belonging to a ball of radius fJ in the space L2(0, I). 

THEOREM 3. Let Oscx:s I. 

2cz 

AM(fJ): = sup {11111cco, 11:1 E Lip (ex:, M), 11111 LZ(O, 1) s fJ}xc(cx:, M)<5 2
"'+1 • 

(6) 

PROOF. We shall show that if 1 E Lip (ex:, M) with 11111- = fJ then 
I 

111112 ;a:c(cx:+M)d t+~ and for any b>O there exists / 0 E Lip. (ex:, M) with 
l+-1-

llfoll- = fJ and llfoll = c(cx:, M)<5 2"' • Indeed, let fE Lip (ex:, M), llfll- = fJ. 
We can suppose /(0) = fJ. Define 

fo(t}: = {15-Mt"' for t<t0, 

0 for t ;a: 10, 
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I 

where lo =( ~ r· Now fE Lip (ix, M) implies If(!)! "2fo(f) for all t and 

hence, as an easy computation shows 
lo 

J 
2+_1_ _ _!_ 2ix2 

11/11~ "211/oll~ = (l'l -Ml") dt = l> "M " . 
( 1 + 2cx )( I + ex) 

0 

Cearly f 0 E Lip(cx, M) and hence the Theorem 3 is proved. o 
REMARK I. Denote for / 0 EL2(0,I) 

AM(f0 , b): = sup {llf-gllqo, IJ: f,gE Lip (ex, M), llf- foll2:::5 l>, llg-foll2:::5l'l}. 

Then for large M (depending on f 0 ) we have 
2«+1 

0 < A'M(f
0

, l'l)xc(cx, M)l'l_2_"_. 

Indeed, for large M there exists ]E Lip( ix, M) with llf- foll 2 :::s; {) and then 
by shifting the elements of Lip (ix, M) in the neighbourhood II!- folb s {) 

by Jwe get 

The exactness of this estimate also can be seen just as in case Jo = 0. 
REMARK 2. At last we prove that if k man lose n type object and receive 

(each) n object randomly so that no one get more than I :::s; [:::s; n of the same, 
type, then the probability that noone get his owen tends to e-n (k - = ). 
It seems that this statement is new. B. D. Mc KA v gave a different proof 
(privat communication). Denote A the event that one man get his own, 
A(!) that the i-th man gets own for all iE I ={iv ... , i,}c{I, ... , k}, 

k 

then obviously A = L; ( - ry-1 L; A(I). Denote Zt resp. Zt* the 
r=l lli=r 

summation over all (s{), 1 sis n, Is j s k, 0 s s{ s l, Zs{ = n, j = 1, ... , k 
k 

resp. (t;), l :::5 ti :::5 n, i = I, ... , r further Jet 
r . . 

B: = Z* Z**(k-L1)! ... (k-ln)!f II (si;i-1)! II sf,!, 
s t i=I (h,j)¢(1i,ji) 

(h,j) 

where the (ordered) system (ti) contains /1 times the number 1, .. ., in times 
the number n. Let 

k n 
C = Z* n3'+1(k!}ll/k .. . (k-r) II II s{! 

s j=I i=l 
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for r < k and C = 0 for r = k. It is easy to see that B - C -5 As:. B 
k n r . k n 

B ~ Z* (k!)n/ ll ll s1! Z**k-r ll s// = Z* (k!)n/ ll II s{!nrk-r 
s j=I i=I I i=I s j=I i=I 

and 

hence 

Bs[~*(k!Y/i~ i~ s1!]·[(k(k-1) .. . (k-r+ 1))-1
• i~ sl;i] = 

= [ ~* (k!ynr/ 1~ ~ si!] • [ k(k- l) ... (k-r+ I)]-1, 

k n . 
Z*(k!)n/ II II s{![nrk-r-113r+ 1(k(k- l) .. . (k-r))-1]-s:.A{l)s 
s j=I i=I 

k n . 

,,;;; Z*(k!ynr; n I1s~!·k(k-l) ... (k-r+1). 
s j=I i=l 

Taking into account that the number of all redistributions is 
k n 

Z*(k!Y/ II ll s{!, 
s j=I i=I 

we obtain 

i; ( - 1y-1(k) · [ n'k-r -n3'+1(k(k- l) ... (k-r))- 1 ] s l-p-5 
r=I f 

-5 r*I (- l)'(;)n'/k(k- l) .. . (k-r+ I). 

189 

Since for small r the r-th member of both sums is nearly ( - iy-1n'/r!, hence 
k 

p~ I+ 2; (- l)'n'/r!~e-n, the sign becomes equality ask-=. o 
r=I 
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ON THE UNIFORM RIESZ SUMMABILITY OF EGIENFUNCTION 
EXPANSIONS I* 

By 
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Let.Q be an arbitrary domain in RN(N>-3) havingC- -smooth boundary. 
Let q be an arbitrary "potential function from the class L2(Q) such that 
q2:0 in Q and 

(I) 

for some w, satisfying 

(2) Jw(t) di< oo, 
t . 

+o 

Let 1 s ms N /4 be arbitrary natural number and consider the operator 

L = L(x, D) = (-.d+q(x)- }ffl. 

Denote L an arbitrary non- negative selfadjoint extension of L from 
the domain C;; (Q) with discrete spectrum. According to a theorem of K. 0. 
FRIEDRICHS (I], [2] there exists such a selfadjoint extension. Let 0=:; Ai s ~ s 
s . . . denote the sequence of the eigenvalues of the operator L and let 
(Un);' be the complete orthonormal system of the corresponding eigen­
functions in L 2(Q). In the case m 2: 2 assume that 

(3) zk 1 = (o.l.") 
J.k<J. 

holds with some y = y(m)>-0. 
For any s;;:,:O and/EL2(Q) consider the s-th Riesz means of the spectral 

expansion of f: 

*Work was supported by the Hungarian National Science Foundation for Research 
grant No 1157). 
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We shall prove the following theorems. 

THEOREM 1. Let p"2:: I, S"2::0, l>O, l+s"2:;(N-- l)/2, pl>N. Then for 
any f E H~(Q) lim E5;i(x) = f(x) uniformly in x on every compact subset of Q. 

?.-~ 

THEOREM 2. Let S"2::0, l"2::0, l+a?=.(N--1)/2. Then for any 

fEH~(Q), limEJ.j(x) = o 
).-~ 

uniformly on every compact subset of Q\ supp f. 
These theorems generalize that of [9]-[14]. 
We need some premilinary results given in next sections. 

1. Estimatio:i of the Green function 

Define 

Z : = {z E C : I arg z - n - 1· ::s; -~ - s, 
I 2 , 2 

s >O fixed}· 

B: = {xERN: lx-x0 j < R}, 

where O<R<-
1
- dist (x0 , ()Q) = : R*. 
3 

Denote G: = G(x, y, µ) the Green function of l ,u: = l-µ 2 I, i.e. 
the kernel function of the operator (l-1i2 /)-1 . We shall prove the 

THEOREM 1.1. We hal'e 

(1.0) IG(x, y, µ)j ::s;Cjx -yj2m-Ne-a!,u! :x-y, 

uniformly in µEZ and x, y EB. Here C,o:>-0 are some constants independent 
of x, y, and µ. 

PROOF. It is easy to see that 

( 1.1) (-LI +q(x))m = ( -LJ)m Z Cm, a(X)Da, 
l a ! ~2m-2 

where (assume x0 = 0) 

( 1.2) ID13Cm, a(X) I :S C1w(lxl )ix! !aJ-Zm-!/3!, (0 ::s; lfil ::s; N). 

It is known (HORMANDER [6]) that for the fundamental solution E0(x, y, µ) 
of the operator (-Jr-- µ 2m I. which decreases exponentially, the estimate 

(1.3) jD~E0(x, y, µ)j sC
2
!x-yj2m-N-[aie-2yJx-YllµI, 

(x, YE B, ft El) 

holds. Hence we are looking for E(x, y, µ) in the form 

(1.4) E(x,y, µ) = E0(x,y, µ)- J E0(x, u, µ)h(u,y, µ)w(juj)juj- 2mdu. 
B 
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Then for the function h(x, y, µ)we get the integral equation: 

(1.5) h(x, y, µ) = F 0(x, y, µ)+ J F 0(x, u, µ)h(u, y, µ)w(!ul)lul- 2mdu, 
!) 

where 
1x12m a 

Fo(x, y, µ) = --- L: Dx[Cm,aEo(X, y, µ)]. 
co(jxl) jajs2m-2 

Indeed, if we define 

(<i>f)(x): = jw(x, y)f(y)dy, 
B 

then 

(Ef, Lµqy) = j f f(y)[E0(x, y, µ)-
BB 

- j E0(x, u, µ)h(u, y, ,u)w(iui)juj-2mdu yµqy(x)dx, 

Lµqy = [( -L1 + q)m - µ2m]<p = (( -Llr- ,u2m)q:i + Z Cm, aDa' 
jaj,,,;2m-2 

[(-Llr-µ2m]£0(x, y, µ) = tS(x-y), 

(Ej, Lµqy) = (f,qy)+ J J f(y)Eo(X, y, µ)!a,'s-?rn_
2
Cm,aDaqy(x)dydx-

B B ' 

- J J h(x, y, µ)w(lxl)lxj- 2mf(y)rp(x)dxdy-
B B 

- J J J E0(x, u, µ)h(u, y, µ)w(jul)juj- 2mdu. 
BBB 

Z Cm, aDarpdxf(y)dy = 
!als2m-2 

= (f, rp)+ Jjf(y)rp(x){ Z D~(Cm,aEo(X, y, µ))-
B 

8 
!aj,,,;2m-2 

-h(x,y,µ)w(jxl)jxj- 2m-j[ Z D~(Cm,aE0(x,u,µ))]· 
B la!,,;;;2m-2 

· h(u, y, µ)w(juj)ju 1-2mdu}. 

Hence the equation (1.5) for h(x, y, µ) follows. 
Define fork = I, 2, ... 

(1.6) F k(x, y, µ): = J F o(x, u, µ)F k-1(u, y, µ)01(/ul)iu/- 2mdu. 
B 

13 ANN ALES - Sectio Mathematica - Tomus XXXI. 
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Obviously 

-( 1. 7) h(x, y, µ,) = 2: F k(x, y, µ,), 
k=O 

if the series converges uniformly. For the proof of the uniform convergence 
of the series in (I. 7) we need some lemmas. 

( l.8) 

(1.9) 

Define 

a(R): = J w(juj) du 
jujN ' 

B 

I:= f jx-yj2m-Nju-yj2m-N w(!ul) du 
1u12m ' 

B 

I*:= J1x-u12m-N w(!u!)_ du, 
juj2m 

B 

r: = jx-yj. 

LEMMA 1.1. We have 

I s4a(R)r2m-N, 

/*s 2a(R), 

uniformly in x, YE Band 0<R<dist (x, f)Q). 

PROOF. Consider the sets 

B(x,y): = Bn{uEB: jx-ujsjy-uj}. 

Obviously 

B(x, 0) U B(y, x) = B, B(O, x) U B(x, 0) = B. 

Now estimate /*.We have 

J jx-uj 2m-N w{!u!) dus J w(jul) du= a(R), 
1u12m jujN 

B(O, x) B 

further, obviously, 

w(juj) w(jx-ul) 
-'-'----'-'- -< ----'-'---------'-'---

1u1 Jx-uj 
(u E B(x, 0)), 

B(x, O)c{uERN: !x-uJ<R} = :B', 
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"nsequently 

f 1x-u12m-N ro(iui) du::=;. J w(lx-ul) du::=;. 
1u12m 1x-ujN 

B(x, 0) B(x, 0) 

::=;. J w(lx-ul) du= a(R), 
lx-ujN 

B' 

and hence (1.9) follows. 
Estimate /.Obviously 

r = lx-yl ~ lx-ul + iu-yl ::=;.2iu-y! (uEB(x,y)), 
r = lx-yl ::=;. lx-ul + Ju-yl ::=;.2lx-u! (uEB(y,x)), 

consequently, applying (1.9) (which was proved above) we get 

J lx-uj2m-Njy-uj2m-N ro(iul) du::=;.(~JN-2ml*(x)::=;.2(2JN- 2ma(R), 
B(x,O) juj 2m r r 

J 1x-u12m-Nly-ul2m-N ro(iui) du::=;. 
B(y, x) iul 2

m 

$( ~ r-2m /*(y)::=;.2( ~ r-2ma(R), 

and hence (1.8) follows. 
Now we prove that the series in (l.7) converges uniformly in x, YE B 

and µEZ. For this we must estimate the functions Fk. Define 

fk(x, y, µ): = el Im µI· IX-Yip k(x, y, µ). 
Obviously 

(1.10) lfk(x,y, µ)I sC JJx-uJ 2m-NJfk-1(u,y, µ)I m(lul) du. 
B juj2m 

Using (I .3) we prove by induction 

(I. 11) lfk(x, y, µ)j s [coa(R)]kjx-yl 2m-N(x, yE B, µ EZ). 

For k = 0 (I.I l) follows from the definition of the functions f 0 and F 0 , 

taking into account (1.3). Now using (I.IO) and the induction hypothesis 
we get 

::=;;, C[coa(R)]k-1flx-u12m-N1u-y12m-N m(luj) du. 
B 1u12m 

Hence ( 1.11) follows from ( 1.8). 

13* 
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It follows from (I. I I) that the series in ( l.7) converges absolutely and 
uniformly inx,yEB and pEZ if R (the radius of B) is choosen so that C0a(R)< 
< 1/2. 

Let R0 = sup{R: C0a(R)> 1/2}, R1 : = min {R0 , dist (0, 8Q)} From (l.7) 
and (I.I I) we obtain the 

LEMMA 1.2. We have 

( 1.12) !E(x, u, µ)I ,sqx-yl2m-Ne-i Imµl· lx-y! 

uniformly in x, yEB and µEZ, 0<R<R1• 

Now estimate the grandient of the fundamental solution. 

LEMMA l.3. We have 

(1.13) !17E(x,y,µ)J:sCe- i lmµl·lx-yl lx-yl2m-N{ l +w'(lxl)+w*(lxl)}• 
lx-yJ Jxl 

Oss<l, 
where 

t 

*(t) - I w(r) d OJ - -- r. 
r 

0 

PROOF. According to (1.4). 

ci 1mµ[lx-yll!7E(x, y, µI :=;Cjx-yl2m-N + 

+ J I . l .~iul) du. 
IX-l1IN-2m+1 lu -ylN-2m 1u12m 

ju):::;;R 

Denote I the last integral and estimate it: 

I= 

Obviously 

+ j = 11 +1~. 
iUi,,;;R 

Jx-u! ""~Ix-YI 

l1:s 1x-y12m-1-N I 1 • w(lul) dusClx-y12m-1-N. 
1u-y1N-2m 1u12m 

iu!,,;;R 

Now estimate 12 • If lx-ul :s + lx-yl, then lu-yl === lx-yl -lu-xl === 

I 
~ - Ix - u \, henceforth 

2 

l2s lx-yl2m-N I 1x-u12m-1-N_w(lul) du= 
1u12m 

lul,,;;R 
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= Jx-yJzm-N[ J + J ] = Jx-yJ2m-iv[J~+/~']. 
luis { lxl ~ Ix! ,,;; lulsR 

1 1 
If Jul .,,;;; 2 lxl, then lx-ul ~ lxl - Jul ~2 1xJ, hence 

lx: 

I I I J sc-
2 lxl Jx-uJN-2m 

w(lul) du-:s,C Jx1-1J w(tt) dt. 
JuJ2m 

I 
lulsz-lxl 

0 

Further we have 

l~' -:s, J w(lul) du s. 
I x-uJN-2m+i Ju12m 

flslulsR 
2 

du w'(lxl) 
$--'--'--'-- J --------$ 

1x1· 
fl,,;;lul,,;;R 

2 

du du ] 

= C[m'(JxJ)/lxl•][I + Jx1•-1
] sCm"(JxJ)/lxJ, 

where 0::=;; s <I is an arbitrary fixed number. 
Define 

E* (x, y, µ): = E(y, x, µ). 

The equation 

(l.14) f E*(x, y, µ)Lµ(y, D)f(y)dy = f(x) (xEB) 
f} 
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holds for every /E 0(f) with supp f cB. Now let 71 E C;(Q) such that 71(x) = 
= 1 for xEQ0 cB. 

Let 

H(x,y, µ) = E*(x, y, µ) · 11(y), 

1 
K(x, y, µ) = L: -Da17(y)La(y, D)E*(x, y, µ), 

0::s; JaJs2m ex! 

where ex!:= ex1! ... exN!, 
We have 

(L(y, D)- µ2m)H(x, y, µ) = 17(y)[ L(y, D)- µ2m]E*(x, y, µ) + K(x, y, µ). 

If yEQ0 , then K(x, y, µ) = 0, hence 

(1.15) IK(x, y, µ)I ::;Ce-aJµI 

uniformly in xEQ0 , yEQ, µEZ. 
It follows from (1.14) that for every /E0(f) 

fl Lµf(x) = [f-Kf](x), (xEQ0). 

On the other hand, for any f E C;(Q) 

(L-µ21)-1f =L;; 1/E0(L). 
Consequently 

Hf(x) = Gµf(x)-KGµf(x), /ECo(Q), (xEQ0). 

Extending this equality for every fEL2(Q) we obtain the following: 
LEMMA 'I.4. For every /EL2(Q) and xEQ0 

(1.16) fJJ(x)- Hf(x) = K. aJ(x). 

Proof of the Theorem 1.1. The Theorem 1.1 follows from Lemma I .4, 
1.2 and from (1.15) immediately. 

2. The mean value formula 

Suppose the function rp(x, µ) satisfies the equation 

(2.1) [ -Ll+q(x)]mrp(x, µ)-µ 2mrp(x, µ) = O 

where q(x) satisfies (1), (2), µ>O, m a natural number. 

DEFINITION. Let l be an arbitrary natural number. We say thatg(x, µ)E 
M 1(Q) if 

I. g(x, µ)is measurable in µ'2::: 1 and xEQ, 
2. for every compact set KcQ there exists a constant C{K)>O such 

that Jg(x, µ)J sC(K)µ1 (xEK, µC?= I). 
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Let Af~: = U M 1 (Q). 
I 

DEFINITION. We say g(x, µ)EE(Q) if 

1. g(x, µ)is measurable forµ?:: I and xED. 
2. for every compact set KcQ there exists C(K)>O and {3 = {3(K), 

0<{3<dist (ok, ()Q) such that 

jg(x, µ)I oSC(K)e-flµ (xEK, µ?:: 1). 

For arbitrary complex numbers a, b and for any p, r?::O set 

(2.2) v= 

r 

N-2 

2 

(2.3) S,g(x, µ): = f g(x+re, µ)de; S,g(x, µ): = JtN-1S1g(x, µ)dt; 

(2.4) 

6 0 

r 

/~· Pg(x, µ): = Jw p(tµ, rµ)S1g(x, µ)tNl2dt. 
0 

We shall prove the 

THEOREM 2.1. Let xEKcQ and O<r<dist x(, ()Q). Then for any normed 
in L2(Q) solution cp(x, µ)of the equation (2.1) 

(2.5) S,cp(x, µ) = (2n)Nlz j,(rµ) cp(x, µ)+!!_r-•Jr(qcp+VJ)(x, µ) 
(rµ)• 2 µ 

holds, where lJl(x, µ)EE(Q) and lJl(x, µ) = 0 if m = I. 
PROOF. Fix an arbitrary compact set K and a number R>O such that 

0< 2R < dist (ok, ()Q). First we prove the theorem for the case m = I. 
To this consider the function 

An easy calculation shows that 

(2.6) 

further 

(L1+A)F. = 0, (x~y); 

oF. = -YfrF.+1(r); 
or 
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First consider the case x ;;: 0. Then 

J (rpLJF. - F.Llcp)dy = J (rp _a:_n• -F.-:-~ )ds-
1x-Yl""R lx-Yl=R 

IYl""•1 
lx-yl ""'2 

- cp - -F.- ds- cp--F.- ds = f ( a F v acp ) f ( a F. acp ) 
an an an on 

IYl=•1 ix-yl=•z 

Taking into consideration 

I ~ I :SC ro(lxl) , (x~O), 
r an !xi 

we have 

(2.8) I. J ( oF. F ocp )d _ C }.(Ri/i) ( ) 1m rp -- . -- s - cp x ro on on (y'J-)' 
•2-0lx-yl =•a 

further 

(2.7) 1m cp---F.- s = 0, I. f ( oF. ocp) d 
•1-0 on on 

IYl=•1 

because 

Taking the limits e1, e2 - 0 and using (2. l) we get for m = I 

(2.9) J f v(X, y)q(y)tp(y, µ)dy = 

lx-yl:s:R 
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On the other hand 

y'fR2•+2F.+1(R) = 

= [}.+ 1(Ry'~) Y.(RVI)-Y.+ 1(Ry'~)J.(Ry'I)]l'I R2•+ 2-•- 1 = .!:_ R•, 
n 

consequently 

(2.10) J n ].(R(i) 
cp(x + R@)de = - wNC - v cp(x, µ) + 

2 (R .A.)• 
e 

R +; R-· J w .(ty'f, R(i}tN12
• Jq(x+te)cp(x+te, µ)dedt. 

Using 

we get 

0 9 

2 
}v+1(Z)Y.(Z)-Y,+1(Z)j.(Z) = -, 

nZ 

c = limz•+ 1Y.+1(Z) = lim{--2 -.l:__+_z•_+_i;_._+_1(Z_)_ y (Z)} 
z-o z-o j,(Z) n j.(Z} • = 

I'(v+ I) n 2•+Ir(v+ I) 
= - ·-= 

2-• 2 n 

1 hence - coNcn = (2n)Nl2 • 
2 

Thus (2.5) is proved for m = I and x ~ 0 (when P = 0). Now let 
x = 0. In this case the method used above gives the equality 

J (cpi.1F.-F.i.1cp)dy = f (cp 
0
;·· -F. ~~)ds-

,,s jyj,s;R !Yl=R 

f (<p f)F • - F. ocp )ds. 
orz on 

!YI=• 

Obviously, 

cp-- -Fv- ds = --R· cp, J ( oFv ocp J 2 J 
Fn an n 

~~ 9 
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further 

henceforth 

lim J F,, o<p ds = 0. ·-o on 
[Y[=s 

According to the continuity of <p(x, µ) we have 

Iim J<p &F. ds = {2n)N12 ~ <p(O) 
•-o &n n 

IYI=• 

and the Theorem 2.1 is proved in the case of m = I. Now we prove it for 
m;;::: 2. To this we first prove some lemmas. 

Let ex be any complex number such that lex! = 1 and Im ex ~ 0 and set 

(2.11) 

(2.12) 

K ( ) 
. _ {µex)'W.+1(lx-ylµex, Rµex)q(y) 

µ~Y·- ' 
2•+ 2n•].+ 1(Rµex) lx-y I' 

T(µ) : =max J IKµ(x, y)ldy, µ>0. 
xEK 

[x-y[,.;;R 

We shall prove the 

LEMMA 2.1. There exists a positive constant C such that for µ > R-1 

holds, where w* is defined in the Lemma 2.3. 

PROOF. According to the definition of q and that of Kµ in (2.11) we have 

J IKµ(x, y)ldysCµ•\J.+1(RµCl)l- 1
• 

[x-y[,,;;J? 

J IW.+1(lx-ylµex, Rµex)l · lx-y!-•q(y)dy = 
!x-y[,,;;R 

= cµ~\J.+1(~µ(X)l-1 [ J + J ] = 
[x-y[,,;;µ-1 µ-ls:[x-yls:R 
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Using 

(2.13) llv+1(Rµrx)i = y_l - elima!Rµ[1 + o(-1
-)]• 

2nRµ Rµ 

(2. 14) IY·+1(Rµrx)I = ¥_1 
_ eJimalRµ[1+0(-

1
-)]· 

2nRµ Rµ 

we obtain 

11 sCµ-ll2e!Ima!Rµ J [µ•iyJ-2m(y)+ µ-•Jx-yJ-2•1yJ-2m(y)]dys 

lx-yj,.;;µ-1 
µ-1 

sC µ-l/2e1Im a!Rµ J [µ•t 2•- 1m(t) + µ-1t-1m(t)dls 

0 

sCµ-1/2-•[w(µ-l) +w*(µ-1 )]e/Im a/Rµ. 

Now estimate / 2 • Using formulas (7), (8) on p. 12 and (1), (2) on p. 98 of the 
book [5] we obtain 

(2.15) I Wv+ 1( Jx-yJ µrx, Rµrx)I s Cµ-IJx-yJ-ll2e(R-lx-y/)/Im a/µ, 

(µ- 1 s Jx-yl sR). 

Hence, taking into account the equality 

-J e-attb-1dt = I'(b)a-b (a>O, b>O) 

0 

(I'(b) - is the Gamma function of Euler) we get 

l 2 s Cµ-le /Im a/Rµ J e-lx-y//Im aJµ I x-y 1-•-1/2IY1-2w(y)dy s 

µ-ls:jx-y/s:R 

-
s Cµ-ll2e/Im a/Rµw(µ-1) J e-/Im ajµlf•-1 dtsCµ-112-•m(µ-l)e/Im aJRµ 

0 

i.e. for Rµ > 1 we have 

(2.16) l/1 + / 2 J sCµ-112-•[w(µ-l)+w*(µ-l)]e!Ima!Rµ. 

Using (2. I 3) and (2. I 6) 

T(µ):;; C[w(µ- 1)+w*(µ- 1)] 

follows. 
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LEMMA 2.2. Let 17. be an arbitrary complex number such that 117.1 = I 
Im rx. ,c. 0. Let cp(x, µ) be a solution of 

(2.17) [-L1+q(x)· +rx.2µ 2
• ]rp(x,µ) = lJI(x, µ) (xEQ) 

in the space Lk0
c (Q), where lJI(x, µ)EE(Q). Suppose for every compact 

set Kc Q there exists a number l?:: 0 such that 

(2.18) f lrp(x, µ)1 2 dx = 0(µ1) (µ~O). 
K 

Then cp(x, µ)EE(Q). 

PROOF. Fix arbitrary compact sets K0 cQ, K 2 cQ with K 0 c cK2 
and a number R>O and define 

K1: ={yEQ: dist (v, K 0):s;2R}cK0 cQ. 

Then for any solution rp(x, µ) of the equation (2.17) 

i.e. 

(2.19) rp(x, µ) = f(x, µ)+Pcp(x' µ), (xEK0), 

where 

f(x, µ). = -- [}v+ 1(Rµrx.)] SRrp-- -- lµa (1P) (x, µ), . ( µrx. )v+I -1[~ n R"+' R,v+I ] 

2nR 2 µrx. 

Pcp(x, µ): = jP(x, y)cp(y, µ)dy, 
Ki 

P( ) . -{Kµ(x,y) if xEK0 nyEVR(x) 
~Y·- ' 

0 if x~K0 Uy~ V R(x) 

V R(x): = {y: lx-yl ::s;R} 

and Kµ(x, y) is defined in (2.11 ). 

It is easy to see that for the integral operator P: P(C(K1))cC(K0), 

hence for any f E C(Q) and for j = 0, I, ... 

i!Pj fl\c (Ko> ::s; Tj(µ )i!fllc <Ki>-
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It follows from Lemma 2.1 that T(µ)< 1/2 if µ-2µ 0 , hence for the solutoin 
cp(x, ft) of the Fredholm type integral equation (of second order) 

g;(x, µ) = i: (Pjj)(x, µ) 
j=O 

absolutely and uniformly in xE K0 , consequently 

(2.20) llipllc (Ko) s II file (K1)· 

According to PEE(Q), there exist positive constants C{K2) and {3, with 
0<{3<Rj Im o:! < dist (oK0, ()Q) such that 

ll1PllccK2> ,:=;; C(K2)e-flµ. 

Hence, similarly to the proof of (2.16) we obtain 

llR•+ I 11:;, •+ '( 1P )ilccK1) :SCµ-•- l/2ellm alRµ-/3µ. 

Consequently, according to the assumption (2.18) and (2.13) there exists 
l-;:,: 0 such that 

llfllccK1) ,:=;;Cµ•+3/2e- llm aJRµ[µl + µ-••-3/2ellm aJRµ-/31•] :S Ce-flµ. 

Hence, taking into account (2.20) we get 

j[rpJlccKo)sC(K)e-flµ, i.e. ip(x. µ)EE(Q). 0 

LEMMA 2.3. Leto:, [ix! :S 2m- 2 be an arbitrary multiindex and g;(x, µ)E 
L2(Q) be an arbitrary solution of (2.1). Then there exists /:;,..Q such that 

J ID~rp(x, µ)J 2dx = 0{µ1) (µ~I) 
K 

uniformly on every compact set KcQ. 

PROOF. Fix any compact sets K 0 cKcQ such that 0EK0 and let wE 
ECco;,(Q), supp wcK such that w(x) = 1 on K0 • Let zEZ and consider the 
solution E(x, y, z) of the equation 

(-LI+ q(x))mE(x, y, z)-VmE(x, y, Z) = ~(x-y). 

Applying the Green's formula for the functions rp(x, µ) and w(y)E(x, y, z) 
we obtain 

(2.21) 

where 

g;(x, µ) = J E1(x, y, µ)rp(y, µ)dy, 
K 

E1(x, y, fl): = [ -!J +q(y)r(I-w(y))E(x, y, z) + 
+(µ2m-Vm)w(y)E(x, y, z). 
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Iterating (2.21) some times, we get a kernel belonging to L 2 , and then 
applying the Cauchy- Schwartz inequality, we obtain: 

llrpllL - (K) '5 Cµ 11 

with some /1 >0. Hence, taking into consideration the Lemma 1.3 and the 
condition icxl ~2m-2<N/2 we get 

J JDarp(x, µ)J 2dx~ 
K 

-:s.Cµ'i J[ J( z µ2mlx-yJ2m-N-IPIJyl-2m-(JaJ-Jll>w(Jyl)dx)]2dx~cµz, 
K D JJlJsJaJ 

where l = l1 +4m. 

PROOF OF THE THEOREM 2.1. Denote rxi, j = 1, ... , m the m-th 
roots of rx, and let rx1 = I. Define 

A: = -LI +q(x), rp1(x, µ) = rp(x, µ 2m),­

fPJ+1(X, µ): = [A-rxjµ2 ]rp1(x, µ), (j =I, ... , m). 

Obviously, IPm+i = 0, q(x) E L2(Q) and 
m 

(Am-µ2m)rp = JI (A-rx7µ2)rp. 
J=l 

Applying Lemmas 2.2 and 2.3 we obtain rp1EE(Q), j = m, m-1, ... , 2,. 
Because rp(x, µ) fulfills the equation 

[-LI +q(x)-µ 2]rp(x, µ) = rp2(x, µ) 

and rp2(x, µ)EE(Q) if 1F(x, µ) = rp2(x, µ), we get the desired (2.5). 

3. Estimate of the sum of square of eigenfunctions 

We shall prove the 

THEOREM 3.1. For any A<== I 

(3.1) ~ u;(x) = o (1i.N-1) 
Jµn-AJ:.:l 

. 1/2m 
uniformly on every compact set KcQ. Here µn = VA.n 

PROOF. Fix any compact set KcQ and any xEK. Consider the function 

(3.2) 
{

_I -J..Nf2f1.(rA.) 
V(r) = (2n)Nl2 rv ' 

0, 

R:s;;rs2R, 

othervise, 

N-2 1 
where v = -- and O<R<- dist (x,oQ),r= Jx-yJ,yEK. 

2 2 
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For the eigenfunctions Un, according to the Theorem 2.1 

S,U n(x) = (2n)Nl2 ](v(rµ)~ U n(x) + 
rµn 

r 

(3.3) + ; r-• J {],(fµn)Y.(rµn)- J,(rµn)Y.(tµn)}t'+ 1Si(qU n + VJ)df 

0 

where 

S,g(x) = J g(x + rB)dB. 
e 

Using 3.3 calculate the Fourier coefficients of v(r) with respect to the system 
{Un}: 

(3.4) Vn = Jv(r)Un(y)dy = 
{} 

2R 

= - · - j.(rl..)r•+ 1s U (x)dr = ')..N/2 f 
(2n)N/2 r n 

R 

Denote 

2R r 

(3.5) /
1

, n(g): = y}; f J.(n)Y,(µnr)r J j.(tµn)t•+ 1S1(g)dtdr, 

R o 

2R r 

(3.6) 12, n(g): = y'I f ]v(M)]v(µnr)r f Y,(tµn)t"+ 1Si(g)dtdr. 
R o 
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First prove 

(3.7) 

Using 

we have 

Obviously 

I. J06 

2R 

A: = µn J }.(rA)}.(rµn)rdr>C>O, 

R 

(I µn - A I :5 I, AR> I). 

VT ( v:n: :n:) ( 1 ) J(z) = _. _ cos z-___ +O -
• nz 2 4 z312 ' 

2R 

A== 2-µnj (_!_cos(rA-~-~)+o(-1 
)]· 

;z: Y .A.r 2 4 (Ar)a12 
R 

I 
Using jµn -Al< I, cos <p cos 1p = - [cos (rp+ 1P)+ cos (cp-'lf')] we get 

2 

2R 

A= ! V ';." [f cos(r(A+µn)-m-; )dr+ 
R 
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hence, taking into account sin <p - sin 1P = 2 cos cp + 1P sin rp -1P 
2 2 

we obtain 

A=__!__ cos[ 
3
: (J.-µn)] sin[~ (J.-µn)] 

n J.-µn +o( ~). 
We can assume R < n . Hence, using 

6 

y2 
cosrp;:::::-

2
-, 

we get 
11Rf21 R 

A;;;::- - --- - ·- = --=- = C>O 
2 n 2 2 2 8V2n 

(3.7) is proved. It follows from (3.4) and (3.7): 
N-I 

I U n(x) I :s; CI Vn I +CJ. 
2

-[ J l1n(qun + 1J!) J + J l 2n(qU n+ip) J J. 
For the proof of the Theorem 3.1 it is enough to prove the following estimates 

(3.8) 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

~ 

2: J11nl2:s;CJ.N-1, 
n= I 

.:Z I l1n(qunJ 2 :s;C, 
f.un-i·l""l 

.Z II2n(qun j2 :s;C, 
1µ11-J./,,;;I 

The estimates (3.8), (3.9), (3.10) one can prove similarly as in [IO]. For the 
proof of (3.11) change the integrals in (3.5). It follows: 

2R r 

11, n = vi j j,.(J.r)Y,.(µnr)r j j,.(tµn)f"+ 1S1(1P)dtdr = 
R O 

R 2R 

= yi f j,.(tµn)f"+ 1Si(1p)dt f }.(J.r)Y.(µnr)rdr+ 
o R 

2R 2R 

+ y}: J j,.(fµn)tv+ISt(1p)dt J j,.(/..r)Yhinr)rdr. 
R I 

14 ANNALES - Sectio Mathematica - Tomus XXXI. 
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If / µn - I./ -s; 1, then 

(3.13) 17 ],(l.r)Y.(µnr)rdr l -s;C).-1
, (R-s;f-s;2R). 

This follows immediately from the asymptotic of J.(x) and Y.(x) for x:a: 1. 
According to the Theorem 2.1 1P E E(Q), hence there exist positive 

constants C, f3 such that 

(3.14) 

hence 
2R f IJ,(tµn)Jt"+ 1S1J1pJdf-s;Ce-flµn, 

0 

consequently, according to (3) 
2R 

Zn Jl1,nJ 2
:5C/,-l Zi:i J Jj,(fµn)Jl'+IStl"PJdf:5 

!Pn-Alsl !Pn-A:sl 0 

-s;CJ.-le-2p;Zn l-s;C,?.Y-te-2fl?. :5C. 
Pn:"'; 

The estimate (3.1 I) is proved. Now prove (3.12). Changing the order of 
integrals in I 2, n we get 

2R r 

I 2, n = yI f J,,().r)].(µnr)r f Y.(tµn)t•+ 1st1Pdtdr = 
R 0 

R 2R 
= yI J Y,(tµn)t•+ 1St7JJdf J j,().r)j.(µnr)rdr + 

o R 

2R 2R 
+ l"I J Y.(tµn)t•+ 1S11JJdf J }.(l.r)j.(µnr)rdr = It n +I~. n· 

R t 

On the order hand the symptotic of j .(x) for x :==:: 1 gives 

(3.16) 17 j.(l.r)j.(µnr)rdr I :5 c1.-i, 

further, according to (3.14) we have 

2R 1/µn J IY.(tµn)ltv+IStl7Pldt~C J µ;;'te-flµndf+ 
0 0 

2R 
+C J µ-;; 112f•+ t/2e-fiPndf-s;Ce-fiPn[µ~-·+ µ;;-112]-s;Ce-fiPn, 

l/µn 
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consequently, taking into consideration (3.15) and (3.16) we obtain 

2R 2 

Zn \/2, n\ 2,,;;C).-l Zn (! \Y.(fµn)lt•+IStl1Pldf) ,,,;;; 
lµn-).1,,;1 lµn-).1,s I 

0 

::;;C).~1e-P;.Zn 1 ::;;C;,r- 1e-2p.1.=o; C 
µn«• 

which proves (3. I 2). o 
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In 1972 A. RoTKIEWICZ asked in his book the following question. 
"Let a, k> I be fixed positive integers. Do there exist infinitely many 
composite integers n such that 

(I) an-k = I (mod n) ?" 

(Cf. [10], Problem 18). A composite solution n of (I) is called a pseudoprime 
with respect to a if k = I. It is known that infinitely many pseudoprimes 
with respect to a exist for all a. In [IO] A. RoTKIEw1cz established several 
necessary conditions for the congruence (I) to be true for an arbitrary 
pair (a, k). Other investigations have shown that (I) has infinitely many 
composite solutions when (a, k) is subject to various restrictions (see e.g. 
[5], [9], [IO], [I IJ and [12]). Finally P. Kiss and B. M. PHONG in [4] have 
given the positive answer for the problem mentioned above, proving that 
for any fixed integers a, k> I there exist infinitely many composite integers 
n satisfying the congruence (I). 

Recently, W. L. Mc DANIEL [6], [7] and B. M. PHONG [3] investigated 
~~-?1posite solution n of the congruence 

(2) an-k = bn-k (mod 11), 

where a, b and k are fixed positive integers. Their result shows that if 
(a, b, k) .,e. (25 + I, 25

- l, 3) for S2=2 or either of (c+ I, c, 2) and (c+3, c, 2) 
for c 2:: 2 then the congruence (2) also has infinitely many composite solutions 
11. In [8] W. L. Mc DANIEL proved that there exist infinitely many triples 
(a, b, k) of each of the (c+ I, c, 2), (c+3, c, 2) and (25 + I, 25

- l, 3) such that 
(2) has infinite many composite solutions. 

On the other hand, R. BAILLIE and s. s. w AGTAFF, jR [I] proved that 
for any given odd positive integer n there exist exactly 

(3) fl(n-1, p-1) 
pJn 
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distinct values of a modulo n, for which the congruence an-1 = 1 (mod n) 
holds. 

The aim of the present paper is to extend the result of R. BAILLIE 
and S. S. W AGT AFF, j R [ l] mentioned above for the congruences (1) and (2). 
We shall use the following notation. If n is a positive integer, then we define 
n* as follows: 

I*:= 1 and n*: =_!!_if n> I, 
IJp 
p/n 

where p runs through all prime divisors of n. 
First we prove the 

THEOREM I. Let n and k be fixed positive integers with 2{n and n?::k. 
Then there exist exactly 

(4) (n*, k)II(n-k,p-I) 
p/n 

distinct values of a modulo n, for which the congruence (1) holds. 
We note that in case k = l the formula (4) gives that of (3). 

PROOF. Consider first the congruence 

(5) f(x) = xn-k - 1=0 (mod p"), 

where p is an odd prime number and <X?:: l is an integer. It is well known 
that for the moduli p" there exist primitive roots. Let g be a primitive root 
modulo p". Then the congruence (5) is equivalent to that of 

(6) (n -k) indg x = 0 (mod rp (p")). 

Since (11-k, rp(P"))iO, the congruence (6), and so (5) has exactly 
( n-k, rp(pa.)) solutions. 

Let 11 = II pa., where p's are odd primes and hence P"lln denotes 
pa. /ln 

that p"ln, but p"+ 1{n. Consider the congruence 

(7) f(x) = xn-k - 1=0 (mod n). 

Using the number of solutions of the congruence (5) and the Chinese Remain­
der Theorem we obtain that the congruence (7) has exactly 

(8) II(n-k,rp(pa.)) 
p"iln 

distinct solutions (mod n). On the other hand, we have 

(9) JI (n-k, cp(pa.)) = IJ pa -a 'p"-l(p-1) :::::: 
( 

n-k ) 

p"lln p"lln P 
pall(n-k) 

= II pmin(a,p-T)(n~k,p-1)= 
p"lln P 

pallcn-k) 
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= II pmin(a,ff>(n-k, p- l)=(n*, n-k)II (n-k, p-1) = 
pill In* pin 

pall (n-k) 

=(n*, k) II (n-k, p-1), 
pin 

because (p, p-1) = (p, (p-k)/pa) = 1 and n*ln. Thus (8) and (9) give (4). 
This completes the proof. 

Another question one might ask is: for given positive integers n, k 
and t, how many pairs (a, b) satisfy (2) and a- b = t? The answer is given 
in the 

THEOREM 2. Let n, k and t be arbitrary given positive integers with (n, 2t) = 
= 1. and n ~ k. Then there exist exactly 
(IO) (n*, k) II {(n-k, p-1)-1} 

pin 

distinct values of a modulo n, for which there is an integer b such that a- b = t 
and (2) holds. 

For the proof of the Theorem 2 we need some lemmas. For given integers 
a>b~ 1 put E;(a, b): = ai-b1 (i~O). If a positive integer n is a divisor 
of one term in E(a, b): = {E1(a, b)h~o, then we denote by e(n: a, b) the 
least positive integer m such that nlEm(a, b). The following result is well 
known. 

LEMMA I. ([2], [13]) We have 

(i) nlEm(a, b) if and only if e(n; a, b)lm, 
(ii) e(p; a, b)lp-1, 
(iii) if plEm(a,b), then pill!Epflm(a,b)/Em(a,b), 

where (n, ab) = 1 and p is an 'Odd prime with (p, ab) = I. 

LEMMA 2. Let t, m and ~ be given positive integers and let p an odd 
prime number with (p, t) = 1. Then there exist exactly 

(11) (p"-1,m){(m,p-1)-1} 

distinct values of a modulo pa, for which there is a positive integer b such 
that a-b = t and 

(12) Em(a, b)=:O(mod P"). 

PROOF. For given integer t we put 

m-1 (m) (13) Fm(x):= (x+tr-xm = .L: . tm-txi. 
l=O l 

Then 

(14) 

Consider first the congruence 

(15) (mod p). 
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Since (p, t) = I, any solution x of (15) satisfy (x+t, p) = (x, p) = I. Taking 
into account the Lemma 1 (i) and (14) it is easy to see that the congruence 
( 15) is equivalent to that of 

(16) (mod p), 

where d = (m, p-1). Since djp-1, hence, using (13) we get 

(17) FP_1 (x) = Fd (x) · G(x), 

where G(x) is a polynomial in x with integer coefficients and deg F d (x) = d- 1, 
deg G(x) = p-d- I. The congruence FP_1 (x) =O (mod p) has exactly p-2 
solutions (mod p) and so by ( 17) it follows that ( 16) has exactly d - 1 solutions 
(mod p). Thus the congruence (15) has exactiy (m, p-1)-1 solutions 
(mod p). 

Now consider the congruence 

( 18) F m(x) = 0 (mod p). 

Using (13) we have (F m(x))' = mF m- 1(x). Thus, if p{m then for any solution 
x of (15) (Fm(x))'~O (mod p). This proves that the congruence (18) has 
exactly (m, p-1) - 1 solutions (mod p). Since (p, m) = 1 we have (p"- 1, m)= 
= 1 and so we get (11). 

Let now Pl m and we write m = pP m', where {J2:: 1 and (p, m') = I. 
In this case for any integer x we have F:r,(x)=O (mod p). Since (15) has 
(m, p-1)-1 solutions (mod p), the congruence (18) has p"-'{(m, p-1)-1} 
solutions (mod p"') if a =5, fJ + l. From this we also get (11) because in our case 
(p"' -', m) = p"'-'· 

Finally, assume a>{J+ 1, where m = pP m', (32:: 1 and (p, m') = l. 
We have 

and so, using the Lemma 1 (iii) and (14), the congruence (18) is equivalent 
to the congruence 

( 19) F m'(x) = O(mod p"-P). 

As we have shown above, since p{m', hence the congruence (19) has (m', 
p- I)- 1 = (m, p- 1) - I sulution (mod p"-P). Since (I 8) and (I 9) are equiv­
alent, hence we obtain that the congruence (18) has pi3{(m, p- 1)-1} 
solutions (mod p'X). In this case, we have a>f3+ 1, (p '"-', m) =pa and so we 
obtain also the formula (11). This completes the proof of Lemma 2. 

PROOF OF THE THEOREM 2. 
Let n = II p"' and consider the congruences 

p"-lln 
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and 

(21) 

Applying Lemma 2 with m = n-k for the congruence (21) and using the 
Chinese Remainder Theorem we obtain that there exist exactly 

II (poc- 1, n-k){(m, p- 1)- l} 
poclln 

distinct values of a modulo n, for which there is an integer b such that 
a- b = t and (20) holds. On the other hand we have 

II (poc- 1, n-k){(m, p-1)-1} = II (pfJ, n-k)II{(m,p-1)-1} = 
p"'lln plliln* Pin 

= (n*,n-k)II{(m,p-1)-1} = (n*,k)[[{(m,p-l)-1} = 
pjn pjn 

= (n*,k)II{(n-k,p-1)-1}, 
p/n 

and this proves the Theorem 2. 
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Introduction 

Let (X, 11 II) be a Banach space. An .JI!. eX subset is proximinal, 
if for all xEX, there is an element m(x)EM such that 

llx- m(x)ll = inf llx-ml!= d(x, M). 
mEM 

A proximinal set is trivially closed. 
E.W. CHENEY [I] raised the following question. Let be U, V proximinal 

subspaces of a Banach space X. Assuming that U +Vis closed, what is the 
situation with the proximinality of U + V ? 

M. FEDER [2] gave an example with the above assumptions such that 
U + V is not proximinal. On the other hand, he has shown that U + V 
is proximinal in the case when U is proximinal, V is reflexive, Un V is 
finite dimensional and U + V is closed. 

In this remark - modifying the proof of FEDER - we show that the 
finite dimensionality of un V is not necessary. 

The result 

THEOREM. Let (X, I!, ll)be a Banachspace, UeX a proximina/, VeX 
a reflexive subspace of it. Let us assume that U + V is closed. Then U + V 
is proximinal. 

PROOF. Let us start with the following (probably well-known) 
LEMMA. Let A : Y .... Z a linear operator, where Y, Z are Banach spaces. 

Then there exists an Y' e Y dense subset such that Al Y' is continuous. 
PROOF OF THE LEMMA. We define 

Yn = {yE Y; llAyll:=; n}. 
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Clearly u Y n = Y. Using the category argument, there exists an n* and 
n = l 

a ball centered at some y* with radius e >0 with the property 

B(y*, e)CYn*· 

This implies the existence of the desired Y' subset using a shift of y* 
into 0. The Lemma is proved. 

Returning to the proof of the Theorem, let be x0 E Y. Clearly, there 
exist u1, u2 ,· ••. , EU, v11 V2 , ••• EV such that 

lim llx0 - (u1; + v1,)I\ = d(x0 , u + v). 
K-= 

Let be U* a (non necessarily closed) subspace of U such that U + V = U* + V 
with the property U*nv ={0}. 

We define the linear map P: U + V -- V on the following way: 

P(u*+v) = v for all u*EU*, vEV. 

By the Lemma, P is continuous on a dense subset W c U + V. 
Now, we can modify the sequences u11 u2 , u3 , ••• , v11 v2 , v3, 

so, that u~, u~, . .. , EU, vi, v~, v~, ... EV and u~ + V~ EW, 11~ + V~ EW, 
with the property 

Jim llx0 -(uK + vK)ll = d(x0 , U + V). 
K-+~ 

Clearly, the sequence u~ +v{, u~+v~, u~+v~, . . . is bounded, so, the 
same is true for the sequences 

gK = P(uK+v~) (k = I, 2, ... ) 

and 

(k = I, 2, ... ). 

Here gKE V, uK:+vl<-gKE U*, so, uI<+vf<-gK E U. 
After this point we use (almost) the proof of Feder. For the sake of 

completeness, we reproduce it here. 
Beingg11 g2 ,g3, a ~otmded sequence of the reflexive space V, it has ([-3 ], p. 

58. Th. I) a weakly convergent subsequence. Without loss of generality, 
we assume that g11 g2 , g3 , ... weakly converges to an element g0 EV. 

Using now a well-known result of Mazur there exists a sequence g1 , 

if 2, g3, ... 

with properties 
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and 

(I) 

Introduce 

ln = Z A;(u~ + v;-g;); 
Pn<b;;Pn+1 

llxo-f n- g nll = II Z (Xo- u; - v[ +gi -gi)ll,,;;; Z A;llXo- u;-vtll 

so 

applying (I), 

(2) 

P<isPn+ l Pn <i-SPn+1 

Jim llXo - Jn - g nll = d{Xo, U + V), 
n-~ 

Jim llXo - Jn -goll = d(xo, U + V). 

Let be / 0 a nearest element to x0 -g0 in U (here we have used the proxi­
minality of U). Being J,, EU, 

llXo-go- foll,,;;; llXo -go- fnll, 
so, 

clearly. 
The Theorem is proved. 
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The notion of trigonometric conjugate function played an important 
role in the harmonic analysis and in the approximation theory. In 1941 
G. ALEXITS [2], [3] proved that for any 2n-periodic continuous function 
llf-O'n(/)!lcco,2,..1 = 0 (1/n) if and only if the conjugate function ] 
off belongs to Lip I. Later on from the ideas and results of G. Alexits deve­
lopped a fruitful branch of Fourier analysis, the theory of "saturation". 
Recently E. M. STEIN and B. MucKENHOUPT [4] generalized the notion 
of conjugate function for ultraspherical case and using this they developed 
a theory analogous to classical harmonic analysis, e.g. they proved the 
analogon of the Riesz Marcel theorem etc. B. MucKtrnHOUPT defined 
analogously the Laguerre and Hermite conjugate and showed in [5 ], [6 ], 
[7] that they are also suitable for developing a corresponding harmonic 
analysis. 

On the basis of the notion of Hermite-conjugate I. jo6 developed the 
analogon of the theory of Fejer's means for the Hermite case, i.e. he showed 
that this notion is very useful and suitable also in approximation theory. 
Among others he generalized Alexits above mentioned classical result for 
the Hermite case [8], [9], [IO]. 

Our aim in this paper is to prove an analoguous theorem for the Fejer­
means of the Jacobi-Fourier expansions. 

Using our result, M. HORVATH [12] recently proved a saturation theorem 
for Abel-Poisson means. 

Denote jn{IX, {J, x) (ix, {J> -1) the orthonormal system of Jacobi poly­
nomials, i.e. j n is a polynomial of degree n for every n E {0, 1, 2, ... } further 

1 f jirx,{J,x)jm(rx,{J,x)(l-X)"(l+x)Pdx = hn,m• 

-1 

bn,m = ; n,mEN. {
o, n ·~m 

1,n=m 
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Denote 

ja., (J: = {j n(ix, (3, COS G};=O, 

I a., (J: = {sine jn(cx, (3, cos G)};= I 

Wa.,fJ(x): = (1-x)"'(l +x)fl. 

For any orthonormal system <!> = {rn} denote 0(</>) the set of measurable 
functions for which the Fourier coefficients with respect to <P exist. 

DEF! NITION (after Stein-Muckenhoupt [4 ]). 
Let /E (f)(j""• 13) and 

~ 

/(6) "' ~ ak(f)jiix, (3, cos 6), 
k = O 

I 

-ak(J): = f f(x)j,,(cx,(3,x)(I-x)""(l+x)Pdx. 

-1 

If there exists an JE 0(/ 7, 13) with Jacobi-Fourier series 

](G) ,..., L; - a,//)jk_1(ix + 1, (3 + 1, cos G) sin G 
k=l 

II 

-ak(f) = J f (0) sin 0j1, _ 1(ix + 1, r + 1, cos 0)e 2(G)dG 

0 

then we call .f the Jacobi conjugate function off of parameter R, (3. 
Introduce the notation 

o<-+fl+l( f)) '( G)p 1 e(E>): = 2- 2 - sin 
2 

7

+2 cos-
2
- +--z, O<B<II 

and let 

(1) LP(e): = {f:[O, II] ~R:fe ELP(O, :it)}. 

We shall prove the following statement, seeming new also for ix = (3 
l 

THEOREM. Let ix,fJ~ - - , l<p< =and/EV (e). Suppose that there 
2 

exists f E LP (e). Then the following assertions are equivalent 

II e( 8)[ <1 nU, 8) - J( G)] i\LP(o, II) = 0( 1 / n) 

(2) J is locally absolutely continuous on (0, n:) and 

lim e2l = 0, [e2l1' e- 1 ELP(O, II). 
e~o 
e~u 
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REMARK. We hope to return to the cases oc< --
1 

or {3< --
1
- in a 

2 2 
subsequent paper. 

(3) 

The proof uses the ideas of the paper [9]. 
We need some lemmas. 

LEMMA I. 

I 

= [n(n+rx+fJ+ 1)]2-jn(rx,{J,cosQ). 

PROOF. Using the notation of the SzEG6's book [I l ], we can write the 
Rodrigues formula 

(1-x)"'(l+x)fJPn"'·fJ(x) = (-l)n [(l-x)11 +•(I+x)n+ll)Cn). 
211n! 

Consequently 

[(- l)11 - 1211 - 1(n- l)!(l-·x)•+ 1(1 +x)P+ 1p~_:- 11 ·P+I)(x)]' = 

= [(1-x)n+•(l +x)11 +ll]< 11
) = ( - l)11 211 n!(l -x)•(I +x)f3P~· 1\x) 

Using the fact that for the normalizational constants h~"· P>, defined by 

we have 

we obtain 

I 

P~' /l)(x) = (h~' .1)) 2 j
11

(rx, {J, x) 

I I 

( 
h~"' · Pl )2 = _I_( n + a + fJ + 1 )2 

h(a+l,{J+I) 2 n 
11-l 

[(l-x)•+ 1(1 +x)ll+ 1j
11

_ 1(oc+ I, fJ+ l,x)]' = 

I 

= -[n(n+a+fJ+ 1)]2 (1-x)•(l +x)PJn(rx, {J, x). 

Now the substitution x =cos e, 1 - x = 2 sin2_Q_, 1 + x = 2 cos2 _Q_ gives (3). 
2 2 

LEMMA 2. Let -
(4) L; a,Jirx, {J, cos 0), 

k-0 

any formal Jacobi series such that its Fejer means an are bounded, l\Q1111 !!P = 
= 0(1) for some 1-<P< =.Then there exists anf with ef ELP(O, n) such 
that ( 4) is the Jacobi expansion off. 

15 ANNALES - Scctio Mathematica - Tomus XXXI. 
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The proof can be given as that of the corresponding Lemma 3. in [9]; 
we omit the details. 

then 

(5) 

. 1 
LEMMA 3 [ 13, 14, 15, 16]. Let 1 :s; p :s; =, r;., f3~ -- and ef E LP(O, n). 

2 

LEMMA 4. [IO]. Let (cpn) be a sequence in a Banach space B and let 
I 

l.n = [n(n+ix+/3+ 1)]2. Then the following statements are equivalent for 
the Fejer means O'n: 

(A) 

(B) 

(6) 

llan( L; Ak<pk)ll = 0(1), 

!Ian( Z rpk)-all = 0(1 //.n) for some a EB. 

Now we can prove our Theorem. · (1)~(2). 
We can suppose a0(f) = 0, i.e. 

-
f(0)rv L: akjk(r;., (J, cos 0). 

k = 1 
Consider the series 

I 

(7) i [k(k+ix+ p + 1)]2 
adk(ix, (3, cos 0). 

k=I 

From (1) and Lemma 4. it follows that 

llean((7))11P = 0 (1) 

and it means by Lemma 2 that there exists g, egELP(O, n) with Jacobi 
series (7). 

From (3) we get 

f!O'n(g) = [Q20'n(/)]' e-1• 

Using Lemma 3. we obtain 

lle[an(g)-g]llp-o (n- oo) 

or 

(8) 

and again from Lemma 3 

(9) 

The comparison of (8) and (9) shows (see [9]) that e2J is locally absolutely 
continuous and (e2h' = e2g and hence e-1 (e2f)' ELP(O, n). The relation 
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9 

lim r/] = 0 follows from the fact that r/(B)anf(B) = f e2ang tends 
9-0 0 

9 

uniformly to J e2g = e2(e}](e). 
0 

(2)=>(1). 
We know that 

Let 

~ 

(10) rp(fJ)"' 2: dkjk(rx, {J, cos e). 
k=O 

The coefficients will be counted as follows 
n n 

dk = J cp(fJ)jk(rx, [J, cos 0)e(0)d0 = J [] e2J'jirx, [J, cos 8)d8 = 
0 0 

I n 

= [k(k+rx+ fJ + 1)]2 f ](6)e 2(8) sin 0k . .:1(rx + 1, {3 + 1, cos 8)d8 = 
. 0 

1 I 

= .. {[

0
k(k+rx+f3+ 1)2 ak_1(])= [k(k+rx+/3+ 1)]2 a1,(f) if k?:: I, 

if k = 0. 

By Lemma 3. 

llean(IP)llp = 0 (I) 

and then Lemma 4. states that there exists aE LP(O, n) such that 

lle(an(f)-a)llp = 0 (l/n). 

Since lle(an(f)-f)llP-0, hence 

f = o' 

hence (I) holds. 
The Theorem is proved. 
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Dedicated to the memory of GtzA FREUD 

The aim of the present paper is to prove an L2-convergence theorem 
with order for Lagrange interpolation based on the roots of Laguerre poly-
nomials L~> x), ti. ;;e: 0. Our result is continuation of the classical investigations 
of J. BALAZS, P. ERDOS and P. TuRAN [1]-[4]; see also the further refe­
rences. 

1. Introduction 

(1) 

In 1911 D. JACKSON proved the following inequalitiy 

En(!) s~llf'll~, 
n 

where 

E,.(f): = inf ll/-tnllcco,2:r1 ,/EC [0,2n] 
tn•Tn 

Tn denotes the set of all trigonometric polynomials of order at most n, 
C[0,2n] denotes the class of 2n-periodic continuous functions. The inequality 
(1) plays an important role the theory of trigonometric approximations. 

Later on many authors gave the analogoues of ( 1) for different approxi­
mations. First result of this type was proved by G. FREUD [5], namely, 
he proved the following inequality: 

(2) 

where 
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1>n denotes the set of algebraic polynomials of degree at most n. This ine­
quality was further generalized by G. FREUD in [6] for more general weight 
functions. The analogous problem for the Laguerre weight was solved by the 
first author of the persent paper in 1975, but it remained unpublished. 
Recently the same result was found independently by the second of us, and 
we have recognized that this result can be applied to solve a problem of 
P. TuRAN. We present all this in the paper. Remark that Jackson type 
theorem was proved also for Jacobi weight in [21 ]. The first step in the 
direction of solution of Turan's problem is due to K. BALAZS [15] by giv­
ing another approximative representation for the Fourier transform and 
by estimating the order of approximation. MERCER [16] condinued these 
considerations. · 

The authors are indebted to professor J. BALAZS for setting the problem 
and for his valuable discussions. 

2. The Jackson-type inequality 

Let 

Ua(X): = X"e-x(a> -1, X>O), 1 sps = 

and define 

Introduce the following function classes 

W~(a): = {f:uJ E LP(O, = )}, 

WlK(a): = {/: f, j', ... ,f<k-1> are locally absolutely continuous and Ua.+112fU> E 
E P(O, =) for L = 0, I, .. ., k}. 

(1) 

We shall prove the following Jackson type inequality. 

THEOREM. I. Suppose, I skEN, f EW;{a), 1 sp< = and !XO!:O. 
Then 

E ( f) c(p, k) II J<k>11 n Ua., P s U"-+kfz P' 
nk12 

with a constant c(p, k) depending only on p and k. 

For the proof we need a lemma. 
LEMMA I. Let et> -1 and 
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Then for any gE<J>;t-(u.,. we have 

(2) 

PROOF. 

Denote rx(t) the characteristic function of the segment [O, x]; then 

- -J g(I'x-Pn)Ua. sllgll- J II'x-Pnlu'" 
0 0 

implies 

If xgua. s llgll - En(I'x, Ua.)11 

hence it will be enough to prove that 

c(a:) 
(3) En(I'x, ua.)1 s yn u.,.+ 112(x). 
';'- '•"'. 'f.'·':-'!..~•?; " ?~ ,':,- -r-r:• ,.•,T• .::<•- ""- ""\)"""' • : ";j;- i 

We know the Freud's es.timate ([27], p. 72) 
..... •.·-~£U;~t;;,i;'t·'f,;:!':t'} : ~ ·~ -:.--' ;_i t .'• '/,;. . .·._. 
(4) .... . ·-· ~ " ............. E2n_2(I'x,·_u~)1 sl.n(x) 

where 

.. - . , ··· - . -
'• . ... 

is the Christoffel-function. It is known that (Cf.[7], [30]) 

(5) l.n{x)s c(~ Ua.+112(x) if Ci(tx) sxsc2(a:)n. 
yn n 

Now for Ci(et) sxsc2(et)n (3) follows from (4) and (5). 
n . 

A•. :· • ., _, 

If Osxs Ci(rx)/n then approximate I'x by the constant function 0: 

x 

E ( ) f ( ) +I C(et) + 112 C(et) ( ) n I'x1 Ua. s Ua.SC Ct X" s yn Xa. s yn Ua+l/2 X. 

0 

If X ~ C2(a:)n then approximate I'x by 1: 

x 
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! 
I 

The last inequality can be checked by tjifferentiating both sides. So (3) 
and Lemma I is proved. '. 

PROOF of Theorem 1 for p = 1 (we prdve this case for oc> -1). 
If Xis a normed space, X 0 cX is a clbsed subspace and x1 ~X0 then 

I 

dist (xv X 0): = SUR I(!, X1) I 
Jl 

fEX
0

1 

llfllsil 

(The supremum runs over the functional~ JEX* with norm ::s: 1 which are 
are vanishing on X 0). This is an easy ~pplication of the Hahn-Banach 
theorem. As a special case we get ! 

(6) 
i = 

En(!, u")1 = sup ! J f gu". 
gE'P*(u~) o 
llgll=sl! 

Integrating by parts we obtain 

(7) = [ . x ] i= ( x ) J fgu'" = f(x) J gu" = - J f'(x) J gu'" dx. 
0 0 0 Q 0 

Now I 

I 

1

1

jf'(x)(/gu")dxj:::s:llf'u'"+112ll1· Ii-~. jgu"lll! ::s: cy'(1 llf'ua+112il1, 
O 0 I, Uct.+1/2 o ,= 

I 

hence Theorem 1 will be proved for p = 1 lif we show 

(8) 

! 
I 

x ! 

[f(x) J gu"]= + 0. 
0 0 i 

! 
Consider first the case X - 0 + . Then 

I 
x I x : J gu" ::s:c J t"dt:=4c(oc)x'"+ 1

, 

o o I 
! hence I 

I f(x) f gu. I $C(•)lf(x)- f(I)I f"'' + c(•)lf(I)IX"+'. 

. i 
The second number here tends to zero by oc > - 1, and the first one can be 
estimated as follows: ! 

I 
I I i I 

x'"+1 J !' 
x 

"'"' ! lf'(t)lt"+'l'dtr1 

cyx ! lf'lu~+112-+0, 
I x'"+ 1 /r11

::s:x"+ 1111'1 Ll(O,w+O. 

I x 
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Now consider the case x- oo. l f follows from (7) that there exists the 
limit 

x 

A:= lim f(x) J gu". 
X-+ co Q 

Suppose indirectly that !Al >O; then for large x we have 
x 

+IAI s f(x) J gu" sc(o:)lf(x)Ua+112(x)I, 

0 

A 
----:r=- s c( rx) If ( x )u"( x) I 

2rX 

which contradicts to JU" E U(O, oo ). This contradiction proves (8) and 
hence Theorem I for p = I . 

Now let p = oo. In order to avoid technical difficulties we apply 
the substitution j*(t): = f(t2/2). Denote for fJ> - l by WP[(J] the space 
of all oddfunctions g: R _.. R, locally absolutely continuous on (0, oo) and 
satisfying 

UfJg, UfJg' ELP(R), Uf! = lxlf1e-x2
• 

If can be simply checked that the transform .f-f* is a one-to-one corres­
pondance between W~(o:) and W p[(J] further 

(9) l!uJllP = C1(P, o:)Ulbd l/pf*llp;llu"+ 112f'llp = C2(P, ix)llU2et+ l/pf*'llP" 

Introduce the notation 

En(UfJ, ip)p: = inf llU.a(ip- Pn)llp· 
PnE'Pn 

Since <p is odd, the best approximating polynomial must be also odd hence 
we can apply the substitution x = t2/2 to obtain 

(IO) En(u"' f)p = ca(p, rx)E2n(U2rx+ l'fpf*)p· 

The above considerations show that (for any fixed Is p s oo ). Theorem I is 
equivalent to 

(I I) En(U.a,g)ps c(~~(J) llU.ag'llP 

1 
for any fJ~- and gEWp[,8]. 

p 

ln what follows we prove (1 I) instead of (I). We showed (I I) for p = I 
and fJ>O. (The case fJ = 0, p = I was proved by FREUD [5]). Take the 
case p = oo, (J";?;;O. Use the device of G. FREUD [5]. First we have for {J";?;;O 
and I sps oo 

(12) 
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(see [18]). Define for X>O the function I 
I 

I
U,?(t)sgn(x-1~, fE(l,x), 

<px(t): = 0 I, IE [O, 00 )\(1, x), 

<px(-t) I· t<O 

where 

Then for the function 

where 

i 

(I, x): ={[I, xl, X> I, 
[x, l], X< 1. 

l 
qn+l(x): = g( I)+ ~ Bn(g', t)dt, 

I 

1:.. _ Sn+Sn+l + j · · +s2n-1 
'Un• - rt, 

I 

is the de la Vallee-Poussin mean, we get [ 

\g(x)-q • .,(x)f ~I /<f- -D.(g')) I ~ 
~ li[g' -D.(g')]~,LJ)I ~Ii~' -O.(g')][~x-PnJU+ 

and hence 

(13) 

We know that 

where 2ix + I = p and 

~clfU,,g'lf- i \~f-p.\ Up 

i 

l(y'2z)-211e2z sgn (x-1), iE [ f, ~2 l 
"Px(z) = <px0'2z) = [ I x2] 

0 , fE[O,oo ]\ -,- . 
2 2 
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Integrate by parts 

- z ]x!/2 x2/2( z J 1Pxgu" = [ 1Piz) J gu" - J J gu")"P~(z)dz 
0 0 1/2 1/2 0 

hence by Lemma I 

as it can be easily seen. Now we get from (13) 

I c{°') I 
En(Up,g)_ s llVp(x)ig(x)-qn+1(x) 11-s y'n llUpg II-· 

So Theorem I is proved for p = I and p = oo. In case I< P< oo we apply 
the usual interpolation arguments. It follows from (IO) that 

E2n(Up, g)p s:. llV.a(g--Ong)llp:::; c(.8, p)En(Vp, g)p 

so (II) is equivalent to 

llU11(g-D,.g)1ips c(~:) llV11g'llP 

. which is proved for f3;:,; 0 in case p = I and hence it remains valid for 1 < P< = 
by the Marcinkiewicz interpolation theorem. More precisely : consider first 
the mapping 

x 

where H{x): = J h and h is a simple function in the terminology of the 
0 

Zygmund-book (28]. In this case 

U.ah, U.aHEL1(R)nL-(R) 

and 
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~~~~~~~~~-

Then the 

(14) 

Marcinkiewicz interpolation thdorem states 

c(p,! (J) 
llUp(H- iinH)llp$ Yp llUf3hllP' 

that for l<P<= 

for any simplefun~tion h. Now let g be an a~bitrary function with Uf3gELP(R) 

and let G(x): = Jg. ! 

O I 
There exists simple functions hk such tfuat Uf3hk- Uf3g in LP (R). Now it 

follows from (14) that Uf3Hk is a Cauchy ~equence, so it has a limit Uf3H 
in LP (R). On the other hand Uf3H" tends to Ui3G pointwise; so Uf3GELP(R). 
WegetanalogouslythatUf3(H"-??nHk)tend

1

b in LP to Uf3(G-fJnG) and then 

a c(pj (J) 
llUr(G- unG)llP$ vV1 llUf3gllp· 

I 

The Theorem I is proved fork = I. Incas¢ k>O we use a simple induction. 
Since i 

I 

C~o:, p) 

j¥n 
implies 

E ( !) -< c(ix, p) E J ( f') n lla p y'n nr Lla+ 1/2, P' 

hence the induction on k shows (I). The proof of Theorem is complete. 

REMARK. The above proof shows b~ (9) that 
I 

(15) W~(ix) = {f:f,f', ... , J<"-1> are loqally absolutely continuous and 
I 

lla+ktzf<"> E LP(O, = )}. 1 

Define the following modulus of continuit~: 
I 

w(g, Uf3o)p = w(g, U13 , a, b, a): = sup ll~g(x + h)-g(x)]Uf3(x)liLP<o,b) + 
O,,;;h,,,;;o i 

I 

+ sup l:[g(x-h)-g(x)JUµ(x)liLP<b,~h 
o""h""6 r 

I 

where (32=0,gU,sELP(R) and O<a<b< =j. 

We know that I 

Uix):s;c(a, b)U~(x+h) (a[x<b, O<h<a), 

U,s(x)::o,;c(a, b)Uµ(x-h) (aJ1 

X< =, O<h<a). 

Consequently Uf3gELP(R) implies U13(x)g( +lz)ELP(O, b) and U,s(x)g(x-h)E 
LP(a, = ), so the above modulus of conti1uity is finite. We shall prove the 

I 

I 
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THEOREM 2. Let I;$p ;$ =,oc2=0, uJELP(O, = ).Then we have 

En(u", f)p;$cw(j*, Up, )n} 

237 

where f3 = 2cx + -1 
, f*(t) = f(t2 /2) and the constant c does not depend of n, f. 

p 

PROOF. As in [5] use the Minkowski inequality to obtain 
b n-1!2 

{J \ 2n 112 f [!*( e + t) - f*( e - t) ]dt Ip de}
11

p ;$ 

b n-11212 I 
n-1/ 2 b I / 

;$ 2n112 J {J lf*(e +t)- f*(EJ-t)! Pde} p dt ;$ 

n-1/212 a 

n-1/2{ b }lip 
5.C/1112 f J ![f*(6+t)-f*(EJ-t)]Up(6)!Pdf) dt;$ 

n-1/212 a . 

,,-;; cw(f*, Up, -y'~ l 
Consequently there exist a;$ en;$ b such that 

n-1/2 

(16) 2n112 J [f*(en+t)-f*(en-t]dt ;$cw(f*, U13, y'~} 
n-11212 

Define the function 
r n-1/2 

1
2vn J f*(t+e)dt (O<e:$en), 

(a) n-11212 
% Cl : = { ' 

l2vn J'12 

[f*(EJ-t)+ j*(Gn +t)- f*(Gn-t)](Gn ;$e < 00 ), 

l n-11212 

and Jet rpn(-0) = %(0). Using again the Minkowski inequality and (16) 
we obtain 

Since 

J 
[ ( 

n-112 )] 
, e - 2vn f*(n-112+e)-f* ~+e 

%( ) - l ( n-112 
2vn[f*(e-n-112)-f* e--

2
- )} 



238 
I 

I. JOO- NGUYEN XUf<\.N KY 

hence 

is immediate. Now 
I 

En(u,,, f)P = cE2n(Up,f*)p ::s; c{ll[% - !J*]Upllp + E2n(Up, '7Jn)p} :s 
. I 

sc{ll[rpn-f*]Upllp+ y~ llrp~UpllP}scw(f*, Up, y~ ) 
which completes the proof. ! 

2. On the Turan's ~roblem 
! 

Let Ln(J, x) be the n-th Lagrange inteqjiolation polynomial off E C[O, oo 
based on the roots of the Laguerre polynolnials L~ of parameter J .• 

Let ! 
. i 

1 .A.+ 1 . - .A.t 1 ~ . - ( x ) O<e<-, 0<13<--,o:. - , -f>,f(x). - f - 1 - • 
2 2 (2 -e 

! 2 

' We shall prove the ' 
THEOREM 3. Let I.> -1. If ]EW~ (o:)j then 

! 

- I 
(17) j [f(x)-Ln(f,x)]2xte-xdx/ = o(l) (n- oo). 

0 . 

A k j 

If fEW-('.1.~jorsome kE{l, 2, . .. },then ' 

( 18) f [f(x)-Ln(f, x)]2x•e-xdxs c(f, 8
' l3, k) l!Ua+ktd<k>ll-· 

I nk/2 
o I 

' 
PROOF. We argue as in [2] of BALAZS ~nd TURAN. Define the quantities 

I 
p(x): = x•e-x, h(x): = x-1+2~e-r•x,g(x): = x-2«e<l-2•>x. 

It is proved in [17] (see also [29]) that 

g<2n) (x)>O (x>O; nl= 0, 1, 2, ... ). 

Hence it can be proved as in (2] that i 

~ ~ I 
~ g(:4) J L!(x)p(x)dx::s; J htx)dx = c(e, 13)< oo, 
•=I 0 0 I 

where l. are the fundamental polynomia 'S of the Lagrange interpolation. 
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There exists a polynomial of the form Pn-1(x) = Pn-i ( ~~el such 

that 

(19) En-1(Ua., ])-._, = ll(f -Pn-1)Ua.ll- = Cll[f(x)-Pn-1(X)]xa.e-{-}-s)ll-· 
Using the orthogonality relations 

-J lix)lm(x)x"e-xdx = 0 k=/=m) 
0 

we get that 

- -J [f(x)-Ln(f, x)]2x-<e-xdx:s; 2,f lf(x)-Pn-i(X)l 2x-'e-xdx+ 
0 0 

+ 2 j ILnU-Pn-1i x)l 2x-'e-xdx:s; 211(!- Pn-1)xa.e-( +-•)xi/!. j x2b-le-2"xdx+ 
0 0 

-
+ ~1 lf(xk)-Pn-1(xk)l 2 J l~(x)x"e-xdx:s; 

0 

s II(/ - Pn-.lX"e+l--• }11:.{ f x"-1e-""dx + ;t g(x,) f ll(x )x'e-•dx} s 

:s; ell(/- Pn-1)xa.e-( +-•)xi/!. :s; cn-kllua.+kt2f<k>11:. (k = 0, 1, ... ) 

as (19) and Theorem 1 shows; this proves (18). 
It is known [9] that the polynomials are dense the L2 spaces weighted 

by x" e-x and for them ( 17) is obvions, hence ( 17) follows from the Banach­
Steinhaus theorem. 

Theorem 3 is proved. 
Now we come to the Turan's problem. BALAZS and TURAN considered 

in [3] the following problem. Consider a function 

cpE C[O, =) 

such that 

(20) Jim cp(t)e-ct = O. 
t-++-

Suppose that we are given only finitely many discrete values of t:p. What 
can we say on the Fourier transform of cp(t)e- 1 ? 
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I 
They chose the nodes the z~ros of th~I n-th Lague_rre poly~omial Lh0> (x) 

and took the known Lagrange interpolation polynomial Ln'P instead of the 
(unknown) function <p. I 

Let i 
I "" 

c/J(<p, x): = !/f(rp(t)e- 1)(x) r J cp(t)e- 1+ixldt, 

I 0 
. 00 

c/Jn(cp, 'x ): = (f(Ln(rp,t)e- 1)(x) /= J Ln(rp,t)e-t+ixtdt. 
I o 
I 

In [3] is proved that if rp(l) is a polyno~al of degree< n then c/Jn (rp, x) = 
= c/>(rp, x), futher for any rp salisfying (2~) 

(21) c/Jn (cp, x)--'/J (<p, ~) (n ---- oo ) 

uniformly for X=>O. We have I 

Jc/>(cp, x)- q) n(cp, x)J ::o,; j J <p~t) - Ln(rp, l) J e- 1dt ::s 
0 ' 

(22) 

in [3] the rel at ion 

(23) J J <p(l) - Ln(cp, t)J2e-1dl-+ 0 (n - oo ) 
o I 

is in fact proved. In connection with the~e investigations P. TURAN raised 
in [4] the followin g question (Problem X~ I I.): What can we say about the 
speed of convergence in (21) or (23) if the rcon tinuity modulus of rp is known? 
Our following theorem gives an answer. [ 

THEOREM 4. Use tlze notations of Throrem 3. and let}, => - l, ] EW°,., (~). 

Then we have ( = ) 1}2 

(24) J lf-LJJ 2fe- 1
dt I scw(f*,U2~, y~-L· 

o I 

PROOF. In proving Theo rem 3 we s!iowed that 

( 

= )112 I A 

[ If - LJI 't'r'dt ~ cEH(u.,f )-. 

Combining this with Theorem 2 we get Cf4) at once. 

REMARK. Obviously I 

w(f*, U 2"' b)= 5 2w(J*, b)=: = 2 ~up llf*(x + h)- f*(x)liccR>-
o ol>hsd 

I 
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ON SOME PROBLEMS OF M. HORVATH* 
(Saturation theorems for Walsh-Fourier expansions) 

By 

I. J06 
Department for Analysis of the L. Eiitviis University, Budapest 

(Received September 2, 1987) 

The classical saturation theorem of ALEXITS [7], p. 43 and 64, con­
cerning the order of the approximation of the Fejer means, have been 
generalized for classical orthogonal expansions by many authors: I. jo6 
investigated the Hermite case [5], [16], [17], [18], A. BoGMER [19] and M. 
HORVATH [20] the Jacobi case fin ally M. HORVATH [21] the Laguerre case. 
In the papers [18], [20], [21] a saturation theorem is proved for the Abel­
poisson means of resp. the Hermite, Jacobi and Laguerre expansions. 
In [21] M. HORVATH raised the problem: is there a known expansion, 
different from the classical ones, for which these saturation theorems hold? 

In what follows we prove both saturation theorems for the Walsh 
expansions. In this case the conjugation operator is a simple multiplier 
operator hence the proofs are easier than in the above mentioned papers. 

In the second part of this paper we prove estimates for the square 
sums of Laguerre polynomials. As it is known, in the investigation of eigen­
function expansions the estimates of the square sums of the eigenfunctions 
play an inportant role. E.g. we know that given a finite interval G, a poten­
tial qEU (G) and a complete orthonormal system (Un)CL2(G) from the 
eigenfunctions of the operator Lu = - u" +qu with eigenvalues {).k>O}, 
the eigenfunctions are necessarily uniformly bounded and moreover 

(A) Z lun(x)j 2 ;:=;C(xEG, µ2= 1) 
Jµ-1)."nl 

(see [30]). This estimate can be locally inverted if q E LP(G) for some p >I. 
Namely for any compact set KCG there exists M>O and cx.>O satisfying 
([31]) 

(B) Z lun(x)! 2 ;z;cx.>O (xEK,µ>O). 
Jµ-f'l.nl,,,;M 

*Work was supported by the Hungarian National Science Foundation for Research, 
grant No 1157. 

16* 
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I 
The estimates (A) and (B) do not remain !necessarily true for infinite interval 
or for q E Lf0 c(G). In the special case of Iierrnite functions 

un(x): = e--°lhn(x) 

satisfying the equation ([27 ]). 

- u~' + qun = ).nun, },n =1: 2n, q(x) = x2 - I. 

I proved in [26) the two sided estimate J 

- I -
(C) O<cifks max L; ~1~(x)sc2y'k (k;;:,:_ I). 

xER k"" lln""k-t I ! 

M. HoRv ATH in [25] investigated Laguerre expansions. Through an equi­
converge theorem he proved the Fejerf- Lebesgue theorem corresponding 

to Laguerre series, namely: the Riesz me~ns of order ;;:,:_+of any function 

/from the (weighted) L1 converge to fa.el The Laguerre functions 
I 

t\ x2 

vn(x) = y''.ha+2]e -T[~a)(x2) 
satisfies ([27]) 

In [25] is proved that 

(D) L; v~(x) scl/k Xt>-0, 0:2:- -- • -( i I ) 
k""irn"" k+ 1 I 2 

This is a generalization of the right ineq~ality of (C). Intruduce the weight 

and denote Pn(U~, x) 
weight U'f,: 

U13(x) = lxl 13e - ~ (xER) 
I 

the polynomials Firthonormal with respect to the 
! 

f Pn(U~, X)Pm (U~, x) Ur~(x) dx = On m· 
! • 

-- ! 
! 

By the substitution we s2e that 
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hence (D) implies for ,82!:0 the estimate 

2 ~ 2 y'-(D') Up(x) L.J p'f,(Up,X)-5.C k(k2!:l,xER). 
ksYils k+ I 

Since for /3 = 0, Pn( U~, x) is the n-th Hermite polynomial hn(x), (D)' 
indeed generalizes the right inequality of (C). Here the following question 
arises naturally: can also the left hand inequality of (C) be generalized for 
Up(x) weight? More precisely : does the inequality 

(E) 0 < cy'k -5. max z v~(x) 
x.,,o ks 'Vnsk+I 

hold for all 1X2!: -1/2 with some constant C>O? In the second part of this 
paper we shall prove an analogous statement, namely the lower estimate 
of the sum 2Z=o v~(x). 

Introduce the Walsh system as follows. Let 

2'" = {(an)o:en = 0 or l} 

be the Walsh group with the addition 

(1) 

We can define a mapping 

-
(en)- ~ en2-n-l 

n=O 

which is onto and the inverse mapping is well~defined for xE [O, I] which 
are not dyadic rationals. Define for x, fE [O, I], not dyadic rationals the sum 

(2) x+t: = oi(oi-1x+oi-1t) 

(which can be not dyadic rational). 
The Rademacher system is defined by 

(3) r0(t): = ; r0(t+ 1): = r0(t) { 
l, O<t< 1/2 

- l , 1/2</< 1 

and for 112!: I 

(4) 
~ 

It is easy to see thatx = 2: e12-j-i implies 
j=O 

(5) 

consequently 

(6) 
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! 

The Walsh system (wn); is d:fi:ed as I . _ . 
(7) wn: = II riJ = II tli 1f n = L; ei2J. 

. j=O •rt j=O 
I 

We see from (1) and (5) that ! 

! 

(8) WnW11' =111+11' 
and in particular 

{8') W1211 +s = r211 H's· 

From (L)) it follows 
0 

I 

(9) w11(x + t) = w11(x) w11(t), I 
I 

1 I 

further [ rn,rn, · ... · r n, ~ 0(~,,.<n1) ~mI! lies 

(10) J W11Wm - n, m· 

So the Walsh system is a un~ormly bou~ded orthonormal system on (0,1) 
and then the theorem of F. RIEsz [l] i, plies that 

(11) 

1 1 
where-+-= 1. 

P q I 
The Walsh - Fourier series of a fumction /EU(O, 1) is 

I I 

/(x)"' ~ ciw1(x), cl/: = J fw1 
j=O I 0 

and the partial sums are 
1 

I 

s11 [f,x] = ~
1 

ciwi(x) = jJ(t)IJ(11(x-!-t)dt = (/*D11)(x), 

J=O 0 ·1 

n-1 

(12) Dn(f)' ~ L; r/t). 

Looking for a closed form for the ker~:1° 'D
11
(t) we get 

2k+ 1-1 2k-1 

L: wi = L: W2kw1 
}=2 k j=O 

2k-1 

rk L: w1 = rkD2k 
j=O 
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Unifying (12) and (13) we obtain 

( 14) S2N[/1 x] = -
1-/J if XE ro, I ro! = 2-N 

I w I 
w 

(that is w is the dyadic interval of length 2-N containing x). 
Consequently 

(15) lim S2N[J,xJ = f(x) a.e.; 
N->~ 

this is false for ordinary Fourier series, see [I].-The relation (15) shows also 
the completeness of (wn);' in L1 (0,1). 

Introduce the conjugate partial sums ([8]): 

(16) 

In another form 
I 

Sn[!, X J = J f(t)Dn(X -f.. f) dt = (f * Dn) (x), 
0 

( 16') 

(17) 

Indeed, this is a consequence of 

(18) {n,n-f-1, ... ,n-f..(n-1)}= (J {2j,2j+J, ... ,2j+1 -J}, 
•1=1 

which can be proved as follows. Denote H the right hand side of (18). 
Now vEH implies n-f..v<n, hence 

n-f..Hc{O, I, ... , n-1}. 

Since H (and then n+H) has exactly n elements, the inclusion is in fact 
equality; so (18) and (17) hold indeed. From (13) we derive 

2k+1_ 1 { 2k if O<t<2-k-1
, } 

(19) ~k wp) = -2k if 2-k-1 <t<2-k, = rit)D2k(t) 

j-
2 0 if 2-h«t< 1. 
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and then (I 7) gives that I 

(20) l\(x + t) is constant in ~ach w if x ~ w. 

We shall prove j 

LEMMA I. .I 
a) If k = 2kr + ... + 2ks (1<1 < ... < 4s> 

then i 
[{11<2ks+ 1:n.f-k<n}[ = 2ks- I. 

b) Define ~ I ~ 
anf: = Sof + .. t +Sn-if 

then I 
1 1 

anwk_,__( 1--]wk (11-+ = ). 
2 2ks 

PROOF. 

a) If 11< 2ks then 11.f-k~2"s> 11 and if 2"s::s 11<2ks+ 1 then 11.f-k<2"s::s: n 
so a) follows. 1 

b) We know . J 
S w = {w" 1f n+jfc<n, 

(21) n k 0 'f o k 
1 n+ ~n. 

Let forjEN 

j = 1'·2"s+ 1 +j', O-sj'<2ks+1, 
I 

then, of course, I 
j.f-k<j<=>j' +1<j'. 

Since for any fixed r the proportion of "go~d" j'-s (i.e. for whichj' ..f-k-<j') is 

2"s - 1 = _!_(11- 2-"s) 
2"s+ 1 2 I 

by a), hence b) follows. O i 

DEFINITION ([8]). The co11jugatefunctibn ofjEU(0,1) with expansion 

f"' L:c"w" I 
I 

is a function fE U(O, I) with expansion 

(22) J "'J_ _2'(1--2- "s)ckwk 
2 

(if such an J exists in U). 
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We need the following norm estimate, proved by Paley 

THEOREM I ([32] or [2], p. 90). If l<p < ooarzdfELP(0,1) then 

! ISnfl Ip :5 Apl Ill Ip 
where the constant AP depends only on p. 

It is not hard to derive from this the 

249 

THEOREM 2. For I< P< oo the conjugation operator maps continuously 
the whole LP(O, I) into itself: 

1171 lp:5 C(p)! Iii Ir 
PROOF. The Banach-Steinhaus theorem implies by Theorem I that 

(23) llSn/- !llP-0 ·(n- =, f E LP). 

The conjugation operator is a multiplier operator; this means that the 
operator multiplies the coefficients by fixed numbers, the k-th one by 

_!__(I - 2-ks). The sequence of multipliers 
2 

{+(I -2-ks): k = 0, I, . .. } 

is a bounded and monotone increasing sequence. As in the multiplier theorem 
of STECKIN ([3] or [12], p. 105) we can prove that arbitrary sequence (an) 
bounded variation -2; lak-ak+1I < 00 

k = O 

is a multiplier sequence, i.e. (for I< p < oo) 

with C depending only on (eek). Indeed, by Abel transform we see from 
Theorem I 

Ii' i akakwk 1· 1· = II anSn + ~
1 

(rxk- rxk+ 1)Sk 11
1 

s 
I k=O k=O p 

n-1 

s [rxn[llSnllp+ 2; [rxk-rxk+1[ · llSkllpscllSnllp· 
k=O 

This means in the special case rxn = _!__(I - 2-ks) that the partial sums of 
2 

the formal series Z _!__(I - 2-ks)a,,wk are bounded, i.e. the sequence of op- . 
2 

era tors 
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n I 
J _,. 2; -(1-2 ks)akwk 

k=O 2 

are uniformly bounded. Using the same device as in [4 ], p. 23 (see also 
in [5]) we see that T nf converge in LP to n ]E LP 

Tnf--f. 

Indeed, let for a fixed/ELP(O, 1) 

Now 

Tn: LP(O, l)fiR, 
g--(Tnf, g). 

[ J\g\ '5 llT nfllpllg lq,,,,;;cllgllq, 
hence (Tn) is uniformly bounded. It conrerges in a dense set of Walsh­
polynomials 

n 

. g = i~I cktk' 

hence there exists a continuous functiona T with 

Tg: = lim f'ng, g E Lq(O, 1 ). 
n-+~ 

Since Tg has the form (h, g) for some hEtP(O, 1) and 

aih) = (h, wk) = Twk = !~ T

1

. nwk = ~ (I-2-ks)ak, 

hence h = J and by (23) we get llfllP ~ C( )llfllr 
. Theorem 2 is proved. 

DEFINITION ([6]). Consider the difference quotient operators 

n-1 I 
(dnf)(x): = 2: 2k-l(f(A1-t- 2-k-1)- f(x) ]. 

a) We say that a functi:~ 0has a dyJdic derivative at the point XE [O, 1) 
if there exists the limit I 

. I 
j(IJ(x): = hm (dnf)(x); 

f[I ](x) is the dyadic derivative of j. 
b) If for fELP(O,l), 1 ~P< = the fu ctions dnf converge in LP to some 

gELP, 

Jim l\dnf - fl p = 0, 
n---~ 
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then g is called the strong dyadic derivative off and we denote 

DJ: =g. 

THEOREM 3 ((6]). 

a) Dwk =kwk, 

b) D: LP(O,I)-LP(O,I) 

is a linear and closed operator whose inverse is absolutely continuous. 
Namely 
c) There exists afunctionWEV(O,I) with expansion 

d) The transformation 

~ 1 
w rv 2: -wk. 

k=I k 

1 

If:= W * f = jf(t) W(x.f-t)dt 
0 

is the inverse of D: if fEU(O,I) and 
1 

aoU) = J f = 0 
0 

then 
Dlf =!DJ =f. 

The function If is called the dyadic integral off. 
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Some questions about the dyadic derivative and integral were investi­
gated by F. ScHIPP, P. S1MON, J. PA.L, cf. [2], [9], [IO], [II]. 

Now we prove an Alexits type theorem 

THEOREM 4. Let I :5.p:5. = andfELP(O,I). Then 

(24) 

if and only if 
(25) DfELP. 

Further we have 

(24') llanf - ill = o ( ~ )~ f = const. 

PROOF. First prove (24'). Let f,...., .Eakwk, then for fixed k =:; n we have 
1 

n: 
1 

/ak/ =If [anf-JJwk I ~1/anf-J//p · //wk//q = o( ~) 
0 
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which implies for k ~ 0 that ak = 0, so = c. Conversely if f = c then 
anf = f. Now prove that (24)q.(25). By t e Alexits lemma ([7], p. 62-63) 

(26) llanf-fllp = o(+J=llan(,~!kakwk)llp = 0(1). 

We know that the Fejer means of a funfl tion from LP(O, l) are bounded 
in LP-norm provided l<p::5 =.In case p< =this follows from Theorem l, 
in case p = "° the boundedness of th2 strorg Fejer means is already known 
[13]. Using this and the proof of Lemma 3 of [5 J we get that 

(27) llanf- flip= o( ~ )= 3gE k' g'"" Z kakwk. 

Now take g E LP with the expansion indica~ed in (27) an,; count the coeffi-
cients of Jg: [ 

j (I g)(x)wk(x) dx = j ( j g(t) w~1: + t) dt)wk(x) dx = 
o o o I 

= j g(t)( j w(x'J-1) w) ) dx)dt ~ 
0 0 

= i g(t)( j w(x)wk(x '- t)dx) dt = 

1 1 

= - f g(t) wk(t) dt = ak (k==:- I). 
ko 

Since S2Nf- f a.e. for any f E U(O, I), hence the Walsh system is complete 
in U(O, I), consequently 

lg= f+c 
and then 

g =Dig= If 
so DfELP(O,I). Conversely suppose that DfELP(O,I); its coefficients are 

j(Df)wk = Jim]< i.nf)wk = 
0 n--+~ O 

i.e. g = DfE LP has the expansions figuri g in (27). Theorem 4. is proved. 

THEOREM 4'. Denote 

R~( Z e k): = iJ I 
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n-th Riesz mean of parameter r. Let r?:: I be entire and denote D' the r-th 
Jfed strong derivation. Then for I< p,,.;;; = we have 

'\ 

(29) 

D'fELP(O, l)*llR~f-fllp = o( ~r) 

f = C*llR~J- flip= o( ~r )-

PROOF. This theorem is analogous to KRALIK [14), Korollar, p. 369. 
Using the Alexits- type lemma, (Satz I in [14]) asserting that 

valid in arbitrary Banach spaces we can give same proof as in Theorem 4. 
Remark that the Riesz means R~, r> I are convex linear combinations of 
the Fejer means ak, k :s n hence we have 

as for the Fejer means. The remained part of the proof is immediate. 
Consider the Abel - Poisson means 

I 

(30) T xf(y) = f(x, y): = J f (z) P(x, y, z) dz (x > 0) 
0 

where 
~ ~ 

(31) P(x, y, z) = L: e-kxwk(y + z) = L; e-kxwk(y) wk(z). 
k=O k=O 

The series in (31) converge uniformly for fixed X>O hence for fEL1(0,l), 
f "'Eakw,. we have 

(32) 

again with uniform convergence since I akl :s llflli· 
THEOREM 5. Let I <P< 00 and fELP(O,l). Then 

(33) 

(34) 

(35) 

llf(x,. )-!II = o(x) (x-o+ )*f = o, 

11/(x, ·)-fl! = O(x)*DfELP. 

PROOF. The semigroup property 
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I 

can be proved as follows I 

1 I 
Tx1TxJ(y) = [(TxJ)(z)[(x1,y, z) dz= 

1 ( 1 ) . = f j f(t) P(x2, z, t) dt f(x11 y, z) dz = 
0 0 I 

I I i 
= J f(t) jP(x11 y, z) P(±J 2 , z, t) dz dt = 

0 0 

I I 
= jf(t)P(x1 +x2,y, t)dt /= Tx1+x2f(y). 

0 ! 
I 

Since the partial sums Snf converge to f i!' LP-norm, the Abel means must 
also converge: 

(36) llf(x, ·)-fllp-O(l<p< 00 ,fELP(O, 1)). 

Consequently the operators {Tx: X>O} ~ith T0f: = f form a continuous 
operator semigroup in the i;eflexive Banaf h space LP(O, I). So we have to 
prove that , 

(37) fED(A)<=>Df~LP, 
where A is the infinitesimal generator o~ the semigroup {T x : x 2:: O} and 
D(A) is its domain (see (15 ], p. 90.). As liwe have seen above, (37) states 
the same as 

(38) fED(A)¢:;3gELPJ g<Ekakwk. 

Prove (38). Let firstfED(A), then 

hence 

1 1 

J (Af)wk = Jim J f(x, y: - f(y) wk(y) dy = 
. x-o+ l1x 

0 0 
I 

e-kx _ 1 I 

= Jim a"= -kak, 
x-o+ X 

-Aj"' J:kakwk 

so the only if part of (38) is proved. To prove the if part, take a function; 
gELP, g"'Ekakwk. It is easy see that 

(39) 
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and by Theorem 1 

(40) 

Since the operator A is closed ([15)), (39), and (40) imply that /ED(A) 
and Aj = -g. The proof is complete. 

~41) 

and 

REMARK. If l<p< oo and /ELP(O,I) then 

DJ ELP*DfELP 

Indeed, the sequences 

rx.k = 1-2-ks,{Jk = (1-2-ks)-1 

;atisfy 

Zlrx.k+l -rx.kl < 00
• Zlf3k+l -f3kl < 00 

.cnce using the proof of Theorems 2 and 4 we get 

DfELP*3gELP,g~ Z kakwk* 

*llSn( Z kakwk)llP = 0(1)* Jlsn( Z ~ (1-2-ks)kakwk II= 
I ~ 

= 0(1)<=> 3hELP, h~ Z -(l-2-ks)kakwk*Df ELP. 
2 

(41) follows. By Theorems 4 and 2 we obtain (42) from (41). 
We formulate here the following 

PROBLEM. Does the statements (41) or (42) remain true for p = oo? 
In what follows we shall deal with lower estimates for the square 

sum of Laguerre polynomials. Recall some notions as given in [24] Let drx. 
be an m-distribution function on R, Pn(x) = Pn(drx., x) the n-th polynomial 
orthonormal to drx. 

. f PnPm drx. = fln m· R , 

Denote by X 1,n = X 1,n(drx), 

X1 ,n>X2,n> · · · >Xn,n 

the roots of Pn(d<X, x). The Christoffel function of the m-distribution d<X is 

An(drx., x): = ( ~~ Pk(drx., x) f 1. 



256 I. JOO 

Consider further the denominator of the Christoffel---Darboux formula 

P n(X, ~) = Pn-1(~)Pn(x)- Pn(~)Pn-1(x). 

In .x, the polynomial Pn has degree 

n*: = {n '.f Pn-1(~ ) ~ 0 
n-1 1f Pn-1(0 = 0 

and denote its zeros by 

~1>-~2>- · · · >-gj = g>-~j+l>- · · · >-gn*· 

The following inequality of Posse is known ([24 ], p. 33). Let n 2:: 3 and 
/E C2n*-l(- oo, ~)with 

J >-0, J' >-0, ... , f<2n*- 1>>-0 on ( - = , g). 

Then 
I; 

~ An(d(J., ~k)/(~k)s J fdCts .Z An(d(J., ~k)j(gk), 
!;k<!; -~ ~ks. !; 

which implies hy ; = ;" that 

<j -1 

'An(drx, ;)J(;)s J fda. 
<. , J+l 

We shall need the Laguerre weight 

Uo:(X) = X"'e-x (X>-0, rx >- - 1). 

THEOREM 6. Let rx>- - I. If C1 is large enough, C2 is small enough (depend­
ing on oc) then 

c(x) o:+ -~ c 
, (u x)-c- - x 2 e-x _!_-c x -c c n 

11.n "' ' _ - Vn ' 11 - - 2 • 

REMARK. This statement was proved by FREUD [23] for o:.?-:0. In [29] 
the authors stated its validity for any cx:>- - 1; the proof will be given here. 

PROOF. Use the Posse inequality with f(x) = ex: 

Oj-I 

(43) An(;)e~~ J 
l;j+J 

with an appropriate 
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We know [24] that the sequences !;k and Xk,,1 separate each other. More 
precisely in case n* = n- I we have 

(44) Xn, n < l;n• < Xn-1, n < l;n•-1 < · · · <X2, n < !; <X1, n 

and in case n* = n one of the statements 

(45) 

(46) 

l;n•<Xn,n<!;n•-1< · · · <X2,n<!;1<X1,n 

Xn , n < l;n• < · · · < !;2 < X1, n < !;1 

holds. The following estimates are known [27] for the smallest and largest 
zeros of Laguerre polynomials 

(47) 
c' ( j~-r 
->Xn, n>_....:___,___ (n>11o) 
n ex.+ l 

n+---
2 

where j 1 is the smallest zero of the Bessel function j a(x); 

c"n< 

(48) 

e;r 
ex.+ I < x1, n < 2n +ex.+ I + v (2n + ;_ + I )2 + {- - cx.2 = 

n+--
2 

=4n+O(l), 

where jn is the n-th zero of .f a(x). Using (44)-(48) we see that if c1 is large 
c 

enough, c2 is small enough and _.!._:,,; !; s c211 then (for n > 110) 
11 

3 :o=;j sn*- 3 

and hence (43) implies that 

( 49) An(t;)e~ s (!; j-1 -!;j+1) ~J,,,;; (X1-2, n - Xi +2, n)Xai±2, n 

where the sign ± depends on the sign of ex.. To estimate (49) further we use 
the following known theorem of STURM ([27 ]). Suppose that the function 
U(t) satisfies 

(50) U" +Ru = 0 

where the potential R is positive and continuous in [tv i2 ] further U(t1) = 
= U(t2) = 0, U(t) ~ 0 for fE (t1, t2). 

Then 

17 ANNALES - Sectio Mathematica - Tomus XXXI. 
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We shall apply this with 
t~ 1 

u(t) = e --2/+2L~~>(t2) 

since in this case ([27]) (50) holds with 

1 - 4o:2 

R(t) = 4n-t2 +2o:+2+ ·---
4x2 

Introdice the notation 

axb, 

this means that there exist positive constants c, C which may depend only 
on a satisfying 

ca::=; b :o; Ca. 

The Sturm theorem implies as in [23] that 

(51) 

where the function rpn is defin ed by 

1 1 

I 
Q::=;x<--, 

<pn(x) = vn -~--· I n 

I 
x -- ::=; x ::=; 411 - 4n113 , 

4n-x' n 

n 113 , 4n - 11113 ::=; x. 

So (49) can be further estimated by 

Finally we know from [27], (6.31.11) that 

C Un-i)2 ::=;X;, n::=;c (n-i)2 
n n 

and it follows from [27], (1.71.7) that 

jkxk (k>k0 ) 

So if the index i is < 11-110 with large 110 then 

_ __, (n-i)2 

X; , n-. , Xi+1XX;· 
n 

Taking c1 large enough we can obtain that 

j<n-n0 -2 



ON SOME PROBLEMS M. OF HORVATH 259 

and hence 

1 I I 

( ) ~ ."+2 1 "+2 .:i.11 t; e -5.C,;-x.±2 sc-=-t; . vn J , n y'n 

Theorem 6. is proved. o 
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1. Preliminaries 

In what follow LP will denote LP[O, I J, 0 < p ,s; =. In this section fol­
lowing [6 ], we shall introduce the dyadic Hardy spaces. 

DEFINITION I. For each fEL1, let 

Enf = S2nf (nEN: = {O, I, 2, ... }) 

where S 2nf is the 2nth partial sum of the Walsh series off. 
In [6] it is proved that 

(I) llEnfllP,,;;JJJllP(JELP; l,,,,;ps =) o. 

DEFINITION 2. The dyadic maximal operator f* = E*f is defined by 

f* = E*f =sup IEnfl (!EU). 
nEN 

For fEL1, set 

and for 11EP, also define 

Enf = sup (IEmfl + IEmUrm)I), 
o,,,.m,,;;;n 

where rm is the m'th Rademacher function. 

For each fE L1 set 

Ef = supEnf· 
nEN 

Is it easy to see that 

(2) E*f ,s; Ef ,s; 3E*f. 
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The following lemma is proved in [6). 
Denote x(A) the characteristic function of the set A. 

LEMMA I. IffEL1haszero mean and we definefn = Enf, and for kEZ 
we put 

J<k) = ~ x{2k<Enfs2k+l}Un+1-fn); 
n=O 

then we have 

and 

f = z J<k) 
kEZ 

a.e. on [O, I). Moreover, if E*JE U, then this series converge to fin U norm. 
This series will be called the canonical decomposition off. 

DEFINITION 3. The dyadic Hardy spaces is defined as 

HP:= {1Eu:11111"P: = (/ (E*f)P dxrp <.co} (O<p< =). 

Notice that II· . · llHP is a norm on HP, when Is p < co, and a quasinorm 
when 0 < p < I. For a detailed study of these spaces see [6 ]. 

Based on the idea of [4); Hp,q is defined as follow: 

f E Hp,q if and only if, f* E Lp,q[O, I], 

and 

llfl!HP• q = llf*IJLP• q, 

where Lp,q is the Lorentz space on [O, I]. 
Notice that for p > 1 HM = LM. 

2. Characterization of intermediate spaces between ff P (0 < p < co) and L ~ 

The following lemma will give a decomposition of HP functions into 
''good" and "bad" parts. 

LEMMA 2. Let f EU be of zero mean, y>O and 0< p < =. Then f can 
be written as the sum of two functions g and h which satisfy the following 
inequalities with some absolute constante C>O, 

i) llgll~<CY 

ii) llh!JHP$C J (J*(t))Pdf. 
{f*=-Y} 
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3 

2ko 
<ys ·-

3
-; and take· the PROOF. Let k0 EZ such that 

canonical decomposition off: 

f = z f<k) = z jCk>+ z j<k) = g+h; 
lcEZ ''<ko k2:ko 

since 

if<k>j s jE*f<k>j s4x{Ef >2k}2k 
therefore 

jgj s Z IJ<k>j s4 Z 2k<c12ko-l<cy, 
k<ko k<ko 

consequently, 
llgll~<cy. 

To prove the other inequality, we have that 

h*s 2: E*j<k>s4 z x{Ef>2k}2k. 
k2:ko k2:ko 

Applying Abel's transformation, we obtain 

h*:=;4 ~ x{2k < Ef s 2k+ 1}2k +4 2"ox{E/ > 2ko}. 
k=ko 

Therefore 

I h* j P s cPL~/{2k < Ef s 2k+ 1}2kP + 2koPx{Ef > 2ko}} 

where cP is constant depending only on p. Hence we obtain that 
I f jh*jPdtscpk~o f 2kPdt+cp f 2koPdts 

O {2k<E/s2k+1} {E*/>2ko} 

IEflPdt. 

From the fact that {E/ > 2ko} = U {2k < Ef s 2k+1}, and using (2), we 
k=ko 

obtain that 

:sZP J lf*IPdt. 
{f*>Y) 
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The proof is complete. 
Now we prove the following 

THEOREM l. If O<p< =; 0<0< 1; O<q< =; 
then 

(HPo L=) - Hp, q, 
' e,q - ' 

where 

I-8 

P Po 
PROOF. Set T(f) = j*, clearly Tis a sublinear operator. The equality 

llJ*llPo = llfllttPo> 

and ( l) imply that T is a bounded operator form f-f Po into LP0 , and from 
L= into L=. By interpolation we can conclude that T is bounded from 
(ff Po, L=)e, q into (LP0 , L=)e, q = LP· q. Hence if f E (HP0 , L =)e, q, thenf* E LP· q 

and therefore fEffP. q; i.e. (HPo, L=) e, qCHP· q. 
For the inverse inclusion, take fEHP· q. Denote by f* the non increasing 

rearragement off*. Fix t>O, and take y = f*(tP 0 ). Let f = g1+h1 be the 
decomposition in Lemma l. Then we have 

llh1llttPo = (/\hi(x)\P0dxf1

p $(( f (f*(x))Podxrp
0 

$ 

0 {f*>f*(tPO)} 

$ c(/Po(f*(s))Pods rPo. 

Therefore 

= dl = ( tPo_ )q/po dt J (t- 0 (11h1llttPo))q-$C J t-eq J f*(s)ds - = 
0 t 0 0 t 

= c j f-eq/Po(J (J*(s))Pods)q/po_!}J_ = 
0 0 t 

=( t - )q/po di =( 1 t - )q/po q(l-fJ) dl 
= c J t- 0 J (f*(s))Pods - = c J ~ J (f*(s))Pods t Po --. 

o o t o lo t 

Applying theorem 8 of [5] if q< p0 , or Hardy's inequality if q?= p0 , we obtain 

!
= dt 1= q(l -e) dt 

(f-!3llh1llttPo)q_f_$ C f-P-o -(J*(f))q-f_ = Cllf*llfp,q. 

0 0 



INTERPOLATION BETWEEN .DYADIC HARDY-SP.ECES --· . . .. -· 265 

Furthermore 

- -J (f(l-9)11gtllL-)q ~f -SC J (f(l-9)j*(fPo))q ~f = 

0 0 

- -
J - dt J - du = c (tPo!Pf*(tPo))q-

1
_· = c (u 11Pf*(u))q u = cllf*llLM. 

0 0 

The inequality 

· implies 

Hence 

which complete the proof. 

then 

then 

By reiteration we get the following Corollary to Theorem l. 
COROLLARY I. If 0<8< I; 0-c::q-s 00; O<pi< 00 (i = 0,1), and 

1-e 8 
-= +-, 
P P1 Po 

(HP0,qo1 ff P1.91)a,q = HM. 

We have the following result analogous to (5 ]. 
COROLLARY 2. If 1-sp1 < oo, O-c::q1 < ""• O<q< ""• 0<8< 1, and 

1 8 
-= I-8+-; 
P P1 

(ffl, LP1.q1)a,q = Lp,q 

in particular, if q1 = p11 p =Q, one gets 

(H1, LPi)a,p = LP. 

I wish to express my gratitude to professor F. ScttIPP for cailing my 
attention to the problem and for his helpful comments. 
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