






































































































































































































































SUR L'UTILISATION DES DETER-CUBES 77

Exemples:
[D3/1] = (a), a, a3);

g adp a3
[Dsy] = ay Aaxn Ay |
as as as3
ay 4 dp 0 0 0 0 0 0
Apy  Apy  ap; 0 0 0 0 0 0
ay  amp a0 0 0 0 0 0
0 0 0 oy Gy o 0 0 0
[Dss] = 0 0 0 Gy Oxpp Ao 0 0 0
0 0 0  ay dp am O 0 0
0 0 0 0 0 0 as Az d3p
0 0 0 0 0 0 ap)  dan A
0 0 0 0 0 0 G331  d3zp  dany

Nous appelerons face de D3 un quelconque déter-cube du second ordre
qu’on obtient en fixant un indice et en variant tous les autres de toutes les mani-
gres possibles.

Nous appelerons complément algébrique d’un élément w d’un dérer-cube
Dy, le déter-cube du second ordre, qu’on obtient en éliminant dans D, tou-
tes les faces qui ont en commun 1’élément w.

Par exemple dans D3 le complément algébrique de a3 est:

azy an 0 0
(25X}} [£5%7) 0 0
[Ds3] = y ‘
0 0 a3 A3
0 0 3z 33

qui est évidemment la matrice d’un déter-cube du second ordre.

Nous appelerons développement d’un déter-cube D, la somme algébri-
que des produits des éléments, dont le premier indice est 1, par la valeur de
leurs compléments algébriques avec le méme signe ou avec'le signe opposé
selon que la somme des indices des éléments considérés est paire ou impaire.

_ 5. Enitérant le procéd€ déja employ€ on peut introduire les déter-cubes du
IVEme du VT du VI*™ etc. ordre. Il suffit d’augmenter dans chacun €élé-
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ment le nombre d’indices de 3 2 4,de 4 a5 ete. Le déter-cube du r®™ ordre
sera indique par D,

Par exemple on peut écrire les matrices des déter-cubes du quatrieme ord-
re par:

[Di] = (a1, @, a3, ay),
ay dp dp dy
dy dyp Gz Gy

[Danl = ay dz Ay Gy’
Ay Agy dyz Ay
ay apapay 0 0,0 0 0 0 0 0 0 O O O
ap dpapgag 0 0 0 0 0 0 0 0 0 0 0 O
ady Gndmdss 0 0 0 000 0 0 0 0 0 0 0
Ay Qur Auzdwe 0 0 0 0 0 O 0O 0 O O O O
0 0 0 O agyampapay 0 0 0 0 0 0 0 O
0 0 O O GuyGmdydn, 0 0 0 0 0 0 0 0
0 0 0 0 Gyy@m@ud, 0 0 0 0 0 0 0 0

Dyl =10 0 0 0 ayantaan, 0 000 0 0 0 0 0.
0 0 0 0 0 0 0 0 ayapassasy 0 0 0 0
0 0 0O 0 0 0 O O a3a1920:030 0 0 0 0
0 0 0 0 0O O O O ayasndnmapz 0 0 0 -0
0O 0 0 0 0 0 0 0 a340a33a34, 0 0 0 O
0 0 0 0 0 O 0 0 0 O 0 0 au aun Ay dus
000 00 0 0 0 0 0 0 0 0 aydydp;dp
0 0 0 0 0 0 0 0 0 0 0 O a3 a3 a43304
0 0 0 0 0 O O O O 0 0 0 auQu Aus Qs

Nous appelerons complément algébrique d’un élément w d’un déter-cube
du r® ordre D,,, le déter-cube D,_,, qu’on obtient en éliminant tous les
déter-cubes D,;,_,, qui ont en commun l’élémént w consideré.

Nous appelerons développement du déter-cube D, la somme algébrique
des produits des éléments dont le premier indice est 1, par la valeur de leurs
compléments algébriques avec le méme signe ou le signe contraire suivant que
la somme des indices des éléments considérés est pair ou impaire.
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Nous appelerons face d’'un déter-cube D, le déter-cube D,,,_, qu’'on ob-
tient en fixant un indice quelconque et en variant tous les autres de toutes les
maniéres possibles.

Deux faces sont dites paralléles quand elles ont tous les indices des €l€-
ments égaux excepté un: 1’

Par la définition précédente il s’ensuit que le développement d’un déter-
cube D, est donné par la.somme algébrique des produits formé de maniere
que deux facteurs n’appartiennent jamais a la méme face.

Le nombre des éléments d’un déter-cube D,,, est évidemment r”.

Nous écrivons:

N D wm = T "

11 s’ensuit que le nombre des produits (NPD,,,) de son développement est
donné par:

s NPDI'/II = NDr/n—l NPDr—I/n—I =

=ND,;ND,_y,_1ND, 5,y . . . NDsy,_ ND,_, =
— rll**l (r___l)n—l (r_z)n—l L 2u~l 1/1—1 —
= ()"

Dans D,,, il est possible d’'individualiser des déter-cubes D, avec p<n
qui seront dit: mineurs des D, d’ordre p.

Chaque mineur D,;,, individualise un autre mineur D,,_,,,, qu'on obtient
en supprimant en D, les faces, qui passent €léments de D,, On dira que
D, _,, est le complément algébrique de D,,,.

Considérons maintenant p faces paralleles quelconques de D, des
quelles il est possible extraire (15)"—‘ mineurs D, chacun des quels fournit
(p")"™! facteurs. Le complément algébrique D,_,,, fournit des facteurs pour le
produits en nombre de:

[(r—p)!1" .

A cause de cela le total des produits obtenus en développant le déter-cube
D,,, selon les mineurs D, est:

(p!)n—l (II)”)M—-I [(r_p)!]/l—l — (r!)n—l,

c'est a dire autant de produits qu’il y a de termes dans le développement or-
dinaire.

Dongc, puisque chaque produit est formé par les éléments qui appartien-
nent a un seule face, les produits considerés sont les mémes.

Par ce fait il est possible de développer le déter-cube selon les mineurs ex-
traits de plusieurs faces paralléles pourvu qu’on établisse les signes suivant la
régle précedente.
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THEOREME 2. Quand on permute deux fuces paralléles dans le dérer-cube
D, le déter-cube obtenu a méme valeur absolue, mais la valeur change de
signe, faite exception pour le cas que n soit impair quand on permute les fuces
qui ont divers le premier indice. Dans ce dernier cas la valeur du déter-cube
reste inal terée aussi en signe.

DémonstraTION. Considéros toutes les faces de D, qui ont le méme in-
e
dice Sléme
Les éléments correspondants dans une éventuelle permutatlon sont
respectivement dans chaque face:

kg o kgg Vhgyr ook By kg kg ke ok kg kg kg ky

Supposons qu’on échange deux faces, dont I’indice k; dans ['une est 4 et
dans lautre est A+m (1 <m=r—1).

Dans ce cas nous pouvons développer le déter-cube selon les (5"~
mineurs du second ardre, qu’on peut extraire des deux faces paralleles.

Si les faces sont permutées, tous les mineurs restent inaltérés en valeur,
mais ils changent de signe par le théoréme 1, sauf I'exception bien connue con-
templée dans I’énoncé. Donc le théoreme est démontré.

On vérifie facilement les propriétés suivantes:

1. Lorsque tous les éléments d’une face sont nuls, la valeur du déter-
cube est égal a zéro.

1. Pour multiplier la valeur d’un déter-cube par k, il suffit multiplier par
k les éléments d’une face.

1. Siles éléments de deux faces paralléles ne différent que par un facteur
constant, le déter-cube a valeur nulle, excepté le cas que n soit impair et que
les éléments des deux faces aient divers le premier indice.

Le déter-cube D,,, jouit d’autres nombreuses propriétés analogues a
celles valables pour les déterminants.

5. Arprications. Les déter-cubes peuvent individualiser plusieurs sys-
temes linéaires de quadriques a Jacobienne identiquement nulle.

Dans l’espace linéaire complexe S, de coordonnées projectives
homogenes x(i = 0, 1, . . ., r) choisissons d+1 quadriquas linéairement in-

dépendantes:
fo=0 fi=0 f£=0...,£=0

avec:

f, = E axx, (@l =ay).

Le systeme linéaire L, de dlmensmn d, qui en résulte, est exprimé par I’é-

quation;
‘ E Pofy = O
q=0



SUR L'UTILISATION DES DETER-CUBES 81

Supposons que la matrice Jacobienne a r+1 lignes et d+1 colonnes:
9, =0, 1 d
J Jq (q y Ly o v ey
:HBx,- i=01,...r

soit de caractéristique m =<d.

Nous avons indiqué un tel systeme par L, (in < d). Cela signifie que seu-
lement m quadriques du systtme sont outre que linéairement indépendantes
aussi fonctionnellement indépendantes. Les autres sont des fonctions quelcon-
ques des précédentes.

Parce que ce fait arrive, il faut que parmi les ¢+1 quadriques on établisse
d+m+1 liens fonctionnellement indépendantes.

Ces liens peuvent étre donnés par des déter-cubes. Nous en donnons trois
exemples significatifs.

a) Considérons, par exemple, le systéme linéaire de quadriques, qu’on n’a
jamais étudi€é précédemment:

Po (XpXs—XgX)) T 01 (XpXe—XgX2) + 07 (XpX7—X4X3) T p3 (X1 X—X5X,)+
P4 (X1 X7—X5X3) + ps (XpX7—X3x6) +pg (XgXo—XgXs)+p7 (XgX p—XgXs) +
pg (XX —xgX7)+pg (XsXg—XoXe) 019 (XsX—XgX7)+ 0 (XeX;—XipX7) = 0

le quel prouve ce que nous avons affirmé.
Il s’agit d’un Ly de Sy;.
En effet désignons en ordre par:

A,BCDEFEGHILLMN

les douze quadriques, qui composent le syst€éme; on voit tout de suite qu’elles
vérifient les liens suivants fonctionnellement indépendants:

AF—BE+CD =0
GN—HM+IL = 0
AN—BM+CL+DI—EH+FG = 0

parce que les trois déterminants:

XO Xy Xy X3 Xy X5 .x6 X7 X0 X Xq X3

Xy X5 X X Ag X9 Xy Xy X4 X5 Xg  Xg
Xo X X2 X3 Xq X5 Xg X7 Xy Xs X¢ X7
Xy X5 Xg X7 Xy X9 Xip Xp Xy Xo X Xy

qui posseédent les quadriques dans leurs mineurs du second ordre, sont iden-
tiquement nuls pour avoir qui une, qui deux couples, de lignes égales.
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Par conséquent les quadriques fonctionnellement indépendantes sont
seulement: 12—3 = 9 et ce nombre est aussi la caracteristique de la
Jacobienne du systeme.

A cause d’un théoreme bien connu (voir: [6]) il faut que par un point géné-
rique de S;; passent oo? cordes de la variété base du systtme constituant un S;.

En effet la variété base est constituée par un S, d’équations:

X4=0, X5=0, x6=0, x7=0
el par une variété Vs dont les équations parametriques sont:

Xo=1 x;=p X=v x3=10
X, =0 Xs=ud X¢=v0 X;=1d¢
Xg =T Xog= U7 X =7 Xy =07

En coordonnées cartesiennes on a:
Xy X X, X3
Xy X5 Xg o Xq
et
X4 XS x6

X7
Xg Xo X Xy
ce qui prouve que V; est I'intersection de deux variétés particulieres de Segre.
-En choississant un point générique P de S); et en projectant. S, on détermine
un Sg, qui entrecoupe V5 selon un plan, ce qui demontre que les cordes qui
passent par P constituent un Sj.

b) De maniere analogue appliquons le déter-cube du III® ordre 2 la
recherche d’un systeme linéaire de quadriques a Jacobienne identiquement
nulle. Pour faciliter I"écriture nous employons les variables a, b, ¢, . . . . au
lien de xy, x;, x5, « . . .

Considérons le systeme lin€aire de quadriques:

poA+p B+p,C+ 03D+ p,E+ psF+psG+prH+ pgl +
+o0A +p1B'+ 0y C' +ppD" +ppE" +puF + 3G +piH +ppl” = 0

dans lequel:

=av A = eu—igqthr—ft

=bv B' = du—ip+gr—fs
C' = dt—hp+gg—es
D" = bu—im+hn—ct
E' = qu—il+gn—cs
F' = at—lh+gm—bs
gv G'= br—fin+en—cqg
=hv H'= ar—fl+dn—cp
iv I' = ag—el+dm—bp

[T
o
S 2

M

noM
I

NN DA
i
S

I
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Ces 18 quadriques linéairement indépendantes satisfont au lien fonc-
tionnel:

AA'+BB'+CC'—DD'—EE'—FF'+GG'+HH'+II' = 0

En effet le lien est déterminé par le développement du déter-cube suivant:

av a [ 0 0 0 0 0 0
by b m 0 0 0 0 0 0
cv c n 0 0 0 0 0 0
0 0 0 dv d p 0. 0 0
D] =] O 0 0 ev e q 0 0 0 |=0
0 0 0 fv f r 0 0 0
0 0 0 0 0 0 gv g s
0 0 0 0 0 0 h h t
-0 0 0 0 0 0 v i u

en partant de la face verticale a gauche.

Puisqu’il existe seulement ce lien entre les 18 quadrlques il ’agit d’un sys-
teme L;;; de Sps-

En effet en remplacant dans cinq quadriques de (1) ¢, 7, ¢, u, tirés de quatre
des autres quadriques, on obtient le systeme algébrique homogéne:

m (di+fg)+n (—dh—eg)+p (ch—bi) +5 (ce—bf) =0

[ (—di—gf)+ +n (2dg) +p (ai—cg) +s (af—cd) =0
I ( dh+ge)+m (—2dg)+ +p (bg—ah)+s (bd—ae) = 0
[ ( bi—ch)+m (cg—ai)+n (ah—bg) =0
I ( bf—ce)+m (cd—af)+n (ae—bd) =0

dont le déterminant principal est symétrique gauche d’ordre impair et pour cela
nul.

Donc la prémiere équation est combinaison linéaire des autres. En résol-
vant le systtme des équations restantes on obtient:

et pour cela:

X S .S
=f= t=h, u=1i".
r=Jg g g

Tl en résulte qu’une variété commune & routes les quadriques a les équati-
ons paramétriques:

q=¢e

O I

A}
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=l.b=p c=v, d=8 e=¢ f=¢, ¢g=¢, h =p, i =0,
l=a m=af, n =ay, p=ad, g =,  =ad, s =y, | =ap,
= ag, v=0

11 sagit d’'une ¥, de Sy;, située sur I'hyperplan v = 0. En éliminant lcs
parametres on obtient les €quations cartesiennes:
2) a_b_c_d_e_[f_g_h_1
[ m n p q v s t u’
Démontrons qu’il s’agit d’une variété particuliere de Segre.
Considérons une droite et un S; de S, non incidents, dont les équations
peuvent étre écrites réspectivement par:

X =0, x%,=0x=0x=0x=0x=0 x=0 x=0 x =0,
X5 = 0.

Les quadriques qu’on obtient en accouplant un point de §, avec un point
de S, sont:
(3) Yog = XoXg, Yig = XXg, - - -, Y73 = XX,

Yoo = XoXg, Yo = XiXg, + . v Y79 = XoXo.
Ces quadriques individualisent un systtme & Jacobienne identiquement nulle
parce-que elles ont comme variété base un S; et un S; de Sy (voir: [7]). En

éliminantx; ( = 0, 1, . . . , 9) on obtient:
Yos _ Vis _ _ s
Yoo Yoo Yp

qui donnent exactement (2). A
Mais outre a la variété V,, de Segre de S, toutes les quadriques du systeme
donné ont pour base un Sy d’équations:

a=0,b=0,c=0d=0e=0,f=0g=0 h=0,i=0.

En projetant Sy par un point générique P de Sy, on obtient un Sy, qui en-
trecoupe V5 selon une droite externe a la variété commune entre Vi, et Sy et
cela confirme que par P ils passent o' cordes de la variété base du systeme
formé par V, et S,. :

En effet ces cordes appartiennent toutes a un plan. A cause de cela la
Jacobienne a caracteristique 18—1 = 17 comme il fallait prouver.

¢) Considérons le systeme linéaire de 18 quadriques de S|s:
TQA+TIB——T2C+ T3D+ T4E+ 75F+ TGAI +T7Bl +TSC1 +7'9D1 +7'|0Ex +7-11Fl +
+ leAz + TBB}"*_ TI4C2 + TISDZ + TIGEZ + 7'17F2 =0
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dont les quadriques exprimées par les variables: a, b, ¢, d, e, f, g, h, a,, by,
¢, dy, e, fi. &, by, sont:

A = ad,—bc,+da,—cb, A, = eh—fg A, = e h—f1g,
B = eh,—fg,+he,—gf B, = ad—bc B, = a,d\—bc,
C = af —be,+fa,—cb, C, = ch—dg G, = ch—d,g,
D = ch—dg,+hc,—gd, D, = af—be D, = afi—b,e,
E = ah,—bg,+ha,—gb, E, = ¢f—de E, = ¢ /fi—de,
F = ¢f,—de, +fc,—ed, F, = ah—bg F = ah—bg,.

Ces 18 quadriques de S5 satisfont identiquement aux cing liens suivants
fonctionnellement indépendants et compatibles entre eux:

1. AB—CD+EF+A,B,+B,A,—C,D;—D,C,+E F,+F,E, = 0
. AA,+BB,—CC,—DD,+EE,+FF, = 0
L. AA,+BB,—CCy—DD,+EE,+FF, = 0
IV. 4,B,—C\D,+E,F, =0 '
V. A,B,—CDy+E>F, = 0

Le premier lien dépend du développement du déter-cube du IV ordre, dont
la matrice est:

a b ab 000O0O0O0O0O0O0O0O0O0
cdcdOO0O0O0OOO OO 0O0O0O0O00
e f e fOOOOTOOOOO0O0O0O
¢ h gh 00000O0O0O0OO0GO0O0 O
0 0 0 0 a b, a b, 0 0 0 0 0 0 0 0
0 00 0 c¢dcd 0O0O0O0O0O0 0 0
0 00 O e fe ff0000O0O0O0 O
D=0 0 070 g & g h 00000000 =g
00000OOOabdbab 0000
00000000 OGCdocdOO0O00
000 00O OO e-fe fOOOO
06 0000O0O0GOSZhgh OOO0OO
0000 00O0OO0GOUO0O0a b ab
00000000 OO OO O0O0 0 ¢ d ¢ d
00000 O0O0O0O0UO0UO0O0 e f e f
000 0O0O0O0O0O0O0O0O0 g h g h

qui est identiquement nul parce qu’il a 2 couples de faces verticales égales.
On peut développer ce déter-cube selon les 36 mineurs du second ordre
extraits de deux faces paralleles verticales laterales & gauche (ou a droite).
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On verifie que les signes doivent étre pris dans la maniére suivante:

+ — 4+ 4+ — +

+ —+ + — +

+ -+ + — +

+ — 4+ + — +

+ -+ + — +

+ — + + — +

Le deuxieme et le troisieme lien sont exprimés par deux déter-cubes, dont

les matrices respectives sont:

<

_A_
O OO0 OO0 DO OO0 0O NT™ o
O O O 0 O 0 0O 0 O 0 0 O ¥ VoY
O O OO0 OO O OO0 OO O™
S OO 0 O 0 O 0O OO0 0 O 8 Loy %
OOOOOOOObdthOO,O
O O OO OO0 O O ¥ U v O O o O
S O OO0 0O O 0 O ™ e 0o 0 O
O OO OO OO O ¥ VY o o o
©C O 0O 0 SN K e 00 00 o Cc o o
O O O O § G Y 550 ©C 0 0 0 o0 o o
O O 0 0 WK S 9O 0 0 0 o0 o o o
OO0 O O F§ ¢ v 00O 0 o0 0 o o o o
N N I . = I I = B = B oo S o S e B oo SO o S o S e S e
S T VR VI R = I e B o S <« S o S o S <o B o SR o S o S e B o)
D ™ N RO 0O 00 0O 0 OO0 oo oo
aCBEOOOOOO.OOOOOO

I )

@

<t

8
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a, b, a, b, 0 00 00 0 0 00 0 0 0
¢, d ¢, dy 000000000000
e, fiee f, 0000 O0O0O0O0OO0O0OO0O0
g h g hy, 0 00 00O 0O OO0O0OO O
0000 abab0000O0O0O0O0
0000 cdcdOO0OO0OOOO0O0O0
0000 e fe fOO0O0O0DO0O0O0O
0000 ghghOOOOOOOO
} 00000000 aobab 0000
Wil =16 00 0.0 000 ¢ d ¢ d 00002
0 00 0 0O OO0 e fie fi 0000
00000 OO OO wg h g h 0 0-00
0000 0O0O0O OO OO0 0 0 a- b a b
000000 OO0 O0O0O0 0 ¢ d ¢ d
000000000000 ¢ fief
0000 0O0O0OO OO0 O0 0 g h g h

Ils sont identiquement nuls pour les mémes motifs que ceux enoncés pré-
cédemment en leurs mineurs du second ordre obtenus en développant tous les
deux selon deux faces verticales laterales sont les mémes quadrique du
systeme.

Les liens IV et V sont exprimés par des banaux déterminants du quatrieme
ordre:

a c e g a ¢ e &
b d f h by d fi

Dzl =laq ¢ e g|=0 Dzl =|a, ¢ ¢ |70
b d f h b, d" fi h

Puisque les quadriques de S5 satisfont a 5 liens indépendantes, la caracteristi-
que de leur systeme est 18—5 = 13. Il s’agit donc d’un L5 de Sis.

A’ cause d’un théoréme connu (voir: [7]) par un point générique de S il
devra passer oo? cordes de la variété base du syst®me constituant un S;.

On verifie immédiatement que la variété base du systéme est la V§ de Seg-
re de S|; d’équations cartesiennes:

c

a
b d

o
1l
oy
5
N
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U suffit en effet d'écrire ses équations paramétriques:

(l=L c = u, e =v, 8§ =4, al=191 Clzd)i €|:¢’, 81 = 0,
b=§& d=upk f=vE h=o0k b =0 d =t fi =y h =p¢

et de verifier qu'elles annullent toutes les quadriques du systeme.

Mais les cordes de cette vari€t€ sont en nombre tel que par un point de S5
en passent oo constituant un Sy. On le démontre facilement en choisissant un
point quelconque de Sis: Pa, b, ¢, d, e, f, g, I, a\. by, ¢,. d,, ey, fi, g, 1)) et
en imposant que deux points de la variété de Segre: Q. &, u, ué, . ..),
R(l, &,, pi. &y, . . ) soient alignés avec P,

Parce-qu’il arrive ce fait il faut que tous les mineurs du troisieme ordre ex-
traits de la matrice:

a b ¢ d e f g h a b ¢ d e fi g h
L & p p& v v8 o o8 & 98 ¢ o8 Y Y& p pé
L& w vk v v o o0& 9 $i& ¢ 0.8 ¥ i€ e 23!

soient tous nuls, et pour cela il est suffisant que soient nuls le premier et tous
les autres 13, qu’on obtient en y remplacant la dernigre colonne par toutes les
autres,

On obtient ainsi un systeme algébrique de 14 équations en 16 inconnues.
En éliminant les racines qui correspondent aux droites tangentes a la variété
(&£ =&, p = p, etc.) tel systtme résulte symétriqu e II degré et il fournit
toujours une solution dépendant linéairement de deux parametres et sa symét-
rique, celle qui correspond a la permutation de R avec Q et cela prouve 1'as-.
sertion.
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Introduction. The so-called Riesz class 4, has been introduced by Riesz
in [2] in the following way: A real function u, defined on a not necessarily
bounded interval (a, b), belongs to the class 4, = A,(a, b) with 1<p< o if
and only if u is absolutely continuous in the interval (a, &) and its derivative be-
longs to the space L, = L,(a, b). In the same paper, the following characteri-
zation of the class 4, was also proved: A real function u defined on the inter-
val (a, b) belongs to the class A, if and only if there exist a constant K >0 such
that, for each system {(a;, b;)}/'~ | of pair-wise disjoint intervals of finite meas-
ure, contained in (a, b), we have

i

E lub)—u(a)1? <K

—1
|b—a,!?

@

The sum (1) is called a Riesz sum.

If the interval I = (a, b) is bounded then the Riesz class is identical with
the Sobolev space W' ?(I), equipped with the usual norm

i=1

—_— 14
IIuIIWb{ = IIuIILPHIu Il;p.

In the present paper we shall give a new characterization of the class A,
in term of maximal functions.

1. In this section we recall some known results on the so-called Hardy-
Littlewood maximal functions and establish a characterization of the class 4,
via such a maximal function.

Suppose that a real function #, defined on an interval (a, b), is locally in-

tegrable. Then the Hardy-Littlewood maximal function of u is given by
x+h

Awx) = }sulg TII?S lu(N 1dN - (x€(a, B))  [x—h, xt+h]C(a, b).

X—h
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and this function satisfies the Hardy-Littlewood inequality, that is, il 1 <p <
< o0, then there exists a constant K>0 such that. for all €L,

A ) “L/f <Klu ""/'
and for a.e. x¢{«a, b) we have
(A (x) = Lu(x)]
The following proposition in an ecasy conscquence of the Hardy-
Littlewood inequality (see {31).

ProrosiTion. Let i« be a real function. defined on the interval (¢, &) and
suppose that 1 <p < co. Then the function u belongs to the class 4, if and only
if u is absolutely continuous in (@, b) and A(u")€L,. Moreover, there exists a
constant K>0 such that, for all u€4,,

(174 IILPS IlA(u’)IILpsKIIu’ IILP.
ComMENT. In the above statement, the condition of absolute continuity of
u is important. Indeed, the so-called Cantor function does not belong to the
class 4,(0, 1) although the Hardy-Littlewood maximal function of the deriva-
tive of the Cantor function belongs to the space L,(0, 1).

2. In this section the so-called symmetrical maximal function A*u is in-
troduced and, in terms of the latter, a characterization of the'Riesz class 4, is
given. Namely, it is shown that u€4,, if and only if A*u€L,.

DerNtTiON. Let u be a real function defined on an interval (a, b). The
symmetrical maximal function A*u of u is defined as follows"

! hy—u(x—h)|
Wow = sop  —EEZHEEL e py),

[x—h, x+h]C(a, b)

THEOREM. Let u be a real function defined on the lnz‘erval (a, b). Then
u€A, if and only if A"u€L,.

Proor. Suppose that u€A, Then u is absolutely continuous in (a, b)

which implies .
Z\'+h

u(x+h)2—hu(x~h) - 21h W VAN (xe(a, b)),

x—h

provided that 4 > O and [x—h, x+h] C(a, b). Hence, for all x¢[a, b], we have

x+h

S Co- 1 ‘
(A*u)(x) sup —— lu’ (N 1A\ = (Au’)(x).
h>0 2h '
[x~h, x+h} C(a, b) x—h
Let A be the set defined as follows

= {(x, h): he <0, b_;-—_a“) , XE(a+h, b-—h)} )
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Then
A={(x, ) (x—h, x+)CTla, b)l.

Let F be a real [unction defined on B = (a, b)X (O. b;a) by
[a(x+m)—u(x—) |

Fix, h) = 2h
0 if (x, h)€B—A.

if (x, v)eA

Since u is measurable then F(x, k) is measurable and we have that

h>0 h>0

sup F(x, h) = sup LUETR_UG=I] gy 59

1s also measurable.

Moreover, by proposition, we have A*u€L, and there is a constant k>0
such that

fu I!Lps !IA*uIles NAu’ llesKllu’ "L[,-
Assume now that A*u€L,, and consider a system {(g;, b))} -, of pair-wise

disjoint intervals of finite measure, contained in (a, b). Foralli =1, . . ., n,
define the sets E}, E7, D}, D7 and F; in the following way:

| u()—u(a) iz u(b)—u(a) }

xX—a; b—a;

?
Eil - {XE(G;, bi):

u(b)—u(a;)

2 - )
E; = (a;, b)—E; = {xe(a,-, b): b—a;

u@)—u(b,)
- b—x

D!= a+y(E~a), D}=b+y(Eb)

and !
F, = D}UD?.
The above sets have the following properties
(@) E/NE? =0, D/ND} =0
(b) measure (F)) = measure D} +measure D} = —;—(b,-—a,-).
For all xeF;, we have

lu(b)—u(a;)

b—a =AW
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Indeed, let x€F,. Then x€D/} or xeD?Z. Suppose that x€D,'. Then there exists
an x; €E} such that

X =aq; +%(xil_ —a;)

- Taking i = %(xil—ai), we obtain

lu(x+h))—u(x—h))1  lu@xH—u(a)|

2h} lx!—a;|

Since x/ €E/, the definition of A*u implies that for all xeD},

(A*u)(x)z—“f%l}g@l— .

This inequality is similarly obtained for x€D}. Indeed, let rED;, then there
exists an x4€E? such that
RS

Taking h? = %(x,z——bi), we obtain

u(x+h,.2)—u(_x—h,-2) _uGx)—u(b)
2h? xP—b, '

Since x?€E?, the difinition of A*u implies that for all xeJ?

(A*u)(x) =

u(b)—u(a)

From the above inequality, we obtain

lu(b)—u(a) 1?

< (inf (A*u)’())(b—ay).
X€F;

|b—a;| 7!
Hence
" lub)—u(a))” o . o, a) )
Lo gl —2me e e (A*u)"(x)dx =
- F\UF,...UF,
b .

< X (Arw)(x)dx < .

a
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In other words, u€A,. Moreover, by the Hardy-Littlewood maximal theorem
and from the definition of A *u we get the existence of a constant K >0 such that

7% Iles lA*u’ Iles A’ IlegKllu’ IIL[)
ComMeNT. Using a maximal function A*u defined by

(A*u)(x) = sup u§x+hh)—u§x)
. h#0

a similar characterization of the class 4, can be obtained. The proof is similar
to that of theorem.

If we assume that u€L,(I) than the statement of the theorem is an easy
consequence of a well- known characterization of the Sobolev spaces W' 7()
where [ is on arbitrary open interval in R (see e.g. (1), proposition VIIL.3.).

Thus the main result of the present paper is that in the one-dimensional
case the measurabily condition may be omitted.

Iam grateful to prof. E Szigeri for calling my attention to the problem and
his helpful suggestions.

Research partially supported by Fundation Gran Marisal de Ayacucho and
Council of Developement of the Central University of Venezuela.
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This paper is a generalization of the results of the author’s earlier paper:
“On 7t groups”[1]. We extend the theorems concerning w-solvable 7-¢ groups
to the case of arbitrary «-r groups.

We recall the following definitions and theorems.

DeErINITION. A t—group is a group G whose subnormatl subgroups are all
normal in G.

DeriniTioN. We say that a subgroup H of a group G is pronormal in G if
and only if for all g€G, H and H* are conjugate in (H, H®).

Gasuttz [2] showed the following

THEOREM A. The subgroups of solvable t-groups are again t-groups.

In 1969 Penc [3] proved

TuroreMm B. G is a solvable 1-group if and only zf all subgroups of prime
power order of G are pronormal is G.

In 1977 Asaap {4] sHowED

Treorem C. If each subgroup of prime power order of G is pronormal in
G and G’ is a w-Hall subgroup of G then G is a solvable t-group.

The converse of this theorem is not true. _

Treorem D. (PENG: personal communication.) Let N be a normal w-Hall
subgroup of G. If G/N is a solvable t-group, and each subgroup of priine power
order of N is pronormal in G, then G is a solvable t-group.

In [1] we proved the following.

TuroreM 1 of [1]. Let G be a finite group of odd order. G is a solvable t-
group if and only if each subgroup of prime power order of G’ is pronormal
in G, and G’ is a w-Hall subgroup in G.

For the proof of this theorem we showed the following
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Lemma 1 of [1]. Let G be a finite group, G’ <G. PESyl,,(G) pen(G’),
p#2. Suppose, that each p- subgroup of N4(P) is normal in Ny(P). Then
either P< G’ or C4(P) = Ng4(P) or both,

In [1] we introduced the concept of a m-t group.

Dermvrrion. Let G be a finite group, 7 C w(G). G is called a #-r group if
and only if its subnormal w-subgroups are all normal in G.

In [1] we generalized the result of PEnG.

Tueorem 2 of [1}. Let G be a finite group, and ©# C w(G). Let N be a -
solvable normal subgroup of G such that (1G : NI, p) = I forall péwx N7 (N).
If G/N is a -t group, and each p-subgroup of N where per, is pronormal in
G, then G is a ©-t group.

For the proof we showed the following.

Lemma 2 of [1]. Let U be a finite group, # C w(U). Let L be a solvable -
subgroup of U and L<I<U. Suppose that each p-subgroup of L is pronormal in
U 'Then LU. :

In [1] we also proved the following

TueoreM 3 of [1]. Let G be a w-solvable finite group of odd order and
T Cw(G). Gis a w-t group such that each subgroup of G is again a 7t group
if and only if each p-subgroup of G', where p€r, is pronormal in G, and
(G : G\, p) =1forall perNw(G").

Now we generalize Theorem 2 of [1]

Tueorem 1. Let G be a finite group, and © C n(G). Let N be a normal sub-
group of G suchthat (1G : N1, p) = 1 forallpeTNw(N). If G/N is a -t group
and each p-subgroup of N, where pem, is pronormal in G then G is a w-t group.

Proor. Let L be a 7-subgroup of G with L<IIG. Clearly LNN<IN. The
assumptions of our theorem imply that each p-subgroup of LN is pronormal
in LNN. Using the Theorem of Peng (Theorem B) we get LMN is a solvable
t-group. Applying Lemma 2 of [1] to N and L NN, we obtain LNN<IN. We have
LNN<N<G. Applying again Lemma 2 of [1] to G and LNN, LNN<G fol-
lows. By the conditions of our theorem (\LNNI, IL : LNN1) = 1 holds. The
Schur-Zassenhaus theorem implies, that there exists a subgroup K in L such
. that L = (LNN) K and (LNN)NK = 1. Obviously LNN<WNK, L<I<NK and
(1K1, IND) = 1. On the basis of Sylow’s theorems it is easy to see that L<INK.
As LG, therefore LN/N<IIG/N. G/N is a 7-t group by assumption, hence
clearly LN/N<IG/N, so LN<IG holds. Obviously NK = NL. Thus L<INKG. K
is a Hall subgroup in NK, LNN<G. Using again Sylow’s theorems, it is easy
to see that L<G.

Corotrary. Let G be a finite group, and. T C m(G). If each p- subgroup of
G, where p€x is pronormal in G, then G is a 7-t group ‘

Now we extend Theorem 3 of [1].
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Tueorem 1. Let G be a finite group of odd order, n C w(G). G is a n-t
group such that each subgroup of G is again a w-t group if and only if each p-
subgroup of G* where p€, is pronormal in G, and (1G:G' 1, p)=1 for all

perNw(G’).

Proor. First suppose G satisfies the above conditions. In case G’ = | the
statement is trivial. -

. G =G
Then using Corollary of Theorem I we obtain that G is a «-¢ group.

Let L be an arbitrary subgroup of G. Clearly each p- subgroup of L, where
péEm, is pronormal in L, hence by the Corollary of Theorem I it follows that L
is a.7-t group.

2.G' <G :

Then using Theorem I with N = G’, we get that G is a 7~ group.

Let L be an arbitrary subgroup of G. We have L/LN G’ ~LG’/G’ Hence
L/LNG’ is abelian.

a) LN G'=1, then L is abelian, i.e. Lis a 7r—t group.

b) LNG’ = L, then clearly each p-subgroup of L — where per — is
pronormal in L, and using the Corollary of Theorem I, we get that L is 7t
group.

¢) L#LNG’ #1, then clearly (IL:LNG’ |, p) = 1 for all pew, and each
p-subgroup of LN G’ — where peET — is pronormal in L. Applying Theorem I
to L and LN G’ we obtain that L is a w-r group.

Conversely, assume that G is a 7-¢ subgroup such that each subgroup is a
-t group again.

a) Set S<G’, ISl = p*, per. We show that S is pronormal in G. Let
g€G be arbitrary. Consider T =(S, §¢). If S¢ Syl (7) then §¢ = S§" for some
u€T. Thus we can assume, S <P*€Syl (7). Clearly there exists a r€T such that
S§8<P*, P*=PeSyl (G). We apply now the Theorem of Alperin [5] for G

with S and §¢. Thus there exist elements g; and Sylow p-subgroups Q; of G,
1 <i=<n, furthermore yeNs(P), which satisfy the following conditions.

) g = g8 - 8w
(i) PNQ; is a tame intersection, 1 <i=<n
(iil) g; is a p-element of N;(PNQ)), 1<i=<n
@iv) S=PNQ,, while §4 4% <= PNQ;,, where 1 <i<n—I.

Clearly S<<IPNQ,<WNH(PNQ,). By assumptions Nyg(PNQ,) is a w-t
group, hence SING(PNQ,). As g,eNg(PNQ)), S = §% follows. Similarly
we obtain §¢$n = S, Thus §% = §*, where yeNg(P). Clearly SQ<1P<WG(P)
since Ng(P) is a w-r group, SING(P) follows. So §% = S, i.e. §¥ = S 'and §
is pronormal in G.
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Thus to complete the proof, it remains to show that (IG:G’ 1, p) =1 for
all perNw(G’). If G = G’, the statement is clear. So we can assume, that
G’ <G. Set ren(G’)Nw, ReSyl, (G). Suppose that R« G’. Applying Lem-
ma 1 of [1], No(R) = C(R) follows. As R is a t-group of odd order, it is well
known that R is abelian. Using Ng(R) = Cz(R), G has a normal r-
complement by the Theorem of Burnside. Thus G = RK, RNK =1, K<G.
Obviously G/K=R. As R is Abelian, G’ =K, whence G'NR =1 follows a
contradlctlon

This completes the proof.
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Introduction
The properties of the system {e™ : \ € o] where ¢ is a discrete subset of
C were investigated by many mathematicians and have long history. Recently
in [1}], [2] were obtained the necessary and sufficient conditjons of the Riesz
basis property inZ.*(0, a) of such system for 0 <a < oo. The main idea in these
papers is to consider the set {e™} CL*(0, a) as the projection of the same set
defined on (0,'00). The necessary and sufficient condition of the Riesz basis
property of {e™] in its closed linear hull in L%*(0,00) is known: this is the
Carleson condltlon for the set o (see [3]). The Riesz basis property of {¢™] in
L*(0, a) is equlvalent to the fact that the natural prOJectlon maps its closed
linear hull in L*(0,00) isomorphically to the whole L*(0, a). This isomor-
phism is equivalent to the Muckenhoupt condition (see [1], [4], [5]). This con-
dition gives a bound for the growth of a function of exponentional type a with
nullset 0. This is called the generating function of the pair ({¢™}, a). A good
summary of this theory is given in [4].

In this paper we shall investigate the set ® = {e™e, : N€o} where the
vectors ey belong to some Hilbert space E, so we can assume that ® C L(0,
o; E) or ®CL*0, a; E).

The propertles of ® in L*0, o; E) were first investigated in [6] and for
the space L*(0, a; E) the first study of the basis properties of ® is given in [7].
In what follows we continue these considerations. The tools applied for the
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scalar case (dim £ = 1) will be used. In order to formulate our results, some
definitions are needed. Denote H~, (E) the Hardy space of E-valued analytic
functions of the upper half-plane C, (resp. the lower half-plane C_) with the
usual norm, see [11]. Denote <. > resp. <,> the norm and the scalar product
in E.The L(F)-valued operator function § is called inner if it is analytic in C,
S(N\) is a contraction for A€C ,, and S(x) is unitary for a.e. x¢R. If S is inner,
let K, := H>(EY©SH*(E) and P, : H>.(E)—K, be the orthonormal projec-
tion onto K. It is known [14] that in case dim E < oo any inner operator func-
tion S has a factorization § = I[I6’ = OIl’ where II, I’ are the Blaschke —
Potapov products and ©, ©' are inner functions satisfying det ©(A\) #0, det
O’ (\)#0 for AeC,. An inner function which is an isomorphism of F at ev-
ery A€C, is called singular inner. This name comes from the scalar case
where these functions are represented by Poisson type integral of a measure
singular to the Lebesgue measure, see [8], [9]. It is known that the Fourier
transform maps H>(E) onto L*(Q, oo; E), H2(E) onto L*(—o», 0; E) and K,
onto LX(0, a; E), where ©,(z) = ™ I and I, is the identity of E. In order to
handle the problem by the theory of Hardy spaces we change the above nota-
tion and denote by ® the Fourier transform of the original set ®, namely

® 1= [npe, : A€o}, (2 1 =N fmh . 1 )
T,

z—N\

We allow that the multiplicity of a value A in o is greater than 1, assume that
the vectors e, corresponding to the same value A are orthonormal and denote
by E, the closed linear hull of these vectors e,. If the set o fulfils the Blaschke
condition

Im\
B —< oo,
® D TN E

Neo

then {x,} is minimal in H} [3], so & is minimal in H; (E) hence there exists a
system W= {y,] biorthogonal to ®. Denote II the Blaschke — Potapov product
for which the nullset of det 11 is o and

(1) Ker IT*(\) = E,, AN€a.

It is well-known [3] that
2) vd = V¥ = K,
where V& denotes the closed linear hull of elements ¢,€® in H} (E).

In this paper we shall investigate the properties of ® in H} (E) and of
Po® in K. Here the inner operator function © is not necessarily indentical
with O but we assume that © can be represented in the form
(3) 6(z) = €*64(z), a>0,
where O, is a bounded in C (consequently inner) entire operator function.
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DerNiTioN 1. The operator function F : C, —L(E) is called strong H>—
function if F(z)e/(z+Ne€HXE), e€E, NeC, . A strong H> — function is called
outer if

—i \ _FQe _
V <z+i> Z+i = HUE)..
¢€E, neN

The definition of strong, resp. strong outer H? — operator functions is simi-
lar, only i is replaced by — i and H2 by H?, The strong outer functions will be
denoted by F*, F* etc.

DerInTION 2. As above, let I be defined by (1). An entire function
F. C—L(E) is called a generating function for Py® if it has the factorizations
F=1IF in C,, F=6OF,; in C_. We shall prove the following main
statements. '

TueoreM A. Let F be a generating functzon of Pyd Then

L. The system Po® is minimal in Ko,

2. Py is an l.S‘O/?ZOI;DﬁlJ‘m between Ky and Kg if and only if the Hilbert
gperator

Sjﬁldt

—00

(Hu)(x): = 2ﬂ_ pv.

is bounded in the space Lk of vectorfunctions u with finite norm

lull: = ([ (F*0F), u(x))dx} " < o

3. Py® is Riesz basis in K, if and only if & is an L-basis in Hi(E) (i.e.
Rzesz basis in its closed linear hull Vsl'>) and the Hilbert operator is bounded
in Lp.

Remarg. Some points of this theorem were proved in [5].

TueoreM B. Let Po® be a complete and minimal sysrem in Ky and
Vo = (Vo A\ CKg be biorthogonal to Po® Suppose thar ¥ is also complete
in Kg. Then there exists a geﬂerafmg Junction F of Pe® such thar for some
(o, ) C ¥ we have

S ' N
C)) F@e = Y e, £2@—N) ¥, @)

r=1

where (£}Y, is an orthonormal basis in E with real coordinates and e€E.



104 AVDONIN $.—IVANOV S—JOO 1.

Theorem C. Let @ = {¢,JT, ¢, = x, €,, N\, # N forn % k and let Po®
be a basis in K and let = {¢,], ¢, = X8 be such a system for which
<e,—¢é,> —0 as n— oo, Then we have

a) The system ®, = {¢,}? U { &,} 5,1 is basis in Ky(i.e. Pod,, is basis in
Kyp) if Q is large enough.

b) For any ¢, 0< € <a (see (3)) the system P, €45 is complete in Ky _,
where O, (z = O(z)e*™. If there exists a subsystem of Py & which is basis
in Ko_ then there exists a subsystem gf Py, & which is basis in Ko_,

) F07 every €>0 the system Pg_ & is an L-basis in Ko,

The proofs

Derinrrion 3. The angle between the subspaces X and Y of a Hilbert space
His ¢(X, Y)€[0, 7/2] satisfying

cos p(X, ¥) = su @y

xexover el -yl
We shall use the
Lemma 1 ([3], p. 258.).
l The projection Py: Y—X is an 1somorphlsrn onto P,Y if ¢(X*, ¥) >0,
= (XvHOX

2. Py Y—X is an isomorphism onto X if and only if
X+, V>0, ¢X, YH)>0.

Remark. We assume everywhere dim E < . In this case the L-basis pro-
perty of @ implies the so-called Carleson-Newman condition o(®)€(CN) (see
[3] p- 212.). So well assume everywhwere in this paper that c€(CN).

Lemma 2. : | v ‘

a) The system Py® is an L-basis in Ke if and only if ¢ is an L-basis in
H+(E) and QS(KQ ) KH) >0 where K9 (KHVKQ)@KQ

b) The system P, @ is basis in K if and only if ¢ is an L-basis in H(E)
and (K4, K1) >0, ¢(Kj7, Ko)>0.

) Pg® is complete in Ky if and only if KoMK = {0].

d) If Po® is minimal in K, then KgNK; = {0].

Proor. a) If P& is an L—basis then it is uniformly minimal and hence &
is also uniformly minimal, see [2] p.228. So from o(®)€(CN) it follows ([3] p.
212.) that ¢ is an L—basis. Let ¢ = E (NZY (c;)€l,. then :

foll?>= ¥ chlz‘-‘ II): o Peerll? = I1P,oll2.
Ao Ao
We mean by f >< g that 0 < ¢ <flg < C< oo with some absolute constants c,C.
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This means that P, maps isomorphically V@ = K, so by Lemma 1, ¢(K3,
K.)>0. Conversely if P, is isomorphic and ¢ is an L—ba51s then P,® is obvi-
ously L—basis, too.

b) If Py® is basis then the isomorphism P, maps basis into basis, so its
range is the whole K, and Lemma 1, 2. applies. The converse is trivial.

c) From the trivial identity (Pgp, ¥) = (¢, Po¥), 0€K, J€Kj it follows
that (Py:K, —-»K(,) = P_:K;,—K,. Hence Py® is complete @P(,K Ky&
P.:K,—K_ is injective ® K-NK, = [0}

d) If P, is minimal then the system {#,] = {x\F,] is also minimal, and
its biorthogonal system {¥,] is also complete, see (2). Consequently

(5) NV(@y N =\, N €0) = {0},

1334

because any function from this intersection is orthogonal to all ¥,. Suppose
indirectly K 5N K, # (0} i. e. that there exists €K, ¢ # 0 with Py = 0. By
(5) the exists A€o and e€E, ¢ # 0 with p—cx;e€V(P,:N # N), then

PgX)\'eEV(Pgé)\':}\¢ )\,)

which contradicts the minimality of P,®.

Remark. Denote’ ¥, = {y,,] the biorthogonal system of P,&. It is known
[13] that

(6) P 7r¢0,>\ = ’~//>\-

Indeed, Py®, Ly, implies , L P 3, hence Py, Cy, follows. The other
implication follows from the equality of their dimensions, dim ¥, = dim
&, = dim P,;®, = dim yy, = dim P,y,,. Here we used the injectivity of P,
and P, proved above. We state the following

ProsLEMm 1. If for some $, PP is complete and minimal in Kj, is the bior-

thogonal system ¥, complete" If the answer is yes we can eliminate from The-
orem B the condition that ¥, be complete.

LemMa 3 ([5]). The equalities

7 oK., KY) = o(IIH?%, OH?),
(K s KG) = ‘p(HH—a GH%!-)
hold. :
Proor oF THEOREM A.
1. We shall prove that the system

8) ¥ip@ = P& BN BN i= Ker F V), heo

is biorthogonal to Py$. Indeed, using the factorizations of the generating
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function F we get that
é%{ E'CH:NOH™ = K,

Let further e,€E,, ¢*€E¥, then for A # u we have
<X)\e>\, Zﬂ"‘—g% e“> = 27Ti<e)\, ZP‘E))\ eu'> =

— e e’ —
= 27 F _()\)ex,m =0

and for A = p

<xxe)\, Fe) e*> = 2mide,, F'(NeMy.

Z

We have only to show that for every e,€FE, there exists e’eE» satisfying
{en, F'(Me,) #0. Suppose indirectly that for some e,, ¢, LF'(ME, i. e.

©) F'OVEM(EOE,) = F'(NF*NFN\E 5 (0].

Then for some ¢*€E™ and g€E: 0 = F'(\)e*+F(\)g. But this is impos-
sible for Blaschke — Potapov products and hence it is also contradictory for
as well. So (9) holds indeed and 1. is proved.

2. By Lemma 1, Pg: Kz— Ky is an (onto) isomorphism if and only if
¢(Kiz, Ko)>0 and ¢(K5, Kp)>0, and here it is enough to consider 0<
<¢(Ky, K&) = ¢(IIH%, OH) since in this case L* = IIH;+ OH> because
the density of this direct sum follows from the part 1., already proved. Hence

$(Km, K&) = ¢UTH2, OH?) = (TH, OH?) = (K#, Ko)>0

(see {10] p. 410.). Consider the sets
D,: = {Zil (i:;) +n=0, eEE} ,
D__: {Z—: <—§'i—ll> : n_>_0, EEE} .

(10) FD, = ITH2, FD_= OH* .

We know that
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Consider the operator FP_F~: FD+—'i- FD_—L?, where P_ is the or-
thoprojection P_: L*(R, E)—H>(E). It is easy to see that FP_F" IFD =0,
FP F“‘I m =1 | rp_ - Using (10) we see that ¢(Kp, K9)>0 if and only if
. FP_F~'can be contlnuously extended to H2+H? =L, This latter is equiva-
lent to the continuity of P_ :D,¥D_—L%;. Since the Hilbert operator
satisfies

11 P_ = [+iH

hence 2. will be proved if we show that D +D_ is dense in L#. , or in other
words

(12) © FD,+FD_is dense in L*(R, E).

But this follows from (10) and we are ready.

3. is a trivial consequence of Lemma 2. Theorem A is proved

Remark. In the scalar case (£ = C) the necessary and sufficient condition
of the boundedness of H in a weighted space L7 is known, this is the Helson
— Szeg6 condition, or, what is the same, the Muckenhoupt condition (see [2]).
If dim £ >1 then such an equivalent of the boundedness of H is not known yet;
some results of this type can be found in [5].

Proor or THEOREM B.

Observe first that for all z,€C\o we have
(13) LY WAz = E

Indeed, in the opposite case the function P, € ecE @)\é/ ¥ 1(20)

Z_Z() » g N
would be orthogonal to ¥, but this contradicts the completeness of ¥4. By
(13) there exists a basis {¥g (zo)}, ", in E. Define F by (4), then det F will not

be identically zero. Since O Is entire, the elements of Ky are entire functions
[11], therefore F is entire as well. Now verify that the zero set of det I is ¢ and

(3

(14) E, = Ker F*(\).

If ¢€K, g€E then {x\g, ¢) = 2wil{g, ¢(N\)), consequently 0 = (x.e,
Vo 2> = 2mie,, ¥o \())(NZp, N, n€o). Using the equality

F*(z)e = 1<e ¥o,3,(0)) @~ z—N)E,
we get that E, C Ker F*(\). To see the converse, define

= F@)
- XE)

@ =~
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E* = Ker F(\) and

x@) = FZ)\ e,

e*eE™. Since
(X480 X0 = 27ri<eﬂ’ 5—)\8)\> - ON#p, N, pn€o),
hence x, C ¥g, . Now we have dim Ej=dim KerF*(\) = dim Ker F(\)

= dim x, =<dim ¥4 , = dim E which proves (14). The step dim Ker F(\)
= dim Y, follows from the fact that

(15) ' Ker FOON Ker F'(\) = {0).

But F is a strong H3—function so it has a factorization F = F\II, and if e is a
vector from the left of (15) then 0 = F'(N)e = F{ (NI, (N)e+F, (NI (Ne=
= Fi(NII] (\N)e and Fi(NII] ( N) is isomorphic on Ker F(A). So (15) hence (14)

is verified. Now suppose that g€ Ker F*(u), ug¢os. Then x,g l—zE_%\LE":x)\,

A€g which means by the completeness of the biorthogonal system x, =¥ ,

that Por,g = 0. We know [3] that Ppx,g = ([—O(2)0*(n)) —£&_ By (3)
I—p

0@)6*(n) —E— | < ce,
Z—p

z =iy, y—oo and g/ (z—p ) does not decrease exponentially along the half-
axis unless g = 0. So the nullset of det F is o indeed. Since F is strong H; —
function and 67! F is strong H> — function by (4), we have F = H91F ¥
and 67 (2)F(z) = O,z )F, (z). We have to show that 0,,0, are constant
unitary operators. From the decomposition In Idet F| = In Idet 7|+ In ldet
O, |+Inldet F; | we get on the one hand that In Idet ©,1 is continuous on the
closed half-plane C. at every point of R because the other three members
have this property. Consequently from the scalar theory we get O,(z) = e'%,
z€C, for some v =0. On the other hand ¥, A (iy) does not increase exponen-
tially as y— oo (it tends to zero and hence det F does not increase exponentially.
The same is known for the inverse of a Blaschke product [18], [19] and
for the inverse of an outer function. So the inverse of det ©, does not increase
exponentially. This means that ¥ = 0, det ©; = const and then 6; = const
[11]. In this case O, can be joined into Fand we get F = IIF;. On the lower
half-plane we can similarly argue, hence Theorem B is proved

ProsLEM 2. Is the generating function of a fixed system Py® unique up to
a multiplicative constant N by N matrix?

LimMa 4. Let & := frye)], @ := (xaé)), N€a. If ¥ is an L-basis in H3 (E)
(resp. Po® is a Riesz basis in Kp) then & is an L-basis (resp. PesP is a Riesz
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basis) whenever 8(®, ®) := sup <ey—é,>is small enough.

Proor. Suppose that @ is L basis. The operator R: x,e, —x,é, can be

linearly extended to the linear hull of ¢. Since ¢ is an L-basis, its spectrum o
N

is the union of N Carleson-sets [3] o —U 0;,0;€(C). Hence

J=l1

E PN RS

Aea, Aeo, L 0)

E CxXaex

Mo, H oy (E) Ao

Let ,C o be a finite set, g, := 0,MNo; and f := E oxéy. Fix an orthonor-

mal basis '£,)Y_, in E. Then Aea,

H(I—R)f = (&, (I—R)D“ —Z HE o, ex—é)) <
’ r=1 A€g, Hy
N 2
s N Y om g a—é)| =,
r=1 j=1 \ea,, HY

N N _ 2
SCE 2 al&,, e—8y) < C8(P, is)z loyl? =
r=1 j=1 \ea, HY Aeq,
2
= C5(®, P) E c}\x)\#
A€o, HL(B B

It 5(®, &) is small enough then I7—RIl <1 which ensures that R is isomorphic
so R$ = & is also L-basis. Now suppose that Po® is Reisz basis in 1 Ko. Then
@ is Reisz basis in Ky and Py: Kp— K is 1som0rphlc If 8(¢;, b) is small
enough, then PgR: K;;— Ky is also isomorphic, since PoRf = Pof+P (R—I) f.
So the operator Rg®= PQR[PQ | K} 1. Kg—Kg is isomorphic ang maps
Py to P.®, hence P& is Riesz ba51s indeed.
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Proor or Tueorem C.

a) follows directly from the above Lemma 4.

b) Letf€Ky_, and f.L PQ_EQSA : we have to show that f = 0. From K,_, CKj
it follows that 0 = (f, Py_,8,> = (f, 4,0 = {/,.Ped,> so fis orthogonal to -
Po®j , B 1= ®,%+- Consequently fbelongs to the linear hull of the first O
elements of the system {y ﬂ ;21 biorthogonal to the Riesz basis Po®,. Let Fy be
the generating function of P&, then f = F,f,

Q &
f E CII ”

n=

8.€ Ker Fy(\,) by (8). Since F, = OF;, hence e Fo l,f = ¢~ 07 feH? (E).
We know that the inverse of an outer function can not increase exponentially
along the half-lines parallel to the imaginary axis. More precisely for x€éR and
6> 0 there exists C; < o with

IFg . ~'x—iy)l = C;, . e*(y>0).

“Consequently e < fix—iy)> < C; <™ F5 , f(x—iy)> _If f0 then
< flxr—iy) > decreases only polynomially for y— oo and this contradicts the re-
lation e~Fg, . feH™. So we have f = 0 and then f=0,Py_, & is indeed com-
plete in K6 e To prove the remaining part of b), let ¢, C & be a system such
that Pg__$, is a Riesz basis in Kp__ and let &, C & be the system correspond-
ing to ¢,. In a) is proved that leavmg from Py __ 451 finitely many elements we
get an L-basis in Kp_,. Since Pg__ 45 is complete in Kg__, the L-basis can be
completed by elements from Pg_, 45 to a Riesz basis.

c) Po®, is Riesz basis in K hence L-basis in Kg,. We can suppose that

¢, #cd, (n =1, ..., Q). First we extend PgP, to a system minimal in K .
To this we define the function f.(z) := ™" sin i(igﬂ where >0 is

chosen such that the nullset of f, be d1s101nt from o, the spectrum of &. Let
- further ° := ((E:f(N) = 0], ¢, := $,U P, Since f, has the factoriza-
tion f. = B f) = e'“f, where B is the Blaschke product corresponding to the
zero set of f, we see that F, := Ff, is the generating function of Pg &,. By
Theorem A 1 Py ®. 1s minimal. We show next that Pe 45 is linearly in-
dependent, where &§ := ($,]{ Indeed, let

E CIIP O_

n=l1 n=l

Q A
~0 then Ec,,—-e)\—EQH’
i

1
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hence

0 ; ‘
eg—ie E C, €eH>. \

n=l

This is a contradiction unless ¢, =0, n= 1, .« +» Q, because the left hand
side has an exponential growth along the imaginary axis. Hence Py_ & will
be L-basis in Kg_ if we verlfy that \/(Peeng) NV(Pe,Pp)={0}, Bp:=(d.] mps-
Suppose that

@©

f= Z Cnpefu = E Cnpefém

n=l n=0+1

we have to prove f = 0. As we have seen in proving Theorem A 1. the sets

Wm: = FG(Z)
Z—Hp

are the members of the system biorthogonal to Pg &, corresponding to
&, The function fev®, is orthogonal to all ¥, i.e.

Q0 i F F
O - Cn<P6()¢m Z——C-([.ZL?T> ZE n<¢n’ }\ (Z),U-gm >_E ”<F ()\”)em f",u'ln >

n=l

E’ '“Hleo-(f;)

for all j and m where {£]Y is a fixed orthonormal basis of E. Hence

Q

FaN)e,

E Cn—vmj = Oa .u‘meé(f;)'

n=l
Recall the following lemma, proved by Benzinger [12]: If Aj, . . ., Ay,
Bis - - ., Mo are arbitrary different complex numbers then

1 0
det _)\—-— #0.
i Hn n, m=1
Using this we get that ¢,F. (\)é, =0, n =1, . .., Q. From Ker F. (\,) = |
- = (e3¢, we finally obtain ¢, =0, n=1, ..., QO Theorem C is

proved.

ProsLEM 3. Can we assert analogous statements without assuming that
NF#E N if n2k?

ProsLem 4. Is it true in c) that Py, $U (Po.# O, = eg(z—Ng) 2 is L-
~ basis in K5 ? A weaker result will be proved in the following paper of the
authours.
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In Theorem C, b) the question arises: can we extract from Pg_ 515 a Riesz
basis in Kg 6'7 A positive answer can be given if the spectrum o has a special
structure. First we consider the case dim E = 1. It is more convenient here
return to exponentials from their Fourier transforms.

Lemma 5. Suppose §,—0(n— £ ) and n+3§, # m+4,(n=m). Then
a) The system & = [/ "*%"1* is Riesz basis in L (0, 27).

b) For a€(0, 1)‘we have a decomposm\on P = U ®; where @, is Riesz
=0
basis, #,(j =1, . . ., M) are L-bases in L*(0, 27a) and M < .
For the proof we need some notions.

DeriniTioN 4 (Levin, see e.g. [2]).
The entire function f of exponential type is called to be sine type if

1. The roots {\,} of fly in some horizontal strip {z€C: Imz| <h}, h< oo,
2. For some fixed y;, |f (x+iyg) [>=<1, x€R.

Derinttion 5 ([16]). Let A = (A} be a set on C with [Im A, | < h < o. If
there exists an increasing sequence {01“]62 of real numbers and A

= [N€A: oy Re N\, <y}, [ = o;—a; < C, then the partition A= UA
- is called to be a J-partition of A.
Proposition 6 ([16]). Let A = {A\,] be a nullset of a sine type function f

and suppose that the width of the 1nd1cator diagram of fis b. Let {g,] CC be a
bounded sequence such that for some J-partition of A

(16) | L Re q,|<ql,]€Z g<l/4.

If {\,+q,] is separable then {¢'**4"} is Riesz basis in L*(0, b).
Proor oF LEMMaA §.

a) follows directly from Proposition 6 if we take f(z) = sin wz and choose
layl, « sufficiently large, ay<O0<a;.

b) We construct ¢, starting from {¢"}*_ given by the zeros of sin arz;

it is a basis in L?(0, 2wa). Let n,€Z be given such that |ria—n,!= min
(lrla—n|: n€Z}. If for some a {r/a] = 1/2 occurs then we define n, = r/la+
+1/2 alternatively in the successive occurrences. Let ¢°© = n,—r/a. If a is
rational then Zg!” = 0 for a double period. If @ is irrational then {r/a] has
uniform distribution mod 1. Using e.g. the Weyl integral criterium [17] we get
that for any ¢>0 (16) can be obtained whenever /-is large enough. Let now
q, = n,—r/a+90,, this is the perturbation of the orlgmal exponents r/a to ob-
tain n,+96,. Since §,—0, the same J-partition applies as for ¢/*, only some
blocks A; are to be unified around 0. Proposition 6 shows that the system



ON RIESZ BASES FROM VECTOR EXPONENTIALS I, 13

&, = {e**31 is Riesz basis in L2(0, 2xa). Now let M>1/a, MeN. Of cour-
se, any of the systems (e P™™* :;¢Z, p=1, . . ., M} is basis in L (O, 2—1;)

and as in a) we can show that the system {e"?*""*3 ez, p=1,2, .. ., M
have the same property, and hence there are L-basis in L2(0 2wa). Smce these
systems cover the whole &, the proof is ready. [_]

We get then the corresponding result for vector—exponentials.

Trorem DLet A9 = a; n+bj, a;>0, beC and (89} CC be sequences
tending to 0 as n— + and suppose )\°)+6(’])¢)\0)+)\,9,), n#Em,j=1,...,
N. Then we have

. N
Qg $:=U 9, & = xy5klnz

is a basis in Ky, O := diag [¢%*™]. Here (¢} is an orthonormal basis in E.

b) If <ej—&> —~0 (n— =) then for any 0<e< min 2n/a; there
exists a basis Pej d;o,

$,Ccd: = o0 el j=1,...,N, nez)

such that ®\&, is infinite.

ProoF.
"a) Let &; =diag [I, ..., 1, exp i2w/a;, 1, ..., 1], then OH; =

N
= O &;H’ hence Ke = V{Ko:j =1, ..., N}. Let 9 = exp [iz 2m/a;], then

Ko=@ ....0 Ky, 0 ... 0Py =diag [0 ...0P,0....0,
Ky = Ky - - -5 Ky, f, Py = dlag [Pl, s Poyl WhJCh shows that Pesb 1s
Riesz basis in Ke if and only if Ke &, are RleSZ bases in Ke Now Proposition

6 implies that Ke &, are bases hence a) is proved.

b) Using again that P(e) ®;, = Kog__P; we can apply the prévious Lem-
ma in each coordinata to show that there i a system ¢, C & such that Py &,
is Riesz basis in K__. It can be seen from the proof that $\®, is infinite. Now
Theorem C, b) guarantees a subsystem dSOC & such that Py 450 is also a Riesz
basis and, as we have seen while proving it, 450 differs from the perturbed sys-

tem of &, in finitely many elements. Consequently $\&, is also infinite. The
Theorem is proved.
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In this paper we continue the investigations of [1] on vector exponentials.
In [1] is given the notion of the generating function for vector—valued case, the
equ1valency of the basis property and of the boundedness of the Hilbert opera-
tor in the appropriately weighted L* — space further some stability proper-
ties. This paper has less theoretical character. First we obtain an efficient basis
test of vector exponentials on (0, c) then we present an example how the vector
exponentials arise while investigating the control problem of a string con-
trolled at the endpoints.

We recall some notions and known theorems. First let A€C,: = [z€C:

Im z>0j,
ImAx 1
6@ =N 5, €0

Z__

this is the Fourier transform of v2 Im X e ™¢€L*(0, o). As the Paley ~ Wi-
ener theorem states, the Fourier transform of L*(0, o) is the Hardy space,
H?2 . It is known [2] that

1. The set {x,:\€0}, 0 CC, is minimal if and only if the Blanschke con-
dition
! Im A

® DEAIES

€0

holds.

2. The set {x,} is uniformly minimal if and only if the Carleson condition
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I

I
uEo, pEN
holds.

3. If {x\] is uniformly minimal then it is L—basis (Riesz basis in its
closed linear hull).

4. If CB,: = [z€C:0<a= Im z=<fB< o}, then (C) is equivalent to
the gapness condition-

(G) inf “F s
: N, péo, Ay —i

and also to the separability condition

S inf  [Z—ul>0.

N, p€o, AEp

Consider a finite dimensional Hilbert space E, dim E< . Given a set
oCC, define for A€o a subspace E,CE and consider the system & =
= {x, Ex:N€a]. In [2] p. 211—212 is proved that

5. If ® is uniformly minimal in' H% (E) then & is L—basis if and only if o
satisfies the Carleson—Newman condition (CN) (which means that ¢ is the

finite union of Carleson sets).
{

6. If ® is uniformly minimal then ¢ is the union of dim E many gap sets.

7. If ¢C B, then every uniformly minimal set & = {x, E,] is L—basis
- and o is the union of N Carleson sets.

Introduce the hyperbolic distance of A, p€C ., denoted by p(\, u) by the

and denote Dy (r): = {ueC.:p(\, w)<r].

equality th.—é— o\, ) = —
. W
We shall prove first the estimate

6)) lxy—x, I <p(\, p); N\, ueC,.
Indeed, by 7
VIm A Im 22

i
we get
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“we get

Ixo—x, 12 = 2(1—Re(xy, x,)) = 2 (1—2 Re i

Vim A Im p
p—N

- (1+2 VIm A Im g Im (ﬂ—)\)) ~2<_1 2\/Im ANm g (Im p+Im N\
- | —AP U | p—NP2 B

2 . ,
=- [(Rep—ReN)*+(Im p+Im N)*—2vIm g ImA (Im p+Im N)| =

| u—AI?
2
=TSP [(Rep—ReN)?+(Im p+Im N(VIm p—VIm V)7
p—Al"
Now from
: . (Im p+Im NImp—Im ©)?
Im p+Im NVIm p—vIm N)* = (
(Im p X # ) (VIm p+vVIm N)?
it follows that
I )25 — 2 [(Rep—ReN)’+(Im p—Im 7] =2 | F72 |
| u—Al* - u—A
and
2 2 : ) 1 o [.l,—)\ :
flx, —x, "= ———+— [(Rep—ReN)"+— (Im p—Im N\)-| = -
K P E u ) 5 (Im p )] Py
i.e. '
, R ‘ <y —x, I 52’ AN
1 p—A —
1+x

Now since 2 arthx = In — =2x, 0=x=<1  we get

—X

—A
H ‘ =p\ p
p—

llx,—x\ll =2 arth

and (1) is proved..
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p—A

p—

Remark that ~=6<1 implies p(A, 1) <c(8)llxy—x,Il. Now let ¢ be

the union of N Carleson sets. It may happan that ¢¢(C), hence {x,] is not an L-
basis. However, if we join the functions x, with “very close” values A\ then
the generated subspaces give an L-basis:

Lemma 1. ([2] p. 296). Let o be the union of N Carleson sets 0, =1,

., N and let G,,(r) be the topological components of U D, (r). Define
further A,;: = [A€a:N€G,, ()], Ao

L.n: = Vo ox,.
Aed ()

Then the set {L,,(r)} is an L-basis and dim L, (r) <N if

1
r<ry = N min inf p(X\, p).

J A ,uEa/

Consider the operators

m= m(r) @ E)\_' @ E)\

Am(r) red (ry

i

(ex)xmm =6\ X e#)> ,

#EAIH )\EAIII )

where §,:£— E are the orthoprojections onto E),.

Trrorem 1. Ler o€ (CN). Then ® = [x, E,} is L-basis if and only if there
exists r>0 satisfying

“(2) sup II1(n) < oo,

m
Here we allow that E be an infinite dimensional Hilbert space.

Proor. Analyze the condition (2). If it holds then ¥, lle,lI? = 1 implies
Ned,

that 3 e, is not too close to zero; this is equ1valent to the condltlon that the
Ched,

angle of the subspace E,, A€4,, and of the closed linear hull of the other sub-
spaces V(E,:u# A, u€A,,) has a lower bound uniformly also in /. Conversely
if this is satisfied then
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T 16X epl?

)\GAIH )\GAIH

can not be small (see the Bari’s theorem in [2]) and this implies (2). So we obta-
ined that (2) is equivalent to the uniform minimality of the system {E):N€A,} -
" in E unifermly also in m. Consequently if (2) holds for an r then it holds a forti-
ori for any r " <r. Hence we can suppose that Lemma 1 can be applied. By
Lemma 1 the sytem |{ )\\/4 xE} and so { )\\/1 x, E,}is L-basis in H3 (E). Here
' A A

we have to drop the parentheses i.e. to show the basis property of [x, Ej;
Né€o}. This can be done if and only if the angle between any x, E, and V(x,
E,:.u#N, p€A,) has a lower bound independent of m. Since

EON e)\—z 'x,u. e,u. = x)\(e)\_z e,u)+E e,u.(x)\'_xp.)s
LFEN HEN TR

we get by (1) that (2) implies the L-basis property of &. Conversely if (2) do not
hold, then for every r>0, e>0 there exist m, Ned,, (r) and lel =1,
le I =1, A5 pueA, (r) with

ley—Y e,li<e
LFEN

So we have

lx, ex—X x, el <Cyllle,—X e l+p(\, p)} < Cyle+2Nr]

. HEN wEN
and hence is not an L-basis. Theorem 1 is proved.

Cororrary. If dim E < oo, then @ is L-basis in Hi (E) if and only if o€
(CN) and there exists > 0 satisfying (2).

Remark. Obviously, if KCC, is a given compact set then p(A, p) <
IN—w) |; N, n€ K and these inequalities remain valid if we translate K parallel
to the real axis. Consequently in case o C B, the statements of Lemma 1 and
Theorem 1 remain valid if we take not hyperbolic but euclidean disks around
the points A€o. '

At last we give two systems whose basis property can be verified at once
by Theorem 1. We use euclidean metric in defining G,,(r). The projections &,
are one — dimensional hence it is more convenient to consider a system of vec-
tor functions instead of subspaces.

ExamriE 1. Let

w={ (é)} oL ()
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vf. 1. (12
7—hn—y,+i 12 |
neZ, ly,l <1/4. Here 0 = {n+ilU{n+v,+i}; if r<1/2 then |A,(r)| =2 and

obviously the ;/ectors <1) and (1/\/—2) , (0> and (1/\5) has a positive
_ 0 12/ \1 172/

lower bound.

ExampLE 2.

& = { r (sin o, U b [sin(e,+PB
z—n+i \cos o,/ _ Z—h—y,+i \cos (c,+0)

where o,€R, B€(0, ) and I, <1/4. Here 14,(r)| <2 if r<1/2 and the cor-

responding vectors
(sin a, (sin (2, +6)
cos «, cos (o, +0)

form a constant angle 8, 0< <, so the L-basis property follows.

" In the second part of this paper we show the connection between control
theory and vector exponentials. Consider the non — homogeneous string

3 P00V, (6, 1) = 3. (5, 1), 0<x<X, 0<1<T

Assume p€C'[0, X] and p(x) >0, x€[0, X]. The systern is controlled at the bo- .
undary points:

@ ¥:0, D) = w,(0), y(X, 1) = ua(1); u; 0,€L*(07)

‘and assume that also the initial conditions

(5 y(x, 0) = yo(x), yilx, 0) = y,(x); yoEW(0, X), y,€L*(0, X)

hold. We are looking for the generalized solutions of (3) — (5) i.e. the functi-

ons y(x, NEL*([0, X]x[0, T]) such that for every z(x, N€C*([0, X]x[0, T),
2.7y =z(., D =0, 70, 1) = z(X, 1) = 0 the equation , S
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T X X .
© | [y 2z dt = | p@i®zx, 0)—y®)z(x, 0))dr+
00 0
X
+{ @200, —uy(0)2(X, 1))dr
0
holds.

Dermnition. Denote G(T) the set of all initial conditions (y,, y;)€
W1(0,X)®L*0, X) = :Y for which there exists controls u,, , such that for
the generalized solution y(x, ) of (3)—(5) ¥(.,I) = yl(.,7) = 0 holds. The .
string (3)—(5) is called controllable in time T if G(T) = ¥.

An analogous problem is to describe the set of reachable movement states
in time T if the string is relaxed at + = 0. Both questions were investigated by
many authors, in several generalized form, see [3]—[15].

Consider the boundary value problem
v (x, N+ p)v(x, N) =0, v(0, \) = v'(X, \) = 0.
It is well known that the eigenfunctions v,(x), n = 0, 1, . . . form an ortho-

normal basis in L? (0, X), all of the eigenvalues are simple, Ay = 0, \,>0
(n>0). Further we have the following asymptotical formulas [16]:

' . 2
: ™
(7 A, = ( p ) +0(),

0

v(0) = dy+o(]), v(X) = di(—D"+o(D),
where

' 1 1 X
dy: = 2T, p~ 4 (0), dy: =V2UT, p” (X)), Ty: = I V.

0

T, is the so — called optical length of the string.

We shall looking for the solution of (3) —(5) in the form

(=]

(8) Y&, 1) = EO (1) V()

n=

and rewrite the initial conditions in the form
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(9) yO(l) E C(O) vn(r) }](x) E C(U \/"(X')

Observe that

10) 150 b3 <1124 n2c@124+ [cPI12,
n=1 n=l1

Indeed, the L2(0, X) — norm is equivalent to the L? (0, X) — norm further
{v, /\/— N\ is an orthonormal sequence, we get for

y=X v
n=0
that
2 ~— R 2
"y"LZ(O,X) — E IC,, I
n=0
further .

g 2
ly’ lle(OX) = 21 Mle, 2.
vl

Hence (10) follows, taking into account (7).
Now define z(x, ) = b(?) v,(x), where beC?[0, T], b(T) = b’(T) = 0.
From (6) we get for all such b:

ST(c,,b "+ Nt = ¢ b(0)—c© b'(0)+ST (U vi(0)—u, (X)) b dt
0 : 0

and hence
"y erO+N, ¢, (1) = u0), 6,0) = ¢, ¢,0) = c“)

holds, Qhere u,(t): = {u(), e,,

u: = (g, w}€H(T): = L0, T, €, ;= (_8?)) |
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Introduce the notations: w,: = \/T,, W_, = —w,(n = 0,1,...),b,: =

—n

=iw, Clp(D+Cin(r), bQ: = iw, c{O+cfl;, n€Z. Then we have
12) c,(t) = (b,(O—b_,(O)Riw,, n=1,2,. ..,

co®) = ci”+ 1 bo, €;(0) = (b +b_,@®)/2.
0 N
The coefficients b, satisfy the equations b,(f) = iw, b,(0)+u,, (?), b,0) =
= b® hence '
r -
(13) b)) = bO e+ { uyy (r)e"dr, neZ\[0},

0

t
by(®) = bé°)+§ uo(7)dr.
0

We shall prove the

Lemma 2. For any boundary and initial conditions the problem (3)—(5) has
a unique solution y(x, #) and the phase trajectory r— {y(.,?), y,(.,#)} is continuo-
us in the space.Y = W,(0, X)®L*0, X)

" Proor. From (13) we get that
16,0 <bP+ Ly, v,0) € ) 20,1+ | Wy, Vn(X) e 5l

We know that va(0), v,(X) are bounded in n further using (7) and ([1],
Lemma 5) that the system {e*"} is the union of finitely many L-bases, conse-
quently

Em ‘bn(t) I 2 = C{E Ib,EO) | 2+ "ul "L22(0,t)+ "u2"L22(Q ) }

=—00

which means by (10) that

oo

Y. 1,012 =cli{yg, y) 13+l llfz(o,,)+ flzt, llfz(O, 5 )

n=—o

and hence

le®)| 2+2:1 @y le, )| 2+z;0 Loy (012 = c{I{yg, Y} I3+l N 2y +
n== n=

-+ "u2 "L22(0, P }
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We have seen above that if y(x, ?) is a generalized solution then expanding it by
{v,] the coefficient functions c,(¥) must satisfy (12), (13) hence the unicity fol-
lows. If y is written by these functions c,(r) then (6) is satisfied for the linear
combinations of the functions of the from z(x, 1) = v,(x)b(z). To prove that (6)
holds in general we can use a limit argument, see in [11], [12]; we omit the deta-
ils. The proof of (10) also gives

M08, Y ONE o) 124E Mley@)12+
n=1

+E lexn12 < ¥ |'b,,(t)|2+|co(t)|2

n=—o0

hence {y(..,5), y.(. t)} €Y. The continuity of the traJectory can be proved simi-
larly. Lemma 2 is proved.

Introduce the system & = [ U[B) ez, dL0): = tey, 6O = e, exp
(iw,?) and define the operators J5: H(T)—1,,

T T
u—{f Cu, SV 4, $u)lnez-

0 0

Clearly J; maps into b, (see [17] p. 162). Let A:Y—~b, [, y) —(ct”, by
n€Z}. By (10) the mapping 4 is an isomorphism of Y onto the whole lz If the
string can be relaxed from the initial state {y,, y,} then

‘T
uy(r)dr =cf’+{ u(r)(T—m)dr,

T
0 = cT) = o+ |
0 3

e T

0=by(D = b3°>+5T uy()dr,
) _

r ,
0 = by(T) = bVe™" + S Uy, (7)e S Tdr.
: 0

Taking into account that u,() = (u(z), e,) we see that for the isomorphism
A"y, yi) = b, —b¥:n€Z} we have

A'(G(D) = Im T

We need the following result on abstract moment problem:
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Lemma 3 ([10], [18]). Let ¢ = {¢,} be an arbitrary almost normed system
in a Hilbert space H and denote J5:H—1,, f—{(f, ¢,)al, Ds: = {feH:J; f€l,}.

a) If Im J; = [, then & is uniformly minimal. If & is an L-basis then
Imly=1l.

b) IfImJ; = [, then & is w-linearly 1ndependent (.e. if ¥ ¢, ¥, con-
verges to zero and {c,}€l,, thenc, =0n =1,2,...). If dis rmmmal then
Im J¢ = l2.

¢) Suppose that there exists ¢,C @ such that ¢, is an L-basis and
B\P, C VP, (i.e. belongs to the closed linear hull of $;). Then Im J; is closed
in , and codim Im J; = card (P\P,).

Now we can prove the following description of the set G(7) of initial states
relaxable in time 7.

Treorem 2. For T> Ty we have G(T) = Y. If T<T,, then G(T) is a sub-
space in Y, G(T) Y, the codimension of which is finite if T = T, and in-
finite if T<T,.

- Proor. By (14) we see that we have to consider Im J 5 in l2 Since the mul-

tiplication by e is an isomorphism of H(7) we can write in & w,+i instead of
,. Taking the Fourier transform we get the system & = [¢§"}U = [¢,} ..

¢ O=eyz+i) 72, ¢, = d,(z+w,+i)L. The Fourier transform of H(T) is Ky =
= HYC»H O exp (izl) H% (C?) (see [1]). We know that

, d AN
e <—d?> T T <d?> '

From d,, d; #0 it follows that ¢’ and ¢” span the space C*. Denote

—I7y = + —10) = (
¢O = Je'(z+ S UJje”(z+ 2t ,
T, o T, e

B0 = (e’ (24 wy, +1) T = U le” @+ wy,eq +i) 1. '

Obviously Py, &© jis Riesz basis in K7 and using the last theorem in {1} we
see that Py ®® is also Riesz basis in Kr,, further in case T<T, the system
P, &, contains a Riesz basis in K and we have to remove infinitely many ele-
ments to obtain it. Let 7 = T, then Theorem C in [1] shows that PT b,
‘becomes Riesz basis in KT if we substitute finitely many elements by thelr

“non-perturbed form” from Pr $O. Finally suppose that 7> T;. Then by
Theorem C in [1] Pr ®,is an L “basis in K7. Suppose indirectly that P, o¥€V
P &,. Taking the Fourier transform we get that et = I ¢, ¢, e*“~. By repea-
ted integration in ¢ we get ey, ey, eg’, . . . €V ne, €“) and hence




126 AVDONIN 8, — [VANOV S, — JOO 1.

el (0, T) C V(e, ™). Take some w=w,, then epe™ = I a; én, e'nl | ap#0.
Denote Hy:=Vpo n (e, e'“"), then by the above arguments eOL (0, 7),
e, L (0, T)CH,. On the other hand H, L0, T, C?) because [e,e’] is L-
basm also in LX0, 7", C?), T,< T’ < T. Consequently e, and €, are parallel.
Since here infinitely many & occur we must have e.g. ¢, = €y, =¢' (ore”).
In this case the maximal possible system contains all e and finitely many
e™»+'y but this system can not be complete in L*(0,T). The contradiction
proves that P, & is L-basis in Ky consequently by the Bari theorem [2] its mo-
ment space is /,. The statement of Theorem 2 in case T=< T, follows from
Lemma 3. ¢). Theorem 2 is proved., _
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The Bolyai-Lobachevskian n-space, briefly hyperbolic n-space, is a Rie-
mannian r-manifold of constant negative curvature. Therefore, the fundamen-
tal tensor enables us the computation of arc length and any dimensional areal
measure. In spite of this fact many mathematicians, from Gauss and
LoBACHEVSKI Via SCHLAFLI up to now, have been trying to elaborate a volume
calculus, as elementary as possible, for hyperbolic (spherical) simplices and,.
in such a way, for polyhedra. For the history of the topic and for other refer-
ences we refer the monograph [3] of J. Boum and E. HerreL. In [17] you find
a survey on related topics as well. .

The most relevant recent result in this field may be the paper [8] of U.
Haacerur and H. MunksOLM proving the regular ideal simplex (with the ver-
tices on the sphere at infinity) to be of maximal volume among all simplices.
This result has already got an impressive application in the very elegant proof,
due to Gromov, of Mostow’s rigidity theorem for oriented closed hyperbolic
3-manifolds. The theorem states that for n >3 two oriented, closed, hyperbolic
n-manifolds which have isomorphic fundamental groups are automatically
isometric.

Searching for such a compact hyperbolic space form, the metric data of
the fundamental domain are of great importance. In many cases this domain
can be constructed by means of special simplices or so-called truncated sim-
plices. Thus the computation of metric data, e.g. the volume of the space form,
can be reduced. For further information about these investigations we refer to

[, 1, [12], (131, {141, [18].

* Supported by Hung. Nat. Found. for Sci. Research, grant no. 1238/86.
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The classical formula of ScHLAFLI expresses the differential of the volume
of an n-simplex in a non-Euclidean n-space of constant curvature K #0 by the
differéntials of the dihedral angles of the n-simplex (n>2) (see [2], [3], [5],
[10], [16]). However, Schlafli’s differential form has some disadvantages in
computing the volume of a given simplex or polyhedron.

The purpose of this paper is to give an outline of the computations in
hyperbolic n-space on the base of projective metrics. The classical machinery
is reviewed e.g. in [15]. However, it seems to be a new idea that I extend the
~ exterior differential calculus (see e.g. in [7], [11]) to projective-metric n-
spaces. Thus we get a unified method for concrete numerical computations by
computer and for theoretical considerations as well. We shall discuss some il-
lustrative examples and derive the Schlifli’s differential form. This derivation
seems to be simpler, than that of chapter 5 in [3]. I think, these initial results
can be further developed in the future (see also [4]).

I should like to thank Professor Jorannes Bouu for the very stlmulatmg
conversations and for his friendly help.

1. The real projective n-space ®"*(R)

1.1. The classical projective space ®"(R) can be interpreted as subspace
structure of the (n+1)—dimensional linear space V"*'(R) and of its dual
V,+1(R) over the field R of real numbers. Elements of

VR) ={0,a,b,...X,9...}

are called vectors. A 1-dimensional subspace (a) spanned by a (#0) represents
a point of ®"(R) =:®. We introduce r-planes as (r+1)-subspaces of
V™1(R) =: V, in case r = n—1 the r-planes are called kyperplanes. The inci-
dence structure of @ is clearly defined by the inclusion relations. Hyperplanes
of ® can be characterized by elements, usually called forms, of the dual space

n+l(R) {D,CL,B ..,&,y....}.

A form u(# o), more exactly the 1-subspace of V,,;(R) =: V spanned by «,
determines a hyperplane (u) by the equation

() x « = 0(€R) & (x) I (w) (incidence relation).
An r-plane of @ can be described by r+1 hnearly 1ndependent vectors a,

a,, . . .,a, as well as by n—r independent forms «"*,. . . ", i.e.,
Q) (@ ap,. . a)=@™, .., weaw =0
foralli=0,1,...,r;s =r+], , n.
If fe} = [ed, e, . .. } is a basis in V and e’] e ,k el, . .., " isits dual

basis in V, i.e. e¢ = 61 (the Kronecker symbol), then the form w = e’u takes
the value xu = x'u; ( ER) on the vector x = x’e;,, We apply the summatlon con-
vention for the same upper and lower indices.

A
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To characterize the r-planes of ® more concisely, we shall introduce either
(r+1)-vectors of the space A"V or (n—r)-forms of A,_,V (in analogy to int-
roducing Pliicker’s line coordinates in the projective 3-space ®?).

1.2. The spaces A"V (r+1 =0, 1, . . ., n+1) are defined inductively.
We begin with A°V: = R, AlV: =V, A2V consists of all formal linear com-
binations of 2-vectors ayAa,. For such exterior products we postulate the fol-
lowing 1dent1tles

6] (ax+by)/\a1 = a(x/\al)+b(y/\a1) (distributivity)

3)
(i) (apAa,) =—(a;Aa,) (anti-commutativity);

for all a, beR; x, y, ag, a,€V.

Suppose [e] form a basis of V and x = xe;, y = y'e;, then xAy =
= (x' e)A(yfe) = x'yl(e,Ne ). We rearrange this as follows From (ii)

we deduce e/\e = 0 fori =j, and e;Ae;) = —(e;Ae) for i<j. Hence
“) CxAY =) Yy (ene).
i<j

The 2-vectors {eAe; : 0<i<j<n] form a basis of A%V, hence dim A?V =

(")
In general, we form A"V (1 <r<n) by the same idea. It consists of

all formal linear combinations of (r+1)-vectors agAa;A. . .Aa,. For such
exterior products we postulate

(@) (ax+by)AajA. . .Aa, = a(XAa;A. . .Aa,)+b(yAaA. . .Aa,;

5) :
(ii) apAa;A. . .Aa, changes sign if any two a; are interchanged;
for every a, bER; x, y, ay, a;, . . ., a,EV. Exzictly as in the case r+1 = 2, we
can show that if {e ] form a basis of V and a; = ale, (i =0,1...,1),then
6) aNaA. . .Aa, =
ig 1 i
al aj...af y
ao aj...ar
= E . ‘ (e Ne A . Ne; ),

0<ip<iy <. . .<i <n

ad ah. .. ar
N r r »r
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i.e. the coefficients are (r+1)-minor determinants from the matrix (af).

The (r+1)-vectors (e, Ae; A. . A€ :0<i<i;<...<i,<n} form a basis
of A"V, hence dim ATV = (%H)..

We now observe that our spaces A°V := R, AV :=V, .. ., A"V have
a built-in multiplication process called exterior multiplication and denoted by
A for obvious reasons. We multiply an (r-+1)-vector & = (agAa,A. . . Aa,) by .

an s-vector 8 = (b, A. . .Ab,, /) to obtain an (r+1+s)-vector aAfS by the fol-
lowing definition

@) (@ha A, . . Aa)A(b, 4 A. . .Ab,,) =

= (. .((aAaA. . . Aa)Ab,)A. . JAb..,
then we extend this multiplication linearly to all (r+1)-vectofs and s-vectors.
The basic properties of this exterior product are .

(1) (aa+bB)Ay = a(aNy)+b(BAY), linearity (a, bER);
® (i) aA(BAY) = (aAB)Ay, the associative law;

(i) BAa = (=D gAB.

Of course, the product in (7) equals to zero if r+1+s>n+1.

Analogously, we define the spaces A,_,V of (n—r)-forms and the exteri-
or forms (0<n—r<n+1). We establish that N,V can be identified with the

dual space of /\PV._EspeciaHy, the p-form w'A. . .Au? takes the value

Xlul. . Xl

©) XA . ARA . AP = =: det (x)

on the p-vector X;A. . .AX,. .
1.3. Now, we fix a basis {e] = {e,, €, . . ., €, and its dual {J] =

= (% ¢!, . . ., ¢"). A nawral (bijective) polarity map

10y (°): A"V =AY, (agha,A. . .Aa)~ (WA . ALY

will be defined inductively. (Its inverse will be denoted by (,).)
The space A"V of (n+1)-vectors is 1-dimensional, and

a a

al a

—_—— O
Q
S

1) (@aAajA. . Aa)(PAA. LAY = =: det (a))

a, a,. ..al
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holds if a, = dle;, i.e. a;/ = al. Let agAa,A. . .Aa,_; be an n-vector. For ev-
ery XéA'V: =V

(12) X—@AaA. . A2, AN L AT = xu”
defines a 1-form
, ay ...at
W= (@AaA. . AB,) ° = O(—D" | - c 4+
a,l,_l e aﬁ__l
a) a} ...a} ad .. .a}!
+el (=D - e :
C . . -
ay ya:_,...a% | a .. .a
The equality x«” = 0 holds, iff x is a linear combination of a,, . . .,

R T ,
Let apAa;A. . .Aa, be an (r+1)-vector. For every x,, A, . AX,EA™V
(13) XA . AX e (@A A, L A AX A L AX):
' “(PNe'A. LAY = (XA . AXDuER
defines an (n—r)-form w: = (@agAa,A. . .Aa,)° = u""'A. . .Au" where the

I-forms «* (r+1 <s<n) can be chosen by

v
(14) - xu’: = (@AaA. . .AaAB, A . AX A, . A (LALA. LAY

with any vectors a,,;, . . ., a, for which
(15) (@A A. . AaAa A . AB)CALA. . A =1 (€R).

Thus we arrived at the natural polarity map (10). We remark only that
another basis {e;] = {ey:, €., . . ., €, and its dual (/] = ¥, . . ., ]

yield the same polarity map iff the transition equations e; = el.e; are of unit
determinant, i.e.,

ed ey en
. e} el e
det (ei): = =1
0 1 n
€n: Ep €n

(Einstein-Schouten convention).
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Thus the construction of polarity map (10) only depends on giving an
(n+1)-form called the volume-form of V. Hence the polarity map (o) is deter-
mined up to a constant factor from R.

As a corollary of (13—15) we mention a lemma from the matrix theory [7]
formulating in that form we need later on:

Lemma 1. Let (bY) be a regular (n+1)><(n+1) matrix and denote by (ay) its
inverse, i.e. b”ak = §i,

Then for any (r+1)-minor determinant of (a;) and the complementary
(n—r)-minor of (b¥) holds the following equality

iV jf ir jn
a,-ojo .. a,-ojr b SAREAL T b '+l
= det ()| - . .g.
airjl) st airjr bi,,j,.ﬂ P bi"j"
Here g = sign (g, . - o, Ty Grggs o o oy dp) = SIEN oy o v vy Jrs Jrats « « o5 Ju)

denotes the sign product of the corresponding permutations of the elements 0,
1, ..., n

14. Now, we represent an r-plane of @ either by an (r+1)-vector agA
AajA. . .Aa,or by an (n—r)-form « ' A. . .Au", in accordance with (2), up to

a constant factor from R. Indeed, if ay., a;, . . ., &, also span the subspace
(ay, ay, - . ., &,), and a;; = a}.a; (Einstein-Schouten convention!), then

ay . ..aj
16) ag-Aa;A. . .Aa, =1 - - apAa A . .Aa#0).

al ... al

Analogous statement holds for (n—r)-forms.
Note that not every (r+1)-vector of A™'V describes an r-plane of @,
only the decomposable (r+1)-vectors do it. We mention a criterion from [7].

Lemma 2. Let o be an (r+1)-vector from A"V and V, the subspace of V
consisting of all vectors X satisfying the equation

17 . ahx = 0.

Then dim (V) = r+1 holds, iff there are vectors a,, a,,. . ., a,in V so that
a = aAaA . .Aa, e ais decomposable.
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2. Projectiv-metric n-spaces and non-Euclidean geometries

2.1. We introduce a projective metric in ® := ®@"(R) by giving a polarity
~-as a linear map.on V := V,(R) into V := V"*|(R)

(1) (*): cv__’V, aFa, = @;
or, equivalently, by defining a symmetric bilinear form
(2) () OXV=R, {u; o) P uyo

in the usual way (cf. [15], here we give a modified interpretation). In projective
geometric formulation, for every hyperplane (a) in @ we associate a point (a)
in @ as the pole for the polar hyperplane. If §, = b defines another polar ()
and pole b), then the equality '

(3) ' a*g = af = (a;g) = <g;a) =ba = g*a =0

means equivalently that the hyperplanes () and (8) are orthogonal, the pole (a)
of (o) lies’in the hyperplane (6) and vice versa, the poles (a) and (b) are con-
Jugate.

In the following we restrict ourselves to regular polarities. So we exclude
the singular metrics, for instance, the Euclidean and pseudo-Euclidean geo-
metries, when the image space of (,) is a hyperplane (the poles lie in the ideal
hyperplane at infinity). In these regular cases

4) V=, x—x =«
denotes the inverse polarity and
®) GYVXV=R, (x5y): =Xy = (x";y")
defines the induced bilinear form.
According to the polarity (,) and its inverse (*) we can change our view-
point, a form and its polar vector can be identified. Geometrically, a polar hy-

perplane and its pole can be arbitrarily changed in formulating facts for the
projective metric space ®.

Now we fix a basis {e;} in V and its dual basis {J} in V. If
(6) e = d = gle

defines the symmetric matrix (g”) of the polarity (,), then the inverse matrix
(g;) = (g;) belongs to the inverse (*) by
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(M e 1= € = Jg;, Where g'g; = 9.
Aformu = ejuj, representing the plane (u), has its pole
(8) w. = (du), = wed = ug'e; = u'e

in coordinates. The vector x = x e, representmg the pomt (x), has its polar
hyperplane in the form

9) X* = (x'e)* = e%x =Jdgx' =1 Jx X
It is clear that the matrices (c- 2’ and (gﬁ-—i—> , respectively, define the

same projective polarity in @ as before (02 c€R).

2.2. Any (regular) linear transformation « and its dual (adjoint) a*, i.e.,
(10) aV—V, x~xa and o*:V =V, o~ ax*o

defined by x(a*¢): = (Xa)v for every x€V and ¢€°V, determine the projectivity
of @ for the points and the hyperplanes, respectively. It is called a metric pro-
Jectivity iff it preserves the polarity, i.e., the bilinear form is invariant up to a
multiplication by a non-zero constant.
We mention only that the reflection formulas for vectors and forms are

1) XX — — 2 (Xuduy
Uyl
oy — u(v*u)
(“*“) . N

where the form « and its polar vector u: = u, characterize the reflection hy-
perplane and its pole, respectively. The group of metric projectivities of ® can
be generated by hyperplane reflections.

2.3. In the sense of section 1.3 we extend prOJectwe metric, i.e. the pola-
rity, to r-planes. We apply the construction of (r+1)-vectors in /\’“V and their
polar (n-r)-forms in A,V by formulas 1 (13—15). The polarity (,) can be ex-
tended to a linear map on A,V into A"V by the following definition

(12) G:@™AGAL L AW, = (wITAGLAL L AW,

If the polarity () is regular then we can also introduce the Hodge star opera-
tor associating any (r+1)- vector with an (n-r)-vector:

1) = OG)@AGA. . Ad) W T LAWY R WP L AL,
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According to 1(9) the bilinear form on A,V can be defined by

14) (WiA. . ./\u.P;vI/\. APy = (ui/\. . ./\uﬂ)(vl/\. L AP) =
U—,lwl e U«xl(\?p <u1;01> ce <u1;vp)
= = ' =. det <ui;vj>.
u{‘)‘vl Tt uﬁop (u,’;;vl) ... (up;op>
With respect to (6) we can express this with the oriented bases {e}, {¢}. For
- any indices 0=<i, <. . .<i,=n
(15) (1A . ./\eiP)* = @YieN . Agg) =
g, .. gl
= ) : © | A ey
A
and
gt ... gl
(16) (A LAy JIN. L NPy =
g, .. gt

Particularly, for (e’Ae'A. . .Ae") and (egA€;A. . .Ae,) the equalities

(17) <co/\. . ./\en'; eo/\. . ./\en> = det (gU)-
(EoACIA. . A&y NEIA. . L Ne,) = det (g;) = - S
e

hold. If we fix the volume form to take value 1 (¢R) on the (n -I-l)-vectofs of ori-
ented orthonormed bases in V, then we find the formulas in (17) expressing the
volume quadrats, up to a sign e, of the parallelotops spanned by {€°, €', . . .,

e" and {ey, e,, . . ., €, inV, respectively. The sign e will depend on the sig-
nature of the polanty as we can easily see. Thus we can define a volume form
in the metric vector space V

(18) w = (®A!A L A Vedet (g;)  with (w; w) = 1.

Ifay, a;, . . ., a, span a positively oriented (n+1)-dimensional parallelotop in
V, then its volume can be expressed in both terms
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19) ) (agha|A. . .Aa)w = Vedet {a; a;),

where the sign e depends on the signature of the polarity as before, this e makes
-the root term to be positive.
The Gramian of the vectors a3y, .. 8 is defined by

(20)  Gr(@g ap,- .. a) =det(a;a) =
= (ao/\all\. . .»/\a,,; apha,A. . Aa,).

Analogously we define the (r+1)-dimensional volume of the (r+1)—parallelotop
spanned by ay, a;, . . ., a,in ' V:

(21) Vol (ag, a, ..., a) =VeGr(ay a, ..., a)=+edet(a, a) =
= Ve (aAa;A. . .Aa,; apAajA. . .Aa,).

The sign e depends on the signature of the subspace (agy, a;, . . ., a,j again.

2.4. Although the machinery, introduced here, is applicable more gene-
rally [15], we restrict ourselves to the elliptic and hyperbolic projective metric.
In the first case the bilinear form ;) is of index 0, i.e., it has the signature (+,
+, ..., +) (or equivalently (—, —, ..., —)). In this elliptic projective
space @ := 8§ self-orthogonal hyperplanes and self-conjugate points do not
exist, because no pole coincides with its polar. In strict connection with the
spherical geometry, the elliptic geometry is the simpler case. Sometimes later
we only refer to it [3]. ,

We are mainly interested in the hyperbolic projective space ®%: = 3C,
when the bilinear form (;) is of index 1, i.e., it has the signature (—;+,...,+)
(or equivalently (+; —, . . ., —)). ‘

Fixing an orthonormed basis {e] and its dual {¢/}], we uniformly handle
the two cases by defining the bilinear forms

(Gy) = (x'e; ye): = exy +x'y!+. . . 4+x"y"inV,
22
(. ) (u; v) Celuy; e’v) = eUgyotuvi+. . .Fuv, in' V.

Then e = 1 is taken in the elliptic case, e = —1 holds in the hyperbolzc case,
coherently with the earlier formulas (18), (19), (21).

In the hyperbolic case the self-conjugate points (a) of 3C, i.e., ideal point
at infinity, are represented in V by the ‘light cone’’ (in the therminology of the
space-time geometry, see Fig. 1 where n = 2) o
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Fig. I

23) | " (aa)y = 0. {aa) =0

describes in V the self-orthogonal hyperplanes («) touching the light cone. The
equations in (23) define what we shall call the absolut of 3C".

The proper points of JC are described by ‘time-like’’ vectors in 'V, satisfy-
ing the inequality- ,

4) (pip) <0. <pipy <0

characterizes the polar hyperplanes of the proper points. In such a hyperplane
(p) lie only improper points (u) whose vectors u are “‘space-like’’:

25) : (u;u) >0. {u;u)>0
describes the proper hypérplanes (u) of 3C which intersect the light cone. In (w)

lie proper points (with time-like vectors), self-conjugate points (with light vec-
tors) and improper points (with space-like vectors) as well.

Introducing the n-dimensional hyperplane in V by the equation
(26) ' x = (x:e% =x"=1

(where the induced bilinear form is of index O because of <e%e’y = —1), we
get the classical Cayley-Klein model in the Euclidean n-space (Fig. 1.).
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Both models (completed by ideal points obviously) have the characteristic -
property that each 1-dimensional subspace of V meets them in one point. This
way we can introduce in V any ‘‘transversal’’ hypersurface to model the
projectiv-metric n-space or at least a part of it. The bilinear form {;) of V in-
duces an infinitesimale metric on the hypersurface and this can be applied to
our computations.

3. Distance, angular measure and volume in projectiv-metric n-spaces

3.1 Let X (x), X(y) be two proper points in the hyperbolic n-space JC with
(x;y)> <0 (Fig. 2.). -

The last inequality guarantees that X and y is directed into the same com-
ponent of the light cone. This is fulfilled, if the e;-components are positive in
the orthonormed basis of 2 (22), i.e., the vectors X, y point into the positive
half cone

) C* ={z =z%,+z'e;+. . .+2",:(2;2) <0, 0<z°JCV.
Then the distance s(x,y) can be defined equivalently by the following
formulas '

kg =SV VG P x) (YY)

2 Yy —VLy Y = (XM {yy)

2) ' sx,y) =

1 _ —{(X;¥)
3 h{ —s(x =
Gy e ( k S(XY)) N )

1 __,\/ S A PE6.5.930 A 23
Sh( k S(X’Y)) - XX (y3y)
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Formula (2) namely expresses the same as

@) sxy) = —’2‘--1n XYUV).

Here in the cross-ratio those points U(u), V(v) occur in which the line XY
intersects the absolut of JC. We know that if Z is an arbitrary point on the line
XY, then the equality

(XZUV)ZYUy) = (XYUV)

holds and this guarantees that we have in (2) an additive distance function,
indeed.

The constant k¥ = ’\/ __Tl is the natural length unit in 3", K will be’

the constant negative sectional curvature. Analogous formulas hold in the el-
liptic space 8. The following formulas -

2% S, Y) = L In — &K VIV ¥ X3 (Y3 ¥)
(') x,y) 5; I e(x;y)—\/(X;y>2“<X;X)(y;y')

* 1 5. - &KX
R (( ”) NCEET)

% VY2 _{xe ]
sin (%s(x; y)) =%\/ (X5 ¥ . {x; >.(><y, y.>

(X3 X{y; ¥»

1
provide both cases: ¢ =1 stands for the elliptic space, then r =\ &
is the natural length unit, K is the constant positive curvature; e =—1 holds for

hyperbolic space, then r = ki. This is in the sense of 2 (22). We applied the
identities

@) cosx = %(eix‘l'e_ix), sin x = %(e”——e_i");

5) cos % = ch x, sin —)li = —1 shx, (i-i =—1).

3.2. Let (v) and (v) be two intersecting proper hyperplanes in 3C with poles
(u) and (v) respectively. Fixing the posmve half cone C* in V, e.g. by (1),
then

(6) (u, o){={(X)IX€C‘+, xu = (x;u)>0, Xo = (x; V)>0}
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defines one of the four proper angular domains of 3C determined by the hyper-
planes (Fig. 2). The other three ones will be (—u, ¢ )X, (—u, —o)X and (u, —
—o)X. The measure o of (u, )X let be defined by

el €70 Sl ' 1 D) =
7 w, v} .= - ’ o
7N . cos (a(u, v)) \[(u;u><v;°> \/(U;U><V;v>

=: ch (-%-s(u, v)) ,0<a<T.

At the same time we have defined the imaginary distance of the poles (u) and
(v) by means of function ch extended onto the complex field C (5). If

cos (—} - s(u, v)) stands on the right side, then we get the elliptic case.

The formula (7) extends to parallel hyperplanes and to not intersecting
hyperplanes. Moreover, improper hyperplanes may occur, too. All these
generalizetions can be very useful, e.g., for deriving the generalized trigonom-
etry uniformly in the hyperbolic and elliptic planes [15].

We mention only a simple example in JC?.

Let £°, 6, 6% be the forms representing the sides of a hyperbolic triangle
with angles a®, o, o® (Fig. 3). By (7) the symmetric matrix




PROJEKTIVE METRICS AND HYPERBOLIC VOLUME 141

1 —cos a”  —cos a®
((858)):= |—cos a® - -1 —cos 2 |=:
cos a2 —cos a? 1

=:((b’; b)) = (oY)
induces a bilinear from in V; or in V* which os of index 1, iff
det (bY) := 1—cos? a®—cos? a—cos* a?*—2 cos a®” cos a?? cos «?* < 0.

Let the vectors a; = a;b* represent the vertices of the triangle. Since (a,) I (#)
if i#j, and (a,) lies in the positive half plane of (§°), we can assume that the
equalities '

61] = a,-@j = <a,;b’) = (a,-kbk; bJ) - aikbkj and

(a,-; ak,> = (airbr; Ay S) = ai,b"ask = (Ssask = a; hold.

Inverting the matrix (b%) we get (a;) and so we can express any side length,
by the angles. For instance by (3)

ch 1 d. — ——@n  _ c0S a? +cos a® cos a®
k Vayay, sin a® sin o™

holds, which formula is well known from the hyperbolic trigonometry.

3.3, The machinery, developed in Sections 1 and 2, can be applied in the
infinitesimal calculus as we indicated at the end of Section 2. First, we give the
so-called hyperbolic line element which can easily be derived from the second
formula of (3)

(8) ds

__k# v<x;dx)2—(x;x> {dx;dx).
—(X;X) -

Here (x and (x-+dX) represent “infinitesimally near” points, as in the clas-
sical surface theory. More precisely, a smooth curve

[t5,t] 3 t—x() € C*
has a hyperbolic arc length (see also the formula 2 (20))

g k ax\ )"
(9) S(to,tl) = S """""" - - —"‘Gr X,_ dt.
) ) —(x@)x()) dr
One can choose the curve x(¢) with some projective freedom
10) () ¢c@®-x@), 0<c()eC’

(c(¥) is an arbitrary positive smooth function).
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We analogously define an r-dimensional infinitesimal volume element as
an exterior r-form defined on the r-product of the tangent space to each point
of an r-surface selected almost arbitrarily.

0x

1) do" = k(—{x;x))"2 2 _Gr | x,——,
ou'

0x

‘1
)} du'a. . .Adu’.
ou’ :

W', . .., u) - x@!, ..., u)eCt

Here a smooth r-surface
12)
is defined with some projective freedom

13) Cxu)) e cu)Hxw?), 0<cu)eC(r)
(c(u’) is an arbitrary positive smooth function). This property, namely the
projectiv-metric invariance shows the definition to be adequate.

Consider an illustrative example. We introduce the polar ceordinates in
3JC. In the bases {e], [¢/} of 2 (22) let x = x’e; be defined by

x° =rkcho!

x! =ksh ! cos ¢?

()

0<pl<e; |
O_S_ o<r(=2,... n1)

3" =kshe'sine?sin ¢ . . cosp” 0< o"<27

axA =0
o'

x" =1kshe'sine?sing?. . .sin o™

Since {x(¢)); x(¢%)) = —k? for every (¢’), hence <x;

Moreover, the matrix (py) = ax. ; aX. can be computed:
dp' Iy’
ox ox
15 T ]
o (3 )
(2 0o 0 0 ]
0 k%*sh%p! 0 0
0 0 k*sh2p'sin%p? 0
| 0 0 0 k2sh?plsin®p?, . .sin’p"! |

Then we have the line element by (8)
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6 ds = Vp, dp'dy) =

= kVde'de +shZe'dp?dp’+. . .+sh?p! sin%p? . . Sin’p" e de",
and the n-dimensional volume element by (11)

an dw” = Vdet (py) do’A. . .Adp" =
= k"sh" o sin"2p? . . sing™ ! dp'A. . .Adp".

This is in accordance with the Riemannian geometry. Taking n = 3 and the pa-
rameter domain '

U: 0§¢1_§%, 0<p’<m, 0<p’<2m,

" we compute by (17) the volume of the ball of radius R in JC3
R

2T T k

®)  wBR) ="3S Q (S sh2¢1sin¢2d¢1) Ad¢2> Adg? =

¢3=0 e"=0 ¢ =0

=2nk3(ch Bshn B _ R
ko ok k

Let n = 2 and take a hyperbolic circle of radius R

x°() =k ch —Il:—, x'(t) =k sh i}:— cos t, xX(f) = k sh —% sin ¢,

0 <o?=1<2m,

The perimeter of the circle can obviously be computed by (9) or (16)
27
- R _ R
(19) p(C(R)) = kg sh Tdt =27k shwE—.
0

3.4. We interpret the formula (11) in the following heuristic way (cf. [1],
Chapter V, Exercises). We consider in C* CV an infinitesimal parallelotop
spanned by r+1 vectors

ox dul, 6x2 du?, . ..., Ldu’
du' du - ou”

20) X,
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associated to each point x(«’) of the r-surface (12). We take the volume of this
parallelotop by 2 (21) with a norm factor k"(—{x;x)) ~"*D2 to get a projectiv-
metric invariant volume element (11) as it was expressed at (13).

The volume of the infinitesimal parallelotop (20) may be rewritten as fol-
lows. We take the (r+1)-vector

Q@ A= qu' a9 qien. . A-OX gy,
ou! ou? ou”
expressed by means of e;Ae;A. . .Ae,, where (e, e, . . ., €] is a fixed basis,

assumed to exist in the (r+1)-subspace at (20), with volume form

(22) w = ("A'A. . AV —det (e; €.).

All these considerations are in the sense of 2 (18—21). Then, carrying out the
infinitesimal computations, we get

a a 1/2 .
(23) —Grx, 2% . - du'A. . Adu =
du'! ou”
= (A quin . A gyrYo =
Au’ ou’

- i o -
= (x’o eiO/\ ?a‘zl dulei}/\_ . ‘A_&Tr"dureir)w =

1 . ) T .
= <x° e/ 0x dulie;A. . ./\—a—x.—dufre,+
&{JI . au]r

ax® ox”

+-2%_quh eonxle A . A2 duire,+. ..
dudo au’r
ax° . ax!

-2 du e, A—2—du e Yo =
o du’ e;A g SHeN . AXTe, | o

= (x%x'A. . Adx"+H(—D) xdxOAdx?A. . AdX"+. .+

+(—D X dxAdx'A. . Adx"V —det (e;se;).
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We applied the usual formal conventions, for instance

ox’
du’

(24) dx’:= du’, sign (iy, . . ., 1,) = sign Gy, . . ., i) =

= Sign (709 © "jr)-
We summarize the considerations in the following

Prorostrion 3. Let (€, €y, . . ., €} be a basis, with {e;e;) = : g;, inan
(r+1)-subspace of V where an r-dimensional subspace of 3C is modelled.
Then the r-form ‘

(25) dwr = kr(_det (g'])) 1/2.(__xigijxj)—(r+l)/2
[T (Daaeon F. Adx)
k=0

is a projectiv-metrically invarian r-dimensional volume element equivalent to
(0) with the assumptions mentioned above. The vector X = x’e; runs over an
k
arbitrary smooth r-surface (12). (In (25) . 7. denotes that the differential dx*
is missing.)
Now we turn to our main subject.
4. Simplices with proper, ideal and improper
faces and vertices

4.1. An n-dimensional simplex S in JC (or in 8) will be represented by its,

side face hyperplanes (6%), (%), . . ., (") or its vertices (ay), (a,), . . ., (a,).
We assume that )
(1) ) aif"j = 5{::

i.e., the face (Ef) contains all vertices exept (a;), and (a)) lies in the positive
half space of (#) (see also 3.2. and Fig. 3). Let the simplex S have the dihedral
angles of measure

(2) o, 8°) - o =a = a® .
Considering the bilinear form in V or in V, we normalize the forms &, in the

sense of 3(7), to get the Schlafli matrix

‘ 1 —cos a” . .. —cos o™
3
((B587)) = ((bsb)y):=

—cosa® 1 ... —cos al =:(b¥)

—cos a™® —cosa™ ... 1
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B, eV, BL=: b, & =: beV.
The dihedral angles (2) characterize a proper hyperbolic simplex (Fig. 3) iff
4 B = det (b7)<0

but all other principal minor determinants are pbsitive (see also {18]). For the
elliptic case B> 0 stands instead of (4). (B = 0 determines the Euclidean sim-
plices). .

Then the Schldfli matrix (3) fulfils the general criterion: it defines a hyperbolic
projective metric iff the bilinear form

5 Cuzod = (Busblv)y = uby; = (w;v)

is of index 1. In the elliptic case the bilinear form (5) is (positive) definite..

The vertices (a;) of the simplex § are characterized by the equations
(6) a:=a,b", & =ap = {ai;b’) = {a,b";VVy = a,b",
(aza;) = {a;b"a;b’) = a,b"a; = dja; = a;,
A:= det (ay) = Udet (b%) = UB,
The requirements at (4). involve, by Lemma 1, that
(7 a; =<a;a><0 (i,j=0,1,...,n).

Therefore, each a, is time-like vector, i.e., every simplex

Fig. 4.
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vertex is proper point of 3C. The principal minor determinants of (ay) are
called also Gramians of the corresponding vertices

aiﬂi4r airrfl T aiuir
Qi Qg o - Gy

{8) Gria,a....a)= . .| <.
alrlo aul 4. airl‘r

Although the bilinear form (5) is of index 1, the simplex § may have proper ver-
tex, say (), indeal vertex, say (a;), and improper vertex, say (a,), if ag<0,
ay = 0, ap>0, respectively (in Fig.4 n = 3). Having an improper vertex
(a,), we can truncate the simplex by the polar hyperplane (ap) which is
prependlcular to the side faces incident to (az) since ap/ = {ay;8') = 0 if
Jj#2. All these combinations can be discussed in the theory. Moreover, sim-
plices with parallel faces or not intersecting faces can occur by 3 (7), e.g. in
Fig. 5 (n = 2),

1 —cos o —1
(b9 = | —cos o 1 = —ch(a%k)
—1 —ch (a®'/k) 1

_ Here the faces (6°) and (%) are parallel (with angle 0); (6') and (6%) do not in-
tersect in proper point (its distance is even a').

The simplex in Fig. 6 has ideal and improper faces as well. Its Schiafli
matrix is of form

1 0 »”
GHh=] 0 0 b2 |;b%x0
p?* B —1

4.2. As an illustration, we compute for a simplex S the radii of the in-
scribed and circumscribed balls, respectively (see application in [4]).

First, we write down the distance of the point (x) and the hyperplane (u)
by means of 2 (11) and 3(3)

sh-4 = Xu s Xu>0, (uju) >0, (x5x)<0

ko N—(xx) (usu)

Let r denote the radius, (x) be the centre of the inscribed ball. The form 6
shall represent the proper faces of S with the normalizing assumptions

(88 = (bisb’y = 1.
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Then :
L= xby X foreachj =0, 1, ...,
sh Nt Trar or each j n
holds in the sense of 2 (8)—(9), i.e., x° = x! = . . . = x" and we get
©) sh 7 = 1
NEn
7, s=0

We have got also the criterion of existence: the ‘‘vertex matrix’’ (ay), i.e. the
inverse of (bY), must have a negative sum of its entries. Then the Toot term in
(9) will be positive.

Second, let R denote the radius, (y) be the centre of the. circumscribed
ball. The proper vertices of S are represented by the vectors a; with the given
matrix of negative entries

«aga)) = (ap), ;<0 G, =01, . . ., ).
Then, with (¢,)™" = (b”) by 2 (8)—(9), we get

R A oy
k' yyy<aza) Vobry)ay

Hence y; = ¢V—a; and we have the formula

ch =0,1...,n

R _ 1
R -

V)

(10) ch

g

The criterion of exzstence is again: the root term in (10) must be positive. Nor-
malizing the vertex matrix (alj), with @; =—1 for each i, its inverse, the face
matrix (b¥) must have negative sum of entries.

5. Simplex volume and Schlifli’s differential form

Now, we apply the theory developed. If (bY) is the face matrix, (ay) is the
vertex matrix of the #-simplex S, by 4 (1)—(7) then we can describe the points
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of the vertex vectors a, a,, . . ., a,. Then we can compute the volume w(S) of -
the simplex § by 3(25). The implicit dependence of w(S) from the face matrix
(bY) and so from the angles of S enables us to form the Schlifli differential of
w(S) by the angles.

5.1. The simplest way, to give a parametrized n-surface in V for the sim-

plex §, is "y -
(0;)
u
(0; )
az

a) b)
1)) x = x%,+x'a,+. . .+x"a, =: x'a
) X+xl+ o+t =1, O, .. L, x" 20

(Fig, 7a).

This seems to be most convenient for numerical computation by a com-
puter. Then we apply formula 3 (25) with taking

r=n; (g;) = (@) = G 2 =1—=x'— . —x", &x® = —dx'— . —dx",
” k
N DAY A D" = dx! Adx2A. . . AdXT
k=0

3) w(S) =

k"[—det (a)]"2dx'Adx?A. . .Adx"

={... —
xl, ..., x>0 2
xtpt, . <] { [000—2): x (aoo—a;o)+2 x xj(aoo‘“azo—aoj +au)]}

1, j=1
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The parameter domain U is the fixed normal simplex in the n-dimensional
numerical space R". Different simplices occur only by varying matrices (a;).

Up to now we assumed that the hyperbolic simplex $ has only proper ver-
tices, i.e. q;<Oforeachi = 0,1, . . ., n. If, say, (ag) is ideal vertex, then (3)
is a convergent improper integral. A simplex with only ideal vertices has also
finite volume [3], [5], [8], [16],[17].

If, say, (a)) is improper vertex, a; >0, then we can truncate the simplex §
with the polar hyperplane (a;) to get a body of finite volume. The additional
inequality

“) Xa; = (X;q;) = {x'a;a;) = x'a,;<0; ie.,

ag+x'(ay—ag)+. . .+x"(a,—agy) <0

represents a hyperplane in R” truncating the parametrizing normal simplex.
Other truncations can be made in similar way.

" Another parametrization (Fig. 7b) to (1) is
5) x°=1,0<x'<e, .. .,0 g x"<oo;

O =0, % (—DixdxCA. ¥ A" = dx'ADCA. . AdK"

k=0 .
which leads to the improper integral

k"[—det (a)] Pax!adx?A. . . Adx”

© o®={...] — -
. ] n n .
?gl< {—‘ [aoo +22 x'a,0+2 xlx]aij] } 2
.. < r=1 i, j=1
(‘)§xn<m

This has some benefits in theoretical investigations ((see at (20)).
The parametrization (Fig. 7 c)

¢) 0Sx"<oo, x%x'+. . 4x =1, 2% x!, ..., x"120
0=y, . —a™ L T (=DA% dxOA. ¥ Ade" = dx'AdXA. . X"
: £=0

which leads to the improper integral
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(8) w(S) =
k"[—det (a;)] "2 dx'Adx’A. . AdX”

: j - - I
>

< n—l .
=iz {— I:Q(n—l)+2x"ano+2 ) x"xS(am—a,,ﬂ)+x"x"a,,,,]} :
s=1

At ekl

where Q{n—1) is a quadratic form of n—1 variables, such as in denominator of
(3). This can be useful in the reduction theory, e.g., for regular simplex
a,—a,, = 0 holds, for ideal vertex (a,) a,, = 0 stands.

5.2. To derive the Schlifli’s differential form uniformly for the hyperbolic
and elliptic case, we write down the volume of the simplex S by 3 (25) in the
form

[e det (a)]"? (Zfl (—D*xckdxOA. Yk./\dx")
k=0 :

©® @) = S

U

n+D2 \ ’

fexape)]
where e = 1 stands for the elliptic, e =—1 for the hyperbolic case, the conétant
factor k"(or, r™) is omitted (K == £1).

We refer to Section 4, where the face matrix (»Y) and its inverse (ay) are -
introduced. The fixed n-surface U is assumed as in 5.1 or in- 3.3—4.

Let a™ the angle of the faces (87) and (8°) as in 4 (2). We have to take by
the chain rule

w e _ e da " po  day "
da rs) aaij ob’”s aa(rs) aatj ob*r aa(,-_,-)
(11) ob" = sin 0!(rs) — (brrbss_brsbsr) 12
aa(rs)
holds by 4 (3). Since a;b’ 8%, hence by derivation
day . ; o’ _
0= — L b+ =24 b*+a;86% and ——p* =—qa, 5%

b" 7ot . ob” ab g ’
Multiplying by a;; and summing up for index k in both terms:

da day;
'J b/ s S k
3" Ay =—a; 04y = 3 b"‘

61! =—a;dy

and we get (with [ = j)
12)
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Using the derivation rule of determinant det (ap) =: A, we have

d [EA] 12 ’—%—[EA]—_I/Z[EA]bn — _%_[&4] 72, bii

‘ day

and so
aai' o

3) g ((ed]™). A = o) b (—ay,) = —led] % a,
Furthermore:
(14) azlj {e(xia,-jxj)} —(nt)2 — ﬂ‘2*’1 {E(Xiaijxj)] —-(n+3)/2xixj.€‘
Now, we have by (10) and by the symmetry b™ = b*"
(15) ' _%_ a(a:(is) = S ‘El [eA(B"b5—b"b*)] 172,

U

{le@ap)] " Pa,—e(n+1) [e(x’apx)] 2 (xia, ) (xay)) -
<2 (—D5ekdxA. ¥, /\dx"). :
k=0

We prepare the following steps by taking

i)
ax”

(16) fe- (Kap)) "2 = —e(n+D) [e(x'ap)] "2 (a,x%);

(17) [(et'apd)) ~ P (x4a,,)| =

0
ox’

= ( aa, {E(xiaijxj)] —(n+1)/2) (xuasu)_l_ [E(xiaijxj)} —(n+l)/2asr -
X

d d € i iy — =12
ox’ [ ax® ( n—1 letrape)) )]

" As a result we can read from (15—17)
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Jw
18) —-—aa = R

=S5 S[eA(b”b”—b”bS’)l = [—aa, ( a"’s [e(ap)) ‘““D’Z)]-
X X
U

: (2 (—D*xekdxOA. ¥ A dx") .

k=0

First, we observe by Lemma 1 and by 4 (8), that
(19) AB"B5—b"b") = Gr(agay,."., .V, a,) = A®

is just the Gramian of the vertices in the intersections of hyperplanes (87 and
(%) where only (a,) and (a,) are missing.

Second, instead of using a general Stokes formula, we simply apply
Newton-Leibniz formula in (18) two times with respect to the parametrization
specialized in (5). Without loss of generality we may assume thatr = 1, s = 2.

Let Q(x',x%,. . ., x") denote the quadratic form in denominator of (6):
. dw -
(20) B
d ) —(n—
= nf_l S S[EA(H)] 1/2[ pyey (a— feQx! %%, . . xM)) M)] .
Ogxl<en
0gx"<w

dxINdXA. L A" =

ad e
nil S. . S[EA(IZ)]I/Z <_5;? {EQ(xl,xz, " )} ( ‘1)/2) .

X —-x

-dx2AdX3A. . AdX"—

— nil S . ’S[GA(H)]UZ (a . {eQ(O, X2 ,xn)}—(n—l)&):l Y

=0

-AAdKCA. L AKX =
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~0- € g . .S[eA“z‘] 2 (07, .. &) TR A L A

=0

"~

+ _€ _ S . _S[GA(IZ)] 112 [E-Q(O, O, . 11)} —fr—1)12 dle\ LA =

x'=0
x2=0
_ e | [eAP]72 d’A. . .Adx”
T n—1 ' ) n n n—l1
e =0 € | agp+2 x'aq+ xixja,-- 2
0gd,. . xi<oo { l: 00 E 0 E /

r=3 ij=3

If n = 2, then we have at the last integration

n% [eA 121 {eagy) 2 = nil ‘1.

If n >3 then the last integral is just the (n—2)-dimensional volume of the
subs1mplex S where the vertices (a;) and (aq) are missing. We summarize
the result in

Prorosrrion 4. (Schléfli’s formula.) Let S be a simplex in a non-Euclidean
n-space of constant sectional curvature K. Let o"denote the measure of di-
hedral angle of the r-th and s-th face intersecting each other in the (n—2)-
dimensional subszmplex S (0=r<s<n). Then Schlifli’s differential form
reads

(21) dwn(s). = Wnl;’i)_ E wn——2[S(rs)]da(rs)’ n__>-2 '

rs=0
r<s

(with 0" X(S"™) = 1, if n = 2).

The method, applied here, seems to provide other possibilities of generali-
zations, e.g. for truncated simplices of different types. '
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6. Computational results in 3C*

6.1. There are a lot of important simplices in JC* which have natural
; . T
dihedral angles of the form « mrs)
numbers) [1], [4], {18]. Moreover, these kinds of rruncated simplices do exist
{91, {121, [i3], [14]. Ideal vertices are also permitted.

The reflections in the side face hyperplanes of such a simplex (by formulas
2 (11)) generate a discrete transformation group, called Coxeter group, whose
fundamental domain is the simplex itself. The volumes of these simplices seem
to be important invariants for these groups (see introduction). There are 9 such
compact simplices in JC* which were first enumerated by F Lanner (1950)
(see e.g. in [18]). Their Coxerer diagrams (graphs) and brief notations are indi-
cated in the following table. The nodes (vertices) of such a diagram represent
the planes of the corresponding simplex. A branch (edge) between the nodes
r and s is indicated by m(rs)€N if the dihedral angle a(’s) of the simplex is

where 2 = m(rs)eN (natural

even — ( R There is no branch if the dihedral angle is 2

We indicated the distances d;; between the simplex vertices 7 and j (a face
i does not contain the vertex i) and the volume of the simplex up to accuracy
of 3 decimals. These latter computations were carried out by L. BrezovicH
with Commodore 64 on the base of formula 5 (3). ’

ADDED IN PROOF. E. B. ViNBERG informed me about his computations con-
cerning the volumes of Lanner’s orthoschemes on the base of Lobachevski
function. He also told that R. MeyeEruOFE computed all the volumes of Lanner
simplices (these estimates are published in Duke Math. J., 57 (1988),
185—203). I thank him for this information. In a forthcoming paper with B.
Csixés we have computed all the finite volumes of simplices.with natural
dihedral angles. I inserted the corresponding results in the table.



TABLE

Simplex S do dy dy3 dn di dy w(S)
p q r
Orthoschemes © O 0 = (p,Qq, 1) k=1
1 2 3 E. B. ViNBERG
(3,5, 3 0,8683 09727 1,3826 0,3942 09727 0,8683 0,039 (0,0391)
4,3,5) 0,8085 1,0613 1,2265 0,6269 0,8425 0,5306 0,036 (0,0359) .
5,3, 5 0,9964 1,4391 1,9028 0,9136 1,4391 0,9964 0,093 (0,0933)
3 2
lo o o 0 k=1
5 =L
3 B. Csix6s
E. Mornir
L 1,6169 1,0613 1,2265 1,0613 1,2265 0,5306 0,072 (0,0718)
0 1
3 3=y k=1
3 2
4,3) 0,7691 1,1284 1,0148 1,0148 1,1284 1,1284 0,086 (0,0858)
4, 4) 1,3843 1,7000 1,5668 1,5668 1,7000 1,3843 0,222 (0,2222)
(5,3) 0,9291 1,7611 1,6267 1,6267 1,7611 2,0444 0,205 (0,2053)
5, 4) 1,4871 2,2731 2,1328 2,1328 2,2731 2,2240 0,359 (0,3586)
5, 95) 2,3016 2,8264 2,6838 2,6838 2,8264 2,3016 0,502 (0,5021)
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This paper is devoted to the study of two expansion problems. In the first
one we prove exact order for the strong summability of expansions by a com-
plete orthonormal system consisting of eigenfunctions of a Schrédinger opera-
tor. As G. Arexrrs and D. KrAuik [7] proved, for the strong trigonometric me-
ans the classical estimates of Bernstein concerning Lipschitz classes remain
valid.

Recently I. Job proved the strong summability for the expansions with
respect to the eigenfunctions of a linear differential operator ([8]). In the next
theorem we prove a lower estimate for the Lip 1 class, proved by 1. Jo6 and N.
Bruj for the trigonometric case ([14]). In the second part of this paper we prove
an equiconvergence theorem between the Laguerre and trigonometric expan-
sions. For the Hermite and trigonometric expansions the analoguous result was
proved by L. Jod in [8].

Consider the Schrodinger operator
Lu: = —u”+qu

in a finite open interval G .and with géL'(G) and suppose that (i,){"
is a complete orthonormal system in L%(G) of eigenfunctions of L:

Lu, = \Nu,

with positive eigenvalues 0 <\ <N\, < . . .. Itis known ([1], [2]) that in this
case there exists a constant M >0 such that -

6 O<e = ¥y 1<, <0 (u>0)
INﬁ\k—ulsM
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with ¢, ¢, independent of u. Denote ,
k
Se(f, x): = L < udu)
=

the k-th partial sum of the expansion of feL*(G) by the system («,). Consider
further for 0 <a <1 the function spaces ([3]) B.(G) con31st1ng of all functions
fdefined on G = [a, b] and representable in the form

1) = § %o )+ ] (c—07dott)

a X

where p,, p,€BV [, b]. Tt is known that in this case feBVj, b]. 1. Job and A.
B. Nersesjan proved the following :

TueoreM A [3]. Let 0=a <1, feB (G); then

(2) (df, e ™y = S eMdf(x) = ON™) (O<N).

G
Remark that B, = BVO W], B, = (fif’ €BV} D W? and in general
B,OWIe (a=0)

where W**denotes the Soboleff space of fractional order 1+«. We shall pro-
ve the following .

Turorem 1. Let 0<a<1 and [a, b|CG. Suppose that qeL(G)NLE,,

for some 1<p<oo. Then for any feB,(G) such that f is absolutely conti-
nuous in |a, b] and f' € Lip («, |a, b]) we have

3) —I—E ISEdf, ©)—f' )| scn™ (xefa’, b))
n

k=1

SHG 0 = TN wom)

Jor any subsegment [a’, b’ C (a, b), and the constant ¢ = c¢(a, b, a’, b’, «,
q, f) is independent of x and n.

Proor. Denote for >0
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x+R

SZ; R(df; x): — —‘IlY X Sin (IH-ZZ)()’—X) f/ (y)dy
x—R
and for g€L'(0, 2II) let
4 . 1/
1 sin (u+1/2)(y—x)
ST(g, x): = — : d
w8 %) T S > o X? gdy

denote the usual p-th partial sum of the trigonometric series of g. Let

R
x€la’, b’], 0<Ro<%— min (@’—a, b—b’) and —20— <R<R,. We can sup-

pose that 0<a’ <b’ <2II.

Define
: ' if a’'<y<b’
guy:=4 0 if ye[0, 2ID\[a’, b']
gy +2II) = g(y)

then obviously
Se 5(df, x) = 57 %(g, x).

Now define the average operation

Ro
L_ 2
Dp[Fl: = =~ SF(R)dR
0 Ro
Ro
2
-and consider the decomposition
) Skf D~ = (Skaf, 9Dy [, ', 0} +

(D, 1S5 ¢, RIS, (" D) + (S, 9—S, @ 0} +
+(Six (8 D—g®)} = L +L+L+1,.
We shall show that
6 Ll =00y ) j=1,2,3
By (1) this will imply
) Il =0k  j=123
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Estimate first /;. Define

1 if a>VN
1 .
8(p, VAY: = 5 it u=v\
0 if p<VNe

Then '
©  SEfx) =Y (df udu@su, V) if VR, <p<var.
. k=1

Define further for fixed u, R>0 and x the function

(n+1/2)t
sin ———

w(x+t): = IIt
0 otherwise.

if ltlI<R

Using the Titchmarsh—formula
@) w(x+0+u(x—t) = 2u(x) cos \/)\_k t+

xtr "

+ § sin VA, (7—1x—E1)
Ve

q(&u£)dg

x—t

we get <

(U, Wy = S —SE%-:L@L [ (x+1)+u(x—t)|dt =

0

R
= 2u,(x) S —’Siﬂfl"—;—;l—/gﬁ« cos VN t d+
0

x+t

R
+S sin utli2y | sin N O=le=ED ey eyt dr
0

It N

Xt
Since Dy weLX(G), the series
. DR0 w=x DR0 {uy, wu,

corverges in L2-norm. We have for VX, < u<vN\py
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®)  SHdf, »—Dy, ISEREf, 1) = <df), 25 D, 1) i, 2001

with

R
e 1(): = w0 [a(u, VR)-—Dy, [% S SIEDE o5 Vi ¢ dr]] :
0

R .
G, 2002 = Dy, [S S (e ) S sin At q(s)uk(adsdt]
. k

i

x—t

The following estimates are known ([5], [4]):

(9) - "uk"Lm(G)SC"uk"LZ(G) =,
lu(x) |
10 I I =c K ,
( ) ck, l(x) C(RO) 1+ |,LL—\/7\;|2
R
sinpr_sinVi @—a) | _
(1) l S 57 - \/)\_k <

<Ry, a™ min (u A+VN) T H+p VN, IV ) (0>1, 0<a<Ry)
for any fixed é>0 Combining M, (9) and (10) we get that

E (D, ‘(x)l <C(RO)E m E [ (Du(x) | <

k=1 SN <)

< C(RO) E W <c (RO) .
j=0

Change the order of integrations in Cr, o (X):

x+t

S sin (u+1/2)t sin VA, ((—lx—£1) g u(b)dE dt =
4]

It N

x—
x+R

R
= S q(§)u(§) S

x—R Ix—¢1

sin (ut1/2)t  sin VA (t—x—£1)
T \/rk dr df.
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Ife<l—L then g(£)lx—&|~€L'(G—R, x+R) andby (II) we
P , .

obtain

)y
k=

'uk(t)ck, 2@ =<c(Ry, €, ‘])El lup(@®) | "uk"L"’(x—R, x+R) "

N

cmin {p T AFVAY T VN, (VA T2 <

<c(Ro, € q)Z0 min {p A+ +u7Y, Q) e <
s A

: [1] e 5. ©
<cRy, ¢, q){ L@+ )t B 2#} =c(Ro, €, 9).
b=

J=[p]+1

So we showed that the series

oo

Z.:a w(D){cr, 1(X)+C, 20}

L

converges uniformly for x, € G and then the scalar product in (8) can be taken
" term by term:

|S5(df, x)—Dg, [S; kaf, ]| sf}o 1df, wy Ve, 1(x)+c 20 1.
’ k=1 .
It follows from NEUMARK [9], Theorem 1, p. 42 that u,(f) has a representation

w(®) = @™ +00) +bye =N +Ok).

Now (9) yields that
a?+b} < const
and then (1) and (2) imply
, IKdf, eyl =ck™,
Consequently
IS3(df, x)—Dg [ *(df, 0]l <

[l

=<c(Ro; €, @) {E i T:ml——flz— + ) T W ) T T
j=1 Jj=1
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+ E j_u—zﬂ} = :c(Ro, €, P+ I+ L),

=i
Obviously Z;<cp™ and if a+e<1 then E,<cpu™
The same statement for X; can be proved by a decomposition:

(5] . 5]
P—a <c -2 i~ o -—l—cx’

L T Sk L=

Jj=1 Jj=1 -

~ 1 - 1
R <cu % <cu %
E ! 1+ lp—jl? K g 1+l p—jl? #
=[]+ » ’

The desired estimate (5) is proved for I;. In the next step estlmate L.
Obviously

Ry )
D, IS5, 0", 0] = - S sin (*/15“’2)’ f @iyt dR =
2
Ry Ry

_ «ir x(DdR sin (VN +1/2)¢ FOtndr =
Ry It

Ro ‘

- S sin (VNAVDE o4y min {1, 2z (RO—ItI)} dt

1t R,
Ry

We can suppose that ‘
[a, b]C (0, 2IT)
since we can shift arbitrarily the arguments of the functions. Define the function
fatnrfa—0 (2 2 t) it Ro <i<p,
It o 2
@y = 0 | i 1€[0, 21D\ [%(L Ro]

h(t£21D) = h().

I
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Then using the estimate of ALiMov and Jod [6], stating that for FeL}(0, 2I0)

a 201
Foo—F <x+—g)' dx+% 5 T

20—

"
<c S
0

211
| Dy, [S5520) —S501 =’é g h(t )sin (\/Xﬁ%)tdt

oo
(16) I S flx)e™dx
L .

we get

< .

/

< cw; (h, —E—) +< Al
ok

where

wi(h, 8): = sup ZISI_I [ h(x+8)—h(x) |l dx

0

is the usual L'—modulus of continuity.

It follows easily from the equality

Fy+9)Gy+o)—FOG() =
= (Fy+0)—F() Gy+8+Fy)(GO+)—G)))

and from

f'€ Lip (e, [a, b))
that .
wi(h, 8) < c(Ry)6*+c(Ry, I =, n)d=<c(Ry, f, a, b)6*

hence I, also satisfies (5). The estimate of I; is similar:
big

{ X =Ry, x+RY)Y) . 1 } dy‘ _
y—x =y
2

i |
ISV (s )—Si; (8 )| =, ! S sin (\/?\_ﬁ%) (—1)80)-
]
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paig
=| S sin (\/7\;+%) 1hy () —hy (1)) d.‘ <
0
=cay (hla ‘Il_> +cw, (h2, ‘—H—) +
oW +— ' \/Tk+i2

+—S (Il + 1m0 = O

Ve
where
e x' X+t
%g(xﬂ) XotoritpCFD 1 if 0=¢=2IT—x
h(): = 2 sin——
0 : ' if 2IT—x<t<2I1
h@£2ID) = hy(D), - '
X1 X ‘x;—t .
%g(x—t) Xoohe fR°)( ) 1 if 0<t=x
hy(®): = ' ‘ 2 sin —
0 : 27 i x<t<2l
hy(t £2I1) = hy(?). ‘
So (5) is proved and it follows from
n
1 — C 11— c
Y kes-fple = £
n ~ n n
that (3) is equivalent to
an LY 18T —g00) 1 =5 (x€la’, b']).
n

k=1

Show first that if p,— +oo, sup [ u,—7»,! <oo then for the above defined
function g(x) we have

(18 ulSt (g, »)—S, (g, x)l =c.
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Indeed, let v
. . M=V
1 sin 5t
o f x4+ ifO0<st<2ll—x
h3(t)3 - 2 sin % .
0 if 2IT—x<t<2I1
ha(t£2IT) = hy(1),
! sin “";V" t
.I_T.f’(x_t) fO<sr<x
haoy: = 2sing
0 if x<r<2Il
h4(t:b2ﬂ) = h4(t)s
then
oI
+v,+1
| an(g’ x)-.-Sz;(g, x)|l= S {h3(8)+hy(0)} cos TP ; tdt | <
0

) 211
<c {wl <h3, Wl—) +o <h4, W) +

gl + Ilh4lll)} <<

Hn

i.e. (18) is proved. Using (1) we can shift the square roots \/7\,‘ such that the.
new sum

1
o Ty ClSE (801500
m<v\,

satisfies

n

) | D Sl 01— B alST @ p—sl =6

k=1

20) 0< inf ¢, < sup ¢, <.

The known result of ArLexirs and KRALIK [7] states that

1
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1) Y 18T m—gw)! sﬁg

1
\/K m<\/x
and this combined with (19), (20) gives (17) and hence (3).
The Theorem 1. is proved. . :
Taeorem 2. Let [a, b]C G := (0, 2 I), feBV [0, 2 IT)N Lip {1, [a, b])
and let q satisfy the same assumptions as in Theorem 1. Then

(22) 1 Z ISE (f, x)—fx)l <c Inn (x€[a’, b"])
n
k=1

for any subsegment [a’, b’ C (a , b). The estimate is exact in the sense that the-
re exists fe Lip (1, [0, 2I1]) for which the converse of the inequality (22) holds.

Remark that a function feL' (0, 2I1) is called of power type if its Founer
coefficients of negative indices vanish. .

Proor. The inequality (22) can be proved as (3). The above proof gives
(5") with = 1. So (22) can be reduced to the analogous assertion for the tri-
gonometric expansion which is known ([16]).

Now prove the exactness of (22). I. Joo and 1. Bruy ([14]) proved that there
exists a power type functlon

f¢ Lip (1, [0, 211)
such that f0) = A2II) = 0 and

lnn

@ 5 TSI
! k=1 .

. Define a 2II-periodec function f*€ Lip 1 with compact support in (0, 2II),
supp f* C [6, 2IT—4] and such that -

=f in [26, 201—28].

Then for x€[36, 2I1—36]
' L o1 (k+ 1) (t—x)
(RO—f*()dt =

1
SE (L 0)—SE(™ %) = —
I J 2 sin t—2—x
21 1 '
1 - cos (k+=5)(t—x) d ( foO—r*@) )dt = ok™)
2IT k+% dt sin I
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uniformly in x€[36, 2IT—36]. Indeed, if there exists x,€[36, 2I1--35] with

2 '
d —_
cos k+~1— (t—x) — _.M dt | Zz¢;>0
2 dt . =Xy
sin —
then supposing x;—x, we get
Xk—xo+2H
1 t+x,—x)—f* (t+x—
COS‘ S cos (k"‘T)(t—xo)' d St +x—x0)—f* (t+x—x0) dil<
dt . t"“xk
., sin —
x—xg 1211
)—
<2 cos (kLY t—xp-2- [ LSOO 4
2 dt ) . t—xO
xk—xo Sln I
since

d_ [ Sutx—x)—ft+x—x) i d foO—1*(

dt . t—Xg dt —
sin T— sm

b

)

but this contradicts the Riemann-Lebesgue lemma. Qonsequently

n

(24) % Y ISIG 0)—Sl*, 0l = o (@ni) ~ (x€[38, 2IT—38]).

k=1

Since f* has compact support, we have

n

ISMT"(f*,x)——S,Z(f*,x)I = 0 ( Ml )

uniformly in x€[36, 2I1—36] where

pin— ® and v,—p, =0 (1).



ON EIGENFUNCTION EXPANSIONS m

Using this and (1) we can define the coefficients

O<c=c,=C<w»
such that ‘
@5 X ISh (@=L clSL (¢ D— )| = olnn)
=1 m<~A,

uniformly on [36, 2II—36]. Since f* is absolutely continuous with compact
support we can apply Theorem 2. of [15] which asserts that

(26) ISEP, 9)—Syx, (7 B = o(k™)
locally uniformly in (0, 2II). Finally we shall prove.
27 : [SES, x)—SE(F*, )| = o(k™)

uniformly for x€[36, 2II—36]. To this we shall use the asymmetric
Titchmarsh-formula

u(®) = uy(0) cos VA, t+ 40) sin VA, 1+
N,

t .
sin VA, (1—£)
+ d
0
which is easy to obtain if we substitute q(&)u(8) = Nau(§)+u () and in-
tegrate twice by parts. It follows from g€L'(0, 2II) that ([5])

luf l<c VN Ml <c VN,

Since f (0) = f2II) = 0, an integration by parts shows that

21 bin

[ U=, @] cos NNt [ =] sinV\g t dr = o(k™)

0 0
by the Riemann-Lebesgue lemma. On the other hand we change the order of
" integrations to obtain

2II 3

S (R—F©) S a®u®) VML= g g
k

0 0
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2T 21

- g q(é)uk@)S RO—F*®) M\/%t:ﬂ dt dk = Ok = ok™)
3 k .
0 £ ' . .

So we have proved that A
= w) = ok™).
Now since f = f* on [26, 2IT—28], we have for R, <6

Dy [SEE (F=f* 0] =0 (xe[38, 2I1—38)).
Ry '3

On the other hand, as we showed in proving Theorem 1, for

VA< <\ Ny We have

\SE(F—f*, )—Dg, [S; * (F—f*, 0]t =

Si‘j I(f_j*) uj)' le’ ](X)‘{“Cj, 2(X)l
j=

and
g1 =c Ro) —— I'Z'_’i/'lez
Le, 20 | (R, &, @)l -
-min (07 AV TN, AN T (>,
Now

oo

Y Kl @S

j=1

. .
SC(Ro) E 0(]'._1) m = C(Ro) </E+E =
VA

J=1 = [

=0 (%j— ) +o(u™) = o(u™).
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We intend to prove that for any fixed 6 >0
ISE (=, 9Dy, ISERG—F, 0]l <0 (4= 06).

We proved above that

oo

Y I g, )] sf; (1= u(9)).

j=1
On the other hand for large j (§) we have

X = uplie (ol <

J=i(®

Wl e 2. ©
scY o i +uP+e ¥ oY s
j=10) . = fu+1 |

=0 (u=ue), uzu).
4p

So it remains to prove that for any fixed D = D(5)

Vlgawls S (1<), nzu)).

pe

To see this, write

le; )1 =
Tt ©sin V(e lr—g1)
- sin s (—lx— sin ut _
_’DRO [ Sq(é)uj(é) S | \/%] T dtdg]l
x—R x—¢! .
x+R, RO
:‘ S Q(E)uj(é) —I%T S X(x—R, x+R)($> .
x—R, Ry
2

t sin «/X] (t—Ilx—&
\/X

J

D sinpr yopgel
1z
Ix—El
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An integration by parts gives

R
sin VN, (¢—I|x—£1) sin pt
dt =
I g

{x—&1

: ' R
cos puR sinx/fj (R—Ix—£|) S cosx/_(t—-lx—.fl) cos yt g —

- Iy R \/XJ
‘ lx—¢1
_ sin \/_ N (t—lx—E1) cos ut gt
Iy 1

lx—£1

Consequently, taking the absolute value in the integrals, we get

' : sin@(z—lx—gl) sin pt dt‘s Co
I\ It plx—E1e

lx—£1 7

and then for small 7 = 7 (¢, q)

Ro
2
f q(f)uj(a:)—,g X o 110 ®)-
Ry
Ix—El <y _2n
R
. sin VX, (7—Ix—¢1) sin pt dthd£| -
lx—¢1 | \/x] I .

It remains to show the same estimate for the expression where the outer integ-
ral is over 1< Ix—&| <R,. But it is easy: since the sets

{ sin V\; (R—a) 3
R,
VAR (7 &)

(R): n<a=<R,, Isj<j(6)} ,

cos V. (t—a) sin VA, (t—a) )
{ H]t X @, IIJt2 X »®;

n<a=<R, —-§°~ =<R=<R,, 1sj<j(6)}
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are compact in L'(0, R,), their Fourier coefficients with respect to
cos uR resp. cos uf tend uniformly to zero when p— + 0. So for y=pu (0) we

have indeed l¢; , ()1 s% if 1=<j<j(6) and hence (27) is proved. Taking

into account the estimates (23) — (27) we get (22) for the same function f as
in (23).

Theorem 2 is proved.
In fact we have showed the following

CoRrotLLARy. If qEsz,C(G) for some 1<p, if (1) holds and if feL! (G) has
coefficients C

S uy =oG™H
then .
Si(f, X)—Dy [SF R (f, 0] = o™
where .

V<<V

Remark. The Jacobi polynomials are defined for o, 3>-—1 by

1 .
| Pe? @PE P ()(1—0) () dx =

—1
The functions

1 1
a+i a+§
u,(0). = (sin g) ‘ (cos g) PR (cos 6)

satisfy the equation

’

—uril 'H]”n = )\nun (QG(O, H))

N = QH_ atp+1 )2
" 2

at— = B2

where

_ 1
4
4 cos? &
2

(see[10]). Here (1) is satisfied and g€LL. (0, II) since q is continuous. Hence
the proof of Theorems 1 and 2 can be repeated to obtain these results for Jacobi
expansions, too.
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Now consider summability problems for Laguerre expansions. If o > —1,
the normed Laguerre polynomials /{* (x) are defined by
{ I ) I (x) x* e dx = 6, 4.
0

Let
1 2
v@) =2z 2e P IP ) x>0
then ([10]) |
'—vn” +an = )\.nvn
with
)\n= 4n ] __1__ _a2
g(x) = x*—20—2— 5
X

We see that in contrast to the case of finite interval, the eigenvalues are linearly
distributed so (1) no longer holds. In what follows we shall suppose that

aZ——L

since in this case

[v,(x)| = const
independently of n and x. But we shall prove more

LemMma 1. For o= —% the estimate

(28) Y Vs ((=12,...;x>0)

jl=n<(G+I2

holds.
“Prook. Use the Mehler-type formula ([10])

- exp {—(x+y) —E—} Ja< i fxy_z)

1—
¥ 69 @) 19 o) = :
=t | i (N

(lzl <.
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Put x = y and use the Cauchy integral formula to obtain

2x re®®
S

@ I = L
2 Y [—re®
e P2 b2
ol 200 ———
1—r€l¢ . 1
(ixr'? iy e

for any 0<r<1. Since ([11])

29) @)l =@ ime (z;eo, Iargzl<H,a_>_—%)

Vizl
and
Re €  _Re L1 __q- 1—r cos ¢ 1=
1—re’® l—re™® (1—r cos ¢)>+(r sin ¢)?
— 1——(‘ cos ¢ 1 > 1 ’
2(1—r cos ¢)—(1—r) 2
ie? i : _
Im l—re®® m ¢ gi9R 1 G972 (|_p) =

—2 sin % +(1—r) sin % —i(l—r) cos 33

_ 9
(1—r) cos 5

= >

(1+7)? sin? % +(1—r)? cos? %
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we see that for —%:—s r<l1

i¢ ‘rJ/Z ei¢/2
o J 20 ————
- * < 1—re™ 1
. <

(ixrl/Z ei¢/2)a " eimb

1—re™®

1— ¢
(I—r)| cos 2!

< C! (04 ! x —a—1/2 ex 2xr 172 .
JTi—e®]| P é

., ¢
1+7)? sin? — +(1—r)? cos? —
(1+r) 5 (I—r)” c 5

1—r cos ¢
2(1—r cos ¢)—(1—r?)

r'2 (1—r)

cos % l ~—(1—r cos ¢)

= —LL“I 1c O;_i¢| 012 exp < 2x

(147)? sin® % +(1—r)? cos? ;3

Since 2 (1—r)

cos £
2

<1—r=<1—r+r(l— cos ¢) hence we see from the

Lebesgue dominated convergence theorem that the limit »—1—0 can be.taken
under the integral and

2t SR 1 <2Lx LM)
. 1 e 2 ) o l_ei¢
1 (x) 12 = - S ————— ¥ ¢ do.

21T 1—ei® (ixe'?)=
0
Since
I T A
e = ¢ —
PEn< IR l—e™™

hence we get
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(30) e~ Y 9w2e=

FEn< (12

ar o Ja <_ l ) sin (j+i> (0]
_ _i_S e—‘D«' ctg 2 SiIl 2 e—i(f2+j+1/2)¢ 2 d(b‘
= N
Al 4 sin % (7€) sin —
2 2
This integral will be estimated separately for
am 2Tt 2
e
0 0 ! 21—
by (29). Namely,
J_ < o) 7
S\/ %

e

we used the estimate

Analogodsly

Finally we have

j 1

| § 1SC(a)S \V/ —% o2 do sﬂ\/%l\/j_
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and analogously

21—t
l g ISc(a)\/Jx‘..

e~ v O P <) V]

P=n<(+1)?

So

The Lemma 1 is proved.
We shall need another estimate, too:
LemMA 2. Define for p=1 and A\, =1, @, r>0 the number

R
. o Jp (u)
Yo = S sin VA, (t—a) —J;Ur—i]ﬁ— dt.
Fix an ¢, 0<e<1. Then
W i VN
? a"+u"”2—l—1 if r<1
a) MPESR a=t
g Jr
[Lr_l/2+e ae—l 1+ #’v‘ ) lf er’
b) I’Y |< c #r—-1/2+e ae—l +#1/2 a~" if r<l
" \/7\" Mr—l/2+e ae-—l if'rZL

R
Here ¢ = c(r, €, Ry) does not depend on a, VA, u (and EO sRsR0> .

Proor. We shall use (29), the rules ([11])
€y 2 e () dz = —p 27T, (u2),

{22 T (ue) dz = p 2% T oyuq (n2)
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and the estimate

7, ) =c (o) x* (x>0

which gives with (29) that
Gy W, @l=c()x (x>0,—-—~;— S'ySu).

a) Integration by parts gives

t tr+1/2

Y= g Sin VA (0—0)  Jrn ()

e [J,_m (w) sin VX, (t—a) ]_R B

tr—l/2 t

1

R ‘ .
r+- Jo_in (ub) sin VA, (t—
) S 12 (ub) sin VA, (t—a) dit

3
U

tr+1/2

)\,, S 1 (ut) cos VN, (t—a)

By (29) we see that

"L =c(r, Ry) p=2.
Take the estimate

Wy (ut) | = () ()12

and

Isin VN, (t—a)| < Isin VN, (t-—a) e <MD

dt = :11+12+I3.
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to obtain

LI <c(r, Ry, €) u VN as' .

In I; estimate

then

b)

By

we get

Estimate

then we obtain

Jrin (ut) by ()™ if r<1 and by

c(N(pH) P e if r=1;

—1/2 —r .
N ' ca if r<1
|1 <c(r, Ry, €) M {

ur——3/2+e ae—l if r=>1.

_ [eos VN =) Jp @) "
Tn x/X; {r+12

t=a

, R N
—u S CcOS \/T,, (t_a) Jr+3/2 (/"Lt) dt = :14 +IS

\/7\_ tr+1/2
n ,

iz (u0)! < c(r(un™7

r—1/2+¢
lI4l SC(I‘, Ro) ‘L‘_ ae_l

VA,

Joran (uf) by c(r)(u) ™" for r<1 and by

c(N(ph)™32*¢ for r=1,

p " ar if r<1

@ a if r=1.

lIsl SC(I‘, RO’ E) \/_—)\L { r—32+e¢ ,e—1
n

The Lemma 2 is proved.
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Introduce the Riesz means of order r of the Fourier-Laguerre expansions
of a function feL - (0, ) as .

(B3) R(fx:= ¥ I t&/z e~y I (x) xo2 ¢ (1_]\_1;)
N<p U

and the corresponding means of the ordinary Fourier series of f by the formula

Jx+R
(34) S"R (f x) \/__ " .\/—if(yZ) W}.’é(y——'\/—x_) dy
~x—R :
where :
S (ultl) :
12—r r+1/2
Wy (@) : = a(Nu BT if Itl <R
0 if 11l>R
and
I (r+1
a(r) : =27 J_._L .
=2
TreoreM 3. Let o= — —;* , r= i— and KC (0, o) be a compact set,

R
~ Ry<2dist (0, K) and —-29~sRsl‘i’0. Then for every feLl ,, (0, ) we have
(35) R.E0—S;Rfx)=0) (n—o)
uniformly on K. - A

Proor. We know that the above introduced Lagﬁerre functions v,(x) form
a complete orthonormal system of L? (0, o) further v,€L* (0, o) for all n.
Define ‘

fk(t) <= \/—2_ tl/ZﬂtZ)
then feL.L (0, o) if and only if f*€L! (0, o0) and

» 1
f* Uz, oy = —= I 0w
 further oo e = 75 Wi e,
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E f(x) xou‘2 e—xfz ['(ch) (x) dx - S 2:11-0( e—ﬁfzﬂtZ) l,(,a) (12) dt =
0 0

oo

=[O0

0

and then the Riesz means of f* with respect to the system (v,) sytisfy

(36) Ri( 0= T (f v v (1* Lﬁ) -
s

Fr<,

= X (L0 ey N2 xoH e I (x?) ('1- A%> =
, p

\/Xk<u
= ‘\/‘2} R: (f, x%)
and
x+R
(37) SR (0= | ) W —x) dy =
x—R :

=2 TR 5 SO =) dy = VEx iR (%),

x—R .
Hence (35) is equivalent to
(35%) R (P, 0)—S; (" 0 =ol) (u=)

uniformly for x€K. We shall prove (35°).
Consider the Fourier-Laguerre coefficients (for x€K)

W, = fn Wi (t—x)v, (t) dt = f Wi () [vx+8)+v,(x—)]dt =
0 0
R

=2v, (x) § Wy (t) cos VN, t dt+

0
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x4t

R
+§ W (1) S g@w, (&) SV (=128 4 g

N,

i
x—t

(we used the Titchmarsh formula (7)). Now the difference of the kernels in
(35°) is

(38) WiG—0— L v w0 (1—2‘;) =Wy (t—x)—Dy, Wi (t—2)]+

V’i];<y,

oo )\ r .
+ Y v {DRO [wid—0(z, VA (1—~) vk(x)} .

k
2
k=0 H
We shall use the following estimates proved in [12]:.

c(r, Ry)

r

(39) | Wy (t—x)—Dy, [Wy —x)) | < (>0, x€K)

=<

(40) DRo [2'§R W5 (1) cos Nt dt]-—5 (, \/_X;) ( —-—L’;) ,
U

0

c(Ro) 1
pl,r 1+ lﬂ—ml 2

Remark that (39) can be directly verified; (40) is a special case of Lemma 1 of
[1] having a very tedious proof, but (40) can be shortly proved by repeating the
method of the proof of Lemma 6 in [13]. The estimate (40) and

a1 p Vi =c(K) for xeK

PN <GH)?

([10}) implies

W) vix) {DRO E f W (1) cos NN, df]—b (u, VN (.1_ %) } ’S '
0

@
k=0
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o]

cRy) vl
SE o I lp—VNI1?

v Ry 1
=E ,0 T T |2 E RAORACHIES
Jj=0 K K7 fzS)\k<(f+1)2
c(Ry) i 1 ( E , 12 , 2
= v | Y wm@P) <
r <12
poo = 1 Fare i P
c(Ro> i
3
- 1+ l/,c—]fz
Now
. [4]
E -1 < ..% < C
—7 3/4
s 1+ lpu—j P ~ u
R ) o
E __,l___P_ <c 1/42 1 [2 SC[LIM
1+ lp—jF 1+ | y—
e S
= V4 bl
/ 74 c
1+ | p—j P cX s Pz
Ll b’
=317 |+ j=3[£]+
Consequently
42)
E Vi) vi(x) {DRO [25 & () cos \/X,;tdt]-—a (1, VA (1_._~) } <
“
k=0 0

c(Ry)
u("?"‘ <cRy).

A
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Form Lemma 2 it follows that

x+t

, R
. in VA, (t— lx—£1
00| | mro | q@ e SYOED
N < \/T"

< b ,

x—t

x+R R -
sin VA, (t— lx—&]1
=Y v 0 Dy, “ a(®) vk@)g e ds]|=
\/Xk<"‘ x—R Ix—£1 k
<c, Ry & L [v)l vl w1
- 3 ’ ' vt 2% R, X — .
0 o< 4 kU L7 Ry, Xx+Ry) \/Tk U
\/ %‘1‘- +p 2 AN if r<1
”r—l/2+e lf er.

In case < 1, using the Cauchy-Schwarz inequality we can further estimate by

[\ . re1 ’
c(r, Ro, ) Y j™ (u"—1+"—u ) <

=
/ \

<c(r, Ry, © (0" +p ) =e(r, Ry, ©)

if e<-3- . Take the case r=1, then

[
cr, Ry, © Y ulj3" <c(r, Ry, € u* =c(r, Ry, ©).
J=1 .

Analdgously

, x+R R -
i —|x—£1
Y |V Dy, H q(8) v(®) SW}S‘“WQ;—’ & ‘E)drdzﬂs
N<u R fx—f1 g
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o " —Q if <1 and e<i—r
. —r
<c(r, Ry, €) E jr A Jr—lf2+e
j=1%] J 4 if r=1
: J

1—r |

K 34

<c(r, Ry, €) . <c(r, Ry, €).

B
L

The above calculations proved that the difference of the kernels (38) is uni-
formly bounded (independently of u). The operator sequence

T, : L' (0, 0)—C(K),

T,/ = R; 0, x)—S8; R, x)
has common bound,
HT“ I <c(r, Ry, €) (n>0).

The estimate (35”) then follows from the Banach-Steinhaus theorem since for
the finite sums
N

= ‘ Y o
k=0

which run over a dense subset of L'(0, o), the Riesz means R, converge
since the partial sums are constant for u>~'\, and the means S‘f’"e converge

locally uniformly. Indeed, we know ([11], p. 59) that

. . 2—r—1/2 I‘v (l)
S I (p1) dr = 2
0

r+1/2
t Ml/Z—r T (1+7)

which implies
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21T i

W}r( () dr =27 r (7:+_1)M lLl/Z—r S 77Jril/2 (un) dr = %
4]

hence

1858 (f, x)—fix) | <

<

+

R
! J r+
o _I’J\/;:BIL 2 S [foc+6)+f(x—H—2f(x)] _;%5’2‘”2 dt

0

r I (r+] V2—r Jriin (o) .
+ 2f(X) 2 —(ZJ;H‘_LM S _trHT—dt = 'Il+12'
®

Now

ILl<c(r, Ry, f, K) p™" S T =

R
=c Ry, , ) p=™"  (x€K).

Since

lfG+)+f—)—2f) I <cR, f, K) 1*  (x€K) -

for feC* (R) hence in case r<2

R
IIIl <c u1/2—r S ’L—I/Z tl-—r dr < cu—r
0
and in case r=2

R r—2
Ll scp?® | 1 i’;—fﬂ%— dt <cpu™"?
0

holds with ¢ = ¢ (r, Ry, f, K). This proves the locally uniform conifergence of
the means S %, so the Banach-Steinhaus theorem applies.

The Theorem 3 is proved.
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EXISTENCE AND LIPSCHITZIAN DEPENDENCE THEOREMS
IN COMPLETE SPACES
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1. INTRODUCTION

We shall give two very elementary conditions each of which implies the exis-

tence of a zero of a non-negative real valued function defined on a complete

metric space. The validity of these existence theorems is equivalent to the

completeness of the metric space. In section 3 we derive from our existence

theorems a number of fixed point theorems, Lyusternik-type theorems, open

mapping theorems, implicit- and inverse multifunction theorems. Most of the-

se latter theorems are known, some of them are slight generahzatlons of known

theorems, but the unified and elementary approach given here seems to be

novel.

Some words about terminology and notations. Let (M, d) be a metric spa-

“ce, u€M and r=0. The closed resp. (in the case r>0.) the open ball about u
with radius r will be denoted by B(u, ) resp. B(u,r). The distance of an element

x€M from a nonempty subset H of M will be denoted by d(x,H). Analogously,

if @ # HCM then

BH,r) = [xEMId(x,H)Sr}
and .
BH,r) := [xeM|d(x,H) <7}

Let (M,d), (N,e) be metric spaces, fN—2™ a multifunction and (7,x)€
graph f. fis said to be pseudo-Lipschitzian at (3,x) with Lipschitz constant L >0
(see [10)) if there exist a neighbourhood W of y and a neighbourhood U of x
such that if yeW, zeW and u€f(z) N U then there exists a v€f(y) with d(uv) <
Le(z,y). Let M and N be topological spaces, f:N—2 a multifunction and
(y,x)€ graph f. fis said to be lower semicontinuous at (y,x) if for each neighbor-
hood V of x the set {z€Y|fiz) N V##) is a neighborhood of y. If a multifunction
is pseudo-Lipschitzian at a point then it is lower semicontinuous at the same
point (this follows immediately from the definitions). -
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Finally, some special notations that will be used troughout the paper. If
(M, d) is a metric space and g:M—R , then one can introduce an order rela-
tion =<, on the set M in the following way: v<.u if and only if
divu)+g(W) < g(u) (d(u,u) = 0 implies reflexivity, d(u,v)= 0 implies antisym-
metry and the triangle inequality implies transitivity). If u€M then the set
lxéM1x= ] will be denoted by ]—oo,u], and the set [x€M\[u} |x=< u} by
J—oo,ul,. Note that }—oo,u], C B(u,g(w)).

2. TWO EXISTENCE THEOREMS AND COMPLETENESS

Trrorem 2.1. Let (M d) be a complete metric space, uéM, 0<p<1, and
g:M—R, a function. Suppose that

(2.0 Vv€]l—oo,ul 3 weB(v,(1—p)g(v)) such that g(w)<pg(v),

if (x,) is a convergent sequence in |—,u, such that
(2.2) . .
lim(g(x,)) = O then g(lim(x,))) = O.
Then there exists a z€]—o, u], with g(z) = 0.

Proor. The proof is essentially the same as that of the Banach contraction
principle. We construct recursively a Cauchy sequence (x,) in }—oo,u], such
that lim(g(x,)) = 0. Starting with xo: = u we select an x,€B(u,(1—p)g(u)) ac-
cording to (2.1): ‘ .

g(x) <pglx).

Suppose that n€N and the elements x,,. . .,x, have been chosen in such a way
that, fori =1,. . ., n,

d(x;_y,x) = (1—p)g(x;_;) and

2.3) _
gx)<pgx,_)<p'gw).

Then

24 d(u,x,) < .)r-,z‘li(xi—l X)) = (I—P)f: 1 glxi=) =

n—l1 .
= (l—p)Zop’g(U) = (I—p")g(u) = g(u)—g(x,),
N =
that is x,€]—oo,u],. According to (2.1), an element x,,,; can be chosen in such
a way that (2.3) holds for i = 1,. . .,n, n+1. Thus we have constructed a se-
quence (x,) in ]—oo,u], such that (2.3) holds for all i€N. This implies that
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lim (g(x,)) = O and that the series Ed(x;_;,x;) converges, therefore (x,) is a
Cauchy sequence. (M,d) is complete, thus z:=lim(x,) exists and from (2.3) we
get g(z) = 0. Finally, by (2.4) we have d(u,x,) <g(x), B(u,g(w)) is closed, so
d(u,z) = g(u), that is z€]—oo,u],.

Remark 2.2. If the function g:M—R, is lower semicontinuous then it
satisfies (2.2), but the condition of lower semicontinuity instead of (2.2) does
not always work in the applications (see remark 3.9).

For our second existence theorem we shall need the following Theorem
2.3, which is not only a special case of Ekeland’s variational principle but is ac-
tually equivalent to it. For a proof see for example Chapter 5 of [1] (Corollary
3.2), [2] (Theorem 2.1), [3] (Theorem 2.3) or [5] (Theorem 1.1).

Traeorem 2.3. If (M d) is a complete metric space, u€M and g:M—R, a
lower semicontinuous function, then there exists a z€]—oo,ul, such that
]—ooz[, = 0. ‘

TueoreM 2.4. Let (M,d) be a complete metric space, uéM and g:M—R |
a lower semicontionuous function. Suppose that

2.5 1=, # @ whenever v< u and g(v) # 0.

Then there exists a z€]—oo,ul, with g(z) = 0.

Proor. Indeed, if g(v) # O held for all v€]—oo,u], then the interval
]—,v[, would be nonempty for all such v—contrary to Theorem 23]

Remark 2.5. (2.1) clearly implies (2.5), therefore Theorem 2.4 seems to
be more general than Theorem 2.1 for lower semicontinuous g. Nevertheless
Theorem 2.4 itself implies that if for a lower semicontinuous g:M—R, (2.5)
holds then (2.1) holds as well with p = 0, that is, for every v€]—oo,u], there
exists a weB(v,g(v)) with g(w) = 0. Namely, Theorem 2.4 can be apphed for
the point v instead of u (note that ]—oo,v], C B(v,g(V))).

Remark 2.6. The condition of lower semicontinuity in Theorem 2.4 cannot

be relaxed to condition (2.2). This is shown by the following trivial countere-
xample: M: = R, d(xy) := lx—yl, u:=0 '

S+, if 0<lxlsL,
g(x):=

1, if x=0.

To v = 0 one can choose any we[—1/4,1/4]\{0}, if 0< |v| <1 then w can be
chosen between 0 and v arbitrarily.

Remark 2.7. Theorem 2.1 characterizes the complete spaces. Moreover,
one can prove the following assertion: If p€]0,1[ and the metric space (M,d) has
the property that for all u€eM and every lower semicontinuous g:M—R,
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satLSfylng (2.1) has a zero, then (M.d) is complete Indeed, if (x,) is a Cauchy
sequence ‘then the sequence of numbers d(x,x,) is convergent for all xeX. Take
a u€X and if u#lim(x,) then for all xéM, g(x) := 2 lim (d(x,x,))/(1—p). g is
easily seen to be lower semicontinuous..If v€]—oo,u], and g(v) # O (in the
case g(v) = 0w := v) then for n>n, we have d(v,x,) <2lim(d(v,x,)) =(1—p) -
-g(); for n>n, and m>n, it holds d(x,,x,,) < (1—p)pg(v)/2, hence for n>n,
we have g(x,)<pg(v), therefore one can take w:=x, with any
n>max{n;,n,}. The zero of g is of course the limit of (x,). Theorem 2.4 cha-
racterizes the complete spaces, too. This follows already from the assertion
proved just now, because (2.1) implies (2.5). Similar characterizations of
completeness can be found for example in [7], [11] and [12].

3. CONSEQUENCES OF THE EXISTENCE THEOREMS

Let us start with the trivial remark that the Banach contraction principle
is a corolla:cy of Theorem 2.1. Indeed, if (M ,d) is a complete metric space and
f:M— M is Lipschitzian with Lipschitz constant p€[0,1[ then for any u€X one
can define g(x) := d(x,f(x))/(1—p) and w := f(v).

Now we show that the set-valued contraction principle (see [8], Theorem
5), is also a special case of Theorem 2.1.

Tueorem 3.1. Let (M d) be a complete metric space, let the values of the
multifunction F:M—2M be nonempty closed subsets of M, and suppose that

3D . d(wF)) <Ld(xy)

holds for some L€]0,1] and for all yeM, xe M, weF(x). Then there exists a z€M
with 7€F(2).

Proor. For any ue€ M and p€]L,1[, Theorem 2.1 can be applied to the functi-
on g defined by g(x) := pd(x,F(x))/L(1—p). Indeed, to each v€X one can find
a weF(v) such that d(v,w) <pd(v,F(v))/L = (1—p)g(v) (because p/L>1), and
applying (3.1) with y := wand x := v we obtain

. d(w,F(w)) =Ld(vw) <pd(v.F(v)), _
which proves (2.1). Suppose that lim (x,) =y, lim(g(x,)) = O, and that
w,€F(x,) satisfies d(x,,w,) <d(x,.f(x,)) +1/n. Applying (3.1) with x := x, and
w ;= w, we have, for all positive integers n,
A, F0)) <dyw,)+d(w, o)) <
<d(yx,)+d(x,w,)+Ld(x,y) <
< (1+L)d(t, ) +d(x,, Fx)+—-=

< <1+L)d<x,,,y>+141§"2l g(x,,)+%,
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hence g(y) = 0. Of course, any zero of the function g is a fixed point of the
multifunction F, []

The next corollary to Theorem 2.1 will be the so-called generalized Lyus-
ternik theorem (see § 0.2 of [6]). In the proof of it we shall use the following
trivial and well-known corollary to the Banach open mapping theorem.

Lemma 3.2 Let X and Y be Banach spaces and P:X— Y a continuous linear
surjection. Then there exists a positive number r such that B(Oyr)C
C PB(0y, 1), consequently for each

1
sup{r>01B(0,,7) C PB(0y,1)}

and each y€Y there exists an x€X such that Ax = y and Ixll <klyl.

TueoreM 3.3. Let X and Y be Banach spaces, P:X—Y d continuous linear
surjection, xy€X, X, R>0, 0<b<min{l/2¢(P), 12}, and f-B(xy, 2R)~Y a
mapping such that for each x,z€B(x,,2R),

k>c(P) =

(3.2) o)A —Pe—)l < blx—zl.

Then there exist a neighborhood UCB(xy,R) of x, and a function q:U—
—B(0,, R) such that, for teU, fit+q(t)) = fixy) and lg(®)l < IAH)—Rxy)i/b.

Proor. As (3.2) implies the continuity of f, there exists a neighborhood
UCB(x,,R) of x; such that

IAH)—fxe) I <bR for all zeU.

Fix an arbitrary t€U. We claim that u: = Oy, M := B(0,r) with r := lIf{f)—
Ffxl/b, d(x)y) := llx—yll, p := 1—b and the function g:M—R defined by
g(x) = IRt+x)—Ax) /b satisfy the conditions of Theorem 2.1. (2.3) holds
by the continuity of . As 1/2b> c(P), by lemma 3.2 we have for each veM a
weX such that

(3.3) Pw—v) = —2b(f(++v)—f(xy))

and ‘
(3.4 lw—vll < IRt+v)—fx)l = bg(v).

Observe that if v<,0 that is vl <g(0)—g(v) = r—g(v) then lwl=<
w—vll+livl = r—pg(»)<r that is weM. Defining the function
h:B(xo,R)xB(xo,R)_’Yby 0’ ifx =z
(3.5) h(x,2) = { [f)—R)—Px—))/Ix—zI,

ifx #z
and using (3.3) we obtain



196 ) SZILAGYIT.

ft+w)—fxg) = ft+v)—fxg) +Pw—v) +h(t+w,t+v) lw—vll =
= (1-2b)[(t+v)—fxp) 1 +h(E+w,t+v) lw—vl,

hence (3.4)-and (3.2) yield

- gw) = Ifie+w)—fx) /b < (1—2b)g(v)+bg(v) = pg(v). -
Applying Theorem 2.1 we get a zero g(f)€]—oo,ul, C B(u,g()) of the function
g-

Remark 3.4. It is obvious that if f has a strict Fréchet derivative P at the
point x, (this means P:X—Y is a continuous, linear mapping and for each po-
sitive € there exists a positive & such that if lx—xyl <6 and lz—zyll <6 then
lA(x,z) Il < e where h(x,z) is definied by (3.5)) then (3.2) holds for some R>0.
It is also well known (being a corollary to the Lagrange inequality) that if f has
a Fréchet derivative Df(x) in each point of a nelgborhood of x, and the map-
ping x—Df(x) is continuous at x,, then Df{x) is a strict Fréchet derivative.

A natural extension of Theorem 3.3 is the following.

TuroreM 3.5. Let T be a nonempty set, X and Y Banach spaces, P-X—y a
continuous linear surjection, x,€X, R>0, 0<b<min{1/2¢(P), 1/2} and
[ TXB(xo,R)— Y such that for all x,2€B(xy,R) and teT

(3.6) - e 0)—ft,2)—Px—2) Il < bllx—zI.
Then

A) for each teV := {teT | lIfiz,x;)| <bR} there exists a zero of the function
fit, ) in the ball B(xy, |1f(2,x,)V/b);

B) if, in addition, T is a topological space, fis continuous, lu—x,l <R

* . and fity,u) = O, then the multifunction F:V—250:%) defined by

F(t) := {x€B(x,R)fit,x) = 0]
is lower semicontinuous at (ty,u); )

C) if, in addition, (T, d) is a metric space and fis locally Lipschitzian with
respect to its first variable at (ty, u) [this means it satisfies :

37 Ifit,, x)—At,, )l <Ld, t,)

for some L>0, r>0 and for all t,, t,€B(t,, r), x€B(u, r)] then F is pseudo-
Lipschitzian at (1, u).

Proor. A) In the same way as in the previous proof, we can apply Theo-
rem 2.1 with & := x,, r := Ift, wl/b, M := B(u, r), d(x, y) := lx—yll and
gx) = lfe, /b,

B) For each neighborhood U of u there exists a positive number s such
that B(u, s) C UNB(x,, R). fis continuous, therefore W := {teT! lifiz, u)ll <bs)
is a neighborhood of #,. Now we can apply part A) with (x,, R) replaced by
(u, s) and this yields the desired result: F(£)N\ U@ for all teW.
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C) Let L and r be chosen according to (3.7). We may and shall suppose
that r <R—d(xo, u). Let W be the closed ball about f, with radius min {r,
br/AL} and U := B(u, r/2). If t;, t,eW and x,€F(t,) N U then f{¢;, x;) = 0 and
d(t,, t,)<br/2L. Part A) can be applied to (x;, R/2) instead of (x,, R): there’
exists an x,€X with

lx,—x, l < sy, x)W/B = life,, x)—Rty, x)N/b<Ld(t,, t,)/b=<r/2

such that f{z,, x,) = 0. Thus x, is in F(#,) and F is pseudo-Lipschitzian at (¢,,
u) with Lipschitz constant L/b.

Remark 3.6. If S is a topological space, X and Y Banach spaces, GCX an
open set, €S, x,€G and £:SXG—Y a function such that

, a) for each #€S the function f{¢, -) has a Fréchet derivative at every point
x€G denoted by D,f{(t, x) and
b) the function D,fis continuous at (¢y, x,), then for each b >0 there exist
a neighborhood T of #, and an R>0 such that (3.6) holds with P :=
= D,f(t,, xo). This is an immediate corollary to the Lagrange inequality:

WAz, x)—At, 2)—Px—2)ll < Selj%H[llsz(t, sx+(1—5)z)—Df(ty, x)ll - lx—zll.

Theorem 3.8 is the multivalued version of Dmitruck’s theorem (that of ~
Theorem 1.5 in [4]), which is a common generalization of several Lyusternik
type theorems In this theorem the notion of p-chain will be used in the follo-
wing ““ <-sense”

DeriNITION 3 7 Let Y'be a metric space, HC Y, KC Y and p>0. The set H
is called a p-chain for K if, for each yeK, HNB(y, p) 0.

THEOREM 3.8. Let (X, d) be a complete metric sapce, (Y, €) a metric sapce,
x0€X, R>0 and 0<b < a. Suppose that f-B(x,, R)—2" is a multifunction with
closed graph such that f(B(v, s)) is a bs-chain for the set B(f(v), as) whenever

(3.8) d(x,, V) + aa_s 5 <R

Then ’
A) B{flu), (a—b)r) Cf(B(u, r)) whenever

(3.9) d(x,, u)+r<R

consequently B(f(u), (a—b)r) CfB(u, r)) for these pairs (u, r);

B) the inverse F of the restriction of f to the open ball B(x,, R) is pseudo-
Lipschitzian at each point of its graph (with Lipschitz-constant 1/(a—b)).

Proor. 4) Suppose that (u, r) satisfies (3.9) and yeB(f(u), (a—b)r). We
must prove that e(y, f{z)) = 0 for some z€B(u, r) =: M. We shall apply Theo-
- rem 2.1 to the function g:B(u, r)—R, defined by g(x) := e(y, fix))/(a—b) and
to the number p: = b/a. (The restriction of d to MXM will be denoted again
- by d). If d(u, v)+g(v) < g(u) then using (3.9) and the triangle inequality we get

d(xy, ) +g() =R,



198 SZILAGYI T.

thus (3.8) holds with s := e(y, fv))/a = (I—p)g(v). As fB((v, (1—p)g(¥))) is a
pe(y, f(v))-chain for the set B{(v), e(y, f{(¥))) and y is an element of this latter
set, there exist a weB(v, (I—p)g(v)) and a y €fiw) such that e(y, y)=<
<pe(y, fv)), therefore

gw) =ely, fw))/(a—b)<e(x, y)/(a—b)<pe(y, f(v))/(a—b) = pg(»).

Hence (2.1) holds. Now suppose that z = lim (x,) and 0 = lim (g(x,)) =
= lim (e(y, fix,))/(a—b)) = 0. Then there exists a sequence (y,) such that for
each neN we have y,€f(x,) and e(y, y,) <e(y, fix,))+1/n, so thaty = lim (y,).
The graph of fis closed, therefore yef(z), e(y, f(z)) = 0, g(z) = 0. Hence (2.2)
holds and Theorem 2.1 yields the desired result: yef(B(u, r)).

B) If uEB(xo, R) and z€f(u), that is, (z, u)€ graph F, then there exists a
positive number r such that d(x,, u)+r<R. Using the notations
W= B(z, (a—b)r/3) and U :=Bu, r/3),
we have for each z,, z,€W and x,€UNF(z,),

(@1, 7)< Fr(a—b) < (a—b) r—d(u,x),

hence if z; #z, then the pair (x, e(z; 2,)/(a—b))=:(u, r) satisfies (3.9). By 4)
2€B(fx,), e(z1, 22)) CAB(xy, e(z), z2)/(a—Db))),

that is, z,€f{x,) for some x,€B(x;, e(z;, 2,)/(a—D)), thus
xleB(F(Zz)a' e(zy, Zz)/(a—b)) .

ReMARk 3.9. The function g in the proof of Theorem 3.8 need not be lower
semicontinuous even f is single-valued (this fact justifies the choice of condition
(2.2) instead of the lower semicontinuity condition). For instance, if X = R,
d(x,y) := lx—yl, Yis the space of all bounded R —R functions with the met-
ric induced by the norm 4l := suplh(#)!, y:R—{0}, and f:X— Y is defined by

2, iIf x=0 and t€R,
foxn =41, if x#0 and =1,
0, if x #0 and t#x,
then the graph of fis closed (since lfix))—fxy) Il =1 for all x, #x,, the graph
has no accumulation points) but g is not lower semicontinuous at the point O:

_ _ (2, if x =. 0,
gx) = Ifx)—yl = Il = {1’ i x 20,
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Now we prove that a sharpening of a theorem of J. P. Penor (see [9], Theo-
rem 2.3) is a special case of the previous theorem. Penot’s theorem can be re-
formulated as follows. )

Treorem 3.10°. Let (X, d) be a complete metric space, Y a normed linear _
space, R>0, 0<b<a, xy€X, h:B(xy, R)—Y a Lipschitzian mapping with
Lipschitz constant b and P:X—Y a continuous mapping satisfying B(P(v),
as) C P(B(v, s5)) for all véX and s> 0. Then for the mapping f : = P+h we have
B(f(xo), Ra—b)) Cf(B(xo,R)).

The sharpened version reads:

TraeoreMm 3.10. Let (X, d) be a complete metric space, Y a normed linear
space, R>0, 0<b<a, xy€X, h:B(xy, Ry—~Y a Lipschitzian mapping with
Lipschitz constant b and P:B(x,, R)—Y a mapping with closed graph sa-
tisfying ,

B(P(v),as) CP(B(v, s))
whenever
d(x,, v)+*-7 R.
Then '
A) the mapping f.P+h satisfies B(f(u), (a—b)r) CfiB(u, r)) whenever

(3.10) d(xo, u) <d(xy, u)+r=<R,

consequently in this case it satisfies B(f(w), (a—b)r) CABu, r)) as well,

B) the inverse of the restriction of f to the open ball B(x,, R) is pseudo-
Lipschitzian at each point of its graph (with Lipschitz constant 1/(a—b)).

Proor. If we prove that f{B(v, s)) is a bs-chain for the set B(f{v), as) whene-
ver the pair (v, s) satisfies (3.8), then everything will follow from Theorem 3.8,
Let y be in B(f(v),as). Then y—h(v)€B(P(v),as) C P(B(v, s)), that is, y—h
(v) = IP(w) with some weB(v,s). Therefore )

ly—Aw) I= IP(w) +h()—P w)—h(W)ll = Ih(V)—h(W)ll <bd(v, w) <bs.

Remark 3.11 In the previous theorem Y need not be a normed linear space.
The same proof works for example if ¥ is a commutative topological group
whose topology is induced by a translation invariant metric.

Now we derive from Theorem 2.4 am abstract “implicit multifunction
Theorem** which is a generalization of parts A) and C) of Theorem 3.5.

TueoreM 3.12. Let (X, d) be a complete metric space, (Y, e) a metric spa-
ce, x€X, R a positive number, for each y€Y g, :B(x, R)—R, a lower semicon-
tinuous function and M, := [veB(x, R)ld(x, v) <d(x,v) +gy(v) <R.

Suppose that

Gy " g @)<R forall yey,
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(3.12) Vy€Y, WeM, ]—o, v [,#0,

v(x, y)EB(xX, RxY Ir>03IL>0
" such that '
(3.13) lg,()—g. ()| <Le(y, 2)
forall .
' u€B(x, r), yéB(y, r) and z€B(, r).
Then :

Fy) := [xeB(x, R)Igy(x)‘ = 0} %0 forall yeY,

" and the multifunction FY 2858 js pseudo-Lipschitzian in each point of its
graph.

Proor. Theorem 2.4 can be applied with u := X, M := B(u, &/(w)) and
g(x) := g,(x), therefore F(y) #0.

Let (y, x)€ graph F, that is, y €¥, x€B(x, R) and g;-(x) = 0. Fix the positi- -
ve numbers L and r according to (3.13), we may and shall assume that L>1/2
and r<(R—d(x, x))/2. Then W := B(y, r/2L)CB(y, ) and for every
u€lU = B(x, r) we have B(u, r)CB(x, R) If zéW, yeW and u€F(z)N U then
(3.13) implies

& = lg,(w—g () <Le®y, z)<r,

hence g (u)+d(u, x)=<g,m)+d(x, x)+d(x, u)<2r+d(x, x)<R, therefore
M(g, u) CM, where g := gyipu, »- Theorem 2.4 applies with M := B(u, r)
(the elements w, are contained in B(u, r)) and yields an x,€B(u, r)CB(x, R)
such that gy(xl) = (-and

dxy, W=g,m)<Le(y, z). [

Remark 3.13. One could formulate the generalization of part B) of theorem
3.5, too. Similarly one could derive another abstract implicit multlfunctlon'
theorem-from Theorem 2.1.

Next we shall give a short proof for the Aubin-Ekeland inverse multifunc-
tion theorem (Chapter 7 of [1], Theorem 5.4) based on Theorem 3.12. First we
recall the definition of contingent vectors and that of the contingent derivative
of a multifunction.

Derinrrion 3.14. If X is a closed subset of a normed linear space E and
veX then a vector y€F is called a contmgent vector of X at v iff there exist a se-
quence (s,) of positive numbers converging to 0¢R and a sequence (f,) in E
converging to 0€E such that

vt+sy+s,h,€X forall neN.

Dernrrion 3.15 If X, and X, are normed linear spaces, P:X;—2%2 is a
multifunction with closed graph and v€ graph P, then the contingent derivative
of P at v is the multifunction DP(v):X;—2%*2 the graph of which is the set’
(cone) of all contingent vectors of graph P at v.
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Trrorem 3.16 Let X, and X, be Banach spaces, P:X, —2%2 q multifunc-
tion with closed graph, x €X := graph P, R, ¢ and q three positive numbers
with q<1. Suppose that for all veéB(x, R) (open ball in the subspace X) and
Jor all z€X, there exist x€X, and z €X, such that

(3.14) z—7 €DP(W)x, lxll<clzll and Nzl <gllzl.

Then there exists a neighborhood Y of x, such that for each v,€Y one can find
a v €X| such that (v,, v,)€B(x, R), moreover, the inverse multifunction P~ is
pseudo-Lipschitzian at (v,, v|) whenever v,€Y and (v,, v,)€EB(x, R).

Proor. Let Y be the open ball with center X, and radius R(1—q)/2(c+2)
as a subspace of X,. The ‘subspace X of X, xX, (with the metric d(w, v) :=
= llw,—v i+ lw,—w,ll) is a complete metric space. A ball about a point of X
always means a ball in this subspace. For each y€Y, g.:B(x, R)—R, is defined

by .
8,00 1= 22y,

which is obviously continuous. (3.11) holds by the choice of ¥ and (3.13) holds
because of the triangle inequality (L = 2(c+2)/(1—g)). We must check (3.12).

Let vEB(x R), and y€Y be such that 7 := y——vz;éO then there exist x€X,
and z €X, such that (3.14) holds. As (x, z—2Z) is a contingent vector of X at v,
there exist a number s€]0,1] and a vector h€X; XX, such that

ER S N | P A N L P A
and the vector weX, XX, with components defined by
(3.16) wy = vihsxbshy, w, = vy ts(z—2)+sh,

belongs to X. Here w,#v, and therefore w#v. 1Indeed, w, = v, would
implyllz—z I = Al but by (3.15) and (3.14) we have

Iyl =159 izl < (1—g)llzll <zl —IZ I < lz—Z 1.

Since
wy—y = (s+1)z—sz +sh,,
hwy—yll < (1—s)lzl+sqlzl+s15 2 Nz,
we get o . | ‘ |
G.17) ||v2——y|l—llw2—yﬂ2s||z||<l~—q—— 4 >=s =0

Finally, from (3.16), (3.14), (3.15) and (3.17) we obtain
b —vill <sclzl+s 152 1z,
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byl <s izl +sqlich +5159 Yzl

dw, v) =s(c+2)lzll = g, (v)—g,(w).

veM implies w€B(X, R), thus (3.12) holds, too. Now everythmg follows from

Theorem 3.12 because the distance of any two points in B(X, R) is not lessthen
the distance of the first components,
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The theory of non-selfadjoint differential operators has great importance
in several applications. In the last years a new and fruitful method was develo-
ped by V. A. Ir’'in for the investigation of non-selfadjoint differential operators.
By the aid of this method in this paper we shall prove an equiconvergence of
the Riesz means for functions from the class L3.

Let G = (a, b) be a finite interval on the real line and consider the Schro-
dinger operators:

Lu: = —u” +q(x) u(x), u: = —u” +4q (x) u(x),
where q(x) g (x), be an arbitrary non- negatlve function from the class L,(G).
Denote by {i};2, and {1}z, the complete (in L,(G)) orthonormal systems

_ of the eigenfunctions of the operators L and L, respectively, with positive ei-
genvalues {\,J72, and {X]Z,. We may suppose N, =1, A, =1 (k =1, 2, .. .).

For the sake of brevity we use the notation u, := VN, . For any feL (G)

u>0, s€ [0, ;— ) ' consi der the s™ Riesz means of the spectral expansions
of fi
e\
0,0 = X (f uw)u®) (1* u2> ,

B <p

6, 0= X (f iy uk(x)< 2 ) .

bp<p
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The aim of the present paper is to prove the followmg

TrroreM Given any compact subset K C G, for any feL 3 (G), 0=ss< %,

x€K, u=1 then

tos (f, ©)—36 (f, I <C Iflly u,

where
L% (G) = (Lz’ "VZU2 )2s, 2'(‘)

The constant C does not depend on f. [ ]

We recall some well-known results which are necessary for our proof.

0 I w) | SCF s -pi™ (Fels k=1,2, .. )

(cf. 1], (2. 13)).

© L T <0

(cf. [2], Lemma 2).

3) =G (@sx<bk=12,...)

(cf. 141, (8)).
: . 1 172
<, min {W , %—}

R
4 l S oWy, e, X, 1) t_s—Allz Jov1p (uo) dt
J .

i

where

x+t

in e (—lr—t]|
m%%nm=gm”%x?)mm&ma
k

x—t

Jo 11 (uf) is Bessel function; and
(*) The notations were used in H. TrigseL ’s book (cf. [7], 4.3.2/2]).
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G) |Dp, K2 R | =— &S
I+(p—p)
where

00

K ®: = p' {177 T (u) cos pd dt,
: R

Ry
Dy g = 2 S 2(R) dR <o <R,<L dist (K, aG)>
- _RD 2

2

(ct. [5D.
Now we return to the proof of our theorem.

Given any compact KC G denote R an arbitrary number from the interval
(0, dist (K, dG)). Fixing x€K arbitrarily and define W} :G—R with

a@p > =2 T (ulel)  if L2l =R,
0 ' otherwise,

©) R (x+6): = {

where
Ca(s): =2° Qm) VT (s+]).
Proor. Computing the Fourier coefficients of the function Wy (x+£) with
respect to the system {u;] we get
: T+R R ‘
Wi=(u, W) = | Wr(Ux—yl)w ) dy = | W () [ G—0)+uy(x+0)] dt.
1—R 0

Using the Titchmarsh formula [8]:

x+r

sin p; (t—Ix—£1) d

U, (x+0)+u, (x—1) = 2 uy (x) cos pt+ S q(§) w (%) B
k

x—1
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R o o
and applying the integral transformation 5 = S— S we have
‘ 0 0 R

R R :
(M Wi=2u, (x) { Wr(t) cos mtdi+ | Wr(t) g (np, po x, 1) dt =
0 0

=uw () 2a®p (g | 177 T (u) cos et di—K% (R)] +
4]

R
ta() w1 | T () go (e e X, 1) ).
0

1t is well-known (cf. [9], p. 107, (34)) that

=< 2 s
®  2al) p" | 1 (ut) cos pr di = 6, (1—ﬂ"~) :
0

where

Hye ®

St = { 1 lf y’k<“"
0 if w>pu

Replacing (8) into (7) we obtain

2

Wi = 6% uy (x) (1— —,’j—’;-) —2a(9) 1™ w, () K2, (R)+

R

+a(s) p* {# " g 572 T () 8ol o X, 0) df}-
0 .

According to the fact that for any fixed x€K and p>0 the function

W5 (1x—y ) as function of y belongs to L, (G), we have the following equality
in L, (G)-convergence in y:

2\ § it ‘
Wfé('X—yl)“E u () w(y) (1— —:Tk) ‘—'—2a(S)u*SE u(x) w(y) K, (R)+

w<p k=1
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oo . R N
+a(S)P"_SE [”1/2 5 i Jsrn (u8) o (o B X 1) dt} e (¥)-

k=1 0
Apply the operation g term by term on both sides of the last equality we get

g 2
(9) :DRO ijg ( |x—y|)——£ uk(x) uk(y) _ _I'LLZ R
©

me<u

= —2a(s) p* Ié u(x) 1) D, K2 R)+

=) R .
+a(s) p kEI Dp, [MUZ S 7 g (ul) 8o 1o X, 1) dt] u(y)-
= 0

It is easy to prove that after multiplication of both sides of (9) by any feL;,

one can integrate the resulting equality term by term over G in y. Introducing the
notations:

Pi: = —2a(s) p~° gbu"(x)ﬁ‘ Dg, K, R),

w R
Py =a(s) p™ kEI Dp, {ILUZ S t7 Toain (ud) 8o(kys phio X,0) df} S
- 0

where fi: = (f, up) we get
b N
(10) [ Ds, Wi (Ix—y 1) fiy) dy—o;, (f, x) = Py +P,.
Using (1)—(5) we obtain
IP|<C(K, g, s) Ifll; -p™ (p=1,i=1,2).

Consequently

b
[ D, Wi (I—y 1) ) dy—0;, (f, x)| <C Hf Uz -7,

a
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similarly

b
| Dy, W (Ix—y 1) f9) dy—6; (F, )| <C If g -n ™

a

At last we get the desired estimate by the triangle inequality.
- Theorem is proved. [ ]
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Introduction

In this note plane means the Euclidean plane, the Hyperbolic plane, or the
surface of the 3-dimensional sphere. Let Py, P, . . ., P, be points on the pla-
ne, not necessarily distinct. In case of the surface of the sphere we assume that -
the points P;, P;,, are not antipodal fori = 0, 1, . . ., nand by the term ’seg-
ment” we will mean the shortest arc connecting two non-antipodal points. The
union of the segments P, P,.; (i =0, 1, . . ., n—1) is a cycle of n segments.
The points P, . . ., P, are the vertices, Py and P, are the endpoints of the cyc-
le. If P, = P, then the cycle is said to be closed, otherwise it is said to be
open.

The problem of determining the maximum number of connected compo-
nents of the complement of an open (closed) cycle of n segments was posed by
L. Feges T6tH .

The regular star polygon S, is defined by taking 2k+1 points equally
distributed on a circle and connecting any two of them if they are separated by
k—1 points. Since it is easy to visualize Sy, and since in some cases the ex-
tremal configuration is derived from S,,,, we formulate our theorems using
an abbreviation for the number of components into which S, divides the
plane. Let N(2k+1) = 2k*—k+1.

*Supported by Hungarian National Foundation for Science Research, no. 1238.
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THEOREM. The maximum number of components into which a cycle of n si-
des can divide the plane is

a) N(2k-+1) if the cycle is open and 1 = 2k+1,
b) NQ2k+1)—2k+1 if the cycle is open and  n = 2k,
¢) NQk+1) if the cycle is closed and n = 2k+1,

d) NQk+D—2k if the cycle is closed and n = 2k

where N(2k+1) = 2k®>—k+1 is the number of components into which the re-
gular star (2k+1)-gon divides the plane.

Fig. l/a Fig. 1 Fig. 1/c

k3

Fig. 1/d Fig. i/e

Extreme cycles. We describe for éach of the above four cases one cycle de-
termining the maximal number of components. It is left to the reader to verify
— after reading the proof of the Theorem — that, combinatorically, these are
the only extreme cycles.

Case a) Extend two consecutive sides of Sy, through the common vertex by
a small segment (Fig. 1/a). '

Case b) Remove one side of Sy, (Fig. 1/b).

Case c) Consider Sy, (Fig. 1/c).

Case d) Label the vertices of a regular 2k-gon clockwise by 1,2, . . ., 2k. Let
the segments (1, k+1), 2%, k) and (i, i+k+1), (+1, i+k)i =2, .. .,
k—1 form the cycle (Fig. 1/d). Move the vertices in a random direction
by small distances so that no three sides have a common point (Fig.
1/e). This modified cycle determines the maximum number of com-
ponents in case d).



POLYGONAL CYCLES WITH A LARGE NUMBER OF COMPONENTS 21

Proor or TaeorEM. The Cayley-Klein model for representing the cycles of
the hyperbolic plane reduces the general case to the Euclidean and spherical
cases. Our forthcoming argument works in both cases.

We start with two technical lemmas which will simplify the enumeration
of the components. A

Lemma 1. The assumption that in a cycle of n sides determining the maxi-
mum number of components no two consecutive sides have common inner po-
ints does not reduce the generality of the conclusion of the Theorem.

Levma 2. We may suppose that in a cycle of n sides determining the maxi-
mum number of components no three sidelines have a point in common.

The idea at proving these lemmas is that we start with an arbitrary cycle
which may not satisfy the above conditions and then replace its vertices, always
one at a time, by small distances so that the number of components does not
decrease while the number of ”’bad” pairs of sides (or the number of *’bad”” in-
tersection points) will be zero after finitely many steps.

Proor or Lemma 1. To the contrary, let us suppose that for the cycle
P =P;...P,of nsides there exists an i such that either P, ; belongs to the
interior of P,_; P, or P;,; = P,_;. Let ¢ denote the sideline of P, ; P, For the
sake of brevity we will list the cases we have to consider and only the corres-
ponding motions for reducing the number of bad pairs of sides. It is easy and
is left to the reader to see that the number of components does not decrease if
the motions are small enough.

1. P i+l = P ne

Move P;,; off the line P, P,.

2. PH_zge.
Move P,,; toward P;,,.

3. t+2EPz—1 Pz+1
Replace the subcycle P; P, P,y by one segment P; P, .

4. P;_,€ P, P;,, and either P;_, is an endpoint or P,_,¢e.
Proceed as in 1. and 2.
5. Piy€Pyy Pip NP, Py,
Replace the subcycle P, , P;_; P; by the segment P; ,P,.
6. P_y€ Pyyy Piyy, P_,€P, | Piyy.
Move P,_; off the line e.

T Pi_1€Piyy Piyy Piyo€P; 5 Pi .
Move P, off the line e.

8. Pi1€P; 4 Py,
Replace the subcycle P; P, ;P;,, by the segment P, P, ,.
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ProOOF OF LEMMA 2. In view of Lemma 1 we may suppose that no two con-
secutive sides of the cycle P = P, . . . P, have common interior points. P
must have three consecutive noncohnear vertices P,_,, P;, P,,,, since other-
wise all vertices are on a line and the complement consists of one component .
only. Using the condition of Lemma 1 it is easy to see that we can move P,
- either toward P;; or away from P, (depending on the cycle) on the line off P,
Py, so that the cycles corresponding to certain initial interval divide the plane
into at least as many components as P. Stop this motion at a point P; such that

i) The cycle P, . . . P,y P; P, . . . P, divides the plane into at least as
many components as P.

ii) The line P,_,P; intersects all 51de11nes of the new cycle and in case P is an
open cycle the line should also intersect P, Py.

iii) The line P,_; P; punctured at P, ; does not contain the intersection
points of other sidelinesof the new cycle.
In view of ii) we can iterate the above procedure for the vertex P,_,, then

the vertices P;_,, . . ., Py. Treating P,P, as a side we continue by replacing
P,P,, ...and stop after replacing P;,;. In view of iii) the new cycle
P, P; ... P, almost has the desired property, except that on each sideline

P P! there is one point (P;_;) where more than two sidelines may meet. If in
the original cycle P; was the intersection of two sidelines only, then this can-
not happen. Therefore by repeating the whole procedure for Py P; ... P, we
get a cycle satisfying the desired condition.

PROOF OF STATEMENTS a), b) oF THEOREM. Suppose that the open cycle
P =P, . ..P,of nsides satisfies the condition of Lemma 2 and no two side-
lines of P meet in a point belonging to the segment P, P,. Let v, be the num-
ber of those sides of P which have a common interior point with the interior of
P, P, and let v be the number of points belonging to the interiors of two sides
of the cycle. If the cycle P divides the plane into f components, then the closed
cycle Py P; . . . P, Pyof n+l sides should determine f+v,+1 components and
then by Euler theorem

(ftvo+D+(m+1+vtyvy) = Rv+2vy+n+1)+2
f=v+l

Therefore it is enough to maximize v. It is obvious that the sides P, P, P, , P,
can be intersected by the interior of at most n—?2 sides and any other side can
~ be intersected by the interior of at most n—3 sides. Thus

| f= v+1<—1*(2(n—2)+(n—2)(n—3)) +1 = ——;ﬁﬁ

i.e. if n =2k+1, then f<2k*—k+1, and if n = 2k, then f<2k*>—3k+2,
which is what we wanted to prove.
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PROOF OF STATEMENTS c), d) oF THEOREM. Suppose that the closed cycle
P =P,...P,of nsides has the condition of Lemma 2. Let v, f denote the
same numbers as that in the previous argument. By the Euler theorem

fAr+y) = (n+2v)+2
f=v+2.

It is enough to maximize v again. It is obvious that each of the sides can be in-
tersected by the interior of at most n—3 sides. Butif n = 2k we can state more:

LemMma 3. Any closed cycle P = P; . . . Py, of 2k sides has at most two
sides whose interior is intersected by 2k—3 sides.

Fig. 2. l RBC

Proor or LEmMa 3. Suppose to the contrary that there are three sides
P; Py, P; Py, Py Py, of P whose interior is intersected by n—3 sides.

First consider the case where no two of these sides are adjacent in the
cycle. The intersections 4 = P; P, NP, Pyyy, B =P, P, NP; P, C =
= P; P;,,NP, P, exist and are different from the six endpoints (Figure 2).
Since we use the indices for identifying the vertices only, we do not have to
bother with the order of the vertices Py, P,y (Py, Pyyy; Pj, Py tesp.). The side
lines P; P;,y, P; P;y;, Py Py, divide the plane into seven regions denoted by
R,, R, Ry, Ry, Re, Ryc, Rypc Where the letters in the indices show which of
the vertices A, B, C belong to the boundary of the particular region. Since the
triangle R, 5 cannot contain any of the vertices of P and each of the sidelines

PP, P; Py, Py Py splits the vertices into two classes of k—1 elements
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each, an easy enumeration shows that if the interior of R, (Rp resp.) contains
x (y resp.) vertices then the regions R,z Rz, R., R, contain respectively
(k—3—x—y), x, (k—3—x—y), y vertices. If x=1, then it is easy to see that P
has an open subcycle of 2x—1 sides with vertices belonging alternatively to the
interiors of R,, and Rz, Denote the endpoints by P, and P,. so that
PR, and P, €Ry.. In the same way, if y=1 and (k—3—x—y)=1, we can
speak about two other subcycles. One starts at P-€ int B¢ and ends at P, €
int R,z and has 2(k—3—x—y) sides. The other starts at P,€ int R and ends at
P,.€R,c and has 2y—1 sides. All three of the above subcycles exist, since ot-
herwise there would be less than 6 “’free” ends to join to the vertices P;, P;.,,
Pj, Py, Py, Pryr. One of the segments PPy, P,P;., must be a side of P. At this
point, without loss of generality, we may suppose that P P, is a side of P. One
of the vertices P, P,,, is connected to P, through a side of P. P, faiis, beca-
use then P would have a proper closed subcycle. Then P; cannot be connected
to P, by a side, which means that P, P,.is a side too. Notice that both P; and
P, are connected to two vertices and neither of them is P,,, which is a cont-
radiction.

Essentially, the same argument leads to a contradiction if among the sides
PP, PP, , PPy, there are two consecutive sides.

In view of Lemma 3 we have that if n = 2k, then

f = V2= (Q2k—3)+Qk—2)(2k—4) +2 = 2UP—4k+3,
2 | _

which is what we wanted to prove.
Finally if n = 2k+1, then a very obvious estimation leads to the result

f= v+2$—é~ (Qk+1)(2k—2))+2 = 2k*—k+1.
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1. Introduction

We consider linear Fourier series operators Q of the form

@D (@) = @m "Lz ([ Qen DY) dy) , xeR"

Here W is the cube {xéR"|—w<x;<m; j=1,...,n}. The functions
QC, v, D; yeW, leZ™ and Q(x, -, I); xeW, [€Z" are assumed to belong to the
space C7 of smooth periodic functions. Furthermore, we suppose that

(1.2) sup 1D2DFO(x, y, DI <C,, s(1+ 111 2r=t81807 for l€Z7,
x, YeW A

where C, >0, p,€R and 6<1 are constants. This assumption guarantees
that Q maps C7 continuously into C7 (Theorem 3.1).

Supposing that Q(-, -, [) is of the form Q(x, y, [) = L(x, [) where
L(-, DeC?; leZ" and where

(1.3) sup IDL(x, D < C,(14 111%)H", JeZ",

the operator Q gets the form
1.4) (@N)(x) = @m) " Lyezr Lx, DY’ ), XER".

In this case one often denotes Q = L(x, D). Especially, one sees that every
- linear partial differential operator |, ., a,(x)D? with C7 — coefficients a;}
can be expressed in the form (1.4) and hence in the form (1.1). For the proper-
ties of periodic partial differential operators we refer to [1], [2], [3] and [5]. In
[8] boundedness and compactness criteria are obtained for the Fourier series
operators (1.4). We also refer to [7] for the related topic.
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In this paper we establish the existence of the continuous formal transpose
Q’ : Cy—C7 of Q in the case when pu, = pu+dlal, a€Ng (Theorem 3.2).
Furthermore, we show that the operator (1.1) can always be expressed in the
form (1.4) (Theorem 3.7). Suppose that L(-, ) obeys (1.3) with
p, = p+6lal. Denote by LY : D, — D_ the continuous extension of L’
(x, D). In the fourth chapter we prove the 1nclus1on

(1.5) L.(L*u)CE, (), for ueD..

(Theorem 4.1). Here (Z"—{0})—E, () is the conic subset of Z"—{0}, which
descripes the directions, where the Fourier coefficients u; of u are rapidly
decreasing. The set () is analogical notion with the set L(x), u€E’, in the
study of singularitis of pseudodifferential equations (cf. [4], pp. 252—256 and
{61, pp. 126—129).

2. General notations

We denote by W the cube of R* which is defined by W = [xeR"|
—n<x<w, Vj=1,...,n]. Cyis subspace of C*(R") such that the func-
tions x;—y(x;, . . . X, . . . x,) are 2w-periodic for eachj = I, . . ., n. The
space C7 is equipped with topology defined by the semi-norms ¥ —sup,.»
|(D”¢)(x)l 0€Ng. Then C7is a Frechet space. The dual of C7is denoted by
D.. D, is called the space of periodic distributions and D, is equlpped with
the weak dual topology. We recall that a distribution TED lies in C7 if and

only if
.1 sup(1+ 11121 7)1 < Cy< oo for each NeN,
leZ
where _
= T(e™'® ")

The definition of the topology implies that for each T€D, there exist constants
C>0 and M€R such that

2.2) I T} < CA+ 1THM2 for all leZ™.

Suppose that Y€CZ and TeD,. Then by (2.1) and (2.2) the series
Lx Ty, is absolutely convergent and one has

A
@.3) W) = @0 ™" Z T 1>

where
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2.4) Y= Y= i Y(x)e " V.
This follows from the fact that y,: = 27) "L <, e™" ? is converging to ¥
in C7

The product ¢TeD, of p€C7 and TeD, is defined by (DY) = T(¢y)
for y€C7.

Then one sees that

(@D = (¢D(e™ ) = T(pe ™" ) =

2.5
@2) = O L Te ), = Q) "TopTapr s

and especially for ¢, y€C7 one has

(2.6) (P¥); = Qm) "Lz oY1

For the theory of periodic distribution we refer to [1], pp.

Let K, be the totality of weight functions Z"—R such that with ¢>0,
C>0, meN and MeN one has

27 ck_,(D=sk()=<Cky(l) forall leZ",

where k() = (1+ [1*)*?, s€R. For the definition and for the basic propemes
of spaces B; 4, BZ ¢, pE[l oo[, k€K, we refer to [8]. We recall that

Cr CBJ CDy, pell, oo, kek,

and
CrCBZ . CD,, keK..

Furthermore, the imbeddings C7°—B; ;—D; and C7 —Bg, , —D, are conti-
nuous. In addition, one has

238) 7= RB= Bk

and
2.9) Di= M Bv= ¥

For pé[l, o] and kéK, we deﬁnep €[l, o] and kV€K, by 1/p+1/p =1
and k¥(D) = k(—D).
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3. The class of Fourier series operators

31 LetQ(-, -, -); R"XR"xZ"—C be a function such that the mappings

x—Qx, y. ), yeR", 1Z"
and
' y—0k, y, D), x€R", leZ"

belong to C;°. We shall consider linear operators Q in C.° which are of the
form

GD (@D = D" Lz (| Ox, 3, DY) Mdy), xeR”

w id

Using the notations given above (Qy)(x) has also the expression

(3.2) (OVE) = Qm)™" Ly (O, -, DY), €D,

Suppose that L(-, -):R"XZ"—C in a function such that the mapping
x—L(x, I), 1eZ" belongs to C;’. Then one sees that the operator L(x, D)
defined by

(3.3) (Lx, DW)(x) = 2m)™" E@ Lix, Dy, e, xeR"

is obtained from (3.2) by choosing Q(x, y, [) = L(x, I).
At the first instance we show a condition under which Q maps C; con-
tinuously into itself.

) TuroreM 3.1. Suppose that there exists a constant 6€[0, 1[ such that the
Jollowing condition holds: For each (o, B)ENXN§ there exist constants
C, >0 and p,€R such that

3.4) lig}, IDg DFQ(ex, y, DI <C, 5 ky +5161(D), for 1627,
x,y : o
Then Q maps C continuously into itself.

Proor. A. At first we show that (Q¥)(x)€C for each y€C> and x€R".
For all l€Z" and for every S€Ng we obtain

3.5) QG -, DY) = 1(DE O, -, DY)l <
<Lip (tB) [(DF Qx, +, DD* ¢),l =

<X .4 (f) xs)lelg IDI~ Q(x, y, DI DY,y <



ON THE SPECTRA OF SINGULARITIES OF FOURIER SERIES EQUATIONS 219

=Li<p (f) Co, p—t ID" YU oy Ky isip—ni (D =

=G,y kyyrsim (D,
with suitable constant C; ,>0. Here we applied the relation
(36) 1Py, = (D" Y,

which holds for smooth W-periodic functions. Due to (3.5) for each me€N we
find a constant C,, ,>0 such that

(€¥)) HQ, -, Di=C,, y Ky ro—om (D, for all [€Z.
Choose méeN such that p, +(6—Dm =< —(n+1). Then one sees that the series

Q7)™ iz (Ox, -, DY) @7

is absolutely convergent, which shows that (Qy) (x)€C.

B. To verify the smoothness of Oy and the continuity of Q we use the exp-
ression 3.1 for Q. Let « be in N§. There we have

D (0, y, DY) =

=L,z ("‘) D Q). , DYOIY €0 =
¢4

= E'YSO‘ (3) Qoa 'y(x.- Y l)'ﬁb(y)ei(x'y’ 1)9

where we denoted Q, ., (x, y, ) = (D™ Q)(x, y, DI". For esch « and y€N]
we get

sup IDEDPQ, ., (x, 3 DI = sup DI DJ Qx, y, DI"l <
W » x, yeW

X, Y€

”’a—1+w

= Ca——;y+w, 8 k +|7|+6lﬁ|(l) ijI' lezn’

and then the functions Q,, ,, (-, -, -) satisfy the estimate like (3.4). As in the
Part A one sees that for each meN there exists a constant C,,, , >0 such that
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B9 1] Qpy e,y DYGEPdy | = 1@, , (, -, DY), &Pl < |

w

o

<Gy ky,_+6-1m () forl€Z”
and then by (3.8) for each meN there exists a constant C,, , >0 such that
(3.10) |1 D2 (0 3 DYO) Nyl < |

s. m, v K +6—om () for I€Z7,

where N,: = max, ., {g,-}J. Since O(-, -, Dye’~» D eC=(R"xR") for
each l€Z" and since W is bounded, the equality .

D (1 06, 3. DY) dy) = | DF (Q(x, ¥, DY) dy

w
holds. Choosing meN such that N,+(6—m=<—(n+1) one sees that the
seties '

Qm) ™" Ly D7 ( éVQ(x"y’ Dy(y)eleD dy)

is absolutely and (in x) uniformly convergent for each «€Nj. Hence DX (Qy)
(x) exists for each xéR” and one has

@GL) DY) = 27) 7" iz va D7 (O(x, y, DY()e’ ™" dy) dy.

" Hence Qy lies in C® and Q defines a linear operatof Cr—=C.

C. We establish the continuity of Q. Let a€Ng. Then by (3.11) and by (3.8)
one sees that '

(3'12) ID;:I (Q‘L)(x)| 5(2"')_” 2lEZ" 275(1 (:) !(Qa, Y (x, ‘s l)¢)l| -

Furthermore, one has (cf. (3.5))

(3'13) l (lﬁ( Qa, ¥ (x’ ) l)‘l’)l) | <

= EI‘SB (l‘B) Ca—'y, f—t "Dtlp"Ll(W) kp.a_,'+l'yl+5|ﬂ——tl (l), for leZ”.

Thus for each meN we find a constant C,, v m>0 such that

| (Qa, ¥ (-x; * l)‘p)ll = Ca, ¥y, m Eltlsm "Dtlp"Ll(W) k ay T 71 +(E—Dm (l)
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Choose méeN such that max. ., (g, + |y 1]+ [a|+(6—1) m=< -—(n+1) Then
by (3. 12) we obtain

IDZ (O < Q7)™ C, Eyyy<m IDYN )
=@M Cyy ) Zyizm sup [OV)E)],
where C, is a suitable constant and where u(W) denotes the Lebesgue measu-

re of W This completes the proof.

3.2. Let Q be a linear operator from C;” into itself. We say that O has a
formal transpose (denoted by Q) if it is pOSSlble to find another linear operator
Q':C;—C; such that

(3.14) (QV)(¢): = 5 (QV)X)$x)dx = ¢(Q’ ¢) for ¢, peCT.
In the sequal we establish a sufficient condition for the existence of Q" when

0 1s of the form (3.1).

THEOREM 3.2. Suppose that there exist constants u€R and 5€[0, 1[ such
that the following condition holds: For each (c«, B)€Ng there exists a constant
C,, g >0 such that

(315 sup 1D DO, 3, DI<Cop hyssians (B, Jfor 12"

Then the operator Q define by (3.1) maps C; into itself and the continuous
Jormal transpose Q' :CY — C? of Q exists.

ProoF. A. In virtue of Theorem 3.1 Q maps C; into C,”. Similarly,
Theorem 3.1 implies that the operator Q’ defined by

G16)  (Q'$)0) = Cm " L (| 00,3, —Ds@eO ™" dy)
‘maps continuously C; into C,;”, since by (3.15) the mapping O(y, x, ) =
O(x, y, D) satisfies the estimate (3.4).

B. We have so show the validity of (3.14). Define a linear operator Q;:
Cr—~C7 by
@G.17) @) = 2™ Eing ( ;V 0, y, DY@)e > ).

We prove that (Q;))(x) is in R" uniformly converging to (Q\//)(x). In the proof
of Theorem 2.1, Part A we verified that for each m€N there exists a constant
C,,, y>0 such that
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(3.18) | Oy, DY) dy) = 10, -, DY), | =

W

= Cm, ¥ ku-Hb—l)m (1) fOI‘ IEZ"
Choosing meN such that u+(d—Dm <—(n+1) we get

HQ VIO—(@VX) | = M) ™ s, ( gv Ox, y, DY@)e ™" dy)l =

=@M Gy Lins kguny O,

where the right hand side is tending to zero with j— oo. This shows that Q¥
uniformly converges in R" to Q. Similarly, one sees that 0/ ¢ is uniformly
converges in R" to Q' ¢, where Q/ is defined by

(3719) (Q/ D)) = @m) ™" Ly 45 ( éV 0, y, —D(x)e'o—=D dx)
C. For each jeN one has

Q ¥)(d) = 2m™ §V (Eun< ( §V Q0 (x, y, DV)e™™ " dy)) dp(x)dx =

= @M ™" Zuis | ([ 0@, y, DY) d)dy)dx =

w W
(3.20)

= @07 Zuisy | (], QW 3 Dowe " de)y ()dy =

|
.W
;Xv YO ™ Zing; ( ;Ev O(x, y, —Do(x)e ™™ dx)dy = Y(Q/ ¢).

Since Q; y—Qy and Q/ ¢— Q' uniformly, we obtain from (3.20) the vali-
dity of relation (3.14). This finishes the proof.

Remark 3.3. Suppose that the assumption of Theorem 2.2 is valid. Then by
(3.16) the formal transpose Q' of Q has the expression

(3.2 Q') = 2m)™" L ( gV O(x, y,—Do(x)e™ ™ dx) =
= 2m) ™" Lkz (Q(-, 3, —D), € 7.

Especially vone sees that the ‘symbol’ Q' (-, -, -) also satisfies the condition
(3.15). :
In the case when Q(x, y, [) = L(x, [)(cf. Section 2.) one gets
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Cororrary 3.4. Suppose that for each weNy there exist constants C, >0
and p,€R such that

(3.22) ' sup D& Lx, DI =C, k, (1) for leZ™
XE «

Then the operator L(x, D) defined by (3.3) maps C;° continuously into C7".

CoroLLary 3.5. Suppose that there exist constants €R and 6€[0, i[ such
that the following condition holds: For each a€Nj there exists C,>0 such
that :

(3.23) su&z IDZ L(x, )1 =C, k151, (D) for [€Z".
x€
Then the operator L(x, D) defined by (3.3) maps C; into C;° and the conti-

nucus formal transpose L’ (x, D):C>— C,” of L(x, D) exists. Furthermore
L’ (x, D) has the expression

(G249 ([L'G, D)) = Qm)™" Biezr ( vYV L(x, —Dp(x)e™> D dx).
Remarx 3.6. From [8] we know that L’ (x, D) has the expression
(L', D})O) = @0 Tep L' G, Dle®?,
where L’(-, -) is a mapping such that L'(-, )€Cy, l€Z” and that
DL (x, DI =C.k, (D),

(When L(-, -) satisfies (3.23)). Furthermore, the symbols L(-, -)and L’ (-, -)
are in the following relation

(L'(-, 2); = (L(-, —(z+D)), for I, z€Z".

3.3 In this section we establish a sufficient criteria, which guarantees that
the operator (3.1) can be expressed in the form (3.3). In fact we have

TreoreM 3.7. Suppose that there exists a constant 6€[0, 1[ such that the es-
timate (3.4) holds for Q(-, -, -). Then there exists L(-, -): R"XZ"—C such
that L(-, e CY for leZ", that :

(3.25) sug IDy L(x, D1 <C, k, () for leZ".
X€ «

and that
(3.26) 0 = L(x, D).
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Proor. A. We have by (2.3)
QY = Q)™ Eiezr (O, -, D ¥); 0 =

(3-27) = Q2m) " Lz (Zyer (Q(x; ) A 9 =

= 20 Lz (oez (O, +, D)1y €729 19 g ).
For each BeNG one has
l(—2)° (QCx, -, D)= 1DJ Ox, -, D)} =
(3:28) =G g kyyroip (D) for z, l€Z7, xeW

and then for each m€N there exists a constant C,,> 0 such that

I(Q(x’ y l))l—z I< Cu k#g+8m Dk, (l—20)=
29 =Cp ky, @) ky 46—y (D for z, [€Z7, x€W.

Choosing meN such that pg+(0—1)m=<—(n+1) one sees-that the series

El, z€Z" (Q(x» “ l))l—z ei(l—z, g ei(z, x)¢z

is absolutely and uniformly convergent in R". Hence we can change the order
summation in (3.27), which gives

(330  (@VE) = 20" Lz (Tier (O, -, D)y €47 0)y, £,
In virtue of (3.29) the function L(-, +): R*XZ"—C defined by .
2.31 Lix, 2) = 2m) 7" Bz (O, -, D)p, €57

is well-defined and L(-, z) is a continuous periodic function.

B. Our task is to show that L(-, 2)€C. and that the estimate (3.25) °

holds. Let o be in Nj. Since (Q(x, -, D)), = | QCx, y, De™*™? dy one sees
w

that the function £, ;:x— (Q(x, -, D)),_, lies in CZ and that

1(3.32) D} f, )() = éy DO, y, D 7N dy = (DFO, -, D)ire
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. oA
Hence we obtain

(3:33) L(x, 2) = Qm) ™" Eyez fi ()€,

where '
IDZ (f, . €= N0 | =

(3:34) = 1Z4ea ("‘) D™ fi J(—2)7 €401 <
: Y

IA

E‘yéa (3) I((D;.’_'YQ)(X, ] l))l-z (1—2)7 L.
For each B€N{ one has
I(l_.z)ﬁ+‘y ((D;CX—’YQ)(X’ T l))l—z | = I((D;x—'y D)t?+’yQ)(x’ s l))l—z I =<
= Ca——'y, B+ ”’(W) k a__f+6|ﬁ+7l (Z)
and then for each meN, «, v€Ny there exists a constant C, ., ,, >0 such that

(=) (D7D, =, D).l = §

(3'35) = Ca, Y. m kuq_1+§|7|+$zn (l) k—m (l-—'Z) <
= Co: v, m km (Z) k r‘_,'+§|'yf+(§—1)m (l), for Z, lEZ".

Choose meN such that max, .,
one sees by (3.34) that the series

Liez DY (f, . €' ()

(Boy) +6lal+(@—1)m=—(n+1). Then

is absolutely and uniformly convergent in R” for each «€N{ and z€Z". Hence
DoL(x, 7) exists and

(336) . D2L(x,2) = @m) " Liep DP (f,, € D)
The estimate (3.25) follows (3.36) and (3.35), which completes the proof.

CoroLrary 3.8. Suppose that there exist constants p€R and 6€[0, 1[ such
that the condition (3.15) holds. Then there exists L(-, -):R"XZ"—C such that
L(-, 2)€Cy for l€Z", that with €>0

(3.37) Iilelvg IDZ L(x, 2)I <= C, Kisn+oi0—s)+@n—8)al) @), for Z€Z"

1[s] denotes the smallest integer n€N which satisfies s <n.’
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and that

(3.38) Q =Lx, D).

Proor. We have only to verify the estimate (3.37). In virtue of (3.36) and
(3.34) one finds

IDXL(x, 2) 1 =Q2m) ™" iz Bz (:) DO, -, D), (=)=
(3.39)

= 2m) 7" Liez Lysa (:) HD DYO)(x, -, D)l

and for each BeNj we .have

(=% (D DY), -, D) 1= (D7 DYPQ)(x, -, D)y | <
(3.40)
= Ca—‘y, B+y M (W) ky.+6ioz+6l (1)7 for lezn’

and then for each meN

| ((DJ':X_—JY D;,YQ)(.X, ) l))l—z S Ca, Y, m kp,+6|tx|+6m (l) k—-m (Z—Z) S
= C’, v, m k;i+6|oz|+(6——1)m (l) km (Z)
Choosing m = [(u+8lal+n+e)/(1—8)], one gets the estimate (3.37).

Rremark 3.9. In the case when & <% the symbol L(-, ) of Corollary

3.8 obeys the estimate (3.23) (since [s] =s+1).

4. Spectra of singularities

4.1. Suppose that the operator L(x, D) defined by (3.3) maps continuously
CZ into C7 and that the continuous formal transpose L’(x, D):C;—C>
exists. Then we can define the continuous operators L’ * and L*:D/—D_ by
the requirements '

(4.1 L' W) = ul’(x, D), YeC7
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and )
(4.2) L W) = ullLx, D)), YeC?.
One sees that L’ 7 is the extension of L(x, D) and that L* is the extension of

L(x, D).
In the sequel we shall consider the spectra of singularities of the equation

4.3) L¥u = f, u, feD,.

Let I be in Z"™\{0}. We say that a set UCR"\{0} in a conic neighbourhood of
[ if one has: leU; U is open in R”*; ¢ ze U for each ¢>0 and z€U. For ueD,’
we define a subset E,(x) CZ"\{[0} as follows: [€(Z"\{0})\E, () if and only if
one can find a conic neighbourhood U, of ! such that for each meN there
exists C,,>0 such that

(4.4) lu,| <C,, k_,), for zeU,NZ".

One sees that X (1) = ¢ if and only if # belongs to C7° (cf. (2.1) and note
that S(0, 1): = {x¢R"| lxll = 1} is compact).
We obtain ,

TueoreM 4.1. Suppose that there exist constant n€R and 5€[0, 1[ such that
the following condition holds: For each a€Nj there exists C,>0 such that

(3.23) sup IDIL(x, D1 <C, k151, (), for l€Z".
‘Then the inclusion

4.5) - T, L' wCE, W), for ueD,

holds. *

Proor. A. For each [€Z" we obtain

@' wy, = L7 uye™ ) = ulx, D)(e™* ) =

4.6) = u(L(-, _i)e~i(1, N = wl(-, =),

since
L, DYe ™ N)@x) = @1) ™" Ly Lix, 2)(e™ V), 49 =

= L(x, —)e~i»,

Hence in virtue of (2.5) one has

4.7 @, = QM) Lo w, (L(-, —D),.
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Let a belong to Nj. Then we get by (3.23)

@48) 1z* L(-, =D),| = {DIL(-, —D), 1 =C, pW) k15101 (D) for z, lezZ", |
which implies that for each méeN there exists a constant C,,>>0 such that 4
K @VLC, —=D); 1 = Cp ks snirem D k_uany @

(apply (4.8) with |l =n+1+m). Hence we find that
Lz k@ L(-, —D), I =

“.9) = Ch, Bz ke @) Kussiuirom ) =
= C kyaguriom (D) for 1€27.

B. Suppose that lo€ Z"™\[0})\E, (u). Let U, be a conic neighbourhood of
Iy such that ,

@10 lu) <C,, k_, (), for leU, NZ"

Let £ be in §(0, )NU, such that & =, /1,1 where S(0, 1) =
{(£eR"I£l = 1}. Chosse 0<e<1 so that the ball B(f;, 2¢) C U, Define
the cone U; by Uy, = (neR™n =ct ; ¢>0 and E€B(¢5, e)NSO, DJ.
Then for each n = c£€Uj theset V, : = [w€R" lw—y| <elnl} is a subset of
U,, : For weV, one has

Lo/ Igl—&§ 1 < lo/Igl—y/ gl I+ 1E—n/Igl | <e+ 1E{—E1 <2¢
and so w/ln1€B(&7, 2¢)C U, . Hence weU,.

C. In virtue of (4.7) we see by the Taylor formula that

L

Vet wy,l = Qa) ™" Lz ()"..Ysa (3) (=2 u_, 2" (L(-, __l))z) <

5(27‘—)—” E'ysa (3) Elzlzel” I(l___z)a——'y U, 44 (L('s '_'l))z]—l_

4.12)

+(27r)_n E-ysa (:) Elz|<e|ll l(l—z)a_’y Uy, 27 (L(' 5 _l))z' =

=:8,,+S,,; foreachleZ".
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Consider the first sum S, ; : In view of (2.2) there exists M€N such that
4.13) luy| < Chky(D) for all leZ".

When lz|=elll one sees that |z—Il <(1+e™")Iz| and then we obtain by
4.13) ‘ : -

(414) I(l—Z)a—’Y u__, Z’Yl = Ckla——'yl (l—Z)kM(l—Z)k|,Y| (Z)
< (e YoM g v @ for Izl zelll.

Thus in virtue of (4.9) we find that for all /€Z”

s

Sl,l S(?T)—n z‘ySa <$) C(l""ﬁ_l) lw_ﬂyl+ME|z|Ze”| klal+M (Z) I (L('a _l))z[ =

4.15) =@Qm) "X <y (:) C+e Nyl cr Ly Ky ssnrrimrsial (D =

= CO’lI,u kp.+6(n+l+M)+6|a| M.

Consider the last sum S, ; : Since |zl <elll, one sees that I—z€V,NZ"
and then [—z€U,; NZ" when [eU] NZ". Thus by (4.10) we get

(416) ' |(l_z)a—'y U, z" (L(' s _l)>z| = Cla—‘yl IZ’Y <L( ’ _l))zl

and then by (4.9)

S2,l 5(2""-)'_'l E'Y'Sa (3) E|Z|<EIHC|O¢——7| klfyl(z) I (L(' s —l))zl =

(417) 5(27")—” E’ysa (::) Cla—vlcl,'lyl kp.+5(n+l)+6l'yl(l) =

=Cou Kprsminrsial () for l€U; NZ"

The inequalities (4.15), (4.17) and (4.12) imply that for each m and m’ €N
there exists a constant G, -, ,>0 such that for all leU; NZ".

(DL wy,| < Co, m', u Kyrsprrememr@—m (D
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(apply the inequalities in question with [a| =m+m’). Choosing m large eno-
ugh one sees that '

W (D(L? uy| <C,, for all leU; NZ"

This shows that ly€ (Z"\{O}))\E(L* u), which completes the proof.
From Corollaries 3.4—3.5 and from Theorem 4.1 we get

CoroLLARY 4.2. Suppose that L(+) :Z"—~C satisfies
(4.18) L) = Ck, (1) for all leZ".
Then the operator L(D) defined by
(4.19) LDW)@) = Q1) " Liezn LYy 42

maps C;° continuously into C;°. The continuous formal transpose L’(D):
C> —C2 of L(D) exists and

(4.20) (L' DW)(x) = @m) 7" Liezn L(—Dy; 2.
Furthermore, the continuous extension L*: D/ —~ D/ of L’ (D) satisfies
4.21) I, (L"wCE, (u), for ueD,.

REMP:RK 4.3. In the case when (4.18) holds one sees that
(4.22) L u)y =u (L(D)(e"i‘l’ ) = LDy, |
Hence in this case the validity of (4.21) is obvious.

Remark 4.4, Suppose that L(-, +):R"XZ"—C satisfies
4.23) ilél‘;/) IDZL(x, DI <= C, kv 100 (D), 1€Z7.

Then L(x, D) has not necessarily the continuous formal transpose
L’ (x, D):C®— C2: Choose L(x, [) = ¢~ " Then one sees that

(L(x, Dy)(x) = Qm) ™" iz 4y = Y(0).
Suppose that L’ (x, D) exists, that is, .

(L(x, DW)(¢) = Y(L'(x, D)¢), for {,0€C;".
Then we find that (by choosing ¢ = e'®?, ¢ = £'@¥)
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ei(f, 0)(¢) = [ ei’(l, x) Ll(x, z)ei(z, o dx

w
and then

(L'(-, 20e" N, = | eIy forl, z€Z"
W

which implies easily a contradiction.

Here we used the fact that (L'(x, D)¢)(x) = Qm) ™" L,en L' (x, 2)
¢, €@ ? where L' (-, 2)€CY such that |DPL'(x, 2)| = C, k, (2)(cf. [7]).
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ON ORDERING THE FREE PRODUCT OF ORDERED SEMIGROUPS
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G. L. HETYEI
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1. Introduction

It was proved by A. A. ViNoGgraDOV that the free product of two linearly
ordered groups is always linearly orderable. His construction has been gener-
alized and simplified by R. Jounson [2], where it is shown that the free
product of two cancellative semigroups without idempotens is also orderable.
The question of finding a necessary and sufficient condition for the orderabili-
ty of the free product of two arbitrary semigroups was posed by E. Yu.
GasovicH [1]. He showed that if C = A #* B is orderable, then either 4 or B
contains no idempotent elements.

Assume that C = A * B is orderable. Then we show that, in fact, neither.
A nor B contains any idempotens. (Corollary 1.) It follows that the ordering of
C can be extended to the monoid C' (Proposition 1.), which is the free
product of A' and B! in the category of monoids. Thus our problem is reduced
to monoids. Next we prove that both A' and B! must be one-sided cancellative
from the same side. (Proposztzon 2 and 3.) This condition is the strongest one -
that can be imposed on A in order that A * B be orderable for some B. Indeed,
if A! is orderable and one-sided cancellative, then A' *F is also orderable for
the free semigroup F on one generator.

Next we generalize the result of R. Jounson mentioned above and solve
Gabovich’s question for the commutative case. Our results are mentioned in
the Abstract (Theorem 4 and 5). Finally we provide a description of the least
convex congruence of an ordered semigroup S. (Theorem 6).

AckNOWLEDGEMENTs. I wish to thank to LAszL6 MARk1, who draw my at-
tention to this problem, to ENDRE SzaB6 for giving the basic idea for the first
lemma, to EmiL Kiss for his help, and to my teacher RicHArRD WIEGANDT, who )
encouraged me and gave useful advice.
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2. Necessary Conditions

Lemma 1. If the free product 4 * B is orderable, then for every, a,b€A either
ab#a or ba #a holds.

ProoF. Assume by way of contradiction that ab = ba = « holds for some
a,béA. Letx be an arbitrary element of B. We may suppose that bx < xb. (If not,
we can consider the reverse order of A % B.)

Thus abxéaxb, i.e., ax<<axb and so x < xb, x> < xbx holds.

On the other hand bxa Sxba, therefore bxa<xa and so bx <x, xbx <x*
holds, contradicting x? <xbx. _

Cororrary 1. Let 4 and B be semigroups. If their free product A * B is or-
derable, then neither A nor B contains idempotent elements.

Proor. Lemma 1 says that a’sa for every a€A. A similar argument
works for B.

Lemma 2. If A * B is orderable, then A * B contains no idempotents.

Prook. Let I(x) denote the length of a word u€A * B. (We can consider the
elements of A * B as sequences of letters taken alternately from 4 and B.)

If u® equals u, then obviously l(u) = I(u*)22l(u)—1 holds, and so
121(u), i.e.,u is an element of A or B. By the previous corollary however,
AU B contains no idempotents.

Let us adjoin a unit element 1 to the semigroup A * B (1 stands for the emp-
ty word), and extend the order of A * B to (4 * B)U {1}. Next we will show that
* we can do this.

ProrosiTionN 1. If A * B is orderable then this order can be extended uni-
quely to (A * B)U{1}.

Proor. By Lemma 2 u is different from u? for every u€A * B so the only
way to extend this order is to define’

1 <ud§u< u’.

First we show that this extended binary relation is compatible with the
multiplication, i.e., u<u?® implies vSvu and vSuv for every ved * B.

Assume the contrary that, e.g., u<wu? and v>wu holds.

We can suppose that the last letter of u is an element of A and let x be an
arbitrary element of B. Hence U¥ # u’x and so ux <u’x, x<ux, vx Svix hold.
On the other hand, from v>vu it foliows vx2vux and so vx = vux.

Obviously

~ Ivux) Z2IW)+1() = I(W+],

because the last element of u is from 4 and x€B.

Hence

I+ Sl(vux) = I(vx) Si(v)+1

and so [ (xx) = I(v)+1. Thus the last letter of v cannot be an element of B, be-
cause we had simply to write x after v in the shortest representation of vx, we
get vu = v, contradicting vu <v.
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Similar reasoning yields the assertion in the other cases. It remains only
. to show, that the extended relation is transitive (the irreflexivity and the an-
tisymmetry is trivial).

Thus we will prove that x<y and y<z implies x<z for every
xy,2€(A*BYU{1]. If x,y,z€4 * B, then we have nothing to prove because <
was an order on 4 * B.

Case 1. z = 1. Suppose that x<y and y<l, ie., y’<y for x,yed * B.
From x< y it follows xy<y and so by y*<y, xy< y holds We have proved
that x <x? would imply y <xy so xy <y implies x*<x, i.e. x<1.

Case2.y =1. Suppose that x<1 and 1<z hold for x ,2€A ¥ B. We have
proved that x<1 i.e. x*<x implies xz<z. Similarly from 1<z it follows
x<xz. Thus by the transitivity of the ordering of A * Bx <xz and x2<z implies
x<z. x7#z follows trivially from x2<x and z<z>% :

Case3.x = 1. This case is similar to Case 1. (It is the same if we consider
the reverse order.)

Therefore if A * B is orderable, then the monoids AU {1} and BU ({1} and
their free product (4 * B) U {1} are also orderable. (We consider 1 as “the com-
- mon unit element of all monoids™:) So the necessity of the one-side cancellativ-
ity of A and B follows from the next proposition.

Prorosrtion 2. If S, #{1] and S, (1] are ordered monoids and §; *S, is
orderable, then S, must be one-sided cancellative.

Proor. Assume by way of contradiction that there are elements a,, a,, by,
b,, ¢, deS; such that a,c = ayc, a,#a,, db, = db, and b, #b,. Without loss of
generality we can confine ourselves to the case a,<a,, b; <b, and let x be an
arbitrary element of S, different from 1.

Case 1. If byxa, < byxa, then dbxa, <db,xa,, (the two sides are not equal
because of a,#a, and x#1), and so (deleting dbx = db,x on both sides)
a, < a, follows, which is a contradiction.

Case 2. If byxa, > byxa, then similarly we have byxa,c > byxa,c and hence

b,>b,, a contradiction.
Now we will prove that S; *S2 must also be one-sided cancellative. This

statement follows trivially from ,
ProprosrTioN 3. If S;#{lJand S, #{1] are ordered monoids and S; *S, is -
orderable but S; and S, are not both left cancellative, then they are both right
cancellative.
Proor. Assume the contrary: for example that ac = bc, a<b holds for
certain a,b,c€S; and there exist elements x,y,z€S, such that x<y, zx = zy.
Case 1. xb<ya. Then zxb < zya thus by zx = zy we have b<a.

Case 2. xb>ya. Then xbc >yac thus by ac = bc we have x> Y.
We obtained again a contradiction in both cases.
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We shall call an ordered semigroup C left-arranged if C statisfies the fol-
lowing conditions .
(i) CU{1] is left-cancellative.

(ii) The order on C is extendable to the monoid CU{1].

Analogously we shall also speak of right-arranged semigroups.

So far we have proved the following

THEOREM 1. If the free product A * B of the ordered semigroups A and B is
orderable, then A* B as well as A and B are arranged from the same side.

Note, that from the one-sided cancellativity of a monoid it follows that the
only idempotent element is 1. So if C is one-sided arranged then C contains no
idempotents, and there is a unique way to extend the order to CU{1]. (Setting
1 <c iff c< c? for every c€C.) ,

In Section 3 we shall see that there are no more “symmetrical” necessary
conditions in the sense that there are no more conditions which are to be satis-
fied by the elements of A and by the elements of B as well.

At the end of this Section we prove a “non-symmetrical” necessary condi-
tion. Let us call an element a of a semigroup S a local left unit if there is an ele-
ment b such that ab = b. Analogously we shall also speak of local right units.

THEOREM 2. Let S, %S, be the free product of the monoids S,# {1} and
S,# {1}, and suppose that S, *S, is orderable. If S, *S, is left cancellative and
S, contains a local left unit different from 1, then S, is cancellative.

Proor. We have to prove only that S, is right cancellative. Assume there
were elements x,y,z€S, such that x<y, xz = yz.

By the hypothesis there are elements a,b€S; such that a=1 and ab = b.
We can suppose that ¢ <1 holds. (If not, we have to change the role of x and
y in the following argument.)

Thus we have ya<y and yaz <yz = xz. From yaz <xz it follows ya <x,
therefore yab <xb, i.e., yp <xb, y <x a contradiction.

Remark 1. If a semigroup has no idempotens and is left cancellative then

it cannot contain local right units, because from ba =b it follows ba’ = ba
and so by left cancellativity, a = a?.

So we have seen that if A * B is orderable then at most one of the semi-
groups may contain local left or right units, and only one of the two types.
ExampLE 1. Let a and b be symbols and consider the semigroup

A =A{ablab = b)
(A is given by the defining relation ab = b).

It is easy to prove that every element of AU {1} can be written uniquely in
the form b*-a', where k and / are nonnegative integers, and

. bk+m " ifm#0
(b'a) ra”) = { ba if me0
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AU} is left-cancellative and the ordering

kI_pmn k<m or
b a'<b™a” iff {k=mandl<n

is compatible with the multiplication.

So A is a left-arranged semigroup with a local left unit a. By Theorem 2,
if for a semigroup B the free product A * B is orderable then B is cancellative.

3. Sufficient conditions

First we prove a theorem which shows that if we are interested in the or-
derability of the free products, then we have to consider exactly the one-sided
arranged semigroups.

TueoreM 3. Let A be an arbitrary ordered semigroup. There is a semi-
group B such that A * B is orderable iff A is left- or right-arranged.

Proor. In Section 2 we have proved that A must be one-sided arranged. We
have to find only a sermgroup B such that A * B is orderable provided that A is,
say, left arranged.

Let B be the free semigroup generated by a single element x. We can uni-
quely write the elements of (4*B)U {1} in the form axa,x . . . xa, where
a;€AU {1} fori =1, 2, ..., n Létr(u)be the number of occurrences of the
letter x in u for every uG(A *B) Ufll. . '

If rw)<r(v), then r(zu)<r(zv) and r(uz) <r(vz) hold because of
r(uv) = ruw)+r(v).
We can define an order on (4 * B) U [1] in the following way. Let

ru) <r(v) or
u<v iff 370 =7r() u=apxax. .. xa, v =>bxbyx...xb,
a = bl’ N/ I bi—l; ai<b,- for an 16{1, 2, ey n}

It is easy to check that the compatibility of this ordering follows from the
properties of r and left cancellativity.

Remark 2. Let Bbe Mal’cev’s example for a cancellative semigroup which
cannot be embedded into a group. In [3] it was proved that B is orderable. Simi-
larly to the previous proof one can show that A * B is orderable for every one-
sided arranged A.

The next theorem generalizes the main result of [2]. We call a congruence
relation convex if its equivalence classes are convex.
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THeoREM 4. Let A and B be left cancellative ordered semigroups. If there
is a convex congruence relation ¢ of A and a convex congruence relation  of
B such that A/¢ and BH are cancellative and have no idempotents, then A * B
is orderable by extending the order of A and B.

Proor. Assume that such convex conigruence relations ¢ and y exist. The
order on 4 and B induces a natural order on A/¢ and B/A). We can uniquely ex-
tend this order to (4/¢9) U {1} and (B/Y)U{1]. This assertion follows from

Lemma 3. If C is an ordered cancellative semigroup without idempotents,
then we can uniquely extend its order to CU {1].

Proor. Since ¢ # ¢? for every c€C, the only way of extending the order to
CU{1} is 1<ciff c<c?.

This ordering 1s compatible, because for example c<c?, b>be would
imply bc>bc? (be #bc? by cancellativity) and so ¢>c? a contradiction. For
proving the transitivity of the extended order we can repeat the argument in
Proposition 1.

So — continuing the proof of the theorem — we can use [2] to extend the
order of (4/¢)U{1} and (B/A))U1 to (A/¢) * (BA)U{1].

Let » be the natural homomorphism of A * B onto (A/¢) * (B/}).

If v(u) #v(v) for u,véd * B, then y(uz) = r(vz) and V(zu) #Zp(zv) for every
z€A * B by the cancellativity of (4/¢) * (B/Y).

If »(u) = »(v), then the shortest form of « and v must have the same num-
ber of letters and the first letter of u is from A iff the first letter of v is from A.

"So we can define an order in the following way

v(u) < »(v) in (A/¢p) * (B/Y)

or

(1) = »(v) and the first letter that is different in » and v (from the
left) is less in u than in v (by the order of A resp. B)

u<v iff

It is easy to check that the compatibility of this order follows from the
properties of » and left cancellativity.

The restrictions of this order on A or on B are the original orders of A
resp. B.

ExampLE 2. Let A be the senugroup generated by the symbols g and b sub-
jected to the defining relatlons ab = b?, ba = a*. It is easy to check that the

elements of A are a, a2, . . . b b ... b" ... and d'b' =
— bk+l, bkal — ak+l.‘
The order

' ' k<l
uf <yt iff :
k—'l,u=a,v=b

for u, v€{a, b} is compatible with the multiplication.
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The following relation: (a*, 5*)€8 for every k€N and (c, c)€f for every
c€A, is a convex congruence relation, and A/f is isomorphic to the free semi-
group generated by a single element, Thus by Theorem 4 A * A is orderable.

4. The solution of Gabovich’ problem for commutative semigroups

The results, which we have obtained so far, allow us to formulate a neces-
sary and sufficient condition of the orderability of the free productA * B of the
ordered commutative semigroups A and B.

THEOREM 5. The free product A * B of the ordered commutative semigroups
A and B is orderable if and only if A and B are cancellative, without idem-
potents.

Proor. If A * B is orderable then by Corollary 1 and Theorem 1 A and B
are one-sided cancellative, without idempotents. However the commutativity
of A and B implies in this case two-sided cancellativity in A and B.

On the other hand if 4 and B are cancellative, without idempotents, then
setting ¢ = {(a, a)laed} Yy = [(b, b)|beB] it is easy to check that the condi-
tions of Theorem 4 are trivially fulfilled and so A * B is orderable.

5. Further remarks on convex cancellative congruence relations

A congruence relation @ is called cancellative if (ca, cb)€f or (ac, bc)el
implies (a, b)€f. (See [4].) Thus a congruence relation is cancellative iff the
factor by this relation is a cancellative semlgroup Obv1ously the intersection
of all cancellative congruence relations of a semigroup is cancellative and so
it is the least cancellative congruence relation of the semigroup.

Similarly the intersection of all convex cancellative relations of an ordered
semigroup is the least convex cancellative congruence relation. Analogously to
the corresponding result of [4] we can prove the following.

Turorem 6. Let C be an arbitrary ordered semigroup. Then we can con-
struct the least convex congruence relation 8, of C in the following way:

1. Let 6, be {(c, c)lceCl.
2. If 6, is defined, let (a, b)EG,,H iff one of the followmg conditions is
satisfied
(1) 3ceCsuch that (a, )€, and (c, b)edb,,
(2) 3a’, b, ceC such that (a’, b’)€b,
anda’c =a,b’c =borca’ = a, cb’ = bhold,
(3) 3ceC such that (ca, cb)€b, or (ac, bc)eb,,
(4) 3ceC such that (a, c)€f, and a<b<c
or (b, c)€b, and b<a<c hold.
3.6, = T

n

9,

LCs
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r

Proor. 1. First we show that 8,,,2 6, holds for every n=1. This can be
proved by induction on n. For n =1 (a, a)€6, implies by (1) (a, a)€b,, so
6,20,. If the claim is proved for 8,_; and so 8,26, holds, then (a, b)€d,
(b, b)€0, implies (a, b)€b,,; by (D).

2. 0, is symmetric for every n.

We prove this also by induction on n. 8, is obviously symmetric. Assume
that 6, is symmetric and consider (a, b)€6,,;.

If there is a ceC such that (a, ¢)€6, and (c, b)€b,, then from (c, a)€b,
and (b, ¢)€b, it follows (b, a)€0,,; by (1).

If (a, b)€b,,,, because (2) or (3) holds, then (b, a’)€8,, or (¢b, ca)€f, or
(be, ac)ed, implies (b, a)€b,.;.

If (a, b)€b, ., follows from (4), then (b, a)€d,,; follows from the sym-
metry of this condition.

Thus ng 8, is also sy‘rnmetric.

3. 00 is a congruence relation. ’

0. < U0 implies the reflexivity of this relation. In 2. we have proved
that "L=J10,, is symmetric. If (a, b)€ ,,Ljﬁm and (b, c)EnL;JIO,l then there are integers
k, m such that (a, b)€d, and (b, c)€6,,. For n = max (k,mm) by 1. it follgws
(a, b)ed, and (b, c)€b,, soby (1) (a, c)€0,.,, i-e., (a, c)€JH,. Therefore U6,
is transitive. So far we have proved that U6, is an equivalence relation.

"910,, is a congruence relation because of (2), it is cancellative because
of (3) and it is convex because of (4).

So 6, U0 holds by the minimality of 6. .

4. On the other hand we can prove by induction on » that §, < 6, holds,

and so gﬁ,lg 6, is also true..
The next proposition may be useful in applying Theorem 4.

Prorosrtion 4. Let C be an arbitrary ordered semigroup. There is a con-
vex congruence relation ¢ such that C/¢ is a cancellative semigroup without
idempotents iff C/8, contains no 1dempotents Here 6, denotes the least con-
vex cancellative congruence relation of C.

Proor. If C/¢ is cancellative, then ¢ is a convex cancellative congruence
relation and so ¢ 26, hold. Thus if C/@; contains an idempotent element, i.e:,
(a, a®)€b, for certain a€C then (a, a?) also belongs to ¢, so C/¢ contains an
idempotent element too. So if C/¢ is cancellative without idempotents, then
C/8, is also cancellative and without idempotents. The other direction of the
implication is trivial.
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1. Introduction

It was proved by LEBesGUE (see [4]) that Fejér means of integrable func-
tions converge to the function a. e. Setting out from a condition connected with
this the concept of the so-called Lebesgue point was introduced and on the one
hand it was shown that in case of integrable function a. e. point is Lebesgue
point, on the other hand Fejér means converge to the value of the functions in
Lebesgue points. By the help of the property of humped majorant that can be
integrated uniformly a necessary and sufficient condition was given by
Fapyevev for the convergence of singular integrals in Lebesgue points (see
e. g. Arexrrs [1]). Using this theorem it can be shown that (C,«) means of the
trigonometrical system converge a. e. The theorem, however, can not be ap-
plied for (C,1) means of the Walsh system. Using the dyadic derivative of meas-
ure the analogue of the definition of Lebesgue point will be introduced in this
paper and it will be called Walsh-Lebesgue point. Then a necessary and suffi-
cient condition will be given for the convergence of a singular integral in
Walsh-Lebesgue points. Prooving this we need a dual space of an interesting
space of sequences and we shall characterize it. Applying the necessary and
sufficient condition we get easily that (C,1) means of the Walsh system con-
verge a. e. .

2. Walsh-Lebesgue Points /

Every point x€[0,1] can be uniquely written in the following way:

co

x = Z 5274 (€(0,1)).

k=0
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If there are two forms the one must be chosen for which lim x, = 0.
Introduce an addition on interval [0,1}: ko

x4y :=,?_f,°'0 Ly, | 27 (x, ye[0, 1))

where x = kEOxk-2‘("+1), y = kEOyk-2"("“).

The following notétions will be used:
x+1:= {x+yyel) (xe[0,1), IC[0,])),
Lx) := (ye[0):y; = x; i = 0,1,. . .,n—1)}
(x.E[O,l], neN\{0}) [y(x) := [0,1].
Moreover, let L, := L,([0,1),B,N) (0<p<c0) where B denotes the aggregate

of Borel sets, A denotes the Lebesgue-measure. How do we get to the concept
of the Lebesgue point? It is known that for any integrable function f

x+h

S (fO)—fx))d\@®) = 0 for a. e. x€[0,1).

X

1

:“'—‘

O

The following condition is stricter: let c€R be a number for which
x+h -
.1 P
%g% 7 S if—cld\ = 0.

Satisfying this condition points x are called Lebesgue points. It can be proved
that a. e. point of a function feL' is a Lebesgue one. Substituting the so-called
dyadic differential ratio for the differential ratio we get to the derivative of mea-
sure and to the concept of Walsh-Lebesgue point. We mean that the dyadic dif-
ferential of a finite additive measure of bounded oscillation v is

do(x) = éo 21T (x) +277Y).

It is known (see ScHipp [5]) that for a. e. x€[0,1)

lim d v(x) = v’(x)

’l—'m
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where v’:[0,1)—R is the derivative of the measure v. Suppose that v is totally
continuous relative to A, i. e.

v(H) = | fd\  (feL,,HeB)

H
then

) lim § 27 | fah =) = fio)

n—e =0 i—1

L(x) +27

for a. e. x€[0,1).

Now we give the definition of Walsh-Lebesgue point: a point x€[0,1) is said to
be a Walsh-Lebesgue point of feL, if and only if there exists c€R such that

lim ¥ 2 | lf—cld\ = 0.

n—ow i=() —i1

Lx)+2

Traeorem 1. If feL, then a. e. point x€[0,1) is Walsh-Lebesgue point of f
with the constant ¢ = f(x).

Proor. Take an order (r;, k€N) of rational numbers. Denote by E, the set
of the points x€[0,1) for which '

lim ¥ 2+ g lf—r ld\ = |f)—r, |

n—ow =0 —i

L(x)+2

is not satisfied. By (1) we get M(E,) = 0, consequently, E: = Ig OE,, is a set of

measure zero. We show that all points of [0,1)\E are Walsh-Lebesgue points.
Let x€[0,1)\E be arbitrary and e >0 be arbitrary but fixed number. Let 7, be
given as follows:

[ fx)—r, | <e€/2.
Then for every n that is large enough

g’) 21 IAD—fx) | AND) <

—i—1

Lx)+2
<po2 | L) —r, | dN@) +
=0 L2
+T 2 1) —r, | AN <e2+€/2 = e.
i=0 —i—l -
L(x)+2

Thus x is really a Walsh-Lebesgue point of f.
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3. A Duality Theorem

In this section we shall give the dual‘ space of a double-indexed space of
sequences which has an important role while prooving Theorem 3.

Let d#H,C NXN (néN) have the following properties:

) - UH,=NxN

(2) - (@) if G€H, and (G, )€H, (n<k) then forall n<i<k (i))el, -
(iii) H, # H, (k#n).
Denote by X the space of sequences as follows:

i \
su Y loyl<+o
neN G, jieH,

and let this space be endowed with the norm

loll: =sup ¥ lay,l.

neN (i, j)eH,

Note that if in 2(i) we take finite union then everything below holds
the same way and then in special case this space corresponds to the space I'.

Now we are to give the norm of the linear function

3 A@: =5 ayay (o= (o j€ NJEX)
i, j€

where a = (a;;;1,j€EN) is a sequence of real numbers for which

Y o1 <o for every a€X.

i, JEN

TueoreM 2. If condition (2) is satisfied then for the above linear functional
A one has

hll <1 i JeN
s aj;=0orl

(i.jeN)
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Proor. It is easy to see that to give the norm of A we can assume that
a;;20, ;;>0 (i,j€N). Let A be restricted the following way:

A) =Y & ia g
ijeN

n
eV He
k=0

Prooving Theorem 2 it is enough to show that

4) Al = sup )> Q; 4 j
lalst 5
PN n
(,l JeN) (AD::(J) Hy

because if n <m then 14,1 <IA I, moreover, 4,1l <li4ll. Since for any >0

there exists & = (v, i,jEN), lal € 1 such that E 0 Q> lAl—e and then
for every n that is large enough '

4,1 > ¥ aJa,J>E o a; —e> lA1—2e.
= & =

GJeY B
k=0

ll4,,l — A1l also holds if n— oo, Introduce a sequence of sets (G¥, keN) (nGN)
W1th the following properties:

(i) fixing # it is nondecreasing
(i) for all , keN G*CNXN is finite

) 3y
(iii) | U Gl = UHZ

(iv) for allk, IeN,0 S I £ n GNH,=0.
Restrict further the functionals 4, as follows:
Arltc(a):= E @ d i
i
(i,j)eG,I,c

By the above idea

lA5 € 4zl if kS m, 14X < 14, (keN)
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and if & — oo then 4%l —ll4,ll. Consequently, prooving Theorem 2 namely
to show (4) it is enough to get

k| —
“An" = "2}‘1 . E aiJa ije
L. =0 . k
D‘z,](l_;e%;’r 1 (i.)€EGy,

(05 = (aijy' i:jEN»

As the set G is finite to show this equality is a problem of linear program-
ming. Number the pairs of numbers (i,j) €G~ to a sequence having one index;
then from the sequence (o;;(i,/)€Gy) we get x = (x;, 1 <I < IGLl) and
from the sequence (a;;; i,j€G}) we get (a}; 1SIS1G)) where |Gyl is the
number of the elements of the set | G*|. Let B be a matrix with elements 0 or
1 and let the condition (e ;; (7,/)€Gf) I <1 be equivalent to Bx <[1] where
the above vector x is a column vector, [1] is the column vector having element
1 only. As by the condition (2) in the definition of the norm it is enough to take
the supremum only over indexes being not larger than n because of (5) (iv) B
has n rows and | G*| columns exactly.

The maximum of the objective function of this linear programming
16K
problem IZ_JIa’,x, has to be given. We can suppose that | G¥| 2n (it holds for

every k that is large enough) so let us complement the problem with variables
Y1+ - -n take an (nXn)—form unit matrix after B, finally denote by C the
matrix we got this way. C has n rows and |G¥l+n columns. Then the
problem can be written in the following form:

Cx' =11,

%20 i=1,..IG,

y; >0 i=1...n,

max(c*-x")
where x* = (xy,. . ., X165, )15 - - ., ¥, ) is a column vector,
c= (a,', .. .,a'|G’If|, O,. . .,0)

N~
n pieces

is a column vector, [1] is the column vector containing » pieces numbers 1 and
in case of any matrix D its transposed matrix is denoted by D*,
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Obviously, there - exists a primal allowable solution of our problem,
however, it also has dual allowable solution because y*C 2c* has an allowable
solution since every element of C is 0 or 1 and it follows from (5) (iii) that in
every column of C there is a number one at least. Then by well-known linear
programming theorems there exists an optimal solution of the primal problem
and it also has an optimal basis-solution. Choose a basis and denote by C, the
submatrix of C, by x, the subvector of x’ which are appropriate to it. Note
that complementing X, with zeros we get an optimal solution. Then Cx,=[1].

From the well-known formula for inverse matrix we get

L .
d PR d
C__l _ . .

e

where d (#0) is the determinant of C;, d, ; (1 =k, [<n) is the determinant of
the apropriate submatrix C, ;. We prove that the determinant of those matrixes
containing 0 and 1 only of which columns do not contain zero between two
numbers 1 is 1 or —1 or 0. By (2) (ii). C has this property so C; and C,; also
have it (1 £k, 1<n). In order to prove the statement we use totally induction;
if n = 1 or n = 2 it is evident. Let us consider an (nXn)—form matrix. Take
the columns of which first element is 1. If there is no this kind of column then
the determinant is 0. If there is an only one expand the determinant by the first
row using the inductive condition we get that the determinant is 0 or 1 or —1.
If there exist k columns with this property then we take the one which has least
number 1, this must be subtracted from the above (k—1) columns. Operating
this way the determinant does not change, furthermore there is no zero be-
tween two numbers 1 and in the first row there is an only 1.

As x, = C;! [1] and by the above idea the elements of C;™ are integers,
so the elements of x, are also integers. Consequently, by the conditions of our
problem we get that the elements of X, can be only 0 or 1. Theorem 2 is
complete.

Since XD 1! every A€X* has (3) form. Then it is easy to verify by The-
orem 2 that the dual of X is the space containing sequences a = (a; ;;i, j€N)
such that

su E [a,-,j"ai’j’ < 400
lalS1 g jeN

a; j=0orl

*t, jeN)
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with the norm

“a" = . Su E Ia”l ia,-jl.
lalS1 4, jeN ’ ’
ai,j=0°"1
i, JEN)

Introduce a partial ordering on NXN: (i}, j,) < (i, j,) if there is no n for
which (i;, j))€H, and (i, j,)€H, and if

min {n:(ily ]l)EHn} <Il'1iIl {n:(i27 jZ)EHn} M
Using this Theorem 2 can be written as

l4I = sup { ’EN lay,, ;1 (

(i, Jo); k€N) is nondecreasing sequence].
Further on Theorem 2 will be applied only for a special space X
H, := (@, p):i<n, j2n+l]}
and for o = (o j; I, JEN)€EX «€X; if «;; = 0 when j<i. The above partial
ordering means the following: (iy, j) <(i,, jo) if i, 2j,.
Troughout this article this partial ordering will be used.
4. Convergence of Singular Integrals

» First we define the concept of a singular integral. Let x€[0,1) be fixed and
' y€[0,1) be chosen such that x¢;(y). Suppose that

lim 5 .2, x) AN@®) =1  and

Lx)

©) im | (1, %) d\(®) =0

e
where
keN and ¢,@¢ x)eL™ (neN).
Assume that for all fixed & there exists ¢(k)>0 such' that

¢  ess sup lo,(z, x) ! <o(k) for all neN.

£6[0,D\Ig(x)
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Note that ¢(k) depends on x. If the kernel functions ¢,(z, x) satisfy (6) and (7)
for fixed x then the sequence of integrals

1 .
Ulf, ) := [0, x) dN®)  (feL)
: |

is called singular integral (with the singular point x).
A norm will be introduced on kernel functions ¢(-, x)€L®. Decompose

the interval ( 1 ~1—~> (i€N) the following way:

i+1° i
2 \ 2

1 | I 1 1 1 1
<2i+1 ’7) - j:L{H (2i+l + 9+ it + 2j)

e v 1 11 1
I, fx) = x+ [ i+l + 9+l ? pitl +?)

(ieN, jZi+l, I, ;: = I, (0)).

and let

Furthermore, let

ess sup |l

8 a; ;= —
®) | 1= i o8 sy

The norm will be defined by the remark in the end of Chapter 3:
gl := sup {keENaikik k=2 Bl dg 25, keNJ.

Note that this definition can be 111ustrated geometncally if (i, j) has already
been given then

lk+1,1k+1(x) Cx+ [0 2 k)
Now the main result can be interpreted.

THEOREM 3. In a Walsh-Lebesgue poznt x of any function fEL1 U, x)—~c
(n— ) if and only if

(i) the sequence of integrals U,(-, x) is a singular integral
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(ii) there exists K such that for every neN
lgu(-, DISK

where c is the constant in the definition of Walsh-Lebesgue point of f.

Proor. It is enough to verify the theorem in case x = 0, moreover, it is
easy to show that by (6) we can assume that ¢ = f(0) = 0. Let the space of this
kind of function feL'! be denoted by L, and endowed by the norm

A = sup T E 21 - {

by the definition of Walsh-Lebesgue point. Show that L; is a Banach space
with this norm. Let (f,,n€N) be a Cauchy sequence in Ly, i. e. lIf,—f, I -0 if
n,m— oo. Then there exists a subsequence of it for which llf,  —f, I <1/2"
(neN). Consequently, there exists feL, to which in n— oo case f converges A-
a. e. and in L;-norm, too. Obviously, f{0) = 0 can be supposed. 'We prove that
the point O is 2 Walsh-Lebesgue point of f with the value ¢ = 0. For any ¢ >0
there exists N = N(e) such that

= o 1
I —fx 0 ng_JN"ﬁkH—ﬁ [ SIEN SE<e2.

Moreover, since the pomt 0 is a Walsh-Lebesgue point of f, with the constant
¢ = 0 for neN that is large enough

no
r 2~ [ If lan<en2.
i=0 —n 3 i1 Vn
0242
Consequently,
£ 27§ iflans
i=0 oo f
n i1 \
i
£X 2 o
02 "h+2
+ x 2 AL
i=0 02 a2

H

Thus 0 is a Walsh-Lebesgue point of f therefore feL,, i. e. L is really a Ba-
nach space.
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Endowe L, with a norm equivalent to the above one:

n—

A, = su z;l 21 §_i_l Ifld\  (feL,).

neN\{0} i=0 [O,Z_n)-i-Z

It is clear that Ifl, Ifl. On the other hand

=) 1/2i
2" [ flan=20E [ fldN

027" ;=
and ..

74 K

27 S IflanSIfl,  (njeN).

1/2j+1
Thus

2 | Iflansr T M. gy
0277 j=n 2
Finally we get lifl <3lfl.
Later on we use the following notations: ¢,(£):=¢,(t,0), U,(H:=U,(f, 0).

In order to apply Banach-Steinhaus’s theorem we give the norm of the linear
functional 4

1
UQ = [ofdN  (GEL™, feLy).
; |

NUN :=sup U@ =sup . U]
feLg feLy
i, <1 . <1

because if feL, and lifll, £1 then for the functions

0 if x€[0,27™)

Joi= o
[ else

f.€Ly, Ib, I, <1 and in n— o case f,—f inL,-norm.-
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It is easy to see that to give the norm of U we can supposbe that ¢ and fare
positive. Introduce the following notations: .

2i-1f if XEI,'J'

fj =
0 else,
o = | fi (€N, jZi+]).
5
Then
el 3l
A, =sup Y 27 fa\ =
neN\{0} i=0 2_1_1 )
—sp T 2% [ =i dN=su r ¥ o = Nl
aENAQ) =0 =g 2 kePP i=0 j=k+x1 W :

where the norm of o = (¢;

i€N, j 2i+1)eX, was defined in Chapter 3. Then
on the one hand ‘

)

1
Iyl = i#?g ngfd)\g
f2o0 -

A

<sup X oa;; S - o
_llﬂlp_<.1 . iJ ﬁj d\ = su 2 al,jal,j
+=1 jeN I flal 1
20 3 i TN
= Jj2itl >0
JZi

where the definition of a = (a;;; 1€N, j=2i+1) can be found in (8). On the -
other hand for an abitrary ¢ >0 let

= ._ 9 €
Ei,j (E) = {xEI,J . 2i——1 gall]— 7}

then it is clear that A\(E;i(e))>0. Let feL, be a positive function such
thatlifll, £1, f(x) =0 if x¢E;;(e). Then

1 =) =)
ggsfdx:ie% [¢fdz X X <aij—v—261—.)aw.

i=0 j=i+l
0 jzitl g
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Since
7
g .
i o;; =1 @ieN)
thus
€ € < €
j=iv1 20 W T =miv 9 T 9l
Therefore
SqS fAN2 T o;a;,—2¢,
iEN
jZiw
consequently, by Theorem 2 one has IUll = ¢l where the norm of a kernel
function was introduced before expressing Theorem 3. Thus U1 = lig, Il is
verified.

Let M denote the subspace containing the functlons JeL, for which there
exists a natural number k = k(f) such that if x€[0,27*) then f(x) = 0. Obv1—
{ ously, MC L, and it is easy to see that M is dense everywhere in L.

Let us set about the direct proof of Theorem 3.

a) Suppose that for the functions feL; which has the point O as their -
Walsh-Lebesgue point with the constant ¢ one has U,(f)—c¢ if n—oo. Then
(6) obviously holds and if feL, then U,(f)—0 (n— o). Applying Banach-
Steinhaus’s theorem we get that there exists K>0 such that |U, Il £K (neN).
Furthermore, if feL, for which fix) = 0 if x€[0,27), then U,(f)—0 (n— o).
Using Banach-Steinhaus’s theorem again we have that the L, -norms of the
kernel functions ¢, considering on [27*, 1) are uniformly bounded, namely
(7) holds.

b) Conversely, assume that conditions (i) and (ii) are satisfied. Using (7)
the second part of (6) and Banach-Steinhaus’s theorem we get that U,(f)—0 if

- feM and n— co. Applymg (ii) and once more Banach-Steinhaus’s theorem it

comes that U, (f) =0 in case feL,, too (n— o). Thus by the first part of (6) the
theorem holds. The proof of Theorem 3 is finished.

Now we are to show that the Fejér-kernel functions (K,,) of the Walsh sys-
tem satisfy the conditions of the theorem. It is known that these kernel func-
tions satisfy the following conditions (sec [3]):

(i) (2n+k) K2"+k = 2" K2n+k D2”+W2n k Kk

where :
2" if xel(0)

Dzn(x J=
: 0 if xgI,(0)
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and W, is the n™ Walsh function (neN, 0£k<2")

(ii) kK, = _2512"" Wi Kz,,.+§1k(”D2,,
i= i = i

where k = ,2?2'5, m>n>. . .>n,=20,
i

kKO = k—2"and kO = kD2" =2, ..

1 —n & i )
(iii) . Kn= 7 @ D2n+;€0 27" i Dz")

where (,)(x) := fix+h)  (h<1, x€[0,1)).

Using these three connections by an easy computation we get (6) and (7)
for K. It is also easy to show that Kl <3, ID_»ll £2 where the norm is the
one in Theorem 3. Then by the above second connection we get

1K) < 5 £ 2" Ik, W+ L kOID,, 1<

1 ! .
< 3+Tk"D2n,“ < 5.

Thus the following corollary holds:

CoroLLary. (C, 1) means of the Walsh system converge to the value of the
function a. e. '
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In [1], P. VoLEMANN proved the following inner product space characteri-
zation.

Let (X, Il - )be a normed linear space. Then the following two statements
are equivalent.

M) X, -1 is an inner product space.

(2) For every one-codimensional closed subspace YCX there exists a

y*eX\Y such that
ly+ey* 12 = lyl2+ gy 12

for all y€Y, t€eR(or, in a complex space C).

In this paper we give a generalization of this statement for real normed
linear spaces of dimension = 3. We now introduce some notations and conven-
tions. We denote

Py(x) = [yeM; Ix—yll = ngl lx—mli}

for any subset M C Y- P, is called the metric projection of M.

We denote the lmear hull of a set by o ).

We say that y* appearing above is the axis corresponding to the sub-
space Y.

The result

TureoreM. Let (X, | - I) be a real normed linear space with dim X=3. Then
the following two statements are equivalent.
M) X, I-1) is an inner product space.

(2) There exists a function F:R*XR*—R* such that for every one-
codimensional closed subspace YCX there is a y*€X\Y satisfying

ly+ay*12 = F(lIyll, lzy* 1)
for all y€Y and t€R.
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Proor. 1-2 is left to the reader. (In this case y* LY, F(u, v) =
= Va2

2—1. .

First we show that (X, Il - ) is strictly convex. We prove this by contra-
diction.

Using that S(0,1) contains a line segment, and (2), there exists an ¢>0
such that for ali x€S(0,1), there exists a closed hyperplane H with the property
that H is tangent to S(0,1), and there exists x* ¢H with x€(S(x*,e) N H) C S(0,1).
This mean that all facets contain a one-codimensional unit ball.

Now, let us fix a one-codimensional closed subspace YC X. (2) implies a
“’rotational symmetry“ using the corresponding vector as axis, i. e. if

Y15 %265, ly; Il = liy, |
then ‘
Iy, +ty* Il = Hly, +1p*|l
for all t€R. )
Using this and the above-proved facet—property, one can casily show that
can find a,, by, a5, b,,. . .€R such that

3) ly+ey*ll = max aly l+b,tlly*ll
ne

for all yeY, t€R. Clearly, these a,, by, a,, b,,. . . determine F, so, these para-
meters are the same for all one-codimensional closed subspaces YC X and cor-
responding axes y*.

Let ZC Ybe closed and one-codimensional in ¥, and let y€Y, Iyl = 1. Let
us define a, b, H so, that

H = a(Z, ay+by*)

and 4 g
b b;
foranyi = 1,2, 3, . . .. One can easily show that no translate of H meets S(0,1) '

in a one-codimensional unit ball.
This is a contradiction, (X, Il - I) is strictly convex. Now we show that F
is strictly monotonic in both variables.
; Let 0=<a,<a,, b=0. Let Y be one-codimensional and closed and y* the
corresponding axis. Let 7€R be such that ley*l = b, y,€Y with lly,ll = a,. We

define A = —;« (%+1> . One can easily check that

The strict convexity implies
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Ay, +ay* 14— f—y +2y* | > Iy, +A—N)(—y,) +2y* L.
So, y
NF(a,, b)+(1—N)F(ay, b) > F(a,, b).

On the other hand, let 0=<b, <b,, a=0, Y be one-codimensional and closed,
y* the corresponding axis. Let £,€R be such that ls,y*l = b,, y€Y with

Iyl = a. We define \ = % (%L +1) . Again by the strict convexity,

2

My+ty* H+H1—N) ly—ty* I > INgy* +(1—N)(—ty ) +y 1.
So, '
NE(a, b,)+(1—N)F(a, by)>F(a, by).
Now we fix ¥ again with ly*ll = 1.

Let ZC Y be closed and one-codimensional in Y. We define Z =a(Z, y%).
Clearly, ZC X is one-condimensional and closed.

Let z*eX\Z, liz*ll =1 be the corresponding axis. We show that z*€¥.

Assume the contrary. Clearly, z*¢o(y*). So, there exists an y€Y such that
Iyli=1 and a, b> 0 with

z* = ay*+by. ,
~ By the axis-property of z*, lly*—z*I=F(l, 1). By the axis-property of y*,
ly*—z *I=F(b, 11—al). These together mean
FQ, 1) = F(b, 11—al).

Clearly, we have one of the following cases.

Case 1. as2, b<l,

F(b, 1—al)<F(Q,1).

This is a contradiction.

Case 2. a=2,b<l,

1= lz*I=F®, ay>F({, 0) = 1.

This is a contradiction.
Case3.  a>2,b=sL

1 = lz*=llay*+byll =a—b>1.
This is a contradiction.
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Case 4. a arbitrary, b>1,

1= liz*=F(b, a)>F(, 0) = 1.
This is a contradiction, Therefore z*€Y.
For every x€X, we find C;(x), Cy(x)€R, z €Z satisfying

x = Ciy*+C(x)z* +z.

Clearly, Ci(x), C,(x), z are uniquely determined by x. So, the mapping x —z
is linear.

Let z ' €Z be arbitrary. We have _
x—g M =FUCyx)z * 42N, IC,x]) =
FFz—z'l, 1G@), 1IGa)=FFEOL G@) 1), IG@D.

In the last inequality we have equality if and only if z =z ’. This implies that
the metric projection onto Z is a linear operator, where Z is an arbitrary two-
condimensional closed subspace of X. The following inner product space
characterization is known [2], p. 249: Let k=1, and dim X=k+1.

Then the following two statements are equivalent.
(1) Every k-condimensional closed subspace has linear metric pI'O]eCtIOIl
(2) (XI- 1) is an inner product space.

Our result follows.
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1. Introduction

Define for real a and b the mean M, , as follows:

(Lxt/g )", ifasb,
S |
(1) Ma,b(xl’ e ey -xn) = n n
exp ( Lx/ Inx/Lxf), if a=b
i=0 i=1

and where x;, . . ., x,>0.

Obviously M, is the arithmetic mean, My, is the geometric mean and,

more generally, M, , is the p-th power mean.

Concerning the comparison of means of type (1), Daréczy and Losoncz
[6] found the following result:

THEOREM A. The inequality
() ‘ M, yx1, o x) SM 43y, SRRE X,)
holds for all natural number n and x|, . . ., x,>0 if and only if
min (¢, b) <min (c, d) and max (a, b)<max (c, d).
This theorem obviously generalizes the arithmetic mean — geometric me-

an inequality and the well-known comparison theorem of the power means
. (see [8], Th. 16, p. 26). ‘
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Losonczi ([10], Th. 7) also obtained necessary and sufficient conditions
for (2) to hold when the range of the variables x; is only a proper subinterval
[u, v] of ]O, oof. This result is contained in the Theorem below.

The main observation of this paper is the following: Formula (1) defines a
mean not only for real but for certain complex parameters a, b, namely, when
a and b are conjugate complex numbers. To prove this, let g = oz+,31 and
b = o—fi where «, B€R and 3#0. Then

: n "
Ma, b(xl? C e xn) - (El 'x:]a"'&/zl x:]a_ﬁl ves) —
. J= J=

1
28i

f} xf*(cos (B8 In x)+i sin (8 In x;))
j=1

I

an x#(cos (B In x)—i sin (8 In x))
j=1

26i

- (exp (2i arg [Jé x*(cos (8 In x)+i sin (8 In xj))]}) =

i x{ sin (8 In x))

J=1

Zn: X cos (8 In X))
j=1

3) = exp —{1§~ arctan

Since the range of the arctan function is the interval |—=/2, «/2[, we can see
that the value M, ,(x1, . . ., X)) = Myig ogi®1, - . ., X,) is always between
exp (—n/2131) and exp (1r/2 Iﬁ 1). Therefore the maximal interval, where for-
mula (3) can define a mean, is Jexp (—x/2181), exp (x/2181)[. On the other

hand, it is easy to check that M, ,(x;, . . ., x,) is a mean value of x, . . ., x,
(i.e. it is between min (xy, . . ., X,,) and max (X, . . ., x,,g) , if these values be-
long to the above interval. (We note that the above defined means were in-

troduced and examined in detail by AczéL and Daroéczy in [1].
Summarizing our observations, we can state that the function M, , de-
fined by formula (1) is a:mean on the interval I, , if (a, b)€D, where .

= ((a, b)€C*la+b, abeR] = [(a+B, a—B)la€R, BERU(IR)]
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and

I -— ]0, m[ B lf a—'bER
“* 7 Jexp (—x/la—b1), exp (x/la—bD)[ , if a—b¢R.

2. Results

First we define the quasiarithmetic means with weight function. Let /TSR
be a fixed proper interval, furthermore let f :/— R, be a positive valued func-
tion and ¢:7/— R be a strictly monotonic continupus function. Then the mean
M, ; defined by

My (hrs . oy x)i= 87 z;l 7 o)®() /.z";1 FOD), neN, xi, - . ., xel
Jj= i=

is called a quasiarithmetic mean with weight function (see Aczér, Daréczy [1],
BaJRARTAREVIC [2]).

On the comparison of these means, Dar6czy and Losonczi proved the fol-
lowing result (see [6] and [9]):

THeOREM B. Let f, g:I1—R, be positive valued functions, and &, ¥./—R
be differentiable functions with nonvanishing derivative. Then

(4) M¢, i(xl’ L1 xn)gMY', g(xl’ CECEESY -xn)
holds for all neN, x,, . . ., x,€l if and only if

) - S) (200)—9()) < 8(x) (¥(x)—¥(©))
Je ') = 0D

is satisfied for all x, yeL

To apply this result we observe that M, , is a quasiarithmetic mean with
-weight function

xb ‘ if a, beR,

© - ) =[x = la—bl 3 ,
x@+2 68 (—Q;—ln x) , ifa=b¢R



264 PALES Z7S.

and with

x4 if a, b€R, a#b,
()=, ,(0)= In x, if a=be€R,

tan ( la;bl lnx> s if a=b¢R

for all (a, b)eD.

A direct computation shows that

Ja, 5(X) (‘pa, p)—, h()’))
Ja, 6P 50)

= yh) P2 1n (x/y)S< a=b 1 (x/y))

(-

where §: C—C is defined by

s _ sinhz _ siniz
S@ = Y T Fy (‘ z ~ iz )

n=0

Clearly, S(z) is a real value if z€RU (JR). Using the above notations, we can
prove the main result of this paper.

TueoreM. Let (a, b), (¢, d)€D and 0<u<v< . Assume that [u, vic
el ,N1, ;. Then

(8) Ma, b(xla e ey xn)gMc, d(xla DY xn)
holds for all neN and x,, . . ., x,€[u, v] if and only if

1 —b (c—
© D@D _

is satified for t = In Vu/v and t = In v v/u.
Proor. We can see that (8) is equivalent to the inequality (4) if we take

=l ®=9%,,,8 =f.0 ¥ =&, , Now applying Theorem B and (7), we
find that (8) is valid if and only if

(10) Yoh) @2 Iy (x/fy)S( @b _1n (x/y)) <

<Y In (x/y)S( ¢ %n (x/y))
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is satisfied for all x, y€[u, v]. Putting r = In Vx/y, we can see that (10)
holds for all values x, ye{u, v] exactly when (9) is valid for all reJ :=

= [InVu/, In Nvul\[0}.

Denote by h(r) the left hand side of (9), and let A(0): = 0. Then, by
L'Hospital’s rule, one can see that / is a continuous function at r = 0. We show
that it is also monotic on J.

A simple calculation yields that

1 1 u :
— e —2___Vdu, if g€R, t#0
5 u ) ’ ] s
; t S sinh“u )
(1nS(o)> _ - _

t
I_S (_1___ u—)du, if 0€iR, 0< lotl <.

u sin’u

Write 8:= a—b, §:= c—d and suppose first that 32> 62. Then, for z€J,
: 16¢1

o Vi g2>820,
u sinh“u =

. {6t}
€| 2ol
u sinh“u sin” u u

0 0
) , if B2>0> 482,
S <+——1--->du, if 0>67> 62,
sin” u u =
Btl

Since sin # <u <sinh u for u >0, we have that £’ () >0 for all z€J. Therefore,
using the continuity at ¢ = 0, we get that  is strictly increasing on J U {0}.

In the case B2 = 6%, h turns out to be a constant; in the case 32< 8% a
similar argument shows that it is strictly decreasing. Therefore 4 is monotonic
in each case. Now if (9) is satisfied by # = In 5% and ¢t = In Vv/u, then
the monotonicity of 4 yields that (9) is also true for all intermediate values ¢€J.

The proof is complete.

ReMmark. If g, b, ¢, d are real parameters, then the above Theorem reduces
to a result of Losonczi [10]. There exist also integral analogues of inequality
(8) (the case of real parameters is discussed in [10]).
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The theory of the M, ,(a, b€R) means has a rich literature. Holder-
Minkowski,— and Ingham-Jessen-type inequalities have been proved for them
(see [3], [4], [5], [7], [10], [11], [12], [13], [14].) These means are the only
homogeneous and continuous quasiarithmetic means w1th weight function (see

tD.
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1. Concave Young-functions

Let ¢ be a right-continuous and decréasing function defined on (0,0),
such that it is integrable on every finite' interval (0, x) and ¢() =
= lim ¢(f) = 0. It can be easily checked that

t— ®
x

d(x) = qu(t)dt, x>0,
0
is a nonnegative, increasing and concave function with #(0) = 0. We shall fur-
ther assume that $(c0) = 0. & is called “‘concave Young-function”. One can

. & '
easily show that *x) is a nonnegative and decreasing function on (0, o),
such that
. H(x
0 <o = lim )(C ) <o

Also, for each constant ¢ > 1, the inequality #(cx) =< ¢ $(x) holds for all
x>0

2. Maximal inequality
DeriniTION. We say that for the concave Young-function & the maximal in-

equality is valid with some positive constant K (depending only on &) if for
an arbitrary nonnegative submartingale (X,, F,), n=1, the inequality

| ()] E® (X,)=K,; 1+E X))
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holds for all n=1, with X, = max X,

- l<k=n

The aim of this paper is to characterize all the concave Young-functions for
which (1) holds.
Let us point out that inequality (1) fails to hold in general (cf. {1], Example
3.1, page 13).

THEOREM 1. Let & be any concave Young-function. In order that ¢ satisfy
the above maximal inequality, it is necessary and sufficient that

2 AS\—Qg)dz‘=:A<oo.
1

Proor. Although the sufficiency is already known (cf. [1], Theorem 3.2),
for the sake of completeness we here give a proof to it.
Consider the maximal inequality of Doob

xPX, =2x)<EX, x(X, =x), x>0

to be integrated on {1, o) with respect to the measure generated by the nondec-
reasing function

S 2@ 4
t
1
By the Fubini theorem it follows that
Xy Vi1 . X V1
E S o()dx<E X, S ﬂtll dt <AEX,
1 ' 1 ’
since
X¥Vi
S 2@ 4 < 4.
t
1
Consequently,

E ®X* <®(1)+A E X,

By choosing K; = max (4, (1)) we obtain (1).
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NEcessiTY. Suppose that the maximal inequality holds for ¢ with some
constant K;>0. Let (x,), n=1, be an arbitrary sequence of real numbers such
that x; = 1, x, <X,y <2x,, lim x, = oo and

n—oa

) tn

3) A= S ‘-"f) dr = lim S -‘%‘l dt.

n—o
1 1

Consider the probability space (N, @, P) with @ being the o-field of Borel me-
asurable subsets of N. The probability measure is defined on (N, @) as follows:

P =1 — L a=12 ...

Xp Xn+1

Define for all n=1, the r. v’s
X, (w): = x, x(w=n), weN,
andlet &,: = o({1}, . . ., {n—1}, {n, n+1, . . .}) be the minimal o-field gene-

rated by the measurable partition noted in the brackets.
It can be easily shown that (X, &,), n=1, is a nonnegative martingale, and

. X, w<n
X; = {

X, w=Zn.

In virtue of the maximal inequality we have

Xk+1

n—1 &
@ Y ¢ (xi— : ) + 20 2k,
=1

since here £EX, = 1.
The sum of the left hand side of (4) can be estimated as follows:

X+l *n

n—l1 n—1

1 1\ _ 1 1 {20 4=
Eé(xk) (xk'-—m)—zé(xk)g 7611275\ 2 dt
k=1 k=1 v /

1 P(x,) é(2)

1
(in virtue of the integration by parts).
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Consequently, (4) implies

n

S ﬂ}l a2 g aq).

X
1

Passing to the limit, we observe by (3) that
g 0 4 < 4K, PN)—a <o,
1

This ends the proof of our theorem.
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