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ZUR THEORIE LIMESFORMER RAUME II*

von
DIETER LESEBERG
Technische Universitat, Braunschweig

(Eingegangen am 15. Seplember 1987)

9. Die Kategorien Limform und Ultraform

9.1 LEMMA: X sei eine Menge und (Y, L) ein limesformer (ul-
traformer) Raum. Fur eine Abbildung f : X — Y setze fur A €

€ PX : Li;-1y(4) = {Ne P2X | fN € L(f[A])}, so ist Lyj-1y ein
limesformer (ultraformer) Operator auf X mit f : (X, L{f_l}) — (Y, L)
ist eine limesforme Abbildung.

BEWEIS: Aus Grinden der Trivialitdt zeigen wir nur das Axiom
(U) (vergl. Hinweis 4.10. bzw. Definition 4.11.).

zu (U):Fir A € PX seiN € L{f_l}(clb{f_]}(A)), so gilt nach Defi-
nition von Ly ;13 MNe L(f[clL{f_l}(A)]). Wir zeigen : f[clLU_]}(A)]
Ceclp(flA]D).-y € f[CILU_l}(A)] impliziert die Existenz eines Elementes
{f_l}(A) mit y = f(z).

Wahle R € L{f_l}(A) mit x € NN, so folgt fR € L(f[A]). Wir
haben f(z) € f[ N SR] C NfR, woraus y € clp(f[A]) resultiert. Da
L(Lfy) erfullt, folgt

L(flely,

.’L‘ECIL

oy (D) € LA (714D) € LD,
weil L dariiberlinaus Axiom (U) erfiillt. Somit ist schlieflich 91 €
€ L{f_l}(A). Trivialerweise ist f : (X,L{f_l}) -+ (Y, L) eine limes-
forme Abbildung.

* Den ersten Teil s. in dieselber Zeitschrift, Band 32 (1989), 37-60.
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9.2. LEMMA: Fir eine Menge X bezeichne Limform(X) bzw. Ultra-
form(X') die Menge aller Limesformitaten bzw. Ultraformitaten auf X.
Fir @ # 9B C Limform(X), Ultraform(X) gilt dann: 1B € Liunform(X),
Ultraform(X).

BEWEIS: Aus Grinden der Trivialitidt zeigen wir nur das Axiom
().

u (U): Fir A € PX sei N € NB(clnp(4)) und L € B, so gilt .
N € L(clnp(A)). Wir zeigen: clngg(A) C clp(A). z € clnp(A) impliziert
die Existenz eines Mengensystems R € NB(A) mit z € NR. Es folgt
R € L(A), mithin ist z € cly(A4). Unter Anwendung der Axiome (Lfg)
bzw. (U) folgt dann L{clnm(A)) C L(cly(A)) C L(A), woraus sich die
Aussage 9 € NB(A) ergibt.

9.3. SATZ: Limform (Ultraform) ist eine topologische Kategorie.

BewEIls: (Y, Li)ier sei eine Familie von limesformen (ultraformen)
Raumen, X sei eine Menge und f; : X — Y; fir jedes : € I eine
Abbildung.

Setze Li" := ﬂ{L,’{f_l}I ¢ € I}, so ist mit den Lemmata 9.1.
bzw. 9.2. L' eine Limesformitat (Ultraformitat) auf X derart, da8
fur jedes 1 € I f; : (X,L™) — (Y;, L;) eine limesforme Abbildung ist.
Sei nun (Y, L) ein limesformer (ultraformer) Raum und g : ¥ — X
eine Abbildung mit f;0o¢ : (Y,L) — (Y;,L;) ist fiir jedes ¢ € [
eine limesforme Abbildung, wir zeigen: ¢ : (Y,L) — (X, L*™) ist eine
linesforme Abbildung.

Fir A € PY sei N € L(A), so folgt fir jedes i € I (fjog)MN €
€ Li((fi 0 9)[A]). (fi 0 9)[A] = filg[A]], so dab die Aussage (fiog)N €
€ L;(filg|A]]) resultiert. Wir haben (f; 0 ¢)0N = fi(gN), woraus ¢ €
€ Li"(g[A]) folgt.

9.4. BEMERKUNG: Limform(X) und Ultraform(X) sind Mengen
und fiir Elemente L, Ly € Limform(X), bzw. Ly, Ly € Ultraform(X)
mit 1x : (X,L;) = (X,L9) — (X, L) sei jeweils eine limesforme
Abbildung folgt dann L; = L.

9.5. BEISPIEL: Auf einer einelementigen Menge X definiere die
beiden folgenden verschiedenen Limesformititen, wobei mit “z” das
einzige Element von X bezeichnet wird.

(i) K(A) =P2X\ {0};

i) P({z}) :={ (01 0. {z)), ((2))),
P(D) {0),.... {9, (=)}).
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9.6. SATZ: Die Kategorie Nullform ist eine passend gefaserte (pro-
perly fibred) topologische Kategorie.

BEWEIS: Nach Satz 9.3. ist Limform eine topologische Kategorie,
in der die volle Unterkategorie Nullform mit Satz 5.3. bikoreflektiv
liegt. Fiir einen nullformen Raum (X, L) und einen limesformen Raum
(Y,T) sei f : (X,L) — (Y,T) eine homéoforme Abbildung (vergl.
Definition 2.3), so ist trivialerweise (Y, T) ein nullformer Raum. Mithin
ist Nullform in Limform isomorphie-abgeschlossen. Mit einem Satz
aus der Kategorientheorie folgt dann, dafl Nullform eine topologische
Kategorie ist. Dariiberhinaus gilt Bemerkung 9.4. auch fir die Nullform-
Faser Nullform(X). Wir zeigen noch, da auf einer einelementigen
Menge X = {z} Nullform(X) aus genau einem Element besteht.

Fir A € PX setze L(4) = {M € P2X |4 € stack®}, so gilt
trivialerweise fiir T € Nullform(X) die Beziechung L < T. Umgekehrt
sei fir A € PX Ne T(A):

1. Fall: A = @, so folgt mit Axiom (N) § € stack 91, und es gilt 9N € L(A4).
2. Fall: A = {z}; da nach (Lf3) M # @, folgt € N oder {z} € N.

In beiden Fillen gilt A € stack 91, und somit ist 9N € L(A). Insge-

samt haben wir L = T.

9.7. LEMMA: (X, L), (Y, Lg) seien limesforme Raume. Fiir eine
Abbildung f : X — Y sind dann die folgenden Aussagen aquivalent:

(1) f:(X,Ly) — (Y, Lq) ist limesforme Abbildung;
(ii) A € BY und M € Li(f~1[A]) implizieren f9 € Ly(A);

BEWEIS: trivial, vergl. auch Lemma 9.1. .

9.8. SATz: Die Kategorie Rastform (Filform) ist eine bikoreflektive
Unterkategorie der Kategorie Limform (Nullform).

BEWEIS: Zundchst beachte man die Definition 5.7. bzw. 6.5.
Fir einen limesformen (nullformen) Raum (X, L) setze fiir A € PX:
Lr(A) := {M € P2X |3 Raster R € L(4) R <« N}, so ist (X, Ly)
ein rasterformer (filterformer) Raum, und 1y : (X, Ly) — (X, L) ist
die Rastform (Filform) Bikoreflektion von (X, L). Desweiteren beachte
man, daf die Bilder von Rastern wieder Raster sind.

9.9. LEMMA:

(i) Rastform ist isomorphie-abgeschlossen in Limform;
(i1) Filform ist isomorphie-abgeschlossen in Nullform.
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BEWEIS: Trivial.

9.10. BEMERKUNG: Da Rastform eine bikoreflektive isomorphie-
abgeschlossene volle Unterkategorie der topologischen Kategorie Lim-
form ist, ist Rasiform eine topologische Kategorie. Analog ist Filform
als eine bikoreflektive isomorphie-abgeschlossene volle Unterkategorie
der passend gefaserten topologischen Kategorie Nullform selbst eine
passend gefaserte topologische Kategorie. Schlieillich weisen wir darauf
hin, daf ein analoger Satz und ein analoges Lemma gelten, sofern von
der Kategorie Ultraform ausgegangen wird (vergl. auch Satz 9.3.), d.h.
R-Uliraform ist isomorphie-abgeschlossen in Uliraform, und F-Ulira-
form ist isomorphie-abgeschlossen in N-Ultraform. Die Objekte von
I-Ultraform (I:=(R), (F), (N)) sind dabei gerade diejenigen ultrafor-
men Raume, welche die entsprechend genannten zusatzlichen Axiome
erfiillen. In diesem Zusammenhang sei insbesondere auf Kapitel 3. bzw.
Kapitel 6. hingewiesen. R~ Ultraform ist bikoreflektiv in Ultraform, und
F-Ultraform ist bikoreflektiv in N-Ultraform. Bei der zuletzt genannten
Kategorie beachte man, dafl der in Definition 4.3. erklarte Hiillenope-
rator cl; das folgende zusétzliche Axiom erfiillt:

(eta) ci(0) = 0.
Aufgrund der vorangehenden Bemerkungen zeigen wir: L, erfiillt das
Axiom (U).

zu (U): Fir A € PX sei N € Ly(cly, (A)), so existiert ein Raster
R € L(cly, (A)) mit R <« N. Wir zeigen: cly (A4) C clp(A4). z € clp (4)
impliziert die Existenz eines Mengensystems 9t € Ly(A) mit z € NIN.
Wihle einen Raster § € L(A) mit § < 9, mithin folgt z € NF, so dafl
die Aussage r € cly(A) resultiert. Insgesamt folgt nun: M € L,(A), da
L nach Voraussetzung eine Ultraformitat ist.

9.11. KOROLLAR:
(i) Die Kategorie R-Uliraform ist eine topologische Kategorie;

(i1) Die Kategorie F-Ultraform ist eine passend gefaserte topologi-
sche Kategorie.

10. Die Kategorien Rastform und Filform

10.1. LEMMA: (X, L) sei ein rasterformer Raum, Y eine Menge und
f: X — Y eine surjektive Abbildung. Far A € PY setze:
-1
Lipy(4) = {(Me P°Y [3Me L(F{A)]) fm < N,

so ist Ly final beziiglich ((X, L), f,Y), d.h. f is eine Quotientenab-
bildung in Rastform.
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BEWEIS: Zu (Lf;) — (Lf3): trivial.

Zu (Lfy) : y € Y impliziert die Existenz eines Elements z € X
mit f(z) =y, da f nach Voraussetzung surjektiv ist. Es folgt {{z}} €

€ L({=}) CL(f " {w})) mit f{z}} < {{y}}, s0 daB {{y}} €L(}({v})

resultiert.

Zu (R): trivial unter Beachtung der Tatsache, dafl das Bild eines
Rasters wieder ein Raster ist. Evidenterweise ist f : (X, L) — (¥, L{f})
eine limesforme Abbildung.

Sei nun (Z,T) ein rasterformer Raum und g : ¥ — Z eine Abbil-
dung derart, daf8 go f : (X, L) — (Z,T) eine limesforme Abbildung ist,
wir zeigen: ¢ : (Y,L{f}) — (Z,T) ist eine limesforme Abbildung. Fiir
AePY sei M€ L{f}(A), so folgt die Existenz eines Mengensystems
M e L(f~[A]) mit f < N.

Es folgt nach Voraussetzung (g o f)9M € T((g o f)[f~![A]]). Nun

gilt (9 0 HLFHAN = o[ fF 1141 € gl4), woraus (g 0 /)M € T(g[4))
folgt, d.h. g(fON) € T(g[A]), und wir haben mit (Lf;) ¢R € T(g[A]).

10.2. BEMERKUNG: Fir manche Zwecke ist es gunstig zu einer vor-
gegebenen Kategorie isomorphe Kategorien anzugeben, die es gestatten,
diffizile Sachverhalte der Ersteren in Letztere zu iibertragen, um hier
“Ubersichtlichere” Losungen zu finden. Wir tun das im folgenden Fall
und erklaren:

10.3. DEFINITION: Fiir eine Menge X bezeichne R(X) die Menge
aller Raster liber X. Eine Abbildung T : PX — P(R(X)) heifit
Rasterlimitierung auf X, und das Paar (X, T) heifit Rasterlimesraum,
wenn die folgenden Axiome gelten:

(Ry) A € BX, R, € T(A) und Ry € Ry € R(X) implizieren
Ry € T(A),
(Ro) A1, Ay € BX und Ay C Ag implizieren T(A;) C T(Ay),

(R3)  T(9)#9,
(Ry) z € X impliziert {{z}} € T({z}).
Fir Rasterlimesraume (X, T1), (Y, T2) heifit eine Abbildung f: X —» Y
limestreu genau dann, wenn fur alle A € X die folgende Implikation
gilt:

R € T(A) impliziert fR € To(f[4)]).

R-Lim bezeichne die Kategorie der Rasterlimesraume mit den li-
mestreuen Abbildungen.

10.4. SATZz: Die Kategorien Rastform und R-Lim sind isomorph.
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BEWEIS: Fir einen Rasterlimesraum (X, T') setze fir A € PX:
Lp(A) := {M e P2X |IR € T(4) R < N}.

Umgekehrt betrachte fiir eine Rasterformitat L' auf X den folgenden
Operator:

T (A) = {R' € R(X)|R € L'(4)}.

10.5. SATZ: Die Produktabbildung zweier Quotientenabbildungen
in R-Lim ist wieder eine Quotientenabbildung in R-Lim.

BEWEIS: (X,Lx), (X', Ly:), (Y,Ly), (Y', Ly:) seien Rasterlimes-
raume und f : (X,Lx) — (X'Ly1), g : (Y,Ly) — (Y',Ly:) seien
Quotientenabbildungen in R-Lim, wir zeigen:
fxg:(XxY,Lx _ 0Ly )= (X'xY,Ly 0Ly )

'} ly) ) B i

ist eine Quotientenabbildung in R-Lim, wobei mit py, pyr, py, py!
die jeweiligen Pro jektionen bezeichnet werden. Trivialerweise ist f x g
surjektiv. Es bleibt zu zeigen, daf§ LX’ N Ly final beziiglich

%) ryh

XxY,L NL X ,X’xY’ ist.
(( Xy N0, ._1}> fxg ) is

Wir zeigen zunachst:

fxg:{XxY,Lx . NLy — X’XY’,LX/ N Ly
( x'l by )) ( (Pt {p;}})

ist eine limestrene Abbildung.

Fir A € P(X xY) seit N € LX{ -1, NnL y{ 1, (A), so folgt
Px Py}
pxN € Lx(px[A]) und pyMN € Ly(py|A4]). Da f, g nach Voraussetzung
limestreu sind, gilt

fexM) € Lys (flpx 14]]) und g(pyM) € Ly (glpy[4])-

Wir zeigen:
(1) pxi(f X 9M) € Ly (plf x glAl]),
(2) pyi(f x g9 € Ly (pyilf x glA])).

Dazu geniigt es, folgende Beziehungen nachzuweisen:
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(i) flex[Al] = px:(f x g[A]],
(i) glpy[Al] = pyi[ f x g[A]],
(iii) fexM) < pxi(f x gN),
(iv) floy M) < pyir(f x gN).

Aus Analogiegriinden zeigen wir, dafl die Aussage in (i) und (ii) gelten.
Zu (i): f(px(z1,22)) = f(z1) = px:(f % 9(21,22)).
Zu (iii): Sei F € f(pxN), so folgt F = f[G] fir ein G € px. Wir
haben G = px|[N] fir N € M, mithin gilt F = f[px[N]]. Andererseits
ist fxg[N] € fxgN, woraus py+[f xg[N]] € px+(fx gMN) resultiert. Mit

(i) folgt nun die Behauptung. Insgesamt erhalten wir Ly (f[pX[A]]) =

= Ly (px[f x g[A]}), mithin folgt f(px M) € Lys (pys[f x g[A]]), und
schlieBlich gilt

px(f X g9) € Ly (pyolf x glA]).

Sei nun weiter (Z,L) ein Rasterlimesraum und h : X' x Y’/ — Z eine
Abbildung derart, daf§

ho(fxg):{XxY L nL —(Z,L
(f xg) ( X =1 Y{p_1}> (2,L)
limestreu ist, wir zeigen:

hi (X' x Y Ix —(2,L)

nL
(NFH Y{a}{p;}})
ist limestreu. Da Ly final beziiglich ((X, Lx),f,X") und Ly, final

beziiglich ((Y Ly1),9,Y") sind, gilt Lys < Ly, ,, bzw. Lyr < Ly g,

{n

woraus die Aussagen L y <Lyx 4. und Ly <Ly _
5% (o ) {o}ry1)
resultieren. Fur A € PZ zei '
M€ Ly L, (74D,

{f}{p;}} {g){
wir zeigen: A0 € L(A) (vergl. auch Lemma 9.7.).
Nach Definition gilt

Px M€ Lx, (px,[h—l[A]]) und py M€ Ly, (pyl(h_l[A]]).
Wihle 9y € Ly (f—l[px,[h—l[A]]]) mit M, < pyiMN
und wible My € Ly (¢ pyr(h ' [A]]) mit oMy < pyi.
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Wir zeigen nun:
(i) I ol AN] € px[(ho ( x 9))H 4]
(i) g~ [py (AN € oy [(ho ( x 9)7(4)].

u (i): Sei z € f~1 [pX:[h‘I[A]]], so folgt f(2) € pyi[h~1[A]], d.h.
f(2) = pyi(Z) fiir 7 € hH[A]. Zeige: z = px(z*) mit A(f x g(z*)) € A.
Nun gilt 7 = (2/,y') mit 2’ EX’undy €Y’ undh(z)—h(z y)EA.

Wir haben f(z) = pyxi(Z) = py((«',¢')) = 2’ und g(y) = ¢/ fir

ein geeingnetes y € Y, da g nach Voraussetzung surjektiv ist. Setze
¥

z* = (z,y), so folgt px(z*) = px(z,y) = z und h(f x g(z*)) =

= h(f x9((z,9))) = h((f(Z) g(y))) = h((z',y)) = h(z) € A, woraus
die Behauptung folgt.

Zu (ii): analog; benutze dabei die vorausgesetzte Surjektivitat der

Abbildung f.
Mit (i) gilt nun My € LX(pX[(h o (f x g))—l[A]]). Mit (ii) gilt
entsprechend My € Ly (py[(ho (f x g))_1[4]]) Setze M .= p}lfmx A

Apy Qﬁy und beachte die Tatsache, dafl die Urbilder von Rastern
wieder Raster sind und fiir Raster 9?1, R, gilt, daB M) AR5 ein Raster
ist. Wir haben nun

MELx gy N By, (o (S ) '[4Dy
{PX }

denn es gelten die Aussagen:
(iii) My < pxIN und
(iv) My < pyIN.

Zu (iil): Sei Mx € My: da My # @ wihle My € My, mithin gilt
px [Mx}0 ' [My] € M, woraus px [px! [Mx] N py' [My]] € pxM
folgt. Wir haben weiter

Mx D px [P}l [Mx]] Npx [P)_/l[MY]] Dpx [P}l [Mx]n P{/l[MY]] ,

was die Behauptung beweist.

Zu (iv): analog! Da h o (f x g) nach Voraussetzung limestreu ist,
folgt ho (f x )M € L(A).

Es bleibt zu zeigen: ho(f x ¢)9 <« AN. Sei dazu F € ho(f x¢)M, so

ist F'= ho(f xg)[M] firein M € M. Es folgt M = py [Mx]ﬂpyl[My]
fiir My € My und My € Py. Damit hat F die folgende Darstellung:
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F = ho(f x 9) [px [Mx] NPy [My]], und es gilt f[Mx] D pys[Vy] fie
N1 € N baw. g[My] D py[No] fiir No € N.
Wir zeigen:

(v) (f x9)[p% (MxInpy [My]] o o3} [£1Mx]] o) [olMy ]
denn dann gilt N

P}} [f[Mx]] D p}} [pX:[Nl]] D Nj und

Pyt [Q[MY]] Dy [Py'[N2]] D Ny,
woraus die Aussage -

P [ fMx)| npgt [olMy]] D Nin Ny S Nz e

folgt (weil 9N ein Raster ist). Damit gilt ' O h[Nj3], was die Behauptung
beweist.

Zu (v): Sei z € p}} [f[MX]] ﬁp)_,,1 [g[My]], so ist z = (z',y'") mit
e X',y €Y' und es gilt: pyi1(2) = pyi((2',y)) = &' € f[Mx] bzw.
pyi(z) = pyi((z',y')) = ¥’ € g[My]. Wir haben 2’ = f(z) fir z € My
und y' = g(y) fiir y € My, so da z = (f(),9(v)) = f x ¢((z,y)) ist
mit px((z,y)) € Mx und py((z,y)) € My, was zu zeigen war.

10.6. DEFINITION: Fir einen Rasterlimesraum (X, T') heifit T Fil-
terlimitierung auf X, und das Paar (X, T) heit Filterlimesraum, wenn
zusatzlich das Axiom (Rj) gilt, wobei:

(Rs) R € T(P) impliziert § € R.
F-Lim bezeichne die Kategorie der Filterlimesrdume mit den limestreu-
en Abbildungen.

10.7. SATZ: Die Kategorien Filform und F-Lim sind isomorph.

BEWEIS: Man vergleiche den Beweis zu Satz 10.4. .

10.8. BEMERKUNG: Mit Bemerkung 9.10. und vorangehendem Satz
ist F-Lim eine passend gefaserte topologische Kategorie, welche unter
Beachtung des Satzes 10.5. die Eigenschaft hat, daB die Produktab-
bildung zweier Quotientenabbildungen in F-Lim wieder eine Quotien-
tenabbildung in F-Lim ist. Trivialerweise erfiillt Lip das Axiom (Rs),
sofern L diese Eigenschaft hat (vergl. auch Lemma 10.1.). Damit erfillt
F-Lim die Voraussetzungen einer prekonvenienten Kategorie im Sinne
von L. D. Nel.

F-Lim* ist dann eine kartesisch abgeschlossene passend gefaserte
topologische Kategorie, in der F-Lim bireflektiv eingebettet ist. Unter
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Beachtung der Bemerkung 6.6. und der Satze 6.8., 7.7. und 10.7. enthalt
die kartesisch abgeschlossene Kategorie F~Lim* als Unterkategorien
insbesondere die Kategorie Top der topologischen Raume und stetigen
Abbildungen, sowie die Kategorie LE-PROX der Leader-Proximitats-
raume und p-stetigen Abbildungen.

11. Kompaktheitsbegriffe

11.1. DEFINITIONEN: Fiir einen limesformen Raum (X, L) sei § ein
Prafilter (vergl. Bemerkung 5.8.) iiber X, z € X und 4, U € BX, so
heifit

(1) z L-Adhérenzpunkt von § genau dann, wenn es ein Mengensy-
stem N € L({z}) gibt mit stackM C secF,
(i) z L-Limes von § genau dann, wenn es ein Mengensystem 91 €

€ L({z}) gibt mit M « F; wir sagen dann auch, daB § gegen z
L-konvergiert oder § gegen = L-konvergent ist,

(i) U L-Umgebung von A genau dann, wenn die Aussage U €
€ stack VL(A) gilt. Fir z € X heifit dy(z) := {U C X |U
ist L-Umgebung von {z} } L-Umgebungssystem von z.

11.2. BEMERKUNG: Man beachte insbesondcre, daf jeder L-Limes
eines Prafilters einen L-Adharenzpunkt dieses Mengenssystems dar-
stellt. Fir Ultrafilter sind dagegen beide Begriffe dquivalent.

11.3. HINWEIS: Fiir einen rasterformen Raum (X, L) sei fiir einen
Prafilter § ein Punkt z € X L-Adhé&renzpunkt von §, so gibt es einen
Prifilter §' € L({z}) mit stack § C sec§.

11.4. LEMMA: Fur einen rasterformen Raum (X, L) sei § ein Pra-
filter Gber X. Fiir einen Punkt £ € X sind dann die folgenden Aussagen
aquivalent:

(1) z ist L-Adhédrenzpunkt von F;

(i1) Es existiert ein Prafilter ® {iber X mit § <« R und R ist
L-konvergent gegen z.

BEWEIs: (ii) impliziert (i): W&hle nach Voraussetzung einen Prafil-
ter R {iber X, der gegen z L-konvergiert, so daBl § < R gilt. Wir haben
dann stack M C stack® C secR C secF, wobei N ein {z}-limitiertes
Mengensystem ist.

(i) impliziert (ii): Nach Voraussetzung existiert ein {z}-limitiertes
Mengensystem N derart, daB stackM C sec§ gilt. Mit Bemerkung
11.3. wahle einen Prafilter R € L({z}) mit B <« I, mithin folgt
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R C secF. Setze F := RAF, soist § ein Prifilter mit den gewiinschten
Eigenschaften.

11.5. LEMMA: Fir einen kernformen Raum (X.L) und einen Pra-
filter § iber X sind fiir einen Punkt ¢ € X die folgenden Aussagen
aquivalent:

(1) § ist gegen = L-konvergent;
(i) Uy (z) C stack §.

BEWEIS: (ii) impliziert (i): Da L das Axiom (K) erfillt, folgt ins-
besondere VL({z}) € L({z}), und es gilt VL({z}) C U,(z), woraus
unter Anwendung der Voraussetzung die Behauptung folgt.

(1) impliziert (ii): Fir U € Uy (z) wahle ein {z}-limitiertes Men-
gensystem 9 mit N < §, so folgt U € stack N C stack .

11.6. LEMMA: Fiir einen kernformen Raum (X, L) und einen Pra-
filter § iiber X sind fiir einen Punkt z € X die folgenden Aussagen
aquivalent:

(1) z ist L-Adhéarenzpunkt von F;
(i) Up(x) CsecF.
BEWEIS: analog!

11.7. DEFINITION: Fiir einen limesformen Raum (X, L) heit € C

C PX L—(}berdeckung von X, wenn fiir jedes £ € X und jedes {z}-
limitierte Mengensystem 91 es eine Menge C € € so gibt, dal C' €
€ stack O gilt.

11.8. BEMERKUNG: Fiir einen limesformen Raum (X,L) ist dann
offensichtlich jede L-Uberdeckung von X eine Uberdeckung dieser
Menge unter Anwendung des Axioms (Lfy).

Unter Beachtung von Beispiel 2.2. (v) ist jede X-offene Uber-
deckung von X eine Ly-Uberdeckung dieser Menge. Sei dazu z € X
und N € Ly({z}), so folgt X({z}) € M, und es existiert eine Menge
C € 8NX mit z € C. Wir haben dann C € ¥({z}), woraus C' € stackN

resultiert.
11.9. DEFINITIONEN: (X, L) sei ein limesformer Raum. L heifit

(i) kompakt genau dann, wenn fir jede L-Uberdeckung € C PX
es ein endliches Mengensystem ¢* C € so gibt, daB €* L-
Uberdeckung von X ist;

(ii) eptkompakt genau dann, wenn fir jede L-Uberdeckung € C BX
es ein endliches Mengensystem €* C € so gibt, dal UC* = X
ist.
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11.10. BEMERKUNG: Offensichtlich ist mit Bemerkung 11.8. jede
kompakte Limesformitdt epikompakt. Im nun Folgenden werden wir
zeigen, daf im Fall von Topoformitdten beide Begriffe &quivalent sind.

Schlielich weisen wir darauf hin, daB von kompakten (epikompak-
ten) Raumen gesprochen wird, sofern die entsprechende Limesformitat
auf ihrer Tragermenge diese Eigenschaft hat.

11.11. SATZ: Fiir einen limesformen Raum (X, L) sind die folgen-
den Aussagen dquivalent:
(i) L is epikompakt;
(ii) Jeder Priéfilter iiber X hat einen L-Adharenzpunkt;
(iii)  Jeder Ultrafilter ist L-konvergent.

BEWEIS: (i) impliziert (iii): Angenommen es gabe einen nicht L—
konvergenten Ultrafilter iiber X, d.h. es existiert 1l Ultrafilter, so da8 fiir
alle z € X und fiir alle {z}-limitierten Mengensysteme 91 die Aussage
stack M ¢ U gilt.

Setze € := {X \ F|F € {}. Fir z € X und N € L({z}) wahle
F € stackM mit F ¢ 4. Es folgt X \ F € U, da i Ultrafilter ist, und es
existiert ein N € M mit F D N. Wir haben F € €, woraus die Aussage
€ ist L-Uberdeckung von X resultiert. Sei nun €* C € endlich, so gibt
eseinn € Nmit €* := {Cy,...,Cpr}, mithin gilt C; = X\ F; fur F; ¢ U

. . . n n n
mit ¢ € {1,...,n}. Wir haben UC* = U Ci= U X\F-=X\ ﬂ F;

mit ﬂ F; #0. Wahle z € ﬂ F;, so gllt z ¢ UC* woraus folgt, daB L
mcht eplkompakt ist.

(iii) impliziert (i): Angenommen (X, L) ist nicht epikompakt, so
wahle eine L-Uberdeckung € C BX, so dafl fur alle €* C € endlich die
Aussage UC* # X gilt.

Setze R := {X \ UC* |€* C € endlich}, mithin ist R ein Prafilter
iber X. Wir zeigen das Axiom (Rs): Seien F}, Fy € R, so gilt F} =
= X\UCT und Fy= X\UC} fiir €], € C € endlich. Setze €* := CjU €3,
so ist €* C € endlich und nach Voraussetzung gilt UC* # X. Setze
F:=X\UC* soist F e Rmit F1NFy =(X\UC) N(X\Ugj) =
=X\(U€} JUgs) D X \UC*=F. Wahle einen Ultrafilter 4 mit R C 4.
Firz € X und N € L({z}) gilbt es nach Voraussetzung Mengen C € €
und N € N derart, daB die Inklusion N C C gilt.

Setze €* := {C}, so folgt X \ C € Y, woraus die Aussagen C ¢ il
und C € stack N resultieren.

(i1) impliziert (iii): Sei YU ein Ultrafilter iiber X und z € X ein
L-Adharenzpunkt desselben, so da8 ein {z}-limitiertes Mengensystem
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N existiert, mit stackI C secih. Wir haben secil C i, woraus mit
N <« U die Behauptung folgt.

(iii) impliziert (ii): Umgekehrt sei § ein Prafilter iber X. Wahle
einen feineren Ultrafilter i und ein {z}-limitiertes Mengensystem
mit 97 « U fiir ein z € X. Wir haben stack9 C U C seci C secF, so
dafl z ein L-Adhérenzpunkt von § ist.

11.12. SATZ: Fir einen kernformen Raum (X, L) sind die folgen-
den Aussagen dquivalent:

(i) L is epikompakt;

(ii) Fir z € X sei Uz eine L-Umgebung von z, so existiert eine
endliche Menge E C X mit X = U{U;; |1 € E};

(iii)  Fir jeden Ultrafilter § gibt es ein Element z € X mit Uy (z)CF;

(iv)  Fir jeden Prifilter R gibt es ein Element z € X mit iy (z) C
C secfR.

BEWEIS: Unter Beachtung des vorangehenden Satzes und der Lem-
mata 11.5. bzw. 11.6. gentigt es, die Aquivalenz der Aussagen (ii) und
(iv) zu beweisen.

(iv) impliziert (ii): Sei Uz eine L-Umgebung von z fir jedes z € X.
Angenommen, fiir jede endliche Teilmenge E C X gilt X ¢ U{U;|z € E}.
Setze R 1= {X \UWUz|z€eE}|ECX endlich} so ist R ein Prafilter
uber X. Sei z € X L-Adharenzpunkt von MR, so folgt U, € secR, d.h.
U, N (X \U;) # 8, was zu eincm Widerspruch fiihrt!

(i1) impliziert (iv): Angenommen es gibt einen Préfilter R tber
X, der keinen L-Adhérenzpunkt besitzt. Fir z € X sei Fr € U (z)
mit X \ Fx D Rz € R, so folgt, da X \ R: eine L-Umgebung von
z ist. Nach Voraussetzung existiert eine endliche Menge E mit X =
=U{X\Rz,; |i€ E}. Nun gilt U{X\Rz; |i € E}=X\N{R;; |i € E} mit
N{Rz;|i € E} D R € R, was zum Widerspruch fiihrt!

11.13. DEFINITIONEN: Fir einen pratopoformen Raum (X, L) heifit
fiir z € X eine Teilmenge N C X L-Nachbarschaft von z, wenn eine
offene Menge O € D, so existiert, dal z € O C N gilt (vergl. auch
Lemma 7.5.). Setze fiir A C X,

At =N{BCX|X\Be€D,ABDA},
so heift AC die L-Nachbarschafishille von A. Setze fiir z € X:
NL(z) := {N C X | N ist L-Nachbarschaft von z},
so heiBt NE(z) L-Nachbarschaftssystem von .
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11.14. BEMERKUNG: Man beachte, daBl fiir einen pratopoformen
Raum (X, L) und fiir jedes z € X NL(z) ein Prafilter iiber X ist.

11.15. LEMMA: Fir einen pratopoformen Raum (X, L) sind fiir
A € BX die folgenden Aussagen dquivalent:

(i) T € XL;
(i) A€ secNi(z).

BEWEIS: (i) impliziert (ii): Firr A ¢ secN¥(z) existiert eine L-
Nachbarschaft N von z mit NNA = §. Wahle eine offene Menge O € D,
mit z € O C N. Es folgt A C X \ O, woraus z ¢ AL resultiert.

(ii) impliziert (i): = ¢ Al impliziert die Existenz einer Menge

B C Xmit BDA, X\Be€ Dy undz ¢ B. Setze N := X\ B,
so ist N eine L-Nachbarschaft von z mit NN A = 0.

11.16. LEMMA: Fir einen pratopoformen Raum (X, L) sind fir
A C X die folgenden Aussagen dquivalent:

() A=A
(i) X\AedDp.

BEWEIS: (i) impliziert (ii): Set M € L(X \ A), wir zeigen: X \ A €
€ stack M. Mit Voraussetzung gilt nach (Lfy) M € L(X\XL), und wir
haben Dy (X \ A7) < . Es folgt X \ A~ € D (X \ %), denn

X\AY = X\{BC X | X\BeDABDA}=UX\B|BDAAX\B€D ),

und mit Lemma 7.5. gilt dann X \XL € Dy. Sofort folgt nun X \ 4 €
€ stack M.

(ii) impliziert (i): Aufgrund der Definition von At genigt zu zeigen:
Alca z ¢ A impliziert z € X\ A. Nach Voraussetzung gilt X\A€Dy,
woraus z ¢ A~ resultiert.

11.17. DEFINITION: Fur einen pratopoformen Raum (X, L) und
einer Teilmenge A C X heifft A L-abgeschlossen in X genau dann,
wenn A = AC gilt.

11.18. BEMERKUNG: Unter Beachtung von Lemma 11.16. gilt nun,

dafl fiir jede Teilmenge A C X die L-Nachbarschaftshille von A selbst
in X L-abgeschlossen ist.

11.19. LEMMA: Fir einen topoformen Raum (X, L) gilt fir jedes
z € X: Uy(z) =Nk(a).
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BEWEIS: Zu “C”: Sei U € Uy(z), so folgt U € stack VL({z}). Da
L insbesondere das Axiom (T) erfullt, gilt U D F € Dp({z}). Wahle

O€eD; mitz€0CFCU,sodaB U e NL(z) resultiert.

Zu “O”: Umgekehrt sei N € ML(z), so gibt es eine offene Menge
O €D mit z € O C N. Fur R € L({z}) folgt mit (Lfy) die Aussage
R € L(O). Da O € Dy gilt, folgt O € stackM, woraus schliefllich
N € stack R resultiert, so daBl insgesamt N € stack VL({z}) gilt.

11.20. LEMMA: Fiir einen topoformen Raum (X, L) sind fiir einen
Prafilter § die folgenden Aussagen dquivalent:

(1) z ist L-Adhérenzpunkt von ;
(i1) ce n F-
Fe¥

BEWEIS: (ii) impliziert (i): Setze R := F A NL(z), so ist N ein
Prifilter mit § <« R (vergl. auch Lemma 11.15.). Mit Lemma 11.19.
folgt dann {4 (z) C stackfR, d.h. mit Lemma 11.5. ist ® L-konvergent
gegen z, woraus mit Lemma 11.4. die Behauptung folgt.

(i) impliziert (ii): Sei F' € §, wir zeigen unter Anwendung von Lem-
ma 11.15. F € secNME(z). Mit Lemma 11.6. gilt nun nach Voraussetzung
Uy (z) C secF, woraus mit Lemma 11.19. 91%(z) C sec F resultiert. Wir
haben dann § C sec ‘JIL(Q:), so daB die Behauptung bewiesen ist.

11.21. SATz: Fir einen topoformen Raum (X, L) sind die folgen-
den Aussagen aquivalent:

(i) L is kompakt;
(i1) In jeder Familie (A;);e; L-abgeschlossener Teilmengen von X
mit _ﬂI A; = § existieren endlich viele A; , ..., 4;, derart, daf
1€

| l A” e @ lSt.
k—l

BEWEIS: (ii) impliziert (i): Sei € C PX eine L-Uberdeckung von
X. Fir z € X wihle C; € €, Fr € D({z}) mit Cz D F; (unter Beach-
tung der Axiome (K) und (T) bzw. der Definition einer L— Uberdeckung
von X).

Wahle O, € Dy mit z € Oy C F; und setze: { := {X\O0z |z € X}.
Fir A € U gilt dann mit Lemma 11.16. bzw. Definition 11.17., dafl A
L-abgeschlossen in X ist. Wir haben N{ = §, andernfalls gibt es ein
z € X mit z € QXX \ Oy, dh. z € X'\ éJXOy, woraus sich ein

y y

Widerspruch ergibt. Nach Voraussetzung existieren zy, ..., n € X

mit ﬁlX\Ozi = 0. Setze €* := {Cy; |1 € {1,...,n}}, soist €* C €
1=
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endlich, und es bleibt zu zeigen, da§ €* eine L—ﬂberdeckung von X ist.
Fiir z € X sei M € L({z}), so gilt D1 ({z}) < M und z ¢ ﬁlX \ Os;.
1=

Mithin existiert ein j € {1,...,n}, so daff die Aussage z ¢ X \ O;
erfullt ist. Wir haben z € O,,J- C F,;j und z € O;z. Da O,,j N0z € Dp,
(vergl.Lemma 7.5.) gilt, folgt Cr,‘ o) sz ») F::J- NF, D O::j N Oy,
woraus die Aussage Cz; € Dy ({z}) resultiert. Es gilt nun Cz; € € mit
CIJ. € stack 91, mithin ergibt sich die Behauptung.

(1) impliziert (i1): Sei (A;);er eine Familie L-abgeschlossener Teil-
mengen von X mit .ﬂI A; = . Setze € := {X \ A;|: € I}, so gilt, daB

1€
€ eine L-Uberdeckung von X ist. Fir z € X sei dazu 91 € L({z}), so
folgt = ¢ 'mIAi' Wiahle j € I mit z € X'\ Aj, mithin ist T € L(X \ 4;)
1€

unter Beachtung des Axioms (Lfy). Wir haben D (X \ 4;) < 7N mit
X\ Aj € D(X \ 4;) unter Beriicksichtigung von Lemma 11.16. bzw.
Definition 11.17., woraus X \ A; € stack91 resultiert. Nach Voraus-

setzung existiert ein €* C € endlich mit €* ist eine L—ﬁberdeckung
von X. Sei also € = {X \ 4; [k € {1,...,n}} firein n € N, und

angenommen es gibt ein £ € X mit z € ]ﬁlA;k. Da ¢€* insbesondere

eine Uberdeckung von X ist, wihle j € {1,...,n} mit z € X\ A,‘J.,
n

woraus sich ein Widerspruch ergibt, mithin gilt knl Ai = B

11.22. SATz: Fiir einen topoformen Raum (X, L) sind die folgen-
den Aussagen adquivalent:

(i) L ist epikompakt;

(ii) L ist kompakt;

(iii)  In jeder Familie (A;);e; L-abgeschlossener Teilemengen von X
mit NA; = 0 existieren endlich viele A; , ..., A; derart, da8

10
n .
kgl Aik = ist.
(iv)  Fir jeden Prifilter § tiber X gibteseinz € X mitz € FOS—F_L;
€

(v) Fir z € X sei N eine L-Nachbarschaft von z, so existiert eine

endliche Menge E mit X = U{Ng,|i € E};
(vi)  Fiir jeden Ultrafilter {{ gibt es ein z € X mit NME(z) C 4.

BEWEIS: Aufgrund der vorangehenden Ergebnisse gentigt es, die
Implikation “(iv) folgt (iii)” nachzuweisen.
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Ist (iii) nicht erfiillt, so existiert eine Familie (4;);c; L-abgeschlossener
Mengen mit 'ﬂIAi = { und fiir alle I' C I endlich gilt n Ay # 0.
LS el

Setze § := { ﬂ Az-/ |[I'cI endlich}, so ist § ein Prafilter uber X mit

n Fr= mA =N A;=9.
Fe§ i€l el

11.23. LEMMA: (X, L), (Y,T) seien limesforme Réume. Fir eine
surjektive limesforme Abbildung f : X — Y sei L epikompakt, so gilt
T ist epikompakt.

BEWEIS: Sei € C ‘BY eine T- Uberdeckung von Y. Setze € :=
= {f~1C)IC € €}, wir zeigen: €* ist eine L-Uberdeckung von X.
Sex dazu z € X und M € L({z}), so gilt nach Voraussetzung f9 €
€ L({f(:r)}) Da € eine T-Uberdeckung von Y ist, existiert eine

Menge C € € mit C € stack fO, d.h. C D f[F] fir ein F € N. Es
folgt f~1{C] D fYf[F)] D F, so daB die Aussage f~}[C] € stackM
resultiert. Da L epikompakt ist, existieren endlich viele Cy, ..., Cpr € €

mit ,QJ] f1Ci] = X. Wir haben f[gl1 f7YC) = f[X] =Y, weil f nach

Voraussetzung surjektiv ist, mithin gilt ‘Cl] C; = 'Gl flF e = v,
1= 1=

woraus die Behauptung resultiert.
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Quasi—uniform Completeness

Among the various ideas of completeness which have been given
for quasi—uniform spaces, we look below at a traditional one and one
introduced in December, 1987 by D. DOITCHINOV at the conference
“Convergence Structures in Topology and Analysis” at Oberwolfach
(see [Dol], [Do2]). A. CsASZAR there asked whether in this new theory,
as in the established one, the topology associated with a quasi-uniform
space would be compact iff the space were complete and precompact.
This author feels that the newer completeness notion is quite natural,
and indeed knew the answer to CSASZAR’s question; this answer is
discussed below.

Henceforth &, ¥, with or without subscripts, will denote filters, and
Fx¥={U:FxGCcUcCXxXforsome Fed Ge¥} If
f is a binary relation, we use f{A] to denote the image of 4 under
f(= {b : for some a € 4, (a,b) € f}); f~! to denote the inverse of
f(={(b,a): (a,b) € f}), and if z € X, then f(z) = f[{z}]. Forz € X,
z* denotes the principal ultrafilter {A C X : £ € A}. The closure of
a set F (in the topology on X arising from the quasi—uniformity) is

denoted CI(F).

1. DEFINITION: Given a quasi-uniform space (X,U), a filter ¥ on
X is SP-Cauchy if for each U € U there are F € &, £ € X such that
F cU(z).

A pair of filters (#,%) is bi-Cauchy if U C F x 9. A filter ¥ is
D-Cauchy if for some filter &, (¥,%) is bi-Cauchy.

A point z € X is a limit of F if foreach U € U, U(z) € &, and is
an edherent to ¥ if for each F € &, z € CI(F).

* Research supported by a grant from the PSC-CUNY Award ;)rogram.
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DEAK (in [Del], [De2]) uses the notion of bi-Cauchy filter pairs
(there called Cauchy filter pairs) to study extensions of bitopological
spaces, while other properties of a notion of CAUCHY and limit equiv-
alent to his are shown in [LF] to be sufficient to describe CSASZAR’s
original notion of CaucHY, [CS] in key cases (also see proposition 11).

2. PROPOSITION: A point z € X is a limit of & iff (2*, %) is
bi-Cauchy.

ProoF: Ifz isalimitof ¥, U € U then U D {2z} x U(z) € z2* x &,
so (z*, %) is bi-Cauchy. Conversely, if (z*, ) is bi-Cauchy, and U € U
then for some F € ¥, G € z*, G x F C U; thus U D {2z} x F, so
Ui)DFed.

3. THEOREM: If (¥,%) is bi-Cauchy then each adherent to # is a
limit of .

PRrROOF If z adheres to # and U € U we must show U(z) € %. Let
VoV CU, Vel Thenforsome F€F Ge¥, FxGCV;also
since z € CI(F), V(z) meets F,solet y € V(z)N F. If z € G, then
(z,9),(y,2) € V,s50U(z) DG € ¥.

4. DEFINITION: (X,U) is:

Doitchinov complete if each D-Cauchy % has a limit,

Pervin complete if each SP-Cauchy & has a limit,

Cauchy bounded if each ultrafilter is D-Cauchy,

precompact if for each U € U there is a finite § C X such that
U[S] = X (here we follow the nomenclature of [F'L]; such spaces are
often called totally bounded).

Below, (a) is immediate from 2, while proofs of (b), (¢), (d) are
routine.

5. PROPOSITION:
(a) Each filter with a limit is D-Cauchy.

(b) Each limit of a filter is adherent to it; and each adherent to an
ultrafilter is a limit of it.

(¢) If ¥ C ¥ then each limit of & is a limit of ¥, and each adherent to
% is adherent to .

(d) f F C ¥ and & is D-Cauchy then so is &.

6. THEOREM: X is compact in the topology arising from U iff X
18 Doitchinov complete and Caunchy bounded.

PROOF: Consider these equivalences:
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X is compact in the topology arising from U <=

each filter of closed sets has nonempty intersection <=

each ultrafilter has adherents <=

(by 5 (b)) each ultrafilter has limits <=

X is Doitchinov complete and Cauchy bounded (= uses 5 (a)).

The following proposition and example compare the two types of
completeness and boundedness.

7. ProPOSITION: Each D-Cauchy filter is SP-Cauchy. Thus each
Pervin complete space is Doitchinov complete and each Cauchy bounded
space 1s precompact.

Proor: If ¢ is D-Cauchy find & such that (¥,%) is bi-Cauchy.
Next let U € U; by assumption we can find F € ¥, G € ¥ such that
FxG CU. Then Fisnon-empty,solet z € F'; G C (FxG)(z) C U(z),
showing ¥ to be SP-Cauchy. :

The first assertion of the second sentence is immediate, and the
second follows from the well-known (e.g., [FL], 3.14) and easily shown
fact that X is precompact iff each ultrafilter is SP-Cauchy.

8. EXAMPLE: Let X be the set of positive integers, W the quasi-
uniformity induced by the quasimetric d(z,y) =1ifz >y, 0if z =y,
1/zifz <y.

First note that if (¥,%) is a bi-Cauchy ultrafilter pair, then for
some z € X, (¥,%) = (2*,2*): For such (¥,¥), if ¥ were nonprincipal,
then each F € & would contain arbitrarily large elements. If G € &
choose y € G, then 2 € F such that z > y; then (z,y) € F x G — Ny /95
contradicting the assumption that (¥,%) is bi-Cauchy. Thus we may
let ¥ = z*;if ¥ # z* then for each G € ¥ thereisa y € G — {2}, and
if '€ %y # z, then d(z,y) 2 1/z, so (z,y) € F x G — Nyy;, again
contradicting the assumption that (¥,%) is bi-Cauchy.

Hence only principal ultrafilters are D-Cauchy, and by 2, z is a
limit for z*. This and 5 (d) show that X is Doitchinov complete but
not Cauchy bounded, and it follows that X is not compact (a fact easy
to verify in other ways).

X is precompact: For any positive r we can find z > 1/r; if y > =
then d(z,y) < 1/z < r. Thus X is the finite union N, (0)U...U Np(z).

Since it is not compact, X is not Pervin complete. Direct proof:
Since X is precompact, each ultrafilter is SP-Cauchy. If ¥ is a nonprin-
cipal ultrafilter then by our first comment, (z*, %) is not bi-Cauchy, so
by 2, ¥ has no limit, contradicting Pervin completeness.
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Products and Symmetry

For the product space X = [[;X; we denote by p; the /'th
projection map (if z € X then p;y(z) = z(¢)). If f,g are relations,
fxg={{a,b),(c,d)): (a,c) € f, (b,d) € g}. Products of filters are
defined as are products of topologies or quasi-uniformities: F € [[; %;,
iff for some finite subset I' of I, [][; F; C F, where for each i € I,
F;€%; andif: ¢ I' then F; = X;. Also if ¥ is a filter on [[; X; then
foreachie I'let ¥(i) ={F C X;: pi_l[F] € 7).

9. LEMMA:

(a) #(1) is a filter, an ultrafilter if ¥ is one.

() [I;%G) c &.

(c) HFCF,%C¥,and (%,9) is bi-Cauchy, then so is (F',%").

(d) If for each i, (¥;,%;) is bi-Cauchy then so is ([]; %:, 17 %i)-

(e) For filters #,% on [[; X;, (¥,%) is bi-Cauchy iff for each 7 € I,

(%(2),%(2)) is bi-Cauchy. Thus z is a limit of ¥ iff for each 7, z(z)

is a limit of (7).

PRrOOF: All parts are straightforward (and some are shown in
[Do2]); we show (e) since its proof is typical but most intricate. Con-
versely, if each (¥(7),%(7)) is bi-Cauchy, then so is (¥,%) by (b),(c).
If (%,%) is bi-Cauchy, i € I, U; € U;, then U = (p; x p;)~[Ui] € U,
soforsome F € %, G €% FxGcCU. Set F; = p;[F], G; = p;i[G],
then p; [F}] D F € 4, so F; € 9(i), and similarly G; € %(). Finally,
Fi x Gi = (pi x pi)[F x G] C (pi x pi)[U] = Uy, so (¥(2),%(z)) is

bi-Cauchy. The comment on limits then follows from 2.

10. THEOREM:
(a) Products of Doitchinov complete spaces are Doitchinov complete.
(b) Products of Cauchy bounded spaces are Cauchy bounded.
(c) (Tychonoff) Products of compact spaces are compact.

PROOF:

(a) If % is D-Cauchy then by 9 (e) so is $(i) for each ¢ € I, thus by
Doitchinov completeness of the factors, find for each ¢, a limit z; for
%(2). Define z by z(1) = z;. Each (z7,%(¢)) is bi-Cauchy, therefore
so is their product, thus by 9 (c), so is (z*, %), so z is a limit for ¥.

(b) Let % be an ultrafilter on []; X;; then for each : € I, %(2) is one on
X; by 9 (a), and is D-Cauchy since each X; is Cauchy bounded.
Thus let (%;,%(:)) be bi-Cauchy; by 9 (d), ([I; %, [1;%(2)), is
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bi-Cauchy, and by 9 (b), (¢) so is ([[;%;,%), showing ¥ to be

D-Cauchy, thus []; X; to be Cauchy bounded.

(c) is immediate from (a), (b), and 6 (since any space is quasi-uni-

formizable, see e.g. [FL] 2.1).

We close with a result relating the above to the usual symmetric
(uniform space) theory, and noting the transitivity and non-reflexivity
of the bi-Cauchy relation. For a quasi-uniformity U, let %1 denote the
quasi-uniformity {U~!: U € U}, US denote the uniformity generated
by {UNU~L:U e U}.

11. PROPOSITION:

(a) If (#,%) and (¢%,#) are bi-Cauchy with respect to U then so is
(%,3); also (¥,%) is bi-Cauchy with respect to U~L. (F %) is
bi-Cauchy with respect to U iff ¥ is D-Cauchy with respect to US.
Thus for uniform spaces & is Cauchy iff (¢,¥) is bi-Cauchy.

(b) A uniform space X is Cauchy bounded iff it is precompact.

PROOF:

(a) Assume (%,%), (¥,#) are bi-Cauchy with respect to U, U € U.
Then for some F € ¥, G',G" € 4, H e ¥,and V € U, F x G,
G"xH CVand VoV CU. But then G =G NG" € U, and
FxHC(FxG)o(GxH)YcVoV CU,so(##) is bi-Cauchy
with respect to U; also G' x F C UL, so (,%) is bi-Cauchy with
respect to UL, By this last comment, if (¥, %) is bi-Cauchy with
respect to U, then it is bi-Cauchy with respect to U1, thus clearly
with respect to US. Conversely, if  is D-Cauchy with respect to
US then find ¥ such that (%, %) is is bi-Cauchy with respect to
US; then (,%) is bi-Cauchy with respect to (U5)~! = U5, so
by transitivity (&, %) is bi-Cauchy with respect to US, thus with
respect to the smaller 2. The last comment is apparent from the
usual (uniform) definition of Cauchy.

(b) By 7 each Cauchy bounded space is precompact. The converse is
well-known (see [K]) for uniform spaces.

12. EXAMPLE: The referee and H. KUNzI have pointed out that
(despite assertions in earlier versions of this paper), subspaces of Cauchy
bounded spaces need not be Cauchy bounded. Below, we use the nota-
tions of example 8. Extend d to X U {00}, and consider its conjugate,
d~! defined by d~!(z,y)=d(y, z). For r>0, Ny }(co)={z:z>1/r}, so
its topology is compact; by 6 its quasi-uniformity is Cauchy bounded.

Now consider the restriction of d~! to X it gives rise to %1, The
only filter pairs bi-Cauchy with respect to % are those of the form
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(z*,z*), so by 11 (a), only those are bi-Cauchy with respect to w-1
thus as in 8, only principal ultrafilters are D-Cauchy with respect to
W-1, so it is not Cauchy bounded.

[CS]
[Del)
[(De2)
[Do1)
(Do2]
{FL]

(K]
{LF}
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THE VIBRATION OF A MEMBRANE IN DIFFERENT
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(Received June 8, 1988)
The properties of vibrating membranes are studied in many papers,
see [1]-[10]. In this paper we shall deal with a problem formulated by

V. KOMORNIK in [7] which reads as follows. Let = (0,7) x (0, 7) and
define U as the vector space of all functions

u(t, z,y) € C®R x Q)N c(n x ﬁ)

satisfying
(1) uy=Au on RxQ,
(2) u=0 on R x Of.

We consider these functions as the possible movements in time ¢ of
the rectangular membrane 2, fixed on its boundary. Given N distinct
points Pp,..., Py € Q consider the mapping

A:U— CPRW
(3) Au = (u(-, Py),...,u(-, Py)).
We shall prove the above mentioned conjecture of V. KOMORNIK,
namely the following

TUEOREM For any distinct N-tuples Py,..., Py € § the range set
AU is dense in C®(R)V,

Before proving it we give some remarks and Lemmas.

First, it is enough to show that AU is dense in L2(0,T)" for

arbitrary T > 0; the density in C®(R)V follows easily from it, see
[9). Secondly, we can restrict ourselves to the solutions u of (1), (2)
representable by a finite sum

WAERY) —iV/ATTEZ N . .
u(t,z,y) =Z(cn,ke’ itk t+dn,ke iVnitk t) sinnz sin ky.
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Let further P; =: (z;,y;) and define

sinnz sin ky

enk = :
sinnzy sinkyy

Then our Theorem reduces to the following statement: the system of
vector exponentials

{ 2412
e(A) = {en)kei’ notkct n,k=1,2,...}

is complete in L2(0, TN for any T > 0.
Below we shall use some ideas from [14].

LEMMA 1. The vectors e, ;, 1 < n,k < 2N span the space cN.
PROOF. Let v € CV be orthogonal to €n k» 1-€-

~isinnzysinkyy + ...+ yysinnzysinkyy =0 (1<n, k<2N).

We know that s;:‘n"z is a polynomial of cosz of degree n — 1. Conse-

quently we get by induction that

6y cos™1 T cosF1 y1+...+éy cos™1 TN cosb_1 yy =0 (1 <n,k<2N)

with
81 :=vsinzysinyy,..., 6y ;= yysinzysinyy.

That is, given any (algebraic) polynomial of degree at most 2N — 1 we
have

81P(coszy,cosy;) + ...+ 8y P(coszy,cosyy) = 0.
Applying this to the polynomial

N
P(z,y) = [[ (= — cosz;)? + (v - cosy;)’]
j=2
we get §; = 0 and hence 4; = 0. Analogously 79 = ... = 7y = 0.

Lemma 1 is proved.

LEMMA 2. Let T > 0 be arbitrary and {e1,...,en} C {egr:1 <

< n,k < 2N} be a vector-N-tuple which spans CV. The set e(A)
contains for small € > 0 a subsystem

(4) @ ={eFMit . j=1,... . N;n=12..}U
U{ef)ci’\onft :j=1,...,N}
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such that
(a) [eJ—ej|<s,j=1,...,N; n=0,1,2,...
(b) Anj = +O(\/_) j=1...,Nin=1,2,... .

PROOF. Let € > (0 be so small that modifying the vectorsey,...,enN
arbitrarily at a distance < ¢ they remain linearly independent. We shall
use the following form of the Kronecker theorem. Given zj,...,zy,
consider the following property of the real numbers ay,...,apy:

(*) nizy+...+nyzy =0 (mod 2r) implies
nja;+...+nyay =0 (mod 2r) for any ny,...,ny € 1.

Then for any € > 0 there exists X(¢) > 0 such that for any reals
ai,...,ay satisfying (%) there exists ng € Z, |ng| < X(¢) such that

13
(5) lingz1 = aalll < 5o limozy = anlil < 5

where |||z||| denotes the distance of z and the set {2r7 : r € 7} (see [12],
p.58). In fact for any n' € Z there exists ng € Z with |n' — n0| < X(e)
and satlsfymg (5); this follows if we set a; +n'zy,...,ay +n'z)y instead
of ay,...,ap; this does not violate the property (*¥). We can also
suppose that for any k' € Z there exists kg € Z, |k’ — ky| < X () such
that

! k k
(®) llkows — Bulll < oo lkaar = Bull < 57
where 8y, ..., BN satisfy the property
(+) ny1 +... +nyyy =0 (mod 2x) implies
n1B1+... +nyBy =0 (mod 27) for any n; € L.
The estimates ( ) (5') will be apphed in the case a) = n''zy,...,ay =
=n"zn,01 =k"y1,...,By = K"yy where 1 < n" k" < 2N and e n!! kN
belongs to the set {ej,...,ex}. Define inductively the exponentlals

e;i,eii'\"vjt as follows. Suppose first that 0 < 2#% <CX(e), C=C(T,¢)
and let ej = epn pu. Choose 0 < ng < 2X () satisfying (5) and choose

ko satisfying (5') from 2X(e) + 1 consecutive integers which do not
contain kg-type values constructed in the earlier steps. So a) is ensured

and we can suppose that any interval [-2"—7:'l7r, 2’37—T—l7r] contains no more

than one value ,/ng + kg. Now if 2%? > CX(e) then choose

2%% -2X()<ng < 27r%
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satisfying (5). Let k' € N be the number such that the distance
l21r-3—;—,/n%+k’2l is the smallest possible and choose k' < kg <k'+2X (¢)

satisfying (5'). If the value ,/n% + k% is already constructed, choose
kK +2X(e) +1< kg <k +4X(e) +1 satisfying (5'). Denote finally

. sinngz sin kgyy
Anj = \/n% + k2, el = :
sinngz y sin kgyy

If C(T,¢) is large enough then [A, ; — 27‘(%{ < —;’: and then the A, ;
constructed in different steps are different. We sketch the proof. First

2k +1
V(b 12— /n2 4 k2 = -
ViR 12+ fnd 4 k2
has the order k/(21r7%). If C(T,e) is large enough then k' /n and so kg/n

is small enough to ensure [\, ; — 27r£| < -;: Since ,/n2 + k2 -ny<

< 2X(g) + 1 hence k' has the order at most \/n and so (b) follows.
Lemma 2 is proved.

LEMMA 3. Let the system e,,ei’\"r, n € Z be Riesz basis in
LQ(O,T)N, en € CN. Then there exists an € > 0 such that

Pn— A <e nel

implies that ene*n is also a Riesz basis in L2(0,T)N.

PRroOOF. Recall the following theorem of N. I{. BARI If (pn) C H
is a Riesz basis in the Hilbert space H then there exists L > 0 with
the following property: Given any system (¢¥) C H such that for any
finite sequence (cpn) of complex numbers the estimate

H Z Cn((Pn ",bn < L Z |Cn|2

holds, the system (1) must be Rlesz basis, too.
The proof is simple: the transform

A: ch(y?n - ch((;?n - 1/)11)

extends continously onto H and for small L we have ||A|| < 1 and then
I— A is an isomorphism of H and maps @5 into n. This will be applied
to our situation. Using the identity

)

\ . . " 5

eiAnz _ ezz\ila: — ezz\na:(l . ezénz) _ _ E : 1/\,,1‘(7' kﬂl) zk,
k=1
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57] = A:’l —An

we get

. Y]
“ zn:cnen(e"\""‘ =) 20N
3 5 S enene G
k=1 ~n

O mik
<Z_T_ Zc en(i6n)Feine
—_ k! nin n

k=

5 i—f(z enisn ) <
k=1 n
(Tki)k(zlc | ) = c(eTe - 1)(§:|c,,| )

Since for € small enough we have

c(eT® -1) < L,

IL2(0,T)N s

L2(0,1)¥ —

IN

<c

8

-~
I}

1

the proof is complete.

LEMMA 4. Let the system {eq,e*»t : n € I} be complete in
L2(0,T;CN). Then eliminating the term ege’*0! the remaining system
is complete in L%(0,T"; C) for any T/ < T.

PROOF. Suppose indirectly that the remaining system is not com-
plete over (0,T') for some T' < T. Then a fortiori it is not complete
over (0, T), hence its closed linear hull over (0, T') is one-codimensional
and the same is then true over (0,7"). This means that
(6) L2(0,T;CY) = Hy  (ege™t),

2 i iAgt
L0, T';CN) = Hpv + (ege™0t)

where Hp (resp. Hpi) denotes the closed linear hull of the system
{enent : n £ 0} over (0, T) (resp. over (0,T")).

and since HTl has a codimension not

arl
Cledr y HT/ ) Ht (O,TI) (OyTI)

greater than 1, we obtain

(7) Hp = HT‘ o1y
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Any function f € L2(0,T;C") can be uniquely written in the form
(8) f =ceqe0t 4 fo,  fo € Hr.
Then

gt
fl(o,:r')”ceoe ’ +f0l(0,T’)

and by (7) it is the unique decomposition of f|( 71y over (0,T"). Again
by (7) we see that continuing any f € Hpv anyway over (T',T) in 12,

the resulting function belongs to Hy. Let h(t) be a nonzero L2-function
orthogonal to Hp over (0,T); then we must have

(9)

Consequently

h‘(T’,T) =0

T | T +e
0=/(h(t),enei’\"t)dt= /(h(t_e),ene“n(’—f))dt=
0 £
T'+e
= /(h(t—e),ene“n’)dt (n # 0).
£

So the function ke := h(t — €) is also orthogonal to Hy for any 0 <
< & < T—T' and this contradicts the fact that Hp is one-codimensional.
Lemma 4 is proved.

Now the Theorem easily follows from the above Lemmas. Indeed,
Lemma 2 a) shows that the system

iﬂn%z:

@0:={ef;e n=0,1,...;7=1,...,N}

forms a Riesz basis in L2(0, T')V. This is based on the following Lemma
of BARI [13]: a minimal system (@) C H is Riesz basis if and only if
there exist constants 0 < ¢ < C < oo such that

PSS I en)? <CIAIE Fem,

in symbols

A=Y [fen)lt,  feH.

In our case the minimality of &g is trivial. Suppose indirectly that

L4 oM N )
(10) e'zl%e(”)ﬂwT “e V(‘I’o\{efl%e(*) T z})
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Let f30 € CN be a vector satisfying

(f oaeno) L{fa ovef'lo) =0 for j# jo

Taking the scalar product of both sides in (10) by f,],%, the resulting
relation contradicts the minimality of the system

+i27r &

{e7"T :n=0,1,...} in L¥0,7).

So @ is indeed minimal. For f € L2(0,T)N we have

N
”f”iz(oyT)N < > I, cj)c””i%o,T) =
J=1

N - 2
< es)en ™) -
]E::h; < e L2(0,T)
N i2 2 12 '
= <<f» )L2(0,T)’ej> = Z [(f e )L2(0,T)”?;N =
nel j=1 nel

N

i 121r =T 9

= E I(f;en )LQ(D,T)NI
nez j=1

~N

which implies that &g is Riesz basis in L2(0, T)V. Denote

5130 :={e¥,eii27r72:n=0, LNy =1, N}U

U{e%eii’\"dz ‘n>Ny+1;5= 1,...,N}.

Lemma 2. b) and Lemma 3 show that for Ny sufficiently large the
system @0 is Riesz basis in L2(0 T)N Finally by Lemma 4 the remain-
ing finitely many elements of <I>0 can be shifted into the corresponding

elements of ®, and then @ is complete over any (0,T'), T' < T. The
Theorem is completely proved.

The author learned after writing this paper that this statement was
independently proved by S. A. AVDONIN in Leningrad and 1. JOO in
Columbus, Ohio with a different proof, see [11].
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ABOUT FACTORIZATION OF IDENTITY OPERATOR
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Let A be a densely defined operator with domain D(A) in a Hilbert
space H and let A* be its adjoint operator. In this paper we give
necessary and sufficient conditions for the existence of C € B(H), where

B(H) stands for the C*-algebra of all bounded linear operators on H,
such that CAz = Iz = z (2 € D(A)).

If we take the condition R(C*) C R(A), then C is unique. Here
R(A), (R(C™*)) stands for the range of A (C*), bar denotes closure.

In particular, when A is closed we give necessary and sufficient
conditions for the existence of B € B(H) such that ABz = Iz = ¢
(z € H).

We follow the notation of [1]. Previous extension results on Hilbert
space operators are studied in SEBESTYEN [2]-[4].

We begin with a lemma.

LEMMA 1. Let A be densely defined operator in a Hilbert space H
with R(A*) = H. Then there exists a unique B € B(H) such that

Ir=A*Bx (zx€H) and R(B)C R(A).
Proovr. First, let w € H be arbitrary and let us prove that

(1) there exists a unique v € R(A) such that A*v = w.

Since R(A*) = H there exists u in H such that A*u = w. Now

let p: H — R(A) the projection on R(A). We want to prove that
A*(pu) = w.

—\ L
Since u — pu € R(A)* = (R(A)) we have

(2,0) = 0= (Az,u — pu) (z € D(A4))
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and then u — pu € D(A*) and A*(u — pu) = 0 or equivalently w =
= A*u=A*pu. Since pu € R(A) and A*pu=w, to prove the unicity of

v in (1) take v € R(A) such that A*v = w and let us prove that

(2) v = pu.

Since A*(v—pu)=w—-w=0

()  0=(nA(w-p) = (4zv—pu) (s €D(A)

Now because v — pu € R(A), it follows from (3) that (2) is true. Now

let B: H — R(A) given by

(4) Bw=v if A'v=w and v € R(A)
According to (1), B is well defined and linear. Moreover we have
(a) (A*B)w = A*(Bw) = A'v=w (w € H),

and according to the definition

(b) R(B) C R(A).

Now we prove that B is bounded.

Using the closed graph theorem we have only to show that B is
closed. Take {wn} C H such that

(3) Wy — W and Bwy — v
and let us prove that
(6) Bw = v.

From (a) and (5) we have A*(Bwy,) = wp — w and Bwy — v. A* is
known closed, therefore

(7N v€ D(A*) and A'v=w.

Moreover from (b) we have
(8) v= li,r]n Bw, € R(A).

From (1), (7) and (8) we see that (6) follows. (We remind that

A*(Bw) = w and Bw € R(A), according to (a) and (b) respectively.)
Therefore B is bounded.

Finally we prove the uniqueness of such a B in B(H). Let B and
Bj in B(H) such that

9) A*B=1=A'B
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and

(10) R(B) C R(A) and  R(B;) C R(A).

From (9) and (10), if ¢ € H, we have that A*(Bz—Bjz) =z—z =0
and Bz — Bz € R(A). Then from these two relations and from (1) we
have that Bz = Bjz. Now since z is arbitrary in H we have indeed

that B = B,.

THEOREM. Let A be a densely defined operator in H. Then the
following properties are equivalent:

(i) Thereexist C € B(H):z =CAz (z € D(A)).
(ii) There exist M > 0: ||z|| < M||Az|| (A € D(A))
(ili) Foreachy € H there exists My > 0 such that |(z,y)| < My||Az||
(z € D(A)).
(iv) R(A*)=H.
(v) There exists B€ B(H): I = A*B.

Proor. (i)= (ii):

lzll = |CA=|| < |IC|| | 4z|| (= € D(A))
(ii)= (iii):
Hz, uM < ll=zllllyll < M| Azllllyl| = (Mlyl)l|A=l] (= € D(4))

(iii) = (iv): Let @y : R(A) — K be given by y(Az) = (z,y).
¢y is well defined because if Az = Azg then by (iii)

{z1,9) — (22, ¥} = [{z1 — 2, 9)| € My||A(z1 — z9)|| =
= M||Az; — Azy|| = 0.

Moreover ¢y is linear and bounded since

|oy(Az)| = [{z,0}| < My||Az|| (= € D(4)).

Then ¢y has a unique bounded and linear extension to R(A) (Hilbert
space) denoted also by ¢y.

Now, by the Riesz representation theorem, there exists z € R(A)
such that ¢y(w) = (w,z) (w € R(A4)). In particular

(2,9) = py(Az) = (Az,2) (2 € D(4)),
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and therefore z € D(A*) and A*z = y.
Now since y € H was arbitrary it follows that R(4*) = H.
(iv) = (v): by Lemma 1.

(v) = ()

(B*Az,y) = (Az, By) = (z,A*By) = (z,y) (z € D(A))and(y € H).

Therefore B*Az = z (z € D(A)).
COROLLARY. Suppose that A is densely defined closed operator
in H.
Then the following properties are equivalent:
(i') There exists C € B(H):z = CA*z (z € D(A*)).
(i') There exists M > 0: ||z|| < M||A*z||  (z € D(4Y)).
(iii') For each y € H, there exist My > 0 such that [(z,y)| <
< My||A*zfl  (z € D(AY)).
(iv') R(A) = H.
(v!) There exist B € B(H) : z = ABz (z € H).
PRroOOF. Since A is closed by [1], Theorem 13.12 we have that
D(A*) = H and A** = A.
Then by Theorem 2 (applied to A*) corollary follows.
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1. Introduction.

In order to solve Waring’s problem, HILBERT [5] and HAUSDORFF
[4] established the following identity:

(1) @+ 2™ =Y a(Burr + .+ o)
k

where the 3;; are rationals and the g, are positive rationals, the number
of terms in the summation being (2m + 1)".

If K (a field of characteristic 0) is not formally real, ie. —1is a
sum of squares in K, then every element of R is a sum of squares in
K and so by (1) every mth power in A is a sum of 2m!th powers in KA.
JoLY used this idea [6] to prove that in a field I of characteristic 0, —1
is a sum of squares in K iff for every natural number m, —1 is a sum
of 2mth powers in K. Here the number of terms involved in expressing

—1 as a sum of 2mth powers in enormous — much more than asserted
by JoLY, as he made an error in carrying the result of HAUSSDORF in
that he presumed that the number of terms on the right hand side of
(1) is 2m + 1, whereas the number is actually (2m + 1)" as already said
above.

JoLY’s result can be derived in a much simpler manner, at the same

time considerably improving the bound on the number of terms involved

th

in the expression for —1 as a sum of 2m"" powers, as follows:

We can find z1, 29, ...,z € K, not all 0, such that z%+. .4z2=0.

It follows, by (1), that Zyky%m =0, where y = fBypr1+ ...+ Bpp2r €
€ K and not all y; are 0, as follows from the special nature of the
Bij in [4], page 304. We may suppose that the -y; are sufficiently
large positive integers. It now readily follows that a non-trivial sum
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of (2m +1)"G(2m) many omth powers is 0 and hence that —1 is a sum
of (2m + 1)" - G(2m) — 1 many omth powers.

Note that for m = 2, this number equals 19-5" —1 = 95-5° — 1
where s = r — 1 is the stufe of K. Better bounds than this are of course
available using analytic methods ([1], [8]), but these are applicable only
for algebraic number fields where the stufe s = 1, 2 or 4. Some elegant
identities of type (1) are also available for small values of m ([2], [3])
but they are not applicable if the stufe of I{ is greater than 4.

For a natural number n, the least number of terms in expressing
~1 as a sum of nth powers in a non-formally real field K is called the
nth power stufe of K and will be denoted by sp(K). Thus, for odd n,
we have sp(K) = 1.

In this note, for non-formally real fields K of stufe s, we write —1 as
a sum of 2° 42s+2 fourth powers and a sum of (') 2k"1+g(6)(m+ -1
sixth powers, the m = 3[s/3]+2 and k£ = (m+4)/3. The terms involved
are linear polynomials in z1,...,zs with rational coefficients, where
-1= x% 4 ...+ z2. This gives us upper bounds for s4(K) and sg(K)
which are much smaller than those got by JoLy.

2. Upper bounds for s4(X) and sg(K).

Let K be a non-formally real field of characteristic 0 and stufe s.
We have the following

THEOREM 1. Suppose

(2) ~l=z24+...+22 (zj€K)
Then
S
lxzi£...£zs5\4
i — 4 1 s .
(1) —1—1+22xj+2( 5o/ ) if s > 4,
j=1 all +
s z1+ 9+ 1\4 1+ 19 — 114
(i) ~1=I%+I%+2[(—1——2‘2‘——) +(%>+
z1 — 29+ 1\4 T] —z9g — 1\4 ,
( 2 )+( 2 )] ifs=2,
(i) —l1=Q+z)+14+141  ifs=1

PROOF. Squaring (2) we get

(3) 1=ZI?+QZI?IB§.



ON THE REPRESENTATION OF —1 AS A SUM OF FOURTH AND SIXTH POWERS 45

Now consider the sum § = S3(1 £z £ zg £ ... + z4)%, where the sum
is for all different possibilities of signs +, so that there are 2° terms in
the sum. Expanding and simplifying we see that

5=23(1 +5 2846 22 +62x§) ~
=28(1+ Zx}+3(1 — ij) +6(——1)),
using (1), (3)

5=2’(—}2—2ij-).

Now s is a power of 2 ([7]) and so 2% is a fourth power if s > 4. Absorbing
itin S, we get (i). (ii) and (iii) follow by direct easy verifications. This
completes the proof of the theorem.

As a corollary we note that in all cases we have

s4(K) < 2° 425+ 2.

THEOREM 2.
(B 2614 (m41)g(6)—1 if s>4, where m = 3[s/3]+2
sg(K) < and k = (m +4)/3,
27 ifs=2,
1 ifs=1.

PROOF. First let s > 4. By adding one 02 to the right hand side
of (2), if necessary, we can write (2) as

(4) ~1=3 "4}
1

where m > 5 and m = 2 (3). The reason for doing this will become
clear in the sequel. Squaring (4), we get

(5) 1=Z$§+2Z$?:c?.

Multiplying (4) and (5) gives
—-1= Z :r:? + 32 x?z? + GZ x?z?z%.

Further (—1)(3° zj) =3 x?)(z 1031) =3 x?—i— > x?x?. This now gives

us the three sums Y z?:rJ?-, > a::-i:r?, and Y 1122:12;% in terms of sums of

4th anq eth powers viz.

(6) 2Y ofei=1-) 4,
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o) Pd--w
(8) 6 zizf=-142) o +3Z 4,
Now consider the sum
1
S= E(Iil + i, + ...I,’k)s = 52(:{:2,'1 * 7, + ...Iik)ﬁ,

where the summation runs over all i1, 19, ..., 7}, with 1 <1 <... <
< 13 < m and all possible 4, where k(> 3) will be chosen suitably later.
Then

e ) (D
+(6)(3)(7Z 5) Y] -

—2’“1[—15<k §>+{45< ) 15( )} it

(using (4)-(8)) A0 (R Is) (T 20) e

We shall try to make coefficient of 3~ z7 equal to 0 and the coefficient of
S :1:5-i negative This will then give a non-trivial solution of the equation
X0+, + X =0. Now the coefficient of 3~ ¥ is 45(} . ) 15(7: 22)

and thls equals 0if B2 "E_f =3ie. m = 3k —4. So we take k = (m +4)/3,

which is an integer > 3. Then for this choice of %, the coeflicient of
Y 28 becomes

k—1 m—3 m-—1 _ _
2 (k 3)[3(k—1) 15]_
- -3\ 3(m—-1-5k+5) 321
k=1 . - .
(k—B) k-1 k-1 k—3 (=2k) <
Now we have

3 kl 3k 2k m — 6
1
S+ s(k 3) + 5 ( )Z

Since S has (T) 2k=1 terms, it follows that a non-trivial sum of
(m) 2}‘ 1 + ¢(6)(1 + m) sixth powers is 0. This deals with the case
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Now let s = 2. Then

(21 +22)% + (31— 29)0 + 10+ 8(a} +2§) = 101 + (=} + 23)°] = 0;
so sg(K) < 27.
Finally, for s = 1, since —1 = z%, we have —1 = x? and so
sg(K)=1.
This completes the proof of theorem 2.
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In the theory of operator ranges (see [1]) the following theorem
is proved for the ranges of positive operators A and A2, R(A) =

= R(AY2) if only if R(A) is closed. In [1] the proof uses the following
corollary due to Douglas [2] (see also [3]).

Let A and B be bounded linear operators in a Hilbert space H.
Then there exists an invertible bounded linear operator C in H with
A = BC if and only if A and B have the same range and nullity.

In the present paper we give a direct elementary proof of the above
theorem without using the quoted result by DouGLAS.

Finally I wish to thank prof. Zoltan Sebestyén for calling my
attention for this question.

THEOREM. Let A: H — H be a positive operator. Then R(A) =
= R(AY?) if and only if R(A) is closed (0).

PROOF. Suppose that R(4) = R(A1/2) and take w € R(A). Since
w€ R(A) = R(A1/2) there exists a sequence {zn} C H such that

(1) AV, 5w,
The continuity of Al/2 implies that
(2) Azn = AV2(AV22,) 5 41/ 2y,

On the other hand R(A4) = R(A'/2) so that there exists z € H such
that

(3) AV = Az,
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Now we prove that

(4) w= A2,

From (3) we have 4/2(w — A1/2z) = 0 and hence that

(5) <A1/29:,A1/22 . w> - <x,A1/2(A1/2z - w)> -0 (z€H)
Now, if we take {yn} = {z = zn}, then from (1) and (5) we get
[AY22 — w|f? = nleoo<A1/2z — AV, AV2, w> _

= lim <A1/2yn,Al/2z——w> =

n—oo

<yn,A1/2(Al/2z — w)> = 0.

lim
n—o0
Thus AY/2z = w indeed. Hence it follows that R(A!/?) = R(A).

Suppose now that R(A) is closed. Since A = A1/2A1/2, we have
that

(6) R(A) C R(A/?).

Now we prove the inclusion

(N R(AY?) c R(A).
To this end it is enough to prove that

(8) A2 = pal/?

where P : H — H is the orthogonal projection onto R(A). Since
P(H) = R(A), A > 0 (and self-adjoint), we have

(9) A=PA and A= A*=(PA)* = A*P* = AP.
Before proving (8), we shall show that

(10) A= AY2p4l/2,

If z € H is arbitrary, then from (9) we have that

| Az — A2 P AN 2|2 =

e - <Az,A1/2PA1/2:c> - <A1/2PA1/23:,A$> +

+ <A1/2PA1/21:,A1/2PA1/29:> =
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= o) - (4'/2z, 4P 4125 ) - <APA1/29:,A1/29:> +
+ <APA1/29:,PA1/2$> =
= | Az|?- (420, 442 ) (4412, 41 22) + (A4) 20, PAV 2 =
= |Az||? - ||Az|? - | Az||® + <A1/2x,APA1/29:> =
= |l a]® + (422, 441/%2) = —| 42| + || 4a]® = 0.
which implies (10).
Now let us prove (8). If z € H, then by (10) we have that

142 — PAY2o|” = || AV 20" — (412, P A/ 2S)

~(Pal2z, a2 4 (PAV2e, PaV2) =
- (Aa:,a:)—-<A1/2PA1/2:c,:c>—<Al/2PA1/2z,z>+<A1/2P2A1/2x,x> -
= (Az,z) — (Az,2) — (Az,2) + <Al/2PA1/2I,:L‘> -
= — (Ar,z) + (Az,z) = 0.
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This paper is connected with the paper [1] of M. HoLLAL In that
paper, the author declared two very interesting theorems. However
the proof of Theorem 2 is incomplete. We prove the statement in
that case, when the radii of the balls of the splherepacking are equal
to each other, namely the density of the densest congruent double-
latticelike spherepacking is equal to the density of the densest latticelike
spherepacking.

Notations, Lemmas

Let L be a three-dimensional lattice in E3. A compact convex
polyhedron in E3 with vertices in L is called an L-polyhedron if there
is a solid ball containing the vertices on its boundary and containing
no other points of L (empty ball). The system of L-polyhedra forms a
convex face-to-face tiling of ES, the L-partition of L. (see: [4] or [2])
Let R be the radius of the maximal support ball of the 3-dimensional
lattice L, the length of the radius of the disjoint balls with the centre
z is one, where z € LU L + a. (The length of the minimal distance of
LUL+ ais equal to 2.)

LEMMA 1. R greater or equal to 2.

LeMMA 2. The maximal support-polyhedron includes the centre
of its circumscribed-ball. (The support-polylhedron is maximal if the
radius of its circumscribed-ball is equal to R.)

The proofs of these Lemmas can be found in {1]. By the help
of the fundamental work [3], we prove an important property of the
3-dimensional latticelike L-partition.
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STATEMENT. Let L be a 3-dimensional lattice and denote {e],es,e3}
the successive minima of L. Then the parallelepiped Pley,eo,es]

(which is spanned by the system {ej,es,e3}) can be decomposed by
L-polyhedra.

Proor. We know that the system of successive minima of a 3-
dimensional lattice is a basis of this lattice. (see [3] § 36). For this
reason the symplex Sley,e9, es], which is spanned by the successive
minima {ej,e9,es} is a basic simplex in the lattice.

(1) First we assume, that:

(e1,er) < /2 1<:<3<3.

At this time every faces of the symplex Sle;, e, e3] are acute triangle
(see: (3] § 36) for this reason Slej,eq,es] is an L-symplex. (see: (3]
§ 45). Regard now the union of the simpleces S(eq,eq,e3] +2zz € L,
and S'ey,e9,e3] + 2z z € L where S’ is the image of S after reflecting
S to the centre of the parallelepiped P. Since the complement of this
set is the following one:

U{P\(SUS")+z|z¢€ L},

where for arbitrary z1,2z9 € L the dimension of the set (P \ (SUS') +
+21) N(P\ (SUS') + z9) less then two, for this reason P\ (S U S’)
can be decomposed by L-polyhedra. (The L-partition 1s unique!) The
P also can be decomposed by L-polyhedra.

(2) Secondly assume, that two vectors are orthogonal to each
other. (f.e e; and eg) Regard the circumscribed-ball of the symplex
Sle1,e9,e3]. If it isn’t a “support-ball”, then in its inside there is
a lattice point. Decrease now the angle of the surfaces Plej,es],
Pleg,e3] in a sufficiently small amount. Then the angle of the new
vectors €], e} is an acute one, and the ball still contains in its inside
a lattice point. Since the new parallelepiped Ple), eh,e}] also satisfies
the so-called “diagonalical condition” (see (3] § 36), then {e], e}, €5} is
a system of the successive minima. But by virtue of the first case (1),
S[e’l,efz,eg] is an L-symplex, namely its circumscribed-ball is empty.
This is contradiction, for this reason the circumscribed-ball of the
symplex Sley,eq, es] is empty, too. This means, that the polyhedron
Qley, e9, e3] having its vertices on the sphere of the circumscribed-ball
of the symplex S is an L-polyhedron. Repeating the method of the first
case (1), we get that P can be decomposed by L-polyhedra, too.

LEMMA 3. If a double-lattice like congruent spherepacking is opti-
mal, then R = 2.

PROOF. Let {ej,e9,e3} be the successive minima of the lattice
Lley,eq,e3] and regard that point x of the lattice L + a which is
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in the parallelepiped Plej,eo,e3]. Since this parallelepiped can be
decomposed by L-polyhedra (see: Statement) so if LUL +a is optimal,
then it can be assumed that x is the centre of the maximal support
polyhedron (see: Lemma 1) and for this reason, every latticepoint of
L is outside of the ball with the radius R and centre x, or it is on
this spliere. Assume that R > 2! In this case there exists such an ¢,
that for every vector e, for which |e| < ¢, B(x +€,1) N B(y,1) = 0
for every y € L. (B(x + €,1) is the closed ball with the centre x + ¢
and with the radius 1.) It’s clear, that if there exists such an affine
map A € E3*3 for which the minimum of A(L) is equal to two, the
volume of A(P(e},eq,e3)) is less than the volume P(ej,eg,e3) and
B(A(x),1)Nn B(A(y),1) = 8 Vy € L, then the system LU L + a isn’t
optimal one. It can be seen, that the last condition holds if the norm
[|A — I|| is “sufficiently small” where I is the unit matrix, and the
norm is an arbitrary norm in E3%3 (for example the row norm). We
distinguish two cases:

(i) les] > le1l.

Let A be such an orthogonal affin mapping for which [eg, eg] is the
fix plane and for which v(A(P(e1, e, e3))) < v(P(ey,ea,e3)). It’s easy
to see that the three conditions hold for this 4, and LU L 4 a isn’t an
optimal system. This is a contradiction.

(ii) le1] = les] (= |ea])-

At this time we distinguish two cases, too:
(a) The angle of the vectors e;, e; is acute for every pair of indices.

Look for the minimal vectors of L[ej, e9,e3]! Delone proved, that
the minimal vectors of this lattice can be found among the diagonals
of the parallelepiped P(e),e9,e3). (see: [3]) For this reason we have
to examine only the following vectors: ey, eq,e3,e1—eg, e —e3, eo—e3,
e;j+ej—ep, i=7j=k,1jk€{1,2,3}. We prove that for example
the vector e; + e9 — e3 isn’t a minimal one. Since |e3| < |es — ey],
leg| < |eg — eg| and the triangle OBC is an acute one, the orthogonal
projection of the point A to the plane OBCD is the angular domain
PA'Q where A'P is the normal bisector of OB, and A’'Q is the normal
bisector of OC'. (see: figure 1)

For this reason the point A is inside of that half-space which con-
tains the point O and the boundary plane of which is the normal bisector
plane of the diagonal OD. This means, that the vectors e;+ej—eo,
ey + e3 — e} are not minimal vectors. For this reason the minima of
L can be found among the vectors e}, e, e3,e; — e,e] — e3,€9 — €3.
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Fig. 1

Assume that one of these vectors isn’t minimal. (for example e] — e3)
Regard the following mapping A: Decrease the angle of the surfaces
OBC and OAC. It’s easy to see, that this map A satisfies the earlier
conditions and we have got a contradiction. This means, that it can
be assumed that |e;] = le] —eg| = |e] —e3| = |ea —e3| ¢ = 1,2,3
but in this case the symplex S(ej, eg, e3) is regular and it follows from
the starting condition that 2 = |e;| > max{min{x — y,x is a vertex of
P}ly € P(e1,e2,e3)} 2 R > 2. This is a contradiction too.

(b) If for example the vectors e; and ey are orthogonal to each
other. Let A be the following map: Decrease the angle of the plane
[e9, e3] and the plane [e}, es]. It’s clear that this mapping A satisfies
the earlier conditions namely the given double-latticelike system isn’t
optimal. In every case we get contradiction, so the indirect statement
isn’t true and we proved the Lemma 3.

LEMMA 4. Assume that |ej|=]|eg| =|es| and the system {e1, e, e3}
is a successive minimum system in the lattice L. Then the radius R is
less then |ey].

PROOF. Since the system {e),e9,e3} is one of the successive
minima, the parallelepiped P(ej,eg,e3) can be decomposed by L-
polyhedra. For this reason R is less or equal to the following number

Kp:
Kp = max{min{|x —y| where x is a point of L}y € P}.
We shall prove that the union of the open balls G(x, |e1}), where x

is a lattice point in P(e1,e2) U P(e),e2) + e3 cover the parallelepiped
P(eyq, eq,e3) namely |e;| > I{p. Regard those balls the centres of which
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are lattice points of the plane of the parallelogram P(ey, eg). Since the
distance of the bound of the union of these balls from the plane [ej, eg]
is greater or equal to the distance (d) of that sphere-point from the
plane [e], eg], which is lying on the sphere S(O,e1) above the centre
of the triangle S(ej, e2), then the union set covers that stripe which is
bounded by the planes [e], es} and [e], es] +des. Let d* be the following
number:

d* = min{d|such L[ey, e9] for which |e;| = |eg| = min L}.

It’s easy to see, that d = 1/|e1[> — r2/|e)| where r is the radius
of the circumscribe ball of the triangle S(ej, eq). It’s minimal iff r is

maximal iff e] is perpendicular to eg. For this reason d* = /2/2 > 1/2
and we proved that the union really cover the parallelepiped P. This
means that R < |Kp| < ej| and we proved the Lemma 4.

The proof of the theorem

We’ll prove the statement of Theorem 2 of the paper [1] in that case
when the packing is congruent.

THEOREM. The density of the densest double-latticelike spherepack-
ing is equal to the density of the densest latticelike spherepacking.

PROOF. Assume that the lattice L[el,eg,ed] is spanned in every
case by the system of the successive minima {e;,e9,es}. Then the
point system can be written in the following form:

Lley,eg,e3lUL[e], ey, ey]+a.

We prove that if eg isn’t perpendicular to the plane [e], es] then the
system L U L + a isn’t an optimal one. From this statement already
follows the statement of Theorem, because in the case of eg 1 [e], e3]
where the vector e3 is fix, the density is maximal if and only if the
following number s is maximal:

ae
s = min{|x — (eg — —2§e3)| x is a vertex of P(ep,eq)}.
e
3

A short calculation shows, that the quadratic form of the basic lattice
L of the optimal systems are the following:

Filx1, %2, %3) = 4(x} + x5 + 2x3)
1 2 3
fa(x1,%9,x3) = 4(x3 +x3 + x1x9 + (8/3)x3).
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Fig. 2

Now we prove the above mentioned statement. We saw that one
of the different types of support-balls are the followings: (see: figure 2,
and the Statement)

(1) the circumscribed-ball of the tetrahedron ABDE is the support
ball with the greatest radius; '

(2) the circumscribed-ball of the tetrahedron EBF H is the maximal
support ball;

(3) the circumscribed-ball of the tetrahedron FBHC is the maximal
support ball.

(ME

Fig. 3
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Here we assumed that the shortest one among the diagonals of the
octahedron EBCHFD is BH and note that these balls may be equal to
each other in some cases. In every case we shall give such a motion (M)
of a vertex of the parallelepiped P, which is transforming the original
system into a “better” system. This means that in the optimal case eg
is perpendicular to the plane [e1, eq].

V .(M) E

M) g

Fig. 4/a Fig. 4/b

(1) If eg isn’t perpendicular to the plane [e), eg] then for example eg
isn’t perpendicular to e; (i =1 or 2). Using the Lemma 3 and Lemma
4 we get that |es| > |e;| and [eg] > |es| |es] < les — e;] (using the
definition of the successive minima), for this reason the motion which
can be seen on the figure 3 is good. (The basic-volume of the system
decreased and the minimal distance of the point-system didn’t decrease
so this motion gives a better system.)

b
H

Fig. 5/a Fig. 5/b



60 AKOS G. HORVATH

(2) If the vector ey isn’t perpendicular to the vector ez, the good
motion can be seen on the figure 4/a and if e} is perpendicular to ey
then |b] > |eg| > |e;| and b = e3 — e] so b isn’t perpendicular to e
and the good motion can be seen on the figure 4/b.

(3) If the vector eg isn’t perpendicular to eg then the good motion
can be seen on the figure 5/a, and in the other case the good motion
can be seen on the figure 5/b. (now a = ey — e isn’t perpendicular to
e3). .

So we have verified the statement and the Theorem.
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1. Introduction

The Tammes problem is the following: how must n equal non-
overlapping circles be packed on a sphere so that the angular diameter
of the circles will be as great as possible? The solutions of this problem
are proven only for some cases (n = 3 to 12 and n = 24), for other values
of n there are only estimations given by dense arrangements. Many
construction methods were applied, for example, axially symmetric
packing (GOLDBERG, [3}), multibranched helical packing (SZEKELY,
[6]), multi-symmetric packing (ROBINSON, [5], TARNAI, [7], TARNAI
and GASPAR, [10]), construction of new packing by moving the graph
of an existing packing (DANZER, [2], TARNAI and GAsSPAR, [9]), by
minimization of a repulsion-energy function (CLARE and KEPERT, [1]),
- on the basis of a similar principle by using a special iteration whxch
works even in higher dimensions (LAzI6, SENK and SESKAR, [4]).

In this paper the algorithm to construct spiral arrangements is
shown. In some cases (n = 28, 29, 53, 54, 55, 78, 79, 96, 198) these
spiral arrangements give more dense packings than the previously best
known ones. This method is suitable also for construction of quite
dense arrangements in the case of large values of n, so it can give a
lower estimation for the solution of the Tammes problem, or this spiral
arrangement can be used as a starting-point for the improving method
of moving the graph (TARNAI and GASPAR, [9]).

2. Spiral arrangement

2.1. Prescribed diameter. The first task is to pack the maximum
number of non-overlapping circles with prescribed diameter d on the
unit sphere. The circles are placed one by one onto the sphere, attaching
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a serial number to each circle. The spiral arrangement will be achieved
by positioning the first circle at the south pole, the second one touches
the first one, and the positions of the following circles are determined
by the following rules:

(1) circles must not intersect (overlap) each other
(i) each circle has to touch the preceding one

(iii) each circle has to touch a circle placed before with the lowest
possible serial number.

Let us assume, that j circles are already placed on the sphere. Let
the kth circle be the circle with the lowest serial number touching the
jth circle. The circles with serial numbers not smaller than k and not
greater than j form a closed ring on the sphere. There are no circles to
the north of this ring. The (5 4 1)th circle is placed on the north side
of this ring.

The spherical coordinates (4;4+1,6;4+1) of the (7 +1)st circle will be
determined according to the following steps:

a) The (5 + 1)th circle is constructed as the common tangent circle
of the jth and ith circle. (From the two possible alternatives we select
the circle, which lies to the north of the geodetic line connecting the
centres of the ith and jth circles. Should this line be identical with
a great circle connecting the north and south pole, then we select the
common tangent circle on the eastern side.) In order to comply with
rule (iii) we first try the value i = k.

b) According to the notations of Fig. 1. the centre of the circle
touching the ¢th and jth circle can be calculated as follows:

a=0;—48;
¢ = acos(cos ¢; cos ¢; + sin ¢; sin ¢; cos a)
B = atan(sin «/(sin ¢;/ tan ¢; — cos & cos ¢;))
6§ = asin(sin(c/2)/ sin d)
v = atan(1/ cosd/tané) + 8
¢j4+1 = acos(cos ¢ cosd + sin @ sind cos y)
8j41 = 0; + atan(siny/(tan d — cos y cos d)).

c¢) We check the circles from the kth one to the jth one (which form
a ring) whether they intersect the (j + 1)st circle.
~ If none of them intersects, than the coordinates ¢;41,0;41 are

correct and we can proceed by calculating the coordinates of the
next circle.
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south pole

Fig. 1.

— If the lth circle and the (j + 1)st circle intersect and ! < ¢ then the
packing is completed: in this system j circles of diameter d could
be packed.

— If I > 7 then we repeat the described procedure with z = [ from step

b).

2.2. Prescribed number of circles. If we have packed n circles of
diameter d, this does not mean that the packing of the same number of
circles with greater diameter is not possible. The algorithm described
in section 2.1 evaluates a step function n(d) at arbitrary d.

If ny > n circles of diameter dj, and ny < n circles of diameter dsy
can be packed, then the possible greatest diameter d of n circles packed
in a spiral system can be determined numerically up to the computation
accuracy by the interval-bisection process. In thislimit case a new circle
will touch three rather than two previous circles, and the graph of the
packing will be rigid (TARNAI and GASPAR, [9]).

3. Numerical results

Based on the above described algorithm a FORTRAN program
was written running on an IBM-XT PC. By using this program we



64 7S. GASPAR

determined the possible greatest diameters from n = 6 to 100 and
for numbers greater than 100 for the cases published in the paper of
TARNAI [8].

Table 1.
Close packings of congruent circles on a sphere

I n l Diameter (°) I Density ” n l Diameter (9) | Density ]

28| 39.14182205|0.80881 82123.03645367 |0.82569
29| 38.404781120.80674 83122.85331367 | 0.82257
53| 28.63421300|0.82304 84 |22.55208231 |0.81075
54| 28.47227658 | 0.82816 85122.37301112 | 0.80746
55| 27.95603488)0.81432 86 {22.29319772 | 0.81116
61| 26.61134482|0.81874 87122.19002027 |0.81304
62| 26.43691398 (0.82134 88122.10755795 | 0.81630
63| 26.13469033 |0.81569 89121.96701652 | 0.81515
64| 25.93952876|0.81636 90| 21.87783147 |0.81765
65| 25.61937674 | 0.80886 91|21.84907313 }0.82457
66| 25.46305514|0.81136 92(21.77852372 | 0.82827
67| 25.12629608 | 0.80209 93]21.53588686 |0.81878
68| 25.077081330.81089 94121.39654628 {0.81694
69| 24.95113696 |0.81461 95121.19571280 |0.81024
70 24.89696276 | 0.82284 9621.11601512 {0.81264
71| 24.71915675|0.82276 97120.98828446 |0.81123
73| 24.23337447|0.81314 98 120.91392523 |0.81382
74 24.132157200.81743 09 120.82574359 |0.81522
751 23.93258807|0.81488 || 100 {20.72996468 |0.81592
76| 23.73145671{0.81198 || 198|14.76641391 |0.82082
77| 23.56101859|0.81093 || 20214.65440761 |0.82476
781 23.46867252|0.81506 || 2610| 4.07089108 |0.82340
79 23.36084975|0.81796 || 2650 | 4.03686694 |0.82210
81| 23.069201050.81793

In some cases (n = 6, 7, 8, 9, 10, 12) we get the provenly best
possible result. In the case of n = 10 we arrived at the configuration
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given by DANZER (2], but we determined the diameter more precisely
(d = 66.146821980).

In Table 1. we listed both the cases in which we achieved better
results than the previously best known ones and the cases that have
not been investigated yet.

For the cases n = 28, 29, 53, 54 and 55 the best results were
published by SZEKELY [6]. The packings constructed by the spiral
method are more dense, but in the case of 28 circles the results of
LAzié et al. (d9g = 39.354930)7 in the case of 29 circles the results
of TARNAT and GASPAR [11] (dag = 38.67707%) and Laz16 and SENK

(dag = 38.70737%) are even better. The stereographic projection of the
graphs for the cases n = 53, 54 and 55 are illustrated in Figs. 2-4.
(For the sake of simplicity, the edges of the graph are replaced usually
by straight line segments, but to avoid intersections in the pictures two
edges are drawn as a curve. The order of the packing is shown by heavy
lines, and the last edges achieved by the iteration are drawn by broken
lines.)

Fig. 2.
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In the case n < 100 the topology of the graphs can be reconstructed
by using Table 2. According to the algorithm the circles with adjacent
serial numbers are tangent to each other, so these edges are not given
in the table. The circles with j > 3 are generally touching one more
circle with a lower serial number. The circles from 3 to 10 resulted in
the same edges in each configuration: 1-3, 1-4, 1-5, 1-6, 2-7, 2-8, 2-9,
3-10. The second column of the table contains the neighbour (with the
lowest serial number) of the circles with a serial number greater than
10. The last column specifies the last edge determined by the iteration.
(Fig. 2 contains the serial numbers of the circles, so by comparing the
figure and the data in the table the notation of the table may be easier
to understand.)

North

/7 NS\ \\\
g T VI

—~

L/
\

[

South

Fig. 5.
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Using the results of spherical circle packings GUNTHER KOLLER

(Trollhdtten, Sweden) prepared some beautiful drawings with the plot-

ter of his PC. We demonstrate these plots for n = 53 in Fig. § and for

n = 2610 in Fig. 6.
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Table 2.
The graph of the packings

I n [ Neighbour of the jth circle (j=11,...,n)

lLastedge]

28

44.5,6,6,7,8,9,10,11,12,13,14,16,17,19,21,23

25-28

29

4,4,55,6,7,89,10,11,12,13,14,16,17,18,19,22,24

25-29

53

3,4,45,6,6,7,8,8,9,10,11,12,12,13,14,15,16,17,18,19,19,20,21,22
24,24,26,26,28 29 30,31,33,34,35,37,38,40 41 43 45 48

51-53

54

3,4,456,6,7828,910,11,12,12,13,14,15,16,17,18,18,19,20,21,22
24,2426 ,26,28,29 30,31 33,34,35,36,38,39,41,43 44,47 49

51-54

55

3,4,4,5,6,6,7,88,9,10,11,11,12,13,14,14,16,16,18,18,19,20,21,22
23,24,2526,27,28,30,31,32,33,34,36,37,39,40,41,43 45 47 49

48-54

61

3,4,4,55,6,7,8,8,9,10,10,11,12,13,14,14,15,16,17,18,19,20,20,22
23,24,24,26,27,27,29,29,31,32,33,34,35,37,38,39,40,42,43,45,46
47,49 51 53,56

59-61

62

3,4,4,5,5,6,7,8,8,9,10,10,11,12,13,14,14,15,16,17,18,19,20,20,21
23,23,24,25,26,27,29,29,31,32,33,34,35,36,38,39,40,41,43,44,45
47,49,50,52,54 57

55-61

63

3,4,4,5,5,6,7,8,8,9,10,10,11,12,13,14,14,15,16,17,18,19,19,20,21
22,23,24,25,26,27,28 29,31,32,32,34,35,36,37,38,40,41,42,43,45
46,48 49 51 53 56 58

59-63

64

3,4,4,5,5,6,7,8,8,9,9,10,11,12,13,14,14,15,16,17,18,19,19,20,21
22,23,24,25,26,27,28,29,30,32,32,33,34,36,37,38,39,41,42,43,45
46,47 ,49,51,52,54,56 58

57-63

65

3,4,4,5,5,6,7,8,8,9,9,10,11,12,13,13,14,15,16,17,18,19,19,20,21
22,23,24,25,26,27,28,29,30,31,32,33,34,35,37,38,39,40,41,43 44
46,47,48,50,51 53,55,57,59

58-64

66

3,4,4,5,5,6,7,8,8,9,9,10,11,12,13,13,14,15,16,17,18,19,19,20,21
22,23,24,25,26,27,28,29,30,31,32,33,34,35,37,38,39,40,41,43,43
45,47,48,49 51,52 54 56,58 61

63-66

67

3,4,4,5,5,6,7,8,8,9,9,10,11,12,13,13,14,15,16,16,18,19,19,20,21
22,23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,40,41,42,43
44,46 47,48 50,51 53 54,56 59,61

62-67

68

3,4,4,5,5,6,7,8,8,9,9,10,11,12,13,13,14,15,16,16,18,19,19,20,21
22,23,24,25,26,27,28,29,29,31,32,33,34,35,36,37,38,40,41,42,43
44,46 47,48 50 51,52,54 56,58 60,63

64-68

69

3,4,4,5,5,6,7,8,8,9,9,10,11,12,13,13,14,15,16,16,18,19,19,20,21
22,23,24,25,26,27,27,29 29,30,32,33,34,35,36,37,38,39,41,42,43
44,45 47,4849 51 52 54,55 57,5961 64

65-69

70

3,4,4,55,6,7,8,38,9,9,10,11,12,13,13,14,15,16,16,18,19,19,20,21
22,23,24,25,26,27,27,29,29,30,32,33,34,35,36,37,38,39,41,41 43
44,45 47 48,49 51 52 53 55 56,58 ,60,62,65

68-70
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71

71

3,4,4,55,6,7,8,8,9,9,10,11,12,12,13,14,15,16,16,17,18,19,20,21
22,23,24,24,26,27,27,28,29,30,32,33,33,34,36,37,38,39,40,41,42
44,45 46 47,48.50,51 53 54,56 57,59,60,63,66

67-71

73

3,4,4,55,67,.889910,11,12,12,13,14,15,16,16,17,18,19,20,21
22,23,23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,40,41,42
43,44,45 47,48 49 50 52,53 55,56 57,59,61,63,65,67

70-73

74

3,4,4,5,5,6,7,8,8,9,9,10,11,12,12,13,14,15,16,16,17,18,19,20,21
292,23,23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,41,42
43 44,45 47 48,49 50,51 53 54,56 57,58 61 62,64,67,68

70-74

75

3,44556788.9.9,10,11,12,12,13,14,15,16,16,17,18,19,20,21
21,22,23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,40,42
42,4445 46 48,48 50,51 53 54,55,56,58,59,61,63,65,67,70

71-75

76

3,4,4,55,6,7,88,9,9,10,11,12,12,13,14,15,16,16,17,18,19,20,21
21,22,23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,40,41
42,43 45 46,47 48 49,51 52,53,55,56,57,59,61,62,64,66,68,70

72-76

77

3,4,4,5,5,6,7,8,8,9,9,10,11,12,12,13,14,15,15,16,17,18,19,20,20
21,22,23,24,25,26,27,28,29,30,30,32,33,34,35,36,37,38,39,40,41
42,43 45 45,47 48 49 50,52,53 54 56 57,58,60,62,63,64,66,69,71

72-77

78

3.4,455,6,7,8,8,9,9,10,11,12,12,13,14,15,15,16,17,18,19,19,20
21,22,23,24,25,26,27,28,29,30,30,32,33,33,35,36,37,38,39,40,41
42,43,44,45,47,48,49,50,51,52,54,55,57,58,59,60,62,64,65,67,69
71

73-78

79

3,44,5,5,6,7,8,8,9,9,10,11,12,12,13,14,15,15,16,17,18,19,19,20
21,22,23,24,25,26,27,28,29,30,30,32,33,33,35,36,37,38,39,40,41
42,43,44,45,46,48,49,50,51,53,54,55,56,57,59,60,62,63,65,67,69
71,74

75-79

81

3,4,4,5,5,6,6,7,8,9,9,10,11,11,12,13,14,14,15,16,17,18,19,19,20
21,22,23,24,25,26,27,27,29,30,30,31,33,33,34,35,36,37,38,40,41
42,43,44,45,46,47,48,49,51,52,53,54,56,57,58,60,61,63,64,66,67
69,70,73,76

77-81

82

3,4,4,55,6,6,7,8,9,9,10,11,11,12,13,14,14,15,16,17,18,19,19,20
21,22,23,24,25,26,27,27,29,30,30,31,33,33,34,35,36,37,38,40,41
42,43,44,45,46 47,48,49,51 52,53,54,56,57,58,60,61,62,64,65,66
68,70,72,73,77

75-81

83

3,4,4,5,5,6,6,7,8,9,9,10,11,11,12,13,14,14,15,16,17,18,19,19,20
21,22,23,24,25,26,27,27,28,29,30,31,33,33,34,35,36,37,38,39,40
41,43,43,45,46,47,48,49,50,52,53,54,55,56,58,59,60,61,63,64,66
68,69,71,73,75,78

76-82

84

3,4,4,5,5,6,6,7,8,9,9,10,11,11,12,13,14,14,15,16,17,18,19,19,20
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BIPYRAMIDAL NONCOMPACT HYPERBOLIC SPACE
FORMS WITH FINITE VOLUME

By
EMIL MOLNAR* and MARICA SARAC

Department of Geometry, L. E6tvos University, Budapest
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(Received September 29, 1988)

Following Poincaré’s geometric method, we shall construct 8 non-
isomorphic isometry groups G; (1 = 1,2,...,8), acting discontinuously
and freely on the hyperbolic 3-space H3. Each group is given by the
same noncompact fundamental Dirichlet polyhedron @ (Fig. 3.) and
by pairing its faces via isometries in 12 different ways. The identifying
isometries generate the corresponding group G;. This way we can
obtain all the hyperbolic space forms 9; = H3/G; whose fundamental
polyhedron is the given bipyramid 2 if the six base edges of & are
required to be Gj-equivalent. Since each group G; (Fig. 5-12) contains
orientation reversing isometries and all vertices of the polyhedron 2
are ideal points, each manifold 9; = H3/G; becomes a nonorientable
noncompact hyperbolic space form with finite volume.

The constructions were motivated by the Euclidean compact nonori-

entable plane form E2%/pg of genus 2 (Klein bottle), which has two
special fundamental hexagons (Fig. 1, 2). Describing the isometry

group of H?’/Gi, we find some interesting phenomena.

We shall exploit the existence of a Coxeter supergroup C of the
group G, generated by reflections (Fig. 4), for describing the metric
data of the space form @; = H3/G; (i =1,2,...,8).

This paper is a continuation of {6], where more details of the method
are described and not repeated here.

*Supported by Hung. Nat. Found. for Sci. Research, grant no. 1238/86.



76 EMIL MOLNAR, MARICA SARAC

P‘CEZ

g

Generators:
g9,. 9,
glide reflections
f
g;’\\ translation
\

t

9,
Relations: ®g,0,/=1 Gl= pg @9, 9, fj 1
O g,1'g,=1 O 99,1 =1

G':=pg  3':EYG' P:-EYG
Fig.1. . Fig. 2.
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1. The construction of the bipyramid 2, results

Take a triangle AgA;Ag on a hyperbolic plane H? with a right
angle at the vertex 4), with an acute angle AjA34p< = ¥ and with
the ideal vertex Ay (Fig. 3). Thus the angle of parallelism [J(A;A9)
equals §. Then, by reflections in the lines A} A3 and AgAj, we construct
a regular hyperbohc hexagon P, with all ideal vertices. On the plane
containing the line 4;A49 and the line o perpendicular to the plane
of the polygon P at the point Ay we construct the rays AjA3 and
A1 As, such that both of them are parallel to the line o, with the angle
of parallelism [[(414) = §. We got the polyhedron D, a regular
hexagonal bipyramid with ideal vertices. All its faces form angles %
with the base, and all its intersecting faces, that are on the same side
of the base, form angles 2% 4. & is the required noncompact fundamental
Dirichlet polyhedron

Since all vertices of this polyhedron are ideal points, all its edges
concurrent to such an ideal vertex belong to a parabolic bundle. A
horosphere centred at this ideal vertex is orthogonal to this bundle and
intersects the bipyramid 2 in a horosperical polygon. A horosphere is
isometric to the Euclidean plane E2, so these polygons are Euclidean.
The angles of such a polygon are congruent to the dihedral angles of
D where the edges of these dihedra are concurrent to the center of the
horosphere, a so called parabolic vertex or end of 2.

In this sense, the apices of the bipyramid are related to Euclidean
regular hexagons with angles 5, and the vertices of its base are related
to Euclidean rhombs with angles ¥ and 2”.

Some metric data of the polyhedron :D will be described in Section
3 based on Fig. 3, 4.

In Section 2 we shall identify the faces of the bipyramid 2 in 12
different ways. So we obtain 8 non-isomorphic groups G;. The result

is symbolized in the Schlegel diagram of 9;, and 9; (i = 1,2,...,8).
A face denoted, for example, by tl—l is mapped onto the face {] by
the isometry ¢, moreover, 2; is mapped onto its neighbouring ¢;-image

@t.l The inverse transformation tl_l maps the face 7] onto the face ti‘l
-1

and 9; onto .ﬂ) 1 the neighbour at the face tfl

Poincaré’s polyhedron theorem (see [6], [3], [4] for more details) will
guarantee the discontinuous and free action of each group G; on H3.

We summarize our results in two theorems.
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THEOREM 1. Each of the 12 pairings on the bipyramid 2, given
in Section 2, generates the corresponding group G; (1 = 1,2,...,8)

which acts discontinuously on the hyperbolic space H3. Each point of
the identified fbi or D; has a trivial stabilizer subgroup in G;. Every
end of @i has a stabilizer in G; which is isomorphic to a Euclidean
plane crystallographic group and acts discontinuously and freely on
every horosphere centred in the end considered. Thus we have obtained

hyperbolic space forms fb,' = H3/G,~ of finite volume with some cusps.

TUEOREM 2. For the given bipyramid D in H3 there exist precisely
12 combinatorially different pairings and 8 non-isomorphic discontinu-
ous freely acting isometry groups G; whose fundamental domain is D,
equipped with corresponding identifications such that the six base edges
of D are G;-equivalent.

These theorems will be proven at the end of Sections 2. Meanwhile
we use the above notations for our space forms being constructed.

2. Identifications on 2, proofs

i=1 D =H3} G (Fig. 5).
The pairs of faces g;‘l and g; (j = 1,2,3,4) are identified by

horospherical glide reflections g; or their inverses gJ-_l, respectively.

The pairs of faces t;l and t; (j = 1,2) are identified by horospheri-
cal translations ¢;.

The identifications of the faces of @1 are induced by those of the
sides of the regular hexagon P! in the Euclidean plane E? (Fig. 1),
where g; (7 = 1,2) are glide reflections, and ¢ is a translation in E2.
This observation motivated us to construct the group G, (Fig. 5, for a
more general treatment of plane groups see [1}).

Now we list the edge equivalence classes of the polyhedron 24,
induced by the above identifications, writing down for each edge class
the defining relation which expresses that every point on these edges
has trivial stabilizer. We establish incidentally the stabilizer subgroup
for each end class (cusp).

The bipyramid fbl has 12 side edges, divided into 4 classes with 3
edges in each class:

(1) tlgl_lgé—l =1 at the edge class a =—————
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Fig.5.
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(2) t1g192 =1 A S
(3)  togylgs=1 c ——>———
(4) t293g4—1=1 d ---->---- (Fig. 5)

each of the related dihedral angle is —23’1, so 3- —2375 = 2m which guarantees
the trivial stabilizer for points on these edges (see {6] for the general
algorithm).

There are 6 base edges, belonging to the same class:

(5)  tig5 gatagytest =1 e e > (Fig. 5),

each of the related dihedral angles is ¥, so 6 - § = 2, ensuring the
trivial stabilizer for points on base edges.

We conclude that 9 is a fundamental polyhedron for the group G
with presentation

-1 -1 -1
(6) G =1(91,92,93 94, t1,ta — t1g] 95" = t19192 = t2g3 ‘g4 =
-1 -1 -1 -1
= t9g3g, = t193 gatag; 94 =1).

Forming the orbit 0C1, where O := Ay is the centre of the poly-

hedron 9, (Fig. 3), we obtain by a symmetry argument that 2y = 21p
is a Dirichlet polyhedron corresponding to O and its Gy-orbit.

The stabilizer for the end classes of A3 and A3 will be the Euclidean
plane crystallographic group G! = pg (Klein bottle group) correspond-
ing to the fundamental hexagon P! = E2/G! and presentation given
in Fig. 1. We have two end classes on the base of D corresponding to
Ap and Ap in Fig. 3, 4.

Each of them has a stabilizer group isomorphic to the Euclidean
plane group pg again. For instance, at the end class ® we glue together
3 rhombs on a horosphere, centred in [1], to get a fundamental hexagon
for the stabilizer (Fig. 5). The sides of this hexagon are cut out by the
faces

PR N B PR O S
91 ’(92 )2 )tl )(gl )4 1t1 192,
of
-1 -1 —1,-1
A & #9495 ! 5
3)12 ,,‘D{“ ,:D!{ 32 @,

see relation (4). These 3 G}-images of .‘bl are glued together along the
edges dt ->-. The pairing

—1 -1 —1,—1
_ _ ¢
71— ()% g0 - (g7 1)z = (g2)%2 "2,
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ool =1
(97 )¢ — (g1)
provides us the generators of the stabilizer: the horospherical glide

reflections ¢1¢; ! and g2_1t_'1 and the horospherical translation g4glt_1,
respectively. This means the stabilizer of the end class ® is isomorp%).i
to pg, indeed (see also Fig. 1). Such an argument (also later on) needs

an accurate analysis of the identification on 2; and of the tiling by .@,-
under G; (see [2], [4] for a more systematic discussion).

By the general theory the first homology group of .@1 =H3/Gy is
H| = G1/[G1,G1], the abelianization of G;. By the presentation (6) of
G we easily compute

(7) H1=Z2><12><12><Z
where, in the direct product, Z9 is the cyclic group of order 2, 7 is the
infinite cyclic group.

Now, we geometrically illustrate relation (5) and, at the same time,
describe another fundamental bipyramid 9, for the group G;. 9, is
obtained of .@1 by cutting and gluing as follows. The bipyramid 2 in

F1g 3 can be cut into 6 congruent tetrahedra at the axis ¢, one of them
is A0A0A3A3 These 6 tetrahedra will be glued along the former faces

of 9, at edge AgAg to form a new bipyramid 9 congruent to D by
angular conditions. In Flg 5 we have chosen the tetrahedron at the 15

edge from the class e = - +> - where the faces ¢’ land 91 Lintersect. To
the face tJI we glue the image face, t] of the corresponding tetrahedron

from .9 1 . Then the t] ~image of face g3, denoted by g3 := (gg)tl 1,
follows, furthermore the g3t ~1mage of the corresponding tetrahedron
from P93 i comes and so on. The side edges of the new bipyramid 2,
are G1-images of side edges of 1. Gi- -images of o = AgAjz form the
class f =@ oco0>00() of base edges of D). We can also read off the
new generators of G, corresponding to D;:

-1 -1 1
-t #9719 T -1 _— -1
t1: D — D' 7t hence t) =197 lg4 - 9295 by (1);

8 9= gatagT oyt = 93079’ by (3);

go=tigsh  Ty=gy g3ty

73=tg3 97 9rs  Ta=tiga
We see that .@1 ~ 9, ie. there is an isometry ¢, mapping the
axis o onto the first e-edge and D) onto P so that . preserves
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the Gi-equivalence. (We see, by comparing with Fig. 4, that ¢,
is in strict connection with the half-turn r, the self-symmetry of the
characteristic simplex & of bipyramid 2.) Thus @ is an isometry of the
space form H3/G'1 which induces an outer automorphism of G defined

by tj = t; (7 = 1,2) and gy — g (k = 1,...,4) [8], [9], [10].
We can determine some isometries of H3/G'1 induced by identification
preserving self-symmetries of P, and :Dl, furthermore by .. We write

Sym H3/G'1 D (Dl,Dl,goe) where D1 = ¢ 'D1pe and Dy is the
dihedral motion group of order 4 generated by half-turns rj,79:

. _ -1 1

(9) Fl:g1 e 9ot et te e te, g3 & g
y 1
79 1t} > 19,91 «* 93,99 < 4.

This is an interesting case where the essential assumption of [10]. Prop.
4 does not hold for 2. The above method yields also new isometries

©Ya, Pb, Pe, P4, Mmapping the axis ¢ of D| onto edges from the classes
a, b, ¢, d, respectively, such that these isometries preserve the G-
equivalence. From Fig. 1 at ® we can deduce, e.g., that ¢4 involves
the automorphism

ty >ty = t‘zgflgzl, tg — g i=1t9; g1 — §1 = 94751_1,
. —1,-1 . -1 . -1
92 092:=9g ty , g3 D g3:=g,y , 94 — §4: =129, .

Sym H3 /G = (r1,72; @a, Py, Pe, s Pe) is of order 24.
Such phenomena will also appear later on in cases i =1, 4, 5, 7.

The first author intends to discuss more general criteria for determining
isometries of space forms in a subsequent paper.

i=2 Dy = H3/Gy = Dy (Fig. 6).

The pairs of faces gj_1 and g; (j = 1, 2, 3, 4) are identified by
horospherical glide reflections g;. The faces tj—1 and t; (j = 1, 2) are
identified by horosplerical translations t;.

These identifications of the faces are induced by those of the sides
of the regular fundarnentdl hexagons P! and P? for the group pg in

the Euclidean plane E2 , where g; (j = 1, 2) are glide reflections and ¢
1s a translation (Fig. 1, 2)

We list the edge equivalence classes of the polyhedron @2, induced
by these identifications, writing down for each edge class the corre-
sponding relation as before:
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(1) t1g192 = 1 at the edge class a s
2)  tigylest=1 b~
(3)  g3g3ta=1 c ——>—
4 gagaty' =1 d ---=3
(5) t195191t295194 =1 e e >TREEN (Fig. 6).

We conclude that @2 is a fundamental polyhedron for the freely
acting group G, with presentation
-1 -1
(6) G2 = (91,92,93, 94, t1,t2 — t19192 = 197 "9 =
= g3g3ta = gagaty " = t193 ‘g1t2g5 1ga = 1).

We obtain that @2 = @20 is a Dirichlet polyhedron for O := Aj.
The stabilizer for the end classes of A3 and A3 is pg again (see also
Fig. 1, 2, 3). We have one end class (cusp) on the base of Dy.

Its stabilizer is pg. Fig. 6 shows how to choose a fundamental
domain for it on a horosphere centred in the end indicated by [1] By

gluing the g9-images of .@2 first around the edge at ===, then around
¢t —>—, we obtain the six images of the end domain of D9 at O. The
faces cut out of the horosphere centred at {1} a fundamental polygon for

pg, since (g5 1)!1%293, (g1)/293 — (g2)93, (97 ')93 are mapped by
—1,—1,~1 1,1 —1
g3 tg 'ty 9293 = g3 g 191 g3,
which is a horospherical glide reflection;
t -1 t -1 t iyt
(t2)1, (gq )Y%1 — (5 )72°1,  (ga)'1298
are also mapped by a horospherical glide reflection
—1,-1 -1 -1
ty "ty gty =t g9 g4t1tegs;

(g4)) — (gzl)t1t293 is mapped by tl_lg‘;ltltggg as a horospherical
translation (c.f. Fig. 2). The first homology group of 99 = H3/Gy is

(7) Hy = Gy/[Gy,Gol = Ly x 14 X L.

The method of cutting and gluing @2 into Dy, as before, provides
us combinatorially different face identifications: There does not exist



BIPYRAMIDAL NONCOMPACT HYPERBOLIC SPACE FORMS 85

an identification preserving isometry which maps Dy onto D, (Fig. 6).
So we have another presentation for

- = = = = = — =1 = — ——1
(8) Go = (91,99,93,94,51,52 — 5193 9o =352039; =
R o ] =l —
= 5973 \G9 = 519491 = 5193 95 52949, L = 1).

We could cut D9 into 3 pieces and glue at the edge class a ===== (or
equivalently at the class b =~~»~) to get a new hexagonal bipyramid.
But then t six base edges would not be G9-equivalent although we
required this property at the beginning. Sym H3/G2 consists of two
elements, only.

It is generated by an identification preserving half-turn 7 of @2

7 tl_1 o tl,t2_l 19,91 © ¢2,93 « g4, whose effect on H3/G2 is the
same as that of

T:3] <39, 91 © g9, g3 © §Il,a half turn of 9y.

1=3 @3=H3/G3=@3 (Fig. 7)

The faces gJT1 and g; (j = 1, 2, 3, 4) are identified by horospherical
glide reflections g;, the faces t;l and t; (j = 1, 2) are paired by
horospherical translations ;.

The identifications of the faces are induced by those of the sides of
a regular hexagon P2 for the group pg in the Euclidean plane E? (Fig.
2), where g; (j = 1, 2) are glide reflections and ¢ is a translation.

We list the edge equivalence classes of the polyhedron 5)3, induced
by the above identifications, writing down for each edge class the
corresponding relation:

(1) g191t1 =1 at edge class q ————
(2)  gagatil=1 b e
(8)  g3gata =1 6 — >
4)  gaoaty =1 d oo
(5)  tig3g1tagy gyt =1 e ceeees ST (Fig. 7).

We conclude that 5)3 is a fundamental polyhedron for the freely
acting group Gg with a presentation above.

The stabilizer for the end class of Aj resp. Ay is pg (Fig. 2). We
have one end class on the base of 23. Its stabilizer is the Euclidean
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lattice translation group pl, E2/pl is the flat torus. To show this
surprising fact, we proceed by Fig. 7 as before. So we obtain the
fundamental domam of the stabilizer on the horosphere centred at the
end [1] by gluing the sides. Now the sides

-1 t 1 - ~1\g7!
a7t (9)", (g2)'2 11 — (g1)"29%, (g7 1)1293, (g5 )94 11

are mapped by g¢itegs = tl—lgl—ltzgg = tfthgé"lgzltl which is a
horospherical translation;
-1
(t1)93 — (tfl)g4 %1 is mapped by gs_ltl_lg‘;ltl and
-1 .
(92)%3 — (gQ_I)t2 1 is mapped by gglgz_ltz_ltl, both are
horospherical translations. By the presentation of G3 we have
(6) H) =G3/[G3,G3] =13 x I x 1.
By cutting and gluing j)g into Dy we have a combinatorially different
face pairing and presentation for

(7) G3:(§1’§27§ 1G4, t17t2—g4 g3t1“g3g41t2_—.g—§ b=
i t

297 91 939, = 1).

Sym H3/03 consist of 4 elements induced by identification preserv-
ing self-symmetries of .ng resp. Py analogously to earlier cases.

t=4 @4=H3/G4 (Fig. 8)

The sides gj_l and g; of .@4 are paired by horospherical glide reflec-
tions gy, g9 and glide reflections g3, ¢4; the faces sJTl and s; are mapped

by screw motions s; (j = 1, 2). The induced edge equivalence classes
provide the corresponding relations as follows:

(1) slgzlgl =1 at edge class a
2 sTlaes=1 b~
(3)  sag205' =1 c ——>——
@ slen=1 4 memene-

(5) 519192529394 =1 g e > (Fig. 8).
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_91'— $4=H3/GL
. /;7.;- s','}\ N\

A .
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We conclude that 5)4 is a fundamental polyhedron for the freely
acting group G4 with presentation above.

The fundamental domains for the stabilizer subgroups of the two
end classes @ and () are described in Fig. 8 by our standard method.

For @ we glue two end domains of Dy along the face g4 of 9.

The other faces of 5)4 and of .:Di“ running to the end (© determine the
generators of the stabilizer as before. These are two horospherical glide

reflections g9 = g4_132 and gzlglg4 = sflg4, and the horospherical
translation 95194.

So, it is the Euclidean group pg (Fig. 2) that corresponds to the
cusp (©). We similarly obtain the fundamental domain for the stabilizer

of the other end class by gluing 6 images of end domains () from 2.
Thus, the group corresponds to the cusp () as well.

The homology group of H%/Gy is
(6) Hy=Gy4/[G4,G4]=1I3 x L4 x I by the presentation (1) — (5).

By cutting and gluing 94 into 94 by the method developed at the
group G|, we obtain another fundamental bipyramid 94 endowed by
the pairing

- -1 — — -1
(1) 31:=s]", 91:=5194, 2 :=9g; 529394,

e =1 =1 1 S (g S s I

2:=04 93 Sq 9394, 93°=94 93 91 S1 » 94 ‘= 8141.
Comparing @4 and 9y geometrically, we see that the correspondence
8j — §j,£j — §; induce an automorphism of G4 by an isometry ¢ of
D4 onto Dg. The situation is similar to the case of G1. The isometry

 preserves identifications and so does the motion group D4 of the
bipyramid D4 of order two generated by the half-turn

- -1 -1 -1
Ti81 €89, go g1, G394

Sym H3/G4 = (7, ) is of order 4.

i=5 Ds = H3/Gs (Fig. 9).

The pairs of faces gj_1 and g; (J = 1, 2, 3, 4) are identified by
(non-horospherical) glide reflections g;.
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The faces t;l and t; (i = 1, 2) are paired by horospherical transla-
tions t;.

We list the edge equivalence classes of f~D5, induced by these identi-
fications, writing down for each class the defining relation:

(1) gagsta =1 at edge class M ————
(2)  g3gqt1 =1 b I
(3) gflg{1t1 =1 c —>—
(4) g{lgf1t2:1 S —
(5) g7 gstigy tgata =1 e e S (Fig. 9).

We conclude that EDE, is a fundamental polyhedron for the freely
acting group G5 with the presentation above.

The stabilizer for both end classes (©) and () is the torus group pl as

indicated in Fig. 9. Gluing f~D5 and EDg‘*, we obtain three horospherical
translations as generators for the stabilizer of cusp (©):

_ 1,- - - -1
7! = g39a = 975 ga s 11, g3t (22)%4 — 17, (g3)%4, (17 1)%4;
-1 — _
97 g4 91 = (971945 9294595 - (92)%.

Gluing six end domains of 5D5, we obtain three horospherical transla-
tions to generate the stabilizer of the cusp O:

97949192 = 97 9sta = 1793 g1 :
(671992, (171992, (g3)" — (01), 1, (95 1)
g7 'ty g1 - (17292 5 (31)9) and
g7 7 o M ¢ (94)1292 > (g D)1
By the presentation of G5 above we have
(6) Hy = G35/|Gs,G5] =L x I x L.

Transforming EDs into the bipyramid D5 by cutting and gluing in
our standard way, we obtain 25 from D5 by an identification preserving
isometry ¢ (like r in Fig. 3, 4) inducing the automorphism of G5 defined
by
(7) g1 — g1 = 9g4l2, 92 — Go := gfth =99,

— -1 -1 -1 - <
93— 3=ty gy ley a1 =ty gy, 0 > By o=
-1 -1 -1 5 1 -
=gy g3ty =g; g4 , ta 2 fyi=1g 194 1g.
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The identification preserving isometries of 17)5 (resp. of ﬁf,) from
the dihedral motion group Djs generated by two half-turns:

T1: g1 < 94, 92 < §3, tl_l o 1, tz_l & t9 and
To ity « 9, g1 ©> g2, g3 < ¢4

Sym H3/G5 = (p,71,79) is of order 8.

i=6 e = H3/Gg = Dg © (Fig. 10).
The faces 3171 and s; (j = 1, 2) are identified by screw motions s;.
The faces gJ'-_1 and g; (j = 3,4) are paired by (non-horospherical)

glide reflections g;.

The faces t;l and t; (t = 1, 2) are identified by horospherical
translations t;.

We list the edge equivalence classes of the polyhedron @6, induced
by these identifications, writing down for each class the corresponding
relation:

(1) gagste =1 at edge class a4 ——s—
2)  gsoatil=1 b e
(3) slsgtl_l =1 P —
(4) 5231t2—1=1 d ———->-——-
(5) sltlg§152g4t2 =1 PR SO

We conclude that 17)6 is a fundamental polyhedron for the freely
acing group Gg with the presentation above.

The stabilizer for both end classes © and () is the Klein bottle

group pg (Fig. 10). Gluing @6 and @‘g“ we obtain the generators for
the stabilizer of cusp ©):

“1,-1, -1 -1 -
t] = 9394 = 94 t2 94 : tl y 93 s (t2)g4 — 1y, (93)!]4’ (t2 1)!]4
is a horospherical translation,
.ol -1 -1
$194: 8] — (81" and sy gg:sy— (s5 )
are horospherical glide reflections.

Gluing six end domains of fDG, we get the generators for the
stabilizer of cusp (): the horospherical glide reflections t'2_193t251 =
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= t;lg‘;lsl = sltlgg‘_th and slggtl_l, and the horospherical translation
-1 —1,—1
ty 9394 4

By the presentation of Gg above we obtain

(6) Hy = Gg/[Ge,Gg]l =13 x I x L.

Transforming ,‘7)6 into D¢ by our standard method, see Fig. 10, we
get another presentation

(1) Gg = (91,92,93,94,31,32 — 919, $2 =09035, =

S T
= 7375 131 = 919451 = 51999455 ‘9397 - = 1)

Sym H3/G6 consists of 2 elements. It is generated an identification
preserving half-turn 7 of Dg

Foapl ety 5Tl sy, syt e sy, g3 0 g4,
or, equivalently, that of g

T3l w3l B T s B Fa o T
T8 €8], 89 352, 1 799, 93 © g4

i=1 P, =H3/Gy (Fig. 11)

The faces g]-—l and g¢; of 5~D7 are paired by horospherical glide
reflections g; (j = 1, 2, 3, 4). The faces t]Tl and t; are paired by

horospherical translations ¢; (j = 1, 2). The edge equivalence classes
and the corresponding relations are

(1) ng1t2 =1 at edge class q s
2)  tigglez=1 b A
(3)  ga94t1 =1 c —>——
(4)  tagags =1 d —---3
(5) gi1t19993t9g4 =1 e ceeee- e (Fig. 11).

Again, 97 is a fundamental polyhedron for the freely acting group
G7 with the presentation above.

Fundamental domains for stabilizers of end classes ©) resp. (O are
described by our standard method. Both stabilizers are isomorphic to
pPg.
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As an illustration we compute the first homology group of H3/Gy:
(6) Hy=G7/[G1,G71] =14 x L.
Expressing ¢; and ¢ from relations (1)-(5), we get

2 -1 2 -1 -1 -1
(7) 919399 =1; 9593 92 = 1; 9193 9292939395 94 = 1.
; -1 -2 -1 -2 .
Expressing g3 = 9292 and g1 = g7 'g9(97 “95 ) 295 *(929]) and putting
into the first relation of (7), we obtain the 2-generator presentation
(8) Gr=(g92,94— 1=
-1 92 1 -2 -2 91 2 -9292 9 -]
= g7 9207297 95 %95 2949297 295 95 295 295929895 1)
Factoring by the commutator subgroup of G7, we have indeed
4

(9) Hy=(2=g294 92— 2z =1) =1y x L

By cutting and gluing @7 into 97 by our standard method we get
another pairing
(10)  #1:= g1(t194) = 9195 ", T2 = (g1t2)ga = g7 'g4,

g, := .<11t1(g21f1_1)91_1 = gltlysgfl, gy := ng, g3 = 91_1,
71 =97 (t5'93)t294 = 97 991294

Comparing @7 and 9; geometrically, we see that the correspondences
tj — tj, gj — 7; induce an automorphism of G7 by an identification

preserving isometry ¢ (as in case ¢ = 1). Another identification pre-
serving isometry of D7 is determined by the half-turn

S | -1 -1
r:t,‘1 « 19, 91 94, 99 g3

Sym H3/G7 = (7, ) is of order 4.

i=8 Dy = H3/Gg = Dg (Fig. 12)

The faces tj_1 and t; are paired by horospherical translations ¢;
7 =1,2), 5]71 and s; correspond by screw motions s (j = 1, 2), g]"-"1
and g; are by horospherical glide reflections g; (j = 1, 2).

This pairing induces the edge equivalence classes and the corre-
sponding relations as follows:



BIPYRAMIDAL NONCOMPACT HYPERBOLIC SPACE FORMS

97




98 EMIL MOLNAR, MARICA SARAC

(1) ylgltl_l =1 at edge class a4
(2) t23132_1 =1 b A
(3) 9292752_1 =1 e ——>
(4)  tisglsy=1 d mmm e oo
(8)  gis1gat1sata =1 g e SORRERE (Fig. 12).

.fbg is a fundamental polyhedron for the freely acting group Gg with
this presentation.

Fundamental domains for stabilizers of end classes (© and () are
described in Fig. 12 by our standard method. Both stabilizers are
isomorphic to pg, again.

The group Gg also has a 3-generator presentation. Expressing ¢
and t9 from relations (1)—(5), we get
2.1 2 -1 2
(6) gisylsi =1, g¥s1s7' =1, g1s10297529% = 1.

We can express, for example, sy = g%sl from the second equation,
and put it into the others. Thus we obtain a desired 3-generator
presentation:

(M Gg = (91,92,51 — 1 = g{s7 97251 = 91519201 035193).
Turning to the abelianization of Gg, we have first

g% = g%, ggs%gz =1, then (51911)4 = 1. Finally
(8) Hy=(g, 2=s19{ 2" =1) =1y x L.

Transforming f~D8 into 58 by our standard method we get a combina-
torially different fundamental polyhedron providing a new presentation

— e e JE— | —_— e ——
(9) Gg =(31.72,73,94,51,52 — 1 = 715195 | = 71945,

S S J p— |
=g95903 = 019259 G4 9351 ), where
_ -1 - ~ 2
(10) g1 := g7, T2 := g152t2, T3 := g1(s1t1)s2t2 = g155t,
= - - -1
g4 = g181t2, 31 1= tysoty, 3 := 1y " soty.

= 519394 =

Sym H3/Gg = (f) = (F) consists of 2 elements. The identification

preserving half-turn 7 of 9g and the half turn 7 of 9g yield the same
involutive isometry of H3/Gs.

3t

-1 -1 -1 -1
(11) t] ety ST e sp, Sy e 89, g1 & g,

=30

s NS B
3] &3y, 850 &4 39, 9] <73, T2 ¢ Ja-
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Now we turn to proving our theorems announced at the end of Sect. 1.

PROOF OoF THEOREM 1. We summarize our facts.

We have seen that each pairing 2; or 2;, by isometries on the
faces of the bipyramid 2, induces equivalence classes of edges such that
Poincaré’s angle conditions hold for each edge class. This guarantees
the free action of G;, generated by the pairing, at the points of edges
of D;.

The orthogonal projections of the centre O := A9 (Fig. 3, 4) on the
faces and edges of 2 will be mapped by the pairing onto each other,
respectively. Hence each element of G;, preserving an end of 2;, is
parabolic. That means, only the fixed end is invariant at a non-trivial
isometry from the stabilizer of that end, so each horosphere, centred at
the end considered, is invariant at this stabilizer. Indeed, we have de-
termined a fundamental end domain for each stabilizer and recognized
the corresponding Euclidean plane group as one of pl and pg. So we
have checked the so-called cusp condition which guarantees that G; is
discrete on H3 and the hyperbolic metric of H3/G; is complete. (see
[11] for locally hyperbolic manifolds of non-complete metric).

By the Poincaré theorem these facts are sufficient for 9; = H3/G;
to be a hyperbolic space form.

PROOF OF THEOREM 2. The 8 groups G; are not isomorphic and
the spaces H3/G; are not isometric as we have seen their invariants:
the minimal number of generators, the first homology groups, the cusps,
the symmetry groups of H3/G,-. (We remark that we do not use the
rigidity theorem of MosTOW and MARGULIS that the existence of an
isomorphism between the fundamental groups G and G’ of complete
hyperbolic manifolds A, respectively M’ of finite volume is equivalent
with the existence of on isometry between 4 and A’ (8], [9].) We
have pointed out which pairings of 2 lead to isomorphic groups. We
have obtained 12 different pairings on . (Two pairings F, and $9, as
involutive maps of the faces of 2 onto themselves, are combinatorially
eqivalent, if there is a self-isometry ¥ of 9 such that Fo = ¥~1%,¥.)

We have to show that no other pairings exist on 2, which satisfy the
Poincaré’s angle conditions and the six base edges of D are equivalent.

This is a question of systematic trying of all non-equivalent pairings
which induce 6 base edges and 3 + 3 + 3 + 3 side edges of D in the
corresponding edge equivalence classes. For this bipyramid that has a
relatively simple structure we have found 9 different pairings by hand.
But a computer checking by ISTVAN PROK (on the base of papers [2],
[4]) discovered also the last 3 pairings in Fig. 11, 12. We thank him for
his collegial help.
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It is very interesting that all these space forms with the bipyramid
D as a fundamental polyhedron are non-orientable. We work on the
problem whether a space form among them can cover a smaller space
form. We also work on the list of all space forms whose fundamental
polyhedron is & without the condition on base edges.

3. Metric construction of the polyhedron 2 in the vector
model of the hyperbolic space H3

We are going to indicate the analitical treatment of our problem.

In order to embed H3 into the real projective space P3(V4, V*) we
introduce a hyperbolic projective metric by giving a bilinear form (see
[5], [6] for more details):

(;) :+ VixVi—oR, (l»iui; l»jvj) = u,-bijvj,
by means of the Schlafli matrix
1 —cos g 0 0
P iy ~ oS ¥ 1 —cos % 0
1) (567) = (@") = 0 § -—cosgr 1 3 -—cos% ’
0 0 —cos % 1

where the basis {{7} in the dual vector space V1 represents the planes

m; of P3 in connection with the polyhedron D in H3 ¢ P3. The planes
my = A1 AgA3 and m] = AgAgAg are the vertical symmetry planes of
the polyhedron D (Fig. 3, 4). m3 = AgA1Ag is the base. plane and
mg = AgA1Aj is a side plane of the bipyramid 2.

We simply compute

. 3
=det(¥) = -—= < 0.
(2) B = det(b") 16<0

We compute the inverse matrix (a;j) of the matrix (b7). The
equation b ajt = 6} holds iff
2 4
ago =0, 001=010=—%<0, 002=020=—\—/—§<0,
agy = agg = -2 <0, a11=—§<0,
(3)

8
a12=021=—§<0,013=a31=~ <0,

4
V3

4 2
022=~§<0, a3 =agy = ——= <0, a33 =0.

V3
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Let {a;} be the basis in the vector space V4 dual to the given
basis {Li} in V§, defined by ajL" = 6; Geometrically, the vectors
a; represent the vertices of the simplex ¥ = AgA;AgA3 in H3 c P3,
whose side planes are described by the forms {*. The induced bilinear
form

(;) - vix ViR, (:cia,-; yja]-) = :ciaijyj
is defined by the matrix
(4) ((ai; aj)) = (aij)
with entries in (3).

We easily see that the bilinear form ( ; ) has a signature (4, +, +, —);
this means that the projective metric in P3(V4,VZ) is hyperbolic,
indeed [5).

In general, the proper points X(x) of H3 C P3 are defined by
“time-like” 1-subspaces of V4

(5) {(x) c V* : (x;x) < 0}.
{y)c Vv (y;y) =0}

describes the ideal points of H3 (the ends on the absolute). The proper
planes u(w) of H3 are

(6) {(«) C VI : (u5u) >0}

As all elements of the main diagonal of the matrix (1) are positive,
all planes m; of the polyhedron D, represented by the forms &F, are
proper planes in the space H3 c P3.

From the relations (3) of this section, we see that the vertices A;(ay)
and Ag(ag) of the simplex ¥ described by the vectors a; and ag are
proper points, while the vertices Ag(ag) and Az(as) of the simplex &,
described by the vectors ag and ag, are ideal points (ends). This implies
that 2 is a polyhedron with ideal vertices.

Applying formulas valid for H® ¢ P3 [5], other data of the simplex
¥ can be computed from the matrices (a;;) and (b3 Thus we can
check that the Coxeter diagram (Fig. 4) correctly describes the dihedral
angles of simplex , e.g., § is the angle of planes my = A1 A2A3 and
m = AgAgAs, furthermore, my is perpendicular to m9 and mj.

The Coxeter group C, generated by reflections in mirrors m; (j = 0,
1, 2, 3) of the simplex J, is a supergroup of index 24 for each group
G;, since D is the union of 24 congruent copies of simplex . Therefore,
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we could also express the generators of each group G; by matrices with
respect to the bases {{*} or {a;}.

In general, isometries of H?3 can be described by linear transforma-
tions of V4, or V7 which preserve the bilinear form (; ). For instance,
a reflection o in the plane u(w), represented by u € Vj, can be given

by

(7N a:V4—>V4,x—>x—2((ux—;;:>>—u or
2(u;w)
(i)

o: Vi Vi v—oov—u-

where u is the vector polar to « defined by xw = (x; u) for every x € V4.

The most important distance in the simplex & is d(A]Ag) := d)9.
Applying the distance formula of H3, we obtain from (3) and (4)

(8) gz o —faa) _ —eip

ko y/laj;a1) (ag;ag) Va1 e
dip = k- 1,316958.

Here k = \/—1/K is the metric constant of H3, where K < 0 is
the sectional curvature. The formula of Bolyai-Lobachevsky about the
distance and angle of parallelism leads to the same result:

dyg/k _ 1 _ T
9 12/% = ctg — I I di9) = ctg —.
(9) € g (d12) = ctg 12
We also see that Ay lies nearer the line AgAg than dys.

The radius g of the inscribed ball of 2 can be computed. This is
the distance of Ag(ag) from the plane mg = ApA) A3 represented by
42. We have

al? _ 1 _ ﬁ
V—{ag;ag) ¢%42) V-a;p 27
o = k- 0,7833996.

(10) s

?:-:riz:.

We conjecture that this ball has the largest radius among those con-

tained in all space forms H3/G;. We refer to the reference list of [6] for
more complete information.
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Let X;, X9,..., X, be independent random variables with com-
mon distribution function F(z). Set Z, = max(X],X9,...,X,). It is
well known (see Chapter 2 in GALAMBOS (1987)) that there are only
three types of nondegenerate distribution functions H(z) such that,
with suitable constants an and b, > 0,

(1) .Hn(z) = P(Zn S an + an) = Fn(an + an) — H(z)
weakly. The three types are

_ Jexp(—=z77) ifz>0
(2) H1’7(I) { 0 otherwise,

1 ifz>0

() H2’7(z) = {exp[—-(—z)"] otherwise,
and '
(4) H3o(z) = exp(~e™*), all =,

where v > 0 is an arbitrary constant. When (1) holds we say that F(z)
is in the domain D(H) of attraction of H(z). For H(z)=Hjo(z), we
write D3 =D(H). The following characterization of D3 is due to L. DE
HAAN (1970), who refined a classical result of GNEDENKO (1943). Let

a=ap=inf{z: F(z) >0} andw =wp =sup{z: F(z) < 1}.
For & < t < w, define

(5) RE) = 7= [ (0~ Py,
t

which is possibly infinite. The function R(t) is called the expected
residual life (at t). Now, F' € Dy if, and only if, R(t) is finite and, for
every real z,
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1 - F(t + zR(t))

©) 1 F(t)

—e Tast S w.

Our aim is to show that, in the special case when R(t) is regularly vary-
ing, which covers several important distributions such as exponential,
Weibull, normal and many others, the simple property R(t)/t — 0 as
t = oo ifw= o0 (or R(t)/(w—1t) 2 0ast wifw < +00)is both
necessary and sufficient for F' € Dj.

We say that R(t) is regularly varying (at infinity) if, for fixed z,
() R{tz)/R(t) - u(z) as ¢ = oo,

where 0 < u(z) < +o00. This is equivalent to the existence of a positive
function L(t) and a number p such that (see SENETA (1976), Chapter I)

(8) R(t) = t2L(t)
and
(9) L(tz)/L(t) > 1 as t — +o0.

The number p is called the index of regular variation (of R(t)), and the
function L(t) is called a slowly varying function. We prove the following
results.

THEOREM 1. Let w = +oo. Assume that R(t) is finite for all t and
regularly varying. Then R(t)/t — 0 ast — +o0 is both necessary and
sufficient for F' € Ds.

REMARK. Note that the condition R(t)/t — 0 as t — +oo is
automatically satisfied if the index p of R(t) is smaller than one, and
it fails when it exceeds one. Hence, the characterizing condition of the
theorem can be restated as “either p < 1 or if p = 1 then R(t)/t — 0
as t — 40o0”. Since, with ¢ = 1, F can be in either D(H),) (e.g.,
F(z) =1-1/z%, z > 1, for which R(t) = t) or D3 (e.g.,

F(z) =1-C|(logz)/z] exp[—-(logz)2/2], x> 1,

where C > 0 is a constant, for which R(t) = ¢/logt), the additional
assumption on R(t) is essential.

THEOREM 2. Let w < 4oo. If R(w — 1/t) is regularly varying
at infinity, then tR(w — 1/t) — 0 as t — +o0o Is both necessary and
sufficient for F' € Dy,

PROOF OF THEOREM 1. It is well known (see DE HaAN (1970),
Corollary 2.4.2 or GALAMBOS (1987), Lemma 2.7.2) that F' € Dj
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implies that R(t)/t — 0 as t — oo. Hence, only the sufficiency part of
the theorem needs proof. Let B > « be a fixed number. Then, with a
constant C' > 0, we can write

Y
(10) 1= F@) = (C/RG)exp{ - [/RWIdu . y> e
B
By assumption, R(t) satisfies (8) and (9) with some p < 1, and thus,

for every z,
(11) EEJ:EKQZ_[ Raqua+xRaD
R(t) t L)

under our basic assumption R(t)/t — 0 on account of the Uniform
Convergence Theorem for slowly varying functions (see Theorem 1.1 in
SENETA (1976)). Hence, by (10) and (11),

t+z R(t)
= C(z,t)exp { — / (1/R(u))du p ,
t

— 1

1 - F(t + zR(t))
1-F(t)

where C(z,t) — 1 for every z as t — +o0o. Upon substituting v = z¢
in the last integral, the mean value theorem yields

1— F(t+ zR(t))
1 - F(%)

where s is between 1 and 14z R(t)/t. Thus, just as at (11), the uniform
convergence theorem for L(t) yields (6), which completes the proof.

PROOF OF THEOREM 2. Since w < +o00, R(t) is finite for all t < w.
Now, since
(12) tR(w — 1/t) = R(y)/(w - v)
and t — +oo is equivalent to y ,/ w, we have from Corollary 2.4.2
of DE HAAN (1970) (or see Lemma 2.7.2 of GALAMBOS (1987)) that
tR(w — 1/t) — 0 as t — 400 is necessary for F' € D3. Next, note that

1-— R 1-Flw-1/t R(w -1/t
(13) t Lo FUEERG) 1o Flo 21tk 2R~ 1)
v/ w 1-— F(y) t=+00 1- F(w-—1/t)

and that by (10)

= C(z,t)exp[—2R(t)/R(st)],

b(z,t)
= C*(z,t)exp{ — /{I/R(u)]du ,
a(t)

1-F(w—-1/t+zR(w — 1/t))
1- F(w—1/t)
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where a(t) = w—1/t, b(z,t) = w—1/t+zR(w—1/t), and C*(z,t) — 1for
every z ast — +o0o. Hence, by the successive substitutionsu = w—1/v
and v = tz, the mean value theorem yields for the right hand side

C*(x,t) exp[—zR(w — 1/t)/R(w — 1/st)],

where 1 < 8 < 1/[1 — ztR(w —~ 1/t)]. The assumed regular variation

of R(w — 1/t) and the uniform convergence theorem for slowly varying

functions imply the validity of (6) via (13). The proof is completed.
In applications, it is some time convenient to introduce the family

of distributions
1-F(x

FA(:’C) =1- —A(‘—Z
Let R4(%) be the expected residual life function of F4(z). By ’Hospital’s
rule, R4(t)/R(t) - 1 as t = +oo if wp = +oo and if Ry(t)/t — 0.
Hence, by Theorem 1, if R4(t) is regularly varying for one A > 0 and
if F4(z) € D3 for this A then F4(z) € D3 for all A > 0, in particular,
Fy(z) = F(z) € D3. As an example, take F(z) = 1 — exp(—z%),
0< B <1,z >0. Then, with A = 1—- B, Fy(z) = 1-z8 lexp(-z?),
z > 1, for which R4(t) = tA. Since A < 1, Fy(z) as well as F(z)
belong to D3. Next, take F(z) = 1 — AzA~lexp(—z4), =z > 1,
A > 1. Then R(t) = t174, so F(z) € D3 by Theorem 1. Note that
F4_1(z) is a Weibull distribution, and by what was demonstrated at
the beginning of the present paragraph, F4_(z) € D3 as well. Hence,
all Weibull distributions belong to D3. Finally, from the special Weibull
distribution F(z) = 1 —exp(—z2/2) we can conclude that the standard
normal distribution N(z) € D3 by an appeal to the asymptotic formula
1~ N(z) ~ C[1 — Fy(z)] as £ — +oo, where C > 0 is a constant (see
GALAMBOS (1987), p. 69).

, T2 L.
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In [7] we have proved the following two theorems. Denote {hn(2)}
the orthonormal Hermite polynomials, ]|hn(z)e_12/2||2 = 1 and let

[e.e]

R(z,y,z) := 3, e_"/%’hn(y)hn(z). The Abel-Poisson means of a
n=0

function f, f(z)e—zz/2 € LP(R) is defined by

[ o]

faw) = [ Repaf@e d @0
THEOREM A.
a)Ifl1<p<oo f(zz)e_"'z/2 € LP(R) and f(z) ~ § anhn(z) is the

n=0

o
Hermite-Fourier series of f, then f(z,y) = 3, ane_"/?'_"”hn(y).
n=0

b) If1 < p < oo then || sup f(m,y)e_y2/2||p < Apre“yz/QHp, where
z>0

Ap depends only on p and for 1 < p < co we have:

Jim [(fe ) = F@)le 2 =0,

c) If'f(g,/)e_yz/2 € LY(R) and Eq := (sup]f(:z:,y)le_yz/2 > a) then
z>0

|Eal < £[fe" 121,
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The conjugate Abel-poisson means of a function f, f(z)e—22/2 €
€ LP(R) is defined as

}'(:r:,y) = / (,',)(:1:,y,z)f(z)e_22 dz, (z >0),

[e.0]

where Q(z,y,2) i= ) ¢ Vanzh, 1(y)ha(2).

THEOREM B.
a) If f(y)e_y2/2 € LY(R) and E4 = (suplf(z,y)le_lﬂ/2 > a)
z>0
then |Eq4| < £||fe—y2/2”1_

b) If1 < p < oo and f(y)e~¥*/% € LP(R) then

sup {F(z,y)]e V"2
>0

<alperr,

c) If1 < p< oo, fly)e™¥ 212 ¢ LP(R) then there exists a function
F, Fy)e™¥*/2 ¢ LP(R) such that | ~ ): anhn_1,

n=1

in= [ f@ha()e ™ dz, tim [[(Fa) = £V =0

d) If1<p<oo, f(y)<‘3_y2/2 € LP(R) then there exists 1'1r61+ flz,v)=
r—

= f(y) a.e. (almost everywhere) (which is considered for p = 1 as the
definition of the function f).

Remark that analogous theorems for the function class

{f: f(y)e_y2 € LY(R)} were obtained by B. MUCKENKOUPT [2], [3],
[9]. As a tool for proving some saturation thecrems the author of
present paper had to consider the above version dealing with the LP

space {f : f(y)e_y2/2 € LP(R)} in {7] and (8].

DEFINITION. Suppose f(y)e™¥*/? € LP(R), 1 < p < co. The
conjugate function f of f is the function defined by

oo

(1) }.N Zanhn—l-

n=1
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We have seen above that for 1 < p < oo, f(y)e_yz/2 € LP(R) there
exists such a (unique) f for which :f(y)e_yz/2 € LP(R) and condition (1)
holds. In 3] is proved that if 1 < p < oo and f € Lp_y2(R) then there
exists a (unique) f € Lp (R) satisfying (1) and tlie norm estimates,
analogous to that of Theorem 2. b) and c¢) hold. The point a) has also

its counterpart: if f € L1 y2(R) and Ey := (sup|f(z,y)| > a) where
e z>0

f(=,y) is defined above, then we have

_y2 c
@) [ ans s
Ea ey

MUCKENHOUPT proved also that for 1 < p < oo there exists

(3) lim J(a,) = J() ae

REMARK. On the ground of formula (1) there are several ways to
define the Hermite conjugation. For example, let f € L! o2 (resp.
o

f(y)e—y2/‘2 € LY(R)) and suppose that there exist the coefficients

ap = / f(:r)hk(a:)e_z2 dr (k=0,1,2,...).

-

Then a function f € L! .2 (resp. _;’(y)e_y2 € LY(R)) is called the
o

Hermite-conjugate of f if (1) holds. Or% can give other definition,
based on the convergence of the right hand side of (1) in some sense
(convergence a.e., in measure, in distribution sense etc.).

PROBLEM. Study the relations between the above defined conjuga-
tions and prove Alexits-type or other saturation theorems using these
concepts.

To illustrate the question in the problem we investigate here a
distributional approach of the conjugation. As it is well-known, the
Schwartz class S of test functions is the space of all functions ¢ €
€ C®(R) such that 2™ (z) - 0 (|z| — o0) for every fixed n, m € N.
We say that pp — ¢ in S if for every fixed n, m € N

(4) 2 (o) =) () =0 (k- o0)



112 I. 100

uniformly for z € R. The Schwartz (or tempered) distributions f € S’
are the linear functionals on S, continuous with respect to the above

!
defined convergence (see [5]). For fn, f € S’ we mean by fni f
(n — o) that (fa,@) — (f,¢) forall p € S.

LEMMA 1.
a) If (,0(1:)6_12/2 € S has the Hermite-Fourier series

o0
©) p@)e =2~ Y cphy(z)e ™
k=0
o0
cr = / (p(a:)hk(:c)e_z2 dz |,
—00

then for every s € N we have
(6) k'cg -0 (k— o0).

b) If a sequence (c;) is given for which (6) holds for every s € N,
then the series

2
(7 > exhi(z)e™ )

. . 2 . . .
converges in S to a function ¢(z)e™* /2 whose Hermite-Fourier series
is (7).

PROOF.

. 2 . . . .
a) Since p(z)e~*"/2 € L%R), its Hermite-Fourier series tends to

(,0(1:)6"”2/2 in L%(R)-norm and then
(8) p(@)e =2 = 3 ephy(e)e™ 12
k=0

in S’ sense. The series converging in distribution sense can be derivated
term by term:

o0 o0
(@) 12 = zp(z) = 3 cpha(2)e ™ 2 =2 Y ephy(e)e™?
k=1 k=0

or, taking into account (8),

o0
<,o'(:l:)e":"2/2 = E ckh'k(:r:)e—zzﬂ.
k=1



ON HERMITE-CONJUGATE FUNCTION 113

Analogously
t,p(‘s)(x)e_:"'z/2 = chhﬁs)(x)e_zzﬂ.
k=s

for any s € N. Since t,p(‘)(:z:)e—"’z/2 € L2(R) its Hermite—Fourier
coeflicient is by

k !
Chts 2‘( —Z's) — 0 which proves (6).

b) Let (cj) satisfy (6) for all s € N. We know that there exist
constants Cy, Dy > 0 such that (see {4])

2 2
(9)  |ha(z)e ™= 2| <o e P07 (2] 2 V20 +1, neN).
Consequently

2n+1
—z —z2
mn(@)e =2, <€ [ T @)l de <
-/ 2n+1
(10) <O (14 1" 2ha(@)l 2y ) < OnM/A

oo
Hence the series tp(:r)e—"z/2 =3 ckhk(x)e_"2/2 converges in L1(R).

The expression [(1 + xz)stp(:z)e—"’z/z](r+l), where the formal r + 1
derivates are taken term by term in the sum defining @(z) will give

a (formal) sum Ec;chk(:z:)e_”z/2 where (c}.) also fulfills (6), so this
series also converges in L1(R). But then the series obtained by term by

term differentiation in [(1+ x2)stp(a:)e_"'2/2](r) will converge uniformly.
Since r and s are arbitrary, the Proof of Lemma 1 is complete.

[e ]
LEMMA 2. The formal sum ), akhk(x)e"22/2 is convergent in S’

k=0
if and only if there exists » € N with
(11) ap = O(k").

PROOF. Suppose (11) is fulfilled and define the function

oo

_ .2 _p2

e 2g(z) = 3 brhpyarya(e)e? 2,
k=0



114 1. J0O

where

1 k!

bk :=ak2r+1 (k+2r+2)!.

Since by = O(1/k), this series converges in L%(R) so it can be differen-
tiated term by term in S’. Differentiating 2r + 2 times, we get

_z2/2 I(:I:) Zbk1/2(k+2r+2 hk+2r+l :B)C ,

g e
e~ F /29(2r+2)(x) — Zakhk(x) e % /2-
So the if part of Lemma 2 is proved. To see the only part, take a series

o0

e (@) = Y aghy(e)e =/

k=0

converging in S’. It is known (see [5, vol. II. Chapter VII]) that there
exists a function g(z)e” z%/2 € C(R), increasing at most polynomi—
ally for la:[ — oo and there exists an » € N with [g(a:)e z /2](7')

= f(z)e™* /2 Let

(12) g(2)e =2 3 byhy ()
k=0

2 2
and suppose that g(z)-e™* 12575 ¢ LQ(R). (Since g(z)e™* /2 increases
polynomially, such s € N exists). Now

o0
“)kl = / g($)6—1:2/2I_SIshk(1})6_:2/2 dI S

o0
—z2 _ .2
<llg(@)e™ /a5 || 2yl hi(@)e™™ 2l o gy
Integrating by parts we obtain

[e.e]

o0
2 2 ;
.// e ® /th.(:c)x% dz = j[ e {hzx B2 N de = .. = O(k¥),
—00

—00
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hence by = O(k®). From Lemma 1 we see that the series (12) converges

(&)
to 9(1)6-’72/2 in $'. Indeed, if (,o(:zc).s—fz/2 = Ckhk(x)e_z2/2 €S,

then

(9(@)e™* /%, p(z)e™ /%) = lim <ge*$2/2,2ckhk<z>e—’2/ 2> _
k=0

n—oo

o0 o0
- - % —-22/2 —-z2/2
= nl—l—»mookz_obkck = nleréo <kz_0 brhi(z)e ,o(z)e >

as we asserted. So (12) can be derived term by term in distribution
sense. We know that

(13) F()e? = [plz)e= 120 = 3400 z)( >pr (@)=,

Jj=0

where p,_;(z) is a polynomial of order < r — j. Since

_I2/2 J) (z) = Zbkh (z)e™"

and since we can eliminate from (13) the polynomials p,_; by repeated
use of the rule (see [1]):

(14) V2shp(z) = VE+ 1heq(z) + Vi hp_y(2)
we get indeed that the coefficients ap of f increase polynomially.
Lemma 2 is proved.

Introduce some notations. Let

F(H) := {e_z2/2f(:z) : there exist a3 € R such that

o0
e_z2/2f(x) = Z akhk(z)e_z2/2 in &' sense},
k=0
L :={(a;) C R : there exists r € N with k™ "a; — 0},
Lri= (@) C R ¢ @bl < oo}, where (@)l = sup +"legl
€

o0
Then L, are Banach spaces and L, C Lyy1, L = {J Ly. Take on L the

r=1

weak topology generated by the inclusions L, C L, i.e. let (al(cn) ) -L-»(ak)
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(n — o0) if and only if there exists r € N such that H(ain))llr < 00,
ll@y)ll- < oo and i(af” — ag)llr — oo (n — co).

The main result of the present paper is the following

THEOREM. Consider the vector space F(H) C S’ endowed with
the topology of S'. Then

a) The mapping A : F(H) —» L, A[fe""z/Q] := (aj) is a linear
isomorphism between F(H) and L.

b) The conjugation operator ~: F(H) — F(H), e—”2/2f — e_”2/2}

(~ };§ a hk_l(:::)e_"’z/2 is continuous and in fact establishes an iso-
=1

morphism between F(H) and Fy(H) := {6_32/2f € F(H) : a9 =0}.

PROOF.

a) Let e—”2/2fn € F(H), A[fne"2/2] = (agcn)). To show the conti-
nuity of A it is enough to prove that e*”2/2fn ﬁl, 0 implies (aﬁn)) L.
By definition, e—zz/an ﬁl» 0 means that

(15) Zak ¢y — 0 (n — o0),

for all (cp) = Alpe™® /2] pe F ‘e s (we used Lemma 1). This
yields ai ) 0 (n — oo) for all fixed k. Suppose indirectly that for

any r € N, sup lagcn)[k_" # 0 (n — o0), i.e. for each fixed r there exists
k

a subsequence n;, such that sup]agcnj’r)lk_r > 6y for every j. Since
k

(n)

a; * — 0 (n — oo) for all fixed k, hence, for large n; , we can eliminate
k=1,2,...,[67!] from the supremum, so for some n(r) we have

(16) s:p ( "T) ™+t 5 1 for every r, j, and njy > n(r).

By (16) we can choose inductively a subsequence r; — oo (tending very
rapidly to infinity) further subsequences jr;, kr; such that for all ¢

an Mjremi > n(r;) + ri,
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(Mjr.r;) .
(18) a, | > kT
(ﬂj,..,,--) 1-r 1
(19) > e, by I<Z,
<1
o o]
(n iry,T ) . 1
(20) 3 o, e kl“"<z2‘l forall £<i.
k=kr~

Now we define

1-r; .
Cf = kr; ' sgn if k= kr,,

0 ' if & # k.

("jr'- T )
k

Then (c;) = A[cpe_zzﬂ] for some 4,0(:1:)6"‘2/2 € S but

ke nJ'r-.f') l—r
$5 ey 21 - [y
k=0

£<i £>1
1 1 e 1

>l —-—-— - 27 > —,
4 4Z -2

This contradicts to (15). So the mapping A is continuous. It maps
F(H) onto L by Lemma 2 and A is obviously injective. The continuity

("jr'- ,ri)
a

a(njr" ,1‘")
kr kf

kl""t >

of A is easy to see: if sup |a£")|k"' — 0 (n — o0o) for some r, then
k

i ain)ck
k=0

o0
<3S 1aME TR e <
k=0

oo
_<_sx;p ]aﬁn)lk—r Z k"¢ — 0, n— oo
k=0

b) Using a) we can transform the conjugation operator to L, where
it is a simple shift of indices (a;) — (ar4y). The continuity of this
transformation is obvious; it maps L to Ly := {(ay) € L : ag = 0}
and the continuity of its inverse is also trivial. The Theorem is proved.
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0. (Weakly) composition-closed function classes and related notions

were introduced by A. CsAsz&r [1} and J. R. ISBELL [4]. These
properties and their connections to classes of continuous functions have
been examined in [1], {2] and partially in [3] minutiously.

In the present paper we are going to investigate problems concerning
classes of (upper) semicontinuous functions, similar to those which have
been studied in [1] and [2]. Therefore we introduce the notion of
semi-composition-closedness and some of its modified versions. Basic
properties of these notions will be investigated, as well as some of their
relations to each other and to the classes of (upper) semicontinuous
functions.

Notation and terminology of {1] and [2] will be used; according to
them any function class will be considered as a class of real functions
containing every constant function. Throughout this paper “semicon-
tinuous” will always mean “upper semicontinuous”. R* will denote the
real line equipped with the left order topology i.e. non-trivial open
sets in R* are exactly those having the form (—oo,a) for some a € R.
For any topological space X, the class of f : X — R* continuous,
i.e. semicontinuous functions will be denoted by C(X). For any
function class @ the class of functions belonging to ¢ and being bounded
above, bounded below and bounded, will be denoted by ¢,® and &*,
respectively.

1. Let X be an arbitrary non-empty set. A function class ® on X
will be called a cone-lattice, if it is a function lattice having the property
that f, g€ ®,0<ceRimply f+g € ® and cf € ®. Let the function
class ¢ be called strongly self-adjoint, if for any f € & any of the
inequalities f > 0 and f < 0 implies —} € ® and weakly self-adjoint, if
for a suitable ¢ € R the inequalities f > ¢ > 0 or f < ¢ < 0 imply the
same.
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A function class ® on X is said to be strongly semi-composition-
closed (ssc), semi-composition-closed (sc) or weakly semi-composition-
closed (wsc), if the following holds: given a family {f;: i € I} C &,
consider the map

(1.1) h: X R h(z) = (fi(z) (z€X),
and a function k € C(h(X)), k € C’(clR‘Ih(X)), or k € C'(R*I)’

. I. . . -
respectively; then ko h € & Here R* is equipped with the pr;)duct
topology, h(X) and CIR‘I h(X) are considered as subspaces of R* .

If in the definition above I is restricted to be countable, then @ is
said to be countably strongly semi-composition-closed (cssc), countably
semi-composition-closed (csc), and countably weakly semi-composition-
closed (cwsc). Similarly, if I is supposed to be finite, ® is said to
be finitely strongly semi-composition-closed (fssc), finitely semi-compo-
sition-closed (fsc) and finitely weakly semi-composition-closed (fwsc),
respectively.

The following implications evidently hold:

ssc > sc =  wse
U7 Us Us
(1'2) CSSC é cse é CwWsceC
410 Jn 12
fssc = fsc = fwsc
The following propositions will be used:

(1.3) Let A be an arbitrary subspace of R for any index set I,
(z;)ier and (yi);eq twoelements of A withz; < y; (1 € I) and f € C(A).
Then f(z) < f(y).

. I,
Proor. Consider S = {z,y} as a subspace of A. As R* is
a Tp space, so is S, but it is not discrete, since every open set of

R*I containing y contains z, too. Thus S is homeomorphic with the
Sierpifisky space, having = as an open, and y as a closed point and
f|S is semicontinuous because of f € C(A). Hence f(y) < f(z) is
impossible. 1

(1.4) Let n be a positive integer. f € C(R*") iff for any ¢ =
n
=(z1,...,%n) €R*

flz1,- . zn) =inf{f(y1,.--,un) : ¥ > zi,1 < n}
holds.
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PROOF. Suppose f € C(R*") and let z = (zq,...,zn) be an
arbitrary element of R*". If y; > x; (z € n), then f(yy,...,yn) >
> f(z1,-..,2n) by (1.3). Assume to find a number ¢ € R such that
for any y € R*" with y; > z; (1 < n) f(y) > ¢ > f(z). In this case
2 € f1((~00,0)), but for any y; > 2 (i < n) x{(~c0y) : i <
< n} € f7Y(~o0,¢)) fails to hold. Hence f~!((—oc,c)) cannot be
open in R*", in contradiction with f € C(R*").

On the other hand taking an arbitrary ¢ € R suppose that

(21,0, 2n) =2 ¢ f71([e, +00)).
Then
¢> f(z) = inf{f(yi,-..,yn) : yi > 7§ S n}

and thus y; > z; ( < n) can be found such that f(y;,...,yn) < c.
Hence for the neighbourghood U = x{(—o0,y;) : i < n} of z we
have: U N F e, +0)) =B ie. f([c,+00)) is closed in R*". Thus
f € C(R*™). i

(1.5) f € C(R*) iff f is nondecreasing and continuous from the
right (in Euclidean sense).

PRroOF. This is a direct consequence of (1.4). |

2. In this section we are going to investigate the basic properties
of different versions of semi-composition-closedness.

(2.1) Let & be a fwsc function class on X. Then ® is a weakly
self-adjoint cone-lattice.

Proor. If 0 < ¢ € R, consider the following functions:
ki(z) = cz (z € R*),
ka(z,y) =z +y )
k3(z,y) = max(z,y) ((w,y) €R* ) :
E4(z, ) = min(z, )
k1 € C(R*), ko, k3, kg € C(R*2) by (1.5) and (1.4), respectively. Thus,
® is a cone-lattice.

Now let ¢ be a positive number and f € @ with f(z) >c¢>0(z €
€ X). Consider the function

-—-}; if z2>c
k(z) = (z e R*).
——% if z<c

k € C(R*) by (1.5), hence —} =kofed.
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Similarly, if ¢ is negative and f(z) < ¢ < 0 (z € X), then the
function

_1 T2>ec
¢ 2
K (2) = { (z € R*)
L e

will do. |

(2.2) If ® is a fwsc classon X, f, g € ®, f(z) > 0, g(z) 2 0
(z € X), then fg € &.

Proor. Consider the function

a-b if a>0,62>20
k(a,b) = { (a,b) € R*".
0 otherwise
kEC(R*Z) by (1.4), hence f-g=ko(f,g) € ®. |

(2.3) If @ is fwsc on X, then for every f € ® the function

1 if  f(z)>0
Yp(z) = (z € X)
0 if  f(z) <0
belongs to ®.
ProorF. It is an immediate consequence of (1.5). ]

(2.4) If ® is fssc on X, then it is strongly self-adjoint.

PrOOF. The subspaces of R* determined by (0, +00) and (—o0,0)
will be denoted by RY and R, respectively. For 0 # ¢ € R consider
k(c) = —%. ky = k|R} € C‘(Rf‘*_) by (1.5) (there is an increasing
homeomorphism g : R} — R*) and if f(2) > 0 (z € X), then f(X) C
C R%, thus —% =kjof e ® If f(z) <0 (r € X), then consider
ko = k|R%. 1

(2.5) Let & be a (c)wsc function class on X and I an arbitrary
index set (JI| = w). If f is a function on X bounded below and having
the form f = inf{f; : i € I} for some f; € ® (1 € I), then f € ®.
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PROOF. Let m be a lower bound of f, then it is a lower bound of
. I
fi (i € I), too. For every y € R* let

{inf{yi:iel} if y; >2m(iel),

m otherwise.

k(y) =

. - I
On the other hand, denoting by =;, as usual, the projection of R* to
the i-th coordinate, we have

k = inf{max(r;,m) :1 € I}
. . ~ I . R .
Since for every 2 € I, m; € C(R*"), so is k. Considering the map

h:X—»R*I,h(x):(fi(x)) for ze€ X,
we have f =koh. Thus f € &. |

(2.6) Let ® be a(c)ssc function class on X and I an arbitrary index
set (|I| = w). If f is a function on X of the forin f = inf{f; : i € I}
with f; € ® (1 € I), then f € &.

Proor. Consider the map

I
h:X — R* [ h(z) = (fi(z)) for 2eX.
Let
(2.7) k =inf{m;|h(X): i € I}.
For every z € h(X) there is an z € X with z = h(z) i.e. z; = fi(z) >
> f(z) hence the set {m;(z): ¢ € I'} is bounded below. Definition (2.7)

is therefore correct and since m;|h(X) € C(h(X)) (i € I)sois k. Thus
f=kohe . 1

(2.8) Let ® be a cssc function class on X, then @ is complete.

PROOF. Suppose fn € & and f;;, — f uniforinly. For any k € N
there can be found ng € N such that [fn, — f| < 715 Now fn, + 71:— € &,

of course and f = inf{fn, +7lc— : k€ N}. Thus f € @ by (2.6). |
REMARK the following:

(2.9) The proof above is correct, if ® is supposed to be a function
class, having merely the following properties:

(a) if f€ ® andc € R, then f+c€ @,
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(b) if f =inf{fn :n € N} with f € ® (n € N), then f € &.

(2.10) Let ® be a (f, c)wsc function class on X, then &, &, and &*
have the same property.

PRroOF. Let I be an arbitrary (or finite, or countable) index set,

f€® (e l)and hiz) = (fi(z)) (z € X). Ik e C(R*), then
koh e &, since ® is (f, c)wsc. On the other hand, define M; (i € I)
and M by

M; = sup{ fi(z) : = € X} € I), M = (M;) € R*.

Now, for any z € h(X) we have z; < M; (i € I) and therefore
k(z) < k(M) by (1.3). Thus k(M) is an upper bound of ko h i.e.
kohe ®.

The same statement for the case of & can be proved similarly, while
the statement concerning ®* is a direct consequence of the ones above.l

(2.11) Let ® be a (f, c)sc function class on X, then ® has the same
property.

ProoF. With a notation sirmilar to the one above we have 2; <

< M; (i € I) for every z € h(X), hence M € CIR‘I{Z} C clR‘Ih(X).
Now we have k(M) > k(z) for any k € C(CIR‘I h(X)) by (1.3) and
therefore k(M) is an upper bound of k o h again. |

3. In this section some counterexamples will be constructed for
further examination of the implications in (1.2).

(3.1) Consider
& = {f € C(R*): 3zg € R*(z 2 z9 = f(2) = f(=20))}-

® iy a fssc class, since for given f),..., fn € ® considering the map
h:R* = R h(z) = (fi(2),.... falz)) (3 € X),

it will be a continuous one, hence we have ko h € C(R*) for any
k € C(k(R*)). On the other hand an z; € R* can be found for every
fi( < n) such that f;(z) = fi(z;) = M; for any z > z;. Taking
therefore zg > max{z; : 1 < n}, we have ko h € ®, since for every
z 2z

K(h(2)) = k(fi(2),- .., fulz)) = k(M, ..., Mn) = k(h(zg)).
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® 1s not cwsc, however. Let n € N be arbitrary and consider the

function
arctan « for r<n,
fa(z) = T

7 for T > n.

Now we have f, € ® (n € N), since fn, € C(R*) by (1.5) and fp(z) =
= fa(n) = § for any z > n, but arctan = inf{f, : n € N} is bounded
below, without belonging to ®. Thus, by (2.5) ® is not cwsc. 1

(3.2) Let @ be the class of every bounded real function on R. Since

the class of all real functions on R is evidently ssc, & must be wsc by
(2.10).

However, ® fails to be fsc. Consider the function

—~1 for < -1
f(z) = z for -l<z<1 (z € R).
1 for z>1

f € @ and —f € ® evidently hold. Define 1 : R — R*2, h(x) = (f(z),
~f(z)), then the map ¢ defined by

¢ h(R) = [-1,1},¢((p,—p)) =P

is a homeomorphism. h(R) is considered here as a subspace of R*2,
while the interval [~1,1] as a subspace of R (not R*!). The function

1+1 for ~1<z<0
g(z) =
0 for 0<z<1

is semicontinuous, hence g o ¢ € C(A(R)). This function, which is not
bounded below will be extended to be semicontinuous on CIRJI‘(R)'

First for all
clo2h(R) = {(p1,p2) € R 3z e R(p1 > f(z),p2 2 ~ f(2))}

obviously holds. The set (—oo pl] x (—oo,pg] C R** will be denoted

by L., for any z = (py,p2) € R*’. Now we Lave L, Nk(R) # ¢ for
each z € clR 2h(R), and the function g o ¢ is bounded above, thus the



126 2. G. SZABO

following definition is correct.
k(z) = sup{g((y)) : y € Lz N h(R)} (z € el 2h(R)).

klh(R) = g o, since L, N h(R) = {z} for every z € h(R). On the other
hand, let ¢ € R be arbitrarily chosen. If ¢ > 0 holds, then

{z € CIR‘Q h(R): k(z) < ¢} = CIR*Z h(R)
since ¢ £ 0 and therefore k < 0, while for ¢ < 0 we have
{z€d_oh(R): K(z) <c} =
—{z € el ph(R) : o(L: 1 K(R)) C (-, 0)) =

1
= l N < —_—) =
{(p1,p2) € g 2h(R) 1 p1 < 0,pp < 5 _c}
1

=cl 2 h(R) N ((~00,0) x (~00, 7))

which is an open subspace of CIR*Q h(R).

Thus we have a function k such that & € C’(clR'g h(R)) and ko h =
=gopoh=go f¢d, sinceitis not bounded below. |

(3.3) Consider the class ® = C(R*) i.e. the class of real semicontin-

uous functions bounded above on R*. Since the class C'(R*) is obviously
ssc, ® must be sc by (2.11).

Define now the function

f(z) = arctanz — g (z € R*),
f € @, since f € C(R*) by (1.5) and f(z) < 0 (z € R*). On the
other hand Ilinéo f(z) =0, hence —;1,, Lbeing not bounded above, cannot
belong to . Thus @ fails to be fssc by (2.4). 1

(3.4) Having constructed the counterexamples above, we can see at
once, that implications (10), (11) and (12) in (1.2) fail to be equivalences
by (3.1), implications (2), (4) and (6) by (3.2), while implications (1),
(3) and (5) by (3.3). ]

4. The following theorems show a complete analogy with Theorems
2., 3. and 4. in [2].
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(4.1) If ® is a function class on X, the following statements are
equivalent:

(a) There are a topological space Y and a surjective mapp: X — Y
such that & = C(Y) o p.

(b) @ is ssc.

(c) There is a topology on X such that ® = C(X).

(4.2) If ® is a function class on X, the following statements are
equivalent:

(a) There are a topological space Y and a map p : X — Y such that
®=C(Y)op.

(b) @ is wsc.

(¢) ThereareasetY D X and a topology on'Y such that ® = C(Y)|X.

(4.3) If ® is a function class on X, the following statements are
equivalent:

(a) There are a topological space Y and a map p : X — Y such that
p(X) is dense in Y and ® = C(Y) o p.

(b) @ issc.

(¢) There are a set Y D X and a topology on Y such that X is dense
inY and ® = C(Y)|X.
PROOF. We prove the three theorems simultaneously, denoting the

details concerning only the case is ssc, wsc or sc classes by a, 8 and 7,
respectively.

(a)=(b) Suppose f; € ®, then f; = g;op for some g; € C’(}) (z €1I).
Define
1
frX-RY, h(z)=(fiz)) (z€X)
and
1
9:Y =R, g(y)=(sy) (veY).
Now h = gop and g is a continuous map.
(v) Therefore clR*Ih(X) = clR‘Ig(p(X)) D ¢(clyp(X)) = g(Y).
Thus, fo1~‘ any )
(a) k€ C(h(z)) = Clg(p(X))) = Cy(Y)),
(B) ke C(RY),
(1) k€ Olel_1h(X),
we have ko g € C(Y) and consequently ko h € C(Y)op = &.

(b)=(c). Let I be an appropriate index set such that ®={f; : i€ I}
and consider the map

h:X R, ko) =(ir) (z€X)
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Now define

(a) Y = X)

(8) Y = X U(R* ~ n(X)),

(7) Y = X U (clgur{h(X)] = (X))

and 5
(@) h:Y - K(X) by h = h,
- I . . '
(B) h:Y - R* by Al X =h, AV -X= ZdR‘I—h(X)’

(’)’) ;l Y — CIR.Ih(X) by fl!X = h, ;).IY - X = iJCIR‘I[h(X)]—h(X)’

and equip Y with the initial topology corresponding k. Then (v) X is
obviously dense in Y and for any ¢ € I we have f; = m;0h = ;0 leX €
€ C(Y)|X i.e. ® C C(Y)|X. On the other hand, if g € C(Y), let
(a) k: h{(X) — R*,
(8) kiR SR
(7) k:clgarh(X) - R*
be defined by k(h(y)) = ¢(y)  (y € Y).
If there are y, ¥’ € Y such that fz(y) = ﬁgy'), then they have the

same neighbourhoods in Y, hence ¢(y) = ¢(¥'), for R* is a Tj-space.
Thus, the definition of k is correct. Taking an open set G C R*, the set

g YG) = k" 1k~ 1Q)) is also open and so is the set k~ (@) since h is
an onto map. Therefore
(a) k€ B(H(X)),
(B) ke CRY,
(7) ke C(ClRtlh(X))’
and g|X = ko h|X =koh € &. Hence & = C(Y)|X.
(c)=(a). Obvious. (]
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Introduction

Let be (Y,] - ||) 2 normed linear space, K C Y a bounded set. We
define

Qk(y) = {z € K;|ly — z|| = sup [jy —2'||}.
z'eK

We call the set K as a uniquely farthest set, if Qg (y) is singleton
for all y € Y. Naturally, all singleton K sets are uniquely farthest.
The following question seems to be open. Is all uniquely farthest sets
are the singletons? There are some partial answers concerning this
question. The answer is affirmative in finite dimensional spaces, in case
of norm-compact K{1], in case of norm-continuous Qg [2], there is an
equivalent renorming of the space that in the new norm the answer is
affirmative [3].

In this paper we prove a result, which means that the £;-product
of two nontrivial such space has the same property, assuming that one
of them is strictly convex.

The result

THEOREM. Let be (X, ||-||) and (Z,||-||) real normed linear spaces,
in which the uniquely remotal sets are singletons, (X, | - ||) is strictly
convex, dimX > 0, dimY > 0. Thenin the Y = X ® Z, ||(z,y)]| =

=||z||H||yl| normed linear space the uniquely remotal sets are singletons.

PROOF. Let K C Y a uniquely remotal set. We denote by P and
Q the projections onto (X,0) ~ X and (0, Z) ~ Z respectively. We
have the following cases:
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CasE 1. There exists z' € X, for which
P(Q(<',0)) = («',0).
Cask I1. For arbitrary z € X
 P(Qx(=,0)) # (,0).
In Case I, we show that for arbitrary = € X

(1) Qx(z,0) = Qk(<',0).
Clearly,
(=,0) = @k (z,0)]| <
<z — 2|l + 1I(<',0) = Qg (=, 0)]| <
<z =2l + (<, 0) — Qi (=", 0)],
on the other side, using P(Q g (z',0)) = (z',0) we have

e — 2"l +[I(=',0) = Qk (', 0)ll = [I(=,0) — Q (=", 0},
so, by the definition of Q g, we have (1).

In Case II, we define the mapping f : £ — X on the following way:
P(QA’($7 0) - (Ia O))
I1P(Qx(z,0) — (,0)ll

We can see instantly, that

(2) iz — f(@)]l = [I(z,0) - Qk(z,0)|| =
=[|Q(Qg (=, 0D + | P((z,0) — Qi (=,0))]].

Applying (2) in the definition of f,

flz)=z+

: |l($70) - QK(:E’O)“'

(3) 1f(z) = P(Qi(z,0))]| = |Q(Qx (=, 0))]]-
So, for arbitrary z1,z9 € X

(4) flz1 = f(z2)]] < Ji(21,0) ~ Qg (22,0,
because of

lz1 = f(z2)ll £ llz1 = P(Qr(29,0))]| + | P(Q K (22,0)) — f(z2)] =
=|lz1 ~ P(Qk(z2,0)]| + 1Q(Qk(z2,0))|| = {|(1,0) — Qi (z2,0)].

(Here we have used (3).)
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We show also that for z1,z9 € X, f(z1) # f(z9)

(5) flz1 — f(z2)l| < [lz1 = f(=1)]-

First, we prove (8) for Qg (z1,0) = Qg(z9,0) indirectly. Using (2), (4)
and the definition of @, the indirect hypothesis can be formulated as

(6) llzy = f(z2)ll = le1 — f(z0)Il-
Using (2), (3), (6) and the definition of f,
(7) lz1 — f(z0)ll =
=[|P(Qk(21,0)) — (z1,0)[| + [| P(Qk (z1,0)) — f(=1)l|
and
(8) llz1 — f(z2)ll = [|(21,0) — Qk(=1,0)]| =

=[|Q(Qk (21, 0))[| + [[P((z1,0) — Qi (<1,0))|| =

=[1Q(Qk (z2,0))|| + | P(Qk (1,0)) — (z1,0)l| =

=[|f(z2) = P(Qk (=1,0)|| + | P(Qk (21,0)) — (1, 0)].
(In the latter relation Qg(z1,0) = Qg (z9,0) is used too.) Because
of the definition of f, =) — f(z1) is parallel to P(Qg(z1,0)) — (z1,0).
By (7) and (8), using the strict convexity of (z,| - ||), P(Qk(z1,0)) -
— f(z1) is parallel to P(Qg(z1,0)) — f(z2). Because of the same length
NRQk(z1,0)II/, f(z1) = f(z2). Now, we have (5) in the case

Qr(z1,0) = Qk(z2,0). In the case Qx(z1,0) # Qg (z2,0), using
(2) and (4),
lz1 = f=)ll = [i(z1,0) — Qk (=1,0)]| >
>[l(z1,0) — Qi (=2, 0)|| = ll(21,0) — f(z2)|l
so, we have (5). Using (5), K1 = f(X) is uniquely farthest in (X, || - |}).
This implies that K is a singleton.

We prove indirectly that Qg ((X,0)) is a singleton too. Let be
z)1,z9 € X such that Qg (z1,0) = ky, Qg (z2,0) = ko, k # k9. Using
(2) and (4),

lz1 = fz)ll = lI(z1,0) = k1| >
>[|(z1,0) = k2f| 2 [lz1 — f(=2)}],
which contradicts f(z1) = f(z9) (the latter comes from the singleton-
ness of Kj). So, in Cases I and II, we proved that Qg ((X,0)) is a
singleton. We can have the same reasoning when beside of K we have
(0,2z) + K for arbitrary 2z € Z. This implies that Qg ((X,2)) is a
singleton for arbitrary z € Z. We denote this element by &(z). So,

sup ||(z,2) — k|| = ||(=,0) = P(k(2))I| + 11(0, 2) — Q(k(2))]},
keK
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and the supremum on the left side is exactly attained at k(z).

We choose z so, that (z,0) = P(k(z)). Now,
sup [|(z, 2) — k|| 2 [/(0, 2) = Q(k(2))]
kexK

and because of the special choice,

sup ||(z,2) — k|| = [[(0,2) ~ Q(k(2))]-
keK

Again, the supremum on the left side is exactly attained only at k(z).
Using again the special choice, we can write’

sup [|(0, z) — Q(F)Il = [|(0, 2) — Q(k(2))|-
keK

This means that Q(K) is uniquely remotal in the subspace (Z,0). So,
Q(K) is a singleton, implying that k(z) does not depend on z. So K is
a singleton.
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1. Introduction

Let Y,Y7,Y,Ys,... beii.d. random variables. Consider the o-fields
Fn = o(Y1,Y9,...,Ya) n > 1. Let v be a positive integer-valued
stopping time with respect to the sequence {#,}32, of o-fields, for
which P(v < 4+00) = 1. Consider the generalized random walk

So =0, Sh=N+Yo+---4+Y, n=12,....
Then the limit

lim SV/\n = Sy
n—o0

exists and is finite a.s.
The following results are obtained by A. GuUT and S. JANSON.

(1) Let p > 1, and suppose that Ev? < co. Then
(1.1) E|S)|P < 00 <= E|Y|P < co.

(2) Let p > 1 and suppose that EVP/OV] ¢ 5. EY = 0. Then
(1.2) E|S)IP < 0o <> E|Y|P < co.

(3) Let p > 1 and suppose that EY = a # 0. Then
(1.3) E|S,|P < coand E|Y|P < 0o = EvP < oo.

In this paper we give an estimate for the desired moment of
sup |Syan]. We establish the necessary and sufficient conditions on the
n>1
existence of the desired moment of sup |Syan|- The obtained results

n>1
improve a part of the results of paper [2] by A. GUT and S. JANSON.
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2. The case EY =a # 0.

In this case we give a necessary and sufficient condition to ensure
that

sup |SvAn|
n>1

belong to Ly. We prove the following
THEOREM 1. Let p > 1 and suppose EY =a # 0. Then
E(sup |Suan])? < 00 <= E|Y|P < 00 and EvP < oco.
n>1

PROOF. Suppose first E(sup |Syan|)P < oo. Since
n>1

[Y1] < sup [Suan|
n>1

we have

E|Y)? = E|Y1|P < E(sup |Suan|)f < co.
n>1
Next S, = lim Syan, therefore
n—oo
[SulP = lim |[Suanl? < sup|SvanlP, so E|S,|P < oco.
n—oo ﬂzl

We apply (1.3) in the case EY = a # 0 to obtain EvP < co.
Conversely, let E|Y|P < co and EvP < oco. Without the loss of the
generality we can suppose now that £Y; = a > 0. (The case a < 0 can
be treated similarly by taking {—Y;} instead of {Y;} 7 =1,2,...). Then
(SuAn, Fn) is submartingale. Its Doob-decomposition has the form
. Sy/\n == [Sy/\n - a(V A n)] + a(V A n),
where Syan — a(v An) is martingale and a(v An) < avforn=1,2,....
Consider two cases:

a) If 1 < p < 2, then by the Burkholder-Davis-Gundy inequality
we have

0o p/2
Esup |Suan — a{v An)|P < CpE (Z(Yz - a)QX(V Z 2)) <
n>1

1=1

oo oo

< CpE | Y IV —alPx(v > i)} =Cp Y E|Y —afPP(v2i)=
i=1 i=1
= CpE|Y - a|PEv < CLE|Y — a|PEVP < 0

SO
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p
E sup lSy/\n‘ _<_2p_1
n>1

< 00.

p
E | sup|Suan—a(vAn)| | +aPEVP
n>1

b) If p > 2, by the J. MOGYORODI inequality [3] we have

p
E (sup [Svan — a(v A n)|> <

n>1

o0 p/2
< cp{E Y B (% - @)% x(v > i)} +
i=1

+2_ B(IYi - alPx(v 2 i))} =

=1

= Cp{E|Y — alPEv + (E|Y — a|)PI2ELPIYY < oo

p
E <sup IS,,/\nI) < oo.
n>1

This proves the assertion.

SO

REMARK. Since
|Svl < sup [Suanl,
n>1
so sup |Syan| € Lp implies that S, € Ly too. Therefore one direction
n>1

of (1~.1) is obtained immediately from Theorem 1.

COROLLARY. The conditions

E(sup|Suan|)P < 0o and sup E(|Syan])f < oo
n>1 n>1

are equivalent, provided that EY = a # 0.
Indeed, sup E|Syan[P < oo is trivial from E(sup |Syan|)P < oo.
n>1

Conversely, suppose that sup E|SyanlP < oo. It is evident that
n>1

E|Y|P < co. On the other hand, by the Fatou lemma we have

n—oeo n—o0 nzl
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By (1.3) it follows that Ev? < co. By Theorem 1 E|Y|P < 400 and
EVP < oo together ensure the finiteness of

E(sup |Syan|P) < oo.
n>1

REMARK. By (1.1) the conditions E|Y|P < oo and EvP < oo imply
14
the finiteness of E|S}|P < oo, where §) = 3 [Y;[ but conversely

i=1
E|S}IP < oo implies E(sup|Syan|)f < oo
n>1
so we can conclude that the following conditions are equivalent provided
that EY =a #0
E(sup |Syan])P < 00 <= sup E|Syan|P < co <> E|S;|P < oo.
n>1 n>1

3. The case EY =0
For p > 2 we have here a situation similar to Theorem 1, but the
assumption on the moments of v can be weakened.
THEOREM 2. Let p > 2, and suppose that EY = 0. Then
E(sup |Syan|)P < 00 <= E|Y|P < 00 and EvP/? < 0.
n>1

PROOF. In the case EY =0, Syan = D _req Yix(v > ¢) is martingale
and its differences are d; = Y;x(v 2 1) ¢ > 1 where Y¥; and x(v > i) are
independent.

Applying the inequality of J. MOGYORODI for p > 2, we have
epM < B(sup |Sunnl)? < CoM.
n>1

Where ¢p and (), are positive constants depending on p, and
M=E[Y B@i%i1)]" + Y Bl =
i=1 i=1

=E[f}E<Y,-2x(u > i)™

i=1

+ Y E(YPx(v 2 i) =
i=1

=E[Zazx(u > i)]p/2 + ZP(V >EYP =
i=1 i=1

=oPEvP/? 4+ E|Y|PEw.
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Here 02 = EY? and we have used that Y; and %;_1 as well ¥; and
x{v > 1) are independent.

From these inequalities we get that

E sup |Syan|P < 0o <= E|Y|? < co and Ev? <
n>1

remarking that Ev < EvP/2 and E|Y)P > o2
This proves our assertion.

Unfortunately, we do not know whether Theorem 2 for the case
1 < p < 2 holds true. But we have the following

THEOREM 3. Let 1 < p < 2 and suppose that EY = 0. Then

E|Y|P < 0o and Ev < 00 = E sup |Syan|P < .
n>1

PROOF. Syan is a martingale as in the previous proof. By the
Burkholder-Davis-Gundy inequality we have

00 p/2
Esup|SuanlP < CpE (Z Yix(v > z)) < CpE|Y|PEv < 0.

i=1
REMARK. By Doob-inequality, it is evident that in the case EY = 0

forp>1 E(sup |Suan|)P < 0o <= sup E(|Syan|)P < co.

However, the following example shows that for p = 1 this is not
valid.

EXAMPLE. Consider a symmetric simple random walk, that is,
suppose that P(Y =1)= P(Y = -1) = %
Let v be the stopping time defined by the formula

v = min{n; Sp = 1}.
Then
E(|Svan]) = E(Svan) + E(|Suanl) =
= 2E(S:An = 2P(S:-An =1)=2P(v <n)
50

sup E|Syan| = 2.
n>1
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On the other hand, by the Burkholder-Davis-Gundy inequality we
have

o 1/2
E(sup|Svanl) 2 cpE (Z YiQX(V 2 1)) =

i=1

0 1/2
=cpE (Z x(v 2 z)) = cpEyl/2 = 400.

i=1
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Let (?,%,P) be a probability space and let (%¥,),>0 be a non-
decreasing sequence of o-fields of events. We say that the sequence

(Xn,Fn), n > 0, of real-valued and adapted random variables forms an
amart, if E(]Xn]) < +oo for every n > 1 and

lim E(X;)
TeT
exists and is finite, where T denotes the family of all bounded stopping

times for the sequence (%n)n>0-

The following assertion is the key observation for the proof of the
strong law of large numbers.

THEOREM 1. Let (Xn,Fn)p>0 be a predictable amart (i.e. X,
is ¥p-measurable, n > 0). Then Xy, /n — 0 a.s. asn — +oo.

For the proof of this theorem we recall the lemma of [2].

LEMMA 1. (see [2], Lemma 3.1. p.208.) Let (Zn,%n)n>0 be an
amart such that

im E(Zn!g"l) = 0 a.s.
n—+4o0o

for all fixed m > 1. Then
(a) [ sup |E(Zp|Fm)| < +oo for every m > 1,
n>1

(b) E(énﬂm) — 0in L; for every 12 > 1,
li Z:=0

(C) Tlé‘['}f! Ti b

(d) Zn — 0 as. and in Ly,

(e) (Z7)rer is uniformly integrable.

PROOF OF THEOREM 1. Introduce the notation Zp = Xp4) — Xn,
n > 1. Then Zy, is F,-measurable for all n > 1 since (X, ) is predictable.
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We show that (Zn,Fn), n > 1, is an amart. For any bounded stopping
time 7 with respect to (¥3),>1 define 0 = 7+ 1. Obviously o is a
bounded stopping time and we have

E(Z-,—): / (an+1—an)dP+...+ / (Xnk+1"‘Xnk)dP=

(r=n1) (r=n})

= / an+1dP+...+ / X11k+1 dP
(o=n+1) (o=np+1)

— / andP—{—...—i- / Xnde =
(r=n;) (t=ny})

This equality implies that
lim E(Z;) =0
€T

since (Xn,%n) is an amart. The integrability of (Zn) is obvious.
Consequently, (Zn,¥5) is also an amart.

Using the Riesz decomposition of (X,) (see [2], Theorem 3.2.) we
can write Xy, in the form Xy = My + Py and this decomposition is
unique, here (M, ¥m) is a martingale and

Mm = llm E(Xn'g"l) a.s.,
n—+00

whilst (Pm,%m) is an amart with the property that P, — 0 a.s. and
in L. Thus for the amart (Z,,%,) we have

liln E(angm) = llm E(Xn+1‘91n) — lim E(_angm) =
n—+co n—400 n—+00
:Mm‘—‘.A/.[m =0 as.

Therefore, by Lemma 1 we have that Z, — 0 a.s. when n — +o0. This
implies that

n

— 0 as,
or in the formulation

(Xp-X)+ .. +Xnp1—Xn) _ Xy Xy

n n n

— 0 as..
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Consequently,
Xny1 _ Xnp1 _n
n+1 n n+1

This proves the assertion.

THEOREM 2. Let (Xpn,%n) be an amart and denote by AXy,n > 1,
its difference sequence, where AXy = Xo = 0 a.s. Then X, /n — 0 a.s.
asn — +oo, if

(a) 1 < p <2 and the series

—0 as..

o0
Y nPE(|AXq )
n=1
converges, or
(b) 2 < p < 400 and the series

S n D E(AK )
n=1

converges.

Proor. Using the decomposition of Doob we have Xy, = Y, + Z,
where

Y1=X1, Yn—yn_lzXn'—E(angn_l), Tl=2,3,...
and

21=0, Zn—-2, =E(X"|gn—-1)_Xn-—17 n=23,....

Obviously, (Yn,%n) is a martingale. Consequently, (Zn, #n) is an amart
and the sequence (Zy) is predictable. Thus by Theorem 1 n=1Z, — 0
a.s. as n — +o0.

To complete the proof it suffices to show that n=1Y; — 0 as..
We have for all p > 1 the inequality

E(|AZn|P) = E(JE(AXn_1|Fn)IP) < E(JAXR)P).
This by the Cp-inequality implies that
E(|AYal?) < E2PTH(|AXWP +A2Zu]P)] < 2PE(JAXR)PP).
So, if 1 < p £ 2, we have

i n"PE(|AYRP) < 2P i n"PE(JAXnP),

n=1 n=1
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which by our assumption converges. Now if 2 < p < 400 then

S nm D E(|AY,P) <223 n~(HP/DE(|A X)) < +oo.

n=1 n=1

By the SLLN for martingales (see e.g. [1]) in both cases we have

n_lY,, -0 as.

as n — +o0o.
Our assertion is therefore proved.

REMARKS. 1. For 2 < p < 400 the result of Theorem 2 is given in
[3], Theorem 2, without proof. Our proof seems to be other than the
proof of the authors of the mentioned paper.

2. The SLLN for martingales immediately follows from the Burk-
holder-Davis-Gundy inequality. (see, [4].)
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Let X be an arbitrary set. Consider a mapping [.,.]: X X X —
— P(X). We say that [z],z9] is the segment between z; and z9. The
set K C X is called convex if z;, z9 € K implies [z1,79] C K. The
convex hull (H) of a set H C X is

(H) := ﬂ{K : HC KCK, K isconvex }.

Obviously (H) will be a convex set. We have thus defined a convexity
structure on X.

DEFINITION. The Helly number of a convexity X, [.,.] is the small-
est integer n > 0 with the following property. If for a finite collection of
convex subsets of X any n+1 sets have common point then all sets have
a common point. The Caratheodory number of X, [.,.] is the smallest
integer n > 0 such that for any H C X

(H):=|J{(F) : Fc4, |Fl<n+1}.

In what follows we prove an inequality between Helly and Caratheodory
numbers in a class of convexity spaces. Remark that for special convex-
ities K. BEZDEK and I. Jo& [3] further M. HORVATH [4] investigated
the Helly and Caratheodory numbers.

We consider g : X x X x[0,1] — X and define the segment structure
by [z1,z9] := {g(z1,29,A) : 0 < A < 1}. A function f: X — Ris
called convex if
(1) f($3)S’\f(xl)+(1—’\)'f(x2): $3:g($17$2>’\)a 0<A< 1
We shall prove the following.

THEOREM Let X be a compact T} topological space endowed with
the above convexity and suppose that each convex set is the zero set
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of a convex function. Then the Helly number is not greater than the
Caratheodory number: H < C.

PROOF. We have to show that H > n implies C > n. Suppose
H > n; this means that there is a finite collection of convex sets K3y,
..., Kg41 such that k > n and
(2) Kin..NKgp1 =9

but for any 1 < ¢ <k + 1 there exists an element

(3) reKin..0Ki 1 NKipN..NKey.

We can suppose that f\’\, = {{z1,...,Ti—1,Tiy1,- .., Tp41 }) = K since
the system (K;) satisfies (2) and (3) as well. Introduce the notation
K := ({z1,...,2k41}). Take continuous convex functions f; : X — R
for which

@) f7H o) = K;.

Then the relation (2) implies by compactness that

5 ¢:=min max (z) > 0.
(5) zeK 15i5k+1f'( )

Now apply the same device as in [6] and [7]. Namely let ¢ : K — RF+1,
e(z):=(fi(z)—¢,..., fe41(z)—c). Then (6) means that p(K)NK~ =9
where K~ C R¥t! denotes the cone of all vectors of R¥+1 with negative
coordinates. Using (1) we get that the convex hull of p(K) fulfills the

cop(K)NK™ = §. Now the Hahn-Banach theorem guarantees a vector
0 # pu € RF*1 such that

(6) (p(K),u) 20,  (K7,p)<0.

The second inequality implies for ¢ = (A1,...,Ag41) that A; > 0 and
hence we can normalize p to ensure Y A; = 1. The first inequality of
(6) then implies that

(7) Y Xifilz)2e,  zEK.

Take an z( € K such that ¢ = max f;(zg), then we get by (7) that
1

(8) max fi(zg) < > Xifizo)-
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Now we can prove that C > n. Suppose indirectly that C < n — 1(<
< k —1), then

k+1
9) K=|JK
i=1

consequently there exists an zg with
(10) g € Kjy.

We know from (10) that f;) = 0 and then A;; = 0. On the other hand we
know that fi(z;;) = 0 for: # ip and then 3 \; fi(zg) = iy fiy (ziy) = 0
and this contradicts to (7). The Theorem is proved. [

REMARK. If X is a compact metric space and the metric is convex
in the sense that

(11) o(z3,y3) < Ae(z1,y1) + (1 — No(za,v2)
r3 = g(z1,22,A), y3=g(y1,¥2,2), 0<A<L],

then the assumption of the Theorem holds and hence H < C is valid.
Indeed, for a convex set K C X the distance function of the set K will
be convex in the sense of (1). We formulate the following

PROBLEM. If X is a (non-metrizable) compact uniform space, how
can we formulate a condition on the uniformity which ensures some
analogon of (11)? We can investigate this problem for other general-
izations of metric spaces too (see e.g. [5]).
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To the memory of professor PAUL TURAN

1. The mean convergence of interpolating processes was first inves-
tigated in the famous work [1] of P. ERDOS and P. TURAN (1937) (see
also [3]) where the weighted L2-convergence of the Lagrange interpola-
tion on a finite interval is proved if the nodes of the interpolation are
the zeros of the polynomials orthogonal with respect to this weight,
satisfying some conditions. The mean convergence of the Lagrange
interpolation on infinite intervals presented more difficulties; it was
solved only in 1961 by J. BaLAzS and P. TURAN in [6]. The ques-
tion of pointwise convergence on finite intervals were investigated by
many authors. The deepest results in this question were obtained by
O. Suisia, R. Bojanic, K. BaLAzs, G. FREUD, J. SZABADOS, P.
VERTESI and others. The pointwise convergence on infinite interval was
investigated by BALAZS and TURAN in [4] for Lagrange and Hermite—
Fejér interpolation. Using the ideas of 4] K. BALAZS obtained in [8], [9]
some pointwise convergence theorems for Lagrange and Hermite-Fejér
interpolation, based on the roots of the Laguerre polynomials.

If we consider arbitrary point system instead of the zeros of orthog-
onal polynomials, the resulting Hermite-Fejér interpolation operators
will be positive, if the point system is norinal. The concept of normal
point system was introduced by L. FEIER for finite intervals (see [17])
and the analogous notion for infinite intervals is given in [11], where the
stability of the corresponding interpolation is proved and an estimate
is given for its pointwise convergence.

The above investigations were continued by many authors in three
main directions:

a) interpolations for the largest possible famnily of weights are studied,

b) the LP-convergence, generalizing the L2-convergence,
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c) the speed of convergence of the interpolating processes for various
classes of functions; saturation theorems.

Several open problems on this topic can be found in Turan’s nice
paper [2].

For finite intervals the Erdés-Turan theorem gives estimate for the
speed of convergence by E, (see [17]). In [6] BALAZS and TURAN
proved only the L2-convergence for infinite intervals. In connection
to the work [7] TURAN raised the question of the estimate of rate of
the L2-convergence of the Lagrange interpolation for infinite intervals.
Proving a Jackson type inequality, J06 and KY [20] proved the desired
estimate if the interpolation is based on Laguerre nodes. In [15] Jo6
and SzaBADOS proved an Ll-convergence theorem for interpolating
processes based on Laguerre nodes, with estimate for the rate of con-
vergence. Analogous estimates were proved also in [10].

2. Denote Lg(z) := m""ex;ll-! [e_x:u"+"](") the Laguerre polyno-
mials (« > —1) and z| z9 ... z the zeros of Lg,a)(:z:) (in fact

z; = a(k,n,a); we simplify the notation). Define further £i(z) :=
!

= Lﬁ“)(z)/Lﬁf') (zx)(z — zp) the fundamental polynomials of the

Lagrange interpolation based on the roots of LS,U)(x).

We shall investigate the convergence of the following operators:

(1) Lo(f,2) =Y f(z)t(z)
k=1
(Lagrange interpolations),
(2)
Rulf, )= Ao I o] o)

k=1
(Hermite-operator)

() Ha(f) =Y fepiazetalatl= e,
k=1

Tk
(Hermite-Fejér operator)

T) = - T 1+a$“a 2.’1:
(@ i) = 3 S (1 e e i

(it is defined in [11]), (generalized Hermite-Fejér operator)
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® Galf,) = Y Flan)th(2)
k=1
(Grinwald-operator, see [16]),

(6) In(f,2) = Y flar) = (z)
k=1 k

(Egervary—Turan operator;
it is defined first in [4] and investigated its convergence in [5]).
Introduce the space C()) := {f € C(0,00) : lim f(z)e™** = ().
L—00
For any f € C(}A), denote F(z) := f(a:2)e"’\"2 further let
w(F,8) := weo(F,6) := sup |F(z)— F(y)|

z,yeR
[z—y]<é

the modulus of continuity of F. We shall prove the following

THEOREM. Let a > —1 and f € C()), then we have

o0 1/2
(7) (/ 2% | Lo(f, ) — f(z)} dx) < Jw(F,1/v/m),

0

® [ IR0) - ) ds < fulf e 1),
0

(9) /a:ae_xIH,,(f,x) — f(z)ldz < c{w(F, 1//n),
0

(10) /x“e_x|Pn(f,x) — f(z)|dz < c{w(F, 1/v/n),
0

(1) /x“e—ﬂa,,(f,x) — F(@)| de < w(F,1/vR),
0

(12) /xﬂe"xu,,(f,x) ~ f(2)| dz < Jw(F,1/v/7).
0
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For the proof we need some lemnmas.

LEMMA 1. Fora > —-1,0 < v <1 we have

(13) [Lg,a)l(:ck)] < cn_""l/2a::+3/2e_”k, (k=1,...,n),

where ¢ denotes a constant depending only on « (everywhere in this
paper).
Proor. Introduce the notation a x b; this means that ca < b < Ca

with some constants 0 < ¢ < C < co which do not depend on z, z;
and n. From [13], (13) we know the relation

(14) An(zp) = Tk

H—Ik 1< <
ke (1<zp<n)

-1
n—1
where Ap(z) 1= < 3, [Egca)(a:)]2> is the Christoffel function formed by
k=0

. E -1/2
the normed Laguerre polynomials fgca)(a:):=(——1)lc [F(a-’rl)( Jga)] .

LSf')(z). (see [18]). On the other hand [18], (15.3.5) states that

(15)  dnlen) = S T Ol = 1)

hence for =y < n we obtain from (14) and (15)

[L (Ik)] -2 <en”® :-H /47};; S cn_a_1/212+3/2c_zk.

If z; > n then we apply from [19] Lemma 3.1.5 with G(z) := :rc"lz,
o0

v < v/ <1 to obtain /\n(xk):rke””:k < f:r"+le"(1—")” dz < oo and
0

then

! /
[Lﬁf‘) (zp)) "2 Scxpn ™ An(zr) Sen eV T < cn_a—l/Qa:g+3/2- e YTk,
Lemma 1 is proved. ]

LEMMA 2. Let a > =1, 0 < 7,0 < 7, then

(16) / YT Z [L (=) zle Tk dz <en® (n=1,2,...)

|z — zk]
0
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with a constant ¢ > 0 depending only on « and +, 7 but independent
of n.

PROOF. Denote by I the integrand in (16). By [18], (6.31.11)

L2

Using the estimate
(18) IL®@) < en®, 0<z<n
(see [18], (7.6.8)) we obtain
I1/2 n 21/2 )

20 a Y _ —~TZx
/Iszcn Z/z :ck—:vxke kdx <
0 k=1

k2y7-1
<cn2z a+tl 71_”kdz<cn -1 Z (———) +n| <en®.

k
Iksl

Now suppose %1 < z < n and consider the index j = j(z) defined by
jz —z;| = mln |z — zi|. As in [15], we get from [18] Problem 35 that

1<k<
(19) o - ol 2 VAIVE - VRl 2 evBlys - el 2 2,

Denote for z; <n :v; = ft-lgﬁi, z] = :—EQL, :1:;* = ﬂ;ﬂ, :1:;* =nif
zj+1 > n. It is clear from (17) that z <X z; if z € [:c;.,:c;*]. Using the
estimate ({18], (7.6.8) and Theorem 8.91.2)

(20) ILSf’)(z)l < Cx—a/2—1/4na/2—1/4ez/2’ 71 <z<n
further the identity
(@), \12
Ln [ 4 [ 4 ! 64 [ 4
B CI _ pr@en (6 = 22020
J

for some £ € [z,z;] (or £ € [zj,7]) we get

1:;" :z:'f"
Idz = / e™* [ Te~T%k dg <
/ Z |z — $k|

* *

]
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Sc/xae——z( —a-1/2 z, a— 1/22

|z — =]
z* .

Y, —TZ)
:cke +

/21 4= (@ 1)/2-1/4 0/ 2@t 1)/2-1/2,6 7 -7 ) de <

<c(:1:**-—.’l:])3:_1/2 oa— 1/2}: 1

VZili = kl
k#J

6"'7'Ik+

z**

]

+c:cj—1n°’/e_’e£ da::c}e—mf.

z*

]
It follows from [18], Problem 35 that z;;1 — z; = O(,/Z;) and hence
(21) e” < e,

:L; <z< it
s0 we get

i 1<z;

%
J

. 1
i < on(aff — ey (17 4 5L ge),
/ z < en®(z] :cJ):c] zle + 4 Ij—klxke )

z

J
z*

J

k#j
The estimate
Py
(22) i1 =z < y[=L (25 <n)
is known ([13], (9) and (10)), and then
z**
/ 1
/ Idz < cno‘_l/2x;l/2 :z;}e"'”’j + zk: mxze‘”’k
z; k#j
Now we have
— .9 7-1/2
a) na—l/? Z :Z:} 1/2 < cna-—l/2 (Jﬁ) < en®
i<[vn] i<lv/n]

Newt we shall use the following formula of Euler

b
23) 3 (k) = / f(z) dz — [o(b)£(b) ~ e(a) ()] + / o(2)f(z) de
a<k<b

a
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(see P. SzAsz [21], p. 685), where o(z) = z — [z] — 1/2.
b) n®-1/2 % xZ_l/ze“”i <eno-l/2 T e 52 <
iz{vnl+1 jz[Vnl+1
< en@—1/2 E e—c0j2/n
i2[vn}+1
a=1/2 l 2 + X } = V(T + ¥,).
[Val+1<j<[V/nlogn] [V/nlogn]+1<j

Obviously no—1/2 Y9 < en®t1/2¢~co log? " on the other hand, applying
(23) for a = [\/n] + 1/2, b = [V/nlogn] + 1/2, f(z) = e=coz?/n (hence
fl(z) = —(2c0/n):ue"co"'2/") we get

Vnlogn b

b
Z e—c0j2/n =/e—c0z2/n dr — _0/ 2 —cozz/ndz+
n

j=[vn]+1 a

b
‘ 2
+g_c_0 z[z]e”0* /™ dz +c—0/$e_80z2/" dz <
n n
a

b

b
< /e‘c0’2/" da:—}-c—o/:ve_cozz/" dz;
n
a

using the substitution coa:2/n =u/2 (dz/du = /n/2¢, T = /Q'C'_Ou,
d =4/ ?-,%Qa, V= -2-,%%) we obtain at last
[Vnlogn]

b v
. 2 ! 2
Z e_c‘”z/"s,/zl/e_’ /2d:r:+§'/:vt3":B 4z < c/m.
C
Oa’ o

j=[v/n]+1

c) n®— I/ZZ -1/2 Z F _—k' 7 eIk =
k#J

S W) WUl B Y L M
k=1
H‘*

P
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n
d) Y zleT kTl <

P (v
< (—) Py Z c/k<n” 7Zk27 lic<e
k=1 N k=[y/a]+1 k=1

3

Il
—

* ¥k
-
n

The above estimates imply [ Idz = 3, [ Idz < cn® Consider

11/2 I;
finally the case n < z. Again let [z — z;| = 1rr}cu<1 |z — z¢| and use the
<
estimate

(see [18], Theorem 8.91.2); then

a,—z [L(a)(x)] T /2
/Idx</ Z lx~xk| K24y <

T o, —z o 2 2
_<_/ [L( )( )2 Z —t Z e Y312 dz+
n

zk§n1/3 111/3<.’Bk5%
ZTpt+l
—rn/4 o, —z (o)y2 1 0‘) Q‘H)
pemt [ e QIR S || | o
n Tp2>n/2
k#;
00
—-Tn/4 o —zrla) 2 1
+-e % *[Ly ’(2)] Z I————Idx.
r—T
zutl sz% £

Here ¢ € (z,z;) and by (22) we also know that |z — ¢| = O(1);
consequently, using also (22) we get

o0

o0
/IdI < Cna+4/3/x‘2 (71_1/3 + e‘T"1/3/2> dz+
n

n
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zn+1 zn+1
+e—rn/4/$—2na+4/3 logndw+e-—'rn/fl/xae—zna+1l/6$—a—5/2 dat

n n
(o]

e /4 / 272023 og ndz < en®.
zn+1
Finally we get

o0 o0
/Ida:: /+/+/_<_cna+cn°’+cnagcn°’.
0 0 zy2 B

Lemma 2 is proved. 1

LEMMA 3. ([15], Lemma 1). Given A< p < land § >a >0, to
every f € C()) there exists a polynomial p(z) € P, such that

2
(25) |f(=) — p(2)] = O (") {W(F,a/n) + (%) } , (0 <z <d?),

(26)/$06~w|f(z)—p(z)|dx=0 {w(F,a/n)+(%>2+(a_2(1"__“)>"/2} ’
0

@0 p(=)=0 (e’\’> {a\n/r_zw(F’ a/n) + 1} , (0<z<a?/4).

We need also the inequality in [10]:

oo n oo

— 1—
/ o,z § : HTL Ik(zk a)"';:::(a"" Ik)g%(m) dxs/zae—(l—p)z dz,
0 k=1 0

and hence, taking into account the orthogonality of the Laguerre poly-
nomials, a simple calculation gives

00 1/2
(29) /zac_’:]Ln(f, z)|2 dz < élrsrlfgcn flzp)e Hok,
0

30) [ z% "% |Fu(f, )| dz < pzy pag
(30) / IFalf, )l de < e mpx flen)e o442 max f/(zg)e”
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o0
31 XeTTA dz < THTE
(31) J =T A9l de < max flarer,
0

where 0 < p < 1, f € C(p) in case (29) and (31) further f, f' € C(p)
in case if (30) and A, denotes any of the operators Hy, Py, Gn, In.
For the proof of (7) we apply Lemma 3 for a = ¢\/n, choose p € Pp
according to this lemma, taking into account (26), (29) and

/ 2%\ La(f,2) — f(z)|2dz <
0
20/ 2% ™% |Ln(f — p,2)|* dz + 20/ 2| f(z) - p(z)| dz,

the desired estimate (7) follows. Remark that we use also in the
following the fact: there exists §g = §y(F) > 0 and ¢y = co(F) >
> 0 satisfying w(F,8) > cpé (6§ < 8y, f # 0). Indeed, the indirect
assumption would lead to F' = const but then F = 0, f = 0 and this
case being trivial, can be excluded.

For the proof of (8) let f € C(\), A < 1 < 1, apply Lemma 3 at
a = ¢y/n (for some constant c¢; we take into account also in below that

for the largest zero of Lﬁ,")z we have zp < ¢y/n). Choose for f' the
polynomial p' € P, satisfying (25), (26), (27) (with f', p’ in place of f
and p). We may suppose f(0) = p(0) and then

z

f(z) = p(=) =/(f’(t)—p'(t)) dt=/6_"‘c“’ (f'(t)-p'(t)) dt =
0

0
= 0(e"™) [ H(f1(1) - /(1)) dt = O(e#®) max (F/(t) - p'(8)) M.
0<i<z
J 2%

Hence by Lemma 3 and by (30) the desired estimate (8) follows.
Now prove (10) (and after (9)). Since we have for any p € Pp:

n
p(z) = Fu(p,z) = Pa(p,3) = 3 (p'(z1) = plzp)) (z — 2 )} (2)
k=1
hence by Lemmas 1, 2 we obtainforany 0 < r < v —
n

p(z) = Pa(p, o)l < D (19 (e)l + Ip(ze)]) |o — 24|62 (2) <
k=1
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n

<c) et (7_—\/—10 ( \/_) + 1) |z — 2|2 (2) <

k=1

<3 e () ) g

|z — 2]

< en—@1/2 Z —Tz} (x/—w ( ﬁ) + 1) :H[ll?;a_)(iZ]I?

k=1

. 1 (L&)
< en~ ¢ —TT) L patlin
<en kE:l € w (F, ———ﬁ) Ty ————-——.|$ o]

and hence

(>

[ #1pta) - Palp, Dl dz < v (F ’ %Fﬁ)

0

and using also Lemma 3 we get

Jaoe 1@ = Pullde < [ a%e215(z) — pla)l ot
0 0

+/m“e—m|p(z)—Pn(p,:r)|d:z+]:r°‘e_m|Pn(p—f,:r)|da:§cw <F %) .

0 0

Now we prove (9). Observe that

Ho(f,) = Pa(f,2) = Y f(zg)(= — 25)E3(2)
k=1

and hence
0 co n
[aoe ittt a)-Pa D)l ds < [0 3 ha—zy () do

s a)
—a=1/2 [ ja -z LA—v)z 01+3/2[L71 (=)] ¢
<ecn 6/ E kg 7 =] dz < I
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For the proof of (6) it is enough to remark that

x
[2 e Pats, ) = B 0] ds =
0
0 n
a -z T =T ,9
=/g,- e la > f(zy) —(}(2)] dz <
k
0 k=1
B n
Sc/zae_zZe’\zkli:‘I_ﬂ“lgz(f)dx <
0 k=1 k
? n (@), 12
o, -z _—a—1/2 (A-v)z dﬂ+4/2[Ln (z)] _l_
SC/:Le n kz:le kay —_Il—fkl dec\/ﬁ,
0 =

finally, taking into consideration the identity

—aGn(f,z) = Pa(f,z) + (@ — 1)In(f,z),
the estimate (12) follows easily. |

PROBLEM. Extend our theorems for Lp-norm.

REMARKS. 1. It is easy to define the Greedy expansion for any
sequence of complex numbers (z,) and for any complex number z,
namely, let €n(2) = 1 if there exists ep41, €pg9, ..., € {0,1} such

n—1 0
that > er(z)zp + zn + Y €rzp = z, and 0 in the opposite case. Let
1 n+l
ex(z) == 1 —en (3 2zt — z). Then it is easy to see that if f(z) is an
entire function, which is additive with respect to all Greedy expansions
le. f(Depzg) =3 erf(zg), further there exists C > 0 such that

o0
C|zn| eréix Z Eg2),
k=n+1
for every n, then f(z) = ¢- z. Indeed, let z = 3 en(z)zn, N} 1= {n €
n
€ N : ep(z) =1}. Fix an n € Ny, consider the simallest & for which
en(z — kzp) = 1 but en(z = (b + 1)zp) = 0. Then k& < C and the
other e-s in the Greedy expansion of z — kzy and z — (k + 1)z are the

same, i.e. z 1 [f(z — kzn) — f(z — (k + D)zn)] = f(zn)/2n (n € NI');
hence, taking into account f(z — kz,) = f(z) ~ kzaf'(z) + O(}zn|?)
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and f(z — (k + D)zn) = f(2) — (k + Dznf'(z) + O(Jzn|?) we obtain
27 f(zn) = f'(2) + O(zn|) ie. lim fen) f'(z). Hence, in the

ne 1\11 in

o0
special case z = zg = Y zp we obtain lim L(,Zn'—‘) = f'(z), consequently
1 n—oo *

f'(2) = lim f(zn)

nENl Zn

= f'(=0)

for every z, ie. fl =ec.

2. Problem: Suppose (zy) is circle filling, f is totally additive on
H = {3 enzn : €n = Oor 1}, then is it true f(z) = cz (2 € H)
without continuity assumption on f?

o0
3. Conjecture: if |zp| > sup| D, epz;| for every n, then every
n+l
number z has at most one expansion z = Y e z;.
o0
4. Problem: if |zp} < sup| Y, erzi| for every n, then (zp) is circle-
n+l

filling or not?

5. Problem: H H = {5 enzn : €n = 0 or 1} has inner point, then
does it have 0 as an inner point? :

6. Problem: is the set H closed?
n .

7. Problem: 1 < z < 2, H = {Zs;w' :g;=0or 1} = {yn},
0

y; < y9 < .... Characterize those z2-es, for which yp4) —yn — 0
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In relational categories, i.e. functor-structured categories whose
types are coproducts of hom-functors of Set, we introduce a binary
operation of direct exponentiation for objects. The operation intro-
duced is a natural extension of the Birkhoff’s cardinal exponentiation
for posets.

It is well known that topological categories having well-behaved
function spaces, i.e. being Cartesian closed, play important roles in
many branches of mathematics. It seems therefore worthwhile to dis-
cover new Cartesian closed topological categories. For relational cate-
gories there arises a more special problem to determine subcategories in
which the direct exponentiation is well-behaved. Such subcategories we
call directly Cartesian closed. In the paper we deal with the problem
mentioned above — we find topological axioms of Herrlich that give
some directly Cartesian closed subcategories of relational categories.

Basic used notions from the category theory can be found e.g. in
[1]. By a relational category we understand a category S(F') where F is
a coproduct of hom-functors of Set. Recall that for a given set-valued
functor F : X —Set the symbol S(F) denotes the functor-structured
category of type F, i.e. the concrete category over X whose objects are
pairs (X, o) where X is a X-object and ¢ C FX is a subset, and whose
morphism from (X, ) into (Y,0) are the X-morphisms f : X —» YV
with Ff(p) C 0. Each functor-structured category is initially complete
and fibre small. H. HERRLICH [5] introduced the concept of topological
azioms in functor-structured categories: Let (X, g), (X, o) be a pair of
objects of S(F) with ¢ C 0. An object (Z,7) of S(F) is said to satisfy
the topological axiom

ot a[X]

provided that for each X-morphism f: X — Z,if f: (X,p) = (Z,7) is
a morphism in S(F), then f:(X,0) — (Z,7) is a morphism in S(F).
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For a given set M the symbol Hjs will denote the (covariant)
hom-functor of Set with respect to M. By H we denote a coproduct of
hom-functors of Set H = [| Hyy, where I # 0 is a set and {M;li € I} is

el
a family of nonvoid sets. Now we shall define a direct exponentiation for
objects of S(H) which extends the Birkhoff’s cardinal exponentiation
for posets [3]:

Let A = (X,p) and B = (Y,0) be objects of S(H). By the direct

power AB of A and B (in S(H)) we mean the object (Z,7) of S(H)
where Z = Mor(B, A) (Mor(B, A) denotes the set of all morphisms
from B into A in S(H)) and 7 C HZ is defined as follows: t € HZ,
t € 7 & for the index ¢ € I with ¢t € Hpy, Z and for each y € Y the map

tY: M; — X given by t¥(u) = t(u)(y) fulfils t¥ € p.

DEFINITION. A full subcategory R of a relational category S(H)
is called a directly Cartesian closed category if it satisfies the following
four conditions:

(1) in R all constant maps are morphisins,
-(ii) R is closed w.r.t. formation of initial objects of sources in S(H),
(iii) R is closed w.r.t. direct exponentiation in S(H),

(iv) for any three objects A, B, C of R and any map f: BxC — A
the following conditions are equivalent:

(a) f: B xC — A is a morphism in X,
(b) f*: C — AB, defined by f*(c)(b) = f(b,c), is a morphism in
R.

Thus, each directly Cartesian closed category is a Cartesian closed
topological category (in the sense of [4]) in which powers coincidence
with direct powers. In other words, in each directly Cartesian closed
category the direct exponentiation is well-behaved, i.¢c. behaved ana-
logically to the exponentiation in Set.

By R(H) we denote the full subcategory of S(H) whose objects are
precisely those objects of S(H) that satisfy the following two topological
axioms:

(1) 0+ H{B) [{0})

(2) nbwu{idy |]]Mix M;
i€l
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where # = [[{f : M; — M; x M;| there exists a constant map
i€l
fo : M; — M; such that f = (fy,idpg) or f = (idpyg, fo)} and
d = I_II{(ldM,ﬂdM‘)}
1€

As an example, let the family {M;|: € I} consist of finite sets only.
Then S(H) is the category of sets with systems of relations of finite
arities. Objects of R(H) are precisely those objects of S(H) for which
all relations o N Hp, X (i € I) on X have the two properties “to be
weakly reflexive” and “to have the diagonal property” introduced in
[6]. Especially, if {M;|: € I} consists of only one two-point set, then
S(H) is the category of sets with binary relations and R(H) is the
category of preordered sets.

TUEOREM. R(H) is a directly Cartesian closed category.

ProoF. (i) The axiom (1) immediately implies that all constant
maps in R(H) are morphisms.

(ii) Let fi : X — (Xk,01), k € K, be a source in R(H). Obviously,
the object (X, p) of S(H) where p = {r € HX|H f(r) € p; for every
k € K} is the initial object of this source in S(H). It can be easily seen
that (X, p) is an object of R(H).

(iii) Let A = (X, ), B = (Y, 0) be two objects of R(H). Clearly,
the direct power ABin S(H) satisfies the topological axiom (1). We are
to prove that it satisfies also the axiom (2). On that account, denote
(T,\) = AB. Let f: (]] M;x M;,7) — (T, ) be a morphism in R(H).

iel
For any ¢ € I let g; Ee H)g, T be the map defined by g;(«) = f(u,u)
whenever © € M;. Foreachy € Y and each d € T put hy(d) = d(y). Let
r € A and let ¢ € I be the index with r € Hyy, T. Then for each y € ¥
and each u € M; there holds Hhy(r)(u) = hy(r(u)) = r(u)(y) = r¥(u).
Hence, for each y € Y and each r € X we get Hhy(r) = r¥ € o
Therefore hy : (T, \) — (X, 0) is a morphism in R(H) for every y € Y.
Consequently, hyo f : ([] M; x M;,7) — (X, ) is a morphism for
i€l
eachy € Y. Since A fulﬁlseaxiom (2), it holds H(hy o f)(idps;,1dpy,) =
_—_hyofo(idM‘.,idMl.) cpforcachi € I. Next, foranyye Y, i€l
and u € M; we have g;y(u) = gi(u)(v) = f(w,u)(y) = hy(f(u,u)). Thus
gf/ = hyofo(idM‘.,idM‘.) for each y € Y and : € I. Therefore g;y € p for
anyy €Y andi € I,i.e. g; € Aforalli € I. Since H f(idyy;,1dpy;) = g

for every i € I, the topological axiom (2) is satisfied for AB.
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(iv) Let A= (X, p), B =(Y,0), C = (Z,7) be objects of R(H) and
f:BxC > Aamap. fY xZ=90,1e. f Y =0or Z =0, then
Mor(C, AB) has exactly one element. This element can be considered
to be the map f*. Then both f and f* are constant maps, hence they

are morphisms in R(H) by (i). Therefore axiom (iv) is fulfiled. Suppose
YxZ#60.

I. Let f: Bx C — A be a morphism in R(H). Let ¢t € 7 and
let i € I be the index with t € Hpy,Z. Put (V,p) = B x C. Let
z € Z,s€onNHyY and let ¢ : M; — V be the map given by
g(u) = (s(u),z) for each u € M;. Then g € p because C =(2,7)
fulfils axiom (1). Since H f(p) C p, we have H;f(g) = fog € p. For
each u € Mj there holds f(g(u)) = f(s(u),z) = f*(z)(s(u)). Thus
ff(z)os = f o g. Consequently, f*(z) 0 s € p and hence f*(z) €
€ Mor(B,A). Particularly, f*(¢(u)) € Mor(B, A) for each u € M;. Next,
let y €Y and let h: M; — V be the map defined by h(u) = (y,t(u))
for each u € M;. Then h € u because (Y, o) fulfils axiom (1). We have
(f* o t)¥(u) = f*(t(u))(y) = f(y,t(v)) = f(h(u)) whenever y € Y and
u € M;. Hence (f*ot)¥ = fohforally € Y. As Hf(u) C p, there
holds Hf(h) = foh € p. Thus, (f*ot)Y € p for every y € Y. Denoting
(T, ) = AB we get f*ot € A. Therefore Hf*(r)C A, i.e. f*:C — AB
is a morphism in R(H).

II. Let f*: C — AP be a morphism in R(H). Clearly, there holds
f = eo(idy x f*) where e : B x AB _ A is the evaluation map
defined by e(y,g) = g(y). Thus, it is sufficient to show that e is a
morphism in R(H). On that account, denote (W,v) = B x AB. Let
p € v and let i € I be the index with p € Hp,W. Then there exist
s € oNHyY and r € AN Hpy, T (recall that (T,)) = AB) such
that p(u) = (s(u),r(u)) for each u € M;. Put g; = oN Hps, X. Then
r¥ € g; for each y € Y. Therefore rs(u) ¢ 0i for any u €y, For each
pair u,v € M; put py(u) = rs(“)(v). Then py(u) = r(v)(s(u)) for all
u,v € M;, i.e. py =r(v) os for each v € M;. Since r(v) is a morphism
from B into A in S(H) for every v € M;, we have p, = r(v)os =
= H(r(v))(s) € p; for all ve M;. Put (X xX,€)=(X,p;)x(X,p;). Let
g: M; x M; - X x X be the map defined by g(u,v) = (pu(u), pu(v))
and let f € mi = mnH)y (M; x M;) (for the definition of 7 sce the
topological axiom (2)). Suppose f = (fo,idps;) and let ug € M; be the
point with fy(u) = ug for each u € M;. Then for any u € M; there holds
9(f(w) = gluo,u) = (Pulno), Pug(w)) = (r*(*0)(u), puy(w)). Hence
Hp9(f) = g o f = (r*(40),pyy). Otherwise, supposing f = (idag;, fo)
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we get Hprg(f) = (puo,r"(”())). Thus, in both the cases we have
Hg,9(f) € €. Therefore g is a morphism of (M; x M;, ;) into (X X X, )
in S(Hpy;). Obviously, since the object (X, ) X (X, p) fulfils axiom (2)
in S(H), the object (X x X, §) fulfils the axiom

mi by U {(8d gy, idpg ) MG x M)

in S(Hyy;)- Thus, the map w : M; — X x X defined by w(u) = g(u, u)
fulfils w € £. Consequently, the map ¢ : M; — X given by ¢(u) = pu(u)
fulfils ¢ € ; C p. For any u € M; there holds e(p(u)) = e(s(u), r(u)) =

= r(u)(s(u)) = r*()(u) = py(u) = g(u). This implies eop=gq and hence
He(p) = eop € g. Therefore e is a morphism of B x AP into 4 in
R(H). The proof is complete.

REMARK. Denote by = the isomorphism in S(H). One of the
consequences of the directly Cartesian closedness of R(H ) is the validity
of the law (A8)C 2 ABXC for objects of R(H). Let Ry(H) or Ry(H)
respectively be the full subcategory of S(H) obtained by applying only
the topological axiom (1) or (2) respectively in the definition of R(H).
Of course, neither Ryj(H) nor Ry(H) are directly Cartesian closed in
general. Let A be an object of Ro(H) and B, C be objects of Ry(H).
Then from the proof of Theorem it follows that the map f — f* is a
bijection of ABXC onto (AB)C. But it can be easily shown that this
bijection is an isomorphism in S(H), i.e. that (48)C = 4BxC,

Now we are aiming to give an application of the Theorem. Let G
be a small set-functor {1}, i.e. such a functor G : Set—Set for which

there exists a set M such that GX = |J Gf(GM) for any set X.
FiM—X
Put H = [] Hpy, where My = M for each t € GM, and for every
teGM
set X let 7y : HX — GX be the map defined by 7x(h) = Gh(t)
whenever 2 € Hp, X and ¢t € GM. Let T(G) be the full subcategory

of the functor-structured category S(G) whose objects are precisely
those objects (X, p) of S(G) for which (X,Tj?l(g)) satisfies both the
topological axioms (1) and (2) in S(H). Since 7x is surjective for each
set X and since 7 : H —» G is a natural transformation, the map given
by (X, 0) — (X, T}l(g)) defines a full concrete embedding of T(G) into
R(H). Thus, according to Theorem we get

COROLLARY. There exists a full concrete embedding of T(G) into
a directly Cartesian closed category.
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1. Introduction

Let A and B be lattices, and let S be a common sublattice of A
and B. The lattice L amalgamates A and B over S iff L contains A
and B as sublattices sharing S as a sublattice. Such a lattice L always
exists; we express this by saying that the variety L of all lattices has
the Amalgamation Property.

Of course, if L amalgamates A, B, S, so does every lattice contain-
ing L as a sublattice. However, even if we assume that L is generated
by A U B, in general, there are very many lattices amalgamating A,
B, S. 1t is not difficult to find an example of A, B, and S, all finite,
such that there are infinitely many different lattices generated by AU B
amalgamating A and B over S.

A classical example of amalgamation where the result is unique
and L = A U B is the gluing of lattices (the special case when S
is a dual ideal of A and an ideal of B). A recent series of papers
(A. SLAvik [8], A. DAY and J. JEZEK [1], E. FRIED and G. GRATZER
[2] and [3] E. FRIED, G. GRATZER, and H. LAKSER [4]) investigate a
generalization of gluing called pasting: Let L be a lattice. Let 4, B,
and S be sublatticesof L, ANB =5, AUB = L. Then L pastes A and
B together over S, if every amalgamation of A and B over S contains
L as a sublattice.

In this paper, we investigate the Unique Amalgamation Property:
Let A and B be lattices, and let S be a common sublattice of A and B.
If there is a lattice L amalgamating A and B over S with the property
that every lattice L' amalgamating 4 and B over S contains L as a
sublattice, then we say that A, B, and S have the Unique Amealgemation
Property. The actual definition is slightly more techinical, see Section 2.

*The research of both authors was supported by the NSERC of Canada.
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For isntance, if L pastes A and B together over S, then A, B, and
S have the Unique Amalgamation Property. In this note, we prove the
converse for finite lattices. We also provide examples to show that the
converse does not hold for infinite lattices.

2. Definitions

We start with some definitions:

DEFINITION 1. (see, e.g., G. GRATZER [5]). Let s4 and sp be
embeddings of the lattice S into the lattices A and B, respectively.
The lattice L amalgamates A and B over S, if there are embeddings f4
and fg of A and B into L, respectively, such that s4f4 = sgfp (see
Figure 1).

A
. S
A
S——»A fa
€a
f
¢ B
. N
B———»L T
fg s K
Fig. 1 Fig. 2

DEFINITION 2. (G. GRATZER [5, Exercise 12 of Section V. 4},
A. SrLavik [8]). Let L be a lattice. Let A, B,S be sublattices of L,
ANB=S5,AUB =L. Let f4 and fg be the embeddings of A and B
into L, respectively. Then L pastes A and B together over § if whenever
g4 and gpg are embeddings of A and B into a lattice K, respectively,
satisfying g4 = zgp for all z € S, then there is a homomorphism h of
L into K satisfying fah = g4 and fgh = gpg (see Figure 2).

Note thiat the homomorphisin h is always an embedding; this follows
from a result of E. FRIED and G. GRATZER [3].

We cannot hope for unique amalgamation unless we require that

A and B sit properly in L. To formalize this, we need a definition
(B. JONsson {7]):

DEFINITION 3. Let A, B, and S be lattices, AN B = 5. On
P = AU B, we define a poset P = P(4, B, S) as follows:

(i) For z,y € A (and for z,y € B), z <y in P iff £ <y in A (resp.,
z <yin B).
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(ii) For z € A and for y € B, z < y in P iff there exists an s € S with
z <sin A and s < y in B; and dually, for y <.
P contains A and B as subposets; in fact, if a3 Vag = a3 in A, then
sup{aj,ag} = a3 in P, and dually for A and inf, and symmetrically for
B. Now we are ready to define the Unique Amalgamation Property:

DEFINITION 4. Let s4 and sg be embeddings of the lattice S into
the lattices A and B, respectively. (A, B,S,s4,sp) has the Unique
Amalgamation Property if there exists a lattice I and embeddings fy4
and fp of A and B into the lattice L, respectively, such that the
following conditions hold:

(i) L amalgamates A and B over S, that is, s4fa = spfg;

(i1) whenever g4 and gp are embeddings of A and B into the lattice
K satisfying s494 = spgp and such that ¢ = g4 Ugp is an
order-isomorphism of P = AUB into K, then there is an embedding
h of L into K satisfying g4 = f4h and gg = fph (see Figure 3).

Sa
S——p A

Fig. §

For brevity, we shall say that A, B, S have the Unique Amal-
gamation Property if (A, B, S,s4,sp) has the Unique Amalgamation
Property and s 4 and spg are understood, for instance, if S is a sublattice
of A and B. If 4, B, S have the Unique Amalgamation Property, and
L is the lattice described in Definition 4, then we call L the unigue
amalgam of A, B, S.

At first it may appear that (ii) should have been formulated as
follows:

(i1’) whenever g4 and gp are embeddings of A and B into the lattice K
satisfying s 494 = spgp, then there is an embedding A of L into K
satisfying g4 = fah and gg = fph.

We shall show an example in the next section to illustrate why this
more natural definition is not satisfactory. A related question is the
following: if L is the unique amalgam of A, B, S, do the embeddings
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fa and fp satisfy the assumptions of (11)? It follows from the discussion
in Section 4 that the answer is in the affirmative.

3. Examples

All the examples of pasting (see the references, especially, [1], [2],
(3], [6], [8]) are examples of the Unique Amalgamation Property. Figure
4 provides a new type of example. In Figure 4, the black-filled elements
from S, an infinite chain of type w + w*. The lattice A is S U {a},
and B is S U {b}; both are chains. Then A, B, S have the Unique
Amalgamation Property, and the unique amalgam is the lattice L of
Figure 5.

.
-----o-0-0
~----0—0-9

a o Ob a b

E : E

Fig. 4 Fig. § Fig. 6

The lattice L' of Figure 6 illustrates why we need condition (ii)
rather than (ii’) in Definition 4. If, instead of (ii), we use (ii’), then
L is not the unique amalgam of A, B, S; indeed, A and B have
obvious embeddings into L' but L does not embed into L'. In fact, with
(i’) replacing (ii), 4, B, S does not have the Unique Amalgamation
Property.

Figure 7 provides a different type of example of unique amalgama-
tion. The black-filled elements form S; it is a chain made up of three
copies of the chain of integers. The striped elements form B-A; tlie
lattice B is constructed as follows: add a zero to S and form its direct
product with C9 (the two-element chain). Finally, A-S consists of the
two white-filled elements.
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Fig. 7
The reader may find it instructive to reason precisely why Figures 4

and 7 depict pairs of lattices with the Unique Amalgamation Property.
The reasouns for the two situations are quite different.

4. Unique Amalgams

In this section we prove some properties of unique amalgams.

We shall utilize two well-known lattice constructions.

If P is a partially ordered set and X C P, then let X* denote the
set of all upper bounds of X in P and let X! denote the set of all
lower bounds. X¢ = (X*)! is the closure of X. X C P is closed if
X¢ = X, the closure of a set is closed. The MacNeille completion P€ of
P consists of all the closed sets (see G. Gritzer [5], and the references
therein).

P has a natural map ¢¢ into P by mapping p into (p] = {z €
€ Plz < p}. The MacNeille completion P¢ of P is always a complete
lattice; moreover, every sup in P becomes a (complete) join and every
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inf becomes a (complete) meet. Hence if sup{z,y} = z in P, then
TPV y¢© = z¢°, and dually. ¢° is an embedding of the poset.

Now we can answer the question raised after Definition 4: If L is the
unique amagam of A, B, S, do the embeddings f4 and fg satisfy the
assumptions of Definition 4 (i1)? Indeed, take the MacNeille completion
P€of P = P(A, B, S) (see Definition 3). Then ¢¢ embeds A and B into
P¢ in a manner required by Definition 4 (ii); so f4 and fg must also
satisfy the assumptions of Definition 4 (ii).

For the next lattice construction, we need an additional definition:

DEFINITION 5. Let A, B, and S be lattices, ANB = S. On the set
P = AU B, the partial algebra Part(A, B, S) with the partial binary
operations A and V is defined as follows:

(1) fz<yin P,then z Ay ==z and zVy =y in Part(4, B, S).
(i1) If z,y,z € Aand z Ay = z in A, then £ Ay = z in Part(4, B, S);

and similarly for z Vy = z in A.

(ii1) Same as (i), for z,y,z € B.

An ideal I of Part(A, B,S) is a subset I of P such that if z € I,
yeP,y<z,thenyel,and if z, y, z€ I and zVy=z in Part(4, B, S),
then z € I. For a subset X of P, (X] will denote the smallest ideal
containing X; if X = {z}, we write (z] for (X] and call it principal.
The ideal I is finitely generated if I = (X] for a finite set X.

Dual ideals are defined dually.

Let Id(Part(A4, B, S)) (or Id(P), for short) denote the lattice of
ideals of Part(A4, B, S). Then Part(A, B, S) has a natural map old
into Id(P) by mapping p into (p] for p € P. The map ¢'4 is one-to-one
and it preserves the partial operations of Part(A, B, S): if z V y exists
in Part(4, B, S), then (z V y)¢!d = z¢1d v yg!d; if 2 A y exists in
Part(A, B, §), then (z A y)q’)Id = z¢ld A ygld, Note, however, that
(z Vv y)¢Id = z¢Id may hold event though z Vy = 2z does not hold in
Part(A, B, S).

LEMMA 6. Let A, B, S have the Unique Amalgamation Property,
P = P(A, B,S). Form the lattices: P{; and Idz4(P), the sublattices
of P¢ and Id(P) generated by the images of P under ¢¢ and ¢4, re-
spectively. Then there exist an isomorphism a4 from Pg, into Idzq(P)
such that ¢¢ald = ¢!d (see Figure 8).

PROOF. Let L be the unique amalgam of A, B, § with the

embeddings f4 and fg of A and B into L, respectively. Now apply
Definition 4 to K = P;d and the embeddings g4: the restriction of

¢¢ to A, gp: the restriction of ¢¢ to B. It is easy to prove that the
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assumptions of Definition 4 (ii) are satisfied for g4 and gg. Hence,
there is an embedding h° of L into K. Since P}d is generated by the
image of P under ¢°, the map k¢ is onto, hence it is an isomorphism.

We proceed in the same fashion with Idfd(P); again, for the nat-
ural embeddings g4 and gpg, the assumptions of Definition 4 (ii) are
satisfied. Thus we obtain an isomorphism k!4 of L with Idsg(P). We
can obviously define o' = (k€)= 114, The lemma now follows.

Lemma 6 is quite trivial, nevertheless, it has some interesting con-
sequences.

1dga(P)
O
d b=
¢ T :
P — Prcd
¢C
Fig. 8 Fig. 9

THEOREM 7. Let A, B, § have the Unique Amalgamation Prop-
erty, P = P(A,B,S). Let I be a finitely generated ideal, and let D be
a finitely generated dual ideal of Part(A4, B, S), I, D # 0. If I* = D

and D! = I, then I is principal.

PROOF. Let us assume that I is not principal. It follows that D is
not principal either; indeed, if D = [d), then D! = I, a contradiction.
We further claim that TN D = §. Indeed, if u € IN D, then u € D,
hence u is an upper bound for all the elements of I; on the other hand,
u € I, hence I = (u], a contradiction.

Now let P* be P with two new elements p and ¢ (see Figure 9). We
define the partial ordering on P* as follows: for u, v € P, u < v in P*
fu<vin P;p<gqgi<p,qforalliel;p,g<dforallde D. Itis
routine to check that P* is a poset. A

Moreover, if u Vv = w in Part(4, B, S), then sup{u,v} = w in P*.
Indeed, sup{u,v} = w in P. If p or ¢ happens to be an upper bound
for u and v in P*, then u, v € I, therefore w € I, implying that w <p
and q.
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Now let L be the unique amalgam of A, B, S with the embeddings
fa and fg. Let K be the lattice (P*)¢, with the embedding j of P*
into K defined by uj = {v|v € P* and v < v} (= (u] in P*). Define h 4
and hpg as the restrictions of j to A and B, respectively. By Definition
4, there is an embedding h of L into K (see Figure 3). Obviously, h
maps the element af4 of L(a € A) into {a}° = (¢} and bfg of L (b € B)
into {b}¢ = (8].

I and D are finitely generated, say, I = ({uy,...,un}] and D =
= [{v1,---,vm}); since I and D are not principal, n, m > 1. In
P* p = sup{uy,...,un} and ¢ = inf{v],...,vm}, hence in K, pj =
=uJV...Vupjand g =vij A... AvmJ.

We can repeat the same argument with the partially ordered set
P** which is defined exactly as P* except that p = g. We obtain the
embedding j' of P** into K’ = (P**)¢ and the embedding h’ of L into
K. In K uijj' V.. Vupj' =pj' = qj' = vij' A ... Avmy'.

This is now a contradiction, since

pj=u1j V... Vunj = urf/ (W) TRV .V ung (M) TR =
= (u1j’ V... Vuni YR h = (v A Avmi' )W) TR =
= v’ (K) TRV Vo' (W) h = v AL Aomi = g

but pj < gj. The proof of the theorem is complete.

Fig. 10

A small example is shown in Figure 10. Let A and B bhe both
isomorphic to Cy x €3 and let S be Cy x Cy (Cp is the n element
chain, n = 2,3). Figure 10 shows P = P(A, B, S); the elements of S
are black-filled, the elements of A-B are dot-filled, and the elements of
B-A are white-filled. A, B, S fail the Unique Amalgamation Property.
Indeed, let the ideal I be the bottom three elements, the dual ideal D
be the top three elements. Then I and D satisfy the assumptions of
Theorem 7, but I is not principal.
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TUEOREM 8. Let A, B, S have the Unique Amalgamation Prop-
erty, P = P(A, B, S). Let I be a nonempty finitely generated ideal of
Part(A, B, S). Then I is closed.

PROOF. By Lemma 6. there is a lattice embedding ¢ from 1d ¢4(P)
into P¢ such that (u]¢ =(u] for all u € P. We claim that [¢=1I. Since I is
nonempty and finitely generated, we can assume that I = ({uy,...,un}
for some uj,...,un € Pandn > 1. Then I = (u;] V...V (up], and so
I = (ui]d V...V (un]é = (ui] V...V (un], where the joins on the right
side are formed in P€, thus (uj} V...V (uy] = I°. We conclude that
I¢ =I°¢. Now if z € I°, then (z} C I, and so (z]¢~! C I°¢™L, that is,
(z] C I, and therefore £ € I. Thus we have proved that I° C I, and so
I¢ = I, completing the proof.

5. The finite case

We now investigate the Unique Amalgamation Property for finite
lattices.

THEOREM 9. Let A, B, and S be finite lattices, ANB = S..If A,
B, and S have the Unique Amalgamation Property and L is the unique
amalgam, then L pastes A and B over S.

PROOF. Let P = P(4,B,S), and choosea € A— B andb € B— A.

Firstly, we claim that if @ and b have an upper bound in P, then
they have a least upper bound sup{a, b} and sup{a,b} € ({a,b}] (the
ideal is formed in Part(A, B, S)).

To prove this, define I = ({a,b}}, D = I*, and J = D!. Since P is
finite, J and D are finitely generated ideals; obviously, J, D # §. Thus
Theorem 7 applies, J is principal, J = (¢]. Obviously, ¢ = sup{a, b}.
On the other hand, I° = J, and by Theorem 8, I is closed, hence I = J.
Thus I = (¢, which was to be proved.

Secondly, we claim that a and b have a common upper bound in P.

Indeed, if they do not, then the unit element a* of A and b* of
B have no common upper bound in P. Obviously, a* € A — B and
b* € B — A; otherwise, a* V b* exists and it is an upper bound for a
and b.

Form D = {a*,b*}, Clearly, D is a dual ideal of Part(A, B, S).

Now define I = D!, Take any s € S. Then s < a*, since s € A.
Similarly, s < b. Thus s € I, and so I # (. Since A and B are finite, I
and D are finitely generated. Therefore, we can apply Theorem 7 and
conclude that D is principal, an obvious contradiction. This proves our
second claim.
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Now we quote a result from E. FRIED and G. GRATZER (3] (Lemma
8, part (VIID)): if ({a,b}] = (c] in Part(A, B, S), and any pair of
elements in P have a common lower bound (which holds by the dual
of the second claim above), then there is an increasing sequence of
elements of S: z1,...,z, satisfying 21 < a, 29 <bVzy,z3<aVazy,...
and aVz, = cifniseven, bVz, = cif nis odd, or alternatively, z1 < b,
z9<aVzi,z3<bVzy,...andaVzy=cifnisodd, bVzy=cifn
is even.

By the two claims above (along with their duals), P as a poset is a
lattice. P contains A and B as sublattices and AU B equals P. Since A,
B, and S have the Unique Amalgamation Property, we conclude that
we can take P as the unique amalgam.

Finally, we apply Theorem 5 of E. FRIED and G. GRATZER (3]
which states that, under these conditions, L is the pasting of A and B
over S (condition (Ord) of (3] is satisfied by L by the construction of
P, see Definition 3; condition (Seq) of [3] was verified in the last but
one paragraph). This completes the proof of the theorem.

In conclusion we mention a problem: which lattice varieties are
closed under the formation of unique amalgams? In E. FRIED and G.
GRATZER (3] it is proved the the varieties M (of all modular lattices)
and D (of all distributive lattices) are closed under pasting.
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Introduction

For a complete lattice L, a congruence relation © of L is called a
complete congruence iff it satisfies the condition:

z; = yi(0),t € I,implies that A z; = Ay;(0) and V z; = Vy;(0).

The complete congruence relations of L form a complete meet sub-
semilattice of the congruence lattice of L; hence they form a complete
lattice, denoted by Com L. It is well-known that the congruence lattice
of a lattice is algebraic and distributive. However, this is not so in the
case of the complete congruence lattice. K. Reuter and R. Wille [1]
show that if D is a complete distributive lattice in which each element
is the supremum of V-irreducibles, then D is isomorphic to Com L
for some complete lattice L. They also give examples showing that
Com L is not distributive for some complete lattice L. They ask the
question whether every complete lattice K is isomorphic to Com L for
some complete lattice L. We glve an affirmative answer to this problem
when K is finite.

Preliminaries

Let [n] and w be the set of first n natural numbers and the set of all
natural numbers, respectively. Let v be an ordinal and let {Ly|a < v}
be a family of lattices. The sum 5 (Lala < 7v) is the lattice with
underlying set U(Lq|o < 7) and, besides the inherited order relations
of each Lq, we have z < y for all z € La, y € Lg, with o < 8 < 7.
The zero and the unit of a lattice (if they exist) are denoted by O and
I, respectively. Let L; and L9 be lattices such the L; has a unit and
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L9 has a zero; then Ly @ Lo is the lattice obtained from L 4+ L9 by
identifying Iy, with Op,. The dual of a lattice L is denoted by Lé.

We shall be considering chains which can be obtained form w and [n]

by tlie operations 4, @, ()d Thus it is appropriate for us to define, for
a chain C, the support of C to be the set suppC = {[z,y]|z—<y in C}.
Let C} and C9 be chains, we define the support of C1 x Cy to be the set:
supp (C1 x Cg) = {[(2,3), (#,0)][[z,u] € C1, [y, v] € Cy}. A valuation
of a chain C by a set R is a mapping ¢ : suppC — R. Let ¢ be a
valuation of C, the induced valuation ¢ X ¢ : supp(C; x C3) - Rx R
is the mapping ¢ x o([(z,y), (u,v)]) = (¢lz,ul,¢ly,v]). The natural
valuation of L% obtained from ¢ is denoted by ¢

Let C be a chain and let ¢ be a valuation of C. We construct a
lattice p*C as follows: ©*C has the underlying set

(C x CYU {ua]a € supp(C x C),p X p(a) € A},

where A is the diagonal of R x R and, besides the inherited order
relations of C' x C, we define z-—<uq—<y for each a = [z, ¥].

Let D = C? @ C be a chain with valuation w. We call the sets
A(p*D) = {z(r,r)[r € D} and A*(p*D) = {z(r,r)lr € C}, the
diagonal and upper diagonal of ¢*D respectively.

The elements of w will be named by 0,1,2,... in the usual order.
The element z € Ly in Y (Lala < ) will be written as z, and the
corresponding element of z € L in L4 will be denoted by z?. We shall
reserve the letters ¢ and y for the labelling of the elements of ¢*C in
the following manners: Each (., .) € C x C, we label by z(., .) and
each ue—<z(., .), we label by y(., .). An appropriate subscript will be
attached to z and y whenever it is necessary.

Let L be a complete lattice. For a, b € L, let ©*(a,b) be the
principal complete congruence of L collapsing a and b. For @ € Com L,
we have © = V(©*(a,b)|[a,d] € I) where I ranges over all the closed
interval [a,b] collapsed by ©. We say L is con-discrete if for each
© € Com L, the index set I can be restricted to the set of discrete
intervals of L. Thus if C is a chain obtained from w and [n] by the

operations +, ®, ()¢, then C is condiscrete.

The Construction of L

Let K be a complete lattice with zero § and unit 1. Let K*=I —{0}.
Let the elements of i'* be listed in a fixed sequence aj,ag,...,an = 1.

Let K() = K* — {1} and K® = {{a,b}]a,b € K* and a,b are not

comparable }. We construct the following complete sublattices of L.
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(1) The sublattice L.

Let Cy be the chain w+{1] and let the valuation g : suppC — K be
given by pg[2k —1,2k] = ag, for k = 1,2,...,n—1, and pplk, k +1] =1,
otherwise. Let Dy = Cg @ Cy and let 3y = cpg U ¢g be the natural
valuation of Dy. Let Lo = (#3Dp) U {20} be given additional order
relation 0¢5D0_<20_<I¢6D0' Then Ly is a complete lattice. The

elements of 9§Dy will be labelled with a subscript 0.
(ii) The sublattice Lg, for a € K(1),

Let the subsequence a;),a;,,...,a;, of aj,ay,...,a, be a listing

of (a] — {#}. Let Cj be the chain w + [1] and let the valuation ¢, :
supp Cq — K be given by:

a, if[z,y]=[0,1]or [r+1,r +2];
_ J e, if[zyl=[kk+1]or
walz, Y] [k+r+1,2k+r+2], k=1,2,...,r
1, otherwise.

Let Dy = C’f,l @ Cy and let g = tpg U wq be the natural valuation
of Do. Let Lg = (¢¥2Dg) U {wg, za} and let

Oys pa—<za—<Iysp, and y((r+1)%, (r+1)%)—~<wa —<y((r+2), (r+2)).

Then Lg is a complete lattice. The elements of 1} D, will be labelled
with a subscript a.

(iii) The sublattice Lq, for a € K3 o = {a, b}.

Let the subsequence i), Qig, Qig of ay,a9,...,an be a listing of
{a,b,a V b}. Let w; and wy be two copies of w and let Cy be the
chain w; + w9 + [1]. Let the valuation ¢4 be given as follows:

aVvb, if[z,y] =[0,1];
: a, if [z,y] = [(k)1,(k + 1)1] and k is odd,;
palz,y] = { b if [z,y] = [(k)1,(k + 1)1] and k is even;
aj,, if [z,y] = [(2k — 1)9,(2k)g], for k = 1,2,3;

1, otherwise.

Let Dy = C% @ Cy and let g = ¢ Upa. Let Ly = (2 Dy) U
U{waq, zo} be given the additional order relations:

O¢3D0_<ZO‘_<I¢;D¢, and :I:(Og, 0‘21)—<wa—<:1:(02,02).

Then Lo is a complete lattice. The elements of ¢} Dy will be
labelled with a subscript a.
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A sketch of the lattice Ly, Lg, and Ly are given in Figure 1(a),
1(b), and 1(c), respectively.

Let L' = LyuJ (LbIb € K(l)) uy (La|a € K(Q)). We identify all
the zeros of Ly, Ly, Lo and all the units of Ly, Ly, Ly. Furthermore,
let the following additional order relations be defined on L':

(Ai.) Foreach Ly, be K(l), aj=a; € (b} —{0}, k=1,2,...,r,
z9(27 — 1,25 — 1)<zp(2k + r + 1,2k +r + 1),
z0(27,25)—~<zp(2k + 1 + 2,2k + r + 2),
zg(2n — 1,2n — 1)—<zy(3r + 3,3r + 3),
zo(2n, 2n)—~<xp(3r +4,3r +4).

Xo(rd 1)

Fig. 1{a) Fig. 1(b)

(A.i1.) For each Lg, a = {b,c} EK(Q), aj=a;, € {b,c,bvc}, k=1,2,3,
z(2) — 1,25 — 1)—<=za((2k — 1)g, (2k — 1)),
0(2,27)<za((2k)2, (2k)2).

Let L be the resulting poset obtained from L'. For a subset S of L,

we write
s=50J(Silbe KO) U (Sala e K@),
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X, (1t 1)

Fig. 1(c)

where Sy = SN Ly, Sy =SNLy and Sq = SN Ly. By observing that
the additional order relations (A.i) and (A.ii) are given along the upper
diagonals of Ly, Ly and L. We have

(B.i) For each S;, ¢ € KM y K@) there is a largest element
po € A(¥gDyg) such that pg < A;S; € L;. Hence AS; in L is equal
to A;S; in L;. Obviously ASy is equal to AgSp in Lyg.

(B.ii) There is a least element ¢; € A1 (¥ D;) such that ¢; > V(.S €
€ Lg. Thus VSp in L is equal to VSp in Ly. Clearly VS; in L is equal
to V;S; in L; fori € KW u K3,

CLAIM 1. L is a complete lattice.

PROOF. In view of (B.i) and (B.ii), we need only verify that any
two elements of L have a join and a meet. Let r, s € L; up to symmetry,
we have the following possibilities:

(i) ,s€eLg(orr,se€L;t€ KMy k@)

In this case, the join and the meett of r and s are respectively the
join and meet that already exist in Ly (or L;).

(i) re Ly s€Lji,j € KDUK® i#;.
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In this case, 7V s is always the unit of L and rAs = p(l) Ao pg, where
pé <r and pg < s are as defined in (B.i).
(ii1) r € Ly, s € L;.
Let Py < s and ¢; > r be as defined in (B.1) and (B.ii) respectively.
ThenrAs=pygAgrandrVs=gqV;s.
Cramm 2. ComL = K.

ProoF. It is not difficult to see that Lo and all L;, ¢ € KDy
UK are condiscrete. Indeed, ComL;, t =0 or: € Ix’(])UI\'(Q), 15
generated by those intervals in [A"’(z/;fD,-)]2 N supp(D; x D;). For
O € Com L, if there exist r and s such that r € L;, s € Lj, L; # Lj, and
r = $(0O), then r A s = r vV 5(0). This implies that © must collapse
some interval [z,y] having value (1,1) and © = 1. Thus, if © #1, every
congruence class of © must be contained in some L;. By (A.1) and
(A.ii), we have that every © € Com L is gencrated by those intervals
in [A+(¢6D0)]2 N supp (Dg x Dy). For each a € K*, and each 7 =0 or
i € KWUK® it is not difficult to see that there is an O;(a) € ComL;
such that:

[z,y) € [A"'(l/)Z‘Di)]Q N supp(D; x D;) and z = y (O;(a)) if and
only if ¥; x ¢;[z,y] = (b,b), b < a.

Let ©(a) = U(0;(a)i = 0, or i € KD UK?)), then ©(a) € Com L.
The substitution property can be verified by using the formula for the
join and the meet of elements of L as stated in claim 1. For each

O e ComlL, let

()= {ala€ K, [z,y) € [A¥(¥§ Do))*, z =y(©), o x tholir, y] = (a,)}.

If a,b € 7(©), then aVb € n(0) by Ligp)- b < aanda€n(O), then

b € m(0) by Lg. Clearly, we have 7(0(a)) = (a]. Thus the mapping
© — 7(0) is an isomorphism of Com L with the principal ideals of I.
Hence Com L = K.

Thus, we have proved:

THEOREM. Every finite lattice is the complete congruence lattice
of a complete lattice.
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We shall consider the problem of the form

(1) Qu) := Z a;j(z,u,0u)0;0;u + b(z,u,0u) =0 in Q
=1
(2) u(z) = h(z,u(®(z))), z €N

where 2 C R" is a bounded domain,

a) & : 80 — Q is a continuous mapping, h : 2 xR = R is a
continuous function with the property sup |G9h| < 1.

We shall prove existence and uniqueness of the solution of problem
(1), (2).

Linear elliptic equations with nonlocal boundary conditions have
been considered firstly by T. CARLEMAN [1] and then by several au-
thors,e.g. F. E. BROWDER [2], A. V. SAMARSKIY and A. V. BITSADZE
[3], (4], A. L. SKUBACHEVSK1) [5]. Nonlinear elliptic equation with
nonlocal boundary conditions have been studied by L. SiMon [6], [7].
Assume that ) satisfies the conditions of the following comparison
principle of [8] (see Theorem 10.1.):

THEOREM 1. Letu, v € C(R)NCHQ) satisfy Qu > QuinQ, u<v
on Of), where

(1) the operator Q is elliptic;

(i) the coefficients a;j(z, 2z, p) are independent of z;
(1ii)  the coefficient b(z,z,p) Is nonincreasing in z for each (z,p) €
€ 0 x R%;
iv the coefficients a;;, b are continuously differentiable with respect
ij P

to the variable p in  x R x R®, Then it follows that u < v In
Q.
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In [8] there are formulated conditions such that the Dirichlet prob-
lem Q(u) = 0in Q, u = ¢ on AQ has a solution u € C4(Q) N C(Q) for -
any @ € C(0R) (see theorem 15.18 of [8]).

THEOREM 2. Assume that conditions a) and (i)-(iv) are fulfilled
with hypothesis of theorem 15.18 of [8]. Then there exists a unique
solution of the problem (1), (2).

PROOF. Denote by G(i) the solution u of the Dirichlet problem
Q(u) =0in Q, u = p on 9N for all p € C(9Q). Furthermore, define
operator B by

[B(p)l(z) = hlz, (G(¢))(2(2))],
then B : C(992) — C(99) is a nonlinear mapping, C(92) is a complete
metric space with the metric

o(p1,92) := sup |o) — @af.
80

If p € C(00) is a fixed point of B, i.e. B(p) = ¢, then u = G(p)
is a solution of the problem (1), (2).

Therefore to prove existence of (1), (2) it is sufficient to show that
B has a fixed point. This will be a consequence of Banach’s fixed point
theorem. Since B has exactly one fixed point, then we shall obtain that
the solution of (1), (2) is unique.

Now we show that B : C(0Q2) — C(9Q) is a contraction in C(9%),
i.e. for any ¢, @9 € C(0R)

o(B(y1), B(pg)) = sup |B(p1) — B(p2)! < ¢ o(p1,92),

where ¢ is a nonnegative number < 1. By

[B{e1)l(z) = [B(p2)l(z) = Rz, (G(p1))(®(2))] = hlz,(G(p2))(2(=))],

further by using Lagrange’s mean value theorem and the notation b; :=
= (G(p;))(®(2)), (4 =1, 2) we find that

[B(p1)](z) = [B(p2)l(z) = Bah(x,bg + 7b1)(b) — by) =
Oah(z,bg + 7b1)[G(p1))(®(2)) — (G(p2))(®(z))].

Consequently
[[B(p1))(z) — [B(w2)l(z)] < sup|ah| [G(1)(B(2)) — Gp2)(2(2))].
If we can prove that

1G(p1)(®(2)) — Gp2)(2(2))] £ o1, 02)
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and ¢ := sup |9h| < 1 is satisfied, then we shall have

o(B(#1), B(#2)) < qo(e1,92).

This means that B is a contraction in C'(9).
By using the comparison principle we want to prove that Yy €

3) HG(e)(y) — [Glen)]()l < sup o1 = w2l
For uy := G(¢p1), ug := G(p3) we have Q(u1) = Q(ug) =0 in  and

Ul po = PLs Uzl = P2

By using notation € := sup |p] — 9| we may write ] —e < @y <
a0

Le1te.

Consider the functions u := ug, v := u} + € then Q(u) = Q(uy) =0
and

Qv) = Quy +¢) =

= Z a,'j(a:,a(ul +E)) . 6,‘(111 +6)6j(u1 +6) + b(ar,ul +E,a(u1 +E)) <
i,j=1

n
< Y aij(z, 0u1)(Bu1)(Bjur) + b(z, u1, Buy) = Q(u;) = 0.
i,j=1
So we have

Q) =Qu1+5)<0=Qu2) =Q(v) inQ

te. Q) < Qu)in Q,andv =u;+e=p1+€> g =ugp =uon
Of1. 1t means that conditions of comparison principle are fulfilled, this
implies that u < v in Q, l.e. Vy € Q us(y) < ui(y) + €.

Similarly can be proved that Vy € @ uj(y) — ¢ < uy(y), thus
fua(y) —wi(y)| <e = sup o1 — 2]

i.e. we have shown (3) which completes the proof of Theorem 2.

THEOREM 3. Assume that Q satisfies the conditions of theorem
15.18 of 8] and ® : 3N — 0N is a continuous mapping, h is a continuous
function with property sup|0oh| < 1, then there exists a solution of the

problem (1), (2).

ProoF. The proof of Theorem 3. is similar to the proof of Theorem
2. except of the proof of (3).
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If & :00 — 00, then z € 9Q implies that ®(z) € 99, and so
Gle1)(@(2)) = p1(8(2)), Glp2)(8(2)) = 2((2)) and thus

IG(»1)(2(2)) — G(e2)(2(e))] = | 1(B(2)] — p2(®(2))] < o1, 02).
So the proof can be continued in the same way.

REMARK. If condition sup|dgh| < 1 is not fulfilled then the nonlo-
cal boundary value problem may have 110 solution or it may have several
solutions.

EXAMPLE 1. n =1
(1) ¥ =11in(0,1)

2) u(0) = agu(a) + by
u(l) = aju(B) + b1
where aj, b; are constants, «, § € (0,1}, ( = 1, 0).

We know that all solutions of equation (1) can be given by u(z) =

= cz +d. u satisfies (1) iff ¢, d satisfy the following system of equations:

(apa)e+(ap —1)d = =bg, (@B —1)e+(a; —1)d=—by.

We show that if the conditions |ag| < 1, |aj| < 1 are not fulfilled

(sup |Byh| < 11is not satisfied), then a, 8 € [0,1] can be chosen such that
the determinant of the above systemn will be 0. In this case the system
may have no solution or it may have infinite nuinber of solutions.

Special cases:
(1) aj; = 1 (.7 =0, 1)7

ho(z) = z + by, hp(2) =1, hy(2) = z + by, hi(z) =1

and the determinant is 0 for any «, 8 € [0, 1].

(ii) Similarly can be shown that if a; > 1 then «, § can be chosen
such that the determinant is 0.

EXAMPLE 2. n =2
(1) Au+4cu=0in By, ¢ <0 where By 9:={z € R? : 1<z| <2}
and the boundary condition on S := {z € R : |e|=3}(=1,2)is:
(2) {u(m) = Bry(nz) + 61, z €5
u(z) = Bou(yaz) + 63, z €5
where 1 <4y <2, %57251.
In this example also we shall consider cases when |3;|>1 (j =1, 2),

i.e. when the condition sup {&h| < 1 is not fulfilled. Introduce polar
coordinates r, p in R“: 1y = rcosyp, 9 = rsingp.
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So we get new unknown function
U(r,¢) := u(zy,z9) = u(r cos ¢, rsin ).

Define function V by
27

V(r):= /U(r,(p)d(p.

0

Assuming that V is a solution of (1), (2) we have
3) V'+lviiev=o.

Denote a fundamental system of this equation by Vj, V3, then all
solutions of (3) can be written in the form

V =diV] + do Vs, dy, dy are constants.

From the boundary condition (2) we obtain conditions

(4) V(1)=H/V(n)+a

V(2) = BV (72) + 2.

Thus we have shown that if u is a solution of (1), (2) then V satisfies
(3), (4), where (4) is system of linear algebraic equations for dy, dy.

If the conditions |B;| < 1, |fa] < 1 are not satisfied, it is not
difficult to choose constants f;, 7; such that the determinant of the
above mentioned system is 0. In this case problem (3), (4) may have
no solution or it may have several solutions. Then problem (1), (2) has
no solution, respectively it has several solutions.
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BIRKHOFF INTERPOLATION BY QUINTIC SPLINES

By
ANJULA SAXENA

Department of Mathematics and Astronomy Lucknow University, Lucknow

(Received December 7, 1948)

1. Introduction

Let
A:0=zp<z1<...<z2p=1
be a partition of the interval I = [0,1], by = 241 — z; and let

f(z) € C3(I). We denote by 5'1(125)’ the class of quintic splines s(z)
such that ’

(i) s(z) € C¥(J),

(i1) s(z) is a quintic polynomial in each interval [z}, zg1]. J. PRASAD
and A. K. VARMA [1] have obtained error bounds for this class of splines
when it interpolates a special lacunary data namely, the following;:

su(zr) = f(zx), k= O0(L)n;

511;(970) = fé(xo), 5;1(3”") = fr’l(xﬂ)'

Recently GUO ZHU-RUI [2] has studied cubic splines of class C'!
which interpolate a given function f(x) at the knots and whose
second derivative interpolate f”(2) midway between the knots and with
only one end condition. Such spline functions may be used to obtain
approximate solution of initial value problems in non-linear differential
equations. Our object here is to consider a related problem by the
2)
5

splines of class 5'1(, and obtain error bounds when they are interpolants

of a certain function f(2). We shall return elsewhere with an application
of our method in approximating the solution of Cauchy’s initial value
problems.

We now state the main results to be proved.
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THEOREM 1. Given A and the numbers f}, f}, k= O(1)n, fllcl;l’
2

k=0(1)n -1, fg, f§’, there exist a unique sp(z) € 5512% such that:

salze) = fi;
sa(zy) = fr, k=01
(1.1) "

K= iy =00

SIA(Q:()) = f6' or s'ﬁ(mo) = f(')”.

TR tTEg
Here xk+% = —Ti_

THEOREM 2. Let f € CZ(I), ¢ = 35,6. Then for the unique spline
sa(z) of Theorem 1 associated with f, we have
O(ws(H)) if f € C3(I)
(1.2)  1sO) ~ O] < { 321 £6))|+
+O(Hwg(H)) if f € C5(D),

a.ndif%?:—gf-g/\<oo, then

O(H* 1wy (H)) if feC¥I)
(13) 1sP0() - D)l < { 3H6=9)1 0]+
+O(H 1wg(H)) if f € CO(1),

g = O(1)4. Here wy(-) denotes the modulus of continuity of (8
H = max(zp ) —z}), k= 0(1)n — 1 and || - || is the uniform norm.

2. Proof of Theorem 1

We shall prove the theorem with the initial condition s{ (zg) = fy
only. For the condition s'g(xo) = f(')" a similar proof follows.
If we set

_ J sg(z), whenzg<z<a
(21) salz) = {sk(z), when ¢y < <wxpyy, k=110 -1,

then

(z — zo)®

z —1z0)%
(22) sale) = fo+ - zo)fy + ER g+ B

2!

ap,3+
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(z — zq)* (z — 20)°
+ 04 + 5205
2 _\3
(z ;k) aea+ (z 3‘%) apa+
(z — ) (z —z4)d
_.Tk_)._ak’4 + _5__)_ak 5’

(2.3) sp(z) = fr +(z —zp)fp +

+

where the coefficients are determined by the interpolatory conditions
(1.1) and the continuity requirement that sp(z) € C2(I). If we apply
these conditions, we have the following three sets of equations:

3 4

h B2
f1=f0+h0f6+ fo 03+ ao4+ 0 ag 5,
h2 h3 h
(24)  fi=fo+hofy + ao3+ 3, ag,4 + 4? 0,5
ho h2
g' =ag3+ 5-dp4 + —8900,5;
h2 h3 R RS
fe1 = e+ hpfi + ak2+ 3,au+ 4',° k,4+g-,k'ak,5,
h2 L3 h{
(2.5)  frp1 = fr + hrapa + 2,0k3+ Rkt aks,
hy h?
f;:f’_l = k3+§'ak4+_ak5’
h? h3
(2.6) agy19 =@+ hrag 3+ ak4+3ak51 k=1(1)n -2,

h2 h3
ay 9 = f§ + hoap 3 + ao4+§aos

Solving (2.4) we get

(2.7) ap,3 = %(f{ — fo—hofy) - ‘)f'"
0
120
(2.8) apq = 7{,{ (fl ~fo—hofy - ?Of(S’) -
' 72, '
_ﬁ(fl — fo = hofp )+ f”
0

(2.9) ag,5 = —%8?0 <f — fo—hofy ~- —f )
0
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240
h4 (fi—fo—hofo)— = ”l-
From (2.5) we have
6 6 ! . orl i
(2.10) a3 = ”;l‘;ak,2+—§(fk+1 —fk) _2fk+%’
12 120
(2.11) a4 h2 ag g+ W —(fr+1 — fr — hefe)—
Sy T R Y
k
480
(2.12) ag 5 = _—(fk+1 fr = hefe)+
240 ,,,

h4 (fk+1 fk) }2

From (2.6), (2.7), (2.8) and (2.9) we get
n 20 / h% i
(2.13) a2 =fo —my | fi=fo—hofo-5fo | +
0

10
+h—0(fi — fo—hofy) — —hof'"

—20
(2.14)  app192—ar2= —hT(fk+1 — fr — hefe)+
k

10 2
g ey — 1) — 50 ,’c';% , k=11)n+2,

The coefficient matrix of the system of equations (2.13) and (2.14) in
the unknowns ag 9,k = 1(1)n — 1, is non-singular matrix and hence
they are uniquely determined and so are, therefore, the coefficients a; 3
and a4, o 5 -

3. Auxiliary Lemmas

In this section we prove three lemmas which will be used in the next
section to obtain the proof of Theorem 2.
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LEMMA 1. Let Ap 9 := a9 — f. Then we have for k = 1(1)n — 1,

k-1
O(Zh%ﬂ@»,ﬁf&@d)

_ v=0

|Ak 2| = b1
O(;ﬁhdmﬂ,ﬁfeﬂuy

PROOF. From (2.14) we have

(3.1) App12—Aga = (ak+12 — frq1) —(ag2— fi) =

hg(flc+1 Jie— hkfk)+ (fk+1 == F)- hkfm LT %k
k= l(l)n —2.
Iff € CS(I), then by Taylor’s formula

“+ow(%mm

20 hk' oy
ap = — [ f f fk 120

— | by + f“ a ;ﬁ”+m%%wnﬂ—
[h A+ ’“f,E‘” £58) o(h wﬁ(hk))} -

{W “ﬁhgﬁhawmmﬂ=
(32) =mm%wm-
Similarly if f € C8(I), then
(3.3) aj, = O(hjwe(hy)).

Also from (2.13) we have

_ m_ [ O(hdws(ho), i f e C(I)
34) | Aioli=laa - fil= {O(hgwﬁ(ho), it feco)



194 ANJULA SAXENA

So from (3.1) using (3.2), (3.3) and (3.4) we have

k—
0( 21 hl3,w5(h,,)), it fecC)
| A2l = v .
o( S hwe(h)), i f € CY(D), k=1n-1.
v=0

This proves the assertion of the lemma.
Using Lemma 1 we prove

LEMMA 2. Let

Ak,li = ak)4 - f(4),

and
max b <A<oo, H= max hg.
min hg 0<k<n-1
Then we have for k = O(1)n — 1,
4 4l < {O(wsw)), if fec3I
£V 3H2||£O)) + O(Hwe(H)), if  f e CO).

Proor. From (2.8) and (2.11), observing that Ag 9 = 0, we have

(3.5) Apg =ak4—f,§4), k=0(l)n -1
h2 Ak2+[3k,whele
120 72
By = B (fes1 = fe — hifp — fk) }3(fL+1 — fi = S+
‘b
s 6f”’ -7V,
%

If f e CYI), then as in Lemma 1, by Taylor’s formula
(3.6) Bk = O(hws(lp)),

and if f € C8(I), then

(3.7) By, = f(ﬁ) + O(hjwe(hy))-
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Now using Lemma 1, we have for k = O(1)n — 1,

|4k al=

( Eh we(hy ) "k FO 4 O(h2we(hy)), if f € CO(T),

The result obviously holds for & = 0. Hence if

max hy

<A<oo and H = max hy,
min hy 0<k<n-1

we have from (3.5)—(3.7)

Al < {O(wg,(H)), if f € C3(I)
SO SH O + O(Hwg(H)), if f € CO(I)

k = O(1)n — 1, which proves the theorem.

k-1
o(lg = hffw5(h,,)) + O(hgws(hp)), if f € C5(I)

LEMMA 3. Let Ay 5 := ak’5—f,£5). Then we have for k = O(1)n—1,

|A [ < {0(“"5(H))v if f € CS(I)
RSU= 11 £O)| + O(Hwe(H)), if f e CO(I).

PROOF. From (2.12) we have

480 240 " (5)
(3.8) Aps=——=(forn = fe—hefi)+ 5 (o —fi) - f' ~fy
h3 K 2 by
i=vg, k=0(1)n-—1.
If f € C5(I), then as in Lemma 1, by Taylor’s formula
(3.9) v = O(ws(H))

and if f € C8(J), then

(6) : ,
(3.10) f + O(hpwg(hy))-
Hence from (3.8)-(3.10) we have

Ay {O(ws(H)), if f € C(1)
BT =Y £O)| + O(Hws(H)), if f e COI).

This proves the lemma.
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4. Proof of Theorem 4

Let z € [z, zk41), k= O(1)n — 1. From (2.2) and (2.3) we have

(4.1) sO(@) = ar,
and
4
(4.2) S;(c OF a4+ (z — zp)ag 5.
Therefore

1s8(z) = 1O)(2)] =lag 5 - fk + £ - ()| <
<lags — FO1+ 112 - fO ).
If f € C5(I), then owing to Lemma 3 we obviously have
(4.3) 159 (2) = O ()| = O(ws(H)).
However, if f € Cﬁ(I), then
150() = 1O(@)] = lag s — £ — (@ — 2 fOER)], o < <=
(44 < 27O+ oCaws ().
Further if f € C3(I), then from (4.2)
V@) = 1) = (g = 1) + (o — a)ars - FO)-
(4.5) ~ D) - £V = (@ = ) )
= Apg+ (z - 20)Aps — (& — 2O ) - 1),
zp < np < z. Thus
).\ _ 8
sy () = £V () < |Apal + H{A 5| + Hws(H),
which on using Lemma 2 and Lemma 3 yields
46)  [st)(2) — fD(2)] = O(ws(H)) + O(Huws(H)) = O(ws(H)).

Now

() = (e = / 590 - fO W] <
Tkt+1/2

(4.7) <o — 2pq1 ol 156 (@) = FD ()] = O(Huws ().
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Set h(z) := s)(z) — f'(z). Then by (1.1)

h(zy) = h(zg41) =0,

and so by Rolle’s Theorem, there exists a yp (2} < pp < zp41) such
that

W' (ug) = sp(pe) = (k) =0,
from which we obtain

sk(z) — ()] = /[sZ'(t) — fM())dt| <
Hi

(4.8) <z~ mil I (z) = " (2)| = O(H ws(H)).
Again
(4.9) |sy(2) ~ f(z)| = / [sh(t) = f()]d | = O(H ws(H)),
and "
(4.10) [si(z) — (o)) = / [54(8) — £ (D]dt| = O(H*ws(H)).

J ‘

Thus (4.3) and (4.6)-(4.10) complete the proof of Theorem 2 when
f e Co(I).
Now let f € CS(I). Then from (4.5)

232
@)~ D) = Ay o+ -z Ap s~ T (O, oy < gy <o
Using again, Lemma 2 and Lemma 3 we have
3H?
(4.1) st (2) = £ @)} < 27O + O(Hug(H)).

From (4.11) on using the method of successive integration we at once
have

(412) (@)~ 1O ()] < SHO Y| fOlf O tuop(H), g = 1(1)4

Thus (4,4) and (4.12) prove the theorem when f € CS(I).
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5. Concluding Remark

We find that the interpolation problem:

salze) = fi

5.1) saei) =fi,  k=0(1)n
. sx(zk+1/2) = fﬁl/g, k=0(1)n—1

salzo)=fy or sple)=fy'

)

has unique solution in the class 5'7(125 and that i1t has similar error

estimates as in Theorem 2. Since the proofs for the problem (5.1)
can be carried on the same pattern as for the problem (1.1), we do not
give the details here.
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In (1}, 2], {3] there are given approximative expressions for the
Fourier transform of functions, using the values of there functions only
in some discrete points. The method of K. BALAZS is very nice and
convenient also from point of view of numerical analysis. She gave
estimate for the error, and this shows that her method is a good
approximation.

In the present note we give a seemingly new approximation for the
Fourier transform and give an estimate for the error.

Let f be an r times continuously differentiable functionon R (r > 1
is integer) and suppose: |f(i)(t)| < kle”kﬂ”, (ky, kg > 0, t € R,
t=0,1,...,7r).

Denote

too
F(f,0) = /f(t)e_i‘”‘dt

(the Fourier transform of f) and approximate this by the expression:

Fn(f)w) =
T~ _of2k—1-n 2k—1-n . 2k—1-n
:—Zcos —— 7 | fltg ———7 Jexp{ —twtg ——n
ni 2n 2n 2n

THEOREM. Under the assumptions above we have
(1) An = F(f,w) = Fu(f,w) =0(n"T") (n — o)
uniformly in w on compact intervals of R.

Proor. Introduce the notations:
g(t) = f(t) - exp{—wt},
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g*(e) = g(tg ).
It follow immediately from the assumptions on f that
g*((P) € C;(—Tr/za 7"/2)’

i.e. g*(p) as the function of ¢ is r times continuously differentiable and
d, &, .
—g¢*(-7/2+0) = —¢*(x/2-0)(=0) (:=0,1,...,7).
dp? dy?

Hence, for the Fourier coefficients of g we obtain easily (integrating by

parts r times): D)

/2
@) eals) = [ gp)exp(-iznp)dp = 3(nl ™).
—-n/2
On the other hand we have for r > 1 2)
/2 n
- Y LA Rl Sl 0 O
® FUw) -Falo)= [ ooe-23 0 (B0 -
-wf2 k=1
1/2 n m .2 . 2k _ 1 _
- ety () £, 55 v (P10
k=1 j=—-m
n m
= —(w1/2/n) Zmlg.%o Z cjexp{i2jn(2k ~ 1 —n)/2n} =
k=1 j=—m
"%
m n
= —(7‘(1/2/71) n}l_r.n Z cj Zexp{i2j7r(2k —-1—-n)/2n} =
c>oj:—m k=1
m
= —ql/2 mlg.noo _z: exp{—im(n — 1)s}cns(g*) =
5:;0"‘
m
=2 fim Y (<1 Dens(y) = ™)
#0 ‘

D we expand with respect to the system {1r‘1/2 - exp(i2nz)}° on (—n/2,x/2);

In fact it is enough assume on *(r) that it is of bounded variation or less, namely
that ¢*() is periodic and en(g® ')) =3(n1).

2 Ifr = 1 then the method of [4] p. 76. gives: Ap =3(n~1)
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(taking into account (2)).

The uniformity in w on compact intervals of R follows from the
easily verificable fact that for any compact interval I C R the set

{f(tgp)exp(—iwtgyp):w € I} = {g(p) :w € I}

is compact set in Cr[—7/2,7/2] and taking into account the well know
fact that if L, : B] — B3 is any sequence of continuous linear operators
(By, By are any Banach spaces) converging in every z € By, then the
convergence is uniform on every compact subset of Bj.

PROBLEM 1. We don’t know if for any fixd w € R the estimates (1)
and (2) are equivalent or not.

The implication (2)==(1) is proved above.

The reverse, i.e. (1)==>(2) is open.

But we can say something in this direction. Namely, if in (3) we
use the points ((2k — n)/2n)7 in place of ((2k — 1 — n)/2n)m, then for
any power type, 7 periodic ¢* € Cr[—m/2,7/2], we have (formally):

7r/2 n o
- 2% —
Ap = / 9" (p)dep ~ %Zg* ( 5 nﬂ) = —m/23 (= 1) " ens(g)
__’r/2 k:1 S=l
and
(4) — Y1) en(g) = S u(m)Anm
m=1

(here u is the Moebius function) and hence:
A=3(n"T) > cn=0(n"")
(r > 1 is any real number). If r = 1, then what can we say? The

Moebius function is applied in approximation theory for other problems
e.g. in the excellent book [3] of P. J. DAVIS and J. RABINOWITZ.

Our argument works obviously also for multidimension. (We omit
it because it is trivial repetition of the argument above).

PROBLEM 2. Can we state (1) uniformly in w on R?

PROBLEM 3. Give the estimate (1) in terminology of the modulus
of continuity of f.

PROBLEM 4. If f is not power type then does it follow from (1) the
estimate cn = o(|n]™")(n € Z,|n| — 00)?

PROBLEM 5. What can we say for complex w?
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1. Introduction

Define a linear integral operator L. by the requirement

(1.1) (L\I/)(t)=/g(t,s)L(\I/(s))du(s), pae. t € X,
Y

Here (X, 4, 1) and (Y, 4'v) are o-finite, complete measure spaces. The
function g : X x X — C belongs to Lo(X x X, x A, X v), where

(X xY,d x o', p xv) is the completion of the product of (X, 4, 1) and
(Y,d',v). The operator L is a linear operator from the Schwartz class
S into S and V¥ is assumed to be a finitely-valued function ¥ — S.
Assuming that the formal transpose L' : § — S of L exists, one obtains
that the formal transpose L’ of L exists, that is,

(1.2) (LY, 3) = /((LlI/)(t),@(t))d = (0,L'),
X

for all ¥ € D(Y,S) := {¥|¥ : Y — S is finitely-valued } and & €
€ D(X,S), where we denoted (p,¥) := [ @(z)p(z)dz (cf. Theorem
Rn

2.5).

Let Lo(X, Bp,k) denote the Bochner p-square integrable functions
X — Bpyp. Here By, p € [l,00[, k € K' (K' is an appropriate
class of weight functions R® — R) is essentially the completion of S
with respect to the norm ||¢fl, & := |(F@)k|lp. The existence of L'
makes it possible to define the minimal closed extension L;:k,h and the

maximal closed extension L;,k,h of L from Ly(Y, B, ;) to La(X, B, 1),
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. . - ~ 1#
when k,h € K’ and p €]1,00[. One has always Lx s C Lk The

minimal and maximal closed extensions L, , and L;#k,h from B,
to By, can be also defined. One knows several kind of criteria for
the equality L7 pkh = =L #k o when L is a pseudo-differential operator
(cf. [11], [5], [14] [4] and [12]) In this contribution we are interested

.. o ~ 1
(among others) in obtaining analogous criteria for Lp,k,h = Lp,k,h'

We characterize the solvability of the maximal equation (cf. The-
orem 3.1). One sees that the solutions of L;;#L pu = f are exactly the
solutions for

Ly ¥ (/g(t Su(s)du(s) = f(t),  pae teX,

Y
Furthermore, one obtains that the solutions of L;k pu = f obey the
relation
(1.4) L;’k,h(/g(t,s)u(s)d V(S)) = f(t), p-ae te X,

X

In the case when L is a pseudo-differential operator with the sym-
bol L(£), an algebraic characterization of solvability of the equation

L;)#k,h“ = f is given (cf. Theorem 3.4). In addition, in this case the

. ~ ot .
equality Lp,k,h = Lp,}k,h is established.
Assuming that L is a pseudo-differcntial operator of the Beals and

Fefferman type, that is the symbol L(-,-) € S(I)qS , we verify that

lfz“q ky = L‘zﬁ,ko with a suitable ¢ € Sg{(ﬁ Lm=1 ' Here kg = 1 (and

so By r, = Lg) (ef. Theorem 4.2).

Finally, a criterion for the positivity of L in Lo(X, Lg) is given,
when X =Y = R" 1 = v = Lebesgue measure, g(t,s) is of the form
a(t — s)b(t)b(s) and L is a pseudo-differential operator of the Beals and
Fefferman type (cf. Theorem 5.2). The positivity of L imnplies the
positivity of L™ := L’2“lCO ko and so in the case when L™ = L'# .=
= Lf).#k ko L'# is a positive operator. The positivity of L'# and L™ is
often used property in the study of lincar Volterra equations (cf. [8], [2],
(31, [9] and [13]). The operators Llfk,h and L7 ) are called realizations
of L.
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2. Notations and definitions

2.1 . Denote by K’ the totality of continuous positive weight
functions k : R®™ — C such that

(21)  KE+n) < Cekw (O(n)  forall  &neR™,
where Cp > 0 and N > 0 are constants (here we denote ks(¢) := (1 +
+1€12)%/2). Let Byrsp€[l,o0, k€ K' be the completion of C§° with
respect to the norm || - ||, ¢ defined by

1/p

(22 lelpa= | @0 [IPoNOMOPE|
Rn

where F' denotes the Fourier transform from the Schwartz class S into
S. The dual of S is denoted by S§’ (that is, S’ is the space of all
tempered distributions) and the Fourier transform from S’ into S is
also denoted by F. One knows that B, ; is essentially that subspace

of S’ for whose elements u it holds: Fuk € Ly := Ly(R™). In addition,
one bas |jull, ; = (27)~™/P||Fuk|p. When p = 2 we write Hj = By k.
H,, is a Hilbert space and the scalar product is given by

(23 =007 [POETFIOREE
Rn
2.2 . Let L: S — S be a continuous linear operator so that the

formal transpose L' : S — S exists, that is, the operators L and L'
obey the relation

(24)  (Lod)i= [Eo)ebEda=(o,L) for pues.
Rﬂ

Then L' : S — S is continuous (c¢f. the Closed Graph Theorem) and

so we can define the continuous extension L : .S' — S’ of L with the
requirement

(2.5) (Tu)(p) =u(L'p) for u€S and €S

(in S’ one uses the weak dual topology). In addition, for any p €
€ [1,00{, k, h € K’ one is able to define the dense operators L, knand

I
L) n: Bpx = Bpn by

D(Lp,k,h) =3
(2.6) {Lp,lc,W =Ly for peS5S
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and
D(L;fk,h) ={ue€ Bp,k| there exists f € Bp,h such that
@7) u(L'g) = f(p) forall p € S}
1# .
Lygpe=f

One sees that Ly, ;. 1, is closable, L;fk,h is closed and that L, ¢ 5 C L;fk,h'
The smallest closed extension of Ly ; j from By, ;. to By j, is denoted by
Lo h (cf. [15), pp. 76-78).

REMARK 2.1. A. Suppose that L(-) € C°°(R") so that
(2.8) (DILYE)| < Cghug(€)  forall  ¢ERP,

where Cg > 0 and pg € R (here we denote ks(£) := {1+ 1€12)%/2). Then
the pseudo-differential operator L(D) defined by

(29 LOR)@) =" [ LOEOHEae
Rn
maps S continuously into S and the formal transpose L'(D) : § — S
exists (L'(D) is defined by (2.9) where L(£) is replaced with L(—¢)).
B. Suppose that L(-,-) : R® x R® — € belongs to the Beals and
Fefferman class Sg{&m of symbols (cf. {1]). Then the pseudo-differential
operator L(z, D) defined by

(2.10) (L(z, D)p)(z) = (27f)_"/L(x,f)(F@)(ﬁ)ei(f’z)df
R
maps S continuously into S. The formal transpose L'(z,D) : S — S
exists and the symbol L/(-,-) of L'(z,D) belongs to Sg{,’z\, (where
3(z,£) = ¥(z, —£), ¢"(2,£) = ¢(z, —£))-
2.3 . Choose O from C§° so that supp © CB(0,2):={z € R*||z| <

< 2} and that ©(z) = 1 for z € B(0,1). Define functions ©; € C§°
and ¥; € S by

(2.11) 0;(z) =06(z/5) and ;= (27) " (FO;").

Then one sees that for any p € {1,00[, k € K’ and u € B i one has
(2.12) 1©ju —ulj,r —0

and

(2.13) b * v —ull,x — 0 with 7 — oo.
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The pseudo-differential operators (2.9} with the symbols
Fip; = (27r)_nF(F®jv) =0;
is denoted by ;Zj(D). One sees that forany u € ', p € §

(%,())() = u(B;(D)p) = u(w; + ) = (¥j * u)()
and so by (2.13)

(2.14) [$j(u) = ullp e =0 with j — co.

We remark that

(2.15) Q’Zj(u) € ﬂ By & for u € U By k.
keK' keK'

2.4 . Let (X,d, 1) be a complete, o-finite measure space. Denote
by Lo(X,Bpy) (and by Li(X,Bpy), resp.) the linear space of all
Bochner p-square integrable functions u : X — B, t (and of all Bochner
p-integrable functions u : X — By, resp.). For the preliminaries of
the Bochner integrals cf. [15], pp. 130-134. The space Ly(X, By ;) is
a Banach space and the corresponding norm is defined by

1/2
(2.16) Helllp e, x = /llu(t)"f),kd/‘) '

Furthermore, the space Lo(X, Hy) is a Hilbert space with the following
scalar product

(217) e (COR O
X

In the sequel we denote by D(X,S) the linear space of alt finitely-
valued functions ¥ : X — S, that is, for any ¥ there exist disjoint sets
B; e (i =1,...,m) and u; € S so that pu(B;) < oo, ¥(z) = u; for

m

z € B;j and ¥(z) = 0 for z € X\ | B;. One sees that D(X,S) is a

=1
subset of Lo(X, By ) (since any finitely-valued function u : X — By i
lies in Ly(X, By t)). In addition, we have

LEMMA 2.2. The space D(X,S) is dense in L9(X, B, ) for any
p€ [l,00[ and k € K'.
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Proor. Let ©; and #; be defined by (2.11). The space D(X, B, )
of all finitely-valued functions is dense in Lo( X, Bp,k)- Let u be in
D(X, By ). Then one sees that the function vj(t) := ; * (u(t)) is
finitely-valued and that v;(t) € (] B, C C°(R"). In addition, one

keK!
has

ij(t) - 'U(t)”p’k 7 0 forany t € X

and
lojlipe < Cllu@®)llpr  forte X
Hence the Dominated Convergence Theorem implies that
Hlv] - u“lp,k,X — 0 with j — oo,
and so D(X, () Bp,) is dense in Ly(X, By ;).
keK’

Choose w € D(X, () B,x). Then the function w;(t) := ©;w(t)
keK!
is finitely-valued and wj(t) € C§° for any t € X. Furthermore, one sees

that [|Jw; — w|||,z x — 0 with j — oco. This finishes the proof. 1

REMARK 2.3. A. As the proof of Lemma 2.2 shows, the space
D(X,C§°) of all finitely-valued functions X — C§° is dense in
L?(X,Bp,k)‘

B. The space Ly(X, By 1) is essentially the completion of D(X, C§°)
with respect to the norm ||| - |||, & x-

In the sequel we use the following notations

(2.18)  (U,8)x = /(\I/(t),@(t))d g for ¥, € D(X,S),
X

where we denoted

.8)= [we)aa  forvses
Rn

Let p’ €]1, c0] with 1/p+1/p’ = 1 and let k¥ € K’ so that k¥(¢) = k(=£).
Then one sees that the inequality

(T, 8)x| < / (), @(1)ld p <
X

(2.19)
< /H‘1’(t)||p,kll(1>(t)||p',1/kvd# < W xRy 1k,
X
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holds for any ¥,® € D(X,S) (for p' = co we define
1/2
H®lHook,x = /H@(t)lli,,kd #) ;

where [|®(t)l|co k := sup |F(2(£))(§)R(E).
{eR™

2.5 . Let (X, d, ) and (Y, ', 1) be two complete, o-finite measure

spaces. Denote by (X x Y, d x 4’ 1 x v) the completion of the product
measure space (X x Y, x &', u x v). Choose a function g: X xY — C

from L?(X x Y, x ' i xv,C). Then one finds subsets 4; € 4 and
Ag € 4’ so that (A1) = v(Ag) = 0 and that

g(-,8) € Lo(X,C) =: Ly(X) forse Y\ Ay

and
g(t,-) € Ly(Y) forte X\ A

(cf. [6], pp. 384-388).

Let L be a linear operator § — S so that L' : § — § exists. We
define a linear operator L in (Y, .5) by

(2.20) (L)(0) = {}_/fg(t,s)L(\IJ(s))d v, teX\A4,

0, t € Aj.

Since ¥ is finitely-valued, one sees that the function L(¥(:)) is also
finitely-valued and so L(¥(-)) € D(Y,S) C Lo(Y, B, ;). Since for any
te X\ 4;

(RO AP 17010 TR
Y

1/2
< ( / |g<t,s)|2) ) kv
Y

one gets that LW € Ly(X, B, ;) and that
1/2

(221) [ILY|l], 5 x < /|g(t,s>|2d#xu L@ llpe.y »
xY

forany k€ K',pe [1,00[. Hence we have
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LEMMA 2.4. The operator L is a mapping from D(X,S) into
() La(X, By k) such that
p.k

(2.22) (L¥)(t) e S for any te€ X.

m
PROOF. We have to show (2.22). Choose ¥ = 3 ujxp; (here xp;
1=
is the characteristic function of B;). Then one has for t € X \ 4

e2) = [ (Z(Lui)xg,(s)) dv =

Y i=1
= Z(Lui)/g(t,s)xl}i(s)d v,
=1 ¥

where fy(t,s)xBi(s)dl/ € C. Since (L¥)(t) = 0 for t € Ay, the proof
"f
is ready. |

2.6 . Let Dy (X, 5) = {u € Lo(X, By g )u(t) € S for any t € X}.
Due to Lemma 2.4 one sees that L maps D(Y,S5) into Doo(X, S) 1=
= (] Dp (X, S). We say that L' : D(X,S) — Doo(Y,S) is a formal
p.k
transpose of L if the relation

e20)  (L¥E)x:= [ (LB, e0)du=
X

~ [@EL L8 v = @ Le)y
Y
for all ¥ € D(Y,S) and ® € D(X, S). We have

TUEOREM 2.5. The operator L' defined on D(X,S) by
(2.25) (L'®)(s) = { o0, o€ ¥ A2

0, 5 € A9
1s a formal transpose of L.

PROOF. Since L' maps S into S, one sees that L'(®(-)) € D(X, S)
for any ® € D(X,S). Hence we obtain as above that (cf. (2.21) and
(2.23)) L'® € Dy(Y, S). Define

5(ts) 1= g(t s) for (t,s) € X\ A1 xY \ 49
g 8) = for (,5) € A1 x ¥ U X X Ay,
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The function (¢,s) — §(t,s)(L(¥(s)),®(t)) is g X v-measurable and
one gets

/(/lﬁ(f,S)(L(\P(s)),@(t))mV) du<
X Y
S/ (/ |§(t,s)”L(le(S))”0du) 1®()]lod 1 <

X Y
(2.26) 1/2
< / ( / lé(t,s)l2) Loy 12(Dllod 1 <
X Y
1/2
< / 6t ) 2%y | L@ oy 12 lo.x < oo,
xY

where we denoted

5. \1/2
Il = llelaky = lellz, and 110y = ( [Hvler)
Y

(recall that Ly = By i ).
The functional Ty : Ly — C defined by

Tiw = (w, f) = /w(:z)f(:z)dz
Rﬂ
is bounded on Lq for any f € Ly. Hence one has (cf. [15], p. 134): For
any u € Ly(Y, L), the function Tf(u(-)) belongs to Li(Y) and

[ty =1, ( [ ) |

Y Y
Thus we have

J), nav = [Tyuispar =
Y Y

(2.27)
) = fones)

Y Y
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Specifically, for any t € X \ A] we obtain

(2.28) /g(t,s)(L(\IJ(s)),CI)(t))duz (/g(t,s)L(\I/(s))du,é(t)) .
Y

s

Using the Fubini Theorem and the relations (2.26) and (2.28) we finally
get

(L\IJ,CI))X =/ /ﬁ(t,s)L(‘I’(s))dV,q’(t)> dp=
X .

Y

L

/ 3(t, )(L(T(s)), B(t))d V) dp=
Y

(2.29) =[] a<t,s)<L(\P<s)),¢<t))d#) dv =
\x
:/ /g(t,s)(\D(s),L'(@(t)))d#> dv=
¥ \x
:/ W(s),/ﬁ(t,s)L'(@(t))d;t) dv = (¥,L'd)y,
Y X
as required. 1

2.7 . Suppose that u € Ly(Y, B, ;) and that v € Deo(Y, S). Then
the function ¢ : s — u(s)(v(s)) is v-measurable and one gets

la($)] < Nu(s)llpello () pr 1 kv
Hence g € Ly(Y) and

(2.30) / o)l v < Melllp ey 1Vl jpv -
Y

We define u(v) := [u(s)(v(s))dv. The estimate (2.30) yields
Y

(2.31) ()] < Welllp e,y Mol 1 /av v -

Denote the dual space of Lo(X, B, ) by Lo(X, By )*. We obtain
the following characterization for p €]1, col.



ON REALIZATIONS AND POSITIVITY OF LINEAR INTEGRAL OPERATORS 213

LEMMA 2.6. Suppose that I* belongs to Ly(X, By ;)*. Then there
exists an unique element [ € LQ(X,Bpl’l/kv) so that

(2.32) () = I(T) = / (s)(¥(s))dp  forall ¥ € Deo(X,S).
X

Conversely, assume that | € Lo(X, Bp: 1 /kv). Then the linear form
¥ — /() can be (uniquely) continuously extended on Lo(X, B, ).
In addition, the linear mapping

Apk,x t La(X, By o))" — Lo(X, By 1)
such that

(2.33) Aok x(1) =1

is an isometrical isomorphism.
PROOF. Choose I* from Ly(X, Byt )*. Then there exists an unique
element | € Ly(X, B; ;) such that

(2.34) *(u) = /i(t)(u(t))dlt for all € Lo(X, Bp),
X

and

1/2
(2.35) el =1 == ((/ [HOIRC! #)

(cf. [10]). Furthermore, there exists an isometrical isomorphism j, ;
from B; , onto Bpl’l/kv so that

Upk(f M) = f*(e) forall weS
(cf. [7], p- 42). Thus we get
3 @)= (100 = [GpallEads
X X
The function ]p,k(‘i()) is p-measureable and

175, £y 17w = IO
Hence [ := jp,k(i(.)) € Ly(X, Bp',l/k") and one has

(2.37) 1 g0 = I = 11221
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The converse part of the assertion follows from (2.31) and by (2.37)
one sees that A, x is isometric. This completes the proof. 1

REMARRK 2.7. Lemma 2.6 implies the following fact: Suppose that
f € Lo(X, By ¢) such that f(¥) =0 for any ¥ € D(X,S). Then f = 0.
This can be seen as follows: Choose f from Lg(z, By ). Then one has

[Az?,ll/kv,x(fﬂ(w) = f(¥) =0

and so A;,"l Jpv x(f) = 0 (since D(X, S) is dense in Ly(X, By 1 ).
Thus f =0.

Choose p from ]1,00[ and choose the functions k and h from K.
Let L be defined by (2.20). We define dense linear operators L, ¢ 5 and

L;ﬁ,h from Ly(Y, By g ) to Lo(X, By p) by

’ Lp,k,h\I’ =LY for ¥ ¢ D()(, S),
D(L;#k y)={u € Lo(Y, B, )| there exists f€ Lo(X, By t)
such that u(L'¥) = f(¥)
(2.39) for ¥ € D(X, S))
1% -
Lp,k,hu = f.

In virtue of (2.31) and Rermark 2.7 one sees that L, ; ), is closable,
that is, if there exists a sequence {¥,} C D(Y,S) so that

1¥alllpe,y + 1IL¥n = flllpn,x — 0,

then f = 0 (cf. [14], pp. 77-79). Furtherinore, one sees that L;#k PRE
closed and that Ly g C L% . Let Ly ) < La(Y, By k) = La(X, By )

be the smallest closed extension of L, ;. ;. Then the relation

~ 14
(2.40) Lp,k,h C Lp,k,h

is always true.

3. Characterization of solutions

3.1 . In this character we shall assumne that p €]1,00[ and that L
is a linear operator from S into S such that L' : § — S exists and that
one finds constants C > 0 and N € N with which

(3.1) ILolphk_y < Cllplps  forall wes.



ON REALIZATIONS AND POSITIVITY OF LINEAR INTEGRAL OPERATORS 215

13

At first we characterize the solvability of the equation Lp P pU =

= fiu € Ly(Y, By i), f € Lo(X, By 1)

THEOREM 3.1. The function u is a solution of L;#i pu = f if and
only if [ g(t,s)u(s)dv € D(L;ﬁh) p-a.e. t € X and
Y ’

(3.2) L;ﬁ’h ( / g(t,s)u(s)du) = f(t), p-ae t€X.

Y

Proor. A. Choose u from D(L;#Ic,h) and let L;’k’hu = f. For
any ¥ € D(X,S), the function (¢,s) — ¢(t, s)u(s)(L'(T(2))) is g x v-

measurable and one has

63 | ( / Ié(t,s)u(s)(L’(@(t)))ldv) dp <
X Y

1/2
< / ( / lzz(t,sn?du) IZ Rl ulllp ey =

X VY

1/2

- / 5, )PATXT | Mulllp ey LDy x < oo
xY

In Virtue of (3.1) the operator Lgﬁc,hk_N is bounded from By j to
B

phk_ Hence one gets:

6() = [ 4t o, (u(s)dv € By,
Y
and the relation

(3.4) / ZJ(t,s)Lg’i’th(u(s))dV = L;ﬁ,hk_N ( / 3(t, s)u(s)d V)

holds.
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From the Fubini Theorem we obtain (note that G € Lo(X, By ni_ )

6() = [ | [at. L s, (o) ) (B(t))dp =

X Y

L:ﬁ,hkﬁN (/é(t,S)U(S)d V) (‘I’(t))> dp=

Y

1 1l
Mm— M~

/ﬁ(t, s)u(s)d u) (L'(®(t))dp =

Y

/ /?J(t,s)u(s)(L’(q/(t)))d V> dp=

X Y

/ (X/ u(s)(ﬁ(t,S)L'(\I/(t)))dp) dv =

Y

= /u(s) (X/@(t,S)L'(\II(t))dp) dv = u(L'D) = £(¥),
Y

for all ¥ € D(X, S). Here we used the relation

(3.6) /u(S)(ﬁ(t,S)L'(‘P(t)))d# = /§(t>S)U(S)(L'(‘I’(t)))d t

X X
which is valid, since the functional Ty : Bp’,l/lcV — C defined by
Tu(v) = (jp/,l/kvu)(v) is bounded. The fourth step in (3.5) is similarly

seen.
Due to Remark 2.7 we see that G = f in Ly(X, Bp pi_, ), that is,
G(t) = f(t) p-ae t € X. Since [§(t,s)u(s)dv € By} and since
Y

(3.5)

Il

f(t) € Bpp p-ae. t € X, one gets the relation (3.2) from (3.4).
B. Suppose that (3.2) is valid. Then one sees that G = f and so by
(3.5) u belongs to D(L;ﬁ)h) and L;ﬁ,hu = f, as desired. 1

REMARK 3.2. As the above proof shows, the function u €
€ Ly(Y,Byy) is a solution of L ju = f, f € Ly(X,B,) if and
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only if

(3.7) /g(t,s)L;ﬁ,hk_N(u(s))d v = f(t), pae teX.
Y

In virtue of the definition of L;’k p one gets: The function u €
€ D(L;:k,h) and L;:k,hu = f if and only if there exists a sequence
{¥,} C D(Y,S) such that

68)  [IEO-uOiEdv+ [IET0 - FORpdu0
Y X

From (3.8) we obtain

THEOREM 3.3. Suppose that the function u is a solution of
Loene = f Then 1{g(t,s)u(s)dv € D(L;:k,h)’ p-a.e. t € X and

the relation

(39) Lo ( / o(t, s)u(s)d u) = f(t) pae teX

Y
holds.

Proor. Let u bein D(L;kh) andlet {¥n} C D(Y,S) be a sequence
such that (3.8) holds. In virtue of (3.8) one finds a subsequence {¥n}
of {¥,} such that ||(L\Ilnj)(t) = f®llp,k 70 and IH\Ian. —ulllpk,y 7 0

p-a.e. in X, say in X \ A (cf. [6], pp. 192-193). Since for t € X \ 4,

I [ o(t,)¥n, (51 = [ gt duto)dvlips <
Y

Y
1/2
2
< (/ lg(t, s)l ) lll‘I’nj—UIllp,k,y?O,
Y
and since

(LTn,)0) = [ 904, )L (¥n;(Ddv = L ( JECoIer ) ,

Y Y
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one sees that [ ¢(t,s)u(s)dv € D(L;k p) fort € X\ (AU A;) and that
Y ) b

Lo (f g(t, s)u(s)d V) = f(t) for t € X \ (AU Ay), This finishes the
BN
proof. |

3.2. In this section we assume that L is a pseudo-differential op-

erator L(D) defined by (2.9), where L(-) obeys (2.8). One sees easily
that

(3.10) VLDl hi_y,

and so (3.1) holds. The next characterization is obtained
"THEOREM 3.4. Let L be defined by (2.9). Then the function

u € Lo(Y, By ) is a solution of Lfk,hu = f, f € Lo(X, B, p,) if and
only If p-a.e. t € X the relation

Mk < COCh/kH‘P”p,k’

(3.11) L(HHF (/g(t,s)u(s)d l/> (&) = F(f(t))(8), m-ae. { € R"
Y

holds, where m denotes the Lebesgue measure in R™.

Proor. By Theorem 3.1 the relation L;#k p¢ = f holds if and only
if one has p-a.e. t€ X (sayt € X \ 4)

(3.12) L;fk,h (/ g(t, s)u(s)d V) = f(t).
Y

The relation
L;)#k pw =v

holds if and only if
w(L'(D)y) = v(ep) forallp € S
and so if and only if
(83.13) w(L'(D)(Fp)) = v(Fyp) = (Fv)(p) forallp € S.
w(L(D)(Fe)) = (2n) " F(Fw)(L'(D)(F¢))') =
= (27) " Fu((F(L'(D)(Fp)))") = (Fw)(L()e) = (L()Fw)(w),

one sees that L;#k,hw = v holds if and only if

(3.14) L&) Fw)(€) = (Fv)(£) m-a.e. { € R".
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Thus L;#k pt = f holds if and only if for any ¢t € X \ A one has

(3.15) L(OF /g(t,S)U(S)d V) (&) = F(f()(¢) m-ae (€R™ 1

Y

REMARK 3.5. A. Let L, ; be the linear subspace of LIIOC(R") whose
elements u satisfy that v -k € Lp. Then L, equipped with the
norm ”u”;k := ||lu - k||p is 2 Banach space and the Fourier transform
F: Byt — Ly, is an isometry. Hence for any ¢ € X \ Ay, the function
s — g(t s)F(u( )) belongs to Lo(Y, Ly ;) and one has
(3.16)

/g(t,s)F(u(s))du =F (/ g(t,s)u(s)dv |, for u € Lo(Y, By 1)
Y Y

This implies that in the characterization of Theorem 3.4, the function
F <fg(t,s)u(s)d z/> can be replaced with [ g(¢,s)F(u(s))dv.
Y Y

B. Suppose that u € Lo(Y,L;). For any v € Lj, the Fourier
transform Fv is a continuous function R® — C and one has

[(Fo)(@)l < vlle,-

Hence the linear functional Tyv := (Fv)(z) is bounded on Lj, which
yields for any £ € R®

( [ ot 9p@na ) (€ =T ( / g(t,s>F(u(s>>du) ~

(3.17) ¥ Y

- / ot TE(F(u(Mdv = [ o(t, IF(sN(Ed v

Y Y

Theorem 3.4 implies immediately
COROLLARY 3.6. Let L be defined by (2.9). Then the equality

(3.18) Lygn =L o p €l o0f, kb€ K

holds.
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ProOF. A. We have to show Ll#kh C L;kh Choose u from

D(L ) and let L ﬁ wt = f. Let $;(D) be defined as in 2.3. Then
lbg : By k — By is bounded, 1,va € ﬂ Byt and ||1,va -~ v||pk——>0 for

p.k
any v € By ;. Let A be a set fo y-measure zero such that u(s) € By

for any s € Y\ 4, and define u;(s) := {¢’]( u(s)), SEX\A. Then
s
one sees that

i ()lip e < CMlluls)llp.k
and
luj(s) — u(s)llpk —0 forany se€Y\A
J

and so by the Dominated Convergence Theorem one has
(3.19) |[lu; '“ump,lc,Y';’O-
In addition, one gets
a3 ()lp kg S 185 lp e
s * w()llp ey b = Il¢jIloo,kNO(},/k)IIU(S)Ilp,k
and so

(3.20) uj € Lo(Y, By gy h)-
We obtain

ILTHE ) x = [R5 <
X

2
S/ (/Ié(t,S)lIIL(‘I’(S))Ilp,th) dp<
X \v

/ 306, OPATFT | IE@OE sy <

<ol [ 1o PamTT | IR 4y v
xY
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and so

(3'21) LQ(Y: Bp,kNoh) C D( vk h)
B. To complete the proof we have to verify that

(3.22) Lok nus = flllpn x 2 0.
One sees by (3.11) that y-a.e. t € X
(323)  F((Lyypu)®)(&) = F(L} 4u)()(E) =

= L()F ( [ ot spussna ) () =
J

= L(E)F ( / g(t,sxiju)(s)du) © =

Y

= L(OF (i; (/9(t73)u(5)d V)) ()=
Y

= LE)(F$;)(E)F ( / o(t, s)u(s)d ) (€)=

Y

= (F¥; ) OF(FO)E) = (3;(f1)) (), m-ze. £R?

and so _
(3.24) Lok pui)(t) =¥;(f(t)) npae tekX.
This implies that (3.22) holds, which completes the proof. 1

4. On the equality of realizations for L(-,-) € Sg{ﬁm

We recall that S ;,)m denotes the Beals and Fefferman class of

symbols (cf. Remark 2.1.B.). In the sequel we shall consider the case

where p = 2, h = 1 and k = ¢, where ¢ belongs to sM=tm=1 "y,
g 3,4

operators z/;](D) are again defined as in 2.3. Define L;(-,-) := 0;L(-,-).
We need
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LEMMA 4.1. Suppose that L(-,-) € 5£4¢m Furthermore, assume
that ¢(-) € SM Lm=1 such that with ¢ > 0,

2,4
(41)  g(@) 2@z, ¢ N z,0)  for zEER™
Then for any j € N there exists R;(:,-) € Séqu Lm=1 guch that
(4.2) 1,/:]'(2—1'“) = Zi @J’“) + ﬁi,ju
and
(4.3) I Ri jullo := |1 Ri jullz, < Cllullaq =: Cllullg

for all w € Hy := By g and 7,5 € N.

PROOF. A. In view of the Taylor formula one gets that any ¢(-) €
€ 5M¢ Lm=1 , which obeys (4.1) belongs to i’. In the sequel we denote
(Lo P)(=, D) = L(z, D) o P(z, D).

B. One sees that {L;(+,-)} is a bounded sequence in Sg{’ﬁm Fur—
thermore, one sees that {1’[;]( )} = {©;} is a bounded sequence in SQ )

m

(for the definition of the topology in S‘I‘,¢ cf. [1]). Hence one has

(4.4) (% 0 L), ) = (Li 0 5)(, ) + Ri j(-,)
where {R; ;(-,-)}i; is a bounded set in Sggl’m_l (cf. the proof of

Lemma 1 in [1]). Since {R;;(-,-)¢~ ()},j 1s a bounded set in Sq, y
there exists a constant C' > 0 such that

(4.5) ([Rij(z, D)ello < Cllelly  forallp €S

(cf. the proof of Theorem 2 in {1]).
From (4.4) we obtain that

((B50Li) u) (0) = u((Z} 0 Bz, D) =
(4.6) = u(($} o L})(z, D)p) + u(R} ;(z, D)p) =

= ((Li 0 1,7:]> u +ﬁ,‘,]'u> (¢)

foruES'andeESandso
1[)J(L u) = L; (— )+R1]u
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Due to (4.5) one gets the estimate (4.3). This completes the proof. i
In the following we denote Ly := qu,ko’L;# = L;ﬁ)ko, Ly =
= L§ . and L;# = L;ﬁ,ko' We recall that Lo(X; H) is a Hilbert

9:ko
space and so for any bounded sequence {un} of Lo(X, Hy) one finds a

subsequence {un;} so that

(4.7) [1(1/7) (Zunj) —umk,X_r’O
i=1

with some u € Lo(X, Hy) (cf. The Banach-Saks Theorem). We use the
notations ||| - ||lgy,x = Il - llo,x and || - llgg =1 - flo(= 1| - || )

THEOREM 4.2. Suppose that L(-,-) belongs to ngi,m and that there

exists a symbol g(-) € nggl’m—l so that (4.1) holds. Then the equality

(4.8) Ly =L

is valid.

ProoF. A. Choose u from D(L:I#) and denote L;#u = f. Define
functions u; : Y — Hy (as above ) by

wils) = E-us)), seY\ A,
i(3) {03<< seY

where A is a subset of Y such that v(A) = 0 and u(s) € H, for any
s € Y\ A. Then we have (¢f. the proof of Corollary 3.6)

(4.9) Illuj'-quq,Y?O

and
(4.10) uj € Lo(Y, Hipy 4 ) for any N € N.

B. Since the weight functions ® and ¢ obey the property (i) (cf.
{1]) one gets that k_n(-) € S;Ig’_m for N € N large enough. Hence

the symbol (L o k_n)(-,) belongs to Sg’% and so

I(L o k_n)(z, D))o < Cllelly  for all y € S.
This implies that

(411)  |lL(z, D)ello < Clielley < Cllelley+q forallp €S
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Similarly, as in the proof of Corollary 3.6 one gets from (4.11) that for
all ¥ € D(Y,S)

1/2
@) ox<c| [l | ¥y
XY
Hence the inclusion
(4.13) Lo(Y, Hiyy4g) C D(L7)

holds. Specifically, any u; belongs to D(L7).
C. One sees that Ljv = ©;Lv for any v € §'. Hence we obtain

(4.14) ;v — L:I#‘U”O . 0 for any v € D(L;#)

Since ij : Ly — Lo is bounded (note that 1:[;]() € Sg’%) we observe by
(4.2)-(4.3) that

(415) B;(Litv) — L (F50) o < Clvlly o any v € D).

Due to Theorem 3.1 we know that there exists a subset A C X of
p-measure zero so that [ g(¢,s)u(s)dv € D(L’q#) and that
Y

(4.16) Lil# (/ g(t,s)u(s)du) = f(¥) foranyte X \ A.
Y
Hence we get by (4.15) that for t € X \ (AU A})

174 (?f)—] (/y(t,S)u(S)d V)) flo <
Y

(4.17) < ;0o + €l / gt, s)u(s)d vllq <
Y

1/2
< Ol + C / oty | [y
Y

In virtue of Theorem 3.1 py-ae. t € X
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(L)) = (L)) = LF /g(t,s)uj(s)du -
Y

=it | [oeBiutonar | =L (35| [otwsntonr] |,
Y Y

where the last step is a consequence of the boundedness of ﬁj :Hy— H,.

Hence by (4.17)
(4.18)

2 2 2 2 2
ltqusllf x < 2C 1IN x +2C / l9(t, $)2a x| Iflulll2y.
xY

The estimate (4.18) implies that there is a subsequence {uj;} so that
with some e € Lo(X, L9)

Ly ((1/r> (Zuj,) - ) lllo,x —0.

=1
Since also

r
H(1/r) <Z “j,) —ulllo,y 20
=1
we see that u € D(Ly") and that Ly'u = e = f, as desired. 1

In the case when M =m =1 we get

COROLLARY 4.3. Suppose that L(-,-) € Sé’;. Then the relation

(4.19) L~ =Ly =L
holds.

PRrROOF. We have only to find that ¢(-) = ky(-) obeys (4.11) with
M=m=1 [

REMARK 4.4. The Corollary 4.3 implies that L™ = L'#, when
L(z,D) is any first-order smooth linear partial differential operator
Y~ ao(z)D? such that
lof<1

(4.20) sup [DZas(z)| < Ca, a€Nj.
zeR®
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5. On the positivity of L

5.1. In this chapter we consider the case where X =Y = R"I, U=

= v = m (= the Lebesgue measure in R™ and where g(t,s) is of
the special form g¢(t,3) = a(t — s)b(¢)b(s) with a € Lo, b € Ls.
Furthermore, we are interested in paying our attention only to the case
p=2and k = kg (that is, B, j = Ly). Thus we are studying operators
of the form

(5.1) (LO)(t) = /a(t—s)b(t)b(s)L(\I/(s))dm, ¥ € D(R", S).

!

Rﬂ
Our aim is to give sufficient criteria for the estimate
(5.2) RelL ¥, ¥]p 1= Re[L ¥, U]z, x 2 —cll|Z]]I]

for all ¥ € D(R™, Ly).

The next lemma is needed

LEMMA 5.1. Suppose that L(-,-) belongs to Sgl;bm so that

(5.3) Re L(z,€) > c®@M(z,6)¢™(x,6)  for all z,£ € R™.

Then for each N € N there exist Py(-,:) € ng)M»(l/?)m

Rn(:,-) € Séqu_N’m—N such that

and

(5.4) L(z, D) + L*(z, D) = 2(P}; o Py)(z, D) ~ Ry(z, D),

where L*(z, D) (and P}(z, D)) is the formal adjoint of L(z, D) (and
of Py(z, D), resp.).
ProOOF. A. We shall verify that for any N € N there exist

N

yoray

Q;(,) € SDM-G=0/Am=(=1) ; _

and Ry(-,-) € SgIJN’n_N such that
(5.5)

N N
2( 13031 1D.Qj) | (z,D)=L*=z,D)+L(z,D)+Ry(z,D),
j=1 j=1

wlich implies the assertion.
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B. Assume that N = 1. Define Qi(-, -) := (LRe(" N2 where
LRe(+, ) == ReL(:,-). Then by (5.3) one sees that Qq(-,-) €

€ 3(1/2) (I/Q)m. The formal adjoint Q*(z, D) is generated by the
symbol Qi(z,¢) := Q(z,—¢) and so Qi(-,-) € S((I,l)f)M’(lﬂ)m. apply-

ing the symbolic calculus expressed in [1], we observe that there exist
symbols Rl,l(', ) € Sgl¢1m 1 and Rl,?( = 5(1/2)M 1,(1/2)m—1 50
that

(56) (Q1 0 Q1)(,6) = Q1(2,6)Q1(=,€) + Ry 1(2,€) =
' = Qi(z,€) + Qu(z,6)Ry1 9z, €) + Ry 1(z, €).

Writing Ry 3(z,8) = Qi(z,8)R12(z,€) + Ry 1(z,€) and noting that
Q (z,€) = LRe(z,£), we see that

2(Q1 0 Q1)(z, D) = (Q1 0 Q1)(z, D) +(Q] 0 Q1)*(=, D) =

5.7
B0 LRu(5.D) + L (5, D) + Ra(z, D) + R (s, D).
Finally, we find that there exist Ry 4(-,-) and Ry 5(-,-) € g¢ Lm=1¢,

that

LRe(#,€) + LRe(7,4) = LRe(2,4) + LRe(z, £) + Rya(z,€) =

(5.8)
= 2LRe(z’ ) + R1,4($a£)
and
(59) L(z,&) + L*(z,£) = L(z,€) + L(z,€) + Ry 5(2,8) =

= 2LRe(z’£) -+ RI,S(:”»@'

Thus (5.5) is valid with Q1(-,-) = Lge(-,-) 1/2 and Ri(-) == Ry 3, )+
* M-1m-
Rf4(,) + Ria(,) — Rus() €Sg g
C. Suppose that (5.5) holds with N = [. Then there exist Q;(,-) €
e SWDM=G=D/Dm=G=1) - _ 1 14 gy e sMobmel o

.4 .4
that

(5.10)

l {
2 ((Z Q;) 0 (Z Qj>) (z,D) = L*(z, D) + L(z, D) + R(z, D).
j=1 i=1




228 JOUKO TERVO

To complete the induction one has to find Qi (.,.) € ng)M_l’(lﬁ)m-l

and Ry, .)Sg;('“)’m‘(l“) so that
(5.11)

1+1 1+1
2 ((Z Q;) 0 (Z QJ)> (z,D) = L*(z, D)+ L(z, D)+ Ry1(=, D).
j=1 j=1

From (5.10) we see that there exists 41 1(-,) € Sg;(”l)’m_(lﬂ)

such that

(5.12) 4 ((Jz;l Q;) ° (,2;1 Qi)) (z,D) =

= 2(L*($7D) + L(:L‘,D)) + RI(:E’D) + R}k(l:D) -
= 2(L*($,D) + L(I’D)) + 2(R1)Re(I’D) + RI+1,1(1’D)'

Define Q41(-,-) := —(1/4)Q1—1(-, JR;(, ). Then we find by (5.12) that
+1 I+1
2 ((Z Q;*) (Z%)) (,D) = L*(z, D) + L(z, D)+
i=1 i=1
+ (R))Re(z, D) 4+ (1/2)Ry41 1(z, D) + 2(Qf 41 © Q1 )z, D)+

{
+ 2(Q,{ o Q1+l)($!D) +2 (Ql*—f-l o (Z QJ)) (va)'*'

j=2

(5.13)

((ZQ ) QM) 2, D)+ 2Qf41 © Qu41)(z, D)-

There exist symbols Rl+1,z( ) € 5(1/2)M (I+1),(1/2)m—(I+1)

RI+1,3('7‘) € Séd;(l+l)’m_(l+l) such that

(Q;‘.;.] o Ql)(x 6) = Q;‘_H(x ﬁ)Ql(l’ﬁ) + R1+l,3(xa£) =

= Qu11(2,§)Q1(2,€) + Riy1,0(z, £)Q1 (2, €) + Ryyy 32, €)
(note that Qpy1(-,-) € Sg 1/2)M —1,(1/2)m~1

and

(5.14)

). Hence we have
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(5.18) (@41 °Q1)(=,8) = —(1/HRi(=,6) + Ryt 4(2,§),

where

Rip1a(o7) == Ripaa()@1(2 ) + Rigp () € Sgrg CHm D,

Similarly, one sees that with a symbol R4y 5(-,-) € SM (+1);m—(1+1)

(5.16) (Q1 0 Qu1)(=,§) = =(1/9)Ri(=,6) + Riy1,5(2, ).

Furthermore, one observes that forany j =2,...,1+1

(5.17) (Q;‘HOQ].(.,.)Esg’{ ~(j=1);m—=1-(j-1) CS (l+1)m (1+1)
and

(5.18) (Q 0 Qi) ) € Sgp I,
Combining (5.13), (5.15), (5.16), (5.17) and (5.18) we see that

+1 1+1
(5.19) 2 ((Z Q;) 0 (ZQ])) (z,D) = L*(z,D) + L(z, D)+
= =1

+(1/2)Ry41,1(2, D) + 2Ry 41 4(z, D) + 2Ry 41 5(z, D)+

l l
+2 (Qf+1 0 (Z Q])> (z,D) +2 ((Z Q;) 0 Q,+1> (z,D)+
j=2 j=2

+2(Q7»|_1 o QH—I)(‘T D) = L*(I D) + L(IZI,D) + RH_](IE,D),

M (1+1),m—

where Rj,1(-,-) € S' (+1) i completes the proof. [

5.2. We assume that there exists N € N so that

(5.20) Sgg N sy

From the previous lemma we obtain

‘I>¢

THEOREM 5.2. Suppose that L(-,-) € S'M¢m so that the estimate
(5.3) is valid. In addition, assume that the inclusion (5.20) holds with
some N € N. Let L be defined by (5.1) where a € L1 N Lo and b € Ly
such that
(5.21) (Fa)(A)20, m-ae AeR™, a(z)=a(=)=a"(z), b(z)=b(z).

Then there exists a constant ¢ > 0 so that

(5.22) Re[L, U)o > ~c|[[¥|l} for all ¥ € DR, S).
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PROOF. A. Let N be a natural number such that (5.20) holds. Due
to Lemma 5.1 we find symbols

Py(-,) € Sfpl,f)M’(l/z)m and Ry(-,-) € Sg{;N,m—N c Sg”%

so that
L*(z, D) + L(z, D) = 2(Py o Py )(z,D) — Ry(z, D).
A direct computation yields (we denote dm(t) = dt)

LY, ¥lg= [ (LE)), ¥(t))odt =

R
(5.23) :/ /a(t~S)b(t)b(S)L(\P(s))ds,\I/(t)) dt =
rr \rn' .

= [{ [t -S)(L((b‘I’)(S)),(Z‘P)(t))odS) dt

r"  \rn'

and

L= [ ( / a(t—s)((M(t),L((bm(s)))ods)dt=

!

rR? \Rn

(5.24) = / / a0t = $)(L* (BU)(t), (b)(s))ods | dt =

R” Rv ,

=/ \ﬂ/ at ~ $)(L*(BL)(2), (bT)(s))odt | ds = -

=/ /a"(t—s)(L*(E\IJ)(t),(b\Il)(s))ods) dt.

Rn, u’

Here we applied (2.27) and in the third step wee used the Fubini
Theorem, which is legitimate, since the function

(s,t) = a(t = s)(L*(BL)(2), (BT )(s))o = alt — s)b(£)b(s)(L™ T (2), T(s))o
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belongs to LI(R"I X R"I). Noting that b = b and a = a’ we obtain by
the Fubini Theorem and by (5.23), (5.24) that

2RC[L‘I/, \IJ]O = [L\Pa \IJ]O + [‘IliL‘Il)O -

-/ / a(t ~ $)((L + L*)((%)(s), (bE)(2)))o =

R"IR"I
(5.25) iy / / alt — s)(Py ((b%)(s)), Py (b)(1)))o—
RﬂanI
_ / / alt — $)(Ry ((W)(s)), (BT)(D)o-
RYIIRTII

C. For the rest term in (5.25) we get

(5.26) //a(t—3)(RN((b‘I’)(3)),(b‘I’)(t))o <
R R7
< / /|a(t—S)l||RN(b‘I’)(3))||0||(b‘1’)(t)||0SC||a||Lopo||%|||‘I’|H%,
R R

since Ry : Ly — Ly is bounded.
D. The function

(t,s,2) = a(t — s)Pn((b¥)(s))(z) Pn ((b¥)(2))(z)

belongs to Ll(R" x R™ x R™) (note that PN(\IJ(s))(a:) is of the form
Z(Pthl)(x)xBI( s), since ¥ is finitely-valued RY S). Hence the

Fubini Theorem, the Parseval identity and (5.21) yield

(5.27) / / a(t - s)(Py (bY)(s)), Py (B2)(1)))od td s =

Rﬂl Rﬂl

(R / (R [ att = )Pu(@¥))) Py ((wat))('z)ds) dt) dz =
Rﬂ ! !

n n
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- | \R] (ax Py (D)) PA DN | do =

R®

= (@2n)™ / /F<a*PN<<b¢)(J)(z))(MF(PN((W)(J)(z))u)dA do=
Rn \Rnl

=(27r)~"/ /(Fa)(,\)|F((PN(b\IJ)(-))(x))(,\)|2d,\ dz > 0.
Rﬂ !

n

Thus the assertion follows from (5.25)—(5.27). 1

REMARK 5.3. A. In the case when M = m, the inclusion (5.20) is
always valid (with N = M). The inclusion (5.20) is also valid (with
some N € N) when there exists a constant ¢ > 0 such that &¢ > cke.

B. The proof of Theorem 5.2 yields also the following fact: Suppose
that L(-) satisfies (2.8) and that

(5.28) ReL(£) > 0.

Let a € L} N Loo, b € L9 such that (5.21) holds. Then the operator L
defined by

(5.29) (L)) = / at = $)b(E)H(s)L(DY(T(s))d s
R

satisfies

(5.30) RelLT, U] >0  for all & € DR™,S).

We have only to note that L(€)+L*(€) = Re L(€) = (LRo())/%)?,

and then the proof runs similarly as in Theorem 5.2.

C. Suppose that n’ = 1. Let T be a positive number. We can choose
b= X[0,T}- Then the operator L is of the form

T
(LI)e) = { ({“(t —s)L(¥(s))ds, telo,T).
0, t ¢ [0, 7).

The function a can be chiosen to be an extension of a continuous function
A : [-T,T) — R such that a(t) = a(~t), a € L1 N Ly and that
(Fa)(A) 20 a.e. A€R.
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D. Suppose that b = X[0,T) and that A is a continuous function
[0,T] — R. Let a be the null-extension R — R of A. Then one has

t T
(LY)(2) = /A(t —$)L(¥(s))ds = /a(t —$)L(¥(s))ds
0
and "
T T

(L*)(t) = /a(s —t)L*(¥(s))ds = /a(s —t)L*(¥(s))d s
0 t
and so

(L4190 = [t = UM + L),
R
where

>0
a(—t), fort <0,

a(t) = {a(t), for t

and where L* and L* are the formal adjoints of L and L, resp.. Since
2Re[LY, ¥]p = [(L + L*)T, T]p, the positivity of L can be examined
with the help of L + L*, which is of the considered form.
1 !
E. Let k(-) be in SMLm 5o that k > c@Mlqﬁml. Applying the

®)¢

symbolic calculus on | Sg[";", similar criteria as in Theorem 5.2 can

M,m
be obtained also for positivity of L} : LQ(RH’, H)— LQ(R"I, Hy).
F. We remark that in the proof of Theorem 5.2 we verified the
estimate

RlLE, ¥lo 2(2) ™" [ ( / (Fa)(A)F(PN(bmc))(z)(x)l?dA)dx—

Rﬂ

R
2 92
— Cllall Lo 10llo 111 1]5-
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For a densely defined operator A in the (complex) Hilbert space H
there is an interesting recent characterization ([4], Theorem 1) of the
range of A* i.e. a necessary and sufficient condition for the solution of
the equation

(1) A*z =y

where y is a given element of H and z is of course the solution of (1)
searched for.

The method of proof by SEBESTYEN gives a solution of a problem
of DOUGLAS [2] concerning the factorization of unbounded operators,
especially with a bounded cofactor. A characterization of the range of
a contraction (i.e. an operator on H with norm not greater than one)
is given in ([3], Theorem 4.1) recalling that the result is implicit in the
work of DE BRANGES and ROVNYAK ([1], p. 23) and that it seems to
have been first proved by R. C. DOUGLAS.

Here we give a form of characterization of the range of adjoint, not
necessarily bounded operator of the latter kind in (ii) of the theorem
below, where (iii) is Sebestyén’s result.

THEOREM. Let A be a densely defined operator with domain D(A)
in a (complex) Hilbert space H and y in H. The following assertions
are equivalent:

(i) There is z in H such that A*z =y,
(1i) There is a constant ¢ > 0 such that

2Re(z,y) — 42|’ <c¢ (v € D(4)),
(ii1) There is m > 0 such that
l(z,y) <mflAzll (2 € D(4)).
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PROOF. (i) = (ii). Using (i) we have
2Re(z,y) — ||Az]|? = 2Re(z, A*z) — ||Az||2 = 2Re(Az, 2) — ||Az? =
=z)* = Az = 2|* <zl = ¢ (z € D(4))
(ii) = (iii). If zo is an arbitrary fixed element of D(4), taking
O € [0,2m) such that (zg,y)e'90 = |(zg,y)]. We have from (ii), with
zy = €904z (t € R) that
2t|(z,v)| — £*| Azo|> = 2Re(z(,y) — Az}’ Sc  (t€R)
and then that
(2) 2tl{zo, )| — Az < e (tER).

It is easy to see from (2) that Azg = 0 implies |(zg,y)| = 0 and then
that

(*) [{z0,y)] = 0 = || Azo]l-
Then we can assume, without losing generality that Axg # 0. In this
case taking tg = Wo0¥ ip (2), we have
& 10 = izl ™ (2
(0, )2 2 2
g = 2tol(zo, y)| — L5l Azoll” < e
”AzOHQ < ) 0 ”

Since zg in D(A) is arbitrary it follows from this and () that
[z, 9)] < VellAz]l (= € D(4))

(1i1) = (i). As in the proof of ([4], Theorem 1), let ¢ : R(A) — C
be given on the range R(A) of A by

p(4z) = (5,5) (2 € D(A)).
@ is continuous. Therefore ¢ can be extended in a unique way to a
continuous linear functional on the closed subspace R(A) of H. Here

R(A) is a Hilbert space in its own right, so the celebrated Riesz

representation theorem gives a uniquely determined z in R(A) with
p(w) = (w, z) (w € R(A)). In particular we have

(2,0) = p(Az) = (4z,2)  (z € D(A)).
It follows from this that, by the definition of the adjoint,
z € D(4%), A'z=y
The proof is complete.

ACKNOWLEDGEMENT. We want to express my thanks to Z. SEBES-
TYEN for his valuable advices.
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1. Introduction

An undirected graph may be considered as a model of network
for transmission of material flows. The lines of the network may be
unreliable. One of the characteristics of the network reliability is the
number of spanning trees of the corresponding graph.

It is natural to consider two types of problems on network reliability:

(P1) a problem of analysis: find the number of spanning trees of a
graph (or obtain formulae for the number of spanning trees for some
classes of graphs) and

(P2) a problem of synthesis: construct a graph with given number
of vertices and edges which has the maximal (or minimal) number of
spanning trees (or, moreover, describe “optimal” graphs of some types).

Many papers are devoted to the first problem (see for example [1],
[2], {3]). One approach to this problem is based on the fact that the
number of trees of a graph equals a principal minor of a certain matrix
of the graph [4]. In many papers this fact was used to derive formulae
for the number of spanning trees of a graph.

An investigation of the characteristic polynomial of the above ma-
trix (we call it the polynomial of the graph) gave an algorithm for
obtaining formulae for polynomials and for their roots (and, as a
byproduct, for the number of spanning trees) of graphs decomposable
with respect to certain operations onto graphs with known polynomials
(5}

Many formulae which were derived elsewhere may be easily obtained
by tlie method described in [5] since the graphs for which these formulae
were deduced may be constructed by using the above operations from
graphs whose polynomials are known or may be easily found.
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Another way to find the number of spanning trees of a grapli is to
use the principle of inclusion and exclusion {[6]. By this method formulae
for the number of trees in some special cases were also obtained. As it
was shown in [7] the basic formula for the number of spanning trees of
a graph derived in [6] by the principle of inclusion and exclusion is one
of the relations between the coefficients of the polynomial of a graph
and its complement stated in [8]. This shows the relationship between
these approaches.

Note that the problem of counting spanning trees in a graph is a
part of a more general problem of determination of the probability of
connectivity of a graph with randomly deleted edges [9], [12].

Much fewer papers are devoted to the construction of graphs with
given number of vertices and edges and the extremal number of span-
ning trees (see e.g. [7], {8], [13-15]). As A. K. KELMANS has noted in
his publications, there are different directions for generalizing the above
problem. One of the generalizations is to find a subset X of m vectors
of a set A from the n-dimensional space K™ (K is a field or a ring) such
that X has the maximal number of bases of X.

Another generalization is to construct a graph with a given number
of vertices and edges and with the maximal probability of connectivity
(see e.g. [11], [16], [17]).

In (18] a coding of trees is given providing a natural correspondence
between the set of codes of spanning trees of a graph and the set of
codes of spanning trees of the so called extension of the graph. This
correspondence provides a simple relation between the so called volumes
of a graph and its extension (and in particular a simple relation between
the spanning tree numbers of a graph and its regular extension). The
results of this paper can be used to obtain simple combinatorial proofs
of many previous results on the number of spanning trees of a graph
and to obtain formulae for the number of spanning trees of graphs of
some new classes.

This paper is based on [18]. Using the above mentioned results we
obtain formulae for the number of spanning trees of graphs of some
types. By means of these formulae we find graphs with given number
of vertices and edges which have the extremal number of spanning trees
among the considered classes of graphs.

2. Some notions and notations

We consider undirected graphs without parallel edges but possibly
with loops [4]. Let VG and EG denote the set of vertices and edges of
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a graph G, respectively. Let d(v,G) denote the number of edges of G
incident to a vertex v (loops are counted once).

Let 7(G) and t(G) denote the set and the number of spanning trees
of a graph G, respectively.

Let n(G) = n{d(v,G) : v € VG}.

Let g(n,m) denote the set of graphs with n vertices and m edges.

3. Previous results

1. Let G be an undirected graph. Let X be a finite set of elements

and X, C X for v € VG. Put X(v) = {vz:z € X,} for v € VG. Put
={X(v):ve VG}.

Let us construct the new graph I' = G(x) as follows:
(al) VI =U{X(v):v € VG} and
(a2) for a pair of vertices vjz) and vozg of T

(vizy,veze) € ET iff (vy,v9) € EG.
We call G(x) the x-eztension of G.

Put |VG| = n, | X(v)| = k(v) and [VG(x)| = s so that Y {k(v) :

v € VG}.

2. Let f : VG — K be an arbitrary function where K is a
commutative ring.

Suppose first that G is a tree T. Put
R(T,f) = n{f()"» D=1 .y e vT).
For an arbitrary graph G put
R(G,f)=) {R(T,f): T €rG}.
We call R(G, f) the spanning tree volume of a weighted graph (G, f) {or
simply a volume of (G, f)). Put
) = Z{f(va:) cvz € X(v), v € VG}.
3. THEOREM [18].
R([GIX, f) = Q(G, x, f*) - R(G, f*),

where
QG x, ) =n{[ Y (X (a):aeVE

and

]k(v)—l

(a,v) € EG) vE VG}.
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4. Consider a particular case when f = 1. Then R(G(x), f) =
=1(G(x)). Suppose also that all the sets X(v) in x={X(v):v € VG
have the same cardinality: | X (v)| = k for any v € VG.

Let [G)¥ denote the graph G(x) in this case. We say that [G) is
the k-regular extension of G.

COROLLARY [18].
t((G1F) = k™21 {d(»,G) : v e VG}¥1. 4(G)

Thus we have a formula for the number of spanning trees of the
k-regular extension of a graph G in terms of the number of spanning
trees and the vertex degrees of G.

5. Let F™ be a graph with m edges (so that P™ and S™ are the

chain and the star with m edges). Let m - P! be the graph-matching
with m edges.

THEOREM (7], (13}, [14]. Then
H(Kn —mPY) > t(Kn — F™) > t(K, — ST

for any n > 2m and for any graph F™ with m edges distinct from mpPl
and 5™.

6. THEOREM [13], {14].
t(Kn — P™) > t(Kn — F™) > t(Kn — §™)

for any n > m + 1 and any connected graph F™ with m edges distinct
from P™ and S™.

7. Let C™ be the cycle with m edges.
THEOREM [13].
t(Kn —C™) > t(Kn ~ F™)

for any n > m and any 2-edge-connected graph F™ with m edges.

4. Comparison of graphs by the number of spanning trees of
their extensions

1. Let 1, denote the set of trees with n vertices. We would like
to compare n-vertex trees by the number of spanning trees of their
extensions. Put n(G) = n{d(v,G) : v € VG}

1.1. Let A and B be disjoint undirected graphs, a € VA and
b € VB. Let (Aa o bB) denote the graph obtained from 4 and B by
:dentifying vertices a from A and b from B with a new vertex (aob) = z.
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LEMMA. Let a1, ag € VA and d(aj, A) 2 d(ag, A). Then n(Aaj o
0bB) < m(Aag o bB). The proof is easy, hence omitted.

1.2. Obviously t(Aa) o bB) = t(Aag o bB). Therefore Corollary III.
4. and Lemma 1.1. imply

LEMMA. Let a1, ag € VA. Suppose that d(a;, A) > (>)d(ag, 4).
Then #([Aag o bBJ¥) > (>) t[Aaj o bB)¥) for any k = 2,3, . ...

1.3. Let T'! and T2 be trees with the same number of vertices: T!
T? € 1. We write T! < T2 if T1 = (Aa; 0 bB), T? = (Aas 0 bB) and
d(ay, A) 2 d(ag, A) for some A and B.

Let P, and Sp denote the chain and the star with n vertices,
respectively (so that Py, Sp € 7n). One can easily prove.

LEMMA.
Sn X T % Py, for any Ty, € m.
1.4. From Lemma 1.2 we have
LEMMA. Let T!, T2 € 1,. If T! < T2 then =(T1) < =(T?).
1.5, Corollary III. 4, Lemmata 1.3 and 1.4 imply

THEOREM.
(al) t([Pn]k) - knk-—? . 2n—-2’
(22) t([Sn)") = £"72. (n - 1),
(a3) t([Sn]*) < t([Tnl¥) < t([Pu]®)

for any T, € 7q and for any k = 1,2,....
2. From Corollary III. 4. we have:

THEOREM. Let G be a graph with n vertices and m edges.

t([G1*) _  nk- , 1 kg (2 m\F
—W_k k=20{d(v,G):ve VG}F 1 <k 2(7)

and equality holds iff G is a regular graph.

3. Let as above g(n,m) be the set of graphs with n vertices and m
edges. Different authors (e.g. Bedrosian, Kelmans) independently have
the following

CONIECTURE. There exists G* € g(n,m) such that t(G*) > ¢(G)
and 7(G*) 2 t(G) for any G € g(n,m).
In particular if 2m/n = d is an integer then there exists a regular

graph G* € g(n,m) such that {(G*) > t(G) for any G € g(n,m).
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4. Corollary IIl. 4. implies

PROPOSITION. Suppose that Conjecture 3 holds for a pair (n,m),
and that G* is a corresponding graph from g(n,m). Then

t([G*]k) > t([G’]k) for any G e g(n,m)and k=1,2,....

5. Consider the set of graphs with n vertices and n edges. Let Cy
be the cycle with n vertices and Ry, be the graph obtained from the
star Sy, with n vertices by adding a new edge between two end vertices

of Sp.

THEOREM.
(al) t([Cn]¥) = k™72 21 g
(a2) t([Ra]*) = k™72 12(n - 1),
(a3) t([Ral®) < H([GIF) < ¢({Cu]")

for any G € g(n,m) and k =1,2,....

The proof of the theorem is based on Corollary III. 4. In order
to prove tlie theorem we introduce some operations on graphs which
“improve” graphs just the same way as we did it for trees (see Sec. 1).
The upper bound can also be proved by means of the Proposition.

6. Consider graphs from g(n,n+1). Let B, denote the graph which
consists of three internally disjoint chains Py, Py, Py with the common
end vertices such that

if n + 1 = 3k then each P; has k edges,
ifn+1=3k+1 then Py and P) has k edges and Py has k+ 1 edges,
ifn+1=3k+2 then P, and P has k+1 edges and P3 has k edges.
Obviously B, € g(n,n +1). A. K. Kelmans proved before that
t(Bp) > t(G) for G € g(n,n+1) — {Bg}.
It is easy to see that
n(Byp) > n(G) for any G € g(n,n + 1).
Thus for g(n,n + 1) Conjecture 3 holds and G* = B,. Therefore from

Proposition 4 we have

THEOREM.

t([Bn]F) > t([G]¥) for any G € g(n,n + 1) — {By).

7. Using Proposition 4, Corollary IIl. 4. we obtain from Theory
L. 5. - 1L 7.
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THEOREM.
(al) t({Kn — mPYUE) > t({Kn — F™F) > t([kn — S™))

for any n 2 2m, k = 1,2,... and for any graph F™ with m edges
distinct from mP! and S™,

(22) t([Kn — P™) > t([Kn — F™F)

foranyn>m+1, k=1,2,... and for any connected graph F™ with
m edges distinct from P™.

(3) t([Kn ~ C™) > t(|Kn — F™)5)

for anyn > m, k = 1,2,... and for any 2-edge-connected graph F™
distinct from C™,

5. Conclusion

In general it is not clear what is the relation between the number
of spanning trees of a graph and its set of the vertex degrees. It seems
to be natural that (as pointed out in Conjecture 3) among the graphs
with the maximal number of spanning trees (and with given number of
vertices and edges) there should be a rather regular graph with respect
to its vertex degrees. But now this conjecture is proved only in some
particular cases. The importance of Corollary 4 is just the fact that it
gives the directed interconnection between the set of the vertex degrees
of a graph and the number of spanning trees of its extension. This
makes it possible to use previous results on graphs with the maximal
number of spanning trees for obtaining new constructions of optimal
graphs under some restrictions.

In this paper we gave new constructions of graphs with the extremal
number of spanning trees among the graphs obtained by a regular
extension from graphs with fixed number of vertices and edges. The
above results prove in particular that the conjecture on regularity of
optimal graphs holds for the cases sonsidered.
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An arithmetic function f(n) # 0 is said to be multiplicative if
(n,m) =1 implies that
f(nm) = f(n)f(m)

and it is completely multiplicative if the above relation holds for all n
and m. Let M and M* denote the set of complex-valued multiplicative
and completely multiplicative functions, respectively.

In 1980 J. L. MAUCLAIRE and LEO MURATA {3] proved that if
f € M satisfies the properties

|[f(n)] =1 (n=1,2,...)

and

S A D)= fm) =0 (x> co)

n<z

then f € M*. By using the method of K. H. INDLEKOFER and I. KATAI
[1)-[2] one can prove that for any fixed positive integer B the conditions

feM, |f(n)=1 (n=1,2,...),
Sl BY = () =0 (z - o0)

n<z

imply that
f5 =) (k=1,2,...)

for each prime p coprime to B.

The aim of this note is to prove the following

*) Research (partially) supported by Hungarian National Foundation for Scien-
tific Research grant. 907.
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THEOREM. Let A, B be positive integers and let C be a non-zero
complex number. If f € M satisfies the conditions

(1) fl=1  (n=12..)

(2) S A+ B) = CS)| 0 (s o0)
n<z

then

(3) R = (fe)E (k=1,2,...)

for each prime p coprime to 2AB. If (2,AB) = 1, then (1) and (2)
imply that

and

f(A)? =C?

Proo¥F. Let A, B be fixed positive integers. For an arbitrary posi-
tive integer n, let B(n) be the product of prime factors of B composed
from the prime divisors of n, i.e. B(n)|B, (B(n),B/B(n)) = 1 and
every prime divisor of B(n) is a divisor of n.

For each positive integer @ we define the sequence R = R(AQ) =
{R}72, by the initial term Ry = 0 and by the formula

(4) Rp=1+...4+(AQ)F!
for £ > 1. Moreover, let
(5) Ti(n,Q) = (AQ)* B(Q)n + BR(AQ).

First we show that f € Ml with the property (2) implies that

(6)
2

n<z

= o(z) (z — o)

k-1
F(T(n, @) - C* (%%) HQB(Q)

holds for every positive integer &, Q. By using (2) and (5), it is obvious
that (6) is true for & = 1. Let £ > 1 and assume that (6) holds for
k —1. By using (4) and (5), we have

Tp(n, Q) = AQTy_1(n,Q) + B

and

(QB(Q), Ty _1(n,Q)/B(Q)) = 1.
Thus, by (2) and using the fact f € M, we get
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f(QB(Q))
f(B(Q))

Since (6) holds for k — 1, (7) implies that (6) also holds for k. So (6)
has been proved.

Let f € M satisfying the properties (1) and (2). We shall prove
that if the positive integers k and @ satisfy the conditions

f(T(n, Q) - C

f(Tg-1(n, Q)| = o(z) (z — o0).

uUp»

n<z

(8) (Ri(4Q), B(Q) + B) =1
then
(9) F(AF1QEB(Q)) = C* 1 (f(@B(@)*

(F(B@)*FT
Assume that (8) holds. Let Ry = Ry(AQ). Then, we have
(10) (Ry, (AQ)*B(Q)(AQRym +1) + B) = (R, B(Q) + B) =1
for every integer m. Considering
n= R (AQRym + 1)
and taking into account (6), using (1) and (10), we get

2

FAQ)EB(Q)(AQRym + 1) + B) —

m<z
k-1
~c* (f)E(QBB;(QQ)g)> F(QB(QYAQRym + 1))| = oz)
and so, by (2)
k-1nk kf(QB(Q))k :
Cf(A Q B(Q)) -C W Tg{:l If(AQka + l)l — O(I)

as ¢ — oo. This with (1) implies (9).

Let p be prime for which (p,24AB) = 1. It is obvious that (8)
holds for every positive integer k if Q = 2B or @ = 2Bp. In this case
B(Q) = B and by (9) we obtain

(11) f(Ak—lszk+l) — Ck—lf(ZBQ)k/f(B)k—l
and

f(akT1ok BHHIph) = *1 f(2B2p)*/ f(B)H
which, using the fact f € Ml and (p,24B) =1, give

(12) ") = (f))*
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for every positive integer k. So we have proved (3).

Finally, assume that (2, AB) = 1. In this case (8) holds for every
odd integer k > 1 if B|Q. Thus, by applying (9) in the case Q = B, we
have

f(Ak—lBk+l) - Ck——lf(BQ)k/f(B)k—-l’
and so, by (11)
(13) f@4y = (f2)*

for each odd integer k > 1. The proof of the theorem has been finished
if we show that

(14) F2F) = (F(A)/O)F (F(2)F

holds for each positive integer k, since by (13), (14) we have f(A)2 =C2

Let B = B(A)Bj. By Dirichlet’s theorem there is a positive integer
Qo such that

(15) AQop=1 (mod4B)) and (Qg,24B)=1.

Let R = Ry(AQq) = 1 + AQq. Using (15), we have (R/2,24B) =1
and by (12)

(16) f(R*) = f(2")f(R/2)F and  f(QF) = f(Qo)*

for every positive integer k. Since

C f(R)f(AQ§R*m) — C*f(Qo) f(QuR**'m) =
= {f((AQ0)*R¥*'m + BR) — C2f(Qu) f(QuR*+'m)} -
—{f(R)f((AQo)*RFm + B) — C f(R) f(AQ§R*m)}.
by (6), using (1), we get

ST IS (R)F(AQER m) — CF(Qo)* f(RM ' m)| =
(m, AGg R)=1
= |f(R)F(AQFR") - CAQu (R S |f(m) = o(2)
(m,AGq R)=1
and

(17) F(R)F(AQERF) = C f(Qo)* F(RFF).
By (16) and (17) it follows that

\ FAY
(18) FRth 2 L2 oy pok

i —
“

[V

A
i
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which proves (14). This completes the proof of the theorem.

REMARKS. (i) Similarly to the proof of (18), using (6) and (12) one
can deduce that if f € Ml with the properties (1) and (2) then

P—1y\ %!
f(P")=(f(C“‘P—_1)> (F(P)F

for each positive integer P coprime to AB. Thus, from our theorem,
we have

f(AP—l) — CP—l
for each positive integer P coprime to 24B.
(i1) Using (8), (9) and (12) one can prove that if (2, AB) = 1, then

fak2*thy = crpyt
and so

FAR) fafk = c®

for each positive integer k.
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MULTIPLICATIVE FUNCTIONS SATISFYING A
CONGRUENCE PROPERTY II.

By
BUI MINH PHONG*)
Computer Center, L. Eotvos Univesity, Budapest
(Received September 8, 1989)

1. An arithmetic function f(n) # 0 is said to be multiplicative if
(n,m) =1 implies that

1 f(nm) = f(n)f(m)

and it is completely multiplicative if (1) holds for all n and m. Let
M and M* be the set of integer-valued multiplicative and completely
multiplicative functions, respectively.

M. V. SUBBARAO [3] proved that if f € M satisfies the relation
(2) f(n+m)= f(n) (mod m)

for every positive integer n and m, then f(n) is a power of n with
non-negative integer exponent. In [1] among others we extended this
result proving that if (2) holds for every positive integer n and every
prime m, then f(n) also is of the same form.

In the space of the sequences {z1,z3,...} let E,I,A denote the
operators defined by following relations

Erp=z,41, Izpn=2n, Dzp=2zp4) —2Zn.

for any integer k > 0 let A¥ = (E — I)F with A0 =T.
The aim of this paper is to prove the following

THEOREM. Let k > 0 be an integer. If f € Al and A¥ f(n) satisfies
the relation

(3) AFf(n+p) = AFf(n) (mod p)

*) Research (partially) supported by Hungarian National Foundation for Scien-
tific Research grant No. 907.
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for every positive integer n and every prime p, then f(n) = n®, where
a is a non-negative integer.

2. LEMMAS. We need some lemmas for the proof of our theorem.
Note that in Lemma 1-2, we shall not use the multiplicativity of f(n).

LEMMA 1. Let f(n) be an integer-valued arithmetic function and
k, Q be positive integers. If A¥f(n) satisfies the relation

(4) AFf(n+ Q) = AFf(n) (mod Q)

for every positive integer n, then for s =1,...,k

s—1
_ _ -1 i
BYAF T f(n Q) - A f(n) =) ("j )A’} H(Q,t) (mod Q)
J=0
holds for every integer n > 1 and ¢ > 0, where

Q1) = ATF(1+1Q) - ATf(1) (i=0,1,...).

PROOF. Let t be a fixed non-negative integer. Obviousily, (5) holds
for n = 1. Let n > 1. We shall prove (5) by induction on s.

Using (4), we have

n—1 n—1
S Ak +1Q) =S A*f(i) (mod Q),
i=1 i=1
and so
AR f(n £4Q) = A¥LF(1 +4Q) = AP f(n) — AFLF(1)  (mod Q)

which proves (5) in the case s = 1.
Assume that s < k and (5) holds for s. By using (5), we have

s+1 (Tl+tQ) S+l (1 +tQ)_
_Ak- (s+1) f(n)+Ak_(s+l)f(1) -

3
|
—

{aF2fG +1Q) - A= f(i)} =

i=1

n—1 [ s—1 i —1 k~;+'

=AY (T )arrany -
i=1 |j=o0 N 7

s—1

I
I

(o900 (1)

.
i
o
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=2§{A'° (51}

> (”_1) “EH Q1) (mod Q),

Mm

and so

Ak_(s+l)f(n + tQ) _ Ak—(s-}-l)f(n) =
= (" ; 1) A Q1 (mod @),
j=0

which proves that (5) holds for (s + 1) and so Lemma 1 is proved.

LEMMA 2. Let f(n) be an integer-valued arithmetic function, k be
a positive integer and Q be a prime. If A¥ f(n) satisfies the relation (4)

for every positive integer n, then for s=1,...,k
=
k & k—s+jQ
-8 — —5+]
©  afren= Y (j1)85 %@ moaa),

holds for every positive integer #, where [z] denotes the largest integer
not exceeding .
PrOOF. Applying (5) in the case n =1 +iQ and ¢t = 1, we have

AR f1 4+ (4 1)Q) — AP +iQ) =
el (iQ) Ak—s+j(Q 1) =
0 J d e

-

3
—

(7) _[

4

A
i
o

(95~

1’3
—

7]

|
i

() ATHUQ) (med Q),
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because it is well-known that for a prime Q we have (’?) =0 (mod Q)

if (Q,7) =1 and (;g) = (;) (mod @). From (7) it follows that

AR R 1Q) - AP F(1) =
1

{aF 250+ +D)Q) - A ra +iQ)) =

T

it

1=0
LD/
=2 2 <1)Af*B+JQ(Q’1)=
i=0 =0
[(s-1)/Q . -1
D> {Af"S+JQ(Q,1)Z(j>}=
j=0 1=0
/@
— —5T]
- X (i )8 @ meda),

which proves Lemma 2.

LEMMA 3. Let a be a positive integer. If f € M satisfies the relation
(8) f(n+p%) = f(n) (mod p)

for every positive integer n and every prime p, then f € M* and for
each prime ¢

(9) flg) = ¢°@,

where a(g) > 0 is an integer.

PROOF. Assume that f € M satisfies the relation (8) for every
positive integer n and every prime p. We first note that by (8) it
follows that

(10) f(n+ hp%) = f(n) (mod p)

for every integer n > 1, h > 0 and every prime p.

We shall prove that for a prime p and a positive integer m

(11) plf(m) implies p|m.
Assume indirectly that for a prime p

p|f(m) and ptm.
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Thus (p,m) = 1 and so by Dirichlet’s theorem there exist positive
integers z, y such that

(12) (m,z)=1 and mz =1+ p%y.
Applying (10), by using (12), we have

0= f(m)f(z) = f(mz) = f(1+p%y) = f(1) =1 (mod p),
which is a contradiction, since p is a prime. So we proved (11).

We now prove that f € M4 with (8) implies f € M*. We show it by
proving that for each prime ¢q and each positive integer s

(13) f(g?) = (f(9)*.

We use induction on s. Let ¢ be a fixed prime. Obviously, (13) holds
for s = 1. Assume that (13) holds for s. Let p > ¢ be an arbitrary
prime. For each prime p there exist positive integers u = u(p), v = v(p)
such that

(14) (v,g) =1 and ¢°u=1+p%v.
Since pfu, then, as we showed above
(15) f(u) #0 (mod p).

Using (10) and (14), we have
flg°u) = f(1+p*v) = f(1) =1 (mod p)
and
f(@*1u) = f(g + p*qv) = f(g) (mod p).
From these, by using (14) and (15), we get
(16) F(@™) = f(9)f(¢°) (mod p).
Since p > ¢ is an arbitrary prime, from (13) and (16)
fg*h) = F(@f(@°) = (F()*H
follows, which proves that (13) holds for s + 1. Thus f € M*.
Finally, by (11) it follows that for a prime ¢

(17) flg) = +¢*9),
where a(g) > 0 is an integer. We shall prove that
(18) flg) >0

for every prime gq.
Let t > 6 be an odd integer. Clearly there exists an odd prime p
such that ¢¢ =1 (mod p) and so

a—1

(19) ¢? =1 (mod p®).
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If f(g) < 0, then by (17) f(q) = —q®®) follows. Applying (10) in the
case n = 1 and hp® = qt’l’a_1 — 1, we have

£ (d77) = 10+ ™) = £(1) (mod p)

and
f (ql‘pa_l) — (f(q))t-pa"l - _qa(q)l-Pa—ql = -1 (InOd pa),

because t - p*~! is an odd integer, f € M* and (19) holds. Then we
have2 =0 (mod p) in contradiction with p > 2. Thus we proved (18).
This completes the proof of Lemma 3.

3. PROOF OF THE THEOREM. Assume that f € 4l satisfies the
relation

(20) AFf(n+p) = AFf(n)  (mod p)

for every positive integer n and every prime p. For k = 0 the assertion
follows from the result of [1]. In the following let k£ > 1. We shall prove
that f € Ml and (20) imply f € M*.

Using Lemma 1 and Lemma 2, it follows by (20) that fors =1,...,k

s—1

DAF S f(n +tp) — A S f(n) = (" J' 1) AL (p,1)  (mod p)
=0
and ’
. Y AN
(22) NROERDY (i N 1)A 7 P(p,1) (med p)

=0
hold for every positive integer n,t and every prime p. Let @ = a(k) be
an intger for which k < 2%. It can be easily seen that

(23) (pla) =...= (pZ‘) =0 (mod p)

for every prime p. Thus, using (21) and (22), we have

A(}(Papa) =...= Al}—l(p,po‘) =0 (mod p)
and
LN
(24)  fr+p*tH = f(n)= Z ( ; )A'}(p,pa) =0 (mod p)
j=0

for every positive integer n and every prime p. Using Lemma 3, (24)
implies that f € #4* and

(25) flg) = ¢
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for every prime ¢, where a(g) > 0 is an integer.

Now we prove that for distinct primes g, r we have a(g) = a(r), and
so the proof of the theorem will be finished.

Applying (22) in the case k = s, we have
(26) fA+tp)—1=t{f(p+1)—1} (modp)

for every positive integer t and every prime p > k, because {(k—1)/p]

for p > k. Applying (26) with ¢t = p+2, we obtain that (f(p+1)-1)%=
(mod p) and so by (26)

(27) f(+ip)=1 (mod p)
holds for every integer ¢t > 0 and every prime p > k.

0
0

Let g, r be distinct primes and let a{q) > a(r). Then there is a
prime p such that

p > max(k, qa(Q)_a(r)) and ¢r®* —1=0 (mod p)
for some positive integer s. (For the existence of such p, see, e.g. [2]).

Using (27), we have f(¢r®*) = f(1) =1 (mod p) and

Flqr®) = F@)(F(r))* = @088 = (al@)=a(r)  (mod p),

which imply a(g) = a(r) = a. Hence f(n) = n® for every positive
integer n. This completes the proof of our theorem.
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Let MM and M* be the set of integer-valued multiplicative and
completely multiplicative functions, respectively.

In 1966 M. V. SUBBARAO [2] proved that if f € M and f satisfies
the relation

(1) f(n+m)= f(n) (mod n)
for every positive integer n and m, then
(2) f(n)=n* (n=1,2,..)),

wliere a is a non-negative integer. In [1] A. IVANYI extended this result
proving that if f € M* and (1) hLolds for a fixed mn and for every positive
integer n, then f(n) also is of the same form (2).

The purpose of this note is to generalize the results of SUBBARAO
and IVANYI mentioned above. We shall prove the following theorem.

THEOREM. Let M be a positive integer and let f € M. If f(M) # 0
and

(3) : fin+ M)= f(M) (modn)
for every positive integer n, then
f(n)=n% (n=1,2,..),

where « is a non-negative integer.

We shall use the following result in the proof of our theorem.
LEMMA. Let A be a positive integer and let f € M. If
(4) f(1+ Am)=1 (mod m)

*Research (partially) supported by Hungarian National Foundation for Scientific
Research Grant 907.
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for every positive integer m, then there is a non-negative integer a such
that

(5) |f(n)] = n®

for all positive integers n which are prime to A.
Proor. We first prove that

(6) f(ab) = f(a) f(b)
holds for all positive integers a, b which are prime to A.

Let a, b be positive integers for which (ab, A) = 1. Let p be a prime
which satisfies the condition

(7 (p,adb) = 1.
Then there are positive integers z, y, u and v such that

az =1+ Apy, (z,ab) =1, bu =1+ Apv, (u,abz) = 1.
From these we have
abzu = (1 4+ Apy)(1 + Apv) = 1 + ApT,

where T = y + v + Apyv. We now apply (4) with m given by py, pv
and pT, respectively. Then we have

(8) f(a)f(z) = f(az) =1 (mod p),
(9) fO)f(u) = f(bu) =1 (mod p)
and

(10) flab)f(z)f(x) = f(abzu) =1 (mod p).

From (8) and (10) we get that f(z) #0 (mod p) and

f(ab)f(u) = f(a) (mod p),
which with (9) imply that

f(a)f(b) = f(ab)f(b)f(u) = f(ab) (mod p).

This shows that (6) holds, since there are infinitely many primes p
satisfying (7). So (6) is proved.
It can be easily seen by (7) and (8) that if (e, A) = 1, then

(1) f(&)£0 (modp) if (a,p) =1
From (11) it follows that for each prime Q coprime to A we have

(12) £(Q) = +Q*@),
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where o(Q)) is a non-negative integer. By using (6) and (12), in order
to prove (5) it is enough to show that

(13) o(P) = o(Q)

for all primes P, @ which are prime to 4.

Let P, Q be distinct primes with (PQ, A) = 1 and let a(P) > o(Q).

Then there is a positive integer s such that
2p(A
(14)  H=H(s):= Eﬂ@f)_z(_)_—l 5 Pa(P)~a(Q)p(4)
where ¢ denotes the Euler’s totient function. If follows from Euler’s

- Theorem that H is a positive integer and

(15) (PQ*)*¥@# =1+ 4R,

Applying (4) with m given by H we have
(16) f [(PQS)2‘P(A)} = fU+AH)=1 (mod H).

On the other hand, using (6), (12), (15) and the fact (PQ,A) = 1 we

have

(1) [P Y™ = f(PyA) f(Q)Perh) =
= pPeA)g2ea(Q@p(A) o pA(PI-a(@)e(D) (mod ),

which with (14) and (16) implies a(P) = a(Q). So we have proved that
(13) holds. '

By this the lemma has been proved.

PrROOF OF THE THEOREM. Assume that M, f satisfy the condi-
tions of the theorem and (3) holds for every positive integer n.

We apply now (3) with n = M?2|f(M)|m. Since f(M) # 0, we
have f(1 + M|f(M){m) =1 (mod m) for every positive integer m.
Applying the lemma with A = M|f(M)| we have

(18) f(ab) = f(a) f(b)
and
(19) |f(n)] = n”

for all positive integers a, b, n which are prime to M f(M), where « is
a non-negative integer.
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We shall deduce from (18) and (19) that
(20) f(rM) =n*f(M) (n=12,...).
Let n be a positive integer and let () be a prime for which
(Q,nM f(M)) = 1.
Then from (3) we get that
(21) Q™M) = f[M +(nQ* ~ )M] = f(M) (mod (nQ* - 1))
holds for every positive integer s.

Since (Q,nM f(M)) = 1, it follows from (18) that

f(nQ* M) = f(Q)* f(nM),
which with (19) and (21) implies

F(M) = n®Q*** f(nM) = n®f(M) (mod (nQ* —1))
for every positive integer s. This shows that (20) holds.

We get directly from (20) that
(22) f(n) =n® i (n,M)=1.

By using (22), in order to prove our theorem it is enough to show that

if p|M then

(23) R =pF (k=1,2,..)).

Let d be a positive divisor of M. Then there are infinitely many
positive integers m which satisfy

(24) (m+%,Md) =1.

By using (3), (22) and (24) we have

F4) = fmd 4 M) = (0 (m+ 7 ) =

d
= f(d) (m + %) = f(d) (%) (mod m),
which implies
- @) _ f0n)
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Applying (25) in the case d = 1 we get that f(M) = M? and so
(26) f(d) =d* for all d|M.

It can be easily seen by (26) that
(27) 8 =9 itk <k,
where pfo||M. If k > kg, then it follows from (20) that

F(* o) = ()" (),

which with (27) implies
(28)  f") = (FR) fpR) = (o) (pr0) = .
From (27) and (28) we have proved that (23) holds.

Finally, from (22) and (23) the proof of our theorem is finished.
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In this paper we shall generalize a result of (1] connected with
exponential Riesz bases.

Given a Hilbert space H the system {¢,}7° C H is called Riesz
basis in H if there exists an isomorphism A of H onto itself such that
{Apn} is an orthonormal basis in H. If H = L?%0,a), (a < o) or
H = L2(0,oo) and (y) is of the form ei’\"z, An € C, then we call (¢5)
exponential basis in H. We shall prove the following

THEOREM. Let (e!*%) (n € Z) be a Riesz basis in L2(0, a) (a < o)
andlet 0 < a' < a. Then the system (e”\""') contains a subsystem which
is Riesz basis in L%(0,d’).

REMARK. In the important special case A, = n this result was
obtained by the second author in [1] as a byproduct of lis investigations
in control theory {2].

For tlie proof we introduce first the notion of sine type function,
used first by B. JA. LEVIN {3] (see also [4]).

An exponential type entire function F' is called of sine type if
(a) Its zeros A, are in the horizontal strip 0 < § <Imi, < C < oo,
(b) 0 < inf |F(z)|, sup|F(z)| < 0.
z€R z€R
We shall use the following characterization of exponential bases.
LEmMA 1 ([5]). Let 0 < ilrllf Iinip, s;nlp ImA, < oo and suppose that

n;t; {An — Ail > 0. Then the following statement are equivalent:
n

(A) {¢”#*} (n € Z) is Riesz basis in L2(0,a),
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(B) There exists a sine type function of exponential type with zero
set {un} (n € Z) (counted with multiplicity) such that for some
0 <d < 1/4 we have

(1) d Re(An__l — An) _<_ Re(/ln - An) S d Re(An_l_l _vAn).
LEMMA 2. Let F be such a sine type function with indicator dia-
gram [—io,i0]| and let {An} (n € Z) be its zero set, each zero counted
with multiplicity. Then we have
n(r+T)—n(r) o
2 o=
(2) T -

uniformly in r € R, where

n(r) := Z 1.

n
RGAHE[O,T]

(T — o)

PROOF. It is enough to prove (2) for r > 0. We know ([4]) that
there exist N, py > 0 such that

(3) n(r+N)-n(r)<py  (r>0).

Let € > 0 be fixed. By (3) it is enough to prove that for T > Tp(¢)
the values r, T can be shifted by O(1) such that the modified values,
denoted again by r and T, satisfy

(4) n(r + T1)1 —n(r) B % e

where ¢ = ¢(F) is independent of ¢, r and T. In what follows we shall
suppose that

(5) r>T

because for r < T (4) follows from [7], p. 323. Consider the segment
[re“?,(r + T)e“y] where the angle 0 < 9 < 7 is defined by

(6) rsind = 2sup ImA,.
k

In {4], Lemma 2 and 3 it is proved that

r+T
(7 j %arg F(tem)dt = —n[n(r + T) — n(r)] + O(1)

r
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where the constant in O(1) does not depend on r, T and 9. By the
Cauchy-Riemann equations

d igy_ _1d i
3 278 F(te') = — o ln |F(te')).
Fix k > 0 arbitrarily, then (7) implies

r+T . .
i(9+k i)
(8) /%ln]F(te M| = In|F(te )ldt

. = w[n(r+T)—n(r)]+O(1).

We shall prove that (§) and (6) yield

In |F(te'?))
t

9) sup

te[r,r+T]

~osind| -0 (r— o)

and the same is true with 9 4 k instead of ¥ whenever 0 < k < 9 and
r > 7o (this ensures that 29 < n/2). First we verify (4) using (9).
Choose k& > 0 so small that

sin(d + l;c) —sind cosdl <&
If T > Ty(e) then by (5) 1 ~ cosd < € and
i
MM — COS 19 < E,
t
In | Ftei(8+E)
In|Fte”™I ct I osin(d + k)| < ek
and then
r4T . .
1 11n|F(te’O+E)| — In | F(tet)] _
4

Comparing this with (8) we get (4). So it remains to prove (9). The
following factorization of F' is known [7], p. 311:

(10) In IF(tew)‘ =lim / li‘|—F(1.l)9—|dr + otsind + In |B(te™)]
T T — te?
R

where B(z) is the Blaschike product corresponding to the zeros of F,

namely
-1 (-2)(-5)"

nez



270 M. HORVATH, L. J0O

From the boundedness of In |F(t)| we get

1 In |F(T)| ¢ 1
(11) ;I / T—te“9 ;Im/r—tem(h— =c
R R
We estimate the Blaschke product using the inequality

Injl+u| < |u (-1#ueC).

We have
Im1/X;
0<—In|B(z)| = ¥ In|l+2iz—m k|
L v
keZ k
1
<2r Z In 1— < ch———
= l/\k*Zl & P =2l Il
; 1| _ ) 2
since Ika—I = llml-/\—:tlf <ef| Akl

Let now z =te'? t € [r,r + T, z = a + iy. By (3), (5), (6) we can
write the following estimates for r > r

e TP L

e Rrong <y kT ZIE = o V2

1 1 Inz

————— N < ¢ .

Z A — z|[A Sl Z Redp —z =0
k k

z4+y<Rel <2z z4+y<RedL <2z
1 1
S opinose Y oalocos
- = 3 = ¢
Re)>2z e — 2112l Red>2z [ReA|
1 1 Inz
I — <=
\ ) v P sel= 2 ey A
5<Rel <z—y F<Red<z—y
1 1 Inz
—_— : —— < c—;
‘e 2 . e =2l T (ef=) . 2 , IReA[+1 7z
~Z<Re) <% ~£<Rel <3
1 1
- ——— < ¢/x.
2 ; e =2l 2 , [ReA]?
Re /\ <- Re Aks—ry

Consequently for z = tel? t € [r,r + T) we get
In(t cos )

_ < er
(12) 0< ~In|B(z)|<ar ryv—
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With (11) this gives (9) and so (4). Lemma 2 is proved.

Lemma 3 ([6]). Let {A\n} (n € Z) be a sequence of complex numbers
satisfying

0 <inflmA,, supIml, < oo, inf Ay —Ag >0
n n n#k

and the condition (2). Then for every 0 < a' < a the system {ei’\"”}
which is assumed to be a Riesz basis in L2(0, a) contains a Riesz basis
in L2(0, d").

From the lemmas 1-3 the Theorem follows immediately.
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