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constant ;' > ¢ with the property: For all partitions n 1@ = g < ... —
tm = b of [a, ], the inequality

" i ___ft.u R
Z"’ (U( E,;J) = gf_jf 1)1) [ty —tj 1l € K,

=1

holds. Moreover, the best constant It satisfying this incquality is A =
b

= [ o(Uf (D).

a

In 1908 ([2]), de la Vallée Poussin introduced the class of functions of
bounded sccond-variation in the followmg form: Let f be a function on
[2,8]. For a given partition m: e =1y < ... < tn = b of [a, )], let

= ‘f( s+1) — ) Sty = 0]

tivl — ¢ tj —tjy

0'2(f; T)i=

The number

VE(J) = V¥{(f;la, b)) = sup a?(f;m),

where the supreinum is taken over all partitions 7 of [a,b], is called the
de la Vallée Poussin second-variation of the function f on [a,b).

If Vz(f) < oo, the function [ is said to have bounded (or finite)

second-variation and write f € BV a,b]. The following results are also
known (see [8] or [9])

LEMMA 1.2. If V¥(f:]a,8]) < oo, then there exists a non-negative
coustant L sucli that

- |f(r) - f(y]l _<_ L(J" - y) (‘T's ¥ € [ﬂ., b})

LEMMA 1.3, If V2(f;]a,b]) < 0o, then f can be expreqsed as a differ-
ence Of two convex full(‘tl(}llq

REMARK 1.2, From the standard properties of convex functions) see,
e.g. [3], p. 271, p. 300]) we have the existence of the right-hand derivative
ffl_(xg) and the left-hand derivative ' (xq) for all g € (a.b).

Seaction 2,

In this section we 111t10(luu: the uotion Riesz—de la Vallée Pousain
Orlicz (g, 2)-variation and we give a result similar to Medved'ev lemma
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1.1, for the class A;‘i[n,h] of functions f such that f and f' are absolutely
b

continuous on [a, f}] amel f(p(if”(t)f)dt < 00,
[e3

Let f bec a fuuction on [a,b] aud a convex ¢-function which satisfies
the condition (coj}. For a given partition 7 1 ¢ =tg < ... < = b of
la, 8], tet

m—1
oRfim)i= Y ¢ (

=1

fltiv) — fle)
(it — i) — 1)
__ Jap) - S0 D o
(1 — i)t —4-1) 41— tj-1l-

The nunber
Vol) = VoUSila, b)) = supog(fim),

where the supremum is taken over all partitions 7 of [a,}], is called the
Riesz-de la Vallée Poussin  Orlicz (¢, 2)-variation of the function f on fa, b].

If Vg(f) < oo, the function f is said to have bounded (or finite)
(1, 2)-variation and write f € B V,g [a, 8.

LEMMA 2.1. If V,E{ fila,b]) < oo, then f has bounded second-variation.

PROOF. Let # : a = #) < ... < tmw = b be a partition of [a, b, since
 satisfics the condition (o), then give r > 0, there exists a zg > 0 such
that if z > xq, then ¢(x) > rz.

Defined the set ez, by

e:o={j=1,2,...,m—1

: lf(tjﬂ) — 1) G - U0l

ti+l — 4 tj —ti-1
2 zoltje1 —-tj_ll} ,

then

”i‘ [ = fE5)  f5) - )]

ot i1 — 4 =15
/ :
; .
o Uiy = f) f(fj)-—f(ij__l)D <
| 2. 2 (I Lt — 1 t—ti-1 B

.?.e"?:r() .?'Ecx.u
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Tabelle
Typ Gruppe | D-Zelle- Dichieste Packung
{nach Symbol Radius Dichte
Coxeter-
Moser)

T (g=2| 2247 | {3,3,3) 24
T (g=3,

4"") [29 ‘:'.I+ 14,3, 3‘3} Ty
Tolg22} [29] | {24.4,4) T3
Tyg=2)) [2.7 1,4} r=(a/4) 2(1 - {v2/2)}
T3(g>3}| [2.4] {9.4.4) 7 =arcig(sin (x/q)} q (l - _12 )

;;l-l—sm (wfa)

Ty(a>2)| [29] {24, 2¢} 15
T (@22)| [2.4) le.q) (r/q) |_(4/2)(2 - cos (x/q}}
Te(g=22)] 4 {29, 24} Ts
Tr{gz2)| Id {e.q} Ty
Ta(g22)] 2,20 | {20,4,4} Ty
Ty(e=2)| 27,4 | {3,3,3} Ty
Ty(g=3)} 2H.6] | {2,333 Tyo
To a2 4)] 2H29) | (0.3.33) |r=arcsiny /14 ol q(l— T
Tio 3.31% [13.3.3,3.3) Tig
M 37,4 | (3,4,4.4) Ty7
Ti2 [37.4] |{3,3,3,3,3) Tay
Tia [3.4F [{4.3,3,3,3) r = 21,845377° 0, 8617029
T4 {3,4) {6,8,4} r = 12, 458405° 0, 5651304
Tys 3.4} {8,3,8) r = 16,324949° 0, 183804
Tig {3, 4] {6,6,4} r = 18, 434918° 0, 6158003
Ty7 [3, 4] {3,4,4,4} r = 20, 941027 0, 7926139
T [3,4] {3,4,3,4} r =30 D, 8038475
Tig [3.4] [4,4,4} r = 35, 264389° 0, 7340136
Ty [3.41 | {3,3,3,4} T =45° ____0,BTBETYE
Ty [3,3) {6,6,4} Tig
Tyq [3,3] {6,6,3} r = 25,239401° 0,5727957
Toz [3,3] {3,4,3,4) Tig
Ta4 [3,3] {3,3,3} ¥ = 54,73561° 0, 8452994
o5 [3,5]7 [{5.3,3,3.3) r = 13,409175° 0, 8178373
Tag [3,5) {6, 4, 10) r = 7,5560535° 0, 5209985
Tag (3.50 | {3,10,10} r = 9,6937237° 0, 4283424
Tas [3. 5] {6,6,5} r = 11, 640723° 0,6170374
Thg [3.5) {5.4,3,4} r = 12,939318° 0, 61767
Tag [3,5] {5,3,5,3) r = 18° 0, 7341522
Ty [3,5] {5,5,5) r = 20,905157° 0, 6582763
T3, [3.5] l{3,3,3,3,3} r = 31,717474° 0, 8960951




216 AGNES ILLES
Tahelle {Fortsetzung}
Typ Diinnste Uberdeckung Enge
Radius Dichte der engeesten
Packung
N g=12) T1 Thy
Ty {g=3,
4,...) Ty Ty
T3 (g2 2) 3 T
15 (g = 2} it = (xf2} 2 (x/4)
. 2 -
T3(e23) Rt = arc sin m&m q(l* % —are sin[siﬁﬂ-sin(tﬂq}]
Ty lg>2) R=(x/2) g T3
T5(g22) R=(x/2) ¢/2 nf2-x/g
T5(g22) Ty 15
Tr(ez2) T Ts
T (g22) T3 T3
Talg=2) Ta4 124
To(g=3) ﬁTzo[ - Tag
Cos g ,cos Jeos(xfq
Ty (g2 4) cos 2= Asin{x/q) " sin Fsin(xfq) i
e={q+1)ef{(2¢) B=(e—1)7/{2q) —arIc sin(sin A-sin{rfq))
Tio T3 T3
£t Tiz Tz
Tyg Tap Tz
Tia R == 27,6912° 1,3744148 8,507571°
T4 R = 27,5692° 2, 725140 18, 480484°
Tis Tig 30, 940841°
Tia 1 = 36,2060° 2,3172184 20,796571°
17 R =30,3611° 1,6457155 9, 42008°
Tz R =45° 1,7573593 15°
T1g = 54,7356° 1, 6905983 19,471211°
| T30 R = 54,7356° 1,2679487 9, 7356°
T?l TIG Tis
Tyy Tho 33,278444°
Tya T1s St
Tyq R = 70,5287° 1,3333307 15,79309°
| Tys R =18,7183° 1,5867651 7,8454914°
| Thg R=187129° 3,1715815 12,635563°
TEL T30 ) 23,323674°
| Ths R = 22,9108 2, 3666387 12,159459°
| To R=19,3482° 1,6943228 B, 1187753°
| Tan R=1,7174° 2, 2402276 13,7174°
T ft=37,3711° 2, 153448 15,472143°
T32 A= 37,37739° 1, 2320658 5,659826°
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o(a(z)) of primes P < z there is no more than O(z 2::3) such prime factors
of Hin'J.

By Lemina 6 we may assume that w({Hg) = O(z49), so we may consider
only the divisors of Hy. For an integer n let w(n|J) be the number of its
prime divisors belonging to J.

It is clear that

wHIIN S Y wp+ll) (= 4P+ D)

piP+1
zlﬂp-(xl’u
Then
Ze =3 AP+1)< > wp+1J)(z,p,-1).
Pz zl(p(zlﬂ

By using the Brun-Titchinarsh inequality,

Yese ¥ .
T <p<ztl d
TPz
x 1 T 1
CEY Y teefaycammn
g€t zl-cp(:]-“ 9€J
r=—1(g}

This shows that there exist no more than O (x(z)/z4) primes P < z with
w(H|J) > 32::3.
Let wi{n) be the number of prime divisors of n greater than .1:%.
We proved that

w(e(P + 1)) =w)(H) + O(za23),
and that
w(H) = wi(H) + O(zaz3).
Since there exist no common primme divisors ¢ of
pi+1p2 +1il ¢ > 23,p) # pg and prp2}P + 1,

therefore

wi(H)= 3 wi(p+1)+0(z2).
P+l

rp<pesifi

Finally we can see that the normal order of
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" (O = Nyl < plm + F + (n + )M + CRu,
where m = max [Ip(t)} and p = max{1, |(|4])!]}.

Integrating {2) term by term and using the fact that z(t), ='() and
P(t) are w-periodic we obtain

Jta - weaw + pie senia =o.
0

Since at least one component of the vector
{( ~ WCalt) + uf(t, 2(B)}sgnz = (1 — W)Clal + uf(t, 2)ogn 2
is positive for ||z(¢)|| 2 b, t € {0,w}, it follows that [|z(¢)]| 2 bfor 0 <t < w

is excluded. Therefore there exists 7, 0 < 7 < w such that |[z(7)]| < b.
Applying mean valuc theorem on interval [7,t] C {r,w], we have

lx(€) — 2(r)lf = It — 71 Y Jwalr + 8i(t — 7))| <
i=|
<wnplm+ F +(n+ 1)M + CRw),
or

(6) max [Jz(¢)fl = R < b+ wnpim + F + (n + 1)M + CRw].
0<ti<w

From (6) we obtain

) » b+wnp[m;(n+1)M] +wnp (%) + Cwlnp,

Choosing C < ;‘II; and letting It — o0 and noting that (by (iii)) 5 =0

we arrive at a contradiction. Thus from (7) we have
R<Ryand F < Fy= max |f(¢, ),
ll={| <Ry,
0<I<w
where both Rg and Fy are independent of g, This show that z(¢) and z/(2)
are uniformly bounded with respect to p, which ensure the existence of a
w-periodic solution of (1).
Various examples can be constructed so that the functions involved

satisfy the hypotheses of Theorem 1. However, we choose to give here an
example for 7 = 2 based on the example given in [2].
ExaMmpPLE. Consider the following system of equations:
8) .1:"1jr + (1 +sinxy ):!:’l + x‘f;r:’g sin? ¢ = sint
xh + (1 + coszg)h + ::f:rg cos?t = cost.
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27
Clearly p(t) = (sint,cost), [ p(s)ds = (0,0), h(z) = (sinzy,coszy),

0
H(z) = (1 ~ coszy,sinxg), |H(z)||] < 3. Now choosing o and J so that
conditions (iii) and (iv) of Theorem 1 are satisfied, equation (8) has a
2m-periodic solution.
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We ask for the solution u in the form

00 00
+ +
u(t, =, y) = co(t) + Z C0+’n(t)tp0,"(m, y)+ Z Cm,n(t)ﬁp?r:l,n(:v, )
n=1 m,n=1

then we have

co(t) = %/u,

Q
/u99?7:1,1n Ym,n = n‘/’:rir:z,n"2'

c;lr:l,n(t) = Y

Apply (5) to the function z(t,z,y) = gof’,:,_,n(m,y)b(t) where b € C2[0,T),
WT)=¥(T)=0.
We get

T T
" 9.
Tmn = /(b + (’\sn))%)ciﬁ,n = /bh?r:z,m
0 0

N M '
h?r:l,n(t) = Z‘Pﬁl,n(l’j)v}'(t) + Z cpf,k,,n(Sj)vj(t)

j=1 j=N+1
i.e.
t
. y(m)
1 A t—
(6) chnlt) = == [ FERLET (ryar
’ Ym,n /\Szm) !

and analogously
1 [ ud
co(t) = ;/(t - 7) Zvj(‘r)dr.
0 =1

Introduce the notation

( ‘19?7:1,11(131) \
N vi(t)
‘Pm,n(PN) , v(t) = (

+
me,n(:S'N-i—l) vM(t)

m,n

\ ‘P#),n.(SM) }
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Now since
1-— arclgw = wx 13
w
hence
(9) LYY < 18,

For large v we get
16673 < (\)2 - 2 < 163,173
which implies that

|J,,(,\(;‘)) (a2 - uz]:lf 2e>0, w20

The proof of Leinma 1 is complete. I

LEMMA 2. There exists a constant ¢ > 0 independent of v and & such
that

a) For0 <vp

(10) |Tu(x)] < Wa (z=20)

b} Fore <v

(11) [zl <
. 2/3 3
cr—4/3 ifl]Srgv—vlﬁ(lnu—%lnlnu) -J@,
%lpz_:zlm
e . 39 1 1 2}'3 1 1
< e 1l'u—34:v3 (lnv—alnlnu) <z Lv-—qgvi,
pe — gy
1 ¥
ev— 173 ifu~%u55.t_<_u+%u3,
1
¢ if v+ 403 <z
| Ve tavise

Proor. For the case v = 0 the estiinete (10) follows from the well-
known asymptotical formula of the Bessel functions, sec [1). Now suppose

v > 0. Denote 0 < ”(lu] < ”gp} < ... the positive zeros of Ju.. We know

([1]) that
0< ,\(1”) < ,u&”) < ,\g”J < ,u.g") <
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Finally consider the case 0 < r; < 1 (the case r; = 0 is trivial). We
apply (11):

2
1;12r+§ {m) .2 ‘_,'w r
> X T WmEmRE| [ eemay(ryar| <
mZM ) n?cm n 0
m+%m3'ga\£,m)f,-
2
i
2!"""% 1
ey Y T | [t =
mzM n*licm n ()\g“))Q—m2 0
-t %mg 5.\5,"')r,-
{ 2
m2r+l .
<Y Y | [ e
m>M n?cm ‘f(,\g_:“))Q__?nQ D
m4 %m I 5)\!:") L

1
Let n* be the first value n for which m + %mfl < /\,(,,m)r;. Then the above
estimates can be continued (we denote n = n* + j — 1):
2

om mar+l : .
2. 2. [emeruopar| <
0

. 1 2
m2M j=1 \/(m + %mB + c.f) — m?2

cym 2
1 mirtl

i
< ""iwnl‘kf : —
<e Z Z N /(’ vi(r)dr
(]
t 2

o0
1 .
= Z % 2Tty /e—w’“-"rvi('r)d‘r <
J m>M 0
i 2

<e ZJ'QT /e““"’m,kf'ui(‘r)d‘r < c"‘v;"igw Wy
j=1 m2M |y '

Again by (11) we get

2. 2. <

m> A n<em

3 1 2/3 i
m— —@m?{ (lll m—% Inln m) / Slglm)rism+ %m!
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2

2r+3 ! .
<y ¥ [ <
m>M 0

n<cm
1
|m—l$:"}r,-|$2m3 Inm
2

. t

gl — b

<ec Z merty Z /e “mEkTy(r)dr}
"_IZM tm—.\!,m)r,-]52mua Inm !0

We used that 7 >< m by Lemma 4 c}.

Suppose that 27 < m < 2P*! and let mj := m + [10;)2"/3] =:m 4 m*
then

|A("3) —m|< 2m! 3 tnm, |A{m1) —mq] < 2’"1! In rreg
imply
A A >,

Consequently we can continue the above estimate:
2
t

cp=zpn 2p(2!'+%) Z E /e_&"m-"rv;(r)dr <

P<m<2rt] |m—,\slm)r,-[52mu:' Inm 10

eyt oy %

P=r 20 << 2Pt ot iz0
m+jm’£29+l
1 2
2. [ meurar| <
T
|m+jm*—.\!,m+}m )r,‘|52(m+jm’)”3 In(m+jm*) 10

i 1
<220 S i, -

P=P[l 2P << 2P +m*
2r4
—o 3 2t < il
P=ro
Finally we have
Zr43
m° Y (m) 2
E E nl/3 |Jm(/\ ri)| X

> A 3
2 .\!:“}r,'Sm— J;ml{s (ln m——% inin m)
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