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ACHMilTOTHKA PElllEHHH JIHHEHHbIX CHCTEM no 
IIEPBO MY IIPl1BJU1JKEHl1IO 

I tt <I101IOP I 
Ka<jie,n;pa npmma~oro aHamua. yHHnepcHTeTa HM. JI. ~hnema, By,n;arremT 

(Ilocmynu.110 13. 7. 1988) 

BMecTe c Hcxo,D;Ho:ii CHCTeMoii 

(1) x=A(t)x 

B JR.n c orpa11w-1e:HhlMH Kyco'G'.110 11enpephIBHblMH npH t ~ 0 Koecf>qnn~HeH­
TaMH paCCMOTpHM H B03My~eHHyIO CHCTeMy 

(2) iJ=A(t)y+f(t,y) 

r,n:.e f - B03My~eimJI ( onpe,n:.eJieHbI Ha npoH3Be,n:.emm [O, +oo) x JR.n 
Kyco'G'.Ho 11enpephIBHbl no t) nop.11,n;1<a m > 1 (KpaTI<O m-B03My~eHHR) 
T.e . 

f(t,O) = 0, /f(t,x1)- f(t,x2)/ :S g(t)max{/x1/m-l, /x2/m-l }/x1 -x2/ 

g( t) ~ 0 HenpephlBHaR cf>ymcn_HJI. (CM. [1] H [3]) 

IlycT:h ei(t),e2(t),. . .,en(t) TaKOH HopMaJII>Hbl:ii oa3HC ft.JI.II (1), 'G'.TO 
ei(O)=(l,O, ... ,O]*, e2(0)=(0, 1,0, .. . , 0]* , ... , en(0)=(0,0, . . . ,0, 1]*. llaJiee 
0003Ha'G'.HM 

~ l ~ 
Pi= diag [O ,0, . .. ,0, 1,0, ... , OJ, 
k n 

P= LPi, Q= L pi H l=P+Q. 
i=l i=k+l 

BBe,n:.eM cf>YHKn_HIO rpHHa 

·-{ X(t)Px- 1(s) 
G(t,s) .- -X(t)QX-l(s) 

eCJIH t~s~O, 

eCJIH S > t ~ Q, 

r,n:.e X - onepaTopHa.R: cf>YBlOJ,lfJI KoIIDI. ypasHeHHJI (1), T.e. 

X(t) := [ei (t), ez(t), ... , en(t)]. 
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(3) 

I ti . <l>OflOP I 
PaccMoTpHM HHTerpaJihHOe ypaBHeHHe 

00 

y(t)=X(t)a+ J G(t,s)f(s,y(s))ds. 

0 

Jier.ICo YBH,ZJ;eTh, "tJTO BcJIBa.a <j>yHRD;HJI, y,ri;oBJieTBOp.1I10~a.a aToMy ypaB­
HeHHIO JIBJI.JJeTC.ll TalOl<e pemeHHeM (2) (t2'.0, aEIR.n) (CM. [3] CTp. 148). 

(4) -1 lei(t)i 
IX(t)PiX (s)I =I ( )I . ( ) 

ei S SlilO'.j S 

r,n;e ai(s) = <l{X(s)PilR.n,X(s)(I-Pi)IR.n} 

(cM. [3) CTp. 151-153). 

IlycTh ,B(.): [O, +oo)--+ (0, +oo) HenpephIBHaJI <f>YHRD;H.ll, 'tlTO 

lee(t)i ~ ,B(t), t 2: O 

,D;JIJI neKoToporo <f>HKcnpoBaHHoro f. E { 1, ... , n}. 

Ilpe,ZJ;JIO:>KHM ,n;aJiee, "tJTO 

t 

(5) s<c--J g(s),Bm(s) d ,B(t) 
lei(s)lsinai(s) - lei(t)i' 

iE{l, ... ,k}, t 2: 0 

0 
H 

+oo 

(6) J g(s)/3m(s) ds < c ,B(t) 
lei(s)lsinai(s) - lei(t)I' 

iE{k+l, . .. ,n}, t2'.0 

t 

r,n;e 0 < c =canst. 
PaccMoTpHM onepaTop T: 

+oo 
(Ty)(t) := J G(t,s)f(s,y(s))ds, t 2: 0, 

0 

B npocTpaHcTBe B(,8) B KOTopoM BeKTop-<j>yHRD;HJIMH JIBJIJIIOTC.ll (t:::::O), 
no,n;tnmeHm,re ycJI0Bn10 

IY( t)i 
sup -/3( ) =: llYll < +oo. 
t:2::0 t 

lfaBecTHo, "tJTO B(,8) ecTh 6aHaxoBo npocTpaHCTBO B HopMe 11 · 11 (CM. 
[2] CTp. 510). 



ACHMilTOTHKA PEllIEHHti JIHHEtiHbIX CHCTEM 

JI EMMA 1. Ecm1 y E JIB(,B), TO Ty E lIB(,B). 

)lOKA3A TEJihCTBO. 

1 . +Joo 
IJTyJJ =~~~ /3(t) G(t,s)f(s,y(s))ds $ 

- 0 

::::; sup r:i(l) [t jt JX(t)PiX-1(s)Jg(s)Jy(s)Jmds+ 
t~O /.J t i=l 0 

5 

+ ;f 
1 

TIX(t)P;X-
1
(•)lg(•)ly(s)lmds] '.O 

m [~ Jei(t)J ft g(s)/3m(s) 
S cJJyJI sup L, r:i(t) J ( )J . ( )ds+ t>O . /.J ei s smai s 

- i=l 0 . 

+ ~ Jei(t)J +Joo g(s)~m(s) ds] <n·cJlyllm· 
. L,k f3(t) Jei(s)Jsmai(s) -
i= +l t . 

Ananor~o npe,D;hl,eym.e:H JieMMe nonyi:meM: 

JlEMMA 2. EcnH Yl, Y2 E IR(/3), To 

llTY1 -Ty21i $ ncmax{i1Y1ilm-l, JJy2JJm-l }i1Y1 -Y21i· 

IlycTL r > 0 Ta.J<OH, tzTO q = ncrm-l < 1, 6 = (1-q)r H 

Sr:= {y: y E B(/3), JJyJI < r }. 
lfa neMM 1. H 2. cne,nyeT 

TEOPEMA. EcJIH y cHcTeMu (1) H lf>y~H Bb!IIOJIHReTcR (5) H (6), 
TO rrpH JI1060M 0 < c; < 6 cymeCTByeT pemeHHe y CHCTeMbI (2) TaKOe, 
'tlTO 

€ q·c: 
Jy(t)ls-f3(t) 11 Jy(t)-c:et(t)Js-

1
-f3(t), t?O. 

1-q -q 

1 l n 

,llOKA3ATEJihCTBO. IlycTL a= [O,O, .. .,o, e,O, .. ., O], TO X(t)a = 
=t:et(i) noeToMy llXaJJ Sc:. 

PaccMoTpHM onepaTop <Pa onpe,ll.ene:mu.rli paBeHCTBOM 

<Pay= cee +Ty (y E B(P)). 



6 . I H. <t>OllOP I 
<I>a 0To6pru1<aeT map Sr B ce6n: H ,11.dicTByeT B aToM rnape KaK 

C*HMaIOill,HH c Koe<f>qmII,HeHTOM cmaTHJI q. 

B caMoM ,11.eJie 

ll<PaYl - <I>aY2 II= llTY1 -Ty2ll '.S ncrm-l llY1 -y2ll = qllY1 -y2ll 

ll<I>avll :S llt:e1dl + llTYll :S 8 +qr= r. 

IloaToMy ypaBHeHHe <I>ay=y paccMaTpHBaeMoe JIHmb Ha rnape Sr npn 
JllOOOM 0 < c: < 8 HMeeT e,D;HHCTBeHHoe peweHHe y ,11.JIR KOToporo 

a) (1-q)llYll ~ e:llee/I, 
6) llTYll S -

1 
q llYll, 
-q 

B) ly(t)I:::; P(t)llYll s 1 ~qP(t), 
qc: 

r) ly(t)-c:ee(t)I = l(Ty)(t)I s llTYllP(t) s 
1

...,. /3(t). 

CJIE.D;CTBME. Ilpn P(t)=lee(t)I H nc<l BhI611paeM r<l (<>TO B03-

MO~o)' IIOJIJ'IBM, 'ITO y CHCTeMbI ( 2) npH JIIOOOM e < ( 1 - ncrm- l )r 
cy~ecTByeT TaKoe pemeHHe y, 'ITO 

(1-r)elee(t)I:::; ly(t)I:::; (1 +r)c:lee(t)I, t 2: 0. 

[1) B. M . MHJIJIHOHl.1.\HKOB: lIAH CCCP, 162 (1965) , 266-268. 

[2) BhIJIOB B. <P ., BHHOrPAA P. a., fPOBMAH ~- M., HEMhl~KHH B . B .: 
TeopUH n01ca3ameJteil Jbrny'H.oea, Hay:Ka, 1966r. 

[3] JI. <l>O.l(OP : 0 3a,n;aqe Jl1myH0Ba, Annales Univ. Sci. Budapest. Sectio 
Mathematica, 29 (1986) , 143- 182. 
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This paper is dedicated in honour to Prof. H. HERRLICH (Bremen) 

0. Introduction 

The category Top of topological spaces and continuous maps fails 
to have some desirable properties, e.g. the product of two quotient 
maps need not be a quotient map and there is in general no natural 
function space topology, i.e. Top is not cartesian closed. To rem­
edy this situation inconvenient for algebraic topologists, especially homo­
topists, several substitutes for Top have been suggested. M. KATETOV 
invented filter-merotopic spaces or simply filter spaces and several other au­
thors examined various categories of convergence structures (KENT, NEL, 
FISCHER, KOWALSKY, CROQUET, MACHADO, BINZ, KELLER, SCHWARZ, 
FROHLICHER, ANTOINE and others). Cartesian closed categories within 
the realm of nearness spaces were discovered and studied by ROBERTSON, 
BENTLEY and HERRLICH. GRILL is a cartesian closed coreflective sub­
category of SN EAR and it is isomorphic to . the category of filter spaces 
and merotopically continuous maps. It also contains suitably restricted 
convergence spaces as a coreflective subcategory, namely those that satisfy 
the following axiom: · 

(Ro) If a filter F converges to x and y belongs to every member of F, 
then F converges to y. 

In generalizing topological structures, CSASZAR introduced the concept 
of the so called syntopogenous spaces. It contains in particular Top but 
doesn't solve the above mentioned problems. COOK and FISCHER defined 
uniform convergence structures which generalize the uniform spaces in the 
sense of WEIL. LEE showed that the corresponding category is <;artesian 
closed but unfortunately it doesn't contain all topological spaces. A com­
mon generalization of the last two mentioned structures was introduced by 
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the author under the name of syniopoformic spaces, syntopogenous limit 
spaces and syntopogenous convergence spaces respectively. 

Now the filterformic spaces are introduced which fill the gap arising 
from the existence of all these structures. It is shown that the categories 
FMER of filter spaces and FCONV of filter convergence spaces can be 
considered as a birefl.ective subcategory of the topological category FIL­
FORM of filterformic spaces and maps respectively. On the other hand we 
prove that FILFORM is cartesian closed. Thus, equalities such as ABxC =:: 
=::(ABF, (IIAi)B~II(Af), AUBi~II(ABi) and AXl1Bi~l1(AXBi) are 
obtained. 

1. Filterformities and related structures 

1.1. DEFINITIONS: For a set X FIL(X) denotes the set of all filters 
on X. A function F : PX ._ P FIL( X) is called a filterformity on X, and 
the pair ( X, F) is called a filterformic space, iff the following axioms are 
satisfied: 

(Ffl) A E PX, F1 E F(A) and F1 c F2 E FIL(X) imply F2 E F(A), 

(Ff2) A1, A2 E PX and A1 C Az imply F(A2) C F(A1), 
(Ff3) x EX implies :i; E F( { x} ); where PX denotes the power set of X 

and x:={BcX I xEB}. 
F is called an A -convergent filter on X iff FE F(A). 

Now let (X,F1), (Y, F2) be filterformic spaces. A function f: X ._ Y is 
called a filterformic map from (X,F1) to (Y,F2) - shortly an ff-map -
iff the following hold: AEPX and FEF1(A) imply f(F)EF2(f[A]). f(F) 
denotes the filter generated by f F, where 

JF:={f[B] I BEF}. 

The (concrete) category of £.lterformic spaces and ff-maps is denoted by 
FIL FORM. 

1.2. EXAMPLES: Let X be a set. 
(i) For a filter convergence structure r on X we put for A E PX: 

Fr(A):={FE FIL(X) JVxEA3_E1 Er(x)F'cF};s. [22], 
(ii) For a filter-merotopy r on X we put for AEP X: Fr(A):=r; s. [11], 

(iii) For a syntopogenous convergence structure K on X we put for 
A E PX: s. [15], [16] 
FK(A):={FE FIL(X) 13 fl EK VxEA VtEflt({x})CF}, 

(iv) For a syntopogenous structure S.. on X we put for AEP X: Fs(A):= 
:={FE FIL(X) I 3 <ES..VxEA<(x)cF}, where <(x):~{Bc 
ex I {x} < B}; s. [6], 
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(v) For a uniform limit structure L_ on X we put for AEPX: FL(A):= 
:={FE FIL(X) I 3JLEL. VxEAU(x)CF}, where U(x):={R(-;) I RE 
EU} withR(x):={yEX I (x,y)ER}; s. [5], 

(vi) For a uniformity U on X we put for A E PX: Fu(A) :={FE 
E FIL( X) I 3 R E U '</ x E AR( x) E F}, -

(vii) For a proximal limit structure Pon X we put for AEPX: Fp(A):= 
:={FE FIL(X) I 3 8 E p '</ x E Ao(x) c F}, where o(x) :~ {B c 
ex I (X\B,{x})ito}; s. [18]. 

To obtain nice embeddings of the important categories FMER and FCONV 
into FILFORM some additional axioms will be now exhibited. 

1.3. DEFINITION: For a filterformic space (X,F)F is called a filter­
meroformity on X if it satisfies the following axiom: 

(M) F(<I>) C F(X). Then the pair (X,F) is called a filtermeroformic 
space. 

1.4. THEOREM. The full subcategory MERFORM of FJLFORM 
whose objects are the fi.ltermeroformic spaces is 

(a) bireflective in FIL FORM; 

(b) isomorphic to the category FMER. 

PROOF. To (a): For a filterformic space (X,F) we put for A E PX: 
Fm(A.):=F( <I>). Then (X, Fm) is a filtermeroformic space and lx :(X, F)~ 
~ (X, Fm) is the FILFORM bireflection of (X,F). 

To (b): For a filter-merotopy r on X we put for AEPX: Fr(A):=f (see 
also Example 1.2. (ii)). Then Fr is a filtermeroformity on X. Therefore 
we obtain an isomorphism between the categories FMER and MERFORM. 

1.5. DEFINITION: For a filterformic space (X,F), Fis called a filter­
conformity on X if it satisfies the following axiom: 

(C) A E PX implies n F( {x}) c F(A). 
xEA 

(Inthiscontext,ifA=<l>then n F({x})= FIL(X).) Thenthepair(X,F) 
xEA 

is called a filterconformic space. 

1.6. THEOREM. The full subcategory CONFORM of FILFORM 
whose objects are the filterconformic spaces is 

(a) bireflective in FILFORM; 

(b) isomorphic to tbe category FCONV. 
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PROOF. To (a): For a filterformic space (X,F) we put for AEPX: 
Fq(A) := n F( { x} ). Then (X, Fq) is a filterconformic space and lx : 

xE.4 
(X,F)-+ (X,Fq) is the FILFORM birefiection of (X , F). 

To (b ): For a filter convergence structure T on X we put for A E PX: 

Fr( A):= {FE FIL(X) IV x EA 3 F' E T(x)F' CF} 

(see also Example 1.2. (i)). Then Fr is a filterconformity on X. Therefore 
we obtain an isomorphism between the categories FCONV and CON­
FORM. 

Note that for two filterformities F1 and F2 on a set X there exists a 
natural order by setting: 

F1~F2:# VAEPXF1(A)CF2(.4). 

1. 7. REMARK: From a categorical point of view there is no essential 
difference between the categories MERFORM and FMER respectively 
CONFORM and FCONV. Since the categories MERFORM respectively 
CONFORM are birefiective in FILFORM, limits in MERFORM (respec­
tively FMER) respectively CONFORM (respectively FCONV) are formed 
in FILFORM. Moreover we observe that MERFORM is a full subcategory 
of CONFORM. 

2. Categorical properties of FILFORM 

First we note that for a set X the FILFORM - fiber of X, denoted by 
FILFORM(X), is a set, i.e. FILFORM(X) is the set of all filterformities 
onX. 

In addition we observe that FILFORM has the terminal separator 
property which means that for any set X with cardinality one there exists 
precisely one element in FILFORM(X). 

At last in proving FILFORM is topological we have to show the 
existence of initial structures. 

2.1. THEOREM. For any set X , any family (Xi,Fi)iEl of filterformic 
spaces, and any family (Ji: X-+ Xi)iEI of functions there exists a unique 
filterformity FU;-1} on X which is initial with respect to the given data 

(X,fi,(Xi,Fi),I), i .e. such that for any filterformic space (Y,F) a map 
g: (Y,F)-+ (X,F{f;-1}) is an ff-map iff for every i EI the composite map 

Ji o g: (Y, F)-+ (Xi, Fi) is an ff-map . 

PROOF. Let A be a subset of X . We define 

F{fi-1}(A):={FE FIL(X) I ViEif;(F)EFi(fi[A])}. 
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Now it is straightforward to verify the postulated properties. In order to 
show that FILFORM is cartesian closed we firstly prove that for given 
filterformic spaces (X,F1), (Y,F2) there is always a function space yX 
available, structured strongly enough to make the natural evaluation func­
tion e,: Xx Y X--+ Y( ( x, f) i---+ f ( x)) an ff-map. 

2 .2. THEOREM. For any pair ((X,F1), (Y,F2)) of filterformic spaces 
the set Y X := {!* I J*: (X, F1 )--+ (Y, F2) is an ff-map} can be supplied in 
a natural way with a B.lterformity such that the evaluation map preserves 
convergence. 

PROOF. Let (X,F1), (Y,F2) be filterformic spaces. We define a 
filterformity F* on yX by setting for A* C yX: 

F*(A*) := {F* E FIL(YX) IV A E PX VF E F1(A) 
e,(F x F*) E F2(A *(A))}, 

where e,( Fx F*) denotes the filter generated by {<?-[Bx B*] I BEF, B*EF*}, 
and A*(A) is defined by setting A*(A) := {f*(x) I J* EA*, x EA} . It is 
easy to verify that F* fulfils axioms (Ffl) and (Ff2) in the definition of 
a filterformity (see Definition 1.1). Now we prove F* also fulfills axiom 
(Ff3). 

Let J* be an ff-map. We show that j* E F*( {!*} ). Let A be a subset 
of X and let F be an A - convergent filter. We have to verify that 
q,(F x j*) E F2(J*[A]). By supposition it remains to prove the statement 
f*(F) C e,(F x j*) is valid. CE f*(F) implies C :J f*[B] for some BE F. 
Therefore B x {j*} E F x j*. We show that the following inclusion holds: 
q,[B x {!*}] C f*[B]. z E q,[B x {!*}] implies z = "'( x, J*) for some x EB, so 
that z = J* ( x) E J* [ B] holds which concludes the proof. 

In the following step we show that the evaluation map is an ff­
map. So let RC Xx yX and let F be an element of (F1 x F*)(R), 

where F1 x F* denotes the product filterformity on X x Y X, i.e. the 
filterformity on Xx yX that is initial with respect to the data (X x 
x yX ,Px, Pyx, ((X, F1) 1 (YX, F*))); here Px denotes the projection from 

X x Y X to X and Pyx denotes the projection from X x Y X to Y X respec­
tively (see also Theorem 2.1.). The aim is to show that e-(F)EF2(<?-[R]).- By 
supposition we obtain the two statements Px(F) E F1(Px[R]) and Pyx 
(F) E F*(Pyx[R]). By definition of F* we have "'(Px(F) x Pyx(F)) E 

E F2(Pyx[R](Px[R])). It remains to prove that the two statements 

(i) Pyx[R](Px[R]) :Jq,[R] and 

(ii) e,(Px(F) x Pyx(F)) c e,(F) 
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are valid, because then by paying attention to the axioms (Ffl) and (Ff2) 
the desired result follows. 

To (i): y E e-[R] implies y = q,(r) for some r ER which means r = (x, J*) 
for some x EX, f* E Y X, so that y = f* ( x ). The following two equations 
hold: 

J* = Pyx(x,f*) = Pyx(r) and x = Px(x, J*) = Px(r). 

Therefore the statement y E Pyx [R](Px[R]) follows. 

To (ii): EE lb(Px(F) x Pyx(F)) implies E :J "'[Bx B*] for some BE 
E Px(F), B* E Pyx(F). We have B :J Px[Bi] for some B1 E F and B* :J 
:J Pyx [ B2] for some B2 E F. Since F is a filter the statement B 1 n B2 E F 
follows. Now, our goal is to show that ...,[B1 nB2] CE. 

We have "'[B1 nB2] Clb[Px [B1 nB2] x Pyx[B1 nB2]], and the following 
two inclusions hold: 

(1) 

and 
(2) 

Therefore the inclusion Px[B1] xPyx [B2]:JPx(B1nB2] xPyx (B1nB2] 
is valid, which shows that ...,[Px[B1nB2] x Pyx[B1 nB2]] is a subset of the 
set cu[B x B*]. But now we have <Z-[B1 nB2] CE, which concludes the proof. 

Now, on the other hand we shall prove that for-given filterformic spaces 
(X,F1), (Y,F2) and (Z,F3), the filterformity F* on yX is weak enough 
to ensure that for any ff-map f: (Xx Z,F1 x F3)-t (Y,F2) the associated 
function f :(Z,F3)-t(Yx,F*) is also an ff-map . 

2.3 . THEOREM. For a triple ((X,F1),(Y,F2),(Z,F3)) of filterformic 
spaces let f : (Xx Z,F1 x F3)-t (Y,F2) be an ff-map . Then the function 
f : (Z, F3) _. (YX , F*) d efined by J(;; )(x) := f(x , z) for each z E Z and for 
each x EX is an ff-map. 

PROOF. Let .4 be a subset of Z and let F' be an A-convergent filter 
on Z, we have to show that f(F') is an element of F*(f[A]). In applying 
the definition of F* let A. be a subset of X and let F be an A-convergent 
filter on X, we must prove that ...,(F x J(F')) E F2(7[A](A)). 

In showing this statement we verify that F x F' E (F1 x F3)(A x A). 
Then by supposition we have J(F x F') E F2(f[A x A]), since f is an 
ff-map. Because F2(f[A x A]) C F2(J[A](A)) - note that the inclusion 
f[A](A)Cf[AxA] is valid- the statement f(FxF1)EF2(f[A.](A)) follows. 
Since J(F x F') is coarser than the filter <V(F x f(F')) the desired result 
will be proved. 
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To show the last inclusion let BEf(FxF'), so B::::>J[BxB'] for some 
BE F and for some B' E F'. We have Bx J[B'] E F x f(F'). It remains to 
show that f[B x B'] ::::>~[Bx f[B']] ·y E ~[Bx ][B']] implies y = ~(x , f*) for 
some x EB and for some f* E f[B']. Now f* = f(z) for some z EB' and 
the equality y = e.-(x, f(z)) = f(z)(x) = J(x, z) holds with (x, z) EB x B'. 

Now we prove the still open statement F x F' E (F1 x F3)(A x A). 
Therefore we have to check that 

(i) Px(F x F') E Fi(Px[A x A]), 
(ii) Pz(F x F') E F3(Pz[A x A]) 

are valid. In proving the above two statements it remains to show the 
following four inclusion hold: 

(1) Px[A x A) C .4, 

(2) Px(F x F') ::::> F, 

(3) Pz[A x .4] CA, 
(4) Pz(F x F') ::::> F'; 

because by supposition we firstly get FEF1(.4)CF1(Px[Ax.4]) and F' E 
EF3(A)CF3(Pz[AxA]) and secondly we have Px(FxF')EF1(Px[AxA]) 
and Pz(F x F') E F3(Pz[A x .4]), which concludes the proof. 

It is a triviality to verify ( 1) and ( 3). 
In proving statement (2) let B be an element of F. Since F' i= cl> we 

can choose B' E F', so that B x B' E F x F' follows. But now with respect 
to (1) we get Px[B x B'] CB, hence BE Px(F x F1

). Statement (4) can 
be proved in an analogous way. 

3. FILFORM and exponential laws 

To give a summary we note that FILFORM is a cartesian closed 
topological category in which the important cartesian closed topological 
categories FMER and FCONV can be embedded up to isomorphism, more· 
over the corresponding full subcategories are bireflective in FILFORM. By 
purely categorical arguments the following three exponential laws hold in 
FILFORM, s. [9]: 

(1) First exponential law: xYxZ is isomorphic to (XY)Z, 

(2) Second exponential law: (TI Xi)y is isomorphic to TI cxr), 
iE/ iE/ 

iE/ 

(3) Third exponential law: X LI Yi is isomorphic to TI (XYi). 
iE/ 

At last we mention that the interesting distributive law also holds m 
. iEl iE/ 

FILFORM, i.e. Xx 1J Yi is isomorphic to lJ (Xx Yj). 
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Introduction 

The paper [4] deals with some problems formulated in [1]. It is shown 
in [4] for example that the cardinality of the set of all topologies induced 
by metrics on a given set X with the cardinality l-to is equal to 2~0. In 
connection with this result it seems to be of some interest to investigate 
the questions concerning the cardinality of the set of all metrics on a given 
set X and the cardinality of sets of metrics leading to metric spaces of 
prescribed kinds (e.g. separable, complete, compact metric spaces). These 
considerations will be made without any restriction about the cardinality 
of the set X. 

Throughout this paper let X. be a given set. We shall consider the sets 

.Al(X) = { d; dis a metric on X} 
U(X) = { d E.Al(X); (X, d) is a complete metric space } 
:J'(X ) = { d E.Al(X); (X, d) is a separable metric space } 
X(X) = {dE..Al(X); (X,d) is a compact metric space} 

'$'( X) = { d E ..Al( X); ( X, d) is a connected metric space } . 

First of all we recall some basic definitions and notations. The symbol 
:P(X.) stands for the power-set of Y , and IYI denotes the cardinality of the 
set Y. 

For a constant v > 0, the function dv: X x X-+ JR is said to be a trivial 
metric on X if · 

{ 
v for x :j; y 

dv(x , y) = o,' for x =y 

(JR denotes the set of all real numbers). 
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Let d, d' EJ,l and x, Xn EX ( n = 1, 2, . . . ). The metrics d, d' are said to 
be equivalent if 

lim d(xn,x)=O if and only if lim d1(xn,x)=0. 
n-oo n-oo 

In our further considerations the following lemmas will take an important 
place. 

LEMMA 1. Suppose that a is an infinite cardinal, and No denotes the 
power of the set of all natural numbers. Then 

i) a+ No =a 
ii) No·a=a 

iii) a+a =a 
iv) a·a=a 

holds. 

PROOF. See [2] (pp. 25-26.) I 

Let Y C JR. and f: X -t Y be a bijection. Then the function d: Xx X -t IR., 

(1) d(x,y)=lf(x)-f(y)I, forx , yEX 

is obviously a metric on X, and for the metric space ( X, d) the following 
assertion holds (Y is considered as a metric space with the euclidean 
metric): 

LEMMA 2 The mapping f: X -t Y is a homeomorphism. 

PROOF. The proof follows at once from the definition off. I 

Cardinality of sets J,l(X), U(X), ::f(X), X(X), '6'(X) 

If X =0 or _X has only one element, then obviously µL.(X)I = IU(X)I = 
= IY(X)I = IX(X)I = l'f?(X)I = 1, therefore it is sufficient to consider the case 
if IXI ;:::2. 

Denote by c the power of the continuum. 

THEOREM 1. We have 

{ 
c if 2 s IX I < No 

~(X)I = 2ix1, if Nos 1x1. 

PROOF . If IXI =n is a finite cardinal(;:::: 2), then c S ~(X)I, since c is 
the cardinality of the set of all trivial metrics dv ( v > 0) on X. 
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On the other hand 

.M.(X)CxxxlR., so j.M.(X)IScn·n=c, thus j.M.(X)l=c. 

Suppose now, that Xis an infinite set and put IXl=a. For every A.s;;;X 
define the function ll.4: Xx X-+ JR as follows . If ;i; f. y, then 

{ 

1, for x, y E A 
l>A(x,y)=eA(y,x)= 2, for x, yEX\A 

0, for x EA, y EX\ A, where 1 < 0 < 2, 

and naturally .f>A(x,x) = 0 for all x EX. 
It is easy to verify that f>A Evll(X), so 

(2) j.M.(X)l 2: IP(X)I = 2IXI 

as l>A f. llA' for A. f. A.1, A, A'~ X. 

Conversely we have.M.(X) C XxXIR. and according to Lemma 1 we get 

(2') j.M.(X)I S ca·a =ca= ( 2No) a= 2No ·a = 2a = 2IXI 

From (2), (2') we get by the Cantor-Bernstein theorem j.M.(X)I = 21.XI. I 

THEOREM 2. We have 

. { c, for 2 s IXI <No 
IU(.\'. )I= ·)IXI 1' • 1.1 <I vi 

- ' 101 1'0 - .1. • 

PROOF . Evidently all trivial metrics dv ( v > 0) belong to U( X), if X 
is a finite set with at least two elements. Hence from Theorem 1 we obtain 

c :5 IU(X)I:::; j.M.(X)I = c. 

Let ~OS IXI =a. It is not hard to see, that all metrics l?A (As;;;X) from 
the proof of Theorem 1 are elements of U(X), so 

2a = IJ>(X)I s IU(X)I s j.M.(X)I = 2a' 

the theorem follows. I 

THEOREM 3. We have 

{

c for2:5IXJ:S~o 

l.Y'(X)I = 2lXI , for ~o < IXI Sc 
0, for IXI > c . 

. 
PROOF. It is well-known that there is no separable metric space X 

with JXI > c. 
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Suppose, that 2 :'.S jXj <No. Then X is a countable and dense subset of 
the metric space (X, d) for every d E.ll(X), thus by Theorem 1 j.'.f(X)j = 
= j.M,(X)j = c holds. 

Let us finally examine the case if No$ IXI $ c. Put IXI =a, then there 

exists a set D c (o, ! ) of cardinality a. Denote by Do= DU ( Qn (o, ! ) ) , 
where Q is the set of all rational numbers. 

and 

Using Lemma 1 we obtain 

Put 

a :'.S IDol :SIDI+ IQn [o, ~)I= a+ No =a, so IDol =a. 

H= [u(DkuEkuFk)l U{0, 1}. 
k=l 

Using Lemma 1 we receive 
00 

a :S IHI :S L(IDkl + IEkl + IFkl)+ l{O, l}I = No·(a+a+a)+2 $ 
k=l 

$No ·a+ No =a+ No= a, since IDkl = IEkl = IFkl = IDol =a 
(k=l,2, ... ). 

The previous inequalities imply that IHI= a. Hence there exists a 
bijection f : X - H. 

The set QnH is obviously a dense and countable subset of H, thus H 
is a separable metric space, and it follows from Lemma 2 that (X, d) with 
the metric (1) is a separable metric space -as well. 

Define the sequences of elements of X: 

x~~-1 =f-1(2.13k+3vk)' x~~ =f-1(1-2·13k + 3vk)' 

Ykv) = f-l (3k~l + ;k) for vEDo and k=l,2,. .. , 
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furthermore put z = 1-1(0) and u = 1-1(1). 
These elements (included z and u) are mutually different for every 

k = 1, 2, ... and v E Do as one can easily check on the basis of bijectivity 
off. 

Let us define new bijections f,4 : X --t H for sets A~ Do as follows (the 
symbol N stands for the set of all positive integers): 

IA(x)=l(x), for x~ LJ {x~v),yiv)} 
vEA 
kEN 

fA(X~v))=f(yiv)), fA(Ykv))=f(x~v)), for vEA, k=l,2,. .. 

By the help of the mapping f A analogously to (1) it can be introduced 
a metric dA E :!(X) for every A~ Do. 

We shall prove, that for different subsets .4, B ~Do, the metrics dA 
and dB are not equivalent and therefore they are different. 

Let Ai= B, A, B ~Do. Then without loss of generality we may assume 
that there exists a vo E A\ B. Then 

dA(x~vo), z) =if A(x~vo))- f A(z)I = lf(Ykvo))- f(z)I = 

(3) = 
3

1
k ( vo + ~ )--t 0, as k --too 

Furthermore 

and 

dB(x~~o~l' z) =If B(x~~o~I)- f B(z)I = IJ(x~~0~1)- f(z)I = 

l ( 1) = 
3

k vo + 2 --t 0, as k --too, 

dB(x~~o),u) =If B(x~~o))- fB(u)I = lf(x~~o))- f(u)I = 

= 
3

1
k lvo- ~1--t 0, as k--t oo. 

It means, that the sequence {x~vo)}~ 1 does not converge with respect 
to the metric dB. From (3) we see that the metrics dA and dB are not 
equivalent. Then it follows from Theorem 1 that 

2a=l.1'(Do)l:Sl:!(X)l:S~(X)l=2a, thus IY(X)l=2a. I 

REMARK. We have proved more than the statement of the Theorem 
3, is namely that the cardinality of non-equivalent metrics from :f'(X) is 
2IXI if No:::; IXI ~ c. 
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THEOREM 4. We have 

IX(X)I = { ~:, 
0, 

for 2 ~ IXI ~No 
for No < IXI < c 

for IXI =c 

for IXI > c. 

PROOF. Since every compact metric space is also a separable metric 
space, therefore jX(X)I =0 if IXI >c. Furthermore a compact metric space 
(X, d) is a complete and separable metric space as well, so if !XI> ~O then 
according to the result of [3] (seep .. 351, IV.2.) we have !XI= c which is 
a contradiction to our assumption. 

If X is a finite set, then evidently X(X) =.Ai(X), so it follows from 
Theorem 1 that IX(X)I = ~(X)j = c. 

Suppose now that IX!= No and denote by 

G= { 0,1,~, . . . ,~, ... } cR. 

Then there exists a bijection f: X - G. For p > 0 define a metric dp: 
Xx X. - R as follows: dp(x, y) = p· d(x, y), where dis the metric from (1) 
(x,yEX). . 

From the compactness of G and Lemma 2 one can derive, that the 
metric space (X, dp) is compact for every p > 0, thus using Theorem 1 we 
get 

c = l(O, oo )I::; IX(X)I::; ~(X)I = 2No = c, so IX(X)I = c. 

Finally assume, that IXI = c and let J: X - [O, 1] be a one-to-one 
correspondence. Then a metric d can be defined on X analogously to 
(1), and according to Lemma 2 (X,d) is a compact metric space (since the 
interval [O , 1] is compact , too). 

In the rest of the proof we can use the idea of the proof of Theorem 3 

putting Do= [o, ! ) and H = [O, l]. I 

THEOREM 5. We have 

l'e(X)I = { o2~ . for 2::; IXI < c 
for IXI =c. 

PROOF. Suppose that there is a d E 'e(X) if 2 S IXI < c. Since (X, d) 
is connected, the space ( X x X, e) ( e = J d2 + d2) is connected, too (cf. [ 5] 
p.144, Theorem E). As the mapping d: Xx X - R is continuous (cf. [5], 
p.144, Theorem C) the set d( Xx X) is an interval IC [O, oo) and so Ill= c. 
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Therefore IX x XI= c. But by Lemma 1 and our assumption we have 
IX x XI= IXI < c - a contradiction. Hence l'G'(X)I = 0 if 2 ~ IXI < c. 

If IXI = c, then there exists a bijection f: X - [O, l] . Since the interval 
[O, l] is a connected set, then according to Lemma 2 the space (X, d) is 
connected as well, where d is the metric constructed in ( 1). 

The rest of the proof is analogous to the proof of Theorem 3. I 

REMARK It is an open problem to determine the cardinality of 'G'(X) 
if IXI > c. 
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Denote H n ( x) the n- th Hermite polynomial and 0 < x 1 < x2 < ... < x 11 

its positive zeros. Let r!( m) = r!*( m )/m, where 0 < r!*( m) increases arbitrar­
ily slowly, further let v=O(m//3(m)), where /3(m) is a sufficiently large 
constant. Then we have the 

THEOREM 1. We have the fallowing estimates 

(1) 1111'- 2- (e(m)) ( v3 ) 
Xv=j4m+l+Q rm +0 m5/2' ifn=2m; 

(2) 1111' ( e( m) ) ( 11
3 

) 
Xv= v'4m-l +O rm +o m5/2 , ifn=2m-l; 

further if 0 < /3* ( m) increases arbitrarily slowly, then 

71' ((!(n)) 1 ~ k vk (3) xv+i-xv= +O - +O(l)-~-·-
j2n + 1 n Vn k=2 c~ nk 

where 0 < c3 < 1 is an absolute constant , 11 = O(m//3*(m)). 

The proof follows the method given on Szego's book 8.9 on pp. 237-
240, where the method is used for the zeros belonging to a fixed interval. 
We needed several modifications of this idea. In the second part of this 
paper we give a weaker result but for all zeros in the Theorem 2. We give 
applications of these results in subsequent papers. Before the proof we 
formulate also the Theorem 2. 

THEOREM 2 . Now denote x1 > x2 > . . . > Xn the zeros of Hn(x). Then 
we have 

(!(v)·O(l) [n] 
(4) x1111 =J2n+l·cos8o(v)+ n 1/ 6 .lvj 1/ 3 , lvl=l,. . ., 2 , 
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where e(v) = fvr• a is an absolute constant and Bo(v) is given by 

(5) (
n 1) . 371" 2 + 4 (sm28o(v)-28o(v)) = v1t"- 4 . 

Here we can not write o(l) in place of 0(1). In the special case of 
lvl S dn, where d > 0 is a small absolute constant, we get from ( 4) and (5) 

O(l)lvl2/ 3 

(6) x1v1=v'2n+l- nl/6 

From ( 4) and ( 5) we will deduce the 

(7) 
0(1) 

lvl =2, ... , [%], 
where we can not write o(l) in place of 0(1). 

PROOF OF THE THEOREM 1. We need the 

LEMMA l. We have 
d 

(8) dBHn( v'2n + 1 cosO) = 

n I I 
= kn(B) · (-2n)v'2n+ 1·sinB · 2!-4 · J(n-1)! · (7r(n -1))-4 · 

. [e-cos2
8 {sin ( ( ~ - ~) (sin20-20) + 

3
:] + O (~)} + O(l)coso] , 

2nj1 2g 1 
where kn(B)=e • cos · (sine)-~. 0<c::S8S7r-t:, c:s~ fixed , and the 
remainder terms are uniform in 0. 

PROOF . We need ([1], 8.22.12) 

where x = v'2n + 1 cos(), 0 < c S () S 7r -c:, c: S ! fixed. The remainder term 
is uniform in 0. 

Since H~(x) = 2nHn-i(x) ([1], 5.5.10), hence 

d I 
(10) dOHn( v'2n + 1 cosO) = -2n(2n + 1)~ · sinB· Hn-1( v'2n + lcosO). 

By Lagrange's mean value theorem 
COS() I 

(11) Hn-1( v'2n + lcosO)-Hn-1( y2n -1cos8)=0(1) · Vn · Hn-1 ((), 

where 
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(12) J2n -1 cosB::; (::; v'2n + 1 cosB, H~-l (0 = O(l)nHn-2(0; 

hence in order to apply (9) for Hn-2(0, the following must be fulfilled: 
There exists a constant c* > 0 depending only on c (c* independent on n) 
such that 

{ J2n + 1 cos a : 0 < c ::; a '.'S: 1l" - c} ~ { v'2n - 3 cos a* : 0 < c * '.'S: ()* '.'S: 1l" - c *} 

for n .2: no, where no is an absolute constant depending only on c. This 
means the validity of the inequality 

hence 

J2n + 1 cosc::; J2n -3cosc*, 

cosc: < /1- -
4
-cosc:*. -V 2n+l 

Substituting c* = c/2 we get 

2cos2 c 4 
---<1---. 
l+cosc: - 2n+l 

Because for fixed c > 0 the left hand side is a constant smaller than 1 
and the right hand side is monotone increasing to 1 as n--+ +oo, hence for 
n.2'.no=no(c) the inequality is fulfilled : Hence we can apply (9) to estimate 
Hn-2(0. Because(= J2n-3cosB*, hence from (12) (l+O(l/n))cos8= 
=cos 8*, consequently ( 1+0( 1 /n)) sin8 =sin 8*, i.e. 

2n-3 :i 8. n 3 
Hn-2(0 = Hn-2( v'2n - 3cos8*) = e---:z-cos · 22-4 · yf (n - 2)!· 

·( 11"(n - 2))-t (sin8*)~i {sin [ ( i- ~) (sin28* -28*)+ 
3
4
71"] +O ( ~)} = 

2n n I I 
= 0(1 )en cos 0 

· 22. yf (n -2)! · n -4 · (sinB)-2. 

That is 

(13) Hn-1(V2n+lcos0)-Hn-l(/2n-lcos0)=0(1)· co;: -H~-1(~)= 
29 n 1 1 

= 0(1) · yncosBHn-2(~)::::::: 0( l)encos · 2'.r · y'( n -1)! · n -4 cos8(sin8)-2. 

Since 
d 1 
dOHn(J2n+ lcos8) =-2n(2n+ 1)2" ·sin8· 

· [Hn-1( J2n + lcos8)-Hn-l( v'2n - lcos8) +Hn-1( J2n -1 cos8)], 

hence we get by (13) 

d 
d(}Hn( J2n+ lcosO) = 
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=kn(B)·(-2n(2n+l)2sinB)· e-cos 0 .22-4.J(n-1)! · (7l'(n-l))-4· 
1 [ 2 nl . 1 

· {sin [ (~-~) (sin2B-2B)+ 
3
; ]+o (~) }+0(1)2~ J(n-l)!n-l case)= 

~ n 1 1 
=kn( B) · (-2n )v .:n -t- 1 sinB · 22-4 · J( n - 1 )! · ( 7r( n - I ))-4 · 

[ -cos28{. [(n 1)(. ) 371'] (1)} ] · e sm 2-4 sm2B-2B + 4 +O ;; +O(I)cosB . 

Lemma 1 is proved. 

In the following let a = ~ - B*, where 0 < B* < /3(~) 5 fa and 0 < (3( n) 
be a sufficiently large constant. We may suppose also that it is slightly 
increasing and in this case we know the estimate only in the interval 
(O,n/(3(n)), but the remainder term will be better. Our proof in the 
following works for both cases . 

We consider two cases: n = 2m and n = 2m + 1 separately. 
(a) Ca3e n = 2m. 

In this case the main term in (9) can be written as follows: 

sin [ ( m + ~) (sin 28* + 28*) - m 7r + i] = 

=(-lrsin [ ( m+~) (sin2B*+2B*)+i] . 

Let 

(14) ( m + ~) (sin 28* + 28*) = v1l' - ~ ± g( m), 

where v > 0 is integer, 0 < e( m) 5 f. Then for the main term of (9) we have 

sin [ ( m+~) (sin2tl*+2B*)-m7r+%] =(-l)m · (-1)1'·(±sinQ(m)). 

This is a main term in (9) indeed, if for e(m) := e*~m), 0 < e*(m) /' +oo 
and e*(m) s w be fulfilled. Remark, that it follows from (14) that B* x ::i, 
which means according to O<B* < l/(3(m), v=O (f30i)). Now denote the 

()* corresponding to + g( m) in ( 14) by B+ and that of corresponding to 
- g( m) by (}~. It follows from the above considerations that · 

signHn ( v2n+ lcos (-i-B+)) = (-l)m. (-l)v, 

signHn ( v2n+ lcos (~ -B~)) = (-1r · (-l)v · ( _:.1), 
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i.e. Hn changes sign in the interval 

( J2n + 1 cos ( ~ - o:.) ' J2n + 1 cos ( ~ - o+)) 
which means that H n has at least one zeros in this interval. If H n does 
not change sign in this interval, i.e. signHn is constant, then Hn has 
exactly one zero in this interval. Now examine, how we can ensure this. 
Let o:_ ~ ()* ~ e+. According to Lemma 1, for the main term of H n we have 

sin [ ( ~ - ~) (sin 20 - 20) + 
3

4
7r] = 

=sin [ (i+~) (sin20-20)+ 34rr - sin2~-20] = 

. [ ( 1) . * * sin 28* + 28*] = sm m + 4 ( sm 20 + 20 ) - ( m - 1 )rr -
2 

. 

Because f(O*) = sin20* + 20* strictly increasing in [O, 1/4], hence 

IJ(O*)- J(O+)I:; lf(e:. )- J(O+)I:; Zo(m) , 
m 

so 

. 20* ?0* . 20* 20* e( m) sm +- =sm ++ ++ci--, 
m 

where let!~ 2. Applying (14) we obtain for the main term of H~ 

sin [ (~-l) (sin2B-2B)+ 
3
:] = 

[ 

7r 1 vrr -1 + e( m) ci e( m) l m l 
= sin vrr - - + g( m) + 2q g( m) - ? 1 + ? · -- · ( -1) - . 

2 - m+ 4 - m 

According to the assumption made on e( m) and 11 we have for m 2: mo (mo 
is an absolute constant) : 

0 < c2 < I sin [ ( i- ~) (sin 20 - 20) + 
3
:] I ~ 1. 

Because in ( 8) we have 0( 1) cos 0 = 0( 1) sin O* = 0 (/3(~)) , hence the main 

term (8) is indeed the main term thus the notation in (8) is justified. On 
the other hand we obtain from the above considerations that signH~ = 
= ( -1 )m . ( -1)11

-
1 in the interval O~ :; O* :; o+. Hence, H n has exactly one 

zeros in the interval 

( ,,/2n + 1 sinB:, J2n + 1 sin Bi-) · 
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Because ()~ and o+ depend on v, next we use the notation 8~(v) , 8i-(v) 
for them. Now we prove that if 0 < ()* :S B~(l) or o+(v) :S 8* :S 8~(v+ 1) then 
H n ( J2n + 1 cos ( 1- 8*)) -f. 0, and hence Theorem 1 follows immediately. 

First consider the case 0 < ()* :S (}~ ( 1) . In this case 

~ < ( m + ~) (sin 28* + 28*) + i :S ( m + ~) (sin 20: ( 1) + 20: ( 1)) + i = 
7r 7r = - - g( m) + - = 7r - g( m ). 
2 2 

Hence the order of the main term in (9) is 2 cg(m). According to the 
assumptions made on e( m ), the main term is indeed main. The sign of the 
main term is (-l)m which is equal to signHn(J2n+lcos(~-8~(1))) . 

This means that Hn (J2n+lcos(1-8*)) -f. 0 if 0 < ()* :S B~(l) . Now 
investigate the case e+ ( v) :S ()* :S ()~ ( v + 1 ). Define e0 as follows: 

( m + ~) (sin W() + 2()0) = V7r. 

Then Bi-(v) < 80 <B~(v+1) . 

First consider the case 8+ ( v) < ()* :S 80. Then 

) ( 1) ( . * *) 7r 7r v7r + g( m < m + 4 sm 28 + 28 + 2 :S v?T + 2. 

Hence the main term of (9) has the order of magnitude 2: cg( m ). According 
to the assumptions made on e(m) it follows that the main term in (9) is 
the main. The sign of the main term is ( -1 )m · ( -1 )I' which is equal 
to signHn(J2n+lcos(;-B+(v))) , i.e. Hn has no zeros in the interval 
a+ ( v) < B* :S 80. We obtain similarly, that H n has no zeros in the interval 
e0 :S 8* < 8~ (v + 1 ) . Summarizing our considerations we get 

J2n + lsin8~(v) <Xv< J2n + lsinBi-(v) . 

Taking into account 

I sin Bi-( v )- sine: (v )I :S If( Bi-( v ))- f( a:( v ))I :S 
2e( m)' 

m 

the length of this interval is 0 ( ~) , hence 

x11 = V2n + 1 sin8~ ( v) + 0 ( ~) . 
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Because sin2y+2y=A., O<A.<1/4 implies siny=A/4(1+0(y2)), (namely 
sin2u+2y _ 1 _ sin2y+2y-4siny _ O(y3

) _ O( 2)) h 
4smy - 4smy - smy - y ' ence 

* . V1!" - ~ - g( m) ( ( v2 ) ) sin8_(v) = 1 +O 2 , 
. 4m+l m 

consequently 

xv= ;:;:!1 +o ( ~) +o (:S~2 )' 
and this proves the Theorem 1 for n = 2m. 

(b) Case n = 2m - 1. 

In this case the main term in ( 9) is 

( -1) m- l sin [ ( m - ~) (sin 20* + 28*)] . 

Define 8± * by 

(15) ( m - ~ )c sin 28± * + 20± *) = V1!" ± g( m), 

where v > 0 is an integer and 0 < e( m) :S f. If we impose on e( m) the same 
conditions as in (a), then we obtain similarly that Hn changes sign on the 
interval 

( J2n + 1 cos ( i- o:..) ' J2n + 1 cos ( i- o+)) 
where e+ resp. o:_ denotes the solution of (15) corresponding to +e(m) 
resp. -e(m). 

Now investigate the sign of H~ on this interval. Let e:_ :S 8* :Se+. 
According to Lemma 1 we obtain for the main term of H~ : 

. [( 1) ( . * *) ( 7r sin2e• +29*] sm m - 4" sm 28 + 2ll - m - 1 )'ir + 2 -
2 

= 

1 [ * 7r ci g( m) 1 v7r + e( m)] =(-l)m- sin v7r+g(m)+2c1e(m)+-
2 
+?----

2 
l ' 

~ m m- 4 

where icil ~ 4. Here we have used the same idea as in (a). Consequently, 
according to the assumptions made on e( m) and v, the main term in the 
expression of H~ is main part indeed, hence the sign of H~ is ( -1 )m · ( -1 )v 
on the interval ()":._ :S 0* :So+. This means that Hn has exactly one zeros 
in the interval. Because 8:._ and o+ depend on m and on v, hence we 
write in the following ():._ ( 2m - 1, v) and B+ ( 2m - 1, v) further for 8:_ and 
8+ used in (a) we will write e:(2m,v) and o+(2m,v). We have to prove 
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only that if 0 < ()* ~ ()~ ( 2m - 1, 1), or B+ ( 2m - 1, v) ~ ()* ~ ()~ ( 2m - 1, v + 1) 
then Hn ( v'2n + 2cos ( ~ -B*)) # 0. We have s~en in the case of (a), that 
the sign of H2m =4mH2m-l is (-l)m·( -l)v-l in the interval B~(2m, v) :S 
~ ()* :S o+(2m, v) further (-1 r · (-1 t if B:,(2m, v+ 1) ~ B* ~ B+(2m, v+ 1). 
This means that H2m-l has zeros in the interval 

( v'4m + 1 sin8+(2m, v) , v'4m + lsin8~ (2m, v+ 1 )) . 

It is known that the zeros of Hn and Hn-l separate each other, hence 
H2m-l has exactly one zeros in the interval 

( v' 4m + 1 sinB+(2m, v ), v'4m + 1 sinfJ":.. (2m, 11+ 1 )) . 
Let 

Av:= ( /4m + lsinB+(2m, v), v'4m + lsinB::..(2m, v+ 1)), 

Bv := ( v'4m - lsinB:.(2m -1, v), v'4m -1 sinB+(2m - 1, v )) . 

We obtain from (15) analogously as in (a): 

sinB± *(2m-1, v) = v7r± g(m) (1 +O ( 
112

2
)). 

4m-1 m 

Using this a simple calculation shows that Bv C Av. Hence taking into 
account the earlier considerations we get that 

H2m-l ( v'4m- lcos (~ -B*)) # 0 

if a+(2m- l,v) ~ B* :S a:.(2m- l,v+ 1). 

In the case of O<B* ~()~(2m-l,l) use the fact that H2m-1(0)=0. A 
similar calculation as above gives: 

H 2m-1 ( J 4m - 1 cos ( ~ - 8*) ) # 0. 

Thus we have proved that 

v'4m - lsinB:.(2m -1 , v) <Xv< v'4m - lsinB+(2m -1, v ), 

and hence by a similar calculation as in (a) we get 

Xv = J 4: _ l + Q ( [>~) + Q ( ~~2) , 
and this proves (2) . 

Now we return to the proof of (3). To this let 

( ) ·- sin2y+2y-4siny (o ~) 
g y .- . ' < y < 4 . 4smy 

As we have seen on p.28, g(y) = O(y2), where the implicit constant is 
absolute and effective, hence there exists an absolute constant c3 > 0 such 
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that jg(y)I < 1if0 < y :'.S c3. Let sin2y+2y =A, then g(y) = 4 s~iy -1 and 
hence 

( 6) 
. A. 1 

1 smy=-· . 
4 l+g(y) 

The Taylor expansion of g(y) has the form 
00 

g(y)= Lekyk. 
k=2 

Because lg(y)J < 1, hence any formal calculations are permitted in the 
Taylor series of g(y ), and ta:king into account the geometric series we get : 

00 

1 '""' k 
) 
=1+ LdkY. 

1 + g(y k=2 

Next suppose n = 2m (the case n = 2m - 1 is similar). We have seen that 

x 11 = J 4m + 1sin8~ ( v) + 0 ( gj;/) ; 
where 

. 2ll* ( ) + ')ll* ( ) - 4 (v7r - ! - e( m)) sin v v _v _ v - . 
- 4m+l 

Apply (16) and use the substitutions 

4 ( V?r - I - g( m)) 
y = 8~ ( v), A = 4m + 1 . 

We get 

* V?r -1- g( m) ( ~ [ * l k) sin8_(v)= l+Ldk 8_(v) , 
4m+ 1 k=2 

hence 

(v+ l )?r-!- g(m) ~ * . k 
Xv+l -xv= L dk[8_(v+ 1)] -

J4m+l k=2 

_v?r-!-g(m)fd.[8~(v)]k+ 7r +o(g(m)) · 
J4m+l k=2 k J4m+l v'ffi 

From ( 14) 18~ ( v + 1) - 8~ ( v) I = 0 ( ~) . 
Because 

a, b>O, 

hence 
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. 1 vk-1 
[B:(v + l)]k - [B:(v )]k = O(l)k · - · -,;-1; 

mm -
so 
(v + l)[B:(v+ l)]k - v[B:(v)]k = [B:(v+ l)]k + v{[B:(v + l)]k - [B:(v )]k} = 

vk vk vk 
=O(l)k-k +O(l)-k =O(l)k·-k' 

m m m 

and using this we get 

71' . (g(m)) 1 ~ vk 
xv+1-xv= v +O . ~ +0(1) ~ L, ldklkk. 

· 4m + 1 v m · v m m 
k=2 

00 ' 

We have seen that L dkyk is an absolutely and uniformly convergent 
k=2 

Taylor series in O:::; y:::; c3, hence ldkl:::; oq), so, taking into account ::i = 
C3 

= 0 (/3(~)) we get 

Let /3( m) 2': c; , then 

00 k 00 k 
L ldklk v k = o(l) L ?k = o(l), 
k=2 m k=2-

i.e. the remainder term is remainder indeed, and the Theorem 1 is proved. 

PROOF OF THE THEOREM 2. We need 

(17) _x
2 

n 1 ( N) . 1 e THn(x)=(2N )Z·exp -4 ·(sm8)!· 

· {sin [ ( 1 + ~) (sin 28 - 20) + 
3
:] + 0 ( n~3 ) } , 

where x := /2n+ lcosB, 0 < B:::; rr/2, N = 2n+ 1, [2], p.22-23. Here the 
remainder terms are uniform· in B. The main term of ( 17) is 

[ (
n 1) . 37r] sin 2 + 4 (sm20-20)+4 . 

Let 

(18) - +- (sm2B-20) = vrr- -± e\n, v), (
n 1) . 311" 
2 4 4 
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where v < 0 is an integer and 0 < g( n, v) ~ i. Then for the main term of 
(I 7) we get 

sin [ (i+l) (sin20-20)+ 
3
4
7!"] =sin(vrr±g(n,v))=(-It·(±sing(n,v)). 

Because by (I8) we have n83 x lvl, hence for n 2 no the main term is the 
main term indeed in (I 7) if and only if 

e*(n , v) lvl 
g(n,v)= lvl , g*(n,v)2a>O, g(n , v)~ 

20
, 

where a is a "large" absolute constant . In (I8) denote 8+ resp. 8_ the 
8 corresponding to + e( n, v) resp. - g( n, v) . It follows from the above 
considerations that 

signHn( J2n +I cos8+) =(-It, signHn( J2n + Icos(L) =(-It· (-1), 

which means that Hn changes sign in the interval 

(19) ( v'2n +I cose_' J2n + lcos8+) 

which means that Hn has at least one zeros in this interval. Let g(n , v)=fvj· 

Then in the case of lvl2vo(a) the main term in (II) is the main term indeed 
(for n 2 no( vo)). This means that in n - c interval of type ( 19) contains 
zeros of Hn, where c is an absolute constant. In (-00 ,00) Hn has n zeros , 
hence we are not able to say what is the position of ''finitely many" zeros 
of Hn, but we shall see, that the asymptotic formula given below works 
also for them, further in applications (usually) finitely many zeros do not 
effect the final result. 

The length of the interval is 

J2n + lcosB+(v)- v'2n + lcosB-(v) = J2n + l(cosB+(v)-cosB-(v)) 

and by the mean-value theorem we get 
cos8+(v ) -cos8-(v) =-sin~ · ( B+(v)-8-(v)) :::=:: -B+(v) · ( B+(v)- CJ_(v)) :::=:: 

-lvll/3 . 
(20) x nl/3 ·(8+(v)-8-(v) ). 

From (18) we get 

2g(n, v) 
sin28+( v) - 28+( v )- (sin2B-(v )- 28-( v )) = n 1 

i+4 
Applying the mean value theorem for the function f(B) = sin28- 28 we 
obtain 

2 ~(n, ~) = (8+(v)-B-(v))2( cos2~ - I)= -2(8+(v)-8-(v))sin2 ~, 
"2"+4 
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8+(v) s ( s e_(v), i.e. 
2 

g(n, v) 2 jvjJ 
(21) -n-x-B+(v) ·(B+(v ) -8-(v)):=::- n213 (B+(v)-B-(v)). 

From (20) and (21) we get 

g(n, v) 
cosB+(v )- cos8_( v) x 

213 113
, 

n ·lvl 
i.e. the length of the interval is 

J2n + 1 cosB+(v)- J2n + 1 cosB-(v);::::: 1~~n, v~/3 . 
n · lvl 

Denote 0 < Bo( v) S ~ the unique solution of 

(22) (
n 1) . 371' - + - (sm 28 - 28) = 111!' - -
2 4 4' 

then 

(23) 
_ ~ O(l)·e(n,v) 

x1 111 -v .. m+lcosBo(v)+ 
116 113

, 
n ·lvl 

where it is not possible to write o(l) in place of 0(1). It follows from (22) 

that es (II) X %1, hence 

B2(v) lvl 2/ 3 1111 4/ 3 
cos8o(v)=l-T+O(l)B6(v)=l-0(1) n 2/3 +0(1) n4/ 3 · 

Let Iv! S dn, where d > 0 is a small constant. Then 

lvl2/3 
cos8o(v) = 1-0(1) n213 , 0(1) > 0, 

where it is not possible to write o(l) in place of 0(1). We get 

( 
lvl 213 \ O(l)g(n,v) 

(24) xlvl=v'2n+l 1-0(1) n2/3 }+ nl/61vll/3 = 

lvl 2/ 3 O(l)g(n, v) lvl 213 
=v'2n+l-0(1)~16 + 

116 113 
=v2n+l-O(l)--y-16 , 

n n lvl n 

where g(n , v )= fvj, d·n~ !vi~ vo with a suitable small constant d, vo=vo( a) 

is a fixed constant; here we can not write o(l) in place of 0(1). 
Now estimate the distance of the zeros. Using (23) we get 

O(l)g(n, v) 
xlv+l1-x1111=v'2n+l(cos8o(v+l)-cos8o(v))+ 116 113 , 

n !vi 

and similarly to the earlier estimates 
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1 
cos Bo(v + 1 )- cosBo(v) x 

213 113
, 

n lvl 
hence 

(25) 
0(1) O(l)g(n,v) 0(1) 

xlv+ll-xlvl = nl/6jvjl/3 + nl/6jvjl/3 = nl/6jvjl/3' 

because e(n,v) = fv1· We cannot write o(l) in place of 0(1). 

Now investigate, what can we say on the excluded "finitely many" 
zeros. In the case of !vi :S vo, the distribution of the zeros is well known, 
we can express them using the zeros of the Airy functions. This coincides 
with (23) and (24) extending them to lvl :S vo. This means that (23) holds 
for every zeros and the proof of the Theorem 2 is complete. 

We remark that the method of the proof of the Lemma 1 gives the 
following stronger result: 

LEMMA l *. 
d 

(26) dBHn(J2n+lcosB)= 

( ) · ) ~ . ( n-1) 1 ( 2n -1) = kn B · ( - 2n v 2n + 1 sm B · ( 2 2n - 1) '! · exp - -
4
- · 

[-cos20{. [(n 1)(. 371'] ( 1 )} 1] · e sm 2- 4 sm2B-2B)+ 4 +O nB3 +O(l)cosB· nB3 , 

where 0 < -jn::; (}::; ~. further the remainder terms are uniformly in e. 
Recently S. SZABO extended the results of this paper for the case of 

Laguerre functions [3]. 
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1. Einleitung 

Eine reelle affine Ebene A2 , die durch eine Gerade f mit einem in­
zidenten Punkt F E f metrisiert wird, heiBt eine isotrope Ebene h; in 
diesem Zusammenhang wird f als absolute Gerade und F als absoluter 
Punkt . bezeichnet. Die interessante Geometrie dieser Ebene kann in [1] 
nachgelesen werden. 

Ein Kegelschnittbiischel wird bekanntlich durch zwei Kegelschnitte 
eindeutig bestimmt. Diese beiden Kegelschnitte schneiden sich in der kom­
plexen Erweiterung h(C) im algebraischen Sinn in vier Punkten A, B, C 
und D. Sie sind die Grundpunkte des Kegelschnittbiischels; die Geraden 
durch die vier Grundpunkte heiBen Grundgeraden. Ein beliebiger Punkt 
der Ebene bestimmt zusammen mit den vier Grundpunkten einen Kegel­
schnitt dieses Biischels eindeutig. Je nach der Realitiit bzw. der Vielfachheit 
dieser Grundpunkte laf3t sich in 12 eine grof3e Zahl von Biischeltypen un­
terscheiden ( vgl. [2]-[5]). In dieser Arbeit untersuchen wir nur die Biischeln 
vom Typ Il d .h. wir befassen uns mit jenen Kegelschnittbiischeln, welche 4 
reelle und verschiedene Grundpunkte besitzen, wobei aber stets 2 Grund­
punkte parallel sind, d.h. auf einer isotropen Geraden liegen. Die Unterfiille 
vom Typ Il der isotropen Ebene werden vollstandig klassifiziert und durch 
vollstandige Invariantensysteme beschrieben, wobei wir uns analytischer 
Methoden bedienen. 

Wir verwenden projektive Koordinaten (xo: x1: x2) in P2 und affine 
Koordinaten (x,y) in h · Bekanntlich gilt dann x=it, y=* fiir xo:f=O. 
Es ist iiblich zu setzen: f .. . xo = O; F(O: 0 : 1 ). 

.. 
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Dann erhiilt man fiir die allgemeinen isatropen Ahnlichkeiten die Dar­
stellung 

(1.1) {

x=q +c2x 
c2 · c5 # 0 . 

fl= c3+qx+c5y 

A.Ile moglichen Typen van [ Kegelschnittbiischeln der isatropen Ebene 
werden analytisch bestimmt und unter geametrischen Gesichtspunkten 
beschrieben. Als Fundamentalgruppe legen wir hierbei die dreigliedrige 
isatrope Bewegungsgruppe B3 

{

x=q +x 
(1.2) 

fl= c3 + qx + y zugrunde. 
Bei der Klassifikatian beschranken wir uns hierbei stets auf nicht ausgear­
tete Kegelschnittbiischel, d .h. wir betrachten keine Paare van Geradenbii­
scheln. 

In dieser Arbeit wird die Klassifikation mit Hilfe der Mittelpunktskurve 
km und der isatropen Brennpunktskurve k I vargenommen. Wir unterschei­
den weiters drei Fiille vom Typ [in der isotropen Ebene: 

ERSTER FALL ([o): Es gibt zwei parallele Punktepaare unter den vier 
Grundpunkten. 

ZWEITER FALL (RA ): Es gibt ein paralleles Punktepaar unter den vier 
Grundpunkten und die anderen zwei Grundpunkte liegen auf derselben 
Seite der isotropen Grundgeraden. 

DRITTER FALL (JIB ): Es gibt ein paralleles Punktepaar unter den vier 
Grundpunkten und die anderen zwei Grundpunkte liegen auf verschiedenen 
Seiten der isotropen Grundgeraden. 

Dann gilt zusammenfassend als Hauptergebnis der 

SATZ 1.1: In der isotropen Ebene I2 existieren beziiglich der isotropen 
Bewegungsgruppe B3 genau 2 verschiedene Typen der Klasse ffo ; genau 15 
Typen der Klasse [A und genau 14 Typen der Klasse [B· 

Auflistung und Kurzbeschreibung der Biischeltypen 

liol. Das Grundviereck BDAC ist ein nichtzuliissiges Parallelogramm 
in der isotropen Ebene. Der Hauptteil der Mittelpunktskurve is ein Punkt, 
genauer der Mittelpunkt des Grundparallelogramms. Der Hauptteil der 
Brennpunktskurve ist eine reelle Mittellinie des Grundparallelogramms. 

lio2. Das Grundviereck BDAC ist ein nichtzuliissiges Trapez (aber kein 
Parallelogramm) in der isatropen Ebene, wobei die parallelen Seiten die 
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isotropen Grundgeraden sind. Der Hauptteil der Mittelpunktskurve und 
der Brennpunktskurve ist eine reelle Mittellinie des Grundtrapezes. 

HA 1. Das Grundviereck BDAC ist ein nichtzulassiges Trapez (aber kein 
Parallelogramm) in der isotropen Ebene, wobei die parallelen Seiten die 
reellen Grundgeraden sind. Der Hauptteil der Mittelpunktskurve ist die 
reelle Mittellinie des Grundtrapezes. Der Hauptteil der Brennpunktskurve 
ist eine Hyperbel 1. Art. 

llA2, 3, 4. Das Grundviereck BDAC ist ein nichtzuliissiges konvexes 
Viereck in der isotropen Ebene, wobei es kein reelles paralleles Geraden­
paar unter den 6 durch die vier Grundpunkte legbaren Geraden gibt. Die 
Mittelpunktskurve ist eine Hyperbel 1. Art. Wenn man die Lage der Mit­
telpunktshyperbel zu einer Diagonale des Grundvierecks in betracht zieht, 
so ergeben sich 3 Typen von Kegelschnittbiischeln. Der Halbierungspunkt 
einer Diagonale des Grundvierecks ist: 

llA2 der Mittelpunkt einer Hyperbel 1. Art; 

llA3 der Mittelpunkt eines reellen, sich schneidenden Geradenpaares; 

llA4 der Mittelpunkt einer Hyperbel 2. Art im Kegelschnittbiischel. 

In allen drei Fallen ist der Hauptteil der Brennpunktskurve eine Hy­
perbel 1. Art. 

llA5, 6, 7. Die Grundpunkte B, D , A, C bestimmen ein nichtzulassiges 
konvexes Viereck in der isotropen Ebene, wobei es kein reelles parelleles 
Geradenpaar unter den 6 durch die vier Grundpunkte legbaren Geraden 
gibt. Die Mittelpunktskurve ist eine Hyperbel 2. Art. Wenn man die 
Lage der Mittelpunktshyperbel zu einer Diagonale des Grundvierecks in 
Betracht zieht, so ergeben sich 3 Typen von Kegelschnittbiischeln. Der 
Halbierungspunkt einer Diagonale des Grundvierecks ist der Mittelpunkt: 

llA5 einer Hyperbel 1. Art; 

HA 6 eines reellen, sich schneidenden Geradenpaares; 
][A 7 einer Hyperbel 2. Art im Kegelschnittbiischel. 

In allen drei Fallen ist der Hauptteil der Brennpunktskurve eine Hy­
perbel 1. Art. 

[A8, 9, 10, 11, 12, 13, 14, 15. Die konvexe Hiille der vier Grundpunkte 
B, D, A., C ist ein nichtzulassiges Dreieck der isotropen Ebene I2 . Die 
Mittelpunktskurve ist eine Ellipse. Wenn man die Lage der Mittelpunkts­
ellipse zu den Seiten der konvexen Hiille in Betracht zieht, so ergeben sich 8 
Typen von Kegelschnittbiischeln. Die isotrope Grundgerade schneidet die 
Mittelpunktsellipse in 2 Punkten und die Halbierungspunkte der 2 nicht 
isotropen Seiten der konvexen Hiille sind; 

llA8 die Mittelpunkte einer Hyperbel 1. Art; 
[Ag die Mittelpunkte einer Hyperbel 2 . Art; 
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ITAlO einer ist der Mittelpunkt einer Hyperbel 1. Art , der andere der 
Mittelpunkt einer Hyperbel 2. Art; 

HAll einer ist der Mittelpunkt eines reellen, sich schneidenden Gera­
denpaares, der andere der Mittelpunkt einer Hyperbel 1. Art ; 

:n:A12 einer ist der Mittelpunkt eines reellen, schneidenden Geradenpaa­
res, der andere der Mittelpunkt einer Hyperbel 2. Art im Kegelschnittbii-
schel. · 

Die isotrope Grundgerade beriihrt die Mittelpunktsellipse und die Hal­
bierungspunkte der zwei nicht isotropen Seiten der konvexen Hiille sind die 
Mittelpunkte: 

KA 13 einer Hyperbel 1. Art; 

HA14 einer Hyperbel 2. Art; 

rr A 15 eines reellen, sich schneidenden Geradenpaares. 

In allen 8 Fallen ist der Hauptteil der Brennpunktskurve eine Ellipse. 

Hsl. Das Grundviereck DABC ist ein zulassiges Parallelogramm der 
isotro'pen Ebene, wobei die Diagonale DB die isotrope Grundgerade ist. 
Der Hauptteil der Mittelpunktskurve ist ein Punkt, genauer der Mittel­
punkt des Grundparallelogramms. Der Hauptteil der Brennpunktskurve 
ist eine Hyperbel 1. Art. 

ITs2. Das Grundviereck DABC ist ein zuliissiges Trapez (kein Paral­
lelogramm) in der isotropen Ebene, wobei die Diagonale DB die isotrope 
Grundgerade ist. Der Hauptteil der Mittelpunktskurve ist die reelle Mit­
tellinie des Grundtrapezes. Der Hauptteil der Brenpunktskurve ist eine 
Hyperbel 1. Art. 

Ks3 , 4. Das Grundviereck DABC ist ein zuliissiges konvexes Viereck 
der isotropen Ebene (kein Trapez) , wobei die Diagonale DB die isotrope 
Grundgerade ist. Die Mittelpunktskurve ist eine Hyperbel 1. Art. Wenn 
man die Lage der Mittelpunktshyperbel zu einer Diagonale des Grundvier­
ecks in Betracht zieht, so ergeben sich 2 Typen von Kegelschnittbiischeln. 
Der Halbierungspunkt der isotropen Diagonale ist der Mittelpunkt: 

Hs3 einer Hyperbel 2. Art; 

IT B4 eines sich schneidenden Geradenpaares, wobei eine Gerade im 
Kegelschnittbiischel isotrop ist. 

In beiden Fiillen ist der Hauptteil der Brennpunktskurve eine Hyperbel 
1. Art. 

ITB5, 6. Das Grundviereck DABC ist ein zuliissiges konvexes Viereck 
(kein Trapez), wobei die Diagonale DB isotrop ist. Die Mittelpunktskurve 
ist eine Hyperbel 2. Art. Wenn man die Lage der Mittelpunktshyperbel be­
zuglich der nichtisotropen Diagonale des Grundvierecks in Betracht zieht, 
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so ergeben sich 2 Typen von Kegelschnittbiischeln. Der Halbierungspunkt 
der nicht isotropen Diagonale ist entweder 

[B5 der Mittelpunkt einer Hyperbel 2. Art , oder 

[B6 der Mittelpunkt eines sich schneidenden Geradenpaares, wobei eine 
Gerade im Kegelschnittbiischel isotrop ist. 

In beiden Fallen ist der Hauptteil der Brennpunktskurve eine Hyperbel 
1. Art. 

[B7, 8, 9, 10, 11, 12, 13, 14. Die konvexe Hiille der vier Grundpunkte 
D, A, B, C ist ein zulassiges Dreieck DAG in der isotropen Ebene h· 
Es enthalt den zu D parallelen Grundpunkt B. Die Mittelpunktskurve ist 
eine Ellipse. Wenn man die Lage der Mittelpunktsellipse zu den Seiten 
der konvexen Hiille in Betracht zieht, so ergeben sich 8 Typen von Kegel­
schnittbiischeln. Die Grundgerade AC schneidet die Mittelpunktsellipse 
in zwei Punkten und die Halbierungspunkte der anderen zwei Seiten der 
konvexen Hi.ille sind: 

[s7 die Mittelpunkte einer Hyperbel l. Art; 

[s8 die Mittelpunkte einer Hyperbel 2. Art ; 

[Bg einer ist der Mittelpunkt einer Hyperbel l. Art, der andere der 
Mittelpunkt einer Hyperbel 2. Art; 

[slO einer ist der Mittelpunkt eines reellen, sich schneidenden Gera­
denpaares, der andere der Mittelpunkt einer Hyperbel 1. Art ; 

[ B 11 einer ist der Mittelpunkt eines reellen, sich schneidenden Gera­
denpaares, der andere der Mittelpunkt einer Hyperbel 2. Art im Kegel­
schni t t biischel. 

Die Grundgerade AC beriihrt die Mittelpunktsellipse und die Halbie­
rungspunkte der anderen zwei Seiten der konvexen Hiille sind die Mittel­
punkte: 

[B12 einer Hyperbel 1. Art; 

[s13 einer Hyperbel 2. Art; 

[s14 eines reellen, sich schneidenden Geradenpaares im Kegelschnitt­
bi.ischel. 

In allen 8 Fallen ist der Hauptteil der Brennpunktskurve eine Ellipse. 

2. Klassifikation der Kegelschnittbiischel 

Auf den umfangreichen Beweis des Satzes 1.1 muB hier verzichtet 
werden. Durch exemplarische Beschreibung der Typen [A2, 3, 4, 5, 6, 7 
soll jedoch die U ntersuchungsmethode vorgefi.ihrt werden. 
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Wir bezeichnen mit D, A, C , B die Grundpunkte des Kegelschnitt­
biischels, wobei D zu B parallel ist, mit A1, B1, C1 , E1, G1, D1 die 
Halbierungspunkte der Grundstrecken BD, DA, AC, CB, DC, AB und 
mit P, Q, R die Schnittpunkte der Grundgeraden BC, DA; BD, CA und 
BA,DC. 

B 

/ 
A, 

+-···------~-----+-----p D 81 A ' 

'-\Q 
\' 

\ ' 

\ · · .. , B// 
\ E1 
c\ 

./ 
/ +-----D-4 -----+-8i----=:::...A~~-

Fig. 1. 

Wir gehen stets von der allgemeinen Gleichung 

(2.1) aux2 + a22Y2 + 2a12xy+ 2ao1x + 2ao2Y+ aoo = 0 

eines Kegelschnittes in affinen Koordinaten aus und versuchen zunachst 
eine Normalform des jeweiligen Biischeltyps mittels geometrischer iiberle­
gungen herzuleiten. 
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Die Typen [A2, 3, 4, 5, 6, 7 

Das Grundviereck BDAC ist ein nichtzulassiges konvexes Viereck der 
isotropen Ebene (kein Trapez), wobei fur die isotrope Spanne s(DB) > 0 
gilt. 

Man kann dann <lurch eine isotrope Bewegung erreichen, daB Din den 
Ursprung und die Grundgerade DA in die x-Achse des zugrundegelegten 
Koordinatensystems fallt. Dann sind die Koordinaten der Grundpunkte 
<lurch 

(2.2) 

(2.4) 

D(O,O); A(a,O); B(O,b) und 

aq >0 
b 

und c2 > - -ci + b gegeben. 
a 

Die Gleichung (2.1) reduziert sich wegen (2.2) auf 

(2.5) au x2 + a22Y2 + 2ao1x+2ao2Y + 2a12xy = 0. 

Da die Koordinaten von A, B, C die Gleichung (2.5) erfiillen miissen, 
ergeben sich folgende Gleichungen: 

(2.6) 

au er+ a22c~ + 2ao1ci+2ao2c2 + 2a12ci c2 = 0. 

Aus (2.6) folgt wegen ab-:/:- 0 

(2.7) 

Es sei 
c2 c2-b 

(2.8) k1 = -- und k2 =--. 
q-a ci 

Aus (2.5) gewinnt man mittels (2.7) mit den Umbezeichungen (2.8) und 
A=-~ als Normalform dieses Biischeltyps: 

kia22 

(2.9) F = .\(xy- k1x2 + k1ax) +y2 - k2xy-by = 0. 

Aus (2.2), (2.3) und (2.8) sieht man sofort, daB a der isotrope Abstand 
und b die isotrope Spanne zwischen D, A bzw. D, B ist. ki und k2 sind die 
isotropen Winkeln zwischen den Grundgeraden DA, AC bzw. DA, BC, 
d.h. 

(2.10) a= d(DA), b= s(DB), k1=4(DA,AC), k2 = 4(DA,BC). 

Damit sind a, b, k1, k2 als isotrope Bewegungsinvarianten erkannt. 
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Durch eine einfache Rechnung ergeben sich aus (2.3), (2.4) und (2.8) 
die folgenden Gleichungen -

(2.ll) kia+b k1k2a+k1b b 
q = ki - k2; c2 = ki - k2 zw. 

U ngleichungen 

(2.12) ak1 ( ak1 + b) > 0, b > O; k2a + b > 0 

(2.13) kf - k1 k2 > 0 fiir die Invarianten a, b, ki, k2. 

Aus (2.9) kann man mittels der Determinante 

(2.14) 

erkennen, da.B das Kegelschnittbiischel fiir 

(2.15) >-1=-2k1+k2-2Jkr-k1k2; >-2=-2k1+k2+2Jkr-k1k2 

reelle Parabeln, fiir >..1 < >.. < >..2 Ellipsen und fiir >.. < >..1, >..2 < >.. Hyperbeln 
enthiilt. 

N ach einiger Rechnung ergibt sich, dafi die Durchmesserrichtungen der 
Parabeln durch 

(2.16) (1, ki+Jkr-k1k2); (1. ki-Jkr-k1k2) 

gegeben sind. 
Aus (2.16) folgt fiir die Winkeln zwischen den Durchmesserrichtungen 

dieser Parabeln und der Grundgeraden DA. -

(2.17) 'f'l = ki + Jkr- kik2; 'f'2 = ki -Jkr-k1k2. 

Aus (2.17) findet man 

(2.18) <p1<p2=k1k2 und <p1+<p2=2k1. 

Aus (2.9) kann man mittels %f = 0 die Typen der Hyperbeln im 

Kegelschnittbiischel bestimmen. Das Biischel enthalt fiir 

(2.19) >..3 = 0 und >..4 = k2ab: ki b2 
kia· +ab 

reelle, schneidende Geradenpaare mit den Mittelpunkten P und Q, fiir 
>.. E (>..3, >..4) Hyperbeln 2. Art, und schliei3lich fur>.. E JR\ {[>..1, >..2] U (>..3, >..4]} 
Hyperbeln 1. Art. 

Im Biischel liegt auch ein schneidendes Geradenpaar mit dem Mittel­
punkt R, wobei eine Gerade isotrop ist ( >.. = oo). 
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Mittels 9/; = 9/i = 0 und (2.9) bestimmt man die Mittelpunktskurve. 
Man findet 

(2.20) -2k1k2x2 -2y2 + 4k1xy + (k1k2a- 2k1b)x + (b- 2k1 a)y+ kl ab= 0. 

Diese Kurve ist wegen (2.13) eine Hyperbel. 
Eine andere Darstellung der Mittelpunktskurve ist: 

(2.21 ) x(.\) = k2b-.\b-2.\k1a ; y(A)= -2.\k1b-.\k1k2a+ .\
2
k1a, 

-k~ + 2.\k2 -4.\k1 - .\2 -k~ + 2.\k2- 4.\k1 -,\2 

wobei ,\ der Bi.ischelparameter ist. 
Die Funktionen x(.\ ), y(.\) sind stetig in den Intervalle (.\1,.\2); 

(-oo, .\1) und (.\2, oo ). Weiter kann man aus (2.21) sehen, daB lim x(,\)=0 
. IAl-oo 

und lim y(,\r=-k1a gilt. Dieser Punkt mit den Koordinaten (O, -k1a) ist 
IAl-oo 

R. Aus (2.21) folgt lim lx(.\)l=oo und lim jy(.\)l=oo i=l,2. Genau so 
A-..\1 ..\-..\1 

findet man: Im Fall,\ E (.\1 , .\2) gehort ,\ zu einer Ellipse des Kegelschnitt­
bi.ischels und (2.21) beschreiben einen Zweig der Mittelpunktshyperbel. Im 
Fall ,\ E JR.\ { [ ,\ 1, .\2]} und ,\ = oo gehort ,\ zu einer Hyperbel 1. oder 2. Art 
oder zu einer degenerierten Hyperbel. (2.21) beschreiben dann den anderen 
Zweig der Mittelpunktshyperbel, welcher die Punkte P, Q, R enthiilt. 

Weiter untersuchen wir den Differentialquotienten der Funktion x(,\) 

X
• ( ')-- .\

2(-b-2k1a).+2.\k2b+ 2k1k~a+4k1k2b-k~b 
(2.22) A 

(-ki + 2.\k2 - 4.\k1 - .\2)2 

Aus (2.22) kann man sehen: x(.\) hat zwei lokale Extremwerte, wenn der 
Ausdruck: 

(2.23) 

positiv ist, und es gibt keinen Extremwert , wenn (2.23) Null oder negativ 
ist. In diesem letzteren Fall ist x( ,\) eine strikt monotone Funktion in den 
Intervallen (.X1, .X2) bzw. (-oo, .\1) U (.\2, oo ). 

Wir bilden 

(2.24) 

(2.25) 

S* = k1k2, 

S**=k1k2a2+2k1ab+b2, d.h. S=S*S**. 

Wenn S=O, d.h. S*=O oder S**=O gilt (k1 #0), dann ist die Mittelpunkts­
kurve ein schneidendes Geradenpaar (RAl;Rsl,2). 

Im folgenden sind zwei Hauptfalle mit den entsprechenden Unterfiillen 
zu diskutieren: 

Hauptfall 1: S > 0, Hauptfall 2: S < 0. 
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Zuerst untersuchen wir den Hauptfall 1. In diesem Fall hat x().) zwei 
Extremwerte und die Mittelpunktskurve ist eine Hyperbel 1. Art. Man 
kann leicht sehen, daJ3 die Mittelpunktshyperbel die Halbierungspunkte A 1, 

B1, D1, C1, E1, G1 der Grundstrecken enthalt (Fig. 1.). Aus (2.2), (2.11) 
und (2.21) kann man die Koordinaten bzw. die A-Werten berechnen, die 
zu den Halbierungspunkten gehoren: 

(2.26) Ai ( 0, ~) , 

(2.27) B1(i,o) , 

(2.28) 

(2.29) 

(2.30) G ( b+k1a k1b+k1k2a) ).Ci= -k
2

, 1 2(k1 -k2)' 2(k1 .:_k2) ' 

(2.31) E ( b+k1a kik2a+2k1b-k2b) ). _ k2b-2k1b-ak1k2 
l 2(k1-k2) ' 2(k1-k2) ' Ei- kia+b 

Hieraus ergibt sich nach einiger Rechnung, daB der Punkt A 1 der 
Mittelpunkt einer Hyperbel 2. Art und der Punkt C1 der Mittelpunkt einer 
Ellipse des Kegelschnittbiischels ist. Man zeigt leicht: Die Punkte B1, Ei 
und ebenso G1, Di gehoren zu verschiedenen Zweigen der Mittelpunktshy­
perbel. Es gilt genauer: Ist S*>O und damit wegen 5>0 S**>O, dann ist B1 
der Mittelpunkt einer Hyperbel 1. Art und damit ist E1 der Mittelpunkt 
einer Ellipse; gilt andererseits S* < 0 und damit S** < 0, dann ist B1 der 
Mittelpunkt einer Ellipse und E1 ist der Mittelpunkt einer Hyperbel 1. 
Art. Es sei zum Beispiel 5* > 0. In diesem Fall gehort G1 zu einer Ellipse, 
abet D1 kann der Mittelpunkt einer Hyperbel 1. Art, eines schneidenden 
Geradenpaares oder einer Hyperbel 2. Art sein, je nachdem der Ausdruck 

b2 
(2.32) 51 = kik2- 2 

a 

positiv, 0, oder negativ ist . Wenn 5* < 0 gilt, dann kann man unschwer se­
hen, daB D1 der Mittelpunkt einer Ellipse ist und G1 der Mittelpunkt einer 
Hyperbel 1. Art, eines schneidenden Geradenpaares oder einer Hyperbel 
2. Art sein kann, je nachdem der Ausdruck 

(2.33) 52 = k1k2a2+2k2ab + b2 

positiv, O, oder negativ ist. 

' 
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Durch Untersuchung der Lage der 6 Halbierungspunkte der 6 Grund­
strecken, gelangt man zu drei neuen Typen des Hauptfalls 1 S > 0 und zwar 
zu den Unterfiillen: 

][A2· S* > 0, S1 >0 oder S* <0, S1 <0. 
Eine Diagonale des Grundvierecks schneidet den hyperbolischen Zweig 

der Mittelpunktshyperbel in 2 Punkten, wobei der Halbierungspunkt zu 
einer Hyperbel 1. Art gehort. 

HA3. S* > 0, Si= O oder S* < 0, S2 = 0. 
Eine Diagonale des Grundvierecks beriihrt den hyperbolischen Zweig 

der Mittelpunktshyperbel. Der Beriihrungspunkt - der Halbierungspunkt 
der Diagonale - ist der Mittelpunkt eines reellen, schneidenden Geraden­
paares des Biischels ( Q = G1 oder Q =Di). 

][A4. S* > 0, 51<0 oder 5* < 0, 52 > 0. 
Eine Diagonale des Grundvierecks schneidet den hyperbolischen Zweig 

der Mittelpunktshyperbel in 2 Punkten, wobei der Halbierungspunkt zu 
einer Hyperbel 2. Art gehort . 

SATZ 2.1: Ein Kegelscbnittbiiscbel der isotropen Ebene vom Typ IIA2, 
3, 4 ist bis auf isotrope Bewegungen durcb vier Invarianten a, b, k1 , k2 
eindeutig bestimmt. In alien drei Fi.illen ist die Mittelpunktskurve eine 
Hyperbel 1. Art. Vier Grundpunkte mit den isotropen Invarianten a, b, ki, 
k2 , wobei die Bedingungen (2.12), (2.13) und 5 > 0 gelten, bestimmen ein 
Kegelscbnittbiiscbel vom Typ 

Il,42 wenn S* > 0, S1>0 oder S* < 0, S2 < 0, 
][A3 wenn S* > 0, S1=0 oder 5* < 0, 52 = 0, 
][A4 wenn 5* > 0, 51<0 oder 5* < 0, 52 > 0 gilt. 

BEMERKUNGEN: 1. Aus Satz 2.1 kann man sofort sehen, daf3 es wegen 
51=0 bzw. S2 = 0 beim Typ ][A3 drei unabhangige Invarianten gibt. 

2 . Man kann unschwer sehen, dafi die algebraischen Bedingungen bei 
den Typen IlA2 , 3, 4 eine gleichwertige geometrische Bedeutung besitzen. 

Wir untersuchen den Fall ][A3· Die Mittelpunktskurve beriihrt die 
Diagonale, wenn zum Beispiel 

(2.34) S* > 0, 51=0 gilt. 

An Fig. 3. erkennt man, daf3 PA.C ein zulassiges Dreieck der isotropen 
Ebene ist. Bekanntlich ist die Summe der orientierten Winkel eines Dreiecks 
gleich Null (vgl. [l]), d.h. im Dreieck PAC gilt 

(2.35) -k2 + k1 - k3 = o 
Es seien 

(2.36) S*<O, Sz=O. 
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Fig. 2. 

Dj 

Fig. 3. 

A 
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(2.37) d.h. 

(2.38) 

Aus (2.2) und (2.11) berechnet man dann der Reihe nach 

(2.39) d(BC)=b+kia; s(BD)=-b; 
k1 -k2 

(2.40) - k2 = <J.(BC, DA); k3 = <J.(BC, CA)= ki - k2 aus (2.35). 

Aus diesen Beziehungen kann man sofort sehen 

(2.41) (
s(BD))

2 

d(BC) = -k2k3, wobei - k2k3 > 0 gilt. 

Es ist evident, da:B die Bedingungen (2.41) und (2.38) gleichwertig sind. 

Fig. 4. 

Zur geometrischen Erzeugung eines Biischels vom Typ ITA2, 3, 4 sei 
BDA ein nicht zuliissiges Dreieck, wobei B, D parallele Punkte der iso­
tropen Ebene sind. Bezeichnen A1, B1, Di die Halbierungspunkte der 
Grundstrecken BD, DA und AB und ist Q ein Punkt der Strecke BD1, 
dann bestimmen die Punkte Ai, B1, Di, Q ein Kegelschnittbiischel vom 
Typ ITAl. Es seien Qi, P1 die Halbierungspunkte der Strecken QD1 bzw. 
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AiBi und sei L1 der Schnittpunkt der Geraden QBi und AiDi. (Fig. 4.) 
Wie aus den Untersuchungen des Typs IlAl bekannt, liegen die Punkte P1, 
L1 , Qi auf dern Hauptteil der Mittelpunktskurve des Kegelschnittbiischels 
und die Punkte Ai, Bi, D1, Q sind eindeutig bestimmt. Die Halbgerade mit 
Li als Ursprung, welche Qi enthalt, tragt die Mittelpunkte der Hyperbeln 
1. Art. Diese Halbgerade schneidet die isotrope Gerade DiB1 irn Punkt M1 . 
Es sei M ein Punkt auf der Halbgeraden mit dem Ursprung Afli welche 
nicht den Punkt Qi enthfilt. Es ist klar , daB es eine Hyperbel 1. Art <lurch 
die Punkte Ai Bi Di Q gibt, welche M zum Mittelpunkt besitzt, wobei 
die Punkte Ai, Bi, D1 , Q auf demselben Zweig liegen. Diese Hyperbel 
1. Art - bezeichnen wir sie mit km - schneidet die isotrope Gerade 
BD im Punkt R. Es sei C der Schnittpunkt der Geraden RA und DK1 . 
Man kann hierbei M stets so wahlen, daB der Schnittpunkt C existiert. 
Aus der Konstruktion kann man leicht erkennen, daB die Punkte B , D , 
A, C gerade ein Kegelschnittbuschel VOID Typ IlA2 bestimmen, wobei die 
Mittelpunktskurve I<m ist . 

Fig. 5. 

Ahnlich kann man die Grundpunkte B , D , A., C des Typs IlA4 konstru­
ieren, wobei Q ein Punkt der Strecke DiA ist. Die Punkte Ai , Bi , Di , Q 
bestirnmen ein Kegelschnittbiischel vorn Typ IlB2. (Fig. 5.) Wie beim Typ 
IlA2 kann man den Punkt M auf deID Hauptteil der Mittelpunktskurve des 
vorliegenden Kegelschnittbiischels VOID Typ IlB2 so wahlen, daB die Punkte 
Ai , Bi , Di , Q eine Hyperbel 1. Art mit dem Mittelpunkt M bestinimen -
wir bezeichnen diese mit km - , wobei die Punkte A1, Bi, Di und Q auf 
ein und demselben Zweig von km liegen. Mittels km kann man den Punkt 
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C konstruieren. Man zeigt leicht durch Konstruktion, daB die Punkte B, 
D, A, C ein Kegelschnittbiischel vom Typ RA4 bestimmen. 

Fig. 6. 

Zur geometrischen Erzeugung eines Biischels vom Typ RA3 betrachten 
wir noch einmal das nicht zulassige Dreieck EDA mit den Halbierungs­
punkten Ai, Bi, D1 der Seiten. (Fig. 6.) Man kann das Kegelschnittbiischel 
durch Ai, Bi, D1 untersuchen, wobei die Gerade BA die gemeinsame 
Tangente aller Kegelschnitte mit D1 als Beriihrungspunkt ist. GemaB der 
Untersuchung des Kegelschnittbiischels gibt es eine Hyperbel l. Art - wir 
bezeichnen sie mit km -, welche die Punkte Ai, Bi, D1 enthalt und die 
Gerade BA im Punkt Di beriihrt. Mittels km kann man den Punkt C 
konstruieren. Man zeigt wieder leicht durch Konstruktion, daB die Punkte 
B, D, A, C ein Kegelschnittbiischel vom Typ llA3 bestimmen, wobei km 
die Mittelpunktshyperbel ist. 

Im folgenden untersuchen wir den Hauptfall 2, d.h. es gilt S < 0. In 
diesem Fall hat x(>.) keinen Extremwert und die Mittelpunktskurve ist 
eine Hyperbel 2. Art. 

Analog wie im Hauptfall 1 untersuchen wir die Punkte Al• B1, C1, 
D1, E1, G1. Mittels (2.26), (2.29) kann man leicht sehen, daB der Punkt 
Ai der Mittelpunkt einer Ellipse ist, und da13 C1 der Mittelpunkt einer 
Hyperbel 2. Art ist. Man zeigt unschwer mittels (2.27) und (2.31 ), da13 die 
Punkte B1, Ei und ebenso mittels (2.30) , (2.28) daB die Punkte G1, Di zu 
verschiedenen Zweigen der Mittelpunktshyperbel gehoren. Es gilt genauer: 
Ist S* > 0 und damit wegen S < 0 S** < 0, so ist Bi der Mittelpunkt einer 
Ellipse und E1 der Mittelpunkt einer Hyperbel l. Art; gilt andererseits 
S* < 0 und damit S** > 0, so ist B1 der Mittelpunkt einer Hyperbel 1. Art 
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und E1 der Mittelpunkt einer Ellipse. Man zeigt leicht, daB im Fall 5* > 0 
der Punkt G 1 und im Fall S* < 0 der Punkt D1 der Mittelpunkt einer 
Ellipse im Biischel ist. Da der Punkt D1 bzw. G 1 ( der Halbierungspunkt 
der anderen Diagonale) zum hyperbolischen Zweig der Mittelpunktskurve 
gehort - welche so wie bei den Typen Il.42, 3, 4 - der Mittelpunkt einer 
Hyperbel 1. Art, eines schneidenden Geradenpaares oder einer Hyperbel 
2. Artist, je nachdem die Ausdriicke S1, S2 im (2.32) bzw. (2.33) positiv, 
Null oder negativ sind, unterscheiden wir demgema.B die Typen IlA5, ITA6, 
ITA 7 des Kegelschnittbiischels. 

So ergeben sich die Unterfalle: 

ITA5. S* > 0, S1>0 oder S* < 0, S2 < O 

Eine Diagonale des Grundvierecks schneidet den hyperbolischen Zweig 
der Mittelpunktshyperbel in 2 Punkten, wobei der Halbierungspunkt zu 
einer Hyperbel l. Art gehort. 

ITA6. S*>O, S1=0 oder S*<O, S2=0 

Eine Diagonale des Grundvierecks beriihrt den hyperbolischen Zweig 
der Mittelpunktshyperbel. Der Beriihrungspunkt - der Halbierungspunkt 
der Diagonale - ist der Mittelpunkt eines reellen schneidenden Geraden­
paares des Biischels ( Q = G 1 oder Q =Di). 

ITA7· S* > 0, S1 < O oder S* < 0, S2 > O 

Eine Diagonale des Grundvierecks schneidet den hyperbolischen Zweig 
der Mittelpunktshyperbel in 2 Punkten, wobei der Halbierungspunkt zu 
einer Hyperbel 2. Art gehort. 

SATZ 2.2: Ein Kegelscbnittbiischel der isotropen Ebene vom Typ IlA5, 
6, 7 ist bis au{ isotrope Bewegungen durch die vier Invarianten a, b, k1, 
k2 eindeutig bestimmt. In alien drei Fallen ist die Mittelpunktskurve eine 
Hyperbel 2. Art. Die vier Grundpunkte mit den isotropen Invarianten a, b, 
ki, k2, fiir die (2.12), (2.13) und S < 0 gelten, bestimmen ein Kegelschnitt­
biiscbel vom Typ 

ITA5 wenn S* > 0, S1 > 0 oder S* < 0, 52 < 0, 
ITA6 wenn S* > 0, S1=0 oder S* < 0, S2 = 0, 
IlA7 wenn S* > 0, 51<0 oder S* < 0, S2 > 0 gilt. (Fig. 7.) 

BEMER.KUNGEN: l. Aus Satz 2.2 kann man sofort sehen, daB es beim 
Typ IlA6 drei unabhangige lnvarinten gibt; dies folgt aus S1 =0 bzw. S2~0. 

2. Analog wie bei den Typen IlA2, 3, 4 kann man sehen, daB die 
algebraischen Bedingungen bei den Typen Il.45, 6, 7 eine gleichwertige 
geometrische Bedeutung besitzen. 

Zur geometrischen Erzeugung eines Biischels vom Typ 5, 6, 7 betrach­
ten wir wieder das nicht zulassige Dreieck EDA mit den Halbierungs-
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y 

Fig. 7. 

Fig. 8. 
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punkten Ai, B1, D1 der Seiten. Sei Q ein Ptinkt der Strecke B .D1. (Fig. 
8.) Wie beim Typ [A2 kann man sehen, daf3 die Punkte Ai, B1, D1, Q ein 
Kegelschnittbiischel vom Typ IlAl bestimmen. Wir beni.itzen die Fig. 4. 
Sei H1 der Mittelpunkt der Mittelpunktskurve des Kegelschnittbiischels 
A1B1D1 Q. Wie aus der Untersuchung des Typs [Al bekannt, enthalt 
die Strecke L1H1 die Mittelpunkte der <lurch die Punkte A1, Bi, D1, 
Q legbaren Hyperbeln 2. Art; sei M ein Punkt der Strecke L1H1. Wir 
bezeichnen mit km die Hyperbel 2. Art, bestimmt <lurch die Punkte A1, B1, 
D1, Q mit dem Mittelpunkt M. Wie beim Typ [A2 kann man mittels km 
und den Punkten B, D, A den Punkt C bestimrilen. Aus der Konstruktion 
ergibt sich, dafi die Punkte B, D , .4, C ein Kegelschnittbiischel vom Typ 
[A5 bestimmen, wobei die Mittelpunktskurve km ist. 

Fig. 9. 

Ahnlich kann man die Grundpunkte B, D, A, C beim Typ [A 7 konstru­
ieren; der Punkt Q liegt aber auf der Strecke D1A1 (Fig. 9.). Wie beim Typ 
[A4 kann man sehen, daB die Punkte .4.1, B1, D1, Q ein Kegelschnittbiischel 
vom Typ ITB2 bestimmen. 

Es sei Hi der Mittelpunkt der Mittelpunktskurve des Kegelschnittbii­
schels A1BiD1Q und T1 der Schnittpunkt der Geraden A1D1 und B1Q. 
Wie beim Typ [A4 kann man den Punkt M (ME H1L1) so wahlen, daf3 
die Punkte Ai, B1, D1, Q eine Hyperbel 2. Art mit dem Mittelpunkt M 
bestimmen-wir bezeichnen sie mit km-, wobei die Punkte Di, Ki bzw. 
die Punkte Ai, B1 auf demselben Zweig von km liegen. Mittels km kann 
man den Punkt C konstruieren. Aus der Konstruktion ist ersichtlich, daB 
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die Punkte B, D, A, C ein Kegelschnittbiischel vom Typ llA7 bestimmen, 
wobei km die Mittelpunktskurve ist. 

Fig. 10. 

Zur geometrischen Erzeugung eines Biischels vom Typ ll A 6 betrachten 
wir noch einmal das nicht zulassige Dreieck BDA mit den Halbierungs­
punkten A1, B1, D1 der Seiten. (Fig. 10.) Wir untersuchen das Kegel­
schnittbiischel <lurch A1, B1, D1, wobei die Gerade BA die gemeinsamen 
Tangente aller Kegelschnitte mit dem Beriihrungspunkt D1 ist. 

Aus der Untersuchung des vorliegenden Kegelschnittbiischels kann man 
sehen, daB es eine Hyperbel 2. Art gibt (ihr Mittelpunkt liegt auf H1D1), 
welche die Punkte A1, B1, Di enthalt und die Gerade BA im Punkt Di 
beriihrt; wir bezeichnen sie mit km. Mittels km kann man den Punkt C 
konstruieren. Die Punkte B, D, A, C bestimmen ein Kegelschnittbiischel 
vom Typ [A6, wobei km die Mittelpunktskurve ist. 

Wir untersuchen noch die isotropen Brennpunktskurven k f der Bii­

scheltypen llA2, 3, 4, 5, 6, 7. Aus (2.9) und t~ =0 findet man als Gleichung 

von kf 

(2.42)-ki k2x2-y2 +2k1xy+(k1k2a-bk1 )x-2k1 ay+bk1 a=O fur,\ ElR und 
(2.43) x = o fur ,\ = oo. 

Damit ist die Brennpunktskurve k f eine Kurve 3. Ordnung 

(2.44) [-k1k2x2 -y2 + 2k1 xy+ ( ki k2a - bk1)x - 2k1ay+ bk1a J x = 0. 

Sie zerfallt in 2 Teile, wobei der Hauptteil eine Hyperbel 1. Art (2.42) ist 
und der andere Teil die isotrope Grundgerade (2.43) ist. Nach einiger Rech­
nung ergeben sich die isotropen Brennpunkte .4 und C; diese liegen nicht 
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auf der isotropen Grundgeraden. Man zeigt leicht, dafi die Asymptoten des 
Hauptteils der Brennpunktskurve (2.42) durch 

= (k . /k2-k k) ( ,_ b+2k1a-k2a) k1b+k2k1a 
(2.45) y 1 + V 1 1 2 x 2(k1 -k2) + 2(k1 -k2) bzw. 

Y = (ki _. /k2 -k
1
k

2
) (x- b+2k1a-k2a) + kib+ k2k1a 

(
2

.4
6

) v 1 2(k1 - k2) 2(k1 - k2) 

gegeben sind. 
Man kann sofort sehen, daJ3 diese Geraden zu den Asymptoten der 

Mittelpunktshyperbel parallel sind und mit den Durchmesserrichtungen 
der Biischelparabeln iibereinstimmen. Nach einiger Rechnung zeigt man, 
daB die Punkte P, Q, R auf der Brennpunktskurve liegen. 

SATZ 2.3: Die Brennpunktskurve kf eines Kegelschnittbiischels vom 
Typ [A2, 3, 4, 5, 6, 7 ist eine Kurve 3. Ordnung, welche in 2 Teile zerfiillt; 
niimlich in eine Hyperbel 1. Art bzw. in die isotrope Grundgerade. Sie 
enthiilt die Grundpunkte, sowie die Diagonalecken P , Q und R, wobei 
A und C die isotropen Brennpunkte der Brennpunktshyperbel sind. Sie 
schneidet die absolute Gerade in den gerri.einsamen Punkten mit der Mit­
telpunktshyperbel und den Parabeln des Kegelschnittbiischels. 

3. Zusammenfassung 

In dieser Arbeit untersuchen wir jene Kegelschnittbiischel der isotropen 
Ebene, welche vier reelle und verschiedene Grundpunkte bezitzen, wobei 
mindestens 2 Grundpunkte parallel sind, d.h. auf einer isotropen Geraden 
liegen. Mit analytischen Methoden wird eine vollstiindige Klassifikation 
aller Biischeltypen gegeben, wobei jeder Typ <lurch ein vollstandiges Inva­
riantensystem beschrieben wird. Die auftretenden algebraischen Beziehun­
gen werden in der isotropen Ebene geometrisch gedeutet. 

Literat urverzeichnis 

[1] SACHS, H: Ebene Isotrope Geometrie, Vieweg-Verlag, Braunschweig/Wies­
baden, 1987. 

[2] SACHS , H: Oskulierende und hyperoskulierende Kegelschnittbiischel der iso­
tropen Ebene I, Sitz.-Ber. d. Ost. Akad. Wiss. Wien, 196 (1987), 337-
375. 

[3] SACHS, H: Oskulierende und hyperoskulierende Kegelschnittbiischel der iso­
tropen Ebene II, Sitz.-Ber. d. Ost. Akad. Wiss. Wien, (im Druck). 



KLASSIFIKATION DER KEGELSCHNITTBUSCHEL 57 

[4] Seu RIC, VL.: Kegelschnittbiischel der isotropen Ebene I., RAD JAZU 450 
(1990), 41-51. 

[5] ScuRIC , VL. und SACHS, H: Klassifikationstheorie der Kegelschnittbiischel 
vom Typ IV. in der isotropen Ebene, RAD JAZU, (1991, im Druck). 

[6] CoXETER H. S. M.: Projektiv geometria, Gondolat, Budapest, 1986. 

[i] JAG LO M, I. M.: Galilei relativi tasi elve es egy nemeuklideszi geometria, 
Gondolat, Budapest, 1985. 





ANNALES UNIV. SCI. BUDAPEST., 35 (1992), 59-67 

ON THE CONJUGATE FUNCTION OF DIRICHLET 
SERIES 

By 

I. JOO 

Department of Analysis, L. Eotvos University, Budapest 

(Received July 31, 1991} 

Consider a sequence of numbers 

An EC, An = f!n + ivn, 0 < Vn :5 H ( n E N) 

and suppose that the real parts f!n increase. Suppose further that the 
system 

e(A) := { ei,\nx: n E Z} 

forms a Riesz basis in L2(0,27r) (see [2]). Denote v~ E L2(0,27r) the 
biorthogonal functions, i.e. 

( i,\nx *) c , e ,vk L2=un,k· 

The expansion of a function f E L1 = £1(0,271") is given by 

f"' L (!, v~}ei,\nx. 
In what follows we suppose that 

(1) Jlv~llLoo::;c (nEZ). 
It is the case when the generating function F(z) of the system e(A) is of 
sine type with separated zeros and can be given in the form 

211" 

(2) F(z) = J eiztda(t), a E BV[0,27r] 

0 

(the function <:r has bounded variation on [0,27r]). Indeed, we can ensure 
that 

(;} denotes the Fourier transform) if we set 

;; v* ·- _1_ G(z) . 1 
( n)·- ~z-In G1(An)' 

G(z) := F(z) = :J(du). 
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Here :~I~ E L2(JR) , hence v~ E L2(0 ,27r) and 

v~=-1- . 1 . ;;-1 (B'(da)·~) =-1- 1 . ;;-1(~) *da. 
J21rG'(.An) z..:..An. V'f:iG1(An) Z-An 

We know that 

hence 

uniformly in n. On the other hand if the zeros of a sine type function F 
are separated then IF'(An)l 2'. c > 0 see ([4], [5]), which shows (1). 

DEFINITION. Let f E L1, f,,..; L, (!, v~)ei:Anx. The series 

-i L sgngk(J, vZ)ei:Akx 

is called tl-.P Dirichlet conjugate series, its partial sums 

Sµ(f,x)=-i L sgnekU,vZ}ei:>.kx 

lukl<µ 

are called the conjugate partial sums. If there exists j E L 1 with j'"'"' 
"'-i'L,sgnek(f,vk)ei:Akx then j is the Dirichlet conjugate function off. 
Recall the formula 
(3) 

_ T 2 !1T cos ~ ~ cos ( n + D t . f ( x _ t) _ f ( x + t) 
Sn(f,x) =- 1/Jx(t) . t dt, 1/Jx(t)= 

2 7r 2sm 2 0 

for the trigonometric conjugate partial sum, see [1], ch. II. 5. We use here 
the decomposition 

cos~-cos(n+1)t 1-cosnt sinnt ( 1 1) 
----~--'--= +--+(1-cosnt) ----

2sin~ t 2 2tg~ t 

and the fact that 
1 1 

-t --=O(t) 
2tg 2' t 

Fix a number 0 < R < 7r. Then 

on [O, 7r]. 
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R 

(4) - T 2 J 1- cos nt . 
Sn (f,x) = - 1/Jx(t) dt+ fR(x)+gn R(x) 

1f t I 

0 . 

where 

f R(x) = '!:_jir 7/Jx(t)~dt+~ jir 1/Jx(t) (~ - ~) dt 
Tr t Tr 2tg 2' t 

R 0 

(5) 

is a continuous function independent of n and 
7f 1r 

(6) 9n R(x) = ~ 1 7/Jx(t)sinntdt-~1 '1/Jx( t) cosntdt-
' Tr Tr t 

0 R 

-~11r 1/Jx(t) (-1--~) cosntdt 
Tr . 2tg ~ t 

0 

which tends to zero uniformly in x since these are Fourier coefficients of 
functions which form a precompact family of L 1. We prove the following 

THEOREM l. 

ISµ(f,x)-S~](f,x)l~cllfll1 , fEL1, xE[0,2Trj, 

where the constant c is independent off, µ and x and [µ] denotes the 
largest integer l ~ µ . · 

PROOF. From ( 4)-(6) we see that 

R 
- r 2 j 1- cosnt c 
Sn(f,x)-; 7/Jx(t) . t dt ~Rllfll1, 

0 

where c is independent also of R. We can write 

Let further 

R 

- 1/Jx(t) dt=(f,WRn}, 
2 J 1-cosnt _ 
1f t I 

0 

{ 
1-cosnt 

WRn(x+t):= - 7rt 
I 0 

{ 

_ 1-cosµt 
w~(x+t) := 0 7rt 

ifltl<R 

if !ti 2:: R. 

if ltl<R 
1f !ti~ R, 
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then 
R 

1u, :w~) - (!, w R,[µJ) I~ j lf(x - t)- f(x +t)l I cosµt ~tcos[µ]tl dt = 

0 
R 

= J lf(x -t)- f(x + t)l 2 ·I sin(µ7r~ [µ])sin(µ+ [µ])~I dt ~ cl1fll1· 

0 

Finally fix a number 0 < Ro < 7r and let 
Ro 

w = SRo(w~), SRo(g(R)) := ~o J g(R)dR. 

Ro/2 

Since w = ·w~ for !ti~ R/2, hence lw-w~I ~ fo-, so 

l{f,w)-{f, w~)I ~ cll~~ 1 . 
Consequently the statement of Theorem 1 follows from the estimate 

(7) l{f,w)-Sµ(f,x)l~cll~~l; fEL 1
, xE[0,27r], 

where the constant c is independent off, x and Ro. To get (7) we expand 
the conjugate kernel ·w in the Riesz basis ( v~ ). The coefficients are 

(w,ei.Ant) =SRo [(w~,ei.Ant)] = 

= S 11-0 [/ ( ,-iX.(z-t) _ ,-iXn(x+t)) 1-::µt dtl = 

2i -iI xs [JR . \ 1- cosµtd ] = -;e n Ro SlllAnt t t = 

0 

2i 'I [JR - 1-cosµt ] = -;e-i nx5Ro 

0 

(sinAnt-sinent) t dt + 

cc cc 

J 1-cosµt J 1-cosµt 
+ sin en t t d t - sin en t t d t = 

0 R 

2i -iI xs [ T l =: -e n Ro Ii +.t2+I3 · 
11" 
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Using the fact that 
00 

J sinat 7r 
--dt=-sgna 

t 2 ' 
0 

we get that 

Ii= isgnen · 5(µ, l11n1J, 5(µ, lenll '= { ~ 
if lunl > µ 

if I uni=µ 
if !uni<µ. 

We assert that 

(8) 

Indeed, let a > 0 be arbitrary; then 

00 ~00 
/

sino:tdt = Jsin{dt < c 
t ~ 1, -1+Ra' 

R a 

on the other hand 
00 00 

J sino:t dt =_[cos at] 
00 -! cos at= 

t at R o:t2 
R R 

00 . 

_ coso:R _ [sinat]
00 

9 Jsino:td _ cosaR O( 2R2) 
- R 2 2 +- 2 3 t- R + a o' a o:t R at a: 

R 

SR [Joo sino:t dtl = O(a2 RB)+ 2_ !Ro cosaR dR= 
o t Ro aR 

. R ~ 

Ro 

=O( 2R2) }__ [sinaR]Ro 2 J cosaRdR=O( 2R2) 
a o + Ro a2 R ~ + Ro aR a: O 

- ~ 
which proves (8). Next we estimate Ji. Take the decomposition 

R R 
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J chvnt-1 . . J sinvnt 
I1= t smgnt(l-cosµt)dt-i -t-cosgnt(l-cosµt)dt= 

0 0 

=: Iu +I12· 
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Taking into account that in the Taylor series of (chvnt- l)/t and shvnt/t 
all coefficients are nonnegative, we get 

R . . 

Jchvnt-l 
lli1'S2 t dtS2(chvnR-1), 

0 
R 

J shvnt 
II12IS2 -t-dtS2shvnR. 

0 

Integrating by parts we obtain with positive constants a, v: 

R R R I 

J
chvt-l . d [chvt-1 cosat] Jcosat (chvt-l) d ---smat t=- . ·-, - + -- t= 

t t a 0 a t 
0 .Q 

= _ chvR- l. cosaR [sinat (cosvt-1)'] R 
R a · + a2 · t 

t=O 

R " _ J si:;t (ch v:- 1 ) d t = 
0 

. ' I R If 

chvR- l. chaR sinaR (chvR-1) 0 (2-) j (chvt-1) dt 
R a + a2 R + a2 t 

0 

hence 

S [!Rchvt-1 . . d] ~- 2 [sina:R.chvR-l]Ro 
Ro s~n at t - . R 2 R R + 

t . o a · .;<!-
o 

Ro R 
+ 2 J sina:R (chvR-1)' dR+O (~) 2 [chvR-1] O + 

Ro a 2 . R · a 2 Ro R !!p. 
Ro/2 -

(2-) 2 [chvR-l-v2R2/2]Ro 
+0 2 R R R ' 

Cl' 0 ;ri. 
consequently 

(9) 
[ 

R l sinvt-1 e11Ro 
SR0 j sinatdt Sc 2 2 . 

t l+a: R0 
0 
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Similar argument lead· to the estimate 

[JR sin 11t . l 
(10) SR0 

0 

-t-cosatdt 
evRo 

< c 2 . - l+a Ro 

Applying (9) to I11 and (10) to Ii2 we get 

(11) 
evnRo 

Summarize the above estimates in 

I( ) 
-

1 
· vnRo Hrr 

- i>.nt · -i>.nz e e w, e - isgnen8(µ, lenl)e $c 2 2 $ c 2 2 · 
· ~+(µ-en) R0 1+(µ-en) R0 

Since there are finitely many (!n with lenl ~ µ, it implies that 

I: I( w,ei>.nt)I < 00 Vx, 

and hence the series 
w(y) =I: (w, ei>.nt)v~(y) 

converging in £ 2 by the Riesz basis property of ( v;t;), converge also uni­
formly by (1). But then for any f E L1 

-~-

(J,w) = I:U,v~)(w,ei>.nt) = 

=-i L sgnenei>.,.z(f,u~)-~ · L sgnenei>.nz(J,v~)+ 
lenl<µ ~ lenl<µ 

+O ( L l(f,v~)l l+(µ-lunl'Jl6) 

and 

I _ - I ( '""' '""' I(!, vn)I ) (!, w)-Sµ(f,x) = 0 L.t l(J, Vn)I + L.t 1 +( _ )2R2 ~ 
lenl=µ µ en ° 

$cllfll1 ( L 1+ L l+( ~ )2R2) · 
lenl=µ µ (!n O 

By the separability of the (An) we see that 

L f::;c 
lenl=µ 

and 
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1 00 1 c 00 1 c 
~ <~- ~ l<-'°'-<-
~ l+(µ-on)2R2 - ~ l+k2 ~ . - Ro~ l+k2 - Ro 

• 0 k=O k~lµ-unlRo~k+l . 0 

which proves Theorem 1. I 

As a consequence we get the Riesz Marcell · theorem for p ~ 2: 

THEOREM 2. Let 1<p$2; then for every fE LP there exists] E LP 
with 

and 

PROOF . Introduce the operators 
- -r 

.4µ: f-+ Sµf-:- S[µJf. 

As we have seen in Theorem 1, Aµ:L 1-+C[0,2tr]CL1 are uniformly bounded 
and by the Riesz basis property .4µ : L2 -+ L2 are also uniformly bounded. 
We see by interpolation that Aµ:LP-+LP are uniformly bounded for l~p~2. 
The finite sums f = 2: akei,\kx form a dense set in L2 and hence in LP too. 

For such f we have Sµf=f for sufficiently largeµ. From the trigonometric 
theory [l], Ch VII. (6.4) we know that · 

S~Jf-+ jT in LP. 

So on a dense set the uniformly bounded operators Aµ c9nverge. Then the 
Banach-Steinhaus theorem states that Aµf-+ Af in LP for any f E LP and 
the limit operator is bounded as well. Now 

- -r LP -r 
Sµf = Aµf + S[µ]f-+ Af + f , f E LP 

and then 

which implies that ] = Af + JT. Finally 

llfllp $ llAJll + ll]TllP ~ c(p)llfllp· I 

THEOREM 3. For every f E L 1 the partial sums Sµf and s~]f are 

equiconvergent locally uniformly in (0,2tr) in the sense that Sµ(f,x)­

-S~](f' x) converges locally uniformly to a continuous function (a bounded 
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element of C(0,2rr)J. If f E LP for some p > 1, then the limit function is 
equal to J - JT a.e. (in particular j - jT is a.e. a bounded continuous 
function). In this case Sµf - j a.e. 

REMARK. If p > 2 then we consider the conjugate function as J E £2 

(because f E LP C £ 2). We do not know wether j belongs to LP or not. 

PROOF. We consider again the operators Aµ:Ll-C[c,271'-ej for some 
e > 0. They are uniformly bounded (even in case£= 0) by Theorem l. If 
f = "L,ckei>..kx is a finite sum then Sµf = j for largeµ and by (1], Ch II. (6.8) 

s~1J- JT locally uniformly on (0, 271' ). By the Banach-Steinhaus theorem 

Aµf-Af EC[t:,211'-e] uniformly in [€,211'-e] for every f EL1. If f ELP for 
some 2~p> 1 then, as we have seen in the proof of the Theorem 2, Sµf-j 
in LP, hence an appropriate sequence Sµnf tends to J a.e .. By the famous 
theorem of R. Hunt, we know that S[J.in]f -+ JT . a.e. and then the limit 

function Af equals to J - JT a.e .. If p > 2 then Sµf-+ j (in £ 2) implies 
the a.e. convergence of Sµnf and the other steps remain the same. I 

REMARK Riesz Marcell-type theorems are proved also in [6] and [7]. 
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Denote hn the normed Hermite polynomials and 
00 

r J -t2 ~ ( s + 1 Y - sr _,. 
Rn(f,x)= f(t)e L., (n+lt R 8 (x,t)dt 

_ 00 s=O . 

the Riesz means of parameter r of the Hermite-Fourier series off, where 

Ks(x,t)= /S+l. hs+1(x)hs(t)-hs(x)hs+1(t)
1 

hs(x)= H 5 (x) . 
V 2 x-t ffev'28 ·s! 

We prove here the following 

THEOREM. Let 

{

t if12:t2:0 

g(t)= . 02-t if22'.t2'.l 
otherwise, 

then 

i<>!( O)- _l_. logn 0 (loglogn) 
.LI.fl g, - lo ;;;; + r.:: . 

7ry8 yn yn 

For the Fejer means of trigonometric Fourier series the analogous result 
was proved by S. BERNSTEIN (see [2] p. 215). The corresponding upper 
estimate for the trigonometric case is due to S. BERSTEIN [2] p. 117 and 
for the Hermite-Fourier series it is proved in [1]. The Alexits theorem for 
Laguerre and Jacobi-Fourier series were proved by M. HORVATH [3], [4]. 

(1) 

PROOF. We need the following. 

LEMMA. Let a > 0 be any fixed real number, then we have 
n ~ cosaym L = O(l)loglogn. 

. m 
m=l 
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PROOF . Let 2 :::; y < n be arbitrary (it will be chosen later). Then 

(2) t cos:vm = t cos:vm +O(l)logy. 
m=l m=y 

No~ investigate t~e distribution of a/ffi mod 27r. Let j be arbitrary fixed 
positive integer(it may depend on n) that will be chosen later, 0:::; k <j-1 
be an integer and 0 ~ l ~ if,ry'n be also an integer. Then 

27!" 27r 
(3) 2z7r+k·-. :::;avm.<2Z7r+(k+1)-. , 

J J 
with suitable l· and k. If m satisfies (3) then 

'21rk - (1) cosavm =cos-. + 0 -:- . 
J J 

(4) 

Obviously 

Here 

(2:) 2 (1+kf.) 2 

. L ..!._ =2log (z+ k'. 1 )-21og(1+~) +0(1)~; . 
., ., m J J 

m=(2air r (t+J r 
We can assume that l 2:_ fiy'Y2:. 2, so 

1 + ki}l 1 . 1 
k = 1+T'+O(1) z2, 

1+ 11 J 

thus 



Since 

hence 
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(2:)2(1+.W)2 . . 
· 

1 1 2 · 1 a 2 

I: ;;;: = r + o( i) z2 + o( i) 12. 
2 2 J 

m= (2:) (i+t) 

j-1 
27rk . Leos-. =0 

k=O J 

n ~Vn . . 
~ cosafo = O( ·) ·~ (]__ }_) = O ) (logn _]_) 
L m 1 L z · + z2 ( 1 · + r,; · 
m=y · /- a r:;; l l VY 

-1[ivY 

Now let y = (logn)2 , j =logn. Then we get from (2) 

~ cosay'ffi 
L m = O(l)+O(l}loglogn 
m=l 

and the Lemma is proved. 

71 

REMARK. We can prove similarly that for any fixed positive real numc 
her a > 0 the estimate 

n . r.::::; 
~ smaym 
L . m = O(l)loglogn 
m=l 

holds. 

PROOF OF THEOREM. First we give an asymptotic formula for K8 (0,t), 
iti::;:; co . Since Ko(x, t) = *' in what follows assume that s ~ 1. Suppose 
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s=2m. Then K2m(O,t)=K2m+1(0,t) and 

(7) K2m(O, t}= J2m2+ 1 h2m(O) h2m;1(t) = 

_ (-l)m j2m+l. y'{2rajT. h2m.f.1(t) 
- V1r 2 mi · 2m t · 

Using the asymptotic formula of the r function we obtain: 
(8) K2m(O, t) = J(2m+1(0,t) = 

=(-l)m j2m+l·(m-l)-t·(l+O(~)) h2m+1(t) . 
..fi 2 m t 

Here we have to use an asymptotic formula for h2m+ 1 ( t ). It is well know 
([5] (8.22.8)) that 

r(!+l) x
2 

. ( n?r) 
r( n + l) e -7 H n ( x) =cos J2n + lx - 2 + 

+ x
3
(2n+1)-t ·sin (J2n +Ix - ~) +O (_!_), (!xi S co), 

6 2 n 

where the error term is uniform in x . From this we get 
•J 

(9) hn(x)=e~ · (i+o(;)) ~{cos(J2n+lx-n27r)+ 
+ x

6

3 
( 2n + 1 )-t · sin ( J2n + lx -"- ~7r) + 0 ( ~)} . 

Using (9) we obtain 

(10) K2m(O,t)=K2m+1(0,t)= 
? . 

= t/2e~ {sinV4m+3t- t
3 

(4m+3)-i ·cosV4m+3t} +O (2-), 
?rt 6 tm 

and hence 
(11) 

ak(g,O)-] g(t)e-•2 ·ki:(<•+1)Ls~) K,(O,t)dt+O (Jn)-
0 s:l 

= V2 Je-? t sinJ4m+3t - t3(4m+3)-! cosJ4m+3t dt-1 n { I } 

?ry'n + 1 _
1 

y'2';; 6~ · 
0 m-
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V2 12 
-C ~ { sinv'4m+3t t3(4m+3)-~ _ / } d 

- ~ e ~ L ~ - M-: cosv4m+3t t+ 
7rvn+ 11 m=l v2m 6v2m . 

V2 2 ! 
+ 2 je-t2 L I<2m(O,t) dt+O (-1-) = 

v'n + 1 1 m=l ../2ffi y'n 

~ ?ij2 ( 1 ) 
= vi+r(li -12)+ Jn-i1I3+0 c . 

7r n+l n+l yn 

I fl -~ ~ { sinv'4m+3t t3(4m+3)-t _ / 
3 

} d 
a) 1 = e ~ L v'2ffi - v'2ffi cosv4m+ t t. 

1 
2m 6 2m 

0 m= 

Here integrating by parts 

but 

hence 

thus 

Here 

1 . 

j e -? t3 cos J 4m + 3td t = 0 ( )m) , 
0 

1 

l e-? sin v'4m +3tdt = 1 (1-e-i cosv'4m+3) + 0 (__!__), 
~m+3 m 

0 
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consequently 
n 1 
~ 1 - e -1 ·cos J4ffi 

Ii= L ro +O(l). 
m=l v8m 

Using (1) we get 

(12) 
logn 

Ii= J8 +O(loglogn). 

2 n . 

b) . I2 = Je-? t { sinv'~+ 3t - t3 (4m~-~ cosJ4m+3t} dt . 
. 
1 

_ m= 1 v 2m 6 v 2m _ 

Similarly as above we obtain 
n 1 

I_~ e-'2".cosV4Tn-e-2 ·cos2v'4ffi O() 
2- L v'sm + 1, 

m=l 

i.e. 

(13) h = O(loglogn). 

c) 

2 ~ 

l3=Je-t2 ~ !{2.#mt)dt. 
L 2m 

1 m=l 

From (7) we get 

(14) 

using the well-known relation H2m+1(x) = (-lr ·22m+1.m! ·x .££~) (x2). 

We need an asymptotic formula for L~)(x). We have ((5] (8.22.2)): 

(a) 1 x _a_ 1 a_ 1 { 1 0'1!' 1r } · 
Ln ( x) = ,/ie ! · x "I 4 · n 'I 4 ·cos 2( nx) ! - 2 - 4 · 

·{%Av(x)n-~+o(n-~) }+ 
l x _a_ 1 a_ 1 . { 1 0'71' 11' } 

+-e"Z · x :r 4 · n"Z' 4·sm 2(nx)!---- · Ji 2 4 

' { % Bv(x)n-if+O ( n-~)}, 
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where A,.,(x ), B,.,(x) are functions of x, independent of n, regular for x > 0 
and the error terms are uniform on k, w], where t:, w>O are arbitrary fixed 
numbers. Here Ao(x) = 1, Bo(x) = 0. From this we .obtain 

(15) L1(!) (t2) = ~e? ·C 1 ·sin2vmt· { 1 +A1(t2)m-! +O(m-1) }-

1 t2 -1 { 2 _ 1 -1 } - v;eT ·t · cos2vmt · Bi(t )m ! +O(m ) , 

(l:St:S2). 

Using (15) we have 

! 2 ·) 2 . 

I _ 1 L 1 j -~ _1 { . ? c: A1(t )sm2vmt 
3- - . ;;:;-::: e ~ ·t · sm-vmt+ r:::::; + 

~ v2m vm 
m=l 1 . 

B1(t
2
)cos2vfmt} d O( ) + . rm t+ i. 

Integrating by parts 

2 ') [ ') t ]2 j e-!i ·r1 · Ai(t2)sin2vfmtdt ~ e-!i : j s-l. Ai(s2)sin2vfmsds + 

1 . 1 1 

2 ( t ) + f te-? · f s-1A1(s2)sin2Vmsds dt, 

and taking into account 
t J s - l · A 1 ( s2

) sin 2ymsd s = 0 ( Jm) , 
1 

. (this is true because s-1 A1(s2) is regular on [1,2]) we get 
2 

j e-~-t- 1 · A1(t2 )-sin2vfmtdt=O(Jm), 
1 

and similarly 
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Thus 

Here 

j e-?r1.,in2Vmtdt=2:m (e-Lo,2Vm- •;' cos4Vm)+o (!), 
1 

consequently 
n 

I3 = ~ t ; .(e-! ·cos2vm- e:2 
cos4.,Jrn) +0(1), 

7r m=l v8m -

and using (1 ) we obtain 

(16) ls= O(loglogn). 

From (11) , (12), (13) , (16) the statement of the Theorem follows. 
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The notion of analytic function, the Cauchy-Riemann equations, the 
conjugate function can be transformed from the trigonometrical case to 
other orthogonal expansions. First we mention the paper [5] of E. M. 
STEIN and B. MUCKENHOUPT where some basic facts of harmonic analysis 
are proved for the ultraspherical and Bessel expansions. The Jacobi and 
Bessel conjugate are introduced and investigated (see also the end of 
the book [l]) . M UCKENHOUPT applied then these ideas to the Hermite 
and Laguerre expansions, proved the norm boundedness .of the conjugate 
function operator. Based on this result the author of this paper proved 
saturation theorems of Alexi ts-type and investigated also the Abel-Poisson 
means of Hermite expansions, see [10]-[15]; after M. HORVATH studied 
analogous problems for the Jacobi and Laguerre expansions [16], [17]. 

In this paper we aim to give a common generalization of some of the 
above mentioned concepts and results for the case of Sturm-Liouville ex­
pansions. Consider an interval G=(a,b) finite or infinite and the eigenvalue 
problem 

(1) -y" +b(x)y1 =>..y, 

:i; 

Introduce the weight function w = e- f b. 

We make the following assumptions: 

There exists a system (ynw112) C L2( G) complete in L2( G), where 
Yn is a solution of (1 ), the corresponding eigenvalues An are non-

(2) negative and increase strictly to infinity further 

limYnYkW = limynYkW = 0 for all n, k. 
a+ b-
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We can transform (1) to a Schrodinger equation in two ways. 
counting shows that 

_ /1 ( w
1f 2

)
11 

_ . ·- 1/2 
(3) . Vn + wl/2 Vn - AnVn, Vn --YnW , 

11 ((w112)11 /). t • • Y~ 1/2 
( 4) -v1,n + wl/ 2 + b v1,n = AnVl,n, v1,n .= A,w , 

Remark that 

(5) 

(6) 

(7) 

( wl/2)11 b2 b' 

wl/2 = 4-2 
We fix first the differentiation rules. 

LEMMA l. 

PROOF. Indeed, both sides of (6) is equal toy~ further 

A short 

[ 1/2]'-[ y~ . ]' - (y~-y~b)w _ -AnYnW __ I\ . 1/2 
v1,nw - ~w - ~ - ~ - YAnVnW 

v An , v An v An 

which proves (7). I 

LEMMA 2. The systems (vn) and (v1,n) are orthonormal in L 2(G) 
(after changing Yn by CnYn if necessary). 

PROOF . Let llvnllL2=1, then for n f k we have 

b' . 

j 11 (wlf2)" ) . J ( /1 ( wl/2)'' ) 
An (vn, Vk) = \ -vn + wl/2 , Vk = )~~+ -Vn + wl/2 Vn Vk = 

· b1-b- a/ 
b' 

b' J ( ( wl/2)" ) = lim [-v~vk+vnvA:]a1+ lim Vn -vZ+ 
112 

Vk = 
a1-a+ a1-a W 
b1 -b- b1 -b- a1 

= lim(WYnYk -WYkY~)-lim( WYnYk -WYkY~) + (vn, >..k~k) = Ak (vn, vk). 
b- a+ 

Since An f Ak for n f k, we obtain the orthonormality of ( vn). On the 
other hand we get for An f 0 

J 11 /1 ') Dnk=(vn,vk)= YnYkW= An Yk(-Yn+byn w= 

G G 



!-IARMONIC ANALYSIS FOR STURM-LIOUVILLE EXPANSIONS 79 

b' 

=+- lim J-Yk(y~w)'= ,
1 (lim-lim)(-yky~w)+ 

"n a1 -a+ "n b- a+ 
b1-b- a' 

1 J I I 1 I I 1/2 I 1/2) 
+An YkYnW =An \ YkW , YnW · . 

G 

I 

Before continuing the investigations, we list some widely known special 
cases. 

EXAMPLE A: Hermite polynomials and functions. 

Denote hn the normalized Hermite polynomials defined by 

j hn(x)hk(x)e-x
2
dx=Dnk· 

lW. . 

') 

Then w = e-x~ is the weight and 

-y~+2xy~=2nyn, Yn=hn(x) 

-u~ +2xun + 2un = 2nun, Un= h~(x) = ffnhn-1(x) 

(S) -v~+(x2 -l)vn=2nvn, Vn=hn(x)e-x
2
12 

-vi n + (x2 + l)v1n=2nv1 n> , , , 
. 1 

VI n = .k2n wl/2 =vn-1• n > 1. 
' v~n -

The Hermite functions are complete in L 2(JR) and 

') 

1. I l" h h1 -X~ Q lffiYnYkW= 1m n ke = 
±oo ±oo 

so ( 2) fulfills. 

EXAMPLE B: Laguerre polynomials and functions, a > -1. 

Denote e~ a) ( x) the normed Laguerre polynomials 

00 

J o(a)e(a) a -xd _ c 
.C.n k; X e X - Un,k· 

0 
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- x ( £~ °') )" + ( x - a - 1) ( £~ °') )' = nf ~ °') , 

-y" + 2x2-2a-2y' _ 4ny y ·- o(a)(x2) n x n- n, n·-.c,n , 

-u" + 2x2-2a-lu' + (?+ 2n+1) u -4nu n x n - --;;2 n - n, 

un := [e~a)(x2)]' =2ynxE~~i1\x2 ), 
(9) 

-vf,n + ( x 2 - 2o + ( o+~ ~ o+!)) v1,n = 4nV1,n, 

vi,n = J2xa+3/2e-x2 /2p_~~il)(x2). 

(a+l) (a+l) . 
We see that vi,n equals to vn-l , where vn-l denotes the funct10n Vn-1 

with the parameter a+ 1 instead of a. Here the condition limyny~w = 0 
00 

obviously holds and 

is also true when a > -1. 

EXAMPLE C: Jacobi polynomials and functions; a, f3 > -1. 

Denote p~°' ,,8) ( x) the orthonormal Jacobi polynomials 

1 J p~a,,B)(x)p1a,,8)(x)(I-x)°'(I +xldx =Onk· 

-1 

Here we have 

G=(0,7r), 
e e w = 2a+.B+l sin2o+l - cos2,8+1 -
2 2 

and 
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-(1- ~i: 2 )[p~a,/3)]" + [(a+ /3 + 2)x - /3 + a][p~a,/3)]' = 

= n(n +a+ /3 + l)p~a ,/3), 
_ "+ /3-a-(a+/3+l)cos8 / _ ( . + +/3+ l) Yn sm8 Yn-nn a Yn, 

Yn = p~a,,B) (cos 8 ), 

-Ull + ,6-a-(a+,B+l)cos8 I + [(/3- ) cos8 + a+/3+1] _ n s1na Un . a ~e ~e Un-
. v . sin" 0 sm • -

= n(n +a+ ,8 + l)un, Un= [p~a,/3)( cos 8)]' = 

= y'n(n +a+ ,8 + l)p~_il,i3+l)( cos 8) · (-sin8), 

II ( a-
2-t /3

2-t (a-+/3+1)
2
) · Vn + . '> 8 + '> 8 - -y- Vn =n(n+a+ ,8 + l)vn, 

4sm-T 4cos-T 

vn = 2(a-+/3+1)/2 sina-+l/2 ~ cos,6+1/2 ~p~a,.8\ cos 8), 

11 ((a-+!)(a+~) (/J+t)(/3+~) (a+;.1+1)2) _ 
-Vl + '> e + e - ~ VI n -,n 4sin· .y 4cos2 T ' 

=n(n+a+/3+l) ·v1,n 

v1,n := - sin8w 112 (8)p~~i 1 •/3+l) (cos 8) = 

= -2(a+/3+3)/2 sina+3/2 ~ cos/3+3/2 ~p~~il ,/3+1) (cos 8 ). 

H . (a+l,/3+1) . . h 1 /J 1 Th ere agam v1,n = v 1,n i.e. Vn-1 wit parameters a+ , . + . e 
boundary conditions (2) hold for every a, ,B > -1 since 

limy y 1 w= lim csin 2a+2 8 cos2a+z 8 p(a . .8)(cosG)p(a+l ,.8+l)(cos8)=0. 
e-o n k e-o 2 2 n n- l 

(8-11') (8-11') 

EXAMPLE D: Bessel functions, v > -1. 

We know from [20], 7.2.8 (56), (57) and 7.14.l (10) that if ~fn denotes 
the positive zeros of the Bessel function Jv(x), i.e. lv(tn) = 0, then 
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We have the equations w = x211+ 1, 

-y" - ~y' - "'2Y y r.. x-11J ("' x) n x n-1nn, n= ..... n 111n, 

-u" - ~u' + 211+ 1 u = "'2U .n x n · ~ n 1n n, 

(11) 
Un= a:n[x- 11 J11('Ynx )]1 = -an"fnX-11 · J 11+1bnx ), 

Now for v > __:, 1 we have 

lim YnYkW= lim (_..:anak"fk·xJ11bnx)J11+1bkx))=O. 
x-0 x-0 

(x-1) (x-1) 

REMARK. Since in the general setting the functions Vn form an or­
thonormal basis in L2( G), any function f E L2( G) has an expansion 

f"' Lakvk> ak = J fvk. 

G 

If we want to extend this definition to j E LP( G), 1 $ p $ oo, we need that 
vk E L1 nL00 for every k. In the Hermite case it holds trivially; in the cases 
B, C, D we must assume that a2:-1/2; a, !32:-1/2; v2:-1/2 respectively. 
In. general we shall take the assumption 

(12) Vn, v1,n E L1(G)nL00 (G) (\In). 

DEFINITION. Let 1 $ p $ oo. Take a function 

f E LP(G), f"' L>kvki ak = J fv,1;. 

G 

If there exists a function 

J E LP(G), J"' - I>kvl,k• -ak = J fv1 ,ki 

G 

then we say that J is the conjugate function of f. 

The function f + i] is called analytic. In other words, the complex 
valued function g = gi + ig2 

91 "'L anvn, an= (g1, vn}' 92"' L bnv1,n1 bn = (92, v1,n) 



HARMONIC ANALYSIS FOR STURM-LIOUVILLE EXPANSIONS 83 

is analytic if and only if g2=91 (or equivalently if bn=-an for all n with >.nf 
fO). Hence we consider then-th analytic unit Vn-:-iv1,ni roughly speaking 
the linear combinations of these members are the analytic functions. 

REMARK. In the case C, a= f3 = --:-1/2 we have 

Vn=cosne, (n2::0), v1,n(0)=-sinn0 (n2:.i) (vn-iv1,n)(8)=eine 

and 

f(0)....., I>ncosn0 :=::} J,..., I>n~inne. 

This is the direct motivation of the above definition. As the following 
examples show, . the situation is asymptotically the same for the other 
expansions too. 

EXAMPLE A. By Szego [18], 8.22.8 we get that 

( ) - -x2 /2h· ( )- PJ-2 cos( v'2riz-n4} O( -3/4) Vn x - e n x - 7f' . 114 + n , . n 

(13) ( ) _ -x2 f2h ( ) _ _ ~sin( v'2rix-n4) O( -3/4) 
VI,n x - e n-1 x - V -'1f nl/4 + n ' 

Vn(X )-iv1 ,n(X) = P/-n-1/ 4ei( v'2rix-nf) + O(n-3/4). 

These estimates are uniform in lxl::; w where w > 0 is arbitrarily fixed. 

(14) 

EXAMPLE B. Using [18], 8.22.l we obtain 

vn(x) = ( -l)n fi~os(2x~J4af-f) + O(n-3/4), 

( ) -(-l)n-1 f1sin(2xfo-af-f)+O( -3/4) 
v1,n x - . V 1i nl/4 n ' 

Vn -iv1,n = (-l)nAn-l/4ei(2fox-a!-f) +O(n-3/4), 

uniformly in 0 < c::; x :S w < oo. 

EXAMPLE C. Here we use [18], 8.2Ll0 

vn(8)= Acos(N8+7)+0(l/n), 

v1,n(0) =-A sin( Ne+!') +0(1/n), 

(l5) vn(8)-iv1,n(8) = Aei(Ne+-r) +O(l/n), 

N:=n+a+q+i, 7:=-~(a+~) 
and these estimates are uniform in c :$ E> :$ 7r - c for any e: > 0. 
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EXAMPLE D. We apply [20], 7.13.1 (3) to obtain that 

/n=7r(n+~+i)+O(l/n), an=7ryn+O(l/n), (n=l,2, ... ) 

Vn ( x) = v'2 cos [ 7r ( n + ~ + i) x - y - ~] + 0( 1 / n), 

( 
16

) v1, n ( x) = -/2 cos [ 7l" ( n + ~ + i) x - y - ¥ J + 0( 1 / n) = 

= -v'2sin [7r ( n+1+ i) x -¥-i] + 0(1/n), 

( )_. ( )- /;\2 i[?r(n+7+!)x-1!"f-i] o(l) 
Vn x iv1,n x - y ~e + n , 

and the 0-term is uniform for c:::; x:::; 1 if c > 0 is arbitrarily fixed. 

The classical theorem of G. AL EXITS has been generalized for the case 
of some classical orthonormal expansions in the papers [10]-[17]. We give 
here the analogous result for the Jacobi and Bessel expansions. The present 
method works also in Hermite and Laguerre case, see [13], [17]. We hope 
that it will be a basis for a general proof. 

THEOREM 1. Let o: , /3 > -1/2, 1 < p:::; oo, f E LP(-1, 1). Tben tbe 
following statements are equivalent for the Jacobi expansions: 

(a) llRnf- /ll,=0 ( ~), Rn/= ta (1- £,) "k"k> 

!,..., Lakvb 

(b) There exists j E LP(-1 , 1), j is locally absolutely continuous and 

w-1/2[Jwl/2]' E £P(-1, 1). 

THEOREM 2. Let v > -1/2, 1 < p ~ oo and suppose that 

(17) llRnfll:::; c(p)i!fllp, f E £P(o, 1) if 1 < p:::; oo 

holds for the Bessel expansion. Then the statements (a) and (b) of 
Theorem 1 are equivalent for the Bessel expansions. 

PROOF OF THE THEOREMS 1 AND 2. 

Remark first that (17) holds for the Jacobi expansion, see [16]. The first 
step of the proof can be applied for general Sturm-Liouville expansions, 
too. By a generalization of the Alexits lemma [14], 

llRnf - JllP = 0(1/ A)<* II Rn (L ./fkakVk) lip= 0(1) . 



HARMONIC ANALYSIS FOR STURM-LIOUVILLE EXPANSIONS 85 

Next we show that 

(18) II Rn (L Jfkakvk) lip= 0(1) ~ 
~there exists 9ELP(O,l) with 9"" L Jfkakvk. 

The implication "{::::" follows from (17). The converse can be proved by 
introducing the functional sequence 

Tnh := J hRn, Rn= Rn (L Jfkakvk). 

G 

These are uniformly bounded functionals on U, p- 1 + q-1 = 1 and for 

h=vkELq we have Tnvk= (1-~) ak/):k-+ak/):k as n-+oo. Con­

sequently the operator sequence Tn converges in the linear space spanned 
by the ( vk )-s to a (necessarily bounded) functional T. By the Hahn-Banach 
theorem T can be extended to a continuous functional of the whole Lq, 
hence it has the form Th= J 9h with some 9 E LP. In particular we have 

G 
ak..J>:k=Tvk= J 9vk so 9"" 2:: /Ikakvk which proves (18). In the next step 

G 
we suppose the existence of such 9 and prove (b ). Consider the function 

We prove that 

(19) 

x 

fi(x) :=w-lf2(x) J gwlf2. 

0 

x 

Ji ELP, lir1Yk(x) J w 112 =0 (k=0,1,2, ... ). 
(b) 0 

Since Ji is continuous (locally absolute continuous) in G, we need only the 
boundary behaviour. Consider first the Jacobi case. Suppose that x is 
nearly zero, then 

( 

x ) l/q ( x ) l/q 
lfi (x)I S w-l/2(x)ll9llp I wqf2 S cx-o-1/2 I to+l/2)q < 

$ ex 1 I q -+ 0 (as x -+ 0), 

x ( x ) l/q 
y;( x) I gwl/2 Sc; I w•/2 . S c;x•+ 1/2+1/q ~ 0 (as x-+O). 
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iT ir 

Since the constant coefficient of g is zero, 0 = J gvo = J gw 112, hence for x 
0 . 0 

near 11" we have 

11'" ( .7r . )1/q 
lfi(x)I:::; w-l/2(x) f ·lglw112

:::; cw- 112(x)llgllP f wq/2
. . :::; 

( 

7r ) l/q 
<;c(K-xi-P-112 f <K-t)<P+l/2)•dt . . <;c(K-x)11• ~o (as X~K), 

x ( i . ) 1/q 
Yk(x) I gw112 <;c, f w•l2 ~o (as x~x). 

For the Bessel expansion we have analogous estimates ·for x -t 0 but here 
1 . ' . . . 

J gw112=0 does not hold. So for x-tl we can estimate by using Yk(l)=O: 
0 

lfi ( x) I <; W-l/2( x) Ilg llP (/ w•f') l/q <; cx-v-l/2 (/ i(v+ 1i 21•d t) l/q <; c 

(as x -t 1), 

x ( x ) 1/q 
Y•( x) I gwlf2 <; Iv;( x Jlllgllp I wq/2 ~ 0 (as x -t 1). 

So (19) holds indeed and we can compute the coefficients by (6), k 2: 1 

(Ji, v1,k) = jcw-1f2v1,k) j(gwl/2)dx = [~w-lf2vk j gw112] b 

G 0 0 a 

-J-l-(-w-ll2vkgwll2)=-l-[Yk(x)jx gwl/21 b __ l_jgvk=-ak. 
A · A A 

G 0 a G 

Consequently Ji'""" - L:akvl,k> Ji= j, j is locally absolute continuous and 

w-1/2[Jwl/2J' = g ~LP, 
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so (b) is .proved. Conversely suppose the existence of h E LP, h = w-1/ 2 · 
·[Jwl/2]' and compute its coefficients: 

J -1/2 - 1/2 I - b . /\! -1/2 - 1/2 {h, vk} = w vk[fw ] = [fvkla - V >..k w v1,kfw · = 
G G 

= [fvk]~ + JXk"ak. 

We shall prove 

(20) 

In fact this is always true if w E LP, 1 :'.Sp< ex>. Indeed, 
x 

](x )w112(x )- ](a1)w 112( a1
) = J_hw 112 = 0(1) 

a' 
uniformly in x and a'. Taking the limit a' -t a we see that there exists 
lim ]( a1)w112( a1

) =co and then 
a1--a 

x 

](x)w 112(x)=co+ f 1iw112 =0(1). 
a 

Since vk(a)=vk(b)=O, (20) follows and then (h,vk}=J>:'kak· Theorems 
1 and 2 are proved. I 

THEOREM l'. Leto: , /3>-1/2, l<p:'.Soo,fELP. Then for the Jacobi 
expansions the following statements are equivalent: 

(a' ) There exists J E LP, llRn]- flip= 0(1/ffn), 
(b ' ) f is locally absolutely continuous and wlf2[Jw-1/2]' E LP. 

THEOREM 2'. Let v>-1/2, l<p:'.Soo, fELP and suppose that (17) is 
true for the Bessel expansion. Then the Bessel variant of (a')-<=> (b') holds, 
if we assume that ( vk) is complete in LP for 1 < p :'.S cxi . 

PROOF OF THEOREMS l' AND 2'. By the above mentioned Alexits 
lemma, (a') holds if and only if II Rn (2: JXk°akv1,k) II= 0(1) and this is 

equivalent to the existence of h E LP with h"" L JXkakvl,k· Consider the 
function 

x 

h(x) := wlf2(x) j hw-lf2; 

1/2 
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we pick the point 1/2 E G. We shall show 

(19') h E LP, liri [v 1,kw
112 j hw-

112
] = O. 

(b) 1/2 

Indeed, for the Jacobi case and x-+ b= 7r 

(a+~)q<l 
(a+i)q=l 
(a+i)q>l 

so h is bounded and from vi k(O) = v1k(7r)=0 it follows (19 '). For the 
Bessel case ' ' 

w'i'(x) I j hw-1/2 ,; llhllpxv+l/2 (i t-(v+l/2)qdt) 

~/2 /2 

is bounded in case x -+ 1 and tends to zero if x -+ O; so h E LP and since 
v1 k(O) = v1k(l)=0, (19') follows also in this case. Count the coefficients 
o(f2 E LP f~r >.k f:. 0 

(h,vk) = j vk(x)w 112(x) (i hw- 112
) dx= 

G /2 

= [-Jx;vi,k(x)w1f2(x) j hw-l/21' + }x-;j hvi,k~a,. 
1/2 _ a g 

In the Bessel case the completeness of ( Vn) implies that h = f; in 
the Jacobi case the coefficients of f2 - f vanish except for the first one, 
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thus f. = h + cw 112. In both cases f is locally absolutely. continuous and 
w112[Jw- 112]' =hELP which is (b'). Conversely let h:=w112[!w-112]' ELP 
and compute the coefficients 

(h, v1,k) = j v1,kw 112[!w-lf2
]' = [vl,kf]~ + y1k j vkf. 

G G 
We shall prove 

(20') 

Indeed, 
x 

J(x)w- 112(x) = /(l/2)w- 112(1/2)+ j hw- 112, 

1/2 

I/( x )I'.': cwl/2(x) 1 + (! w-q/2) l/q 

which shows that J( x) is bounded; from v1,k( a)= v 1,k( b) = 0 the statement 

(20') follows and then ( h, v1,k) = ./fkaki h,...., L:: ./fkakvl,k· The proof is 
complete. I 

REMARK. The above theorems are saturation type statements. For 
the general Sturm-Liouville case we can argue as follows. Suppose that 

Then 

llRnf- fllv = o(l/ A). 

l(Rnf-f,vk)I s; llvkllqllRnf-fllp=o(lf Fn), 

o(l/ A)= ~ak , y'Ikak = o(l), y'Ikak = 0. 
v An 

Hence ak = 0 except for the case .j>:k = 0. Hence 

llRnf - fllv = o(l/ A)<=? f = 0 or f = cvk if Ak = 0. 
Analogously 

II Rn] - fllv = o(l/ Fn) {::} f = 0 or f = cvk if ,\k = 0 {::}] = 0. 

In the next part of this paper we prove the equiconvergence a.e. be­
tween the trigonometric conjugate and Sturm-Liouville conjugate partial 
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sums. For the nonorthogonal Dirichlet expansions the corresponding the­
orem was proved in [15]. 

Introduce the notation 

Sµ(f, x) := 2:: anvi,n· 
A<µ 

Let O<Ro<min{x-a,b-x} and 

{ 
1-cosµt I I R 

wR(x+t):= 
0
- 7rt ' t< 

ltl>R. 

Define the average operator 

and let 

Then · 

Ro 

SR0 [g(R)] := ;
0 
J g(R)dR 

Ro/2 

-r -Sµ (f,x) := (f,w}, 

THEOREM 3. Suppose (2) holds. Then for every f E L2 the difference 
Sµ(f, x) - sr (f, x) converges locally uniformly on G to a continuous limit 
function from C( G). 

In other words, the conjugate partial sums Sµ and sr are equiconver­
gent locally uniformly. 

REMARK. The orthogonality of (vn) and (v1,n) implies that for f E LP 
there exists j EL2. By the equiconvergence theorem of J 06 and KOMORNIK 

[21], Sµ(f,x) and sI(j,x) are equiconvergent in the strict sense (the 
difference converges to zero locally uniformly), hence we can reformulate 
Theorem 3 by stating that sr(j,x) and sr(f,x) are equiconvergent, or, 
roughly speaking, that the trigonometric expansions of the Sturm-Liouville 

· conjugate J and of the trigonometric conjugate JT are equiconvergent. 
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PROOF OF THEOREM 3. Recall the asymmetric Titchmarsh formulas 
[21]. If -v11 +q(x)v = .\v(x) on G and x, x +t E G then 

x+t 
· f\ 1 sin./>.t J sin..fi(t-lx-~I) 
v(x+t)=v(x)cosv.\t+v(x) v1 + q(Ov(O V]. d~ 

·x 

if x - t, x E G, then 
x . 

( ) () I\ '( )sinVX.t J (C) (C)sin..fi(t-lx-~Ddc v x-t =v x COSVAt-v x /\ + q \, v :.,, /\ \, 
. y,\ . y,\ 

x-t 

and by subtraction we obtain 
v(x-t)-v(x+t)= 

=-2v'(x)'i"j/t + (l- 7) q(e)v(O'inv'X(~lx-md, 
Compute the coefficients of w as follows 

[JR 1-cosµt · ] 
(vn,iv} = SR0 

0 

[vn(x -t)-vn(x+t)] 7ri dt = 

_ -? 1 ( )S [JR sin~t 1-cosµt d ] 
- . -Vn x Ro ;>:;; 7rt t +, 

0 ' . . 

+sfl-0 [/ (l. _ 7) q(e)v.m'inv'Anji.lx-wd,1-~osµt dt] = 

Recall that here 

In [21] is proved that 

v~(x) 
=: b.n /\ + Bn. 

v An 

(wl/2)11 I 

q= wl/2 +b . 

(21) 16.n +o(µ, A)I ::S l+( d-µ) 2Rfi 
with a constant c independent ofµ, n, Ro. In the next step we estimate 
Bn. Changing the order of the inner two integrals we get 
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(22) Bn = 

=SRo ·[(J -7~ q(t)vn(O) l sinA;(t~-~)~(1-cosµt)dtdO] · 

-R x ) lx-(1 

Denote 
R 

;yµ ·-1n ·- J 1-cosµt . n-
t smy-An(t-lx-{l)dt 

Ix-{! 

(the inner integral in (22)). To estimate it, consider first the case V>:;; > µ . 
Integrating by parts we obtain 

R 

(23) i~= J sin0\:(t-1x-~l)dt 1 -~:s~~-~I 
lx-(1 

R R 

- J :t (l-ctosµt)J sin0\:(r-lx-~l)drdt= 
lx-(1 t 

R 

= O ( ~) + J I tµsinµt-t~l-cosµt) I dt· O ( vh) = 
lx-(1 

o (~) (1+
1

,£
1

c
1
dt) ~o (~1n lx~ei) 

(we can suppose that R < 1 and then ln lx~(I > 0). In case V>:;;::; µ we 
consider another integration by parts: \ 

(24) 

R 

J sinV>:;;(t - Ix - ~l)d sinµR sinV>:;;(R- Ix - ~I) 
cosµt t=---------

t µ R 
lx-~I 

V>:;; 
µ 

R 

J . cosyA;;°(t-lx-(l)d 
smµt t+ 

t 
lx-{I 
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R 
0n j . sinA(t-lx-el)<l +-- smµt t= 

µ tV>:;;t 
Ix-el 

R 

=0(1/µ)+0 (A) j c 1dt=O (V>:;;ln-
1
-); 

µ µ lx-~I 
lx-{I 

R R 

J sin$n(tt-lx-~l)dt < J 1 1 
c dt:::;lnlx-cl' 

lx-{I Ix-el 
R R 

J sinA(t-lx-cl)dt =-[cosA(t-lx-cJ)~] _ 

lx-{I 
t $n t Ix-el 

R _ j cos$n(t-lx-cl)dt=O( 1 ) 
A · t2 $nix-el ' 

Ix-el 

R 

J sinA(tt-lx-cl) dt= 0 ( ln-1-· 1 = 
Ix-el Alx-cl 

lx-{I 

= o (Ix -e1-3/ 4 · >.~ 114). 
Next we shall prove that the series '°'I[ r---]v~(x) I """ lv~(x)ll(f,vn)I ~ .6.n + 8(µ,v.An) A (f,vn) :Sc~A(l+(A-µ)2R6) 

93 

converges for every fixed µ to a function bounded by a bound independent 
of µ and locally uniformly in x E G. Indeed, 

v~ = (ynw 112
)
1 = Av1,n - ~vn . 

We refer to the general square sum estimation of [22]. If 

-u~+qun=Anun, qELf0 c(G) 

and the (un) form a Bessel system in L2(G) then 

sup L IJukllL2(K) < oo 
µ>O lµ-./X';l9 
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for every compact subinterval J{ CG. We can apply this for ( vn) and ( v1,n) 
to obtain 

L lv1,n(x)ll(J,vn)I = f L lv1,n(x)ll(J,vn)I < 
1+(~-µ)2R~ 1_ 0 " 1+(~-µ)2R5 -

. - l:5v "n:51+1 
1 1 

sf l+~2R2 ( I: lv1,n(x)i2)! (. I: l(f,vn)i2)! S 
1=0 0 1::;,;>;;;::;1+1 1::;,;>;;;::;1+1 

~ c(K)llfll2 f · ~ 2 ~c(I~)111112 if x E J(. 
l=O l+l Ro Ro 

Next we estimate the convergence of L (!, vn) Bn. We know that 

IBnl= Sn, [ (L -7) q(<Jvnm 7!~d~] < 

x+Ro 

~ J lq(Ovn(~)'Y~(x,~)ld~ · vk 
x-Ro 

so by (23) 
· x+Ro 

L l(f,vn)BnlS L :n J q(Ovn(Olnlx~(ld(·(J,vn)S 
Fn>µ Fn>µ x-Ro 

x+Ro 

:S L ~ j lq(Olnjx~~ll L lvn(e)ll(f,vn)lde:S 
l~µ-1 x-Ro l~A~l+l 

x+Ro 

Sc(K,Ro)llfll2 I: ~ j lnlx~(ld~Sc(K,Ro)llfll2. 
l~µ-1 x-Ro 

We use (24) to estimate L I(!, vn) Bnl: 
,;>;;;::;µ 

x+Ro 

1 J ~ 1 L l(J,vn)I~ lq(Ovn(~)lµlnlx-eld~~ 
VJ:;::;µ x-Ro 
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x+Ro 

$;L j q(Olnlx~el L lvn(Oii(f,vn)lde$ 
1$µ x-Ro l:SA$1+1 

x+Ro 

$ c(K~IJll 2 
µ / jq(0Jln Ix~ elde $ c(K,Ro)llJll:2, 

x-Ro 

x+Ro 

L J(J,vn)I~ j Jq(Ovn(Ollx-cl-3/4 ,\~ 114dc$ 
A:Sµ x-Ro 

x+Ro 

$L 13~2 j Jq(Ollx-el-314 L J(f,vn)vn(01d~$ 
1$µ x-Ro . l$A$l+l 

$ c(K,Ro)llfll2 L z3~2 $ c(K,Ro)IJJll2 · 
1$µ 

By the above estimations we get that 

I 
_ ~ /\ v~ ( x) I (!, w) + ~ (!, Vn) o(µ, v An) .~ = 

= L (f, vn) IBn + ( ~n + 8(µ, A)) v~ I$ c(I{, Ro)llJll2 -

Since 

L l(f, vn)v~I= L J(f,vn)v1,n(x)J+ 
A=µ A=µ 

+ b~) L J (!, vn) vn(x )J $ c(K)llfll2, 
A=µ 

hence we finally obtain that 

(25) (f,fu)+ L (J,vn) v~ $c(K,Ro)llJJl2· 
A<µ 

Our last estimate needed is 
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i.e. 

(26) IST(J,x)-Sµ(J ,x)I= (f,w)+ L (f,vn)v1 ,n :s;c(K,Ro)llfll2, 
A<µ 

in other words, the operators 

(Aµ: L2
-+ C(K)) 

are uniformly bounded. If J = L,ckvk is a finite sum, then Sµf = J for large 
µ , and since f is smooth, SJ f tends to JT locally uniformly, see [23] , Ch. 

II 6.8. Since the linear subspace spanned by t)1e ( vk )-s is dense in L2 , by 
the Banach-Steinhaus theorem Aµf tends uniformly on I< to a function 
Af E C(K). Theorem 3 is proved. I 

REMARK. We introduced above the notion of the analytic or power 
type function. Here we deduce (formally) the Cauchy-Riemann equations. 
Let J""' L, akvki g,...., L, bk vl,k · Then introduce the functions 

Then the function f + ig is analytic if and only if the Cauchy-Riemann 
type equations 

8G1 _ -1/2( )8(w112xG2 ) 
at -tv x ax , 

hold. Indeed, both sides of the first equality are equal to 

- Laky'Ake-flktvk(x) 

and both sides of the second one are equal to 

- L)ky0:ke-flktv1,k(x). 
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1. Introduction 

The object of this paper is to formulate a two dimensional Bessel­
Exponential partial differential equation and obtain its double series solu­
tion. We further present a particular solution of our Bessel-Exponential 
equation involving Fox's H-function. It is interesting to . note that the 
particular solution also yields a new two dimensional series expansion for 
Fox's H-function involving Bessel functions and exponential functions. 

The H-function introduced by Fox [6], pp. 408, will be represented as 
follows: · 

(1.1) H;:1'qn [zJ(a1·,e1), ... , (ap,ep)] =H;:1'qn [zl(ap,ep)]. 
, (b1,J1), ... , (bq,Jq) ' (bq,fq) 

The following formulae are required in the proof: 

Theg H-function analogue of the integral [3] pp. 37, (2.2): 

(1.2) 

00 

J wi-IJ ( )R' ( )Hm,n [ 4hl(ap,ep)] d _ 
X a X a X p,q ZX (bq,fq) X-

O 

= 2w1 -2 Hm,n+2 24h (l - ~ + a h) 
[ 

(l-~,2h), (l-~-2,h), 
p+3,q 2 2" 1 

(bq,Jq) 

p q n p m q 
where h>O, L: ej- L: fj=A~O, L: ej- L ej+ L fj- L fj=B>O, 

j=l j=l j=l j=n+l j=l j=m+l 

largzl<~B7r 1 Re(w1+2a)+4h ID;in [Rebj/fj]>O. 
l~J~m 
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The integral (2] pp. 46, (2.1): 
7r 

(1.3) j e-2ivy(siny)wz-IHm,n [z(sinyr2k I (ap,ep)] dy = 
p,q (bq,fq) 

0 . 

= 7re-7riv Hm+l,n [z22k (ap,ep), (w2
2+

1 ±v,k)] , 
2w2-l p+2,q+l (w2,2k), (bq,fq) 

where k>O, A:$0, B>O; iargzl<~B7r, Rew2-2k m?JC [Re(aj-1)/ej]:=O. 
l:SJ:Sn 

The orthogonality property of the Bessel functions [7] pp. 291, (6): 
00 

(1.4) j x-l lv+2n+1(x )lv+2m+I (x )dx = 

0 

{ 
0, if m #n; 

= (4n+2v+2)-1, ifm~n, Rev+m+n>-1. 

2. Two dimensional Bessel-Exponential partial differential 
Equation 

Let us consider 
au 282u au 2 82u 

(2.1) ot = x ox2 + x ox+ x u + c ay2, 

where u=:u(x,y,t) and u(x,y,O)=J(x,y). 
To solve (2.1), we assume that (2.1) has a solution of the form: 

(2.2) u( x, y, t) = e(v+2r+l)2t+4cs2t X( x )Y( iy ). 

The substitution of (2.2) into (2.1) yields: 

(2.3) Y[x 2 X" +xX' + {x 2 -( v+2r+ 1)2}Y]-cX[Y" +4s2Y] = 0. 

We see that x2 X" + xX' + { x2 - ( v + 2r + 1)2}X=0 is Bessel equation 
(1] pp. 200, (6.25), with solution X = lv+2r+i(x), and Y" +4s2Y = 0 has 
a solution Y = e2isy. Therefore the solution of (2.1) is of the form: 

(2.4) u(x, y, t) = e(v+2r+1)2t+4cs2t lv+2r+l (x )e2isy. 

In view of the principle of superposition, the general solution of (2.1) 
is given by 

00 00 

(2.5) u(x,y,t)= L L Ar,se(v+2r+l)2t+4cs2tlv+2r+1(x)e2isy. 
r:=:Qs:=:-oo 
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In (2 .5) , putting t = 0, we get 
00 00 

(2.6) f( ) ~ ~ A J ( ) 2isy x,y = L_; L r,s v+2r+l X e · 
r=Os=-oo 

Multiplying both sides of (2.6) by x-1lv+2u+I(x)e-2iwy, integrating 
with respect to y from 0 to 7r and with respect to x from 0 to oo, then 
using (1.4) and the orthogonality property of exponential functions, the 
Fourier Bessel-Exponential coefficient are given by 

00 7r 

(2.7) Ar,s = ~(v+2r+ 1) J J f(x,y)x-l lv+2r+1(x)e-2isydydx . 

0 0 

In view of the theory of double wd multiple Fourier series given by 
CARSLAW and JAEGER [4] pp. 180-183, and many other references, such as 
ERDELYI [5] pp. 64-65 etc., the double series (2.6) is convergent provided 
the function f ( x, y) is defined in the region 0 < x < oo, 0 < y < 7r. In brief, 
the double series (2.6) normally converges, if the double integral on the 
right hand side of (2.7) exists. 

In the subsequent section, we take f( x, y) as Fox's H-function and 
present another method to obtain Fourier Bessel-Exponential coefficients 
Ar,s· 

3. Particular solution involving Fox's H-function 

The particular solution to be obtained is 

(3.1) u(x,y,t)= 
00 00 

= 2w 1-w2 ~ ~ (v+2r+l)e(v+2r+1)2t+4cs2t+2is(y-7r/2) xHm+l,n+2. 
L L p+5,q+I 
r=Os=-oo 

[ 

(l-~,2h)' 
. 22(2h+k)z ( ) 

ap, ep , 

(w2,2k), 

(~-~-~-r,h), 
(3/2-~+~+r,h), 

(bq,fq) 
valid under the conditions of (1.2), (1.3) and (1.4). 

PROOF. Let 

(3:2)f(x,y)=xwll<v+2u+1(x)(siny)wz-IH;J:t [zx4h(siny)-2k l~~::.f:j] = 

00 00 

= L L Ar,slv+2r+i(x)e2isy_ 
r=Os=-oo 
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Equation (3.2) is valid, since f( x, y) is defined in the region 0 < x < oo, 
0<y<7r. 

Multiplying both sides of (3.2) by e-2iwy and integrating with respect 
toy from 0 to 7r, then using (1.3) and the orthogonality property of expo­
nential functions. Now multiplying both sides of the resulting expression 
by x-1lv+2u+1(x) and integrating with respect to x from 0 to oo, then 
using (1.2) and (1.4 ), we obtain the value of Ar,s· Substituting this value 
of Ar,s in (3.2), the solution (3.1) is obtained. 

NOTE. If we put t=O in (3.1), it reduces to anew two dimensional series 
expansion for Fox's H-function involving Bessel functions and Exponential 
functions. 

Since on specializing the param~ters Fox's H-function yields almost all 
special functions appearing in applied mathematics and physical sciences. 
Therefore, the result ( 3.1) presented in this paper is of a general character 
and hence may encompass several cases of interest. · · 
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Let M be a C 00 manifold and L: TM--+ JR a Lagrangian function which 
is C 00 on TM=TM-{OrM} where OrM is the zero section of TM. The 
Lagrangian function L gives rise to the Euler-Lagrange equation 

txddL-d(L-AL) = 0 

where d: /\(TM)--+ /\(TM) is the vertical differential, A: TM--+ TT M the 
Liou ville field of TM, and the "unknown" is a C00 vector field X .: TM --+ 

--+ TTM ([BJ pp.14-25; [G] pp.159-168). If a vector field X exists which 
satisfies the above equation then X is sai'd to be a Lagrangian field of 
the Lagrangian function L. If the 2-form ddL is non-degenerate then L 
is said to be regular; in this case L has obviously a unique Lagrangian 
field. Moreover, the Lagrangian field of a regular Lagrangian function is 
a second-order differential equation according to a fundamental result ([BJ 
p .26; [AM] pp.213-216). A vector field Z: TM--+ TTM which is a second­
order differential equation is called a 3pray provided that it is homogeneous 
of degree 2, i.e. it satisfies the condition :£AZ= [A, Z] = Z. The kinetic 
energy function of a Riemannian metric as a Lagrangian function has a 
Lagrangian field which is a spray ([BJ pp.28-29) and analogous statement 
holds in case of a Finsler metric [WJ . The problem, to find the Lagrangian 
functions having Lagrangian fields which are sprays, is studied below. 

First a concept is introduced which will be applied subsequently. Let 
X: TM--+ TT lvl be a vector field then L(X) is the set of those Lagrangian 
function which have X as Lagrangian field. Since the Euler-Lagrange 
equation 

lxddL-d(L-AL) = 0 

is linear in L, the set L(X) is a vector space over JR. However as the 
following Proposition 1 shows L(X) can be endowed canonically with a 
richer structure as well. In the proof of Proposition 1 an equivalent form 
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of the Euler-Lagrange equation is utilized; this form is as follows: 

(£A - t xd)dL = dL. 

The above form of the Euler-Lagrange equation can be obtained by taking 
into account the facts that d aitd d anticommute ([G] pp.163-164) and that 
Y!. A and d commute. · 

PROPOSITION 1. Let the C00 vector fi.eld X: TM -t TT M be a second­
order differential equation. H L" L' E L(X) then LL' E L(X) holds as well. 

PROOF . Since L and L' are elements of L(X), the vector field X 
satisfies the Euler-Lagrange equations for L and L': 

(£A - l xd)dL = dL, (:t A - l xd)dL' = dL'. 

Since X is a second-order differential equation, the values of X are jets 
([BJ pp.25-26) and consequently 

(:fA -lxd)L=O, (:tA -lxd)L' =0. 

But then the following equalities are valid as well 

(£A - l xd)d(LL') =(£A - l xd)(LdL' + L' dL) = 

= { (:f A - lxd)L} dL' + L {(£A - lxd)dL'} + { (£.4 - txd)L'} dL+ 

+L' {(£A - txd)dL} = LdL' + L'dL = d(LL'). 

Therefore, X satisfies the Euler-Lagrange equation for LL' which means 
that LL' E L(X) holds. 

Let X :T M-tTT M be a second-order differential equation. Then L(X) 
is called the algebra of Lagrangian functionJ aJJociated with k by reason 
of the preceding proposition. 

PROPOSITION 2. Let the C00 vector field X : TM -t TT M be a spray. 
Then LEL(X) implies that ALEL(X). Conversely, if X:TM-tTTM is a 
C 00 vector fi.eld such that there is a regular Lagrangian function LE L( X) 
with ALE L(X) then Xis a spray. 

PROOF. Let Z: TM -t TT M be a C00 vector field and LE L( Z). Then 
in consequence of some well-known basic identities and of the identity 
d:£A -:fAd= [d,:fA] =d ([G] pp.163-164) the following holds: 

l[A,z]ddL = [:f A, tz]ddL =:f AtzddL- tz:f AddL = 
=£A(d((L-AL))- tzd:iAdL = d(AL-A(AL))- tzdd(AL)+ 

+tzd(dLAL-:f AdL) = d(AL- .4(AL))- tzdd(AL) + tzddL. 
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Assume now that Z is a spray; then [A, Z] = Z holds. Consequently, the 
above equality yields the following one 

d(AL-A(A.L ))- lzdd(A.L) = 0. 

But then ALE L( Z) is valid. Thus the first assertion of the proposition is 
proved. 

Assume now that Z is a C00 vectorfield and that L, ALE L( Z) where 
L is regular. Then the above equality implies now that 

l[A,z]ddL = lzddL. 

But since L is regular, now [A, Z] = Z must be valid; which means that 
Z is homogeneous of degree 2. Since L E L( Z) is regular, Z must be a 
second-order differential equation by a basic result already cited above. 
Thus Z is a spray. 

COROLLARY. LetX:TM->TTM beaC00 vectorfieldsuchthatL(X) 
contains a regular Lagrangian function which is homogeneous. Then X is 
a spray. 

The following theorem yields a converse to the preceding Corollary 
under a strong assumption postulating the existence of analytic Lagrangian 
function. The concept of higher order differential is applied here in the 
sense of Ambrose-Palais-Singer [APS] . 

THEOREM. Let M be a real analytic manifold and X: TM -t TTM 
a C 00 vector field which is a spray. If the algebra L(X) of Lagrangian 
functions associated with X contains a Lagrangian function · L which is 
analytic on TM and its k-th differential does not reduce to the (k-1)-th 
on OTM then it contains also such one which is homogeneous of degree k. 

PROOF. Let (x 1, ... , xm) be a coordinate system of Mand (x 1, ... , xm; 
xl, ... , xm) the induced coordinate system of TJ\1. Then the analytic 

Lagrangian function Lis given by a function L(x1 , ... ,xm;x1, ... ,xm) in 

the above coordinate system. Consider now the functions Pn defined in 
the above induced coordinate system as follows: 

rn 

P- ( l m · 1 · m) n x , . .. ,x ;x , .. .,x = 
ii , .. .,in=l 

on L 
:ri1 ... xln --. ---.­

ox1I ... {)x!.n 

where nEN. These function are the coordinate expression of the functions 
Pn : U ->IR. on the domain U E TM of the induced coordinate system. A 
simple direct calculation yields that the derivatives of the above functions 
with respect to the Liouville field A can be given as follows: 

nEN. 
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But then the functions Pn , n EN can be defined directly everywhere on 
T 1vl independently of any coordinate system; actually, P1 =AL and Pn = 
= APn-1 - (n - l )Pn-1 for n 2 2. Moreover, Pn E L(X) for n EN, since 
P1 =ALE L(X) by Proposition 2 and an obvious inductive argument 
yields that Pn E L(X) for n 2:: 2 considering the above expression of Pn 
and Proposition 2. Consider now for each k EN the function Hk which is 
defined· as follows : 

00 c-1r-k 
Hk = L (n-k)! Pn . 

n=k 

In order to justify the above definition it will be shown that since L is 
analytic, the series in the definition of H k is uniformly convergent, and 
therefore H k is also analytic. Actually, since the function L is analytic, an 
absolutely and uniformly convergent power series is given by 

00 1 m an£ LI L a·i ff in (x1, . . . ,xm;x1 , ... ,xm) rn 
n=l n. . . 1 XI . .. X 

'I , . .. ,in= 

and consequently its sums( r) is an analytic function. But then the analytic 
function 

k 00 -
k d s I: 1 an L ( 1 m . i . m) n 

r -k = ( k)I ~· . ~· . x , . . . ,x ;x , ... ,x r 
dr k n- · . ux11 . .. uxin 

n= 

is given by an absolutely and uniformly convergent power series. Conse­
quently, the function series 

sk (x1 , .. . ,xm;x1 , ... ,xm;e1, .. . ,em) = 

Loo L 1 an L ( 1 m. · l . m) i:i1 i: in = . . x , . . . ,x ,x , .. . ,x "' ... .,, 
.. (n-k)!ax11 ... ax1n 

n=k •1,- -- ,2n=l 

is absolutely and uniformly convergent in the variables x1, ... , xm ; 

±1, ... , :i:m; e 1, ... , em, therefore S k is analytic. But then by 

iik (x1, ... ,xm;:i:1, . .. ,xm) =Sk (x1 , ... ,xm; :i: 1, . .. ,:i:m;-:i:l, .. . ,-:i:m) 

the existence of H k follows. By the same reason the following holds as 
well: 

oo (-l)n-k oo (-l)n-k 
AHk= L (n-k)! (nPn+Pn+i)=k L (n-k)! Pn=kHk. 

n=k n=k 

The fact that H k is not identically 0 follows by the assumption that the 
k-th differential of L does not reduce to the ( k - 1 )-th on Or M. In fact 
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assume that Hk is identically zero, then for its coordinate expression ilk 
in an induced coordinate system 

k -
_a·Hk . =0 

ax11 .. . ax1k 

holds for any 1 ~ii, ... , ik ~ m. But on the intersection of the domain of 
the induced coordinate system with ·the zero section OTM the following 
holds 

k - k -
_a Hk . (x1, ... ,xm;o, ... ,o)=c _a L . (x1 , ... ,xm;o, ... ,o). 

ax11 .. . ax 1k ax11 ... ax1k 

Thus if Hk vanishes identically on TM then the k-th differential of L 
on OTM reduces to its (k -1)-th differential in contradiction with the 
assumption. Consequently, the function Hk is homogeneous of degree k. 
The fact that 

(£A - lxd)dHk = dHk 
holds, is a consequence of the expression of H k in terms of the functions 
Pn and of Pn E L(X), n EN. 
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1. Einleit ung 

Die Klassifikation der Kegelschnittbiischel mit vier reellen Grundpunk­
ten ist in der isotropen Ebene mit synthetischen Methoden erstmals von 
VL. SCURIC [4] und spiiter mit analytischen Methoden von der Verfasserin 
dieses Artikels [14] in Angriff genommen worden. In der letzteren Arbeit 
kann man die vollstiindige Klassifikation und die Bestimmung von Inva­
riantensystemen der Kegelschnittbi.ischel mit vier reellen Grundpunkten 
nachlesen, wobei mindesten zwei Grundpunkte parallel sind. 

Bei der Untersuchung der Kegelschnittbi.ischel der euklidischen Ebene 
bestimmte KANTOR die Langen der Achsen des Mittelpunktskegelschnittes 
[9]; weiters haben STEINER [8] und BOBEK [12] folgende schone Siitze 
gefunden: 

l. Die Biischelkurven sind paarweise iihnlich. 

2. Je 6 Kurven haben gleiches Achsenprodukt. 

3 . Die Brennpunktskurve enthalt die Ecken des allen Kegelschnitten 
konjugierten Poldreiecks sowie die Hohenfufipunkte dieses Dreiecks. 

Analoge Fragestellungen sind auch hier naheliegend. 

In diesem Artikel verwenden wir die Bezeichnungen der metrischen 
Klassifikation aus [14] und untersuchen nur die Typen [A8, 9, 10, 11, 
12, 13, 14, 15, d.h. jene wo die konvexe Hiille der vier Grundpunkte ein 
nichtzuliissiges Dreieck EDA der isotropen Ebene hist, die Punkte B,D 
parallel sind und s(DB) > 0 gilt. 

Wir bezeichnen die Halbierungspunkte der Grundstrecken B D, DA., 
AC, AB, BC, DC mit Ai, B1, C1, D1, Ei, G1. 

Man kann dann <lurch eine isotrope Bewegung erreichen, dafi D in den 
Ursprung und die Grundgerade DA in die x-Achse des zugrundegelegten 
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Koordinatensystems fiillt. Dann sind die Koordinaten der Grundpunkte 

(1.1) D(O,O); A(a,O); B(O,b) und C(q,c2) . 

wobei a, q ER\ {O}, b, c2 E JR+, aber a f q, bf c2 ist; weiter gelten die 

Bedingungen aq > 0 und c2 < -~q +b. 

Fig. 1. 

Wie beim Typ [A2, 3, 4, 5, 6, 7 zeigt man leicht, daB sich als Normal­
form der Typen [AS, 9, 10, 11, 12, 13, 14, 15 die Gleichung 

(1.2) F = .\( xy - ki x 2 + ki ax)+ y2 
- k2XY - by = 0 

einstellt, wobei die Biischelinvarianten a; b, ki, k2 die gleichen geometri­
schen Bedeutungen haben wie bei den Typen [A2, .3, 4, 5, 6, 7, d.h. es 
gelten die Gleichungen 

(1.3) 
c2 

k1=-- und 
q -a 

Wegen (1.1) und (1.3) bestehen jedoch die folgenden Bedingungen 

(1.4) 
k1a+b 

q= k k; 
1 - 2 

bzw. 

U ngleichungen 

(1.5) ak1(ak1 +b)<O, b>O, ak2+b<O 

(1.6) kf-k1k2 < 0. 
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Mittels (1.2) und (1.6) kann man sehen, daB die genannten Kegelschnittbii­
schel Hyperbeln l. Art, Hyperbeln 2. Art ~nd schneidende Geradenpaaren 
enthalten. Allerdings enthalt das Biischel jetzt keine Ellipsen und auch 
keine reellen Parabeln. Genauer erkennt man aus (1.2) mittels %f = 0, 

daB zu den Parameterwerten ,\ = oo, ,\3 = 0 und A. - k1 k2ab+k1 b
2 

die 4 - k 2a2 +k1ab 1 . 
schneidenden Geradenpaare mit den Mittelpunkten R, P, Q gehoren. Zu 
A. E ( A.3, A.4) gehoren Hyperbeln l. Art, zu allen anderen Werten von A. E JR 
gehoren Hyperbeln 2. Art. 

Mittels 9/x = ¥,; = 0 bestimmt man aus (1.2) die Mittelpunktskurve. 
Man findet 

(1.7) -2kik2x2 -2y2 +4kixy+ (kik2a-2kib)x + (b-2kia)y + kiab = 0, 

und diese Kurve ist wegen (1.6) eine Ellipse. Ein anderer Ausdruck fiir die 
Mittelpunktsellipse ist 

wobei wegen (1.6) fiir A. E JR 

y(,\)= -2Uib-Uik2a+,\
2
kia, 

-k~ + 2H2 -4.Ui - ,\2 

(1.9) -ki+2A.k2-4A.ki-,\2 <0 gilt. 

Wegen (1.9) sind x(,\) bzw. y(A.) fiir ,\ E JR stetige Funktionen und es 
gilt lim x(A.) = 0, lim y(,\) = -kia. Dieser Punkt hat die Koordinaten 

J>.J-oo J>.J-oo 
(0, -kia) und ist gerade R. Man zeigt leicht, daB die Mittelpunktsellipse 
auch die Punkte P, Q enthalt. Aus (1.8) kann man sehen, daB die Mit­
telpunkte der Hyperbeln 1. Art auf einem Bogen und jene der Hyperbeln 
2. Art auf dem anderen Bogen der Mittelpunktsellipse liegen; diese Bogen 
werden durch die Punkte P und Q begrenzt. ~ 

Nach einiger Rechnung ergibt sich, daB die Punkte Ei, Gi bzw. C1 
die Mittelpunkte von Hyperbeln 2. Art bzw. 1. Art im Biischel sind. Wir 
untersuchen die Halbierungspunkte .4.i, Bi, Di. Man kann sofort sehen, 
daB Ai der Mittelpunkt einer Hyperbel 2. Art ist, falls 

(1.10) 

ungleich Null ist . Fiir 54 = 0 ist Ai der Mittelpunkt eines schneidenden 
Geradenpaares , denn es ist .4i = R. Weiter kann man sehen, daB Di der 
Mittelpunkt des Kegelschnittes 

(1.11) K = y2 - by- k1 kzx2 +k1kzax =0 
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des Biischels ist. Mittels (1.11) und %- = 0 zeigt man leicht, daB der vor­
liegende Kegelschnitt eine Hyperbel 1. Art, ein schneidendes Geradenpaar 
(D1 = Q) oder eine Hyperbel 2. Art ist, je nachdem der Ausdruck 

(1.12) 

positiv, Null oder negativ ist. Ebenso zeigt man leicht, dal3 B1 der Mittel­
punkt des Kegelschnittes 

, 2 k2a +2b 2 
(1.13) li..1 :y -k2xy-by+ (xy-k1x +k1ax)=O 

a 

des Bi.ischels ist. Mittels 8§~1 = 0 und (1.13) sieht man sofort, daB dieser 
Kegelschnitt eine Hyperbel 1. Art, ein schneidendes Geradenpaar (P=B1) 
oder eine Hyperbel 2. Art ist, je nachdem der Ausdruck 

(1.14) 

negativ, Null oder positivist. 
Durch 'die Diskussion der 6 Halbierungspunkte ergeben sich die folgen­

de 8 U ntertypen des Typs IT A 

y 

x 

Fig. z. 
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U nterfii.lle: 

lIA8. S4 =/= 0, Si> O, S3 < 0. 
Die isotrope Grundgerade schneidet die Mittelpunktsellipse in 2 ver­

schiedenen Punkten und die beiden Punkte B1, Di sind die Mittelpunkte 
von Hyperbeln 1. Art. (Fig. 2.) 

lIA9. S4 =/= 0, Si< 0, S3 > 0. 
Die isotrope Grundgerade schneidet die Mittelpunktsellipse in zwei ver­

schiedenen Punkten und die beiden Punkte B1, D1 sind die Mittelpunkte 
von Hyperbeln 2. Art. (Fig. 3.) 

y 

Fig. 3. 

lIA 10. S4 =/= 0, Si > 0, S3 > 0 oder S4 =/= 0, Si < 0, S3 < 0. 
Die isotrope Grundgerade schneidet die Mittelpunktsellipse in zwei 

verschiedenen Punkten B1 bzw. Di. Einer davon ist der Mittelpunkt 
einer Hyperbel 1. Art, wiihrend der andere Punkt der Mittelpunkt einer 
Hyperbel 2. Art im Buschel ist. ·· 
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lIAll. S4-:/: 0, Si> 0, S3 = 0 oder S4 =I 0, Si= 0, S3 < 0. 
Die isotrope Grundgerade schneidet die Mittelpunktsellipse in 2 Punk­

ten B1 und D1. Einer davon ist der Mittelpunkt eines schneidenden 
Geradenpaares (B1 =: P oder D1 =: Q), wahrend der andere Punkt der 
Mittelpunkt einer Hyperbel 1. Art ist. 

lIA12. S4-:/: 0, Si< 0, S3 = 0 oder S4-:/: 0, Si= 0, S3 > 0. 
Die isotrope Grundgerade schneidet die Mittelpunktsellipse in 2 ver­

schiedenen Punkten B1 und D1. Einer davon ist der Mittelpunkt eines 
schneidenden Geradenpaares (B1 = P oder D1 = Q), wiihrend der andere 
Punkt der Mittelpunkt einer Hyperbel 2. Art ist. 

lIA13. S4 = 0, Si> 0, S3 < 0. 
Die isotrope Grundgerade beriihrt die Mittelpunktsellipse im Punkt 

A1, wobei A1 =Rist, und die beiden Punkte B1, D1 Mittelpunkte von 
Hyperbeln 1. Art sind. (Fig. 4.) 

A 

Fig. 4. 

lIA14. S4=0, Si<O, S3>0. 
Die isotrope Grundgerade beriihrt die Mittelpunktsellipse im Punkt Ai 

( A1 = R) und die beiden Punkte B1, D1 sind Mittelpunkte von Hyperbeln 
2. Art. (Fig. 5.) 

lIA15. S4=0, Sj=O, S3=0. 
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Aile drei Grundgeraden beriihren die Mittelpunktsellipse in den Punk­
ten Ai, B1, D1, d.h. es ist A1:: R, B1:: P, D1:: Q. (Fig. 6.) 

Fig. 5. 

x 

Fig. 6 . . 

BEMERKUNGEN: l. Man kann sofort sehen, daJ3 es bei den typen IlA13, 
14 drei Invarianten gibt; dies folgt aus S4 = 0. Beim Typ IlA15 gibt es 2 
Invarianten, zufolge der Gleichungen 54 = 0 und Si= 0. 

2. Analog wie bei den Typen IlA2, 3, 4, 5, 6, 7 zeigt man wieder, daJ3 
die algebraischen Bedingungen bei den Typen IlAlO, 11, 12 aquivalent sind. 

Wir untersuchen noch die isotropen Brennpunktskurven k f der Biischel 

vom Typ IlA8, 9, 10, 11, 12, 13, 14, 15. Aus (1.2) und % = 0 findet man 
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als Gleichung von kt 

(1.15) -k1k2x2 -y2 + 2k1xy+ (k1k2a-bk1)x-2k1ay+ bk1a = 0 

fiir >. E IR. und 
(1.16) x = 0 fiir ,\ = oo. 
Damit ist die Brennpunktskurve kt eine Kurve 3. Ordnung 

(1.17) [-k1k2x2 -y2 + 2k1xy+ (k1k2a- bk1)x - 2k1 ay+ bk1a]x=0. 

Diese zerfiillt in 2 Teile, wobei der Hauptteil (1.15) - wegen (1.6) - eine 
Ellipse ist und der andere Teil die isotrope Grundgerade darstellt. Nach 
einiger Rechnung ergeben sich die Grundpunkte A, C als isotrope Brenn­
punkte dieser Ellipse. Sie liegen nicht auf der isotropen Grundgeraden. 
Man kann zeigen, daJ3 kt die Punkte P, Q und R enthalt. 

2. Uniersuchung der Mittelpunktskurven und 
Brennpunktskurven 

Wegen (1.6) ist die Mittelpunktskurve und der Hauptteil der Brenn­
punktskurve eine Ellipse in allen 8 Fallen. 

Wir bezeichnen mit aAf- bzw. a.B die nicht isotropen Halbachsenlangen 
und mit bAf- bzw. b.8 die isotropen Halbachsenlangen der Mittelpunktsel­
lipse bzw. der Brennpunktsellipse. (Fig. 7.) 

Fig. 7. 

Weiters bezeichnen wir mit F1Af, F2M bzw. Fin, F2n die isotropen 
Brennpunkte der Mittelpunktsellipse bzw. der Brennpunktsellipse. Nach 
einiger Rechnung ergibt sich aus ( 1. 7) und ( 1.15) 

(2.1) 
* Jkrk~a2 + 2krk2ab+ kik2b2 

a M = 4( k1 k 2 - kf) ' 
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(2.2) 
* -lk1l(b+ak2) 

aB = 2(k2k1 - kt) ' 

* Jk~b2 - kik2b2 - k~kya2 - 2kyk2ab+ k~k1a2 + 2k~k1 ab 

(2·3) bM = 4ik1 -k2i . 

und 

(2.4) 
-(ak2+b) /k2k1 -ky 

b* - ____ v-'------
n - 2lk1 -k2I 

Aus (2.1), (2.2), (2.3) und (2.4) kann man erkennen, daf3 

(2.5) 
a* b* 

M =_M_=c 
* b* aB B ' 

gilt, wobei c E JR+ eine Konstante ist. Damit ist gezeigt, dafi die Mittel­
punktskurve und die Brennpunktskurve beziiglich der Gruppe 

(2.6) 
1 

x=q +-x; 
c 

1 
fi = c2 + c3x + -y 

c 

der winkeltreuen isotropen Ahnlichkeiten ahnlich sind, wobei c die Kon­
stante in (2.5) ist [1]. 

SATZ 2.1. Bei denBiiscbeltypen RAS, 9, 10, 11, 12, 13, 14, 15 istjeweils 
die Mittelpunktsellipse zur Breilnpunktsellipse ·des Kegelscbnittbiiscbels 
iilmlicb beziiglicb der Gruppe der winkeltreuen isotropen Abnlicbkeiten. 

Wir untersuchen den Quotienten c in (2.5). Im Fall des Typs RAIO kann 
c>l, c=l , O<c<l sein, in den Fallen des Typs RAS, 13, 11 gilt aber O<c<l. 
In den Fallen RA9, 12, 14 gilt c> 1 schliefilich gilt c= 1 im Fall RA15. 

Weiters folgt aus (2.1), (2.3) mittels (2.5) 

(2.7) 

und fiir die Achsenprodukte der Brennpunktsellipse bzw. der Mittelpunkt­
sellipse gilt 
(2.8) 

* * (ak2+b) 2 jk1k2-kf 
aBbB = 4(k1 -k2)2 bzw. 

wobei c die Konstante in (2.5) bezeichnet. 
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Aus (1.7), (1.15) kann man mittels %f =0 die Gleichungen jener Gera­
den bestimmen, welche die Brennpunkte der Mittelpunktskurve bzw. der 
Brennpunktsellipse enthalten. Man gewinnt 

(2.9) 

Es ist klar, dafi diese Geraden parallel sind. 

Die Koordinaten des Mittdpunkts der Mittelpunktsellipse bzw. der 
Brennpunktsellipse sind 

(2.10) M(2k1a+b-k2a 2k1b-k2b+k1k2a) 
4(k1 - k2) ' 4(k1 -k2) bzw. 

L (b+2k1a-k2a kib+k1k2a) 
2(k1 -k2) ' 2(k1 -k2) . 

Aus (2.10) kann man sofort ersehen, daB 2d(DM)=d(DL) gilt, d:h. der 
isotrope Abstand zwi:sch~n deni Grundpunkt D (D liegt auf der isotropen: 
Grundgeraden) und dem Mittelpunkt der Btennpunktsellipse ist zweimal 
so grofi wie der isotrope Abstand zwischen dem Grurtdpunkt D und dem 
Mittelpunkt der Mittelpunktsellipse. , 

, Mittels der 'Koordinaten von Mund L kann man die Werten q, c2, c3 
in (2.6) bestimmen. Man erhalt 
(2.11) . ' 

b+2k1a-k2a b+2k1a-k2a k2b-2k1b-k1k2a k1b+k1k2a 
Ci= - + · ' c2 = + 4c( k1 - k2) - 2( k1 - k2) 4c( ki - k2) 2( ki - k2) · 

und c3=0. Die isotrope Ahnlichkeit (2.6) ist fi.ir c=l eine isotrope Bewegung 
und for c-:/= 1 eine winkeltreue isotrope Ahnlichkeit mit ei~em Fixpunkt. 
Die Koordinaten dieses Fixpunktes sind 
(2.12) 

XQ = 1 
1--c 

Hinsichtlich der Gruppe der winkeltreuen isotropen Ahnlichkeiten sind 
einige interessante Untersuchungen bekannt [1]. 

3. U ntersuchung des gemeinsamen Poldreiecks des 
Kegelschnittbiischels 

Wie schon in 1. erwahnt, liegen die drei Diagonalecken P, Q, R - d.h. 
die Mittelpunkte der schneidenden Geradenpaare des Kegelschnittbiischels 
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- auf der Brennpunktskurve 3. Ordnung k I. Hierbei li~gt Rauf der .isotro­
pen Grundgeraden, wahrend die Punkte P und Q der Brennpunktsellipse 
angehoren. Die Koordinaten diesen 3 Punkte sind 
(3.1) 

R( -k )· p (-.!!... o) . Q ( ab(b+k1a) ab(k1b+ak1k2) ) 0, 1a , , , ' · 
k2 b2 +2abk1 +a2k1k2 b2 +2abki +a2k1k2 

An Hand des bekannten Ausdrucks 

1 1 1 
xi x2 x3 

(3.2) R* = Yl Y2 Y3 . 
(x2-x1)(x3-x1)(x3 -x2) 

[1] fiir den isotropen Umkreisradius eines Dreiecks, bestimmen wir den Ra­
dius des isotropen Umkreises des Dreiecks P, Q, R, d.h. des gemeinsamen 
Poldreiecks des Kegelschnittbiischels. Nach langerer Rechnung ergi1?t sich 

(3.3) R*= 2k1k2(b
2

+2abk1 +a
2
k1k2) 

b2(b+ 2ak1) 

Aus (3.3) ziehen wir einige Folgerungen: 1. Im Falle b+ 2ak1=0, d.h. 
bei den Typen [A13, 14, 15 existiert R* nicht, denn die Punkte P und 
Q sind parallel. Somit ist das Poldreieck PQR kein zulassiges Dreieck der 
isotropen Ebene I2. 

2. Im Falle b+ 2ak1f:0, d.h. bei den Typen [,48, 9, 10, 11, 12 sind 
die Punkte P, Q, R die Ecken eines zulassigen Dreiecks in der isotropen 
Ebene. 

Mittels der Pararneterwerte a, b, ki, k2 kann man den Flacheninhalt 
des Dreiecks PQR beschreibt, wobei man den bekannten Ausdruck 

(3.4) F= _ lallbllcl 
4p 

beniitzt, wobei !al, lbl, !cl die Seitenlangen des Dreieck sind undp der Para­
meter des Umkreises ist [l]. Man erhiilt den Fliicheninhalt des Poldreiecks 
PQRzu 

(3.5) 
F= _ abk1(b+k1a)(b+k2a) . 

. k2(b2+2abk1+a2k2k1) 

Bei den Typen [AS, 9, 10, 11, 12, d.h. wenn das Poldreieck PQR ein 
zulassiges Dreieck der isotropen Ebene !2 ist, kann man die Hohenfuf3-
punkte des Poldreiecks PQR untersuchen. Es ist klar, daf3 ein Fuf3punkt 
von ihnen, namlich T3 in der isotropen Grund0eraden DB lie.gt. Fur die 
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weiteren Untersuchungen sind die beiden anderen FuBpunkte T1 und T2 
interessant . Nach einiger Rechni.mg ergeben sich ihre Koordinaten zu 

Ti ( ab(b+k1a) -k1a(b+2k1a)(b+k2a)) und 
(
3

-
5

) b2+2abk1+a2k2k1 ' b2+2abk1+a2k1k2 

T2 (-:
2
,-

2k:1(b+k2a)) . 

Man kann sofort mittels (1.15) erkennen, daB diese Punkte T1, T2 auf dem 
Hauptteil der Brennpunktskurve, d .h. auf der Brennpunktsellipse liegen. 

SATZ 3.1. Ist das gemeinsame Poldreieck PQR eines Kegelschnittbii­
schels der Typen IlA8, 9, 10, 11 , 12 ein zuliissiges Dreieck, dann liegen auBer 
den Punkte P , Q, R au ch noch die isotropen HohenfuBpunkte des Dreiecks 
PQ R au[ der Brennpunktskurve. 

4. Metrische Beziehungen fiir die Achsen der Kegelschnitte im 
Biischel · 

Wir betrachten nur Biischel der Typen [A15, 14, 13. 
Der ·Typ [A15. 

Zuniichst gelten die Bedingungen 2ak1 +b=O und ak2+2b=0, d .h. , die 
Normalform lautet · 

(4.1) F=-x +Y +2 -+- xy--x-by=O. >.b 2 2 ( b >.) >.b 
2a · a 2 2 

In der folgenden Untersuchung sei a> 0. Wir gewinnen den Fall a< 0 
-aus diesem <lurch die Spiegelung x= -x; 'fl= y. 

Aus (2.1), (2.2), (2.3) und (2.4) kann man leicht sehen, daf3 die folgen­
den Gleichungen 

* * a * * J3 (4.2) aM= as= 3, bM=bs= 6 b gelten. 

Mittels (2.10) erhalt man die Koordinaten des Mittelpunkts der Mit­
telpunktsellipse bzw. der Brennpunktsellipse zu 

( 4.3) (a b) (2a b) 
M 3'3 ' L 3 '6 . 

Die Koordinaten der isotropen Brennpunkte der Mittelpunktsellipse 
bzw. der Brennpunktsellipse sind 
(4.4) 

F1M=A1 (o , ~) ; F2B=:A(a , O). 
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Aus diesen Beziehungen ergibt sich der 

SATZ 4.1. Die Mittelpunktsellipse und die Brennpunktsellipse eines 
Kegelschnittbiischels vom Typ llA15 sind kongruent; beide Kurven ]assen 

sich durch die Schiebung { x = x + ~, y = y - ~} aufeinander abbilden. 

BEMERKUNG: Man kann leicht sehen, dafi die Punkte M , L , F1M , 
F2M, Fis, F2s auf der Geraden y =-fax +~ liegen. 

Aus ( 4.2) folgen die Gleichungen 

(4.5) 
a* M a'B 2a * * * * ab - = -- und aMbM =aBbB = !<)' b* M bs v'Jb 6v3 

N ach einiger Rechnung ergeben sich aus ( 4.1) 

a4b2 A2 +? Aa2b2 
(46) (a*)2 - 1 ~ 

· -
1 (4b2 + A2a2 +2Aab)2' 

b* 2 - a4b2 A2 + 2Aa3b3 
( ) - =F 4a2( 4b2 + A2a2 + 2Aab)' 

wobei wir mit a* bzw. b* die nichtisotrope bzw. isotrope Halbachsenlange 
der Hyperbeln 1. Art (- ) bzw. der Hyperbeln 2. Art ( + ) des Biischels 

. bezeichnen; A ist der zugehorige Biischelparameter. 
Wir untersuchen ·die Funktion 

b*(A) V4b2+A2a2+2Aab 
(4-7) g(A) = a*(A) = 2a · 

Durch Differenzieren von g( A) ergibt sich, dafi stets g( A) 2: Yab ist und 

Gleichheit fiir .A= -& gilt . Dieser Parameterwert gehort zu einer Hyperbel 
1. Art. Ihre Halbachsenlangen sind 

(4.8) 

Aus ( 4 .2) und ( 4 .8) folgt aM = a8 ~ ao = J und bM = biJ = bo = 2~ · 

Sei k1 eine beliebige reelle Zahl mit 

kl ./3b 
(4.9) > 2a' 
Nach einiger Rechnung ergibt sich die Gleichtmg 

(4.10) g(.A)= V4b2+.A2a2+2-Aab =k' 
2a 

und diese hat genau zwei .ve.rschiedene f'J'ullstellen, namlich 

(4.11) * b ,\1 = --+ 
a 

3b2 . ' 
--+4k12 a2 . und - 3b: +4k'2 . ' 

a 
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Diese Parameterwerte gehoren entweder ZU Hyperbeln 1. Art oder zu 
Hyperbeln 2. Art. Man kann leicht zeigen, daB die Gleichungen 
( 4.12) a*(,\i) = a*(,\2) und b*(,\i) = b*(,\2) 
gel ten. 

Damit haben wir den 

SATZ 4.2. In einem Kegelschnittbi.jschel vom Typ HA15 der isotropen 
Ebene existieren stets Paare kongruenter Hyperbeln 1. Art bzw. 2. Art. 
Es existiert eine einzige Ausnahmehyperbel 1. Art, zu der es kein ver­
schiedenes kongruentes Exemplar im Biischel gibt; fiir diese Hyperbel ist 
der Quotient der Halbachsenlii.ngen maximal. Die Halbachsenlii.ngen dieser 
Ausnahmehyperbel stimmen mit jenen der Mittelpunktsellipse bzw. der 
Brennpunktsellipse iiberein. 

BEMERKUNG: Man kann auch leicht zeigen, daB <las Verhaltnis der 
Halbachsenlangen der Kegelschnitte zwischen Jsb und ~ Hyperbeln 1. Art 

kennzeichnet. Ist dieses Verhaltnis kleiner als %, dann liegen Hyperbeln 
2. Art im Kegelschnittbiischel vor. 

Im folgenden untersuchen wir noch d!e Halbachsenprodukten der Ke­
gelschnitte des Kegelschnittbiischels. Aus ( 4.6) erhalt man die Funktion 

(4.13) f(A)=a*b*= ja4b2>..2+2,\a3b3j . 
2aJ( 4b2 + ,\2a2 + 2,\ab )3 

Mittels f(>i.) bestimmen wir die Extremwerten von f(,\). Man erhalt 
Extremwerte fiir die Biischelparameter 

(4.14) >..' - 2b ,\' - - 4b >..3' = -~ . 
i-a' 2- a' a 

Nach einiger Rechnung ergibt sich 

/ / / ab 
(4.15) /(,\i) = /(.\2) = /(,\3) = 6v'3' 

Ersichtlich gehoren >..!, >..2 zu Hyperbeln 2. Art, >..3 aber zu einer Hyperbeln 
1. Art . Man zeigt leicht: 

(4.16) a*(,\1 
) =a*(>..' ) = _a_ b* (>..' ) = b*(,\1 

) = _i_ 
1 2 3y'2' 1 . 2 v'6' 

(4.17) a*(>..3) = i• b*(>..3) = 2~· 
Seid ER. mit 0 < d < 6~. Durch Unter~uchung der Gleichung 

( !(
,\)- ja4b2>..2+2>..a3b31 -d 

4
.lS) - 2ay(4b2+>..2a2 +2>..ab)3 - · 



METRISCHE RESULTATE IN KEGELSCHNITTBUSCHELN 123 

ergibt sich, daB diese Gleichung genau 6 verschiedene reelle Nullstellen hat, 
und diese Parameterwerte zu 2 kongruenten Hyperbeln 1. Art und 2 Paaren 
kongruenter Hyperbeln 2. Art gehoren. 

SATZ 4.3. In einem Kegelschnittbiischel vom Typ IlA15 der isotropen 
Ebene existieren stets 6 Kegelsclmitte zu fest vorgegebenem Halbachsen-
produkt < 6~; hierbei 2 Kegelschnitte kongruente Hyperbeln 1. Art, die 

beiden anderen Kegelschnittpaare sind kongruente Hyperbeln 2. Art. Im 
Biischel liegen drei Hyperbeln - eine Hyperbel l. Art und 2 kongruente 
Hyperbeln 2. Art ~ so, daB ihr Halbachsenprodukt den Wert 

6
'Ja annimt. 

Die Hyperbel 1. Art stimmt hierbei mit der Hyperbel 1. Art aus Satz 4.2 
iiberein. 

Die Typen IlA13, 14. 
Aus (1.2) und der Gleichung 2ak1 + b = 0 erhalt man die Normalform 

der Typen IlA13, 14 . .zu 

>.b 2 2 (>. k2) >.bx (4.19) -x +y +2xy --- ---by=O. 
2a 2 2 2 

In der folgenden Untersuchung sei a> 0 wie beim Typ IlA15. GemaB 
(2.1), (2 .2), (2.3) und (2.4) gelten die Gleichungen 

* k2a2 b* __ ak2 /b 
(4.20) aM= 4ak2+2b ' M- 4 y ~' 

* ab+a
2

k2 b* __ b+ak2~ (4.21) aB - B - 2ak2+b ' - 4 -b-2ak2 · 

( 4.22) 

( 4.23) 

Die Mittelpunkte der Mittelpunktsellipse bzw. der Brennpunktsellipse 
haben die Koordinaten 
( 4.24) 

M ( 2a
2 

k2 2b
2 + 3abk2) 

4(b+2ak2)' 4(b+2ak2) · 

An Hand von (4.24) erkennt man, daB die Mittelpunkte und die Brenn­
punkte der Mittelpunktsellipse bzw. der Brennpunktsellipse auf der Grund­
geraden AC liegen. 
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N ach em1ger Rechnung ergeben sich fiir die Halbachsenlangen der 
Kegelschnitte des Biischel die Werte 

->.2a2b2 + 2>.ab3 + 2>.a2b2 k2 
(a*)2=± ' 

( >.2a - 2>.( b+ ak2) + k~a)2 

. ->.2a2b2 +? >.ab3 + 2>.a2b2 k2 
(b*)2=± - . 

4a(>.2a-2>.(b+ ak2) + k~a) 

( 4.25) 

wobei wir w1e m ( 4.6) mit a* und b* die nichtisotrope bzw. isotrope 
Halbachsenlange der Hyperbeln l. Art ( +) bzw. der Hyperbeln 2. Art 
(-) bezeichnet haben und >. der Biischelparameter ist . 

Wir untersuchen wieder das Verhaltnis der Halbachsenlangen der Ke­
gelschnitte. Diese Funktion lautet 

(4.26) 

Durch Differenzieren von (4.26) ergibt sich, daf3 g(>.) ein lokales Mini-
mun fiir · 

( 4.27) >. _ >. * _ b + ak2 
- o- a 

hat . Dieser Parameterwert gehort zu einer Hyperbel 1. Art, i.f. bezeichnet 
mit ho . Die Halbachsenlangen von ho sind 

(4.28) a*(>.*)= a(b+ak2) und b*(,\*)= Vb -(b+ak2) . 
O b+2ak2 O 2 J-b-2ak2 

Aus ( 4.21) und (4.28) kann man ersehen, daf3 
(4.29) as=a*(>.0) un<l bB=b*(>.0) ist . 
Aus ( 4.28) berechnen wir schlieBlich das Verhaltnis der Halbachsenlangen 
der Hyperbel l. Art ho zu 

* ? 

( 4.30) ~* ( >-o) = JbJ--ba-· 2ak2 . 

Sei k1 E JR mit k' > ~:(A(;). Nach einiger Rechnung ergibt sich, daB die 
Gleichun:g 

( 4.31) g(>.) = _>. 2_a_-_2>._(_b_+_a_k_2 )_+_k-=~"--a = k' 
4a · 

-
genau 2 veischiedene N ullstellen hat , namlich . 
( 4.32) . 

b2 b . 
-+2-k2+4k'2 
a2 a 

und 
b2 b . 
2+2-k2+4k12. 
a a 
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Diese Parameterwerte gehoren entweder zu einer Hyperbel 1. Art oder einer 
Hyperbel 2. Art. Kann man zeigen, daB die Gleichungen 

(4.33) a*(,\i) = a*(,\2), b*(,\i) = b*(,\2) 

gel ten. 
Damit haben wir den 

SATZ 4.4. In einem Kegelscbnittbiiscbel vom Typ [A13, 14 der iso­
tropen Ebene existieren stets Paare kongruenter Hyperbeln 1. Art bzw. 
2. Art. Es existiert eine einzige Ausnabmebyperbel 1 .. Art ho, zu der es 
kein verscbiedenes kongruentes Exemplar im Biiscbel gibt . Fiir ho ist der 
Quotient der Halbacbsenliingen maximal. Die Halbacbsenliingen von ho 
stimmen mit den Halbacbsenliingen der Brennpunktsellipse iiberein. 

Wir untersuchen schlieBlich die Halbachsenprodukte der Kegelschnitte 
eines Biischels der Typen [A13, 14. Aus (4.25) folgt fiir die Funktion 
f(,\) = a*b*(>.) 

( 4.34) f(..\)=a*b*(..\)= j..\2a2b2-2,\ab3-2,\a2b2k2! . 

2/Q,J(,\2a-2>.(b+ ak2) + k~a)3 

Mittels !'(,\) kann man die lokalen Extremwerte der Funktion /(>.) 
bestimmen. Sie hat ein lokales Maximum fiir 

( 4.35) 

bzw. 

Nach einiger Rechnung ergibt sich 

I I b2 
(4.36) J(>-. 1 )=f(..\2)=-~ 3v3k2 

Man zeigt leicht , daJ3 ,\1, ,\2 zu kongruenten Hyperbeln 2. Art gehoren. Wir 
berechnen die Halbachsenlangen der vorliegenden Hyperbeln 2. Art zu 

( ) * ( I * ( I J2 b . * ( I ) b* ( \ I ) b 4.37 a ..\1) =a ..\2) = -~ k
2 

. ·und b ..\1 = "2 = J6. 

Durch Untersuchung von f(,\) (4.34) kann man unschwer sehen, daB 
f(X0) =/= J(>-.1) e;ilt. Genauer hat man die folgenden Ungleichungen '. 

Beim Typ [A13 f(>.0) > J(>.'1); Beim Typ [A14 f(,\(}) < f(,\1). 
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Sei dElR mit O<d<d*, wobei d*=max(f(,\0),f(A])). Wir untersuchen 
die Nullstellen der Gleichung. 

(4.38) f(A)=a*b*(A)= ab
2 

JA
2
a-2Ab-2Aak2I =d. 

2.jO. j(A2a-2Ab-2Aak2+kEa)3 

Nach einigen Uberlegungen ergibt sich der interessante 

SATZ 4.5. In einem Kegelschnittbiischel vom Typ HA13, 14 -der iso­
tropen Ebene existieren stets 6 Kegelschnitte - niimlich 2 kongruente 
Hyperbeln 1. Art und 2 Paare kongruenter Hyperbeln 2. Art - der­
art, daB ibr Halbacbsenprodukt einer festen Zahl < d** gleicb ist, wobei 
d**=min(f(A0), f(Ai)) bedeutet. In einem Biischel vom Typ HA13 existiert 
eine Hyperbel 1. Art ho derart, daB ibr Halbachsenprodukt gleicb f(X'fJ) 
ist; es existieren 2 Hyperbeln 1. Art, mit einem Halbachsenprodukt zwi­
schen f(>.0) und f(>.]), und es gibt 4 Hyperbeln - genauer 2 kongruente 
Hyperbeln 1. Art und 2 kongruente Hyperbeln 2. Art - so, daB ihr 
Halbachsenprodukt gleich f( A1

1) ist. In einem Biiscbel vom Typ HA 14 gibt es 
2 kongruente Hyperbeln 2. Art mit maximalen Halbacbsenprodukt f(Aj_); 
es existiert 4 Hyperbeln 2. Art - wobei 2 Paare je kongruent sind -
so, daB ihr Halbachsenprodukt zwiscben f(A'i) und J(A0) liegt. SchlieBlich 
existieren 5 Hyperbeln, deren Halbacbsenprodukt den Wert J(>.0) annimt; 
unter den 4 Hyperbeln von 2. Art sind je zwei Paare kongruent. Eine 
Hyperbel ist von 1. Art. 

5. Zusammenfassung 

In dieser Arbeit untersuchen wir mit analytischen Methoden jene Ke­
gelschnittbiischel der isotropen Ebene, welche vier reelle und verschiede­
ne Grundpunkte bezitzen, wobei mindestens zwei parallel sind und die 
konvexe Hiille der vier Grundpunkte ein nichtzulassiges Dreieck ist. Die 
auftretenden algebraischen Beziehungen werden in der isotropen Ebene 
geometrisch gedeutet. Fur diese Biischeltypen werden metrische Resultate 
angegeben. 

'-
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Let 1 < q < 2 and consider the expansions 

00 

1 = "'£ci/qi, 
i=l 

Such an expansion is not unique in general. The unique expansions were 
investigated in [1]. The aim of the present note is to prove the following 

THEOREM . For every n;::: 1 there exists 2No many q E (1,2) such that 
1 has exactly n + 1 · expansions of the form ( 1). 

PROOF . It is a development of the ideas of the paper [l]. We define a 
desired q by the digits (ci) as follows: q=l if k::;9; ek=O if 9+(i-1)10<k< 
<9-HOi (i= 1, ... , n), q= 1 if k=9+10i (i=l, .. ., n), ck=l if k=9+10n+5j 
(j;::: 0) and €k =0 fot each k with 9+ 10n+5(j-1) < k ~9+10n+5j (j ~ 1) 
except one such k where q can be 0 or I as we wantJe. the digits· are 

(2) a={~. 

n times oo times · 

Here a is arbitrary in each cycle: 

One can obtain .the remaining n expansions as follows: we substitute 
by zero one of the l's before some 9 tuple of zeros _Cl.nd shifting the digit 
sequence (2) until the digit following that 1 we add to (2) (instead of the 
omitted digit) the whole _shifted sequence (2). In this case, obviously, we 
will not have. two 1-digit on the same' place. For ~xample, in case n = 2 the 
three expansions are characteriz~.d by the .digit i:;equences (ck) as follows: 
1) In ... ipo ... ol1bo ... ~1baoo 11 · · 

9 9 .. · · 9 00 
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2) In . . )po . .. ol1bo ... ol1Pao01I 
9 9 9 00 

+ In ... lpo ... ~1po ... ~1paoo1I 
9 9 9 00 

111 . .. 1ibl11 ... 11p .. :ol11oaoo1o~i~aao11 
8 10 8 00 

3) Ii. .. 1p . .. ol1~1oaoo1oaoo1oaoo10aoo10aoo10aoo10aoo1 
g g g ' 

+ yoooooooo1OOOOOOOOOlOaOO1OaOO1OaOOl0 

Ii. . . lpO ... ~l. ... 1Pa0010~01lOa0010aQ.!1..~.~JHlaa01laa01l 
9 10 10 ' 00 

Next we show in three steps that this construction satisfies the re­
quirements of the Theorem. To this consider any q defined by (2) and 
investigate any expansion of 1 in terms of such a q. 

a) If ck= 1 and on some of the places k+ 1, ... , k+8 we have 1,· then 
we can not change ck to 0 (if we do n_ot change ci, ·: ·ck-1)· . 

Indeed, omit ck,;, 1 i.e. replace with zero and add from the k + 1-th 
digit to the shifted expansion itself. There is a k < i < k+9 such that there 
are -trvo l's on the i-th place. Take the first i with this property and replace 
one of the l's by the shifted equation (2) ... Again, we will have two l's at 
the same place; and we can repeat this process indefinitely. We ru:rive in 
this way to the following state: we have an expansion of 1 such that for 
every n :;:;::: k + 1-th place there is one l, there. are places with more than one 
1, but we have ::; n of 1 in the n-th position. Hence 

q, ... ,c·k~i,O, 1, ... . < 1 

k-l 00 

I.e. l> L€N-i+ L q-i, 

i=l i=k+l 

and this means that there is no expansion of 1 beginning with c1, ck""-i• 0. 

. b )If Ck= 0 and we have 0 on some of the places k + 1, . .. ' k + 8, then 
there is no expansion of 1 beginning with q, ... , Ck-1•1. The proof is dual 
in some sense"to that of a): write 1 in place of ck= 0 and beginning from the 
k+l-th place write· the shifted exp;msion (2) with"-" sign. Then we have 
one -1 on some of the places::; k+s, which is not canceled by a 1, further 
we have on the k+9-th place ::;o. We omit the -1 digits at positions :$k+8 
and in order to get still an expansion of 1, compensate them by adding the 
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correspondingly shifted (2) with - sign. Thus we will have :S -1 on the 
k+9-th position, we omit it but compensate by adding the corresponding 
shifted (2) with - sign; after on the k + 10-th, k + 11-th position we will 
have -1 and continuing this process we arrive to the following final state: 
at the positions 2: k + 1 we have :S 0, on some places < 0 and the n-th digit 
is 2: -n. This will be an expansion of 1, hence · 

q, . .. ,c:k-1• 1,0,0, ... > 1, 

i.e. there is no expansion of 1 beginning with c:i, . . . , c k-1 • 1. 
c) Now consider (2) and look for the first digit which we can change. 

According to b) this can be only 1 and according to a) this can be only 
among those n digits, which are followed by nine zeros. Look at the k-th 
such digit, which is C: lQk-1 · We call k-th expansion that one in which 
we omit C:lQk-1 and after, beginning from the lOk-th place we write the 
correspondingly shifted expansion (2) in order to get an expansion of 1 
again. Now we show that the k-th expansion is unique if we fix its first 
lOk - 1 digits. Indeed, in places of indices 2: lOk the 0 is not followed by 
eight 1 digits , hence by b), we can not change O; according to a) we can 
change a digit 1 only in the case it is followed by eight 0. This is possible 
only if C:n = 1, cn+l = ... =En+B =0, En+9=En+lO=1. Change En= 1 by the 
shifted digit sequence (2). Then write the shifted digit sequence in place 
of En+10, after in place of C:n+ll etc.; we can follow the procedure in a) and 
we get that it is not possible to change En= 1. This proves that the k-th 
expansion is unique if we fix its first lOk- 1 digits. At last it is enough to 
remark that there is no other expansion of 1 than the given k-th expansions 
and (2). Indeed, consider any expansion of 1 in terms of q defined by (2). 
Consider the first place where it differs from (2). According to the a) and 
b) this can be only a 1 digit of (2) which is followed by nine zeros. Replace 
this digit of (2) by 0 compensating it by adding a suitably shifted form of 
(2). This coincides with the arbitrary expansion considered in the first lOk 
digits and according to the uniqueness of the k-th expansion (proved above 
inc)) they must coincidence in every digits. The Theorem is proved. I 

REMARK. In the definition of q given in (2) we have used the fact that 
for any given sequence (Ei) with at least two 1 digits and at least one 0 
digit there exists a unique q satisfying (1 ); hence our definition in (2) has 
meaning. The proof is easy and is given in [l]. 
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The aim of the present paper is to prove the following theorem, which 
makes possible to extend the results of M. HORVATH [1] for -1 <a<-~ 
(among others) . 

THEOREM 1. Let a> -1 denote f~a)(x) the normed Laguerre poly-
? 

I x• ( ) 
nomials and vn(x) := J2xa+i · e-T ·fna (x2), x > 0, the normed Laguerre 
functions. Let di > 0 be an arbitrary fixed absolute constant and (3 ~ 0. 
Then we have 

(1) 

(2) 

(3) 

(4) 

x{J L v;( x):::; cv"b=l ·min( x{J, fl), ( x >di > 0), 
a<;;:;n<b 

max x{J L v;(x)xc~·fl; 
x>d1>0 b a<;;:;n< 

/3=-2a-1, 

f3=-2a-1, 

1 
a>--· - 2' 

In (2), (3), (4) we suppose that b-a~c./b with a constant c=c(a, f3,d1) 
sufficiently large. 

PROOF. We know [l] that for a> -1 

(5) xae-x L (f~a)(x))2 = 

a~n<b 
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- i fir e-ixctgt la(-si~~) -i(a+O(l)) 1-e-i(b-a)ip 
-- · ·e 'P. d<.p 

411'-?r sin! (i/t)°' . 1-e-i\O · 

Hence 

(6) x/3 L v~(x)= 
a$n<b 

· fir -ix2ctg cp la (-4) '(b ) 
=x/3+1._i . e .-r. smz ·e-i(a+O(l))i,o.1-e-1 ~a<,od. 

211' -ir sin! (i/t) l -e-1
'P <.p 

First we prove (1). Obviously 

xfi L v~(x) :Sc. xfi+I 1' IJ{-~) 1,sin b~ a 'fl d<.p. 

a$n<b -ir ism!J ~ . 

Taking into account 

x2 
-

1

. '£
1

2'.c>O 
sm~ 

if x >di > 0 and l<f'I S 11' 

and that ((2], p.168, (6)) 

we have 

(7) 

I la(-~) I Sc~' sin! x 

7f 

x(J 'v;(x):Sc·xfJ+l.; 
1 ·lsinb-a<pld<p= 

~ x · l<f'i3/2 2 
a~n<b -11" 

ir !sin b-a<pl 

= c · x/3 J ;, d cp S: cx/3 · ~. 
0 <.p 

Using the "infinite-finite range inequality" or the asymptotic of the La­
guerre functions we get 

max x/3 L v; = max x/3 L v;(x). 
x>d1 >0 a:;5;n<b di <x<co ·Vb a~n<b 

hence ( 1) follows. 
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Now we prove the lower estimate in (2). It is well known that 

Ja(x )=lf· [cos(x-~(a+~))+o(~)] , (x > 0), 

and 
Jcx(-x) =-(-l)crJcr(x) ; 

211' 1T 

([2], p . 168; (6)). Applying (5) and (6) for J in place of J we can estimate 
0 -1!' . 

the part corresponding to the remaining part of (5) as follows: 

2ir 3/2 I . b-a I 1T 

J (sin~) sm. ~cp c . J -.1 c 
. c --. . . 2 ~ dr.p::; 3/2. cp '!dcp ~ 3/2 ~ c, 

x sm z . x . x 
0 . 0 

and the main term is: 
2ir . 

I=ia+l. v12 ·Je -i( xctgz+~+O(l))<p_ sin 9<,0 cos (-x-_ '1Ta _ ~) dr.p . 
471' .yiii · . (sin·'fl3/2 . sin! · 2 4 

0 - ' 

Consider the partition 

1 211'--1-
211' ( b-a )! . (b-a )t 

J = J + J + J 
0 0 I 27r- I 

(b-a)t (b-a)t 

where £ = c( a ) > 0 will be chosen to be sufficiently small in below. 
Here we have 

(8) 
1T 

II2l::;c j rp-1drp::;cy'(b-a)e . 
I 

(b-a)t · 

it+ -it . 
We shall apply the identity cost= eJ in I1 and h· For this define 

I 

(b-a)E · · ( ·rp x ll'a 11' (b+a 0( )) ) b 

J -z ctg7+~--y-4+ z-+ 1 <p sin-Tep 
(9) !11 = e 2 · 312 dcp , 

0 
(sin~) 

I 

(b-a)t ·( t rp x +ll'a+ll'+(b-a+O(l)) ) . b-a 

J . -z ~c g7- sin 'P T 4 2 <p sm~cp 
(10)!12 = e 2 , · . 

312
dcp, 

0 
(sin~) 
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!21T e-i(xctg t+ si:~--T-f+(~+O(l))<p). sin b2a<p d<p 
(11) 131= 

( 
. '£)3/2 , 

1 . sm~ 
21T- Tr::\:" (b-a 1e 

!
2

1T -i(xctg'f-.x +¥+7r+(~+O(l))<p) · b-a 
(l2) J

32 
= sm:;. ~ 4 ~ Sln -y<p d 

e ~ · 3/2 <p, 

1 (sin!) 
21T-(b-a)e 

We know that 
? 

-. 1_ -ctg '.C = 1-cos~ = ~ + O(cp
4

) ~ '.C+ O(cp3). 
sm ! 2 sin ! ~ + 0( <p3) 4 

Let xo :=4 ( a-1+~+0(1)). Then we have 

1 

(13) 
(bj-a)e ic~=~-¥-.!f+O(xo<p3)+(~+0{l))<t>) sin¥<p 

Iu= e . 3/2drp. 

0 (sin!) 

Here O(xocp3) gives a small term after integration, in Iu, namely 

1 
(b-a)e I . b-a I 
J 

sm-y<p s 7 
xorp3 

312 
dr.p ~ c(b+ a)(b- a)-2" · c-'2". 

0 <p . . 
(14) 

We know 
1 1 

(sin~)3/2 = (~)3/2 +O(fo), 

hence 0( fo) gives the following remainder term in Iu 
1 . 

(b-a)e J fo · I sin b ~ a <p I d <p ~ c( b - a)-! · c: - ~ , (15) 

0 

i.e. the main part of Iu is: 

1 
(b-a)e ·(~ ira ir) b . - J -i ::::-w-2-4 sin -a,.-i 

I sm 7 ~rd · 
11 := e · 3/2 t.p. 

0 (!) 
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Because 

hence 
1 

(b-a)e b - _ J -i(~-xo!+O(x0 <p3 )) sin .. t<p 
In - e <P • 3/2 dcp. 

0 (!) 
The remainder term gives after integration 

1 

lb=a)t I . b-a I 
J sm2<p 5 7 

xoc.p3 
312 

dc.p~c(b+a)(b-a)-! · e-!, 
0 <p 

(16) 

hence we have to estimate 

Here 

(17) 

and 

Using 

1 £ 1 
(b-a)e . b-a 0-a (b-a)e: 

In := j e-ixo(~+f) . sm2<p d<p= j + j 
o Ct) 312 

0 

1 
(b-a)e 

J 
6<p2 - - <p2 0 4 

<p2-24 - 4 + (<p ), 

137 

we can estimate the contribution of the remainder term as before. Estimate 
the main term integrating by part: 

1 
(b-a)e J (~-:2)e-ixo(~+f).c.pi.sinb;ac.pdc.p < 

£ r-a 



138 I. JOO 

+ 

<c-1-· 1 ·c-3/2+c-1- · 1 ·c-3/2 
- b+a (b-a)l/2 b+a (b-a)l/2 

Summarizing our estimates we obtain 
5 7 3 5 

(18) 11111:::; c(b+a)(b-a)-! ·c-! +c(b-a)-! ·c-! +c~· ./€+ . 
1 1 3 

+cb+a(b-a)-! ·c-I ~ c~· .Ji. 
Similarly, if we write (27r - c.p) .in place of c.p: 

.1 

(b-a)E ·( <p 1 l!"ll' 11" (Qtl 0(1))) 
I 

- i7ra J e-i -xoctg2-xosin~+2+4- -z-+ 'P. 
32 = -e · -

0 

sin(~+ 0(1)) c.p . . 
£. -17rQ -

· (. '£) 312 dc.p=-e ·Iu, 
sm~ 

we get 

(19) 

Now consider 112· Because xo (ctg '.f-~) = -x~rp + 0( xoc.p3) and sm 7 · 

(20) 

hence 
1 

(21) 

(b-a)t: . b-a 
i( ira + ir ) J Sln --r'f! r;---fi2 - e - T 4 · dr.p ~cvb-a·./i. 

( . '£)3/2 
0 sm~ 
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3 3 . 
Using (sin~)-!= rn-)-1 +O(fo), we get by similar ideas as used above: 

1 
(b-a)t b 

-i( n:a + 11") j sin 2\? Ji 2 -e T T · I d<p 
0 (~)3 2 . 

s-;c~·>/€. (22) 

Because !31=-e-iiro:·f12, hence 

consequently 

(23) 

On the other hand 
1 1 b-a 

_ l (b-a)~ . b-a 'ri"li=(i . +oo . 

(
b-

2
a) 1. J s1~,,~3/. 2 ipd '-''= J s1nu Js1nu 

..,.. .,, u3/2du~ u3/2du, 
0 0 0 

c~o+, 

hence for 0 < c <co we have 
1 

(b-ak 

J sin b-:ai.p ?;i dip~c~, (c>O). 
0 <p 

Taking into account (23) we obtain lli2+131' 2: c( a )Jb=(i. Because II11 + 
132 Is-; cvr;:::G,· ,,fi, hence we obtain III 2: c( a)~ if c > 0 is small enough. 
Thus (2) is proved. 

Now prove (3) and (4) . Because 

x.Bv;(x)=2x.B+2a+l.e-;r
2

. (e~a\x2 ))2 
the singularity disappears at zero at /3+2a+1=0, i.e. /3 = -2a -1 and in 
this case we have 

(24) xf3 L v;(x)=2e-x
2 L [r(a+l)(n:a)]-l · (L~o:)(x2)) 2 . 

a~n<b a~n<b 
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First consider the case 

1. a ?. qb for some 0 < q < 1. 

a) If 0 < x:::; Jh for some small constant 0 < c = c(a) then use ([3], 

(8.22.4), (8.22.5) , p.206) 

(25) e-~ · x~ · L~a) = N-~ f(n :~ + l) Ja { 2(Nx)t} +x1+2 · O(na), 

(a>-1, N=n+a;1, O<xs;~) 
and the remainder term is uniform in x; further take into account Jau x ua, 
u > 0, u ~ 0. Because N x band x 2 s; 5, hence we can apply the last estimate 
in (25) , so we get from (24) 

(26) x/3 L v~(x)xc(a) L n~b2a (l+xa+4 .Q(l)) xba(b-a) . 
a~n<b a~n<b 

b) In this case JES x <di, use ([3], (8.22.6), p.207) 

(27) 

(a >-1, 

we get 

x/3 L v;(x)x 
a~n<b 

x ~ ~ x-2a-lba-t · {cos2 (2xv'n-~ - ~) +-1- · 0(1)} . 
ba ~ 2 4 xVb 

a$n<b 

Here the contribution of the remainder term is x-2a-2 · (bba). Because 

-2a--2<0 hence x-2a-2 . (bba) s;cba(b-a). In the case of-2a-1 SO i.e. 
1 

-~<a we have x-2a-l < ba+11 and so '1- -

(28) x/3 L v;(x)Scba(b-a) . 
a~n<b 

In the case of -2a -1 > O, because -1 <a< -1/2, we have 

(29) 
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Taking into account (26): 

(30) max xfl L v;(x)::::b0 (b-a), (a'?:_qb, a2:--
2

1
, ,8=-2a-1) . 

O<x<d1 b 
a~n< 

In order to prove that (29) is exact, we need the following 

LEMMA. Let a=/= 0 be any fi.xed real number and d > 0. Then 

(31 ) L cosavm=O(l)~(Vb-v'd)+O(l)Vb 
d~m<b 

wbere 0(1) depends (continuously) only on a (independent on band on d). 

PROOF. Investigate the distribution of a· Vm mod 211'. We may 
suppose that a> 0. Let j > 0 be any fixed integer (which may depend on 
b and on d) which will be chosen later and let 0 ~ k < j - 1, 0 ~ l ~ T,rv'b 
integers. Then 

211' 211' 
2l7r+ k-. ~ avm < 2111'+(k+ 1)-. , 

J J 
(32) 

for suitably chosen k and /. If m satisfies ( 32) then 

(33) 

Le. 

211' (1) cosavm=cosk1 +o I 

211' 
cosk-. + 

J 

The contribution of the remainder term is 
a..jb · 1 

Tor J-1[1( ?k+l) ] I: LI 1 2z+j +0(1) = 
i=f,rVd k=O 
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1 f;rVb f;rJb b d 
=-;- L 21+0(1) L 1 x __:::;:_ + O(l)(Vb-Vd). 

J l=.,f;:Vd /=~Id J 
~~ ~~ 

The contribution of the main term is 
a Vb . 1 

Tir J- ? (? )2 [1 ( ?k+l) ] L I:cosk_jrr -: J 21+=-y- +0(1) . 
i={,r/d k=O 

It is known that 
j-1 

2rr 
:Z:::::cosk-. =0, 
k=O J 

hence the main term can be estimated. as follows: 

i.e. 

T,r./b j-1 

L LO(l)=O(l)j(Jb-Jd), 
i="f;rVd k=O 

~ r. r. · b-d r. 
L cosavm= O(l)j(vo- vd)+O(l)-. +O(vb). 

d$m<b 
J 

If j =Vb then the statement of the Lemma follows. 

REMARK. We can prove similarly 

(34) L sinavm=O(l)-Yb(Vb-Vd)+O(Vb). 
d$m<b 

Now we are in the position to prove the exactness of (29). To this let xo >0 
d . 

be any fixed real number, !f,}- <xo <di, then we have by the Lemma 

xg L v~(xo) x ~ L cos2 ( 2xovn- a
2
rr - ~) + O(l)ba(b-a) x 

a$n<b a~n<b 

xb;i+ ~ L cos(4xovn-wr-%)+0(l)ba(b-a)x 
a$n<b 

b-a 1 ~ ( . r.:: r.:: . ) x Vb +Vb L., sm4xovn·cosarr-cos4xovn·smarr ;::::: 
a$n<b 

b - a 1 4r, r. b- a 
x Vb + Vb vb( vb - Va)+ 0( 1) ;::::: Vb . 

Here we have used (31), (34) and the fa.ct that -1 <a<-~. 
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Now investigate the case 
2. a::; qb. 

143 

a) If 0 < x $; ~' co is small then we can follow the calculations of l. a): 

. 1 . 
(35) x/3 L v;(x)x L nan2a (l+xa+4.Q(l)) x 

a$n<b a$n<b 

x L naxba+lxba(b-a). 
a$n<b 

b) In the case of fa::::; x <di we can follow the calculations of 1. b ): 

x/3 L v;(x)x 
a$.n<b 

x ~ 2-x-2a-l.na-~ · {cos2 (2xvn- a?r -~)+-1-0(l)}. 
L.., na · 2 4 xy'n . 

a$n<b : . 

The contribution of the remainder term is x-2a.,... 2(logb-loga). Because 
-2a: - 2 < 0, hence x-2a-2(log b- loga) $; caa+l(log b- loga ). 

. 1 

In the case of -2a: -1::; 0, i.e. -1::; a, we have x-2a-l::; caa+:z so 

(28') x/3 L v;(x) ~ caa+1../b+caa+l(logb-loga). 

a$.n<b 

In the case of -2a: -1>0 i.e. -1 <a:<-~ we get 

(291) x/3 L v;(x)::; cVb+caa+l(log;b-loga). 
a$n<b 

c) If ,fl < x < fa then 

x/3 L v;(x)~x/3 L v;(x)+x/3 L v;(x)=:S1+S2. 

a~n<b a$.n< ~ ~<n<b x¥ x¥ -

Apply for S1 the method used in l. a): 
(36) 

S1=xf3 L v;(x)x L nax ( c
2
)a+l =cx-2!l'-2 ::;cba+lxba(b-a) 

c x 
a$.n< ~ a$n< :! 

x x 

and for S2 the method used in 1. b ): 

S2 = x/3 L v;(x) x 
-:JI::;n<b 
x 
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-2a-1 '"""' 1 { 2 ( a7r 71") 1 } xx L,, - cos 2x,/ii---- +--0(1) . 
c Vn 2 4 xfo 

-.y-Sn<b 
x~ 

The contribution of the remainder term is x-2a-2 (log b- log 1z) :::; ba+l 

because the function f ( x) = x-2a-2 (log b- log xcZ) attains its maximum 

at xo = _fi· 
We can estimate the main term as follows: 

(28") 

if -2a -1:::; 0, i.e. -1:::; a; 

(2911 ) x-2a-l '"""' -
1
-cos2 (2x lfi.- a7r -~) <caa+!'J'b 

L,, Vn yn 2 4 - ' 
!r:Sn<b x 

if-2a-l>Oi.e. -l<a<-i. 

That is the case of a~ -1/2, taking into account (35), (281
), (36), 

(2811
), a:::; qb 

max x/3 L v;(x)xba(b-a), (,8=-2a-1) 
O<x<d1 b 

a~n< 

(37) 

follows. In the case of -1 <a< -1/2, take into account (35), (291
), (36), 

(2911
), a:::; qb 

f3 '"""' 2 b-a x L,, Vn(x):=:;cy'b. 
aSn<b 

(38) 

In order to prove the exactness of (38) it is enough to prove that of (291
). 

Let xo > 0 be any fixed real number ~ < xo <di, then: 

/3 '"""' 2 '"""' 1 2a 1 a 
1 

2 ( a71" 71") x L,, vn(x)x L,, naxo - ·n -!cos 2x0Jii-2-4 + 
aSn<b aSn<b 

+O(l)aa+l(logb-loga) x v'b-va+ L Jn cos ( 4xoJii- a71"-i) = 
aSn<b 

= Vb- ya+ L Jnc sin4xov'n ·cos a7r - cos 4xov'n · sina71" ). 
a~n<b 
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By (31) and (34) we get 2:: costy'n =0(1)x314 , L:: sinty'n = O(l)x3/4 
n<x n$x 

hence summing by part we get 

b 
costy'n b3/4 a3/4 . J . . L =0(1)--0(1)-+0(1) x314.x-312dx=0(1)bl/4, 

Vn 1b 'a a<n<b vo yu. 
- a 

and 

L sintJri = O(l)bl/4, 

a$n<b Vn . 
consequently 

xg L v';(xo)xVb-va+Vbxb:;.{· 
a5:n<b 

Thus we have proved that (291
) and (38) are exact : Hence (3) and (4) is 

proved also in the case of a=o(b). Our Theorem is completely proved. 

At last we remark that 

(39) 
oo n ( (a) 2 

J a -x L Ln (x)) / -rxkd a 
x e I I xke xx n , (a>-1, n=l , 2, ... ), 

0 k=l 
x-xk 

0 < x1 < ... < Xn denote the zeros of the Laguerre polynomial L~0\ x) ([3]); 
where T > 0 and / > 0 are arbitrary real numbers and the implicit constants 
depend only on a, /, T, but independent on n. The upper estimate is 
proved in [4], hence we prove here the lower one. We will need this estimate 
in our next papers. 

THEOREM 2. We have 

(40) 

k2 . 
PROOF. We may suppose that n > no(a,1, r). We know: Xk x n ' I.e. 

in case of Jn:::; k:::; 2Jn we have Xk x 1, hence 

2 2-fo (a) 2 
I>cj'"' ILn (x)I xle-rxkdx> 

- L.J lx-xkl k -
l k=yn 
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. 2 2yn . 2 

'?. c J L JLha\x)J 2dx = cvn J JLha)(x)J 2dx. 
1 k=fo 1 

We know from (27) that 

. IL~a)(x)J 2 xna-l/2 {cos(2vnx- a
2
7r -~)+o(Jn-) }2 

= 

= na-l/2 
{ cos2

( 4vnx- mr-i) + O (Jn)}. 
Using this estimate we can continue our lower estimate as follows: 

2 

cna J ( cos2 ( 4foX-a7r-i) + 0 (Jn)) dx '?_ cna, 

1 

and thus the Theorem 2 is proved. 
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1. Introduction 

Throughout this paper X denotes a finite-dimensional real normed . 
space. 

Let Ube a non-empty open subset of JRxX, and let Ebe an equivalence 
relation in U satisfying the properties (Pl) and (P2). 

(Pl) The equivalence classes are continuous functions whose domains are 
open intervals. . · 

We denote the equivalence class containing (t,x) EU by <f>t,z and the 
domain of </>t,z by It,z · <f>t,z is said to be traject()ry passing through ( t, x ). 

(P2) If (to, xo) EU and J ~ lt0 ,x0 is a compact interval, then there exists a 
neighbourhood V(to,xo,J) of (to,xo) in U such that J ~ It,x for every 
(t,x) E V(to,xo,.Jr). 
Let U* ~ JR. x JR x X and <I>. : U* -+ X be defined by 

U* = { ( s, t, x) : ( t, x) E U, s E It ,z } , 

.P( s, t, x) = <Pt,x( s ). 

We study the continuity of <Pin this paper. It is proved that <Pis continuous 
if X =JR. This problem comes from the problem of the dependence of the 
solutions of an ordinary differential equation on the initial conditions. 

Let U be a non-empty open subset of JR x X, and let f: U -t X be a 
continuous function such that the initial value problem 

{ 
x'(t) = f(t,x(t)) 
x(to)=xo 

has unique solution for every (to,xo) EU. The solution reaching to the 
boundary of U in both directions is denoted by </>to ,xo. Let the domain 
of </>to,xo be the interval lto,xo· Consider the equivalence relation E in 
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U whose equivalence class containing (t,x) EU is <Pt,x· Then E has the 
properties (Pl) and (P2) (see [l]). It is well known that U* is open and «I> 
is continuous in this case (see [l]). 

2. The main theorem 

The following well known result (see [l]) will be useful. 

LEMMA 1. Let X, Z be topological spaces, let X be compact, let Y 
be a metric space, and let f: Xx Z--+ Y. Then f is continuous if and only 
if both x --+ f ( x, z) is continuous on X for each z E Z and also, for each 
zoEZ, f(x,z)-+f(x,zo) uniformly for xEX as z-+zo. 

LEMMA 2. Let U be a non-empty open subset of JR x X, and let E be 
an equivalence relation in U satisfying (Pl) and (P2). 
(i) U* is open. 

(ii) If J( is a compact subset of U, then there exists a compact interval 
Jr t; It0 ,x0 such that (t, <Pt0 ,x0( t)) EU\ [( for every t E It0 ,x0 \Jr. 
PROOF. (i) It is obvious. 

(ii) Since It0 ,x0 is an open interval in JR, It 0 ,x0 is the union of countable 
many compact intervals [an,bn] which can be chosen so that [an,bn] lies 
in the interior of [an+1,bn+1] for n=l,2, .. .. If the result is false we can 
find a sequence {tn} such that tnEit0 ,x0 \[an,bn] and (tn,<Pt 0 ,x0 (tn))EK 
for every n. We can suppose that tn E]a, an[ for each n, where a is the 
left-hand endpoint of It0 ,x0 . 

Since J( is compact there exists a subsequence { tnk} such that 
{(tnk,<Pt0 ,x0(tnk))} converges to a point (a,x) of K. 

Ia,x is an open interval in JR, hence there is a real number c < a such 
that :if= [c,a] C Ia ,x· (P2) shows that there exists a neighbourhood V of 
(a,x) in U such that j C Il ,x for every (t,x) EV. Since {(tnk' ¢>t0 ,x0 (tnk))} 
converges to (a, x), the trajectory passing through (to, xo) has some points 
in V . Hence :if C It 0 ,x0 , and this gives the required contradiction. I 

THEOREM 3. Let U be a non-empty open subset of JR x X, and let E 
be an equivalence relation in U satisfying (Pl) and (P2) . 
(i) If X =JR, then ~ is continuous. 

(ii) If X ;if JR, then in general «I> is not continuous. 

PROOF. (i) Let ( t1 , to, xo) EU*, and let Jr= [a, b] C It0 ,x0 be a compact 
interval containing to and t1 as interior points. (P2) shows that there 
exists a neighbourhood V of (to, xo) in U such that Jr C It ,x for every 
(t, x) EV. Hence Jf x Vis a neighbourhood of (ti, to, xo) in U*. If we prove 
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that <li(s,t,x)-+ <li(s,to,xo) as (t,x)-+ (to,xo) uniformly for sin .]J, then 
<Ii is continuous at (ti, to, xo), by the continuity of the trajectory passing 
through (to,xo) and Lemma l. 

Let co be a positive number. Since {(t,<li(t,to,xo)):tE.JJ} is a compact 
set contained in U and since the complement of U is closed, there is a 
positive number t: <co such that 

Ke={(t,x):tE.JJ and l<I>(t,to,xo)-xl::;c} 

is a subset of U. We can suppose that {(to,x):Jx-xoJ:Sc}CV. Since 
all the trajectories are continuous and since the trajectories are pairwise 
disjoint, it is enough to prove the existence of states x1 and x2 such that 
xo-c:s;x1 <xo<x2:Sxo+c and {(t,<li(t,to,xi)):tEJ}cKe for i=l,2. We 
prove only the existence of x2, the proof of the other case is similar. 

Let IJ! be defined on .Jr by IJ!(t)=<li(t, to, xo)+c. Suppose on the contrary 
that for every x E]xo,xo+c[ there exists Ix E]a,b[ such that <li(tx,to,x) > 
> w(tx). Then for each x E]xo, xo + c[ we can choose tx E]a, b[ such that 
<li(tx, to, x) = IJ!( tx) and <I>( t, to, x) < IJ!( t) for every t between tx and to. 
Since the trajectories are pairwise disjoint we can suppose that tx E]to, b[ 
for every x E]xo,xo +c[. If xo < x < x < xo +t:, then tx < tx . Hence tx-+ t 
as x - xo, where t E]to , b]. Let <li(t,to,xo) < x < w(t), and let a be the 
left-hand endpoint of II x· to< a< t by the choice oft and x. Since all the 
trajectories are continu~us and since the trajectories are pairwise disjoint, 
{(t, <li(t, t,x)): a< t < t} C l{c_. This contradicts Lemma 2. (ii), since Ke is 
compact. 

(ii) We give a concrete example, when X = JR2. Suppose 0 < p::; 1 and 
q > 0. Let f p ,q be defined on IR by 

{ 

q, 
1-p 

fp,q(t)= q+Pzqt, 
q(2-p) p~l 

P 
+ qt, p-

if t :::; 0 or t > 2p 
if 0 < t :Sp 

if p< t ~ 2p 

The graph of f p,q is in the half plane S = { ( t, u) : u > 0} for every possible 
p and q. Suppose (to, uo) ES, and let 0 < p:::; 1 be fixed. It easy to see 
that there is exactly one q > 0 such that fp,q(to) = uo. Thus the graphs of 
the functions fp,q (q > 0) induce a classification of S, which is called the 
classification of S according to p. 

Let So be the half plane { ( t, u, 0) : u > 0}. Let Sw denote So rotated 
about the t-axis through w, where w E [O, 211'[. Consider the classification 
of Sw according to 1 - *. The classes in Sw ( w E [ 0, 271' [) and the class 
{ ( t, 0, 0) : t E IR} induce a classification of IR3 . This classification of JR3 

generates an equivalence relation E in IR3. The equivalence classes of E 
are functions from JR into JR2. It follows that E satisfies (Pl) and (P2). 
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Let x(w) = ( (1-:¥;) sinw, (1-:¥;) cosw ), where w E [0,27r[. Then 

(1-~,0,x(w))EU* and (i-~,O,x(w))-(o,o,(o,o)) 

as w-271"-0. Since <P (l-:¥,r,O,x(w))=(sinw,cosw)-(0,1) as w-2?r-0 
and since <P(0,0,(0,0))=(0,0), <Pis not continuous at (0,0,(0,0)). I 
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1. Multiplicative functions with congruence properties 

Let .At denote the set of all integer-valued multiplicative functions. For 
a fixed positive integer k let Nk be the arithmetical function ·defined in (2] 
by Nk(n):=m if n=:mkr, where risk-free. It is obvious that Nk is a 
multiplicative function and Ni (n) = n for all positive integers n. 

We prove the following theorem: 

THEOREM 1. Let A, B and k be fixed positive integers with the 
condition (A ;B) = i. If a function g E.il and· an integer C :f: O satisfy 
the congruence · · · 

(1) g(An+B) = C (mod Nk(n)) 

for every positive integer n, then there are a non-negative integer a and a 
real-valued Dirichlet character x (mod A) such that 

g(n) = x(n)na 

holds for all positive integers n which are prime to A. 

COROLLARY. Let A and k be fixed positive integers. If the functions 
gi E.At and g2 E.At satisfy the congruence 

g1(An+m):g2(m) (mod Nk(n)) 

for every positive integer. n and m, then. there are a no.n-n~gative integer 
a and a real-valued Dirichlet character x (mod A) such that · · 

gi(n) = g2(n) = x(n)na 

holds for all positive integers n which are prime to A. 
We note that for k = 1 this theorem w~ proved in [5] and for A= 1 

was obtained in [2] and it was stated in this form in [2] with indication of 
a. different (complicated) proof. 
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Similarly as in [2] one can prove Lemma 1 and Lemma 2 below. 

LEMMA 1. Assume that (1) holds for every positive integer n. Then 

g(ab) = g(a)g(b) 

for all positive integers a and b which are prime to A, furthermore g(B)=C. 

LEMMA 2. Assume that (1) holds for every positive integer n. Then 
for each prime QfA there is a non-negative integer a(Q) such that 

(3) lg( Q)I = Qa(Q). 

LEMMA 3. (D. R. HEATH-BROWN [1]) Let q, r ands be three non­
zero integers which are multiplicatively independent, i.e. if qerf sg = 1 
with integers e, f and g then e = f = g = 0. Suppose that none of q, 
r, s, -3qr, -3qs, -3rs or qrs is a square. Then the number N(x) of 
primes :::; x for which at least one of q, r and s is a primitive root satisfies 
N(x) ~ x/(logx)2. 

LEMMA 4. Assume that (1) holds for every positive integer n. Then 
there is a non-negative integer a such that for a(Q) (given in (3)) a(Q)=a 
holds for all primes Qf A. 

PROOF. Lemma 3 implies that there is a gEN such that g is a primitive 
root (mod p) for infinitely many primes p. Let p > A be a prime for which 
g is a primitive root (mod p). Then (A,p) = 1 and we can find an integer 
t such that 

(4) 
(5) 

and 

(6) 

Let 

P = pt + g is prime, 
P= 1 (mod A) 

pn_l 
Rn(P):= P-l (n= 1,2,3, ... ). 

For each positive integer ( m, P) = 1 let r( m) denote the rank of apparation 
of m in the sequence Rn(P). 

We get easily that r(p) = p- l and r(p) =f r(p2), furthermore we have 

(7) r(i)=(p-l)ph-l (h=l,2, ... ). 

Let Q =f p be an arbitrary prime for which ( Q, A)= 1 and 

Wn:=Qi.p(A)pn-1 (n=l,2, ... ). 



ARITHMETICAL FUNCTIONS WITH CONGRUENCE PROPERTIES 153 

Using Theorem 4.1 in [4] there is a positive integer sh for each positive 
integer h such that 

(8) 

By (1) we have 

g [ Q2<p(A) p2skhB] = g [BA ( Q2<p(A) p2skh -1) /A+B] =. C 

(mod N1c [ ( Q2'P(A) P25kh -1) /A]). 

Thus (8) yields 

(9) 

On the other hand by Lemma 1 and Lemma 2 we get 

(10) g [Q2<p(A)p2skhB] =Q2t.p(A)a:(Q)p2skha:(P)g(B) . 

Therefore (9) and (10) imply 

(11) Q2<p(A)a:(Q)p2skha:(P)g(B)=.C (mod Ph) 
for every positive integer h. Since by (8) 

[Q2t.p(A) p2skh) a:(P) = 1 (mod Ph) ' 
we get immediately from (11) that 

Q2<p(A)a:(Q) g(B) = Q2<p(A)a(P)c. 

g( B) = C yields a( Q) =a( P) for all pair of primes ( Q, P) where Qt A and 
P satisfies the conditions ( 4)-(6). Thus we have proved that a( Q) =a 
(constant) . 

LEMMA 5 . Let G(n) := g(n)/na: for all positive integers n which are 
prime to A, where a is defined in Lemma 4. Then G( n) = x( n ), where x 
denotes a real-valued Dirichlet character (mod A). 

PROOF. The proof of Lemma 5 is similar to that of Theorem 6 in [3], 
hence we omit it. 

PROOF OF THEOREM 1. The proof of Theorem 1 follows from Lemmas 
4 and 5 easily. 

PROOF OF THE COROLLARY. Assume that the functions gl E.Jl and 
g2 E .Al satisfy the congruence 

(12) g1(An+m)=:92(m) (mod Nk(n)) 



154 L JOO, B. M. PHONG · 

for every positive integer n and m. The choice m = 1 in (12) by Theorem 
1 yields that there are a non-negative integer er and a real-valued Dirichlet 
character x (mod A) such that gi(n)=x(n)na holds for all positive integers 
n which are prime to A. Therefore (12) gives 

x(An+m)(An +m)°' = x(m)ma::::: g2(m) (mod Nk(n)), 

for all (m,A) = l. Thus we have g2(m) = x(m) ·ma. 

2. Additive functions with congruence properties 

Let .A denote the set of all real-valued additive functions. For a fixed 
positive integer A let ll(A) denote. the class of all arithmetical functions 
D: .N-+ .N for which the following conditions are satisfied: · 

(a) D(n)ID(nm) for all positive integers n and 'm 

(b) for each positive integer m we have 

limsup D{[(Am + l)s -1]/A} . = oo. 
s-+oo (s ,D{[(A.m + 1)8 -1]/A}) 

For example the functions n-+ n and n-+ <p(n) are elements of D(A) for 
anyAE.N. 

We prove the following theorem: 

THEOREM 2 . Let A, B be positive integers and let C be a real number. 
Assume that f E .A and D E :!J( A.) satisfy the congruence 

(13) J(An + B) = C (mod D(n)) 

for all positive integers n. Then f(n ) = 0 bolds for all positive integers n 
which are prime to A. · ' · 

We note that this result improves Theorem 1 of [3] . 

LEMMA 6 . Assume that the conditions 'of Theorem 2 are satisfied. 
Then J(B) = C and 

(14) f(ab) = J(a) + J(b) 

holds for all positive integers a and b with (ab, A)= l. 
PROOF. Let a and b be positive integers with (ab, A)= 1. From the 

con di ti on b) of :!J( A) , for each k > 0 there exists an s such that 

(15) 

with 

D(m)> k 

(ab)'P(A)s -1 
m:= A 
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Since ( m, ab)= 1 we can choose positive integers x, y, u and v such that 

(16) ax=l+Amy, (x,abB)=l 

and 
(17) bu=B+Amv, (u,abx)=l. 

By using (13), (16), (17) and the condition a) of :D(A) we have 

f(aB)+J(x)=f(axB)=f(ABmy+B):C (mod D(m)), 

J(b) + J(u) = J(bu) = J(Amv+ B) = C (mod D(m)) 

and 

J(ab) + J(x) + f(u) = J(axbu) = J(AmT+B) = C (mod D(m)), 

where T:=Amyv+By+v . Therefore 

f(ab)- f(aB)- f(b) + C = 0 (mod D(m)), 

Then (15) implies 

(18) f(ab)- J(aB)- J(b) + C = 0 

for all (ab,A)=l. Applying (18) with a=b=l we have J(B)=C. Replacing 
b=l in (18) we have J(aB)=f(a)+C. Thus (18) yields f(ab)=f(a)+ J(b). 

PROOF OF THEOREM 2. By Lemma 1 we get f(ab)=f(a)+f(b) for 
all (a, b, A.)= 1. Therefore n = Bm in (13) implies 

(19) J(Am+ 1) = 0 (mod D(m)). 

Thus we have 

sf(Am+ 1) = f [(Am+ 1)8
] = 0 (mod D [ 

(Am +Al )
8 

- 1]) . 

This yields f (Am + 1) = 0 from the condition b) of D( A). It is easy to 
verify that J( n) = 0 for all (n, A)= 1. 
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The aim of the present paper is to prove general equiconvergence 
theorems for Fejer means. We consider the Schrodinger operator with any 
complex potential function q: G _..Con any (finite or infinite) interval G, 
with arbitrary (complex) eigenvalues An. These investigations are started 
in Jo6's and SoVEGJARTO's recent work [1], a:nd in Jo6's papers ([2}, [12]) 
where An 2: 0 and the Hermite-Fourier expansions are considered. 

1. Let G be an arbitrary (finite or infinite) open interval on the real 
line, q, q E L}

0
c(G) arbitrary complex functions. Let (uk) (resp . (uk)) 

be a Riesz-basis in L 2( G) consisting of eigenfunctions of the operator 
Lu= -u11 +qu (resp. Lu= -u11 +qu) and having the following properties: 

(1) 
(2) 

supok < oo, 

in case ok > 0 

,\kuk -Luk= uk-1 

supok < oo 

(resp . ok > 0) 

where ,\k and Ok (resp. ,\k and ok) are the eigenvalue and the order of Uk 

(resp. uk)· 
Now let us introduce some notations: 

(3) Rµ(f,x):= L (J,vk)uk(x)(l-~~), (µk=-Jfk), 
I Reyf.r,;1<2µ 

Rµ(f , x) := I: (J, vk) uk(x) ( 1- ~~), (fi.k = jf;); 
IRe~l<2µ 

(f EL2(G) , xEG, µ>0) , where (vk) (resp. (vk)) is the dual system of (uk) 
(resp (uk)) , i.e. (v,t) , (v,t)CL2(G) and (v,t,uj)=(v.tiuj}=8.t,j · 
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The following result holds: 

THEOREM 1: Given any compact interval J{ CG, for all f E L 2(G) 

µ
li_.°&, suP_ IRµ(J, x)-.Rµ(f, x )I= 0. 

xE/1 · 

For f E L2(G), µ > 0 and x±RE G, ·define 

(4) 
1 zj+R(sinµ(y-x)) 2 

Fµ(f,x)=Fµ(f,x,f!-):=; fl1r . ._ . . y-x f(y)dy. 
z-R 

The theorem will follow obviously from .the following assertion: 

PROPOSITION 1: Given any compact interval KcG, for any sufficiently 
small R > 0, and for all f E L2( G), we have 

lim sup IFµ(f,x)-Rµ(J,x)l=O. 
µ-oozEK · · 

Indeed, an analogou.s result holds for Rµ(f,x), too, and it remains only to 
apply the tri~ngle inequality. For the sake of brevity, from now pn we shall 
denote by µk a squa,i:e root of >.k with Reµk > 0 and we set ek := Reµb 
vk := Imµk. 

REMARK 1: If we modify the definition of Rµ, 

R~(J,x):= · · L (f,vk)u.k(x)(1-:~), 
I Re y1'kl<2µ . 

the Proposition 1 and Theorem 1 remain true. 
First we prove the Remark 1. . Denote 

z+R 

Then we have · 

Sµ(f,x) := ~ ·j sinµ(y-x) f(y)dy, 
7r y-x . 

x-R 

<7µ(!,x):= L (f,vk)uk(x). 
gk<µ 

2µ 

R~(f,x) = 2~ J <7t(f,x)dt, 
0 
2µ 

Fµ(J,x) = '>
1 

jst(f,x)dt. 
_µ 

0 . 
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We know ([3], (43)) that 

lim sup JSµ(f ,x)-uµ(f,x)J=O, 
µ--.ooxEK 

for all J E L2(G). 

Since 
2µ . . - . 

JFµ(f,x )-R~(f, x )J ~ 
2
t j JSt(f, x) ~ at(f, q;)J dt 

0 . 

therefore we obtain the statement of Remark 1 at once. 
Now we prove the Proposition 1. Fqr ·the proof we need a lemma. 

LEMMA 1. ([3], Proposition 1, p.359). Given any compact interval 
I< CG, there exists an R > 0 with 

sup L (11ukil£oo(J()ch (Rim0\k"))
2 

<oo. 
µ>O lµ-1 ReJ:\kllS:l 

Let us prove the Proposition 1. 

We know ([3], (66)), that 

sup sup_ ISµ(J,x) -'-i1µ(f,x)J ~ DIJJIJL2(G) 
µ>OxEli. 

for all f E L2( G), where D > 0 is a constant, KC G is an arbitrd y compact 
interval. Therefore 

(5) sup sup_ JFµ(f,x)-R~(J,x)J ~ DllJllL2(G)· . . 
µ>OxEli. . 

Fixing x E ]{ andµ> 0 arbitrary, we define w: G-+ JR by 

(6) w(x+t)={µ~ ' (si~µt)2, if JtJ~R, 
0 otherwise. 

Since ("uk) is a Riesz-basis and ( t'k) is the dual system of ( uk ), we have 

(7) Fµ(f,x)= L(f,vk)(ubw). 
k 

Denote 

(8) 

Then we obtain from (5) 

supsup_ /f,L((ub w)-8*(µ,gk)uk(x))vk) ~DIJJIJL2 (c) · 
µ>OxEA \ k 
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Here taking sup in f we get 

Since ( vk) is a Riesz-basis, therefore 

(9) sup sup_ L j(uki w)- 8*(µ, t?k )uk(x )1 2 5, D1. 
µ>OxEl'i. k 

Denote 

(10) 6(µ, l>k) = -Tµ, flk < -µ, 
{

1 a ? . 

0, l>k 2: 2µ. 
Then we have 

L l(ub w)-8(µ, LJk)uk(x )1 2 5, 
k 

Sc L l(ub w)-8*(µ, t?k)uk(x )1 2 + c LI( 8*(µ, LJk)-8(µ, L>k))uk(x )1 2 5, 
k k 

Sc+c L lvkuk(xf 
12k<2µ µ 

where we nave used (9). But 

L lvkuk(x)l2 5, c2 L (11ukllL''°(K)elvk1R)2 5, 
~<~ µ µ ~<~ 

2µ 2 2µ 

5,-;. L L (llukllLoo(g)ehlR) 5, c2 L 1 S _:_ 
µ i=l 2µ-i$ek$2µ-i+I µ i=l µ 

where we used Lemma 1. 

Hence 

(11) Ll(ubw)-8(µ,ek)uk(x)l 2 5,c. 
k 

Since (uk) is a Riesz-basis there exists a constant co such that for all 
f E L 2(G) 

(12) I: 1u, uk)1
2 s co1u11hun· 

k 

Taking into account (7), (12) and applying the Cauchy-Schwarz inequality, 
(11) and (12) give 

sup sup jFµ(f, x )- Rµ(f,x )IS cllfllL2(G) (for any f E L2
( G)) . 

µ>O:rEI< 
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Now it suffices to show that 

lim supJFµ(J,x)-Rµ(J,x)l=O 
µ-+ooxEK 

for any f from a dense subset of L2( G). But this last property is satisfied 
for any finite linear combination f of the eigenfunctions uk because then f 
is continuously differentiable and Rµ(J, x )- f(x) = 0 O·) forµ suffi\;iently 

large, therefore one can apply a classical result of the theory of Fourier­
series . Hence Proposition 1 and Theorem 1 is proved. 

2. In the next part of this paper we investigate the Gase f E L1(G). 

Let G be an arbitrary finite open interval in the real line. Let ( u k) be 
a Bessel-system i.e. for any f E £2( G) 

L i(uk;f)l
2 

:S collfll~2(0) 
k 

and assume (1 ), (2). Furthermore assume that ( vk) consists of the eigen­
functions of the operator L *v := -v11 + qv with eigenvalues :\k and ( vk) is 
Bessel-system. . . 

THEOREM 2: If q, qELP(G), p> 1,. then for any compact interval KcG 
and for all f E L 1(G) we have 

lim sup IRµ(J, x )-Rµ(J, x )I= 0. 
µ-+ooxEK 

If q, q E L1(G), then for all f E L1(G) we have 

lim IRµ(f, x )-Rµ(J, x )I= 0 a.e. :r E G. 
µ-+oo 

PROPOSITION 2: If q E LP(G), p > 1, then for any compact interval 
]{CG, for any sufficiently small R > 0, and for all J E L1(G), we have 

lim sup jFµ(J,x)-Rµ(f,x)l~O. 
µ-ooxEK 

If q E L 1(G) then for any sufficiently small R > 0 and for all f E L 1(G), we 
have 

lim JFµ(f,x ) -Rµ(J,x)l=O a.e. xEG. 
µ-oo 

REMARK 2: The Proposition 2 and Theorem 2 remain true for R~ 
also. 
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Introduce the operator S Ro 

Ro 

f-t SR0 [!] := ~ j f(R)dR. 
0 . 

~ 
First we prove the Remark 2. 
We consider only the case q E LP( G), p > 1, because the case p = 1 is 

similar. We know ([6], (3.8)) that 

lim sup ISµ(f,x)-aµ(f,x)l=O, for all J EL1(G). 
µ-+ooxEK · 

Since 
2µ 

1 J . IFµ(f,x)-R~(f,x)I $ ~ ISt(J,x)-at(f,x)ldt 
~µ 

0 
therefore we obtain the statement of Remark 2 at once. 

Now we prove the Proposition 2. For the proof we need a lemma. 

LEMMA 2. ((6], Lemma 3.5) We have for ~my Bessel-system (uk) of 
eigenfunctions of order$ m < oo of the operator Lu= -u11 +qu (q E L1( G), 
IGI < oo) with eigenvalues P.k} CC 

sup · L llukllioo(G) < oo. 
µ>O lµ-i.>k 1:51 

Let us prove the Proposition 2. We know ((6], (3.26)) that 
00 

sup sup_ L J ( uki SR0 [wo] )-oo(µ, f2k)uk(x )J · llvkllLoo(c) < oo 
µ>OxEf\. k=l 

where I< C G is an arbitrary compact interval and . 

{
Lsinµt if ltl<R 

wo = w R, ( x + t) = Tr. t , - . , 
µ 0, otherwise. 

{ 

1, µ > l'ki 

oo(µ, ek) = ~, µ = eki · 
0, µ<f2k· 

Obviously, we have 
2µ 

o*(µ,12k)= 2~/ o0(t,12k)dt, 

0 

1 !2µ . . 
w=.- · WRtdt. 2µ , 

0 
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Therefore we get 

I ( uk, SR0 [~J) ...;. 8*(µ, ek)uk(x )l =ls Ro [~uk, w)-8*(µ ; ek)uk(x )JI= 

= ;µ J Silo [(u.,wR,1)-Co(t,e,)u<(x)j dt = 

0 

2µ 

= 2~j (\uk,SRo[wol)-8o(t,ek)uk(x)) dt. 
0 

Using this we obtain 

00 . 

(13) sup sup_ LI ( uki SRQ[wJ)-8*(µ, ek)uk(x)l · llvkllroo(c) S 
µ>OxEl\ k=l 

00 ~ . . • 

S sup sup_ L ;f-j I( ukiSR0 [wol)-8o(t,ek)uk{x)j ·llvkllroo(c)dt < oo. 
µ>OxEl\ k-l -µ . 

We have 

- 0 . 

00 

LI (uk, SRo[w] )-8(µ, ek)uk(x)l · llvkllioo(G):::; 
k=l . 

00 

SL j (uh S R~{w] )-o*(µ, l1k)uk(x )j · llvkllLoo(c)+ 
k=l 

00 

+ L 1(8*(µ, ek)-8(µ, l1k))uk(x )I · llvkllLOO(G) s 
k=l 

- S c+c L I vk uk(x)l · !lvkllLoo(G) 
flk<2µ µ 

where we have used (13) . But 

LI ;k uk(x)J · llvkllroo(G) ~ _:_ L (llukllroo{l<)elvklR) · llvkliLoo{G) S 
flk<2µ µ µ flk<2µ . 

2µ 

~ _:_ L L (llukllLoo(I<)eivklR) · llvkllLoo(G) S 
µ i=l 2µ-i~Uk~2µ-i+l 
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:; _:_I= (' L (11ukll£00(J<)elvk1R) 2) r 
µ i=l 2µ-i$Uk$2µ-i+l 

I 

· ( L llvkllloo(G)) 

1

i.:_~1 < oo, 
2µ- i$Uk$2µ-i+l µ i=l 

where we used Lemma 1 and Lemma 2. 
Hence 

00 

(14) sup sup_ LI ( uk> S Ro[w] )-8(µ , l?k)uk(x >I · llvkllLoo(G) < oo. 
µ>OxEli. k=l 

Denote w Ro:= SR
0
[w]. Because of (14) the series 

00 

L ( ( UkiWRo)-8(µ,gk)uk (x)) vk(t) 
k=l 

converges in L00 (G) for any fixed x E J( and is equal to 

0µ(x,t) :=wR0 (t)- L uk(x)vk (t)(l-~k). · 
Uk<2µ µ . · 

Consequently, by (14) 

(15) sup sup ~l0µ(x, ·)llLoo(G) < oo· 
µ>OxEK · 

On the other hand it is easy to see that 

(16) 
{

w(x+t), · · 

SRo[w] = 2(~o-t)w(x+t), 

0, . 

if Jtl ~ !$;-: . .. 
if 4°- < JtJ ~Ro , 
if !ti> Ro. 

Therefore 

(17) sup sup llwRo -wlfLoo(G) < oo. 
µ>OxEK 

From (15), (17) we obtain 

L00 (G) 

<oo , 
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hence 

sup sup_ IFµ(!, x) - Rµ(J , x)I ~ Mllf 11 Ll ( G) · 
µ>OxEli. 

On the other hand the linear hull of {ud form a dense set in L1(G) . 
Consequently . 

lim sup IFµ(!, x )-Rµ(J, x )I= 0. 
µ-+aoxE/{ . 

Hence Proposition 2 and Theorem 2 is proved. 

3. Now we investigate a special case. 

Denote G=(O, +oo), 

' 2 1 
2 · a -4 

q(x):=-x -2a-2+--2.-, 
x 

where a 2: -~, lka)(x) is the normed Laguerre polynomial. Then we have 

-u'k + quk = >.kuk. We consider three ca.Ses: 

a) J EL2(G), b) J EL1(G), c) f EL1(G), J'(t)(l+t2)EL1{G}, limf =0 . 
. +oo 

a) In this case q E Lt c ( G), hence the conditions are satisfied and the 
statements Proposition 1° and Remark 1 remain true. 

b) In this case q ft. LP(G), but the statements of Proposition 2 and 
Remark 2 re.mai.n true. For the proof we need some Lemmas. · 

LEMMA 3: For any Ro> 0 there exists C(Ro) .such that 

2 sinµt 2 

[ 
R l SRo µ~ f (-t-) cosµktdt -b(µ,l!k) ~ 

< - + -- ch vkRo, c( 1 1 ) · · : 
- µ I+(2µ-ek) 2 1+e~ 

for any µ > 0 and k. 
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PROOF. We can write 
R 

µ
2
7r J (si~µt) 2 

cosµktdt~I1 +h+l3+l4, 

0 

2 J
00

(sinµt)· 
2

. Ii:= µ'Tr -t - cos l'kt d t, 
0 

2 J00

(sinµt)
2 

h := µ7r -t- COSQktdt, 

R 

2 JR(sinµt)
2 

·. !3:=- -- cosgkt(chvkt-l)dt, 
µ'Tr t . 

0 

- i smµt ') .JR( . )2 
!4:= µ: -t- sinektshvktdt. 

0 

lt is well-known 

(18) 
gk <2µ, 

l'k 2: 2µ. 

Now estimate I2. 

Opviously 
oo . oo ', oo 

J, = gk J cost dt-12µ-gkl J co.st dt- 2µ+ek J cost d 
2 µ7r t2 2µ7r t2 2µ7r . t2 :. t, 

l!kR j2µ-uklR . (2µ+gk)R 

where we used sin2 a cos1 = t(- cos(2a - -y) + 2 cos; - cos(2a+ I)) . 
Here 

J

oo cost { 0 U) ' · 
t2"dt= _sinx +O ( 1) · 

x -;r ;J• 

0 < x::; c, 

x>c. 

If f!k < 1 t.hen 

(19) 
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therefore 

(20) 

From (19) and (20) we obtain 

[ 

00 l cost 1 
$Ro f!k J ~dt =0(1)--2 . 

t 1 + (!k 
UkR 

(21) 

Similarly 

(22) SRo [12µ-e1I T c;;t dtl ~0(1)1+(2:-e.J' 
J2µ-uk!R . 

and 

(23) 

From (21), (22), (23) we get 

(24) 1 ( 1 l ) SR0 [I2] = 0(1)- --2 + l (? )2 . · 
. µ 1 + (!k + _µ - f!k 

We have 
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If j2µ-1?kl < 1 or l?k < 1 then 

(25) 
· chvkt-1 . 

[ 
R l SR, / 12 dt ~O(l)chv,Ro. 

If j2µ - l>kl 2:: 1 then twofold integration by parts gives 

R 

J chv1.:t- l 
cos(2µ-1?1.:)t· t 2 dt= 

0 

_sin(2µ-1?k)R chv1.:R-l 1 [ ( ) (chv1.:t-l)']R 
- ? · R2 + ( )2 · cos 2µ -1?k t 2 ~µ-l?k 2µ-l?k t 

0 

~ II 1 .. J ( ( ch v kt - 1) 
-(') )2 cos 2µ-l?k)t· . 2 dt. 

~µ- l?k t 
0 

Here 

JR · ( ' chv1.:t - 1) 
/1 

·:::; . . ·[ ·( chvt1.:
2
t - 1) '] 

0

R cos(2µ - e/.;)t t~ . d t 

0 

b ( 
chvkt-1)

11 d , h . ecause p. oesn t c ange sign. 

[(
chvkt-l)']R= 

00 
(2n-2)vfnR2n-3 = 

t2 I: (2n)! 
0 n.=2 

2 = 2n-2 R2n-2 2 •X> 2n-2 R2n-2 2 
= vk I: vk < vk .I:'vk = vk chv R. 

Rn=
2

(2n-3)!(2n-1)2n - Rn=2 (2n-2)! fl k 

Hence 
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and 

We have 
R 

i J shvkt 14 =-. - (sin(ek-2µ)t+sin(ek+2µ)t-2sinekt)-.-2 -dt. 
2µn t 

0 

First investigate the case f!k > 2µ. We have 

R 

J shvkt 
sin(ek -2µ)t-t2-dt = 

0 . . 
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(!Rsin(f!k--'2µ)t ~ vf
1 

JR. 2/ 1 ) 
='=vk · . t dt+ L...(2l+l)! sm(ek-2µ)t ·t - dt . 

0 l=l 0 

If f!k-2µ<1 then 
R 

Jsin(ek-2µ)tdt=O(l)(ek-2µ)=0(1) 1 . 
t . l+(ek-2µ)2 

0 

If f!k - 2µ?:. 1 then 

R = 

J 

sin(f!k -2µ)t dt = ~ _ cos(ek-2µ)R + J co~s ds = 
t 2 (f!k-2µ)R s2 

0 (Uk-2µ)R 

=~-cos(ek-2µ}R+O(l) 1 . 
2 (ek-2µ)R l+(ek-2µ)2 

Since 

SR [cos(ek-2µ}R] =O ( 1 ) , 
o R f!k-2µ 

therefore if f!k > 2µ then 

( SR [!Rsin(f!k-2µ)t dtl =~+0(1) 1 . 
31) o t 2 l+(ek-2µ)2 

0 . 

Similarly, if f!k - 2µ < 1 then 

J
R R2l+1 

sin(ek-2µ)t·t 21- 1dt=0(1) ( ., 2 . 
l+ t?k--µ) 

0 

If f!k - 2µ 2: 1 then 
R , 

J. ( ")t t21-ldt cos(ek-2µ)RR2,_ 1 +(2l-l) sm f!k - .t.µ · = - . · 
!?k - 2µ t2k - 2µ 

0 ' 
R 

. Jcos(ek - 2µ)t. t21-2 dt = - cos(f!k -. 2µ)R R21-1+0(1) (21- l)R~I- ~ . 
f!k - 2µ 1 + (f!k - 2µ )2 

0 
Since 
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Therefore if I! k - 2µ ~ 1 _then 

SR
0 

·[JRsin(l!k-:--2µ)t·t 21- 1dtl =0(1) ~5t+~ )2 . · 
. 1 + l!k-2µ 

0 

Hence if Ilk > 2µ then 

(32) S14i [/sin(p• -2µ)t ·t"-
1 
dt l = 0(1) 1 + (~,=~µ)2 

Using (31) and (32) we obtain 

R ·i . · . ? shvkt rr · shlvklRo 
SR0 [Jsm(ek- ~µ)t· - 2-dt = vk-+ 0(1) ( )2 . 

t 2 . 1 + l!k -2µ 
. 0 . 

(33) 

Similar calculation gives that for f!k > 0 

(34) 

Finally 

(35) 

From (33)-(35) we have if fJk 2: 2µ then 

(36) 1( . 1 1 ) . SR0 [l4] = 0(1)- )2 +--2 sh lvkl.Ro. 
µ l+(ek-2µ l+ek · 

Now i_nvestigate the case l!k < 2µ. Then 

R R j sin(e\- 2µ )t d t = _ j sin Ill kt...:.. 2µjt d t, 

0 0 

hence 

(37) 
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Thus from (34), (35), (37) we have if l!k < 2µ then 

( ) [ l -ivk . 1 ( 1 1 ) I I 38 SR0 !4 = -?-. + 0(1)- . ( . 
9 

)2 +-.- 2 sh vk Ro. 
_µ µ l+ f2k--µ l+ek 

Using (36), (38) we obtain 
(39) 

{ 

O(l)f; (i ( 1_ 2 )2, + ~) shlvk.IRo, . 
SR [!4) = . + ek µ . l+ek . . 

0 
-~+O(l)t ( l+(Uk

1
_ 2µ) 2 + l~ei) shlvklRo, if l!k < 2µ. 

From (18), (24), (30), (39) the Lemma 3 follows. 

LEMMA 4. Denote 

* JR (sinµ't) 
2 

. . · 
/k:= -t-. smµk(t-lx-(l)dt, 

lx-~I 

where x EK, 0 <: !!;- < R< Ro, 0 < lx-~I < R, Ro< dist(K,8G). Then we 
have ' 

(0::; l?k < 2µ), 

(0 < 2µ ~ f2k)· 

PROOF. First investigate the case 0:::; l!k < 2µ. We will use several 
times the following relations 

sin(x ± iy) = sinx chy±i shycosx, 
cos( x ± iy) = cosx chy =f i sinyshy, 

jsinaj::;jsinaj 1-c:::;jaj 1-c:, , (aElR, 12:c:2:0), 

I 
s1nz I -;- ~ 2ch( Imz); 

Integrating by parts we get 
R 

{zEC). 

* J . (siriµtsinµk(t-jx-(1)) d 
lk = smµt . t2 t = 

lx-~I 

J
R (JR . d ) d . (sihµtsinµk(t- Ix -~I)) d _ 

- smµr r dt . t 2 . · t-

Jx-cl o 
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R R 

= cosµR J _!(·)dt+ ~ ·; · cosµt · _!( ·)dt = 
µ dt µ dt 

Ix-el Ix-el 
R . 

_ sin2µRsinµk(R- Ix - ~I) j cos2 µtsinµ,.(t- Ix -el) d 
- ? R. 2 + 2 t+ -µ t 

Ix-el 
R R 

µk j sin2µtcosµk(t-lx-el)d 1 j sin2µtsinµk(t-1x-el)d 
+ 2µ t2 t - µ - t3 t. 

Ix-el Ix-el 
Since cos2 µt = 1-sin21tt therefore we obtain 

(40) R . 2 . · . ? . . 

* j (smµt) . ( I l)d sm_µRsmµk(R- Ix -el) 2/k =2 -- smµk t- x-e t= 2 + 
t ~R 

Ix-el 
R R 

J sinµk(t-lx-el)d µk j sin2µtcosµk(t-lx-el)d 
+ 2 t+9 t2 t-t -µ -

Ix-el Ix-el 
R 

-~ j sin2µtsinµk(t-1x-el)dt. 
µ - t3 

First we estimate 

Obviously 

Here 
R R 

J sinµkt d _ J 
t2 t-

lx-el Ix-el 
and 

Ix-el 

R 

J sinµk(t- Ix -el) d 
Ii:= t2 t. 

lx-{I 

Ix-el 
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(where the implicit constant depends on c:). -
R 

I = J cosektchvkt d = 0( )-1- ' 
13 2 t 1 I 1 · t x-( 

Ix-<! 
R . · .R 1-c- 1-c 1-c-

/ 

smektshvkt . . J f!k t f!k chvkR 
l14= t2 dt=O(l)chvkR t2 dt=O(l) lx-~!c. 

lx-~I lx-<I 

Hence 

11l-£" ch ')v R I I h'J R 
l=O(' )etk -k O()VkC-Vk 

1 1 Ix - ~le + 1 Ix - ~le + 

0 ( )
·(sineklx - ~I chvklx - ~I + i shvklx - ~I coseklx - ~I) 

+ i lx-~I + 
l'k-c-ch2vkR (l'k-c-+lvkl)ch2vkR 

+O(l) lx-~lc =0(1) lx-~lg ' 

i.e. 

(41) 
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Now we estimate 

R 
h:= j sin2µtcos~;(t-lx:-~l)dt. 

Ix-{! 

Obviously 

Here 

R 

J sin2µt sinµkt d = 
t2 t 0 

lx-~I 
R R 

J .. sinektchvktd . j 
= sm2µt t 2 t+z 

Ix-~[ lx-<I 

and 
R 

J sin2µtcosµkt d _ 
t2 t-

lx-~I 

Using the estimates of In, 112 and fi4 we obtain 

Hence 

(42) 
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Investigate now 

R 

I J sin2µtsinN(t-Jx-(J)d 
3 := t3 t. 

lx-.;I 
Obviously 

Here 
R 

J sin2µtsinµkt d _ 
t3 t-

lx-.;1 
R R 

J sin2µt sinektchvkt d . j sin2µt shvktcosekt d .
1 = --· 2 t+i -t-· t2 t=:h1+ t 32 t t . . 

lx-~I . lx-~I · 
and 

R 

J sin2µtcosµkt d 
t3 t = 

lx-.;I 
R 

= J sin2µt . tJ cos f2kt chvkt d t - i 

lx-~I 

Using the estimates of I21, I22 and I24 we obtain 

Hence 

l-e h R µ·ek ·c vk 
!31=0(1) Jx-(j£ , 

µ 
J33=0(l)lx-ff 

µ · el-c: ch2vkR µ · lvkl ch2vkR 
h=O(l) Ix-lie +O(l) Ix-lie + 

(
sineklx -(I chvklx -(I +i shvklx -(I coseklx - ~I) 

+0(1)µ . Ix -{I + 



ON THE FEJER SUMMABILITY OF EIGENFUNCTION EXPANSIONS 177 

i.e. 

(43) 

From ( 40)-( 43) we obtain 

(44) (
1 l+gl-€) 

1.k=O(l) -+I kl ch4vkR, 
µ x-~ < 

(O:Sek<2µ). 

Now investigate the case 0 < 2µ :S l>k· Integrating by parts we get 

lk = ['i~:µt J ,;nµ,(r-lx-<i)dT] R 

Ix-cl t=lx-cl 

R ( t ) J J · · .. d (sin2 µt) 
. sinµk(r-lx-~l)dr dt -t2 dt= 

Ix-~! x-~I 

sin2 µIx - ~I sin2 µRcosµk(R- Ix -~I) 
= µklx-~12 - . µkR2 + 

R 
1 J ( sin2µt 2sin

2 µt) +- cosµ k (t - Ix - ~I) · µ-.- - d t. 
µk t2 t3 

Ix-cl 
Using the trivial estimates we obtain 

2-€ 

(45) 'Yk=O(l)lµk(lx-~l c: ·chvkR, 
The Lemma 4 is proved. 

LEMMA 5 ([8], Lemma 1): If a~ -i then 

sup L uL(x)~c~. 
x>Oa<k<b 

I 

Let us prove the Proposition 2. First we prove that (analogously to 
(14)) 

00 

( 46) sup sup_ LI ( ub w Ro)- 8(µ, l>k)uk(x )j · luk(Y)I < oo, 
µ>OxEfi k=l 
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uniformly in y on G. 

We know the Titchmarsh-formula 
(47) 

Using ( 4 7) we obtain 

00 

LI( ukiwR0 )-8(µ,ek)uk(x)l · luk_(Y)I ~ -
k=l . . ._ 

Using Lemma 3, Lemma 1 and Lemma 5 we obtain 

(49) %; SR0 [µ~ l ('i~µt) 2 

cosµktdt-0(µ,e,)] · 

1 
·llukll£<X>([() · luk(Y)I = 0(1) µ314 · 

Using Lemma 4, Lemma 1 and Lemma 5 we obtain 

(50) f-1- SRo [x1·+Rq(Ou1.;(()lkd(] · lu1.;(Y)l=O(l)µi-c, 
µµktr 

k=l x-R 
where 0 < t: < 1 is an arbitrary number. Hence from ( 48)-(50) follows ( 46) . 

The proof of the Proposition 2 can be finished as in 2. 
c) We prove the following statement 

THEOREM 3: If f EL1(G), f'(t)(l+t2)EL1(G), limf =0, then for any 
+oo .. ; 

compact interval ]{ C G and for any sufficiently small R > 0 we have 

sup IFµ(J,x)-Rµ(f,x)I = 0 (~) . 
xEJ\ fl 



ON THE FEJER St,JMMABILITY OF EIGENFUNCTION EXPANSIONS 179 

For the proof we need a Lemma. 

LEMMA 6: If a> -1 then 

( 

X? ) 2 

L . fuk(x)dx :Sc 7(xi+I), 
a$k<b XI : 

PROOF. By the Mehler-formula 

00 (a) .. (a) n exp{-(x+y)i:_z} la(2if-,f) 
""'°'en (x)fn (y)z = 

1 
· ('y'XYZ)a , ~ -z i xyz 

where lzl <1 and Ia is the Bessel-function. From this 

(a) (a) __ 1 /exp{-(x+y)r±z}. la (2i'{~~z) ,_l_ . 
ek (x)ek (y)- 2 . 1 ('.jXYZ) k+l dz, rri - z i . xyz z 

r 
where r = S(O, r), r < 1. Taken r-+ 1-0, i.e. z = ei'f', we obtain 

. . ( i~ ) .· 2"' · { (. ) e1
"' } · J ?i !Xy...L:::_ 

(a) (a) . 1 J exp - x+y 1-e''P . a - Y"'ll 1-e'"' 1 
ek (x)ek (y) = - . . . . er • ~drp. 

· 2rr l-e1'f' (i,ftY)ae 1'f'7 e''f' 
0 

Hence 

""'°' (1' xPu;(x)dx) 2 = .1 ._ j2irjt 1' exp{-i'-¥ctgt}. 
~ 4rria 1 sm~ 

a$.k<b d O d d 

(51) 

·x/3+-'I. ·y/3+-r · Ja -~ e- 1'2'""-1----r'f' .~ dxdydrp, 
I · I ( ) ·a ·ti:!! sin b-arp 

sm! stnt 
where d > 0, t > 0. In what follows we use many times the formulas of 
Szego's book [9]. We have 

[xa+!e-~t1a)(x2)]' = 
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(a+~) x0 -1 e-4 e~0)x2 -x0+~ e-~ e~0)(x 2)-2Vkx0+~ e-f e~~il)(x2 ). 
From this we get 

t ? . . t ? . 

(52) j x0+~e-fe~~"i 1)(x 2 )dx= (a+~) 2~j x0-1e-~4a)(x2)dx-
d d 

. t ') ') t 

--1-jxcr+~ e-f e(a)(x2)dx - - 1
- [x 0 +i e-'f e< 0 >(x2)] . 2Vk k 2Vk . k 

d . d 

Investigate the case t 2: d, where d > 0 is an arbitrary fixed number. Then 
we have from (52) 

(53) L (j x•+k'ie("1(x2)dx) 
2 

< 
a9<b d . 

2 

L (j ,o-1,-'iek:~'V)ax) + 
a$k<b d 

+~ L (j x•+k'iek:~ 1V)ax)
2 

+ 
a$k<b d 

( 
) t) 2 +~ L [x 0 -!e-'f e1:~l)(x2 )] 

a$k<b d 

If x > d 1>0 where d 1 is an arbitrary fixed number then the result of Lemma 
1 can be extended for a> -1 (see: [10]), further following the calculation 
in [10] we see that it can be extended for every a E JR. The definition of 

L~a) for a::; -1 (see: (9), p.111). The formula (51) also holds for every 
a E JR. . Hence 

(54) L ([xa-1e-~e~:~l)(x2 )]t)
2 

~cv'h. 
a$k<b - d 

Applying (51) with /3=-1 and a-1 we obtain 

I: (j rk'iel:~'ltx')ax) 
2 

< 
a9<b d . 
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f
2
irft ft 1 ~ 1 _ 1 I ( xy )j lsin9Sol 

Sc jsin~jx 'J.y 'J. la-1 -sin1 . jsinfl- dxdyd)O. 
0 d d 

Since _xv£_ ~ c > 0 therefore using the estimate of la-1 ([11], p.168, (6)) 
Sill 2 

we get 

(55) L (J x"-~,-'i-4:~l)(x2)dx)
2 

< 
a$_k<b d 

f
2irft ft I sin 9Sol 1 1 . 

Sc 
312 

· ;;-·y-dxdyd)O~c~(logtf 
0 d d So 

Similarly, with /3 = 1 and a - 1, we have 

(56) L (J x0+!,-'i-e~':-~1l(x')dx) 
2 

a$_k<b d . _ 

f
2irft ft lsin9Sol 

Sc 
312 

·xydxdyd)OSc~t4 . 
n d d i..p · 

From (53)-(56) we obtain 

L (J u,(x)dx) 

2 

S:c 714
. 

a$_k<b d 

(57) 

Now investigate the case O<t:Sd. We estimate directly using the asymptotic 

formulas for L~a)(x2 ). We distinguish two cases: a) }f StSd, b) O<tS Jk· 
a) It is known ([9], Theorem 8.22.4) 

(58) e-~x~L~a\x)=N-}'.f(k+k~+l) 1a{2(Nx)! }+x~O(k7-~), 

where N = k + a!1, IS x S w, w is an arbitrary constant. From (58) we 
get 

x
2 1 (a) 2 a(k+a+l) ~ 3 ( a 3) (59) e-2xa+1Lk (x )=N-2 k! xJa{2vNx}+x 0 k'I-4 . 



182 S. SZAB6. M. B. TAHIR 

Therefore the error term of L (Ju k ( x) d x) 
2 

is 
a$k<b t 

(60) L (k-h~-L j x'dx) 
2 

Sc I: dsc /b-,fo Sc v'b=O. 
a~k<b t a$k<b v'aJ> a 

It is known ((11], p.168, (6)) 

fT{n-lA· r· 7!'( .1).] ( ~IIm zl)} 
J11(z)=y;; _f;zfcos z- 2 v-k+2 +0 ---;-;;- · , 

j [4112-(2/-1)2] . ' . : . . 
where .4o=l , .4j= IT Bl , z~O, largzl<7T'. Usmg this we have 

i=l . 

d 1 d . . .· .. 

j vx J a { 2Vf1 x} d x = 
1~4 j (cos [ 2Vf1 x - ~ (a+ ~)] + 

t . t 

+~cos[2VNx-~ (a-!)] +O(l)-
1
-. )dx . . 

2VNx 2 2 Nx2 
Integrating by part 

id 1 [ . 7T' ( 1 ) ] sin [ 2 VN d ~ ! (a - ~)] 
- cos 2Vf1 x - - a - - cl x = --------==~-~ 
x 2 2 2dVii 

t 

sin[2Vfit-~(a-i)] 1 jdsin[2Vfix-~(a-i)] . 1 
- 2t./N + 2./N . x2 dx=O(l) tv'N 

t 
Hence 

f
d ~ .. ') _sin [2# d- ! (a+ i)] 

/XJa{-VNx}dx - 314 2,/i·N 
t . 

(61) 

. sin [ 2VNt - ! (a+ 1)] 1 . 1 
- 3/4 +O(l) -;4 =O(l)~;4 · 2,/i·N t·Nv . N 

From (59), (60), (61) we obtain 

(62) L (J u,(x)dx) 
2 

Sc I: k-% Sc v'ba-a' 
a:;:k<b t a:;:k<b 
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where 7f:::; t:::; w. 

b) It is known ([9], Theorem 8.22.4) 

(63) e-~x1'-L~a)(x) =N-7 I'(k+k~+ l) J~ { 2(Nx)!} +x7+20(ka), 

where N = k + atl, 0 < x:::; f. From (63) we get 

(64) e-~ xa+,! L1a)(x2) = N-!f r(k +k~ + l)JXJa(2v'N x) +xa+i O(ka). 

Therefore the error term of L: ( f u k ( x) d x) 
2 

is 
a$.k<b t. · 

(65) 
( 

7r )2 . _a a 9 ~ L x 'J:.ka · J k +'!dx· ::=;c-a-. 
a$.k<b t 

It is known ([11], p.170) J11 (z) x g{~;) if z -o. Using this we have 

c c 
7f Tk 

(66) j JXJa{2v'Nx}dxx j N!fxa+j-dx=O(l)k;/
4

. 

t t 

From (64), (65), (66) we obtain 

(67) 

From (62) and (67) we obtain 

L (J u,(x)dx)

2 

'.".c ~' 
aS,k<b t 

(68) 

where 0 < t:::; d. From (57) and (68) the Lemma 6 follows. 

Let us prove the Theorem 3. Let ]( be an arbitrary fixed compact 
interval KC G, Ro> 0, ~ < R <Ro, x EK, y E G. Count the Fourier-
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coefficients of the function w(x + ·) according to the system { uk} 

R 

(ukiw) = 2-j (sinµt)
2 

(uk(x+t)+uk(x-'-t))dt. 
µ7r t . 

0 

Using (47) 

where 

Hence 

R · R 

2 J (sinµt)
2 

2 J (sinµt)·
2 

(ukiw) =uk(x) µ7r -t- cosµktdt+ µ7r -t- · 
0 0 

x+t 

·~ J q(~)uk(O · sinµk(t-lx-~l)d~dt= 
-µk 

x-t 

x+R 

= uk(x)8(µ, f!k)-uk(x)IR(µ, f!k}+ ~ j q(Ouk(~)tk d~, 
' µµk" 

x-R 

w(x +y) = L uk(x)uk(Y) ( 1- ~~)- f uk(x)uk(y)IR,(µ, f!k)+ 
tlk <2µ k=l 

00 x+R 

+..2... L 2_ j q(Ouk(()!kd(·uk(Y) 
µ7r k=l µk x-R 

where the equality is in L2(G)-convergence in y. Applying SR
0 

operator 
we obtain 
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where the equality is in L2(G)-convergence in y. From (49) and (50) we 
have that in (69) the equality is true in the usual sense also. In (69) 
multiplying by f (y) both sides and integrating on G we obtain 

00 

(70) J SR0 [w(x+y)]f(y)dy= L uk(x)(f,uk) (1-~~)-
0 n<~ 

00 00 

-L:uk(x)·J f(y)uk(y)dy·SR0 [IR(µ,ek)]+ 
k=l 0 

+ 
1
7r f~sRo [7Rq(<)u,(<)7kd\] · lf(y)uk(y). 

µ k=l µk x-R 0 

Integrating by parts 

7 f(y)uk(y)dy = [f(y) J uk(r)dr] 

00 -7 J'(y) j u,(r)drdy = 
0 0 0 0 0 

00 y 

=- J J'(y) J uk(r)drdy. 

0 0 

Using Lemma 3, Lemma 1 and Lemma 6 we obtain 

2) t 
/ u,(r)dr - dy+ 



186 

i.e. 
(71) 
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00 

s; ;,/ lf'(y)l(l +y2)dy. 

0 

00 00 00 

L uk(x) J f(y)uk(y), dy : SR0 [Ik(µ , l!k)] = 0(1); J lf'(y)l(l +y2)dy. 
k=l 0 . 0 

Now we estimate the other sum. Using Lemma 4, Lemma 1 and Lemma 6 
we obtain 
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· ( L llukllloo(I\Ro)) ! · ( ,L Juk(r)dr) ') ! dy'.> 
1$i!k9+1 l~gk9+1 0 . . . . . 

00 2µ 00 00 :::;; J l!'(y)j(_l+y2)dy I: z3/~+c +cµl-€ J lf'(y)j(l+y2)dy· I:·· z2:3/4:::; 
0 ~1 0 ~~ -

00 :::; ; J lf'(y)l(l+y
2
)dy 

0 

where we choose c: such that 1 > c: > t. Hence 

(72) 

. . . 

. 00 [ x+R . l oo 

2_ L ~SR0 J q(Ouk(~)'ykd~ ·f f(y)uk(y)dy= 
µ7r µk 

k=l x-R . ·· 0 
00 

= 0(1)~ j iJ'(y)j(1 -ty2)<ly. 

0 

Obviously 

00 J SR0 [w(x+y)]f(y)dy = 
0 

00 00 

= J ( SR0 [w(x+y)]-w(x+y)) J(y)dy+ J w(x+y)J(y)dy. 

0 0 

Hence 
00 

J ( SR0 [w(x +y)J)-w(x +y)J(y)dy = 

0 

00 y 

- j J'(y) · J (sR0 [w(x+r)]-w(x+r)) drdy= 

0 0 
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00 y 

=- j J'(y)·f (sR0 [w(x+r)]-w(x+r)) drdy. 

0 0 
Taking into account of (16) we obtain 

00 00 J ( SR0 [w(x+y)]-w(x +y)) J(y)dy = 0(1); J lf'(y)j dy. 

0 0 
Hence 

R oo oo 

(73) J SR0 [w(x+y)]f(y)dy= J w(x+y)f(y)dy+O(l); J IJ'(y)jdy. 

0 0 0 
From the definition of w(x + y), (71), (72), (73) and (70) the Theorem 
follows. 
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1. Introduction 

The theory of bilinear systems proves to be a natural extension of the 
linear system theory and plays a more and more significant role in dealing 
with complicated models beyond the scope of the linear theory. A great 
development has been obtained in studying linear systems; we mention 
the description of the structure of systems, controllability, observability, 
constructibility theories, optimal control and their applications. Many 
efficient and beautiful principles are used as the rank conditions of Kalman 
for the controllability and observability, the optimal control principle of 
Pontriagin, the duality principle etc., see (I], (2]. 

However, linear systems are not general enough for the description 
of several phenomena in natural sciences; they can be investigated by 
nonlinear systems. In recent years many efforts have been made in order 
to transform the linear theory to the case of nonlinear systems. It presents 
several difficulties and needs the application of recently elaborated mathe­
matical tools. The intermediate step between linear and general nonlinear 
systems is a class of dynamical systems, namely the bilinear systems. It is 
an area in active development, whose results are applied e.g. in directing 
rockets, in biology, in the problems of environment protection etc. 

As in the case of linear systems, many problems arise here, as the struc­
ture of the system, controllability, observability, constructibility, optimal 
control and their applications in concrete problems. The first step is the 
study of the properties of the systems (controllability, observability); the 
present paper is a contribution to this part of the theory. The paper is 
the description of the reachability sets and the controllability properties of 
bilinear systems defined on a state space e.g. on a differentiable manifold, 
finite dimensional vector space, infinite dimensional Banach space or on .a 
Lie group. Fundamental results are known in describing reachability sets 
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of systems defined on finite dimensional vector space or finite dimensional 
smooth manifolds by the aid of differential geometry, algebra, analysis and 
functional analysis. However these results are still too "general", far from 
the nice rank _criteria of Kalman in the .linear theo~y. 

Ou'r plan is to get nice and more practical controllability crit~ria and 
to describe the reachability sets for some special bilinear systems in order 
to make the applications easier. 

In what follows we intend to give a (necessarily incomplete) list of 
known results in controllability theory. Introduce the following systems 

(1) ±(t) = Ax(t)+N(x(t)),u(t))+Bv(t). _ 

Here 0 ~t < oo and x(t) EX, u(t) EU, v(t) EV for all t? 0, where X, 
U and V are fixed Banach spaces. Further 

A:X-tX B:V-tX 

are bounded linear operators. 
N:XxU-tX 

is a bounded bilinear operator. Now X is called the state space, U and 
V are the spaces of the values of controls. vVe assume that the control 
functions u( t ), v( t) are locally Bochner integrable, or equivalently that 
u( t ), v( t) are strongly measurable and 

llu(t)llu, llv(t)llv E L\0 c([O,oo)), 

see HILLE, PHILLIPS [25], 3.i. By a solution x(t) of (1) we mean a locally 
absolutely continuous function satisfying (1) for almost with t > 0. If we 
require that u(t), v(t) be piecewise continuous control functions then (1) 
must hold in every continuity point. It is known (KREIN [26] Il.2.1. II.3.2.) 
that for any given initial condition x(O)=xoEX the system (1) has unique 
solution which will be denoted by x(t,xo,u,v). Introduce the reachability 
sets 

Rt( xo) := { x( t, xo, u, v): u(t), v( t) are control functions} 

R(xo) := LJ Rt(xo). 
t>O 

Consider now the special case of (1) where B = 0 and X, U, V are finite 
dimensional spaces. 

In this case (1) can be rewritten as 

(2) X(t)~ (A+ ~u;(t)B;) x(t), 

here X = JR.n, U = JR.m, A, Bi E JR.nxn. The control functions ui(t) are 
supposed to be piecewise continuous and the right and left limits exist 
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in the discontinuity points. In this case the structure of the reachability 
set Rt(x) is described in the works of H. J. SUSSMANN, V. JURDJEVIC, 
R. M. HIRSCHORN, J. KUCERA and R. W. BROCKETT. Here we mention 
only some basic facts. F~rst introduce some notions. For two matrices A, 
BE lRnxn introduce their Lie product 

[A,B] :=AB-BA 

A subset of lRnxn is called Lie algebra if it is a linear subspace dosed for 
the action of taking Lie products. The Lie algebra generated by the subset 
.KclRnxn is the smallest Lie algebra containing.K, we denote it by {.K}LA . 
.K 1 c.K is called ideal in .N' if Ni E.N' 1, N E.N' imply [N, N1] E.N' 1 (.N' 1, .N' 
are Lie algebras). For a Lie algebra.N'clR.nxn let · 

/f := { eN1eN2 . . . eNP :p?_ 1, Ni E.N' (i = l ,. . .,p)}. 

The following Lie algebras will be characteristic to the system (2) 

:£:= {A,B1,. .. ,Bm}1A 
:.8:= {B1, ... ,BffihA 

:£o : ={ad~Bi:i=l, .. .,m; k=O,l, .. . }LA . 

where 

ad~Bi :=Bi, ad1Bi := [A,Bi], ad~Bi := [A, ad~-I Bi]. 

Then :£0 is the ideal generated by B1 , ... , Bm in:£. We know 

THEOREM A. ([8] Theorem 4.5) Let x ElR" \ {0} and t > 0, then for 
the system (2) 

1. Rt(x)ceAte}lox 

2. Rt(x) has nonempty interior in eAtdfox. 

THEOREM B. ([16] Theorem 3.6) Take tbe additional assumption that 

[:£o,.1i'](x) = {[L,B]x: L E:£o, BE$} C :B(x). 
Then 

Rt(x)=eAte:fox forall t>O. 

THEOREM C . ([13], Theorem 2.5) Suppose that A= 0 m (2), i.e. 
m 

x(t) = L: Ui(t)Bix(t). Then 
i=l 

1. There exists 0 < t < oo with Rt(x) = R(x) = e.tox for all x E lRn \ {O}. 
2. The system is controllable in lRn\ {O}, i.e. 

R(x)'=lR.n\{O} forall xElRn\{O}, ifandonlyif 
.!to( x) =JR. n for all x E JR n \ { 0}. 
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In 2. below we investigate the controllability of the system (1) with 
finite dimensional state space and control spaces, namely 

(3) X(t)= (A+ t,u;(t)B;) x(t)+ tivj(i)d; 

here A, B1, ... , BmElR.nxn, d1, ... ,drElR.n, djf:.O. 
Using the extension techniques created by V. JURDJEVIC, I. KUPKA 

and G. SALLET [28]-[31] we manage to describe the reachability set of 
(3) from the origin (Theorem 1 ). Then we give necessary and sufficient 
controllability conditions for the system (3). Our result of this type 
presents the direct generalization of the following known result: 

THEOREM D . ([1], 2.3, p.36) The system 

t 

x(t) = Ax(t) = L Vj(t)dj 
i=l 

is completely controllable in Rn if and only if 

rank[D,AD, .. . ,An-l D] = n 

where D := [d1, ... ,dr]· 

In the 3. we study the controllability and the accessibility of the system 
(2). Here we give necessary and sufficient conditio.ns for the controllability 
and for the strong accessibility of some special systems (Theorems 4, 5). 
The conditions given here depend only on the coefficients of the system, 
and they are easily checked. Then some examples are given, too. 

In the 4. we apply the results obtained in 2. and 3. to investigate the 
controllability of linear systems with output feedback. This explains why 
the case rank Bi= 1, i = 1, 2, ... , m, considered in 3., is interesting. 

2. The general case (dj ~ 0) 

Consider the system 

(3) X(t) = (A+ t, u;(t)B;) x(t)+ ti v;(t)d;, 

here A,B1, .. .,Bm E lR.nxn, di, ... ,dr E lR.n and the control functions u(t) = 
= (u1(t), .. . , um(t)), v(t) = ( v1(t), ... , vr(t)) are piecewise continuous. This 
means that for every 0 < T < oo there exists a finite decom position of ( 0, T) 
into disjoint intervals, on every of which u( t) and v( t) are continuous. The 
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equation (3) holds for all t 2'. 0 except for the discontinuity points of the 
control functions. · 

As usual, consider the following polysystem corresponding to (3) 

(4) X(t)= (A+ ~u;(t)B;~ t.v;(t)D;) x(t) 

where A, Bi, Dj are vector fields on Rn defined by A(x)=Ax, Bi(x)=Bix, 
Dj(x)=dj, i=l, ... ,m; j=l, . . . , r . Here Dj is a constant vector field 
corresponding to dj. 

It is clear that the solutions of (3) and ( 4) are the same. 
Introduce the following notations: 

i! :={A, B1, .. .,Bm,D1, .. . ,Dr }LA 
k- --; - - - -

:fo:={adAGi: GiE{B1 , ... ,Bm,D1, .. . ,Dr} , k=O,l, ... }LA 

E ·-{AkoB·Ak1 B · Akld · ·k- .01 ·s-01 l· .- IJ · • · I/ J · S - , , • • · , - , , •• · , , 

l=O,l, ... ; ii, ... ,i1E{l, ... ,m}, jE{l, ... ,r}}. 

Denote E the set of the constant vector fields corresponding to all vectors 
of E; VE (re$p. VE) the linear hull generated by E (resp. E) . 

REMARK: 1. :fo is the ideal generated by B1, ... ,Bm,D1, ... ,Dr in:f. 
2. From the definition of the Lie bracket of two vector fields J, g on 

[f,g](x):= a~~) g(x)- a~~) f(x) 

(sometimes may be defined with the opposite sign) we have 

[G ,D](x)=Gd and [D , F](x)=O for all xEIR.n 

if G(x)=Gx, D(x)=d, F(x)=f, d, fElRn . 

We need the following result : 

LEMMA 1. ([8], Corollaries 4.6 and 4.7) For the system (4) 
(a) R(x) has nonempty interior in IR.n if and only if dim:i(x )=dim{Lx: 

L E:i} =n, 
(b) Rt(x) has nonempty interior in ]Rn for all t > 0 if and only if 

dim:f o ( x) = n. 

LEMMA 2. For the system (4), :f(O) =i!o(O) =VE· 

PROOF. (a) In the first step we show that 

±'={cA+Lo:cEIR., LoE±'o} · 
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Denote JC the set on the right. The inclusion JC C:t is obvious and A, Bi, 
D j E JC. Hence Jl =:£ will follow if Jl is a Lie algebra. The linearity of Jl 
is obvious and · 

[cA +Lo, c' A+ Lb]= c[A, Lb] - c'[A, Lo]+ [Lo, Lb] 
and the right hand side belongs to :lo since :lo is an ideal in:£. Since we 
did not prove the ideal property, we give a short proof of the fact that 
LoE:lo implies [A, Lo]E:lo . Denotei'o:={LoE:lo : [A,Lo]E:lo}. Theni'o 
contains all generating elements ad~Gi of :lo, and it is Lie algebra, too, 
since by the Jacobi identity 

[[Lo, Lo] , A]= [Lo, [Lo, Al]+ [Lo, [A ,Lol] E:lo. 

Hence i'o =:lo as we asserted. 
From here the ideal property of:£ o follows at once. Indeed, let :£ 1 = {LE 

E:t: [L,Lo] E:lo for all Lo E:lo}. This is a Lie algebra (by the above used 
Jacobi identity) and contains all generating elements of .:f (in particular A 
by the above proof). Consequently :£1 =:£, hence :lo is ideal in:£. 

(b) :lo(O) =:£(0) C VE. 
By the remark 2) , every element of :lo(x) is the finite sum of members 

AkoB Ak1 B Akz c i1 . . . iz x 

or 
AkoB Aki B Akld c ii . . . i1 j . 

Replacing x = 0, for LE :lo 

L(O) =I: 'Yi1 ... i1 · Ako Bi1 Ak1 . .. Bi1Akldj EVE 

i.e. :lo(O)CVE. By the point (a) for LE:£, L=cA+Lo we have L(O)= 
= Lo(O) EVE hence :£(0) C VE . . 

(c) VEc:to(O) : 

By the linearity of :lo it is enough to show that E C.:fo(O). From the 
point 2) of the remark we have for all x E !Rn 

k k-A dj =ad J,.Dj(x} E:lo(x) 

BiAkdj = [Bi 1 ad1Dj](x) E:lo(x) . 

We have seen in (a) that :lo is ideal in:£. Hence 

AkOB·Akld · =adk-0ad- ai1D ·(x ) E:lo(x) 
i J A Bi A J 

and by a simple induction we obtain finally 

AkOBi1 Akl .. . Bi/Akldj E.!i?o(x) 
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hence E c:fo(x) for all x E JR.n, specially E c.:fo(O). From (b) and (c). the 
statement of Lemma 2 follows. 

COROLLARY. (through Lemma 1) For the system (4) the statements 
below a.re equivalent: 

(a) R(O) has nonempty interior in JR.n 
(b) Rt(O) has nonempty interior in JR.n for all t > 0 
(c) dim VE =n. 

The following theorem is based on an assertion of R. W·. BROCKETT · 
(see [23], Theorem 4 of 2.1). But his proof is rather sketchy, given 
from engineer's point of view. Here, ur;ing the ·enlargements technique 
of V. JURDJEYIC and I. KUPKA we present a "mathematical" proof. · 

THEOREM l. For the system (3) the reachability set at time t from 
the origin is the linear subspace generated by the set E, i.e. Rt(O) =VE 
for all t > 0. · 

First we introduce the enlargements technique (for details see [28]-[31]). 
Enlargement technique (in our case). 
Now we consider only the system (3) with the control class :P of all 

piecewise constant functions on [O, oo ). Rather than working with (3) it 
will be convenient to work with an equivalent family of vector fields 

:J :~{· A+ f uiBi+ t VjDj: (u1, .. . ,um,vi, .. . ,vr) E JR.m+r ·}. 
i=l j=l ' . 

For F E :J denote exp( tF)x the ·solution of 

As usual we denote 

{
x(t)=Fx(t) 
x(O) = x 

Ag;(t,x) := {exp(t1F1)exp(t2F2) ... exp(tpFp)x: F1, .. . ,Fp E :J, 
ti2:0, t1+ ... +tp=t, p=l,2, ... }, 

the accessibility set of :J at time t from the state x. 

A!J(t,x)= LJ Ag;(s,x). 
O~s::;t 

We see that the accessibility sets of :J and the reachability sets of (3) 
(with :P) are the same. 

DEFINITION: Let :11 and :12 be families of vector fields on JR.n . We say 
that f11 and f12 are equivalent, written f11 ,.,,f12, if 

clAg;
1
(t,x)=clA!J

2
(t,x) forall xEIRn andall t>O. 
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If we denote Sat ( g) := U{ g' : g' ""'g} then Sat ( g) ""'g_ We use :£( g) 
to denote the Lie algebra generated by g_ The Lie saturate of g, LS(g) := 
=Sat (g) n:£(g) will play an important role in our technique to determine 
the transitivity of a given system (see below). We say that a diffeomor­
phism <l>: .IR.n _. JR.n is a normalizer of a polysystem g (i.e. a family of vector 
fields) if 

<l> (cl A:;( t, <l>- l ( x))) C cl A:; ( t, x) for all x E JR. n and all t > 0. 

LEMMA 3. ([30]) 

1. <P is a normalizer of '3 if both <P(x) E clAg;(t,x) and <P- 1(x) E 
E clA:;(t,x) for all x E nr and all t > O 

2. Let Norm(g) := {<l> E Diff(IR.n): <l> is a normalizer of g} and for a 
vector field F and a diffeomorpbism <I> let 

<f>*F( x) := :t <I> (exp( tF)<f>-l ( x)) lt=O 
If g is any polysystem, then LJ { <I>*F: FE g},...., g_ 

<l>ENorm(.9') 

3. If g is any smooth polysystem, then g is equivalent to the closed 
convex hull generated by { >..F : 0 ::; >.. ::; 1, F E g}. The closure is taken in 
the C00 topology on compact subsets of .IR.n. 

The technique to prove the transitivity is based on the following state­
ment: A polysystem g is transitive (i.e. A:;(t, x) = IR.n for all x E IR.n and 
all t>O) if LS(g)(x)=.IR.n for all xE.IR.n. (see [28]-[31]). 

Now we return to our problem. First we prove a simple lemma. 

LEMMA 4. For the system (3) (with ff') or for the family 

g= {A+ f uiBi+ tvjDj:(u,v)E.IR.n+r}, 
i=l j=l 

Ag(t,O)=Ag(t,0) forall t~O. 

PROOF. It is obvious that .4g(t,0) C Ag(t,0). Now let x E Ag(t,O). 
Then there exist 0 :Ss :St, Si ~O, i= 1, .. . ,p, s1 + .. . +sp=s and F1, ... ,FpE 
Eg such that x=(exps1F1) ... (expspFp)(O). Let sp+l =t-s and let 
Fp+l =A E g, then exp(sp+1Fp+1)(0) = 0. Sox= (exps1F1) ... (expspFp) · 
·(exp sp+1Fp+1)(0) and since s1 + ... +Sp+ Sp+l = s +t- s = t, x E Ag(t, 0), 
hence Ag(t,O) C .4g(t,0). I 

THE PROOF OF THE THEOREM 1. We use g to denote the family 
in Lemma. 4. We ha.ve only to show tha.t Ay;(t,O) =VE for a.11 t > O. 
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Indeed by the Lemma 4 As;(t,O) =VE for all t > 0. From the relation 
Rt(O)=A.){(t,O)=VE we obtain the Theorem. 

(a) VE C LS(9i) . We have seen in the proof of the Lemma 2 that if 

d = AkoBi1 . • . Bi
1
Akldj EE, then D(x) = d, DEE and D = ad~0 ad.Bi 1 ••• 

ad Bil afJ. Dj E:i(:J), hence VE c:i(:J). By induction on id= ko + .. . k1 + l 

we can show that >..DE Sat (9i) for all >.. E JR. 
- 1- - - -Forid=O,>..Dj= lim 11(A+>..nDj),butA+>..nDjE9iandbyLemma 

n--+oo 

3, point 3., >..Dj E Sat(.9'). Similarly Bi E Sat(.'Ji). 

Assume that for ::::; id -1 our assertion is true. If ko =f. 0 let G =A, if 
ko =0 let G"=Bi1 , then >..D=adc(>..F) where >..FE Sat (.'Ji) by the induction 
assumption. We have for t > 0 

1 -
±->..FE Sat (.'Ji) (induction assumption) 

t 

hence 

expt ( ±~>..F) x E Asat(S-)(t,x) ~ clAsat(S')(t,x). 

Since clAsat(S-)(t,x)=clAs;(t,x) we obtain 

exp(>..F)x E clA9(t,x) 

(exp(>..F))-
1 x E clA.'}(t,x) 

for all x E IR.n and all t > 0. By Lemma 3, point 1., exp(>..F) E Norm(:J). 
By the point 2. of this Lemma 

(exp>..F}.G E u {<I>. V: VE Sat.'Ji},..., Sat9i,..., :J. 
~ENorm (Sat (.'J)) 

(Here we use the fact that Norm(.'Ji) = Norm(Sat(.'Ji)), so (exp>..F) E 
E Norm(Sat (:J).) 

Now 

(exp >..F). G( x) = dd I (exp >..F)( exp tG)( exp >..F)- 1 x = 
t t=O 

= i_' {etG(x->..J)+>..f} = Gx->..GJ = 
dt t=O 

= G(x)->..D(x) = (G->..D)(x). 

(Here G(x)=Gx, F(x)=f.) Hence G->..D=(exp>..F).GESat.9', for all 
>.. . Using the point 3. of the Lemma 3 we obtain >..DE Sat.'Ji. Since Sat.'Ji 
is convex, VE C Sat9i and hence VE C LS(9i). 
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(b) clA3'(t,O) =VE for all t > 0. 

Let d=AkoBi1 . . . Bi1Akldj, then d= (expt· f D) (0) hence dEAv1/t,0) 

for all t > 0. If d EVE, then d = .t >.ifi, Ji EE, and Ji= ( expt · f Fi) (0). 
z=l 

k 
Let D = t I: >.iFi, then d = (exptD)(O) E Av. (t,O) for all t > 0. We have 

~l · E . 
AvE(t,0) :J VE· From this and from VE C LS(ff), we obtain 

ALS(.9i)(t, 0) :J VE for all t > 0. 

Hence 

clA3f(t,0) :J VE for all t > 0. 

On the other hand, A:J(t,O) C VE and VE is a finite dimensional closed 
subspace in IR.n, clAg;(t, 0) =VE for all t > 0. 

(c) Ag;(t,O)=VE. 
We show that VE is ff-invariant, i.e. Ag;(t,x) ~VE for all t 2: 0 and all 

xEVE. 
Assume indirectly that there is xEVE and s>O such that A,9i(s,x )ivE, 

i.e. there is yEA,g;(s,x) and y<t.VE. Let y=(expt1F1) ... (exptpFp)x 
for some Fi E ff, ti 2: 0, I:ti ~ s. Since x EVE= clA:;(t,O) (for all t > 
>0), there is a series (xn)CA:;(t,0) and Xn-+X as n-+oo. Let Yn= 
=( expt1F1) .. . (exptpFp)xn, then Yn E Ag;(t+s, 0) .and since Xn -+x, Yn -+y 
as n--+ oo, i.e. y E clAg;(t+s,O) =VE, in contradiction with assumption 
that y <f_ VE. We obtain that VE is ff-invariant. . 

With this fact we can consider only the restriction of ff to VE· By 
Lemma 1, or more exactly, by Theorem 3.1 in [8] (Here M = Vg, D =ff, 
:J(D) =i!, Lx(D, t) = A,9i(t,x)), since i!(O) =VE (Lemma 2) we obtain that 
for all t>O the interior of A:f(t,O) relative to VE is dense in A,9i(t,0) [thus, 
in parti~ular A:;(t,O) has a nonempty interior (relative to VE)]. The same 
is true for -ff. 

From this and from cl Ag;( t, 0) =VE and cl (int vE Ag;( t, 0)) =cl Ag;( t, 0) 
we have 

intvEAg;(t,O)nintvEA_g;(t,O)fO for all t>O 

(here int VE denotes the interior in VE)· 

Let x be a common point, x E int vEA,g;(t/2, 0), x E A_,g;(t/2, 0) . Then 

there exists a trajectory x( s) of ff such that x(O) = 0, x( t) = 0, x ( ~) = x E 
E intvEAB'(t/2,0). Here we can apply the maximum principle to show 
that OEintvE'\1(t,O). We can also prove this fact directly. Indeed, 
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0 = (expt1F1) . .. (exptpFp)x; since x E intvEA:,;(t/2 ,0) and (expt1F1) . . . 
(exptpFp) is a homeomorphism of Rn leaving VE invariant, ~e get 

0 E int VE { (exp t1F1) ... (exp tpF p)A,9<( t/2 , O)} ~int vEA.9'( t, 0). 

On the other hand we observe that if x is reached at time t starting from 
x = 0 at t = 0 using the vector fields 

m r 
- - """"" k- """"" k­Fk=A+ Lui Bi+ LviDi , 

i=l j=l 

k=l ... ,p, 

then .Ax is reached at time t starting from x = 0 at t = 0 using the vector 
.fields 

m r 
-,\ - """"" k- """"" k­Fk =A+ Lui Bi+ L.AviDi , 

i=l . j=l 

k=l, ... ,p. 

By this cone property and by 0 E int v E A,9<( t, 0) we obtain A,9< ( t , 0) =VE for 
all t > 0. The theorem is proved. I 

lent 
THEOREM 2. For the system (3) the following statements are equiva-

(i) R(x) =Rn for every x E lRn 

(ii) Rt ( x) = JR n for every x E JR n, t > 0 

(iii) VE= lRn . 

PROOF. First we check the case x = 0. 
(a) R(O)=Rn{:::=>Rt(O)=Rn for all t>0{::::=> VE=Rn. From the Theorem 

1, we have only to show that R(O)=lRn:::::::} VE= Rn. But this follows from 
the Corollary of the Lemma 2. 

(b) (ii)~(iii). Let 

(5) li(t) =(-A-~ uT(t)B;) y(t)-ti vj(t)d; 

If x(t) satisfies (3) then y(t):=x(T-t), 0$t$T satisfies (5) with u*(t)= 
= u(T- t), v*(t) = v(T- t) 0 $ t $ T and conversely. Consequently the 
control (u,v) takes x=x(O) to y=x(T) if and only if (u*,v*) takes y=y(O) 
to x=y(T). now suppose VE=Rn. Denote R(3) resp. R(5) the reachability 

sets of the systems (3) resp. (5). By (a), VE=Rn implies R~~~(O)=Rn and 

then th~re exists a control ( u, v ) with y(O) = 0, y(t/2) = x, i.e. the control 



200 I. J06, N. M. TUAN 

( u*, v*) takes x(O)=x to x(t/2)=0. On the other hand R~~~(O)=JRn implies 

the existence of (u1,v1
) taking x(O) =0 to x(t/2) =y. Now let 

11 11 {(u*(s),v*(s)) O:Ss:S~ 
(u (s),v (s)):= ( '( t) '( t)) t 

u s - 2 'v s - 2 2 < s :st, 
it takes x(O) = x to x( t) = y, hence Rt( x) = IR.n for all x E Rn and t > 0. 
Conversely the only condition Rt(O)=Rn implies VE=IR.n by (a). 

( c) (i ){=:::}(iii). 

If VE= Rn then Rt( x) =Rn, hence R( x) =Rn. Conversely R(O) =Rn 
implies VE=Rn by (a). 

Theorem 2 is proved. I 

REMARK. 1. Using the enlargements technique we can prove the 
transitivity of the system (3) in the following way: 

In the proof of the Theorem 1 we have seen that VE C LS(.'.f)(x), so if 
VE=Rn, then LS(.'.f)(x)=Rn for all x, and hence A.'J(t,x)=Rn for all t>O 
and all x E JR n. The sufficient con di ti on is proved. The necessary con di ti on 
follows from the fact that A.'](t,O) =Rn==? VE= A.'J(t,0) =Rn. 

2. The assertion in the Theorem 2 of V. JURDJEVIC and I. KUPKA 

[30] that A.'J(t, x) contains the affin space x +VE is not true. From the 
proof it follows only that clAg;(t, x) :J x +VE. We give a simple example. 

EXAMPLE: Consider the system satisfying all conditions of the Theo­
rem 2 in [30]: 

±=Ax+ub. 
Let A have at least two different nonzero real eigenvalues, say a and /3, 
and a and b be the eigenvectors corresponding to a and /3 resp. Then 
VE= {µb: µ E JR}. Consider the reachability set A(t,a). Assume that 
a + VE C A( t , a). Then for all A E R there exist u E :P: 

t t 

a+-Ab=eAta+ J eA(t-s)u(s)bds=eat·a+b J e(t-s)l'u(s)ds 

0 0 

i.e. 

a+ >..b = eat ·a+ k · b, 

This happens only if l=eat and k=>. since a and bare linearly independent. 
But a f: 0, t f: 0, so 1 f: eat. The assumption is contradictory. 

In what follows we investigate the special case of (3) when the Bi have 
rank 1, i.e. Bi= bicT for some 0 f: bi, Ci E Rn. Denote 

B := [b1, ... ,bm], D := [d1, ... ,dr], 



ON CONTROLLABILITY OF BILINEAR SYSTEMS I 201 

r(A,B,D) := [B,AB,. .. ,An-1,D,.4D, . . . ,A.n-l DJ 
(i.e. BElRnxm, DElRnxi·, f(A,B,D)ERnxn(m+r)). 

THEOREM 3. Let 

(6) X(t) ~ (A+~ u;(t)b;cr) x(t) + t. v;(t)d; 

The following statements are equivalent 

a) R( x) = JR n for all x E JR n 

b) Rt ( x) = Rn for all x E JR n, t > 0 
c) (i) rankr(A,B,D) = n and 

(ii) For any 1 $ i $ m there exist 1 $ j $ r and l ~ 0, ko, ... , k1 ~ 0, 
i 11 • •• , i1 E { 1, . .. , m} such that cf Ako bi1 cfi A k1 .. . bi1cfi A kt dj i= 0. 

PROOF. By Theorem 2, a)<===?b)<===?VE=Rn. It remains to show that 
VE= Rn <===?c). Suppose first VE= Rn and prove c). 

Since cfvAkPbip+I E JR, the elements of E are Akodj or cAkobi1 , c ER. 

Here we can restrict ourselves to 0 $ ko $ n - 1, since Ako, ko 2 n can be 
expressed as a linear combination of lower powers by the Cayley-Hamilton 
equality. So VE is generated by the vectors AkOdj, Ako bi, 0 $ ko $ n -1, 
1$i$m, 1$j$r, and then VE=Rn implies (i). For any 1$i$m there 
exists g EE with cf g i= 0 (otherwise Ci .l VE= Rn) which implies (ii) . We 
proved that VE= JRn =::::}c ). To prove the converse it is enough to show by 
(i) that Ako dj, Ako bi E VE- The first inclusion is trivial, and the second 
one follows from (ii) since for fixed i there exists an expression 

- T Aklb· T Aki-lb· T Akld· ....io a - ci i2ci2... z1Cz1 Jr 

and hence 
· Akob· -Akob · TAkI b· 'fAkld · E a 1 - 1 Ci ... 11 c11 ;E . · 

The proof is complete. 

COROLLARIES OF THEOREMS 2 AND 3. 1. The system 

X(t)~ (~u;(t)B;) x(t)+ f,v;(t)d; 

is completely controllable in Rn , i.e. R(x) =Rn 'rf x, if and only if the set 

{Bi
1 

.. . Bi
1
drl"2.0, l5:j5:r, 15:i1, .. . ,i1$m} 

I . 
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generates linearly the whole JRn. 
2. The system 

m r 

x(t) = L Ui(t)bicT x(t) + L Vj(t)dj 
i=l j=l 

is completely controllable in JRn if and only if 

a) rank [b1,. . ., bm, di,. . ., dr] = n and 
b) for every 1 $ i $ m there exist 1 $ j $ r and 1 $ii,. . ., i1 $ m such 

that 

3. The system 

x(~) =(A~ u(t)bcT)x( t) + v( t)d 
is completely controllable in JRn if and only if 

a) rank[b,d,Ab,Ad,. . .,An-lb,An-ld] =n and 

b) 3 l: CT A1d:f:0. 

3. The homogeneous-in'."the-state case ( dj = 0 V j) 

Next we take a further restriction on (3) namely that A=O, and dj=O. 
In this case the solution starting from zero is identically zero, so we consider 
only Rt( x ), x :f: 0. . . 

THEOREM 4. For the system 
m 

(7) x(t) =I: ui(t)bicr x(t) 
i=l . 

the following statements are equivalent. 
1° R(x) = JRn \ {O} for every x E. JRn \ {O} 
2° (i) rankB,;,, rankC = n (B = [b1,. .. ,bm], C = [q, ... , cm]) and 

(ii) For every 1 ~ ·i, j ~ m there exist l ~ 0, 1 ~ i1, ... , i1 ~ m such 
that 

cf bi1 cfi ... bi1cfibj :f: 0. 

PROOF. 1° ==>2° By Theorem C, 1° {:==>i'o(x) =lRn 'ix E lRn\ {O} and 
here :lo is the Lie algebra generated by Bi, 1 $ i ~ m, since A = 0. Any 
element of :lo(x) is a linear combination of members of type 

bi1 (cfibi2) (c~bi3 ) ... (c4_
1
bik) (c4x) =abi1 
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hence .:t'o(x) is linearly generated by the vectors bi, so rankB = n. By 
the indirect assumption rank C < n it follows the existence of x -:f:. 0 with 
cf x = 0 for all i = and then .i'o( x) would be { 0}, so (i) is checked. We know 
.i'o(bj) =IR.n hence cT.:to(bj)-:f:, {O} which is the statement (ii). 

2°==}1 °. It is enough to show that every bi belongs to .io ( x), x -:f:. 0. For 
fixed x-:f:,O, rankC=n implies the existence of Cj with cJ' x:;t=O. Consequently 

bjCJ xE.:t'o(x), bj E.:t'o(x). Now take any other index i and a chain between 

cf and bj by (ii). We can suppose that l is the minimal length possible 
and use induction on l. If l ~ 0, i.e. cf bj fO , then 

.i'o(x) 3 [bicT, bicJlx = bi(cTbj)(c] x)-bj(c] bi)(cf x). 

From bj E.i'o(x) we have 

abi =bi( cf bj )(cf x) E .!to( x ), 

Now suppose that for minimal length < l we are ready and take an index 
i with a sequence (ii) .' As we know · · 

.:to(x)3 [bicf, [bi1cli ( ... [bi1cfi,bicf] . . . ]]] x= 

=bicT [bi1cfi, ... [bi1cfi,bjcJ] ... ] x­

-[bi1cfi,. . ., [bi1cfr,bjcT] ... ] bi_cTx=Ji-h. 

Expand the Lie brackets in h· If bjCJ is the first left ~ember, the summand 

belongs to .:t'o( x) since bj E.!to(x ). If the product starts with bik cT, consider 
k . 

only the product from bikc4 to bjcJ. If it is nonzero then by the induction 

hypothesis bik Ei'o(x) and then the whole'member belongs toi'o(x). Thus 
we proved that I2 Ei'o(x), and then Ii Ei'o(x) . Expand the Lie brackets 
in I1; if bic] is not the last factor , then the product from bicf until bicf 

must be zero (as any chain from cT to bj of length < l). Hence 

Ii =bi( cf bi1 )( cfi bi2 ) ••. ( cfr_1 bi1 )( cfi bj )( c] x) = abi, a¥: 0 
so bi Ei'o( x ). Completing the induction we obtain bi E.!to( x) for all i whence 
.!to ( x) = lR. n. Theorem 4 is proved. I 

EXAMPLES . The following examples show that the conditions rankB= 
=n, rankC =n and 2° (ii) of the Theorem 4 are independent of each other. 

1. We consider the system (7) with m = n = 2 

(71
) ± = ( u1(t)b1cf +u2(t)b2cf) x(t). 
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If we choose bi= q = (6), b2 = c2 = (~), then the system can be written as 

±1(t) = u1(t)x1(t) 
±2(t) = u2(t)x2(t). 

It is clear that rankB=rankC=2 and the condition (i) is satisfied but (ii) 
is not. Our system is not completely controllable on JR. 2 \ { 0}, for example, 
one can't steer the state (6) into the state (~). 

2. Consider the system (71
) with bi = (b), b2 = (~), q = c2 = (i). Then 

rankB = 2, the condition (ii) is satisfied, but rankC = 1. In this case the 
system (7') can be written as 

.Xi(t) =u1(t)(x1(t)+x2(t)) 
±2(t) = u2(t)(x1(t) +x2(t)). 

Hence (±1(t)+±2(t))= (u1(t)+u2(t))(x1(t)+x2(t)) . Putting y(t)=xi(t)+ 
+x2(t) we have y(t)=(u1(t)+u2(t)y(t) . The reachable set from 0 for 
this system is {0}. Thus if we choose (x1(0)+x2(0))=0 then for any t , 
x1(t)+x2(t)=O, this means that our system is not completely controllable 
on JR.2 \ {O}. 

3. If in the system (71
) we take bi= b2 = (D, q = (6), c2 = (~) then we 

have 
±1(t) = u1(t)x1(t)+u2(t)x2(t) 
±2(t) = u1(t)x1(t) +u2(t)x2(t). 

For this system rankC=2, the condition (ii) is satisfied, but rankB=l. 
Putting y( t )=x1 ( t )-x2( t) we have y( t)=O. Hence y( t)=y(O)=x1 (O)-x2(0). 
This means that our system is not completely controllable on JR2 \ {O}. 

Consider again the system 

(2) x(t)= (A+ tui(t)Bi) x(t) 
i=l 

with piecewise continuous controls ui(t). 

DEFINITION ([19], p.18). The system (2) is 3trongly acce33ible in 3mall 
time from x # 0 if for every t > 0 the reachability set Rt(x) has nonempty 
interior in IR.n \ { 0} . 

THEOREM E ([8], Corollary 4.7). The system (2) is strongly accessible 
in small time from x I- 0 if and only if .:t'o( x) =Rn. Here 

.:t'o := { ad~Bi: i = 1, .. ., m; k 2: OhA· 

We shall restrict ourselves to the case rank Bi= 1, Bi= bicf. 
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THEOREM 5. In case Bi= bicf the system (2) is strongly accessible in 
small time from any x # 0 if and only if the following three conditions hold 

(i) rank[B,AB, .. . , An-l B] = n, where B := [b1, ... ,bm] . 

. (ii) rank[C,ATC, .. . ,(An-lf C]T =n, where C := [c1,·· .,cm]· 
(iii) For every 1 :Si, j ~ m there exist l 2: 1, 1 :Sill ... , it-l :Sm and ko 2: 0, 

... , k1-1;::: 0 such that 

T Akob T Ak1 b T Aki-lb -LO 
Ci i1 Cjl • .. ii-I Cil-1 j -r . 

PROOF . By Theorem Ewe have to show that .:t'o(x) = JR.n {::::}(i), (ii), 
(iii). 

a) .:t'o(x)=JR.n=:;..(i). 
Since any element of :f!o is a polynomial in the variables A, Bi, ... , 

Bm where there is no monomial Ak, k 2 0, hence any element of .t'o(x) is 
a finite sum 

y = 2::>likAkbi. 

Consequently the vectors bi, Abi, .. . , An-lbi, i = 1, . .. , m , span .:t'o(x) = JR.n 
whence (i) (we used _the Cayley-Hamilton theorem for A). 

b):t!o(x)=lRn 'v'xf;O==>(ii). 
The set 

W : = { x E JR n : cf A k x = 0 for all 1 S i S m, 0 S k S n - 1} 

is a subspace of JR.n and W # {O} if and only if (ii) does not hold. Suppose 
indirectly that there exists 0 # x E W . In .:t'o any element is a polynomial of 
A,B1 , . . . ,Bm with no monomials Ak, k2:0, hence any monomial has the 
form 

T k Dbici A , k 2 0 

where D is some product of A and the B/s. Since Dbicf Akx = 0, we get . 
.:t'o(x) = {O} contrarily to what is supposed. 

c) :t!o(x) = JR.n 'v'x # 0 =>(iii). 

Let 1 :S i,j Sm. By :t!o( bj) = JR.n there exists LE :t!o with cf Lbj # 0. 
Here Lbj is a finite sum 

Lbj = L ai1 , ... ,i1-1 ,ko, ... ,k1-1 A kobi1 cfi Aki ... bi/-I cfr_1 Aki-I bj 

hence there exists a summand for which 

TAkOb· T Akl-Ib ·-LO ci i1 ci1 . . . J r 

whe nce (iii) . 
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d) (i), (ii), (iii)~.:t'o(x)=lRn Vx#O. 
·We shall show that 

Akbi E.io(x) 

it implies .'to(x) = lRn by (i). 

From (ii) it follows the existence ofl:Sj :Sm, Os;ks;n.:.. I with c]' Ak x#O. 
We can suppose that (for fixed x) the number k is the smallest for 

which there exists such an index j. Then 

· · ( ad~B;) x = :t(-1)' G)A'-'b;c) A'x = (-J)'~;cf A'x E.io(x) 
s=O 

i.e: bj E.io( x ). We can sho~ by induction on p that APbj E.io.( x ). Suppose 
this tor 0, ... ,p-1. As we know 

. . k . . .. 

( ad~+PbjcJ) x = iS-1)5 (k: p) Ak+p-sbjCJ A 8 x E.:t'o(x) . 
s=O 

Here the members s < k vanish since c]' A5 x = 0. The members s > k 

belong to .:fo(x) because Ak+p-sbj E.:t'o(x) by the inductional hypothesis . 

Consequently A.PbjCJ Akx E.:t'o(x ), APbj E.io(x) . Now we shall prove that 
AP bi E.:t'o( x) for arbitrary other index i . Take a product of (iii) of the form 

TAkob· TAk1 b· T Aki-lb · -'-0 
Cj 11 Cj l . .. 1/-1 Cj/-1 J r . 

We can suppose that the length l?:. 1 is minimal (for i, j fixed) ~d 
that for fixed bi

1
, • . . , bi

1
_

1 
the number ko is minimal for which cf AkObi1 #0, 

. .. , k1-2 is minimal for which cfi_
2
Akl-2bi1_ 1 

#0, k1-1 is minimal for which 

cT
1
. Akl-IbJ· #0. Now APbi E.:t'o(x) will be checked by induction on l. 
/-1 

di ) l=l. 

This means that cf Akobj # 0 and cf Arbj = 0 (r < ko) . Now 

.:fo( x) 3 [ad~ bjcJ, ad~0 bier] x = 

= [fo(-l)'G)A'-'b;cf A',~(-!}' (~0 )A•o-'b;cf A'] x= 

= LL(-1t+s(~) (~0)Ak-sbj (cJ' As+ko-rbi) (cf Arx)-
s r 
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-LL(-1r+s (:) (~o )Ako-rbi (cf.4r+k-sbj) (c] Asx) =:Ii -h. 
s r 

In Ii every member is a constant multiple of some Ak-sbj. hence 11 E.:fo(x) . 
In h cf A5 x -:f:. 0 only for s = k and then cf Ar+k-sbj =cf Arbj =f 0 only for 

r = ko . Thus h = ( -1 )k+ko bi( cT Ako bj )( c] A k x) whence bi E .:fo( x ). Then 

APbi E.:fo(x) follows by induction on p expanding [ad~bic],ad~o+PbicTJx 
just as above. 

d2) l > ·l. 
Suppose that the statement is proved for 1, . .. , l-1. Consider the prod­

uct of (iii) with the above listed minimality properties. Its subproducts 
are also nonvanishing 

TAk"b · b· T Aklb·~O ci,, is+l ... i1-1 ci1-1 . J r .. 

i.e. the chain between c~ and bj is shorter than l. By the induction 
hypothesis 

APbi,,E.:fo(x) s=l,. .. ,l-1; p20. 
Consider the following element of .:fo(x ): 

[ad~0 bicT, [ad~1 bi 1 cTi, ... , [ad~- 1 bi1_ 1 c~_ 1 ,ad~bjc3] ... ]] x= 

ko T [ ki T [ k1-1 b dk b T] ] =adA bici adA bj1Ci1 • '"' adA i1-1Ci1-1 •a A jCj ... x-

- [ad~1 bi1 cfi,. .. , [ad~1 bi1_ 1 c~_ 1 , ad~ bjc]) ... ] ad~0 bicT x =: l3 -!4. 

In !4 we expand all Lie brackets and expressions ad~; we get a sum of 
products and each product begins with some A8 bir or A8 bj. Since these 
belong to .:fo(x), we get l 4 E.:lo(x). Now expand the written Lie brackets 
in !3. If there exists a bracket where we take the opposite ordered product 
of the components, we get chains between cT and bj of l~ngth < l which 
are all zero. Consequently 

!3 = ad~0 ( bicT) ad~1 ( bi1 cTi) ... ad~-l (bi1_ 1 cfi_i) ad~ ( bjcJ) x E 
E.:fo(x). 

Finally expand all expressions ad1 , ad~ , we get a sum of products where 

the total A-power is Ako+ ... +k1-1+k . Using the minimality property of 
ko, ... , kt-I and k we see that 

!3 =bi (cf AkObi1) ( cfi Akl biz) .. . ( cfr_2Akl-2bi1- 1) . 
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. (cT Aki-I b ·) (c'I.' Akx) =ab· a ..i. 0 11_ 1 1 1 11 r 

whence bi E.'t'o(x). Finally APbi E.'t'o(x) can be checked by induction on p 
as above. 

Theorem 5 is completely proved. I 

REMARK. The chain condition (iii) can be checked by the following 
simple algorithm. Let 

A E JR n x n, 0 ::j; bi 
1 

Ci E JR n 

be arbitrary. We have to know for any pair i , j E {l, ... , m} whether there 
exists a chain · 

CTAkob · cT b· c· Aki-lb · ..i.Q 
1 11 21 · · · 11_ 1 11_ 1 1 r 

(in symbols i ===> j) or not. The algorithm goes as follows. 

First step. Introduce the notation for p, q E { l, .. ., m} 

p-1-q: ~there exists r20 with c~Arbq::f;O. 

To decide whether p--+ q or not, it is enough to compute Ar, 0 :Sr::; n -1 
by the Cayley-Hamilton theorem. Denote 

Ip:= {q E {l, ... ,m} : p-1- q} Jq := {pE {l, ... ,m} :p--+ q}. 

Second step. We compute the sets If, Jj as follows. Let Il:=h J}:=lj 
and we define recursively the sets 

If : = { q E { 1, ... , m} : 3 p E If- l with p -1- q}, 

Jj : = {p E { 1, ... , m} : 3 q E Jj- l with p -1- q}. 

a) If we have computed the sets I[, JJ for 0 :S s, r :S land for some r, 
s we have I[ n lJ f 0 then we conclude i ===> j. 

b) If there exists an 1::; r::; l -1 with If CI[ then If= If +l =If + 2 = .. . 

c) If not, then we compute If+1
• 

We make analogous investigations a ' ), b'), c' ) related to the sets Jj. 
This algorithm decides after finitely many steps whether i ===> j. The 
number of steps is of exponential order in the parameter m. We do not 
know, whether there exists an algorithm with polynomial number of steps. 

EXAMPLES (see [23] p.62). 
1. Consider the system 

(%~m) = (~ ~) (~~gn+uct)(~ 0) (x1(t)) 
1 xz(t) 
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which has the form x=Ax+ubcTx. 
For this system the conditions (i), (ii), (iii) of Theorem 5 are satisfied, 

thus it is strongly accessible in small time from any xfO. This system is not 
controllable on JR.2\ {O} (one can see that the set { xEIR.2 :x1 ~O, x2 ~O, xfO} 
is invariant). This means that the conditions (i), (ii), (iii) of Theorem 5 are 
not enough for the controllability of the system (3) in the case rank Bi= 1. 

2. Consider the system 

(~~go= ( ~1 ~) c~~go +u(t) (~ ~) (~~go. 
This system is controllable on R2 \ {O} , i.e. R(x) = R2 \ {O} Vx f O (By 
Theorem 1 in [46]). 

In [38], D. H. DAO and al. showed that the system 

xk+l =(A+ I>ibicr) xk with detAfO 

is controllable in an\ {O} if and only if the conditions (i), (ii) of Theorem 
5 and the conditions 

(iii') There exists 8 > 0 such that the condition (iii) of Theorem 5 is 
satisfied with ko + ki + ... + k1-1=8. 

(iv)Let J = {k: cT Ak Bf 0, 0 < k :S n2} then a= g.c.d. of J = 1 holds. 
For the discrete version of Example 2., J = {2,4}, thus a= 2. The 

condition (iv) is not satisfied. Consequently in our case (for the continuous 
systems) the condition (iv) is not necessary. The continuous version is 
controllable, the discrete one is not. This means that in this sense the 
discrete systems are not more general than the continuous ones. 

4. Controllability of Linear Systems with Output Feedback 

It seems that the case of rank Bi= 1 happens rarely and is not natural 
because of its instability (with a small change of the elements of Bi the 
conditions rank Bi= 1 may become fail) . Here we want to show (partly) 
that the case of rank Bi= 1 is very interesting and important. It is known 
that the study of bilinear systems with rank Bi= 1 came from the linear 
regular problem with output feedback (see (38]-[42] for discrete case). 

Consider the linear system defined by the following equations: 

{ 

x(t) = Ax(t) + Bu(t) + Dv(t) 

(S) y(t) =CT x(t) 

where x(t)EIR.n, u(t)ERP, v(t)ERr, y(t)E'Rq are the values of state, control 
and output , respectively. Here the controls are assumed to be piecewise 
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continuous functions. A, B, D, C are real constant matrices of order n x n, 
n x p, n x r and. n x q, respectively. 

We a.Ssume that the control u(t) is defined by an output feedback 
mechanism given by the equation 

(9) u(t) = U(t)y(t) 

U ( t) is p x q-matrix control. 

From the equations ( 8 )-( 9) we obtain the following system 

(10) x(t) ~(A+ BU(t)CT)x(t) + Dv(t) 

which can be written as 
r 

x(t) = Ax(t) + L, ukl(t)bkcT x(t) + L, djvj(t), or 
kl j=l 

m r 
(11) x(t) =Ax(t) + L Ui(t)bicT x(t)+ L djvj(t). 

i=l j=l 

Here m=p x q, bi =bcr, ci=c13, ui(t)=ucr13(t) with i=( a-1 )q+ ,8 (a= 1, .. . ,p, 
,8=1, ... ,q). ' 

One can see that the system (11) here is just the system (6) in the 
Theorem 3, and the system ( 11) in case of D = 0 is just the system 
mentioned in the Theorem 5. · 

The question is to find the conditions which insure the controllability, 
the accessibility, the stability or the pole placement, ... of the linear 
systems with output feedback defined by the equations (1)-(2). Applying 
the obtained results for the bilinear systems with rank Bi= 1 (Theorem 
3 and 5) we give here only some results for the controllability and the 
accessibility of the linear systems with output feedback mentioned above. 
The stability and a more detailed study in this area will be considered in 
a later paper. 

First we need a lemma: 

LEMMA 5 (see [39]). 1. Let B=[b1, ... ,bm], C=[c1, ... cm] then 
- - n-1- n-1 rank[B,AC, ... ,A B] =rank[B,AB, ... ,A B] 

- r- T n-1-T T T n-1 T rank[C,A C, .. .,(A ) CJ =rank[C,A C, ... ,(A ) CJ 
- - n-1- n-1 rank[B,AB, ... ,A B;D,AD, ... ,A D]= 

=rank[B,AB, . .. ,An-l B;D, . .. ,An-1D]. 

· 2. For any i, j E {1, .. . , m} there exists k E {1, ... , m} such that bi= bk> 
Cj =ck. . 
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PROOF. l. By definition of. bi and Cj we see that B and C are obtained 
from Band C by repeating every column q times and p times, respectively. 
From this we get the result. 

2. We have 

a) bi= bj if and only if [ i~l] = [ j~l]. 
b) Ci=Cj if and only if i=::j (mod q). 

If i = (a - 1 )q + ,B, j = (a/ - 1 )q + ,81 then let k = (a ·_ 1 )q + ,B'. I 

THEOREM 6. The linear system with output feedback (8)-(9) is com-
pletely controllable if and only if the following conditions are satisfied 

(a) rank[B,AB, ... ,An-I B,D,.4D, .. . ,An-1D] = n 

(b) 3 l E {1, .. . ,q}, 3 j E {1, ... ,r}, 3 k 2:: 0 such that qAkdj #0. 

PROOF. The system (8)-{9) is equivalent to the system (11), and by 
Theorem 3, it" is controllable of and only if · 

(i) rankI'(A,B,D) = n 
(ii) for any 1:::; i:::; m, there exist 1 ::;j:::; r, l?:: O, ko, ... , k1?:: 0, i1, ... , i1 E 

E { 1, ... , m} such that 

-TAko-b· -TAkt b· -T 4.kld.-' 0 ci i1 ci1 ... i,c,, . J -r . 

By the Lemma 5, the conditions (a) and (i) are equivalent. 
Necessity: If the system (8)-(9) is completely controllable we have the 

conditions (i) and (ii) . The condition (a) is obviously true. From the (ii), 
cf,Akldj #0 and ci1 =c13 for some ,BE {l, ... ,q} hence the condition (b) is 
true. 

Sufficiency: If the conditions (a) and (b) are true, we have immediately 
(i). Now let i E {1, ... , m }, since 

rank {B,AB, ... ,An-I B;D,AD, ... ,An-lD] = n, we have 

cf A,\bo: # 0 for some A and a or cf Aµd13 # 0 for someµ and ,8. 

In the second case we are ready. In the first case we have cf A,\bacf Akdj# 
# 0. By the Lemma 5, there exists 'YE {l, ... , m} such that ba = b1', c1 = c1', 
and from this 

cT A,\ b cT A k d · -' 0 
l 1'1' )t 

that is the condition (ii) is proved. We have proved the Theorem. I 

In what follows we consider the case D = 0. Because of the incomplete­
ness of the Theorem 5 we obtain only the result for the accessibility of the 
system. Besides we show that the multidimensional control U(t) can be 
replaced by one dimensional control. 
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THEOREM 7. For the linear system with output feedback 

(12) x(t) = Ax(t) +Bu(t), y(t) =CT x(t), u(t) = U(t)y(t) 

the following statements are equivalent: 

1. The system has strong accessibility property in small time on 
Rn\ {O} 

2. (a) rank[B,AB, ... ,An-lB] =n. 

(b) rank[C,ATC, .. . ,(ATr-1c]T =n 

In this case its feedback matrix U(t) can be chosen such that it depends 
linearly on a R-+ R function. 

PROOF. We need the following result (see [43], Theorem 1) . 

. ( *) Assume that the condition 2. above is satisfied then there is a vector 
b = B g and a vector c =Ch, a matrix ]( sucl1 that for A= A+ B ]( cT we 
have 

- ~-1 
rank(b,A.b, ... ,A b] = n 

-T -T n-1 T rank(c,A c, ... ,(A ) c] =n. 

Now the system (12) is equivalent to the system 
m 

(13) x(t)=Ax(t)+ Lui(t)b{cTx(t)'. 
i=l 

By the Theorem 5, the system (12) has strong accessibility property if and 
only if the conditions (i), (ii), (iii) in the Theorem 5 are satisfied for A., bi, 
Ci, i=l, ... ,m. 

Necessity: Assume that the conditions (i), (ii), (iii) in Theorem 5 are 
true, then by the Lemma 5 the condition 2. is satisfied. 

Sufficiency: Assume that the condition 2. is true, then by the Lemma 
5, the conditions (i) and (ii) in Theorem 5 are satisfied for system (13). 
We have only to prove the condition (iii). Let i, j E {l, ... ,m}. From the 
condition (2) there are a, A and /3, µ such that cfA>..ba of:. 0, cJAµbj of:. 0, 

hence cf A>..brcJAµbj I- 0. By the Lemma 5 there is an index l such that 

ba = b1, c13 =CJ that is cT A)..b1cT Aµbj # 0, which proves the truth of the 
condition (iii). By the Theorem 5 the system has strong accessibility in 
small time on Rn\ {O} . 

Now assume that the system has strong accessibility property in small 
time, that is the condition 2) is satisfied. By ( * ), there is a matrix K, a 
vector b=Bg and a vector c=Ch such that for A=A+BKCT we have 

- --,-n-l -T -T n-1 )T rank[b,Ab, ... ,A b]=n rank[c,A c, ... ,(A ) c =n 
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By the proved result, the system 

x =(A+ BKCT)x(t) + bu(t)c1' x(t) 

has strong accessibility property in small time. It can be written as 

x(t) = Ax(t) +BKCT x(t) +u(t)BghT CT x(t) 

or x(t) = Ax(t) +B{K +u(t)ghT}cT x(t) 

213 

From this one can see that the output feedback matrix U(t) can be 
chosen as 

U(t) = J{ +u(t)ghT 
which depends on only one parameter u(t) and the system has still strong 
accessibility property in small time. I 
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1. Introduction 

We consider the following bilinear control systems 

x(t) = Ax(t) +u(t)Bx(t) 

x(t) = Ax(t) +u(t)Bx(t) +u(t)b. 

where x(t) E JR.2, A and B are nonzero matrices in JR2X 2, bis a nonzero 
vector in JR.2 , the control u(·) is assumed to belong to a class of admissible 
controls. 

We mention some basic concepts for controllability theory. As usual we 
denote x(t, xo, u( · )) the solution of (1) (or of (2)) with the initial condition 
x(O) = xo. The accessibility sets are denoted by Rt(x) or R(x), where 

Rt(x) := { x( t, x , u(-)) : u(-) is admissible control} 

R(x) = LJ Rt(x). 
t2::0 

We say that the system (1) is (completely) controllable on R.2\ {O} if for 
each x:f0ElR2, R(x)=JR.2 \{0}. Similarly the system (2) is (completely) 
controllable (on JR. 2) if for all x E JR. 2, R( x) = JR. 2. 

The system ( 1) is sometimes called homogeneous system and the sys­
tem (2) is called affine system. 

The controllability of homogeneous systems (1) in a state of dimension 
n was examined in a number of publications (see for example [4], [5] , [13], 
[14], [19], {29], [43], [45], [46], [48]) . For linear systems x = .4x +Bu , the 
necessary and sufficient controllability condition is well known, so-called 
Kalman controllability rank condition ([1], [2]), which depends only on the 
coefficient matrices. It is very natural to try to find similar controllability 
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, 

conditions for bilinear systems. In general it seems to be very difficult. 
The reason is the following: the behaviour of the accessibility sets depends 
strongly on the Lie-algebra of the system at each state. General non-linear 
system~ in the plane were studied by L. R. HUNT [36J and 0. HAJEK 
[47]. In [36} a geometric sufficient controllability condition and a necessary 
condition for the system x=f(x)+ug(x) have been given. In 0. HAJEK's 
book [4 7] the local behaviour of the system x = u f ( x) + ( 1 - u )g( x) was 
examined: the classification of critical and non-critical points of the system, 
the point controllability, attainable set boundaries and a version of the 
bang-bang theorem were stated (chapters 4, 5). The homogeneous bilinear 
systems ( 1) in a low-dimensional state space were discussed in more detail 
[43]. For the two-dimension case LEPE [29] gave necessary and sufficient 
controllability conditions for the system (1) in the case rankB = 2 and 
other results have been given by. KODITSCHEK and NARENDRA [45]. Only 
a few papers consider affine systems (2) ([30], [41], [44]). In [41] it is 
shown in which cases the . system (2) is controllable provided the system 
( 1) is controllable. In [45] necessary and sufficient conditions for complete 
controllability of (2) are derived. In [46] it is shown that the conditions in 
[45] are only sufficient and a counterexample is given. . . 

In the 2. below we consider the systems ( 1) in IR 2 \ { 0}. A Lepe-type 
necessary and su~cient controllability condition is stated for the system 
(1) in the case rankB = 1. A constructive proof for the Lepe's theorem 
is gifon, too~ It is shown that we need only two tonstant control values 
to steer any state to other one, provided the system is controllable. The 
method seems to be useful to study the system (2) in 3. The tools used in 
the · proofs are elementary facts in differential equations theory. 

In a: we consider the system (2). Using Theorem B [41] and the 
results obtained in 2. we state necessary and sufficient controllability 
conditions for the system (2) with rankB = 2 (Theorem 2). For the case 
rankB = 1 the situation is more complicated. Here we use the idea in 
papers by HUNT ((35), (36}): The integral curves of (B+b) divide IR.2 into 
two components. For controllability the -orientation of A on these integral 
curves must be toward the first component for some. points and towards 
the second component for some other points. We manage tO consider all 
the cases (Theorems 3, 4, 5). . 

In 4. we give two structure theorems (Theorems 6, 7) . 

2. Controllability of the homogeneous systems 

We consider the homogeneous system 

(1) ±(t) = Ax(t) +u(t)Bx(t) 
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where x( t) E JR 2 \ { 0}, A and B are nonzero matrices in JR 2 x 2, control ~( t) is 
a piecewise continuous scalar function with values in JR. In case rankB = 2 
easily calculable controllability conditions have been given for the system 
(1) by N. L. LEPE (29]. They are the following: 

THEOREM A (29]. Considerthesystem(l) withrankB=2. Then the 
necessary and sufflcient condition of controllability is 

1. det(A, B] < 0 if B :f:. kE and B has real eigenvalues. 

2. Sp 2A-4detA<O if B=;kE. . 
3. det[A, BJ+ detB · Sp2 A< 0 if B has purely imaginary conjugate 

eigenvalues. 
4. B -f:. kA if B has complex conjugate eigenvalues with nonzero real 

part. · · 

Iil partiCufar, in case det[A, B] > 0. the system is not controllable: 

In what follows we consider the system (1) with rankB=l, i.e. B=bcT, 
b, c are nonzero vectors in JR2. An analogous controllability condition is 
given. First we need the following lemma. 

LEMMA 1. Let B = bcT with 0 :f:. b, c E JR2. Then in a suitable basis B 
has the form 

a) 

b) 

PROOF. Let b= (~), c= ( ~!).. 
a) If cTb...t.O let P= ( ci c2) then p-1 := 1 (bi 

T -b2 b1 ' °Tb b2 
obvious that <let P = cT b -f:. 0 and 

PBP-1 = ( c~b ~). 

b) cTb=O=}c1b1 =-c2~· 

If ci i- 0::::::} ~ i- 0, then let P = ( O 
ci 

If c2 # 0 ::::::} b1 # 0, then let P = (ii 
c1 

-c2). It is 
Cl 
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In both cases 

psp-1 = (~ ~). I 

Now we can prove the following result: 

THEOREM 1. Consider the system (1) with B=bcT, b#O, cT #0. Then 
it is controllable in JR2\ {O} if and only if det[A, B] < 0. 

PROOF. We mention first that we can change arbitrarily the basis 
in which the data are given. Indeed, if P is a nonsingular matrix and 
A' :=PAP-1, B1 =PBP-1 then the system 

(11
) y(t) = A'y(t) +u(t)B'y(t) 

is controllable if and only if (1) is (x(t) is a solution of (1) if and only 
if y(t)=Px(t) satisfies (1')). Further det[A,B]=det[A',B'] . Hence and 
by Lemma 1 we have only to prove the theorem for the cases a) and b) 
mentioned in the Lemma 1. 

a) B = ( c~b ~), cTb"' O. 

Let A=(~;~ ~;;),then det[A,B]=(cTb)2a12a21· Hence det[A,B]< 

<O~a12a21 <0. 

Since the values of u(t) are in JR, we can assume that cTb= 1. We have 

(la) :i:(t) = (a11 ai2 ) x(t)+u(t) ( 1 o0) x(t). 
a21 a22 0 

I. Nece33ity of the condition: 

Assume that ai2a21 2: 0. We assert that 
a ) if a12>0, a21>0 then the set H:={x#O:x1>0, x2>0} is invariant 

set of (la), · 

/3) if ai2 < 0, a21<0 then the set H := { x f 0: x1>0, x2 < O} is invariant 
set of (la), 

1) if ai2 = 0 then {O} x (JR\ {O}) =His invariant, 
8) if a21=0 then (JR\ {O}) x {O} =His invariant , 

i.e. if a solution x( t) of (la) starts in H then the whole trajectory remains 
in H. This proves the non-controllability of the system, from which the 
necessity follows. We prove the case a). The cases /3), 1), 8 can be proved 
similarly. Assume indirectly that x(t) reaches the boundary of H (from 

inside into outside) first time. If x(t) = ( ~l) with some x1 > 0 then 
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x2( t) = a2JX 1 > 0 which shows that the trajectory goes ha.ck into the inside 
of H, in contradiction with the assumption that it reaches first time the 

boundary (from inside into outside). On the other hand, if x(t) = ( ~2 ) 
with x2>0, then ±1(t)=a12x2>0 which shows again the solution goes from 
outside into inside. The contradiction completes the proof of our assertion. 

II. Sufficiency of the condition: 

Let x 0, x1 be arbitrary in JR2 \ {O}. We assert (with a ~onstructive 
proof) that there exists an admissible control w(t) which steers xO into x1, 
i.e. 

x(t) = (A+w(t)B)x(t) 

x(O) = x0, x(T) = x1 with some T 2: 0. 

For arbitrary matrices A, B let Au:= A+uB. Denote fu(>.) the character­
istic polynomial of Au, .6.u the discriminant of fu().)=0, -bu the coefficient 
of>., cu the free coefficient in fu(>.). In our case we have 

f u( >.) ~ det(Au - >.E) = >. 2 
- >.( u +au+ a22) + a22( au+ u )- ai2a21 

.6.u = ( u +au - a22)2 + 4a12a21 

bu= u +au+ a22 

cu= a22(a11 + u) - a12a21 · 

Now assume that det[A, BJ< 0, i.e. a12a21 < 0. Then there is a number u 
such that .6.u < 0 and bu f. 0. With this u the eigenvalues of Au are complex 
conjugate numbers with real part bu/2. 

a) bu< 0. 
In this case the trajectory .i: ( t) = Aux( t) tends to the origin as t -t oo, 

goes clockwise around the origin if a12 > 0 and goes counterclockwise if 
a12 < 0, it makes infinitely many complete rotations as t -too. There are 
two possibilities: 

a1) There is v such that bv > 0 and 6.v < 0. The solution of y = -Avy, 
y(O)=x 1 tends to the origin and makes infinitely many complete rotation as 
t-t oo. This trajectory goes counterclockwise if a12 > 0 and goes clockwise 
if a 12 < 0. By the opposite directions of the rotations, this trajectory and 
the trajectory x =Aux, x(O) = xo meet infinitely often near the origin in 
both cases ( ai2 > 0 or ai2 < 0). Let x(T1) = y(T2) be such a common point. 
Taking 

the solution of 
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{ 
x(t) ·= (A+ w(t)B)x(t) 

x(O) = xO 

a2) If bv > 0 then Dov 2: 0. We assert that in this case bv > 0 implies also 
cv<O. Indeed, bv>O for v>-a11-a22, 6v2:0 for lv+a11-a22I ~y'-4a12a21 
hence bv >O~D.v 2:0 means that -au ...:a22 2:-au +a22+v'-4a12a21 i.e. 
a22 :5 -v'...;.a12a21· From here we get the inequality -au -a22 2: -au+ 
+ a1;2~2t. Now if bv > 0, then , 

ai2a21 
v > -a11-a22 2:-au +--, a22(v+a11) < ai2a21 

a22 

i.e. cv < 0 as we asserted. 

So take any v with bv > 0. Then ~v 2: 0 and cv < 0 follows, hence one 
of the eigenvalues of Av is negative, the other is positive. 

Let f be the eigenvector of Av which corresponds to the negative 
eigenvalue, i.e. Avf =µf, µ<0. IfxO=/:->.f then x=Avx, x(O)=xo tends to 
infinity as t-+ oo, but it does not go around the origin (its angle tends to 
that of the other eigenvector). The trajectory ii= -Auy, y(O) = x1 tends 
to infinity as t-+ oo and goes around the origin, makes infinitely many 
rotations as t-+ oo. These two trajectories meet infinitely often as t-+ oo, 
x1 can be reached from x0 by some admissible control w(t) by the same 
way in ai) and a2). If x0 =>.f, consider z=Auz, z(O)=x0 , then for some 
To> 0, z(To) =/:- kf, and by the above, xI can be reached from ·z(To), and 
hence can be reached from x 0. 

/3) bu> 0. 
By the similar way we can prove this case. Here we give only a short 

sketch. 

/31) 3v, bv < 0, ~v < 0. The trajectory x =Aux, x(O) = x0 and the 
trajectory ii= -Avy, y(O) = xI mee.t each other. . 

/32) For all v, bv < 0 ~ D.v 2: 0, In this case we have y'-a12a21 ~ a22 
and hence bv < 0 implies also cv < 0 (similarly as in 0:2)). So let v be 
arbitrary with bv < 0. Since Dov 2: 0, cv < 0, Av has a positive and a negative 
eigenvalue. If-Avf=µf, µ<0, and xI-:j;>.f, then the trajectories x=Aux, 
x(O) = x0 and ii= -Avy, y(O) = x1 meet each other. If x1 = >.f, then there 
is z1=/:-kf, To>O z=Auz, z(O)=z1, z(To)=x1 and since z1 can be reached 
from x0, xI can be reached from x0, too. 

b)B=(~ ~). 
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· 1et· A= (an ai2), then det[A,B]=-a~1 . Here det[A,B]<O-<==> 
. a21 a22 ·. · . 

-<==> a21=J0. In the case b) the system (l} is of the form 

(lb) { ±1 (t) = a11x1 (t) + a12x2(t) + u(t)x2(t) 

±2( t) == a21 xi ( t) + a22x2( t). . 

ff '121=0, then the half line {x: xi> 0, x2 = O} is an invariant set of (lb). 
Indeed, the solution of ±2(t)=a22x(t), x2(0)=0 is x2(t)::O for all t;:::O. And 
then ±1 (t) =au x1 (t), the solution of this equation is x1 (t) = ea11tx1(0)>0 
if xi (0) > 0. This shows the non-controllability of the systell1. Conversely, 
let a21 =J 0. Then · 

f u(>.) = >.2 - >.(au+ a22) + aua22 - a21 ( a12 + u) 
2 . . 

~u=(au-a22) +4a21(a12+u) 
b'f!. =au +a22 
Cu= a11a22 -a21(a12 + u). 

Since a2r=J.O there is a number u such that 6u < 0 and a number v such 
that Cv < 0. then 6v = (all+ a22)2 -4cv ;::: 0. One of the eigenvalues of Av 
(and "'.'""Av) is negative, the other is positive. Let Ave= >.e, Avf = µf, >. > 0, 
µ < 0. If x0 E !Re U JR/ then the~e is To > 0 such that .i :::::: Auz, z( 0) = x0 

z(To) ~ lReUIR/. If x1 E lReUIR/ then there is To> 0 such that .i = Auz, 
z(To) = x1, z(O) ft !Re U JR/. Hence we have only to show that for any 
x0, x1 ~ IR.e U JR./ x1 can be reached 'from xo. Now we assume that xo, 
x1 ~ lReUlR/. There are three possibilities. 

1. au +a22 < 0. 
By analogous way as in az) above, we see that the trajectories x=Avx, 

x(O) = x0 and iJ = -Auy, y(O) = x1 meet in some point. Hence x1 can be 
reached from xO. 

2. au +a22 > 0. 

In this case we can also show that the trajectory x =Aux, x(O) =XO 
and the trajectory iJ = -Avy, y(O) = xl meet in some point, hence x1 can 
be reached from xo. 

3. au+ a22 = 0. 
In this case the eigenvalues of Au are purely imaginary, the trajectory 

x=Aux is an ellipse. If x0 is in inside of the ellipse iJ=Auy, y(O)=x1' then 
the trajectory ±=Avx, x(O)=x0 goes to infinity, so it must meet the ellipse 
in some point and x1 can be reached from this point along the. ellipse. If i 1 

is in inside of the ellipse x =Aux, x(O) = x0, then the trajectory y = -Avy, 
y(O) = yl g~es to infinity and it meets the ellipse in .a point which can be 
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reached from x0 and from which x1 can be reached along the trajectory 
iJ = AvY· If x0 and x1 are on the same ellipse :i: =Aux, x(O) = x0 then on 
this ellipse x(T) = :c 1 for some T > 0. 

The Theorem 1 is completely proved. I 

The technique used in the above proof seems to be useful. ·Applying 
the idea of this technique in the following we give a constructive proof for 
Lepe's theorem. 

PROOF OF LEPE'S THEOREM. 

SOME REMARKS BEFORE THE PROOF: 1. By the remark at the be­
ginning of the proof of the Theorem 1 we have only to prove the theorem 
for the system (1) in a suitable basis, in which the calculation is more 
convenient. We remark also that when changing the basis the values <let(·), 
Sp(·) do not change, hence the conditions in the theorem are unchanged. 

2. Here we use also the notations defined in the proof of the Theorem 
1: /u(>..), Au, Dou, bu, Cu ... 

3. The proof of the sufficiency of the conditions is based on the 
following idea: Let xD, xl be arbitrary in JR2\ {O}. We try to find values 
u and v such that the trajeetory :i: =Aux, x(O) = x0 and the trajectory 
iJ=-Av(y), y(O)=x1 meet each other in x(T1)=y(T2)· Hence the control 

steers x 0 into xl. 

{ 
u, O :'.St :'.S T1 

w(t)= 
v I Ti < t :'.S T1 + T2 

Now we prove the theorem. 
1. There are two cases. 
1.a) B has distinct eigenvalues. 
In a suitable basis B is of the form 

B=(bo ~)· 
(Here P=(y,z) where By=b1y 1 Bz=b2z, p-1BP=diag(b1,b2).) Since 
rankB = 2, we have 0 #bi# b2 # 0. Let 

A:::; (a11 a12) 
a21 a22 

then det(A,B]=(b1-b2)2a12a21 · Hence det[A,B]<O<==}a12a21 <0 (because 
bi# b2). 

Neceaaary condition: Assume that ai2a21 2:: 0. By the same way in 
a) of the proof of the Theorem 1 one can see that the system (1) is not 
controllable in JR 2 \ { 0}. 
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Sufficient condition: Assume that det[A, B] < 0, i.e. ai2a21 < 0, then 

fu( ,\) = ,\ 2 - ,\(au+ a22 + u( b1 + b2)) + (au+ ub1)( a22 + ub2)- ai2a21 

~u=(au-a22+u(b1 -b2))2+4a12a21· 

a) bi~ >0. 

Since bi=/; b2, ai2a21 < 0, bi+ b2 =/; 0, we can choose u such that 6u < 0 
and bu=/; 0 

a1) bu < 0. If there is a number v such that bv > 0, 6v < 0 then by 
the same way in a1) of the proof of the Theorem 1 one can see that the 
trajectory x =Aux, x(O) = x0 and the trajectory ii= -Avy, y(O) = x1 meet 
each other. Otherwise bv > 0 ===? 6v 2: 0. Since bI b2 > 0 there is a number v 
such that Cv > 0 and bv > 0. In this case 6v 2: 0, the eigenvalues of -Av are 
negative. The trajectory ii= -Avy, y(O) = x 1 tends to the origin as t--+ oo 
but it does not go around the origin, it must meet the trajectory x =Aux, 
x(O) = x0 in some point near the origin. 

a2) ~v<O===>bv2:0, i.e. bv<0:::::;.6v2:0. In this case we can choose v 
such that Cv > 0, bv < 0, ~v 2: 0. The trajectory ii= -Avy, y(O) = x1 meets 
the trajectory x =Aux, x(O) = x0 in some point. 

{3) bib2 < 0. 

We can choose u and v such that 6u < 0, and 6v > 0, cv < 0. In this 
case the eigenvalues of Av (-Av) are opposite real. By the same reasons 
as in the part b) of the proof of the Theorem 1 we have only to show that 
for any x0, x1 ¢ lReUlRf (here e and fare distinct eigenvectors of Av) xI 
can be reached from x0. Hence we assume that x0 , x 1 ~ IR.e U IR.f. 

/3i) b1 +b2=/;0. Then we can obtain bu;i=O. If bu<O then the trajectories 
x = Avx, x(O) = x0 and iJ = -Auy, y(O) = x1 meet each other. If bu> 0, then 
the trajectories ±=Aux, x(O)=x0 and y=-Avy, y(O)=x 1 meet each other. 

/32) bI +b2=0. 

If a11+ai2=0 then the trajectory x =Aux is an ellipse. In the case if 
xo is in the interior of the ellipse ii= Auy, y(O) =x1, the trajectory x = Avx, 
x(O) = x0 meets the ellipse in a point from which xI can be reached along 
the ellipse. In the case x 1 is in the inside of the ellipse x = A.ux, x(O) = x0 , 

the trajectory ii= -Avy, y(O) = x 1 meets the ellipse in a point, which 
can be reached from x 0. In both cases xI can be reached from x 0. If 
au+ a22 =bu =f. 0, we have the cases bu< 0 and bu> 0 in /31). 

1.b) B has a twofold real eigenvalue and B =/= kE. 
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. . . b b . 
Let b be the eigenvalue of B. Then b = 11122 arid det(B- bE) = 0. 

Since BI= kE, by2 + b~I I= 0. If bI2 I= 0 let P = ( ~ b ~Ilu). and if b2I I= 0, 

(1 b-~ ) (b 0) . < let P= 0 ~I 2 . One can see that p-IBP= 
1 

b . Hence we can 

assume that 

B = ( ~ ~) , b ¥= 0, (rank B = 2). 

Then det[A, B] = -ay2. det[A, BJ< 0 ¢::::} a12 /= 0. 
Necessary condition: If a12 = 0 then one can see that the set {x: x1 = 

= 0, x2 > O} is an invariant set of (1 ). This proves the non-controllability 
of the system (1 ) . 

. ·Sufficient condition: Assume that det[A, B] < 0, i.e. a12 I= O. Then · 

fu(,\) = ,\2 - ,\(2ub+ au+ a22) + (au+ ub )( a22 + ub )- a12( a21 + u) 

~u = (an - a22)2 + 4a12a21+4aI2u. 

Here we can choose u such that D.u < 0 aµd bu I= 0. 

a) bu< 0. 
If there is a number v such that bv > 0 and ~v < 0 then the trajectory 

x =Aux, x(O) = x 0 and the trajectory iJ = -A.vy, y(O) = xI meet each other 
(see a I) in the proof of the Theorem 1). ·If bv > 0 :=:::} ~v ~ 0, then there is 
a number v such that cv > 0, bv > 0. In this case the eigenvalues of -Av 
are negative. The trajectory iJ = -Avy, y(O·) = x1 tends to origin as t - oo 
but it does not go around the origin, it must meet the trajectory x =Aux, 
x(O) = xO in some point near the origin. 

/3) bu> 0. 
If there is v such that bv < 0 and D.v < 0, then the trajectory x = A~x, 

x(O) = xO and the trajectory iJ ~ -Avy, y(O) = xI meet each other in some 
point (see La) above). Otherwise bv < 0 ~ ~v ~ 0. Let v be a number 
such that cv > 0, bv < 0. In this case the eigenvalues of Av .are negative. 
The trajectory x = Avx, x(O) = x0 tends to the origin as t - oo, does not 
go around the origin, it must meet the trajectory y =-Aux, y(O) = x1 in a 
point near the origin. We completed the proof of the case 1. 

2. B=kE: (k/=O). 

Denote e =Sp 2 A - 4det A, then e = (au .- a22)2 + 4a12a21. Since the 
values of u(t) can be arbitrary in JR., we can assume that k = 1, i.e. B = E. 

Neces3ary condition: Assume that e ~ 0. \Ve calculate detAu: 

detAu =u2+u·SpA+detA. 
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The discriminant of det Au = 0 is of the form 

Li= Sp 2 A-4detA = f2· 
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Since g ~ 0 there is a real number a such that detAa = 0. We can write 
the system ( 1) in the form 

x=Aax+ux. 

Since detAa=O, Aa can be written as Aa=bcT, b, cElR2. Then 

. bT x = c x+ux. 

If Aa = 0 then ± == ux is not controllable in JR 2 \ { 0}. If .Ac\!16 0 then cT # 0 
and 

cT x = cTbcT x + ucT x. · 

From this if cT x(O)=O then cT x(t)::O for all t~O, the halfline {x#O:cT x=O} 
is an invariant set of (1). Hence the system is not controllable in JR.2\ {O}. 

Sufficient condition: Assume that (! < 0 

fu(.A) = .A2- .A(2u +au+ a22) +(au+ u)( a22 +u )-a12a21 

Au= (au - a22)2 + 4a12a21=(!<0 for all u. 

Hence we can choose u and v such that bu< 0 and bv > 0. The trajectory 
x =Aux, x(O) = x0 and the trajectory y = -Avy, y(O) = x1 tend to the 
origin as t--+ oo, go around the origin an~ make infinitely many rotations 
as t--+ oo; but here the rotations are in the opposite directions (because 
from (] < 0 we have a12a21<0). The trajectories must meet in some point 
near the origin. 

We finished the proof of the part 2. 

3. B has purely imaginary conjugate eigenvalues. 

Then B = ( b~l ~f) with det B > 0, .i.e. b12~1 < -k2. Since b12b21 < 

<-k2, b12b21#0. Let P= (b~l 6) then p-1BP= (~ ~)with b= 

= -detB < 0. Hence we have only to consider the system (1) with 

Now let 

B = ( ~ 6) , b < 0. 

g = det[A, B] +detB · Sp 2 A, then 

(] = -( ai2b- a21)2 -4ba11 a22· 

Nece3:Jary condition: Assume that /2 ;:=: 0. 
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Consider the system (1) :i: = Au(t)x(t), which can be written as 

{ 
±1(t) = auxi(t) + (a12 +u(t))x2(t) 

:i:2(t)=(a21 +u(t)b)x1(t)+a22x2(t). 

By a simple calculation we obtain that the solution of (1) satisfies the 
following: 

d 2 . 2 
dt {-bx 1(t)+x 2(t)} = 

= 2{a22x~(t)-bauxt(t) +(a21 -ba12)x1(t)x2(t)} =: U(xi(t)) =: V(x2(t)) . 

If au= a22 = 0 then e = -(a12b-a21)2 :::; 0 and the assumption that e 2: 0 

holds only in the case e = 0. Then ft{-bxy +x~} = 0 and hence -bxy(t) + 
+ x~(t) = constant, the ellipses -bxy + x~ = c with c > 0 are invariant sets 
of (1). 

If a 11 f 0 then the discriminant of 1 U ( x 1 ( t)) = 0 is calculated · as 

6 = x~(t ){ ( a21 - ba12)2 + 4bau a22} = -ex~(t):::; 0. 

U(x1(t)) 2: 0 if -ba11>0 and in this case the set {x 'f 0: -bxy +x~ 2: c} 
with some c > 0 is an invariant set of (1). In the case -bau < 0 the set 
{ x f 0: -bxy + x~:::; c} is invariant. 

Similarly if a22 > O then the set {x f O: -bxy + x~ 2: c} is invariant and 
if a22 < 0 then the set { x f 0 : -bxt + x§:::; c} is invariant . 

Sufficient condition: Assume that e < 0. Then 

fu(..\)=..\ 2-..\(au +a22)+a11a22- (a12+u)(a21 +bu) 
2 6u =(au +a22) -4a11a22+4(a12+u)(a21 +bu)= 

2 . 2 
=4bu +4(a12b+a21 )u+4a12a21 +(a11-a22) 

bu= au +a22 

Cu= -bu2 -(a12b+ a21)u +a11a22 -a12a21 · 

The discriminant of 6u = 0 is the following: 

6.6.u = 16( a12b+ a21)2 -64ba12a21+64bau a22 - 16b( au+ a22)2 = 

= 16 ( ( ai2b- a21)2 + 4bau a22 - b( au+ a22)2) = 

= 16( {-e-b(au + a22)2} > 0. 

The discriminant of cu is 

6cu = (au b+ a21)2 - 4ba21a12 +4baua22 = -g > 0. 
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Since 4b < 0 there is a number ·u such that ~u < 0. Since (au - a22)2 2:'. 
2: -4a11a22, we see that cv < 0 implies D.v > 0. From ~cv < 0 we get the 
existence of v with Cv > 0 and ~v > 0. The eigenvalues of Av (and of 
-Av) are opposite real numbers. By analogous reasons as in the part b) 
of the proof of the Theorem 1 or in the part La) we can assume that 
x0 , x1 ~ JR.e U !Rf ( e, f are eigenvectors of Av). For any z0 ~ !Re U JRJ the 
trajectory z = Avz (z = -Avz), z(O) = zO tends to infinity as t-+ oo and 
does not go around the origin. · 

There are three cases 

a) a 11 + a22 = 0. 
In this case bu= au+ a22 = 0. The trajectory x = .4ux is an ellipse. 

If x0 and x1 are on the same ellipse x=Aux, x(O)=x0, then x1 can be 
reached from xO along this trajectory. If x 0 is in the inside of the ellipse 
y=-Auy, y(O)=xl, then the trajectory x=Avx, x(O)=xo goes from inside 
into outside, meets the ellipse in some point, from which x1 can be reached. 
If x 1 is in the inside of the ellipse x =Aux, x(O) = x0, then the trajectory 
iJ = -Avy, y(O) = x 1 goes to infinity, it meets the ellipse in some point. 

/3) au+ a22 < 0. 

In this case the trajectory x = Avx, x(O) = x0 and the trajectory y = 
= -Auy, y(O) = x1 meet each other. 

'Y) au +a22 > 0. 
The trajectory x=Aux, x(O)=xo and the trajectory iJ=-Avy, y(O)=x1 

meet each other (in infinity). 
We completed the proof of the part 3. 
4. B has complex conjugate eigenvalues with nonzero real parts. 
NecesMry condition: Assume that B = kA, then the system (1) is of 

the form 
x(t) = (1 + ku(t))Ax(t) = v(t)Ax(t) 

which is not controllable on JR 2 \ { 0} . 

Sufficient condition: Assume that B=f:kA. Let B= (bbu 
. 21 

the conditions of B we have 

bu+ ~2 # O (bu - b22)
2 

+ 4b12b21 < o. 

Hence b21 ::/: 0. Let P = ( b~2 6), then p-l BP= ( ~ ~) where 

b2 =bu+ b22, b1 = b12b21 -bub12- We can assume that 

B = ( b
0

1 
b
1

2
) , ~ i= o, b~ + 4b1 < o ::::::;. b1 < o. 
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Now 

A -( au a12+u ) 
.. u - a21 +bi u a22 + b2u 

2 . 
fuP..) =A -A( au +a22+b2u)+a11(a22 + b2u)-(a12+u)(a21 + biu) 

2 . 
6.u = (b2u +a22-a11) +4(a12 +u)(a21 +b1u) 

6.u = (b~ +4bi)u2 + u · k + l (k, l are independent of u). 

bu= b2u +au +a22 
cu= -(a12 + u)(a21 +bi u) +au(a22 + b2u). 

First we show that there is v such that 6.v 2: 0 and cv f 0. 

a) a12b1 fa21· Since bi <0, (a12+u)(a21 +b1u)>O for all uE ( a12, ?i-) 
if a12 < ?i-• and for all u E ( ?i-• a12) if ?i- < a12· In both cases there is v 

such that cv#O and vis between a12 and ¥,2-. With this v we have b.v>O. 
. . 1 

b) a12b1=a21· Let u=-a12=-~, then 6.u=(-b2a12+a22-a11)2. 

If -b2a12 + a22 - au-/= 0 then there is £ > 0 such that for lu + a12I < £ 

6.u > 0. Hence there is v such that Iv+ ad< e and Cv f 0, and 6.v > 0. 

If -b2a12+a22-a11 =0, then 6.-a12 =0. In this case au #0. Indeed, if 
au =0 then ~a12=a22, i.e. a12B=A, in contradiction with the assumption 
that B-/= kA (Here a12-/= 0 because if a12 = 0 ~ a21 = a22 = 0 ~A= 0). 
au -f=O and an =-b2a12+a22 , we have C-a12 =ay1 #0. Hence for v=-a12, 
6.v = 0 and Cv # 0. 

Now we can show that x1 can be reached from x0. Consider the 
trajectory x = A.vx, x(O) = x0 . Since the eigenvalues of Av are non-zero 
real numbers, this trajectory tends to the origin or tends to infinity as 
t-+ oo, but it does not go around are origin. Assume first that it tends to 

the origin. Since b~t4b1 <0 and b2#0 we can choose u such that bu>O and 

~u < 0. The trajectory iJ:::: -Auy, y(O):::: x1 tends to the origin as t-+ oo, 
goes around the origin, it must meet the trajectory ± = Avx, x(O) = x0. In 
the case the trajectory ± = Avx, x(O) = x0 tends to infinity as t-+ oo, then 
we can choose u such that bu< 0 and 6.u < 0. The trajectories x = Avx, 
x(O) = x0 and iJ = -Auy, y(O) = x1 meet each other. 

We finished the proof of the part 4. 

Now we show that in the case det[A, B] > 0 the system is not control­
lable. 

In the case l. it is obvious that det[A, BJ 2: 0 implies the non-controll­
ability of of (1). In the case 2. we have always det[A,B] =0. In the «ase 
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3. if det[A,B] 2: 0 then det[A,B] +detB · Sp 2 A 2: 0 because here detB > 0. 
Now we consider the case 4. 

det[A,Bj = 

= bi(a22-an)2 -(a22-an)(b1b2a12 + b2a21)-(b1a12-a21)2 + b~a12a21. 
This is a second degree polynomial of (a22 - au) whose discriminant is 
non-positive 

2 2 Ll=(b2+4b1)(b1a12-a21) :::;o. 
Since bi< 0, det[A, BJ '.S 0 for all A. det[A, BJ> 0 does not hold in this case. 

The Theorem is completely proved. I 

REMARK: From the proof of the Theorems 1 and A we can see that if 
the system (1) is controllable on JR2\ {O} then we need only two constant 
control values (here u and v) to steer any state to other one. 

3. Controllability of affine systems 

In this part we study the controllability of the affine system 

(2) ±(t) = Ax(t)+ u(t)Bx(t) +u(t)d 

where x(t) E JR2, A and B are nonzero matrices in JR2x2, d is a nonzero 
vector in JR 2. Here we assume that u( t) is a piecewise constant scalar 
function with value in JR. 

Instead of working with (2) it will sometimes be convenient to work 
with an equivalent family of vector fields 

S'o = {A+u(B +d): u E JR} 

where the vector field A+ u( B + d) at a point x is defined by 

(A+u(B+d))(x) =Ax +u.Bx+d. 

For a vector field F on JR2 we denote by exp( tF)x the solution of 

{ 
:i:(t) = F(x(t)) 

x(O) = x. 

For an arbitrary family :J of vector fields on JR.2, denote 

Ag(x):={exp(t1F1) ... exp(tpFp)x:ti2:0, FiE:J, p=l,2, ... } 

This is the accessibility set of g from x. We see that the accessibility sets 
of S'o and of (2) are equal. We say that the system :J is controllable in JR.2 

if Ay;(x)=lR2 for all xElR2• We need the following lemma: 
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LEMMA 2. Let.9i1 := {F+uG : u E JR} and 9'2 = {F,±G}. Then 9'1 is 
controllable if and only if 9'2 does. (F, G are vector fields on JR.2 ). 

PROOF. This result is well known in system theory. Here we give only 
a sketch. 

Using extension techniques we can see that the systems 9'1 and 9'2 are 
equivalent (somewhere it is called weakly equivalent) (see [37], [38], [39], 
[40]), i.e. clA.9i/x)=clA.9'

2
(x) for all xEIR2. (cl: closure of). The Lie 

algebras of these systems are the same, generated by F and G. Denote it 
by.t'. Assume that 9'1 is controllable, then.t'(x)=IR.2 for all x (see [8]) and 
then clA.9'

2 ( 
x) =cl A.9'

1 
(x) = JR.2 for all x . .t'(y) = IR.2 ~int A_.9'

0 
(y) # 0 (for 

ally), hence A.9'
0

(x)nintA_.9'
0
(y)f0 and this shows that y can be reached 

from x by 9'o. I 

We will also use the following result about a sufficient condition of the 
controllability of affine systems stated by V. JURDJEVIC and G. SALLET 

(see [41], Theorem 2) . In our case we have: 

THEOREM B [41]. Consider the system ;JO above. Assume that 

a) {A+ uB : u E JR} is controllable in JR2 \ {O} 

b) 9'o has no fi.xed points in JR.2, i.e. for all x E JR.2 there exists FE 9'o 
such that F(x) f 0. 

Then ;Jo is controllable on JR.2. 

Now we can prove the following theorem. 

THEOREM 2. Consider tbe system (2) witb rankB = 2. Then the 
necessary and sufficient conditions of tbe controllability of (2) are: 

1. det[A, B] < 0 and A.B- 1d f:. 0 if Bf:. kE and B has real eigenvalues 

2. Sp 2A-4detA<O and d=fO if B=kE 
3. det[A,B]+detB·Sp 2 A:s;O and AB-1df0 if B bas purely imaginary 

conjugate eigenvalues. 

4. AB-1d f 0 if B bas complex conjugate eigenvalues with nonzero 
real part. 

In particular, in the case det[ A, B] > 0 the system is not controllable. 

PROOF . We mention first that here we can also work on a suitable ba­
sis, in which the calculation is more convenient. In fact if Pis nonsingular 
matrix and A'= P AP-1, B' = P BP-1, d' =Pd then the system 

(2') y(t) = A'y(t) +u(t)B'y(t) +u(t)d' 



ON CONTROLLABILITY OF BILINEAR SYSTEMS II 233 

is controllable if and only if (2) does (x(t) is solution of (2) if and only if 
y(t) = Px(t) satisfies (21

).). Further if X' = pxp-I then detX' = detX, 
SpX' =SpX, and AB-Id#O~A'B'-Id#O. 

The condition AB-Id# 0 is equivalent to the condition that (2) has 
no fixed points in JR2, which is a necessary condition of the controllability. 
We prove this fact: 

If AB-1d = 0, then for x = -B-Id, Ax= u(Bx + d) = 0 for all u E JR, 
i.e. xis a fixed point of ~O (or of (2)). If Ax+u(Bx+d)=O for all u ER, 
then Ax= 0 and Bx= -d, hence x = -B-Id and AB-Id= 0. This proves 
the equivalence above. Now if x is a fixed point, then the system is not 
controllable: AB-Id# 0 is a necessary condition of the controllability. 

We remark that the Theorem A is true for the case when the controls 
are piecewise constant. This fact can be seen from the proof of the 
Theorem A. 

We consider the following system 

(2*) iJ(t) = Ay(t) +u(t)By(t) + k 

where k =-AB-Id. 

We see that the system (2) is controllable if and only if the system 
(2*) is. Indeed x(t) is a solution of (2) if and only if y(t) = x(t) + B- 1d 
satisfies (2* ). 

Now we prove the cases stated in our theorem. 

1. B # kE and B has real eigenvalues. 
By the Theorems A and Band by the remarks above, det[A,B]<O and 

AB-Id# 0 are sufficient conditions of the controllability of (2). 

Necessity of the condition: 

It is known that AB-Id# 0 is a necessary condition of the controlla­
bility of (2). Assume that det[A,B] 2 0. 

a) B has distinct real eigenvalues. 

As in the proof of the Theorem A, we can assume that 

B == ( bJ b~) 0 f bI f b2 f 0. 

Let 

Then det[A, B] 2: 0 ~ aI2a2I 2: 0. 

ai) a12a21=0. 
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If ai2 = 0, then for the system (2*) 

i11(t) = auy1 (t) + u(t)blY1 (t) + ki. 

Hence the half plane {y:y120} is an invariant set of (2*) in the case ki >0, 
the half plane {y: Yl .'.SO} is an invariant set of (2*) in the case k1<0 and 
the line {y: Yl = O} is an invariant set in the case kt= 0. 

Similarly, if a21=0 then the sets {y: Y2 2 O}, {y: Y2 .'.SO}, {y: Y2 = O} 
are invariant sets of (2*) in the cases k2 > 0, k2 < 0, k2 = 0, resp. 

a2) at2a21 > 0, ai2 > 0, a21 > 0. 
The system (2*) can be written as 

Yl (t) = auy1 (t) + ai2Y2(t) + u( t)b1Y1 ( t) + ki 

iJ2( t) = a21Yl ( t) + a22Y2( t) + u( t)b2y2(t) + k2. 

If ki 2 0, k2 2 0 then the set {y: Yl 2 0, Y2 2 O} is an invariant set of (2*). 
If kt .'.S 0, k2 ~ 0 then the set {y: Yt ~ 0, Y2 ~ O} is an invariant set of (2*). 
If k1 > 0, k2 < 0, then the set IR2 \ {y: Yt < O, Y2 > O} is an invariant set of 
(2*). If kt <0, k2>0, then the set IR2 \{y:yt >0, y2<0} is an invariant 
set of (2*). 

a3) ai2a21 > 0, ai2 < 0, a21 < 0. 

Similar to a2)· If k1 > 0, k2 > 0 then the set IR2 \ {y: Yt < 0, Y2 < 0} is 
an invariant set of (2*). If ki <0, k2 <0 then the set IR.2\ {y:y1 >0, Y2 >0} 
is an invariant set of (2*). If ki 2 0, k2 .'.S 0 then the set {y: Yl 2 0, Y2 ~ O} 
is an invariant set of (2*). If kt~ 0, k2 2 0 then the set {y: Yl .'.S 0, Y2 2:: O} 
is an invariant set of (2*). 

In all the cases there is an invariant set of (2*), hence (2*) is not 
controllable. We ended the proof of a). 

b) B # kE and B has a twofold real eigenvalue. 
We can assume that 

B=(~ ~), b~O. 
In this case det[A, B] .'.S 0, and det[A, B] = 0 <==> a12 = 0. If a12 = 0 then 

Y1(t) = auy1(t) +u(t)by1(t)+ ki. · 

If ki > 0 then the half plane {y: Yl 2 O} is an invariant set of (2*). If ki < 0 
then the half plane {y: Yl .'.SO} is an invariant set of (2*). If ki = 0 then the 
line {y: Yl = O} is an invariant set of (2*). In the case b) if det[A, BJ= 0 
(2: 0) the system (2*) is not controllable. 

We finished the proof of the part l. 

2. B=kE. 
Sufficient condition: 
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If e=Sp 2.4-4detA<O and d:fO, then detA:fO, AB-1d:f0, there 
is not any fixed point of (2). By Theorems A and B, the system (2) is 
controllable. 

·Nece/J/Jary condition: 

If d = 0 then x = 0 is a fixed point of (2) and (2) is not controllable 
in IR2. 

Assume that e;:::O. Let Au=A+uB, here we can take k=l, i.e. B=E; 
detAu=u2+SpA+detA. Since Sp 2 A-4detA;:::O we can choose a number 
a such that det Aa = 0. We can write the system (2*) in the form: 

y( t) = Aay( t) + u( t)y( t) + k. 

detAa=O~Aa:=bcT, b, cEIR2, c:f:O (maybe b=O). Then 

cT iJ( t) = cTbcT y( t) + u(t)cT y( t) + cT k. 

If cTk>O then the set {y:cT y2:0} is an invariant set of (2*). If cTk<O then 
the set {y: cT y::; O} is an invariant set of (2*). If cT k = 0, then {y: cT y = O} 
is an invariant set of (2*). The system (2*) is not controllable. 

3. B has purely imaginary conjugate eigenvalues. 
As in the proof of the Theorem A we can assume 

B = ( ~ ~) , b < 0. 

and 12= det[A,B] +detB · Sp 2 A= -(a12b-a2i)2 -4ba11a22-

N ece33ary condition: 

We have only to show that if 12 > 0 then the system (2*) is not control­
lable (nor is (2)). 

Assume that 12>0. Let y(t) be a solution of (2*). Then 

:t (-byf(t) +yi(t)) = 2(-by1(t)i11(t)+y2(t)f12(t)) = 

= 2{ -ba11yf ( t)- ( a12b- a21 )YI ( t)y2(t) + a22Y1(t )- bk1y1 ( t) + k2Y2( t) }. 

Now we consider the corresponding second degree curve in the plane: 

-ba11yf-(a12b-a21)YIY2 +a22Y~ -bk1YI + k2Y2 = I'(y) = 0. 

Since e > 0, by a well-known fact from linear algebra the curve r(y) = O is 
either a real ellipse, or an imaginary ellipse, or a point ellipse. Here r(y )=0 
is a real ellipse, because Oin{r(y)=O} and since b;i:O, lk1l+lk2I >0. From 
this, if c is large enough then the ellipse -by~ + y~ = c is in the outside of 
the ellipse r(y)=O. This means that r(y)>O for all yE{y:-by[+y~=c} or 
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f(y)<O for all yE{y:-byf+y~=c}. In the first case the set {y:-byf+Y~~O} 
is invariant set of (2* ), in the second case the set { y : -byf + y~ ~ c} is 
invariant set of (2*). We showed that if f2 > 0 then (2*) is not controllable. 

Sufficient condition: 

In the case e < 0 and AB-Id=/= 0 the system (2) is controllable· by 
Theorems A and B . 

. Now we assume e = 0 and AB-td-f 0. We will show that the system 
:! = {A+ k, ±B} is controllable { k denotes here the corresponding constant 
vector field), hence and by Lemma 2, the system {A+ k + uB : u E JR} is 
controllable, so are the systems (2*) and (2) . 

At first we state that on every integral curve of B: iJ =By, y(O) -f 0 
there is one point at which the integral curve of A+ k (y( t) = Ay( t) + k) 
goes from inside into outside of the integral curve of B and there is another 
point at which the integral curve of A+ k goes from outside into inside. 

For an integral curve y( t) ( t ~ 0) of A+ k , consider 

d 2 2 
dt(-by1(t)+Y2(t))= 

= 2(-bau Yf ( t)- ( ai2b- a21)Y1 (t )y2(t) + a22Yi(t)- bk1YI ( t) + k2Y2( t)) 

and the corresponding curve 

-ba11yf-(a12b-a2I)YIY2 + a22Yi-bk1YI + k2Y2 = r(y) = 0. 

Let E(c) := {y: -byf +Yi= c} then E(c) is integral curve of B . 

a) au = a22 = 0, then ( ai2b- a2i) = 0 because {! = 0. 

Jn this case f(y)=-bk1Y1 +k2Y2· 

Since b=f=O, k=AB- 1d=JO, f(y)=O is a line through the origin. Then 
for all c>O, E(c)n{f(y)>0}=/=0 and E(c)n{f(y)<0}=/=0. This means 
that for all c > 0 there is a point of E( c) at which the integral curve of A+ k 
goes from inside into outside of E( c) and there is another point of E( c) at 
which the integral curve of A+ k goes from outside into inside of E( c). 

b) a22 =/= 0. 
Since f2 = 0 we can write 

( 
a12b-a21 · )

2 
( a12b-a21 ) 

r(y) = a22 Y2 - 2a
22 

YI + k2 Y2- 2a
22 

YI + 

· ( aI2b-a21 ) + k2 · - bkI YI = 
2a22 

2 ( aI2b-a2I ) = a22z2 + k2Z2 + k2 · - bk1 Yl 
2a22 
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h a1?b-a?l 
w ere z2 = Y2 -:ia

22
" Yl · 

We see that if k2 =j:. 0 and k2 · ai ~~:~21 = bk1, then I'(y) = 0 consists 

of two parallel lines: z2 = 0 and z2 = -~. The line z2 = 0 goes through 

the origin and z2 = - ~ does not. Bes-ides, sine kf + k~ =j:. 0, the curve 
I'(y) = 0 is a parabola which goes through the origin. In both cases, we 
have E(c)n {I'(y) > O} =j:. 0 and E(c)n {I'(y) < O} =j:. 0 for all c > 0. 

c) an f 0. Similar to the case b ). 

Similarly we can prove the above assertion for -(A+ k ), too. 

Now we show that A.)li(O)=JR2. 

We assume indirectly that A.9'(0)=j:.JR2. Let zrf-A.9'(0). Then zEE(c(z)): 
-bz~+zi=c(z), c(z);:::O. Let c=inf{c(z):z~A.)li(O)}. We mention that if 
z~Ag;(O) then E( c(z))n.A.9'(0)=0. Indeed, if z' EE(c(z))nAg;(O), then z can 
be reached from z1 (along a trajectory iJ=By, y(O)=z', i.e. along E(c(z)) 
and hence z can be reached from the origin by :J, what is contradictory. 
Further, { y : -byf + Yi 2: c( z)} n A:; ( 0) = 0. Because if there is a common 
point, then the trajectory, which steers the origin into this point, meets 
surely the curve E(c(z)) and hence E(c(z)) can be reached from the origin, 
in contradiction with the assumption that z rt. A.)li(O). 

If c=O, then 0 is fixed point of :J, in contradiction with the assumption 
that :J has no fixed point. Hence. c > 0. 

If E(c)CA:;(O), then by the above, E(c)n{r(y)>0}#0 and there is 
a point on E( c), at which the trajectory iJ = Ay + k goes from inside into 
outside of E(c), hence we can steer the origin to a point in {y:-byf+b~>c}, 
in contradiction with the assumption that c is inf. 

If E( c )n.A.c;(0)=0, then there is a point on E( c ), at which the trajectory 
iJ = -Ay- k goes from outside into inside of E(c), hence E(c) can be 
reached from a point in {y: -byf +y~ < c} and so from the origin, which is 
contradicting with E( c) n .A.)li(O) = 0. 

We proved that Af;(O)=lR2. We can similarly prove that .A_j;(O)=JR2. 

Now let x, y be arbitrary in JR2. Then x can be reached from 0 by -:J 
and hence 0 can be reached from x by :J. y can be reached from 0, hence y 
can be reached from x by :J. This shows that the system~ is controllable 
that we wanted to prove. 

4. B has complex conjugate eigenvalues with nonzero real part. 

In the case B =j:. >.A and AB-1d =j:. 0, the system is controllable by 
Theorems A and B. 
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Now we assume that B =,\A and AB-1d I 0, i.e. d I 0. The system 
(2) can be written as 

.i(t)= (±+u{t)) Bx(t)+u(t)d. 

Write here u(t)- t instead of u(t); then y(t) = x(t) +B-1d satisfies 

(2**) y(t)=u(t)By(t)-}d=u(t)By(t)+k (k=-}a). 
We will show that for arbitrary points x and yin JR.2, x can be steered into 
the origin and y can be reached from the origin hence y can be reached 
from x (by (2**)). 

If the eigenvalues of B have positive real part, then the curve eBs k 
tends to infinity as s-+oo (klO), goes around the origin, makes infinitely 
many complete rotations around the origin. The curve eBs k ( s > 0) meets 
the half line { uBy + k: u > 0} in some point, if y I 0: uBy + k = eBs k for 
some u > 0, s > 0. Let y(t) = ~B-1 euBtk- ~B-1 k. Then y(t) = uBy(t)+k 
and for t = l. s > 0 u 

y(t) = ..!:.B-1 · eBs k-..!:.B- 1k = ..!:_B-1(uBy+ k)-..!:.B- 1 k = y. 
u u u u 

This shows that y can be reached from 0. 

If the eigenvalues of B have negative real part, then the curve 
{ e-Bs k; s > O} meets the half line { uBy + k: u < 0}: uBy + k = e-Bs k 
for some u < 0, s > 0. The curve y(t) = iB-1euBt k- ~s- 1 k satisfies 

y(t) = uBy(t) + k, 

y can be reached from 0. 
If y = 0, then 0 can be reached from 0, too. Similarly, we can see that 

x can be reached from 0 by the system i(t)=-u(t)Bz(t)-k. Hence x can 
be steered into 0 by (2**). 

This completed the proof of the Theorem 2. I 

COROLLARY. Consider the following system 

(3) x(t) = Ax(t) +a+u(t)(Bx(t) +d) 

in JR.2 with rankB = 2. The necessary and sufflcient conditions of control­
lability of (3) are: 

1. det[A, B] < 0 and AB-1 d I a if BI kE and B has real eigenvalues 

2. Sp2A-4detA < 0 and Adi >.a if B = >..E 
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3. det[A,B]+detB ·Sp 2A:s;O and AB-1d=/=a if B bas purely imaginary 
conjugate eigenvalues 

4. AB-1d =/=a if B has complex conjugate eigenvalues with nonzero 
real part. · 

PROOF. We can write the system (3) as 

(3*) iJ(t) = Ay(t) +u(t)By(t) + k 

where y(t)=x(t)+B-1d and k=a-AB-Id. 

Then we can apply the proof of the Theorem 2 to this case. I 

In what follows we study the controllability of the system (2) when 
rank B = 1. We mention that in the case rank B = 0 ( B = 0) the system ( 2) 
is a linear system, and the well-known Kalman rank condition has been 
given for the controllability: The system (2) with B ::::;= 0 is controllable in 
lRn if and only if rank[d,Ad, ... ,An-ld] =n. 

If rankB = 1, then B = bcT for some b=/=O, c=/=O in JR2 and in a suitable 
basis B can be written as 

B= ( c~b ~) if cTb=/=O, or B= (~ ~) . T 1f c b=O. 

We prove first the following result: 

THEOREM 3. Consider the system (2) 

(2) x(t) = Ax(t) +u(t)Bx(t)+tt(t)d 

in JR2 with rankB = 1, B = bcT. 

I. Assume that det[A, BJ< 0. Then the system (2) is controllable in JR2 

if and only if either 

1. d and b are linearly independent, i.e. d =/= >.b; or 
2. 0 =f d and b are linearly dependent and .4 is nonsingular; or 

3. 0 f. d and b are linearly dependent and A is singular with A = gcT 
for some g E JR2. 

II. If det[A, B] > 0 then the system (2) is not controllable in JR2. 

PROOF. I. By the Theorems 1 and B in the case det[A, BJ < 0 the 
system (2) is controllable in JR2 if and only if (2) has no fixed points in JR2. 

(2) has a fixed point {=:::} there exists an x such that Ax=O and Bx=-d. 

1. If d and b are linearly independent then Bx = bcT x ;/:: -d for all 
x E JR2, what shows that (2) has no fixed points . . 

2. If A is nonsingular then Ax= 0 ==} x = 0 and Bx= 0 =/= d because 
d f O. In this case (2) has no fixed points. 
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3. If A is singular and A=gcT for some gEJR2, then Ax=O==>cT x=O 
(here g #O since we supposed that det[A,B] < 0) with this x Bx= 0-::/= d, 
hence (2) has no fixed points. 

If A= gfT with f-::/= .Ac, then there is x such that Ax= 0 and cT x-::/= 0, 
i.e. JT x = 0, x =j:. 0 => cT x =j:. 0. If -d = µb, µ =j:. 0 then for y = -!f:x Ay = 0 

c x 
and By= bcT y = µb= -d. This ~eans that y is a fixed point of (2) and the 
system (2) is not controllable in JR2• 

We finished the proof of the part I. 
II. Since rank B = 1, by the remark at the beginning of the proof of the 

Theorem 2 and by the Lemma 1, we can assume that 

B=(c~b ~) ifcTb-::j=O or B=(~ 6) ifcTb=O. 

Assume that det[A, B] > 0. Let 

A=(a11 a12). 
a21 a22 

Then det[A,B]=a12a21 in the first case and det(A,B]=-a~ 1 in the second 
case. The assumption that det[A, B] > 0 holds only in the case cTb =j:. 0. 
Since cTb =j:. 0 and u(t) takes the values on JR, we can also assume that 
cTb= l. We have 

x(t) = Ax(t) +u(t) ( 6 ~) x(t) + u(t)d. 

By Lemma 2 this system is controllable in JR2 if and only if the system 
.9i={A, ±(B+d)} is. 

We will show that if det[A, BJ> 0 then the system .9i is not controllable. 

a) d= ( ~1). 
We can suppose di-=/: 0; otherwise the system is homogeneous, i.e. not 

controllable. We calculate the trajectory of the vector field B + d: 

{
x1(t)=x1(t)+d1 

From 
±2(t)=O 

we have xi(t) =et(x1(0)+d1)-d1 
x2(t)=x2(0). 

Here we can take t E JR because ±( B + d) E ff. The trajectories of ±( B + d) 
are parallel half lines: 

{x:x2=const, x1<-d1} 
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The points of the line {x1 =-di} are fixed points of (B + d). Since 
det[A, BJ> 0, ai2a21 > 0. The integral curves of A satisfy 

{ 
±1(t) = a11x1(t) +a12x2(t) 

x2(t) = a21xi(t) + a22x2(t). 

There are eight cases we have to consider. 

ai) ai2 > 0, a21 > 0, a~i~1 2 0, di > 0. 

From the first equation, at the point x for which x1 = -di, x2 2 ali:1 , 

the trajectory of A doesn't go into the left side of the line {x1 =-di} . If 

xE {xi= -d1, x2 < ali:1 }, the trajectory of A doesn ' t go from x into the 

right side of the line {xi= -di}. Similarly from the second equation, if 
x E { x 1 s; 0, x2 = 0} then the trajectory of A does not go from x into the 

halfplane{x:x2>0}. Sinced1>0, ali:1 ::=:otheset {x:xi<-di, x2<0} 
is an invariant set of :J. 

a2) di> 0, ai2 > 0, a21>0, ali:1 < 0. 

The set JR.2\ {x: xi< -di, x2 > O} is an invariant set of :J. 

a3) di> 0, ai2 < 0, a21 < 0, ali:1 ::=: 0. 

The set IR2\ {xi< -di, x2 < O} is an invariant set of :J. 

a4) di> 0, ai2 < 0, a21<0, ali:1 < 0. 

The set { x : x1 :S -di, x2 2: O} is an invariant set of f!i . 

a5) di< 0, ai2 > 0, a21 > 0, ali;1 2 0. 

The set JR.2\ {x1 > -d1, x2 < O} is an invariant set of fli . 

atl) di < 0, a12 > 0, a21 > 0, a1;~1 < 0. 

The set { x : x 1 2 -di, x2 2: 0} is :J-invariant. 

a1) di< 0, ai2 < 0, a21<0, ali;1 2: 0. · 

The set {x: xi> -di, x2 < O} is :J-invariant. 

ag) d1 < 0, a12 < 0, a21 < 0, al;~1 < 0. 

The set JR2 \ {x: x1 > -d1 , x2 > O} is fli-invariant. 
We showed that if d2 = 0 then the system :J is not controllable. 

b) d = ( ~;)' d2 # 0. 
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The integral curves of ( B + d) satisfy the equations 

{
x(t)=x1(t)+d1 

x2(t) = d2 

from which we obtain 

x1(t) = et(x1 (0) + d1)-d1 

Since we take t E JR, we can assume always that x2(0) = 0. The integral 
curve of ( B + d) through ( x 1 ( 0), 0) satisfies 

. Z? ( t) 

xi(t) = e ~ (x1(0)+d1)-d1. 

Every integral of. ( B + d) divides the plane into two parts 

r +(x1 (0)) := { x: x1 2:. e~ (x1 (0) + d.1)-d1} 

and 

We denote also 

Now we consider integral curves of A: 

(4) {
x(t)=Ax(t), t2;:0 

x(O) E f(a). 

We will show that if det[A, BJ> 0 then there is a such that the set r +(a) 
or the set r -(a) is an invariant set of A., i.e. if x(O)Er(a) and x(t) satisfies 
(4) then x(t) Er +(a) or x(t) Er -(a) resp. for all t 2: 0. 

Let x(t) be a solution of (4) and 

:r.,(t) 

y(t) = x1(t)-e ~(a +d1) +d1. 

Then y(O)=O 

· (t) X?(t) 
y(t)=xi(t)- x2d ·e d2'(a+d1). 

. 2 

Since x =Ax, we obtain 

. a21x1(t)+a22x2(t) xa(t) , -
y(t)=a11x1(t)+a12x2(t)- d

2 
·e 2 ·K 
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where K =a+ di. Since y(O) = 0, with x(O) = (xi, x2) we have 
!2_ X? d X? . . X? 

· (0) a;; T." d a21 2·~ T.·2 a21 1 ~ r..- a22x2 ~ T.· y =aue 2 ..1\. -au 1 +a12x2--e 2.L\. +--e 2 ·..1\. ---e 2 ·..1\. 
d2 d2 d2 

(5) if(O)=-ad2i e~K2 + {-ad22 
x2 +au+ a2d1d1} e* K +ai2x2-a11d1. 

. 2 2 . 2 . 

We assert that there is K (hence a) such that iJ(O)>O for all x2 (or if(O)<O 
for all x2 ), hence at all points of r( a) the trajectories of A go into r + (a) 
(or go into r -(a)), i.e. r +(a) is A-invariant (or r -(a) is A~invariant). 

b1) d2 > 0, a12 > 0, a21>0. 

(*) a22>0: Let e=aud2+a21d1 v=~ . . 
a22 ' a12 

then for all x2 :5 min{g, v) . 

a22 a21d1 
-d;x2+au +~ 2: 0, a12x2 .:_a11d1:50. 

Now we consider y(O) as a polynomial of K then its discriminant can be 
calculated by 

. ~ { ( a22 . a21d1)
2 

a21 . } . 
~(x2)=e 2 -~x2+a11+~ +4J;(a12x2-a11d1) . 

If x2 2: min{g, v} and 6( x2) < 0, then y(O) < 0 for all K. If x2 2: :ip.in{g, v} 
and 6(x2) 2: 0, then y(O) < 0 for all K < K1(x2) and K > K2(x2), where 
K1(x2) :5 K2(x2) are solutions of the equation y(O) = 0. · 

We show that there is M > 0 such that .IKi(x2)I < M, i = 1, 2 for all 
x2 E { x2 2: minfo, v} and 6(x2) 2: O} = H. Indeed 

X? • . 

-:-e '12 { a11 + aZJ?di -2J;x2} ± ~ 
K1,2(x2) = ~ 2x?~ 

-2~·e"Cl2 

and K1,2(x2)--t 0 as x2 --too (~ > 0 as x2 --too). For c > 0 3N: x2 2: N 
6(x2) > 0 and II<1,2(x2)i < c and K1,2(x2) is bounded on {x2 :5 N} nH. 
Hence there is M > 0 such that IK1,2(x2)i < M for all x2 EH. Now let 
K < -M, then for all x?, EH, K < K1,2(x2) and in this case y(O) < 0. With 
this K, if x2 <min(g, v), then y(O)<O, too. This shows that the trajectories 
of A started at the points of r( K - d 1) go into the set r -( K - d 1), the set 
r -( K - di) is A-invariant and hence Si-invariant, too. 

( *) a22 < 0: if x2 :5 min(e, v) then 



244 1.JOO, N. M.TUAN 

In this case we choose J{ > M and with this K the set r -(K -d1) is 
3'-invariant. 

( *) a22 = 0. 

In this case we take {?=v=a~~: 1 and we choose J( <-M if au+ a 2J
2
d1 2:0, 

and K > M if au+ a2J
2
d1 < 0. Then the set r -(K -d1) is 9'-invariant. 

b2) d2 > 0, a12 < 0, a21 < 0. 
( *) a22 > 0. 
If x2 $ min{f!, v} then 

a22 a21 d1 
- -x2+ai1 + -- > 0 d2 d2 - ) 

In this case we can show that (similarly to the case b1)) there is M > 0 
such that x2 EH==> IK1 ,2(x2)I < M . Hence if J( > M then y(O) > 0 for all 
x2 EH. If x2 <f.H, since K>O, y(O) >0. This shows that the set r +(K -di) 
is 9'-invariant. 

( *) a22 < 0. 
Here we choose K < -M, then ·y(O) > 0 for all x2, this means that 

r +(K -di) is 9'-invariant. 

( *) a22 = 0. 

Let f! = v = al~;1 , and let J( > M if ai1 + a:~J2d1 2'.: 0 and let ]{ < -M if 

au+ a 2J2dl < 0. Then the set r +U<-di) is 3'-invariant. 

b3) d2 < 0, ai2 > 0, a21 > 0. 
X'> 

Now e iJ2--+ oo as x2--+ oo. In this case we can show similarly that there 
is M>O such that IK1 ,2(x2)i <M for all x2EH = { x2$max{f!, v }, ~(x2)20} 

( *) a22 > 0. 

If x2 2: max{ e, v} then 

a22 a2i di 
--x2+a11+--2:0 ai2x2-aub12:0. 

d2 d2 

We choose K > M. Then y(O) > 0 for all x(O) = (x1,x2) E I'(l( -di). The 
set r +(K -d1) is 9'-invariant. 

(*) a22 < 0. 
If x2 2 max{&>, v} then 

a22 a2idi 
--x2+a11 +--2:0 

d2 d2 
We choose K < -M. The set r +(K -di) is St-invariant. 
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(*) a22 = 0. 

Let g= v = ~. 
a12 

245 

We choose [{ > M if au+ a')J
2
d1 2: 0 and [{ < -M if au+ a')J

2
d1 < 0. 

Then the set r +(!< -d1) is .::r-invariant. 

b4) d2 < 0, a12 < 0, a21 < 0. 

( *) a22 > 0. 
We choose K < -M, then y(O) < 0 for all x(O) = (x1,x2) E f(K -di). 

The set r -(K -d1) is .::r-invariant. 

(*) a22 < 0. 
We choose [{ > M. The set r -(K -d1) is .::r-invariant. 

(*) a22=0. 

We choose K < -M if au+ a2J
2
d1 ~ 0 and K > M if au+ a 2J

2
d1 < 0. 

Then the set r -U< -d1) is .::r-invariant. 
In every case we showed that there is an .::r-invariant set. This 

means that the system .::r, so the system (2) is not controllable in JR2 if 
det[A,B] > 0. 

We finished completely the proof of the Theorem 3. I 

In the case of homogeneous systems ( d = 0) it was showed that if 
rank B = 1 and det [A, B] = 0 then the system is not controllable in JR. 2 \ { 0}. 
Here, when the system is not homogeneous ( d # 0), in the case rankB = 1 
and det[A, B] = 0 the system may be controllable, may be not controllable 
in JR.2. 

THEOREM 4. Consider the system 

(2) x(t) = Ax(t) +u(t)Bx(t) +u(t)d 

with B = bcT # O, d # 0, det(~, BJ= 0. 

Assume that cTb # 0, then the system (2) is controllable in JR.2 if and 
only if either 

1. det[b, d] # 0, det [ c{A] # 0 and det A= Sp A= O; or 

2. det[b, d] # 0, det [ c{A] # 0, detA # 0 and 

(cTAb)
2 

(cTb)
2 

cTA.Bd 
> T . 

detA det [J A] ·det[b,d] 
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PROOF. As usual we can assume that B = ( c~b ~). 

Let A= (au ai2). 
a21 · a22 

Then det(A, B] = 0 {::::::} a12a21=0. We can also assume that cTb = 1 
Here we consider the system;}= {A,±(B+d)} instead of (2), too. 

Ld=(~i). 
a) ai2 = 0. 
Consider trajectories of ( 2) starting from the line { x: xi =-di}. Then 

xi (0) =-au di. One can see that if -au di> O then the half plane { x: x1 ~ 
~-di} is Sf-invariant; if -au di < 0 then the half plane { x: .t1 :=:;-di} is 
Sf-invariant; if -a11d1=0 then the line {x: xi= -di} is Sf-invariant: 

b) ai2 #0. 
Then a21 .=0. In this case the line {x:x2= .0} is Sf-invariant. Hence if 

d = ( ~1) and det[A, B] = 0 the~ the sy~tem (2) is not controllable 

II. d= (:;),dz#O. 
It was shown in the proof of the Theorem 3 that the integral curve of 

(B+d) through the point (a,O) satisfies 

· x?(t) 

xi(t) = e d'2 (a +di)- di . 

Here we use also the notations r(a) , r +(a), r -(a), y(t), K. We mention 
that 

X?(t) 

y( t) == x 1 ( t) - e d:;""g + d 1 

here K =a+ di. 

(4) 

We cc;msider trajectories of A which start from the curve r( a). 

{
x(t)=Ax(t), t~O 

x(O) E f(a). 

If x( t) satisfies ( 4) then the corresponding y( t) satisfies 

. az1 ~ r2 { a22 a21 di } * r y(O)=--e 2 J\ + --x2+an +-- e 21\. +ai2x2-andi 
d2 d2 dz 

a) ai2 = 0. 
Let a= -d1, then K = 0 and y(O) = -a11d1. From this we have: 
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If aud1 =0 then the line {x1 =-di} is Si-invariant. 
If a11d1>0 then the half plane {x1 $-di} is Si-invariant. 
If a11 di < 0 then the half plane { x1 2: -di} is S'-invariant. 
In this case the system (2) is not controllable. 
b) a12 =f O. 
Then a21 = 0. We have 

y(O) = e~ I< {-~22 x2 +an} +a12x2-a11d1. 

X? 

b1) a22=0, an=fO. y(O)=eil2"Ka11+a12x2-and2. 
( *) ai2d2 > 0. 
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We can choose I< an ~ 0 (i.e. ](au,...., -oo) such that y(O) < 0 for all 
x2, with this J{ the set r _(J( -d1) is Si-invariant. 

(*) a12d2 < 0. 
We can choose ]{au ~ 0 (i.e. J( au ,...., +oo) such that y(O) > 0 for all 

x2, with this J{ the set r +(K -d1) is 5-invariant. 
In the case b1) the system (2) is not controllable. 

b2) an= 0, a22 =f 0. 

Let J( = aal zdz , then 
22 . 

y(O)=a12x2 l-e'il2 . 
. ( X?) 

Here we can see that if a12d2 > 0 then y(O) < 0 for all x2 =f 0 and r -(K -
-d1)\I'(I<-d1) is 5-invariant; if ai2d2<0 then y(O)>O for all x2=fO and 
r +(K -d1)\I'(I( -d1) is 5-invariant (we took into consideration that the 
solution of ( 4) in case x2 = 0 is a point: (a, 0)). 

In this case the system (2) is not controllable. 

b3) au = 0, a22 = 0. · 
In this case the integral curves of A satisfy 

{ 
x1 (t ) = ai2x2(0)t + x1 (0) 

x2(t) = x2(0 ). · 

They are parallel half lines { x2 = const} ,. going from left to right and 
x1(t)--+oo as t--+oo if ai2x2(0) >0, going from right to left and x1 ( t)--+ -oo 
as t--+ oo if ai2x2(0) < 0, the points of the line_ { x: x2 = O} are fixed points 
of A. By this one can see that 5 is controllable in IR2. Indeed, let x , y be 
arbitrary in JR2. Then x EI'( a), y E r(,B). If a= ,8 then x can be steered 
into y on a trajectory of ±(B + d). If a< (3, then along the trajectory 
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f(o:) of ±(B+d) x can be steered into z with ai2z2(0)>0. The trajectory 
x =Ax, x(O) = z steers z into a point of r(,11) from which y can be reached 
along f(./3) . If a> f3 then trajectory r( a) of ±( B + d) steers x into z with 
ai2z2(0) < 0. Hence y can similarly be reached from z . 

In the case b3) the system (2) is controllable. 

b4) au=/= 0, a22 =/= 0. 
Here we assume x( t) satisfies ( 4 ), then 

(6) y(O) = e i} J( {-~22 x2 +au} +a12x2 -a11d1. 

Now we consider y(O) as a function of x2: f(x2) := y(O) then 
1 X? 

J'(x2) = 2edz J( {-a22x2 + aud2 - a22d2} + ai2· 
d2 

J' ( x2) = 0 if and only if 
X? 

2 -~ K {a22x2-a11d2+a22d2} =d2·a12e 2 · 

b4o:) d2 > 0, ai2 > 0. 

(*) dza11 < ~. 
a22 ai2 

We assume that J( a22 > 0. Then there is only one z such that f' ( z ) = 
= 0 because K { a22x2 - a 11 d2 + a22d2} is strictly monotonously increasing, 

X? 

d~ · a12e -ili is strictly monotonously decreasing. If f'(z)=O then f'(x2)>0 
ifx2 < z and J'(x2) < 0 if x2 > z, hence f(x2) attains its global maximum 
at x2 = z. 

Now we try to find J(, z such that 

Ka22>0, J'(z)=O, f(z)<O. 

Since da2au <aaiidi, there is z such that da2a11 <z<aandi with this z f(z)<O, 
22 12 22 12 

which follows from (6) and from the conditions of K, z, d2, a12· Now we 
calculate the value of J( from 

(7) 

and one can see here J( a22 > 0 and f' ( z) = 0. We showed that we can choose 

~ < z < aaudi and Ka22 > 0 such that J'(z) = 0, f(z) < 0. Since f(x2) az2 12 
attains its global maximum at x2=z, f(x2)<0, i.e. y(O)<O for all x2. This 
shows that r -(K -d1) is ~-invariant, the system (2) is not controllable. 

(*) d2a11 > ~. 
az2 a12 
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Then for z = a1;~2 , f(z) = ai 2:?1y'2 - aud1>0 and J(x2)--+ -oo as 
x2--+ :....::oo. Hence fo~-all KE JR, i.e. "£or all a E JR on the curve r(a) there 
are points at which the integral curves of A go into the interior of r + (a) 
and there are points at which the integral curves of A go into the interior 
of r -(a). With this fact we can show that ff is controllable. For this we 
prove that A.'1'(0) = JR.2 ancl A_.'1'(0) = JR2, hence ff is co~trollable . First we 
mention that z~A.'}(0), zEf(a) implies f(a)nA:;(0)=0 . Consider the set 
G ={a: r(a) c A.'1'(0)}. This set is nonempty and open since r(a) can be 
crossed by trajectories of ( 4) from r - to r + . and from r + to r....:. Also G 
is closed. Indeed, let an E G, an--> a. Taking subsequences we can assume 
that an is monotone. If O'.n increases, take a trajectory of ( 4) from L ... (a) 
tor +(a); f(a:n) will meet it for sufficiently large n and then aEG follows. 
The case of decreasing an is similar, hence G is closed. As an open closed 
and nonempty set, G must equal to JR which shows AS"(O)':= JR 2 . 

. Similarly A_:;(O):: JR.2. 

We proved that in this case (2) is controllable. 

b4,B) d2 > 0, a12 < 0. 

(*)~<~. 
a22 a12 

For J( azz < 0 there is only z such that J' ( z) = 0 (from ( 7)) . with this .z , 
J'(x2) < 0 if x2 < z and J'(x2) > 0 if x2 > z, hence J(x2) attains its global 
minimum at x2 = z. 

Here we find J( and z such that 

Ka22 < 0, J'(z) = 0, f(z) > 0. 

Let da2a!I < z < aa!ldl, then J(z) > 0 (see (6)) . 
22 12 

We calculate J( from the equation (7) , then !' ( z) ~ 0 and K a22 < 0. 
With the chosen ]{and z, f(x2) > 0, i.e. y(O) > 0 for all x2. This shows 
that r +(K - di) is Ji-invariant. 

(*) d2all > ~. 
a22 a12 

Let z=~, then f(z)=aiza!ld" -a11d1 <0 and f(x2)->oo as x2->-oo. 
a22 azz . 

Then for all a E JR on the curve r( a) there are points at which the integral 
curves of A go into int r +(a) and there are points at which the integral 
curves of A. go into intf -(a:). From this fact, similarly to the case b4a), 
we can show that the system (2) is controllable 

b41') d2 < 0, a12 > 0: 
(*) dza11 > ~. 

a22 a12 
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For K a22 < 0 there is only z such that J' ( z) = 0. If x2 < z then f' (x2) < 0 
and if x2 > z then J'(x2) > 0. Hence J(x2) attains its global minimum at 
x2 =z. 

We find J( and z such that 

Ka22 < 0, · f 1(z) = 0, f(z)> 'O. 

We choose aau d2 > z > dai au , then f ( z )' > 0 in the case K a22 < 0. 
22 12 . 

We calculate I< from the equation (7). We obtain that f' ( z) = 0 and 
Ka22<0 . . With this J( and z, y(O)>O for .all x2, the set r+(K-di) is 
g;-invariant. 

(*) -~ < ~-
a22 a12 

Let . z = a~~~ 1 then f(z) = a12:?J?Jd? - a11d1 < 0 and f(x2)--+ +oo as 
x2 --+ +oo. Frain this, similarly to--the parts above, we see that in this 
case (2) is controllable. · 

b46) d2 < o, a12 < o. 
(*)~>~. 

a22 a12 

For ]( a22 > 0 there is only z such that J' ( z) = 0. In this case if x2 < z 
then f' ( x2) > 0 and if x2 > z then f'( x2) < 0. Hence f ( x2) attains its global 
maximum at x2 = z. 

We find J( and z such that 

Ka22 > 0, f 1(z) = 0, f(z) < 0. 

We choose aud'.? >z> daian. With this z, f(z)<O (if Ka22>0). 
a22 12 

We calculate J( from the equation (7) . We obtain that f 1 
( z ) = 0 and 

J( a22 > 0. With this J( and z, y(O) < 0 for all x2, hence the set r -(K -d2) 
is invariant for :J. 

(*)~<~. 
a22 a12 

Let z = ~ then f( z ) = aizand,., - aud1 > 0 and J(x2)--+ -oo as 
. a22 a22 
x2 --+ +oo . From this and similarly to aboves, we see that in this case 
the system (2) is controllable. · 

. b4c) . 

·Now we assume that d?a_an = daiau = z. Then d1of=0 and z of=O. Let 
22 . 12 z 

J( =die -;rz , we see that K satisfies (7) . 

We consider the integral curve r(I\ -di) of B + d. We see that (0, z) E 
E f(J( -d1). . . 
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Solving the differential equation ±(t) = Ax(t), x(O) =(0,z) we obtain 

·{ x1(t) =eaut ·t·a12z 
if au =a22 

x2(t) = ea22t z 

and 

{

xi(t)= a12z _ (ea11t-ea22t) 
· au-a22 

x2(t)=ea22tz . 

Let 
ea22t z-z 

zi(t)=e d2 di-di. 
Since the integral curve of (B+d) through (K-d1,0) satisfies the equation 

X') 

x1 = eili I< -di, we have (:Zi(t),x2(t)) E r(J\ -d1). 
We calculate !!OW :i:1(t), z1(t). 

· _ ea22 1z-z ea22tz-z 
Z.1 ( t) = a22"' ea22t . e. d2 di ,,,,;, a12Z. ea22t. e d2 

d2 ' 

(Here a2J
2
d1 = a12 by the assumptio~ of z.) 

±1(t) .~ ai2ze011 t(a11t + 1) if au= a22, and 

±1('t)~ a12Z ea22t(a11e(a11-a22)t_a22) ifa11#a22-
au-a22 . 

Consider now z1(t)-x1(t) near t=O. 
In th~ case au= a22 we have z = d2 

z1(t)-±1(t) =a12zea11t (eeall'-1-aut-1). 

The Taylor series exp~nsion of eeant-l is the following. 
eallt-1 2 2 3 e =l+aut+a11t +o(t ). 
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Calculating the Taylor series expansion of { · } we obtain 

z1(t)-±1(t)=a12Z·ea22t { aua22t2+o(t3)} (if au #a22). 

In both of the cases we have 

(*) ;.Z1(t)-x1(t) = a12z· ea22 t { aua22t2 + o(t3)} = 

= at1 a12d2ea22t (t2 + o(t3)). 

In what follows we will show that .in .the case dazau = daiau the system (2) 
. 22 12 

(with the assumption b4)) is not controllable. In particular we show that 
either f _(J( -di) or r +(J\ -d1) is A-invariant. 

We consider the case b4)· Similarly to there .we can prove that with z 
and]( defined above, y(O) < 0 (resp > 0) fpr all x2 =/:- z. For ,x2 = z we have 
y(O)=f(z)=O. We will show that the solution of x(t)=Ax(t), x(0)=.(0,z) 
satisfies x1 (t) $ z1 (t) (or 2:) fort E [O, e:) with some .small positive number e:. 
From this and from y(O)<O (resp >0) Vx2#z we obtain thatT-(K-d1) 
(resp r +(I\ -d1)) is A-invariant, thus the system (2) is not controllable. 
Indeed, in case b4a) and b48) above, d2a 1'2 > 0 hence we get by ( *) that 
z1 (t) >xi (t) for 0 < t < e:, if e: > 0 is sufficiently small. This means that the 
trajectory of A starting from (O, z) goes into f _(J<-d1) . Since y(O) < 0 
for x2 #z, we get that f _(k-di) is invariant. In .case b4,8) and bn) we 
have d2a12 < 0, and then z1(t) < x1(t) for 0 < t <€,€small. For x2 :/= z we 
get here y(O) > 0, therefore r +(I< -d1) is invariant. So we have, shown that 

(2) is never controllable when in case b4) the equality d~;J 1 = d~;J 1 holds. 

Summarizing: (for b4). 

In all cases we showed that in the case b4) the system (2) is controllable 
of and only if 

au a11 di . ->-­
a22 a12 d2 · 

Now we complete the proof of the Theorem 4. 

We assume that our original system is written by 

x(t) = A.x(t) +u(t)bcT x(t) +u(t)d 

and after changing basis . and changing control (v = cTbu) the obtained 
system is written as 

x(t)=(~~~ ~~~)x(t)+v(t)(~ ~)x(t)+v(t)(~~)· 
Then we can calculate the values aij , di, i = 1, 2, j = 1, 2 by using Lemma 1. 
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Here 

where 

We obtain 

cT Ab det [ /JA] . · det [b, Ab] 
au= cTb ' a12 = cTb ' a21 = cTb ' 

CT d d det(b, dj 
di=cTb' 2= cTb 

We. mention also that det( ·) and Sp ( ·) do. not change after changing basis. 
From these facts we obtain: 
I. ¢=> det[b, d] = 0. 

[ 
cT ·] · II.a) ¢::::> ~et cT A = 0. 

II.bi) or b2) ¢::::> det(b,d]:f:O, det [cfA] :f:O, detA=O, SpA:f:O. 

II.b3) ¢::::> det(b, d] i= 0, det [ c{A] i= O; det A= Sp A= 0. 

IL b4) ¢::::> det[b, d] # 0, det [ c~4 ] # 0, det A# 0. 

In the case II.b4), since a21=0, we can calculatt: a22: a22 = ~:: = 
= cTtpetA. The inequality 

c Ab 

• 
is equivalent to the inequality written in 2. of the theorem. With this we 
finished completely the proof of the Theorem 4. I 

EXAMPLE (46]. Consider a system (2): with 

A=[~ lJ, B= [~ .~], 
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det[A,B] =0, cTbfO 

If >. = 0, v f 0, d2 f 0 then the system is controllable. 

If >. :f: 0, v :f: 0, d2 :f: 0, 1 > >. · * then the system is controllable. This 
contains the cases considered in [46] . 

THEOREM 5. Consider the system 

(2) x(t) = Ax(t) +u(t)Bx(t) +u(t)d 

with B = bcT f 0, d f 0, det(A,B] = 0. 

Assume that cTb= 0. Then the system (2) is controllable in JR2 if and 
only if either · 

1. det[b,d] f 0, AB= 0 and det[Ad,d] f O; or 
2. det[b, d] f 0, AB f 0, AB,; 2BA and det[Ad,d] f 0. 

PROOF . We mention first that we can change arbitrarily the basis 
in which the data are given. Indeed, if P is a nonsingular matrix and 
A'= PAP-1, B' = P BP- 1, d' =Pd then the system 

iJ( t) =A' y( t) + u( t)B' y( t) + u(t)d1 

is controllable if and only if (2) does (y(t)=Px( t) ). Further B' =b' c1T where 
b1 =Pb, c1T =cT p-l and det[b,d] f0{:::=}det[b', d'J f 0, AB =0{:::=}A1 B' =0, 
AB= 2BA {:::::;}A' B' = 2B'.4' , det[Ad, d] f 0 {:::::;} det[A' d',d'] f 0. 

From this and by Lemma 1 we can assume that 

B= (~ 6) 
Let A= (au ai2) d= (di) .· 

a21 a22 ' d2 

Then det[A, B] = 0 {:::::;} a21=0. 
I. d2 = 0 ( {:::::;} det[b, d] = 0) . 
From (2) we obtain 

±2(t) = a22x2(t). 

This shows that the line { x: x2 = 0} is an invariant set of (2). 

The system is not controllable. 

IL d2 f 0 ( {:::::;} det [b, d) f 0 }. 
Here we consider the system fJ = {A,±( B + d)} instead of ( 2 ), too. 
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The integral curves of ( B + d) satisfy 

{
x1(t)=x2(t)+d1 

t E JR 
x2(t)=d2 

Solving that 

(since ± (B + d) E .9'). 

· .{x1(t)= d~t 2 
+x2(0)t+d1t+x1(0) 

x2( t) = d2t + x2(0). 
w~ can take x2(0) = 0, x(t) satisfies 

x 2( t) d1 
xi(t)= :;d +-d x2(t)+x1(0). 

- 2 2 . 

255 

This is the equation of the trajectory of ( 13 + d) which goes through the 
point ( x1(0),0). 

Every integral curve r( a)= { x: xi = .;! + *x2 +a} divides the plane 

into two parts 

and 

Now we consider integral curves of A.: . 

(8) 

Let 

{ 
±(t) = Ax(t), 

x(O) E I'(a). 

x~(t) di 
y(t) = x1(t)- - - -x2(t)-a. 

2d2 d2 
If x(t) satisfies (8), then y(O) = 0 and 

. ·( d 1 a22) . a22 2 y(t)=a11x1(t)+ ai2-~ x2(t)-J2x2(t) 

Let x(t) satisfy (8) and x(O)=(x1,x2), then 

"() an-2a22 2 (a11-a22)d1+a12d2 
y 0 = x2 + x2+aua. 

2d2 d2 

a) au= 0 (¢:::::;.AB= 0). 
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( *) ai2 = 0, a22 rf 0. 
In this case 
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. a22 2 a22d1 . a22 
y(O) = -d;x2 ---;[2x2 = -x2 · (x2 +d1) · J;· 

If di= 0 then y(O) · Tz < 0 for x2 # 0, and r +(a) is .'.}-invariant if Tz < 0, 

r -(a) is .'.}-invariant if ~ > 0, for all a. The system is not controllable. 

Here d1 a22 = d2a12· If di# 0, there are values of x2 for which y(O) > 0 and 
there are values of x2 for which y(O) < 0. Then similarly to the proof of 
the Theorem 4 we can see that in this ·case the system .'.} is controllable, 
so does (2). Here dia22 # d2a12: 

( *) ai2 = 0, a22 = 0 ===?-A= 0. The system is not controllable. 

Here dia22 = d2al2· 

(*) ai2rf:O, a22=0. 

y(O) = ai2x2 . 

In this case y(O)>O if a12x2>0 and y(O)<O if ai2x2<0. Similarly to the 
Theorem 4 we can see that the system is controllable. Here d 1 a22 # d2a12. 

( *) ai2 # 0, a22 # 0. 

. ( a22 a22d1) y(O)=x2 --x2+a12--- . 
. d2 d2 

If ai2d2 = a22d1 then y(O) = -~x~ and y(O) · ~ < 0 for all x2 # 0, thus 
the system is not controllable (s~e above). If ai2d2 # a22d1 then y(O) > 0 
for some x2 and y(O) < 0 for some another x2 (for all a:) . Hence we can see 
that the system is controllable. 

Summarizing we obtain in the case II.a) that the system (2) is con­
trollable if and only if a12d2 # a22d1. This is equivalent to the fact that 
det[Ad, dJ # 0. Indeed, since au= 0, a21=0, det[Ad, d] = ai2d~ - a22d2d1 = 
= d2(a12d2-a22d1 ). 

b) a 11 # 0 ( {=:::> AB # 0). 

bi) au# 2a22 ( {=:::> .4B # 2BA). 

In this case we can choose a: such that y(O) · auU~azz > 0 for all x2. 

W . h h ' 'f an -2an 0 h r ( ) . CZ: • • - d 'f a11 -2an 0 It t IS Q 12J., • > t en . + O'. IS ..r-mvanant an 12d., •• < 
then r_(a) is .'.}-invariant. -

b2) a 11 = 2a22 ( {=:::> AB = 2B A) . 

. (O) a22d1 + a12d2 + 
Y = d2 x2 aua::. 
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If a22d1 = -a12d2 then y(O) = aua. Hence y(O) > 0 if a11a > 0 and with 
this a, r +( Q) is :f-invariant. 

If a22d1 :f-a12d2 then for all a, there are values of x2 for which y(O) > 0 
and there are values of x2 for which y(O) < 0. Hence we can show that the 
system :f is controllable by similar way as before. 

Now we calculate det[Ad,d]. 

det[Ad, d] =au di d2 + a12d~ - a22d1d2 = a22d1d2 + a12d~ = 
=d2(a22d1 +a12d2). 

Hence a22d1 :f -a12d2 ~ det[Ad, d] :f 0. 
Thus we showed that in the case AB :f 0 the system is controllable if 

and only if AB= 2BA and det[Ad, d] :f 0. 
We finished completely the proof of the Theorem 5. I 

4. Two Structure theorems 

Let A, B be matrices in JR2x 2. The pair (A.,B) is said to be controllable 
if the corresponding system 

x(t) = Ax(t) + u(t)Bx(t) 

is controllable in JR 2 \ { 0} . 
Denote 

'(5 := {(A,B) E JR2 x 2 x JR2x 2 : (A,B) is controllable} 

X := {(A,B) E JR2x2 x JR2x2 : det[A,B] ~ O}. 

As usual we denote the norm of a matrix A by 
I 

llAll = (~ atj) ! 

t ,) 

We have the following structure theorem 

THEOREM 6. Witb tbe above notations 'f5r:;,.X, 'f5 is op·en set in JR2
X

2 x 
JR2x 2 and 'f5 is dense in X. 

PROOF. By Theorem A and Theorem 1 it is obvious that 'f5 c;,_ X. 
I. 'f5 is open: 

Let (A, B) E 'f5. We show for there is £ > 0 such _that if llA' - All < c, 
llB' - Bii < c then (A', B1

) E 'f5. 
1. B has distinct real eigenvalues. 
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By Theorems A and 1, det[A,B] < 0. 

Since B has distinct real eigenvalues, Sp 2 B-4detB > 0. There is io> 0 
such that !IA' -All <c, llB' -Bii <e (we write (A' ,B')EI<c(A,B) for short) 
implies 

det[A', B'] < 0 Sp 2B' -:-4detB' > 0. 

Then B' has distinct real eigenvalues, and by Theorems A and 1 (A', B')E'fJ. 

2. B has twofold real eigenvalue and B =f. kE 
By the Theorems A and 1, (A,B) E 'fJ-<===? det[A,B] < 0. In this case 

Sp 2 B-4detB = 0 and B =/= kE, B =/= kA. 
Take a small E: > 0 to ensure det[A',B'] < 0, B' # kE, B 1 # kA1

• Then 
(A' , B1)E'f5. Indeed, if Sp 2 B' -4detB120 then B' has two real eigenvalues, 
hence det[A', B'] <0, B' =f.kE is enough for the controllability. If Sp 2 B 1 =0, 
det B' < O, then B' has purely imaginary eigenvalues and det[A', B'] + 
+ detB' · Sp 2 A'S det[A' ,B'] < 0 implies (A', B') E 'fJ. Finally if SpB' # 0 
and Sp 2 B' -4 det B' < 0 then B' has complex eigenvalues with nonzero real 
part, Hence B' # kA1 implies the controllability. 

3. B = kE, k =f. 0 

By Theorem A, (A , B) E 'f5-<===? Sp 2 A - 4 det A < 0 
We need first the following fact: 

"Let X be a matrix in JR2X 2 such that Sp2 X -4detX <0 then for all YE 
EIR2x 2 det[X, Y]SO, and in the case det[X, Y]=O we have Sp 2Y -4det Y <0 
or Y=kE." 

We prove this fact : Since det[X, Y] does not change under changing 
the basis, we can assume that 

with 4x1 + x~ < 0 

(see 3. and 4. in the proof of the Theorem A) 

det[X,Y]= 

= x1(Y22-Y11)2-(x1x2Y12 +x2Y21)(Y22-Y11)-(x1Y12-Y21)
2 +x~Y12Y21 

By the ending part of the proof of the Theorem A, det[X, Y] S 0 and 
det[X, YJ = 0-<===? X1Y12 = Y21 and Y22 -y11 = x:..1'12 . With this and with 

. "'l 
4x1+xj<0 we obtain Sp 2Y-4detY < 0, or Y = kE. Now, since B = kE, 
k =f. 0, ::ipB =f. 0. 

There is e > 0 such that (A', B1
) E Kc(A, B) implies 

SpB' ":f O, Sp 2 A' -4detA' < O, B' =f ,\A'. 
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a) If Sp 2B' -4detB';:::: 0 then by the above det(A',B'] < 0 or B' = kE. 
In this case if B 1-:f.kE then (A1,B1)E'f5 by the Theorems A and 1, if B' =kE 
then (A1,B1

) E 'f5, too, by 2) of Theorem A. 

b) If Sp 2 B' - 4 det B' < 0, since Sp B' T 0, then (A', B') satisfies the 
conditions of 4. in Theorem A, thus (A1

, B) E 'fJ. _ 
4. B has purely imaginary conjugate eigenvalues 

In this case (A, B)E'e{:::::>det[A, B]+det B·Sp 2 A<O. B satisfies SpB=O 
and detB > 0 

Sp 2 B-4detB < 0. 

There is c: > 0 such that for all ( A1
, B') E Kc( A, B) 

{ 

detB1 >0 

Sp 2 B' -4detB' < 0 

det[A', B'] + det B' · Sp 2 A'< 0. 

Hence if Sp B' = 0 then (A.', B') satisfies the conditions of 3. in the Theorem 
A; if SpB' -:f. 0, then (A',B') satisfies the conditions of 4. in the Theorem 
A ( det B' > 0 ==} det[A', B'J < O ==} B' -:f. kA') 

5. B has complex conjugate eigenvalues with nonzero real part. 

In this case (A,B)E'e{:::=>B-j.kA. (A-:f.0). B satisfies 

Sp 2 B-4detB < O SpB-j. 0. 

There is e, > 0 such that for all (A', B1
) E Kc(A, B) 

B'-:f.kA', SpB1 -j.O, Sp 2B'-4detB1 <0 hold. 

This means that (A', B') E '6. 
We proved the part I. 
II. 'f3 is dense in X. 
Let (A,B) eX. We will show that for · all e > 0 there is (A.',B') E 

E Kc(A,B)n'f5. 
1. B has distinct real eigenvalues. 

As usual, we can assume that 

B = ( ~1 ~) , bi -:f. b2. 

If det[A,B]<O then A'=A, B' =Band (A',B')EKc(A,B)n'f5 (by Theorems 
A and 1). 

Assume that det[A, BJ= 0. 

Then det[A, B] = ( b1 - ~)2a12a21=0, where A= ( aij )i,j. Since bi -:f. ~' 
ai2a21=0. Let B 1 = B. 
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·(*) ai2 =0, a21 =0. 
Let 
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A'= ( au ai2+e) 
a21 - (! a22 

Then det[A',B']=(b1-b2)2(-e2)<0. Hence and by the Theorem~ A and 
1, (A',B') E l<t:(A,B)n'&. . 

( *) ai2 = 0, a21 :f: 0. 
Let 

A'= (au ai2+e) with a21e<0 and e2 <e2. 
a21 a22 

Then det(A',B']=(b1-b2)2a21e<O and (A1,B1)EKt:(A,B). This means 
that (A', B') E Kt:(A, B) n 'e. 

( *) ai2 # 0, a21 = 0. 
Let 

A'= ( a11 ai2) 
a21 +e a22 

with a12e < o, e2 < c2
. 

Then (A',B') E Kt:(A,B)n'f5. 
2. B has a twofold real eigenvalue and B # kE. 

We can assume that B = ( ~ ~) (see the proof of the Theorem A) . 

Then det[A,B] = -ay2. 

(*) a12#0. 
Let A'= A, B' = B . By the Theorems A and 1 (A' ,B') E 'f5 . 
( *) ai2 = 0. 
Let 

A'=(a11 ai2+e) with O<e<c:andB'=B. 
a21 a22 

The det[A',B'] = -e2 < 0, hence (A1,B1
) E Kt:(A,B)n<g. 

3. B=kE. 
Let 

B' = (k_+/ fJ ) 
a k+e 

Then Sp 2 B' -4detB' < 0, SpB1 #0. Let 

with O" # a22 - au and 0"
2 < c2

. 
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Then (A',B') E K€(A,B) and B' f; >.A'. Since B' has complex conjugate 
eigenvalues with nonzero real part (from above), by 4. of the Theorem A, 
(A',B') E 'f5. 

Let 

4. B has purely imaginary conjug~te eigenvalues. 
We can assume that 

B' = ( f !) 
Then Sp 2B'-4detB' =4b<O and SpB' fO. 

Similarly to 3. above, we can choose A.' such that (.41,B1)EK€(A,B)n 
n 'f5. . 

5. B has complex conjugate eigenvalues with nonzero real part. 
Let B' = B. Let 

A'= (an+ e ai2) 
a21 a22 

with e2 < c2 and such that B1 i= kA'. 

Then (A',B') E K€(A,B)n'f5. 
We finished completely the proof of the Theorem 6. I 

In the following we study the behaviour of the controllable triples 
(A,B,d) in JR2x2 x JR2x2 x JR.2. 

The triple (A, B, d) is said to be controllable if the corresponding 
system 

x =Ax +u.Bx +ud 
is controllable in JR. 2. (Here A, B, d, may be zero.) 
Let 

.2) :={(A, B, d) E JR2X2 x JR2X
2 x JR.2 : (A, B, d) is controllable} 

:£:={(A, B, d) E JR2x2 x JR2x2 x JR.2 : det[A, BJ$ O}. 

As a consequence of theTheorem 6 we can prove the following theorem 

THEOREM 7. With the notations above .2l <;:£, .2l is dense in:£, .2l is 
not open. Further, if (A, B, d) E 1) with (A,B) E '6' then (A,B, d) E int:D. 

PROOF. By the Theorems 2 and 3 if det[A, BJ> 0 then (A, B, d) is not 
controllable, thi~ means that 1) C :£. 

Now let (A,B,d)E.:f. 
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By the Theorem 6 for each c:>O there is (A',B')EKc:(A,B) such that 
(A', B') E '€5, and we can suppose B' # 0. 

1. B' has real eigenvalues with rankB' = 2 and B' of kE. Then for each 
f! > 0 there is d' such that lid' -dli < f! and A' B'- 1d' # 0 (since (A', B') E 
E 'f3 =* det[A.1 ,B'] < 0 =*A'=/= 0) . By the Theorem 2 (A',B',d') E JJ. 

2. B' = kE, k # 0. Then Sp 2 A' -4detA1 < 0; For f! > 0 there is d' # 0 
such that lid' -dll <fl. By the Theorem 2 (A' ,B',d') E JJ. 

3. B' has purely imaginary conjugate eigenvalues. In this case 
det[A', B'] +<let B' ·Sp 2 A'< 0. For f! > 0 there is d1 such that lid' - dli < (} . 
and A1B1-

1d1 =JO. Hence and by the Theorem 2 (A1,B1,d1)EJJ. 
4. B 1 has complex conjugate eigenvalues with nonzereo real part. Then 

B 1 # kA1 and we can suppose A'# 0 (see the proof of Theorem 6). For fl> 0 

there is d1 such that lid' - dll < (} and A' B'-td' # 0. By the Theorem 2 
(A', B', d') E :JJ. 

5. rankB' :0:: 1 and det[A',B'] < 0. 

Let B 1 = b1 c1T. Then for f! > 0 there is d' such that II d1 
- dli < f! and 

det[b', d'J of 0. By the Theorem 3, (A', B', </,1) E JJ. 
We showed that JJ is dense in:£. 

Now we show that ;/) is not open. 
Consider a triple (A, B, d) with 

A=(~ a62), B=(6 
and a12 # 0, d2 # 0. 

Then B=bcT, b=( ~ )=c, doj:.O, det[A,B]=O, det[b,d]oj:.O, <let [ c{A] oj:.O, 

detA=SpA=O. By the Theorem 4 the triple (A,B,d) is controllable. For 
t: > 0 let 

A'-(~ ai2)· - 0 0 ' B1 =B, d' =d 

then by the Theorem 4 the triple (A1,B1,d1
) is not controllable, and 

(A', B') E Kc:(A, B), lid' -dli = 0 < t:. 
This shows that ;/) fails to be open. 

Now we prove the last assertion of the Theorem. 

Let (A, B, d) E fl) and (A, B) E '!'5. Then (A, B, d) has no fixed points. 
By the Theorem 6 there is t: > 0 such that Kc(A,B) C 't3. There is fl> 0 
such that (A',B') E Kq(A,B) and lid' -dli <fl implies that (A',B',d') has 
no fixed points. Indeed, assume indirectly that there are An, Bn, dn, 
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Xn such that An-+ A, Bn-+ B, dn-+ d, Anxn = 0, Bnxn = -dn. If B is 
nonsingular then we can assume that En is non-singular for all n . Then 
Xn-+ -B;; 1dn-+ -B-1d = x, thus Anxn-+ Ax and x is a fixed point of 
the system, which is contradictory. If rankB = 1 then by Theorem 1 
det[A,B] < 0 and we can assume that det[An,Bn] < 0 for all n. In this 
case Xn =-[An,Bn]-l Andn-+-[A,B]-l Ad, and Anxn -+Ax, BnXn -+Bx, 
from which x is a fixed point of the system, and this is contradictory, 
too. We can choose g < c. Then for such a triple (A', B' , d') we obtain that 
(A1,B1,d1

) is controllable. This means that the set {(A,B,d)E:ll:(A,B)E'&} 
is open. We completed the proof of the Theorem 7. I 
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I. Introduction 

A general technique to guarantee ·the non-existence of non-trivial closed 
orbit of second order dynamic systems is Bendixson criterion [l], [3] . 

This criterion was generalized by H. DULAC [1], [4] as follows. Let 

(1) X=P(X,Y), Y=Q(X,Y) 

be an analytic dynamic system, G a simply connected subregion of the 
domain of definition of (1). · 

Let B ( X, Y) be a continuously differentiable function defined in G such 
that the function 

a · a 
ax (B(X,Y)P(X,Y))+ oY (B(X,Y)Q(X,Y)) 

does not change sign in G, then there are no non-trivial closed orbits in G. 
The procedure of construction of Dulac Functions for (1) concerns the 

solution to a partial differential equation · 

div (B (X, Y)(P(X, Y), Q(X, Y))) = <P(X, Y) 

where <I> (X, Y) is some suitable function positive or negative definite in G. 
A different approach to obtain the funCtion B (X, Y) is based on the 

search of integrating factors as we show in the following. 

THEOREM l. Let (1) be an analytic system on the plane, G a simply 
connected subregion of the domain of definition of the system. If there 
exists an analytic system on the plane 

(2) X=Po(X,Y), Y=Qo(X,Y) 

such that the system 

* This research was supported by Fondecyt/Chile, under Grant 245/91, 92. 
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(3) .°X: = P(X, Y)-Po(X, Y), Y = Q(X,Y)-Qo(X, Y) 

has an integrating factor µ(X, Y) E C1 (G) and 

div (µ(X, Y)(Po(X, Y), Qo(X, Y))) 
does riot change sign in G, then the system (1) does not admit any non­
trivial closed orbit lying entirely in G. 

PROOF . If µ(X,Y) is an integrating factor for (3), then 

div (µ(X, Y)(P(X, Y)-Po(X, Y), Q(X, Y)-Qo (X, Y))) = 0 
and this implies that div(µ(X,Y)(P(X,Y),Q(X,Y))) does not change 
sign in G, and then B(X,Y)=µ(X,Y) is a Dulac Function for (1) in G. 

2. Main result 

Using the above procedure, we can generalize Bautin's theorem [2] as 
follows . 

THEOREM 2. Let us consider the cubic polynomial vector field 

X = X ( a3oX2 +a21XY +a12Y2 +a20X +auY +a10), 

. ( 2 2 ) y = y b21X +b12XY +bo3Y +b11X +bo2Y +bo1 ' 
(4) 

8 = a20bo2 - au bu # 0, 

, { [a3o(k+2)+hb21][ka10+hbo1] >0, and 
( 4) 2 

[( k + l)a21 + (h+ l)b12] -4[a30 (k + 2)+ hb21](ka12 + (h + 2) bo3] < 0 

where k = bo2 (bi~ -a:w), h = a2o(ai~ -bo;i) then the system ( 4) has no non­

trivial closed orbit in the whole plane. 

PROOF. First of all, if there is a closed orbit not intersecting the 
coordinate axes, then the closed orbit must lie in some quadrant. 

As 8 f 0, we can choose 

Po (X, Y) = X ( a3oX2 + a21XY + ai2Y2 + a10), 

Qo (X, Y) = y (b21X2 + b12XY + bo3Y
2 

+bo1). 

Thenµ (X, Y) = xk-l yh-l is an integrating factor for the system 

X =X(a20X +a11Y), Y = Y(b11X + bo2Y) 

and 
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div (xk-lyh-l (Po(X,Y),Qo(X,Y))) = 

= xk-lyh-l [x2 (a30 (k + 2)+ hb21) + XY (( k+ l)a21+(h+1) bi2) + 

+Y2 (ka12 + (h+2)bo3)+ ka10 + hbo1] 

does not change sign in any quadrant if ( 41
) holds, and this proves our 

theorem. 

COROLLARY. Let us consider the system 

(5) 

If 

and 

X =X(a1X +b1Y +ci)(a2X +b2Y +c2), 

Y = Y(a3X +b3Y +c3)(a4X +b4Y +c4). 

8 = (c2a1 + qa2)(qb3 +c3b4)-(c2b1 +cib2)(qa3 +c3a4)7~ 0, 
( kq c2 + hc3q)( a1a2(k+2) + ha3a4) > 0 

[( k + 1 )( a1 b2 + a2b1) + ( h + 1 )( a3b4 + b3a4)]2-

-4[( k + 2)a1 a2 + ha3a4J[kb1 b2 + ( h + 2)b3b4] < 0 

where 

k = ( qb3 + c3b4)( qa3 + c3a4 - c2a1 - q a2)/ 8, 
h = ( c2a1 + q a2)( c2b1 + q b2 - qb3 - c3b4)/ 8. 

then (5) does not admit any non-trivial closed orbit in G. 

REMARK. Ifa2=b2=a4=b4=0andq=c2=l in(5) then we have a 
Bautin's result. In fact the system (5) has the form 

(6) 

and it has been shown by BAUTIN [2] that such a system cannot have a 
limit cycle. In fact, the Dulac function is B(X, Y) = xk-l yh-l, where 

k = b3( aa-ai), h = ai( bi -ba) and 8 = a1 b3 - b1 a3 # 0. Then 
6 6 

div(xk-lyh-l(Xq, y c3) = xk-lyh-l(kq + hc3) 

does not change sign in any quadrant if kq + hc3 # 0. 
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CORRECTIONS TO OUR PAPER "THE UNIQUE 
AMALGAMATION PROPERTY FOR LATTICES" 

By 

ERVIN FRIED and GEORGE GRATZER 

The paper appeared in the same Journal 33 (1990), 167-176. Unfor­
tunately, the galley proof of our paper did not reach us. Here we correct 
some of the "worse" misprints. 

l. The correct address of the second author is: University of Mani­
toba, Winnipeg 

2. "amalgamat ... A, B , S" should be read " ... A and B over S" 
(always). 

3. "A. Slavik" is correctly "V. Slavik". 
4. The second word on page 168 should be instance. 

5. The upper index "1" should be always "£". 

6. In Figure 7 (page 171) the "first element" in the "lower level" and 
all elements in the "upper level" are stripped (they look black­
filled). 

7. The first four references have already appeared: 
[1] Trans. Amer. Math. Soc., 286 (1984), 251-256. 
[2] Proc. Amer. Math. Soc., 106 (1989), 1-21. 

[3] J. Austral. Math. Soc. (Series A), 47 (1989), 1-21. 
[4] Algebra Universalis, 27 (1990), 270-278. 
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