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ACUMIITOTUKA PEIIEHUN JUHENHLIX CUCTEM IO
IIEPBOMY IIPUB/IN T KEHHUIO

|

Kadenpa npuknaguoro amanuaa yuueepcurera uM. JI. Dreema, Bynanemr

(Mocmynuao 13. 7. 1988)

BumecTe ¢ ucxommoit cucTeMoit
(1)  E=At)z

B R” ¢ orpammyertiMn kycouHO HenmpepHBHEBIMU IpH >0 kKoeddumuen-
TaMHM PaCCMOTPUM U BO3MYIUIEHHYIO CUCTEMY -

(2) y=A(t)y+f(t,y)

roe f — BoaMmymeHua (ompefeideHH Ha npoussegermu [0,4+00) x R™
KYCOYRO HENPEpHBHEL IO t) mopamka m > 1 (KpaTko m-BO3MYIIEHUS)
T.€.

f(£,0)=0, |f(t.z1)~ f(t.z2)| S g(t) max{|a1[™ ", oo™ a1 — 2o
g(t)>0 menpeprsEas pymkmus. (cm. [1] u [3])
IIycte e1(t),e(t),...,en(t) Takol HOpMasEBLi Gasuc gaa (1), uro
e1(0)=[1,0,...,0]*, e2(0)=[0,1,0,...,0]*, ..., en(0)=[0,0,...,0,1}*. Haxee
oBo3HauMM '

i n

~ ~

1
P;=diag|0,0,...,0,1,0,...,0],
k n
P=>"P, Q=Y P u I=P+Q
1=1] i=k+1
Bsegem ¢ymrmuio I'puma

G(t,s):= X()PX™1(s) ecm t>s>0,
UL -X0QXT(s) ecam s>t>0,

rge X — ouepaTopEas ¢pyHEkmuA Koum ypasrermsa (1), T.e.
X(t)i=[e1(t)ye2(t)-- s en(?)]:
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PaCCMOTpHM UHTErpaJibHOEC YpaBHCHHNE

(3) ()= X(Oa+ [ Gt f(su(s))ds
0

Jlerxo yBuaeTs, 9TO BCAKAA GyHKINA, YOOBIETBOPAIIAA 3TOMY ypaB-
HEHMIO ABIAeTCA Takke pemerueM (2) (120, a€R™) (cM. [3] cTp. 148).

Moxnmo nokasats, urto

® KORX Ol

rae  o;(s)=<{X(s)BR", X(s)(I - P;)R"}
(cM. [3] cTp. 151-153).
IIycts B(-):[0,+00) — (0,+00) HempeprBEaa ¢yHEKIUA, UTO
lee()| <B(2),  t20
IJiA HEKOTOpOro ¢purcuposassoro £ € {1,...,n}.
IIpemnoxum maiee, 4To

(5) /161 9TE) G P it k) >0

s)|sinai(s) T le(t)]

u

(6) /'eg(sﬂm(s ds<cPB icik41,.n), 20

)lsines(s) = le®l’

roe 0 < ¢ =const.

Paccmorpum omepatop T':

(Ty)(t) = / Gt s)f(s,y(s)ds, 20,
0

B npocTparcTBe B(3) B xoTOpOM BekTOD-yEKIMAMU ABAAIOTCA (2> 0),
IO AUWHEHHEIE YCIOBHIO

Iy( )l
=: Jyj| < +o00.
s =l
Nspectro, uto B(B) ects 6amaxoso mpocTpancTso B HopMe | -|| (cM.

(2] cTp. 510).
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JIEMMA 1. Ecau y € B(8), o Ty € B(f).

JIOKA3ATENLCTBO.

+00
”Ty”:gg%t)' 0/ G(t,5)f(s,u(s))ds| <

k 1
1 - m
Sf;%:m [gl 0/ |X ()P X2 (s)lg(s)ly(s)|™d s+
n t®
+ > [ 1X®PXTN(s)lg(s)ly(s)™ds | <
i=k+1 "

k
c LYY Iei(t)l s)ﬂm S)
Scllyll 1!ZIO’ [; (D) /|e,(s)lslna;(s)

+ > / 'e-"(s)""‘(s) as| <n-cyl

i=k+1 (s)|sina;(s)

Amanornuno npemmlOymel NeMMe HONYydaeM:

JIEMMA 2. Ecau y, y2 € B(S), To

ITy1 = Tyal| < memax{llys ™, w2l ™" Hiys — vl
Hycts r >0 Takoif, uro g=ncr™ 1 <1, b=(1-¢)rm
Sy:={y:yeB(B), |yl <r}
W3 memm 1. n 2. cnemyet
TEOPEMA. Ecany cucrems (1) u ¢pyuxuuy sumonuaerca (5) u (6),

To npH J06oM 0 < € <§ cymecTByeT pelleHHMe Y CHCTeMEl (2) Takoe,
YTO

OIS T AW 5 ) —celd)] S TB0), £20.

L ¢ 2
JOKA3ATENLCTBO. Hycts a = [0,0,...,0,¢,0,...,0], To X(t)a =
=ceeyp(t) moatomy ||Xa| <Le.
Paccmorpim onepatop $, onpenenémnrt pabeEcTBOM

Pay=cep+Ty  (yeB(B)).



6 (1. eonor]

&, orobpaskaer map S, B ceba M OeHCTBYET B 2TOM LIApe KakK
CHUMAIOMUN ¢ KoehOUOUEHETOM CXATHUA ¢.

B camowm nmene

| @ay1 — Bay2|l = [ Ty1 — Tyl < ner™ Hy1 — yolf = ally1 — v

[@ayll < lleeell + Tyl < 8+gr=r.

ITosToMy ypaBHermMe ®,y=y paccMaTpuBaeMoe Iums Ha wWape Sy Opu
aw0o6oM 0 < &< § uMeeT eqMHECTBEHHOE PEUIEHME Y IIA KOTOPOro

a) (1- q)llyll < eflegll
6) 1Tyl < Ilyll

5) fy(t) < ﬂ(t)llyll < 7B,
) ly(t)—eesd) = (Ty)OI < ITV8() < 7= 60)

CHAEACTBHUE. IIpum B(t) =|e(t)] m ne<1 Bm6npaeM r <1 (aT0 BO3-
MOXEHO), MOSyYHM, 9TO y cucTeMsl (2) mpu mobom ¢ < (1 —ncr™ D)r
CYNIECTBYET TaKOe pPEeUIeHUE Y, ITO

(L=r)eleg(D) < y(DI S (1+7)elee(t)], t20.

Jlureparypa

(11 B. M. Munnuormukos: JAH CCCP, 162 (1965), 266-268.

[2] Boinos B. ®., Bunorpaj P. ., T'rosMAH . M., HEMBIHKHiA B. B.:
Teopus noxazameneti JIanynosa, Hayxka, 1966r.

(3] A. ®omor: O samaue Jlanymora, Annales Unw Sci. Budapest. Sectio
Mathematica, 28 (1986), 143—-182.
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This paper is dedicated in honour to Prof. H HERRLICH (Bremen)

0. Introduction

The category Top of topological spaces and continuous maps fails
to have some desirable properties, e.g. the product of two quotient
maps need not be a quotient map and there is in general no natural
function space topology, i.e. Top is not cartesian closed. To rem-
edy this situation inconvenient for algebraic topologists, especially homo-
topists, several substitutes for Top have been suggested. M. KATETOV
invented filter-merotopic spaces or simply filter spaces and several other au-
thors examined various categories of convergence structures (KENT, NEL,
FiscHER, KOWALSKY, CHOQUET, MACHADO, BINZ, KELLER, SCHWARZ,
FROHLICHER ANTOINE and others). Cartesmn closed categorles within
the realm of nearness spaces were discovered and studied by ROBERTSON,
BENTLEY and HERRLICH. GRILL is a cartesian closed coreflective sub-
category of SNEAR and it is isomorphic to the category of filter spaces
and merotopically continuous maps. It also contains suitably restricted
convergence spaces as a coreflective subcategory, namely those that satisfy
the following axiom:

(Rg) If a filter F converges to ¢ and y belongs to every member of F,
then F converges to y.

In generalizing topological structures, CSASZAR introduced the concept
of the so called syntopogenous spaces. It contains in particular Top but
doesn’t solve the above mentioned problems. COOK and FISCHER defined
uniform convergence structures which generalize the uniform spaces in the
sense of WEIL. LEE showed that the corresponding category is cartesian

closed but unfortunately it doesn’t contain all topological spaces. A com-
mon generalization of the last two mentioned structures was introduced by
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the author under the name of syntopoformic spaces, syntopogenous limit
spaces and syntopogenous convergence spaces respectively.

Now the filterformic spaces are introduced which fill the gap arising
from the existence of all these structures. It is shown that the categories
FMER of filter spaces and FCONV of filter convergence spaces can be
considered as a bireflective subcategory of the topological category FIL-
FORM of filterformic spaces and maps respectively. On the other hand we

prove that FILFORM is cartesian closed. Thus, equalities such as AB*C =
=(AB)YC (I14;)B=11(AP), AUBi=T1(ABi) and AX [] B;=][(AXB;) are
obtained.

1. Filterformities and related structures

1.1. DEFINITIONS: For a set X FIL(X') denotes the set of all filters
on X. A function F: PX — P FIL(X) is called a filterformity on X, and
the pair (X, F) is called a filterformic space, iff the following axioms are
satisfied:

(Ffl) Ae PX, F1€ F(A) and F1 C Fg € FIL(X) imply F3 € F(4),
(Ff2) A1, Ao € PX and 4; C Ay imply F(A9) C F(Ay),
(Ff3) z € X implies ¢ € F({z}); where PX denotes the power set of X
and :={BCX | z€ B}.
F is called an A-convergent filter on X iff F € F(A).

Now let (X, F1), (Y, F9) be filterformic spaces. A function f: X —Y is
called a filterformic map from (X, F}) to (Y, Fy) — shortly an ff-map —
iff the following hold: A€ PX and Fe€ F1(A) imply f(F)€ Fo(f{A}). f(F)
denotes the filter generated by fF, where

fE:={f|B] | Be F}.

The (concrete) category of filterformic spaces and ff-maps is denoted by
FILFORM.

1.2. EXAMPLES: Let X be a set.
(1) For a filter convergence structure 7 on X we put for A€ PX:
Fr(A):={Fe FILX) |Vzed I F er(z)F CF};s. [22],
(ii) For afilter-merotopy I' on X we put for A€ PX: Fy(A):=T} s. [11],
(ili) For a syntopogenous convergence structure K on X we put for
AecPX: s. [15], [16]
Fr(A):={Fe FIL(X) |IQeKVYzcAVteQt({z})CE},
(iv) For a syntopogenous structure S on X we put for A€PX: Fg(A):=
={Fe¢ FILX)|3 <eSVreA<(z)CE}, where <(z):={BC
CX [ {z}<BY;s. (6]
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(v) For a uniform limit structure L on X we put for A€ PX: Fj(A):=
:={Fe FIL(X) |3 UeLVzcAU(z)CF}, where U(z):={R(z) | Re
€U} with R(z):={y€ X | (z,y)€ R}; s. [5],
(vi) For a uniformity U on X we put for 4 € PX: Fy(A):={F¢€
€ FIL(X) | IReUVze AR(z)EF},
(vil) For a proximal limit structure P on X we put for ACPX: Fp(A):=
:={F € FIL(X) | 36€ PV z € 4é(z) C E}, where 6(z):={BC
CX [(X\B,{z})€6};s. [18].
To obtain nice embeddings of the important categories FMER and FCONV
into FILFORM some additional axioms will be now exhibited.

1.3. DEFINITION: For a filterformic space (X, F)F is called a filter-
meroformaty on X if it satisfies the following axiom:
(M) F(®)C F(X). Then the pair (X,F) is called a filtermeroformic

space.

1.4. THEOREM. The full subcategory MERFORM of FILFORM

whose objects are the filtermeroformic spaces is
(a) bireflective in FILFORM ;
(b) isomorphic to the category FMER.

PRrOOF. To (a): For a filterformic space (X,F) we put for A€ PX;
F™(A):=F(®). Then (X, F™)is afiltermeroformic space and 1 x:(X, F)—
— (X, F™) is the FILFORM bireflection of (X, F').

To (b): For a filter-merotopy I' on X we put for AEPX: Fp(A):=T (see
also Example 1.2. (ii)). Then Fr is a filtermeroformity on X. Therefore
we obtain an isomorphism between the categories FMER and MERFORM.

1.5. DEFINITION: For a filterformic space (X, F'), F is called a filter-
conformity on X if it satisfies the following axiom:
(C) Ae PX implies [} F({z})C F(4).
z€A ]
(In this context, if A=® then [} F({z})= FIL(X).) Then the pair (X, F)
z€A
is called a filterconformic space.

1.6. THEOREM. The full subcategory CONFORM of FILFORM

whose objects are the filterconformic spaces is
(a) bireflective in FILFORM ;
(b) isomorphic to the category FCONYV.
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PROOF To (a): For a filterformic space (X, F') we put for A€ PX;
Fi(4):= N F({z}). Then (X,F?) is a filterconformic space and 1y :

z€A
(X,F)— (X,F1) is the FILFORM bireflection of (X, F).

To (b): For a filter convergence structure 7 on X we put for A€ PX:
Fr(A):={Fe FILX)|Vzec A I Fer(x)F' CcF}
(see also Example 1.2. (1)). Then Fr is a filterconformity on X. Therefore
we obtain an isomorphism between the categories FCONV and CON-
FORM.
Note that for two filterformities F; and Fy on a set X there exists a
natural order by setting:

Fi<Fy:& YV A€ PX Fi(A)C Fy(A).

1.7. REMARK: From a categorical point of view there is no essential
difference between the categories MERFORM and FMER respectively
CONFORM and FCONY. Since the categories MERFORM respectively
CONFORM are bireflective in FILFORM, limits in MERFORM (respec-
tively FMER) respectively CONFORM (respectively FCONV') are formed
in FILFORM. Moreover we observe that MERFORM is a full subcategory
of CONFORM.

2. Categorical properties of FILFORM

First we note that for a set X the FILFORM - fiber of X, denoted by
FILFORM(X), is a set, i.e. FILFORM(X) is the set of all filterformities
on X.

In addition we observe that FILFORM has the terminal separator
property which means that for any set X with cardinality one there exists
precisely one element in FILFORM(X).

At last in proving FILFORM is topological we have to show the
existence of initial structures.

2.1. THEOREM. For any set X, any family (X;, F});e; of filterformic
spaces, and any family (f;: X — X;);es of functions there exists a unique

filterformity F{f_l} on X which is initial with respect to the given data
(X, fi, (X5, F3), I) ie. such that for any filterformic space (Y,F) a map
g:(Y,F)—»(X,F _1}) is an ff-map iff for every t € I the composite map

fiog: (Y, F) — (XI,F) is an ff-map.
ProOOF. Let A be a subset of X. We define
Fiy=n(4)={F e FILX) | Viel f(E) € F(AAD)
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Now it is straightforward to verify the postulated properties. In order to
show that FILFORM is cartesian closed we firstly prove that for given
filterformic spaces (X, F}), (Y, Fy) there is always a function space Y&
available, structured strongly enough to make the natural evaluation func-

tion ¢: X x VX Y ((z, f)— f(z)) an f-map.

2.2. THEOREM. For any pair (X, F), (Y, Fy)) of filterformic spaces
the set YX := {f* | f*: (X,Fy)—(Y,Fy) is an f-map } can be supplied in
a natural way with a filterformity such that the evaluation map preserves
convergence.

Proor. Let (X,F1), (Y,Fy) be filterformic spaces. We define a
filterformity F* on YX by setting for 4* C Y X:

F*(A*):={F*e FIL(YY) |VAecPXV Fe Fi(A4)
o(Ex E) € Fy(A™(4))},
where o( £ x F'*) denotes the filter generated by {<[BxB*] | BEF, B*€ F*},
and A*(A) is defined by setting A*(A):={f*(z) | fr€ A%, z2€A4}. It s
easy to verify that F™* fulfils axioms (Ffl) and (Ff2) in the definition of
a filterformity (see Definition 1.1). Now we prove F* also fulfills axiom

(F13).

Let f* be an ff-map. We show that f* € F*({f*}). Let A be a subset
of X and let F be an A - convergent filter. We have to verify that
o F x e Fy(f*[A]). By supposition it remains to prove the statement
fHE)Co(Ex f*)is valid. C e f*(F) implies C D f*[B] for some B€ F.
Therefore B x {f*} € F x f*. We show that the following inclusion holds:
o[BX {f*}C f*[B]. z€¢[Bx{f*}] implies z=¢[z, f*) for some z € B, so
that z = f* (z) € f*[B] holds which concludes the proof.

In the following step we show that the evaluation map is an ff-
map. So let RC X xY¥ and let F be an element of (F] x F*)(R),
where Fy x F* denotes the product filterformity on X x Y&, ie. the
filterformity on X x Y¥ that is initial with respect to the data (X x
x YX,PX,PYX,((X, Fy), (Y‘Y,F*))); here Py denotes the projection from
XxY¥ to X and Py, x denotes the projection from X x VX to Y& respec-
tively (see also Theorem 2.1.). The aim is to show that ¢(F)€ Fa(e[R]). By
supposition we obtain the two statements Px(F) € F1(Px[R]) and Py x
(F) € F*(Py x[R]). By definition of F* we have o(Px(E)x Py x(F)) €
€ Fy(Py x[R](Px[R])). It remains to prove that the two statements

(i) Pyx[R|(Px[R])De[R] and

(i) «(Px(E) % P x(F)) Co(F)
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are valid, because then by paying attention to the axioms (Ffl) and (Ff2)
the desired result follows.

To (i): y €¢[R)] implies y=e¢(r) for some r € R which means r =(z, f*)
for some z € X, f* €Y<, so that y= f*(z). The following two equations
P = Py(a )= Pyx(r) wd 2= Px(e f)=Px(r)
Therefore the statement y € Py, x [R](Px[R]) follows.

To (ii): E € o(Px(E)x Py x(F)) implies E Do[B x B*] for some B €
€ Px(F), B* € Py x(F). We have BD Px[By] for some By € F and B* D
D Py, x[Bs] for some By € F. Since F is a filter the statement BjNBy € F

follows. Now, our goal is to show that [B)NBy|C E.
We have ¢[B1NBs| C|[Py[B; N Bsg) x PYX [B1NBy]], and the following

two inclusions hold:

(1) Px[B1] D Px[B1NBy]
and
(2) Py.\' [Ba] D PyX [B1N By).

Therefore the inclusion Py [B1]x Py, x[Bo]D Py [B1NBa]x Py, x [B1NBs)
is valid, which shows that [Py [B) N By]x Py, x [B1N By]] is a subset of the
set o[ B x B*]. But now we have o[B|NBy| C E, which concludes the proof.

Now, on the other hand we shall prove that for given filterformic spaces
(X, F1), (Y,Fy) and (Z, F3), the filterformity F™* on Y< is weak enough
to ensure that for any ff-map f: (X x Z,F} x F3) — (Y, F5) the associated
function f:(Z, F3) — (Y-, F*) is also an ff-map.

2.3. THEOREM. For a triple (X, Fy),(Y,F»),(Z,F3)) of filterformic
spaces let f: (X x Z,F1 x F3) — (Y, Fy) be an ff-map. Then the function
F (2, F3) — (YX,F*) defined by f(z)(z):= f(=,z) for each z € Z and for
each z € X is an ff-map.

PROOF. Let A be a subset of Z and let £/ be an A-convergent filter
on Z, we have to show that f(F') is an element of F*(f[A]). In applying
the definition of F* let 4 be a subset of X and let F be an A-convergent
filter on X, we must prove that o(F x f(E')) € Fo(f[A|(A4)).

In showing this statement we verify that F x F' € (F} x F3)(A4 x 4).
Then by supposition we have f(F x F') € Fy(f[A x A]), since f is an
fi-map. Because Fy(f[4 x A]) C Fy(f[A](4)) — note that the inclusion
FIAJ(A)C flAxA] is valid — the statement f(Fx F')e Fy(f[A)(A)) follows.
Since f(F x F') is coarser than the filter o(F x f(F')) the desired result
will be proved.
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To show the last inclusion let B€ f(F x F'), so BD f[B x B'] for some
B e F and for some B' € F'. We have B x f[B']€ Fx f(E'). It remains to
show that f[Bx B'] De[B x f(B']]-y € ¢[B x f[B'] implies y =e(z, f*) for
some 2 € B and for some f*_e fIB']. Now f* = f(z) for some z € B’ and
the equality y =e(z, f(2)) = f(2)(2z) = f(z,2) holds with (z,2)€ Bx B’.

Now we prove the still open statement F x F' € (Fj x F3)(A x 4).
Therefore we have to check that

(i) Px(ExE')e Fi(Px[Ax4)),

(11 Pz(FXF,)EFg(Pz[AX 4]) :
are valid. In proving the above two statements it remains to show the
following four inclusion hold:

(1) Pxl[dx 4] C 4,

(2) Px(ExF)DF,

(3) Pz[Ax4|CA,

(4) Pz(ExF)DF/,
because by supposition we firstly get £ € Fy(A)C Fi(Px[4 x A]) and F' €
€ F3(A)C F3(Pz[Ax A]) and secondly we have Px(Ex E')€ Fi(Px[Ax A))
and Pz(F x F') e F3(Pz[A x A]), which concludes the proof.

Itisa tr1v1ahty to verify (1) and (3).

In proving statement (2) let B be an element of F. Since F' # & we
can choose B’ € F!, so that B x B' € F x F' follows. But now with respect
to (1) we get Px[B x B'] C B, hence B € Py(F x F'). Statement (4) can
be proved in an analogous way.

3. FILFORM and exponential laws

To give a summary we note that FILFORM is a cartesian closed
topological category in which the important cartesian closed topological
categories FMER and FCONV can be embedded up to isomorphism, more-
over the corresponding full subcategories are bireflective in FILFORM. By
purely categorical arguments the following three exponential laws hold in
FILFORM, s. [9]:

(1) First ezponential law: X

(2) Second ezponential law: ([] X;)Y is isomorphic to H(XIY),
iel wef
€]
(3) Third exponential law: X II i is {somorphic to [N(x ()
€]
At last we mention that the interesting distributivc law also holds in
el
FILFORM,i.e. X x []Y; is isomorphic to H (X xY3).

¥xZ is isomorphic to (XY )?
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Introduction

The paper [4] deals with some problems formulated in [1]. It is shown
in {4] for example that the cardinality of the set of all topologies induced

by metrics on a given set X with the cardinality ®g is equal to Mo, In
connection with this result it seems to be of some interest to investigate
the questions concerning the cardinality of the set of all metrics on a given
set X and the cardinality of sets of metrics leading to metric spaces of
prescribed kinds (e.g. separable, complete, compact metric spaces). These
considerations will be made without any restriction about the cardinality
of the set X.

Throughout this paper let X be a given set. We shall consider the sets

M(X)={d; d is a metric on X'}

U(X)={deM(X); (X,d) is a complete metric space }
S(X)={deM(X); (X,d) is a separable metric space }
K(X)={deM(X); (X,d) is a compact metric space }
B(X)={deM(X); (X,d) is a connected metric space }.

First of all we recall some basic definitions and notations. The symbol
P(X) stands for the power-set of Y, and |Y| denotes the cardinality of the
set Y.

For a constant v >0, the function dy: X X X = R is said to be a trivial
metric on X if

v, forz#y
i) =1

(R denotes the set of all real numbers).

forz=y
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Let d,d' €l and z, zp € X (n=1,2,...). The metrics d, d’ are said to
be equivalent if

Jlim d(zn,2)=0 if and only if lim_ d'(zn,z)=0.

In our further considerations the following lemmas will take an important
place.

LEMMA 1. Suppose that a is an infinite cardinal, and R denotes the
power of the set of all natural numbers. Then
1) a+Rp=a
ii) Rgra=a
i) a+a=a

iv) a-a=a

holds.
PROOF. See 2] (pp. 25-26.) |
Let YCRand f:X —Y be a bijection. Then the function d: X x X —R,
(1) d(z,y)=1f(z)-f(y)l, forz,yeX '

is obviously a metric on X, and for the metric space (X,d) the following
assertion holds (Y is considered as a metric space with the euclidean
metric):

LEMMA 2 The mapping f: X —Y is a homeomorphism.

ProOOF. The proof follows at once from the definition of f. 1

Cardinality of sets M(X), U(X), LS(X), X(X), 6(X)

If X =0 or X has only one element, then obviously (X )|=|U(X)|=
=L (X)|=|K(X)|=|8(X)|=1, therefore it is sufficient to consider the case
if | X]> 2.

Denote by ¢ the power of the continuum.

THEOREM 1. We have

el ={

o if2<|X|<Rg
ol Xl iRy < |X].

PROOF. If | X|=n is a finite cardinal (>2), then ¢ < |[M(X)], since c is
the cardinality of the set of all trivial metrics dy (v >0) on X.
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On the other hand
M(X)C ¥R, so WM(X)| <™ =c, thus M(X)|=c.

Suppose now, that X is an infinite set and put |X|=a. For every ACX
define the function p4: X x X — R as follows. If 2 #y, then

1, forz,yed
oalz,y)=o04(y,z)=1¢2, forz,yeX\4
O, forze A, ye X\ A, where 1<O <2,

and naturally ¢4(z,z) =0 for all z€ X.

It is easy to verify that o4 € M(X), so
(2) (0] 2 [P(X)] =21
as g4 # oy for A+ A A ACX.

Conversely we have M(X)C Y*YR and according to Lemma 1 we get
o - aa_ .a_ (o8 \* _ oo _oa _ oX]
2" MU(X)| <P =cl=(2%0) =280 _20=9

From (2), (2') we get by the Cantor-Bernstein theorem WMA(X)| =21,
THEOREM 2. We have
i c, for 2< | X< Ry
ueoi={ :
240 for R <X

PROOF. Evidently all trivial metrics dy, (v > 0) belong to U(X), if X
is a finite set with at least two elements. Hence from Theorem 1 we obtain

cSUX) S M(X)|=c.

Let Ng <]X|=a. It is not hard to see, that all metrics o4 (AC X) from
the proof of Theorem 1 are elements of U(X), so

2% = |P(X)] < [U(X)| < M(X)| =2°,

the theorem follows. 1

THEOREM 3. We have
c, for 2 < |X| <N
(X)) = { 21X for Ry < |X| <
0, for | X|>c.

Proor. It is well-known that there is no separable metric space X
with | X|>c.
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Suppose, that 2<|X|<Rg. Then X is a countable and dense subset of
the metric space (X,d) for every d € M(X), thus by Theorem 1 |A(X)|=
= M(X)| =c holds. ‘

Let us finally examine the case if Rg <|X|<e¢. Put | X|=a, then there
exists a set D C [0, %r) of cardinality a. Denote by Dg= DU (Qﬂ [0, %)),
where Q is the set of all rational numbers. _

Using Lemma 1 we obtain

aSlDO‘SlDH-‘Qﬂ [0,%) =a+¥p=a, so |Dgl=a.

Put

EL— vk,”UEDo}

D
{1—2—1—- Uk;vEDo}
m={z

1
Yy 3@;;vED0} (k=1,2,..)

and

u{0,1}.

= [U(Dkwkum
k=1

Using Lemma 1 we receive

[e o]
a<|H|< Y (1Dl +|Bel+|Fe))+ [{0,1}| =Ry (a+a+a)+2<
k=1
<Ro-a+Ro=a+Rg=a, since [Di|=|E¢|=|F|=|Dol=a
(k=1,2,...).
The previous inequalities imply that |H|=a. Hence there exists a
bijection f: X — H.
The set QN H is obviously a dense and countable subset of H, thus H

is a separable metric space, and it follows from Lemma 2 that (X,d) with
the metric (1) is a separable metric space as well.

Define the sequences of elements of X:

v) - v) -
gk l_f ( 3k+3k> xgk =f 1( 3k+3k>

— 1
v)=f 1(3—kn+§;) for v€Dgand k=1,2,...,
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furthermore put z= f~1(0) and u = f~1(1).
These elements (included z and u) are mutually different for every
k=1,2,... and v € Dy as one can easily check on the basis of bijectivity

of f.
Let us define new bijections f4 : X — H for sets AC Dy as follows (the
symbol N stands for the set of all positive integers):

fa(@)=f(2), for a ¢ | J (=", 4(")

vEA
keN

fa@) = £, fal) = 1), forve s, k=12,
By the help of the mapping f4 analogously to (1) it can be introduced
a metric d4 € £(X) for every AC Dy.

We shall prove, that for different subsets A, B C Dy, the metrics dg4
and dpg are not equivalent and therefore they are different.

Let A#B, 4, BC Dy. Then without loss of generality we may assume
that there exists a vo € A\ B. Then

dA(zl~ a‘ 'fA(x

= |- £ =

(3) 31,c (v0+;>——+0, as k—oo
Furthermore
dp(e5|,2) = 1faES)) - f3(2) = [f(a50) )~ (=) =
31k <u0+1>—+0, as k- o0,
and

dp(e$0),u) = | £p(al0) — fa(u) =] F(2l0)) = flu) =
1 1

T3k |07

9—-+0 as k— oo.

It means, that the sequence {z }°° does not converge with respect
to the metric dg. From (3) we see that the metrics d4 and dg are not
equivalent. Then it follows from Theorem 1 that

=|P(Do)l < F(X) < MM(X)|=2%, thus [F(X)]=2% I

REMARK. We have proved more than the statement of the Theorem
3, is namely that the cardinality of non-equivalent metrics from S(X) is

2l X1 if Ry < |X| <.
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THEOREM 4. We have

¢, for2<|X|<Ng
0, for®¥py<|X|<ec
K(X)| = i
X! 2¢, for |X|=c¢
0, for|X|>ec.

PROOF. Since every compact metric space is also a separable metric
space, therefore |X(X)|=0 if | X|>c¢. Furthermore a compact metric space
(X,d) is a complete and separable metric space as well, so if |X|> Ry then
according to the result of [3] (see p..351, IV.2.) we have |X|=¢ which is
a contradiction to our assumption.

If X is a finite set, then evidently X(X)=M(X), so it follows from
Theorem 1 that [X(X)|=M(X)|=e.

Suppose now that |X|=R( and denote by

G={0,1,l,...,—1-,...}cR.
2 n

Then there exists a bijection f:X — G. For p >0 define a metric dp:
X x X — R as follows: dy(z,y) =p-d(z,y), where d is the metric from (1)
(z, y € X).

From the compactness of G and Lemma 2 one can derive, that the
metric space (X,dp) is compact for every p >0, thus using Theorem 1 we
get

c=1(0,00)| S JK(X)| S MUX)|=2"0 =¢, s0 [X(X)|=c.

Finally assume, that |X|=c and let f: X —[0,1] be a one-to-one
correspondence. Then a metric d can be defined on X analogously to
(1), and according to Lemma 2 (X,d) is a compact metric space (since the
interval [0, 1} is compact, too).

In the rest of the proof we can use the idea of the proof of Theorem 3

putting Do = [0,§) and H = [0,1). 1

THEOREM 5. We have

- J0, for2<|X|<ec
l‘@(.’&)l—{Qc, for | X|=c.

PROOF. Suppose that there is a d € 8(X) if 2<|X| <e¢. Since (X,d)

is connected, the space (X x X,0) (¢=Vd%2+d?) is connected, too (cf. [5]
p.144, Theorem E). As the mapping d: X x X = R is continuous (cf. (5],
p-144, Theorem C) the set d(X x X) is an interval I C [0,00) and so |I]=c.
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Therefore |X x X|=c. But by Lemma 1 and our assumption we have
|X x X|=1|X|<c — a contradiction. Hence [§(X)|=0if 2<|X]|<c.

If | X|=c, then there exists a bijection f:X — [0,1]. Since the interval
[0,1] is a connected set, then according to Lemma 2 the space (X,d) is
connected as well, where d is the metric constructed in (1).

The rest of the proof is analogous to the proof of Theorem 3. ]

REMARK It is an open problem to determine the cardinality of 8(X)
if | X|>ec.
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Denote Hp(z) the n-th Hermite polynomial and 0<z] <z9 <...<zp
its positive zeros. Let o(m)=p*(m)/m, where 0< p*(m) increases arbitrar-

ily slowly, further let v = O(m/B(m)), where f(m) is a sufficiently large
constant. Then we have the

THEOREM 1. We have the following estimates

vr—73 3
(1) Ty, = 4mfl+0<\(/ri)>+0< 5/2) if n=2m;
_vm o(m v3 . ]
(2) xy—v_a_‘—l%-()(ﬁ)-%O(;s/—?), fn=2m-1;

further if 0 < 8*(m) increases arbitrarily slowly, then

m (n
(3) Tyl — Ty = 0n+1+0<9 )+O(1)\/_Z

where 0 < c3 < 1 is an absolute constant, v =0(m/f*(m)).

The proof follows the method given on Szegé’s book 8.9 on pp. 237-
240, where the method is used for the zeros belonging to a fixed interval.
We needed several modifications of this idea. In the second part of this
paper we give a weaker result but for all zeros in the Theorem 2. We give
applications of these results in subsequent papers. Before the proof we
formulate also the Theorem 2.

THEOREM 2. Now denote z] >x9>...> &p the zeros of Hn(z). Then
we have

o(v)-0(1) n
(4) zly|=\/2n+1-c0590(u)+m, |u|=1,...,[-2'],
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where o(v) = ]%[, a is an absolute constant and 6y(v) is given by

n RYS

(5) (5 >(Sm’9o(l’) 260(v)) =vm— -

Here we can not write o(1) in place of O(1). In the special case of
|v| < dn, where d > 0 is a small absolute constant, we get from (4) and (5)

O(1)|v]2/3
(6) a:lul=v2n+l——uil-;/6l—.
n
From (4) and (5) we will deduce the
o . n
(7 s = g M= (3]

where we can not write o(1) in place of O(1).
PROOF OF THE THEOREM 1. We need the
LEMMA 1. We have

(8) %Hn(\/Qn—l-lcosO):
— kn(8)-(=2n)VOn ¥ 1-5in6-28"1. = 1)1 (n(n—1))"1-

- [6—00529 {sin [(g - l) (sin26 —26) + 3—”] +0 (1) } +O(1)cos€] ,

where kn(ﬂ)—e % cos” 9 (sinf)” 7 0<e<f<mw—¢, e<¥ fixed, and the

remainder terms are uniform in 6.

PROOF. We need ([1] 8.22.12)

(9) e THn(:c —2%+1. Val-(mn) 1. (sm6)

el o)

where r=1/2n+1cosf, 0<c<f<r—¢, €< er— fixed. The remainder term
is uniform in 6.
Since Hl(z)=2nH,_i(z) ([1], 5.5.10), hence

(10) Hn(\/2n+1cosl9)——‘7n(2n+1)7 -sinf- Hy,_1(vV2n+ 1cosé).

By Lagra.nge’s mean value theorem
cosf

(11) Hp_1(V2n+1cosf) — H,_1(v2n—1cosf) = O(1)- \/_ -HJ,_1(8),

where
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(12) V2n—Tlcosf#<E<V2n+1cosb, H,_(&)=0(1)nH,_3(¢);

hence in order to apply (9) for H,_9(¢), the following must be fulfilled:
There exists a constant £* > 0 depending only on ¢ (¢* independent on n)
such that

{V2n41cosb: 0<e<8<m—e} C{V2n—3cosf*: 0<e” <" <m—e*}

for n > ng, where ng is an absolute constant depending only on ¢. This
means the validity of the inequality

V2n+1cose < V/2n —3cose*,

hence
cose<y/1— Il cose”.
Substituting ¢* =¢/2 we get
‘ 9cos?e
cos <1_ 4 '
1+4cose — 2n+41

Because for fixed ¢ > 0 the left hand side is a constant smaller than 1
and the right hand side is monotone increasing to 1 as n — +oo, hence for
n>ng=ng(€) the inequality is fulfilled.” Hence we can apply (9) to estimate
H,_9(¢). Because & =/2n —3cosf*, hence from (1’) (1+0(1/n))cos 8=
=cos#*, consequently (14O(1/n) )sm@ =sinf*, le.

n

2—- 3
Hpy(6) = Hn—g(V3n—3cosf?) =e 7 0 " o¥~1. o)L
n

(#(n—2)F(sing") v{sm[(-g- )(slnza*—‘w*) ¥io(2)} -
= 0(1)e"s 023 .\ /(n—2)-n "t -(sin) "}

That is

. 0
(13) Hp—1(V2n+1cos#) — Hy_1(V2n —Lcosf) = C\o/sr—l Hp_y(6)=

=0(1)-y/ncosbH,_o(£)= O(l)e"coszg 9% Vi(n- 1)!‘n'% cosG(sinb‘)_%’.

Since
die-Hn(\/‘Zn-i—lcosG) =-—2n(‘2n+1)’}7-si_n¢9-
: [Hn__l(\/2n+1c039)—H _1(\/2n—lcos¢9)+Hn_1(\/2n——1c039)] ,

hence we get by (13)

%Hn(\/Qn-{-lcosG) =



<

— kn(6)- (=200 F 1sing- 231 .\ /[m = 1)1 (n(n— 1))~ 1.

: [e-ws?" {sin [(g- %) (sin26—26) + 3’41] +0 (%) } +O(1)cos€] .

Lemma 1 is proved.
In the following let 6 = §—6*, where 0 < 6* < g0 < 15 and 0 < 3(n)

be a sufficiently large constant. We may suppose also that it is slightly
increasing and in this case we know the estimate only in the interval
(0,n/B(n)), but the remainder term will be better. Our proof in the
following works for both cases.

We consider two cases: n=2m and n=2m+ 1 separately.

(a) Case n=2m.
In this case the main term in (9) can be written as follows:

sin [<m+ %) (sin26* +‘29*)—m7r+%} =

T

=(-1)"sin [(m+ %) (sin26™ 4 26*) + 3l
Let
(14) (m+i~) (sin29*+20*):.u7r-—g:izg(m),
where v >0 is integer, 0 < g(m) < . Then for the main term of (9) we have

sin [(m-}-i) (sin29*+29*)—m7r+g] = (1™ (=1)" - (£sing(m)).

x
This is a main term in (9) indeed, if for g(m):= £ 0 < o*(m) / +o0
and ¢*(m) < Iy be fulfilled. Remark, that it follows from (14) that 6* < 2,

which means according to 0 <8* <1/8(m), v=0 (BTmm_)> Now denote the

6* corresponding to +¢(m) in (14) by 8% and that of corresponding to
—o(m) by 8*. It follows from the above considerations that '

signHp, (\/MCOS (—g—-—gi)) =(=1)"-(-1)¥,
signHn (v2n+1cos (125-9_*_)) — (1) (=1)"-(=1),
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i.e. Hy changes sign in the interval
(\/2n+ 1cos (g— 9:) ,V2n+1cos (-72[ - 9:_))

which means that H, has at least one zeros in this interval. If H, does
not change sign in this interval, i.e. signHj, is constant, then H, has
exactly one zero in this interval. Now examine, how we can ensure this.
Let 8* <8* < 9?1_. According to Lemma 1, for the main term of H, we have

sin[(%——) (sin 26— 26) + 3;’] =

. n 1 3r  sin26-—26
=sin |:<§+4) (sin26 —26) + T —2—} =
1 in 26* *
=sin {(m + Z) (sin26* +20*)—(m—1)7r— il—n—‘-g;—tgq—] .
Because f(8*)=sin26* 4 26* strictly increasing in [0,1/4], hence
. 2o(m)
167~ FE )l < 150680 - o)) < 22,
s0
o(m)

sin26* + 20* =sin26% + 26073 + e

where |c1| < 2. Applying (14) we obtain for the main term of H},

) n 1\, . . . 3wl
sin [(5—1) (sm29—29)+-?4—} =

lvm— 5+eo(m )+c1 Q(mJ( 1ym-

1

=sin (v — = + o(m)+2cro(m)—
2 m+1 2

According to the assumption made on g(m) and v we have for m>mg (mg
is an absolute constant):

sin [(g-— -) (sin26 — 26) + 3;]

Because in (8) we have O(1)cosf = O(1)sind* = (ﬁ), hence the main
term (8) is indeed the main term thus the notation in (8) is justified. On
the other hand we obtain from the above considerations that signHj, =
=(=1)"-(—1)*"1 in the interval * <8* < ¢% . Hence, Hp has exactly one
zeros in the interval

<l

O0<en<

(V2n+1sinb* ,v/2n + lsineﬁ_).
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Because 6% and 67 depend on v, next we use the notation 8* (v), 6% (v)
for them. Now we prove that if 0<6* <% (1) or 8% (v)<6* <6* (v+1) then
Hp (V2n+T1cos (5 - 6*)) #0, and hence Theorem 1 follows immediately.

First consider the case 0 < 8* <8* (1). In this case

lv|>l

-72:< (m+%) (sin29*+29*)+g—$ ( )(s1n‘79*(1)+29*(1))
= 5 —e(m)+3 =7 o(m).

Hence the order of the main term in (9) is > co(m). According to the
assumptions made on g(m), the main term is indeed main. The sign of the
main term is (—1)™ which is equal to signHp (v2n+1cos(F —6%(1))).
This means that Hn(v2n+1cos(F—6*))#0 if 0 <8* <6*(1). Now
investigate the case 8% (v) <8* < 8% (v+1). Define 6 as follows:

1
(m +- ) (sin26] +26;) = vr.

Then 8% (v) < 8% < 6% (v +1).
First consider the case 2 (v) <6* <8j. Then

1
I/7T+Q(m) < (m'*'Z) (Sln20*+20*)+gsl/7r+?_;.

Hence the main term of (9) has the order of magnitude >cg(m). According
to the assumptions made on g(m) it follows that the main term in (9) is
the main. The sign of the main term is (=1)™-(—1)" which is equal
to sign Hn (v2n+ Icos (§ —6%(v))), i.e. Hn has no zeros in the interval
6% (v) < 6* < 6. We obtain similarly, that Hn has no zeros in the interval
o < 6™ <6~ (u+ 1). Summarizing our considerations we get

V2n+1sin8* (v) <z, < V2n+ Lsin 6% (v).

Taking into account

|sind3 (v) —sinbZ (v)] < [£(83.(v)) - FOZ(W))I < :

the length of this interval is O (g(_\/%)_) , hence

gy =V2n+1sind* (v)+0 (%%)) .
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Because sin2y+2y=4, 0< 4< 1/4 implies siny=A/4(140(y?)), (namely

sin 2y+2 sin2y+2y—4siny _ 2
siny —1= 4siny - smy —O(y )) hence

v — 5 —o(m v
sinf” (v)= lﬁg—) (1+0 (m)) )

ety so(8)0(3h)

and this proves the Theorem 1 for n=2m.
(b) Case n=2m-—1.

In this case the main term in (9) is

(=1)™ Lsin [(m-—%) (sin29*+20*)] .

consequently

Define 6+* by
1
(15) <m—z) (sin204+* +2641*)=vr £ o(m),

where v > 0 is an integer and 0< o(m) < . If we impose on g(m) the same
conditions as in (a), then we obtain similarly that H» changes sign on the

interval
(VorFTcos (-6, vanFTeos (2 -03))

where 6% resp. 6% denotes the solution of (15) corresponding to +¢(m)
resp. —g(m).

Now investigate the sign of Hy on this interval. Let 6% <6* < 6%.
According to Lemma 1 we obtain for the main term of Hj;:

sin m—l (sin29*+20*)_(m_—1)7‘_+1~Sinze +29 _
4 D) —5
cl o(m) 1V7l’+g(m)J

m 2 m—%

=(=-1)"" Lsin V7r+g(m)+‘7clg(m)+ +

where |¢]| <4. Here we have used the same idea as in (a). Consequently,
according to the assumptions made on g(m) and v, the main term in the
expression of H}, is main part indeed, hence the sign of Hj, is (—=1)™-(—=1)¥
on the interval §* <§* <6} . This means that Hy has exactly one zeros
in the interval. Because §* and 6} depend on m and on v, hence we
write in the following 6% (2m —1,v) and 63 (2m —1,v) further for 6~ and
6% used in (a) we will write 8% (2m,v) and 6% (2m,v). We have to prove
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only that if 0 < 8* <8X (2m—1,1), or 63 (2m —1,v) <O*<O* (2m—1,v+1)
then Hy (v/2n+2cos (5 —6%)) 750 We have seen in the case of (a), that
the sign of Hj,  =4mHg,_ is (=1)™-(=1)¥~ Lin the interval 8* (2m,v)<
<8* <% (2m,v) further (- 1)m (—=1)Yif 02 (2m, v +1) <" <L (2m, v +1).
This rneans that Hom,—1 has zeros in the 1nterval

(\/4m +1sin6% (2m,v),vV4m + 1sin 6% (2m, v + 1)) .

It is known that the zeros of H, and H,_; separate each other, hence
Hg,,,_1 has exactly one zeros in the interval

(V4m +1sin8} (2m,v), V4m + 1sin6% (2m,v+1)).

Ay = (Vdm+1sin65(2m,v), VAdm + Lsin 6 (2m, v+ 1)),
By :=(V4m—1sin8% (2m—1,v),v4m —1sinf} (2m —1,v)).
We obtain from (15) analogously as in (a):
2
sinBi*(?.m—l,u)zMﬂ—l2 140 {251 ).
dm—1 m?

Using this a simple calculation shows that By, C A,. Hence taking into
account the earlier considerations we get that

Hom—1 (\/LW—ICOS (g—-—ﬁ*)) #0

if 03(2m—1,v)<6" <6Z(2m—1,v+1).

In the case of 0 < 8* <8* (2m —1,1) use the fact that Ho,—1(0)=0. A
similar calculation as above gives:

Hom_1 (\/‘1—_1(:05 (—-—9 )) #0.

Thus we have proved that
Vdm —1sindr (2m—1,v) <z, < Vém—1sinfi (2m—1,v),

and hence by a similar calculation as in (a) we get

Let

v o(m) 3
= 0
2=—Zero (42 0 (2r),
and this proves (2).
Now we return to the proof of (3). To this let

sin2y 42y —4siny 1)
= - , O<y<—).
9(y) 4siny y 4

As we have seen on p.28, g(y) = O(y?), where the implicit constant is
absolute and effective, hence there exists an absolute constant c¢3 > 0 such
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that |g(y)| <1 if 0<y<cg. Let sin2y+2y = A, then g(y) = Eéﬁ_l and
hence ‘

A 1
16 siny = —- .
16) 4 1+g(y)
The Taylor expansion of g(y) has the form
o0
9(y)=  exy".
k=2

Because [g(y)| <1, hence any formal calculations are permitted in the
Taylor series of g(y), and tak'mg into account the geometric series we get:

=1+ a’Ly
1+ g(y Z
Next suppose n=2m (the case n=2m— 1 is similar). We have seen that

zy =V4dm+ 1siné* (v)+ 0O (0\(/_7:;)) ,

where
4(vr—5— o(m))

sin26* (v)+ 26 (v)=

4m+4-1
Apply (16) and use the substitutions
. 4 (vr— 5 —o(m)) .
y=0_(v), A= dm+1
We get
o v — 12— o{m) N
sind” (v) = ——=——— prmn) (1+Zd (6L (v)] )
hence
(V+1)7T—%'—Q( ) = * k
Tyl =Ty = o] kz::zdk[e—(l/+1)] -
_vr— (m) k ™ g(m))
dp [0 (v —+0 .
T Z il Tnrl (\/m
1
From (14) 6% (v+1)—-6*(v)|=0 <T—n—) .
Because

|ak—bk| < |a—blk-max(ak_1,bk_1), a, b>0,

hence
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yk—1
0% (w4 1)k = 0 = O —

SO
v+ DO (v + DIF =v[0())k =[6* (v +1))F +o{[6 (v + 1))k — [0~ (v))F} =

k k iy

= O(l)k_—my—k+0(1);:7 =0()k- =,

and using this we get

P ) RIS
zy+1—zy—m+0(\/n—1)+0(1)\/_rﬁk2:;2]dk|kmk

We have seen that Y dkyk is an absolutely and uniformly convergent
k=2

Taylor series in 0 <y <cg, hence |di| < 2%2, so, taking into account % =
C
3

— 1
_O<ﬁ(m)) we get
vk k 1
dilk—=0(1)— - —/——.

Let 8(m)> %, then

o) Jk 0 4
> ldilk—z=0(1) 3 Zp=o(1),
k=2 k=2

i.e. the remainder term is remainder indeed, and the Theorem 1 is proved.

PROOF OF THE THEOREM 2. We need

(17) e THn(x)—PN")” exp <—-—J\£> (smG)7

il (35 s 5]+ (@)

where z:=V2n+1cosf, 0<0< /2, N=2n+1, [2], p.22-23. Here the
remainder terms are uniform in 6. The main term of ( 1 7) is

. n . ; 3r
sin [(5+ Z) (sm20—20)+—4—] .

n

(18) (—+i—) (sin20 —20) =v7w — %Iig(n, v),

Let

2
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where v <0 is an integer and 0 < g(n,v) < §. Then for the main term of
(17) we get

sin [(%—!— —1—) (sin26 —26) + 3% =sin(vw x o(n,v))=(—1)" (£sing(n,v)).

Because by (18) we have n6% < |v|, hence for n > ng the main term is the
main term indeed in (17) if and only if

o*(n,v)
|v|

. v
, o(n,wv)2a>0, po(n,v)< 30

where a is a “large” absolute constant. In (18) denote 8+ resp. 6_ the
@ corresponding to +go(n,v) resp. —g(n,v). It follows from the above
considerations that

signHn(V/2n+1cosy)=(-1)", signHnp(V2n+1lcosf_)=(-1)" (-1),
which means that H, changes sign in the interval

(19) (V2n+1cosb-,v2n+1cosby)

which means that Hy, has at least one zeros in this interval. Let g(n, u):l%[,

g(n,u):

Then in the case of |v|>vg(a) the main term in (17) is the main term indeed
(for n > ng(vg)). This means that in n — ¢ interval of type (19) contains
zeros of Hy, where c is an absolute constant. In (—o00,00) Hyp, has n zeros,
hence we are not able to say what is the position of “finitely many” zeros
of H,, but we shall see, that the asymptotic formula given below works
also for them, further in applications (usually) finitely many zeros do not
effect the final result.

The length of the interval is
V2n+1cosfy(v)— V2n+1cosb_(v)=v2n+1(cosf(v)—cosf_(v))

and by the mean-value theorem we get
cosfy(v)—cosb_(v)=—sin€ (4 (v)—0-(v)) <X —04(v)-(6+(v)—6-(v)) =<

—-|1/|1/3
(20) <= 0+ () =0-(v).
From (18) we get
sin2604 (v) — 264 (v) — (sin260_ (v) = 26_(v)) = _____“9(" v)
B+1

Applying the mean value theorem for the funetion f(6) =sin26 — 26 we
obtain

2g(n,v)
1

- = (64(v) = 6-(v))2(cos 26 — 1) = —2(64(v) — 6 (v))sin?,
T+1g
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0+ (v)<ELO_(v), Le.

3

@) A2 (1) (04 ()= 0-() <~ 5 (04 ()~ 0-(0))
From (20) and (21) we get

o(n,v)

cosé —cosb_(v) X e,
0884 (v) —cosf_(v) VAWV

i.e. the length of the interval is

ven+1lcosfi(v)—v2n+1cosf_(v) = _oln,y)

nl/6. |u|1/3
Denote 0 < fp(v) < § the unique solution of
(22) <%+411> (sm79—79)—u7r——§41,
then
AT 0(1)-o(n,v)
(23) .TIVI— 2n+1COSHO(U)+W,

where it is not possible to write o(1) in place of O(1). It follows from (22)
that 98(1/) =< %l, hence

02(1/) v|2/3 v14/3
cosfp(v) = 02 )498(1/):1—0(1)l |2/3 +O(1)l 2/3.
Let |v| <dn, where d >0 is a small constant. Then
2/3
cosfy(v)=1-— 0(1)l !2/3, 0(1)>0,
where it is not possible to write o(1) in place of O(1). We get
_ P3N | O(We(ryv) _
(24) )y =v2n+1 <1 -0(1) 7 j + D171, 173 =

| |2/3

9/3
1o OWeny) VIFT-00) 2,
n

nl/6 | p1/6],|1/3

where g(n,v)= lg—l’ d-n>|v|> vy with a suitable small constant d, vg=rg(a) -

is a fixed constant; here we can not write o(1) in place of O(1).
Now estimate the distance of the zeros. Using (23) we get

O(1)o(n,
Zly+1) — | = V2n + 1(cosfg(v +1) — cosfy(v)) + _n(l_/%l’i_rllﬁ';_)’

and similarly to the earlier estimates
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1
COSQO(V-F 1) —coseo(u) = W’
hence ,
_ 0o O(1)e(n,v) 0(1)
(25) T+t = 2| = n1/6|V|1/3 n1/6]u|1/3 = n1/6|u[1/3’

because g(n,v)= ]—31. We cannot write o(1) in place of O(1).

Now investigate, what can we say on the excluded “finitely many”
zeros. In the case of |v| < vy, the distribution of the zeros is well known,
we can express them using the zeros of the Airy functions. This coincides
with (23) and (24) extending them to |v| <vg. This means that (23) holds
for every zeros and the proof of the Theorem 2 is complete.

We remark that the method of the proof of the Lemma 1 gives the
following stronger result:

LEMMA 1*.
(26) d%Hn(\/zn +1cosf)=
Uy —
= kn(6) - (=2n)Vn F 1sinf- (2(2n —1)""1)2 exp (:”4 1).

_ 20 B n 1 . ¢ 37 ! .
) [e cos {sm [(5—-4_=> (51n29—29)+—4—} +0 (m) }+O(1)COSB-W] )

where 0 < 765 <6< 7T, further the remainder terms are uniformly in 4.

Recently S. SzABO extended the results of this paper for the case of
Laguerre functions [3].
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VIER REELLEN GRUNDPUNKTEN UND EINEM
PARALLELEN GRUNDPUNKTEPAAR IN DER
ISOTROPEN EBENE
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KATHARINA MOLNAR-SASKA

"Ybl Miklés” Technische Fachhochschule, Budapest
(Eingegangen am 16. Juli, 1991)

1. Einleitung

Eine reelle affine Ebene A9, die durch eine Gerade f mit einem in-
zidenten Punkt F € f metrisiert wird, heiit eine isotrope Ebene Iy; in
diesem Zusammenhang wird f als absolute Gerade und F als absoluter
Punkt bezeichnet. Die interessante Geometrie dieser Ebene kann in [1]
nachgelesen werden.

Ein Kegelschnittbiischel wird bekanntlich durch zwei Kegelschnitte
eindeutig bestimmt. Diese beiden Kegelschnitte schneiden sich in der kom-
plexen Erweiterung I5(C) im algebraischen Sinn in vier Punkten A, B, C
und D. Sie sind die Grundpunkte des Kegelschnittbiischels; die Geraden
durch die vier Grundpunkte heien Grundgeraden. Ein beliebiger Punkt
der Ebene bestimmt zusammen mit den vier Grundpunkten einen Kegel-
schnitt dieses Biischels eindeutig. Je nach der Realitat bzw. der Vielfachheit
dieser Grundpunkte 188t sich in I3 eine groe Zahl von Biischeltypen un-
terscheiden (vgl. [2]-[5]). In dieser Arbeit untersuchen wir nur die Biischeln
vom Typ I d.h. wir befassen uns mit jenen Kegelschnittbiischeln, welche 4
reelle und verschiedene Grundpunkte besitzen, wobei aber stets 2 Grund-
punkte parallel sind, d.h. auf einer isotropen Geraden liegen. Die Unterfélle
vom Typ I der isotropen Ebene werden vollstandig klassifiziert und durch
vollstandige Invariantensysteme beschrieben, wobei wir uns analytischer
Methoden bedienen.

Wir verwenden projektive Koordinaten (zg:z;:29) in Py und affine
Koordinaten (z,y) in I. Bekanntlich gilt dann z = -:%, y= %02 fiir zg #0.
Es ist tiblich zu setzen: f... zg=0; F(0:0:1).
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Dann erhalt man fiir die allgemeinen isotropen Ahnlichkeiten die Dar-
stellung

(1.1) co-c5#0.

{ I=c1+e9r
g=c3+cqz+osy
Alle moglichen Typen von [ Kegelschnittbiischeln der isotropen Ebene
werden analytisch bestimmt und unter geometrischen Gesichtspunkten
beschrieben. Als Fundamentalgruppe legen wir hierbei die dreigliedrige

isotrope Bewegungsgruppe Bj

I=c1+z
(1.2) {

Y=ec3+cqr+y zugrunde.
Bei der Klassifikation beschrinken wir uns hierbei stets auf nicht ausgear-
tete Kegelschnittbischel, d.h. wir betrachten keine Paare von Geradenbu-
scheln.
In dieser Arbeit wird die Klassifikation mit Hilfe der Mittelpunktskurve
km und der isotropen Brennpunktskurve k¢ vorgenommen. Wir unterschei-
den weiters drei Fille vom Typ I in der isotropen Ebene:

ERSTER FaLL (Ip): Es gibt zwei parallele Punktepaare unter den vier
Grundpunkten.

ZWEITER FALL (I4): Es gibt ein paralleles Punktepaar unter den vier
Grundpunkten und die anderen zwei Grundpunkte liegen auf derselben
Seite der isotropen Grundgeraden.

DrITTER FALL (Ig): Es gibt ein paralleles Punktepaar unter den vier
Grundpunkten und die anderen zwei Grundpunkte liegen auf verschiedenen
Seiten der isotropen Grundgeraden.

Dann gilt zusammenfassend als Hauptergebnis der

SaTz 1.1: In der isotropen Ebene I9 existieren beziiglich der isotropen
Bewegungsgruppe Bg genau 2 verschiedene Typen der Klasse Iy; genau 15
Typen der Klasse I 4 und genau 14 Typen der Klasse Ig.

Auflistung und Kurzbeschreibung der Bischeltypen

Ipl. Das Grundviereck BDAC ist ein nichtzuldssiges Parallelogramm
in der isotropen Ebene. Der Hauptteil der Mittelpunktskurve is ein Punkt,
genauer der Mittelpunkt des Grundparallelogramms. Der Hauptteil der
Brennpunktskurve ist eine reelle Mittellinie des Grundparallelogramms.

I92. Das Grundviereck BDAC ist ein nichtzuldssiges Trapez (aber kein
Parallelogramm) in der isotropen Ebene, wobei die parallelen Seiten die
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isotropen Grundgeraden sind. Der Hauptteil der Mittelpunktskurve und
der Brennpunktskurve ist eine reelle Mittellinie des Grundtrapezes.

I41. Das Grundviereck BDAC ist ein nichtzuléssiges Trapez (aber kein
Parallelogramm) in der isotropen Ebene, wobei die parallelen Seiten die
reellen Grundgeraden sind. Der Hauptteil der Mittelpunktskurve ist die
reelle Mittellinie des Grundtrapezes. Der Hauptteil der Brennpunktskurve
ist eine Hyperbel 1. Art.

142, 3, 4. Das Grundviereck BDAC ist ein nichtzulassiges konvexes
Viereck in der isotropen Ebene, wobei es kein reelles paralleles Geraden-
paar unter den 6 durch die vier Grundpunkte legbaren Geraden gibt. Die
Mittelpunktskurve ist eine Hyperbel 1. Art. Wenn man die Lage der Mit-
telpunktshyperbel zu einer Diagonale des Grundvierecks in betracht zieht,
so ergeben sich 3 Typen von Kegelschnittbiischeln. Der Halbierungspunkt
einer Diagonale des Grundvierecks ist:

[ 42 der Mittelpunkt einer Hyperbel 1. Art;
[ 43 der Mittelpunkt eines reellen, sich schneidenden Geradenpaares;
I 44 der Mittelpunkt einer Hyperbel 2. Art im Kegelschnittbischel.

In allen drei Féllen ist der Hauptteil der Brennpunktskurve eine Hy-
perbel 1. Art.

I 45, 6, 7. Die Grundpunkte B, D, A, C bestimmen ein nichtzulassiges
konvexes Viereck in der isotropen Ebene, wobei es kein reelles parelleles
Geradenpaar unter den 6 durch die vier Grundpunkte legbaren Geraden
gibt. Die Mittelpunktskurve ist eine Hyperbel 2. Art. Wenn man die
Lage der Mittelpunktshyperbel zu einer Diagonale des Grundvierecks in
Betracht zieht, so ergeben sich 3 Typen von Kegelschnittbiischeln. Der
Halbierungspunkt einer Diagonale des Grundvierecks ist der Mittelpunkt:

[ 45 einer Hyperbel 1. Art;

1,46 eines reellen, sich schneidenden Geradenpaares;

I47 einer Hyperbel 2. Art im Kegelschnittbiischel.

In allen drei Fallen ist der Hauptteil der Brennpunktskurve eine Hy-
perbel 1. Art.

[48,9, 10, 11, 12, 13, 14, 15. Die konvexe Hiille der vier Grundpunkte
B, D, A, C ist ein nichtzulassiges Dreieck der isotropen Ebene I9. Die
Mittelpunktskurve ist eine Ellipse. Wenn man die Lage der Mittelpunkts-
ellipse zu den Seiten der konvexen Hiille in Betracht zieht, so ergeben sich 8
Typen von Kegelschnittbiischeln. Die isotrope Grundgerade schneidet die
Mittelpunktsellipse in 2 Punkten und die Halbierungspunkte der 2 nicht
isotropen Seiten der konvexen Hiille sind;

[48 die Mittelpunkte einer Hyperbel 1. Art;
1,49 die Mittelpunkte einer Hyperbel 2. Art;
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[410 einer ist der Mittelpunkt einer Hyperbel 1. Art, der andere der
Mittelpunkt einer Hyperbel 2. Art;

I411 einer ist der Mittelpunkt eines reellen, sich schneidenden Gera-
denpaares, der andere der Mittelpunkt einer Hyperbel 1. Art;

1412 einer ist der Mittelpunkt eines reellen, schneidenden Geradenpaa-
res, der andere der Mittelpunkt einer Hyperbel 2. Art im Kegelschnittbii-
schel. '

Die isotrope Grundgerade beriihrt die Mittelpunktsellipse und die Hal-
bierungspunkte der zwei nicht isotropen Seiten der konvexen Hiille sind die
Mittelpunkte:

I 413 einer Hyperbel 1. Art;

I 414 einer Hyperbel 2. Art;

I 415 eines reellen, sich schneidenden Geradenpaares.

In allen 8 Fillen ist der Hauptteil der Brennpunktskurve eine Ellipse.

Igl. Das Grundviereck DABC ist ein zuldssiges Parallelogramm der
isotropen Ebene, wobei die Diagonale DB die isotrope Grundgerade ist.
Der Hauptteil der Mittelpunktskurve ist ein Punkt, genauer der Mittel-
punkt des Grundparallelogramms. Der Hauptteil der Brennpunktskurve
ist eine Hyperbel 1. Art.

Ip2. Das Grundviereck DABC ist ein zuldssiges Trapez (kein Paral-
lelogramm) in der isotropen Ebene, wobei die Diagonale DB die isotrope
Grundgerade ist. Der Hauptteil der Mittelpunktskurve ist die reelle Mit-
tellinie des Grundtrapezes. Der Hauptteil der Brenpunktskurve ist eine
Hyperbel 1. Art. :

I53, 4. Das Grundviereck DABC ist ein zulassiges konvexes Viereck
der isotropen Ebene (kein Trapez), wobei die Diagonale DB die isotrope
Grundgerade ist. Die Mittelpunktskurve ist eine Hyperbel 1. Art. Wenn
man die Lage der Mittelpunktshyperbel zu einer Diagonale des Grundvier-
ecks in Betracht zieht, so ergeben sich 2 Typen von Kegelschnittbuscheln.
Der Halbierungspunkt der isotropen Diagonale ist der Mittelpunkt:

I3 einer Hyperbel 2. Art;

Ig4 eines sich schneidenden Geradenpaares, wobei eine Gerade im
Kegelschnittbiischel isotrop ist.

In beiden Fillen ist der Hauptteil der Brennpunktskurve eine Hyperbel
1. Art.

Ig5, 6. Das Grundviereck DABC ist ein zuldssiges konvexes Viereck
(kein Trapez), wobei die Diagonale DB isotrop ist. Die Mittelpunktskurve
ist eine Hyperbel 2. Art. Wenn man die Lage der Mittelpunktshyperbel be-
ziglich der nichtisotropen Diagonale des Grundvierecks in Betracht zieht,
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so ergeben sich 2 Typen von Kegelschnittbiischeln. Der Halbierungspunkt
der nicht isotropen Diagonale ist entweder

I35 der Mittelpunkt einer Hyperbel 2. Art, oder

[ 56 der Mittelpunkt eines sich schneidenden Geradenpaares, wobei eine
Gerade im Kegelschnittbiischel isotrop ist.

In beiden Fallen ist der Hauptteil der Brennpunktskurve eine Hyperbel
1. Art.

I57, 8,9, 10, 11, 12, 13, 14. Die konvexe Hiille der vier Grundpunkte
D, A, B, C ist ein zulassiges Dreieck DAC in der isotropen Ebene I.
Es enthalt den zu D parallelen Grundpunkt B. Die Mittelpunktskurve ist
eine Ellipse. Wenn man die Lage der Mittelpunktsellipse zu den Seiten
der konvexen Hiille in Betracht zieht, so ergeben sich 8 Typen von Kegel-
schnittblischeln. Die Grundgerade AC schneidet die Mittelpunktsellipse
in zwei Punkten und die Halbierungspunkte der anderen zwei Seiten der
konvexen Hiille sind:

I57 die Mittelpunkte einer Hyperbel 1. Art;
[58 die Mittelpunkte einer Hyperbel 2. Art;

[59 einer ist der Mittelpunkt einer Hyperbel 1. Art, der andere der
Mittelpunkt einer Hyperbel 2. Art;

[510 einer ist der Mittelpunkt eines reellen, sich schneidenden Gera-
denpaares, der andere der Mittelpunkt einer Hyperbel 1. Art;

I511 einer ist der Mittelpunkt eines reellen, sich schneidenden Gera-
denpaares, der andere der Mittelpunkt einer Hyperbel 2. Art im Kegel-
schnittbiischel.

Die Grundgerade AC berthrt die Mittelpunktsellipse und die Halbie-
rungspunkte der anderen zwei Seiten der konvexen Hiille sind die Mittel-
punkte:

Ig12 einer Hyperbel 1. Art;
I513 einer Hyperbel 2. Art;

[514 eines reellen, sich schneidenden Geradenpaares im Kegelschnitt-
biischel.

In allen 8 Fallen ist der Hauptteil der Brennpunktskurve eine Ellipse.

2. Klassifikation der Kegelschnittbiischel

Auf den umfangreichen Beweis des Satzes 1.1 mufl hier verzichtet
werden. Durch exemplarische Beschreibung der Typen 142, 3, 4, 5, 6, 7
soll jedoch die Untersuchungsmethode vorgefithrt werden.
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Wir bezeichnen mit D, A, C, B die Grundpunkte des Kegelschnitt-
biischels, wobei D zu B parallel ist, mit 4;, By, C1, E;, G1, D; die
Halbierungspunkte der Grundstrecken BD, DA, AC, CB, DC, AB und
mit P, @, R die Schnittpunkte der Grundgeraden BC, DA; BD, C A und
BA, DC.

\[R

7p D\ B A
Fig. 1.

Wir gehen stets von der allgemeinen Gleichung
(2.1) aj1a® + agey® + 2a197y + 20017 + 200y + agy =0

eines Kegelschnittes in affinen Koordinaten aus und versuchen zunichst
eine Normalform des jeweiligen Buscheltyps mittels geometrischer iiberle-
gungen herzuleiten.
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Die Typen [42, 3,4, 5,6, 7

Das Grundviereck BDAC ist ein nichtzulassiges konvexes Viereck der
isotropen Ebene (kein Trapez), wobei fiir die isotrope Spanne s(DB) >0
gilt. : .

Man kann dann durch eine isotrope Bewegung erreichen, dafl D in den
Ursprung und die Grundgerade DA in die z-Achse des zugrundegelegten
Koordinatensystems fallt. Dann sind die Koordinaten der Grundpunkte
durch

(2.2) D(0,0); A(e,0); B(0,b) und

2.3 C(ci,cq) mit b,cg €RT;  a,c1 €R, aber a#cq,b#co mit
1

b
(2.4) ac1 >0 und c9>——c1+b gegeben.
a

Die Gleichung (2.1) reduziert sich wegen (2.2) auf

(2.5) a11:1:2+a22y2+2a01x+2a02y+2a12xy =0.

Da die Koordinaten von A, B, C die Gleichung (2.5) erfiillen miissen,
ergeben sich folgende Gleichungen:

(2.6) aj1a® +2ag1a=0; ageb? +2agab=0

allc% + aggc% +2ag1¢1 +2ag9cg + 2a1sc1c9 =0.
Aus (2.6) folgt wegen ab#0

- b—c
(27) 2(101 = —aq1a; 2(102 —_ —61221) und 2(112 =ay; (a Cl) +a22( 5 2) )
Es sei
co—b
(2-8) k1= 2 und ko= 2 .
cl—a cl

Aus (2.5) gewinnt man mittels (2.7) mit den Umbezeichungen (2.8) und
A= _k—;uai? als Normalform dieses Biischeltyps:

(2.9) FE/\(a:y—k1x2+k1aa:)+y2—k2xy—by:0.

Aus (2.2), (2.3) und (2.8) sieht man sofort, daB8 a der isotrope Abstand
und b die isotrope Spanne zwischen D, A bzw. D, B ist. k; und k9 sind die
isotropen Winkeln zwischen den Grundgeraden DA, AC bzw. DA, BC,
d.h.

(2.10) a=d(DA), b=s(DB), ki=<(DA,AC), ke=<(DA,BC).

Damit sind a, b, k, kg als isotrope Bewegungsinvarianten erkannt.
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Durch eine einfache Rechnung ergeben sich aus (2.3), (2.4) und (2.8)
die folgenden Gleichungen )

_ k1a+b_ _k1k2a+k1b

2.11 = = .
(2.11) 1 P 9 pa— bzw
Ungleichungen
(2.12) aky(ak; +56)>0, 0>0; koa+b>0
(2.13) k% —k1k9 >0 fur die Invarianten a,b,kq, k9.

Aus (2.9) kann man mittels der Determinante
A=ko
=k :
(2.14) N
—K9
- !

erkennen, dafl das Kegelschnittbiischel fiir

(2.18) Ay =—2k;+ky—2y/k3 —kiky; Ag=—2k+ko+24/ k3 —k1ky

reelle Parabeln, fiir \; < A < A9 Ellipsen und fiir A < Aj, A9 < A Hyperbeln
enthalt.

Nach einiger Rechnung ergibt sich, dafl die Durchmesserrichtungen der
Parabeln durch

(2.16) (1, k1+,/k§—k1k2>; (1, kl—w/kf—klkg)

gegeben sind.

Aus (2.16) folgt fiir die Winkeln zwischen den Durchmesserrichtungen
dieser Parabeln und der Grundgeraden DA

(2.17) @1=ky+/kF —kiky;  pa=h1— [k} —k1ko.

Aus (2.17) findet man
(2.18) wipa=k1ky und ©1+po=2k.

Aus (2.9) kann man mittels %f =0 die Typen der Hyperbeln im
Kegelschnittbiischel bestimmen. Das Biischel enthalt fiir
koab+ kb2
k1a2+ab
reelle, schneidende Geradenpaare mit den Mittelpunkten P und @, fiir

A€ (A3,Aq) Hyperbeln 2. Art, und schlieflich fiir A € R\ {[A1, A2]U[A3, A4]}
Hyperbeln 1. Art.

Im Biischel liegt auch ein schneidendes Geradenpaar mit dem Mittel-
punkt R, wobei eine Gerade isotrop ist (A =o0).

(2.19) A3=0 und M=
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Mittels %% = %5 =0 und (2.9) bestimmt man die Mittelpunktskurve.
Man findet
(2.20) —2k1k2$2 - 2y2 +4kyzy + (kykoa—2k1b)z 4+ (b—2k1a)y + k1ab=0.
Diese Kurve ist wegen (2.13) eine Hyperbel.

Eine andere Darstellung der Mittelpunktskurve ist:

kob—Ab—2\kja ()= —22k1b— Akrkoa + A2k a
“kE+ 20k —axk = X2 T T ok —adk — A2
wobei A der Biischelparameter ist.

Die Funktionen z(\), y(\) sind stetig in den Intervalle (Aj,A9);
(—o0,A1) und (Ag,00). Weiter kann man aus (2.21) sehen, dal I,\l'im z(A)=0
—00

(2.21) z(N) =

und |’\l|im y(A)=—kja gilt. Dieser Punkt mit den Koordinaten (0, —kja) ist
—00
R. Aus (2.21) folgt ,\lini |z(A)| =00 und ,\lin} ly(A\)] =00 i=1,2. Genau so
Y =

findet man: Im Fall A€ ()1, A9) gehort A zu einer Ellipse des Kegelschnitt-
biischels und (2.21) beschreiben einen Zweig der Mittelpunktshyperbel. Im
Fall A€ R\ {[A1,A9]} und A =00 gehort A zu einer Hyperbel 1. oder 2. Art
oder zu einer degenerierten Hyperbel. (2.21) beschreiben dann den anderen
Zweig der Mittelpunktshyperbel, welcher die Punkte P, @, R enthalt.

Weiter untersuchen wir den Differentialquotienten der Funktion z(A)
A2(~b—2k1a) +2\kob+ 2k k3a + 4k kob— k2b

(—k3 +2Akg — 4Aky — A2)2 '
Aus (2.22) kann man sehen: z(A) hat zwei lokale Extremwerte, wenn der
Ausdruck:
(2.23) S =k2k2a® + 2k3kqab+ ky kyb?
positiv ist, und es gibt keinen Extremwert, wenn (2.23) Null oder negativ

ist. In diesem letzteren Fall ist z() eine strikt monotone Funktion in den
Intervallen (A1, A9) bzw. (=00, A1)U(A9,00).

(2.22) | #(\) =

Wir bilden
(2.24) S* =k kg,
(2.25) S** = k1koa® +2k1ab+b?, d.h. §=S*5**.

Wenn S=0, d.h. $*=0 oder §**=0 gilt (k1 #0), dann ist die Mittelpunkts-
kurve ein schneidendes Geradenpaar (I41;Ig1,2).

Im folgenden sind zwei Hauptfélle mit den entsprechenden Unterféllen
zu diskutieren:

Hauptfall 1: §> 0, Hauptfall 2: S<0.
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Zuerst untersuchen wir den Hauptfall 1. In diesem Fall hat z()) zwei
Extremwerte und die Mittelpunktskurve ist eine Hyperbel 1. Art. Man
kann leicht sehen, dafl die Mittelpunktshyperbel die Halbierungspunkte A,
B1, D1, Cy1, Eq, G der Grundstrecken enthélt (Fig. 1.). Aus (2.2), (2.11)
und (2.21) kann man die Koordinaten bzw. die A-Werten berechnen, die
zu den Halbierungspunkten gehdren: :

b kob

2.26 = =
(226) a(03), =

, a 2b+ kga
2.27 Bi(= =
( ) 1 (270)7 ’\Bl a y
(2.28) p, (22 Ap, =k
i 1 272 3 D] = K2,

2kja+b—koa kikoa+kib kob+ ak}

2.29 C Ao =t 2
(2.29) 1( 2k —ky) | 2(ki—kg) )7 "C1T akg—2ak;—b’

(2.30) 1( b+kia k1b+ k1koa

) b} ’\ = _k 9

k1 —ka)" 2(k1—k2) ) 1 2

b+kia k1k2a+2k1b—k2b> \ kob—2k1b—akike
. Ap = :

231) E ,
(231) 1(2(k1—k2) 2(k1 = kg) Flath

Hieraus ergibt sich nach einiger Rechnung, dal der Punkt A; der
Mittelpunkt einer Hyperbel 2. Art und der Punkt C; der Mittelpunkt einer
Ellipse des Kegelschnittbiischels ist. Man zeigt leicht: Die Punkte Bi, Ej
und ebenso G1, D gehéren zu verschiedenen Zweigen der Mittelpunktshy-
perbel. Es gilt genauer: Ist 5*>0 und damit wegen $>0 5** >0, dann ist B
der Mittelpunkt einer Hyperbel 1. Art und damit ist E1 der Mittelpunkt
einer Ellipse; gilt andererseits S* < 0 und damit S** <0, dann ist By der
Mittelpunkt einer Ellipse und E4 ist der Mittelpunkt einer Hyperbel 1.
Art. Es set zum Beispiel $* > 0. In diesem Fall gehort G zu einer Ellipse,
aber D kann der Mittelpunkt einer Hyperbel 1. Art, eines schneidenden
Geradenpaares oder einer Hyperbel 2. Art sein, je nachdem der Ausdruck

b2

(232) 51§k1k2——2
a

positiv, 0, oder negativ ist. Wenn §* <0 gilt, dann kann man unschwer se-
hen, daBl D der Mittelpunkt einer Ellipse ist und G; der Mittelpunkt einer
Hyperbel 1. Art, eines schneidenden Geradenpaares oder einer Hyperbel
2. Art sein kann, je nachdem der Ausdruck

(2.33) So = k1k2a2 + 2koab+ b2

positiv, 0, oder negativ ist.
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Durch Untersuchung der Lage der 6 Halbierungspunkte der 6 Grund-
strecken, gelangt man zu drei neuen Typen des Hauptfalls 1 S>0 und zwar
zu den Unterfallen:

[42. §* >0, S;>0 oder $* <0, 5;<0.

Eine Diagonale des Grundvierecks schneidet den hyperbolischen Zweig
der Mittelpunktshyperbel in 2 Punkten, wobei der Halbierungspunkt zu
einer Hyperbel 1. Art gehort.

[43. S* >0, S; =0 oder $* <0, S9=0.

Eine Diagonale des Grundvierecks beriihrt den hyperbolischen Zweig
der Mittelpunktshyperbel. Der Berithrungspunkt — der Halbierungspunkt
der Diagonale — ist der Mittelpunkt eines reellen, schneidenden Geraden-
paares des Bischels (Q =Gy oder Q= D).

I44. S* >0, S; <0 oder S* <0, Sy >0.

Eine Diagonale des Grundvierecks schneidet den hyperbolischen Zweig

der Mittelpunktshyperbel in 2 Punkten, wobei der Halbierungspunkt zu
einer Hyperbel 2. Art gehort.

SATz 2.1: Ein Kegelschnittbiischel der isotropen Ebene vom Typ 142,
3, 4 ist bis auf isotrope Bewegungen durch vier Invarianten a, b, ki, k9
eindeutig bestimmt. In allen drei Fillen ist die Mittelpunktskurve eine
Hyperbel 1. Art. Vier Grundpunkte mit den isotropen Invarianten a, b, k1,
k9, wobei die Bedingungen (2.12), (2.13) und S > 0 gelten, bestimmen ein
Kegelschnittbischel vom Typ

[42 wenn S* >0, S;>0 oder S* <0, S3<0,

143 wenn S* >0, S;=0 oder S* <0, S9=0,

144 wenn S*>0, S} <0 oder S* <0, Sy >0 gilt.

BEMERKUNGEN: 1. Aus Satz 2.1 kann man sofort sehen, dafl es wegen
S51=0 bzw. S9=0 beim Typ I43 drei unabhangige Invarianten gibt.

2. Man kann unschwer sehen, da§ die algebraischen Bedingungen bei
den Typen [ 42, 3, 4 eine gleichwertige geometrische Bedeutung besitzen.

Wir untersuchen den Fall 143. Die Mittelpunktskurve beriuhrt die
Diagonale, wenn zum Beispiel

(2.34) S*>0, Si=0 gilt.

An Fig. 3. erkennt man, daB PAC ein zulassiges Dreieck der isotropen
Ebene ist. Bekanntlich ist die Summe der orientierten Winkel eines Dreiecks
gleich Null (vgl. [1]), d.h. im Dreieck PAC gilt

(2.35) —ko+ky—k3=0
Es seien
(2.36) S*<0,  Sp=0.



KATHARINA MOLNAR-SASKA

Fig. 8.
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Ersichtlich gelten die folgenden Gleichungen

(kf = k1ka) 1,9 L9
2.37 —=— " [ 0"+ 2k9abd ko } = .h.
(2.37) e (82 + 2kzab+a kiky) =0, dh
(k1= kg)*b?
2.38 ———= = —ko(ky — ko).
(2.38) (6% aby)? 2(k1 — ko)
Aus (2.2) und (2.11) berechnet man dann der Reihe nach
k
(2.39) d(BC)="2TH4 (Bpy=_p
k1 —k9
(2.40) —k9=<(BC,DA); k3=<(BC,CA)=ki—kg aus (2.35).
Aus diesen Beziehungen kann man sofort sehen
s(BD)\? . .
. ———2L ) =—kok — kok .
(2.41) (d(BC')> oks, wobei — kok3 >0 gilt

Es ist evident, dafl die Bedingungen (2.41) und (2.38) gleichwertig sind.

Fig. 4.

Zur geometrischen Erzeugung eines Bischels vom Typ 142, 3, 4 sei
BDA ein nicht zuldssiges Dreieck, wobei B, D parallele Punkte der iso-
tropen Ebene sind. Bezeichnen A4;, Bj, Dj die Halbierungspunkte der
Grundstrecken BD, DA und AB und ist Q ein Punkt der Strecke BD1,
dann bestimmen die Punkte 41, By, D1, @ ein Kegelschnittbilischel vom
Typ [41. Es seien @7, P; die Halbierungspunkte der Strecken QD; bzw.
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A1Bq und sei L der Schnittpunkt der Geraden @B; und 4;D;. (Fig. 4.)
Wie aus den Untersuchungen des Typs [ 41 bekannt, liegen die Punkte Py,
Ly, Q) auf dem Hauptteil der Mittelpunktskurve des Kegelschnittbiischels
und die Punkte A;, By, Dj, @ sind eindeutig bestimmt. Die Halbgerade mit
L; als Ursprung, welche @1 enthalt, tragt die Mittelpunkte der Hyperbeln
1. Art. Diese Halbgerade schneidet die isotrope Gerade D By im Punkt Mj.
Es sei M ein Punkt auf der Halbgeraden mit dem Ursprung M, welche
nicht den Punkt @Q; enthalt. Es ist klar, dafl es eine Hyperbel 1. Art durch
die Punkte 4;B1DQ gibt, welche M zum Mittelpunkt besitzt, wobei
die Punkte 4;, B;, D;, Q auf demselben Zweig liegen. Diese Hyperbel
1. Art — bezeichnen wir sie mit &y — schneidet die isotrope Gerade
BD im Punkt R. Es sei C der Schnittpunkt der Geraden RA und DK].
Man kann hierbei M stets so wahlen, dafl der Schnittpunkt C existiert.
Aus der Konstruktion kann man leicht erkennen, da8 die Punkte B, D,
A, C gerade ein Kegelschnittbiischel vom Typ [ 42 bestimmen, wobei die
Mittelpunktskurve Ky, ist.

Fig. 5.

Ahnlich kann man die Grundpunkte B, D, 4, C des Typs [ 44 konstru-
ieren, wobel @ ein Punkt der Strecke D14 ist. Die Punkte 4, By, D1, Q
bestimmen ein Kegelschnittbiischel vom Typ Ig2. (Fig. 5.) Wie beim Typ
I 42 kann man den Punkt M auf dem Hauptteil der Mittelpunktskurve des
vorliegenden Kegelschnittbiischels vom Typ Ip2 so wahlen, daB die Punkte
Ay, By, Dy, Q eine Hyperbel 1. Art mit dem Mittelpunkt M bestimmen —
wir bezeichnen diese mit k,; —, wobei die Punkte A;, By, D; und @ auf
ein und demselben Zweig von kpy liegen. Mittels &y kann man den Punkt
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C konstruieren. Man zeigt leicht durch Konstruktion, dal die Punkte B,
D, A, C ein Kegelschnittbiischel vom Typ I 44 bestimmen.

Fig. 6.

Zur geometrischen Erzeugung eines Biischels vom Typ 143 betrachten
wir noch einmal das nicht zuldssige Dreieck BDA mit den Halbierungs-
punkten A;, By, D der Seiten. (Fig. 6.) Man kann das Kegelschnittbiischel
durch A;, By, D; untersuchen, wobei die Gerade BA die gemeinsame
Tangente aller Kegelschnitte mit D; als Beriihrungspunkt ist. Gemaf der
Untersuchung des Kegelschnittbiischels gibt es eine Hyperbel 1. Art — wir
bezeichnen sie mit k,, —, welche die Punkte A;, By, D1 enthilt und die
Gerade BA im Punkt Djp berithrt. Mittels ky;, kann man den Punkt C
konstruieren. Man zeigt wieder leicht durch Konstruktion, da die Punkte
B, D, A, C ein Kegelschnittbiischel vom Typ 143 bestimmen, wobei km
die Mittelpunktshyperbel ist.

Im folgenden untersuchen wir den Hauptfall 2, d.h. es gilt S < 0. In
diesem Fall hat z(A) keinen Extremwert und die Mittelpunktskurve ist
eine Hyperbel 2. Art.

Analog wie im Hauptfall 1 untersuchen wir die Punkte A4,, B;, Cj,
D1, Ey, G1. Mittels (2.26), (2.29) kann man leicht sehen, dal der Punkt
A1 der Mittelpunkt einer Ellipse ist, und dafl C| der Mittelpunkt einer
Hyperbel 2. Art ist. Man zeigt unschwer mittels (2.27) und (2.31), daB die
Punkte By, F1 und ebenso mittels (2.30), (2.28) daf die Punkte G, D; zu
verschiedenen Zweigen der Mittelpunktshyperbel gehoren. Es gilt genauer:
Ist S* >0 und damit wegen S <0 S** <0, so ist B] der Mittelpunkt einer
Ellipse und F; der Mittelpunkt einer Hyperbel 1. Art; gilt andererseits
S$* <0 und damit $** >0, so ist By der Mittelpunkt einer Hyperbel 1. Art
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und E; der Mittelpunkt einer Ellipse. Man zeigt leicht, dafl im Fall $* >0
der Punkt G| und im Fall §* <0 der Punkt D; der Mittelpunkt einer
Ellipse im Biischel ist. Da der Punkt Dy bzw. G (der Halbierungspunkt
der anderen Diagonale) zum hyperbolischen Zweig der Mittelpunktskurve
gehort — welche so wie bei den Typen [42, 3, 4 — der Mittelpunkt einer
Hyperbel 1. Art, eines schneidenden Geradenpaares oder einer Hyperbel
2. Art ist, je nachdem die Ausdriicke Sy, Sp im (2.32) bzw. (2.33) positiv,
Null oder negativ sind, unterscheiden wir demgemaf die Typen 1453, 146,
[47 des Kegelschnittbischels.

So ergeben sich die Unterfalle:
[45. 5*>0, S;>0 oder $*<0, S2<0
Eine Diagonale des Grundvierecks schneidet den hyperbolischen Zweig

der Mittelpunktshyperbel in 2 Punkten, wobei der Halbierungspunkt zu
einer Hyperbel 1. Art gehort.

[46. S*>0,5,=0 oder §* <0, Sp=0

Eine Diagonale des Grundvierecks beriihrt den hyperbolischen Zweig
der Mittelpunktshyperbel. Der Bertihrungspunkt — der Halbierungspunkt

der Diagonale — ist der Mittelpunkt eines reellen schneidenden Geraden-
paares des Biischels (Q =G oder @ = Dy).

[47.5*>0, S1<0oder $*<0, So>0 7
Eine Diagonale des Grundvierecks schneidet den hyperbolischen Zweig

der Mittelpunktshyperbel in 2 Punkten, wobei der Halbierungspunkt zu
einer Hyperbel 2. Art gehort.

SATZ 2.2: Ein Kegelschnittbiischel der isotropen Ebene vom Typ 145,
6, 7 ist bis auf isotrope Bewegungen durch die vier Invarianten a, b, ki,
k9 eindeutig bestimmt. In allen drei Fallen ist die Mittelpunktskurve eine
Hyperbel 2. Art. Die vier Grundpunkte mit den isotropen Invarianten a, b,
k1, ko, fir die (2.12), (2.13) und S <0 gelten, bestimmen ein Kegelschnitt-
biischel vom Typ

145 wenn 5* >0, S >0 oder $* <0, S3 <0,
146 wenn S*>0, S =0 oder $* <0, S3=0,
147 wenn S*>0, S; <0 oder $* <0, S >0 gilt. (Fig. 7.)

BEMERKUNGEN: 1. Aus Satz 2.2 kann man sofort sehen, daf3 es beim
Typ 146 drei unabhangige Invarinten gibt; dies folgt aus 51 =0 bzw. So=

2. Analog wie bei den Typen I[42, 3, 4 kann man sehen, dafl die
algebraischen Bedingungen bei den Typen 145, 6, 7 eine gleichwertige
geometrische Bedeutung besitzen.

Zur geometrischen Erzeugung eines Biischels vom Typ 5, 6, 7 betrach-
ten wir wieder das nicht zuldssige Dreieck BDA mit den Halbierungs-
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punkten A1, By, D; der Seiten. Sei @ ein Punkt der Strecke BD;. (Fig.
8.) Wie beim Typ I 42 kann man sehen, daff die Punkte Ay, By, D1, @ ein
Kegelschnittblischel vom Typ 141 bestimmen. Wir benttzen die Fig. 4.
Sei H; der Mittelpunkt der Mittelpunktskurve des Kegelschnittbiischels
A1B1D1Q. Wie aus der Untersuchung des Typs [41 bekannt, enthalt
die Strecke LiH; die Mittelpunkte der durch die Punkte A4, By, Di,
@ legbaren Hyperbeln 2. Art; sei M ein Punkt der Strecke LiH;. Wir
bezeichnen mit k,, die Hyperbel 2. Art, bestimmt durch die Punkte 41, By,
D, @ mit dem Mittelpunkt M. Wie beim Typ [42 kann man mittels &m
und den Punkten B, D, 4 den Punkt C bestimmen. Aus der Konstruktion
ergibt sich, da8 die Punkte B, D, A4, C ein Kegelschnittbiischel vom Typ
[ 45 bestimmen, wobei die Mittelpunktskurve ky, ist.

B

Fig. 9.

Ahnlich kann man die Grundpunkte B, D, A, C beim Typ [ 47 konstru-
ieren; der Punkt @ liegt aber auf der Strecke Dy A4; (Fig. 9.). Wie beim Typ
144 kann man sehen, daf die Punkte 41, By, D1, Q ein Kegelschnittbiischel
vom Typ 152 bestimmen.

Es sei H; der Mittelpunkt der Mittelpunktskurve des Kegelschnittbi-
schels A1 B1D1Q und Ty der Schnittpunkt der Geraden A1D; und B1Q.
Wie beim Typ 144 kann man den Punkt M (M € HyLj) so wahlen, daf
die Punkte 4;, By, D1, Q eine Hyperbel 2. Art mit dem Mittelpunkt M
bestimmen — wir bezeichnen sie mit k;, —, wobei die Punkte Dy, K bzw.
die Punkte Ay, By auf demselben Zweig von km, liegen. Mittels ky kann
man den Punkt C konstruieren. Aus der Konstruktion ist ersichtlich, da8
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die Punkte B, D, A, C ein Kegelschnittbiischel vom Typ [ 47 bestimmen,
wobei km die Mittelpunktskurve ist.

8

N

Fig. 10.

Zur geometrischen Erzeugung eines Biischels vom Typ 146 betrachten
wir noch einmal das nicht zuldssige Dreieck BDA mit den Halbierungs-
punkten Ay, By, D; der Seiten. (Fig. 10.) Wir untersuchen das Kegel-
schnittbischel durch 4., By, D1, wobei die Gerade BA die gemeinsamen
Tangente aller Kegelschnitte mit dem Beruhrungspunkt D; ist.

Aus der Untersuchung des vorliegenden Kegelschnittbtischels kann man
sehen, dafl es eine Hyperbel 2. Art gibt (ihr Mittelpunkt liegt auf HyDy),
welche die Punkte A;, By, Dy enthdlt und die Gerade BA im Punkt D;
beriihrt; wir bezeichnen sie mit k,,. Mittels %y, kann man den Punkt C
konstruieren. Die Punkte B, D, A, C bestimmen ein Kegelschnittbiischel
vom Typ I 46, wobei kpy die Mittelpunktskurve ist.

Wir untersuchen noch die isotropen Brennpunktskurven ks der Ba-
scheltypen 42, 3, 4, 5, 6, 7. Aus (2.9) und 4E =0 findet man als Gleichung
von kg
(2.42)—k1k2x2——y2+2k1xy+(k1k2a—bk1 Yz —2k1ay+bk1a=0 fiir A\€R und
(2.43) z=0 fiir A=o00.

Damit ist die Brennpunktskurve k¢ eine Kurve 3. Ordnung
(2.44) —kykga? —y? + 2k 12y + (b kya — bk )z — 2k ay + bk1a| 2 =0.
Sie zerfallt in 2 Teile, wobei der Hauptteil eine Hyperbel 1. Art (2.42) ist

und der andere Teil die isotrope Grundgerade (2.43) ist. Nach einiger Rech-
nung ergeben sich die isotropen Brennpunkte 4 und C; diese liegen nicht
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auf der isotropen Grundgeraden. Man zeigt leicht, dafl die Asymptoten des
Hauptteils der Brennpunktskurve (2.42) durch

b+2k1a—k2a) kib+kokia

2.45) y=( k1 +1/k2—kik -

(245) v (“L ! ”>($ 2k—F) )T 2ki—ky)
b+2kia— koa k1b+ kok1a

2.46 = k—,/kQ—kk>< - >+

(246) (1 AN CEL) 2(k1 — k2)

gegeben sind.

Man kann sofort sehen, dal diese Geraden zu den Asymptoten der
Mittelpunktshyperbel parallel sind und mit den Durchmesserrichtungen
der Bischelparabeln {ibereinstimmen. Nach einiger Rechnung zeigt man,
daB die Punkte P, ), R auf der Brennpunktskurve liegen.

SATZ 2.3: Die Brennpunktskurve ks eines Kegelschnittbischels vom
Typ 142, 3, 4, 5, 6, 7 ist eine Kurve 3. Ordnung, welche in 2 Teile zerfallt;
namlich in eine Hyperbel 1. Art bzw. in die isotrope Grundgerade. Sie
enthalt die Grundpunkte, sowie die Diagonalecken P, @) und R, wobei
A und C die isotropen Brennpunkte der Brennpunktshyperbel sind. Sie
schneidet die absolute Gerade in den gemeinsamen Punkten mit der Mit-
telpunktshyperbel und den Parabeln des Kegelschnittbuschels.

3. Zusammenfassung

In dieser Arbeit untersuchen wir jene Kegelschnittbiischel der isotropen
Ebene, welche vier reelle und verschiedene Grundpunkte bezitzen, wobei
mindestens 2 Grundpunkte parallel sind, d.h. auf einer isotropen Geraden
liegen. Mit analytischen Methoden wird eine vollstindige Klassifikation
aller Blischeltypen gegeben, wobei jeder Typ durch ein vollstandiges Inva-
riantensystem beschrieben wird. Die auftretenden algebraischen Beziehun-
gen werden in der isotropen Ebene geometrisch gedeutet.
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Consider a sequence of numbers
/\nEC, /\n=9n+il/n, 0<UnSH (nEN)

and suppose that the real parts gn increase. Suppose further that the
system

e(A):={e*M* . n e 7}

forms a Riesz basis in L%(0,27) (see [2]). Denote v% € L%(0,27) the
biorthogonal functions, i.e.

\ (ei’\""‘,vz)[lg =6n k-

n
The expansion of a function f € L! = L1(0,27) is given by

f~ Z(f,v;)eu"z.
In what follows we suppose that
(1) loallzee <c  (n€Z).

It is the case when the generating function F(z) of the system e(A) is of .
sine type with separated zeros and can be given in the form

27
(2) F@J:/}”Maux o € BV|[0,2n]
0

(the function o has bounded variation on [0,27]). Indeed, we can ensure
that

6,k = vn, € 4%) = V2rF(on)(Xs)
(# denotes the Fourier transform) if we set
1 G(z2) 1
F(vy):= —
(vn) V2r 2= Xn G'(An)’

G(z):=F(@) = F(do).
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Here (2} ¢ L%(R), hence v}, € L2(0,27) and

z—-Ap

1 1 1 1 1 1
ot g1 (g4 _)= _g—l( _)d.
= ar G ) < (do) 2=dn) V27 G(m) PO R

We know that
g-1 ( L ) = V2mieint
zZ—An

lg_l( 13\_ )*da
Z—An

uniformly in n. On the other hand if the zeros of a sine type function F'
are separated then |F'(Ap)| > ¢ > 0 see ([4], [5]), which shows (1).

DEFINITION. Let f€ L!, f ~ Y (f,v¥)e!*n%. The series
—ingngk(f,v;)ei’\kI

is called tte Dirichlet conjugate series, its partial sums

S'#(f,fb) =— Z sgn gk(fa vZ)eiAkI
lop|<u

3

(0,00)

hence

<c

o0

are called the conjugate partial sums. If there exists fe Ll with f~
~—1Y sgnop(f, -v,*c‘)e“\k‘” then f is the Dirichlet conjugate function of f.
Recall the formula

3)

~ . COSt — COSs n+% t
5§(f,z)=%f¢z(t) : (t ) dt, (t)=
0

25in7

flz—t)— flz+1)
2

for the trigonometric conjugate partial sum, see [1], ch. II. 5. We use here
the decomposition

3 1
cos g —cos (n+ ’Z) t 1—cosnt sinnt 1 1
— = +——+(1—cosnt) | —5—=
2sing t 2 2tgy ¢

and the fact that

1 1
——==0(t on [0,m].
5T =00 0,7]

Fix a number 0 < R <. Then
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@) 30 =2 [0 = dt frla) + 9, (o)
0
where
2 1 2 1 1
(5) fale)=2 ! Yalt)pdt+ 2 0/ be(t) (M t)dt

is a continuous function independent of n and

(6) gn,R(Z)= /w,,(t)smntdt— /1/):( ) osntdt—

__/¢ (‘7th )cosntdt

which tends to zero unlformly in z since these are Fourier coefficients of
functions which form a precompact family of L!. We prove the following

THEOREM 1.
|5utf0) = STy f,0)| <elifl, feLt, aeo,2n)

where the constant c is independent of f, 4 and r and (u] denotes the
largest integer | < p.

PROOF. From (4)—(6) we see that

—cosnt
—dt

§7(f,2)- 2 / P2 4t < S,

where ¢ is independent also of R. We can write

R
2 cosnt

"/¢I(t)l—_——_—dt=(fiﬁ}R,n)’

by 4
0

—Ll=cosnt .f lt|<R
w +t):= wt !
ORa(z+1) {o if |t > R.
Let further
l-cosul ¢ 14|<R

Wh(z+t):=4 7
Up(z ) {o if [t|> R,
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then

R
[ = )] < [ 1) - flasey 2 g
0

R _ _
= [t =0- stz ot | T sy e <l
0

Finally fix a number 0 < Ry <7 and let

Rg
D =Spy(), Sr(o(R) =7 [ ()R
, Ro/2
Since @ = ﬂ:ﬁ for |t| < R/2, hence ]ﬁ)——ﬂ)*}‘il < RC—, so
45,9) = (5, ot < 121,
Consequently the statement of Theorem 1 follows from the estimate
M We-Sdhelsedl e, el

where the constant c is independent of f, z and Ry. To get (7) we expand
the conjugate kernel @ in the Riesz basis (v};). The coefficients are

(@,e™n!) = Sy | (@, €M) =

R
'yl - . 1_ t
= SR, [/ (e_"\"(z_t)—e-"\"(z+t)) _;:ﬂt_dt} _

0

cosutdt _

2 —iAnT
:;-e n SRO sin Ant

r

R
% T t
= ——z-e_“\"zSR /(sm/\nt—smgnt)———c—osidt} +
T
L0
7 1 7 1
- t —cos ut
+/singnt—(-::—sﬂ—dt—/singnt————t—iﬁ—dt=
0

= i_—ze_i-X"ISRO[Il +Iy+I3).
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Using the fact that

o0

smat
/ t= —sgna, a€eR
0

we get that
_ | 0 iflon|>p
Ir= Esgnen-ts(#,lenl)r 6(u, onl) = { 3 if leal=
, 1 if [gn| < p.
We assert that
C
(8) 1SRy I3l £ m

Indeed, let a > 0 be arbitrary; then

oo

. t m 5
sina sin
/ t dt|= / — s 1+Ra
R o

on the other hand

o0 o0
sinatdt_ cosat]™® /cosat _
t - at p at?
R R
o

cosaR sinat]™ sinat cosaR 2,2
= - | —5= 2 sdt = O(a“R§),
[a2t2 ]R + / a?t3 aR +0(a" )

aR
T sinat o PeosaR
sina _ 252 = cos _
SR, / dt| =0(a R0)+R0/ ——dR=
: fy

dR=0(a?R})

R Bo
)+_2_ sinaR]™0 +i cosaR
“ R gu Ry aR

which proves (8). Next we estimate I;. Take the decomposition
R

R
hvpt—1 . i t
Il=/c_—y—1;__5in9nt(1—-coSPt)dt—z/smtVn cos gnt(1 —cospt)dt =
0

= N1+1p.
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Taking into account that in the Taylor series of (chvnt—1)/t and shypt/t
all coefficients are nonnegative, we get

R :
hunt —1
]Illlgi’/i——@t——dtSQ(chunR—l),
0

R
'I12]SZ/Sh ntdt<‘)shl/nR

0
Integrating by parts we obtain with positive constants a, v:

R R R !
chvt—1 . chvt—1 cosat cosat [chvt—1
sinatdt=— — + dt=
i t « 0 @ i
0 -0

R
_ chvR—-1 cosaR sinat [cosvt—1\'
o | @ =

R - o t
L "
sinat (chvt—-1
- 2 dt=

« i
0 .

R
_ chvR-1 chaR+sinaR chvR-1 ,+O 1 / chut—l dt
- R a a? R a?
0

hence

& |
S /’chyt—l, odg| =2 [sinaR chvR-1 R0+
Ro ;o " Ryl o2 R %0_
0

7R0'RhR1' 9 [chwR—1]%0
2 SIn & chvii— 2 |chv

= dR+0(— | - |—5%—
+R0/ = ( 7 ) R+ (aZ)R[ ]ﬁl-l-

Ry/2

consequently

Rsinut—l eV fo
S ————sinatdt| | <e———.
(9) Ro / ;——sina Seq
0



ON THE CONJUGATE FUNCTION OF DIRICHLET SERIES

65

Similar argument lead to the estimate

. Rsinut e Ro
(10) SRO b/ 7 cosatdt < Cmo-.
Applying (9) to I and (10) to I we get
eVnRo
(11) Ihl<e

1+(pu—on)?RE’
Summarize the above estimates in
eVnRO

eH1r

Kﬂz, ei’\"t>— isgn ond(u, lon])e ™" |<c

Z|<ﬁz,ei’\"t>'<oo Vi,
by)=Y_(iv,e »v;(y)

and hence the series

< <c .
1+(n=en)?RE =~ 1+ (n—on)?Rj
Since there are finitely many gn with |op| < g, it implies that

converging in L? by the Riesz basis property of (vn), converge also uni-

formly by (1). But then for any f € L!
(f,w)= Z(fv Un) (ﬂ;’ei/\nt) =

_ s i W
=—q Z sgngne”\"’(f,v;)—;- Z sgn onen 2 (f vi)+

|on|<u len]l<p

. 1
+0 (ZKL%Hm)

and

(faﬁ?)—sy(f,:c)lzo Z [(f,vn) |+Z |(f,vn)]

lé’n|—l‘

1
SCllflll( > 1+Zm

lon|=p
By the separability of the (An) we see that

and

1+(u 1+(u—on)2R2
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S hmomslnE. Y SeSronsa
< — <_
— R S 2 Y ms
1+(u—en)?RE ~ g 1+F k.<_|ﬂ—9n‘305k+1 Ro > Ry
which proves Theorem 1. 1

As a consequence we get the Riesz Marcell theorem for p<2:

THEOREM 2. Let 1< p<?2; then for every f € LP there exists f € LP
with

f—i Z sgnor(f, v;)ei’\*’

and

I7lp < P fllp,  f € LP.

PROOF. Introduce the operators
A, :f—vS',,f—S'a:]f.

As we have seen in Theorem 1, 4,,:L!'—C[0,27]C L! are uniformly bounded

and by the Riesz basis property A, : L2 — L? are also uniformly bounded.
We see by interpolation that A,:LP— L? are uniformly bounded for 1<p<2.

The finite sums f= Zakei’\k” form a dense set in L? and hence in L? too.

For such f we have S uf = f for sufficiently large u. From the trigonometric
theory [1], Ch VIL (6 4) we know that

[P]f—vf in LP.

So on a dense set the uniformly bounded operators 4, converge. Then the
Banach-Steinhaus theorem states that A, f— Af in L? for any f € L? and
the limit operator is bounded as well. Now

Suf =duf+50yf S Af+IT, fer?
and then 3 i
(Af+F7,0) = Jim (S, f,v}) = —isgney(f,v})
which implies that f = Af + fT. Finally
171lp < NAFN+ 17T 1lp < @) flp- ’

THEOREM 3. For every f e L1 the partial sums‘S',,f and S'a]f are

equiconvergent locally uniformly in (0,27) in the sense that Su(f,z)—
—S'[i]( f,z) converges locally uniformly to a continuous function (a bounded
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element of C(0,2r)). If f € LP for some p> 1, then the limit function is
equal to f— fT a.e. (m particular f—fT is a.e. a bounded continuous
function). In this case .S',,, f—F ae '

REMARK. If p>2 then we consider the conjugate function as FelL?
(because f € LP C L?). We do not know wether f belongs to L? or not.

PROOF. We consider again the operators 4,:L!— Cle,2r—¢] for some
€ >0. They are uniformly boundgd (even in case ¢ =0) by Theorem 1. If
f=3"cpe?k? is a finite sum then Suf=f for large p and by [1], Ch IL. (6.8)
35‘] f— T locally uniformly on (0,27). By the Banach—Steinhaus theorem

A, f— Af€Cle,2m—¢] uniformly in [¢,27 —¢] for every fe Ll. If f€ LP for
some 2>p>1 then, as we have seen in the proof of the Theorem 2, § uf N
in L?, hence an appropriate sequence S'#,, f tends to f a.e.. By the famous
theorem of R. Hunt, we know that 5[;4'11] f— FT a.e. and then the limit
function Af equals to f— fT a.e.. If p>2 then S',,f—»} (in L?) implies
the a.e. convergence of 5'#“ f and the other steps remain the same. 1

REMARK Riesz Marcell-type theorems are proved also in [6] and [7].
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Denote hy the normed Hermite polynomials and

n

R(f,2)= / f(t)e_tzsgo(—s;;—l_zl—)_;iKs(z,t)dt

the Riesz means of parameter r of the Hermite—Fourier series of f, where

(s(z t)=\/3+1-hs"'l(z)hs(t)_hs(z)hﬁl(t) hs(z)= Hs(z)
| ? z=t T

We prove here the following
THEOREM. Let
¢ if1>2t>0
g(t)= {2—t if2>t>1
0 otherwise,
then

! 11 logl
Ha.0)= 2 K0 o (ENER )

™8 v vn

For the Fejér means of trigonometric Fourier series the analogous result
was proved by S. BERNSTEIN (see [2] p. 215). The corresponding upper
estimate for the trigonometric case is due to S. BERSTEIN [2] p. 117 and
for the Hermite-Fourier series it is proved in (1]. The Alexits theorem for
Laguerre and Jacobi—Fourier series were proved by M. HORVATH [3], [4].

PrOOF. We need the following.
LEMMA. Let a >0 be any fixed real number, then we have

(1) Z cosa/m

m=1

= 0(1)loglogn.
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PROOF. Let 2<y <n be arbitrary (it will be chosen later). Then

@) ' Z cosa\/ﬁ_ Z Cosa\/ﬁ+0(1)logy.

m=] m m=y _
Now investigate the distribution of a\/— mod 27. Let j be arbitrary fixed
positive integer (it may depend on n) that will be chosen later, 0<k<j—1
be an integer and 0 <! < s&\/n be also an integer. Then

(3) 217r+k-g_15a\/ﬁ<217r+(k+1)2.1,
with suitable:! and k. If mjsatisﬁes (3) then !
(4) ‘ cosa\/_—cos‘;r—k+0<1>
Obviously

k41 k 2
Z ..1—=210g(l+——_},_—)—210g(l+—-,-)+0(1)a—2.
m J J [

We can assume that [ > 2‘-‘-\/_> 2, so

— 141 40(1)%,
1+1— ;TOn

thus
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GCC
=2 L01)=
2. aEptogto®)

bl
2
() (4]

Using this estimate we obtain from (5)

71 .

(
" cosay/m LA 2 "f;1rk
(6) Z——rr_z——: Z Z(E-{-O(l) +0(1)— )COS:"].—'+
m=y I=& /5 k=0
/m VN SR
T 1 1 &2\ 251 onk
+0(1) Z <7]-+-l-2-+‘lz—2>=; Z -Zcosl—+
A j , ja®
+0(1) Z (E—f—l—z— ?“)
l==2"?‘/37
Since
Zcosﬂ=0
k=0 J
hence
=/
cosa 2 logn ]
=2 8 ()T 5)
m=y l—Qa?ﬁ
Now let y=

logn)?, j =logn. Then we get from (2
g g g

3 COSAVI _ (1) + O(1)loglogn
m=1 m
and the Lemma is proved.

REMARK. We can prove similarly that for any fixed positive real num-
ber a >0 the estimate

n .

Z sinay/m
. m

m=1

=0(1)loglogn
holds.

PROOF OF THEOREM. Fzrst we give an asymptotic formula for K,(0,t),
|t| < cg. Since Ky(z,t)= \/—, in what follows assume that s > 1. Suppose
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s=2m. Then K9,,(0,t) = K9,p41(0,t) and

™ Km(0,8) = 1/ 22 Ly (0 P21 )
_(=ym "m+ 1 V@) hom1(t)
T Yx ml.2m t
Using the asymptotic formula of the I' function we obtain:
(8) Kym(0,t) = Kop41(0,8) =

=(—\/1%’" 9m~+1 (m—1) -1 <1+0<%)>h2_’".‘t*'1_(tl

Here we have to use an asymptotic formula for homy1(t). It is well know

([5] (8.22.8)) that

r'(3+1) _;’2_ nm
2 L% = V2 _=

T(n +1)c Hp(z) cos( n+lz 5 )+
_(9n+1) sm(\/‘zn-}-lz—-n—:—)-}-O(%), (lz] £ ¢p),

where the error term is uniform in z. From this we get
)]
22
) e \4/§ 1 1 nw
= —— —_ _ 9 - —
@) hae) =7 (1+0 (n>> %{cos(\/-n-i—l 5 ) +
z3 1
+ —6-(2n+1)_?-sin(\/2n+1x——) +0( )}

Using (9) we obtain

(10) I\'.’gm(O,t)=K2m+1(0,t)=

\/_e {sm\/4 - 4m+3) cosx/4 t}+0( )
and hence
(11)

2 n
R§(9,0)=/9(t)6't2' \/n1—+—12 ((s+1)%—s%) Ks(0,t)dt+0 (%) =

s=1

z%: {81n\/_3t t3(4m+3) \/—t}dt—

V2m 6v2m
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2 z 1
Y3 2 2. | siny/@m 3t t3(4m+3)73
____\/-_-/e—".!' Z sin yiAm + — (4m+3) cosvVim+3t ) dt+
J V2m 6v2m

n+1 = vn
V2 22 1
= v2 (I1=I)+ v2 I3+O( )
m/n+1 vn+1 vn
1 2 1
2 7 : 3 —_
_t siny/4m+3t °(4m+3)72
a) 1=[]e T - osv4m+3t 3 dt.
) 0/ 7:4_:‘1{ v2m 6v2m ¢ }

Here integrating by parts
1 2 9 t
t t
/e—Ttscos\/4m+3tdt=v e—T-/s3cosx/4m+3sds +
0

0
1

./t
02
+/te_T (/33 cos\/4m+3sds) dt,
0

0
but
t
1
3 _n( L <
/a cos V4m+3sd s O(ﬁ)’ (Jt|<1),
0 .
hence
1 t;z !
/e_Tt3c03\/4m+3tdt=O —_ ],
vm
0
thus
y 7 .
R - V4 t
11=/e‘% Yy = mE3 o).
— 2m
0 m—l
Here

1
m

1
2
/e-i‘fsin\/é_lm—-%tdt=——1—— (l—e‘%cosv4m+3) +0( ),
0
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consequently
I i e_%’-cosx/ ( )
1:
. m=1 \/gm
Using (1) we get
logn
12 I =
( ) 1 \/g
2 L 1
: 2 & sin+/4m + 3¢ t3(4m+3)_’2
b) I =/e T - ' cosvdm+3t > di
) B / mzz:l{ 2m 6v2m

Similarly as above we obtain
n

¥ _1 _
. e 2-cosvdm—e 2-cosZ\/4m

L= +0(1),
m=1 \/gm
ie.
(13) I, = O(loglogn)
/ g Kom(0,1)
. -2 \2m
c) /e Z o
1 =1
From (7) we get
. 1 (%) .
using the well-known relation Hap)(z)=(-1)™22m+1.nl.2. L( )(3:2).

We need an asymptotic formula for L(a) (z). We have ([5] (8.22. ‘7)).

a) z _a_1 ar T
= —c2. 1T7%. §- I 9 7_—-__ .
(z) \/—— T ‘nl cos{ (nz) 5 4}
{2:4(1:)71 ’f+0( g)}+
z a 1 a_1 | 1 ar 7w
+7-1-r-87 z 274.-n7 4-sm{2(nz)”———§——z}-

-1 )
{E aiortoten).

v=0
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where Ay(z), By(z) are functions of z, independent of n, regular for z >0
and the error terms are uniform on [, w], where ¢, w>0 are arbitrary fixed
numbers. Here Ag(x) =1, By(z)=O. From this we obtain

1

(15) L,(,F)(t2) T L. sin2y/mt- {1+A1(t2) T+0(m‘1)}—

3!2' t7L. cos2y/mt- {Bl(tQ)m"’-l-’ +0(m—1)} )

Using (15) we have

/2.«; g {smo\/_t+A1(t2)\jlﬁo‘/—t

1
==
3 T

ﬁ Mqu

1
B1(t?) cos 2,/mt
+ Jm dt+0(1).
Integrating by parts

2

2 2 t
/e L" Al(t2)sm"\/—tdt— l E‘T-/s—l-Al(sz)sinQ\/ﬁsds}
1

1

2 st

+/te’£2~‘. (/s_lAl(SQ)SinZ\/n—zsds) dt,
1 1

and taking into account

js"l -A1(s?)sin2y/msds =0 (ﬁ) ,

1

2

1

(this is true because s~ A(s%) is regular on [1,2]) we get

2
2 . 1
/e Tt 1-A1(t2)-sm2\/r§tdt=0(—\/—;>,

1
and similarly

2
-2 1
/e Tt 1-Bl(tz)cos2\/n—1tdt=0(ﬁ).

1
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Thus
1 2 1 P
I:;:;Z Qm/e—"."- -1-sin2\/—'rﬁtdt+0(1).
m=1 1
Here
2

_t : 1 [ _1 —2 1
/e T-t“l-sm2\/mtdt= e ?-cos2\/m—-e—cos4\/m +0({—),
2/m 2 m

1
consequently

—2
=;1r- Z \/%m (e_%"cos2\/ﬂ_’t—e—2—0054ﬁ> +0(1),

and using (1) we obtain
(16) I3 = O(loglogn).
From (11), (12), (13), (16) the statement of the Theorem follows.
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The notion of analytic function, the Cauchy-Riemann equations, the
conjugate function can be transformed from the trigonometrical case to
other orthogonal expansions. First we mention the paper (5] of E. M.
STEIN and B. MUCKENHOUPT where some basic facts of harmonic analysis
are proved for the ultraspherical and Bessel expansions. The Jacobi and
Bessel conjugate are introduced and investigated (see also the end of
the book [1]). MUCKENHOUPT applied then these ideas to the Hermite
and Laguerre expansions, proved the norm boundedness of the conjugate
function operator. Based on this result the author of this paper proved
saturation theorems of Alexits-type and investigated also the Abel-Poisson
means of Hermite expansions, see [10]-[15]; after M. HORVATH studied
analogous problems for the Jacobi and Laguerre expansions [16], [17].

In this paper we aim to give a common generalization of some of the
above mentioned concepts and results for the case of Sturm-Liouville ex-
pansions. Consider an interval G=(a,b) finite or infinite and the eigenvalue
problem

(1) —y"+bzy =Ay, z€G, beCYG), ¥>0.

£
Introduce the weight function w = e Jb,

We make the following assumptions:

There exists a system (ynw!/2) C L2(G) complete in L2(G), where
yn is a solution of (1), the corresponding eigenvalues Ap are non-
(2) negative and increase strictly to infinity further

limynypw =limynyw =0 for all n, k.
a+ b— .
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We can transform (1) to a Schrodinger equation in two ways. A short
counting shows that

" (’-‘71/2)”

(3) -+ 12

Un=AnUn, Uni=ynw

wl/?
1/2)11 o '
it / _ e Yn 1/2
(4) _vl,n+ < 1/2 +b> ‘ _’\Tlvl,n’ Uln'= \/xw ’ (/\n¢0)
Remark that
(5) (w2 2
wl/? 4 2

We fix first the differentiation rules.

LEMMA 1.
(6) [oaw™ /2 =/ Aqoy g™ 112,
(7 [vlynw1/2]' = —vAnvawl/2,

PRrOOF. Indeed, both sides of (6) is equal to y}, further

vy pw/2] [ Yn_, " (n—yndw _ —Anynw o wl/?
vlﬂ = = = — nUn’

‘ VAn VAn VAn

which proves (7). |

LEMMA 2. The systems (vn) and (v1,) are orthonormal in LY(G)
(after changing yn by cnyn if necessary).
PROOF. Let [jun||;2 =1, then for n# k we have

bl
/20 wl/2y
An (vn,vk) = <—‘Uﬁ+ (lfvl/Z) ,vk> = lim <——‘UZ -I-( w1/2) 'Un> v =

a' —a+
W —b—al
!
v (wl/Z)II
. / =
= lim [—vnvk +vnvk] ,+ hm Un vk + —1—2——vk =
a;—»a+ bqlz —Ea /
b —b— —b—-

= lgljl('wyny'k = WYkYn) — Em(wynyp — wykyn) + (vn, Avr) = Mg (vn,vg) -

~ Since Ap # A for n#k, we obtain the orthonormality of (vn). On the
other hand we get for Ap #0

1
6nk=(vﬂvvk)=/ynykw= h ye(— y +byn)
n
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— hm/ —ye(yhw) = <hm—hm>(—ykyﬁlw)+

/\n a' —a+
- H—b— g

1 1
+—/y§cy§1w=~<y§cw1/2,y§1w1/2>
o o |
G

and then 6, = (vl,mvl,k> as we asserted.

Before continuing the investigations, we list some widely known special

cases.

EXAMPLE A: Hermaite polynomials and functions.

Denote hy the normalized Hermite polynomials defined by

/ hn(2)hi(2)e™" da = Gy

R
2. .
Then w=e"7% is the weight and
~Yn +22Y; =20Yn, Yn = hn(T)
—up +2zun + 2un =2nun, un=hh(z)=v2nhy_1(z)
2
(8) —vl (22 = 1)op =2nvn, vn=hn(z)e™® /2
2 Yo, 1/2
=010+ (2% +1)v1,n = 2001 g, Ul,nzvizi;—l‘w/ =vp-1, n21.

The Hermite functions are complete in LQ(R) and
lim ynyhw = lim hnkhe~* =0
Too KT T doo K

o (2) fulfills.

EXAMPLE B: Laguerre polynomials and functions, a > —1.

Denote .€£,a)(a:) the normed Laguerre polynomials

o0
/e Dl Dzre=2dp =6, 4.
0
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2
Then w =2z2¢+1e~*" and

AN '
T (Z(a)> +(z—a-1) (eﬁf')) = nfsla),
//+2z —2a 2y:1 = 4dnyn, yn2=f£;a)($2),
—u! +2:c —2a lul + )+2a+1 Un = 4nu
n T n= ny

1
un = [89(a?)] =2yt (a?),
9 2_1 ~
©) —vg+(m2—2a—2+a?1>vn=4nvn,
Up = \/Q'za+1/2 . 6—22/2@&,&)(12),

1 3
-+ z2—2a+ a+§) (a+§) V] p=4nv
1,n 2 " 1,n =4nvy ,,

= \/'zz“""‘;/?e"’z/%gﬁil)(z?).

(a+1) (a+1

We see that v] , equals to v,_ "/, where v, _ ) denotes the function v,_

with the parameter a+1 instead of «. Here the condition lgrglyny;cw =0

obviously holds and
2
limynypw = 2V (1)l (22)2520 427" =0

is also true when o > —1.

EXAMPLE C: Jacob: polynomials and functions; a, 8> —1.
Denote p,({"ﬂ)(z) the orthonormal Jacobi polynomials

1
[ O@r @ -2+ 0P da=bu.
-1

Here we have

G=(0,7), w= gath+1 2o+l gcosw"'1 g

&

and
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—(1= DB +(at B+2)2 = B+ el =
=n(n+a+B+1)p57,
yn+6_ —(iﬁlﬁgl)wse L =n(n+a+8+1)yn,
yn =" (c0s0),
ﬂ—a—(c;;ﬂgl)cose / [(ﬂ o)03© +0;T+I-l_/g+?1 L=
—n(n+atB+un un=[p"(cos®) =
= Vantat B+ 0p ) (cos 0) - (—sin @),

(1) " o?-1  pE-% a+i+1
Un+ 4Siﬂ21(;)-+40052@ ( 2 ) Unzn(n+a+ﬁ+l)vn7
= ole+B+1)/2ginat1/29 cosP+1/2 9 pﬁ{”ﬂ)(cos@),
o 4 (a+) (a+3) N (6+%) (5+3) ~ (a+ﬂ+l>2 i
Ln 4sin® %)- Adcosd % P 1n—
=n(n+a+f+1)vy,
V]ni= —sin@wl/2(0)p (a+1’ﬂ+1)(cos Q)=
— _ola+p+3)/2 Slna+3/2 Q cosB+3/2 %_pgla_-iil,ﬁ+1) (c0s ©).
Here again v p —-Uga:l P i.e. vp_1 with parameters a+1, f+1. The

boundary conditions (2) hold for every a, 8> —1 since

20429 2042 9 (08 (00500t (005 9) =0

lim ! w= lim csin — cos
oo YPYEYT 600 2 9P
(O—7) (@—7)

EXAMPLE D: Bessel functions, v > —1.

We know from [20], 7.2.8 (56), (57) and 7.14.1 (10) that if 45 denotes
the positive zeros of the Bessel function Ju(z), i.e. Ju(yn)=0, then

1
[alatmoitas =3 aml = 5171 = .
0 n
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We have the equations w = z2V*1,

1 -
_yg - &/_}-y:l = 'y,%yn, Yn =anz” " Jy(1nz),
—uZ - —i‘QUx lu;f‘*‘ “'21;2 1U'Tl = 71%11117
(11) un = an[.’t—VJy(’)’n:I:)]’ = ““an'Yn.T_V i Jy+1('ynz),
2_1
vl
—vp+ ?Ivn = 'y,%vn, vp = anxl/sz(anz),

"oy ("+’12) ("+g')

—v]

1
n z2 Vin = ’7’12;'”1,n7 V10 = —an2Jy41(nT)
Now for v > —1 we have

li_{% ynyigw = l‘_r,% (—anapyg -2 Ju(ynz)Jy41(y2))=0.
(z—1) (z—1)

REMARK. Since in the general setting the functions v, form an or-
thonormal basis in L%(G), any function f € L%(@) has an expansion

f~Y apv, ak=/ka-
G

If we want to extend this definition to f € LP(G), 1 < p < oo, we need that
v € L'NL® for every k. In the Hermite case it holds trivially; in the cases
B, C, D we must assume that a>-1/2; o, 2> —1/2; v> —1/2 respectively.
In general we shall take the assumption

(12) n, V1.0 € LYG)NL®(G) (Vn).
DEFINITION. Let 1 <p< co. Take a function

FELFG), f~Y apo, ak=/ka-
G

If there exists a function

FeLP(G), f~—zak'vl,k, —ak=/fv1,k,
G

then we say that f is the conjugate function of f.

The function f+if is called analytic. In other words, the complex
valued function g = g1 +:92

gINZaﬂvﬂ, an:(Qlﬂ-’n)a gZ"“Zbﬂvl,m bﬂ=<927v1,n>
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is analytic if and only if g9=§; (or equivalently if by =—an for all n with A, #
#0). Hence we consider the n-th analytic unit vp —iv] 5; roughly speaking
the linear combinations of these members are the analytic functions.

REMARK. In the case C, a=f=-1/2 we have
vn=cosn®, (n>0), v],(0)=—sinn® (n21) (va—ivy)(0)=e"®
and

f(©)~ Z ancosn® = f~ Zan sinn©.

This is the direct motivation of the above definition. As the following
examples show, the situation is asymptotically the same for the other
expansions too.

" EXAMPLE A. By Szegé (18], 8.22.8 we get that
vn(:l‘) = 6—12/2}1”(@‘) =1 / éﬂ%ﬂ + 0(71_3/4),
g2 sin( V2nz—nX _
(13) oy n(a) = e/ 2hy g (2) = LD | o9/,
un(x) — vy n(z) = / En~V4ei(V202=8) | O(n=3/4),

These estimates are uniform in |z| <w where w > 0 is arbitrarily fixed.

EXAMPLE B. Using [18], 8.22.1 we obtain

on(@) = (~1yn /2203 | (=314,

nl/d

Ul,n(l‘) = (_l)n—l \/gSin(2x\/r_l—a§-—§.) + O(n—3/4)’

.y
on—ivy = (=17 Zn WAV E D) L O(n=3/4)
uniformly in 0 <e <2 <w < co.

(14)

EXAMPLE C. Here we use [18], 8.21.10
vn(©) = \/gcos(N@+7)+O(1/n),
o1,(0) =/ Esin(NO+7)+0(1/n),
19) | on(©) = iv1,(0) = {/ZeNO+D) +.0(1/m),

Ni=n+ Sy im 2 (o)

and these estimates are uniform in ¢ <O <7 —¢ for any € > 0.
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EXAMPLE D. We apply [20], 7.13.1 (3) to obtain that

=T (n+§+§)+0(1/n), an=m/A+0(1/n), (n=1,2,...)

vn(z) = V2 cos [71' (n+5+1) x—%’—’-~£—] +0(1/n),

16 |1@)= —VZcos [r (n+§+§) - -5 +0(1/n) =
=—1/2sin [71' (n+%+%>x—%ﬁ—;’f] +0(1/n),

(o) =i o(o) =y TR o (1

and the O-term is uniform for ¢ <z <1 if € > 0 is arbitrarily fixed.

The classical theorem of G. ALEXITS has been generalized for the case
of some classical orthonormal expansions in the papers [10]-[17]. We give
here the analogous result for the Jacobi and Bessel expansions. The present
method works also in Hermite and Laguerre case, see [13], [17]. We hope
that 1t will be a basis for a general proof.

THEOREM 1. Let a, f>—1/2, 1<p< oo, f€LP(-1,1). Then the
following statements are equivalent for the Jacobi expansions:

1 n Ve
a R,f - =0|—=—], Rnf:= 1- apv,

f > apy,
(b) There exists § € LP(~1,1), f is locally absolutely continuous and
w_l/Q[}wl/Q]' € LP(-1,1).

THEOREM 2. Let v>—1/2,1<p< o0 and suppose that

(17) [Rafll <c(p)fllp, fELP(0,1) if 1<p<oo

holds for the Bessel expansion. Then the statements (a) and (b) of
Theorem 1 are equivalent for the Bessel expansions.

PROOF OF THE THEOREMS 1 AND 2.

Remark first that (17) holds for the Jacobi expansion, see [16]. The first
step of the proof can be applied for general Sturm-Liouville expansions,
too. By a generalization of the Alexits lemma [14],

1Bef = flp =0/ VAR & || Bn (I VAkagur )| =0(D).



HARMONIC ANALYSIS FOR STURM-LIOUVILLE EXPANSIONS 85

Next we show that
(18) | Rn (Z makvk)“p= O(1) =

& there exists g € LP(0,1) with g~ Z V Apapvg.

The implication “«<” follows from (17). The converse can be proved by
introducing the functional sequence

Tnh:=/hRn, Rp =Ry (Z makvk).
G

-1

These are uniformly bounded functionals on L4, p~!+¢~!1 =1 and for

AL
h=v € LY we have Tpv = (1 - \/\/(:—:—1> ap/ A —ap\/Ap as n—oo. Con-
sequently the operator sequence T, converges in the linear space spanned
by the (v}, )-s to a (necessarily bounded) functional T. By the Hahn-Banach
theorem T can be extended to a continuous functional of the whole L1,
hence it has the form Th = [ gh with some g € LP. In particular we have

G
ak\/’\k?T”k:'cf;gvk s0 g~ \/Apavg which proves (18). In the next step

we suppose the existence of such g and prove (b). Consider the function

file) =) [ gul?
0

We prove that
z

(19) frel?, liényk(x)/wl/2=0 (k=0,1,2,...).
(4 0
Since f is continuous (locally absolute continuous) in G, we need only the

boundary behaviour. Consider first the Jacobi case. Suppose that z is
nearly zero, then

T 1/q z 1/q
@IS0 P @)gly | [uf?] <o) ( /ta+1/2>q) <

0 0
<cz'/150 (as z—0),
z z 1/q
yk(ﬂv)/gwl/z <c /wq/2 <zt 0 (as 2 —0).
0 0
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T T
Since the constant coefficient of g is zero, 0= | gug = f gwl/ 2 hence for z

0 - 0
near © we have

T T 1/q
1fi(2) <w™2(2) / lgho'/? < cw™2(2)lgllp ( / wq/2) <

z

T 1/q
Sc(7r—:z:)—ﬂ"1/2 (/(r—t)(ﬂ+1/2)th) Sc(r—x)l/q —0 (asz—m),
T .

. ] Ve |
<eg (/wq/2) -0 (asz—m).

z

yk(?ﬁ)/gwl/2

For the Bessel expansion we have analogous estlmates for z — 0 but here

fgwl/Q-O does not hold. So for z—1 we can estlmate by using y(1)=0:

_ z 1/q z 1/q
1fi(2) <w™ Y2 ()lgll, ( / wqﬂ) <cg V2 ( / t("“/?)qat) <c

0 0
(asz—1),

z

] 1/‘1
yi(z) / gw?| < [ye(@)[lgllp ( f wqﬂ) —0 (asz—1).
0

0
So (19) holds indeed and we can compute the coefficients by (6), £ >1

: T z b
1
(froone)= / (w™201) / (gw'/?)dz = { oo / gwl/ﬁ} -

0

b
/\/— w2y, gw1/2)=\/—A= [yk(w)/gw J -ﬁ!gvﬁ—

Consequently fi~—3 arvyt, f1= f, f is locally absolute continuous and

w—l/Q[}-wl/Q]l =g€ LP’
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so (b) is, proved. Conversely suppose the existence of h € LP, h = wl/2.

{fw!/?)" and compute its coefficients:

(ko) = / w20 [Ful/2) = (Forlt — /g / w2, Ful/? =
G

G
= [Forla+ v/ ke
We shall prove
(20) [Forla=0.
In fact this is always true if w € L?, 1 < p < o0. Indeed,

F(@) (@)= Fa'wol/a) = [ ot/ =00

uniformly in z and a’. Taking the limit @’ — a we see that there exists
lim Fawl/2(a'y=c) and then

_~f(a:)w1/2(z) =co+/hw1/2 =0(1).

Since vi(a) = vi(b) =0, (20) follows and then (h,vg) = /Arar. Theorems
1 and 2 are proved. 1

THEOREM 1’. Let a, 3>—-1/2,1<p<oo, f€LP. Then for the Jacobi
expansions the following statements are equivalent:

(a’) There exists f € LP, || Rnf — fllp = O(1/v/ A7),
(b’) f is locally absolutely continuous and w1/2[fw"'1/2]' eLP.
THEOREM 2’. Let v>-1/2, 1<p< oo, f€LP and suppose that (17) is

true for the Bessel expansion. Then the Bessel variant of (a') < (b') holds,
if we assume that (vy) is complete in LP for 1 < p < .

PROOF OF THEOREMS 1’ AND 2’. By the above mentioned Alexits
lemma, (a’) holds if and only if ”Rn (> \/)‘lcakvl,k)” =0(1) and this is
equivalent to the existence of h € LP with h~ 3~ \/Apagvy . Consider the
function

fa(z):= wl/z(:l:) / hw—1/2;
1/2
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we pick the point 1/2 € G. We shall show

z

(19%) fa€LP, lién vl,k'wl/Q/hw_l/Q —o.
(b) 172
Indeed, for the Jacobi case and z —b=7n
Z z 1/q
wl/Q(x) /hw—1/2 S”h”pwl/Q(.’E) /w_q/2 <
/2 72
T 1/q
.<_C(71'—;zc)“'*'1/2 /(ﬂ-_t)(—a—l/2)th <
/2
1
o(m—z)**2, (a+4)a<2
<{er-2)** izl (a+d)q=
o(r—z)!/4, (a+%)q>1

so fy is bounded and from v ;(0) = vy 1(7) =0 it follows (197). For the
Bessel case
r

w'/2(z) /hw—1/2 < [[hlpa¥ V2 /t—(u+1/2)th
/2 /2

is bounded in case z — 1 and tends to zero if z — 0; so fo € L? and since
v £(0) = v £(1) =0, (19’) follows also in this case. Count the coefficients

of foe IP for /\k#O

(o) = [(@yll?@) | [ hof | da=

G 72
b

1 1/2 /h ~1/2 1 / _
= + h , —
\[_vl k(x)w (.’12) w \/X;g Ui,k = Gk

1/2

a

In the Bessel case the completeness of (vg) implies that fo = f; in
the Jacobi case the coefficients of fo— f vanish except for the first one,
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thus f=fy +cw!/2. In both cases f is locally absolutely continuous and
wl/2{fw=1/2) =he LP which is (b’). Conversely let h:=wl/2[fuw~1/2] ¢ LP

and compute the coefficients
<hvvl,k>=/Ul,kw1/2[fw_1/2]’:[Ul,kf]g+\//\k/ka
G G

We shall prove

(20") [v1 18 =0.
Indeed,
f@w= Y2 (@) = F(1/20w"2(1/2) + / hw 12,
1/2

1/q
z.

|f($)f_<_cw1/2(x) 1+ /w—q/Z

1
2

which shows that f(z) is bounded; from vy t(a) =vl’k(b)=0 the statement
(20°) follows and then (h,v1’k> =/ Atag, h~ 30 \/Agagvy k. The proof is

complete. 1

REMARK. The above theorems are saturation type statements. For
the general Sturm-Liouville case we can argue as follows. Suppose that

|Bnf = fllp=0(1//An).
Then _
(Raf = fLop) S Ivellgll Bnf = flip=0(1/v/An),

o(1/V/An)= \/_k v Veap=o(1), Apap=0.

Tl
Hence a; =0 except for the case /A; =0. Hence

|Rnf—fllp=0(1/VAn) = f=0 or f=cu if Ap=0.
Analogously
IRnf—Fllp=0(1/vAn) & f=0 or f=cvyp if \=04f=0.

In the next part of this paper we prove the equiconvergence a.e. be-
tween the trigonometric conjugate and Sturm-Liouville conjugate partial

ak
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sums. For the nonorthogonal Dirichlet e‘{panswns the corresponding the-
orem was proved in [15].

Introduce the notation

S'#(f,a:) = Z anvi 5.
Via<p

Let 0 < Ry <min{z —a,b—z} and

_ _l—cosut |tl<R
t) = t
w(=+1) {o N

Define the average operator

Ry
Snls(Rl=% [ o(R)R
g S,
and let
SL(fia)=(f0),  @:=Sp,lwpgl.
Then .

R
31(f,2)=Sg, /(f(z—t);f(z+t) _ 1_ctosut> i
0

THEOREM 3. Suppose (2) holds. Then for every f € L? the difference

S',,(f,a:) - S'Z(f,a:) converges locally uniformly on G to a continuous limit
function from C(G).

In other words, the conjugate partial sums S’F and S’E are equiconver-
gent locally uniformly.

REMARK. The orthogonality of (vn) and (v ) implies that for f € LP
there exists f€L2. By the equiconvergence theorem of JOO and KOMORNIK
[21], S'F(f,x) and SE(},I) are equiconvergent in the strict sense (the
difference converges to zero locally uniformly), hence we can reformulate
Theorem 3 by stating that ST(;‘ z) and S'T( f,z) are equiconvergent, or,
roughly speaking, that the trlgonometnc expansmns of the Sturm—-Liouville

-conjugate f and of the trigonometric conjugate f are equiconvergent.
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PROOF OF THEOREM 3. Recall the asymmetric Titchmarsh formulas
[21]. If —v" 4+ ¢(z)v=Av(z) on G and z, 2+t EG then

r+i
S“ft / q(é)v(s‘)Sln\/—( ﬁ'””‘é”da

v(a: +1) =v(z)cos VAt +'(z)

ifz—t,z€G, then

v(z ~t) =v(z)cos VAt — v’(a:)v

snvit | sin V(- Jz —€])
v / 2(E)(E) dé

VX

- and by subtraction we obtain
v(z-t)—v(z+t)=

= —2/(2) sm\/—t (/ /) sm\/:\‘(i/—xla:—fl)dé

Compute the coefficients of @ as follows
R

(vn, @) = S, [ / [vn( —t)—vn<z+t>1—°°—s—"—tdt} =

0

R
invAptl— t
=—2v;(z)530{ Sl\//\_" ,::S” dt}+
n

0

+S /R /:E _7 sin\/)\n(t—l:c—ﬁl)d l—cosutd _
Ry 9(6)1’”(6) \/7\; ! § t t| =
0 -1 z :

I
= An v\'l}f\i) + Bn-

Recall that here

(wl/Q)II
="y TV
In [21] is proved that
¢
21 An+68(p, vV An)| L

with a constant ¢ independent of y, n, Ry. In the next step we estimate
B;,. Changing the order of the inner two integrals we get



92 1. JOO

(22)  Ba= |
P [ s Van(t 1 t
=g, || [ = [ |ty [ Tt ety
-R @ ja~¢]
Denote
R
= / 1—“5:5—"tsin An(t—|o—¢])dt
lz—¢|

(the inner integral in (22)). To estimate it, consider first the case /A > p.
Integrating by parts we obtain

R

(23) h = / sin /At — |z —])d Lo cos e = ¢l
|z —¢]
|z—¢}
R R
— / %(1—(:tosllt)/sin\/z(r—[x—-ﬂ)d-,—dt:
lz~¢| t

() f [l )-

o() 1+ [ rae] =o(Lont)

2=

(we can suppose that R <1 and then In L_>0). In case vA; < pu we
z=¢|

consider another integration by parts:

(24)

R
siny/An(t— |z —£]) sin R sinvV/An(R—|z—¢])
cos ut dt= —
t U R
lz—¢|

R
VA An(t =z —
_yn sin/,ntCOS n(i [= EDd?H—
u
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R .
+§ / sin,utsmm(t— [2—¢D)

ot T
2]
iy [ J
=0(1/y)+0( ) /t"ldt=0<———"ln;);
p poo la=¢
|2 =]
R R
siny/An(t— |z —¢}) -1
/ t dt| < /t dt<hr—r,
|e~¢| o]
R
sinV/Aa(t =l —€1) | _ _ [cos\/’/\:(t—lz—fl)_l_]R _
t Vin oty
le—¢]
R
- [ ey, (L)
ol VAn-t2 Vinlz—¢l)’
hence
R
siny/An(t—|z =€) 1 1
dt=0{ /1 : =
1/51 t (\/nlw—él mlx—él)

=0 (l—g 7341,
Next we shall prove that the series ‘
|vn(@)]1 {f,vn) |

vh(2)
O )/ T el L9 Db ey iy

converges for every fixed p to a function bounded by a bound independent
of 4 and locally uniformly in x € G. Indeed,

b
v:l = (ynw1/2)l =V /\n'vl,n - “)‘vn.

We refer to the general square sum estimation of [22]. If

—Up + qun = Antn, qELlloc(G)

and the (un) form a Bessel system in L2(G) then

su}()) Z “uk“Lz(K) < oo
#20u—vAnlst
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for every compact subinterval K’ CG. We can apply this for (v, ) and (v} )
to obtain :

) |v1,n(2)I[ (.00} | _i ) i@l {fivn) | _

, 1+(v2n - p)*Ry _1=01<\/E<l+1 1+(. An—p) RS

1 1
\ 2 ‘ 2
1

I<VAn<i+1 <y <i+l

<Ol S —— < )
=4 2 2p2 = p2
— 1+12R5~ R}

Next we estimate the convergence of 3 (f,vn) Bp. We know that

<

L

~
Il
=]

Iflla if z€kK.

T z+
oz
|Bal =[Sk, / - / q(é)vn(a’;%)ds <
-R =z
z+Ry
< / 10(E)on (67 (2, €)ldé -

z—Ry

1
Van

so by (23)
z+ Ry )
S Bl 3 4 [ a@mi@n e (om) <
Van>p Vin>p n.‘L‘—Ro
.1:+R0

1
ToE| 2 @l ldes
z—-Ry 1</ gi+1
z+Ry

1
<K R)Ifl: 3§ [ e el Ro)lfll
>p-1

z—Ry

We use (24) to estimate > |{f,vun) Bal:
Vin<p

z+ Ry
1 An 1
> 1)l [ @O n e <

4 ’\RS/‘ I—RO
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:c-I-Rg

<y (O=g X m@ll(fomlde<
Y z—Rg ISVAn<i+1
@l T 1
cl A 2 i ) "
<SR, [ i@ —de <olK ROl
z—Ry
z+Rp
S vl la(E)on(E)lle €7 A0 V4de <
\/X;S/‘ m—[fo
.7:+R0
<Y [ ©le-a= T (Lol
I<p =Ry . 1<\/H<1+1
<K, Ro)lfl2 Y = 73 S UK, o)l £l
I<u

By the above estimations we get that

720+ 3 5 0m) 0/ 2 =

vp(z)
=3 (f,on) Bn+(An+6(u,\/An)) =
Since

< (K, Ro)li fll2-

vn(z
> ](f,vn = > [{fivn)via(z)l+
Vnl =

Via=p
b(z
22 S (fm) (o) < )
An=pn

hence we finally obtain that

. n() -
(25) (F)+ Y (fon) 22| < (K, Ro)l flla-

e Vn

QOur last estimate needed is

vn(z)
Z <fv v"l)
S Van

S DR AR LU

ISp i<y An<i+l
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1/2

. 1
<c<ﬁ> Tl X e s
1</ A <41

<p
¥
< o(K) ( T ) ( l<f,vn>|?) < e(E)lIflz
I<p <A <i+1
ie.

(26) 15T(f,2)=Su(f.m)l = |(f )+ D (fivn)vin| (K, R)lIfll2,
Vin<p

in other words, the operators
Ay f -8 -8u5 (4w Lo oK)

are uniformly bounded. If f=)" ¢ v} is a finite sum, then S uf= f for large
u, and since f is smooth, ST f tends to fT locally uniformly, see [23], Ch.

II 6.8. Since the linear subspace spanned by the (vg)-s is dense in L? by
the Banach-Steinhaus theorem A4,f tends uniformly on K to a function
Af € C(K). Theorem 3 is proved. 1

REMARK. We introduced above the notion of the analytic or power
type function. Here we deduce (formally) the Cauchy-Riemann equations.
Let f~3 agvg, g~ bgvy - Then introduce the functions

Gﬂt,x)::Zake_\/A—kt-vk(m), Go(t,z) Zbke vl p(z).

Then the function f+1ig is analytic if and only if the Cauchy-Riemann
type equations

1/2 -1/2
oGy =w—1/2(1:)0(w / xGQ)’ 0GH :w1/2($)8(w / zGh)
ot Oz ot Oz

hold. Indeed, both sides of the first equality are equal to

—Zak\/ﬁe“”—ktvk(r)

and both sides of the second one are equal to

=3 b/ ge” "vu(z)




HARMONIC ANALYSIS FOR STURM-LIOUVILLE EXPANSIONS 97

(1]

(2]
(3)
4]

(5]

(6]
(7]
(8]
(9]
(10]
(11]
(12]
(13]

(14]
(15)

(16]
17

(18]
(19]

(20]

References

E. M. STEIN, Topics in harmonic analysis (related to the Littlewood—Paley
theory), Annals of Mathematical Studies, Number 63, Princeton, New
Jersey, 1970.

A WAWRZYNCZYK, Group representations and special functions, Reidel,
Dortrecht, 1984.

M. A. NeEuMARK, Lineare differentialoperatoren, Akademie-Verlag Berlin,
1967.

E. HewITT and K. Ross, Abstract harmonic analysis I, II, Springer-Verlag,
Berlin, 1963, 1970.

B. MuckeNHOUPT and E. M. STEIN, Classical expansions and their relation
to conjugate harmonic functions, Trans. Amer. Math. Soc., 118 (1965),
17-92.

B. MUCKENHOUPT, Mean convergence of Jacobi series, Proc. Amer. Math.
Soc., 23 (1969), 306-310.

B. MUCKENHOUPT, Poisson integrals for Hermite and Laguerre expansions,
Trans. Amer. Math. Soc., 139 (1969), 231-242.

B. MuckeNHOUPT, Hermite conjugate expansions, Trans. Amer. Math.
Soc., 139 (1969), 243-260.

B. MuckenNHOUPT, Conjugate functions for Laguerre expansions, Trans.
Amer. Math. Soc., 147 (1970), 403-418.

I. Jod, On the order of approximation by Fejér means of Hermite-Fourier
and Laguerre-Fourier series, Acta Math. Hung., 51 (1989), 365-370.

I. Jod, On the divergence of eigenfunction expansions, Annales Univ. Sci.
Budapest., Sect. Math., 32 (1989), 3-36.

I. Jod, Answer to some problems of M. Horvith, Annales Univ. Sci.
Budapest., Sect. Math., 31 (1988), 243-260.

I. Joo, Saturation theorems for Hermite-Fourier series, Acta Math. Hung.,
57 (1991), 169-179.
I. Joo, Ou Hermite-Fourier series, Per. Math. Hungar., 24 (1992), 87-117.

I. Jod, On the conjugate function of Dirichlet series, Annales Univ. Sci.
Budapest., Sect. Math., 35 (1992), 59-67.

M. HORVATH, Some saturation theorems for classical orthogonal expansions
I, Per. Math. Hung., 22 (1991), 27-69.

M. HorvATH, Some saturation theorems for classical orthogonal expansions
II. Acta. Math. Hung., 58 (1991), 139-169.

G. SzeGO, Orthogonal Polynomials, New York, 1939.
G. N. WATSON, A treatise on the theory of Bessel functions, Cambridge,
University Press, 1952.

H. BaTEMAN and A. ERDELYI, Hingher transcendental functions, Vol. 1-2,
New York, McGraw Hill, 1953.



98 I. JOO

[21] 1. JoO and V. KoMORNIK, On the equiconvergence of expansions by Riesz
bases formed by eigenfunctions of the Schrodinger operator, Acta Sci.
Math. Szeged, 46 (1983), 357-375.

[22] A ZyGMUND, Trigonometric series, Cambridge Univ. Press, 1959.



ANNALES UNIV. SCI. BUDAPEST., 35 (1992), 99-102

BESSEL-EXPONENTIAL PARTIAL DIFFERENTIAL
EQUATION AND FOX’S H-FUNCTION
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1. Introduction

The object of this paper is to formulate a two dimensional Bessel-
Exponential partial differential equation and obtain its double series solu-
tion. We further present a particular solution of our Bessel-Exponential
equation involving Fox’s H-function. It is interesting to note that the
particular solution also yields a new two dimensional series expansion for
Fox’s H-function involving Bessel functions and exponential functions.

The H-function introduced by Fox [6], pp. 408, will be represented as
follows:

(alael)a ) (apaep)] = gmn [
(b11f1)a cey (bq,fq) e

(ap, ep) ]

(1.1) H;,?q’n [z (b, fo)

The following formulae are required in the proof:
Theg H-function analogue of the integral [3] pp. 37, (2.2):

(1.2) / s o (2)Ka(c)Hpy" [zz4h E‘;g; ;f,’)] dz =
0

(1 '2l 2h) (1_1‘”21“%”‘),7 (ap,ep),

-2 gm,n+2 | 54h
=210 H, 0y 2 (1= + 6, 1) ,
(bq,fq)

D 4 m q
where h>0, 3 e;— ZfJ_A<0 Ee, E ej+ Y fi— Y fi=B>0,

1=1 j=1 =1 j=n+1 j=1 j=m+1
1
larg z| < 5 Bm, Re(wy+2a)+4h 1énjlsnm[RebJ/fJ] >0.
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The integral [2] pp. 46, (2.1):

T
1.3 e—2ivy si wg—le," l: 3 -2k (apvep)] dy =
(1.3) / (siny) 2™ Hpg | 2(siny) (bgs fq) Y
.—7I'i‘l) wo+1
_Te Hm+1,n 92k (ap,ep), (_ZQ_iU7 k)
T owp—1 Tp+2,9+1 Z !
(11)2,2]0), (blIafq)

where k>0, A<0, B>0; [argz|<%B7r, Rewg—2k max [Re(aj—1)/e;]:=0.
1<j<n

The orthogonality property of the Bessel functions [7] pp. 291, (6):

o0
(L4) & st 1) o (e)do =
0
_Jo, if m#n;
- (4n+2v+2)‘1, ifm=n, Rev+m+n>-1.
2. Two dimensional Bessel-Exponential partial differential
Equation
Let us consider
du 262 du %
(2.1) -ét——z82+ 6—+z u+ca2,

where u =u(z,y,t) and u(z,y,0)= f(z,y).
To solve (2.1), we assume that (2.1) has a solution of the form:
(2.2) - u(z,y,t)= e("+2r+1)2t+4csti(a:)Y(iy).
The substitution of (2.2) into (2.1) yields:
(23)  Y[2PX" 42X '+ {2? ~(v+2r +1)%)Y] - X[V + 452V =0.
We see that z2X" 42X’ 4 {22 — (v+2r+1)2} X =0 is Bessel equation

(1] pp. 200, (6.25), with solution X = Jy42r41(7), and Y" 4+ 45%Y =0 has
a solution Y = %Y. Therefore the solution of (2.1) is of the form:

2 2 ;
(2.4) u(z,y,1) = p(v+2r+1)4t+des t.],,+2,.+1(.7:)821sy‘

In view of the principle of superposition, the general solution of (2.1)
is given by

o0 o0
2 2 :
(28)  u(egt) =Y Y AneeltI VIS, L (2

r=Qs=—0o0
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In (2.5), putting t =0, we get

oo oo
(2.6) Fla,y) =D > Arslyrarsi(z)e® ™.
r=0s=—00

Multiplying both sides of (2.6) by :c"l.],,+2u+1(z)e“2’wy, integrating
with respect to y from 0 to m and with respect to z from 0 to oo, then
using (1.4) and the orthogonality property of exponential functions, the
Fourier Bessel-Exponential coefficient are given by

(ool o
2 .
(2.7) Aps= ;r-(v+ 2r+ 1)//f(a:,y)a:'lJv+2,.+1(a:)e_2”ydydz.
00

In view of the theory of double and multiple Fourier series given by
CARSLAW and JAEGER [4] pp. 180-183, and many other references, such as
ERDELYI [5] pp. 64-65 etc., the double series (2.6) is convergent provided
the function f(z,y) is defined in the region 0 <z <00, 0 <y < 7. In brief,
the double series (2.6) normally converges, if the double integral on the
right hand side of (2.7) exists.

In the subsequent section, we take f(z,y) as Fox’s H-function and
present another method to obtain Fourier Bessel-Exponential coefficients
Ars. :

3. Particular solution involving Fox’s H-function

The particular solution to be obtained is
(31) u(l"yvt):

[o BN o]

- - 2r+1)2t+dcs’t+2is(y—m/2) , grm+l,n+2
=91 wzz Z (’v+27‘+1)e(v+ r+1)“t+4cs is(y—m/ )XHp+5,q+1 .

r=0s=—-00

(1-%28),  (J--3-nh),

2(2h+k
2 (ap,ep),  (3/2=F+5+r,R), (E’gﬂis,@ Jy+2r+1
(ws,2k), (b4, fo)
valid under the conditions of (1.2), (1.3) and (1.4).
PROOF. Let

(3:2)f(2,y) =2 Kysqup1(2)(siny) >~ Hp " [n4h(5iny)-2’= T };’}] =

oo o0 .
=Z Z Ar,sz+2r+1($)e2wy-

r=0§==—-00
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Equation (3.2) is valid, since f(z,y) is defined in the region 0 <z < oo,
O<y<m.

Multiplying both sides of (3.2) by ¢~2"¥ and integrating with respect
to y from 0 to =, then using (1.3) and the orthogonality property of expo-
nential functions. Now multiplying both sides of the resulting expression
by 271J,19441(2) and integrating with respect to z from 0 to co, then
using (1.2) and (1.4), we obtain the value of A . Substituting this value
of Ar s in (3.2), the solution (3.1) is obtained.

NOTE. If we put t=0in (3.1), it reduces to a new two dimensional series
expansion for Fox’s H-function involving Bessel functions and Exponential
functions.

Since on specializing the parameters Fox’s H-function yields almost all
special functions appearing in applied mathematics and physical sciences.
Therefore, the result (3.1) presented in this paper is of a general character
and hence may encompass several cases of interest. '
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Let M be a C°° manifold and L:TM —R a Lagrangian function which
is C® on TM =TM — {O1ys} where Oy is the zero section of TM. The
Lagrangian function L gives rise to the Euler-Lagrange equation

txddL —d(L-AL)=0

where d: A(TM)— A(TM) is the vertical differential, 4:TM — TTM the
Liouville field of TM, and the “unknown” is a C® vector field X : TM —
— TTM (|B] pp.14-25; [G] pp.159-168). If a vector field X exists which
satisfies the above equation then X is said to be a Lagrangian field of
the Lagrangian function L. If the 2-form ddL is non-degenerate then L
is said to be regular; in this case L has obviously a unique Lagrangian
field. Moreover, the Lagrangian field of a regular Lagrangian function is
a second-order differential equation according to a fundamental result ([B]
p.26; [AM] pp.213-216). A vector field Z: TM — TTM which is a second-
order differential equation is called a spray provided that it is homogeneous
of degree 2, i.e. it satisfies the condition £4Z =[A,Z]=2Z. The kinetic
energy function of a Riemannian metric as a Lagrangian function has a
Lagrangian field which is a spray ([B] pp.28-29) and analogous statement
holds in case of a Finsler metric [W]. The problem, to find the Lagrangian
functions having Lagrangian fields which are sprays, is studied below.

First a concept is introduced which will be applied subsequently. Let
X :TM —TTM be a vector field then L(X) is the set of those Lagrangian
function which have X as Lagrangian field. Since the Euler-Lagrange
equation

txddL —d(L—AL)=0

is linear in L, the set L(X) is a vector space over R. However as the
following Proposition 1 shows L(X) can be endowed canonically with a
richer structure as well. In the proof of Proposition 1 an equivalent form
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of the Euler-Lagrange equation is utilized; this form is as follows:
(£4—1xd)dL =dL.

The above form of the Euler-Lagrange equation can be obtained by taking

into account the facts that d and d anticommute ([G] pp.163-164) and that
£ 4 and d commute.

PROPOSITION 1. Let the C*™ vector field X :TM —TT M be a second-
order differential equation. If L, L' € L(X) then LL' € L(X) holds as well.

PRroOF. Since L and L' are elements of L(X), the vector field X
satisfies the Euler-Lagrange equations for L and L':

(L4—1xd)dL=dL, (£4—.xd)dLl' =dL'.
Since X is a second-order differential equation, the values of X are jets
([B] pp-25-26) and consequently
(£a—1xd)L=0, (£4—ixd)L'=0.
But then the following equalities are valid as well
(£a—1xd)d(LLY=(£4—xd)(LdL' + L'dL) =
={(a—x DL}’ +L {(€4—uxdr'} +{(£s—xdL'} dL+

+I/ {(x -t Xa)dL} = LdL' + L'dL =d(LL').

Therefore, X satisfies the Euler-Lagrange equation for LL’ which means

that LL' € L(X) holds.

Let X:TM—TTM be a second-order differential equation. Then L(X)
is called the algebra of Lagrangian functions associated with Ir by reason
of the preceding proposition.

PROPOSITION 2. Let the C*™ vector field X : TM —TTM be a spray.
Then LeL(X) implies that ALEL(X). Conversely, if X:TM —TTM is a
C® vector field such that there is a regular Lagrangian function L € L(X)
with AL € L(X) then X is a spray.

PROOF. Let Z:TM —TTM be a C* vector field and L L(Z). Then

in consequence of some well-known basic identities and of the identity

df 4 —L4d=[d,£4]=d ([G] pp.163-164) the following holds:
L[A,Z]d(AiL = [fA,Lz]daL =fAtzdaL - LZcfAd&L' =
=L 4(d(L—AL))—1zd€4dL = d(AL— A(AL))— 1 zdd(AL)+
+i7d(df gL —£4dL)=d(AL— A(AL))~tzdd(AL)+.zddL.
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Assume now that Z is a spray; then [4,Z]=Z holds. Consequently, the
above equality yields the following one

d(AL— A(AL))—tzdd(AL)=0.

But then AL € L(Z) is valid. Thus the first assertion of the proposition is
proved.

Assume now that Z is a C*° vectorfield and that L, AL € L(Z) where
L is regular. Then the above equality implies now that

ya,714dL = 1zddL.

But since L is regular, now [A,Z]=Z must be valid; which means that
Z is homogeneous of degree 2. Since L € L(Z) is regular, Z must be a
second-order differential equation by a basic result already cited above.
Thus Z is a spray.

COROLLARY. Let X:TM—TTM be a C* vector fleld such that L(X)
contains a regular Lagrangian function which is homogeneous. Then X is
a spray.

The following theorem yields a converse to the preceding Corollary
under a strong assumption postulating the existence of analytic Lagrangian
function. The concept of higher order differential is applied here in the
sense of Ambrose—Palais—Singer [APS].

THEOREM. Let M be a real analytic manifold and X : TM — TTM
a C® vector field which is a spray. If the algebra L(X) of Lagrangian
functions associated with X contains a Lagrangian function L which is
analytic on TM and its k-th differential does not reduce to the (k—1)-th
on Oy then it contains also such one which is homogeneous of degree k.

PROOF. Let (z1,...,2™) be a coordinate system of M and (z1,....2™;

i:l,...,;im) the induced coordinate system of TM. Then the analytic
Lagrangian function L is given by a function L(z},...,a™;zh,...,2™) in
the above coordinate system. Consider now the functions P defined in
the above induced coordinate system as follows:

m nr
Po(z™,....a™10,.. 8 )—' E R o
11, in=1

where n€N. These function are the coordinate expression of the functions
P, :U — R on the domain U € TM of the induced coordinate system. A
simple direct calculation yields that the derivatives of the above functions
with respect to the Liouville field A can be given as follows:

APn=nPn+Pn+1, n & N.
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But then the functions Pp, n € N can be defined directly everywhere on
TM independently of any coordinate system; actually, P} = AL and P, =
=AP,_1—(n—1)P,_; for n>2. Moreover, P, € L(X) for n € N, since
Py = AL € L(X) by Proposition 2 and an obvious inductive argument
yields that” P, € L(X) for n > 2 considering the above expression of Py
and Proposition 2. Consider now for each k£ € N the function H; which is
defined as follows:

( 1)n k
Hk_EWPn.

In order to justify the above definition it will be shown that since L 1s
analytic, the series in the. definition of H} is uniformly convergent, and

therefore H}, is also analytic. Actually, since the function L is analytic, an
absolutely and uniformly convergent power series is given by

Zn, >

i1,..,in=1

n

1 m, . .m
T,..,2 ;:l:l,...,:l: r

01‘1 az’n (

and consequently its sum s(r) is an analytic function. But then the analytic
function

kdk _ -
T gk Z(n—k)'

is given by an absolutely and uniformly convergent power series. Conse-
quently, the function series

:S"k (:[1,__,,Im;il,.“’i,m;gl,”.’fm) -
oo 1 3"]:’, . . . )
=Z Z (n—k)' a.’i‘il.._a;'pin (xla-“’xm;xl,...,;z:m)fll.,.{'"

n=kiy,...,in=1

n
T

a" L 1 -1 - m
B Do (.’L‘ ey T, T )

is absolutely and uniformly convergent in the variables z!,...,z™;

gl,...,a™ ¢l €™ therefore S'k is analytic. But then by
H, (zl,...,xm;dr:l,...,a':m> =5 (zl,...,a:m;a'cl,...,a':m;—il,...,—a'r:m)

the existence of H follows. By the same reason the following holds as

well:

o0 (__1)11 k l)n—k
n=k

The fact that Hy is not identically 0 follows by the assumption that the
k-th differential of L does not reduce to the (k—1)-th on Ops. In fact
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assume that H}, is identically zero, then for its coordinate expression Hj
in an induced coordinate system

3
dzil...0z'%
holds for any 1<1y,...,2 <m. But on the intersection of the domain of

the induced coordinate system with -the zero section Oy the following
holds

akﬁk 1 m okL 1 m
m (37 yernea T ,0,...,0) —Cm (1,' yeo oy T ,0,...,0) .
Thus if H} vanishes identically on TM then the k-th differential of L
on Opr reduces to its (k —1)-th differential in contradiction with the

assumption. Consequently, the function Hj is homogeneous of degree k.
The fact that

(£4—1xd)dH), = dH,

holds, is a consequence of the expression of Hi in terms of the functions
Py and of P, e L(X), n€N.
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1. Einleitung

Die Klassifikation der Kegelschnittbiischel mit vier reellen Grundpunk-
ten ist in der isotropen Ebene mit synthetischen Methoden erstmals von
VL. SCURIC [4] und spéter mit analytischen Methoden von der Verfasserin
dieses Artikels [14] in Angriff genommen worden. In der letzteren Arbeit
kann man die vollstindige Klassifikation und die Bestimmung von Inva-
riantensystemen der Kegelschnittblischel mit vier reellen Grundpunkten
nachlesen, wobeil mindesten zwei Grundpunkte parallel sind.

Bei der Untersuchung der Kegelschnittbiischel der euklidischen Ebene
bestimmte KANTOR die Langen der Achsen des Mittelpunktskegelschnittes
[9]; weiters haben STEINER [8] und BOBEK [12] folgende schone Sitze
gefunden:

1. Die Biischelkurven sind paarweise ahnlich.

2. Je 6 Kurven haben gleiches Achsenprodukt.

3. Die Brennpunktskurve enthélt die Ecken des allen Kegelschnitten
konjugierten Poldreiecks sowie die HohenfuBSpunkte dieses Dreiecks.

Analoge Fragestellungen sind auch hier naheliegend.

In diesem Artikel verwenden wir die Bezeichnungen der metrischen
Klassifikation aus [14] und untersuchen nur die Typen 148, 9, 10, 11,
12, 13, 14, 15, d.h. jene wo die konvexe Hille der vier Grundpunkte ein
nichtzulassiges Dreieck BDA der isotropen Ebene Is ist, die Punkte B, D
parallel sind und s(DB) >0 gilt.

Wir bezeichnen die Halbierungspunkte der Grundstrecken BD, DA,
AC, AB, BC, DC mit Ay, By, Cy, Dy, Ey, Gi.

Man kann dann durch eine isotrope Bewegung erreichen, dafl D in den
Ursprung und die Grundgerade DA in die z-Achse des zugrundegelegten
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Koordinatensystems fallt. Dann sind die Koordinaten der Grundpunkte
(1.1) -D(0,0); A(a,0); B(0,b) und Cf(cp,c3)

wobei a, ¢ € R\ {0}, b, ca € RT, aber a# ¢y, b# cq ist; weiter gelten die
Bedingungen ac; >0 und ¢ < -—%cl‘ +b.

Fig. 1.

Wie beim Typ [42, 3,4,5,6,7 zéigt man leicht, daB sich als Normal-
form der Typen [48, 9, 10, 11, 12, 13, 14, 15 die Gleichung

(1.2) FE/\(a:y—klx2+k1ax)+y2—kgxy—byzo

einstellt, wobei die Biischelinvarianten a, b, k1, k9 die gleichen geometri-
schen Bedeutungen haben wie bei den Typen 142, 3, 4, 5, 6, 7, d.h. es
gelten die Gleichungen

cg—b

(1.3) k1= 22 und ko =
c1—a Cl,

Wegen (1.1) und (1.3) bestehen jedoch die folgenden Bedingungen

_ k1a+b_ _ kikoa+k1b
(1.4) 1= Py cg= b — ks bzw.
Ungleichungen '
(1.5) ak)(ak; +b)<0, 5>0, akg+b<0

(1.6) ki — kikg <O0.
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Mittels (1.2) und (1.6) kann man sehen, da8 die genannten Kegelschnittbii-
schel Hyperbeln 1. Art, Hyperbeln 2. Art und schneidende Geradenpaaren
enthalten. Allerdings enthélt das Biischel jetzt keine Ellipsen u.nd auch

keine reellen Parabeln. Genauer erkennt man aus (1.2) mittels & —a— =0,

2
daB zu den Parameterwerten A =00, A3 =0 und A\g = kkk:gfl;kag die
1 1

schneidenden Geradenpaare mit den Mittelpunkten R, P, @ gehoren. Zu
A €(A3,A4) gehoren Hyperbeln 1. Art, zu allen anderen Werten von A € R
gehoren Hyperbeln 2. Art.

aF _

Mittels 2 3— =5y =0 bestimmt man aus (1.2) die Mittelpunktskurve.

Man findet
(1.7) —2k1koz? — 2y + 4k zy + (k1 koa — 2k1b)z + (b— 2k1a)y + k1ab=0,
und diese Kurve ist wegen (1.6) eine Elhpse Ein anderer Ausdruck fiir die
Mittelpunktsellipse ist

kob— Ab—2Xk1a

_ —2Xk1b— Akpkga+ A2k1a
—k2 +2Xkg —4Mky — A’

—k2+2Xkg — 4k — A2

(1.8) z(\) =

y(A)=

wobei wegen (1.6) fuir AeR
(1.9) —k3+2Xkg— Mk — A2 <0 gilt.

Wegen (1.9) sind z(A) bzw. y(\) fir A € R stetige Funktionen und es
gilt l/\llim z(A)=0, |/\llim y(A) = —kya. Dieser Punkt hat die Koordinaten
— 0 —O0

(0,—kja) und ist gerade R. Man zeigt leicht, dafl die Mittelpunktsellipse
auch die Punkte P, Q enthilt. Aus (1.8) kann man sehen, daff die Mit-
telpunkte der Hyperbeln 1. Art auf einem Bogen und jene der Hyperbeln
2. Art auf dem anderen Bogen der Mittelpunktsellipse liegen; diese Bégen
werden durch die Punkte P und @ begrenzt. -

Nach einiger Rechnung ergibt sich, da die Punkte Ey, G| bzw. C;
die Mittelpunkte von Hyperbeln 2. Art bzw. 1. Art im Bischel sind. Wir
untersuchen die Halbierungspunkte 4, By, D1. Man kann sofort sehen,
daf8 4; der Mittelpunkt einer Hyperbel 2. Art ist, falls

b

. =k +—

(1.10) Sa=h+ o

ungleich Null ist. Fiir S4 =0 ist A; der Mittelpunkt eines schneidenden

Geradenpaares, denn es ist A] = R. Weiter kann man sehen, dal D; der
Mittelpunkt des Kegelschnittes

(1.11) K =y? —by— k kg’ + kjkgaz =0
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des Biischels ist. Mittels (1.11) und %‘% =0 zeigt man leicht, daBl der vor-

liegende Kegelschnitt eine Hyperbel 1. Art, ein schneidendes Geradenpaar
(D1 =Q) oder eine Hyperbel 2. Art ist, je nachdem der Ausdruck

(1.12) St = kykga® — b2

positiv, Null oder negativ ist. Ebenso zeigt man leicht, dafl By der Mittel-
punkt des Kegelschnittes

koa+2b

(1.13) KlzyQ—szy—by—*- (a:y—k1$2+k1aa:)=0 ‘

des Biischels ist. Mittels %%]- =0 und (1.13) sieht man sofort, daf8 dieser
Kegelschnitt eine Hyperbel 1. Art, ein schneidendes Geradenpaar (P = Bj)
oder eine Hyperbel 2. Art ist, je nachdem der Ausdruck

(1.14) Sg=koa+2b

negativ, Null oder positiv ist.
Durch die Diskussion der 6 Halbierungspunkte ergeben sich die folgen-
de 8 Untertypen des Typs I 4

y
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Unterfélle:

I48. S4#0, §7>0, S3<0.

Die isotrope Grundgerade schneidet die Mittelpunktsellipse in 2 ver-
schiedenen Punkten und die beiden Punkte B, Dj sind die Mittelpunkte
von Hyperbeln 1. Art. (Fig. 2.)

[49. S4#0, 57 <0, S3>0.

Die isotrope Grundgerade schneidet die Mittelpunktsellipse in zwei ver-
schiedenen Punkten und die beiden Punkte By, D sind die Mittelpunkte
von Hyperbeln 2. Art. (Fig. 3.) '

Fig. 3.

I1410. S4+#0, SI)O, S3>0 oder Sy #0, SI<0, S3 < 0.

Die isotrope Grundgerade schneidet die Mittelpunktsellipse in zwei
verschiedenen Punkten B; bzw. Dj. Einer davon ist der Mittelpunkt
einer Hyperbel 1. Art, wahrend der andere Punkt der Mittelpunkt einer
Hyperbel 2. Art im Buschel ist.
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I411. S4#0, ST >0, S3=0 oder S4#0, ST=0, S3<0.

Die isotrope Grundgerade schneidet die Mittelpunktsellipse in 2 Punk-
ten B; und Dj. Einer davon ist der Mittelpunkt eines schneidenden
Geradenpaares (B; =P oder D; =(Q), wihrend der andere Punkt der
Mittelpunkt einer Hyperbel 1. Art ist.

[412. S4#0, ST <0, S3=0 oder S4#0, S51=0, S3>0.

Die 1sotrope Grundgerade schneidet die Mittelpunktsellipse in 2 ver-
schiedenen Punkten B; und Dj. Einer davon ist der Mittelpunkt eines
schneidenden Geradenpaares (B1 =P oder Dy = (@), wihrend der andere
Punkt der Mittelpunkt einer Hyperbel 2. Art ist.

][A.13. S4=0, SI >0, S53<0.

Die isotrope Grundgerade beriihrt die Mittelpunktsellipse im Punkt
A1, wobei A1 = R ist, und die beiden Punkte Bj, D Mittelpunkte von
Hyperbeln 1. Art sind. (Fig. 4.)

y
B/
Q
1
Dy
A]‘R
km
[ ]
X
D P B, A
ke
Fig. 4.

[414. S4=0, SI<0, 53>0.

Die isotrope Grundgerade bertihrt die Mittelpunktsellipse im Punkt 4;
(A1 =R) und die beiden Punkte By, D; sind Mittelpunkte von Hyperbeln
2. Art. (Fig. 5.)

I1415. S4=0, §7=0, S3=0.
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Alle drei Grundgeraden bertihren die Mittelpunktsellipse in den Punk-
ten Aj, By, D1,d.h.esist Aj=R, By=P, D1 =Q. (Fig. 6.)

Y
B
Re Ay D,
Q
D - By A
Fig. 5.
y
B
£,
Q
R=Aq !
km 1
Gy .
D B1. A
k¢
Fig. 6.

BEMERKUNGEN: 1. Man kann sofort sehen, da8 es bei den typen 1413,
14 drei Invarianten gibt; dies folgt aus Sq=0. Beim Typ [415 gibt es 2
Invarianten, zufolge der Gleichungen S4 =0 und ST =0.

2. Analog wie bei den Typen 142, 3, 4, 5, 6, 7 zeigt man wieder, da8
die algebraischen Bedingungen bei den Typen I410, 11, 12 dquivalent sind.

Wir untersuchen noch die isotropen Brennpunktskurven k; der Biischel
vom Typ 148, 9, 10, 11, 12, 13, 14, 15. Aus (1.2) und % =0 findet man
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als Gleichung von k¢

(1.15) —kykoz? —y? + 2k 2y + (k1kga —bky)z —2kjay +bkia=0
fir A€ R und

(1.16) r=0 fir A=o0.

Damit ist die Brennpunktskurve ks eine Kurve 3. Ordnung

(1.17)  [~kikoa? —y® + 2k1zy + (k1 kga — bk )z — 2k1ay + bkqalz =0.
Diese zerfallt in 2 Teile, wobei der Hauptteil (1.15) — wegen (1.6) — eine
Ellipse ist und der andere Teil die isotrope Grundgerade darstellt. Nach
einiger Rechnung ergeben sich die Grundpunkte A, C als isotrope Brenn-
punkte dieser Ellipse. Sie liegen nicht auf der isotropen Grundgeraden.
Man kann zeigen, daB ky die Punkte P, @ und R enthalt.

2. Untersuchung der Mittelpunktskurven und
Brennpunktskurven

Wegen (1.6) ist die Mittelpunktskurve und der Hauptteil der Brenn-
punktskurve eine Ellipse in allen 8 Fallen.

Wir bezeichnen mit a}j; bzw. a%; die nicht isotropen Halbachsenlangen
und mit b}, bzw. by die isotropen Halbachsenlangen der Mittelpunktsel-
lipse bzw. der Brennpunktsellipse. (Fig. 7.)

N

Fig. 7.

Weiters bezeichnen wir mit Fyps, Fops bzw. Fyg, Fyop die isotropen
Brennpunkte der Mittelpunktsellipse bzw. der Brennpunktsellipse. Nach
einiger Rechnung ergibt sich aus (1.7) und (1.15)

) \/k§k§a2+2k§k2ab+ by kob?
1 =
@1) M (ki kz— k) ’
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—|k1|(b+ aky)
Akoky —k2)

k302 = k1kogb? — k3k3a? — 2Ukegab+ kk1 a2 + 2k3k  ab

(2.2) ap=

2.3) by =
(29 P 1 k]
und
—(akg +b)y/koky — k2
(2.4) by = .
2|k1— ko
Aus (2.1), (2.2), (2.3) und (2.4) kann man erkennen, dafl
at, b}
(2.5) MM _ .
ap by

gilt, wobei c € R eine Konstante ist. Damit ist gezeigt, da8 die Mittel-
punktskurve und die Brennpunktskurve bezuglich der Gruppe

1 1
(2.6) T=cit-z  F=ctoartoy

der winkeltreuen isotropen Ahnlichkeiten hnlich sind, wobei ¢ die Kon-
stante in (2.5) ist [1].

SATz 2.1. Beiden Biischeltypen 148, 9, 10, 11, 12, 13, 14, 15 ist jeweils
die Mittelpunktsellipse zur Brennpunktsellipse des Kegelschnittbischels
ahnlich beziiglich der Gruppe der winkeltreuen isotropen Ahnlichkeiten.

Wir untersuchen den Quotienten ¢ in (2.5). Im Fall des Typs I 410 kann
¢>1,c=1,0<c<]1 sein, in den Fallen des Typs [ 48, 13, 11 gilt aber 0<c<1.
In den Fallen 149, 12, 14 gilt ¢>1 schliellich gilt c=1 im Fall I 415.

Weiters folgt aus (2.1), (2.3) mittels (2.5)

at at 1
M B
(2.7) o =_b* =
M °B\[kiko—k}

und fiir die Achsenprodukte der Brennpunktsellipse bzw. der Mittelpunkt-
sellipse gilt

(2.8) -
- _ (akg+b)%/k1ky — k] b gt L (akz+b)%\/kiky — &}
8% = 4(ky — k)2 MM T 4(k1 —kg)? ’

wobei ¢ die Konstante in (2.5) bezeichnet.
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Aus (1.7), (1.15) kann man mittels 2 o £ — 0 die Gleichungen jener Gera-
den bestimmen, welche die Brennpunkte der Mittelpunktskurve bzw. der
Brennpunktsellipse enthalten. Man gewinnt

b—2kya

(2.9) y=kiz+ bzw. y=kjz—kia.

Es ist klar, dafl diese Geraden parallel sind.
Die Koordinaten des Mittelpunkts der Mittelpunktsellipse bzw. der
Brennpunktsellipse sind
2kia+b—koa 2k1b—kob+ klkza)
M , bzw
< 4(k1 - k9) 4(k1— ko)
I (b+ 2k1a—koa k1b+ k1k2a>
2k1—ky) T 2k1—kg) /)

(2.10)

Aus (2.10) kann man sofort ersehen, da8 2d(DM)=d(DL) gilt, d.h. der
isotrope Abstand zwischen dem Grundpunkt D (D liegt auf der isotropen
Grundgeraden) und dem Mittelpunkt der Brennpunktsellipse ist zweimal
so grofl wie der isotrope Abstand zwischen dem Grundpunkt D und dem
Mittelpunkt der Mittelpunktsellipse.

- Mittels der Koordinaten von M und L kann man die Werten cj, ¢9, c3

in (2.6) bestimmen. Man erhalt
(2.11)

o bt 2kia— koa b+2kja—koa kab=2k1b—kikga  kib+kykya

1=- y €= . :
4c(ky — ko) 2(ky — k2) 4c(ky — ko) 2(k1 — k)

und ¢g=0. Die isotrope Ahnlichkeit (2.6) ist flr c=1 eine isotrope Bewegung

und fiir ¢ # 1 eine winkeltreue isotrope Ahnlichkeit mit einem Fixpunkt.

Die Koordinaten dieses Fixpunktes sind

(2.12)

_ b+2k1a—kj_a + b+2k1a—k2a kzb—?klb—klkza klb+k1kza
dc(ky—ko) 2(kq—k2) dethy —ka) (k1 —k2)
= 1 1 Y= 1 .

Hinsichtlich der Gruppe der winkeltreuen isotropen Ahnlichkeiten sind
einige interessante Untersuchungen bekannt [1].

3. Untersuchung des gemeinsamen Poldreiecks des
Kegelschnittbiischels

Wie schon in 1. erwahnt, liegen die drei Diagonalecken P, @, R — d.h.
die Mittelpunkte der schneidenden Geradenpaare des Kegelschnittbuschels
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— auf der Brennpunktskurve 3. Ordnung k. Hierbei liegt R auf der isotro-
pen Grundgeraden, wahrend die Punkte P und @ der Brennpunktsellipse
angehoren. Die Koordinaten diesen 3 Punkte sind

(3.1) i ,
b ab(b+kya) ab(k1b+ akyks) )
R 0’—k ; P __’0 ; B L) .
( 19) ( k2 ) 9 (bz +2abk; + a2k ko’ b2 + 2abky + a2k ko
An Hand des bekannten Ausdrucks

1 1 1

Ty z9 I3

Y1 Y2 Y3

(3.2) R = (zg—2z1)(z3—21) (23 —23)

[1] fiir den isotropen Umbkreisradius eines Dreiecks, bestimmen wir den Ra-
dius des isotropen Umkreises des Dreiecks P, @, R, d.h. des gemeinsamen
Poldreiecks des Kegelschnittbiischels. Nach lingerer Rechnung ergibt sich

(3.3) R 2k1kg(b% + 2abky + a®kikg)
' b2(b+2ak;)

Aus (3.3) ziehen wir einige Folgerungen: 1. Im Falle b+ 2ak; =0, d.h.
bei den Typen 1413, 14, 15 existiert R* nicht, denn die Punkte P und
@ sind parallel. Somit ist das Poldreieck PQR kein zuldssiges Dreieck der
isotropen Ebene Ig. ,

2. Im Falle b+ 2ak; #0, d.h. bei den Typen 48, 9, 10, 11, 12 sind
die Punkte P, @, R die Ecken eines zulassigen Dreiecks in der isotropen
Ebene.

Mittels der Parameterwerte a, b, k1, k9 kann man den Flacheninhalt
des Dreiecks PQR beschreibt, wobei man den bekannten Ausdruck

|a]|8]|c]
3.4 F=-
(3.4) 7
beniitzt, wobei |a|, 8], |c| die Seitenlangen des Dreieck sind und p der Para-
meter des Umbkreises ist [1]. Man erhalt den Flacheninhalt des Poldreiecks
PQR zu

_ abky(b+kia)(b+k9a)
- k2(62 + 2abk1 + a2k2k1) )

(3.5)

Bei den Typen [48, 9, 10, 11, 12, d.h. wenn das Poldreieck PQR ein
zulassiges Dreieck der isotropen Ebene Iy ist, kann man die HohenfuBl-
punkte des Poldreiecks PQR untersuchen. Es ist klar, daf} ein FuBBpunkt
von ihnen, namlich Tj in der isotropen Grundgeraden DB liegt. Fir die
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weiteren Untersuchungen sind die beiden anderen FuBpunkte T7 und Tp
interessant. Nach einiger Rechnung ergeben sich ihre Koordinaten zu

ab(b+ kya) —kia(b+2k1a)(b+ k9a)
T .
(36) (b2 ¥ 2abky +a2kaky’ b2+ 2abky +aZk ks und

b 2k
TQ(—k2 o (bt kaa ))

Man kann sofort mittels (1.15) erkennen, daB diese Punkte 77, Ty auf dem
Hauptteil der Brennpunktskurve, d.h. auf der Brennpunktsellipse liegen.

SATZ 3.1. Ist das gemeinsame Poldreieck PQR eines Kegelschnittbi-
schels der Typen 148, 9, 10, 11, 12 ein zulassiges Dreieck, dann liegen auBer
den Punkte P, @Q, R auch noch die isotropen HéhenfuBlpunkte des Dreiecks
PQR auf der Brennpunktskurve.

4. Metrische Beziehungen fiir die Achsen der Kegelschnitte im
Biischel

Wir betrachten nur Biischel der Typen I A15 14, 13.
Der Typ 1415.

Zundchst gelten die Bedingungen 2ak) +b=0 und akg+2b=0, d.h., die
Normalform lautet

A b A A
(4.1) F= bl‘ +y +‘7< 2>Iy——,)-lz:v—by=0.

In der folgenden Untersuchung sei ¢ > 0. Wir gewinnen den Fall a <0
“aus diesem durch die Spiegelung T=—z; T=1y.

Aus (2.1), (2.2), (2.3) und (2.4) kann man leicht sehen, dal die folgen-
den Gleichungen

3
(4.2) ay =ap= g, by =bg= ib gelten.

Mittels (2.10) erhalt man die I\oordmaten des Mittelpunkts der Mit-
telpunktsellipse bzw. der Brennpunktsellipse zu

(4.3) M(§-§> L(%Eg)

Die Koordinaten der isotropen Brennpunkte der Mittelpunktsellipse
bzw. der Brennpunktsellipse sind
(4.4)

b 2a b ab
= =); FE ; =A(a,0).
Fiy=4 (0,2>, aom=C1 ( 3 6) F1p=C <3 3> Fyp=A(a,0)
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Aus diesen Beziehungen ergibt sich der

SATZ 4.1. Die Mittelpunktsellipse und die Brennpunktsellipse eines
Kegelschnittbiischels vom Typ 1415 sind kongruent; beide Kurven lassen
sich durch die Schiebung {‘f: t+3, Y=y~ g} aufeinander abbilden.

BEMERKUNG: Man kann leicht sehen, daf die Punkte M, L, Fjy,
Fypy Fig, Fop auf der Geraden y = —QI)EI-{-% liegen.
Aus (4.2) folgen die Gleichungen

* *
(4.5) %%=ZT§=72_§; und aﬁlbil =a*B *B:%'
Nach einiger Rechnung ergeben sich aus (4.1)
(46) ()= ath?)? + 22a2b? (=7 atb? A% + 220303
(462 + A\2a2 4 2)ab)?’ 4a2(4b% + A\2a2 +2)ab)’

wobei wir mit a* bzw. b* die nichtisotrope bzw. isotrope Halbachsenlange
der Hyperbeln 1. Art (—) bzw. der Hyperbeln 2. Art (4) des Biischels
‘bezeichnen; A ist der zugehorige Biischelparameter.

Wir untersuchen die Funktion

*(A 2 242 a
@) g(A)zz*E/\;:¢4b +A2a +2\ b'

Durch Differenzieren von g() ergibt sich, daB stets g(A) > @ ist und

Gleichheit fiir A=~ gilt. Dieser Parameterwert gehért zu einer Hyperbel
1. Art. Thre Halbachsénlingen sind

a

b
(48) a6 = § und ba = FE
Aus (4.2) und (4.8) folgt a}, =afy =af =% und b}, =t =8} = ﬁ
Sei k' eine beliebige reelle Zahl mit
V/3b
. k>
(4.9) B>

Nach einiger Rechnung ergibt sich die Gleichung

© V4b? + X202 +2)0ab
(4.10) gy = YA — TGy

und diese hat genau zwei verschiedene Nullstellen, namlich

2 . s 52
(4.11) /\’{=-—%+w—%+4k’2 und /\§=T‘gf‘ —i—2+4k’2.'
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Diese Parameterwerte gehoren entweder zu Hyperbeln 1. Art oder zu
Hyperbeln 2. Art. Man kann leicht zeigen, daBl die Gleichungen

(4.12) , a*(A\])=a*(A3) und b*(A]) = b*(/\Q)
gelten.
Damit haben wir den

SATZ 4.2. In einem Kegelschnittbiischel vom Typ 1415 der isotropen
Ebene existieren stets Paare kongruenter Hyperbeln 1. Art bzw. 2. Art.
Es existiert eine einzige Ausnahmehyperbel 1. Art, zu der es kein ver-
schiedenes kongruentes Exemplar im Biischel gibt; fir diese Hyperbel ist
der Quotient der Halbachsenlingen maximal. Die Halbachsenlangen dieser
Ausnahmehyperbel stimmen mit jenen der Mittelpunktsellipse bzw. der
Brennpunktsellipse iiberein.

BEMERKUNG: Man kann auch leicht zelgen, dafl das Verhaltnis der
Halbachsenldngen der Kegelschnitte zwischen - 7_3— und § Hyperbeln 1. Art
kennzeichnet. Ist dieses Verhaltnis kleiner als ¢, dann liegen Hyperbeln
2. Art im Kegelschnittbiischel vor.

Im folgenden untersuchen wir noch die Halbachsenprodukten der Ke-
gelschnitte des Kegelschnittbuschels. Aus (4.6) erhélt man die Funktion

latb2A2 + 224383 |
" 2a/(462 £ XZaZ + 2hab)3

Mittels f()) bestimmen wir die Extremwerten von f(A). Man erhélt
Extremwerte fiir die Biischelparameter

(4.13) F(\)=a*b

2b 4b b
. M==, M=-— h=——
(4.14) RS A3 "
Nach einiger Rechnung ergibt sich '
4.15 FON) = FOLY = F(M\h) =
(4.15) (WD) =F(9)=f(X3)= \/—

Ersichtlich gehdren /\’1, Ay zu Hyperbeln 2. Art, Ay aber zu einer Hyperbeln
1. Art. Man zeigt leicht:

(4.16) a* (M )—a(A)—7, b*(A])=b"(Ng) =
(4.17) a*(Ag)=—, LaeY

7

b
=575
Sei deR mit 0<d< \/- Durch Untersuchung der Gleichung

latb? A2+ 2238
2a1/(46% + A%a® + 2Xab)?

(4.18) fA)=
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ergibt sich, dafl diese Gleichung genau 6 verschiedene reelle Nullstellen hat,
und diese Parameterwerte zu 2 kongruenten Hyperbeln 1. Art und 2 Paaren
kongruenter Hyperbeln 2. Art gehéren.

SaTz 4.3. In einem Kegelschnittbiischel vom Typ 1415 der isotropen

Ebene existieren stets 6 Kegelschnitte zu fest vorgegebenem Halbachsen-

produkt < -gab—g; hierbei 2 Kegelschnitte kongruente Hyperbeln 1. Art, die

beiden anderen Kegelschnittpaare sind kongruente Hyperbeln 2. Art. Im
Biischel liegen drei Hyperbeln — eine Hyperbel 1. Art und 2 kongruente
Hyperbeln 2. Art — so, daB ihr Halbachsenprodukt den Wert 69% annimt.

Die Hyperbel 1. Art stimmt hierbel mit der Hyperbel 1. Art aus Satz 4.2
liberein. A

Die Typen 1413, 14.

Aus (1.2) und der Gleichung 2ak; + b =0 erhélt man die Normalform
der Typen 1413, 14 zu
A k2> bz

Ab 9 2
(4.19) ;z—a-l‘ +y +21y<5——2— ——-‘-7-——-by=0.

In der folgenden Untersuchung sei ¢ >0 wie beim Typ [415. Gema8
(2.1), (2.2), (2.3) und (2.4) gelten die Gleichungen
koa? . aks b

* e _-— s
(4.20) MT fakyyon M 4 \| —b—2aky’

2
. ab+a‘ke . b+ akg b
. == bp=- .
(4.21) “B= 9aks+b’ B 1\ To=2ak,

Aus diesen folgert man leicht die folgenden Beziehungen

(22 e bw__Faa oy ap 20 1

ot by 2btaky) b, by Jby/—b—2aky
(4.23)  albh = Ka'vh ot i, = (k2 tD)7avh
. MM —

* 1%
8/(—2akg—0)3 2P 2/(b—2ake)3 -

Die Mittelpunkte der Mittelpunktsellipse bzw. der Brennpunktsellipse

haben die Koordinaten
(4.24)

2a%ky  2b% + 3abks 2a%ky b2 +abky
M , bzw. L , .
4(b+ 2aky)’ 4(b+ 2aks) 2(b+ 2aky)’ 2(b+ 2aks)

An Hand von (4.24) erkennt man, dafl die Mittelpunkte und die Brenn-
punkte der Mittelpunktsellipse bzw. der Brennpunktsellipse auf der Grund-
geraden AC liegen.
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Nach einiger Rechnung ergeben sich fiir die Halbachsenlangen der
Kegelschnitte des Biischel die Werte

(@*)? —22a202 4 22abd + 2)a%b2ky

a = ,
(A2a—2X(b+ akg) + k2a)?

—22a2b2 +-2)ab3 +22a%b% ks

4a(A2a—2A(b+akg) + k3a)

wobel wir wie in (4.6) mit a* und b* die nichtisotrope bzw. isotrope

Halbachsenlinge der Hyperbeln 1. Art (+) bzw. der Hyperbeln 2. Art
(—) bezeichnet haben und A der Biischelparameter ist.

Wir untersuchen wieder das Verhaltnis der Halbachsenldngen der Ke-
gelschnitte. Diese Funktion lautet

b* A2a —20(b+ ako)+ k2a
(4.26) g(A)=;;(A)=\/ (4a 2)+ ke,

Durch Differenzieren von (4.26) ergibt sich, dafl g(\) ein lokales Mini-
mun fir ‘

(4.27) A=Np =

(4.25)

(b") ==

b+ ak2

hat. Dieser Parameterwert gehort zu einer Hyperbel 1. Art, i.f. bezeichnet
mit hy. Die Halbachsenldngen von hg sind

5 *yk =a(.b+ak2) B*(0X =Z_E —(b+akg)
(4.28) a*(Ap) 1 3aky und  5*()Ag) 5 b —aks
Aus (4.21) und (4.28) kann man ersehen, daf§

(4.29) ap=a*(\y) und by =0>"(A]) Iist.

Aus (4.28) berechnen wir schliefilich das Verhéltnis der Halbachsenldngen
der Hyperbel 1. Art hg zu

a* 2a
4.30 —(A) = ———.
(4:30) = e
Sei k' € R mit &' > Z—:(z\a). Nach einiger Rechnung ergibt sich, dafl die
Gleichung

[ A2a—2\(b+ akq) + k2
, 4a
genau 2 verschiedene Nullstellen hat, namlich
(4.32)

A= b 1 b? b P . b ﬁ Oék 112
1=—+ko+ —2+2—k2+4k und A§=—+ko— 5 t2 9+ 4k,
a a a a a a
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Diese Parameterwerte gehoren entweder zu einer Hyperbel 1. Art oder einer
Hyperbel 2. Art. Kann man zeigen, dafl die Gleichungen

(4.33) a*(/\‘{)za*()\ﬁ), b*(x\‘{)=b*()\§)
gelten.
Damit haben wir den

SATZ 4.4. In einem Kegelschnittbiischel vom Typ 1413, 14 der iso-
tropen Ebene existieren stets Paare kongruenter Hyperbeln 1. Art bzw.
2. Art. Es existiert eine einzige Ausnahmehyperbel 1. Art hy, zu der es
kein verschiedenes kongruentes Exemplar im Biischel gibt. Fir hy ist der
Quotient der Halbachsenlingen maximal. Die Halbachsenlingen von h
stimmen mit den Halbachsenlingen der Brennpunktsellipse tiberein.

Wir untersuchen schliefllich die Halbachsenprodukte der Kegelschnitte
eines Biischels der Typen 1413, 14. Aus (4.25) folgt fir die Funktion

F(A) = a*b* ()

2.212 _o 3 _9y,2;2
(4.34) FO)=a*b*(\) = 222262 — 2)ab® — 20a2b%ks |

2v/ay/(\a—2\(b+ak) + k3a)?

Mittels f'(A) kann man die lokalen Extremwerte der Funktion f())
bestimmen. Sie hat ein lokales Maximum fir

b b2 b
— —\ — 3 2
(4.35) /\—/\a, )\—AI—E+L2+\/a—2+2zk2+3k2

b b2 b
=M =t ko=t —=F2- 2
bzw. )\—/\Q—a+k2 \/a2+2ak2+3k2'

Nach einiger Rechnung ergibt sich

b aVb(b+ akg)?
4.36 A)=fg)=-—=— und f(A})= .
(4.36) F(A1) = f(A9) 3v3h und f(Xg) /(b 2aky)

Man zeigt leicht, daB8 A}, A5 zu kongruenten Hyperbeln 2. Art gehéren. Wir
berechnen die Halbachsenldangen der vorliegenden Hyperbeln 2. Art zu

= | / *y/ b
(4.37) a*(/\'l)za*()\'2)=—£—b— und  b*(\])=b (,\2)=%.

3 ko
Durch Untersuchung von f()\) (4.34) kann man unschwer sehen, daB
F(A3) # f(A]) gilt. Genauer hat man die folgenden Ungleichungen:

Beim Typ 1413 f(A)) > f(M); Beim Typ 1414 f(A§) < f(A)).
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Sei d€R mit 0<d<d*, wobei d*=max(f()}), f(A])). Wir untersuchen
die Nullstellen der Gleichung,.

ab? [A2a—2Xb—2)aks| _g

38 N =a*b*(N)= B
(4.38) f(A)=a’" (V) 2\/6\/(/\2a—2/\b—2/\ak2+kga)3

Nach einigen ["Iberlegungen ergibt sich der interessante

SATZ 4.5. In einem Kegelschnittbiischel vom Typ 1413, 14 der iso-
tropen Ebene existieren stets 6 Kegelschnitte — ndmlich 2 kongruente
Hyperbeln 1. Art und 2 Paare kongruenter Hyperbeln 2. Art — der-
art, daB thr Halbachsenprodukt einer festen Zahl < d** gleich ist, wobei
d**——-min(f(/\a),f(/\’l)) bedeutet. In einem Biischel vom Typ I 413 existiert
eine Hyperbel 1. Art hg derart, daB ihr Halbachsenprodukt gleich f(A})
ist; es existieren 2 Hyperbeln 1. Art, mit einem Halbachsenprodukt zwi-
schen f(A}) und f(A]), und es gibt 4 Hyperbeln — genauer 2 kongruente
Hyperbeln 1. Art und 2 kongruente Hyperbeln 2. Art — so, daBl ihr
Halbachsenprodukt gleich f()}) ist. In einem Biischel vom Typ I 414 gibt es
2 kongruente Hyperbeln 2. Art mit maximalen Halbachsenprodukt f(\]);
es existiert 4 Hyperbeln 2. Art — wobei 2 Paare je kongruent sind —
so, daB ihr Halbachsenprodukt zwischen f()|) und f(A}) liegt. SchlieBlich
existieren 5 Hyperbeln, deren Halbachsenprodukt den Wert f(A}) annimt;
unter den 4 Hyperbeln von 2. Art sind je zwel Paare kongruent. Eine
Hyperbel ist von 1. Art.

5. Zusammenfassung

In dieser Arbeit untersuchen wir mit analytischen Methoden jene Ke-
gelschnittbiischel der isotropen Ebene, welche vier reelle und verschiede-
ne Grundpunkte bezitzen, wobei mindestens zwei parallel sind und die
konvexe Hille der vier Grundpunkte ein nichtzulassiges Dreieck ist. Die
auftretenden algebraischen Beziehungen werden in der isotropen Ebene
geometrisch gedeutet. Fiir diese Biischeltypen werden metrische Resultate
angegeben.

+
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ON THE NUMBER OF EXPANSIONS 1=3 ¢~ ™

By
P. ERDOS and L. JOO
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Let 1 < ¢ <2 and consider the expansions

(1) lzzei/qi’ 51':{?'
=1

Such an expansion is not unique in general. The unique expansions were
investigated in [1]. The aim of the present note is to prove the following

THEOREM. For every n>1 there exxsts 9% many q€ (1,2) such that
1 has e;xactly n+1 expansions of the form (1).

PROOF. It is a development of the ideas of the paper [1]. We define a
desired g by the digits (¢;) as follows: ¢ =1if k<9, £, =01if 9+(:-1)10<k<
<9+10i (i=1,...,n), ep=1if k=9+10i (i=1,...,n), eg=1if k=9+10n+5;
(7 >0) and €}, =0 for each k with 9+10n+5(j —1)<k<9+10n+5;5 (j>1)
except one such k where €, can be 0 or 1 as we want, i.e. the digits are

(2) 11...1|00...01 :

9

‘n times oo times

0001 l a= {0.

Here a is arbitrary in each cycle:

One can obtain the remaining n expansions as follows: we substitute
by zero one of the 1’s before some 9 tuple of zeros and shifting the digit
sequence (2) until the digit following that 1 we add to (2) (instead of the
omitted digit) the whole shifted sequence (2). In this case, obviously, we
will not have two 1-digit on the same place. For example, in case n=2 the
three expansions are characterized by the digit sequences () as follows:

1) 111 1|00 0|1|00 0{1|0a001j
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2) 1116 100. S ohbo thgooﬂ
+ |11.9. 1000. . 0]1[00 0|1|0a001l

9

!11...11|0@..1ﬂ)..:0|110a0010 11adpllaa01l
8 10 8

o0

) h.. 1|o 0|1|0 o|10a0010a0010a0010a0010a0010a0010a001
9

+ 1.. .1b0000000010000000001’0a0010a0010a0010

.. lo ol1 1ba0010a0110a0010 11lad0d11laa011aa01l
9 o)

Next we show in three steps that this construction satisfies the re-
quirements of the Theorem. To this consider any g defined by (2) and
investigate any expansion of 1 in terms of such a gq.

a) If e, =1 and on some of the places k+1, ..., k+8 we have 1, then
we can not change ¢ to 0 (if we do not change €1,...6¢_1).

Indeed, omit ¢ =1 i.e. replace with zero and add from the k+ 1-th
digit to the shifted expansion itself. There is a k <7< k+9 such that there
are two 1’s on the i-th place. Take the first : with this property and replace
one of the 1’s by the shifted equation (2). Again, we will have two 1’s at
the same place; and we can repeat this process 1ndeﬁmte1y We arrive in
this way to the following state: we have an expansion of 1 such that for
every n > k+1-th place there is one 1, there are places with more than one
1, but we have <n of 1 in the n-th position. Hence

1 ,Ek ,0,1,...<1

ie. 1>Ze,q + Z ",

i=k+1
and this means that there is no expansion of 1 beginning with €1, ¢x_y, 0.

b) If e =0 and we have 0 on some of the places k+1, ..., k+8, then
there is no expamnsion of 1 beginning with €1,...,€¢_1,1. The proof is dual
in some sense to that of a): write 1 in place of ¢ =0 and beginning from the
k+1-th place write the shifted expansion (2) with “—” sign. Then we have
one —1 on some of the places < k+8, which is not canceled by a 1, further
we have on the k+9-th place <0. We omit the —1 digits at positions <k+8
and in order to get still an expansion of 1, compensate them by adding the
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correspondingly shifted (2) with — sign. Thus we will have < ~1 on the
k +9-th position, we omit it but compensate by adding the corresponding
shifted (2) with — sign; after on the k+10-th, k¥ +11-th position we will
have —1 and continuing this process we arrive to the following final state:
at the positions > k+1 we have <0, on some places <0 and the n-th digit
is > —n. This will be an expansion of 1, hence

61,...,6k_1,1,0,0,...>1,
i.e. there is no expansion of 1 beginning with ¢y,...,e4_1,1.

¢) Now consider (2) and look for the first digit which we can change.
According to b) this can be only 1 and according to a) this can be only
among those n digits, which are followed by nine zeros. Look at the k-th
such digit, which is €1gp_;. We call k-th expansion that one in which
we omit €1gx_1 and after, beginning from the 10k-th place we write the
correspondingly shifted expansion (2) in order to get an expansion of 1
again. Now we show that the k-th expansion is unique if we fix its first
10k —1 digits. Indeed, in places of indices > 10k the 0 is not followed by
eight 1 digits, hence by b), we can not change 0; according to a) we can
change a digit 1 only in the case it is followed by eight 0. This is possible
only if en=1, eny1=...=€n4+8=0, €ny9=€n410=1. Change en=1 by the
shifted digit sequence (2). Then write the shifted digit sequence in place
of £,410, after in place of €41 etc.; we can follow the procedure in a) and
we get that it is not possible to change ¢, = 1. This proves that the k-th
expansion is unique if we fix its first 10k — 1 digits. At last it is enough to
remark that there is no other expansion of 1 than the given k-th expansions
and (2). Indeed, consider any expansion of 1 in terms of ¢ defined by (2).
Consider the first place where it differs from (2). According to the a) and
b) this can be only a 1 digit of (2) which is followed by nine zeros. Replace
this digit of (2) by 0 compensating it by adding a suitably shifted form of
(2). This coincides with the arbitrary expansion considered in the first 10k
digits and according to the uniqueness of the k-th expansion (proved above
in ¢)) they must coincidence in every digits. The Theorem is proved. 1

REMARK. In the definition of ¢ given in (2) we have used the fact that
for any given sequence (&;) with at least two 1 digits and at least one 0
digit there exists a unique g satisfying (1); hence our definition in (2) has
meaning. The proof is easy and is given in [1].
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ON LAGUERRE FUNCTIONS
(ESTIMATE FOR THE SUMS OF THE SQUARES)

By
1. J0O

Department of Analysis, L. Eotvos University, Budapest
(Received October 18, 1991)

The aim of the present paper is to prove the following theorem, wh1ch
makes possible to extend the results of M. HORVATH [1] for ~1<a < — 7
(among others).

THEOREM 1. Let a> —1 denote .ei“)(x) the normed Laguerre poly-

%
1 2
nomials and vy(z):=v22°72. e~ T 'fs,a)(:cQ), z >0, the normed Laguerre
functions. Let di >0 be an arbitrary fixed absolute constant and 5> 0.
Then we have

(1) 2 3" vi(z)<evhb—T-min(z?, 1),  (2>d;>0),

. a<n<b
(2) ::;I:ia);ozﬂ Z vg(z)xa\/b——a-bﬂ;
1 a<n<b
1
(3) max 2P Z v,%(:v)xb"‘(b—-a), =-2a-1, a>--;
O<z<d; a<n<b 2

1
4) max :cﬂ va(z) =< =-2a—-1, —-l<a<-—-.
) O<z<dy <Zn<b a(@)= \/_ p ’ 2

In (2), (3), (4) we suppose that b—a > cv/b with a constant ¢ = c(a,3,d;)
sufficiently large.

PRroOOF. We know [1] that for a > —1

(5)  a%T Y (@)=

a<n<h
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LT J —-—.—"9——> —ilb—a
zi/e .’L‘Ctg% Q( S]n-g- 6_1(a+0(1))¢_1_6 (b )Lpd

sin § ' (iei%>a 1_e—tp ¥
-
Hence .
©® 2 3 we)=
a<n<b
. T —iglctg g Jo (_—l‘%) (b—a)
S S L S0 ) mila+0())p, 12TV
27 sing g\ 1—e—tp (p.
2 (i'%)
First we prove (1). Obviously
2
()
si b—
=P Z n(z)<c: zﬁ+1/ : n;— -+ [sin oacp de.
aln<d 5 ISlﬂ%' -
Taking into account
>c>0 if t>d; >0 and |p|<7
]sm%’
and that ([2], p.168, (6))
2
Ja ( z )'Q\/ﬁ
sin §
we have
T
1 b—a
7 - vi(z <c-xﬂ+l/ sin d
( ) Z ( )— 19913/2 1 2 ‘10 (p

a<n<b

sin T(P'
dp< czh. Vb

_Czﬁ/

Using the “infinite—finite range inequality” or the asymptotic of the La-
guerre functions we get

max z” Z v = max _zP Z v2().

d .
z>di>0 a<n<b d1<z<c0 Vb a<n<b

hence (1) follows. '
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Now we prove the lower estimate in (2). It is well known that
' 2 T 1 1
Ja(:z)—_\/;x—-[cos(m—;—z-(a%-i))-}-()(;)], (z>0),

Jo(—7) =(=1)Ja(z),

and

' 2 T
([2], p. 168,(6)). Applying (5) and (6) for [ in place of [ we can estimate
0 -1
the part corresponding to the remaining part of (5) as follows:

2r

. 3/2 sin%'ﬁcp T
C/(smg') l ‘dcps 30/2'./99"%d¢§ ;/Qgc,
zo/e T
0 0

T sin? f—
and the main term is:

27 '
"'““_\_/'3, e—i(zctg§-+k§§ﬁ+0(1))¢. sinb—‘.z'ﬁnp ( T T W)dga.

= sing-_? 4

4T \/7? 4 : ‘ (Sin§)3/2

Consider the partition

1 2r— L _

2T b—-aje {b—a)e I L
[T [ T e
0 0 1_

ib-—la)e: 2ﬂ-—(b-a;e

where ¢ =¢(a) >0 will be chosen to be sufficiently small in below.

Here we have
T

(8) |Ih] <c / tp”%dnpgc\/(b—a)s.

1
(b—a)e

We shall apply the identity cost = e—’—tjae—_—’t— in I; and I3. For this define

1
b—a)e . | ‘
o o ] (e ge (o)) sty
3 (sin¥)
b v )
—ej)iE . z Ta T b— . b
i et o)) i,

o
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2r ; ¢, z__7e_x (bta. . b=
(11) Iy = / e_l(mg7+5—§—T—I+(_—5_+O(U)¢ sin 3¢

Gn§)2

A (=T
2
H —-i(zctg g——;:—g—+£f+£-+(%£+0(l)) cp) sin é‘EﬂiP
(12) I32= / e 7 ——3/2(1@,
s n8)
—a)e
We know that
2
SR LR
sin§ 2 sin§ 2+0(p3) 4 v

Let zp:=4 (a—1+b—‘§9+0(1)). Then we have

(b—a)e [ 24 gy 3 b . oh
s e [ < EE e (100)) stz

0

Here O(zocp3) gives a small term after integration, in I, namely

1
(b—a)e - b—a
SIN =~ 5 7
(14) / :cochI—:,’/—Q——-dgpSc(b-’ra)(b——a)_?-6_7.
, @
0
We know
=1 0(/?)
. 3/2 7 3/2 [
n§)?(H
hence O(,/9) gives the following remainder term in Iy
L
b—a)e
—a 3 _5
(15) [ velint5tedosco-atet,
' 0

i.e. the main part of I is:

sin bl

1
(b—a)e [ 22 ra_X .
. “(*?J"T‘I) sin b—?cp
0
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Because
1 f— smf— 3
0]
N g Tt~ 1370

hence

b—a)e
. i _, ¢ 3)) sin 252
= [ ’(¢ r0§+0(e0s) 070

b (§)*?

The remainder term gives after integration

de.

b—a l . b—ag
EO A 5 7
(16) | atl e ccprap-ahet,
)
0

hence we have to estimate

( +&6’.) smb—g—_ago 7

~ i —-lz _

Iy = / 0 )P —=<Cdep= / +
0 0

—
<
|
R
ot
™

The,

Here
(17) Sc/ dcp<C\/b ave,
(p/
0
and
(b-a) (b—“) e
/e /‘(___ iwo(§+5) _6p?  sintge
P (g
B_f_a E
Using
6392 2
Uy +0(<P4)

we can estimate the contribution of the remainder term as before. Estimate
the main term integrating by part:

1
(b—a)e

- (4 -
/ (.1___42.> e—wo(a"'%) -gp’lZ-s'mb 2a<,adcp <

6 o

=
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1
: 4.9 (=
e—zzo(5+;;) 1 b-g a)e
<||—————¢Z-sin @ +
-1 2
v
1
(b—a)e _iz (44
+ / e 120(9’+%) 1 _.% . b—a +b—a % b—a dol <
- ¢ 2sin——p+-o—pZ-cos—5—p|dp| <
: | |
1 1 -3, 1 1 ~3/2
< , : —_—— .
=bta -2 T T hta p—a)i2 *
Summarizing our estimates we obtain :
5 7 3 )
(18) |I1]<c(b+a)(b—a)"Z-e 2+c(b—a) 2. T+cvb—a-e+ .
1 _3
—|—cb_|]; (b—a)—?-s—fgcvb—a~\/g.
a -
Similarly, if we write (27 —¢) in place of ¢:
(6 1 )
—aE . 1 ra_ x_[bdta
I32=_e—i7ra_ /' e—z(-—loctg%—IOE+T+I—(%‘+O(1))>¢.
0
i [b—=a
.Sln(T+O(1))(pd ____e—iﬂ'a.f
- 3/2 P = 11,
(sin§)
we get,
(19) 39| Scvb—a- e
. 1_\_ _zop 3
Now consider I;. Because z (ctgf—&?) ~——%—-+Q(x0<p ) and
(b—a)e 'sin b—a
¥ ¥ v 5 _7
(20) / xoap3—-—3/2—-d<p§c(b+a)(b—a) 2672 <cvb~a- /e,
0 ? ,
hence
1
(b—a)e b
—i(ZaiE) sin 7%
(21) Lg—-e 274/, —=5pdy <cvb—a-+/E.
o 3/2
2 (sin%)
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3 3 ,
Using (sin%) 2= (%) 2+0(/@), we get by similar ideas as used above:

1
(b—a)e b—a

(22) I1g— e iF+T). / %53_—/;’@ Scx/rb—a-\/e—t.‘
1o

Because I3 = —e™*".T |9, hence

b—a)e b—a
R = R R
0 .

consequently
1
(b—a)e

(23)  |hg+ Iy +iv2e T S“ﬁ;’ dp|<evhoa-vE.

On the other hand
1 1 b=
(b—a)e Ie 'b=a +00

1
— . b—q . .
b—a\ 2 sin 57y sinu sinu
( 5 ) . / —?/Q—dcp— / mdu—P/mdu, 6—70+,
0 0 0
hence for 0 < ¢ < ¢y we have
1

15

(B—a)e
sin 2520
| hfaezeima >0
@
0

Taking into account (23) we obtain |I19+ I31| > ¢(a)v/b— a. Because |I11+
I39| < ev/b—a- /g, hence we obtain |I] > c(a)v/b—a if £ >0 is small enough.
Thus (2) is proved.

Now prove (3) and (4). Because

2
:cﬁv,%(x) =9gP 12+l e (Zg,a)(z:2))

the singularity disappears at zero at f+2a+1=0,ie. f=-2a—1and in
this case we have

(24) o 3 wi(@)=2"" Y [F(a+1)<”:°‘>]—l-(L&“)(z2))2.

a<n<b a<n<b
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First consider the case

1. a>qb for some 0 < g< 1.

a) f 0<z < % for some small constant 0 < c¢=c(a) then use ([3],
(8.22.4), (8.22.5), p.206)

aF(n+a+1)

(25) ¥ .28 LD =N Ja {2(2)7 } +2¥2.0(n"),

c
) 0<z§—)
n

and the remainder term is uniform in z; further take into account Jyu < u%,
u>0, u~0. Because Nx<xband z2< %, hence we can apply the last estimate
in (25), so we get from (24)

(26) 2 Y vi(@)xcl@) Y - b2" (1+z°’+4 0(1))Vb"(b a).

a<n<b a<n<b

a+1

(a>—-1, N=n+

b) In this case -\;'_b <z <dj, use ([3], (8.22.6), p.207)

a) 1 z a1 a_1
(27) (z)=m"2e2z 27 4.n27 4.
{cos["(n:r)f-a—}—g] (nz)~ %O 1)}, (a>—1, %Szﬁc),
we get V
2P Z v,2,(z)
aln<b
1 —2a—1 a_% 2(o at T 1
< — 7. 2 /A= e =) 4+ ——=-O(1) }.
7 <Z<bz b cos (z\/— 7 4)—!-:“/3 0(1)
a<n

Here the contribution of the remainder term is z~2%~2. b=a) Because
~20—2<0 hence z—2~2. b-a) <cb*(b—a). In the case of —2a—1<01i.e.
1

—% < a we have 2729~1 <3%*7 and so
(28) S vl(z) < cb¥(b-a).

a<n<b
In the case of ~2a—1> 0, because —1 < a < —1/2, we have

' b (b—a)

29 2P
(29) PIREOEE

a<n<b
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Taking into account (26):
(30) max P Z <b%(b—a), (anb,aZ—%,ﬂ:—Za—l).

0(3(111 a<n<b

In order to prove that (29) is exact, we need the following

LEMMA. Let a#0 be any fixed reaI number and d > 0. Then

(31) Z cosay/m = 0(1)Vh(Vb—Vd)+ 0(1)vVb
d<m<b
where O(1) depends (continuously) only on a (independent on b and on d).

PROOF. Investigate the distribution of a-\/m mod 27. We may
suppose that a > 0. Let j >0 be any fixed integer (which may depend on

b and on d) which will be chosen later and let 0<k<j—1,0<I< ga;\/g
integers. Then

(32) zzw+k3j’i <aym< 2zw+(k+1)?j1,
for suitably chosen k and . If m satisfies (32) then
(33) cosaﬁ:coskz—.w+0 (l>

le. ; :

Vb -1 (27) (l )

Z cosay/m= Z Z Z COSG\/—‘*‘O(\/-)

The contribution of the remainder term is

5 Sl () sou-

J
I=A/d k=0
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£V LV -
= > oer+o) Y o1x +0(1)(Vb—V4d).
I=£Vd I=4Vd
The contribution of the main term is
o 5o
Vi3 J=1 2
27 (2 2k+1
Z cosk = (%) B (21+k—+) 0(1)]
J J
1=2%_.\/3 k=0
, -1
. 27
It is known that Z cosk— =0,
k=0 J
hence the main term can be estimated as follows:
g=vh  j-1
Y. Y. 0(1)=0(1)i(Vb-Va),
=V k=0

ie.
‘ b—d
Y cosaym=0(1)j(vVb— Vd)+0(1)——+O(Vb).
d< J

<m<b

Ifj= /b then the statement of the Lemma follows.
REMARK. We can prove similarly ,
(34) 3" sinaym=0(1)Vo(vVb— Vd)+O(V).
d<m<b

Now we are in the position to prove the exactness of (29). To this let zg>0
be any fixed real number, %1 <z < dj, then we have by the Lemma

2 Y vd(20) % —= 3 cos? (zzo\/ﬁ—%—g)+0(1)ba(b—a)x

a<n<b \/gagn<b
= b\;ga +-\}—I;a<z:n<bcos (4.7:0\/5—0171'— g) +O0(1)p*(b—a)x
b—a
< 7 \/,G;Kb(smél:co\/r_z cosam—cosdzgy/n-sinaw) X
bf“ fi‘f(f Va)+0(1) < \;E

Here we have used (31), (34) and the fact that ~1<a< —%.
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Now investigate the case
2. a<qgb. :
a)If0<z< %—, ¢p is small then we can follow the calculations of 1. a):

(35) £ Y A< Y 1 p2a (1+2+-0(1)) <

a<ln<b a<n<b

< Y ax<b b (b—a).

a<n<b

b) In the case of %= \/- <z< d1 we can follow the calculations of 1. b):

a<n<b
1 _9a-1__a { 2( ar = 1
= Z n*"Z%.{ cos 2:1:\/_—-————-)+ 0(1)
. [4 4
iy 2 4/ z\/n
The contribution of the remainder term is z~2*~2(logb—loga). Because

—20—2 <0, hence 724 2(logbh—loga) < ca®*1(logb—loga).
1
In the case of —2a—1<0, i.e. —% <a, we have Va:_Z"‘l <ea®t? g0
. 1
(28" z? Z v2(z) <ea® Vb + ca® T (logh—loga).
asn<b
In the case of —2a—1>01e. —-l<a< ——% we get
(29') zF Z v2(z) < cVb+ea® (logh—loga).
a<n<b

c) If\/l;<z<\/-then

Y k@)= Y vi@+d Y vi@=:51+5

a<n<b aSn(;; z—“; <n<b
Apply for S; the method used in 1. a):
(36) )
— 0 2\ a_f° at —ep—20=2  gatl oy
Si=z Z vh(T)x Z n A(zQ) cz <eb* T xb%(b—a)

a§n<j% a§n<j%
and for Sy the method used in 1. b):
Sy =zP Z vi(z) =

c
P—_<_n<b
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= g2l Z %{cos2 (2x\/——%—£-)+ﬁ50(1)}.

f§§n<b

The contribution of the remainder term is z~2%~2 (logb—log ;cf) <bpotl

because the function f(z)=z~2*~2 (logb—log I%) attains its maximum

__C
at o= 7
We can estimate the main term as follows:
1

(2811) z—-?a-—l Z COS2 (21.\/__ E — E) < Cba+1,
. NG 2 4
7Sﬂ<b
T

if —20¢—1<0, i.e. —-%Sa;

1
(29") g~2-1 Z 76052 (2:7: n—g‘;—%) <ca®t2Vh,
j%§n<b n -
if —2a—1>0ie —l<a<-1.
”Tha.t is the case of a > —1/2, taking into account (35), (28'), (36),
(28"), a< gb

) max o 3 e@xi(b-a), F=-2-D)
a<n<b

follows. In the case of —1 < a < —1/2, take into account (35), (29'), (36),
(29"), a<¢b

ﬁ 2 b—a
(38) T Z vn(z)gc\/g.

a<n<b

In order to prove the exactness of (38) it is enough to prove that of (29').
Let z¢ > 0 be any fixed real number %]- < zy<dj, then:

1 _9a- -1 am 0w
‘Tﬁ Z U?I(z)x Z ;z02a 1-Tla ,ZCOS2 (21‘0\/_-—'-‘)—-——)+

4
a<n<b a<n<b

1
+0(1)a®** (logb—loga) < Vb—/a+ 2 _cos(4zoﬁ_aﬂ_£)=
£ <b\/ﬁ_ 2
a<n

=vb—+va+ Z L(sin4:z:0\/77-cosonr—cosél:z:()\/ﬁ-sinonr).

as<n<b vn
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By (31) and (34) we get Y costy/n=0(1)z%%, T sinty/m =0O(1)z3/*
n<z n<z
hence summing by part we get

cost\/'r_z b3/4 a3/t 3 3/9 4
3 O(1)—= —0(1)—=+0(1) [ z¥/*. 27324z = 0(1)p}/4,
a<n<b v \/_ va
and
2. Sllj—ﬁw(l)b”‘*,
a<n<b " _
consequently

b—
asg Z v%(wo)X\/(;—\/E+%x \/_a.
a<n<b b

Thus we have proved that (29’) and (38) are exact: Hence (3) and (4) is
proved also in the case of a=0(b). Qur Theorem is completely proved.

At last we remark that

[ a-aen L)
(39) /xae—zz — "Tzkd:::xna, (a>-1,n=1,2,..),
/ o ezl

0<zj<...<zn denote the zeros of the Laguerre polynomial Lﬁf')(z) ([3]);
where 7> 0 and v >0 are arbitrary real numbers and the implicit constants
depend only on a, v, 7, but independent on n. The upper estimate is
proved in [4], hence we prove here the lower one. We will need this estimate
in our next papers.

THEOREM 2. We have

(40) I: —f o _zzlm . I cz]e”™kdz > en®
k
0

(a>-1;n=0,1,2,...).

9

PROOF. We may suppose that n > ng(a,v,7). We know: zj = kn—, ie.
in case of /n <k <2./n we have z;, <1, hence

2
/Z )I 7 e "Tkdz >
|~’ﬂ—l‘k|
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2 9
/ 3 120 P — e / L)(z)Pda.
k=y/n
We know from (27) that

IL{®)(2) |2 x n=1/2 {cos (2 Pz — 2211_ g) +5 (%) }2 -
._na—l/?{cos (4\/1% aw-a).{.o(ﬁ)}_

Using this estimate we can continue our lower estimate as follows:

2
cnal/(cos (avz- a7r——)+0(\/_))d12cna,

and thus the Theorem 2 is proved.
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1. Introduction

Throughout this paper X denotes a finite-dimensional real normed
space.
Let U be a non-empty open subset of Rx X, and let E be an equivalence
relation in U satisfying the properties (P1) and (P2).
(P1) The equivalence classes are continuous functions whose domains are
open intervals. _
We denote the equivalence class containing (¢,z) €U by ¢¢ 5 and the
domain of ¢; » by It z- ¢¢ z is said to be trajectory passing through (t,z).
(P2) If (tg,z0) €U and J C Ity z, is a compact interval, then there exists a
neighbourhood V(tg,z¢,J) of (tg,z9) in U such that J C I; ; for every
(t,z) € V(to,0,J).
Let U* CRXRx X and ®:U* — X be defined by
U*={(s,t,z):(t,z)eV,s€k s},
®(s,t,z)= ¢t,3(s).
We study the continuity of ® in this paper. It is proved that ® is continuous

if X =R. This problem comes from the problem of the dependence of the
solutions of an ordinary differential equation on the initial conditions.

Let U be a non-empty open subset of Rx X, and let f:U — X be a
continuous function such that the initial value problem

{ z'(t) = f(t,2(t))
z(tg) = zg

has unique solution for every (#g,z9) € U. The solution reaching to the
boundary of U in both directions is denoted by ¢y z,. Let the domain
of ¢ty,z9 be the interval Iy ;0. Consider the equivalence relation E in



148 L. HORVATH

U whose equivalence class containing (t,z) €U is ¢; ;. Then E has the
properties (P1) and (P2) (see [1]). It is well known that U* is open and &
is continuous in this case (see [1]).

2. The main theorem

The following well known result (see [1]) will be useful.

LEMMA 1. Let X, Z be topological spaces, let X be compact, let ¥
be a metric space, and let f: X xZ —Y. Then f is continuous if and only
if both = — f(z,2) is continuous on X for each z € Z and also, for each
z0€Z, f(z,z)— f(z,29) uniformly for z € X as z — z,.

LEMMA 2. Let U be a non-empty open subset of R x X, and let E be
an equivalence relation in U satisfying (P1) and (P2).

(1) U* is open.

(it) If I is a compact subset of U, then there exists a compact interval
J C Ity zy such that (t,¢4,20(t)) €U\ K for every t € Iy »\J.
PROOF. (i) It is obvious.

(i) Since Iy, z, is an open interval in R, I,z is the union of countable
many compact intervals [an,bn] which can be chosen so that [an,by] lies
in the interior of [ap41,bp41] for n=1,2,.... If the result is false we can
find a sequence {tp} such that tn € Iz, \ [an,bn] and (tn, d1y,z(tn)) € K
for every n. We can suppose that t, €]a,ay| for each n, where a is the
left-hand endpoint of I, .

Since K is compact there exists a subsequence {tn,} such that
{(tng,91g,2o(tny )} converges to a point (a,z) of K.

Iy is an open interval in R, hence there is a real number ¢ < a such
that J=[c,a] C Iy z. (P2) shows that there exists a neighbourhood V' of
(a,z) in U such that JC Iz 5 for every (t,7)€V. Since {(tny,btg,zo(tn;))}
converges to (a,z), the trajectory passing through (tg,zg) has some points
in V. Hence J C Ly zy, and this gives the required contradiction. 1

THEOREM 3. Let U be a non-empty open subset of Rx X, and let E
be an equivalence relation in U satisfying (P1) and (P2).
(i) If X =R, then ® is continuous.
(ii) If X #R, then in general ® is not continuous.

ProOF. (i) Let (t1,tg,2g) € U*, and let J={a,b] C Ity,z, be a compact
interval containing fy and t; as interior points. (P2) shows that there
exists a neighbourhood V' of (tg,zg) in U such that JC I ; for every
(t,z)€V. Hence J xV is a neighbourhood of (¢1,%y,zg) in U*. If we prove
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that &(s,t,z) — ®(s,tp,29) as (¢,z) — (tg,2¢) uniformly for s in J, then
® is continuous at (t1,tp,zg), by the continuity of the trajectory passing
through (¢g,zq) and Lemma 1.

Let €g be a positive number. Since {(t, ®(¢,tg,20)):t€J} is a compact
set contained in U and since the complement of U is closed, there is a
positive number € < g such that

Ke={(t,z):t€J and |®(t,¢y,20)—z|<Le}

is a subset of U. We can suppose that {(fp,z): |z —z9| <e}CV. Since
all the trajectories are continuous and since the trajectories are pairwise
disjoint, it is enough to prove the existence of states 1 and z9 such that
zo—e<zi<zg<z9<zo+e and {(¢,®(t,t,2;)):t€J} C K fori=1,2. We
prove only the existence of z9, the proof of the other case is similar.

Let ¥ be defined on J by ¥(t)=®(t,¢,z0)+¢. Suppose on the contrary
that for every z €]zg,z( +¢[ there exists 7 €]a, b[ such that ®(t;,tg,z) >
> ¥(%;). Then for each z €]|zg,zg+¢c[ we can choose t; €]a,b such that
®(tz,tg,z) = ¥(tz) and (¢, t0,2) < U(t) for every t between t; and .
Since the trajectories are pairwise dlSJOlnt we can suppose that t; €]tg, b
for every x €]zg,zq+€[. If 29 <z <Z <zg+¢, then t; <t;. Hence t; =1
as x — zq, where t €]tg,b]. Let ®(¢,tg,79) <T < \Il(t) and let @ be the
left-hand endpoint of I; 7. tg<@ <t by the choice of ¢ and Z. Since all the
trajectories are continu(,)us and since the trajectories are pairwise disjoint,
{(t,®(t,t,7)) :a< t <t} C K. This contradicts Lemma 2. (ii), since K is
compact.

(ii) We give a concrete example, when X = R2. Suppose 0 < p<1 and
g>0. Let fp 4 be defined on R by

q, if¢t<0ort>2p
q+ 2qt if0<t<p

foa(t)=
M-i-P—_g—qt, fp<t<2p
The graph of fpq is in the half plane S = {(#,u):u >0} for every possible
p and ¢. Suppose (tg,up) €S, and let 0 < p<1 be fixed. It easy to see
that there is exactly one g >0 such that fp 4(t9) =ug. Thus the graphs of
the functions fp 4 (¢ >0) induce a classification of S, which is called the
classification of S according to p.

Let Sy be the half plane {(,u,0):u >0}. Let S, denote Sy rotated
about the t-axis through w, where w € [0 2n[. Consider the classification
of S, according to 1—#%. The classes in S, (w €[0,27[) and the class
{(t,0,0):t € R} induce a classification of R3. This classification of R3

generates an equivalence relation F in R3. The equivalence classes of E
are functions from R into R2. It follows that E satisfies (P1) and (P2).



150 - L. HORVATH

Let :c(w) = ((1—4)sinw, (1 — §2) cosw), where w € [0,27[. Then

W
( o=,0,2(w) )€U and (1—2—7r,0,a:(w)) —(0,0,(0,0))
as w— 21 —0. Smce ® (1- 4%,0,2(w)) =(sinw,cosw) — (0,1) as w — 2w —0
and since ©(0,0,(0,0))=(0,0), & is not continuous at (0,0,(0,0)). 1
Reference

(11 T M. FLETT, Differential analysis, Cambridge University Press, Cambridge,
' 1980:
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1. Multiplicative functions with congruence properties

Let M denote the set of all integer-valued multiplicative functions. For
a fixed positive integer k let Ni be the arithmetical function defined in [2]

by Ni(n):=m if n=mFr where r is k-free. It is obvious that Ny is a
multiplicative function and Ny(n)=n for all positive 1ntegers n.

We prove the following theorem:

‘THEOREM 1. Let A, B and k be fixed positive integers with the
condition (A,B)=1. If a function g €M and an integer C #0 satisfy
the congruence ' ’

(1) g(An+B)=C (mod 'Nk(n))
for every positive integer n, then there are a non-negative integer a and a
real-valued Dirichlet character x (mod A) such that
| g(n)=x(n)n®
' holds for all positive integers n which are prime to A.

COROLLARY. Let A and k be fixed positive integers. If the functions
g1 €M and g9 €M satisfy the congruence
g1(An+m)=ga(m) (mod Ni(n))
for every positive integer n and m, then there are a non-negative integer
a and a real-valued Dirichlet character x (mod A) such that
g1(n)=ga(n) = x(n)n®
holds for all positive integers n which are prime to A.

We note that for k=1 this theorem was proved in {5] and for A=1
was obtained in [2] and it was stated in this form in [2] with indication of
a different (complicated) proof.
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Similarly as in [2] one can prove Lemma 1 and Lemma 2 below.

LEMMA 1. Assume that (1) holds for every positive integer n. Then

(2) g(ab) = g(a)g(b)
for all positive integers a and b which are prime to 4, furthermore g(B)=C.

LEMMA 2. Assume that (1) holds for every positive integer n. Then
for each prime QA there is a non-negative integer a(Q) such that

(3) 19(Q)| = Q).

LEmMMA 3. (D. R. HEATH-BROWN [1]) Let ¢, r and s be three non-
zero integers which are multiplicatively independent, i.e. if gérfs9 =1
with integers e, f and ¢ then e= f=¢=0. Suppose that none of g,
r, s, —3qr, —3¢s, —3rs or grs is a square. Then the number N(z) of
primes < z for which at least one of ¢, r and s is a primitive root satisfies
N(z)> ¢ /(logz)?.

LEMMA 4. Assume that (1) holds for every positive integer n. Then
there is a non-negative integer a such that for a(Q) (givenin (3)) a(Q)=a
holds for all primes QtA.

PROOF. Lemma 3 implies that there is a ¢€ N such that ¢ is a primitive
root (mod p) for infinitely many primes p. Let p > A be a prime for which
g is a primitive root (mod p). Then (A,p) =1 and we can find an integer
t such that

(4) P=pt+g is prime,
(5) P=1 (mod 4)
and
(6) pr=l4q (mod p2> .
Let
P"—1
= =1,2,3,...).
Rn(P) P_1 (TL 1, ,3, )

For each positive integer (m, P)=1 let r{m) denote the rank of apparation
of m in the sequence Rp(P).

We get easily that r(p)=p—1 and r(p) # r(p?), furthermore we have
(M reM=(-1p* (=12,
Let Q #p be an arbitrary prime for which (Q,4)=1 and
Wn:=Q*@P -1  (n=1,2,...).
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Using Theorem 4.1 in [4] there is a positive integer sp, for each positive
integer h such that

(8) W, =0 <mod ph) .
By (1) we have
9@ p2unB =g [Ba (@2 PEM 1) Ja+B| =C

(mod W, [(QQV’(A)PQSM -1) /A]) .

Thus (8) yields

(9) [QQ‘P P25khB] =C (mod o).

On the other hand by Lemma 1 and Lemma 2 we get

(10) g [Q2<P(A)p2skh B] = Q2<P(A)G(Q)p2skha(P)g(B)_

Therefore (9) and (10) imply

(11) Q*#(A)(@) p2sera(P)g(By= ¢ (mod ph)

for every positive integer h. Since by (8)
[Q2‘P(‘4)P2skh] ~P) =1 <mod ph) ,

we get immediately from (11) that
Q¥ (A)xQ)g(B)= @2 (AP)c.

g(B) =C yields a(Q) = a(P) for all pair of primes (@, P) where Q{4 and
P satisfies the conditions (4)-(6). Thus we have proved that a(Q)=a
(constant).

LEMMA 5. Let G(n):=g(n)/n® for all positive integers n which are
prime to A, where « is defined in Lemma 4. Then G(n) = x(n), where x
denotes a real-valued Dirichlet character (mod A).

PROOF. The proof of Lemma 5 is similar to that of Theorem 6 in [3],
hence we omit it.

PROOF OF THEOREM 1. The proof of Theorem 1 follows from Lemmas
4 and 5 easily.

PROOF OF THE COROLLARY. Assume that the functions g; € M and
go €M satisfy the congruence

(12) g1(An+m)=go(m) (mod Ni(n))



154 L. JOO, B. M. PHONG

for every positive integer n and m. The choice m=1 in (12) by Theorem
1 yields that there are a non-negative integer a and a real-valued Dirichlet
character x (mod A) such that g1(n)= X(n)n holds for all positive 1ntegers
n which are prime to A. Therefore (12) gives -

X(An+m)(An +m)® = x(m)m® = gy(m)  (mod Ny(n)),

for all (m,A)=1. Thus we have gg(m)=x(m)-m®*

2. Additive functions with congruence properties

Let .4 denote the set of all real-valued additive functions. For a fixed
positive integer A let' D(A) denote the class of all arithmetical functions
D :N— N for which the following conditions are satisfied:

(a) D(n)|D(nm) for all positive integers n and m
(b) for each positive integer m we have
ey DACGAM1° =11/} _
s—oo (8, D{[(Am+1)*-1]/A})
For example the functions n — n and n — p(n) are elements of D(A) for

any A€N.
We prove the following theorem:

THEOREM 2. Let A, B be positive integérs and let C be a real number.
Assume that f €4 and D € D(A) satisfy the congruence

(13) f(An+B)=C (mod D(n))
for all positive integers n. Then f(n)=0 holds for all positive integers n
which are prime to A. ‘

We note that this result improves Theorem 1 of {3].

LEMMA 6. Assume that the conditions of Theorem 2 are satisfied.
Then f(B)=C and

(14) fab)=f(a)+ f(b)
holds for all positive integers a and b with (ab,4)=1.
PROOF. Let a and b be positive integers with (ab,A) =1. From the
condition b) of D(A), for each k> 0 there exists an s such that
(15) D(m)>k
(ab)P(A)s _1

with )
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Since (m,ab) =1 we can choose positive integers z, y, u and v such that

(16) ar =1+ Amy, (z,abB)=1
and
(17) bu = B + Amv, (u,abz)=1.

By using (13), (16), (17) and the condition a) of D(A) we have
f(aB)+ f(z)= f(azB) = f(ABmy+B)=C (mod D(m)),
f(0)+ f(u) = f(bu)= f(Amv+B)=C (mod D(m))
and
F(ab)+ f(z)+ f(u) = f(azbu) = f(AmT+ B)=C (mod D(m)),
where T := Amyv+ By +v. Therefore
f(ab)— f(aB)—-f(b)+C=0 (mod D(m)),
Then (15) implies '
(18) f(ab)— f(aB) - f(B)+C =0

for all (ab, A)=1. Applying (18) with a=b=1 we have f(B)=C. Replacing
b=11n (18) we have f(aB)= f(a)+C. Thus (18) yields f(ab)= f(a)+ f(b).

PROOF OoF THEOREM 2. By Lemma 1 we get f(ab)= f(a)+ f(b) for
all (a,b,4)=1. Therefore n = Bm in (13) implies

(19) f(Am+1)=0 (mod D(m)).
Thus we have

sf(Am+1)= f[(Am+1)°]=0 (modD[ Y\

This yields f(Am+1)=0 from the condition b) of D(A4). It is easy to
verify that f(n)=0 for all (n,4)=1.

(Am+1)s—1]>.
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The aim of the present paper is to prove general equiconvergence
theorems for Fejér means. We consider the Schrodinger operator with any
complex potential function ¢: G — C on any (finite or infinite) interval G,
with arbitrary (complex) eigenvalues An. These investigations are started
in JOO’s and SOVEGIARTO’s recent work [1], and in J0&’s papers (2}, [12])
where Ay > 0 and the Hermite-Fourier expansions are considered.

1. Let G be an arbitrary (finite or infinite) open interval on the real
line, ¢, g € L}OC(G) arbitrary complex functions. Let (up) (resp. (@g))
be a Riesz-basis in L2(G) consisting of eigenfunctions of the operator

Lu=—u"+qu (resp. Iu=—u"+qu) and having the following properties:

(1) sup op, < 00, sup o < 0o
(2) in case oy >0 (resp. 6; > 0)
Apup— Lup=up_q (resp. Apitp — Litp =ig_1),

where A, and o}, (resp. A and 6;) are the eigenvalue and the order of uy,
(resp. ).
Now let us introduce some notations:
U
® Rio= L @ (1-5),  Ga=vi),
7
|Re/Agl<2u

Rifo= L Vou@(1-8), =y

|Rey/Ax|<2u

(fEL*(G), z€G, u>0), where (v;) (resp. (¢)) is the dual system of (uy)
(resp (iig)), i-e. (vp), (8) C LA(G) and (vg,uj) = (B, &) = & ;-
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The following result holds:

THEOREM 1: Given any compact interval K C G, for all f € L*(G)
lim_sup |Ry(f,)—Ry(f,2)|=0.
H—=R0 e K

For f € LYG), p>0 and 2+ R€ G, define

:+R )
W R =RlaRi=— [ (ZL) ey

y—zx
z—R

The theorem will follow oBviously from the following assertion:

PROPOSITION 1: Given any compact interval K CG, for any sufficiently
small R >0, and for all f € L%(G), we have

Jim_ sup [F(f,) ~ Byl £.2)] = 0.
Rrek

Indeed an analogous result holds for Ru( f ), too, and it remains only to

apply the triangle inequality. For the sake of brev1ty, from now on we shall

denote by uj a square root of A\, with Repj >0 and we set gp := Repy,
= Impp.

REMARK. 1: If we. modlfy the definition of Ry,

- . . )
Bifo= % (fuduio)(1-2),
|Re \/—_I<2[J
the Proposition 1 and Theorem 1 remain true.

First we prove the Remark 1. Denote
z+R

sufer=y [ B0y,
=R '
ou(frz)="Y_ (frop)ug(2).
ok <p
Then we have
2u

RZ(fvx) = é%/at(fax)dta
0

2u
Fu(f,x)=§1ﬁ / Su(f,z)dt
/o
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We know ([3], (43)) that ,
lim sup |Su(fyz)—ou(f,z)|=0, for all f € LQ(G).

7ROz

Since
IFu(f,) = RAf 9 < 5 / |st<f,w>-ot<f,x>|dt

therefore we obtain the statement of Remark 1 at once. .
Now we prove the Proposition 1. F\ or‘the proof we need a lemma.

LEMMA 1. ([3], Proposition 1, p.359). Given any compact interval
K C G, there exists an R >0 with

2

Sl;}?] Z (ll’lLk”Loo(K')Ch (RIm\//\k)) < oo
#7% lu—IRe /AglI<1 < :

Let us prove the Propoéition 1.

We know ([3], (66)), that

sup sup ]S,;(fﬁ)-'-%(f@” < D||f“[,2(G)
p>0zeK

for all f€ L%(G), where D >0 is a constant, K C G is an arbitrary compact
interval. Therefore

(5) sup sup |Fp(f11) R; (fv-"")|<D”f”L2(G)
p>0zek
Fixing z € K and p > 0 arbitrary, we define w: G — R by
, ' 0
1 {sinut .
(6) wu+ﬁ={ﬁ(7i):lﬂﬂSR
0 otherwise.

Since (u},) is a Riesz-basis and (v}) is the dual system of (uy), we have
(7) Fu(fi@)=Y_ (fyvp) (up,w).

k
Denote

1- ’L))_’i— 0 < 2’/‘1
o) &* , = { w’
(8) (mo6)=1, o>

Then we obtain from (5)

<f,z ((Uk,w) — &, ek)m) vk>

k

sup sup
u>0zek

5D||f|lL2(G)-



160 : S. SZABO, M. B. TAHIR

Here taking sup in f we get

sup sup |5 ({ug,w) — 6*(, 01 Jug (@) ) <D.
Since (vg) is a Riesz-basis, therefore
(9) sup sup 3 |(ug, w) — 8 (. o3 Jur(2)}* < Dy
[1>01‘€I{ k
Denote
1-55, or <2y,
(10) (1, 08) = { N
0, ok > 2u.

Then we have

ZI up, w) — 6, o ug(2)[* <
<c) ug,w)—8* (p,ek)uk z)| +ch(6*(p,ek)—6(u,ek))uk(z)12 <

k k
Vi
<c+e Z —u(z)
0k<2p
where we have used (9). But
> [ue)| S5 3 (lstlooqme")
R <2u o <2u

Tl

2p
) %Z Z (”uk”[,w(lx’)elukm)25;L%;IS

i=12p—i<pp <2p—i+1
where we used Lemma 1.
Hence

(11) Zl (ug,w) — 8, o Jup(2))* <c.
Since (u) is a Riesz—basm there exists a constant ¢y such that for all
fel*(G)
(12) Yl unl? < coll Al gy

k
Taking into account (7), (12) and applying the Cauchy-Schwarz inequality,
(11) and (12) give

sup sup |Fu(f,z) ~ Ru(f,2)| < ellflif2g) (for any f € L*(G)).
u>0zek
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Now it suffices to show that
lim sup |[Fu(f,z)—Ru(f,z)|=0
Iy T=) ¢ # :

for any f from a dense subset of L2(G). But this last property is satisfied
for any finite linear combination f of the eigenfunctions u; because then f

is continuously differentiable and Ry(f,z)— f(z)=0 (l-l;) for u sufficiently
large, therefore one can apply a classical result of the theory of Fourier-
series. Hence Proposition 1 and Theorem 1 is proved.
2. In the next part of this paper we investigate the case f € L!(G).
Let G be an arbitrary finite open interval in the real line. Let (uj) be
- a Bessel-system i.e. for any f € L*(G)

Z;<uk§f>!2 <eollfl2(c)

and assume (1), (2). Furthermore assume that (v;) consists of the eigen-
functions of the operator L*v:= —v" + quv with eigenvalues A and (v}) is
Bessel-system.

THEOREM 2: Ifq, g€ LP(G), p>1, then for any compact interval KCcG
and for all f € L}(G) we have .

Jim n sup |Ru(f,z)— Ru(f,z)|=0.

Ifq, g€ LI(G), then for all fe LI(G) we have _
Fl}»:réO[R#(f,:L')—RF(f,l')I:O ae. TEG.

PROPOSITION 2: If ¢ € LP(G), p > 1, then for any compact interval
K C G, for any sufficiently small R >0, and for all f € L(G), we have
lun sup |Fu(f,z)— Ru(f,z)|=0.

Prek
If g€ LY(G) then for any sufficiently small R >0 and for all f € L(G), we
have
#ll_r&lFﬂ(f,r)—Ry(f,z)!=0 ae. z€G.

REMARK 2: The Proposition 2 and Theorem 2 remain true for R}
also.
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Introduce the operator Sg,
Ry
2
f=Srlfl=5 [ AR)AR
R

First we prove the Remark 2.

We consider only the case g € LP(G), p > 1, because the case p= 1is
similar. We know ([6], (3.8)) that

Jim_ sup 1Su(foz)—au(f,z)[=0, forall feLYG).

XzeK

Since
IFulf,) = RAf,2)| € 5 / IS(f,2) = o f, z)| A

therefore we obtain the statement of Rema.rk 2 at once.
Now we prove the Proposition 2. For the proof we need a lemma.

LEMMA 2. ([6], Lemma 3.5) We have for any Bessel-system (u) of
eigenfunctions of order <m < oo of the operator Lu = —u" +qu (¢€ L1(G),
|G| < 00) with eigenvalues {A\;} CC :

Sup Z |Uk”%oo(G) < 0.
>0 )y—gpl<

Let us prove the Proposition 2. We know ({6], (3.26)) that

sup su up, Sp.[w S, op Yup(z)| - [|v <o
#;(;Ie}:LZK b Sagln]) ~ ol 06)ui(@)] - ot oy

where K C G is an arbitrary compact interval and-

m . <
womsnyio = { F 2 ISR

, otherwise.
L, u> gk,
So(m ok) =14 %, H=ok,
0, p<or-
Obviously, we have ’
2 2u

1 1 o
5*(#,9k)=§;/50(t,9k)dt, w=§;/wR,tdt-
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Therefore we get

<Uk, 5120[@]> ~ 8 (1, 0 Jur(z)

= SRy [k, w) = 6*(s, 1 Jur(2)]| =

- i/sf‘o [(ur,wrye) — Bo(t, ep)up(z)] dt| =
0

2u

= 5%/ (<u’°’530[“’0]> —50(t,9k)uk(z)) de
0

Using this we obtain

(13) sup sup Z '<uk,530[w]> 6*(u, Qk)“k(x)‘ “vL”Lw(G

[J>0:L'€I\k i
m
< sup sup ——/l UkaSRO[w0]> bo(t, Qk)uk(l‘) Hlvell ooy dt < oo
ﬂ>0$€1\k 1

We have

™8

<Uk,SRO [lv]> - &(p, Qk)“k(z)‘ Nvellzoo(y <
k

1
—

<

M8

|<uk, SRO{w]> —&*(p, Qk)uk(z)l Hoell Loyt

E
1}

M8~

+ ) 181, 0k) = 6(1> ) ur (@) - lvell ooy <

<c+c Z

0k <2p

k

1

Jlvell oo

LN

where we have used (13). But

17 c R
> [sru@)| el <7 3 (luelzoguesHF) el o) <
oE<2p or<2p

—Z S (luellzeoye?) - vill ooy <

1_1 2u—i<or <2u~—i+1
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. 2u 9 %7
S“Z( > (Hukile(A’)elyklR)> '

i=1 \2u—i<pp L2u—i+l

: C 2 c 2u
2
> [kl Zeo (g <=) 1<oo,

Qi< op <Pp—i+1 Fis
where we used Lemma 1 and Lemma 2.

Hence
o0
14 ., S —&(p, 0k Nopll 700 :
(14) Zggzs;f‘_g[(uk Rol]) = 81, 21k (2)| - ol oo gy < 0

Denote wp, := Spg,[w]. Because of (14) the series

i ((uk’wzz0> —5(#79k)uk(1')) vi(t)

fo —

converges in L™(G) for any fixed z € I’ and is equal to

Ou(m,t): =y (t)— Y up(z)B(t) (1 - g—Z) :

0k<2p
Consequently, by (14)

(15) sup sup [|O(z,-)|| peo() < 00-
p>0z€eK

On the other hand it is easy to see that

w(z+1), il
(16) Srolwl = 2By (2 1t), if D < |t <Ry,
0, it > Ry
Therefore
(17) sup sup [0 gy — wl} o) < 0.
pu>0zeK

From (15), (17) we obtain

w— Y ug(z)v (1—’;—2>

ox<2u -

M :=sup sup
p>0zeK
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hence

Fu(f,2)—Ru(f,2)| <M :
f,‘;%f‘éﬁ—‘ u(fr2) = Bu(fr o) S M fll

On the other hand the linear hull of {u;} form a dense set in LY{(G).
Consequently

lim sup |Fyu(f,z)— Ru(f,z)|=0.
i, Sup 1 )= Ru(f,z)

Hence Proposition 2 and Theorem 2 is proved.
3. Now we investigate a special case.

Denote G =(0,+o0),

02—}

1'2 ’

9 .
1
Up = \/‘§x°'+’ze—x7'l£a)(x2), g(z):= 22 % -2+ A := 4k,

where a > —%, lia)(x) is the normed Laguerre polynomial. Then we have
—u'é + qu = Apug. We consider three cases:

a) feL¥(G), b) fELN(G), ¢) FELY(G), f()(1+t*)eLN(G), lim f=0.
a) In this case ¢ € L}OC(G), hence the conditions are satisfied and the
statements Proposition 1 and Remark 1 remain true.

b) In this case ¢ ¢ LP?(G), but the statements of Proposition 2 and

Remark 2 remain true. For the proof we need some Lemmas.

LEMMA 3: For any Ry > 0 there exists C(Rp) such that

R
. 2
2 sin ut
Sk, E/( , ) cospptdt| —6(p, o) <
0

c 1 1 . :
< - : + chvp Ry
#<1+(2#—9k)2 1+9%) £

for any x>0 and k.
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ProoF. We can write

R
. 2
2 nut . : :
——/<S‘ £ ) cospptdt = I+ In+ Iy + I,
um t
0
o0
‘ . 2
2 ¢
I :=_/<sm,u ) cos gptd¢,
um t
0
9 T /sinut\?
2 sin
I2:=—/( a ) cos opt dt,
um t
R
2 F /sinut)?
t .
I3:=—/(Sm“ > cosppt(chyit —1)dt,
um t '
0
0 R 2
-9 t\? .
I4:=___z_/<smu ) singptshyptdt.
um t
0
It is well-known L
1-8k pr<2p,
(18) I1={ 75 0k <2
. , 0, or 2> 2u.
Now estimate Iy.
Obviously
o0 . Qe ' o)
o [ cost . |2u—ggl cost . 2u+g
Ig=— 3 - . 7-dt~
LT t 2um t 2um
o R [2p—gr|R (2p+ep)R

cost

2

where we used sin? a cosy = ;lf(—cos(Qa—‘y')+2cos'y—cos(‘la—{-'y)).

Here
00 1
cost O(ZE)’ 0<z<
12 dt= sing 1
pa ——p—+0(;§), T>C.

If o, <1 then

o0
SRy |k /

%k

cost

(19) —-dt| =0().

¢,

dt,
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If pp. 21 then

o0
cost 1 singp R 1
SR gk/—.—dt =~—3Sp {——-,——]+O —=].
0 2 o B | TR o

R

Here
inor R R 1 1% o R 1
sin g —cos g COS 9p
= C— -2 dR=0{(—),
SRy [ R? ] [ Ok RZ] & / orR3 (9k>
R
therefore

cost 1
(20) SR, Qk/—-—-dt "O(;g).

R
From (19) and (20) we obtain

e .o]

cost 1
” s / dt| =0(1)—.
(21) Ry ngkR +2 )1+92
Similarly
00 ; ] 1
[ofe:]
(22) SRy |21 gk'p '/‘lR. t . ()1+(2”—9k)2
B0k &
and
7 cost 1
23)  Sp. |(Cuton / 2 dt| =0()——y.
(23) Ro (u+91~)(2 . 2 ()1+(2u+@1c)2
u+0r - '
From (21), (22), (23) we get
1 1
2 Ll=0( - -
(24) Spyll2]=O(1)= (1+ 2 1+(2/J'Qk)2>
We have

R
1 chypt—1
Iy = 2——-/ —cos(2p — o)t + 7cosgkt—cos(°y+gk)t)———;‘—z——dt.
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If 24— 0p| <1 or g <1 then

R
h vt
(25) SR() /C—I—/Zk———dt ——O(l)chkao
0
If {2 — pp| > 1 then twofold integration by parts gives
7 h 1
chvpt—
/cos(’u—ok)t Tdt: '
0
2 R chyR-1 1 hypt —
_sin(2u—gp)R ¢ sz " - |cos(2u — o4t (EV_LZ__..
2u— oy R (2u—o)* | t

R
1 chyt
—m/COS(Zﬂ QL)t (——:—2—'—) dz.

Here
R

0
chunt—1\" s .
because { —X&—) doesn’t change sign.

t
R
{:( chypt - 1)'} i (2n-—2)u£"R2"_3
2 = )] =
t 0 n=2 (2n)!

R

/

/cos("u gk)t(————ChV‘f ) dt| < {(——Ch”‘f'l)}
t B t .

)] -

2 20 2n—‘2R2n—2 1/2 20 \V2n—'2R2n—2 1/2
RZ(‘M 3(2n—1)2n an_;z R R R
Hence
7 hvpt —
chyg
SRO /cos( pw—op)t- -—tz—-—dt =
0
1 . chvypR—1
=2M_Qk5R0 [Sm(zu—ek)R—;{-z—}wL (1 ) o2 vt chg Ry,
Here

2p— ey R?

SRy [Sin@u — o) R—

chvR— 1] [ cos(2u—gp)R chypR—1 Ro

5t
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0
1 / (chukR—1>’ ( 1 )
+— cos(2u—pp)R{ ——=—— ) dR=0 chviLRy.

%
Therefore
(26)
7 hvit—1 1
cnvgpt —
SRO /COS(Qu—gk)tt—th =0 (m) (1+VZ)CthR().
0
From (25) and (26) we obtain
(27) ,
7 hypt—1 1
chyt—
SRO /COS(Q[J—Qk)t—tLé—dtJ =0(1)m(1+l/g)chuk}20.
0 V .
Similarly
(28)
7 h 1
- chyp— _ 2
SRy |i/cos(2y+9k)t—t_2——dt} —0(1)————-———1_‘_(2#4_%)2(1+uk)chukR0
0
and’
R L ) :
chyy — _ 2
(29) SRy [/cosgkt—ﬂ—dt} _0(1)1+g%(1+uk)chukR0.
5 ,

From (27), (28), (29) we get

=+ ; 1+ vi)chyv, Ry.
<1+gf. 1+(2#—9k)z)( e

(30)  Sp,lLs] =0<1>%

We have

R
. . shvit
Ij= - (sin(gf, — 2p)t +sin( o + 2 )t — 2sin pyt) ‘ZL dt.
2um t
0

First investigate the case g >2u. We have

R
shyt
/sin(gk—Qu)t tzk di=

0
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Rsin(ek—"#)t © 2-1
— e (- B e A kg B VATl
0 = 0

If o —21 <1 then

1

in{ o, — 2u)t
/"”‘(_th__“)_dt: O(W)ex =2w) =0y =—5 57

0
If pp. —2p>1 then

R oo
/sm(gk.—?u)tdt: T cos(or —2u)R / coss | _
t 2 (ex—2m)R 52
0 (ex=2w)R
w  cos(gr ~2u)R 1
=T SRR 0(1)———.
2" -2k O T (g —2a

Since

cos(gk—2u)R} ( 1 )
Sp, | —————| =0 ,
Ro [ R oK — 24

therefore if g >2u then
R

: sin( o). — 2u)t T
(31) SRO /——t—-dt =3
0
Similarly, if g, —2u <1 then
R
: N T
/sm(gk—_.y)t t dt=0(1)
0
If o —2u>1 then
R
/sin(gk—i’y)t-tm_ldtz
U]

1

O ez

R2+1
1+ ok — 21)%

cos( of, - R parr (221),
- op —2 )
k= 2p ok — 24

R

. 21
. 2-9 cos(op —2u)R o1t (20-1)R

| cos(op —2u)t- 142 dp = - 2R THIB pA-1 |, (1) 2

0/ (ox =21) ok —2p 1+ (of = 2p)°

Since
R21+l
SRylcos(or —2p)R- R2I—1] =0(1) Qko‘ o
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Therefore if g — 21> 1 then

[ R - 1 R+
S /Si c—2u)t-t2ldt| =0(1) ——0—.
Ry J n(ey, —2u) ( )1+( o)
Hence if g > 2u then
bi 20-1 - (2)l+1
32 S /sin —2u)t-t“7 N dt| =0(1)——————.
Using (31) and (32) we obtain
? hyyt sh|vi|R
[ . shyy, T sh|vi| Ry
33 S /sm =2t ——dt| =y =+ 0(1)——————.
(33) Ry J (or =2p)t-—5 k5 +O( )1+(9k—2#)2
Similar calculation gives that for gy >0
' 7 hyt h|vi|R
. shyy T sh|vy,
(34) SRO ,:/51ngkt- t2k dt} : 5 O(I)TH
0 : ' %k
Finally
7 h|vi|R
. sh|vi|Ry
35 S /sm or+2 =y-+0(1)————.
From (33)—(35) we have if g;, > 2u then
(36) Sr.[I4] = 0(1 L 5+ ! sh|vg|Rg
| o Tr(ee—2u 14gf) o0

Now investigate the case g <2u. Then
R

R
/Sin(ek—'-’#)tdt:_/sinlek—?#ftdt
¢ ¢ ’

hence

R

t

(37) SR, [/sm(gk 2ult Shyk dt:| g—+0(1)
0

shvi|Ro
1+ (e —21)°
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Thus from (34), (35), (37) we have if g, <2u then

—, ! 1 1
38 Sg, (1 +0(1)—- + shivi|Ry.
(38) Roll4] = 5 ( ) (1+(9k“2#)2 14’9%) vie| Ro

Using (36), (38) we obtain
(39)

o(1)4 (1+(gk1—2p)2+1+ >sh|uk{R0, if pp >2u
SRQ[I4]_ ]
T"+O() (1+ TR )shlvklRO, if o < 2.

From (18), (24), (30), (39) the Lemma 3 follows.
LEMMA 4. Denote

R o\ 2 .
. sin .
vim [ () smuate-le-ehas,

le—¢|
where 2 € K, 0< 52 <R <Ry, 0< |z —¢| < R, Ry < dist(K,0G). Then we

have

—€

1
7L—O(1)<1+ l+_gL£]€> ch4v R, (0< o1 <2u),
* #2—5
7; = O0(1)————-chi;R, 0<2u < o).
=0 g i (O ey

PROOF. " First investigate the case 0 < gp < 2u. We will use several
times the following relations
sin(z +1y) =sinzchy+ishycosz,
cos(z £1y) =coszchy Fisinyshy,
|sina|<|sina|' ¢ <|a!™f,  (a€R, 12£>0),

sinz

<2ch(Imz), (z€Q).

[ 8]

Integrating by parts we get

, _(sinptsin(t—|s—¢)
Vi = sin pt 2

lz—¢|

R R

/ / d i(smytsmuk(t—h 5[))
- sinprdr | — 2
fz=¢| N0
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R 7 d 1 7 d
cos p ,
p / dt() +# / cos ut dt()dt
lz—€| lz—¢]
) R
_sin2uRsinpp(R—|z-£|) cosz,utsin,uk(t—la:—fl)dt
B 2uR? + t2 +
[z—¢1
R R
L FE / sin2ytcosyk(t—|x—§|)dt__1_ /}sin2/,ttsin,uk(t—-|:c—§|)dt.
2u t2 J7 t3
lz—¢| lz-¢|
Since cos? ut =1 —sin? ut therefore we obtain
(40) R . 2 ' ' . . 7
. sinput\© . _sin2pRsinpp(R—|z—£|)
2y, =2 /( y )sm/,tk(t——l.’r—ﬂ)dt— 2R +
lz—¢] ,
[ sinum(t=le—¢) [ sin2utcosy(t—Ja =)
sin p(t— |z — 738 sin2putcospup(t—|z—
+/ 22 dt+a/ ) di—
lz—¢] l=—¢
R
1 sin2utsinug(t — |z —€])
—— dt.
poJ t3
lz—¢|
First we estimate
R
hew [ SmmlE),
t
lz—¢l
Obviously '
R R .
t
Iy =cospilz —¢| / Sn;l;k dt —sinpug|oc — €| / costézk dt.
|z—¢] lz—¢]
Here :
7 7 tchugt 7 hyt t
sin ppt singitchy ) shvytcos )
/ lté‘k di= / ﬂﬁ—kdt+z / —kﬁ—&dt=:111+2112
lz—¢] lz—¢l , l=—¢|

and
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R R X R .
/’ costuktd _ / cosgktt; thdt—i / smgktt; thdt=:I13—iI14.
jz—£| Jz—£| ‘z =3
i hyyt 1=¢ hvpR
“chy
quf AN 44— 0(1) ch R / —————dt 0(1)——-——| e
[z—¢] [z—¢
R b R b
Iy = / s UkC;Sgktdt:uk/ s ukt‘cosgktdt=
t vyt t
lz~¢] lz—¢|
—O(l)luklchukR/ dt_0(1)|—”|”th|§5,
' jz—€|
(where the implicit constant depends on ¢).
X
Iiy= / cosorbhvit 4y _ o)
t2 lz—¢€l’
lz—¢l
7 singptshugt N e “¢chyviR
I14.—_/ ———QkT———Ldt 0(1) chuLR/ ———dt 0O(1) —ﬁls_
jz=¢| lz—¢l
Hence
1-¢
0, ch2y lvg|ch2u R
L =0(1)———F7—+0(1)———————
=0T o
+O(1)(smek|z febunle—Clishuz ~Qleosuls =)
lz— ¢l
“fch2v R (0r™¢ +|vg)) ch2v, R
(1)———-— o)~ ——,
|z —¢J° |z —¢|
i.e. .
1+0,%)ch3v R
(41) 1 =0yt e b3k

|z —¢|°
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Now we estimate

R
in2ut L(E— |z~
I2:=_/ sin2y cos;;g( |z f{)dt
[==€]

Obviously

: R R
sin2ptcospt - . sin2putsin pt
Iy =cos |z —€| / ——ﬁ—t?——ﬂ—-dt-i-smp“x—fl / SMZPTIREE 44,

2
lz~¢] lz—¢|
Here
R . 2 .
sinZutsmppt
— =,
l=—¢|
. R b R b
in ot .t ) . vitcos gt .
= / sin2pt§n—g%2c—y‘—dt+z / 51n2yts——k—t2—m‘—dt=:lgl+zl-22
lz—¢| lz—€l
and
T s 2ute t
2ut cos y,
sin2utcosppt 4,
$2
lz—¢]
R R byt
2ut . singptshyy
= / SH;Z# cos pptchyptdt —: / sm:Zuti—Qit——i—d =: Iy —1l94.
|z—£] lz—¢|

Using the estimates of I, I12 and Ij4 we obtain

or=¢.chi,R |vg|chivp R
Iy =0 2 Ly=0(1)
21=0(1) PRyiE 220=0(1) PR
pl-e. - W R
~chvp R Qp Chvg
Iy =0(1)——————, Iy =001)%—7-—+—.
23 () Py 24=0(1) PRy
Hence
—€
(42) , [2_0(1)___CE;1&5

£le
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Investigate now

R
sin2utsinpp(t— |z — fl)
3

I3:=

lz—¢]
Obviously
R

R
sin2putsin pt ) sin2ut cos gt
Ig=cospuglz —¢| / ——t-3————dt—sm,uk|:1:—{| ——t:s—kdt.

lz—¢| lz—¢|

Here

R
sin2utsinput
/ —”-t-s—“—dt=

l=—¢l

f sin 2ut SanLtChVLtdt f sin2ut shyitcos gt
t t2 t t2

|lz—¢| l=—¢|

and

R

dt=:1I31+1l39

sin2utcos ut
__/‘L_t:}_'u_k_dt —

lz—¢]
R 5 R .
= / smaut cos gptchyptdt—1 / sin2ut, Smekt;hyktdt=:I33—iI34.
t t t
jz—¢| lz—¢|
Using the estimates of Ig], I99 and Iy4 we obtain

ol7¢. chuR hy R
Hoop -hvet I2=0(1)#|Vklc R
lz &€ lz—¢

y-gllc_5~ch1/kR
|z -¢[°

I3 =0(1)

I33=0(1) I34=0(1)

K
lz =&’
Hence
ug “¢ch2uLR |lvp|ch2vL R
Iy=0() " ot
singg |z —&|chvp|z — €] +ishyple — €| cosgrlz — €
0(1)u< klz =&l chvyl IL—él klz — &l cos oy |>
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u(op ™" +|vgl)ch2u R
lz —¢|° ’

u-gi_e- ch2v.R

O e

=0(1)

i.e.
w(l+ g,lc_f)ch3z/kR

(43) I3=0(1) T

From (40)—(43) we obtain

l-¢
1 1+4g; :
(44)  i=0(1) [ —+—2E_) chanR,  (0<ox<2p).
poolz—¢
Now investigate the case 0 <2y < pi.. Integrating by parts we get
R
t
* sinzut .
vi= | [ simur—le-e)dr -
l2=¢] t=lz—¢|
¢ 4 /in?
. sin® pt
- / / sinpp(r—lz—€)dr E( 3 )dtz
lz—€l Nz—¢l
_ sin? ulz — €| sin®pRcospup(R— |a:—§|)+
pelz =€ pi R
1 f in2ut  2sin® ut
sm2ut  2sin”pu
+ﬁ / cospk(t—lx—ﬂ)-(,u 2 T3 )dt.
lz—¢|
Using the trivial estimates we obtain
2—¢
* : B .
45 ¥ =0(1)———— - chyR, (0<2u< o).
(42 = O e
The Lemma 4 is proved. ' ]

LEMMA 5 ([8], Lemma 1): If o > —% then

sup Z u%(z:) <cvb—a.

.’E)Oasksb
Let us prove the Proposition 2. First we prove that (analogously to
(14)) ,
o0
(46)  supsup > |(upswny ) — (ks 0xJur(e)| lug(y)] < oo,

Il>0 ek k=1



178 " S.SZABO, M. B. TAHIR

uniformly in y on G.
We know the Titchmarsh-formula
(47)
up(z +1)+ug(z—1)
2

T+t

=uk(z)cosukt+i / (€ up(€)-sinpp(t—|z—E])dE.
-t )

Using (47) we obtain

Z‘<uk»wR0> #79/.)“1. I)‘ lup(y) <

z+R

(48) SZ##H’ Sro | [ ateru(enide]| |-+
k=1 z—-R

A)

R _
: 9
2 sinpt’
+§ SRy —M/< = ) cospptdt —b(u, o) | |- llukll poo (i) - lur ()l

Using Lemma 3, Lemma 1 and Lemma 5 we obtain

x 9

R ,
: 2
2 sin ut
(49) > 1SR, ;;/( t#) cos pptdt —6(p, o)
0

k=1

1
il poor 1 —0(1)—r-
”uL”L (K) luk(y)l ( )#3/4

Using Lemma 4, Lemma 1 and Lemma 5 we obtain

oo . z+R 1
(50) Z 1 SRy /q(é)uk(é)*r;dé Jug(y)| =0(1)pt e,
oy M Ja ,

where 0 < &< 1 is an arbitrary number. Hence from (48)—(50) follows (46).
The proof of the Proposition 2 can be finished as in 2.
c¢) We prove the following statement

THEOREM 3: If fe LNG), f'(t)(1+t2) e LY(G), }'i_mfzo, then for any
(oo} .
compact interval K C G and for any sufficiently small R>0 we have

: 1
up [Fy( )= Ryl £,2)| =0 (;) |
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For the proof we need a Lemma.
LEMMA 6: If @ > —1 then

2
9
: _
S| [u@rda | <B4, <o <m <o)
a<k<b \z, @ '

ProoOF. By the Mehler-formula

O (e . exp{—(m+y)1—_:-_-z} JQ(QZJIEE)
nzzoes, ) (@)@ ()27 = ) e

where |z] <1 and J, is the Bessel-function. From this

1 exp{—(x+y)1—§7} Jo (?z@) 1
| -

l1-2 (iyayz)  2k+1
I‘ .

where I'=5(0,r), r <1. Taken r — 10, i.e. z=¢"?, we obtain

Falcnty) s(oomik)
ig

(@), ypla)
Zk (I)ek (y)—'g 1—ei9° (Z\/'_)ae"?j eik?d¢

£ 2)e) () =

dz,

0
From this

2 2 +Ee" Tf )(2)-yf -y e T 60t =

9 2
27"exp{—i£'.2t£ctg§§-}
1 ' ﬂ+l ﬂ+1 zy -—i(k+a)
= : . Z. z - 2/Pdo.
2m'°f/ 1—e R Gy S A 4w
0

Hence

(51) Z (,/tzﬂuk(m)dx>2=4wila_l 7jjexp{—i:§:ctg j20'}
0 d

1 1 . .
NSAs BOCa B (_ i )e—'%sp—! 2,81
Sln;

R 2
sin 329-

where d >0, t>0. In what follows we use many times the formulas of
Szegd’s book [9]. We have

2 !
[xa+%e—%-e§ca)(12)] —
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2 3
<a+%)xa—%e—%e§')x2 2ot 3em w @)~ 2ke 1T A0 (52,

From this we get

(52)/ a+d ——re("“)( Z)dx—(a-{- >

Iy o+ =Tl (12 do - L [t he -4l 2)]t
2k £ 2VE £

Investigate the case t > d, where d > 0 is an arbitrary fixed number. Then
we have from (52)

t ) 2
(53) > ( / x“+%e-£~§eg“’(x2)dz) <
d

t

(“‘%)2 a3~ o)
Sem—=rtm > /7: 7 'Té (z%)dz | +

If x>d >0 where di is an arbitrary fixed number then the result of Lemma
1 can be extended for o > —1 (see: [10]), further following the calculation
in [10] we see that it can be extended for every a € R. The definition of

Lia) for o < ~1 (see: [9], p-111). The formula (51) also holds for every
a €R. Hence :

2 t\ 2
-1 _z 1)
(54) Y ([ 3T V(e Q)J ) <cvb—a.
a<k<b d
Applying (51) with f=—1 and a~1 we obtain

2

1
S ferterine >dx) <

a<k<b d
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1 Ty sin—.z——cp’
Ja—-l( sin%)‘. E dzdyde.

Since -4 > ¢ > 0 therefore using the estimate of J,_; ([11], p.168, (6))

sin 55—

we get 4
t ) 2
(55) Z /za_‘%e %—fa 1)(z2)dx <
a<k<b \y
2r ¢ tSinb—Eﬁcpl L1
Sc///—gﬁ—-;'—dmdydgo<C\/H(logt
0 dd

Similarly, with /=1 and a—1, we have

: . - .

(56) Z /a:a+’-1-’e_zT€(,a_1)(a:2)dz
a<k<b d

2r t t

sin 5%
/// 3—2— ‘ .tyd:cdydcpchb—-at4.

From (53)—(56) we obtain

2

¢ 2

(57) Z /uk(x)dz <ec

a§k<b d

b—a
4,

Now investigate the case 0<t<d. We estimate directly using the asymptotic
(a), 9 C e . <t< <_
formulas for L), ’(z“). We distinguish two cases: a) = 7S t<d,b)0<t 7
a) It is known ([9], Theorem 8.22.4)
a I‘(k +a+1)
k!

where N = k—{—%*'—l-, <z <w, w is an arbitrary constant. From (58) we
get

(58) e I (@)=N" Ja{‘)(Nx)?}-{—x?fO( K- %),

(59) 6—%:.’1:‘”%‘135:’)(:1;2): (k+a+1) 2Ja{2V Nz} +2%0 (k% :3;),
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2
Co d
Therefore the error term of Y { [up(z)dz | is
alk<h

2

. d
(60) Y k—%.k%—%./x?’dx <c Y k_%SC\/E—ﬁﬁcvb_a.
a<k<h v a<k<b Vab a

It is known ([11], p.168, (6))

5 (=1 4. |Tmz]
Jy(Z): ;{ch03[4—§<lf k+ )}_*—O(ezn )},
Jj=0

j 2 L
where Ag=1, 4;=[] {4”——%2{:1—)—] ,2#0, |argz| < 7. Using this we have
l

jﬁJa{zﬁm}dz=ﬁ (cos[ /Vz:—z(a+l)]+
ijivxcos[zx/ﬁx—g(a—l)}+0() )d:r,.

Integrating by part

ron e o2 ac- e
t

+

* 2dvVN
sin —z(a- dinlovNe—z (a—1
Csin[2VNi=F(a=3)] ;  fein[2vEe—f(a—})]
2tVN +2\/]vt/ ", dz O(I)J_ﬁ
Hence
; | sin |2V Nd -2 {a 1
61 [Vasa{aVNelda= [ 2Vfi.1§3§4+ 5]

t
sin [Zﬁt—g— (a+%)}
- 2/ N3/4

From (59), (60), (61) we obtain

1
O(l)——t-N =0(1 )N3/4

2

d
(62) > (/um)dz) D R
t

a<k<b ask<b
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where ﬁ- <t<w.
b) It is known ([9], Theorem 8.22.4)

aﬂk+a+1)
k!
where N =k + ¢3= atl 0<z< - From (63) we get

(63) ¢ 3zFL((a)=N" Ja{z'(Nx)%}+:c%+20(k“),

(64) e T2t 102 = N-%Lfl_)\/;h(z\/m)ﬂﬂ%ow“).
: 2
VE
Therefore the error term of Y [ up(z)dz | is
a<k<b | t
c 2
i b
(65) % ke / peride | <o Yoo
a<L<b / ¢
It is known ([11}, p.170) J,(2) < 12—6% if z — 0. Using this we have
C o]
VE

(66) VzJa{2V/Nz}dz = N¥etidz= 0()—57-
R R —
From (64), (65), (66) we obtain
. ) )

F b
(67) > /uk(:z:)d:c <2<
a<k<b \ ¥ “
From (62) and (67) we obtain
J 2
(68) 3 /uk(x)d:c < Yooa
a<k<b \7 4

where 0 <t < d. From (57) and (68) the Lemma 6 follows.
.Let us prove the Theorem 3. Let I be an arbitrary fixed compact
interval K C G, Ry>0, f0 < R< Ry, z€ K, y€ G. Count the Fourier—
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coefficients of the function w(z +-) according to the system {uj}

R
. 2
1 sin ut
(uk’w)zy—r ( : ) (up(z+1t)+up(z—1))dt.
0
Using (47)
2 7 t 2 7 t
(up,w) =ug(z) L/<Smu> cospptdt+— (smu )
ks s
0 0
z+t
5 [ a©u(©) sinu(e— o) dede =
z -t

s+ R
—um)b(u,gu—uk(zﬂR(u,gm—-— / (Eup(Ept de,

.L'—‘

o0 2
32 sin
Inp(p.ok) /( . ) cospuptdt.
,u7r
R

where

Hence

waty)= 3 ula) uk<y>(1 ) S wel@)us (o) T o)+

0r<2u k=1
o z+ R
Z/—; / q(E)up(E)7h dé-up(y)
k=177, R

where the equality is in L2(G)—convergence in y. Applying SR, operator
we obtain

(69)  Spylwa+y)]= Y up(@)ug(y)(1-EE
ol = 3wt (1-52) -
z+R

—Zukmuuy)sRO[IRw o+ Z Sk, / g(Our(O)7Ede | urly)

k=1 x—R
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where the equality is in L?(G)-convergence in y. From (49) and (50) we
have that in (69) the equality is true in the usual sense also. In (69)
multiplying by f(y) both sides and integrating on G we obtain

) [Smlurilitd= Y ue) (1—-;15) -
0

o <2p

—Zuk(a:) /f(y)w(y dy-SpylIp(p, er)l+

k=1
1 &1 R
— —S8 Ju rd 1)u
+/‘mk§=:1/~‘k Ry I_/Rq(€ k(&) d€ /f(./) k().
Integrating by parts
y 0 o0 Yy
/ Fyug(y)dy= {f(y ) [ } - / £ [urdrdy=
0 0

Il
0\8 o

Y
'ty /uk (r)drdy.
0
Using Lemma 3, Lemma 1 and Lemma 6 we obtain

3 ue) / Fur(v)dy- Syl Tl 0] <

1 1 !
+ dy<
llugll oo i) <1+(‘7,u ok )? 1+9%~) ’

c7lf’(y)l;2 /y up(r)dr|
0 k=119

} !
[ee} 00 s 00 y 2 ~
C ¢ R
<< firwh| Y tuliew | | X |fuiar] | avs
= k:
0 [2us gpl<1 2 ggl<1 0

/ uwZ( Y |ukn%m(m) -

1<glC <l+1
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” 9
/ (r)dr
0

<< 0/ A1 +y2)dy.

1
2

1 1
A dy <
<1+l2+ 1+(2,u—1)2) v=

le.

(71

S i) / Fuk(s), G- ST 20 = 0(1) / F @I +D)dy.

k=1

Now we estimate the other sum. Using Lemma 4, Lemma 1 and Lemma 6
we obtain

00 z+R

Z%SRO /Q(E)UL(§ Yrdé /f(y up(y)dy| <

k=1 z—R
z+ Ry I ( y
c q(é)] 1
h . ﬂedé /lf( TL”uL”L (KRy)" /Uk(T)dT dy+
x Ry 1<gk<7;¢ 0
z+Ry ¢ ) y
+E / la( )lg d¢- /If (¥l ~lukll poo(x g ) /uk("')d"' dy+
- ¢ k 1 &k 0
.'l: Ry 1<g;<2u 0
.’l:+R0 Yy
v2 [ g / L e TN P / (r)drdy|<
_RO gk>7p
C
S—/lf'(y Z?( ) ”"k”LOO(AR ))
H 0 =1 I<gp<i+1
Yy 2 % o]
1
/uk (r)dr dy+-— /|f (vl /1 €. z 2
1<Qk<l+1 0 1=2p
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2\
) dy<

C / 2 2# ].
<< 0/ PN S e+ / PO+ 3 S

1=2p

¥

1
2
.
{2 ey ] | X |/
ISQkSI-f—l I<0L<1+1
o0

uk(r)dr)

0 -

<< 0/ @Iy

where we choose € such that 1 >¢> ;1{ Hence

z+R o
(72) —Z SRO [/ (§u( E)def} /f Yup(y)dy =
z—R
=0(1)& 0/ F I +2)dy.
Obviously
/ Spylw(z+y)]f(y)dy =
0
= [ (Smyfute + )l -u(e +9)) f)dy+ [w(e+1)f)dv.
0 0
Hence

/ (SRO[w(:c-i-y)]) —w(z +y)fly)dy=

0
oo

¥
[ [ (sroluta+ - w(z+r))drf(y)} -
0

0
¥

ff,(y)/ SRyl w(z+r)]—w(z+r)) drdy=
0 0
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o y
:_/f’(y)./(SRO[’UJ(1'+T)]—-UJ(1'+T)) drdy.
0 0

Taking into account of (16) we obtain

! (Saalus(e+) - w(z +3)) ) dy=0(); 0/ #wlav.
Hence ‘
R 00 . o's}
(13) [ el +ulit)dy= [wle+it)dv+ 0wy [1Fwlay
0 0 0

From the definition of w(z +y), (71), (72), (73) and (70) the Theorem

follows.
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1. Introduction

The theory of bilinear systems proves to be a natural extension of the
linear system theory and plays a more and more significant role in dealing
with complicated models beyond the scope of the linear theory. A great
development has been obtained in studying linear systems; we mention
the description of the structure of systems, controllability, observability,
constructibility theories, optimal control and their applications. Many
efficient and beautiful principles are used as the rank conditions of Kalman
for the controllability and observability, the optimal control principle of
Pontriagin, the duality principle etc., see [1], [2].

However, linear systems are not general enough for the description
of several phenomena in natural sciences; they can be investigated by
nonlinear systems. In recent years many efforts have been made in order
to transform the linear theory to the case of nonlinear systems. It presents
several difficulties and needs the application of recently elaborated mathe-
matical tools. The intermediate step between linear and general nonlinear
systems is a class of dynamical systems, namely the bilinear systems. It is
an area in active development, whose results are applied e.g. in directing
rockets, in biology, in the problems of environment protection etc.

As in the case of linear systems, many problems arise here, as the struc-
ture of the system, controllability, observability, constructibility, optimal
control and their applications in concrete problems. The first step is the
study of the properties of the systems (controllability, observability); the
present paper is a contribution to this part of the theory. The paper is
the description of the reachability sets and the controllability properties of
bilinear systems defined on a state space e.g. on a differentiable manifold,
finite dimensional vector space, infinite dimensional Banach space or on a
Lie group. Fundamental results are known in describing reachability sets
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of systems defined on finite dimensional vector space or finite dimensional
smooth manifolds by the aid of differential geometry, algebra, analysis and
functional analysis. However these results are still too “general”, far from
the nice rank criteria of Kalman in the linear theory.

Our plan is to get nice and more practical controllability criteria and
to describe the reachability sets for some special bilinear systems in order
to make the applications easier.

In what follows we intend to give a (necessarily incomplete) list of
known results in controllability theory. Introduce the following systems

(1) #(t) = Ax(t) + N(2(t)), u(t)) + Bu().

Here 0 <t< oo and z(t) € X, u(t) €U, v(t) € V for all t >0, where X,
U and V are fixed Banach spaces. Further

A: X=X B:V=X

are bounded linear operators. ‘
. N:XxU—-X

is a bounded bilinear operator. Now X is called the state space, U and
V are the spaces of the values of controls. We assume that the control

functions u(t), v(t) are locally Bochner integrable, or equivalently that
u(t), v(t) are strongly measurable and

@il ety € LF([0,00)),

see HILLE, PHILLIPS [25], 3.7. By a solution z(t) of (1) we mean a locally
absolutely continuous function satisfying (1) for almost with ¢ > 0. If we
require that u(t), v(¢) be piecewise continuous control functions then (1)
must hold in every continuity point. It is known (KREIN [26] I1.2.1. 11.3.2.)
that for any given initial condition z(0)=zg€ X the system (1) has unique
solution which will be denoted by z(¢,z¢,u,v). Introduce the reachability
sets

Ry(zg):={z(t,z0,u,v): u(t), v(t) are control functions}
R(zg) := | J Re(zo).
>0

Consider now the special case of (1) where B=0 and X, U, V are finite
dimensional spaces.

In this case (1) can be rewritten as

(2) z(t)= (A+Zui(t)3i> z(1),
=1

here X =R", U =R™, A, B; ¢ R"*". The control functions u;(t) are
supposed to be piecewise continuous and the right and left limits exist
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in the discontinuity points. In this case the structure of the reachability
set Ry(x) is described in the works of H. J. SUSSMANN, V. JURDJEVIC,
R. M. HIRSCHORN, J. KUCERA and R. W. BROCKETT. Here we mention
only some basic facts. First introduce some notions. For two matrices A,
B € R™*™ introduce their Lie product

[A,B]:=AB-BA
A subset of R®*" is called Lie algebra if it is a linear subspace closed for
the action of taking Lie products. The Lie algebra generated by the subset
N CR™ " is the smallest Lie algebra containing /', we denote it by {¥}1,5.
N1 CH is called ideal in ¥ if Ny €Ny, N €N imply [N,Nj]eN] N1, N
are Lie algebras). For a Lie algebra /' C R™*” let :

N = {eNleNZ...eNP ip>1, N;eN (i=1,...,p)}.
The following Lie algebras will be characteristic to the system (2) ‘
2 = {A’Bl,. . .,Bm}LA
B:={By,...,Bm}La
Lo:={ad’B;:i=1,...,m; k=0,1,...}p4
where '
ad"B;:=B;, ad\B;:=[A,B;], ad‘B;:= [A,ad’j;lB,-] .
Then X is the ideal generated by By,..., Bny, in £. We know
THEOREM A. ([8] Theorem 4.5) Let z € R"\ {0} and t >0, then for
the system (2)
1. Ry(z) C eftefos
2. Ri(z) has nonempty interior in eAtefog,
THEOREM B. ([16] Theorem 3.6) Take the additional assumption that
(£0,8)(c) = {(L, Ble : L €%y, Be B} C H(z).
Then
Rt(a:)zeAte‘fO:t for all t>0.
THEOREM C. ([13], Theorem 2.5) Suppose that A=0 in (2), ie.
m
#(t)= > ui(t)B;z(t). Then

=
1. There exists 0 <t < oo with Rt(z)=R(z)_—=e$0x for all z e R™\ {0}.
2. The system is controllable in R™\ {0}, i.e.
R(z)=R"\{0} forall z€R"\{0}, ifand onlyif
Lo(z)=R" forall zeR"\{0}.
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In 2. below we investigate the controllability of the system (1) with
finite dimensional state space and control spaces, namely

(3) z(t)= (A-{-Zu,'(t)Bi) x(i)+Zvj(t)dj
1=1 j=1

here 4, By, ..., Bn € R"*", dy,...,dreR", d; #0.

Using the extension techniques created by V. JURDIEVIC, I. KUPKA
and G. SALLET [28]-[31] we manage to describe the reachability set of
(3) from the origin (Theorem 1). Then we give necessary and sufficient
controllability conditions for the system (3). Our result of this type
presents the direct generalization of the following known result:

THEOREM D. ([1], 2.3, p.36) The system
¢
2(t)=Az(t) =D vj(t)d;
1=1
is completely controllable in R™ if and only if
rank[D,AD,..., A" 1D]=n
where D :=[dy,...,dy].

In the 3. we study the controllability and the accessibility of the system
(2). Here we give necessary and sufficient conditions for the controllability
and for the strong accessibility of some special systems (Theorems 4, 5).
The conditions given here depend only on the coefficients of the system,
and they are easily checked. Then some examples are given, too.

In the 4. we apply the results obtained in 2. and 3. to investigate the

controllability of linear systems with output feedback. This explains why
the case rank B; =1, t=1,2,...,m, considered in 3., is interesting.

2. The general case (d; #0)

Consider the system
(3) o(t) = (A+ Zu,(t)B,-) z(t)+ Y _vi(t)d;,
i=1 j=1

here A, B1,...,Bm € R"*™, dj,...,dr € R" and the control functions u(t)=
= (uy(t),...,um(t)), v(t)=(vi(t),...,vr(t)) are piecewise continuous. This
means that for every 0 <7 < oo there exists a finite decomposition of (0,T)
into disjoint. intervals, on every of which u(t) and v(t) are continuous. The
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equation (3) holds for all ¢+ >0 except for the discontinuity points of the
control functions.

As usual, consider the folloWing polysystem corresponding to (3)

m r
(4) i(t)= A+ _ui)Bi+ > _vi()D; | z(t)

1=1 =1
where A, E,, ﬁ are vector fields on R™ defined by A(z)= Az, B;(z)=B;z,
D; j(z)=dj, 1=1,...,m; j=1,...,r. Here Dj is a constant vector field
correspondmg to d

It is clear that the solutions of (3) and (4) are the same.
Introduce the following notations:

£:={4,B1,....Bm,D1,....Dr}1A
£y:={ad%G; : G; € {By,...,Bm,D1,..., Dr}, k=0,1,...}1a
E:={abop; 4% B AMd; k=01, 5=0,1,...,1;
1=0,1,...5 i1,...,51€{1,...,m}, 7€ {1,...,r}}.
Denote E the set of the constant vector fields corresponding to all vectors

of E; Vi (resp. V) the linear hull generated by E (resp. E).
REMARK: 1. £g is the ideal generated by By, ...,Bm,D1,...,Dr in &£.
2. From the definition of the Lie bracket of two vector fields f, g on

R":
(fal(e) = 2L g(z) - 90 g

(sometimes may be defined with the opposite s1gn) we have
[G,D)(z)=Gd and [D,F)(z)=0 forall zeR"

if G(z) =Gz, D(z)=d, F(z)=f, d, fER".

We need the following result:

LeMMA 1. ([8], Corollaries 4.6 and 4.7) For the system (4)

(a) R(z) has nonempty interior in R™ if and only if dim&£(z)=dim{Lz:
Lel}=n,

(b) Ry(z) has nonempty interior in R"™ for all t >0 if and only if
dim£y(z)=n.

LEMMA 2. For the system (4), £(0)=£y(0)=VEg.

PROOF. (a) In the first step we show that

£ = {CZ-}-L():CER, Ly En'f()}.
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Denote # the set on the right. The inclusion # C£ is obvious and 4, B;,
Djedt. Hence H =& will follow if ¥ is a Lie algebra. The linearity of #
is obvious and

¢+ Lo, A+ L) = cfA, L] ~ [, Lo} + (Lo, L§)

and the right hand side belongs to £ since £y is an ideal in £. Since we
did not prove the ideal property, we give a short proof of the fact that

Ly e implies [4,Lg] €£y. Denote ifo ={Loe¥y:[A,Ly)€£y}. Then ¥
contains all generating elements adk G, of £y, and it is Lie algebra, too,
since by the Jacobi identity

“L07 I] _J = {LOa[LI ’Z]] + [Lé)’[z’ LO” €£y.

Hence .Yio =X as we asserted.

From here the ideal property of £ follows at once. Indeed, let £1={L€&
€£L:[L, Lyl €¥ for all Lye£y}. This is a Lie algebra (by the above used

Jacobi identity) and contains all generating elements of £ (in particular A
by the above proof). Consequently £; =&, hence £ is ideal in £.

(b) £Lo(0)=£(0) C Vg.
By the remark 2), every element of £y(z) is the finite sum of members
cakoB; Ak . B; Ahis
or
cAbop; a*1.. B; ARid;.
Replacing z =0, for L eﬁfo
LO)=Y .. AF0B; A¥1. B, ARd; e Vg
i.e. £9(0) C Vg. By the point (a) for LEZ, L=cA+ Ly we have L(0) =
= Lo(0) € Vg hence £(0) C V.
(c) Vi C£o(0).

By the linearity of £ it is enough to show that E C&£((0). From the
point 2) of the remark we have for all z € R?

Akdj = ad%ﬁj(l‘) (S efo(r)
B,’Akdj = {?i,adﬁiﬁj](l‘) eLy(z).
We have seen in (a) that £ is ideal in &£. Hence
. k k1
A*B;A*1d; = ad Padp ad 2 Dj(z) € £o(c)
and by a simple induction we obtain finally

k )
AkOBilAkl .. 'BilA Idj Eéf()(:c)
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hence E C£y(z) for all z € R", specially E C£((0). From (b) and (c) the
statement of Lemma 2 follows.

COROLLARY. (through Lemma 1) For the system (4) the statements
below are equivalent:

(a) R(0) has nonempty interior in R*

(b) R¢(0) has nonempty interior in R" for all t >0

(c) dimVg =n.

The following theorem is based on an assertion of R. W. BROCKETT
(see [23], Theorem 4 of 2.1). But his proof is rather sketchy, given

from engineer’s point of view. Here, using the enlargements technique
of V. JURDIEVIC and I. KUPKA we present a “mathematical” proof.

THEOREM 1. For the system (3) the réachability set at time t from
the origin is the linear subspace generated by the set E, i.e. R(0)=Vg
for all ¢ > 0.

First we introduce the enlargements technique (for deta,xls see [28]-{31}).

Enlargement technique (in our case).

Now we consider only the system (3) with the control class 2 of all
piecewise constant functions on [0,00). Rather than working with (3) it
will be convenient to work with an equivalent family of vector fields

g .= A-}—Zu ;B; +Zv1D (Ugy. .oy Umy],...,vr) ERMTT
i=1
For F €  denote exp(tF)a: the solution of
B(t) = Fa(t)

{co:
As usual we denote : :
Ag(t,x):= {exp(t1 F1)exp(t2 F2)...exp(tpFp)z: F,..., Fp€F,

20, ti+..+tp=t, p=1,2,.},
the accessibility set of # at time t from the state z.
g(tr)= |J A4g(s2).
0<s<t

We see that the accessibility sets of F and the reachability sets of (3)
(with P) are the same.

DEFINITION: Let ¥; and %9 be families of vector fields on R™. We say
that ¥ and %9 are equivalent, written ¥ ~ Fq, if

clAg (t,z)=clAg,(t,z) forall z€R" andall ¢>0.
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If we denote Sat(¥):=U{F : F ~ F} then Sat(F)~F. We use L(F)
to denote the Lie algebra generated by ¥. The Lie saturate of #, LS(¥):=
=Sat(F)NL(F) will play an important role in our technique to determine
the transitivity of a given system (see below). We say that a diffeomor-
phism ®:R" —R" is a normalizer of a polysystem ¥ (i.e. a family of vector
fields) if

o (clAg(t,@_l(x))) CclAg(t,e) for all z€R™ and all t>0.

LEMMA 3. ([30])
1. & is a normalizer of § if both ®(z) € clAg(t,z) and ®~1(z) e
€clAg(t,z) for all z e R™ and all t >0

2. Let Norm(¥):= {® € Diff (R®): ® is a normalizer of ¥} and for a
vector fleld F' and a diffeomorphism ¢ let

d -1
O F(z):= a—;@ (exp(tF)@ (a:)) L=0
If & is any polysystem, then U {®,F . FeF}~ 7.
&ecNorm (&)

3. If ¥ is any smooth polysystem, then ¥ is equivalent to the closed
convex hull generated by {A\F:0<A<1, F€&}. The closure is taken in
the C® topology on compact subsets of R™.

The technique to prove the transitivity is based on the following state-
ment: A polysystem & is transitive (i.e. Ag(t,z)=R" for all z € R" and
all t >0) if LS(F)(z) =R" for all z € R™. (see [28]-[31]).

Now we return to our problem. First we prove a simple lemma.

LEMMA 4. For the system (3) (with ?) or for the family

m r
F= Z-{—Zuiﬁi-{—Z'vjﬁj:(u,v)ERn'” ,
i=1 Jj=1
Ag(t,0)=Ag(t,0) forall t>0.

PROOF. It is obvious that Ag(t,0) C Az(t,0). Now let z € Ag(t,0).
Then there exist 0<s<t, ;>0,1=1,...,p, s1+...+sp=s and F1,..., Fp€
€ F such that = =(expsiF])...(expspFp)(0). Let spp1 =t—s and let
Fyi1=Ac, then exp(sp41F,41)(0)=0. So z=(exps1F1)...(expspFp)-
-(expspt1Fp+1)(0) and since $1+...+sp+spp1 =s+t—s=t, z€ Ag(t,0),
hence Ag(t,0) C Ag(t,0). 1

THE PROOF OF THE THEOREM 1. We use & to denote the family
in Lemma 4. We have only to show that Ag(¢,0)= Vg for all ¢ > 0.
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Indeed by the Lemma 4 Ag(¢,0)=Vg for all t >0. From the relation
R;(0)=Ag(t,0) = Vg we obtain the Theorem.

(a) Vz CLS(F). We have seen in the proof of the Lemma 2 that if
d=4kB; ...B;AMld; € E, then D(z)=d, D€ E and D=ad'Padp, ..
i
adéi, adf{—D—j €£(%), hence V; CL(F). By induction on ig=ko+...k; +1
we can show that AD € Sat(%) for all AeR.
For ig=0, /\_D_j=nl_i_’ngo%(z+ AnD;), but A+ AnD; €% and by Lemma
3, point 3., /\D_j € Sat(¥). Similarly B; € Sat(F).

Assume that for <iy—1 our assertion is true. If ky#0 let G=4,if
ko=0let G=B; , then AD=adg(AF) where AF €Sat(F) by the induction
assumption. We have for ¢t >0

:f:-i-/\F € Sat (%) (induction assumption)
hence
expt (:i:%AF) 2 € Agyy (9) (1) C clAgyy (5)(th 2)-
Since clAg,y (g)(t,2) =clAg(t,z) we obtain
exp(AF)z € clAg(t,z)
(exp(VF)) "'z € clAg(t,2)

for all z € R™ and all ¢t >0. By Lemma 3, point 1., exp(AF) € Norm(g)
By the point 2. of this Lemma

(exp A\F).G € U {®,V:V €SatF} ~SatF~F.
deNorm (Sat (¥))

(Here we use the fact that Norm(%) = Norm(Sat(%)), so (expAF) €
€ Norm (Sat(¥).)

Now

—_ = d — — —
(expAF)«G(z)= a—t-'t_o(exp AF)(exptG)(exp /\F)_lx =

- ﬁ'tzo{e’G(w— Af)+Af}=Ge—AGf =
=G(z) - AD(z) = (G- \D)(2).

(Here G(z) =Gz, F(z)=f.) Hence G—-)\D = (expif)*a—e Sat &, for all
A. Using the point 3. of the Lemma 3 we obtain AD € Sat#. Since Sat ¥

is convex, VE C Sat% and hence VE-, C LS(#).
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(b) clAg(t,0)=Vg for all t > 0.
Let d:AkUB,-1 ...B,-lAkldj, then d= (expt-%f)—) (0) hence de AVE (t,0)

k . —
for all t>0. If d € Vi, then d= Z Xifiy f;€E, and f; = (expt.%Fi) (0).

Let D= — z X;iF;, then d = (exptD)(0) € AV (t,0) for all t>0. We have
AV_ (t,0) D VE From this and from V; CLS(¥), we obtain

ALg(g)(t,O) o Ve forall ¢>0.

Hence
clAg(,0)D Vg for all t>0.

On the other hand, Ag(¢,0) C Vg and Vg is a finite dimensional closed
subspace in R", clAg(¢,0) = Vg for all £ > 0. ,

(c) Ag(t,0)=VEg.

We show that Vg is F-invariant, i.e. Ag(t,z)C Vg for all ¢ >0 and all
T € VE"

Assume indirectly that there is € Vg and s>0 such that Ag(s,z)ZVEg,
i.e. there is y € Ag(s,z) and y ¢ Vg. Let y=(expt1F1)...(exptpFp)z
for some F; €%, t;>0, > t; <s. Since z € Vg =clAg(t,0) (for all t >
> 0), there is a series (zn) C Ag(¢,0) and zn — z as n—oo. Let yn =
—(exptlFl) .(exptpFp)zn, then yn EAg(t-f—s 0) and since zp —z, yn — Yy
as n — 00, l.e. y€clAg(t+s,0)=Vg, in contradiction with a.ssumptlon
that y ¢ VE We obtain that Vg is F-invariant.

With this fact we can consider only the restriction of ¥ to Vg. By
Lemma 1, or more exactly, by Theorem 3.1 in [8] (Here M =Vg, D=9,
F(D)=<£L, Lz(D,t)=Ag(t,z)), since £(0)=Vg (Lemma 2) we obtain that
for all t>0 the interior of Ag(t,0) relative to Vg is dense in Ag(¢,0) [thus,
in particular Ag(¢,0) has a nonempty interior (relative to Vg)). The same
is true for —&.

From this and from clAg(t,0) = Vg and cl(inty,Ag(t,0)) = cl Ag(¢,0)
we have

int v, Ag(t,0)( |inty,A_g(t,0)#0 forall >0

(here int y, denotes the interior in Vg).

Let z be a common point, z €inty,Ag(t/2,0), z € A_g(t/2,0). Then
there exists a trajectory z(s) of & such that z(0)=0, z(¢t)=0, = (%) =z€
€ int VEAg(t/?,O). Here we can apply the maximum principle to show
that 0 € int VEAg(t,O). We can also prove this fact directly. Indeed,
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0= (exptl_F-"l)...(expthp)z; since T € inty;Ag(t/2,0) and (expt1F1)...
(exptpFp) is a homeomorphism of R” leaving Vg invariant, we get

O€inty, {(expt1F})...(exptpFp)Ag(t/2,0)} Cint vpAg(t,0).

On the other hand we observe that if ¢ is reached at time ¢ starting from
z =0 at ¢t =0 using the vector fields

m T
Fp=4A+> ufB;+> viDj, k=1...p,

then Az is reached at time ¢ starting from £ =0 at ¢t =0 using the vector

fields

m T
Fﬁ=2+zu§§;+z,\vfﬁj, k=1,....p.

By this cone property and by 0€int v, Ag(t,0) we obtain Ag(t,0)=Vp for
all t > 0. The theorem is proved. ]

THEOREM 2. For the system (3) the following statements are equiva-
lent

(i) R(z) =R™ for every z € R

(ii) Ry(z) =R™" for every z € R, t >0
(iii) Vg =R"

PROOF. First we check the case z=0.

(a) R(0)=R"<= Ry(0)=R" for all t>0<=Vg=R". From the Theorem
1, we have only to show that R(0)=R" = Vg=R". But this follows from
the Corollary of the Lemma 2.

(b) (ii)<=>(iii). Let

(5) y(t)= (A Zu;‘ t)B)y(t = vi(t)d;.

=1 j=1
If z(t) satisfies (3) then y(t):=z(T —t), 0<t < T satisfies (5) with u*(¢)=
=u(T—-t), v*(t)=v(T—t) 0<t<T and conversely. Consequently the
control (u,v) takes z=z(0) to y=z(T') if and only if (u*,v*) takes y=y(0)
to z=y(T'). now suppose Vg=R". Denote R®) resp. R®) the reachability
sets of the systems (3) resp. (5). By (a), Vg =R" implies R(/)( )=R" and
then there exists a control (u,v) with y(O) =0, y(t/2) ==, i.e. the control
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(u*,v*) takes 2(0)=z to z(¢/2)=0. On the other hand RS’%(O)=R" implies
the existence of (u’,v') taking z(0) =0 to z(¢t/2) =y. Now let
" " - (u*(s),v*(s)) 0<s< %
R o P
it takes z(0) =z to z(t) =y, hence Ry(z) =R™ for all z €R™ and ¢t > 0.
Conversely the only condition Ry(0)=R" implies Vg =R"” by (a).
(¢) (I)=(iii).
If Vg =R” then Ry(z)=R", hence R(z) =R"™. Conversely R(0)=R"
implies Vg =R" by (a).
Theorem 2 is proved. ]

REMARK. 1. Using the enlargements technique we can prove the
transitivity of the system (3) in the following way:

In the proof of the Theorem 1 we have seen that Vg C LS(¥)(z), so if
Vg =R", then LS(¥)(z)=R" for all z, and hence Ag(t,z)=R" for all t >0
and all z€R"™. The sufficient condition is proved. The necessary condition
follows from the fact that Ag(¢,0)=R"= Vg =Ag(t,0)=R".

2. The assertion in the Theorem 2 of V. JURDJEVIC and I. KUPKA
[30] that Ag(t,z) contains the affin space z + Vg is not true. From the
proof it follows only that clAg(t,z) Dz + Vg. We give a simple example.

ExaMPLE: Consider the system satisfying all conditions of the Theo-
rem 2 in [30]:
T = Az +ub.

Let A have at least two different nonzero real eigenvalues, say a and j,
and a and b be the eigenvectors corresponding to a and 3 resp. Then
Vg ={pb: p € R}. -Consider the reachability set A(t,a). Assume that
a+ Vg CA(t,a). Then for all A €R there exist u € P:

t t
a+Ab=etta+ / A=)y (s)bds = e -a+b/ =Py (s)ds
0 0
ie.
a+Xb=et at+k-b,  a(l—e*)=bk-N\).

This happens only if 1=e® and k=2 since a and b are linearly independent.
But a#0, t#0, so 1#¢e*. The assumption is contradictory.

In what follows we investigate the special case of (3) when the B; have
rank 1, i.e. B;= biclT for some 0 # b;, ¢; ER™. Denote

B.= [bl,...,bm], D= [d17---7dr]7
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T(A,B,D):=[B,AB,...,A" !, D AD,... A"!D)
(ie. BER™™ DgRMXT I'(4,B,D) eRnxn(rrH-r))_

THEOREM 3. Let

(6) i(t)= (A+Zu,-(t)b,-c,-T> z(t)+ ) _v;(t)d;

i=1 j=1
The following statements are equivalent
a) R(z)=R" for all z e R"
b) Ry(z)=R"™ for all z€R®, ¢ >0
c) (1) rankI'(A4,B,D)=n and
(ii) For any 1<i1<m there exist 1<j<r and [ 20, kgy,...,k; 20,
i1,..-,11€ {1,...,m} such that cTAkOb cTAkl b cTAkId #0.

PRrOOF. By Theorem 2, a)<=>b)<= Vg =R". It remains to show that
Vg =R™ <=c). Suppose first Vg =R" and prove c).

Since cTA Pb; o1 € R, the elements of E are Akodj or cAkOb,-l, ceR.

Here we can restrict ourselves to 0 < kg <n—1, since AkO, ko > n can be
expressed as a linear combination of lower powers by the Cayley~Hamilton

equality. So Vg is generated by the vectors AkOdJ-, Akob; 0<ky<n-~-1,
1<i<m, 1<j<r, and then Vg =R" implies (i). For any 1 <7< m there
exists g € E with c:irg #0 (otherwise ¢; L Vg =R") which implies (ii). We
proved that Vg =R" =c). To prove the converse it is enough to show by
(i) that Akodj, AFob; € V. The first inclusion is trivial, and the second
one follows from (ii) since for fixed i there exists an expression

a=clakip, b k-1 T akid;#0

12719
and hence
a- AFop; = Akop;cT ak1 b,,cTA’“ld €E.

The proof is complete. [
COROLLARIES OF THEOREMS 2 AND 3. 1. The system
m T
B(t) = (Z u,-(t)B,-> 2(t)+ Y vj(t)d;
=1 j=1
is completely controllable in R*, i.e. R(z)=R" Yz, if and only if the set
{B,'l'...Bildj:IZO, 1<j<r, 1<1y,...,5;<m}
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generates linearly the whole R™.
2. The system

m
z(t) =Z:uz t)b;c; :z:(t +Zvj(t
1=1
is completely conti‘o]]ab]e in R™ if and only 1f
a) rank(by,...,bm,dy,...,dr] =n and
b) for every 1<i<m there exist 1 <j<r and 1<1y,...,i;<m such

that

oy T, 0
c; bi cl1 b’lczzd #0.

3. The system
2(t) = (A+u(t)be? )z(t) +v(t)d
is completely controllable in R™ if and only if
a) rank[b,d, Ab, Ad,..., A" 15, A" ld]=n and
b) 31:LAld+£0.

3. The homogene'ous-in-the-staté case (d; =0V j)

Next we take a further restriction on (3) namely that A=0, and d;=0.
In this case the solution sta.rtmg from zero is identically zero, so we con51der
only R¢(z), £ #0.

THEOREM 4. For the system
m
(7) B(t)=Y  ui(t)bicl z(t)
=1

the following statements are equivalent.

1° R(z)=R"™\ {0} for every z € R™\ {0}

2° (i) rank B =rankC =n (B ={[by,...,bm], C =[cy,...,cm]) and
(ii) For every 1 <1, j <m there exist [ >0, 1 <1),...,3 <m such
that :
eFb; el . b,lc:";b #0.

PROOF. 1° ==2° By Theorem C, 1° «=¥(z)=R" Yz € R"\ {0} and
here £y is the Lie algebra generated by B;, 1 <:<m, since A=0. Any
element of £y(z) is a linear combination of members of type

T T T
biy ( ,lb,z) ( ;—’;b,s) ( T lb,k) (cik:z:> — ab;,
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hence £y(z) is linearly generated by the vectors b;, so rankB =n. By
the indirect assumption rankC < n it follows the existence of = # 0 with

c =0 for all i= and then £y(z) would be {0}, so (i) is checked. We know
.‘fo(b )=R" hence c,T.‘fO(b ) # {0} which is the statement (ii).

2°==1°. It is enough to show that every b; belongs to £y(z), z#0. For
fixed z#0, rank C=n implies the existence of ¢; with c?z;éﬂ. Consequently

bjc]Tw €Lo(z), bj ELo(z). Now take any other index i and a chain between
c,T and b; by (ii). We can suppose that [ is the minimal length possible
and use induction on I. If I=0, i.e. ¢Jb;#0, then
£0(z) 3 [bie] ,bje] e =bi(c] bj)(c] z) = bj(cT bi)(cT ).
From b; € £y(z) we have
ab; =bi(c] b;)(c] z) €£y(z),  a#0.

Now suppose that for minimal length <! we are ready and take an index
1 with a sequence (ii). As we know

Lo(z)> [b;c,r, [b- cT [ [b,‘c,l,bjc]] ]”z:

=bicT [bf, o [ouelobsel] ] o=

[b21 Ciyr- [b,lczl,bjc.7 } } b,-‘ci z=1I{~Is.

Expand the Lie brackets in Iy. If b; c is the first left member, the summand
belongs to £y (z) since b; G.‘fo(a:) If the product starts with b;, c1 , consider
only the product from b;, ¢ ki T to b, cf If it 1s nonzero then by the induction

hypothesis b;, €£((z) and then the whole member belongs to £o(z). Thus
we proved that Iy € £y(z), and then I) € £p(z). Expand the L1e brackets
in Iy; if b; c is not the last factor, then the product from b; c until bJ

must be zero (as any chain from c to b; of length <!). Hence

I =bi(e] by, (el biy) - (ch_ bi el bj)(e] 2) = abi,  a#0

so b;€£y(z). Completing the induction we obtain b;€£y(z) for all i whence
£o(z) =R"™. Theorem 4 is proved. 1

ExAMPLES. The following examples show that the conditions rank B=
=n, rankC =n and 2° (ii) of the Theorem 4 are independent of each other.

1. We consider the system (7) with m=n=2
(7) i = (u1(bre] +ua(t)bre] ) a(t).
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If we choose by =¢c1 = ((1)), bg=co= ((1)), then the system can be written as

£1(t) =u1(t)z(t)

29(t) = ug(t)za(?).
It is clear that rank B =rankC' =2 and the condition (i) is satisfied but (ii)
is not. Our system is not completely controllable on R?\ {0}, for example,
one can't steer the state ((1]) into the state (?)

2. Consider the system (7') with b = ((1)), by = ( )y c1=cg= ( ). Then

rank B = 2, the condition (ii) is satisfied, but rankC' =1. In this case the
system (7') can be written as

z1(t) =u1(t)(z1(t) +z2(t))

29(t) = ug(t)(z1(t) +22(2)).
Hence (21(t)+22(2)) = (u1(#) +u2(?))(21(t) +z2(t)). Putting y(t)==z1(t)+
+ z9(t) we have y(t) = (u1(¢) +uo(t)y(t). The reachable set from 0 for
this system is {0}. Thus if we choose (z1(0)+z2(0)) =0 then for any ¢,
z1(t)+z9(t)=0, this means that our system is not completely controllable

on R?\ {0}.
3. If in the system (7’) we take b =bg = (%), c1= (é), co= ((1)) then we
have
&1(t) = u1(t)z1(t) +ua(t)za(t)
z9(t) = u1(t)z1(t) +ua(t)z2(2).

. For this system rank C =2, the condition (ii) is satisfied, but rank B=1.
Putting y(t)=x1(t)—z9(t) we have y(t)=0. Hence y(t)=y(0)=x1(0)—z2(0).
This means that our system is not completely controllable on R2\ {0}.

Consider again the system

m

(2) i(t)= (A + Zu,-(t)B,') z(t)
i=1

with piecewise continuous controls u;(t).

DEFINITION ([19], p.18). The system (2) is strongly accessible in small
time from z #0 if for every t > 0 the reachability set R¢(z) has nonempty
interior in R™\ {0}.

THEOREM E ([8], Corollary 4.7). The system (2) is strongly accessible
in small time from z # 0 if and only if £3(z) =R"™. Here

£o:={ad%B;:i=1,...,m; k>0}pa.

We shall restrict ourselves to the case rank.B; = 1, B; = bc .
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THEOREM 5. In case B;=b; c the system (2) is strongly accessible in
small time from any ¢#0 1f a.nd on]y if the following three conditions hold

(i) rank([B,AB,...,A" 1B]=n, where B:=[by,...,bm].
(i1) rank[C,ATC',...,(A""I)TC']T=n, where C:=[cy,...,cm].
(iil) For every 1<i,j <m there exist {>1, 1<3y,...,7j_1<m and k¢ >0,
..y kj_1 20 such that

c:TFAkOb,-1 c:‘-’; A1, ..bil_lc:‘-’;_lAk‘—lbj #0.

PROOF. By Theorem E we have to show that £y(z) = R® < (i), (ii),
(iii).

a.) l‘fo(z) =R" =>(1)

Since any element of £ is a polynomla.l in the variables 4, By, ...,
Bm where there is no monomial A¥, k> 0, hence any element of .Zo(z) is

a finite sum
y=y o ARb;.

Consequently the vectors b;, Ab;,..., A" 1b;, i=1,..., m, span Lo(z) =R
whence (i) (we used the Cayley-Hamilton theorem for A).

b) £o(z)=R" Vz#0==>(ii).

The set

W:={zeR":cfA¥z=0 forall 1<i<m, 0<k<n-1}
is a subspace of R™ and W # {0} if and only if (ii) does not hold. Suppose
indirectly that there exists 0#z € W. In £ any element is a polynomial of
A, Bi,...,Bm with no monomials A% k>0, hence any monomial has the
form
Dbl AR, k>0

where D is some product of A and the B;’s. Since Db; CTA’c
Lo(z)={0} contrarily to what is supposed

c) Lo(z) =R" Vz # 0 ==(iil).

Let 1<+¢,5 <m. By £y(b;) =R" there exists L € £y with cTLb #0.
Here Lb; is a finite sum

L .. kop. I Ak1 . T gk,
Lb]—Za'lr“"l—]:ko»'"rkl—- A b‘l]c‘llA b'l[_lc‘ll_lA lb]

z=0, we get

hence there exists a summand for which
T akop; T .. ak1-1p; 0

211

whence (iii).
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d) (1), (i), (ii)==>Ly(z) =R" Vz #0.
We shall show that
A%b ely(z)  Vz#0, k>0, 1<i<m,
it implies £o(z) =R™ by (i).
From (i1) it follows the existence of 1<j<m, 0<k<n-—1 with c?Akz¢0.

We can suppose that (for fixed z) the number k is the smallest for
which there exists such an index j. Then

( £ B; )x—Z( 1) ( )A’Hb cF A%z =(=1)%b;cT Ak e £y (2)
s=0
Eéfo(:c) We can show by induction on p that APb; €£y(z). Suppose
th1s or 0,...,p—1. As we know

k+p
(“dﬁﬂ’bjc]' )e= Z( 1)’ (Hp) AMPoheT A% € £o(a).

Here the members s < & vanish since C?A":c = (0. The members s >k

belong to £o(z) because A¥+P—3 bj €£o(z) by the inductional hypothesis.
Consequently AP bjc?Ak refy(z), APb; € £y(z). Now we shall prove that
APb; e £y(z) for arbitrary other index :. Take a product of (iii) of the form

of akopy T kv by, T afi-1b; 0.

We can suppose that the length {>1 is minimal (for i, j fixed) and
that for fixed b;},...,b;,_, the number kg is minimal for which clTAkO by, #0,
., kj—9 1s minimal for which cT A I=2b;,_,

cT AR 1b; #0. Now APb; E:fo(a:) will be checked by induction on I.

H-1
dy) I=1.
This means that cTAk0b~ #0 and cTA"b- =0 (r <kp). Now

Zo(2)3 [adA jeT,ad0b;c] ]

#0, k;_ is minimal for which

ko
k
k— T r{*0 kog—ry. T 47 _
LE-O( 1) ()A *bic; A%, ,.E_O( )<T>A0 bic; AT | z=

= Z Z )"+s( ) (L;‘()) AF=sp; (c?A‘H'ko_"bi) (c,TA":c) -
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_ZZ ""3( ) (’:.0) AkoTp, (C?A’H"sbj) (C?Asz) =I1—-1.

In I; every member is a constant multiple of some AF—$ b;. hence I1€Ly(x).
In I C;[‘ASI #0 only for s=% and then c,TA"‘H"_"bJ- =c;‘-rA"bj # 0 only for
r=ky. Thus I =(—1)¥+kop;(cT A¥0b;)(cT Akz) whence b; e:fo(a:) Then

APb; € £y(z) follows by induction on p expandlng [ad" bjc; adk°+p bicT |z
just as above.
d2) {>1.

Suppose that the statement is proved for 1,...,{—1. Consider the prod-
uct of (ili) with the above listed minimality properties. Its subproducts
are also nonvanishing

TAk’b

by el AFhi 20

(RS U B g

i.e. the chain between c and b; is shorter than I. By the induction
hypothesis

A”b,-se.fo(z) s=1,...,l—-1;, p=>0.
Consider the following element of £y(z):

[ad 0p;c] ,[ad T, [ad" Ty, f adkb-cT]...Hz=

=adA°b,'c' [ad b,lczl, [ade lb'l—lcil 1,adAb c; ] ]a:—-

2117

[ad b; cF [ad bi,_, € l,adAbijTJ JadAbc r=:I3—-14.

In I we expand all Lie brackets and expressions ad* % we get a sum of
products and each product begins with some A®b;, or 4°b;. Since these
belong to Lo(z), we get Iy € £o(z). Now expand the written Lie brackets
in I3. If there exists a bracket where we take the opposite ordered product

of the components, we get chains between c and b; of length <! which
are all zero. Consequently

k k k
Iy=ad) (b,-c,T) ad (b,lcll) .ad I-1 (b,l__lcg;_l) adﬁ (bjc;[) z€
Ego(a:).
Finally expand all expressions adﬁ’, adf‘l, we get a sum of products where

the total A-power is Akot+k_g+k Using the minimality property of
kg,...,kj_1 and k we see that

Iy=b; (c;’rA"Obn) (C:";A"lbie) - ( i zA’c 2y 1)'
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. (cT Akl—lbj) (C}-‘Ak;‘ﬂ) =ab;, a#0

-1
whence b; € £y(z). Finally APb; € £y(z) can be checked by induction on p
as above.
Theorem 3§ is completely proved. ]

REMARK. The chain condition (iii) can be checked by the following
simple algorithm. Let
AecR™™, 0#b;, c;€R"®
be arbitrary. We have to know for any pair ¢, j € {1,...,m} whether there
exists a chain

kio1p.
i1 G A0 £ 0
(in symbols ¢ == j) or not. The algorithm goes as follows.

of akop; cf..b

First step. Introduce the notation for p, ¢ € {1,...,m}
p—q: <= there exists r >0 with chrbq # 0.

To decide whether p— ¢ or not, it is enough to compute A", 0<r<n-1
by the Cayley—~Hamilton theorem. Denote

Ly:={q€{l,...,m}:p—q} Jo={pe{l,....,m}:p—q}.

Second step. We compute the sets If, J;- as follows. Let I}::I,-, J}::Jj
and we define recursively the sets
If ={q€ {1,...,m}:§ip€[£"'1 with p— ¢},
J}:= {pe {1,...,m}:3qEJJI-—1 with p— g}.
a) If we have computed the sets I7, J]‘? for 0 < s, r <! and for some r,
s we have I}'ﬂ]f # 0 then we conclude i = ;.

b) If there exists an 1 <r <{—1 with I}CIZ' then I£=I5+1=I£+2=...

¢) If not, then we compute I, *1,

We make analogous investigations a’), b’), ¢’) related to the sets JJ‘-’.
This algorithm decides after finitely many steps whether : = j. The
number of steps is of exponential order in the parameter m. We do not
know, whether there exists an algorithm with polynomial number of steps.

EXAMPLES (see [23] p.62).

1. Consider the system

(86)=( 3)(26) 0@ ) (=)
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which has the form # = Az +ubc! z.

For this system the conditions (i), (ii), (ii1) of Theorem 5 are satisfied,
thus it is strongly accessible in small time from any z7#0. This system is not
controllable on R?\ {0} (one can see that the set {z€R%:21>0, 29>0, 2£0}
is invariant). This means that the conditions (i), (ii), (iii) of Theorem 5 are
not enough for the controllability of the system (3) in the case rank B;=1.

2. Consider the system

(548)= (5 0) (58) o (& 1) (263):
This system is controllable on R2\ {0}, ie. R(z)=R2\{0} Vz #0 (By
Theorem 1 in [46]).

In [38], D. H. DAO and al. showed that the system
Tpyl = (A+ Zuib,c?) zp with detA#0

is controllable in R™\ {0} if and only if the conditions (i), (ii) of Theorem
5 and the conditions :

(i11’) There exists § > 0 such that the condition (iii) of Theorem 5 is
satisfied with kg+k1+...+k_1=0.

(iv)Let J={k:CTA*B+#£0, 0< k<n?} then o= g.c.d. of J=1 holds.

For the discrete version of Example 2., J = {2,4}, thus 0 =2. The
condition (iv) is not satisfied. Consequently in our case (for the continuous
systems) the condition (iv) is not necessary. The continuous version is
controllable, the discrete one is not. This means that in this sense the
discrete systems are not more general than the continuous ones.

4. Controllability of Linear Systems with Output Feedback

It seems that the case of rank B; =1 happens rarely and is not natural
because of its instability (with a small change of the elements of B; the
conditions rank B; = 1 may become fail). Here we want to show (partly)
that the case of rank B; =1 is very interesting and important. It is known
that the study of bilinear systems with rank B; =1 came from the linear
regular problem with output feedback (see [38]-[42] for discrete case).

Consider the linear system defined by the following equations:
®) z(t) = Az(t) + Bu(t)+ Dv(t)
8
y(t)=C"e(t)
where z(t)€R™, u(t)ERP, v(t)€R", y(t) ER? are the values of state, control

and output, respectively. Here the controls are assumed to be piecewise



210 L. JOO, N. M. TUAN.

continuous functions. 4, B, D, C are real constant matrices of order nxn,
nXp, nXr and n X g, respectively.

We assume that the control u(t) is defined by an output feedback
mechanism given by the equation

(9) u(t)=U(t)y(?)

U(t) is p X g-matrix control.
From the equations (8)-(9) we obtain the following system

(10) #(t) =(A+ BU®)CT)z(t)+ Du(t)

which can be written as

#(t)= Az(t)+Zuk,(t)bkc}"z(t)+2djvj(t), or

(11) ()= Ax(t)+Zu,(t)bc mt)+2dv]

j=1
Here m=pxq, b;j=bq, ¢ &i=cg, ui(t)=uyg(t) with i=(a—1)¢+4 (a—- yeeey Dy
A=1,...,9).

One can see that the system (11) here is just the system (6) in the
Theorem 3, and the system (11) in case of D =0 is just the system
mentioned in the Theorem 5.

The question is to find the conditions which insure the controllability,
the accessibility, the stability or the pole placement, ... of the linear
systems with output feedback defined by the equations (1)-(2). Applying
the obtained results for the bilinear systems with rank B; =1 (Theorem
3 and 5) we give here only some results for the controllability and the
accessibility of the linear systems with output feedback mentioned above.
The stability and a more detailed study in this area w111 be considered in
a later paper.

First we need a lemma:
LEMMA 5 (see [39)). 1. Let B=[by,...,bm}, C =[¢1,...Cm] then
rank[B, AC,..., A" 'B] =rank[B, AB,...,A" ! B]
rank[C, ATC,...,(AT)" 10T =rank|C,ATC,...,(AT"" 1T
rank(B, AB,...,A" 'B;D,AD,... A" D] =
=rank[B,AB,...,A" 'B;D,...,A""'D].

2. Foranyi,j e{l .,m} there exists k€ {1,...,m} such that b; =b,
ci=¢c¢
)= Sk



ON CONTROLLABILITY OF BILINEAR SYSTEMS I 211

PROOF. 1. By definition of b; and ¢; we see that B and C are obtained
from B and C by repeating every column ¢ times and p times, respectively.
From this we get the result.

2. We have

a) b; =Bj if and only if ['—;l] = [-%1]

b) ¢;=¢; if and only if i=j (mod q).
Ifi:(a—l)Q+,37j=(a/_]_)q+/Bl then let k=(a—1)q+ﬂ’. I

THEOREM 6. The linear system with output feedback (8)—(9) is com-
pletely controllable if and only if the following conditions are satisfied
(a) rank[B,AB,...,A"'B,D AD,..., A" 1D|=n

(b)31€(1,...,q}, 35 €(1,...,r}, 3 k>0 such that ;A*d; #0.

PROOF. The system (8)—~(9) is equivalent to the system (11), and by
Theorem 3, it is controllable of and only if

(i) rankI'(4,B,D)=n
(ii) for any 1 <i<'m, there exist 1<j<r, (>0, kg,...,k;>0, i1,...,5; €
€ {1,...,m} such that

o] AR o] AM. By, a;!;Akldj #0.
By the Lemma 5, the conditions (a) and (i) are equivalent.

Necessity: If the system (8)—(9) is completely controllable we have the
conditions (i) and (ii). The condition (a) is obviously true. From the (ii),

cg;Akldj #0 and &;, =cg for some S € {1,...,q} hence the condition (b) is
true.
Sufficiency: If the conditions (a) and (b) are true, we have immediately
(1). Now let 1 € {1,...,m}, since
ra.nk{B,AB,...,A""IB;D,AD,...,A"—ID] =n, we have
E?A’\ba #0 for some Aand a or E?A"dﬂ #0 for some yx and S.

In the second case we are ready. In the first case we have EZTA’\ b(,cfAlc dj#
#0. By the Lemma 5, there exists y€ {1,...,m} such that by = by, ¢; =2,
and from this

T A T A%d; #0
that is the condition (ii) is proved. We have proved the Theorem. (|

In what follows we consider the case D=0. Because of the incomplete-
ness of the Theorem 5 we obtain only the result for the accessibility of the
system. Besides we show that the multidimensional control U(t) can be
replaced by one dimensional control.
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THEOREM 7. For the linear system with output feedback
(12)  #(t)=Az(t)+Bu(t), y@t)=CTz(t), u(t)=U(t)y(t)
the following statements are equivalent:
1. The system has strong accessibility property in small time on
R™\ {0}
2. (a) rank[B,AB,...,A"“lB]=n.
(b) rank[C, ATC,...,(AT)"" 10| T =n

In this case its feedback matrix U(t) can be chosen such that it depends
linearly on a R — R function.

PRroOF. We need the following result (see [43|, Theorem 1).
. (*) Assume that the condition 2. above is satisfied then there is a vector

b= Bg and a vector c=Ch, a matrix K such that for A=A+ BKCT we
have

rank [b, Ab, ... ,In_lb] =n rank [C,ZTC, cees (ZT)"'lc]T =n.

Now the system (12) is equivalent to the system

(13) ()= Az()+ > ui(O)hic o(t).
=1

By the Theorem 5, the system (12) has strong accessibility property if and

only if the conditions (i), (ii), (iii) in the Theorem 5 are satisfied for 4, b;,
¢, 1=1,...,m.

Necessity: Assume that the conditions (i), (ii), (iii) in Theorem 5 are
true, then by the Lemma 5 the condition 2. is satisfied.

Sufficiency: Assume that the condition 2. is true, then by the Lemma
5, the conditions (i) and (ii) in Theorem 5 are satisfied for system (13).
We have only to prove the condition (iii). Let ¢, j € {1,...,m}. From the
condition (2) there are o, A and 8, p such that E?A’\l—)a #0, EgA”Bj #0,
hence EITA’\B{EEA”I—)J- #0. By the Lemma 5 there is an index [ such that

bo =By, ¢g=7¢ that is E?A"?)ﬁ?:l"?)j # 0, which proves the truth of the
condition (iii). By the Theorem 5 the system has strong accessibility in
small time on R™\ {0}.

Now assume that the system has strong accessibility property in small
time, that is the condition 2) is satisfied. By (*), there is a matrix K, a

vector b= Bg and a vector ¢ = Ch such that for A= A+BEKCT we have

rank[b, Ab, ... ,Z"_lb] =n  rank [c,ZTc, et (ZT)"_IC]T =n
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By the proved result, the system
3= (A+BECT)2(t) + bu(t)d =(t)
has strong accessibility property in small time. It can be written as
#(t) = Az(t) + BKCTz(t) +u(t)BghT CTz(t)
or #(t)=Az(t)+ B{K +u(t)ghT}CTz(t)

From this one can see that the output feedback matrix U(t) can be
chosen as

U(t)= K +u(t)ghT
which depends on only one parameter u(t) and the system has still strong
accessibility property in small time. |
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1. Introduction

We consider the following bilinear control systems

(1) z(t) = Az(t) + u(t)Bz(t)
and
(2) z(t) = Az(t)+u(t)Bz(t) +u(t)b.

where z(t) € R%, A and B are nonzero matrices in R2%2, b is a nonzero
vector in R?, the control u(-) is assumed to belong to a class of admissible
controls.

We mention some basic concepts for controllability theory. As usual we
denote z(t,zg,u(-)) the solution of (1) (or of (2)) with the initial condition
z(0) = zg. The accessibility sets are denoted by Ri(z) or R(z), where

Ry(z):={z(t,z,u(-)): u(-) is admissible control}

R(z) = Ri(x).

t>0

We say that the system (1) is (completely) controllable on R2\ {0} if for
each z #0€R?, R(z) =R?\ {0}. Similarly the system (2) is (completely)
controllable (on R?) if for all z € R?, R(z)=R2.

The system (1) is sometimes called homogeneous system and the sys-
tem (2) is called affine system.

The controllability of homogeneous systems (1) in a state of dimension
n was examined in a number of publications (see for example [4], [5], [13],
(14], [19], {29], [43], [45], [46], [48]). For linear systems & = Az + Bu, the
necessary and sufficient controllability condition is well known, so-called

Kalman controllability rank condition ([1], [2]), which depends only on the
coefficient matrices. It is very natural to try to find similar controllability
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conditions for bilinear systems. In general it seems to be very difficult.
The reason is the following: the behaviour of the accessibility sets depends
strongly on the Lie-algebra of the system at each state. General non-linear
systems in the plane were studied by L. R. HUNT [36] and O. HAJEK
[47]. In [36} a geometric sufficient controllability condition and a necessary
condition for the system & = f(z)+ug(z) have been given. In O. HAJEK’s
book [47] the local behaviour of the system & =uf(z)+(1—u)g(z) was
examined: the classification of critical and non-critical points of the system,
the point controllability, attainable set boundaries and a version of the
bang-bang theorem were stated (chapters 4, 5). The homogeneous bilinear
systems (1) in a low-dimensional state space were discussed in more detail
[43]. For the two-dimension case LEPE [29] gave necessary and sufficient
controllability conditions for the system (1) in the case rankB =2 and
other results have been given by KODITSCHEK and NARENDRA [45]. Only
a few papers consider affine systems (2) ([30], [41], [44]). In [4]] it is
shown in which cases the system (2) is controllable provided the system
(1) is controllable. In [45] necessary and sufficient conditions for complete
controllability of (2) are derived. In [46] it is shown that the conditions in
[45] are only sufficient and a counterexample is given.

In the 2. below we consider the systems (1) in R?\ {0}. A Lepe-type
necessary and sufficient controllability condition is stated for the system
(1) in the case rank B =1. A constructive proof for the Lepe’s theorem
is given, too. It is shown that we need only two constant control values
to steer any state to other one, provided the system is controllable. The
method seems to be useful to study the system (2) in 3. The tools used in
the proofs are elementary facts in differential equations theory.

In 3. we consider the system (2). Using Theorem B [41] and the
results obtained in 2. we state necessary and sufficient controllability
conditions for the system (2) with rank B =2 (Theorem 2). For the case
rank B =1 the situation is more complicated. Here we use the idea in
papers by HUNT ([35], [36]): The integral curves of (B +b) divide R? into
two components. For controllability the orientation of A on these integral
curves must be toward the first component for some points and towards
the second component for some other points. We manage to consider all
the cases (Theorems 3, 4, 5).

In 4. we give two structure theorems (Theorems 6, 7).

2. Controllability of the homogeneous systems

We consider the homogeneous system

(1) - #(t)= Az(t) +u(t)Bz(t)
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where z(t) €R?\{0}, A and B are nonzero matrices in R2%2, control u(t) is
a piecewise continuous scalar function with values in R. In case rank B =2
easily calculable controllability conditions have been given for the system

(1) by N. L. LEPE [29]. They are the following:

THEOREM A [29]. Consider the system (1) with rank B =2. Then the
necessary and sufficient condition of controllability is

1. det[A,B] <0 if B#kE and B has real eigenvalues.
2. Sp2A—4detA<0 if B=kE.

3. det[A,B]+detB- Sp24 <0 if B has purely 1magmary conjugate
eigenvalues.

4. B# kA if B has complex conjugate eigenvalues with nonzero real
part.

In particular, in case det[A, B] > 0 the system is not controllable.

In what follows we consider the system (1) with rank B=1, i.e. B=bcT,

b, ¢ are nonzero vectors in R2. An analogous controllability condition is
given. First we need the following lemma.

LEMMA 1. Let B=bcT with 0 #b, ce ]R2 Then i in a suitable basis B
has the form

T
a) (‘-'0” g> it Th#0,

b) (8 (1)) if Th=0.

PROOF. Let b= (gl>, c= (cl).
2 €2 .
a) f cTb#0 let P= ( 622 gf) then P~1: 71- (21 —c?) It is
obvious that det P=cTb#0 and
- cb 0
PBP ( 0 0).
b) cTb=0=> c1by = —c9bs.

If ) #0== b9 #0, then let P=(

g o 8-
S’
g
|
—
Il
TN
o O
8 -

N’
"
i
—
I
N
Naite
N’

If cg #£ 0= b1 #0, then let P=<
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In both cases

-1_{(0 1
PBP —(0 0). ]

Now we can prove the following result:

THEOREM 1. Consider the system (1) with B=>bcT, b0, cT #0. Then
it is controllable in R?\ {0} if and only if det[A, B] < 0.

PROOF. We mention first that we can change arbitrarily the basis
in which the data are given. Indeed, if P is a nonsingular matrix and
A':=PAP~1, B'=PBP~! then the system

(1) y(t)=A'y(t) +u(t)B'y(?)

is controllable if and only if (1) is (z(¢) is a solution of (1) if and only
if y(t) = Pz(t) satisfies (1')). Further det[{A4, B] = det{4’, B']. Hence and
by Lemma 1 we have only to prove the theorem for the cases a) and b)
mentioned in the Lemma 1.

T .
a) B= (Cob g) Th#0.

Let A= (Z;i Z;g), then det[4,B] = (cTb)%aj9a9;. Hence det[4,B] <
< 0+ ajgag; <0.

Since the values of u(t) are in R, we can assume that ¢ b=1. We have

(la) #(t)= <Z;i Z;g) (1) +u(t) ((1) 8) z(t).

L Necessity of the condition:

Assume that ajgag; > 0. We assert that

a) if a19>0, ag; >0 then the set H:={z#0:21 >0, z9 >0} is invariant
set of (1a),

B) if @19 <0, a9y <0 then the set H:={z#0:2]>0, z9<0} is invariant
set of (1a),

v) if aj9 =0 then {0} x (R\ {0})= H is invariant,

8) if ag; =0 then (R\{0})x {0} = H is invariant,
L.e. if a solution z(t) of (1la) starts in H then the whole trajectory remains
in H. This proves the non-controllability of the system, from which the
necessity follows. We prove the case a). The cases 3), v), 6 can be proved
similarly. Assume indirectly that z(t) reaches the boundary of H (from

inside into outside) first time. If z(t) = (101) with some z1 >0 then
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z9(t)=a91z1 >0 which shows that the trajectory goes back into the inside
of H, in contradiction with the assumption that it reaches first time the

boundary (from inside into outside). On the other hand, if z(t) = ( 2?2>

with z9>0, then £1(t)=aj2z2>0 which shows again the solution goes from

outside into inside. The contradiction completes the proof of our assertion.
II. Sufficiency of the condition:

Let z0, z! be arbitrary in R2\ {0}. We assert (with a constructive

proof) that there exists an admissible control w(t) which steers 20 into z1,

le.
z(t)=(A+w(t)B)z(t)
2(0)=z%, z(T)=z! with some T'>0.
For arbitrary matrices A, B let Ay:=A+uB. Denote fy()) the character-

istic polynomial of Ay, Ay the discriminant of fy,(A)=0, —by the coefficient
of A, cy the free coeflicient in fy(A). In our case we have

fu(A) =det(Ay— AE) =2 = Mu +a11 +ags) +aga(a11 +u) —argan
Ay =(u+ay) —ag)? +4ajzaz
by=u+aj;+ag
cu=agg(a1] +u)—ajgay;.
Now assume that det[A4,B] <0, i.e. ajgag; <0. Then there is a number u
such that A, <0 and b, #0. With this u the eigenvalues of Ay are complex
conjugate numbers with real part by/2.

a) by <0.

In this case the trajectory i(t) = A4z(t) tends to the origin as t — oo,
goes clockwise around the origin if aj9 > 0 and goes counterclockwise if
a19 <0, it makes infinitely many complete rotations as ¢t — oo. There are
two possibilities:

a1) There is v such that b, >0 and Ay <0. The solution of §=—A,y,
y(0)=z1 tends to the origin and makes infinitely many complete rotation as
t— oo. This trajectory goes counterclockwise if ajg >0 and goes clockwise
if a19 <0. By the opposite directions of the rotations, this trajectory and
the trajectory & = Ayz, z(0) = z¥ meet infinitely often near the origin in
both cases (a19 >0 or aj9<0). Let z(T7)=y(T3) be such a common point.

Taking
®) {u, 0<t<h _
= v, T1<t<T+T%

the solution of
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&(t)=(A+w(t)B)z(t)
2(0) =20

satisfies z(T) +Ty) =z!.

aq) If by >0 then Ay >0. We assert that in this case b, >0 implies also
cy<0. Indeed, by, >0 for v>—a11—ag9, Ay>0 for jv+ay;—age| £+/—4a12a9
hence by >0==> A, >0 means that —a;—a99>—aj;+ags++/—4ajgas; i.e.
a9 < —v/—aj9ag;. From here we get the inequality —aj; —agg > —ay; +
+5¥.22%21. Now if by >0, then

a12a9]
v>—ajj—ag>—a+ g’ ag(v+ay1) <ajgag

i.e. ¢y <0 as we asserted.

So take any v with by > 0. Then Ay >0 and ¢y < 0 follows, hence one
of the eigenvalues of Ay is negative, the other is positive.

Let f be the eigenvector of A, which corresponds to the negative
eigenvalue, i.e. Ayf=uf, p<0. If zoyé)\f then z= sz z(0)=20 tends to
infinity as ¢ — oo, but it does not go around the origin (its angle tends to
that of the other eigenvector). The trajectory § = —Ayy, y(0) =z! tends
to infinity as ¢ — oo and goes around the origin, makes infinitely many
rotations as t — 0o. These two trajectories meet infinitely often as ¢ — oo,
z! can be reached from z° by some admissible control w(t) by the same
way in @) and ag). If 20 = \f, consider = Ayz, 2(0)=2Y, then for some
Ty >0, 2(Ty) # kf, and by the above, z! can be reached from 2(T}), and

hence can be reached from z".

B) by >0.

By the similar way we can prove this case. Here we give only a short
sketch.

B1) v, by <0, Ay <0. The trajectory &= Ayz, 2(0) =J;0 and the
trajectory y = —Ayy, y(0)= z1 meet each other.

B9) For all v, by < 0= Ay >0, In this case we have \/—aj9a9] < ag9
and hence b, <0 implies also ¢y <0 (similarly as in ag)). So let v be
arbitrary with b, <0. Since Ay >0, ¢y <0, Ay has a positive and a negative
eigenvalue. If —A, f=uf, £ <0, and ! #Af, then the trajectories &= Ayz,
2(0) =20 and § = —Ayy, y(0)=z! meet each other. If z! = Af, then there
is 2 £k f, Ty>0 2= Ayz, 2(0)=21, 2(Tp)=2x! and since z! can be reached
from z9, z! can be reached from z, too.

SENH]
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: a1 a2

<= a9) #0. In the case b) the system (1) is of the form

(1b) {zl(t) =a1171(t) + a12a2(t) + u(t)z2(t)

_ 9(t) = ag171(t) + agqza(t).

If a9y =0, then the half line {z:z] >0, z9 =0} is an invariant set of (1b).
Indeed, the solution of z9(t)=ag9z(t), z9(0)=0is :tg(t)‘:"O for all t>0. And
then #1(t)=aj121(t), the solution of this equation is z1(t)=e%11tz1(0)>0

if £1(0) > 0. This shows the non-controllability of the system Conversely,
let a9 #0. Then

Fu(N) =% = XNayy +a29) + 13092 — agy (a1 +u)
Ay =(ayy —ag)? +4ag(agg +u)
by=aj) +agg v
cy=a11ag9 —agi(ajz +u).
Since a9 # 0 there is a number u such that Ay <0 and a number v such

that ¢, < 0. then Ay =(ay +a22) —4cy 2 0. One of the eigenvalues of Ay
(and —A4,) is negative, the other is positive. Let Aye=2XAe, Ayf=puf, A>0,

p<0. If z0 ¢ ReURS then there is Ty > 0 such that z = Ayz, 2(0) = 1:0

2(Tp) ¢ ReURf. If 21 € ReURS then there is Ty >0 such that 7 = Ayz,
STO) =zl, 2(0) ¢ ReUR f. Hence we have only to show that for any

20, 2! ¢ ReURS z! can be reached from z0. Now we assume that z0,
z! ¢ ReURS. There are three possibilities.

1. aj1+a99<0. -

By analogous way as in a9) above, we see that the trajectories t=A4,z,
z(0) =20 and § = —Ayy, y(0) =z! meet in some point. Hence z! can be
reached from z¥.

2. aj1+ag2>0.

In this case we can also show that the trajectory &= Ayz, z(0)= 70
and the trajectory y=—~A4dyy, y(0)= z! meet in some point, hence z! can
be reached from z°.

3. aj1+az=0.

In this case the elgenvalues of Ay are purely imaginary, the traJectory
&=Ayz is an ellipse. If z0 is in inside of the ellipse §=Ayy, y(0)=z!, then
the trajectory £= Av:z:, £(0)=z0 goes to infinity, so it must meet the elhpse
in some point and z! can be reached from this point along the ellipse. If z1
isin 1n51de of the ellipse &= Ayz, £(0)= 20, then the trajectory y=—Ayy,
y(0) =y! goes to infinity and it meets the elhpse in a point which can be

Let A= (a11 a12) then det[A B]= —a%l Here det[4,B] <0+
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reached from z% and from which z! can be reached along the trajectory
y=Ayy. If 20 and z! are on the same ellipse & = Ayz, z(0) =20 then on
this ellipse 2(T) = z! for some T > 0.

The Theorem 1 is completely proved. 1

The technique used in the above proof seems to be useful. Applying
the idea of this technique in the following we give a constructive proof for
Lepe’s theorem.

ProoF oF LEPE’S THEOREM.

SOME REMARKS BEFORE THE PROOF: 1. By the remark at the be-
ginning of the proof of the Theorem 1 we have only to prove the theorem
for the system (1) in a suitable basis, in which the calculation is more
convenient. We remark also that when changing the basis the values det(-),
Sp(+) do not change, hence the conditions in the theorem are unchanged.

2. Here we use also the notations defined in the proof of the Theorem
1: fu(A), Ay, Ay, by, cu ...

3. The proof of the sufficiency of the conditions is based on the
following idea: Let z¥, z! be arbitrary in R%\ {0}. We try to find values
u and v such that the trajectory & = Ayz, £(0) =z¥ and the trajectory
§==Ay(y), y(0)=z! meet each other in z(T})=y(Ty). Hence the control

u, 0<t<T
w(t)=
v, TI<t<T1+TY

0 1

steers z° into &°.
Now we prove the theorem.
1. There are two cases,
1.a) B has distinct eigenvalues.
In a suitable basis B is of the form

(b 0
=% 2).

(Here P =(y,z) where By =bjy, Bz =bsz, P~1BP =diag(b1,bq).) Since
rank B =2, we have 0 by # by #0. Let

A= (all 0'12)
a1 a22
then det[A, B]=(b;—bg)?a;2a9;. Hence det[4, B]<0<=>aj2ag; <0 (because
by # bp). _ .
Necessary condition: Assume that ajgag) > 0. By the same way in

a) of the proof of the Theorem 1 one can see that the system (1) is not
controllable in K2\ {0}.
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Sufficient condition: Assume that det{A,B] <0, i.e. ajgag; <0, then

Fu(A) = A2 = May1 + agg +u(by +by)) + (ay1 +uby Yagy + uby) — ajaas
Ay =(ay1 - agg+u(by — by))? +4dargay;.

a) bybg > 0.

Since by # bg, aj9ag <0, by +b9 #0, we can choose u such that A, <0
and by #0

ay) by <0. If there is a number v such that b, >0, A, <0 then by
the same way in a)) of the proof of the Theorem 1 one can see that the
trajectory = Ayz, 2(0) =20 and the trajectory y=—Ayy, y(0)=z! meet
each other. Otherwise b, >0==> A, >0. Since by b9 >0 there is a number v
such that ¢, >0 and b, > 0. In this case Ay, >0, the eigenvalues of — A, are
negative. The trajectory y=—-A.y, y(0)= z! tends to the origin as t — oo
but it does not go around the origin, it must meet the trajectory ¢ = Ayz,
z(0) = z¥ in some point near the origin.

ag) Ay <0=5,2>0, i.e. b,<0=A,>0. In this case we can choose v

such that ¢y >0, by <0, Ay 20. The trajectory y=—Ayy, y(0) =z! meets
the trajectory & = Ayz, £(0)= z0

B) bibg < 0.

We can choose u and v such that Ay <0, and Ay >0, ¢y <0. In this
case the eigenvalues of A, (—A,) are opposite real. By the same reasons
as in the part b) of the proof of the Theorem 1 we have only to show that

for any z0, z1 ¢ ReURS (here e and f are distinct eigenvectors of Ay) !
can be reached from z0. Hence we assume that 20, z! ¢ ReURY.

B1) b1 +by#0. Then we can obtain by #0. If b, <0 then the trajectories
&= Ayz, £(0)=2° and §=—Ayy, y(0)=z' meet each other. If by >0, then
the trajectories £=Ayz, z(0)=2° and §=—Ayy, y(0)=z' meet each other.

Ba) b1 +by =0.

If aj; +aj9 =0 then the trajectory £ = Ayz is an ellipse. In the case if
zg is in the interior of the ellipse y = Ayy, y(O):zl, the trajectory z=Ayr,
2(0) = z¥ meets the ellipse in a point from which z! can be reached along
the ellipse. In the case z! is in the inside of the ellipse £ = Az, z(0)= :vo,
the trajectory 7 =—Ayy, y(0) =z! meets the ellipse in a point, which
can be reached from zU. In both cases z! 0

in some point.

can be reached from z°. If
a1+ agg = by #0, we have the cases by <0 and by >0 in F1).

1.b) B has a twofold real eigenvalue and B # kE.
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Let b be the eigenvalue of B. Then b= QLL‘,EEZZ and det(B — bE) =0.
Since B#kE, b12+b217é0 If bj9#01let P= <1 b bll? ), and if b91 #0,

b 0

leth(1 b_b22).Oneca,nseethatP"lBP=(1 b

0 b

assume that

). Hence we can

B=<i’ 2) b#0, (rankB=2).

Then det[4, B] = —a%,. det[A, B] <0<=>aj2 #0.

Nece.s.mry condition: If aj9 =0 then one can see that the set {r:1, =
=0, z9 >0} is an invariant set of (1) This proves the non-controllability
of the system (1).

Sufficient condition: Assume that det{A,B] <0, i.e. aj97#0. Then

Fu(\) =22 = \(2ub-+ay1 + aga) + (a11 +ub)(agg +ub) - arp(ag +u)
Au= (a1 — agn)? +4argags +4aigu.
Here we can choose u such that Au < 0 and by #0.
) by < 0.

If there is a number v such that bv >0 and Ay <0 then the trajectory
&= Ayz, 2(0)=2z0 and the trajectory §=—A4yy, y(0)=z! meet each other
(see a1) in the proof of the Theorem 1). If by >0=> A, >0, then there is
a number v such that ¢y >0, by >0. In this case the elgenvalues of —A,
are negative. The trajectory § = —Ayy, y(0) =z! tends to origin as t — co
but it does not go around the origin, it must meet the trajectory £ = Ayz,
z(0)= 20 in some point near the origin.

3) by > 0.

If there is v such that b, < 0 and A, <0, then the trajectory &= A.r,

z(0) =20 and the trajectory §=—Ayy, y(0) )=z! meet each other in some

point (see 1.a) above). Otherwise by < 0= Ay >0. Let v be a number
such that ¢, >0, b, <0. In this case the eigenvalues of 4, are negative.
The trajectory = = Ayz, z(0) = 20 tends to the origin as t — oo, does not
go around the origin, it must meet the trajectory §=—Ayz, y(0)= zlina
point near the origin. We completed the proof of the case 1.

2. B=kE: (k#0).

Denote o= Sp2A ~4det A, then p=(a1; ~ a22)2 + 4aj2ag1. Since the
values of u(t) can be arbitrary in R, we can assume that k=1, i.e. B=E.

Necessary condition: Assume that 9> 0. We calculate det Ay:

det Ay =u’+u-SpA+det A.
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The discriminant of det Ay =0 is of the form
A=Sp2A—4detA=p.
Since p > 0 there is a real number o such that det A, =0. We can write
the system (1) in the form
z=Aqz+ uz.
Since det Aq =0, Ay can be written as 44 = bcT, b, ce RZ2. Then
& =bel z+uz.

If A, =0 then £ =uz is not controllable in R2\ {0}. If Aq #0 then ¢T #0
and :
Ti=cTbeTz+ucls.

From this if ¢ £(0)=0 then ¢T'z(¢)=0 for all >0, the half line {z#£0:cT z=0}
is an invariant set of (1). Hence the system is not controllable in RQ\{O}.

Sufficient condition: Assume that ¢ <0

2
Fu(A) =A% = M2u +a11 + a22) + (a11 +u)(agz + u) — a12a2)
Ay = (a1 —ag9)? +4ajgag; =<0 for all u.

Hence we can choose u and v such that by, <0 and by, > 0. The trajectory
& = Ayz, 2(0) =20 and the trajectory § = —Ayy, y(0) =z! tend to the
origin as t — oo, go around the origin and make infinitely many rotations
as t — oo, but here the rotations are in the opposite directions (because
from g < 0 we have aj9a9] <0). The trajectories must meet in some point
near the origin.

We finished the proof of the part 2.
3. B has purely imaginary conjugate eigenvalues.

Then B= (bI;l b_lz) with det B> 0, i.e. byabg; < —k2. Since b1gbe; <

< —k2, bioby; #£0. Let P= (b’;l é) then P~1BP = (2 (1)) with b=

= —det B < 0. Hence we have only to consider the system (1) with
01
B= ( b 0) , b<O.

o=det[A, B]+det B-Sp24, then
0= —(ajgb—ag))? ~4bayjaz.

Now let

Necessary condition: Assume that 0>0.
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Consider the system (1) = Ay(1)(t), which can be written as

{ £1(t) = arnz1(t) + (a1 +u(t))zo(t)
z9(t) = (ag1 +u(t)b)z1(t) + ageza(t).

By a simple calculation we obtain that the solution of (1) satisfies the
following:

d

37 {—tet () +ad(1)} =

=2{aggz3(t) — ba11i(t) + (ag1 — bar)z1 (t)ea(t)} =: U(e1(t) =: V(a(t)).
If a11 = agg =0 then o= —(aj9b—a9)? <0 and the assumption that p>0

holds only in the case p=0. Then éi—t{—b:t%+z%} =0 and hence —bx%(t)+

+ :t%(t) = constant, the ellipses —b:t% + z% =¢ with ¢ >0 are invariant sets
of (1).
If aj1 #0 then the discriminant of %U(:z:l(t)) =0 is calculated as

A =g3(t){(ag1 — barg)* +4bajjage} = —oz3(t) <0.

U(z1(t)) >0 if —bay; >0 and in this case the set {z#0: —b:l:1 +9:% >}
with some ¢ > 0 is an invariant set of (1). In the case —ba11 < 0 the set
{z#0: ~b9:1 +x% < c} is invariant. :

Similarly if agg >0 then the set {z #0: —bw% +x% >c} is invariant and
if ag9 <0 then the set {z#0: —-bz% +z% <c} is invariant.
Sufficient condition: Assume that ¢ <0. Then
Fu(d) = A2 = A(aq1 +ag2) + a11a92 — (a12+ u)(ag1 + bu)
Ay= (a1 +a22)* —4ayyag +4(agg+u)(agy +bu) =
=4bu? +4(a19b+ agy)u +4ajgag] +(a1; — c122)2
bu=ayj1+an
cu = —bu® — (a12b+ag1 )u+ariase —ajzag.
The discriminant of Ay =0 is the following:
AA, =16(a19b+ag1)? —64baigagy +64bajjagy — 16b(a1g +age)® =
=16 ((0125— ag1)? +4bajjagy — bayy + a22)2) =
=16({~0— b(a11 +ag2)*} > 0.
The discriminant of ¢y is

Acy = (a11b+ ag1)? —4bagyalp +4bajjaga = —p > 0.



ON CONTROLLABILITY OF BILINEAR SYSTEMS II 229

Since 4b < 0 there is a number u such that A, <0. Since (aj; —a22)2 >
> —4ajjagy, we see that ¢y <0 implies A, > 0. From A, <0 we get the
existence of v with ¢y >0 and Ay > 0. The eigenvalues of 4, (and of
—Ay) are opposite real numbers. By analogous reasons as in the part b)
of the proof of the Theorem 1 or in the part l.a) we can assume that

20, z1 ¢ ReURS (e, f are eigenvectors of A,). For any 20 ¢ ReURS the
trajectory 2= Ayz (2 =—A42), 2(0) =20 tends to infinity as t — co and
does not go around the origin.

There are three cases

a) aj;+ap=0.

In this case by = a11+agg =0. The trajectory £ = Ayr is an ellipse.
If z0 and z! are on the same ellipse & = Az, z(0) = 2, then z! can be
reached from z along this trajectory. If z0 is in the inside of the ellipse
y=—Auy, y(0)=z1, then the trajectory z=A,z, z(0)=z0 goes from inside
into outside, meets the ellipse in some point, from which 2! can be reached.
If z! is in the inside of the ellipse z = Ayz, z(0) =10 then the trajectory
§=—Ayy, y(0)=z! goes to infinity, it meets the ellipse in some point.

B) a11 +a9 < 0.

In this case the trajectory & = Ayz, z(0) =70 and the trajectory y =
=—Ayy, y(0)=z! meet each other.

7) a11+ag2 >0.

The trajectory t=Aqyz, 9:(0)::::0 and the trajectory jj=—Ayy, y(0)=z1
meet each other (in infinity).

We completed the proof of the part 3.

4. B has complex conjugate eigenvalues with nonzero real parts.

Necessary condition: Assume that B=kA, then the system (1) is of
the form

z(t) = (1+ku(t))Az(t) = v(t)Az(t)

which is not controllable on R?\ {0}.

Sufficient condition: Assume that B#kA. Let B= (g;i lgg) From

the conditions of B we have

bii+bya#0  (bry —bog)? +4bigbe; <.
Hence by #£0. Let P = ("b:z? (1)) then P~1BP = (1;01 b12) where
by = b11 +b99, by = b12b91 — b11b12. We can assume that

0 1 2
B———(bl 62)’ bo#0, b5+4b)<0 = b;<0.
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Now

A= al ajg+u
o ag1 +bu  age + bou

Fu(X) = A2 = X(a1 +age + bou) + ay1(age + bou) — (a12+u)(ag1 + byu)
Ay = (byu+agr—a11)? +4(a12+u)(ag1 +byu) '
Ay = (b%+4b1)u2+u-k+l (k, l are independent of u).
bu=bou+aj1 +ag
cu = ~—(a12+u)(ag1 + b1u) +ay1(agg +bou).

First we show that there is v such that Ay >0 and ¢, #0.
a) ajoby #ag;. Since by <0, (a19+u)(ag;+byu)>0 for all ue (a12, i’#)

if a9 < %211, and for all u € (%le,alg) if %211 < a19. In both cases there is v
such that ¢,7#0 and v is between aj9 and %112 With this v we have Ay >0.

b) a19b; =a9). Let u=—ay9= —gﬁl, then Ay =(—bgajg+agg—ag)?

If —bgajg+agy—ay; #0 then there is € > 0 such that for [u+ajgf<e
Ay > 0. Hence there is v such that [v+aj9| << and ¢, #0, and A, > 0.

If —bgajg+age— a11..0 then A_alq—O In this case a1 #0. Indeed, if
a11=0 then boajg=agg, i.e. aj9B=A, in contradiction with the assumption
that B # kA (Here ajg #0 because if aj9 =0== a9} =ayg=0= A=0).
ay1 #0 and a1 =—bsa1y+agg, we have c_q, =a%1 #0. Hence for v=—ayq,
Ay =0 and ¢, #0.

Now we can show that z! can be reached from z0. Consider the
trajectory & = Ayz, £(0) =z%. Since the eigenvalues of A, are non-zero
real numbers, this trajectory tends to the origin or tends to infinity as
t — oo, but it does not go around are origin. Assume first that it tends to

the origin. Since b%+4b1 <0 and b9 #0 we can choose u such that b, >0 and

Ay <0. The trajectory § = —Ayy, y(0)=z! tends to the origin as t — o0,
goes around the origin, it must meet the trajectory £ = Ayz, z(0) = z0. In
the case the trajectory & = Ayz, z(0) =¢0 tends to infinity as t — oo, then
we can choose u such that by, <0 and Ay < 0. The trajectories £ = Ayz,
2(0) =20 and §=—A4,y, ¥(0) = z! meet each other.

We finished the proof of the part 4.

Now we show that in the case det[A, B] > 0 the system is not control-
lable.

In the case 1. it is obvious that det[A4, B] >0 implies the non-controll-
ability of of (1). In the case 2. we have always det[4,B]=0. In the case
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3. if det[A, B] > 0 then det[A, B]+det B-Sp2A >0 because here det B > 0.
Now we consider the case 4.

det[A,B] =
= by(age —a11)? — (age — a11)(b1boarz + byasy ) — (brara — agy )? + b2ajnas; .

This is a second degree polynomial of (agp —aj;) whose discriminant is
non-positive

| A= (83 +4by)(bra1z — azp)* <O.
Since b <0, det[A4,B] <0 for all A. det[A4, B]>0 does not hold in this case.
The Theorem is completely proved. ]

REMARK: From the proof of the Theorems 1 and A we can see that if

the system (1) is controllable on R?\ {0} then we need only two constant
control values (here u and v) to steer any state to other one.

3. Controllability of affine systems

~ In this part we study the controllability of the affine system
(2) z(t) = Azx(t)+u(t)Bz(t)+u(t)d

where z(t) € R%, A and B are nonzero matrices in R2*2, d is a nonzero
vector in R?. Here we assume that u(t) is a piecewise constant scalar
function with value in R.

Instead of working with (2) it will sometimes be convenient to work
with an equivalent family of vector fields

Fo={A+u(B+d):ucR}
where the vector field A+u(B+d) at a point z is defined by
(A+u(B+d))(z)=Az+uBz+d.
For a vector field F on R? we denote by exp(tF)z the solution of
{i'(t) =F(z(1))
z(0)==z.
For an arbitrary family F of vector fields on R?, denote
Ag(z):={exp(t; F1)...exp(tpFp)z:t; 20, F;€%F, p=1,2,...}

This is the accessibility set of # from z. We see that the accessibility sets
of Fg and of (2) are equal. We say that the system & is controllable in R?
if Ag(z)= R? for all € R%, We need the following lemma:
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LEMMA 2. Let #):={F+uG:u€R} and F9={F,£G}. Then ¥, is
controllable if and only if 5 does. (F, G are vector fields on R?),

PROOF. This result is well known in system theory. Here we give only
a sketch.

Using extension techniques we can see that the systems ¥, and F3 are
equivalent (somewhere it is called weakly equivalent) (see [37], [38], [39],
[40]), i.e. clAg, (z)=clAg,(z) forall z € R2. (cl: closure of). The Lie
algebras of these systems are the same, generated by F' and G. Denote it
by £. Assume that % is controllable, then £(z)=R? for all z (see [§]) and
then clAg,(z)=clAg (z) =R?for all ¢. £(y)=R?=>intA_g(y)#0 (for
all y), hence Ag (z)Nint A_g (y)#¥ and this shows that y can be reached
from z by . 1

We will also use the following result about a sufficient condition of the
controllability of affine systems stated by V. JURDJEVIC and G. SALLET
(see [41], Theorem 2). In our case we have:

THEOREM B [41]. Consider the system % above. Assume that

a) {A+uB:uecR} is controllable in R?\ {0}

b) F¢ has no fixed points in R?, i.e. for all £ € R? there exists F € %
such that F(z)#0.

Then Fy is controllable on R2.
Now we can prove the following theorem.

THEOREM 2. Consider the system (2) with rankB =2. Then the
necessary and sufficient conditions of the controllability of (2) are:

1. det{4,B] <0 and AB~1d+0 if B#kE and B has real eigenvalues

2. Sp?A—4detA<0 and d#0 if B=kE

3. det[A, B]+det B-Sp2A<0 and AB~1d#0 if B has purely imaginary
conjugate eigenvalues.

4. AB~1d+#0 if B has complex conjugate eigenvalues with nonzero
real part.

In particular, in the case det{A,B] > 0 the system is not controllable.

PROOF. We mention first that here we can also work on a suitable ba-
sis, in which the calculation is more convenient. In fact if P is nonsingular
matrix and A' = PAP~1, B'= PBP~!, d' = Pd then the system

() §(t)= A'y(t) +u(t)B'y(t) +u(t)d
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is controllable if and only if (2) does (z(¢) is solution of (2) if and only if
y(t) = Pz(t) satisfies (2').). Further if X' = PXP~1 then det X' = det X,
SpX'=SpX, and AB~ld#0«= A'B'"ld+£0.

The condition AB~1d # 0 is equivalent to the condition that (2) has

no fixed points in R2, which is a necessary condition of the controllability.
We prove this fact:

If AB-1d=0, then for z=-B~1d, Az =u(Bz+d)=0 for all u€R,
i.e. z is a fixed point of Fy (or of (2)). If Az+u(Bz+d)=0 for all u e R,
then Az =0 and Bz = —d, hence z = —B~!d and AB~1d=0. This proves
the equivalence above. Now if z is a fixed point, then the system is not
controllable: AB~1d#0 is a necessary condition of the controllability.

We remark that the Theorem A is true for the case when the controls
are piecewise constant. This fact can be seen from the proof of the

Theorem A.
We consider the following system

(2" §(t) = Ay(t) +u(t) By(t) + k

where k =—~AB~1d.

We see that the system (2) is controllable if and only if the system
(2*) is. Indeed z(t) is a solution of (2) if and only if y(t) =z(t)+ B~1d
satisfies (2*).

Now we prove the cases stated in our theorem.

1. B#kE and B has real eigenvalues.

By the Theorems A and B and by the remarks above, det[4, B] <0 and
AB~Yd+#0 are sufficient conditions of the controllability of (2).

Necessity of the condition:

It is known that AB~1d#0 is a necessary condition of the controlla-
bility of (2). Assume that det[A,B]>0.

a) B has distinct real eigenvalues.
As in the proof of the Theorem A, we can assume that

B=‘(%1 b02> 0 by # by £0.

Az(au a12> k=(k1)
an az)’ ky ) -
Then det[A, B] > 0 <=> ajgag; >0.

ay) ajgag; =0.

Let
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If a9 =0, then for the system (2*)

1) =an1v1() + w(t)bry1(2) + k1.

Hence the half plane {y:y; >0} is an invariant set of (2*) in the case k1 >0,
the half plane {y:y; <0} is an invariant set of (2*) in the case k; <0 and
the line {y:y; =0} is an invariant set in the case k1 =0.

Similarly, if ag; =0 then the sets {y:y9 >0}, {y:y2 <0}, {y:yy =0}
are invariant sets of (2*) in the cases k9 >0, k9 <0, k9 =0, resp.

a2) ajeag] > 0, apz > 0, agy > 0.

The system (2*) can be written as

¥1(t) = a1191(t) + ar2y2(t) +u(t)bry1(t) + k1

J2(t) = ag1y1(t) + agoya(t) +u(t)baya(t) + ko.

If k1 >0, kp >0 then the set {y:y; >0, yo >0} is an invariant set of (2*).
If k1 <0, k9 <0 then the set {y:y; <0, y9 <0} is an invariant set of (2*).
If k1 >0, kg <0, then the set R2\ {y:y; <0, yg >0} is an invariant set of
(2*). If k1 <0, kg > 0, then the set R?\ {y:y; >0, yg <0} is an invariant
set of (2%).

ag) argag; >0, a12 <0, ag; <0.

Similar to ag). If k1 >0, kg >0 then the set R2\ {y:y1 <0, y3 <0} is

an invariant set of (2*). If k1 <0, kg <0 then the set R2\ {y:y1 >0, yg >0}
is an invariant set of (2*). If k1 >0, k9 <0 then the set {y:y; >0, yo <0}
is an invariant set of (2*). If k; <0, k9 >0 then the set {y:y; <0, yo >0}
is an invariant set of (2*).

In all the cases there is an invariant set of (2*), hence (2*) is not
controllable. We ended the proof of a).

b) B#kE and B has a twofold real eigenvalue.
We can assume that

B= (‘1’ 2) b£0.

In this case det{4,B] <0, and det[4,B]=0<+= aj9=0. If aj2 =0 then

91(t) = a11y1(2) +u()byr (£) + k1.

If k1 >0 then the half plane {y:y; >0} is an invariant set of (2*). If k&1 <0
then the half plane {y:y; <0} is an invariant set of (2*). If k; =0 then the
line {y:y1 =0} is an invariant set of (2*). In the case b) if det[4,B]=0
(20) the system (2*) is not controllable. -

We finished the proof of the part 1.

2. B=kE.

Suffictent condition:
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If p=Sp2A—4detA <0 and d#0, then det A#0, AB~1d #0, there
is not any fixed point of (2). By Theorems A and B, the system (2) is
controllable.

Necessary condition:

If d=0 then =0 is a fixed point of (2) and (2) is not controllable
in R2.

Assume that 9>0. Let A,=A+uB, here we can take k=1, i.e. B=F;

det Ay=u?+SpA+det A. Since Sp2A—4det A>0 we can choose a number
a such that det Aq =0. We can write the system (2*) in the form:

U(t) = Aay(t) +u(t)y(t) + k.
det Ag =0== Aq=bcT, b, ceR?, c#0 (maybe b=0). Then
T y(t) = Lol y(t) +u(t)T y(t) + T k.

If T k>0 then the set {y:c7y>0} is an invariant set of (2*). If I k<0 then
the set {y:cTy <0} is an invariant set of (2*). If cTk=0, then {y:cTy=0}
is an invariant set of (2*). The system (2*) is not controllable.

3. B has purely imaginary conjugate eigenvalues.

As in the proof of the Theorem A we can assume

_[0 1
B_<b 0), b<0.

and p=det[A,B]+detB- Sp2A = —(ajgb—- a21)2 —4bajans.

Necessary condition:

We have only to show that if p >0 then the system (2*) is not control-
lable (nor is (2)).
Assume that ¢ > 0. Let y(¢) be a solution of (2*). Then

(b (1) +3(0)) = 2 ~bys (i (1) + (1)) =

=2{—bay1y} () — (@125 — a1 )y1 (t)y2(t) + a22v3(2) - bk1y1 () + kaya(t)}-
Now we consider the corresponding second degree curve in the plane:

—bay1y? —(a19b—ag1)y1ye + ageys — bk1y; +koye = I'(y) =0.

Since p >0, by a well-known fact from linear algebra the curve I'(y) =0 is
either a real ellipse, or an imaginary ellipse, or a point ellipse. Here I'(y)=0
is a real ellipse, because 0in{I'(y)=0} and since b#0, |k1|+ ko] >0. From
this, if ¢ is large enough then the ellipse —by% +y§ =c is in the outside of
the ellipse I'(y)=0. This means that I'(y) >0 for all y&{y: —by% +y% =c}or
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I'(y)<0 for all ye{y:— byl +y2=c} In the first case the set {y: by1 +y2 >0}
is invariant set of (2*), in the second case the set {y: —byl +y2 <c}is
invariant set of (2*). We showed that if ¢ >0 then (2*) is not controllable,

Sufficient condition:
In the case p<0 and AB~1d#0 the system (2) is controllable by
Theorems A and B.

Now we assume. g =0 and AB~1d#0. We will show that the system
F={A+k, 1B} is controllable (k¥ denotes here the corresponding constant
vector field), hence and by Lemma 2, the system {A+k+uB:u€R} is
controllable, so are the systems (2*) and (2).

At first we state that on every integral curve of B: § = By, y(0)#0
there is one point at which the integral curve of A+ % (y(t) = Ay(t)+ k)
goes from inside into outside of the integral curve of B and there is another
point at which the integral curve of A+ k goes from outside into inside.

For an integral curve y(t) (¢ >0) of A+ k, consider

L wiw o=
=2(—bayyyf(t) - (a1pb— ag)y1(t) y2(t)+022y2(t) bk1y1(t) + kaya(t))

and the corresponding curve

—bagyf - (12— ag1)y1ys +azays — bhiy1 + kaya =T(y) =0.
Let E(c):={y: —byl +y3 =c} then E(c) is integral curve of B.
a) a1] =a99 =0, then (aj9b— a91) =0 because p=0.
In this case I'(y) =—bk1yy + koya.
Since b0, k=AB~1d#0, T'(y)=0 is a line through the origin. Then

for all ¢>0, E(c)N{T(y) >0} #0 and E(c)N{T(y) <0} #90. This means
that for all ¢>0 there is a point of E(c) at which the integral curve of A+#&

goes from inside into outside of E(c) and there is another point of E(c) at
which the integral curve of A+ & goes from outside into inside of E(c).
b) age #0.

Since ¢ =0 we can write

2
aijgb—a ajob~agq
I'(y) =a2 (yz—-lzz;n—%m) + ko (y2——%;;—y1 +

+ (kQ.M_bh) vl =
2a99

ajob—a
= agg23 + kazo + (k2 . —1-2%2—1 - bkl) Y1
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' ayob—as
where z9 =y9 — g Y1
We see that if kg #0 and k2ﬂ7’;;—0=1 = bk;, then T(y) =0 consists

of two parallel lines: z9 =0 and 29 = —E‘%’q—. The line 29 =0 goes through

the origin and z9 = —;%“-2- does not. Besides, sine k%—l—k% # 0, the curve
I'(y) =0 is a parabola which goes through the origin. In both cases, we
have E(c)N{T(y)>0}#0 and E(c)N{T(y) <0} #0 for all ¢> 0.

c¢) aj] #0. Similar to the case b).

Similarly we can prove the above assertion for —(4 +k), too.

Now we show that Ag(0)=R?2,

We assume indirectly that Ag(0)#R2. Let ¢ Ag(0). Then z€ E(c(z)):
—bzf +z§ =c(z), ¢(2) 20. Let c=inf{c(z): 2¢ Ag(0)}. We mention that if
z¢Ag(0) then E(c(z))NAg(0)=0. Indeed, if 2’ € E(c(z))NAg(0), then z can
be reached from 2’ (along a trajectory = By, y(0)=2', i.e. along E(c(z))
and hence z can be reached from the origin by ¥, what is contradictory.
Further, {y: —by% +y§ >¢(z)}NAg(0)=0. Because if there is a common
point, then the trajectory, which steers the origin into this point, meets
surely the curve E(c(z)) and hence E(¢(z)) can be reached from the origin,
in contradiction with the assumption that z ¢ Ag(0).

If ¢c=0, then 0 is fixed point of &, in contradiction with the assumption
that & has no fixed point. Hence ¢ > 0.

If E(c) C Ag(0), then by the above, E(c)N{T'(y) >0} # @ and there is
a point on E(c), at which the trajectory y = Ay + & goes from inside into
outside of E(c), hence we can steer the origin to a point in {y: —by%-f—bg >c},
in contradiction with the assumption that c is inf.

If E(¢)NAg(0)=0, then there is a point on E(c), at which the trajectory
y=—Ay—k goes from outside into inside of E(c), hence E(c) can be
reached from a point in {y: —by% -f-yg < c} and so from the origin, which is
contradicting with E(c)NAg(0)=0.

We proved that Ag(0)=R2. We can similarly prove that A_g(0)=R2.

Now let z, y be arbitrary in R2. Then z can be reached from 0 by —%
and hence 0 can be reached from ¢ by . y can be reached from 0, hence y

can be reached from = by #. This shows that the system & is controllable
that we wanted to prove.

4. B has complex conjugate eigenvalues with nonzero real part.

In the case B # AA and AB~1d #0, the system is controllable by
Theorems A and B.
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Now we assume that B=AA and AB~1d#0, i.e. d#0. The system
(2) can be written as

H(t)= (%+u(t)) Bz(t)+u(t)d.

Write here u(t) —% instead of u(t); then y(t) = z(t) + B~1d satisfies
(2**) y(t) =u(t)By(t)— §d=u(t)By(t)+k (k: —%d) .

We will show that for arbitrary points z and y in R2, z can be steered into
the origin and y can be reached from the origin hence y can be reached

from z (by (2**)).

If the eigenvalues of B have positive real part, then the curve eBsk
tends to infinity as s — 0o (k #0), goes around the origin, makes infinitely
many complete rotations around the origin. The curve eB%k (s> 0) meets
the half line {uBy+%:u >0} in some point, if y #0: uBy+k =Bk for
some u >0, s>0. Let y(t)= %B—le“Btk— %B"lk. Then y(t)=uBy(t)+%
and for t = ;11--3>0

1 1 1 1
y(t)==B"1.eBk——B " lk==B Y (uBy+k)- =B~ lk=y.
u u u u

This shows that y can be reached from 0.

If the eigenvalues of B have negative real part, then the curve
{e”B%k; s>0} meets the half line {uBy+k:u<0}: uBy+k=e"5%%
for some u <0, s >0. The curve y(t) = %B”le"Btk - %B'lk satisfies

i=uBy)+k,  y(-2)=v, (-2>0),

y can be reached from 0.

If y =0, then 0 can be reached from 0, too. Similarly, we can see that
z can be reached from 0 by the system 2(¢)=—u(t)Bz(t)—k. Hence z can
be steered into 0 by (2**).

This completed the proof of the Theorem 2. |
COROLLARY. Consider the following system
3) £(t) = Aa(t) +a-+u(t)(Ba(t) +d)
in R? with rank B = 2. The necessary and sufficient conditions of control-
lability of (3) are:
1. det[4,B] <0 and AB~1d#a if B#kE and B has real eigenvalues
2. Sp2A—4det A <0 and Ad# Xa if B=AE
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3. det[A, B]+det B-Sp2A <0 and AB~1d+a if B has purely imaginary
conjugate eigenvalues

4. AB~ld+#a if B has complex conjugate eigenvalues with nonzero
real part.

PROOF. We can write the system (3) as

(3*) () = Ay(t) +u(t)By(t) + &
where y(t)=z(t)+B~!d and k=a— AB~1d.
Then we can apply the proof of the Theorem 2 to this case. 1

In what follows we study the controllability of the system (2) when
rank B=1. We mention that in the case rank B =0 (B'=0) the system (2)
is a linear system, and the well-known Kalman rank condition has been
given for the controllability: The system (2) with B =0 is controllable in
R" if and only if rank[d, Ad,..., A" ld]=n.

If rank B=1, then B=bcT for some b0, c#0 in R? and in a suitable
basis B can be written as

T :
_[c'b 0 e T _{0 1 o Ty
B—( 0 0) if ¢ b#0, or B—(O 0) if ¢*b=0.

We prove first the following result:

THEOREM 3. Consider the system (2)
(2) z(t) = Az(t) +u(t)Bz(t) + u(t)d
in R? with rankB =1, B=bcT.

I. Assume that det[A, B]<0. Then the system (2) is controllable in R?
if and only if either

1. d and b are linearly independent, i.e. d# Ab; or

2. 0#d and b are linearly dependent and A is nonsingular; or

3. 0#d and b are linearly dependent and A is singular with A =gcT
for some g € R2.

IL. If det[A, B] > 0 then the system (2) is not controllable in R?.

ProoF. I. By the Theorems 1 and B in the case det[4,B] <0 the
system (2) is controllable in R? if and only if (2) has no fixed points in R2.

(2) has a fixed point <= there exists an r such that Az=0 and Br=-d.

1. If d and b are linearly independent then Bz = bcT:l,'# —d for all
z € R?, what shows that (2) has no fixed points.

2. If A is nonsingular then Az =0= =0 and Bz =0 #d because
d#0. In this case (2) has no fixed points.
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3. If A is singular and A=gcT for some geR?, then Az=0=>cTz=0
(here g # 0 since we supposed that det{A4,B] < 0) with this ¢ Bx =0#4d,
hence (2) has no fixed points.

If A=gfT with f+# Ac, then there is z such that Az =0 and ¢z #0,
ie. fTz=0r#0=>cTz#0. If —-d=pb, p50 then for y= ﬁ;z Ay=0
and By=bcTy=pb=—d. This means that y is a fixed point of (2) and the
system (2) is not controllable in R2.

We finished the proof of the part L.

II. Since rank B =1, by the remark at the beginning of the proof of the
Theorem 2 and by the Lemma 1, we can assume that

T
_fch 0 o T ({0 1 o Ty _
B_< 0 0) ifc"b#0 or B—<0 0) if e b=0.

Assume that det[A4,B]>0. Let

A= (au 012) .
a1 a2
Then det{4, B]=aj9a3] in the first case and det[4, B]= ——a%l in the second
case. The assumption that det[4,B]> 0 holds only in the case cTb#0.
Since ¢Tb# 0 and u(t) takes the values on R, we can also assume that
cTb=1. We have

z(t) = Az(t) + u(t) ((1) 8) z(t) + u(t)d.
By Lemma 2 this system is controllable in R? if and only if the system
F={A, £(B+d)} is.
We will show that if det[4, B] >0 then the system # is not controllable.
a)d= <a(l)1 )

We can suppose d) # 0; otherwise the system 1s homogeneous, i.e. not
controllable. We calculate the trajectory of the vector field B +d:

{il(t)=$1(t)+d1
From ]

z9(t)=0

we have z1(t) =€ (z1(0)+dy) - dy

z9(t) = z9(0)-
Here we can take t € R because +(B+d) € #. The trajectories of +(B+d)
are parallel half lines:

{z:29 =const, 71 > —dy} {z:z9=const, 71 < —dy}
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The points of the line {z] = —d)} are fixed points of (B +d). Since
det{A, B] >0, ajoa9; > 0. The integral curves of A satisfy

{il(t) =ay171(t) +argza(t)
z9(t) = ag1z1(t) +agaza(t).
There are eight cases we ha.ve to consider.

a1) ajg >0, agy >0, L >0, d; > 0.

From the first equation, at the point z for which z; = —dj, z9 > Ellzlil,
the trajectory of A doesn’t go into the left side of the line {z] =~d;}. If
TE {a:l =-—dj, 9< %l}, the trajectory of A doesn’t go from z into the

right side of the line {z| = —dy}. Similarly from the second equation, if
z€{z; <0, z9 =0} then the trajectory of A does not go from z into the

half plane {z:z9>0}. Since d; >0, —lLl >0 the set {z:z) <—dj, z9 <0}
is an invariant set of ¥.

ag) d; >0, aj2 >0, ag; >0, L1 <.

The set R2\ {z:2] < —d], 1:2 >0} is an invariant set of &.

ag) d1 >0, a19 <0, a9y <0, L >0,

The set R2\{x1 < —=dj, 9< 0} is an invariant set of %.

a4) d; >0, a9 <0, ag; <0, WL <,

The set {z:z] < ~d], z9 >O} is an invariant set of #.

ag) d1 <0, aj9 >0, ag; >0, —%]EL>O

The set R?\ {z1 > —dy, z9 <0} is an invariant set of &.

ag) d; <0, aj2>0, ag) >0, 5}{}%1<0

The set {z:z1 > —dy, 29> 0} is #-invariant.

a7) d1 <0, a12<0, ag <0, Wl >0, -

The set {z:z1>—d], z9< 0} is 9" invariant.

ag) d1 <0, a19<0, a9 <0, —JGJEL<O

The set R2\ {z:z1 > —d], 19 >0} is F-invariant.

We showed that if dg =0 then the system & is not controllable.

b) d= (j;) dy #0.
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The integral curves of (B +d) satisfy the equations
z(t)=z1(t)+dy
{ Ba(t)=dy
from which we obtain
ni(t)=€(21(0)+dp)—dy  zap(t) =dat+2(0).

Since we take ¢t € R, we can assume always that z9(0) =0. The integral
curve of (B + d) through (z1(0),0) satisfies

z(2)
s1(t)=¢ % (21(0)+d;)—dy.

Every integral of (B + d) divides the plane into two parts

4 (m1(0)i= {501 2B (10 +ay) -1
and .
r_(z1(0>):={z:zlseﬁ(zl(owdl)—dl},
We denote also .
P(@1(0) = {1 =% (@1(0)+ ) - |
Now we consider integral curves of A:
. o

We will show that if det[A4, B] >0 then there is a such that the set ['1.(a)
or the set I'_(«) is an invariant set of 4, 1.e. if z(0)€I'(a) and z(?) satisfies
(4) then z(t) €T 4 (a) or z(t) ET'—(a) resp. for all t> 0.

Let z(t) be a solution of (4) and

Iq(t)

y(t)=z1(t)—e %2 (a+d;)+di.
Then y(0)=0

z9(1)
§(6)=#1(8) - 2“) e % (atdy).

Since £ = Az, we obtain

. a91z21(t) +ag9xo(t z2(1) ,A
§(t) = a1121(t) + argzg(t) — —2 1 )d2 209t) 5k
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where K =a+dj. Since y(0) =0, with :L'(O) =(z1,z9) we have

z o
y(0)=a116321\ —alld1+a12:l:2-—-—-e TI'2 a21d1 E.I{_a_?&e?;.]’
dy dy dy

(5) (0)"‘-— 21 TI’Q-!-{—E?:E +a 2121} H‘LI\'+¢Z_12:1:2—alldl.

We assert that there is K (hence a) such that 3(0)>0 for all 29 (or %(0)<0
for all z9), hence at all points of I'(a) the trajectories of A go into T'(a)
(or go into I'(a)), i.e. T'+(a) is A-invariant (or ['—(a) is A-invariant).
by) d9 >0, a9 >0, ag; >0.
(*) agg > 0: Let o= EIL‘!%“;_:ZLEL, v= %l‘
then for all z9 <min(g,v)

. a a91d ,
——22$2+011+——21.1 >0, ajpry—ayd) <0.
dsy ds . |

Now we consider %(0) as a polynomial of K then its discriminant can be
calculated by

’ 2z9 2
d
A(:cg):e—‘r; —aﬁx2+a11+a—2-1-—1 +4‘a2—1(a12:c2—-a11d1) .
dy dy dy

If 29 > min{g,v} and A(z9) <0, then §(0) <0 for all K. If 9 > min{p, v}
and A(z9) >0, then %(0) <0 for all K < K(z9) and K > Ko(z9), where
K1(z9) < Kq(z9) are solutions of the equation ¢(0)=0.

We show that there is M >0 such that |K;(z9)|< M, i=1, 2 for all
z9 € {z9 > min{p,v} and A(m2 )>0}=H. Indeed

{a11+22“}—-]- xg}:i:\/—
K, 2(9:2)— Py
_2a7 '67;’:-

and K7 2(z9)—0 as 29— 00 (A>0as z9—o00). Fore>03N: 292N
A(zq9) >0 and |K] 9(z2)| < ¢ and K 9(z9) is bounded on {zg < N}NH.
Hence there is M >0 such that |K o(z2)] <M for all z9 € H. Now let
K <—M, then for all z3 € H, K < K] 9(29) and in this case (0) <0. With
this K, if 29 <min(g,v), then $(0)<0, too. This shows that the trajectories
of A started at the points of I'(KX —d; ) go into the set ' (K —d) ), the set
- (K —dj) is A-invariant and hence ¥-invariant, too.
(*) aga < 0: if z9 < min(p,v) then

21d1
—%1‘2-}-(1 +—d—-<0 aj9zg —ayyd; <0.
2 2
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In this case we choose X' > M and with this K the set I'_ (I —d;) is
F-invariant.

(¥) aze =0.
. . ., a d r.~ . ao d
In this case we take g—u——la-ingL and we choose K <—M if a11+—-;j2—120,

and K >M ifap; + E;’:}qil < 0. Then the set T-(K —d) is #-invariant.

bg) do >0, aj9 <0, ag; <0.
(*) aga >0.
If z9 <min{p,v} then
d
~28 pan+ 2 5, aioza —ad; 2 0.
dy do
In this case we can show that (similarly to the case by)) there is M >0
such that x9 € H = |K] 9(z2)| < M. Hence if K > M then §(0) > 0 for all
r9€H. lf z9¢ H, since K >0, y(0)>0. This shows that the set T'+(K —dj)
is F-invariant.
(%) ag9 <0.
Here we choose ' < —M, then %(0) >0 for all x9, this means that
I+ (K —d}) is #-invariant.
(*) age =0.
d ., . d - .
Let g:y:glaﬁl, and let K>M 1fa11+92§2—120 and let K < —-M if
a11 +%44L < 0. Then the set T4(K ~dy) is F-invariant.

bs) dyp <0, ajg >0, ag; >0.
o
Now %2 — 0o as z9— oo. In this case we can show similarly that there
is M >0 such that | K o(z9)| <M for all z9€ H={z9<max{e,v},A(z9)>0}
(*) ag2 >0.
If £9 > max{p,v} then
_222
dy
We choose K > M. Then y(0) > 0 for all z(0) =(z1,z9) € (X —dy). The
set T+ (I —dy) is F-invariant.
(%) ag9 <O0.
If z9 > max{p,v} then

a9d
22+a11+—filfzo ajgzy —ayiby 2 0.

a ag d
— 220y tan+21>0  appza—arnh <0,
d2 do

We choose K < —M. The set I'4+(K —dj) is F-invariant.
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() a2 =0.
Let p=v =

ayb
ayz ’

We choose K > M if a11+52£}—1>0 and K <-M 1if a11+gzj—l<0
Then the set I'.(K —dy) is F-invariant.

bg) d9 <0, a19<0, ag; <0.

(*) aga >0.

We choose K < —M, then §(0) < 0 for all £(0)=(z1,z9) € I'(K —dj).
The set I'_ (K —d}) is #-invariant.

('*) ag9 < 0.

We choose K > M. The set I'_(K —d}) is ¥-invariant.

(x) agg=0.

We choose K < —M if a11+—-;}-l>0 and K> M if a11+‘—12a}—l<0
Then the set I'_ (K —d;) is F-invariant.

In every case we showed that there is an #-invariant set. This

means that the system &, so the system (2) is not controllable in R? if
det[A4, B] > 0.
We finished completely the proof of the Theorem 3. |

In the case of homogeneous systems (d =0) it was showed that if

rankB=1 and det[A,B] =0 then the system is not controllable in RZ\ {0}.
Here, when the system is not homogeneous (d # 0), in the case rankB=1
and det[A B] =0 the system may be controllable, may be not controllable

in R2.

THEOREM 4. Consider the system
(2) z(t)= Az(t) +u(t)Bz(t) + u(t)d
with B=bcT #0, d#0, det[4,B]=0

Assume that ¢Tb#0, then the system (2) is controllable in R? if and
only if either

1. det[b,d] #0, det[ ]750 and detA=SpA=0; or
T
2. det[b,d] #0, det [C%A] #0, det A#0 and

(cT Ab)2 (ch)2 T ABd

detd ~ det [ ] -det[b, d]
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T
PROOF. As usual we can assume that B = (C b 0).

0 O
Let A= (a“ al?).
a1 a2

Then det{A4, B] =0 <= ajoag; =0. We can also assume that Ih=1
Here we consider the system & = {A,£(B +d)} instead of (2), too.

Las(4)

a) ajg =0.

Consider trajectories of (2) starting from the line {z:z1 =—d;}. Then
£1(0)=—aj1d;. One can see that if —aj1d; >0 then the half plane {z:z, >
> —dy} is F-invariant; if —aj)d) <0 then the half plane {z:2; < —d;} is
F-invariant; if ~a11d) =0 then the line {z:2) = —d;} is F-invariant.

b) aj9 #0.

Then ag) =0. In this case the line {z:19 =0} is #-invariant. Hence if

d= (%1) and det{A, B] =0 then the system (2) is not controllable

IL d=({!),dy #0.

It was shown in the proof of the Theorem 3 that the integral curve of
(B +d) through the point (a,0) satisfies
:q(i)

z1(t)=¢ % (a+d1)—di.

Here we use also the notations I'(a), I'y(a), I'—(a), y(t), K. We mention
that

zo(t
y(t) = Il(t)——- e—a-(i’-lff +d1
here K =a+dj.
We consider trajectories of A which start from the curve I'(a).
E(t)=Az(t), t>0
{ z(0) € ().
If z(t) satisfies (4) then the corresponding y(t) satisfies

(4)

agidy
dy

2z 9
. a T - a -
-y(O):—-dl;-e 2 I\2+{—d—222-$2+a11+ }62'5[\» +aj9zr9 —aqd;

a) aj9=0.
Let a = —dj, then K =0 and %(0) = —aj;d;. From this we have:
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If ajjdy =0 then the line {z] = —d,;} is F-invariant.

If aj1dy > 0 then the half plane {z{ < —d;} is F-invariant.
If a1;d; <0 then the half plane {z] > —d;} is F-invariant.
In this case the system (2) is not controllable.

b) a9 75 0.

Then ag; =0. We have

) 2 ( a
#(0)= e K {—di;wﬂm} +aj9Tg —ayids.

z9

b1) aga =0, a11 #0. §(0)=e® Kay; +a19z9 — agyda.

(*) a1adg >0.

We can choose Kaj; <0 (i.e. Kajj~—00) such that y(0)< 0 for all
z9, with this K the set I (K —dj) is #-invariant.

(*) a19dg < 0.

We can choose Kajy >0 (i.e. Kayj~+00) such that §(0)> 0 for all
x9, with this K the set '} (K —dj) is #-invariant.

In the case by) the system (2) is not controllable.

bg) a11 =0, aza #0.
Let K = 9'1125—11, then
22

y(0)=aigz9 (1 - eH:.;) .

Here we can see that if ajods >0 then y(0) <0 for all 29#0 and ' (K —
—d))\I(K —dy) is F-invariant; if aj9dy <0 then y(0)> 0 for all z9#0 and
P4 (K —d))\T(KX —d;) is F-invariant (we took into consideration that the
solution of (4) in case 9 =0 is a point: (a,0)).

In this case the system (2) is not controllable.

b3) a11 =0, agy=0.

In this case the integral curves of A satisfy

{ z1(t) = a1222(0)t +21(0)
za(t) =z2(0).

They are parallel half lines {z9 = const}, going from left to right and
z1(t)— oo as t— o0 if aj9z9(0) >0, going from right to left and z1(t)— —oco
as t — 00 if aj9z9(0) <0, the points of the line {z:z9 =0} are fixed points
of A. By this one can see that # is controllable in RZ. Indeed, let z, y be

arbitrary in R2. Then z€T(a), y €[(8). If a =4 then z can be steered
into y on a trajectory of (B +d). If a <g, then along the trajectory
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I'(a) of £(B+d) = can be steered into z with aj92z9(0) >0. The trajectory
= Az, z(0) = z steers z into a point of I'(#) from which y can be reached
along I'(3). If @ > B then trajectory I'(a) of £(B +d) steers z into z with
a1222(0) < 0. Hence y can similarly be reached from z.

In the case bg) the system (2) is controllable.
by) a1 #0, age #0.
Here we assume z(t) satisfies (4), then

T9
(6) y(O)zeagK{—%mg-i-au}+a12x2—a11d1.

Now we consider §(0) as a function of z9: f(x9):=%(0) then
1 2
fl(zg)= ﬁeagﬁ {—ag222 +a11d2 — a2da} + ai.
2

f'(z9)=0 if and only if

S8

K {aggza —ayydy+agyda} =d3-ajze

bga) dg >0, ajg > 0.

doa]] aj1d;
( ) a22 a1 -’

We assume that Kagg >0. Then there is only one z such that f'(z) =

=0 because K {aggry—aj1ds+ageds} is strictly monotonously increasing,
Ty

dg-ame % is strictly monotonously decreasing. If f'(z)=0 then f'(z9)>0
if 29 <z and f'(z9) <0 if 79 > 2, hence f(z9) attains its global maximum
at r9==z.

Now we try to find I, z such that

Kagg >0, fl(z)=0,  f(z)<0.

Since _2_ll< —11—2-1 there is z such that !2%1< <_11%l with this z f(z)<0,

which fOIIOWS from (6) and from the conditions of K, z, dg, ajg. Now we
calculate the value of K from

2
(7) K {aggz —a1ydy +agdg} =d3-ajp-e %
and one can see here Kagg >0 and f'(z)=0. We showed that we can choose
Wi o, %12’1 and Kagy > 0 such that f'(z) =0, f(z)<0. Since f(z2)
attains its global maximum at z9=z2, f(z9)<0, i.e. ¥(0)<O0 for all z9. This
shows that T_(K —d;) is #-invariant, the system (2) is not controllable.
R
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- Then for Z=M fz)=2220% _ g4 >0 and f(zg) — —00 as

(l-')-’)

z9 — —00. Hence for all K €R, i.e. for all a €R on the curve I'(a) there
are points at which the integral curves of A go into the interior of 'y (a)
and there are points at which the integral curves of A go into the interior
of I'_(a). With this fact we can show that & is controllable. For this we
prove that Ag(0)=R? and A_g(0)=R2, hence ¥ is controllable. First we
mention that z ¢ Ag(0), z€I'(a) implies F( )NAg(0)=0. Consider the set
G={a:T(a)C Ag(0)}. This set is nonempty and open since I'(a) can be
crossed by trajectories of (4) from I'— to 'y and from T'y to T'—. Also G
is closed. Indeed, let an € G, ap — a. Taking subsequences we can assume
that ap is monotone. If ay, increases, take a trajectory of (4) from I'_(a)
to '+ (a); T'(apn) will meet it for sufficiently large n and then a € G follows.
The case of decreasing ay, is similar, hence G is closed. As an open closed
and nonempty set, G must equal to R which shows Ag(0)=R2.

Similarly A_g(0)= R2.

We proved that in this case (2) is controllable.
byf) do >0, ajg <0.

(+) 9281 < 2uds

aso ayjp
For Kag9 <0 there is only z such that f(z)=0 (from (7)) with thls 2,
f'(29) <0 if 29 <z and f'(29) >0 if 29 >z, hence f(:z:g attains its global
minimum at 9=z

Here we find K and z such that
Kap<0, f'(z)=0, f(z)>0.
Let _._d;:zll <z< %L, then f(z) >0 (see (6)).

We calculate K from the equation (7), then f'(z)=0 and Kagg < 0.
With the chosen I and z, f(z9)>0, i.e. y(0)> 0 for all x9. This shows

that ' (K —dp) is #-invariant.

doa” ]]d]
(*) aqo > ay9

Let ;—-9.11.‘{2 then f(z)= epandy —aj1d1<0and f(z9)—o0 as r9——0o0.

ano
Then for all a € R on the curve I'() there are points at which the integral
curves of A go into intI'1(a) and there are points at which the integral
curves of 4 go into intI'_(a). From this fact, similarly to the case b4a),
we can show that the system (2) is controltable

bgy) d2 <0, a3 >0.

(*) d’)all a]ld]
a')2 (112
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For Ka99<0 there is only = such that f'(z)=0. If z9 <z then f'(z9)<0
and if z9 > z then f'(29)>0. Hence f(z9) attains its global minimum at
To=2z.

We find é.nd z such that
Kagy <0, fl(z)=0, f(z)>0.

We choose E}I;)LZ-Z >z> %l, then f(z)> 0 in the case Kagg < 0.

We calculate K from the equation (7). We obtain that f/(z) =0 and
Kagy < 0. With this K and z, §(0) > 0 for all =9, the set 't (K- —dj) is
F-invariant.

dyay; _ aj1d)
(*) ay < ez - ,
Let z = %‘},gl then f(z)= apandy —aj1d; <0 and f(zg) — +o00 as

22 a2
z9 — +o00. From this, similarly to the parts above, we see that in this

case (2) is controllable.
bgd) dp <0, ajp <0.
doay;  a11d)
(+) a3 a1z
For Kagg >0 there is only z such that f’(z)=0. In this case if z9 < z
then f'(z9)>0 and if z9 >z then f/(z9)<0. Hence f(z9) attains its global
maximum at z9 = z.

We find I and z such that
Kagg >0, fl(z)=0, f(z)<o0.

We choose 242 > ;> 5‘-}%} With this z, f(z) <0 (if Kagy >0).

We calculate ' from the equation (7). We obtain that f'(z)=0 and
Kagy>0. With this K and z, §(0) < 0 for all z9, hence the set I'_ (K —d3)
is invariant for F.

(*) doa]] < a11dy )

az2 a12

Let 2= %-})ﬁz then f(z) = ﬂzﬁ}lﬁz —ayidy >0 and f(z9) — —oo as
T9 — +0o. From this and similarly to aboves, we see that in this case

the system (2) is controllable.
b4€ )

Now we assume that dZ;',, = 514(11%1 =z. Then d; #0 and z#0. Let

. -2
K =dje %2, we see that K satisfies (7).
- We consider the integral curve I'(K' —d ) of B+d. We see that (0,z) €
e(K —dy). '
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Solving the differential equation £(t) = Az(t), z(0)=(0,z) we obtain
zi(t) =1t t-ay9z .
' if aj3 =ag

zo(t) =€%22¢ 2

and

a11—a22

1 () = 222 (011! — ea22t) v
if a11 # age.

zo(t) = e%22iz
Let

8228,

41(t) =e & dl ~dj.
Since the integral curve of (B+d) through (K —d;,0) satisfies the equation

z]= 6351\ —d1, we have (z1(t),z9(t)) € (K —dy).
We calculate now z(t), #1(t).
e®22t;—; 222t

ooz
2222 jant di=ajpz-e%22t.c %

z(t)=
da
(Here EZé’.ﬁl = a19 by the assumption of z.)
£1(t) = a1zt (ay 1t +1) if aq] = a9y, and
a9z - .
z)(t) = memt (0116(“11 a22)t —022) if aj; # agg.
Consider now z1(t) —21(t) near t =0.
In the case aj] = a99 we have z=dy

[4
51(t) — &1(t) = aggze®it (eea“ “l_ayt- 1) .

e®11%-1 .

The Taylor series expansion of e is the following.

t
e -1 1+a11t+a11t2+o(t3).

We obtain
z1(t) —£1(t) =ayez- o1t (a%1t2 + O(ta)) (if aj1 = a99).

In the case aj] # ags, one can see
f%t’;’ 2 0, 1(2\* 9.0 3
e = 1+d—022t+ 2d a22t + = 3 (d—2-> (122t +O(t )=

1/.
=14aj;t +-2- (a11a22 +a%1) 2 +O(t3).

et22t, -, 1

51(t) - £1(t) = aygz- €822 {e 2 (aue(all_a”)t —azz) } .

aii — a2
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Calculating the Taylor series expansion of { - } we obtain

51(t) — 21(t) = ay9z - 222 {011022t2+0(t3)} (if a11 # ag9).
In both of the cases we have

(*) ?1(t)—i1(t)=0122'6a22t {a11a22t2+o(t3)} =
=a},a19dpe2?! (t2 + 0(t3)) .

In what follows we will show that in the case ﬁﬂ%l —1%1 the system (2)
(with the assumption by4)) is not controllable. In particular we show that
either ' _(K —d) or ' (K —dy) is ‘A-invariant.

We consider the case by). Similarly to there we can prove that with z
and K defined above, (0) <0 (resp > 0) for all 9 # 2. For z9 =z we have
y(0)= f(z)=0. We will show that the solution of z(t)=Az(t), z(0)=(0,z)
satisfies z1(t) <21 (t) (or 2) for t€(0, <) with some small positive number ¢.
From this and from §(0) <0 (resp > 0) Vzg # z we obtain that I'_(K —dy)
(resp '+ (KX —dj)) is A-invariant, thus the system (2) is not controllable.
Indeed, in case bga) and bgé) above, dyajg >0 hence we get by (») that
21(t) > z1(t) for 0< t<e, if € > 0 is sufficiently small. This means that the
trajectory of A starting from (0,:) goes into I'_ (K —d;). Since (0)< 0
for z9 # z, we get that ' _(k —dj) is invariant. In case byf) and bygy) we
have dgajp <0, and then 21(t) < z(t) for 0<t <¢, ¢ small. For z9#z we
get here y(0) > 0, therefore I' . (K" —d) is invariant. So we have shown that

. . . d
(2) is never controllable when in case by) the equality —5—;—%1 —31-1—211 holds.

Summarizing: (for by).

In all cases we showed tha.t in the case by) the system (2) is controllable
of and only if

d
aun e dr
agyy” apgdy’
Now we complete the proof of the Theorem 4.
We assume that our original system is written by

#(t) = Az(t) + u(t)be? z(t) + u(t)d

and after changing basis and changing control (v = chu) the obtained
system is written as

0= (5 et (3 §)etoes(3)

Then we can calculate the values a;j, dj, i=1,2, j=1,2 by using Lemma 1.



ON CONTROLLABILITY OF BILINEAR SYSTEMS II 253

Here :
‘a1l a1 -1 (d 1
—P4P7!, = —Pd
a1 a2 dy)  cTh
where ' - o
- 1 by —c
P= c1 CQ), P 1=_< 1 2)
(—52 b To\b
_(h _f{c
b= (b2>’ c—(c2>
We obtain ' "
det I
T Ab “leFAl - det[p, Ab)
a = a = —— a = ———
11 ch ) 12 ch P 21 ch 3
Id det{b, d]
d=Trp  @=
cth ctd

We mention also that det(-) and Sp(-) do not change after changing basis.
From these facts we obtain: :

I. < det{b,d]=0.
cT .
Il.a) < det T4|=0

, ’ r

IL.by) or bg) <= det[b,d] #0, det [C%A] #0,det A=0, SpA#0.
7 T

I1.bg) <= det[b,d] #0, det [C%‘A] #0, det A=SpA=0.

: T
IL.by) < det[b,d] #0, det [c‘i}"4] #0, det A#0.

In the case IL.bg), since ag; =0, we can calculate a99: a9y = d:;IA =
T
__ctbdetAd . :
=S The inequality B
d
an 1 4
ag ~ ajg da
is equivalent to the inequality written in 2. of the theorem. With this we
finished completely the proof of the Theorem 4. |

EXAMPLE [46]. Consider a system (2) with

=[] s=[r 9] d‘=(§l§-)-
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det[4,B] =0, cTb#0 (b: (’6) e= (é)) .

If A=0, v5#0, dy #0 then the system is controllable.

IfA#£0,v#0,de#0,1> A % then the system is controllable. This
contains the cases considered in [46].

THEOREM 5. Consider the system
(2) £(t) = Az(t) + u(t)Bz(t) + u(t)d
with B=bcT #0, d#0, det[4,B]=0.

Assume that cTb=0. Then the system (2) is controllable in R? if and
only If either

1. det[b,d] #0, AB =0 and det[Ad,d]#£0; or

2. det[b,d]#0, AB#0, AB=2BA and det[Ad,d] #0.

PROOF. We mention first that we can change arbitrarily the basis
in which the data are given. Indeed, if P is a nonsingular matrix and
A'=PAP~! B'=PBP~! d = Pd then the system

§(t) = A'y(t) +u(t)B'y(t) + u(t)d'

is controllable if and only if (2) does (y(t)=Pz(t)). Further B'=¥c'T where
5 =Pb, /T =cTP~! and det[b, d]#0 <= det[t,d'|#£0, AB=0<= A'B' =0,
AB=2BA = A'B' =2B'A'| det[Ad,d] # 0 «= det[A'd,d'] #0.

From this and by Lemma 1 we can assume that

0 1
B=<O o) (cTb=0).

LetA:(all a12> d= (dl)»
a1 ay )’ dy

Then det[4, B] =0+= a9, =0.
I. dg =0 (<= det[b,d] =0).
From (2) we obtain
. Z9(t) = aggzy(t).
This shows that the line {z:z9 =0} is an invariant set of (2).
The system is not controllable.
II. dy #0 (<= det[b,d] #0). ,
Here we consider the system & ={A4,+(B+d)} instead of (2), too.
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The integral curves of (B + d) satisfy
{iﬂﬂ=zﬂ0+d1
z9(t)=dy
Solving that

teR (since £(B+d)€F).

{ z1(t)= io'zt— +z9(0)t +d1t+21(0)
z9(t) = dat + z9(0).
We can take z9(0) =0, z(t) satisfies

v
1(6)= L) + Laglt)+210).

This is the equation of the traJectory of (B+d) which goes through the
point (z1(0),0).

Every integral curve I'(a)= {x z1= 2 alzg + a} divides the plane

into two parts

2
x5 dp
= : >_ —_—
I'y(a) —{:c T] 2d2+d2x2+a}

and
2
di
F_(a):= {x r1 < x—+—x2+a}.
dy

Now we consider integral curves of A:

2(t) = Az(t), t>0
(®) { z(0) € T'(a).
Let : \
: d
y(t)=z1(t) - x;(g:) - d_;x2(t) .

If z(t) satisfies (8), then y(0)=0 and
: d1ag a92
()= anyz1(6)+ (a1 - 2 Y aofe) - b

Let z(t) satisfy (8) and z(0)=(z,z2), then

_a11—2a92 9, (a11 —a2e)d] +ajady

a) a11=0 (<=>AB=0). ’

r9+ajja.
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(*) a12=0, aga #0.
In this case
_ a22 23— agd;
y(0)= ds

If dj =0 then §(0)- 2 D2 <0 for 29#0, and I'y(a) is F-invariant if —JZ <0,

[_(a)is .9"-1nvar1ant 1f T >0, for all a. The system is not controllable

Here djagy =dsajo. If dj #0, there are values of z9 for which y(0) >0 and
there are values of z9 for which §(0) < 0. Then similarly to the proof of
the Theorem 4 we can see that in this case the system F is controllable,
so does (2). Here djage # doayg.

(*) a2 =0, aga =0 = A=0. The system is not controllable.

= —ry=-z9- (l‘2+d1)

Here dyjag9 = dqaqs.
(¥) aj2 #0, agg =0.
y(0)=aj9z9.

In this case §(0)>0 if aj9z9>0 and §(0)<0 if aj9z9<0. Similarly to the
Theorem 4 we can see that the system is controllable. Here djags # daajs.

(*) a12#0, ag #0.
. a agod
y(O)::zz <—-d?—29:2+a12— 2;2 1) .

If ajody = agod then §(0) = %’%2 and §(0)- 2 <0 for all 73 #0, thus

the system is not controllable (see above). If a12d2 # aged) then §(0) >0
for some z9 and §(0) <0 for some another z9 (for all a). Hence we can see
that the system is controllable.

Summarizing we obtain in the case II.a) that the system (2) is con-
trollable if and only if a12d2 # a99d1. This is equivalent to the fact that
det[Ad,d} #0. Indeed, since aj; =0, ag) =0, det{Ad,d] = aj9d} — agedad; =

= dy(aj9dy — agady).
b) all 750 (@ AB#O).
by) ai1 #2a9g (<= AB #2BA).
In this case we can choose a such that y(0)- ﬁll;_a?ﬂn > 0 for all z5.

With this a if -1172—022 >0 then I't(a) is F-invariant and if _u_}zzz <0
then I'_(a) is F-invariant.
b2) al] =2a99 (@ AB =QBA).

) asedi + ayod
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If aged) = —ay2dy then y(0) =ajja. Hence y(O) >0 if aj1a >0 and with
this a, I't-(a) is F-invariant.

If aged) # —ay9dy then for all «, there are values of z9 for which y(0)>0
and there are values of z9 for which §(0) < 0. Hence we can show that the
system ¥ is controllable by similar way as before.

Now we calculate det{Ad,d].
det[Ad, d] =ay1d1d9 + a12d% —agodide = agodids + algdg =
= dg(aged) +ajady).
Hence agod] # —ay9dy <> det[Ad, d] #0.

Thus we showed that in the case AB #0 the system is controllable if
and only if AB=2BA and det[Ad,d] #0.

We finished completely the proof of the Theorem 5. |

4. Two Structure theorems

Let A, B be matrices in R?*2. The pair (A, B) is said to be controllable
if the corresponding system

z(t) = Az(t) + u(t)Bz(?)

is controllable in R2\ {0}.
Denote

6:= {(A, B) e RZ*? x R¥*?: (4, B) is controllable}
X :={(4,B) e R¥*? x R?*?: det[4, B] < 0}.

As usual we denote the norm of a matrix 4 by

1
1all={ >

bl
i!j

We have the following structure theorem

THEOREM 6. With the above notations 8CX, 8 is open set in R2%2 x
R2%2 and 8 is dense in X.

PROOF. By Theorem A and Theorem 1 it is obvious that 6 C X.

1. € is open:

Let (A,B) € 8. We show for there is £ > 0 such that if |4’ — A]| <e,
|B' — B|| < ¢ then (A/,B") ¢ 8.

1. B has distinct real eigenvalues.
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By Theorems A and 1, det[4, B} <0.

Since B has distinct real eigenvalues, Sp2B —4det B >0. There is € >0
such that |4’ — 4| <, ||B' - B|| <¢ (we write (4/, B')€ K. (A, B) for short)
implies ’

det[A',B')<0  Sp?B'—4detB'>0.
Then B’ has distinct real eigenvalues, and by Theorems A and 1 (4', B')€8.

2. B has twofold real eigenvalue and B #kE

By the Theorems A and 1, (4,B) € 6 < det[4,B] < 0. In this case
Sp2B—4detB=0and B#kE, B#kA.

Take a small € >0 to ensure det{4’, B’} <0, B'#kE, B' £ kA’'. Then
(A',B"Ye8. Indeed, if Sp2 B’ —4det B'>0 then B’ has two real eigenvalues,
hence det[A4’, B')]<0, B’ £kE is enough for the controllability. If Sp ’p' =0,
det B’ <0, then B’ has purely imaginary eigenvalues and det[A’, B'] +
+det B'-Sp2A’ < det[A’, B'] < 0 implies (4’,B') € 6. Finally if SpB’' #0
and Sp2B’—4det B' <0 then B’ has complex eigenvalues with nonzero real
part, Hence B’ # kA’ implies the controllability.

3. B=kE, k#0
By Theorem A, (A,B)c8 <+ Sp2A —4det A <0
We need first the following fact:

“Let X be a matrix in R2*2 such that Sp2X —4det X <0 then for all Y&
€R?*? det[X,Y]<0, and in the case det{X,Y]=0 we have Sp2¥ —4det Y <0
or Y=kE.”

We prove this fact: Since det[X,Y] does not change under changing
the basis, we can assume that

X=[° 1J with 4z 423 <0

T T2
(see 3. and 4. in the proof of the Theorem A)
det[X,Y]=
= z1(y22 —y11)° = (2122912 + T2y21)(y22 = ¥11) — (z1y12 — ¥21)* + Z3y12021

By the ending part of the proof of the Theorem A, det[X,Y] <0 and
det[X,Y] =0 z1y19=y21 and yo2—y11 = -{2%12- With this and with
471+ 73 < 0 we obtain Sp2Y —4detY <0, or Y =kE. Now, since B=kE,
k#0, SpB #0.

There is € > 0 such that (A, B’) € K.(A, B) implies

SpB'#£0, Sp2A'—4detA' <0, B #r4'.
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a) If Sp2B’' —4det B' >0 then by the above det[4’,B'] <0 or B' = kE.
In this case if B'#kE then (A4’, B')€8 by the Theorems A and 1, if B'=kE
then (A4', B') €6, too, by 2) of Theorem A.

b) If Sp2B’ —4det B’ <0, since Sp B’ #0, then (A', B') satisfies the
conditions of 4. in Theorem A, thus (4',B') € 8.
4. B has purely imaginary conjugate eigenvalues

In this case (4, B)€B<=det[A, B]+det B-Sp2A<0. B satisfies Sp B=0
and det B >0
Sp2B—4det B < 0.
There is € > 0 such that for all (4, B') € K.(4, B)
det B' >0
Sp2B' —4detB' <0
det[A’, B'|+ det B'-Sp2A4’ <0.
Hence if Sp B’ =0 then (A’, B') satisfies the conditions of 3. in the Theorem
A; if SpB’ #0, then (A', B') satisfies the conditions of 4. in the Theorem
A (det B'>0==>det[A',B'] < 0= B' #k4’)
5. B has complex conjugate eigenvalues with nonzero real part.
In this case (A,B) €8 <= B#kA (A#0). B satisfies
Sp’B—4detB<0  SpB#0.
There is € > 0 such that for all (A’,B')e K:(4, B)
B #kA', SpB'#0, Sp?B'-4detB'<0  hold.

This means that (A’, B') € 8.

We proved the part L.

II. € is dense in X.

Let (A4,B)eX. We will show that for all ¢ >0 there is (4’,B) €
€ K:(A,B)NE.

1. B has distinct real eigenvalues.

As usual, we can assume that

B= (%1 b02> by  bo.
If det[A, B] <0 then A'=A4, B'=B and (4, B')e K. (A, B)N8 (by Theorems
A and 1).
Assume that det[4, B]=0.
Then det[A4, B] = (b - by)2a12a91 =0, where A=(aj;); j. Since by # ba,
ajsagy; =0. Let B'=B.
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(%) a12=0, ag; =0.
Let
A =( o a12+9) with 0<92<—€3.
ar—e  a 2
Then det[A' B'l=(h —62)2( %) < 0. Hence and by the Theorems A and
1, (A", B') e K.(4,B)NE.
(*) a19=0, ag #0.
Let
r_f{an azte : 2,2
A= (an . ) with ag1p <0 and p“ <¢”.
Then det[4’, B'] = (b —62)2a219 <0 and (4',B") € K¢(A, B). This means
that (4',B") e K.(A,B)n
(*) a1 #0, ag; =0.
Let
r_[ ann a1 ; 2_ .2
A= (a21+g agg) with a12@<0, - <e”.

Then (A',B') € K:(A,B)N8.
2. B has a twofold real eigenvalue and B# kE.

5 ) (see the proof of the Theorem A).

We can assume that B = (1 b

Then det[A,B] = —a12

(*) a1z #0.
Let A'=A, B'=B. By the Theorems A and 1 (4/,B')c 6.
(*) a2 =0.
Let
A= (Z; 4112;2‘ 9) with 0<p<e and B' =B.
The det[A',B'] = —% <0, hence (4, B’') € K:(4,B)NE.
3. B=kE.
Let
B'= (‘jﬁ’ kig) with §£0, p+k#0, 202 +26% < £2.

Then Sp2B' —4detB' <0, SpB' #0. Let

A= (alé;l-d Zg) with o # a99 —ay; and o? <l
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Then (4',B') € K¢(A,B) and B’ # A4'. Since B’ has complex conjugate
eigenvalues with nonzero real part (from above), by 4. of the Theorem A,
(A,B)e 8.

4. B has purely imaginary conjugé,te eigenvalues.

_{0 1
B“‘(b 0), b<0.

B’=(§ ;) with 0#20%<e?.
Then Sp2B’' —4det B' =4b< 0 and Sp B’ #0.

Similarly to 3. above, we can choose 4’ such that (4', B")e K.(4,B)n
neé. '

5. B has complex conjugate eigenvalues with nonzero real part.
Let B'=B. Let

A= (011 te a12> with % <e? and such that B' #kA4'.
a2\ a2

Then (4, B') € K¢(4,B)N%.
We finished completely the proof of the Theorem 6. 1

We can assume that

Let

In the following we study the behaviour of the controllable triples
(A, B,d) in R2*2 x R?*2 x R2,
The triple (A,B,d) is said to be controllable if the corresponding
system
t=Az+uBr+ud
is controllable in R2. (Here A, B, d' may be zero.)
Let

D:={(4,B,d) e R¥>*?xR**2x R?:(4, B, d) is controllable}
£:={(4,B,d) eR*>*ZxR¥*? x R?: det[4, B] < 0}.
As a consequence of the Theorem 6 we can prove the following theorem

THEOREM 7. With the notations above D C &L, I is dense in £, D is
not open. Further, if (A,B,d) €D with (A,B)€ 6 then (A,B,d)€intd.

PROOF. By the Theorems 2 and 3 if det{A, B] >0 then (A, B,d) is not
controllable, this means that D CL.

Now let (4,B,d)eX£.
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By the Theorem 6 for each ¢ >0 there is (4’,B') € K¢(A, B) such that
(A',B") € 8, and we can suppose B’ #0.

1. B’ has real eigenvalues with rank B’ =2 and B’ #kE. Then for each
>0 there is d' such that ||d' —d|| < ¢ and A'B'~1d' 0 (since (4’ B') €
€ 8 ==det{A',B'] < 0= A’ #£0). By the Theorem 2 (4',B',d') e J.

2. B'=kE, k#0. Then Sp2A4’ —4det A’ <0. For o> 0 there is d' #0
such that ||d' —~ d” < ¢. By the Theorem 2 (4',B',d') € 2.

3. B’ has purely imaginary conjugate eigenvalues. In this case
det[A!, B'|+det B'-Sp?A’ < 0. For ¢>0 there is d’ such that ||d' —d| < o
and A'B'"td #0. Hence and by the Theorem 2 (4',B',d') c 2.

4. B' has complex conjugate eigenvalues with nonzereo real part. Then
B'#kA’ and we can suppose A’ #0 (see the proof of Theorem 6). For >0

there is d’ such that ||d' —d|| < ¢ and 4'B'~'d’ #£0. By the Theorem 2
(4',B',d")ed.

5. rank B’ =1 and det{4’, B'] <0.

Let B' =4c'T. Then for o> 0 there is d’ such that |d' —dll < ¢ and
det{t’,d'] #0. By the Theorem 3, (4’,B',d')e 2.

We showed that 2 is dense in ¥.

Now we show that 2 is not open.

Consider a triple (A, B,d) with

(0 ap _(1 0 _[d
=0 w) =(n) = (d
and aj2#0, dg #0. -

T
Then B=bcT, b= ((1)) =c, d#0, det[A, B]=0, det[b, d]#0, det [C%A] #0,

det A=Sp A=0. By the Theorem 4 the triple (A4, B, d) is controllable. For
e>0 let

A'=<% “12) B'=B, d=d
0 0 b b

then by the Theorem 4 the triple (4’,B’ d’) is not controllable, and
(A',B"Ye K(A,B), |d —-d||=0<ce.

This shows that 2 fails to be open.

Now we prove the last assertion of the Theorem.

Let (4,B,d)€2 and (4,B) €. Then (4, B,d) has no fixed points.
By the Theorem 6 there is ¢ > 0 such that K:(A,B)C 8. Thereis p>0
such that (4',B') € Ky(A4,B) and ||d' —d|| < p implies that (A, B',d’) has

no fixed points. Indeed, assume indirectly that there are Ap, Bg, dn,
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zn such that 4, — A, B, — B, dp — d, Ana:n =0, Bhzn=—d,. If B is
nonsingular then we can assume that By is non- smgular for all n. Then
Tn— —By 4, - —B~ld=1z, thus Anzn — Az and z is a fixed point of
the system which is contradlctory If rankB =1 then by Theorem 1
det[A,B] <0 and we can assume that det[4,,Bn] <0 for all n. In this
case Tnp= —[An,Bn]‘ Andn— —[A,B]"!Ad, and Apz,— Az, Bpzn — Baz,
from which z is a fixed point of the system, and this is contradlctory,
too. We can choose p <¢. Then for such a triple (4', B, d') we obtain that
(A' B',d') is controllable. This means that the set {(A B ,d)ED:(A, B)G‘é’}
is open. We completed the proof of the Theorem 7.
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I. Introduction

A general technique to guarantee the non-existence of non-trivial closed
orbit of second order dynamic systems is Bendixson criterion [1], [3].

This criterion was generalized by H. DULAC (1], [4] as follows. Let
(1) X=P(X)Y), VY=QX)Y)
be an analytic dynamic system, G a simply connected subregion of the

domain of definition of (1).

Let B(X,Y) be a continuously differentiable function defined in G such
that the function

o ' %
ax BEYPXY)+ - (BAY)QXY))

does not change sign in G, then there are no non-trivial closed orbits in G.

The procedure of construction of Dulac Functions for (1) concerns the
solution to a partial differential equation

div (B(X,Y)(P(X,Y),Q(X,Y)))=®(X,Y)
where ® (X,Y) is some suitable function positive or negative definite in G.
A different approach to obtain the function B(X,Y") is based on the
search of integrating factors as we show in the following.

THEOREM 1. Let (1) be an analytic system on the plane, G a simply
connected subregion of the domain of definition of the system. If there
exists an analytic system on the plane

(2) X=PR(X)Y), Y=Qu(X)Y)
such that the system

* This research was supported by Fondecyt/Chile, under Grant 245/91, 92.
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(3) X=P(X,Y)-P(X,Y), Y=Q(XY)-Qu(X.Y)
has an integrating factor u(X,Y) € CY(G) and
div (4 (X,Y) (R (X,Y),Q(X,Y)))

does not change sign in G, then the system (1) does not admit any non-
trivial closed orbit lying entirely in G.

ProoF. If u(X,Y) is an integrating factor for (3), then
div (1 (X, Y)(P(X,Y)-Ry(X,Y),Q(X,Y)-Q(X,Y)))=0

and this implies that div (u(X,Y)(P(X,Y),Q(X.Y))) does not change
sign in G, and then B(X,Y)=x(X,Y) is a Dulac Function for (1) in G.

2. Main result
Using the above procedure, we can generalize Bautin’s theorem (2] as
follows.

THEOREM 2. Let us consider the cubic polynomial vector field

X=X (a30X2 +an XY+ a12Y2 +agpX +a Y+ alO) ,

(4) .
Y=Y (me? 4 b1o XY +bg3¥ 24 by X +bpaY + bm) ,

where a;;, bj; €R. If

6 = aggbpa —a11b11 #0,
) { [a30 (K +2) + hba1] (ka9 + hbg1] > 0, and

[(k+1)agy + (h+1)byg)* ~ 4[azo (k+2) + hba] [karz + (A +2)by3] < 0
where k = éﬂﬂlé—_a’.’_ol, h = %20 6_b 2. then the system (4) has no non-
trivial closed orbit in the whole plane.

Proor. First of all, if there is a closed orbit not intersecting the
coordinate axes, then the closed orbit must lie in some quadrant.

As 6#0, we can choose
Py(X,Y)=X (a30X2 +a21XY+a12Y2+a10) ,
Qo(X,Y)=Y (b21X2 +b19XY +bp3Y 2+ bm) .
Then p(X,Y)=X k=1yh=1is an integrating factor for the system
X=X(agX +anY), Y=Y(b11X+byY)

and
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div (X*-1YhL(Py(X,Y),Qu(X,Y))) =
_ xk-lyh-1 [X2 (ag0(k+2)+hbg))+ XY ((k+1)ag; +(h+1)b19)+
+Y? (kagz+(h+2)bo3) + karg+ thl]

does not change sign in any quadrant if (4') holds, and this proves our
theorem:.

COROLLARY. Let us consider the system
X=X(a1 X +bY +¢1)(agX +53Y +¢3),

5) Y=Y(a3X+b3Y+C3)(a44Y+b4Y+C4).
If
6 = (cga1 +c1a2)(cabs +c3bs) — (caby + c1b)(cqa3 + c3a4) # 0,
(kcieg + hesgea)(ayag(k+2)+ hagas) >0
and

[(k+1)(a1ba +agby) + (h+1)(agby+ b3ag)] -
—4{(k+2)ajag + hagaq)[kb1bo + (h+2)b3bs) < 0
where
k = (cabg + c3bs)(csa3 +c3a4 — c3a1 - c1a9)/6,
h=(cza1 +c1a9)(coby + c1by — cab3 — c3b4) /4.
then (5) does not admit any non-trivial closed orbit in G.
REMARK. If ag=by=aq4=5b4=0 and cy=co=1in (5) then we have a
Bautin’s result. In fact the system (5) has the form

(6) X=X(a1X+hY +c1), Y=Y(a3X+b3Y +c3)
and it has been shown by BAUTIN [2] that such a system cannot have a
limit cycle. In fact, the Dulac function is B(X,Y’) = X*5-1yh=1  where

k= b3(a36-—a1)’ h= al(b;_b3) and § =a1bg—bjaz #0. Then

div(X* 1YL (X er, Yeg) = XF 1Y (ke + hey)
does not change sign in any quadrant if kcy +heg #0.
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CORRECTIONS TO OUR PAPER “THE UNIQUE
AMALGAMATION PROPERTY FOR LATTICES”

By
ERVIN FRIED and GEORGE GRATZER

The paper appeared in the same Journal 33 (1990), 167-176. Unfor-
tunately, the galley proof of our paper did not reach us. Here we correct
some of the “worse” misprints.

1.

)

o Ok w

The correct address of the second author is: University of Mani-
toba, Winnipeg

“amalgamat ... A, B, S” should be read “... 4 and B over §”
(always).

“A. Slavik” is correctly “V. Slavik”.

The second word on page 168 should be instance.

«ln )
.

The upper index should be always

In Figure 7 (page 171) the “first element” in the “lower level” and
all elements in the “upper level” are stripped (they look black-
filled).

The first four references have already appeared:

[1] Trans. Amer. Math. Soc., 286 (1984), 251-256.
(2] Proc. Amer. Math. Soc., 106 (1989), 1-21.

(3] J. Austral. Math. Soc. (Series A), 47 (1989), 1-21.
(4] Algebra Universalis, 27 (1990), 270-278.






INDEX

Bajral, S. D., MISHRA, S.: Bessel-exponential partial differential equation

and Fox’s H-function.......oovuiiiiiiiiiniiiii it iiiiinaneannias
ErDés, P., Jod, 1.: On the number of expansions 1= ¢~ ™ ...........
donopr, .. AcmmoroTmka pemleHMit NMUHENHRIX CHCTEM DO TEePBOMY
D037 (9010 05325 1740 S
FrIiED, E., GRATZER, G.: Corrections to our paper “The unique amalga-
mation property for lattices” ... ..., N
GRATZER, G., FriED, E.: Corrections to our paper “The unique amalga-
mation property for lattices™ ... ... . ... .. .. i .
HorvATH, L.: Note on continuity of functions derived from equivalence
¢=Y 04 1) 1T A
JoO, 1.: On Hermite fanctions . ....vuvutniirneneiremernenraenneerenenann.
Jod, L.: On the conjugate function of Dirichlet series.....................

Jod, I.. On Riesz means of Hermite—Fourier series of functions from
Lipschitz class. .. ..ottt i e e

Jod, 1.: On some notions of harmonic analysis for Sturm-~Liouville expan-

Jod, L.: On Laglerre functions (Estimate for the sums of the squares)....

Joé, 1., ErDGs, P.: On the number of expansions 1= DY IR
Jod, 1., PHONG, B. M.: Arithmetical functions with congruence properties

Joo, 1., TuaN, N. M.: On controllability of bilinear systems I (Controlla-
bility in finite dimensions)........oovueriiiiiiiiiiiiii i,

Jod, 1., TuaN, N. M.: On controllability of bilinear systems II (Control-
lability in two dimensions)..........cvvuireueiinennnnn.. e

LESEBERG, D.: Filterformities and Cartesian closedness ..................

99
129

271

271

147
23
59

69

77
133
129
151



MIsHRA, S., Bairal, S. D.: Bessel-exponential partial differential equation
and Fox’s H-function. ...cooriinriii it cei et ens
MoLNAR-SAsKA, K.: Klassifikation der Kegelschnittbiischel mit vier reellen

Grundpunkten und einem parallelen Grundpunktepaar in der isotropen
Ebeme. (i e e e

MoLNAR-SASKA, K.: Metrische Resultate in Kegelschnittbiischeln der
isotropen Ebene mit vier reellen Grundpunkten von denen mindestens
zwei parallel sind. ... ..o i e

PHONG, B. M., Jo0, I.: Arithmetical functions with congruence properties

SALAT, T., TéTH, J., ZSILINSZKY, L.: On cardinality of sets of metrics

generating metric spaces of prescribed properties......................
SzaBG, S., TaHIR, M. B.: On the Fejér summability of eigenfunction
CXPDANSIONS « 1ttt ettutsa et et tetaasesaeaaaneoeeanasnnnsanreaeeraneenn
SZANTO, L.: A simple class of cubic systems without limit cycles..........
SZENTHE, J.: Lagrangians and sprays ........c.ovevivreienninenenennnennes
TAHIR, M. B., SzaBo, S.: On the Fejér summability of eigenfunction
€XPANSIONS v vvvvvevnnrennn nes T
TOTH, J., ZSILINSZKY, L., SALAT, T~: On cardinality of sets of metrics
generating metric spaces of prescribed properties....................0.
TuaN, N. M., Joo, I.: On controllability of bilinear systems I (Controlla-
bility in finite dimensions).........coviiiiiiiiiiiiiiiiiii i i
Tuan, N. M., Jood, I.: On controllability of bilinear systems II (Control-
lability in two dimensions)..........ooieniiiiiiiiiniiiie i,
ZSILINSZKY, L., SALAT, T., TOTH, J.: On cardinality of sets of metrics
generating metric spaces of prescribed properties.................0000.
Address:

MATHEMATICAL INSTITUTE, L. EOTVOS UNIVERSITY
Budapest, Mizeum krt. 6-8.
H - 1088
ISSN 0524-9007

Technikai szerkeszto:
Dr. SCHARNITZKY VIKTOR

A kiaddsért felelds: az Eotvés Lordnd Tudomanyegyetem rektora
A kézirat a nyomdaba érkezett: 1992. szeptember. Megjelent: 1992. december
Terjedelem: 23,97 A/4 iv. Példanyszam: 500
Készilt az EMTEX szedSprogram felhasznaldsival
az MSZ 5601-59 és 5602-55 szabvanyok szerint
Az elektronikus tipografdlas Juhasz Lehel és Fried Katalin munkdja
A sokszorositas az ELTE sokszorosité lizemében késziilt
Felel6s vezetd: Araté Tamas
ELTE 92257

99

37

109

151

15

157

267

103

157

15

189

217



	Annales_1992_T_XXXV_001-062
	Annales_1992_T_XXXV_063-134
	Annales_1992_T_XXXV_135-210
	Annales_1992_T_XXXV_210-274

