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Dedicated to Professor Paul Erdos on the occasion of his 80th birthday 

Recently M. Jo6 [2] gave a simple nice proof for the fact that if f is 
real-valued number theoretical function which is monotone increasing on an 
arithmetical sequence {An+B}, then f(n) =clogn for each n prime to A . 

The aim of the present note is to generalize this statement, namely we 
prove the following 

THEOREM . Let A> 0 be any integer further B, D(B -/= D) be any 
integers such that A I B - D and 

(i) (B,D) = 1 or 

(ii) (B,D) > 1, (A,B) = 1 
are ful1illed. Suppose f is any real-valued additive function such that 

(1) J(An + b) - f(An - D) ~ 0 for every natural number n. 

Then f(n) = clogn if (n,B - D) = 1. 

If f is completely additive, then independently on (i) and (ii) (i.e. 
without these assumptions) we have 

f(n) = clogn if (n,(B- D)/(B,D)) = 1. 

REMARK. For B = D + 1 we obtain the theorem of M. Jo6 [2] . 
PROOF . We may suppose without loss of generality that B > D. Let 

to such that (Ato + B,B = D) = 1 and write n +to in place of n we can 
write the condition ( 1) in the form 

f(An + Ato + B)- f(An + Ato + D) ~ 0 

hence writing n(B - D)/A in place of n we get 

f((B -D)n + Ato + B)- J((B-D)n + Ato +D) ~ 0 
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i.e. f is monotone increasing on the arithmetical sequence {(B - D)n + 
+ Ato + B}. If (B,D) = 1 then let to =0 and if (B, D) > 1 but (A, B) = 1 then 
according to Dirichlet's theorem (there we can avoide the use of Dirichlet's 
theorem as in [2]) choose to so that Ato + B be a "large" prime. 

Then by the method of [2] we get: f(n) = clogn if (n,B- D) = 1. If f 
is totally additive, then by to = 0 we have 

J((B - D)n + B) ~ J((B - D)(n -1) + B). 
Taking into account ((B-D)/(B-D,B),B/(B-D,B)) = 1 by the result 
of [2] we get 

J(n) = clogn if (n, (B - D)/(B,D)) = 1. 

COROLLARY . Suppose f is additive real valued and 

(2) J(An + B) + f(An + D) 
is monotone increasing further A I B - D and 

(i) (B, 2D) = 1 or 

(ii) (B,2D) > 1, (B,D) = 1. 

Then f(n) = clogn if (n,2(B- D) = 1. 

If f is totally additive, then independently (i .e. without) of the condi­
tions (i), (ii) we have 

J(n) = clogn if (n,2(B-D)/(B,2D)) = 1. 

For the proof it is enough to remark that we may assume without loss of 
generality that B>D. Write n(B-D)/A in place of n in (2) we obtain that 

f((B-D)n + B) + f((B-D)n + D) 

is monotone increasing, i.e. 

f(( B-D)n+B)+J((B-D)n+D) ~ 
2: f((B - D)(n -1) + B) + J((B-D)(n -1) + D) 

hence 

f((B -D)n + B) ~ J((B -D)n -B + 2D) 
and the Corollary follows from our theorem. 
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By 
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Department of Mathematics, Technion, Haifa, and 
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1. Introduction 

Let p = {pi} and q = {qi} be discrete probability distributions (i.e. 
Pi?:: 0, qj?:: 0, i, j = 1,2,. . .,I:Pi = l:qj = 1). If these distributions are 
independent marginal distributions of a contingency table then {piqj} is 
the sequence of cross classification probabilities (joint distribution). For 
convenience suppose that Pl ?:: P2 ?:: ... and qi ?:: q2 ?:: .... If we also order 
the sequence {piqj} nonincreasingly and denote the resulting distribution 
by r = {rk} (rk = Piqj for some i, j) then r can be considered the unique 
product of p and q. This operation makes the set of all discrete distri­
butions p with nonincreasing Pi's a commutative semigroup D which is 
also a topological semigroup if endowed with the topology of pointwise 
convergence. 

In this paper we prove some basic results on the arithmetic nature of D. 
The unit element of D is e = (1,0, 0,. .. ). By definition r E D is 

irreducible if r = pq implies that either p = e or q = e. Every p E D 
concentrated on two points is clearly irreducible. The same holds if two is 
replaced by any prime number. Irreducible distributions do not appear in 
contingency tables with independent nontrivial ( -:f: e) marginals thus the 
problem of reducibility seems to be relevant in the analysis of contingency 
tables. 

*Supported by Hungarian National Foundation for Science Research Nos. 1405 and 
1905. 
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2. Main Results 

THEOREM 1. Every element of Dis a finite (or countable) product of 
irreducible elements. This decomposition is not unique. 

THEOREM 2. The only infinitely divisible element of D is e. 

A distribution r wili be called prime if r I pq implies r Ip or r I q. 

THEOREM 3. A distribution r concentrated on two points is prime if 
and only if r = (1/2, 1/2). (1/n , 1/n,. . . , 1/n) is prime if and only if n is 
prime. 

PROBLEM 1. Is there any other prime element in D? 

THEOREM 4. The set IR of irreducible elements of D form a dense 
subset in D, and the Baire type of IR is G0. 

PROBLEM 2 . Characterize the set of irreducible elements of D. 

3. Proofs 

We shall apply the theory of Hun semigroups discussed in RUZSAand 
SZEKELY(1988). 

PROPOSITION l. D is cancellative. 

PROOF . pq =pr implies qi= ri; omit the elements Piql = Piri and 
consider the biggest element of the remaining numbers on the left and right 
hand side. These numbers are equal, i.e. Pl q2 = Pl r 2, hence q2 = r2 , etc. 

PROPOSITION 2. The only idempotent of D is e. 

PROOF. The previous Proposition shows that if xn = x , E D then 
xn- l = e and thus x = e (the only divisor of e is e ). 

The previous observations imply 

PROPOSITION 3 . D is associate-free (i .e. if p I q and q Ip then p = q). 

PROPOSITIO N 4 . The set Tp of all divisors of p E D is compact for 
every p ED. 

We omit the simple proof. 
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Recall that in RUZSAand SZEKELY(1988) a commutative (Hausdorff) 
topological semigroup was called Hun if it was associate-free and Tp was 
compact for every element p of the semigroup. Thus our D is a Hun 
semigroup without nontrivial idempotents. D is also normable where the 
Renyi entropy (see RENYI(1966)) 

<Pa(p) = -1/alogI>t+a, a> 0 

can be considered the norm of p E D. 

PROPOSITION 5. Dis a normable Hun semigroup. 

REMARK 1. An advantage of the norm ¢a is the following. If ¢a(P) = 
= ¢0 ( q) for every a > 0 then p = q. This immediately gives a new proof of 
Proposition l. 

The general theory of normable Hun semigroups implies Theorem 1 iI 
there are no infinitely divisible elements in D (other than e ). In other words 
in view of our theory of Hun semigroups Theorem 2 implies Theorem l. 

PROOF OF THEOREM 2. If qn = p for some n > 1 then qr =Pl, 

q1- 1q2 = P2 = p3 = .. . = Pn+l, and this cannot hold for every n > 1 except 
the trivial case q2 = 0 = P2 = p3 = ... , i.e. p = e. 

The following example shows that the decomposition in Theorem 1 is 
not unique. Put p = (1/(1 + b), b/(l + b)), q = (1/ B, b2 / B, . .. , b2k-2 / B) 
where 0<b<1,B=1 + b2 + ... + b2k-2 and p1 = (1/(1 +bk), bk /(1 +bk)), 
q' = (l/B' + b/B1

, •• • ,bk-l/B1
) where again 0 < b < 1 and B' = 1 + b+ 

+ ... +bk-I. If k is a prime number then all the elements p, q, p1, q1 are 
irreducible in D, pq = p1 q1 and p f. p1

, q1
• 

PROOF OF THEOREM 3. Any p ED concentrated on two points has 
the form p = (1/(1 + b), b/(l + b)) , 0 < b:::; l. If bf. 1, i.e. if pf. (1/2, 1/2) 
then the previous example shows that p I p1 q' where p1

, q1 are irreducibles, 
pf. p1

, q1
, thus p is not a prime. On the other hand p = (1/2, 1/2) is a 

divisor of q iff q2j-1 = q2j, j = 1, 2, .. . which means that if p I qr then p I q 
or p Ir. This observation also implies that (1/n,l/n, ... , l/n) is prime iff 
n is pnme. 

PROOF OF THEOREM 4. If the support of p E D contains n points 
where n is a prime number then p is clearly irreducible. On the other hand 
the set of all distributions whose support contains prime number of points 
is dense in D. Thus a subset of IR is dense in D. The G{j property of IR 
is a simple consequence of Theorem 19.2 of RUZSA and SZEKELY (1988) 
(one can easily see that D is a stable semigroup ). 
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In this paper infinite dimensional bilinear systems are examined, where 
the state space a control spaces are infinite dimensional Banach spaces. 
It is known that in this case the complete controllability fails , even for 
the linear systems. Thus the concept of approximate controllability has 
been introduced. Controllability of infinite dimensional linear systems are 
investigated in the papers of TRIGGIANI ([21], [22]). Here we manage to 
get necessary and sufficient conditions for the approximate controllability 
of a special case of infinite dimensional bilinear systems. 

We consider the following systems 

(1) x(t) = Ax(t) + N(x(t), u(t)) + Bv(t), 

where 0:::; t < oo and x(t) EX, u(t) E 1U, v(t) EV for all t;:::: 0, X, 1U , V are 
complex separable infinite dimensional fixed Banach spaces. Further 

A: X-+ X, B : V-+X 

are bounded operators, 

N:XxlU-+X 

is a bounded bilinear operator. 

We assume that the control functions u(t), v(t) are locally Bochner 
integrable, or equivalently that u(t), v(t) the strongly measurable and 

llu(t)l!IIJ, llv(t)llv E L~0c([O,oo)), 
(see HILLE, PHILIPS [4], 3.7). By a solution x(t) of (1) we mean a locally 
absolutely continuous function satisfying (1) for almost every t > 0. If 
we require that u(t), v(t) be piecewise continuous control functions then 
(1) must hold in every continuity point. It is known (KREIN [5] 11.2.1. , 
11.3.2.) that for any given initial condition x(O) = xo EX the system (1) 
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has unique solution. As usual, we will also use the notations x(t,xo,u ,v), 
Rt(xo) , R(xo) (see [19], [20]). 

We say that the system (1) is approximately controllable in X (in 
time T) if for all x EX, cl(R(x)) = X (resp. cl(Rr(x)) = X). In [21] 
and [22] TRIGGIANI investigated the system (1) in the linear case setting 
N = 0 and gave necessary and sufficient conditions for the approximate 
controllability, which are the complete controllability failed in X, even for 
the linear systems (N = 0). We have 

THEOREM A. ([21]) consider the system (1) with N = 0 

:i:(t) = Ax(t) + Bv(t) . 

The following conditions are equivalent 

(i) The system is approximately controllable in X in time T for all 
T>O, 

(ii) clspan{An BV : n ~ O} = X 
00 

(iii) n {ker{B*(A*r}} = {O}. 
n=O 

THEOREM B. ([21]) The system (1) with N = 0 and dim V = m: 
m 

:i:(t) = Ax(t) + L ui(t)bi 
i=l 

is approximately controllable in time T if and only if 

clspan{Anbi : 1 $ i $ m , n ~ O} = X. 

This system can never be completely controllable: LJ RT(O) -f: X. 
t>O 

In this paper we consider the special case A= 0 of (1), namely 

(2) :i:(t) = N(x(t), u(t)) + Bv(t). 

Introduce the notations 

$(U,X) := {B : U-+ X : Bis bounded linear operator} 

$( [O, T], U) := { u(-) : [O, T] -+ U : u( ·) is strongly measurable 
T 

and !lu(·)ll$ = J llu(t)lldt < oo} 

0 

$([0, T] , lU) is a Banach space every the norm llu( ·)ll$· 
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To the system (2) it corresponds the following system 

{
X(t) = N(X(t),u(t)) 

X(O) = E. 

11 

For fixed t, X(t): X-+ X and N(X(t),u(t)) are bounded linear oper­
ators; by definition the latter one works by the rule N(X(t),u(t)) x := 
= N(X(t)x,u(t)). If u(·) E ~([O,T],U) then (3) has a unique solution, 
denoted by <f?u(t). Now the solution of (2) can be given by 

x(t,xo,u,v)=+u(t) (xo+ j1+.(s)t1Bv(s)ds) . 

If u(t) = u then <f?u(t) = etN( .,u), thus if u(t) is piecewise constant, 

u(t), for t E (ti-1,ti], 0 =to< t1 < ... < tp = t, 
then 

<l>u(t) = e(t-tp_i)N(-,up)e(tp-1-tp-2)N(·,up-1) ... et1N(·,u1) 

this obeys (3) in all continuity points t =f. ti. 
LEMMA l. For the system (2) x E Rr(Y) if and only if y E Rr(x). 

PROOF. x E Rr(Y) means that x = x(T,y,u,v). Let 

u(t)=-u(T-t), v=-v(T-t), y(t)=x(T-t,y,u,v). 

Then iJ = -x(T- t) = N(y(t), u(t)) + Bv(t) a y(O) = x, y(T) = y, hence 
y E Rr(x). 0 

LEMMA 2. Consider the system (2). Let x1 E Rt1 (0), x2 E Rt2(0), a, 
/3 EC. Then 

ax1 + f3x2 E R2t1+t2(0) . 
In particular, R(O) is a linear subspace of X. 

PROOF. Since 0 E Rt1 (x1 ), 0 E Rt2(x2), there exist controls Uj, Vj, 

i = 1,2 with 

that is, 

0 = x(t;, x;, u;, v;) = +u;(t;) ( x; + l [+u;(s)j-l Bv;(s )ds) 

t . 
1 

Xj = - j [<I>ui(s)]-l Bvi(s)ds, 

0 

i = 1,2. 
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Define the controls 

u(t) E ~([0,2t1 +t2],lU), 

by the rule 

{ 

(ui(t),avi(t)), 0 ~ t ~ti 

(u(t), v(t)) = (-ui(2ti - t),O), ti< t < 2t1 

(u2(t - 2ti), v2(t -2ti)), 2ti ~ t ~ 2ti + t2 
Then we have 

{
~u1 (t), O~t~t1 

~u(t) = ~u1 (2t1 - t), ti < t < 2t1 

~u2 (t - 2t1), 2t1 ~ t ~ 2t1 + t2 

in particular ~u(2t1) = E. Consequently 
t1 t2 

ax1 + ,Bx2 = - J [~u 1 (s))-i Bvi(s)ds -0- J [~u2 (s))-l Bv2(s)ds = 

0 2t1+t2 ° 

which means that 

= - J [4>u(s)]-l Bv(s)ds 

0 

0 E R2ti+t2(axi + ,Bx2), 

as we asserted. 0 

LEMMA 3. (Gronwall inequality, see [39], p.24)Let k(t), cp(t) ~ 0, k, 
cp E L\0 c[o, oo ). Suppose that for some M > 0 

t 

k(t) ~ M + J k(s)cp(s)ds for all t > 0. 

0 
t Then 
J i.p(s)ds 

k(t) ~ MeO for all t > 0. 

(Remark that equality in the assumption implies equality in the conclu­
sion.) 

THEOREM 1. For the system (2) the mapping 

$([0, T], lU x V)--+ C([O, T], X) (u(-), v(-))--+ x(-,xo, u, v) 

is continuous. 

PROOF . It consists of three steps. 
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(a) We prove first that the mapping u(-)-+ ~u(-) is continuous from 
~( [O, T], lT) into C( [O, T], ~( X, X) ). Indeed, let un( · )-+ ( u( ·) in~( [O , T]), lT)-
norm, i.e. 

T f llun(t)- u(t)lldt-+ 0 as n-+ oo. 

0 
In particular we have then llu(·)ll, llun(·)ll $ K. (Here llu(·)ll means 
llu(·)l131.) From the integral equation corresponding to (3) 

t 

~un(t) = E+ j N(~un(s),un(s))ds 
0 

it follows that 
t 

ll~un(t)ll $1 + j llNll ll~un(s)ll llun(s)IJds. 

0 

Using Lemma 3 with 

k(t) = ll~un(t)ll, M=l, cp(t) = llNll llun(t) 

we obtain 

We have 
t 

ll~un(t)- ~u(t)ll = j [N(~un(s),un(s))-N(~u(s) , u(s))ds] < 
0 

t t 

< J N(~un(s)- ~u(s),u(s))ds + J N(~un(s),un(s)-u(s))ds $ 

0 0 
t t 

$ llNll J ll~un(s)- ~u(s)ll llu(s)llds + llNlleKllNJI J llun(s)-u(s)llds. 

0 0 

For large n the second member will be smaller than . any prescribed c: > 0, 
hence we can apply again Lemma 3: 
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which proves the point (a) . 
(b) We will show that if un( ·) ---+ u( ·) in $-norm, then 

[<I>un (-)]-1 
---+ [<I>u( · )]-l in C([O, T]),$(X, X) ). 

For the proof we fix ans E (0, T] and set u(t) := -u(s - t), 0 $ t $ s. Then 
<I>u(t) = <I>u( s - t) [<I>u( s )]-l can be checked directly from (3). In particular 
<I>u(s) = [<I>u(s)]- 1. 

Now if Un(·)---+ u(·) in 51([0,T]), U), then Un(·)---+ u(·) in $([0,s], U) (sis 
fixed) . Repeating the estimates of (a) we get that for large n (independent 
of s) 

II [<I>un(s)]-l - [<I>u(s)]-1 11 = ll<I>un(s)- <I>u(s)ll $ c:eKllNll 
which proves (b ). 

( c) We return to the statement of the theorem. Let 

Un(·) ---+ u( · ), vn(-) ---+ v(-) 

in the corresponding $-norms. Then 

llu(-)11, llv(-)11, llun(-)11, llvn(-)11 $ K 
and from (a), (b) we see that 

llx(t,xo,un,vn)-x(t,xo,u,v)ll $ 
t 

$ ll<I>un(t)xo - <I>u(t)xoll + J [<I>un{t)<I>~.:(s)- <I>u(t)<I>~ 1 (s)] Bvn(s)ds + 

0 
t 

+ J il>u(t)<I>~ 1 (s)B(vn(s)-v(s))ds $ ll<I>un(t)- <I>u(t)ll llxoll+ 

0 
t 

+ J ll<I>un(t)<I>~,;(s)- <I>u(t)<I>~ 1 (s)ll 11Bll llvn(s)llds+ 

0 
t 

+ J ll<I>u(t)11 ll<I>~ 1 (s) llBll llvn(s)-v(s)llds ~ ll<I>un(t)- <I>u(t)ll llxoll+ 
0 

t 

+ J (ll<I>un(t)- <l>u(t)11 ll<I>~ 1 (s)ll + ll<I>un(t)ll ll<I>~.:(s)-<1>~ 1 (s)ll) · 
0 

t 

·llBIJ llvn(s)llds + c J llvn(s)-v(s)ll~s 
0 
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and every member tends to zero uniformly in 0 $ t $ T . 
The proof is complete. 0 

LEMMA 4. For the system (2) we have Rt(O) = Rr(O) for all 0 < t $ 
$ T < oo. 

PROOF. 

(a) Rt(O) c Rr(O). 
Let x = x(t,0,u,v) E Rr(O) and 

{
o, 

(u,v)(s) := 
(u,v)(s-T+t), 

0$s$T-t 

T-t<s$T. 
Then by (2) we have 

{
o, 

x(s,0,u,v) = 
x(s-T+t,O,u,v), 

0 $ s $ T-t. 

T-t<s$T 
in particular x(T,0,u,v) = x(t,O,u,v). 

(b) Rr(O) c Rt(O). 
Consider first the case when u and v are piecewise constant functions, 

namely 

(u(s),v(s)) = (ui,vi) for t E (ti-1,ti), 0 =to< ti< ... < tp = T. 
As we know 

T p ti 

x(T,O,u,v) = ~u(T) J ~;; 1 (s)Bv(s)ds = L J ~u(T)~;; 1 (s)Bv(s)ds = 
0 s=lti-1 

p tj 

= ?= J e(T-tp_i)N(.,up)e(tp-1-tp-2)N(-,up-1) .. . et 1N(.,u1). 

i=l ti-1 

·e-tl N( -,u1) .. . e-(ti-1-ti-2)N( ·,ui-1) e(s-ti-1 )N(-,ui) Bvids = 
p ti 

= ?= j e(T-tp-1)N(.,up) ... e(ti-s)N(.,ui) Bvids. 

i=l ti-1 

Take the substitutions 
t T 

Si:= Tti, Ui := tUi, 

Then 

T 
Vi:= -Vi, 

t 

Q <SO <SI < ... < Sp= t 
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and the substitution r = j.s in the above integral gives 

x(T,O,u,v) = x(t,O,u,v) . 

Now we prove (b) for general control functions . There exist piecewise 
constant controls un, Vn with 

un(-)-+u(-) in ~([O,T],U), 

Then there are u( · ), v( ·) such that 

un(·)-+u{-) in ~([O,t],U), 

vn(·)-+v(·) in ~([O,T],V). 

vn(·)-+v(·) in ~([0,t],V). 

(see the substitutions above). By Theorem 1 we have 

x(T,O,un,Vn,)-+ x(T,O,u,v) x(t,O,un,vn,)-+ x(t,O,u,v) 

and the left numbers are equal, hence 

x(T,O,u,v) = x(t,O,u,v) 

which finishes the proof. 0 

From Lemma 2 and this Lemma we obtain the following 

COROLLARY. For the system (2) R(O) = Rr(O) is a linear subspace of 
X for all T > 0. 

LEMMA 5. Consider the system (2). If clRr(O) = X then for all x EX, 
clRr(x) = X. 

PROOF. For x, y E X, £ > 0 we have to find a control ( u, v) such that 
lly-x(T,x,u,v)ll <£.By clRr(O) =X we have a control (u2,v2) such that 

"!f 

llY-i/11<~, where y=x(~,O,u2,v2) 
and there exists ( u i, vi) such that 

Define the control 

- ( u 1 ( t - t) , v1 ( t - t)) , 0 $ t $ t 

(u(t) ,v(t)):= -(u1(t-t),o), t<t$¥ 

(u2(t-¥),v2(t-¥)) , ¥<t$T. 
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Using (2) and (3) we see that for t $ f 
x(t,x,u,v)=x(~-t,O,u1,v1) and x(~,x,u,v)=o 

~u(t) = ~u1 (~ -t) ~;;11 (~) and ~u (~) = ~;;11 (~) 
For f $ t $ ¥ we have x( t, x, u, v) = 0 

~u(t) = ~u1 (t -~) ~;;11 (~), 
Finally for ~ $ t $ T 

x(t,x, u,v) = x (t - 2~ ,O,u2,v2), x(T,x, u,v) = y 

~u(t) = ~u2 (t - 2~) · 
Thus we prove that 

lly-x(T,x,u,v)ll = llY-!111 < ~ 
and it remains to show that 

llx(T,x,u,v)-x(T,x,u,v)ll < ~· 
Indeed 

llx(T,x,u,v)-x(T,x,u,v)ll = ll~u(T)(x -x)ll = 

= 11~u2 (~) (x - x)ll $11~u2(~)11 llx - xii<~· 
Lemma is proved. 0 

17 

THEOREM 2. For the system (2) the following statements are equiva­
lent 

(i) Approximate controllability holds in time T, i.e. 

clRr(x) = X for all x EX. 

(ii) clspan{N(-,u1) ... N(-,uk)Bv : k ~ 0, u1, ... ,uk EU, v EV}= X, 

(iii) n{ker(B*N(·,u1)* ... N(·,uk)*): k~O, ui, ... ,ukEU}={O}. 

PROOF. Denote x* the elements of X*. By the Hahn-Banach theorem 
(i) <=>"If 0 = (x*,N(·,u1) ... N(·,uk)Bv) for all Ui EU, v EV, k ~ 0, then 
x* = O". 
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From this and from 

(x*,N(-,u1) .. . N( ·,ui:)Bv) = (B*N(-,utt ... N(-,ui)*x*,v) 

we see at once that (ii) {::}(iii) . Thus by Lemma 5 it remains to prove that 

clRT(O) = X {::} {ii). 

Introduce the notations 

H : = {( u, v) : u, v are piecewise constant} 

R.fj.(O) := {x(T,O,u,v) ·: (u,v) EH} . 

Since H is dense in the space of all control functions, Theorem 1 shows 
that 

clRr(O) = clR.fj. (0). 

The statements of Lemmas 2 and 4 hold also for Rfj. ( 0) instead of Rr( 0) 

(see the proofs there). Consequently Rfj. (0) =RH (0) is a linear subspace 
of X for all T > 0. Thus we have only to prove 

clR.fj. (0) = x ¢:} (ii). 

In fact we show that both are equivalent to the statement 

(iv) H x• Ex• a 0 = (x*,<Pu(T)<P~ 1 (t)Bv) for all piecewise constant 
function u(·) and all v EV, 0.::::; t.::::; T, then x• = 0. 

(a) clRfj. (0) = X => (iv). 

Indeed, take an x• satisfying the conditions of (iv). Let x = x(T, 0, u, v) 
with (u,v) EH. Then 

T 

(x', x) ~ ( x', J <)u(T)<)~ 1( s )Bv( s )ds) ~ 
0 

T 

= J (x*,<Pu(T)<P~ 1 (s)Bv(s))ds=O 
0 

1.e. (x*,Rfj.(o)) = {O}. Since Rfj.(O) is dense in X, x• =0 follows. 

(b) (iv)'=> clRfj.(O) = X. 

Let (x* ,Rfj.(o)) = {O}, we have to show that x• = 0. Consider any 

(u,v) EH with 

v(s) = { 
v, 

0, 



Then 

and hence 
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t 

x(T,O,u,v) = J ~u(T)~;; 1 (s)Bvds 
0 

t 

a= f (x•,~u(T)~;; 1 (s)Bv)ds. 
0 
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Taking the derivative int we get 0 = (x•,~u(T)~; 1 (t)Bv) for all t, and 
then x• = 0 by (iv). ' 

(c) (iv) =* (ii). 

Let 0 = (x*,N(·,u1) ... N(-,u1t)Bv) for all u1, ... ,uk E lI.J, v EV, k;::: 0. 
By the remark at the beginning of the proof we have to show that x• = 0. 
Let u( ·) be arbitrary piecewise constant control, 

u(s) = u; for s E (t;,t;+1), t = t1 < .. . < tp+l = T, s; = ti+l -ti, 

and v EV. Then 

~u(T)~;; 1 (t)Bv = e5PN(.,up) ... es1N( -,u1)Bv = 

= I:ei1 ... iks;1 ... s;kN(-,u;1 ) •• • N(-,u;k)Bv 

where 1 $ ik $ ... $ i1$p,k=1,2, ... . Hence 

0 = ( x*, ~u(T)~;; 1 (t)Bv) 
and by (iv) we heve x• = 0. 

(d) (ii) =*(iv). 
Suppose that x• satisfies the conditions given in (iv) . Let u l • ... ,up E 1I.J, 

v EV, t E [O, T] be arbitrary and define 

{

Uj, t; < S < ti+l• i = l, ... ,p 
u(s) = 

0, s<t=t1, 

where t = t 1 < ... < tp+ l · We repeat the counting in ( c) 

0= (x•,~u(T)~;; 1 (t)Bv) = 

= Ll?i1 ... iksi1 ... Sjk \x*,N(-,ui1) ... N(-,uik)Bv) = Ldi1 ... iksi1 ... Sjk 

where the sum runs over 1 $ ik $ . .. $ i1$p,k=1,2, ... and 

di1 .. .ik = e;1 . . .ik ( x• , N(., ui1 ) ... N(-, Uik )Bv) . 
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This multiple series is absolutely convergent and the only restrictions for 
its variables Si are 

(4) Q S Sj, i = 1, . .. ,p; s1 + .. . +Sp ST 

(and denote t = T- (s1 + ... + sp)). 
i)P 

The derivate 
0 0 

can be taken term by term in the interior of 
SI .. . Sp 

the domain described by (4) . Letting all Si> 0 tend to zero we get 

0 = dp ... 1 = tlp ... l (x*,N(.,up) ... N(-,iq)Bv) = (x*,N(-,1.1.p) ... N(-,1.1.1)Bv) 

since l>p .. . l = 1. Then by (ii), x* = 0. 

The proof of the Theorem is complete. 0 

REMARK. One can see that the assumptions here are too restrictive. 
The question is to investigate controllability of the system ( 1) in the cases 
a) the drift term is non-zero, i.e. A -:/= 0, b) the coefficient operators 
are unbounded, c) A and N do not commute (in the case A and N 
commute (with special unbounded bilinear operator N) the approximate 
controllability of (1) was studied in [40]). 
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1. Introduction 

Throughout this paper, let G be a finite group. We say, following 
GARY L. WALLS [1], that G is an MNP-group if all maximal subgroups 
of any Sylow subgroup of G are normal in G. In [2], S. SRINIVASAN 
investigated the structure of an MNP-group and proved that an MNP­
group is supersolvable. Obviously, nilpotent groups are MNP-groups. The 
symmetric group on three letters shows that an MNP-group need not to be 
nilpotent. Let G = A5 ~ PSL(2,4) ~ PSL(2,5) or G = PSL(2, 13). Then G 
is a non-abelian simple group all of whose second maximal subgroups are 
MNP-groups. The purpose of this paper is to give a complete classification 
of all non-abelian simple groups in which each second maximal subgroup 
is an MNP-group. The notation used in this paper is standard. 

2. Preliminaries 

In this section, we collect some of the results that are needed in this 
paper. 

(2.1) (SRINIVASAN [2]). If G is an MNP-group, then G is supersolvable. 

(2.2) [3, Theorem 9.3.11, p. 229]. If G is a solvable group, then G has 
a Sylow basis. 

(2.3) (DOERK [4]; see also [5, Aufgabe 16, p. 721]). If G is a mini­
mal non-supersolvable group (non-supersolvable group all of whose proper 
subgroups are supersolvable), then: 

(i) G possesses an ordered Sylow tower or G is a minimal non-nilpotent 
group (non-nilpotent group all of whose proper subgroups are 
nilpotent); 
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(ii) G possesses a unique normal Sylow p-subgroup P for some prime 
p; 

(iii) P/t/!(P) is a minimal normal subgroup of G/ti!(P); 
(2.4) [5, Satz 5.2, p. 281]. If G is a minimal non-nilpotent group, then: 

(i) IGI = paqb, where p and q are distinct primes; 

(ii) G has a normal Sylow p-subgroup P and a cyclic Sylow q-sub­
group Q; 

(iii) P/<P(P) is a minimal normal subgroup of G/<P(P). 
(2.5) [6, p. 467] . PSL(3,3) has a subgroup isomorphic to S4, where S4 

is the symmetric group on four letters. 

(2.6) ([7]; see also [5, Bemerkung 7.5, p. 190.]). Any non-abelian simple 
group all of whose proper subgroups are solvable is isomorphic to one of 
the following simple groups: 

(i) PSL(3,3); 

(ii) PSL(2,p), where pis a prime with p > 3 and p2 -1 ¢ o(5); 

(iii) PSL(2, 2q), where q is a prime; 

(iv) PSL(2,3q), where q is an odd prime; 

(v) The Suzuki group Sz(2q), where q is an odd prime. 

(2.7) ([8, Theorem 8.2, p. 41]; see also [9, Theorem 3.3, p. 184]). If G is 
one of the simple groups mentioned in (2.6) other than PSL(3, 3), then G 
is a Zassenhaus group of degree n + 1, where n = r or n = r 2 according as 
G = PSL(2, r) or G = Sz( r) and the subgroup N fixing a letter is a maximal 
subgroup of G. Further, N is a Frobenius group with kernel K of order n 
and a cyclic complement H. If G = PSL(2,r), then IHI= (r -1)/d, where 
d = (r -1,2), and if G = Sz(r), then IHI= r -1. 

(2.8) [8,.Theorem 2.4, p. 178]. If A is a p-group of automorphisms of 
the abelian p-group P (p > 2) which acts trivially on n1(P), then A= 1. 

(2.9) [5, § 8. Die Untergruppen von PSL(2,p/), pp. 191-213]. 

Suppose that G is one of the following simple groups: 

(i) PSL(2,p), where p is a prime with p > 11, p2 - 1 ¢ o(5) and 
p2 - 1 ¢ o(16); 

(ii) PSL(2,2q), where q is a prime; 

(iii) PSL(2,3q), where q is an odd prime. 

Then a maximal of G is one of the following groups: 

(i) A dihedralgroupoforder2(n±l)/d, whered=(n-1,2), andn=p 
or n = 2q or n = 3q . 
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(ii) A Frobenius group of order n(n -1)/d. 
(iii) .44, where A4 is the alternating group on four letters. 

3. Groups all of whose maximal subgroups are MNP-groups 

In this section we study the structure of groups all of whose maximal 
subgroups are MNP-groups. Let 171'(0)1 be the number of distinct prime 
divisors of the order of G. We prove the following theorem 

THEOREM 3.1. If G is a non MNP-group and each of its maximal 
subgroups is an MNP-group, then j7l'(G)I = 2 and one of the following 
statements is true: 

(i) G is supersolvable 

(ii) G has a normal Sylow p-subgroup P and a non-normal cyclic 
Sylow q-stzbgroup Q, where p < q and P/<JJ(P) is a mii:llmal normal 
subgroup of G /CJJ(P). 

(iii) G has a normal Sylow q-subgroup Q and a non-normal cyclic Sylow 
p-subgroup P, where p < q, and Q/CJJ(Q) is a minimal normal 
subgroup of G /CJJ( Q). . 

PROOF. By (2.1), all maximal subgroups of Gare supersolvable. Then 
G is solvable by [5, Satz 9.6,.P. 718]. By (2.2), G has a Sylow basis. Let H 
be a maximal subgroup of a Sylow subgroup of G such that His not normal 
in G and let {P1,P2, ... ,Pn} be a· Sylow basis of G with, say, H <Pi. If 
jn(G)I ~ 3, then PiPi is a proper subgroup of G, where i = 2,3,. . .,n, and 
(Pi, P2, ... , Pn) = G ~ N c( H), a contradiction. Therefore j71'( G) I = 2. 

Assume that (i) is false. We must show that either (ii) or (iii) must 
hold. Clearly, G is a minimal non-supersolvable group. Let P be a Sylow 
p-subgroup of G and let Q be a Sylow q-subgroup of G, where p < q. 
Suppose that G does not have an ordered Sylow tower. Then, by (2.3(i)) 
G is a minimal non-nilpotent group. It follows from (2.4) that P <1 G and 
Q is a non-normal cyclic Sylow q-subgroup of G, where p < q, and P/CJJ(P) 
is a minimal normal subgroup of G/CJJ(P). So (ii) holds. Now suppose that 
G has an ordered Sylow tower. Then Q <1 G. By (2.3(iii)) Q/CJJ(Q) is a 
minimal normal subgroup of G / 'P( Q). We argue that P is cyclic. If not, 
there exist two distinct maximal subgroups Hi and H2 of P. Let K be 
a maximal subgroup of Q. Then K <1 QH1 and K <1 QH2, by hypothesis. 
Since j7l'(G)I = 2, and (QHi,QH2) ~ Nc(K), it follows that K <1G. Hence 
each maximal subgroup of Q is normal in G. Let {Qi,Q2, .. .,Q8 } be the 
set of all maximal subgroups of Q. Then G/Qi is supersolvable, where 
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i = 1,2, ... , s. Since G/if!(Q) :( G/Q1 x G/Q2 x ... x G/Qs, it follows that 
G/if!(Q) is supersolvable. Hence G is supersolvable by [5, Satz 8.6a, p. 713], 
a contradiction. Thus Pis cyclic. Hence (iii) holds . 

As an immediate corollary we have: 

COROLLARY 3.2. If each maximal subgroup of G is an MNP-group, 
then G' is nilpotent. Further, G is an MNP-group when J7r(G)J ~ 3. 

PROOF. Suppose that G is an MNP-group. Then Theorem (2.1) 
implies that G is supersolvable and hence G' is nilpotent by [3 , Theo­
rem 7.2.13, p. 157]. Now suppose that G is a non-MNP-group. Then 
Theorem (3.1) implies that one of statements (i), (ii), (iii) must hold. If 
G is as in (i), then G' is nilpotent . If G is as in (ii) or (iii), then G' is a 
group of prime power order and so G' is nilpotent. Clearly, Theorem (3.1) 
implies that G is an MNP-group, when J7r(G)j ~ 3. 

4. Simple groups all of whose second maximal 
subgroups are MNP-groups 

In this section we prove several results needed for the classification 
of non-abelian simple grot!ps all of whose second maximal subgroups are 
MNP-groups. 

We need the following lemmas: 

LEMMA 4.1. If G is a non-abelian simple group each of whose second 
maximal subgroups is an MNP-group, then 

(i) G =/= PSL{3, 3); 

(ii) 

(iii) 

G =/= Sz(2q), where q is an odd prime; 

G =/= PSL{2,p), where pis a prime with p > 11, p2 -1 ¢. o{5) and 
p2 -1 = o(16) ; 

(iv) G =/= PSL(2,2q), where q is a prime and 2q -1 =/=prime. 

(v) G =/= PSL{2,3q), where q is an odd prime and 3q -1=/=2r, where r 
is an odd prime. · 

PROOF . (i) If G = PSL(3, 3) , then G contains a subgroup H isomorphic 
to S4, where S4 is the symmetric group on four letters, by (2.5). Let M 
be a maximal subgroup of G such that H ~ M < G. By hypothesis , all 
maximal subgroups of M are MNP-groups. Then Corollary 3.2 implies 
that M' is nilpotent and so H' is nilpotent and this is a contradiction, as 
A4 is a non-nilpotent group, where A4 is the alternating group on four 
letters. Therefore, G =/= PSL(3, 3). 
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(ii) If G = Sz(r), where r = 2q and q is an odd prime, then G is a 
Zassenhaus group of degree r 2 + 1 by (2. 7). Let N be the subgroup fixing 
a letter. Then we have that N is a maximal subgroup of G and that N is a 
Frobenius group with kernel K of order r2 and a cyclic complement. H by 
(2.7). Since K is non-abelian, we have that Z(K) His a proper subgroup 
of N. Let L be a maximal subgroup of N such that Z(K) H ~ L < N. Now 
Lis an MNP-group by hypothesis. Then Lis supersolvable by (2.1). This 
is a contradiction as C N(Y) ~ K for all y E K#. Therefore, G f:. Sz(2q), 
where q is an odd prime. 

(iii) If G = PSL(2,p), where pis a prime with p > 11, p2 -1 ¢. o(5) and 
p2 -1=0(16), then S4 is a subgroup of G. Hence, as in part (i), we obtain 
a contradiction. 

' (iv) G = PSL(2, 2q), q is a prime and 2q - 1 f:. prime. Then G is a 
Zassenhaus group of degree 2q + 1. Let N be the subgroup fixing a letter. 
Then N is a maximal subgroup of G. Further N is a Frobenius group 
with kernel K of order 2q and a complement H of order 2q - 1. Since 
2q - 1 f:. prime, it follows that there exists a maximal subgroup L of N 
such that K < L < N. Then L is an MNP-group by hypothesis and so 
Lis supersolvable. This is a contradiction as CN(Y) ~ K for ally EK#. 
Therefore, G f:. PSL(2, 2q), when q is a prime, and 2q - 1 f:. prime. 

(v) Since 32q - 1 ¢. o(16) and (3q -1}/2 f:. odd prime, it follows that 
3q - 1=4m or 3q -1=2m, , where mis a composite odd integer. Let r be 
a prime divisor of m. Let N be the subgroup fixing a letter. Then N is a 
maximal subgroup of G. Further, N is a Frobenius group with kernel K of 
order 3q and a complement Hof order 2m or m. Clearly, N has a subgroup 
which is the semidirect product of K by (x), where I (x) I= r. Let L be a 
maximal subgroup of N such that K (x) ~ L < N < G. By hypothesis, Lis 
an MNP-group. Then, by (2.1), Lis supersolvable and this is contradiction 
as CN(Y) ~ K for ally EK#. Therefore G f:. PSL(2,3q), where q is an odd 
prime and (3q -1)/2 f:. odd prime. 

LEMMA 4.2 . Let G be a non-nilpotent dihedral group of order 4r1 , 
where J 2: 1 and r is an odd prime. If all maximal subgroups of G are 
MNP-groups, then J = 1. 

PROOF. Assume that J 2: 2. Let R be a Sylow r-subgroup of G. Then 
R = (x) <l G. Let R1 be a maximal subgroup of R. Since R1 charR and 
R<lG, we have R1 <JG and so SR1 is a maximal subgroup of G, where S 
is a Sylow 2-subgroup of G. Then SR1 is an MNP-group by hypothesis. 
Hence S <l SR1 and so SR1 is a nilpotent subgroup of G. Now it follows 
that Sis an r1-group of automorphisms of R which acts trivially of 01(R). 
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So (2.8) implies that S acts trivially on R and this is a contradiction as G 
is a non-nilpotent group. Therefore, J = l. 

The following lemma may be considered as an improvement of Lemma 4.2. 

LEMMA 4.3. Let G be a non-nilpotent dihedral group of order 4m, 
where mis an odd integer. If all maximal subgroups of Gare MNP-groups, 
then m is an odd prime. 

PROOF. If m = r1 , where r is an odd prime, then J = 1 by 
Lemma ( 4.2). Thus we need only consider the case in which m is divisible 
by at least two distinct primes. Let S be a Sylow 2~subgroup of G. Since G 
is a solvable group, it follows that G has a Sylow basis. Let { S, P2, ... , Pn} 
be a Sylow basis of G~ If lrr(G)l 2: 3, then SPi are proper subgroups of G, 
where i = 2,3, .. .,n. Clearly, SPi are MNP-groups, where i = 2,3, ... ,n. 
Then S <1 SPi, where i = 2, 3, ... , n, and so S <1 G. This is a contradiction as 
G is a non-nilpotent group. 

We also need the following Lemma. 

LEMMA 4.4. Suppose that G is one of the following groups 

(a) PSL(2,p), where pis a prime with p > 11, p2 -1 "I. o(5), p2 -1 ¢ 
¢ 0(16), p - 1 is square free and p + 1 = 22s , where s is an odd 
prime, or p - 1 = 22r, where r is an odd prime. 

(b) PSL(2, 2q), where q is a prime with 2q -1 =rand r is an odd prime. 

(c) PSL(2,3q), where q is an odd prime with 3q -1=2r, 3q + 1=22s, 
and r and s are odd primes. 

Then each second maximal subgroup of G is an MNP-group. 

PROOF. By (2.9), a maximal subgroup of G is one of the following 
groups: 

(i) A dihedral group of order 2(n ± 1)/d, where d = (n -1, 2), and n = p 
or n = 2q or n = 3q ; 

(ii) A Frobenius group N with elementary abelian kernel K of order 
n and a cyclic complement Hof order (n -1)/d, where d = (n -1,2) and 
n = p or n = 2q or n = 3q; 

(iii) A4. 

Clearly, the maximal subgroups of the groups of type (i) are MNP­
groups. 

If G is of type (a) , then INI = p(p -1)/2. Since p-1 is square free 
or p - 1 = 22r, where r is an odd prime, we have that N is of square free 
order and so all proper subgroups of N are MNP-groups. If G is of type 
(b), then INJ = 2q(2q -1) = 2qr, where r is an odd prime. Since H acts 
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irreducibly on K, it follows that N is a minimal non-abelian group and 
so all maximal subgroups of N are MNP-groups. If G is of type ( c), then 
INI = 3q(3q -1)/2. 

Since (3q - 1)/2 = r, where r is an odd prime, it follows that INI = 
= 3qr. Now, as before, N is a minimal non-abelian group. So all maximal 
subgroups of N are MNP-groups. Therefore, all maximal subgroups of 
type (ii) are MNP-groups. 

Clearly, all maximal subgroups of A4 are MNP-groups. 

Now we can prove the following Theorem: 

THEOREM 4.5. Let G be a non-abelian simple group with the property 
that all its second maximal subgroups are MNP-groups. Then G is one of 
the following types: 

(a) PSL(2,p), pis a prime with p > 11, p2 - 1 ¢ o(5), p2 - 1 ¢ 0(16), 
p-1 is square free and p+ 1=22s or p-1=22r, where rands 
are odd primes. 

(b) PSL(2,2q), q is a prime and 2q -1 = r, where r is an odd prime. 

(c) PSL(2,3q), q is an odd prime, 3q -1=2r and 3q + 1=22s, where 
r and s are odd primes. 

PROOF . by Corollary 3.2, all maximal subgroups of G are solvable. 
Hence we can apply (2.6) and conclude that G is one of the following types 

(i) PSL(3, 3) 
(ii) PSL(2,p), where pis prime with p > 3 and p2 -1 ~ o(5); 

(iii) PSL(2,2q), where q is a prime; 

(iv) PSL(2,3q), where q is an odd prime; 

(v) The Suzuki group Sz(2q), where q is an odd prime. 

G cannot be PSL(3,3) by (4.l(i)). 

G cannot be PSL~2,p), where p > 11, p2 -1 ¥=. o(5) and p2 -1::: o(16) 
by (4.l(iii)). Hence p -1 ¥=. 0(16). Thus Sylow 2-subgroups of PSL(2,p) 
have order 4. Using that PSL(2,p) has a Frobenius subgroup N with kernel 
K of order panda complement Hof order (p-1)/2 which acts irreducibly 
on K , and that PSL(2,p) has dihedral sub~roup of order!._± 1, we obtain 
that either p- 1 is square free and p + 1 = 2 s or p- 1 = 2 r wheres, r are 
odd integers . By ( 4.3), r and s are odd primes. So the only possibilities for 
Gare A5 ~ PSL(2,5) ~ PSL(2,4) and PSL(2,p), p > 11 with p2 -1 ¢ o(5), 
p2 -1¢0(16), p-1 is square free and p+ 1=22s or p-1=22r , where r 
ands are odd primes. 
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G cannot be PSL(2, 2q), where q is a prime and 2q - 1 -:f:. r , where r is 
a prime by (4.l(iv)). So the only possibility for G is PSL(2,2q) , where q is 
a prime and 2q - 1 is an odd prime. 

G cannot be PSL(2,3q), where q is an odd prime and 3q-1-:f:.2r, where 
r is an odd prime by ( 4.1 ( v)). Hence 3q - 1 = 2r, where r is an odd prime. 

Since 32q - 1 ¢. 0(16), we have 4/IGI and 8flGI. G has a dihedral 
subgroup of order 3q + 1. Then 3q + 1 = 22 s, wheres is an odd integer. By 
( 4.3), s is an odd prime. So the only possibility for G is PSL(2, 3q) , where 
q is an odd prime, 3q - 1 = 2r and 3q + 1 = 22 s, where r and s are odd 
pnmes. 

G cannot be Sz(2r) by (4.l(ii)). But we have seen in the analysis of 
(a), (b) and (c) that all second maximal subgroups of Gare MNP-groups ; 
see ( 4.4). 

The theorem is proved. 
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1. In a recent paper [1], the author has examined the following 
problem: Let 1/; : .A -+ R be a set function defined on a system of sets .A 
belonging to a certain class of set systems; under which conditions possesses 
<p an additive extension <p1 

: :R -+ R to the ring :R generated by .A? The 
purpose of the present paper is to give some corrections and supplements 
to [1]. 

In [1], a known result was quoted for the case when .A is a lattice Jt, 
namely that a necessary and sufficient condition for the existence of such 
an extension is that <.p should satisfy 

(1) <p(AUB)=<p(A)+<.p(B)-<p(AnB) for A,BEJt. 

Unfortunately, this is not true in this form; in fact, an obvious necessary 
condition is 

(2) <p(0) = 0 if 0 E Jt, 

and (2) does not follow from (1) (let Jt = {0}, <.p(0) = 1). 

However, in the case 0 E Jt, (1) and (2) are sufficient for the existence 
of an additive extension to the generated ring: the method described in 
[2], Vl.3.h.34 shows that the sets A- B (A, BE Jt) constitute a semi-ring 
fP and 

<.p1(A- B) = <.p(A)- <.p(A n B) 

defines according to ( 1) an additive set function <.p1 on fP that can be 
extended to a ring, and (2) guarantees Jt C fP , <.p1JJt = <.p . In the case 0 r/:. Jt, 
it is described in [1], p. 21 that 0 can be joined to J{ in a manner that ( 1) 
remains valid for Jt' =Xu {0} when <.p(0) is defined to be equal to 0. 
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In order to deal with the ca.se when .d is a meet-semi-lattice, [1] 
introduces the expression 

t1J(A1, .. . ,A")= f)-1)·t+1 L i.p (nA;), 
t=l rer1; ieI 

where rt is the collection of all subsets of {l , . . . ,n} with cardinality k. It 
is shown in [1], 1.2 that if i.p has an additive extension to a ring then 

(3) for Ai E..4, n EN, the value of t/J(A1 1 • •• 1 An) 
7l 

depends only on the union LJ Ai, 
1 

and it is claimed in [1], that (3) suffices for the existence of an additive 
extension to a ring. In fact , the proof of [1], 1.4 shows that then i.p can be 
extended to the lattice Je generated by .i4 in a manner that the extension 
fulfils (1). However, the above remarks imply that this assures the existence 
of an additive extension to a ring in the case 0 ri. .i4 only; in the case 0 E ..4, 
(3) must be completed by the condition i.p(0) = 0. 

In the case of a join-semi-lattice .d, [1 J, 1.3 and 1.5 formulate as a 
necessary and sufficient condition that 

7l 

(4) x(A11 • •• ,An) depends only on nA; for Ai E..4, n EN, 
1 

where 

It is clear that the condition 
7l 

(5) x(A1, ... ,An)= 0 if A1 E.d, nAi = 0 
1 

has to be added to ( 4) in order to assure the existence of an additive 
extension to a ring. 

2. In the case of a meet-semi-lattice ...4, the condition (3) can be 
replaced by a simpler one: 

THEOREM 1. H .i4 is a meet-semi-lattice then (3) is equivalent to the 
condition 

(6) "'(YA;) ~.P(A" ... ,Anl ;J 

7l 

Ai E.d (i = 1, ... ,n) and LJAi E..4. 
1 
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n 
PROOF. (3) implies l/i (A) = l/i(A1, ... , An) for A= U Ai E .d, Ai E .d, 

1 
and clearly ¢(A)= cp(A). Conversely, (6) implies 

n 

(7) ¢(A1 1 ••• ,An,B)=¢(A1, .. . ,An) if Ai,BE.d, BcLJAi . 
1 

n 
In fact , we have B = UBi for Bi = B n A; E .d, whenever Ai , B E .d, 

1 
n 

BC UAi, and it is easy to see that 
1 

(8) ¢(A1, ... 1 An, B) = t/i(A1, ... , An)+ cp(B) - ¢(B1,. · ·, Bn), 

because 0 f:. I C { 1, ... , n} implies 

~(g~nB) =~(oB} 
By (6) cp(B) = ¢(B1, . . . , Bn) and we obtain (7). An iterated application 
of the latter furnishes (3), i.e. 

¢(A1, ... ,An)= 1/>(A1, ... ,An, Bi, ... ,Bm) = 1/>(B1, ... ,Bm) 
n m 

whenever Ai,Bj E.d, UAi = LJBj· 0 
1 1 

The checking of the validity of (6) is simpler than that of (3) in 
consequence of 

n 
COROLLARY 2. (6) is automatically fulfilled if LJ Ai coincides with one 

1 
of the sets Ai E .d. 

n-1 
PROOF. For A= LJ Ai E .d, we have by (8) 

1 

1/>(A1, ... , An-1• A)= 1/>(A1, ... , An-1) + cp(A) - 1/>(A1, ... ,An-1) , 

whenever Ai, A E.A, and Bi= AnAi =Ai (i = l, ... ,n-1) in (8). 0 
Thus it suffices to check the validity of (6) in the cases only when each 

n 
Ai is a proper subset of LJ Ai. It can happen that no such sets Ai exist 

1 
at all in .A and then ( 6) is always fulfilled (let .d = { 0, {a}, { b}, {a, b, c}} for 
distinct elements (l, b, c). 

For join-semi-lattices, we can prove in a similar way: 
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THEOREM 3. If A is a join-semi-lattice, then ( 4) is equivalent to 

(9) 

n 
COROLLARY 4. (9) is fulfilled if nAi coincides with one of the sets 

1 
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1. Introduction 

Recently much effort has been devoted to the study of the so-called 
almost sure central limit theory. Probabilists are publishing several papers 
on extensions of classical weak limit theorems in a generalized formulation 
involving logarithmic average and logarithmic density. As a starting point 
of these studies, in 1988 BROSAMLER and SCHATTE independently proved 
the following version of the a.s. central limit theorem. 

Suppose Xi, X2, ... are i.i.d. random variables with mean 0 and vari­
ance 1 (in fact, stronger moment conditions were first required , but later 
they proved to be superfluous). As usual, let Sn= Xi+ X2 + ... + Xn. 
Considering that 

z 

lim P(Sn/vn<x)=~(x)= j(27r)-112 exp{-y2/2}dy 
n-+oo 

-00 

for every x, one can naturally ask whether the (random) sequence of 
integers n for which Sn/ fa< x holds has density a.s. In other words , 

n 
does lim k 2:::: I( Si/ fl < x) exist with probability 1 (where I(.) denotes 

n-+oo i=l 
the indicator of the event in parentheses)? The answer is negative, but 
a weaker statement can still be proved, namely, the integer sequence in 
question has logarithmic density ~( x) with probability 1: 

1 n 1 
lim 1-:L-:-I(Sif./i < x) = ~(x) a.s 

n-oo ogn i=l i 

* Research supported by the Hungarian National Foundation for Scientific Research, 
Grant N° 1905. 
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This result has been extended and generalized by several authors. A 
brand new paper of BERKES and DEHLING [1] provides a systematic study 
of logarithmic analogues of classical limit theorems. They also present a 
general method which can be applied to all similar problems. It is based 
on the fact that under very mild growth conditions on the partial sums Sn 
of an independent (not necessarily identically distributed) sequence {Xn} 
the a .s limit behaviour of the sequences 

1 ~ 11 (Si -bi ) 
--~- ---<x 
logn . 

1 
i ai 

i= 

and 1 ~1 (Si-bi ) --~-P --<x 
logn . i ai 

1=1 

coincide. More precisely, defining ~i = I ( Sj~bi < x) - P ( Sja~bi < x) one 

can write 

(1) 
1 n 1 

lim --~ -:-~i = 0 a.s. 
n-oologn ~ 2 

i=l 

(cf. Remark 1 in Section 4). 

This limit result shows that the almost sure central limit theorems are 
not stronger than their classical counterparts, as it was first thought to be 
the case. On the contrary, counterexamples have been found even in the 
"nice" case of i.i.d. summands where the sums had a limit distribution in 
the a.s. sense, but not in the ordinary sense [2]. Similar phenomenon was 
observed in connection with random sequences of other types. 

The present paper is motivated by the increasing need of results of 
type (1) in the study of a.s. weak limits. We try and find conditions on 
the sequence { ~n, n 2 1} that are sufficient to guarantee (1 ). Although in 
the above mentioned applications the en are always bounded, it was quite 
natural to extend our attention to the unbounded case which proved to be 
even more interesting. 

2. Strong laws of large numbers 

Define f(x) = logx for x 2 e and e(x) = 1 for x < e. Let f1(x) = f(x) 
and ek(x) = euk-1(x)) fork 2 2. 

Our main result is essentially an improved version of Serfling's strong 
law of large numbers [6]. 

THEOREM 1. Let 6, e2, ... be arbitrary random variables with finite 
variances. Suppose there exist a positive non-increasing function h(.) on 
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the positive numbers and a positive integer m such that 

(2) 

and 

(3) 

Then 

(4) 

00 

J t'm(z) 
h(z) zf(z) dz< oo 

1 

1 n 1 
lim 0-( ) L -:-~i = 0 a.s. 

n-+oo <- n i 
i=l 
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If, in addition, the random variables { ~n, n ~ 1} are uniformly bounded, 
(2) can be weakened to require that 

(2') 

00 

J h(z) 
zt'(z) dz< oo 

1 

PROOF . For arbitrary positive number t > 1 let us introduce TJ( t) = 
= L:: +~i· We are going to apply the standard method of subsequences 

l<i<t 
(see- e.g. the proof of Theorem 3.7.3. of [7]). Choosing a sufficiently sparse 
subsequence {Nk, k ~ 1} we first show that E(L:: ry(Nk)2 /£(Nk )2) < oo, from 

k 
which 17(N1i;)/t'(Nk) - 0 follows with probability l. Then we only have to 
check if lim ( max Jry(n)- ry(Nk)l)/£(Nk) = 0 a.s. 

k-+oo Nk<n<Nk+l 

Let a = (ab k ~ 1) be an increasing sequence of positive numbers. For 
estimating the expectation of µ 2( s, t J a)= max ( ry( ak )-TJ( s )) 2 , 1 :S s < t, 

tSak<s 
one can use Serfl.ing's maximal inequality [5] . Let us define g(s ,t) = 
= 2 L:: th ( f). Then we clearly have 

s~i~j<t 

1 
(5) E(ry(t)-ry(s))2 = L L 77E(~i~j):Sg(s,t), 

s~i<t s~j<t Z) 

and for every 1 :::; s < t < u 

g(s, t) + g(t, u) :S g(s, u) . 

Hence it follows that 

(6) E(µ 2(s,t J a)) :S 6£(v(s,t J a))2g(s,t), 
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where v(s , t I a) stands for the number of ak satisfying s ~ ak < t. 
Let us estimate g( s, t ). For 1 ~ i < j let Dij denote the parallelogram 

with vertices (i,j), (i,j + 1), (i + l,j + 1) and (i + l,j + 2) , i.e., 

D ij = {(x, y): j ~ x < j + 1,j - i -1 < y- x ~ j - i}. 

It is easy to see that for all (x, y) E Dij 

x
1
y h (;) ~ ( i + 2)~j + 1) h ( f) ~ 6~j h ( f) ' 

hence 

g(s ,t) ~ ~ 12 J xly h (;) dxdy + ~ i;h(l) 
s$1<1<t D · s$1<t 

SJ 

~ 12 J ~h (Jt.) dxdy + 4h(l) . 
xy x s 

{ s$.r< y<t+ 1} 

Here 

J ~h (Jt.) dxdy ~ J ~h (Jt.) dxdy . 
xy x xy x 

{s$.r<y<t+l} {s$.r<t+l, 1$~<!.¥} 

Substituting z = y / x we obtain for the right-hand side that 

1 fil fil t+ s ~ 

= J d: J h~z) dz = log c : 1) J h~z) dz ~ 
s 1 l 

t/s t/s 

~ 2 (log (;) +}) J h~z ) dz~ 2log (l) J h~z) dz + 
2
h;l) . 

1 1 

Thus 
t/s 

(7) g(s,t)~24log(;)f h~z) dz+ 6~1 ). 
1 

Particularly, from (5) and (7) it follows that 

Nk 

(S) ( "\"' 17(N1J
2
) < "\"' ~ J h(z) dz "\"' 6h(l ) _ 

E L.t £(Nk)2 - L.t £(Nk) z + L.t £(Nk)2 -
k k 1 k 
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=Joo h(z) ( '"°" 24 ) dz+'"°" 6h(l) . 
z L f.(Nk) L f.(Nk)2 

1 Nk>z k 

Similarly, if Nk+if Nk-+ oo, then by (6) and (7) we get 

(9) E ( ~ i(:;)2µ
2
(N.,Nw I a)) ~ 

< . "f(11(N1c ,N1c+1 I a))
2 [f. (Nt+l) Nl:+Ji!N\(z) dz __!_] < 

- canst L f.(N1.:)2 Nk z + Nk 
t 1 

< . /
00 

h(z) [ '"°" f.(11(N1.;iNH1 I a))
2 

f. (NH1)] d 
- canst z L f.(Nk)2 Nk z+ 

1 lc :Nk+if N1;>z 

'"°" f.(Nk+1)2 
+canst · L N f.(N )2 . 

k k k 
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Let us first deal with the case of not necessarily bounded random 
variables. We first note that (2) can be replaced equivalently with the 
following condition: 

00 

J fm(z)2 

h(z) zf.(z) dz< oo (10) 

1 

for some integer m > 1. Let us introduce 

Nk =exp (exp (P.m~k)2 )) and ak =exp (exp (em-~(k)2)) · 
Then 

Hence 
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as z -+ oo. In addition, 

Thus by (9) 

This implies that 

and since 

max{ I ~i::? I: Nk ~ ai < Nk+l} $I ~iZ:? I+ f(~k)µ(NkiNk+l I a), 

we obtain that 

(11) li~s!pl~i::jl ~li~!pl~iZ:jl with probability l. 

Iterating this procedure one can conclude that (11) holds even for ak = 

= exp (exp ( ~)) . 

Now, let us substitute Nk =exp (exp (emtk)2)) into the estimation 

obtained in (8) for E ( f ilZ:;:). Routine calculation shows that 

L e(~k) = o ( e~g;2) , 
Nk>z 

hence 

( 
T/(N-1;)2) Joo fm(z)2 

E ~ f(Nk) 2 $canst · 
1 

h(z) zf(z) dz< oo. 

Consequently, lim T/elNNk? = 0 and therefore lim ~(ak? = 0 a.s. for ak = 
k-+oo k k-+oo '- ak 

=exp (exp (e(Z)2)) . 
We have to prove that the fluctuation of the sequence (T/(n)/f(n), n ~ 1) 

between ak and ak+l is getting negligible as k-+ oo. This will be carried 
out in three steps. 
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as z---> oo. Hence by (9) we have 

('°" 1 ? ) !co h(z) 
E ~ f(a.c) 2µM(abak+l I b) :S const · 

1 
zf(z) dz< oo . 

Consequently, 

a.s. 

implying 

(12) 

Secondly, let c.c = exp(k 113), thus bk~ cexp(3.c1i3) and v(bb bk+l I c) = 
= O(exp(3klf3)) . Now e ciz1) ""'!k-2/3£(b.c), therefore by (9) 

E ( ~ i(b~)2 µ2 (b;,bk+i I c)) '.". 
< . !co h(z) [ '°" f(v(bb bk+l I c))

2 
0 (bk+!)] d 

- const z ~ l(bk)2 <- b.c z+ 
1 k :bk+ifbk>z 

f(b.c+1)
2 !co h(z) ( 1 ) 

+const · L b.cl(b.c)2 :S const · -z- L l(b.c) dz . 
k 1 bk+ifbk> z 

It is not so hard to see that 

L f(~.c) = O (c/z)) ' 
bk+ifbk>z 
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hence 

E ( ~ l(b~)2 µ2(bbbk+l I c)) < oo. 
Together with (12) this implies 

(13) 

Finally, consider the sequence N of positive integers. Clearly, 
11(ckick+1 IN)= O(c,t) . This time c1;+i/cc -1, thus 

c1;+i/c1; 

t("~;') J . h~z)dz=O( (c~:•-1)') =O(k-413) 
1 

From the second line of (9) it follows that 

E ( ~ l(c~)2 µ2(c.,c;+1 IN)) $ corut ~ ( k-
413 + c~) < oo. 

Combining this with (12) we obtain that lim 17(n)/f.(n) = 0 a.s. 
n-oo 

The case of uniformly bounded random variables is much simpler. Let 
c be an arbitrarily small positive number and N,t = exp(ed:), k 2: 0. Since 
"L,f.(N,t)-2 < oo and 
k 

1 1 
L f.(N,t) :S (1- e-e)f.(z)' 

N1;>z 

from(8) we obtain that 17(N,t)/f.(N,t)-O with probability 1. On the other 
hand, for every integer n between N,t and N.t+l we clearly have 

1

17(n)l<l 17(n) l<l17(n)-17(N,t)l+l17(Nk)I · 
f.(n) - f.(N,t) - f.(N,t) f.(N,t) 

The first term on the right-hand side can be estimated by 

where P(sup l~nl :SC)= 1. 
n 

This converges to C(ee -1) , hence limsup l17(n) /f.(n)I :S C(ee -1) a.s. for 
n-oo 

every c: > 0, thus lim 17(n)/f.(n) = 0, as claimed. 0. 
n-oo 
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3. Concluding remarks 

REMARK 1. The "bounded" part of Theorem 1 can be applied in a.s . 
central limit theory, as it will be demonstrated by the following example, 
borrowed from BERKES and DEHLING [1]. In fact, it is a particular case of 
their Theorem 1. 

Let X1,X2, ... be independent (but not necessarily identically dis­
tributed) random variables, Sn= Xi+ ... + Xn, and an > 0, bn (n ~ 1) 
numerical normalizing sequences. 

THEOREM 2. Suppose 

(14) (IS·-b·I) s~pE/ ~ <oo, 

where f > 0 is a Borel measurable function on [O, oo) such that both J ( z) 
and z/ f(z) are non-decreasing and 

(15) 

00 

J dz 
zl(z)f(z) < oo. 

1 

Assume in addition that 

(16) 

for some positive constants C and'""(. Then for any distribution function 
G the following statements are equivalent : 

(A) For any Borel set AC JR with G(8A) = 0 we have 

lim -
1
- ~;.I (Si -bi EA) = G(A) a.s., 

n-+oo log n ~ i ai 
1::1 

(B) For any Borel set AC JR with G(8A) = 0 we have 

lim -
1
- ~ ;.p (Si -bi EA)= G(A) a.s. 

n-+oo log n ~ i ai 
1::1 

PROOF . We shall trace the proof of the cited theorem of BERK ES 

and DEHLING . First of all , we can suppose bn = 0, since the additive 
normalization can be included in the random variables Xn . Then we note 
that the equivalence of (A) and (B) will immediately follow as soon as 
we show that (4) holds for ~i = g(Si/ai) - Eg(Si/ai ), where g(.) is an 
arbitrary bounded Lipschitz-! function on JR (we can and will suppose 
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that 0 $ g $ 1). In order to apply our Theorem 1 we need an estimate of 
E(~i~j) = cov(g(Si/ai),g(Sj/aj)). That was derived in [1] in the following 
way. Using the independence of the summands Xi and the properties of g 
we can write 

icov(g(Si/ai),g(Sj/aj))I = Jcov(g(Si/ai),g(Sj/aj)- g((Sj - Si)/aj))I $ 

$ Elg(Sj/aj) - g((Sj - Si)/aj )I$ const · E(min{!Si/aj!, 1} ). 
Using the properties off we have 

. {I / I } min{!Si/ai!,aj/ai} f(inin{ISi/a. il,aj/ai}) J(ISi/ail) 
mm Si aj , 1 = $ $ . 

aj / ai f( aj / ai) f( aj / ai) 

Hence by (14) and (16) 

[
J(ISi/ail)] 1 

lcov(g(Si/ ai), g(Sj/ aj) )I $ const · E f( aj / ai) $ const · J( C(j /i)i), 

i.e., (3) fulfilled with h(z) = j(°t°z~\ · It is easy to see that the integral in 

(15) is finite if and only if it is finite with f(czi) in place of f(z). Thus 
Theorem 1 can be applied to complete the proof. 0 

For further applications see [3]. 

REMARK 2. Dealing with weighted sums, why do we concentrate on 
logarithmic weighting instead of extending our results for a much wider 
class of weighted averages, although the method itself could be applied 
more generally? This question can also be asked in connection with the 
a.s. central limit theorem. However, the logarithmic weighting is intrinsic, 
as it has been pointed out to me by P. MAJOR. 

For the sake of simplicity let us consider the example from the In-
troduction. Let X 1, X2, ... be i.i.d random variables with mean 0 and 
variance 1 and Sn= X1 + ... + Xn. By the invariance principle Si:::::: W(i), 
where W(t) denotes a standard Wiener process. Hence 

n 
1 n 1 . 1 J dt 

-
1 

-2::::-:I(Si/0. < x):::::: 
1
- I(W(t)/vt < x)-. 

ogn . 
1 

i ogn t 
1= 1 

Substituting t = eu into the right-hand side we obtain 
logn 

-
1
- J I(e-uf2W(eu)) < x)du. 

logn 
0 

Since the integrand is stationary, ergodic theory can help. Summarizing 
what has happened we can see that the logarithmic weighting corresponds 
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to a time-transform t 1-+ et which turns the process W(t)/Vt stationary. 
This also explains why j /i appears on the right-hand side of (3): for j =et 
and i = e8 we get j /i as a function oft - s (see also Remark 3 below). 

PELIGRAD and REVEsZ [4] has also investigated what other weighting 
can replace the logarithmic one so that the a.s. central limit theorem 
be still preserved. It turned out that essential improvement cannot be 
achieved: though bi-1 can be multiplied by some logarithmic terms, it 
cannot be replaced by i-l-!, say. 

REMARK 3. Since j /i S j - i + 1for1 Si S j, condition (3) of Theorem 
1 can be replaced with the more familiar 

(3') E((i(j) S h(lj - ii) for all i,j. 

REMARK 4. For those interested in the a.s. convergence of the arith­
metic mean of random variables the following assertion can be deduced 
from Theorem l. 

THEOREM 3. Let 6, (2, ... be arbitrary random variables with finite 
variances. Suppose there exist a positive non-increasing function h : [O, + 
+oo) --+ JR and a positive integer m such that 

(17) 

and 

(18) 

Then 

(19) 

00 

J h(z) 
-z-fm(z)dz < oo 

1 

IE((iCj)I S h(lj - ii) for all i,j. 

n 

lim n-l ~ ~i = 0 a.s. 
n-+oo L_, 

i=l 

If, in addition, the random variables { (n, n 2: 1} are uniformly bounded, 
(14) can be weakened to require that 

(171
) 

00 J h~z) dz< oo. 

1 

PROOF. For ek-l :Si < ek define (j = (k· Then for every i :S j, 
ek-l :::; i < ek, en-l :::; j <en we have 

IE((~cj)I = IE(~k~n)I:::; h(n - k):::; h'(j /i), 
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where h'(z) = h(R(z)-1). Hence (17) resp. (171
) imply 

00 00 . 00 

j h1(z)Rmz~~~;)
2 

dz= j h(R~~~~ l) Pm(P(z))2dzz = j h(t; l) Pm(t)2dt < oo 

e e 1 

and 
00 00 

J h' ( z) d J h( t - 1) d 
zR(z) z $ t t < oo, 

e 1 

resp. Since 

1 ek 1 f 1 k 

R(e*) ~ i~i"" k ~~i' 
i=l i=l 

application of Theorem 1 to variables ~~ immediately completes the proof. D 

This theorem slightly improves Theorem 3. 7.4 of [7] on weakly station­
ary sequences, because the conditions of the latter imply (17) with m = 1. 

REMARK 5. Is it true that (2') and (17') are sufficient even in the 
non-bounded case? The method applied in the proof of Theorem 1 does 
not seem to be suitable for this "small" improvement. 
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1. Introduction 

The partition problems form a well-studied field of computational 
geometry. This topic has a variety of applications in database systems, 
image processing, VLSI artwork data, etc. (see [1], [2]). One of these 
problems is the following: to partition the interior of a polygonal region 
into a minimum number of trapezoids with two horizontal bases (triangles 
with horizontal bases are considered as degenerate trapezoids). It is known 
that this problem is NP-c9mplete [3]. Therefore, from practical needs, the 
investigation of some simple partition algorithms and of the estimations 
for the respective numbers of obtained trapezoids is actual. 

In this connection, the following question appears: to determine the 
minimum number of trapezoids with two horizontal bases partitioning a 
polygonal region. A positive answer to this question gives a possibility to 
find good estimates for the number of partitioning trapezoids obtained by 
some simple algorithms. 

In this paper, we determine a formula for a minimum number of 
trapezoids with two horizontal bases partitioning a polygonal region with 
arbitrary (possibly, degenerate) holes. Futher, we consider an nlogn 
sweep-line partition algorithm, and find for this algorithm some estimates 
for the number of obtained trapezoids. 

2. Description of polygonal regions 

Let A be a closed (possibly, multiply connected) polygonal region in 
the plane E. The topological boundary bd A of A is assumed to be a union 
of a finite number of simple polygonal contours. Any two of these contours 
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may be situated either one inside the other of mutually noninclusive; they 
may have couunon vertices but no common line segment., a1Hl cannot. lie 
crossmg. 

As usual, a point ;i; E E is called interior for A provided it is contained 
inside an odd number of simple contours determining bd A. All interior 
points of A form the topological interior int A. 

Inside A a finite family of clo3ed line segments s1, ... ,su and a finite 
family of isolated points v1, ... , Vt may be situated such that the following 
conditions are fulfilled: 

1) v1, ... ,v1 belong to intA \(s1 U ... Usu), 

2) the interior of each segment Si is containe<l in int A., 

3) if some segments Si, Sj have a common point, then it is a vertex for 
bothsi,Sj· 

The point-set union of these points au<l segments is called the orrrnment 
of A, and denoted by Or A. 

In order to consider the degenerate holes, we introduce a new topology 
in the plane E. Since the description of the respective constructions is 
sometimes rather formal, we use below some illustrative examples. The 
first. of them is shown in Fig. 1. 

I~ 

8 
10 

s 

2 

Fig. I 

Everywhere below the sets 

IldA := OrAUbdA, IntA :=A \Bel A 

arc called , rPspPdivdy, t.lw form.rd bmmdnry a1Hl the form.n.l interior of .4. 
A bounded component of E \Int A is called a formal hole of A. As 11s11al, 
a topological hole of A is a bounded component. of E \int A. 
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EXAMPLE. For region B represented in Fig. 1, put Or B = [4, 7] U 

U [5, 6] U [15, 17] U {11] U {14} . There are three formal holes: {11 }, {14}, 
and [4, 7] U conv (7, 8, 12). 

A point x E E is named a vertex of A if it is either a vertex of a segment 
forming Bd A or an isolated point in Bd A. The set of all vertices of A is 
denoted by V(A). 

A closed line segment [x, z], x =f:. z , is called an elementary segment of 
BdA if [x,z] C BdA and [x , z] n V(A) = {x, z }. The set of all elementary 
segments of BdA is denoted by S(A). 

Below a polygonal region A is considered to be determined if the sets 
int A, BdA and V(A) are known. It is easily seen that BdA and V(A ) 
uniquely determine S(A) . 

Now let us make more precise the expression "to partition into trape­
zoids". A polygonal region A is called partitioned into trapezoids T1 , ... , Tt 
if and only if 

t t 

LJ intTi c IntA c LJ Ti , intT· nintT- - 0 
i J - ' i =f:. j. 

i=l i=l 

3. Measure of vertices 

Any vertex x (if it is not an isolated point in BdA) is the apex of at 
least one inner angle of A. An inner angle of A is fotm.ed by two elementary 
segments of Bd A and contains no other inner angle (these segments may 
coincide and form in this case an angle of size 27r). 

DEFINITION 1. An inner angle a of A with the apex x is called divisible 
if it is different from a straight angle (i.e., a =f:. 7r) and there is a horizontal 
segment [x,y] C lntA whose addition to BdA divides a into two inner 
angles of A. 

EXAMPLE . In Fig. 1, the inner angles with apexes 3, 4, 8, 9, 10, 12, 
13, 15, respectively, are divisible. 

OBSERVATION 1. It is easily seen that for any divisible angle with apex 
x there are at most two horizontal segments such that after their addition 
to BdA all inner angles with apex x become indivisible. 

OBSERVATION 2 . For any vertex x of A, there are at most two divisible 
inner angles with apex x. If such two angles exist, then it is possible to 
draw inside each of them one segment with a vertex x making all the 
obtained inner with apex x indivisible. 
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OBSERVATION 3. For any isolated point x E BdA, it is necessary to 
draw inside Int A two collinear segments of the type [v, x], [x, w] such that 
the obtained inner angles with apex x become indivisible. 

DEFINITION 2. For any vertex x of A, denote by m(x) the minimum 
number of horizontal segments in Int A with vertex x such that after 
drawing them (i.e., after the addition of these segments'to BdA) all angles 
with apex x become indivisible. The number m( x) is called the measure 
(of divisibility) of A at x. 

COROLLARY. By Observations 1-3, 0 ~ m(x) ~ 2 for any vertex x. 
Obviously, m(x) = 2 for any isolated point x E BdA. 

Let m(A) := l:m(x), where the sum is considered over the set V(A) 
of all vertices of A. 

EXAMPLE. In Fig. 1, m(B) = 16: the measure of B at each of the 
vertices 8, 9, 10; 13 is equal to one, at each of the vertices 3, 4, 11, 12, 14, 
15 it is equal to two, and at any other vertex it is equal to zero. 

4. Families of intervals 

Let Vi =]xi, yi[, i = 1,. .. , l be some family of pairwise disjoint open 
I 

line intervals belonging to lntA. Put L := U Vi. If the ends of all the 
i=l 

intervals vi, ... , vr belong to Bd AUL, it is possible to consider the region 
AL obtained from A by the addition of L to Or A: 

BdAL = BdA UL, Int AL= Int A\ L, 

V(AL) = V(A)U {x1,y1, .. .,x1,yi}. 

DEFINITION 3. A family :i = { v1, ... , vi} of pairwise disjoint open 
line intervals in Int A is called complete (relative to A) if the following 
conditions are fulfilled: 

1) the ends of all the intervals v1, ... , vr belong to Bd AUL, 
2) for every vertex x E V(AL) \ V(A), all the inner angles of AL with apex 

x are indivisible. 

For any complete family :i = { v1, ... , vr}, define its weight g(:i) by the 
formula 

(1) g(:i) := m(A)- m(AL)- l. 

DEFINITION 4. A complete family :i of intervals is called admissible if 
the following conditions 1 )-3) are fulfilled: 
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1) the deletion from Or AL of any horizontal interval v =]a, b[ E :£implies 
that one of the cases (a)- ( c) occurs: 

(a) the measure of AL increases by one at both points a, b, 

(b) the measure of AL increases by one at one of the points a, b, and there 
is at least one nonhorizontal interval in :f having an end in ]a, b[, 

( c) the measure of AL remains unchanged at both points a, b and there are 
at most two nonhoiizontal intervals in :f each having an end in ]a, b[; 

2) The deletion from Or AL of any nonhorizontal interval u E:i increases 
the measure m(AL) by two or more units; 

3) the deletion from Or AL of any two nonhorizontal collinear intervals 
of the form ]a,b[, ]b,c[E:i increases the measure m(AL) by three or more 
units. 

Fig. 2 

EXAMPLE. For region B in Fig. 1, the family of open line intervals 

:£ = {]10,11[, ]11,12[, ]12,21[, ]15,20[, ]19,22[} 

is adrn.issi ble (see Fig. 2) . The region BL has new (relative to B) vertices 
19, 20, 21, 22. The weight of:£ equals 

g(:l) =m(B)-m(BL)-1=16-9-5=2. 

Note that segment [19, 22] is the union of three elementary segments 
[19,20], [20,21], [21,22] E Or BL· 

5. Some preliminary result s 

Denote by ao = ao(A) the number of vertices of A and by a 1(A) the 
number of elementary segments of BdA. 

LEMMA 1 (Generalized Euler's relation). For a polygonal region A, 

(2) ao - cq +so = s + h - ho, 
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where 

so is the number of connected components of Int A, 

s is the number of connected components of A, 

h is the number of formal holes of A, 

ho is the number of topological holes of A. 

PROOF. Suppose that h > 0 and let C be any formal hole of A. Then 
C is separated from other formal holes or from the exterior of A by some 
connected component D of Int A. It is possible to draw inside D a. simple 
polygonal line [a1 , . .. , ak] such tha.t a1 is a. vertex of A belonging to C , and 
ak is vertex of A belonging either to another formal hole or to the exterior 
of A. In both ca.ses, the addition of [a1, ... , ak] to BdA preserves the value 
so( A) and reduces the difference a:o - 0:1 by one. 

Executing this procedure for each formal hole of A we obtain a poly­
gonal region for which the canonical Euler's relation is valid: 

a:o - 0:1 - h +so+ ho= s. o 
LEMMA 2. For any complete family :f = {v1, .. . ,vz} , 

(3) a:1(AL) - a:1(A)- [a:o(AL)- a:1(A)] = l. 
PROOF . The closure Vi of ea.ch open line interval Vi E :f is uniquely 

represented in the form 

Vi=[a1,a2]U . .. U[ak·-1,ak.], ki2:2, 
1 1 

where a2 , . . . , ak ·-1 are new (relative to A) vertices of AL and 
' 

[a1,a2J, ... ,[ak ·-l , ak .] E Or A . 
1 1 

If we delete v1 from Or AL, then k1 - 1 segments from Or AL and ki - 2 
vertices from V(AL) vanish (the ends of v1 remain the vertices of AL\vi ). 
Therefore by the deletion from Or AL of all intervals v1 , ... , vz there vanish 
(k1 - I)+ ... + (kz - I) elementary segments and (k1 - 2) + . . . + (k1 - 2) 
vertices of AL . 

After the deletion of v1, ... , vz from Or A, some vertices of AL which are 
not vertices of A can remain in Bd A. We arrange them into groups such 
that the vertices of ea.ch group belong to the sa.me elementary segment 
of Bd A, and vertices of different groups belong to different elementary 
segments. 

Denote by [ci, di], i = 1, .. . , r all segments containing the a.hove dis­
cussed vertices, and let 8i be the number of vertices of V(AL) placed in 
[ci , di] · Then 
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I r 

cq(AL)- a1(A) = L(ki -1) + L(fii + 1)- r, 
i=l i=l 

I r 

ao(AL)- ao(A) = L(ki - 2) + L h 

Hence 
i=l i=l 

THEOREM 1. Let some complete family £ = { v1, ... , vt} of open line 
intervals form together with BdA a partition of A into trapezoids with 
horizontal bases. Then the number t(A) of these trapezoids equals 

(4) t(A) = m(A) + so(A) - h(A) - g(:£ ), 

where 

so( A) is the number of connected components of int A , 

h(A) is the number of formal holes of A. 

PROOF. As above, AL denotes the region obtained from A by the 
I 

addition of the set L := U Vi to BdA. By Lemma 1, 
i=l 

ao(A) - a1 (A)+ so(A) = s(A) + h(A)- ho( A), 

ao(AL)- a1 (AL)+ so(AL) = s(AL) + h(AL)- ho(AL) . 

Due to relations 

s(A) = s(AL), so( AL)= t(A), h(AL) = 0, ho( A)= ho( AL) , 

one has ao(A)- a1 (A)+ so(A) = ao(AL)- cq (AL)+ t(A) + h(A). 
By Lemma 2, 

t(A) = [a1(AL)-cq(A)]- [ao(AL)- a:o(A)] + so(A)-h(A) = 

= l +so( A) - h(A) . 

Now, due to (1) and to the relation m(AL) = 0, we receive (4). 

6. Minimum number of trapezoids 

Let A C E be any polygonal region, and let ..ll = { w1, . . . , wk} be a 
family of open line intervals in Int A such that: 1) any two segments of ..ll 
have at most one point in common, 2) w1 U . . . U wk partitions A together 
with Bd A into trapezoids with horizontal bases. 
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k 
LEMMA 3 . The set lvf := U Wj can be represented as a umon of 

i=l 
pairwise disjoint open line intervals forming a complete family for A. 

PROOF. The absence of divisible angles of the region AM is obvious. 
Hence it remains to show that M can be represented as a union of pair­
wise disjoint open intervals all of whose ends belong to Bd A. U 1\1 . This 
representation can be organized by the repeated implementation of the 
following 

Procerfore: If some vertex :r of AM belongs to the intersection of at 
least two inten-als from Jl, then one of these intervals remains unchanged 
and each other interval Jy,z[ is replaced iu J,l by two open intervals Jy,x[, 
Jx,z[. 

Since J,l is finite, we obtain the desired representation. 0 

TII EO IlEM 2 . If some complete family :i = { 111, ... , v1} of opeu Jiue in­
tervals partitious togetlier witli Bd A a polygoual regiou A. iuto a mi11im11m 
number of trapczoic)s, tl1e11 tliere exists an admissible family .K satisfyiug 
tl1e equality g(.K) = g(:i). 

PROOF of theorem 2 is realized in two steps: 

- The family :i is change<l by another complete family Jl, 

- the desired family .K is selected in J..l. 

For the realization of these steps, we need the following transformations 
of the partition of A. into trapezoids: 

( d) if so UH' t.wo partitiouing tnqwzoids are placecl as it is shown in Fig. 3a 
and Jo, h[C L, t.hcy sho11ld be replaced hy two trapezoids showu in 
Fig. 3b. 

/ 
LJ 

a. \ 
n) b) 

Fig. 3 

( c) if some t.wo part.i t.ion.ing trapezoids a.re placecl as it is shown in Fig. 4a 
all<l Ja,b[U]b,c[C L, they slwulll be replaced by two trapezoi1ls shown 
in Fig. 4b . 
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(f) if some three partitioniug trapezoids are placed as it is shown in Fig. 5a 
awl )a, b[ U Jc, d[c L, they should be replacecl by three trapezoids shown 
in Fig. 5b. 

/:\\ / • ~ 
/ & \ 

n} b) 
Fig . ~ 

/ db L ~ L /c 

a) b) 
Fig. S 

Transformations of (d)-(f)-type are applied to Ai in any order until 
it is possible. Ol)serve that any transformation of ( d )-( f)-t.ype has t.hc 
following properties: 1) it deletes at most one non-horizontal elementary 
segment of the initial region AL whose ends are placed on two horizontal 
levels determined by some vertices of AL, 2) no new non-horizontal 
elementary segment appears in Bd A. Hence these transformations can 
be applied no more than a finite number of times. 

As the result, we obtain some new region AM , where 1\1 is the relative 
interior of the union of all part.s of all sides of the partitioning trapezoids 
which do not belong to Dd A. According to Lemma 3, the set M can be 
represent.eel as t.hc union of demcnt.s of some complete family .M, of pairwise 
disjoint open line intervals . 

0 l3S EllVATIO N 4. The above obtained family .M, contains no interval 
Ja,b[ with t.he followiug properties: 1) there are no vertices of AM in Ja,b[, 
2) the deletion of ]a,b[ from Or AM preserves m(AM) at both points a, b. 
Indeed, ot.herwise the removing of ]a, b[ from Or AM reduces the number 
of trapezoids. 

Obviously, the nmnbers of partitioning trapezoids for the domains AL 
and AA/ coincide. Hence from Theorem 1, g(:f) = g(.M_). 
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Now an admissible family J( will be selected in ...U. For this purpose, 
we remove from M all horizontal intervals which contain no vertex of AM 
and whose deletion from Or AM increases m(AM) by one. Denote by r the 
number of all such deleted intervals. 

The remaining family J( = { w1, ... , Wn} is admissible. Indeed, the 
completeness of J( follows from the method of the interval deletion from 
...U, taking into consideration the transformations (d) and (e), and the 
minimality of the number of trapezoids. Now we shall verify the validity 
of conditions 1)-3) from Definition 4. Below N denotes the union of the 
segments belonging to J(. 

1°. Assume that some horizontal segment ]a, b[ E J( does not satisfy 
condition 1 ). Then one of the following cases can occur: 

(g) ]a, b[ contains no vertex of AN and the deletion of ]a, b[ from Or AN 
does not change the measure of AN at any of a, b, 

(h) ]a, b[ contains no vertex of AN and the deletion of ]a, b[ from Or AN 
increases by one the measure of AN at one of the points a, b only, 

(i) there exists in J( only one nonhorizontal interval having a vertex in 
]a, b[ and the removal of ]a, b[ from Or AN does not change the measure 
of AN at any of a, b. 

Case (g) is impossible because of the minimality of the number of 
trapezoids. Case (h) is impossible because of the removal of this type of 
intervals in the process of forming of ...U. Case (i) is impossible because of 
the previous (f)-type transformations (see Fig. 5) . 

2°. Suppose that some nonhorizontal interval ]a, b[EK does not satisfy 
condition 2). Then one of the following cases can occur: 

(j) the deletion of ]a, b[ from Or AN changes the measure of AN at none 
of the points a, b, 

(k) the deletion of ]a, b[ from Or AN increases the measure of AN at one 
of the points a, b only. 

Case (j) is impossible either because of the minimality of the number 
of trapezoids or because of the previous ( d)-type transformations. 

3°. Suppose the existence of two nonhorizontal collinear intervals ]a, b[, 
J b, c[ E L such that their deletion from Or AN increases the measure m( AN) 
by no more than two units. 

Because of 2°, it is sufficient to verify the case that m( AN) increases by 
two units. Due to previous ( d)- and (£)-type transformations, this situation 
is impossible. 
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Hence .}( is an admissible family. By all the said above, 

g(.N') = m(A)-m(AN )-n = m(A.)-r-n = m(A)-carcUl = g(J,l) = g(i!). 0 

Fig. 6. 

EXAMPLE. For region Bin Fig. 1, a partition into a minimum number 
of trapezoids is shown in Fig. 6. 

With the help of Theorem 2, it is possible to indicate the following 
partition algorithm into a minimum number of trapezoids. 

Let A C E be any polygonal region. 

Algorithm 1. 

1. Construct an admissible family i! = { v1, ... , V[} of open intervals having 
a maximum weight g(i!), 

I 
2. Put L := LJ Vi and Or AL := Or AUL, 

i=l 

3. For every vertex x of A, draw in IntALmL(x) open horizontal segments 
maximal under inclusion removing the divisibility of every divisible 
angle a of AL with the apex x. 

From Theorem 1, it follows that for a polygonal region A, the number 
of trapezoids obtained by the application of Algorithm 1 is equal to t( A) = 
= m(A) +so( A) - h(A) - g(i!). 

7. Some estimates for an approximation algorithm 

In the section an 0( n log n) sweep-line partition algorithm consisting 
of step 3 of Algorithm 1 is considered. 
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Algorithm 2. 

For each divisible angle a of A with the apex x, draw inside Int A m( x) 
open horizontal segments maximal under inclusion removing the divisibility 
of a. 

Fig. 7. 

EXAMPLE. The partitioning trapezoids obtained for region B repre­
sented in Fig. 1 by the application of Algorithm 2 are shown in Fig. 7. 

Denote by t 1 (A) and t2( A), respectively, the numbers of partitioning 
trapezoids obtained for a polygonal region A by the application of Algo­
rithm 1 and Algorithm 2. 

Below we find some estimates for the ratio 

t2(A) 
i(A) := t1(A). 

Let :£ 1 = {vi, ... , Vp} be the family of open intervals obtained for A by 
p 

the implementation of Algorithm 1 (the set L := LJ v; partitions together 
i=l 

with BdA the region A into the minimum number of trapezoids with 
horizontal bases), and let :£2 = { w1, ... , Wq} be the complete family of open 
horizontal intervals obtained for A by the implementation of Algorithm 2. 

LEMMA 4. The following relations hold: 
1) h(A):Sp-1 if h>O, 

2) h(A):::; p/2 - 1 if h > 0 and each formal hole of A has 
nonempty interior. 

3) 

4) 
q :S m(A) :S 4p, 
q :S m(A) :S 2p if Or A. = 0. 

PROOF. a) For any formal hole Hof A, denote by 1(H) the number of 
all open intervals in .t'1 incident to H. Similarly define the number 1(C), 
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where C means the topological boundary bdA of A. Obviously, 1(C) ~ 2 
and 1(H)? 2 for any hole Hof A (in case h > 0) . Then 

h(A) ::; ~ (L 1(H)) ::; ~(2p- 1( C))::; p-1. 

2) If each formal hole H of A has nonempty interior, then, obviously, 
1(C)? 4and1(H) ~ 4 (in the case h > 0). As above, 

· h(A) ::; l (L -y(H)) ::; l(2p- -y( C)) ::; p/2 - 1. 

3) The inequality q::; m(A) is obvious. In order to prove the inequality 
m(A)::; 4p, put 

~={xEV(A): m(x)=i}, i=l,2, 

and denote by 1( x) the number of all open intervals in .t 1 incident to x. 
Since m(A) =card Vi+ 2 · cardV2, one has 

4p ~ 2 · L {!(x) : x EV}~ 2 · L {!(x) : x E Vi}+ 

+2 · L {'Y(x) : x E V2} ~ 2 · (cardV1 + cardV2) = m(A) + cardV1? m(A). 

4) If Or A= 0 then , obviously, 1(x) ? 2 for each vertex x E V2. In this 
case 

2p?Lh(x): xEV}?Lh(x): xEVi}+ 

+ L { -y(x) : x E V2} ? card Vi+ cardV2 = m(A). 

THEOREM 3. For a polygonal region A , the following inequalities are 
fulfilled: 
1) 1(A)::; ~m(A) + 1 if A has formal holes, 

2) 1( A) < 7 if A has formal holes and each formal hole of A 

3) 1(A) < 4 

4) 1(A) < 3 
5) 1(A) < 2 

has nonempty interior 

if A has no formal holes, 

if A has formal holes and Or A= 0, 
if A has no formal holes and Or A= 0. 

PROOF. By Theorem 1 and (1}, 

Hence 

t1(A) = m(A) +so( A)- h(A)- g(.:£1) = p+ so ( A)- h(A), 

t2 (A) = m (A) + so(A) - h(A) - g(.:£2 ) = q + so(A) - h(A). 

1(A)=t2(A)=l+ q-p 
t1(A) p+ so(A)- h(A)" 
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Obviously, so( A)~ 1. Put m = m(A) . 

3) If A has no formal hole (i.e., h(A) = 0), then, by Lemma 4, p + 
+so( A)~ m/4+1, and 

q-p m-W 3m 
----< =--<3. 
p+so(A) - W+l m+4 

5) If A has no formal hole and Or A= 0, then p ~ m/2, and 
m q-p m-"'2'" m 

----< =--<l. 
p + so (A) - T + 1 m + 2 

Assume that h > 0. By Lemma 4, one hasp+ so( A)- h(A) ~ 2, and 

q-p m-If 3 __ ...;;____;;_ __ < = -m 
p+ so(A)- h(A) - 2 8 

in case 1) of the theorem. Since p+so(A)-h(A) = so(A) + (p/2- h(A)) + 
+ p/2, one has · 

q-p m-W 6m 
------< = <6 
p+so(A)-h(A) - 2+i m+16 

in case 2) of the theorem, and 

q-p m-9- 2m __ ...;:____;;_ __ < = -- < 2 
p+ so( A)- h(A) - 2 + T m + 8 

in case 4) of the theorem (since Or A= 0 implies that the interior of each 
formal hole of A is not empty). 0 
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Introduction 

In this paper and in the next papers we consider systems described by 
differential equations: 

2n a2n-k 
{1) ut(x,t) = LPk(x) 2n-k u(x ,t) (0 < t < T, 0 < x < 1) 

k=O ox 
and boundary equations: 

2n-l I 

(2) I: [aJku(k)(o, t) + ajku(k){l, t)] = Tju(., t) = L)3'J fµ(t) 
~o µ=l 

(j = 1,2,3, .. . ,2n). 

Where u(k)(O,t) and u(k)(l,t) denote the kth derivative of u(x,t) with 
respect toxin the points (O,t), {l,t) respectively. 

Pk(.) E H2n-k(o, 1) and suppose Po(x) > 0 (0 :'.S x :'.S 1) if n = 0 {mod 2) . 
Further Po(x) < 0 (0 :'.S x :'.S 1) if n = 1 (mod 2). The control functions 
fµ are chosen from the class H 1(0,T). It is supposed that the boundary 
conditions TjU = 0 (j = 1, 2, 3, ... , 2n) are "regular" [1 J. 

The initial conditions of (1), {2) are given in the form: 

{3) u(x,O)=uo(x), uoEL2(0,1). 

Under the conditions above which are mode on uo and fµ(t) (µ = 1, 2, . .. , l) 
the problem (1), (2) and {3) have no classical solution with 2nd partial 

*This work was written while the author was visiting at the Eotvos Lorand University 
Budapest. 
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derivatives with respect to x. The generalized solutions of (1), (2) and (3) 
which exist and are unique and defined (as it will be seen later) for any 
fixed uo and f µ (µ = 1, 2, .. ., l) (from classes given above). 

Moment problem 

Denote the differential operator by 17u on the right hand side of ( 1) 
17*11, 11EH2n(o,1) and its adjoint by 17*11 (see [1]): i.e. 

2n a2n-k 
{17*11}(x) = z)-l)k 2n-k(Pk(x)11k(x)) . 

k=O 8x 
(4) 

For any u, 11EH2n(o,1) we have the Lagrange-formula: 

1 1 2n 

(5) f (17u)vdx = J u(17*11)dx + ?= [(rp.1)(rj11) + (fp.1)(rj11)] . 
0 0 ;=1 

Here T J 11 (j = 1, 2, . . . , 2n) denotes the linear form of quantities 1) k) ( 0) 

and 11(k)(l), adjoint to TjU (k = 0, 1,2, . .. , 2n -1); the linear form TjU and 
rJ11 complete TjU, rJv respectively to a complete linearity independent 
system. We use the spaces H 5 (0), H 5 •P(O x (0, T]) in the paper as given 
in the fundamental book [6]. 

Denote 11 the set of functions 11( x, t) from the class Hn , 1 ( Q), Q = [ 0, 1] x 
x [O,T] for which (rj11)(.,t) = 0, j = 1,2, .. . ,2n; 11(.,T) = 0. 

DEFINITION. The solution of (1), (2) and (3) is called a function u E 
E £ 2( Q) for which: 

Jrr r av -J (6) Jul-at-17*11 dxdt= 

Q 

1 T 2n l 

= j uo(x)11(x,O)dx + J LL /3j fµ(t)(Tj11)(.,r)dt 
0 0 ;=1µ=1 

holds for every 11 E F. 
If uo and fµ (µ = 1,2, ... ,l) are smooth enough, then the classical 

solutions of (1) , (2) and (3) exist , and are unique ([1]). By (5) it can be 
easily checked that they coincide with the previously defined generalized 
solutions. We now prove the following theorem: 
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THEOREM. For a.ny u E L2( Q) the generalized solution exists a.nd is 

unique (even in the case when u~k) E L2(0 , 1) and fµ(t) E H 1(0, T)) . Further 

for any fixed t, u(., t) E L2(0, 1) and t- u(., t) is continuous as JR- L2(0, 1) . 

We shall investigete the following problems: 

1. The description of £ 2(0,1) the set D(uo,T) of states u1 which we 
can reach from the state uo in time less than T. 

2. The description of L2(0, 1) the set B(u1,T) of states uo from which 
we can arrive at u1 in time less than T. 

We shall reduce these problems to moment problems in the space 
£2(0, T). For this the following operator is introduced. 

2n a2n-k . 
(7) (Au)(x) = - LPk Zn-k u(x) (= -O'u) with domain: 

k=O 8x 

domA:={uEH2n(O,l): Tju=O; j=l,2, ... , 2n} . 

The adjoint operator of A is A* = -O"*v with domain: 

domA* :={vEV : Tjv=O; j=l, 2, ... ,2n} . 

It is well known (see [1]) that A has discrete spectrum. Further for the 
eigenvalues Pk} if A we have the asymptotic formula 

(8) >.k=(~;)2n[1+0(~)] ; L :=fl .zdx . 

0 
\/IPo(x)I 

It is known also (see [1]) that according to the Kesselmen-Mihajlov the­
orem, the eigenfunctions of A form lliesz basis in L 2(0 , 1), moreover the 
multiplicity of the eigenvalues is uniformly bounded. 

Denote {l/Jmp} (p = 1,2,3, ... ,rm) the chain of eigenfunctions with 
eigenvalues Am. Further denote {¢>ks} corresponding to the biorthogonal 
system { l/Jmp}; i.e. : 

1 

j <f>ks(x)l/Jmp(x)dx = { ~ (9 ) 
if k = m, s = p 

otherwise. 
0 

It cal! be shown (see [1]) that {</>ks} are the eigenfunctions of A*, i.e. 

(10) A <f>kl = >.k¢ k1 , A<f>ks = >. k<f>ks + <f>ks-1 (s = 2,3 , .. . ,rk) 

A*¢mrm= Aml/Jmrm, A*l/Jmp= Aml/Jmp+ l/Jmp+l (p = 2,3, .. . ,rm)· 
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We can write the solution of (1), (2), and (3) in the form: 

T 

L J lak8 (t)l2dt < oo 
k,s 0 

u(x,t) = Laks(t)<l>ks(x), 
k,s 

and for the initial condition uo E L2(0,1) we have: 

(11) uo(x) = :La2s<Pks(x), :Lia2sl2 < 00. 

k,s k,s 

To determine the coefficients ak8 (t), let v(x,t) := W(t)<Pks(x), where 
W(t)C 1(0, T) is such that W(T) = 0, and substitute this function v(x, t) 
into (6). 

Taking into account (9), (10) we obtain: 

(12) 

T J [-aks(t) d :?) + Akak8 (t)W(t) + aks+i(t)W(t)] dt = 
0 

2n I T 

= a2s W(O) +LL f3'Jrj(1/Jks) j fµ(t)W(t)dt . 
j=lµ=l 0 

This is equivalent to the following: 

2n I 
dak8 (t) '°"' '°"' µ j ( ) dt +Akaks(t)+aks+i(t) = ~ ~f3j'Yksfµ t' 

j=lµ=l 

(13) 

ak8 (0) = a2
8

, (s = 1,2, .. . ,rk; k = 1,2, . .. ), where 'Y~s = rj(l/Jks), akrk := 0. 

It is easily shown that the solution of (12) has the form: 

rk-S 
. -.At'°"' 0 (-l)PtP 

(14) aks(t) = e k ~ aks+p I + 
p=O p. 

2k I rk-s T 
+ '°"' ~ '°"' (3fi, jJ (r) (-l)P(t - r)P e-.Ak(t-r)dr. 
~ ~ ~ ) ks+p µ pl 
s=lµ=lp=O o 

Suppose that u 1 has the exposition: 

(15) u1(x) = L als<Pks(x), 
k,s -



. •N THE CONTROL OF SOME DISTRIBUTED PARAMETER SYSTEMS I 65 ---
Obviously, the equality u( ., T) = u 1 holds if and only if: 

(s = 1,2, ... ,rk; k = 1,2, . .. ). 

Hence the controllability of the system considered is equivalent to the 
following moment problem: there exists f µ E H 1 ( 0, T) (µ = 1, 2, . .. , l) such 
that: 

rk-s 
l ->..1;T ~ " Q (-l)PTP _ 

aks - e L.- aks+p I -
p=O p. 

(16) 

2n I r1;-s T - LL L aµ j f 1 ( )(-l)P(T-r)P ->..1;(T-rd 
- /J · / L + µ r 1 e r J i<S p p. 

j=lµ=lp=O o 
(s = 1,2, . . . ,rk; k = 1,2,3,. .. ). 

Hence the problem of describi~g the sets D and B is equivalent to that 
of the set of coefficients { a2

8
} and { ak

8
} for which the moment problem 

(16) has the solutions fµ E n-1(0, T). 

Note that from (14) it follows that the mapping t-+ u( ., T) as [O,T]-+ 
-+ £ 2(0, 1) is continuous. Indeed, taking into account the Lagrange formula 
(5) and the (special) form of the boundary conditions (3) it follows that 
rj( v) contains the derivatives of v with respect to x of order :5 2n -1. Now 
applying the asymptotic formulas for the eigenfunctions of the operator A* 
(see [1]) we obtain: 

rj(tPks) = O(k2n-l) (k -too). 

Hence for every j we have: it= O(k2n-l ). Using (14) and applying the 
Cauchy inequality we get : 

lats 12 :5 C1 ( t )e ->..1;t max la Zs 12 + 
s 

+C2(t)mipc [i1Li2 
lfµ(T)j2 + llfµllL2(0,T) ifj l2] 

µ,J,s iAki2 iAkl2 ks 

where C1(t) and C2(t) are continuos and are independent on k ands . By 
the asymptotic formula (8) we get: 

l1~8 1 2 1Aki-2 = O(k4
n-

2) · O(k-4n) = O(k-2) (k-+ oo). 

Hence iaks(t)i2 = O(k-2) and consequently Lk 8 lak8 (t)1 2 < oo. Because 
easily calculations give ' 

L lak,s(t)l2 x llu(.,t)lli2co,1r 
k ,s 
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Hence u(. , t) E L2(0, 1) for every t E [O, 1]. We can similarly prove that u(., t) 
depends continuously on tin L2(0,1). 
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Introduction 

In this paper we investigate the moment problem of the form 

T 

(1) Ckp= J g(t)tPe-.\ktdt (p=O, . . . ,rk-1; k=l,2, ... ). 

0 

As we have seen in [1], this problem plays an important role in the 
control of distributed parameter systems. 

Moment Problem 

Assume that for { Ak} the following asymptotic formula is valid 

(2) Ak= (~)
2

n [1+0(~)]; L>O (k=l ,2, ... ). 

Also suppose that rk = 0 except for a finite number of indices k. Denote by 
Ki the set of exceptional indices. Our plan is the following: we investigate 
the moment problem (1) in L2(0,T), we prove that the family offunctions 
{tPe-,\kt} is minimal in £ 2(0,T) and hence it has a biorthogonal system 
{ekp}· 

Consequently, the formal solution of (1) has the form: 

(3) g(t) = L ckpekp(t). 
k,p 

After we estimate the norm of the functions ekp in the space £ 2(0,T) 
and describe the set of coefficients { ckp} · 
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In this way we obtain the solution g E L2(0 , T) of the momen~ prob­
lem (1). 

It is easy to check that Eo := {e-Akt} is minimal in 12(0,T). Denote 
by So(T) the minimal closed subspace in L2(0, T) which contains Eo. The 
functions { tPe-Akt} (p = 1,. .. , rk -1; k E Ki) do not belong to Eo, hence 

E:={tPe-Akt: p=0,1,. .. ,rk-l; k=l,2,. .. } 

is minimal in L2(0, T). 
We construct the biorthogonal system {ekp] of E as follows. Denote 

S(T) := VL2(o,I)E, , Sk,p(T) := VL2 (0,l)~E \ tP e-Akt). 

Let (kp(t) be the projection of tPe~Akt onto Skp(T) and 

tPe-Akt - (kp(t) 
(4) ekp(t) :=iw-A1;t_( (t)ll 2 (p=o,1,." . .,rk-l;k=l, 2,. .. ). 

e kp £2(0,T) 

It is easy to see that ekp is biorthogonal to E, the linear hull of Eo . Any 

biorthogonal system ekp(t) to E has the form ekp(t) = ekp(t) + Gkp(t) 

where Gkp belongs to the orthogonal complement of S(T) in L2(0,l) . 
Hence ll8kpll :S ll8kpll i.e. the system {ekp} biorthogonal to E consists of 
elements with minimal norm. 

The series (3) is a formal solution of the moment problem (1), hence we 
investigate the set of coefficients { Ckp} at which the series (3) converges 
absolutely, i.e. 

(5) I: 1ck,plllek,pll£2(o,r) < oo. 
k,p 

For this we estimate the norm ll8kpllL2(0,T)" As we see, this depends 
on the asymptotic behaviour of {Ak}· 

Since Re >.k ~ C > -oo, we can assume without loss of generality that 
Re>.k > 0, (k = 1,2,. .. ). Indeed, otherwise it is enough to set g(t) = 
=: e-Ath(t), >. > -infRe>.k and to consider the moment problem for the 

k 
function h(t): 

T J e-(A1;+A)ttph(t)dt = Ckp· 

0 

We need the following 
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LEMMA. Let {edf be any minimal system in a Hilbert space and 
{7fldf {cpk}N+l be biorthogonal to {ek}f, .resp. {ek}N+l constructed as 
in (3). Then there exists C E (0, oo) such that 

ii'Pkli $ 17flkii $ Cl<f'kii (k = N + 1,N + 2, .... 

PROOF. Let So, S1 and S denote the closed linear hull of {ek}N+l' 
{ek}f, {ek}f respectively. Then from (3) we have 1/Jk = <f'k + Xk (k = 
= N + 1, N + 2, ... ), where tPk ES, 'Pk E So, Xk ES 8 So and hence the 
inequality 117flkll :5 ll<f'kil follows. 

Now prove 11-iPkll $ CJl'Pkil· If this is not true, then there exist sequences 
{<r>j}, {7J!j} such that ll<r>ill117fli//- 1 -+ O (j-+ oo). Consequently 

1/Jj/11/Jjl/-l - Xj/11/Jjll-l-+ 0 (j-+ oo). 

Thus, the sequence Xj//'l/Jj/1- 1 is bounded because 

Xillt/Jill-
1 

E seso, dimSeSo < oo. 

Hence there exists a subsequence {XjsllXjsll- 1 }~1 which converges to 
some 

x E seso, I/xii= 1. 

Hence 7fik .l {edf (k > N), because x .l 51. This contradiction completes 
the pro~f of the Lemma. 0 

It is known that 

I 
00 Aj->-.k 

distL2(o oo)(e-..\kt ,Eo I e-..\kt) = (2Re>-.k)-! IT 
, i=l Aj + )..k 

On the other hand, we obtain from (3) that llBkll = [dk(T)]- 1. 

As L. SCHWARTZ proved [3] the operator So( oo)-+ So(T), associating 
with every function its restriction to [O, T], has bounded inverse. Hence, 
for every T > 0 there exists Cr > 0 such that 

1 IIOO Aj + )..k 
llBkllL2(0,T)::::: Crl>-.k/! >-. . _ >-. · 

j=l ] k 

Now apply Lemma to the systems {e-,\kt} and {tPe-,\kt}, we get f(x);:::: 
::::: g(x) because Cif(x) ~ g(x) $ C2f(x) for every x. 

1 IIOO Aj + Ak 
IJB.tp/JL2(0,T)::::: Krl>-..tl! ).. . _).. , 

j=l ] k 
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where Kr> 0 is a constant, depending on T. Hence we get 

ll 8kpll£2 (0,T) = Krexp{M2nk + O(k)}, 

where 
00 Tl//] 

Mp= 2v ·p·J--dr. 
-r2-1 

0 
Thus we have proved the following 

THEOREM. The moment problem (1) has an absolutely integrable 
solution, if for some e > 0 

L ICkpl exp{ M2nk + ek} < oo. 
k,p 
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Introduction 

In this paper we investigate the complete controllability of a time­
delayed system of the form 

(1) Yt =(PYx)x+qy 

(2) Yx(O, t) = 0, Yx(/, t) = by(O, t - r) + u(t) 

(x,t) E (0,/) x [-r,OJ (3) y(x,t) = Yo(x,t), 
• 

y(O,t) = t/;(t), r E [-r,O] 

where 0 <pE C 1[0, /], bE JR (real) r > 0, u E L2(0, T), YOE C([-r,OJ, L2(0, l)); 
'l/J E L 2(-r, 0) and q E C(O, l]. 

(4) 

y is called a solution of (1 )-(3) if 

I T 

J Jy[zt+(pzx)x+qz]dxdt= 

0 0 
I T 

= - J z(x,O)yo(x,O)dx - j p(l)z(l,t)[bt/;(t-r) + v(t)]dt-

0 0 
T 

-j p(l)z(l,t)[by(O,t-r)+u(t)]dt 
T 

holds for any z E C2([0,l] x [O,T]) with zx(O,t) = zx(l,t), 0:::; t:::; T, 
z(.,T) = 0. 
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Complete Controllability 

We can easily prove that by using the "step by step" method and 
the theory of nonhomogeneous boundary value problems developed in 
[1], that for any T > 0 and any fixed control function u E £ 2(0, T) the 
problem (1)-(3) has a unique generalized solution y (defined above) and 
y E C([O,T],L2(0,1)). The proof uses the same idea as in I, [4] so we om.it 
it. Our aim is to prove the following Theorem. 

THEOREM. The system (1)-{3) is strongly controllable for any T > 0 
i.e. for any initial condition (3) there is av E L2(0,T) such that y( .,t) = 0 
fort> T. 

PROOF. Let T = To+ mT ( m E N, 0 < To S T ). As in I, we can write 
down the condition of (1 )-(3) in the form 

00 

(5) y(x,t) = L Cn(t)cpn(x) , 
n=O 

further 
00 

(6) Yo(x,t) = L C~(t)cpn(x) 
n=O 

where ( 'Pn) are the eigenfunctions of the boundary-value problem 

(7) -(p.pz)z+qcp=>-.<p (xE(O,l)), . tpx(O)=tpx(i)=O 

(8) Cn(t) + >-.nCn(t) = 'Yn[by(O, t- T) + u(t)J 

Cn(O)=C~, "fn=p(l)-cpn(l), y(O,t)=l/J(t) (tE[-T,0]) 

and >-.n are the eigenvalues of the boundary-value problem (7). 

We prove first that we can arrive to the case Cn(To) = 0 (n = 0, 1,2, ... ). 
In the case of T > r we can write the solution of (8) in the form: 

t 

(9) Cn(t) = C~e-,\nt + J 'Yn[fnP(t - T) + u(t)Je-,\n(t-s)ds . 

0 

Hence the conditions Cn(To) = 0 (n = 0,1,2, ... ) the equivalent to the 
following: 

To 

(10) -C~e-,\nTo = J 'Yn[bl/J(t-T)+u(t)]e-,\n(To-t)dt 

0 

(n=0,1,2, ... ). 
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We look for u(t) in the form 

u(t) = -ln/>(t - r) + v(t) (0 $ t $To), 

where v(t) will be chosen approximately from L2(0,To) normaly so that 

To 

(11) -C~e-AnTo =in J v(t)e-An(To-t)dt 

0 

be fulfilled. 

Hence we reduced our problem To to the moment problem of the 
form (II) [3]. The solvability of (II) [3] depends on the properties of the 
system {e-An(To-t)}(f ; in our case An"' n 2 i.e. I: f,;- < oo is fulfilled , 

(see [2]). This system is minimal in L2(0, To). Consequently the system 
{e-An(To-t)}(f is a biorthogonal one {an(t)}, i.e. 

To 

J ( ) -An(To-t)d - ' - { 0, if n :;6 m 
O'n t e t - un,m - . 

1, if n = m 
0 

and we can write down the solution of (11) in form 

(12) 

- cOe-AnTo where Cn = - _n...__ __ rn 

00 

v(t) = L Cnan(t) 
n=O 

Taking into account the estimate {[2]) we have 

llunlli•(O,To) '5 M(To).CL+<)•, ( n = 0,1,2, ... , e > 0, L = / ~). 
We can check that the series (12) converges absolutely, i.e. 

00 

L ICnlllanllL2(0,To) < oo 
n=O 

(we use here An"' n 2 and 0 < C1 < l;n l < C2 with absolute constant C1, 
C2). Consequently, the moment-problem {11) has a solution in L2(0 , To ) 
for any To > 0 and { C~} E 12. Taking into account that the function cp 
belongs to L2(0, To) we obtain a control function u in L2(0, To) such that 
Cn(To) = 0 (n = 0,1, ... ). 
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Now take u(t) = -by(O, t - r) if t >To because y(O,.) E £ 2(0, T) hence 
u E £ 2(0, T) and it follows from the solution of (8) that Cn(t) = 0 fort 2: To. 

If t 2: To + r then y( 0, t - r) = 0 and hence u ( t) = 0 if t 2: To + r and 
our theorem is proved. 0 
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Introduction 

In this paper we consider and investigate the controllability of a hy­
perbolic system 

(1) 
2n 0zn-k 

Utt= L qk(x) Zn-k u = (au( .,t))(x) 
k=O ox 

(0 < t < T < oo , 0 < x < X < oo ). 

with boundary conditions 

2n-l I 

(2) L [aJku(k)(o, t) + a}ku(k)(l , t)] = rju( ., t) = L /3µ fµ(t) 
k=O µ=l 

(j = 1,2, .. . , 2n), 

where we suppose that Pk E H2n-k(O,X), Po(x) > O; fµ E H 1(0,T) are 
the control functions and we suppose that Tj implies strongly regular 
homogeneous boundary condition [1]. 

Our initial conditions are 

(3) 
u(x,O) = uo(x), uo E L2(0,X) 

ttt(x ,O) = uo(x), uo E H-n(O,X). 
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The Controllability of a Hyperbolic System 

We say that u E £ 2((0,X) x [O, T]) is a solution of (1)-(3) if 

XT 

(4) j ju[I1tt-C1*11]dxdt= 

0 0 

X 2n I T 

= j [uo(x)11(x,O)-uo(x)11t(x,o)] dx +LL f3j j fµ(t)1-j11(.,t)dt 
0 j=lµ=l 0 

holds for any 11 E H"·2( [O, X] x [O, T]) for which 

11(.,T) = llt(.,T) = 0, rj11(.,t) = 0, j = 1,2, . .. ,2n. 

Here the boundary operators rJ, 1-j, 1-J, C1*11 and CTU are the same as in [1]. 
In this paper we reduce the control to a moment problem, but according 
to the hyperbolicity of the system, we have to apply a different approach. 
We look for the solution of {1)-(3) in the form 

(5) u{x, t) = L ak,s(t)9'ks(x) (s = 1,2, ... , rk; k = 1,2, ... ), 
k,s 

where c.p ks are the generalized eigenfunctions of the operator A defined by 
-CT<p and by the boundary conditions Tj'.P = 0 (j = 1, 2, ... , 2n ). 

We can write uo and uo in the form 

uo( x) = Eks a2s'Pks, L:ks la2s 1
2 < 00 

uo(x) = Lksa2s'Pks• Lks la2sl 21kl-2k < oo . 

We apply ( 4) for 11(x, t) = w(t)1!Jks(x) where w(t) E C 2(0, T) is any such 
function for which w(T) = w'(T) = 0 and (1/J1cs) is the dual system of the 
eigenfunctions (9'ks) of A*. Substituting this particular v(x,t) into (4), for 
ak8 (t) we get the following differential equations: 

2n I 

(7) aks(t) + Akaks(t) + aks+l (t) =LL f3j r~Jµ(t) 
j=lµ=l 

(s=l,2, ... ,rk; k=l,2, ... ) 

where 
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Now apply the Laplace transform to (7) get its solution aks(t) in terms 
of Bessel functions 

2n I t 

aks(t)= LLt3J J fµ(r)x 
j=lµ=l 0 

2~8 · V'ff(-l)P (t-T)p+t 
X ~ ;~s+p 1 2w Jp+1(wk(t-r))dr+ 

0 
p. k ! 

p= 

2k-s ( p+ 1 

+ L (-1)Pa2s+p V'ff~k ~ ) ! J _ 1 (wkt)+ 
p=O p. k p ! 

(8) 

2k-s V'ff ( t )P+t 
+ L (-1)Pa2s+p P~ 2w1: JP+t(wkt), 

p=O . 

where w~ = Ak define Wk· 

For large k we have r1: = 1 i.e. the eigenvalues of A have multiplicity 
1, by strong regularity. In this case (7) has the simpler form 

2n I 

(7') ak,(t) + Akaks(t) =LL t3f ;t,Jµ(t) 
j=lµ=l 

and its solution is 

(81
) a1:s(t) = 

2n I t Ao 
=LL t3'}'r~8w"k 1 j fµ(r)sinw1:(t- r)d T + a28 coswkt + aks sinwtkt. 

j=lµ=l 0 WJ: 

For convenience we will use the notations 

bks(t) = iw1:a11:1s(t) + alkls(t) 

,.,,i _,.,,i 
1-ks - 1ks 

b2s = iwkarkls +ark ls k = ±1, ±2, ±3, ... 

k=l,2, ... 

There is (obviously) a one-to-one correspondence between ~ak8 bt),a1:8 (t)}J: 
and {b1:8 (t),b_k8 (t)}J: , and also between {a2,,a2

8
} and {b1:s,b-1:

8
}. Con­

sequently there is a one-to-one correspondence between the states 

{u(.,t),ut(.,t)} (0 $ t.$ T) 
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of the system (1)-(3) and between 

{bk 5 (t) : s = 1,2, ... , rk ; k = ±1 , ±2, ... }. 

It is easy to see ( talcing into account the expressions of J 1 in terms 
P+i 

of trigonometric function) that (8) is equivalent to 
rJ;-S 

(8*) bks(t) = L bZs+Px~;tPeiwkt+ 
p=O 

2n I r1;-s t 

+LL L f3'jJt~; J fµ(r)(t-r)PeiwJ;(t-r)dr 
j=lµ=lp=O O 

(s = 1,2, . .. ,rk; k = ±1,±2,±3, ... ). 
"k Here we do not need the complicated form of Jt~ft and Jt~p, hence we do not 

write down them explicitly (but in our following papers their investigation 
will play a central role) . Hence we need only the fact that Jt~~k-s-::/= 0 and 
ruik · · al j .n. srk-s is proportion to 'Ykr1; . For large value of k, taking into account 

(81
) we have 

2n I t 

(8**) bks(t) = b2seiw1;t +LL f3'j'Y~s J fµ(r)eiwk(t-r)dr. 
j=lµ=l 0 

Now we are in the position to prove that the function t _... (u(.,t),ut(.,t)) 
is a continuous mapping of [O, T] into L2(0,X) x n-n(O,X). 

Taking into account wk rv kn 

x 
L -J dx sinwk = 0(1), 

- \/Po(x)' 
0 

we obtain from (8*) and (8**) that 

I 

L lkl-
2
klbks(t)l

2 < L lkl-
2
klb2sl

2 + L llfµll~I(O,T)' 
k,s k>s µ=l 

and hence, taking into account 

L lkl-2klbks(t)1 2 ""L lkl-2k (1wkaks(t)l 2 + laks(t)12
) "' 

k ,s k,s 

""llu( . ,t)ll~2(o,X) + llut( . ,t)ll~-n(o,X) ' 
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llu(., t) ll i 2co,x) + llut(., t)lli-nco,x) s; 
I 

~ lluoll~2(o ,x) + lluolli-n(o,x) + L llfµll~1(0,T)" 
µ=l 

One can prove similarly, that the sum llu(.,t)llL2(0,X) + llut(.,t)lli-n(O,X) 
is continuous in t. 

Now we investigate the control of our system ( 1)-(3) . Let ( u 1, tq) be 
any given state in L2(0 ,X) x H-n(O ,X) of the system considered. Expand 
u1 and u1 in the form 

u1(x) = ·L::als'Pks(x) u1(x) = I>ils'PkAx). 
k,s k,s 

Then the system is in the state ( u 1.fti) in time T if and only if 

(9) bks=bks(T) (s=l,2, ... ,rk; k=l,2, . .. ). 

This is fulfilled, where bks(T) is defined in (8*), (8**) and 

bl . 1 '1 
ks = iwkaJkls + alkJs· 

So we have proved the equivalence of our control problem to that 
of prescribing the set [bk8 ,bks} for which the moment problem (9) has 
a solution fµ E H 1(0,T) (µ = 1,2, .. . ). 

We have proved 

THEOREM. The system (1)-{3) has unique generalized solution u in 
L2([0,X] x [O,X]) and this solution (u(.,t),ut( ., t)) depends continuously 
on tin L2(0,X) x H-n(O,X) . 
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Introduction 

Consider the moment problem 
T 

(1) C1cp = j g(t)tPeiwktdt 

0 

(p = 1,2, ... ,r1c-l; k = ±1,±2, ... ; LIC1cpl2 < oo). 
/c,p 

This problem played a central role in our paper IV [1 J. Assume that 
sinw k = 0( 1) and wk "' kn ( n > 1) are satisfied. (This is the most important 
case for control oi hyperbolic systems.) 

Moment Problem 

Now we consider only the case n > 1 because if n = 1, then the problem 
seems to be harder and we do not know the solution of the case n = 1 yet. 

First we investigate the moment problem (1) in £2(0,T) and after in 
Hm(o, T). For this we have to show that we can complete { tPeiwi.t} so 
that the resulting system is a R.iesz basis in L2(0, T). To this consider the 
orthonormal basis 

Eo = e
1
"T1 ; { 

·2lf '} (j = 0,±1,±2,. .. ) 

in L 2(0, T). Starting from Eo we shall construct a family Eo, which 
contains the family 

E={tPeiwi.t}; (p=O,l,2, ... ,r1c-l, k=±l,±2, ... ). 
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We do this as follows. Let N be large enough such that rk = 1 and 

\Rewn - Rews\ > ~ if jsj > jnj > N. 

Denote by Ei the corresponding family offunctions { eiwkt} . According 
. ·2ir . 

to w1c ,....., kn the set E2 := E \ E1 is finite for any e'wkt E Ei. Choose e'T 1 

such that '¥-i is at minimal distance on the real line from Rewk (we can 
choose any of the two such points) . Pick functions from Ei into Eo instead 

· 2ir . 
of the corresponding function of the form e'TJ and the resulting system 
of functions Eo1 write down in the form 

{ ei¥(j+i5j)} (j = 0,±1,±2, ... ); 

where Dj = 0 or j + Dj coincides with some of w1c, according to the con­

struction we have jRe8j\ ~ i· In this way we obtain that Eo1 is a Riesz 
basis in £ 2(0, T) (see [2]). 

With any function from E2 we associate a function from Eo1 for which 
Dj = 0 (with different functions we associate different functions). 

·2ir . 
After we change resulting functions e'T1 (form Eo1) to functions form 

E2. Accordingly to [2] the resulting family Eo of functions remains a Riesz 
basis in £ 2(0, T) and by the construction, it contains the set E. Thus, we 
have proved that {tPeiwkt} is minimal and forms a Riesz basis in its linear 
hull in £ 2(0, T). Consequently, there exists a biorthogonal system 

{ekp : p=0,1,2, .. . ,r1c-l; k=±l,±2,±3, ... } 

to it. The closure of the linear hull of E is an eigensubspace in L 2(0 , T), 
hence the biorthogonal system {81cp} is not unique. Thus we consider the 
functions e with minimal norm (we choose this biorthogonal system) and 
according to a known theorem of BARI [2], this family belongs to E. Now 
the solution of our moment problem has the form 

g(t) = L C1cp81cp(t) 
k ,p 

and this solution has minimal norm, further we have 

Thus, we have proved the following 
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THEOREM. The moment problem (1) has a solution g E £ 2(0,T) for 
any T > 0 and for any {Ckp} E e2. 

Now we have to consider its solution on Hm(O, T). For this it is 
enough to consider the m-th integral of the system {tPeiwkt}, elements 
of which consists from the linear combinations of the functions t 5 eiwkt: 
(s = 0, 1, ... ,p). Denote the elements of this linear hull by cp~;(t). Now 
consider the moment problem 

(2) 

T 

0= j h(t)(T-t)qdt; 

0 

T 

q = 0, 1,2, ... ,m- l, 

Ckp= j h(t)cp~~(t)dt; p=0,1, ... ,rk-1; k=±l,±2, . ... 

0 

Using the explicit form of cp~~(t), it is easy to check that (2) is equiv­
alent to 

T 

(3) Cks = J h(t)t5 eiwktdt; (s=0,1, . . . ,rk-1, k=±l,±2, ... ), 

0 

where the coefficients {Cks} are uniquely determined by {Cks}, further, 
for large k we have 

Cks = (iwk)mCks· 

It follows, that if we add to the family E the system (T - t)q; q = 
= 0, 1, . .. , m - 1 then the resulting system will be a Riesz basis in its linear 
hull (in its closure) and this means that the moment problem (3) has 
solution h E L 2(0 , T) such that 

llhlli2co.r) "'L ICks12
"' L lkl 2mnlCkpl 2. 

k,s k,p 

Integrating by parts we get that the function 

t 

g(t)= (m~l) j(t-rr-
1
h(r)dr 

0 

is a solution of the moment problem (2) and ll9llim(o,T) < oo. 0 
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1. Introduction 

The isometry groups, acting discontinuously on the hyperbolic 3-space 
with compact fundamental domain (briefly called hyperbolic space group), 
has not been classified yet, so investigations in this direction are very actual 
now. One possibility to do that is to look for fundamental domains of 
these groups. Face pairing identifications of a given polyhedron may give 
us generators and relations for a space group by Poincare theorem (1], [4]. 

The simplest fundamental domains are simplices and truncated sim­
plices by polar planes of vertices when they are out of the absolute. There 
are 64 combinatorially different face pairings of fundamental simplices [7], 
[8], [6], furthermore 35 solid transitive simplex identifications [6]. I. K. 
ZHUK [7], (8] has classified Euclidean and hyperbolic fundamental simplices 
of finite volume up to congruence. Some completing cases and algorithmic 
procedure are discussed by E. MOLNAR [3] and by E. MOLNAR and 
I. PROK (5] . In [6] they summarize all these results , arranging identi­
fied simplices into 32 families. Each family is characterized by so-called 
maximal series of simplex tilings. Besides spherical, Euclidean, hyperbolic 
realizations there exist also other metric realizations in 3-dimensional 
simply connected homogeneous Riemann spaces. 

Each identified simplex, considered in this paper, has five edges in the 
same equivalence class, i.e. they are mapped onto each other under the 
group generated by face pairing of the simplex. One edge, denoted by 
A2A3 in figures, is in another equivalence class. That means, we may have 
two different lengths for edges. All the vertices are in the same equivalence 
class. There are 11 different face pairings to investigate in this paper (6], (7]. 
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When vertices are out of the absolute, the simplex is not compact and 
then we truncate it with polar planes of the vertices. The new compact 
polyhedron obtained in that way is fundamental domain of some larger 
group. It has new triangular faces whose pairing gives new generators. 
Dihedral angles around new edges are 7r /2. That means there are four 
congruent polyhedra around them in the fundamental space filling. 

The result of this paper will be collected in the figures and tables. The 
summarizing Theorem 2 will be formulated in Section 6. 

I am very grateful to my mentor DR EMIL MOLNAR, who guides my 
studies in Budapest, for helping me in preparing this manuscript. 

2. Projective metrics, spherical and hyperbolic spaces 

To prepare our method of construction we consider the 4-dimensional 
real vector space v4' whose dual space, i.e. the space of its linear forms, is 
denoted by V4. In the usual way the projective 3-space P3(V4, V4) can be 
introduced. The I-dimensional subspaces of V 4 (or the 3-subspaces of V4) 
represent the points of P 3' and the 1-subspaces of v4 (or the 3-subspaces 
of V 4 ) represent the planes of p3. The point X ( x) and the plane a:( a) 
are incident iff xa = 0, i.e. the value of the linear form a on the vector 
x is equal to zero (x E V 4 \ {O}, a E V4 \ {O} ). The straight lines of p3 

are characterized by 2-subspaces of v4 or of v4' respectively. If { ei} is a 

basis on V 4 and { ei} is its dual basis on V4, i.e. eiei = o{ (the Kronecker 
symbol), then the form a= eiaj takes the value xa = xiai on the vector 

x = xiei. We use the summation convention for the same upper and lower 
indices. 

We can introduce projective metric in P 3 by giving a bilinear form 

( j ) : 'ZJ-4 X 'ZJ-4--+ JR, (biUij t)Vj} = UibijVj 

where ( (bi; t))) = ( bii) is a Schafli matrix, and the basis {bi} in V4 
represents planes containing simplex faces opposite to the vertic~s Ai, 
respectively. Vectors ai of the dual basis { ai} in V 4, defined by aib' = oj, 
represent the vertices of Aj of the simplex. The induced bilinear form 

( · ) · V 4 xV4 -+IR (x ia ··yia ·)-xia ·· yi ' . t• J - t) 

is defined by the matrix ( (ai; aj)) = aij inverse to (bij ). 

We assume, that the bilinear form (; ) is either of signature ( +, +, +, - ) 
which characterizes the hyperbolic metric, or ( +, +, +, + ), this will be 
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the elliptic (spherical) metric. Signature ( +, +, +, 0) would describe the 
Euclidean geometry that will not occur in our considerations. 

It is well-known that the bilinear form induces the distance and the 
angle measure of the 3-space. Let X(x) and Y(y) be two points in the 
projective space p3. Then their distance d( x, y) is determined by 

(x·y) -(x·y) 
(1) cos(d(x,y)) = ' and ch (d(x,y)) = ' 

yf(x;x}(y;y) yf(x;x)(y;y) 
for elliptic and hyperbolic case, respectively. 

Mention the next lemma which we need later. 

LEMMA. For any (r + 1)-minor determinant of a regular matrix (aij) 
and complementary (n - r)~minor of its inverse (bii) holds the following 
equality 

= det(aij) (j, 

airio airir 
Here (j =sign ( io, ... , ir, ir+l • ... ,in)· sign Uo, ... ,jr,Jr+l • ... ,jn) denotes the 
sign product of the corresponding permutations of the elements 0, 1, ... , n . 

(2) 

All simplices (Table 2) considered here have a Schafii matrix 

B = (b · ·) = [~ f : :1 where lJ q q 1 r ' 
q q r 1 

p = -cos27r/a 
q = -cos/3 
r = - cos(27r /b - 4/3) 

with the natural parameters a;::: 3, b;::: 1 and 0 < f3 < 7r /2b. 

Since d(Ao,A1) = d(Ao,A2), by the symmetry of our simplex, we have 
a necessary condition. Using the inverse matrix (aij) in (1) we can express 
any side length (or its function) by the angles, so 

2 2 2 2 
ao1 ao2 aooa11 - ao1 aooa22 - ao2 -- = -- or = -----== 

aooa11 aooa22 aooa11 aooa22 
A pp lying our lemma, we get 

a22(b22b33 -b~3) = au(b11b33 - by3) 

and using notation in (2) 

(3) J(f3) = 0, for f(f3) = (1 - p)(l + r)(l + p- 2q2)- (1 + r - 2q2)(1- q2) 

If b = 1 that equality becomes 4q2(1 - 2p) = 1 - 4p2 and it has one 
solution for q and so f3 in cases 3 < a< 6. For a= 3, b = 1 we get a 
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spherical extra case, i.e. a degenerate simplex 5 4 where the ,,angle" is just 
rr at the ,,edge" AoA1, and (3 = rr /4 (see at Table 2: f55(a,5b), a= 3, b = 1). 
The computation agrees with Kmn (m =a, n = 2) of Zhuk's cases [7], [8]. 

It is possible to check that if b 2: 2 the function f((3) is increasing, 
f(O) < 0 and f( rr /2b) > 0. So, the equation (3) has exactly one solution 
for 0 < (3 < 7r /2b, for any value a 2: 3. 

By finding the eigenvalues of matrix B we can est~blish in which space 
our simplices are realizable. Since 

det(B - >.I)= 

= (>.-(l -p))(>.-(l -r)) ( >.- (p+; + 2+J(p-r~2+16q2)) . 

. (.1-(P+;+2 _ J(p-r~2+16q2)) 

has three positive roots, we have hyperbolic. spherical or Euclidean space, 
which depends on sign of the fourth root. It is easy to check that for b = 1 
(a= 4, 5) it is positive - spherical case, and for b 2: 2 it is negative -
hyperbolic case. As extra cases b = 1, a= 6 leads to a Nil-group, while 
b = 1, a 2: 7 just provide groups in SL2(1R) as indicated also in [6]. 

For hyperbolic simplices it is interesting to investigate the cases when 
the vertices are proper, or they lie on the absolute or out of the absolute. 
Therefore, we need any submatrix Bii of B corresponding to the vertex 
A; which we obtain by excluding i-th row and i-th column. By symmetry 
arguments we may consider Boo· From the chain of the principal minor 
determinants of the Boo 

1>0, 1-q2 >0, (1-r)(l+r-2q2)<0 (b22) 

we can see that the signature of the partial bilinear form with matrix Boo 
is ( +, +, - ), these vertices are out of the absolute. 

3. Construction of discontinuously acting isometry groups 

With any simplex 5 of angles satisfying (3) we can fill the spherical 
space S3 for b = 1, a= 3, 4, 5, or H3 for b 2: 2 using identifications which 
are indicated in the figures and tables. 

Identifications on the simplex 5 are face pairings by isometries, satis­
fying the following conditions 
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a) For each face lg-I of g there is another face lg and an identifying 

isometry 9 if the space S 3 (H3), which maps lg-I onto lg and g onto 
gg 1- 5, the neighbour of g along lg· 

1 -I 
b) The isometry 9- maps the face fg onto lg-I and g onto gg , 

joining the simplex 5 along fg-I · 

The face paring identifications of 5 generate an isometry group G. 
These generators induce subdivision of the edges into oriented segments 

such that a segment does not contain two equivalent points in its interior. 
An equivalence class consisting of edge segments e1, e2, ... , er with dihedral 
angles c:(q), c:(e2), .. . , c:(er), respectively, is defined as follows. 

We consider an edge segment, say e1, and choose one of the faces 
denoted by l -I whose boundary contains e1. The isometry 91 maps ei 

gI 
and f -I onto e2 and lgI. There exists exactly one other face f -I with e2 

gI g2 
on the boundary, furthermore the isometry 92 maps e2 and f - I onto e3 

g2 
and fg2 , and so on. 
to the scheme 

We obtain a cycle of isometries 91, 92 , ... , 9r according 

(4) 

(e1,J -I~ (e2,JgI); 
gI 

where the symbols are not necessarily distinct. More precisely, we have 
two essentially different cases for the scheme ( 4) 

1) if a plane reflection mi = gi occurs then ei+l = ei, and we turn 
back to e1, then, say, e_1 comes. Furthermore, another plane reflection 
m_j = 9-j shall appear in the cycle. Then each edge segment comes two 
times in the scheme ( 4), and the cycle transformation is of the form 

( -1 -1 )( -1 -1 ) 
c = 9192 · · ·9r = 91 · · ·9i-lmi9i-l '· ·91 9-1 · · ·9-j+l m-j9-j+l · · ·9-1 

2) there is no plane reflection in the cycle, this will be the simpler 
(general) case. (In dimension 3 we have 5 subcases for full edges at all [4] .) 

In other words the segment ei is successively surrounded by simplices 
-I -I -I -1 -1 -I 5, gg1 , f!92 gl , ... , gYr ... g2 g1 

which fill an angular region of measure 271' / v. In above case 1) holds 

(5) c:(e1) + ... +c:(ei) +c:(e-1+ ... +c:(e-j+l)=11'/v. 

In case 2) we have 

(6) c:(e1) + . . . +c:(er) = 271'/v. 
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Finally, the cycle transformation c = 9192 . . . 9r belonging to the edge 
segment class { ei} is a rotation, say, of order v. Thus we have the cycle 
relation in both cases 

(7) (9192···9rt=l 

c) Assume that ( 5) or ( 6) holds for the face angles at { e i} in each 
segment equivalence class. 

We need the specified Poincare theorem: 

THEOREM 1. Let 5 be a simplex, or a truncated simplex in a space 
::13 of constant curvature (now s'J or H 3) and G be the group generated 
by the face identifications, satisfying conditions a)-c) and (3) also holds. 
Then G is discontinuously acting group on :13 , 5 is a fundamental domain 
for G and the cycle relations of type (7) for every equivalence class of edge 
segments form a complete set of relations for G, if we also add the relations 
9l = 1 to the occasional involutive generators 9i = 9;1. 

4. The isometry groups for simplex 51 

In case of simplex 5 1 = 5 (Fig. 1) there are four half-turns pairing the 
faces with themselves 

ro: [A1A2A3]; ri : [AoA2A3]; 
AiA3A2 AoA3A2 

These half-turns induce subdivision of edges each into two oriented 
segments. There are two classes, denoted by a and b, of the edge segments 
and so two cycle relations obtained by algorithm ( 4). The relators are 

a {ror1)a {a~ 2) 
b (ror3r2rir3rir2r3ror2)b (b ~ 1) 

Condition c) is fulfilled for a = 2a, b = 2b if in addition the angular 
conditions (3) are satisfied. Then the isometry group is 

G(S,a,b) = (ro,ri,r2 1 r3 -rfi =rt= r~ = ri = (rori)a 

= {ror3r2qr3r1r2r3ror2)b = 1; a~ 2, b ~ 1). 

All the vertices of the simplex 5 are in the same class. Considering 
vertex figures on a 2-dimensional surfaces around the vertices we can obtain 
a fundamental domain, e.g. , for the stabilizer group G A

3
. Transformation 

r2 is mapping A3 onto A 1 and 5 AJ onto "!I'j
1

. That means the vertex 
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figures 5 AJ a 5~21 have joint edge corresponding to the joint face /,.2 of 

the simplices g and 5,.2• Similarly, vertex figures g A
3 

and '5]
2 

have joint 
-r1 -r3q 

edge corresponding to fq and 5 A
2 

and 5 Ao to g3 := (f,.3 )rt. One of the 

domains for G A
3 

(Fig. 1) is 
-r3q -r1 - -r2 -
5Ao u5A2u5A3U5A1:=9'A3· 

In the diagram for 9' A
3 

the minus sign in notations a- and b- means 
that segments in these two classes are directed to vertices according to 
vertex figure (plus means opposite direction). 

I 

' A 1 

Fig. 1 

• 

The generators for G:1131 obtained from 9' A
3

, are 

r2ror2: U1·ot2 --+ Uror2 r21·3r2: u;;--+ (J,.3 r 2; 

roq: !1·0 -U,.0)7'1 ; (rp·3)ri(1·31·1): (J,.1r 3r1 -u,.1r 3,.1 ; 

(q1·3)r2(1·3ri) : Ur2r3r1--+ Ur2r3r1. 

Discussion in Section 2 shows that simplex g is hyperbolic with vertices 
out of the absolute for all values of parameters a, b. So if we truncate the 
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simplex by the polar planes of the vertices we get a compact polyhedron 
76. If we equip it with additional face pairing isometries, it will be a 
fundamental domain for the group G(O, a, b) which will be a supergroup 
for G(5, a, b ). There are more possibilities for face pairing. 

1) The trivial one, which is always possible, is with plane reflection mo, 
m1, m2, m3 in polar planes of the vertices. That means the new triangular 

faces of V1 
are paired with themselves. The new group is 

ml 2 2 2 2 G(v ,a,b) = (ro,ri,r2,r3,mo,m1,m2,m3,-r0 = r 1 = r 2 = r 3 = 

= m5 =my= m~ = m~ = (rori)0 = {ror3r2r1r3r1r2r3ror2)b = 

= rom1rom1 = rimorimo = r2mor2mo = r3m1r3m1 = 

= rom3rom2 = ri m3q m2 = r2mor2m3 = r3m2r3m() = 1; a 2: 2, b 2: 1 ). 

2) New additional face pairings of V-2 
have to satisfy the next criteria. 

Polar plane of A3 and so group G A
3 

will be invariant under these new 
transformations, fixing A3, and exchan~ng half-spaces obtained by the 
polar plane. Thus, fundamental domain ff' AJ is divided into two parts, and 

the new stabilizer of the polar plane will be supergroup for G AJ, namely of 

index two. Symmetries of the ff' A3-tiling give us the idea how to indicate 

the new generators. If r is the new rotatory reflection mapping 5 A
3 

and 

"511
1 

onto vertex figures 5'1
2 

and 52;1 , but exchanging the half spaces, 

such that rr = rori is an old generator of G A
3

, then the new generators 

for G(V
2

, a, b) will be the glide reflections 

91 = rq, 

and the new relators are 
-1 >> r391 r292 

TI91 rog1 

~ 

--~--

So we obtain the new group by presentation 

-1 
rog2ri92 
r3g2r2g2 

m2 { 2 2 2 2 ( )a G( v ,a, b) = r 0, r 1,r2, r3,gi,g2 - r 0 = r 1 = r 2 = r 3 = ror1 = 

( )b -1 
= ror3r2ri r3r1 r2r3ror2 = r391 r292 = rig1 rog1 = 

= rog2rig2 1 = r3g2r2g2 1 = l; a 2: 2, b 2: 1). 

The ff' A
3
-tiling ini the polar plane of A3 do not allow other identifica­

tions on the truncated simplex V, because of the Poincare theorem, since 
angles at truncations being right ones. 
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Groups G(5,a,b), G(Vi,a,b) (i = 1,2) are not maximal, i.e. they are 

subgroups of certain groups G(:!,a,b) aud G(Qi,a,b), respectively, which 

leave invariant the tilings with simplices 5, resp . truncated simplices (if . 
Each of the domains 5, Vi can be divided into smaller parts, each with a 
face pairing to be fundamental domain of a larger group, i.e. supergroup of 

starting one. In our cases it is possible to halve g or?/ with plane through 
edge AoA1 and midpoint M of A2A3. Equipping the new simplex:!, resp. 
the truncated simplex Q with the face pairing, as indicated in Fig. 2 and 

M 

Fig. 2 

Table 1 (:/ =:!1, Q =Qi) we obtain the groups 

G(:!,a,b) = (r, h,r1 - h2 = r~ = r 2a = (hr1rr1r-1ri)2b = (rh)2 =1; 

a~ 2, b ~ 1) 

and 

G( Q a b) - (~ Ii ~ h2 _ -2 _ 2 _ 2 _ 2 _ -2a 
, , - 1, .,11,mo,nq,m3- -r1-m0 -m1 -m3 -r = 

(' - - --1- )2b (-1 )2 (- )2 - --1 = iqrrp· ri = 7• 1 = r1mo = rn11r mo= 

= hm.1/uno = rp111f1m3 = rm3r-1m3 = 1; a~ 2, b ~ 1). 
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Half-turns for 5 and ""iJ expressed by the generators r, h, f1 are 

--lh ro = r , ri =rh, 

and the isometries, pairing faces of ?;2, are 91 = m3h, 92 = f1 m3f1 h. 

So, G(.Y'~ a, b) os supergroup of G(5, a, b) and G(Q, a, b) is supergroup of 

groups G(lr,a,b). The groups G(Y',a,b) and G(Q,a,b) have already been 
maximal (a"# 5b), because it is not possible to find supergroups of them, 
leaving invariant the 5-tiling, resp. the 0-tiling. 

If a= 5b then simplex 5 and truncated simplices ?J may have more 
symmetries and their maximal groups have as fundamental domains sim­
plex .Y' and truncated simplex Q, respectively (Table 1). Such a smaller 
simplex .Y' would be a characteristic simplex of a regular 5 and .Y' would 
have only one vertex out of absolute and the other vertices would be proper. 
Faces of .Y' a Q would be identified by plane reflections with themselves (for 
similar cases see [6], Family 1). 

5. The isometry groups for simplex f'5 

Rotatory reflection z and rotation r 

are pairing the faces of the simplex 5 = g 5 (Fig. 3). There are two classes, 
a and b of edges in this simplex. To class a belongs only the edge A2A3. 
All other edges are in the class b, moreover, the face pairing isometries 
divide those edges into two equivalent oriented segments. Condition c) is 
fulfilled and if angular conditions (3) hold for a= a and b = 2b then the 
isometry group, with relations obtained by algorithm ( 4) , is 

G(:l,a,b) = (r,z -(r)a = (z2r-lz-1r)2b = 1; a~ 3, b ~ 1). 

As for the simplex in Section 4, we consider vertex figures on a 2-
dimensional surfaces around the equivalent vertices and glue a fundamental 
domain, e.g. for the stabilizer group GA 

1 
of A 1 · One of the domains for 

GA1 is 

-;::;r-1 -z -1 -
g Ao u:J A1 u:J A2 u:JA3 =:ff' A1 

-;::;r-1 - -z -z-1 
where g Ao , g A

1
, g A

2
, g A3 are vertex figures. 
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Fig. S 

In diagram for 5>11
1 

edges are noted with a-, a+ and b- as before. 

The generators for GA 
1 

, obtained from 5> A 
1 

, are 

1 1 -1 -1 
z- rz: Ur-I )z--+ Ur )z; zrz- : Ur-dz --+Ur )z ; 

1 -I -1 
zrz- : Uz-1 t --+ Uzt . 

95 

By the discussions in Section 2 simplex 5 is hyperbolic with vertices 
out of the absolute for all parameters a, b. So, if we truncate the simplex 
by the polar plaues of the vertices we get a compact polyhe<lrou V = 05, 
which serves as a fuudamental domain for some supergroup G(V, a, b) of 
the above group G(J, a, b ). Desides the trivial case 

G(h'il b) ( 2 2 2 2 a u ,a, = r,z,nio,1n1,ni2,ni3=ni0 =1n 1 = rn2 = ni3 = r = 
( 2 - l -1 )2b -1 -1 -1 = z r z r = mozmoz = n12zm1z = m1zm3z = 

= nqnnor·-l = m2rm2r-l = m3rm3r-l = 1, a~ 3, b ~ 1), 

there is only one more possibility. 
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-r-1 -
Half-t nrn q maps vertex fig mes 5 Ao and 5A

1 
onto themselves and 

-z -z- 1 

vertex figure 5 A
2 

onto 5 A
3 

but it exchanges the half spaces. The new 
-? 1 

generators for G( (fr, a, b) are q, ro = r- ri rands= zrz, so the new group 
lS 

G(-(!)2 b) ( 2 2 a ( 2 -1 -1 )2b ,a, = r,z,ro,r1,s-r0 =r1 =r = z r z r = 

= (zro)2 = r- 1rirro = zs- 1 zri = rsrs-l = 1; a 2 3, b 2 1). 

It is possible to divide domains!/ and ~ ( i = 1, 2) of groups G( 5 , a, b) a 

G(~, a, b) into smaller parts, each with a face pairings, to be fundamental 
domains of their supergroups G(Y',a,b) and G(Q,a,b) . It may be done 
with the plane through edge AuA1 and midpoint M of A2A3 (Fig. 4) . Face 

Fig. 4 

pairings of domains ::I = ::I 2 and Q = Q2 (a -f:. 1 Ob) give maximal groups 

G( t.P l) (-- 2 -2 -a (---1-- ---1-- )b v ,a,i = r,r1,rn-1n =7· 1 =r = rp· r1rr1m1·1r 1·1rrpn = 

=rnt1"'- 1m=l, a23, b21) 
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and 
G( Q b) (- - 2 -2 2 2 2 -a ,a, = r , r1,m,mo ,m1 1 m3-m =r 1 =mo=m1 =m3 =r = 

= (r1r- 1r 1rrimr1r- 1r1rrim)b = fmr- 1m = mof1mof1 = m1f1m3f1 = 

= m3fm3f-l = m1fmof-l = (m1m)2 = (mom)2 = l; a 2 3, b 2 1). 

- -2 
Generators of groups 5 and 0 expressed by the generators of groups 

:I and Qare 

r=f, ro = mmo, 

If a= !Ob maximal supergroups are G(:l,a , b) and G(Q,a ,b) (Table 1). 

6. The isometry groups for simplices 51 - 511 

For simplices 51 - 511 the face pairings are given in the first rows of 
Table 2, respectively. In the second row parameters a, b are expressed 
by natural parameters a, b. Then presentation of the group with one of 
these simplices or truncation of them as a fundamental domain follows, 
together with notations given in [6] for Aut5i (e.g. ~r5)and numberings 
of families includin~ 5i (e.g. F .11). Finally, we give the generators of 

G(5i,a,b) and G(Oi,a,b) (i E {1, . . . ,11}, j = 1,2) by generators of these 

supergroups G(:lkia,b) and G(Qkia,b), respectively, if they exist. 

In Table 1 there are summarized the presentations of possible su­
pergroups of groups G(5i,a,b) and G(Oi 1 a,b) and face pairings of their 
fundamental domains. 

In both tables mi means the plane reflection in the truncating plane 
of the vertex Ai. 

Summarizing results for simplices 51 - 5 11 are given in 

THEOREM 2. a) If b = 1, then 

- simplices 52 for a= 2 a 54 for a= 3,4,5 are spherical; 

- simplices 5 2 for a = 3 and 5 4 for a = 6 are realizable in Nil-space; 

- simplices 5 2 for a 2 4 and 5 4 for a 2 7 are realizable in SL(JR )-space; 

Simplices 52 and 54 for b 2 2 and simplices 51, 53, 55, 55, 57, 5g, 
5 g, 510, 511 for all values of parameters a, b are hyperbolic with vertices 
out of the absolute. 

b) Groups G(5i,a,b) (i = 1, 2,3,4) are subgroups of group G(Y'1 1 a,b) 
and groups G(o{,a,b) (i = 1,3,4; j = 1,2), G(02 1 a,b) are subgroups of 
group G( Qi, a, b) (with a, b expressed by a, b as it is indicated in Table 2). 
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c) Groups G(5i,a,b) (i = 5,6, 7,8) are subgroups of group G(Y2 ,a ,b), 

and groups G(rq,a,b) (i = 5,6,7; j = 1,2), G((Og,a,b) are subgroups of 

group G(Q2,a,b). 

d) GroupsG(5g,a,b), G(({)g,a,b), G(510,a,b), G(<D10,a,b), G(5u,a,b), 
G((011,a,b) (a :f 5b) are maximal groups. Supergroups G(Y1,a,b), 
G( Qi, a, b), G(Y'2,"a, b), G(Q2, a, b) (a :f 5b) are also maximal groups. For 
other parameters ·a = 5b of these groups, their maximal supergroups are 
G(Y',a = 5b) for groups G(5i,a,b) (i = 1, . .. ,11), G(Y'j,a,b) (j = 1,2), 
moreover, G(Q,a = 5b) are maximal for groups G(<Di,a;b) G(Qj,a,b). 
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Table 1 

Y'1 _ [ AoMA3] h: [ AoMA1] F1 : [ A1AoA3] 
Fig. 2 

r : = A1MA3 ' A1MA0 ' A3AoA1 

2 -
2r 5(a,5b) G(Y'1,a,b) = (F,h,F1 - h2 = rr = (F)a = (hF1rr1F-1Fi)b = (Fh)2 = 1, 

F .11 a2:3,b2:1) 

G(Q1 1 a,b) = (F,h,Fi,mo 1 mi,m3 -h2 =rt= mij =mi= m~ =;;Ci= 

= (hf1rr1r 1r 1l = (rh) 2 = (F1m0)2 = Fm1r 1m0 = hm1hm0 = 
= F1 m1 F1 m3 = Fm3r1m3 = l; a 2: 2, b 2: 1) 

Y'2 F: [ A1MA3] m : [AoMA1] f : [ A1AoA3] 
Fig. 4 

AoMA3 ' AoMA1 ' A3AoA1 

2r4(a,5b) G(Y' - b) (- - 2 -2 :a (- --1- - )b - --1 1 z ,a, = r ,r1,m-m =r1 =r = r1r r1rr1m =rmr m= ' 

F.7 a2'.3,b2'.l) 

G( Q2, a, b) = (F, F1, m, m0, m1, m3 - m2 =FI = mij = mi = m~ =;;Ci= 

= (F1 F- 1r 1 FF1 ml= FmF-1m = moF1 mor1 = m1 F1 m3F1 = 
= m3Fm3F-1 = m1 Fmor1 = (m1 m)2 = (m0m)2 = l; a2'.3,b2'.l) 

Y' - . [Jf 1 A2A3] - . [A0A2A3] - . [AoA1 A3] - . [AoA1 A"2] 
mo· A1A2A3 ' ml· AoA2A3 'm2 · AoA1A3 'm3 · AoA1A2 

~~mr(a= 5b) G(Y' -) (- - - - -2 -2 -2 -2 (- - )3 ,a= mo,m1,mz,m3-mo=m1=m2=m3= mom1 = 

F.l 
= (mom2)2 =(mom3)2 = (m1 m2)3 = (m1 m3)2=(mzm3)a=1, a2: 3 

G(Q -) (- - - - -2 -2 -2 -2 2 ,a= m0,m1,m2,m3,mo-m0 =m1 =m2 =m3 =m0 = 
= (momi)3 = (mom2)2 = (mom3)2 = (m1 m2)3 = (m1 m3)2 = 
= (m2m3)a = (m1mo)2 = (m2mo)2 = (m3mo)2 = 1, a2'. 3) 
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Table 2 

5 1 [A1A2A3] [ Ao A2A3] [AoA1A3] [A1AoA2] ro : A1A3A2 ' TI : AoA3A2 'r2 : AoA3A1 ' r3 : A1A2Ao Fig. 1 
a= 2a, b = 2b 

f14(2a , lOb) G(51,a,b) = (r0 ,r1,r2,r3 -r5 = rr = r~ = r5 = (r0ri)a = 

F.11 = (ror3r2r1r3r1r2r3r0r2)b = l; a?_2, b'?_ l) 

G(O},a,b) = (r0 , r1, r2, r3, m0, mli m2, m3, -r5 = rr = r~ = ri = m5 = 

= mr = m~ = m5 = (ror1)a = (ror3r2r1 r3r1 r2r3ror2)b = rom1 rom1 = 
= r1mor1mo = r2mor2mo = r3m1r3m1 = rom3rom2 = qm3r1m2 = 
= r2m1rzm3 = r3m2r3m0 = 1; a?. 2, b '?. 1) 

G(Oi 1 a,b) = (ro.riir2 1 r3,91 ,92-r5 = ri = r~ = r5 = (rori)a = 
( )b -1 -1 = ror3r2qr3r1r2r3ror2 = r391 r292 = r191ro91 = ro92r192 = 

= r392r2921 = l; a ?. 2, b ?. 1) 

Fig. 2 ro = r-lh , r1 = rh, rz = r1 , r3=hr1h ; 
91 = m3h , 92 = m1h 

52 r1 : [A1A2A3] r2 : [ AoA2A3] s : [ AoA2A1] 
A1A3Az ' AoA3A2 ' A3A1Ao 

a= 2a , b=b 

f36(2a, 5b) G(5z, a,b) = (r1, rz, s - rr = r~ = (ri r2)a = (s2r2sri)b ; a;::2, b'?_ l) 

F.11 G(Oz ,a,b) = (riir2 1 s,mo,miim2 1 m3- ri = r~ = m5 =mi= m~ = 

= m5 = (r1r2)a = (s2r2sr1)b = (mor2)2 = (m1r1)2 = mosm3s-1 = 

=m1smos-1 =mzsm1s-1 =m2r2m3rz=m2r1m3r1=l ; a'?_2 , b'?_l) 

Fig. 2 -- l h ri = r , r2 = rh, s = hr1 

53 r1 : [AoA1A3] r2 : [A1AoA2] r : [ A1A2A3] 
AoA3A1 , A1A2Ao ' AoA2A3 

a= a , b = 2b 

f 45 (a, lOb) G(53,a,b) = (riirz,r-ry = r~ = (r)a = (r2rrzr- 1r2r1r- 1r 1rq)b = 

F.11 = l ; a ?. 3, b?. 1) 

G(Ol ,a, b) = (riir2 1 r ,mo,m1,m2 1 m3-ri = r~ = (r)a = m5 =mi= 

= m~ = m5 = (r2rr2r- 1r2r1r- 1r1rr1)b = mor1mori = 

=ml r2m1 rz =ml r1m3r1 = mor2m2r2 = m1 rmor- 1 = m2rmzr- 1 = 
= m3rm3r- 1 = l; a ?. 3, b ?. 1) 

G( 05 , a , b)=( ri , rz , r , z1 , z2-rr=r~=(r)a=(r2rr2r- 1 r2r1 r- 1 r1 rr1l= 
-1 -1 -1 -1 1 r1z1 rzz1 = r2z2r1z1 = rz1 rz1 = rzzrz2 = ; a?_ 3, b?_ l) 

Fig. 2 r1 = F1, rz = hr1 h, r = :;:-1 ; z1 = hmo, z2 = hm3 
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54 r : [ AoA2A3] 
A1A2A3 ' 

s: [A1A2Ao] 
AoA1A3 

a=a, b=b 

f 55 (a, 5b) G(5 4, a, b) = (r, s - (r)a = (s2rs-l r)b = 1; a 2: 3, b 2: 1 

F.11 G(Ol 1 a,b) = (r,s,mo,mi.m2,m3 - m5 =mi= m~ = m~ = (r)a = 

= (s2rs- 1 r)b = mosm3s-1 = m1 smos-1 = m2sm1 s-1 = morm1 r-1 = 

= mzrm1 r- 1 = m3rm3r- 1 = l; a 2: 3, b 2: 1) 

G(O~,a,b) = (r,s ,g1,gz-(r)a = (s2rs- 1r)b = g1s-1g1s-1 = 
-1 -1 -1 -1 1 > 3 b > 1) . = g2s 91 s = 91 r91 r = 92r92 r = ; a _ , _ 

Fig. 2 s = hr1, r = f; 91 = hmo, 92 = hm3 

55 z: [ AoA2A1] r: [ A1A2A3] 

Fig. 3 
AoA1A3 ' AoA2A3 

a= a, b= 2b 

f55(a , !Ob) G(55 ,a,b) = (r ,z- (r)a = (z2r-1z-lr)2b = 1; a 2: 3, b 2: 1 

F.7 G(Og ,a,b) = (r, z,m0,m1, m2 ,m3-m5 = mr = m~ = m~ = ra = 
= (z2r-1 z-1r)2b = m0zm0z- 1 = m2zm1 z- 1 =mi zm3z- 1 = 

= m1rmor- 1 = m2rm2r-1 =m3zm3r- 1 =1; a2:3,b2:1) 

G(O~ , a,b) = (r,z ,r0,r1,s-rfi =rt= ra = (z 2r-lz-lr)2b = (zr0)2 = 

= r-1r 1rro = zs-lzr1 = rsr-ls-1 = l ; a2:3,b2:1) 

Fig. 4 z = mfi, r = f; ro = mmo, r1 = mm1, s = mm3 

55 r1 : [ AoA1A3] 
AoA3A1 ' 

r2 : [ AoA1A2] 
AoA2A1 

r: [ AoA2A3] 
A1Azt4 

li'=a, b = 2b 
. ,. 

. 

fso(a , !Ob) G(5 b ( 2 2 ( )a ( ,,~ ,'. . 7l-.~-1',..:~ ·' · -1 b 6,a , = r1 , r2 , r-r1 =r2 = r = r1rr1r r1r2rr2r r2) = l ; 
F .7 a2:3 , b2:1) 

G(O~, a,b) = (ri. r2 1 r, mo, mi, mz , m3 - rt = r~ = (r)a = m5 =mt = 
2 2 ( -1 -1 )b = m2 = m3 = r1rr1r r1r2rr2r r2 = mor1mor1 = mor2mor2 = 

= morm1 r-1 = m1 r2m2r2 = m1 r1 m3r1 = m2rm2r-1 = m3rm3r- 1 = 
= 1; a2: 3, b2'. 1) 

G(O~,a , b) = (r1, r2, r,r3,r4,s- rt= r~ = r~ = ri = (r)a = 
( -1 -1 )b -1 = r1 rr1 r r1 r2rr2r r2 = r r4rr3 = r2sr1 r3 = rzr4r1 r4 = 

= r-1srs- 1 = l; a 2: 3, b 2: 1) 

Fig. 4 r1 = F1 , r2 = mi'1 m , r = F-1 ; r3 = mm1 , r4 = mmo, s = mm3 
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5 g z1 : [A2A1A3] z2 : [ Ao A3A1] 
A3AoA2 ' AoA1A2 

ii= 2a , b = 2b 

f63 (2a , lOb) G(5g , a,b) = (z1, z2 - (z1 )2a = (z~zl 1 z2zi)2b=1; a;::::2, b2: 1) 
F.7 G(Og(a,b) = (z1, z2, mo, mi. m2 , m3 = (zi)2a = m5 =mi= m~ = m5 = 

( 2 -1 ) 2b -1 -1 -1 = z2z1 z2z1 = moz2moz2 = m3z2m1z2 = m1z2m2z2 = 
-1 -I -1 1 =m2z1m3z1 =m1z1mo z1 =m3z1m2z1 = ; a2:2, h2: 1) 

Fig. 4 z1 = mr , z2 =rim 

59 [A1A?A3] [ AoA2A3] [ A3Ao A1] [ A1AoA2] ro : A1A;A2 ' ri : AoA3A2 , r2 : A3A1Ao ' r3 : A1A2Ao 

ii= 2a, b = 2b 

f15(2a, lOb) G(59,a,b) = (r0,r1, r2, r3 -r5 =rt= r~ = r5 = (r0r 1)a = 

F.23 = (1·3rp·2ror3r2r3r0r2r1)b = 1; a2:2 , b2: 1) 

G(09 ,a,b) = (ro, ri. r2 1 r3 , m0, m1, m2 , m3,-r5 = rr = r~ = ri = m5 = 

= mr = m~ =mi= (ror1)a = (r3r1r2ror3r2r3ror2ri)6 = mor1mor1 = 
= m1rom1ro = m3r2m3r2 = m1r3m1r3 = m1r2mor2 = mor3m2r3 = 
= m2qm3r1=m2rom3ro=1 ; a 2: 2, b 2: 1) 

510 r : [AoA2A3] 
AoA3A2 , s: [ AoA2A1] 

A1AoA3 ' 
m : [ A1A2A3] 

A1A2A3 

ii= 4a , b = 2b 

f25(4a , lOb ) G(510,a ,b) = (r,s,m - r 2 = m2 = (rm)2a = (s2ms-2rs-lmsr)b = 

F .25 = 1; a;:: 1, b2: 1) 

G(010 ,a,b) = (r,s,m,mo,m1, m2 , m3 - r2 = m2 = m5 = mr = m~ = 
=mi= (rm)2a = (s 2ms- 2rs- 1msr)b = mormor = mosm1s-1 = 

m1 sm3s- 1 =m2smos- 1 =m2rm3r=(m1 m)2 = (m2m)2 = (m3m)2 = 
= 1; a2:1,b2:1) 

5u r1 : [ A3AoA1] 
A3A1Ao ' 

r2 : [ AoA1A2] 
AoA2A1 ' 

z : [ A3AoA2] 
A2A1A3 

ii= 2a, b = 2b 

r 44 (2a , lOb) G(.111 , a, b) = (ri. r2, z- rr = r~ = (z) 2a = (zr2z-1 r1 z-1 r2r1 r2zr1)6 = 

F .32 = 1; a 2: 2, b 2: 1) 

G(011 , a,b) = (r1, r2, z , m0, mr. m2, m3 - rr = r~ = (z)2a = m5 =mt= 

= m~ = m5 = (zr2z- 1riz- 1r2r1r2zri)b = mor2mor2 = m3r1m3r1 = 

= mor1m1r1 =m1r2m2r2 =m3zm2z-1 =mozm1z- 1 = m2zm3z- 1 = 
= 1; a;::::2 , b2: 1) 
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The equiconvergence theorems play an important role in the theory of 
expansions . HORVATH, Joo and KOMORNIK proved a general theorem of 
this nature for the one dimensional Schrodinger operator in [l] and their 
result was extended for the operator Lu := u(4) in [4]. The aim of the 

present paper is to prove a similar theorem for the operator Lu := u(n) + 
+ q2(x)u(n-2) + ... + qn(x)u . 

Let G be an open interval (finite or infinite) on the real line, n a natural 

number, q8 E L\0 c( G) ( s = 2, ... , n) complex functions and consider the 
differential operator: 

(n ~ 2) 

defined on H~c( G). (Recall that, by definition, H1~c( G) is the set of all 

complex functions v E Lf
0
c( G) having distributional derivatives in Lf

0
c( G) 

of order up to k.) Given a complex number >., the function u G - C, u = 0 is 
called an eigenfunction of order -1 of the operator L with the eigenvalue 
>.. Furthermore, a function u G - C, u # 0 is called an eigenfunction 
of order k ( k = 0, 1, ... ) of the operator L with the eigenvalue >. if the 
function u * : = Lu - >. u is an eigenfunction of order ( k - 1) with the same 
eigenvalue >.. 

Let us now be given a complete and minimal system ( ua) C L 2( G) of 
eigenfunctions of the operator L , denote by Aa (resp. oa) the eigenvalue 
(resp. order) of ua and assume 

supoa < oo, 
Q 

(1) 

(2) in case oa > 0, AaUa - Lua= Ua-1· 

We introduce some notations: 
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Index the n-th roots of Ao: such that 

Reµ1 ,a: ~ ... ~ Reµn,a, Imµj,a > Imµj+l,a: in case Reµj,a = Reµj+l,a 

and put µa:= µm,a, fla := !Reµal, Va:= !Imµal , where m = [ ~]; 

{

1, v>va 

8(v,va):= ~' v=va 

0, V < Va; 

{

sinvx-t lx-tl:SR 
Wn(t) := -rr x-t ' 

0, Ix -ti> R, 
where x E K, K is an arbitrary fixed compact interval K C G and R E 
E (O,dist(K,aG)); 

Ro 

Dn0 f := ~o j J(R)dR, o <Ro< dist(K,aG); 

4°" 
W(t) := Dn0 (Wn); 

av(J,x):= L (J,va)ua(x)+ L *ca(J,va)ua(x), 

where Ca are arbitrary constants, !cal :SC, and l:* denotes the sum for 
any subset of {a: va = v }, f E £ 2( G), v > 0, x E G, (Va) is the dual system 
of (ua) (i.e. (va) C L2(G) and (vbuj) = i51c,j)i 

' 
x+R 

J sinv(y - x) 
Sv(J,x) := ( ) f(y)dy, 

7r y- x 
x-R 

where J E L 2( G), v > 0, x ± R E G; 

Kb := {x E G : dist(x,K) :Sb}, 

where KC G is a compact interval and 0 < b < dist(K,aG) . We prove the 
following 

THEOREM Assume that (1), (2), q2 = 0, u~ = 0 and 

(3) sup I: 1 < oo 
t>O t<v <t+l - er_ 

are fulJilled. Then the following three statements are equivalent: 
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(a) For any compact interval KC G 

supjjvall£2(G) · !lua!IL2(K) < oo. 
a 

(b) For any compact interval K C G and any subsum E* 
lim sup IS11(f,x)- o°ll(f,x)I = 0 

11-+00 xEK 

for every f E L2(G) and every 0 < R < dist(K,aG). 
( c) For every compact interval K C G and every subsum E* 

lim II! - o°ll(f)llL2(K) = 0 
11-+00 

for every f E £ 2( G). 
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In the case of jlm~I s; c, this statement was proved by V. A. IL'IN 
in [8]. 

PROOF OF THE THEOREM (a)==*(b). Denote w1, ... ,wn the n-th 
roots of unity. Now let 

y n 

ua(Y) := ua(Y) + J L ;_l eµCtwp(y-r). Q(r)dr 
z p=l nµa 

where 
n 

Q(r):= Lq8(r)~~n~s)(r)-u~(r). 
s=2 

According to the definition of ua(Y) and the equations 
n n n 

0 - '°'w - '°'w2 - - '°'wn-1 
-~ p-~ p-···-~ p ' 

p=l p=l p=l 

we have 

and 

J
y n wneµawp(y-r) 

~ (n-1)( ) _ (n-1)( ) + n-1 '°' P Q( )d 
Ua y - Ua y µa ~ n-l T T 

z p=l nµa 

further 
y n 

u~n)(y) = u~n)(y) + Q(y) + µ~ j 2.:: w:-1 eµCtwp(y-r)Q(r)dr = 
. z p=lnµa 
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= u~n)(y) + Q(y) + µ~(ito(y)- uo(Y)) = u~n)(y) + Q(y)+ 

+,\oito(y)- ,\ouo(Y) = ,\ouo(Y) + [u~n)(y) + Q(y)- ,\ouo(Y)] 

u~n)(y) = ,\oito(y). 

Consequently ua(Y) is a linear combination of the functions eµaW1Y, . .. , 
eµawnY. We shall distinguish two cases: 

0= 

a) n is even i.e. n = 2m, m ~ 2; 

b) n is odd i.e. n = 2m - 1, m ~ 2. 

a) We have for any 0 ~ t ~ R ~ s ~ 2R, R > 0: 

ita(x) ita(x + t)+ ita(x + 2s )+ 

1 
1 

+ita(x-t) +ita(x-2s) 
ita(x +ms)+ 

+ita(x - ms) 

1 2chµm ,0 t 2ch2µm,oS 2chmµm ,oS 

Hence, multiplying the first column by 2chµ 0 t and subtracting from the 
second one: 

I 

. ita(x) u 0 (x + t) + ua(x - t)- ua(x+2s)+ ua(x +ms)+ 
-2uo(x)chµat +ua(x -2s) +uo(x-ms) 

0= 1 2( chµ1,at - chµat) 2ch2µ1 as 2chmµ1 as 
' ' 

1 0 2ch2µas 2chmµas 

Expanding this determinant according to the first row we get 

(4) [ita(x + t) + ita(x - t)- 2ua(x)chµat]d(µa,s) = 

= L dk(µo,s,t)[ua(x+ks)+ua(x-ks)J. 
O<k<m 
'l:F1 

Taking into account 

ua(x+a)+uo(x-a) = 
x+a n 

=ua(x+a)+ua(x-a)+ J L w:_ 1eµawp(x+a-r)Q(r)dr­
x p=l nµo 



we obtain 

(5) 

Denote 

A BASIS THEOREM 

[ua(x + t) + u0 (x - t) - 2ua(x )chµ 0 t]d(µ 0 ,s) = 

= L dk(µa,s,t)[ua(x+ks)+ua(x-ks)]-
O<k<m 
k;fi 

Q(µa,s) := e(mµ1,a+ .. . +2µm-I,a)s. 
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Now we estimate do(µ 0 , s, t). In this determinant the minor corresponding 
to the element 2( chµ1,at - chµat) is in absolute value smaller than or equal 
to 

eRe(mµ2,a+(m-l)µ3,a+ ... +2µa)s 
I 

further the minor corresponding to the element 2( chµj,at - chµ 0 t) (1 < j $ 
$ m - 1) is in absolute value smaller than or equal to 

eRe(mµ1,a+. .. +(m-j+2)µj-1,a+Cm-j+l)µj+l,a+(m-j)µj+2,a+. .. +3µm-1,a+2µa )s. 

This means that for the order of the terms dividing by Q(µa, s) we obtain 
the following orders respectively: 

jchµ1,at - chµatl. eRe2µas-Re(mµ1,a-µ2,a-µ3,a- ... -µm-1,a)s $ 

< jchµ t _chµ ti. eRe2µas-Re2µ1,as - l,a a , 

lchµ. t - chµ tj. eRe2µas-Re((m-j+l)µj,a-µj+l,a- .. . -µm-I,a)s < 3,a . a _ 

$ jchµj,at - chµatl · eRe2µas-Re2µj,aS (1 < j $ m -1). 
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On the other hand 

{ 

clµalt, 
ichµj,at - chµatl ::=; Reµ . t 

ce J,a , 

Using these estimates we obtain 

(6) ldo(µa,s,t)j::; cjQ(µa,s)jeRe( 2µa- 2µm-I,aJs · lµalt, 0::; t::; jµlal; 

(i) ldo(µa, s, t)j ::; cjQ(µa, s )jeRe(2µa-2µm-1,a)s+Reµm-1 ,at ' t > jµ~j · 

Now we estimate dk(µa, s, t) for 2 ::; k ::; m. Repeating the method of 
estimate of do(µa,s,t) we obtain 

(8) ldk(µa,s,t)I::; cjQ(µa,s)ie-Re 2µm-l,as · lµalt, 0::; t::; jµ~j; 

(9) ldk(µa,s,t)j::; cjQ(µa,s)je-Re2µm-1 ,as+Reµm-1,at, t > jµlal' 

(2::; k::; m). Another estimate of do,dk can be found in [2] without proof, 
therefore we proved here a little more exact one. We have that 

(10) 

2R 

If d(µa,s) dsl > R 
Q(µa,s) 2 

R 

if Ro ;::: R;::: Ro;2 > 0 and lµal ;::: A(Ro);::: 2 where A(Ro) is a constant 
depending on Ro only (see [2]). (It c~ be proved if we use that 

2R 

(11) l.!_f eµtdtl < _4_eR-Reµ 
R - IRµI ' 

R 

if µ E C, Reµ ::; 0, R > 0.) 

Now we estimate j(ua, w) - 8(v, va)ua(x )j. We have 

(12) (ua,w)-8(v, va)ua(x)= 
R 

= DR
0 
(j si:;t [ua(x + t) + ua(x - t)- 2ua(x)chµat]dt)+ 

0 
R 

+DRo (j (2sinv;;hµat -8(v,va)] dt)ua (x). 

0 
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Here ([3], Lemma 3.2) 

(13) 

R 

ID (! 2sinvtchµat _ '( )d) I (1 + g;)elualRo 
Ro u v, Va t :S c ( )2 . 

?rt 1 + V-Va 
0 . 

We know that wp+m = -wp (p = 1, . .. , m) hence 

n m wpµab -wpµab m h b "°"" Wp ewpµab = "°"" Wp . e - e = "°"" WpS wpµa 
L nµn-1 L mµ2m-1 2 L mµ2m-1 ' 
p=I a p=l a p=l a 

so we obtain from (5) 

(5*) [ua(x + t) + ua(x - t)- 2ua(x)chµat]d(µa,s) = 

= L dk(µa,s,t)[ua(x +ks) +ua(x -ks)]­
O<k<m 
1:~1 

x+t m 

-d(µa,s) J L Wpshµawp~:=1x - rl) Q(r)dr+ 

x-t p=l mµa 

x+ks m 

"°"" d ( ) J "°""wpshµawp(ks-lx-rl)Q( )d _ + L k µa,s,t ~ 2m-1 T T-

2$k~m x-ks p=l mµo: 

x+ms 

L dk(µo;,s, t)[ua(x +ks)+ ua(x - ks)]+ J D(µa , s, t, Ix - rl)Q( T )dr 
O~k$m x-ms 
~~l 

where 
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For D(µa: , s,t,lx-rl) we have ([2], p. 277, without proof) 

(15) ID(µa:,s, t, Ix - rl)I S clQ(µa:, s )I · lµall- 2
m · min{l, lµa:tl} · eea s. 

For the sake of completeness we give here the estimate of D( .). The 
calculation is similar to the method of estimate of do(µa, s , t) . We shall 
distinguish two cases 

[]Ix -Tl st, ~t <Ix-Tl S2s or Uo- l)s <Ix-Tl Sjos, 3 Sio sm. 
[]Ix -Tl St. 
We can write D(µa:, s, t, Ix - Tl) as a determinant, modified the de­

terminant on page 4 in the following way: for k = 2, 3, . .. , m we change 

ita:(x +ks)+ ita:(x - ks) to f: wpshµaw~~~llx-rl), we change tta:(x + t) + 
p=l mµa 

+ua:(x-t)-2ita:(x)chµa:t to f: wpshµawf~-=Ji:-rl), we change tta:(x) to 
p=l mµa 

0. We can write this determinant as the sum of m determinants in the 
following way: 

* 

1 m 
D(µa:,s,t,lx-tl)= ·) _ 1 ""'wp* m ~m ~ 

µQ'. p=l 

0 shµa:wp(t-lx-rl) shµawp(2s-lx-rl) 
1 2(chµ1,a:t-chµa:t) 2ch2µ1 ,a:s 

1 0 

shµa:wp(ms-lx-rl) 
2chmµ1 a:S 

I 

In this determinant there are many cancellations: e.g. if a product contains 
eµq,a(t-lx-rl) and ek' µq,as, then it is cancelled by the one where they are 

replaced by eµq,a(k' s-lx-rl) and eµq ,at, where µq ,a: := ±µa:wp. (We recall 
that 2shz = ez - e-z, 2chz = ez + e-z.) 

We shall prove the above estimate for all them determinants, hence we 
can suppose µq,a: = wpµa: . We denote µq = µq,a:· Expand the determinant 
as the signed sum of m + 1-member products when the members are taken 
from different rows and columns of the matrix. Obviously we can suppose 
that the last 1 digit is chosen from the first column. 

i) 1 Sq Sm - 1, lµalt;?: l. 

We know that µq occurs in the first and q + 1-th row. Hence all the 
products in the determinant can be pairwise added such that the sum of 
any pair has the following form: 
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i1) shµq(t - Ix - rl)chkµqs - (chµqt - chµat)shµq(ks - Ix - rl) multi­
plied by a summand of the corresponding subdeterminant (2 $ k $ m) 

or 

i2) shµq(ks - Ix - rl)chfµqs - shµq(fs - Ix - rl)chkµqs multiplied by a 
summand of the corresponding subdeterminant (2 $ k < £ $ m). 

In case i 1) we have 

shµq(t - Ix - rl)chkµqs - ( chµqt- chµat)shµq(ks - Ix - rl) = 
= eµq(t-lx-rl)ekµqs _ eµqteµq(ks-lx-rl) + O(iµqs) + O(eliaRiµqs) = 

= 0( euaRiµqs). 

The corresponding subdeterminant does not contain µq in the exponents 

and neither contains any iµjs, 1 :::; j:::; m. Hence this two-member sum 
can be estimated as 

O(euaRekµqs)o( II /µi(l)s) = O(euaRQ(µa,s)) . 

l# 
j(l)#q 

Analogously in i2) 

shµq(ks - Ix - rl)chfµqs - shµq(fs - Ix - rl)chkµqs = O(/µqs) 

and in the corresponding subdeterminant there is no eiµqs, eµqt, ekµjs, /µis 
(j = 1,. . ., m). Hence the two-member sum can be estimated as 

O(/µqs)O(eµrt II ejµr(j) 5
) =O(Q(µa,s)) 

j#.l 
r(j)#r,q 

ii) 1:::; q:::; m -1, lµalt:::; l. 
Then the proof of i) can be repeated word for word, only in ii) we 

apply the trivial estimate 

shµq(t - Ix - rl)chkµqs -(chµqt- chµat)shµq(ks - Ix - rl) = 

= O(lµalt · iµqs) 

and in i2) the estimate chµrt- chµat = O(eµrt) is substituted by O(lµalt) . 

iii) q=m. 

We expand the determinant as the sum of m + 1-member product. We 
can suppose that shµa(t- Ix - rl) is chosen from the second column and the 
last 1 from the first column, and then the corresponding subdeterminant 
can be trivially estimated by 0( Q(µa, s)). Since 

{ 
clµa It if lµa It :::; 1 

lshµa(t - Ix - el)I $ R 
ceUa if lµa It 2: 1 
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the desired estimate is proved. 

[]] t $ lx-11$2s or Uo-l)s $ lx-11 $Jos for some 3 $Jo$ m . 

In case t ~Ix - 1! ~ 2s the determinants defining D in case W has to 
be modified such that shµawp(t - Ix - 11) is substituted by zero, in case 
(jo - l)s $Ix - 11 $ JQS, we write also zeros instead of shµawp(2s - Ix -
- 11), ... , shµa-wr((Jo - l)s - Ix - 11). In case q =mall summands of the 
determinant have been estimated by 0( eUa RQ(µa, s) ). If some elements 
of the matrix are substituted by zero, the same estimate a fortiori holds. 
Hence we can suppose q $ m - 1. 

i) lµalt2:1. 

The first nonzero element in the first row is shµq(jos - Ix - 11), where 
io = 2 in case 1 $ Ix - 11 $ 2s . The first and the q + 1-th row contain 
exponents µq. As in [!], we take pairwise the products, and we can again 
suppose that the last 1 is chosen in the first column. We have the following 
cases 

i1) shµq(jos - Ix - 11)(chµqt - chµat) multiplied by a product, where 
there is not, eioµrs and erµqs for 1 $ r $ q - 1. In case t $ Ix - 11 $ 2s we 
have (by JO= 2) ,., 

shµq(jos - Ix - 11)( chµqt - chµat) = 0( eµq( 2s-t) eµqt) = 0( eiosµq) 

and then the two-member sum is estimated as 

O(eiosµq)O( II ejµr(j)s) = O(Q(µa,s)). 

i-Fio 
r(j) "#q 

The same trick goes (even easier) if Uo - l)s $Ix - 11 $Jos. 

i2) shµq{jos - Ix - il)ch}iµ qs (where 2 $ Ji < Jo) multiplied by a 
product without erµqs, eioµrs, ehµrs ( r = 1, ... , m - 1 ). Then 

shµq(jos - Ix - 11)ch}iµqs = O(eµqsehµqs) = O(eioµqs) 

hence the whole product can be estimated as 

O(eioµqs )o( eµrt II ejµr(j )5
) = O(Q(µa,s)). 

i"Fio .ii 
r(j)"#q,r 

i3 ) shµq (}is - Ix - 11)ch}2µ qs - shµq(}2s - Ix - 11)ch}iµqs (where JO$ 
$ ii < i2 $ m ) multiplied by a product without erµ qs, ehµ rs, eizµrs 
(r = 1, ... , m -1). This is exactly the case i2) of[!]. 

The above counting proves the estimate of D(µa-, s, t, Ix -11) for n even. 
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From (5*) we obtain 

lua(x + t) + ua(x - t)- 2ua(x)chµatl · l-d(µa,s)I :S 

:S L ldk(µa,s,t)l·lua(x+ks)+ua(x-ks)I+ 
O<k<m 
1:~1 

z+ms 

+ J ID(µa,s,t,lx-rl)l·IQ(r)ldr. 

z-ms 

Using (6), (7), (8), (9), (15) we get 

(16) 

and 

(17) 

ld(µa,s)I 
lua(x+t)+ua(x-t)-2ua(x)chµatl· IQ(µa,s)I :S 

:S ceRe(2µa-2µm-1,a)s · lµalt · lluallvX>(K2mR)+ 

z+ms 

+clµal2-2mt·eeas J IQ(r)ldr, if0$t$ lµlal 

z-ms 

ld(µa,s)I 
lua(x+t)+ua(x-t)-2ua(x)chµatl· IQ(µa,s)I :S 

$ ceRe(2µa-2µm-1,a)s+Reµm-1,at · lluallvX>(K
2
mR)+ 

z+ms 

+clµall-2m.euas. J IQ(r)ldr, if t> lµlal· 

z-ms 

If lµa I >max { 1, k} then we obtain from (16) and (17) 

R 
ld(µ 0 , s )I JI u0 (x + t) + u0 (x - t) - 2ua(x )chµat I dt < 
IQ(µa,s)I t -

0 

z+ms 

113 

$ ceRe(2µa-2µm-1,a)s · lluallL''°(K2mR) +clµall-2meeas J IQ(r)ldr+ 

z-ms 
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x+ms 

+clµall-2mlogjµaleeas J IQ(1)jd1 $ 

x- ms 

x+ms 

+clµal 1- 2m(l +logjµal)eeas J IQ(1)jd1, . 

x-ms 

where we used Reµm-1,a 2: cilµal (q > 0 is a constant). Using (10) we 
have 

(18) 

R 

Jl

ua(x+t)+ua(x-t)-2ua(x)chµatld -Reµ _ 1 R 
t < ce m ,a · 

t -
0 

x+2mR 

·lluallLoo(K2mR)eRe2µaR + cjµall-2m ·log lµale2eaR J IQ( T )jdr, 

x-2mR 

if lµal 2: A(Ro) 2: 2. 
We know ([2], (3)) that for any compact intervals K, K' with KC K' C 

CG, KC intK' there exists c:o = c:o(K, K') > 0 such that 

(19) lluall£oo(K)e'0 leal $ c:~ lluall£2(K')· 

We know also ([6], Theorem 2) that for any compact subinterval K of G 
there exists a constant c > 0 such that 

(20) llu~)llLoo(K) $ c(l + lµal)illuallLoo(K) > (i = 0, 1,. · .). 

Hence 
x+2mR 

(21) J IQ(1)jd1 $ c(l + lµal) 2m-3 lluall£oo(K4mR)· 

x-2mR 

Using (21) we obtain from (18) 
R 

(22) JI ua(x + t) + ua(x ~ t) - 2ua(x)chµat I dt $ ·ce-Reµm-l ,aR 

0 
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if lµol 2: A(Ro) 2: 2. 

We recall that Ro 2: R 2: ~ > 0. If we choose Ro> 0 such that 2Ro < c:o, 
then according to (12), (13), (19), (22) we have for lµol 2: A(Ro) 2: 2 

(23) l(uo,w)-8(11,11o:)ua(x)I :5 

( 
1 -Reµ ~ log lµo:I) 

:5 c 1 + (11 - 11o:)2 + e m-1,a + lµo:j2 · lluall£2(K')" 

Now we prove the estimate analogous to {23) for jµal :5 A(Ro). We know 
that 

Here 

R 

(! ~n~ ) (ua, W) = DRo [ua(x + t) + ua(x - t)]-;tdt = 
0 

R 

= DR0 ([ua(x + R) + ua(x - R)] J si:;t dt)-

0 

R t 

-DRo(j u~(x+t)-u~(x-t)] · (/si:;-r d-r)dt) . 

0 0 

R vR 

If si:;t dtl =If s~n; dµI :5 c. 
0 0 

According to (20) we have 

(24) l(ua, W}I :5 clluall£C'°(KRo) if lµal :5 A(Ro). 

Now we prove (a)==>(b). 
From (23), (24), (3) follows 

00 

L l(ua, W)-8(11,11a)ua(x)l · llvo:llL2(G) :5 
a=l 

< f l(ua, W) - 8(11, 11a)uo:(x)I < 
- a=l lluall£2(K') -

<cf ( 1 + e-c1 Jµal~ +log lµal) < c3 
- a=l 1 + (11 - 11a)2 lµal2 - ' 
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where c3 is a constant independent of v. Hence for any fixed x and v the 
series 

00 

F(x, y) := L [(ua, W) - o(v,va)ua(x)]va(Y) 
a=l 

is absolutely convergent in Li( G) and 

j ua(y)F(x,y)dy = (ua, W) - o(v, v0 )u0 (x). 

G 

Since (ua) is complete and minimal therefore the Fourier-expansion is 
unique. Hence 

F(x,y) = W(y)- L ua(x)va(Y)- ~ L ua(x)va(Y) 
Ila <11 • 11a=11 

and 

sup sup_11W(y)- L u0 (x)va(Y) -i L ua(x)va(Y)llL2 G = M < oo. 
11>0xEf<. lla<ll 11a=v y( ) 

Thus for every f E L2( G) we have 

sup sup JS11(!,x)- 0'11(!,x)J $ MllJJJL2(G) 
11>0xEK 

for the variant of 0'11 where l:* = ~ 2: (!, v0 )ti.0 (x). The same estimate 
11a=11 

holds for any other 0'11 as well, since 

J(f,va)JJua(x)J $ JJJllL2(G)llvallL2 (G)llualJ£00 (K) $ 

$ clJJllL2(G)llvallL2(G)llualJ£00 (K') $ clJfllL2(G) · 

Now it suffices to show that 

lim sup JS11(!, x) - 0'11(!, x )I = 0 
11- 00 xEK · 

for any f from a dense subset of L2( G) . But this last property is satisfied 
for any finite linear combination f of the eigenfunctions ua (lin ( u0 ) is a 
dense subspace, because then f is continuously differentiable and 0'11 (!, x) = 
f ( x) for v sufficiently large, therefore one can apply a classical result of 
the theory of Fourier-series ([8], p. 95). Hence in the case of n = 2m, 
m = 2,3, .. . (a)===>(b) is proved. 
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b) We have for any 0 $ t $ R $ s $ 2R, R > 0: 

ua(x - ms) .. ua(x - 2s) 
ua(x - t)+ 

+ua(x+t)­
-2ua(x )chµat 

ua(x + 2s) . . ua(x + (m + l)s) 

2(chµ1,at-chµat) 

0= -mµm-1 er•. - 21'm-1 er• e I , , .t , 2(chµm-1,ert-chµert) 

0 

2{chµm+1,ert-chµat) 

2µm-1 er• . (,.;.+l)µm-1 er• e , .. . e , 

e-mµer• . . . e-2µer• e2µer• . . . e(m+l )µer• 
e -mµm+1,er• .. . e - 2µm+l,er 8 e 21'm+l ,er 8 ••• e (m+l)µm+ 1,er• 

e-mµn,er•.: .e-211n,er• 2(chµn,at-chµat) e21m,er• .. . ·e(m+l)iin ,er• 

Expanding this determinant according to the first row we get 

( 41
) [u 0 (x - t) + ua(x + t) - 2ua(x)chµat]d(µa,s) = 

= L d1;(µ 0 ,s,t)ua(x+ks). 
-m<k<m+l 

fkl~2 
Taking into account the definition of u0 we obtain 

(51
) [u 0 (x - t) + u0 (x + t)- 2u0 (x)chµ 0 t]d(µ 0 ,s) = 

x+t n 

= L d1;(µ 0 ,s,t)u0 (x + ks)-d(µ 0 ,s)f L w~~l eµerwp(x+t-r;Q(r)dr+ 
-m<k~m+l x p=lnµa 

fkl~2 

I
x n w eµerwp(x-t-r) 

+d(µ 0 ,s) L P n-l Q(r)dr+ 
P-1 nµa x-t -

Denote 
Q(µa,s) := e((m+l)µ1,er+ ... +2µm,cr-2µm+l,cr- ···-mµn,cr)s. 

Now we estimate d1;(µ 0 , s , t ). In this determinant the minor corresponding 
to the element 2( chµ l ,at - chµ 0 t) is in absolute value smaller than 

e Re((m+l)µ 2,cr + mµ3 ,cr+ .. .+2µm+l ,cr-2µm+2 ,cr- ···-(m-l )µn ,cr )s , 
further the minor corresponding to the element 2(chµ j ,at - chµ 0 t ), (1 < 
< j $ m -1, m + 1 $ j $ n) is in absolute value smaller than 

eRe(( m+ 1 )µ1, 0 + ... +(m+l - j+2)µ j - l, cr +(m+l-j+l)µ j+l,cr+(m+ l -j)µ j + 2,cr +··· . 
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·e ... +3µm ,a+2µm +i,a-2µm+2,a- ···- (m-l)µn ,a)s, 

if 1 < j Sm -1; 

eRe((m+l)µr ,a+ ... +2µm ,a-2m+2,a- ···-(m-l)µn ,a)s , if j = m + 1; 

eRe( m+ 1 )µ1 ,a+ ... +2µm ,a-2µm+1 ,a-3µm+ 2,a- ... -(j-m )µj-1 ,a-U-m+ 1 )µ j+ i ,a. 

·e-(j-m+2)µj+2 ,a- ···-(m-l)µn ,a )s , if m + 1 < j $ n . 

This means that for the order of the terms dividing by Q(µo: , s) we obtain 
the following orders respectively: 

ichµ1 ,o:t - chµ o:tl · 

·eRe(µ2 ,a+ ... +µm ,a-(m+l)µ1 ,a+4µm+l ,a+µm+2 ,a+···+µn ,a)s $ 

.$ lchµ1,o:t - chµo:t l. e-Re2µ1 ,as ; 

ichµj ,o:t - chµa.tj­

·eRe(- (m+ l -j+l)µj ,a+µj+1 ,a+ ... +µm ,a+4µm+1 ,a+µm+ 2,a+ ... +µn ,a)s $ 

S ichµj ,o:t- chµo:tl · e-Re2µj ,a5
, if 1 < j Sm -1; 

lchµm+l ,o:t - chµo:tl. eRe(2µm+1 ,a+µm+2,a+ ... +µn ,a )s $ 

$ ichµm+l,o:t - chµo:tl · eRe2µm+l ,a9
; 

lchµj ,o:t - chµo:tl . eRe((j+l-m)µj ,a+µj+ 1,a+ ... +µn ,a)s $ 

S ichµj ,o:t - chµo:t l · eRe2
µi ,a

5
, if m + 1 < j $ n. 

On the other hand 

{ 

clµa lt, 
ichµj ,o:t - chµo:tl S !Re . It 

ce µJ ,a , 
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if 1 < j $ m - 1 we have 

{ 

clµa lte -Re2µj,aS 
-Re2µ ·as ' 

lchµj,at - chµatl · e J, ~ Re . (t-2 ) ce µJ,a 5 , 

if j = m + 1 we have 

0 ~ t ~ lµlal 

t > 1 . 
lµal' 

119 

{ 

cJµaJte-IRe2µm+l,als, 
Jcliµm+l,at - chµatl . eRe2µm+1,as $ IR l·(t-2 ) 

ce eµm+l,a s , 
o $ t $ lµ~I 
t > 1 . 

lµal' 

if m + 1 < j ~ n we have 

{ 

cJµ Jte -IRe2µj,als 
Re2µ · s a ' 

lchµj,at - chµatl · e J,a ~ IReµj al ·(t-2s) 
ce • , 

Using these estimates we obtain 

(8') ldk(µa, s, t)J ~ clQ(µa, s )I· ( e-Re2µm-1,as + eRe2µm+1,as) · lµa It, 

1 
0 St S lµal; 

(9') 

ldk(µa, s, t)J S cJQ(µa, s )I· ( eReµm-1,a(t-2s) + elReµm+1,al·(t-2s)) , t > Jµlal . 

Now we have that 
2R 

(10') If d(µa,s) dsl > R 
Q(µa,s) 2 

R 

if Ro 2: R 2: Ro/2 > 0 and lµal 2: A(Ro) 2: 2. 
Next we estimate l(ua, W) - c5(v, v0 )ua(x)I. We have 

(12') 
R 

(! sinvt ) 
=DRo --;t[ua(x+t)+ua(x-t)-2ua(x)chµat]dt + 

0 
R 

(f [2sinvtchµat ] ) 
+DR0 rrt dt-c5(v,va) dt ua(x). 

0 
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We obtain from (51
) 

(25) [ua(x -t) + ua(x + t)-2ua(x)chµat]d(µa,s) = 

z+(m+l)s 

= L dk(µa,s,t)ua(x +ks)+ J D(µa,s,t,x - r)Q(r)dr, 
-m<k<m+l 

P.1~2 
z-ms 

where 

D(µ 0 ,s, t,x - r) = 

n w el'awp(x+t-r) n w eµawp(x+ks-r) 
-d(µa,s) I: p n-1 + I: dk(µa,s,t) I: P n-1 , 

p=l nµa 2$k$m+l p=l nµa 

if 0 $ T- X $ t; 

n w el'awp(x+k.s-r) 
I: dk(µa, s, t) I: p n-1 ' 

2$k$m+l p=l nµa 

if t $ T - X $ 2s; 

if (j - 1 )s $ r - x $ j s; 3 $ j $ m + 1; 
= 

n w el'awp(x-t-r) n w el'awp(x+ks-r) 
d(µa,s) I: p n-1 - I: dk(µa,s,t) I: p n-1 ' 

p=l nµa -m$k$-2 p=l nµa 

if - t $ T - x $ O; 

n w el'awp(x+k.!-r) 
I: dk(µa,s,t)E p n-1 ' 

-m$k$-2 p=l nµa 

if - 2s $ T - X $ -t; 

n w el'awp(x+ks-r) 
I: dk(µa,s,t) I: 11 

n-1 , 
-m$k$j p=l nµa 

if (j - l)s $ r - x $ js, -m + 1.$ j $ -2. 
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Here we give the proof of the estimate 

(151
) ID(µa,s,t,x - r)i $ ciQ(µa,s)ilµal 1-nmin{l, lµalt} · en{!as. 

This is a slightly modified version of [2], p. 275 ( e2{!as has been changed 
to enuas). With e2uas the version of (151

) does not hold for n = 3. 

Begin the proof of (151
) with 

[!]x $ T $x+t. 
Then D can be expressed in the following form 

n 

D='°"'~· ~ n-1 
p=l nµa 

0 ... 0 el'awp(t+z-1') 

2(chµ1,at-ch11nt) 

el'awp(2s+z-'1') . .. ei&awp((m+l)s+z-.,.) 
-m1&1 as -21&1 era e ' . .. e , e21&1,crs e(m+l)1&1,as 

. . . . 
e-miin,as ... e-2iin,as 2(chiin,at-chµat) e21&n,as e<m+l)i&n,as 

Let again µq := µq,a := µawp. Following the ideas used in case of n even, 
we have the following cases in expanding the determinants 

i) eµq(t+x-r) · e-kµqs multiplied by a product where there is no t,µq 

and e-kµ.,.s for any r. If lµalt $ 1 then . 

eµq(t+x-r) = O(lµalt), e-kµqs IT ejµr(j)s = O(Q(µa,s)) . 

i#-k 
r(j)#q 

H lµalt 2'.:l, then in case q 2'.: m we have eµq(t+z-r)=O(eeaR) and if q$ m -1, 
then there exists j 2'.: 2 with r(j) 2'.: m + 1, hence eµq(t+x-r)e-kµqseiµr(j)

8 = 
= O(e-kµr(i) 5 eiµqs) which shows that the whole product is O(Q(µa,s)) . 

ii) [eµq(t+x-r)ekµqs - eµq(ks+x-r) · 2(chµqt - chµat)) · II ejµr(j) 9
• 

i#k 
r(i)#q 

If q $ m -1, then this is o( ekµqseucrR. II ejµr(i) 8
) = O(etlaRQ(µas )) 

i#k . 
r(i)#q 

in case lµalt 2'.: 1, and O(lµalt · ekµqs ·TI ejµr(i)
9

) = O(lµalt · Q(µa,s)) in 
case lµalt $ 1. If q = m, then eµq(t+x-r)ekµqs = O(eflaRekµqs) resp. 

O(lµaitekµqs) if lµalt 2'.: 1 resp. $ 1. 

If q 2'.: m + 1 we estimate the expression in brackets by O(eµq(ks-2R)) 

resp. O(eµq(ks- 2R>lµalt) if lµalt 2'.: 1 resp. $ 1. Since k is paired with 
µq which has negative real part, there exists JO $ -2 and r(jo) $ m 
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such that the factor ejoµr(j)s occurs in the product ii). Now we have 
eµq(ks-2R)e}oµr(j) 8 = O(e}oµr(j) 8

• e2eaR). Indeed, if r(jo)::; m -1, then 

Reµr(jo) > 0, Reµq < 0, hence eµq((k-}o)s- 2R) = 0(1) = O(e(k-jo)µr(jo)) 

and if r(jo) = m then eµq((k-}o)s-2R)eµr(jo)Uo-k)s = e(µq-µa)((k-jo)s-2R) . 

· e-2Rµa = O(e-2Rµa) = O(e2uaR). Consequently we can estimate the 
products ii) by 

o( min{l, lµalt}. e2uaRe}oµqs+kµr(jo)s II ejµr(j)s) = 

i~k.io 
r(j)~q 

= O(min{l, lµalt} · e2uar · Q(µa,s)). 

iii) eµq(ks+x-r)eµqls - eµq(ls+x-r)eµqks = 0 does not give new mem­
bers. 

iv) eµq(ks+x-r)e-µqls · 2( chµrt - chµat) TI ejµr(j)s. 
#k,-l 
r(j)~q,r 

If ( q ::; m - 1 and r ? m + 1) resp . ( q? m + 1 and r ::; m - 1) then 

eµq((k-l)s+x-r)( chµrt - chµat) = 0( eµqks e-µrls min{l, lµalt} ), 

resp. 0( e-µqlseµrks min{l, lµalt} ), hence the whole product is estimated 
by O(min{l, lµalt}Q(µ 0 ,s)f If (q = m and r ? m + 1) resp. (q = m 
and r::; m -1) then we get eµq((k-l)s+x-r)(chµrt - chµat) = O(eµqks -

-eµrlse2uaR · min{l, lµalt} ), resp. O(e-µqlseµrkse 2uaRmin{l, lµalt} ). Let 
now q $ m - 1 and r $ m - 1. Then there exists j ? 2 with r(j) ? m + 1 
and then 

eµq((k-f.)s+x-r)(chµrt- chµat)ejµr(j)s = 
= O(max{l, lµalt} · eµqkseµr}se -lµr(j) 8

) 

hence the whole product is O(max{l, lµalt}Q(µa,s)). Finally let q? m + 1 
and r? m + 1. Then there exists j::; -2 with r(j) $ m, hence 

eµq((k-l)s+x-r)(chµrt- chµat)ejµr(j)s = 
O(min{l, lµalt}. e-µqlsejµ,.sekµr(j)s e2uaR), 

because after dividing with the exponentials we get 

eµq(ks+x-r) eµ,.(-js-t) e(j-k)µr(j)s = e(µq-µr(j))(ks+x-r). 

·e(µ,.-µr(j))(-js-t). eµr(j)(x-r-t) = 0(1). 0(1) . O(e2uaR). 
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Thus the whole product iv) is O(min{l, lµalt}e 2eaRQ(µa,s)). 

~ x + t :Sr S x + ::!s '>r x +(Ju - l)s :Sr :S x + )os, 3 :S ]o s; m + l. 
If x + t $ r :S x + 2s then in the determinants defining D we substitute 

eµawp(t+x-r) by zero: if x +!Jo - lls $ r $ x + )os then we substitute 
eµawp(t+x-r), eµawp(2s+x-r), ... , eµawp((jo-l)s+x-r) by zeros. We deal 

only with the products which are new with respect to the case 1 ). 

i) eµq(ks+x-r)2(chµqt - chµat) n ejµr(i) 5
• 

j::/:k 
r(j)i=q 

If q <; m -1, then eµq(ks+x-r)( chµqt - chµat) = 0( eµqks min{l, lµQlt} ), 
hence the whole product is O{min{l,lµalt}Q(µa,s)). If q 2: m+l then 
there exists j :S -2 with r(j) :Sm. Then 

eµq(ks+x-r)eiµr(j) 8 (ch1iqt - chµat) = 

= O(min{l, lµalt}eµq(ks+.r.-r-t)eiµr(j)s) = 
= O(min{l, lµlt}P-jµqsekµr(j)s. /m+2)eas), 

hence the whole product is O(min{l, lµalt}Q(µa,s) · e(m+2)eas). 

ii) eµq(ks+x-r)/µqs2( chµrt - chµat) · TI ejµr(j) 5 where 2 :Sf< JO :S 
j:/=k,I. 

r(j)i:q,r 
:S k. Let r :Sm -1. Then in case Reµq 2: 0 resp. Reµq $ 0 we have 

eµq((k+f)s+x-r)(chµrt - chµat) = O(min{l, lµalt}ekµqs/µrs), 

resp. O(min{l, Jµ 0 lt} · ekµrselµqs) (here we used es+ x - r :S 0, ks+ x -
- r 2: O). If r 2: m + 1 then there exists j :S -2 with r(j) :Sm. Hence if 
Reµq 2: 0 resp. Reµq :S 0, we have 

eµq((k+f)s+x-r)(ch1:rt- chµ
0

t)ejµr(j) 5 = 

= O(min{l, lµolt}. ekµqs. /µr(j)s eiµrseneas), 

resp. O(min{l, lµalt}. /µqs+kµr(j)s+jµrs. eneas), 

so the whole product is O(min{l, lµalt}enea 5 Q(µ 0 ,s)). The estimate of D 
is completely proved for x $ r. The case x 2: r can be dealt with similarly, 
so the proof of (151

) is complete. 

From (25) we obtain 

lua(x + t) + ua(x - t) - 2ua(x )chµatl · ld(µa, s )I :S 

< L ldk(µa,s,t)l · lua(x + ks)I+ 
-m<k<m+l 

fkl~:> 
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x+(m+l)s 

+ J ID(µa,s,t,x-r)l·IQ(r)ldr. 

z-ms 

Using (81
), (91

), (151
) we get 

I ) jd(µa,s)I 
(16

1
) ua(x+t +ua(x-t)-:-2ua(x)chµatl· IQ(µa,s)I $ 

and 

(171
) 

< c(e-Re2µm-1,as + eRe2µm+1,as) · lµalt. lluallv:xi(K )+ 
- {2m+2)R 

x+(m+l)s 

+clµal2-nt. eleals . J IQ(r)ldr, if 0 $ t $ lµlal 

z-ms 

z+(m+l)s 

+clµall-n. eleals . J 
z-ms 

. 1 
IQ( T )jdr, if t > lµal' 

If lµa I >max { 1, k} then we obtain from (161
) and (171

) 

R 
ld(µa, s )I JI ua(x + t) + ua(x - t) - 2ua(x )chµat I dt < 
IQ(µa,s)I t -

0 

< c(e-Re2µm-1,as + eRe2µm+l,as). lluallL (K )+ 
- oo {2m+2)R 

z+(m+l)s 

+clµall-neleals J IQ(r)ldr+ 

z-ms 

( 

eReµm-1, 0 (R-2s) eReµm+1, 0 (R-2s)) 

+clµal R + IR I . lluallLoo(K(2m+2)R)+ eµm-1,a eµm+l,a 

z+(m+l)s 

+clµal 1-nlogJµaleleals J IQ(r)Jdr $ 

z-ms 
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:5 c (eReµm-I,a(R-2s) + e1Reµm+I,al·(R-2s)) · lluallLoo(/((2m+2)R)+ 

r+(m+l)s 

+clµal 1-n(l+loglµal)eluals j IQ(r)jdr, 

r-ms 

125 

where we used Reµm-1,a 2:: c4jµal and Reµm+l,a :5 -qlµal (q > 0 is a 
constant). 

Using (101
) we have 

R 
(l8') JI u0 (x + t) + u0 (x ~ t) - 2u0 (x )chµat I dt :5 

0 

< c (e-Reµm-1,aR + eReµm+1,aR) · lluallLoo(K )+ 
- (2m+2)R 

:r:+2(m+l)R 

+clµoll-nloglµale2lualR J IQ(r)ldr 

r-2mR 

if lµol 2:: A(Ro) 2:: 2. 
Using (20) we have 

:r:+2(m+l)R 

(211
) J IQ(r)jdr :5 c(l + lµol)n-

3
lluallvxi(K

4
mR)· 

:r:-2mR 

Using (211
) we obtain from (181

) 

R 
(22,) JI ua(x + t) + u0 (x ~ t)- 2ua(x)chµ 0 t I dt :5 

0 

:5 c ( e-Reµm-1,aR + eReµm+1,aR) · lluallL(K4mR)+ 

log lµal II II 2lealR 
+c lµal2 Ua £OO(K4mR)e ' 

if lµol? A(Ro)? 2. 

We recall that Ro ? R? ~ > 0. If we choose Ro > 0 such that 2Ro < e:o 
then according to (121

), (13), (19), (221
) we have for jµ 0 j? A(Ro)? 2 

(23
1
) j(u 0 , W) - b(v,va)ua(x)I ~ c((l + (vl- va)2 + 
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Now we prove (a)=>(b). 

From (231
), (24) , (3) follows 

00 

L l(ua, W) - 8(11, 11a)ua(x)l · llvallL2(G) ~ 
a=l 

<cf l(ua,W)-8(11,11a)ua(x)I < 

- a=l lluallL2(K') -

<cf ( 1 +e-qlµcrl~+loglµal)<c5 
- a=l (1+(11-11a)2 lµal2 - ' 

where c5 is a constant independent of 11 . 

Introduce the function F(x,y) in the same way as we did in the case a) . 

Following the method applied for n even we obtain the statement 
(a)==>(b). Hence (a)==>(b) is proved completely. 

(b)==>(c): It follows from (b) that 

11~~11Sv(J)- a11(J)llL2(K)=O· 

On the other hand it is a classical result that 

lim llf - Sv(J)llL2(I<) = 0. 
1/-+00 

The statement is proved. 

(c)==>(a): For every J E L2(G) lla11(J)llL2(J\)' 11=1, ... is bounded. 

Taking into account that I:* can be arbitrary, we get from here that 
for all a, 

ll(J,va)ua(-)llL2(K) ~ cilfliL2(G)• f E L2(G). 

Since sup ~ = llva-llL2(G)• we obtain (a). 
fELz(G) L2(G) 

The proof of the Theorem is complete. 
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THEOREM 1. (Parrott's theorem). Let H, K be Hilbert spaces, H2 C 
CH, K2 CK be dosed subspaces. Then if the operators T2: H2-+ K , 
T2 : H-+ K2 a.re any contractions satisfying 

(1) PK2T2 = T2 1H2, 

there exists a contraction operator T : H -+ K such that 

(2) T2 = TIH2 and T2 = Px2T. 

THEOREM 2. (Strong Parrott theorem). Let H , K be Hilbert spaces, 
Ho , Hi CH , Ko,Ki CK be closed subspaces. Let To : Ho-+K , T0: H-+ Ko 
be any contractions satisfying 

(3) PKoTo = TolHo . 

Suppose moreover that V : Hi -+ Ki is unitary operator and satisfies two 
following identities 

(4) 

(5) 

PKo v = TolH1 , 

PK1 To= v PH1 IHo . 

Then there exists a contraction T : H -+ K such that 

(6) To= T IHo and T0 = Px0T , 

(7) V = TIH1 and v• = T*IK1 . 

PROOF. (reduction to Theorem 1). Let H2 : Ho +Hi, K2 :=Ko +Ki 
and T2 : H 2 -+ K, T2 : H -+ K 2 be operators such that T2 operates on 
Ho+ Hi= {ho+ hi : ho E Ho, hi E Hi} as follows 

T2(ho +hi):= Toho+ Vh i , 
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the adjoint of T2, R2 is defined on 

Ko+ K1 = {ko + ki: ko E Ko, k1 E Ki} 

by R2(ko + ki) := (T0)*ko + V*k1. 
What we have to check is fi.rst that these are well-defined contractions , 
second that T2 and T2 = R2 satisfy identity (1). 

Theorem 1 implies that (6) and (7) follow from (2) since T2 = T*IK2 
is just included in (2) . 

The first claim follows by the following estimation 

II Toho+ Vh111 2 = 11Toholl 2 +(PI<1 Toho, Vh1 )+(Vh1,PK1 Toho)+ llVh111 2 = 
(5) ? ' 2 = llToholl-+(V PH1 ho, v h1)+(Vh1, v PH1 ho)+ llVh1ll = 
= 11Toholl2 + (PH1 ho, hi)+ (hi, PH1 ho)+ llhi 11 2 ~ 
~ llholl 2 + (ho, h1) + ( h1, ho)+ II hi 11

2 = II ho+ hi 11
2. 

R2 is well-defined contraction by a similar (dual) reason. Finally to check 
identity (1) is enough to prove that 

(8) (T2(ho + h1), ko + ki) =(ho+ hi,R2(ko + k1)). 

The left-hand side in (8) term to term use of (3), (5) and (4), is the very 
same as the opposite: 

(PKo Toho, ko) + (PK1 Toho , ki) + (PI<o Vh1, ko) + (V hi, ki) = 
=(Toho, ko) + (v PH1 ho, ki) + (T0hi, ko) + (v h1, ki) = 
=(ho+ h1, (T0)* ko + v* k1). 

REMARK. A recent construction for a proof of Parrott 's theorem is 
given [6] as an application of (smallest) positive and self-adjoint operator 
extensions [3], [4], ([5]). As a result this process yields [7], using middle 
self-adjoint extension, a compact operator T in Theorem 1 whenever T2 
and T2 are both compact. 
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1. Introduction 

Besides some problems where fluctuations are considered and Fokker­
Planck equations naturally appear [4] we may be interested in a kind of 
quantitative analysis of the dynamics of the flow associated to a given 
vector field ii by the system x = ii(x). We may be interested in the inten­
sity of its attractors and whether this intensity does not vary much under 
perturbations which occur in many problems derived from mechanics, pop­
ulation dynamics etc. [4], [5]. It is useful to know the Zeeman Stability of a 
vector field because this stability means the persistence of the intensity of 
the attractors of its flow. This way we arrive at a Fokker-Planck equation 
with €-diffusion whose steady state (sufficient conditions for existence and 
uniqueness are given in [6]) is an €-smoothing of a measu're invariant with 
respect to the flow associated to ii, with support over the attractors of 
this flow. Then the existence of a neighbourhood B(ii) for which every 
vector field WE B(ii) has a steady state diffeomorphic to the steady state 
of ii, means the persistence of the intensity of attraction and therefore a 
kind of robustness of the domain of attraction, instead of the persistence 
of the complete topological structure as in case of structural stability 
in the Andronov-Pontriagin sense. In [6] the case of a gradient vector 
field ii= -grad(~) is studied by the Morse stability of its steady state 
u(x, y) = N · exp(-~(x, y)/c) where Ju may be chosen equal to 1 if certain 
conditions on ii or compacity over its domain hold. On the other hand, 
because of the monotonicity of the exponential function we can reduce the 
problem by Lemma 1 of [6] to the Morse stability of~. If the vector field is 

(•)Present address : Department of Mathematics, Faculty of Mechanical Engineering, 
Budapest, 1521 
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not a gradient, in other words , if the potential conditions are not fulfilled 
the situation is usually more complicated. A class of vector fields will be 
given such that the steady state of the associated Fokker-Planck equation 
can be computed. We note that this class of vector fields contains some 
interesting models of biology. 

2. The Zeeman stability 

Given a vector field V over a compact manifold M and given an c:, > 0 
our Fokker-Planck equation (FPE) with €-diffusion, c:, > 0, associated, to 
V is defined as 

au -
&t = c~u - Div ( u, V) . 

We say that Vis c-Zeeman stable if for every vector field belonging to some 
C00-neighbourhood of V the steady states of the respective FPE associated 
are diffeomorphic. We say that Vis Zeeman stable if it is c-Zeeman stable 
for every small c:, > 0. finally, we say that the system :i; = V(x) is Zeeman 
stable iff V is. 

We note that a system of ordinary differential equations which has 
only one finite non-degenerate equilibrium point and has a repeller at 
infinity is Zeeman-stable. This follows from the existence Theorem 3 of 
[6] and from the characterization of stable Morse functions of [l] . Clearly, 
these statements are structurally stable in the Andronov-Pontriagin sense 
if the equilibrium point is hyperbolic. This occurs in the following case: 
x = -x - ax2y, fJ = -y where a > 0 which represents two species in the 
process of extinction, the second of them killing of the first one. 

3. A class of vector fields 

Our main result is the following Theorem: 

THEOREM 1. Let P = (p1,P2) be a two dimensional vector field such 
that Div (P) = 0. Let 4> be a first integral of P and consider the vector 
field 

V =(,Bx+ ap1, ,By+ ap2) 

where ,B, a E C 1(JR.2) . If a(x,y) = w(4>(x,y)) and ,B(x,y) = s(4>(x,y)) for 
arbitrary functions s, w E C 1 then 

au -
&t = c:~u - Div(u.V) 
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has a steady state u(x,y) = N exp('P(x,y)/e) . 

PROOF. (For simplicity in the proof we assume /3( 'P(x,y)) = <I>( x,y)). 
We can put V = G + R with G = grad<I>, R = (ri,r2) and 
ri = w('P(x, y)).p1 (x, y), r2 = w('P(x, y)) · P2(x, y) so that 

e,Llu -Div { (G + R)u} = ellu - Div(G.u)- Div(Ru) = 
= cllu - Div(G.u)- uDiv R- .R.Grad(u) = 0 

is equivalent to ellu - Div(G.u) = 0 because 

Div ( R) = w1 (<I>( x, y) ). { <I>x( x, y ).p1 ( x, y) + <I>y( x, y ).p2( x, y)} + 
+w(<I>(x,y)).Div(P) = 0 

and we have R 1- Grad(u). 

COROLLARY 1. Let f be a stable Morse function and suppose 
J exp(! /c) < oo. Then the system ± = fx - w(f)fy, y = fy + w(f)fx is 
Zeeman stable for every function w E C 1. 

PROOF . It follows from the Morse stability of u(x, y) = N exp(! /e). 

4. Examples 

a) In the system ± = -x + y(x2 + y2), y = -y - x(x2 + y2) we can 
take <I>(x, y) = -(x2 + y2)/2 and w(r) = r. Then the steady state of the 
corresponding Fokker-Planck equation with c-diffution is u( x, y) = N exp( -
-(x2 + y2)/2c). This system is structurally stable and Zeeman stable. 

b) Consider the system±= -2x(l + x2)y2, y = 2y(y2 - l)x2. It has 
a steady state for its FPE with €-diffusion u(x, y) = N exp(-x2y2 /c). Its 
-ritical points cover the coordinate axes x = 0 and y = 0, hence they are 
degenerate, thus, they are neither structurally nor Zeeman stable. The 
following examples have applications in population dynamics. 

c) The Kolmogorov system ± = x(l - y 2), y = -y(x2 - 1) has only 
one rest point which is hyperbolic, so that it is structurally stable but 
isn't Zeeman stable because the steady state attached is u( x, y) = N · 
·exp( -x2y2 /2c ). 

d) Consider :i: = x(y2 - (1 + x2y4), y = y(x2 + 1 - x4y3). The corre­
sponding steady state u(x,y) = Nexp(-(x2y2 -1)2/4c) is not a Morse 
function, thus the system is not Zeeman stable but structurally stable. 
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e) The following system which is defined on the torus: ± = cos(x) + 
+ sin(y ), y = - sin(y-) +cos( x) is structurally stable but not Zeeman stable 
because the steady state has the same critical value in the two saddle 
points. In Figures a) and b) the phase portraits are showed for the original 
system and for the system associated to Grad(exp([sin(x) + cos(y)]/e:)). 
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Let n EN+, n c IRn be a bounded domain with a smooth bou~dary 
and L the following symmetric second order linear differential operator 

n 

Lu := L 8;(a;j8ju)+du, 
i,j=l 

where a;j E C1(f2) , aij = aji , i , j = 1, .. . , n; d E C(n), d::; 0 and suppose 
that Lis uniformly elliptic in n. Let Q := (0, +oo) x n, r := [O, +oo) x an, 
n0 := {O} x n. 

Let us denote the eigenvalues of the ho~ogeneous eigenvalue problem 
with homogeneous Dirichlet boundary condition 

{ 

Lw + >.w = 0 in n 
(1) wj = 0 

an 
by >.b k E N+ (numbered in such a way that they form a monotone 
nondecreasing sequence) and the corresponding eigenfunctions by wk . >.1 
is called the principal eigenvalue of (1). 

Consider the following generalized initial-boundary value problem 

l 
8ou - Lu = 0 in Q 

ujr = o. 

ulno = <P 

(2) 

where cp(O,x) := cp(x) for x En with a given <p E L2(n). Let ~bk EN+ be 
defined by 

00 

<p=L~kwk inn. 
k=l 
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Under the previous assumptions there exists a unique solution u E 
H 0•1( Q) of (2) which can be written in the form of a series (it is convergent 
in the norm of HO,l(Q)): 

(3) 
00 

u(t,x) = L~ke-..\ktwk(x) for (t,x)E Q. 
k=l 

Let 1 := 1 + (2], and suppose that n has an 1 times continuously 
differentiable boundary if n > 1 j if n = 1 then let 1 : = 2 and n be a finite open 
interval, aij E c1- 1(IT), d E c1- 2(IT). In tliis case- the eigenfunctions of L 

with the homogeneous Dirichlet boundary condition are continuous in n. 
Moreover, the solution of (2) given by the series (3) is C 1 in t due to 

the fact that there exist positive numbers C1 and C2 such that 

C1k2/n $ .\k $ C2k2/n for k EN+; 

and 

00 

(4) oou(t,x) = :- L ~k,\ke-..\ktwk(x) for (t,x) E Q 
k=l 

(for these results see e.g. SIMON and BADERKO [8]). 

Results of NARASIMHAN [7] and FRIEDMAN [4] show that the solution of 
. the associated classical initial-boundary value problem with homogeneous 
Dirichlet boundary condition tends to zero uniformly in n as t tends to 
infinity. 

We will examine the monotonicity with resepct to time of the solu­
tion of (2) . 

Under the given assumptions the principal eigenvalue of Lis simple and 
the corresponding eigenfunction w1 can be chosen as a positive function in 
0 (see KREIN and RUTMAN [6] and CHICCO [1]). 

THEOREM l. Let u be the (unique) solution of the initial-boundary 
value problem (2) with all the conditions given previously. Suppose that 
the first Fourier coefficient of <p is not equal to zero. Then for every x E n 
there exists a positive number T such that the function t 1-+ u(t,x), t > T 
is strictly decreasing if 6 > 0, and strictly increasing if 6 < 0. 

Furthermore, if K c n is compact then for x E K T can be chosen 
independently of x. 
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PROOF. Using (4) we have 

-A t ( -(A -A )t ~ -(A -A )t wk(x)) 8ou(t,x)=-e 1 w1(x) fr>.1+e 2 1 ~~k>.ke k 2 ·--
. k=2 w1(x) 

(5) for (t,x) E Q. 

According to Theorem 8.15 in GILBARG and TRUDINGER [5] the weak 
solution of the elliptic boundary value problem 

{ L~ = 0 inn 

wlan = 0 

is essentially bounded under our assumptions without the sign condition 
for d. The bound only depends on the dimension of the space, the volume 
of n, the uniform ellipticity constant of L and the essential suprema of the 
coefficients of L. Applying the proof of the above mentioned theorem to 
the eigenvalue problem (1) with d + >. instead of d, it is easy to see that the 
constant C in formula (8.36) in [5] is O(k 112). Hence, following the proof 
of formula (8.34) in the proof of Theorem 8.15 in [5], we actually prove the 
existence of positive numbers M, s E JR+ such that 

(6) esssupiwki $ Mk8, k EN+ 
n 

(for the detailed proof see Theorem 3 in the Appendix). 

Let x En be fixed. The series in (5) can be estimated as follows : 

(7) ~' >. e-(-\A:--\2)t. wk(x) < M1 ~ i' ii>. iv+le-(,\A:--\2)t 
L.J <,k k w (x) - w (x) L.J <,k k 
k=2 1 1 k=2 

1 
with v :=!sand M1 := M/cy. Estimating the function x >--+ xv+le-1xt by 
its maximum on JR.+, we obtain 

(8) i>.klv+le-1-\kt $ ~ 1 (? + 2)v+l 
· et 

Furthermore, there exist a positive integer ko and a positive real number 
r such that for every k > ko and for all t 2: r 

logk 
(9) >.k - 2>.2 > 0 and t > 2 >.k _ 

2
>.

2
. 

Thus estimating the first ko - 1 terms on the right-hand side of (7) by 
using >.k - >.2 > 0 and the remaining part by employing 

i>-A:iv+le-(AA:-A2)t = i>.kiv+le-!AA:te-!(AA;-2A2)t 
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and inequalities (8) and (9), we obtain fort 2: T and x En 

(10) f ~k,\ke- (,\k--\2)t. wk(x) ~ 
k=2 . w1(x) 

~WM~ (I: l~kll.\klv+l + (2ve~ 2)v+l f l~kl~) · 
1( ) k=2 k=ko+l 

The term in the right-hand side is independent oft thus the second term 
in the bracket in ( 5) tends to zero, hence for t large enough 

sign{8ou(t , x)} = sign{-~1..\i}. 

If K c n is compact then let 8 :=min{w1(x) : x EK}. Replacing w1(x) 
with 8 in the right hand-side of (10) shows that there exists an appropriate 
T independent of x. 

Theorem 1 is proved. 

COROLLARY 1 . Suppose that the conditions of Theorem 1 are fulfilled 
and suppose in addition that there exist positive numbers N and r such 
that 

(11 ) 

(i. e. I :~f =~I ~ N* .\1j/ for some N*, r* E JR+) . 

Then there exists an appropriate T independent of x , only depending 
on n. 

PROOF . The series in (5) can be estimated similarly to (7) : 

f ~k.\ke- (·\~-A2)t. Wk((x)) ~ N* f l ~k l l.\k(+le- ( A,.-A2)t , 
k=2 Wl. x k=2 

therefore an argument similar to the proof of Theorem 1 leads to a T 
independent of x . 

qorollary 1 is proved. 

REMARK 1. Condition (11) and the continuity of the eigenfunctions is 
true for the heat conduction equation defined in an n dimensional interval, 
hence the assertion of Corollary 1 is also valid . 

REMA RK 2. Let us denote the outward normal direction by v . Suppose 
that Wk E C 2(n) then 011w1 < 0 holds in an. (The condition is fulfilled if 
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we assume in addition that an E c1' aij E c1- 1(IT) and d E c1- 2(IT), where 

l := 3 + [2-) and l := 4 if n = 1). To ensure (11) we only need an estimate 
for the essential supremum of 011Wk on on similar to (6) for Wk in n. 

Now assume that the first Fourier coefficient of <p in the initial­
boundary value problem (2) is zero. Denote the first non-zero Fourier 
coefficient by ~p, p > 1. Further let the zeros of Wp be denoted by Zp. 

Let u be the (unique) solution of problem (2). . 
THEOREM 2. For every x E 0 there exists a T > 0 such that the function 

t.......,. u(t, x) is monotone on [T, +oo ). 

Assuming the eigenvalue Ap corresponding to the eigenfunction Wp to 
be simple and x E 0 \ Zp, T can be given such that the function t ~ u( t , x) 
is strictly monotone on [T, +oo ). H ~pwp( x) > 0 then the function is 
decreasing, and it is increasing if ~pwp( x) < 0. 

Moreover, if Ap is simple and K is a compact subset of a connected 
component of n \ Zp then a positive number T can be chosen for the 
whole K. 

PROOF. If wp(x) -f; 0 then using 8ou(t, x) = 

= -e-,\Ptwp(x) (~pAp + e-(Ap+1--Xp)t f ~k>.ke-(-X.t--Xp)t . wk(x)) 
k=p+l Wp(x) 

the statement can be proved similarly to Theorem 1. 
If either wp( x) = 0 or Ap is a multiple eigenvalue then the function 

t ~ u( t, x) is constant zero or its monotonicity can be proved similarly, 
factoring out e--Xqt for an appropriate q. 

Theorem 2 is proved. 

REMARK 3. n \ Zp only consists of a finite number of connected com­
ponents, which is the last proposition in CHICCO [l]. It is worth mentioning 
that Theorem 2 is also true for p = 1, so it is a generalization of Theorem 1. 

REMARK 4 . A whole connected comp~nent of n \ Zp cannot be taken 
in Theorem 2 instead of a compact subset of a component as the following 
example shows. Consider the one dimensional classical heat conduction 
equation 

(12) 
{

Bou -aru = o 
u(t,0) = u(t,7r) = 0 fort E JR.ti 
u(O,x) = sin2x -sin3x for x E (0,11") 

in (0,+oo) x (0,11") 
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The unique solution of (12) is 

u(t , x) = e-4t sin2x - e-:-9t sin3x, (t ,x) E JR+ x (0, 7r) . 
According to Theorem 2 for any 8 > 0 there exists T such that Bou( t, ::r) > 0, 
if t > T and x E ( ! + 8, 7r - 8) . However for every t E JR+ there exists 
xo E (!,7r) such that 8ou(t,xo) < 0. 

REMARK 5. For the heat conduction equation in the one dimensional 
case there are estimates for T given for the whole interval (see [3]) . 

REMARK 6. Several results are known for the monotonicity in time of 
the numerical solution of the one dimensional heat conduction problem. 
Certain conditions are given on the choice of the discretization parameters 
to ensure the monotonicity in time for the finite difference method in 
SAMARSKII [9] , for the finite element method in FARAGO [2]. 

Appendix 

Here we give a possible proof for formula (6), i.e. an upper bound 
for the essential supremum of the eigenfunctions wi: of (1) depending on 
k. This proof was obtained by supplementing the proof of Theorem 8.15 
in [5]. 

THEOREM 3. Let L be a uniformly elliptic operator with its principal 
part in divergence form OD a bounded domain n and Gij· d E L00 (q) . There 
exist positive numbers M, s E JR+ such that for the normed eigenfunctions 
wi: of (1) 
(13) esssuplwi:I $ Mk 5

, k EN+ 
n 

(i.e. esssuplwi:l$M*>.f forsomeM* , s*EJR+J. 
n 

PROOF . Let q be a real number satisfying q > n, further wt := 

= max{wi:,O}, w; := min{wi:,O} and di::= d+ Al:· 

For /3 ~ 1 and N E N+ define a function H on [O, +oo) by 

H(z) := { 
zfJ if z E [O,N] 

(3Nf3-l(z - N) + NfJ if z E (N, +oo) 
In the proof of Theorem 8.15 in [5] the existence of a positive constant C1 
is proved fulfilling the following inequality: 

llH o wt llL2n/(n-2)(f2) $ C11ldi:l1~~2 (fl ) ll(H' o wt)wtl lL2q/(q-2)(f2) ' 
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where n = n if n > 2 and n is between 2 and q for n = 2. C1 depends on n, 
the volume of the domain and the uniform ellipticity constant. 

Using 

lld + ,\k l1Lqf2(0) S lldllu/2(0) + ,\kvol(0)
2/q $ C2,\kvol(0)

2/q = C§,\k 

( C2 and C3 are appropriate constants) we have a modification of formula 
(8 .36) in [5]: 

llH owtllL2n/(n-2}(0) S C3,\k
12

il(H' owt)wtllL2q/(q-2)(0)" 

Proceeding as in the original proof we obtain a version of formula (8.37) 
in [5] as N ---+ +oo: 

llwtllv9xq*(O) S (C3/3)l/,8,\k/
2
,BllwtllLPq*(O} ' 

where q* := 2q/(q - 2) and x := n(q -2)/q(n - 2) > 1. The iteration of 
LP-norms (/3 = xm, m = 0,1,2, ... ) leads to the estimate 

M 

llwtllLxMq*(O) S IT (C3xm,\k
12

)X-mllwtl1Lq*(O) S C4,\~12 11wtl1Lq* (O }' 
m=O 

00 

oo 2: mx -m 
where (j := L: x-m and C4 := c3 xm=O Therefore by letting 

m=O 
M ---+ +oo we obtain 

ess~upwt S C4A~12 Jlwtlliq* (!J )" 
Further, by using the interpolation inequality (7.10) in [5] we have 

+ u(µ+l)/2 11 +II esssupwk S C5,\k wk £2(0}' 
o 

where µ is an appropriate constant only depending on q* ( C5 is also a 
constant). 

A similar inequality can be proved for wk , so we obtain (13). 
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Let e > 1 be an arbitrary real number, 0 :::; x < 1 and consider the 
greedy expansion of x: 

x1 x2 
x = e + e2 + ... 

where Xi are integers and Q '.S Xi< 8(i=1,2, .. . ). 
Denote De the set of digit sequences (Xi) of the greedy expansions of all 

x E [O, 1) furthermore denote Se the closure of De in the topology of N N. 
The convergence in this topology means that more and more coordinates 
become constant , hence (s1 , s2,. . . ) E Se if and only if for every n EN 
(natural number) there exists an element of De beginning with s 1, . .. , Sn. 

In this case the sequence s1, . . . , Sn itself is the greedy expansion of 
s1 Sn 

e + ... +-e <l, - -n 

hence 

(1) (Sn)f E Se<==? (s1,. .. ,sn) E De for every n EN. 

Denote de(l) the greedy expansion of 1. We have 

THEOREM l. If de(l) is infinite i.e. contains infinitely many nonzero 
digits, then Se consists of exactly the following elements 

1. all elements of De , 

2. de(l) , 
3. the sequences of the following form: take a finite sequence of De, 

diminish the last digit by 1, and c.hift de(l) such that it begins 
at the position after the diminished digit (in other words, the 
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sequences (y1 , ... ,Yk-liYk - l,t1,t2 , . .. ) if (y1, . .. , yk) E De and 
de(l) = (t1,t2, ... ) and Yk 2: 1. 

H de(l) is finite, de(l) = (ti, ... , tr) then let 

de(l)=(t1, ... ,tr-1,tr-1t 

and the same statements holds if we change de(l) by de(l): 

THEOREM 2. H de(l) is finite then Se consists of exactly the following 
sequences 

1. all elements of De, 

2. de(l ), 

3. all sequences (y1 , ... ,Yk-l,Yk-l,(t1, ... ,tr-l,tr-l)w) where 
(y1, ... , Yk) E De and Yk 2: l. 

In particular; de(l) rt. Se in this case. 

PROOF OF THEOREM 1. a) The indicated sequences belong to Se. To 
see this, use (1 ). It is clear for the elements of De and also for de(l ). 
Take a greedy expansion 

(1) Yl Yk 
y= e + ... +-k " e 

then 
Yl Yk-1 Yk-1 ti t2 

y= e + ... + ek-1 +er-+ ek+1 + ek+2 + ... =y. 

The first N digits will belong to De. Indeed, the corresponding sum is 
< y < 1 and ask for the first digit which is not the largest possible. If we 
increase first one of the first k - 1-th digit, the sum will be greater than y 
because (1) is greedy. The k-th digit can not be increased since our sum 
is < y which contradicts to (1 ). On the other hand 

t1 ts 
ek+l + ... + ek+s 

is a greedy expansion, hence the later digits can not be increased as well. 

b1) If (sn) E Se and ~ + ~ + ... < 1 is not greedy, then 

(2) (sn) = (s1, . .. ,sk-1,skit1,t2, ... ) for some k and 

( s1, ... , sk-1 • sk+l) is greedy. 

Indeed, since (Sn) is not greedy, there is a first index k where s k can 
be increased. Since s k can not be increased in the greedy expansions 
~ + ... + ~, N 2: k, i.e. 

s1 sk-1 sk+l s1 SN 
e + ... + ek-1 + ek > e + ... + eN'vN, 
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the only possibility is that sk can be increased by 1 and 

s1 Sk-1 Sk + 1 s1 Sk-1 Sk Sk+l 
e + . . . + ek-1 + ek = e + .. . + .ek-1 + ek + ek+1 + ... 

where the left hand side is greedy. Since ( s 1, .. . , s N) is greedy for every N, 
it follows that 

1 _ sk+l + 8k+2 + 
- e e2 ··· 

is greedy, i.e. sk+l =t1,sk+2=t2 , ... . 
00 

b2) If (sn) E Se and '£ sn/en = 1, then (sn) = (tn) = de(l) . Indeed, 
1 

suppose indirectly that ( sn) is not greedy i.e. that there exists a first k 
with 

(3) 
si sk-1 sk+l 

e 
+ . . . +-k-1+-k-~ 1 - e e 

and then (3) is greedy, consequently we have< 1 (strong inequality) in (3). 
00 

Since ~sn/en = 1, then there exists N with 
1 

00 
s 1 sk-1 sk + 1 L Sn 

e + ... +-k i+-k-< -e - e - e .n 
1 

00 

which contradicts to the fact that ~ sn/en is greedy. Theorem 1 is 
1 

proved. D 

PROOF OF THEOREM 2. a) The indicated sequences belong to Se. 
Consider first (sn ) = de(l). We have to prove that (s1, ... ,sN) E De for 

every N. The first r - 1 digits can not be increased since 1 =~+ . .. +/fr 
is greedy; the r-th digit can not be increased since 

s 1 SN ti tr 

e
+ ... +-N<l=e+ . . . +-e. - e - - r 

Now sr+i =Si, hence .we see by induction on N that (s1, . .. , sN) E De 
indeed. Next consider a sequence 

(sn) = (y1, · · ·, Yk - 1,Yk -1,(ti, . · · ,tr-1' tr - l)w) 

with some (y1 , . . . , yk) E D9. From 
00 00 

l:sn/en < ~ + ... + ~~ = l:sn/en 
1 1 
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we get that the first k digits in ( s1 , ... , s N) can not be increased. Hence 
we arrive to the statement (already proved) that the finite sequences cut 
from df>(l) are greedy. 

00 

bi) If (sn) E Se and "£sn/en = 1 then (sn) = de(l). Indeed, since 
1 

de(l) is finite, by(*) (sn) f de(l) hence is not greedy. Let k be the first 
digit for which 

s1 sk-1 sk+l 
e + ... +-k-1+-k-::; 1 - e e 

Since ( s1, ... , s N) is greedy, hence 

N 
si sk-1 sk + 1 L n 
e + ... +-k 1 +--k- > sn/e ,Vn - e - e 

1 

and then ~ + ... + ~t_11 + 
8~1 1 

= 1 which is greedy. Consequently k = r 

and s1 =ti, .. . , sr =tr -1. From here we get (sr+1,sr+2,. .. ) E Se and 
00 

"£sr+n/en = 1, so we get repeating the argument that (sn) = d€,(l). 
1 

00 

b2) If (sn) E Se is not greedy and "£.sn/en < 1 then 
1 

(sn) = (y1,. .. ,Yk-l,Yk- l,(t1, ... , tr-l,tr- l)w) 

with some (y1 1 ... ,yk) E De. Indeed, let k be the first digit with 
00 

s1 sk-1 sk + 1 "'"""' n 
e+ ... +ek-1+ ek ~L.,sn/0(<1). 

1 

(4) 

00 

Since (s1 1 .. . ,sN) is greedy, TJ-+ ... + ~t-\ + 
8~1 1 > "£.sn/en, hence in (4) 

1 
equality holds and on the left we have a greedy expansion; we denote YI = 

00 

= s1,. .. , Yk-1 = sk-1 ,and Yk = sk + 1. From ( 4) we get that 1 = "£ sk+n/en 
1 

and all finite sequences (sk+1 1 ... ,sk+N) belong to De . From bi) we get 
that (sk+n) = d€,(1). Theorem 2 is proved. D 
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1. Introduction 

The gradient method is commonly used for the approximate solution 
of linear functional equations. KANTOROVICH, L. V. proved (see [1] and 
[2], Ch. XV.) that if we have an equation Ax= yin a Hilbert space H with 
a bounded self-adjoint operator A E :£(H) having bounds 0 < m < M < oo, 
the method yields a sequence of approximations converging to the solution 
with the speed of the geometric sequence. In this paper the method is 
extended to the case of unbounded linear operators which are symmetric 
and have a lower bound m > O; the result for the speed of convergence 
remains similar to the bounded case. Finally some applications are shown. 

2. The method in a Hilbert space 

Let us consider the equation Ax= y (y E R(.4)) with a densely defined 
symmetric operator A. in a Hilbert space H having a positive lower bound 
mo (this also implies that the solution is unique.) We introduce another 
injective operator B and determine a new Hilbert space on which B-1 A 
will prove to be the restriction of a bounded operator. 

Therefore let B be a symmetric operator in H with the following 
properties: 

(1) D(B) = D(A), R(B) c R(A) 

(2) there exist M > m > 0 such that for every x E D(B) 

m(Bx,x) ~ (Ax ,x) ~ M(Bx,x). 

This operator also has a positive lower bound p = mo/M. 
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There always exists such a B, e.g. A itself would do. As a third 
property of B , we also expect the equations of the kind Bx = y to be 
much easier to solve - without iteration, possibly with a formula - than 
Ax = y. The existence of such operators is proved in some special cases 
(see the applications in section 3). 

THEOREM l. For an arbitrary symmetric operator B in H with prop­
erties (1) and (2) there exists a Hilbert space Ha (containing D(B) as 
a subspace in vector space sense) and a bounded, positively definite and 
self-adjoint operator CE :B(H B) such that CID(B) = B-1 A. 

PROOF. For x,y E D(B) let [x,y] := (Bx,y). The corresponding norm 
is denoted by lxl. The symmetricity and the positive lower bound of B 
imply the scalar product properties for [ , ] and also the inequality 

(3) lxl 2'. JPllxll 
between the two norms. Hence a Cauchy sequence in the new norm is a 
Cauchy sequence in the original norm as well, therefore it converges to an 
element of H . Thus the completion of the space (D(B), I I) can obviously 
be given as 

Ha:=(xEH: there exists a Cauchy sequence (xn)CD(B) in the norm I 
which converges to x in the n8rm II II·) 

In addition, inequality (3) can be extended from D(B) to Hs . 
Now let us consider the bilinear form (x, y) i--+ (Ax, y) on D(B) x D(B ). 

Using the Cauchy-Schwarz inequality for this form thought of as a scalar 
product and property (2) of B, we receive l(Ax,y)I :S MlxllYI, that is, this 
bilinear form is continuous with respect to the I I norm topology. It can 
be easily extended to a form i.p: Hs x Hsi--+ C which remains continuous 
with the same bound: ji.p(x,y)j :S MlxllYI· 

. Therefore we may apply the lliesz representation theorem in order to 
obtain a bounded linear operator C : H B i--+ H B so that for every x, y E H B 
i.p(x,y) = [Cx,y] is valid. This operator has useful properties: since i.p was 
generated by A on D(B) and defined by continuous extension on Hs, C 
inherits the symmetricity of A, which means that it is even self-adjoint, 
being defined on the whole space HB. Furthermore, relation (2) between 
A and B is equivalent to 

(4) mlxl2 :S [Cx,x] :S Mlxl2 

for any x E D(B) and, owing to the continuity of C, for every x E Hs as 
well. This means 

(5) m ::; me ::; Mc :S M for the bounds me and Mc of C. 
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Now it is left to prove that C is the extension of B- 1 A (the latter 
makes sense because of the assumption R(B) C R(A)) . By definition, for 
every x, y E D(B) 

[Cx, y] = cp(x,y) =(Ax, y) = (BB-1 Ax, y) = [B- 1 Ax, y], 

which, as D(B) is dense in Hs, means that 

Cx = B-1 Ax (x E D(B)). 

The theorem is proved. 

Having received the bounded extension of B-1 A, we can now turn 
to the way in which the gradient method can be used. Owing to (6) we 
can write the equation Ax= y in the form BCx = y. Now first we solve 
Bz = y, which was supposed to be easy (y E R(B) follows from y E R(A) 
and R(A) C R(B)), then, having got z, we have to find the solution of 
Cx = z. Inequalities (4) and (5) show that C is just of the type on Hs for 
which the gradient method for bounded operators can be used in order to 
solve equations of the kind Cx = z (see [2], Ch. XV. 1.2-3). The iteration 
in this setting will be as follows: beginning with xo E D(B) and supposing 
to have found Xn-1, 

(7) 

(8) 

(9) 

Xn := Xn-1 + tnZn with 

Zn:= -(Cxn-1 - z) and 

·- lznl
2 

tn .- [ ]' Czn,Zn 
The sequence (xn) tends to the solution x* with the speed given by the 
estimate 

(10) * 1 [Mc-mc]n lxn - x I :S -!Cxo - zl me Mc+mc 
However, these formulae are not really useful in this form since they contain 
the new norm and the hardly determinable operator C together with its 
unknown bounds. We now get round this inconvenience. 

The sequence (xn) remains in D(B{= supposing Xn-1 E D(B), Cxn-1 = 
= B-1 Axn-1 implies Cxn-1 E R(B- ) = D(B), hence z E D(B) implies 
Zn E D(B); this leads to Xn E D(B). 

This allows us to express the formulae of the iteration with the help 
of the original operators and scalar product. First, since Zn E D(B) , B 
can be applied to (8), thus Bzn = BCxn-1 - Bz = Axn-1 -y =: Wn . This 
means that the equation 

Bzn = Wn 
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has to be solved in each step (an easy task by assumption). 
tn will be of the form 

lznl2 (Bzn,Zn) (Bzn ,Zn) 
tn := = = 

[Czn,zn] (BCzn,Zn) {Azn,zn}. 

The constant 

We still have to see that the convergence can also be expressed with 
the help of the original norm. 

THEOREM 2. Let xo E D(B) and Xn := Xn-1 + tnzn, supposed that Zn 

is the solution of the equation Bzn = Axn-1 - y and tn := ~::::: . Then 

(11) llx* _ xnll S jjAxo -Yll [M - m] n 
mp M+m 

PROOF. Inequality (10) has to be used. For the left hand side 

llx* - xnll S ~Ix* - xnl is valid, since x* - Xn E D(A) = D(B). Thus 

we have to give an upper estimate for the right hand side. 

First, jCxo - zl 2 = IB- 1(Axo -y)j 2 = (Axo -y, B- 1(Axo -y)) S llB-1 11 
llAxo -yjj 2, and here we have llB-1 IJ S ~from (Bx,x} ~pJJxJl 2 for x E D(B) . 

Hence JCxo- zl S ~JJAxo -yJJ. On the other hand, m S me S Mc SM 

implies that [ %g~~g] n S [ M +:] n. These estimates lead directly to the 

desired inequality. 

REMARK. At the beginning of this section we assumed that y E R(A). 
This can be omitted if we use Friedrichs's theorem (see [3]): every sym­
metric operator S in H with a positive lower bound has a self-adjoint 
extension S, also with a positive lower bound, for which D(S) C Hs (a 
space constructed similarly to H B) and R( S) = H. Applying this theorem 
to A, we see that for arbitrary y E H the equation Ax = y always has a 

generalized solution, i.e. x E D(A) with Ax= y. If we restrict ourselves 
to y E R(B) then the sequence (xn) will remain in D(B) just like before 
(the arguments used there remain valid), but this result will be lost if an 
arbitrary y E H is allowed. Then at the n-th step of the iteration we only 
have a generalized solution for Bzn = Axn-1 -y (considering the Friedrichs 
extension i3 of B). In this case it can be seen that (xn) remains in D(B). 

3. Some applications to differential equations 

The extension of the gradient method to unbounded operators enables 
us to apply it to some types of symmetric differential equations. We show in 
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this section that in the case of second order ordinary and elliptic equations 
there exists an appropriate operator B of the kind required in the abstract 
setting. 

a) Ordinary ca3e. 

Let I:= [a, b] C JR and let p and q be real-valued functions in C1(I) 
and C(I), respectively, with p(x) ~ m > 0 and q(x) ~ 0 for x EI. Define 
Las the following differential operator of Sturm form: D(L) := C6(I) := 

= {y E C2(I): y(a) = y(b) = O} c L2(I) and Ly:= -(py')' + qy. Then Lis 
a densely defined operator in £ 2(1), it is symmetric and the lower bounds 
for p and q imply a positive lower bound for L. (To see this, we can 
use the following formulae: integrating by parts and using the boundary 
conditions, we get 

b b 

(12) j(Ly)y= j(PIY1
1
2 +qlyl 2

). 

a a 

Further, for y E C1(I) with y(a) = y(b) = 0, hence in D(L) too 

b ') b f 1Yl2~(b:a)~f 1 y' j2 (13) 

a a 

11" 

is valid, which is easily proved from the inequality o~f IY' ( x )-y( x )ctgxj2dx 
0 

and integration by parts.) 

Besides , it is known that for every f E C(I) the equation Ly= f has 
a solution in D(L) , so C(I) C R(L); this means (with R(L ) C C(I), which 
is obvious) that R(L ) = C(I). 

The solution of Ly = J is always unique owing to the positive lower 
bound of L. Wishing to use the gradient method for determining y, we 
introduce By := -y" with D(B) := D(L). 

The operator B is also of the type of L with p = 1 and q = 0, therefore it 
is symmetric and R(B) = R(L) = C(I) ; these facts mean that only property 
(2) for B is left to be proved. 

Applied to the operator B , equation (12) means 

b b 

(14) J (By)y = J lv'l 2. 
a z 
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Using this together with (12) and (13) and letting M := maxp + b-;a maxq, 
I I 

we have m(By, y) ~ (Ly,y) ~ M(By,y ), which means that Bis of the 
desired type indeed. 

The nth step of the iteration is Yn = Yn-l + tnzn, where Zn is the 
solution of Bzn = gn := LYn-1 - f (the smoothness assumptions for f and 
the coefficients of L imply that gn E C (I)). Thus our task is to solve 
-z~ = gn in cg(I), which is easily done by the formula 

x t b t 

zn(x)=-f fgn+~=:J fgn. 
a a a a 

Finally, supposed we started from YO ::: 0, (10) now means 

[
M-m]n 

llYn -y*Jlr2(1) ~ c M + m 

llJllL2 (/) 
with c := mir (b- a)M, using the fact that in this case p = mo/M = 

=mrr/(b-a)M. 

b) Elliptic case 

Let 0 < a < 1 and let n c l!r be a bounded domain with a boundary 
on c C 2·a (that is, the 2nd partial derivatives are Lipschitz-a-continuous). 
Now our operator will be (densely) defined as 

and 

D(A) := (u E C 2•a(IT): u1an = 0) 

n 

Au := - L Oi(aijOju)+qu, 
i,j=l 

where aij E C 1·a(IT), aij = aji (i , j = 1, . .. 'n) and the operator is uniformly 
elliptic: 

n n n 

m L lzil 2 ~I L aij(x)ZiZjl ~ m'I: lzil 2 
(x En, z E en) 

i=l i,j=l i=l 

with some m, m 1 > O; finally, let q E Lipa(IT) and q 2: 0. Then D(A) is dense 
in L 2(n); further, A is symmetric and has m as a positive lower bound. 

The reason for always assuming Lipschitz-a property on 0 instead of 
simple continuity on n is that analogue of the existence theorem in the 
ordinary case does not hold , i.e. the equation Au= f with f E C(O) (and 
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coefficients of A. in C 1(0) and C(O)) cannot always be solved in C 2(0). 
However, we have a similar theorem with f E Lipa-( IT) and with our stronger 
assumptions for the coefficients of A which yields a solution in C 2•a(n) (see 
MIRANDA, C. [4]). This solution is unique, since A is injective. 

REMARK. For n = 2, n = S(O, 1) and a diagonal matrix [aij] (that is , 

for an operator of the form -81 (a81 u) - 0i(b0iu) + qu with a, b E C 1(0) 
with positive lower bounds on 0, q E C(O)) KANTOROVICH, L. V. and 
AKILOV, G. P. [2] reduce the problem to the bounded case, using the fact 
that in this case 6.- 1 A is bounded, self-adjoint and has a positive lower 
bound on the space H6(0). Now we apply the modified method to an 
arbitrary uniformly elliptic operator. 

The role of Bis played by Bu=: -~u with the domain D(B) := D(A). 
Similarly to the ordinary case, B is the special case of the type of A 
([aij] =I, q:: 0), thus it is symmetric and has a positive lower bound. 
To prove property (2), we use the following formulae: 

(consequences of the homogeneous boundary conditions), and 
n J lul2 :::; q J ?= l8iul 2 

n n i=l 

with q > 0 (see [5], Ch.11. §A). Then uniform ellipticity and q::::: 0 imply 
m(Bu,u) :::; (Au, u) :::; M(Bu,u) with M := K + qm~q. Thus we are 

allowed to use our method since the conditions for the domains and ranges 
of A and B are fulfilled, the first by definition, the latter because of the 
theorem quoted after defining A, implying R(A.) = R(B) = Lipa(n) (for 
this we also need the fact that R(A) C Lipa(IT), which is obvious from the 
smoothness of the coefficients). 

In order to determine Un:= Un-I - tnzn, we now need to solve -~Zn= 
= 9n :=Aun - f in C 2·0'(f2) with the boundary condition Znjon = 0. 

The smoothness assumptions for f and the coefficients of A imply that 
9n E Lipa(IT). The solution can be given by an integral formula if the Green 
function is known for n, e.g. in the case of a ball or a rectangular domain 
etc. The solution can be simplified further (avoiding the use of Green 
functions) if the coefficients are functions of special form. For polynomial 
coefficients, KANTOROVICH and AKILOV (see [2], Ch. XV.) show an easy 



158 J . KARATSON 

method by looking for the solution of D.p = q in S(0, 1) C JR.2 in the form 
p(x, y) := (x2 + y2 - l)r(x , y) with grr = grq . 

The estimate for the speed of convergence (starting again from uo :=: 0) 
IS 

[
M -m] n 

Jlun - u*Jl£2 (f2):::; c M + m 

. llf!i L2 (0) . 
with c := 2 qM, usmg that now p = mo/M = m/qM. 

m 

REMARK. Similar considerations show the applicability of the method 
for higher order symmetric equations both in the ordinary and elliptic case, 
namely, for the following types: 

a) a 2n-th order ordinary equation of the form 
n 

Ly:= L(-l)k(aky(k))(k) = f 
k=O 

on I := [a, b] with D(L) := {y E C(2n)(J) : yU)(a) = yUl(b) = O for j = 

= 0, 1, .. . , n - 1} , f E C(I) and coefficients ak E c(k)(I) , ak 2 0 ( k = 
= 0, 1, . . . , n -1) and an 2 m > 0. Now a suitable operator B can be defined 
by D(B) := D(L) and By:= (-lry(2n) for y E D(B), bearing in mind that 

Ly= f can be solved in C(2n)(J) for any f E C(J), including the case L = B . 
b) a 2n-th order elliptic equation of the form 

n 

Au:= L(-l)k L 8a(aCt13813u) = f 
k=O ioi=l/Jl=k 

in a bounded domain n C JRN with an C c2n ,v (0<v<1) , defining D(A) := 

= {u E C2n• 11(0): 80 u1an = 0 for multiindices )a):::; n-1} and supposing 

L a0 13xax13?.0 (k=O,l , ... ,n-1) 

iol=l/Jl=k 
and 

L a0 13xax13 ?. m L )x0 )
2 (m > 0) 

iol=l/Jl=n letl=n 

for every array x E c[nk] := cnxnx ... xn ; further , we suppose that a
0

13 E 

E Ck•11(0) ()a) = [,B) = k; k = 0, 1, .. . , n) and f E Lip 11 (f2). In this case 
Bu := (-l)nD.nu (u E D(B) := D(A)) will be suitable. In order to assure 
the existence of a solution u E c 2n·11(f2) and the solvability of D. nu= gn in 
each step of the iteration, we may refer to [6], 12.l. 
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A famous two-function minimax theorem is the Nikaido-Isoda one, 
connected with classical convexity. M. HORVATH asked, whether this 
theorem remains valid for KY FAN concave functions or not, and negative 
answer is given in [5]. After we have constructed a counterexample from 
C00-functions with M. HORVATH in [3] and I remarked that if the x3 in 
the Ky Fan concavity depends "regularly" on the parameters x 1, x2 and >. 
then the answer is positive. Namely, let 7/J : [O, 1] x [O, 1] be a contraction 
in the sense that for some 0 < c < 1 

THEOREM 1. Let f : [O, 1] x [O, 1] -t JR be continuous and suppose 
that f(1/;(x1 ,x2),y) ~0.5o[f(x1,y)+ f(x2,y)] for all x1,x2,yE [0,1]. Then 
there exists x* E [0,1] with f(x* ,x*) ~ f(z ,x*) for all z E [0,1] . 

The proof given below uses only Banach fixed point theorem, valid in 
any complete metric space, so very general Nikaido-Isoda type theorems 
can be obtained in this way. 

PROOF. For x1 = x2 = x we obtain from our assumption f(1/;(x , x ), y) ~ 
~ f ( x, y) and hence if B : x -t 1/J( x, x ), then Bn x tends to the same x*, 
starting from any x, further f(Bnx,y) / f(x*,y), consequently f(x,y) :S 
:::::; f(x*, y)Vx , y. This is more than what we need, namely, our statement 
follows in the special case of y = x* (with z = x). 0 

In the next part of this paper we prove some minimax theorems for two 
functions. These studies were motivated by the nice result of IRLE [4] and 
by the interesting, stimulating papers [11-13] of S . SIMONS . The author 
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wishes to thank Professor S. SIMONS for sending him his new unpublished 
and published papers. 

Let ei : R2 
-t R (R denotes the real line, i = 1,2) be any continuous 

functions such that 

(1) 
(2) 

(3) 

x < y =>x < ei(x,y) < y, x < ei(y,x) < y 

x = y =>x = y = ei(x,y), 

for any aij ER (i,j = 1,2) 

e2 (e1 (all, ai2), e1 ( a21, a22)) 2 l?l (e2( au, a21), e2( a12, a22)) 

hold. First we prove 

THEOREM 2. Let X, Y be any non-empty sets (without any topol­
ogy!), f,g Xx Y -t R any functions defined on Xx Y such that 

( 4) f ~ g on X x Y, f is bounded 

(5) f is e2 - convex on Y, i.e. Vy1 , Y2 E Y3y3 E Y: 

f(x,y3) ~ e2(f(x,y1),J(x,y2))Vx EX, 

(6) g is e1 - concave on X, i.e. Vx1,x2 E X3x3 EX: 

g(x3,y) 2'. e1(g(x1,y),g(x2,y))Vy E Y. 

(7) Xi2'.x~=>ei(x1,x2)2'.ei(x1

1 ,x2) (i=l ,2) i.e. e1 and e2 are monotone. 

Then for any finite set H C X we have 

(8) infsupf(x,y) ~ supinfg(x,y). 
Y H X Y 

The concept of "averaging functions" was introduced in [4]. For special 
e1 and e2 Theorem 2 was proved in the earlier papers [6-9] and their proof 
works also in the present general case. 

PROOF. We need a series of lemmas. Denote :J = :J(X, R) the set of 
all functions f : X -t R defined on Rand let lfl := sup{lf(x)I: x EX}. 
Z C :J is said to be e - convex with respect to some e : R2 

-t R if 
f, g E Z => e(f,g) E Z (e(f,g)(x) := e(f(x),g(x))). Denote Coe(Z) the 
e-convex hull of any z c ;} , i.e. the intersection of all e-convex sets 
containing Z (which is e-convex). 

LEMMA 1. If Z is any bounded e-convex set in :J and e is any contin­
uous R 2 

-t R function, then Z (the closure of Z) is also e-convex. 

PROOF OF LEMMA 1. Let f,g E Z => 3fn,9n E Z: fn -t f , 9n -t g 
uniformly on X. The boundedness of Z means that 3C E R: If I ~ C 
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\ff E Z hence VJ E Z: lfl ~ C . Consider the closed ball S(O,C) in R2 

centered at 0 and of radius C. Because (we assumed) fl : R2 --+ R is 
continuous, hence.(} I S(O, C) is uniformly continuous, i.e. 

{ }
1/ 2 

v c: > o 3 8 > o : ( x - u) 2 + ( y - v) 2 < 8 :::} I fl( x, y) - fl( u, v) I < c: . 

Because fn--+ f, 9n--+ g uniformly, hence 

3T : lfn-fl<8/vf2, lgn-gl<8/vf2 ifn>T, 

consequently 

[Un(x )- f(x ))2 + (gn (x)- g( x) )2] 
112 

< 8 :::} lfl(fn(x) ,gn (x )) ­

-fl(J(x),g(x))I < c (x Ex, n > T) i.e. lflUn ,9n)- fl(f,g )I - o. 
But thus fn,9n E Z:::} fl(fn,gn) E Z:::} fl(f,g) E Z. D 

For the Proof of Theorem 2 we use induction in the cardinality of H . 
If H has 1 element, then (8) is true; suppose we know (8) for any H with 
IHI < n and prove it for the case when IHI= n . Suppose indirectly that 

(9) o:>f3 

where a:= infsupf, /3 := supinfg, denote H := {x1 1 • • • ,xn}, 
Y H X Y 

Z ·-.-

={(z1 1 •• • ,zn)ERn: 3y, Zi=f(xi ,y), i=l, . . . ,n}. 

LEMMA 2. For any z E Cofl2(Z)3i : Zi ~a. 

PROOF OF LEMMA 2. Denote Zo := Z , Zi+l := {e2(z' , z11
) : z1

, z11 E 
00 

E Zi} . Obviously, Zo c Z1 .. . and Cofl2(Z) = LJZi. Hence it is enough to 
0 

prove Lemma 2 for every Zi· To this, it is enough to show that 

(10) \fz E Zn3v E Z : v ~ z (i .e. Vi~ Zi for i = 1, . . . ,n). 

We use induction in n. The statement is true for n = 1 i.e. for Z1 , because 
z E Z1 => z = fl2(z1 , z2); z1 ,z2 E Z 

According to (5) for Yl, Y23y3: f(xi, y3) ~ fl2(J(xi, YI), f(xi , Y2)) (1 ~ i ~ n ), 
i.e. for z3 = (J(x1 1 y3), . .. ,f(xn,Y3)) we have z3 ~ e2(z1,z2) => z3 ~ z . 

Now suppose our statement (10) is valid for Zn and prove it for Zn+l · 
Let z E Zn+l · Then z = e2(z1, z2) and z1, z2 E Zn. The induction hypothesis 
implies: there exists zi , z2 E Z with zi ~ z1 , z2 ~ z2, and hence by (7) 
z = e2(z1,z2) ~ fl2(zi,z:n ~ z3 for some z3 E Z. The second inequality is 
true because zi, z2 E Zand we know the statement for Z1 (e2(zi, z2) E Z1 ). 
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Thus we have proved the property (10). For any v E Z3i : Vi ::;:: a, 
because if Vi< a for every i, then Vi= f(xi,y*) <a for some Y* and then 
a= inf supf(x, y) < supf(x, y*) <a which is a contradiction. Thus for any 

Y H H 
v E Z3i: Vi 2: a. But we know that Vz E Zn3v E Z: v ~ z, hence Vz E Zn3i : 

00 

Zi 2: a. Taking into account Cog2(Z) = LJZn, Lemma 2 follows. 0 
0 

REMARK. Taking limits we immediately obtain that 

(11) Vv E Coe2(Z)3i : Vi::;:: a. 

LEMMA 3. Coe2(Z) is bounded. 

PROOF OF LEMMA 3. By ( 4) Z is bounded, hence 3c ER: z E Z =? lzi < 
< c, hence lzil < c for every i, so e2(zp),z}2)) < cVi. Thus we have Vi< c 
for every v E Z1 . We can obtain the same for Z2, Z3, ... by induction. Thus 

00 

vE Zj =?Vi< cfor every i, so Jvl:::;: ...fii,c hence any element of Cog2(Z) = LJZj 
1 

is smaller than foe and Lemma 3 is proved. 0 

Until now we have proved: 

(12) K := Coe2(Z) is compact, e2-convex and Vz E K3i : Zi::;:: a. 

Denote hi : K-+ R the i-th projection, i.e. hi(z) := Zi for any z EK. Let 

LEMMA 4. We have for every h E L 

(13) in(h(z) :S: (3. 
zEl\. 

PROOF OF LEMMA 4. {13) is fulfilled for hi, 1 ~ i ~ n because f3 = 
=sup inf g by definition, so Vxi EX: inf g(xi, y) ~ f3 but because of f(xi, y) ~ 

x y y 
00 

~ g(xi,Y) we have inf hi(z) ~ inf f(xi,y). Coe1({h1, ... ,hn}) = LJLn, 
zEK yEY O 

where Lo:= {h1, . .. ,hn } and Li+l := {e1(h1,h") : h' ,h" E Li}. Now we 
show that Vh E Lk3x1 EX : h(z):::;: g(x1,y), where y corresponds to z. 
Use induction in k. For k = 1 this is true, because in this case h(z) = 
= e1(h1(z),hj(z)) = e1(f(xi,y),f(xj,Y)) :S: e1(g(xi,y),g(xj,y)) :S: g(x',y). 
The first inequality follows from the monotonity of Ul (see (7)) and the sec­
ond one from the e1 -concavity of g ( x' corresponds to Xi and x j ). Suppose 
we know the statement for k and prove it for k + 1. So let h E L k+ l · h( z) = 
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= e1 ( h' ( z ), h" ( z) ), where h1
, h11 E Ln. It follows from the induction hypoth­

esis that 

3x1,x11 EX: h1(z) $ g(z1,y), h11 (z) $ g(x 11 ,y) 

h11(z):::; e1(h1(z) ,h11 (z)) :::; e1(g(x1,y),g(x11 ,y)) 

because of the monotonity of e1. 

Because g is u1-concave and e1 is monotone increasing, for x1
, x" E 

E X3xm: 

g(x"',y) 2: e1(g(x1,y),g(x11 ,y))Vy E Y 
and 

h(z):::; e1(g(x1,y),g(x11 ,y)) $ g(x111 ,y), 

whence 

\:/h E Ln3x* EX : h(z) $ g(x*,y), 

where y corresponds to z. Consequently, for any 
00 

h E LJLn = Coe1({h1, .. .,hn})3x* EX : h(z) $ g(x*,y) 
1 

and hence inf h(z) $ inf g(x*, y). Now let h E Cogi{h1, ... , hn} =: L be 
xEK yEY 

arbitrary. Then 3h(n) E L : h(n) -+ h in norm. Suppose indirectly that 

7 := inf h(z) = minh(z) > /3. Then 7 > /3 + e: with e: = ~· Because 
rEK rEK 

h(n)-+ h uniformly, hence 3N: for every n > N we have sup jh - h(n)I < 2· 
But because of h > /3 + e: we have h(n)(z) > /3 + ~ for n > N and z EK, 
hence inf h(n)(z) 2: /3 +~which is a contradiction. Lemma 4 is proved. 0 

rEK 

Denote F the set of those e2-convex sets D of JRN for which the 
following three conditions are fulfilled: 

(14) 

(15) 

(16) 

z E D ::::} 3i : Zi ~ o, 

inf h(z) = minh(z) $ /3 for every h EL, 
rED rED 

DcK. 

Remark that (16) implies (14) . 

Obviously, F-:/:- 0 because KE F . Our aim now is to show that the 
conditions of Zorn's Lemma are fulfilled for the system F. To this let 
Di, i EI be any chain, ordered by inclusion. Since the Di are compact, 



166 I. J06 

D* = n Di # 0 and (14), (16) obviously holds for D*. The index set I 
iEJ 

is confinal with a cardinal number, so we can suppose that I itself is a 
cardinality"' (and i < j.;::? Di :J Dj) · Since the Di satisfy (15), there exist 
for every fixed h EL points Zi E Di with h( Zi) '5. /3. Denote z* a condensation 
point of the net Zi· 'From the continuity of h we get h(z*) '5. /3. If z* ¢:. D* 
then z* ¢:. Di for some i < "'' hence the neighbourhood D'f of z* can only 
contain the points z j, j < i whose cardinality is < "'· This contradicts 
the condensation point property, hence z* E D*. We proved that D* E F 
hence the Zorn-lemma can be applied. Applying Zorn's Lemma we have: 
there exists at least one minimal element R in F. By (16) we have RC K. 
Introduce the notations: 

N~(h) := {z ER: h(z) '5. 0, Nf.(h) := {z ER: h(z) < 0-

LEMMA 5. If /3 </<a then N1 (h) # 0, closed, g2-convex and for some 
h* EL we have N1 (h*) <;:; R . 

PROOF OF LEMMA 5. (In the formulation of Lemma 5 we used the 
indirect assumption a > (3.) Obviously, 

inf h(z) = minh(z) '5. /3 < / => N1 (h) # 0 and N;(h) # 0. 
zER zER 

We have N-r(hi) <;:; R for some 1 '5. i '5. n because if N1 (hi) = R for i = 
= 1, ... , n, then hi( z) $ / for every z E R and this contradicts the fact that 
\:/z E R3i: Zi 2: a, namely a>/. 

We have to prove at last that N1 (h) is g2-convex for every h EL. To 
this we need the 

(17) 

SUBLEMMA. For any h EL and z1,z2 ER we have 

PROOF OF THE SUBLEMMA. Consider the usual partition 
00 

Cog1({h1 1 ••• ,hn}) = LJ Lk· 
k=O 

It is enough to prove (17) for Lki k = 0, 1, 2, . ... We use induction in k . 
The statement is true for Lo, because e.g. for h1 we have: 

h1 (t:12(z(l),z(2l)) = h1 (e2(zi1) ,zi
2
\ ... e2(z~1 ),z~2 ))) = 

= e2(zp> ,zi
2>) = e2 ( h1(z(1>),h1(z(2l)). 
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Suppose we know the statement for L k and prove it for L k+ 1 · Let h', h" E 
E Lki h := f!l(h',h") E L.t+l· We have to prove that 

h(g2(z1,z2)):::; g2(h(z1),h(z2)), 1.e. 

g1(h1,h11 )(g2(z1,z2))::; g2(g1(h1,h11 )(z1),e1(h1,h11 )(z2)) 

which is equivalent (after some transformation) to 

e1(h'(e2(z1,z2)),h
11

(e2(z1,z2))) s; 
s; e2 (e1(h 1(z1), h11(z1)), e1(h

1
(z2), h

11
(z2))). 

According to our induction hypothesis 

h'(e2(z1,z2)) s; e2(h1(zi),h1(z2)), h"(e2(zi,z2)) ~ e2(h 11(z1),h 11(z2)), 

whence by the monotonity of e2 and using also (3) we obtain 

e1 (h'(e2(zi,z2)),h"(g1(z1,z2)))::; 

~ ei (e2(h 1(zi),h1(z2)),e2(h 11 (zi),h 11 (z2)))::; 

s; e2 (e1(h1(z1),h 11(z1)),g1(h 1(z2),h 11 (z2))). 
00 

Thus the Sublemma is proved for every h E Coei( {hi, ... , hn}) = LJ Lk. 
k=O 

Now, if 

h E Coe1({h1, ... ,hn}):::} 3h(k) E Cog1({h1, ... ,hn}) : h(k) - h 

uniformly. According to the considerations above we have 

h(k)(e2( z1, z2)) ~ e2( h(k)(zi), h(k)(z2) ), 

hence using the continuity of gz, we obtain: 

h(k)(e2(z1,z2)) - h(e2(z1,z2)) 

and 

~2(h(k)(zi), h(k)(z2)) ~ g2(h(zi), h(z2)) 

whence taking the limits ask-too: h(g2(z1,z2)) ~ e2(h(z1),h(z2)) follows. 
Thus the Sublemma is proved. Now we can prove that N'Y(h) is g2-convex, 
i.e. zi,z2 E Ny(h):::} e2(z1,z2) E Ny(h). Because of z1,z2 E N1 (h) we have 
h(zi):::; "(, h(z2)::; "(and hence g2(h(zi),h(z2))::; "f· Using the Sublemma 
we obtain: h(e2(z1, z2)) :::; e2(h(z1), h(z2)) ::; "f follows, thus Lemma 5 is 
proved. 0 

LEMMA 6. If T C K is any g2-convex, compact set then it is not 
separable with disjoint closed sets M, N. 

PROOF OF LEMMA 6. Suppose indirectly that T is separable, then 
there exist Ti,T2 c K such that Ti UT2 = T, Tic N, T2 c M, Ti and T2 
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are compact. Hence d(Ti, T2) =:a> 0 and 3t1 E Ti, t2 E T2: d(ti, t2) =a. But 
d(t1,e2(t1,t2)) <a, d(t2,e2(t1,t2)) <a=> e(t1,t2) E T1 and e2(t1,t2) E T2 
and this contradicts T1 n T2 = 0. Lemma 6 is proved. 0 

LEMMA 7. There exist h(l), h(2) EL and 8 E (/3, -y) such that N15( h( 1)) n 
n N15(h(2)) = 0. 

PROOF OF LEMMA 7. We know that 3h* EL: N"f(h*) <;; R. But R 
is minimal in F hence N"f(h*) tf. F. Consequently some of conditions in 
the definition of Fare not fulfilled. (14) and (16) are fulfilled, hence (15) 
does not hold, i.e. 3h' EL: inf h'(z) > /3. Choose any 6 such that 

zEN1 (h*) 

inf h'(z) > 6 > /3. Then N"f(h*) n N15(h*) = 0. Because 8 < -y, hence 
zEN1 (h*) 

N15(h*) C N1 (h*) and we obtain: N15(h1
) n N15(h*) = 0. Thus Lemma 7 is 

proved with h(l) := h', h(2) := h*. 0 

Let. h( 1), h(2) EL such that for N15(h( 1)) = N, N15(h( 1)) = N', N n N' = 0 
is fulfilled. Let S := {h EL: N15(h) C N'}, P := {h EL: N0(h) C N}. S =f: 0 
because h(2) ES and P =J: 0 because h(l) E P. Defines:= sup inf h(z), 

heszeI< 

p :=sup inf h(z) . Obviously s::::; /3, p::::; /3. Let r := min U1(x ,y)-xJ\y 
hEP zEI< lz-yj~6-.8 Jx-yJ 

lzl,lyi<c 
where c is a bound for f' i.e. Ill < c. Let c: > 0 be such that s:13 < r. 
Then 3h' E S: inf h'(z) > s - c: and 3h" E P: inf h"(z) > p - c:. Let 

zEI< zEK 
h = e1(h', h"). Then N15(h) c N0(h') U N0(h") C NUN'. But N0(h) =f: 0 is 
connected, hence, because of N n N' = 0 we have N0(h) C Nor N0(h) C N' . 
Suppose N0(h) C N'. Then h ES. Let zo be such that h(zo) = minh(z ). 

zEI< 
Obviously, zo EN' and h'(zo) < h(zo)::::; /3 < 8 < h"(zo). Because 

lh'(zo)- h"(zo)I > 6 - /3, 

hence according to the definition of r we have 

e1(h'(zo) , h"(zo))- h'(zo) h(zo)- h'(zo) 
r < = ' - h"(zo)- h'(zo) h"(zo)- h'(zo) 

c: < r(6 -/3) < r(h"(zo)- h'(zo))::::; h(zo)-h'(zo) , 

h'(zo) + c: ~ h(zo) = inf h(z). 
zEI< 
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But h'(zo) + c: ::; inf h(z) + c: > s whence inf h(z) > s but this contra-
zEI< zEI< 

diets h E 5. That is N0(h) C N' is not fulfilled . Similarly, we obtain a 
contradiction if we assume N0(h) C N. D 

At last we show that the statement of Theorem 2 remains valid if we 
omit condition (3) but instead of (5) and (6) we assume the following 
"mixed" ones. 

By the method of the proof of Theorem 2 we can prove also the 
following theorem. 

THEOREM 3. Suppose the condition of Theorem 2 are fulfilled, but (5) 
and (6) are replaced by 

(5') Vy1,Y2 E Y3y3 E Y: g(x,y3)::; e2(J(x,y1),g(x,y2)) Vx EX, 

(61
) Vx1,x2 E X3x3 EX: f(x3,y);::: e1(f(x1,y),g(x2,y)) Vy E Y. 

Then for any fi.nite set H C X we have (8). 

REMARK. Condition (3) is necessary in proving Theorem 2. Indeed, 
define the means 

3 1 1 3 
e1(a,b) := 4(aVb)+4(a!\b), e2(a,b) := 4(aVb)+ 4(a!\b). 

Then taking the functions J,g constructed in [11] as a counterexample we 
can easily see that all conditions of Theorem 2 (without (3)) fulfil and the 
conclusion (8) does not hold. On the other hand it is not clear whether 
the monotonity (1) of the means is necessary in theorems 1 and 2 or not . 
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1. Introduction 

In 1902 W. BURNSIDE formulated the following question: "Are the 
finitely generated and periodic groups finite?" , question called in the group 
theory the general Burnside problem. The answer to this question is 
generally negative and this was proved by E. GOLOD in 1964. But a 
first important result for this problem was obtained by I. SCHUR (1911) 
who showed that any periodic and finitely generated group of matrices over 
the field of the complex numbers C is finite. More than that, in 1965 I. 
KAP LANSKI proved that the above statement is also true when the field C is 
replaced by an arbitrary field. In 1975 McNAUGHTON and Y. ZALCSTEIN 

showed that any semigroup of matrices over a field, periodic and finitely 
generated, is finite . We also mention a result established by S. I. ADJ AN , 
P. S. NOVIKOV (1968) and J. L. BRITTON (1973). They proved that, 
for each natural number n , n ::::: 72, there exists infinite groups with two 
generators satisfying the relation xn = 1 for every element x of the group. 

In connection with the general Burnside problem (for groups or semi­
groups) a question is raised about the properties P which have to be added 
to the conditions of being periodic and finitely generated in order to obtain 
the finiteness of the group (semigroup). Such a property for semigroups 
was introduced by A . RESTIVO and C. REUTENAUER ([21]) namely the 
permutability property. 

If n is a natural number, n::::: 2, the semigroup Sis called n-permutable 
if, for each (x1, ... , xn) E sn, there exists a permutation a of {l, ... , n}, 
a# id, such that x1x2 .. . xn = xO'(l)x0'(2) .. . xO'(n)· 
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If S is n-permutable we denote this by SE Pn. The semigroup S is 
called permutable if SE LJ Pn. In [21] A. RESTIVO and C. REUTENAUER 

n>2 
prove that a finitely generated and periodic semigroup is finite if and only 
if it is permutable. 

The study of permutability property for groups was initiated by 
M . CURZIO, P. LONGOBARDI and M. MAJ in [2] and continued by many 
other authors ([1], [3], [4], [7], [8], [9], [10], [11], [12], [19]). 

In [3] it is proved that a group G is permutable if and only if there 
exists in G a normal subgroup N of finite index such that N' is finite. 

The groups G with the property P3 are characterized by the condition 
IG'I S 2. In [10] the groups with the property P4 are classified. 

The index of permutability of a permutable semigroup S is the natural 
number 

k(S) = min{n IS E Pn} · 

Let C be a class of finite semigroups having the property that for each 
non-zero natural number m there exists in C a semigroup with m elements. 
We define the sequence of natural numbers (kc(m)m~l by 

kc(m) = max{k(S) IS EC and S has m elements}. 

For C = G = the class of finite groups, the numbers kG( m ), 1 Sm S 32, are 
known ([19]). It is also known that lim kkG(m) = 0. In [16] B. PIOCHI 

m-oo 
tackles an analogous problem for C = S =the class of all finite semigroups. 
It is known that the sequence (ks(m))m>l is increasing and if the sequence 

( ~ k5 (m)) has a limit then this limi~ is less than or equal to 4/5 ([16]). 
m>l 

In [6] it is established that k5 (5) = 4 and k5 (6) = 5. 
In this paper it is proved that k5 (7) = k5 (8) = 6 and that if the sequence 

( ~ks(m)) has a limit then this limit is less than or equal to 2/3. 
m~l 

2. Conditions under which the product of four elements of a 
semigroup cannot be reordered 

Let S be a senugroup. For any non-zero natural number n and 
(a1 , ... ,an) E sn we denote 

F(a1,. .. 1 an) = {aiai+l · . . aj I 1 Si S j Sn} . 

Consider a, b, c, d four distinct elements of a finite semigroup such that 
the product abed cannot be reordered. In the sequel we shall study this 
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situation when the supplementary condition that F( a, b, c, d) has exactly 
five elements is satisfied. 

2.1. PROPOSITION ([6]). If a, b, care elements of a finite semigroup 
such that the product abc cannot be reordered and F( a, b, c) C {a, b, c} then 
ab= b =be. 0 

2.2 . PROPOSITION ([16]). Let a, b, c, d be four elements of a finite 
semigroup such that the product abed cannot be reordered. Then at least 
one of the products ab, be, cd, abc, bed is not in {a, b, c}. 0 

We now suppose that a , b, c, d are elements of a finite semigroup 
such that the product abed cannot be reordered. Suppose in addition that 
F( a, b, c, d) C {a, b, c, d}. We shall prove that only the following situations 
are possible: 

(a) ab=bc=b, 

(a') ab=a, 

(/3) ab= a, 

(/31
) ab= b, 

(t) ab=a, 

(11
) ab= b, 

(8) ab= a , 

(c) ab= b, 

cd=d, 

be= cd = c, 

be= e, ed = c, 

be= e, cd = d, 

be= e, ed = e, 

be= e, ed = d, 

be= e, cd = d, 

be= e, 

bed= e; 

abc = e; 

abe = e; 

bed= b; 

abe = e; 

bed= e; 

abe =bed= e; 

ed= c. 

2.3. LEMMA . Let a, b, c, d, e be elements of a finite semigroup such 
that the product abed cannot be reordered. If F( a, b, e, d) C {a, b, c, d, e} 
and be E { b, e} then only one of the cases (a) or (a') can exist. 

PROOF. We shall analyse the case be = b. The case be = e can be 
obtained by symmetry. As the product abed cannot be reordered it follows 
that ab E {a, b, e} and cd f ab. By Proposition 2.1 we deduce that ab fa. We 
prove now that ab f e. Suppose ab= e. By hypothesis and Proposition 2.1 
we have ed = d and bed= bd = e. Thus bed= e = ec = bde, a contradiction. 
Hence ab= b =be. By virtue of Proposition 2.1, cd f c and if we assume 
ed = d then bed= e. Thus case (a) holds as required (similarly if be= e we 
obtain case (a' )). To finish it remains to prove that cd f e. Assume that 
ed = e. Then bed= bd =be fa. If bd =be= b then a( bed)= b = (a(bd))c and 
we have supposed that is impossible. Consider bd =be= e. We may deduce 
that c =be= abe = ac from which it immediately follows that abc = b = bac, 
in contradiction to this choice of the elements a, b, e, d. As abed= abd = abe 
and ab= b once again by Proposition 2.1 it follows that bd =be ti. { d, e}. 0 
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2.4. LEMMA. Let a, b, c, d, e be elements of a finite semigroup such 
that either ab= e or cd = e and F ( a , b, c, d) C {a, b. c, d, e} . Then the product 
abed can be reordered. 

PROOF . If ab = e let us suppose that the product abed cannot be 
reordered. As a direct consequence of Lemma 2.3 it follows that be= e. 
Then because the product cannot be reordered we have that cd E { c, d} . 
If cd = c we deduce e = be= bed= ed hence abed= abc = ( (ab )d)c and this 
contradicts the earlier assumption. Hence cd = d and as a consequence it 
follows that bed= bd = ed ::f. a. It remains to analyse four situations. First 
if bd = ed = b then b = ed = abd = ab = e. If we consider bd = ed = c we 
immediately obtain c = ed = abd = ac hence abed= abd = ac = c = bd =bed= 
= bacd which is a contradiction. Now bd = ed = d implies bed= d = cbd and 
finally if bd = ed = e then e = ed = abd = ae = abc = ec so abed= ed = e = abdc. 

We conclude that if ab = e and F( a, b, c, d) C {a, b, c, d, e} then the 
product can be reordered. A similar argument establishes the statement if 
the case cd = e. 0 

2.5 . PROPOSITIO N. Let a, b, c, d, e be five distin ct elements of 
a finit e semigroup such that the product abed cannot be reordered and 
F ( a, b, c, d) C {a, b, c, d, e} . Then only the case (a) , (a') , ((3 ), ({31 

), (! ), (1 1 
), 

(8 ), (e) can exist . 

PROOF . By Lemma 2.4 we obtain ab E {a, b} and cd E { c, d}. By virtue 
of Lemma 2.3 we have to analyse only the situation be= e. We deduce 
that it is necessary to study the following cases: 

I) ab= a, cd = d; III) ab = b, cd = d; 

II) ab= a, cd = c; IV) ab = b, cd = c. 

But we notice that IV) is exactly (c) and that III) may be deduced 
from II) with a symmetrical argument . Thus only the situations I) and II) 
have to be considered. 

I) ab= a, cd = d. We shall show that abc =bed= e (i.e. ( 8) is obtained) . 
Clearly abc = ac = ae ::f. d. Also, by Lemma 2.1, as abed= acd, it follows 
ac ::f. c. We prove that ac ::f. a and ac ::f. b. First we suppose that ac = c. 
We deduce that acb =a= abc, a contradiction because the product can be 
reordered. If we assume that ac = b then a2c =a. Now if we consider that 
the monogenic semigroup generated by c has the index m and the period r 
then we have cm= cm+r . It follows that a= a2c = a3c2 = . . . = am+lcm = 
= . . . = am+r+lcr+l = ar am+lcm = ar+l so a= a2c = . .. = ar+lcr = acr . But 
b = ac = a2 c2 = ... = ar er = ar . As a consequence we obtain that ab = ba, 
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once again a contradiction. Hence abc = ac = ae = e and by symmetry we 
have bed= e. 

II) ab= a, cd = c. It remains to prove that abc E { c, e} (i.e. the cases 
(/3) or (I) are obtained. Obviously bed = be = e = ed and abc = ac = ae. 
Because the product abed cannot be reordered we immediately deduce that 
abc =f. d. Also by Proposition 2.1, as abed= aed, we deduce that ae =f. a. 
Finally, if we consider that ac = b we have acd = bd = ae = b hence bed= bdc, 
which is impossible. So we have abc E { c, e} as required. 0 

3. The maximum index of permutability for semigroups with 
seven of eight elements 

3.1. PROPOSITION. Let a, b, c, d, e, f, g, h be eight distinct elements 
of a finite semigroup such that F( a, b, c, d, e, f) C {a, b, c, d, e,f, g, h}. Then 
the product abcdef can be reordered. 

PROOF. If we assume that the product abedef cannot be reordered 
it results F(a, b,c)nF(d, e, f) = 0. Therefore we can consider F(a , b, c) C 
C {a , b,c,g} and F(d, e, f) C {d,e,f,h} . As cd E {c,d,g ,h}, because of 
symmetry, it is sufficient to analyse the following two situations: 

I) cd = g; II) cd = e; 

I) If we consider the former case cd = g we immediately deduce ab E 
E {a,b}. Considering ab= a we obtain be E {c,g}. But be= c implies 
bed= cd = g and also by Proposition 2.1 we have abc = ac = g which is 
impossible. If be= g then a( bed) = abe = ac = ag = (ab)( Gd). So we have to 
study the situations ac E {a, b, c, g} and it immediately follows that these are 
impossible. If on the contrary ab= b then F( a, b, c, d) C {a, b, c, d, g} U {bed} 
and according to Proposition 2.5 we deduce bed= abed= h =ah. It follows 
h ~ F( c, d, e, f) and this contradicts Proposition 2.5 because cd = g. 

II) We examine now the latter case cd = c. We have that F( a, b, c, d) C 
C {a, b, c, d, g} and by Proposition 2.5 we deduce that gd = g. Also by 
Proposition 2.1 it results de E { e, h} . 

II.l. Consider de = e. Using once again Proposition 2.1 we obtain 
ede =cert, { c, d, e}. By hypothesis abcdef cannot be reordered. This assures 
us that ce ~ {a, b, J}. More of that ce =f. g (if ce = g then cde = g = ced). 
We conclude that ce = h from which it immediately follows cdef = cef =f. g. 
By virtue of Proposition 2.5 we have ef = e and as a consequence it results 
hf= h. We also deduce (according to Proposition 2.1) that be E { e, g} and 
with a similar reasoning we obtain in both of these cases a contradiction. 
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II.2. If de= h, by Proposition 2.1 and Proposition 2.5, we have be= g 
hence abc = ag E { c, g}. Let us consider ag = g. Then according to Lemma 
2.4 gde = gh = ge rt {a,d,e,g,h} and obviously ge =ft f. It follows that 
ge E { b, c} and studying these two situations we obtain a contradiction. 
Similarly it is impossible to have abc = c. 0 

3.2. COROLLARY. Let S be a finite semigroup having the index of 
permutability m + 1, where m ?: 6. Then the set S \ CenS has at lea.st 
m + 3[m/6] elements. 

PROOF. As k( S) = m + 1 it follows that there exists (al' ... , am) E sm 
such that the product cannot be reordered. We consider m = 6k + i, where 
k E N* and i E { 0, 1, ... , 5}. Then 

a1a2 ··.am= (a1 · · .a6)(a7 · · .a12) · · .(a6k-5 · · .a6k)a6k+l · · .a6k+i· 

We denote X1 = F(a1, ... ,afi), X2 = F(a7,. .. ,a12), ... , Xk = 
= F(a6k-5, ... ,a6k) and Xk+l = F(a6k+1 1 ... ,a6k+i)· By proposition 3.1 
we obtain that !Xii?: 9, IX2I?: 9, ... , IXkl?: 9, IXk+1I?: i. It is obvious 
that Xr n Xs = 0 if r =ft s and Xr CS\ CenS, where r, s are elements of 
{1, ... , k + l}. So we immediately obtain 

k+l 
IS - CenSI?: 2.:= !Xii= 9k + i = m + 3[m/6]. o 

i=l 

3.3. THEOREM. ks(7) = ks(8) = 6. 

PROOF. It is known that 6 ~ k5 (7) ~ ks(8) (see [6]). But by Proposition 
3.2 ks(8) < 7. Hence it results that ks(7) = ks(8) = 6. 0 

3.4. PROPOSITION. H the sequence (*ks(n)) has a limit for n 
n>l 

tending to oo then this limit is less than or equal to 2/3. 

PROOF. Because lim ks ( n) = oo we may assume that ks ( n) = m ?: 
n-oo 

?: 7. As lks(n) ~ m(m -1+3[(m -1)/6])-1 and lim m(m -1+3[(m -
n m-oo 

-1)/6])-1 = 2/3 we obtain the conclusion. 0 

In [16] B. PIOCHI proves that if the sequence (*ks(n)) has a limit 
n>l 

for n tending to oo then this limit is less than or equal to 4T5. In spite of 
the fact that Proposition 3.4 improves the result established by B . PIOCHI 

we suppose that this result can be further improved. 

In the end we formulate some open problems: 
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PROBLEM 1: lim *k5 (n) = 0. 
n~oo 

PROBLEM 2: k5 (n + 1)- k5 (n) 5 1 for each natural number n. 

PROBLEM 3: Let n be a natural number and let k5 (n) = m. Then, for 
each natural number m 1 with 2 ::; m 1 

::; m, there exists a semigroup with n 
elements which has the index of permutability m'. 

We notice that an affirmative answer to Problem 2 implies an affirma­
tive answer to Problem 3. For n E {1, ... , 8} we notice that the inequality 
given by Problem 2 is verified. 

We also proposed the study of the congruences (l?n)n>2 on a fixed 
semigroup s, with l?n = n { O' I s IO' E Pn} = the "Pn-radicaI" of s. In­
formation about the congruence 1?2 when S is a Clifford semigroup, a 
Brandt semigroup, a Reilly semigroup or even generally, for inverse semi­
groups has been obtained by many authors (C. BONZINI, A. CHARUBINI, 

J. D. P. MELDRUM, W. D. MUNN, N . R. REILLY, B. PIOCHI) . 
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Let a be a non-real quadratic integer. The minimal polynomial of a 

has the form 

(1) x2 +ex+ N, 

where N = (c/2)2 +m, if c is even and N = (c/2)2 +m/4, if c is odd and in 
both cases m is an integer at least one and m = 3 ( 4) in the second case. N 
is the norm of a. The rational integers r with 0 :S r < N form a complete 
set of residues mod a in the ring Z[a]. An element TJ E Z[a] is called to 

K . 
be representable if T/ = I: ajal, 0 :S aj < N. The digits aj are uniquely 

j=O 
determined for representable numbers. The elements 

k-1 

"""a ·aj · ~] ' 
j=O 

form a complete system of residues modulo ak in Z[a]. 

Thus we have for every TJ E Z[a] and for every k, TJ = ~k + eb where ~k 
is representable and f!k is divisible by ci. 

Let H be the set of complex numbers z, representable in the form with 
rational integers ak 

00 

z = L a~ ; 0 :Sak < N . 
k=l a 

It is easy to see that H is compact. We shall denote the boundary of H 
by 8H. The absolute values of the elements of Hare at most VN + 1. 

The aim of this paper is to prove the following 
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THEOREM . 

I 1. KORNYEI I 
If e :/= 0 and N > 1, then the Hausdorff dimension of oH is 

log~ 

log JN' 
where~ is the greatest real root of the polynomial 

(2) x 3 - (lei - l)x2 - (N - lel)x - N. 

The Pontrjagin-Schnirelman dimension of 8H is equal to the Hausdorff 
dimension. 

REMARKS. 1. The Hausdorff dimension of oH is one, if a= ±iJN, 
because in that case the set H is a rectangle. 

2. The polynomial (2) has a root between JN and N because of the 
equalities 

NVN -(lei - l)N - (N - lel)VN -N = -lel(N - VN) 

and 

N 3 - (Jcl- l)N2 - (N - lel)N - N = N 2(N - Jcl) +(lei - l)N, 

and of the inequalities 

or 

Thus we have 

N - lei= (iel/2 -1)2 + m - 1 2:: 0 

N - Jci = (Jcl/2-1)2 + m/4 -12::0. 

1 < log~ < 2, 
log JN 

that is, oH is a fractal curve. The other roots of the polynomial are 
non-real or are negative. Their absolute values are smaller than JN. 

3. S. ITO proved the above theorem, in the case, when a is a base in 
Z[a] [6]. He used the properties of some endomorphisms on free groups, 
adopting Dekking 's method [l]. I. KATA! investigated the existence of the 
base in quadratic fields with J. SZABO and B. Kov A.cs in [7], [8] and [9]. 
The proof of the present paper is based on linear recursive forms, following 
a method of I. KATA!, which was used in the paper [5]. 

First we prove that all complex numbers z are representable in the 
form z = 1' + 8, where 1' is an element of the ring Z[a] and 8 is an element 
of H. The generalization of this assertion is contained in [10]. Let T/k 
be for every k that element of Z[a], which is nearest to ak z. We have 
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fJk = ~k + f!ki where ~k is representable, f!k is divisible by ci and we have 

~---+ z, if k---+ oo. But 
a 

Where Bk E Z[a]. We get 

lz - ek I ~JN+ 1+8ki 

where Ok ---+ 0, if k---+ oo. We have at least one; E Z[~], for which Bk
1 
=; 

holds for infinitely many ki, because Z[a] is discrete, in this way z is a 
limit point of H +;, that is the assertion is proved. Therefore, <C is covered 
by countable many translated copy of H . BY Baire's category theorem 
this implies. that H is of second category. As H is compact, it follows 
that intH :f:. 0. This immediately implies that H equals the closure of its 

oo m 
interior. Indeed, if 7J E H, then 7J = 2:: ::i- and the sets 2:: ::i- + a -m H 

k=la k=la 
have non-empty interior for every m. 

We show that if z E fJH, then z =; + o, where; E Z[a], ; :f:. 0, and 
0 EH. Indeed, if z E fJH, then z = limzb Zk r/. H. Thus Zk = ik +ob where 
ik E Z[a] \ {O} and Ok EH for every k. Since Z[a] is discrete, one of the 
sets H +; contains infinitely many zk-s, it follows that z =; + o, where 
; :f:. 0 and; E Z[a], 8 EH, because H +;is compact. 

For a fixed z E {)H has a representation 

00 bk 
z = i + L k; 0::; bk < N 

k=l Q 

with a non-zero; in Z[a] and a representation 
00 

z = L a~; 0 s; ak < N. 
k=l Q 

First we try to find those elements ;-s of Z[a], for which 

Hn(H+;):f:.0. 

In that case the number ; is representable in the form 

(3) _ ~ ak -bk 
; - ~ k ' 

k=l Q' 
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where 

(4) 

It follows from ( 3) and ( 4) that 

(5) 

and we have a rational integer d between -(N -1) and N - l that 

(6) la-r - di '.S JN+ l. 
For example, d = ai - bi is a possible choice. The members of the 

sequence, defined by the recursive formula 

(7) 

with 'Yl = -y, have the properties (5) and (6) . 

Conversely, if the members of the sequence have the properties ( 5) and 
(6) with suitable (ak - bk)-s, the intersection H n (H + -y) is not empty. 

We shall prove that in cases of the polynomials 

x2 ± 3x + 3, x2 ± 4x + 5, x2 ± 5x + 7 

we have ten possibilities and in other cases only six possibilities for the 
choice of the 1 -s, and the order of the 1-s is not optional. 

The number I has the form 

(8) -y=a+ba, 

with rational integers a, b and 

(9) bl2 =(a - be/2)2 + b2(N - (e/2)2) =(a- be/2)2 + b2m1 . 

It follows from (1) that 

(10) (a+ ba)a = -bN - (be - a)a. 

By (6), we can choose a rational integer d, for which 

(11) I - bN - (be - a )a - di ~ ../Fi+ 1 

and -N < d < N . 
It is easy to see that 

(12) (VN + 1)2 =N+2vN+1'.S(icl/2+1)2 + (fail+ 1)2 -1 , 

where m1 = m or m1 = m/4 with m = 3 mod (4) and m > 0. As the set of 
the possible 1-s is symmetric about the origin, it is enough to consider the 
cases when b 2: 0. 
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If b;::: 2, it follows from (5) , (9) and (12) that the inequality 

(13) ja - be/21 < iel/2+1, 

is valid, because 4m1 > ( y'ffil + 1 )2 - 1 holds in our cases. 

We shall prove that b ;::=: 3 is impossible. We have from (13) 

lbc-al > (b-l)iei _~. 
- 2 2 

In this way jbc - al ;::: !cl - ~ for b 2:: 3. We have 

(14) Jbe - al 2:: lcj. 

lt follows from (10) and (14) that 

(15) l(a + ba)a -dl2 ~(be- a) 2m1 ~ c2m1 = (c2 -3)m1+3m1. 

But the inequality 

3m1 2: m1+2y'i1il 

is also true fof m 1 2: 1 and also 

~(e2 -3)> ('~1+1)
2

, 
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for lei ~ 4. At this time (11) is inconsistent with (12), if both of the 
inequalities lei ~ 4 and m1 2: 1 are satisfied. For m1 = 3/4 we make a 
comparison between (15) and (12). The inequality 

c
2

• ~ > (l~I + i) 2 

+ ( v; + i) 
2 

- i 
holds for Jel 2: 4. It follows from (9) that bl2 is at least 9(N - 1/4) for 
lei= 1, 9(N -1) for lei= 2, and 9(N - 9/4) for lei= 3. These values are 
greater than ( VN + 1 )2 in our cases, except the last one if N = 3 and b = 3. 
But in the last case, by (9), a= 5sg(c) or 4sg(e) and the coefficient of a in 
(11) has an absolute value greater than 3, so thus we have in all the cases 
that b ~ 2. 

At present, we select the cases for which b = 2 is maybe possible. For 
b = 2 we have from (5), (6), (7) and (10) that ja - 2cj ~ 2. 

But from (13) it follows that la - cl< lcJ/2+1, so thus lei - 2 < JcJ/2 + 1. 

Thus we have !el < 6. 

If lei ~ 2, we make a comparison between the last term of (9) and 
(VN + 1)2. For Jel = 1, the inequality 4N-1>N+2VN+1, is valid for 
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N ~ 2. If lei = 2, it holds for N ~ 3 that 4N - 4 > N + 2./N + l. We shall 
discuss later the case of the polynomials x2 ± 2x + 2. 

If lei= 3, we have N = (9 + m)/4, a= 5sg(c) or 4sg( c) . 

If a= 5sg( e ), then it follows from (9) that 

l5sg(e)+2al2 =4+m 

and there is a contradiction with (5) form 2: 7. (4+m :S (9+m)/4+ 
+ v'9+m + 1). 

If a= 4sg(e) it follows from (9) that 

l4sg(c) + 2ai 2 = 1 + m, 

and it is inconsistent with (5) form 2: 11 . (1 + m < (9 + m)/4+v'9+m+1 ). 

Now we have two extra cases x2 ± 3x + 3 and x2 ± 3x + 4, but we shall 
see that the second one belongs to the general case. 

If lei= 4, then we have N = 4 + m and 

l2(e - sg(e)) + 2al2 = 4 + 4m 

and there is a contradiction with ( 5) for m > l. ( 4 + 4m :S 4 + m + 
+2v'4+m+l). 

We shall discuss the case 

x2 ±4x +5 

later. 

If lei= 5, then N = (25+m)/4 and 

l2(e-sg(e))+2al2 =9+m, 

and that value contradicts (5) form 2: 7. (9 + m :S (25 + m)/4 + v'25 + m + 
+ 1). In this way x2 ± 5x + 7 is an extra case. 

The general case. Except the extra polynomials, we can assume that 
lbl :S l. It is enough to consider those 1-s, which have the form 1 =a+ a, 
ifb:f:O. 

We have 

(a+a)a = -N +(a-e)a. 

That is le - al :S 1, because 

a=e-sg(e), e, e+sg(c). 

If b = 0, then a = ±1, because a· a= aa. We have eight possibilities for 
the 1-s 

-1 , 

1, e - sg(e), 

-e+sg(e)-a, 
e + sg(e) +a, 

-e-a, -e-sg(e)-a, 
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but the numbers ±( c + sg( c) + a) are not suitable, because ( c + sg( c) + 
+ a)a = -N + sg(c)a, and it is impossible to add an integer with absolute 
value less than N , to have one number among the listed numbers , so we 
have only six points. 

(16) Ai=l, A2=c+o:, AJ=c-sg(c)+a, 

A4=-1, A5=-c-o:, A6=-c+sg(c)-o:. 

The extra cases. We have two 1-s with b = 2, 

2c- sg(c) + 2a, 2c -2sg(c) + 2o:. 

There are five numbers to discuss with b = 1, 

c- 2sg(c) +a, c - sg(c) + o:, c + o:, c + 2sg(c) +a, c + sg(c) + o: , 

because of the equality 

(a+ o:)o: = -N +(a - c)o:. 

The number c + 2sg( c) + o: is not suitable, because 

le+ 2sg(c) + o:! 2 = 2!cl +4+ N > N + 2VN + 1. 

Note that we have in all the cases under discussion 

21c1+3 > [2.JiiJ. 

The number c + sg( c) + o: is also not possible, because 

(c + sg(c) + a)a = -N + sg(c)a, 

and it is impossible to add an integer with absolute value less than N, to 
have one number among the listed ones and their products by -1. 

Now, we can see that the number 2c - sg( c) + 2o: is not suitable, because 

2c - sg(c) + 2o:)a = -2N - sg(c)o: 

and the inequality 

2N-!cl ~N 

is valid. 

If b = 0, then a= ±1, because a · o: = ao:, !al =I= 2. Since the following 
inequality l2c - 2sg(c)(c)! = 2(!cl -1) ~ N is valid in these cases, we have 
only ten possible numbers: 

(17) A1=l, a2=c+o:, A3=c-sg(c)+o:, A4=c-2sg(c)+o:, 
A5 = 2(c - sg(c)) + 2o:, A5 = -1, A1 = -c- o: , 

As= -c + sg(c)- a , Ag= -c + 2sg(c)- o:, A10 = -2(c - sg(c))- 2o: . 
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We return to the examination of the general cases . The order of the 

1-s in the sequence (7) is not optional. If for instance 'i'k = Ai, then 
'i'k+ 1 = e +a or e - sg( e) +a and we must choose in these cases as in place 
of ak - bk the numbers -e, -e + sg( e) accordingly. 

There we give a table of the possibilities 

'i'k 'i'k+l 

A1 A2 -c 

-c + sg(e) 

-(N -1) 

-(N - !cl) 

-(N-lel+l) 

because 

A1a =a, A2a = -N, A3a = -N - sg(e)a. 

If lei= N , then A2 does not follow Ai, but the coefficient of M(k -
-1, A2) in the latter recurrence rela:tion is zero. The situation of A3 is the 
same for lei= 1. 

Let M(k,Aj) denote the number of the possible values of the k-th 
partial sums of the points of H n(H + Aj) for the sums 

00 l:aj .. 
. 1 aJ 

J= 

Note that formally different partial sums have different values, because the 
representation of (the representable) elements are unique. 

If the difference ak - bk is a fixed number~ with N > u 2: 0, then ak = u, 
bk = 0, ak = u + 1, bk = 1, . .. , ak = N - 1,bk = N -1 - u are the possible 
values, there are N - u possibilities. If u < 0, we have N - lul different 
cases. 

From the table we get the following recurrence relations. 

M(k,A1) = (N - lcl)M(k- l,A2) + (N - lei+ l)M(k - l,A3), 

M(k,A2) = M(k- l,A1), 

M(k,A3) = iclM(k- l,A2) + (lel- l)M(k- l,A3), 

that is, 

M(k,A1) = (N - icl)M(k-2,A1) + (N - !cl+ l)M(k - l,A3), 

M(k,A3) = ieiM(k- 2, A1) + (lel- l)M(k - l , A3). 
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Let F( z) and G( z) be the generating functions 

00 

F(z) = LM(k,A1)zk; 
k=l 

Then we have the equations, 

00 

G(z) = LM(k,A3)zk. 
k=l 

F(z)(l -(N - lcl)z2)- G(z)(N - lei+ l)z = a1 + a2z , 

-F(z)lclz2 + G(z)(l -(jcj- l)z) = b1 + ~z, 
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where a1, a2, b1, b2 are depending on the first two members of the 
M(k,Aj)-s. It follows that 

(18) F(z) = z · Pi(z) , 
1 - (lei - 1 )z - ( N - lei )z2 - N z3 

(19) G( ) P2(z) 
z =z · l-(icl-l)z-(N-lel)z2 -Nz3 ' 

where the polynomials Pl and P2 are of degree at most three. 

In the extra cases, for the numbers in (17) we have the following table 
for the possibilities 

lk 
A1 -e 

-e + sg(e) 

-e + 2sg( e) 

-(N -1) 

-(N - lei) 
-(N - lei+ 1) 

-(N - lei +2) 
-(N - 2(icl -1)) 

-2(N - lei+ 1). 

The numbers in the last column have absolute values less than N, 
except the cases lei = 2, N = 2 and lei = 3, N = 4. The last number in the 
last column has absolute value two or four respectively, which is the norm, 
therefore these cases are contained in the general case. 

Because of the symmetry of the 1-s in the extra cases, we get from the 
table the following recursive formulas 
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M (k ,A1) = (N - lcl)M(k - l,A2) + (N - lei+ l)M(k - l ,A3)+ 
+ (N - lei + 2)M(k-1 ,A4) , 

M (k , A2 ) = M(k - l ,A1), 
M(k ,A3 ) = ic lM(k- l,A2)+(icl- l)M(k- l,A3)+(icl- 2)M(k - l,A4), 
M(k ,A4) = (N - l)M(k- l,A5), 
M(k , A5) = M(k - l,A5). 

It follows from the last formula that M(k ,A5) = 1, M(k , A4) = N -1, in 
this way H and H + A5 have only one common point, and H and H + A4 
have common points of number N - 1. 

Let F( z ) and G(z) be the generator function for M(k,A1) and 
M (k ,A3), then we have 

F(z)(l - (N - lcl)z2)- G(z)(N - lei+ l)z = 
2( 1cJ-l)(N-icJ+2) 3 ( ) = z + z a1 + a2 z , 

1-z 

-F(z)lclz2 + G(z)(l - lci + l)z = 2(Jcl- l)(ici- 2) z3 + z(bi + f>.iz ), 
1-z 

in this way we have 

(20) F(z) = z. P1(z) ' 
(1-(lci- l)z - (N - ici)z2 - N z3)(1- z) 

(21 ) G( z) =z· P2(z) , 
(1- (icl- l)z - (N - !cl)z2 -Nz3)(1- z) 

where Pl and P2 are polynomials of degree at most four. 

It is true for polynomials that 
n 

x"p(l/x)= IT(l-~jx), 
j=l 

where the ~j -S are the roots of the polynomial. We get with partial fraction 
expansion from (18)-(21) that 

(22) M(k , Aj)=cj~k+o(~k) , 
for j = 1, 2, 3, while ~ has the greatest absolute value among the roots. It 
is easy to prove that the Cj-S are positive. 

Let Ej be nncn +Aj)· We shall prove that for the K-dimensional 

outer measure (see K.J. FALCONER [2] 1.2.) where K = 1~=~ , the 

following inequality holds; 
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if j -:j; 4, 5, 9, 10 in the extra cases. Let us consider the discs , centered around 
the values of the k-th partial sums of the points of Ej , with diameter 

2(..JN + 1)/(..JFi)k. 

Ej is covered by these discs. Then it follows from (22) that 

JtK.(E·) < 2K.(y'N + 1)/(,M(k,Aj) < O(l) 
6 ) - (v'N)K.k -

with 8 = 2( JN+ 1) / ( JN)k, and in this way we have 

(23) JtK.(Ej) < oo. 

For all k one can define an outer measure on C. Let Ube a set. Let Pk(U) 
denote the number of open discs, which have a common point with U and 

00 

whose centers are the k-th partial sum 0f I: :i for the points of Ej with 
k=l"' 

diameter 2( Vfi + 1 )/( JN)k . We define 

µk(U) = Pk(U)2/(,/(..JFi)"k. 

We now have for Ej 

di < µk(Ej) < d2 
with positive d1 and d2, independent of k. If Sis a disc, we have 

µk(SnEj) $ d3diam(S)\ 

if k is large enough. 

Let l denote the integer l, for which 

1/(VN)1+1 <diam(S)/2<1/(VN)1 

holds. Let us consider the open discs, having at least one common point 
with S, and whose centers are an element of Z[a]/a1, with diameter 
2( JN+ 1) / ( v'N)'. The number of these discs is at most v, where v is the 
maximal number of the elements of Z[a] in a disc of diameter 2( Vfi + 1). 
Among these centers there are the values of the l-th partial sums of the 

00 

representations I: :i of points in Ej. Consider those l + u-th partial sums 
k=l 0 

of the points whose l-th partial sum is a given center. The number of these 
values is M(u,Aw) with a fixed w. In this way we have 

µ/+u(S) = P1+u(S)211: /( VN)(l+u)11: $ V • d3 · ~u /( Vfi)(l+u)1t $ 

$ v · d3 · ( VN)K · diam(S)" . 
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We shall apply the Frostman 's lemma (see [3]) . If there exists an outer 
measure with the properties 

µ(Ej) > O; µ(Sn Ej)::; d4 · diam(S)" , 

then 

X"(Ej) > 0, 

because we have for all cover of Ej 

The measures µk-s have at least one weak * limit µ with these properties. 

We have 

(24) dim(Uj(H n (H + Aj ))) = maxdim(Ej ). 

This implies that 

(25) {)H = Uj(H n (H + Aj )). 

Indeed, if T/ E H n ( H + A j) and T/ i= {) H, then T/ is the centre of a disc 
D1 being in H . There is a sequence T/k E int(H + Aj) convergent to T/ 
because (H + Aj) is the closure of its own interior, so thus we have a new 
disc, contained in D n (H + Aj ), but it is impossible, because dimEj < 2. 
We have proved above that oH c Uj(H n (H + Aj)) and hence (25) holds. 
Therefore the first part of the theorem is proved. 

REMARK. Some numbers in (17) and (18) were examined by W. J . 
GILBERT in [4J. 

The Pontrjagin-Schnirelman dimension of a set is 

li . f logN€ 
~~ log(l/c:)' 

where N€ denotes the minimal number of discs of a cover by discs of 
radius c:. 

We have for the Ej-S that if c: = ( VN + 1) / VNJ:, then the minimal 
number of discs of radius c: is at most M(k,Ej) and at least l/v1M(k), 
where v1 is the maximal number of elements of Z[a] in a discs of radius 
3( VN + 1 ). Because the Pontrjagin-Schnirelman dimension is not smaller 
than the Hausdorff one, this dimension of the Ej is the same as the another 
one. Because (24) is valid for the Pontrjagin-Schnirelman dimension, the 
second part of the theorem is proved. 
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1. Introduction 

In recent years there has been a rapid growth of interest in the appli­
cation of the theory of functional analysis and semigroups of operators to 
population dynamics, very nice results can be found in J. SONG and J .-Y. 
Yu [13], WEBB [15], METZ and DIEKMANN [9], HEIJMANS [5], ZHANG [16] 
and ZHANG and ZHU [17], to name just a few. On the other hand, the 
MCKENDRICK equation of population dynamics [15] is one of the most 
important age-dependent population models. It has been used to study a 
great many biological and physical phenomena. Its application to human 
population has been reported in [13], [12]. These models involve first order 
partial differential equation with nonlocal boundary conditions. 

The model which used to study human population can be written as 
follows [13]: 

op(r,t)+op~r,t) () ( t) -m r = -µ r pr, , 

(1) 
p(r,O) = Po(r), 

r2 
p(O,t) = f3 J k(r)h(r)p(r,t)dr, 

r1 

0 < r <rm, t > 0, 

0 ~ r ~rm , 

t>O 

where p( r, t) is the age density distribution of the population, r denotes 
age, t is the time, 0 ~ r ~rm , t 2: 0, rm is the maximal age ever attained 
by individuals of the population. Here we assume that the specific fertility 
rate offemales is a constant /3, the female sex ratio k(r) and fertility pattern 

(*)On leaving from: Shaanxi Institute of Finance and Economics, Xian, China. 
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h( r) are independent of time, h( r) satisfies 

r2 

j h(r)dr = 1. 

[ri, r2] denotes the fecundity period of female, the relative mortality rate 
denoted by µ(r), which is a function dependent only on age and satisfies 

r rm 

j µ(e)de < +oo, r <rm, j µ(e)de = +oo. 

0 0 

Po( r) is the initial density distribution of population. 

Introducing 2 = LP(O,rm) (1 ~ p < oo) as the state space and the 
population evolution operator on 2 as follows: 

A : D(A)C2-+2 

d4>(r) 
(A4>)(r) = ---;;:- - µ(r)4>(r) 

D(A) = { 4> I 4> ,A4> E =:,4>(0) =Pl k(r)h(r)4>(r)dr}. 

With the operator A at hand, equation (1) can be written as an abstract 
evolution equation in the Banach space 2: 

(2) { 
dpJ/) = Ap(·,t) 

p(·,O) =Po(·). 

We have the following result [13]: 

LEMMA 1. The operator A is the infinitesimal generator of a one 
parameter strongly continuous semigroup {T(t)}t>O of bounded operators 
in the Banach space and has the following asymptotic expansion 

r 
-Aor-J µ(u)du 

(3) T(t)4>(r)=C~e o eAot+o(e(Ao-€)t)ast-++oo 

where .Ao is the real eigenvalue of A, which has the maximum real part 
in the spectral of A, C~ is a constant depending only on 4>, c > 0 is any 
positive number such that a(A) n Po - c <Re.A< .Ao}= 0. About spectral 
of A, we have 
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(i) <7(A) = <1p(A) ; 

(ii) A has only one real eigenvalue ,\o, its algebraic multiplicity is l ; 

(iii) <7(A) is infinite set. 

The linear model can be used simply for forecasting and simulation or, 
in some extent, demonstrate exactly some aspects properties of population 
in the population statistics. [See Appendix.] On the other hand, for 
its simplicity, more complicated phenomena usually being in ecosystem 
cannot be explained in linear model, and some conclusion deduced from 
linear model is not appropriate to the practice. By this, starting from an 
age-dependent logistic nonlinear population model, we study, in this paper, 
the solution of the model in Banach space, the stability of population 
system and periodic and oscillation behaviour usually presenting in the 
ecosystem and provide more exact theoretical foundation of population 
analysis . 

2. The Classical Solution of the System 

We are interested in the following logistic growth model of population 
dynamics. 
(4) 

8
PfJi,t) + 8P~~, t) = -µ(r)p(r,t)-KJ(N(t))p(-,t), 0 < r <rm, t > 0 

p(r, O)=po(r) O~r~rm 
r2 

p(O,t)=/3Jk(r)h(r)p(r,t)dr, t>O 
• r i 

rm 
where N(t) = J p(r,t)dr is the total number of population, f(N(t)) is 

0 
called logistic growth term and /(0 is a real function on JR+= [O,oo), and 
satisfies 

f(O) = 0, J(O ~ 0, when~> 0. 

If K = 0, (i.e. independent of habitant) then system ( 4) becomes system (1) 
which is well known age-dependent linear model of population evolution. 
We assume, in this section, that K > 0. 
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In Banach space 2 = LP(O, rm) (1 $ p < oo) we have th~ following 
nonlinear abstract equation: 

(5) 
{ 

dp~/) =Ap(.,t)-Kf(N(t))p( ·, t) 

p( ., 0) =POU 
rm 

N(t) = J p(r, t)dr. 
0 

Here, assume that the population parameters in equation (5) are the 
same as before. µ , k, h are bounded, nonnegative and measurable func­
tions. 

We have had some results (see [16] and [17]) about the existence and 
uniqueness of solution of equation (5) under the conditions of the function 
f ( ~) satisfying 

f(O ) = O; f(O > 0, V~ > O; /(0 is continuously differentiable. 

REMARK . ZHANG and ZHU studied the equation (5) in 1987. The 
results were published in [17]. Guo and CHAN use the ideas of ZHANG 

and ZHU studied the time delay population dynamics [23]. 
We will discuss, in this paper, the existence and uniqueness of solution 

of equation (5) under the condition of the function /(0 satisfying 

(6) f(O) = O; f(O ~ 0, V~ > O; f(O is continuous. 

First, we should understand the concept of solution. We call p(-, t) E 2 
(0 $ t < oo) a global classical solution [10] of equation (5), if 

(i) p(-,t) E C([O,oo];2) and p(·,t) E C 1((0,oo);2) ; 

(ii) p(., t) E D(A), 0 < t < oo 
(iii) equation (5) is satisfied on [O,oo). 

In order to prove the existence and uniqueness of solution of equation 
(5) under conditions (6), we need the following lemma. 

LEMMA 2.1. Let the initial density distribution of population Po(r) E 
E D(A); the function f satisfies conditions (6), then equation (5) has a 
global classical solution if and only if there is a continuous function N(t) 
on [O, oo) satisfying 

t 
-K f f(N(e))de 

N(t)=Nq(t)e o 0$t<oo 



A CLASS OF NONLINEAR POPULATION EVOLUTION EQUATIONS IN BANACH SPACES 197 

rm 
where Nq(t) = J q(r, t)dr and q(· , t) satisfies following linear evolution 

0 
equation 

(7) { 
dq~~,t) = Aq(·,t) 

q(·,O) =Po(·). 

PROOF. It is easy to check that p(-,t) satisfies equation (5) if and only 
if q(·,t) satisfies equation (7), and 

t 
K f J(N(u))du 

q(·,t)=p(·,t)e o 0$t<oo. 

So, the lemma has been proved. 

Now, we can prove the main theorem in this section. 

THEOREM 2.2. For nonlinear population evolution equation (5), if 
initial density distribution of population Po(·) E D( A); and the function 
f satisfies condition (6), then equation (5) has a global classical solution. 
Moreover, if the function f also satisfies the following condition 

(8) IJ(6)- f(~2)I $ L(M)l6 -61, l~il $ M (i = 1, 2) for any M > 0 

where L(M) is a constant related with M, then the solution is unique. 

PROOF. Let q( ·, t) = T(t)po(· ), where {T(t)}t>O is strongly continuous 
semigroup generated by operator A; then it is known (see (10]) that q( ·, t) 
is a classical solution of equation (7). Moreover, 

rm 

Nq(t) = j q(r,t)dr 

0 

is a continuous function on [O, oo ). 
Let 

Yo= {w(t) I w E C[O, 1]; 0 $ w(t) $ INq(t)I, 0 $ t $ 1} 

then Yo is a convex and bounded subset of C[O, 1]. 

(9) 

Define a mapping F: C[0,1]-Yo C C[0, 1] 
t 

- f Kf(U(u))du 
(FU)(t) = Nq(t)e o 

Since the function f is nonnegative and continuous, we have F(Yo) C Yo 
and the mapping F is continuous. 
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We will show that F(Yo) is a relatively compact set. 

Let 0 :::; to < t :::; 1, then 

t 
-K f J(U(e))de 

(FU)(t)- (FU)( to)= (Nq(t)- Nq(to))e o + 

( 

t ~ ) .- K f J(U(e))de -K f J(U(e))de 
+Nq(to) e o - e o . 

It follows that 

(10) l(FU)(t) - (FU)(to)I:::; INq(t) - Nq(to)I + INq(to)l Jl - e-Molt-to i J, 

where Mo= max Kf(O, and Mi= max JNq(t)I. 
o:se:sM1 09::;1 

For 0:::; t <to:::; 1, (10) is also valid. From (10) F(Yo) is equicontinuous, 
on [O, l]. According to Schauder's second fixed point theorem, F has a fixed 
point, which is denoted by N1(t). Now we get 

t 
- f Kf(N1(e))de 

Ni(t) = Nq(t)e o 

In the following, we extend N1(t) to [O,r], in which r is an integer and 
greater than 1. 

Define a mapping on C[l,r]: F: C[l,r]-+ Yo C C[l,r]. Here, 

_ -K f f(N1 (e))du 

{ 

l } Yo= w(t) I w E C[l,r];O:::; w(t):::; Nq(t)e o , 1:::; t:::; r 

1 t 
_ -I< f J(N1(e))de-K f J(U(e))de 

(FU)(t) = Nq(t)e o 1 1:::; t:::; r . 

Similarly to above F has a fixed point in Yo. We denote the fixed point 
by R(t). So, we have 

1 t 
-K f J(N1(e))de-K f f(R(e))du 

R(t)=Nq(t)e o 1 l::=;t::=;r. 

Let 

N (t) = {N1(t), 
T R(t), 
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then N,,.(t) is continuous on [O, r], and 
t 

-I< f f(Nr(fl))dfl 
N,,.(t) = Nq(t)e o 

Similarly, a series of functions { N n ( t)} can be obtained, they satisfy 
the following equalities: 

Nn+1(t) = Nn(t), 0 ~ t ~ n 
t 

-K f f(Nn(U))dfl 
Nn(t) = Nq(t)e o 0 ~ t ~ n . 

Let N(t) = lim Nn(t), then N(t) is continuous on [O,oo) and 
n-+oo 

t 
- f I< f(N(fl))dfl 

N(t)=Nq(t)e o , O~t<oo. 

Hence equation (5) has a global classical solution p(-, t ) , by virtue of Lemma 
2.1 , we have fort E [O,oo) 

i.e. 

(11) 

t 
-K f f(N(fl))dfl 

p( ·, t) = q(.,t)e o 

t 
- f Kf(N(g))du 

p(· ,t) = T(t)PO(-)e o 

We finished the proof of first part of the theorem. In order to show the 
uniqueness of the solutions, setting T is a positive number and "Pr( ·, t) is 
a classical solution on [O, T]. Define 

(12) g(s) = T(t- s)pr(-.s) 

then g E C 1([0, T]; 2:) . 
Differentiating (12) we have 

dg(s) -
-;i;- = -AT(t - s)pr(·,s) + T(t - s) [AJ5r( ·,s)- Kf(Nr(s))pr( ·, s)] 

and so 

(13) 

where 

dg(s) -
-;i;- = -T(t-s)Kf(Nr(s))Pr(·,s) 

rm 

Nr = j "PT(r,t)dr. 

0 
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From 0 to t, integrating both sides of (13), we have the following 
equality 

t 

n(.,t)=T(t)po(-)-K J T(t-s)f(Nr(s))"pr(·,s)ds (0$t$T). 

0 
In the same way, we also have 

t 

p( ·, t) = T(t)po(-)- K j T(t - s)f(N(s))p(., s)ds (0 $ t $ T). 

0 

It is clear that there exists a constant depending on T, which satisfies 

INr(s)I $ C1; IN(s)I $ C1, 

when 0 $ s $ T. 
From the conditions of the function f, we have 

t 

lln(-,t)- p( ·,t)ll=: $ K j llT(t-s)f(Nr(s))(Jir(.,s)-p(·,s))ll=:ds+ 

0 
t 

+ K j llT(t-s)(J(Nr(s))- f(N(t))p(·,s)ll=.ds $ 

0 
t 

$ c j lln(.,s)-p(·,s)ll=.ds, 

0 

where c is a constant depending on T , from Gronwall's inequality we get 

p( ·, t) = n( ·, t), 

Thus, the arbitrariness of T asserts that the solution is unique. 

Now, we would like to ask a question. H the initial density distribution 
of population POE 3+, where 3+ = {41E3 j 4i(r) ~ 0 a.e. on (O,rm)}, is 
the solution of equation (5) also positive? The answer is affirmative. In 
fact, we have the following corollary: 

COROLLARY 2.3. When equation (5) has a positive initial density 
distribution PO E 3+, the solution of equation (5) is non-negative. 

PROOF. It is known [17], [2] that the strongly continuous semigroup 
{T(t)}t>O generated by the operator A is a positive semigroup on the order 
Banach -space (3, :=:+, 11 · 11 ). So, it is deduced that the corollary is correct. 



A CLASS OF NONLINEAR POPULATION EVOLUTION EQUATIONS IN BANAC H SPACES 201 

3. The Stability, Periodic and Oscillator 
Behaviour of the System 

The major goal in this section is to discuss the large time behaviour 
of the nonlinear population system (5). We assume, in this section, the 
function f satisfies conditions (6). We suppose that the initial density 
distribution po(-) E D(A) and POE=:+. 

By virtue of (3) and (11) we have 
r t 

->.or-J µ(e)de f Po-Kf(N(e))de 
(14) p(r, t) =Cp0 e o . eO + 

+ o eO as t - +oo 
( 

f(>.o-e-Kf(N(e)))de) 

where Cp0 is a constant not related with time t and € > 0 satisfies 

a(A)n {-\I Re-\ 2'. -\o-c} =Po}. 

[

r2 - J µ(e)del-l 
Let /3cr = li k( r )h( r )e O be the critical fertility rate of 

females. When the specific fertility rate /3 of females satisfies /3 $ /3cr 
then from [13] we have -\o $ 0 in (14). And so 

t 
f P·o-K f(N(e)))de 

(15) N(t) = MeO +o(e-et), t- +oo 

by virtue of (14), where M is some constant. The first term in (15) is a 
decreasing function oft, therefore, lim N(t) = c exists. We observe that 

t--+oo 
when Kf(O > 0 for~> 0, we have c = 0. And so 

PROPOSITION 3.1. When /3 $ /3cr, the solution p(-,t) of equation (5) 
is global asymptotic stable 

lim i1P(·,t)llL1(o r ) = lim N(t) = c < +oo. 
t--+oo • m t--+oo 

In the following we discuss mainly the case in which /3 > f3cr · In this 
case, we have -\o > 0 in (14) . If for any~ 2'. 0, Kf(O < -\o, then by virtue 
of the asymptotic expansion 

t t 
f[>.o-KJ(N(e))]de f[>.o-Kf(N(e))]de 

(16) N(t)=MeO +o(e-et) · eO t-oo 
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lim N(t) exists. If in addition we assume mes{ r I Po(r) f 0, r E [ri , r2]} > 0 
t-oo . 
then M > 0 in (16), and 

lim l!P(·,t)llL1(o r ) = lim N(t) = +oo. t-oo • m t-oo 

Generally, in mathematics there is a possibility that 

(17) lim KJ(e)=+oo 
{-oo 

But in practice, the situation (17) is impossible. Later we shall discuss it 
in detail. For the continuity reason we suppose that there exists a fo > 0 
such that 

rm 

Kf(fo) = >-.o and j IT(t)po(r)jdr f 0. 

0 

If we write q(r,t) = T(t)po(r) , Nq(t) = llq(·,t)l!Ll(O,rm)' then 

(18) 
{ 

-K} J(N(u))de 
p(r,t)=q(r,t)e to 

-K f f(N(e))de 
N(t) = Nq(t)e o . 

N' (t ) . 
Let g(t) = N;M- >-.o, then we notice the fact that 

(19) lim g(t) = 0. 
t-oo 

We adopt the idea of [15] and discuss the limit set of equation (18). 
Let 

O.(N) = {N* j 3tn - oo such that N(tn)- N* (n - oo)}. 

Take arbitrary N* E O.(N), (N* may be infinite) then there exists tn - oo 
such that limn-ooN(tn) = N* . First we consider the situation for which 
N* < +oo. If KJ(N*) < >-.o, then there are a small positive number c > 0 
and Sf;, a neighbourhood of N* such that K f(O < >-.o - c:, and >-.o - c: > o 
provided e E S(;(N*). Suppose that N(tn) E S(;(N*) for n > N(;, then there 
is a to> Nl such that g(t) > -c; fort;:::: to. Choose N > N€ such that tn 2: to 
for n 2: N and then consider the equation 

dN(t) 
dt = [>-.o -KJ(N(t))]N(t)-c:N(t), tn ~ t 

N(tn) = N(tn), n>N. 
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Since 
dN(t) J:t = [..\o -Kj(N(t))]N(t) + g(t)N(t), 

d
d [N(t)- N(t)] I > 0 and [N(t)- N(t)J I = 0 
t t=tn t=tn 

in some neighbourhood of tn, along which tis increasing, N(t) > N(t). We 
assert at this moment that 

(20) N(t) > N(t), fort> tn. 

Indeed, if there is at> tn, such that N(t) = N(t) but N(t) > N(t) for any 

t E (tn, t), then it will lead to a contradiction since ft[N(t)-N(t)J lt=i> 0, 

and thus (20) holds. On the other hand, N(t) satisfies 

t 
f [..\o-c-K f(N(u))]du 

(21) N(t) = N(tn)eln , t 2: tn. 

If the function f satisfies following condition 

{
For any M > 0, there is a constant L(M) depending on M such that 
1!(6)- f(~2)J ~ L(M)l6 - ~2J, J~il ~ M, i = 1,2 

then we knew that N(t) satisfying equation (21) is uniquely determined. 
Since Kf(N(t)) < ..\o - c: in a neighbourhood of tn, along which t is 
increasing, N ( t) is a strictly monotone increasing function. Assume that 
there is a t• such that 

K J(N(t*)) = ..\o - c:, Kf(N(t)) < ..\o-c: fort E tnt*) 

then there is a t1 < t* such that N(t1) = N(t*) thus Kf(N(t1)) = ..\o -c:, 
which is impossible. Thus for all t 2: tn, K J ( N ( t)) # ..\o - c: and hence 
lim N(t) = +oo, and this leads to contradiction (see (20)). Similarly, 

t-oo 
K f ( N*) > ..\o is also impossible, and hence we get 

(22) fl.(N) \ {oo} c {~I Kf(~) = ..\o} . 

Let a = lim N(t), b = lim N(t), if a # b, it is clear that for any 
t-oo t-oo 

N* E (a,b), there exists a sequence {tn}, tn-+ oo, such that N(tn) = N*. 
(Notice that N(t) is continuous.) There must be an interval [a,b], a# b, 
b < +oo and 

(23) [a,b] C fl.(N) \ {oo}. 
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Since b- a> 0, we can take e > 0 and fo E (a, b) such that [fo - e,fo + e] C 
C (a,b) and then take tn, such that tn - oo (n - oo) and N(tn) = fo (this 
is possible). We notice that 

t t 
f[>.o-K f(N (e))]de fl>.o-K !( N(e))]de 

(24) N(t) = [M + o(e-tt)JeO = q(t)eO 

where q(t) = Nq(t)e->.ot. From (24) we have limt-ooq(t) =Mand we knew 
that for t 2: tn 

t 
q(t) f[>.o-Kf(N(e))]de 

N(t) = fo · -_-. etn 
q(tn) 

if n is large enough such that for any t 2: tn 
q(t) . 

fo · q(tn) E (fo - e, fo +.e). 

We want to show for any t 2: tn 

f(N(t)) =Ao. 
If ( *) is not right then there exists t* and t 1 such that f ( N ( t)) = Ao, t E 
E [tn, t*] and 

f(n(t)) >Ao, t E (t*,t1) (or f(N(t)) <Ao, t E (t*,t1)). 

We can take t E ( t*, ti) such that 

t t 
f (>.o- f(N(e)))de f (>.o- f(N (e)))de 

a<(fo-e)et• $N(t)$(fo+e)et* <b, 

hence f(N(t)) =Ao, this is a contradiction. Then for any t 2: tn we have 

q(t) 
N(t) = fo · q(tn) 

and so limt-ooN(t) = fo this is contradiction, thus b-&. = 0, i.e. O(N) = 
= {N*}. 

Summarising, we get 

THEOREM 3.2. For any Kf(O which satisfies conditions (6) and (8) 
and Po( ·) E D(A) n :=:+ and llP0UllL1 f 0, the limit of the solution of 
equation (5) as t goes to infinite exists, i.e. 

r 
->.or- f µ(e)de 

(25) lim p( r, t) = ce o 
t-+OO 
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where c ~ 0 may be infinite. 

In the following, we want to find some conditions which make N(t) 
bounded. Suppose that 

(26) 

r 
-Aor-J µ(q)dq 

taking po(r) = ce o , where c > 0 such that K J(e) < >.o fore> M 
in which 

r r 

J
m ->..or-J µ(e)de 

M = Cp0 e o dr 

0 

then 
t t 
f[>.o-K J(N(e))]de f[>..o-K J(N(e))]de 

(27) N(t)=MeO +o(e-et) · eo . 

The first term corresponding to Po( r) of (27) is a strictly monotone in­
creasing function and limt_.00 N{t) = oo. Therefore, in order N(t) to be 
bounded, it must be lime-+oo K f(e) 2: >.o. 

If lim KJ(e) > >.o and lim N(t) = oo, then take c; > 0 and tn -too 
{-+00 t-+OO 

such that K f(N(tn)) > >.o + c;, for this c; there is a to ~ 0 such that the 
corresponding g(t) < c; for all t ~to, suppose that tn ~to for all n > N, 
considering the limiting equation 

{ 
d~jt> = [>.o - K J(N(t))]N(t) + c;N(t), t 2: tn 

N(tn) = N(tn), n ~ N. 

Similar argument to (20), we can get N(t) $ N(t) for all t ~to, but N(t) 
is a monotone decreasing function, it is obvious that N(t) $ N(t) $ N(tn), 
hence N(t) is bounded, this is a contradiction. If lim K f(e) = >.o and 

{-+00 

KJ(e) ~ >.o for all e large enough, it can also be deduced that N(t) is 
bounded. 

If lim K f(e) = >.o and K f(e) < >.o for all sufficiently large e, then 
{-+oo 

N(t) is unbounded like (26). Summarising the above, we have 

THEOREM 3.3. Assume that the conditions in Theorem 3.2 are sat­
isfied. The necessary condition to make the solution of equation (5) be 
bounded is that 

lim KJ(e) 2: >.o. 
e-oo 
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Furthermore, if lim K f ( 0 > Ao, no unbounded solution of equation ( 5) 
~-+00 

exists. In the case lim K J(O =Ao if 
~-+00 

(28) K J(O ~Ao, for each sufficiently large~ ' 

then no unbounded solution of (5) exists; if 

(29) KJ(~) <Ao, for each sufficiently large~' 

then there exists an unbounded solution for (5). 

REMARK The methods used in the proof of Theorem 3.2. make us 
to demonstrate simply the stability of nonnegative equilibrium state of 
system (5). The conclusions are stronger than those of [17], meanwhile, no 
linearization is involved. 

Now we discuss the locally asymptotic stable in D(A) n ;::+ about the 
nonnegative equilibrium state of system (5) . We have the following result . 

THEOREM 3.4. Let fo > 0 be the nonnegative equilibrium state of 
system ( 5) (iff K f ( fo) = Ao). If K f ( ~) is strictly monotone increasing in a 
neighbourhood of fo, then the system ( 5) is asymptotic stable in D( A) n :=:+ 
about fo; if K J(O is strictly monotone decreasing in a neighbourhood of 
fo , fo is not stable. 

PROOF . We only give out the proof for N(t) because the relation 
between N(t) and the solution p(r,t ) of equation (5) tells us that it is 
equivalent to discuss p(r,t). 

We say system (5) is asymptotic stable in D(A) n :=:+ about fo, if for 
any e > 0 there exists 8 > 0 when !No - fol < 8 the solution N(t) of the 
equation 

{ 

h>..o-Kf(N(u)))du 
N(t) =(No+ o(e-et))eO 

N(O) =No 

satisfy IN(t) - fol< e (fort> some t1). 

First, let K !(0 be strictly monotone decreasing in [fo - 8, fo + 8], here 
8 > 0, fo corresponds to the initial state 

r 
->.or-J µ(e)de 

Po(r)=Coe o 
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where Co is a constant such that llPo(r)JIL1(o,rm) = fo. Take 6<c<1 and 

p(r) = cpo(r) such that llfJ(r)llLl(O,rm) E (fo - 8,fo) and the total number 

N ( t) corresponding to initial state satisfies 

t 
f[>.o-K f(N(u))]du 

We denote l1f>(r)l1L1(o,rm)eO by N*(t). Since N*(t) is a 

monotone function at t = 0, and K f(ll.PllL1(0,rm)) >AO, so N*(t) monotone 
decreasing to 

sup {~IKJ(O=Ao}<fo-8. 
e=:;1ifii1L1(0,rm) 

But 0 < c < 1 can be chosen such that 1 - c is small enough, hence fo is 
not stable. 

Suppose K f(O is monotone increasing in [fo - 8, fo + 8], choose€ > 0 
such that Kf(O =AO+€ has a solution in [fo,fo+8]. It is not difficult 
to prove that there exists a neighbourhood of.o of fo, such that o(o c 
c [fo - 8, fo + 8] and for any No E O(D.. ig( t )I < €, Vt ;::: to where to > O is a 
positive number independent of No. Here 

{ 

-K J f(N(g))dg 
N(t) = Nq(t)e o 

N(O) =No 

g(t) = N~(t)/Nq(t)->.o. 
By the continuous dependence of solution to initial value, we knew that 
there is a neighbourhood of.o c Oeo, such that for any No E o(o, the 

corresponding solution N(t) satisfies 3t1 > to {N(t),t ;:=: ti} C Of.o C 
C (~o -8, fo + 8). The solution of K f(O =Ao+€ in (fo- 8,fo + 8), denoted 
by ~l"' does not belong to Of.o. 

For any No E Of.o, consider the following limiting equation 

{ 
d~jt) = [>-o - K f(N(t))]N(t) + cN(t), t 2: to. 

N(to) =No 

By compare principle, N(t) $ N(t) for all t ;:=:to, but N(t) $ ~l", hence 
when t ~ti, we have N(t) $ ~l"· Similar arguments to lower solution, we 
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can get a neighbourhood of ~O and ~€ such that when No belongs to this 
neighbourhood, the corresponding solution N ( t) ~ ~€, and there exists t2 

when t 2: t2. 
Because ~€, ~€ depend continuously on c:, lim ~e = fo and lim ~e = fo, 

€-+O ~-o 
so, ~ is stable. The asymptotic stability can also be deduced by Theorem 
3.2. 

REMARK. We have already known that mathematical stability theory 
has a lot of definitions of stability. One of the basic ones is the stability in 
Lyapunov's sense. It is this notion that is used in this paper. 

However, other definitions of stability have been used in biological 
population [14]. For instance, stability is interpreted as boundedness of 
solutions from below and above (it is often called stability in Lagrange's 
sense). 

Next, we shall discuss the periodic and oscillator behaviour of system 
(5). We would rather give a direct proof than rely on Theorem 3.2, 
although the periodic problem can be demonstrated directly by it. 

THEOREM 3.5. No non-trivial periodic solution exists for system (5). 

PROOF. In fact, if N(t) = N(t + T), Vt~ 0, for some fixed T > 0, then 
by the asymptotic expansion 

t 
- f[>.o-Kf(N(u))Jdu 

N(t)e o = N* + o(e-et). 

From N(t) = N(t+T), we have 

t 
f[>.o-K f(N(u))Jdu 

N(t) =(N* + o(e-et))eO 
t nT 

( 
(
t T) ) f[>.o-Kf(N(u))]de I [>.o-Kf(N(u))]du 

= N* + o( e -€ +n ) eO · e t 

for n = 1,2,3, . .. so 
00 

I [(>.o-K /(N(u))]de 
N(t) = N*eo 

moreover N(o) = N(T). So, we must have 

N(t) = N*, Kf(N*) = .\o. 

It means no non-trivial periodic solution for system (5). 
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Now, we discuss the oscillation of the system (5). We start with 
definition given in [15]. 

DEFINITION. The population system is called oscillation about its 
positive equilibrium position, if for any lim N(t) = N* > 0, and interval 

t-co 
[a, oo ), there is at least one zero point of N(t) - N* in [o:, oo) for any a> 0. 
In other words, there are tn-+ <Xi ( n-+ oo ). such that. N( t~) = N*; if there is 
limt-.00 N(t) = N* > 0 but N(t)-N* =J:. 0 for each sufficiently large t, then 
population system is called non-oscillation about its positive equilibrium 
state. 

In [3], we have proved that for linear system 

(29) <It - ' 
{ 

dp(- ,t) - Ap(· t) 

p(-, 0) =Po(-) 
there is the following result 

THEOREM 3.6. When f3 = f3cr, i.e. Ao = 0, the system (29) oscillates 
about its equilibrium state 

r 

- J µ(12)d12 
N* = coe o 

£ 1 (O,rm) 

However, for nonlinear system (5) we have 

THEOREM 3.7. Assume that f E C 1[0,oo) and lim f(0 = +oo. H 
~-co 

>.o > 0 ..and KJ(~) =Ao has solution, then nonlinear population system (5) 
is not oscillation about its positive equilibrium state. 

PROOF. Take initial distribution 
r 

-.Aor-J µ(12)d12 
Po(r) = ce o 

c > 0, then the corresponding solution of system (5) 

satisfies 

(30) 

rm 

N(t) = j p(r,t)dr 

0 

t 

( ) 
f[.Ao-Kf(N(12))]d12 

N ( t) = M + o( e -ct) eO • 
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From Theorem 3.2 limt-oo N(t) exists (it may be infinite). Choose c > 0 
small enough such that 

{31) M <min{~ I Kf(~) = .Xo} 
{2:0 

then for any t ~ 0, N(t) E [M,N*], and 

N* = min{e I Kf(O = -Xo}. 
{2:0 

Actually, there exists po(r) such that llPollL1 =Mand q(r,t) = Po(r)eAot 
is a solution of the equation 

{ 
dqfh,t) = Aq(r, t) 

q(r,O) =po(r). 

The N(t) is the solution of the equation 

t 
- f K f(N(e))de 

N(t) = Nq(t)e o 
N(O) = M 

rm 
Nq(t) = J lq(r,t)idr. 

0 

We will show that N(t) E [M,N*], if not, 3t* > 0, ti > t* such that 

(29') N(t*)=N*, N(t1)>N*. 

Since 
t* t* 

- f Kf(N(e))de • - f KJ(N(e))de 
N*=N(t*)=Nq(t*)e o =MeAot e o 

t* 
- f Kf(N(e))de A t• 

Me o = N*e- o . 

We have 
t 

- f Kf(N(e))de 
N(t)=N*eAo(t-t*).e t• , t~t*. 

Hence, N(t) satisfy 

(30') 
{ 

t 
- f f(N(e))de 

N(t) = N q(t)e t* , 

N(t*) = N* 

t > t* 
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- rm A • A ( •) where Nq(t) = J lq(r,t)ldr, and q(r,t) =po(r)e ot e o t-t . 
0 

It is easy to see q( r, t) satisfy 

{ 

dq~~, t) = Aq(r, t) 

q(r, t*) = Po(r)eAot•. 

But N(t) = N* is also the solution of equation (301
), so N(t) = N*, (t ~ t*), 

this is a contradiction to (291
). 

We write the Taylor expression of KJ(O ate= N* as 

(32) KJ(O = >-.o + KJ'(N*)(e -N*) + o(e -N*) 

fore E (N* - 6,N*), 6 > 0. Hence there are constants 60 > 0 and co> 0 
such that 

K~~);.>-.o:::: KJ'(N*)+o(l) <co 

for any e E (N* - 60, N*), i.e. K f(0 > >-.o + co(e -N*) for .e E (N* - 60, N*). 
We define the function 

Kj(O = { U(O, e E [O,N* -::-80] 
>-.o+co(e-N*), eE(N*-60,00) 

where 80 < 60, U(e) is a function such that 

Kf({) > 0, for { > O; Kf(O) = 0 Kf E C 1[0,oo) 

and KJ(e) # >-.o fore E [O,N*). So K J(e) > Kf(O, ve E [N* - 80 , N*]. 
Take the initial distribution such that ME (N* -80,N*), denote N(t) the 
solution of (5) corresponding to Kf(O. Since N(t), N(t) E (N* - 80,N*), 
we have 

(33) N(t) < N(t), Vt 2: o. 
but N(t);::; N*. It follows that limt_.00 N(t) = N*, N(t) < N*, Vt 2: 0. By 
definition, N(t) does not oscillate about N*. The Theorem is proved. 

REMARK. Theorem 3.5 and 3.6 tell us the difference between linear 
and nonlinear models. Furthermore, generally speaking, the solutions of 
nonlinear equation (5) are bounded (under certain conditions). This avoids 
the possible situation of 

lim N(t) = +oo 
t-oo 

which is not possible in practice. 
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4. Non-linear Age-dependent 
Population Dynamics with Immigration 

If we consider immigration, we have the following nonli:O:ear population 
evolution equation · 

opM,t) + op~~, t) = -µ(r )p(r, t) - K j(N(t))p(r, t) + g(T, t) 

0 < T < Tm, t > 0, 

(34) p(T,0) = Po(T) 
r2 

p(O,t) = /3 J k(r)h(T)p(r,t)dT, t > 0 
r1 

rm 
in which N(t) = J lp(r,t)idr; g(T,t) is densitive distribution of immigration 

0 
population at time t. Generally speaking , the relation of the g(T,t), p(T, t) 
and N(t) is very complex. We discuss , in this section, the case when g(T , t) 
and p(T, t) are in following relation g(T, t) = w(N( t) )p(T, t), here w is a real 
function which is not required to be positive. 

So, the system (34) can be written as 

(35) 

op~,t) + op~~,t) = -µ(T )p(T, t) - f( N( t) )p( T, t), 0 < T < rm, t > 0, 

p(T,0) = PO(T), 0 ~ r ~Tm 
r2 

p(O,t) = /3 J k(r)h(T)p(T,t)dT, t>O 

in which f is a real function which is not required to be positive. The 
difference between system ( 4) and system (35) is only the requirement for 
function f. 

In state space :=: we have the following abstract evolution equation 

(36) l 
dp~~,t) = Ap(-, t)- f(N(t))p(· , t), 

p(-, 0) =Po(-), 
rm 

N(t) = J lp(r, t)ldr, t ~ 0. 
0 

About the existence of equation (36), we have 

t > 0, 

THEOREM 4.1. For equation (36), if f is continuous on [O, oo ), f (0) = 0 
and 



A CLASS OF NONLINEAR POPULATION EVOLUTION EQUATIONS IN BANACH SPACES 213 

in which e = max{~i,6}, c(O E L1(0,oo); and Po E D(A) . Then equation 
(36) has unique global classical solution in state space :::. Moreover if 
PO ~ 0, the solution is nonnegative. 

PROOF. Let Y = D(A), llglly = ligll::: + l!Agll::: for any g E Y, then 
[Y, II· l!y] become a Banach space, denoted by Y. 

Since T(t)Y CY and 

lim llT(t)cp - crllY = 0, Vcp E y 
t-+O 

if S(t) = T(t) I , i.e. S(t) is the restriction of T(t) on Y, then {S(t)}t>O 
y -

is a strongly continuous semigroup on Y . The infinitesimal generator of 
{S(t)h>o is denoted by B, then D(A2) = D(B) and Bc.p = Ac.p, for any 
cp E D(B). Define mapping 

F: L2([0, T]); Y)-+ L2([0, T); Y), 
t 

(Fc.p )(-, t) = S(t)po(-)- J S(t - r)f(N(r))cp(-, r)dr, 

0 

rm 
here cp E L2([0 , T); Y) and N(t) = J jcp(r, t)ldr. It is clear that the mapping 

0 
F has meaning. 

Let 'Pi(·,t) E Y, i = 1,2, then 

t 

(37) !l(Fc.p1)(·, t)- (Fc.p2)(·, t)ll::: $ ci J i1'P1(·, r)- c.p2(·, r)ll:::dr 

0 

and 
t 

(38) llF(Ac.p1)( ·, t)- F(Ac.p2)(-,t)i1::: $ c2 J l1Ac.p1(·, r)-Ac.p2(- , r)ll:::dr 

0 

where Cj, i = 1, 2, are constants. Since operator A and F can be exchanged, 
we have 

t 

ll(Fc.p1)(-,t)-(Fc.p2)( ·,t)llY $ c3 J ll'P1(·,r)-c.p2(-,r)i1ydr 

0 

by virtue of (37) and (38), where c3 is a constant. 
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So we have 

(39) 
1 

IJ(F<p1)(·, t)- (Fc.p2)(·, t)llY $ ct'1 ll<i?1 - <i?2llL2(0,T:Y)" 

According to (39), there are the following inequalities 

t 

llF2<i?1 - F 2c.p2llY $ c J llF<.p1 - Fc.p21iydr $ 

0 
t 1 

2 J 1 2 t11+
1 

$ c ll<i?l - <i?21iL2([0,T) ;Y) . r'1dr $ c . ~ + l · IJ<i?1 -<.p2llL2(0,T;Y)· 
0 

It is obvious that for any positive integer n we have 

ll(Fn<.p1)(-, t)- (Fnc.p2)[-, t)IJY $ 

t!+n-1 

Hence 

and there exists a positive number f2 < 1 and an integer no such that 

11Fn°<.p1 - Fn°'P2llL2(0 ,T;Y) $ f2·1i<i?1 - 'P2llL2(0,T;Y) 

for any 'Pi E L2(0,T; Y), i = 1,2, by virtue of 

en 
lim -=0. 

n-+oo n! 
By the principle of Banach Fixed Point , the mapping F has a unique fixed 
point, denoted by c.p(-, t) , in L2(0, T ; Y), i.e. 

t 

(40) c.p(.,t)=S(t)po( ·) - J S(t-r)J(N(r))c.p(.,r)dr. 

0 
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Next, we consider inhomogeneous equation in 2. 

(4l) { dp~/) = Ap( ·,t)- J(N(t))cp(· ,t), 
p(·,O) =po(-), 

rm 

in which N(t)=f lcp(r,t)ldr. Let g(t)=f(N(t))cp(-,t) theng(t)EL1(0,T;S), 
0 

g E C((O, T); S), g(t) E D(A) and Ag(t) E L1(0, T; 2). By (10] , equation ( 41) 
has a classical solution p( ·, t), and 

t 

p(-, t) = T(t)po( ·)-J T(t - r)f(N(r))cp(-, r)dr 0::::; t < T. 

0 

Sop(·, t)=cp( ·, t) by virtue of ( 40) and the definition of semigroup {S(t)}t>O· 
The classical solution of equation (36) in 3 is: -

t 

(42) p(-,t)=T(t)po(·)-JT(t-r)J(N(r))p(-,r)dr, 0 '.St< T. 

0 

In the following we will show when PO E D( A) n 3+, the p( ·, t) defined 
by ( 42) is the solution of the equation 

(43) dp~/) = Qp(-,t)+(foo -f(N(t)))p( ·,t) 

and the solution is nonnegative. Here the operator is defined as follows 

{ 
D(Q) = D(:) . 

Qcp(r) = -¥r- (µ(r) + f 00 )cp(r), 

where Joo= llJllL00 (0 ,oo) · 

Let eQt be the strongly continuous semigroup generated by operator 
Q defining a sequence of function in C([O, T); 3) 

{ 

Po(· , t) = eQtpo(-) 
(44) t 

Pn(-,t) = eQtPo(·)+ [ eQ(t-T)(foo -f(Nn-1(r)))Pn-1C,r)dr. 

It is easy to see that Pn(·,t) E C([O,T);3) and {pn(-,t)} converge uniformly 
on [O, T). Let 

g( ·,t) = lim Pn( ·,t) 
n-oo 

r~ 

N(t) = J Jg(r, t)Jdr. 

0 
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From ( 44) 

t 

(45) g(-, t) = eQtpo() + j eQ(t-T)(Joo - J(N(r)))g(·, r)dr. 

0 

It is not difficult to show that g(-, t) 2: 0. So 

t 

(46) p(·,t) = eQtpo()+ j eQ(t-T)(Joo -f(N(r)))p(·,t)dr 

0 

by virtue of [10] and ( 43), in which 

rm 

N(t) = j lp(r,t)ldr. 

0 

From ( 45) and ( 46) together with Gronwall's inequality p(r, t)= g(r, t) 2: 0. 

It follows that equation (36) has a unique nonnegative classical solution 
on [O, T) for any T > 0, therefore, it has a unique classical solution on [O, oo ). 
The proof has been completed. 

In many cases, requiring the existence of a classical solution (i.e. strong 
solution) to (36) is too stringent, and so we apply the variation of constants 
formula to (36) to obtain the equation 

t 

(47) p(·,t)=T(t)po()+ j T(t-s)f(N(s))p(·,s)ds, t2:0. 

0 

A continuous function p(-, T): [O, T)-+?: that satisfies ( 47) for t E [O, T) is 
called a mild solution to (36) on [O, T) (see [10]). Any classical solution to 
(36) is also a mild solution; however, the converse is not true in general. 
In this paper, we give better results than in [16]. 

We have the following basic existence result for (47) by virtue of [8], 
[7]. 

THEOREM 4.2. Hfor each R > 0 there is an L(R) > 0 such that 

(48) lf(~1)- !(6)1 ~ L(R)l6 - 61 
for all ~1,~2 E [O,oo), 1~11, 161 ~ R, then (47) has a unique solution p(-,t) = 
= pp0 (-,t) on [O,bp0 ) for each POE D(A) . Furthermore, if bp0 < oo then 
llPpo(.,t)ll=:-+ oo as t-+ bp-

0
• 
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Theorem 4.2 does not guarantee the continuity of the solution, i.e. The­
orem 4.2 does not assert the existence of mild solution for ( 47). However, 
we have the following existence result of mild solution for ( 4 7) . 

THEOREM 4.3. H the function f satisfies condition ( 48) on [O , oo ) , 

then (47) has a unique mild solution p( ·,t) = pp0(·,t) on [O , bpo) for eacb 
POE D(A). Furthermore, if bp0 < oo then JJpp0 (-,t)JI:::-. oo as t-. bro· 

PROOF . From Theorem 4.2, there is a function p(·,t) satisfies (47) on 
[O, bp0 ). Only if we can show that p E C([O, bp0 )), then the proof will be 
completed. 

Let 

t 

W(t)= jr(t-s)f(N(s))p(-,s)ds, 0$t<bp0 . 

0 

For h > 0 

so 

t+h 

W(t + h)- W(t) = j T(t + h- s)f(N(s))p(· , s)ds-

0 
t -J T(t- s)f(N(s))p( ·,s)ds = 

0 
t+h 

=(T(h)-I)W(t)+ j T(t+h-s)J(N(s))p( ·,s)ds 

t 

llW(t + h)- W(t)ll::: $ 
t+h 

$ ll(T(h)- I)W(t)ll::: + llT(h)ll j llT(t- s)J(N(s))p(·,s)ll::;ds . 

t 
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By virtue of the strongly continuous of semigroup {T(t)}t:;:i:o, W(t) is 
right-continuous. Again, let 0 < h < c; < t, then 

W(t)- W(t - h) 
t t-h 

= j T(t-s)f(N(s))p(·,s)ds- j T(t-h-s)f(N(s))p(·,s)ds 

0 0 
t-h 

=(T(c:)-T(c:-h))W(t-c:)+ J T(t-s)f(N(s))p(-,s)ds 

t-£ 
t-h 

= j T(t - h- s)f(N(s))p(-,s)ds. 

t-£ 

It is not difficult to know that llW(t)- W(t-h)ll:::: -t O, (h-t O+, c -t O+) 
hence W(t) is continuous in 2. It is obvious that T(t)po is continuous, so 
p(-, t) is continuous. 

We will show that the global mild solution exists under certain condi­
tions for the function f. 

COROLLARY 4.4. In addition to the function f satisfies the condition 
of Theorem 4.3, suppose that f is bounded on [O, oo ), then ( 47) has global 
mild solution. · 

PROOF. If system ( 4 7) has no global mild solution, then bp0 < +oo, 
and 

lip(-, t)ll:::: -t +oo as t -t bP-o' 

by virtue of Theorem 4.3. 

On the other hand, we have 

t 

llP( ·, t)ll:::: ~ llT(t)po(-)11:::: + M J lf(n(s ))I· ew(t-s) ·lip(- , s )ll::::ds 
0 

for t E [O, bpo). Here, we suppose llT(t)ll :S M ewt. Since IJp(-, t)ll:::: is 
continuous on [O, bp0 ), from Gronwall's inequality it follows that 

t 
M' J lf(N(s))lds 

IJp(·,t)ll:::: ~ M'llPoll:=:e 0 
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in which M' =max { 1, M ewbpo } . Let M" = M'llPolJ:=:eM'/l/llL 1{0,oo) ·bpo , 

then jjp( ., r)ll:=: ~ M 11
, t E [O , bp0 ) this is a contradiction, therefore the 

corollary has been proved. 

It is very interesting that we have found that the mild solution of sys­
tem (36) and the generalized solution are equivalent under weak condition. 
We start with the definition of generalized solution. 

A generalized solution (see [7]), or weak solution (see [l l) of the initial 
value problem (36) can be defined as follows: a function p(·, t) E C([O, T);2) 
is a generalized solution of (36) if 

(i) p(-, o) = PoO; 

(ii) for every q E C0 (0,rm), (p(·,t),q) is absolutely continuous on any 
Tm 

finite interval, here (p(-,t),q) = J p(r,t)q(r)dr; 
0 

(iii) ft(p(·,t),q} = (p(.,t),A*q)- (J(N(t))p(-,t),q) a.e. on [O,T) where 

A* is the adjoint of A. 

The result is as follows. 

THEOREM 4.5 . Assume that state space 2 = LP(O,rm) (1 < p < oo); 
PO E D( A), the function f satisfies 

f E C[O,oo)nL00{0,oo). 

Then the mild solution and generalized solution of equation {36) a.re 
equivalent. 

PROOF. First, we show that the mild solution p(· , t) will be generalized 
solution. 

Let V(t) = (p(·,t),q) where q E C0(0,rm), then when t1 > t2, we have 

{49) IV{ti)- V(t2)I ~ l(T(ti)po -T(t2)po,q)J+ 
t2 

+ ~ T(ti -s)f(N(s))p(-,s)d"q) + 

t2 

+ ( (T(t1 - t2) - I) J T(t2 - s )f(N(s ))p(-,s )ds,q) < 
0 
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t1 

:S M1l t1 - t2 1 + M2 J IJ(N(s))l · llP(·,s)IJ =: ds+ 

Ti 

+ M3 J Jf(N(s) )J · Jlp(· ,s)IJ=: · ( IJ A*q lJ :::• + C)ds · lt1 - t2 J 
0 

in which Mi ( i = 1, 2, 3, ) and C are constants which are independent of 
t , here t , t i E [O , T1J, T1 is any positive number. So, V(t) is absolutely 
continuous on any finite interval, by virtue of ( 49) . 

We will show the differentiability. 

Leth> 0, q E CQ'(O,rm), then q E D(A*) , we have 

1 
( 50) h (p( . , t + h) - p( " t) ' q) = 

t+h 

~ x ( (T(h)-I)p( ,t)- J T (t + h- s) f(N(s))p( ·, s)ds, q) ~ 
t 

= * (p(-, t) ,(T*(h) - I)q)-

t+h 

-( X J T(t+ h- s )f(N(s))p(" )ds, q). 
t 

Since 

(51) 

and 

lim jp(-,t) , -h
1
(T*(h)-l)q) = (p(· ,t) ,A*q) 

h-o+ \ 

t+h 

~~ * J llf(N(s))p(-,s)IJ=:ds 
t 

exists a.e. on [O, T1], hence 

t+h * J (J(N(s ))p(-, s ), T*(t + h - s )q - q) ds < 
t 

t+h 

:S sup IJT*(t+h-s)q-qlJ=:•·-h
1 J IJJ(N(s))p(·,s)IJ=:ds-+0 

t<s<t+h - - t 
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a.e. on [O,T1], ash- 0. By virtue of (50) and (51), we have 

lim _hl (p(-,t + h)-p(.,t) ,q) = (p(-,t),A*q)- (J(N(t))p(.,t),q) 
h-o+ 

a.e. on [O, Ti]. Similarly, we also have 

lim - _hl (p( ·, t) - p( ·, t - h ), q) = (p( ·, t), A* q) - (f(N(t) )p(-, t) , q) 
h-o+ 

a.e. on [O,Ti]. Therefore, p(-,t) is a generalized solution (i.e. weak 
solution) of the equation (36). 

Let 

We now prove the second part of the theorem. 

Let p(r,t) is a generalized solution of equation (36) on [O , t), then 

T(t)J(N(t))p( -, t) E L 1([0,T);2:). 

t 

p(-,t) = T(t)po(-)- j T(t- s)f(N(s))p(.,s)ds 

0 

for every q E C0 (0, rm). Similarly to the first part of the proof, we have 

d 
dt (.P( ·, t), q) = (p(., t), A* q) - (f (N(t) )p( ·, t), q), a.e. on [O, T) 

Let Q(r,t) =p(r,t)-p(r,t) then 

! (Q( ·,t),q) = (Q(.,t),A*q) a.e. on [O,T). 

By virtue of [11], we have 

t 

(52) (Q(-,t),q) = (! Q(·, s)ds,A'q) a.e. on !O,T). 
0 

Since 
t 

j Q(·,s)ds E C([O,T);2:) 

0 

(52) holds for every t E [O, T). 
Take). E a(A*), let q =(.A -A*)-1g, by virtue of (9) and [13], we have 

t 

( (.\-A)-1Q(·, t),g) = ( J Q(·,s)ds,A' R(.\ ,A')g) 

0 
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i.e . 

t t 

(R(A, A)Q(·, t),g) = (J Q(-,s )ds, -g) + ,\ (J Q( ·, s )ds , R(,\ , A')g) 
0 0 

therefore 
t t . 

( R(A, A)( Q(·, t)- ,\ j Q( ,s)ds;g) = -(! Q(·,s )ds,g) 

. 0 0 

From [13], we know that {B(r) I B(r) = (>.-A*)q, q E C0 (0,rm)} is dense 
in 3* , it implies 

R(.\,A) ( Q(·,t)-,\ I Q(-,s)ds) =-/ Q(·, s)ds 

and 

By (52), we have 

t J Q(-,s)ds E D(A) fort E [O,T). 

0 

t 

A J Q( ·,s ) = Q(.,t) for any t E [O,T). 

0 

t 
It is obvious that J Q(., s )ds is the solution of the following equation 

0 

(53) 

So 

i.e. 

{ 
dmt) =Au( t ), o :st < T, 
u(O) = 0. 

t J Q(-,s)ds = 0, 0 :St< T, 

0 

p(.,t) = p(-,t) , O::; t < T. 

The proof has been completed. 
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Appendix 

The model of the population evolution is the foundation of analysis 
of population evolution process, population forecasting and population 
optimal control. We can obtain many good results in studying population 
evolution process with mathematical model in the light of modern science 
technology and methods, such as optimal control theory, system science, 
technology of system engineering and computer science. For instance, in 
order to control population growth in a planned way, we can get optimal 
female birth rate by applying optimal control theory (see [18]). If we 
want to stipulate the fertility level to stop the population growth or the 
population drop eventually, we can find the formula to calculate the critical 
fertility rate by applying the theory of stability (see [20]). 

There are many kinds of mathematical models to describe the popu­
lation evolution process. The model studied in our paper is very useful in 
human population theory, we will show it with some data. 

We start with introducing the population parameter used in the fol-
lowing evolution equation 

! 
ap~~,t) + apt,t) = -µ(r,t)p(r,t) 
p(r,O) = Po(r) 

r2 
p(O,t) = f3(t) J k(r,t)h(r,t)p(r,t)dr. 

r1 

The distribution density of population p(r, t) is defined by 

( )
- oN(r,t) 

p r,t - or . 

Here, the N(r,t) denotes the total population aged rat time t. 
The function µ( r , t) of relative mortality rate is a very important 

parameter in population evolution process. It is defined in the following 
way: 

() 1i 
M(r,b.r,t) 

µ r,t = m 
~r-0 p(r,t)b.r 

where M(r,D..r ,t) denotes the total mortality population in ·unit time 
between age r and age r + b.r at time t. The total living population 
in [r,r+D..r] at same time is p(r,t)b.r. 

Now, we give the definition of the specific fertility rate. 

We denote the total population fertilized in unit time at a time t by 
cp(t), it is the absolute fertility rate. The ratio of the cp(t) to the total 
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population N(t) at time tis denoted by U(t), called relative fertility rate. 
Table 1 tells us the absolute fertility rate and relative fertility rate in China 
in recent years (see [19]). 

t (year) 1975 1976 1978 1979 1980 1982 

t;?(t) (million/year) 21.09 18.53 17.86 17.27 14.90 20.689 

U(t) (%) 2.293 1.987 1.889 1.790 1.535 2.091 

Table 1. 

The k( r, t) denotes the female ratio at time t, [ri, r2] denotes the 
fecundity period of females. 

Let the total population between age r a'hd age r + dr be p( r, t) (taking 
dr = 1), the total population of female at time t at same age interval be 
k(r,t)p(r ,t). Let f(r,t) denote the number of parity of each female aged r 
at time t , then the total number F(r, t) of parity of female aged r is 

F(r, t) = f(r, t)k(r, t)p(r, t). 

Hence, the total number of parity of female aged between rl and r2 at time 
tis ~(t), and 

rz 

~(t) = J F(r,t)dr 

r1 

i.e. 
rz 

(Al) ~(t) = J f(r,t)k(r,t)p(r,t)dr. 

r1 

The f(r, t) reflects the fertility levels at different age and at different time. 

Now, we normalize the J(r, t). Let 

(A2) J(r,t) = f3(t)h(r,t) 

the h( r, t) be called the fertility pattern which is required to satisfy 

rz 
(A3) j h(r, t)dr = 1 

r1 

the (A3) is called the condition of normalization. 
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Integrating both sides of (A2) from ri to r2 for r, we have 
r2 

(A4) (3(t) = J J(r, t)dr. 

The (A4) means that (3(t) is the number of parity of each female in [ri, r2] 
at time t. It is called specific fertility rate. Replacing f(r,t) in (Al) by 
(A2), we have 

rz 
~(t) = j3(t) J h(r,t)k(r,t)p(r,t)dr. 

r1 

Table 2 is taken from the fertility pattern data of Tianjing city in China 
(see [19]). 

Age Fertility rate Fertility pattern 
! (1978) %0 h (1978) %0 

23 0.55 0.46 

24 7.53 6.28 

25 39.14 32.62 

26 115.95 96.63 

27 143.16 119.30 

28 175.91 146.59 

29 212 .32 176.93 

30 205.75 171.45 

31 101.35 84.46 

32 85.21 71.01 

33 57.26 47.72 

34 27.03 22.35 

35 17.64 14.70 

36 8.07 6.73 

37 2.02 1.68 

Table 2. 

It is easy to know /3(1978) = 1.20. 
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After having observed census data, we have found that the fertility 
pattern h(r,t) can be approximated by Gamma distribution density. 

During short time, for example, during one year, we suppose that h( r, t) 
be independent on t, in this case, we have 

{ 

(r-r1)0 -le -9 
h(r, t) = oaqa) ' 

0, 

Here f( a) is Gamma function 

00 

r(a) = J e-xea-ldx. 

0 

r > q, 

r $ q. 

The parameters a and B can be determined by the statistical data. For 
example, by computer data processing for Jiling Province's census data· 
(see [2]), these are the following results 

n 4 
a=- B=-

2' 5 

{ 

1 . (r _ ri)!-le-i(r-r1), 

h(r,t)= (!)Ir(!) 
0, 

(A5) 
r > q, 

r $ q, 

the n satisfy the equality n = ~(rm - ri) + 2. 

The following table (Table 3) shows that the fertility pattern deter­
mined by (A5) can approximate the real fertility data very well (see [19]) . 

Province Year The number of babies Relative 
born during the year error 

Sensus data calculated data J(l) - (2)1 3 
(1) (2) 

Inner Mon. 1981 18639 18900 261 1.4 
Jiling 1980 29945 29973 28 0.1 

Table 3. 

Now, we have understood the parameters in the population evolution 
equations. According to the numerical methods for partial differential 
equation, we can use the equation to forecast the population (see [21 ]). 



A CLASS OF NONLINEAR POPULATION EVOLUTION EQUATIONS IN BANACH SPACES 227 

We can compare the calculated data with sensus data. It is shown in 
the following table. 

Year Population increased The total population 
during the year (million) (million) 

Sens us Calculated (3) Sens us Calculated (6) 
data data ((1)/(2))% data data ((4)/(5))% 
(1) (2) (4) (5) 

1975 14.38 14.40 99 .9 919.70 918.50 100.1 
1976 11 .78 11.80 99.8 932.67 930.29 100.3 
1977 11.38 11.37 100.l 945 .23 941.66 100.4 
1978 11.47 11.46 100.l 958.09 953.11 100.5 

Table 4. 

It follows that the model we have studied can approximate the real 
population evolution process very well. 

From above we know that the population evolution equation is very 
successful in analysis of population. It is that reason we want to study this 
kind of population evolution model further on. 
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In this paper we continue the investigations [1]-[3] about the expan­
sions in non-integer bases. Recall that for a given value 1 < q < 2 an 
expansion of 1 is a series 

00 

(1) 1 = L£iq-i 
i=l 

where the digits C:i can be 0 or 1. Such a series always exists. Sometimes 
we substitute it by the sequence of digits, writing 1 = €1£2 ... (and q ... en 
means q ... cnOOO ... ). We prove the following 

THEOREM. There are 2No many values q for which 1 has precisely No 
many expansions in basis q. The following expansions define such values q: 

(2) 1 ... 1[0 ... 0 10a0010a001]w=(t:i} 
1 9 1 9 

where the letter "a" denotes either 0 or 1 which may be different at each 
occurrences. The other No expansions are c:i,. . .,c:z_ 1,0,(c:i' +t:i'-1)~k+l' 
where t:k = 1 is followed by nine zeros in (2). 

Remark that this answers Problems 3 and 7 in [l]. 
For the proof the following statements will be useful 

LEMMA 1. Suppose that 1 has an expansion (c:i) beginning with n 
digits (n 2:: 2), and let (c:i) be another expansion of 1. Suppose that there 
exists an index k 2'. 1 such that c: k = 1 and 

a) C:k+l + .. . + £k+n-1 > 0, or 
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b) there exists e EN with €k+en+l + .. _. +ck+(l+l)n-1>0 but ck+jn+l = 
= · · · = ck+(j+l)n-1 = 0, ck+(j+l)n = 1 (j = 0, 1, ... , i - 1). 

Then there is no expansion of 1 beginning with the k digits c1 ... ck_ 10. 

{3) 

PROOF. The existence of ( C:) implies that 
1-rn 

r-
1
-- = r + ... + rn :'.S 1, 
-r 

1 
r := - . 

q 

Denote a= q .. ·€k-l · Then in case a) we have a+ rk +rm :S 1 for some 
k + 1 :'.S r :'.S k + n - 1, and in case b) a+ rk {1 + rn + ... + rln) +rm :S 1 for 
some k +in+ 1 :Sm :S k + (i + l)n -1. In both cases we obtain 

1 r(l+l)n 
( 4) a+ rk - + rk+(l+l)n-l < 1 for some e ~ 0. 

1-rn -
We have to prove that 

(5) 

since this implies the impossibility of beginning an expansion with 
q ... ck-10. Now ( 4) implies (5) if we prove that 

rk+l k 1 - r(l+l)n k+(l+l)n-1 -- < r +r 
1-r 1- rn 

i.e. that 

r 1- rn < 1- r(l+l)n + (1- rn)r(l+l)n-l = 1 + r(l+l)n-1(1- r - rn). 
1-r 

Here the left side is :S 1 by (3) and the right is > 1 since 1 - r - rn > 0 
again by (3). So (5) follows from (4) which finishes the proof. 0 

LEMMA 2. Let (ci) be an expansion of 1 beginning with n consecutive 
digits 1, and suppose that there are non consecutive digits 0 in (ci). Then 
in any other expansion of 1 the first modified digit cannot be an ck = l. 

PROOF. As above, we have (3) . On the other hand, if ck = 1 then 
denoting a = ci ... ck- l, we have 

00 k 

(6) 1 =a+ rk + I:Ck+i. rk+i ~a+ rk(l + rn + r2n + ... )=a+ 1 ~ rn. 
i=l 

If (ci) is another expansion where ck = 1 is the first modified digit 
(ck= 0) then 

00 k+l 
1 =a+~ ck+i. rk+i :'.Sa+ rk+l + rk+2 + ... =a+ _r -. 

~ 1-r 
i=l 
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Taking (3) into account, we can continue by 

k r k 1 
l<a:+r --<a+r --

- 1-r - 1-rn 

in contradiction with (6). This shows the impossibility of the expansion 
(ci)· Lemma 2 is proved. 0 

Now we give the corresponding modification test for the digits 0. Since 
the above method seems to be difficult in applying to the situation below, 
we choose another idea. 

LEMMA 1 '. Suppose that 1 has an expansion (ci) starting with n ~ 2 
consecutive digits 1 and let ( ci) be any expansion of 1. Suppose that there 
exists k ~ 1 with €k = 0 and 

a) ck+l + ... +ck+n-1 <n-1 or 

b) there exists £EN with ck+en+I + ... + ck+(l+l)n-1 < n -1, and 
Ck+jn+l = · · · = ck+(j+l)n-1=1, ck+(j+l)n = 0 for j = 0, · · · ,£-1. 

Then there is no expansion of 1 beginning with the digits c1 .. . ck-11. 

PROOF. It is enough to show that 

(7) 

In case a) we change ck = 0 to 1 and compensate it by adding -C:-k at 
each places i ~ k + 1; in other words 

(8) 

Here €k+i - ci :S 0 (i = 1, ... , n) and by a) there exists 1 :Si :Sn - 1 with 
€k+i - ci = -1. We expand this digit -1, i.e. we substitute it by 0 and 
we add -cj to the k + i + j-th digit, j = 1,2, .... Then we have ~ -1 
at the k + n- th place, and ~ 0 at k + n + 1. Analogously expand one 
-1 at k + n, after one at k + n + 1; then at k + 2n we have ~ -1, at 
k + 2n + 1 we have :S 0. Thus we expand one -1 at k + 2n, after one -1 at 
k + 2n + 1, then at k + 3n, k + 3n + 1 etc. Finally, we obtain an expansion 
of 1 (the convergence follows from the fact that at the i-th place stands 
a digit between 1 and -i). This expansion of 1 begins with q ... ck-11 
and all other digits are :S 0, some of them are :S -1. This proves (7) in 
case a). In case b) we change as well € k = 0 to 1 and get the expansion 
(8). Then ck+i - ci = 0 (i = 1, . .. ,n -1), lk+n -€~ = -1. Expand then 
€k+n -€~ = -1, after one -1 at the k+2n-th, .. .,k+£n-th places. This 
last step makes a situation almost identical (and even simpler to handle) 
as in case a), and the proof can be finished by the method of a). 
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LEMMA 2'. Let (ci) be an expansion of 1 starting with n digits 1 such 
that .::~+l = 0 and suppose that there are no n consecutive digits 1 after 
this position. Then in any other expansion of 1 the first modified digit 
cannot be an ck = 0. 

PROOF. Apply Lemma 1' (with ci := ci). If one of the conditions a), 
b) holds for ( .::i), then the digit ck = 0 cannot be modified. So it remains to 
investigate the case ( .::-; ) = ci ... ck-l 0( 1 . . . 1 0 )w. In this case we write 

1 n-1 
'-' '-' 

1 to the k-th position and add -ci to the k + i-th positions. Then -1 
appears at k + n which we expand; after that we expand one -1 at k + 2n , 
k + 3n etc. Finally we get an expansion of 1 starting with .::i ... cz_1 l, and 
after that position stand only nonpositive digits . Among them negative 
digits will appear since ( C:) # ci ... c~. As in Lemma 1' we conclude that 
1 < ci ... c:z_ 1 which finishes the proof. 0 

As an immediate corollary of Lemma 2 and Lemma 2' we obtain the 
point 3) of Theorem 1 in [1] on the uniqueness of expansions starting with 
n 1 digits if further there are no n consecutive 0 or 1 in the expansion. 

PROOF OF THEOREM. We put two expansions different from (2) into 
the same equivalence class if the first digit different from (2) has the same 
index. The first modifiable digit in (2) cannot be a zero since there are no 
8 consecutive 1 digits following a zero. By Lemma 2 the digits followed 
by 9 zeros can only be the first modified digits. Let ck = 1 be such a 
digit; change it by 0 and add C:-k to ci', i ? k + 1. Then at the places 
k + 1, ... , k + 9, k + 10 stand 1 digits and at i 2:: k + 1 there is no '2" digit 
because in (2) for i ? k + 1 there may be 1 digits only in the places 5£ + 1 
or 5£ + 4 while in the shifted sequence the 1 digits may be at 5£ or 5£ + 3. 
Thus we obtained an expansion which we denote by (2)k · We show that 
there is no other expansion (ci) in the equivalence class of (2)k· If (ci) is 
another element of this class, then it is a modification of (2)b where the 
first modified digit is at a plce i ? k + 1. But for i ? k + 1 there are no 
8 consecutive 1 following a zero and 8 consecutive zeros occur only when 
two 1 digits follows (since in (2), digits 1 stand at all places 10£ + 9, and 
in ci'-k' in all places i = 10£+8). Hence by Lemma 1and2, the expansion 
(2)k can not be first modified at any places i? k + 1. So the equivalence 
class of (2)k consists of one element: (2)k itself. Then all expansions of 1 
are (2) and the (2)b which is ~O expansions indeed. 

Consider the set A of the positions where the symbol "a" occurs in 
(2). Any subset will code such a value q for which (2) is an expansion of 
1 where we write 1 instead of exactly those "a" whose position belongs to 
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this subset. There are 2No many subsets of A such that any two subsets are 
comparable: the one is larger than the another. Then the corresponding 
values q are different : to larger subset belongs a larger q. Hence there are 
2No many "good" q which produce (2)-type expansions of 1. Theorem 1 is 
proved. 0 

We formulate the open 

PROBLEM 1. Hin the expansion 1=l:q-ni,1 ~ nl < nl < ... we have 
lim(ni+l - ni) = oo, then there are 2No many expansions of 1. 

PROBLEM 2. There exists an expansion with sup(ni+l - ni) = oo such 
that there exist precisely No expansions of 1. 
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1. Introduction 

In this paper we give an approximation solution with lacunary spline 
function for the Liouville type second order differential equation, if the 
boundary values are given. Boundary value problems are investigated 
with spline functions by many authors (see[l], [8]). Our spline function 
is of lacunary (0,2) type. 

The differential equation is 

(1.1) y11(x) + A(x)y(x) = F(x), x EI:= [O,b], 

with the following boundary condition 

(1.2) y(O) = o:, y(b) = /3, 

where A(x), F(x) are given continuous functions in [O,b]. 

In our paper, we give not only an approximating solution of the problem 
(1.1) with (1.2), if the exact solution exist, but a criterion is also given 
under which the solution of this problem uniquely exists. 

Several authors investigated these problems and a number of approxi­
mating methods exist. For example, it is known that, if y E C4(1), 

A(x),F(x) E C(I), A(x) 2: 0 for all x EI, 

then this problem has a unique solution see [10]. Here the condition 
A(x) 2: 0 for all x EI was not necessary. It is enough that y(x) E C 2(J). 



236 N. A. A. RAHMAN 

2. The Definition of the (0,2)-interpolational Spline Functions 

In the interval I = [O, b] , let the system of grid points 

(2.1) /). := {Xi= Xi ,n = i~}, 
O=xo<x1< . .. <xn-1<xn=b, i=O,n, n=2,3, ... 

be given. Let Yi= Yi,ni y'/ = V/,n denote the approximate values of the exact 
val ( ) II " 11 ( ) t' 1 t th 'd . t ues Yi= Yi,n = y Xi,n , Yi = Yi ,n = y Xi,n , respec 1ve y o e gn pom s 
system (2.1). We define the (0 ,2)-interpolational spline function St:,(x , y) 
corresponding to the function y( x) as follows: 

(2.2) St:,(x,y) = St:,(x) = Si(x) = 

(i) -11 (x - Xi)2 (i) 
="fli+a1 (x-xi)+Yi 

2 
+a2 (x-xi)3, 

where x E Ii= [xi,Xi+d CI, i = O,n-1, n = 2,3,4, .... 

In (2.2) the coefficients a~i), a~i) are chosen such that the following 
equations will be satisfied 

(a) St:,(xi ,Y) = St:,(xi) = Si(xi) =Yi i = 0, n -1; 
(b) Sn-1(xn) = Yn i 

(2.3) 
(c) Si(xi+l) = Si+1(xi+1) = Yi+l1 i = O,n -2; 
(d) s" ( ) __,, i Xj =Yi , i = 0, n -1; 

(e) s" ( ) __,, n-1 Xn = Yni 

(f) S?(xi+l) = s~~1(Xi+d = ~'+1 1 i = O,n - 2. 

The equations (2 .3) (a) and (d) are obviously satisfied by (2.2) . Fur­
thermore, the equations (2.3) (b), (2.3) (c), (2.3) (e) are satisfied if 

i=O,n-1, 
(2.4) 

i=O,n-1, 

where h = Xi+l - Xj, i = O,n -1, that is our grid points system (2 .1) is 
equidistant. From (2.2) and the equation (2.3) (c), (2.4) (a) it follows 
obviously that the St:,(x,y) = Si(x,y) spline functions are continuous in I , 

and from (2.2) , (2.3) (f) and (2.4) (/3) it follows that the S6 ( x , y) = S? ( x, y) 
spline functions are continuous in I , too. We call the spline functions 
St:, (x , y) interpolational functions of (0,2)-type (see [2], [4], [6], [9]) by the 
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equations (2.3) (a), (b), (d) and (e), that is, they interpolate the values 
Yi, ~1 at the grid points, but they don ' t interpolate the function ~- We 
note that the function S 6( x, y) is identical with a polynomial of degree 3 

by (2.2) on each subinterval Ii CI, i = 0, n -1, and by (2.4) its degree is 
minimal. 

From the previous result we have the following 

THEOREM 1. The (0,2)-interpolational spline functions S6(x ,y) E 

E C(J) corresponding to the function y( x ), satisfying the equations (2.3) 
for the system of grid points (2.1), uniquely exist. 

We note that we don't need an equidistant subdivision in J, the The­
orem 1 remains valid for any nonuniform division, where Xi+l - Xi = hi, 
i = 0, n - 1 i.e. the hi's are different. 

3. First Approximational Method 

For the construction of S6(x) in (2.2) we need an iterative method to 

calculate the approximate values Yi,n• flf,n' ·i = O,n -1, n = 2,3, .... To get 
the values Yi one can use different kind of numerical algorithms applicable 
for the numerical solution of problem (1.1) and (1.2). Here we give an 
algorithm which in several cases can be used for numerical calculation too, 
but the main result is an existence and uniqueness theorem for problem 
(1.1) with (1.2) under very general conditions. With this algorithms first 
we need to calculate the approximate value fi'o ~Yo= y1(0) and then we 
can calculate the approximate values Yi,n• v'f.n, i = 0, n - 1, n = 2, 3, .... 

YO,n = YO ,n = y(O) =a, Yn,n = Yn,n = y(b) = /3. 

Since y(x) E C(2)(I), by using (1.1), for Yi= Yi,n = y(xi,n), i = O,n-1 
we have; 

Xi t1 

Yi= y(xi) =YO +Yo Xi+ J J Y11 
(t2)dt2dt1 =YO+ YoXi-

0 0 -

x;t1 x;t1 -J J A(t2)y(t2)dt2dt1 + J J F(t2)dt2dt1 =YO+ YoXi-

0 0 0 0 
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-7 J A(t2) [Yo+ yijt2 + J J y"(t4)dt4dt3] dt2dt1 + 7 J F(t2)dt2dt1 = 

0 0 0 0 0 0 

= YO [I -l l A( 12 )dt2dt1] + yij [ x; - l l A( t2)t2dt2dt1] + 

+ l J F(t2)dt2dt1 + l J A(t2) [J J y"(t4)dt4dt3] dt2dt1 = 
0 0 0 0 0 0 

= YoBii) + Yocii) + D~i) + I~i)(y11 (t4)). 
Repeating this process k-times we have the following relation 

where 

(3.1) 

and 

(i) I (i) (i) (i) ( "( 
Yi=Yi,n=YoBk +yoCk +Dk +l2k+2 Y t2k+2)), 

k 

Bki) =I+ I)-1r hr(A(t2r)), 
r=l 

k 

Cki) =xi+ 2:)-1rhr(A(t2r)t2r) 
r=l 

k 

Dki) = 2:)-1r+1 I2r(F(t2r)) 
r=l 

Xj t1 iz t3 

I~~(W) = J J A(t2) J J A(t4) x ... x 
0 0 0 0 

tzr-2 t2r-l 

xA(t2r-2) J J Wdt2rdt2r-1 ... dt1. 
0 0 

The symbol x denotes the double integral and W in Bki), Cki), Dki) is 
A(t2r), A(t2r)t2r, F(t2r) respectively, b 2: t2r 2: 0, r = 1,2, .... 

It is easy to show that these sequences Cb Bk, Dk satisfy the Cauchy 

convergent criterion, i.e. Cki), Bki), Dki) are convergent in x E I, if k - oo. 
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Now we give the proof of the convergence of the series Cki), k = 1, 2, . ... 
For the series Bk, Dk the proof is similar. In the proof the following 
well-known facts will be applied, if a> 0 is an arbitrary real number then 

1 1 
aN-+ 1, if N-+ oo, and NN-+ 1, if N-+ oo. Moreover if 'Y is an arbitrary 
fixed real number, [I]= greatest integer less than or equal"(, then if q is a 
given fixed real number 0 < q < 1 then there exists No(q) such that 

(
['Yj+l)N < N 

N _q ' N 2: No(q). 

Let m1, m2 be arbitrary natural numbers, m2 2: m1. From (3.1) and since 
t2n ~Xi~ b, i = O,n -1, let M = max

1 
IA(x)I, we have 

xe 

lc(i) - c(i) 1-m2 m1 -

m2 
L (-lrhr(A(t2r)t2r) < 

r=m1 +l 

~ lhm1+2(A(t2m1+2)t2m1+2)i + lhm1+4(A(t2m1+4)t2m1+4)1 + · · · 
.. · + lhm2(.4(t2m2 )t2m2)1 ~ 

(
Mml +lb2m1 +2 Mml +2b2m1 +4 Mm2b2m2) 

<b + ( ) + . .. + . 
- (2m1+2)! 2m1+4 ! (2m2)! 

By using the well-known Stirling formula (see[7]) 

(3.2) (2m + 2)! = 2)7r(m + 1)(2m + 2)2m+2e-(2m+2)(1 +wzm+2) 

1 

where 0 < w2n+2 ~ e2(n+l) -1 , we obtain 
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1 

where q = [1\f~~1t 1 , 0<q<1 is an arbitrary fixed number for m1 2:: mi(q) 

and mi(q) is aldo fixed, i.e. IC~~ -c~;I ~ 0 if m1,m2 ~ oo , i.e. the 

sequence cii) satisfies the Cauchy convergent criterion. 

Now we shall calculate the approximate value YO,n =YO· If i = n, i.e. 
Xn = b, we have by using (1.2), (2.1) 

/3 - B(n) + I c(n) + D(n) + l(n)( "(t )) - a k Yo k k 2k Y 2k+2 · 

From this equation the exact value Yo= y1(0) is 

(n) (n) (n) "( ' /3- aBk - Dk - I2k+2(Y t21c+2)) 
Yo = ( n) , k = 1, 2 ... 

ck 

Now we define the approximate values YO= YO n with the following formula 
' 

/3 B
(n) D(n) 

-' -1 -a k - k 
Yo=Yo,n= (n) n=2, 3, ... , k=l,2, ... 

ck 

We proved that the sequences Bkn), ct), Dkn) are convergents, i.e. i = n1, 

therefore if lim ck(n) = c i= o, then the approximate values YO= YO n exist. 
n-oo , 

So by using (3.1), (3.2) it is easy to see from these equalities that 

(n) II b t1 t2 t3 

(3.3) IY0 -ifo1 = 12
k+2(y (~~2k+2 )) = +, j j A(t2) j j A(t4) x ... 

ck ICk I o o o o 
t2k t2k+I 

... xA(t2k) J J y"(t21c+2)dt21c+2···dt1 < 

0 0 

Mk+IM*b2k+2 K1 ICkn ,-Il+2M!eb K1q2k+2 

( 

( ) 1 1 ) 2k+2 

~ ICln)l(2k + 2)! ~ v'k+T 2k + 2 = v'k+T ' 
where 

M* = max!y"(x)I, 
xEl 

M = maxJA(x)J, 
xel 

M* 
Ki=--, 

v'47r 
0 < q < 1, 

q is an arbitrary fixed number fork~ ki(q) and ki(q) is also fixed. Ki is 
constant independent from n. We note that the constants Ki, i = 1, 2, ... 
are always independent from n. 
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From (3.1) define Yi by the following 

(3.4) -. - B(i) + C(i)-1 + D(i) Yi - k Yo k Yo k . 

So by using (3.1), (3.3), (3.4) and triangular inequality we have by simple 
calculation we get 

- ICki)IK1q2k+2 (i) II K2q2k+ 2 

IYi - Yil ~ v'kTI + II2k+2(Y (t2k+2))I ::; v'kTI , 

where 0<q<1 fix number if k 2': k2(q), k2(q) is also fixed. 

By (3.4) we have the following 

THEOREM 2. Hy(x) E C2(I), A(x) , F(x) E C(I) and if yi, Yi are the 
exact and the approximate values of y( x) respectively in the grid points 
(2 .1) Xi, i = 1, n -1, then the following inequalities hold: 

q2k+2 
(3.5) IYi-Yil:SK2Jk+T i=O,n-1. 

So from (3.5) it follows that Yi= Yi k - Yi very fast, if k - oo. 
' 

From (1.1), (3.4) we define~'= -A(xi)yi + F(xi) in the grid points 
Xi, i = 1, n -1. From (2.2) 

y0 =Yo= -A(O)a + F(O) and ~ = y~ = -A(b)/3 + F(b). 

By using (3.5) it is easy to see that for fl'/, Yi', i = l,n-1 , i.e. for the 
approximate and the exact values of y"(x) in the grid points Xj, i = 1, n - l, 
the following inequality holds: 

. 2k+2 
(3.6) IY? -Y11 :S IA(xi)(Yi -yi)I :S MK2 :fi+r· 
where M = maxjA(x)j, 0 < q < 1, fork 2: k2(q) fixed number. 

xeI 
So we can formulate the following 

THEOREM 3. The differential equation (1.1) with boundary conditions 

(1.2) has a unique solution in I, if lim Ckn) =cf. 0. 
k-oo 

The proof is a simple consequence of (1.1), (3.3), (3.5), (3.6). 

We note that there exist several numerical algorithms for finding the 
approximate values of the exact values Yi, Yi', for example finite difference 
method or different order finite element methods (see [10]). 
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We shall show that the spline approximation given in (2.2) is very useful 
to approximate the exact solution of the problem (1.1) because by getting 
the approximate values Yi we can calculate approximate values fli', too. 
Moreover, this approximation will approximate y( x), y1 

( x), y" ( x). For the 
proof of the approximation theorems we need to prove the following 

LEMMA 1. For y~ = y1(xi) the exact values of y1(x) and a~i) in (2.4) 
(a) the following inequality holds 

.(3 .7) I ~ -a(i)I < ~w(h· ")h+ (2+ 5Mh) K2q2k+2 
Y1 1 - 3 • Y 6 Jk+l • 

where q in (3.4), w( h; y") is the modulus of continuity of y", and M = 
= maxjA(x)j. 

xE/ 

PROOF. By using (2.4) (a), (3.4), (3.5), (3 .6) and applying the 
triangular inequality we have 

I I (i) 1- I I Yi+l - yi + v: h + 1 (-'' ")hi -Yi - al - Yi - h 2 6 Yi+l - Yi -

= ~ _ Yi+l - Yi + ~h + -(-'! _ -'!)h + Yi+l -Yi +Yi h+ 
I 

- - ~' 1 " 
Yi h 2 6 Yi+l Yi h 2 

1( ,, ")h Yi+l -yi Yih l( ,, ")hi +5 Yi+l -yi - h - 2 - 6 Yi+l -yi .S 

<J ~-Yi+l-Yi+Y~'hl+~I ~' _ ~'i+JYi+l -Yi+ll+ 
- Y1 h z 6 Y1+l Yi h 

I 
Yi - Yi I I-'' II I h I II -II I h I " -II I h + -h- + Yi -yi 2 + Yi+l -Yi+l 6 + Yi - Yi 5· 

Taylor's formula yields 

I 
' Yi+l -Yi+ ,,h, _ ly?h . "(~)hi< (h· ")h 

Yi - h Yi 2 - 2 - y " 2 - w 'y 2 

where Xi < ~ < Xi+l · 

Therefore 

I ~ -a(i)I < ~w(h· ")h+ (z+ 5Mh) K2q2k+2. 0 
Yi 1 - 3 • Y 6 Jk+l 

Now by using (2.2), (3.1), (2.3), (3.2) for x E Ii, i =0, n -1 and applying 
the triangular inequality we have the following convergence theorem. 
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THEOREM 4. Let y(x) E C(2)(I) be the exact solution of (1.1) witli 
boundary conditions (1.2), for x E Ji CI, i = O,n -1, S6(x) be the spline 
function in (2.2) denned on the grid points system (2.1). Then the following 
inequalities hold 

(3.8) (i) ly"(x)-S~(x)I = IY"(x)-S~'(x)I $ 
K 2k+2 

< 2w(h· 11 )+3M-2q __ 
- ,y Jm' 

(3.9) (ii) jy'(x)-S~(x)j = jy'(x)- Si(x)j S 

< ~w(h· ll)h (2 23Mh) K2q2k+2 
-3 ,y + + ·6 ,,/k-tf' 

(3.10) (iii) jy(x)- S6(x)I = jy(x)- Si(x)I S 

11 (h· ll)h2 (3 16 Mh2) K2q2k+2 
3w ,y + +3 v'k+f ' 

where M = maxjA(x)j, w(h; y11
) is the modulus of continuity of y11

• That is 
xEl 

( ) ( ) K 21:+2 
jy(5\x)-S~ (x)j:jy(s)(x)-S/ (x)j$Kw(h;y 11 )h2- 5 +K' $+r 

s = 0, 1,2, K, K' a.re constants independent of n. 

PROOF. (i) By using (2.2), (2.4) ({3), (3.6) and applying the triangular 
inequality for x E Ii CI, we have 

jy
11
(x)- Si'(x)I = ly11

(x)-y'/ - x(Yi'+1 - Yi')(x - Xi)'= 

I 
II ( ) [ II 1 ( II II ) ( )] [ II 1 ( II II) ( )] = y x - Yi + h Yi+l -yi x - Xi + Yi + h Yi+l -yi x - Xj -

- [11'! + x(Yi'+1 -Yi')(x -Xi)] Is 2w(h;y
11

) + 3MK~
2

. 
(ii) By using (2.2), (3.7), (3.10) and applying the Taylor formula and 

the triangular inequality for x E Ii CI, we have 

jy' (x) - Si(x )I = l(Yi - ali)) + (y11 (1Ji) - Si' (17i))(x - Xi)I $ 

where Xi < 1Ji < Xi+l 

S IYi- a~i)I + IY11 (1Ji)-Si'(11i)lh S 

S ~3w(h;y11)h+ (2+ 5M
5

h) K~2 +w(h;y11)h+3MhK~2 
< 

k+l k+l -
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< ~w(h· ")h (2 23Mh) K2q2k+2. 
- 3 ,y + + 6 Vk+T 

(iii) By using (2.2), (3.8), (3.9) and applying the triangular inequality 
for all x E Ii CI, we have 

ly(x)- Si(x)I = l(Yi -]fj) + (y'(xi)-S~(xi))(x - Xi)+ 

+( "( ~)-S('( ~))(x-xi)21 < y .,,, l .,,, 2 -

where Xi < 11i < Xi+l • 

< 2q -w(h· 11 )h2 2 2q w(h· 11 )h2 K 2k+2 8 ( 23Mh2) R' 2k+2 
- Vk+T + 3 ,y + . + 6 Vk+T + ,y + 

+-Mh2 2q < -w(h· 11 )h2 + 3 + -Mh2 2q . D 3 K 2k+2 11 ( 16 ) K 2k+2 

2 Vk+1 - 3 ,y 3 Vk+1 
Now we shall give the approximation of the solution of the (1.1) satis­

fying (1.2) with SD.(x,y) spline function in (2.2) in x E Ii CI, i = O,n -1. 

Indeed, the spline function SD.(x) in (2.2) satisfies (1.2), i.e. 

56(0,y) = S6(0) =a, SD.(b,y) = Sn-1(b) = (3 

boundary conditions, while YO= YO= y(O) =a, Yn = Yn = y(b) = (3. 

THEOREM 5. Let y(x) E C(2)(I) be the exact solution of (1.1) with 
boundary condition (1.2). The spline function SD.(x) in (2.2) defined on 
the grid points system (2.1), for each x E Ii C I satisfies the following 
inequality 

(3.11) IS6(x,y) + A(x)SD.(x, y)- F(x )I~ 

( 
11Mh) (h· ") (6 16 Mh2) MK2q2k+2 ~ 2+ 3 w ,y + + 3 Vk+T , 

where M = max!A(x)I, w(h;y11
) is the modulus of continuity of y11

• 
xEI 

PROOF . By using (2.2), (1.1), (3.8), (3.10), and applying the triangular 
inequality we have 

IS~'(x,y)-A(x)Si(x,y)-F(x)I ~ 

~ ISi'(x,y)-y"(x)I + IA(x)llSi(x,y)-y(x)I ~ 

K 2k+2 llM ( 16 ) K 2k+2 
<2w(h;y11 )+3M ~ +-

3
-w(h;y")h+ 3+-

3 
Mh2 M ~ = 

- k+l k+l 

= (2+ ll~h)w(h;y")+ (6+ 136Mh2)MK~2· D 



LACUNARY SPLINE INTERPOLATION AND TWO BOUNDARY VALUE PROBLEMS 245 

REMARK 1. We note that our approximational method is stable in the 
sence that, if we construct functions S,6(x,y), similarly as in (2.2) with the 

values Yi, Yi", y;" =-A( Xi )Yi+ F( Xi) instead of Yi, Yi'= -A(xi)Yi + F( xi) 
then we can prove theorems to similar theorems 4 and 5, if the inequality 

Kiq2k+2 K 2q2k+2 
l_J *'I < 1- *I < Yo - Yo - v'kTI ' Yi - Yi - _v'_k_+_l_ 

for i = 1, n -1 holds and Yo= YO= a, y~ = y(b) = /3. This statement is easy 
to prove. 

REMARK 2. If y(x) E C(3)(I), then the spline function Sc,(x, y) in (2.2) 
approximates with the best order, i.e. 

(3.12) IY(s)(x)- s~)(x)I = 

= IY(s)(x)- S~ 5)(x,y)l '.S Kw(h;y11 )h3-s s = 0, 1,2,3. 

This inequality is easy to prove. 

So by means of ( 3 .12) with S 6 ( x, y) in I we can give an approximation 
of the solution of the third order differential equation 

y111 (x) + Ai(x)y11 (x) + A2(x)y1(x) + A3(x)y(x) = G(x) 

if the initial values y(O) = ai, y1(0) = a2, y11 (0) = a3 are given. 

REMARK 3. We can generalize our approximational method if y(x) E 

E c(r)(I), r? 2, but in this case the Si(x) polynomials i = O,n -1 are of 
degree r + 1. We have the following inequalities; 

IY(s)(x)-S~5\x,y)l '.S Kw(h;y(r))hr-s + R*, s = O,r , 

i.e. we approximate y(s)(x) with be3t order, s = 0,r. 

Numerical examples are given in [5]. 
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1. The system of the Maxwell equations written in frequency variables 
in JR.3 is ([1]) 

(1) rotE = iwµH, H . 'E . rot = tW€ + J, 

where E, H are vectors of electric and magnetic fields and j is the density 
distribution of electric sources with compact support. Furthermore, 

(2) I . I € = € + ia w, 

where t, w and µ are constant positive parameters. On a we suppose that 
JR.3 can be decomposed into a finite number of domains in which a is a 
continuous positive function or a= O; the surfaces of these domains are of 
Ljapunov's type (or they consists of a finite number of such surfaces). 

So a is a piecewise continuous function. Denote by S the surface of 
discontinuity of a . On S the following boundary conditions must hold: the 
tangential components of the vectors E and H: 

(3) Er,Hr are continuous. 

The uniqueness of the solution of the problem (1) has been discussed 
under the following two assumptions on a. 

- There exists a ball VR of a large radius R such that outside VR 
· a is a continuous positive function. Then at infinity the vectors of the 
electromagnetic field satisfy the following conditions ( [1]) 

(4) lim RIEi = 0, lim RIHI = 0, R = IRI. 
R-.oo R-.oo 

- Outside the ball VR a is equal to zero. Then the radiation conditions 
can be used for R - oo (see [1,2]) 

(5) IEI = O(R-1), IHI= O(R- 1), 

IE+ ~(n x H)I = o(R- 1 ), 
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where n is the external normal to the boundary SR of VR. 

In these cases the unicity theorems for the solution of the Maxwell 
equations have been proved in [2]-[9] etc. 

In some problems of electrodynamics however there doesn't exist a 
ball VR so that outside of it a is continuous and either strongly positive 
or equals to zero. The model of the stratified Earth under electromagnetic 
sounding can be example of this situation ([10]). The boundaries between 
layers - the surfaces of discontinuity of a, - are infinite planes parallel 
to each other. In some of the layers a can be zero. For example, this is 
approximately true in the air, which is the upper half-space in the model. 
It's clear that now a is not continuous outside any large ball VR and it can 
vanish on some subsets outside VR· 

In this paper we shall consider such cases. 

It will be proved that system (1) may have at most one solution, 
satisfying (5) in those subdomains where a= 0 and (4), i.e. 

(6) IEI = o(R- 1), IHI= o(R- 1), 

where a> 0. 

2. The system (1) can be rewritten as one vector equation 

(7) rotrotE = k2E + iwµj, k2 = w2w.'. 
At first we prove the unicity theorem in the case of positive coefficient. 

THEOREM 1. If a doesn't vanish anywhere in JR3 the solu tion of equa­
tion (7) is unique. 

PROOF. Let VR be decomposed into subdomains Gi such that in every 
Gi k is continuous. Let equation (7) have two solutions: E( 1) and E(2). 
Then their difference Er satisfies equation 

(8) rotrotEr = k2Er 

in all Gi with boundary conditions (3) and conditions (6) at infinity. 
Because k is continuous in Gi Er is continuous with its second derivatives 
([11]). Let 

(9) B := rotEr 

Furthermore, let us multiply the equation (8) by Er (complex conjugate) 
and integrate over Gi. Now we have 

(10) J ErrotBdR = J k21Erl2dR. 

G; G; 
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By Green' s formula (see [1]) and (9) 

(11 ) J Err~tBdR = J(B x Er)ndS + J IBf 2dR, 

~ ~ ~ 

where Si is the boundary of Gi and n is the external normal to Si. 

Let ( ~, TJ, () be the local coordinate system in a given point of Si such 
that the direction of ( is given by n. Then the integrand of the surface 
integral in (11) can be written as 

(12) B~Ery - B11 Er 

It means that (12) is a combination of the tangential components of vectors 
Band Er. Because of (1) B differs from Hr only in a constant multiplier. 
Therefore, by (3), the expression (12) remains continuous across the surface 
of discontinuity Si. 

Let us denote by sP) the part of Si which is inside VR and by 
sp) the part of Si which lies on the sphere SR· Let Ci and Ci be 

neighbouring subdomains and suppose that S/1) coincides with s/ 1) . On 
these surfaces the external normals have opposite directions . On the other 
hand expression (12) is continuous across Si (and Sj ). Therefore the sum 

of the surface integrals over s/1) and s/1) equals to zero. 

Now if we sum up the equations in (11) for all Ci then the sum of all 
the surface integrals over the surfaces sP) equals to zero and so only the 
integral over the sphere SR remains ([12]). Therefore (10) implies 

(13) J (BX Er)ndS + J IBf 2dR = J k2fErf 2dR. 

SR VR VR 

The integrand of the surface integral (which is the same as (12)) can 
be estimated by o(R-2 ) as R-+ oo because of (6) and (1), (9) . So if R 
tends to infinity the surface integral tends to zero, and from (13) we obtain 

(14) J IBf 2dR = J k21Erl2dR. 

JR3 JR3 

k2 is a complex function with strongly positive real and imaginary parts 
in R 3, namely 

(15) Re(k2)=w2w>O, Im(k2)=wµcr>O . 

Therefore the equality (14) is true only if Er= 0. 0 
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3. Let us consider the general case when a can vanish in some subdo­
mains of JR 3. 

THEOREM 2. The solution of the equation (7) remains unique if a 
vanishes in some subdomains of JR3 . 

PROOF. It is easy to show that if a = 0 the equalities (10) and (13) 
remain true. 

Let a vanish on the subset Sn* of Sn. Then on Sn* the following holds 

(16) Re( k2) = w2 w. > 0, Im( k2) = 0, 

and on Sn\ Sn* the relations (15) are true. 

Let 

(17) 

According to ( 5) on SR• 

(18) 

Furthermore, multiplying D by Er and using (9) we get 

DEr = IErl2 + (ik)-1(n X B)Er, 

from which we have 

(19) (B x Er)n = ikDEr - iklErl2. 

Substituting (19) into (13) we obtain 

(20) j ik(DEr)dS + j (BX Er)ndS + j IBl2dR = 
SR* SR\SR* VR 

j iklErl2dS + J k21Erl2dR. 

SR* VR 

By (6) and (18) the surface integrals on the left hand side of (20) vanish 
if R tends to infinity, and the integral over VR is real and strongly positive. 

Since on SR• k is real and positive: k = wffe thus the surface integral 
on the right hand side is imaginary ·with a nonnegative imaginary part. 
The integral over Vn on the right hand side is complex with nonnegative 
imaginary part. 

Consequently, in those subdomains Gj where a> 0 we obtain Er= 0 

since Im(k2) > 0 there. This implies Hr= 0 in Gj· 
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Let us show that in the domain Gi where a= 0, Er= 0 will hold. The 
domain Gi is enclosed by domains G j where a i= 0. (If for two neighbouring 
domains a= 0 then k =const and because of our definition of Gj they make 
one domain.) Note that the domain Ci can be unbounded. 

Now if in Gj a i= 0, in this domain Er:: 0, Hr:: 0 and according to (3) 
on the boundary of Ci the tangential components of these vectors equal to 
zero: E; = H; = 0. Furthermore, 

f)Hr {)Hr 
T/ ~ . Er 8f - 7};7 = ?WE (" 

Therefore on this boundary E( = 0 and analogously H( = 0. So, on the 
boundaries of the domain Gi with a= 0 

(21) Er = Hr = 0. 

Since k =const, from (1) we obtain divEr = 0 in Gi · Therefore in this 
domain the equation (8) can be rewritten as 

(22) 6Er + k2Er = 0, 

i.e. we get three independent homogeneous scalar Helmholtz equations. It 
is known ([13]), that these equations with boundary conditions (21) and 
conditions (5) at infinity have only trivial solutions: Er= 0. Thus Er must 
be equal to zero in the domains where a = 0 as well. 0 
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1. Introduction 

We are concerned with a class of non-autonomous evolution equation 
[6], [10] in the Banach space 2 = £P(O, rm) (1 :::; p < oo ), 

(1) { dp~~,t) = A(t)p(.,t), 

p(-, 0) =POU 
where the linear operators A(t): D(A(t)) C 3-+ 3, are defined as follows: 

A( t )<p( ·) := -<p1 
(-) - µ(-)<p( ·) 

for any <p(·) E D(A(t)) , and 

D(A(t)) :={ <p E :=:I <p 1 
E 2 ,µ(-)<p(-) E :=:, 

rz 
<p(O) = (J(t) J k(r)h(r)<p(r)dr }. 

r1 

In the equation (1), the p(r,t) is the population density, r denotes age, 
t represents time, rm is the maximum age, (3( t) is the specific fertility rate 
of females at time t, k(r) and h(r) denote, respectively, the female ratio 
and the fertility pattern; [ri, r2] is the fertility interval with 

( •) On leaving from: Shaanxi Institute of Finance and Economics, Xian, China. 
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The Po(r) is an initial population density and the mortality rate µ(r) 
satisfies 

r rm 

j µ(e)de<+oo, r<rm, 

0 

j µ(e )de= +oo. 
0 

Generally speaking, the population parameters µ( r), k( r) and h( r) are 
time dependent. Here we assume that they are time independent functions, 
because they are changed slowly in certain time interval (see [11]). In 
order to forecast population evolution more exactly, the assumption that 
the specific fertility rate of females /3 is dependent on time t is necessary. 

There are some results on stationary case of equation (1) (as [6], [5] 
and [13]) that means they assume that /3 is time independent . 

It is well-known that many non-autonomous equations are very difficult 
to deal with [7], [2] and [l] . As for equation (1), it is more difficult to deal 
with , because the intersection of population evolution operators A(t) is 
empty, moreover, for different time t1, t2, may be A(t1)nA(t2) = 0. 

In order to discuss the solution of equation (1 ), it is necessary to discuss 
the property of a family of population evolution operators first. 

2. Preliminaries 

The following lemmas will deal with the spectral properties of the 
family of population evolution operators. 

The spectrum of operator A(t) is denoted as o-(A(t)) and o-p(A(t )) is 
the point spectrum of operator A(t): the set of >. 's such that (>.J - A(t)) 
is not injective. 

We start with a fundamental result , which plays a crucial role when 
discussing the solution of equation (1) . 

LEMMA 2 .1. For any t 2: 0, there are following properties 
r 

r2 -Ar-f µ(e)de 
(i). o-( A(t) ) = { >-11- /3(t) J k(r)h(r)e O dr = 0 } · 

ri 

(ii ). There is a unique >.o(t) ER such that 

r 2 r 

J 
-A0 (t )r- f µ(e)de 

1 - /3( t) k(r )h(r)e O dr = 0. 
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Furthermore, if>. E C such that 
r'> r 

!
- -J µ(g)dg 

1-/3(t) k(r)h(r)e O ·e-Ardr=O 

and Im(>.)=/; 0 then Re(>.)< >.o(t). 

PROOF . The proof is immediate from [10]. 

The complementary set e(A(t)) = C \ a(A(t)) denotes the resolvent set 
of A(t). 

From [10], we also have 

LEMMA 2.2. If>. E g(A.(t)), then for any W(-) E :='., we have 

R(>., A( t) )w(r) = 
r r2 r r 

1 - Ar-J µ(g)de J J -A(r-s)-J µ(g)de 
= F(>.) · e o · f;(t) k(r)h(r) w(s)e s . dsdr+ 

ri 0 
r T 

J 
-A(r-s)-J µ(g)dg 

+ w(s)e s ·ds 

0 
where 

r2 T 

J 
-J µ(g)dg 

F(>.) = 1-/3(t) k(r)h(r)e O • e-Ar dr. 

From [4], we know that for any t;::: 0 A(t) is a generator of a strongly 
continuous semigroup of linear operators on =:. 

In fact, the function (;( t) of fertility rate is bounded. In this paper, we 
assume that 

(2) 

here, (;1 and /32 are constants. 

Let Ai be population evolution operator associated to (;i, i.e. 

{ 

D(Ai) = { cp(-) E::: I Ajcp E ::: , 

(Aicp)(-) := - <p'(-)- µ(-)cp(-) 
here i = 1,2. 

From Lemma 2.1, we have 

r2 

cp(O) = (;i J k(r)h(r)cp(r)dr} 
r 1 
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LEMMA 2.3. If >-o(t) E a(A(t)) such that Im(>.o(t)) = 0, and Ai E a(Ai) 
such that Im(>.i) = 0, i = 1,2 , then >-1:::; >-o(t):::; >-2 . 

Let {St ( q)} q2:0 denote the semigroup of linear operators generated by 
A( t ), and { S .6i ( q)} q2:0 denote the semigroup of linear operators generated 
by Ai· 

It is well-known [9] th"at there are constants w*, Wt, M,6
2 

and Mt such 
that 

(3) 

We would like to ask if there exist constants M and w which are 
independent of time t such that the following inequality is satisfied: 

IJSt(q)JJ:::; Mewq, for any q,t 2'. 0. 

In order to answer the question, we start with the following theorem 
(see [8]) : 

THEOREM 2.4. Let A be a dosed linear operator in 2 , then the 
following are equivalent 

(i) A is the generator of an exponentially bounded C-semigroup 
{S(t)}t2::0 with JJS(t)JJ:::; Meat fort 2'. O; 

(4) 

(ii) A satisfies the conditions 

(a) for some>. ER, >.-A is injective and D((>. -A)-1) :J R(C); 

(b) c-1 AC= A, 

(c) for every initial value x E (>.-A)-1C(2) the following equation 

{ 

dd~t) = Au(t) 

u(O) = x 

has a unique solution u( t; x) such that IJu(t; x)ll and II ftu( t; x) II are 

O(eat) as t ~ oo. 

From [1, 2] we know that for any t E [O ,oo) and x E D(A(t)) the initial 
value problem 

(5) { 
d(Jss) = A(t)u(s) 

u(O) = x 
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has a unique solution ut( s) such that 

ut(s)(r ) = (St(s)x)(r) = 
r 

,\0(t)s-f[,\0(t)-µ(u)]du ( ) 
(6) = Ct(x)e 0 + o e(,\o(t)-.:)s , ass--+ oo . 

Let w satisfy w > .X2 from (6) we have 
r 

- f[,\o(t)-µ(e)]du 
llut(s)ll S llCt(x)e 0 II· ews + JJo(e,\o(t)s-.:)11, ass--+ oo. 

Hence, we deduce that JJut(s)iJ is o(ew8
), ass--+ oo. 

On the other hand, since ut(s) = St(s)x we have 

dui(s) = St(s)A(t)x. 
ds 

We deduce that 

From Theorem 2.4, it follows that ll St(q)ll S Mtewq, (q 2: 0) for any 
t 2: 0. 

Moreover, from [1] and [6] the semigroup {St(q)}q2::0 has the following 
asymptotic expansion 

r 
-,\o(t)r-J µ(u)de 

(St(q)~)(r) = C~e o · e,\o(t)s + o(e(,\o(t)-c)s) , ass--+ oo. 

Actually, C~ is independent on t. It follows that there exists a constant 
M such that 

(7) (q 2: 0) 

for any t 2: 0. 

REMARK. The inequality can also be proved by the definition of the 
semigroups generated by the population operators. 

The rest of this section is devoted to show that the family of operators 
{A( t )}t2::0 be a stable family of infinitesimal generators in 2. 

First, we have the following result: 

THEOREM 2.5. Assume that (2) holds, then for any fini te sequence 

0 s ti s t2 s .. . s tk < oo, k = 1,2, ... 
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following inequality bolds 

(8) 11}1 S11 (q;)ll S Mp, exp { w' t q1 } 

for qj ~ 0 (j = 1, 2, . . . , k ), in which Mfh and w* satisfy (3). 

PROOF. From the definition [10] of the semigroup for any p(-) E 3 we 
have ISt1(q1)p(r)I ~ S132(q1 )lp(r)I it follows that llSt1(q1)i1 ~ llS132(q1)ll· 

For any tj, {Stj(q)}q~O is positive semigroup [12] associated with the 
positive cone 

:=:+ = {p( ·) Ip(-) E 3 ; p( r) ~ 0, a.e. on [O, rm]} 

therefore 

ISt2(q2)St1(q1)p(r)I ~ St2 (q2)S132(q1)lp(r)I 
again, from the definition of the population semigroup of operators, we 
have 

1St2 ( q2)St1 ( q1 )p(r )I ~ S132 ( q2)S132 ( q1 )lp(r )I 

hence llSt2(q2)St 1 (q1)ll ~ llS132 (q2)S132 (q1)ll· If 

IStk-I (qk_i)Stk_ 2(qk-2) · · ·St2(q2)St1 (q1)p(r)I ~ 

~ Stk-1 ( qk-1 )S132 ( qk-2) · · · S132 ( q2)S132 ( qi)Jp(r )I 
then it is clear that 

k-1 k-1 
I II Stj(qj)p(r)I ~ s/32 (I: qj) Jp(r)J. 
j=l j=l 

It follows that 
k-1 k-1 

Stk(qk)' rr St,(qj)p(·)I ~ S132(qk)S132 c~= qj) IP(·)I 
j=l j=l 

i.e. 
k k 

I II Stj(qj )p(r )I ~ s/32 (I: qj) lp(r )I 
j=l j=l 

so 

(8) 
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the proof has been completed. 

DEFINITION 6 [9]. Let 2 be a Banach space. A family {A(t)}t>O of 
infinitesimal generators of strongly continuous semigroups on :=: is caned 
stable if there are constants M 2: 1 and w such that 

(9) g(A(t)) :::> (w,oo), 

and 

k 

(10) II IT R(.\,A(tj))" ~ M(.\-w)-k for,\> w, 
j=i 

and every finite sequence 0 $ti $ t2, · · · tk $ T, k = 1, 2, · ·" 

Note that under assumption (2), the population operators {A(t)}t>O 
satisfy (9). Actually, the family of generators {A(t)h>o of population 
semigroup is stable, it follows that Theorems 2.5 and thefollowing result: 

THEOREM 2. 7 [9]. Fort E [O, oo ), let A(t) be the infinitesimal generator 
of a strongly continuous semigroup St(q) on a Banach space 3. The family 
of generators {A( t) }t>O is stable if and only if there are constants M 2: 1 and 
w such that e(A(t)) :5 (w,oo) fort E [O,oo) and either one of the following 
conditions is satisfied 

k k 

II II St1(qj)ll $ M exp{ w L qj} for qj 2: O 
j=l j=i 

and any finite sequence 0 $ti S t2 S ··· $ tk < oo, k = 1,2, ... or 

k k 

II II R(>.j; A(tj ))II $ M II (>.j -w )- 1 for Aj > w 
j=l j=l 

and any finite sequence 0 $ti S t2 $ · · · S t1c < oo, k = 1, 2, .. .. 

Summarizing the above, we have 

THEOREM 2.8. If the function f3(t) of fertility rate is bounded, then 
the family {A(t)}t>O of infinitesimal generators of population semigroup 
is stable. -

Now, we discuss the solution of equation (1). 



260 I. J06, ZHANG SHENGHAI 

3. The Approximating Solution 

In this section, we adopt the method which was used in [3] and based 
on an interpolation of the equation as a functional equation in the space 
LP( to, T; 2) and on the use of the Yosida approximations of the time 
derivative considered as an operator in that space. 

We will use the Banach spaces LP(O, oo; 2) and W 1•P(O, oo; 2). 
LP(O, oo; 2) is the space of all Bochner measurable functions U : [O, oo) - 2 
such that llU(-)11ELP(O,oo),1 ~p< oo. The W 1·P(O,oo;3) is the set of all 
functions U : [O, oo) - 3 such that there exists v E LP(O, oo; 3) such that 

t 

U(t) = U(O) + J v(s)ds, t E [O,oo). 

0 

We want to write the problem (1) as a functional equation in the space 
LP(O, oo; 3) by considering the time derivative as an operator in LP(O, oo; 2) 
with a domain which takes into account the initial condition U(O) = Uo and 
which is also dense in £P(O,oo;3). 

Define 

and 

D(B): = {U E W 1·P(O,oo;2) I U(o) = O} 

B :D(B) C £P(O,oo;3)- £P(O,oo;3) 

BU:=-U' 

D(A) := {U E £P(O,oo;3) I U(t) E D(A(t)), a.e. A(t)U(t) E £P(O, oo;2)} 

(AU)(t) = A(t)U(t), t E [O,oo), a.e. 

It is easy to check that B is the generator of a strongly continuous semi­
group of contractions in LP(O,oo;2), i.e. 11>.R(A,B)ll.'t'(LP(O,oo;=:)) ~ 1 for 
>. > 0 and e(B) = C moreover for each>. EC and U E £P(O,oo;2) 

t 

(R(>.,B)U)(t) = j e->.(t-s)U(s)ds, t E [O,oo). 

0 

The Yosida approximation of Bis Bn = nBR(n,B) = n2 R(n,B)- nl. 
It is well-known that for any U E D(B) 

lim llBnU - BUllLP(O 00 .-=) = 0 
n--+oo ' ,-
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the BnU has the following expression 

t 

(BnU)(t) = n 2 J e-n(t-s)U(s)ds - nU(t). 

0 

For each U E D(B), the following equalities hold 

BnU = -nR(n,B)U' = -n(R(n;B)U)', (BnU)' = BnU'. 

Let v(t) = R(.A,A(t))U(t). Until now, we do not know if v E £P(O,oo;S), 
but, we have the following lemma: 

LEMMA 3.1. If /3 E C(O,oo); then R(.A,A(t)) E C(O,oo;3) moreover, if 
/3 E Ck(O,oo) , then R(,\,A(t)) E Ck(O,oo;3) k = 1,2, .... 

PROOF. From [10], we have the following expression of R(.A,A(t)), 

r2 r r 
{3(t) I J -..\(r-s)-J µ(e)de 

R(.A;A(t))w(r) = F(.A) k(r)h(r) w(s)e o ·dsdr· 

ri 0 
r r r 

-..\r-f µ(e)de J -..\(r-s)-f µ(e)de 
·e 0 + w(s)e ~ ds, 

0 

Hence, for any t1, t2 > 0, W E S. 

so 

1 
[R(.A;A(t1))-R(,\;A(t2))]w(r) = (/3(t1)-/3(t2)) · F(,\) · 

r r2 r r 
-Ar-f µ(e)de J j -..\(r-s)-f µ(e)de 

·e 0 . k(r)h(r) w(s)e ~ dsdr 

r1 0 

(11) llR(.A; A(t1))- R(.A; A(t2))ll:::; M · l/3(tt~(~l(t2 )l 
in which Jvl is a constant. From (11) the lemma follows. 

When /3 E C(O,oo), from Lemma 1, if v(t) = R(.A,A(t))u(t), in which 
u E LP(O, oo; 3), then v E LP(O, oo; 3) and 

(R(.A,A)u)(t) = R(.A,A(t))u(t), t E [O,oo), a.e. 

Now, equation (1) can be written as an equation in LP(O,oo;3): 

(12) B(p(·, ·)-Po(·))+ Ap(·, ·) = 0, p( ·,·) E D(B). 
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Now we want to solve a problem which approximates (12). 

(13) Bn(vn - uo) + Avn = 0. 

LEMMA 3.2. Let n > w, where w is stability constant, defining a 
bounded linear operator being dependent on t: H(t) := n2 R(n; A(t)) then 

k . { 2 k } llJl eH(tj)Sj II ::; exp :-~ (~ Sj) ' forsj~O 

and any finite sequence 0 :S t1 :S t2 :S · ·· :S tk < oo, in which {eH(t)s}s>O is 
a strongly continuous semigroup generated by the operator H(t). -

Moreover,.,)£ /3 E C(O, oo ), then HE (0, oo;.t'(2)). 
r;.; 

PROOF . It is well-known that e 

eH(t)s = f (H(~)s)k 
k=O 

because H ( t) is bounded linear operator. 

From Theorem 2.7 

jj(H(t)lli :S n 2k · M k 
(n -w) 

hence 

k k k n2 M ( k ) II II eH(tj)sj II::; II l!eH(tj)Sj II::; II ellH(t1)1ls1 ::; e n=w Lj=l Sj . 

j=l j=l j=l 

The second part of the lemma can be checked by Lemma 1. 

In order to solve the approximating problem we need the following 
result : 

THEOREM 3 .3. Assume that /3 is continuous uniformly, then there 
exists a unique evolution system U( t, s ), 0 :S s :St < oo, in 2 satisfying 

Mn 2 

(E1). llU(t,s)I! :S en=w(t-s) 

for 0 ::; s ::; t < oo. 

(E2). ftu(t,s)v 't=s=H(s)v 

for v E 2, 0 :S s < oo. 

(E3). fsu(t,s)v = -U(t,s)H(s)v 
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for v E '.=: , 0 5 s 5 t < oo, where the derivative from the right in (E2) and 
the derivative in (E3) are in strong sense in 3. 

PROOF . We use the method introduced by Pazy [9] by approximating 
the family {H(t)}t2;:0 by piecewise constant families {Hn(t)}tE[O,oo)• n = 
= 1,2, ... , defined as follows: 

Let On= k and let tk = k8n, k = 0, 1, 2, ... and let 

Hn(t) = H(t1k), tk ~ t < tk+l' k = 0,1,2,. ... 
Since ;3(t) is continuous uniformly in .i'(3), it follows that 

llH(t)-Hn(t)ll.:t(2) - 0, (n - oo) 

uniformly for t E [O, oo ). 

Now, we define a two-parameter family of operator Un(t,s), 0 ~ s ~ t < 
< 00 by 

Un(t,s)= 

exp(H(tj)(t- s)), for tj ~ s ~ t ~ tj+l' 

exp(H(tk )(t - tk )) [ TIJ:l+i exp(H( tj) U)] · 
·exp(H(tf)(te+i - s)), fork> e, tk ~ t ~ tk+e• 

t£ ~ s ~ t£+1 · 

It is easy to verify that Un ( t, s) is satisfied with the following conditions: 

Un(s,s) =I, Un(t,s) = Un(t,r)Un(r,s) 

for 0 ~ s ~ r ~ t ~ T and (t , s) - Un(t,s) is uniformly continuous on 
O:Ss:St:Soo 

, M>..2 
llUn(t,s)ll :Se X-w (t-s) 

for 0 ~ s ~ t < oo in which ,\is the same with n in Lemma 2. 

The definition of Un ( t, s) implies that for v E 3 
8 
&t Un(t, s )v = Hn(t)Un(t, s )v., 

for t =/:- t J, j = 0, 1, ... , 

8 
08 

Un(t,s)v = -Un(t,s)Hn(s)v 

for s =/:- tj, j = 0, 1, .... It follows that except for a finite number of values 
of r the map r - Un(t,r)Um(r,s)v is differentiable in r, s ~ r ~ t and 

t 

Un(t,s)v -Um(t,s)v = - J ! Un(t,r)Um(r,s)vdr = 
s 
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t 

= j Un(t, r)(Hn(r)-Hm(r ))Um(r,s )vdr 

s 
so 

t 

IJUn(t ,s)v - Um(t,s)vll S exp { ~,\: (t -s)} · j llHn(r)-Hm(r)lldr. 
s 

Let 

U(t,s)x = lim Un(t,s)x 
n-+oo 

for x E 2 , 0 S s St< oo, we have U(t, s ) is a two-parameter bounded 
operator 

for 0 S s S t < oo. 

M">..2 (t s) 
llU(t,s)llseX-w -

Other conclusions can be proved by the way used in [9]. 

Let f E C(O, oo; 2), and consider the initial value problem 

(l
4

) { d(At) = H(t)u(t) + f(t) 

u(O) = v. 

We have the following result: 

T HEOREM 3 .4 . If f E C[O,oo ;2) , v E 2 , then the initial value problem 
(14) has a unique solution u , i. e. u E C 1(0,oo;2) and (14) is satisfied in 2 , 
and this solution is unique and moreover 

t 

(15) u(t) = U(t ,s)v + j U(t ,r)f(r )dr 
s 

where U(t , s) is given by Theorem 3.3. 

PROOF. Because 

U(t,s)x = lim Un(t,s)x 
n-+OO 

for x E 2, 0 S s St< oo, in which Un(t,s) was given in Theorem 3.3. 

Since (t,s)-+ Un(t,s) is uniformly continuous in .:t'(2), for each v E 2, 
U(t,s)v must be continuous in 2, for 0 < s St< oo. From [9], we have 
completed the proof. 

Now we can solve the problem which approximates problem (12). 
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THEOREM 3.5. Given uo E ::: , there exists for each n > w a unique 
Un E D(A) being a solution of 

(16) Bn(Un - uo) +Aun= 0, 

and the following estimate holds for 0 ~ t < oo, a.e. 

nM n
2Mt 

llun(t)ll ~ -en=w · JJuoll 
n-w 

and Un E {v E C(O,oo;3) J v(t) E D(A(t)), 0 ~ t < oo }. 

PROOF. Assume that Un E D(A) is a solution of the problem (16). 
Since 

t 

(Bnu)(t) = n 2 j e-n(t-s)u(s)ds - nu(t), 0 ~ t < oo 

0 

for u E LP(O, co; 3), we have 

t 

n 2 J e-n(t-s)(un(s)- uo)ds - n(un(t)- uo) + A(t)un(t) = 0, 

0 

for t E [O, oo) a.e., i.e. 
(17) 

t t 

n 2 j e-n(t-s)un(s)ds -n2 j e-n(t-s)uods -(n -A(t))un(t) + nuo = 0. 

0 0 

By applying R(n,A(t)) to both sides of (17), we get 

i.e. 

t 

n 2e-n1R(n,A(t)) j en5 un(s)ds­

O 
t 

-n2e-nt R(n, A(t)) j en5 dsuo - un(t) + R(n, A(t))nuo = 0 

0 

t 

n 2e-n1R(n;A(t)) j en5 un(s)ds+ 

0 

+e-n1nR(n; A(t))uo - nR(n; A(t))uo - un(t) + R(n; A(t))nuo = 0. 
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Eventually, we have 

t 

(18) n 2 R(n; A(t)) j en5 un(s)ds + nR(n; A(t))uo - un(t)ent = 0. 

0 

Let 
t 

H(t) = n 2R(n; A(t)), wn(t) = j en5 un(s )ds, f(t) = nR(n; A(t))uo, v = 0. 

0 

From (18), we have 

(19) 
{ 
w~(t) = H(t)wn(t) + f(t) 

wn(O) = 0, 

hence, wn(t) is the solution of equation (19). From Theorem 3.4 it follows 
that 

t 

wn(t) = j U(t,s)nR(n;A(s))uods 

0 
where U(t,s) is the evolution system given in Theorem 3.3. 

From (18) 

hence, 

Un( t) =n2 R( n; A( t ))e-ntwn( t) + nR( n; A(t ))e-ntuo 

un(t) =R(n; A(t))[n2e-ntwn(t) + ne-ntuo] 

nM t n 2M t llun(t)ll :S -e-n lluoll + -e-n llwn(t)ll :S 
n-w n-w 

t 

nM t n
3

M t J :S n -w e-n lluoJI + ~e-n lluo!I llU(t,s)ll · /IR(n; A(s))llds :S 
0 

3 t 2 
nM -nt II n M -nt I I J n M (t-s) . M 

:S ~e lluo + n-we luol en-w . n-w~s :S 
0 

:S --e-ntlluoll + --lluolle-n efi=W -1 :S nM nM t ( n
2 
Mt ) 

n-w n-w 

nM n
2Mt 

:S --en=w lluoll· 
n-w 
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Conversely, given uo E :=:, from Theorem 3.4 there exists a solution Wn E 
E C 1(0,oo;:='.) of equation (14), with 

H(t) = n 2 R(n; A(t)), v = 0, f(t) = R(n; .4.(t))nuo 

therefore, un(t) = e-ntw~(t) is a solution of equation (16). The proof is 
completed. 
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Dedicated to Professor Paul Erdos for his soth birthday 

In this paper we give a characterization theorem. The first such 
characterization is apparently that of P. ERDOS [1]. He proved that if 
a real-valued additive function is non-decreasing, or satisfies f ( n + 1) -
- f ( n)--+ 0 as n--+ oo, then it must have the form A· log n for some constant 
A. He had a separate argument for each case. 

DEFINITION. We say, that f : N --+ IR. is completely additive mod 1, 
if for every n, m EN holds {f(n · m)} = {f(n) + f(m)}, where {x} i$ the 
fractional part of x. 

THEOREM. Hf is completely additive mod 1, a,b EN, (a,b) = 1, 

{f(a(n + 1) + b)- f(an + b)}--+ 0, 

as n --+oo, then {r(B) · f(an +B)} = {r(B) ·co ·log( an +B)}, where (a,B)= 
= 1, co is a constant independent of n, r(B) is the smallest positive integer 
for wich Br(B) = 1 (mod a). 

We remark that if we change (*)to the condition {f(n+l)}-{f(n)}--+ 0 
then corresponding theorem is an open problem. Futhermore it is possible 
to give the monotone version of the theorem above. We shall give it in a 
subsequent paper. 

PROOF. From the assumption of Theorem we have 

(1) f(a(n + 1) + b)- f(an + b) = k(n + 1) + r(n + 1), 

where k(n + 1) E Z, 0:::; r(n + 1) < 1 and r(n + 1)--+ 0 if n--+ oo. Using (1) 
with n := n + 1, n + 2, ... , n + b and summarizing them we obtain 

f(an+ab+b)- f(an+b) = k(n+l)+ .. . +k(n+b)+r(n+l)+ ... +r(n+b). 
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Hence 

lim {f(an+ab+b)-f(an+b)} =0. 
n-oo 

In this relation writing b · n in place of n we get 

lim {f(a(n+l)b+b)-f(anb+b)} =0. 
n-+OO 

Here we have 

{f(a(n + l)b+ b)- f(anb+ b)} = { {f(a(n + l)b+ b)- f(anb+ b)}} = 

= {{f(b)+f(a(n+l)+l)}-{f(b)+f(an+l)}} = 
= {f(a(n + 1) + 1)- f(an + 1)} . 

Hence 

(2) lim {f(a(n+l)+l)-f(an+l)} =0. 
n-oo 

Introduce F in the following way: 
F(a + 1) :={!(a+ 1) }, {F(an + 1)} :={!(an+ 1) }, and choose the values of 

F such away, that F( a( n + 1) + 1) E [ F( an + 1) - ~, F( an + 1) + ~). Then 

Fis uniquely determined on the set (an+ 1: n = 1,2, ... ). Denote 
(3) 
q(n1,n2) := F((an1 + l)(an2 + l))-F(an1+l)-F(an2+1), n1,n2 EN. 

Since f is completely additive mod 1, therefore {q(n1,n2)} =0, 1.e. 
q(n1, nz) E Z. Obviously 

(4) q(n1, nz + 1)- q(n1, n2) = F((an1 + l)(an2 +a+ l))-

-F((an1+l)(an2+1))- (F(an2+a+l)-F(an2+1)). 

Since 

{ F( a( n + 1) + 1) - F( an+ 1)} = { { F( a( n + 1) + 1)} - { F( an+ 1)}} = 

= { {f(a(n + 1) + 1)}- {!(an+ l)}} = {f(a(n + 1) + 1)- f(an + l)}, 

therefore 

Since 

(5) 

and 

(6) 

lim {F(a(n + 1) + 1)- F(an + 1)} = 0. 
n-+oo 

1 
!F(a(n+l)+l)-F(an+l)I::::; 2, therefore 

lim (F(a(n + 1) + 1)- F(an + 1)) = 0 
n-oo 

F(a(n + 1) + 1) 2: F(an + 1), if n >no. 
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Obviously 

F((an1+l)(an2+a+1))- F((an1+ l )(an2+1)) = 

= F((an1+l)(an2+1) + a(an1 + l))-F((an1+l)(an2+1)) 

Here (an1+l)(anz+1) = a(an1n2 + n1 + nz) + l. Since n1 is an arbitrary, 
but fixed rrumber, therefore 

(7) 

From (5),(7) we obtain 

(8) lim (q(n1,.n2+l)-q(n1,n2))=0. 
nr-+oo 

But q( n1, nz + 1) - q( n1, n2) is an integer, therefore 

(9) q(n1, nz) = q(n1, n2+1) = q(n1, nz + 2) = ... , if nz > N(n1). 

Introduce the function G, 

(10) G(am+l):=F(am+l)+ lim q(m,n)= 
n--+oo 

= lim (F((am+l)(an+l))-F(an+l)). 
n--+oo 

Now we prove, that G is completely additive on the set (an+ 1 : n = 1, 2, ... ) . 
Let be m1,m2 EN. 

(11) G((am1+l)(am2+1)) = 

= lim (F((am1 + l)(am2+l)(an+1))-F(an + 1)) = 
n--+oo 

= lim (F((am1 + l)(am2+l)(an+1)) - F((am2 + l)(an + 1))+ 
n-oo 

+F((am2+l)(an+1))- F(an + 1)). 

Because of (10) 

(12) lim (F((am2+l)(an+1))- F(an + 1)) = G(amz + 1). 
n--+oo 

Further ( amz + 1 )(an + 1) = a( amzn + m2 + n) + l. Using this we obtain 
taking into account of (10), 
(13) 

lim (F(( am1 + l)(am2+l)(an+1))-F((amz+ l)(an+ 1))) = G(am1+1 ). 
n-+oo 

From (11), (12), (13) we get G is completely additive on the set (an+ 1: 
1, 2, ... ). Following the calculations of proof of Theorem 1 in [3], we obtain 
G(an + 1) = co· log(an + 1), where co is a constant, independent of n. 

Indeed assume that l~g aann:;..?) is not constant. Then exist a1 =f. b1 , 1 < 
< a1 , bi E N, such that e.g. 

G(aa1+1) G(ab1+1) 
(l

4
) ci :=log( an+ 1) < log(ab1+1)' 
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Denote 

(15) g(an + 1) := G(an + 1)- q ·log( an+ 1) . 

First we prove g( an + 1) is bounded and after this that g( an + 1) is 
unbounded. From (1) g(aa1+1) = 0. Since G is completely additive on 
the set (an+ 1 : n = 1, 2, ... ) therefore 

(16) g[(aa1+l)k]=0, (k = 1,2, ... ). 

Consider now g(ab1+1). 

g(ab1+1) = G(ab1+1)- q · log(ab1+1) = 

1 ( b 1) ( 
G(ab1+1) G(aa1+1)) 

0 = og a 1 + - > . 
log(ab1+1) log(aa1+1) 

Hence g(ab1+1) > 0. 

Let n 2: 1 be arbitrary. Then there exists I 2: 0, IE N such that 

(aa1 + l)' ~an+ 1 < (aa1+1)'+1. 

Thus we have 

G(an + 1) ~ G((aa1+1)1+1) and log(aa1+1)1 ~log( an+ 1). 

Therefore 

g(an + 1) ~(I+ 1) · G(aa1+1)-q ·log(aa1+1) = 
= G(aa1+1) + l · (G(aa1+1)- q · log(aa1+1)) = G(aa1+1). 

Hence g(an + 1) ~ G(aa1+1), i.e. g(an + 1) is bounded. Now let be n 2: 1 
integer. Then there exists s 2: 0 integer, such that 

Thus 

(ab1+1)5 ~an+ 1 ~ (ab1 + l)s+l. 

g(an + 1) = G(an + 1)- q ·log( an+ 1) 2: 
2: G((ab1+1)5

)- q · log(ab1 + l)s+l = 
= s · G( ab1 + 1) - q · ( s + 1) ·log( ab1 + 1) = 

= s · ( G( ab1 + 1) - q · log( ab1 + 1)) - q ·log( ab1 + 1) = 
= s · g(ab1+1)- q · log(ab1+1). 

Here g(abi + 1) > 0. If n-+ oo then s-+ oo, therefore s · g(ab1+1)-+ oo , 
hence g( an + 1) -+ oo ( n -+ oo ). Thus g( an+ 1) is unbounded. Hence we 
have obtained a contradiction, thus G( an + 1) = co ·log( an + 1 ). Hence 
from (10) and the definition of F we have 

{co ·log( an+ 1)} = { G( an+ 1)} = { F( an+ 1)} = {!(an + 1)}. 
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Now let B be Bf= 1, (a,B) = 1. Then we have (an+ By(B) =am+ 1, 
where m is a suitable positive integer. Hence 

{f((an + sr(B))} = {f(am + l)} = {co· log( am+ l)} = 

= {co· log( an+ Bf(B) }. 

From this 

{r(B) · J(an + B)} = {r(B) ·co· log( an+ B)}, 

which implies the theorem. In the theorem r(B) cannot be eliminated e.g. 

take a= 3, b = 2, f(p) := logp if p = 1 (mod 3), f(p) := logp+ i if p = 2 
(mod 3), pis a prime, f is completely additive mod 1. 

REMARK. If f: N ~ ez is completely additive and 11!11 (the i2 norm of 
f) is monotonic, then f(n) = c · logn, where c E i2 is a constant vector. 

PROOF. Let a be an arbitrary, a~ 2 integer. If n EN, n ::'.'. 2 then we 
can write ak ~ n ~ ak+l with suitable k, k EN. Then we have 

(17) k · llf(a)ll ~ llf(n)ll < (k + 1) · llJ(a)JJ. 

Since k ·log a~ log n < ( k + 1) ·log a therefore from (17) 

(lS) JJJ(a)ll _ llf(a)ll < JJJ(n) JJ < llf(a)IJ + JJJ(a)JJ. 
~ga ~gn - ~gn - ~ga ~gn 

Hence 

I 
llJ(n)IJ _ Jlf(a)ll I< llf(a)ll. 
logn loga - logn 

Letting n (and so k) ~ oo we see that 

A= lim llf(n)ll 
n-+oo logn 

exists and is finite, and that for every positive integer a, llf(a) IJ =A· log a. 
Whitout loss of generality we may assume that A = 1. Using this for 
n, m, n · m, where n, m E N we obtain 

(19) llJ(n)ll 2 = log2 n, 

(20) llf(m)ll 2 = log2 m, 

(21) llf(n · m)ll 2 = log2nm. 

Using (19),(20) and that f is completely additive we get from (21) 

(22) (J(m),f(n)) =logm · logn . 

From this 

\ 

J(m) f(n)) ? 

1
--,

1
- = 1, (m ,n ~ -) . 

ogm ogn 
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It is well-known, that if H is a Hilbert space, (xn) C H is a bounded 
sequence, then there exist (Ink) CH subsequence and x EH such that for 
every y EH holds (y,xn,1;}-+ (y,x). Using this we obtain that there exist 
(nk) C N and TE £2 such that 

j f(m), f(nk) )-+ / f(m), 
7
). 

\logm lognk \logm 

But the left-hand is equal to 1 for every m, nk 2:: 2, thus 

j f(m) ,r) = 1. 
\logm 

Here similarly as in above, we obtain 

/
1
J(mk) ,r)-+ (r,r) = llrll 2. 

\ ogmk 

Hence llrll = 1. From (22) 

j f(m) ,f(n)) = logn 
\logm 

which implies (f(n), r) = logn, so 

(23) f(n) = T · logn + g(n), where (g(n), r) = 0. 

From this llf(n)IJ 2 = log2 n + IJg(n)JJ 2. But we have seen llf(n)ii 2 = log2 n, 
thus g(n) = 0. Hence from (23) follows the statement. 
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