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ON ADDITIVE FUNCTIONS
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Dedicated to Professor Paul Erdés on the occasion of his 80th birthday

Recently M. J0O [2] gave a simple nice proof for the fact that if f is
real-valued number theoretical function which is monotone increasing on an
arithmetical sequence {An + B}, then f(n)=clogn for each n prime to A.

The aim of the present note is to generalize this statement, namely we
prove the following

THEOREM. Let A > 0 be any integer further B, D(B # D) be any
integers such that A| B — D and

(i) (B,D)=1or

(i) (B,D)>1,(4,B)=1
are fulfilled. Suppose f is any real-valued additive function such that

(1) f(An+b)— f(An — D) > 0 for every natural number n.

Then f(n) =clogn if (n,B—-D) =1.

If f is completely additive, then independently on (i) and (ii) (ie.
without these assumptions) we have

f(n) = clogn if (n,(B - D)/(B,D)) = 1.

REMARK. For B =D +1 we obtain the theorem of M. J00 [2].
PROOF. We may suppose without loss of generality that B > D. Let
to such that (Atg+ B,B = D) =1 and write n +¢; in place of n we can
write the condition (1) in the form
f(An+ Atp+ B)— f(An+ Atg+ D) >0
hence writing n(B — D)/A in place of n we get
f(B-D)n+Aty+B)— f((B-D)n+Atg+D)>0
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i.e. f is monotone increasing on the arithmetical sequence {(B — D)n +
+ Atg+ B}. If (B,D)=1thenlet ty=0andif (B,D)>1 but (4,B)=1 then
according to Dirichlet’s theorem (there we can avoide the use of Dirichlet’s
theorem as in [2]) choose to so that Aty + B be a "large” prime.

Then by the method of [2] we get: f(n) =clognif (n,B-D)=1.1f f
is totally additive, then by ¢35 = 0 we have
f((B—D)n+B) 2 f((B-D)(n-1)+ B).
Taking into account ((B— D)/(B - D,B),B/(B — D,B)) =1 by the result
of 2] we get
f(n) =clogn if (n,(B-D)/(B,D))=1.
COROLLARY. Suppose f is additive real valued and
(2) f(An+B)+ f(An+ D)
is monotone increasing further A| B — D and
(i) (B,2D)=1or
(i) (B,2D)>1,(B,D)=1.
Then f(n) = clogn if (n,2(B-D)=1.
If f is totally additive, then independently (i.e. without) of the condi-
tions (i), (i1) we have
f(n) =clogn if (n,2(B - D)/(B,2D)) =1.

For the proof it is enough to remark that we may assume without loss of
generality that B>D. Write n(B—D)/A in place of n in (2) we obtain that
f((B~D)n+ B)+ f((B-D)n+ D)

is monotone increasing, i.e.
f(B~Dn+B)+ f((B-D)n+D)>
2 f((B-D)(n-1)+B)+ f((B-D)(n-1)+ D)
hence
f((B—D)n+B)> f((B-D)n—B+2D)
and the Corollary follows from our theorem:.
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DISTRIBUTIONS

By
J. ENGLANDER and J. G. SZEKELY*

Department of Mathematics, Technion, Haifa, and
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1. Introduction

Let p = {p;} and ¢ = {¢;} be discrete probability distributions (i.e.
pi>0,¢;>0,4,7=12,...,%pi =2 ¢j =1). If these distributions are
independent marginal distributions of a contingency table then {p;q;} is
the sequence of cross classification probabilities (joint distribution). For
convenience suppose that p; >py>... and q1 > ¢ > ... . If we also order
the sequence {p;¢;} nonincreasingly and denote the resulting distribution
by r = {r¢} (r¢ = pig; for some i, ) then r can be considered the unique
product of p and ¢. This operation makes the set of all discrete distri-
butions p with nonincreasing p;’s a commutative semigroup D which is
also a topological semigroup if endowed with the topology of pointwise
convergence.

In this paper we prove some basic results on the arithmetic nature of D.

The unit element of D is e = (1,0,0,...). By definition r € D is
irreducible if r = pg implies that either p=¢e or g =e. Every p€ D
concentrated on two points is clearly irreducible. The same holds if two is
replaced by any prime number. Irreducible distributions do not appear in
contingency tables with independent nontrivial (# e) marginals thus the
problem of reducibility seems to be relevant in the analysis of contingency
tables.

* Supported by Hungarian National Foundation for Science Research Nos. 1405 and
1905.
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2. Main Results

THEOREM 1. Every element of D is a finite (or countable) product of
irreducible elements. This decomposition is not unique.

THEOREM 2. The only infinitely divisible element of D is e.
A distribution r will be called prime if r | pg implies 7 | p or 7 | q.

THEOREM 3. A distribution r concentrated on two points is prime if
and only if r =(1/2,1/2). (1/n,1/n,...,1/n) is prime if and only if n is
prime.

PROBLEM 1. Is there any other prime element in D?

THEOREM 4. The set IR of irreducible elements of D form a dense
subset in D, and the Baire type of IR is Gj.

PRrROBLEM 2. Characterize the set of irreducible elements of D.

3. Proofs

We shall apply the theory of Hun semigroups discussed in RUzsAaand
SZEKELY(1988).

PROPOSITION 1. D is cancellative.

PROOF. pq = pr implies g1 = r{; omit the elements p;q; = p;r; and
consider the biggest element of the remaining numbers on the left and right
hand side. These numbers are equal, i.e. pjgp = pire, hence g9 = ro, etc.

PROPOSITION 2. The only idempotent of D is e.

PRrRoOOF. The previous Proposition shows that if 2" = z, € D then
z" ! = ¢ and thus z = e (the only divisor of e is ¢).

The previous observations imply
PROPOSITION 3. D is associate-free (i.e. if p| ¢ and q | p then p=q).

PROPOSITION 4. The set Tp of all divisors of p € D is compact for
every p€ D.

We omit the simple proof.
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Recall that in RuzsAand SZEKELY(1988) a commutative (Hausdorff)
topological semigroup was called Hun if it was associate-free and T), was
compact for every element p of the semigroup. Thus our D is a Hun
semigroup without nontnivial idempotents. D is also normable where the
Rényi entropy (see RENYI(1966)) '

dalp) = —l/alogZp}f", a>0
can be considered the norm of p € D.

PROPOSITION 5. D is a normable Hun semigroup.

REMARK 1. An advantage of the norm ¢4 is the following. If ¢4(p) =
= ¢a(q) for every a > 0 then p = q. This immediately gives a new proof of
Proposition 1.

The general theory of normable Hun semigroups implies Theorem 1 i:
there are no infinitely divisible elementsin D (other than e). In other words
in view of our theory of Hun semigroups Theorem 2 implies Theorem 1.

PROOF OF THEOREM 2. If ¢" = p for some n > 1 then ¢f = py,
q’f"lqg =p9 =p3 =...=Pn4], and this cannot hold for every n > 1 except
the trivial case g =0=ps =p3=...,i.e. p=e.

The following example shows that the decomposition in Theorem 1 is
not unique. Put p = (1/(1+b),b/(1+)), ¢ = (1/B,b%/B,...,b**~2/B)
where 0 <b< 1, B=1+b%+...+b%=2 and p/ = (1/(1+ bF),bF /(1 + bF)),
¢ =(1/B' +b/B',...,b¥"1/B') where again 0<b<1and B'=1+b+
+...4+ 51 If k is a prime number then all the elements P, q, P, ¢ are
irreducible in D, pg =p'q’ and p#p',q'.

PROOF OF THEOREM 3. Any p € D concentrated on two points has
the form p=(1/(1+5),b/(1+5)),0<b<1. Ifb#1,1e. if p#(1/2,1/2)
then the previous example shows that p | p'q’ where p', ¢/ are irreducibles,
p#p, ¢, thus p is not a prime. On the other hand p = (1/2,1/2) is a
divisor of ¢ iff g9;_1 = g95, = 1,2,... which means that if p | gr then p|q
or p|r. This observation also implies that (1/n,1/n,...,1/n) is prime iff
n is prime.

PROOF OF THEOREM 4. If the support of p € D contains n points
where n is a prime number then p is clearly irreducible. On the other hand
the set of all distributions whose support contains prime number of points
is dense in D. Thus a subset of IR is dense in D. The G property of IR
is a simple consequence of Theorem 19.2 of RUZSA and SZEKELY (1988)
(one can easily see that D is a stable semigroup).
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ON CONTROLLABILITY OF BILINEAR SYSTEM III
(AN INFINITE DIMENSIONAL CASE)

By
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Department of Analysis E6tvos Lordnd University, Budapest
(Received February 26, 1992)

In this paper infinite dimensional bilinear systems are examined, where
the state space a control spaces are infinite dimensional Banach spaces.
It is known that in this case the complete controllability fails, even for
the linear systems. Thus the concept of approximate controllability has
been introduced. Controllability of infinite dimensional linear systems are
investigated in the papers of TRIGGIANI ([21], [22]). Here we manage to
get necessary and sufficient conditions for the approximate controlla.blhty
of a special case of infinite dimensional bilinear systems. :

We consider the following systems
(1) z(t) = Az(t) + N(z(t),u(t)) + Bu(t),
where 0 <t < oo and z(t) € X, u(t)e U, v(t) eV forall t > 0, X, U, V are
complex separable infinite dimensional fixed Banach spaces. Further
A:X - X, B:V-oX
are bounded operators,
N:XxU-X
is a bounded bilinear operator.

We assume that the control functions u(t), v(t) are locally Bochner
integrable, or equivalently that u(t), v(¢) the strongly measurable and

lu@®llw, lv)lly € P[0, c0)),

(see HILLE, PHILIPS [4], 3.7). By a solution z(¢) of (1) we mean a locally
absolutely continuous function satisfying (1) for almost every ¢ > 0. If
we require that u(t), v(¢t) be piecewise continuous control functions then
(1) must hold in every continuity point. It is known (KREIN (5] I1.2.1,,
I1.3.2.) that for any given initial condition z(0) = z¢ € X the system (1)
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has unique solution. As usual, we will also use the notations z(t,zg,u,v),

Ry(zq), R(zg) (see [19], [20]).

We say that the system (1) is approzimately controllable in X (in
time T') if for all z € X, cl(R(z)) = X (resp. cl(Rr(z)) = X). In [21]
and [22] TRIGGIANI investigated the system (1) in the linear case setting
N = 0 and gave necessary and sufficient conditions for the approximate
controllability, which are the complete controllability failed in X, even for
the linear systems (N =0). We have

THEOREM A. ([21]) consider the system (1) with N =0

z(t) = Az(t) + Bo(t).
The following conditions are equivalent

(i) The system is approximately controllable in X in time T for all
T>0,

(i1) clspan{A"BV : n>0} =X
o0
(i) 1) {ker{B*(4*)}} = {0}.
n=0
THEOREM B. ([21]) The system (1) with N =0 and dimV = m:
m
2(t) = Az(t)+ ) _ui(t)b;
i=]
is approximately controllable in time T if and only if
clspan{A™b; : 1<i<m, n>0}=X.

This system can never be completely controllable: |J Rr(0) # X.
t>0

In this paper we consider the special case A =0 of (1), namely
2 (t) = N(z(t),u(t)) + Bu(t).
Introduce the notations

B(U,X):={B : U—X : B is bounded linear operator}
B([0,T],U) :={u(-) : [0,7]—=U : u(-) is strongly measurable

T
and Ju(")|lg = / lu(t)ldt < o0}
0

3({0,T],U) is a Banach space every the norm |ju(-)| g.
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To the system (2) it corresponds the following system
X(t) = N(X (), u(?))
{X(O) =E
For fixed t, X(t): X — X and N(X(t),u(t)) are bounded linear oper-
ators; by deﬁmtlon the latter one works by the rule N(X ( u(t)) = :

= N(X(t)z,u(t)). I u(-) € B({0,T},U) then (3) has a unique solutlon
denoted by ®4(t). Now the solution of (2) can be given by

t
z(t,zg,u,v) = By(t) (1:0 +/['I>u(s)]-le(s)ds) .
0

If u(t) = u then Py(t) = !N (+4) thus if u(t) is piecewise constant,
u(t), for te(ti1,ti}, 0=ty<t;<...<tp=t,

(3)

then
By(t) = e(t=tp—1)N(up) (tp_1-tp2)N(up—1)  1N(-u1)
this obeys (3) in all continuity points t # t;.
LEMMA 1. For the system (2) z € Rp(y) if and only if y € R(z).

PROOF. z € Ry(y) means that z = z(T,y,u,v). Let
u(t) = —u(T t) b= —v(T— t), y(t)=2z(T—1t,y,u,v).
Then y = —2(T - N(y(t),a(t)) + Bo(t) a y(0) = z, y(T) =y, hence
y € Rp(z). O
LEMMA 2. Consider the system (2). Let =1 € Ry,(0), 29 € R,(0), a,
B €C. Then
azy + By € Rapy 44,(0).
In particular, R(0) is a linear subspace of X.
PROOF. Since 0 € Ry (1), 0 € Ry,(z2), there exist controls u;, v,
t=1,2 with
t
0= z(t;, Ti,ui,v;) = Py (ti) | o +/ [Qui(s)] -1 Buv;(s)ds
0

that is,
t;

;= —-/ [Qui(s)]—l Bu;(s)ds, t=1,2.

(=1
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Define the controls
u(t) € B([0,2¢; + t9],U), v(t) € B([0,2t; +t2],V)
by the rule
(u1(t), av1(2)), 0<t<t
(u(t),v(t)) = { (—u1(2t; —1),0), t <t <2t
(ua(t —2t1),v9(t — 2t1)), 2t St <2t +19

Then we have
Qu](t)a 0<t<ty

By(t) = Buy(2t1 —t), t1<t<2t
Bu(t—2t1), 201 <t <2t 4+t

in particular ®,(2¢;) = E. Consequently
Y

1y
az|+ fBzg = —/ [®u;(3)] —lel(s)ds -0- / [®uy(3)] -1 Buy(s)ds =
0 0

2ty 4ty
. / [@u(s)]~} Bu(s)ds
0

which means that
0e R2il+ig(axl + Bz9), az] + Pz € R?i]'Hg(O)
as we asserted. O

LEMMA 3. (Gronwall inequality, see [39], p.24)Let k(t), ¢(t) 20, k,
pE L11°°[0,oo). Suppose that for some M >0

t
k(1) < M+ /k(s)cp(s)ds for all t > 0.
0

Then t
[e(s)ds
k(t) < Me0 for all t > 0.

(Remark that equality in the assumption implies equality in the conclu-
sion.)

THEOREM 1. For the system (2) the mapping
B([0,T],Ux V) — C([0,T],X) (u(-),v(")) = =(;,z0,u,v)

is continuous.

PROOF. It consists of three steps.
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(a) We prove first that the mapping u(-) — ®4(:) is continuous from
B([0,T],U) into C([0,T),B(X,X)). Indeed, let un(-)— (u(-) in B([0, T]), U)-
norm, i.e.

T

/Hun(t) - u(t)]]dt -0 as n — oo.
0

In particular we have then |ju(:)|l, |lun(-)l] £ K. (Here Jju(-)]] means
lu(-)]lg.) From the integral equation corresponding to (3)

t
@u”(t) = E + /N(Qu”(s),Un(S))dS
0
it follows that

i
@ ()] <1+ / IN] @un ()] fun(s)llds.
0

Using Lemma 3 with
k(t) =|@un (),  M=1,  o(t)=[N|lua(t)

we obtain

t
IVl [ llun(s)llds
[Bua(t)| <e O < KINI,
We have

14

[ V(@ (6),n(6)) = N(@ul),u())a]

0

[ @un(t) — Bult)]| = <

1

/ N (®u, (5) — Bu(s), u(s))ds

0

< + <

i
[ ¥ @un(s)unts) — s))ds
0 .

t t
<V / 1Bun(s) = Bu(s)] [[u(s)l|ds + || N [|KIVI / [un(s) - u(s)||ds.
0 0

For large n the second member will be smaller than any prescribed ¢ > 0,
hence we can apply again Lemma 3:

t
[IIN|[{lun(s)lids
“Qu”(t) - Q‘u(t)” S ced S ch”N“
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which proves the point (a).
(b) We will show that if un(-) — u(*) in B-norm, then
[@ua (N7 = [2u(]7 0 C([0.T]), BX,X)).
For the proof we fix an s € (0,T] and set @(t):= —u(s—1),0<t<s. Then
B;(t) =Pu(s—1t) [<I>,_,(s)]_1 can be checked directly from (3). In particular
Dy(s) = [Bu(s)) .

Now if un(-) — u(:) in B([0,T]),U), then 4n(-) = 4(-) in B([0, s],U) (s is
fixed). Repeating the estimates of (a) we get that for large n (independent
of s)

1@un ()] ™" = [Ru(] 7 I = |24 (s) — Ba(s)]] < eI
which proves (b).
(c) We return to the statement of the theorem. Let
un(-) = u(), un(-) = v(-)
in the corresponding B-norms. Then
M IOl llenCOIls oIl < K
and from (a), (b) we see that

llz(t,zg, un,vn) — z(¢, zg,u,v)| <
t

S ®uq(t)zo — Pu(t)zoll + +

/ [cpu,,(typ;,}(s) - <1>,,(t)<1>;1(s)] Bun(s)ds

0
t

/ Bu(t)87 () B(va(s) - v(s))ds
0 t
+

-

+/|I‘I>u(t)|| 195 () 1Bl lon(s) = v(s)lds < [|Bun(t) = Bu(t)ll [0+
0

+ S 1 un(t) — Su(®)lf lIzoll+

(1B {lon(s)lids+

Bun ()85, (5) ~ Bu() 25 (5)|

14
B / (12un(®) — 2u@ 127 )l + 1Bun (DN 1251(5) — @51 )N) -
0

t
(1Bl fun(s)lds + ¢ / lon(s) - v(s)[ds
J ‘
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and every member tends to zero uniformly in 0 <t <T.
The proof is complete. O

LEMMA 4. For the system (2) we have Ry(0) = R7(0) for all 0 < t <
<T <oo.
PROOF.

(a) Re(0) C Rr(0).
Let z = z(t,0,u,v) € Rp(0) and

s { , 0<s<T-t
(@35)(s) = (u,v)(s=T+1t), T—t<s<T.
Then by (2) we have
0, 0<s<T-t.
z(s,0,4,%) = {
z(s—T+1t,0,u,v), T—-t<s<T

in particular z(T,0,%,9) = z(t,0,u,v).

(b) Rr(0) C Ry(0).

Consider first the case when u and v are piecewise constant functions,
namely

(u(s),v(s)) = (uj,v;) for te€(ti—1,t;), O=tp<t;<..<tp=T.

As we know

2(T,0,u,v) = &4(T) / 3-1(s)Bu(s)ds = Z / &,(T)®71(s)Bu(s)ds =

s=1 ti-1

t'
= Z e(T=tp=1)N(-up) (tp—1-tp_2)N(up_1)  t1N(-u1),

=140,

N Cw) | o= (tim1—tie) N (tin) (s=tin )N i) By g =
p 4
=Z e(T tP—l)N UP) . (t'.—s)N(.’ui)B‘UidS.

i=1 t!—l

Take the substitutions
t R T R T

8; 1= Tti’ u; 1= ?ui, v 1= ?vi, (1,0)(s) := (&;,9;) on (8i—1,8:)-
Then
0<sp<s1<...<sp=t
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and the substitution r = ,fws in the above integral gives
z(T,0,u,v) = z(t,0,4,7).

Now we prove (b) for general control functions. There exist piecewise
constant controls un, v, with

un(-) = u() in B(0,T|,U), wva()—v(:) in B([0,T],V).
Then there are 4(-), 9(-) such that

in(-) —a() i B((0,¢,U),  da()—d() in B([0,2],V).
(see the substitutions above). By Theorem 1 we have

z(T,0,un,vn,) = z(T,0,u,v) z(t,0,in, On, ) — z(¢,0,4, D)
and the left numbers are equal, hence
z(T,0,u,v) = z(¢,0,4,D)

which finishes the proof. O

From Lemma 2 and this Lemma we obtain the following

COROLLARY. For the system (2) R(0) = Ry(0) is a linear subspace of
X forall T > 0.

LEMMA 5. Consider the system (2). If clRT(0) =X then for all z € X,
cdRr(z) =X.

PROOF. For z, y € X, € > 0 we have to find a control (u,v) such that
lly = z(T,z,u,v)|| <e. By clR%:(O) = X we have a control (u9,v9) such that

. € . T
”y - y“ < 5» where y=zx (E,Oau%v?)

and there exists (u1,v1) such that

T -1
Buy (3‘)

_— < —
el < 5

, where :E=:z:<—,0,u1,v1>.

Define the control

(a3 m(E-)). osest
(u(t),v(t)) := —(ul (t—%—),O), T<t<¥
(uQ(t—Zgz),vg(t—gg:)), 237—1-<t__T
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Using (2) and (3) we see that for ¢ < %1'

T
z(t,i:,u,v)=z(%——t,0,u1,v1> and z(-:-s-,.i:,u,v =0

oo ()15 3) 4 ()43

For %1- <t< 237—1 we have z(t,%,u,v) =0

T\ . /(T 2T
ao=2u (-2t (D), w(Z)-z

Finally for 23T- <tLT

z(t,i:,u,v):z:(t-—z—g:,(),ug,vg), z(T,z,u,v)=9

By (t) = By, (t - 333) .

Thus we prove that
R . €
”y - z(T,x,u,v)II = ”y - y" < '2'
and it remains to show that
€
|=(T,%,u,v) — (T, z,u,v)|| < 3

Indeed
|e(T,2,u,v) — (T, z,u,v)|| = | 2u(T)(E — 2)|| =

B, (%) (& —z)|| < ||, (%) Z

2
Lemma is proved. O
THEOREM 2. For the system (2) the following statements are equiva-
lent

<

12 -=|l <

(i) Approximate controllability holds in time T, i.e.
cdRp(z)=X for all zeX.

(ii) clspan{N(:,uy)...N(,ug)Bv : k20, uy,...,up €U, veV} =X
(iii) N{ker(B*N(-,up)*...N(-,up)*) : €20, uy,...,ur € U} ={0}.

PROOF. Denote z* the elements of X*. By the Hahn-Banach theorem
(1) & “If 0= (2*,N(-,u1)...N(-,ug)Bv) for all u; € U, v € V, k > 0, then

¥ =0",
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From this and from ‘
(z*,N(-,uy)...N(-,up)Bv) = (B*N(-,up)*...N(-,uy)*z*,v)
we see at once that (ii) < (iii). Thus by Lemma 5 it remains to prove that
cdRr(0)=X & (i1).
Introduce the notations
H :={(u,v) : u, v are piecewise constant}
Rxf!(O) = {z(T,0,u,v) : (u,v) € H}.

Since H is dense in the space of all control functions, Theorem 1 shows
that

R7(0) = IRE(0).
The statements of Lemmas 2 and 4 hold also for R,}I (0) instead of R7(0)

(see the proofs there). Consequently R,IIL-’ (0) = RH(0) is a linear subspace
of X for all T > 0. Thus we have only to prove

dRE(0)=X & (i).
In fact we show that both are equivalent to the statement

Gv) If z* € X* a 0= (z‘,@u(T)le(t)Bv> for all piecewise constant
function u(-) and all ve V,0<¢ < T, then z* =0.

(a) lRH(0) =X = (iv).
Indeed, take an z* satisfying the conditions of (iv). Let z = 2(T,0,u,v)
with (u,v) € H. Then
T

(I*,z) = <I‘,'/‘(I)u(T)(I’Jl(S)BU(S)ds> =
0
T

= / <1:",¢I>u(T)<I>;1(s)Bv(s)>ds =0
0
ie. <1:"‘,R¥(0)> = {0}. Since RQH(O) is dense in X, z* = 0 follows.
(b) (iv) = dRHE(0) =X.
Let <1:"',R¥(0)> = {0}, we have to show that z* = 0. Consider any

(u,v) € H with
v, 0<s<t
v(s):{
0, t<s<T.
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Then

t
2(T,0,u,v) = / &,(T)8; ! (s)Buds
0

and hence
t

a= / <z‘,q>u(T)q>;‘(s)Bv> ds.
0
Taking the derivative in t we get 0 = (z‘,q)u(T)Q;l(t)Bv) for all ¢, and
then z* =0 by (iv). '

(c) (iv) = (ii).

Let 0= (z*,N(-,u1)...N(-,ut)Bv) for all uj,...,us € U,v eV, k>0.
By the remark at the beginning of the proof we have to show that z* = 0.
Let u(-) be arbitrary piecewise constant control,

u(s) =u;for s € (¢, ti41), t=t1 <...<tpp1 =T, s; = tiy) — t;,
and v € V. Then
&y (T)®; (1) By = PN (up) | 1N Cu1) By =
= Zgil---iksﬁ iy N(yugp) . . N(yui ) By
where 1 <4 <...<11 <p,k=1,2,.... Hence

0= <::",<I>U(T)<I>;1(t)Bv>

and by (iv) we heve z* = 0.

(d) (i) = (iv).
Suppose that z* satisfies the conditions given in (iv). Let uj,...,up€U,
v € V, t € (0,T] be arbitrary and define

{u,-, ti<s<tiy, t=1,...,p

u(s) =

0, s<t=ty,

where t =t; <... <ty . We repeat the counting in (c)
0= <1:‘,t1>u(T)<I>{,'1(t)Bv> =

= 0iy..iySiy - Siy <I',N(',ui1)~~~N(',Uik)3v> =Y di i,si -5
where the sum runsover 1 <1 < ... <% <p, k=1,2,... and

diy g = Qiy..ig <$',N(',uf1)~--N(',uik)3v> -
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This multiple series is absolutely convergent and the only restrictions for
its variables s; are

(4) 0<s;, 1=1,...,p; s1+...+5p <T
(and denote t =T — (51 + ...+ sp)).
14
The derivate ————— can be taken term by term in the interior of
631...63p

the domain described by (4). Letting all s; > 0 tend to zero we get
0=dp 1 =0p.1{z" N(-,up)...N(-,u1)Bv) = (z*, N(;,up)...N(-,u1)Bv)
since g, 1 =1. Then by (ii), z* =0.

The proof of the Theorem is complete. O

REMARK. One can see that the assumptions here are too restrictive.
The question is to investigate controllability of the system (1) in the cases
a) the drift term is non-zero, i.e. A # 0, b) the coeflicient operators
are unbounded, ¢) A and N do not commute (in the case A and N
commute (with special unbounded bilinear operator V) the approxamate
controllability of (1) was studied in [40]).
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1. Introduction

Throughout this paper, let G be a finite group. We say, following
GARY L. WaLLs [1], that G is an MNP-group if all maximal subgroups
of any Sylow subgroup of G are normal in G. In [2], S. SRINIVASAN
investigated the structure of an MNP-group and proved that an MNP-
group is supersolvable. Obviously, nilpotent groups are MNP-groups. The
symmetric group on three letters shows that an MNP-group need not to be
nilpotent. Let G = A5 = PSL(2,4) = PSL(2,5) or G =PSL(2,13). Then G
is a non-abelian simple group all of whose second maximal subgroups are
MNP-groups. The purpose of this paper is to give a complete classification
of all non-abelian simple groups in which each second maximal subgroup
is an MNP-group. The notation used in this paper is standard.

2. Preliminaries

In this section, we collect some of the results that are needed in this
paper.

(2.1) (SRINIVASAN [2]). If G is an MNP-group, then G is supersolvable.

(2.2) [3, Theorem 9.3.11, p. 229]. If G is a solvable group, then G has
a Sylow basis.

(2.3) (DOERK [4]; see also [5, Aufgabe 16, p. 721]). If G is a mini-
mal non-supersolvable group (non-supersolvable group all of whose proper
subgroups are supersolvable), then:

(1) G possesses an ordered Sylow tower or G is a minimal non-nilpotent

group (non-nilpotent group all of whose proper subgroups are
nilpotent);
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(i1) G possesses a unique normal Sylow p-subgroup P for some prime
p;
(i) P/®(P) is a minimal normal subgroup of G/®(P);

(2.4) [5, Satz 5.2, p. 281]. If G is a minimal non-nilpotent group, then:

(i) |G| =p®¢’, where p and q are distinct primes;

(ii) G has a normal Sylow p-subgroup P and a cyclic Sylow g¢-sub-

group Q;
(iii) P/®(P) is a minimal normal subgroup of G/®(P).

(2.5) [6, p. 467]. PSL(3,3) has a subgroup isomorphic to Sy, where Sy
is the symmetric group on four letters.

(2.6) ([7); see also [5, Bemerkung 7.5, p. 190.]). Any non-abelian simple
group all of whose proper subgroups are solvable is isomorphic to one of
the following simple groups:

(1) PSL(3,3);

(ii) PSL(2,p), where p is a prime with p > 3 and p? — 1 # o(5);

(ii1) PSL(2,2%), where g is a prime;
(iv) PSL(2,37), where ¢ is an odd prime;

(v) The Suzuki group Sz(2%), where g is an odd prime.

(2.7) ([8, Theorem 8.2, p. 41]; see also [9, Theorem 3.3, p. 184]). f G is
one of the simple groups mentioned in (2.6) other than PSL(3,3), then G
is a Zassenhaus group of degree n+ 1, where n =r or n = r? according as
G =PSL(2,r) or G =Sz(r) and the subgroup N fixing a letter is a maximal
subgroup of G. Further, N is a Frobenius group with kernel K of order n
and a cyclic complement H. If G = PSL(2,r), then |H| = (r —1)/d, where
d=(r—1,2), and if G = Sz(r), then |H|=r—1.

(2.8) 8, Theorem 2.4, p. 178]. If A is a p'-group of automorphisms of
the abelian p-group P (p > 2) which acts trivially on Q;(P), then A =1.

(2.9) [5, § 8. Die Untergruppen von PSL(2,p/), pp. 191-213].
Suppose that G is one of the following simple groups:

(i) PSL(2,p), where p is a prime with p > 11, p® — 1 # o(5) and

PP~ 1% o(16);

(i1) PSL(2,29), where q is a prime;

(iii) PSL(2,37?), where g is an odd prime.

Then a maximal of G is one of the following groups:

(i) A dihedral group of order 2(n+1)/d, whered=(n—1,2),andn=p

orn=2%or n=39.
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(i1) A Frobenius group of order n(n —1)/d.
(i11) A4, where A4 is the alternating group on four letters.

3. Groups all of whose maximal subgroups are MNP-groups

In this section we study the structure of groups all of whose maximal
subgroups are MNP-groups. Let [r(G)| be the number of distinct prime
divisors of the order of G. We prove the following theorem

THEOREM 3.1. If G is a non MNP-group and each of its maximal
subgroups is an MNP-group, then |x(G)| = 2 and one of the following
statements is true: ’

(i) G is supersolvable

(ii) G has a normal Sylow p-subgroup P and a non-normal cyclic
Sylow g-subgroup @, where p < ¢ and P/®(P) is a minimal normal
subgroup of G/®(P).

(i) G has a normal Sylow gq-subgroup Q and a non-normal cyclic Sylow
p-subgroup P, where p < q, and Q/®(Q) is a minimal normal
subgroup of G/®(Q).

PROOF. By (2.1), all maximal subgroups of G are supersolvable. Then
G is solvable by 5, Satz 9.6, p. 718]. By (2.2), G has a Sylow basis. Let H
be a maximal subgroup of a Sylow subgroup of G such that H is not normal
in G and let {Py,Py,...,Pp} be a Sylow basis of G with, say, H < P;. If
|®(G)| > 3, then P P; is a proper subgroup of G, where : =2,3,...,n, and
(P1,Ps,...,Pn) =G < Ng(H), a contradiction. Therefore |#(G)| = 2.

Assume that (i) is false. We must show that either (ii) or (ili) must
hold. Clearly, G is a minimal non-supersolvable group. Let P be a Sylow
p-subgroup of G and let @ be a Sylow g-subgroup of G, where p < q.
Suppose that G does not have an ordered Sylow tower. Then, by (2.3(i))
G is a minimal non-nilpotent group. It follows from (2.4) that P <G and
@ is a non-normal cyclic Sylow ¢g-subgroup of G, where p < ¢, and P/®(P)
is a minimal normal subgroup of G/®(P). So (ii) holds. Now suppose that
G has an ordered Sylow tower. Then Q< G. By (2.3(ii)) Q/®(Q) is a
minimal normal subgroup of G/®(Q). We argue that P is cyclic. If not,
there exist two distinct maximal subgroups H; and Hs of P. Let K be
a maximal subgroup of Q. Then K «QH; and K <« QH9, by hypothesis.
Since |7(G)| =2, and (QH,QH9) < Ng(K), it follows that K «G. Hence
each maximal subgroup of Q is normal in G. Let {Q,Q2,...,Qs} be the
set of all maximal subgroups of Q. Then G/Q); is supersolvable, where



26 A. SHAALAN, M. RAMADAN

i=1,2,...,s. Since G/®(Q) < G/Q1 xG/Qs % ...x G/Qs, it follows that
G/®(Q) is supersolvable. Hence G is supersolvable by [5, Satz 8.6a, p. 713],
a contradiction. Thus P is cyclic. Hence (ii1) holds.

As an immediate corollary we have:

COROLLARY 3.2. If each maximal subgroup of G is an MNP-group,
then G’ is nilpotent. Further, G is an MNP-group when |7(G)| > 3.

PROOF. Suppose that G is an MNP-group. Then Theorem (2.1)
implies that G is supersolvable and hence G’ is nilpotent by [3, Theo-
rem 7.2.13, p. 157]. Now suppose that G is a non-MNP-group. Then
Theorem (3.1) implies that one of statements (i), (ii), (iii) must hold. If
G is as in (i), then G’ is nilpotent. If G is as in (ii) or (iii), then G’ is a
group of prime power order and so G is nilpotent. Clearly, Theorem (3.1)
implies that G is an MNP-group, when |7(G)| > 3.

4. Simple groups all of whose second maximal
subgroups are MNP-groups

In this section we prove several results needed for the classification
of non-abelian simple groups all of whose second maximal subgroups are

MNP-groups.

We need the following lemmas:

LEMMA 4.1. If G is a non-abelian simple group each of whose second
maximal subgroups is an MNP-group, then

() G # PSL(3,3);
(i1) G # Sz(29), where ¢ is an odd prime;
(i) G # PSL(2,p), where p is a prime with p > 11, p? =1 # o(5) and
P -1= 0(16))
(iv) G # PSL(2,29), where ¢ is a prime and 27 — 1 # prime.
(v) G #PSL(2,37), where q is an odd prime and 39 —1 # 2r, where r
is an odd prime.
Proor. (i) If G=PSL(3,3), then G contains a subgroup H isomorphic
to S4, where Sy is the symmetric group on four letters, by (2.5). Let M
be a maximal subgroup of G such that H < M < G. By hypothesis, all
maximal subgroups of M are MNP-groups. Then Corollary 3.2 implies
that M’ is nilpotent and so H' is nilpotent and this is a contradiction, as

A4 is a non-nilpotent group, where A4 is the alternating group on four
letters. Therefore, G # PSL(3,3).
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(ii) If G = Sz(r), where r =27 and ¢ is an odd prime, then G is a
Zassenhaus group of degree r2 41 by (2.7). Let N be the subgroup fixing
a letter. Then we have that NV is a maximal subgroup of G and that N is a
Frobenius group with kernel K of order r? and a cyclic complement. H by
(2.7). Since K is non-abelian, we have that Z(K) H is a proper subgroup
of N. Let L be a maximal subgroup of N such that Z(K) H <L <N. Now
L is an MNP-group by hypothesis. Then L is supersolvable by (2.1). This
is a contradiction as Cy(y) < K for all y € K#. Therefore, G # Sz(29),
where ¢ is an odd prime.

(1) If G = PSL(2,p), where p is a prime with p > 11, p?2—1%0(5) and
p? —1=0(16), then Sy is a subgroup of G. Hence, as in part (i), we obtain
a contradiction.

(iv) G = PSL(2,29), ¢ is a prime and 27 — 1 # prime. Then G is 2
Zassenhaus group of degree 27 + 1. Let N be the subgroup fixing a letter.
Then N is a maximal subgroup of G. Further N is a Frobenius group
with kernel K of order 27 and a complement H of order 27 — 1. Since
27 — 1 # prime, it follows that there exists a maximal subgroup L of N
such that K < L < N. Then L is an MNP-group by hypothesis and so
L is supersolvable. This is a contradiction as Cy(y) < K for all y € K#.
Therefore, G # PSL(2,27), when g is a prime, and 27 — 1 # prime.

(v) Since 3% —1 # o(16) and (37 —1)/2 # odd prime, it follows that
39 —-1=4dmor 39 —1=2m, , where m is a composite odd integer. Let r be
a prime divisor of m. Let N be the subgroup fixing a letter. Then N is a
maximal subgroup of G. Further, N is a Frobenius group with kernel A of
order 37 and a complement H of order 2m or m. Clearly, N has a subgroup
which is the semidirect product of K by (z), where |{z)|=r. Let L be a
maximal subgroup of N such that K (z) <L < N <G. By hypothesis, L is
an MNP-group. Then, by (2.1), L is supersolvable and this is contradiction
as Cy(y) < K for all y € K#. Therefore G # PSL(2,39), where ¢ is an odd
prime and (37 —1)/2 # odd prime.

LEMMA 4.2. Let G be a non-nilpotent dihedral group of order 4r”,
where J > 1 and r is an odd prime. If all maximal subgroups of G are
MNP-groups, then J =1.

PROOF. Assume that J > 2. Let R be a Sylow r-subgroup of G. Then
R =(r)<G. Let R| be a maximal subgroup of R. Since Rj charR and
R« G, we have R} «G and so SRj is a maximal subgroup of G, where S
is a Sylow 2-subgroup of G. Then SR; is an MNP-group by hypothesis.
Hence S<SR; and so SR; is a nilpotent subgroup of G. Now it follows
that S is an r'-group of automorphisms of R which acts trivially of Q;(R).
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So (2.8) implies that S acts trivially on R and this is a contradiction as G
is a non-nilpotent group. Therefore, J = 1.

The following lemma may be considered as an improvement of Lemma 4.2.

LEMMA 4.3. Let G be a non-nilpotent dihedral group of order 4m,
where m is an odd mteger If all maximal subgroups of G are MNP- groups,
then m is an odd prime,

PrRoOF. If m =1/, where r is an odd prime, then J =1 by
Lemma (4.2). Thus we need only consider the case in which m is divisible
by at least two distinct primes. Let S be a Sylow 2-subgroup of G. Since G
is a solvable group, it follows that G has a Sylow basis. Let {S, Py,..., Pp}
be a Sylow basis of G. If [7(G)| > 3, then SP; are proper subgroups of G,
where : = 2,3,...,n. Clea.rly, .S'P1 are MNP-groups, where 1 = 2,3,.

Then S < SP,, where t=23,...,n,and so SaG. Thisis a contra.dlctlon as
G is a non-nilpotent group.

We also need the following Lemma.

LEMMA 4.4. Suppose that G is one of the following groups
(a) PSL(2,p), where p is a prime with p > 11, p? — 1 % o(5), pPP-1%
% 0(16), p— 1 is square free and p+ 1 = 225, where s is an odd
prime, or p—1 = 227, where r is an odd prime.
(b) PSL(2,27), where ¢ is a prime with 2/ —1=r and r is an odd prime.
(c) PSL(2,37), where ¢ is an odd prime with 39 — 1 =2r, 39+ 1 = 225,
and r and s are odd primes.
Then each second maximal subgroup of G is an MNP-group.
PROOF. By (2.9), a maximal subgroup of G is one of the following
groups:
(i) A dihedral group of order 2(n £1)/d, where d=(n—1,2),and n=p
orn=2%orn =23
(1) A Frobenius group N with elementary abelian kernel K of order
n and a cyclic complement H of order (n —1)/d, where d = (n —1,2) and
n=porn=27or n=23Y
(i11) Agq.
Clearly, the maximal subgroups of the groups of type (i) are MNP-
groups.
If G is of type (a), then |N| = p(p—1)/2. Since p—1 is square free
or p—1=2°r, where r is an odd prime, we have that N is of square free

order and so all proper subgroups of N are MNP-groups. If G is of type
(b), then |N| =29(29 —1) = 29r, where r is an odd prime. Since H acts
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irreducibly on K, it follows that N is a minimal non-abelian group and
so all maximal subgroups of N are MNP-groups. If G is of type (c), then
IN|=3939-1)/2. ‘

Since (37 — 1)/2 = r, where r is an odd prime, it follows that |N| =
= 39r. Now, as before, N is a minimal non-abelian group. So all maximal
subgroups of N are MNP-groups. Therefore, all maximal subgroups of
type (ii) are MNP-groups.

Clearly, all maximal subgroups of A4 are MNP-groups.

Now we can prove the following Theorem:

THEOREM 4.5. Let G be a non-abelian simple group with the property
that all its second maximal subgroups are MNP-groups. Then G is one of
the following types:

(a) PSL(2,p), p is a prime with p > 11, p? =1 % o(5), p? — 1 # o(16),
p—1 is square free and p+1= 225 or p~1=2%r, where r and s
are odd primes.

(b) PSL(2,29), q is a prime and 29 — 1 = r, where r Is an odd prime.

(c) PSL(2,39), ¢ is an odd prime, 3¢ — 1 = 2r and 39 + 1 = 225, where
r and s are odd primes.

PRrRoOOF. by Corollary 3.2, all maximal subgroups of G are solvable.
Hence we can apply (2.6) and conclude that G is one of the following types

(i) PSL(3,3)

(ii) PSL(2,p), where p is prime with p > 3 and p? — 1 % o(5);

(iii) PSL(2,27), where ¢ is a prime;

(iv) PSL(2,39), where ¢ is an odd prime;

(v) The Suzuki group Sz(27), where ¢ is an odd prime.

G cannot be PSL(3,3) by (4.1(i)).

G cannot be PSLgZ,p), where p> 11, p? -1 # 0(5) and pP—-1= o(16)
by (4.1(iii)). Hence p* —1 # O(16). Thus Sylow 2-subgroups of PSL(2,p)
have order 4. Using that PSL(2, p) has a Frobenius subgroup N with kernel
K of order p and a complement H of order (p —1)/2 which acts irreducibly
on K, and that PSL(2 p) has dihedral sub%roup of orderzp +1, we obtain
that either p—1is squarefree and p+1=2sorp—1= where s, r are
odd integers. By (4.3), r and s are odd primes. So the only p0551b1ht1es for
G are A5 = PSL(2,5) = PSL(2,4) and PSL(2,p), 2p > 11 with p? — 1 # o(5),
p? —1% 0(16), p—1 is square free and p+1 =2%s or p—1 = 22r, where r

and s are odd primes.



30 A. SHAALAN, M. RAMADAN

G cannot be PSL(2,27), where ¢ is a prime and 29 — 1 # r, where r is
a prime by (4.1(iv)). So the only possibility for G is PSL(2,279), where ¢ is
a prime and 29 — 1 is an odd prime. '

G cannot be PSL(2,37), where ¢ is an odd prime and 3?7 — 1 # 2r, where
r is an odd prime by (4.1(v)). Hence 37 — 1 = 2r, where r is an odd prime.

Since 320 — 1 # 0(16), we have 4/|G| and 8|G|. G has a dihedral
subgroup of order 37 + 1. Then 37 +1 =225, where s is an odd integer. By
(4.3), s is an odd prime. So the only possibility for G is PSL(2,37), where
¢ is an odd prime, 39 —1 = 2r and 37 + 1 = 225, where r and s are odd
primes.

G cannot be Sz(2") by (4.1(ii)). But we have seen in the analysis of
(a), (b) and (c) that all second maximal subgroups of G are MNP-groups;
see (4.4).

The theorem is proved.
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1. In a recent paper (1], the author has examined the following
problem: Let i : . d — R be a set function defined on a system of sets
belonging to a certain class of set systems; under which conditions possesses
¢ an additive extension ¢’ : R — R to the ring R generated by £? The
purpose of the present paper is to give some corrections and supplements
to [1].

In [1], a known result was quoted for the case when A is a lattice J,
namely that a necessary and sufficient condition for the existence of such
an extension is that ¢ should satisfy

(1) w(AUB) =9(A)+p(B)—-9(ANB) for A,BelX.
Unfortunately, this is not true in this form; in fact, an obvious necessary
condition is '

(2) e(@)=0 if ek,

and (2) does not follow from (1) (let ¥ = {0}, () =1).

However, in the case § € #, (1) and (2) are sufficient for the existence
of an additive extension to the generated ring: the method described in
(2], V1.3.h.34 shows that the sets A — B (A, B € ) constitute a semi-ring
P and :

¢'(A—-B)=p(A) - (AN B)

defines according to (1) an additive set function ¢’ on P that can be
extended to a ring, and (2) guarantees ¥ C P, ¢'|% = ¢. In the case § ¢ ¥,
it is described in [1], p. 21 that @ can be joined to # in a manner that (1)
remains valid for #' = ¥ U {0} when () is defined to be equal to 0.
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In order to deal with the case when 4 is a meet-semi-lattice, [1]
introduces the expression

Y(Al,.. An>—2( 1)"“Z¢ ﬂ‘,-),
' Iery \i€el

where I'y is the collection of a.l] subsets of {1,...,n} with cardinality k. It
is shown in (1], 1.2 that if ¢ has an additive extension to a ring then

(3) for A; €4, ne N, the value of ¥(Aj,...,4n)
n

depends only on the union UA;,
1

and it is claimed in [1], that (3) suffices for the existence of an additive
extension to a ring. In fact, the proof of [1], 1.4 shows that then ¢ can be
extended to the lattice € generated by 4 in a manner that the extension
fulfils (1). However, the above remarks imply that this assures the existence
of an additive extension to a ring in the case § ¢ 4 only; in the case §§ € A,
(3) must be completed by the condition (@) = 0.

In the case of a join-semi-lattice 4, [1], 1.3 and 1.5 formulate as a
necessary and sufficient condition that

n

(4) x(Ai,...,4An) depends only on mA,- for A;ed, neN,
1

where

x(A1,-. An>~z( 1)+ Zgo(UA)

Iery \i€l
It is clear that the condition

n
(5) X(A1,...,An)=0 if Ajed, [)4;=0
1

has to be added to (4) in order to assure the existence of an additive
extension to a ring.

2. In the case of a meet-semi-lattice «, the condition (3) can be
replaced by a simpler one:

THEOREM 1. If 4 is a meet-semi-lattice then (3) is equivalent to the
condition

(6) <p<UA,-)=z/)(A1,...,A,,) if Ajed(i=1,...,n)and | J4; 4.
1 1
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n
PROOF. (3) implies Y(A) = ¥(A],...,An) for A=JA; €4, 4; €4,
1
and clearly ¥(A) = ¢(A). Conversely, (6) implies

n
(7) 1»[)(Al’7AﬂaB)='/)(Al’aAﬂ) if A;,Bed, BCUAz
1

n
In fact, we have B = |JB; for B; = BN A; € 4, whenever A;, B € {,
1

n
B c |J4;, and it is easy to see that
1

(8) 1/)(A1,...,An,B) =1/)(A1,...,An)+<p(B) ~1/)(Bl,...,Bn),
because § # I C {1,...,n} implies

w(iDIA,-nB) =v<gB;).

By (6) ¢(B) = ¢(Bj,...,Bn) and we obtain (7). An iterated application
of the latter furnishes (3), i.e.

1/)(‘41"--,‘471)=¢(Al,--°vAﬂ,Blv'“)Bm)=1/)(Bl""aBm)
n m
whenever 4;,B; €4, | JA;=JB;. O
1 1
The checking of the validity of (6) is simpler than that of (3) in

consequence of

n
COROLLARY 2. (6) is automatically fulfilled if | A; coincides with one
1
of the sets A; € A.

n-1 -
PRrROOF. For A= |J A; € 4, we have by (8)
1

w(Al,"'vAn*hA) = 1/)(‘41’ "’An—l) + ‘10(‘4) _1/)(1417 --,An—l),
whenever 4;, Acd,and B;=ANA;=4;(t=1,...,n-1)in (8). O
Thus it suffices to check the validity of (6) in the cases only when each

n
A; is a proper subset of | JA;. It can happen that no such sets A4; exist
1
at all in « and then (6) is always fulfilled (let 4 = {9, {a}, {b},{a,b,c}} for
distinct elements q,b,c).
For join-semi-lattices, we can prove in a similar way:
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THEOREM 3. Ifd is a join-semi-lattice, then (4) is equivalent to

9) cp(ﬂA;):x(Al,...,An) for A;, nA.'E.d.D
1 1

n
COROLLARY 4. (9) is fulfilled if (| A; coincides with one of the sets
1
A;ed. 0
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ON THE STRONG LAW OF LARGE NUMBERS FOR
LOGARITHMICALLY WEIGHTED SUMS*
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1. Introduction

Recently much effort has been devoted to the study of the so-called
almost sure central limit theory. Probabilists are publishing several papers
on extensions of classical weak limit theorems in a generalized formulation
involving logarithmic average and logarithmic density. As a starting point
of these studies, in 1988 BROSAMLER and SCHATTE independently proved
the following version of the a.s. central limit theorem.

Suppose Xi,Xo,... are i.i.d. random variables with mean 0 and vari-
ance 1 (in fact, stronger moment conditions were first required, but later
they proved to be superfluous). As usual, let Sy, = X1+ X9 +...+ Xp.
Considering that

x

Jim P(Sa/vi <2)=8(z) = [ (2m) P exp{~?/2}dy
-~00
for every z, one can naturally ask whether the (random) sequence of
integers n for which Sp/\/n < z holds has density a.s. In other words,

n
does nlixréo % 5" I(S;/Vi < z) exist with probability 1 (where I(.) denotes
- =1
the indicator of the event in parentheses)? The answer is negative, but
a weaker statement can still be proved, namely, the integer sequence in
question has logarithmic density ®(z) with probability 1:

1
Lim
n—oo logn

n
1 -
Z SIS/ Vi<z)=8(z) as
i=1"
* Research supported by the Hungarian National Foundation for Scientific Research,
Grant N© 1905.
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This result has been extended and generalized by several authors. A
brand new paper of BERKES and DEHLING [1] provides a systematic study
of logarithmic analogues of classical limit theorems. They also present a
general method which can be applied to all similar problems. It is based
on the fact that under very mild growth conditions on the partial sums S,
of an independent (not necessarily identically distributed) sequence {Xn}
the a.s limit behaviour of the sequences

1 1 (5= 1 =1, (Si—b
a2z p(=2iz5
logn§i ( a; <I) and logngip( a; <I)
coincide. More precisely, defining &; = I (—S:‘i—bl < z) -P (—S:‘E_’—bl < z) one
can write

(1) nﬁmlognz £ =0 as.

(cf. Remark 1 in Section 4).

This limit result shows that the almost sure central limit theorems are
not stronger than their classical counterparts, as it was first thought to be
the case. On the contrary, counterexamples have been found even in the
“nice” case of i.i.d. summands where the sums had a limit distribution in
the a.s. sense, but not in the ordinary sense [2]. Similar phenomenon was
observed in connection with random sequences of other types.

The present paper is motivated by the increasing need of results of
type (1) in the study of a.s. weak limits. We try and find conditions on
the sequence {{n,n > 1} that are sufficient to guarantee (1). Although in
the above mentioned applications the £, are always bounded, it was quite
natural to extend our attention to the unbounded case which proved to be
even more interesting.

2. Strong laws of large numbers

Define ¢(z) =logz for £ > e and ¢(z) =1 for z < e. Let £j(z) = {(z)
and ¢ (z) =€(lp_i(z)) for k 2> 2.

Our main result is essentially an improved version of Serfling’s strong
law of large numbers [6].

THEOREM 1. Let £},£9,... be arbitrary random variables with finite
variances. Suppose there exist a positive non-increasing function h(.) on
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the positive numbers and a positive integer m such that

(2) /h(z)ifz((;)) dz < oo
and :
(3) [E(€:6;)| < h(j/i) forall 1 <i<j.
Then
(4) nlifgoz(—lnj Zn: ':’fz =0 a.s.
=1

If, in addition, the random variables {én,n > 1} are uniformly bounded,
(2) can be weakened to require that
o0

/ h(z)
(2) 1/ze(z)dz<oo

PROOF. For arbitrary positive number ¢ > 1 let us introduce n(t) =

= 3 -}{,’. We are going to apply the standard method of subsequences
1<i<t
(see e.g. the proof of Theorem 3.7.3. of [7]). Choosing a sufficiently sparse
subsequence { N,k > 1} we first show that E(37(Ng)?/8(Ng)?) < oo, from
P

which n(N.)/8(Ni) — 0 follows with probability 1. Then we only have to

check if im (  max  |n(n)—n(Ng)|)/l(Ng)=0 as.
k—oo Np<n<Np,i

Let a = (ag,k > 1) be an increasing sequence of positive numbers. For
estimating the expectation of u2(s,t ] a) = max (n(ag)—n(s))?2, 1< s < t,
<ap<s
one can use Serfling’s maximal inequality [5]. Let us define g(s,t) =
=2 ;l]vh (%) Then we clearly have
s<i<j<t
1
(5) Emt)—n(s)?= 3 > =E&) <g(st),
s<i<ts<j<t
and for every 1 <s<t<u
g(s,t) +g(t,u) < g(s,u).
Hence it follows that

(6) E(u%(s,t] a)) < 66(u(s,t ] a))g(s,1),
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where v(s,t| a) stands for the number of aj satisfying s < ap <t.

Let us estimate g(s,t). For 1 <1 <j let D;; denote the parallelogram
with vertices (3,7), (4,7 + 1), G+ 1,7+ 1) and (1 + 1,5 +2), i.e.,

Di; ={(z,y):j<z<j+1,j-i-1<y—z<j—1}.
It is easy to see that for all (z,y) € D;;

()2 ‘mfu—m" ()2 (2)

hence
OOEEDY 12/ da:d + 3 ——h(l)
s<igy<t . I a<1<t
1 4h(1
<12 / —h( ) dedy + == ( ),
Iy \z
{s<z<y<t+1}
Here
1 Y 1 ¥
—h(Z < —h{= .
/ e (:c) dedy < / _ (I) dedy
{s<z<y<t+1} {s§:<t+l,1$%<t‘,ﬁ}

Substituting z = y/z we obtain for the right-ha.nd side that

/da:/h(z)d o <t+1>/h(z) <
o)) e cna() ]
Thus 1

dz < 2lo <s>/h(z) —-;(1—)
(7) a(s, t)<24log( )/h(z) 9%(—12
1

1
Particularly, from (5) and (7) it follows that

1(Ng) 24
® (Z Nk>2)-<—§,§m
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(e o]
/o (Nk>z (Ng) Z(Nk
Similarly, if Ny /Ny — oo, then by (6) and (7) we get

1
®) E (Z &N )2“2(Nkal:+l Ia)> <
k k
V(N Niss | ) N Nk+1/Nkh()
VilVk: V4119 ( k+1> / z
< t- i dr 4| <
< cons Xk: E(Nk)2 N 1 ; Ny
o0
2
Sconst‘/h(:) I Z e(”(Nl;:(]]:/rk-)i-zﬂa)) e(th,H) dz 4
1 k:Ngy1/Np>s k k

Let us first deal with the case of not necessarily bounded random
variables. We first note that (2) can be replaced equivalently with the
following condition:

(10) / ()e"‘(z dz < oo

for some integer m > 1. Let us introduce

Ne=exp (exp (7)) ond ax =exp (ex0 () )

Then

bn1(k)\ 2 N\ AN
”‘N"’N“l'“’“( Em(k) ) and e( Nf) T(k)2

Hence

Lv(NL,N a))? /N
) (v(N k+1|))€( k+1)=

D)
k:Ngpq/Np>z €NE) N

sd PR e B G

UNE) >l (k)2€(z)
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as z — oo. In addition,

e(Nk+1

NIJ(NI:‘2 <o

Thus by (9)

_1 e a cons-wh()zoo
E(Xk:g(Nk)ﬂ-‘ (Ng, Nega | )) < t 1/ Z(z)d <

This implies that

1
E(N )#(Nk7Nk+1 ‘a)—’o a'S?
and since
() } ]n( Ng) 1
ax Ny <a; <N + N, N a),
{Z(ai) k 1 k+1 e(Nk) e(Nk)“( k k+1l )

we obtain that

n(ak) (Vi)
€(ar) €(Ng)
Iterating this procedure one can conclude that (11) holds even for a; =

= exp (exp ( l—g(:) ))
Now, let us substitute N = exp (exp (Zﬁ)) into the estimation
m

(11) limsup

k—oo

< limsup

k—oo0

with probability 1.

2
obtained in (8) for E (E %ﬁg) Routine calculation shows that
k

> vy =0 (873{:))2) ’

o0
n(Ng)? / em(z)
(Z (N nst - [ h(z)—55—dz < oo.
1
on(Ny) n(ag) _ -
Consequently, klggo m =0 and therefore lim 7 7 =0 as. for g =

k—o0 “L9k
= €xp (exp (ﬁf) ) .

We have to prove that the fluctuation of the sequence (n(n)/¢(n),n>1)
between a; and ap; is getting negligible as k¥ — co. This will be carried
out in three steps.

hence
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Firstly, let b, :exp(exp(k1/3)), thus af =~ blc3/lo 3 and v(ag,apyq|b)=
(. k
= O(k3). In addition, ¢ (a—’;kﬂ> =exp (ﬁ) exp ( ) R’;&T thus

ov(ag,app1 10)? ) (a1 _
2 ay)? e( >‘

ag
kiapq/ap>z

ol ¥ wl-o@)

Lag)>l(k)2e(z)

as z — co. Hence by (9) we have

1 7 h(z)
E (E Ua )2“ (ak,ak+1 lb)> < const - [zé(z)dz < 00.

Consequently,
1
wlag,ap4116)—0 as.
{ar) *

implying

. n(bg)
12 lim —= =0
(12) koo O(bg )

Secondly, let ¢ = exp(k!/3), thus b & €, and v(by, by 1]c)=

p(3k1/3)
= O(exp(3k1/3)). Now ¢ (i'gr—l) ~ Lk=2/3¢(by,), therefore by (9)

( ot et |c)>

Thz) (u(bgbiar [0, (Bean
Sconst-/TI: Z Z(b:)-2 2( b: )} dz+

1 kibpyy/br>z

0
£(bg41)> /h(Z) 1
+ t- t- | —= — 1 dz.
o Zbke(bk)z - 7 C bk+1z/;k>‘€bk) Z

It is not so hard to see that

> wn=°(m)

bpy1/bk>z
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hence

E (Z
k
Together with (12) this implies
(13) klim n(ce)/l(cg) =0 as.
00

E(blk)2 /‘2(blwbk+1 ,C)> < co.

Finally, consider the sequence N of positive integers. Clearly,
v(cksCpy1 | N) = O(cp). This time ¢y /cp — 1, thus

Cky1/Ck

() ] Mo (301 o
1

From the second line of (9) it follows that

<Z e 2/‘ (Ck,ck+1 ,N)) < const - Z (k-4/3 Ck> < oo,

Combining this with (12) we obtain that hm n(n)/f(n) =0 a.s.

The case of uniformly bounded random va.nables is much simpler. Let
€ be an arbitrarily small positive number and N, = exp(esk) k > 0. Since
STU(N)™% < co and
k

1
Z E (1—e€)(z)’

N;:)z

from(8) we obtain that (N )/€(Ng) — 0 with probability 1. On the other
hand, for every integer n between N and Ni.| we clearly have

n(n)| | 2(n) | o |n(m) =N, |n(Ve)
En) [ TIEND T UM YN

The first term on the right-hand side can be estimated by

1 1
C (m Z ;) , where P(s:p|£nl <C)=1

Ng<i<Ngp
This converges to C(ef —1), hence hmsup]n( )/€(n)| < C(ef —1) as. for
every € > 0, thus nlinéon( n)/e(n) = O as cla.lmed a.

+
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3. Concluding remarks

REMARK 1. The “bounded” part of Theorem 1 can be applied in a.s.
central limit theory, as it will be demonstrated by the following example,
borrowed from BERKES and DEHLING [1]. In fact, it is a particular case of
their Theorem 1.

Let Xi,Xs,... be independent (but not necessarily identically dis-
tributed) random variables, Sy, = X1 +...4+ Xp, and ap > 0, bp (n > 1)
numerical normalizing sequences.

> < oo,

where f > 0 is a Borel measurable function on [0,00) such that both f(z)
and z/f(z) are non-decreasing and

THEOREM 2. Suppose

(14) sv_lpEf< Sich

a;

e ]

dz
(15) !m < o0
Assume In addition that
(16) aj/a; 2C(5/1)7 (5 24)

for some positive constants C and y. Then for any distribution function
G the following statements are equivalent:
(A) For any Borel set A C R with G(0A) =0 we have

n

) 1 1 /8;—b; _
nlLr%olognZiI( — GA)_G(A) a.s.,

i=1 '

(B) For any Borel set A CR with G(@A) =0 we have
Lim logn Z o ( A) =G(4) as.

Proor. We shall trace the proof of the cited theorem of BERKES
and DEHLING. First of all, we can suppose bp = 0, since the additive
normalization can be included in the random variables X,. Then we note
that the equivalence of (A) and (B) will immediately follow as soon as
we show that (4) holds for & = ¢(S;i/a;) — Eg(S;/a;), where ¢(.) is an
arbitrary bounded Lipschitz-1 function on R (we can and will suppose
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that 0 < ¢ <1). In order to apply our Theorem 1 we need an estimate of
E(&:£;) = cov(g(Si/ai),9(S;/aj)). That was derived in (1] in the following
way. Using the independence of the summands X; and the properties of ¢
we can write

lcov(g(Si/a;),9(S;/a;))| = |cov(g(Si/ai), 9(S;/a;) — 9((Sj — Si)/a;)| <
< Blg(Sj/a;) - a((S; - 5/aj)| < const - E(min{[S/a;],1}).
Using the properties of f we have
min{|S;/a;}, aj/ai} f(min{]S;/a;l, aj/az}) f(1Si/a;l)

min{|S;/a;|,1}= <
{ISi/ajl,1}= aj/a; f(aj/a;) f(aJ/a‘l)

Hence by (14) and (16)
cov(a(5:/a0)9(55/a;)] < const- | e O
i.e., (3) fulfilled with h(z) = %Q—Iﬁ% It is easy to see that the integral in

(15) is finite if and only if it is finite with f(cz7) in place of f(z). Thus
Theorem 1 can be applied to complete the proof. O

] < const -

For further applications see [3].

REMARK 2. Dealing with weighted sums, why do we concentrate on
logarithmic weighting instead of extending our results for a much wider
class of weighted averages, although the method itself could be applied
more generally? This question can also be asked in connection with the
a.s. central limit theorem. However, the logarithmic weighting is intrinsic,
as it has been pointed out to me by P. MAJOR.

For the sake of simplicity let us consider the example from the In-
troduction. Let Xy, Xo, ... be ii.d random variables with mean 0 and
variance 1 and S, = X| + ...+ Xn. By the invariance principle S; = W(3),
where W (t) denotes a standard Wiener process. Hence

Z I(S/\/_<z)~————-/ t)/\/_<z)—

log n

Substituting t = e¥ into the right-hand sxde we obtain
logn

! / I(e */2W(e*)) < z)du.
0

logn

Since the integrand is stationary, ergodic theory can help. Summarizing
what has happened we can see that the logarithmic weighting corresponds
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to a time-transform t — e! which turns the process W(t)/v/t stationary.
This also explains why j /i appears on the right-hand side of (3): for j = ¢!
and i = ¢® we get j/i as a function of ¢t — s (see also Remark 3 below).
PELIGRAD and REVESZ [4] has also investigated what other weighting
can replace the logarithmic one so that the a.s. central limit theorem
be still preserved. It turned out that essential improvement cannot be
achieved: though s~! can be multiplied by some logarithmic terms, it

cannot be replaced by i~17¢, say.

REMARK 3. Since j/i <j—1i+1for1<:<j, condition (3) of Theorem
1 can be replaced with the more familiar

(3) E(£€;) < h(lj—1]) for all 4,5.

REMARK 4. For those interested in the a.s. convergence of the arith-
metic mean of random variables the following assertion can be deduced
from Theorem 1.

THEOREM 3. Let £1,£9,... be arbitrary random variables with finite
variances. Suppose there exist a positive non-increasing function h : [0,+
+00) — R and a positive integer m such that

(17) / @em(z)dz < 00
1
and
(18) [E(€i6;)I < h(l5 —il) for all i,j.
Then
(19) n&ngon“125i=0 a.s.
i=1

If, in addition, the random variables {{n,n > 1} are uniformly bounded,
(14) can be weakened to require that

(17) /h—(zz—)dz < o0.

1

PROOF. For ef~! < i < ek define §; = €. Then for every i < j,
ef~l <i< ek, " <j < e® we have

[E(€€7)] = |B(€kn)] < h(n — k) < K(j /i),
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where h'(z) = h(£(z) —1). Hence (17) resp. (17') imply

o o] O

/h’( y-mtl\E) m+1(z ”/h(E(Z(Z) ) m(l(z ))Zdz /h(tt_l)ﬂm(t)zdt<oo

and

resp. Since

1 i 1 1 k
§ : !
E(e"') i€i~ szi’
i=1 i=1

application of Theorem 1 to variables Ei immediately completes the proof. O

This theorem slightly improves Theorem 3.7.4 of [7] on weakly station-
ary sequences, because the conditions of the latter imply (17) with m =1.

REMARK 5. Is it true that (2') and (17') are sufficient even in the
non-bounded case? The method applied in the proof of Theorem 1 does
not seem to be suitable for this “small” improvement.
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1. Introduction

The partition problems form a well-studied field of computational
geometry. This topic has a variety of applications in database systems,
image processing, VLSI artwork data, etc. (see [1], [2]). One of these
problems is the following: to partition the interior of a polygonal region
into a minimum number of trapezoids with two horizontal bases (triangles
with horizontal bases are considered as degenerate trapezoids). It is known
that this problem is NP-complete [3]. Therefore, from practical needs, the
investigation of some simple partition algorithms and of the estimations
for the respective numbers of obtained trapezoids is actual.

In this connection, the following question appears: to determine the
minimum number of trapezoids with two horizontal bases partitioning a
polygonal region. A positive answer to this question gives a possibility to
find good estimates for the number of partitioning trapezoids obtained by
some simple algorithms.

In this paper, we determine a formula for a minimum number of
trapezoids with two horizontal bases partitioning a polygonal region with
arbitrary (possibly, degenerate) holes. Futher, we consider an nlogn
sweep-line partition algorithm, and find for this algorithm some estimates
for the number of obtained trapezoids.

2. Description of polygonal regions

Let A be a closed (possibly, multiply connected) polygonal region in
the plane E. The topological boundary bd A of 4 is assumed to be a union
of a finite number of simple polygonal contours. Any two of these contours
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may be situated either one inside the other of mutually noninclusive; they
may have common vertices but no common line segiment, and canuot be
crossing.

As usual, a point x € E is called interior for A provided it is contained
inside an odd number of simple contours determining bd 4. All interior
points of A form the topological interior int A.

Inside A a finite family of closed line segments sy,...,sy and a finite
family of isolated points vy,...,v; may be situated such that the following
conditions are fulfilled:

1) vy,...,v belong to int A\ (s{U...Usy),

2) the interior of each seginent s; is contained in int A,

3) if some segments s;, s; have a common point, then it is a vertex for
both s;, ;.

The point-set union of these points and segments is called the ornament

of A, and denoted by Or A.

In order to consider the degenerate holes, we introduce a new topology
in the plane E. Since the description of the respective constructious is
sometimes rather formal, we use below soimne illustrative examples. The
first of them is shown in Fig. 1.

Fig. 1

Everywhere below the sets
BdA:=0rAuUbdA4, IntA:=A\Bd4

are called, respectively, the formal boundary and the formal interior of A.
A bounded component of E\ Int 4 is called a formal hole of A. As usnal,
a topological hole of 4 is a bounded component of E \ int A.
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EXAMPLE. For region B represented in Fig. 1, put OrB = [4,7] U
U [5,6] U [15,17] U {11] U {14}. There are three formal holes: {11}, {14},
and [4,7] U conv(7,8,12).

A point z € E is named a vertez of A if it is either a vertex of a segment
forming Bd A or an isolated point in Bd A. The set of all vertices of 4 is
denoted by V(A).

A closed line segment [z,z], ¢ # z, is called an elementary segment of
Bd A if [z,2] C Bd4 and [z,2]NV(A) = {z,z}. The set of all elementary
segments of Bd A is denoted by S(A).

Below a polygonal region A is considered to be determined if the sets
int A, BdA and V(A) are known. It is easily seen that BdA and V(A)
uniquely determine S(A).

Now let us make more precise the expression “to partition into trape-
zoids”. A polygonal region A is called partitioned into trapezoids Ty,...,T;
if and only if

t t
UimtTicIntAc | T, mtTinintTj=0, i#j.

i=1 =1
3. Measure of vertices

Any vertex z (if it is not an isolated point in Bd A) is the apex of at
least one inner angle of A. An inner angle of A is formed by two elementary
segments of Bd A and contains no other inner angle (these segments may
coincide and form in this case an angle of size 27).

DEFINITION 1. An inner angle a of A with the apex z is called divisible
if it is different from a straight angle (i.e., & # r) and there is a horizontal
segment [z,y] C IntA whose addition to BdA divides a into two inner
angles of A.

EXAMPLE. In Fig. 1, the inner angles with apexes 3, 4, 8, 9, 10, 12,
13, 15, respectively, are divisible.

OBSERVATION 1. It is easily seen that for any divisible angle with apex
T there are at most two horizontal segments such that after their addition
to Bd A all inner angles with apex z become indivisible.

OBSERVATION 2. For any vertex z of A, there are at most two divisible
inner angles with apex z. If such two angles exist, then it is possible to
draw inside each of them one segment with a vertex r making all the
obtained inner with apex z indivisible.
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OBSERVATION 3. For any isolated point z € Bd A, it is necessary to
draw inside Int A two collinear segments of the type [v,z], z,w] such that
the obtained inner angles with apex z become indivisible.

DEFINITION 2. For any vertex z of A, denote by m(z) the minimum
number of horizontal segments in IntA with vertex z such that after
drawing them (i.e., after the addition of these segments’to Bd A) all angles
with apex ¢ become indivisible. The number m(z) is called the measure
(of divisibility) of A at z.

COROLLARY. By Observations 1-3, 0 < m(z) < 2 for any vertex z.
Obviously, m(z) = 2 for any isolated point z € Bd A.

Let m(A) := 3 m(z), where the sum is considered over the set V(A)
of all vertices of A.

EXAMPLE. In Fig. 1, m(B) = 16: the measure of B at each of the
vertices 8, 9, 10, 13 is equal to one, at each of the vertices 3, 4, 11, 12, 14,
15 it is equal to two, and at any other vertex it is equal to zero.

4. Families of intervals

Let v; =]z;,y;i[, : = 1,...,] be some family of pairwise disjoint open
l
line intervals belonging to Int A. Put L := {J v;. If the ends of all the
i=1
intervals v1,...,v; belong to Bd AU L, it is possible to consider the region
A obtained from A by the addition of L to OrA:
BdA; =BdAUL, IntA;=IntA\L,
V(AL)=V(A)U{z1,u1,..,2u}-

DEFINITION 3. A family £ = {v1,...,v} of pairwise disjoint open
line intervals in IntA is called complete (relative to A) if the following
conditions are fulfilled:

1) the ends of all the intervals vj,...,v; belong to BdAU L,
2) for every vertex ¢ € V(Ap)\ V(A), all the inner angles of A; with apex

z are indivisible.

For any complete family £ = {vy,...,v;}, define its weight g(¥) by the
formula

(1) 9(£) :=m(A)-m(AL) - L.

DEFINITION 4. A complete family £ of intervals is called admaissible if
the following conditions 1)-3) are fulfilled:
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1) the deletion from Or Ay, of any horizontal interval v =|a, b{€ £ implies
that one of the cases (a)-(c) occurs:

(a) the measure of A; increases by one at both points a, b,

(b) the measure of Ay increases by one at one of the points a, b, and there
is at least one nonhorizontal interval in £ having an end in |a, b,

(c) the measure of Aj remains unchanged at both points a, b and there are
at most two nonhorizontal intervals in £ each having an end in ]a, b[;

2) The deletion from Or A, of any nonhorizontal interval v € £ increases
the measure m(A) by two or more units;

3) the deletion from Or A}, of any two nonhorizontal collinear intervals
of the form |a,b[, ]b,c[€ £ increases the measure m(Ay) by three or more

units.
Ay ENERN
19 20 ~.-"

Fig. 2

EXAMPLE. For region B in Fig. 1, the family of open line intervals
£ = {]10,11], 11,12], ]12,21], ]15,20], J19,22(}

is admissible (see Fig. 2). The region B; has new (relative to B) vertices
19, 20, 21, 22. The weight of £ equals

g(f)=m(B)~m(B;)-1=16-9-5=2,

Note that segment [19,22] is the union of three elementary segments
[19,20], [20,21], [21,22] € Or By.

5. Some preliminary results
Denote by ag = ag(A) the number of vertices of A and by aj(A) the
number of elementary segments of Bd A.

LEMMA 1 (Generalized Euler’s relation). For a pdlygona.l region A,
(2) og—aj]+syg=38+h—hy,
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where

50 is the number of connected components of Int A4,

s is the number of connected components of A4,

k is the number of formal holes of 4,

hq is the number of topological holes of A.

PROOF. Suppose that h > 0 and let C be any formal hole of A. Then
C is separated from other formal holes or from the exterior of A by some
connected component D of Int A. It is possible to draw inside D a simple
polygonal line {ay,...,aj] such that a; is a vertex of A belonging to C, and
aj is vertex of A belonging either to another formal hole or to the exterior
of A. In both cases, the addition of {ay,...,a;] to Bd A preserves the value
30(A) and reduces the difference ag — a] by one.

Executing this procedure for each formal hole of A we obtain a poly-
gonal region for which the canonical Euler’s relation is valid:

ao—al—h+30+h0=s.D

LEMMA 2. For any complete family £ = {vy,...,v;},
(3) ai(Ar) —a1(4) = [ag(Ar) —a(4)] =1

PROOF. The closure ¥; of each open line interval v; € £ is uniquely
represented in the form

Ui = [ay,a9]U... U[ag,_1,a], k; > 2,
where ag,...,a ) are new (relative to A) vertices of Ay and
[a1,a2],-. -, [ak;—1,ak,] € Or A.

If we delete v from Or A, then k; — 1 segments from Or A}, and k7] —2
vertices from V(Ap) vanish (the ends of vj remain the vertices of A\, ).
Therefore by the deletion from Or A, of all intervals vy,...,v; there vanish
(k1 =1)+ ...+ (k; — 1) elementary segments and (k; —2)+... + (k; — 2)
vertices of Ay .

After the deletion of vy,...,v; from Or A, some vertices of A} which are
not vertices of A can remain in Bd A. We arrange them into groups such
that the vertices of each group belong to the same elementary segment
of Bd A, and vertices of different groups belong to different elementary
segments.

Denote by [ci,d;], ¢ = 1,...,r all segments containing the above dis-
cussed vertices, and let §; be the number of vertices of V(A ) placed in
[¢i,d;]. Then
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A}
| r

a1(Ar)—a1(A) = (k=1 +Y (5 +1)-r,

=1 =1

| r

ag(AL) —ag(4) =D (ki=2)+> 5
=1

i=1
Hence

a1(AL) = e1(A) ~ eg(AL) —ap(A)] = 1. O

THEOREM 1. Let some complete family £ = {v},...,v;} of open line
intervals form together with Bd A a partition of A into trapezoids with
horizontal bases. Then the number t(A) of these trapezoids equals

(4) t(A) =m(A) +s0(4) - h(A) - g(£),
where

s0(A) is the number of connected components of int A,
h(A) is the number of formal holes of A.

PROOF. As above, A; denotes the region obtained from A by the
!
addition of the set L := |J v; to BdA. By Lemma 1,

i=1
ag(A) — a1(4) +so(4) = s(A) + h(4) — ho(4),
ag(AL)—en(AL) +so(AL) =s(AL) +R(AL) — ho(AL).
Due to relations
s(A)=s(AL), so(AL)=1t(A), h(AL)=0, ho(A)=ho(AL),

one has ag(A)—a1(A)+s9(A4) = ag(AL) — a1(4L) +t(4) + h(4).
By Lemma 2,

t(A) = [e1(AL) — a1(A)] — [eo(AL) — ao(4)] + so(A) — h(4) =

=1+s9(A) - h(A).

Now, due to (1) and to the relation m(Ay) = 0, we receive (4).

6. Minimum number of trapezoids

Let A C E be any polygonal region, and let Ml = {wy,...,w;} be a
family of open line intervals in Int A such that: 1) any two segments of M
have at most one point in common, 2) wjU...Uw partitions A together
with Bd A into trapezoids with horizontal bases.
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k
LEMMA 3. The set M := |J w; can be represented as a union of
i=1
pairwise disjoint open line intervals forming a complete family for 4.
Proor. The absence of divisible angles of the region Ay is obvious.
Hence it remains to show that M can be represented as a union of pair-
wise disjoint open intervals all of whose ends belong to BdA U M. This
representation can be organized by the repeated implementation of the
following

Procedure: If some vertex x of Aps belongs to the intersection of at
least two intervals from A, then one of these intervals remains unchanged
and each other interval ]y, z[ is replaced in M by two open intervals Jy, z|,
Jx, 2.

Since M is finite, we obtain the desired representation. 0O

THEOREM 2. If some complete family £ = {vy,...,v;} of open line in-
tervals partitions together with Bd A a polygonal region 4 into a minimumn
number of trapezoids, then there exists an admissible family X satisfying

the equality g(N') = g(£L).

Proo¥r of theorem 2 is realized in two steps:
— The family £ is changed by another complete family (,
— the desired family & is selected in M.

For the realization of these steps, we need the following transformations
of the partition of 4 into trapezoids:

(d) if some two partitioning trapezoids are placed as it is shown in Fig. 3a
and Ja,b[C L, they should be replaced by two trapezoids shown in

Fig. 3b.
& a
L \ / \
a) b)
Fig. 3

(e) if some two partitioning trapezoids are placed as it is shown in Fig. 4a
and Ja,b[U]h,c[C L, they should be replaced by two trapezoids shown
in Fig. 4b.
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(f) if some three partitioning trapezoids are placed as it is shown in Fig. 5a
and Ja,b[U]e,d[C L, they should be replaced by three trapezoids shown

in Fig. 5b.

a
b
/ ‘ \
[4
a) b)
Fig. 4

Ve % d\ / a\

a) b)
Fig. §

Transformations of (d)-(f)-type are applied to Ay in any order until
it is possible. Observe that any transformation of (d)-(f)-type has the
following properties: 1) it deletes at most one non-horizontal elementary
segment of the initial region A whose ends are placed on two horizontal
levels determined by sowme vertices of Ay, 2) no new non-horizontal
elementary segment appears in BdA. Hence these transformations can
be applied no more than a finite number of times.

As the result, we obtain some new region Aps, where M is the relative
interior of the union of all parts of all sides of the partitioning trapezoids
which do not belong to BdA. According to Lemma 3, the set M can be
represented as the union of elements of some complete family M of pairwise
disjoint open line intervals.

OBSERVATION 4. The above obtained family M contains no interval
Ja,b[ with the following properties: 1) there are no vertices of A,y in Ja, b,
2) the deletion of Ja, b from Or 4, preserves m(Ays) at both points a, b.
Indeed, otherwise the removing of |a,b] from Or Aps reduces the number
of trapezoids.

Obviously, the numbers of partitioning trapezoids for the domains 4
and Ay coincide. Hence from Theorem 1, g(£) = g(M).
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Now an admissible family & will be selected in . For this purpose,
we remove from M all horizontal intervals which contain no vertex of Ay
and whose deletion from Or Ay increases m(Aps) by one. Denote by r the
number of all such deleted intervals.

The remaining family & = {wy,...,wn} is admissible. Indeed, the
completeness of ¥ follows from the method of the interval deletion from
M, taking into consideration the transformations (d) and (e), and the
minimality of the number of trapezoids. Now we shall verify the validity
of conditions 1)-3) from Definition 4. Below N denotes the union of the
segments belonging to N'. '

1°. Assume that some horizontal segment ]a,b[€ ¥ does not satisfy
condition 1). Then one of the following cases can occur:

(g) ]la,b[ contains no vertex of Ay and the deletion of ]a,b[ from OrAy
does not change the measure of Ay at any of a, b,

(h) la,b[ contains no vertex of Ay and the deletion of ]a,b[ from Or A4y
increases by one the measure of 4y at one of the points a, b only,

(i) there exists in & only one nonhorizontal interval having a vertex in
la, [ and the removal of ]a, b{ from Or A does not change the measure
of Ay at any of q, b.

Case (g) is impossible because of the minimality of the number of
trapezoids. Case (h) is impossible because of the removal of this type of
intervals in the process of forming of M{. Case (i) is impossible because of
the previous (f)-type transformations (see Fig. 5).

2°. Suppose that some nonhorizontal interval |a,b[€ ¥ does not satisfy
condition 2). Then one of the following cases can occur:

(j) the deletion of ]a,b[ from Or Ay changes the measure of Ay at none
of the points a, b,

(k) the deletion of Ja,b[ from OrApy increases the measure of Ay at one
of the points a, b only.

Case (j) is impossible either because of the minimality of the number
of trapezoids or because of the previous (d)-type transformations.

3°. Suppose the existence of two nonhorizontal collinear intervals ]a, b,
]b,c[€ L such that their deletion from Or Ay increases the measure m(Ay)
by no more than two units.

Because of 2°, it is sufficient to verify the case that m(Ay ) increases by
two units. Due to previous (d)- and (f)-type transformations, this situation
is impossible.
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Hence A is an admissible family. By all the said above,
gN)Y=m(A)—-m(AN)—n=m(4)-r—n=m(A)—cardl = g(M) = ¢(£). O

Fig. 6.

EXAMPLE. For region B in Fig. 1, a partition into a minimum nunber
of trapezoids is shown in Fig. 6.

With the help of Theorem 2, it is possible to indicate the following
partition algorithm into a minimum number of trapezoids.

Let A C E be any polygonal region.

Algorithm 1.

1. Construct an admissible family & = {vy,...,v;} of open intervals having
a maximum weight g(£), ‘

{
2. Put L:= |Jv;and OrA;:=0rAUL,
i=1
3. For every vertex z of A, draw in Int A;m(z) open horizontal segments
maximal under inclusion removing the divisibility of every divisible
angle a of Ay with the apex z.

From Theorem 1, it follows that for a polygonal region A, tlie number
of trapezoids obtained by the application of Algorithm 1 is equal to #{A4) =
=m(A)+ sp(A) = h(A) — g(£).

7. Some estimates for an approximation algorithm

In the section an O(nlogn) sweep-line partition algorithm consisting
of step 3 of Algorithm 1 is considered.
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Algorithm 2.

For each divisible angle « of A with the apex z, draw inside Int A m(xr)
open horizontal segments maximal under inclusion removing the divisibility
of a.

Fig. 7.

EXAMPLE. The partitioning trapezoids obtained for region B repre-
sented in Fig. 1 by the application of Algorithm 2 are shown in Fig. 7.

Denote by t;(A) and t9(A), respectively, the numbers of partitioning
trapezoids obtained for a polygonal region A by the application of Algo-
rithm 1 and Algorithm 2.

Below we find some estimates for the ratio

_ ta(4)
=@y

Let £] = {vy,...,vp} be the family of open intervals obtained for A by

P
the implementation of Algorithm 1 (the set L:= |} v; partitions together
=]
with Bd A the region A into the minimum number of trapezoids with
horizontal bases), and let £ = {wj,...,wq} be the complete family of open

horizontal intervals obtained for A by the implementation of Algorithm 2.
. LEMMA 4. The following relations hold:
1) h(AY<p-1 if h >0,
2) h(A)<p/2-1 i h> 0 and each formal hole of A has
nonempty interior.
3)  g<m(A)<4p,
4) g<m(A)<2p if Ord =0
PROOF. a) For any formal hole H of A, denote by v(H) the number of
all open intervals in £| incident to H. Similarly define the number ¥(C),
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where C means the topological boundary bd A of A. Obviously, ¥(C) > 2
and y(H) > 2 for any hole H of A (in case h > 0). Then

< % (27(3)) < %(217—7(0)) <p-1

2) If each formal hole H of A has nonempty interior, then, obviously,
¥(C) >4 and v(H) > 4 (in the case h > 0). As above,

)< 5(S20m) < 3@-(C) <p/2-1
q

3) The inequality ¢ < m(A) is obvious. In order to prove the inequality

m(A4) < 4p, put
Vi={zeV(4) : m(z)=i}, i=12

and denote by 4(z) the number of all open intervals in £; incident to z.
Since m(A) = cardVj + 2 - cardV», one has

4p>2:Y {1(z) 1 c€V}22-) {y(z) : z€Vi}+
+2-Y {1(z) : T € Vo} 2 2 (cardV] +cardVp) = m(4) + cardV} > m(A).

4) If Or A = () then, obviously, v(z) > 2 for each vertex z € V5. In this
case

2> {y(z) : 2€V}2Y {1(z) : zeV}+
+ Z{'y(z) : 2 € Vo} 2 cardV] + cardVy = m(4).

THEOREM 3. For a polygonal region A, the following inequalities are
fulfilled:
1) v(4)< gm(A) +1 if A has formal holes,

2) y(4)<7 if A has formal holes and each formal hole of A
has nonempty interior

3) ~v(4)<4 if A has no formal holes,

4) ~v(4)<3 if A has formal holes and Or4 = 0,

5) v(4)<2 if A has no formal holes and Or A = 0.

PrOOF. By Theorem 1 and (1),
t1(A) = m(A4) +s0(A) — h(4) — g(£1) = p+ s0(4) - h(4),
ta(A) =m(A) +s9(A) — h(A) — 9(L2) = ¢+ sp(4) — h(A4).
Hence

_ ta(4) _ g-»
1A= 0@ = o) —RA)
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Obviously, sg(A) > 1. Put m = m(A).i
3) If A has no formal hole (i.e., h(A4) = 0), then, by Lemma 4, p +
+3s9(A) >m/4+1, and
g-p _m-% 3m
e <3.
p+sp(4d) ” FT+1 m+4
5) If A has no formal hole and Or A = 0, then p > m/2, and
qg—p m- m
< = 1.
prso(A) S BT+l mtz o

Assume that 2 > 0. By Lemma 4, one has p+ sg(A4) — h(4) > 2, and

m

¢9-p __ _m-7%
p+so(A)=hr(4) — 2
in case 1) of the theorem. Since p+ sg(A) — h(A) = sp{A)+ (p/2 — h(A)) +
+p/2, one has

_3.
T8

—_ m_m 6
¢-p __ m-%F__6m__g
p+sp(A)—h(A)~ 24 m+16
in case 2) of the theorem, and
_m
q-p m-—y 2m <2

p+so(A)—h(A) = 2+ m+8
in case 4) of the theorem (since OrA = () implies that the interior of each
formal hole of A is not empty). O
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Introduction

In this paper and in the next papers we consider systems described by
differential equations‘

2n—

(1) ug(:ct)—Zpk(:z:)a s—pu(e,t)  (0<t<T, 0<z<1)

and boundary equations:
2n-1
Z[akuk)(Ot)+a u( (1,)]) = rju(.,t Zﬂ fu(t)
k=0
(] =1,2,3,...,2n).

Where u(¥)(0,¢) and u(¥)(1,¢) denote the k*! derivative of u(z,t) with
respect to z in the points (0,t), (1,t) respectively.

pr(.) € H2"%(0,1) and suppose py(z) >0 (0< 2 <1)if n=0 (mod 2).
Further pp(z) < 0(0<z<])if n=1 (mod 2). The control functions
fu are chosen from the class H1(0,T). It is supposed that the boundary
conditions Tju =0 (7 =1,2,3,...,2n) are “regular” [1].

The initial conditions of (1), (2) are given in the form:
(3) u(z,0)=uo(z),  ug€L*(0,1).
Under the conditions above which are mode on ug and fu(t) (g =1,2,...,1)
the problem (1), (2) and (3) have no classical solution with 2nd partial

* This work was written while the author was visiting at the E6tvés Lorand University
Budapest.
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derivatives with respect to z. The generalized solutions of (1), (2) and (3)
which exist and are unique and defined (as it will be seen later) for any
fixed up and f, (p=1,2,...,1) (from classes given above).

Moment problem

Denote the differential operator by ou on the rlght hand side of (1)
o*v, v € H*(0,1) and its adjoint by o*v (see [1]): i.e.

2n k a2n-—k
(4) {o*w}e) = 3 (-1 g (Pi(z)we(2)).

k=0
For any u, v € H?"(0,1) we have the Lagrange-formula:

1 1
(5) /(au)vdx=/ 7 u)dx—}-Z[ )(TI) + (Fu)(TTw)
0 0

Here T]f‘z/ (7 =1,2,...,2n) denotes the linear form of quantities u(k)( 0)

and v(¥)(1), adjoint to Tju (k=0,1,2,...,2n - 1); the linear form #;u and
'F]f‘z/ complete 7ju, 'r]f‘u respectively to a complete linearity independent
system. We use the spaces H*(§2), H*P(§2 x [0,T}]) in the paper as given
in the fundamental book [6].

Denote v the set of functions v(z,t) from the cla.ss HYY(Q), @=[0,1] x

x [0, T]forw}uch(r v)(,t)=0,7=1,2,...,2n; v(.,,T)=0.

DEFINITION. The solution of (1), (2) and (3) is called a function u €
€ L3(Q) for which:

15 (72—
, //u l.——gt——d u]dxdt:
Q
Ton 1

1
= /ug(z)u(m,O)dx-}-/ZZﬂ fu(t) (T v)(.,7)dt
2 0 J=lp=1
holds for every v € V.

If ug and f, (4 =1,2,...,]) are smooth enough, then the classical
solutions of (1), (2) and (3) exist, and are unique ([1]). By (5) it can be
easily checked that they coincide with the previously defined generalized
solutions. We now prove the following theorem:
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THEOREM. For any u € L*(Q) the generalized solution exists and is

unique (even in the case when ugk) €L%(0,1) and fu(t)€e HY(0,T)). Further
for any fixed t, u(.,t) € L%(0,1) and t — u(., 1) is continuous as R — L(0,1).

We shall investigete the following problems:

1. The description of L2(0,1) the set D(ug,T) of states u; which we
can reach from the state ug in time less than T.

2. The description of L2(0,1) the set B(uy,T) of states ug from which
we can arrive at uj in time less than T

We shall reduce these problems to moment problems in the space
L2(0,T). For this the following operator is introduced.

2n 627;-—/:
(7) (Au)(z) = - Zpk-é-;én—_ic—u(:c) (= —ou) with domain:
k=0

domA:={ué€ H2"(0,1) cru=0; j=12,...,2n}.
The adjoint operator of A is A* = —o*v with domain:
domA*:={veV : rju=0; j=1,2,...,2n}.

It is well known (see [1]) that A has discrete spectrum. Further for the
eigenvalues {A;} if A we have the asymptotic formula

® = (B o)) L /m

It is known also (see [1]) that according to the Kesselmen Mihajlov the-
orem, the eigenfunctions of A form Riesz basis in L2 (0,1), moreover the
mult1phc1ty of the eigenvalues is uniformly bounded.

Denote {¢mp} (p =1,2,3,...,rm) the chain of eigenfunctions with
eigenvalues Apy. Further denote {¢k3} correspondmg to the biorthogonal

system {¥mp}; L.e.:

1 fk=m,s=p
0 otherwise.

(9) / Brs (2 Pmp(2)d i = {
0

It car be shown (see [1]) that {@;,} are the eigenfunctions of A*, i.e.

(10) Adpr = Ap¥k1,  Adgs = Apbrs + bps—1 (5=2,3,...,74)
A Ymrm = AmPmrm, :’4*¢mp = /\mwmp + ¢'mp+1 (p=2,3,...,mm).
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We can write the solution of (1), (2), and (3) in the form:

T
u@t) = Ve Ooelz), Y / lake(H)]2dt < oo
k,s ks g

and for the initial condition ug € L2(0,1) we have:

(11) up(z) =D ad dks(z), Y lad,[? < 0.
k,s k,s
To determine the coefficients ag,(t), let v(z,t) := W(t)dgs(z), where

W(t)CY(0,T) is such that W(T) = 0, and substitute this function v(z,t)
into (6).

Taking into account (9), (10) we obtain:

T
02 [[-on®T5 2+ Mo OW (0 + raa(OW(0)| dt =

0

= o), W 0)+22ﬂ;‘;¢k5>/m (W (t)d

j=lp=1

This is equivalent to the following:

a9 Ly a0+ agn() = SE S g futt).

j=lp=1
aps(0) = ags, (s=1,2,...,r; k=1,2,...), where 713 = F;‘(;bks), apry = 0.
It is easily shown that the solution of (12) has the form:

jliny —1)P¢P
(14) agg(t) =e MY agw( 13
p=0 P
2k 1 TE—s T
' (=12t =) _y (g
+3° 3 3 By [ 1 R e g
s=1pu=1 p=0 0

Suppose that u; has the exposition:

(15) ur(z) =Y aldrs(z), Y lag,lt < oo

k,s
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Obviously, the equality u(.,T") = u; holds if and only if:

,aks(T)=a,1cs (s=1,2,...,rp; k=1,2,..)).
Hence the controllability of the system considered is equivalent to the
following moment problem: there exists f; € HY0,T) (1=1,2,...,1) such

that:
rL—s$ PP
(16) alis e M T Z Ics+p( - p! z =
p=0
2n | TE—s p Ry
Z Z Z ﬂ#7ks+p/fl‘ 1) 2 eI =Tdr
j=lp=1 p=0
(s=1,2,...,r; k=1,2,3,...).

Hence the problem of describing the sets D and B is equivalent to that
of the set of coefficients {02 ) and {allc ¢} for which the moment problem
(16) has the solutions f, € H~1(0,7).

Note that from (14) it follows that the mapping ¢t — u(.,T) as [0,T] —
— L?(0,1) is continuous. Indeed, taking into account the Lagrange formula

(5) and the (special) form of the boundary conditions (3) it follows that
‘F]?‘(u) contains the derivatives of v with respect to z of order <2n —1. Now

applying the asymptotic formulas for the eigenfunctions of the operator A*
(see [1]) we obtain:

7 (brs) = Ok 1) (k= o0).

Hence for every j we have: 7‘; = O(k?"—1). Using (14) and applying the
Cauchy inequality we get:

|a,1cs|2 < Cl(t)e"’\kt msaxla?cs|2+

hlcsl? ”f/““L?'(O,T)

where C'(t) and Cg(t) are continuos and are independent on k and s. By
the asymptotic formula (8) we get:

vl 1272 = O(k*™2) . O(k~4") = O(k™2)  (k — oo).

Hence |ag(t)|2 = O(k~2) and consequently 2k, slags(t)|? < co. Because
easily calculations give

D laks(OF < Dl 4y

k,s
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Hence u(.,t) € L2(0,1) for every t € [0,1]. We can similarly prove that u(.,t)
depends continuously on ¢ in L2(0,1).

(1]
2]

(3]
4]

(5]
(6]
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Introduction

In this paper we investigate the moment problem of the form
T .
(1) Crp= /g(t)tpe“)‘ktdt (p=0,...,r: —1; k=1,2,...).
0

As we have seen in [1], this problem plays an important role in the
control of distributed parameter systems.

Moment Problem

Assume that for {A.} the following asymptotic formula is valid

o e (E) feo(d)] 0 heto

Also suppose that r;, =0 except for a finite number of indices k. Denote by
K; the set of exceptional indices. Our plan is the following: we investigate
the moment problem (1) in L2(0,T), we prove that the family of functions
{tPe= !} is minimal in L2(0,T) and hence it has a biorthogonal system
{@kp} .

Consequently, the formal solution of (1) has the form:
(3) 9(t) =" Crp®pp(?)-
k.p

After we estimate the norm of the functions O, in the space L%(0,T)
and describe the set of coefficients {Cyp}.
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In this way we obtain the solution g € L2(0,T) of the momen}, prob-
lem (1).

It is easy to check that Eg:= {e~*k!} is minimal in L2(0,T). Denote
by So(T) the minimal closed subspace in L2(0,T) which contains Eq. The
functions {tPe= '} (p=1,...,7, —1; k € K;) do not belong to Eg, hence

E .= {tpe"’\"t :p=0,1,...,rp-1; k=1,2,...}
is minimal in L%(0,T).
We construct the biorthogonal system {@y,] of E as follows. Denote
S(T):=ViaonBr Skp(T)i=Vizg (B \tPe )
Let (kp(t) be the projection of tPe k! onto Sgp(T) and

tpe‘_/\kt - Ckp(t)

—Apt 2
||tpe k Ckp(t)”LZ(O’T)

It is easy to see that Oy, is biorthogonal to E, the linear hull of Ey. Any
biortho§ona.l system @ip(t) to E has the form @ip(t) = O,p(t) + (:)kp(t)
where ©, belongs to the orthogonal complement of S(T) in L%(0,1).

Hence ||O, | < ||@]1cp|| i.e. the system {©,} biorthogonal to E consists of
elements with minimal norm.

.

(4) @kp(t):= , (p=0,1,",re =1, k=1,2,..)).

The series (3) is a formal solution of the moment problem (1), hence we
investigate the set of coefficients {C},} at which the series (3) converges
absolutely, i.e.

(5) E ICk,pll1Ok pll 20,1y < -
k.p
For this we estimate the norm ||Op,|| L20.7) As we see, this depends

on the asymptotic behaviour of {A;}.

Since ReA; > C > —o0, we can assume without loss of generality that
ReAr >0, (k=1,2,...). Indeed, otherwise it is enough to set g(¢) =
= e Mp(t), A > -ilif Re ), and to consider the moment problem for the

function h(t):
T

/ e~ NEPR(1)dt = Oy
0
We need the following
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LEMMA. Let {e;}{° be any minimal system in a Hilbert space and
{1 }1° {#r}37 4 be biorthogonal to {e}}7°, resp. {ex}3, constructed as
in (3). Then there exists C € (0,00) such that

* el SRl S Clell (B=N+1,N+2,....

PROOF. Let Sp, S1 and S denote the closed linear hull of {e}}37, ;.
{er}]°, {ek}{° respectively. Then from (3) we have ¥, = ¢p + x (k=
=N+1, N+2,...), where ¥y € S, ¢ € Sp, xx € SO Sp and hence the
inequality el < lipel follows

Now prove ||k}l € Cll@p]l. If this is not true, then there exist sequences
{9}, {#;} such that ||o;ll[l¥;11™ L0 — 00). Consequently
Billil ™t =il =0 (- oo).
Thus, the sequence x j||¢~j”'1 is bounded because
it €S8 Sy, dimSe Sy < .

Hence there exists a subsequence {x;jsllx;s|l™ 1} 2, which converges to
some

x€S56Sy lxll=1

Hence ;. L {e;}{v (k> N), because x L S). This contradiction completes
the progf of the Lemma. O

It 1s known that

. - - At
dist ;2 oo)(e” Mt By | e M) = (2Re ;)™ 71’[

X+

On the other hand, we obtain f-om (3) that ||O4 = [dx(T)] .

As L. SCHWARTZ proved (3] the operator Sg(oo) — So(T'), associating
with every function its restriction to [0,T), has bounded inverse. Hence,
for every T > 0 there exists O > 0 such that

oo (Y
1 Aj+ Ak

el J
“ek”LZ(oyT) < Cr|Ae|? H A=Al

j=1

Now apply Lemma to the systems {e~*k!} and {tPe~ 2!}, we get f(z) <
< ¢g(z) because C) f(z) < g(z) < Cof(z) for every z.

/\ +’\k
Ak

3

“ekp”LZ(o T) = KT!’\lcl2 H
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where K > 0 is a constant, depending on T. Hence we get
”@lcp”[ﬂ(o,T) = Krexp{Mapk + O(k)},

where

T r1/8
Mﬂ=2v-p-/T2_1dT.
0

Thus we have proved the following

THEOREM. The moment problem (1) has an absolutely integrable
solution, if for some ¢ >0

Z |Crplexp{Mapk + ek} < co.
k.p
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Introduction

In this paper we investigate the complete controllability of a time-
delayed system of the form

) vt = (pyz)z +qy

(2) y=(0,t) =0, yz(1,t) = by(0,t — ) + u(t)

(3) y(z,t) = yo(z,1), (z,t) € (0,) x [~,0]
y(0,1) = ¥(t), T € [-7,0]

where0<pecl[o ], b€ R (real) 7 >0, u € L%(0,T), yg € C([-7,0], L%(0,1));
¥ € L2(—7,0) and q € C[0, ).

y is called a solution of (1)-(3) if

' T

(4) //y[zt +(pzz)z + qz]dzdt =

00
r

l
= —-/z(z,O)yO(:t,O)dx--/p(l)z(l,t)[bz[)(t—-r)+u(t)]dt—
0 0
T

- / p(D=(1,1)by(0,t — 1) + u(t)]dt

T

holds for any z € C2([0,1] x [0,T]) with 22(0,t) = z(I,t), 0 <t < T,
2(.,T)=0.
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Complete Controllability

We can easily prove that by using the “step by step” method and
the theory of nonhomogeneous boundary value problems developed in
(1], that for any 7 > 0 and any fixed control function u € L2(0,T) the
problem (1)- (3) has a unique generalized solution y (deﬁned above) and
y € C([0, T] L2(0,1)). The proof uses the same idea as in I, [4] so we omit
it. Our aim is to prove the following Theorem.

THEOREM. The system (1)—(3) is strongly controllable for any T > 0
i.e. for any initial condition (3) there is a v € L%(0,T) such that y(.,t) =
fort>T.

PROOF. Let T=Ty+mr (m €N, 0< Ty < 7). As in I, we can write
down the condition of (1)—(3) in the form

(5) y(z,8) =Y Cn(t)en(2),

n=0
further
(6) yo(z,t) =Y Ca(t)en(2)

n=0
where (pn) are the eigenfunctions of the boundary-value problem
(7) —(pez)e tap=2re  (2€(0,]),. ¢z(0)=pa(f)=0
(8) Cn(t) + AnCn(t) = n[by(0,t — 7) + u(t)]

Cn(0)=CR, m=p(1)-wn(), y(0,t)=1(t) (t€[-r,0))
and Ay are the eigenvalues of the boundary-value problem (7).

We prove first that we can arrive to the case Cp(Ty) =0 (n=0,1,2,...).
In the case of T > 7 we can write the solution of (8) in the form:

t
©) Calt) = Ce ™ + / Yalbp(t = 7) +u(t)]e™()ds.
0

Hence the conditions Cn(Tj) =0 (n =0,1,2,...) the equivalent to the
following;:
Ty
(10) ——Cge"'\"T"=/7n[b¢(t—T)+u(t)]e—’\"(T0"t)dt (n=0,1,2,...).
0
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We look for u(t) in the form
u(t)=-by(t-r)+v(t) (0<t<Ty),
where v(t) will be chosen approximately from L%(0,T}) normaly so that
To
(1) ~Cle Mo = o, / y(t)e=n(To=1) g
0
be fulfilled.

Hence we reduced our problem T to the moment problem of the
form (II) [3]. The solvability of (II) [3] depends on the properties of the

system {e"’\"(TO‘t)}8°; in our case Anp ~ n? ie. Z}l; < 0o is fulfilled,
(see [2]). This system is minimal in L2%(0,Ty). Consequently the system
{e"\"(To_t)}go is a biorthogonal one {on(t)}, i.e.

Ty )

/ an(t)e T4t = 6, o = {0’ if n 7 m

1, fn=m

and we can write down the solution of (11) in form

[ o]
(12) v(t) =) Cnoa(t)
n=0
- 0,—AnT{
where Cp, = _Qn_g_ﬂ__ﬂ_

Taking into account the estimate ([2|) we have

l
”0"”142(0 Ty) S M(Ty)e o, <n=0’1a2,..., €>0, L=/ dZ: )) .
1 p z
0

We can check that the series (12) converges absolutely, i.e.

oo
Z ICn|||Un||L2(0_T0) <

n=0

(we use here Ap ~n? and 0 < C} < |yn] < Cy with absolute constant Cj,
C3). Consequently, the moment-problem (11) has a solution in L2(0,T})
for any Ty > 0 and {CJ} € I2. Taking into account that the function ¢
belongs to L2(0,Tj) we obtain a control function u in L2(0,Tp) such that
Cn(Tg)=0(n=0,1,...).
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Now take u(t) = —by(0,¢ — 7) if t > Ty because y(0,-) € L%(0,T) hence
u € L%(0,T) and it follows from the solution of (8) that Cp(t) =0 for ¢t > Tj.

If t > Ty + 7 then y(0,t — 7) =0 and hence u(t) =0 if t > Ty + 7 and
our theorem is proved. O
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Introduction

In this paper we consider and investigate the controllability of a hy-
perbolic system

2n 2n—k
(1) ug = Z%(f)mu=(0u(-,t))($)
k=0

(0<t<T< oo, 0<z< X <o0).

with boundary conditions

2n—-1 l
(2) Z [agku(k)(O,t) + a}-ku(")(l,t)] = ju(.,t) = Zﬂ“fp(t)
k=0 p=l1

(1 =1,2,...,2n),

where we suppose that P, € H2"~%(0,X), Py(z) > 0; fu € HY(0,T) are
the control functions and we suppose that 7; implies strongly regular
homogeneous boundary condition [1].

Our initial conditions are
u(z,0) = ug(z), uge L2(0,X)

(3) ) . n
uy(z,0) = up(z), up€ H™™(0,X).
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The Controllability of a Hyperbolic System

We say that u € L2((0,X) x [0,T}) is a solution of (1)~(3) if

XT
(4) //u[ﬁtt—c’ﬁu]dmdm

X
/[ug(z)u(z 0) — ug(z)74(z,0 ]dm+22ﬂ"/fp(t)r P )dt
0 J=lp=1

holds for any v € H™2([0, X] x [0,T}) for which
v(b,T)=un(,T)=0, riv(,t)=0, 7=12,...,2n.

Here the boundary operators TJ?', i 7"']?', o*v and ou are the same as in [1].
In this paper we reduce the control to a moment problem, but according
to the hyperbolicity of the system, we have to apply a different approach.
We look for the solution of (1)-(3) in the form

(5)  u(@t)=) ap(thprs(z) (s=1,2,...,r; k=12,...),

k,s
where ¢ are the generalized eigenfunctions of the operator A defined by
—op and by the boundary conditions 7j0 =0 (j =1,2,...,2n).

We can write up and g in the form
ug(2) = Lks 00k Lkslap,l? <0

dg(z) = T ps @0 0kss  Toks 185, 121KI 72K < o0,

We apply (4) for v{z,t) —mzpks(z) where w(t) € C2(0,T) is any such
function for which w(T) = w/'(T) = 0 and (¢,) is the dual system of the
eigenfunctions () of A*. Substituting this particular v(z,t) into (4), for
ajs(t) we get the following differential equations:

2n |
(7) alcs(t)+’\kaks(t)+aks+l(t) = Zzﬂ”7ksf”(t)
j=lu=1
aps(0)=ad,, ar(0)=4a), (s=1,2,...,rk k=1,2,...)
where

7i3 = Tj‘ika’ akrk+1 = 0'
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Now apply the Laplace transform to (7) get its solution aj¢(t) in terms
of Bessel functions

ags t)—ZZB”/f,, )%
j=lp=1
2k—s

1
1P /t—-1\Pt2
X Z7ks+p (! ) (2‘%) Jp_’_%(wk(t—r))d‘rﬁ-

p=0

2k—s p+i
0 VTw 2
+ z%(—l Opsip~—— o (2‘%) Jp_%(wkt)ﬁ-
p:

2k-s 1
t \P*2
+ Z( -1y ks+p‘/—( k) J,,+%(Wkt),

pl

where wE = Aj define wy.

For large k we have ry =1 i.e. the eigenvalues of A have multiplicity
1, by strong regularity. In this case (7) has the simpler form

2n | .
(7) dgg(8) + Mears(t) = D D B Fu(®)

j=lp=1
and its solution is
(&) alt) =
2n 1

= Z Z ﬂ“—ykswk /f,,(‘r)smwk(t —-7r)dr+ aks coswkt+ smwtkt
j=lp=1

For convenience we will use the notations
Wop = —Wg, T_g =Tk, 'yikszfﬁcs k=1,2,..
bis(t) = iwpairis(t) + apgys(t)
b, = iwka?k‘s + &Iokls k=41,42,43,...
There is (obviously) a one-to-one correspondence between {Daks%t), ars(t)}e

and {bps(t),b_gs(t)}k, and also between {a,m,a,c } and {b},,6” ,.}. Con-
sequently there is a one-to-one correspondence between the states

{u('vt)vui('vt)} (Ost,ST)
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of the system (1)-(3) and between
{bps(t) : s=1,2,...,rp; k=%1,£2,...}.

It is easy to see (taking into account the expressions of Jp 41 in terms

7
of trigonometric function) that (8) is equivalent to

rk $
(8*) brg(t) = Z b s p o tPet okt 4
2n | TS ) ]
DIDIP Wi / fulr)(t =R t=T)d
j=lu=1p=0 0

(s=1,2,...,r; k==%1,+243,...).

Here we do not need the complicated form of .?fOk and inp, hence we do not
write down them explicitly (but in our fo].lowmg papers their mvestigation
will play a central role). Hence we need only the fact that 0k sry—5 #0 and

ik 1s proportional to 7krk‘ For large value of k, taking into account

STE—S$

(8') we have

(8“) bis(t) = bg wit + Z Zﬂ#7ks/ T)ewk(t T)dT
Jj=1p=1 0

Now we are in the position to prove that the function ¢t — (u(.,t),

is a continuous mapping of [0,T] into L2(0,X) x H~™(0,X).
Taking into account wy ~ k™
X

dz
N : Y/Py(z)’

we obtain from (8*) and (8**) that

{
S 12 eg 0 < 3 162007 + 3 1l 0.7
u=1

ks k>s

sinwg =0(1), 7, =0k

and hence, taking into account

SR b ()1 ~ 3 1k (logars (0 + lags()?) ~

k,s krs
2 2
~ ”u(‘at)“LZ((),X) + ”ui("t)”H“"(O,X)’

ut(., t))
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we obtain

2
“u(-yt)”%%oyx) + “ut("t)HH‘"(O,X) s
l
~ 112 2
< llwollFagg xy + 10l F=no x) + 2_ Mullig 1y
p=1
One can prove similarly, that the sum Hu(-,t)”[,?(o,x) + ”“t("t)“%]—ﬂ(o X)
is continuous in t.

Now we investigate the control of our system (1)~(3). Let (uj,;) be
any given state in L2(0, X) x H™™(0, X) of the system considered. Expand
u) and 4 in the form

ui(z) =Y apersle)  @1(2) =) af,pks(a).
k,s k‘g
Then the system i1s in the state (uy,%)) in time T if and only if
(9) b, =bko(T)  (s=1,2,...,7 k=1,2,...).
This is fulfilled, where by4(T) is defined in (8*), (8**) and
1 : 1 ~1
bks = 1wk agis + Ay

So we have proved the equivalence of our control problem to that

of prescribing the set [bks’b}cs} for which the moment problem (9) has

a solution fy, € HY0,T) (1 =1,2,...).
We have proved

THEOREM. The system (1)—(3) has unique generalized solution u in
L%([0,X] x [0,X]) and this solution (u(.,t),us(.,t)) depends continuously
ontin L?(0,X)x H™™(0,X).
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Introduction

Consider the moment problem

T .
(1) Crp = / g(t)tPektdt
0
(P=1,2,...,7—1; k=£1,£2..; > |Cppl* <o0).

k,p
This problem played a central role in our paper IV [1]. Assume that
sinwg = O(1) and wg ~ k™ (n > 1) are satisfied. (This is the most important
case for control 6T hyperbolic systems.)

Moment Problem

Now we consider only the case n > 1 because if n =1, then the problem
seems to be harder and we do not know the solution of the case n =1 yet.

First we investigate the moment problem (1) in L%(0,T) and after in
H™(0,T). For this we have to show that we can complete {tPe’k!} so
that the resulting system is a Riesz basis in L2(0,T). To this consider the
orthonormal basis

§2x .
Eg=14€'T7%; (j=0,%£1,%2,...)

in L%(0,T). Starting from Eg we shall construct a family Ej, which
contains the family

E={tPek};  (p=0,1,2,...,rp =1, k=%1,£2,...).
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We do this as follows. Let N be large enough such that r, =1 and
|Rewn — Rews| > —CIZ‘[ if |s|>|n|>N.

Denote by E] the corresponding family of functions {e*?}. According

. O -

to wp ~ k™ the set Eg:= E\ E] is finite for any e*“k! ¢ E;. Choose T
such that -277-': J is at minimal distance on the real line from Rew; (we can
choose any of the two such points). Pick functions from E; into Ey instead

.o -
of the corresponding function of the form e'T7 and the resulting system
of functions Ej; write down in the form

2w, g
{e"]ﬁ(ﬁ-&])} (7 =0,£1,%£2,...);

where 6; = 0 or j + §; coincides with some of wg, according to the con-
struction we have |Reé;| < % In this way we obtain that Fg; is a Riesz
basis in L2(0,T) (see [2]).

With any function from F9 we associate a function from Ey; for which
6; = 0 (with different functions we associate different functions).

After we change resulting functions e’zl,‘r"’ (form Ejy) to functions form
Es. Accordingly to [2] the resulting family Eq of functions remains a Riesz
basis in L2(0,T) and by the construction, it contains the set E. Thus, we
have proved that {tPe*’k!} is minimal and forms a Riesz basis in its linear
hull in L2(0,T). Consequently, there exists a biorthogonal system

{Okp : P=0,1,2,...,7p = 1; k==%1,42,43,...}

to it. The closure of the linear hull of E is an eigensubspace in L2(0,T),
hence the biorthogonal system {©j,} is not unique. Thus we consider the
functions © with minimal norm (we choose this biorthogonal system) and
according to a known theorem of BARI (2], this family belongs to E. Now
the solution of our moment problem has the form

g(t) = Z Ckp@kp(t)
k.p

and this solution has minimal norm, further we have
2 2
||g”L2(0,T) ~ Z leP‘ .
kp

Thus, we have proved the following
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THEOREM. The moment problem (1) has a solution g € L%(0,T) for
any T > 0 and for any {C},} € 2.

Now we have to consider its solution on H™(0,T). For this it is
enough to comsider the m-th integral of the system {tPe“k'}, elements
of which consists from the linear combinations of the functions #°e*k!:
(s =0,1,...,p). Denote the elements of this linear hull by tpz;(t). Now

consider the moment problem

T
0=/h(t)(T—t)‘1dt; ¢=0,1,2,....m—1,
0
(2) r
Ckp=/h(t)tpz;(t)dt; p=0,1,...,r. -1, k=%1,%£2,....
0

Using the explicit form of api;(t), it is easy to check that (2) is equiv-
alent to

T
(3) Cis= /h(t)tseiuktdt; (s=0,1,...,rp =1, k=%1,£2,..),
0

where the coefficients {Cs} are uniquely determined by {Cj,}, further,
for large k we have

Chs = (1w)™Chs.

It follows, that if we add to the family E the system (T —t)%; ¢ =
=0,1,...,m —1 then the resulting system will be a Riesz basis in its linear

hull (in its closure) and this means that the moment problem (3) has
solution h € L%(0,T) such that

Ilh'[iZ(o’T) ~ Z léks|2 ~ Z lklzmnickp!2~
k,s kp

Integrating by parts we get that the function
. t
g(t) = ——1——/(t -y lp(r)dr
(m—1)
0

is a solution of the moment problem (2) and ||g||3{m(0 ) < %°. )
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1. Introduction

The isometry groups, acting discontinuously on the hyperbolic 3-space
with compact fundamental domain (briefly called hyperbolic space group),
has not been classified yet, so investigations in this direction are very actual
now. One possibility to do that is to look for fundamental domains of
these groups. Face pairing identifications of a given polyhedron may give
us generators and relations for a space group by Poincaré theorem [1], [4].

The simplest fundamental domains are simplices and truncated sim-
plices by polar planes of vertices when they are out of the absolute. There
are 64 combinatorially different face pairings of fundamental simplices [7],
[8], [6], furthermore 35 solid transitive simplex identifications [6]. I. K.
ZHUK [7], [8] has classified Euclidean and hyperbolic fundamental simplices
of finite volume up to congruence. Some completing cases and algorithmic
procedure are discussed by E. MOLNAR [3] and by E. MOLNAR and
I. Prok [5]. In [6] they summarize all these results, arranging identi-
fied simplices into 32 families. Each family is characterized by so-called
maximal series of simplex tilings. Besides spherical, Euclidean, hyperbolic
realizations there exist also other metric realizations in 3-dimensional
simply connected homogeneous Riemann spaces.

Each identified simplex, considered in this paper, has five edges in the
same equivalence class, i.e. they are mapped onto each other under the
group generated by face pairing of the simplex. One edge, denoted by
A9 Aj in figures, is in another equivalence class. That means, we may have
two different lengths for edges. All the vertices are in the same equivalence
class. There are 11 different face pairings to investigate in this paper [6], [7].
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When vertices are out of the absolute, the simplex is not compact and
then we truncate it with polar planes of the vertices. The new compact
polyhedron obtained in that way is fundamental domain of some larger
group. It has new triangular faces whose pairing gives new generators.
Dihedral angles around new edges are 7/2. That means there are four
congruent polyhedra around them in the fundamental space filling.

The result of this paper will be collected in the figures and tables. The
summarizing Theorem 2 will be formulated in Section 6.

I am very grateful to my mentor DR EMIL MOLNAR, who guides my
studies in Budapest, for helping me in preparing this manuscript.

2. Projective metrics, spherical and hyperbolic spaces

To prepare our method of construction we consider the 4-dimensional
real vector space V4, whose dual space, i.e. the space of its linear forms, is
denoted by V. In the usual way the projective 3-space P3(V4,?}Z) can be
introduced. The 1-dimensional subspaces of V4 (or the 3-subspaces of U1
represent the points of P3, and the 1-subspaces of U} (or the 3-subspaces
of V4) represent the planes of P3. The point X(z) and the plane a(a)
are incident iff ra = 0, i.e. the value of the linear form a on the vector
z is equal to zero (z € V*4\ {0}, a € 1} \ {0}). The straight lines of p3
are characterized by 2-subspaces of V4 or of 1§, respectively. If {e;} is a
basis on V4 and {e’} is its dual basis on U, i.e. ejel = 6{ (the Kronecker
symbol), then the form a = e a; takes the value za = z*a; on the vector
z = z'e;. We use the summation convention for the same upper and lower
indices.

We can introduce projective metric in P® by giving a bilinear form

(;): VixVi—-R, (biui;ijj) = u,'b"jvj

where ((b%;8)) = (b"7) is a Schafli matrix, and the basis {b'} in 1%
represents planes containing simplex faces opposite to the vertices A;,
respectively. Vectors a; of the dual basis {a;} in V4, defined by ajb = 6;-,
represent the vertices of A; of the simplex. The induced bilinear form

(;): VixViSR (:riai;yjaj) = :cia,'jyj
is defined by the matrix ({a;;a;)) = a;j inverse to (b;;).

We assume, that the bilinear form ( ; ) is either of signature (+,+, +,—)
which characterizes the hyperbolic metric, or (+,+,+,+), this will be
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the elliptic (spherical) metric. Signature (+,+,+,0) would describe the
Euclidean geometry that will not occur in our considerations.

It is well-known that the bilinear form induces the distance and the
angle measure of the 3-space. Let X(z) and Y(y) be two points in the
projective space P3. Then their distance d(z,y) is determined by

(1) cos(dzy) = =Bl and ch(d(z,y) = il
VA{ziz)ysy) {z;2)(y; )
for elliptic and hyperbolic case, respectively.

Mention the next lemma which we need later.

LEMMA. For any (r + 1)-minor determinant of a regular matrix (a;;)
and complementary (n — r)-minor of its inverse (b)) holds the following
equality

Qigjo -+ Cigjr b"r+1jr+1 . bir+1.in
: = det(a;;) : : o
- . injr+1 injn
Gisjo -+ Gigjy binir e b
Here o =sign(ig,...,ir,ip41,--,2n) -Sig0(J0,- .., Jry Jr+1,.--,Jn) denotes the
sign product of the corresponding permutations of the elements 0,1,...,n.

All simplices (Table 2) considered here have a Schafli matrix

1 p g g .

p= —cos2r /@

(2) B=(b;)= p 1 ”11 z , where g¢=—cosf
g Z , 1 r = —cos(27/b—45)

with the natural parameters @ >3, 5> 1 and 0 < § < 7/2b.

Since d(Ag, A1) = d(Ag, A2), by the symmetry of our simplex, we have
a necessary condition. Using the inverse matrix (a;;) in (1) we can express
any side length (or its function) by the angles, so

af) _ afy or 00911 — afy _ aggagg — afy
appall appaz2 appall appa22
Applying our lemma, we get
azy(baabss — b33) = ayy(br1bs — bi)
and using notation in (2)
(3) £(8)=0, for f(8) = (1=p)(1+7)(1+p=2¢") — (147 -2")(1~¢")

If 5 =1 that equality becomes 4¢%(1 — 2p) =1 — 4p? and it has one
solution for ¢ and so J in cases 3<a@<6. Fora=3, b=1 we get a
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spherical extra case, i.e. a degenerate simplex J4 where the ,angle” is just
7 at the ,edge” AgA1, and B =n/4 (see at Table 2: T's5(a,5b), a=3, b=1).
The computation agrees with Kmn (m =@, n =2) of Zhuk’s cases (7], (8].

It is possible to check that if b > 2 the function f(B) is increasing,
f(0) < 0 and f(7/2b) > 0. So, the equation (3) has exactly one solution
for 0 < B < 7/2b, for any value @ > 3.

By finding the eigenvalues of matrix B we can establish in which space
our simplices are realizable. Since

det(B — \I) =
=(A-(1-p)A-(1-r)) (A— <P+;+2+ W))

.(A_<p+r+2__ (p—1) +16q ))
2 )

has three positive roots, we have hyperbolic. spherical or Euclidean space,
which depends on sign of the fourth root. It is easy to check that for =1
(@ = 4,5) it is positive — spherical case, and for b > 2 it is negative —
hyperbolic case. As extra cases b =1, @ = 6 leads to a Nil-group, while
b=1, @> 7 just provide groups in SLy(R) as indicated also in [6].

For hyperbolic simplices it is interesting to investigate the cases when
the vertices are proper, or they lie on the absolute or out of the absolute.
Therefore, we need any submatrix B;; of B corresponding to the vertex
A; which we obtain by excluding i-th row and i-th column. By symmetry
arguments we may consider Bgy. From the chain of the principal minor
determinants of the By

1>0, 1-4¢2>0, (1-r)(1+r-2¢%)<0 (522)

we can see that the signature of the partial bilinear form with matrix By
is (+,4,—), these vertices are out of the absolute.

3. Construction of discontinuously acting isometry groups

Wlth any simplex J of angles satlsfymg (3) we can fill the spherical

space S5 for b=1,a=3, 4, 5, or H3 for b > 2 using identifications which
are indicated in the figures and tables.

Identifications on the simplex J are face pairings by isometries, satis-
fying the following conditions
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a) For each face fg_l of J there is another face f; and an identifying

isometry g if the space S® (H3), which maps fg—l onto f; and J onto
J9 2 3, the neighbour of J along f,.

b) The isometry ¢~! maps the face fg onto fg—l and J onto .79—1,
joining the simplex J along f -1

The face paring identifications of J generate an isometry group G.

These generators induce subdivision of the edges into oriented segments
such that a segment does not contain two equivalent points in its interior.

An equivalence class consisting of edge segments €], e9, ..., e, with dihedral
angles ¢(e1), €(e2), ..., e(er), respectively, is defined as follows.

We consider an edge segment, say e;, and choose one of the faces
denoted by fg_.l whose boundary contains €;. The isometry g; maps e]
1
and fg_l onto eg and fg,. There exists exactly one other face fg—l with eg
1 2
on the boundary, furthermore the isometry g9 maps ey and fg_l onto e3
2

and fy,, and so on. We obtain a cycle of isometries g1,99,...,9r according
to the scheme

(4) g g g
1 2
(el,fgl-l — (e2, fo1 )i (62,fg2—1 =5 (€3 fap)i -3 (ers fm1 = (e1s for);
where the symbols are not necessarily distinct. More precisely, we have
two essentially different cases for the scheme (4)

1) if a plane reflection m; = g; occurs then e¢;41 = ¢;, and we turn
back to ey, then, say, e_i comes. Furthermore, another plane reflection
m_; = g_; shall appear in the cycle. Then each edge segment comes two
times in the scheme (4), and the cycle transformation is of the form

c=g192-.-9r = (91.--gic1migi...9aT N 1 - -gZ}+1m-jy-j+1 ..-g-1)

2) there is no plane reflection in the cycle, this will be the simpler
(general) case. (In dimension 3 we have 5 subcases for full edges at all [4].)

In other words the segment e; is successively surrounded by simplices

g, 90, g9, ., g ey e
which fill an angular region of measure 27 /v. In above case 1) holds
(5) 6(61)+...+6(e,‘)+6(e_.1+...+6(e_j+1)=7r/v.

In case 2) we have

(6) eler)+...+e(er) =2r/v.
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Finally, the cycle transformation ¢ = g1g2...¢gr belonging to the edge
segment class {e;} is a rotation, say, of order v. Thus we have the cycle
relation in both cases

(7 (9192...97)" =1

c) Assume that (5) or (6) holds for the face angles at {e;} in each
segment equivalence class.

We need the specified Poincaré theorem:

THEOREM 1. Let I be a sim:{JIex, or a truncated simplex in a space
F3 of constant curvature (now S° or H3) and G be the group generated
by the face identifications, satisfying conditions a)—) and (3) also holds.
Then G is discontinuously acting group on ¥°, J is a fundamental domain
for G and the cycle relations of type (7) for every equivalence class of edge
segments form a complete set of relations for G, if we also add the relations

g? =1 to the occasional involutive generators g; = g;

4. The isometry groups for simplex 7

In case of simplex 91 = J (Fig. 1) there are four half-turns pairing the
faces with themselves

s | A14243 1 TAgdeAs ) [ Aodids | [ A1deds |
0" [A14349 [0 "1 [AgA3dz|’ "2 [Agdsa |0 ¥

These half-turns induce subdivision of edges each into two oriented
segments. There are two classes, denoted by a and b, of the edge segments
and so two cycle relations obtained by algorithm (4). The relators are

a —>—— (rr1)* (a22)
b ——>—— (rorgrorirarirarsror2)’ (b21)
Condition c) is fulfilled for @ = 2a, b = 2b if in addition the angular
conditions (3) are satisfied. Then the isometry group is

G(T,a,b) = (rg,r1,79,73 — 18 =75 =18 =14 = (rgr1)°

= (rrgrarirgrirargror2)’ =1; a>2, b>1).
All the vertices of the simplex J are in the same class. Considering

vertex figures on a 2-dimensional surfaces around the vertices we can obtain
a fundamental domain, e.g., for the stabilizer group G 4,. Transformation

r9 is mapping Ag onto A; and .7,13 onto 7:-421. That means the vertex
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figures 7 As a_gzll hive joint edge corresponding —to the joint face fr, of
the simplices 7 and 7' 2. Similarly, vertex figures I A, and 7:;12 have joint
edge corresponding to fy, and g Ay 8nd T4 r3r1 to fyy :=(fry)"1. One of the
domains for G A, (Fig. 1) is

T3l

T 4y ugy uﬂAauf]A 50,43
In the dlagla.m for P A, the minus sign in notations a™ and 4~ means

that segments in these two classes are directed to vertices according to

vertex figure (plus means opposite direction).

Fig. 1

The generators for E'Aa’ obtained from §A31 are
rarore s (frg)™® = (frg)? rargra: (fri = (fry)"%;
ToT1 : fro - (fro)r'; (rirg)ri(rary): (fr1 )r3r1 - (frl)r3rli
(rirg)ra(rary) s (frg)3"1 = (frg)3"0.

Discussion in Section 2 shows that simplex 7 is hyperbolic with vertices
out of the absolute for all values of parameters a, b. So if we truncate the
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simplex by the polar planes of the vertices we get a compact polyhedron
0. If we equip it with additional face pairing isometries, it will be a
fundamental domain for the group G(0,a,b) which will be a supergroup
for G(J,a,b). There are more possibilities for face pairing.

1) The trivial one, which is always possible, is with plane reflection my,
m1, mg, mg in polar planes of the vertices. That means the new triangular

faces of 0 are paired with themselves. The new group is

9 _9_ 9 9
G(0',a,b)= (r0,71,72,73, M0, M1, M9, M3, —T§ =T{ =15 =715 =

2~ m? = md = m? b
=m{=m] =mj=m3=(ror1)" = (rorarorirarirararora)’ =

= r0m1r0m1 = Tr1morimg = ramQramp = r3mrym] =

=rgmgromg =rymgrimsg =romgromg =rgmargmg=1, a>2, b>1).

2) New additional face pairings of 0° have to satisfy the next criteria.
Polar plane of A3 and so group EAa will be invariant under these new
transformations, fixing A3, and exchanging half-spaces obtained by the
polar plane. Thus, fundamental domain P Aj 1s divided into two parts, and

the new stabilizer of the polar plane will be supergroup for G A3, namely of
index two. Symmetries of the P 4,-tiling give us the idea how to indicate
the new generators. If r is the new rotatory reflection mapping A, and
?:121 onto vertex figures 7;412 and ??Orl, but exchanging the half spaces,
such that rr =rgr] is an old generator of G4,, then the new generators
for G(@2,a,b) will be the glide reflections

g1 =rr11, gy =TarTIT3
and the new relators are
-1 -1
—>>—— T3g] T292 ANy T(0G2T199
—— T1917091 ——>—=  T3g27T292

So we obtain the new group by presentation

e 2_.2_.2_.2
G(0%,a,b) = (rg,r1,72,73,91,92 =g =ri =r§ =r§ = (ror1)"* =
b -1
= (7'07'37'27'17'3"'17'27'37'07'2) =T391 T292=T1917091 =
=rogorigy L =r3gareg; =1,  a>2,b>1).
The ? Aj-tiling ini the polar plane of A3 do not allow other identifica-

tions on the truncated simplex 0, because of the Poincaré theorem, since
angles at truncations being right ones.
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Groups G(—j,a,b), G(@-t,a,b) (1 =1,2) are not maximal, i.e. they are
subgroups of certain groups G(.? ,a,b) and G(G’,a,b), respectively, which
leave invariant the tilings with simplices F, resp. truncated simplices 0

Each of the domains J, ©' can be divided into smaller parts, each with a
face pairing to be fundamental domain of a larger group, i.e. supergroup of

starting one. In our cases it is possible to halve For 0 with plane through
edge AgA) and midpoint M of A3A3. Equipping the new simplex &, resp.
the truncated simplex @ with the face pairing, as indicated in Fig. 2 and

Fig. 2
Table 1 (¥ =¥, @ = Q1) we obtain the groups
G(F,a,b) = (F,h,F — b =74 =72 = (k7777 7)) = (Fh)2 = 1;

a>2,b>1)
and
G(Q, a,b) = (7, h,7{,mg,my,m3 — R = F% = mg = m% = mg =720 —

= (hr7Fr 7)) = (FR)? = (Fymg)? = Fmy 7 Img =

= hmihmg =Fym|Fimg = FmgF"lmg =1 a2>2,5621).
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Half-turns for 7 and O expressed by the generators 7, h, 7] are
ry = F_lh, Ty =Th, r9 =Tq, r3 = h71h

and the isometries, pairing faces of @2, are g1 = mgh, go = Fymg¥ h.

So, G(??a, b) os supergroup of G(J,a,b) and G(Q, a,b) is supergroup of
groups G(0',a,b). The groups G(&,a,b) and G(Q, a,b) have already been
maximal (a # 5b), because it is not possible to find supergroups of them,
leaving invariant the J-tiling, resp. the O-tiling.

If a = 5b then simplex J and truncated simplices o may have more
symmetries and their maximal groups have as fundamental domains sim-
plex & and truncated simplex @, respectively (Table 1). Such a smaller
simplex ¥ would be a characteristic simplex of a regular 7 and ¥ would
have only one vertex out of absolute and the other vertices would be proper.
Faces of & a @ would be identified by plane reflections with themselves (for
similar cases see [6], Family 1).

5. The isometry groups for simplex 75

Rotatory reflection z and rotation r

g: |Aod2dr] . tA1dads )
" | AgA143]’ " | AgAg43t’

are pairing the faces of the simplex I = 75 (Fig. 3). There are two classes,
a and b of edges in this simplex. To class a belongs only the edge A2A3.
All other edges are in the class b, moreover, the face pairing isometries
divide those edges into two equivalent oriented segments. Condition c) is
fulfilled and if angular conditions (3) hold for @ = a and b = 2b then the
isometry group, with relations obtained by algorithm (4), is

G(T,a,b)=(r,z—(r)*=(2r"1z71n)% =1;  a>3, b6>1).

As for the simplex in Section 4, we consider vertex figures on a 2-
dimensional surfaces around the equivalent vertices and glue a fundamental
domain, e.g. for the stabilizer group G4, of A;. One of the domains for

GAI is

=1 =z -1 =
ng UgA1 UgA2 ngA;; =: ?Al

-l = 5z w2zl
where 7 40 , T 4,, T4,, T4, are vertex figures.
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Fig. 3

In diagram for ?,11 edges are noted with a~, a* and b~ as before.

The generators for G Ap obtained from ? A;» are

ez (f) = () ezl (fa) T = ()T

ez (f) T = ()

By the discussions in Section 2 simplex J is hyperbolic with vertices
out of the absolute for all parameters a, b. So, if we truncate the simplex
by the polar planes of the vertices we get a compact polyhedron 0 = 0,
which serves as a fundamental domain for some supergroup G(0,a,b) of
the above group G(9,a,b). Besides the trivial case

—=1
G(0,a,b) = (r,z,mpy,m,mg,mg = m% = m% = m% = m% =r%=
= (zzrklz“lr)zb = mgzmgz_l = mgzmlz"1 = mlzm;;z_l =

1

= 177.11'17'101"1 =mermor = m3rm.3r“1 =1, a2>23,b2>1),

there is only one more possibility.
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—p—1 —
Half-turn ) maps vertex figures .7;10 and J 4, onto themselves and
= -1
vertex figure 922 outo 74, but it exchanges the half spaces. The new
generators for G(Z—O_',a, b) are ry, rg = r’lrlr and s = 2rz, so the new group
is

2

G(@ a,b) = (r,z 7'0,7'173“7'3=7‘1‘“7‘ —(22 -1,-1 )2b=

= (zr())2 =r" rlrro =2zs lzrl =rsrs”l=1; a>3, b> 1).
It is possible to divide domains 7 and 0" (i=1,2) of groups G(7,a,b) a
G(@',a,b) into smaller parts, each with a face pairings, to be fundamental

domains of their supergroups G(?,a,b) and G(Q,a,b). It inay be done
with the plane through edge AyA4| and midpoint M of A9 A3 (Fig. 4). Face

Fig. 4

pairings of domains F= S and 'Q'= Qs (a # 10b) give maximal groups
G, a,b) =7, 71,"1—171‘)—1'% = (F -1z -1z
1,

7 T IF'Flm)b =

—

T|iTTymr T
=7rmr 17”. ==

L b21)
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and
vel - = 9 _9_ 92 9 9
G(Q,a,b) = (F,7],m,mg,m;,mg—m° =F{=mg=mi=mj=7" =
= (77 rE m F E PR m)? = PP lm = mgFymgT) = mFimaF =

= msFms‘r"'1 = m1Fm0F—1 = (mlm)2 = (mom)2 =1 a23,b621)

_ Generators of groups g and 62 expressed by the generators of groups
S and () are
z = mFy, T=T, ro = mmy, T =mmy, s =mmg3.

If a = 10b maximal supergroups are G(,a,b) and G(Q,a,b) (Table 1).

6. The isometry groups for simplices 71 — 91

For simplices 71 — 911 the face pairings are given in the first rows of
Table 2, respectively. In the second row parameters @, b are expressed
by natural parameters a, b. Then presentation of the group with one of
these simplices or truncation of them as a fundamental domain follows,
together with notations given in [6] for AutJ; (e.g. %I‘5)'a.nd numberings
of families including J; (e.g. F.11). Finally, we give the generators of
G(9;,a,b) and G(0,a,b) (1 € {1,...,11}, j = 1,2) by generators of these
supergroups G(¥f4,d,b) and G(Qy,a,b), respectively, if they exist.

In Table 1 there are summarized the presentations of possible su-
pergroups of groups G(7;,a,b) and G(0;,a,b) and face pairings of their
fundamental domains.

In both tables m; means the plane reflection in the truncating plane
of the vertex 4;. :

Summarizing results for simplices 71 — 7, are given in

THEOREM 2. a) Ifb=1, then

— simplices 9 for a =2 a 94 for a = 3,4,5 are spherical;

— simplices 99 for a = 3 and 94 for a = 6 are realizable in Nil-space;

— simplices 99 for a>4 and 94 for a > 7 are realizable in SL(R )-space;

Simplices 99 and 94 for b > 2 and simplices 1, I3, I5, Tg, I7, I3,
J9, 910, 911 for all values of parameters a, b are hyperbolic with vertices
out of the absolute.

b) Groups G(J;,a,b) (: = 1,2,3,4) are subgroups of group G(¥1,d,b)
and groups G(@f,a,b) (:=1,3,4; 1 =1,2), G(09,a,b) are subgroups of
group G(Q1,@,b) (with @, b expressed by a, b as it is indicated in Table 2).
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¢) Groups G(J;,a,b) (i = 5,6,7,8) are subgroups of group G(¥2,a,b),

and groups G(@f,a,b) (: =5,6,7; 3 =1,2), G(0g,a,b) are subgroups of
group G(Q1,a,b).

d) GI‘OUpS G(gg,_a,b), G(@gva’b)) G(glo’aqb)’ G(@]O,a,b), G(gll’a’é)y

G(011,a,b) (@ # 5b) are maximal groups. Supergroups G(1,d,b),
G(Q1,d,b), G(F2,d,d), G(Q9,a,b) (@ +# 5b) are also maximal groups. For
other parameters @ = 5b of these groups, their maximal supergroups are
G(¥,@ = 5b) for groups G(J;,a,b) (i =1,...,11), G(¢},3,b) (j = 1,2),
moreover, G(Q,@ = 5b) are maximal for groups G(0;,a;b) G(Qj,E,B).

(1]

(2]
(3]
(4]

(5]

(6]

(7]

H.
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Table 1
1 _— [AOMA;;] B [AOMAI] - [AleAg]
Fig. 2 A1MA3 AIMAy ) A3zApAy
2rs(a,58) G(#1,3.8) =(FhF~-h2=F=(FF= (b7 77 717 = (FR)2 = 1,
F.11 a23,521)
G(Q1,5,0) = (? h,7,mg,my, m3 — h? =F% = m% = m% = mg =7 =
= (hFy7r 7] l)b (Fh)? = (Fymg)? = Fm17 Img = hmyhmg =
=FymFimy =FmgF img=1; a>2,b>1)
L2 - [AIMA3 - AOMA,] = A1A0A3}
Fig. 4 AgM Az’ AgMA | © | AsApAy
5"1‘4(5,55) G(.fg,&,E):(?,Fl,m—m2=F%=F‘T=(FIF'lrlrrlm)FszF‘lmz1,
F.1 a>3,52>1)
G’(QZ,E,E) = (F,F;,m,mg,m;, mg — m? = F% = mg = m% = m% =7 =
= (771777 m)® = Fmr~1lm = moFimgF] = mFimaF =
=mgFmgF-l = myFmyF 1 = (mlm)2 =(mgm)?=1; @23,5>1)
4 = [ A1AAs] = [AoAeA3| —  [AoAiAs] —  [Adi4;
o [712223 M A AAs ) M A A A3 ) ™ (A A A
Bmr@=sh) |G,38) = (Mg, M, 7y, My — M) = M} = Mg =3 = (Mymy)° =
=(Mymg)? = (Mom3)? = (mmp)’ = (M3 )2 = (Mym3) ¥ =1, 323

F.1

G(Q,3) = (Mg, ™, mg,m3,m0—-m§ =m2 = m% -m% = mg

“(moml)s—(mom2)2 (mome.)2 ("11"12)3--("11"13)2
= (Mp7a3)® = (M1mg)? = (Mamg)? = (Mymg)2 =1, a>3)
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Table 2
9, "o [A1A2A3] . [AoAzAs] v [AOAIA;,] . [AIAOAZ]
Fig. 1 A1A3A, AgAzAy AgAzA; Aj Ay Ag
=2, b=2b
T14(2a,100)  |G(9y,a,8) = (rg,ry,rg,rs—rE =12 =rd =rd = (rgry)® =

F.11

= (r0r3r2r1r3rlr2r3r0r2)b = 1; a Z 2, b Z 1)
G(O%,a,b) = (ro,rl,rg,rs,mo,ml,m2,m3,-r(2) = r% = r% = rg = mg =
= m% = m% = mg =(ror1)® = (r0r3r2rlr3r1r2r3r0r2)b =rgmirgm; =
=Trimgrimg = romgrong = r3myrymy = r0m3r0m2 =rimgrimg =
=romyromg=rymorgmg=1; a>2, b>1)

G(O%,a,b) =(rg.r1,72,73,91.92 — rg = r% = r% = rg =(ror1)% =

-1 -1
= (ror3rorirarirarargra)t = r3gyirage = rigirogy = rogeryey ! =
=r392r2y2°1 =1 a>225b2>1)

Fig. 2 rg = rﬁ'lh, ry =Th, rg =T, r3= h71h;
g1 =mgh, gg=mih
T2 rp: | A1424s A0A2A3 5. |AoA24;
ArAzAg ]’ AgA3Az]’ A3 A1 Ag
da=2a, b=b
T'36(2a,5b) G(d9,a,b)= (rl,r2,s—r'f = r% =(ryrg)? = (s2r2sr1 )b; a>2,b>1)
F.11 G(02,a,b) = (7‘1,T2,s,m0,mi,m2,n'l3 —27'% = r% = T;% = m% = m% =
=mj = (ryrg)® = (s2rpsry)” = (mgrg)® = (myry)? = mosmys™! =
:mlsmos"l=m25mls 1= myromarg=mgrymar; =1; a>2, b>1)
Fig. 2 ri=F"lh, ro=Fh, s=hF
T3 r o |A0A1As| L [Arded ] L 1 A1dzdg
1o Y AgAzA 7 727 | A1Aq4g " | AgAgAs
d=a, b=2b
Ty5(a,100) G(T3,a,b)=(ry,ro, 7~ r% = r% = (r)% = (rorrgr~lror r~lr rry )b =
F 11 =1; a>3,6>1)
G(O%,a,b) (r1,ro,m, mo,ml,mz,m;;—r% = r2 (r)® = (2) = % =
= m% = m% = (rzrr2r roryr” "l rry )b =mgrymgry; =
T MTQM Ty = MTIM3r] = mMyromory = mlrmor'1 = mzrmgr"1 =
=mgrmgr= =1, a>3, b62>1)
G(03,a,b)=(r1,r, 7,21, 291 =rd=(r)d=(rgrrar~Irgryr =l rry o=
rlzl'lr2zl =roz9712] =rzl'lrzl'1 = rzzrzz_1 =1; a>3,66>1)
Fig. 2 rlel,r2=hFlh,r=F'l; z1 = hmg, 29 = hmgy
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A .. |AoA243 ArAgdy
A14243 )" AgA14;
i=a, b=b
Is5(a,5b) G(94,8,b) = (r,s — (r)® = (s%rs~ =1, a>3,6>1
F.11 G(Oi,a,b) = (r,8,mg,my,mg, mg —m% = m% = m% = mg =(r)?® =
=(s2rs=1r = mgsmys~l =mysmgs~! =mgsmys~! =mgrm r-l=
= mzrmlr"l = m3rm3r'1 =1, a>3,b62>1)
G((’)Z,a,b) =(r,s,91,99— (r)% = (szrs'lr)b = gls‘lgls‘l =
=gps g7 s = girgir=gorgylr=1; 023, 621)
Fig. 2 s=h¥|, r=F; g1 =hmg, go=hmg
95 2. |Aod2A; . | A1Ag43
. ’ AoAlA " [AgAgA;s
Fig. 3 -
=a, b=2b
I's6(a,100) G(I5,a,0)=(r,z~(r)* = (zzr'lz‘lr)% =1 a>3,b6>1
F.7 G(0},a,b) = (r,z,mg, my, my, m3 —-m% = m% = m% = mg =r% =
= (z2r‘lz'1r)2b =mgzmgz~l = myzmyz~l = myzmgz~1 =
=myrmyr~! = mgrmar~l =mgzmgr~l=1; a>3,6>1)
G(0%,a,b) = (r,2,79,71,5 — rO = r% =r0 = (2r- 17102 = (2rg)2 =
=rlrrrg=zslar = rer~ls~l=1; a>3,8>1)
Fig. 4 z=mF, r=F, rg=mmy, ry =mmy, §=mm3
Ie "y [AOAIA.?] ry: [AOAIAZ] , [AoAzAs]
ApAzA; AgAgA; AjAxAg
a=a, b=2b L
ROt X} ","w, e
I'sg(a, 105) G(Tg,0,b=(ry,rg, 7 — r% = r% =(r)%= (rﬁlrrlr"ig-errmr'lr2)b =1;
F.7 a23,621)
G’(@é,a b) = (rq,rq,7, mo,ml,mz,m3—r¥ = r% =(r)% = mg = ml =
= m% = mg = (ryrryr” lrlrzrrgr‘lrz)b = mgrimgry = mqremgry =
= rlnorm1>r3 1b_>mll)r2m2r2 =mjrymgr) =m2rm2r’l = m3rm3r'l =
=1 429,02
G(0%,a,6) = (rq,r9,7,73,74,5 — rl2 = r% = rg = rZ =(r)?=
= (rlrrlr"lrl r2rr2r‘lr2)b = r'1r4rr3 S roSTITg = roryrITy =
=rlers~1=1; a>3, 8> 1)
Fig. 4 r =%, rg=mFm, r=F"1, r3=mm, r4 = mmg, s = mmg
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Tg

Lo [A2A1ds Lo | AoAzA
1 | A34049 | 2° | AgA1Aq

@ = 2a, b=2b

Tg3(2a,10b)
F.7

G(Tg.a,0) = (21,22 (21)20 = (2] L 202)® =15 422,021
G(0g(a,b) = (21,29, mg,my, mg, mg = (z;)%8 =m% =m% =m% =m§ =

—(,2,~1 2b -1 _ -1 _ 1
=(z32] 2021)*° = mozgmpzy " =mgzamyz; = myzamgzy =

= m221m3zl_1 =m121m0z1"1 = m3z1m2zl_1 =1 a>2,b>1)

Fig. 4

zy=mF, z9=Fm

ro: |A14243 ) T AgAgAz ) T A3AgA | [ A1dgAy
0° 41434y " T17 | AgA3Ag ' 27 [A34 4] T3 | A1 424

@ = 2a, b=2b

I‘15(2a, 106)
F.23

G(9g,a,b) =(rg,r1,72,73 —rg = r% = r% = rg =(rgr1)% =
= (1‘3r1r2r0r3r2r3r0r2r1)b =1, a>2,46>1)
o
G(0g,a,b) = (ro,rl,rg,r3,m0,m1,mz,m3,—rg :r% =r3 =r§ = m% =

=m} =mJ=md = (rgr1)® = (r3ryrarorararyrorary ) = morymory =
= myrom|ro = M3romyry = MT3mITy = Mirgmgry = Mor3mary =
=mgrim3ry =maergmarg=1; a>2, 1

10

.. |AoA2A3 s. |4od24; m: | A14243
" | AgAszAda |’ " |A1A4p4s |’ T |A1AgA3

d=4a, b=2

T'o5(4a, 105)
F.25

G(919,8,b) = (r,5,m —r> = m? = (rm)28 = (s?ms~2rs~Imsr)b =
=1, a>1,b2>1)

2 2 2

-~ m2 = - = m2 =
; 7 =mé=mi=mi=mj=
=m3y = (rm)?8 = (s2ms~2rs~1msr)t = mgrmor = mgsms~! =
mlsm3s‘1 =m2smos'1
=1; a>1,b2>1)

G(0y9,a,b) = (r,s,m,mqg,my,mg,mg —r

=mgrmgr=(mm)? =(mgm)? =(mym)? =

I

me |A3A0AL] L [AoArdr] . [A3A4p4,
U0 |A34140]0 "2 [AgAg4; |0 T | A2414

a=2a, b=2b

T'44(2a, 10b)
F.32

9 P -
G(T11,8,b)=(ry,re, 2= =rf =(2)% = (zrgz~r1z 7 ryryrpzr) )b =

=1 a>2,46>1)

G((Dll,a,b)=(r1,r2,z,m0,m1,m2,m3—r% =r% =(z)%8 =mg ::m% =

= m% = mg = (zrgz~lryz7 lrgr rozr) )b =mgremgry = mgrymsr] =
=mgrimiry =mromory :m;;zmgz'1 =mozmlz'1 =mgzm3z‘1 =

:1; aZ?,b_)_l)
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The equiconvergence theorems play an important role in the theory of
expansions. HORVATH, JOO and KOMORNIK proved a general theorem of
this nature for the one dimensional Schrédinger operator in {1] and their
result was extended for the operator Lu := u() in [4]. The aim of the
present paper is to prove a similar theorem for the operator Lu := u(™ 4
+qo(z)u® D 4+ gn{z)u.

Let G be an open interval (finite or infinite) on the real line, n a natural
number, g5 € LIIOC(G) (8 = 2,...,n) complex functions and consider the
differential operator:

Lu:=u{™ +q2(:z:)u(" D4 +an(z)u (n>2)

defined on H! (G). (Recall that, by definition, HE (G) is the set of all

complex functions v € LIQOC(G) having distributional derivatives in L?OC(G)
of order up to k.) Given a complex number A, the function u G - C, u=01s
called an eigenfunction of order —1 of the operator L with the eigenvalue
A. Furthermore, a function u G — C, u # 0 is called an eigenfunction
of order k£ (k =0,1,...) of the operator L with the eigenvalue A if the
function u* := Lu — Au is an eigenfunction of order (k — 1) with the same
eigenvalue A.

Let us now be given a complete and minimal system (uq) C L2(G) of

eigenfunctions of the operator L, denote by Ay (resp. oq) the eigenvalue
(resp. order) of uy and assume
(1) supog < 00,

a

(2) in case og >0, Aquq— Lug=uq,_1.

We introduce some notations:
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Index the n-th roots of Ay such that
Repy o 2 ... 2 Repna, Impyje >Impjy) o in case Repj o = Repji o

and put pa = pm,a, 0a = [Reuq|, va := [Impq|, where m = [1}1},

1, v>vua
(v, va) = %, v =vq

0, v<vq;
sinv(z—t
Whg(t) = { n(z~t) le—tj< R
0, |z —t| > R,

where £ € K, K is an arbitrary fixed compact interval K C G and R €
€ (0, dist( K,0G));

Ro
Dp,f = Rio /f(R)dR, 0 < Ry < dist(K,0G);
R

“ZQ
W(t):= Dpy(WR);
ou(fiz)i= ) (fiva)ual®)+ D "calf,va)ualz),
Va<v va=v

where ¢, are arbitrary constants, |cq| < C, and 3_* denotes the sum for
any subset of {a: vy = v}, fEL¥G), v>0, z€G, (va) is the dual system
of (uq) (i-e. (va) C L*(G) and (vg,uj) = & ;);

2+R

sifa= [

z—-R
where f € L%G), v>0,z+ R€eG;
Ky :={z € G: dist(z,K) < b},

where K C G is a compact interval and 0 < b < dist(K,0G). We prove the
following

sinv(y —z

)
y-n) SO

THEOREM Assume that (1), (2), g9 =0, uh =0 and

(3) sup Z 1<o0
>0 ¢ g <t+l

are fulfilled. Then the following three statements are equivalent:
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(a) For any compact interval K C G
SzP “va”LZ(G) : HuaHLz(K) <oo

(b) For any compact interval K C G and any subsum §_*
Jim, sup [S,(f,z) = ou(f,2)| =0

for every f € L*G) and every 0 < R < dist(K,3G).
(c) For every compact interval K C G and every subsum _*

VILI%OIIf - Uv(f)”LZ(K) =0
for every f € L¥G).

In the case of |Imy/An| < ¢, this statement was proved by V. A. IL'IN

in [8].

PROOF OF THE THEOREM (a)==(b). Denote wi,...,wn the n-th

roots of unity. Now let

tia(y) = ualy /Z

r p=l

2 etatp(U=T) . Q(r)dr

where
A =3 gy~ (o).

§=2
According to the definition of #4(y) and the equations

0=iwp=iwg=...=iw3_l, n=iw;
p=1 p=1 p=1 p=1

we have

(" 1)( (”"1)(:1:)

Gia(z) =ua(z), ig(z)=1ug(z),.

and
Y n ynehaw (y-7)
L (n~1 -1 - wyerarP
a0 V@) = ) a3 R Q)
z p=1 nha
further
y

i) = )+ Q) + 42 [ Y 2wl Q(r)ar =
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=P (1) + QW) + 1 (a(y) — va(v)) = u(¥) + Qv)+
Fatia(y) = Aattaly) = Aadia(y) + 19 (¥) + Q) = Aatia(y)]
4 () = Aatia(y).

Consequently iq(y) is a linear combination of the functions efe®1¥ . .|
eHan¥  We shall distinguish two cases:

a) nis even i.e. n=2m, m > 2;
b)nisoddie. n=2m-1,m>2.
a) We have for any 0 <t < R<s<2R,R>0:

ta(z) dalz+t)+ talz +2s)+ ta(z +ms)+
+iho(z ~t) +iq(z - 2s) +iq(z —ms)
o= 1 2chug ot 2ch2uq o3 2chmyg os
1 2chug ot 2ch2u9 o5 2chmug o3
1 2chpm at 2ch2pum o8 2chmpm qs

Hence, multiplying the first column by 2chuqt and subtracting from the

second one:

lia(z) fa(z+t)+ia(z—1)- da(z+25)+ fa(z +ms)+
—2hq(z)chpqt +ia(z —23) +iq(z —ms)
0= 1 2(chyq,qt — chuat) 2ch2u1 o8 2chmpuq o5
1 0 2ch2pqs 2chmpugs
Expanding this determinant according to the first row we get
(4) [Ba(z +1)+ Ga(z — t) — 2da(z)chpat]d(pa, s) =
= Z di(pa,s,t)[Ga(z + ks) + o (z — ks)].
0<k<m
F*#£1

Taking into account
ta(z+a)+ia(z—a) =
z+a .
=uq(z+a) + ua(z —a)+ / Z
x p=1

":lp_ Letatp(z+a=T) (1) dr —
a
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/ Z e”"wi’(z_“-f)Q(T)dr
1 npa :

roq P=1
we obtain
(5) [ua(z +t) + ua(z —t) = 2uqe(z)chpat]d(pa,s) =
D dilua,s,t)[ua(z +ks) +vale — ks))-
0<k<m
T#1
z+t n

pawp(z+t-1) -
—d(uars) [ 30— Q)+

r p=l @

n wpepuwp(z—t—r)

rdlpars) [ QM+ Y i)

=1 Ha 0<k<
z+ks woebawp(@+ks—1) Z 0n woehaWp(z—ks—T)
[ o —amar- [ Y],
z p=1 ha z—ks P=1 e
Denote

Qua, s) := e(MB1at+2Wm-1,0)8

Now we estimate dp{pq,s,t). In this determinant the minor corresponding
to the element 2(chu ot — chuqt) is in absolute value smaller than or equal

to
eRe(mpg o +(m—1)p3 4 t.t2a)s

further the minor corresponding to the element 2(chy; ot — chuqat) (1 <j <
<m —1)is in absolute value smaller than or equal to

eRe(muy ot Hm—j+2)pj_1 o Hm—J+1)p;41 o Hm=7)j 12,0+ - H38m—1,a+2Ha)s
This means that for the order of the terms dividing by Q(pq,s) we obtain
the following orders respectively:

IChl»‘l,at — chuqt|- eRe‘Zpas—R,e(mplvu-—pz’a —~M3,a=—Hm-1,a)8 <

< lehp1 at = chyqt| - eRePHas— 10,

|chuj ot — chugt|- eReZhas—Re((m—j+1)u;j a—Hj+1,a=~Hm=1,a)8 <

< chyj ot — chpat|- eReas—Redpjas () o5 cm1),
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On the other hand
clualt, 0Lt o
1

ot <
[ch#_),at Ch#aﬂ = CeRepJ-,at, > .
[#al

Using these estimates we obtain

(6) |do(pars:t)] < c|Q(pq, s)|eReHa=2im=1,0)8 .|y |2, 0t i
(7) Ido(sar $,)] < clQuar, )Mo —2m~t)etRetim-tal, ¢ r:-,
Now we estimate di(ua,s,t) for 2 < k < m. Repeating the method of

estimate of dy(ua, s,t) we obtain

~ 1

(8)  Idk(kar,t)| < clQar, s)|e™REHm=1a® - |uglt, 0<t< ol
[ 4
1

(9)  |dp(pars,t)] < c|Q(ua, s)le™Rehm— LastRepm_1at t>] ;
Ha

(2 € k £ m). Another estimate of dy,dj can be found in {2] without proof,
therefore we proved here a little more exact one. We have that

d(ﬂa,s) R
1o l/ Qpar) ™
if Ro 2 R 2 Rg/y >0 and l#al > A(Ry) > 2 where A(Ry) is a constant
depending on Ry only (see [2]). (It can be proved if we use that

; 2R
X ut RR,ep
(11) lR/c dtl IRF‘! ,

if ueC,Rep<0,R>0)
Now we estimate |{uq,w) — 8(v, vq)ua(z)|. We have
(12) (ua,w) = 6(v,va)ua(z) =
7 ¢
= Dy ([ 22 ua(z +1) ale ~ ) ~ 2uae)chmatldt) +
0

R
/ 2sin Vtch,uat

0

+Dp, —5(1/,1/0,)] dt)ua(:z:).
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Here ({3}, Lemma 3.2)

R
2sinvtchuqat 1+ lea |Ro
(13) IDRO(/__L@_ 8(v, ")dt)l (__._é’._)f_

nt 1+ (v—vge)?
0
We know that wp4m = —wp (p=1,...,m) hence
zn: Yp__ wppad _ f: Wp ,ewp“ab_e_wp#ab _zm:wPShU’p/‘ab
p=1 Mo =mua 2 e BT
so we obtain from (5)
(5%) [ua(z + 1) + ta(z — ) - 2ua(z)chpatld(iays) =
= > dilpa,5,t)[ta(z + ks) +ua(z ~ ks))—
0<k<m
FA
T+t ., X (= le =)
wpshpqwp(t - |z —
) [ Z pobiatplt = 2271 o yar
= Mpy
-t P
z+ks ., b (k ‘ |)
wpshuqwp(ks — |z -7
+ Y dipars,t) / Y Lpshbtatiplis - Q(r)dr =
2<k<m 22k P=1 Mpa
z+ms

== Z di(pa, s, t)ua(z + ks) + ua(z — ks)] +/D(pa,s,t, |z —r))Q(r)dr
0<k<m

4 z-ms
where
(14) D(,ua,s,t,lz ""TI) =
( w chpawp(ks—[: 1'[)
#a S t) Z =
2<kim * mu! 2m—1]
h .
d(jta,3) Z e e e Ly
= 9 h (ks—~
Z di(pa,s, t)z s ”"w”millz 1) ,if t<|z—71] <285
<k<m m#a
h ks—
#a,s ) Z wps pawp(ms_llz ri)
i<k<m ml‘a

if(j-1)s<|z—7|<7ss,3<j<m.
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For D(ua,s,t, |z — 7|) we have ([2], p. 277, without proof)

(15)  [D(kass,t,lz = 71| < clQ(pa, )| - lnal ™2™ min{1, [uat|} - e,

For the sake of completeness we give here the estimate of D(.). The
calculation is similar to the method of estimate of dy(uq,s,t). We shall
distinguish two cases

[lz-rl<t, [2]t<|z—7|<2s0r (jo~1)s< |z =7 <jgs, 3<jo<m.

[tz -rl<t.

We can write D(uq,s,t,|z — 7|) as a determinant, modified the de-
terminant on page 4 in the following way: for k = 2,3,...,m we change

m
fa(e k) +ialz —ks) to ‘”PS“";‘:';(,:S_}""“, we change iia(z + 1) +
p= a
m
+ Ga(z —t) — 24a(z)chuat to 3 prh“;:){,g__ilz_TD, we change Gq(z) to
p=1 o

0. We can write this determinant as the sum of m determinants in the
following way:

1 m
D(pa,s,t, |z —t|) = —7=7 ) wpx
atle-ty= 3t

0 shpqwp(t—|z—7|) shpawp(2s—|z—7|) ... shpqwp(ms—|z—7])
1 2(chpyat—chpqt) 2ch2p1 48 2chmug o8

*
1 0 2ch2pqs . 2chmpyqs

In this determinant there are many cancellations: e.g. if a product contains
ehpa(t=lz=7l) 3n4q ek,“q’“", then it is cancelled by the one where they are
replaced by ehg,a(K's=lz=7]) 3n4q etaol where bq,a = Tpawp. (We recall
that 2shz = e? —e™%, 2chz = e* + €¢7%.)

We shall prove the above estimate for all the m determinants, hence we
can suppose fg,a = Wpla. We denote pg = jig.o. Expand the determinant
as the signed sum of m + 1-member products when the members are taken
from different rows and columns of the matrix. Obviously we can suppose
that the last 1 digit is chosen from the first column.

1)1<g¢g<m-—1, |pat 2 1.

We know that ug occurs in the first and ¢ + 1-th row. Hence all the
products in the determinant can be pairwise added such that the sum of
any pair has the following form:
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i1) shug(t — |z — 7|)chkpugs — (chuqt — chpat)shug(ks — |z — 7|) multi-
plied by a summand of the corresponding subdeterminant (2 < k <m)
or

ip) shug(ks — |z — 7|)chlugs — shug(fs — |z — 7|)chkpugs multiplied by a
summand of the corresponding subdeterminant (2 < k < £ < m).

In case i;) we have

shug(t — |z — 7|)chkpgs — (chpuqt — chuat)shpug(ks — [z —7|) =
- ‘e#q(t—lz—ﬂ)ekyqs _ euqteuq(ks—lz—rl) + O(ek#qS) + O(eQaRek#qS) —
= O(CQQRek#qs).

The corresponding subdeterminant does not contain g4 in the exponents

and neither contains any ebh 7%, 1 < j <m. Hence this two-member sum
can be estimated as
O(etaRetran)o( T e*10%) = 0(e#*FQ(ua,s).

t#k
1(O#g

Analogously in is)
shug(ks — |z — 7{)chlugs — shpug(€s — |z — 7|)chkpugs = O(el"qs)

and in the corresponding subdeterminant there is no e/#9°, e#at, ekH; s ethss

(j=1,...,m). Hence the two-member sum can be estimated as
o(etra)o (et [ e10)°) = 0(Q(kass))
jFEkL
r(2)#7.9

i)1<g<m-—1, |uaft <1

Then the proof of i) can be repeated word for word, only in i) we
apply the trivial estimate \

shpqg(t — |z — 7|)chkpgs — (chpuqgt - chpat)shyq(ks —lz—7|)=
= O(|palt - e¥2°)

and in ip) the estimate churt — chuqt = O(e#?) is substituted by O(|uqlt).

ili) ¢ = m.

We expand the determinant as the sum of m + 1-member product. We
can suppose that shuq(t — |z —7|) is chosen from the second column and the

last 1 from the first column, and then the corresponding subdeterminant
can be trivially estimated by O(Q(uaq,3)). Since

clpalt i |palt <1
|shua(t — |z — ol)| <
“ cetaR if |yt >1
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the desired estimate is proved.

tS |z —7| <28 or (jg—1)s <|z—7|<jps for some 3 <jp < m.

In case t < |z — 7| < 25 the determinants defining D in case |1 has to
be modified such that shugwp(t — |z — 7|) is substituted by zero, in case
(Jo—1)s < |z — 7| < jos, we write also zeros instead of shuqwp(2s — |z —
=7}), ..., shpawr((jo —1)s — |z — 7|). In case ¢ = m all summands of the
determinant have been estimated by O(e?@RQ(uq,s)). If some elements
of the matrix are substituted by zero, the same estimate a fortiori holds.
Hence we can suppose ¢ <m —1.

i) lualt 2 1.

The first nonzero element in the first row is shug(jos — |z — 7[), where
Jo=21in case 7 < |t — 7| £ 2s. The first and the ¢ + 1-th row contain

exponents yg. Asin , we take pairwise the products, and we can again
suppose that the last 1 is chosen in the first column. We have the following
cases

i1) shpg(jos — [z — 7{)(chuqt — chpqt) multiplied by a product, where
there is not, e/0#7$ and e™#4% for 1 <r < ¢ —1. In case t< |z — 71| <23 we
have (by jp =2)
shuq(jos — |z — 7|)(chugt — chyqt) = O(ek1(23~etat) = O(e0%a)
and then the two-member sum is estimated as
()0 ( T *0)°) = 0(Qua,9)).
J#30
(5)#q
The same trick goes (even easier) if (jg —1)s < |z — 7] < jps.
i9) shuq(jos — |z —TI)Ch]l/.qu (where 2 < j; < jp) multiplied by a
product without e™#1%, eJokrs 1S (r =1, .. . m—1). Then
shug(jos — |z — 7|)chj1pgs = O(e“qsem‘m = O(eI0#e)

hence the whole product can be estimated as

o(eiorayo(etrt [ €#7)°) = O(Q(uars)).
' J#10:01
r(2)#q,r
i3) shuq(j1s — |e — 7[)chjapgs — shug(jas — |z — |)chj1pgs (where Jjo <
< j1 < j2 £ m) multiplied by a product without e™4%, eJ1hrS  giatrs
(r=1,...,m—1). This is exactly the case ig) of 1]
The above counting proves the estimate of D(pq,$,t,|z — 7|) for n even.
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From (5*) we obtain

(16)

and

lua(z +t) + ualz — t) — 2ua(z)chpat| - [d(pa,s)| <

< Y ldk(pars,t)l- [ua(z + ks) + va(z — ks)|+
0<k<m

kAL
z+ms
+ / ‘D(#avsat»lz—Tl)l‘lQ(T)IdT.
z—-ms
stng (6)? (7)» (8)7 (9), (15) we get
lua(z +t) + ua(z — t) — 2uq(z)chpat|- ’ig((l;‘:,i))“ <
< el Him=10)* ot Jual o0 Ky ) +
z+ms .
+C|#a|2°2mt . efa’ / |Q(r)|dr, f 0t < —
z—ms el
d{pq,
|Ua($ + t) + Ua(x - t) - 2ua($)chp,at‘ . ILQ_S(-%-G_,EZ)IT <

(17)

< ceMelha=Zimta)stRekim—Liat |jug || oo g, )+

x+ms
+elpal'2mecoo [ jQridr, it t> o

|pal
r-ms

If |pal > ma.x{l, 71{} then we obtain from (16) and (17)

R
ld(pa8)l [ |ualz+1) +ua(z —1t) — 2ug(z)chpat| |
t<
1Q(pa, )| t
0
z+ms
< ceRC(?ﬂa-?ﬂm—l,a)S . ”ua”LOO(szR) + Cl#a|1—2meeas / IQ(T)ldT+

z—ms

lbal  Re(2ua—24m-1,0)s+Repm—1,4R
Re#m—l,ae , “‘Ua”LOO(Kz

mR)+
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T+ms .
teljtal 2™ log |ualefe? / 1Q(r)ldr <
T—mMSs

< ceRelatitm—1, )t Resmta Ry oo e ot

z+ms
el =2™(1 + log | ual o / 1Q(-)ldr,
z—ms

where we used Repm_1,q > c1fpal (c1 > 0 is a constant). Using (10) we
have

R
as [

ua(z +1) +ua(z —t) — 2uqn(z)chuqt

dt < Ce‘Rel‘m-—l,aR.
: =

0
z+2mR
Re2 -
Nuall Loy, )€ 2H* R + clual' ™™ -log |uale?e= R / 1Q(7)ldr,
z-2mR

if |pal 2 A(Rp) 2 2.
We know ([2], (3)) that for any compact intervals K, K’ with K C K' C
C G, K CintK' there exists eg = ¢g( K, K') > 0 such that
1
19) il zoo(aeyelee! < Zluall 2 ey

We know also ([6], Theorem 2) that for any compact subinterval K of G
there exists a constant ¢ > 0 such that

20) [l zo(k) < o1+ lpal)lluallpoogr), (i=0,1,...).
Hence
z+2mR
(21) [ 100ldr < ol + lua)*™ el ooy
z~-2mR

Using (21) we obtain from (18)

R
e |

0

ua(z +1t) + ua(z —t) = 2uqg(z)chuqt
t

dt < .Ce"Rel‘m—l,aR

Re2paR Clos |kal

e2Repc,R’
|ta |2

Yluallzeo(x,, p)e luallzoo(k g, p)
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if |ual 2 A(Rp) 2 2.

We recall that Ry > R> %Q > 0. If we choose Ry > 0 such that 2R < ¢,
then according to (12), (13), (19), (22) we have for |uqa] > A(Rp) > 2

(23) I(ua, ) ’S(V Va)ua(z )|<

1 —Re loglﬂa|>

< — Hm—1 u_ZQ' . .
<(mamr* " Tnalt ) el

Now we prove the estimate analogous to (23) for {uqe]| < A(Rg). We know

that

R
(uo, W) = Dpy / ua(z+t)+ua(z—t)]smUt )=
0

= Dg, ([ua(z + R) + ua(z — R)] / Si:t"t dt) _
0

R t

~Dg, (/uﬁ,(z-{—t) —up(z—1)]- (/ Si::TdT)dt).
0 0

Here

/smutd'_'/smyd#'<c

According to (20) we ha.ve
(24) [{ua, W) < clluallzok gy i lHal < A(Ry).

Now we prove (a)==(b).
From (23), (24), (3) follows

Z] {ta, W) = 8(v, vaJua(2)| - [lvall 2(g) <

i Ug, W 5(14 Va)ua(z)‘ <

e ”“a“LZ(KI -

e o]
< CZ (___L___. +e~1lal§ + M) <cs,
a=1 1+ (v = va)? lwal? 7 =
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where c3 is a constant independent of v. Hence for any fixed z and v the
series

oo}
F(z,y):= ) _[(ues W) = 8(v, va)ua()|va(y)
a=1
is absolutely convergent in Lg(G) and

[ wal)F (2 3)dy = (e, W) = 800, vaYua2)
G

Since (uq) is complete and minimal therefore the Fourier-expansion is
unique. Hence

Flo,0) = W)= Y ua(@)oa@ -5 3. valz)oals)

Va <V “ va=v
and

—_ 1 —_—
sup sup ||[W(y) — ug(z)v S ua(z)v =M < oo.
sup sup | W(y) 3 welaly) =3 3 val EY)

Thus for every f € L?(G) we have

sup sup |Sy(f,z) ~ou(f,z)| < M”f”L2(G)
v>0zeK

for the variant of o, where 5. * = % > (f,va)ua(z). The same estimate
Vo=V
holds for any other o, as well, since

[(fsvadllua(z) S fllLyeyllvallLy(oyllvall Lo (k) <
Scellflizyeylvall Lyaylluall Lo (k1) < €l fllLy(6)-

Now it suffices to show that

Jim, sup [S,(1,2) = ou(f,2)] = 0

for any f from a dense subset of L2(G ). But this last property is satisfied
for any finite linear combination f of the eigenfunctions uq (lin (uq) is a
dense subspace, because then f is continuously differentiable and o, (f,z)=
f(z) for v sufficiently large, therefore one can apply a classical result of
the theory of Fourier-series ({8], p. 95). Hence in the case of n = 2m,
m=2,3,... (a)==(b) is proved.
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b) We have for any 0 <t < R<s<2R,R>0:

ila(z - t)+
fia(z —ms)..da(z —28) +ia(z +1)~ da(z +29). . 8a(z + (m+1)s)
i —2#g(z)chpat

- - 2 1
e MHLat zulv"’ e “l»a"...e(m+ )“1:0”

2(chpq ot —chpat)

0= e‘"“‘m—l,a’_”e"m‘m—l,a’ ez“m—l,a"_.e("‘+l)“m—l,a’ .

2(chtym 1,4t~ chpat)
e~mBas o ~luas 0 eas (m+1l)pas

- - 1
e MHmlad THmilal 2(chpm41,at — chuat) e2“’"+1'°”...e(m+ m+1,a

e~mHn,as | ~dun,as 2(ch#n,ai—chl£al) e2un,al o(m+l)unas

Expanding this determinant according to the first row we get

(4" [Ga(z —t) + Ga(z +1t) — 2{a(z)chpat]d(pq, s) =
= Y di(pars,t)ia(z +ks).
-m<k<m+1
k122
Taking into account the definition of 44 we obtain
(5") [ua(z —t) + ua(z +1) — 2ua(z)chpat)d(pa, s) =
z+t
= Y (a5, hualz + ks) = d(pa, ) / 3 22 ghaup(eHoThy(1)dr 4
-m<k<m+1 r p=1 Ha
Jkl22
T

n wpepawp(:-t-—‘r)

+d(#aa3)/z n n—1 Q(T)dT+

z—t p=1 «
z+ks
pawp(z+ks—T)
wpe
Y dlwast) [ Q)i
—-m<k<m+1 r p=1 Nha
Tki>2

Denote
Qpa,s) = ((Mm+1)p1 ot +28m,a~2hm 1,0~ ~MHn,a)s

Now we estimate di(pa,s,t). In this determinant the minor corresponding
to the element 2(chuj ot — chuat) is in absolute value smaller than
eRe((m+1)#2,0+ml‘3,a+-'-+2Pm+l,a_2l‘m+2,a_'--—(m"l)l‘ﬂ,a)s’
further the minor corresponding to the element 2(chu; ot — chuqat), (1 <
<j<m-=1,m+1<j<n)isin absolute value smaller than
Re((m+Du o+ +(m+1-j+2)p;1 o H(m+1=j+1)pj 41 o+ (m+1=7)p 400 0+,
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e~--+3I‘m,a+2#m+1,a—2#m+2,a—-~-"(m"l)ﬂn,a)s,
fl<j<m-1;
Re((m+1)ﬂ]’a+...+2}lm,a"2m+2'a*...—(m—l)ﬂn,a)s’ if] =m + 1;
eRe("H’1)/‘1,a+~'-+2/‘m,0-21‘m+],a-3/‘m+2,a_""(j—m)/‘j—l,a—(j”m+1)l‘j+l,a.

e'(i—m+2)/‘j+2,a‘--~*(m-1)#n,a)3’ ifm+1<j<n.

This means that for the order of the terms dividing by @Q(uq,s) we obtain
the following orders respectively:

‘Chl‘l,at — chpyqt|-
.eRe(B2,a+...tim,a—(m+1)u a+4l‘m+1 atbm+2,at-thn,a)s <
<lchuq ot —chuat| e ReZuy, o

|chpj ot — chpat|-
‘eRe(“(m*“1“i+1)l-‘j,a+l‘j+1,a+~-+l‘m,a+4I‘m+1,a+l‘m+2,a+--'+l‘n,a)3 <

< Jchpj ot — chuat|- e Rejas 51 <j<m-1;

[chpm+1,at — chpat]- eRe(ZHmt1.atim2,at. Fhina)s <

< |chpm+1,at — chpat|- eRe2hmt1,a8.
Ich‘uJ alt = Ch/‘ t’ Re((s+1~ m)“J athjt+l,at tin, a)s

Re2u; o5
)

<lchpj ot ~chpat|-e fm+1<j<n.

On the other hand
|chp;j ot = chuat| <

(where we used |Reuq| < [Repg 4|, k # m). Obviously Reppy—1 4 >0 and
Reum41,a <0, therefore

—~Re2 1
clualte 100, 0<t< Ly

—~Re2u) o5 «
- CeRel‘l,a(t'Qs)’

[chyi1 at ~ chpat] ¢
£ Tl
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if1<3<m-1 we have
—Re2u, 45 1
clualte net s <t
‘Ch,u N Ch,uatl . e—Re2}lJ"a3 < I.“al ==
) - ceR,epj’,_,(t—Zs), t> 1 .
]I‘a]’
if j =m+1 we have

~[Re2
c|ualte”[ReHm+1als, 0’<'t<h+al

Re2[.lm+l,a3 <
= celRepm.{_]’al-(t—?s), t> L

[¢htms1,at - chpat] ¢

if m+1<j<n we have

—|Re2p; o8 1

c|palte | ne 0<t<
L4 . Re2pj 08 o ’ Ha

|chytj ot — chpat] - < celR‘“J'r"l'(t_%),

Using these estimates we obtain

(8) Idk(ua,s,1)| S clQ(ua,o)|- (eTFPHmtas 4 ReBimeras) . gt

0t — 1
I/‘al
(9)
|dk(ﬁ‘a,3,t)| < c|Q(ya,s)| . (eRJe“m-l,a(t‘zs) + e'R'eFm+1,a|'(t"23)) t> l__l—l
Ha

Now we have that
/ /“0)3) R
(10 l/ 0ias) ™

if Ry> R2> Rp/2>0 and ll»‘aIZA(RO)Zz-
Next we estimate |{uq, W) — 8(v,va)ua(z)|. We have

(12) (va, W) — §(v,va)ua(z) =

R
t
/ s‘:t" [ua(z +1) + (e 1) - 2ua(z)chpatldt) +
0

R
/ 2 sin utchpat

0

+D Ro —68(v, ua)] dt) ua(z).
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We obtain from (5')

(25) [ua(z —t) + ua(z +t) — 2ua(z)chpat)d(pa,s) =
z+(m+1)s
= Y dlkestuaGrk)+ [ Dlastz-n)Qd,
i
where

D(pa,s,t,z—1)=

“a"’}’(z’H ) euaw,;(z+k.s-r)

#0’3) Z _’;n—l_—'{' Z dlc(:ua)s)t) Z = n—1 ’

Mo 2<k<m+1 p=1 MHa
H0<r—-z <t

wpe”a wp(z+ks—7)

Z dk(/‘aas t) Z n—1 )

2<k<m+1 p=1 Mo
ft<r—z<2s;

epawp(z+ks—7)

n
2 dk(/‘avs’t) 2 e n—1 )

j<k<m+l p=1 Mo

if(j-1)s<r-2<j83<j<m+1;

n euawp(z-t—r) w euawp(z+ka—r) :
d(ta,s) Z s > di(pass,t) Z e
=1 —m<lc< 2 r=1 Ha

f —t<r-2<0;

n wpeha wp(z+ks—71)

- Z dk(,uaasat) Z n—1 s

-m<k<~2 p=1 Mha
if —2s<r—-z< -t

w euawp(z+k.s—r)

n
- 2 dk(paas1t) Z 2 n—1 3

-m<k<j p=1 MHa
f(j-1)s<r—z<js, -m+1<j< -2
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Here we give the proof of the estimate

(15') ID(#mS t,x— T)| < C|Q(#aa )“#all—nmin{l, |#a|t} -ehlas,

This is a slightly modxﬁed version of [2], p. 275 (22 has been changed
to e™@as). With ¢2€2% the version of (15') does not hold for n = 3.

Begin the proof of (15') with

z<r<z+t.
Then D can be expressed in the following form

DZ

n/"a

0o . 0 P papliste=) | paupl(mii)ese=r)
e ™HlLat T #la? 2(ch#1,at_chunl) e#la’ e(m+1)“lv°”
e-'"‘.‘"v"’ e'z“:"v"" ‘Z(Chﬂﬂ.a;—chﬂa‘) . ez“"»d’ ... e(mtllun,as

Let again pq := pq,a := paWp. Fo]jowing the ideas used in case of n even,
we have the following cases in expanding the determinants

i) epqlt+z—7) -e~kies multiplied by a product where there is no ¢, 4
and e %47 for any r. If |uqlt <1 then
14570 = O(lualt), e™e* [ &0 = 0(Q(uars))

j#=k
r(1)#9

If |ua|t 21, then in case ¢ > m we have e“q(t"'"'—"):O(e"“R) andifg<m-—1,

then there exists j > 2 with r(j) >m +1, hence epa(t+27) g ~kiigs Jir(j)S

= O(e—k”’(j)sej"‘l") which shows that the whole product is O(Q(uaq,s)).
ii) ehe(t+z=7)ckugs _ oq(kstz—r), 2(chpgt — ch/,tat)] - 1 ELIOM

J#k
r(2)#g
If g<m -1, then this is O(ck”‘lse""R- 1 ew’(j)s) = O(eQaRQ(yas))
| j#k ,
r(7)#g

in case |uqlt > 1, and O(|ualt- ef#e® - [Te’#7)%) = O(|palt - Q(pa,s)) in
case |ug|t < 1. If g =m, then efbe(t+2=7)ckngs — O(claRekings) resp.
O(lualte*#s°) if |ualt 2 1 resp. <1. -

If ¢ > m +1 we estimate the expression in brackets by O(e"q(k”2R))
resp. O(ePt(¥5=2R)|, \4) if |palt > 1 resp. < 1. Since k is paired with
pq which has negative real part, there exists jo < —2 and r(j9) < m
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such that the factor ejo'u.’(i)s occurs in the product ii). Now we have
eHa(ks=2R) JOkr(5)° — O(I0H1(i)° . ¢2aR)  Indeed, if r(jy) < m —1, then
Repir(j,) > 0, Repg < 0, hence etg((k—jo)s—2R) _ o1) = O(e(k_jO)“’(jo))
and if r(jg) = m then eta((k=j0)s=2R) Hr(ig)J0=8)S _ (ug—pa)((k-jo)s—2R).

e~ 2Rpa = O(e‘2R“°) = O(e2"aR). Consequently we can estimate the
products ii) by

O(min{l, lalt) - e2ea ROk by TT ef'#ruw) -
J#k,Jg
r(7)#q
= O(min{1, |palt} - €2*" - Q(tar, 5)).

iii) era(kstz=T)egls _ ohg(ls+2=7) ohgks — § does not give new mem-
bers.

iv) epg(ks+z—=7) —pqls 2(chprt — chpat) ] TP (i)3.
ik~
r(7)#q,r

f(g<m—-1andr>m+1) resp. (¢>m+1and r <m—1) then
ePa((E=Os+2=T) (ch it — chpgt) = O(eP1¥5e Bt min{1, |pqlt}),

resp. O(e~Paf5elrkS min{1,|puqalt}), hence the whole product is estimated
by O(min{l, |ualt}@Q(¢a,3)). H(g=m and r >m+1) resp. (¢=m
and r < m —1) then we get ela{(F=O5+2=T)(ch t — chunt) = O(eheks —
—ehrtse2aR. min (1, |uqlt}), resp. O(e Halsehrks 20aRmin (1 |uqlt}). Let
now ¢ <m-—1and r <m —1. Then there exists j > 2 with #(j) > m+1
and then

e“q((k_l)s+:°T)(chyrt - ch,uat)ej‘u"(f)s =
= O(max{1, |palt}- e“qkse“'jse_e"f(j)s)

hence the whole product is O(max{1, |uq|t}Q(sa,s)). Finally let g>m+1
and 7 > m+ 1. Then there exists j < —2 with r(3) < m, hence

eha((b=Ds+a=7) ey, 4 ch,uat)ejpf(i)s -
O(min{1, |pqlt}- e-#qfsejursek#r(,')seuaR),
because after dividing with the exponentials we get
Halks+z—7) pr(=js=1) (i=R)r(j)s _ (Bg=pr(j))(ks+z—T)

eBr—Be()(=ds=1) | po(jy(z=T=1) _ 0(1)-0(1) - O(e2¢aRy,
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Thus the whole product iv) is O(min{1, |uq|t}e222RQ(uq,s)).

@I+t§'r_<_.r+25 orz+ (g9 ~1)s<r7<z+7ps,3<jp<m+1.

If £+t <7 <z+2s then in the determinants defining D we substitute
eHap(t+2=T) by zero: if z +|jg— 1)s < 7 < = + jgs then we substitute
ehawp(t+z=7) pawp(2s+z=7) cpawp((fo=1)s+2=7) by zeros. We deal
only with the products which are new with respect to the case 1).

i) era(ks+2=T)o(chpgt — chuqgt) ] €Hr0)°
j#k
(1)#q

If g<m—1, then e"‘l(ks'”_’.')(chyqt — chuat) = O(eP¥ min{1, |uqlt}),
hence the whole product is O{min{1, |uqa|t}@Q(ga,s)). If ¢ > m+1 then
there exasts j < —2 with 7(j) <m. Then :

eyq(ks-f-:l:—‘f) e]/‘r(j)s(ch“qt _ Chﬂat) =
= O(min{1, |uqlt}eFalksta=T=1) Thr(j)%y -
= O(min{1, |ﬂ't}e-""‘lsek"'(f)“7 -e/m+2)eas)
hence the whole product is O(min{1, |ualt}Q(ua,$)- e(m+2)eas),
ii) eHalksta=7)oligso(chy t — chugt)- []  €#70)° where 2< < jp<
JEkL
r(2)#qr
<k. Let r <m—1. Then in case Reug > 0 resp. Reuq < 0 we have
e#a((B+0s2=T) (chyyt — chysat) = O(min{1, |palt} e Haselbre),
resp. O(min{1,|pqlt} - e¥¥r3e%9%) (here we used ls+z —7 <0, ks +z —
—720). If r >m+1 then there exists j < —2 with r(j) < m. Hence if
Reuq > 0 resp. Repy <0, we have
e"‘l((k+e)s+z"')(ch;;rt _ chyat)ej“"'(j)s -

= O(min{1, |ualt} . ekhes . eel"'(j)sej#rseﬂeas),

resp. O(min{1, |palt) - 9 TFHr()Hibrs  gnoasy

so the whole product is O(min{1, |uq(t}e™?**Q(uq,3)). The estimate of D
is completely proved for z <. The case z > 7 can be dealt with similarly,
so the proof of (15') is complete.

From (25) we obtain
(2 + £) + (@ — 1) — 2ua(z)chpiat| - |d(jiars)| <
< Z ldk(ﬂavs’t)" ‘uﬂ(x+k3)|+

—m<k<m+1
Jk|>
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r+(m+1)s
s [ IDGas bz =)@,
z—ms
Using (8'), (9), (15') we get
(16)  Jua(e+1)+ua(z - t) — ua(z)chpat] - ieber?)l o
1Q(1ass)|
SC(C—Re2ﬂm—l,as+eRe2ﬂm+l,as).|#a|t. ““0”L°°(K(2m+2)3)+
z+(m+1)s
+elpa)? Mt eleals. / Q(T)|dr, f0<t< 1
2 e lpal
and
(17') [ua(z +1) + ua(zt) ~ 2ua(z)chuqt|- I%((}:Z—,,i))ll S
< c(eRerm=1.a(t=29) 1 ([Repum1,al-(1=29)). luallzoo(x om0y )
z+(m+1)s ,
+elpa)t eleals. / 1Q(r)|dr, i t> —1—
2 ms |pal

If |uo| > max{l,;lz} then we obtain from (16') and (17)

R
Ua(z + 1)+ ua(z —t) — 2ua(z)chuqt

ld(ua, s)l dt <
1Q(ka;, 3)| 5 t -
< C(C—ReZ#m—Las + eRe2#m+1,as). ”“0||L°°(K(2m+2)3)+
z+(m+1)s
R e
z—ms

eRel-‘m—l,a(R‘23) eRel‘m+1,a(R“‘23)
+c|pal + Nuallpeo (i )yt
Repm-1,a |Repm+1,al (2m+2)R
z+(m+1)s
+elpal! Moglualeleel [ jQ(riar <

r—ms
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<c (eRe#m—l,a(R"zs) + elRe#m+l,al'(R"23))

Nuall Lo 2m+2)R) T
z+(m+1)s

+elual (1 +oglual)elle [ 1Qrlar,
zT—ms

where we used Repm_1 o > c4lpta] and Repmy1 o < —C4lial (¢4 >01is a
constant).

Using (10') we have

R
(18) J

0
<c (C—Reﬂm—l,aR + eReF‘m+l,aR) .

ua(z + 1) + ua(z —t) ~ 2uq(z)chuqt

dt <
1

‘lua“Lw(K(2m+2)R)+

z+2(m+1)R
+elual “loglualees® [ (Q(rldr
z-2mR
if lual > A(Rp) > 2.
Using (20) we have
z+2(m+1)R
(21') [ 10 < o+ el ol gk
z—2mR

Using (21') we obtain from (18')

R
(22) [
0

<c¢ (C_Re/‘m-l,aR + eRel‘m+1,aR) . ‘

Ua(z +1) + ua(z — t) — 2ua(z)chuqt
t

dt <

luallL(Kymp)

Joglual 2ealR

| al2 “ua”LOO(K4mR)e

if lual 2 A(Rg) 2 2.

We recall that Ry > R> %Q > 0. If we choose Ry > 0 such that 2Ry < ¢
then according to (12'), (13), (19), (22) we have for |uq| > A(Ry) > 2

(23') Hua, W) — 8(v,va)ua(z)| < C((lT(;,‘lt‘,,';)T*'
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lo
te —Repy,_ 10,-2'0- +6Rel‘m+1 a10'+ |gll'|tg‘)-||ua||L K
Mo

Now we prove (a)=(b).
From (23'), (24), (3) follows

Z {ua, W) — 8(v,vq)ua(z)|- ”vQ”Lz(G’) s

o]

Z Um - &(v, Va)ua(x)l
-1 “ual|L2(1(' -
[e o]
1 - log |pa|
<c —_— e C4|#a|'20'+_______ < cs,
;((H(u-ua)? al? ) =7

where cg is a constant independent of v.
Introduce the function F(z,y) in the same way as we did in the case a).
Following the method applied for n even we obtain the statement

(a)==(b). Hence (a)==-(b) is proved completely.
(b)==(c): It follows from (b) that
Ulingol'su(f) - Uu(f)”LZ(K)_o
On the other hand it is a classical result that
)L%“f - SV(f)“L2(K) =0.
The statement is proved.
(c)==>(a): For every f € L%G) ||0'y(f)||L2(K), v =1,... is bounded.
Taking into account that Y * can be arbitrary, we get from here that
for all «,
{fsvadua( WMLy x) S cllfliye)y  f € L2(G).
Since sup ffZ;(G) =|jv 0”L2(G)’ we obtain (a).

feLy(G)
The proof of the Theorem is complete.
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SHORT PROOF TO A STRONG PARROTT THEOREM
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THEOREM 1. (Parrott’s theorem). Let H, K be Hilbert spaces, Hy C
C H, Ky C K be closed subspaces. Then if the operators Ty : Hy — K,
Té : H — Ko are any contractions satisfying

(1) Pk, Ty = Tj|Ha,
there exists a contraction operator T : H — K such that
(2) T, =T|Hy and Ty= Pg,T.

THEOREM 2. (Strong Parrott theorem). Let H, K be Hilbert spaces,
Hy, H) CH, Ky,K| C K be closed subspaces. Let Ty: Hy— K, Té :H— Ky
be any contractions satisfying
(3) Py, Ty = Tyl Hp-

Suppose moreover that V : H) — K is unitary operator and satisfies two
following identities

(4) P,V = Ty|H,

(5) Pk, To =V Py, |Hy.

Then there exists a contraction T : H — K such that
(6) To=T|Hy and Ty= Pg, T,

(7) V=T|H, and V*=T*K,.

PROOF. (reduction to Theorem 1). Let Hy: Hy + Hy, K9:= Ky + K,
and Ty : Hy — K, T : H — K9 be operators such that T operates on
Ho+ Hy ={ho+hy: hg € Hy, h1 € Hy} as follows

To(hg + hy) :=Tyhg + Vhy,
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the adjoint of T, Ry is defined on
Ko+ K= {k0+k1 cho € Kg, k1 € I\’l}

by Ro(ko + k1) :=(T}§)*ko + V*k1.
What we have to check is first that these are well-defined contractions,
second that Ty and Ty = R} satisfy identity (1).

Theorem 1 implies that (6) and (7) follow from (2) since Ty = T*| K9
1s just included in (2).
The first claim follows by the following estimation

I Toho+V hil|* = | Toholl* +(Pr, Toho, Vh1)+(Vhi, Px Toho)+ ||V hy||* =

2 [ Tyho |2+ (V Py ho, V'ha) +(Vhe,V Py o)+ V| =
= | Toholl> +(Py, ho, k1) + (h1, Py ho) + (1R [P <
< lholi® + (ho, k1) + (hi, ho) + (11| = T + R .
R9 is well-defined contraction by a similar (dual) reason. Finally to check
identity (1) is enough to prove that
(8) (To(hg + h1) ko + k1) = (ho + hy, Ro(kg + k1))
The left-hand side in (8) term to term use of (3), (5) and (4), is the very
same as the opposite:
(PryToho, ko) + (Prc, Toho, k1) + (Prcy Vi, ko) +(V Ay, k1) =
= (Toho, ko) + (V Py, ho, k1) + (Toht, ko) + (VR ky) =
= (ho + h1,(Tg) ko + V"ky).

REMARK. A recent construction for a proof of Parrott’s theorem is
given [6] as an application of (smallest) positive and self-adjoint operator
extensions (3], [4], ([5]). As a result this process yields (7], using middle
self-adjoint extension, a compact operator T in Theorem 1 whenever Ty
and Ty are both compact.
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1. Introduction

Besides some problems where fluctuations are considered and Fokker-
Planck equations naturally appear [4] we may be interested in a kind of
quantitative_analysis of the dynamics of the flow associated to a given
vector field V by the system z = (a:) We may be interested in the inten-
sity of its attractors and whether this intensity does not vary much under
perturbations which occur in many problems derived from mechanics, pop-
ulation dynamics etc. (4], [5]. It is useful to know the Zeeman Stability of a
vector field because this stability means the persistence of the intensity of
the attractors of its flow. This way we arrive at a Fokker—Planck equation
with e-diffusion whose steady state (sufficient conditions for existence and
uniqueness are given in [6}) is an ¢- -smoothing of a measure invariant with
respect to the flow associated to V with support over the attractors of
this flow. Then the existence of a neighbourhood B(V) for which every
vector field W € B(V) has a steady state diffeomorphic to the steady state
of V, means the persistence of the intensity of attraction and therefore a
kind of robustness of the domain of attraction, instead of the persistence
of the complete topological structure as in case of structural stability
in the Andronov-Pontriagin sense. In [6] the case of a gradient vector
field V = —grad(®) is studied by the Morse stability of its steady state
u(z,y) = N -exp(—®(z,y)/c) where fu may be chosen equal to 1 if certain
conditions on V or compacity over its domain hold. On the other hand,
because of the monotonicity of the exponential function we can reduce the
problem by Lemma 1 of [6] to the Morse stability of ®. If the vector field is

(=) Present address: Department of Mathematics, Faculty of Mechanical Engineering,
Budapest, 1521
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not a gradient, in other words, if the potential conditions are not fulfilled
the situation is usually more complicated. A class of vector fields will be
given such that the steady state of the associated Fokker-Planck equation
can be computed. We note that this class of vector fields contains some
interesting models of biology.

2. The Zeeman stability

Given a vector field V over a compact manifold M and given an & >0
our Fokker-Planck equation (FPE) with ¢-diffusion, ¢ > 0, associated, to
V is defined as

Ju

at

We say that V is ¢- -Zeeman stable if for every vector field belonging to some
C*®-neighbourhood of V the steady states of the respective FPE associated
are diffeomorphic. We say that V is Zeeman stable if it is ¢-Zeeman stable
for every small € > 0. finally, we say that the system z = V(z) is Zeeman
stable iff V is.

We note that a system of ordinary differential equations which has
only one finite non-degenerate equilibrium point and has a repeller at
infinity is Zeeman-stable. This follows from the existence Theorem 3 of
(6] and from the characterization of stable Morse functions of [1]. Clearly,
these statements are structurally stable in the Andronov-Pontriagin sense
if the equlhbnum point is hyperbolic. This occurs in the following case:
& = —z1 —az’y, § = —y where a > 0 which represents two species in the
process of extinction, the second of them killing of the first one.

= eAu — Div(u, V).

3. A class of vector flelds

Our main result is the following Theorem:

THEOREM 1. Let P = (p1,p2) be a two dimensional vector field such
that Div(P) =0. Let ® be a first integral of P and consider the vector
field

V =(Bz +api, By +ap2)
where B, o € CH(R?). If a(z,y) = w(®(z,y)) and B(z,y) = s(®(z,y)) for
arbitrary functions s, w € C1 then

R eAu- Div (u.V)
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has a steady state u(z,y) = Nexp(®(z,y)/¢).

Proor. (For 51mphc1ty in the proof we assume S(®(z,y)) = ®(z,y)).
We can put V = G+ R with G = grad®, R = (r,r2) and
ry =w(®(z,y))-p1(z,y), ra = w(®(z,y)) - p2(z,y) so that

1z,
eAu — Div {(é + R)u }-5Au~—Div(é.u)—Div(Ru)=
=¢eAu ~Div(G.u) - uDivR - R.Grad(u) =0

(z,y)-p1(z,y) + By(z,y).p2(z,¥) } +
(z,y)).Div(P) =0

is equivalent to eAu — Div (é u) = 0 because
Div(R) = w'(®(2,y)). { &z
+w(®

and we have R L Grad(u).

CoOROLLARY 1. Let f be a stable Morse function and suppose
[exp(f/e) < oo. Then the system & = fz —w(f)fy, ¥ = fy+w(f)fz is
Zeeman stable for every function w € C1.

PRrooOF. It follows from the Morse stability of u(z,y) = Nexp(f/¢).

4. Examples

a) In the system i=-z+yxl+y), y = -y —z(z? +y%) we can
take ®(z,y) = —(z? +y2)/‘7 and w(r) =r. Then the steady state of the
correspondlng Fokker-Planck equation with e-diffution is u(z,y)= N exp(—
—-(z +y2)/2¢). This system is structurally stable and Zeeman stable.

b) Consider the system z = -2z(1+ = Dyt §=2y(y? - 1)z?. It has
a steady state for its FPE with ¢-diffusion u(z,y) = N exp(—z2y2/e). Its

ritical points cover the coordinate axes 2 =0 and y = 0, hence they are
degenerate, thus, they are neither structurally nor Zeeman stable. The
following examples have applications in population dynamics.

¢) The Kolmogorov system # = z(1 — y?), § = —y(z2 - 1) has only
one rest point which i1s hyperbolic, so that it is structurally stable but
isn’t Zeeman stable because the steady state attached is u(z,y) =

-exp(—z?y?/2¢).

d) Consider & = z(y? — (1 + 2y, y = y(:z: +1-z y3) The corre-
sponding steady state u(z,y) = Nexp(— (J: y? — 1)2/46) is not a Morse
function, thus the system is not Zeeman stable but structurally stable.
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e) The following system which is defined on the torus: z = cos(z) +
+sin(y), ¥ = —sin(y) + cos(z) is structurally stable but not Zeeman stable
because the steady state has the same critical value in the two saddle
points. In Figures a) and b) the phase portraits are showed for the original
system and for the system associated to Grad (exp({sin(z) + cos(y)}/¢)).
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Let n € N*, 0 C R" be a bounded domain with a smooth boundary
and L the following symmetric second order linear differential operator

Z 0i(a;j0;u) + du,
1,j=1
where q;; € cl@), aj; = aji, 4, J=1,...,n; d€ C(R), d < 0 and suppose
that L is uniformly elliptic in . Let @ :=(0,4+00) x Q, I := [0, +00) x 59,
Qg := {0} x Q. .
Let us denote the eigenvalues of the homogeneous eigenvalue problem
with homogeneous Dirichlet boundary condition
, Lw+dw=0 inQ
(1) ol =
o
by Ar, k¥ € Nt (numbered in such a way that they form a monotone
nondecreasing sequence) and the corresponding eigenfunctions by wj. A;
is called the principal eigenvalue of (1).
Consider the following generalized initial-boundary value problem
Gpu—Lu=0 inQ
e “p =0
ul =
Qo

where ¢(0,z) := p(z) for z € Q with a given go € LQ(Q) Let &, k € Nt be
defined by

p= Zékwk in Q.
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Under the previous assumptions there exists a unique solution u €
HO 1(Q) of (2) which can be written in the form of a series (it is convergent
in the norm of H%1(Q)):

(3) u(t,z) = Z{ke_’\ktwk(z) for (t,z)€Q.

k=1

Let {:=1 +[ ], and suppose that {2 vha.s an [ times continuously
differentiable boundary if n> 1 ifn=1 then let I:=2 and § be a finite open
interval, a;; € C I=1Q), de ¢"=%Q). In this case the eigenfunctions of L

with the homogeneous Dirichlet boundary condition are continuous in .

Moreover, the solution of (2) given by the series (3) is C! in ¢ due to
the fact that there exist positive numbers C} and Cy such that

Cik¥" <2, < Cok?/™ for keNt,

and

4) dgu(t,z) == ) Eehpe Huy(z) for (t,2)€Q
k=1

(for these results see e.g. SIMON and BADERKO (8]). .

Results of NARASIMHAN [7] and FRIEDMAN [4] show that the solution of
‘the associated classical initial-boundary value problem with homogeneous
Dirichlet boundary condition tends to zero uniformly in § as ¢t tends to
infinity.

We will examine the monotonicity w1th resepct to time of the solu-
tion of (2).

Under the given assumptions the principal eigenvalue of L is simple and
the corresponding eigenfunction w; can be chosen as a positive function in
2 (see KREIN and RUTMAN [6] and CHICCO [1}).

THEOREM 1. Let u be the (unique) solution of the initial-boundary
value problem (2) with all the conditions given previously. Suppose that
the first Fourier coeflicient of ¢ is not equal to zero. Then for every z € Q
there exists a positive number T such that the function t — u(t,z), t > T
is strictly decreasing if £} > 0, and strictly increasing if {1 < 0.

Furthermore, if K C Q is compact then for z € K T can be chosen
independently of r.
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PRrooF. Using (4) we have
o0
dgu(t,z) = —eMwy(z) (em +em(am Ay T e Cem ot _Wk(”)
k=2 wi(z)
(5) for (t,z)€Q.

According to Theorem 8.15 in GILBARG and TRUDINGER [5] the weak
solution of the elliptic boundary value problem

{Lw=0 in Q

w =0

0N

is essentially bounded under our assumptions without the sign condition
for d. The bound only depends on the dimension of the space, the volume
of 2, the uniform ellipticity constant of L and the essential suprema of the
coefficients of L. Applying the proof of the above mentioned theorem to
the eigenvalue problem (1) with d+ A instead of d, it is easy to see that the
constant C in formula (8.36) in [5] is O(k'/2). Hence, following the proof
of formula (8.34) in the proof of Theorem 8.15 in (5], we actually prove the
existence of positive numbers M, s € RT such that

(6) esssup |wi| < Mk°, ke Nt
Q

(for the detailed proof see Theorem 3 in the Appendix).
Let z € Q be fixed. The series in (5) can be estimated as follows:

(7) io: {k/\ke—(/\k—-z\z)t . wk(x) < Ml io: |€k”/\k|v+le—(/\k—/\2)t
= wi(z) |~ wilz) (=

. ' . . . -1
with v:= §s and Mj := M/c]. Estimating the function z — gvtle 3%t by
its maximum on R*, we obtain

2042 v+l
et

Furthermore, there exist a positive integer ky and a positive real number
7 such that for every k¥ > ky and for all t >

(8) gl te Bt < (

log k
Ak =22

Thus estimating the first kg — 1 terms on the right-hand side of (7) by
using A — A9 > 0 and the remaining part by employing

(9) Ak—2X2>0 and t>2

vl Or—da)t = |/\k|v+1e—§xkte—§(xk—2,\2)t



142 T. PFEIL

and inequalities (8) and (9), we obtain for t > 7 and r € Q

10 - P S Py S G2
(10) kggﬁk ke oo | S
kﬂ v+1 o0
M
<o (Ztskthk4"+l+(2”;2) > ma%)‘
k=2 k=ko+1

The term in the right-hand side is independent of ¢ thus the second term
in the bracket in (5) tends to zerc, hence for ¢ large enough

sign{Opu(t, z)} = sign{—{1A1}.

If K C Qis compact then let § :=min{w;(z) : z€ K}. Replacing w;(z)
with § in the right hand-side of (10) shows that there exists an appropriate
T independent of z.

Theorem 1 is proved.

COROLLARY 1. Suppose that the conditions of Theorem 1 are fulfilled
and suppose in addition that there exist positive numbers N and r such
that '

(1) uis)

wy(z)
wi(z)
wl z

o
< Nk", ke Nt

< N‘/\;‘ for some N*, r* € RY).

Then there exists an appropriate T independent of z, only depending
on Q.

(i.e.

PROOF. The series in (5) can be estimated similarly to (7):

o0
3 g rge” M2t WhE)| ¢ e [Eelre ™ Tlem G2t
k=2 wi(z) k=2

therefore an argument similar to the proof of Theorem 1 leads to a T
independent of z.

o0

Corollary 1 is proved.

REMARK 1. Condition (11) and the continuity of the eigenfunctions is
true for the heat conduction equation defined in an n dimensional interval,
hence the assertion of Corollary 1 is also valid.

REMARK 2. Let us denote the outward normal direction by v. Suppose
that wy, € C%(§) then 8, w; < 0 holds in Q. (The condition is fulfilled if
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we assume in addition that 6Q € C', aj; € C'-1(Q) and d € C*-%(17), where
=3+ [g] and /:=4 if n=1). To ensure (11) we only need an estimate
for the essential supremum of J,w; on 02 similar to (6) for w; in 2.
Now assume that the first Fourier coefficient of ¢ in the initial-
boundary value problem (2) is zero. Denote the first non-zero Fourier
coefficient by £p, p > 1. Further let the zeros of wp be denoted by Zp.

Let u be the (unique) solution of problem (2).

THEOREM 2. Forevery z € ) there exists a T > 0 such that the function
t — u(t,z) is monotone on [T, +00).

Assuming the eigenvalue A corresponding to the eigenfunction wp to
be simple and z € Q\ Zp, T can be given such that the function t — u(t,z)
is strictly monotone on {T,+00). If pwp(x) > 0 then the function is
decreasing, and it is increasing if {pwp(z) < 0.

Moreover, if Ap is simple and K is a compact subset of a connected
component of 2\ Zp then a positive number T can be chosen for the

whole K.

PROOF. If wp(z) # 0 then using Jpu(t,z) =

. o]
= —e~luy(z) | EpAp + e~ Prr1—0)t E ﬁk,\ke—(/\k‘/\p)t.__wk(z)

k=p+1 wp(x)

the statement can be proved similarly to Theorem 1.

If either wp(z) = 0 or Ap is a multiple eigenvalue then the function
t — u(t,r) is constant zero or its monotonicity can be proved similarly,
—Agt

factoring out e for an appropriate q.

Theorem 2 is proved.

REMARK 3. Q\ Z; only consists of a finite number of connected com-
ponents, which is the last proposition in CHIcco [1]. It is worth mentioning
that Theorem 2 is also true for p=1, so it is a generalization of Theorem 1.

REMARK 4. A whole connected component of 2\ Zp cannot be taken
in Theorem 2 instead of a compact subset of a component as the following
example shows. Consider the one dimensional classical heat conduction
equation

Byu — O%u =0 in (0,+00) x (0,7)
(12) u(t,0) =u(t,7) =0 fort e R

u(0,z) =sin2z —sin3z  for z € (0, )
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The unique solution of (12) is

8t sin 3z, (t,z) € R* x (0,n).

According to Theorem 2 for any é >0 there exists T such that Jyu(¢,z) >0,
if t>T and z € (3+6,7~6). However for every t € R* there exists
zg € (§,7) such that dyu(t,zg) < 0.

REMARK 5. For the heat conduction equation in the one dimensional
case there are estimates for T given for the whole interval (see [3}).

u(t,z) =e sin2z —e”

REMARK 6. Several results are known for the monotonicity in time of
the numerical solution of the one dimensional heat conduction problem.
Certain conditions are given on the choice of the discretization parameters
to ensure the monotonicity in time for the finite difference method in
SAMARSKII [9], for the finite element method in FARAGO [2].

Appendix

Here we give a possible proof for formula (6), i.e. an upper bound
for the essential supremum of the eigenfunctions wj of (1) depending on
k. This proof was obtained by supplementing the proof of Theorem 8.15
in [5]. '

THEOREM 3. Let L be a uniformly elliptic operator with its principal
part in divergence form on a bounded domain (¥ and a;;, d € L*(gq). There
exist positive numbers M, s € R* such that for the normed eigenfunctions
wy of (1)

(13) esssuplwg| < MES,  keNt
Q

(i.e. esssupjwg| < M‘/\i. for some M*, s* ¢ RY).
Q

PROOF. Let ¢ be a real number satisfying ¢ > n, further wz' =
= max{w,0}, w, := min{wg,0} and di :=d+ Ag.
For #>1 and N € Nt define a function H on [0,+00) by

P if z € [0,N]
H(z):=
BNP-Y(z —N)+ NP if z€(N,+)
In the proof of Theorem 8.15 in [5] the existence of a positive constant C}
is proved fulfilling the following inequality:

1/2
”H 0 wz-”LZﬁ/(fl—Z)(Q) < Clndk”L/q/z(Q)”(Hl ° wz-)wz-”LZQ/(q—Z)(Q)v
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where i =n if n > 2 and 7 is between 2 and ¢ for n = 2. C| depends on n,
the volume of the domain and the uniform ellipticity constant.

Using
ld+ Mell a2y < Il pasz gy + Aevol( )9 < Codpvol()7 = CEA

(C9 and Cjy are appropriate constants) we have a modification of formula

(8.36) in [5]:

1/2
“Howz_”Lﬁz/(ﬁ—‘ )( ) = < C3’\k “ ow:)w:Hqu/(q_z)(Q).
Proceeding as in the original proof we obtain a version of formula (8.37)
in [5] as N — +oo:

1/ﬁ/\1/2ﬂ“

||wk ||L/3xq @)= < (C38) +||Lﬂq*(9)>

where ¢* := 2¢q/(g —2) and x :=n(qg—2)/q(7 —2) > 1. The iteration of
LP-norms (8 = x™, m=0,1,2,...) leads to the estimate

1/2\y
”U)Z_HLXM S H (C Xm/\ / ) Hwk “Lq @) S < C4)\ ||wz'||th(Q)’
=0
e}
00 my~™
where ¢ := ) x™™ and (4 := C§xm=0 . Therefore by letting

M — 400 we obtain

o 2
essgupw,c S Gy, / [wZ'HLq:(Q).

Further, by using the interpolation inequality (7.10) in [5] we have

esssupw: < C'g,z\‘,:(;hq)/“||w,c ||L2 Q)
Q

where p is an appropriate constant only depending on ¢* (Cs5 is also a
constant).

A similar inequality can be proved for w,’, so we obtain (13).
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Let © > 1 be an arbitrary real number, 0 < z < 1 and consider the
greedy expansion of z:
| 2
Ir= - -5 e
0 o2

where z; are integers and 0<z; <0 (1 =1,2,...).

Denote Dg the set of digit sequences (z;) of the greedy expansions of all
z € [0,1) furthermore denote Sg the closure of Dg in the topology of N*V.
The convergence in this topology means that more and more coordinates
become constant, hence (sq,s9,...) € Sg if and only if for every n € N
(natural number) there exists an element of Dg beginning with s1,...,sn.
In this case the sequence s1,...,sy itself is the greedy expansion of

S S
Al 42

0 on <1

hence
(1) (Sn){° € S <> (s1,...,3n) € Dg forevery ne N.
Denote dg(1) the greedy expansion of 1. We have

THEOREM 1. If dg(1) is infinite i.e. contains infinitely many nonzero
digits, then Sg consists of exactly the following elements

1. all elements of Dg,

2. dg(1),

3. the sequences of the following form: take a finite sequence of Dg,
diminish the last digit by 1, and shift dg(1) such that it begins
at the position after the diminished digit (in other words, the
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sequences (Y1,..,Yg—1,¥k — L,t1,t0,...) if (y1,...,4x) € Dg and
do(1) =(t1,t9,...) and yg > 1.

If dg(1) is finite, dg(1) = (t1,...,tr) then let
dé(l) =(t1,..estp1,tr —1)¥
and the same statements holds if we change dg(1) by dg(1):

THEOREM 2. Ifdg(1) is finite then Sg consists of exactly the following
sequences

1. all elements of Dg,

2. d3(1),

3. all sequences (yi1,...,Yp_1,Yk — 1,(t1,---stp—1,tr —1)¥) where
(1, .-+ yk) € Do and yp > 1.

In particular; dg(1) ¢ Sg in this case.

PROOF OF THEOREM 1. a) The indicated sequences belong to Sg. To
see this, use (1). It is clear for the elements of Dg and also for dg(1).
Take a greedy expansion

Y1 Yk
1 ==+4...+—
then
oy Yk-1 , Yk —1 t to _
y—6-+.‘.+ek_1+ oF +@k+1+@k+2+"'—y'

The first N digits will belong to Dg. Indeed, the corresponding sum is
<y <1 and ask for the first digit which is not the largest possible. If we
increase first one of the first £ — 1-th digit, the sum will be greater than y
because (1) is greedy. The k-th digit can not be increased since our sum
is < y which contradicts to (1). On the other hand
t]_ ts
Qk+1 ot Qk+s
is a greedy expansion, hence the later digits can not be increased as well.
by) If (sn) € Sg and 18 + 572- +... <1 is not greedy, then
(2) (3n) =(S1,-++48k—1,5k,t1,t2,...) for some k and
(S1y-++,8k—1,5k41) Is greedy.
Indeed, since (sn) is not greedy, there is a first index k where s; can
be increased. Since s; can not be increased in the greedy expansions

%+...+%%-,N2k,i.e.

s Sp—1  Sp+1l _ 51 SN
—-+... —=+...+ —,VN
@+ +@lc—1+ oF >@+ +@N’ )
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the only possibility is that s; can be increased by 1 and

S Sk sr+1 s Sk 8 S
S Skl sk fl s k=1 Sk Skt1

o oF-1 gk T @ ok gE gk T
where the left hand side is greedy. Since (s1,...,s) is greedy for every N,
it follows that

Sk+1 |, Sk+2
1=
o o

is greedy, i.e. sp ) =11,5p42 =19,... .

[o,¢]
bo) If (sn) € So and Y_sn/O" =1, then (sn) = (tn) = dg(1). Indeed,
1

+...

suppose indirectly that (sn) is not greedy i.e. that there exists a first &
with

§1 Sp1  sp+1
(3) §+...+-é¢—_—1-+ oF <1
and then (3) is greedy, consequently we have < 1 (strong inequality) in (3).

oo
Since 3~ sn/O" =1, then there exists N with
1

[o 0]
$1 Sp_1 | Sp+1 Sn
ot TR ok Zl on

o]
which contradicts to the fact that ) s,/O" is greedy. Theorem 1 is
1
proved. J
PROOF OF THEOREM 2. a) The indicated sequences belong to Sg.
Consider first (sn) = dg(1). We have to prove that (sy,...,sy) € Dg for

every N. The first » — 1 digits can not be increased since 1 = % +...+ g?
is greedy; the r-th digit can not be increased since

$1 SN t] tr

=+, t==<l==+. =

o TN <ttt
Now s,4; = s;, hence we see by induction on N that (sy,...,sy) € Dg
indeed. Next consider a sequence

(Sn)z(yl)"'yyk—-lvyk_lv(tlv"'str-lvtr"‘1)w)
with some (y1,...,y;) € Dg. From

S v1 Ve _ o
;sn/e" < §+...+é—2=;sn/®"
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we get that the first k digits in (s1,...,sy) can not be increased. Hence
we arrive to the statement (already proved) that the finite sequences cut
from diy(1) are greedy.

o0
by) If (sn) € Sg and Esn/@" =1 then (sn) = dgy(1). Indeed, since

do(1) is finite, by (%) (sn) 76 de(1) hence is not greedy. Let k be the first
digit for which

$1 Sp—1  Sp+1
Since (s1,...,5x) is greedy, hence
‘é‘-f' +6k—‘-+ >an/@ Vn
and then é +...+ —F— + —k—E— =1 which is greedy. Consequently k =r
and s; =1t1, ..., sp =tr — 1. From here we get (s5r41,5r49,...) € Sg and
oQ

zl:sr+n/®" =1, so we get repeating the argument that (s) = dg(1).
o0
by) If (sn) € Sg is not greedy and ) sp/O" < 1 then
1

(Sn)‘:(yl,---’yk-—l,yk—lv(tl’-nvtr—l,tr—l)w)
with some (y1,...,y;) € Dg. Indeed, let k be the first digit with

sk+1

Sk-1
(4) L + ot g

o) <an/®n(< 1).

Since (s1,...,8y) is greedy, é +...+ —F— + ‘LE‘ > Esn/G", hence in (4)
1
equality holds and on the left we have a greedy expansion; we denote Y=

=81,...,Yp_1 =5k _1,and yp = st + 1. From (4) we get that l—zsk_,,n/@"

and all finite sequences (sg,q,...,5;4 ) belong to Dg. From bl) we get
that (sgyn) = dg(1). Theorem 2 is proved. O
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1. Introduction

The gradient method is commonly used for the approximate solution
of linear functional equations. KANTOROVICH, L. V. proved (see (1] and
[2], Ch. XV.) that if we have an equation Az =y in a Hilbert space H with
a bounded self-adjoint operator A € B(H) having bounds 0 <m < M < co,
the method yields a sequence of approximations converging to the solution
with the speed of the geometric sequence. In this paper the method is
extended to the case of unbounded linear operators which are symmetric
and have a lower bound m > 0; the result for the speed of convergence
remains similar to the bounded case. Finally some applications are shown.

2. The method in a Hilbert space

Let us consider the equation Az =y (y € R(A)) with a densely defined
symmetric operator 4 in a Hilbert space H having a positive lower bound
mg (this also implies that the solution is unique.) We introduce another
injective operator B and determine a new Hilbert space on which B~1A4
will prove to be the restriction of a bounded operator.

Therefore let B be a symmetric operator in H with the following
properties:

(1) D(B) = D(A), R(B) C R(4)
(2) there exist M > m > 0 such that for every z € D(B)

m(Bz,z) < (Az,z) < M(Bz,z).

This operator also has a positive lower bound p = my/M.
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There always exists such a B, e.g. A itself would do. As a third
property of B, we also expect the equations of the kind Br =y to be
much easier to solve — without iteration, possibly with a formula — than
Az =y. The existence of such operators is proved in some special cases
(see the applications in section 3).

THEOREM 1. For an arbitrary symmetric operator B in H with prop-
erties (1) and (2) there exists a Hilbert space Hg (containing D(B) as
a subspace in vector space sense) and a bounded, positively definite and
self-adjoint operator C € B(Hp) such that C\ppy = B~l4.

PROOF. For z,y € D(B) let [z,y] := (Bz,y). The corresponding norm
is denoted by |z|. The symmetricity and the positive lower bound of B
imply the scalar product properties for | , ] and also the inequality

(3) |z 2 /pllz|

between the two norms. Hence a Cauchy sequence in the new norm is a
Cauchy sequence in the original norm as well, therefore it converges to an
element of H. Thus the completion of the space (D(B),]| |) can obviously
be given as

Hpg:=(z € H: there exists a Cauchy sequence (z5)C D(B) in the norm | |
which converges to z in the nerm || ||.)

In addition, inequality (3) can be extended from D(B) to Hp.

Now let us consider the bilinear form (z,y) — (Az,y) on D(B) x D(B).
Using the Cauchy-Schwarz inequality for this form thought of as a scalar
product and property (2) of B, we receive |(Az,y}| < M|z|ly|, that is, this
bilinear form is continuous with respect to the | | norm topology. It can
be easily extended to a form ¢ : Hg x Hg — C which remains continuous
with the same bound: |p(z,y)| < M|z|ly|.

" Therefore we may apply the Riesz representation theorem in order to
obtain a bounded linear operator C': Hg — Hp so that for every ¢,y € Hg
¢(z,y) = [Cz,y| is valid. This operator has useful properties: since ¢ was
generated by A on D(B) and defined by continuous extension on Hg, C
inherits the symmetricity of 4, which means that it is even self-adjoint,
being defined on the whole space Hg. Furthermore, relation (2) between
A and B is equivalent to

(4) mlz* < [Cz,2] < Mlz[?

for any ¢ € D(B) and, owing to the continuity of C, for every z € Hp as
well. This means

(5) m<mg<Mc<M for the bounds m¢ and My of C.
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Now it is left to prove that C is the extension of B~1A (the latter
makes sense because of the assumption R(B) C R(A)). By definition, for
every ¢,y € D(B)

[Cz,y] = ¢(z,y) = (Az,y) = (BB~ Az, y) = B~ 4z,y],
which, as D(B) is dense in Hpg, means that
Cz=B"'4z (z€D(B))

The theorem is proved.

Having received the bounded extension of B~1A, we can now turn
to the way in which the gradient method can be used. Owing to (6) we
can write the equation Az =y in the form BCzr = y. Now first we solve
Bz =y, which was supposed to be easy (y € R(B) follows from y € R(A)
and R(A) C R(B)), then, having got z, we have to find the solution of
Cz = z. Inequalities (4) and (5) show that C is just of the type on Hpg for
which the gradient method for bounded operators can be used in order to
solve equations of the kind Cr = z (see [2], Ch. XV. 1.2-3). The iteration
in this setting will be as follows: beginning with zg € D(B) and supposing
to have found z,_1,

(7) In  =Tp-1 +tn2n Wlth

(8) zn=—(Czp_1—2z) and
o 12n|2

(9) tn = Comrnl’

The sequence (z5) tends to the solution z* with the speed given by the
estimate

1 Mo -me]"
(10) |en —2*| < —|Czg — 2| [__C____Q_} .

mc Mc+mc

However, these formulae are not really useful in this form since they contain
the new norm and the hardly determinable operator C together with its
unknown bounds. We now get round this inconvenience.

The sequence (z5) remains in D(B?: supposing rp—1 € D(B), Czp_1 =
= B~ lAz,_; implies Cz,_1 € R(B~1) = D(B), hence z € D(B) implies
zn € D(B); this leads to z, € D(B).

This allows us to express the formulae of the iteration with the help
of the original operators and scalar product. First, since z, € D(B), B
can be applied to (8), thus Bzn = BCzp_1 — Bz = Az, | —y =: wp. This
means that the equation

BZn = Wn
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has to be solved in each step (an easy task by assumption). The constant
typ will be of the form

Izn‘2 _ (an,2n> =(an»zn>
[Czn,2n]  (BCzp,2n) (Azn,zn)

We still have to see that the convergence can also be expressed with
the help of the original norm.

tn =

THEOREM 2. Let ¢ € D(B) and zp, :=z,,_) + tnzn, supposed that z,

is the solution of the equation Bzp = Az,_| —y and tp := ﬁz" ’j: Then
In,
Azg—vy|| [M —-m
11 Y- < I
(1) =" = 2nll < mp M+m

PROOF. Inequality (10) has to be used. For the left hand side
lz* — za| < 711->|x* — zp| is valid, since z* -z, € D(A) = D(B). Thus
we have to give an upper estimate for the right hand side.

First, |Czg —2|*=|B~}(Azy ~ y)l2 (Azg—y, B~ (Azg —y)) < || B7|
|Azy— y{f2 and here we have ||B~!|| <1 5 from (Bz, z) > pllz||? for z € D(B).
Hence |Czg—z| < 71’-)||Aa:0 —y||. On the other hand, m <mgo < Mg <M

_ n n
implies that Mg-m < M——M—m . These estimates lead directly to the
ctme +m
desired inequality.

REMARK. At the beginning of this section we assumed that y € R(A).
This can be omitted if we use Friedrichs’s theorem (see [3]): every sym-
metric operator S in H with a positive lower bound has a self-adjoint
extension 5, also with a positive lower bound, for which D(5) C Hg (a
space constructed similarly to Hg) and R(S) H. Applying this theorem
to A, we see that for arbitrary y € H the equation Az = y always has a
generalized solution, i.e. € D(A) with A% =y. If we restrict ourselves
to y € R(B) then the sequence (z,) will remain in D(B) just like before
(the arguments used there remain valid), but this result will be lost if an
arbitrary y € H is allowed. Then at the n-th step of the iteration we only
have a generalized solution for Bz, = Az, — y (considering the Friedrichs
extension B of B). In this case it can be seen that (z,,) remains in D(B).

3. Some applications to differential equations

The extension of the gradient method to unbounded operators enables
us to apply it to some types of symmetric differential equations. We show in
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this section that in the case of second order ordinary and elliptic equations
there exists an appropriate operator B of the kind required in the abstract
setting.

a) Ordinary case. -

Let I:=[a,b] C R and let p and ¢ be real-valued functions in C}(I)
and C(I), respectively, with p(z) > m > 0 and ¢(z) > 0 for z € I. Define
L as the following differential operator of Sturm form: D(L) := Cg(I )=
={ye C¥I):y(a) =y(b) =0} c L2(I) and Ly := —(py')' + qy. Then L is
a densely defined operator in L2(I), it is symmetric and the lower bounds
for p and ¢ imply a positive lower bound for L. (To see this, we can
use the following formulae: integrating by parts and using the boundary
conditions, we get

b

b
(12) / (Ly)y = / oIy 2+ alyl?).

a

Further, for y € C1(I) with y(a) = y(b) = 0, hence in D(L) too

b 9 b
(15) Jurs(=2) fwe

T
is valid, which is easily proved from the inequality 0< [ |/(z)—y(z)ctgz|?dz
0

and integration by parts.)

Besides, it is known that for every f € C(I) the equation Ly = f has
a solution in D(L), so C(I) C R(L); this means (with R(L) C C(I), which
is obvious) that R(L) = C(I).

The solution of Ly = f is always unique owing to the positive lower
bound of L. Wishing to use the gradient method for determining y, we
introduce By := —y” with D(B) := D(L).

The operator B is also of the type of L with p=1 and ¢ =0, therefore it
is symmetric and R(B)= R(L) = C(I); these facts mean that only property
(2) for B is left to be proved.

Applied to the operator B, equation (12) means

b b
(14) [iBvw= [,
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Using this together with (12) and (13) and letting M := mIaxp+ Q—_T;‘lmlaxq,
we have m(By,y) < (Ly,y) < M(By,y), which means that B is of the
desired type indeed.

The nth step of the iteration is yn = y,_1 + tnzn, where 2z, is the
solution of Bzp = g := Ly,—1 — f (the smoothness assumptions for f and
the coeflicients of L imply that g, € C(I)). Thus our task is to solve
—2h =gp in Cg(I ), which is easily done by the formula

z t bt
T—a
o] foizz ] o
a a a a

Finally, supposed we started from yp := 0, (10) now means

. < M-m]®
llyn —y “L2(1)_C Mim
. Hf”L?(]) . i .
with ¢:= ———=(b—a)M, using the fact that in this case p=my/M =
=mn/(b—a)M.

b) Elliptic case

Let 0 < a <1 and let 2 C R™ be a bounded domain with a boundary
00 C C%2 (that is, the 2nd partial derivatives are Lipschitz-a-continuous).
Now our operator will be (densely) defined as

D(A):=(ue C*(@Q): upq=0)
and
n
Au:=— Z 0i(a;j0ju) + qu,
1,j=1
where a;; € cloQ), a;j =aj; (1,7 =1,...,n) and the operator is uniformly
elliptic:

n n n

mZ|z,~|2 < Z a;;(2)2Z5| < m'Z[ziI2 (zeQ,zeC?)
=1 1,j=1 =1

with some m, m’ > 0; finally, let ¢ € Lip®(Q) and ¢ > 0. Then D(A) is dense

in L2(Q); further, A is symmetric and has m as a positive lower bound.

The reason for always assuming Lipschitz-a property on  instead of
simple continuity on 2 is that analogue of the existence theorem in the
ordinary case does not hold, i.e. the equation Au = f with f € C(Q2) (and
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coefficients of 4 in C1(Q) and C()) cannot always be solved in Cc3(Q).
However, we have a similar theorem with f € Lip®(Q?) and with our stronger
assumptions for the coefficients of 4 which yields a solution in C%%({2) (see

MIrANDA, C. [4]). This solution is unique, since A is injective.

REMARK. For n =2, @ = 5(0,1) and a diagonal matrix [a,;] (that is,
for an operator of the form —8)(ad u) — &(bdyu) + qu with a,b e C1(Q)
with positive lower bounds on Q, ¢ € C(Q)) KANTOROVICH, L. V. and
AkiLov, G. P. (2] reduce the problem to the bounded case, using the fact
that in this case A™!A is bounded, self-adjoint and has a positive lower
bound on the space HOQ(Q). Now we apply the modified method to an
arbitrary uniformly elliptic operator.

The role of B is played by Bu =: —Au with the domain D(B):= D(A).
Similarly to the ordinary case, B is the special case of the type of A
(laij] = I,q = 0), thus it is symmetric and has a positive lower bound.
To prove property (2), we use the following formulae:

Juawa= [ [znja,-j(a,-u>(aja>+qlu|2 o[- [ S sul?
Q QU Q Q =1

1=1
(consequences of the homogeneous boundary conditions), and

Jutsaf 3 5
Q q =1

with ¢; > 0 (see [5), Ch.11. §A). Then uniform ellipticity and ¢ > 0 imply
m(Bu,u) < (Au,u) < M(Bu,u) with M := K-}-clméa.xq. Thus we are

allowed to use our method since the conditions for the domains and ranges
of A and B are fulfilled, the first by definition, the latter because of the
theorem quoted after defining A, implying R(4) = R(B) = Lip*({2) (for

this we also need the fact that R(A) C Lip®(£2), which is obvious from the
smoothness of the coefficients).

In order to determjneﬁn :=Up_1—tnzn, we now need to solve —Az, =
= gn = Aun — f in C?%(Q}) with the boundary condition zZnjaq = 0.

The smoothness assumptions for f and the coefficients of A imply that
gn € Lip®(§2). The solution can be given by an integral formula if the Green
function is known for 2, e.g. in the case of a ball or a rectangular domain
etc. The solution can be simplified further (avoiding the use of Green
functions) if the coeflicients are functions of special form. For polynomial
coefficients, KANTOROVICH and AKILOV (see [2], Ch. XV.) show an easy
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method by lookmg for the solution of Ap = ¢ in S(0,1) C R? in the form
p(z,y) = (22 +y* - 1)r(z,y) with grr = grg.

The estimate for the speed of convergence (starting again from ug:=0)
is

M—m]"

|lun— u‘”L2(Q) <c [M T

Q
with ¢c:= Mgg—(—)clM, using that now p=my/M =m/c1 M.

REMARK. Similar considerations show the applicability of the method
for higher order symmetric equations both in the ordinary and elliptic case,
namely, for the following types:

a) a 2n-th order ordinary equation of the form
n

Ly:=Y (-1 (agy™)®) = 1
k=0

on I :=[a,b] with D(L) := {y € C(I) : y)(a) = yD(b) = 0 for j =
0,1,...,n—1}, f € C(I) and coefficients a; € C*¥)(I), ap > 0 (k =
0,1,...,n—1)and ap > m > 0. Now a suitable operator B can be defined

D(B):=D(L) and By := (—1)"y(2") for y € D(B), bearing in mind that
Ly = f can be solved in C(2")(I) for any f € C(I), including the case L= B.

b) a 2n-th order elliptic equation of the form

- Y Balagpdsu) = f

i

Au = Z(

k=0 la|=|8|=k
in a bounded domain 2 C RY with Q2 C C*™¥ (0 < v < 1), defining D(A) :=
={ueC™¥Q): Oattpq = 0 for multiindices |a| < n -1} and supposing

Z aqptaZ3 20 (k=0,1,...,n-1)

la|=181=k
and
Z agaTalg 2 m Z |Zal? (m>0)
laf=|g|=n laj=n

for every array z € C[”k] i= CX™X X% further, we suppose that a,g €
€ C*¥(Q) (la] = |8 =k; k=0,1,...,n) and f € Lip*(R). In this case
Bu:=(-1)"A"u (u € D(B) = (A)) will be suitable. In order to assure
the existence of a solution u € C2*¥({1) and the solvability of A™u = g, in
each step of the iteration, we may refer to {6], 12.1.
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A famous two-function minimax theorem is the Nikaido-Isoda one,
connected with classical convexity. M. HORVATH asked, whether this
theorem remains valid for Ky FAN concave functions or not, and negative
answer is given in [5]. After we have constructed a counterexample from
C®-functions with M. HORVATH in [3] and I remarked that if the z3 in
the Ky Fan concavity depends “regularly” on the parameters 1, £9 and A
then the answer is positive. Namely, let 1 : [0,1] x [0,1] be a contraction
in the sense that for some 0 <e <1

[¥(z1,21) — ¥(z9,29)| Selzy —z2| (21,22 €[0,1]).

THEOREM 1. Let f : [0,1] x [0,1] —» R be continuous and suppose

that f(y(x1,29),y) >0.50(f(x1,y) + f(z9,y)] for all 21,29,y € [0,1]. Then
there exists z* € [0,1] with f(z*,z*) > f(z,2*) for all z € [0,1)].

The proof given below uses only Banach fixed point theorem, valid in
any complete metric space, so very general Nikaido-Isoda type theorems
can be obtained in this way.

PrOOF. For x| = 29 = z we obtain from our assumption f(¥(z,z),y)>
> f(z,y) and hence if B : z — 9(z,z), then B"z tends to the same z*,
starting from any z, further f(B"z,y) / f(z*,y), consequently f(z,y) <
< f(z*,y)Vz,y. This is more than what we need, namely, our statement
follows in the special case of y =z* (with z =z). O

In the next part of this paper we prove some minimax theorems for two
functions. These studies were motivated by the nice result of IRLE [4] and
by the interesting, stimulating papers {11-13] of S. SiMONS. The author
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wishes to thank Professor S. SIMONS for sending him his new unpublished
and published papers.

Let o; : RZS R (R denotes the real line, ¢ = 1,2) be any continuous
functions such that

(1) T <y=z<pi(z,y) <y, z<oi(y,r)<y
(2) r=y=z =y =giz,y),
(3) for any aij €ER (Z’J = 172)

02(e1(a11,a12), e1(ag1,a22)) > e1(02(a11,a21), 02(a12,a22))
hold. First we prove

THEOREM 2. Let X, Y be any non-empty sets (without any topol-
ogy!), f,g : X xY — R any functions defined on X xY such that

(4) f<g on XxY, fisbounded

(5) f is g9 —convexonVY, ie Vy,yp €Y3Iy3€Y :
f(z,y3) < 02(f(z, 1), f(z,y2))Vz € X,

(6) g is p1 — concaveon X, ie Vzi,z9€ X3Iz3€ X :

9(=3,y) 2 01(g(z1,9),9(z2,y))Vy € Y.
() z; 2 1:: = 0;(z1,29) 2 gi(a:'l,z:lz) (:=1,2) ie. ¢y and p9 are monotone.
Then for any finite set H C X we have
(8) . infsup f(z,y) < supinfg(z,y).
Y g x Y

The concept of “averaging functions” was introduced in [4]. For special
01 and g9 Theorem 2 was proved in the earlier papers [6-9] and their proof
works also in the present general case.

PROOF. We need a series of lemmas. Denote ¥ = #(X, R) the set of
all functions f : X — R defined on R and let |f| :=sup{|f(z)|:z € X}.
Z C & is said to be p — convex with respect to some o : R? — R if
fi9€Z=0(fg)€Z (ef,9)(z) == o(f(2),9(x))). Denote Cop(Z) the
o-convex hull of any Z C &, i.e. the intersection of all p-convex sets
containing Z (which is g-convex).

LEMMA 1. If Z is any bounded g-convex set in % and p is any contin-
uous R? — R function, then Z (the closure of Z) is also p-convex.

PROOF OF LEMMA 1. Let f.g€Z = 3fn,gn € Z: fn — f, gn — ¢
uniformly on X. The boundedness of Z means that 3C € R: |f| < C
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Yf € Z hence Yf e Z: |f| <C. Consider the closed ball 5(0,C) in R?
centered at 0 and of radius C. Because (we assumed) ¢ : R? — R is
continuous, hence g | 5(0,C) is uniformly continuous, i.e.

2 2 1/2
Ve > 036 >0: {(:r —u)*+(y—v) } <é6=|o(z,y) — o(u,v)| <e.
Because fp, — f, gn — ¢ uniformly, hence
3T |fa = fI<6/V2 lgn—gl<8/V2 En>T,

consequently

(@)~ £(2)? +(gnt2) = a(2))?] ' <52 lelfn(),9n(2)) -
—o(f(z),9(zx))l<e (z€X,n>T) ie. [o(fn,gn)—e(f,9)] = 0.

But thus fn,gn € Z = Q(fn)gﬂ) € Z=>Q(f,g) 67 a

For the Proof of Theorem 2 we use induction in the cardinality of H.
If H has 1 element, then (8) is true; suppose we know (8) for any H with
|H| < n and prove it for the case when |H| = n. Suppose indirectly that

9) a>f
where a := infsupf, B :=supinfg, denote H := {zy,...,zn}, Z:=
Y H XY
={(z1,...,2n) € R™: Jy, z; = f(z;,y), 1 =1,...,n}.
LEMMA 2. For any z € Cogy(Z)3i: z; > a.

PROOF OF LEMMA 2. Denote Zg:= 2, Zj; := {e2(7',2"):7," €
o o]

€ Z;}. Obviously, Zg C Z; ...and Cope(Z) =|JZ;. Hence it is enough to
0

prove Lemma 2 for every Z;. To this, it is enough to show that
(10) VzeZpdveZ: v<z (le v;<zifori=1,...,n).

We use induction in n. The statement is true for n =1 i.e. for Z1, because
z€ 21 = z=p9(21,22); 21, 22€ 2

21 = (f(xl,yl)v"wf(xnvyl))v 22 = (f(xlvy2)"'°vf(xnay2))'

According to (5) for y1,y23y3: f(zi,y3) S 02(f(zi, 1), f(24,92)) (1 Si<n),
ie. for 3= (f(xlvy3),~~-af(xn,y3)) we have z3 < 92(21722) =23< 2.
Now suppose our statement (10) is valid for Z, and prove it for Z, 4.
Let 2€Z,,1. Then 2z =p9(21,29) and 21,29 € Zn. The induction hypothesis
implies: there exists z{,25 € Z with 2] < 21, 25 < 29, and hence by (7)
z = 09(21,22) 2 02(27,23) 2 23 for some z3 € Z. The second inequality is
true because zj, 25 € Z and we know the statement for Z; (02(21,23) € Z1).
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Thus we have proved the property (10). For any v € Z3i : v; > «q,

because if v; < a for every 7, then v; = f(z;,y*) < a for some y* and then

o= iI)l/f sup f(z,y) < sup f(z,y*) < o which is a contradiction. Thus for any
H H

v€ Z3i: v; > a. But we know that Vz€ Z,3v € Z: v < 2, hence Vz € Z,3::
o0

z; > a. Taking into account Coge(Z) =) Zn, Lemma 2 follows. O
0

REMARK. Taking limits we immediately obtain that

(11) Yv € Copa(Z)Ti : v;i > a.
LEMMA 3. Copo(Z2) is bounded.

PROOF OF LEMMA 3. By (4) Z is bounded, hence 3c€ R: z€ Z = |z| <
< ¢, hence |z;] < ¢ for every 1, so 92(21(1),252)) < c¢¥i. Thus we have v; < ¢
for every v € Z1. We can obtain the same for Zy, Z3, ... by induction. Thus
v€ Z; = v; < cfor every 1, so |v| < y/nc hence any element of Coge(Z) = UZJ'
is smaller than \/nc and Lemma 3 is proved. O :

Until now we have proved:

(12) K= m 1s compact, go-convex and Vz € K31 : z; > a.
Denote h; : K — R the i-th projection, i.e. h;(z):= z; for any 2 € K. Let

L:=Copi{hi,...,hn} (C KR).

LEMMA 4. We have for every h€ L

(13) inf ()< B,

PROOF OF LEMMA 4. (13) is fulfilled for h;, 1 <t < n because 3 =
=supi§1/fg by definition, so Vz; € X: igfg(z,',y) < B but because of f(z;,y)<
X

o0
< g(zi,y) we have inf hi(z) < inf f(z;,y). Coo1({h1,..-,hn}) =ULn,
€K yeY 0

where Ly := {h1,...,hn} and L;yq := {o1(K',h") : A',h" € L;}. Now we
show that Vh € L3z’ € X : h(z) < g(2’,y), where y corresponds to z.
Use induction in k. For k£ =1 this is true, because in this case h(z) =
= 01(h1(2),hj(2)) = o1(f(zi,9), f(25,9)) < e1(9(zi,9),9(25,9)) < g(z',y).
The first inequality follows from the monotonity of g1 (see (7)) and the sec-
ond one from the pj-concavity of ¢ (z’ corresponds to z; and z;). Suppose
we know the statement for k and proveit for k+1. Solet h€ Ly ;. h(z)=
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= p1(h'(2),h"(z)), where h',h" € Ly,. It follows from the induction hypoth-
esis that '

3’2" € X h(2) (), B'(2) Sg(a”,y)

R'(z) < e1(W (2),h"(2)) < e1(9(2",v), (=", y))

because of the monotonity of p;.

. . . . //
Because ¢ is pj-concave and p; is monotone increasing, for z/,z" €

€ X3z
g(="y) 2 e19(z’ ), 9(z" Y)Yy €Y
and
h(z) < e1(g(e’,y),9(z",y)) < g(=",y),
whence
Vhe Lp3z* € X : h(z) < g(z”,y),

where y corresponds to z. Consequently, for any

>
h€|JLn=Cop1({h1;...,ha})3z" € X : h(z) < g(2*,y)
1 ,

and hence inf h(z) < inf g(z*,y). Now let h € Copi{hq,...,hn} =: L be
reK yeY
arbitrary. Then 3r™M e L : R™ = hin norm. Suppose indirectly that
¥ = in}'{ h(z) = milx{lh(z) > 3. Then v > f+¢ with ¢ = -7—?;@ Because
e 2€

h{™) — h uniformly, hence 3N: for every n > N we have sup|h — (™| < 5.

But because of h > 3 +¢ we have h(")(z) > ﬂ+% forn > N and z € K,

hence injf{ hM(z) > 5+ % which is a contradiction. Lemma 4 is proved. O
2€

Denote F the set of those po-convex sets D of RY for which the
following three conditions are fulfilled:

(14) z€ED=3i:2; 2 a,

15 inf h(z) =minh(z) <8 heL,
(15) ZlélD (2) iréxg (2) £ B for every h e
(16) DCK.

Remark that (16) implies (14).
Obviously, F' # @ because K € F. Our aim now is to show that the

conditions of Zorn's Lemma are fulfilled for the system F. To this let
D;, ¢ € I be any chain, ordered by inclusion. Since the D; are compact,
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D* = (| D; # 0 and (14), (16) obviously holds for D*. The index set I
el

1s conﬁena.l with a cardinal number, so we can suppose that I itself is a
cardinality x (and ¢ < j < D; D D;). Since the D; satisfy (15), there exist
for every fixed h € L points z; € D; with h(z;) < 3. Denote z* a condensation
point of the net z;. From the continuity of A we get h(z*) < 3. If z* ¢ D*
then z* ¢ D; for some i < &, hence the neighbourhood D of z* can only
contain the points z;, j < ¢ whose cardinality is < k. This contradicts
the condensation point property, hence z* € D*. We proved that D* € F
hence the Zorn-lemma can be applied. Applying Zorn’s Lemma we have:
there exists at least one minimal element R in F. By (16) we have RC K.
Introduce the notations:

Ne(h):={2€ R:h(z) < ¢}, Ng(h) ={z€ R:h(z) < £}.

LEMMA 5. If 3 <~y <a then Ny(h)#0, closed, pg-convex and for some
h* € L we have Ny(h*) C R.

PROOF OF LEMMA 5. (In the formulation of Lemma 5 we used the
indirect assumption a > §.) Obviously,

inf h(z) = minh(z) < <y= Ny(h) # 0 and Nj(h) 0.

We have Ny(h;) C R for some 1 < i < n because if Ny(h;) = R for 1 =
=1,...,n, then h;(z) <4 for every z € R and this contradicts the fact that
Yz € R3i: z; > a, namely a > 7.

We have to prove at last that N(h) is pg-convex for every h € L. To
this we need the

SUBLEMMA. For any h € L and z1,29 € R we have
(17) h-(0a(21,22)) < e2(h(21), h(22)).

PROOF OF THE SUBLEMMA. Consider the usual partition
o0
Copr({h1,....hn}) = | Le:
k=0

It is enough to prove (17) for L, k =0,1,2,.... We use induction in k.
The statement is true for Ly, because e.g. for h{ we have:

b (=, 201 = g (el )., 2 =
= oa(z{), ) = 02 (a(z1V), ().
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Suppose we know the statement for L; and proveit for Lg ;. Let B’ A" €
€ Ly, h:=p1(h',h") € Li,1. We have to prove that

h(ea(21,22)) < e2(h(21),h(22)), e
o1(h', 2" )(ea(z1,22)) < e2(e1(h',h")(21), 01(R, ")(22))
which is equivalent (after some transformation) to
01(h'(e2(21,22)), 1" (02(21,22))) <
< 02 (a1(K'(21), A" (1)), e1(h'(22), 1" (22))) -
According to our induction hypothesis
R'(0a(21,22)) < 02(R'(21),h'(22))s A" (02(21,22)) < ea(h" (1), k" (22)),
whence by the monotonity of g9 and using also (3) we obtain
01 (h'(02(21,22)), b (01(21,22))) <
< o1 (02(R'(21), K (22)), 02(h" (21), " (22))) <
< 02 (01(h'(21),h" (1)), e1(H' (22), A" (22))) -
Thus the Sublemma is proved for every h € Copi({hy,...,hn}) = oLj L.
Now, if #=0
he Copi({h1-- . hn}) = 38(8) € Cop1({h1,...,hn}) : RF) b

uniformly. According to the considerations above we have
B8 (ea(21,22)) < ea(h¥)(21),h(z)),

hence using the continuity of g9, we obtain:

h(k)(gg(zl,zz)) — h(02(21,29))

and
22(h)(z1), AP (22)) = pa(h(21), h(22))

whence taking the limits as £ — 0o: h(p2(z1,22)) < 02(h(z21), h(22)) follows.
Thus the Sublemma is proved. Now we can prove that N,(h) is pg-convex,
i.e. 21,29 € Ny(h) = p2(21,29) € Ny(h). Because of 21,29 € Ny(h) we have
h(z1) £+, h(z9) £ v and hence po(h(z1),h(z2)) <. Using the Sublemma
we obtain: h{po(z1,29)) < g2(h(z1),h(z9)) < v follows, thus Lemma 5 is
proved. O

LEMMA 6. If T C K is any go-convex, compact set then it is not
separable with disjoint closed sets M, N.

PROOF OF LEMMA 6. Suppose indirectly that T is separable, then
there exist T1,Ty C K such that T{1UTy =T, T1 C N, To C M, T} and Ty
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are compact. Hence d(T},Ty)=:a>0and Jt; €Ty, t2€To:d(ty,t9)=a. But
d(ty, 02(t1,12)) < @, d(t2,02(t1,t2)) < a = o(t1,t2) € T1 and g(t1,t2) € Ty
and this contradicts Ty N Ty = . Lemma 6 is proved. O

LEMMA 7. Thereexist h(1) h(?) e L and§¢ (8,7) such that Né(h(l))ﬂ
NNg(R(?) =19, :

PROOF OF LEMMA 7. We know that 3h* € L : Ny(h*) C R. But R
is minimal in F hence Ny(h*) ¢ F. Consequently some of conditions in
the definition of F' are not fulfilled. (14) and (16) are fulfilled, hence (15)

does not hold, i.e. 3’ € L: inf A'(z) > 8. Choose any é such that
z€Ny(h*)

inf h'(z) > 6> 8. Then Ny(h*)N Ng(h*) = 0. Because é < v, hence
z€Ny(h*)

Ng(h*) C Ny(h*) and we obtain: Ng(h')N Ng(h*)=0. Thus Lemma 7 is
proved with AD .= r A2 .=p* O

Let A0 () ¢ L such that for Ny(A(D)=N, Ns(A(D)y=N', NAN' =0
is fulfilled. Let S:={h€ L:Ng(h)C N'}, P:={h€L:Ng(h)C N}. S#0
because h(2) € § and P # 0 because All) € P. Define s := sup inf h(z),

heSzeK
p:= sup inf A(z). Obviously s < 3,p< (. Let r:= min L’J.ﬁ?r»ﬂ_tﬁﬂ
heP €K lz~yj26-p  1F7Y
lz]lyl<c

where ¢ is a bound for f, i.e. |f] <c. Let € > 0 be such that 3f7 <r.
Then 3k’ € S: inf h'(z) > s —¢ and 31" € P: inf h'(z) > p—e. Let
€K z€K

h = g1(h,h"). Then Ns(h) C Ns(R')UNg(R")C NUN'. But Ng(h)# 0 is

connected, hence, because of N N N’ = we have Ns(h) C N or Ng(h)C N'.

Suppose Ng(h) C N'. Then h € S. Let z; be such that h(zg) = rlé.l]n h(z).
2€K

Obviously, zg € N' and h/(z9) < h(zg) < 8 < § < h'(zg). Because
K (z0) — b (20)| > 6 - B,
hence according to the definition of » we have

< 01(h'(20),h"(20)) = #'(20) _ h(z0) = P'(20)
- h(zg) — h'(2g) h'(zg) — h'(zp)’

e <r(6—B) < r(h"(z0) = F'(20)) < h(z0) = K (20),

R'(zg) + & < h(zg) = inf h(2).
zeK
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But h/(zp) +¢ < in}'{ h(z) +¢ > s whence in}'{ h(z) > s but this contra-
z€ Z€
dicts A € S. That is Ns(h) C N’ is not fulfilled. Similarly, we obtain a

contradiction if we assume Ng(h) CN. O

At last we show that the statement of Theorem 2 remains valid if we
omit condition (3) but instead of (5) and (6) we assume the following
“mixed” ones.

By the method of the proof of Theorem 2 we can prove also the
following theorem. '

THEOREM 3. Suppose the condition of Theorem 2 are fulfilled, but (5)
and (6) are replaced by

(5) Yy1,y2 € Y3yz €Y : g(z,y3) < 02(f(z,41),9(2,y2)) Vz € X,

(6')  Vey,22€ X3z3€ X flz3,y) 2 e1(f(21,9),9(22,y)) Vy€eY.
Then for any finite set H C X we have (8).

REMARK. Condition (3) is necessary in proving Theorem 2. Indeed,
define the means

o1(a,b) := Z(av b) + i(a/\ b), o2(a,b):= i(av b)+ g(a/\ b).

Then taking the functions f,g constructed in [11] as a counterexample we
can easily see that all conditions of Theorem 2 (without (3)) fulfil and the
conclusion (8) does not hold. On the other hand it is not clear whether
the monotonity (1) of the means is necessary in theorems 1 and 2 or not.
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1. Introduction

In 1902 W. BURNSIDE formulated the following question: “Are the
finitely generated and periodic groups finite?”, question called in the group
theory the general Burnside problem. The answer to this question is
generally negative and this was proved by E. GOLOD in 1964. But a
first important result for this problem was obtained by I. SCHUR (1911)
who showed that any periodic and finitely generated group of matrices over
the field of the complex numbers C is finite. More than that, in 1965 1.
KAPLANSKI proved that the above statement is also true when the field C s
replaced by an arbitrary field. In 1975 MCNAUGHTON and Y. ZALCSTEIN
showed that any semigroup of matrices over a field, periodic and finitely
generated, is finite. We also mention a result established by S. I. ADJAN,
P. S. Novikov (1968) and J. L. BRITTON (1973). They proved that,
for each natural number n, n > 72, there exists infinite groups with two
generators satisfying the relation z” =1 for every element z of the group.

In connection with the general Burnside problem (for groups or semi-
groups) a question is raised about the properties P which have to be added
to the conditions of being periodic and finitely generated in order to obtain
the finiteness of the group (semigroup). Such a property for semigroups
was introduced by A. RESTIVO and C. REUTENAUER ({21]) namely the
permutability property.

If n 1s a natural number, n > 2, the semigroup S is called n-permutable
if, for each (zy,...,2n) € S”, there exists a permutation o of {1,...,n},
o #id, such that z123...2n = 74(1)T(2) - T (n)-
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If S is n-permutable we denote this by S € P,. The semigroup S is

called permutable if S € {J Py. In [21] A. RESTIVO and C. REUTENAUER
n>2

prove that a finitely generated and periodic semigroup is finite if and only

if it is permutable.

The study of permutability property for groups was initiated by
M. CuRrzio, P. LONGOBARDI and M. MAJ in {2} and continued by many
other authors ([1], [3], [4], [7], [8], [9], {10], [11], [12], [19]).

In [3] it is proved that a group G is permutable if and only if there
exists in G a normal subgroup N of finite index such that N’ is finite.

The groups G with the property P3 are characterized by the condition
|G'| < 2. In [10] the groups with the property P4 are classified.

The indez of permutability of a permutable semigroup S is the natural
number

k(S)=min{n|S € Py}

Let C be a class of finite semigroups having the property that for each
non-zero natural number m there exists in C a semigroup with m elements.
We define the sequence of natural numbers (kc(m)m>1 by

ke(m) = max{k(S)| S € C and S has m elements}.

For C = G = the class of finite groups, the numbers kg(m), 1 <m <32, are
known ([19]). It is also known that mlimoo—r%k(;(m) =0. In [16] B. P1ocHI

tackles an analogous problem for C =S = the class of all finite semigroups.
It is known that the sequence (ks(m))m>] is increasing and if the sequence

(%ks(m)) s has a limit then this limit is less than or equal to 4/5 ([16]).
In [6] it is established that kg(5) =4 and ks(6) = 5.

In this paper it is proved that kg(7) = ks(8) =6 and that if the sequence
(#ks(m)) o1 has a limit then this limit is less than or equal to 2/3.

2. Conditions under which the product of four elements of a
semigroup cannot be reordered

Let S be a semigroup. For any non-zero natural number n and
(ay,...,an) € S™ we denote

F(al,...,an)={aiaH_l...aJ'[15i_<_j_<_n}.

Consider a, b, ¢, d four distinct elements of a finite semigroup such that
the product abcd cannot be reordered. In the sequel we shall study this



ON A PROBLEM OF B. PIOCHI ON PERMUTABLE SEMIGROUPS 173

situation when the supplementary condition that F(a,b,c.d) has exactly
five elements is satisfied.

2.1. PROPOSITION ([6]). If a, b, c are elements of a finite semigroup
such that the product abc cannot be reordered and F(a,b,c) C {a,b,c} then
ab="b=bc. O

2.2. ProposITION ([16]). Let a, b, ¢, d be four elements of a finite
semigroup such that the product abcd cannot be reordered. Then at least
one of the products ab, bc, cd, abc, bed is not in {a,b,c}. O

We now suppose that a, b, ¢, d are elements of a finite semigroup
such that the product abcd cannot be reordered. Suppose in addition that
F(a,b,c,d) C {a,b,c,d}. We shall prove that only the following situations
are possible:

(a) ab=bc=0b, cd=d, bed =e;

(') ab=a, bc=cd =c, abc =e¢;

(B) ab=a, bc=e,cd=c, = abc=g

(8') ab=b, bc=e, cd=d, bed = b;

(v) ab=a, bc=e, cd=c, abc = ¢;

(7') ab=b, bc=¢e, cd=d, bed = e;

(6) ab=a, bc=ce, cd=d, abc = bed = ¢;
(¢) ab=hb, be=e, cd=c.

2.3. LEMMA. Let a, b, ¢, d, e be elements of a finite semigroup such
that the product abcd cannot be reordered. If F(a,b,c,d) C {a,b,c,d,e}
and bc € {b,c} then only one of the cases (a) or (a’) can exist.

PROOF. We shall analyse the case bc = b. The case bc = ¢ can be
obtained by symmetry. As the product abed cannot be reordered it follows
that ab€ {a,b, e} and cd # ab. By Proposition 2.1 we deduce that ab# a. We
prove now that abs# e. Suppose ab=e. By hypothesis and Proposition 2.1
we have cd = d and bed = bd = e. Thus bed = € = ec = bdc, a contradiction.
Hence ab = b = bc. By virtue of Proposition 2.1, c¢d # ¢ and if we assume
cd = d then bcd = e. Thus case (a) holds as required (similarly if bc = ¢ we
obtain case (a')). To finish it remains to prove that cd # e. Assume that
cd=e. Then bcd = bd = be # a. If bd = be = b then a(bed) = b = (a(bd))c and
we have supposed that is impossible. Consider bd = be = c. We may deduce
that ¢ = be = abe = ac from which it immediately follows that abc = b = bac,
in contradiction to this choice of the elements a, b, ¢, d. As abed = abd = abe
and ab = b once again by Proposition 2.1 it follows that bd = be ¢ {d,e}. O
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2.4. LEMMA. Let q, b, ¢, d, e be elements of a finite semigroup such
that either ab=e¢ or cd=e¢ and F(a,b,c,d)C {a,b.c,d,e}. Then the product
abed can be reordered.

PrROOF. If ab = e let us suppose that the product abed cannot be
reordered. As a direct consequence of Lemma 2.3 it follows that bc = e.
Then because the product cannot be reordered we have that cd € {c,d}.
If cd = ¢ we deduce e = bc = bed = ed hence abed = abe = ((ab)d)c and this
contradicts the earlier assumption. Hence c¢d = d and as a consequence it
follows that bed = bd = ed # a. It remains to analyse four situations. First
if bd=ed =>b then b=ed = abd = ab=e. If we consider bd = ed = ¢ we
immediately obtain ¢ =ed = abd = ac hence abcd = abd = ac = c = bd = bed =
= bacd which is a contradiction. Now bd = ed = d implies bcd = d = cbd and
finally if bd = ed =e then e = ed = abd = ae = abc = ec 50 abcd = ed = e = abdc.

We conclude that if ab = e and F(a,b,c,d) C {a,b,c,d,e} then the
product can be reordered. A similar argument establishes the statement if
the case cd =e. O

2.5. PROPOSITION. Let a, b, ¢, d, e be five distinct elements of
a finite semigroup such that the product abcd cannot be reordered and
F(a,b,c,d) C {a,b,c,d,e}. Then only the case (a), ('), (8), (8'), (), ('),
(6), (€) can exist.

PROOF. By Lemma 2.4 we obtain ab € {a,b} and cd € {¢,d}. By virtue
of Lemma 2.3 we have to analyse only the situation bc = e. We deduce
that it is necessary to study the following cases:

I) ab = aq, cd = d; III) ab=1, cd = d;
II) ab=a, cd = ¢ IV) ab=}, cd =c.

But we notice that IV) is exactly (¢) and that III) may be deduced
from II) with a symmetrical argument. Thus only the situations I) and II)
have to be considered.

I) ab=a, cd = d. We shall show that abc=bcd =¢ (i.e. (6) is obtained).
Clearly abc = ac = ae # d. Also, by Lemma 2.1, as abcd = acd, it follows
ac # c¢. We prove that ac # a and ac # b. First we suppose that ac = c.
We deduce that ach = a = abc, a contradiction because the product can be
reordered. If we assume that ac = b then a?c = a. Now if we consider that
the monogenic semigroup generated by ¢ has the index m and the period r
then we have ¢™ = ¢™*7. It follows that a =a?c=a%c* = .. =™t =
mirtlertl = grgm+lem — gr+l g0 g =a2c=.. . =a"t " =ac”. But

=...=a =a'aqa
2 r

A) -
b=ac=a"c"=...=a"c" =a". As a consequence we obtain that ab = ba,
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once again a contradiction. Hence abc = ac = ae = e and by symmetry we
have bed = e.

II) ab = a, cd = c. It remains to prove that abc € {c,e} (i.e. the cases
(B) or () are obtained. Obviously bed = bc = e = ed and abc = ac = ae.
Because the product abed cannot be reordered we immediately deduce that
abc # d. Also by Proposition 2.1, as abed = aed, we deduce that ae # a.
Finally, if we consider that ac = b we have acd = bd = ac = b hence bed = bdc,
which is impossible. So we have abc € {c,e} as required. O

3. The maximum index of permutability for semigroups with
seven of eight elements

3.1. PROPOSITION. Leta, b, c,d, e, f, g, h be eight distinct elements
of a finite semigroup such that F(a,b,c,d,e, f) C {a,b,c,d,e,f,g,h}. Then
the product abcdef can be reordered.

PROOF. If we assume that the product abedef cannot be reordered
it results F(a,b,c)N F(d,e,f) =0. Therefore we can consider F(a,b,c) C
C {a,b,c,g} and F(d,e, f) C {d,e,f,h}. As cd € {c,d,g,h}, because of
symmetry, it is sufficient to analyse the following two situations:
I) cd=g; II) cd=g

I) If we consider the former case cd = g we immediately deduce ab €
€ {a,b}. Considering ab = a we obtain bc € {c,g}. But bc = ¢ implies
bed = ¢d = g and also by Proposition 2.1 we have abc = ac = ¢ which is
impossible. If bc = g then a(bcd) = abc = ac = ag = (ab)(cd). So we have to
study the situations ac€ {a, b,¢c,¢} and it immediately follows that these are
impossible. If on the contrary ab= b then F(a,b,¢c,d) C {a,b,c,d,g} U {bcd}
and according to Proposition 2.5 we deduce bed = abed = h = ah. It follows
h & F(c,d,e, f) and this contradicts Proposition 2.5 because cd = g.

IT) We examine now the latter case cd = c. We have that F(a,b,c,d) C
C {a,b,c,d,g} and by Proposition 2.5 we deduce that gd = g. Also by
Proposition 2.1 it results de € {e,h}.

II.1. Consider de = e. Using once again Proposition 2.1 we obtain
cde=ce ¢ {c,d,e}. By hypothesis abede f cannot be reordered. This assures
us that ce ¢ {a.b, f}. More of that ce # g (if ce = g then cde = g = ced).
We conclude that ce = A from which it immediately follows cdef =cef # g.
By virtue of Proposition 2.5 we have ef =e and as a consequence it results
hf=h. We also deduce (according to Proposition 2.1) that bc € {c,g} and
with a similar reasoning we obtain in both of these cases a contradiction.
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I1.2. If de = h, by Proposition 2.1 and Proposition 2.5, we have bc = ¢
hence abc = ag € {c,g}. Let us consider ag = ¢g. Then according to Lemma
2.4 gde = gh = ge ¢ {a,d,e,g,h} and obviously ge # f. It follows that
ge € {b,c} and studying these two situations we obtain a contradiction.
Similarly it is impossible to have abc =¢. O

3.2. COROLLARY. Let S be a finite semigroup having the index of
permutability m + 1, where m > 6. Then the set S\ CenS has at least
m + 3[m/6] elements.

PROOF. As k(S)=m+1 it follows that there exists (ay,...,am) € S™
such that the product cannot be reordered. We consider m = 6k + ¢, where
ke N* and 7 € {0,1,...,5}. Then

ajag...am = (a1 .. .a6)(a7 .. .(112) .. .(aﬁk_5 .. .ask)a6k+1 ce - Qfk4i-

We denote X, = F(ai,...,aq), Xo = F(a7,...,a12), ..., X =
= F(agk—5,..-,a6;) and Xp11 = F(agry1,...,a6k+i)- By proposition 3.1
we obtain that |X|| > 9, |Xo|>9, ..., |X}| 29, |[Xf41] 2. It is obvious

that X, N Xs=0if r # s and X» C S\ CenS, where r, s are elements of
{1,...,k+1}. So we immediately obtain

k+1
S~ CenS| > ) |Xi| =9k +i=m+3[m/6]. O

i=]1

3.3. THEOREM. kg(7)= kg(8) =6.

PROOF. It is known that 6 < ks(7) < ks(8) (see [6]). But by Proposition
3.2 ks(8) < 7. Hence it results that ks(7) = ks(8) = 6. O

3.4. PROPOSITION. If the sequence (hl—ks(n)) o1 has a limit for n
tending to oo then this limit is less than or equal to 2/3.

PROOF. Because nleréo ks(n) = oo we may assume that kg(n) =m >
>7. As tks(n) <m(m—1+3{(m-1)/6])"! and mh;rfloom(m -1+ 3[(m-
—1)/6])~! = 2/3 we obtain the conclusion. O

In [16] B. PI1OCHI proves that if the sequence (%ks(n)) o1 has a limit
n

for n tending to oo then this limit is less than or equal to 4/5. In spite of
the fact that Proposition 3.4 improves the result established by B. P10CH!
we suppose that this result can be further improved.

In the end we formulate some open problems:
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PROBLEM 1: lim Lks(n)=0.
n—oo
PROBLEM 2: ks(n+1)—ks(n) <1 for each natural number n.

PROBLEM 3: Let n be a natural number and let ks(n) = m. Then, for
each natural number m’ with 2 <m’ < m, there exists a semigroup with n
elements which has the index of permutability m/'.

We notice that an affirmative answer to Problem 2 implies an affirma-
tive answer to Problem 3. For n € {1,...,8} we notice that the inequality
given by Problem 2 is verified.

We also proposed the study of the congruences (gn)n>2 on a fixed
semigroup S, with gn = N{o | S/o € Py} = the “Pp-radical” of S. In-
formation about the congruence g9 when S is a Clifford semigroup, a
Brandt semigroup, a Reilly semigroup or even generally, for inverse semi-
groups has been obtained by many authors (C. BONZINI, A. CHARUBINI,
J. D. P. MELDRUM, W. D. MuNN, N. R. REILLY, B. ProcHi).
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Let o be a non-real quadratic integer. The minimal polynomial of a
has the form

(1) z2+cz+ N,

where N = (c/2)% +m, if c is even and N = (¢/2)? + m/4, if ¢ is odd and in
both cases m is an integer at least one and m =3 (4) in the second case. N
is the norm of a. The rational integers r with 0 <7 < N form a complete
set of residues mod « in the ring Z[a]. An element n € Z[a] is called to

K .
be representable if n = 3_ aja?, 0<aj < N. The digits a; are uniquely

j=0
determined for representable numbers. The elements
k-1 ’
Zajaj; 0<aj<N
j=0

form a complete system of residues modulo o in Z[al].

Thus we have for every 1 € Z{a] and for every k, n = £; + g, where £,
is representable and gy is divisible by aF.

Let H be the set of complex numbers z, representable in the form with
rational integers aj

o0
aj
Z—ZJ, 0<a, <N.
k=1

It 1s easy to see that H is compact. We shall denote the boundary of H
by OH. The absolute values of the elements of H are at most VN + 1.

The aim of this paper is to prove the following
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THEOREM. If c# 0 and N > 1, then the Hausdorff dimension of 8H is

logé
log \/N’
where € is the greatest real root of the polynomial
(2) z3—(|c|-—1)12—-(N—|c[)x—N.
The Pontrjagin-Schnirelman dimension of 0H is equal to the Hausdorff

dimension.

REMARKS. 1. The Hausdorff dimension of H is one, if a = +iv/N,
because in that case the set H is a rectangle.

2. The polynomial (2) has a root between VN and N because of the

equalities
NVN = (|c|=1)N = (N = |c[)VVN =N = —|¢|(N - VN)
and
N? ~(le] = 1)N? = (N = [e)N = N = N*(N = [e]) +(le| = )N,
and of the inequalities
N—le|=(lc}/2-1)* +m-1>0
or
N—]e|=(]c|/2-1)2 +m/4—-1>0.

Thus we have loge
< m <2,
that is, 0H is a fractal curve. The other roots of the polynomial are
non-real or are negative. Their absolute values are smaller than v/N.

1

3. S. ITO proved the above theorem, in the case, when « is a base in
Z[a] [6]. He used the properties of some endomorphisms on free groups,
adopting Dekking’s method [1]. I. KATAI investigated the existence of the
base in quadratic fields with J. SzaBS and B. KovAcs in [7], [8] and [9].
The proof of the present paper is based on linear recursive forms, following
a method of I. KATAI, which was used in the paper (5].

First we prove that all complex numbers z are representable in the
form z = y+ 6, where v is an element of the ring Z[a] and § is an element
of H. The generalization of this assertion is contained in [10]. Let 7
be for every k that element of Z[a], which is nearest to afz. We have
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M = € + ok, where £ is representable, g, is divisible by of and we have
giu—»:,ifk—»oo. But

.
k= 274-91:,
i=1
Where 6 € Z[a]. We get
|2 =8| < VN +1+ 6,

where 8 — 0, if k — oco. We have at least one v € Z[a], for which le =7
holds for infinitely many ki, because Z[a] is discrete, in this way z is a
Limit point of H ++, that is the assertion is proved. Therefore, C is covered
by countable many translated copy of H. BY Baire’s category theorem
this implies .that H is of second category. As H is compact, it follows
that intH # §. This immediately 1mphes that H equals the closure of its

interior. Indeed, if n € H, then n = z —i- and the sets z —i- +a " ™H
k=1
have non-empty interior for every m.

We show that if - € 0H, then z = v +§, where v € Z[a], ¥ # 0, and
é€ H. Indeed, if z € 0H, then z =kimzy, z; ¢ H. Thus z; =+, + 6;, where
Yt € Z[a]\ {0} and 6 € H for every k. Since Z[a] is discrete, one of the
sets H + v contains infinitely many zp-s, it follows that z = v 4 §, where
¥#0 and vy € Z[a], é € H, because H + v is compact.

For a fixed z € 0H has a representation

z“‘7+z k’ 0<bk<N
k=17

with a non-zero v in Z[a] and a representation
o o]
=Y % 0<aq <N
k=1%

First we try to find those elements v-s of Z[a], for which
HN(H+7v)#0.

In that case the number + is representable in the form

(3) 7=}oiak—bk,

k
k=1 @
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where

(4) 0<ap <N, 0<b <N
It follows from (3) and (4) that

(5) < VN +1
and we have a rational integer d between —(N —1) and N —1 that
(6) loy —d| < VN +1.

For example, d = aj — by is a possible choice. The members of the
sequence, defined by the recursive formula
(M) Te+1 = o7k — (ag — b)
with y; = v, have the properties (5) and (6).
Conversely, if the members of the sequence have the properties (5) and
(6) with suitable (aj — b )-s, the intersection H N(H + v) is not empty.
We shall prove that in cases of the polynomials
2:2:1:3a:+3, :1:2:i:4a:+5, 2 £5c+7
we have ten possibilities and in other cases only six possibilities for the
choice of the v-s, and the order of the ¥-s is not optional.
The number 4 has the form
(8) v =a+ ba,
with rational integers a, b and
(9) 712 = (a - bc/2)2 + bE(N —(c/2)?) = (a - be/2)? + b2m.
It follows from (1) that

(10) (a + ba)a = —=bN — (bc - a)a.
By (6), we can choose a rational integer d, for which
(11) | =bN = (be —a)a —d| < VN +1

and =N <d < N.

It is easy to see that
(12) (VN+1)2=N+2VN+1<(fcf/2+1)2 + (Vm1+1)% -1,

where m) =m or my; =m/4 with m =3 mod (4) and m > 0. As the set of
the possible 4-s is symmetric about the origin, it is enough to consider the
cases when b > 0.
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If 6> 2, it follows from (5), (9) and (12) that the inequality
(13) la ~bc/2] < |e|/2+1,

is valid, because 4m; > (/M1 +1)2 — 1 holds in our cases.
We shall prove that b> 3 is impossible. We have from (13)

(b—1)lc] 1
—al>
o fema2T 5
In this way |bc ~a| > |c| — % for b > 3. We have
(14) lbc - a| > |c].

It follows from (10) and (14) that
(15) l(a + ba)a — d|? > (be — a)?my > *my = (¢® - 3)my + 3my.

But the inequality
dmy 2 my+2/m)
is also true for m > 1 and also

2
%(c2—3)>(|—;—I+1> ,

for |c] > 4. At this time (11) is inconsistent with (12), if both of the
inequalities |c| > 4 and m)] > 1 are satisfied. For m| = 3/4 we make a
comparison between (15) and (12). The inequality

2 2
2.3, (ld V34 -
c 4>(2+1> +(2+1 1

holds for |c| > 4. It follows from (9) that |v|2 is at least 9(N —1/4) for
le] =1, 9(N —1) for |c| =2, and YN —9/4) for |c| =3. These values are
greater than (VN +1)2 in our cases, except the last one if N =3 and b=3.
But in the last case, by (9), a = 5sg{c) or 4sg(c) and the coefficient of « in
(11) has an absolute value greater than 3, so thus we have in all the cases
that 6 < 2.

At present, we select the cases for which b = 2 is maybe possible. For
b =2 we have from (5), (6), (7) and (10) that |a — 2¢| < 2.

But from (13) it follows that [a —c| <|c|/2+1, so thus |¢| -2 < [¢]/2+1.

Thus we have |¢| < 6.

If |c| €2, we make a comparison between the last term of (9) and
(VN +1)2. For |c| =1, the inequality 4N —1 > N +2v/N + 1, is valid for



N >2. If |¢| =2, it holds for N >3 that 4N —4 > N +2y/N + 1. We shall
discuss later the case of the polynomials z2 + 2z + 2.

If |c| = 3, we have N =(9+m)/4, a = sg(c) or 4sg(c).
If a = 5sg(c), then it follows from (9) that
15sg(c) +2a2 =4+m
and there is a contradiction with (5) for m>7. (4+m < (9+m)/4+
+vV94+m+1).
If a = 4sg(c) it follows from (9) that
l4sg(c) +2al> =1 +m,
and it is inconsistent with (5) form>11. (1+m<(9+m)/4+/9+m+1).

Now we have two extra cases z2 + 3z + 3 and z2 £ 3z + 4, but we shall
see that the second one belongs to the general case.

If lc| = 4, then we have N =4+ m and
12(c — sg(c)) + 2a|? =4+ 4m
and there is a contradiction with (5) for m > 1. (4+4dm <4+ m +

+2v/AFm+1).
We shall discuss the case

z2:t4z+5

later.
If |c| =5, then N = (254 m)/4 and
12(c ~sg(c)) + 2af* =9+ m,
and that value contradicts (5) for m>7. (94+m <(25+m)/4+ 25+ m+
+1). In this way z2 + 5z + 7 is an extra case.

The general case. Except the extra polynomials, we can assume that
|b] < 1. It is enough to consider those v-s, which have the form v =a + «,
if b#0.

We have

(a+a)a=—-N+(a-c)a.
That is |¢ — a] < 1, because
a=c—sg(c), ¢ c+sg(c).
If b=0, then a = £1, because a-a = aa. We have eight possibilities for

the v-s 1, c—sg(c), c+sglc)+a,

-1, —c+sg(¢)—a, —-c—a, —c—sglc)—a,
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but the numbers +(c + sg(c) + a) are not suitable, because (c + sg(c) +
+a)a = —N +sg(c)a, and it is impossible to add an integer with absolute
value less than N, to have one number among the listed numbers, so we
have only six points.

(16) Aj=1, Ag=ct+a, Az=c-sg(c)+a,
Ay=-1, As=-c—a, Ag=-c+sg(c)-a.
The extra cases. We have two y-s with b =2,
2c —sg(c)+ 2a, 2c-2sg(c)+2a.
There are five numbers to discuss with b=1,
c—2sg(c)+a, c—sglc)+a, c+a, c+2sg(c)+a, c+sg(c)+a,
because of the equality
(a+a)a=—N+(a—c)a.
The number ¢ + 2sg(c) + a is not suitable, because
lc+2sg(c) + af> =2/c|+4+ N > N +2VN +1.
Note that we have in all the cases under discussion
2lc| +3 > [2V/N].
The number ¢ + sg(c) + a is also not possible, because
(c+5g(e) + a)a = —N +sg(c)ay

and it is impossible to add an integer with absolute value less than N, to
have one number among the listed ones and their products by —1.

Now, we can see that the number 2¢ — sg(c) + 2a is not suitable, because
2¢ —sg(c) +2a)a = =2N —sg(c)a
and the inequality
2N —|c|2 N
is valid.

If =0, then a = £1, because a - a = aa, |a| # 2. Since the following
inequality |2¢ — 2sg(c)(c)] =2(|¢c| —1) > N is valid in these cases, we have
only ten possible numbers:

(17) A1=1, as=c+a, Ag=c—sglc)+a, Agq=c—2sg(c)+a,
As =2(c—sg(c))+2a, Ag=-1, Ar=-c—a,
Ag=—c+sg(c)—a, Ag=-c+2sg(c)—a, Ajp=-2(c—sg(c))-2a.
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We return to the examination of the general cases. The order of the
v-s in the sequence (7) is not optional. If for instance v; = Aj, then
Yk+1 = ¢+ a or ¢ —sg(c) + a and we must choose in these cases as in place
of ap — b the numbers —¢, —c + sg(c) accordingly.

There we give a table of the possibilities

Yk Vk+1 ap — b
A A9 —c
Az —c+sg(c)
Ay Ay -(N-1)
c>0 c<0
A3 As As —(N —lel)
Ag As —(N —|c|+1)

because
Aia=a, Aga=-N, Aza=-N-sg(c)a.
If |c| = N, then A9 does not follow Aj, but the coefficient of M(k —

—1,A3) in the latter recurrence relation is zero. The situation of A3 is the
same for |c| = 1.

Let M(k,A;) denote the number of the possible values of the k-th
partial sums of the points of H(\(H + A4;) for the sums

w I3
52
J
=17
Note that formally different partial sums have different values, because the
representation of (the representable) elements are unique.

If the difference aj — by is a fixed number ¢ with N >u >0, then a; =u,
bp=0,ap=u+1,by=1,...,a=N—-1b, =N —~1-—u are the possible
values, there are N — u possibilities. If u < 0, we have N — |u| different
cases.

From the table we get the following recurrence relations.
M(k, A7) = (N = [e)M(k = 1, 4g) + (N = |e| + DM(k = 1, 43),
M(k,Ay)=M(k—-1,47),
M(k, A3) = le|M(k -1, A2) + (lc| - 1)M(k — 1, A3),
that is,
M(k A1) = (N =|c|)M(k—-2,A1) + (N —|c|+ 1)M(k — 1, A3),
M(k,A3) =|c|M(k—2,A41)+ (lc| —1)M(k -1, A3).
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Let F(z) and G(z) be the generating functions
o0 o0
F(z)=Y M(k, A1)z G(z) =Y M(k,A43)2".
k=1 k=1
Then we have the equations,
F(2)(1= (N = el)z®) = G(2)(V = |e| + 1)z = a1 +azz,

—F(2)|c|2* + G(2)(1 = (le] = 1)2) = by + boz,

where aj, ag, by, by are depending on the first two members of the
M(k, Aj)-s. It follows that

_ p1(2)
(18) P& = = (N )2 =N

B pa(2)
(19) O = =D - (V — 2= N

where the polynomials p; and po are of degree at most three.

In the extra cases, for the numbers in (17) we have the following table
for the possibilities

Vk Ve+1 ap — b
Aq A9 —c
A3 —c+sg(c)
Ay —c+ 2sg(c)
Ao Ag ~(N-1)
c>0 c< 0
A3 A7 Ay —(N —¢f)
Ag As —(N =|c|+1)
Ag Ay —(N =|c|+2)
Ay Al As —(N =2(je| - 1))
As Aqo As =2(N —|c|+1).

The numbers in the last column have absolute values less than N,
except the cases || =2, N =2 and |¢| =3, N =4. The last number in the
last column has absolute value two or four respectively, which is the norm,
therefore these cases are contained in the general case.

Because of the symmetry of the v-s in the extra cases, we get from the
table the following recursive formulas



" (e
M(k,A))=(N=le|)M(k-1,A9)+ (N —|c| +1)M(k —1,43)+
F(V = el +2)M(k—1,4g),
M(k,Ag) = M(k - 1,4,),
M(k, Ag) = [clM(k — 1, Ag)+(le] ~ )M (k — 1, Ag)+(le|  2)M(k — 1, Ay),
M(k, Ag) = (N - 1)M(k ~ 1, 4g),
M(k,A45) = M(k -1, As5).
It follows from the last formula that M(k,45) =1, M(k,A4)=N ~1,in

this way H and H + A5 have only one common point, and H and H + A4
have common points of number N —1.

Let F(z) and G(z) be the generator function for M(k,A;) and
M(k, As), then we have
F(z)(1 = (N =|e)z*) = G(z)(N = el + 1)z =
_ 2jel = 1)(N = fe +2)

3+ 2(a) +agz),

1-2
—F(2)lele? + G(2)(1 - [e] + 1)z = 2! "11_)(10' =23 4 2(by + by2),
in this way we have
_ p1(2)
S A G <y P g vy e
p2(2)

@) CE) = AT TS (N - ) = NI =2)’

where p; and py are polynomials of degree at most four.
It is true for polynomials that

n
2"p(1/2) = [[(1 - &),
i=1

where the {;-s are the roots of the polynomial. We get with partial fraction
expansion from (18)-(21) that
(22) M(k, A7) = ci* + o(¢¥),
for j =1,2,3, while £ has the greatest absolute value among the roots. It
is easy to prove that the c;-s are positive.

Let E; be H()(H + Aj). We shall prove that for the x-dimensional

outer measure (see K.J. FALCONER [2] 1.2.) where x = lo]; = the

following inequality holds;
0< }f"(Ej) < oo,
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if 7 #4,5,9,10 in the extra cases. Let us consider the discs, centered around
the values of the k-th partial sums of the points of E;, with diameter

2VN +1)/(VN).

E; is covered by these discs. Then it follows from (22) that
25(v/N +1)*M(k, A;)
(\/]_V—)"k
with & = 2(v/N +1)/(v/N)*, and in this way we have

(23) . H*(E}) < oo.

For all k one can define an outer measure on C. Let U be a set. Let Pr(U)
denote the number of open discs, which have a common point with U and

HE(E;) <

<0(1)

%
whose centers are the k-th partial sum ¢f 5 g—i- for the points of E; with
k=1"

diameter 2(v/N +1)/(VN)¥. We define
pe(U) = P(U)2*/(VN)*E.
We now have for E;
dy < pp(Ej) < dy
with positive d; and do, independent of k. If S is a disc, we have
pE(S N Ej) < dzdiam(S)",
if k is large enough.
Let ! denote the integer !, for which
1/(VN)*! < diam(5)/2 < 1/(VN)

holds. Let us consider the open discs, having at least one common point

with S, and whose centers are an element of Z[a]/a!, with diameter

2(V'N +1)/(VN)'. The number of these discs is at most v, where v is the

maximal number of the elements of Z[a] in a disc of diameter 2(v/N +1).

Among these centers there are the values of the I-th partial sums of the
o0

representations g‘i- of points in E;. Consider those [+ u-th partial sums
k=1

of the points whose I-th partial sum is a given center. The number of these

values is M(u, Ay) with a fixed w. In this way we have

lul+U(S) = P1+u(5)2'c/(\/]_\7_)(l+u)x <w- d3 . gu/(\/ﬁ)(1+u)x <
Sv'd3'(\/ﬁ)n‘dia.m(5)".
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We shall apply the Frostman’s lemma (see [3]). If there exists an outer
measure with the properties

W(Ej)>0; p(SNE;) < dy-diam(S)",

then
%N(Ej) >0,

because we have for all cover of Ej

0 < u(Ej) Sy p(St) Sdgy_diam(Se)".
The measures yi-s have at least one weak * limit p with these properties.

We have
(24) dim(U;(H N(H + Ay))) = maxdim(E;).

This implies that
(25) O0H = Uj(HN(H + 4j)).

Indeed, if n€ HN(H + Aj) and  # OH, then 7 is the centre of a disc
D being in H. There is a sequence 7 € int(H + A;) convergent to 7
because (H + Aj) is the closure of its own interior, so thus we have a new
disc, contained in D N(H + A;), but it is impossible, because dim E; < 2.
We have proved above that 0H C U;(H N(H + A;)) and hence (25) holds.
Therefore the first part of the theorem is proved.

REMARK. Some numbers in (17) and (18) were examined by W. J.
GILBERT in [4].
The Pontrjagin-Schnirelman dimension of a set is
. lOg N5
liminf
end log(1/e)’

where N denotes the minimal number of discs of a cover by discs of
radius €.

We have for the Ej-s that if ¢ = (VN + 1)/\/]vk, then the minimal
number of discs of radius ¢ is at most M(k,E;) and at least 1/v) M(k),
where v is the maximal number of elements of Z{a] in a discs of radius
3(VN +1). Because the Pontrjagin-Schnirelman dimension is not smaller
than the Hausdorff one, this dimension of the E; is the same as the another
one. Because (24) is valid for the Pontrjagin-Schnirelman dimension, the
second part of the theorem is proved.
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1. Introduction

In recent years there has been a rapid growth of interest in the appli-
cation of the theory of functional analysis and semigroups of operators to
population dynamics, very nice results can be found in J. SONG and J.-Y.
Yu (13}, WEBB [15], METZ and DIEKMANN [9], HEIIMANS [5], ZHANG [16]
and ZHANG and ZHU [17], to name just a few. On the other hand, the
MCKENDRICK equation of population dynamics [15] is one of the most
important age-dependent population models. It has been used to study a
great many biological and physical phenomena. Its application to human
population has been reported in [13], [12]. These models involve first order
partial differential equation with nonlocal boundary conditions.

The model which used to study human population can be written as
follows [13]:

@%—Q Qpér_t) u(r)p(r,t), 0<r<rm,t>0,
p(r,0) = po(r), 0<r<rm,

(1) ~
MQQ:EﬁHﬂMﬂMnﬂ&,t>O
1

where p(r,t) is the age density distribution of the population, r denotes
age, t is the time, 0 < r <rp, t 20, ryp is the maximal age ever attained
by individuals of the population. Here we assume that the specific fertility
rate of females is a constant 3, the female sex ratio k(r) and fertility pattern

(*)On leaving from: Shaanxi Institute of Finance and Economics, Xian, China.
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h(r) are independent of time, h(r) satisfies

T2
/h(r)dr =1.
1

[r1,72) denotes the fecundity period of female, the relative mortality rate
denoted by p(r), which is a function dependent only on age and satisfies

r Tm

/#(e)de < +00, T < Ty, /#(e)de = +00.

po(r) is the initial density distribution of population.
Introducing = = LP(0,rm) (1 £ p < o) as the state space and the
population evolution operator on = as follows:

A:D(A)CE—E

(a)r) = - 20 _ ey

r2
D(A)={®|® A% =, 80)=4 / k(r)h(r)®(r)dr
1

With the operator A at hand, equation (1) can be written as an abstract
evolution equation in the Banach space =:

) {“-”5# = 42(.,1)

2(+,0) = po(-).

We have the following result [13]:

LEMMA 1. The operator A is the infinitesimal generator of a one
parameter strongly continuous semigroup {T(t)}:> of bounded operators
in the Banach space and has the following asymptotic expansion

o] u(e)de
(3) T(t)®(r) =Cgpe ’ ‘{ elot 4 o(e(’\o-e)t) ast — 400

where Ay is the real eigenvalue of A, which has the maximum real part
in the spectral of A, Cg is a constant depending only on ®, € > 0 is any

positive number such that o(A)N{Ag —¢ < ReA < Ag} =0. About spectral
of A, we have
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(i) o(A) = ap(A);
(i1) A has only one real eigenvalue A, its algebraic multiplicity is 1;

(iii) o(A) is infinite set.

The linear model can be used simply for forecasting and simulation or,
in some extent, demonstrate exactly some aspects properties of population
in the population statistics. [See Appendix.] On the other hand, for
its simplicity, more complicated phenomena usually being in ecosystem
cannot be explained in linear model, and some conclusion deduced from
linear model is not appropriate to the practice. By this, starting from an
age-dependent logistic nonlinear population model, we study, in this paper,
the solution of the model in Banach space, the stability of population
system and periodic and oscillation behaviour usually presenting in the
ecosystem and provide more exact theoretical foundation of population
analysis.

2. The Classical Solution of the System

We are interested in the following logistic growth model of population
dynamics.

(4)
Boet) 1+ 98D = —u(r)p(r,t) = K F(N(D)p(1t), 0 <1 <rm,t>0

p(r,0) = po(r) 0<r<rm
p(0,t) =4 fzk(r)h(r)p(r,t)dr, t>0
. "

™
where N(t) = [ p(r,t)dr is the total number of population, f(N(t)) is
0

called logistic growth term and f(£) is a real function on Rt = [0,00), and
satisfies

f(0) =0, f(§) 20, when £ >0.
If K =0, (i.e. independent of habitant) then system (4) becomes system (1)

which is well known age-dependent linear model of population evolution.
We assume, in this section, that K > 0.
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In Banach space Z = LP(0,rm) (1 < p < o0) we have the following
nonlinear abstract equation:

%,_t) = Ap(-,t) — K f(N(t))p(-,t)
(5) p(-,0) = po(-)

N(@t) = ;f"p(r,t)dr

Here, assume that the population parameters in equation (5) are the
same as before. u, k, h are bounded, nonnegative and measurable func-
tions.

We have had some results (see [16] and [17]) about the existence and
uniqueness of solution of equation (5) under the conditions of the function

f(€) satisfying
f(0)=0; f(€) >0, V¢E>0; f(&) 1is continuously differentiable.

REMARK. ZHANG and ZHU studied the equation (5) in 1987. The
results were published in [17]. GUO and CHAN use the ideas of ZHANG
and ZHU studied the time delay population dynamics {23].

We will discuss, in this paper, the existence and uniqueness of solution
of equation (5) under the condition of the function f(&) satisfying

(6) f(0)=0; f(&)>0, VE>0; f(&) is continuous.

First, we should understand the concept of solution. We call p(-,t) € =
(0 <t < o0) a global classical solution {10] of equation (5), if
(i) p(,t) € C([0,00};Z) and p(-,t) € C1((0,00); E);
(i) p(-,t)e D(A),0<t< o0
(i) equation (5) is satisfied on [0, 00).
In order to prove the existence and uniqueness of solution of equation
(5) under conditions (6), we need the following lemma.

LEMMA 2.1. Let the initial density distribution of population pg(r) €
€ D(A); the function f satisfies conditions (6), then equation (5) has a
global classical solution if and only if there is a continuous function N(t)
on [0,00) satisfying

—K [ F(N(2))de
N(t)=Ny(t)e 0 L 0<t<oo
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™m
where Ny(t) = [ ¢(r,t)dr and g(-,t) satisfies following linear evolution
0

equation
(7 {%ﬁ=Aq("t)
Q(',O) =P0(')-

PROOF. It is easy to check that p(-,t) satisfies equation (5) if and only
if g(-,t) satisfies equation (7), and

t
K [ f(N(e))de
Q("t):p('rt)e 0 y 0<t <o

So, the lemma has been proved.

Now, we can prove the main theorem in this section.

THEOREM 2.2. For nonlinear population evolution equation (5), if
initial density distribution of population py(-) € D(A); and the function
f satisfies condition (6), then equation (5) has a global classical solution.
Moreover, if the function f also satisfies the following condition

(8) If(61) - f&)l SLM)l§1 - &, |GI<M (i=1,2) for any M >0
where L(M) is a constant related with M, then the solution is unique.
PROOF. Let g(-,t) = T(t)po(-), where {T'(t)};>¢ is strongly continuous

semigroup generated by operator A; then it is known (see [10]) that g(-,t)
is a classical solution of equation (7). Moreover,

T™m

No(t) = / o(r )dr
0

is a continuous function on [0, 00).
Let
Yo ={w(t) |w € Cl0,1];0 Sw(t) < [Ny(t)], 0<t <1}
then Y} is a convex and bounded subset of C[0,1].
Define a mapping F: C[0,1] — Yy C C]0,1]
—fth(U(Q))de
(9) (FU)(t) = Ng(t)e © :

Since the function f is nonnegative and continuous, we have F(Yy) C Y}
and the mapping F is continuous.
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We will show that F(Yj) is a relatively compact set.
Let 0 <tg<t<1, then
t

-K [ f(U(e))de
(FU)(t) = (FU)(tg) = (Ng(t) — Nq(to))e 9 +
t H
=K [ f(U(e))de -Kfof(U(g))dg
+Ng(tg) e © —e 0

It follows that
(10) |(FU)() = (FU)(to)| < [Ng(t) — Ny(to)| +|Nq(to)| |1 — e~ Moli=tol}
where My = 05?341 Kf(€), and M} = Or-<r-1tasx1 | Nq(t)].

For 0 <t<tp<1,(10) is also valid. From (10) F(Y}p) is equicontinuous,

on [0,1]. According to Schauder’s second fixed point theorem, F has a fixed
point, which is denoted by Ni(t). Now we get

¢
- [ Kf(Ni(e))de
N1(t) = Ny(t)e © .

In the following, we extend Ny(t) to [0, 7], in which 7 is an integer and
greater than 1.

Define a mapping on C[1,7]: F:C[1,7] = ¥y C C[1,7]. Here,

1
- -K [ f(Ni(e))de
Yp=( w(t)|weC[L,7];0 <w(t) < Ny(t)e O ,1<t<r

1
. K [ f(Ny(@)de-K [ F(U(@))de
(FU)(t) = Nq(t)e 0 1

Similarly to above F has a fixed point in f’o. We denote the fixed point
by R(t). So, we have

, 1<t

1 ¢
—~K [ f(N1(e))Ydo—K [ f(R(0))de
R(t) = Ng(t)e 0 1 , 1<t<r

Let
_ Ni(t), 0<t<1
Nf(t)‘{R(t), 1<t<r
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then Nr(t) is continuous on [0, 7], and

t
K [ f(Nr(e))de
Nr(t)= Ny(t)e D

Similarly, a series of functions {Np(t)} can be obtained, they satisfy
the following equalities:
Np+1(t) = Na(2), » 0<t<n
t

—-K [ f(Nn(e))de
Na(t) = Ny(t)e 0 , 0<t<n.

Let N(t) = nlLr%oNn(t), then N(t) is continuous on [0,00) and
t
- [ K f(N(e))de
N(t) = Ny(t)e 0 , 0<t< oo

Hence equation (5) has a global classical solution p(-,t), by virtue of Lemma
2.1, we have for ¢ € [0, 00)

—K [ f(N(e))de
p(t)=q(t)e O )
1.e.
i
- [Kf(N(e))de
(11) p(-,t)=T(t)po(-)e ©

We finished the proof of first part of the theorem. In order to show the
uniqueness of the solutions, setting T is a positive number and pp(:,t) is
a classical solution on [0,T)]. Define

(12) g(s) =T(t - s)pr(-»9)
then g € C1([0,T);Z).
Differentiating (12) we have

dﬁ:) = ~AT(t - 8)pr(-,s) + T(t — s) [APr(-,s) — Kf(N7(s)pr(:,s)]

and so

(13) W) 1= ) K fFr(s)pr(-s)

where

™m
Nr= /ﬁT(r,t)dr.
0
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From 0 to ¢, integrating both sides of (13), we have the following
equality

pr(-t) = T()po(-) — K / T(t - 8) f(N(s)pr(-)ds (0<t<T).

In the same way, we also have
t
p(-t) = T(t)po() ~ K / T(t— 8)f(N(s)p(~s)ds (0<t<T).
1]

It is clear that there exists a constant depending on T, which satisfies
INT(s)| S C1; IN(s)] £ C,
when 0<s<T.
From the conditions of the function f, we have

[B2C.0)=p0lls < K [T =) (N a(s)(Pre9) - pleo)zds+
i

+K [12= 9T 1) = VO 5)eds <
0

<e / 1pr(-s) =p(+8)lzds, 0<t<T

where ¢ is a constant depending on T, from Gronwall’s inequality we get
p("t)':I_)T("t)’ 0<t<T.
Thus, the arbitrariness of T asserts that the solution is unique.

Now, we would like to ask a question. If the initial density distribution
of population pg € E*, where Z* = {®# € Z| &(r) > 0 a.e. on (0,rm)}, is
the solution of equation (5) also positive? The answer is affirmative. In
fact, we have the following corollary:

COROLLARY 2.3. When equation (5) has a positive initial density
distribution pg € =%, the solution of equation (5) is non-negative.

PROOF. It is known [17], [2] that the strongly continuous semigroup
{T(t)}i>0 generated by the operator A is a positive semigroup on the order
Banach space (£,Z%,]-||). So, it is deduced that the corollary is correct.
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3. The Stability, Periodic and Oscillator
Behaviour of the System

The major goal in this section is to discuss the large time behaviour
of the nonlinear population system (5). We assume, in this section, the
function f satisfies conditions (6). We suppose that the initial density
distribution pg(-) € D(A) and py € E™.

By virtue of (3) and (11) we have

r t
~dor=[u(e)de  [(Ao—Kf(N(e))de
0 . e0 +

e

(14) p(r,t) =Cpye
1
J(Mo—e—K f(N(g)))deo

+ojel as t — 400

where Cp, is a constant not related with time ¢ and ¢ > 0 satisfies
c(A)N{A|Red > g —¢} ={Io}.

r -1
2 - [ u(e)de
Let Ber = | [ k(r)h(r)e O be the critical fertility rate of
m

females. When the specific fertility rate § of females satisfies 8 < fcr
then from {13] we have A\g <01in (14). And so

i
J(o—Kf(N(e)))de
(15) N(t) = Med +o(e”), to+o00

by virtue of (14), where M is some constant. The first term in (15) is a
decreasing function of ¢, therefore, tlim N(t) = c exists. We observe that
-0

when K f(£) > 0 for £ > 0, we have ¢ =0. And so

PROPOSITION 3.1. When B < B¢y, the solution p(-,t) of equation (5)
is global asymptotic stable

L {lp( )l 10 rm) = Jdm N(t) = ¢ < +oo.

In the following we discuss mainly the case in which 8 > Bcr. In this
case, we have A\g >0 in (14). If for any £ > 0, K f(€) < Ag, then by virtue
of the asymptotic expansion
t t
Jho—Kf(N(e))lde ; Jho—-Kf(N(e))lde
0 +o(e™") €0 , t—o00

(16) N(t) = Me
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Lim N(t) exists. If in addition we assume mes{r | pg(r) #0, 7 € [r1,79]} >0

{—00

then M > 0in (16), and
tli.rgo Hp("t)”LI(O,rm) = tliulgo N(t) = 4-00.
Generally, in mathematics there is a possibility that

(17) Elin;oKf(é) = +00

But in practice, the situation (17) is impossible. Later we shall discuss it
in detail. For the continuity reason we suppose that there exists a £y > 0
such that

Kf(€)=) and / (T(t)po(r)ldr £0.
0
If we write q(r,t) = T(t)po(r), Ng(t) = “‘I("t)uLl(O,rm)’ then

t
—K [ f(N(e))de
p(r,t) =q(rt)e O

t
-K [ f(N(e))de
N(t) = Ny(t)e 0 .

(18)

/
Let g(t) = %;E'% — Ag, then we notice the fact that

(19) tlingog(t) =0.

We adopt the idea of [15] and discuss the limit set of equation (18).
Let

UN) = {N*| 3t — co such that N(t,) » N* (n — o0)}.

Take arbitrary N* € Q(N), (N* may be infinite) then there exists t, — oo
such that imp—.oo N(tp) = N*. First we consider the situation for which
N* < +oo. If K f(N*) < Ag, then there are a small positive number € > 0
and Sg, a neighbourhood of N* such that K f(§) < A\g—e¢, and A\g—e >0
provided £ € S¢(N*). Suppose that N(t,) € S¢(N*) for n > N, then there
is a tg > N¢ such that g(t) > —¢ for t > tj. Choose N > N¢ such that t, >t
for n > N and then consider the equation

dﬂdft) =[A — Kf(N(t))IN(t) —eN(t), tn<t

N(tn) = N(tn), n>N.
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Since
dN(t)
dt

=[Ao = Kf(N@)IN(t) + g()N(2),

d
ZIN@®-N@]|,_, >0 amd NO-NO)|_, =

in some neighbourhood of ¢y, along which ¢ is increasing, N(t) > N(t). We
assert at this moment that

(20) N(t) > N(t), fort>ty.

Indeed, if there is a £ > tp, such that N(¢) = N(£) but N(¢) > N(t) for any
t € (tn,1), then it will lead to a contradiction since T[N - N(1)] lt-t> 0
and thus (20) holds. On the other hand, N(t) satisfies B

[ Dome—K f((e))]de
(21) N(t) = N(tg)en , t>

If the function f satisfies following condition

{For any M > 0, there is a constant L(M) depending on M such that
f€) = f(Q SLM)6r —&al,  |&GI<M, i=12

then we knew that N(t) satisfying equation (21) is uniquely determined.
Since K f(N(t)) < A\p —¢ in a neighbourhood of t, along which ¢ is
increasing, N (t) is a strictly monotone increasing function. Assume that
there is a t* such that

Kf(N(t*) =X —¢, Kf(N(t)) < A —¢ for t € tpt*)

then there is a t) < t* such that N(t;) = N(t*) thus K f(N(t1)) = Ag —¢,
which is impossible. Thus for all t > t, Kf(N(t)) # A\g — ¢ and hence
tlim N(t) = +o0, and this leads to contradiction (see (20)). Similarly,
—00

K f(N*)> )g is also impossible, and hence we get
(22) UN)\{oo} C{E| Kf(£) = Ao}
Let & = lim N(t), b= hm n N(t), if & # b, it is clear that for any

t—o0
N* € (&,b), there exists a sequence {tp}, tn — oo, such that N(tp) = N*.
(Notice that N(t) is continuous.) There must be an interval [a,b], a # b,
b < 400 and

(23) [a,b] C QUN)\ {0}
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Since b~ a > 0, we can take ¢ > 0 and g € (a,b) such that [§g —€,&p+¢] C
C (a,b) and then take t,, such that t, — 0o (n — 00) and N(t,) = &g (this
is possible). We notice that

t
. f[/\o-Kf N(o))lde JDo—Kf(N(e)))de
(24) N(t)=[M +o(e™""))e0 =g(t)ed
where §(t) = Nq(t)e"\ot. From (24) we have lim;_,00g(t) = M and we knew
that for t > ¢,
aqt) f[/\o -Kf(N(e))de
qtn)
if n is large enough such that for a.ny t2>ty
at)
© Fen)
We want to show for any ¢ > t,
(*) F(N(t)) = Ao.

If () is not right then there exists t* and ¢ such that f(N(t))=Ag, t€
€ [tn,t*] and

f(n(t)) > Ao, te(th,t1) (or f(N(1) <Ao, teE(tht1)).
We can take € (t*,¢1) such that

N@E) =&

€ (¢o—e, o te)

7 i
J(Ao=f(N(e)))de _ J(Ao—f(N(e)))de
a<(é—e)e’ SN(@E) < (§p+e)e < b,

hence f(N(t)) = Ag, this is a contradiction. Then for any ¢ > t, we have

g(t)
N(t) = &g 2L
V=% %)
and so limy_.o N(t) = &p this is contradiction, thus b— & =0, i.e. QN)=

={N*}.

Summarising, we get

THEOREM 3.2. For any K f(§) which satisfies conditions (6) and (8)
and po(-) € D(A)NE* and ||po(-)l|;1 # O, the limit of the solution of

equation (5) as t goes to infinite exists, i.e.

—Xor=f u(e)de
(25) th'm p(r,t) =ce 0
—00
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where ¢ > 0 may be infinite.

In the following, we want to find some conditions which make N(t)
bounded. Suppose that

(26) Em K f(€) < Ag,
§—o0
=Xor=[ #(e)de
taking po(r) = ce 0 , where ¢ >0 such that K f(§)< Agfor > M
in which
T —dor- [ u(e)de
M= Cpo/e 0 dr
0
then
t
J[Po~Kf(N(e))]de f[/\o K f(N(g))lde
(27)  N(t) =Med +o(e”ct). €0 :

The first term corresponding to py(r) of (27) is a strictly monotone in-
creasing function and lim¢_,oc N(¢) = co. Therefore, in order N (t) to be
bounded, it must be hmf_,oole(f) > Ap.

i {hm Kf(€) > Ay and ‘hm N(t) = oo, then take ¢ > 0 and tp, — o0
— 00 —O0

such that K f(N(tp)) > Ag + ¢, for this ¢ there is a tp > 0 such that the
corresponding ¢(t) < ¢ for all ¢ > ¢, suppose that tn > tg for all n > N,
considering the limiting equation
{ T = Do - KfNOIN®+eN(), t2tn
N(tn) = N(tn), n>N.
Similar argument to (20), we can get N(t) < N(t) for all ¢ > ty, but N(t)
is a monotone decreasing function, it is obvious that N(t) < N(t) < N(tn),
hence N(t) is bounded, this is a contradiction. If £Iim Kf(é) = A\ and
—o0

K f(§) 2 A for all ¢ large enough, it can also be deduced that N(t) is
bounded.

If {m Kf(§) = Ay and K f(£) < Ag for all sufficiently large £, then

-0

N(t) is unbounded like (26). Summarising the above, we have

THEOREM 3.3. Assume that the conditions in Theorem 3.2 are sat-
isfied. The necessary condition to make the solution of equation (5) be
bounded is that

£EE Kf(£) 2 Ao
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Furthermore, if gm K f(&) > Ap, no unbounded solution of equation (5)
—0o0

exists. In the case 5lim Kf(&)=M if
—00

(28) K f(€) > Ay, for each sufficiently large £,
then no unbounded solution of (5) exists; if
(29) Kf(€) < XA, for each sufficiently large ¢,

then there exists an unbounded solution for (35).

REMARK The methods used in the proof of Theorem 3.2. make us
to demonstrate simply the stability of nonnegative equilibrium state of
system (5). The conclusions are stronger than those of [17], meanwhile, no.
linearization is involved. :

Now we discuss the locally asymptotic stable in D(4) N =% about the
nonnegative equilibrium state of system (5). We have the following result.

THEOREM 3.4. Let £y > 0 be the nonnegative equilibrium state of
system (5) (iff K f(&g) = Ag). If K f(€) is strictly monotone increasing in a
neighbourhood of &y, then the system (5) is asymptotic stable in D(A)NZ=*
about §y; if K f(€) is strictly monotone decreasing in a neighbourhood of
€0, &o is not stable.

ProOOF. We only give out the proof for N(t) because the relation
between N(t) and the solution p(r,t) of equation (5) tells us that it is
equivalent to discuss p(r,t).

We say system (5) is asymptotic stable in D(A) NZF about &, if for
any € > 0 there exists § > 0 when |[Ng — £g| < 6 the solution N(t) of the
equation

ft('\o—Kf(N(Q)))dQ
N(t) = (Ng +o(e™%))ed
N(0) =Ny
satisfy |N(t) — &l < € (for t > some ty).

First, let K f(£) be strictly monotone decreasing in [£g — §, £y + 6], here
6 > 0, €y corresponds to the initial state

~dor~ u(o)de
po(r) = Coe 0
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where Cj is a constant such that ||pg(r ”L1(0 rm) = €p. Take 0 < c <1 and
p(r) = cpg(r) such that Hp(?‘)”Ll(o,,-m € (&g — 6,¢g) and the total number

N(t) corresponding to initial state satisfies

» f[Ao K f(N(e))lde
N0 = (151 gy + (™)

f[/\o-Kf(N(e))]de ' '
We denote IIﬁ(r)llLl(O’rm)eO by N*(t). Since N*(t) is a

monotone function at ¢ =0, and Kf(“f)HLl(O,rm)) > Ag, so N*(t) monotone
decreasing to
sup  {{]Kf(E) =X} <&—~6
fS”ISHLX(O’,.m)
But 0 < ¢ <1 can be chosen such that 1 — ¢ is small enough, hence £ is
not stable.

Suppose K f(£) is monotone increasing in [o—6,6p + 6], choose ¢ > 0
such that K f(€) = Ag +¢ has a solution in [§y,&p + 6]. It is not difficult
to prove that there exists a neighbourhood 050 of £y, such that 050

C [&o — 6,&0 + 6] and for any Ny € 05 lg(t)| < e, Vt > ¢y where tg > 0is a
positive number independent of Nj. %Iere

i
—K [ f(N(e))de
N(t) = Ny(t)e 0

N(0) =

g(t) = N1(8)/Nq(t)~ .
By the continuous dependence of solution to initial value, we knew that
there i1s a neighbourhood 050 C Og,, such that for any Ny € 050, the

corresponding solution N(t) satisfies 3t; > t9 {N(t),t > t;} C 05
C (60— 6,60+ 6). The solution of K f(£) = Ag +¢ in (€9 — 6,£9 + §), denoted
by e, does not belong to 050

For any Ny € 050, consider the following limiting equation

d— NIENS AT AT

{ Y = Do~ KFNEIF () +N(@), 2t
N(to)=No

By compare principle, N(t) < N(t) for all ¢t > tg, but N(t) < ée, hence

when t > t;, we have N(¢) <. Similar arguments to lower solution, we
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can get a neighbourhood of {j and & such that when Ny belongs to this
neighbourhood, the corresponding solution N(t) > {¢, and there exists t9
when ¢t > t9.
Because &, & depend continuously on &, lin%) £ =&y and elmb e = o,
e— —
so,  is stable. The asymptotic stability can also be deduced by Theorem
3.2

REMARK. We have already known that mathematical stability theory
has a lot of definitions of stability. One of the basic ones is the stability in
Lyapunov’s sense. It is this notion that is used in this paper.

However, other definitions of stability have been used in biological
population [14]. For instance, stability is interpreted as boundedness of
solutions from below and above (it is often called stability in Lagrange’s
sense).

Next, we shall discuss the periodic and oscillator behaviour of system
(5). We would rather give a direct proof than rely on Theorem 3.2,
although the periodic problem can be demonstrated directly by it.

THEOREM 3.5. No non-trivial pertodic solution exists for system (5).

ProoF. In fact, if N(t) = N(t+T), Vt >0, for some fixed T > 0, then
by the asymptotic expansion

t
= [Po—Kf(N(e))lde .
N(t)e 0 = N* +o(e™¢").
From N(t) = N(t+T), we have

i
Jo—Kf(N(e))lde
N(t) =(N* + o(e™%))e?

14 aT
M—Kf(N(o)ld ro—K f(N(e))d
) [Po-KIN@Nlde [ o= SN @lde

forn=1,2,3,... so

Tiho-K (N (e)lde
N(t) = N*ed

moreover N(o) = N(T). So, we must have
N(t) = N*, Kf(N*)= Ag.

It means no non-trivial periodic solution for system (5).



A CLASS OF NONLINEAR POPULATION EVOLUTION EQUATIONS IN BANACH SPACES 2(9

Now, we discuss the oscillation of the system (5). We start with
definition given in [15].
DEFINITION. The population system is called oscillation about its
positive equilibrium position, if for any tﬁm N(t) = N* > 0, and interval
—00

[, 00), there is at least one zero point of N(t) — N* in [a,00) for any « > 0.
In other words, there are t, — 00 (n — 00), such that N(t,) = N*; if there is
limy 0o N(t) = N* > 0 but N(t)— N* #0 for each sufficiently large ¢, then
population system is called non-oscillation about its positive equilibrium
state.

In (3], we have proved that for linear system
dp '7t) —
(29) {%{_ —‘AP(')t)

p(+,0) =po(")
there is the following result

THEOREM 3.6. When 8 = f¢, i.e. Ay =0, the system (29) oscillates
about its equilibrium state

~ [ u(o)de
N* =|lcge O

Ll(O,rm)
However, for nonlinear system (5) we have
THEOREM 3.7. Assume that f € C1[0,00) and Eﬁm f(€) = +oo0. If
—0

Ao > 0.and K f(§) = Ay has solution, then nonlinear population system (5)
is not oscillation about its positive equilibrium state.

PrOOF. Take initial distribution
;
=Aor—/ u(e)de
po(r) =ce 0
¢ > 0, then the corresponding solution of system (5)

T™m

N(t) = /p(r,t)dr
0
satisfies

[Da-K£(N(@))de
(30) N = (M+ o(e™)) ed .
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From Theorem 3.2 limy_.oc N(t) exists (it may be infinite). Choose ¢ > 0
small enough such that

() M <minfe | KA(€) = o}
then for any t > 0, N(t) € [M,N*], and
N* = minie | K£(9) = o).

Actually, there exists pg(r) such that ||pg[l;1 = M and ¢(r,t) = po(r)elot

is a solution of the equation

dg(r,t
{ —q%’t:_l = AQ(rit)
Q(ra 0) =p0(7‘).
The N(t) is the solution of the equation

t
— [ Kf(N(e))de
N(t) = Ny(t)e 0

{N@O)=M
Ny(t) = ({"’ lg(r1)dr.

We will show that N(t) € [M,N*], if not, 3t* > 0, t; > t* such that

(29) N(t*)=N*, N(t;)>N*,
Since
t* t*
- [ Kf(N(0)de pr — ] KF(N(@))de
N* = N(t*) = Ny(t*)e 0 =Mele 0
. .~
- [ Kf(N(e))de R
Me 0 ___N*e—-/\ot )
We have
t
o —JKf(N(e)de
N(t) = N*eMolt=t7) ¢ o , t>th

Hence, N(t) satisfy

(30")
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rm * *
where -]vq(t) = f [g(r,t)|dr, and g(r,t) = po(r)e'\ﬂt eAo(t—t*)
0

It is easy to see g(r,t) satisfy

{ @éﬁ—tz = Ag(r,t)
g(r,t*) = py(r)eot’.

But N(t) = N* is also the solution of equation (30'), so N(t)=N*, (t > t*),
this is a contradiction to (29').
We write the Taylor expression of K f(£) at £ = N* as

(32) Kf(&)=X+Kf(N*)(E-N*")+o({~N")
for £ € (N* —§,N*), 6 > 0. Hence there are constants 69 > 0 and cg >0
such that

Kf(§) -2

f—N* 0 L KF(N*)+0(1) < cg

forany £ €(N* =69, N*),ie. Kf(£)>Ag+co(6—N*)forE€(N* -89, N*).
We define the function
If}(f) — { U(f)s . € [Oviv T‘SO]

’\0 +CO(£ -N )’ 6 € (N ‘50700)

where 8y < 6y, U(€) is a function such that
Kf(€)>0, for £>0; Kf(0)=0 KfeC'[0,00)

and Kf(£) # Aq for £ € [0,N*). So K f(§) > Kf(§), VEe€[N* -, N
Take the initial distribution such that M € (N* — 8y, N*), denote N(t) the
solution of (5) corresponding to K f(£). Since N(t), N(t) € (N* = 8y, N*),
we have

(33) N(@) < N(@), vixo.

but N(t) < N*. It follows that limy_..o N(t) = N*, N(t) < N* vt > 0. By

definition, N(t) does not oscillate about N*. The Theorem is proved.
REMARK. Theorem 3.5 and 3.6 tell us the difference between linear

and nonlinear models. Furthermore, generally speaking, the solutions of

nonlinear equation (5) are bounded (under certain conditions). This avoids
the possible situation of

lim N(t) =+
t—oo

which is not possible in practice.
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4. Non-linear Age-dependent
Population Dynamics with Immigration

If we consider immigration, we have the following nonlinear population
evolution equation

(25t 4 ) = — u(ryp(r, 1) = KF(N()p(r.t) + 9(r,1)

0<T‘<7‘m,t>0,

A\

(34) p(r,0) = po(r)

p(0,t)=4 }2k(r)h(r)p(r,t)dr, t>0

™m
in which N(t)= [ |p(r,t)|dr; g(r,t) is densitive distribution of immigration
0

population at time ¢. Generally speaking, the relation of the g(r,t), p(r,t)
and N(t) is very complex. We discuss, in this section, the case when g(r,t)
and p(r,t) are in following relation g(r,t) = w(N(t))p(r,t), here w is a real
function which is not required to be positive.

So, the system (34) can be written as

Op(et) 4 L) = —(r)p(r, 1) = FIN(D)p(r,1), 0< T < my £ >0,

p(T‘,O) = pO(r)’ 0 S r S ™m

r2

p(0,t) = B [ k(r)h(r)p(r,t)dr, t>0
1

(35)

in which f is a real function which is not required to be positive. The
difference between system (4) and system (35) is only the requirement for
function f.

In state space = we have the following abstract evolution equation
dp(-,t
e = Ap( ) = SV 1), £ >0,
(36) p(:,0) =r1:?(~),
N(t)= [ Ip(r,t)ldr, t=0.
0

About the existence of equation (36), we have

THEOREM 4.1. For equation (36), if f is continuous on [0,00), f(0)=0

and
(&)

|f(€1) = f(&2)l < —5'—|£1 — &,
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in which ¢ = max{£1,£2}, ¢() € L'(0,00); and py € D(A). Then equation
(36) has unique global classical solution in state space =. Moreover if
po > 0, the solution is nonnegative.

PRoOF. Let ¥ = D(A), lolly = lollz + | Agllz for any g € ¥, then
[Y,|l]ly] become a Banach space, denoted by Y.

Since T(t)Y CY and
Lm [T(t)p ~olly =0, Yoe¥

it S(t) = T(?) ]Y, ie. S(t) is the restriction of T(t) on Y, then {S(t)};30

is a strongly continuous semigroup on Y. The infinitesimal generator of
{S(t)}1>0 is denoted by B, then D(A%) = D(B) and By = Ay, for any
¢ € D(B). Define mapping

F:L¥[0,T));Y) — L¥([0,T);Y),
t

(Fo)(t) = S(t)po(-) — / S(t =) F(N(r))(-,7)dr,

0

Tm
here ¢ € L%([0,T);Y) and N(t) = J le(r,t)|dr. It is clear that the mapping
0

F has meaning.
Let p;(,t)€Y,1=1,2, then

t
(B37)  W(Fe1)(t) = (Fea)( Dz < a1 / lo1(7) —p2(-,7)ll=dr
0
and
i
(38) ”F(A‘Pl)(’t) - F(A902)(,t)”5 < 62/ ”A‘Pl('aT) - A‘P?(WT)“EdT
0

where ¢;, 1 = 1,2, are constants. Since operator A and F can be exchanged,
we have

t
(Fo1)(,8) ~ (Foa)-B)lly < c3 / lp1(r7) = p2( P)llydr
0

by virtue of (37) and (38), where c3 is a constant.
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So we have

(39) [(Fe1)(-, ) = (Fe2)(-, t)lly < Ct%’l!m —v2ll2(0.1:v)-

According to (39), there are the following inequalities

t
1F201 - Floally < / |Fo1 - Foallydr <
0

t

< oy~ A rbdr <2
< cfller LPZHLZ([O,T);Y) TLGAT = C

0
It is obvious that for any positive integer n we have

t%“

%+1 N1 —802||L2(0,T;y)-

H(F 01)(,t) = (F o) )y £
t%+n—1

= (3+1) (3+2)(3-n-1) ler=eallzoriyy

Hence
| F™py - Fn‘P?“LZ(O,T;y) <
1
TIt"
<ct o1 —wall 200 1-
- 1 1 1 (0.73Y)
(12+1) (12+2) (12+n)

and there exists a positive number ¢ < 1 and an integer ng such that

|F™0py — Fn0992||L2(0,T;y) <o ller~ <P2“L2(0,T;y)
for any ¢; € L2(0,T; Y), ¢ =1,2, by virtue of
Cﬂ

By the principle of Banach Fixed Point, the mapping F' has a unique fixed
point, denoted by ¢(-,t), in L2(0,T;Y), i.e.

t
(40) (1) = S(E)po(-) - / S(t = 1) (N (7))ol 7)dr.
0
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Next, we consider inhomogeneous equation in Z.

(41) { A00)  Ap(-,t) = N (D))e(-,2),

in which N () :’znlcp(r,t)ldr. Let g(t)= f(N(t))e(-,t) then ¢(t)e L1(0, T;E),

g€ C([0,T);E), g(t) € D(A) and Ag(t) € L'(0,T;E). By [10], equation (41)
has a classical solution p(:,t), and
t
ps8) = TOp() — [T =)ol r)dr  0<t<T.
0
So p(,t)=¢(:,t) by virtue of (40) and the definition of semigroup {S(¢)}:>0.
The classical solution of equation (36) in Z is:

i
(42)  p(t) = T(H)po(-) - /T(t—f)f(N(T))p(-,T)dT, 0<t<T
0

In the following we will show when py € D(A)NE", the p(-,t) defined
by (42) is the solution of the equation

(43) L) Qo(-,1) + (foo = FN(B))p(-11)
and the solution is nonnegative. Here the operator is defined as follows
D(Q) = D(4)
{ Qe(r) = =38 — (u(r) + foo)e(r),

where foo = “f”L°°(0,00)'

Let 9! be the strongly continuous semigroup generated by operator
defining a sequence of function in C((0,7T);Z
g

po(-t) = e9py(-).
t
pa(-t) = eQlpy() + geQ(t‘T)(foo = f(Na=1(7)))pn-1(:, 7)dr.

It is easy to see that pp(-,t) € C([0,T);Z) and {pn(-,t)} converge uniformly
on [0,T). Let

(44)

o:0)= lim pn8) W)= [ la(rldr
0
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From (44)

t
(45) 9(-,t)=thpo(")+/cQt " foo — F(N(r)))g(-, 7)dr.
0

It is not difficult to show that g(-,¢) 2 0. So
t
(40) )= p()+ [ A g = SN )
0
by virtue of [10] and (43), in which

N = [1atr)idn
0

From (45) and (46) together with Gronwall’s inequality p(r,t) = g(r,t) > 0.

It follows that equation (36) has a unique nonnegative classical solution
on [0,T) for any T >0, therefore, it has a unique classical solution on [0, 00).
The proof has been completed.

In many cases, requiring the existence of a classical solution (i.e. strong
solution) to (36) is too stringent, and so we apply the variation of constants
formula to (36) to obtain the equation

4
A7) p(nt)=T(®)po() + / T(t ~ 5)f(N(s)p(s)ds, £20.
0

A continuous function p(-,7):[0,T) — Z that satisfies (47) for t € [0,T) is
called a mild solution to (36) on [0,T') (see {10}). Any classical solution to
(36) is also a mild solution; however, the converse is not true in general.
In this paper, we give better results than in [16].

We have the following basic existence result for (47) by virtue of (8],
[71.
THEOREM 4.2. If for each R >0 there is an L(R) > 0 such that

(48) If(€1) — £(&2)I < L(R)¢1 — &al

for all £1,€9 € [0,00), |€1,1€2] < R, then (47) has a unique solution p(-,t) =
= ppo(-»t) on [0,bpy) for each py € D(A). Furthermore, if bpy < oo then
llppo(-+t)llz = 00 ast = by .
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Theorem 4.2 does not guarantee the continuity of the solution, i.e. The-
orem 4.2 does not assert the existence of mild solution for (47). However,
we have the following existence result of mild solution for (47).

THEOREM 4.3. If the function f satisfies condition (48) on [0,00),
then (47) has a unique mild solution p(-,t) = py,(-,t) on [0,bpg) for each
po € D(A). Furthermore, if bpy < oo then ||ppy(-,t)[lz — o0 as t — bp_o.

PROOF. From Theorem 4.2, there is a function p(-,t) satisfies (47) on
[0,bpy). Only if we can show that p € C([0,bp,)), then the proof will be
completed.

Let
t
W(t) = [T = )FV (DR, s, 0t < by,
J _

For h>0

t+h
W(t+h)—W(t) = / T(t+h — 3)f(N(s))p(-, 8)ds—

t
/ T(t - s)f(N(s)p(-»s)ds
0
t+h

= (@R =W+ [ Te+h= )FN (), )ds

SO

[W(t+h)-W(t)=z <
t+h

< (T(R) - DW (@)l + I T(A)]| / 1Tt - 9)f(N(s))p(-,9)||=ds.
t
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By virtue of the strongly continuous of semigroup {T(t)};>9, W(t) is
right-continuous. Again, let 0 < h < ¢ <1, then

W(t)—Wi(t—h)
t t—-h
= [T =9 Npts)ds— [ Tt =h= ) SN )pt-,)ds
0 0
t-h
=(T(e) = T(e=WW(t-)+ [ Te= )N (NPl 0)ds
1—
t—h .
= [ T(t=h= (DR, )i,
t—¢

It is not difficult to know that |W(¢) — W (t - h)|lz =0, (h—0F,e—0")
hence W(t) is continuous in Z. It is obvious that T(¢)pg is continuous, so
p(-,t) is continuous.

We will show that the global mild solution exists under certain condi-
tions for the function f.

COROLLARY 4.4. In addition to the function f satisfies the condition
of Theorem 4.3, suppose that f is bounded on [0,00), then (47) has global
mild solution. )

PROOF. If system (47) has no global mild solution, then bp, < +oo,
and

Ip(,Dllz = +o0 a5 t—b -,
by virtue of Theorem 4.3.
On the other hand, we have

t
(- t)ll= < IT()po( )z + M / f(n(s)]- (=) - |1p(-, 5)l|=ds
0

for t € [0,bpg). Here, we suppose ||[T(t)|| < Me“t. Since ||p(-,t)|= is
continuous on (0, bp, ), from Gronwall’s inequality it follows that
t
. M' [1f(N(s))lds
lp(, )z < M'lpollze  ©
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l .
in which M' = max{l,.Me“’pr}. Let M" = M’”PO”EC’M “f”Ll(OYOO) bp0

then ||p(:,7)ll= < M", t €[0,by,) this is a contradiction, therefore the
corollary has been proved.

It is very interesting that we have found that the mild solution of sys-
tem (36) and the generalized solution are equivalent under weak condition.
We start with the definition of generalized solution.

A generalized solution (see [7]), or weak solution (see [1]) of the initial
value problem (36) can be defined as follows: a function p(:,t) € C([0,T);E)
is a generalized solution of (36) if

(i) p(-,0) =po(-);

(i) for every ¢ € C§°(0,rm), (p(-,t), q) is absolutely continuous on any
finite interval, here (p(-,t),q) fp(r t)q

(i) E(p(-t),q) = (p(-,t), A*q) — (F(N(t))p(-,t),q) a-e. on [0,T) where
A* is the adjoint of A.
The result is as follows.

THEOREM 4.5. Assume that state space Z = LP(0,rm) (1 < p < 00);
po € D(A), the function f satisfies

f€C[0,00)N L*(0,00).

Then the mild solution and generalized solution of equation (36) are
equivalent.

PROOF. First, we show that the mild solution p(:,t) will be generalized
solution.

Let V(t) = (p(",t),q) where ¢ € C§°(0,rm), then when t] > ty, we have
(49)  [V(t1)—V(t2)l < (T(t1)po — T(t2)po, 9)|+

ty
+ </T(t1—S)f(N(s))p(~,s)ds,q> +
ty

ty
+ <(T(t1—tz)—I)/T(t2—S)f(N(S))p(-,S)ds,q> <
0
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t
< Mty — ta] + My f FOV DI ooz ds+
19

4

T
+ My / VDI e )iz - (1A% gllzs +C)ds - [ty ~ tal
0

in which M; (: =1,2,3,) and C are constants which are independent of
t, here t,t; € [0,T1], T} is any positive number. So, V(t) is absolutely
continuous on any finite interval, by virtue of (49).
We will show the differentiability.
Let h >0, ¢ € C§(0,7m), then g € D(A*), we have
1

(50) '};(P(',t + h) _p("t)7 Q) =

t+h
<(T(h)—I)P(-,t)— /T(t+h—S)f(N(S))p(~,5)ds,q>=

t

| -

= (0, (T* (W) = D) -

t+h

—<% / T(t+h-s)f(N(S))p(-,s)dS»q>-
13

Since
) Tim (5.0, 1(T(0) = Da) = (.00 A%
and

t+h

.1
fm / | F(N(s))p(-,s)|l=ds

exists a.e. on [0,7}], hence

t+h
1

7| FNE)p(,9), Tt + h—s)g —q) ds

<

«\\.

t+h

< swp [T+h-9a—dlse 5 [ ISVEDRC)lzds — 0
1<s<t+h J
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a.e. on [0,Ty], as h — 0. By virtue of (50) and (51), we have

hling+ %(p(-,t +h)=p(,1),q) = (p(-,1), 4q) = (F(N(t))p(:,1), q)

—_—

a.e. on [0,T}). Similarly, we also have
lim _-(p('at) "p(',t - h)aQ) = (p("t)VA*Q) - (f(N(t))p("t)vQ)

a.e. on [0,T1]. Therefore, p(-,t) is a generalized solution (i.e. weak
solution) of the equation (36).

We now prove the second part of the theorem.
Let p(r,t) is a generalized solution of equation (36) on [0,%), then

T(t)f(N(®)p(:,t) € L([0,T);E).

Let
t

Bt) =T~ [ Tt =) AN (s, s)ds
0
for every ¢ € C§°(0,7m). Similarly to the first part of the proof, we have

SUB(0,0) = (5,0, 4%) — (FN(O)p(0),0), ae. on [0,7)
Let Q(r,t) = p(r,t) ~ p(r,t) then

d
41Q01.0) = (QU1,4%0) ae. o0 [0,7)
By virtue of [11], we have

t
(52) (Q(-,1),q) = </Q(',s)ds,A*q> a.e. on [0,T).
0
Since
t
[at9iseco.mz)
0

(52) holds for every ¢ € [0, T).
Take A € 0(A4*), let ¢ = (A — 4*)~lg, by virtue of (9) and [13], we have

t
(A -2)71Q(,1),9) = < / Q(-,s>ds,A*R(A,A*)g>
0
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l.e.

t t
(R(A A)Q(t),9) = </Q(-,8)d87—9> +A</Q(°,S)dsyR(A,A*)g>
0 0

therefore

.
< R\, A)(Q(, / Q,s)ds; g> < / Q(-,s)ds,g>.
0

From [13], we know that {8(r) | 8(r) = (A — A*)q, ¢ € C§°(0,7m)} is dense
in =¥, it implies

t t
R(\, 4) (Q(-,t)—A / Q(-,s)ds) ~- [QC.9s
0 0

and
/Q(-,s)ds € D(A) for t € [0,T).
0

By (52), we have
t
A/Q(-,s) = Q(-,t) for any t € [0,T).
0

t
It is obvious that [Q(-,s)ds is the solution of the following equation
0

dull) _ gu(t), 0<t<T,
(53) { u((t)) =0. )
So

t
/Q(-,s)ds =0, 0<t<T,
0

1.e.
ﬁ(',t)=p(',t), 0<t<T.
The proof has been completed.
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Appendix

The model of the population evolution is the foundation of analysis
of population evolution process, population forecasting and population
optimal control. We can obtain many good results in studying population
evolution process with mathematical model in the light of modern science
technology and methods, such as optimal control theory, system science,
technology of system engineering and computer science. For instance, in
order to control population growth in a planned way, we can get optimal
female birth rate by applying optimal control theory (see [18]). If we
want to stipulate the fertility level to stop the population growth or the
population drop eventually, we can find the formula to calculate the critical
fertility rate by applying the theory of stability (see [20]).

There are many kinds of mathematical models to describe the popu-
lation evolution process. The model studied in our paper is very useful in
human population theory, we will show it with some data.

We start with introducing the population parameter used in the fol-
lowing evolution equation

L) 1 OB = t)p(r. )
p(r,0) =po(r)

p(0,t) = 5(¢) fk(r,t)h(r,t)p(r,t)dr.
LB

The distribution density of population p(r,t) is defined by

p(r,t) = Q%LELQ

Here, the N(r,t) denotes the total population aged r at time ¢.

The function u(r,t) of relative mortality rate is a very important
parameter in population evolution process. It is defined in the following
way:

M(r,Ar,t
u(rt) = Lm M(r,Ar,t)
Ar—0 p(r,t)Ar
where M(r,Ar,t) denotes the total mortality population in ‘unit time
between age r and age 7+ Ar at time t. The total living population
in [r,7 4+ Ar] at same time is p(r,t)Ar.

Now, we give the definition of the specific fertility rate.

We denote the total population fertilized in unit time at a time ¢ by
p(t), it is the absolute fertility rate. The ratio of the ¢(t) to the total
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population N(t) at time ¢ is denoted by U(t), called relative fertility rate.
Table 1 tells us the absolute fertility rate and relative fertility rate in China
in recent years (see [19]).

t (year) 1975 ] 1976 | 1978 | 1979 i 1980 1982

@(t) (million/year) | 21.09 } 18.53 | 17.86 | 17.27 | 14.90 | 20.689

U(t) (%) 2.293 | 1.987 | 1.889 | 1.790 | 1.535 | 2.001
Table 1.

The k(r,t) denotes the female ratio at time ¢, [r1,79] denotes the
fecundity period of females.

Let the total population between age r and age r+ Ar be p(r,t) (taking
Ar =1), the total population of female at time ¢ at same age interval be
k(r,t)p(r,t). Let f(r,t) denote the number of parity of each female aged r
at time ¢, then the total number F(r,t) of parity of female aged r is

F(r,t) = f(r,t)k(r,t)p(r.1).
Hence, the total number of parity of female aged between r| and rg at time
tis ®(t), and
re
(t) = / F(r,t)dr
1
L.e.

r2
(A1) B(t) = / F(r, )k(r, t)p(r, t)dr.
r1

The f(r,t) reflects the fertility levels at different age and at different time.
Now, we normalize the f(r,t). Let

(A2) f(r,t) = B(t)h(r,1)
the h(r,t) be called the fertility pattern which is required to satisfy

r2
(A3) /h(r,t)dr =1
r]

the (A3) is called the condition of normalization.
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Integrating both sides of (A2) from r; to ro for r, we have

T2
(44) ) = [ 10,0y
1

The (A4) means that 3(t) is the number of parity of each female in [r1,79]
at time t. It is called specific fertility rate. Replacing f(r,t) in (A1) by
(A2), we have

L]
8(t) = Bt / h(r, k(r, )p(r, ).
™

Table 2 is taken from the fertility pattern data of Tianjing city in China
(see [19]).

Age | Fertility rate | Fertility pattern
f (1978) %o h (1978) %o
23 0.55 0.46
24 7.53 6.28
25 39.14 32.62
26 115.95 96.63
27 143.16 119.30
28 175.91 146.59
29 212.32 176.93
30 205.75 171.45
31 101.35 84.46
32 85.21 71.01
33 57.26 47.72
34 27.03 22.35
35 17.64 14.70
36 8.07 6.73
37 2.02 1.68
Table 2.

It is easy to know 3(1978) =1.20.
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After having observed census data, we have found that the fertility
pattern h(r,t) can be approximated by Gamma distribution density.

During short time, for example, during one year, we suppose that h(r,¢)
be independent on t, in this case, we have

eyl gt
hryt)y =4 € '1Z,ar(f;) , T>rT,
0’ TST‘I.

Here I'(a) is Gamma function
o0
I{a) = /e—:ea—ldx.
0

The parameters o and # can be determined by the statistical data. For
example, by computer data processing for Jiling Province’s census data’
(see [2]), these are the following results

a= E, 8= -%
2 5
5
——(r=r)EeT ), sy,
(A5) h(r,t) = (%) '2'1‘(.121_)
0, r<ri,

the n satisfy the equality n = %(rm —-ry)+2.

The following table (Table 3) shows that the fertility pattern deter-
mined by (A5) can approximate the real fertility data very well (see [19]).

Province Year The number of babies Relative
born during the year error

Sensus data| calculated data ||(1)-(2)]| %
(1) (2)

Inner Mon. | 1981 18639 18900 261 1.4
Jiling 1980 29945 29973 28 0.1
Table 3.

Now, we have understood the parameters in the population evolution
equations. According to the numerical methods for partial differential
equation, we can use the equation to forecast the population (see [21]).
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We can compare the calculated data with sensus data. It is shown in

the following table.

Year Population increased The total population
during the year (million) (million)
Sensus | Calculated (3) Sensus | Calculated (6)
data data ((1)/(2))% | data data ((4)/(5))%
© | @ @ | @
1975| 14.38 14.40 99.9 919.70 | 918.50 100.1
1976 11.78 11.80 99.8 932.671 930.29 100.3
1977 11.38 11.37 100.1 945.23 | 941.66 100.4
1978 11.47 11.46 100.1 958.091 953.11 100.5
Table 4.

It follows that the model we have studied can approximate the real

population evolution process very well.

From above we know that the population evolution equation is very

successful in analysis of population. It is that reason we want to study this
kind of population evolution model further on.

(1l

(2]

(3]

4]
(5]

(6}

(8]
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ON THE NUMBER OF EXPANSIONS 1=} ¢ ", II
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In this paper we continue the investigations [1]-[3] about the expan-
sions in non-integer bases. Recall that for a given value 1 < ¢ < 2 an
expansion of 1 is a series

w .
(1) 1= &g
=1

where the digits ¢; can be 0 or 1. Such a series always exists. Sometimes
we substitute it by the sequence of digits, writing 1 =¢je9... (and €)...€n
means €] ...€n000...). We prove the following

THEOREM. There are 280 many values g for which 1 has precisely Rg
many expansions in basis q. The following expansions define such values g:

(2) 1...1[0...010a0010a001)% =(e})
1 9 1 9

where the letter “a” denotes either 0 or 1 which may be different at each
occurrences. The other Ry expansions are €1,...,e;_1,0,(ef +€]_1 )21,
where ¢, = 1 is followed by nine zeros in (2).

Remark that this answers Problems 3 and 7 in [1].
For the proof the following statements will be useful
LEMMA 1. Suppose that 1 has an expansion (¢}) beginning with n

digits (n > 2), and let (&;) be another expansion of 1. Suppose that there
exists an index k > 1 such that ¢ =1 and

a) €pp1+ .-+ Ekyn-1>0, or
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b) there exists LEN with e ygny +. .. + ekt (e41)n-1>0 butepyiny1=
="':€k+(j+1)n—l -_—'—0, 5k+(j+1)n =1 (] =0,1,,£—1)
Then there is no expansion of 1 beginning with the k digits ¢1...e;_;0.

PROOF. The existence of (¢}) implies that
1-r0
() r

1—r
Denote a =¢;...€4_1. Then in case a) we have o+ rF + 7™ <1 for some
k+1<r<k+n-1,andin caseb)a+rk(1+r"+...+r£")+rm§1for
some k+fn+1<m<k+(€+1)n—1. In both cases we obtain

=r4+..+r"<1,  r=

|

1-— (e-{-l)n
(4) a+r¥ lr - 4kt EDR=1 <1 for some £ > 0.
-T
We have to prove that
k+1
(5) a+rk+l+rk+2+...=a+; - <1

since this implies the impossibility of beginning an expansion with
€1...€k-10. Now (4) implies (5) if we prove that
k+1 £+1)n

r g1=rl k+(£+1)n—1
l1-—-r <7 1-rn tr
i.e. that
1_ n
- - r < 1_r(l+l)n+(1__rn)r(l+l)n—-l =1+r(l+l)n—l(1__r__rn)'
—-r

Here the left side is <1 by (3) and the right is > 1 since 1 —r —r" >0
again by (3). So (5) follows from (4) which finishes the proof. O

LEMMA 2. Let (¢]) be an expansion of 1 beginning with n consecutive
digits 1, and suppose that there are no n consecutive digits 0 in (¢} ). Then
in any other expansion of 1 the first modified digit cannot be an ¢} = 1.

PROOF. As above, we have (3). On the other hand, if ¢f =1 then
denoting o =€} ...€;_,, we have

ok
1—prn’

oo
(6) 1 =a+rk+25;+i‘rk+’ Za+rk(1+r"+r2"+...)=a+
. =1
If (¢;) is another expansion where €} =1 is the first modified digit
(g =0) then
rk+1

0
1=Q+Z€k+i'7‘k+1_<__Cl+7‘k+l+7‘k+2+...=a+1—:—1:.

i=1
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Taking (3) into account, we can continue by

<a+rk

k
<
lsatr 1—-r— 1-rn

in contradiction with (6). This shows the impossibility of the expansion
(gi). Lemma 2 is proved. O

Now we give the corresponding modification test for the digits 0. Since
the above method seems to be difficult in applying to the situation below,
we choose another idea.

LEMMA 1’. Suppose that 1 has an expansion (¢} ) starting with n > 2
consecutive digits 1 and let (¢} ) be any expansion of 1. Suppose that there
exists k > 1 with ¢ =0 and

a.) 5k+1+-'~+5k+n—1 <n-1or

b) there exists ¢ € N with €ppn41 +"~+5k+((+1)n—1 <n-1, and
5k+jn+1 =...= €k+(j+1)n—1 = 1, 5k+(j+1)n =0 for] = 0,...,[-— 1.
Then there is no expansion of 1 beginning with the digits ¢y ...€11.

PROOF. It is enough to show that
(7) 1<ep...ep_11.

In case a) we change ¢ =0 to 1 and compensate it by adding —¢;_, at
each places 1 > k + 1; in other words

(8) 1=¢l,. ,€k—1,1s€k41 —€T,€f4g — €D5- -

Here ¢4 ; —¢f <0 (i =1,...,n) and by a) there exists 1 <: <n—1 with
€k+i—€; = —1. We expand this digit —1, i.e. we substitute it by 0 and
we add —5}' to the k+: + j-th digit, 7 =1,2,... . Then we have < -1
at the k + n-th place, and <0 at £+ n+1. Analogously expand one
-1 at k + n, after one at k +n+ 1; then at k 4+ 2n we have < -1, at
k+2n+41 we have <0. Thus we expand one —1 at k + 2n, after one —1 at
k+2n+1, then at k+ 3n, k+3n + 1 etc. Finally, we obtain an expansion
of 1 (the convergence follows from the fact that at the i-th place stands
a digit between 1 and —:). This expansion of 1 begins with €;...4_;1
and all other digits are <0, some of them are < —1. This proves (7) in
case a). In case b) we change as well ¢, =0 to 1 and get the expansion
(8). Then epy;—¢f =0 (i=1,...,n—-1), €g1n —€n = —1. Expand then
€k+n —En = —1, after one —1 at the k 4 2n-th,... k + ¢n-th places. This
last step makes a situation almost identical (and even simpler to handle)
as in case a), and the proof can be finished by the method of a).
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LEMMA 2’. Let (¢]) be an expansion of 1 starting with n digits 1 such
that ¢, .| =0 and suppose that there are no n consecutive digits 1 after
this position. Then in any other expansion of 1 the first modified digit
cannot be an ¢, = 0.

PRrOOF. Apply Lemma 1’ (with ¢; :=¢}). If one of the conditions a),

b) holds for (&7 ), then the digit €} =0 cannot be modified. So it remains to

investigate the case (¢]) =¢7]...cf_;0( } 110 )“. In this case we write
T

1 to the k-th position and add —& to the k +:-th positions. Then —1
appears at k£ +n which we expand; after that we expand one —1 at k+ 2n,
k +3n etc. Finally we get an expansion of 1 starting with ¢}...¢}_,1, and
after that position stand only nonpositive digits. Among them negative
digits will appear since (¢}) #¢7...c5. As in Lemma 1’ we conclude that
1 <ej...€;_1 which finishes the proof. O

As an immediate corollary of Lemma 2 and Lemma 2’ we obtain the
point 3) of Theorem 1 in [1] on the uniqueness of expansions starting with
n 1 digits if further there are no n consecutive 0 or 1 in the expansion.

PROOF OF THEOREM. We put two expansions different from (2) into
the same equivalence class if the first digit different from (2) has the same
index. The first modifiable digit in (2) cannot be a zero since there are no
8 consecutive 1 digits following a zero. By Lemma 2 the digits followed
by 9 zeros can only be the first modified digits. Let ¢} =1 be such a
digit; change it by 0 and add ¢} to €}, : 2 k+ 1. Then at the places
k+1,...,k+9,k+10 stand 1 digits and at ¢ > k + 1 there is no ‘2” digit
because in (2) for ¢ > £+ 1 there may be 1 digits only in the places 5¢+ 1
or 5¢ + 4 while in the shifted sequence the 1 digits may be at 5¢ or 5¢ + 3.
Thus we obtained an expansion which we denote by (2);. We show that
there is no other expansion (g;) in the equivalence class of (2);. If (g;) is
another element of this class, then it is a modification of (2);, where the
first modified digit is at a plce : > £+ 1. But for : > k + 1 there are no
8 consecutive 1 following a zero and 8 consecutive zeros occur only when
two 1 digits follows (since in (2), digits 1 stand at all places 10£ + 9, and
in €}_,, in all places : =10¢+8). Hence by Lemma 1 and 2, the expansion
(2) can not be first modified at any places : > £+ 1. So the equivalence
class of (2)} consists of one element: (2); itself. Then all expansions of 1
are (2) and the (2);, which is Ry expansions indeed.

Consider the set A of the positions where the symbol “a” occurs in

(2). Any subset will code such a value ¢ for which (2) is an expansion of
1 where we write 1 instead of exactly those “a” whose position belongs to



ON THE NUMBER OF EXPANSIONS 1=%"¢7"i, 11 233

this subset. There are 2%0 many subsets of 4 such that any two subsets are
comparable: the one is larger than the another. Then the corresponding
values ¢ are different: to larger subset belongs a larger ¢. Hence there are
2%0 many “good” ¢ which produce (2)-type expansions of 1. Theorem 1 is
proved. O

We formulate the open

PROBLEM 1. Ifin the expansion1=3 ¢~ ™, ,1<n; <nj<...we have
lim(n;y; —n;) = oo, then there are 2% many expansions of 1.

PROBLEM 2. There exists an expansion with sup(n;4| —n;) = oo such
that there exist precisely Ry expansions of 1.
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1. Introduction

In this paper we give an approximation solution with lacunary spline
function for the Liouville type second order differential equation, if the
boundary values are given. Boundary value problems are investigated
with spline functions by many authors (see[1], [8]). Our spline function
is of lacunary (0,2) type.

The differential equation is
(1.1) y"(z) + A(z)y(z) = F(z), z€:=]0,b],
with the following boundary condition

(1.2) y(0)=a, y(b) =4,
where A(z), F(z) are given continuous functions in [0, d].

In our paper, we give not only an approximating solution of the problem
(1.1) with (1.2), if the exact solution exist, but a criterion is also given
under which the solution of this problem uniquely exists.

Several authors investigated these problems and a number of approxi-
mating methods exist. For example, it is known that, if y € C*4(J),

A(z),F(z) € C(I), A(z)>0 forallzel,

then this problem has a unique solution see [10]. Here the condition
A(z) > 0 for all & € I was not necessary. It is enough that y(z) € C(I).
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2. The Definition of the (0,2)-interpolational Spline Functions

In the interval I ={0,b], let the system of grid points

(2.1) A= {zizxi,nzi?—},
n
0=zp<zy<...<zp_1<zp=b, i=0,n, n=23,...
be given. Let §; =7 n, 7} y‘;” , denote the approximate values of the exact
values yi =yin=y(zin), yi = yg',n =y"(z; n), Tespectively to the grid points

system (2.1). We define the (0,2)-interpolational spline function Sa(z,y)
corresponding to the function y(z) as follows:

(2.2) Sa(z,y) =Sa(z) = Si(e) =
. N2
=T7; +a(11)(:z: - Ii) +-371i,£$—-§?1—)— + ag)(z - I,’)B,

where z € I; = (24,241} CI,i=0,n-1,n=2,3,4,....
In (2.2) the coefficients a(li) , agi) are chosen such that the following
equations will be satisfied

(a) Salziy) =Salz:i) = Si(zi) =7; i=0,n~1;
(b) Sn._l(«'l?n) =Yn;

(¢) Sizit1) = Sit1(zit1) =Tit+1s i =0 =9
(2.3) " a1 S

(d) Si(zi)=7;, 1=0,n~-1;

(€) Sn_i(zn)="Tn;

(f) S{(zit1) = Siy1(zit1) =Tit1, i=0,n~2.

The equations (2.3) (a) and (d) are obviously satisfied by (2.2). Fur-
thermore, the equations (2.3) (b), (2.3) (c), (2.3) (e) are satisfied if

1 h .
(@) ”+a§’)h2=~(§i+1—371-)—3?§’» i=0n-T,

(2.4)

) o = =@y -7, i=0n—1,
where h = z;,] — 4, i = 0,n— 1, that is our grid points system (2.1) is
equidistant. From (2.2) and the equation (2.3) (c), (2.4) () it follows
obviously that the Sa(z,y) = S;(z,y) spline functions are continuous in 7,
and from (2.2), (2.3) (f) and (2.4) (8) it follows that the SA (z,y) = S} (z,y)
spline functions are continuous in I, too. We call the spline functions
Sa(z,y) interpolational functions of (0,2)-type (see {2], [4], (6], [9]) by the
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equations (2.3) (a), (b), (d) and (e), that is, they interpolate the values
i, ¥i at the grid points, but they don’t interpolate the function ¥,. We
note that the function Sa(z,y) is identical with a polynomial of degree 3
by (2.2) on each subinterval I; C I, i = 0,n — 1, and by (2.4) its degree is
minimal.

From the previous result we have the following

THEOREM 1. The (0,2)-interpolational spline functions Sa(z,y) €
€ C(I) corresponding to the function y(z), satisfying the equations (2.3)
for the system of grid points (2.1), uniquely exist.

We note that we don’t need an equidistant subdivision in I, the The-
orem 1 remains valid for any nonuniform division, where ;41 — z; = h;,
1 =0,n—11.e. the h;’s are different.

3. First Approximational Method

For the construction of SA(z) in (2.2) we need an iterative method to
calculate the approximate values y; ., yj-’,n, 1=0,n—-1,n=23,.... To get
the values J; one can use different kind of numerical algorithms applicable
for the numerical solution of problem (1.1) and (1.2). Here we give an
algorithm which in several cases can be used for numerical calculation too,
but the main result is an existence and uniqueness theorem for problem
(1.1) with (1.2) under very general conditions. With this algorithms first
we need to calculate the approximate value 7 yO = yO y'(0) and then we
can calculate the approximate values 7; ,, ym, 1=0,n-1,n=2,3,....

Jon=v%n=y0)=a, Tpnpn=unn=y(b) =4

Since y(z) € c(? )(I), by using (1.1), for y; =yin=y(zin), 1=0,n—1
we have;

zi 1
vi = y(zi) =yo +yozi + // (t2)dtodt) = yo +yzi—

T T Y

_l/] t2 t2 dtodt) + // tQ dthtl =y +y0:r,
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it

2

tg 13 zi ty

A(t2 Y0 +y0t2+// (t4)dt4dt3 dt2dt1+//F(t2)dt2dt1 =

—t

o\

Tty

—yo|1- / / Alty)dtadty | +yb | i~ / / Alta)tadtadty | +
Tty zi tg t3

+//F(t2)dt2dt1+//A(t2) //y"(t4)dt4dt3 dtedty =
00 00 00

=By +ucl’ + D + (1))
Repeating this process k-times we have the following relation

vi =vin =B +3C + DU + I8 (v (tara)),

where
(i ¢
B =143 (1) B (Altr),
r—l
(3.1) lc “$1+Z( 1)" Io-(A(t2r )tor)
r=1
M _%
DY =3 (1) Iy(F(ta,))
r=]
and
z; 4y iy i3
I§',)(W)=//.4(t2)//A(t4)x...x
00 090
tor—2t2r—1
x A(top_29) / / Wdtopdtona_1...dt.

0 0

The symbol x denotes the double integral and W in B(i), C,Ei), D,(:) 1s
A(toy), A(tag)tor, F(t9,) respectively, b > to, >0, r=1,2,....
It is easy to show that these sequences C, By, D; satisfy the Cauchy
(1)

convergent criterion, i.e. C('), B(') D’ are convergentin z € I, if k — oo.
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Now we give the proof of the convergence of the series C',Ei), k=1,2,....
For the series By, D, the proof is similar. In the proof the following
well-known facts will be applied, if a > 0 is an arbitrary real number then

1 1
a¥ -1, if N—o00,and N¥ — 1,if N — co. Moreover if v is an arbitrary

fixed real number, [y] = greatest integer less than or equal v, then if g is a
given fixed real number 0 < ¢ < 1 then there exists Ny(g) such that

<[l]NL1)N <q¥, N3N

Let my, mq be arbitrary natural numbers, mg > mj. From (3.1) and since
top <z;<b,i1=0,n-1,let M =ma;t}A(x)\, we have
z€E

ch-cli=| 3 Cormatzn) s
r=my+1

< | Iomy+2(A(tam, +2)tam +2)| + 1 Tom; +4(A(tam; +4)t2m 44)| + - ..
ot 112m2(‘4(t2m2 )t?.mg )l S
MM1H1p2mi+2 g rmi+252my+4 M™M2 p2ms
< ( + +ooit——
(2my+2)! (2my +4)! (2ma)!

By using the well-known Stirling formula (see[7])
(32)  (2m+2)! =2/w(m+ 1)(2m+2)2 2~ (1 Loy o)

1
where 0 < wyp 49 < e2™+1) —1, we obtain

. . 1 M%b 2m1+2
o) -l <o ( ) ;

,/47r(m1+1) 2my +2

1 2m+4 1 2mg
+ 1 M7Zeb P 1 M7Zeb
Var(my +2) \ 2m; +4 2r(mg) \ 2ma
b 2m1+2
<A I+ +qt+.. +Hmem)=2, <

T yV/4r(my +1) -

b q2m1 +2

= /&niD (1—142>’
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1
1
where ¢ = %}l, 0 < g <1is an arbitrary fixed number for m; > mj(q)

and m3(q) is aldo fixed, ie. [C%) —Cl2| -0 if my,my — o0, ie. the
)

Now we shall calculate the approximate value %,n = % If t =n, e
rn = b, we have by using (1.2), (2.1)

B=aBM +4hc™ + DM 4 I (g 19)).
From this equation the exact value yg = y'(0) is
B—aB™ - DM — 1D (" (tgrs2))
cM

Now we define the approximate values 7}, =7}, , with the following formula
PP 0=Y0,n &

sequence C lgl satisfies the Cauchy convergent criterion.

yp = . k=1,2...

8-aB™ - pl"
™
¢

_y.lO:yIO,'n: y T'l.=2,3,..., k=1,2,

We proved that the sequences B(n), C(n), D\™ are convergents, i.e. 1 =nj,

P ke 0 Yk g 1

therefore if lim C(™ =¢ 0, then the approximate values J), =7}, .. exist.
et P 0=Y0,n

So by using (3.1), (3.2) it is easy to see from these equalities that

(") " bt iy t3
I t
(3:3) -7 = | 2l Lo 1 [ [ae [ [acox..
C(") |C(")|
k k 00 00
tog k41
oxattw) [ f M trsaidtonsg.d| <
0 0

2k+2
MEHL AL p2k+2 - K 'C,En),-’ﬂ'%M%eb K1q2k+2
= IC,E")I(2k+2)! = VE+1 2k +2 T oVE+1]

where
*

M
Var’
¢ is an arbitrary fixed number for k > k;(q) and k;(¢) is also fixed. K is

constant independent from n. We note that the constants K;, 1 =1,2,...
are always independent from n.

M* =max|y”(z)], M =max|A(z)|, K= 0<g<l,
zel zel
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From (3.1) define §; by the following

(3.4) 7= By + c{'g, + DU,
So by using (3.1), (3.3), (3.4) and triangular inequality we have by simple
calculation we get
() - 2k+2 - k42
Cy 1K1g ) o Kyg™**=
N, N gt Sl X ST | ¢ <=2
ly: yz‘ = \/]C—-{TT +I 2]¢+2(y ( 2k+2))’ = \/—k+_1
where 0 < ¢ < 1 fix number if k > k(q), ka(q) is also fixed.
By (3.4) we have the following
THEOREM 2. If y(z) € C¥(I), A(z), F(z) € C(I) and if y;, §; are the
exact and the approximate values of y(z) respectively in the grid points
(2.1) z4, i =1,n — 1, then the following inequalities hold:

2k+2
k+1

(3.5) lyi —7:l < Ko , 1=0,n-1.

So from (3.5) it follows that §; = J; ¢ — y; very fast, if k — oo.

From (1.1), (3.4) we define §/ = —A(z)¥; + F(z;) in the grid points
zi,1=1,n—1. From (2.2)

7o =vg =—A(0)a+ F(0) and ¥y =yn=—Ad)S+F(b).

By using (3.5) it is easy to see that for 7/, y¥, i =1,n =1, i.e. for the
approximate and the exact values of y”(z) in the grid points z;, i=1,n =1,
the following inequality holds:
q2k+2

where M = ma.;c|A(z)|, 0 < ¢ <1, for k > ky(q) fixed number.
z€

So we can formulate the following

THEOREM 3. The differential equation (1.1) with boundary conditions
(1.2) has a unique solution in I, if lim ciM=c#o0.
. —00

The proof is a simple consequence of (1.1), (3.3), (3.5), (3.6).

We note that there exist several numerical algorithms for finding the
approximate values of the exact values y;, y;, for example finite difference
method or different order finite element methods (see [10]).
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We shall show that the spline approximation given in (2.2) is very useful
to approximate the exact solution of the problem (1.1) because by getting
the approximate values 7; we can calculate approximate values y’i’ , too.
Moreover, this approximation will approximate y(z), y'(z), y"(z). For the
proof of the approximation theorems we need to prove the following

LEMMA 1. For y:- = y/(z;) the exact values of y'(z) and a( 9 ; in (2.4)
(a) the following inequality holds

5Mh> K2q2k+2
6 ) VE+1°

where q in (3.4), w(h;y") is the modulus of continuity of y", and M =
=m€a;clA(z)|.
z

(3.7) Iy — a1)|<§w( v)h+ (

PrOOF. By using (2.4) (a), (3.4), (3.5), (3.6) and applying the
triangular inequality we have

: Vie1 -V T
)= ol =y - LIV Thts (y,+1 yi )Rl =

h
_ Iy:._ yi+1h" Vi y; Yip gz (y1+1 )h+ yt+1h Yi y, Yip,

")h—yi+1h—yi—z’;'h-—(y,+1 y:/)h <

+= (y1+1

Yitl — Uiyl

A +

n
Vitl = Vi |, Y h
<)y;__________; A L+ 12, 'lyz+1 vi |+

Yi —T;
h

Taylor’s formula yields

+ 7 - |—+|y,+1 y’:"+11‘6‘+|y§ -7

+l Yilg:

1 Yigbl Y //h y”h
Y — '—'h—_ Yi 5 2
where z; < £ < zi41.
Therefore

ok l ol

B 2%+2
ly,—al)l<— (h; ")h+<2+5M >K2q

6 ) VE+1
Now by using (2.2), (3.1), (2.3), (3.2) for z€ I;, i=0,n — 1 and applying

the triangular inequality we have the following convergence theorem.
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THEOREM 4. Let y(z) € C()(I) be the exact solution of (1.1) with
boundary conditions (1.2), forz € I; CI,:=0,n—1, Spo(z) be the spline
function in (2.2) defined on the grid points system (2.1). Then the following
inequalities hold

(3.8) () ly"(z) = SA(2) =1y"(2) - S (2)] <
" K 2k+2
(3.9) (i) ly'(z) = Sal2) =y'(= ) (I
23Mh 2k+2

8 "
< gw(h;y Yh + <2+
(3.10) (i)  |y(z) - Salz)l=ly(z) - Sz
k
llw(h;y")h <3+ -1—6Mh2) K2q2 +2

3 3 VE+1'

where M = ma.}clA(:z:)|, w(h;y") is the modulus of continuity of y”. That is
A4S

s A _ i K2q2k+2
¥ (z) = SO ()| = D (2) - S (2)] < Kulhsy")h2™ + -

$=0,1,2, K, K' are constants independent of n.

PRrOOF. (i) By using (2.2), (2.4) (8), (3.6) and applying the triangular
inequality for z € I; C I, we have

(@)~ 8!() = () ~ 7! = Ty~ TNz = 20)| =
= ¥ = |4+ s e 20 + 4 + 10 e =20 -

7R ! . 0 (B! 2q2k+2
~|Ti + 70 — T (e -z | S 2(hiy") +3M

VE+T
(ii) By using (2.2), (3.7), (3.10) and applying the Taylor formula and
the triangular inequality for z € I; C I, we have
1¥/(2) = S@)| = (s} = a{) + (4" (0) = ¥ (1)) — 2] <
where z; <7; < zjy]
<tk = a1+ 1y () = SY ()l <
<2 5MR\ Koq2k+2
—w(h;y )h+1{2
< gelhy’) +(+ 6 ) JEr1

K2q2k+2 B

+w(h;y")h + 3MA
w(h;y") it S
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~3Mh> Koq2k+2
6 VEFT

(i) By using (2.2), (3.8), (3.9) and applying the triangular inequality
for all z € I; C I, we have

lu(z) — Si(2)| = l(vi = T3) + (&' (1) = Si(z))(z — )+
() = St o) B i)’

where z; <7} < zi41,
qu2k+2

OOIOO

w(h;y")h + <2+

8 23Mh2\ Koq2k+2 .
Zw(h;y")R? (2 ) = h;y")R2
T TR 2t T TeyRT

~ %+2 2k+2
i e R O L b =l
Now we shall give the approximation of the solution of the (1.1) satis-
fying (1.2) with SA(z,y) spline function in (2.2)inze€ ;CI,i=0,n—1.
Indeed, the spline function Sa(z) in (2.2) satisfies (1.2), i.e.
Sa(0,y) = 5a(0)=a, Sa(by)=5n-1(b)=3

boundary conditions, while 7y =yg =y(0) = o, T = yn =y(b) =

THEOREM 5. Let y(z) € CO(I) be the exact solution of (1.1) with
boundary condition (1.2). The spline function Sp(z) in (2.2) defined on
the grid points system (2.1), for each z € I; C I satisfies the following
inequality
(3.11) |SA(z,y) + A(2)Sa(z,y) = F(z)| <

11Mh ) < 16 ) Koq2k+2?
<2 h; 64+ —Mh”" | M ——e-,
—(+ 3 )“’( v+ 3 VEFI

where M = ma;c|A(:1:)|, w(h;y") is the modulus of continuity of y".
zE

PROOF. By using (2.2), (1.1), (3.8), (3.10), and applying the triangular
inequality we have

|57 (z,y) — A(z)Si(z,y) - F(z)| <
<187 (z,9) = " (@) + 1A@)|1Si(2,y) ~ y(2)] <

K 2k+2 llM 2k+2
<2w(hyy") +3M j‘Z‘ﬁ + w(hy")h + (3+ 3 Mh2) M\j—z;:_l— =

11Mh 16 Koq2k+?
=24+ — | w(h;y" (6 MhQ)M———-—.E]
( 3 ) whiy)+(0+3 3 VE+1
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REMARK 1. We note that our approximational method is stable in the
sence that, if we construct functions S (z,y), simila.rly as in (2.2) with the
values yf, yi", y"' = —A(z; )y} + F(z;) instead of 3, i = —A(z;)7: + F(z)
then we can prove theorems to similar theorems 4 and 3, if the inequality

T I oo

—_ o PRl IR R

for i=1,n -1 holds and 7 = yp = @, 5 = y(b) = B. This statement is easy
to prove.

REMARK 2. If y(z) € C®)(I), then the spline function Sa(z,y) in (2.2)
approximates with the best order, i.e.

(3.12) v9(z) - s (z)| =
= [y®)(2) - S (z,y)| < Kuw(hiy")h3™ 5=0,1,2,3.

This inequality is easy to prove.
So by means of (3.12) with Sa(z,y) in [ we can give an approximation
of the solution of the third order differential equation

y"(2) + A1zl (2) + As(2)y' (2) + A3(2)y(2) = G(2)
if the initial values y(0) = ay, ¥'(0) = a9, y"(0) = a3 are given.
REMARK 3. We can generalize our approximational method if y(z) €

€ C(")(I), r > 2, but in this case the S;(z) polynomials i = 0,n — 1 are of
degree r + 1. We have the following inequalities;

W9 () - S (z,9)| < Kw(hiy™B™* + R*, s=0;7

i.e. we approximate y(s)(:z:) with best order, s =0,r.
Numerical examples are given in [5].
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1. The system of the Maxwell equations written in frequency variables
in R3 is ([1])
(1) rotE = wpH, rotH = iwe'E +j,
where E, H are vectors of electric and magnetic fields and j is the density
distribution of electric sources with compact support. Furthermore,
(2) € =e+iojw,
where ¢, w and u are constant positive parameters. On ¢ we suppose that
R3 can be decomposed into a finite number of domains in which o is a

continuous positive function or ¢ = 0; the surfaces of these domains are of
Ljapunov’s type (or they consists of a finite number of such surfaces).

So o is a piecewise continuous function. Denote by S the surface of
discontinuity of . On S the following boundary conditions must hold: the
tangential components of the vectors E and H:

(3) E; H; are continuous.
The uniqueness of the solution of the problem (1) has been discussed
under the following two assumptions on o.

— There exists a ball Vi of a large radius R such that outside Vp
-0 is a continuous positive function. Then at infinity the vectors of the
electromagnetic field satisfy the following conditions ([1})

(4) lim R|E|=0, lim RH|=0, R=|R|
R—o0 R—o0
— Qutside the ball Vp o is equal to zero. Then the radiation conditions
can be used for R — oo (see [1,2])
(5) [Ej=0(R™), |H|=0R™),
[E+//e(nx H)| =o(R™1),
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where n is the external normal to the boundary Sg of V.

In these cases the unicity theorems for the solution of the Maxwell
equations have been proved in [2]-[9] etc.

In some problems of electrodynamics however there doesn’t exist a
ball Vi so that outside of it ¢ is continuous and either strongly positive
or equals to zero. The model of the stratified Earth under electromagnetic
sounding can be example of this situation ({10]). The boundaries between
layers — the surfaces of discontinuity of o, — are infinite planes parallel
to each other. In some of the layers o can be zero. For example, this is
approximately true in the air, which is the upper half-space in the model.
It’s clear that now o is not continuous outside any large ball Vi and it can
vanish on some subsets outside Vp.

In this paper we shall consider such cases.

It will be proved that system (1) may have at most one solution,
satisfying (5) in those subdomains where ¢ = 0 and (4), i.e.

(6) [E[=o(R™"), [H|=oR™),
where o > 0.
2. The system (1) can be rewritten as one vector equation
(7 rotrotE = k°E +iwpj, k¥= w2pel.
At first we prove the unicity theorem in the case of positive coefficient.

THEOREM 1. If o doesn’t vanish anywhere in R3 the solution of equa-
tion (7) is unique.

PROOF. Let Vi be decomposed into subdomains G; such that in every
G; k is continuous. Let equation (7) have two solutions: E() and E®),
Then their difference E" satisfies equation

(8) rotrotE" = k°E"

in all G; with boundary conditions (3) and conditions (6) at infinity.
Because k is continuous in G; E' is continuous with its second derivatives
({11]). Let

(9) B :=rotE"

Furthermore, let us multiply the equation (8) by E" (complex conjugate)
and integrate over G;. Now we have

(10) / ETrotBdR = | k*|ET|%dR.
Gi G;
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By Green'’s formula (see [1]) and (9)

(11) /'E?rothR = /(B x E")ndS +/|B|2dR,
i ' S; Gy
where S; is the boundary of G; and n is the external normal to S;.
Let (£,7,¢) be the local coordinate system in a given point of S; such

that the direction of ( is given by n. Then the integrand of the surface
integral in (11) can be written as

(12) B¢E} - ByE].

It means that (12) is a combination of the tangential components of vectors
B and E". Because of (1) B differs from H" only in a constant multiplier.
Therefore, by (3), the expression (12) remains continuous across the surface
of discontinuity S;.

Let us denote by Si(l) the part of S; which is inside Vg and by
S,'(2) the part of §; which lies on the sphere Sp. Let G; and G; be

neighbouring subdomains and suppose that $;1) coincides with Sj(l). On
these surfaces the external normals have opposite directions. On the other
hand expression (12) is continuous across S; (and ;). Therefore the sum

of the surface integrals over S,'(l) and Sj(l) equals to zero.
Now if we sum up the equations in (11) for all G; then the sum of all

the surface integrals over the surfaces S,-(l) equals to zero and so only the
integral over the sphere Sg remains ({12]). Therefore (10) implies

(13) (BxE")ndS+ [ |B?dR = [ k*|E"|%dR.
Jmemmess o]

The integrand of the surface integral (which is the same as (12)) can
be estimated by o(R™2) as R — oo because of (6) and (1), (9). So if R
tends to infinity the surface integral tends to zero, and from (13) we obtain

(14) /|B|2dR=/k2!Er|2dR.
R3 R3

k2 is a complex function with strongly positive real and imaginary parts
in R3, namely

(15) Re(k?) =w?ue >0, Im(k?)=wpuo > 0.

Therefore the equality (14) is true only if E" =0. O
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3. Let us consider the general case when ¢ can vanish in some subdo-
mains of R3.

THEOREM 2. The solution of the equation (7) remains unique if o
vanishes in some subdomains of R3.

PROOF. It is easy to show that if & = 0 the equalities (10) and (13)
remain true.

Let o vanish on the subset Sp* of Sp. Then on Sp* the following holds

(16) Re(k?) = w?ue > 0, Im(k%) =0,
and on Sp\ SR* the relaf;ions (15) are true.

Let
(17) D:=E"+/u/e(n x H").
According to (5) on Sp*
(18) ' ID| = o(R™1).

Furthermore, multiplying D by ET and using (9) we get
DE™ = [E"|? + (k) ! (n x B)ET,

from which we have

(19) (B x E")n = ikDET — ik|E"|2.
Substituting (19) into (13) we obtain
(20) / ik(DET)dS + / (B xE’F)nd5+/fB|2dR=
Sg* Sr\Sg* VR
/ ik|ET|2dS + / k*|E"2dR.
Sg* Ve

By (6) and (18) the surface integrals on the left hand side of (20) vanish
if R tends to infinity, and the integral over Vp is real and strongly positive.

Since on Sg* k is real and positive: k =w,/u€ thus the surface integral
on the right hand side is imaginary -with a nonnegative imaginary part.
The integral over Vi on the right hand side is complex with nonnegative
imaginary part.

Consequently, in those subdomains G; where ¢ > 0 we obtain E" =0
since Im(k2) > 0 there. This implies H" =0 in G;.
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Let us show that in the domain G; where ¢ =0, E" =0 will hold. The
domain G; is enclosed by domains G; where o #0. (If for two neighbouring
domains ¢ =0 then k =const and because of our definition of G; they make
one domain.) Note that the domain G; can be unbounded.

Now if in G; 0 #0, in this domain E" =0, H" =0 and according to (3)
on the boundary of G; the tangential components of these vectors equal to
zero: Ef = H] = 0. Furthermore,

-

a—Hi i 3H€

€ oy

Therefore on this boundary EZ = 0 and analogously HZ = 0. So, on the
boundaries of the domain G; with 0 =0

(21) E'=H"=0.

-y T
= zweEC.

Since k =const, from (1) we obtain divE™ =0 in G;. Therefore in this
domain the equation (8) can be rewritten as

(22) AET + k*E" =0,

i.e. we get three independent homogeneous scalar Helmholtz equations. It
is known ([13]), that these equations with boundary conditions (21) and
conditions (5) at infinity have only trivial solutions: E" =0. Thus E™ must
be equal to zero in the domains where ¢ = 0 as well. O
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1. Introduction

We are concerned with a class of non-autonomous evolution equation
(6], [10] in the Banach space = = LP(0,rm,) (1 < p < 0),

(1) { %{YQ = A(t)p("t)a
P(,O) =P0(')
where the linear operators A(t): D(A(t)) C = — Z, are defined as follows:
A)p() = =¢'() = u()e()
for any ¢(+) € D(A(t)), and

D(A(t) ={p €Z| ¢ € Z,u(In() €,

T2
o(0) = 3(t) [ K )(r)ar .
]

In the equation (1), the p(r,t) is the population density, r denotes age,
t represents time, ry; is the maximum age, 5(t) is the specific fertility rate
of females at time ¢, k(r) and h(r) denote, respectively, the female ratio
and the fertility pattern; [ri,r9] is the fertility interval with

r2
/h(r)dr =1
]

(<) On leaving from: Shaanxi Institute of Finance and Economics, Xian, China.
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The po(r) is an initial population density and the mortality rate u(r)
satisfies

r ™m
/u(@)dg <400, r<rm, /#(e)de = +00.
0 0

Generally speaking, the population parameters pu(r), k(r) and A(r) are
time dependent. Here we assume that they are time independent functions,
because they are changed slowly in certain time interval (see [11]). In
order to forecast population evolution more exactly, the assumption that
the specific fertility rate of females 3 is dependent on time ¢ is necessary.

There are some results on stationary case of equation (1) (as [6], [5]
and [13]) that means they assume that 3 is time independent.

It is well-known that many non-autonomous equations are very difficult
to deal with (7], [2] and [1]. As for equation (1), it is more difficult to deal
with, because the intersection of population evolution operators A(t) is
empty, moreover, for different time t, to, may be A(t;)N A(te) = 0.

In order to discuss the solution of equation (1), it is necessary to discuss
the property of a family of population evolution operators first.

2. Preliminaries

The following lemmas will deal with the spectral properties of the
family of population evolution operators.

The spectrum of operator A(t) is denoted as o(A(t)) and op(A(t)) is
the point spectrum of operator A(t): the set of A’s such that (A — A(t))
is not injective.

We start with a fundamental result, which plays a crucial role when
discussing the solution of equation (1).

LEMMA 2.1. For any t > 0, there are following properties
T
—Ar=[ p(e)de

g

(). o(A) = {r|1-8¢) [k O dr=0}.
s |

(ii). There is a unique Ag(t) € R such that

"2 —/\o(t)r-({r#(Q)dQ

1- 8(t) / K(r)h(r)e

1

dr=20
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Furthermore, if A € C such that
L

1- ,’3(15)/lc(r)h(r)e“0 e Mdr =0
r

and Im()) # 0 then Re()) < Ag(t).

PROOF. The proof is immediate from {10].
The complementary set p(A(t)) = C\o(A(t)) denotes the resolvent set
of A(t).
From [10], we also have
LEMMA 2.2. If A € p(A(t)), then for any ¥(-) € Z, we have
R(MA()¥(r) =

“ar—f u(e)d 2 ; “Mr—s)-f
- F(l/\)'e o Q-ﬂ(t)/k(r)h(r)/@(s)e S LU

1 0
T —/\(T—S)—fr#(e)dg
+/‘I’(s)e s -ds
0

where
;

2 ~ [ ule)d
F(A):l—,@(t)/k(r)h(r)e ({M PEEUN
LB |

From [4], we know that for any ¢t > 0 A(t) is a generator of a strongly
continuous semigroup of linear operators on =.

In fact, the function 3(t) of fertility rate is bounded. In this paper, we
assume that

(2) B1 < B(t) < Pg, for any t€(0,00)
here, 51 and (9 are constants.

Let A; be population evolution operator associated to J3;, i.e.
Ly
D(4) = {p() €Z | Aip €=, (0) =5 | K(r)h(r)p(r)dr}
™

(Aip)(+) = =¢'(:) = () ()
here 1 =1,2. ,
From Lemma 2.1, we have
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LEMMA 2.3. If M\y(t) € o(A(t)) such that Im(Ay(t)) =0, and A; € 0(A;)
such that Im(A\;) =0, 1 =1,2, then A\; < Ag(t) < Ag.

Let {Si(¢)}4>0 denote the semigroup of linear operators generated by
A(t), and {S5,(¢)}¢>0 denote the semigroup of linear operators generated
by A;.

It is well-known (9] that there are constants w*, wy, Mg, and M such
that

3)  ISp, (@Il S Mg, e ? (¢20).  |Sila)] < Mye®? (g2 0).

We would like to ask if there exist constants M and w which are
independent of time t such that the following inequality is satisfied:

I1St(g)|} < Me¥?, for any ¢,t > 0.

In order to answer the question, we start with the following theorem

(see (8]):
THEOREM 2.4. Let A be a closed linear operator in Z, then the

following are equivalent

(i) A is the generator of an exponentially bounded C-semigroup
{S(t)}t>0 with [|S(1)]| < Me® fort >0;

(ii) A satisfies the conditions

(a) for some A € R, A — A is injective and D((A — A)~!) D R(C);

(b) C~l1AC = 4,

(¢) for every initial value x € (A — A)~1C(E) the following equation

" { dult) — Au(t)

u(0) = x

has a unique solution u(t; x) such that ||u(t;x)|| and Hﬂd?u(t;X)“ are

O(e™) as t — oco.

From [1, 2] we know that for any ¢ € [0,00) and x € D(A(t)) the initial
value problem

5) { duls) — A(tyu(s)

u(0) = x
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has a unique solution u¢(s) such that
ut(s)(r) = (Se(s)x)(r) =

5= haft)-sle)de
(6) =Cix)e 0 +o0 (e(’\"(t)‘g)s> , ass— oo,

Let w satisfy w > A9 from (6) we have

~ Do) -u()de

I<leitae €%+ (e, as s — oo,

“),

llut(s)

Hence, we deduce that ||us(s)l| is o(e as s — 00.

On the other hand, since u¢(s) = S¢(s)x we have

) _ su(s)A(ox

|(2)wo

From Theorem 2.4, it follows that ||Si(¢)|| < Mie¥?, (¢ > 0) for any
t> 0.

Moreover, from (1] and [6] the semigroup {Si(q)}¢>0 has the following
asymptotic expansion

We deduce that

is O(e*?), as s — o00.

-A (t)f-fr (o)dp
(Si(@)B)(r) = Cae 0ol L o(Mo=0s)  ag sy oo,

Actually, Cp is independent on ¢. It follows that there exists a constant
M such that

(7) (Se(g)ll < Me®® (g20)
for any t > 0.

REMARK. The inequality can also be proved by the definition of the
semigroups generated by the population operators.

The rest of this section is devoted to show that the family of operators
{A(%)}t>0 be a stable family of infinitesimal generators in =.

First, we have the following result:

THEOREM 2.5. Assume that (2) holds, then for any finite sequence
0<t;<tg <o Lt < o0, k=1,2,...
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following inequality holds

k k
® 154 0] < Mo w*ij}
j=1 j=1
for g; >0 (3 =1,2,...,k), in which Mﬂz and w* satisfy (3).

PROOF. From the definition [10] of the semigroup for any p(-) € Z we
have |5¢,(q1)p(r)l < Sg,(q1)lp(r)| it follows that ||St; (1)l < [|Sg,(q1)ll-

For any t;, {Stj(‘Z)}qZO is positive semigroup [12] associated with the
positive cone

=t ={p(")|p(-)€Z;p(r) 20, ae. on [0,rm]}
therefore

St,(92)St; (1)p(r)] < St,(92)Sp, (91)Ip()]

again, from the definition of the population semigroup of operators, we
have

St,(92)51; (a1)p(r)| < Sp,(a2)Sg,(91)p(r)]
hence ||St,(92)St, (q1)ll £ 155,(22)Ss, (a1l If
ISty _ 1 (qk=1)Sty_(qk~2) - Sty(2) Sty (q1)p(r)| <
< Sty (qk-1)5p8,(qk~2) - Sp,(92)Sp, (q1)Ip(r)]
then it is clear that

k-1 -
IT1 5t,(ap(r)| < 5,32(2 5)Ip(r).
Jj=1 j=1
It follows that
) k-1 k-1
Stala)| TT St (@i)p()1 < Spy(a)Ss, (D 45) 1)
j=1 j=1
1.e. k.
[H St(a7)p(r)| < S5, (3 45) ()]
j=1 1=1

[V]a-

® HHst (67)] < Mpye “( q’),
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the proof has been completed.

DEFINITION 6 [9]. Let E be a Banach space. A family {A(t)};>9 of
infinitesimal generators of strongly continuous semigroups on Z is called
stable if there are constants M > 1 and w such that

(9) e(A(1)) D (w, ),
and
(10) | “HR/\A “<M/\ -—w)” ~£ for A >w,

and every finite sequence 0 <t; <t9, -t <T,k=1,2,---

Note that under assumption (2), the population operators {A(%)}:>0
satisfy (9). Actually, the family of generators {A(t)};>¢ of population
semigroup is stable, it follows that Theorems 2.5 and the following result:

THEOREM 2.7 [9]. Fort€[0,00), let A(t) be the infinitesimal generator
of a strongly continuous semigroup Si(q) on a Banach space =. The family
of generators { A(t)};>( is stable if and only if there are constants M > 1 and

w such that o(A(t)) D (w,00) for t € [0,00) and either one of the following
conditions is satisfied

k k
”H Stj(Qj)“ < Mexp{quj} for ¢; 20
i=1 =

and any finite sequence 0 <t <t9<---<tp <oo, k=1,2,... 0or
k k
“HR(/\J';A(tj))“ <MT[Oj-w)! fordj>w
j=1 j=1

and any finite sequence 0 <t} <ty <--- <t <00, k=1,2,....
Summarizing the above, we have
THEOREM 2.8. If the function (%) of fertility rate is bounded, then
the family {A(t)}i>¢ of infinitesimal generators of population semigroup

is stable.

Now, we discuss the solution of equation (1).
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3. The Approximating Solution

In this section, we adopt the method which was used in {3] and based
on an interpolation of the equation as a functional equation in the space
LP(t(,T;Z) and on the use of the Yosida approximations of the time
derivative considered as an operator in that space.

We will use the Banach spaces LP(0,00;Z) and WIP(0,00;Z).
LP(0,00;E) is the space of all Bochner measurable functions U : [0,00) — =
such that ||U(-)]| € LP(0,00), 1 < p < 00. The WHP(0,00;Z) is the set of all
functions U : [0,00) — Z such that there exists v € LP(0, 00;Z) such that

t
U(t)=U(0)+/v(s)ds, t €0, 00).
0

We want to write the problem (1) as a functional equation in the space
LP(0,00;Z) by considering the time derivative as an operator in LP(0, 00; Z)
with a domain which takes into account the initial condition U(0) = Uy and
which is also dense in LP(0,00;Z).

Define
D(B):={U e WHP(0,00;Z) | U(0) = 0}
B :D(B) C LP(0,00;Z) — LP(0,00;E)
BU :=-U'
and

D(A):= {U € LP(0,00;E) | U(t) € D(A(t)), ae. A@)U(t)€ LP(0,00;Z)}
(AU)(t) = AQ)U(t),  te[0,00), ae.

It is easy to check that B is the generator of a strongly continuous semi-
group of contractions in LP(0,00;Z), i.e. [|AR(A, B)”_f LP(0,00;5)) S 1 for
A > 0 and g(B) = C moreover for each A€ Cand U € LP(O 00; =)

t
(R(\ B)U)(t) = / M=) (5)ds, te [0,00).
0

The Yosida approximation of B is By =nBR(n,B) = n?R(n,B) — nl.
It is well-known that for any U € D(B)

Jlim {|BaU = BU||1p(0,00,7) = 0
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the BpU has the following expression
t

(BpU)(t) =n? / e M=) (s)ds — nU(2).
0
For each U € D(B), the following equalities hold
BnU = —nR(n,B)U' = =n(R(n; BYU), (BaU) = BpU'.
Let v(t) = R(), A(¢))U(t). Until now, we do not know if v € LP(0,00;Z),

but, we have the following lemma:

LeMMA 3.1. If 3 € C(0,00); then R(A, A(t)) € C(0,00;Z) moreover, if
B € Ck(0,00), then R(), A(t)) € C¥(0,00,E) k=1,2,....

PROOF. From [10}, we have the following expression of R(), A(t)),

-f\("-S)-fr#(e)de
ROGA)(0) = 755 / r)h(r) / o dsdr
—Ar— d n
e ({“(9) g+/‘1’(s)e fﬂ(? S,
0
Hence, for any t1,t9 >0, ¥ € =.
(RO A(t1)) = RO AG)](r) = (B(t1) = B(t2))- ——(1—)
~xr=[u(ede P ~Mr=0)=] W(e)de
-e 0 (r)h(r) (s)e dsdr
Juomo
SO
(11) IR(: A1) - ROy A < M- B0 = Ble2)]

()
in which M is a constant. From (11) the lemma follows.

When 8 € C(0,00), from Lemma 1, if v(t) = R(}, A(t))u(t), in which
u € LP(0,00;Z), then v € LP(0,00;Z) and

(R(A, A)u)(t) = R(A, A(t)u(t), t€[0,00), ae.
Now, equation (1) can be written as an equation in LP(0,00;Z):
(12) B(o() —po(-)) + 4p(,) =0, p(:,-) € D(B).



262 1. JOO, ZHANG SHENGHAI

Now we want to solve a problem which approximates (12).
(13) Bn(Un"‘U-O)‘*‘AUn :0.

LEMMA 3.2. Let n > w, where w is stability constant, defining a
bounded linear operator being dependent on t: H(t) := n’R(n; A(t)) then

k HfS- n’M k
“I:[le (J)J“Sexp{n__w(z:lsj')}, for s; > 0
j= iz

and any finite sequence 0 <ty <t9 < ... <ty <00, in which {eH(t)s}szg is
a strongly continuous semigroup generated by the operator H(t).
Moreove;;\,? if B € C(0,00), then H € (0,00;L(Z)).

-

Proor. It is °we]l-l(nown that

s e (H(t)s)F
Hs = 3 -

k=0
because H(t) is bounded linear operator.
From Theorem 2.7

k w M
I(H(®) ] <n T
hence
k k k .2
| TT 0| < T] e < T M elli < 2 (Thars)
j=1 j=1 j=1

The second part of the lemma can be checked by Lemma 1.

In order to solve the approximating problem we need the following
result:

THEOREM 3.3. Assume that 3 is continuous uniformly, then there

exists a unique evolution system U(t,s), 0 < s <t < oo, in E satisfying
Mn?

(E1). |U(t,35)] < en-a(=9)

for0<s<t<oo.
t

(E2). GU(t,s) = Hsw
forveZ, 0 <5< 0.

(E3). £U(t,s)v ==U(t,s)H (s
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forve =, 0 < s <t < oo, where the derivative from the right in (E>) and
the derivative in (F3) are in strong sense in =.

PROOF. We use the method introduced by Pazy [9] by approximating
the family {H(t)};>( by piecewise constant families {Hn(t)}ig[p,00)s 7 =
=1,2,..., defined as follows:

Let §n = L and let tf = k6n, k=0,1,2,... and let

Hn(t) = H(}), tp<t<tp,, k=0,12,...
Since §(t) is continuous uniform.ly in £(2), it follows that
|H () = Ha(t)lgz) = 0, (= o)
uniformly for ¢ € [0, c0). :
Now, we define a two-parameter family of operator Un(t,s), 0<s<t<

< oo by
exp(H(t’-‘)(t -~ s)), for t’-‘ <s<t< t;-‘“

exp(H(t)(t ~ 1) [TT52h, exp(H (1) (1) ]-
exp(H(ty )(tp, —s)), for k>£ 1} <t <tf ,,

Un(t,s) =

tg Ss<tpg

It is easy to verify that Up(t,s) is satisfied with the following conditions:

Un(s,s) =1, Un(t,s)=Un(t,r)Un(r,s)
for 0 < s <r <t <T and (t,s) = Un(t,s) is uniformly continuous on
0<s<t< o0
2
[Un(t, )] < 3=

for 0 < s <t < co in which A is the same with n in Lemma 2.

The definition of Uy(t,s) implies that for v € =

%Un(t, 3)1) = Hn(t)Un(t, S)U‘,

for t £17,j=0,1,..

0
Es-Un(t, s)v = =Un(t,s)Hn(s)v

for s #£t7, 7 =0,1,.... It follows that except for a finite number of values
of r the map r — Upn(t,r)Un(r,s)v is diﬂerentiable imr,s<r<tand

Un(t,s)v —Un(t,s) / n(t,r)Um(r, s)vdr =
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t
- / Un(t,r)(Hn(r) = Hm(r))Um(r, s)vdr
SO MA? t
[0t 510 = Un(tssiol < exp { £t =) [ 1) = Hm(r .

Let
U(t,S)X = n]-i_{%oUﬂ(t’s)X
for x € E, 0 < s £t < o0, we have U(t,s) is a two-parameter bounded
operator
M2,
jU(t,s)] < e3¢
for 0<s<t< 0.

Other conclusions can be proved by the way used in [9].
Let f € C(0,00;Z), and consider the initial value problem

(14) | {%Q=H(t)u(t)+f(t)
u(0) =v.

We have the following result:

THEOREM 3.4. If f € C[0,00;E), v € Z, then the initial value problem
(14) has a unique solution u, i.e. u € C1(0,00;Z) and (14) is satisfied in Z,
and this solution is unique and moreover

t
(15) u(t) =U(t,3)v+/U(t,r)f(r)dr

where U(t,s) is given by Theorem 3.3.

PROOF. Because
U(t,s)x = lim Un(t,s)x

for x € Z, 0 < s <t < oo, in which Uy(t,s) was given in Theorem 3.3.
Since (t,5) — Un(t,s) is uniformly continuous in £(Z), for each v € Z,
U(t,s)v must be continuous in =, for 0 < s <t < co. From [9], we have
completed the proof.
Now we can solve the problem which approximates problem (12).
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THEOREM 3.5. Given ug € Z, there exists for each n > w a unique
un € D(A) being a solution of

(16) Bn(Un —UO)+AUn =0,
and the following estimate holds for 0 <t < oo, a.e.
nM 2Mi
lun(O] £ ——en=v"Jlug|

and up € {v € C(0,00;Z) | v(t) € D(A(t)), 0 <t < oo}

PROOF. Assume that u, € D(A) is a solution of the problem (16).

Since
t

(Bru)(t) = nz/e_"(t—s)u(s)ds —nu(t), 0<t< oo
0 .
for u € LP(0,00;=), we have

9

n

e ™17 (un(s) — ug)ds — n(un(t) — ug) + A(t)un(t) =0,

8 Tt~

for t € [0,00) a.e., i.e.
(17)
t t
n2/e°"(t—s)un(s)ds - ng‘/e'n(t—s)uods —(n— A(t))un(t) + nug = 0.
0 0

By applying R(n, A(t)) to both sides of (17), we get

t
nge_"tR(n,A(t))/e"sun(s)ds—
0

t
~n2e"™R(n, A(t))/ensdsuo —un(t)+ R(n, A(t))nug =0
0
le.
t
n2e"™ R(n; A(t)) / e™Sun(s)ds+
0

+e"™nR(n; A(t))ug — nR(n; A(t))ug — un(t) + R(n; A(t))nug =0.
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Eventually, we have
t
(18) n? R(n; A(¢) )/ Sun(s)ds + nR(n; A(t))ug —un(t)e"t 0.
0
Let
t
HﬁﬁmﬁMmAﬁM<mﬁﬁi/ghﬂﬂﬁ,ﬂﬂ:nmmAqu’v:&
0
From (18), we have
(19) {wé(t) = H(t)wn(t)+ f(2)

wn(0) =0,

hence, wn(t) is the solution of equation (19). From Theorem 3.4 it follows
that

wn(t) =/U(t,s)nR(n;A(s))u0ds

where U(t,s) is the evolution system given in Theorem 3.3.
From (18)
un(t) =n’R(n; A(t))e ™ wn(t) + nR(n; A(t))e™ My
un(t) =R(n; A(t))[n®e™™wn(t) + ne ™™ uq]
hence,

n2M
llun(

e un(t)] <

nM _
< e ™ lugl + =
—w

t
n3
e lugll + 2L e g / 10, ) [1R(n; A(s))llds <

n-—uw n-—w

_nt“u0”/3" = (t- s) ds <

—w
n2Mt
lluolle en—w —1]<
n—w

e fluoll + =

'n2Mt
en=<lug]-
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Conversely, given ug € Z, from Theorem 3.4 there exists a solution wy €
€ C1(0,50;Z) of equation (14), with

H(t) =n’R(n;A(t)), v=0,  f(t)=R(n;A(t))nug

therefore, un(t) = e ™w/ (t) is a solution of equation (16). The proof is
completed.
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In this paper we give a characterization theorem. The first such
characterization is apparently that of P. ERDOs [1]. He proved that if
a real-valued additive function is non-decreasing, or satisfies f(n +1)—
— f(n)— 0 as n — oo, then it must have the form A-logn for some constant
A. He had a separate argument for each case.

DEFINITION. We say, that f: N — R is completely additive mod 1,
if for every n,m € N holds {f(n-m)} = {f(n) + f(m)}, where {z} is the
fractional part of z.

THEOREM. If f is completely additive mod 1, a,b € N, (a,b) =1,
() {fla(n+1)+b) - f(an+b)} =0,

asn — oo, then {r(B)- f(an+ B)}={r(B)-cq-log(an + B)}, where (a, B) =
=1, ¢p Is a constant independent of n, r(B) is the smallest positive integer
for wich B"(B) =1 (mod a).

We remark that if we change (*) to the condition {f(n+1)}—{f(n)}—0
then corresponding theorem is an open problem. Futhermore it is possible
to give the monotone version of the theorem above. We shall give it in a
subsequent paper.

PROOF. From the assumption of Theorem we have

(1) fla(n+1)+b)— flan+b) =k(n+1)+r(n+1),
where k(n+1)€Z, 0<r(n+1)<1land r(n+1)— 0if n — oo. Using (1)
with n:=n+1, n+2,...,n+ b and summarizing them we obtain

flan+ab+b)— f(an+b) = k(n+1)+...+k(n+bd)+r(n+1)+...+r(n+b).
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Hence
n]i_{l&{f(an+ab+b) — flan+b)} =0.
In this relation writing b-n in place of n we get
n]i_’ngo{f(a(n +1)b+b) — f(anb+b)} =
Here we have

{fla(n+1)b+b) = f(anb+b)} = {{f(a(n +1)b+b) — f(anb+d)}} =
={{f(®) + fla(n + 1)+ 1)} = {f(0) + flan+1)}} =
={fla(r+1)+1) = flan+1)}.

Hence

(2) nlinéo{f(a(n+1)+ 1)— f(an+1)} =0.

Introduce F in the following way:

Fa+1):={f(a+1)}, {F(an+1)}:={f(an+1)}, and choose the values of
F such away, that F(a(n+1)+1) € [F(an+1)—- %,F(an +1)+ %) Then
F is uniquely determined on the set (an+1: n=1,2,...). Denote

(3)
q(n1,n9) := F((any +1)(ang +1)) - F(an) +1)— F(any + 1), ny,no € N.

Since f is completely additive mod 1, therefore {g(ni,n9)} =0, i.e.
g(n1,n9) € Z. Obviously

(4) g(n1,n2+1) — g(n1,n9) = F((any +1)(ang +a +1))-
—F((an; +1)(ang + 1)) — (F(ang +a+1) — F(ang + 1)).
Since
{F(a(n+1)+1) = Fan+1)} = {{F(a(n+1)+ 1)} — (Flan + D}} =
={{fla(n+1)+1)} = {f(an +1)}} = {f(a(n+1)+1) - f(an + 1)},
therefore
n]i_’néo{F(a(n-i- 1)+1)-F(an+1)} =0.

Since

\F(a(n+1)+1) = F(an +1)| < ; therefore
(5) nlingo(F(a(n+1)+1)—F(an+1))_
and

(6) F(a(n+1)+1)> F(an+1), if n>ny.
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Obviously
F((an; +1)(ang + a+1)) - F((any +1)(ang +1)) =
= F((any +1)(any + 1)+ a(any + 1)) — F((any + 1)(ang + 1))

Here (an) + 1)(ang + 1) =a(anyny + ny + ng) + 1. Since ny is an arbitrary,
but fixed mumber, therefore

(1) Llm (F((any +1)(ang +a+1)) = F((any +1)(any +1))) =0.

From (5),(7) we obtain
(8) n%i.’Poo(Q(nl,\nz +1)—g¢(n1,n2)) =0.

But ¢g(nj,n9+ 1) — ¢(n1,n9) is an integer, therefore
(9)  g(nyi,ng)=4q(ny,n2+1)=g(ny,ng+2)= ..., if ng > N(n1).
Introduce the function G,
(10) Glam +1):= F(am+1)+ lim q(m,n) =
= nlinéo(F((am +1)(an+1))— F(an +1)).

Now we prove, that G is completely additive on theset (an+1:n=1,2,...).
Let be my,m9 € N.
(11) G((amy+1)(amo +1)) =

= "leoo(F((aml +1)(amy+1)(an+1))— F(an+1)) =

= nleoo(F((aml +1)(amg +1)(an +1)) — F((amg +1)(an + 1))+
+F((amg+1)(an+1)) - F(an+1)).

Because of (10)
(12)  lim (F((ams +1)(an +1)) = Flan +1)) = Glamy +1).

Further (amg + 1)(an +1) = a(amon + mg + n) + 1. Using this we obtain
taking into account of (10),

(13)

lim (F((amy +1)(amy+1)(an+1)) - F((ama +1)(an+1))) = G(amy +1).

From (11), (12), (13) we get G is completely additive on the set (an +1:
1,2,...). Following the calculations of proof of Theorem 1 in [3], we obtain
G(an +1) = ¢p - log(an + 1), where ¢y is a constant, independent of n.

Indeed assume that %‘%‘% is not constant. Then exist a; # b;, 1 <
< ay,b) € N, such that e.g. .

G 1 b1 +1
(14) cl = (aal + ) G(a 1 + )

"~ log(an+1) log(aby +1)
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Denote
(15) g(an+1):=G(an+1)—c; -log(an +1).

First we prove g(an + 1) is bounded and after this that g(an +1) is
unbounded. From (1) g(aa; +1) = 0. Since G is completely additive on
the set (an+1: n=1,2,...) therefore

(16) gl(aa; + 1)) =0, (k=1,2,...).
Consider now g(ab; +1).
g(aby +1) = G(aby +1) — ¢y -log(ab) +1) =

G(aby +1) G(aa; +1)
=1 b —
og(abL +1) (log(abl T1)  foglas +1y) 0
Hence g(aby +1) > 0.

Let n > 1 be arbitrary. Then there exists { > 0, { € N such that

(aay + 1)1 <an+1<(aa; + 1)1+1.
Thus we have
G(an+1) £ G((aa; + 1)l+1) and log(aa; + 1) <log(an +1).
Therefore
glan+1) < (I+1)-G(aay + 1) —c; -log(aa; +1) =
= G(aay +1) +1-(G(aay +1) —c; -log(aaj + 1)) = G(aa; +1).
Hence g(an +1) < G(aaj +1),1i.e. g(an+1) is bounded. Now let be n>1
integer. Then there exists s > 0 integer, such that
(aby +1)° <an+1 < (aby +1)*+1L,
Thus
glan+1)=G(an+1) —cy -log(an +1) >
> G((aby +1)°) = ¢; -log(aby +1)°F! =
=s-G(aby +1)—~c1-(s+1)-log(ab) +1) =
=s-(G(aby +1)—c; -log(ab; + 1)) —cy -log(ad) +1) =
=s-g(aby +1)—c; -log(ab; +1).
Here g(aby +1) > 0. If n — co then s — oo, therefore s- g(ab; +1) — oo,
hence g(an +1) — 00 (n — o0). Thus g(an + 1) is unbounded. Hence we

have obtained a contradiction, thus G(an +1) = ¢g - log(an + 1) Hence
from (10) and the definition of F we have

{co-log(an+1)} = {G(an+1)} = {F(an+1)} = {f(an +1)}.
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Now let B be B#1, (a,B) =1. Then we have (an + B)"B) = am +1,
where m is a suitable positive integer. Hence
{f((an+ BN} = {f(am + 1)} = {¢g log(am + 1)} =
= {cg - log(an + B)T(B)}.
From this
{r(B)- f(an+ B)} = {r(B)- ¢y -log(an + B)},
which implies the theorem. In the theorem r(B) cannot be eliminated e.g.
take a =3, b =2, f(p) :=logpif p=1 (mod 3), f(p):=logp+ % fp=2
(mod 3), p is a prime, f is completely additive mod 1.

REMARK. If f:N — ¢y is completely additive and || f|| (the 9 norm of
f) is monotonic, then f(n) = c-logn, where c € £ is a constant vector.

PROOF. Let a be an arbitrary, a > 2 integer. If n € N, n > 2 then we
can write af < n < af*! with suitable k, k € N. Then we have

(17) k-l @ll S Nf < (B +1)- (| f(a)ll-
Since k-loga <logn < (k+1)-loga therefore from (17)

Al _ 1£(a)ll  ILFCIl  1F(al | [ (a)]
loga logn — logn ~ loga logn

(18)

Hence
Il _ @l o 1@l
logn loga |~ logn

Letting n (and so k) — oo we see that

exists and is finite, and that for every positive integer a, || f(a)|| = 4 -loga.
Whitout loss of generality we may assume that 4 = 1. Using this for
n, m,n-m, where n,m € N we obtain

(19) 1F(m)]1* =log”n,

(20) 1£(m)|)? =1log®m,

(21) I f(n-m)|? = log*nm.

Using (19),(20) and that f is completely additive we get from (21)
(22) (f(m), f(n)) =logm -logn.

From this

<f(m) f(n)>=1, (mn>2)

logm’logn
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It is well-known, that if H is a Hilbert space, (zn) C H is a bounded
sequence, then there exist (25, ) C H subsequence and z € H such that for
every y € H holds (y,zn,) — (y,z). Using this we obtain that there exist
(ng) C N and 7 € €9 such that

fm) fr)\ [ fm)
logm’ logny logm’ [/~
But the left-hand is equal to 1 for every m,n; > 2, thus
<——f(m),'r> =1.
logm

Here similarly as in above, we obtain

<f<mk> > —{rr) =2

logmy’

Hence ||7]|| = 1. From (22)
<m—),f(n)> = logn
logm
which implies (f(n),r) =logn, so

(23) f(n)=r71-logn+g(n), where (g(n),7)=0.

From this ||f(n)]|2 = log%n +||¢(n)||2. But we have seen || f(n)||? = log?n,
thus g(n) = 0. Hence from (23) follows the statement.
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