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4 H. JAIHJOPHK

Mycts a=bTy, ... Ty, €alt(A), b€ L. Ecnu Ty =Ly, T0 bl =x1b=
=b' € L', Tak 9TO O MEAYKOMM 3JEeMeHT a =bTy, ... Ty
L. Ecau Iy = Rxw TO DIEMEHT

a =(b Ox;)sz... Txn ““bel TxZ... TXn = (bOX})’I‘XQ... TXn’

rae x =y obosHauaeT 4T0 X —y € L. llpegnomoxkuM, 4To yKe QOKa3aHO
cpaBierme a =((hox))o...ox;_)Ty, ... Ty, i > 1. Ecmu Ty, = Ly;, 10

» ODMHALIEXNUT

a=(..(boxpo..ox; NIy ... Ty, =

n

=xi(---(b0x1)°---Oxi-l)Tx,-H Ty =

=Ebj Ty,... Ty, b € L,y €A s<n.
TaxuM 06pa3oM IO UELYKTHUBHOMY IDPeNOTOMKEHEUIO

a= E bi Ty, ... Ty, =0.
CrenobaTeJbHO, Ha OCHOBAHMM COOTHOWeHUA dx =dox — xd, ecan
Iy =Ry, Toa=(..box)o...ox)Ty,, ... Tx,. CrenoBatcavro, 0o
nEAYKOUN nMeeM a = (...(boxj)o...ox,) = 0. Jlemma mokasana.

JJEMMA 7. Dj(A) =D(A), rae D(A) — maeaa HOPOKZCHHBIH ac-
coguaTopaMy B aarebpe A.

JOKA3ATEJIbCTBO. Sflcro, uto Dj(A) C D(A). dokameM BKIIOUe-
rue J(A) C Dj(A). U3 toxaectsa Telimionnepa ciaenyer, 4To
) x(y,z,w)+(x,y,2)w € Dj(A)

rge x,y,z,w € A. C gpyroil cTOpoHBI B CUJIY BKIOUeHUA x(y.Z,w)+
+Hy,z,wx €Dj(A), u3 TeMMbI 6 U TUHeapU3anuy ToxkAecTBa Mydanra
(x,y,2)z =(x,2y,2) nMeeM

(6) x(x,y,2) € Dj(A).

[locnemopatenbHo OpUMeHss AUHeAPU3AIUM TOXRAECTBA Mydas-
ra, (5), temmy 6 u (6), no moaynio J;(A) nmeem:

0 E X(y,Z,W)‘F(y,Z,W)X E 'x(.y’z,w) - (y,z,'x)w E 'x(.y’z’w)+y(z7x’w) E
=x(y,z,w)—yx,z,w)=x(y,z,w)+x(y,z,w)=2x(y,z,w).

Takum obpazom D(A) = (A, A,A)+A(A4,A,A) C Dy(A). Jlemma no-
Ka3aHa.

TropPeMA 2. Ilyctn A — npapoaabTepHaTuBHasa aiarebpa Han
aCCOqMaTUBHO-KOMMY Ta TUBHLIM KOJAbLoM © 3 % Torma B accouma-
TopHOH aiarebpe D(A) BLIIOIHAETCSI PaBEHCTBO T23’88(=.‘D(A)) =0, rge
cTeneHb Tg’gg(.@(A)) paccMaTpHBaeTca B HopaaHoBoH aarebpe fD(A)“).
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Hoka3aTEAbCTBO. Ilyers I(f;)=5,i=1,23n

{ fi, LE{f€ B [tif)e Ty, 3U{f)+85) <s+3)

7
@ hel{feBlif)eT, 3U(f)+92) < s+3).

Cornacmo [3), xamzgeiii amement u3 D;(A) = D(A) umeer Bup
S(m o.)c)oy\fDxl,yl ey yn TAE M E(AAA), X,y,%;, )i, € A* neNu{0)}.

OycTs g; BEIpameHHe, HOjyvalolieecsi M3 f; 3aMeHON CHMBONa
(x,y) u (x,y)" Ha Takue 3J1eMeHTH dl’» m3 (Dy(A)), uro d; =(m; ox;)oy;.

B Bripawmerun F=g; T{(’gz T{6g3, OAf m;, KOTOPLI CTOUT Ha He-
YETHOM MecTe BO3LMEM ero Bulpawkernde (2), a Juid m; KOTOBI CTOUT
Ha YEeTHOM MecCTe ero BeIpakeHme (3).

Torna
F=Y"ajayaj( Jagasag Tgpxixyx3( )
[N 6 IERER] RN o * 1 1
xgxsxg )b\ byby( )by bsby Tgsy ¥2y3( ) vayse:
« I 11

6.1 1 1 I 1t
T 033 )y escs Tagr212223( ) 243576

rae () ozgaugaet (x,y), a ( )* — (x,y)*, T,' O3Ha4Yaer t{ o t; € T;, a us
OJIHOMMEHHBIX CHMBOJIOB, HalpUMep U3 CUMBOJIOB ai,...,aé mo Kpaiige
Mepe Tpu OpuHaAIexuT B |- O, 3ammmum ero B pume

- rr [ [ IR [ 6 [P ) Pt
F=7 _ajajashixgxsxg TIOb bybahayeysys T\ - ¢ chcshaziaszg =
[ A | o0
=D _djayas Hizyzsze,
rae
[ R A | [
hl =( )(14(15(167-567.X1X2X3( )*, hz, h3 eﬁ,

_ o116 6.1 1 1
Hk -—hl.X4X5.x6T:{ ...T‘{ C1C2C3h3.

Wcnonb3ysa pabesctso (xoy) —x'y' =y'x/, Bupaxenue Hy MoxkHO
3amMcaTh B BUIE

6 12
Hy = Zhl (H ri’t;hznri’til> h3, roe r; € A#, eT).
i=l i=7
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Hanbure 3gecs opumeruM (1):

6
] 1,
Hi =Zh1 H [(r.- Oti)'+§(ri,ti)— 5 (rist) ] :
i=1
12

hy - H[(r,or,)+ ~(riti) - <r,-,ri>*]hs=ZEﬂ"Eﬂ’@

rae hy=hy...Q)* mmmhy=hy, ahy=()...hy...()* mmuhy=hy, h3=()...h3,
nam h3=h3, n 0 <k, [ <6.

Ecnu k nan [ > 2, 10 eme pa3 npumensas (l) okoEyaTensHO mO-
ay4daeM, 4YTO

Hk=ZﬁlT{kﬁ2Tili3 roe O_<_l,k§l,

h1=ﬁ1...()* nin ﬁ1=ﬁl,....

Ecau X0Ta 6b OfuH u3 uucesn k uiu [ paBHO HyJIO, TO COTMACHO
nemme 3 by T%h, T''h3=0, xorma h; € Qy. B cuny (7) ycnosue k; € Qo

AaBTOMATUYeCKHM BLIDOJHAETCA, TaK KaK
3 () +36) <3S+ 15+36)=3(L(F;)+S1) <3U () +85) < s; +3, =1, 3;
3(L(hp) +36) < 3(L(fr) + 24 +36) = 3(1(Fr) + 60) < 3((f) +92) < 57 + 3.

Ecnu k =1 = 1. T0 cornacmo gemme 5, h; T{ﬁz Tl,;:; =0, xorgpa

ﬁ,- € Q13- B cuny (7} ycaosue 71_—,' € (g TOXe aBTOMATHYECKU BLINOJIH-
sieTCA, Tak Kak
3R +72) <3U () +13+72)=3({f;) +85) < s5; +3,
3(5+85)<s;+3, 267<s;, i=1,2
3 (hy)+72) < 3 (F) +20+72) = 3(L () +92) < 52 +3,
3(5+92) < 59 +3, 288 <55,

Takxum o6pa3oM Opu ycaoBum {7) BEIHOIACTCA PABeHCTRO
6 6
F=g T\°¢T°g:=0.

Ecau B Bripamesun F st g; BMecTO d; ={(m; ox;)0y; paccCMOTPUM
aneMeHT didy ... Do g =3 (n;0a;)0b;, rme n; € (A, A, A), a;,b; € A, To
TOKe OUYEeBMIHO, YTO BLINOJHAETCA paBeHcTBO F=0.
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Ecan oboszmaunm I = D(A), T; = T;(D) C T;(A), T0 U3 paBeHCTBa
F=0 cnengyer, uto
- 6 6 -
F2F =2 T2 17T Ty T1°D T3 =0
rae T; = T (D), tar xax T(D) C T;(A).
U3 Brarouennit
T2 (Tyo T)o T (Tyo T)o T1Y 2 hT3 2 (Tro Ty 2 (Ury () 2 T4,
DB OTP2T, DTy Ty 2 Togg 2 Tags
caenyeT, 4To
3
0=F 2 To63 Toss Taes 2 T2 =0.
CrnenoBaTenbHEO T2388 =0.

CHEACTBUE. Ecan A cBobogHas NpaBoaJbTepHaTHBHAA aJjreb-
pa Hag © > 1/2, 1o gna mroboro eé HEeBBIPOKACHHOIO pasukaia R(A)
BBIIOJTHAETCA PABEHCTBO T2388(R(A)) =0.

ApTop BeIpakaer raybokyw 6JaragapHOCTE CBOEMY HAYUYHOMY
pyroBomuTenio mpod. JI. A. BOKYTIO 3a pykoBogacTBO paboToil, a
Takke E. V1. 3E/1bMAHOBY 3a meHHELIA cOBeT.
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ON A PROBLEM OF ASAAD

By
WOLFGANG BANNUSCHER and GUNTER TIEDT

Universitit Rostock

(Received October 29, 1991)

1. Introduction

Throughout this paper G denotes a finite group. Our notations are
standard and follow [3]. Moreover, Q(P), U(P) are defined to be
(x € P: xP=1) and (xP : x € P) respectively, where P is a finite p-group.

In [1] ASAAD proved:

THEOREM (ASAAD): Let P be a Sylow p-subgroup of G such that
|PNP*|=pP~L for all x € G\ P. If Ng(P) = P, then G possesses a normal
p-complement, i.e. G is p-nilpotent.

ASAAD asked are following question:

Let P be a Sylow p-subgroup of . Suppose that Ng;(P) is p-nilpotent
and that |Q(P)NQ; (P¥)| < p?~! for all x € G\ Ng)P). Is G p-nilpotent?

This paper gives a positive answer for odd p and a negative one for p=2.
We even get a sharper résult:

THEOREM: Let P be a Sylow p-subgroup of G for an odd prime p. If
Q) (PN P*)| < pP~! for all x € G\ Ng(P) and Ng(P) is p-nilpotent then
also G is p-nilpotent.

From the Theorem follows a sharper version of ASAAD’s Theorem in the
odd case:

COROLLARY: Let P be a Sylow p-subgroup of ¢ such that
PN P*| < pP~1L for all x € G\ Ng(P). Is Ng;(P) p-nilpotent then also G is
p-nilpotent.
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The proof of the Corollary in the case p =2 is similar to that of ASAAD’s
Theorem in [1] and is therefore omitted.

~ The group GL(2,3) is an example which shows that our Theorem is not
true for p =2,

2, Preliminary lemmas

We give a list of results which we use for the proof of our Theorem:

LEMMA 1: [4] (Th. 1I1.10.2., 111.10.7., 111.10.13. (P. HALL), p.322-333)
a) The p-group p is regular if one of the following conditions holds:

@ |P| <pP

() |P/By(P) < pPt.

b) If P is a regular p-group then |P/U,(P)| = |2, (P)|.

LEMMA 2: [4] (Th. IV.8.1. (WIELANDT), p.447)

Let P be a regular Sylow p-subgroup of & such that Ns(P) is p-nilpotent.
Then & is p-nilpotent.

LEMMA 3: [3] (Th. 6.3.2., p.228)
Iif G is p-solvable and Op/(G) =1 then C(Op(G)) < Gp(0).

LEMMA 4: Let P be a p-group, p odd with |Q;(P)] < p?~!. Then
|P/®(P)| < pP~ L.

PROOF. By [2] Lemma 3 (d) either P is of maximal class or regular. In the
first case we have |P/®(P)| =p? < pP~!; in the second case by Lemma 1 b)

|P/®(P)| < |P/G(P)] = |Qu(P)| < pP~ .

LEMMA 35: [4] (Th. IV.5.8. b) (FROBENIUS), p.436)
For a finite group & are equivalent:
(i) & has a normal p-complement.

(i) Ng(U) has a normal p-complement for each p-subgroup U= 1of G.
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3. Proof of the Theorem

Let & be a counterexample of minimal order.
(i) Op(G)=11is trivial.

(ii) G is p-solvable.

PROOF. By Lemma 5 we have a maximal p-subgroup U, 1# U < P such
that Ng(U) is not p-nilpotent. Let U} be a Sylow p-subgroup of Ng(U).
Then Uy > U and T = Ng(Uj) is p-nilpotent. Clearly [Ul,op,(T)] =1
and TN Ng(U) is p-nilpotent. It is easy to see, that Ng(U) satisfies the
assumptions of our Theorem. It follows & = Ng(U). Now by the choice
of U we have that Ng,;;( V/U) is p-nilpotent for all p-groups V > U. By
Lemma 5 G/O,(G) is p-nilpotent and so & is p-solvable.

(iii) & contains no proper normal subgroup W with (|G/ W|,p) =1.

PROOF. Otherwise W would be p-nilpotent by the choice of &. Then by

) Opl( W)= 1. It follows W = P and P is normal in &. But then & is no
counterexample.

Now let M be a maximal normal subgroup of &. By (ii), (iii) G/M must
be a p-group such that |G/M|=p. Let Py = PN M be a Sylow p-subgroup of
M. Consider Nag(P) > Ng(P)N M. If equality holds then by the assumption
of the Theotem M is p-nilpotent. But then by (i) M and also & is a p-group,
a contradiction.

Hence there exists y € Ng(P1) \ Ng(P). We get Py = PN PY. By the
assumption of our Theorem |Q2;(P})] < p?~! follows. Moreover M cannot
be p-nilpotent by (iii). That means Nps(P}) is not p-nilpotent by our choice
of G. Thus there exists x € Ng(P;) such that x is a p'-element and P (x) is
not p-nilpotent. It follows (P,x) is not p-nilpotent and by the choice of G we
have G = (P,x). By (iii) & has the following structure

G= Op])'])(G) > Opp'(G) > O])(G) = Pl

with [G/0,,/(G)| = p and |Q(P)| < pP~!. Hence | P /@(P))| < pP~! by
Lemma 4. Now G/®(P)) has a Sylow p-subgroup of order at most p” which
is regular by Lemnma 1 a) (i). Thus G/®(P;) has a normal p-complement
L/®(P) by Lemma 2. Let K be a p-complement of L. Then we have
|K,P|] € LN P, = ®(P)). Therefore K acts trivially on P,/®(P;). Hence
K acts trivially even of Py. But P; = O,(&) and therefore Ci{(Py) < Py by
Lemma 3. It follows the contradiction K =1 and the Theorem is proved.
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FLACHEN 2. ORDNUNG IM EINFACH ISOTROPEN RAUM 1"

Von

FERENC MESZAROS

Padagogische Hochschule, Szombathely

(Eingegangen am 30 Jidnner 1992)

1. Einleitung

Es bezeichne P den dreidimensionalen projektiven Raum, w eine Ebene
in Py und A; := Pj\ w den zugeordneten affinen Raum. Ein affiner Raum

Aj heilit ein einfach isotroper Raum 13(1) , wenn in ihm eine Metrik tber die

Absolutfigur {w,f|,f2, F} induziert wird, wobei f), fo konjugiert-komplexe
Geraden aus @ mit dem reellen Schnittpunkt F sind. Im folgenden bezeichnen

wir mit (x,y,z) affine Koordinaten in 13(1) und mit (xg : x; : xp : x3) die
zugehorigen projektiven Koordinaten. Es ist dann tiblich, die Absolutfigur
{w9fl,f2’F} durch

(1.1) w-x9=0, fi.fo---xo=xt+x2=0, F0:0:0:1)

Zu beschreiben. Betreibt man einfach isotrope Bewegungsgeometrie in 13(1) ,
so betrachtet man als Fundamentalgruppe in 13(1) nicht die allgemeine projek-
tive Automorphismengruppe von {w,f],f2, F} (vgl. [3,6]), sondern wihlt die
sechsparametrige Bewegungsgruppe Bél)

{Y:cl +Xxcos¢p — ysing

(1.2) Y=cp+xsing +ycose

ZT=c3+cqXx +C5y+2
(vgl. [3,6]) als Fundamentalgruppe.

Die Flichen 2. Ordnung @ des einfach isotropen Raumes I?El) , die wir
unter Verwendung projektiver Koordinaten im folgenden in der Gestalt

2 2 2
a“xl +a22x2 +a33x3 +2a12x1x2+2a|3x1x3

(13) + 223x2x3 + Axle + BxeO + Cx3x0 + ng =0



14 FERENC MESZAROS

bzw. unter Beniitzung affiner Koordinaten in der Form

aux2+a22y2 +a33z2 +2ayxy +2a3x2

1.4
+2ay;3y72+Ax+By+Cz+ D=0

ansetzen, wurden beziiglich der isotropen Bewegungsgruppe erstmals in [1]
klassifiziert. Diese Klassifikation ist jedoch nicht vollstindig und bertick-
sichtigt auch nur die reguldren Flichen 2. Ordnung. In [5] bestimmt K.
STRUBECKER zwar die einfach isotropen Kriimmungslinien auf Mittelpunkts-
fiichen 2. Ordnung des 13(1) (vgl. [5,250]), geht jedoch auf eine Klassifikation
dieser Fldachen nicht ein. Wir geben im folgenden eine Gesamtklassifikation
der Flichen 2. Ordnung des 13(1), wobei wir uns geometrischer Methoden
bedienen, die z.B. auch in [4] mit Erfolg eingesetzt werden. Wir werden
vor allem die Schnittkurve k := ®? Nw zur Klassifikation heranziechen, und
beachten weiters, daB in der Fernebene w des projektiv erweiterten isotropen
Raumes 13(1) durch die Gruppe Bél) eine zur ebenen euklidischen Geometrie
duale Geometrie induziert wird (vgl. [3,20]). Die Schnittkurve & kann sein:

A: Ein Dual-Kegelschnitt (i.f. bezeichnet als D--Kegelschnitt), d.h. eine
irreduzible Kurve 2. Ordnung, die beziiglich der dualen euklidischen Geo-
metrie in w weiter klassifiziert werden mu8.

B: Ein Geradenpaar

C: Ein Linienelement bzw. eine Doppelgerade

Im folgenden geben wir die detaillierte Klassifikation der Kurven 2. Ord-
nung in @ gemdl den Hauptfillen A, B und C an, wobei wir gleichzeitig
die zugehorigen Flichen 2. Ordnung bestimmen, und beziiglich der Gruppe

Bél) auf Normalform transformieren. Die beiden folgenden Hilfssitze werden
gelegentlich niitzlich sein.

HILFSSATZ 1. Besitzt eine Fliche 2. Ordnung des 13(1) die Darstellung
(1.5) a11x2+a22y2+a3322+Ax+By+Cz+D=0

mit ayy #0, so kann man durch eine Schicbung in x—Richtung stets A =0
erreichen. Analoges gilt sinngemdB fiir die Koeffizienten B und C, wenn
ayy#0 bzw. ay3#0 ist; die Schiebungen ertolgen dann in y- bzw. z-Richtung.

BEWEIS. Sei a);#0, ay>#0, a33#0, dann wenden wir auf (1.5) die
: —_7 A — B — C
Schiebung {x—x—m,y—y—g@,z—z—@} an. 1
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HILFSSATZ 2. Besitzt eine Fliche 2. Ordnung des 13(1) die Darstellung
(1.5) mit ay; =0, A#0 bzw. ay; =0, B#0 bzw. a33 =0, C=#0, dann kann
man durch eine Schiebung in x -bzw. y-bzw. z-Richtung stets erreichen

(1.6a) a22y2 +a33z2 +Ax =0 bzw.
(1.6b) ajx>+ayz’+By=0 bzw.
(1.6c) a11x2+a22y2+Cz =0.

BEWEIS. Durch Anwendung von Hilfssatz 1 erhalten wir a2ﬁ2+a3322 +

+ AX+ D =0, wobei D das neue Absolutglied bezeichnet. Nun wenden wir
die Schiebung {JT:x -Dy- y,Z=z} an. Fiir (1.6 b,c) geht der Beweis
analog. |

2. Die Fernkurve k := & nw ist ein irreduzibler Dual-Kegelschnitt.

Die Metrik einer euklidischen Ebene E, wird bekanntlich durch die bei-
den konjugiert-komplexen absoluten Kreispunkte F;, F, auf der Ferngeraden
f dieser Ebene geregelt. Unterwirft man diese Absolutfigur dem Duali-
tiatsprinzip, so erhilt man die Absolutfigur {f},f;, F} der Fernebene w des

13(1). Aus den irreduziblen Kegelschnitten in E, entstehen durch diese Duali-
sierung die folgenden D-Kegelschnitte k£ (vgl. Abb.1.):

1. Nullteiliger D-Kegelschnitr: Dieser Kegelschnitt k ist dual zu einem
nullteiligen Kegelschnitt in E;.

2. Nullteiliger Fernkreis: Dieser Kegelschnitt k ist dual zu einem null-
teiligen euklidischen Kreis in E;. k bertihrt ebenfalls f; und f;.

3. Einteiliger Fernkreis: Dieser Kegelschnitt k ist dual zu einem euklidi-
schen Kreis, der bekanntlich F; und F, als Punkte enthilt. Demnach beriihrt
k die beiden absoluten Geraden f| und f».

4. D-Hyperbel: Dies ist ein Kegelschnitt in @, der F nicht enthalt und an
den sich von F aus zwei reelle Tangenten legen lassen. F ist ein Aulenpunkt
von k.

5. D-Ellipse: Dies ist ein Kegelschnitt in o, der F nicht enthdlt und an
aen sich von F aus keine reellen Tangenten legen lassen. F ist ein Innenpunkt
von k.
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Abb. |

6. D-Parabel: Dies ist ein Kegelschnitt in w, der F enthiilt.
Sei zuniichst F ¢ k, d.h., wir betrachten die Fille 1-5. Nach (1.4) lautet &

2.1) a“.x2+¢122y2+a33z2 +2aypxy +2ay3xz +2a3yz =0
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Wegen F ¢ k gilt a33#0. Wenden wir auf (2.1) die isotrope Bewegung

{x =X,y=y,2=7 — %-;if— %Y} an, so entsteht

(22) by X2 +byo¥? + b33T> +2b1% 7 =0.
Gilt by #0, dann kann durch eine Drehung {x =x cosp —ysing,y =x sing +
. byi=bys ,
7= = 1f
+ycosp,Z =z} mit cot2p —1%,)327- die Normalform

(2.3) c11x® +epy? +eyzz’ =0
von k erreicht werden. Fiir b, = 0 stellt (2.2) schon die Normalform dar.
FALL 1. sgnc|; =sgncy; = sgncess.

k ist ein nullteiliger Kegelschnitt und die zugehorigen Flichen 2. Ord-
nung lauten

(2.4) cxl+cpy?+c33zi + Ax+ By + Cz+ D =0.

Nach dem Hilfssatz I kann man A = B = C =0 erreichen und es entsteht die
Normalform

(2.A1-3) cpyx2+cny? +c3322+ D=0.
Fiir D = 0 liegt ein nullteiliger Kegel ®?, fiir c;, - D > 0 ein nullteiliges
Ellipsoid ® und fiir ¢, - D < 0 ein Ellipsoid ®{? vor.

FALL 2. ¢ =¢39, sgncy| = Sgness.

In diesem Fall ist k& ein nullteiliger Fernkreis. Wie im Fall 1 erhilt man
als Normalform fiir die zugehorigen Flachen 2. Ordnung

(2.A4-6) x2+y?+%3322+ D=0,

wobei €33 := gﬁ- > 0 gesetzt wurde. Fiir D=0 liegt ein nullteiliger Drehkegel
@, fiir ¢33 - D > 0 ein nullteiliger Drehellipsoid ® und fiir ¢33 D < 0 ein
reelles Drehellipsoid (Dg) vor.

FALL 3. cy1 =792, sgncy| #SgNc3s3.

k ist ein einteiliger Fernkreis. Wie im Fall 1 erhdlt man als Normalform
der zugehorigen Flachen 2. Ordnung

(2.A7-9) x2+y*+E3322+ D=0,
wobei ¢33 = gﬁ- < 0 gesetzt wurde. Fiir D =0 liegt ein einteiliger Drehkegel
<I>(72) , fiir €33 - D > O ein einschaliges Drehhyperboloid (Dg) und fiir 633 - D <0

ein zweischaliges Drehhyperboloid <I>(92) vor.
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FALL 4. Schreibt man (2.3) in projektiven Koordinaten (x; : xp : x3) in
@ - -xg =0, so erhiiit man

(2.5) c11x12+022x§'+033x§: ={.
Die Polare eines Punktes P(p; : p, : p3) beziiglich (2.5) lautet dann
(2.6) C1X1P1 +C202p2 +¢33x3p3 = 0.

Speziell ergibt sich fiir die Polare p des abscluten Punktes F(O: 0: 1) die
Gleichung x3 = 0. Im Fall einer D-Hyperbei miissen die Schnittpunkte von
p mit (2.5) reell sein. Demnach muf in (2.5) sgnep #sgneyy gelten. Die
Normalform von k lautet somit

(27) x2+c"22y2+E3322 =O,
wobei €77 = (Zﬁ <0, &y = gﬁ- gesetzt wurde. Wie im Fall 1 gewinnt man
als Normalforin der entsprechenden Flichen 2. Ordnung

(2.A10-11) x2+E2y2 +T332° =0
bzw.
(2.A12-15) X2 4y 43322+ D=0

mit D=0. Fir ¢33 > 0 bzw. fiir £33 < 0 in (2.A10-11) bezeichnen wir
2 .-

diesen recllen Kegel als Kegel 1. Art (D(l%)) bzw. Kegel 2. Art fbi“l). Ly

geometrischen Unterscheidung der beiden Kegeltypen bestimmen wir iire

isotropen Kreisschnitte. Mit xZ = —y? folgt
(2.8) /e = tyV1-in.

Wegen 72 < 0 ist /T --¢,5 stets reell. Somit stellt (2.8 fiir 753 > 0 2wet
rcelle Ebenen dar, fiir €33 < 0 sind diese Ebenen kojugiert-komplex. Daher
besitzt ein Kegel 1. Art stets zwel Scharen reeller isotroper Kreisschiitic,
wihrend ein Kegel 2. Art nur konjugiert-komplexe Kreisschnitte besitzt. Fiir
733 >0 und D < 0 bzw. fiir ¢33 < 0 und 2 > 0 liegt in (2.A12-15) cin
einschaliges Hyperboloid (D(é) bzw. CD(I? mit einem Kegel 1. Art bzw. 2. Act
als Asymptotenkegel vor, fiir 733 > 0 und D > 0 bzw. fiir t33 <0 und D <0
ergibt sich ein zweischuliges Hyperboloid (D‘I? bzw. @gi’ mit einem Kegel
1. Art bzw. 2. Art als Asymptotenkegel.

FALL 5. Die Polare p{x3 =0} schneidet die Fernkurve k jetzt nicht reell.
Damit folgt aus (2.5) sgncy; = sgneyp#sgnesy. Wie im Fall 1 erhalt man
damit als Normalform einer D-Ellipse

2.9) _ x2+c‘~22y2+63312=0



FLACHEN 2. ORDNUNG M EINFACH ISOTROPEN RAUM 1 19

mit Ty = ;ﬁ >0 und ¢33 = %ﬁ < 0. Die zugehorigen Flichen 2. Ordnung
lauten in Normalform

(2.A16) x24Tyt 463322 =0
bzw.
(2.A17-18) x2+Tyy? +T3322 + D=0, mit D=0.

(2.A16) ist cin reeller Kegel ®'3), den wir als Kegel 3. Art bezeichnen. Die
Ebenen x =0 und y = 0 sind Symmetrieebenen von (2.A16) und besitzen
somit geometrische Bedeutung, ebenso thre Schnittgerade g---x =y =0, die
wir als vollisotrope Kegelachse bezeichnen. Alle isotropen Ebenen durch g
schneiden (2.A16) nach zwei siets reellen Erzeugenden, denn aus y =k - x folgt
mittels (2.A16) x2(1 +2k2) = T3322, wobei 1+¢2k2 > 0 und 33 > 0 gilt.
Durch diese Eigenschaft unterscheidet sich aber ein Kegel 3. Art eindeutig
von einem Kegel 1. Art oder 2. Art.

Fiir D >0 bzw. D <0 liegt in (2.A17-18) ein zweischaliges Hyperboloid
@g%) bzw. ein einschaliges Hyperboloid CD%) mit einem Asymptotenkegel
3. Art vor.

FALL 6. Nun sei F ¢in Punkt von k, d.h. & ist eine D-Parabel. Nach (1.4)
gilt dann a33 =0 und k lautet

(2.10) ay 1x2 +a22y2 +2a3xy +2ay3xz + 2ay3y7 =0,
Wir wenden auf (2.10) die Drchung {x = Xcosp — ysinp, y = Xsing +
+ycosp, z =7} mit tangp = —Z—% an. Dann entsteht als Glzichung von k
(2.11) b T2+ byny- +2b1X §+2by37 7 =0.

7T

Fiir ap3# 0 gilt sicher bp3#0. Ist hingegen a3 =0, so folgt ¢ = % und man
hat by3 = —ayy. Wire by3 =0, so wiirde a;3 = 0 folgen und (2.10) wire
reduzibel. Wir diirfen daher 1.f. stets by3#0 voraussetzen. Wenden wir

. . - e b b (1)
nun die Transformation {x =x,y=y,7=z7~ 2—,)2223-): - b-gx} aus B¢’ an, so
entsteht als Normalform von %
(2.12) 5 +2093y2 =0
mit ¢p3 = Iﬁ)ﬁ Die zugehdrigen Flichen 2. Ordnung lauten

(2.13) x? 429392+ Ax + By +Cz + D=0.

Mittels Hilfssarz | kann A =0 errcicht werden, und durch eine Schiebung in
y- und z-Richtung kann noch B = C =0 erzwungen werden. Damit erhilt man
als Normalform

(2.A19) x242c53y2=0
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bzw.
(2.A20-23) x2+2cy3y7 + D=0, mit D=0,
(2.A19) ist ein Kegel ¢(129), den wir als Kegel 4. Art bezeichnen.

Fiir ¢33 >0 und D <0 bzw. fiir c3 <0 und D < 0 liegt in (2.A20-23)
ein einschaliges Hyperboloid Cb%) bzw. Cbgzz) , fiir cp3 >0 und D > 0 bzw. fiir
¢33 <0 und D > 0 ein zweischaliges Hyperboloid CD%) bzw. Cb%) vor.

Wenden wir auf (2.A20-23) die Affinitit {x =X,y =y+Z,z =y — 7} an,
so entsteht als Flichengleichung x2 +2¢23(72 ~72)+ D=0, woraus ersichtlich
ist, daB die Flichen CD(ZZO) und CD%_) bzw. be,_zl) und CD(223) zwei Geradenscharen
bzw. keine reellen Geraden tragen. CD%) bzw. Cb%) sind durch die Spiegelung
{x =X,y = —¥,z =7} an der Kreisschnittebene y =0 auf (D%) bzw. auf (D(zzl)
abbildbar. Die Flichen Cb%) und (D(222) bzw. Cb(zzl) und CD%) sind in der Gruppe

Bél) als verschieden anzusehen, da Bél) keine Spiegelung obiger Art enthilt.
Damit sind alle Fille von A erledigt.

3. Die Fernkurve k := ®@ N ist ein Geradenpaar

Es sei zunichst ein reelles Geradenpaar {g;,g,} mit dem Schnittpunkt &
in der Fernebene w gegeben. Dieses Geradenpaar kann 3 Lagemoéglichkeiten
beziiglich {f].f>, F} besitzen (vgl. Abb.2.).

FALL 1. G#Fund F¢ g Ug,.

Durch eine isotrope Bewegung kann man erreichen, dal & die projek-
tiven Koordinaten G(0:1:0:0) erhdlt. Jede Gerade g durch & in w wird
dann durch xg = upx; + u3x3 =0 beschrieben. Wegen F ¢ g gilt hierbei u3#0,
und man kann g in affinen Koordinaten mittels uy +z =0 erfassen. Werden g,
und g, zunichst durch uy +z =0 bzw. upy +z =0 beschrieben, so kann man
durch eine isotrope Bewegung noch erreichen, dafl diese Geradengleichungen
z+ay =0 bzw. z — ay =0 lauten, wobei a#0 gilt. Zum Beweis setzen wir
eine isotrope Bewegung in der Gestalt {x =X,y =y,z =Z+yy} an. Dann
folgt aus obigen Gleichungen y(u; +y)+7 =0 bzw. y(uy +¥)+7 =0, woraus
sich y = —%(ul +uy) ergibt. Es gilt a=0 wegen g;#g,. Damit lautet die
Normalform von k

3.1 2?2 —a®y?=0.
Nach Hilfssatz 1 gehoren zu (3.1) die Flichen 2. Ordnung
(3.2) 22 —aly?+ Ax+D =0.
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Abb. 2

Fir A#0 folgt nach Hilfssarz 2 die Normalform

(3.B24) 2—aly?+ Ax =0

eines hyperbolischen Paraboloids d)(zi) . Gilt A=0, so erhalten wir
(3.825-26) 2-a2?2+D=0.

Fiir D=0 liegt cin hyperbolischer Zylinder (1>(225) , fiir D=0 ein reelles schnei-
dendes Ebenenpuar (D(226) vor.
FALL 2. G# Fund F € g;.

Wie im Falt 1 erhalten wir zuniichst fiir k

(3.3) ¥z —ay)=0.
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Wenden wir auf (3.3) die isotrope Bewegung {x =X,y =¥,z —ay =Z} an, s0o
gewinnen wir als Normalform von k

34) yz=0.

Die zugehorigen Fliachen 2. Ordnung lauten

3.5) YI+AX+By+CZ+D=0.

Durch eine Schiebung in y- und z-Richtung kann man erreichen
(3.6) yz+Ax+D=0.

Gilt in (3.6) A= 0, dann erhilt man nach Hilfssatz 2 die Normalform
(3.B27) vz + Ax =1).

Dies ist ein hyperbolisches Paraboloid d)g‘;) . Gilt A =0, so erhalten wir die
Gleichung

(3.B28-29) yz+D=0,

welche fiir D=0 einen hyperbolischen Zylinder CD(zzg), fiir D =0 ein reelles
schneidendes Ebenenpaar CD%) beschreibt.

FALL 3. F=G.
Man erhalt wie oben die Normalform von k zu

(3.7) y2—a2x2=0

mit a # 0. Nach Hilfssatz | lauten die zugehorigen Fldchen 2. Ordnung

(3.8) y2 —a’x?’+Cz+D=0.

Fiir C#0 kann man nach Hilfssatz 2 noch D =0 erreichen und man erhiilt
(3.B30) y2-a’x*+Cz=0.

Dies ist ein hyperbolisches Paraboloid (Dg%). Fiir C =0 findet man
(3.B31-32) y? - a?x>+D=0.

Fiir D=0 liegt ein hyperbolischer Zylinder <D(32]) , fir D=0 ein reelles schnei-

dendes isotropes Ebenenpaar d>g22) Vor.

Nun sei {g,g£2} ein konjugiert-komplexes Geradenpaar mit dem reellen
Schnittpunkt . Dann gibt es 3 Lagemoglichkeiten (vgl. Abb.3.).

FALL 4. G#F.

Wie im Fall 1 kann man erreichen, dal ¢ die projektiven Koordinaten
G(0:1:0:0) erhilt, und die Geraden g; bzw. g5 durch z — Ly =0 bzw.
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Abb. 3

z - ]:_y = () beschricben werden, wobci L=a+ib und L=a — ib, a,b € R,
b0 gilt. Wenden wir dic isotiope Bewegung {x =X,y =y,z =7 +ay} an, so
entsteht als Normalform von

(3.9) 7240252 =),

Die zugehdrigen Flichen 2. Ordnung lauten

(3.10) b+ AT+ By + C7+ D =0.

Mit Hilfssatz 1 erhiilt man die Flichengleichung

(3.11) 22+b%y?+ Ax+D=0.

Gilt tn (3.11) A=0, dann gewinnt man nach Hilfssarz 2

(3.B33) 22+ b2y + Ax =0.
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Dies ist ein elliptisches Paraboloid (I>(323) . Gilt in (3.11) A=0, so findet man
die Gleichung

(3.B34-36) 22+b%y2+ D=0,

welche fiir D > 0 einen nullteiligen Zylinder ®) baw. fiir D < 0 einen
elliptischen Zylinder (D%) beschreibt. Fiir D=0 liegt ein konjugiert-komplexes

Ebenenpaar CD(326) Vor.
FALLS. G=Fund (ffUf)N (g Ug) =F.
Wie im Fall 4 erhilt man zunichst fiir &
(3.12) (y - Lx)y - Lx)=0

mit L=a+ib, L=a —ib, a,b € R\ {0}. Nach Anwendung der isotropen
Bewegung {x = Xcosp — ysing,y = Xsing +ycos¢,z = Z} mit cot2p =

2,,2

= 1—'—(—%;—}’), entsteht als Normalform von k
(3.13) %2 +d%y?=0
mit

4= sin2<p +asin2p + (a2 +b%)cos?p

cos2¢ +asin2gp + (a2 +b2)sin?¢p’
d? >0, d?# 1. Die zugehorige Flachengleichung lautet
(3.14) ¥2+d%y%2 + Ax+ By + Cz+ D =0.
Nach Hilfssatz 1 gewinnt man zunéchst
(3.15) x2+d*’y*+Cz+D=0.
Gilt in (3.15) C#0, dann erhalten wir nach Hilfssatz 2
(3.B37) x2+d%y?+Cz=0.

Dies ist ein elliptisches Paraboloid ®3). Gilt in (3.15) C =0, so findet man
die Gleichung

(3.B38-40) x2+d?y?+ D=0,
welche fiir D > 0 einen nullteiligen Zylinder <I>(3%) bzw. fiir D <0 einen ellip-
tischen Zylinder <I>229) bzw. fiir D =0 ein konjugiert-komplexes Ebenenpaar
(D%) beschreibt.

FALL 6. g) =f] und g, =f>.
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Die Normalform von k lautet
(3.16) (x —iy)x +iy)=0.
Nach Hilfssatz 1 entsteht die zugehorige Fliachengleichung
(3.17) x2+y?2+C1+D=0.
Gilt in (3.17) C#0, dann erhilt man nach Hilfssatz 2
(3.B41) x2+y2+Cz =0,
Dies ist ein parabolische Sphire ®) (vgl. [3,66]). Gilt in (3.17) C =0, so
gewinnt man
(3.B42-44) x>+y2+D=0.
Fiir D > 0 liegt dann ein nullteiliger vollisotroper Drehzylinder (Dgzz), fiir
D < 0 ein einteiliger vollisotroper Drehzylinder (D‘%) und fiir D=0 ein konju-
giert-komplexes Ebenenpaar (DE&) vor. Damit sind alle Fille von B erledigt.

4. Die Fernkurve k := ®? N ist ein Linienelement bzw. eine
Doppelgerade

Bezeichnet s die Doppelgerade bzw. den Triger des Linienelementes
(s,S5) — wobei S den inzidenten Punkt angibt — dann erhélt man 3 Lagemog-
lichkeiten (vgl. Abb.4).

FaiL 1. F¢ s und F#S.

Durch eine isotrope Bewegung kann man erreichen, dall s durch xg =
= x3 = 0 beschrieben wird. Im Fall eines Linienelementes kann man durch
eine weitere isotrope Bewegung erreichen, da3 $(0:1:0:0) gilt. Damit hat
man fiir &

(4.1) 22=0

und die zugehorigen Flachen 2. Ordnung lassen sich wegen Hilfssatz I in der
Gestalt

(4.2) 22+ Ax+By+D=0

ansetzen. Gilt (A, B)#(0,0), dann kann in (4.2) durch eine Schiebung D=0
erreicht werden. Im Fall eines Linienelementes ist ®2) ein parabolischer

Zylinder (I)‘(‘Z), dessen Erzeugenden den Fernpunkt S(0:1:0: 0) enthalten.
Die ebenen gchnitte von (4.2) y =konst. miissen dann Geraden sein, woraus
A =0 folgt. Damit erhalten wir als Normalform

(4.C45) z2+By=0.
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Abb. 4

Gilt A= B =0, so gewinnt man aus (4.2)
(4.C46-48) 22+D=0

und dies ist fiir D > 0 ein konjugiert-komplexes Ebenenpaar (D%) , fir D <0
cin reelles, paralleles Ebenenpaar (D227) bzw. fiit D =0 eine Doppelebene
(2)
Dy
FatL 2. Fesund F= 5.

Wie im Fall 1 kann man erreichen, dafl s durch xg =x, =0 und im Fall
eines Linienelementes S durch S(0: 1 :0:0) beschricben wird. Damit hat
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man fiir k
4.3) y2=0

und die zugehorigen Fliachen 2. Ordnung lassen sich wegen Hilfssatz 1 in der
Gestalt

(4.4) y2+Ax+Cz+D=0
ansetzen. Gilt (A, C)#=(0,0), dann kann in (4.4) durch eine Schiebung noch

D =0 erreicht werden. Im Fall eines Linienelementes ist ®@ ein para-

bolischer Zylinder 4)229) , dessen Erzeugenden den Fernpunkt S(0:1:0:0)
enthalten. Wie im Fall 1 folgt A =0 und damit erhalten wir als Normalform

(4.C49) y2+Cz=0. .
Gilt A= C =0, so gewinnt man aus (4.4)
(4.C50-52) y2+D=0.

Fiir D > 0 liegt ein konjugiert-komplexes Ebenenpaar CD(S%), fir D < 0 ein
reelles, paralleles Ebenenpaar Cb(szl)
vor.

FALL 3. S=F.

Durch eine isotrope Bewegung kann man erreichen, da8 s durch xg=x,=0
beschrieben wird. Damit hat man fiir

4.5) y2=0,

und fiir D = 0 eine Doppelebene Cb(522)

und die zugehorigen Flachen 2. Ordnung lassen sich wegen Hilfssatz I in der
Gestalt

4.6) v+ Ax+Cz+D=0

ansetzen. Gilt (A, C)#(0,0), dann kann man in (4.6) durch eine Schiebung
noch D =0 erreicht werden. Im Fall eines Linienelementes ist & ein para-

bolischer Zylinder CD(S:;), dessen Erzeugenden den Fernpunkt F=5(0:0:0:1)
enthalten. Wie im Fall 1 folgt C =0 und die Normalform lautet

(4.C53) yZ + Ax =0.

Gilt A = C =0, so beschreibt (4.6) zwei parallele, reelle oder konjugiert-
komplexe, isotrope Ebenen bzw. ene isotrope Doppelebene; diese Fille wur-
den aber schon unter (4.C50-52) aufgezéhit. Damit sind Fille von C erledigt.

Wir fassen das Gesamtresultat zusammen im
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SATZ 1. Im einfach isotropen Raum existieren genau 53 Typen von Fli-
chen 2. Ordnung, die sich beziiglich der einfach isotropen Bewegungsgruppe

BV durch die Normalformen (2.A1-23), (3.824-44) bzw. (4.C45-53) be-
schreiben lassen.

Fiir viele Anwendungen ist die Klassifikation der Flichen 2. Ordnung im
projektiv erweiterten einfach isotropen Raum notwendig.
Dann kommen noch folgende Typen hinzu: (Dgi) (Fernebene w + nicht-

isotrope Ebene), d>g25) (Fernebene w + isotrope Ebene), d>g%) (Fernebene w
als Doppelebene). Diese lassen sich durch die Normalformen

xgx3 =0 bzw.
(4.D54-56) xgx; =0 bzw.
xg =0

beschreiben.
Wir notieren den

SATz 2. Im projektiv erweiterten einfach isotropen Raum existieren ge-
nau 56 Typen von Flichen 2. Ordnung.
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1. Introduction

An inverse semigroup in which the closure Ew of the set of idempotents
is a Clifford semigroup will be called Ew -Clifford. 1t is easily seen that an
inverse semigroup is Ew -Clifford if and only if Ew C EE where EE is the
centralizer of the set of idempotents. The class of Ew-Clifford semigroups
forms a quasivariety defined by the implication (xy =y = xx~! =x~1x), and
contains the quasi-variety of E-unitary inverse semigroups and the variety of
Clifford semigroups. The class of Ew-Clifford semigroups is one of the first
classes with unknown structure of the network below (Figure 1).

O’CARROLL 1] proved that every E-unitary inverse semigroup can be
embedded into a semidirect product of a semilattice by a group, and SZEN-
DREI [4] generalized this result by proving that every E-unitary regular semi-
group with regular band of idempotents can be embedded into a semidirect
product of a band by a group. In the main result of this paper, we general-
ize O’Carroll’s result in another direction. We show that each Ew -Clifford
inverse semigroup can be embedded into a semidirect product of a Clifford
semigroup by a group.

For the undefined notions and notations the reader is referred to [2].

2. The main theorem

First we characterize Ew -Clifford semigroups and give some other re-
sults.

PROPOSITION 1. Let S be an inverse semigroup. Then the following
conditions are equivalent:
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(Amin)min = Nmin =77 T=omin= (Amin)min

ye ¢ zy=cz=>yek

A= 7min = ((Ami")min)min
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zy==zx zy=2z

zny=>ye€ L¢ ery=>y€kE

Fig. 1

@) S is Ew -Clifford
(i1) o NR is a congruence, where o is the lcast group congruence on S.
(iii) n, the least E-unitary congrucnce on S, is idempotent separatiig.

PROOF. (i) => (ii). Since ¢ is a congruence and R is left compatible,
it remains to prove that ¢ NR is right compatible. Let (a,b) € 0 N R, and
c€S. Then aa=! =bb~! and ab~! € kerv = Ew C E¢ by (i). So we
have acc™la=V =acc™Va taa ! =acela Vbbb~ =a-a b~ b~ =
=bb Yo b7t = bee= b1, that is (ac,be) € R. Hence (ac,bc) €0 NR
follows since o is a congruence.
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(ii) = (iii). If 6N R is a congruence, then 7 = (¢ NR)* =0 NR. Hence
7 is idempotent separating.

(iii) = (i). Let @ be idempotent separating. Then ;1 C u, the maximal
idempotent separating congruence on .S. This implies Ew =kerm C keru = EC,
and so S is Ew -Clifford.

COROLLARY 2. Let S be an inverse semigroup. Then S is Ew -Clifford
if and only if pN\ R is a congruence for each congruence p withp C 0.

PROOF. Let S be an Ew -Clifford semigroup, let p be a congruence on S
with p Co and let (a,b) € pNR, c € S. Then (ac,bc) € p and (a,b) e NR.
By Proposition 1, (ac,bc) € 0 NR. This implies (ac,bc) € pNR, so pNR is
a congruence. The converse follows from Proposition 1.

PROPOSITION 3. If S is an Ew -Clifford semigroup, then S/t is also Ew -
Clifford for every idempotent pure congruence T on S.

PROOF. Let a € Eg/, . Then there exists an idempotent in S/t such that

ae=e. Now let a’t =a and €'t = e, where a’' € S and ¢’ € Eg. Then we have
(a'e )yt =a't -e't=a-e=e=e't. As T is idempotent pure, we have a'e’ € Eg
whence a’ € E, follows which implies a’~la’ =a’a’~1. Thus, aa=1=a"la,

that is, a € Eg /TC. This completes the proof.
Now we recall the definition of a semidirect product.

DEFINITION 4. Let C be an inverse semigroup, and let & act on C by
automorphisms on the left. Define the multiplication (a,g)o (b,h)=(a -gb,gh)
on the Cartesian product C x ¢ which thereby becomes a semigroup. This
latter one is called a semidirect product of C by & and is denoted by C * .

PROPOSITION 5. Let C x & be a semidirect product of a Clifford semi-
group C by a group G. If' S is an inverse subsemigroup of C x G, then S is
Ew -Clifford.

PROOF. Let (a,g) € Esw . Then there exists an idempotent (e, 1) € Eg such
that (a,g)(e,1)=(e,1). This implies g =1 and a - ge =e. Hence (a, 1)(a, 1)'1 =
=@, @ L) =@ ) =("1a,1)=(a,1)"}a,1), 50 (a,8) € Est.

NOTATION 6. Let Z x be the free semigroup with involution on the al-
phabet X. For a word w, denote by c(w) the content of w, that is the set
of letters occurring in w, and by r(w) the reduced word (a word is called
reduced if and only if it has no subword of the form xx~! or x~1x). By &5
we denote the least fully invariant semilattice congruence, and by &¢ the least
fully invariant Clifford congruence on Z x. We have (u,v) € &5 if and only
if c(u)=c(v) and (u,v) € ¢ if and only if c(u) =c(v) and r(u) =r(v) (2].
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Now let S be an Ew -Clifford semigroup. For brevity, denote S/g by G.

Define a partial multiplication on X =& x S as follows: for s, t € S and
g, h € G, (g,5)0(h,t) is defined if and only if g -so = h, and if so, then
(g,s)o(h,t)=(g,st).

l_)eﬁne a map from X into X by x =(g,s) — (g -sa,s~1)=%. Observe
that X =x for every x € X. Define an action of the group & on X by setting
h(g,s) =(hg,s), for every h € G, (g,s) € X. This action of & is obviously
compatible with both o and ~.

Extend the action of G on X to an action on Z 5{ the free monoid with
involution on X, as follows: Let h € G. For every x € X, put hx 1 =(hx)~1,
for every word w = x xp...x, in I x with xj, X3, ..., x, € XU X!, put
hw = hx| -hxy ... hxy, and for the empty word O put h0 = 0. The free
monoid F/{, being a submonoid of Z ;(, this defines an action of G on F}(.
Notice that ~ can be extended to an involution on F}( which we will also
denote by ~. The action of & on F)l{ is compatible with this involution.

Let pc be the join of &¢ and the congruence on J x generated by the
relation

{(xy,2):x,y,2€ X andxoy=z in X} U{(x_l,i) 'x € X}.

From the well-known description of &¢ and that of the join of congruences
we easily deduce the following lemma.

LEMMA 6. Let u, v be words in 4 x. Then upgv if and only if there
exists a finite sequence of words u = wq, wy, ..., wy = v such that, for any
i €{0,1,...,n — 1} the word w;, is obtained from w; by one of the following
steps:
step 0:  w; =px~lq, w41 =pkq for somep, q € f]& andx € X;
step 0’: w; =piq, wiy =px’1q for some p, q € .fo,( andx € X;
step 1 w; =pxx”1q orw; =px~\xq, and w;,| = pq for some p, q € f]k
and x € X such that x orx~1 occurs in p or in q;

step 1’1 w; =pq, and w;, =pxx~lq orw;, =px~lxq for somep, q € ,‘Z;(
and x € X such that x orx~! occurs inporingqg;

step 2: w; =pzq, Wiy =pxyq for somep, q € fZ}Y andx, y, z € X where
xoy=zinX;

step 2°: w; =pxyq. wiy| =pzq for somep, q € ,‘Zk andx,y, z € X where
xoy=zinX.

Now we show that we can restrict ourselves to words consisting of letters
only from X (not from X -1,
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Observe that if we start with a word u € J x and apply step O to every
letter from X ! which occurs in u then a word u' € Fy is obtained. So each

u € Iy is pc-related to an element in Fy. This implies that Z x / Oc is

isomorphic to Fy /pc where pc denotes the restriction of pc to Fx. In par-
ticular, this shows that Fy/pc is a Clifford semigroup. It is straightforward
to check by the previous Lemma that pc can be obtained as follows:

LEMMA 7. Let u, v be words in Fx. Then upcv if and only if there
exists a finite sequence of words u = wgy, wy, ..., wy = Vv such that, for any
i €{0,1,...,n — 1} this word w;, is obtained from w; by one of the following
steps:
step 1: w; =pxxq, w;,| =pq forsomep, q € F)l( and x € X such that x or
X occurs inp oringq;

step 1’: w; =pq, w;,| =pxxq for somep, q € F)l( and x € X such that x or
X occurs inp oringq;

step 2:  w; =pzq, wi4| =pxyq for somep, q € F)l( andx, y, z € X where
xoy=z in X;

step 2’: w; =pxyq, w4 =pzq for somep, q € F)l( andx, y, z € X where
xoy=z in X.

Now we define an action of G on Fy/pc=C. Let u=pxiXq and v =pq
for some p, g € F)l( and x € X such that x or ¥ occurs in p or q. Then,
for any g € &, we have gu=gp-gx -gx-gq and gv =gp - gq where gp,
gq € F)‘(, gx € X and gx =gx, and so gx or gx occurs in gp or gq. If
u =pzq and v =pxyq where p, g € F)l( and x, y, z € X with x oy =z, then
gu=gp-gz-gq and gv =gp-gx -gy-gq where gp, gq € Fy and gx, gy,
gz € X. If x =(h,s), y =(h-so,t) then we have z = (h,st). Thus the product
gxogy=(gh,s)o(gh - so,t) is defined and gx ogy =gz.

Hence, by Lemma 7, the action of & is compatibie with pc. Thus, the
action of & on Fy determines an action of & on C in a natural way, and
this defines a semidirect product C * & of the Clifford semigroup C by the
group G.

THEOREM 8. If S is an Ew -Clifford semigroup, then S can be embedded
into the semidirect product of the Clifford semigroup C by the group G.

We prove Theorem 8 by a series of Lemmas. Throughout $ is an Ew -
Clifford seniigroup.
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LEMMA 9. The mapping ©: S — C * G defined by s© =((1,5)pc,50) Is
a homomorphism.

PROOF. If 5, t € S, then

(s0)© =((1,50)pc,(st)o) =((1,5)0c - s0((1,1)oc),50 - t0) =
=((1,5)0c,50)(1,t)pc,t0) =50 - 1O.

NOTATION 10. If x € X, x =(g,t), then we shall write t = L(x) and g =
=5(X). Let w=x1x;...x; be a word in F; such that x; oxy0...0xp is defined.
Suppose that x; =(g;,t;),i =1, 2, ..., n. Then we put L(w)=t,-t;-...-t, and
S(w)=g,. Notice that L{iw)= L(x)0...0x,) and S(w)=(x] 0...0xy).

LEMMA 11. Let w € Fx, w =x1x3...xy, such that xjox;o...0x, Is
defined. If S(x;) = S(x)) for some i € {1,2,...,n}, then L(x;%;w)= L(w).

PROOF. Let x; =(g;,t;), i=1,2, ..., n. Since the product x; o...0x; _j is
defined, we have xjo...ox;_; =(g1,11)0...0@i_1,ti—1) = (815115 -»ti-1)-
Furthermore, also x| o...0x; is defined, so we have g; =g (¢} -...- t;_1)o. By
assumption, g; = S(x;) = S(x;) =g, whence (t;...t; _j)o=1.So¢t]...t;_| €
€ kerog = Ew C EC, and %; ox is defined since S(i,-)ti_la =g;4,0 -ti‘lo =

=g; =g). Hence Lw)=(t)...t;_ )t ...ty =t;1] ' L(w) = L(x; 5;w).

LEMMA 12. Let w, w' be two words in Fx, w =xy...xp, w = y|...ym
such that x| 0x20...0Xy, y] 0y30...0yy are defined. If c(w) C c(w'Ww') and
Sw)=Sw"), then Liw')= L(w)-a for somea € S.

PROOF. Without loss of generality, we can suppose c(w) C c(w'). Indeed,
if x; =¥;, we can replace w' by w' =y ...y;J;yj ...ym. where Sw'")=Sw"),
Lw")=L(w"). Now let x; =(g;,s;), yj =(hj,t;). i=1,...,n, j=1,...,m. First
we show that
(*) Liw'y= slsflL(w').

Since c(w) C c(w'), this implies x; =y; for some j € {1,...,m}. Thus we have
also S(y;)=5(x;)=5(y;). Hence, by Lemma 11, we have L(w'):L(yJ,-y‘jw’)=
=L(.xlflw')=x1s1_lL(w’). .

Now we prove by induction on the length n of w that L(w’) = L(w) - a
for some a € S. If w is of length 1 (i.e. n = 1), then () implies that L(w') =
=L(w)- ((L(w))_lL(w’)). Suppose that for any pairs of words w, w’ which
satisfy the conditions of the Lemma and n = r, the equality L(w')= L(w)-a

holds for some a € S. In order to prove it for words w, w' with n =r +1,
put w* = xx3...X,, and u = §;w’'. It is clear that c(w*) C c(u), and the



AN EMBEDDING OF Ew-CLIFFORD INVERSE SEMIGROUPS 35

length of w* is r. Moreover, X oy is defined since g; ~sl_10 =g, 50"
.57 1o = g) = S(x)) = S(y)). Thus both xp 0x30...0x, and £ 0y} 0...0ym
are defined and S(w*) = S(u). Hence, by the induction hypothesis, we have
L(u) = L{w*)-a' for some a' € S. By definition, we have L{(u) =s1"l - L(w"),
whence L(w’)=slsl_lL(w')=le(u)=le(w*)-a'=s1(s2...s,,)-a' =L(w)-a'.
The proof is complete.

LEMMA 13. Letw, w' be two words in Fx, w =xj...xn, W =y1¥2...Vm
such that x; 0x30...0Xy, Y] ©...0 Yy, are defined. If c(ww) = c(w'Ww"),
Sw) = S(w') and S(w) = S(“’I) (.e. S(xy) - L(x,)0 = S(ym) - Lym)o), then
(Lw),Lw")) em.

PROOF. Since S(w) = S(w') and c(ww) = c(w'Ww'), using Lemma 12,
we shall have L(w) = L(w')-a and L(w') = L(w)-a' for some a, a' € S,
whence (L(w),L(w")) € R. Since S(x,) - L(x,)0 = S(ym) - Lym)o, we have
S - Liw)o = S(x)) - Lixjxy...xy_1)o - Lixp)o = S(xn) - Lixp)o = SOm) -
Lym)o =S - Lyp...ym—1)o - Lymo =Sy1)- L(WI)U =50;g)- L(WI)U,
hence L(w)o = L(w")o. Thus (L(w),Lw' ) €eoNR =mx.

LEMMA 14. Ifs € Ew and e € E such that (1,s)pc(1,e), then s =e.

PROOF. If (1,5)pc(1,¢e) then, in virtue of Lemma 7, there exist finitely
many words (1,5) =wg, wy, ..., wp =(1,€) in Fy such that w;, is obtained
from w; by one of the steps 1, 1°, 2, 2’.

Instead of dealing with w;, we shall define a word w; such that the
multiplication o is defined for the components of w' and L(w}) =s. If
Wi = X|X3...XjXj4]...Xn then the word w will be obtained from w; such

that, for any j, 1 <j < m, we insert a word pi(h)-p'(g) between x; and
Xj41, Where h = S(x;) - L(xj)0 and g = S(xj,;). The words pi(g) will be
defined inductively on i in such a way that the multiplication o is defined

for their components and, furthermore, ¢ (pi(g)) = ¢ (woWow W ... w;W;),

S (pi(g)) =1 and L(pi(g)) o=g forevery i,i=0,1,...,n and for every g in
{S(x): x € c(wowow W) ...w;W;)}. For brevity, we introduce the following
notations: X; =c(wgwg...w;w;) and H; ={S(x): x € X;} (i =0,1,...,n).

Since s € Ew, we have sa = 1. So Xy = {(1,s)(1,s)} and Hy={1}. We
put

P21 = (1,5)(1,5).
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Obviously, (1,s)o (1,5) is defined, ¢ (po(l)) =Xy, S (po(l)) =1 and
L(po(l))o =1

Suppose that, for some i =0, 1, ..., n — 1, pi(g) is defined for every
8 € H; such that it possesses the properties required above. Now we define
p'*l(g) (g € H;,1) by means of p'(g) (g € H;). If w;,; is obtained from w;

by step 1 or 1’ then c(w;) =c(w;,), and so X;,| = X; and H;,| = H; follow.
In this case, we define

P (e)=p'(g)  forevery g € Hyyy.

If w;,) is obtained from w; by step 2 then X;,, = X; | J{x,%,y,y} and
Hiy) = H; U{S(}. Since ¢ (pi(g)) = X;, we have S(z) = S(x) € H;. For
brevity, put h = S(z). Thus we define

i+l (g) = {p'(h)xxxyy if g=S0)¢H
Pl (hxyyip'(h)p'(8) if g€ H
If w;, is obtained from w; by step 2’ then X;,; = X; [ J{z,Z} and H;,, = H;.
Again, we have S(x) = S(z) € H;, and denoting h = S(x), we define
P @) =p (Mz2pi(h)p'(g)  for every g € Hyy.

It is straightforward to check that pi*l(g) (g € H;,;) also possesses the
properties above.

Now let
wi =p (gx1p' (g1 - 510)P (82)%2P' (€2 - 520) ... 0 (8 )XmP' (gm - SmO)

for each i =0, 1, ..., n where g; =S(x;) and 5; = L(x;) for j =1, ..., m. Here
the product of consecutive components of w/ is defined.

First we prove that L(pi(g)pi(g)) =ss~! foreach g € H;, i =0,1,...,n.
— R 2
For i =0, L(po(l)po(l)) =L(((l,s)(1,s))2) =L<((l,s)(l,s"l)) > =ss~L,

Suppose that L (p"(g);a_i(—ﬁ) =55~ ! holds for i =r (0 <r <n), and we
shall prove it for i =r +1.

If w;,; is obtained from w; by step 1 or 1° then p"*1(g)=p” (g) (g € H,,})
which implies L (p’“(g)p’“(g )) =ss~ L
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If w;,; is obtained from w; by step 2 and g = S(y) ¢ H;, then p"*(g) =
=p”(h)xZxyy,
L(p' @) = L (o (xixysysexip’ ®)) =
= L(p" (h))- Lx%x)- Lyyyy)- LEx%)- L(p"(h)) =
= L(p" (h) - Lx) - Ly) - LG) - L&) - L (p™(h)) =
= L(p"(h))- Lx oy)- LESY) - L(p"(R)) = L(p"(h)) - Liz) - L(2) - L(p" ()

As z € ¢ (p"(h)pT (b)), the products p” (h)zZp" (h) and p" (h)p” (h) satisfy
the condition of Lemma 13, hence

(L(p"(hyzzp™ (), L (p" (h)p"(h))) € 7.
Since 7 is idempotent separating [Proposition 1], we have

L(p"(h)ezp" () = L(p" (h)p™(R)) =55~

As for the case g € H;, we have p tl(g) =p"(h)xyyxp”(h)p"(g). Hence
L(p @) = L(p" haxys o)) - L @) =557 - L (@),

and so
L(pr+l(g)p’+l(g)) =ss L. L(pr(g)p’(g)) css L =ssL

If w;, is obtained from w; by step 2’, the proof is similar as in step 2.

Now we observe that L(p'(g)) = L(p'*1(g)) holds for every g € H; and
for every i, i =0, 1, ..., n — 1. Indeed, if w;,; is obtained from w; by step
1 or 1’ then this equality trivially follows. If w;,, is obtained from w; by

step 2 then we have seen formerly that L (pi(h)xyy‘ipi(h)) =L (pi(g )pi(g))

whence L(pi*!(g)) = L (p(2)pi(2)) - Lp'(8)) = L(p' ) follows. The case
when w;, is obtained from w; by step 2’ can be handled in the same way.

In particular, since 1 € H; for every i, i =0, 1, ..., n, the equalities
ss ™= Lp%(1) = Lp' (1)) =... = L(p" (1)) follows.

Now we are going to show that L(wi*) =s fori=0,1, ..., n. This

proof also goes by induction on i. For i =0 we have w; = pO(1)(1,s5)p°(1),

~l=§ since s € Ew, a Clifford semigroup.

L(wg =ss " Lsss
Now we suppose that L{(w/) =s, and prove that L(w}, ;) =s.

Assume that w; =x1x;...x,; and put gg = S(x) and s = L(xg) for k =1,
2, ..., m.
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If we apply step 1 to obtain w;, |, then
Lwiy) = Le™ g)xy .. xp* (g - 5000 (g)xpi+ (g - 50)
Pt - 50)Ep Q)P (g e )X 41 - XmP ¥ (8m - SmO)

where x € {xy,%],...,Xm,%m }, g = S(x) and 5 = L(x). Since p* (gx) =p**1(gx)
for k=1, 2, ..., m, it suffices to show that

L(p™* @xp™1(g 50! (g 500%™ (@)) = L (p™* g+ 1P (g1 ) -

Lemma 13 implies that these elements are m-related. As both sides are
also idempotents and 7 is an idempotent separating congruence, the equality
follows.

If w;, is obtained from w; by step 1’ then the proof is similar.
Now consider the case when w;, is obtained from w; by step 2. Suppose

= ! "o_ . Pt o
that w;, | = xp...x_1X; x] x]+1 .X,;; Where Xj 0x;' = X;. Put X = (g],sj) and

"o_ . I H
X' = (gj 5;0,5; ) Then we have

Liwfy) = L(p‘“ @x1-..p" (g P 1 (g; - slow™ (g - sjo )]’

l+l(g ‘U “ 0) xnzpi+l(gm'5n10))-

Let a = Lp**l(gy)x, ...pi+1(gj)xj') and b = L(pi""l(gj -sjfo)). Lemma 13
implies that azth, and so a~la =b~1b. Hence
( *gox.p™ (x5 - sjop't (g 'S}U)) =
( “lgpx ... i+l(gj)xj,>

follows.

Since L(xj'xj”) = L(x;) and Lpiti(ge) = Lt (gy)) for k=1, ..., m, we
see that L(w/, )= L(w}).

If w; 4 is obtained from w; by step 2’, the proof is similar. Thus we have
verified that L(w;')=s for each i, i =0, 1, ..., n. Now wy =p"(1)(1,e)p" (1)

implies that s = L(w)=ss"less ™! =55~ Le, and this implies that s € E and
s<e.

In a similar way one can prove that e < s, hence s = e. This completes
the proof of the Lemma.
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Now we return to the proof of our Theorem 8. If (1,s5)oc = (1,1)oc and
(s,t) € g, then

(1,5t ™ Hoe = ((1,5)50,t ™ oc = (1,5)t0,1 ™ ))oc =
= (1,00, pe = (1,0 pe.

Hence by Lemma 14 st~ ! =11~} and so t < s. Similarly, we obtain also that
s <t. Thus s =1, which completes the proof of the Theorem.
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1. Preliminaries

Let Q2 be a bounded domain in R", with a Lipschitz boundary 0€2. The
Sobolev space wkr ), k =0,1,...,1 < p < 00, is the space of functions
u € LP(Q2) with weak partial derivatives up to order k in LP(Q). Here, for any
multi-index @ =(@y,...,ay) with [a|=a; +...+a,, D% =312l /ax{" .. axen,
the norm on W*P(Q) is

1/p
=4 3 [ipeupas
la|<kg

By Wé‘ P(Q) will be denoted the closure in || || oy of C5o(Q), the
set of infinitely differentiable functions with compact support contained in Q.
We shall consider the following elliptic boundary value problem

1. Lu=f(x,u) x€Q

2 ulaa=0

where the operator £ = — f: d/0x;{a;j(x)d/dx; } + f: bi(x)d /ax; +c(x).
ij=1 i=1

Throughout this paper, we shall assume that the coefficients of the oper-
ator &, a;j, b;, ¢ (i,j =1,2,...,n) belong to L*°(), and ¢ is nonnegative in
Q. We shall also assume that there exists a positive constant 4 such that

Y @@l > ull?, forae. x € Ql=(y,...,In) € R".
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In this paper, we shall prove several existence theorems for the elliptic
boundary value problem (1)—(2), where no continuity conditions are imposed
on f(x,u).

Elliptic problems with discontinuous nonlinearities have been investi-
gated, for example, in [1], [2], [3], [5], [8]. The main topics of research
have been existence, uniqueness and regularity of the solutions, as well as
approximating methods for the numerical treatment of these problems.

AMBROSETTI A. and others (see [1], [2]) used a dual functional and

Mountain Pass Theorem to deal with the discontinuous elliptic problem
Lu=h(u—-a)u) xeQ
ulagn=0
where a > 0, h denotes the Heaviside function:
0 ifs<0
his)= { 1 ifs>0
If g satisfies
(a) g € CO(R), q is nondecreasing;

(b) q(s) < cos +c¢y, ¢, €] are constants and ¢y < 4, the first eigenvalue
of the elliptic operator £, and

(©) g(a)/a > 24 ::q)::l‘ (Q: where @ satisfies £ =A;¢ in Q, ¢|30=0, and

@1l o) =1, then they have proved that the problem above has two, distinct,
positive solutions.
FRANC L. S. and WENDT W. D. (see [5]) considered
~V2%u+AXw)3gx) xeQ
ula=r(x)
where 4 > 0, X is the multivalued operator

X(t) = h(t) (heaviside function) for t € R\ {0}
~ 10,1 fort =0

They have proved that the problem above has a solution, u € cH(Q), for
any a@ with 0 <a < 1if r € c2(3Q), g € °Q).

In the present paper, we shall consider a class of more general elliptic
boundary value problems with discontinuous nonlinearities by means of the
theory of nonlinear increasing operators in ordered Banach spaces.

In this section, we shall introduce some concepts and results in ordered
Banach spaces which are needed for the other sections.
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Let E be a real Banach space with norm || ||. Let K C E be a cone,
that is, a closed convex subset of E such that AK C K for every A > 0 and
K n(—K)={0}. A partial ordering < is defined in E related to K by v < u
if and only if u —v € K.

By an ordered Banach space, usually denoted by (E,K), we mean a
Banach space E together with an ordering < induced by a cone K, the
positive cone of E.

The order interval [x,y] is defined by [x,y] ={z € E;x <z <y}. We
shall also keep the usual terminology concerning concepts connected with <.
For example, {x;} is said to be monotone if {x;} is either increasing, i.e.
xx < x4 for all k, or decreasing, i.e. xx > x4y forall k. Aset M C E is
said to be bounded above if M has an upper bound with respect to <, i.e.
x <y for all x ¢ M with some y € E, and SupM will denote the least upper
bound of M with respect to < if it exists. Analogously we can define InfM.

DEFINITION 1. Let E be a Banach space, K C E a cone and < the partial

ordering defined by K. Then

(a) K is reproducing if K — K =E,

(b) K is called normal if there exists a constant d > 0, such that for any xi,
x € K with ||x1]} = |ix2]| = 1, we have |jx; +x»]| > d;

(¢) K is regular if every increasing sequence which is bounded from above
is convergent;

(d) K is minihedral if sup{x,y} exists for all x, y € E, and strongly minihe-
dral if every set which is bounded from above has a supremum.

PROPOSITION 1. Let E=LP(Q2), p > 1, 0 < mesQ2 < +00, and K = {u €
€ LP(Q), u(x) > 0 ae. in Q}. Then the cone K is reproducing, normal,
minihedral and even strongly minihedral.

The proof of Proposition 1 can be found in [7].

DEFINITION 2. Let (Ej, K;) and (£, K3) be ordered Banach spaces, and
let X be a nonempty subset of E|. An operator F: X — Ej is called increasing
if x <y implies F(x) < F(y).

Suppose that E| = E, and let Y be a nonempty subset of X. A fixed
point x of an operator F: X — E| is called a minimal (or maximal) fixed
point in Y if every fixed point y of F in Y satisfies x <y (or y < x).

THEOREM 1. (See [7]) Let (E,K) be an ordered Banach space and the
cone K be strongly minihedral. Assume that in the interval [ugy,vg) C E,
F 1 [ug,vgl — E is increasing. If the operator F satisfies the inequalities

3) ug < Flug), F(vg) < v
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then F possesses a minimal fixed point u, and a maximal fixed point u* in
[uo, vo] .

2. The existence theorems

For convenience, we shall consider the elliptic boundary value problem
(1)~(2) in the Hilbert space W 1.2(Q).
Put K = {u(x) € L*(Q)|u(x) > 0 ae. in Q}. It is obvious that K is a

cone in LZ(Q). Let E be the ordered Banach space (L2(Q), K). The partial
ordering in E is defined by u < v if and only if u(x) < v(x) a.e. in Q.

The interval [u,v] in E can be defined by
[u,v]={z(x) € LZ(Q)|u(x) <z(x) <v(x) ae. inQ}.

Because of the low regularity assumptions on the data of the elliptic
problem (1)—(2), only weak solutions can be expected.

DEFINITION 3. A function u(x) € W (Q) is called a (weak) solution of
the elhptlc problem (1)-(2) if

4) Z /a,J:u av +/ [Z}bi%+cu] vdx=/f(x,u)vdx
Q = Q

l,] IQ
for any function v € WOl ’2(Q).
If a function ugp(x) € W12(Q) satisfies the inequalities

n n
dug av ou
(5) E / a;j ax;) aXl +/ {E b,-a—x?+cu0] vdx < /f(x,uo)vdx
Q

ig=lg Q Li=l
for any v € WOI’Z(Q)D K; and

(6) uolag <0, ie. uf =max{up(x),0} € W,(Q)
we say that ug(x) is a lower solution of the elliptic problem (1)—(2). While
an upper solution is defined by reversing the inequalities.

The following hypotheses will be imposed on the nonlinearity f (x,u).

(Hy) There exists a constant M > 0 such that f(x,u)+ Mu is nondecreas-
ing in u.

(H,) The elliptic problem (1)-(2) has a lower solution ug and an upper
solution vg such that ug < vy and f(x,ug(x)), f(x,vpx)) € L2(Q).

(H3) f (x,u(x)) is measurable on €, whenever u € [ug, vg].

The main result of this section is the following
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THEOREM 2. Assume that conditions (H|)-(H3) are fulfilled. Then the
elliptic boundary value problem (1)-(2) has both the least and the greatest
solution in the order interval [ug,vg) in E.

Before proving Theorem 2, we shall prove

- PROPOSITION 2. If the function f satisfies the conditions (H;)—~(H3), then
for any v € [ug,vp], the linear elliptic boundary value problem

€ Lu+Mu=f(x,v)+Mv x€eQ

®) ulan=0
has a unique solution u = T(v) and there is a constant ¢ > 0 such that

||T(v)||W01 <c for all v € [ug,vp).

2@ =
Moreover the operator T : [ug,vg] — E is an increasing operator such that
) ug < T(ug), T(vp) < vo

PROOF. For any v € [ug,vg], i.e. v € L3(S), ug(x) < vix) <vp(x) ae. in
Q, by (Hy)

fx,up(x))+ Mug(x) < f(x,v(x))+ Mv(x) < f(x,vo(x)) + Mvg(x)
So
(10) [fx,v(x)+Mv(x)| < [f(x,ug(x))+ Mug(x)| + |f (x,vo(x)) + Mvy(x)|

In virtue of (H;), (H3) and Theorems 8.3 and 8.7 in {6], the linear elliptic

problem (7)—(8) is uniquely solvable in WOl 2 () and there exists a constant
¢ >0 such that

[| TW)| < c for all v € [ug,vp)

()

In order to prove inequalities (9), let w(x) = T(ug) — ug. since T(ug) is
the solution of the problem

€3y L(T(up)) + M(T(ug)) =f (x,up)+ Mug x € Q

(12) T(uo)laa =0

and up is a lower solution of the elliptic problem (1)—(2), i.e. ug satisfies (in
weak sense) the inequalities

(13) Lug + Mug < f(x,up)+Mug x €Q

(14) uplog <0




46 LIU ZHENHAL

thus, w(x) satisfies
(15) Iw+Mw >0 x €9

(16) wlag > 0

Applying the maximum principle, Theorem 8.1 in [6], we get
wx)>0 ae.inQ

i.e. ug < Tug. Similarly can be obtained Tvg < vy.

Using condition (H)), it is easy to obtain by analogous arguments that T
is an increasing operator. The proof of the Proposition is complete.

THE PROOF OF THEOREM 2: By Proposition 1, the cone K = {u(x) €
€ LZ(Q)[u(x) >0 ae. in Q} is strongly minihedral. Proposition 2 tells us that
in the ordered Banach space E = (L2(Q), K), the operator T : [ug,vg] — E is
increasing and ug < T(ugp), T(vp) < vy. Applying Theorem 1, the operator T
possesses a minimal fixed point u, and a maximal fixed point u* in [ug,vq].
According to the definitions of the operator T, (see Proposition 2 for its
definition). We know that u, and u* are least and greatest solutions of the
elliptic problem (1)-(2) in the order interval [ug,vq], respectively. So the
proof of Theorem 2 is complete.

REMARK 1. In general, hyphotesis (H,) is essential and can not be re-
laxed. This is seen by the following example. Let us consider the elliptic
problem

(17) ~Viu=fu) x€Q
(18) ulaQ =0
where the nonlinearity
_J1 fors <0
fe&)= {0 fors >0

One readily verifies that ug =0 and vy =1 are lower and upper solutions,
respectively. The nonlinearity f satisfies the assumptions of Theorem 2,
but hypothesis (H) is violated since for any constant M > 0, the jump of
f(s)+Ms in s =0 is downward. Thus our Theorem 2 can not be applied.
Moreover, we shall show that the elliptic problem (17)-(18) has no solution.

Suppose that there would be any solution u which belongs to WOl ’Z(Q).
By definition, u should satisfy the reiation

/Ei‘—?—-v—dx —/f(u)vdx W € WP

dx; dx;
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Particularly, we set v = u,

(19)

du 2
e dx=/f(u)udx
ax;

Q

By the definition of the nonlinearity f, the right hand side of (19) is nonpos-
itive, because we can estimate as follows

/f(u)udx = / fudx + / fwudx <0.
{u(x)<0} {u(x)>0}

Therefore from (19) it follows that u = 0 in Q, which is, however, in con-
iradiction to the assumption of u being a solution. So we have proved that
elliptic problem (17)-(18) has no solution.

THEOREM 3. Suppose that there exists a positive constant r such that
If (x,8)] < c(x)l |+r for all (x,s) € Q x RY, where c(x) is the coefficient
appearing in the elliptic operator £ (see, (1)). Moreover, let f (x,u) be nonde-
creasing in u for x € Q and f (x,v(x)) be measurable on ) for any v € LA(Q).
Then the nonlinear elliptic boundary value problem (1)-(2) has at least one
solution.

PROOF. We first consider the linear elliptic boundary value problem
fu—-—cxu=r xcQ

ulan=0
ie.
(20) _Uz_: ax; ( “ij ax; ) Zb ax,
21 ulzn=0

By maximum principle, linear elliptic boundary value problem (20)-(21) has
exactly one solution vy € WOl ’Z(Q) and vp(x) > 0 in Q.

Let up(x) = —vp(x). Then ug(x) <0 in Q and ug(x) is the only solution
of the elliptic boundary value problem

22) Lu—cxu=—-r x€eQ
(23) Ul =0
Therefore, from (20)—(21)
Lvg=r+cx)vg > flx,vg) x€Q
volan=0



48 LIU ZHENHAL

here we have used the condition |f(x,s)| < c(x)|s| +7.
Analogously, from (22)—(23)
Lug = —r+cx)ug=—r — c(x)|ug] < flx,ug) x €
uplo =0
which indicate that ug and vy are lower and upper solutions of the elliptic

boundary value problem (1)-(2) and ug < vy. The rest of the proof for the
theorem follows from Theorem 2.

THEOREM 4. Suppose the nonlinearity f (x,u) satisfies condition (H;) and
is nonincreasing in u for ae. x € Q. If f(x,0) € LY(Q2) where q > %, then there
exist a lower and an upper solution ug, vq of the elliptic problem (1)~(2) such
that ug < vg in E. Moreover, if f(x,ug(x)), f(x,vo(x)) € L2(Q) and for any
v € [ug,vol, f(x,v(x)) is measurable on €, then there exists a unique solution
u of the elliptic problem (1)-(2) such that ug < u < vg.

PROOF. Since f(x,0) € [9(Q), g > %, by Theorem 8.30 in [6], the solution
w(x) of the linear elliptic problem

(24) Lw=f(x,0) x€Q

(25) WI&Q=O

belongs to C 0(QQ), where CO(Q) denotes the set of all continuous functions
on Q. Set ug = —-R+w(x), vg= R+w(x). Choose R > 0 so large that
ug(x) <0 < yp(x) in Q. We have

n

n

26)  Lug= -; 5‘1—1 (a,-j %‘j—) +Eb,~g—;‘: +e(e)(=R+w(x))
=¥w — c(x)R
=f(x,0) - c(x)R
<f(x,0)
<flx,up(x)), x €Q

here we have used c(x) > 0, ug(x) < 0 and the nonincreasing property of

fx,s)ins.

Analogously, we have
27 Lvy > fx,vpx)), x €Q.

i=l

Therefore up(x), vo(x) are lower and upper solutions of problem (1)—(2),
respectively, and ug < vg. The proof of the first part of Theorem 4 is complete.
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Moreover, if f(x,ug(x)), f(x,vp(x)) € L2(Q) and for any v € [ug,vp],
f(x,v(x)) is measurable on ), then f(x,u) satisfies all the conditions of
Theorem 2. So elliptic problem (1)—(2) has the least solution u, and the
greatest solution u* in the order interval [ug,vg] in E. Now we shall apply
the maximum principle again to prove that u, =u* in Q.

Since u, and u* are the least and greatest solution in the order interval
[ug, Vo], respectively, so

(28) ue(x) <u*(x) ae. in Q.
Let wg(x) = u.(x) — u*(x). Then by the nonincreasing property of f(x,s)
n s,
Lwo=f(,us () = fx,u*x) 20 x €Q
=0
"0ls0
Using the maximum principle, we know that wy(x) > 0 in €, i.e.
(29) ue(x)> u*(x) ae. inQ

Combining (28) with (29),we get
uy(x)=u*(x) ae. in

that is, the elliptic problem (1)—(2) has a unique solution in [ug,vg]. So we
have proved the assertion of the second part of Theorem 4.

REMARK 2. In Theorem 4, although we do not obviously impose any
continuity conditions on f(x,u), it is, in fact, continuous in « if

(a) it satisfies condition (H}); and

(b) it is nonincreasing in u.

Now we show the assertion. By (a), there exists a constant M > 0 such
that f (x,u) + Mu is nondecreasing in u. So if u, v € Rl u < v, then

J&x)+Mu <f(x,v)+ My
Using (b), we have
fOav)+Mu <f(x,u)+ Mu <f(x,v)+My
ie.
0<flx,u)=flx,v) <My —u)
Therefore,
lim £ x,v) = (x,u)

i.e. f(x,u) is right continuous in u.
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Similarly, we can prove that f (x,u) is left continuous in u. Hence f (x,u)
is continuous in u.

REMARK 3. In Theorem 4., the conditions that f(x,u) satisfies condition
(Hy) and it is nonincreasing in u for a.e. x €  can be satisfied if for any
(x,u) € Qx R,

NPRIILIPY
S
where [ is a positive constant.

3. Monotone iterative technique

Theorem 2, 3 and 4 provide only pure existence results, that is to say,
they are not constructive in general. In the following, we shall impose one
more condition on the nonlinearity f and show that the method of lower and
upper solutions combined with monotone iteration is well suited to provide
constructive existence results, where the monotone iterative technique has
been used, for example, in [4] for ordinary differential equations with con-
tinuous nonlinearity.

THEOREM 5. Suppose that f (x,u) satisfies all the conditions in Theorem
2 and f(x,s) is right continuous in s (i.e. tlim+f(x,t) =f(x,s) ae. in Q).
-y

Then we can get the greatest solution of elliptic problem (1)—~(2) in the order
interval [ug,vg] by the monotone iteration scheme

30) Lvgpl + My =fx, v )+ My x € Q

€3] Vk+l|yq=0 k=0,1,2,.

PROOF. By Proposition 2, the operator T : [ug,vg] — E is an increasing
operator, and vi = Tvy < vg. By induction, we know that uy < vy < vg.
“"k“WL?(Q) <e¢, for k =1,2,..., and {v} is a monotone nonincreasing

sequence. Using the compact imbedding WOl ’2(Q) — L*() and the mono-
tonicity of the sequence {v; }, we get

(32) Vg — v strongly in L*Q)
(33) ve—v  weakly in Wy (Q)
(34) Vg — vV a.e. in .

Now we consider the linear elliptic boundary value problem (30)—(31) in
its weak formulation and pass to the limit as k — oco. By means of (32)—
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(33) and the boundedness of all coefficients of the operator £ in (1), we
immediately get

n n

ov du av v

(35) _S_ aijé;;g;i“dx+/ [E b,—a—x‘.+c(x)v} udx+‘/Mvudx
ij=lg q Li=l Q

.—_klim /[f(x,vk)+ka]udx forallu € WOI’Z(Q)
—00

Q
in order to prove that v is a solution of problem (1)-(2), it remains to show
that the following equality is valid:

(39) k‘xim /[f(x,vk)+ka]udx=/[f(x,v)+Mv]udx
Q Q

This can be seen as follows. The function f (x,u) is supposed to be right
continuous in u, which obviously implies the right continuity of the function
f{x,u)+ Mu in u. By (34) and the nonincreasing property of the sequence
{vk }, we know

37N f(x,vk)+kak—->f(x,v)+Mv ae. in Q
— 00

Using (H;) and v € [ug,vol,

Fx,up)+ Mug < fx,vi)+ My <f(x,vo)+ My
So
(38) If Gesvie) + My | < [f(x,u0) + Mug| + [f (x,vo) + Mo

By Lebesque’s dominated convergence theorem, the identity (36) holds. Thus
the limit v of the sequence {vy} is a solution of problem (1)-(2) and due to
the inequality ug < vi < vy, it is contained in [ug,vg]-

In the following we shall show that the solution constructed by the
monotone iteration scheme (30)—(31) is the greatest one in the order interval
{t5,vg]. This can be shown by taking any other solution u € [ug,vg] as a
special lower solution of the problem (1)-(2). Then the iterates v, constructed
above satisfy the inequalities

u<vg <y

and thus it follows u < v. The proof is complete.
Analogously, we can prove
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THEOREM 6. Suppose that f(x,s) satisfies all the conditions in Theorem

2 and f(x,s) is left continuous in s (i.e. tlim f&x,0)=f(x,s) a.e. in Q). Then
—y—

we can get the least solution of elliptic problem (1)~(2) in the order interval
[ug,vg] by the monotone iteration scheme

(39)
(40)

Lugyy + Mug,) =f(x,u )+ My, x €Q

us1la=0.
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1. Introduction

The generation of interpolating spline curves is a useful tool in Computer
Graphics. Although the C? cubic splines have the many elegant mathematical
properties discussed in [6], [7], [22], [23], the curves sometimes exhibit
undesirable oscillations. Various methods have been developed to control
the shape of an interpolating curve, such as those in [1]-[3], [5], [7], [10],
[11], [15])-[17], [24]-[31]. Some methods are well suited for one type of
shape control but not well suited for another. For this reason, a multipurpose
system was developed in [18] which consists of different spline methods and
uses the particular spline that is most suited for the desired type of shape
control. This system uses a C? cubic spline to generate the initial interpolating
curve, an exponential-based spline under tension ([7], [17]) and a rational
spline with tension [5] are used to flatten or tighten the curve on segments
between interpolation points, and piecewise cubic v-splines ([2], [15]) are
used to sharpen or tighten the corners of the curve at the interpolation points.

Thus, to avoid a multiplicity of methods, one method is desirable which
is capable of generating a broad range of interpolating curves, is easy to
implement, provides a shape control according to the user’s wishes, visually
pleasing and computationally economical. Although this kind of problem is
tackled in [11] but this method is only C! and weights for interval tension can
not be applied blindly as the curve may not achieve the interval tension. These
shortcomings are removed in [1] and a C 2 method, to achieve similar shape
characteristics, is developed but the shape parameters (two shape parameters
per interval) are not independent and thus the user has to have again careful
in application. Alternatively, in [33], another method was presented and a
description and analysis of a rational geometric cubic spline, in interpolatory
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form, was given. This rational spline provides not only a computationally sim-
ple alternative to the exponential based spline under tension ([7], [16], [17],
[26]) but also provides a GC? alternative to the well known existing GC? or
C! methods like cubic v-spline of NIELSON [15], y-splines of BOEHM [13] and
weighted v-splines [11]. This method is the marriage of the rational spline
with tension [5] and v -spline of NIELSON ([2], [15]). The shape parameters are
introduced in such a way that each interval and the control point is controlled
by one parameter. They provide a variety of shape controls like point and
interval tensions both locally and globally. The continuity in this scheme
is GC2.

This paper describes a parametric C? rational cubic spline representation
which has point tension weights which can be used to control the shape of the
curve, both locally and globally. Like other methods in literature, the shape
parameters have maximum influence on the target arca of the curve, but at
the same time some neighbouring portion of the target area also has a slight
effect which is not that significant. The rational splinc can be considered as
an alternative to the spline methods mentioned in the above paragraph. It also
has the characteristic to be in the class of the rational cubics having linear
denominator and thus is highly economical.

We first describe the piecewise rational cubic interpolant in the following
section and the spline curve method in Section 3. An algorithm for the
computation is suggested in Section 4. The effects of the shape parameters
are illustrated by examples in Section 5.

1.1. Notation and Conventions

e The symbol RV will be used to denote the N-diinensional real space.
e Knot partition will be assumed as:

(1.1) < <...<ty.

o For any i transformation

(1.2) 656([)=(t—t,')/h,'
will be commonly used where
(1.3) hi =tiy) — 1.

e Vectors (Points) and vector valued functions are set in bold face letters.
o X;,i=0,1,...,n, will denote the interpolatory points and A; will be used
for the ratios of the type:

(1.4) A; =(Xi+l —Xi)/h,'.
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e D; will be used for the first derivative value at the knot ;.

e Given a function such as P(¢), we will denote the i’ h derivative by PX)(1).

o P € C™ig,tn] will mean that each component function of
P:lig,tm]— R¥ is m-times continuously differentiable on [fg,tn]. Sim-
‘larly the notation GC™ will be fixed for geometric (reparametrization)
continuity.

e We will use || - || to denote the uniform norm, either on [#g,,] or [¢;,#;41].

2. The Rational Cubic¢ Form

The rational cubic spline curve in the following section will be con-
structed by using a piecewise rational cubic Hermite parametric function
Pc Cl[to,t,,], with parameters a;, B;, i =0,1,...,n — 1, which is defined for
t€ft, il i=0,1,...,n =1, by:

(2.1) P@t) =P;i(t;a;,8:) =
_(1-6)3a;X; +6(1 — 6)°(2a; +f)Vi +0%(1 = 0)(a; + 2B)W; +6° X,y
B a,~(1 —6)+ﬁ,'6 ’
where
(2.2) Vi=X; + 20]::?/3,' D;, W;=Xiy~ 0—;?:_'3—2‘)8'_1);41
and a;, B; > 0.

The function P(r) has the Hermite interpolation properties that
Pi)=X; and PYE)=D;, i=0,1,...,n.
The denominator in (2.1) can be written as
(23)  @i(1-6)+Q2a; +4)6(1 - 6)* +(a; +28:)6*(1-6)+B:6°.
The a; and 3;, i =0,1,...,n — 1, will be used as shape parameters to control
and fine tune the shape of the curve. The case a; =f; =1, i =0,1,...,i — 1, is

that of cubic (polynomial case) Hermite interpolation and the restriction a;,
Bi > 0 ensures a positive denominator in (2.1).

For a;, 3; #0, (2.1) can be written in the form
(2.4) P;(tj;a;,8:1) =
= Ry(0;a;,B:)X; + R1(05a:,)V; + Ry(6;a;,8:)W; + R3(8;0;,8:)Xi+1,

where R;(0;a;,8;), j =0, 1, 2, 3, are appropriately defined rational functions
with

2.5) > Ri®waifi)=1.
i=0
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Moreover, these functions are rational Bernstein-Bézier weight functions
which are non-negative for a;, #; > 0. Thus in RN, N > 1 and for a;, §; >0
we have:

Convex hull property: The curve segment P; lies in the convex hall of the
control points {X;,V;,W;,X;,1}.

Variation diminishing property: The curve segment P; crosses any (hyper)

plane of dimension N — 1 no more times than it crosses the control polygon
joining X,-, V,'. W,'. x,'.,,[.

REMARK 2.1. If P(t) is the interpolant for scalar data X; € R, with deriva-
tives D; € R, i € Z, then (¢, P(t)) can also be applied in the scalar case. We
apply this to the curve segment (1, P;(t;a; ,/3,)) € R2, 1 € (t;,4;,1). to the data
(t;, X;) with derivatives (1,D;), i € Z This is a consequence of the property
that the interpolant is capable of reproducing linear functions. Particularly, for
scalar data X; :=t and derivatives D; :=1, i € Z, the interpolant reproduces
the function .

Regarding the shape control, we immediately have the following from
(2.1) and (2.2):
lim W;=X;,; and

a;—00

(2.6 )
Jim Pi(tafi) =1 - 0)*X; +0(1 — 0)2X; +h; D) +02X,,),
i
Q@.7)
lim V;=X; and
pi—oo
lim P;(t;a;,B:) =1 - 0)’X; +0(1 — 0)2X; 41 + Dy y ) +02X;4y,
{00

One can note that:
Point Tension behaviour:

(i) increase in the parameter a;,
results the curve to be pulled
towards the control point
X; 1, (see Figure 1).

(i) increase in the parameter f3;,

i+1

results the curve to be pulled | X; Incrsase in S§
towards the control point X;,
(see Figure 2). Fig. I

No Tension behaviour:

(iii) The limits a; =f3; = oo will have no effect on the shape of the curve
as it reduces to the simple cubic polynomial form, (see Figure 3).
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m . ",

wi

i+l i+

X, Increase in a; X,

Fig. 2 Fig. 3
3. C? Rational Cubic Interpolation

Now we constiuct a parametric C? rational cubic spline interpolant on
{19, tn ], using the rational cubic Hermite form of section 2. This is done by

joining the piecewise rational cubics (2.1) with C? constraints
(3.1) POeH=PDe7),  i=l,.,n-1,

which give the tridiagonal system of consistency equations

hia; . aj_y Bi hi_1Bi..
—éﬂ-lv-}[)i“l.{_(hi <1+ ! >+hi——l<l+5:f>)l)i+ 1(1' lD,-_H=

i-1 :Bi—l i

{3.2)
:hi(l+ﬁl—l)Ai—l+hi—l (1+%§L)Ai, i-’—‘-l,...,!l*l.

i—1 i

With appropriate end conditions Dy and D,, (3.2) is a tridiagonal linear
system in the unknowns D;, i =1,...,n — 1. Assume that

(3.3) ai, PBi>0,

then thie tridiagonal linear system is strictly diagonally dominant and hence
has a unique solution which can be easily calculated by use of some appro-
priate algorithm. Thus a rational cubic spline interpolant can be constructed
with tension parameters «;, f3;, i =0,...,n — 1, where the special case is such
that c; = 1 =f3;, V i corresponds to cubic spline interpolation.

We now prove the boundedness of the solution of the consistency equa-
tions for varying the shape parameters according to (3.3). For this we can
convert the system (3.2) in unit diagonal form as:

(34) (I,'Dg_lw’-D,'—i-b,'Di.,_l:C,', i=1,...,ll—l.
In matrix form, it can be written as: )
(3.5) (I+E)D=C,
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where the terms involving the end conditions have been transferred to the
right hand side and E is a tridiagonal matrix with zero diagonal.

Let us have € > 0, such that

3.6) /e >a;, B;>€, i=0,...,n—1
then we have

(3.7) |E[<1/Q+e) and [JA+E)~ || <1+1/e.
and ||C|| is bounded as

3.8 Cjl < ,|D 4 A;
(3.8) ICIl < max (|Do], D [) + 4 max  |A;|

Hence the boundedness property is obtained.

3.1. Shape Control Analysis

We now consider the limiting behaviour of the solution with respect to
each tension parameter, where we assume that the other parameters are held
constant with respect to each limit process:

(i) Point Tension. Let a; — oo, then the ith equation takes the form

hia;_ .
(3.4) ko_t‘llDi,1+<hi<l+Z———f i)+h,._1)D,~=
11— 11—

=h,‘ (1 + ml,l)Ag_l +h,'_1A,‘,
Bi-1
(the i + Ist equation is also affected). The equations thus become decoupled
in that the system for D;_,,...,D, _; in the limit is dependent only on the
data on [t;,1,;]. The tension property (2.6) will now hold. Furthermore, (3.4)
is consistent with setting the derivative of (2.6) at #; equal to D;. Hence the
rational spline is C! at #; in the limit.
The case B; — oo is the dual of the above.

(ii) Accentuated point tension. There is no decoupling, in the case ;| =a; = o0
of the system (3.2) in the limit. The point tension property now holds from
both left and right of ¢;, where the spline interpolant becomes CP.

(iii) Interval Tension. Similar as above if we let a;, a;,; — oo, then the point
tension at two points gives rise to the interval tension and thus the global
tension can be achieved by letting a; — oo, V i, where all B;’s are kept fixed.

The case §; — oo, for any i, where «;’s are kept fixed, is the dual of the
above.

REMARK 3.1. It should be noted that by the interval tension, here, we
do not mean that, in limiting case, the curve is pulled to the control polygon
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(1 -0)X; +0X;,1,i=0,1,...,n — 1. By the interval tension, we mean that the
curve has sonic interaction in the sense that the convex hull region formed by
the control points of the rational cubics (2.1) is reduced to that of quadratics,
(sce (2.0) and (2.7)).

4, Compuiational Method

For practical purposes, o determine and display the rational spline curve,
it is proposcd to adopt the LU-decomposition method for the solution of the
triangular system (3.1). Once the tangent vectors are in hand, the user can
obtain the points in the rational spline curve by using some eflicient method
for rational Bernstein—-Bézier form (see |8}, [32)).

5. Examples

FFor illustration of the tension tesults, consider a data set in R which
defines the control points of the rational cubic spline representation (the Fig-
ure 4 displays the control polygon of this data). The curve in Figure 5 is
the cubic splinc whereas the curve in Figure 6 demonstrates the accentuated
point tension cllcct. ‘The interval and global tension effects, as mentioned
in Remark 3.1, are displayed in the Figures 7 and 8 respectively. It should
be noted that, in all thesc figures, where ever the shape effect is achieved it
is done by taking shape parameters cquivalent to 50 and otherwise they are
considered cquivalent to I everywhere.

Fig. 4 Fig. 5 Fig. 6
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Fig. 7 Fig. 8
6. Concluding Remarks

An analysis of a C? interpolatory rational cubic spline is developed
with a view to its application in Computer Graphics. It is quite reasonable
to construct a rational form, with cubic numerator and linear denominator,
which involves shape parameters in its description and provides a variety of
Jocal and global contiols like interval and point shape eflects. The ratiounal
spline cthod can be applied to tensor product surfaces but unfortunatelv,
in the context of interactive surface design, this tensor product surface is
not that usciul because any one of the tension parameters coutrols an entire
cotresponding interval strip of the surface. Thus as an application of c?
rational spline for the surfaces, Niclson’s [2] spline blended uethods can be
adopted. This will not only produce local shape control but also clevate the
continuity as Niclson uses GC? v-splines and observes only GC! continuity
results.

The mathematics of the rational cubic splinc could also be visualized via
its homogencous counter part. It could be established some equivalent con-
straints on the homogencous curve regarding paranmetric continuity. For every
degree of continuity, the rational continuity constraiats probably can contsin a
degree of frecdom not present in the corresponding continuity constraints for
projected curves: relationship of these degices of fieedom with the rational
cubic spline couid be derived.
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0. Preliminaries
0.1. Dyadic Hardy-type spaces

We begin this section with some notations. In what follows LP will
denote LP[0,1]. We shall call a dyadic interval in [0,1] an interval of the
form [k2_",(k + 1)2_"), where n € N and 0 <k <2". For any set A we shall
denote the characteristic function of A by y(A). By a dyadic step function we
shall mean a finite linear combination of characteristic functions of dyadic
intervals in [0,1]. By a Walsh polynomial we shall mean a finite linear
combination of Walsh functions. We shalil denote the collection of Walsh
polynomials by . We have that the collection £ of dyadic step functions
coincides with P, (See [3)).

For each f € L1, let
enf =sonf,  (meN);
where spnf is the 2"-th partial sum of the Walsh-Fourier series of f.

DERNITION 1. The dyadic maximal operator for f € L! is defined by

ef :=Sup |enf].
neN

For each f € L! and 0 < p < 00 set

i ller = llef1lp-

On the collection of Walsh polynomials P, the map f — ||f||gr is a norm for
1 < p < o0 and a quasi-norm for 0 < p < 1.
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DEFINITION 2. (Dyadic Hardy spaces). We define the Dyadic-Hardy
spaces H” to be the closure of & in the quasi-norm

I...lap  for 0<p<oo.

For these spaces we have

i) For 1 € p < oo, the space HP is precisely the collection of functions
f € L! such that ||f||gp < oo.

ii) The space H? an L/ are isomorphic, with equivalent norms for 1 <p < cc.
For a detailed study of these space see [3].

It is easy to see that

n-—1

n k n
(1) Yoabe=) | Y a | kb +bn Y a
k=0 j=0

k=0 \ j=0

holds for all real sequences (ag, k € N) and (bg, k € N). The identity (1) will
be used in the present work and will be referred to as Abel’s transformation.

0.2. The Complex method of interpolation

In this section we define the interpolation spaces Z[@] in the same way
as in [1].

Given a couple A = (Ag, A;) of Banach spaces, we shall consider the
spaces F (A) of all functions f with values in 3 {A), which are bounded
and continuous in the closed strip

s={z€C : 0<Rez< 1},
and analytic in the open strip
so={z€C : 0<Rez <1},
moreover the functions
t—=fG+it)  (=0,1)

are continuous functions from the real into A;, which tend to zero as r| — oo.
F (A) is a vector space. We provide % (A) with the norm

7oy = Mo (Sup G0 ag Sup 171 i, ).

We have the following
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LEMMA 1. The space F (A) is a Banach space.

DEFINITION 3. Given a couple A = (Ag, Ap) of Banach spaces and 0 <
< O < 1. The space Ag) is defined as

—A[9]={a62(_A) . a=f(©), form somefeg(}i)}.

The space Z[@] is a Banach space with the norm

Jalior =int{ g + a=F©. 7 €3()].
For Ajg] we have the following results

PROPOSITION 1. The space Z[@] is an interpolation space with respect
to A.

THEOREM 1. Let 0 < © < 1. Then A(A) is dense in Argy.

Let us denote by u;, j =0, 1 the Poisson kernels for the strip S i.e.

e~ T —Dgings

u;(s+it,x)= — s j=0,1.
/ sinms + (cosms — e'f”—”("—’))2
For these functions we have that
oQ o
2) / ug(O,1)dr =1 -0, / u(@,dr=0, 0<0<1
—00 —00

V Using the above notation we also have the following result
LEMMA 2. Iff € F(A) we have
If ®ljey <

o -9,
1 1
< (T_“é / |[f(it)HA0u0(®,t)dt> (—é—/|[f(1+it)|)Alu1(@,t)dt)

For the proof of the above result see [1].

)

The following result, which is well known for the classical case, is proved
for dyadic Hardy spaces in [2].
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THEOREM 2. Assume that 1 <pj <oo (=0,1)and 0<© < 1. Then

(HPO,HP1) = H”,  (equivalent norm),
where
1 1-0

p Po

S}
+—.
P1

1. Interpolation between dyadic Hardy-type spaces of sequences

In this section we get a result on interpolation between sequence space
and use it to obtain some results about convergence of Walsh series.

We begin with some notation. Let B be a Banach space we consider the
space Lp(B)= Ly, of all strongly measurable functions f : Q — B, such that

[reiave <o,
Q

where 1 < p < co. We shall denote by Lgo(B) = Lgo(Q,d U, B) the completion
in the sup-norm of all simple functions. When Q =N and U is the atomic
measure we denote Lgo(B) = Lgo(Q,d U, B) = €c(B). In this case

{Bu}n2oll £ () = Sup 11 Ball 5.
neN

Let now
¢={a={a )2 : ak €R},
and X a normed space that contains the simple step functions. For a € £ and
n € N set
An(x):=ag, ifxe€ [k/2",(k+1)2"), k=0,1,..,2" -1
We define

llallx :=Sup [|Ax[lx (a € &),
neN
We denote by ¢ the set of real sequences with finite non-zero terms. We
shall denote by €x the closure of € in X. In what follows we shall deal with
¢x when X is HP or 7.
Given the spaces HP0, HP! we put H = (HP0, HP1 ), for the spaces ¢pp
we have the following result on interpolation.
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THEOREM 3. For0<p; <00 (i =0,1), 0<© < o0 we have
(ZHPO, me )[@] = Z(HI’O,HI’I)[GJ = Chp,

where
1 1-60

S
T
p Po P

- PROOF. It is sufficient to prove that

C < lla <G
1”a||((,Hm’,le)[9] <llalle,, < 2“““((H,,0,£’le)[9]

for a € €. Let us prove the inequality

< .
Cilall o, lale,

baro-bup1)

Leta€ ¢y and A={A,}2, the sequence of dyadic step function constructed
from a in the way described above. Given A > 0, there is a function g(.,n) €

€ ¥ (H) such that
£ € 3 (H) < C+Dl Al

and g(O,n) = A,. Put

lnligg \ 70
f(Z,n)=g(Z,n) —X—"——'_ ’
14l (Hier)

we have that f(O,n) = A,. Moreover
“f(it")“[oo(]-[/’()) = Sup “f(it’n)“]-[[’() =
neN

it—-6
Az,
=Sup ||g(it,n) m——“
(Hier) 70

=||A}|® Sup | An||Z° |lg(it,n <
I “(JOO(H[Q]),,G%H n||H[e]||8( M gro < »

S CHDIAIG, (1ep) S Il Al g, <
S(C+DAll g () = € +Dllall o(77,6):

Similarly we obtain that
WGt M g (rar1y < (C+1)||a||g(ﬁ[9])-
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Since A > 0 is arbitrary the desired inequality follows from these two inequal-
ities and Theorem 2.

Let us now prove the inequality
lalle,, < Cllall garo mpry g, -
Let f(.,n) € F(H) and f(©,n) = A, (n € N). Using lemma 2 we get that
A <7 =S Al <
14 (7 =520 7 <

o0 1-0
1
< Sup (l——‘é / |lf("’:'l)HHl’o“0(9J)dt) -
neN -
0o S}
1
'(6 / llf(l+ir,n)IIHmu1(®,r)dr) <

o 1-0
1
< —————/Sup [Lf Gt n)f gy po uo(O©, t)dt .
‘ 1-© neN

~— 00

oo (2]
(_1_ / Sup Hf(l+it,n)“leu1(6,t)dt> <
© neN

-0

®° 1-©
_1 I3
S (l—e / “f(”)”(OO(HI’O)HO(@,I)dI> .
—00

oo (S
1
| (6 / IFa +it)“(oo(le)u1(®,t)dt> <

< Sup I GOl gy Sup WL+ 00 Gq1y S Il 490), 1271y
From this follows the desired inequality and the theorem is proved.
Let us denote by
U={u, ke Nork € Z}

an orthonormal system defined on the set I. The Dirichlet kernels with respect
to the system U are denoted by

Dy := E U.

lk|<n
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We shall denote

n
My(a,u) :=l/ Zaka(x) dx (a€f), M(a,U)=Sup My(a,U).
g n€N
It was proved by F. SCHipp that
3) M(a,U) < Cllallgn (U is the trigonometric system)
©)) M(@a,U) < C||a||H1 (U is the Walsh system).

In case U is the Walsh system we get the following result

LEMMA 3. Foreachn € N and a € ¢ the following inequality holds

o 1/2
<2.2"? (2‘" 3 |ak|2) .
2

k=1

2" -1

2" Z ay Dy

k=1

m
PROOF. Let us denote s,, by s, = Y ax then by Abel transformation and
k=1
Minkowski inequality we get

2" | "1
27" @ D|| =27 (Z Sk(—Wk)+Dzn-152"—1> <
2

k=1 2 k=1
2" -1
27" Z sp(—wpll + ”2—" Dzn__152n_1“ .
k=1 2
Now applying Parseval identity we obtain
2" 1
27" Z arDejl <
k=1 )

<

1/2

2" -1 1/2 1
<27 (Z (Sk)2> #27" |spn_y| ( / IDzn-l(x>|2dx) =
k=0 0
2" -1 1/2
- (Z (sk)2> + @5y =

M _1 1/2
-2 Z 2 - 2\1/2
= |27 (Sk) +(2 n)[Szn_l]) .
k=0
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Using the fact that

k
()2 < (k+1) (Z lajlz) :
j=0

we get

2"=]

27" @Dy <

k=1 2

. . 1/2 My 1/2
< (2-2" DG+ I+ (27" Y gl <
k=0 j=0 j=0

2" 1 2"_1 V2 oy 12
<27 S g P Y e+ | S| <
j=0 S\ j=0

k=j
2"-1 "1 1/2 2"—1 1/2
<27 Y 1P Y k+n ]+ Y g <
j=0 k=0 j
My 1/2 My i 1/2
<27 Y g2 |+ > eilP | <

Jj=0 Jj=0

| 1/2 | 1/2
<2 ( > |aj|2) =2.2"24 (2—" > 1aj|2) :

j=0 Jj=0
The lemma is proved.
From inequalities (3), (4), Lemma 3 and Theorem 3 we obtain the in-

equality

2" -1

2-" Z ay Dy

k=0

/ 2/p’
(5) < C(Z—P.)/Pzz/P (2"/2> /p Ha”HP =

P

2/p'
= c@PIp2le' (2112) 7 a4

for1<p<2.
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That is
21 , ’ 2/1’/ 271 Ve
) |27 Y @b < c@Pp2 (20/2)7 e S g )
k=0 k=0
P
2" , 25! 2" -1 lp
©6) Z a D < c@-p)/py2/p (2"/2) 2N Z |ag P
k=0 p k=0

Given a sequence a = (a;, k € N) we define the first difference of a by
Aa:=(Aayg, k € N):=(ar — ay4), k €N).

Now we introduce the norms

. ’ ) 2n+l_1 l/p
lall o :=lagl +_2" WP {2 | N oy P =
n=0 k=27

1/p
2n+l_l
- 0022"/1’/ I
=lag|+Y_ > la :

n=0 k=2"
for a € £ and 1 < p < oo, where p’ is the index conjugated to p. For p=1 we
define
lall 1 = liall .

Using this norm ||... || » we can get a result about convergence of Walsh
series

THEOREM. Leta € €. If Aa € » 1 <p<2)and 2"/1’a2n tends to zero
o0

as n — oo, then series Y aywy converges pointwise and in LP on (0,1); its
k=0

o0
sum f(x)= ) arwi(x) belongs to L.
PROOF. The pointwise convergence of the series is easy to see using the
fact that [|A4|| ;1 < 00, | Dn(x)] < % for all x € (0,1) and Abel’s transformation.
For each n, m € N we have

2Mm-1 2Mm—1
Z apwi || = Z (Aa)Dyyy +aym_| Dym —agn Dynji <
k=2n k=2n

p pP
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0o 2s+l_l

<YM D BaDeg|| +lagm || Dym i, + lags | | Dn -

s=n k=2% p
Using inequality (6)
2" -1 -~ o 26+ 1/p
Z awl| <3 C2=P)/pp2s+1)/p’ [ y—(s+1) Z Aagp +
k=2n s=n 28
p
+|a2m-1 l 2m/p’ + |a2n I Zn/p’.
" 2"
Thus we have “Szm - 52 U — 0ie. S;m= Y agpwg converges
pmn—oo k=0

in LP-norm and consequently f = ngngo SHon belongs to L[P. The theorem is
proved.

Observe that is we suppose that {a,} tends to zero monotonously then
the condition ajn 21/P" 0 is not necessary in the hypothesis of the above
theorem.

1 wish to express my gratitude to professor F. SCHIPP for calling my
attention to the problem and his helpful comments.
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In this paper we investigate the summability of double function series.
Introduce some notations. If limits of summation are not indicated, they are
0 and oo on each index, and the free indices assume all values 0,1,...;

lima,n =a
mn

means that for every € > 0 Jmyg, ng such that |a,,, —a| <& if m > mg and
n > ng, 1. e. the convergence in Pringsheim’s sense.

Denote E C RY, 4 is a positive measure on E, u(E) < oo, fmn € L}‘ (E).
Let T be a summability method with a triangular matrix. If T is a sequence to
sequence niethod then denote the element of the matrix with #,,,, ¢, if T is a
series to sequence method then denote with 7,,,,; o. We assume that 7,,,00 — 1
as m,n — oo. Let be
m,n

0Y Dypn(ue,x) == Z fk f(u)fk (’(x),
k,f=0
) Kpn(u,x) = Z Tmnkffk((u)fkf(x)a
k,f=0

where x =(x|,...,xg), u=(uy,...,uq), x,u € E, and K,,, is the kernel function
of T,

3) Ly(x) i= / | Ky (1, )] it (1),
E
4 L:nn (x) = /Ogl?én th f(“’x)ldru (u),

E



74 S. BARON, 1. JOO

5) Lin):= [ % |Kin .0l )
E
the Lebesgue functions of the method 7.

The Lebesgue functions play a very important role in the investigation of
the convergence and summability of the series (see [1]-[5], [11], [17]-[20],
[22]). Let be

M,N

©) PN, = Y Tunk vk ofic 6N (e,
k,6=0

where M :=min(m,u), N :=min(n,v).
Consider the double function series

) Y cmnfmn(x),
m,n
where ’
® > chn <00,
m,n
and denote the T-means of (7) by 0., i. €.
m,n
©) Omn ()= Tmuk £Ck efi o(x)-
k,6=0

Let {¢mn} be an orthonormal system on E with respect to w, where w
is a positive measure. It is known that there is a function h € L2,(E) such that

h(x) ~ Zcmn‘Pmn(x)
mn
and
2 _ 2
||h”1.3,(£) _";cmn'
Denote by

s=s(m,x), t=t(n,x)

the least index for which

8mn(x) :=05(x)= sup Uij(x)-
ij<m,n
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LEMMA 1. Assume that the conditions (8) and

M,N
(10) Opn(,0) = 0 Y el Kool Exp 20,
k,f=0
are satisfied and there exist £, (M), §'%(N) > 0 such that
M,N
(11) Y Eke=0(1), Exo= OMELMELN),
k,f=0
further
(12) Lnn(x) = O(1),
(13) Lpn(x)=0(1), Ly,(x)=0(1)

are fulfilled for x € E. Then we have
”gmnHL}‘(E) < Clikll 25y € >0 is a constant.

PROOF. Let be

m,n

Gnn(u,x) = Z Tmnk 6Pk ¢k e(x)
k,f=0
Then, since c», are the Fourier coefficients of A, we get

Omnx) = /h(u)&'m,, (u,x)dw(u),

consequently

lgmnll )= [ A / Goa,x)dp (),
E
where we assumed that cog = 0 (without loss of generality by 7,,,00 — 1 as

m,n — o) from which gy (x) > 0. Using the Cauchy-Schwarz inequality
we have

Hgmn“L‘l‘(E)S Jm'l'“hHL‘Zv(E)’

2
/[/G‘z(u X)d#(X)} dw(u) =
E LE

/ Gy 1) Gy 1)l ()t () A (),
E E
s(myo), Bi=t(n,e), y:=s(m,y), 0:=t(n,n).

where

\.

Wom
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Let be ¢ := min(a,y), r := min(3,0). Then
hun < [ [ @qotemlduerducn)
E E

where

(14) Dy, (1) :=/G’aﬂ(u,u)G'),d(u,n)dw(u).

Since {pmn } is an orthonormal system therefore

q.r

Dy = Y TupkeTysk e e@Nfic o).
k,6=0

Divide E X E into 4 parts:

My:={lm:azy,p 28},  My={lm):a<yp 26},
My:={@m):a>y,<6}, My:={(m):a<yB <3}

We have to prove that

//l‘bq,r(u,n)ldﬂ(u)du(n)=0(1).
E E

Indeed, on M; we have
/ [ @0 temlduerducn < / / 1@, 5 )l dit (o) dp ) =

Qow | [ Z ke Ki o) dps o) dia ) =

Ekl’-O

2 oq) / ZEkakf(n)du(n) = oq) / Zeudu(n)( = o).
£ k.6=0 k,6=0
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The estimate on M}, is analogous. Now estimate on Mj:

/ / [0y (o) dit () die ) < / / 1005 ool ) dpt () =
M EE

a0
=00) [ [ 3 el icomlduto)ducn =
& F k=0

« o
=0 [ | Stk [ L) Kicolduta) | dut) =
E k=0 =0

k=0

a 4
=0(1) (Z&i(a) E] ;)&’é@)-Oggéﬂlxmu,n)ldu(m) du(v) =
4 -

Q a
- o) [ Y- ti@)Lgedu) = 00) [ Y gie@rduce) = 000
E k=0 E k=0
The estimate on M3 is analogous by (10), (11), (5) and (13).
Lemma 1 is proved.
REMARK. 1. We note that if {f,;n} is an orthonormal system on E, then

Gmn = Kmn and by (6) and (14) the estimate (10) can be written in a more
natural form as follows (cf. [13), p.292, {18], p.202.):

5™ Sk vk Vi 0| < | [ Konn ) Ku 0 0)aa )| <
ke i
M,N
< Y ErelKielx,y)l-
k,6=0

2. The basic idea of the proof can be found in [6]-{8). Here we used the
method of [9] introducing the system {@mn }.

We will prove that conditions (10), (11) are fulfilled for weighted means
method P of Riesz. Introduce some notations and definitiogs. Define the
product T := A(® B of the methods A and B as follows:

(15) Lunk £ = Gmkbp ¢,

(16) rmnk€=amkﬂn ¢
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In special case, when A and B are Riesz’s weighted means method, i. e.

a m
k Z

amk = A ’ Am = ai’
=0

m

b, "
by e B, By = Eob',
]:
A1 Be_
=] — —— 1-—
amk Am b ﬂn Bn >

then we have
aibe Ar-1 By
ke = By """"F(l" An )(1_ B, )’

For the sake of convenience denote py ¢ :=agbys, Ppn = Am By. In this case,
obviously,

m,n
Pmn = Z Pk ¢-
k,=0

Assume that Py, #0 is fulfilled and ag, b, are real numbers. Define

Aag :=ag — agyy, Ageage=age— kw1, — Ok, 041 T Ahr], l41-
Obviously Ay pay ¢ = Ak Apay ¢

LEMMA 2. If the method P satisfies the condition

m,n
a7 Y Prel = OPun),
k,¢=0

then the conditions (10), (11) are fulfilled.

PROOF. Obviously t,,k ¢ = Ay ¢Tmnk ¢- From (1), (2) we obtain
. m,n
(18) Kmn(u,x) = Z tmnk{’Dk g(u,x).
k,6=0
From (6) we get by Abel-Hardy transformation using (1) and the triangularity
of the method T
MN
(19) DM N,7) = Z Ak e@mnk €Cuvk €Dk (v, 7).
k,f=0
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Since by the known formula for difference of products of sequences (cf.

[15], p. 119) we have
1,1

1=k, 1—A
Ape(ag by o) = Z A';?ak("Ak(h bisi e42-
k A=0

Indeed,
A ey pby 0) = DD p(ag pby o) = Di(ay ¢ - Dpbr g+ Dpayg ¢ - by p4) =
=aye- D ebp o+ Acarp Debpar e+ Deage- Dby pr1 + D eage - biyy er1-
Therefore by (15), (16)
(20) Ak ¢Cmnk eTuvi ) =Pk ek 5

where

A B,_ 1 Ay _ B 1
(-5 (-2) - -82) (1-8)
A”I Bll P/lv Am BV P/zn

+(1_§f) (“%) P:w*(l—%) (1"%) P:.n‘

From (15), (18) we have

m,n
Pon Kinn (u,x) = Z Pkak(’(u,x)a
k,f=0
therefore from (19) and (20) by Abel-Hardy transformation
DQpN(,1) =
M-I,N-1 M-1
= > Bk eYkDPeeKiom)+ > (A ¥k )P N K N(oym)+
k,¢=0 k=0
N-1
+ Z QY me)PreKpelosn) +Y N PN Kpn (o).
£=0
Here
1 ag +ap 4 b(z+b€+l
Ay Wpp=—- . ,
KOk Py A B,
Ak\Psz_L.w.<l_BN—l)+ 1 .ak+ak+l.<1_£N_)’
uv Am Bn Pmn A/l BV
bys+b
A(\PMgz 1 .M.(I_AM_1>+ 1 .bf+bf+l.(1_é_1\i).
Fuy By Am Boun By Ay
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From (17) we obtain P, p = O(Py,) for 0 < k, £ < m,n, therefore
Op N (7)) =
M~1,N—1

-1
=0(1) { |PMN Z [Pk e+ Pk, o1 + Piad, e+ Pisl e+1] - | Ki fosm)| +
k,6=0

M-1

HAMITE D (ael +laga ) - | Kin(eam)l+
k=0

N-1
+BnTH Y (lbe|+|b€+1!)'|KMe’(u,’7)l+lKMN(u,’7)l}
=0

that is

o S 1AM ae] +agy ) ifO<k <M~ 1,
Ek(M)“{ 1 ifk =M,

oy S IBNIT b+ 1beyy) OSSN 1,
Ef’(N)‘{ 1 if £=N,
are suitable choosing.

The double sequence {ymn} is called nondecreasing if {ym,n,} and {ymg,n}
are nondecreasing, where mg and ng are fixed. :

LEMMA 3. If {ymn} C L,i (E) is nondecreasing and

/)’mn (x)dpu(x)=0(1),
E
then the limit functions y, y), and y!!, defined by

) =limymn (), Y () =limyma (), ¥y (6) 1= limymp (x),
u a. e. on E are finite and
/)’(x)dﬂ(x)=},ilf£11/)’mn(x)dﬂ(x)-
E E

PROOF. For {y,,} and {y, } see [11], p.18. Since {ymn} is nondecreasing
then by theorem of B. Levi ([16], p.118.) we obtain

/)’rln(x)d:u(x)=1inm/)’mn(x)d#(x)= O(1).
E E
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Since {y,,} is also nondecreasing we get (cf. [24], p.16)

/ y(@x)du(x) =lim / Y (®X)dp (x) =lim / Ymn () dp (x),

E E E
moreover (cf. [16], p.144.) y € L
(briefly u-a.e.) on E (cf. [16], p. If

In order to have latest conclusion almost everywhere in Lebesgue’s sense,

we set some restrictions on the measure u for the further proceedings. Assume
that u is absolutely continuous with respect to the Lebesgue measure A. In
this case the Radon-Nikodym derivative, du /dA (see [23], 31.§) exists and
du [dA is uniquely determined A-almost everywhere. If du /dA >0 on E A-ae.
then using [23], 32.§, Theorem B, we obtain

w(D) = / i

where D C E is a measurable set. Hence if 4 (D) =0 then we have A(D)=0.
We note, that u fulfills the assumptions when

He)=py(xy). .. 1qlxg),
where uy,...,uy are positive, bounded and monotonically increasing in their
domains of definition (we recall the well-known theorem which says the

derivative of u; (j =1,...,d) equals zero only in sets with Lebesgue’s measure
zero ([16], p.45.).

THEOREM 1. If condition (8) is fulfilled and the method T satisfies (10)—
(13) then

1(E) and y is finite u-almost everywhere

Omn(x)=0,(1) a e onE.

PROOF. For the sake of completeness we write it down here, since paper
{12] is difficult to reach owing to a great number of references to paper
[10]. However, the idea of proof is standard. Since {gm,} is nondecreasing
therefore its limit function S,

S(x):= limgmn (x)

because of Lemma 1 and 3, is finite a. e. on E. Writing {—o0;;} instead of
{0ij} Lemma 1 remains true. After changing we obtain a 11m1t function S*,
which is finite a. e. on E,

S*(x) = 'l’ill}}gr:m (x),  gmn(x):= sup {“Uij(x)} 20,

ij<myn
where we assumed that cgg = 0. Hence a. €. on E |gpn(x)] < S(x)+ S*(x).
Theorem 1 is proved.
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THEOREM 2. If condition (8) is fulfilled and the method T satisfies (10)~
(13) then there exist

21 limoyn(x), limg,,(x), limoun(x), a e onE.
m,n m n
PROOF. First we investigate }’ilr;llam,,(x). Define the function €2 by
Qx):= sup |04k pselx) = Omn(x)|, x € E.

mn.k,f

We can assume that cgg =0, thus S(x) > 0, $*(x) > 0 from proof of Theorem
1. Consequently Q(x) < 2(S(x)+ S*(x)). Using Lemma 1 and Lemma 3 and
the fact that {gm,} is nondecreasing we get

HS”L}‘(E) < C”””L&,(E)’ “S*HL}‘(E) < C”h”L‘zv(E)
Therefore
22 1921 1 gy < 4C 1kl 13
For arbitrary positive integer N we define (cf. [22], p. 254.)
QN (x) = SUp |Op 4k p+e(X) — Omn(x)], x € E.
mna>N
k630

Similarly as we obtained (22), we get ||Qn]| | B < 4C||hN||L?v(E), where
U

hN(x)N( Z + Z + Z )Cmn‘Pmn(x)~
N

mn>N m>Nn<N m<Nn>

Since using the Parseval equality

HhNHL‘%(E)=<Z+ )RS ),%.

ma>N m>Nn<N m<Nn>N
and taking into account (8), therefore

(23) 1\}1_I,HOOHQN”L‘£(E)=O'
Obyiously || - QNHL}‘(E) = ”QNHL},(E)' From the definition

—Q(x) = —Qy(x) < - (x) < ...
On the other hand (using (22))

=IQ < 0o,
” HL,III(E)

/ Qo) du(x)
E
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Therefore using B. Levi’s theorem

Am ~Qnx)dp(x) = / A}Elloo(_QN(x))dﬂ(x)'

E E

But by (23) the left hand side is 0, thus limQn(x) - 0 as N — oo a. e.
on E, from which we obtain (see [21], p.158, or [24], p.11.) that g/un(x) as
m,n — oo, converges a. e. on E. For the other cases the proof is similar.
Theorem 2 is proved.

We denote by I the convergence method. For it 7, o= 1.

COROLLARY 1. If the method I satisfies (12), (13) and (8) is also satis-
fied, then there exist

limsyn(x), limspu,(x), limsp,(x), a e. on E,
mpn m n

where

sma()= Y cpefielx).

k,f<mn

PROOF. Because of Theorem 2 it is enough to prove that (10), (11) are
satisfied. But it is obvious, let &, o =0 asx - O Ny g, Where O, is the Kronecker
function,.

COROLLARY 2. If condition (8) is fulfilled, the method P satisfies (17)
and the Lebesgue functions of P satisfy (12), (13) then there exist (21).

PROOE. From (8), (12), (13) and (17) follows immediately by Theorem 2
and Lemma 2.

REMARK. 1. In [12] and [10] there are some errors in calculation (see
{12}, p.219.).

2. Theorem 1 for simple series was proved in {13], pp.292-293., see also
{14] and [18] for orthogonal series.
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1. Introduction.

This paper consists of two parts. In the first one we prove an equicon-
vergence theorem concernity Hermite expansions, beyond the scope of the
classical results of SZEGO [2] and MUCKENHOUPT [3]. The analogous state-
ment for Laguerre expansions will be proved in SZABO [6]. In the second part
we prove an inequality with respect to the Christoffel numbers for Hermite
weight, which will be applied in a subsequent paper of the author and V. E.
S. SzaBO. Similar investigations appeared in FREUD [15], [16] and for the
Laguerre case in NEVAI [20].

2. Notations and results.

[o.®]
As usual, the Hermite polynomials are defined by Y Hﬁnf,lﬂ =
n=0 )
=exp(2xr — r?); they are orthogonal on (—o00,00) with respect to the weight
function exp(—xz). Assume that f(x) has an Hermite series and denote
an(f,x) the n-th partial sum of that series. Then

7 2
2.1) an(f,x)= /f(x)e") 1<n(x,_)’)dy
—00
where |
2.2) Ky(x,y)= Hyy | Hn ) — Hn(x)Hn 41 () '

(x —y)- 2%t/
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. Introduce further the n-th trigonometric partial sum

1 X/ sm\/ﬂ(x f(y)d

2.3) S,,(f,x)=7—t
x =8
where 0 > 0 can be fixed arbitrarily.

THEOREM 1. Assume that e"’2/ 2¢(t) has bounded variation on R. Then
24 on(f,x)— Su(f,x)—0 (n - 00)
locally uniformly on R O.

Denote further x; > x; > ... > x, the zeros of H,(x) and let A; be the
Christoffel numbers

1 X,
2.5) E=Z:hv(xk) k=1,...,n

where hy, (x)= (/7 -2 - hy)~!/2. H,(x) are the normed Hermite polynomials,
1. e.
o0

(2.6) / B (x kg (x)e—xzdx =0, k.

THEOREM 2. Let m < % and denote py, a polynomial of degree < m.
Then

2.7 Zlklpnz(xk)iex"/2<c / lpm(x)|e™ x? dx. O
k=1

REMARK. The special case p,, = 1 is a classical inequality of BALAZS
and TURAN [21], see also in FREUD [15].

3. Proof of Theorem 1; equiconvergence.

Consider the partition
0 X+ o0 x XYy
2
o= [ K@ soar= [+ [« [+ [
> X X+ x-y =00

(3.1 =Dy + Dy +D; + D5



AN EQUICONVERGENCE THEOREM 87

We shall prove that given ¢ > 0 and K > 0 arbitrarily, we can choose
y =y(K,€) > 0 such that for [x| < K

f _M'_E:_X_f(y)dy| <t

(3.2)
iDﬂSde»n*“
. D} - & f—ﬂi@ﬁ:LfOMWI<e

|Dy| < c(K,)')-n‘l /4

This will imply that for £, K > 0 there exists ng =ng(e, K) such that n > ngy
and |x| < K implies |o(f,x) — Sn (f,x)| < 4¢ which is the statement of Theorem
1. We shall prove only the estimates concerning D;; those concerning Dl’ can
be obtained similarly. Start with the estimate

‘ _ ,2 1 sm\/ﬂ x -
(3.4) Kn(x,y)e ™ D oa)
which holds locally uniformly in x and y, see SZEGO [2], (9.5.24). Taking
into account that f is locally bounded, we see that for |x| < K and 0 <y < 1
X+y
sinv/2n(x —y)
m——/—-—i#

JT X
P

(3.5) »)dy| <c(K)y

soify < c_(ERS then the first estimate (3.2) follows.
Consider now D,.

m=/&mefﬂfW%m@=

X+y

vn n+l—n~—1/06 V2n+l1+1 o0

=/+ / + / + / =N+ L+ T3+ Ty

x4y v 2n+l-n—1/6 /2n¥1+1

. . . iy .
First estimate 7Tj. Since ¢ / 2f (y) has bounded variation, we see from
the second mean value theorem of integral calculus that

2

3.7 Ty <cp- max /K,, (x,y)e™”
x+y<A<BS

A
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Now let x +y < A < B < /n and compute

B
2
(33) / Kn(x,y)e™
A
Using (2.2) we obtain
B
2
(3.9) / Kn(t,y)e™" =
B > B -
Ho () [ e /2H,0) Hax)  [e PHu©)

IV x-y y- 2n+in /o X -y
A A

It is enough to estimate

B 9
272
(3.10) /e_’.__ﬂn_(_y_)dy
x—y

Integrating by parts

B
(3.11) /e_y2/2x iy dy =
A
y By
[/ - /2H (t)dt—-—} //e"z/an(t)dt ! 5dy =
4 oa Ak x-y)

y

2 1
=0() sup /e" /2H, (t)dt
A<y<B|/ A-

We know ([2], (8.22.12))

e 12H (1) =

eV 2n+1 3 1
. n+ . JT
= _————(nn)l/“ o {sm [—4 (sin2p — 2p) + T] +0 (;) },

where t =v2n+1cosp, 0 <e < <7 — ¢, the error term is uniform.
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Using this we obtain

J

(3.12) / e~ 12 (1) dt =
A

[

2n+l
27 a1

(n)l/4

L (sin2p — 2p) + ] (;})}d«p

A= —L— =cospy, 0<e < < —E.
whereﬁm COS(PA,\/im Py, SPA Py

/4 /4 /4
(p:=—2——r, ¢AZ=-£—TA, Py :=—2T-Ty,
Then
————4——=sinrA —-——X————=sinr,
In+1 © VIn+l »
Hence
YA
/ \/siTw_sin [Zn * 1(sin2(,p - 2p)+ g;-] dp =
Py
Ty
=/\/<msin [2n+l(sin2r +21 ——n)+§;} dr =
T
(3.13) 7y
/\/msm [ (sm2r +20) + l—z—n] dr =

i 2
= :i:/\/cosr { st } [ nE 1(sin2r+21)] dr
cos 4
TA
Integrating by parts

Ty
i 2n+1
/\/cosr { sm} [ nr (sin2t +2t)] dr =
cos 4
TA
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- ‘['y
T
i 2n+1
(3.14) = \/cosr/{(s;;}[ nr (sin2w +2a))] +
TA JT=T4
sint sin 2n+1
\/m {cos}[ (sin2w +2w) do dt.
We have
T (sin) [2 1 f(sin)2n+1 1
sin n+1 sin | 2n +
2w + 2w = : !
/{cos}[ (sin2e + )] dw = 2/{cos} 4 €1+c052a)d€
TA SA

where we introduced a new variable s, sin2w + 2w = s, which implies
(2cos2w +2)dw =1ds, w =g(s), (sin2w +2w) is strongly monotone increas-
ing if -5 < <5, t=g8(st), Ta=8(54), Sin2r +27 =57, sin2r 4 + 214 =5 4,
and since —% < w < % therefore w < 5 (and sgnw = sgns).

Integrating by parts

T St
sin | {2n+1 1 sin | 2n+1 1
2w = ds =
/ {cos} [ (sin2w +20 )] "2 / { cos} 4’ 1+cos2g(s) ’
TA SA

—cos| 2n+l 7T it .
2 sin 3 s 2 / { - cos} 2n+1  2-sin2g(s)
5

T n+1| 1+cos2g(s) | 2n+1 sin 4 " (1+cos2g(s))? °=
SA

o(2)

Using this we obtain from (3.14), (3.13), (3.12)
y
_r2/2 OV 2”"!
e H,(t)dt = ————.
/ n() n3/4
A
Hence from (3.11), (3.9) we get

[« 7 -o(L)
/n(x,y)e =0\7 )
A
1
n=0 ()

and then by (3.7)
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Now consider 75.
1/6

Kn(x,y)e ™12 25 () dy.

2n4l—-n"

T2=

NS RN

o

In this case we need estimate for
B
_)Vz
Ky(x,y)e .
A

where Vn < A<B<V2n+1-n=1/6

Hence we have to estimate

B
/e> /2 Hy (y) oy,
x=y
A
From (3.11)
B 2 ¥y
-y°/2 1 2
(3.15) /E——Mdy=0(l)~— sup /e“’ 2 H,@t)ds).
A x=y VI a<y<B g

We know ([7], p. 22-23)

e H, )=
V2Nte N4  Tongq 3n 1
R~ {sm[ y (sm20-—20)+74—-]+0<n-—6_3-)},

where t =v/2n+1cos@,0<0 <%, N=2n+1, the remainder term is uniform
in . Here

e*—N/4N'l/2 -
= ¢(n/2)log(2n+1)~ 2¢1 = g"10gn/24(n/2)I0g2~ 1w (1) o /oy —1/4

Using this we obtain

i y
(3.16) / e~ I2H (1dr = 0(1)—-————-V2"(2:';1)”’.
n
A

nf3

04
/ Vsing - {sin [2": ! in26 - 20)+ 3}] +0 (_L) } 40
0_)'
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he e A = , %g = , C < < 6' < < T , B =
where —=-— cosQA 5= .cosﬂy 7 <0p<6,<04<%
= cos @ g. The remainder term gives

\/‘ 1
n63d9 0(1) 3/2

Oy

3.17)

For the estimation of the main term it is enough to estimate

04
(3.18) / Vsind { ::;} [2" 4+ ! sin20 — 29)] 6

Integrating by parts

04 .
(3.19) /\/sinB { s } [2" * 1 sin26 - 29)} 6 =
CcOos 4
0y

Ccos

04 '
—\/sinOA/{Sm} [2n+1(sm2w 20))] do+

cosO {sm} [2n+1(sm2a) 20))] do> d6.

Vsinf Ccos
We have
HA SA
sin 2n+1 1 sin ] 2n+1 1
20 - 2w)| dw = . K
/{cos}[ (sin )] @ 2/{cos} 4 YcosZa)—ldY
(7] Yo

where we introduced a new variable s, sin2w — 2w =5, i. e. gs)=0w
g(sg)=0,8(54)=64.Since 0<w < ’%, hence w3 < —s.

Integrating by parts
$,

0 9
sin | [2n+1 1 sin | 2n+1 1
/{cos} [ (sin 20 - 20))] dw—i/{cos} 4 scosza)—lds

OA SA
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~COos

2n+l 7% 59 _
_. 2 sin TSJ 2 /{—cos} 2n+1 sin2g(s)

= - s s
2n+1 | cos2g(s)—1 2n+1 sin 4 C(cos2g(s)— 1)3
SA SA

Sg
1 1 1
=0(1 ——-—-———+O(l)—/———_——————ds=
Wrsinte "0 | Toing P
JA

1
=0 .
n|.99|2/3 I‘l02

§g
1 1 1 1
SA

Using this estimate we obtain from (3.19)

» oA
in) 2
/\/sinG {z‘or;} [ ": ! sin26 - 29)] 6
9)-
(3.20)

64
1 1 1 1
=0(1)—= + O(1)~- / ——df = 0(1)——.
716)?/2 nJ 952 ne)?/z
Oy
So by (3.20), (3.17) and (3.16) we get
y

Nl.—1/4
/ e~ 12 H (0)dt = 0(1)—————m -
7
4 n -6),

Using this we obtain from (3.10)

B
2 1
/ Ka(,y)e™ = O(1)——.
o372
A hUp

Hence

1
L=0|—).
? (ﬁ)
Now consider T3. We have to estimate
y

2
sup /e" 12 Hy (t)dt
A<y<B|J

b
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where v2n +1-n~"1/6 < A< B <+/2n +1+1. Using [6], p. 700. we obtain
Y 2
sup /e" 2H,(t)dt| = O(1)W/2"n ).

A<y<B
A
Thus

o)

Using [6], p. 700. we obtain that T is exponentially small. Hence from

- 1
(3.6) we get D, =0 (%
similarly; the proof of Theorem 1 is complete. ]

i. e. (3.2) is proved. Since (3.3) can be derived

2
4. REMARK. It can be proved that if f(x)-In(1+|x|)-e ™™ € Loo(R) then
equiconvergence holds for f, see e. g. Muckenhoupt [3]. Here there is no need

2
of bounded variation property. On the other hand let f (x) = ¢*+%0) /2, Then

(see [3]) there exists f; with [fij(x)| =|f(x)] V x and o,(f,y) — Sy (f,y) /> O a.
e.

Since S, (f1,x)—f1(x) a. e., we get 0, (f1,x) /A f1(x) a. e. In what follows
we prove more.

5. REMARK. We show that there exists a continuous function f(x), such
that its Hermite-Fourier series is divergent in every point.

Let
\2
g(x) =¥ /2 40,

The Hermite-Fourier series of g(x) is

o0 o0
1 2
(5.1) Z ——— / g(Z)e_z Hn(Z)dZ . Hn(x).
s 2"n!\/5_oo
Denote

[o. ¢}
2 2
an = / U021 g (x)dx.
— 00



AN EQUICONVERGENCE THEOREM

Using [2], (5.5.3)

5 5 (n)
an 1=(=1)" [ &+x0r/2. (e‘x ) dx =

-0
oo

=(-1)" { {e(nxo)z/Z (e_xz)m—l)} .

—00
o0

(n=1)
2 2
-—/e(“"o) /2(x+x0)<e"x> dx } =

—00
o.¢]

+1 (x +x 2/2 ~x? =0
=(-1" /ex X0+ xg) (e dx =

—00

2 2 (n—-1)
e H¥0)" /2y +xp)(—=1) ! (e—x ) dx =

) 2
S0 2(x 4 xp)e ™" Hy_ 1 (x)dx.

/
/

Since ([2], (5.5.8))
Hy(x)+2(n - 1)H, _»(x)=2xH,_(x), n=2,3,...

therefore
oo
. 2 2
an= [ o xg)e Hy o
bt ]
o0
2 2
=Xxq / el +x0)" /2 —x H,_;(x)dx+
—0o0
1 o0
2 2
+5 /e(“xo) 12e=%"2x H, _y(x)dx
— 00
1
=Xx0Q,-1+ Ea,, +(n - Dan,_»,.
Hence

an =2xpa, .| +2(n — Na, _,, n=273,...
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i e,
apnyy ~ 2x0ap41 —2(n+ Da, =0, n=0,1,...
where ag = V21, a; =2V 2 xg.
Therefore

(5-2) an =V Zﬂian(—ixO).
It is known (2], 8.22.8)
(5.3)

r(%+1) 2 nmw 1

—%e * /21-1,,(x)=cos (v2n+ 1x — —E-) +0 (—\/*n:) ,  lxl < co,
where the error term is uniform in x. This asymptotic formula is true if
x is a complex number, but the error term O( \/%7) has to be changed for

0 (ﬁ) VI x| 1 is known ([9], p. 322)
!
F(t+l)=\/27tt(£) {1+0(%)], t>0.

Hence the n—th term of (5.1) (n > 1) is

i 2 2 2 1 1
e =X [2xg/2 2 yn/2 1.
gty ) =en R ZR D) ﬁ<1+0(n>)

-[cos(v2n+1x—%7£)+0<%>]-

V2n+1]|xg)
: [cos (i\/2n Flxg+ ’122) + 0(1)8-—\7_;—] .

If the sum in (5.1) is convergent, then the summands tend to 0. Taking
the 4k-th summand we can write

1 1 1
—\{1+0| - cos 8k+1x+01—}-
7 (1+0(p)) [emveicron
vV 8k+1xg}
e
c1cosiv8k+ 1xg+ O(1))————| X
[ o+ O(1) Tk }
1 1 VBK+|xo|
< —= |cosV 8k + 1x + O(1 ——-]-e 0
v "k
If we choose k) < ky <... such that (certainly they depend on x, x is fixed)
gk'-ﬂxo
|cos \/8k; + Lx| > % then we obtain that the 4k;-th summand is = —e——\—/{k_—]-—

which is not tends to 0.



AN EQUICONVERGENCE THEOREM 97

Hence the Hermite-Fourier series of g(x) is divergent.

6. Proof of Theorem 2; Christoffel numbers.

LEMMA 1 If A; (i = 1,...,n) are the Christoffel-numbers on Hermite
nodes, then

6.1) A xe INVIIVE

where ¢, (x;) =x; ~ x4 (certainly xy > x3 > ... > xp).

[NSRI

x2 .
et "pn(xi), i=1,...,

The last relation follows from [18], Theorem 2, (7). (We know that
Ai=Ay_is1)

PROOF. It is enough to prove for x; > 0. We know that the Lemma is
true if |x;| <av2n+1, 0<a < 1 arbitrary fixed number (see [15], (12), (33)).
Therefore assume that av/2n+1 < x; < +2n+1. We know ([15], (31))

©62) |Hy )l = 20| Hy 1 ()| = V4 /221272,

We have to estimate |H,, _; (x;)|.
We distinguish 2 cases:
a)av2n+1< x5 <V2n+1-0(1)
b) V2n+1-0(1) <x; <V2n+1,

(where O(1) means a positive, suitable absolute constant).

a)av2n+1<x;, <vV2n+1-0().
Using [18], Theorem 2, (6) we have i > d; {‘/71. Assume that | is a large
enough absolute constant. Define 0 < 6; ,,_) < 7.

(6.3) Xin =2V 2n —1cos6; ,_,.
We know ([18], Theorem 2)

‘ 1
(64) Xip =V 2n+ ICOSOi’n + O(l)m,
where we can not write o(1) in place of O(1) and 0; , is given by
n 1 . 3n
(6.5) <§+1) (sm29,~,n_1 —29i‘,1_1)=i.7'( - —4—

From (6.5) obviously 63 x £

~n
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We know ([19}], p. 22-23)

e’ Hy(x)=(2N™M/2. exp(——ﬁ> -(sin)~ /2.

) n 1\ . 3n 1
. {sm [(‘2"'4-2) (sin26 —20)4-—:1—] +0(;§§>},

where x ;= v2n+1cosf, 0 <0 < %, N =2n + 1, the remainder terms are
uniform in 6.

If we want to estimate |H, _;(x; »)| then we have to estimate

(6.6)

(67) sin 9,'," -1
and

1 3n
(6.8) sm[(2 4) (sin26; ,_| — 26; , - 1)+—Z-

First estimate (6.7). From (6.3), (6.4) we get

/ 2 1
(69) COSO,",,__I = 1+ -1 COSB,"" + 0(1);12/3—,4/3

From this

1
c0529,~ n—l = c0s26; , + O (—) (where we used i > d) ¥/n), and
b4 3 n

1 ) 1
(6.10) sin 9, n—1=sin 9, nt+tO ;) =sm26,-,,, (1 + O(l)m) ,

where we used sin? 6in =< 6,.2" L / Hence
? n

. H - .___.I
(6.11) sing; 1 =sinb; (1 +O(1)n1/3 . ,-2/3) :
Therefore
. il/3
(6.12) sinf; ,_ < YR

Now estimate (6.8). Denote f(0) :=sin28 — 26. Then
f'0)=2(cos® — 1)=—4sin0, f"@)=—4sin20.
We have
FOin1)~F Oip) = i1 —6i )i )+ O)- O n1—6i ) - If"©),
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where § € (0; ,—1,0i ). i. €
sin20; , —260; , — (sin26; ,_| —26; ,_1)=
(6.13)
=Oip =0 - 1)f i n) + OO p = 0; n_)* - f" ®)]-
From (6.11)
0i n 1
1173 2/3 n2/3. 173
Using this estimate we obtain form (6.13)
sin20; , — 26; ,, — (sin26; ,_) ~26; ,_) =
6} 0> 0}, i1/3
W+O(l)(l—/3i’m—0( )m =0(1) =7 YR

where we can not write o(1) instead of O(1). Hence

(6.14) oi,n _Gi,n—l ~

=0(1)

i1/3
sin26; ,, _y —20; | =sin26; , — 26; , + O(l) YR
n
Therefore
n 3n
(2 4) (sin26; | — 29i,n——1)+‘j4“=
" i1/3
2 4 (sin26; ,, — 26; ,,)+ +O(1) 1/3
; 3 1 1/3
(2 4) (5026 1 = 20;,1)+ - = 5(5in26; - 20; ) + O(1) — 75 =
_ \ ;1/3 ;1/3
=m+O(1)0 +O(1) YE —m+O(1)nl/3

Hence
C/n 1\ . 3n ]
(6.15) sin (—2—+ Z) (sin26; , | — 26i’"—1)+7 = YA <0;n_1<0;,.

Since i > d - ¥/n therefore

8 1 h 1/3
(6.16) sin (5+— (sin20;,_1 2600 D+ v0 [ — ) < T
_ 2 4 i ’ 4 ] nB?n 1

Obviously
N"/? -exp (—I—Z—) =xv2n! -n‘l/“,
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therefore
2 1/6 :1/3
Hy ()< e5 2\ fanm—1.a~/4. L o
il/6 nl/3
xexiz/2.,/2——nn!_n—ll/12.il/6.
Using this
—x2 1 _.2
A e e < e )

b) V2n+1—-01)<x; <vV2n+1l.

In this case 1 <i < d) - ¥/n. We know ([7], Theorem B, SKOVGAARD)

H"(Nl/Zx)=(2n)l/2_e—-N/4.Nn/2+l/6.eNx2/2

6.17)

1/4 ' 2/3g1-1/4

( 2§ ) .{A,‘(N2/3§)+0(1)‘__1Y__L},
xc -1 n

2/3
where N=2n+1,0<x<1,&=- {%arccosx - %x(l —x2)1/2} . Here

e-—N/4 . Nn/2+l/6 = /2nn! . n—l/12.
Using the L’Hospital-rule we get

(6.18) arccosx — x(1 ~—x2)1/2 = (1 -—x2)3/2,
therefore
Eo\/4
6.19 = 1.
(6.19) (5)
Denote
Xin Xin

xn(l) = \/—2—';—:1" xn—-l(l) = \/2]1———1’
3 N3 20121
(6.20) &, :=— ) arccosx, (i) — Zx,, @A = x;G) .
3 3 2/3
Sin—1)=— {Zarccosx,,_l(i) - an—l(i)(l —x(%,_l)(i))l/2} .

If we want to estimate |H, _(x; ,)| then we have to estimate

(6.21) Ai ((Zn - 1)2/3-’;'.-,,1_1)
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and
6.22) n23 & i
We know
V2n+1~0(1) < xi < V204176,
therefore 1
1—\/%_:_19"(:')3 -7

1 1
o <E P —=
n2/3 - lgl,nl —_ \/'71
because of &; » < (1 = x2(i)) X (1 — x4 (i)). If Hy(x; ,) =0 then

AIN?/3E1 )= 0 12 -1~ = 0

Consider the following inequality

L
Vil
We look for € in the form ¢ =a; +7, where 0 > a; >a; > ... > a; > the

zeros of Airy—function, and |7| < %|a,~_1 - a;l, %Iai_._l —a;|. The set of T’s is
connected,

We know (see e. g. [17] p. 405., (5.05)) that
(6.24) la;| < i%/3.
Therefore from (6.23)

623 AO=0M: = 1621, [f<conV

1 1
(6.25) Ai(6) = O(l);{ 3

Using the Taylor-expansion

Aiaj +7) = Ai(gj) +7 - Ali(aj)+ Oy ? A"i(), where & € (aj,a; +7).
We know ([17], p. 405, (5.05)) |A'i(a;)| < j1/ and ([17), p. 392, (1.01))
A"i(E) =& - Ai(€). Hence
(6.26)
Ai(g; +7) =7 - Alig)+ Oy ? - i3 . i3y Y =1 . AliGa;) + Oy - Vi

Ifrx< le,then

11 . - 1 s
O(l)"; . 1_1_76 —Al(a, +7) < W 1,
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but it is a contradiction. Therefore |t| < \/_ thus from (6.26)

1
Hence
i
(6.28) Ei n= 0(1) /3 : il/?"

On the other hand

3 3 2/3
.f;',-’,,_l Ein=0n(i) = x,-1(0))- { arccosu — Zu(l — 142)1/2} =
J
< (D) = xy 1)) {- }u=o 1. {}:I:U =
= (xn(i)—xn~1(i))-ﬁ V1-12x
1 1

.
< X - = -,
o (ﬂn—l \/2n+1) n

1. e.

1
(6.29) gi,n—-l=§i,n+0(1):l,
where we can not write o(1) instead of O(1).

Using (6.28-29) we get
A (@n =135, )=A ((2n - 13, +0() ,/3)

=Ai<N2/3§,~,,,+[(2n 123 — @n+ D3 4+ 0(1)— 1/3)

= Ai | a;+0O(1
1<a+ ()'11/3)

where we can not write o(1) instead of O(1).
But

A i +0(1
1(a + ()nl/3>

_Az(a,)+0(1)—m 4’(a,)+0( )\/ o)

where we can not write o(1) instead of O(1). Hence
:1/6

(6.30) |Ai(@n — 1P kD) < ’—m
n

;176
VR
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At last, from (6.17), (6.30) we obtain
:1/6

Hye 1) e 2B = 12, 0
n

< A2 =2 16
Using this

2 1 2

— —
g ~ € T PplX;).
nl/611/3 "( ’)

/1,' Xe
Lemma 1 is proved. |
LEMMA 2. For any polynomial of degree at most m we have

2 2
(6.31) max | Py (x)e™™ /2| = max | P (x)e ™ /2|
xeR §x|51.921623ml/2

and in the case of |x| > 1.921623m!/2 we have
_ -2/7
;Pm(-x)e x —I <
2
6.32) <c-m®-exp(=2.7-1077 -m)- max |Pn(x)e™> /2.
|x]<1.0000001m /2
PROOF. It is known {12], p. 111. Lemma 11 that

(6.33) lpm(x)|”sc-mz'/|Pm(t)|”dr (-1<x <1, 0<p<c)

further (sec [13], p. 62, Corollary) that

(6.34) <M D™ (x| 21
if |pm(x)| <M for -1 <x < 1.
So
Pm()] < c@xY" - r /|P,,,(t)|dt (jx] > D).
Consequently

AV
pm (0] < 2" AT x| 22 (/2 471 / | P ()]t

~AVm
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(x| > Am!/2), and hence

Aym
D)) - €% < 2™ A~ |1y ~(m/24(3/2) / |P()le™ dt,
—Aym
(Ix| > Am'/2). Here
AVm AVF
/ |Pa(®)] - 2t = / Bl 12 e =xD/2g <
—Aym Ay
Aym
§ce"‘2/25 / le(f)le—’z/zdt,
—~Aym
where
B>1, Lﬂz\/EgTAmV%
Hence

2 2
IPm )| - €75 < 2™ AT x|y —0n/ 243/ 2)g—x"[2B ppy 1/2.

. —12/2 B 1/2
I[P, (x| 2 ) gy Am!/).

Suppose in the following that v/ B~1 < A. In this case maximum
2
of the function f(x) = x"e™* /2B x > ,/BBT[Aml/z, is attained at xg =

= ,/B%[Aml/z. Hence

om g—m lx lmm—(m/2)+26—x2/28 <

<exp (m log2 —mlogA-— inz—logm +2logm +

m
2 °B-1 2 2AB-1)

=exp|m{lo 2+1lo (]+ ! ) A7 +2logm
=©xp Bev28\'"B 1) TwBo D gm )
B
(lle\/F-_—TAnHﬂ).

B A?
+ﬁlog +m 10gA+T—10gm - —— ) =
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We have to determine the minimum of the function \/B%[A under the
conditions:

B>1
B<A’+1

1 1 A?

- 1 - 0.
log2+2log< +B—l) XB-1) <

i B ] 1 A2
Let B=l+(7,then FI=1+U, 10g2+210g (1+B—_T[) — m=10g2+

2
+3log(1+0)— 42
Let D be such that

D2
10g2+%10g(1 +0)— —~22 =0

log4 + log(1l +
Dz\/og Zg( o)

We are looking for the minimum of the function

/Bli IDzm\/10g4+lZg(l +U) = \/g—(?j

From the equation

—logd +0g — log(l +o
gl(ﬂ()):- g 0 > g 0)=0
%

we get 0p =2.692634. In this case

4
B =1.371384; D:\f‘)g +logl+oy) _,
Jo

>

hence we choose A =1.0000001 > D and obviously

5
E-—A =4/ 1+09A=1.921623

1 . A? é
log2-+  log(1 +ag) - »5”2 - --29(A2 —Dx27-107".

Lemma 2 is proved.
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PROOF OF THEOREM 2. Consider the partition

n

n 9 /2 2 44
- —xr /2 AL 2
Zﬂk,n | Pon (xk,n e Tkl = Z xk,n ‘Pm(xk,n)le knl=y

k=1 k=1
|.l'k’n|<0\/;1_
i

. —xE /2
+ Z Ak | Pn(xg e 750" = 8y + 85,
k=1
ixk’n‘zo\/'-"

where 0 < 0 < V2 is fixed.
According to [14}, Lemma 5 we have

(0@
(6.36) S <c (1 + \/g) / ]p,,,(.x)[e_xz/zdx.

Using Lemma 1 we obtain
n

‘ 2
Sy < Z (pll(Xk,n)ll)m(xk’")lg Xin/2 <

k=]
hk,n!z(’\/’;
n

2
<c-  max ‘Pm(xk,n)le }k’"/ : Z (Pn(xk,n ).

Kk nl20Vn =1
I'tk‘nlzo\/h_
According to o/n > 1.921623,/m by Lemma 3 we get
2
(637) Sy <cmPexp(=2.7-107"m) n- max |Po(x)e /3

x| < 1.0000001m /2

Taking into account Freud’s result [16] there exists a polynomial R, of
degree < ¢oym such that

2
(6.38) Rn(x)=e %", (Jx| < 1.0000001m'/?).
Using (6.33) with p,,,(x)Ry (x) we have
1.0000001m /2
!pm(x)Rm (")' < (""2~“/2) / lpm(t)Rm (I)ldt <

~ L.O00000m /2
(6.39)

o
2
gcm3/2 / [Pu()e™! /Z[dI,

—00
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where |x| < 1.0000001m /2.
From (6.37-39) we obtain

o0
2
(6.40) Sy < emPexp(—=2.7-10"Tm) - n - m3/? / |Pu()e ™ 2|d1.
—0Q

Here we assume that m > a -logn (a is a suitable absolute constant), sc

o0
2
(6.41) S <c / e/ |pm)|du.
— 00
From (6.36), (6.41) we get (2.7)
Theorem 2 is proved. E
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Expansions

Let (p;) be a sequence of positive numbers such that P:= 3" p; < +oo.
Given a real number x € [0, P], let us define two sequences (c;), (d;) of
integers ¢;, d; € {0,1} as follows:

— Set ¢} =cj(x) :=11if py < x and ¢y :=0 otherwise;

— If i > 1 and cy,...,c;_| are already defined, set ¢; = ¢;(x) ;=1 if
cipL+capr+--+ci_1pi—1 < x —p; and ¢; =0 otherwise;

~— Set dy; =d)(x):=0if 3 ;,p; > x and d| := 1 otherwise;

— If i > 1 and d;...,d;..| are already defined, set d; = d;(x) := 0 if
2j>iPj 2% = 2 j;p;j and d; =1 otherwise.

Clearly, we have always ) c¢;p; < x. If we have equality: 5 ¢;p; =x,
then we say that ) c;p; is the greedy expansion of x.

Similarly, we have always ) d;p; > x. If we have equality: Y d;p; =x,
then we say that ) _d;p; is the lazy expansion of x.

Obviously, if ) c;p; is the greedy expansion of x, then (1 — ¢;)p; is
the lazy expansion of P — x, and conversely.

More generally, we say that 3 {2, ¢;p; is an expansion of x if ¢; € {0,1}
for each i and if Z:’__‘_’I cip; =x. Clearly, if x ¢ {0, P], then x cannot have any
expansion.

The following result is well-known and is easy to verify:

LEMMA 1.1 The following three properties are equivalent:
a) Every x € [0, P] has a greedy expansion,
b) Every x € [0, P] has a lazy expansion;
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o) pj <Xisjpi forallj > 1.
It the sequence (p;) is non—increasing, then a)—c) are also equivalent to

d) Every x € [0, P] has an expansion.

Let us note that in the general case d) is strictly weaker than a)-—).
Indeed, it is sufficicnt to obscrve that property d) is invariant for the per-
mutations of the sequence (p;) while property ¢) is not.

In what follows we shall only consider sequences of the form p; =g~ for
some 1 < g <2; then property c¢) and hence a) b) d) are satisfied. We shall often
say g-expansion instcad of expansion. Applying this result to x — 37, cig™!
instead of x we obtain the

LEMMA 1.2 Given a finite sequence cy,...,c, in {0,1}, a real number x
has a q-expansion beginning with cy,...,cp if and only 1¥

n

. 1 .
! < ; < - Pt § .
ZClq _,X_qn(q_l)izclq
For brevity we shall use the notation

CciXg)=> ciq™".

i=l

It is clear that x =0 and x = 1 /(g — 1) have only one expansion i. ¢. their
greedy and lazy expansions coincide. As it was first shown in [1], there are
many values of g for which 1 has a unique g-expansion; we shall return to
this question in the following section. However, in many cases x has several
different expansions: for example if 1 < ¢ < A := (1 +/5)/2, then every
x € (0,1/(q — 1)) has 2% different g-expansions. This result was proved in
[1] for x =1 and then in [2] for the general case.

We end this section with two definitions. An expansion x = (¢; )(q) is
called infinite if ¢; =1 for infinitely many i; otherwise the expansion is called
finite.
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2. Greedy, lazy and unique expansions

In this section we seck necessary and/or sufficient conditions permitting
to recognize whether a given expansion x = (c¢; )(q) is greedy, lazy or unique.
The greedy expansions were studied in detail earlicr by PARRY [4]; we slightly
improve his results by giving a different proof. Next we give a new proof of
the characterization of the unique expansions obtained carlier in [2]. Finally
we give a new sufficient condition for an expansion of | to be lazy. We end
this section by proving a simple lemma on the lazy expansion of 1. It will
turn to be very useful in simplifying the discussions of the rest of this paper.

i_et us introduce the lexicographic ordering between the sequences: given
iwo sequences (¢;) and (d;) we write (¢;) > (d;) or (d;) < (¢;) if (¢;) #(d;)
and if ¢, > dy for the first m such that ¢, #d,,. One can readily verify that
among all expansions of a given number x € [0, P] the greedy expansion (if
exists) is the biggest one and the lazy expansion (if exists) is the smallest one.

LEMMA 2.1 Consider an expansion x =(c; Xq).
1. If there is an infinite expansion 1 =(d;)(q) of 1 such that

M (em+i) < (di) whenever ¢y =0,

then the expansion x =(c; )Xq) is greedy.

2. If (1) is satisfied for some finite expansion 1 =(d;¥(q) and if (¢;) does
not have a periodic tail with the period dy,....,d,, _{,dw — 1 where dyy is the
last non-zero term of the sequence (d;). then the expansion x = (¢;Xq) IS
greedy.

PROOF. In view of Lemma 1.2 it is sufficient to prove that if ¢, =0 for
some n, then (¢,4;)q) = Zf:l cpeiq P < 1

Fix an arbitrary n satisfying ¢, =0. We are going to construct a sequence

of integers 0 =kg < k; < ... such that

) Cn+kj =0 and (ij+i_kj =1 forall j>0.

Set kg =0. If kg <... < k; are already defined for some j > 0 and Cnvkj = 0,
then let k;, be the first integer satisfying
kj+l > kj and C""’kj+l < dkj+l“kj

(its existence follows from (1) applied with m = n+k;). Then we have
C""'kj+l =0 and dkj+l'l‘j =1.
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Now we have

oo Kl 0o ki1 —k;

—i ik —k:

(Cn+i)(Q)=Z Z Cn+iq I=Z Z diq”' " | —q 7!
j=0 i=k; +1 j=0 i=1

k k
< _’._ TRi+l =
—,-E_ (q f-q ) 1

and it remains to show that the last inequality is strict.

Assume on the contrary that the last inequality is in fact an equality. Then
we have

kj 41—k

3) Y dig7'=1 Yj>0.
i=]

It follows from (3) that d; =0 for all j > 0 and i > k;,| — k;. Using (2) hence
we conclude that the numbers k;,; —~ k; coincide for all j > 0. Denoting
this number by m we have d;y =1, and k; =mj, cp4,sj =0 for all j > 0.
Finally, using the definition of the sequence (k;) we also have c,4mjsi =di,
i=1,....om—1,j=0,1,.... Thus the expansion (c;) should have the form
which was excluded in the formulation of the lemma. |

REMARKS. It is easy to verify that in the case which was excluded from
the proceeding lemma the expansion x = (c; )(q) is not greedy although (1) is
satisfied.

Now we give a new proof of the characterization of the greedy q-
expansion of 1, obtained earlier in [2].

THEOREM 2.2 The expansion (a;)(q) =1 is greedy if and only if

@ (@m+i) < (a;) whenever ay =0.

A similar characterization was obtained earlier by PARRY [4] by a differ-
ent proof: he assumed the condition in (4) for all m.

PROOF. Assume first that (g;)(g) = 1 is the greedy expansion but (4) is
not satisfied for some m. Then a, =0 and (a,,,;) > (a;). Since (ag;)(q) =
=1 is the greedy expansion, the second relation implies that (a,,.;)(g) > 1.
Hence, applying Lemma 1.2 we conclude that there is another expansion of 1
beginning with ay,...,a,, _|,am + 1. And this is impossible because (a;)(g)=1
is the greedy expansion.

Now assumie that (4) is satisfied and apply Lemma 2.1 with (¢;) =(d;) :=
= (a;). It is sufficient to show that the exceptional case of the lemma cannot
occur here: then (a;)(g) =1 is the greedy expansion.
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If the expansion (a;)(g) =1 is finite, then let a,, be its last non—zero term.
Clearly we have m =2. Since we have a; =1 by (4), it follows that the period
di,...,ay,_1,am — 1 cannot be identically zero. |

Let (a;) be a sequence of nonnegative integers satisfying (5). We recall
from [4] that the equation (a; )(¢)=1 has a unique solution g > 1. Furthermore,
a; =1 and (4;)(q) =1 is the greedy g-expansion of 1.

Henceforth the expansion (a;)(g) =1 will always denote the greedy ex-
pansion of 1. Now we are ready to characterize the greedy expansion of any

0<x<1/(g-1)

THEOREM 2.3 1. If the expansion (a;)(q)=1 Is infinite, then an expansion
(ciXq) =x Is greedy if and only if

(6) (cmei) <(a;) whenever ¢y =0.

2. If the expansion (a;)(q) = is finite and if a,, Is its last non—zcro digit,
then an expansion (c;Xq) =x is greedy if and only If (6) is satisfied and (c;)
has not a periodic tail with the period ay,...,a,,__|,a, — 1.

A similar characterization was obtained earlier by PARRY [4] by a dif-
ferent proof: he assumed the condition in (6) for all m, and he also assumed
(implicitly by his construction) that x < 1. In fact, his result remains valid for
all x < 1/(g — 1) (but not for x = 1 /(g — 1)).

Proo¥. The sufficiency part follows at once from Lemma 2.1 in both
cases.

The necessity of the condition (6) may be proved in the same way as the
corresponding assertion of Theorem 2.2 above. Indecd, if (6) is violated for
some m, then (¢,,4i)(q) > | because 1 =(a;)(q) is the greedy expansion, and
then an application of LLemma 1.2 shows that x has an expansion beginning
with ¢y,...,cpy—1,cm + 1. Hence the expansion x = (¢;)(g) is not greedy.

In the second case the necessity of the periodicity condition is obvi-
ous. Indeed, if for some n the sequence (c,4;) is periodic with the pe-
riod ay,...,a, _1,ay — 1, then x has another expansion x = (cy,...,cy,ay,...
..., 0,0,...); since we have obviously

(CyseeesCnyyy ey, 0,0,..0) > (¢;),

the expansion x = (¢; )(g) is not greedy. ]

Let us recall for the reader’s convenience the following characterization
of the unique expansions; it was proved earlier in a different way in [2].
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THEOREM 2.4 An expansion 1 = (c;)q) is the unique expansion of 1 if
and only if

t)) (cm+i) <(c;) whenever ¢, =0
and
9) (1 —cmei) < (c;) whenever ¢ =1.

PROOF. If 1 =(c;)(q) is the unique expansion of 1, then it is in particular
a greedy expansion, and the dual expansion (g — 1()_l —-1=(1-¢;)gq) is also
greedy. Applying for them Theorem 2.3, (8) and (9) follow.

Conversely, if (8) and (9) are satisfied, then the expansion | = (c; {q) is
greedy by Theorem 2.2 and the dual expansion (g — H-l1-1= (I —c¢; Xg) s
greedy by Theorem 2.3 (observe that condition (9) excludes the sequence (c;)
to be finite). Hence the expansion 1 =(c;)(g) is lazy, too. ]

We cannot characterize the lazy expansion of 1 without using its greedy
expansion. The following result is a sufficient, but not necessary condition.

PROPOSITION 2.5 If an expansion | = (b; Xq) has the property
(10) (1 = bypei) <(bj) whenever by, =1,

then it is the lazy expansion of 1.

PROOF. Assume (i0). Then the expansion 1 = (b;)(g) 1s infinite. Indeed,
in the contrary case there would exist m such that b, =1 and b; = 0 for all
i > m, and (10) cannot hold for this m. The theorem now follows from the
first part of Lemma 2.1. |

REMARK. The condition (10) is not necessary. Indeed, one can rcadily
verify that for most 1 < g < A := (1 +/5)/2 the lazy expansion 1 = (b;)(q)
satisfies by, =1 and b,y =0 for some m > 1; since by =0, (10) is not satisfied
in this case. It would be interesting to find weaker sufficient (or necessary and
sufficient) conditions for the lazy expansions.

In the sequel the expansion 1 = (b;)(g) will always denote the lazy ex-
pansion of 1.

The following result will be useful later.

LEMMA 2.6 Consider an cxpansion x = (¢; Xq ).

1. If for some m we have ¢y =1 and (1 — c,4) < (b;), then x has no
expansion beginning with cy,...,c, _},0.
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2. If for some m we have ¢ =0 and (cp4i) < (b;), then x has no
expansion beginning with ¢y,...,¢c_1, 1.

PROOF. 1. Since the expansion 1 =(b;)(q) is lazy, it follows from (I —
—~ Cppai) < (b;) that (1 — ¢4 Ng) < 1. Therefore

Z C,-q”i +(em— g™ "+ Zq"i <(¢i)Ngq)
{<m >m

and the result follows by applying Lemma 1.2.
2. The relation (c,,4;) < (b;) implies that (¢,,4; )(¢) < 1; hence

Z ciq” +(em+ DT > (¢ )q)
1<m

and the asscriion follows.

3. The number of different expansions

it was proved in [1] that there are 2 numbers g in (1,2) for which the
q-expansion of 1 is unique. This result was later generalized in {3]: for every
positive integer N there are 2 numbers g in (1,2) such that 1 has exactly
N different g-cxpansions. Also, it was shown in [1] that there are at least w
numbers ¢ in (1,2) such that 1 has exactly w different g-expansions. Thus
the following result is not new for N <w. However, we prove this resuit by
a new construction.

THEOREM 3.1 Forevery | < N < w there are 2 numbers q € (1,2) for
which 1 has exactly N different 4 -expansions.

PROOF. Let us consider a sequence of the form
((liv) = 1, 1,],1,1,A1,A2,...
if N=w, and of the form
(aiy=L1L1L,11,A, A ..., AN_1. By, Bo,...

if I < N < where each block A; is a sequence of ten<digits of the form
A; =0,0,0,0,0,1,q;,0,0,1 with arbitrary a; € {0,1}, and each block B; is a
sequence of ten digits of the form B; =0,0,1,0,0, 1,5;,0,0,1 with arbitrary
b; € {0,1}. There are clearly 2% different sequences (a;) of this type for every
fixed ] < N<w.

Defining ¢ by the condition (q;)(g) = 1 we have 1 < ¢ <2 and the
expansion (a; )(q)=1 is greedy (see Remark 2 following the proof of Theorem
2.2). In particular, hence we conclude that the 2¢ different sequences (a;) lead
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to 2¢ different numbers ¢q. It remains to show that for every number ¢ defined
in this way 1 has exactly N different g-expansions.

For N =1 this property follows at once by applying Thecorem 2.4. We
may thus assume in the sequel that 1 < N < w.

It is easy to construct new g-expansions of 1 from the %iven, greedy one.

For every fixed integer 1 <k < N we define a sequence (c¥) in {0,1} by the
formula

i

a;, if i <10k — 5;
ck={ 0=a; -1, if i =10k -5
ay+a; _(10k-5) if i > 10k - 5.
It is clear that (c:‘ )Ng)=1 for every 1 <k < N. It remains to show that 1 has
no other g-expansions.

For k =1 the sequence (cil) has the explicit form

hH=1,1,1,1,0,1,1,1,1,1,C,C,,...
with some blocks C; = 1,%,0,0,1 (we do not need the explicit values of the
digits *) if N =w, and
chH=1,1,1,1,0,1,1,1,1,1,Cy,..., on_3, Dy, Dy, ...
with some blocks C; =1,%,0,0,1 and D; = 1,%,1,0,1 if 2< N <w.
Applying Proposition 2.5 one can readily verify that the expansion
(Cil ¥q) =1 is the lazy one; hence we shall write (b;) instead of (cil).

Next we observe that, excepting the digits ajpj s =1, 1 <j < N, for
every other digit a,, we have

(A —aui) <) if ap=1 and (@msi) <(bp) if ay=0.

Applying Lemma 2.6 hence we conclude that if a g-expansion (d;)(g) =1
satisfies the condition

(11) d]()j_5=l for all 1 <j <N,
then in fact (d;) = (a;).

Now consider the expansion (C:( Ng) =1 for some fixed 1 <k < N.Itis
easy to check that, excepting the digits Cll(Oj—S =1, 1<j <k and the digit
c’l‘Ok_5 =0, for every other digit c,’ﬁ, we have

A-ck,<t) if k=1 and (k,p<®) if cf=0.

Applying Lemma 2.6 again, it follows that if a g-expansion (d; )(q) =1 satis-
fies the conditions

dloj_5=l forall 1<j<k and lej—5=O’
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then in fact (d;) = (cf).
Since every expansion (d;)(q) = | satisfies either (11) or (12) for some
1 <k < N, we conclude that 1 has exactly N different g-expansions:
@)g)=1 and ()Ng)=1, 1<k <N. B

Now fix a sequence (¢;) in {0,1}. For every g € (1,2) set x :=(c;)(¢g) and
denote by N(g) the number of different g-expansions of x. The following
result shows that N(q) depends effectively on g in general.

THEOREM 3.2 For every positive integer N there exists a sequence (c;)
in {0,1} and N numbers q\,...,qn € (1,2) such that N(¢;)=j,j=1,...,N.

PROOF. Fix a positive integer k (to be chosen later) and consider the
sequences (c¢;) and (b;) defined by
(¢;)=10,0,1,A,...,AN,B,B,...,
b:)=1,1,1,1,0,1,0,0,Cy,...,Cy_1, D, D, ...
with the blocks
A =---=AN=000,0,100,1, B=100,1,
C=--=¢G_,=,10,101,0,0, D=0,1,0,0.
Define 1 < g <2 by the equation (b; )(q) = 1; the application of Proposition
2.5 shows that then (b;)(q) = 1 is the lazy expansion of 1.

If k > N, then applying Theorem 2.4 we obtain that the expansion x =
=(ci)(q) is in fact the unique g-expansion of 1; hence N(g)=1.

Now fix 1 <k < N arbitrarily. It is sufficient to show that N(q) = N +
+2 —k.

It is easy to verify that for every integer 1 <n < N+1—k we obtain a
new expansion x = (c]' )(q) of x by putting

Cis ifi <8n -4,
=L 0=c¢ -1, ifi=8n—~4
Ci +bi—(8n~—4)’ if i >8n 4.

We have, explicitly,
c)=1,0,0,0,1,1,1,1,1,1,0,1,Ay,..., A1, B1,..., BN, C. C, ..

with Al = "":Ak—-l = 1,1,0,1,1,1,0,1, Bl = "'=BN——I( =O’170’O,1,1,0,17
C=110,1ifn=1, and

(c})=1,0,0,1,Dy,...,D,_,,0,0,0,0,1,0,0,0,1,1,1,1,1,1,0, 1,
Alees A 1bBls . s BN—ka1—n, G, C, ...
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with the same blocks A;, B; and C as above and with Dy =--- =D, _, =
=0,0,0,0,1,0,0,1 if n > 2.
It is easy to verify that, cxcepting the digits Cgj -4 = Lj=1,...,N, for
every other digit ¢,; we have
(Cmei) <(b) it =] and (I =Cmei) <bi) it cp=0C

Applying Lemma 2.6 it follows that if an expansion (d;)(q) = x satisfies the
conditions

(13) (18]',,4=], j=1...,N,
then in fact (d;) = (¢; ).
Similarly, onc can readily verify for each fixed 1 <n < N+1 -k tha,

excepting the digits (fgj.__4 =1.j=1,...,n—1and ¢g, ,=0, for every other

n

digit ¢}, we havc

(cpmei) <) it cep=1  and  (I—cp <) if ¢, =06
Applying again i.emma 2.6 it follows that if an expansion (d; )(¢q)=x satisfies
for some 1 <n < N +1—k the conditions
(14) dgj_q=1 for j=1,....n—1 and dg,_4=0,
then in fact (d;) = (¢]').

Since every cxpansion (d; )(q)=x satisfies either (13) or (14) for some n,
the theorem follows.

The authors are grateful to M. HORVATH for his valuable remarks con-
cerning a preliminary version of this paper.
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In this paper we prove the following

THEOREM. Let f :[0,1] x [0,1) = R and v :]0,1] x [0,1} — 0,1} be
continuous functions satistying

) Fw iy > TODIEEI e o)

Then there exists t* € [0,1] with f(t*,t*) > f(¢t,1*) for all 1 € [0,1].

The story of the problem started with the paper [1] of HORVATH and
SOVEGIARTO, where the authors posed the following problem: Does any pair
of functions have a Nash equilibrium point if the functions are Ky-Fan con-
cave in the corresponding variables (i.c. if Vx,xp,A3x3: fi(x3,y) 2 Afj (x1,y)+
+(1 — A)f1(x2,y) for every y and if f, satisfics an analogous statement in
its second variable y)? In [2] a negative answer is given by constructing
continuous functions fi, f» Ky-Fan concave in x and y respectively and not
having an cquilibrium point. 1. Joé investigated the case when the point
x3 depends “regularly” on xq, x» and 4. In [4] he observed that if y is a
contraction i.e. [ (x[,x]) ¥ (x2,x2)| <&|x] —x2| for some fixed O <& < 1 then
the conclusion of the above Theorem holds. The existence of such a point ¢*
(at least in n dimension) is cquivalent to the existence of a Nash-cquilibrium
point for n functions as it is known from the literature [4]. In [3] F. FORGO
proved that if x3 =y (¥}, x2,4) is continuous, then equilibrium point does exist.
In this case the ideas of the proof of the Nikaido-Isoda theorem can ecasily
be applicd. If the continuity of 4 is dropped, and only A = 4 is considered, we
arrive at the above Theorem; the following proof is completely different from
[51; we use some deas from 2], [3].

* Supported by the grant OTKA T 7546
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The proof of the thcorem is based on the approximation of f by functions
f."N(t,.y) piece\&'/ise linear in y. Tht?n the cxis.tcn.ce of 13 con'esp()ndir}g to fN
implies the existence of t* by a simple continuity argument. In dealing with
fn the linearity leads to simple geometrical investigations of the correspond-
ing curve. To be more concrete denote

hi(t)=f (r’N) i=0,1,...,N; te[0,1]

In(Ey) =i+ 1 = Ny)hi(t) +(Ny — ihi 1 (1), i=
i
N
r(t) = (ho(t),hy (1), AN ()T
Then fa(t,y) =A(y)r(r), where

Ay)=(0,-.. 0 ,i+1=Ny,Ny—i, 0,...0)
0 i-1 i ,+1 i+2 N

~— ~ ~ ~ ~r

LN 16[01]

INA O

+1
<__
Y= N’

ii+1
f , i=0,1,...,N
or ye€ [N N ] i
Our aim 1s to prove the existence of t* € [0, 1] with
(2) NG ) > fnt,t™) forall te[0,1]

and to derive from here the same statement for f. The inequality (2) means
that t — A(t*)r(1) is maximal for r =¢*. Denote A the set of all A € RN+ A=

N
=(g,....An)where d; >0 foralli and > A;=1; thenA(y) € A for all y € [0, 1].
i=0
For fixed 4 € A denotc M the set of all r(r) where Ar(t) = max Ar(t'). Then
t'el0,1}
(2) can be reformulated as

2" There exists t* € [0,1] with r(t*) € My(x).
To prove this we need some lemmas.

LEMMA 1. Ifx, € M&n.&,, €A x, —xandi, — A, then x € M.
In particular, My is closed for A € A.

PROOF. Denote m(4) =max{Ar(t):1 € [0,11}. Then m@A,) =4,x, — Ax.
Suppose indirectly that Ax < m(4).
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Since for x' € M; A,x' < m(,) for all n, this would contradict the
compactness of the curve {r(t):t € [0,1]}. Consequently Ax =m(d), x € M,
as we asserted. -

LEMMA 2. Let t),15 € [0,1} and A € A with Ar(t)) =Ar(ty) =: ¢ and let
tf =y (t,t) (i = 1,2). Then

1
min Ar(t)> = <C0+ min /_15(!)) .
tel} 3 2 tElty 7]

PROOF. We know from (1) that

! "
) rp "y » B

where > means the incquality in all the N + 1 coordinates. Hence for all A € A
! "
we have Ar(y (t',1")) > '—iL”Ei—L('—) Now we have for t € [1],15]

!¢ ef0,1]

Ar@ () > S(co+Ar() > ~(co+ min Ar(1),
2 2 [t1.12]

, 1 1 )
Ar@(t,1)) > S@Ar(t) +co) 2 5(co+ min Ar(1)).
2 2 (1,12
iftet),1], (t,t) varies continuously from ti‘ to Y (ty,1) and Y (t,1p) varies
from  (t),t;) to t i.e. these values run over the whole [¢],77] (and, may be,
other values as well), so the proof is complete. O

LEMMA 3. Let x be a point of the curve {r(r):t € {0,1]} such that there
is no other curve point x' > x, x’ #x. Then there exists t € [0,1] withr(t)=x
and y(t,t)=t.

PROOF. Denote T={r €{0,1}:r(t)=x}. Thent € T implies r(y (z,1)) >
> r(t)=x, and hence r(y(t,t)) =x, Y(t,t) € T. We show first

ag) Jty,t5 € T such that 13 =y (1],17) and ho(t) > xo for all 1 € [1],15].
Indeed, let t; € T be arbitrary and define inductively 1, = ¥ (t,,1;); then
ty € T for all n. Denote further d,, :=min{hg(t) : t € [ty,1,411}

If the pairs t,, t,4; do not fulfil the conditions of ag), then d,, < xq for

all n. Using Lemma 2 we see that d,,,; > d’%—ﬁ) and hence d, — xg. Let
ti = limt,, for any convergent subsequence t,,, and let t; =y (t{,1}). Then
1y € T (since T is closed) and then t; € T further we get by the continuity
of r(r) that min hg(t) = lim dp, =xp. So ap) is proved. The next step:
tely 1] k—o0
ay) Blf*,ls* € T with IE* =l/)(lr*,li“) and hg(t) > xg, hi(t) > X] for all
te 0.
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Indeed, let t* , =y (15,15) € T. Then from Lemma 2 we see by in-

n+l
duction that min ho(t) = xg for all n. If no pairs t;, ¢y, fulfil a;) then
[‘;";H
en = Ini*n hi(t) <x;. As in ag) we obtain e,,| > i;{l, hence e, — xj.
ltn "n-l»l]

% _ ]: * [
Let 1[* = hlf; t,, for any convergent subsequence t, . Then 1* € T, 13* :=

=y @;*,1;") € T and we see by continuity that min_h;(1) =x; (i =0,1).
Lt

Thus aj) is proved. Continuing this way we finally obtain:

an) dty,to € T with 1, =y (t;,t)) and r(t) > x for all ¢t € {1),1;]. But
this means by the maximality of x that r(s) = x for all r € {#;,#2]. Denote
again t,,)] =y (tp,tp). If the sequence #, is monotone then ¢, — t* € T and
Y(t*,t*)=1t* so Lemma 3 fulfils. If ¢, is not monotone, there is an index n
with t, < 1,1 > t,42. Since Y (tn,17) >ty and Y (t,41,th+1) < th41, there exists
t € [th,tyy] With Y (¢,¢) =t. Lemma 2 implies as above that r(t) > x i.e.
r(t)=x forallt € {1,,1,,1]. n=1,2,.... The proof of Lemma 3 is complete. O

LEMMA 4. The statement (2) holds for some t* € [0,1].

PROOF. As we observed above, it is enough to show (2’). For y € [0,1]
denote

) =min{t € [0,11: £(t) € My, v (t,1) =1},

tp(y)=max{r € [0,1] : (t) € My, p (1,1) =1}.
Observe first that the set figuring here is nonempty. Indeed, the set M;
being closed, it contains a point x maximal in the lexicographical order of
the N +1 coordinates, and then by Lemma 3, there exists t with r(t) =
=x € M;:(y) and y(t,t) =t. On the other hand we have r(1) € Mi(y) for
all t € [1)(y)12(y)]. Indeed, let d = min{A(y)r(1) : t € [1;(y),12(y)1}. Since

AW)r( ) = A0)rn() = m@AQ), hence by Lemma 2 d > 3(m@A()) +
+d), ie. d > m(@(y)), so d = m(A(y)) and then r(r) € M;(,, indeed for
1 € [t;(y),12(y)]. Define the set-valued mapping -

F:[0,1] = 2(0,1]), F):=[t,0),020)].
We show that F is closed, i.e. that y, — v, #, € F{yy}, ty — ¢ implies 1 € Fiy).
Indeed, taking an appropriate subsequence we can suppose fy{Yn; — i|.
tr(¥n) — 5. Now Y (t;(n),2i(yn)) = 1;(y») implies Y@t y=1 fori=1,2
and by Lemma 1, x}, = r(t;(yn}) € My, 54 — £' =) and ) — Ay)
implies x! =r(tj)€ My i = 1,2. Consequently jt;(y),t2(y)] D 17,13 1. On
the other hand, t, € F(yn) = 1t;(yn),#2(yn)] implies t € [tf,tg} C F(y). So ¥
is closed, and then the Kakutani fixed point theorem states that there exists
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y € [0,1], y € F(y). As we showed above, t € F(y) implies r(t) € MA(),), SO
we have r(y) € M. Hence (2’) and then (2) fulfils. O -

PROOF OF THE THEOREM. Since the function f has compact support, its
continuity is uniform, hence fy tends to f uniformly on [0,1] x [0,1]. It
implies that if fa(th,tn) > fa(t,tp) for all ¢ € [0,1] and t,{,k — t* then
fa*,t*)y> f(@e,t*) for all t € [0,1] as we asserted. O

References

(1] M. HORVATH and A. SOVEGIARTO, On convex functions, Annales Univ. Sci.
Budapest., Sectio Math., 29 (1986), 193-198.

[2]1 L. JOO, Answer to a problem of M. Horvith and A. Sovegjartd, Annales Univ.
Sci. Budapest., Sectio Math., 29 (1986), 203-207.

{31 A. BOGMER, M. HORVATH and 1. JOO, Minimax theorems and convexity (in
Hungarian), Matematikai Lapok, 34 (1987), 149-170.

{4] 1. JOO, Notes on minimax thecorems, Annales Univ. Sci. Budapest., Sectio
Math., 36 (1993), 161-170.

{51 F. FORGO, On the existence of Nash-equilibrium in n-person generalized con-
cave games, to appear.

6] J. SzEp, F. FORGO, Introduction to game theory (in Hungarian), Kdzgazdasigi
és Jogi Konyvkiadé, Budapest, 1974.






ANNALES UNIV. SCI. BUDAPEST., 37 (1994), 125-129

A MINIMAX THEOREM

By
J. BUKSZAR and L. JOO

Department of Analysis, Eotvos Lordnd University, Budapest

(Received May 5, 1993)

M. HORVATH and A. SOVEGIARTO asked in [2] whether Nikaido—Isoda
theorem [13] holds for Ky Fan concave function [1] or not. The negative
answer was given in [S] further it was shown in [3] that we can not obtain
positive answer even at strong continuity assumption for the functions con-
sidered. Furthermore, it was remarked by the second author of the present
paper that if x3 corresponding to x;, x; and A depends “regularly” on these
parameters then the statement of the Nikaido—Isoda theorem remains valid [9]
even for Konig-convex functions. This continuity occurred in the investiga-
tions [10] naturally. Different types of generalizations of [9] were discovered
independently and simultaneously in [6] and [11].

The aim of the present note is to generalize this positive result for more
general class of functions. As is well known, for this it is enough to prove
statement of type given in the following Theorem. OQur investigations are
motivated by the stimulating works of S. SIMONS, e.g. [14, 15]. We generalize
the paper [11] as well where ¢ does not depend on y and A = % The method
of [11] seems not to work in our more general situation.

THEOREM. Let f : [0,1] x [0,1] = R be any continuous real function.
Suppose there exists a continuous function vy : 10,11 x [0,1] x [0,1] — [0,1]
such that f( (x,x2,)y) > A(f (x,y) V f(x2,y)) + (1 = A(f (x1,y) Af (x2,))
V x), x3, y € 10,1}, where 0 < A <1 is a fixed number. Then there exists
xO 6 [0’ 1] :f(xo’x.l‘) Zf(zﬁ-XO) VZ 6 [0, 1]

For the proof we need for following

LEMMA. Let M* :={x € [0,1] : f(x,y*) =m} for any fixed y*, where

m= m[%xl]f(x,y‘). Let zy and z; be such that z) < zp; 2y, 20 € M* and
xe b

(21,22)0M* = (.
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Then
a) 2 <Y (22,22,y*) implies 75 <Y (z1,21,Y"),
b) ¥(21,21,y*) < zy implies Y(23,22,y*) < 7).

PROOF. We prove only the statement a) because that of b) is simi-
lar. Suppose z; < ¥ (23,27,y*) and let u € (z),z3) be such that f(u,y*) =

= min f(x,y*). First we show that y(z;,25,y*) > z;. We know m =
xG[zl,zzl

Af LYV, y" N+ = A (@,y* ) Af(z2,y* ) <f((21,22,y%),y*), hence
Y(z1,22,y*) > zp because (zj,z2) N M* = (. If we suppose the opposite,
i.e. ¥(z1,22,y*) < zq, then because of z5 < ¥ (22,22,y*) and of continuity
of ¥ (.,z3,y*) there would be a x3 € (z1,z2) such that ¥(z3,25,y*) = u and
hence

A3,y )V, y N+ = A(f(z3,y*) Af(z3,y%)) <
<f@(23,22,y"),y") =f(u,y") = min oy
x€[z1,2]
which is a contradiction. Thus we have proved that y(zy,z2,¥*) > z;. If
#(z1,21,y*) < z) would fulfill, then ¥ (z),22,y*) > z; and by the continuity of
Y(zy,...,y") there exists z3 € (z1,22) such that ¥ (z),z3,y*) = u but then

AF @3,y I VI@ELY N+ =D @3,y ) A zy,y*) <

<fW(z1,23,y),y*)= min f(x,y ),
x€[z 21,225}

which is a contradiction. That is ¥ (z[,z;,y*) > z;. But on the other hand

m = A(f (z1,y* )Vf(21,y N+ =S LY ) Af(@L,y*) S @ ,21%),y" )
hence y(zy,z1,y*) > 75 which proves the Lemma.

PROOF OF THE THEOREM. Suppose indirectly that the statement of the
Theorem is not fulfilled. Denote M, = {(x,y) : f(x,y) = m[z(i)x”f(x,y)}.
xe b

M := |J M,. ltis easy to see that M is closed. According to our indirect
y€l0,1)

assumption, there exists a neighbourhood S of width 26 of the segment
[(0,0),(1,1)] such that M NS =0. Denote T} and T, the two connected
components of [0,1] x [0,1]\ S. Let yp € [0,1] be such that My, N T;=0
and My, N T,#0. Then 3 x;: x; = max{x : (x,yp) € My, N 11}, 3 xy:
xp = min{(x,yp) € My, N T} because My, N T; and My, N T, are closed.
Obviously, for any x C (xl,xz) we have (x,yp) € My,. If ¥ (x;,x1,y0) > xq,
then v (x,x1,y0) 2 X2 because, according to x; € My, we have in this case

xg}%xuf(x,m) =Af (x1,y0) V.f (x1,y00) + (1 = A)(F (x1,¥0) Af (X1,¥0)) <

< f@W(x1,x2,0),Y0)
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but ((x),y0),(x2,50)) N My, = 0. If ¥ (xy,x1,y0) < x| then because of the
Lemma we have y (xp,x3,y5) < x|, i.e.

1. Y(x,x1,y0) L X but then ¥ (x3,x2,y0) < xj or

2. Y(x,x,¥0) > X butthen ¥(x),x5,y0) 2 x;.

We prove that in the last case ¥ (x,x2,Yp) > Xxp. Suppose indirectly that
Y (x2,X2,¥0) < X2, then ¥ (x2,x2,y9) < x; because for x € (x],x) we have
f(X,)’O) <f(x21y0) and

xlél[%x”f(x,yo) =A(f (x2,¥0) V f (x2,y9)) + (1 = AX(f (xg,y0) A f(x2,¥0)) <

< W (x2,%2,50),Y0)
i.e. in this case Y (x3,x2,y¥9) < x;. We know for this case that y (x},x,y) >
> x;. One can prove similarly as above that ¥ (x1,x2,y0) € (x],x2). Thus
Y (x1,x2,Y0) < X1 or Y(x1,X2,Yp) > x2. Suppose e.g. that y (x1,x3,y9) < x; and
denote g(x) :=y (x),x,yp) —x (x € [x],x]). g(x) is continuous, g(x;) >0,
g(xy) <0 hence 3 x3 € (x],xp): 0 =g(x3) =y (x],X3,9) — x3. On the other
hand A(f (x1, y0) Vf (x3, Yo+ (1 = A)(f (1, yo) Af (x3,500) S (4 (x1,X3,¥0), Y0) =
=f(x3,yp) i.€.
Af (x1,y0) + (1 = A)f (x3,y0) < f(x3,0)
whence f(x1,y0) < f(x3,y0) which is a contradiction, because x| € My, and
x3 ¢ My,,. We obtain a contradiction also in the second case if we assume that
Y (x],x2,¥9) > xp. Thus we have in the second case ¥ (x3,x7,y9) > x2. Thus
we have the following two cases
a) Y (xy,x,y0) < xp and ¥ (x,x2,y0) < X2,
B) v (x1,x1,50) 2 X2 and ¥ (x2,%2,y0) > X2,

and it is easy to see that these cases are dual to each other. Denote

K:={yel0,1]: MynT;#0 and Myn Tr=0},

K :={y € K: a) s fulfilled}

Ky :={y € K : B)is fulfilled}.
Now we prove: Kj is closed. Let (y,) C K and yg € {0,1] be such that
un = Y. Let n, =max{x - (&, ,ﬂn) € M,, nT;}. By the Bolzano-Weierstrass
theorem there exists = subsequence (xy, ) C {(xq) such that x,, — xo for some

xq € 50.1). A ic olosed and {gz:..»,i,y,,i.\) — ( X3,Y0) hemm (x0,¥0) € M hence
i € ';;"\U Jﬂfcaug: "'y,, ) X hoace /xn Xy s Y. [, < xy,;, so because
of Wi ..r,.,;,_“,',,l bt n,‘/; ; 2ng X — X We he lVf’ 3 (X0, X0,Y0) < Xo-
afvarumg 0 e iemina tp(;\ y0) < x*, where x* :=max{x : (x,yp) €

€ My, N T}, whence yg € K| bccause Yo E K by the Bolzano-Weierstrass
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theorem. Thus we have proved that K| is closed. One can prove similarly
that K, is closed.

Denote
={y€[0,1]: MynT;#0 and M,NT,=0}
and Lp:={y€[0,1}: MyNnTh=0 and My,NT, =0}
furthermore Ny = Kj UL} and N, = K7 U L. We shall see that N, is closed,
it can be seen in a similar way that N, is also closed. As N| = K| UL;, hence
according to the above arguments we have only to see that (y,) C L; and
yn — yo implies yg € Nj.

Let x, :=max{x : (x,yn) € My, N T;}. From Bolzano—Weierstrass the-
orem comes the existence of a subsequence (x,,i) of (x,), so that Xn; — X0
for some xg € [0,1]. Because of (xni,yn,-) € T, (x9,y0) € T} holds true. The
closedness of M and {xu,,yn, } — {X0,y0} lead to (xp,y9) € M, and hence
xo € My, and so My, N Ty =. If My, N T, =0, then yg € L; C N;, and we are
ready. Further on suppose that My, N T, #0. Because of yn, € L} M)'"i NT=
=0 and because of x,, =max {x,(x,yni) € M)’"i N Tl} Y (x,,,.,x,,l.,y,,i) <xn;s
from the continuity of ¥ ¥ (xu,,Xn;,yn; ) — ¥ (X0,X0,¥0) and x,, — xo follow.
So 1 (x0,%0,Y0) < Xo-

It is sufficient to show that ¥ (x*,x*,yg) < x* where x* := max{x :
(x,y0) € My, N T1}, since in this case yp € Kj. If it is not true, then
Y (x*,x*,yp) > x** (where x** =min{x : (x,y9) € My, N T}), and there
are two cases. Let f(u,yg) = mm Sy

X<
a) If y (xg,x*,y9)<u,then3x'e€ [xo,x*] so that v (x',x*,yg)=u, and hence
f(u’yO) > 'lf(X*’yO)'*'(l —A)f(x,’yO)~
b) If y(xg,x*,y9) > u, then 3 x" € [xp,x*] so that Y (xg,x",y0) = u =
f@,y0) 2 Af (xo,y0) + (1 = A)f (", yp).
We arrived at contradictions in both cases. So y(x*,x*,yg) <x* holds indeed,
and thus yg € K| C Nj.

In this way we saw the closedness of Nj. Closedness of NV, can be proved
similarly. Since Kj N K> =0 and L; N Ly = thus Ny N N, =0 holds. As V y
My#0, 50 NUN; = Kj UL UKy U Ly =[0,1]. In this way either N| = §
and N, =[0,1] or N, =0 and Nj =[0,1] are true. Both cases contradict the
existence of zone S, i.e. the indirect assumption.

This contradiction proves our theorcm. ]
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n
(2]

{31

(4]

15

(6

{71

(8]
)
(10]

(n

(12]

(131

(14)

[15]
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1. Introduction and preliminaries

Throughout this paper, R will denote a nonzero associative ring. If A
and B are non-empty subsets of R, then, the product AB will mean the set
of all finite sums of the form 3 a;b;(a; € A,b; € B). A ring R is called
quasi-reflexive (cf. [4]) if, and only if, AB =0 = BA =0 holds for all
two-sided ideals, left ideals, right ideals A and B of R. A ring is called
semiprime if no nonzero one-sided ideal of it is nilpotent. A non-empty subset
X of a ring is called nilpotent if there exists a positive integer n such that
X" =0. If X2 =X holds, then X is called idempotent. An additive subgroup
Q of a ring R is called a quasi-ideal of R if, and only if, QRN RQ C Q
holds. (cf. [2]). A nonzero two-sided (left, right, quasi-) ideal Q of a ring R
[semigroup with absorbing element 0] is called minimal [0-minimal)] if it does
not contain any nonzero two-sided (left, right, quasi) ideal. In [3] we call the
sum of all idempotent minimal right ideals of a ring R the right n-socle of
R. In this paper we denote the right n-socle of ring R by SocR. Dually one
defines the left n-socle of R, and denote it by ;SocR. In particular, these
two notions coincide in a quasi-reflexive ring [cf. [3], Prop. 3.2]. A ring R
is called n-atomic if R is generated by its right n-socle. Likewise we call a
ring R left n-atomic if it is generated by its left n-socle. (We define Soc R
to be equal to zero if a ring R contains no idempotent minimal right ideals.
Similarly for the left case). A ring [semigroup with 0] R is called simple
[0-simple] iff R2#0 and {0} is the only proper two-sided ideal of R. To
simplify our terminology, throughout this paper we will write IMR (IML)
ideal rather than idempotent minimal right (left) ideal.

It is interesting to know that the form of an IM R (IM L) ideal of a ring R
can be described in a natural way, indeed. To attain it we use the construction
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method of J. B. DERR and P. S. PECK (cf. [1]) which amounts to define a new
ring from an arbitrary ring A with identity 1 4. We start with an arbitrary
index set A, and let Ag be any specified element of it. Define the ring Fa(A)
as the set consisting of all functions f : A — A for which their corresponding
image f(A) contains at most a finite number of nonzero elements. The sum
and multiplication of two elements f and g of FA(A) are defined by

f+gh=fA)+g@)
(f-gWh=f(Ag)-g) forall Ae Fr(A).

Note the left unities of this ring are the functions u of the ring Fa(A) such
that u(/lo) =14.

REMARK. Due to Thm. 2 of [1], any /MR ideal [ of a ring R is isomor-
phic to a ring of the type Fa(D) where D denotes the division ring /1. (*1
is the set of all left annihilators of [ in /).

Two idempotent elements « and v of a ring are called orthogonal if
uv =vu =0. Following O. Steinfeld [2] we say that the quasi-ideals Q5
(y € T,0 € A) of aring R form a complete system K if the following three
conditions hold:

1) either Q,5 =0 or Qs is a minimal quasi-ideal of K;

2) for every nonzero Q4 there exists idempotents ey,fs in R such that
Q'yé =€y Rfé ’

3) for each finite subset Qy;, Qp2,-..,Qixs G1s---> s -3 1y, Opps- ..
..., Qg of K there exists orthogonal idempotents g; and h; (i =1,2,...,r <k;

k1 ros
i=12,...,s <I)suchthat 37 3 Qxy C 3 2 g Rh;j where all the g; Rh; are
x=ly=1 i=1j=1
either zero or minimal quasi-iZieals of R with the property (g; Rh; )(h; Rg;) =
=g;Rgi. A finite complete system of R is defined analogously [cf.[2],p.63].
Finally, a finite complete system of quasi-ideals Qy;, Q;2,...,Qnn of a ring
R is called homogeneous if every Qi (1 <i,j <n) is a minimal quasi-ideal of
R. (cf. [2], p.67) The following fact will be used constantly: every minimal
one-sided ideal I of a ring R such that | 220 is generated by some idempotent
in I (cf.[2],p.37). Notice that much of the material in this paper is based on
corresponding results for semiprime rings (cf.[2],§8]. In fact, for our purpose
we extend all relevant results in that section of [2] to the quasi-reflexive case.
The dual of these results can be obtained by left-right symmetry. Furthermore
we emphasize that the class of semiprime rings forms a proper subclass of the
class of quasi-reflexive ones. (cf.[3], Prop. 2.1).
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2. Quasi-Reflexive rings generated by their one-sided n-socles.

For the sake of easy reference we list the following useful result [cf.[3],
Thm. 5.8].

THEOREM 2.1. The n-socle SocR=Y e; R of a quasi-reflexive ring R is a
i€A
direct sum of its n-homogeneous components. In particular, each component
Is a simple n-atomic nng.

REMARK. We call the sum of all R-isomorphic /M R ideals of ring R a
n-homogeneous component of SocR. (cf.[3]).

We begin this section by showing that any quasi-reflexive ring such that
it is equal to the sum of its JM L ideals has at least four characterizations.
Notice that we prove the next result without making use of the generalized
version of Prop. 8.5 of [2] to the quasi-reflexive case (See Prop. 3.4 below).
In the semiprime case that result is of vital importance.

THEOREM 2.2. (cf.{2], Thm. 8.1). The following statements about a ring
R are equivalent.

D) R is a quasi-reflexive ring and it is generated by its left n-socle ; Soc R.

i) R is the direct sum of two-sided ideals I, (A € N) such that every I is
a simple subring of R containing at Jeast one minimal left ideal.

irf) R is the sum of such quasi-ideals of R which form a complete
system K.

iv) R is a semiprime ring and the sum of its minimal quasi-ideals.

v) R is quasi-reflexive and it is generated by its nght n-socle Soc R.

PROOF. i = ii) is a direct consequence of the dual of Thm. 2.1. For
ii) = iii) and iii) = jv) we refer to the proofs given in [2].

Assume R satisfies iv). Due to Thm. 7.2 of [2] each minimal quasi-ideal
@Q; of R has the form L; NJ; where L; is a minimal left ideal and J; a minimal
right ideal of R. Then R=}_ Q; implies R=3_(L; N J;). Therefore let r € R,
SOr=ry+ry+...+ry, where r; € J; Hence RC Y J; C Rand R=5_ J;. This
means R = Soc R. Clearly R is quasi-reflexive. This concludes statement v).
The implication v) = i) is a direct consequence of Prop. 3.2 of {3].

COROLLARY 2.3. (cf.[2], Cor. 8.8). The following statements about a
nng R are equivalent.

1) R is a quasi-reflexive ning and it is generated by its IM L ideals which
are R-isomorphic R-modules.
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if) R is a simple ring containing at least one minimal left ideal.

i) R is the sum of such of its quasi-ideals which form a homogeneous
complete system.

iv) R is a semiprime ring, it is the sum of its minimal left ideals which
are R-isomorphic R-modules.

PROOF. To obtain i) = ii) we apply i) of the preceding result on the
socle of R. For ii) = iii) and iii) = iv) we refer to the proof of Cor. 8.8 of
[2]. Obviously, iv) = i).

3. Finitely generated quasi-reflexive rings

In this section we consider quasi-reflexive rings which are generated by
a finite number of their idempotent minimal one-sided ideals. The next result
improves Thm. 8.7 of [2]. '

THEOREM 3.1. The following statements about a ing R are equivalent.

I) R is a quasi-refiexive ring and it is generated by a finite number of its
IMR ideals.

I’) R is a quasi-reflexive nng and it is the sum of a finite number of its
IML ideals.

1) R is the direct sum of a finite number of its two-sided ideals S|,...,S,
such that every S; is a simple subring of R and each S;j is the sum of its
minimal right ideals.

ii’) Statement ii) with ‘right” replaced by “left”.
iii) R is the sum of such quasi-ideals of R which form a finite complete
system.

iv) R is semiprime and it is the sum of a finite number of its minimal
quasi-ideals.

k
PROOF. Let R = Y_ I; where each [; is an /MR ideal of R. Thus the
i=}
k
(right) n-socle Soc R = Z I;#0. It is a routine exercise to check that the

relation I', defined by zF] 1IT I; and [; are R-isomorphic R-modules, is an

equivalence relation on the set of IMR ideals {f;|i =1,2,...,k} =F. Let S,

denotes the sum of the /MR ideals in J belonging to the equivalence class

K, of K mod I" where K ={1,2,...,k}. Thus SocR= ) S, =R where
a€A
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A indexes the set of classes K. The proof of i) = ii) is now an adaptation
of the arguments used in the proof of Thm. 5.8 of [3]. Here each S, is a
two-sided ideal of R and each S, is a simple subring which is a finite sum of
its minimal right ideals. In particular the sum 5 S, is direct. For ii) = iii)

a€A
and iii) = iv) we refer to the proof of Thm.€8.7 of {2]. The implication
iv) = i) is proved in the same manner we proved implication iv) = v) of
Thm. 2.2. Finally, the equivalence of i), ii), iii) and iv) implies that of i’),
ii"), iii) and iv).

COROLLARY 3.2. A quasi-reflexive ring R such that it is generated by
a finite number of its IMR 'ideals is night artinian if, and only if, it is left
artinian.

PROOF. Ring R satisfies condition i) and iv) of the preceding theorem,
iff R satisfies condition (a) of Thm. 8.7 of [2] iff R is semiprime and right
artinian iff R is semiprime and left artinian (cf [2], Remark 2, p. 64). Hence
the result.

We may also state the following corollary.

COROLLARY 3.3. The following conditions on a ring R are equivalent.

I) R is a semiprime ning, R= Soc R where Soc R is generated by a finite
number of its minimal nght ideals which are R-isomorphic R-modules.

i) R is a quasi-reflexive ning, R= Soc R where Soc R is generated by a
finite number of its I MR ideals which are R-isomorphic R-modules.

i) R is a simple ning and it is generated by a finite number of its minimal
left ideals.

iv) R is generated by its quasi-ideals which form a homogencous finite
complete system.

PROOF. The implication i) = ii) is obvious. Assume ii) holds.

k
Let R =) I; where each I; = ¢; R(e,-2 = e;) satisfies the hypothesis of

i=1
ii). Consider the set S = J;cxei R where K denotes the set {1,2,...,k}.
We prove firstly S is a multiplicative semigroup. Let ¢, d € S, so ¢ € ¢;R
and d € ¢; R for some i, j € K. By Prop. 6.12a of [2] one has e; Re; #0.
Consequently, e; Rej R=¢; R. Hence cd € ¢; R whence cd € S. Furthermore,
let J be any nonzero ideal of S, and letx € J,y € S, Then x =¢;x and y =¢;y
for some idempotents ¢; and ¢; in S. Due to Prop. 3 ii) of [3], xR=¢;R.
Moreover, e; R and ¢; R are right similar (cf [2], p.23). Hence by Prop. 4.9 of
[2] there exists nonzero elements a, b € S such that ab=e¢; and ba =¢;. Then
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y=ejy =(ba)?y =b(ab)ay = be;ay belongs to J since (eja)y € J. Thus J =S
proving S is O-simple. Suppose I is any ideal of ring R. Apply the method
used in the proof of Thm. 5.8 of [3] to attain /N S%0. Hence /NS =S8 and
so S C I. Subsequently R C I and therefore R = I. This proves R is simple.
Finally the proofs of iii) = iv) and iv) = i) the similar to the corresponding
proofs of b* = ¢* and ¢* = a* of Cor. 8.9 of [2] respectively and we therefore
omit it.

We close this paper with the following improvements of Prop. 8.5 and
Cor. 8.6 of [2] in the quasi-reflexive case.

PROPOSITION 3.4. Let e and f be two nonzero idempotent elements of
the quasi-reflexive ring R such that eRNf R = 0. Suppose fR is a minimal
right ideal of R, then, the following assertions hold:

1) Rf is a minimal left ideal of R; ii) A=eR®fR=eR®DgR, eg =0
hold for some element O g € R; iif)gR is an IMR ideal of R; iv) gR=kR
holds for some idempotent k and such that g +k is a left identity element of
the right ideal A of R. Moreover, ek =ke =0.

REMARK. Note that parts of the proofs of ii) and iii) are similar to the
corresponding duals of the proof of Prop. 8.5. of [2].

PROOF. i) is a direct consequence of Prop. 4.1 of [4]. To prove ii)
note f#ef iff g=f —ef#0. Hence gf =g and f =g+ef. Let b € A, so
b=eay+fa, where a|, a € R. Then b =ea| +(g +¢f)ay =e(a; +faz) +
+garceR+gR Thus ACeR+gR. Since eg =0, e R D g R exists. Evidently
eR®gR C A This proves A=eR® gR. iii). Define the nonzero mapping
@ :gR— fRby p(ga)=fa(a € R). Now ga =ga' yields ga=fa ~efa=
=fa' —efa’' whence fa—fa'=efa—efa’'. Sofa~fa' €eRNfR=0 implies
fa=fa'. Thus ¢ is well-defined. Evidently, ¢ is an R-homomorphism. It is
easy to check ¢ is bijective. Hence g R is a minimal right ideal of R. We next
show (g R)?#0. This can be done by proving firstly Rg =0 by contradiction.
Suppose therefore Rg =0, then RgR = 0. Consequently, g RR = 0 whence
gf =0 which is impossible since gf =g #0. Hence 0= Rg = Rgf C Rf. The
minimality of Rf (cf i)) ensures Rg = Rf. So f =ag holds for some a € R.
Then g = gf implies g = gag =ga -gf. Hence (g R)?#0. So gR=hR holds
for some idempotent h in gR. Let h =gu(u € R), then eh =egu =0 by ii)
above. Put k =h — he. Since kh =h — heh = h#0 this proves k R#0. Hence
gR=hR=kR. For the first part of the proof of iv) we refer to the dual of the
corresponding part of the proof of Prop. 8.5 of [2]. The second part follows
easily from above considerations.

REMARK. A special case of the least result arises when one assumes the
idempotent generated right ideal e R is minimal in R. We proceed to extend
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this special case to the case where we suppose A is gencrated by r > 3
different /MR ideals [;(i = 1,2,...,r) of a quasi-reflexive ring. For each [;
one writes I; =f; R for some suitable idempotent f; in [;. So we formulate

COROLLARY 3.5. Let R be a quasi-reflexive nng, and let A be the nght
ideal of R described in above remark. Then there exist s(< r) orthogonal
idempotents e;(j = 1,...,5) such that

¥

A=i1,-=zej1e (s <r,r>3)
i=]

j=1
where each IMR ideal e; R of R is isomorphic (o a ring of the form FA(Dj)

where Dj = ej R /a(ej r) Is a division ring.

PROOE. The method of proof is that of Cor. 8.6 of [2]. For the sake of

completeness we write out the proof. Consider A= )" f; R. For the case r =2
i=1

we refer to remark above. So let r > 3. Assume the hypothesis of the corollary

is true for r — 1 components. Then there exist orthogonal idempotents e; in

r ]
R such that B= ) fiR= 3 ¢R(t <r—1)and g =¢; +...+¢ is a left
i=1 j=1
identity of B. Furthermore such e; R represents a minimal right ideal of R.
Since B=g¢gB C gRC B one has B=gR whereus A=B+f,R=gR+f,R. If
frRC g R, then A=g R and the proof is completed. On the other hand assume
frR Z gR. This yields f, RN g R =0 and Prop. 3.4 iv) above is applicable to
these right ideals. Consequently there exists an idempotent ¢, in R such that
A=gR+f,R=gR+e R where ge, =e,g =0. Furthermore ejg =gej =e¢j
whereas ejer =¢jger =0 and ere; =¢,ge; =0. Due to part iii) above, e, R is
a minimal right ideal of R where e; +... +¢; + ¢, is a left identity of A. For
the rest of the proof we refer to Remark of §1 above.
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1. Introduction.

The purpose of this paper is to study the existence of periodic trajectories
for evolution inclusions of the subdifferential type. Our work here partially
extends the very recent work of VRABIE [23], who studied evolution equation
driven by a time independent m-accreative operator. Of course his result
concerns integral solutions, while out formulation of the problem using a
subdifferential operator allows us to conclude the existence of strong periodic
solutions. So our result constitutes a two-fold generalization of the work of
VRABIE [23]. First we allow the vector field F(t,x) to be multivalued, which
is important in many applications, like obstacle problems (see CHANG [9]),
optimal control (see AHMED [1] and PAPAGEORGIOU [21]), in mathematical
economics (see AUBIN-CELLINA [2] and HENRY [12]) and in theoretical me-
chanics (see MOREAU [16]). Second, our unbounded multivalued operator
operator is time dependent, as opposed to VRABIE who deals with a time
invariant operator. Our approach in establishing the existence of a periodic
trajectory is similar to that of VRABIE, who in turn followed the same line of
reasoning as in the earlier seminar work of BECKER [5]).

The problem of existence of periodic trajectories of evolution equations
was studied in the past by several authors who concentrated their efforts on
semilinear systems. We refer to the works of BECKER [5], BROWDER [8]
(who has a nonlinear strongly accreative perturbation term F) and PRUSS [22]
(who used a Nagumo-type tangential condition). We should also mention the
important nonlinear work of YAMADA [27], who had a constant perturbation
term (i.e. F(t,x) = F(t)), but had a periodically moving boundary. Finally,
there are also the works of DEIMLING [10] and LIGHTBURNE {15], which deal
with differential equations in Banach spaces. However, their formulation of



140 NIKOLAOS S. PAPAGEORGIOU

the problem does not allow the presence of unbounded operators and so it
precludes the applicability of their work to partial differential equations. To
our knowledge, there hasn’t been any work on periodic trajectories of evo-
lution inclusions. Only differential inclusions in R" were treated by AUBIN—
CELLINA [2] (theorem 4, p.237) and HADDAD-LASRY [12] and differential
inclusions in Banach spaces were studied by PAPAGEORGIOU {19]. All these
works used flow invariance arguments on a time invariant constraint set,
involving the usual Nagumo-type tangential condition and assumed that the
orientor field (multivalued vector field) F(t,x) is convex valued. Extensions
of this approach to finite dimensional systems with time-varying constraints
can be found in GUSEINOV [29], theorem 4.1. This approach is of course
analogous to the one used by PRUSS [22]. Finally we should also mention
the interesting work of MACKI-NISTRI-ZECCA [30], who consider semilinear
differential inclusions in R with N =odd and using degree theoretical tech-
niques, proved the existence of a periodic trajectory, when the orientor field
F(r,x) is measurable in r, w.s.c. in x and has different growth behavior for
|x| small and |x| large. Here we consider a multivalued system monitored by
a subdifferential evolution inclusion. Qur approach uses a growth condition
imposed on the orientor field, which eventually guarantees that the Poincarré
map maps a ball into itself. Hence since it is compact it has a fixed point.

2. Preliminaries.

Let (£2,%) be a measurable space and X a separable Banach space. By
Pry(X) we will denote the collection of all nonempty, closed (and con-

vex) subsets of H. A multifunction F : Q — 2X{0} is said to be “graph
measurable”, if GrF = {(w,x) € w x X : x € Fw)} € £ x B(X), with
B(X) being the borel a-field of X. If F(-) is closed valued (i.e. for all
w € Q, Fw)e Pr(X)).then we say that F(-) is measurable is and only if
w — d(x,F(x)) = inf{||x — z|| :€ F(w)} is measurable. For Pr(X)-valued
multifunctions, measurability implies graph measurability and the two are
equivalent if there exists a complete g-finite measure u(-) on (£2,X). For more
details on the measurability of multifunctions, we refer to Wagner [24]. By S?
1 < p < o0, we will denote the set of measurable selectors of F(-) that belong
in the lebesgue—~Bochner space LP(X); i.e. S? ={f € /(X):f(w) € Fw)
t- ae.}. This set may be empty. It is nonempty if and only if F:Q— 2% {0}
is graph measurable and @ — inf{||x]| : x € F(w)} € L;. This follows
from an easy application of Aumann’s selection theorem (see Wagner {24],
theorem 5.10).
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Now let H be a separable Hilbert space and ¢ : H — RU {+c0}. We
will say that ¢(-) is proper, if it is not idetically +co. Assume that ¢() is
proper, convex and l.s.c. (usually this family of R-valued functions on H, is
denoted by I'g(H)). By domp(-) we will denote the effective domain of ¢ (-);
i.e. domp ={x € H:p(x) < oo}. The subdifferential of ¢(-) at x is the set
dp(x)={x* € H:(x*y —x) <p(y)—p) for all y € domgp} (here (-,-)
denotes the inner product of H; note that by the Riesz-Frechtet theorem, we
identify H with its dual (pivot space)). If ¢(:) is Gateaux differentiable at x,
then dp(x) = {p'(x)}. We say that ¢(-) is of compact type, if for every A € R,
the level set {x € H :||x]|?> +¢(x) <A} is compact (using the terminology of
nonsmooth analysis, we can say yhat the convex function x — ||x|[*+¢(x) is
inf-compact.

Finally, a multifunction G': H — 2H {¢} is said to be lower semicontin-
uous (1.s.c), if for all C C H nonempty, closed GH(C)={y € H: G(y)C C}
is closed in H. In fact this is equivalent to saying that if y, — n in H,
then G(y) C imG(y,) = {z € H : limd(z,G(yp)) = 0}. Also on Pr(H) we
can define a generalized metric known as the Hausdorff metric, by setting

h(A, B) = max [sup d(a, B), sup d(b, A)} .
u€A heB

3. Periodic trajectories.

Let T ={0,b] and H a separable Hilbert space. The problem under
consideration is the following:

{ —x(1) € a(t,x(1))+ F(t,x(1)) ae. }

(i) x(0)=x(b)

By a “strong solution” of (1), we mean a functyion x(-) € C(T, H) which
is strongly absolutely continuous on (0,b), x(1) € domdp(t,-) = {z € H :
ap(1,2)#0} ae. and satisfies —x € dp(t,x(1)) +f(t) ae. x(0) =x(b), with
f € L3(H), f(t) € F(1,x(1)) ae. (ie. f(-) € S%(.J(.))). Recall that since H is
a Hilbert space, an absolutely continuous function from T into H is almost
everywhere strongly differentiable (see for example BARBU [4] or BREZIS (7).

We will need the following hypotheses on the data of (1):

H(p): ¢ : Tx H— R=RU{+o0} is a function s.t.

(1) forevery t € T, (1,-) is a proper, convex, l.s.c. (i.e. ¢(1,-) € [o(H))

and of comipact type,

(2) for every positive integer r, there exists a constant K, an absolutely

continuous function g, : T — R with g, € LB(T) and a function of
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bounded variation h, : T = R st. if t € T, x € dome(t,-) with
llx]l < r and s € [1.b), then there exists £ € domep(s,-) satisfying

[[£ — x| < lgr(s)—gr@)|(pt,x) + K )*
and p(s,%) < @(t,x) +|he(s) = he (D] - (p(1,x) + Kp)
where @ € [0,1) and B =2 if @ € [0,1/2], B = L if @ € [1/2,1],

a—a

(3) for every x,y € domdp(t,-)={z € H : d¢p(1,z)#0} and for every
x* €9p(t,x), y* € dp(t,y) we have (x* - y*,x —y) > c||x — y||*
with ¢ > 0,

(4) domp(b,-) C domp(0,), 0 € domp(0,-) and if K = {u = x(0) €
€ H: x(-) is a solution of —x(t) € dp(t,x(t)) +f (1) ae., x(0) =xg
with f € B C L*(T, H) bounded and xp € domg(0,-), ||xg]| < A for
some A > 0}, then sup [p(0,u): u € K| < oo.

REMARK. Hypotheses H(gp) (1) and (2), which clearly impose mild re-
strictions on the t-dependence of ¢(t,x), were first introduced by YOTSUTAN!
[28]. They extend earlier ones used in the important works of WATANABE
{25] and YAMADA [26].

H(F): F: T x H— F(H) is a multifunction s.t.
(1) (¢t,x) — F(t,x) is a graph measurable,
(2) x = F(t,x) is Ls.c.,
Q) |F@,x)| <yp,]lx|]) ae. with (-, r)€ LS and (2, ) nondecreasing,
4) r@ %w(t,r)r-m < ¢, where ¢ >0 is as in H(gp) (3) (here |F(t,x)| =
=sup{lizl| : z € F(t,x)}).
We will start with an auxiliary result that we will need in the sequel. So

let f1,/> € LZ(H) and xOl,xg € domp(0,-). Consider the following two Cauchy
problems:

~£(1) € dp(1,x (1) +£1(1) ae., x(0) = x;
and
~x(t) € 39 (t,x (1) + (1) a.e., x(0) = xZ.

Let x;, xp € C(T, H) be the corresponding unique strong solutions of the
above problems. Their existence and uniqueness follows from the theorem of
YOTSUTANI [28].

LEMMA 3.1 If hypotheses H(p) 1—3 hold, then for all t € T, we have

:
—c I —c(f—§ N :
xi(6) = xp(0]] < e ||xg — || + je C=9)lfi(s) ~ fofo)l iz

0
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PROOF. By hypothesis we have:

—1(1) € (LX) +1(1) ae. x(0) =xg
and
—k2(1) € 31, x2(1) +fo(1) ae., x2(0) = x2.

Subtracting the second evolution equation from the first, taking the inner
product of both sides of the resulting evolution equation with x(t) — x{(t) and
recalling that by hypothesis H(¢) (3), our subdifferential operator is strongly
monotone, we get:

(=51 (1) + %2(0),52(0) = X (1) + €] |31 (1) = 20| <
< (@) - fo(0),x2(1) — x1 (1)) ae.
1d
= 57 ) - O+l @) - x| <
<A@ = LOI - llxa(0) ~ x1 ()] ae.

Temporarily let (1) = ||} (1) = f2()|| - |[x1(2) = x2(0)]}. Clearly n(-) € L.

If £(t) = ||x; (1) — x2(2)||?. we have that

E(t) < —2c&(t)+2n() ae.

So by a well-known differential inequality (see for example HALE [11]),
we have that
!

E(t) < e~ 2E(0) 42 / e=2¢0=) (3
0

= (1) = ) < e 72 |xd — 2|12+

H

*2/ eI 11 (s) = Fo()|] - [x1 5) — x2(5)]ds.
0

Applying lemma A.S5, p. 157 of BREzIS [7], we get

f
llx1®) = x2)]] < e™|Ixg = x5] +/e’c('_”|lf1(5) —fals)llds. 1§
0

Now we can have our result on the existence of solutions for problem
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THEOREM 3.2 If hypotheses H(p) and H(F) hold, then problem (L) ad-
mits a strong solution.

PROOF. Let K={y € C(T,H):y(0) € dome(0,-)}. Clearly this is a closed
and convex subset of C(T, H). Consider the multifunction R: K — Pf(Ll(H))
defined by

1
RY) =Sk y()r

From theorem 4.1 of [18], we know that R(-) is l.s.c., with closed and
decomposable values (i.e. fi. H € S ,’_-(. YD and A C T measurable, then

xafi +xach € S}_-(,’y(_))). So we can apply theorem 3 of BRESSAN-COLOMBO

[6] and get r : K — LY(H) a continuous map such that r(y) € R(y) for all
y € K. Then consider the following evolution equation:
—Xx(t) € dp(t,x(t))+r(y)t) ae.
x(0) =y(0)

Since y(0) € domp(0, ), from YOTSUTANI {28], we know that this prob-
lem has a unique strong solution x(y}-) € C(T,H). Lety : K — H be defined
by y(y) =x(y}b). Recall (see the theorem of YOTSUTANI {28]), that for all
0<t <b, x(y)t) € domp(t,-). So using hypothesis H(p) (4), we have that
y(y)=x(y)b) € domp(b,-) C domep(0,-). Therefore y(K) C domep(0,-). Also
since r(-) is continuous, using lemma 3.1, we get thaty : K — H is continuous.

Next consider the following evolution equation:

—v(t) € dp(t,v(t))+r(u)(t) ae.
v(0)=yu)

Since y(u) € domp(0,-), again from the theorem of Yotsutani [28], we
see that the above evolution equation has a unique solution v(u)(:) € K C
C(T,H). Consider the map £ : K — K defined by §(u) = v(u). Since both
r(-) and y(-) are continuous, using lemma 3.1, we get & is continuous. If we

can show that §(-) has a fixed point, then this will be the desired periodic
trajectory of our cvolution inclusion.

To this end, first we will show that for some 4 > 0, §(K;) C K, where
Ky ={y € K :||lyllc(r,n) < 4}. Suppose not. Then there exists a sequence
{un}n>1 € K such that

Hun|loo =n and ||E(up)|loc > n.
Let v, =& (uy) and let X(-) € C(T, H) be the unique solution of

—-X(t) € dp(t,x(1)) ae.
x(0)=0
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Recall that by hypothesis H(p) (4), 0 € domp(0,-). So we can apply
lemma 3.1 and get

l

vn (1) = (]| < ey un)]| + / e U r @y )(s)||ds

0
t

= (O] < [l + e~ iyl [ €0 irtunto)ds.
0
Let 1, € T, n > 1 be such that ||vy(tn)|| = ||[va]lec. By passing to a
subsequence if necessary, we may assume 7, — 7. Also note from the lemma,

we have
b

ly || < e™P|un(0)]] + / e~ PN (uy )(s)]|ds.
0
So we get

v lloo = [[va ()] <
b

< |%]loo + €M e =P Juy (0)]] + €€ /e"C(b—“‘)||r(u,,)(s)|1ds+

0
In
N / e~ )(5) | |ds
0
S 1< ||V |loo - [[valoc < ¥l 4o Clng—ch
n H“n”oo Il“ll“oo
____/ —c(b- ‘)||r(u,,)(€)Hd€+
[lun{| = o0
P
L. / e~ |y )l ds <
[ oo
< [1¥]]oo +e—Cing—ch Ml(] ey
[ten oo | oo
‘Ir(“n)HOO 1

—(1—e™")

Hinlloe €
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(hypothesis H(F) (3)).
Letting n — oo, in the limit we get using hypothesis H(F) (4):

—ct
—cr — e T'm _ m _
1<e e Pt Z(1—ePys Z(1 — ™).
c
But note that

e'—CT

1<e TPy P1—e=tys D1 — Ty
c

e — m m
=e T P1-Z+Z <1
c ¢

a contradiction. Therefore there exists A > 0 such that §(K;) C Kj.

Next we will show that E(KA)C(T’H) is compact in C(T, H). To this let

x € K and y =&(x). Then by definition
—y(t) € 3p(t,y(1)) +r(x)(1) ae.
yO)=y(x)
Since x € K; and §(K)) C K, as we just proved, we have that for all
t € T and all y() € §(K))
lly®Il < 4.

Also since y(0)=y(x) € dome(b,) C domg(0,-), from YOTSUTANI [28],
we know that y € L2(H) and so via the Cauchy-Schwartz inequality, we get
for0<t<t' <b

tl
lly@) -yl < /lly'(s)||ds <
t

b 1/2

2,
< /x[,,,/](s)zds (/ [y()||>ds <@ -n'/2m,
0 0

because by lemma 6.11 of YOTSUTANI [28], since r(K)) C L2(H) is bounded

(see hypothesis H(F) (3)), we have that ||y]|L2(H) < M, for some M| > 0 and

all y € §(K;). Therefore, we get that 5(Kj ) is equicontinuous in C(T, H).
Furthermore from inequality (7.9) of YOTSUTANI [28], we have

IOl +p,y@) <
<A+ My + Iyl v + 112l + 119 G [ob) + 00, y(0))
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where M, > 0 is independent of y € £(K;) and ||h;]|Tv is the total variation
norm of h;(-). Also because of hypothesis H(p) (4), we have that ¢ (0,y(0)) <
M;j for some M3 >0 and all y € §(K;). Therefore finally there exists My >0
such that forallt € T

(Ol + 9, y(1)) < My
= EKDO)={y(t):y€§(K)} C{z e H: Hzl|? +o(t,2) < My}

and the latter set is compact, since by hypothesis H(p) (1) ¢(t,-) is compact
type (see Section 2). So from the Arzela—Ascoli theorem, we conclude that
E(K;) is compact in C(T,H). Apply Schauder’s fixed point theorem to get
x =&(x) = x(-) € C(T, H) is the desired solution of (1). E

4. Periodic optimal control.

In this section we consider the following periodic optimal control prob-
lem of Bolza type. The control space is modeled by a separable reflexive
Banach space Y.

JOxc,u) =l (x(0))+ / L{t,x(t),u(t))dt — inf=m
2
s.t.—x(t) € dp(t,x(t)u(t) ae.
x(0)=x(b),u(t) € U@) ae., u(-) measurable

We will need the following hypothcses on the data of (2):
H({). f: Tx H—X(Y,H) is a map s.t.
——h(l) t — f(t,x)u is measurable,
(2) x = f(t,x)*v is continuous for all v € H,
3) [ aou)] <y @,llx]) ac forallue U(t), withy (-,r)e Ly>=,y(,")
nondecreasing and llm 1/)(1 ry=m <c, where ¢ >0 is as in H(p)
(3).
HU:U:T— P (Y) is a measurable multifunction with weakly compact
values such that |U(t)] = sup{l|ul|:u € U(1)} < a(t) ae. a(-) € Ly*°.
H(l):1: H— R4 is a continuous function s.t. I(x) = 0o as ||x|| = co.
H(Ly: L: TxHXY — R=RU{+00} is an integrand s.t.
) (t,x,u,) — L(t,x,u) is mcasurable,
(2) (x,u) = L(t,x,u) is Ls.c.,




148 NIKOLAOS S. PAPAGEORGIOU

() u — L(t,x,u) is convex,

4 6(t) — M||u|| < L(t,x,u) with8(-) € L! and M > 0.

Since our cost integrand L is R-valued, we need the following feasibility
hypothesis. By an admissible “state-control” pair, we main a pair (x,u) €
e C(T,H)x LI(Y) satisfying all the constraints of problem (2). Observe that

because of theorem 3.1, given u € S}, there exists at least one trajectory
x € C(T, H) generated by that control.

Hy: There exists an admissible state-control pair (x,u) s.t. J(x,u) < oo (i.e.
M < 00).

THEOREM 4.1 If hypotheses H(p), H(f). H(U), H({), H(L) and Hy
hold, then problem (__2_) admits a solution; i.e. there exists admissible pair
(x,u) s.t. J(x,u)=m.

PROOF. Let {(xy,uy)},>1 C C(T,H) x LY(Y)bea minimizing sequence
of admissible state-control pairs i.e. J(xy,u,) | /Mt as n — oo. Since by
hypothesis Hg. /it < o and since by hypothesis H(l), I(:) is coercive, we
get that {x,(0)},,>; is bounded in H. Knowing this and arguing as in the
proof of theorem 3.2, through the Arzela—-Ascoli theorem we can establish
that {x, },> is relatively compact in C(T, H). Also from proposition 3.1 of

[17], we know that Sb is weakly compact in L1(Y). Hence by passing to a

. . . w
subsequence if necessary, we may assume that x,, — x in C(7, H) and u,—u
in L1(Y). Because of hypothesis H(/), we have that 1(x,(0)) — 1(x(0)),
Furthermore using theorem 2.1 of BALDER [3], we get that

b b
/L(t,x(t),u(t))dt Sli_n_l/L(l,x,,(t),u,,(t))dt.
0 0
“Thus we have:
b
l(x(O))+/L(t,x(t),u(t))dt < im.
0

We will be done, if we can that (x,u) is an admissible state-control pair.
For every n > | we have:

—Xp(t) €3, x, (1)) +f(t,xn())uy(t) ace.
xn(0) = xn (b)
From the proof of theorem 3.2, we know that {x,},-; is bounded in
LZ(H). So we may assume that X, lvéy in LZ(H). Clearly y = x. Also because
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of hypothesis H(f) (2), we have that f(,xa (s ()5f (,x(-Du) in LA(H).
Define @ : L>(H) - R=RU {+c0} by
b
dv) = f‘P(f, v(t))dt if (p(’v()) € Ll
0
+00 otherwise.

The measurability of t — @(z,v(r)) (see lemma 3.4 of YOTSUTANI [28])
guarantees that this is a well-defined functional belonging in I"O(LZ(H)).
Furthermore using lemma 4.4 of YOTSUTANI [28], we have

[xn, —%n = FCxn()un ()] € Grod, n > 1.
Recall that Gro® is demiclosed in L*(H) x L*(H) (see BREziS [7]);
i.e. Gro®d is sequentially closed in L2(H) x LZ(H)W L2(H)w denoting the

Hilbert space L?(H) equipped with the weak topology. So in the limit as
n — oo, we get

fx,—x —f(C,x(Hu()) € Grad.
Using once more lemma 4.4 of YOTSUTANI [28], we get
—~X(@)Edp(t,x(1))+f({t,x(t)u(t) ae.
x(0) =x(b),u(t) € U(t)ae., u(-) measurable

= (x,u) is an admissible state-control pair and J(x,u) = . 1

5. Examples

In this section, we illustrate the abstract theory with three examples.

Let 7'=(0,b] and Z bounded domain in R with boundary dZ =T First
we consider the following nmultivalued parabolic partial differential equation.
Systems of this form arnse in the study of obstacle problems (see CHANG [9}).
In what follows Dy =2 3 k=12,...,N.

Z/Dk(a(t 2)Dyx )+
(é) k=17
+x € [f1(t,z,x(1,2)),f2(1,2,x(1,2))] ae.
X|rxr=0, x(©0,z)=x(b,z) ae, p>2

The following hypotheses will be needed:
H(a):a € L®(T x Z), |a(t,z)—a(t',z)| <Ilt—1t'|,1 >0and 0 <B <af(t,z).
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H({f ) : fi.fo: TxZ xR — R are functions s.t.
(1) (t,2) = fi(t,2,x), f>(t,2,x) are measurable,
(2) x = —fi(t,2,x), fr(t,z,x) are ls.c.,

1/2
(3) for every x(-) € L}(2), (f [fl(t,z,x(z),))zdz> SyWlixil,teT
Z

with |[i9]]oc <f.
THEOREM 5.1 If hypotheses H(a) and H(f) hold, then problem (3) ad-
mits a solution x € C(T,L*(2)) with % € L*(T x 2).

PROOF. Let H=L*(Z) and let ¢ : T x H -+ R=R U {+00} be defined by

N
p(t,x) %kg;a(t,z)le*‘Izdz +%Zf|x!2dz if x € HJ(2)

+00 otherwise.
Clearly, ¢(t,-) € To(H). Also note that ¢(r,x) > y||x||1;{l(z) for all
0

X € Hd (Z) and some y >0, and dome(t,-) =H(} (Z) for all t € T. In addition

N

1

lp(t,2) —p(t',x)| < ;E/Ia(r,z)—a(r’,z)l‘|Dkx|2dz
= VA

! ! 2
Sy |I -1 |“x||’{0l(z)
for some y’ > 0, by using hypothesis H(a) and the Poincare—Friedrich’s
inequality. Hence we have

i
0 (1,x) S @' )4yt = ]Il 5, S @)+l - 1)

and so we have satisfied hypotheses H(p) (1) and (2). As in BARBU [4]
(proposition 2.9, p. 63), using Green’s identity, we can chech that

N
ap(t,x) =~ Dla(t,2)Dex) +x = Lit)x
k=1

with D(L(1)) = {x € H}(Z): L()x € LX(Z)}.
Using this definition, we can casily check that if x,y € HOI(Z), then

Bllx = yll2 < @p(t,x) = 3p(t,y),x = ¥) 27,
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Finally note that ¢(0,-) is bounded on K as in H(p) (4) and since by
Sobolev’s embedding theorem, H(} (Z) embeds into L%(Z) compactly, we get

that for every t € T, p(t,-) is of compact type. So we have satisfied hypotheses
H(p) (3) and (4).

Next let F(t,z,x) = {u € R: fi(t,2,x) < u; < fp(t,z,x)}. Because of
hypotheses H(f), (1), (t,z,x) = F(t,z,x) is measurable, while from KLEIN-
THOMPSON [14] (p. 76), we have that x — F(t,z,x) is Ls.c. Let F: Tx H —
Fr(H) be defined by

s 2
Ft,2) = Sk, x )y
Note that

GrF={t,x,u) € Tx L*(2)x LXZ): fi(t,2,x(2)) <
<u(z) < fo(t,z,x(z)) ae. on Z} =

={(x,u) € LXZ)x L*(Z): /fl(t,z,x(z))dz <
A

/u(:)d: < /fz(t,z,x(z))dz for all A € B(Z)}
zZ zZ

where B(Z) is the Borel o-field of Z. Since B(Z) is countably generated, we
deduce that GrF ¢ B(T) x B(Lz(Z)) = F(-,-) is graph measurable.

Furthermore from theorem 4.1 of [18], we have that x — P(t,x) 1s l.s.c.

-Also using hypothesis H(f]) (3), we can easily check that hypotheses H(F)
(3) and (4) are verified.

Next rewrite (3) in the following equivalent evolution inclusion form:

3) { —X(t) € dp(t,x (1)) + F(t,x (1)) a.c.}
- x(0)=x(b) ’

Using theorem 3.1, we get that (3) has a solution x € C(T, L2(Z)) s.t.
& e IA(T % 2). i
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Next we consider the following periodic optimal control problem for a
class of nonlinear systems

b )

||x((),-)||iz(z)+//L(t,z,x(t,z),u(t,z))dzdt — inf=m
Z

0
“4) ! ax N
st.or— Z Di(a(t,2)Dgx )+ B(x) =f(t,z,x(t,2))u(t,z) ae.
! k=1
x(0,z)=x(b,z) ae.,, 0<u@,z)<y, (t,2)eTxZ

/

We will need the following hypotheses:
H@): B : R — Ry is a nondecreasing, continuous, convex function.
H(f): f: TxZ xR — Ris afunction s.t.
(1) (t,2) = f(1,z,x) is measurable,
(2) x - f(t,z,x) is continuous,
@) for all x(-) € LA(Z), ([ |f(t,z,x@)[*d2)"/? < p(@)||x|]> ae., with
zZ

a <y()<Ai;and A is the first eigenvalue of (—A,HOI(Z)); ie. of
—A with Dirichlet boundary conditions.

H(L);: L: TXZxRxR— R is an integrand s.t.
Q) (t,z,x,u)— LAt,z,x,u) is measurable,
Q) (x,u)— L{t,z,x,u) is Ls.c.,
Q) u— Lt,z,x,u) is convex,
(4) ¥(t,2)— Mlu| < L(t,z,x,u) ae. withy(-,-)€ LI(T x Z) and M > 0.

THEOREM 5.2 If hypotheses H(a), H(3), H(f), and H(L,) hold, then
problem (4) admits a solution (x,u) € C(T,L*(Z)) x L®(T x Z) with % €
LXT x Z).

PROOF. Let H=1*(Z) and let ¢ : T x H - R=RU {+00} is defined by
p(t,x)=

{ 3 [a,)|VxPdz + [Bx@)dz if x € H}(Z), B(x() € LY(Z)
z Z .
+00 otherwise

Clearly ¢(t,-) € To(H) and domep(t,-) is independent of t € T. Further-
more, since H(} (Z) embeds into LZ(Z) compactly, we can check that ¢(¢,-) is
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of compact type As in BARBU [4], we get that ¢ (1,x) = L(t)x, where L(t)x =
=B (x(") - 2 Di(a(t,2) Dyx) with D(L()) = {x € HJ(Z) : Lit)x € LX(Z)}.
Via the Pomcare—Fnednch s inequality we get that

ﬁ’llllx - y”;}(z) < (aip(t,Z) - a‘P(I,)’)»X - y)LZ(Z)'

In addition, using H(a) as in the proof of theorem 5.1, we can easily
check that hypothesis H(p) (2) is satisfied. So we have verified hypothesis

H(p).

Nextlet U={uc L*(Z)=Y :0<u(z)<y} and letf : T x H +£(H) be
defined byf(t,x)u(-) =f(t,-,x(-)u(:). Using hypothesis H(f),, we can check
that H(f) is satisfied.

Finally let [ : H — R be defined by I(x)=||x|[% andL:TxHxY —R=
=RU{+o0} by L(t,.x,u)=f L(t,z,x(z),u(z))dz. Clearly then hypotheses h(l)
zZ

and H(L) are verified.
Now rewrite problem (4), in the following equivalent abstract form:

l(x)+/z,(t,x(t),u(t))dt — inf=1

@'
s.t.—x(t) €3, x (1) +f(t,x(1)u(t) ae.
x(0)=x(b), u(t)€ U ae., u(-) measurable
Apply theorem 4.1 to get an optimal pair (x,u) € C(T,L*(Z)) x
x L>®(T x Z) for @, w1th T € LX(T x 2). ]

Finally, our general formulation incorporates evolution inclusions of the
following form:

3

{ —%(t) € Niqoyx (1) + F(t,x(1)) a.e.}
x(0)=x(b) '

Here Ng(;)(x) is the normal cone to the closed, convex set K(r) at x.
From convex analysis we know that N (x) =38k )(x), where 0 x(;,(x)=0
if x € K(t) and +oc otherwise (indicator function of K(t)). Systems like (3
are usually called “Differential Variational Inequalities” (see AUBIN-CELLINA
[2]. section 5.6) and arise in mathematical economics (see AUBIN—CELLINA
[2] and HENRY [13}) and theorctical mechanics (see MOREAU [16]). Other
results on differential variational inequalities can be found in [20].
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!

t
H(K): K: T — P(R") is a multifunction s.t. h(K(),K(t")) < [6(s)ds,
t

0<t<t' <bwithf()e L.
Note that in this case with ¢ (t,x)=0 g(,(x), hypothesis H(p) is satisfied
with g, =6, B =1 and h, =0. So we can apply theorem 3.1 and get:

THEOREM 5.3 If hypothesis H(K) and H(F) (with H = R") hold then
problem (3) admits a solution.

ACKNOWLEDGEMENT. The author wishes to thank the referee for bring-
ing to his attention references [29] and [30].
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§ 0. Introduction

DEFINITION 1. (SIMONS [1]) We suppose that X and Y are nonempty
sets and f : X x Y — R. We shall say f is upward on Y if Ve > 034 > 0 such
that:

Vy1,y2 € Y3y3 € Y such that
0.1) {Vx € X flx,y3) <f(x,y1)Vf(x,y7) and
lf(-x)yl) “f(X,)’z)I 2 £ =>f(X,y3) Sf(x)yl)vf(xay2) - 0.

We shall say that f is downward on X if Ve > 038 > 0 such that:
Vxj,x; € Xdx3 € X such that
(0.2) {

Vy € Yf(x3,y) 2 f(x,y) Af (x2,y) and
If(xl,)’) "’f(x29y)l 2 £ =>f(x3,)’) Zf(xl»)’)/\f(xb)’)"'a-

S. SIMONS proved [1] the following theorem:

THEOREM 1. Suppose that f is upward on Y, downward on X, Y is a
compact topological space andV x € X f(x,.) is l.s.c. on Y. Then

min su X,y) = Ssu R
Gyxeg(f( y) pmlg,f(x y).

I. JOO and G. KASSAY proved [2] thatif f : X x Y — R is downward on
X and X is a finite set then (0.2) implies:

Vx),xp € X3x3 € X such that
0.3) {Vy € Yf(x3,y) 2 f(x1,y)Af(x2,y) and

FLY)#f(x,y) = f(x3,y) > f(x1,Y) Af (x2,Y).
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They also proved in this case 3x* € X such that f(x*,y) > f(x,y¥x € X,

Yy € Y and mf maxf(x,y) = max ingf(x,y). Similarly, if f : X x ¥ — R
xX€ reXye
is upward on Y and Y is a finite set (0.1) implies that:

{Vyl,yz € Ydy; € Y such that

0.4) Vx € Xf(x,y3) < f(x,y1) Vf(x,y2) and

fFOLyD#f(x,y2) = flx,y3) <f,y) VI(x,y)

The main result of this paper is:

THEOREM 2. If X and Y are compact topological spaces, f : X X Y — R
is a continuous function satistying (0.3) and (0.4) then

mm nmxf(x,y) = max mu)]ff(x,y)

In section 2 there are examples to prove:
a) Theorem 2 does not hold if X or Y is not compact.

b) Theorem 2 does not hold if f(x,.) is only Ls.c. for some x € X and
f(.,y) is continuous Vy € Y.

¢) If X and Y are compact topological spaces there exists continuous
functions f : X x Y — R upward on Y, downward on X such that f does
not satisfies (0.3) or (0.4).

§ 1.

LEMMA 1. Suppose that X, Y are compact topological spaces, f : X x
Y — R is a continuous function satisfying (0.4). Then:

Ve > O,V)’I,YZ €y3y3 > 0’36 =6(e,y1,y2,y3) >0
(L.1) such that Vx € Xf(x,y3) < f(x,y))Vf(x,y2) and

If (e, y1) = fOx,y2)] 2 & = f(x,y3) <f(x,y) VF(x.y2) — 6.
PROOF.

(1.2) M :={x € X :|{f(x,y;) —f(x,yp)] > €} is a compact subset of X.
The function g : X — R, g(x) :=f(x,y;) Vf(x,y2) is continuous.
(0.4) implies that Jy; € Y such that:

Vx € Xf(x,y3) < g(x) and |f(x,y;) —f(x,y2)] > 0= f(x,y3) < g(x).

Hence g(x) —f(x,y3) >0, Vx € M. From (1.2) 30 =d(¢,y,y2,y3) such that
g(x)~f(x,y3)>0,Vx € M.
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LEMMA 2. Let X, Y compact topological spaces, f : X X Y — R a
continuous function satisfying (0.4). Suppose thatVy € Y s(y):=sup f(x,y) €
xeX
€ (0,+0). Letn < O,y;,y, € Y and B(y) :={x € X :f(x,y)>n} Vy e Y.
Then 3hy,hy € Y with B(h;) C B(y;), Vi € {1,2} and if h3 € Y is given by
(1.1) fore =© —n, hy. hy then 3xy, xp € X such that:

f&xiyi YAf(xi h3) >n,Vi € {1,2}.

PROOF. Let Hy :={h € Y : B(h) C B(y;)} C Y. Hj is a closed subset
of Y because, otherwise 3h € H such that hy € Hy i.e. 3xg € X such that
f(xg,hg) > n and f(xg,y1) < n. Since f is continuous 3V € N(hg) such that
Yh e V, f(xg,h) >n. hg € H| implies that 31’ € V N Hy so that f(xg,h’') > n
and f (xg,y1) > 1 which is a contradiction with f(xg,y;) <n. Thus H) is closed
and therefore is compact. So dh| € H; such that:

2.1) s(hy) < s(k), Vk € Hy.
Similarly 3h; € Hp :={h € Y : B(h) C B(y3)} such that
(2.2) s(hy) < s(k), Vk € Ha.

From Lemma 1 withe =@ —n, hy, hy € Y3h3 € Y and 30 =48(e,hy,hy,h3)
satisfying (1.1). From (2.1) and (2.2) results that Vi € {1,2}, Vk € H;, s(k) >
> s(h;) — 0. (1.1) implies that B(h3) C B(hy)U B(h;). Suppose that B(h;) N
B(H3)=0. From s(h3) > s(h;) — 0 and s(h3) > O it follows that:

2.3) Jdx € X such that n <OV (s(hy) —9) < f(x,h3).

Thus: { x € B(hy) = x € B(h) = f(x,hy) < n < f(x,hy)
fOh)VE(x,hy) =8 =f(x,h)) =5 < s(hy) -0 < f(x,h3).
From (1.1):
fx,hy) <f(x,hy) and f(x,h) —f(x,h)<e=0—n=>
:>f(x’h3) Sf(x’hl)=f(x’h2)+f(-x’hl) "f(x’hZ) <n—0-n=0

which is in contradiction with (2.3). Thus 3x, € B(hy) N B(h3). Similarly
3x) € B(hy) N B(h3).

LEMMA 3. Suppose that X. Y are compact topological spaces, f : X X
Y — R is a continuous function satisfying (0.3) and (0.4). Let W C X, u,,
ur € X. Then:

inf sup  f(x,y)< sup inf  sup  f(x,y).
YEY xe{upupluw eXYEY ye(xjuw
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PROOF. If the result fails, then dag, a, B € R such that:
3.1)
Vx' e X,¥y e Y inf sup fx,y)<apg<a<f< sup  f(x,y).

erxG{x'}Uw x€{ujup}uw
Let V:={y € Y: sup f(x,y) <ag}. V is a compact subset of Y. From
xew

3.h:
32 WVieXxvyey ien{,f(x’,y) <apg<a <P <f(u,y)Vfu,y).
y

(3.2) is equivalent with:
Vx' € X,y € Y{f(up,y)A(=f (u2,y)) < =B < —a < —ag < sup (—f(x,y)).
yev
From Lemma 2 with flyxy: X x V - R, @=-a,n=-8, foru, u € X,
3x|, xp € X such that:
Vy € Y,Vl € {1’2}1f(xi,y) > _ﬁ = —f(“i,)’) > —ﬂ «
(3.3) & flx,y)<B=fu,y)<p &
& flui,y) 2B = f(xi,y) 2 B.
Also from Lemma 2 3x3 € X, 3w;, wy € W such that Vi € {1,2}:
(—f Gi,wi DA (x3,w)) > =B & f(xi,wi) Af(x3,w;) <. We choose n' <f8
such that Vi € {1,2}:
(34) fOiw) Af(xa,wi) <n' <B.
From Lemma 2 with X = {x),x5,x3}, Y=V, Qe (n',8),e=0-n'":
for wy,wy € V,dy|,y2 € V such that:
(3.5) {Vi € {1,2},¥j € {1,2,3},f (xj,wi) <n' = f(x,y;) <n'
and dy; € Y as in (1.1).
This implies that: sup f(x,y3) <ag, thus y3 € V.
xeW

From Lemma 2 3z, 25 € {xy,x2,x3} such that:
(3.6) Vie {12}, n' <f@iyi) Af@i,y3).
From (3.4) and (3.5):
(37) Vie {1’2}’ f(xi)yi) /\f(x37Yi) < "I-
Hence, from (0.1):
(3.8) f3,73) (3,1 Af(x3,y2) <.
From (3.6) and (3.7): Vi € {1,2}, f(x;,yi) Vf(x3,y;) < n' <f(z,yi)- hence
) = Xa1, Lpr = X

From (3.6): n < f(z1,y3) Af(22,y3) =f(x2,y3) Af (x1,¥3) < f(x3,¥3). This
is a contradiction of (3.8).

The following Lemma is proved in [1] and the proof of Theorem 3 using
Lemma 3 and Lemma 4 is like in [1].
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LEMMA 4. Let X, Y compact topological spaces, f : X x Y — R a
continuous function satistying (0.3) and (0.4), and let Xo a finite subset of

X. Theu:

min max f(x,y) < mdx mn (x,y)
)EYXEX()I ’ Y[ ’

§ 2. Examples.

wLes:[-1,-4[U] 1] > (0,11 = R.£(1L,0)=0,/(, =3, (},1) =
=3/ (F41) =4S CLD== LA 10 =0/ (1= =3, (-4-1)=
=3 s (h-1)=-h Lm0 =0. v e -1, [U}41] Letr ¢~ 1) ana

£, 1) be afline on intervals [~l,—% [ and H, l}, Vx € [—1,—% [U] %,l]. let
f(x,) be alline on [-1,0f and [0,1}. f satisfics (0.3) and (0.4) but:

1
mm sup f(x,y)=0and sup min =~- <0,
€Y ycX XEXYE 4

sce the figure l.
3

™~

:5/4

ST / Ea—

4 —

/!
:'/, ’ 7k
YT S

Fig. |
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b) Let f: [-1,11 x [-1,1] = R, £(1,0) = 1, f(1,1) = 3, £(0,1) =0,
f(=L,h==1,f(-1,00=-1, lim f(=1,y)=2.f(~1,-1)=3,f(0,~ =0,
y—Oy<

f,-1= {, Let f(-,— 1), f(-,0) and f(-,1) be affine on intervals [—1,0] and
[0.1}. Vx € |0,1] let f(x,-) be affine on [-1,0] and {0,1]. Vx € [—1,0] let
lidn Of(x,y) =2x and let f(x,-) be afline on {—1,0] and [0.1]. Thus, f(x,-)
y—0y<
is L.s.c. Vx € |- 1,0}, f(x,-) is continuous Vx € [0,1], and f(-,y) is continuous
Vy € [—1,1] and: min maxf(x,y)=1> ! = max min x,y) (sce the figure 2.
yel ! y€ Y.\'EXf( y) 2 r€EXy€ Yf( y) (sce gut )

<’

1/2

Fig. 2

¢) Let f:[-LlIx{-LI] =R, f(1,0) =0, f(I,1)=1, f0,1) =0,
fELD)==1, f(-1,0)=0, f(-1,-1)=2, fO,- D) =1, f(1,-1)=0, f(x,—
—x)=0Vx € [0,1}. Let f(,=1), f(-,0) and f(-, 1) be afline on [-1,1].
Vx € [—1,0] let f(x,-) be afline on [-1,0] and [0,1]. Vx €]0,1] let f(x,) be
afline on {—1,—x], [—x,0], [0,1]. f is defined to be continuous, downward
on X, upward on Y. But, for 0 <x; < xy < I there is no xz € [—1, 1] to satisfy
(0,4) (sec the figure 3.)
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- '

(1.0)
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Dedicated to Professor Paul Erdds on his 8oth birthday

In this paper we give a characterization theorem. The first characteriza-
tion is apparently that of P. ErdSs [1]. He proved that if a real-valued additive
function f is non-decreasing or

fn+1)—f(n)—0

as n — oo, then it must have the form A-logn for some constant A. He had
a separate argument for each case.

DEFINITION. We say that f : N — R/Z is completely additive mod 1 if
for every n,m € N

f(n-m)y=f(n)+f(m) (modl).

THEOREM. Let a > 0, b denote integers and let (a,b) = 1. Iff is com-
pletely additive mod 1 and

f@amn+1D)+by—f(an+b)— 0 (mod]1)

asn — oo, theno(B) -f(an + B)— cg-log(an + B))=0 (mod 1), where (a, B)=
=1, ¢g is.a constant independent of n, o(B) is the order of B mod a.

PROOF. From the assumption of Theorem we can get easily that
nl_ip;of(an +ab+b)~f(an+b)=0 (mod1).
In this relation writing bn in place of n we get

nl_ipgof(a(n +1Db+b)—f(anb+b)=0 (mod1).
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Since f is completely additive mod 1, therefore we obtain

nlirgof(a(n +D+1)—fan+1)=0 (mod1).
Let F:N — Rsuch that { F(n)} ={f(n)} ({x} denotes the fractional part of x)
and K : R — R/Z, z — {z} +Z, further let be F(a +1):={f(a +1)}. Choose
the values of F such a way, that Fa(n+1)+1)€ [F(an+1)- 1, Flan+1)+ %).

Then F is uniquely determined on the set (an+1 : n=1,2,...). Let us use
the notation

¢)) q(ny,np) = F((any + 1)(any + 1)) — Flan; +1) — F(any +1).
Since f is completely additive mod 1, therefore q(n|,n;) € Z. Obviously
) q(ny,ny +1) —q(n,ny) = F((an| + 1)(anz +a + 1))~
—F((an) + 1)(any + 1)) — (Flany +a + 1)+ Flany + 1)).
Since
K(Fa(n+1)+1)— Flan+1))=f(a(n+1)+1)—f(an+1), therefore
nl_lfrgl(} K(Fain+1)+1)— Flan+1))=0 (mod 1).

Since

|Fla(n+1)+1)— Flan+1)| < —;—, therefore
A3) nl_i__ngo(F(a(n+1)+1)— Flan+1))=0
Obviously

F((an; +1)(any +a +1)) - F((an) + 1)(any + 1)) =
= F(al(an; + D)np+an| +n]+1) — F(a[(an; + Dny+ny ]+ 1).
A simple consequence of (3) is that
“4) nlingo(F(a(n +k)+1)—- Fla(n+k)+1)=0 (k,k; € Z).
The substitution n = (an| + 1)ny, ky =an| +n|, k; =n; in (4) and (3) together
yield that
) lim (g(ny,ny+1)~q(n;,ny))=0.
ny—00

But g(ny,ny + 1) - g(n,n7) is an integer, therefore
©) q(ny,ny)=q(n,ny+ 1) =qn,np+2)=..., if np > N(ny).
Introduce the function &,
@) Glam+1):=Flam+ l)+n1irr010q(m,n) =

= nlirrgo(F(am +D(an+1))— Flan + 1)).
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Now we prove, that G is completely additive on the set (an+1:n=1,2,...).
Let be my, mp € N.

®) G((amy+1)amy+1)) =
=nl_i+rgo(F((am1 +1)(amy +1)an+1)) - Flan+1)) =
= nl_i_’ngo(F(aml +1)(amy + 1)(an + 1)) — F((amy + 1)(an + 1))+
+F((amy +a)an + 1)) — F(an + 1)).
Because of (7)
9) nl_i_’ngo(F((amQ +1)(an+1))— Flan + 1)) = Glamy + 1).

Further (am; + 1)(an +1)=a(amyn +my +n)+1. Replacing n by amyn +my +
+n in (7) we obtain that
10 nlinolo(F((aml + 1)amy + 1)(an + 1)) — F{(amy + 1)(an +1))) =

= Glam; +1).

From (8), (9), (10) we get & is completely additive on the set (an+1 : n =
=1,2,...).
Denote
an d(m) = lim q(m,n).
n—oo
Since G'is completely additive on the set (an+1 : n=1,2,...) therefore using
its definition (7),
0 (my)+0d(my) — d(amymy + my +my) =gq(my,m,).
Using (11) we have

(12) O(my) =d8(amymy+my +my) for all my > N(my).
From (7), (11)
(13) Glam+1D+1)—-Glam+1)=
=Flam+1)+1)— Flam+1)+8(m+1)—-5(m).
Now we prove, that (m) =d(m+1)=..., if m > Ny, where Ny is a fixed

constant. Let be m) := 1. Replacing m; =1 in (12)
d(my)=0(amy+1+mp)=38((a+1)my+1), forall my> N(m).

Iterating the argument we get

I_
0 (mp)=4 ((a+1)lmz+(a+1)l_1+...+1) =0 ((a+1)’mz+-—-——(a+1a) 1) ,
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where [ € N is arbitrary. Here
+1) —1 -1 -1
a a

If | is large enough, [ > L(mj;), then using (12) we have

I _ I _
a a

That is N
6(m2)=(5 (gﬁi—al—:—) it I> L(M2).

Similarly o
(@ -'——) if 1> Limy+1).
a

d(my+1)+4 (

This yields

14) d(m)y=0(m+1)=... forall m>N,.
Using (3), (14) we obtain from (13) that
(15) mleoo(G(a(m+l)+ 1) - Glam+1))=0.

Now we prove that if h = 1 (mod a) then
(16) G(h)=a - logh,
where a is a constant independent of 4. We use an idea, which can be found
in [2], but we need some new ideas also.

Assume that there exist £} and hy (b # h>) such that
G, Gy _

hy = (moda), hy=1 (moda), c¢;= logh, " logh, 5
1 2

Lete.g. G, > (. Let xq be arbitrary but fixed number for which C; > x> C.
Denote Gy := & — x - log. Then & is completely additive on the set

(an+1:n=90,1,...) and

(15" niﬂi_}nalo(GO(a(n +1)+ 1) - Gylan+ 1)y =0,

Further
J’@(hg) Go(h-,)
= - > =

7 = >
an 2 logh- logh:

aud  Gplhyi >G> Gplky

Denote dhz(n) =0p(an+1)— (1 —&)cp -logn, where O < ¢ < 1, we wiii choose
later. We show that dj, (n) is bounded. First we show that dp,(n) is bounded
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above, i.e. we show that if n > ng(cy,cp,h1,hp,€) then there exists m < n for
which

(18) Golan+1)— (1 ~¢€)cy - logn < Gplam +1) — (1 —€)c - logm.
We are looking for such m for which

(19) hi@am+1)>an+1.
Choose the smallest m for which (19) is fulfilled, i.e.
n 1 1
m> }—5 + E_h—l -
Hence
(20) m=—+0(l).
h

Thus m < n is satisfied. Since h; = 1 (mod a) therefore hj(am +1) = 1
(mod 1). Using (20) hj(am + 1) — (an + 1) = O(1). Thus we can use (15').
We get
Golan + 1) = Gylh) + Gplam + 1) + 0,(1),
where 0, (1) means o,(1) — 0 as n — oo. From this
Golan+1)y— (1 —¢)cp - logn =

= Gohy) — (1 —€)cp - logn%+(6'0(am +1) = (1e)cy - logm +0n(1).

From (20) &~ =h; +O (;"1—) thus log 2 = logh; + O(%) hence we can
estimate as follows
Golan+1)— (1 —€)cp - logn =
Golhy) = (1e)cp - loghy + O (%) +(Golam + 1) — (le)cy - logm) +op(1) =
1
=loghy(c; —(1—€)-c)+ 0O (;) +(Golam+1)— (1 — €)cy - logm)+

+op(l) < Golam + 1) — (1 — €)cy - logm,
if we choose € such that 0 <& <¢g, (c; —(1 —€)-¢3) <0 and n is large
enough. Hence d;,z(n) is bounded above c.
We can prove similarly that d, (1) is bounded below, but to this we have
to modify the calculations above. Let us choose m such that we get

Golan+1)—(1 —¢)cp - logn =

=Golam+1)— (1 —€)ecp-logm +¢€ - Go(hy) + O (%) +o,(1) >

> Gplam + 1)~ (1 - &)cy - logm,
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using that Go(hz) > 0 and n > ng. Hence dhz(") is bounded below. Conse-
quently dp,(n) is bounded.

Usmg the same ideas we get that dy, (n) is bounded. Therefore dj,(n) -
- d;,1 (n) is bounded. On the other hand
dp,(n) —dp, () =(1-¢€)-(c) — c2)-logn

for every n € N, consequently ¢) =c, i.e. if h =1 (moda) then Gy(h) =
=c -logh. Using the definition of Gy we obtain G(h) =a - logh, where a is
a constant. (16) is proved.

Now let us return to the proof of theorem. From (16) using (14)
flan+1)=KF@an+1)=K(G—-d)an+1)=
=KG(an+1)=cg-loglan+1) (mod1).

For all B coprime to a we have (an +B)°(B) =am+ 1, where m is a suitable
positive integer. Hence

f ((an + B)”“”) =f(am+1)=cq - loglam + 1) =
= cp-log ((an +BY®)  (mod 1),
From this

o(B)-f(an+B)=0(B)-cqy-loglan+B) (mod 1),

which implies the theorem. In the theorem o(B) cannot be eliminated. E.g.
take a =3, b =2, f(p):=logp if p=1 (mod 3), f(p) := logp+% isp=2
(mod 3), p is prime, f is completely additive mod1 ([4]). The special case
a=1, b=0 was proved in [4]. The results present paper are further generalized
in [5].
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TYPEN VON FLACHENTRANSITIVEN
WURFELPFLASTERUNGEN
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(Eingegangen am 16. November 1993)

1. Einfiihrung

In der Arbeit [1] haben A. W. M. Dress, D. H. Huson und E. Molndr
diejenigen euklidischen Pfasterungen (7, I') klassifizert, wo eine Bewegungs-
gruppe I' auf den Flichen der Pflasterung 7 transitiv wirkt. Der kombina-
torische Algorithmus und das Computerprogramm, das in der Theorie des
sogennanten D-Symbols beruht, ergeben auch solche Pflasterungen, die nur
in verschiedenen nicht euklidischen Rdumen realisierbar sind. Ein schwe-
res Problem ist, in welchem Raum wird eine kombinatorische Pflasterung
iberhaupt metrisch existieren. Wie E. Molnér es bewiesen hat, kommen sehr
auBergewohnliche Riume z. B. H% x R, $% x R vor.

Eine Moglichkeit ist die projektiv-metrische Geometrie, wie sie in der
Arbeit [2] gezeigt wurde. Wir werden im folgenden die Methoden der pro-
jektiven Metrik benutzen. In dieser Arbeit betrachten wir kombinatorische
Wiirfelpflasterungen (7, T') auf den die Symmetriegruppe 1" der Pflasterung
T fidchentransitiv wirkt, dh. fiir je zwei Flichen f; und f, der Polyeder von
T wenigstens eine Bewegung y € I existiert, die f] in f = fly tiberfiihrt, so
daB die ganze Pflasterung T auf sich abgebildet wird.

Zwei Pflasterungen (T, T';) und (73, I'y) sind in derselben Klasse (dqui-
variant), wenn es eine bijektive inzidenztreve Abbildung ¢ gibt, fiir die I'r =
=¢ I ¢ ist. Im Fall, wenn zwei Pflasterungen kombinatorisch isomnorph
sind (T} = T,) kann die Gruppe T'; reichhaltiger als 'y sein. In diesem Fall
sagen wir daB (T;, I';) ein Symmetriebruch von (75, Tp) ist. Wir intercssieren
uns am besten fiir die Plasterurg (T, I') wo, die Bawegungsgruppe maximal

*Unterstiitzt von der Ungarischen Wissenschaftiichen Forschungsstifaung (GTKA) No. T
7351 (1993).
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ist, d. h. dic Gruppe I ist zu der die Inzidenzstruktur erhaltenden Automor-
phismengruppe dquivariant (I' ¥ Aut T).

2. Resultate

2.1. Besonders interessant sind die Wiirfel deren "Keilwinkel” von der
T n n

Form g T mit der Ungleichung 'L,+é— > % gegeben sind.

Zunachst, fiir Einfachheit nehmen wir zusitzlich an, da8 die Symmetrie-
gruppe I der Pflasterung T, flichentransitiv wirkt, und die Spiegelungen an
den Flichen von T zu der Gruppe ' gehéren. Wie wir es in der Sektion 4
beweisen werden, ist die Stellung der Keilwinkel des Wiirfels, wie sie die
Abb. 1. zeigt.

&
- >
<

N\

o

|
A4 % Al/
4
2 Y
i
i
P | 2
|
A
A/“)I_ ______ _pem| —mm= 5 7 7
hd z

Abb. 1

2.2. In den Fillen p > 2; g = 2 bekommen wir den wohlbekannten

Lambert Wiirfel mit 3 Keilwinkeln von % an 3 schiefen Kanten und mit
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rechten Winkeln bei den anderen. Die metrische existenz eines solchen
Wiirfels in H> ist wohlbekannt. Eine einfache Konstruktion beruht auf dem
Vektormodell von H 3 wie E. Molndr in der Arbeit [2] gezeigt hat. (Abb. 2)

.
<
AN
[ #9]

)

NN

}

O\

::(>
r—-— — — — —— -
l
|
=

m— e p =

A.r - ' Z A¢ P>z

Abb. 2

Wir kennzeichen die metrische Existenz der iibringen Fillen in dem

folgenden Satz.

2.3. SATZ Auller den obigen unendlich vielen Fillen, @, 2), p > 2 in
H3 gibt es noch 3 weitere maximalen Wiirfelpflasterungen (T, T') im hyper-
bolischen Raum H> mit @, 93, 3 3, 4; 3, 5), wobei jede gewiinschte
Bewegungsgruppe I' = Aut T auf den Spiegelflichen transitiv wirkt, und jeder
Wiirfel im T eigentliche Ecken besitzt. -
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3. Uber die D-Symbole

In der Arbeit [1] haben A. W. M. Dress, D. H. Huson und E. Molndr die
Theorie des D-Symbols skizziert. In den Arbeiten [4], [5], [6], [7] befinden
wir einige zwei und dreidimensionalen Anwendungen des D-Symbols.

Es sei T eine gegebene kombinatorische dreidimensionale Polyederpflas-
terung mit ihrer formalen baryzentrischen Unterteilung. Die baryzentrische
Unterteilung von T fiihrt zu einer Simplexzerlegung 6. Die formalen Mit-
telpunkte der Korper, Flichen, Kanten und die Ecken markieren wir mit
3,2,1,0 ebenso wie die entsprechenden gegeniiberliegenden Simplexseiten.
Die Ecken eines Simplex von der Simplexzerlegung 6 werden mit A;,
i €1:={0,1,2,3} bezeichnet.

Es sei 0;(i € I) eine formale Spiegelung (involuntorische Operation), die
die bei i-Seitenflichen benachbarten Simplexen C} und C, von 6 vertauscht
G = Cf #). So fiihren wir die auf den Kérpem von 6 frei wirkenden invo-
lutorischen o;-Operationen und die durch sie erzeugte freie Coxeter Gruppe
mit der darstellung 3, := {o; :oi2 =1;i¢€l}ein.

Wir fiihren eine Matrixfunktion M : 6 — Ny, f C — m;;j(C) i,j € I ein,
um die Wirkung der Gruppe 3 ; und so die kombinatorische Struktur der
Pflasterung T zu beschrdnken: m;;(C) ist die minimale natiirliche Zahl, die
die folgende Gleichung erfiillt:

C(U,'Uj )mij (C) - C'
Das bedeutet, daB8 2m;;(C) benachbarte Simplicen beim Schnitt der i- und
Jj-Seitenflichen des beliebigen Simplex von 6, sich treffen. M ist die verallge-
meinerte Coxeter—Schlédflische Matrixfunktion mit den folgenden zusitzlichen
Eigenschaften:

m;; (C)=my;(C)=m;; (C%)
mii(C)=1; m;(C)=2 wenn [i —j|>2
m;j(C)> 3 wenn |i —j|=1
fiir jedes C€ 6 und i,j € 1.

Nehmen wir an, da T eine nicht triviale Gruppe ist, die auf T wirkt.
Ferner behilt jedes Element von I' die baryzentrische Unterteilung von T
und so die o; Operationen. Die Zerlegung % und auch die Matrixfunktion M
wird durch die Gruppe T faktorisiert. Ein Element von & :=6/T ist einc Bahn
(Orbit).

D:=C':={C" €6y €T}
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Die induzierte Matrixfunktion ist die Folgende:
M: D Niyps D— (m,'j(C)); CeD; i,jel

Num kénnen wir ein sogenanntes D-Symbol, D(}_ , M), definieren, das zu
einer Plasterung (T,I") gehort. Das D-Symbol besteht aus dem D-Graph und
aus der entsprechenden Matrixfunktion M = m;; .

Der D-Graph wird durch die D-Menge 2 und die Operationen 0; € )|
(i € I) definiert. Die Bezeichnungen der Kantenlinien des D-Graphs und auch
der entsprechenden o;-Operationen sind die Folgenden:

00: ------------
g. ——=—=—-=
gy

03; AN

Von einem D-Symbol ausgehend, sehen wir, daB es die entsprechende
Zerlegung (wenn sie existiert) bisauf dquivariante Bijektion kennzeichnet, wie
es im Abschnitt 4 beschreiben werden.

4, Die Wiirfelpflasterungen

In der Arbeit [1] haben A. W. M. DRESS, D. H. HUSON und E. MOLNAR
mit Hilfe eines Computerprogramms, die vollstindige Aufzihlung der kom-
binatorischen Polyederpflasterungen (7,I') angegeben, wo die Bewegungs-
gruppe T auf den Flichen der Pflasterung transitiv wirkt, und die Polyeder
von T eigentliche Ecken besitzen. Der Algorithmus des Computerprogramms
beruht auf der Theorie des D-Symbols.

In diesem Arbeit interessieren wir uns fiir diejenigen Wiirfelpflasterun-
gen, wobei die Forderungen im Punkt 2.1. erfiillt sind. Wir fiihren die
Untersuchung derjenigen Fillen durch, wo die Bewegungsgruppe I" maximal
ist (T = Aut T).

Durch D-Symbole fordert man die folgenden.

a. Der D-Graph 2, der von 9 durch Streichen der g,-Operation entsteht,
hat genau eine Komponente (Flichentransitivitit).

b. Die Matrixfunktion hat konstante Koeffizienten mgy; =4, mj; =3 auf
D (die Steine sind Wiirfel).

c. Das D-Symbol 2 1aBt keine (eigentliche) siirjektive Abbildung auf ein
anderes D-Symbol ¥ : D — D mit |D)| > |D|, ¥(D)=(¥(D))’, mj; (¥ (D))=
= m;;(D) fiir jedes D € D, i,j € I ={0,1,2,3} (Maximalitit der Gruppe
= AutT).
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d. Das Teilsymbol ZP(UY), das durch Streichen der y-Operation und der
O-ten Reihen und Spalten der Matricen entsteht, hat nur solche Komponenten
.502, fiir die dic sogenannten Krtimmungskonstanten

1 1 1
Kep = + -=1>0
N D%: (m,-j(D) my3(D) 2)

(o

positiv sind. So haben wir ausschlieBlich eigentliche Ecken fiir die Pflaster-
ung.

Nun bekommen wir die folgenden Fillen:

Abb. 3
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4.1. In Abb. 3. sehen wir den D-Graph, der durch die folgenden involu-

torischen Permutationen (Transpositionen) angegeben wurden (i < D;).

UO : (1,2)(3’4) ............

o : (D234 -----

o7 1 (1)}(2)(3,4)

o3 : (1)(2)(3)(4)
Die Matrixfunktionen fiir die Wiirfelpflasterungen bekommen wir auch aus
der Computerliste:

mg(D)=4, mp(D)=3 fir jedes D€ J,

17123(D1, Dz) = 4, m23(D3, D4) =6.

Wenn wir das Teildiagramm 2? nach weglassen der Kanten der ¢, Operation
aus dem D-Graph bilden, finden wir eine Komponente. Das bedeutet, da3 die
dem D-Symbol entsprechende Pflasterung (7,T") flichentransitiv ist.

In Abb. 3 sehen wir den aus 4 Simplexen zusammengeklebten Funda-
mentalbereich fiir die Gruppe I

Fr = A3 AP A A3 A AP AT | ) A3 A AT AT | ) A3 A AT A
Die Erzeugenden Bewegungen sind die Folgenden:

B

m) : ist eine Spiegelung an der Fliche A(I)A?)A3
my : ist eine Spiegelung an der Fliche A(I)A(’";3A3
mj : ist eine Spiegelung an der Fliche A(I,A%3 Ag

r : ist eine Halbdrehung um die Achse Aj A?“'

Unter diesen Erzeugenden bestehen die folgenden definierenden Relationen
fiir die Gruppe T*:

1="’12 =m% =m§ =r2 =(m1n12)3 =(m1m3)2 =(1112m3)4=m2rm1r =(m3rm3,r)3

nach dem Poincaréschen Algorithmus.

Nun konnen wir einen Wiirfel der Plasterungen aufbauen, wo die Stellung
der Keilwinkel sieht so aus, wie sie Abb. 4. zeigt.

4.2. Im zweiten Fall gehen wir auch von den Ergebnissen des Compu-
terprogramms aus. Die Abb. 5. zeigt den D-Graph, der durch die folgenden
involutorischen Permutationen angegeben ist:

UO . (1’2)(3,4)(5’ 6)(7’ 8) ............
op:(1,8)(2,3)(4,5)(6,7)  -—-—---

07 :(1,2)(3,4)(5,8)(6,7) —_
o3 : (DR)CHDEHENTI®)  ~~rnnn
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4, A,

(X

§
| Z
Al 4

g S

A’ - ‘ A

Abb. 4

Fiir die gewiinschten Wiirfelpflasterungen bekommen wir die Matrixfunktion:
mg (D)=4; my(D) =3 fiir jedes D€ D
my3(Dy,Dy)=29  q=45
my3(Ds3, Dg)=2p  p=3
my3(Ds, Dg, D7, Dg) = 4

Die erzeugenden Bewegungen sind die Folgenden:

ry : ist eine Halbdrehung um die Achse A{2A3,
rp : ist eine Halbdrehung um die Achse A?4A3,

r : ist eine 3-Drehung um die Achse A87A3,

m : ist eine Spiegelung an der Fliiche A(1)8A87A85 A(Z,3 .
Das Fundamentalbereich wird aus 8 Symplexen zusammengeklebt, wie
Abb. 5. es darstellt.
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Abb. 5

Mit demt Hilfe des Poincare-Algorithmus bekommen wir die definieren-
den Relationen fiir die Gruppe I':

I= m*=rd= rl2 = 122 =ryror =(mr~'mr)? =(rymrym)’ = (rymrym)?.

Nun kriegen wir den Wiirfel, wobei die Stellung der Keilwinkel in der Abb. 6.
geschen werden kann.

Bemerkung: In diesem Fall bekonnuen wir dic Lambert Wiitfeln (2.2)
wenn p > 2 und g =2 (Abb. 2.).

Wemn die vorigen Bedingungen unter 2.1. fiir die Pflasterungen erfiiilt
werden, dann haben wir mit Hilfe des Computerprogramms bewiesen dall die
Stellung der Keilwinkel des Wiirfels sieht so aus wie sie Abb. 1. zeigt.
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Abb. 6

5. Die metrische Existenz der Wiirfelpflasterungen
.q9)=0,3),(3,4),3,5)

5.1. In Abb. 1. sehen wir einen Wiirfel, fiir den die obigen Bedin-
gungen (2.1.) erfiillt werden, wo die Spiegelungen an den Seitenflichen
dicses Wiirfels zu T" gehoren. Wir stellen den Wiirfel in ein Koordinatensys-
tem und fiihren zuniichst die iiblichen euklidischen Koordinaten: Ag(0,0,0),
A4(d,0,0), A7(x,y,0) ein, der Punkt Ag(c,c,c) liege auf der Achse der 3-

Drehung r. Die Parameter x, y, d, ¢ seien reelle Zahlen.

Nun fiihren wir die Einheitskugel mit dem Zentrum Ag ein, die das
Cayley—-Kleinsche Modell der hyperbolischen Raumgeometrie realisiert. Zu
den euklidischen Basisvektoren ¢, e;, e3 fiihren wir forinal einen neuen

Basisvektor ey ein, um die homogenen Koordinaten zu gewinnen.
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Die Vektoren ¢, €, €3, €3, bestimmen einen reellen Vektorraum V4.
Wir definieren ein Skalarprodukt mit der Formel: (x,y) = —x0y0 4 51yl 4
+Jc2y2 +x3y3 wo 5_=xig_i und X:ngj.

Uber der Teilraumstruktur von V#4 gewinnen wir den projektiv metri-
schen Raum P3( V4;(( ; ))). Der duale Raum des Vektorraums V4 wird mit
V4 bezeichnet.

Wir nutzen aus, daB dic euklidischen Bewegungen um das feste Zent-
rum Ag genau die entsprechenden hyperbolischen Bewegungen des Modells
darstellen, und ferner, die Geomnetrien der Sphiren in den Riaumen S3, E3,
H3 alle isomorph sind.

Die obigen homogenen Koordinaten der Punkte im projektiv-metrischen
Raum sind:

Ag ~ ag(l;cic;50),
Ay ~a;(1;0:0:d),

A7 ~aq(l;x;y;0),
Ay~ ay(1,d;0;0),
Az ~al (1;0;;0),

-1
Ay ~alh (1;0:;x;y), As~al(l;y;0:x).

5.2. Die Wiirfelpflasterung im Fall (p;q) = (3;3). Die Abb. 7. zeigt fiir
den Wiirfel der Abb. 4. ein Spiegelungstetraeder (ein von den 9 Lannerschen
Tetraederm [3]) dh. den Fundamentalbereich einer hyperbolischen Coxeter-
schen Raumgruppe. Das Coxeter-Diagramm und die Coxeter-Schldfli Matrix
des Tetraeders sind die Folgenden:

L | b0 4 b!
11 7 0 5
|- 1 -3 0
wh=| V2 | 3 3
0 ~3 1 -7
-1 o -—--L 1
z V2 b 4 b2
Hier stellen die Formen b°, b1, b2, b3 vom dualen Raum Vj die Flichene-
benen des Tetraeders dar, und die Matrixelemente b¥ := — cos(b*,b/ ) kenn-

zeichnen die Keilwinkel.

Die metrische Existenz dieses Wiirfels [(p;q) = (3;3)] folgt aus der Exi-
stenz des obigen Tetraeders. (Abb. 7.) Wir bestimmen die Parameter c, d,

x,y.
Wegen Det (b )= - 126 <0 konnen wir die inverse Matrix (a;;)= (biH~1
mit a;; b5 =6{ bilden (Einstein-Konvention).
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Abb. 7

Die Entfernung d;; zwischen den eigentlichen Ecken (g;), (a;) ist:
—{a;say) L
(g )aiar)  Vaia
In diesem Fall haben wir die folgenden Resultate bekommen:
Piq)=(3:3)
c=0,52915026 d=~0,88191710
x ~0,66143783  y ~ 0,66143783

chdiy =

5.3. Die Wiirfelpflasterungen in den Fallen (p;q) = (3;4), (3;5). Wir
nutzen aus, da die Keilwinkel des Wiirfels bekannt sind und, da3 die Winkel
a zwischen den eigentlichen Ebenen u,v(€ V) cosa = —7(%%’%%:\27 ist. Den

B Y Rl Ry
Wiirfel stellen wir in ein Koordinatensystem wie wir das im Punkt 5.1.
gezeigt haben. Nun ergeben sich die Gleichungen der Seitenflichenebenen

des Wiirfels.
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Die erste Geichung gewinnen wir aus der Bedingung daB die vier Punkte
A4, As, Ag, A7 in einer Ebene liegen.

Der Winkel % zwischen den Wiirfelebenen A4As AgA7 und AgA3AgA7
ergibt die zweite, der Winkel % zwischen den Wiirfelebenen AgA3A4A7
und AgA; A3As ergibt die dritte, der Winkel ’—;— (g = 4,5) zwischen den
Wiirfelebenen A4As5AgA7 und AgAj Ay As liefert die vierte Gleichung.

Nun haben wir fiir die vier Unbekannten ¢, d, x, y mit 0 < ¢ < V3,
1-x2-y%>0,0<d <1, vier komplizierte Gleichungen gefunden.

Wir haben zur Losung des Gleichungsystems ein Computerprogramm
(EUREKA) benutzt.

Die exakten Losungen des Falls (p;q) = (3;3) haben wir bei der Compu-
terlosung des Geichungsystems verwendet.

Wir haben die folgenden Resultate bekommen:

P:q)=3:;4) ¢=~0,53911695 d =~ 0,94909399
x ~0,61220809 y =~ 0,75625274
®:q)=@3;5) ¢=0,54261145 d~0,98159334
x =~ 0,58048682 y =~ 0,80221305

Endlich gewinnen wir, daf die Wiirfelpflasterungen (p;q) = (3;3): (3:4);
(3:;5) im Bolyai-Lobatschewskischen hyperbolischen Raum H 3 wirklich re-
alisierbar sind. Der Satz ist bewiesen.
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1. Introduction

We shall be concerned with topological spaces that admit bicomplete
quasi-pseudometrics. As a motivation for this study consider the paradigmatic
example of the unit interval [ with the quasi-pseudometric p defined by
px,y)=(y —x)V 0. The decreasing scquence (1/n) converges in the topology
T(p) to all points in I, however it is p*-convergent to its “optimal” limit,
namely 0.

In Section 2 we present an examnple of a quasi-pscudometrizable topo-
logical space which admits no compatible bicomplete quasi-pseudometric. In
Section 3 we investigate conditions under which a quasi-pseudometrizable
topological space admits a compatible bicomplete quasi-pseudometric. From
the obtained results we deduce that the Euclidian topology on the set @ of
rationals admits a compatible bicomplete quasi-pseudometric d such that ¢!
generates the discrete topology on Q. Hence a metrizable space may admit a
compatible bicomplete quasi-metric without having any compatible complete
metric. Finally, in Section 4 we characterize those quasi-pseudometrizable
topological spaces for which every compatible quasi-pseudometric is biconi-
plete. In particular, it is proved that these spaces are exactly the hereditarily
compact quasi-sober second countable spaces.

Our basic reference for topology is [3]. For quasi-uniform spaces it is [6]
and for bitopological spaces it is [8].

If Ais asubset of aset X and T is a topology on X, then T'cl A denotes
the closure of A in the topological space (X, 7) and Tint A its interior. If
A={x},x € X, we will write, simply 7¢clx and Tintx, respectively.

Recall that a quasi-pseudometric on a set X is a non-negative real valued
function d on X x X such that for all x, y, z € X: (i) d(x,x) =0 and (ii)
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d(x,y) <d(x,2)+d(z,y). If d satisfies the additional condition (iii) d(x,y)=0
= x =y, then d is called a quasi-metric on X.

A quasi-(pseudo)metric space is a pair (X,d) such that X is a nonempty
set and d is a quasi-(pseudo)metric on X.

Each quasi-pseudometric d on X generates a topology 7(d) on X which
has as a base the family of d-balls {By(x,r) : x € X, r >0} where By(x,r)=
={ye X : dx,y)<r}.

A topological space (X, T) is called quasi-(pseudo)metrizable if there is
a quasi-(pseudo)metric d on X compatible with T, where d is said to be
compatible with 7" provided that 7 = T(d).

If d is a quasi-(pscudo)metric on X, we denote by d~! the quasi-
(pseudo)metric on X given by d ‘l(x, y)=d(y,x) and by d* the (pseudo)metric
dvdl.

A quasi-pseudometric d on X is called bicomplete if d* is a complete
pseudometric on X.

The quasi-pseudometric p, defined on R (the set of real numbers) by
px,y) =( —x)VO0, induces the lower topology « on R, with basic open
sets (—o0,a); the upper topology (= T(p~1)) has basic open sets (b,+00).
Furthermore p* is the usual metric on R. Hence p is a bicomplete quasi-
pseudometric on R.

Given a topological space (X, T), we denote by T¥ the topology on X
with Tclx as a base for the T#-neighbourhoods of x. The bitopological space
(X, T, T%) is 2-separated (i.e. (X,TV T%) is a Hausdorff topological space
[19)) if and only if (X, T) is Tj.

Recall that TV T* is precisely the b-topology of (X, 1), i.e. the topology
T(P*) where P denotes the Pervin quasi-uriformity of (X, T) (see [2], [20],
{71, [19), [11], [12)). Since T(P~1) = T*, (X, T, T%) is pairwise normal and
pairwise completely regular (see [19]).

A nonempty subspace A of a topological space (X,T) is called ir-
reducible [1, Chapter 2] if each pair of nonempty A-open subsets has a
nonempty intersection. A topological space (X, T) is called quasi-sober if
each closed irreducible subset is of the form T'clx for some x € X [7, p.
154].

REMARK 1. It is known that for any quasi-pseudometric d on a set
X for which T(d) C T, it follows that the identity map ¢ : (X, T, T#) —
(X, T(d), T{d _1)) is bicontinuous and, as a result, the fine quasi-uniformity
of (X, T) is precisely the finest compatible quasi-uniformity of (X, T, T#).
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2. Quasi-pseudometrizable spaces which admit no compatible
bicomplete quasi-pseudometrics

There are many examples of quasi-pseudometrizable spaces that, on
closer analysis, are seen to admit a bicomplete quasi-pseudometric (the Sor-
genfrey line, the Kofner plane, the Pixley—Roy space on the real line and
the space (R,u) are some of these examples). The profusion of such spaces
raises the question of whether every quasi-pseudometrizable space admits a
compatible bicomplete quasi-pseudometric. In the absence of such criteria
as Cech completencss and of a generalized Baire Category Theorem in the
discussion of individual examples, it is not always clear how to proceed.

ExXAMPLE 1. The rationals with the lower topology (Q,u) admit no com-
patible bicomplete quasi-pseudometric.

Clearly, the basic u#-neighbourhoods of x in Q are of the form [x,+00).
The basic u V u®-neighbourhoods are of the form [x,a), x < a. Consider any
quasi-pseudometric d on Q, with T(d) = u. Since the topology u determines
the usual order on Q, it is not surprising that the same is true of d. We shall
establish the following facts:

Na<b < db,ay=0.

It is clear, from T(d)=u, that d(b,a)=0 < b € (ucla) & a <b.

()1 C T~ YHcut

Let F be an l-closed set and x € Q\ F. Then y < x for all y € F. Since
x ¢ F, there is r € Q such that for all y € F, y <r <x. By (i) above we
can write d(r,x) =2s > 0. Then By{r,s) and B ,—1(x,5) are disjoint. Also,
y € F gives d(r,y) =0 by (i), so that F C By(r,s). Hence B, 1(x,s) CQ\F.
Finally the inclusion T(d “1) - u* is known (see Remark 1). Consequently,
uV 1 C T*) Cuvu* Hence, for all x € Q,

T(@*)int(T(d*)clx) C (uV u#)int((u Vilx)=@ v u#)intx =0.

Thus, the metrizable space (X, T(d*)) is a countable union of nowhere dense
sets and, consequently, d* cannot be complete.

3. Topological spaces which admit at least one compatible bicomplete
quasi-pseudometric

If not all quasi-pseudometrizable spaces (X, T) admit a compatible bi-
complete quasi-pseudometric, which ones do? Not much is known about the
solution of this seemingly difficult problem; see also [18].
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Before we give criteria akin to the characterization of Cech completeness
for Tychonoff spaces, we shall consider an example of a metrizable space
which admits no compatible complete metric, that is, it is not Cech complete
and, nevertheless, admits a bicomplete quasi-metric. It seems appropriate to
point out here that Fletcher and Lindgren showed in [5] that a metrizable space
is completely metrizable if and only if it has compatible complete quasi-metric
(in the sense of [5] and [6]) and that this result has been generalized in [16] to
metrizable left K-sequentially complete quasi-metric spaces. Therefore, the
next example shows that the situation is quite different in the bicomplete case.

EXAMPLE 2. The rationals with the Sorgenfrey topology S.

Basic open sets of S are of the form [x,a), x <a in Q. Then (Q,S) is a
regular Hausdorff space with a countable base, hence metrizable. (In fact it is
homeomorphic to Q equipped with its usual Euclidian topology.) Since it is
a countable union of nowhere dense sets (singletons) it is not Cech complete.
However, consider the quasi-metric d on Q given by d(x,y)=1if x >y and
d(x,y)=min{l,y —x} if x <y. Then T(d)=S and d*(x,y) =1 if x #y. Thus
d is a compatible bicomplete quasi-metric on (Q, S).

For second countable spaces the bitopological theorem [18, Theorem
2.1] yields a purely topological condition that ensures the existence of a
compatible bicomplete quasi-pseudometric.

For a base B, of a topology T, let B consist of all finite unions of finite
intersections of members of By. Then B is a base for T and is itself closed
under finite unions and finite intersections. Moreover, if By is countable, so
is B. Now B determines a companion topology S, turned towards the other
side, as it were, with base B ={X\ B : B€ B}. Then TV S = T(B*) where
B* is the smallest Boolean algebra in 2% containing B and B°. A base for
T Vv S consists of all sets By \ B, where By, B, € 3.

THEOREM 1. Let By be a countable base for a topology T on a set X. If
T(B*) is Cech complete, then (X, T) admits a compatible bicomplete quasi-
pseudometric.

PROOF. If By is countable, so is B. Then (X, T, S) is pairwise regular
and both T and S are second countable, so the space (X, 7,S) admits a
compatible quasi-pseudometric [8]. If the pseudometrizable space (X, TV S)
is Cech complete, then it admits a compatible complete metric. By [18,
Theorem 2.1] it follows that (X, T, .S) admits a compatible bicomplete quasi-
pseudometric, hence so does (X, T).

A slight modification of the proof given in Theorem 1 provides the
following
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PROPOSITION 1. Let (X, T) be a countable quasi-pseudometrizable space.
IF(X, TVT* isa Cech complete space then (X, T, T#) admits a compatible
bicomplete quasi-pseudometric.

EXAMPLE 3. Let m denote the usual topology on the set Q of rationals.
Then m* is the discrete topology on Q. Hence (Q,m v m*) is Cech complete
and, thus, (Q,m,m") admits a compatible bicomplete quasi-metric.

4, Quasi-pseudometrizable topological spaces for which every
compatible quasi-pseudometric is bicomplete

In Theorem 2 we shall give a characterization of such spaces in terms of
disjoint-absorbing sequences.

DEFRNITION 1. Let (X, T) be a topological space. A sequence (x) in
X is said to be disjoint-absorbing, a T-DA, or simply, a DA-sequence, if
it converges to all its cluster points. (DA-sequences were called primitive
sequences by J. M. G. FELL in his paper “A Hausdorff topology for the closed
subsets of a locally compact non-Hausdorff space”, Proc. Amer. Math. Soc.
13 (1962), 472-476.)

Equivalently, (x,) is a DA-sequence if and only if given x € X there is
a T-open set V containing x such that (x,) is eventually off V, or else, (x,)
is eventually in every neighbourhood of x.

DEFINITION 2. A quasi-pseudometrizable space (X, T) will be called fully
complete if every compatible quasi-pseudometric is bicomplete.

THEOREM 2. For a quasi-pseudometrizable space (X, T) the following
conditions are equivalent:
) (X, T) is fully complete.
) Each DA-sequence in X has a T(d*)-cluster point for any quasi-
pseudometric d on X compatible with T.
3) Each DA-sequence in X has a b-cluster point.
C)) Each DA-sequence in X is b-convergent.
5) (X, T) is hereditarily compact and quasi-sober.
6) The b-topology of (X, T) is compact.
PROOF. (1) = (2). Let (x,) be a DA-sequence in X and 4 a quasi-
pseudometric on X compatible with 7. For each pair 1, k € N put
Vi={0,y) 1 dix,y)<27"}, Ac={xn : n>k} and

Unic= Vi U [ Vi (A0 x Va(a)]
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As in the proof of [6, Lemma 7.35] or [17, Proposition on page 226],
{Upk : n, k € N} is a base for a quasi-uniformity & on X. Hence there
is a quasi-pseudometric e on X that generates U and such that (x,) is an
e*-Cauchy sequence. We want to show that e is compatible with T. Clearly,
T(e) C T because V,(x) C Uyr(x) for all x € X and n, k € N. In order to
prove the reverse inclusion, take x € X and suppose, firstly, that x is a T-limit
point of (x,). Then, given n € N there is k € N such that Ay C By(x,2~¢"*+D),
Let y € Upep(x). Then d(x,y) < 20+ or there is j > k such that
d(xj,y) < 270D Since d(x,x;) < 270+ it follows that d(x,y) < 27".
Therefore Uy, 41yx(x) € By (x,27"). If x is not a T-limit point of (x,), then
there are n and k with By (x,27") N Ag =0. So, Uy (x)= By (x,27"). Thus,
e is compatible with 7. Hence there is y € X such that e*(y,x,) — 0 and,
hence, (x,) is eventually in each Un_kl(y). Then there exists a subsequence
(Xn(m)) of (xn) such that d (x,(m),y) — 0. Since d(y,x,) — 0, we conclude
that y is a T(d*)-cluster point of (x,).

(2) = (3). Let (x,) be a DA-sequence in X. Fix a quasi-pseudometric p
on X compatible with 7. Then there exists a point z € X and a subsequence
(xpomy) Of (x4) such that p* (z,x,(,)) — 0. Let d(x,y) =1 if x ¢ Tclz
and y € Tclz, and d(x,y) =0 otherwise. Put ¢ =d V p. Then q is a quasi-
pseudometric on X compatible with T Since (x,,(,)) is a DA-sequence, there
are an a € X and a subsequence <x,,(,nj)> of <x,,(,,,)) such that q*(a,x,,(mj))—)
— 0. Hence, p*(a,x,,(,,,j ) = 0 and, thus, p*(a,z) = 0. Since p and g and
compatible with T, g*(a,z) = 0. Hence X (mj ) € Tclz eventually and thus z
is a b-cluster point of (x,).

(3) = (4). We first show that for each quasi-pseudometric d on X com-
patible with T, T(d*)=TV T*. In fact, let d be any such quasi-pseudometric.
Since T(d~1)C 7# we have T(d*)C TV T*. Now let d*(x,x, ) — 0 for some
x € X and some sequence (x,) in X. Then (x,) is a DA-secquence. Hence,
it has a b-cluster point y € X. So there is a subsequence (x,,(m)) of (x,)
such that d (y,x,(ny) = 0 and d (x,(n),y) =0 for all m € N. By the triangle
inequality d(y,x) =0 and d (x,,(m),x) =0 for all m € N. Therefore x is a
b-cluster point of (x,) and, thus TV ™ C T(d*).

Now let (x,) be a DA-sequence in X. As in the proof of (1) = (2),
there is a quasi-pseudometric ¢ on X compatible with 7 such that (x,) is an
e*-Cauchy sequence. Since T (e*) = TV T¥ and, by hypothesis, (x,) has a
b-cluster point x € X, it follows that e*(x,x,) — 0. So (x,) is b-convergent
to x.
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(4) = (5). Assume that each DA-sequence in the quasi-pscudometrizable
space (X, T) is b-convergent. Consider the set # ={G C X : (' is open and
not compact in (X, 7)} ordered by the set-theoretic inclusion. We want to
show that # is empty. Of course, this will mean that (X, T) is hereditarily
compact. Assume that ##§. Since for any nonempty chain X C # we have
UX € #, we conclude by Zorn’s Lemma that there exists a maximal element
Y € #. We consider two cases:

Case (a): Suppose that L={Tclx : x € X\ Y} is countable. For each
(Tcly) € L choose exactly one x € (Tcly) such that Tclx = Tcly. Enumerate
the chosen elements by {x, : n € K} where K is an initial segment of N.
We are going to show that Y is a sequentially compact subspace of (X, T).

Assume the contrary. Let < y,? > be a sequence in Y without cluster point in
the subspace Y of (X, 7). Inductively define for each s € K a sequence (y;)
such that (y;}) is a subsequence of <y;§'1> as follows: Suppose that j € K and

that (y,;) is defined for all s <. If x; is a cluster point of <y,i,~l> in(X,T),

then choose a subsequence <y,’,> of <y,’,~l> that converges to x; in (X, T).
(We always assume that the sequence (n(k)) of indices of a subsequence
<z,,(k)> of (z,) is strictly increasing.) Otherwise let yj, =y,’,_] whenever n € N,

Finally for each n € N, set z;, =y, if K =N, and set z, =y,l,mx(KU{0}) if

max(K U {0}) exists.

We next verify that (z,) is a DA-sequence in (X, T): Let a be a cluster
point of (z,) in (X, T). Then Tcla = Tclxg for some s € K, because (zp) is

a subsequence of <y,?>. Thus by definition, (y}) converges to x, in (X, 7),

since (z,) is finally a subsequence of <y,'§'—l> and xy is a cluster point of (z,).

Consequently (z,) which is finally a subsequence of (y;}) converges to a in
(X, T). We have shown that (z,) is a DA-sequence in (X, T).

Thus it converges to some x € X with respect to the b-topology on (X, T).
Consequently (z,) converges to x in (X, T). Since Y is b-closed and z, € Y

whenever n € N, we have x € Y. Since (z,) is a subsequence of <y,?>, <y,?>

has the cluster point x in the subspace Y of (X,7T) — a contradiction. We
conclude that Y is a sequentially compact subspace of (X, T).

We next show that the following condition (x) is satisfied:

For each y € Y there is my € (Tcly)n Y such that a € (Tclmy)N Y
implies that (Tcla)N Y =(Tclmy)N Y.
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Indeed, otherwise we define inductively a sequence (x,) in Y with x) =y
such that (Tclx, )N Y C(Tclx,)N'Y whenever n € N. Now take a quasi-
pseudometric d on X compatible with T. Then d(x,+],xn) =0. Obviously
(xn) is a DA-sequence in (X, T). Therefore {(x,) converges to some x € X
with respect to the b-topology on (X, T). Thus x € N{Tclx, : n € N} since
N{Tclx, : n € N} is b-closed and x,,; € (Tclx,) whenever n € N. On
the other hand, X \N{Tclx, : n € N} is b-closed and x, € X\ (Tclx,,])
whenever n € N. Therefore x € X\ N{Tclx, : n € N} — a contradiction.
We conclude that there is no such sequence (x,) and the condition () holds.

Set A={x € Y : (Tclz)NY =(Tclx)NY for all z € (Tclx)N Y}.
Note that for each y € Y the elements m, defined above belong to A. We
choose exactly one element y in every set of the form (Tclx)N Y with x € A.
(Note that these sets are pairwise disjoint). Let M be the set of all the chosen
elements. Then M is a compact quasi-metric subspace of (X,d): If x,y e M
and d(x,y)=0then x € (Tclx)N Y. It follows that (Tclx)N'Y =(Tcly)NY,
i.e. x =y according to the definition of M. Therefore d is a quasi-metric
on M. If {(x,) is a sequence in M, there are a subsequence (x,x)) of (x;)
and x € Y such that d (x,x,,(k)) —+ 0 because Y is a sequentially compact
subspace of (X, T). By (%) there is 2 € AN Tclx. Thus we have d(y,z) =0
and d(z,x) =0 for the chosen y € (Tclz)N M. There fore (.x,,(k )) converges
to y in the subspace M of (X,T). We conclude that M is a sequentially
compact subspace of (X, T). Since a sequentially compact quasi-metric space
is compact [14], we see that M is a compact subspace of (X, T).

Let {G; : i€ I} be an open cover of the set Y in (X,7) and let
{G; : i=1,...,n} be a finite subcover for M. By (x) for each x € Y
there is z € M N (Tclx)N Y; in particular d(z,x) = 0. The element z € M is
covered by some G, with 1 < m < n. Therefore x € ¢),. We have shown
that {G; : i=1,...,n} covers Y. Hence Y is a compact subspace of (X, T)
— a contradiction. We conclude that L cannot be countable.

Case (b): We suppose that L is uncountable. Take a quasi-pseudometric
d on X compatible with T. It (G},) is a sequence of open sets in (X, T) such
that (G, \ Y) is increasing and G\ Y #0, then for some m € N, &, \ Y =
= Gpe1 \ Y, because U{G,UY : n € N} is compact in (X,T) by the
definition of Y. Thus each strictly increasing sequence of open subsets
in the subspace X \ Y of (X, T) is finite and thus X \ Y is hereditarily
compact. Therefore (compare e.g. [10]) it admits a unique totally botinded
quasi-uniformity and the Pervin quasi-uniformity of the subspace X '\ Y of
(X, T) is coarser than the guasi-uniformity induced by d on X'\ ¥, We
conclude that d* induces the b-topology on X \ Y. We next show that X'\ Y
is a quasi-sober subspace of (X, T). Let (x,) be a sequence in X \ Y. By
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[13, Theorem 3] (x,) has a left K-Cauchy subsequence <x,,(k)) in (X,d),
since the subspace X'\ Y of (X, T) is hereditarily compact. Since (x,,(k)) is
a DA-sequence in (X, T) [15, Theorem 1], it converges to some x € X with
respect to the b-topology of (X, T). Because X \ Y is b-closed and x, €
€ X\ Y whenever n € N, we have x € X'\ Y. Thus X'\ Y is a (sequentially)
compact subspace of the pseudometric space (X,d*). By [7, Corollary 3.2]
the subspace X \ Y of (X, T) is hereditarily compact and quasi-sober. Since
X\ Y is a subspace of (X, T) that according to [11, Proposition 3} admits
a unique quasi-unifornity, d induces the Pervin quasi-uniformity on X'\ Y.
Since this Pervin quasi-uniformity has a countable base, the topology of the
subspace X \ Y of (X, T) is countable [4, Proposition 1]. It follows that L is
countable — a contradiction.

We finally conclude that # = () and that (X, T) is hereditarily compact.
The argument presented in the last part of the proof (with Y set equal to §)
shows that (X, T) is quasi-sober.

(5) © (6). Recall that a space is hereditarily compact and quasi-sober if
and only if its b-topology is compact (see [7], [19], [11], [12]). It follows
that (5) = (1), since each quasi-pseudometric d on X compatible with 7 is
bicomplete (compare [11, Proposition 3}).

REMARK 2. In the proof of implication (4) = (5) of the above theorem
we have used methods from {9, Proposition] and [10, Proposition 2.4].

COROLLARY. A quasi-metrizable space (X, T) is fully complete if and
only if X is a finite set.

COROLLARY. A topological space is a fully complete quasi-pseudomet-
rizable space it and only if it is a hereditarily compact quasi-sober second
countable space.

PROOF. The necessary condition follows from Theorem 2(5), [11, Propo-
sition 3] and [4, Proposition 1]. The converse is a consequence of [11,
Proposition 3} and {6. Chapter 7].

In our final result we shall characterize the fully complete quasi-pseudo-
metrizable spaces having a linear specialization order.

PROPOSITION 2. Let (X, T) be a nonempty fully complete quasi-pseudo-
metrizable space with linear specialization order x <y < x € Tcly. Then
(X, T) is with respect to order and topology isomorphic to(a + 1, L, <) where
a is a countable ordinal, L is the upper topology on a +1 and < denotes the
usuval order on a + 1.



194 H. P. KUNZI, S. ROMAGUERA, S. SALBANY

PROOF. Let d be a quasi-pseudometric on X compatible with T. Then
(X, T) cannot have strictly decreasing infinite sequences, since they are DA-
sequences without b-cluster point. Thus < is a well-order on X. Since open
sets are increasing, (X, T) is irreducible. Hence X is a point-closure, because
(X, T) is quasi-sober. Thus X has a largest element . Since T(d*) is the b-
topology on X it is clear that (a,b]=(Tclb)\ (Tcla) is T(d*)-open whenever
a < b, i.e. the usual compact T,-order topology on a +1 = X is coarser
than T(d*). Since T(d*) is a compact Hausdorff topology, T(d*) is equal
to the order topology on a + 1.- Then the quasi-uniformity % , induced by
d, is the unique quasi-uniformity that determines the compact ordered space
(X, T(d@*),<). In particular, T(Uz)=T is the upper topology of (X, T(d*),<)
(see e.g. [11, p. 240]). Since T is first countable, @ is a countable ordinal.
On the other hand, obviously each space (@ + 1, L, <) where « is a countable
ordinal is hereditarily compact (quasi-)sober and second countable.
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Dedicated to Professor A. Csdszdr on the occasion of his 70" birthday

In this paper we prove a fixed point theorem for set-valued functions.
Denote K[0,1] the set of closed connected subsets of [0,1] and let X be a
connected topological space (see e.g. [1]).

DEFINITION. We say that a function F: X — K[0,1] is continuous if the
F(x) is [Fy(x), F(x)] where Fy, F) are continuous.

DEFINITION. If A, BCRthen A-B:={x: x€R,x=a~-b,a€cA, be
€ B}.

DEFINITION. If A, B C R then A < B means that a € A, b € B imply
a <b.

THEOREM. Let F, G : X — K[0,1] be continuous functions and assume
that

| Fe)=10,11.
x€X
Then there exists xy € X such that F(xp) N G(xp)={.

PrROOF. The proof is indirect. Assume that F(xg) N G(xg) = @ for all
xg € X. It is clear that F— & : X — K[-1,1] is continuous. (Here (F —
— O)(x) = F(x) — G(x).) By the assumptions 0 ¢ (F — G)(x) for all x € X.
Since (F — &)(x) is a connected interval therefore (F — &)(x) C [-1,0) or
(F—-G)(x)C(0,1] for all x € X. Denote X) :={x € X : (F- G)(x)C[-1,0)}
and X, :={x € X : (F- G)x) C (0,1]}. By the continuity of F — G we

*Research supported by the Hungarian National Scientific Research (OTKA) No. T 7546.
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get X|, X, are open in X. Obviously X; N X, = 0. Since X is connected
therefore X; = X or Xp = X. If X = X then F(x) < G(x) for all x € X
but in this case there exists x; € X such that 1 € F(x;) < G(xy) which is a
contradiction since G(x;) C [0,1]. If X, = X then Gix) < F(x) for all x € X
but in this case there exists x; € X such that 0 € F(x;), thus G(x;) < 0 which
is a contradiction since G(x3) C [0,1]. The theorem is proved.

COROLLARY. If f, g : [0,1] — [0, 1] are number-valued continuous func-
tions and rangef = [0, 1], then there exists a x; € {0,1] such that f(x;) = g(x).

Indeed, choose X :=[0,1], F(x):={f(x)}, G(x):={g(x)}.

REMARK. If we want to generalize this theorem for arbitrary topological
space Y, then we cannot do it without restriction on Y. Indeed, let X :=
=10,27] and Y := {x € R? : l|x|le < 1}. Define F(0) and G(0) in the
following way. Let F(0), G(0) be closed disjoint subsets of Y, such that
F(0) contains a half-disc. Let F(x), G(x) be obtained from F(0), G(0) by a
rotation with angle x around the centre of Y. Then F and & are continuous
functions and

| Fx)=v.
xeX
But it is clear that F(xy) N G(xg) =0 for all x € X.

PROBLEM. The Corollary and Remark motivate the next question. How
can we generalize the Theorem for other spaces instead of {0,1]?

REMARK (in August 9, 1994). We can answer partially this problem
in [2].
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In [S] HEIKKILE and LAKSHMIKANTHAM considered the following system
of periodic boundary value problems (PBVS)

—uj' (t) =f; (6, u; (1), ]y, (0), [ulg; (i (1)) forae.te)

(*) Iy I .
ui()=u (1), u;O)=u(T), i=1,..,n

with f;: J X R" 5 E, i =1,...,n where E is an ordered Banach space with
regular order cone K and J=[0, T}, T > 0. In the notation u = (u;, [u Ipi - lulg)
for u = (uy,...,un) € E" the term [u]p, is formed by p; coordinates of u,
different from u; and [u],, contains the remaining ones, so that p; +¢; =n — 1.
They have proved that the PBVS () has coupled extremal quasisolutions if
for each i = 1,...,n there is a Lebesque integrable function h : J — R* such
that the function

fi(tauh[u]p,‘,[u]q,"v) - hi(t)v

is increasing with respect to [u]g; and decreasing with respect to u;, [u Ip; and
to v, adding some other assumptions.

We shall consider the following parabolic system

d
1) %*Lkuk = fiex, g, [ulp, , [ulg,) nQ
@ i =0 on S

3w (x,0)=gk(x) in Q
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k =1,...,n, where Q ¢ R" is a bounded domain with a Lipschitz boundary
aQ, Q=Qx(0,T), S=aQx(0,T), T>0and

k 9 Uk k
Lyuy =— b; — +c w k=1,.
=3 A (a2 z :
ij=1
There is no continuity condition imposed on f; (k =1,...,n).

An existence result for a parabolic system with a discontinuous nonlin-
earity has been given by VON WAHL in [8]. In his paper, the discontinuous
nonlinearity is approximated by continuous ones and it is shown that there
exists a subsequence of solutions to the approximating nonlinear continuous
problems converging to a solution of the original discontinuous problem.

Recently, GIANNI and MANNUCCI in [3] has considered

du .
E-AM—H(M'—-” n Q

where H is the Heaviside function. By using approximating methods they
proved that the problem above with initial-boundary value conditions is solv-
able.

In the present paper we shall prove that the problem (1)-(3) has coupled
extremal quasisolutions if f; (k = 1,...,n) satisfy conditions (f1)—(f3) stated
later. As consequences we also get some existence theorems on solutions of
parabolic systems and equations with discontinuous nonlinearities.

2, Hypotheses and auxiliary results

Assume now that the functions a}‘j, bf.‘, ck are bounded, measurable on

Q, ¢k are nonnegative in Q, and that g; € L2Q), i,j=1,..., Ny k=1, ...,
n. We shall also assume that there exist two positive constants x| <, such
that

N
WIEP <Y af(,nEik <molEl* ae in Q

ij=1
for all & = (&y,...,En) € RN,
W21’0(Q) is the Hilbert space with scalar product

T N
(u,v) =// uv + du 9y dxdt
w00 L §x; ax;
0 Q i=1
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and Wzl’l(Q) is the Hilbert space with scalar product

du dv  Jdudv
— dxdt.
(w, V)Wl‘](@ //(w ax, dx; ot ar) *

V1(Q) is the Banach space consisting of all elements of W (Q) having
a finite norm cf. [6]

= vrai )1 +{[V
[ulo VralogltasxTHu(x Mz, +11Vullz,o

where

lutx, 0|3 = / (e, )dx
Q

6u2

N
2 _ 2 = el
||Vu||2,0—/|Vu[ dxdt_/z -
Q Q i=]

VZI’O(Q) is the Banach space consisting of all elements of V,(Q) that are
continuous in ¢ in the norm of L%(Q), with the norm

dxdt.

=vyrai max ,1 +iV .
julg = vrai max Jlutx, Dllz+|Vullz0

The space Vl 0(Q) can be obtained by completing the set Wl l(Q) in
the norm of VZ(Q) (cf. [6] for details).

A zero over WI 0(Q) W1 1(Q) Va2(Q), Vl 0(Q) means that only those
elements of these spaccs are taken which vamsh on S.

n o
For convenience, denote [Vz’ (Q)] by V, [V;’O(Q)] by V and let

!
: 0z
Ik(t,vk,zk)-z/vk(x,t)zk(x,r)dx ~//vk-5t£dxdt+
Q

k OVk 9k k0 k
Z ] axi 0% Z;b Zk+(: viZg | dxdt.
i=

0 Q L=l
We say that the function v =(v,...,v,) and w =(wy,...,wy) are coupled
quasisolutions of the problem (1)-(3) if v,w € V, and

d
@ "5ka+Lka =Sk 1V, Iy [w gy ) in Q
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(5) w=0 onS
6)  vi(x,0)=gk(x) in Q
N i(:—vtk+Lka =fi(x,t,wis [wlpe, [vig, ) in Q
8  w=0 onS
9 wi(x,0)=gi(x) in Q

k=1,...,n in weak sense. It means that the functions v,w € f/, and they
satisfy the following equalities:

t
(10) (v, ze) = / /fk(X,’,Vk,[V]pk,[W]qk)deXdH'
00

+ / 8k (x)zi (x,0)dx
Q

1
(11) Ik(’,Wk,Zk)=//fk(x,’,wk,[wlpk,[V]qk)zkdXdH'
0Q

+ / 8k (x)zx (x,0)dx
Q

- - s,1,1 n
k=1,...,n forall z=(zy,...,2,) from | W,"(Q)

The functions ¥V =(Vy,...,y), w =(Wy,...,Wn) € V are said to be coupled

upper and lower quasisolutions of the problem (1)-(3), if ¥, W satisfy the
following inequalities in weak sense

(12) %‘—+L+kﬁk <fie (11,906,015, .10 1g, ) in Q
(13) <0 onS
(14)  Vp(x,0) < gplx) in Q
(15) iaguwmk > fi (x,r,wk,[mpk ,[o]qk) on Q
(16) wrg >0 onS
A7) x,0) > gelx) in Q

k=1, ..., n. It means that ¥, w € V and they satisfy the following inequalities
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t
(18) Ik(t,"k,Zk)S//fk (x,t,ﬁk,[f']p,‘,[W]qk)dexdt+
0Q

+ / 8k(2)zk (x,0)dx
Q

t
(19) Ik (t,wk,Zk) .>_ //fk (X,I,Wk,[ﬁ)]pk ,[o]qk) dexdt+
00
+ / gk (2)zk (x,0)dx
Q
for all z = (zy,...,2,) from [ W, l’1(0)]" [L%(Q)]" where L%(Q) consists

of all nonnegatwe elements of L2(Q) At the same time, max {9,0} € V»(Q)
max {-#,0} € Va(Q), k=1,
Put

(20) P={u=(uy,...,un) | ux € L*(Q), ug(x,1)> 0 ae. in Q k=1,...,n}.
n
It is easy to show that P is a cone in the Banach space [LZ(Q)] . Let E be
n
the Banach space [LZ(Q)} , which is partially ordered by the cone P. The
partial ordering in E is defined by
v < w if and only if vi(x,t) <wix,t)ae. in Qk=1,...,n
If v < w, the order interval [v,w] in E can be defined by
v,wl={u=(@p,...,un) € E| vy <uy <wpae. inQk=1,...,n}

Now we shall impose the following hypotheses on the functions fi
k=1,...,n).

(f1) there exists coupled upper and lower quasisolutions ¥, w of the
problem (1)—~(3) such that ¥ < w and

S (3:1,96.0015, 0014, ) » fic (51,90 00 1y 5 9, ) € LHQ).

- (f2) fr (x,t,u(x,t)) are measurable on Q, whenever u € [,w].
(£3) there is a positive constant M such that the functions

fr (x,t,uk,[u]pk,[u]qk) +Muy, :QxR'" = R
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are increasing with respect to 1y on

[0k (x, ), Wi (x,1)]

to [ulp, on

|91, G0, 19 ), (2,0

and decreasing with respect to [u]qk on

[191g, (o, D01y, 6,0)]

for ae. (x,1) € Q and foreach k =1, ..., n.
Note that in the assumption (f3) the intervals are real intervals, for exam-
ple, [ﬁk(x,t),vfik(x,t)] {s € Ry (x,1) <5 < wy(x,0)} and if [u],, is formed

by the p; coordinates (ajl""’ujﬂk) of u =u(uy,...,u,), then

(115, 6,191, (0] =
= {33,005, 06,00] % (35,085, 66,00] % x B o018, 1))

LEMMA 1. Let fi, k =1, ..., n satisfy conditions (fI)~(f3). Define
the operator G : [§,Ww]* — E by G(v,w) = (Gy(v,W),...,Gu(v,w)), where
G (v, w) = fi (x,2,v,[v]p, [Wlg ) + Myk. Then the operator G is bounded
from {V,w ]2 to E, furthermore, G(-,z) is increasing and G(z,-) is decreasing
for each z € [V, W ].

PROOF. Assume v < w in E, so vy < wy ae. in Q. By (f3),

Gy (v,z) ~ Gy(w,z) =

=fi (0, Ipo 2]y ) + My = [fi (x50 wio Iwlpg s [2lg ) + Mwy] <0
Gilz,v) = CGilz,w) =

=fie (0,0, 2012y, 0)g ) + Mk = [fi (x.0,20, [2]p , W g, ) + Mz 20
ie.
(21 Gi(v,2) < Gy(w,2), Gi(z,v) 2 G(z,w) ae. in Q
which imply that G(-,z) is increasing and G(z,-) is decreasing. Especially we
get

Gy (2, W) < G(v,w) < G (W, D) for any v,w € [P,W].

So we have
22) 1G (v, W)l < |G (9,W)] + ]Gy (W, 9)] for any v,w € [V, W]
k=1, ..., n.
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By use of (f2) and the inequalities (22), it follows that & is bounded from
W%t E by applying standard theorems on the integrability of measurable
functions bounded by integrable ones. The proof of Lemma 1 is complete.

LEMMA 2. Let fi, k =1, ..., n satisfy conditions (f1)~(f3). Then for any
v, w € [V,w], the linear parabolic problem

23) %‘ti+Lkuk+Muk = G (v,w) in Q
24 w =0 onS
25)  w(x,0) =g (x) in Q

k =1, ..., n has a unique solution uy denoted by Ax(v,w) and u = (uy,...
cln) € V.

PROOF. From Lemma 1, the right-hand sides of equations (23) belong
to L2(Q). The linear parabolic problems (23)—(25) are uniquely solvable and

the solutions u; = Ag(v,w) € V;’O(Q) cf. [6], which implies the assertion of
Lemma 2.

By Lemma 2, wc have defined an operator A : P,w?— VCE by
A(v,w) = (A (v,w),..., An(v,w)). In the following, we shall study the oper-
ator equations

(26) Alv,w)=v, Aw,v)=w.

LEMMA 3. Let f;, k =1, ..., n satisfy conditions (f1)(f3). Then the
operator A defined by Lemma 2 maps [9,@]2 into {,w] such that A(-,z) is
increasing and A(z,-) is decreasing for each z € [V, W].

PROOF. First we shall prove that
27 P <A@,W), AW, <w.

Letu = A(V,w). Then u is the solution of the problems

d

—££+Lkuk +Muy =G (V,w) in Q
w =0 on S
u(x,0) = gy (x) in Q

k =1, ..., n. Denoting z =V — u, condition (fl) implies that z satisfies the
following inequalities
9z .
*éT*'Lka"'MZk <0 in Q
2% <0 on S

Zk(x’O)SO in Q
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k=1,....n.
Applying the maximum principle (see Chapt. 3 in [6]) we get z; <0 a.e.
in Q, thus ¥ < A(V,w). In the same way we obtain that A(V,w) < W.
Now assume that v, w € [#,w] and v < w. Let u = A(v,z) — A(w,z). By
the definition of the operator A, u is the solution of the following problem
du

-é—}+Lkuk +Muy = Gy(v,2) - Gk (w,2) <0 in Q
up =0 on S
u(x,00=0 in Q
k=1, ..., n. Here we have applied the results in Lemma 1. Hence, u; <0,
k=1, ..., n by the maximum principle, i.e. A(v,z) < A(w,z). Similarly, we

have A(z,v) > A(z,w). So we have shown the monotonicity of A. In virtue
of this property and (27), we obtain

V<AWP,W) < A,w) < AW, V)< W for any v,w € [V, W],

which indicate that A maps [\‘»,M‘;]2 into [?,w]. The proof of Lemma 3 is
complete.

LEMMA 4. Let fi, k =1, ..., n satisfy conditions (f1)—(f3). Then the
operator equations (26) have solutions ¥, w satisfying v < v <w < w such
that v, w € [V,w] whenever v, w € [V,Ww] are solutions of (26).

PROOF. First we define a new space E; = Ex E. Put B, = {(v,w)|v €
€ P, —w € P} where P is the positive cone in E defined by (20). Then P, is
a cone in E, and E; is an ordered Banach space by the cone P,. The partial
ordering in E, is defined by

(v,w)<(u,z) inEifandonlyifv<u, w>zinkE,

where “< ,” denotes the partial ordering sign in E, and “<” denotes the
partial ordering sign in E. In this way, we can define the order interval
[(9,),(%,9)]; in Ep.

Since the cone K = {k(x) € L2(Q) | k(x) > 0 ae. in Q} in L%(Q) is
strongly minihedral cf. [2], [4], [7], so it easily follows that the cone P in E
is strongly minihedral. Therefore the cone P; in E; is strongly minihedral,
too.

Now let A : [(V,w),(W,V)], — E; defined by
Ay(v,w) = (A(v,w), A(w,v)) for any (v,w) € [(V,W),(W,V)]>.
We shall prove
(a) Aj is increasing in [(?,W),(W,V)];
(b) (),Ww) < 242, W), Ay (W,V) < (W,0).
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To prove (a), let (v,w), (u,2) € [(¥,w),(W,V)]; and (v,w) < 9(u,2) ie.
v <u,w >z in E. In virtue of the monotonicity property in Lemma 3, we
have

A(v,w) < Alu,w) < Am,2),  Aw,v) 2 Az,v) 2 Alz,u)
which imply that
Ay(v,w) =(A(v,w), Aw,v)) < 2(A,2), A(z,u)) = Ay(u,2)
that is, A, is increasing in E.
Applying (27) and (a), it is obvious that
(0, W) < 2A2(0,W) <24, (W,0) < 2(W,9).
Using (a), (b) and the strongly minihedral property of P, as an applica-

tion of Theorem 2.3 in [4] or Theorem 19.1 in [2], we obtain a maximal fixed
point (v,w) and a minimal fixed point (v,w) of A, in [(§,W),(W,V)],.

According to the extremal property of (v,w) and (v,w), we know that
for any fixed point (v,w) € [(?,W),(W,¥)]; of A,

(28) (F,w) <2(v,w) <2 (v,w) in B

ie. v<v<y and w>w>winkE.

According to the definition of the operator A, we know that if (v,w) is a
fixed point of A3, so is (w,v). Therefore (w,V), (w,y) are fixed points of A,
too. Substituting (v,w) by (w,v) and (w,?) in (28), respectively, we have

F<w<y, w>v>winkE.

v<w<y, w2y2wink
which imply that

W=y, w=v and V<w

It means that there exists a fixed point (¥,w) of Aj in [(§,W),(W,P)], sat-
isfying ¥ < ¥ < w < w such that v, w € [V,w] whenever v, w € [V,W] are
solutions of (26). The proof of Lemma 4 is complete.
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3. Main results

In virtue of Lemma 4 and by the definition of the operator A, we obtain
the following existence theorem.

THEOREM 1. Let fy, k =1, ..., n satisfy conditions (fl1)—(f3). Then the
problem (1)—(3) has coupled quasisolutions v, w satisfying V <v <w < W
such that v, w € [V,w] whenever v, w € [V,w] arc coupled quasisolutions of

the problem (1)-(3).

PROOF. By the definition of the operator A (see, Lemma 2), we know that
if v, w € [V,W] are solutions of (26), v, w satisfy the following equations:

%+Lkvk + Mvy = Gy(v,w) in Q
v =0 on .S
v (x,0) = gi(x) in Q
gawTk+Lkwk+MWk=Gk(w,v) in Q
wi =0 on .S
wi(x,0) = gr(x) in Q2
k=1, ..., n. By the definition of G(v,w), the equations above are equivalent
to the following equations
%+Lkvk =fi (x,t,vk[v]pk,[w]qk) in Q
v =0 on S
v (x,0)=gr(x) in Q
dwy .
T"'Lkwk =fi (x,6,wi, Wy, 5 V], ) in Q
wr =0 on S
wir(x.0) = gi(x) in 2
k=1, ..., n which mean that v =(v,...,v,) and w =(wy,...,w,) are coupled

quasisolutions of problem (1)-(3).

From Lemma 4, it easily follows that the conclusions of Theorem 1 are
true.

THEOREM 2. Suppose that there exists n nonnegative functions d', ...,
d" € L*(Q) such that

lfk (x’t’uky[u]pk’[u]qk)l S Ck(x’t) I Iuk|+dk(x7t)
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for all (x,t uk,[u]pk,{u a) € Qx R", where ¢ k(x,1), k=1, ..., n are the
coefficients appearing in the operators Ly (sec (1)). Moreover there is a
positive constant M such that the functions fy (x,t,uk Lielp, ,[u]qk) + Muy

Q x R" — R are increasing with respect to uy, o [ulp, , and decreasing with
respect to [uly, for ae. (x,1) € Q. Then if fi(x,t,u(x,t)) are measurable on

n
Q for any u € {Lz(Q)} ,and gi(x) > 0 ae inQ foreachk =1, ..., n, the

nonlinear parabolic system (1)-~(3) has coupled quasisolutions.

PROOF. We first consider the linear parabolic problems
du

—a-t!(-+Lkuk c Up = dk in Q
u =0 on S
ug(x,0) = gic(x) in Q
ie.,
N N
duy dug [ ; diy (O & )
o oy (“’J ax; 2h oy nQ
ij=1 i=
u =0 on S
up (x,0) = gr(x) in Q.

Applying the results about lincar parabolic equations in [6], we obtain that
the linear parabolic problems above have exactly one solution wy € \0/21’0(0)
and Wi (x,1) >0 ae. in Q, k=1, ..., n. Therefore, w =(Wy,...,w,) > 0 in the
ordered Banach space E. Let P =—w. Then » <0< w in E and ¥ =(V1,...,0p)
satisfies the following equations

a

%+Lkvk —Ckvk —dk in Q
=0 on S
P (x,0) = —gi(x) in Q

Hence, we can get

9 Dk ko gk kg k s s .

57 Thv = —d" =—c [Pk —d" <fk (x,t,Vk,[Vka,[W]qk)
in Q

J Wi k| k I .

—5;—+Lkwk = wk+d =c" |l +d" > f (x,t,wk,[w]l)k,[v]qk)
in Q

vy =wy =0 on S

U (x,0) = —gi(2) < gr(x), Wi lx,0) = gr(x) in
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which indicates that ¢ = (¥},...,¥,) and w = (W},...,Wy) are coupled upper
and lower quasisolutions of the problem (1)~(3). The rest of the proof for
Theorem 2 follows from Theorem 1.

In the case when g =0 for each k =1, ..., n we shall rewrite the system
(1)—<(3) in the form
d
@9) S Lk =fie (5 1,100,8,.yn) in Q
(30) w =0 on S
(1) up(x,0) =gr(x) , in Q
k=1, ..., n.

We say that u € V is an upper solutions (resp. a lower solution) of
(29)31) if u satisfies (29)—«(31) with all the equalities replaced by > (resp.
<). As a consequence of Theorem 1 we obtain

THEOREM 3. Assume that the system (29)—(31) has a lower solution
¥ and an upper solution w such that V < w in E, fi (x,1,V), fi (x,t,w) €
€ L2(Q), and for each k =1, ..., n there is a positive constant M such that
Jie Gyt uy, ug,y...oun )+ Muy is increasing with respect to all u; (i =1, ..., n)
on [Qi(x,t),w,- (x,t)] for ae. (x,t) € Q. If condition (f2) also holds, then the
system (29)—«31) has extremal solutions between v and w.

In [3], GIANNI and MANNUCCI considered

‘;—‘:-Vzu=H(u-1) in Q
{ ux,t)y=k(x,t) onsS
u(x,0)=h(x) in Q

where H is the Heaviside function. They have proved existence and continu-
ous dependence theorems if the functions k(x,t), h(x) satisfy some additional
conditions.

Let ¥(x,t), w(x,t) be the solutions of the following linear parabolic
problems respectively,

3 o ,
ryia Ve =0 in Q
1)) P(x,t) =k(x,1) on S
?(x,0) = h(x) in Q
aa—‘tv -V =1 in Q
A1) Wix, 1) =k(x,1) on S

w(x,0) =h(x) in Q.
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Then it is obvious that ¥ < w, and ¥ and W are lower and upper solutions of
(I). By Theorem 3 (n = 1), we also get that the problem (I) has a solution.

Using our Theorem 2 (n = 1), we also can get the results of CARL in [1].
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1. Definition: We call a set By (/N) a basis of order & (or an h-basis) for
the (integers of the) interval [1,N], if

{by+by+...+by | b; € By(N), 1<i<h}DI[I,N]
That is, the integer elements of the interval [1, N] can be represented as the

sum of (at most) h elements of By (V).

We are looking for the least possible number of elements of such a set
B, (N). Let us denote this number by Ag(N).

For the case h =2 it is easy to see that 2¢/N > Ay(N) > Vv2-vN.

It was shown in [3] that Ay(N)<+/3.6- V/N. In [2] I improved this result
to v/3.5-v/'N by a simple construction.

In this paper I shall give upper estimates for Ay (N) for any h.

2. We can clearly represent any number n < N as the sum of at most h
numbers if we consider the number system of base YN (or more precisely

* Research partially supported by the Hungarian National Foundation for Scientific Re-
search (OTKA) grant, No. T 4396.
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H'/N]). In this way we have an h-basis of the elements:
First subsequence: 1, 2, ,..., W

2

Second subsequence: \/h N, th N, ..., v" N
2 2 3
Third subsequence: W , 2W s eeey YN

-1 -1
h-th subsequence: \/h N 2\/’l N ,.. N

This basis consists of approximately h {/N elements. That is,
An(N)

YN

3. In this part we will use the rare basis given in {2]. For technical

reasons we will need the constant C = 1/3.5/2. Notice, that C < 1. Let
W be denoted by M. Let us consider first a rare 2-order basis B2(M2)
of the interval [I,Mz] having V335V MZ=2CM elements. We multiply the
elements of this basis by M 2 (to obtain the set M2 - B(M 2)) then by M?* (o
obtain the set M*4. Bz(Mz)), etc.

We replace the first two subsequences of the basis in Section 2 by
Bz(Mz); the next two subsequences by M?. Bz(Mz), etc.

If h is an odd number, we leave the last subsequence untouched.

It is easy to see, that we still have a basis of order h.

If h is even, then this basis consists of & /2 blocks, each containing 2C M
elements, i.e. our basis has hCM elements altogether. It means that

Ap(N)
YN

<h.

<hC<h,

since C < 1.

If h is odd, then this basis consists of (h — 1)/2 blocks, each containing
2CM elements, plus one block containing M elements, i.e. the basis has
[(h ~1)/2] -2CM + M elements in total. This gives

Ar(N)
YN
a slightly weaker result than for even values of h.

4. One can feel that the above model is not well balanced for odd values
of h; the last block is relatively too “large” compared to the others. Therefore

<Ch-D+1,
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we keep just the first CM elements of the last block, i.e. we omit the
last (1 — C)M elements. This way we obtain a basis for the interval N' =
= CMM"! (instead of N = M") and this basis contains hC M elements in
total. This yields

An(N') _ hC
Since C < 1, this is a “better” (that is smaller) constant than the one we

got for odd orders in Section 3, but it is still weaker than the one we have for
even values of h.

We can summarize our results in the following

THEOREM.

R S\ AS, ifh is odd.

Ap(N) {hC, if h is even,
e

where C =+/3.5/2.

5. Unfortunately, 1 do not see possibilities of further improvement by
“assembling” the h-basis from 2-basis blocks more cleverly.

ACKNOWLEDGEMENT. I would like to thank ROBERT FREUD for his valu-
able help and adyvice.
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L. G. PAL introduced the following modification of the Hermite~Fejér
interpolation. Let

-0 <x",n <... <x1’n < 400

be a finite system of distinct nodal points forn =1, 2, ... and

n n
PoxY omm
wn(x) == H(x - xi,n)a Wy(x) =n- H(X - xitn)'

i=] i=1
It is obvious that

Xy <Xyl <oee <XLp <Xp g
Determine a polynomial R, of lowest possible degree satisfying the condi-
tions

Ry(x;in)=yin (i=1 R,(x} )=y, (=1 -1
n(xz,n)—yz,n (l - 9“‘:")’ n(xi,n)—yl,n (l =1,...,n )’

where y; ,, and arbitrarily real numbers.

PAL [7} proved that if a=x; , (i =1,...,n; n=1,2,...), then there exists
a unique polynomial R, of degree < 2n — 1 satisfying the requirements and
R, (a)=0. He has also given the explicit form of this polynomial. In [1] SzILI
proved:

If the interpolated function f : R — R is continuously differentiable,

f(0)=0,
lim x2re—xz/2f(x)=0(r=0,1,...) and lim f'(x)e*x2/2=0,

[x{—ro0 jx|—o0
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furthermore
Yip =f i) (=120, yi,=f&') (=12..,n-1,

where x; , are the roots of the Hermite polynomials, then the sequence of the
interpolation polynomials R, (n =2, 4, 6, ...) satisfy the following estimate:

2 1
e " lf(x) = Ry(x)| =0 (W (f’, ﬁ) 10gn> s
which holds on the whole real line, where y > 1 and O does not depend on x;
w is the so called Freud modulus of continuity, which is defined for a function
g:R—Rby

w(g,0) = sup ~(x+1)?/2 —x*/2 T(éx)exz/zg(x)

0<t<é

e glx+t)—e g(x)|i +

The aim of this paper is to prove a sharper estimate.
The polynomials R,, we can give in the explicit form (see: [1] Theorem 1)

n n-1
Ry (x)= Z)’i,n Ajn (x)+ Zy'!v" B; , (x)
i=1 i=l

and
n 2
S [ HO
R, (0) = —2§Yz,n {Hr;(xi,n)] ’
where
z
_ He ) [, Fite) |
Al,n (x) = m . l,’,,(X)+2n . H'g(xi'n) O/ll,n(t)dt -2 [I-L;(xl.n) ?
li,n(x) = Fn) (i=12,...,n)

Hy (xi n Yx — X n)
(the Lagrenge fundamental polynomials corresponding to the nodal points
xi,n )9

2
H,(x . .
Bi’"(x)= Hn'('-i*)) : li’n(t)dt, (l = 1,2,...,n — 1),
in o
!
lin (o) = By ) (i=12,...,n=1),

y
Hy (xitn e - xitn )

(the Lagrenge fundamental polynomials corresponding to the nodal points
x* ).
i,n
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THEOREM. If the interpolated function f : R — R is continuously differ-
entiable

(1) lim x¥-e*fx)=0 (r=0,12..) and'lllm Flxe~* 12 =0

fx[—+o0 x[—o0

furthermore, f(0) =0,
(2) Yin =f(xi,n) (i= 1,2,...,71), yi,,n =f,(xitn) (i= 1,2,...,'1 - 1),

then the sequence of the above interpolation polynomials R, (n =2, 4,6, ...)
satisty the following estimate

2
3) e |f(x) — Ry(x)| = O(1)w ( ; )+O(1)
n \/— \/__
which holds on the whole real line and O(1) is independent on x and n.
For the proof we need some lemmas.

LEMMA 1. Let n be even, then

n 2 2
4) S ein/? |40 = O()e* Vi,
i=1
PROOF. TakKing into account [1], [4], it is enough to estimate
n ex,?’"/Z
, .
©) | ) E |H,4<x,-,n)f Hin
2./ I
e 1n
6 H, i
© Ol Z H i) / fin (]
and
2
(M) H2<x>2 il
'Hn(xl n)|2

First estimate (5). We know ([6])
2

1
® Z H ,,,>|2 TR
Using this we obtam
n e 1n/2
9) lin )] <

=1 IHrll(xi,n )|
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n 1 172 no o, 12
P . x",’l R 2 -
(Smmon) (Bt

where we used (see e.g. [3], [6])
noo2
(10) S efin 2 x)=0Me”’  (x €R),

Using [5], p.700 table, we obtain from (5)

! 2/2
11 H, in
an | (")'ZlHn(.n)l' )] =
e* /2
= O(1) s 1 | Hy 1 (2] = 0<1)e"2n‘1/,'f2.

Now estimate (6). We know (see [2], 15.3.6 and [9], Lemma 1)

2 _
|H i | < €502 /2T 2y ).

Using this we obtain
X |H ( )i X
X 1/2
| [ intoe| =00/ ZHE ;‘m/ G| [ i)
0 0

In Lemma 3 we will estimate a similar expression and we obtain

2
" Xinl?. | Hy ()|
IHI:(xi,n)l

i=1

x 2
[Hn @)l = 172, ./1. - 0(°-
=0(1) \/.2"_,2;% O%izn) J in(dt) = O —=.
Therefore from (6)
' n ex,-z’n/2 x 2
(12) n-lHn<x)f§m- 0/ i n(0)dt| = O(1)* - /A,

At last using (8) we obtain from (7)

e¥in/? H, 1
13  HXx)- Z(H( = (1)(\/(_’;)) 0(1)ex2.m.

Hence (4) is proved.
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LEMMA 2. Letn be an arbitrary nonnegative integer and @n(x; n) =X n —
— Xj41,n (certainly x5 > x3 0 > ... > xpn). Then the following estimate holds

| Ha )| < 50/ a1 - 1T 2ty =1,2,0n - 1),

where a, X by means that |ay| = O(bp) and |by| = O(ay).
PROOF. The x, are the roots of H,_; since Hy(x)=2n-H,_,(x),
therefore xi‘:n =X; n—1- Using [2], (5.5.8) we obtain
IHn(xitn)I = |Hn(xi,n—l)| =2n-1)- lHn-—Z(xi,n—l)l-
Hence
lHn(x,'t,,)l = IH,:_I(xi,n—l)'-
But we know (see [2], 15.3.6 and [9], Lemma 1)
|H. (xi | % € Xinl2 f3l . o 12 (x,,,,) G=1,...,n).
Lemma 2 is proved.
LEMMA 3. If n is even then
n »2 2
(14) Y/t B a]=0e*”  (x€R),
i=1
where O(1) independent on x and n.

PROOF. Without loss of generality we may assume that x > 0. Using
Lemma 2 'we obtain

n-—1 2 -" x

3 Hin /2 | B atx) = | Hu)l- Z THn Gl / a0t} =

i=] 0
x

H,
=O(1)\/2lm(xf)lT— Z 1/2(xtn l) /tn—l(t)dt .
0
Here
n—1 X

1/2
Z wn{_[(xi,n—l)‘
i=1
Wi n—11224/log(n=T)
n-1

2
_ Z -2 /2 12
= e “in l/ wn 1(xi,n—1)'
i=]
Ixi n —1122+/log(n~ 1)

/li,n—l(t)dt =

0

X

2
/exiy"—l/z-li,,,_l(t)dt =
0
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p-1/12 x N2 s 1/2
=0()— /(21) -(Ze“iﬂ-hlfn_l(t)dt) dt =
0 ‘ ,
X

x2/2

1 e
r/2 _
19/12/ dt =0~ n19/12 1+x°
0

=0(1)

where we used (p:/_zl(x,-’,,_l) = O(l)n"l/12 (i=1,...,n—1) and (10).

Hence
n_l *2 2
(15) > S BL@I=
|Jci,,l 12 ;/og(n-—l)
2
_ | Hn ()] 1 &2 2 1
=0 2in — 1D pl9/12 14x =0 n4/3’

where we used e—* /2 x Y H,@)l = OVl n =14, (x| > 1) (see [2],
(8.91.8)).

Furthermore

X

/ lin—1(0)dt| =

0

n-1

Z ‘P:/_zlui,n—l)'

i=1
lxi,n -1 |<2+/log(n—1)

n—1 X
=0W—7 /4 > / li 101

i=1
lx,-’n_l |<2+/log(n =T} 0

Using

n-—1

> lip—10)] = 0(1)e* 2/ (x| > n'/4)
i=1
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(see [4], (19)) we obtain

n-1 X Xn-1 ex2/2
> /li,n—l(’)d’ < / > i1t} = O x 2 V.
i=1 0 0 i=0
Ixi,n—l |<2\/login—1)
Hence
(16) )
n—1 IHn(x) 1 ex /2 x2

2

Y i Baml=00)
i=1

|xi,"_l|<2\/iog(n—l)

for all x > \/n.
Using

V=1 nl/t 1+x =0(le

Y lhaa@l=00e D x|<va

|x'"xi,n—l|21

(see [4], (17)) we obtain

y ex2/2
> i1 (®)dt] = O T—.
+x
Ix—x;n_1121]p
Hence
an
n—1 2
212 _ |Ha(x)] 1 e7/2 X2
Z} e l% 1Bl = O ey = - 75 = O(De
=
lxi,u_1|<2\/iog(n—l)
[x~xin_1|21
forall 0 < x < /n.
We need an estimate for
n-—1 2
(18) Y Sl B,
i=]

Ix,-,,, ~11<24/log(n—-1)

Px=x; 1121
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Obviously
n-1
(19) Z € ”' ]Bln(x)' =
i=1
|%; n—11<2/log(n—1)
[x—x;p 1121
-1 x
_ _|Hu)| 1 X
SV pl/a’ 2 /’i'n—l(‘)d‘ :
i=1 0
[%in—11<2¢/log(n—1)
[x=xip_1]21
Here
T H
t
/ li 1 (1)t = / ho1®)
’ 1(x1n 1) —Xin— 1
0
1 1 Hn——l(t) dt
e ln 1/2 V2n(”“1)' 1/4 t’_xi,n—-l .
Thus
n—1 )
(20) \2 e /2, | By ()] =
i=1
I%in—11<2¢/log(n—1)
lx“xi,n—ll<1
2
_ | Ha0) f ¢ Fin-1/2 /H,, 0,
RVZIrY — Y1) | t—xi,_ -

|x,-’,l_| | <24 /iog(n— 1)

[x—xi n_1l<1

We investigate the cases:
1. -1 Sx,-’,,_l <0,
2. Xin—17 0,
3.0 <x,',,,_l < 1,

4.1 <Xin-1< 2\/10—g_(—n—:T5
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1. =1 < x; -1 <0. Integrating by parts we obtain

@1 / Hy,_,(1) dt=—21—.H,,(x)-————1~————-

[ —Xin-1 n X = Xin-1
1 1 1] 1
- H,(0) ——————+— [ Hy(t)  ————d.
2n n(0) O—X,',,,_l 2n b/ n(t) (t—x,-’,,__l)z
From this we obtain
X
/H 0 ——-—l—-—dt"
n-l t—Xin-1 -
0
le“/2 2npnt le2/2 2"'n
=0(1 o)—- t=
0y S VRO S /«_x.,, 7
& /2 \/2_"'—
—O(l) 7 .
Therefore
—x2 x
Z [4 X"n_1/2 . / Hn—l(’) dt| =
=1 V2 (n - 1! t—x,"n_l
i= 0
»le,-',,__l<0
P —x; pql<1
ex2/2 n—1 ) ” 2
=O(l)';,_177t" E e Fim-1/ = 0Q)e* /2. q1/4,
i=]
_lsxi,n-l<0
Px—x; n_1l<l
Hence
— 2/ | Hp ()]
@ 3 B )= O X 2 = O1)et
i=] 2in!
—15x,',,,_1<0

fx=x; p_1]<1
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2. xj p—1 =0. In this case

n-1

@ Y B x

i=1

Xin-1=0
Ix—x; p—1<1
-1 x
— _ |Ha(x)| 1 "
h 2"(n - 1! .n1/4 Z /li,n—l(’)d! =
=1 0
xi,n—l=0
'x"xin—1|<l

H,
=0<1>\/2|T(n(—i)|—1~ 1/4/ Z en=17 Jyyldt =

xl,’l—l—o
Ix—-xi’,,_l|<l

/ \ 1/2

X n—1

- |Hax)] 1 > x,_

=0 2n(nn—1)!n1/4/ — € L lln 10 dt=
0 i=

Xjn-i=0

\e—xi nil<1 /

lHn(x)l 1 'ex2/2=o(1)ex2

V2iin— 1) pl/a

=0(1)

3. 0<xp,-) <1 We distinguish 3 cases: a) x < x;,_} — %

b) X1 — % <x <Xjp-1 +§;, C) X 2 Xipn-1 +%, where ¢y >0 is a
small absolute constant such that x, /5 o _; — % >0.

a)x <xjp_1— 31- > 0. In this case from (21)

1 x/2 /2 x/2 /In g
/H,,(t) =00 £ —— VA= Oy = ¢ o ven
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Therefore

n-— 2
Z [4 o, l/ . / 1(1) =
€ V2 — 1! t—Xjn_1
i=1 0
0<xjp—1<1
lx-—xi,,,_1|<l

xsxi,n-l—%
2 n—1
& /2 ) /2 3
- — n-1714_— X /2. 1/4
_O(l)nl/‘i E e 7t O(l)e n*’".
i=]

0<x,",,_‘§l
fx=x;ip_1l<!

c
XSXi,n—r'yl;;

Hence
n-—-1
x2/ | Hn ()] 1/4 _ x?
@h Y Bl = 0T e 2 = Oe
i=1
0<xi,n—ls1

!x”‘xi,n—lkl
. c
xixi,n-—l“j:

b)) xipo1— 'f/'% Sx<Xxp+ % In this case

c
Xin-1"""Jn

X
1
/H,,_l(t)-———-—-—————dt: / + / = L +h.
t——x,",,_l . .
0 0 xi,n-—l‘“ﬁ;

Here

= 0(1)e("""—1“§;)2/2. Vv2in!

n3f4 -’

Now we estimate I. Obviously

X
/ Hy_ (1) — Hn—«l(xi,n-—l)dt

t—Xipn-1

/ H, (1) ——-—]—-—dt‘

—Xin-1

c
xt,n l_ xi'"“l_d-n
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Since H,',(x) = 2n - H,_{(x), therefore using the mean-value theorem we

ol i - T

obtain
2y V20!
- /2,
12—0(1)ex n3/4 .
Hence
/Hn 10— di = Oe* 2 V20!
1374
Therefore
(25)
n—1 * /2 x2
3 einl? 1Byl = oy FRE €7 o)

0<xjp_ <1
lx"xi,n-ll(l

c ¢
xi,n-—l_j;sxsxi,n-l"'jn'

C)C 22X, 1+\/_ In this case

X c
in—1 n X

x
1
/Hn__l(t)'"——dt= / + / =1 11+I2.
L= Xjn_1|
0 0 xi,n—l_%

Here

0(1) (111 1= %)2/2\/W

n3fe’
_ x2/2 A% 2Mn!
L =0()e Y7o
Therefore (similarly as in case a))
n~—1 2 2
(26) Y. efinl? B )] = 0()e*

O0<x;p <1
Ix_xi,n—ll<1

¢
>x:
x_x,,n_l+j;
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Hence from (24)-26)
n—1i 2
@n Y 1B 00l = Ot

0<x; <1
[x—=xj p_gl<t

4.1 <x -1 <2yloglx - 1).

We distinguish 3 cases: a) x; p_; — 1 <x < x;yp — T b) x;po1 -
— Jr Sx S X1+ e ©) Xl =~ e SX <Xy +
ayxi 1 —l<x<x - \_}';T In this case
x Xin—1—1
1
/Hn—l(f)' / / =5 +h,
r"xi,n—l

0 Xin—- i—1

Here
I = O(l)e(xi,n_l—l)z/Z L v2in!
n
_ x2/2 v2"n!
L =0(l)e S
Hence
NoITY
/H,,_l(t) dr—O(l)e" 22, 23 -y
/4
Therefore (similarly as in 3.a))
- 1?2/2 X2

(28) Z e"in/= | B; y(x)] = O(1)e

I<x; S 1<7\/log(n—l)

x ~Xjin—- i<l
1
Xip—~l<xSxip -
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b) Xjn—1— ﬁ <x <Xjp-g +ﬁ. In this case

X Xi,n—l_‘\'/l"',; X
1
H —_——— = = .
/ n_l(t)t"xi,n—ldt / + / L+
0 0 xi,n—l_vl,.'l
Here
_ (Xi,n-n /2 Vs"n!
—O(l)e ) 3/4 ’
_ x2/2 V2%n!
L =01)e . FETZR
Hence
V2T
/H,. L o(ne** /2. 23"‘.
/4
Therefore
n—1 2
(29) Z einl? . |B, (0] = O() =

\/_'
l<x;p_ 1<2\/log(n 1)

IX-—X,,n ]l(l
1 1
Fip— |~ R SE St
C) Xjp1+ = \/_ <x <x;,-1+]1. In this case

t

x Yin-1* 8 X
1
/Hn_l(t)———-——dt= / + / = 11+12.
= Xin-1
0 0

xi,n—l"'#

Here

| 2
_ Xin—1t = /2 v2"n!
11-0(1)e( )~ S
B =0 /2. Y2

n3/4 -’




ON PAL INTERPOLATION 261

Therefore

(30) Z ofin 2 |Bin(x)) = 0(1),2)‘2
i=]

l<xi,n_1<2\/log(n—1)

[x—xip_ <l
Xin~1— 71; <x<xjp 1+71,T
Hence from (28)-(29)

31) S i/ | By (x)| = O
i=1

l<x,-,,,__l<2,/log(n-1)

x _xi,n~l|<l

From (22), (23), (27), (31) we obtain an estimate of (18),

n-1 *2
(32) S B =0
i=]

X p—11<2¢/log(n—1)

[x—=x; p—yl<1
From (15), (32) follows the lemma.

PROOF OF THE THEOREM. From lemmas we get (see [1], (22), (23))

1 (x) = Ra(x)] =

_ 1 —x2 |Ha)| HZ(0)
= O(l)w (f ﬁ) +0Me™ | 55| n<0>+2an<x,,n> e
_ ) 1 —x? | Ha(x) 1

= O(L)w (f ﬁ) +0Me™ - | 7| Ipa (@) + OC) f

_ ;1 1

= O(l)w (f 75) + 0(1)_\/5'

REMARK. If e=%" - [f(x) = Ra(x)| = 0n(1), then for x := 0, we obtain
£ (0) = Ru(0)] =, (1), but Ry(0) = 0( f) therefore £(0) = 0.
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NOTE ON ADDITIVE FUNCTIONS SATISFYING SOME
CONGRUENCE PROPERTIES IIL

By
PHAM VAN CHUNG

Teachers’ Training College, Eger
(Received March 4, 1994)

Let A and 4* denote the set of all integer-valued additive and completely
additive functions, respectively.

K. KOVACS (5] proved the following
THEOREM A. Iff € 4* and for some integers a > 1, b, ¢ the congruence
flan+b)=c (modn)
holds for all n € N, then
fn)=0 for all (n,a)=1.

In [1] we achieved the same result for f € 4 in the case a = 1. After this
in [2] we proved the following generalization of the above result:

THEOREM B. Let A > 0, B and C be integers. If f € A satisfies the
condition

f(An+B)=C (modn) forall n>max (0,—%) ,
then f(n) =0 for all n € N which are coprime to A.
Using the results of [3] and [4] we have:

THEOREM C. Let A>0, B> 0 and C be integers. If F and G € A* such
that
F(An+B)=Cn)+C (modn)
holds for alln € N, then G=0 and F(n) =0 for alln € N which are coprime
{0 A.

In the present paper we improve the above results by proving the follow-
ing:
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THEOREM. Let A>0, B and C be integers. If F € 4 and G € A* satisfy
the condition

4y F(An+B)=G(n)+C (modn)
for all n > max (0, - %) , then:

For B#0, G=0 and F(n) =0 for all n € N which are coprime to A.
For B=0, F(A)=C and F(n)= G(n) for all n € N which are coprime to
A.

The proof of our theorem is based on the following result:
LEMMA. If g € 4* satisfies the congruence
¥)) gin+1)=g(m) (modn) forall néeN,
then g =0.
PROOF OF THE LEMMA. The lemma follows from Theorem C, but here

we give another proof. First we show that from (2) it follows that for all n,
keN,

3) gin+k)=gn) (modn).
For k =1, it is the condition of the lemma. We proceed by induction. If (3)
holds for k, then
gn+k)+gn+D=gnn+k+1)+k)
implies that
gn)+gn)=gn(n+k+1)) (modn)
i.e.
gn+k+1)=gnm) (modn).
Thus, (3) is proved.
Let p be any fixed positive integer. Applying (3) with k = (@ — )n we
have
gpn)=g(n) (modn)
which implies
g(p)=0 (modn) forall neN.
Thus, we have g(p) =0 which completes the proof of the lemma.
PROOF OF THE THEOREM. First we consider the case B > 0. Assume that
(1) holds for all n > ny where ny = max (O, —%). Then replacing n by 3B%,
we have

@) F(ABk +1)= G(k)+C, (modk),
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where C = G(3)+2G(B) — F(B). Since
(3ABm +1,3ABm)? —3ABm + 1) -

=BABm+1,3ABm+1)(3ABm —2)+3)=1
holds for all m, replacing k by 32A42B%m3 in (4) yields

(5) FGABm+1) +F<32A232m2 ~3ABm + 1) =3G(m)+C, (modm),
where Cy = G (32A2B2) +C.
On the other hand, the substitution k = 3ABm2 — m in (4) provides
F (32A2B2m2 —3ABm+ 1) =F (3AB(3ABm2 —m)+ 1) =

®) = GQBABm - 1)+ Gm)+ C; (mod m).
Thus, the congruences (4), (5) and (6) yield
@) GBABm - 1)= G(m)+C;  (mod m),

where C; = C; — 2C). Replacing m by 3ABm3 in (7) we have
0(32A2B2m2 - 1) = GBABm)+C; (mod m).
This combined with (7) implies

® GBABm+1)= G(m)+ G3AB) (mod m).
We shall deduce from (8) that
9 GBABm+i)= G(m)+ GB3AB) (modm)

holds for all m, i ¢ N.
The proof of (9) is similar to the proof of the Lemma. Using that
(BABm +1)3ABm+k)=3ABm(3ABm+k+1)+k
and the previous steps of the induction, we have
26(m)+2GQBAB)= GBABm+1)+ G3ABm+k)=
=GBABmQBABm+k+1)+k)=
= G(m)+ GBABm+k+1)+ G(3AB) (modm).
The choice i =3AB in (9) yields
GBABm +2AB)= G(m)+ GBAB) (modm).

Thus, G(m +1) = G(m) (mod m). By the lemma then & = 0. Therefore, by
(1) we have

F(An+B)=C (modn).
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We can apply Theorem B to get F(n) =0 for all (n,A)=1, if B> 0.
For B < 0, we can prove the Theorem in the same way as above using

| B] instead of B whenever we want to multiply by B. This proves the claim
for B=0.

Finally, we consider the case when B = 0. Assume that F, & € 4 and
integers A > 0, C satisfy

(10) F(An)= G(n)+C (modn)
for all n € N.

Let k be a positive integer which is coprime to A. Applying (10) with
n=km, we have

F(Akm) = G(km)+ C (mod m),
which implies that
11 F(Am)+ F(k) = G(m)+ Gk)+C (modm)
for all m € N, (m,k) =1. It follows from (10) and (11) that
Fk)= Gk) (modm) forall meN, (mk)=1.
This implies that
12) F(k)=G(k) forall keN, (k,A)=1.
Using (10) and (12) we obtain that
F(A)=C (modn)

for all n € N, (n, A) = 1. Consequently F(A) = C, which completes the proof
of our Theorem.
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Introduction

This paper contains some results concerning earlier work of the author*.
In point 1° we extend the result [7] on the independent oscillations of the
points of a vibrating membrane to the case of string. We prove that the
independence holds only for short time intervals (contrarily to the case of
membranes). In 2° we investigate the independence of the motion of points
in a circular membrane, if the origin is one of these points. The answer is
similar: independence holds only for limited time intervals, namely if and
only if T < 2. Point 3° contains a description of those situations when the set
of all movement states reachable in time T is strictly increasing in T. In Point
4° we disprove the possibility of independent motions of a vibrating beam.
Finally 5° extends the controllability properties of a circular membrane in the
spaces #H, = W, & W,, W, =D ((1 - A)’/2>, r< '“’]2 (proved in [8]) to the
case r = — %

1° Consider the string equation

-

d-y(x,1 d 3 ot

()(-’: )=__.<p(x)__y._§_x__) s D<x<]’ D<t<T
gt~ ax

1 plx) ax

with density p(x) and modulus of elasticity p(x), p, 0 € C20,1).

* These are solutions of problems and conjectures posed by professors J.-L. L10NS, L. Si-

MON and R. KERSNER, the opponents of my dissertation.
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Let y(0,t)=y(1,¢)=0 (or we can prescribe any strongly regular boundary
conditions). Using an appropriate substitution in variable x in y we get a new
function u(x,t) satisfying

1
() urr=ugr+q(x)-u, O<x<lil, O0<t<T, l=/\/f—?, q € CI0,1]
0

(see HORVATH [1)).

THEOREM 1. Let xy, ..., xn € (0,1) be different numbers and

Au(t) =(x),1),...,u(xpn,1)).

Then there exists T >0 depending only on N such that the functions Au run
over a dense subset of C*®(0, T;CN), where u muns over the C%-solutions of
(2).

Remark that since the dependence in ¢ remains unchanged, the same
Theorem holds also for system (1), too.

PROOF. Consider the eigenvalue problem.
(*) V,’,I+(IV;1 +Anvn =0, vn(0)=vy(1)=0
(see [1] for more general boundary conditions). It is known from Neumark’s

monography [2] that there exists a complete orthogonal system (vy) satisfying
(¥) and

3) vn(x)=sinﬂx+0(l>, n=f£+o(_l_)_
l n 1 n

Define A={A, : n=12,...,}. Clearly every finite sum
) u(x,t)=Zv,,(x) (aneim+ﬂne"i A"’)
satisfies (2) and u(0,t) =u(l/,t) =0. So we consider the system

) vn(x)

eMy={ VIl o) s
vn(XN)

It is enough to show that e(A) contains a subsystem, complete in
C®0O,T;CM)if T>0is sufficiently small.

LEMMA 1. The vectors
sin 4 x)

: ), 1<n<3N-2, spanCN
sin Yxn
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PROOF. Let fBysin%fx) +...+fnsin%Fxny =0, 1<n <3N -2. We
have to show that 8; = 0 for all i. The equalities imply that 8; T(x}) +...
..+BNT(xn) =0 for every impair trigonometric polynomial of period 2/

and of degree < 3N — 2. If we set T(x) =sin%* .];[.(sinz’—'fi smzizﬁ),
j=i
we get B; = 0 unless there exists j with x] =] —x;. In that case let T(x) =
=sin%- [] (sm2 T cos - - sin” —rL cos ) which implies again §; =0. §
jri
Fix a basis {ey,...,en} out of the vectors of Lemma 1. Then we have

LEMMA 2. For every € > 0 and for every sufficiently large M > 0 the

system
sin 4 x;
eo(A)={eii" ni :nZl}

sin ff xn
contains a subsystem of its elements indexed by n =ny ; such that
a) ngj =M -k+0(1)

U T
sin——x| j=1L...,N; k=1,.
b) : - € <&
sin ﬁxN
where the implicit constant in O(1) depend only on €.

PROOF. It is based on the Kronecker theorem on simultaneous diophanite

. . T

approximation (see e.g. Cassels [3]). Let ¢; = (sin ﬂ;lxl,...,sin "—-l;lxN) ,

then for n=ny ; we require n =M -k +O(1), |||nx; —njx;||| <e (i=1,...,N).

Such an »n exists by [3]. ]
LEMMA 3. The system e(A) contains a Riesz basis in L, (0 :CN )

PROOF. The system
k
e*(A)={ej-eXT' : keN, 1<j < N}

is Riesz basis in L,(0,2! :CN). If the vectors € are moved at a distance <&
with sufficiently small ¢ > O then their basis properly remains unchanged,
hence
V"k i (xl) L
sk
e1(A) = : eTT! i keN,1<j<N

V"k,j (xN)
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is also a Riesz basis. Since k = %"d— +0 (ﬁ) by Lemma 2 a), we can use a

stability theorem like that of Duffin and Eachus stating that any sufficiently
small shift of the exponents (within an error bound £) preserves Riesz basis
property, see HORVATH [4] Lemma 3 or JOO [5]

Vay j (X1) _—
er(A) = : U keN, 1< <N
Vi ;XN
is Riesz basis in L,(0,21;CN). By the same argument
Vi ; (x1)
e3(A) = kJ; ei"\/l‘n;‘ k€N, 1<j<N
Vnkj(xN)
is also Riesz basis over (0,2]) i.e. e(A) contains a Riesz basis in
Ly (O, %;CN ) Lemma 3 is proved. i

LEMMA 4. Let s € N be arbitrary. If M is sufficiently large, the system
e(A) contains a Riesz basis in the Soboleff space H* (O, %;CN ) Here M
is Independent of s

PROOF. Consider the system eg(A) constructed in Lemma 3. We can
construct a system H C e(A) \ e3(A),

H={v]~ei"f' cj=1...,5N}
with the properties

a) H is linearly independent.
b) If lim H resp. lim Hy denotes the linear hull of H resp.

Vnk‘]-(xl) @
H = : et D 1<j<N

— - y
VnkJ- (xN)
then
limH Nlim H = {0}.
c) The vectors v, ..., v¢ny form s bases in CN. This can be done: if s
sequences of N members ny j, 1 <j < N, kg <k <kg+s — 1 are constructed

as in Lemma 2 (with M +% instead of M) then c¢) follows from Lemma 2 b),
a) follows from Lemma 2 a) and b); finally b) is a consequence of the fact
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that, by construction, the exponents of H and Hj the different. Now we refer
to Proposition 2 of JOO [11] which states that the above assumptions a), b),

c¢) imply that the unified system H U LkJHk is Riesz basis in H* <0,%§;CN)

as we asserted. [ ]

PROOF OF THEOREM 1. By Lemma 4, e(A) is complete in H* <O, % ; CN)
for all s € N if M is sufficiently large. This implies also the completeness in
c> (0, %;CN ) which completes the proof. |

REMARK 1. In the above Theorem only the values T < 2/ can occur.
Indeed, if for some T the Theorem holds then {ei"\/’E tn=12,..}1is
complete in L»(0,T). On the other hand v, = *F+ O <%) implies by the
above mentioned Lemma 3 of [4] that {eii T n< ng}U{eT Vil : n>ny}
is Riesz basis in L»(0,2/). From Lemma 7 of JOO [11] we can shift the

remaining finitely many exponents from % to v/, hence {1,e*! Vant .oy =
=1,2,...} is Riesz basis in [,(0,2!). Consequently in [,(0,T), T > 2l this
system has infinite-dimensional deficiency: it cannot be complete.

2° REMARK 2. In the statement of the theorem of JOO [7] on the indepen-
dent motions of different points of a circular membrane the origin is excluded.
That theorem states that if € is the unit disk 0# Py,..., Py € € then taking
the set U of all solutions u(t,x,y) € C®¥(R x Q)N C(R x Q) of the problem
up =40y on R xQ, u=0o0nR xdQ, the mapping A: U — C>®(R,CN)

Au =, P),...,u(-, PN))
has dense range in C°(R,CN). If P; =(0,0) then the mapping A: U —
~c=((-3.5)cv),

Au =W, P),...,u, PN))
has dense range in C*° if T <2 (and for no larger T). Indeed, since r; =0,
we have J,, (\lf,"')rl) =0 unless m =0. Hence

u(t,0,0) = Z (ake’lk t+bke-'}‘k 1) .

On the other hand, the distribution of the zeros Af{O) of Jy is linear: Aio) =kn -

ZL0 ( 1 C . iil(o)l R A :
—~Z +O| 1 )- Consequently the system { e~k * : k=1,2,... ¢ is complete
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in Ly (— 77[-, %) only for T < 2. This means that for T > 2 the range set of A
is not dense even in L;. For T < 2 we can argue as follows. In the set

i2(m) (m)
e(A)={e,,,,kei"k ke T m=0,1,.. k=1,2,...}

(investigated in [7]) we use the members of index m = Q to approximate
A

the first coordinate function f; of | : |; this gives an approximation of
N

fi
g_2 . The members of indices m > 1 of e(A) are then used to approximate
\en

0
fi—&

\fN“:gN

REMARK 3. In the above Remark and in JOO [7] only the density of the
range of A is proved. In fact, A is onto in the following sense. Introduce the
function spaces W, and ¥, as in JOO [8]. Then we have the following

, as described in [7]. So A has dense range indeed for T < 2. §

THEOREM 2. Let r > 0 be an integer. Suppose that the origin doesn’t
occur, P;#0Vi. Then for every function F€ H" (0, T; CN)Y, T > 0 there exists
an initial state (ug,uy) € ¥, (ug(x) =u(0,x), u;(x) = u,’((O,x)) such that

Au=F on (0,7).
Here 37 =W, is the usual Soboleff space.

A similar statement has been proved in AVDONIN-IVANOV-JOO [9] for
rectangular membranes and in JOO [19] for the Dirichlet condition in the
square membrane. In case of Newmann condition the proof of [19] can be
copied step by step so we give here only an outline of the proof. The idea is
that the system e(A) contains a Riesz basis in H" (0, T; cN ) for every natural
number r. In case r = this can be shown as follows. It is proved in [7] that
there exists a system b= 2o(A) U D the ég(A) C eg(A) and @ is finite such that
& is Riesz basis in Ly(0, T,CY), so &5(A) has finite codimension. Since e(A)
is complete by [7], we can join (step by step) appropriate elements of ¢(A) to
ép(A) to obtain bases with smaller and smaller codimension. In finitely many
steps we get a Riesz basis whose elements belong to e(A). This proves the
case r =0 because the coefficients of the sums defining ug and u; belong to .
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In case r > 0 we join finitely many elements of e(A) to the above con-
structed basis to obtain a Riesz basis in H" (0, T;CN). This can be done by
Proposition 2 of {§], already mentioned in the proof of Lemma 4 above. The
same procedure works also for the case of string. If the origin is allowed i.e.
P; =0 then using the ideas of Remark 2 above we see that the statement of
Theorem 2 remains true only for T < 2.

REMARK 4. It remained open the explicit determination pf the optimal
time T < 2 for which N points of the string can obtain arbitrary movements
states and how this time depend on the number N of points considered.

3° REMARK 5. In several papers the authors investigated the growth
properties of the reachability set associated to a hyperbolic equation, see e.g.
{81, [1], [9]. A formal setting of the problem is the following one. Denote
(pn) C L0, T; cN ) a system of vector exponentials and let

R ={((fonlr,) : f€LAOTiCY))

be the reachability set (more precisely, the moment space associated to it).
Suppose that the functions ¢, are named such that R(T) C I; and that for ev-

ery T there exists a subsystem of (¢,) forming a Riesz basis in L, (0, T,CM).
Then

PROPOSITION. The statements below are equivalent
a) R(T) increases strictly as T — oo

"b) R(T) is not dense in | R(T) for every T >0 (the line denotes closure
>0
in ly).

The proof requires
LEMMA 5. R(T) is closed in I for every T > 0.

PROOF. Let f € Ly(0, T;CN) and suppose that
I
((fk #Pn)Lz)n ""2"(6)1))1-

Since a subsystem of (pp) is Riesz basis on (0, 7) hence the mapping f —
({(f.n;)), is an isomorphism of L,(0, T;CN) onto I,. Consequently (f;) is a

Cauchy-sequence in Ly hence 3 f € Ly : fi L, f. This implies {fy,pn) —
(fyon) hence {f,p,) =cy for every n. ]

LEMMA 6. If R(Ty)= R(Ty) for some T\ < T, then
R(T\)=R(t) forall T>T.
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PROOF. R{T7) = R(Ty) implies that for all functions f € L,, suppf
[Ty, T>}] there exists g € Lo, suppg C [0, T;] with the same moment sequence
{we use below the notations of |5])

L) Ty
/ei“”"kr (f@)ef Ydr = /eiwmkr (8(),eZ Vdr =
o

T 0

Tzﬂ+h Tl’+h

= / et [f (e — h),e,fn)dt = / e Wmit {glr — l:,),ef,fﬂ}rf;i
J
Ty +h h

In other words: any function on (T} +h,T, + h} can be substituted by an
appropriate function with suppost [h, T| +h) (in the sense that they produce
the same moment sequences). Let now suppf C [0, T} + 2(T> — T3)]. then
it can be substituted by some g, suppg; C [Tn — 11, T5] th = T, - Ty).
hence f can be substituted b +g; = g>. Then C
. yf 6,17] &1 ¥ 52 (7,,T,-T1,]
be substituted by some g3, suppgy C [0, 77], finally f can be substituted
by f +g1§ +g3. This shows that R(Ty + 2(15 — T1)) = R(1).
[Q’ Tl I . i [01 Tl] . N
Repeating this argument we see R(T| +k(T> — T1)) = R(T|) which implies
by the monotonicity of K(T) that

R(T)=R(T) for T>T. §

an

PROOF OF THE PROPOSITION.

a) = b) Indirectiy suppose the a) holds and b) coes not. Then for some
To, R(Ty) is dense in UR(T) i.e. by Lemma 5, R(Ty) = TL;‘OR(’T). But then
R(T) C R(Ty) for any value of T and hence R(T) = R(Ty) for T > Ty, in
contradiction with a).

b) = a) Suppose that R(T}) = R(T,) for some T < T3, i.e. that a) fails.
Then by Lemma 6, R(T)= R(Ty) for T> T} and hence |J R(T)=R(T). so

>0
b) can not fulfil.

Proposition is proved. B

1° REMARK 6. For the vibrating beam statement of Theorem 1 can not
hold for any T > . In this case the sysiem equation is —ii = u'® where
solution can be developed into a scries

Y

u(x,t) = Z (aueinzl +,3ue_""21) vu(x)
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where

3";4)’—'!14!),, V”(O): Vil(n)
vp(0) = vy () "’(0) - V,’1”(.7I,
v (0) = v,, ()

is a complete system in i,(0,m) : vy =cosnx. Then

Vn(xl)
Au()=) ( | due By Bemin’t \‘
Vn (xN)}

Such a sum can not be dense over any {0, T), because in that case \\ei”’ )
would be dense in Ly(0, T). But this is not true. For example we can use the

+in?e

famous stability theorem of Avdonin [10] which shows that e can be

completed for cvery T to a Riesz basis in L,(0,T) (consequently it is not
complete). On the other hand it would be reasonable to describe the subspace

.2
of L, spanned by <ei”‘ )
5° The result of JOO [8] holds also for r = - %,_ too. First we recall some

notations. Let £ be the unit circle, Py,..., Py € €&, SN4],.-.2SM € L2 and
consider the membrane

N
u,,:Au+Zé((.x,y)-pj)vj on (0,T)x
j—l

?——3— Z O(s — 8)vj on (0,T)xaQ
ar J=N+i

controiied by v; € La(0, 7). Denote
W, =D (1 -ar’?)
\
the domain of the 3-th power of / — A and let
Hr =W & Wr.

THEOREM. [8] For r < —% the movement state {u,u;) belongs to
C ([0, T\, ¥}, ) if the controls v; are in L(0, T).

Denote /,, the Besse! function of m-th order and let Af,m), n=1.2,... be
the positive zeros the derivative J),. We prove first
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LEMMA 1.
DIV s A
k<A™ <k a1

n<cm

where n* is the smallest natural number n (depending on m and on a constant
1
0<r<1)for whichm+4im3 <24 .r.
1 2
b) 3 m~3In"3=0(1).
n,m

k<A™ <kal
n<cm

PROOF OF b). Denote Ai the Airy function [2]. It is well-known that
13, mg > 1, my is an absolute constant. We know ([2], 345. p.)

/ls,'") a), 1
0)) ‘P( o >= CYE) +0(1) oy R

x 1/2
where a), is the n-th negative zero of Ai’, %[(p(x)] 3/2 = ( ) dt,
1 <x <oo. It is known ([3], 10.4.94.-10.4.105)

3 2/3 n2/3 3\ 2/3 1
2 a,'.=—{§n(4n—3)} +O( = ):—(——27-[—) 2/3+O( 1/3)

Obviously ¢ is strictly monotone increasing. If k S/ls,'") <k+1,thenk>m+1
if m > mg. Hence

/1(1'") >m+ Zm

[—

1 2
Z m 3In 3=
n,m
k<A™ <kl
n<cm
m2my
= > <c > <
nm n,m
k A k+1 k)< k+l
0 (E)S‘P(an‘) so(l)  o(k)s ~ o h-s<o (432)
n<cm n<cm
= mZmo
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<c Z <

n,m

—(31) ” 22//;“)(1) im 2/3<“’<l%l)

n<em

S
N
=
h
A

m2>mgy

<c > <
(£) 2l (&) <2 (1e0(4))< (&) m% (121)

n<cm
m2>mg

<c Z = A,

n,m
n.3p¥2 (&) somn< 2332 (41 ) +o)
n<cm
m2my

If this sum is nonempty then % 3/ 2( ) + O(1) < cm which implies
m -

93/2 (k) = O, that is, & = O(1). Hence k < om < m+cm3/3, from this
<

% —1<cm?/3, which gives £ ——7—2- <cp3/? ( ) Furthermore in A

m 2 3p(k+1 M2 (k) o0y =
— 3P ( >+O(l) —-30° () -om=

m

m 12
=0(1)+'—”-/ (1-—15) dt = 0Q1).
b4 t
I

1 1
<c —
Z m k_
m ¢\ m
ck<m<k-1 ck<m<k-1
m>my m2>m

<

>
AN
[}
3
|
[N
N
3
S
W
S
/N
3=
S’
N—”’
*
]



1 [k
< =— | —-1)}=0(Q).
=¢ Em: m (m ) o)

Hence

(e 18]

|
Z m- 3In" 3I=0(1).
n,m
k<A <kt

n<cm

- 1
Z \/m(n*n*+i—)sc n’zm

n,m

k<A™ <kt k<A™ <kl
mn>ny m2>nmyg
n*<n<em

n"<n<cem

13 .
m+%m1’33A::)-ri and n™ is minimal

<c E

n,m
23022 (&) +ozn< 2 372 (Ael)+ou)

n*<n<cm

mg/lf::)-ri and ™ 1s minimatl

IA

m2>nyg

).(m)
1 _n*
¢ (g)Sw( " )

m>mg

If this sum is nonempty then ;',% = O(1). Furthermore

m 2 312 k+1 m 2 3/2 k ..
ST el - =232 2} — o) = o).
~ 3% (m )+O() 14 (m) O(1)=0(1)

IA
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Yo=Y o+ > + Y = 5]+ 5+ 53.

n,m n,m n,m nom
Lok o k ik, k,cod kel ¢
S E TR w T R mtm  m mgﬁs m T m

!

Since ¢ is strictly monotone increasing therefore

m 2 k \ m 2 / l
L Lp3R +0(1) - ( . ¢3/2 +O(1)/) >¢>0.
T 3 m \1 3
Thus
= 1
Sl S C 2 - S
m " (m - 2p3/2 (-k-> —m-3p3/2 (“1' )
ck<m<k -1 \/ 3¥ " 3¢ ~r1)
Lok _ o
rpoemoom
mmg
i
pagye Femmmm S C Wl el
Zn: ng\/'};— —r; ENTJ \/E_w rim
ck<m<k-! cp<m<k-—1
1k ¢ c<k—r;m
,',' ~ m m
m>mg
<c Y. ! o(1)
<c —=—==
vk f
c<t<ck
Now we cstimate S5
1 i
S <c¢ — = — = 0(l
%ﬁ"‘ﬁ%é%s’%"'% rik—c<m<rik+c
Now estimate Ss.
Similarly as in the estimate of S, we obtain S5 = O(1). Hence
y 2 3
- 1
e = O(1).
,%;; vmn —n*+1)

k<A™ <k+1
* -
n <n<cm

nx+%tvzl/:3§l;":)~ri and »™ is minimal

Using the above iemma, we can show that Theorem 1 in [5] remains
true for r = —%, too, namely
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THEOREM 1'. Forr = ~% and for any control v € L*0, T:CN) (u,ur) €
€ C([O,T],-%_é)-

PROOF. As it was seen in the proof of the case r < — %, we have to verify
that

(2 R

[(Af,'"))z ~ mz] v 0

(Here we use the formula numbering of [5].) For the pairs m, k with M > m
(M fixed), the original proof applies. For the case m > M, n > cm (where ¢
is a large constant) we apply the following device: denote

(22) ek =T () ed Vdr | €1y

i
E(z)=/v,-(r)e_i2’dr
0
then

Bef=0| [ IR@P:
z—z|<1
and

t
|F@)%dz < C/|Vi('f)|2dr
{Imz{<1 0

2
see Young [4]. Hence from A{™ < (,1('")) —m? < n? and from

(23) = O( )
vn

we get

2
Z Z / Wy (1 — ‘t)v (‘E)d‘[ <c L Z / IF(Z)!de..
m>Mn>cm m>Mn>cm

Iz—ls,m)lgl
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=Y ¥ [ mPe lﬁlec/tlwlz-
]

no M<m<Z .
<m<% z—lgm)iﬁl Imz|<1

In case n < cm, m > M, r; =1 we have to estimate

t 2
P2 .
Z Zm"in'ii /e"‘wm*’vi(r)dz <
m>2Mn<cm 0
o 12
<e >, mIn73 / IF@)I*dz <
k=1 n,m
k<A™ <t IZ‘Agm)lsl
n<cm
ad 12
<cy / IF@Pdz- ) mTInTig
k=1 mz<i o
k~1<Rez<k+l k<A™ <k+1
n<cm

t

<c / |Fi(2)|%dz 5c/|v,-(r)|2dr
{Imz|<1 0

(we used Lemma 1 b) above). Similarly, if n <cm, m > M, r; < 1 then we

estimate as follows

2
! &

1 :
S Y mey [ e <

m>Mn<cm 0

y 1
<c E / F(z) 24z - E I
~ 1B e vmn —n*+1) ~
k=1 jlmz|<1 7
k<1<Rez<k+l k<A™ <4

n<cm

4
<c / IF@)Pfz<c / vi(@)2dr.
0

v
Imz|<1



282 1. 306

1
The estimate for the sum where A{™r; < m + 4m3, remains the same as for
r<-— % The proof is complete. |

THEOREM 2’. The system is not approximately controllable for r = —%
and for any T > 0.

The original proof works because (see p.249 in [5]) we used only that
T
rz'/eiwmk('_r)(v(t),e,:,’,‘,, vn)dr | €
0
in the coordinates m > M, n > cm. But this is proved above in Theorem 1°. |}

THEOREM 5°. Let r = —%, then

a) U R(HCH
T>0 —2

b) If e£#0Y m, n and ¢},,, e, are not parallel vectors, then
U rmy=%_,.
T>R 2

PROOF. We have to show (using the notations of the original proof) that
a) R(00)Cly, b) R(oo) =1y,
a) The system e~ M0k =1 ig Riesz basis in L,(0,00) in its closed linear

) r 1 . .
hull. From % =< n"™*2 =1 it follows that the factor of e "ok~ jg

1

< |le3, = o(1), hence the moment sequence is a nontrivial subspace of I,
R(00)Cly.
b) The original proof works. |
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1. Introduction

The Bessel polynomials constitute an important class of polynomials with
many applications [4], pp. 131-149. GROSSWALD [4], pp. 25-33 discussed
only the orthogonality of the Bessel polynomials on the unit circle and the
corresponding moments. EXTON gave the orthogonality property [3], p. 215,
(14):

[0 @]
(L1) / %32~V /xy (i, Vyn (s, Dz =
0

B (-)'nln+a-2
" T(a+n)2n+a - 1)sin(ma)

ém,n, RCa(l—m-—n.

SRIVASTAVA [6] noted that the orthogonality property of the Bessel poly-
nomials:
o0

(1.2) /x l—a,—xy (Lia,x)yn(l;a,x)dx =n'T(2 - a ~ n)m n
0
obtained by HAMZA [5] is incorrect.

The author [2], in view of the remark of SRIVASTAVA, using (1.1) derived
the following orthogonality property:
(1.3
iw }
2llfQ2~a—n)
(1-a-2n)

a

fx™%e ™y (10,3 )y (Lia,x)dx =

J
0

Omn, Rea<l-—m-—n.
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The Bessel polynomials are defined by the relation [4], p. 38, (1):
(1.4) Yn(xia,b) = Fy (—n,n+a—1;—;—%).
In view of the relation [1], p. 325, (5):
(1.5) 2Fy(=nsa;—x)=(a)(-1)"'x" | F (—n;l —-a —n;—l)

X
the Bessel polynomials can be expressed as:

n b
(1.6) yp(x:a,b)=(a+n— 1), (i) 1 Fy <——n;2—a—2n;—),
b X

b\" X
A7) yba,x)=(@+n— 1), (;) \F <—n;2 —a-— 2,1;-5>.

In view of the interest shown in the Bessel polynomials [4], it appears
worthwhile to investigate further, the matter of the orthogonality of the Bessel
polynomials and the functions related to them.

In this paper, we establish an orthogonal type relation for the Bessel poly-

nomials over the interval (0,00) with respect to multiplier function
xm—n—a+2,—x/b

The following identity which follows from (1.4) may be found useful in
the study of the Bessel polynomials:

(1.8) yn(x;a,b) =yn(1/b;a,1/x).

2. Orthogonal type relation

The orthogonal type relation to be established is

o0
/x"'—"—“+2e—"/by,,,(b;a,x)y,, (b;a,x)dx =
0
2.1) =0, if m<n-1
(2.2) =b>" T2 ~a—-n), if m=n~—1
(2.3) =b3"%n12-a)T2-a—n), if m=n
(2.4) =36+ D2 -a)[R~a—n), if m=n+1
(—D'@a+n+k—Dypla+n—-1),TG—a - 2n)
- b4 k3T Q2 - n)2—a - 2n),
2.5) % 3F) -k,2,3—a~-2n;1

2 a-—-2n-2k,2—n
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ifm=n+k (k=-1,0,1,2,...) where 2n +Rea < 3.
PROOF. In view of (1.7), the integral (2.1) can be written as

2.6) (@a+m—Dyla+n—1), (b)m+"-

o0
e — —m; ¥ —n; ¥
'/xz e X/blFl [Z—a —gm} 1 [Z—a —7;211] dx
0

We next express the hypergeometric functions as infinite series 1], p.322,
(10.1), interchange the order of integration and summation, which, inciden-
tally is justified due to absolute convergence of the integral and summations
involved, and write (2.6) as

Q2.7 (@a+m—Dpmla+n—1),b"*".
m —r n —u oc
Z (=m)rb Z (=n)ub /xz—a~2n+r+ue—x/bdx
2—a-2m)r! 2-a-2n),u! '
r=0 u=0 0

Now, the integral in (2.7) can be evaluated with the help of the definition of
the gamma function:

o0
/x"e_x/bdx =T(n+1)b"*!, Ren > -1.
0

Thus (2.7) is equivalent to

(a+m-—1Dya+n—

1) m+i
pa+2n—3 b )

(2.8)

m n

Z (—m), Z (=n),I'@G—-a-2n+r+u)
(2—a—2m)rr!u= Q2—-a-2n)u' )

r=0
On simplifying, (2.8) reduces to

0

(a+m—-1)pu@+n—1), pmn
i .
pa+2n-3

2.9)

m

Z(—m,)rf(3—a—2n+r) E [—n,3——a—2n+r;1]
’ 247 .

Q2-a-2m)r! 2—a-2n
r=0

Applying Vandermonde’s theorem
(c = b)n

Fi(-=n;b;c;1) = )
2F1( ) o

n=0,1,2, ...



288 S. D. BAJPAL

the relation (2.9) reduces to the form:
(2.10)

@+m-—Dpa+n- 1), e Em: (=m)(~r—=DpI'G-a—-2n+r)
pa+2n=3 e Q-a-2m)y(2—-a-2n),r!

If r <n — 1, the numerator of (2.10) vanishes, and since r runs from 0 to
m, it follows that (2.10) also vanishes, when m < n — 1. Now, it is clear that
for m <n —1 all terms of (2.10) vanish, which proves (2.1).

When m = n — 1, using the standard result (—n), = (~1)"n!, and

l"(l—a—n)=t—lm°—9wehave

(a)n
o0
(2.11) /x1‘“e’*/"y,,~l(b;a,x)y,,(b;a,x)dx =b* "IN (2 —a —n),
0

which proves (2.2).

For m =n, we employ the standard results like (~n),_; =(— 1)"~!n! and
(—n = 1)p =(-1D"(n+1)! and add the resulting two terms (r =n — 1, n), with

the help of T(1 ~-~a —n) = Q'—l%%zﬂ to obtain

o0
(2.12) /xz—“e**/” {yn(bia,x)}*dx =b> 012 ~ a)T 2 - a - n),
0
which proves the relation (2.3).
For m =n + 1, we use the standard result {1], p. 274, (8.3):

—1)"k!
, 0<n<k
(—k)n={(—"- ==
0, n>k.

and add the resulting three terms (r =n — 1, n, n + 1), then simplify to obtain
(2.13)
o0

/x3*“e—x/”y,,+,(b;a,x)y,, (b;a,x)dx =3b*%@a - 2)(n+ 1)'TQ2 — a — n),
0
which proves (2.4).

NOTE. The formulae for m =n +2, n+3, n+4, ..., can be obtained as
above.

Since, we see that there is no symmetry in (2.11), (2.12) and (2.13),
therefore it is not possible to find a general formula in a compact form.
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However on setting m =n+k (k=-1, 0, 1, 2, ...) in (2.10), we obtain
the general formula in following form:
) o0
(2.14) / xk=a¥2e=x/ay, | (bsa,x)yn(bsa,x)dx =
0
_ (D'a+n+k -1, ua+n-1),TB3—-a~-2n)
- b3—k—=3T(2 - n)2 - 2a - 2n),

“+F -n—k,2,3~a—-2n;1
¥\ 2—a-2m-2k2-n|"
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In [1] it is shown by L. CzACH that exponential convergence of a se-
quence of polynomials in L? implies uniform convergence. In this paper this
result is generalized with a weaker condition on the speed of convergence in
LP spaces (p > 1). A possible benefit in applications is transition to uniform
convergence when a Banach space method yields an approximating sequence
of polynomials converging in L.

First a theorem with a general convergence assumption is proved, then
corollaries are given for power order and exponential convergence. Finally
some consequences are proved concerning the smoothness of the limit func-
tion and the convergence of the derivatives.

THEOREM 1. Let § C RN be a closed ball around the origin,
(pn) RN 5 R a sequence of polynomials with gr(p,) = n, p > 1 and
f € LP(S). Further, let (¢,) C R such that e, — 0 decreasingly.

If \If —pallipsy < & for all n € N = {1,2,...,} then the following
inequalities hold:

o0
() if Yn*Ne, <oo andny, =Y j*Me; then 3 ky > 0 such that
j=n

“f—Pn”C(S) <kynn (n €N);

oC
(2) ity nNsl <oo and y, = Z j st then for every closed set F C int.S
Jj=n
3 ky > 0 such that
“f _Pn“C(F) < kot (n €N).

* This research was supported by the Hungarian National Foundation for Scientific Re-
search under grant No. T 4385.
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Before the proof of Theorem 1 we prove an analogous assertion for p=1
and with an interval instead of S.

N
PROPOSITION. Let I denote >< [a1,b1] CRN and let (py), f and e, be as

in the theorem. If |if — p, || L < < £y (n € N) then the following inequalities
hold:

i) if Zn2N €y <00 andn, is as in the theorem then 3 k; > 0 such that
Wf —pallccy Skimn (n € N);

(it) if EnN €] < oo and u, is as in the theorem then for every closed set
F Cintl 3 ky >0 such that

i "PnHC(F) < kapin (n € N).

PROOF. Let qn =pp —p,—1 (n =2, 3, ...). The assumption
“f — Pn ”Ll(l) <eg; (neN) implies

(3) ”q"HLl(I) Sen+ey_1 <28, n=23,...).
Xpxy XN
Let Qu(xp,x2,..,xN) = [ [ ... [ qu ((x1,X7,...,xN) € I). It is clear
aja; apn
that
@ 0102...0NCOn =qn and
&) 1@nllccry < llanll sy

Thus, considering (3), we have
(6) HQnllcuy < 26,-1-

First we prove (i). The iterated applications of Markov’s inequality (i.e.
for any polynomial P on [ with grP=n and 1 =1,2,...,N |[8;P||cy <
< Kn2||PHC(1) K, depending on I only; see [3]) lead to
10102...dNQullcny <

,
N g
, 2
< KN [H(n-i—k)} Qe < KN [nN(N+1)!] Qe
k=0
ie.
19192...0n Qullcry < Kin* M Qallcqy
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(K, = KN ((N + 1)!2), which, by (4) and (6) and with M := 2K, means

() lgnlicry < Mn*Ne, .

The assumption on &, implies that 3 ||gn|| (s < 00, thus }_ g, converges
uniformly, which just means that (p,) converges uniformly and clearly the
limits is f itself.

Finally,

o0 (e e]
N
If =pallcy < Y llgillcay M Y j*Neioy <

J=n+l Jj=n+l
o0
. 2
<k Y G =DNe_ =k,
J=n+l

thus (i) is proved. (k; can be chosen 22N M)

The proof of (ii) is similar, using Markov’s second inequality (i.e. for
any closed set F C intI 3 L > 0, depending on F and I, such that for any
polynomial P on I with grP=n and [ = 1,2,...,N ||9; Pllc(F) < La||Plicery
holds; see [3]). Thus, with M’ :=2L; (where L, := LN(N + 1Y, we have

" anllcor < M'nNe, |,
which leads to

o0 o0
W =pallecn <M Y G=DNg1 <k D g1 =kouy

j=n+l j=n+l

(ko can be chosen 2V M’ ). Hence (ii) is also proved. ]

PROOF OF THE THEOREM is node is three steps.

(a) Let [ := [—a,a]N (@ >0) and let T : RN 5 R denote rotation
by ¢ = (91,02, ¢N_1) € [O,%)N_l. Then the proposition proved above
holds also on Ty, (1) with the same constants k; and k,.

This is straightforward if we apply the proposition to the sequence
(pn © Tp) which also consists of polynomials of degree n and in (ii) to the
set Ty l(F).

(b) Now the proof on § follows briefly for p = 1: denoting by r the radius

N
of S and by [/ the cube [”jﬁ?r':ﬁ’} (the straight cube with vertices on

the sphere), in case (1) for any x € S we can find ¢ € [0,%)N"l such that
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x € Iy :=Ty(I). Hence |f (x) - pp(x)| < |If —Pnllcip) < k17n, Where the latter
inequality follows from ||f — p, ”L‘(Lp) <|f - P"HLI(S) < &, and part (i) of
the proposition. Since x € S was arbitrary. we have |[f ~ pnllc(s) < kim.

To prove (2), we use the fact that in Markov’s second inequality the
exact value of the constant L = L{F,]) is aist_(lFTa“IS' In the proposition we

have ky = 2N+1 LN(N +1)1. Now for any x € F we can find ¢ € [O,’%)N~l

such that x € I, = Tp() and dist(x,d1) 2> o := WS Then F :=

= Fﬂ?(x,%) is a closed subset of int! with dist(F;,d1) > % Thus for
any x € F, part (i1) of the proposition is valid for F, and I, with k3 :=
= 22N +1Q_N (N +1)!, a constant independent of x. Now we can proceed as
above: |f (x) = pn ()| <|If — Pullc(g) < kot where the latter inequality fol-
lows from ||f — p, ||L1(I¢) <\f = pn ”L‘(S) < ¢, and part (ii) of the proposition
with &, given above. Since x € F was arbitrary, we have ||f — pn |l c(Fy < kottn-

(c) For p > 1 the proof follows from the case with p =1 and the fact that
for any p > 1 we have LP(S)C LI(S) and ||gHL;(S) < const - ||g|| p(s) for any
g € LP(S). |

In two of the most important cases, namely, for ¢, := ;Cy (c>0,vy>1)
and £, =cq" (¢ >0, 0 < g < 1) the application of Theorem 1 can be coripleted
by a simpler estimate for #, and yu, as follows:

COROLLARY 1. Let S C R¥ be the unit ball, (p,) : RY - R a sequence
of polynomiais with gt(py)=n, p > 1 and f € LP(S). Assume that 3¢ >0
andy > | such that ||f — py||[p(sy < 7 for all n € N. Then the following
inequalities hold:

a) ify >kn :=2N+1 then 3 K| >0 such that

8) f = pnlices) < (n € N);

1
n?—kn

b) ify >mp :=N+1 and F is a closed subset of intS then 3 K, > 0 such
that

. K
9 W =pullcr < v (n €N).

PROOF follows from the theorem by an elementary calculation:
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o0 (e )
Foranyf>landn €N, ) 171; < n—g-lﬂ_l holds (with Mﬁ = Z;,l?):
j=n j=1

00 1 1 00 n oo n—1 1 oc n
Z;ﬁ=rﬁg<lz+j) nﬁzz(]n+k) 7;?

j=n Jj= j=1 k=0

Hence

a)

00
1 CMY—ZN o .
Mn - —]-Z": CZ’;‘])/ 2N — n)’—-2N-l - ny...kN (Cl = CMY—2N)

ify >kn; K| :=ciky;

b)
1 CMY"N c2

Hn = Z-’ £j —CZ])’ N = py—N-1 = TmN (¢ ’_CM)’—N)
j=n
ify > my; Ko :=coky. .

COROLLARY 2. Let S C RN be the unit ball, (p,) : RV — R a sequence
of polynomials with gr(py)=n, p > 1 and f € LP(S). Assume that 3 ¢ >0
and 0 < q < 1 such that ||f — pn||1p(s) < cq™ for alln € N.

Then 3 ¢y >0 and q < q; <1 such that
(10) If —pullcsy <crgf (€N,

PROOF. We can find r > 1 and g < ¢; < 1 such that n2Ng" < rqy (n €N).
Hence 7, Z]zNE =c Z]quJ <chqJl 1———ql, which yields the

Jj=n Jj=n

k
desired estimate with ¢y := ]—1%

REMARKS. 1. Obviously, we obtain a constant smaller than c; if we only
need estimate (10) in the case n > ng for some ng € N.

2. We have more rapid convergence in this case as well if we consider a
closed subset F of intS; the same proof as above leads to ||f — pallc(p) < 295
(n € N) where ¢, < gy since now nVg" < rqy (n € N) is required.

Finally we discuss the facts that the proof of Theorem 1 yields about the
smoothness of f and the convergence of the derivatives of (p,).
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THEOREM 2. Under the assumptions of Theorem 1, let m € N be such
o0
that " nN*Me, < 0o and let T\ ;= Y jN*ke; for each k =1,2,...,m.
j=k
Then f € C™(intS) and for any k = 1,2,...,m and for each closed set
FCintS 3 dg >0 such that

k
I - p e <at) (e

o0

If Zn2N+2"'£,, <o, k=1,2,....m zmdt?,gk) = Zj2N+2k£j then 3 ry >0
j=n

such that

k k .
O = p® sy < (e

PROOF. We only prove the theorem for an interval I instead of a ball and
for p = 1. Then the rest can be done just as in Theorem 1.

Let F be a closed subset of intI. We can find closed intervals I (k =
0,1,...,m—1)such thatintl D Iy, int Iy D Iy, ..., int Ly, _9 D I, _j,intl, ;D
F,and for all k=1,...,m — 1 dist (L, L) =dist (I, Ip) = dist (1,1, F).

Part (ii) of the proposition after Theorem 1 can be applied with I in
the role of the closed subset of intl. In (7) during the proof we obtain the
estimate {|gnljcy) < M 'nNe,_, (n € N) implying the uniform convergence
of 3" gqn on Iy, i.e. that p, — f uniformly on f,. Then by Markov’s inequality
applied to I; as a closed subset of int Iy we have

lgnllcay) :=max{”alqn“C(Il) : 1=1,2,---,n} < LM'nN¥e, ).

Thus 3 |lgyllcqry < oo, hence 3 g, converges uniformly on 1), ie. (p))
converges uniformly on I;. This implies that f € C1(1}) and f' =limp/,.

If m > 1 then we can repeat this argument for f' on I as a closed subset of
int/;. Owing to Markov we now have ||g, || c() < L2M'nN*2¢, | (n € N),
which finally yields that f € C%(h) and f” = limp!. This can be continued
by induction as long as 3" nN*g, < 0o, i.e. at least up to m. Eventually we
obtain that f € C™(F). Since this holds for any closed F C intl, we have
f e C™@ntl).

The estimate for the convergence of the derivatives is now proved simi-
larly to that in the proposition, using the estimate

g™l cep < LM nM*ne,
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received by the above induction:

F™ — p N ey < Zuq“'”uc L"'M'LJN*'" 1<

Jj=n+l Jj=n+l

" N
< LmM Z (] +m ]._l =len

Jj=n+l

(with M" .= M2N*™ gy = 1" M").
For the second estimate we start from (7) and apply Markov’s first in-
equality on I m times to receive the estimate

HQI(IM)HC(I) < KmMn2N+2m£n

With this the proof is the same as above. [ ]

We may apply this theorem as well for g, := fy (c>0.y>1)yand e, :=cq"™
(c >0, 0< g < 1) using the estimates in Corollaries 1 and 2.

COROLLARY 3. Let S C RN be the unit ball, (p,) : RN — R a sequence
of polynomials with gr(pp)=n, p > 1 and f € LP(S). Assume that 4 ¢ > 0,
I € NandO<a <1 such that |[f —pnllips) < ,;TCH for all n € N.

Then f € C'=N=V(nt§) and for any k = 1,2,...,1 = N +1 and for each
closed set F C intS 3 a; > 0 such that

I a
(ky (k) L a )
1Lf IIC(F) nl+a—(N+k+1) (n € N).

Fork=1,2,..., ILL:YLJ — N we have b, > 0 such that

b
(k) k) ____*k___ .
!V pll “C(S) n[+a (2N+2k+1) (ll EN).
REMARK. The result on the differentiability of f is analogous to the
classical inverse theorems of Bernstein (]2]) concluding the smoothness of
S from the speed of uniform approximation by polynomials.

COROLLARY 4. Let S C RN be the unit ball, (pn) : RY>SRa sequence
of polynomials with gt (p,)=n, p > 1 and f € [/(S). Assume that3 ¢ >0 and
0 < g <1 such that \|f — pn||1rs) < cq™ for alln € N. Then f € C®(intS)
and for any k € Nd ¢, >0 and 0 < q, < 1 such that

k
Hf(k) pr(z )

<cgp  (n€N)

'C(S)
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REMARK 1. Applying Corollary 2 and Bernstein’s theorem on exponen-
tial approximation by polynomials, we obtain the analiticity of f.

REMARK 2. The assertion of this paper admit natural generalizations, this
follows directly from the way they are proved.

I. Instead of S we may consider any domain that can be represented as
the union of balls or cubes with diameter bounded from below, e.g. a convex
domain having a smooth boundary with bounded curvature.

2. The assumption grp, =n can be omitted for 3 (grp, )2N £, < 00 and
S (grpn)Ne, < oo, respectively.
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