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4 U. дАШдОРЖ 

Пусть а=ЬТх1 ••• Тхп Ealt(A), ЬЕ L1
• Если Тх 1 =Lx1 , то bLxi =х1Ь= 

= Ь' Е L1
, та:к что по ин.цу:кции элемент а = Ь Тх2 ..• Тхп принадлежит 

L. Если Т.х 1 = Rx1 , то ~лемент 

а= (Ь ох1)Тх2 ••• Тхп - bLx1 Тх2 .•. Тхп =: (Ь ох1)Тх2 ••• Тхп• 

где х =:у обозначает что х -у Е L. Предположим, что уже доказано 
сравнение а :=((hox1)0 ... ox;_1)Txi ... Тхп, i > 1. Если Т.ч =Lxi' то 

а= ( ... (Ь ох1)0 ... ox;-1)Txi ... Тхп = 
=x;( ... (box1)0."ox;_1)Txi+! ... Тхп = 

= Lbj 1)·1 ."1)•р bj Е L', Yi Е А, s < п. 

Таким образом по ин.цу:ктивному предположению 

а:= Lbj 1).1 •.. Ту.~:= О. 

Следовательно, на основании соотношения dx = d ох - xd, если 
Тх; = Rx;, то а= ( ... (Ь oxi) о ... ox;)Txi+I ... Тхп. Следовательно, по 
инду:кции имеем а= ( ... (Ь ох1)0 ... ох11 ) =О. Лемма до:казана. 

ЛЕММА 7. :D1(A) = iJ(A), где iJ(A) -- идеал порожденный ас­
социаторами в алгебре А. 

ДокАЗАТЕJIЬСТВО. Ясно, что :D1(A) ~ iJ(A). Докажем включе­
ние iJ(A) ~ :D1(A). Из тождества Теймюллера следует, что 

(5) x(y,z,w)+(x,y,z)w Е :D1(A) 

где x,y,z,w Е А. С другой стороны в силу включения x(y,z,w)+ 
+(y,z,w)x EiJ1(A), из леммы 6 и линеаризации тождества Муфанга 
(x,y,z)z =(x,zy,z) имеем 

(б) x(x,y,z) Е :D1(A). 

Последовательно применяя линеаризации тождества Муфан­

га, (5), лемму 6 и (6), по мо.цулю :D1(A) имеем: 

О :=x(y,z,w)+(y,z,w)x =:x(y,z,w)-(y,z,x)w =:x(y,z,w)+y(z,x,w) = 
= x(v,z, 1v) - у(х ,z, и1) = x(y,z, w) +x(y,z, и•)= 2x(y,z, w). 

Таким образом: iJ(A) = (А, А, А)+ А(А, А, А) ~ :lJ 1(А). Лемма до­
казана. 

ТЕОРЕМА 2. Пусть А -- прапоальтернативная алгебра. над 

ассоциативно-коммутативным кольцом Ф Э ~· Тогда в ассоциа­
торной алгебре iJ(A) выполняется равенство т]88(.1?(А)) =О, где 
степень т]88(1J(А)) рассматривается в йордановой алгебре 2.J(A)(+). 
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О ТОЖДЕСТВАХ АССОUИАТОРНОЙ 

ДоклзАтЕльство. Пусть l(fi) = 5, i = 1,2,3 и 

{ 
/1, f1 Е {f ЕВ jt(j) Е 7~, 3(l(f)+85) ~ s +3} 

/2 Е {f ЕВ 1 tif) Е Т.~. 3(l(j)+92) ~ s +3}. 

5 

Согласно [З], каждый элемент из :lJ1(A) = :JJ(A) имеет вид 

l:(m ox)oy:Dx
1
,y

1 
".:Dхп,уп где т Е (А,А,А), x,y,xi,Yi,E А#, п Е Nu{O}. 

Пусть gi выражение, получающееся из fi заменой символа. 

(х ,у) и (х ,у)* на. такие элементы d! из (J? 1(А))1 ~ что cl; = (пч о Xi) о Yi. 

В выражении Р = g; Т:.6g2 T{6g3, для пч, который стоит на не­
четном месте возLмем его выражение (2), а для mi котоый стоит 

на четном месте его выражение (3). 

Тогда 

где ( ) означает (х ,у), а ( )* --- (х ,у)*, Т/ означает tf для t; Е 1j, а из 
одноименных символов, например из символов а~"" ,аб по крайне 
мере три принадлежит в ] · Ф. Запишим его в виде 

F.. , , , , h , , , 1-.1бь' ь' ь' h , , , ...,.;б , , , , , , = L., 0 1°2°3 1Х4Х5Хб 1 1 2 3 2У4У5У6 1 1 ·C1C2C3h3Z4Z5Z6= 

"'\:"' 1 t /и 111 = L.,al a2a 3 пkz4zsz6, 

где 

Используя равенство (хоу)1 -х 1у'=у'х', выражение Hk можно 
записать в виде 

где 
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Дальше здесь применим (1): 

6 '""" п [ 1 1 1 *] Hk=~h1. (riori)+ 2(ri,ri)- 2(r;,t;) · 
1=1 

где h1 =h1 ".()*или 1iJ =h2, ah2=( )".h2 ".( )*или h2=h2, hз=( )".h3 , 

ИЛИ hз = hз, и о ~ k' l ~ 6. 

Если k или l ~ 2, то еще раз применяя (1) окончательно по­
лучаем, что 

Если хотя бы один из чисел k или l равно нулю, то согласно 

лемме 3 h1Т'kh2T'1 h3=0, когда h; Е t')j. В силу (7) условие h; Е t')j 
автоматически выполняется, та.к как 

3(/ (h;)+ 36) ~ 3(/(f; )+ 15+ 36)=3(/({;)+51) ~ 3(/ (f; )+85) ~ Sj + 3, i = 1, 3; 

3(/ (h2) + 36) ~ 3(/ if2) + 24 + 36) = 3(1(f2)+60) 5 3(/ ifz) + 92) ~ s2 + 3. 

Если k = l = 1, то согла_:но лемме 5, h1 Тfh2 Tfhз =О, когда 
h; Е Q1s· В силу (/)условие h; Е Q1g тоже автоматически выполн­
яется, так как 

3(/(h;) + 72) ~ 3(/ (/;) + 13 + 72) = 3(/ ({;) + 85) ~ Sj + 3, 

3(5+85) ~ Sj +3, 267 ~ Sj, i::: 1, 2; 

3(/ (h2) + 72) ~ 3(/ (f2) + 20 + 72) = 3(/ if2) + 92) ~ s2 + 3, 

3(5 + 92) ~ s2 + 3, 288 .::; s1 . 

Таким образом при условии ( 7) выполлt?тсл раnенство 

F = g1 7~6gz 'Гi6g 3 =О. 

Если в выражении F для g; вместо tl; = (т; ох;) о Yi рассмотрю.-r 
элемент ti;:JJaь".:JJcd=""'(n;oщ)ob;, где п; Е(А,А,А), щ,Ь; ЕА, то , , ~ 

тоже очевидно, что выполняется равенство F =О. 



О ТОЖДЕСТВАХ АССОUИАТОРНОЙ 7 

Если обозначим :IJ = :IJ(A), Т; = Т;(:IJ) ~ Ti(A), то из равенства 
F=O следует, что 

F 2 F 1 = JJ' 1~67:JJ' 1~6 :1/ Тz88il Г~6 :1/ Тz67:JJ' = о 
где Т; = Т;(:iJ), таI\ как Т;(:iJ) ~ Т;(А). 

Из включений 

fi6 2 ((Т1 о Т1 )о Т1)1 ((Т1 о Т1)0 Т1)1 2fz'fz2 (Tzo Tzi 2 (Ит2 (Тz))' 2 fз, 

JJ' fзJJ 2 r/ 2 ~ Jj Тzы ~ 2 Тz~7 2 Тz68 
следует, что 

О = Fi 2 Тz68 ~88 Тzбs 2 7~~8 = О. 
Следовательно Ti88 =О. 

СЛЕДСТВИЕ. Если А свободная правоальтернативная алгеб­

ра над Ф Э 1/2, то для любого её невырожденного радикала R(A) 
выполняется равенство Tj88 (R(A)) =О. 

Автор выражает глубокую благадарность своему научному 

руководителю проф. Л. А. БоКУТЮ за руководство работой, а 

также Е. И. ЗЕЛЬМАНОВУ за ценный совет. 
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ON A PROBLEM OF ASAAD 

By 

WOLFGANG BANNUSCHER and GUNTER TIEDT 

Universitiit Rostock 

(Received October 29, 1991) 

1. Introduction 

Throughout this paper G denotes a finite group. Our notations are 
standard and follow [3]. Moreover, 01 (P), U1 (P) are defined to be 
(x E P: xP = 1) and (xP : x E P) respectively, where Pis a finite p-group. 

In [l] ASAAD proved: 

THEOREM (ASAAD): Let P be a Sylow p-subgroup of G such that 
jPn px I = pP-1 for all x E G\ P. If NG(P) = P, then G possesses a normal 
p-complement, i.e. G is p-nilpotent. 

ASAAD asked are following question: 

Let P be a Sylow p-subgroup of G. Suppose that NG(P) is p-nilpotent 
and that I01(P)n!l1 (px)I s,pP- 1 for allx E G\NG)P). Is Gp-nilpotent? 

This paper gives a positive answer for odd p and a negative one for p = 2. 
We even get a sharper result: 

THEOREM: Let P be a Sylow p-subgroup of G for an odd prime p. If 
I0 1 (Pn pt)j S: pP-l for all x E G\ NG(P) and NG(P) is p-nilpotent then 
also G is p-nilpotent. 

From the Theorem follows a sharper version of ASAAD's Theorem in the 
odd case: 

COROLLARY: Let P be a Sylow p-subgroup of G such that 
Ip n px I -:_;, pP- 1 for all x E G \ N G(P). ls N G(P) p-nilpotent then also G is 
p-nilpotent. 
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The proof of the Corollary in the case p =2 is similar to that of ASAAD's 
Theorem in [ 1) and is therefore omitted. 

The group GL(2,3) is an example which shows that our Theorem is not 

true for p = 2. 

2. Preliminary lemmas 

We give a list of results which we use for the proof of our Theorem: 

LEMMA 1: [4) (Th. III.10.2., III.10.7., III.10.13. (P. HALL), p.322-333) 

a) The p-group p is regular if one of the following conditions holds: 

(i) !Pl$ pP 

(ii) IP/U1 (P)I $ pP- 1. 

b) If Pis a regular p-group then IP/U1(P)I=1n1 (P)I. 

LEMMA 2: [4) (Th. IV.8.1. (WIELANDT), p.447) 

Let P be a regular Sylow p-subgroup of G such that No(P) is p-nilpotent. 
Then G is p-nilpotent. 

LEMMA 3: [3] (Th. 6.3.2. , p.228) 

If G is p-solvable and OP1(G) = 1 then Co(Op(G))::; Op(G). 

LEMMA 4: Let P be a p-group, p odd with 1n1 (P)i ::; pP- 1. Then 
IP/<l>(P)I S: pP- 1. 

PROOF. By [2] Lemma 3 (d) either Pis of maximal class or regular. In the 
first case we have IP/<l>(P)I = p2 S: pP-1; in the second case by Lemma 1 b) 

LEMMA 5: [4] (Th. IV.5.8. b) (FROBENIUS), p.436) 

For a finite group G are equivalent: 

(i) G has a normal p-complement. 

(ii) No( U) has a normal p-complement for each p-subgroup U ;e 1 of G. 
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3. Proof of the Theorem 

Let G be a counterexample of minimal order. 

(i) op' ( G) = 1 is trivial. 

(ii) G is p-solvable. 

11 

PROOF. By Lemma 5 we have a maximal p-subgroup U, 1 >= U < P such 
that No( U) is not p-nilpotent. Let U1 be a Sylow p-subgroup of No( U). 

Then U1 > U and T := No(U1) is p-nilpotent. Clearly [ UI>Op1<n] = 1 

and T n No( U) is p-nilpotent. It is easy to see, that No( U) satisfies the 
assumptions of our Theorem. It follows G = No( U). Now by the choice 
of U we have that N0 ; u( V / U) is p-nilpotent for all p-groups V > U . By 
Lemma 5 G /Op( G) is p-nilpotent and so G is p-solvable. 

(iii) G contains no proper normal subgroup W with (I G / Wj,p) = 1. 

PROOF. Otherwise W would be p-nilpotent by the choice of G. Then by 
(i) OP,( W) = 1. It follows W = P and Pis normal in G. But then G is no 
counterexample. 

Now let M be a maximal normal subgroup of G. By (ii), (iii) G / M must 
be ap-group such that IG/MI =p. Let P1 =PnM be a Sylow p-subgroup of 
M. Consider NM (P1) 2: N o(P) n M. If equality holds then by the assumption 
of the Theorem M is p-nilpotent. But then by (i) M and also G is a p-group, 
a contradiction. 

Hence there exists y E No(P1) \ No(P). We get P1 = Pn PY . By the 
assumption of our Theorem 101 (P1)I ::;;: pP- 1 follows . Moreover M cannot 
be p-nilpotent by (iii). That means NM(P1) is not p-nilpotent by our choice 
of G. Thus there exists x E No( Pi) such that x is a p1 -element and P1 (x) is 
not p-nilpotent. It follows ( P,x) is not p-nilpotent and by the choice of G we 
have G = (P,x ). By (iii) G has the following structure 

G= opp'p(G) > opp'(G) > Op(G) = P1 

with IG/Opp'(G)I = p and I01(Pi)I ::;;: pP- 1. Hence IPi/<I>(Pi )I ::;;: pP- 1 by 
Lemma 4. Now G/<I>(P1) has a Sylow p-subgroup of order at most pP which 
is regular by Lemnma 1 a) (i). Thus G/<I>(P1) has a nonnal p-complement 
L/<I>(P1) by Lemma 2. Let K be a p-complement of L. Then we have 
[ K, Pi] ~ L n P1 = <l>(P1 ). Therefore K acts trivially on Pi/ <l>(P1 ). Hence 
K acts trivially even of Pi . But P1 = Op( G) and therefore Co(P1) ::;;: P1 by 
Lemma 3. It follows the contradiction K = 1 and the Theorem is proved. 
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FLÄCHEN 2. ORDNUNG IM EINFACH ISOTROPEN RAUM 1j1
> 

Von 

FERENC MESZAROS 

Pädagogische Hochschule, Szombathely 

(Eingegangen am 30 Jänner 1992) 

1. Einleitung 

Es bezeichne P3 den dreidimensionalen projektiven Raum, w eine Ebene 
in P3 und A3 := P3 \ w den zugeordneten affinen Raum. Ein affiner Raum 

A 3 heißt ein einfach isotroper Raum 1j1>, wenn in ihm eine Metrik über die 
Absolutfigur { w ,fi ,fz, F} induziert wird, wobei fi, fz konjugiert-komplexe 
Geraden aus w mit dem reellen Schnittpunkt F sind. Im folgenden bezeichnen 

wir mit (x,y,z) affine Koordinaten in 1j1> und mit (xo : x1 : xz : x3) die 
zugehörigen projektiven Koordinaten. Es ist dann üblich, die Absolutfigur 
{ w ,fi ,fz, F} durch 

(1.1) w · · ·xo = 0, fi,fz · · ·xo =x[ +xf = 0, F(O: 0: 0: 1) 

zu beschreiben. Betreibt man einfach isotrope Bewegungsgeometrie in Jjl), 

so betrachtet man als Fundamentalgrnppe in 1j1> nicht die allgemeine projek­
tive Automorphismengruppe von {w,fi,fz,F} (vgl. [3,6]), sondern wählt die 

sechsparametrige Bewegungsgruppe B~l) 

(1.2) { 
~ = c1 +x c?s<P - y sin'I' 
y = Cz +X Sln'/' + y COS'{J 

Z = C3 + C4X + c5y + Z 

(vgl. [3,6]) als Fundamentalgruppe. 

Die Flächen 2. Ordnung <t><2l des einfach isotropen Raumes 1j1>, die wir 
unter Verwendung projektiver Koordinaten im folgenden in der Gestalt 

') 2 ') 
a11Xf + azzXz +a33Xj" + 2a12X1Xz + 2a13X1X3 

(1.3) + 223xzx3 + At1xo + Bxzxo + Cx3x0 + DxJ = 0 
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bzw. unter Benützung affiner Koordinaten in der Form 

") 2 2 
a11x~+a22y +a33Z +2a1zxy+2a13xz 

+2a23YZ +Ax +By+Cz +D=O 
(1.4) 

ansetzen, wurden bezüglich der isotropen Bewegungsgruppe erstmals in [l] 
klassifiziert. Diese Klassifikation ist jedoch nicht vollständig und berück­
sichtigt auch nur die regulären Flächen 2. Ordnung. In [5] bestimmt K. 
STRUBECKER zwar die einfach isotropen Krümmungslinien auf Mittelpunkts­

flächen 2. Ordnung des Ij l) (vgl. [5,250]), geht jedoch auf eine Klassifikation 
dieser Flächen nicht ein. Wir geben im folgenden eine Gesamtklassifikation 

der Flächen 2. Ordnung des 1j1>, wobei wir uns geometrischer Methoden 
bedienen, die z.B. auch in [4] mit Erfolg eingesetzt werden. Wir werden 
vor allem die Schnittkurve k := <1><2) n w zur Klassifikation heranziehen, und 
beachten weiters, daß in der Fernebene w des projektiv erweiterten isotropen 

Raumes 1j1) durch die Gruppe B~l) eine zur ebenen euklidischen Geometrie 
duale Geometrie induziert wird (vgl. [3,20]). Die Schnittkurve k kann sein: 

A: Ein Dual-Kegelschnitt (i.f. bezeichnet als D-Kegelschnitt), d.h. eine 
irreduzible Kurve 2. Ordnung, die bezüglich der dualen euklidischen Geo­
metrie in w weiter klassifiziert werden muß. 

B: Ein Geradenpaar 

C: Ein Linienelement bzw. eine Doppelgerade 

Im folgenden geben wir die detaillierte Klassifikation der Kurven 2. Ord­
nung in w gemäß den Hauptfällen A, B und C an, wobei wir gleichzeitig 
die zugehörigen Flächen 2. Ordnung bestimmen, und bezüglich der Gruppe 

B~l) auf Normalform transformieren. Die beiden folgenden Hilfssätze werden 
gelegentlich nützlich sein. 

HlLFSSATZ 1. Besitzt eine Räche 2. Ordnung des 1j1> die Darstellung 

(1.5) 2 ") 2 
a11X +a22r+a33Z +Ax+By+Cz+D=O 

mit a 11 '#-0, so kann man durch eine Schiebung in x-Richtung stets A = 0 

erreichen. Analoges gilt sinngemäß für die Koeffizienten B und C, wenn 
a22 '#- 0 bzw. a 33 '#- 0 ist; die Schiebungen erfolgen dann in y - bzw. z -Richtung. 

BEWEIS. Sei a11 '#-0, a22'#-0, a33'#-0, dann wenden wir .auf (1.5) die 

Schiebung {x=:X-2~ 1 ,y=Y-2Z2 ,z=z-2~3 } an. 1 
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HILFSSATZ 2. Besitzt eine Räche 2. Ordnung des I~l) die Darstellung 
(1.5) mit a 11 =0, A;tO bzw. a22 = 0, B;tO bzw. a33 = 0, C;tO, dann kann 
II1l1I1 durch eine Schiebung in x -bzw. y -bzw. z -Richtung stets erreichen 

(1.6a) 

(1.6b) 

(l.6c) 

BEWEIS. Durch Anwendung von Hilfssatz 1 erhalten wir a22Y2 + a33z2 + 
+ AX + D = 0, wobei D das neue Absolutglied bezeichnet. Nun wenden wir 

die Schiebung { x = x - ~ ,Y = y, z = z} an. Für ( 1.6 b,c) geht der Beweis 

~~- 1 

2. Die Fernkurve k := «t><2> n w ist ein irreduzibler Dual-Kegelschnitt. 

Die Metrik einer euklidischen Ebene Ei wird bekanntlich durch die bei­
.den konjugiert-komplexen absoluten Kreispunkte F1, F2 auf der Ferngeraden 
f dieser Ebene geregelt. Unterwirft man diese Absolutfigur dem Duali­
tätsprinzip, so erhält man die Absolutfigur {f1 ,fz, F} der Fernebene w des 

1j'>. Aus den irreduziblen Kegelschnitten in Ez entstehen durch diese Duali­
sierung die folgenden V-Kegelschnitte k (vgl. Abb. I.): 

1. Nullteiliger V-Kegelschnitt: Dieser Kegelschnitt k ist dual zu einem 
nullteiligen Kegelschnitt in Ei_. 

2. Nullteiliger Fernkreis: Dieser Kegelschnitt k ist dual zu einem null­
teiligen euklidischen Kreis in Bi. k berührt ebenfalls fi und h. 

3. Einteiliger Fernkreis: Dieser Kegelschnitt k ist dual zu einem euklidi­
schen Kreis, der bekanntlich F1 und F2 als Punkte enthält. Demnach berührt 
k die beiden absoluten Geraden !1 undfz. 

4. V-Hyperbel: Dies ist ein Kegelschnitt in w, der F nicht enthält und an 
den sich von F aus zwei reelle Tangenten legen lassen. F ist ein Außenpunkt 
von k. 

5. V-Ellipse: Dies ist ein Kegelschnitt in w, der F nicht enthält und an 
aen sich von F aus keine reellen Tangenten legen lassen. Fist ein Innenpunkt 
von k. 
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Ahb. I 

6. V-Parabel: Dies ist ein Kegelschnitt in w, der F enthält. 

Sei zunächst F~ k, d.h„ wir betrachten die Fälle 1-5. Nach (1.4) lautet k 

(2.1) 
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Wegen F rt k gilt a33 :;i!: 0. Wenden wir auf (2.1) die isotrope Bewegung 

{ x =x,y = .Y,z =z- ~x - ~Y} an, so entsteht 
a33 a33 

(2.2) b11x2 +b22y2 + b33f2 + 2b12x Y = 0. 

Gilt b12 :;t:O, dann kann durch eine Drehung {x =x cosip - y sinip,y =x sinip + 

+ y cosip,z = z} mit cot2tp = b 11:;)1~22 die Normalform 

(2.3) cux2+c22Y2+c33z2=0 

von k erreicht werden. Für b 12 = 0 stellt (2.2) schon die Normalform dar. 

FALL 1. sgnc11 = sgnc22 = sgnc33. 
k ist ein nullteiliger Kegelschnitt und die zugehörigen Flächen 2. Ord­

nung lauten 

(2.4) cux 2 + c22y2 + c33z 2 + Ax + By + Cz + D = 0. 

Nach dem Hi~f~satz 1 kann man A = B = C = 0 erreichen und es entsteht die 
Normalform 

2 2 2 -(2.Al-3) cux +c22y +c33Z +D=O. 

Für D = 0 liegt ein nullteiliger Kegel <I>i2\ für c11 · D > 0 ein nullteiliges 

Ellipsoid <1>~2) und für c11 · D < 0 ein Ellipsoid <1>~2) vor. 

FALL 2. c 11 = c22. sgnc11 = sgnc33. 
In diesem Fall ist k ein nullteiliger Fernkreis. Wie im Fall 1 erhält man 

als Normalform für die zugehörigen Flächen 2. Ordnung 

(2.A~6) 
2 2 - 2 -

X + y + C33Z + D = 0, 

wobei c33 := :ncc > 0 gesetzt wurde. Für D = 0 liegt ein nullteiliger Drehkegel 
II 

<1>~2), für c33 · D > 0 ein nullteiliger Drehellipsoid <1>~2) und für c33 · D < 0 ein 

reelles Drehellipsoid <1>~2) vor. 

FALL 3. c11 = c22. sgnc11 :;i!:sgnc33. 

k ist ein einteiliger Fernkreis. Wie im Fall l erhält man als Normalform 
der zugehörigen Flächen 2. Ordnung 

q.A7-9) x 2 + y2 +c33Z 2 + D = 0, 

wobei c33 := :ncc < 0 gesetzt wurde. Für D = 0 liegt ein einteiliger Drehkegel 
11 

<1>~2), für c33 · D > 0 ein einschaliges Drehhyperboloid <1>~2) und für c33 · D < 0 

ein zweischaliges Drehhyperboloid <1>~2) vor. 
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FALL 4. Schreibt man (2.3) in projektiven Koordinaten (x1 : x2 : x3) in 
w · · ·xo = 0, so erhält man 

(2.5) 

Die Polare eines Punktes P(p1 : p2 : p3) bezüglich (2.5) lautet dann 

(2.6) c 1 1 x1p l + c22x2P2 + cnt3p3 = 0. 

Speziell ergibt sich für die Polare p des absoluten Punktes f(O : 0 : 1) die 
Gleichung x3 = 0. Im Fall einer D-Hypcrbci müssen die Schnittpunkte von 
p mit (2.5) reell sein. Demnach muß in (2.5) sgnc 11 ;t;sgnc22 gelten. Die 
Normalform von k lautet somit 

(2 7.) 2 - 2 - 2 0 . x +c:ny +c:13Z = , 
wobei c22 := ::Hcc:~· < 0, C')2 := _.....cc.,., gesetzt wurde. Wie im Fall gewinnt man 

II - · II 
als Normalform der entsprechenden Flächen 2. Ordnung 

(2.Al0-11) 

bzw. 

(2.A 12--15) 

mit D~O. Für c:n > 0 bzw. für c33 < 0 in (2.A 10-11) bezeichnen .,,.,u· 
diesen reclJen Kegel als Kegel 1. Art <t>\t) bzw. .Kegel 2. Art cp<i~l· L,u r 
geometrischen Untcn;cheidung der beiden Kegeltypen bestimmen wir i i1 rc 

isotropen Kreisschnitte. Mit x 2 = -y2 folgt 

(2.8) 

Wegen c22 < 0 ist 0-·-c22 stets reell . Somit stellt (2.8l für {7 i 3 > 0 i.wci 
reelle Ebenen dar, für c33 < 0 sind diese Ebenen kojugiert-komplex. Daher 
besitzt ein Kegel 1. Art stets zwei Scharen reeller isotroper Kreisschnitte, 
während ein Kegel 2. Art nur konjugiert-komplexe Kreisschnitte bcs[tzt. Für 
c33 > 0 und D < 0 bzw. für c33 < 0 und D > 0 liegt in (2.A l 2-15) ein 

einschaliges Hyperboloid <t>i~1 bzw. ct>W mit einem Kegel l. A1t bzw. 2. Art 

als Asymptotenkegel vor, für c33 > 0 und D > 0 bzw. für c33 < 0 und D < 0 

ergibt sich ein zweisclwliges Hyperboloid et>\~ bzw. <!>~~> mit einem Kegel 
l. Art bzw. 2. Att als Asymptotenkcgei. 

FALL 5. Die Polare p {x3 = O} schneidet die Fernkurve k jetzt nicht reell. 
Damit folgt aus (2.5) sgnc11 = sgnczz;t;sgnc33 . Wie im Fall 1 erhält man 
damit als Normalform einer D-Ellipse 

(2.9) 2 - 2 - 2 0 X +C22Y +c33Z = 
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mit c22 := _ccu. > 0 und c33 := ~ < 0. Die zugehörigen Flächen 2. Ordnung 
11 L 11 

lauten in Normalform 

(2.A 16) 

bzw. 

2 - 2 - 2 0 x +c22Y +c33Z = 

(2.A17-J8) x2 +c22i+c33z 2 +D=O, mitD;t:O. 

(2.A 16) ist ein reeller Kegel <l>l~, den wir als Kegel 3. Art bezeichnen. Die 
Ebenen x = 0 und y = 0 sind Symmetrieebenen von (2.A16) und besitzen 
somit geometrische Bedeutung, ebenso ihre Schnittgerade g · · ·x = y = 0, die 
wir als vollisotrope Kegelachse bezeichnen. Alle isotropen Ebenen durch g 
schneiden (2.A 16) nach zwei stets reellen Erzeugenden, denn aus y = k · x folgt 
mittels (2.A 16) x2(1 +c22k2) = c33z 2, wobei 1+c2zk2 >0 und c33 > 0 gilt. 
Durch diese Eigenschaft unterscheidet sich aber ein Kegel 3. Art eindeutig 
von einem Kegel 1. Art oder 2. Art. 

Für 75 > 0 bzw. 75 < 0 liegt in (2.Al?-18) ein zweischaliges Hyperboloid 

<t>W bzw. ein einschaliges Hyperboloid et>~~ mit einem Asymptotenkegel 
3. Art vor. 

FALL 6. Nun sei Fein Punkt von k, d.h . k ist eine D-Parabel. Nach (1.4) 
gilt dann 033 = 0 und k lautet 

(2.10) a11x 2 +a22Y2 +2al2xy+2a13xz +2Li23YZ =0. 

Wir wenden auf (2.10) die Drehung {x = xcoscp - Ysin<p, y = x smcp + 
+)icoscp, z =Z} mit tantp =-~an. Dann entsteht als Gleichung von k 

(2.1 l) h 11 x2 +bn.i +2b 12xy +2b23y z=O. 

Für a23 ;t: 0 gilt sicher b23 ;t:Ü. Ist hingegen a23 = 0, so folgt cp = q:. und man 
hat h23 = -·a13. Wäre b23 = 0, so würde a13 = 0 folgen und (2.10) wäre 
reduzibel. Wir düifen daher i.f. stets b23 ;t:O voraussetzen. Wenden wir 

nun die Transformation {x=x,}'=y,z=z - Jc{
3
y- ~x} aus B~l) an, so 

entsteht als Noimalform von k 

(2.12) 

mit c23 := ~. Die zugehörigen Flächen 2. Ordnung lauten 

·1 
(2.13) x~+2c23yz+Ax+By+Cz+D=O. 

Mittels Hi(t:~satz l kann A = 0 erreicht werden, und durch eine Schiebung in 
y- und z -Richtung kann noch B = C = 0 erzwungen werden. Damit erhält man 
als Nonnalfoim 

(2.Al9) 
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bzw. 

(2.A20-23) 2 - -
x + 2c23YZ + D = 0, mit D;t;O. 

(2.Al 9) ist ein Kegel <I>~~, den wir als Kegel 4. Art bezeichnen. 

Für c23 > 0 und D < 0 bzw. für c23 < 0 und D < 0 liegt in (2.A20-23) 

ein einschaliges Hyperboloid <I>i~ bzw. <I>i~. für c23 > 0 und D > 0 bzw. für 

c23 < 0 und D > 0 ein zweischaliges Hyperboloid <t>W bzw. <I>i~ vor. 

Wenden wir auf (2.A20-23) die Affinität {x = x,y = y +z,z = y- Z} an, 
so entsteht als Flächengleichung x2 + 2c23(Y2 - z2) + D = 0, woraus ersichtlich 

ist, daß die Flächen <I>i~ und <I>i~ bzw. <t>W und <I>i~ zwei Geradenscharen 

bzw. keine reellen Geraden tragen. <I>i~ bzw. <I>i~ sind durch die Spiegelung 

{x = x,y = -y,z = z} an der Kreisschnittebene y = 0 auf <I>i~ bzw. auf <I>i~) 
abbildbar. Die Flächen <I>i~ und <I>i~ bzw. <I>i~) und <I>i~ sind in der Gruppe 

B~l) als verschieden anzusehen, da B~l) keine Spiegelung obiger Art enthält. 
Damit sind alle Fälle von A erledigt. 

3. Die Fernkurve k := <I>(2) n w ist ein Geradenpaar 

Es sei zunächst ein reelles Geradenpaar {g1,g2} mit dem Schnittpunkt G 
in der Fernebene w gegeben. Dieses Gcradenpaar kann 3 Lagemöglichkeitcn 
bezüglich lf1 ,Ji, F} besitzen (vgl. Abb.2.). 

FALL 1. G;t:Fund Fr{. 81 Ug2. 

Durch eine isotrope Bewegung kann man erreichen, daß G die projek­
tiven Koordinaten G(O : 1 : 0: 0) erhält. Jede Gerade g durch G in w wird 
dann durch xo = u2x2 + u3x3 = 0 beschrieben. Wegen Fr/. g gilt hierbei u3 ;t; 0, 
und man kann g in affinen Koordinaten mittels uy +z =0 erfassen. Werden g 1 
und 152 zunächst durch u 1Y + z = 0 bzw. u2y + z = 0 beschrieben, so kann man 
durch eine isotrope Bewegung noch erreichen, daß diese Geradengleichungen 
z + ay = 0 bzw. z - ay = 0 lauten, wobei a ;t;O gilt. Zum Beweis setzen wir 
eine isotrope Bewegung in der Gestalt {x = x,y = y,z = z +yY} an. Dann 
folgt aus obigen Gleichungen Y(u 1 +y) + z = 0 bzw. y(u2 +y) + z = 0, woraus 
sich y = - ~(u1 +u2) ergibt. Es gilt a;t;O wegen g1;t;82· Damit lautet die 
Normalfonn von k 

(3.1) 

Nach Hilfuatz 1 gehören zu (3.1) die Flächen 2. Ordnung 

(3.2) 



FLÄCHEN 2. ORDNUNG IM EINFACH ISOTROPEN RAUM 1{'' 

g~gll 

Abb. 2 

Für A ~ 0 folgt nach llilfssarz 2 die Normalform 

(3.B24) z 2 - a 2y 2 + Ax = 0 

eines hyperbolischen Paraboloids cJ;>i~· Gilt A = 0, so erhallen wir 

(3.ß25- 26) z2 - a2y2 +V= 0. 

21 

Für U;t 0 liegt ein '1yperbolücher Zylinder <I>i~, für V= 0 ein reelles schnei­

dendes Ebene11paar <I>i~ vor. 

FALL 2. G~ Fund FE 81· 

Wie im fall 1 erhalten wir zunächst für k 

(3.3) y(z - ay) = 0. 
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Wenden wir auf (3.3) die isotrope Bewegung {x = x,y = y,z - ay = z} an, so 
gewinnen wir als Normalform von k 

(3.4) 

Die zugehörigen Flächen 2. Ordnung lauten 

(3.5) Yz +A"f +By +Cz + D=O. 

Durch eine Schiebung in y- und z-Richtung kann man erreichen 

(3.6) yz +Ax +D=O. 

Gilt in (3.6) A:;eO, dann erhält man nach Hil:fssatz 2 die Normalform 

(3.B27) yz + Ax = 0. 

Dies ist ein hyperbolisches Paraboloid <P~~· Gilt A = 0, so erhalten wir die 
Gleichung 

(3.B28-29) yz +D=O, 

welche für D;t:O einen hyperbolischen Zylinder <I>~~. für D = 0 ein reelles 

schneidendes Ebenenpaar <I>~~l beschreibt. 

FALL 3. F= G. 

Man erhält wie oben die Normalform von k zu 

(3.7) y2 - a 2x 2 = 0 

mit a ;t: 0. Nach Hilfssatz l lauten die zugehörigen Flächen 2. Ordnung 

(3.8) 

Für C ;t: 0 kann man nach Hi(f~satz 2 noch D = 0 erreichen und man erhält 

(3.B30) 

Dies ist ein hyperbolisches Paraboloid <I>~71i. Für C = 0 findet man 

(3.B31-32) y2-- a2x 2 + D = 0. 

Für D ;t: 0 liegt ein hyperbnlischer Zylinder <t>W, für D = 0 ein reelles schnei­

dendes isotropes Ebenenpaar <I>~~ vor. 

Nun sei {gi.gz} ein konjugiert-komplexes Gcradenpaar mit dem reellen 
Schnittpunkt G. Dann gibt es 3 Lagemöglichkciten (vgl. Abb.3.) . 

FALL 4. G;t:F. 

Wie im Fall 1 kann man erreichen, daß G die projektiven Koordinaten 
G(O: 1 : 0: 0) erhält, und die Geraden 81 bzw. 82 durch z - Ly = 0 bzw. 
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li/Jb. 3 

z - Ly = 0 bcsd1richc11 wenlcn, wobei L = a + ih und L = a - ih, a,b ER, 
h;;r:O gilt. Wenden wir die isotrope Bewegung {x =x,y =y,z =z+ay) an, so 
entsteht als Normal form von k. 

(3.9) --2 b2--2 0 z + y = . 
Die zugehörigen Flfü:hc11 2. Ordnung lauten 

(3.10) z- 2 + h2y2 + AX + B.Y + Cz + D = 0. 

Mit lli!(~.wtz 1 erhält man die Flächengleichung 

(:UI) z2 +h2y 2 +At+D=O. 

Gilt in (3.l l) A.cO, dmm gewinnt man nach llilfmlfZ 2 

(3.B33) z2 +b2y2+At'=0. 
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Dies ist ein elliptisches Paraboloid <t>W. Gilt in (3.11) A = 0, so findet man 
die Gleichung 

(3.834-36) 

welche für D > 0 einen nullteiligen Zylinder <t>~~ bzw. für D < 0 einen 

elliptischen Zylinder <t>~~ beschreibt. Für D=O liegt ein konjugiert-komplexes 

Ebenenpaar <t>~~ vor. 

FALL 5. G = F und (f1 U fi) n (g l U 82) = F. 

Wie im Fall 4 erhält man zunächst für k 

(3.12) (y - Lx )(y - Ix) = 0 

mit L = a + ib, I = a - ib, a,b ER\ {O}. Nach Anwendung der isotropen 
Bewegung {x = xcos<p - ysin<p,y = xsin<p + ycos<p,z = f} mit cot2<p = 

2 2 
= l-(2/" ) , entsteht als Normalform von k 

(3.13) x2 +d2y2 = 0 

mit 

d2 = sin2<p + a sin2<p + (a2 + b2)cos2<p, 

cos2<p +asin2<p +(a2+b2)sin2<p 

d2 > 0, d 2 ~ 1. Die zugehörige Flächengleichung lautet 

(3.14) x2 +d2y2 + AX + By + Cz + D = 0. 

Nach Hi{fssatz 1 gewinnt man zunächst 

(3.15) x 2 +d2y 2 +Cz +D=O. 

Gilt in (3.15) C~O. dann erhalten wir nach Hilfssatz 2 

(3.B37) 

Dies ist ein elliptisches Paraboloid <t>W. Gilt in (3.15) C = 0, so findet man 
die Gleichung 

(3.B38-40) 

welche für D > 0 einen nullteiligen Zylinder <t>~~ bzw. für D < 0 einen ellip­

tischen Zylinder <t>~~ bzw. für D = 0 ein konjugiert-komplexes Ebenenpaar 

<t>~~ beschreibt. 

FALL 6. 81 = fi und 82 = fi. 
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Die Normalform von k lautet 

(3.16) (x -iy)(x+iy)=O. 

Nach Hilfssatz 1 entsteht die zugehörige Flächengleichung 

(3.17) 

Gilt in (3.17) C~O. dann erhält man nach Hilfssatz 2 

(3.B41) x 2 + y2 + Cz = 0. 

Dies ist ein parabolische Sphäre <t>i2( (vgl. [3,66)). Gilt in (3.17) C = 0, so 
gewinnt man 

(3.B42-44) 
') 2 -

x-+y +D=O. 

Für D > 0 liegt dann ein nullteiliger vollisotroper Drehzylinder <t>i~, für 

D < 0 ein einteiliger vollisotroper Drehzylinder <t>i~ und für D = 0 ein konju­

giert-komplexes Ebenenpaar et>~ vor. Damit sind alle Fälle von B erledigt. 

4. Die Fernkurve k := <t>C2) n w ist ein Linienelement bzw. eine 
Doppelgerade 

Bezeichnet s die Doppelgerade bzw. den Träger des Linienelementes 
(s, S) - wobei S den inzidenten Punkt angibt - dann erhält man 3 Lagemög­
lichkeiten (vgl. Abb.4). 

FALL 1. F cf_ s und F~S. 
Durch eine isotrope Bewegung kann man erreichen, daß s durch x0 = 

= x3 = 0 beschrieben wird. Im Fall eines Linienelementes kann man durch 
eine weitere isotrope Bewegung erreichen, daß S(O : 1 : 0 : 0) gilt. Damit hat 
man für k 

(4.1) 

und die zugehörigen Flächen 2. Ordnung lassen sich wegen Hilfssatz 1 in der 
Gestalt 

(4.2) 
') -

z·+Ax+By+D=O 

ansetzen. Gilt (A, B) ~ (0, 0), dann kann in ( 4.2) durch eine Schiebung D = 0 
erreicht werden. Im Fall eines Linienelementes ist ct>(Z) ein parabolischer 

Zylinder <1>~21 , dessen Erzeugenden den Fernpunkt S(O : 1 : 0 : 0) enthalten. 
Die ebenen Schnitte von (4.2) y = kons t. müssen dann Geraden sein, woraus 
A = 0 folgt. Damit erhalten wir als Normalform 

(4.C45) z2 + By = 0. 
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Abb. 4 

Gilt A = B = 0, so gewinnt man aus (4.2) 

(4.C46--48) 

und dies ist für D > 0 ein ko11jugiert-ko111plexes Ebenenpaar cti1~. für D < 0 

ein reelles, paralleles Ebenenpoar cti1~ bzw. für D = 0 eine Doppelebene 
rt-.(2) 
'V48. 

FALL 2. FE s und F;t: S . 

Wie im Fall 1 kann man erreichen, daß s durch x0 = x2 = 0 und im Fall 
eines Linienelementes S durch 5(0 : 1 : 0 : 0) beschrieben wird. Damit hat 
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man für k 

(4.3) 

und die zugehörigen Flächen 2. Ordnung lassen sich wegen Hilfssatz 1 in der 
Gestalt 

(4.4) y2 + Ax + Cz + D = 0 

ansetzen. Gilt (A, C) ;;e (0, 0), dann kann in ( 4.4) durch eine Schiebung noch 
D = 0 erreicht werden. Im Fall eines Linienelementes ist <1>(2) ein para­

bolischer Zylinder <l>~~, dessen Erzeugenden den Fernpunkt S(O : 1 : 0 : 0) 
enthalten. Wie im Fall 1 folgt A = 0 und damit erhalten wir als Normalform 

(4.C49) y 2 + Cz = 0. 

Gilt A = C = 0, so gewinnt man aus (4.4) 

( 4.C50-52) y2 + D = 0. 

Für D > 0 liegt ein konjugiert-komplexes Ebenenpaar <l>~~. für D < 0 ein 

reelles, paralleles Ebenenpaar <t>W und für D = 0 eine Doppelebene <l>~~ 
vor. 

FALL 3. S=F. 

Durch eine isotrope Bewegung kann man eITeichen, daß s durch xo=x2=0 
beschrieben wird. Damit hat man für k 

(4.5) y2 =0, 

und die zugehörigen Flächen 2. Ordnung lassen sich wegen Hilfssatz 1 in der 
Gestalt 

(4.6) y2 + Ax + Cz + D = 0 

ansetzen. Gilt (A, C);;e (0,0), dann kann man in (4.6) durch eine Schiebung 
noch D = 0 erreicht werden. Im Fall eines Linienelementes ist <t><2) ein para­

bolischer Zylinder <l>~~· dessen Erzeugenden den Fernpunkt F= S(O: 0: 0: 1) 
enthalten. Wie im Fall 1 folgt C = 0 und die Normalforn1 lautet 

? 
(4.C53) y- + Ax = 0. 

Gilt A = C = 0, so beschreibt (4.6) zwei parallele, reelle oder konjugiert­
komplexe, isotrope Ebenen bzw. ene isotrope Doppelebene; diese Fälle wur­
den aber schon unter (4.C50-52) aufgezählt. Damit sind Fälle von C erledigt. 

Wir fassen das Gesamtresultat zusammen im 
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SA TZ 1. Im einfach isotropen Raum existieren genau 53 Typen von Flä­
chen 2. Ordnung, die sich bezüglich der einfach isotropen Bewegungsgruppe 
B~l) durch die Nonnalfonnen (2.Al-23), (3.B24-44) bzw. (4.C45-53) be­
schreiben lassen. 

Für viele Anwendungen ist die Klassifikation der Flächen 2. Ordnung im 
projektiv erweiterten einfach isotropen Raum notwendig. 

Dann kommen noch folgende Typen hinzu: <t>~~ (Fernebene w + nicht­

isotrope Ebene), <t>~~ (Fernebene w + isotrope Ebene), <t>~~ (Fernebene w 
als Doppelebene). Diese lassen sich durch die Normalformen 

(4.054-56) 

beschreiben. 

Wir notieren den 

xox3 =0 bzw. 

xox1 =0 bzw. 
z_o Xo -

SA TZ 2. Im projektiv erweiterten einfach isotropen Raum existieren ge­
nau 56 Typen von Riichen 2. Ordnung. 
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1. Introduction 

An inverse semigroup in which the closure Em of the set of idempotents 
is a Clifford semigroup will be called Em -Clifford. It is easily seen that an 
inverse semigroup is Em -Clifford if and only if Em ~ Ef, where Ef, is the 
centralizer of the set of idempotents. The class of Em -Clifford semigroups 
forms a quasi variety defined by the implication (xy = y ~ xx- 1 =x- 1x), and 
contains the quasi-variety of £-unitary inverse semigroups and the variety of 
Clifford semi groups. The class of Em -Clifford semigroups is one of the first 
classes with unknown structure of the network below (Figure 1). 

O'CARROLL [1) proved that every £-unitary inverse semigroup can be 
embedded into a semidirect product of a semilattice by a group, and SZEN­
DREI [4] generalized this result by proving that every £-unitary regular semi­
group with regular band of idempotents can be embedded into a semidirect 
product of a band by a group. In the main result of this paper, we general­
ize O'Cairnll's result in another direction. We show that each Em-Clifford 
inverse semigroup can be embedded into a semidirect product of a Clifford 
semigroup by a group. 

For the undefined notions and notations the reader is referred to (2). 

2. The main theorem 

First we characterize Em -Clifford semigroups and give some other re­
sults. 

PROPOSITION 1. Let S be an inverse semigroup. Then the following 
conditions are equivalent: 
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(~min )min = 1/ntin = r 
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mu1 nUn - 11 min 
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Xl/Y => y EE( x1ry=>yEE 

Fig. 1 

(i) S is Ew -Clifford 

(ii) v n .1l is a congn1ence, where u is the kyist grvup congruence on S. 
(iii) :n:, the least E-unitmy congruence 011 S, is idempotent separating. 

PROOF. (i) =} (ii). Since u is a congrncncc and .1l is left compatible, 
it remains to prove lhat an :R is right compatible. Let (a,b) E an :R, and 
e E S. Then aa- 1 = bb- 1 an<l ab- 1 E keru = Ew ~ El; by (i). So we 
have ace- 1a- 1 =ace-1a- 1ac1- 1 =acc- 1a- 1 ·bb-1 =a ·a - 1bee- 1b- 1 = 
= bb- 1 bce- 1 b- 1 = bCl·- 1 b- 1, that is (ac,bc) E :R. Hence (ae,be) Ea n:R 
follows since a is a congrnence. 
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(ii) => (iii). If a n fl?., is a congruence, then :re = (a n fl?.,)* =a n 9?.,, Hence 
:re is idempotent separating. 

(iii) => (i). Let :re be idempotent separating. Then :re ~ µ, the maximal 
idempotent separating congruence on S. This implies Ew = ker :re ~ ker µ =Es, 
and so S is Ew -Clifford. 

COROLLARY 2. Let S be an inverse semigroup. Then S is Ew-Clifford 
if and only if{! n fl?., is a congruence for each congruence {! with {! ~ a. 

PROOF. Let S be an Ew -Clifford semigroup, let {! be a congmence on S 
with{!~ a and let (a,b) E {!n:R,, c ES. Then (ac,bc) E {!and (a,b) Ea nJl. 
By Proposition 1, (ac,bc) Ea n:R,. This implies (ac,bc) E /}nfl?.,, so /}nfl?., is 
a congruence. The converse follows from Proposition 1. 

PROPOSITION 3. If S is an Ew -Clifford semigroup, then S /r is also Ew -
Clifford for every idempotent pure congruence r on S. 

PROOF. Let a E Es;rw- Then there exists an idempotent in S/r such that 

ae =e. Now let a'r =a and e'r =e, where a' ES and e' E Es. Then we have 
(a' e1 )r = a 1r · e'r =a · e = e = e'r _ As r is idempotent pure, we have a' e1 E Es 
whence a' E Ew follows which implies a'- 1a' =a'a'- 1. Thus, aa- 1 =a-1a, 
that is, a E Es;rs. This completes the proof. 

Now we recall the definition of a semidirect product. 

DEANITION 4. Let C be an inverse semigroup, and let G act on C by 
automorphisms on the left. Define the multiplication (a,g )o (b ,h)=(a · g b,g h) 
on the Ca11esian product C x G which thereby becomes a semigroup. This 
latter one is called a semidirect product of C by G and is denoted by C * G. 

PROPOSITION 5. Let C * G be a semidirect product of a Clifford semi­
group C by a group G. If S is an inverse subsemigroup of C * G, then S is 
Ew -Clifford. 

PROOF. Let (a, g) E Esw. Then there exists an idempotent ( e, 1) E Es such 
that(a,g)(e,l)=(e,l). Thisimpliesg=l anda·ge=e. Hence(a,l)(a,1)- 1= 
=(a, l)(a- 1, 1) = (aa- 1, 1) = (a- 1a,1) =(a, 1)- 1(a,1), so (a,g) E Ess. 

NOTATION 6. Let fl x be the free semigroup with involution on the al­
phabet X. For a word w, denote by c( w) the content of w, that is the set 
of letters occurring in w, and by r(w) the reduced word (a word is called 
reduced if and only if it has no subword of the form xx - I or x - l x )_ By B5 
we denote the least fully invariant semilattice congrnence, and by Be the least 
fully invariant Clifford congruence on fl x. We have (u, v) E &5 if and only 
if c(u)=c(v) and (u,v) E Be if and only if c(u)=c(v) and r(u) =r(v) [2]. 
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Now let S be an Ew-Clitford semigroup. For brevity, denote S/a by G. 
Define a prutial multiplication on X = G x S as follows : for s, t E S and 

g, h E G, (g,s)o(h,t) is defined if and only if g ·sa =h, and if so, then 
(g,s) o (h,t) = (g,st) . 

Define a map from X into X by x = (g ,s) t-+ (g · sa,s- 1) = i . Observe 
that x =x for every x E X. Define an action of the group G on X by setting 
h(g,s) = (hg,s), for every h E G, (g,s) EX. This action of G is obviously 
compatible with both o and -. 

Extend the action of G on X to an action on fl\., the free monoid with 
involution on X. as follows: Let h E G. For every x E X. put hx - l = (hx r 1, 

for every word w = x1x2 .. . x11 in fl x with xi, x2 • .... Xn E XU x-1, put 
h w = hx1 · hx2 · ... · hxn, and for the empty word D put hD = 0. The free 
monoid F_l, being a submonoid of :Z_k, this defines an action of G on F_l, . 
Notice that - can be extended to an involution on F_l, which we will also 

denote by -. The action of G on F_l, is compatible with this involution. 
Let ~c be the join of &c and the congruence on fl x generated by the 

relation 

{(xy, z) :x,y ,z EX andxoy=z in X}LJ{(x- 1,i) : x EX}. 

From the well-known description of &c and that of the join of congruences 
we easily deduce the following lemma. 

LEMMA 6. Let u, v be words in :Z x . Then u[!cv if and only if there 
exists a finite sequence of words u = wo, w1, .. . , Wn = v such that, for any 
i E {O, 1, ... ,n -1} the wordw;+l is obtained from w; by one of the following 
steps: 

step 0: w; =px - 1q , w;+1 =piq for some p , q E :Z_k and x EX; 

step O': w; =pi q , w;+i =px- 1q forsomep , q Efl\. andx EX; 

step I: w; = pxx - 1q or w; = px- 1 xq , and w;+t = pq for some p, q E fl_k 

and x E X such that x or x - l occurs in p or in q; 

step l': w; =pq , andw;+l =pxx- 1q or wi+l =px - 1xq forsomep, q E:Z,k 
and x E X such that x or x - l occurs in p or in q ; 

step :2.: w; = pzq, W;+i = pxy q for some p, q E .5~ and x , y, z E X where 
x o y =z in X; 

step 2.': w; =pxyq, w;+i =pz q forsomep, q Efl~ andx, y , z E X where 
x oy = z in X . 

Now we show that we can restrict ourselves to words consisting of letters 
only from x (not from x-1 ) . 
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Observe that if we start with a word u E 3. x and apply step 0 to every 
letter from x-1 which occurs in u then a word u' E Fx is obtained. So each 

u E 3. x is l?c-related to an element in Fx. This implies that S x / i?c is 

isomorphic to Fx / (!c where (!c denotes the restriction of i?c to Fx. In par­
ticular, this shows that Fx / (!c is a Clifford semigroup. It is straightforward 
to check by the previous Lemma that {!c can be obtained as follows: 

LEMMA 7. Let u, v be words in Fx. Then u[!cV if and only if there 
exists a finite sequence of words u = wo, w1, ... , W11 = v such that, for any 
i E { 0, 1, ... , n - 1} this word w i + 1 is obtained from w i by one of the following 
steps: 

step 1: wi =pxiq, wi+l =pq forsomep, q E F,l andx EX such thatx or 
i occurs in p or in q; 

step I': wi =pq, wi+l =pxiq for some p, q E F,l and x EX such that x or 
i occurs in p or in q; 

step 2: w; =pzq, w;+i =pxyq for some p, q E F,l and x, y, z EX where 
x o y =z in X; 

step 2': w; = pxyq, Wi+l = pzq for some p, q E F,l and x, y, z EX where 
x oy =z in X. 

Now we define an action of G on Fx / {!c = C. Let u = pxiq and v = pq 
for some p, q E F,l and x E X such that x or i occurs in p or q. Then, 
for any g E G, we have gu = gp · gx · gi · gq and gv = gp · gq where gp, 

gq E F,l. gx E X and gi = gx, and so gx or gx occurs in gp or gq. If 

u =pzq and v =pxyq where p, q E F,l and x, y, z EX with x oy =z, then 

gu = gp · gz · gq and gv = gp · gx · gy · gq where gp, gq E F,l and gx, gy, 
gz EX. If x = (h,s) , y = (h ·sa,t) then we have z = (h,st) . Thus the product 
gx o gy = (gh,s) o (gh · sa,t) is defined and gx o gy = gz . 

Hence, by Lemma 7, the action of G is compatible with [!c. Thus, the 
action of 0 on Fx determines an action of G on C in a natural way, and 
this defines a semidirect product C * G of the Clifford semigroup C by the 
group 0. 

THEOREM 8. If S is an Ew -Clifford semigroup, then S can be embedded 
into the semidirect product of the Clifford semigroup C by the group G. 

We prove Theorem 8 by a series of Lemmas. Throughout S is an Ew ­
Clifford semigroup. 
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LEMMA 9. The mappinge: S-t C * G defined by s0=((1,s)l?c,sa) is 
a homomorphism. 

PROOF. Ifs, t ES, then 

(st)0 = ((1,st)l?c,(st)a) = ((1,s)flc · sa((l,t)l?c),sa ·ta)= 

= ((l,s )l?c,sa)((l,t)flc,ta) = se. re. 

NOTATION 10. If x E X, x = (g,t), then we shall write t = L(x) and g = 
=s(X). Let w =xixz ... Xn be a word in Fx such that xi oxz o ... oxn is defined. 
Suppose that Xi = (gi ,ti), i = 1, 2, ... , 1i. Then we put L(w) =ti · t2 · ... · t11 and 
S(w) = gi. Notice that L(w) = L(x1 o . .. ox11 ) and S(w) =(xi o . .. ox11 ). 

LEMMA 11. Let w E Fx, w =xixz ... x11 , such that xi ox2 o ... ox11 is 
defined. If S(xi) = S(xi) for some i E { 1,2, ... ,n }, then L(xiiiw) = L(w ). 

PROOF. Let Xi= (g; ,tj), i = 1, 2, ... , n. Since the product x1 o ... ox;-i is 
defined, we have xi o . .. ox; _1 = (gi ,ti) o ... o {g; _i.ti-i) = (gi, ti, ... ,t;-1). 
Furthermore, alsox1 o ... oxi is defined, so we have gi =g1(ti · ... · t;-i)a. By 
assumption, gi = S(x;) = S(x1) = g i. whence (ti ... ti-i)a = I. So ti ... ri-1 E 

E kera = Ew ~ E~. and i; oxi is defined since S(i; )ti-la= gitia · t;-ia = 

=gi =g1. Hence L(w)=(t1···ti-1)tj ... t11 =titi-iL(w)=L(x;iiw). 

LEMMA 12. Let w, w' be two words in Fx, w = x1 . .. xn, w' = Yl .. ·Ym 
such that xi oxz o . .. oxn, YI o Y2 o ... o Ym are defined. If c(w) ~ c(w'w') and 
S(w) = S(w'), then L(w 1

) = L(w) ·a for some a ES. 

PROOF. Without loss of generality, we can suppose c(w) ~ c(w 1
). Indeed, 

if Xi = Yj, we can replace w' by w" =YI ... Yj Yj Yj ... Ym , where S(w 11
) = S(w 1), 

L(w 11
) = L(w'). Now let Xi= (g; ,s; ), Yj = (hj ,tj ), i = 1, .. .,n, j = 1, ... ,m. First 

we show that 

Since c(w) ~ c(w 1
), this implies x 1 = Yj for some} E { 1, ... ,m } . Thus we have 

also S(y1)=S(x1)=S(yj). Hence, by Lemma 11, we have L(w')=L(yj YjW 1)= 

L( - ') -IL( ,, = X1X1W =s isi w ). 

Now we prove by induction on the length n of w that L( w 1) = L( w) · a 
for some a E S. If w is of length 1 (i.e. n = 1 ), then ( *) implies that L( w 1) = 
= L(w ) · ((L(w ))- 1 L(w 1

)). Suppose that for any pairs of words w, w 1 which 
satisfy the conditions of the Lemma and n = r, the equality L( w 1) = L( w) · a 
holds for some a E S. In order to prove it for words w, w 1 with 11 = r + 1, 
put w* =x2x3 ... x11 , and u =iiw'. It is clear that c(w*) ~ c(u), and the 
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length of w* is r. Moreover, i1 oy1 is defined since g2 · s!1a =g1 ·s1a · 

· s! 1a = gl = S(x1) = S(y1). Thus both x2 ox3 o ... oxn and i1 oy1 o .. . oym 
are defined and S(w*) = S(u). Hence, by the induction hypothesis, we have 

L(u) =L(w*)·a' for some a' ES. By definition, we have L(u) =s! 1 · L(w'), 

whence L(w 1)=sis! 1L(w')=s1L(u)=s14.w*) ·a' =s1 (s2 ... Sn) ·a'= .U.w) ·a'. 
The proof is complete. 

LEMMA 13. Let w , w' be two words in Fx, w =xi ... xn, w ' =Y1Y2 ... ym 
such that x1 o x2 o ... o x 11 , y1 o .. . o Ym are defined. If c(ww) = c(w 1w 1

), 

S(w) = S(w') and S(w) = S(w') (i.e. S(x11) · l1.,x11)a = S(ym) · L(ym'Ja), then 
(L(w ), I.J.,w')) En . 

PROOF. Since S(w) = S(w') and c(ww) = c(w'w'), using Lemma 12, 
we shall have LJ.,w) = I.J.,w' ) · a and LJ.,w') = LJ.,w) ·a' for some a, a' E S, 

whence (L(w),L(w 1
)) E 5?. Since S(x11 ) • LJ.,x11 ')a = S(y,,i) · L(y111 )a, we have 

S(x1) · L(w)a = S(x1) · l1.,x1xz ... x11 _1'Ja·U..xn'Ja = S(xn)·U..xn)a = S(ym)· 

· L(ym'Ja = S(y1) · L(yl ···Ym-IP · L(ym'Ja = S(y1) · L(w'')a = S(x1) · LJ.,w'')a, 
hence LJ.,w ')a= LJ.,w'')a. Thus (I.J.,w ), LJ.,w')) Ea n :R = n. 

LEMMA 14. Ifs E Ew and e E E such that (l,s)gc(I,e), thens= e. 

PROOF. If (l,s)gc(l,e) then, in virtue of Lemma 7, there exist finitely 
many words (1,s) = wo. w1 ... ., Wn = (l,e) in Fx such that wi+l is obtained 
from wi by one of the steps 1, 1 ', 2, 2' . 

Instead of dealing with Wi, we shall define a word wt such that the 
multiplication o is defined for the components of wt and LJ.,wt> = s. If 
wi = xixz .. . XjXj+l ···xm then the word wt will be obtained from wi such 

that, for any j, 1 :::; j < m, we inse11 a word pi(h) · pi(g) between Xj and 

Xj+I• where h = S(xj) · lJ.,xj'Ja and g = S(xj+1) . The words pi(g) will be 
defined inductively on i in such a way that the multiplication o is defined 

for their components and, furthermore, c (pi(g)) = c(wowow1w1 ... wiwi), 

S (Pi (g)) = 1 and L (Pi (g)) a= g for every i, i = 0, 1, ... , n and for every g in 

{ S (x ) : x E c( wo wow 1w1 ... w i w i)} . For brevity, we introduce the following 
notations: Xi =c(wowo ... wiwi) and Hi= {S(x) : x E Xi} (i =0, 1, .. ., n). 

Since s E Ew , we have sa = 1. So Xo = {(l ,s)(l,s)} and Ho= {1} . We 
put 

0 --
p (1) = (l,s)(l,s). 
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Obviously, (1,s) o (l,s) is defined, c (p0(1)) = Xo. S (p0(1)) = 1 and 

L (p0(1)) a= 1. 

Suppose that, for some i = 0, 1, ... , n - 1, pi (g) is defined for every 
g E Hi such that it possesses the prope1ties required above. Now we define 
pi+l(g) (g E Hi+l) by means of pi(g) (g E Hi). If wi+l is obtained from Wi 
by step 1 or l' then c(wi) = c(wi+1). and so Xi+l =Xi and Hi+l = H; follow. 
In this case, we define 

for every g E Hi+l · 

If wi+l is obtained from wi by step 2 then Xi+l =Xi LJ{x,i,y,ji} and 

H;+1 =Hi U {S(y)}. Since c (pi(g)) =Xi, we have S(z) = S(x) E Hi· For 

brevity, put h = S(z). Thus we define 

i+l -{pi(h)xixyji 
p (g)- . - . 

p1(h)xyjiipi(h)p 1 (g) if gEHi 

If w;+1 is obtained from w; by step 2' then Xi+I =Xi LJ{z,Z} and Hi+l =Hi · 
Again, we have S(x) = S(z) EH;, and denoting h = S(x), we define 

pi+1(g) =p;(h)zzpi(h)pi(g) for every g E Hi+l· 

It is straightforward to check that pi+1(g) (g E Hi+l) also possesses the 
properties above. 

Now let 

wt= pi(g1)x1pi(g1 · s1a)pi (gz)xzpi (gz · s2a) .. . pi (g111)X111Pi(gm · sma) 

for each i = 0, l, ... , n where gj = S(xj) and Sj = L(xj) for j = 1, ... , m. Here 
the product of consecutive components of wt is defined. 

First we prove that L (Pi (g )pi (g)) = s s - l for each g E H;, i = 0, 1, .. . , n. 

For i =0, L (p0(l)pD(l)) = L ( ( (1,s )(1, s)) 
2
) = L ( ( (1,s )(1,s- 1)) 

2
) =ss-1. 

Suppose that L(pi(g)pi(g)) =ss- 1 holds for i =r (0::; r < n), and we 

shall prove it for i = r + 1. 

If w;+t is obtained from wi by step 1 or 1' then pr+l (g )=p' (g) (g E Hr+l) 

which implies L (Pr+ 1 (g )p'+ l (g)) = s s - I. 
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If wi+l is obtained from wi by step 2 and g = S(y) ~Hi, then p'+1(g) = 
=p'(h)xixyy, 

L (Pr+l(g )pr+l(g )) = L (p' (h)xxxyyyyxxxp'(h)) = 
= L(p' (h)). L(xxx )- L(yyyy) · L(xxi) · L (p'(h)) = 
= L(p'(h)) · L(x) · L(y) · L(J) · L(i) · L(p'(h)) = 

= L(pr (h)). L(x o y). L(x o y) · L (p'(h)) = L(pr (h)) · L(z) · L(i)- L (p'(h)) 

As z E c (pr (h )p' (h)), the products p' (h )zip' (h) and p' (h )p' (h) satisfy 
the condition of Lemma 13, hence 

(L(p'(h)zzp'(h)) ,L(p'(h)p'(h))) En. 

Since n is idempotent separating [Proposition 1], we have 

L(p'(h)zip'(h)) =L(p'(h)p'(h)) =ss- 1• 

As for the case g E Hi, we havep'+1(g)=p'(h)xyyip'(h)p'(g). Hence 

L(p'+1(g)) = L(pr(h)xyyxp'(h)) · L(p'(g)) =ss- 1 • L(p'(g)), 

and so 

L(p'+1(g)pr+l(g)) =ss- 1 · L(p'(g)p'(g)) ·ss- 1 =ss- 1• 

If wi+l is obtained from Wi by step 2', the proof is similar as in step 2. 

Now we observe that L(pi(g)) = L(pi+l(g)) holds for every g E Hi and 
for every i, i = 0, 1, .. ., n - 1. Indeed, if w i + 1 is obtained from w i by step 
1 or 1' then this equality trivially follows. If Wi+l is obtained from Wi by 

step 2 then we have seen formerly that L (Pi (h )x yy i pi (h)) = L (Pi (g )pi (g)) 

whence L(pi+1(g)) = L(pi(g)pi(g)) · L(pi(g)) = L(pi(g)) follows. The case 

when wi+l is obtained from wi by step 2' can be handled in the same way. 

In particular, since 1 E H; for every i, i = 0, 1, ... , n, the equalities 
ss- 1 = L(p0(1)) = L(p1(1)) = ... = L(p"(l)) follows. 

Now we are going to show that L(wt) = s for i = 0, 1, ... , n. This 

proof also goes by induction on i. For i = 0 we have w0 = p 0(1)(1,s)pO(t), 

L(w0) = ss- 1sss- 1 = s since s E Ew, a Clifford semigroup. 

Now we suppose that L(w;*) = s, and prove that L(wt+1) = s . 

Assume that Wi = x1x2 .. . Xm and put gk = S(xk) and sk = L{xk) fork= 1, 
2, ... , m. 
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If we apply step 1 to obtain wi+l• then 

L(wt+1) = L(pi+l(g1)x1 ... xjpi+l(gj. Sja)pi+l(g)xpi+l(g. sa) 

i+l(g )- i+l(g) i+l( ) i+l(g ) p · sa xp p gj+l Xj+I ... XmP m · Sma 

where x E {xi.ii,..-,xm,im }, g = S(x) ands= L(x). Since pi(gk) =pi+1(gk) 
for k = 1, 2, ... , m, it suffices to show that 

L (Pi+l (g )xpi+l (g . sa)/+I (g . sa)xpi+l (g)) = L (Pi+l(gj+dPi+l (gj+1)) . 

Lemma 13 implies that these elements are n-related. As both sides are 
also idempotents and n is an idempotent separating congrnence, the equality 
follows . 

If Wi+l is obtained from wi by step 1' then the proof is similar. 

Now consider the case when w;+i is obtained from wi by step 2. Suppose 
th t - I II h . I II - p t I ( 1) d a w;+1 -xi ... Xj-lxjxj Xj+J ... Xm were xj oxj -Xj· u xj = gj,sj an 

II - ( I 11 ) Th h xj - gj · sja,sj . en we ave 

L( * ) L( i+l( . i+l( ) I i+l( I ) i+l( I ) II wi+l = P g1)x1 ... p gj xjp gj · sja p gj · sja xi 

' l I II " l ) p 1+ (gj · sja · sj a) ... XmP1+ (gm· Sma) . 

Let a= L(pi+l(g1)x1 ... pi+l(gj)xj) and b = L(pi+l(gj · sja)). Lemma 13 

implies that anb, and so a- 1a =b- 1b. Hence 

L (Pi+l(g1)x1 ... pi+l(gj )xjpi+l(gj . sja)/+l(gj . sja)) = 

L( i+l( ) i+l( ) ') P gl XI ·· .p gj Xj 

follows . 

Since L(x!x!') = L(x1·) and L(pi+I(gk)) = L(pi(gk)) fork= 1, .. . , m, we 
J J 

see that L(wt+i) = L(wn. 

If w;+I is obtained from wi by step 2', the proof is similar. Thus we have 
verified that L(wn=s for each i, i =0, 1, .. . , 1i. Now w; =p11 (l)(l,e)p11 (1) 

implies thats = L(w,;) = ss- 1 ess- 1 = ss- 1e, and this implies that s E E and 
s ~ e. 

ln a similar way one can prove that e ~ s. hence s = e. This completes 
the proof of the Lemma. 
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Now we return to the proof of our Theorem 8. If (l,s)gc = (l,t)gc and 
(s,t) Ea, then 

(1,s t- 1 )gc = ((l,s )(sa, t- 1 ))gc = ((l,s)(ta,t- 1 ))!Jc = 

= ((1,t)(ta,t- 1))gc = (l,tt- 1 !Jc. 

Hence by Lemma 14 s r- 1 = t r- 1 and so t s; s. Similarly, we obtain also that 
s ~ t. Thus s = t, which completes the proof of the Theorem. 
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1. Preliminaries 

Let Q be a bounded domain in R", with a Lipschitz boundary a Q. The 
Sobolev space wk·P(Q), k = 0, 1, ... , 1 ::::; p ::::; oo, is the space of functions 
u E IY(Q) with weak partial derivatives up to order k in IJ(Q). Here, for any 
multi-index a =(ai. ... ,an) with la I =a1 + ... +an' IP= alalu/ax~ 1 ••• ax;:-n' 
the norm on wk·P(Q) is 

llull = { L j IIY1u1Pdx} l/p 

ial9n 

By w;•P(Q) will be denoted the closure in II II wk.P(Q) of CQ°(O), the 
set of infinitely differentiable functions with compact support contained in n. 

We shall consider the following elliptic boundary value problem 

(1) :iu = f(x,u) x E Q 

(2) ulan=O 
n n 

where the operator :t = - I: a /ax;{aij(x)a /axi} +I: bi(x)a /axi +c(x). 
ij=I i=l 

Throughout this paper, we shall assume that the coefficients of the oper­
ator :£, aij, bi, c (i ,j = 1, 2, ... , n) belong to L 00 (Q), and c is nonnegative in 
n. We shall also assume that there exists a positive constantµ such that 

Laij(x)lilj ~µ111 2, for a.e. x E n,1 =(li.····ln) E K 1
• 
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In this paper, we shall prove several existence theorems for the elliptic 
boundary value problem (1)-(2), where no continuity conditions are imposed 
onf(x,u). 

Elliptic problems with discontinuous nonlinearities have been investi­
gated, for example, in [1], [2], [3], [5], [8] . The main topics of research 
have been existence, uniqueness and regularity of the solutions, as well as 
approximating methods for the numerical treatment of these problems. 

AMBROSETII A. and others (see [l], [2]) used a dual functional and 
Mountain Pass Theorem to deal with the discontinuous elliptic problem 

:fu = h(u - a)q(u) x E Q 

ulan=O 

where a > 0, h denotes the Heaviside function: 

h(s) = { 0 ~f s :S 0. 
1 ifs > 0 

If q satisfies 
(a) q E CO(R), q is nondecreasing; 

(b) q(s) :S cos+c1 , co, c1 are constants and co <A1, the first eigenvalue 
of the elliptic operator:£, and 

(c) q(a)/a > U1 :::::Ll(Q) where <I> satisfies:£¢ =A1 <1> inn, <Plan =0, and L2(Q) 
ll<Pllco(n) = 1, then they have proved that the problem above has two, distinct, 
positive solutions. 

FRANC L. S. and WENDT W. D. (see [5]) considered 

-\72u +A.X(u) 3 g(x) x E Q 

ulan = r(x) 

where ). > 0, X is the multivalued operator 

X( ) = { h(t) (heaviside function) 
t [0, l] 

fort ER\ {O} 
fort= 0 

They have proved that the problem above has a solution, u E c 1·a(Q), for 
any a with 0 <a < 1 if r E c2(iH1), g E c0(0). 

In the present paper, we shall consider a class of more general elliptic 
boundary value problems with discontinuous nonlinearities by means of the 
theory of nonlinear increasing operators in ordered Banach spaces. 

In this section, we shall introduce some concepts and results in ordered 
Banach spaces which are needed for the other sections. 
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Let E be a real Banach space with norm II II· Let KC E be a cone, 
that is, a closed convex subset of E such that ).K C K for every ). 2:: 0 and 
K n ( - K) = { 0}. A partial ordering :::; is defined in E related to K by v :::; u 
if and only if u - v E K. 

By an ordered Banach space, usually denoted by (E, K), we mean a 
Banach space E together with an ordering :::; induced by a cone K, the 
positive cone of E . 

The order interval [x,y] is defined by [x,y] = {z E E;x:::; z:::; y}. We 
shall also keep the usual terminology concerning concepts connected with :::; . 
For example, {xk} is said to be monotone if {xk} is either increasing, i.e. 
xk :::; Xk+l for all k, or decreasing, i.e. Xk 2:: Xk+l for all k. A set MC Eis 
said to be bounded above if M has an upper bound with respect to :::;, i.e. 
x :::; y for all x E M with some y EE, and SupM will denote the least upper 
bound of M with respect to :::; if it exists. Analogously we can define lnfM. 

DEFINlTION 1. Let E be a Banach space, K C E a cone and :::; the partial 
ordering defined by K. Then 

(a) K is reproducing if K - K = E; 

(b) K is called normal if there exists a constant o > 0, such that for any x1, 
x2 E K with llx1II=llx2ll=1, we have llx1 +x2ll 2:: o; 

(c) K is regular if every increasing sequence which is bounded from above 
is convergent; 

(d) K is minihedral if sup{x ,y} exists for all x, y E E, and strongly minihe­
dral if every set which is bounded from above has a supremum. 

PROPOSITION 1. Let E = Il'(O.), p 2:: 1, 0 < mesO. < +oo, and K = { u E 
E Il'(O.), u(x) 2:: 0 a.e. in O.}. Then the cone K is reproducing, normal, 
minihedral and even strongly minihedral. 

The proof of Proposition 1 can be found in [7]. 

DEFINITION 2. Let (Ei. Ki) and (Bi,, K1) be ordered Banach spaces, and 
let X be a nonempty subset of E1. An operator F: X-+ Bi is called increasing 
if x :::; y implies F(x) :::; F(y ). 

Suppose that E1 = Bi and let Y be a nonempty subset of X. A fixed 
point x of an operator F: X -+ E1 is called a minimal (or maximal) fixed 
point in Y if every fixed point y of F in Y satisfies x :::; y (or y :::; x ). 

THEOREM 1. (See [7]) Let (E, K) be an ordered Banach space and the 
cone K be strongly minihedral. Assume that in the interval [u0 , v0 ] C E, 
F: [uo, vo]-+ Eis increasing. If the operator F satisfies the inequalities 

(3) u0 :::; F(u0),F(v0 ):::; vo 
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then F possesses a minimal fixed point u* and a maximal fixed point u * in 
[uo, vo]. 

2. The existence theorems 

For convenience, we shall consider the elliptic boundary value problem 
(1 )-(2) in the Hilbert space W l ,2(0). 

Put K = {u(x) E L2(0)ju(x) 2: 0 a.e. in O}. It is obvious that K is a 
cone in L2(0). Let Ebe the ordered Banach space (L2(0),K). The partial 
ordering in Eis defined by u ~ v if and only if u(x) ~ v(x) a.e. in 0. 

The interval [u, v] in E can be defined by 

[u,v] = {z(x) E L2(0)ju(x) ~ z(x) ~ v(x) a.e. inO}. 

Because of the low regularity assumptions on the data of the elliptic 
problem (1)-(2), only weak solutions can be expected. 

DEFINITION 3. A function u(x) E W~'2(Q) is called a (weak) solution of 
the elliptic problem (1)-(2) if 

11 j a a /[

11 

a ] j """" a;1· _!!:___!_dx+ '°'hi_!!:_+cu vdx= f(x,u)vdx 
L...t ax· ax· L...t ax· 
ij=l n 'l r n i=l r n 

(4) 

for any function v E wJ•2(Q). 

If a function u0(x) E W 1•2(0) satisfies the inequalities 

t j aij ~~~ ::. dx + j [th;~~~ +cuo] vdx :S j f(x,uo)vdx 
iJ=l n 'l ' n i=I ' n 

(5) 

for any v E wJ·2(0) n K; and 

(6) uolan ~ 0, i.e. u0 =max{uo(x),O} E wJ·2(0) 
we say that uo(x) is a lower solution of the' elliptic problem ( 1 )-(2). While 
an upper solution is defined by reversing the inequalities. 

The following hypotheses will be imposed on the nonlinearity f(x,u). 

(H 1) There exists a constant M 2: 0 such that f (x, u) +Mu is nondecreas­
ing in u. 

(H2) The elliptic problem (1)-(2) has a lower solution uo and an upper 
solution vo such that uo ::; vo and f(x, u0(x )),f(x, vo(x )) E L2(0). 

(H3)f(x,u(x)) is measurable on 0, whenever u E [u0 ,v0 ]. 

The main result of this section is the following 
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THEOREM 2. Assume that conditions (H1)-(H3) are fblfilled. Then the 
elliptic boundary value problem (1)-(2) has both the least and the greatest 
solution in the order interval [uo, vo] in E. 

Before proving Theorem 2, we shall prove 

PROPOSITION 2. If the function/ satisfies the conditions (H1)-{H3), then 
for any v E [u0, v0 ], the linear elliptic boundary value problem 

(7) Y:u +Mu =f(x,v)+Mv x E Q 

(8) ulan=O 

has a unique solution u = T( v) and there is a constant c > 0 such that 

II T(v)ll wd·z(Q) ~ c for all v E [uo,v0 ]. 

Moreover the operator T: [u0 , v0 ] -. Eis an increasing operator such that 

(9) u0 ~ T(u0 ), T(v0 ) ~ v0 

PROOF. For any v E [uo,vo]. i.e. v E L2(Q), uo(x) ~ v(x) ~ vo(x) a.e. in 
Q, by (H1) 

f(x,uo(x)) + Muo(x) ~ f (x, v(x)) + Mv(x) ~f(x, vo(x)) + Mvo(x) 

So 

(10) lf(x, v(x)) + Mv(x)I ~ lf(x,uo(x))+ Muo(x)I + lf(x, vo(x)) + Mvo(x)I 

In virtue of (H2), (H3) and Theorems 8.3 and 8.7 in [6], the linear elliptic 

problem (7)-(8) is uniquely solvable in w~·2(Q) and there exists a constant 
c > 0 such that 

11 T(v )II wd•2(Q) ~ c for all v E [u0, v0 ] 

In order to prove inequalities (9), let w (x) = T(uo) - u0 . since T(uo) is . 
the solution of the problem 

(11) :i(T(uo))+M(T(uo))=f(x,uo)+Muo x E Q 

(12) T(uo)lan = 0 

and uo is a lower solution of the elliptic problem (1)-{2), Le. u0 satisfies (in 
weak sense) the inequalities 

(13) Y:uo+Muo~f(x,u0)+Mu0 xEQ 

(14) uolan ~ 0 
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thus, w (x) satisfies 

(15) :fw + Mw ~ 0 x E an 

wlan ~ 0 (16) 

Applying the maximum principle, Theorem 8.1 in (6], we get 

w(x) ~ 0 a.e. inn 

i.e. uo ~ Tuo . Similarly can be obtained Tv0 ~ vo . 

Using condition (H 1 ), it is easy to obtain by analogous arguments that T 
is an increasing operator. The proof of the Proposition is complete. 

THE PROOF OF THEOREM 2: By Proposition 1, the cone K = {u(x) E 
E L2(0)lu(x) ~ 0 a.e. in Q} is strongly minihedral. Proposition 2 tells us that 
in the ordered Banach space E = (L2(Q), K), the operator T: [u0 , v0 ] --+ E is 
increasing and uo ~ T(uo). T(vo) ~ vo. Applying Theorem 1, the operator T 
possesses a minimal fixed point u* and a maximal fixed point u* in [u0 , v0 ]. 

According to the definitions of the operator T, (see Proposition 2 for its 
definition). We know that u* and u* are least and greatest solutions of the 
elliptic problem (1)-(2) in the order interval [u0 , vo]. respectively. So the 
proof of Theorem 2 is complete. 

REMARK 1. In general, hyphotesis (H 1) is essential and can not be re­
laxed. This is seen by the following example. Let us consider the elliptic 
problem 

(17) 

(18) 

-\72u =f(u) x E Q 

ulan =0 

where the nonlinearity 

f(s)={6 for s ~ 0 
for s > 0 · 

One readily verifies that uo = 0 and vo = 1 are lower and upper solutions, 
respectively. The nonlineaiity f satisfies the assumptions of Theorem 2, 
but hypothesis (H 1) is violated since for any constant M ~ 0, the jump of 
f (s) +Ms in s = 0 is downward. Thus our Theorem 2 can not be applied. 
Moreover, we shall show that the elliptic problem (17)-(18) has no solution . 

Suppose that there would be any solution u which belongs to wJ•2(Q). 
By definition, u should satisfy the relation 

t j i!!_ ~dx = jf(u)vdx \:Iv E W~'2 (Q) 
. 1 axi axi 
1= n n 
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Particularly, we set v = u, 

(19) t j I:~ j2 

dx = j f(u)udx 
i=ln n 

By the definition of the nonlinearity f, the right hand side of (19) is nonpos­
itive, because we can estimate as follows 

J f(u)udx = J f(u)udx + J f(u)udx ~ 0. 

n {u(x)::;O} {u(x)>O} 

Therefore from (19) it follows that u := 0 in Q, which is, however, in con­
tradiction to the assumption of u being a solution. So we have proved that 
elliptic problem (17)-(18) has no solution. 

THEOREM 3. Suppose that there exists a positive constant r such that 
lf (x ,s )I ~ c(x )is I + r for all (x ,s) E n x R1' where c(x) is the coefficient 
appearing in the elliptic operator :f (see, (1 )). Moreover, Jet f (x, u) be nonde­
creasing in u for x En andf(x, v(x)) be measurable on n for any v E L2(Q). 
Then the nonlinear elliptic boundary value problem (1)-(2) has at least one 
solution. 

i.e. 

(20) 

(21) 

PROOF. We first consider the linear elliptic boundary value problem 

:f u - c(x )u = r x E fl 

ulan=O 

11 

a( a) 
11 

a -'°' - a;·__!:!_ + '°' b; __!:!_ = r ~ ax· } ax· ~ ax· 
ij=l I :J i=l I 

ulan=O 
By maximum principle, linear elliptic boundary value problem (20)-(21) has 
exactly one solution v0 E W~'2(Q) and v0(x) 2". 0 in n. 

Let uo(x) = -vo(x ). Then uo(x) ~ 0 in n and u0(x) is the only solution 
of the elliptic boundary value problem 

(22) :fu - c(x)u = -r x E fl 

(23) ulan =0 

Therefore, from (20)-(21) 

:fvo = r +c(x)vo 2".f(x, vo) x E Q 

vol an= O 
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here we have used the condition lf(x,s)I ~ c(x)lsl +r. 
Analogously, from (22)-(23) 

:iuo = -r +c(x)uo = -r - c(x)luol ~f(x,uo) x E 0 
uolan =0 

which indicate that u0 and v0 are lower and upper solutions of the elliptic 
boundary value problem (1)-(2) and u0 ~ v0 . The rest of the proof for the 
theorem follows from Theorem 2. 

THEOREM 4. Suppose the nonlinearity f (x, u) satisfies condition (H 1) and 
is nonincreasing in u for a.e. x En. lff(x,O) E Lq(O) where q > Z• then there 
exist a lower and an upper solution uo, vo of the elliptic problem (1)-(2) such 
that uo ~ vo in E. Moreover, iff(x,uo(x)), f(x,vo(x)) E U(O.) and for any 
v E [u0 ,v0 ],f(x,v(x)) is measurable on 0, then there exists a unique solution 
u of the elliptic problem (1)-(2) such that uo ~ u ~ vo . 

PROOF. Sincef(x,O)E U(O), q > z. by Theorem 8.30 in [6], the solution 
w (x) of the linear elliptic problem 

(24) 

(25) 

:iw = f(x,0) x E 0 

wlan=O 

belongs to CO(Q.), where CO(Q) denotes the set of all continuous functions 
on 0.. Set uo = -R + w(x), vo = R + w(x). Choose R > 0 so large that 
uo(x) ~ 0 ~ vo(x) in 0.. We have 

(26) na( a) n a :iuo=-~- ai·~ + ~bi~+c(x)(-R+w(x)) 
~ ax· ) ax· ~ ax· 
ij=l I J i=l I 

=:iw - c(x)R 

= f(x,0)- c(x)R 

~f(x,0) 

~f(x,uo(x)), x E 0 

here we have used c(x) ~ 0, u0(x) ~ 0 and the nonincreasing property of 
f(x,s) ins. 

Analogously, we have 

(27) :ivo ~f(x, vo(x)), x E 0. 

Therefore u0(x), v0(x) are lower and upper solutions of problem (1)-{2), 
respectively, and u0 ~ v0 . The proof of the first part of Theorem 4 is complete. 
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Moreover, if f(x,uo(x)), f(x, vo(x)) E L2(Q) and for any v E [uo, vo]. 
f (x, v (x)) is measurable on n, then f (x, u) satisfies all the conditions of 
Theorem 2. So elliptic problem (1)-(2) has the least solution u* and the 
greatest solution u* in the order interval [u0, v0 ] in E . Now we shall apply 
the maximum principle again to prove that u. = u * in n. 

Since u* and u* are the least and greatest solution in the order interval 
[uo, vo]. respectively, so 

(28) u.(x) :S u* (x) a.e. in n. 

Let w0(x) = u. (x) - u * (x ). Then by the non increasing property off (x , s) 
ins , 

Lwo=f(x ,u.(x))-f(x,u*(x)) ~ 0 

wol =0 an 

x E fl 

Using the maximum principle, we know that wo(x) ~ 0 in n, i.e. 

(29) u.(x) ~ u*(x) a.e. inn 

Combining (28) with (29),we get 

u*(x) = u*(x ) a.e. inn 

that is, the elliptic problem (1)-(2) has a unique solution in [u0 , v0 ]. So we 
have proved the asse1tion of the second part of Theorem 4. 

REMARK 2. In Theorem 4, although we do not obviously impose any 
continuity conditions on f (x, u ) , it is, in fact, continuous in u if 

(a) it satisfies condition (H1 ); and 

(b) it is nonincreasing in u. 

Now we show the assertion. By (a), there exists a constant M ~ 0 such 
thatf(x,u) +Mu is nondecreasing in u. So if u, v E R1, u :::; v, then 

f(x,u) +Mu :Sf(x, v)+ Mv 

Using (b), we have 

f(x, v) +Mu :S f(x,u) +Mu :Sf(x, v) + Mv 

i.e. 

0 :Sf (x, u) - f (x, v) :S M ( v - u) 

Therefore, 

lim f(x,v)=f(x,u) 
V -+U+ 

i.e. f(x,u) is right continuous in u. 
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Similarly. we can prove that f (x, u) is left continuous in u . Hence f (x, u) 
is continuous in u . 

REMARK 3. In Theorem 4., the conditions thatf(x,u) satisfies condition 
(H 1) and it is nonincreasing in u for a.e. x E n can be satisfied if for any 
(x,u) E Q x R1, 

l 
iJf(x ,u) 0 - < < - au - , 

where l is a positive constant. 

3. Monotone iterative technique 

Theorem 2, 3 and 4 provide only pure existence results, that is to say, 
they are not constructive in general. In the following, we shall impose one 
more condition on the nonlinearity f and show that the method of lower and 
upper solutions combined with monotone iteration is well suited to provide 
constructive existence results, where the monotone iterative technique has 
been used, for example, in [4] for ordinary differential equations with con­
tinuous nonlinearity. 

THEOREM 5. Suppose thatf(x,u) satisfies all the conditions in Theorem 
2 and f(x,s) is right continuous in s (i.e. lim f(x,t) = f(x,s) a.e. in Q). 

r-.s+ 
Then we can get the greatest solution of elliptic problem (1)-(2) in the order 
interval [uo, v0 ] by the monotone iteration scheme 

(30) .!t'vk+l +Mvk+I =f(x,vk ) +Mvk x E 0 

(31) Vk+lJa.n=O k=0,1,2,. ... 

PROOF. By Proposition 2, the operator T: [uo, vo] -+ E is an increasing 
operator, and v1 = Tvo ~ vo. By induction, we know that uo ~ Vk ~ vo. 
llvkllw1.2(n) ~ c, fork= 1,2, ... , and {vk} is a monotone nonincreasing 

sequence. Using the compact imbedding w~·2(0) -+ L 2(Q) and the mono­
tonicity of the sequence { vk}, we get 

(32) vk -+ v strongly in L 2(0 ) 

(33) vk -+ v weakly in W~ ·2 (0) 
(34) Vk -+ V a.e. in Q. 

Now we consider the linear elliptic boundary value problem (30)-(31) in 
its weak formulation and pass to the limit as k -+ oo. By means of (32)-
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(33) and the boundedness of all coefficients of the operator :£ in (1), we 
immediately get 

11 

j 0 0 J[
11 

0 
] j ~ aij _v _!!_dx + ~bi~+ c(x )v udx + M v udx 

L.J ox· ox· L.J ox· 
ij=I n 'l ' n i=l ' n 

(35) 

= lim J [f(x, Vk) + Mvk] udx for all u E wd•2
(Q) 

k--+oo 
n 

in order to prove that v is a solution of problem (1)-(2), it remains to show 
that the following equality is valid: 

(36) lim j [f(x,vk)+Mvk] udx =! [f(x,v)+Mv] udx 
k--+oo 

n n 
This can be seen as follows. The function f (x, u) is supposed to be right 

continuous in u, which obviously implies the right continuity of the function 
f (x, u) + Mu in u. By (34) and the nonincreasing property of the sequence 
{vk} , we know 

(37) f(x,vk)+Mvk ___.. f(x,v)+Mv a.e. in Q 
k-.oo 

Using (H 1) and vk E [uo, vo]. 

f(x,uo)+Muo S:f(x,vk)+Mvk 5,f(x,vo)+Mvo 

So 

(38) lf(x,vk)+Mvkl:::; lf(x,uo)+Muol+lf(x,vo)+Mvol 

By Lebesque's dominated convergence theorem, the identity (36) holds. Thus 
the limit v of the sequence { vk} is a solution of problem (1)-(2) and due to 
the inequality uo 5: vk 5: vo , it is contained in [uo, vo]. 

In the following we shall show that the solution constructed by the 
monotone iteration scheme (30)-(31) is the greatest one in the order interval 
[u0 , v0 ]. This can be shown by taking any other solution u E [uo, v0 ] as a 
special lower solution of the problem (l)-(2). Then the iterates vk constructed 
above satisfy the inequalities 

U :'S Vk 5, VO 

and thus it follows u 5: v . The proof is complete. 

Analogously, we can prove 
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THEOREM 6. Suppose thatf(x,s) satisfies all the conditions in Theorem 
2 andf(x,s) is left continuous ins (i.e. lim f(x,t)=f(x,s) a.e. in Q). Then 

t->S-

We can get the least solution of elliptic problem (1)-(2) in the order interval 
[uo, vo] by the monotone iteration scheme 

(39) .£uk+I +Muk+I =f(x,uk)+Muk x E Q 

(40) uk+tlan =0. 
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1. Introduction 

The generation of interpolating spline curves is a useful tool in Computer 
Graphics. Although the C 2 cubic splines have the many elegant mathematical 
properties discussed in [6], [7], [22), [23), the curves sometimes exhibit 
undesirable oscillations. Various methods have been developed to control 
the shape of an interpolating curve, such as those in [1)-[3], [5], [7], [10), 
[11), [15)-[17], [24)- [31]. Some methods are well suited for one type of 
shape control but not well suited for another. For this reason, a multipurpose 
system was developed in [18] which consists of different spline methods and 
uses the particular spline that is most suited for the desired type of shape 
control. This system uses a C 2 cubic spline to generate the initial interpolating 
curve, an exponential-based spline under tension ((7), (17]) and a rational 
spline with tension (5) are used to flatten or tighten the curve on segments 
between interpolation points, and piecewise cubic v-splines ((2), [15]) are 
used to sharpen or tighten the corners of the curve at the interpolation points. 

Thus, to avoid a multiplicity of methods, one method is desirable which 
is capable of generating a broad range of interpolating curves, is easy to 
implement, provides a shape control according to the user's wishes, visually 
pleasing and computationally economical. Although this kind of problem is 
tackled in [ 11] but this method is only C 1 and weights for interval tension can 
not be applied blindly as the curve may not achieve the interval tension. These 
shortcomings are removed in [1] and a C 2 method, to achieve similar shape 
characteristics, is developed but the shape parameters (two shape parameters 
per interval) are not independent and thus the user has to have again careful 
in application. Alternatively, in [33], another method was presented and a 
description and analysis of a rational geometric cubic spline, in interpolatory 
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form, was given. This rational spline provides not only a computationally sim­
ple alternative to the exponential based spline under tension ([7], [16], [17], 
[26]) but also provides a GC2 alternative to the well known existing GC2 or 
C 1 methods like cubic v-spline of NIELSON [15], y-splines of BOEHM [13] and 
weighted v-splines [11]. This method is the marriage of the rational spline 
with tension [5] and v-spline of NIELSON ([2], [15]). The shape parameters are 
introduced in such a way that each interval and the control point is controlled 
by one parameter. They provide a variety of shape controls like point and 
interval tensions both locally and globally. The continuity in this scheme 
is GC2. 

This paper describes a parametric C 2 rational cubic spline representation 
which has point tension weights which can be used to control the shape of the 
curve, both locally and globally. Like other methods in literature, the shape 
parameters have maximum influence on the target area of the curve, but at 
the same time some neighbouring portion of the target area also has a slight 
effect which is not that significant. The rational spline can be considered as 
an alternative to the spline methods mentioned in the above paragraph. It also 
has the characteristic to be in the class of the rational cubics having linear 
denominator and thus is highly economical. 

We first describe the piecewise rational cubic interpolant in the following 
section and the spline curve method in Section 3. An algorithm for the 
computation is suggested in Section 4. The effects of the shape parameters 
are illustrated by examples in Section 5. 

1.1. Notation and Conventions 

• The symbol ]RN will be used to denote the N-dimensional real space. 

• Knot partition will be assumed as: 

(1.1) to < ti < ... < t11. 

• For any i transformation 

(1.2) 

will be commonly used where 

(1.3) 

• Vectors (Points) and vector valued functions are set in bold face letters. 

• Xi, i =0, 1, ... ,n, will denote the interpolatory points and A; will be used 
for the ratios of the type: 

(1.4) A;= (X;+1 - Xi)/hi. 



A C2 RATIONAL CUBIC SPLINE 55 

• D; will be used for the first derivative value at the knot t;. 

• Given a function such as P(t), we will denote the ;th derivative by p(i)(t). 

• P E C 111 [t0,t,zl will mean that each component function of 
P: [t0,tn]-+ JR.N ism-times continuously differentiable on [to,tnJ. Sim­
ilarly the notation ocm will be fixed for geometric (reparametrization) 
continuity. 

• We will use II· II to denote the uniform norm, either on [to,tn] or [ti,ti+il· 

2. The Rational Cubic Form 

The rational cubic spline curve in the following section will be con­
structed by using a piecewise rational cubic Hermite parametric function 
PE C 1 £to,tn). with parameters ai, f3i, i = 0, 1, ... ,n - 1, which is defined for 
t E[ti,ti+iJ, i =0,1, ... ,n -1, by: 

(2.1) P(t) = P;(t;a;,{3i) = 
(1-8)3a;Xi +8(I -8)2(2ai +{3;)Vi +8 2(1-8)(a; +2/3i)W; +8 3Xi+I 

= 
a;(l -8)+f3i8 

where 

(2.2) 

and ai, f3i 2'.: 0. 
The function P(t) has the Hermite interpolation properties that 

P(ti)=Xi and p(l)(ti)=Di, i=0,1, ... ,n. 

The denominator in (2.1) can be written as 

(2.3) ai (1 - 8)3 + (2ai +f3i )8 (1 - 8 )2 +(a;+ 2/3i)8 2(1 - 8) +f3i8 3. 

The ai and /3;, i = 0, 1, ... , n - 1, will be used as shape parameters to control 
and fine tune the shape of the curve. The case a; = /3; = 1, i = 0, 1, ... , i - 1, is 
that of cubic (polynomial case) Hermite interpolation and the restriction ai, 
{J; > 0 ensures a positive denominator in (2.1). 

Fora;,/3i~O. (2.1) can be written in the form 

(2.4) P;(t;;ai,fJ;)= 

= RQ(8 ;a;,{J;)X; + R1 (0 ;a;,/3i)Vi + Rz(O ;ai,/3i )W; + R3(0 ;a;,/3;)X;+l• 

where Rj (8 ;a; ,{Ji), j = 0, 1, 2, 3, are appropriately defined rational functions 
w~ . 

(2.5) 
3 

L Rj ((} ;ai ,f3i) = 1. 
j=O 
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Moreover, these functions are rational Bernstein-Bezier weight functions 
which are non-negative for a;, {I; > 0. Thus in RN, N > I and for a;, {I; > 0 
we have: 

Co1111ex hull property: The curve segment P; lies in the convex hull of the 
control points {X;, V;, W;,X;+d· 
Variation diminishing pmperty: The curve segment P; crosses any (hyper) 
plane of dimension N - I no more times than it crosses the control polygon 
joining X;, V;, W;. X;+t · 

REMARK 2.1. If P(t) is the interpolant for scalar data X; ER, with deriva­
tives D; ER, i E Z, then (t,P(t)) can also be applied in the scalar case. We 
apply this to the curve segment (t,l';(t;a;,/J;)) E R 2, t E (t;,l;+t). to the data 
(t;,X;) with derivatives (l,D;), i E Z. This is a consequence of the property 
that the interpolant is capable of reproducing linear functions. Particularly, for 
scalar data X; := t and ·derivatives D; := 1, i E Z, the interpol ant reproduces 
the function t . 

Regarding the shape control, we immediately have the following from 
(2.1) and (2.2): 

a, -.oo 

{ 

lim W; = X;+i and 

lim P;(t;a;,{I;) = (1-0)2X; +0(1-0)(2X; +h;Di)+0 2X;+t• 
a; --. co 

(2.6) 

(2.7) 

{ 

Jim V; = X; and 
/J;->oo 

lim P;(t;a;,{I;) = (1 -0)2X; +O(l -0)(2X;+1 +h;D;+1)+0 2X;+i. 
fl1->oo 

One can note that: 
Point Tension behaviour: 

(i) increase in the parameter a;, 
results the curve to be pulled 
towards the control point 
X;+l• (see Figure 1). 

(ii) increase in the parameter {J;, 
results the curve to be pulled x1 
towards the control point X;, ~------------~ 
(see Figure 2). Fig. 1 

No Tension beha11io11r: 
(iii) The limits a; =fl; -too will have no effect on the shape of the curve 

as it reduces to the simple cubic polynomial form, (see Figure 3). 
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Xi+I 

Fig. 2 Fig. 3 

3. C2 Rational Cubic Interpolation 

Now we constrnct a parametric C 2 rational cubic spline interpolant on 
Lr0, tn J, using the rational cubic Hermite form of section 2. This is done by 
joining the piecewise rational cubics (2.1) with C 2 constraints 

(3.1) p(Z)<rt) = p(Z)(t;-), i = 1, ... ,n - 1, 

which give the tridiagonal system of consistency equations 

hiai - I ( ( a;-1) ( /3i)) h;-1f3i . /3 · D;-1 + h; 1 + {3--:--- + h;-1 1 +--:- D; + --. -D;+1 = 
1-· l 1-l a, a, 

\3.2) 

( 2ai-I) ( 2./3;) = h; 1+ /3; - i A;-1 +h;-1 1+~ A;, i=l, ... ,n-1. 

With appropriate end conditions Do and 0 11 , (3 .2) is a tridiagonal linear 
system in the unknowns D;, i = l, ... , n - 1. Assume that 

(3.3) a;, {3; > 0, 

then the tridiagonal linear system is strictly diagonally dominant and hence 
has a unique solution which can be easily calculated by use of some appro­
priate algorithm. Thus a rational cubic spline interpolant can be constructed 
with tension parameters a;, f3 i, i = 0, . .. , n - 1, where the special case is such 
that ai = 1 = {3;, V i cotTesponds to cubic spline interpolation. 

We now prove the boundedness of the solution of the consistency equa­
tions for varying the shape parameters according to (3.3). For this we can 
convert the system (3.2) in unit diagonal form as: 

(3.4) a;D; - 1 +D; +b;Di+l =c;, i = 1, . .. ,11-1. 

In matrix form, it can be written as: 

(3.5) (l+ E)D =C, 
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where the terms involving the end conditions have been transferred to the 
right hand side and E is a tridiagonal matrix with zero diagonal. 

Let us have E > 0, such that 

(3.6) l/c ~a;, /3; ~ E, i =0, ... ,n - 1 

then we have 

(3.7) llEll ~ 1/(1 +E) and 11(1 + E)-111 ~ 1 + l/c. 

and llCJI is bounded as 

(3.8) llCJI ~max(IDol,IDnl)+4 max IA;I 
09~11-l 

Hence the boundedness property is obtained. 

3.1. Shape Control Analysis 

We now consider the limiting behaviour of the solution with respect to 
each tension parameter, where we assume that the other parameters are held 
constant with respect to each limit process: 
(i) Point Tension. Let a; -too, then the ith equation takes the form 

(3.4) h;a;-1 ( ( a;-1) ) 
/3i-l D;-1 + h; I+ /3i-I +h;_ 1 D; = 

h ( 
2a;-1) h 

= i I+ /3i - l A;-1 + i-1A; , 

(the i +1st equation is also affected). The equations thus become decoupled 
in that the system for D; -1 • ... , D11 _1 in the limit is dependent only on the 
data on [t;,tn]. The tension property (2.6) will now hold. Furthermore, (3.4) 
is consistent with setting the derivative of (2.6) at t; equal to D; . Hence the 
rational spline is C 1 at t; in the limit. 

The case /3; -t oo is the dual of the above. 
(ii) Accentuated point tension. There is no decoupling, in the case f3; _ 1 =a; -t oo 
of the system (3.2) in the limit. The point tension property now holds from 
both left and right oft;, where the spline interpol ant becomes c0. 
(iii) Interval Tension. Similar as above if we let a;, a;+i -+ oo, then the point 
tension at two points gives rise to the interval tension and thus the global 
tension can be achieved by letting a; -t oo, V i, where all /3; 's are kept fixed. 

The case /3; -too, for any i, where a; ' s are kept fixed, is the dual of the 
above. 

REMARK 3.1. It should be noted that by the interval tension, here, we 
do not mean that, in limiting case, the curve is pulled to the control polygon 
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( 1 - 0 )X; + 0X;+1 , i = 0, I, ... , 11 - J. By lhe interval tension, we mean that the 
curve has some interaction in the sense that the convex hull region funned by 
the control points of the rational cubics (2.1) is reduced lo that of quadratics, 
(see (2.6) and (2.7)). 

4. Computational Method 

For practical purposes, lo determine and display the rational spline curve, 
it is proposed lo adopt the LU-decomposition method for the solution of the 
triangular system (3.1 ). Once the tangent vectors are in hand, the user can 
obtain the points in the n.1tio11al spline curve by using some efficient method 
for rational Uemstei11-l3czier form (see [8J, [321). 

5. Examples 

Fur illustration of the tension results, consider a data set in R 2 which 
defines the control points of the rational cubic spline representation (the Fig· 
ure 4 displays the <.:011trol polygon of this data). The curve in Figure 5 is 
the cubic spline whereas the curve in figure 6 demonstrates the accentuated 
point te11sio11 effect. The interval and global tension effects, as mentioned 
in Remark 3.1, arc displayed in the Figures 7 and 8 respectively. It should 
be noted that, in all these figures, where ever the shape effect is achieved it 
is done by taking shape parameters equivalent lo 50 and otherwise they are 
consi<lcrc<l equivalent to 1 everywhere. 

Fig. 4 Fig. 5 Fig. 6 



60 .MUHAMAV SARFRAZ 

Fig. 7 Fig. 8 

6. Concluding Remarks 

Au am1Jysis of a C2 i11lcrpolalory ratio11a1 cubic sp1i11e is developed 
with a view to its application in Computer Graphics. It is quite reasonable 
lo construct a rational form, with cubic numerator and linear denominator, 
which involves shape parameters in its description and provides a variety of 
local an<l global controls like interval and point shape effects. The rational 
spline 111clhod nm be applied lo tensor product surfaces but unfortunately, 
in the context of interactive surface design, this tensor product surface is 
llol that useful because any one of the tension parameters controls an entire 
corresponding interval strip of the surface. Thus as an application of C 2 

n1tional spline for the surfaces, Nielson's [2j spline blcm.lcd methods can be 
adopted. This will 11ol only prn<luce local shape control but also elevate the 
co111i11uity as Nielson uses GC2 v-splines and observes only GC1 continuity 
results . 

The mathematics of the rational cubic spline could also be visualized via 
its hu111ogcncous counter part. 1t could be established some equivalent con­
straints on the ho1i1oge11cous curve rcgan.li 11g 1iarnmctric continuity. For every 
degree o f co111 i11u ity, the rational continuity constraints probably can contain a 
degree of freedom not present in the curre!>pontling continuity constraints for 
projcctc<l curves: relationship of these degrees of freedom with lhc rational 
cubic spliue coulu be dcriveu. 

ACKNOWLEDGEMENT. The author thanks for the referee' s highly valuable 
cu111111e11ts a11d suggestions i11 the i111prove111e11t uf this paper. 
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0. Preliminaries 

0.1. Dyadic Hardy-type spaces 

We begin this section with some notations. In what follows LY will 
denote l.J[O, l]. We shall call a dyadic interval in [0, 1] an interval of the 
form [k2-n, (k + 1)2-n), where n EN and 0::; k ::; 2n. For any set A we shall 
denote the characteristic function of A by X(A). By a dyadic step function we 
shall mean a finite linear combination of characte1istic functions of dyadic 
intervals in [0, 1]. By a Walsh polynomial we shall mean a finite linear 
combination of Walsh functions. We shall denote the collection of Walsh 
polynomials by P. We have that the collection :f of dyadic step functions 
coincides with ::P, (See [3]). 

For each f E L 1, let 

(n EN); 

where s2nf is the 2n-th partial sum of the Walsh-Fourier series off. 

DEFINITION 1. The dyadic maximal operator for f E L1 is defined by 

cf:= Sup lcnfl. 
11Ef:I 

For each f E L 1 and 0 < p < oo set 

llfiiHP := llcf !Ip· 
On the collection of Walsh polynomials P, the map f--+ llf llHP is a norm for 
1 ::; p < oo and a quasi-norm for 0 < p < 1. 
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DEFINI110N 2. (Dyadic Hardy spaces). We define the Dyadic-Hardy 
spaces HP to be the closure of :P in the quasi-norm 

11 . .. 11HP for Q < p < 00. 

For these spaces we have 

i) For 1 ~ p < oo, the space HP is precisely the collection of functions 

f E L1 such that llfliHP < oo . 

ii) The space HP an ll' are isomorphic, with equivalent norms for 1 < p < oo. 

(1) 

For a detailed study of these space see [3]. 

It is easy to see that 

takbk ='I: (tak) (bk -bk+1)+bn taj 
k~ k~ }~ }~ 

holds for all real sequences (ab k E .N) and (bb k E .N). The identity (1) will 
be used in the present work and will be referred to as Abel's transformation. 

0.2. The Complex method of interpolation 

In this section we define the interpolation spaces AceJ in the same way 
as in [1]. 

Given a couple A= (A0,A1) of Banach spaces, we shall consider the 
spaces :J (A) of all functions f with values in :L (A) , which are bounded 
and continuous in the closed strip 

s = {z EC : 0 ~Re z ~ 1}, 

and analytic in the open strip 

so = { z E C 0 < Re z < 1}, 

moreover the functions 

t -t f(j +it) (j =0, 1) 

are continuous functions from the real into Aj, which tend to zero as It I-+ oo. 

;} (A) is a vector space. We provide ;} (A) with the nonn 

llf lls;(A) = M:tX ( S~p ilf(ir)i i Acl'S~p ilf(l + it)ilA1 ) • 

We have the following 
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LEMMA 1. The space F (A) is a Banach space. 

DEFINITION 3. Given a couple A= (Ao,A1) of Banach spaces and 0 < 
< 8 < 1. The space A[eJ is defined as 

Are1={aE'L:(A) : a=f(8), formsomefE.9i(A)}. 

· The space A[eJ is a Banach space with the norm 

Ila llre1 =inf { llf 11,,.(A) : a = f (8), f E .9i (A)}. 

For A[E>J we have the following results 

PROPOSITION 1. The space A[E>J is an interpolation space with respect 
to A. 

(2) 

THEOREM 1. let 0 < 8 < l. Then ~ (A) is dense in A[E>} · 

Let us denote by Uj , j = 0, 1 the Poisson kernels for the strip S i.e. 

e-n (x -t) sinn s 
Uj(s+it ,x)= .. 2, J=O,l. 

sin2 ns + ( cosns - e11n-n(x-t)) 

For these functions we have that 
00 00 J uo(E>,t)dt = 1 - e, j u1(8,t)dt=8, 0<8<1 

-00 - 00 

Using the above notation we also have the following result 

LEMMA 2. lff E Si(A) we have 

llf (E>)li[E>] ::; 

( 

00 ) 1-E>( 00 )0 
< 1 ~ 0 _l llf (i I lll Ao"o(E>, t)dt ~ _l llf (1 + i l)llA, Uj (0, I )dr 

For the proof of the above result see [l]. 

The following result, which is well known for the classical case, is proved 
for dyadic Hardy spaces in [2]. 
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THEOREM 2. Assume that 1 ~ Pj < oo (j = 0, l) and 0 < 0 < 1. Then 

(HPO,HPl)(E>] =HP, (equivalent norm), 

where 
1 1-e e 
-=--+-. 
P Po PI 

1. Interpolation between dyadic Hardy-type spaces of sequences 

In this section we get a result on interpolation between sequence space 
and use it to obtain some results about convergence of Walsh series. 

We begin with some notation. Let B be a Banach space we consider the 
space Lp(B) = Lp. of all strongly measurable functions f: 0 --t B, such that 

j llf(x)ll~dU(x) < oo, 
n 

where 1 ~ p < oo. We shall denote by L~(B) = L~(O,d U, B) the completion 
in the sup-norm of all simple functions. When Q = N and U is the atomic 
measure we denote L~(B) = L~(Q,d U,B) = f 00(B). In this case 

li{Bn }~II foo(B) =Sup llBn llB· 
nEN 

Let now 

e := {a = { ak} ~o : ak E R}, 

and X a normed space that contains the simple step functions. For a E t and 
n EN set 

A11 (x):=ak> ifx E [k/2\(k+1)211
), k=0,1,. . .,211 -1. 

We define 

llallx :=Sup llAn llx (a E f). 
nEN 

We denote by t 0 the set of real sequences with finite non-zero terms. We 
shall denote by fx the closure of t 0 in X . In what follows we shall deal with 
f x when X is HP or 11' . 

Given the spaces HPO, HP 1 we put H = ( HPO , HP 1 ) , for the spaces f HP 

we have the following result on interpolation. 
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THEOREM 3. For 0 <Pi < oo (i = 0, l), 0 < 0 < oo we have 

( e HPO, e HPI) [0] = e(HPO,HPI >c01 = f Hp, 

where 
1 1-0 0 
-=--+-. 
P PO PI 

· PROOF. It is sufficient to prove that 

Cillall(e Poe Pi) :S llalleHp :S C2llall(e Poe Pi) H ' H (0) H ' H (0) 

for a E to. Let us prove the inequality 

Cillall(e Poe Pi) :S llalleHp· 
H 'H (0) 
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Let a E to and A= { A11 } ~ the sequence of dyadic step function constructed 
from a in the way described above. Given).> 0, there is a function g(.,n) E 
E :J (H) such that 

g(.,n) E :J ( H) :S (C +A.)llAn llHceJ 

and g(0,n) =An . Put 

( 

llA II- ) Re(z)-0 
- n HceJ 

f(z,n) - g(z,n) llAll _ , 
foo (Hce1) 

we have that/(0,n) =An. Moreover 

llf(it,.)lle
00

(HPO) =Sup llf(it ,n)llHPO = 
nEN 

( 

llAnllHe )it-0 
=Sup g(it,n) A [ 1 

nEN II lle00 (Hcei) 
= 

HPO 

= llAll~ (Hi ) Sup II An 11~9 Jjg(it,n)llHPO :S 
. oo [0) nEN [0) 

:S (C+A.)JJAIJ~ (Hi ) Sup 11Anll~9 llAnllH :S 
oo [0) nEN [0) [0] 

:S(C+A.)JIAll~ (Hi )=(C+A.)JJalle(H )· 
00 [0) [0) 

Similarly we obtain that 

llf(it,.)lle00 (HP1) :S (C +A.)Jialle(Hc
01

) · 
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Since A. > 0 is arbitrary the desired inequality follows from these two inequal­
ities and Theorem 2. 

Let us now prove the inequality 

llalle"p ~ C2llalle(HPO,HP1 )ref 

Letf(.,n) E ff (H) andf(8,n) =An (n EN). Using lemma 2 we get that 

llAlle00 (HceJ) = ~~~ llAllHcei ~ 

s ;~i: (I~ 6 _z llf(it,n)llHPOUo(6,t)dt) l-e 

00 0 

· ( ! _£ 11to +; r ,n )Ii"'' u 1 (6,r)dr) s 

< (I~ 6 _l ;~~ llf(it,n)llHPOU0(6,1)d1) l-

8 

. ( ! _l ;~i: llf(l +it,n)llHPI "1 (6,t)dt) es 

S (I~ 
6 

_z llf(;1)1ie
00

(HPO)U0(0,t)dt) l-

8 

( 

oo ) e · ! _£ 11to +itJlle00("'')"1(6,1)d1 S 

~ S~p jlf (it)ll ~(:PO) S~p llf (1 + it)ll~(HPI) ~ llf 11~( foo(HPO).foo(HPI ))· 

From this follows the desired inequality and the theorem is proved. 
Let us denote by 

U = { llk> k E N or k E Z} 

an orthonormal system defined on the set I. The Dirichlet kernels with respect 
to the system U are denoted by 

Dn := L llk· 

lkl<n 
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We shall denote 

1 J 11 M11(a,u) :=-;; LakDk(x) dx (a E f), M(a, U) =Sup M 11 (a, U). 
I k=l nEN 

It was proved by F. SCHIPP that 

(3) M(a, U) ~ Clla!IJ(1 (U is the trigonometric system) 

(4) M(a,U)~CllallH1 (UistheWalshsystem). 

In case U is the Walsh system we get the following result 

LEMMA 3. For each n EN and a E t the following inequality holds 

2n-1 

2-n L akDk 

k=l 
( 

2n 1 ) 1/2 

~ 2·211
/
2 2-n L lakl2 

2 k=l 

m 
PROOF. Let us denote Sm by Sm = 2::: ak then by Abel transformation and 

k=l 
Minkowski inequality we get 

2n-l 

2-n L akDk 

k=l 
(

2n-l ) 
= 2-n L Sk(-wk)+Din-1S2n-1 

2 k=l 2 

2n-l 

< 2-n L Sk(-wk) + 112-n Din-1S2n-ill · 
k=l 2 

Now applying Parseval identity we obtain 
2n-l 

2-n L akDk 

k=l 
< 

< 
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Using the fact that 

we get 

2n=l 

2-n L akDJc < 
k=l 2 

~ (1-2n 2~1(k+1) t laj 12) 1/2 + (1-11 (211) 2I=l laj 12) 1/2 ~ 
k=O J=O J=O 

~ (2-211 2~1laj12 2~1(k+1)) 1/2 + (2~1laj12) 1/2 ~ 
j=O k=1 j=O 

~ (2-211 2~1laj12 2i=l (k + 1)) 1/2 + (2~1laj12) 1/2 ~ 
j=O k=O j=O 

~ (2-211 2i=l laj 122211) 1/2 + (2i=l laj 12) 1/2 ~ 
J=O J=O 

~ 2 (2i=l laj 12) 1/2 = 2. 211/2 + (1-n 2i=l laj 12) 1/2 
j=O 1=0 

The lemma is proved. 

From inequalities (3), (4), Lemma 3 and Theorem 3 we obtain the in­
equality 

(5) 
2"-1 

2-n L akDk 

k=O 

for 1 ~ p ~ 2. 

p 
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That is 

Given a sequence a= (ak, k E N) we define the first difference of a by 

&! := (~b k EN):= (ak - ak+I> k EN). 

Now we introduce the norms 

llall~ := laol + f 2n(l+p')/p' (2-n (
2
"2:.+l_

1 
lakiP)) l/p = 

n=O k=2" 

oo (zn+l_l ) l/p 
= laol + I:22nfp' L iakiP , 

n=O k=2" 

for a E t and 1 < p < oo, where p1 is the index conjugated top. For p = 1 we 
define 

llalle1 := llalle1 · .. 
Using this norm JJ . .. JJ I!. we can get a result about convergence of Walsh 

• 
series 

THEOREM. Let a E f . If ~ E I!_ (1 '.Sp '.S 2) and 2nfpazn tends to zero 
• 

00 

as n - oo, then series 2: ak Wk converges pointwise and in IY on (0, 1); its 
k=O 

00 

sumf(x)= 2: akwk(x) belongs to Lp. 
k=O 

PROOF. The pointwise convergence of the series is easy to see using the 
fact that ll~lle1 < oo, JDn(x )I :S: for all x E (0, 1) and Abel ' s transformation. 

For each n, m EN we have 

= 

p 

zm-1 

L (~k)Dk+l +azm - 1.Dim - aznDin 
k=2" 

< 
p 
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2s+l_l 

L (~k)Dk+l 
p 

Using inequality (6) 

. 00 ( 2(s+l)_1 ) l/p 

P '.': &; c<2-pJ/Pz'<,.1>// z-<«+ll ~ lla,p + 

2n-l 
Thus we have Jjs2m - S 2n II ---+ 0 i.e. S2n = L akwk converges 

p m,n-+oo k=O 

in LP-norm and consequently f = lim S2n belongs to LP. The theorem is 
n-+oo 

proved. 

Observe that is we suppose that {an} tends to zero monotonously then 

the condition a1n 2n/p' ~ 0 is not necessary in the hypothesis of the above 
theorem. 

I wish to express my gratitude to professor F. SCHIPP for calling my 
attention to the problem and his helpful comments. 
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In this paper we investigate the summability of double function series. 
Introduce some notations. If limits of summation are not indicated, they are 
0 and oo on each index, and the free indices assume all values 0, 1,. .. ; 

lima11111 =a 
111/l 

means that for every E > 0 3mo, no such that ja111 n - al < E if m >mo and 
n > n0 , i.e. the convergence in Pringsheim's sense. 

Denote E ~ JR.d, µ is a positive measure on E, µ(E) < 00,/11111 E L~(E). 
Let T be a summability method with a triangular matrix. If T is a sequence to 
sequence method then denote the element of the matrix with t11111 k e. if T is a 
series to sequence method then denote with T 11111 k e· We assume that 7:11111 00--t 1 
as m,n -too. Let be 

(1) 

(2) 

m,n 

Dmn(u,x) := L fke(u)fke(x), 

k,f=O 

111,11 

Kmn(u,x) := L Tmnkefke(u)fke(x), 

k,t=O 

where x =(xi, ... ,xd ), u = (u 1' . .. , ud ), x, u EE, and K 11111 is the kernel function 
of T, 

(3) 

(4) 

L11111 (x) := j I Kmn (u ,x )jd1i (u ), 

E 

L;1111 (x) := j max IK111 e(u,x)ldµ(u), 
O<t<n 

E - -
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(5) 
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L!~n(x) := j max IKkn(u,x)idµ(u) 
O<k<m 

E - -

the Lebesgue functions of the method T. 

The Lebesgue functions play a very important role in the investigation of 
the convergence and summability of the series (see [1)-[5], [11), [17)-[20], 
[22)). Let be 

(6) 
M,N 

ct>M,N(u,v-) := L 'rmnke'µvktfke(u)fkt(v-), 
k,t=O 

where M := min(m,µ ), N := min(n, v ). 

Consider the double function series 

(7) L Cmnfmn(X), 
m,n 

where 

(8) Lc~n < oo, 
m,n 

and denote the T-means of (7) by Umn, i. e. 

(9) 
m,n 

Umn(x)= L 'rmnkfCktfke(x). 
k,f=O 

Let { 'Pmn} be an orthonormal system on E with respect to w , where w 
is a positive measure. It is known that there is a function h E 4v<E) such that 

h(x),..., L Cmn'Pmn(X) 
1n,n 

and 

Denote by 

s=s(m,x), t=t(n,x) 

the least index for which 

gmn(x) :=as1(x) = sup aij(x). 
ij5,m,n 
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LEMMA 1. Assume that the conditions (8) and 
M,N 

(10) <l>MN(u,1>) = 0(1) L gktlKke(u,1>)1, gkt ~ 0, 
k,t=O 

are satisfied and there exist gk (M), g'((N) ~ 0 such that 

M ,N 

(11) 

further 

(12) 

L ;kt= 0(1), gkt= O(l')gk(M');'((N), 
k,t=O 

Lmn(X) = 0(1), 

(13) L~in(x) = 0(1), L::1n(x) = 0(1) 
are fulfilled for x E E. Then we have 

llgmnllL~(E) ~ CJlhll4,(E)' C > 0 is a constant. 

PROOF. Let be 
m,n 

Gm11(u,x) := L 'Cmnkt'Pke(u)fkf(X). 
k,f=O 

Then, since Cmn are the Fourier coefficients of h, we get 

am 11 (x) = j h(u)G11111 (u, x )dw(u), 

consequently 
E 

JlgmnllLt(E) = J h(u)dw(u) J G.~r(u,x)dµ(x), 
E E 

75 

where we assumed that coo= 0 (without loss of generality by 'CmnOO --t 1 as 
m,n --t oo) from which g 111n(x) ~ 0. Using the Cauchy-Schwarz inequality 
we have 

where 

1,;,, :=' [/ (;',,(u,x)dµ(x)] 2 dw(u) = 
= J j j Gap(u,1>)Gy0 (u,17)dw(u)dµ(1>)dµ(17), 

EEE 
a :=s(m,1>), f3 :=t(n,1>), y :=s(m,17), o :=t(n,17). 
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Let be q :=min(a,y), r :=min{p,o). Then 

lmn :S j j j<l>q,r(v-,17)jdµ(v-)dµ(17), 

EE 

where 

(14) <l>q,r(v-,1]) := j Gap(u,v-)Gyo (u,r])dw(u). 

E 

Since {'Pm n } is an orthonormal system therefore 

q,r 

<l>q,r(v-,rJ) = L Tapke'Cyokffkt(v-)fke(rJ). 
k,t=O 

Divide E x E into 4 parts: 

M1 := { (v-,rJ) : a ~ y ,{3 ~ o }, 
M3 := {(v-,rJ): a~ y,{3 < o }, 

We have to prove that 

M2 := {(v-,rJ): a< y,{3 ~ o }, 
M4 :={(v-,rJ) :a <y,{3 <O}. 

j j J<I>q,r(v-,rJ)I dµ(v-)dµ(rJ) = 0(1). 

EE 

Indeed, on M1 we have 

j j l<I>q,r(v-,rJ)ld1l(v-)dµ(r]):::; j j l<l>y,o(v-,rJ)idµ(v-)dµ(rJ) = 
M1 EE 

y,o 

(~) 0(1) J J L ;ktlKkt(v-,rJ)ldµ(v-)d1l(r]) = 
E E k,t=O 

y,o j y,o 
<~ 0(1) j L ;ktLke(rJ)dµ(17) <~> 0(1) L ;kedµ(rJ) <~,P 0(1). 

E k,t=O E k,t=O 
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The estimate on M4 is analogous. Now estimate on Mz: 

ff l<I>q,r(u-,1J)ldµ(u-)dµ(t]) ~ff l<I>a,o(u-,1J)ldµ(u-)dµ(1J) = 
M2 EE 

ff 
a,o 

= 0(1) L ;k,elKke(u-,1J)ldµ(u-)dµ(11) = 
E E k ,f=O 

= 0(1) f (i)~(a) j f)~(d)IKkehq)ldµ(q)) dµ(u-) = 
E k=O E f =O 

= O(l)j (f)k<a)j t;~(o) · max IKkf(u-,1J)ldµ(11)) dµ(u-) = 
E k=O E f=O 0$f$./3 

a a 

= 0(1) j L;k(a)L~p(u-)dµ(u-) = 0(1) j L;k(a)dµ(u-) = 0(1). 

Ek=O Ek=O 

The estimate on M3 is analogous by (10), (11), (5) and (13). 

Lemma 1 is proved. 
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REMARK. 1. We note that if ifmn} is an orthonormal system on E, then 
Gmn = Kmn and by (6) and (14) the estimate (10) can be written in a more 
natural form as follows (cf. [13] , p.292, [18], p.202.): 

Lrmnk(r:µvktfk e(x)fkf(y) ~ j Kmn(x,t)Kµv(y,t )dµ(t) < 
k,f E 

M ,N 

~ L ;kelKke(x,y)I. 
k,f=O 

2. The basic idea of the proof can be found in [6]-[8]. Here we used the 
method of [9] introducing the system { 'fJmn} . 

We will prove that conditions (10), (11) are fulfilled for weighted means 
method P of Riesz. Introduce some notations and definitions. Define the 
product T := A 0 B of the methods A and B as follows: 

(15) 

(16) 
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In special case, when A and B are Riesz's weighted means method, i.e. 

ak 
a,,,k =-A , 

Ill 

be 
b11e=-B' 

II 

Ill 

A,,, = 2::: ai, 

i=O 

II 

B11 = Lbi, 
j=O 

/3 = 1- Be-1 
11f B11 ' 

then we have 

_ (i Ak-1) (l Be-1) Tm11ke- - -- - -- · 
A,,, Bn 

For the sake of convenience denote Pkt :=akbe. P111 11 := A 111 B 11 . In this case, 
obviously, 

m,n 

Pmn = L Pk f· 
k,f=O 

Assume that Pm 11 ;i 0 is fulfilled and ab be are real numbers. Define 

likak := ak - ak+l• likeake := ake- ak+l e - ak t+l +ak+l t+l· 
' ' ' 

Obviously ll.ktakt = ll.klleakf. 

LEMMA 2. ff the method P satisfies the condition 
m,11 

(17) L IPktl = O(Pmn ), 
k,f=O 

then the conditions (10), (11) are fulfilled. 

(18) 

PROOF. Obviously tmnk f = l'l.keT11111 k t· From (1), (2) we obtain 
m,11 

Km11(u,x) = L t11111 ktDke(u,x). 

k,f=O 

From (6) we get by Abel- Hardy transformation using (1 ) and the triangularity 
of the method T 

(19) 

M,N 

<I>M,N(u-,f!) = L l'l.ke(TmnkfTµvke)Dkf(u-,'f/). 
k,t=O 
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Since by the known formula for difference of products of sequences (cf. 
[15), p. 119) we have 

Indeed, 

Ilk e(ak ebkf) = llklle(ak ebkf) = !lk(ake · llebkf + lleakt · bk,t+1) = 
= ake ·Ilk ehk e + !lkakf · llehk+I,e + lleake · llkbk,t+l + llkfak e · bk+1,e+1 · 

Therefore by (15), (16) 

(20) llke(rmnkfTµvke)=Pkt'¥ke. 

where 

'¥kt= (1- Ak-1) (1- Be-1) _1_+ (1- Ak-1) (1- Be) _l_+ 
Am Bn Pµv Am Bv Pµn 

+ ( l _ Ak ) ( l _ B e-1 ) _1 + ( l _ Ak ) ( l _ Be) _1 . 
Aµ Bn Pmv Aµ Bv Pmn 

From (15), (18) we have 
m,n 

PmnKm 11 (u,x) = L PktDke(u,x), 
k,f=O 

therefore from (19) and (20) by Abel-Hardy transformation 

<'PM,N(u-,T]) = 
M-1,N-l M-1 

= L (llkf't.'kf)PkeKkf(u-,17)+ L (llk'i'kN)PkNKkN(u-,17)+ 
k,t=O k=O 

N-1 

+ L (Ile'¥ Me)PMeKMe(u-,17)+ '¥ MNPMN KMN(u-,17). 
f=O 

Here 
A \II 1 ak +ak+I be+he+1 
LlkfTkf= - • 

Pµv Am Bn 

Ak'¥kN = _l_ . ak +ak+l . (1- BN-1) +-1- . ak +ak+l . (1 -BN), 
Pµv Am Bn Pmn Aµ Bv 

Ae'¥ Mt= _I_. be+he+1 . (i - AM-1) + _1_. be+he+1 . (i -AM). 
Pµv Bn A,,, Pmn Bv Aµ 
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From (17) we obtain Pkt= O(Pmn) for 0:::; k, t:::; m,n, therefore 

<f> M,N(u-,1]) = 

that is 

~~(M) = { IAMl- 1 (i~kl + lak+ID 

~{(N) = { IBNl- 1<lb{I + lbe+il) 

are suitable choosing. 

if 0 :::; k :::; M - 1, 
if k = M, 

if 0 :::; t :::; N - 1, 
if f = N, 

The double sequence {y11111} is called nondecreasing if {Ym,nJ and {ym0 ,n} 
are nondecreasing, where mo and no are fixed. 

LEMMA 3. if {Ymn} C Lt (E) is nondecreasing and 

j Ymn(x)dµ(x) = 0(1 ), 

E 

then the limit functions y, y:rz and y~, defined by 

y(x) := limYmn (x ), 
m,n y:: (x) := limYmn (x ), 

m 

µ a. e. on E are finite and 

Jy(x)dµ(x) = limf y11111 (x)dµ(x). 
m,n 

E E 

PROOF. For {y~1 } and {y~} see [11], p.18. Since {Ymn} is nondecreasing 
then by theorem of B. Levi ([16], p.118.) we obtain 

j y~(x)dµ(x) = l~m j Ymn (x)dµ(x) = 0(1). 

E E 
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Since {y:11 } is also nondecreasing we get (cf. [24), p.16) 

Jy(x)dµ(x) = limf i 11 (x)dµ(x) = limf ym 11 (x)dµ(x), m m,n 
E E E 

mo:eover (cf. [16], p.144.) y E L)(E) and y is finite µ-almost everywhere 
(bnefly µ-a.e.) on E (cf. [16), p.136.). 

In order to have latest conclusion almost everywhere in Lebesgue's sense, 
we set some restrictions on the measureµ for the further proceedings. Assume 
that µ is absolutely continuous with respect to the Lebesgue measure A. In 
this case the Radon-Nikodym derivative, dµ/d). (see [23), 31.§) exists and 
dµ / dA. is uniquely determined A-almost everywhere. If dµ / d). > 0 on E A.-a.e. 
then using [23], 32.§, Theorem B, we obtain 

µ(D) = j: dA. 

D 

where D c E is a measurable set. Hence ifµ (D) = 0 then we have A(D) = 0. 
We note, thatµ fulfills the assumptions when 

µ(x) =µ1(x1) ... µd(xd), 

whereµ l> ... ,µd are positive, bounded and monotonically increasing in their 
domains of definition (we recall the well-known theorem which says the 
derivative of µj (j = 1, ... ,d) equals zero only in sets with Lebesgue's measure 
zero ([16], p.45.). 

THEOREM 1. If condition (8) is fiJJfilled and the method T satisfies (10)­
(13) then 

Om 11 (x) == Ox(l) a. e. on E. 

PROOF. For the sake of completeness we write it down here, since paper 
[12] is difficult to reach owing to a great number of references to paper 
[ 10]. However, the idea of proof is standard. Since {gmn} is nondecreasing 
therefore its limit function S, 

S(x) := limgm11 (x) 
m,11 

because of Lemma I and 3, is finite a. e. on E. Writing {-aij} instead of 
{ aij} Lemma I remains true. After changing we obtain a limit function s•, 
which is finite a. e. on £, 

s•(x) := limg,;lll(x), g,;lll(x) :== sup {-aij(x)} ~ 0, 
111

'
11 iJ~m,n 

where we assumed that coo= 0. Hence a. e. on E lamn (x )j :::; S(x ) + s• (x ). 
Theorem 1 is proved. 
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THEOREM 2. if condition (8) is fulfilled and the method T satisfies (10)­
( 13) then there exist 

(21) limamn(x), limam11 (x), lima11111(x), a. c. on E. 
m,n m n 

PROOF. First we investigate limamn (x ). Define the function 0 by 
m,n 

O(x) := sup lam+k n+e(x)- Omn(x)j, x EE. , 
m,n,k,t 

We can assume that coo =0, thus S(x) 2: 0, S*(x) 2: 0 from proof of Theorem 
1. Consequently O(x) ~ 2(S(x)+S*(x)). Using Lemma 1 and Lemma 3 and 
the fact that {8mn} is nondecreasing we get 

IJSllLA(E) ~ Cllhll4(E)' llS*llLt(E) ~ CjJhJJ4(E)' 

Therefore 

(22) 

For arbitrary positive integer N we define (cf. [22], p. 254.) 

ON(x) := sup lam+k,n~e(x)- Omn(x)j, x EE. 
m,n>N 
k,l~O 

Similarly as we obtained (22), we get llQNllLA<E) ~ 4CllhNll4(E)' where 

hN(x)"' ( L + L + L ) Cmn'Pmn(x). 
m,n?:N m?:N,n<N m<N,n?:N 

Since using the Parseval equality 

llhNll4(E)= ( L + L + L ) C~n 
m,n?:N m?:N,n<N m<N,n?:N 

and faking into account (8), therefore 

(23) lim 11nNllL1(E)=O. 
N-+oo -µ 

Obviously II -ONllL1(E) = llONllL1(E)' From the definition 
. 'µ 'µ 

-n(x) = -n0(x) ~ -n1 (x) ~ .. .. 

On the other hand (using (22)) 

j -'2Q(x)dµ(x) = llOllLA<E) < oo. 

E 
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Therefore using B. Levi's theorem 

lim J-0.N(x)dµ(x) = J lim (-0.N(x))dµ(x). 
N~oo N~oo 

E E 
But by (23) the left hand side is 0, thus limO.N(x) -+ 0 as N -+ oo a. e. 
on E, from which we obtain (see [21), p.158, or [24), p.11.) that amn(x) as 
m,n -+ oo, converges a. e. on E. For the other cases the proof is similar. 
Theorem 2 is proved. 

We denote by I the convergence method. For it rmnkt= 1. 

COROLLARY 1. If the method I satisfies (12), (13) and (8) is also satis­
fied, then there exist 

where 

limsmn(x), limsmn(x), limsmn(x), a. e. on E, 
m,n m n 

Smn(x) = L ckefke(x). 
k,f5,m,n 

PROOF. Because of Theorem 2 it is enough to prove that (10), (11) are 
satisfied. But it is obvious, let ~k e = o Mk · o Ne. where Omk is the Kronecker 
function. 

COROLLARY 2. If condition (8) is fulfilled, the method P satisfies (17) 
and the Lebesgue functions of P satisfy (12), (13) then there exist (21). 

PROOF. From (8), (12), (13) and (17) follows immediately by Theorem 2 
and Lemma 2. 

REMARK. 1. In [12) and [10] there are some errors in calculation (see 
[12), p.219.). 

2. Theorem 1 for simple series was proved in [13], pp.292-293., see also 
[14] and [18] for orthogonal series. 
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1. Introduction. 

This paper consists of two parts. In the first one we prove an equicon­
vergence theorem concemity Hermite expansions, beyond the scope of the 
classical results of SZEG6 [2] and MUCKENHOUPT [3]. The analogous state­
ment for Laguerre expansions will be proved in SZABO [6]. In the second part 
we prove an inequality with respect to the Christoffel numbers for Hermite 
weight, which will be applied in a subsequent paper of the author and V. E . . 
S. SZABO. Similar investigations appeared in FREUD [15], [16] and for the 
Laguerre case in Nfv AI [20) . 

2. Notations and results. 

oo n 
As usual, the Hem1ite polynomials are defined by L: Hii <x,>r = n. 

n=O 
=exp(2xr - r 2); they are orthogonal on (-00,00) with respect to the weight 
function exp(-x 2). Assume that f (x) has an Hermite series and denote 
a11 (f ,x) the n -th partial sum of that series. Then 

00 

(2.1) a11if,x) = j f(x)e-Y
2 

K 11 (x,y)dy 

-00 

where 

(2.2) K. ( )
- H11+1Hn(y)- H,1(x)Hn+1CY) 

n x,y - -------=------
(x -y). 2n +l. n!. vfn 
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Introduce further the n-th trigonometric pru.tial sum 

x+O 

(2.3) S11 (f,x) = .!_ j sinv'2tt(x - y) f(y)dy 
:rr x-y 

x-o 
where o > 0 can be fixed arbitrarily. 

THEOREM 1. Assume that e-1212/(t) has bounded variation on R. Then 

(2.4) a11(f,x)- S11 (f,x)---+ 0 (n---+ oo) 

locally unifonnly on R 0 . 

Denote further x1 > x2 > ... > x11 the zeros of Hn (x) and let Ak be the 
Christoffel numbers 

11-l 
1 ~ 2 

Ak = ~hv(Xk) 
v=O 

(2.5) k = 1, ... ,n 

where hv(x) = (yn · 2v · hvr 112 · Hv(x) are the normed Hermite polynomials, 
i. e. 

(2.6) 

-oo 

THEOREM 2. Let m ~ z and denote p,,, a polynomial of degree ~ m. 
Then 

II 00 

(2.7) LA.klPm(Xk)iexf/2 ~ c j 1Pm(x)le -x
2 

dx. D 

k=l -00 

REMARK. The special case Pm = 1 is a classical inequality of BALAZS 
and TURAN [21 ), see also in FREUD [15) . 

3. Proof of Theorem 1; equiconvergence. 

Consider the partition 

oo x+r oo x x-y 

a11<J,x) = j K,1 (x,y)e-Y
2
f(y)dy = j + j + J + j 

-oo x x+r x~ -oo 

(3.1) =Di +Di+D~ +D~. 
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We shall prove that given E > 0 and K > 0 arbitrarily, we can choose 
y =y(K,E) > 0 such that for JxJ ~ K 

(3.2) 

(3.3) 

{ 

JD1 - k xr sin~~~-y)f(y)dyJ < E 

J.Dil ~ c(K,y) · n-1/ 4 

{ JD~ - k f sin~~-y)f(y)dyJ < E 
x-y 

JD21 ~ c(K,y) · n-114. 

This will imply that for E, K > 0 there exists no =no(c, K) such that n ~no 
and !xi~ K implies Ja(f,x)-Snlf,x)I < 4E which is the statement of Theorem 
1. We shall prove only the estimates concerning Di; those concerning DI can 
be obtained similarly. Start with the estimate 

(3.4) K,1(x,y)e_Y2 = _!_ sinJ2,l(x - y) + 0(1) 
:re x-y 

which holds locally uniformly in x and y, see SZEG6 [2], (9.5.24). Talcing 
into account that f is locally bounded, we see that for Ix I ~ K and 0 < y ~ 1 

x+y 

(3.5) D1 - _!_ j sinv'2tt(x - y)f(y)dy < c(K)y 
:re x-y 

x 

so if y < c(k) then the first estimate (3.2) follows. 

Consider now Di. 
00 

Di= j Kn(x,y)e-Y
2
l 2e-Y

2
12J(y)dy = 

x+y 

Vn J2n+l-n- 116 J211+l+l 

= J + J + J + 
x+y 

00 

J 
First estimate T1. Since e - Y

2
12J (y) has bounded variation, we see from 

the second mean value theorem of integral calculus that 

B 

ITil ~co · max JK11 (x,y)e-Y
2 

x+y$A<B$Jil 
(3.7) 

A 
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Now let x +y ::; A< B::; yin and compute 

B 

(3.8) j K11 (x,y)e-Y
2

. 

A 

Using (2.2) we obtain 

B 

(3.9) j K11 (x,y)e-Y
2 = 

A 

B 2 B 2 
= Hn+1(x) J e-Y 12

H11 (y) dy _ H,1(X) J e-Y 12H11 +1(y) dy. 
211+ln!fo x -y 2n+ln!fo x -y 

A A 

It is enough to estimate 

(3.10) 

Integrating by parts 

B 

B 2/2 

J eY H,1(y) 
----=--dy 

x -y 
A 

(3.11) je-Y
2
12-

1
-dy = 

x -y 
A 

[Jy e-t2/2Hn(t)dt-1-] B -!Bly e-t2/2Hn(t)dt 1 2 dy = 
x - y (x -y) 

A y=A A A 
y 

=0(1) sup je-
1212H11 (t)dt 

A<y<B - - A 

We know ([2], (8.22.12)) 

e-1212 Hn (t) = 

A-x· 

= (n~;J,;k {sin [
2
"4+ I (sin2<p - 2<p)+ 3: l + 0 m}, 

where t = V2n + 1 coscp, 0 < E ::; cp ::; :Tr - E, the error term is uniform. 
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Using this we obtain 

(3.12) 

Y 2n+I 

J -t2/2H. ( )d _ 2-r #J2n + 1 
e nt t- · 

(nn)l/4 
A 

J'P A r:::= { . [2n + 1 . 3n] ( 1 ) } · v smcp · sm -
4
-(sm2cp -2cp)+ 4 + 0 -;; dcp, 

'{Jy 

where b = coscp A• b = coscpJ" 0 < £ < cp A• cp}' < n - c. 
v~+l v~+l -

Let 

Then 

Hence 

(3 .13) 

.7r .7r 
cp := 2-r, 'Py:= 2-ry, 

'PA 

A . 
~=smrA, 

y £.n -r 1 

y . 
~=smry, 

v £.n -r 1 

J r:::= . [2n + 1 . 3.n] v smcp sm -
4
- (sm2cp -2cp)+ 4 dcp = 

'PY 

fry r::::-::-:: . [2n + 1 3n] 
= ycosrsm -

4
-(sin2r+2r-.rr)+ 4 dr= 

fA 

fry [2n + 1 1 - n ] 
= JCosr sin -

4
- (sin 2r + 2r) + -

2
-.rr dr = 

fA 

fry { sin } [2n + 1 ] 
= ± JCosr cos -

4
-(sin2r + 2r) dr. 

fA 

Integrating by parts 

fry {sin}[2n+l ] JCosr cos -
4
-(sin2r +2r) dr = 

fA 

89 
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(3.14) 
sin 2n + 1 . 

[ 

T ] Ty 

~ roosrl Los} [-4-(sm2w +2w)l dw '~A+ 

1;Ty sinr JT{sin} [2n+l . ] 
+ 2 y'cOsT cos - 4-(sm2w +2w) dw dr. 

TA TA 

We have 
T ~ 

;{ sin} [2n+l(sin2w+2w)] dw=!j{sin}2n+ls 1 ds 
cos 4 2 cos 4 1 +cos2w 

TA SA 

where we introduced a new variable s, sin 2w + 2w = s, which implies 
(2cos 2w + 2)dw = 1 ds, w = g(s ), (sin2w + 2<.o) is strongly monotone increas­
ing if -1' S::. w S::.1-. r =g(sT ), TA =g(sA), sin2r +2r =sT, sin2r A+ 2r A =sA, 
and since -1' S::. w -::;_ 1- therefore w x s (and sgnw = sgns). 

Integrating by parts 

J
T {sin} [2n+l . ,.,,.. ,., ,_,] d 1 Jsr{ sin} 2n+l 1 d --(sm..:.w+..:.w) w = - --s s = 

cos 4 2 cos 4 l+cos2g(s) 
TA SA 

=-2- sin ----;r-s __ 2_ - cos 2n+ls 2 · sin2g(s) ds= [{
-cos} 211+1 i ·1·r .1·r 

2n +I I +cos2g(s) ·'A2n + 1.l { sin } 4 (I +cos2g(s))' 

Using this we obtain from (3.14), (3.13), (3.12) 
y 

J _,212 _ ov'FllT 
e H11 (~)dt - n3/ 4 . 

A 

Hence from (3.11), (3.9) we get 

JB -y2 ( 1 ) K 11 (x,y)e = 0 fo . 
A 

and then by (3.7) 

=0(~)· 
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Now consider Ti. 

v'21i+T-11-l/6 J /(,z (x ,y )e _Y2 l2e-y2 /2f(y )dy. 

Vn 
In this case we need estimate for 

B J Kn (x,y)e-Y
2

. 

A 

where .,/ii~ A< B ~ v'2n + l -11- 116. 

Hence we have to estimate 

From (3.11) 

B 2 

J eY 12 H11 (y) 
----dy. 

x-y 
A 

B 2 y 

(3.15) Je-Y 
12

Hn(y)dy=O(l) ~ sup je-1212H
11

(t)dt 
x-y vnA<y<B 

A - - A 

We know ([7), p. 22-23) 

e-1212H11 (t) = 

91 

= ~
14 

{sin [
2
•4+ 1

(sin29 -28)+ 3;] +a(.~,)}• 
where t = J211 + 1 cos 0, 0 < 0 ~ 1-, N = 211 + 1, the remainder term is uniform 
in 0. Here 

e-N/4Nn/2 = 
= e<n/2)log(2n+l)-¥ = e11 logn/2+(n/2)(log2-l)+O(l):;::: .J2iin!

11
-l/4. 

Using this we obtain 
y 

(3.16) J e-
1212H11 (t)dt = 0(1) J2n~~/: l)n!. 

A 
{)A 

. j JsillO · {sin [
211

4+ 
1 

(sin20 - 20)+ 
3
:] + 0 (n~ 3 )} dO 

8y 
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where ~2A =cos8A, _4=., =cos8y. lc/3 <OB< e)' < OA < ~. ~2B = 
V . .::n+l v'2n+l n - - - - ~ V .tn+l 

= cos8 B· The remainder term gives 

8A 

J ../8 1 
n0 3 dO = 0(1)~. 

n n8y 
uy 

(3.17) 

For the estimation of the main term it is enough to estimate 

(3.18) j,;;;;;9 { ;~:} [ 2" 4+ \sin 26 - 28)] d9. 

8y 

Integrating by parts 

(3.19) J JSillOt~: }[2n
4
+ I (sin28 - 28)] d9 = 

fly 

flA 

=-Jsin8A j {;~:} [2
n4+\sin2w-2w)] dw+ 

fly 

8A 8A 

+ ! j co~O j {sin} [2n + 1(sin2w_2w )] dw dO. 
2 VSIIi8 cos 4 

fly fl 

We have 

8A SA 

J {sin} [2n + 1 (sin2w _ 2w )] dw = ! j {sin} 2n + 1 s 1 ds 
cos 4 2 cos 4 cos 2w - 1 

8 ~ 

where we introduced a new variable s, sin 2w - 2w = s, i. e. g (s) = w, 
g(se)=8, g(sA)=8A. Since 0 :S w :S 7, hence w 3 ::::::: -s. 

Integrating by parts 

8 ~ 

J { sin } [ 2n +I (sin 2w _ 2w )] dw = ! J { sin } 2n + 1 s 1 ds 
cos 4 2 cos 4 cos 2w - 1 

~ ~ 
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=-· _2_ [{-sf~s}¥sl:_2_/s8 {-cos}2n+ls sin2g(s) ds 
2n + 1 cos2g(s)- 1 .i'A 2n + 1.i·A sin 4 (cos2g(s) - 1)3 

so 

= 0(1) + 0(1)- . ds = 1 1 J 1 
nsin20 n lsmg(s)l 5 

SA 
,\'() 

1 1/ 1 1 1 1 = 0(1)-2 + 0(1)- -S;3ds = 0(1) 
02 

+ 0(1) 213 = 0 
02

. 
nO n Isl n nisei n 

SA 

Using this estimate we obtain from (3.19) 

• BA 

j ~ { ;~~} [2n
4
+ 
1 

(sinW - 28)] dO 

8y 

(3.20) 
BA 

1 1 J 1 1 = 0(1)~ + 0(1)~ (J5/2d8 = 0(1)~. 
n~ 8 n~ 

)' 

So by (3.20), (3.17) and (3.16) we get 
}' 

J 
2 ~n I -1/4 

e-t 12 Hn(t)dt = 0(1) v "' .. n! . ~/2 
A ..Jil ·Oy 

Using this we obtain from (3.10) 

B 

J -y2 - 1 Kn(x,y)e -0(1)~. 

A nOB 

Hence 

Now consider T3. We have to estimate 
)' 

sup je-1212H11 (t)dt , 
A<y<B - - A 
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where v2n + 1- n- 116 ::; A::; B::; v2n + 1+1. Using [6], p. 700. we obtain 

)' 

sup je-1212H11 (t)dt = 0(1)~. 
A <y<B 

- - A 

Thus 

Using [6], p. 700. we obtain that T4 is exponentially small. Hence from 

(3 .6) we get Di= 0 ( -Wi) i. e. (3 .2) is proved. Since (3.3) can be derived 

similarly; the proof of Theorem 1 is complete. I 

2 
4. REMARK. It can be proved that ifj(x)-ln(l +lxl)·e-x E Loo(lR) then 

equiconvergence holds forf, see e. g. Muckenhoupt [3]. Here there is no need 

of bounded variation property. On the other hand letf(x) = e<x+xo)
2

/ 2. Then 
(see [3]) there exists !1 with lf1 (x )I= lf (x )I V x and a11 (j,y) - S11 if,y) f+ 0 a. 
e. 

Since S11 if1 ,x)-> Ji (x ) a. e., we get an if1 ,x) f+ Ji (x) a. e. In what follows 
we prove more. 

5. REMARK. We show that there exists a continuous functionf(x), such 
that its Hermite-Fourier series is divergent in every point. 

Let 

The Hermite-Fourier series of g (x) is 

(5.1) 

Denote 

oo 1 Joo 2 L 
2

nn!-J,n g(z)e-z H11(z)dz · Hn(x). 

11=0 -oo 

00 

an:= j e<x+xo)
2

/ 2 . e-x
2
·H11 (x)dx. 

-00 
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Using [2], (5.5.3) 

a,, : = (-1)" l ,<x+XQ)2 /2. (e-x'Y") dx = 
-00 

{[ 

., ( 2)(n-1)]
00 

=(-l)11 e<x+xot/2 e-x - oo 

Joo 2 ( 2) (n-1) } 
- -oo e<.x+xo) 12(x + xo) e-.x dx = 

Joo 2 ( 2) (n-1) 
= (-1)11+1 e<x+xo) /2(x +xo) e-x dx = 

-00 

J
oo 2 ( 2)(n-1) 

= e<x+.xo) 12(x +xo)(-lt- 1 e-x dx = 

-00 

00 

= J e (.x +.xo)
2
12(x + x0)e -.x 

2 
H 11 -1 (x )dx. 

-00 

Since ([2], (5.5.8)) 

Hn(x)+2(n - l)H11 _2(x)=2xH11 _1(x), n =2,3, ... 

therefore 
00 

an= J e<x+.xo>
2
12(x +xo)e-x

2 
H,1_1(x)dx 

-00 

00 

=xo J e<x+xo)2/2e-x2 H11-1(x)dx+ 

-oo 

-oo 

Hence 

n =2,3, .. . 
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i. e., 

an+2 - 2.xoan+l - 2(n + l)a11 = 0, n = 0, 1, .. . 

where a0 = ..fiii. a1=2J2ixo. 
Therefore 

(5.2) 

It is known ([2], 8.22.8) 
(5.3) 

r(!+l) -x2;2 _ ( r;:;--:-:; nn) ( 1) 
r(n+I)e H,1(x)-cos v2n+Ix-T +O yin , 

where the error tem1 is uniform in x . This asymptotic formula is true if 

x is a complex number, but the error tem1 0 (Jn) has to be changed for 

O (Jn) eJin+Illm xi . It is known ([9], p. 322) 

r(t + 1) = Jbit (;)I [ 1+0 ( ~)] , t > 0. 

Hence the n-th term of (5.I) (n 2: 1) is 

---an Hn (x) = e O • -( - I) - I + 0 - · I x
2
/2 - x2/2 2 n/2 I ( (I)) 

211 n ! ../ir ../ir yin n 

· [cos ( J2n + Ix - n; ) + O (Jn)] . 
[ ( nn) ev'2n+llxoll 

. cos iJ2n+lxo+T +0(1) ./ii · 

If the sum in (5 .I) is convergent, then the summands tend to 0. Taking 
the 4k-th summand we can write 

vh(I+o(l)) [cos-/8k+Ix+O(I)~] · 

[ 
eV8k+llxoll 

· cosi-/8k + Ix0 + O(I) Jk :::::: 

:::::: -
1
- [cos J8k +Ix+ 0 (1)-I-] . e Jsk+llxol 

Jk Jk 
If we choose k1 < k2 < .. . such that (ce1tainly they depend on x, x is fixed) 

~xo I cos j8kj + lx I 2: ~ then we obtain that the 4kj -th summand is :::::: e -Jfj , 

which is not tends to 0. 
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Hence the Hermite-Fourier series of g(x) is divergent. 

6. Proof of Theorem 2; Christoffel numbers. 

LEMMA 1 If Ai (i = l, ... ,n) are the Christoffel-numbers on Hermite 
nodes, then 

2 1 2 n 
1 ~ e-x; ~ exi 1/l (x ) i· - 1 (6.1) 11.i ~ • n 1/6 . i 1/3 ~ . rn i ' - ' . .. ' 2 

The last relation follows from [18], Theorem 2, (7). (We know that 
Ai ::;..11-i+1·) 

PROOF. It is enough to prove for Xi 2: 0. We know that the Lemma is 
true if lxi I ~ a../2n + 1, 0 <a< 1 arbitrary fixed number (see [15], (12), (33)). 
Therefore assume that a../2n + 1 ~Xi ~ ../2n + 1. We know ([15], (31)) 

(6.2) IH~(xi)I = 2n!H11 _1(xi)I =n 114 
• ../2~ .;..; 1

/
2

. 

We have to estimate IHn-i(xi)I. 

We distinguish 2 cases: 

a) a../2n + 1 ~Xi ~ ../2n + 1 - 0(1) 

b) ../2n + 1 - 0(1) ~ x; ~ ../2n + 1, 

(where 0(1) means a positive, suitable absolute constant). 

a) a../2n + 1 ~Xi ~ J2n + 1 - 0(1). 
Using [18], Theorem 2, (6) we have i 2: d1 $?. Assume that d1 is a large 

enough absolute constant. Define 0 ~ ei,n-1 ~ l 
(6.3) Xi,11 =: V'2rl=1 COS0i,n-l · 

We know ([18], Theorem 2) 

(6.4) 
1 

Xi ,n = V211+1COS0i ,n+0(1) l/6 .
413

, 
n · i 

where we can not write o(l) in place of 0(1) and ei,11 is given by 

(6.5) (
11 1) . . 3n 2+4 (smWi,n - 1-Wi,11- 1)=m - 4 

From (6.5) obviously() ~ :=::: ~· 1,n 
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We know ([19]. p. 22-23) 

e-x
2 

H11 (x) = (2N11 
)
112 ·exp (- ~) · (sintJ)- 112. 

(6.6) 

· {sin [ ( ~ + ~) (sin W - W) + 
3
:] + 0 ( n~ 3 ) } ' 

where x := J2n + 1 cos 0, 0 < 0 ~ ~, N = 2n + 1, the remainder terms are 
uniform in 0. 

If we want to estimate IH11 _1(x;,11 )1 then we have to estimate 

(6.7) 

and 

(6.8) 

sinO; ,n-1 

sin [ ( i + ~) (sinW;,n-1 -W;,11 -1)+ 
3
:] . 

First estimate (6.7). From (6.3), (6.4) we get 

(6.9) cos0;,11-l = V 1 + 2n ~ 1cos0;,11+0(1) n2/3 ~ i4/3. 

From this 

2 2 (1) COS 0 j II _ 1 = COS 0 j II + 0 - , 
' ' n 

(where we used i ~ d1 vr,l), and 

(6.10) sin
2

0;,11 _ 1=sin
2

0; ,11 +0 (~) = sin
2

0;,n ( 1+0(1) nl/3 ~ i 213 ), 

. 2 2 ;2/3 
where we used sm 0; ,11 ::::::: 0; ,11 ::::::: 112;r Hence 

(6.11) sin0;,11 -1 = sin0;,11 ( 1+0(1) nl// i 213 ) · 

Therefore 

. i 1/3 
(6.12) sm0;,11-l::::::: nl/3 · 

Now estimate (6.8). Denote f (0) := sinW - W. Then 

f' (8) = 2(cos0 - 1) = -4sin2 0, !" (0) = -4sin28. 

We have 

f (0;,11-1)-f (0; ,11) = (0; ,11-I -0;,11 )/
1 
(0;,11) + 0(1) · (Oi,n-1 -0;,n )2 

· lf" (;)!, 
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where~ E (Oi,n-1,(Ji,11), i.e. 

sinWi n - Win - (sinW; 11 _1 - W; 11 _1) = 
, ' ' ' 

(6.13) 

= (0;,n -Oi,11-1)/
1
(0;,n)+ 0(1)(0;,11 -Oi,11-1)2 · lf"(~)I. 

From (6.11) 

(Jin 1 
(6.14) ei,11 - ei,11-1 x 113 • .213 x 2/3 · 1/3 · 

n · 1 n · 1 

Using this estimate we obtain form (6.13) 

sinW; /1 - W; 11 - (sinW1· 11 _1 - 20i 11-1) = 
' ' , ' 

(J3 (J3 (J3 · 1/3 
i 11 i 11 i 11 I 

= O(l) n 1/3 '. i2/3 + O(l) (n 1/3 . ';2/3)2 = O(l) n 1/3 '. i2/3 = O(l) 114/3' 

where we can not write o(l) instead of 0(1). Hence 

· 1/3 
sinW; 11 _1 - 20; 11 _1=sinWi 11 - W; 11 +0(1) 

1

413
. 

' ' ' ' n 
Therefore 

( ~ + l) (sinWi,11-1 - W;,11-1)+ 
3
: = 

(
n 1) . 3n ;1/3 

= 2+ 4 (smW;,11 -Wi,11)+-4+0(1)
11113 

= 

99 

(

1 
n 1) . 3n 1 . i 1/3 

= -
2

+-
4 

(smW;11-2lli 11 )+---(smW; 11 -2ll1• 11 )+0(1)--, = 
' ' 4 2 ' • nl/3 

·1/3 ·1/3 
=in+ 0(1)0;~11 + 0(1) ~ 113 =in+ 0(1) ~ 

113
. 

Hence 

(6.15) sin [ (~+l) (sinW;,11 -1-20;,11 -1)+ 
3
;]:::::: ~~~: x8i,11 -1 ::::::Oi,11 • 

Since i ~ d1 · ~therefore 

(6.16) sin [ ( ~ + l) (sinW;,11 -1 -Wi,11-1)+ 
3
:] + 0 ( 110 ~1 ) :::::: ~:~:. 

1,11-l 

Obviously 
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therefore 

2 nl/6 il/3 
H l(x·):::::: exi 12 · J2n(n -1)1. n- 1/ 4 · -- . -- ~ 

n- 1 
• il/6 nl/3 ~ 

:::::: ex?/2. y'2nnT. n-11/12. il/6. 

Using this 
2 1 2 

Ai :::::: e-x; . 1/6 · 1/3 :::::: e-xi . 'Pn(Xi ). 
n · z 

b) V2n + 1 - 0(1) ~ Xj ~ V2n + 1. 

In this case 1 ~ i ~ d1 · ~. We know ([7], Theorem B, SKOVGAARD) 

Hn(Nlf2x) = (2:rc)l/2. e-N/4. Nn/2+1/6. eNx
2
/2 

(6.17) 

· -"'- · _ Ai(N213g)+O(l) "' , ( 

l: ) 1/4 { . IN2/3tj-l/4} 

x2 -1 n 

where N = 2n + 1, 0 ~ x ~ 1, g = - { i arccosx - ix(l - x 2)112} 
213

. Here 

e-N/4. Nn/2+1/6:::::: y'2nnT. n-1/12. 

Using the L'Hospital-rule we get 

(6.18) arccosx -x(l -x2)112 :::::: (1-x2)312, 

therefore 

(6.19) (
_g )1/4 ~ 

2 ~ 1. 
x - l 

Denote 

( .) Xi,n (') Xi,n 
Xn l := V2n + 1 ' Xn -1 I := J2n - 1 ' 

{ 
3 3 }2/3 

(6.20) gi,n := - 4 arccosx11 (i) - 4xn (i)(l - x;(i))112 , 

gi,(n-1) := - { ~ arccosx11 _1 (i) - ~Xn-1 (i)(l - x(~-l)(i)) 112 } 
213 

If we want to estimate jH,1_1 (x;,11 )1 then we have to estimate 

(6.21) Ai (<2n -1)213g;,11 _1) 
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(6.22) 

We know 

therefore 
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ln213 · ~i,n-11 

0(1) . 1 
1- J2n+l ~Xn(i)~l- n2/3' 

_1_ <It. I< _1 
n2/3 - <:.1,n - ..,/ii' 

because of ~i,n:::::: (1-xJ(i)):::::: (l -xn(i)). If Hn(Xi,n)=O then 

Ai(N213;i,n) = 0(1)~1n2/3 ·;i,n1-l/4 = 0(1)~. 
Consider the following inequality 

(6.23) Ai({)= 0(1)~ · Wt· Ill~ 1, Ill~ c · n116
. 

101 

We look for l in the form l=ai +T, where 0 > a1 > az > .. . > ai >the 
zeros of Airy- function, and Ii-I~ ilai-1 -ad, ilai+l -ad . The set ofi-'s is 
connected. 

We know (see e. g. (17) p. 405., (5.05)) that 

(6.24) 

Therefore from (6.23) 

(6.25) Ai({)= 0(1).!_ · -
1
-. 

n il/6 

Using the Taylor-expansion 

Ai(aj +T) = Ai(aj) +T ·A' i(aj) + 0(1)T2 A" i(~), where~ E (aj ,aj +T). 

We know ((17), p. 405, (5 .05)) IA'i(aj)I ::::::j 116 and ((17), p. 392, (1.01)) 
A11 i(~) =~·Ai(;). Hence 
(6.26) 

Ai(ai +T) = T · A1 i(ai) + 0(1)T 2 · i 213 · (i213)-l/4 = T · A1 i(ai) + O(l)T 2 . Vi. 

If T:::::: -Jn· then 

0(1).!_ · _l_ = Ai(a · +T) ~ _l_ · i 1/ 6 
ll il/6 I ~..,/ii ' 
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but it is a contradiction. Therefore Ir I < ~, thus from (6.26) 
yll 

1 1 
(6.27) lrl = 0(1);; · i

113
• 

Hence 

(6.28) 
a · 1 l 

;;,II = ;/3 + O(l) 5/3 . · 1/3 . 
N n t 

On the other hand 

[ 
2/3] ! 

;i,11 - 1-;;,11=(x,,(i)-x11 _1(i))- {~arccosu - ~u(l-u 2 ) 1 /2 } ::::::: 
ll=<J 

:;::::: (X11(i)-x11 _1(i))· {·}:-2i3 
· {-}~=V :;::::: 

::::::: (x,,{i)-x11-1(i))-h·~::::::: 
I - r 2 

( 
I I ) l :::=:::x;11 - :::::::: - , 

' J21l-=t J2»+T n 
1. e. 

(6.29) ; i II - [ = ; i 11 + 0(1 ) _!. , 
' ' ll 

where we can not write o(l) instead of 0(1). 

Using (6.28-29) we get 

. ( 2/3 ) - . ( 2/3 1 ) -Ai (2n - l) · ;; ,11 - t - At (2n - 1) ;i,11 + 0(1) 
121

; 3 -

=Ai (N2/3;i,11 +[(2n - 1)2/3-(2n+1)2/3);; ,11+0(1) nll/3) = 

=Ai (a;+ 0(1\ 1

1
13 }. 

where we can not write o(l) instead of 0(1). 

But 

Ai (a;+ 0(1) 
11

: 13 ) = 

1 ( I ) i I/6 = Ai(a;) + 0(1)--i-;3 · A~(a;) + 0 213 Ji= 0(1)--i-;3 , 
n n n · 

where we can not write o(l) instead of 0(1 ). Hence 
· 1/6 

. 2/3 ~ l 
IA1((2n - I) · ;;,11 -1)1 ~ -i-;3 . 

1l 
(6.30) 
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At last, from (6.17), (6.30) we obtain 

2 ; 1/6 
Hn-1(x;):::::: exi f2J2"(n - 1)!. n-1/12. nl/3 :::::: 

;:::: ex? /2. ~. n-11/12 . ;1/6. 

Using this 

-x? 1 -x.2 
A.;::::::e I. 1/6 ·l/3::::::e I ·l{Jn(X;). 

n · t 
Lemma 1 is proved. 

LEMMA 2. For any polynomial of degree at most m we have 

(6.31) max jP111 (x)e-x
2
12

1:::::: max jP111 (x)e-x
2
12

1 

x E~ Ix I$ 1.9216231111/2 

and in the case of Ix I > I. 92l623m 112 we have 

-x2/? 
IP,11(x)e -1 ~ 

(6.32) ~c·m 2 ·exp(-2.7·10- 7 ·m)· max jP,11 (x)e-x
2

/ 2 1. 
Ix 1::; 1.0000001111 112 

PROOF. It is known [12], p. 111. Lemma 11 that 

I 

(6.33) IPm(x)IP ~ c · m2 · j IP,11 (t)lpdt (-1~x~1, 0 <p < oo) 

- 1 

further (see [13], p. 62, Corollary) that 

(6.34) IPm(x)I ~ M(21xl/" (lxl ~ 1) 

if IPm(x)I ~ M for -1 ~ x ~I. 

So 
l 

IPm(x)I ~ c(2lxl)"1 ·m2 
· j IPm(t)ldt, (Ix!~ 1). 

-l 

Consequently 

A./i» 
IPm(x)I ~ c2111 A- 111 lxl"'m-ml2m2-0l2>A-I j IP111 (t)ldt, 

-A./i» 

I 



104 i.io6 

(Ix I ~ Am 112), and hence 

Afo 
IPm(x)I · e-x

2 ~ c2m A-m-llxlmm-(m/2)+(3/ 2) j 1Pm(t)le-x
2 
dt, 

-Afo 
(Ix I ~ Am 112). Here 

Afo Afo J JPm(t)i·e-x
2
/ 2dt= J JPm(t)le-12 12 .e(t2-x 2)/2dt~ 

-Afo -Afo 
Afo 

~ ce-x2/2B J 1Pm(t)le-t2/2dt, 

- Afo 
where 

B > 1, 

Hence 

. IPm(x) I · e-x2 ~ c2"' A-m-llxl"'m-(m/2)+(3/2)e-x2/2B Aml/2 . 

. max IPm(t)e-12/21, (!xi~ J B Aml/2). 
ltl$Avm B-1 

Suppose in the following that v'B-=1 < A. In this case maximum 

of the function f(x) = x 111 e-x
2
/2B, x ~ /;J!;Am 112, is attained at x0 = 

= /;J!;Am 112. Hence 

2"' A-"'lxJ"'m-(m/2)+2e-x2/2B ~ 

~ exp ( m log 2 - m log A - ; log m + 2 log m + 

m B m A
2 

) +-log--+mlogA+-logm - m = 
2 B - 1 2 2(B - 1) 

=exp (m (1og2 +~log (1 + -
1-) - A

2 
) + 2logm) , 

2 B - 1 2(B - 1) 

(lxl 2' J B ~I Am1/2). 
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We have to determine the minimum of the function {;f;A under the 

conditions: 

! 
B > 1 

B < A2 +1 

l 1 A7 

log2+ - log(l+--)-
2 

- <0. 
2 B-1 (B-1) 

Let B= 1 +~.then 8 f!._ 1=1 +a, log2+ ~log ( 1 + ~) - 2(:~1) =log2+ 
2 

+ ~ log(l +a) - Af. 
Let D be such that 

1 D 2a 
log2 + 21og(l +a) - -

2
- = 0 

i. e. 

D= 
log4 + log(l +a) 

a 

We are looking for the minimum of the function 

/B D = Ji+a log 4+log(1 +a) =: Jii(O). 
v~ a 

From the equation 

1 - log4 +a0 - log(l +a0) 
g (ao) = =0 

a2 
0 

we get a0 = 2.692634. In this case 

B = 1.371384; D= 
log 4 + log(l + ao) 
--=-- -=------=-- = l , 

ao 

hence we choose A= 1.0000001 > D and obviously 

J B ~ l A= y'l +a0A = 1.921623 

1 A2ao <5 7 
log2+ 21og(l +ao) - -

2
- = - ~(A- - 1) ~ 2.7 . 10- 7 . 

Lemma 2 is proved. 
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PROOF OF THEOREM 2. Consider the partition 
11 '} 

'"' -x - /2 
11 '} 

1 IP. ( I -xfn / 2 ~J..k ,11IPm(xk,11)ie k,n = Akn 111 Xk 11 )e ' + , ' 
k= l k=I 

ixk ,n 1<0 vn 
II 

+ 2= 
k=I 

lxk ,nl~ay"il 

where 0 < a < v'2 is fixed . 

According to [14], Lemma 5 we have 
00 

(6.36) S1 ~ c (1 + /'!;) J Jp 111 (x)Je-x
2
12dx. 

-()(J 

Using Lemma l we obtain 
II 

2= 
k=I 

lxk,n1~0Vn 

'} 

'Pn (xk ,11 )IP,,, (xk ,n )le -xf,n 12 ~ 

.., 11 

~ c · max IP,n(Xk,n)le -xf,n/l · L '{J11(Xk ,n ). 
J..11,nJ~aJil k=I 

lxk,nl~ay"il 

According to a ,/ii ~ l. 921623 jm by Lemma 3 we get 

(6.37) S2 ~cm 2 exp(-2.7 · 10- 7m) · n · max IP,11 (x)e-x
2

/
21 

Ix l:S 1.0000001111 112 

Taking into account Freud's result (16] there exists a polynomial R111 of 
degree ~ c2m such that 

-x2 I t/' (6.38) R111 (x) :::=:: e · , (xi~ 1.0000001111 -). 

Using (6.33) with Pm(x)R111 (x) we have 

1.000000I111 I / 2 

J IP111(t)Rm(t)jdt ~ 
- 1.000000111 I /2 

(6.39) 
()(J 

~ cm3/2 J IP,,,(t)e-12/lldt, 

- oo 
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where Ix I ~ l.OOOOOOlm 112. 

From (6.37-39) we obtain 
00 

(6.40) S2:::; cm 2exp(-2.7 · I0-7m)·n · m312 J IP111 (t)e-
1212ldt. 

-oo 

Here we assume that m 2'. a · logn (a is a suitable absolute constant), so 

00 

(6.41) S2:::; c J e"
2
12 · IPm(u)jdu. 

-00 

From (6.36), (6.4 l) we get (2.7) 

Theorem 2 is proved. 
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Expansions 

Let (p;) be a sequence of positive numbers such that P := 'L.Pi < +oo. 
Given a real number x E [0,P], let us define two sequences (ci), (di) of 
integers Ci, di E {O, 1} as follows: 

- Set CJ = c1 (x) := 1 if Pi~ x and CJ := 0 otherwise; 

- If i > 1 and ci. ... ,ci-J are already defined, set ci = ci(x) := 1 if 
cip i + c2P2 + · · · + ci- iPi- l ~ x - Pi and Ci := 0 otherwise; 

- Set di= di (x) := 0 if Lj>iPj 2:: x and di := 1 otherwise; 

- If i > I and di ... ,di - i are already defined, set di = di(x) := 0 if 
Lj>iPj 2:: x - Lj<iPj and di= 1 otherwise. 

Clearly, we have always L. Ci Pi ~ x . If we have equality: 2:, CiPi = x, 
then we say that 2:, Ci Pi is the greedy expansion of x. 

Similarly, we have always "'E,diPi 2:: x . If we have equality: "'E,diPi =x, 
then we say that L, diPi is the lazy expansion of x. 

Obviously, if LCiPi is the greedy expansion of x, then °'E,(1-ci)Pi is 
the lazy expansion of P- x, and conversely. 

More generally, we say that L~i Ci Pi is an expansion of x if Ci E {O, 1} 
for each i and if "'E,~ 1 c;p; = x. Clearly, if x ti [0, P], then x cannot have any 
expansion. 

The following result is well-known and is easy to verify: 

LEMMA 1.1 The following three propenies are equivalent: 
a) Every x E [0, P] has a greedy expansion; 

b) Every x E [O, P] has a lazy expansion; 
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c) Pj :S "f'.,i>j p; for all j 2:: 1. 

If the sequence (p;) is non-increasing, then a)-c) are also equivalent to 

d) Every x E fO, P] has an expansion. 

Let us note that in the general case d) is strictly weaker than a)-c). 

Indeed, it is sufficient to observe that prope1ty d) is invariant for the per­

mutations of the sequence (p;) while property c) is not. 

In what follows we shall only consider sequences of the form p; =q -i for 

some I< q < 2; then propc1ty c) and hence a) b) d) are satisfied. We shall often 

say q-expansion instead of expansion. Applying this result to x - "f'.,~1= 1 c;q- i 

instead of x we obtain the 

LEMMA 1.2 Given a finite sequence c 1 , . .. ,c11 in {O, I}, a real number x 

has a q-expansion beginning with c1' ... ,c11 if and only if 

n . I n . 
~ c ·q- 1 < x < ~ c·q- 1 

~ I - - 11 ( - 1) ~ l • 

i= I q q . i=l 

For brevity we shall use the notation 

00 

(c;)(q) := L c;q-i. 
i=l 

It is clear that x = 0 and x = I /(q - 1) have only one expansion i. e. their 
greedy and lazy expansions coincide. As it was first shown in [l], there are 

many values of q for which I has a unique q-expansion; we shall return to 

this question in the following section. However, in many cases x has several 

different expansions: for example if 1 < q < A := (l + ./5)/2, then every 

x E (0, 1/(q - 1)) has 2w different q-expansions. This result was proved in 

[1] for x = 1 and then in [2] for the general case. 

We end this section with two definitions. An expansion x = (q )(q ) is 

called infinite if c; = 1 for infinitely many i ; otherwise the expansion is called 

finite. 
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2. Greedy, lazy and unique expansions 

In this section we seek necessary and/or sufficient conditions permitting 
to recognize whether a given expansion x = (c; )(q) is greedy, lazy or unique. 
The greedy expansions were studied in detail earlier by PARRY [4]; we slightly 
improve his results by giving a different proof. Next we give a new proof of 
the characterization of the unique expansions obtained earlier in [2]. Finally 
we give a new sufficient condition for an expansion of 1 to be lazy. We end 
this section by proving a simple lemma on the lazy expansion of 1. It will 
turn to be very useful in simplifying the discussions of the rest of this paper. 

Let us introduce the lexicographic ordering between the sequences: given 
two sequences (c;) and (d;) we write (c;) > (d;) or (d;) < (c; ) if (c;) =j. (d;) 
and if c111 > d111 for the first m such that c111 =j. d111 • One can readily verify that 
among all expansions of a given number x E [0, P] the greedy expansion (if 
exists) is the biggest one and the lazy expansion (if exists) is the smallest one. 

LEMMA 2.1 Consider an expansion x = (c; )(q ). 

1. If there is an infinite expansion I = (d; )(q) of 1 such that 

(1) (Cm+i) < (d;) whenever Cm =0, 

then the expansion x = (c; )(q) is greedy. 

2. If (1) is satisfied for some finite expansion I= (d; )(q) and if (c;) does 
not have a periodic tail with the period d l • . . . , d111 _ i. d111 - 1 where d111 is the 
last 11011-zero tem1 of the sequence (d; ). then the expansion x = (c; )(q) is 
greedy. 

PROOF. In view of Lemma 1.2 it is sufficient to prove that if c11 = 0 for 
some n, then (c 11 +;)(q) := L.:~ 1 C11 +;q-i < 1. 

Fix an arbitrary n satisfying c11 = 0. We are going to construct a sequence 
of integers 0 = ko < k1 < . . . such that 

(2) C11+k · = 0 and dk . ·-k· =I for all j 2: 0. 
j j+I j 

Set ko = 0. If ko < ... < kj are already defined for some j 2: 0 and c11 +kJ = O. 
then let kj+I be the first integer satisfying 

k · l > k · j+ J and 

(its existence follows from (I) applied with m := n + kj ). Then we have 

c 11 +kJ+I = 0 and dkj+i-kJ = 1. 
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00 

:::; L ( q-k1 - q - k_i+I) = 1 
j=O 

and it remains to show that the last inequality is strict. 

Assume on the contrary that the last inequality is in fact an equality. Then 
we have 

kj+I -kj 

(3) L d;q -i = 1 VJ 2'. 0. 
i ==l 

It follows from (3) that d; = 0 for all j 2'. 0 and i > kj+l - kj. Using (2) hence 
we conclude that the numbers kj+l - kj coincide for all j 2'. 0. Denoting 
this number by m we have d111 = 1, and kj = mj, Cn+mj = 0 for all j 2'. 0. 
Finally, using the definition of the sequence (kj) we also have Cn+mj+i =di , 
i = l, . .. ,m - 1, j = 0,1,. ... Thus the expansion (c;) should have the form 
which was excluded in the formulation of the lemma. I 

REMARKS. It is easy to verify that in the case which was excluded from 
the proceeding lemma the expansion x = (c; )(q) is not greedy although (1) is 
satisfied. 

Now we give a new proof of the characterization of the greedy q­
expansion of 1, obtained earlier in [2]. 

THEOREM 2.2 The expansion (a; )(q) = l is greedy if and only if 

(4) whenever 

A similar characterization was obtained earlier by PARRY [4] by a differ­
ent proof: he assumed the condition in (4) for all m. 

PROOF. Assume first that (a; )(q) = 1 is the greedy expansion but ( 4) is 
not satisfied for some m . Then a111 =0 and (a 111 +;) 2'. (a;). Since (ai)(q) = 
= l is the greedy expansion, the second relation implies that (am+i )(q) 2 1. 
Hence, applying Lemma 1.2 we conclude that there is another expansion of 1 
beginning with ai. ··· ,a111 _1,a111 +1. And this is impossible because (a;)(q)= 1 
is the greedy expansion. 

Now assume that ( 4) is satisfied and apply Lemma 2.1 with (c;) =(di ) := 
= (ai ). It is sufficient to show that the exceptional case of the lemma cannot 
occur here: then (a; )(q) = 1 is the greedy expansion. 
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If the expansion (a; )(q) = l is finite, then let a111 be its last non-zero term. 
Clearly we have m =2. Since we have a 1 = l by (4), it follows that the period 
a1,··· ,a111 _1,a111 - 1 cannot be identically zero. I 

Let (a;) be a sequence of nonnegative integers satisfying (5). We recall 
from [4] that the equation (a;)(q)= 1 has a unique solution q > 1. Fmthermore, 

a 1 =I and (a;)(q) = 1 is the greedy q-expansion of I. 

Hencefmth the expansion (a; )(q) = l will always denote the greedy ex­
pansion of 1. Now we are ready to characterize the greedy expansion of any 

0 ~ x ::; 1/(q - 1). 

THEOREM 2.3 1. If the expansion (a; )(q) = 1 is infinite, then an expansion 
(c; )(q) = x is greedy if and only if 

(6) (c111 +;) < (a;) whenever Cm = 0. 

2. If the expansion (a; )(q) = l is finite and if am is its last non-zero digit, 
then an expansion (c; )(q) = x is greedy if and only if (6) is satisfied and (c;) 
has not a periodic tail with the period al• ... ,a111 _1, am - 1. 

A similar characterization was obtained earlier by PARRY [4] by a dif­
ferent proof: he assumed the condition in (6) for all m, and he also assumed 
(implicitly by his constrnction) that x ~ 1. In fact, his result remains valid for 
all x < l/(q - 1) (but not for x = l/(q - 1)). 

PROOF. The sufficiency part follows at once from Lemma 2.1 in both 
cases. 

The necessity of the condition (6) may be proved in the same way as the 
corresponding asse1tion of Theorem 2.2 above. Indeed, if (6) is violated for 
some m, then (c111 +; )(q) 2'. 1 because l =(a; )(q) is the greedy expansion, and 
then an application of Lemma 1.2 shows that x has an expansion beginning 
with C1>····c111 _1,c111 +1. Hence the expansion x =(c;)(q) is not greedy. 

In the second case the necessity of the periodicity condition is obvi­
ous. Indeed, if for some 11 the sequence (c11 +;) is periodic with the pe­
riod a1, ... ,a111 _1,a111 -1, then x has another expansion x =(ci. . .. ,c11 ,a1, ... 

.. . ,a111 ,0,0, .. . ); since we have obviously 

(c1, ... ,c11 ,al>····am,O,O, .. . ) > (c;), 

the expansion x = (c; )(q) is not greedy. I 

Let us recall for the reader's convenience the following characterization 
of the unique expansions; it was proved earlier in a different way in [2]. 
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THEOREM 2.4 An expansion l = (ci )(q) is the unique expansion of' 1 if' 
and only if' 

(8) (C111+i) < (ci) whenever Cm = 0 

and 

(9) (1 - C111 +d < (c;) whenever c111 = I. 

PROOF. If 1 = (c; )(q) is the unique expansion of 1, then it is in patticular 
a greedy expansion, and the dual expansion (q - 1)- 1 - 1 = (1 - c; )(q) is also 
greedy. Applying for them Theorem 2.3, (8) and (9) follow . 

Conversely, if (8) and (9) are satisfied, then the expansion 1 = (ci )(q) is 
greedy by Theorem 2.2 and the dual expansion (q - l)- 1 - I = (1 - Ci )(q) is 
greedy by Theorem 2.3 (observe that condition (9) excludes the sequence (c;) 
to be finite). Hence the expansion I =(c;)(q) is lazy, too. I 

We cannot chai·acterize the lazy expansion of 1 without using its greedy 
expansion. The following result is a sufficient, but not necessary condition. 

PROPOSITION 2.5 ff an expansion I = (b; )(q) has the property 

(10) (1 - bm+i) < (b;) whenever b,,, = I, 

then it is the lazy expansion ol 1. 

PROOF. Assume (JO). Then the expansion 1 = (b;)(q) is infinite: Indeed, 
in the contrary case there would exist m such that b111 = I and b; = 0 for all 
i > m, and (10) cannot hold for this m. The theorem now follows from the 
first patt of Lemma 2.1. I 

REMARK. The condition (I 0) is not necessary. Indeed, one can readily 
verify that for most l < q < A := (1 + VS)/2 the lazy expansion I = (b; )(q) 
satisfies b111 =I and b111 +J =0 for some m 2: l; since b1 =0, (10) is not satisfied 
in this case. It would be interesting to find weaker sufficient (or necessary and 
sufficient) conditions for the lazy expansions. 

In the sequel the expansion I = (b; )(q) will always denote the lazy ex­
pansion of 1. 

The following result will be useful later. 

LEMMA 2.6 Consider an expansion x = (c; )(q ). 

1. ff !Or some m we have c,,, = 1 and (1 - Cm+i) < (b; ), then x has no 
expansion beginning with c1,. .. ,c111 _1,0. 



ON THE NUMBER OF q-EXPANSIONS 115 

2. ff for some m we have Cm = 0 and (cm+i) < (bi), then x has no 
expansion beginning with ci. ... ,c111 _ i. l. 

PROOF. l. Since the expansion 1 =(bi )(q) is lazy, it follows from (1 -
- c111 +d < (b;) that (1 - Cm+i )(q) < 1. Therefore 

Lc;q-i +(c,,, - I)q-m + Lq-i < (ci)(q) 

i<m i>m 

and the result follows by applying Lemma 1.2. 
2. The relation (Cm+i) < (b;) implies that (c111 +i )(q) < 1; hence 

Lc;q-i+(c,,,+l)q- 111 >(c;)(q) 

i<m 

and the assertion follows. 

3. The number of different expansions 

It was proved in r l J that there are 2w numbers q in (1,2) for which the 
q -expansion of 1 is unique. This result was later generalized in [3]: for every 
positive integer N there are 2w numbers q in (1,2) such that 1 has exactly 
N different q-expansions. Also, it was shown in [ l] that there are at least w 
numbers q in ( 1,2) such that I has exactly w different q-expansions. Thus 
the following result is not new for N < w. However, we prove this result by 
a new construction. 

THEOREM 3.1 For every 1 ~ N ~ w there are 2w numbers q E (1,2) for 
which 1 has exactly N different q -expansions. 

PROOF. Let us consider a sequence of the form 

(a;):= l, 1, I, 1, l,A1,A2, -·· 

if N = w , and of the form 

(a;):= 1, l, 1, 1, l,A1 , A2, . .. ,AN-1>B1, B2,·· · 
. ~ 

if 1 ~ N < w where each block A; is a sequence of ten digits of the form 
Ai = 0, 0, 0, 0, 0, 1, a;, 0, 0, I with arbitrary ai E { 0, 1}, and each block B; is a 
sequence of ten digits of the form B; = 0, 0, 1, 0, 0, 1, b;, 0, 0, 1 with arbitrary 
b; E { 0, 1}. There are clearly 2w different sequences (a;) of this type for every 
fixed 1 ~ N S: w. 

Defining q by the condition (ai )(q) = 1 we have 1 < q < 2 and the 
expansion (a; )(q) = 1 is greedy (see Remark 2 following the proof of Theorem 
2.2). In particular, hence we conclude that the 2w different sequences (ai) lead 
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to 2w different numbers q. It remains to show that for every number q defined 
in this way 1 has exactly N different q-expansions. 

For N = 1 this propetty follows at once by applying Theorem 2.4. We 
may thus assume in the sequel that 1 < N ::; w. 

It is easy to construct new q-expansions of I from the fiven, greedy one. 
For every fixed integer I ::; k < N we define a sequence (ci ) in {O, I} by the 
f01mula 

ck:= o(~ai-1), ifi=lOk-5 
{

a · if i < 10k - 5; 

1 

ai+ai-(lOk-5» ifi>lOk-5. 

It is clear that (cf )(q) = I for every 1 ::; k < N. It remains to show that 1 has 
no other q-expansions. 

For k = 1 the sequence (c/) has the explicit form 

(c/) = 1, 1, 1, 1, 0, I, I, I, 1, I, C1, Cz, . .. 

with some blocks q = l,*,0,0,l (we do not need the explicit values of the 
digits *) if N = w, and 

(c/) = 1, 1, 1, 1,0, 1, 1, 1, 1, 1, C1, ... , C2N-3• D1, Dz, ... 
with some blocks q = 1, *,0,0, 1 and Di= 1, *• 1,0, 1 if 2::; N < w. 

Applying Proposition 2.5 one can readily verify that the expansion 
<cJ )(q) = 1 is the lazy one; hence we shall write (bi) instead of (c/ ). 

Next we observe that, excepting the digits a 1oj-5 =I, 1 ::; j < N, for 
every other digit a,,, we have 

(1 - a111+i) < (bi) if a,,, = l and (a111 +i) < (bi) if Om = 0. 

Applying Lemma 2.6 hence we conclude that if a q-expansion (di )(q) = 1 
satisfies the condition 

(11) dioj - 5 = 1 for all 1 ::; j < N, 

then in fact (di)= (a;) . 

Now consider the expansion (cf )(q) = 1 for some fixed 1 :S k < N. It is 

easy to check that, excepting the digits ctoj-5 = I, I ::; j < k and the digit 

ctok-5 = 0, for every other digit c~1 we have 

(1 - c~i+i)<(bi) if c~1 =l and (c~i+i)<(b;) if c~1 =0. 
Applying Lemma 2.6 again, it follows that if a q-expansion (d; )(q) = 1 satis­
fies the conditions 

dwj-5 =1 for all 1 :Si < k and dioj-5 =0, 
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then in fact (d;) =(cf). 

Since every expansion (d; )(q) = 1 satisfies either (11) or (12) for some 
1 :S: k < N , we conclude that 1 has exactly N different q-expansions : 

(a;)(q)=l and (cf)(q)=l, 1'.5:k<N. I 

Now fix a sequence (c;) in {0,1}. For every q E (1,2) set x :=(c;)(q) and 
denote by N(q) the number of different q-expansions of x. The following 
result shows that N(q) depends effectively on q in general. 

THEOREM 3.2 For every positive integer N there exists a sequence (ci) 
in {0,1} and N numbers qi. .. . ,qN E (1,2) such that N(qj)=j,j = l, ... ,N. 

PROOF. Fix a positive integer k (to be chosen later) and consider the 
sequences (c;) and (b;) defined by 

(c;)= l,O,O,l,A1, ... ,AN , B , B, ... , 

(b;) = 1, 1, 1, 1,0, 1,0,0, C1 , ... , Ck - I> D,D, ... 

with the blocks 

Ai=·· · = AN= 0,0,0,0, 1,0,0, 1, B = 1,0,0, 1, 

C1 =···=Ck - I = 1, 1,0,1,0, 1,0,0, D = 0, 1,0,0. 

Define 1 < q < 2 by the equation (b; )(q) = 1; the application of Proposition 
2.5 shows that then (b; )(q) = 1 is the lazy expansion of 1. 

If k > N, then applying Theorem 2.4 we obtain that the expansion x = 
= (c; )(q) is in fact the unique q-expansion of 1; hence N(q) = I. 

Now fix 1 :S: k :S: N arbitrarily. It is sufficient to show that N(q) = N + 
+2 - k. 

It is easy to verify that for every integer 1 :S: 11 :S: N + 1 - k we obtain a 
new expansion x =(cf )(q) of x by putting 

cj := { ~(~c; - 1), 
Cj + bi-(8n-4)> 

We have, explicitly, 

if i <Sn - 4; 
if i = 811 - 4 
if i > 8n - 4 . 

l ·, 
(c;) = 1,0,0,0, 1, 1, 1, 1, 1, 1,0, l,A1 , . .. ,Ak-l • 81, ... , BN-k> C, C, ... 

with A1 = · · · = Ak-1 = 1, 1,0, 1, 1, 1,0, 1, B1 = · · · = BN- k = 0, 1,0,0, 1, 1,0, 1, 
C=l ,1,0,1 ifn=l,and 

(c:1) = 1,0,0, l,Di.··· ,D11 _z,O,O,O,O, 1,0,0,0, 1, 1, 1, 1, 1, 1,0, 1, 

Al> .. . ,Ak-1,B1 , ... ,BN-k+l-n• C, C, ... 
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with the same blocks Aj, Bj and C as above and with D 1 = .. · = Dn-2 = 
=0,0,0,0, J,0,0,J if II::'.'. 2. 

It is easy to verify that, excepting the digits c8j _ 4 = 1, j = 1, . .. , N, for 
every other digit c111 we have 

<cm+i) < (h, ) if C111 = I and ( l-C111 +; ) < (b;) if C111 = ( .. 

Applying Lemma 2.6 it follows that if an expansion (d; )(q) = x satisfies the 
condi tions 

( 13) dsj - 4 = 1, j = l,. .. ,N, 

then in fact (d; ) = (c; ). 

Similarly, one can readily verify for each fixed 1 s; 11 s; N + 1 - k tha~. 

excepting the digits c8;-4 = I , j = I, .. .,n - I and c8
11 

_ 4 = 0, for every other 

digit c11 we have . 
Ill 

<C:;,+i) < (b; ) if c::, = 1 and ( l - c;;i+i) < (b;) if c;;, = 0. 

Applying agai n Lemma 2.6 it follows that if an expansion (d; )(q) =x satisfies 
for some 1 s; n ~ N + 1 - k the conditions 

(14) d8j-4 = 1 for j=l, . .. ,n- 1 and dg11 _4=0, 

then in fact (d;) = (cj' ). 

Since every expansion (d;)(q)=x satisfies either (13) or (14) for some n, 
the theorem follows. 

The authors are grateful to M. HORVATll for his valuable remarks con­
cerning a preliminary version of this paper. 
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In this paper we prove the following 

THEOREM. Leif: [0,1] x [0,1]--+ ~ andtp: 10,l] X [0,JJ--+ lO,l] be 
continuous functions satisfying 

(1) 

Then there exists r* E [0,1] withf(t*,t*) ?.f(t,t*) for all t E lO,l]. 

The story of the problem started with the paper [11 of HORVATH and 
SOVEGJART6, where the authors posed the following problem: Does any pair 
of functions have a Nash equilibrium point if the functions are Ky-Fan con­
cave in the co!l'esponding variables (i.e. if \lx1 ,xz ,A.3x3: !1 (.i:J ,y) 2: A.Ji (xi ,y) + 
+ (1 -A.)f1 (x2,y) for every y and if fz satisfies an analogous statement in 
its second variable y)? In 121 a negative answer is given by constrncting 
continuous functions f 1, h Ky-Fan concave in x and y respectively and not 
having an equilibrium point. I. Joo investigated the case when the point 
x3 depends "regularly" on x1, xz and A. In (4 J he observed that if t/J is a 
contraction i.e. ll/J(x1,.t1 ) - ljJ(xz,xz)I ~ E lx1 -xzl for some fixed O<E <I then 
the conclusion of the above Theorem holds. The existence of such a point t* 
(at least in n dimension) is equivalent to the existence of a Nash-equilibrium 
point for /1 functions as it is known from the literature [4]. In [3] F. FORG6 

proved that if x3 =ljJ(x1 ,x2,A) is continuous, then equilibrium point does exist. 
In this case the ideas of the proof of the Nikaido-lsoda theorem can easily 
be applied. If the continuity of A is dropped, and only},=~ is considered, we 
all'ive at the above Theorem; the following proof is completel y different from 
l5]; we use some ideas from 12], 131 . 

* Supported by the grant OTKA T 7546 . 
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The proof of the theorem is based on the approximation off by functions 
f N(t ,y) piecewise linear in y. Then the existence of t N cones ponding to f N 
implies the existence of r* by a simple continuity argument. In dealing with 
f N the linearity leads to simple geometrical investigations of the correspond­
ing curve. To be more concrete denote 

hi(l) :=f (1, ~)' i = 0, 1, ... , N; t E [O, 1] 

fN(t,y) := (i +I - Ny)hi(t)+(Ny - i)hi+1(t), i =0,. .. ,N; t E [0, l] ; 

i i + 1 
- <y<­N - - N' 

[.(t) := (ho(t),h1 (t),. .. ,hN(t))T. 

ThenfN(t,y) =2~.(y)r_(t), where 

J:(y) = (0,. .. 0 ,i +I - Ny, Ny - i, 0 , ... 0) 
0 i-1 i+l i+2 N 

for y E [ ~, i ~I] , i = 0, 1, ... , N. 

Our aim is to prove the existence oft* E [0, 1] with 

(2) fN(l*,1*) ?.fN(t,t*) for all t E [0, l] 

and to derive from here the same statement for f. The inequality (2) means 
that r ....--. Mr* )l'..(t) is maximal fort= t* . Denote A the set of all 1 E R. N+l, 1 = 

N 
=(Ao, ... ,AN) where Ai ?. 0 for all i and L Ai= 1; then 1CY) EA for ally E [0, l] . 

i=O 
For fixed 1 E A denote M;, the set of all r..(t) where 1r..(t) = max 1r..(t1 

). Then 
- t 1E[0,1 J 

(2) can be reformulated as 

(2') There exists t* E lO, l] with r..(t*) E Ma,(I*) · 

To prove this we need some lemmas. 

LEMMA 1. If :!.11 E M1n. 111 E J\, :!.11 -., :!. and 111 -+ 1. then :!. E Ma,_. 

In particular, Ma, i5 closed for 1 E A. 

PROOF. Denote m(1) = max{J:!..(t): t E [O, l]} . Then m{111 ) =11!.,1 -+ 1:!.­
Suppose indirectly that 1:!. < m(1). 
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Since for !.' E M;.. 1_11 !_
1 

:::;; m(1_11 ) for all n, this would contradict the 

compactness of the curve {r.(t): t E [0, l]}. Consequently 1!. = m(J,), !. EMA. 
as we asserted. -

LEMMA 2. Let ti.t2 E [0, l] and 1 E A with 1r.Ct1) = 1_[(t2) =:co and let 
tt :=1/J(ti,ti) (i = 1,2). Then 

min 1[.(t) 2: -
2

1 
(co+ min 1[(t)) . 

tE[tj,t:iJ IE[l1,t2] 

PROOF. We know from (1) that 

(3) 
r(t 1

) + r(t 11
) 

r.Jrp(t1,t 11 ))2:-
2

- t 1,t11 E[O,l] 

where 2: means the inequality in all the N + 1 coordinates. Hence for all 1_ E A 
A. (t 1)+A. (1

11
) we have 1r.('rp(t1,t 11

)) 2: _r_ _r_ • Now we have fort E [ti.t2] 

1 1 . 
1r.(l/J(ti.t)) 2: -

2
(co +1[(t)) 2: -

2
(co + [mm

1
1r.(t)), 

11 ,t2 

1r.(l/J(t,t2)) 2: -
2

1
(1r_(t)+co) 2: -

2

1
(co+[min

1
1r.(t)). 

It ,tz 

If t E [tJ, t2 ]. ljJ (t 1' t) varies continuously from ti to ljJ (ti. tz) and tjJ (t , tz) varies 
from tp(t1>tz) to ti i.e. these values run over the whole [ti,ti] (and, may be, 
other values as well), so the proof is complete. 0 

LEMMA 3. Let!. be a point of the curve {r:.(t) : t E (0, 1]} such that there 
is no other curve point!.' 2: !_, :r' ;it!_. Then there exists t E [0, 1] with r_(t) =,r 
and tjJ (t, t) = t . 

PROOF. Denote T = { t E [0, l] : r_(t) = :r}. Then t E T implies r_(tp (t ,t )) 2: 
2: r_(t) =x, and hence r.(tp(t,t)) =,r, tp(t,t) E T. We show first 

ao) 3ti ,ti E T such that ti= tp(ti,ti) and h0(t) 2: x0 for all t E [ti ,ti]. 
Indeed, let ti E T be arbitrary and define inductively ln+l = tp(t11 ,t11 ); then 
t11 E T for all n. Denote fu1ther d11 := min{ho(t): t E [t11 ,t11 +iJ}. 

If the pairs t11. t11+l do not fulfil the conditions of ao). then d11 < xo for 

all n . Using Lemma 2 we see that d11 +1 2: dn;xo and hence dn ~ x0. Let 
t{ =limt11 k for any convergent subsequence tnk' and let ti =ljJ(ti,ti). Then 
t 1 E T (since T is closed) and then ti E T; further we get by the continuity 
of r_(t) that min ho(t) = lim dnk = xo. So ao) is proved. The next step: 

tE[tj,tiJ k-.oo 

a1) 3tt*,ti* ET with ti* =tp(ti*,ti*) and ho(t) 2: xo. h1(t) 2: xi for all 
t E (ti*,ti*J. 
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Indeed, let r;+l = 1/J(t;,t;) E T. Then from Lemma 2 we see by in­
duction that min ho(t) = x0 for all n. If no pairs r;, r;+l fulfil a1) then 

[t,;',1:+11 

en:= !11~n . h1(t) < x1. As in ao) we obtain e11 +1 2: e"?1 • hence en-.. xi. 
[tn,tn+ll 

Let ti* = lim t,~ for any convergent subsequence t~ . Then t1** E T, t2** := h-= n n 
=1/J(tj*,tj*) ET and we see by continuity that min h;(t)=x; (i =0,1). 

[tj* ,ti*l 
Thus a 1) is proved. Continuing this way we finally obtain: 

aN) 3ti. t2 E T with t2 = 1/J U1, t1) and r.(t) 2: !. for all t E [t1 , t2] . But 
this means by the maximality of!. that r.(t) = !. for all t E [ti. t2]. Denote 
again t11 +J = 1/JUn,tn). If the sequence tn is monotone then tn -.. t* E T and 
1/J(t*,t*) = t* so Lemma 3 fulfils. If t11 is not monotone, there is an index n 
with tn < 111 +1>111 +2· Since 1/J(tn,t11 ) > tn and 1/J{tn+i.t11 +1) < tn+l• there exists 
t E [t11 ,tn+il with 1/J(t,t) = t . Lemma 2 implies as above that r_(t) 2: !. i.e. 
r.(t) =!_ for all t E ltn, t11 +il· n = 1, 2,. ... The proof of Lemma 3 is complete. D 

LEMMA 4. The statement (2) holds for some t* E [0, 1 ]. 

PROOF. As we observed above, it is enough to show (2'). For y E [O, l] 
denote 

t 1 (y) = min { t E [O, 1] : r.( t) E M~(y )' 1/J ( t, t) = t}, 

t2(y) = max{r E [0, l]: r.(t) E M~(y)' 1/J(t,t) = t}. 

Observe first that the set figuring here is nonempty. Indeed, the set M~0,) 

being closed, it contains a point !. maximal in the lexicographical order of 
the N + 1 coordinates, and then by Lemma 3, there exists t with r.(r) = 
= !. E M~(y) and 1/J (t, t) = t. On the other hand we have r.(t) E M~()') for 
all t E [t1(y),t2(y)] . Indeed, let d = min{1(y)r..(t): t E [t1(y),t2(y)]}. Since 

1(y)r_(t1(y))= 1(yk(t2(y)) = m(1(y)), hence by Lemma 2 d 2: i<m@(y)) + 
+ d), i.e. d ~ m@(y)), so d = m@(y)) and then r.(t) E M~(y) indeed for 
t E [t1 (y),t2(y)] . Define the set-valued mapping 

F: [O, 1]-.. 5>([0, l]), F(y) := [t1 (y),t2(y)]. 

We show that Fis closed, i.e. that y11 -.. y. t11 E F(y11 ), t11 --. t implies t E F(y ). 
Indeed, taking an appropriate subsequence we can suppose ti <Yn )-> ti. 
t2(y11 ) -.. ti. Now 1/J (t; (yn ), ti (y11 )) = t; (y11 ) implies 'If! (t;*, tt) = rt for i = J, 2, 

and by Lemma 1, !.!1 = r.(t;(y11 ) ) E M~(yn )' ,;G1 -> !.i = r.(tt) and 1(yn ) -.. J:.(y) 

im~lies !.i = r.(t;*) E M~()· )' i = 1,2. Consequently [t1 (y),t2(y )] :=> [t/ ,ti] . On 
the other hand, tn E F(y11 )= [t1(y11 ),t2(y11 ) ] implies t E [ti,t2J C F(y). So F 
is closed, and then the Kakutani fixed point theorem states that there exists 
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y E [0, l], y E F(y). As we showed above, t E F(y) implies r..(t) E Ma,.(y)• so 
we have r.(y) E M1,(y)· Hence (2') and then (2) fulfils. 0 

PROOF OF THE THEOREM. Since the function f has compact support, its 
continuity is uniform, hence f N tends to f uniformly on [0, 1) x [0, 1). It 
implies that if fN(t'N,tN) "?_ fN(t,tN) for all t E [O, 1) and tNk -+ t* then 

f(t*,t*) "?_f(t,t*) for all t E (0,1) as we asserted. 0 
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M. HORV fi.TH and A. SOVEGJARTO asked in [2] whether Nikaido-Isoda 
theorem [131 holds for Ky Fan concave function [l] or not. The negative 
answer was given in [5] further it was shown in [3] that we can not obtain 
positive answer even at strong continuity assumption for the functions con­
sidered. Furthermore, it was remarked by the second author of the present 
paper that if x3 corresponding to x1, x2 and A. depends "regularly" on these 
parameters then the statement of the Nikaido-Isoda theorem remains valid [9] 
even for Konig-convex functions. This continuity occurred in the investiga­
tions [10] naturally. Different types of generalizations of [9] were discovered 
independently and simultaneously in [6] and [11] . 

The aim of the present note is to generalize this positive result for more 
general class of functions . As is well known, for this it is enough to prove 
statement of type given in the following Theorem. Our investigations are 
motivated by the stimulating works of S. SIMONS, e.g. [14, 15]. We generalize 
the paper [ 11] as well where 1/J does not depend on y and A. = ~ . The method 
of [11] seems not to work in our more general situation. 

THEOREM. Let f : [0, 1] x [O, 1] -+ R be any continuous real function. 
Suppose there exists a continuous function 1/J : [0, 1] x [O, 1] x [O, 1] -+ [O, 1] 
such that f (1/J (x1 ,x2,Y ),y) ~ A.(f (xi.y) V f (x2,y )) + (1 -A.)(f (xI>y) /\f (x2,y)) 
V x1 , x2. y E [O, 1], where 0 < A. < 1 is a fixed number. Then there exists 
xo E [0,1] :f(xo,xx ) ~ f(z,xo) Vz E [0,1] . 

For the proof we need for following 

LEMMA. Let M* := {x E (0, 1] : f (x ,y*) = m} for any fixed y* , where 
m = max f(x,y*). Let z1 and z2 be such that z1 < z2; zi. z2 E M* and 

xE[O,l] 

(z i.z2) n M* = 0. 
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Then 

a) z2;:; lp(z2,z2,y*) implies z2;:; lp(zi,zi.y*), 

b) l/J(Z1>Zi.Y*)::; z.i implies lp(z.2,z.2,y*) $ z.1. 

PROOF. We prove only the statement a) because that of b) is simi­
lar. Suppose z2 :::; lp(z2,zz,y*) and let u E (z1,z2) be such that f(u,y*) = 
= min f(x,y*). First we show that lp(z1,z2,y*) > zi. We know m = 

xE[z 1,z2] 

.A(f (zi ,y *) V f (z2,y* )) + (1 - A.)(f (zi.y*) /\f (z2.Y * )) ::;f ((zi ,z2,y* ),y* ), hence 
lp(z1,zz,y*) 2: z2 because (zi.z2) n M* = 0. If we suppose the opposite, 
i.e. lp(zi.z2,y*);:; z1. then because of z2 :::; lp(z2,z2,y*) and of continuity 
of lp(.,z2,y*) there would be a x3 E (Z1>Z2) such that lp(z3,Z2,y*) = u and 
hence 

.A(f(z3,y*) v f(z2,y*)) + (1 -A)(f(z3,y*) /\f(z3,y*));:; 

::;f(l/'(Z3,Z2,y*),y*)=f(u,y*)= min f(x,y*) 
xE[z1,z2l 

which is a contradiction. Thus we have proved that lp(z1,z2,y*) > Zt· If 
</>(zi,zi,y*):::; zi would fulfill, then lp(zi.z2,y*) 2: z2 and by the continuity of 
lp(z1, .. .,y*) there exists Z3 E (zi.z2) such that lp(zi.z3,y*) = u but then 

A.(f(z3,y*) v f(z1,y*))+ (1 -A.)(f(z3,y*) /\ (zi,y*)):::; 

;:; f(l/'(Zi.Z3,y*) ,y*) = min f (x ,y* ), 
xE[z1,z2.l 

which is a contradiction. That is lp(zi.zi.y*) > zi . But on the other hand 
m = }..(f(zi.y*) V f(zi,y*))+ (1 -A)(f (zi.y*) /\f(zi.y*));:; f(l/'(zi,zi,y*),y*) 
hence lp(zi.z1,y*) 2: z2 which proves the Lemma. I 

PROOF OF THE THEOREM. Suppose indirectly that the statement of the 
Theorem is not fulfilled. Denote My := {(x,y) : f(x,y) = max {Cx,y)}, 

x E[O,l 
M := LJ My. It is easy to see that M is closed. According to our indirect 

yE[O,l] 

assumption, there exists a neighbourhood S of width 2o of the segment 
((0,0),(1, l)] such that Mn S = 0. Denote Ti and T1 the two connected 
components of (0, l] x (0, 1] \ S. Let Yo E (0, 1] be such that My0 n Ti ~ 0 
and My0 n T2 ~0 . Then 3 xi: xi = max{x : (x ,y0) E My0 n Ti}, 3 x2: 
xz = min{(x,yo) E My0 n T2} because My0 n Ti and My0 n T2 are closed. 
Obviously, for any x E (xi.x2) we have (x ,yo) ~ My0 . If ljJ (xi. x i ,yo) > x1, 
then ljJ (xi.xi ,yo) 2: xz because, according to x1 E My0 we have in this case 

max { (x ,yo) =A.if (xi ,yo) v f (xi.Yo))+ (1 -A.)(f (x1 ,yo) /\f (xi ,Yo)) :::; 
xE[O,i 

$ f (l/J (xi.x2,yo),Yo) 
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but ((XJ.Yo),(x2,Yo)) n My0 = 0. If 1JJ(x1,xi,Yo) ~ x1 then because of the 
Lemma we have 1JJ(x2,x3,yo) ~xi. i.e. 

1. 

2. 
1JJ (xi ,xi ,yo) ~ xi 

1JJ (x1 ,x1 ,y0) > x1 

but then 1JJ(x2,x2,Yo) ~ x1 

but then 1/J(X1>XJ.Yo) 2: x2. 

or 

We prove that in the last case 1JJ(x2,x2,Yo) 2.: x2. Suppose indirectly that 
1JJ(x2,x2,Yo) < x2, then 1JJ(x2,x2,Yo) ~ x1 because for x E (xi ,xz) we have 

f(x,yo) <f(x2,Yo) and 

max /Cx ,Yo) =A(f (x2,Yo) V f (x2,Yo)) + (1 - A)(f (x2,Yo) /\f (x2,Yo)) ~ 
xE[O,I 

$. f (t/J (xz,xz,yo),yo), 

i.e. in this case 1JJ (xz,xz,yo) $. x1. We know for this case that 1JJ (xi.xi ,yo) 2.: 
2.: x 1. One can prove similarly as above that 1/J(XJ,Xz ,yo) <I. (x1>xz). Thus 
'If! (x1 ,x2,y0 ) $. x1 or 'If! (xI>x2,y0 ) 2.: x2 . Suppose e.g. that 'If! (x1>xz,yo) $. x1 and 
denote g(x) :=1JJ(x1,x,y0)-x (x E [xi.xz]). g(x) is continuous, g(x1) > 0, 
g(x2) < 0 hence 3 x3 E (xi ,x2): 0 = g(x3) = l/J(xi.x3,yo) - x3. On the other 
hand A(f (x1 ,yo) V f (x3,Yo))+(l -A)(f (x1 ,yo) /\f (x3,Yo)) $.f (1/J (x1 ,x3,yo),Yo)= 
= f (x3,yo). i.e. 

AJ(xi,yo) + (1 - A)/ (x3,yo) $. f (x3,yo) 

whence /(xi.Yo) $.f(x3,y0 ) which is a contradiction, because xi E My0 and 
x3 <f_ My0 . We obtain a contradiction also in the second case if we assume that 
l/J(x1;xz,yo) 2.: xz . Thus we have in the second case ljJ(xz,xz,yo) 2.: xz. Thus 
we have the following two cases 

a) 'If! (xI>x1 ,y0 ) $. x1 and 'If! (x2,x2 ,y0 ) $. x2• 

/3 ) ljJ(x1,X1>Yo) 2: xz and l/J(xz,xz,Yo) 2.: xz , 

and it is easy to see that these cases are dual to each other. Denote 

K := {y E [0, l]: My n T1 "#-0 and My n Tz"#-0}, 

K1 := {y EK : a) is fulfilled} 

Kz := {y EK : /3) is fu lfilled}. 

Now we prove: K1 is closed. Let (y11 ) C K 1 and Yo E [0, I J be such that 
Yn-+ YO· Let x,. :=rnax{x: (x,y11 ) E Myn n Ti}. By the Bolzano-Weierstrass 
theorem there exists .s. subsequence (x11i) C (x11 ) such that x11 ; -+ x0 for some 

xo E (0, ! ]. M ~£ closed and (xn; ,Yn;) - (xo»'o) hence (xo,Yo) E M hence 

xo E i\-.t).0 . Because (Yn;) C K1 hence ~/J (xn; ,Xn; ,Yn;) $. X11 ; , so because 

of tjJ (x,,; ,:c11 ,}'/!;) - t/-' <.r0,xo.Yo) D.nd x11 i -+ xo we have 1jJ (x0,x0,y0) $. x0. 
'\ccording to the Lemma lf!(x*,x*,y0) $. x*, where x* := max{x: (x,y0) E 
E My0 n T1}, whence Yo E K1 because Yo E K by the Bolzano-Weierstrass 
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theorem. Thus we have proved that Ki is closed. One can prove similarly 
that K1 is closed. 

Denote 

Li := {y E [0, l] : My n T1 ~ 0 and My n T2 = 0} 
and Li := {y E [0, l J : My n T2 ~ 0 and My n Ti = 0} 

furthermore Ni = K1 U L1 and N1 = K1 U £i. We shall see that N1 is closed, 
it can be seen in a similar way that N1 is also closed. As Ni =Ki U Li, hence 
according to the above arguments we have only to see that <Yn) C Li and 
Yn ---> Yo implies Yo E Ni . 

Let x11 := max{x : (x,y11 ) E Myn n Ti}. From Bolzano-Weierstrass the­
orem comes the existence of a subsequence (x11i) of (x11 ), so that x11i ---> xo 

for some xo E [O, l ]. Because of (x11i ,y11i) E Ti, (xo,Yo) E Ti holds true. The 

closedness of M and {xni'Y11;}---> {xo,Yo} lead to (xo,Yo) EM, and hence 
xo E My0 • and so My0 n T1 ~0. If My0 n T2 = 0. then Yo E Li C Ni, and we are 
ready. Further on suppose that My0 n T2 ~ 0. Because of Yn; E Li Myn; n T2 = 
= 0 and because of X11; =max { x, (x ,y11i) E Myn; n Ti} l/J (xn; ,Xn; ,Yn;) s; X11;; 

from the continuity of l/J l/J (x11 ; ,X11; ,Yn;) ---> l/J (xo,xo,Yo) and X11; ---> xo follow. 
So l/J (xo,xo,Yo) s; xo. 

It is sufficient to show that ljJ(x* ,x* ,yo) s; x* where x* := max{x : 
(x ,y0) E My0 n Ti}, since in this case Yo E K1. If it is not true, then 
l/J(x*,x*,y0 ) ~ x** (where x** = min{x: (x,y0 ) E My0 n T2}), and there 
are two cases. Letf(u,yo) = min f(x,y). 

xo:Sx :Sx •* 

a) If l/J (x0 ,x * ,y0) s; u, then 3 x' E [x0 ,x *] so that l/J (x' ,x *,yo) = u, and hence 
f (u,yo) 2 AJ(x* ,yo)+ (1 - A)f(x' ,yo). 

b) If l/J(xo,x*,yo) 2 u, then 3 x" E [xo,x*] so that l/J(xo,x",yo) = u ::::::> 

f (u,yo) ~ ,V(xo,Yo) + (1 -A)f(x" ,yo). 

We arrived at contradictions in both cases. So 1/J (x* ,x *,yo) s; x * holds indeed, 

and thus Yo E K1 C N1. 

In this way we saw the closedness of N 1. Closedness of N1 can be proved 
similarly. Since K 1 n K2 = 0 and Lin Ui = 0 thus Ni n N1=0 holds. As Vy 
My~ 0. so Ni U N1 = Ki U Li U K1 u Li = [O, 1 ]. In this way either Ni = 0 
and N2 = [0, 1] or N2 = 0 and Ni = [0, 1] are true. Both cases contradict the 
existence of zone S, i.e. the indirect assumption. 

This contradiction proves our theorem. I 
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1. Introduction and preliminaries 

Throughout this paper, R will denote a nonzero associative ring. If A 
and B are non-empty subsets of R, then, the product AB will mean the set 
of all finite sums of the form L,a;b;(ai E A,bi E B). A ring R is called 
quasi-reflexive (cf. [4]) if, and only if, AB = 0 ~ BA = 0 holds for all 
two-sided ideals, left ideals, right ideals A and B of R. A ring is called 
semiprime if no nonzero one-sided ideal of it is nilpotent. A non-empty subset 
X of a ring is called nilpotent if there exists a positive integer n such that 
X 11 = 0. If X 2 = X holds, then X is called idempotent. An additive subgroup 
Q of a ring R is called a quasi-ideal of R if, and only if, QR n RQ ~ Q 
holds. (cf. [2]). A nonzero two-sided (left, right, quasi-) ideal Q of a ring R 
[semigroup with absorbing element O] is called minimal [0-minimal] if it does 
not contain any nonzero two-sided (left, right, quasi) ideal. In [3] we call the 
sum of all idempotent minimal right ideals of a ring R the right n-socle of 
R. In this paper we denote the right n-socle of ring R by SocR. Dually one 
defines the left n-socle of R, and denote it by / SocR. In particular, these 
two notions coincide in a quasi-reflexive ring [cf. [3], Prop. 3.2]. A ring R 
is called n-atomic if R is generated by its right n-socle. Likewise we call a 
ring R left n-atomic if it is generated by its left n-socle. (We define Soc R 
to be equal to zero if a ring R contains no idempotent minimal right ideals. 
Similarly for the left case). A ring [semigroup with O] R is called simple 
[0-simple] iff R2 ~0 and {O} is the only proper two-sided ideal of R. To 
simplify our tem1inology, throughout this paper we will wlite IM R (IM L) 
ideal rather than idempotent minimal right (left) ideal. 

It is interesting to know that the form of an IM R (IM L) ideal of a ring R 
can be described in a natural way, indeed. To attain it we use the construction 
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method of J. B. DERR and P. S. PECK (cf. [l]) which amounts to define a new 
ring from an arbitrary ring A with identity IA. We start with an arbitrary 
index set /\, and let Ao be any specified element of it. Define the ring Fl\(A) 
as the set consisting of all functions f : /\ -t A for which their corresponding 
image f (/\) contains at most a finite number of nonzero elements. The sum 
and multiplication of two elements f and g of Ft\ (A) are defined by 

if + g )A = f ().) + g ().) 

if·g)A=f().o)·g().) forall A E FA(A). 

Note the left unities of this ring a.re the functions u of the ring FA(A) such 
that u(Ao) =IA. 

REMARK. Due to Thm. 2 of [l], any IM R ideal I of a ring R is isomor­
phic to a ring of the type r1'(D) where D denotes the division ring I ;a I. (a I 
is the set of all left annihilators of I in /). 

Two idempotent elements u and v of a ring a.re called orthogonal if 
uv = vu = 0. Following 0 . Steinfeld [2] we say that the quasi-ideals Oyo 
(y E r,o E Li) of a ring R form a complete system K if the following three 
conditions hold: 

1) either Oyo = 0 or Oyo is a minimal quasi-ideal of R; 

2) for every nonzero Oyo there ex ists idempotents ey,fo in R such that 
Oyo = eyRfo; 

3) for each finite subset 011. 012 •... , 01k; 021, ... , Oik; ... ; On. 012, ... 
. . . , 01 k of K there exists 01thogonal idempotents g; and h; (i = 1, 2, ... , r ::; k; 

k l r s 
j = 1,2, ... ,s ::; l) such that L L Ox y ~ L Lg; Rhj where all the g; Rhj are 

x=ly=l i=lj=l 
either zero or minimal quasi-ideals of R with the property (g; Rhj )(hj Rg;) = 
= g; Rg;. A finite complete system of R is defined analogously [cf.[2],p.63]. 
Finally, a finite complete system of quasi-ideals 011. 012, .. . ,0nn of a ring 
R is called homogeneous if every Qik(l ::; i,j ::; n) is a minimal quasi-ideal of 
R . (cf. [2], p.67) The following fact will be used constantly: every minimal 
one-sided ideal I of a ring R such that 12 ~ 0 is generated by some idempotent 
in I (cf.[2],p.37). Notice that much of the material in this paper is based on 
corresponding results for semip1ime rings (cf.[2],§8]. In fact , for our purpose 
we extend all relevant results in that section of [2] to the quasi-reflexive case. 
The dual of these results can be obtained by left-right symmetry. Furthermore 
we emphasize that the class of semiprime rings fom1s a proper subclass of the 
class of quasi-reflexive ones. (cf.[3], Prop. 2.1). 
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2. Quasi-Reflexive rings generated by their one-sided n-socles. 

For the sake of easy reference we list the following useful result [cf.[3], 
Thm. 5.8). 

THEOREM 2.1. The n-socle SocR= L: e; R of a quasi-reflexive ring Risa 
iEA. 

direct sum of its n -homogeneous components. In particular, each component 
is a simple n -atomic ring. 

REMARK. We call the sum of all R-isomorphic IM R ideals of ring Ra 
n-homogeneous component of SocR. (cf.[3]). 

We begin this section by showing that any quasi-reflexive ring such that 
it is equal to the sum of its IM L ideals has at least four characterizations. 
Notice that we prove the next result without making use of the generalized 
version of Prop. 8.5 of [2] to the quasi-reflexive case (See Prop. 3.4 below). 
In the semiprime case that result is of vital importance. 

THEOREM 2.2. (cf.[2]. Thm. 8.1). The following statements about a ring 
R are equivalent. 

i) Risa quasi-reflexive nng and it is generated by its left n-socle 1 Soc R. 

ii) R is the direct sum of two-sided ideals !;.(A E /\) such that eve.ry IA. is 
a simple subring of R containing at least one minimal left ideal. 

iii) R is the sum of such quasi-ideals of R which fonn a complete 
system K . 

iv) R is a semiprime ring and the sum of its minimal quasi-ideals. 

v) R is quasi-reflexive and it is generated by its right n-socle Soc R. 

PROOF. i :::} ii) is a direct consequence of the dual of Thm. 2.1. For 
ii):::} iii) and iii)* iv) we refer to the proofs given in [2]. 

Assume R satisfies iv) . Due to Thm. 7.2 of [2] each minimal quasi-ideal 
Q; of R has the form L; n Ji where Li is a minimal left ideal and Ji a minimal 
right ideal of R. Then R = L Qi implies R = L:<Li n Ji). Therefore let r E R, 
so r = r1 + r2 + ... + r11, where ri E J; Hence R ~ I: Ji ~ R and R = I: l;. This 
means R =Soc R. Clearly R is quasi-reflexive. This concludes statement v ). 
The implication v) * i) is a direct consequence of Prop. 3.2 of [3] . 

COROLLARY 2.3. (cf.[2], Cor. 8.8). The following statements about a 
ring R are equivalent. 

· i) Risa quasi-reflexive ring and it is generated by its IM L ideals which 
are R -isomorphic R-modules. 
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ii) R is a simple ring containing at least one minimal left ideal. 

iii) R is the sum of such of its quasi-ideals which form a homogeneous 
complete system. 

iv) R is a semiprime ring, it is the sum of its minimal left ideals which 
are R-isomorphic R-modules. 

PROOF. To obtain i) :::} ii) we apply i) of the preceding result on the 
soc le of R. For ii) :::} iii) and iii) :::} iv) we refer to the proof of Cor. 8.8 of 
[2]. Obviously, iv):::} i). 

3. Finitely generated quasi-reflexive rings 

In this section we consider quasi-reflexive rings which are generated by 
a finite number of their idempotent minimal one-sided ideals. The next result 
improves Thm. 8.7 of [2]. 

THEOREM 3.1. The following statements about a ring R are equivalent. 

i) R is a quasi-reflexive ring and it is generated by a finite number of its 
/MR ideals. 

i') R is a quasi-reflexive ring and it is the sum of a finite number of its 
/ML ideals. 

ii) R is the di.reel sum of a finite number of its two-sided ideals S1, ••• , Sr 
such that every Sj is a simple subring of R and each Sj is the sum of its 
minimal right ideals. 

ii') Statement ii) with "right" replaced by "left". 

iii) R is the sum of such quasi-ideals of R which fonn a finite complete 
system. 

iv) R is semiprime and it is the sum of a finite number of its minimal 
quasi-ideals. 

k 
PROOF. Let R = :L l; where each l; is an 1 MR ideal of R. Thus the 

i=l 
k 

(right) n-socle Soc R = L I; ;e 0. It is a routine exercise to check that the 
i=l 

relation r, defined by ffj iff I; and 1j are R-isomorphic R-modules, is an 
equivalence relation on the set of IM R ideals {I; Ii= 1,2, ... ,k} =J. Let Sa 
denotes the sum of the IM R ideals in J belonging to the equivalence class 
Ka of K mod r where K = { 1,2, ... ,k }. Thus Soc R = L Sa = R where 

aE6 
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6 indexes the set of classes Ka . The proof of i) ::::} ii) is now an adaptation 
of the arguments used in the proof of Thm. 5.8 of [3]. Here each Sa is a 
two-sided ideal of R and each Sa is a simple subring which is a finite sum of 
its minimal right ideals. In particular the sum L.: Sa is direct. For ii)::::} iii) 

aE6 
and iii) ::::} iv) we refer to the proof of Thm. 8. 7 of (2]. The implication 
iv) ::::} i) is proved in the same manner we proved implication iv) ::::} v) of 
Thm. 2.2. Finally, the equivalence of i), ii), iii) and iv) implies that of i 1

), 

ii 1
), iii) and iv). 

COROLLARY 3.2. A quasi-reflexive ring R such that it is generated by 
a finite number of its IM R ·ideals is right artinian if, and only if, it is left 
artinian. 

PROOF. Ring R satisfies condition i) and iv) of the preceding theorem, 
iff R satisfies condition (a) of Thm. 8.7 of [2] iff R is semiprime and right 
artinian iff R is semiprime and left artinian (cf [2], Remark 2, p. 64). Hence 
the result. 

We may also state the following corollary. 

COROLLARY 3.3. The following conditions on a ring Rare equivalent. 

i) Risa semiprime ring, R= Soc R where Soc R is generated by a finite 
number of its minimal right ideals which are R-isomorphic R-modules. 

ii) R is a quasi-reflexive ring, R =Soc R where Soc R is generated by a 
finite number of its IM R ideals which are R-isomorphic R-modules. 

iii) R is a simple ring and it is generated by a finite number of its minimal 
left ideals. 

iv) R is generated by its quasi-ideals which form a homogeneous finite 
complete system. 

PROOF. The implication i)::::} ii) is obvious. Assume ii) holds. 
k 

Let R = L.: Ii where each Ji = ei R(ef = ei) satisfies the hypothesis of 
i=l 

ii) . Consider the set S = UiEKe;R where K denotes the set {1,2, ... ,k}. 
We prove firstly Sis a multiplicative semigroup. Let c, d ES, soc E e;R 
and d E ejR for some i, j EK. By Prop. 6.12a of [2] one has e;Rer;t;O. 
Consequently, ei Rej R = e; R . Hence cd Ee; R whence cd E S . Furthermore, 
let J be any nonzero ideal of S, and Jet x E J, y ES, Then x =ei x and y =e;y 
for some idempotents ei and ej in S. Due to Prop. 3 ii) of [3 ], x R = e; R. 
Moreover, ei R and ej R are right similar (cf [2J, p.23). Hence by Prop. 4.9 of 
[2] there exists nonzero elements a, b E S such that ab= e; and ba = ej . Then 
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y = ej y = (ba)2y = b(ab)ay = be;ay belongs to J since (e;a)y E J. Thus J = S 
proving S is 0-simple. Suppose I is any ideal of ring R. Apply the method 
used in the proof of Thm. 5.8 of [3] to attain In S;eO. Hence In S =Sand 
so S ~I. Subsequently R ~ I and therefore R =I. This proves R is simple. 
Finally the proofs of iii) =::} iv) and iv) =::} i) the similar to the corresponding 
proofs of b* =::} c* and c* =::}a* of Cor. 8.9 of [2] respectively and we therefore 
omit it. 

We close this paper with the following improvements of Prop. 8.5 and 
Cor. 8.6 of [2] in the quasi-reflexive case. 

PROPOSITION 3.4. Let e and f be two nonzero idempotent elements of 
the quasi-reflexive ring R such that e R nf R = 0. Suppose f R is a minimal 
nght ideal of R, then, the following assertions hold: 

i) Rf is a minimal left ideal of R; ii) A= eR (f)j R = eR (f) g R, eg = 0 
hold for some element O;eg E R; iii) g R is an IM R ideal of R; iv) g R = kR 
holds for some idempotent k and such that g + k is a left identity element of 
the right ideal A of R. Moreover, ek = ke = 0. 

REMARK. Note that parts of the proofs of ii) and iii) are similar to the 
coITesponding duals of the proof of Prop. 8.5. of [2]. 

PROOF. i) is a direct consequence of Prop. 4.1 of [4]. To prove ii) 
note f;eef iff g =! - ef ;eO. Hence gf = g and f = g +ef. Let b EA, so 
b =ear+ f az where a1. az E R. Then b = ea 1 + (g + ef)az = e(a1 + f az) + 
+ gaz Ee R + g R. Thus A~ e R + g R. Since eg = 0, e R (f) g R exists. Evidently 
e R EB g R ~ A. This proves A= e R (f) g R. iii). Define the nonzero mapping 
l.{J: gR--t f R by l.{J(ga) = f a(a ER). Now ga = ga' yields ga =fa - ef a= 
=!a' -ef a' whence/ a-! a' =efa -ef a' . Sofa-! a' E eRnf R=O implies 
fa =fa' . Thus l.{J is well-defined. Evidently, i.p is an R-homomorphism. It is 
easy to check <p is bijective. Hence g Ris a minimal right ideal of R. We next 
show (g R)2 ;eO. This can be done by proving firstly Rg ;eO by contradiction. 
Suppose therefore Rg = 0, then Rg R = 0. Consequently, g RR= 0 whence 
gf = 0 which is impossible since gf = g >CO. Hence O;eRg = Rgf ~Rf. The 
minimality of Rf (cf i)) ensures Rg =Rf. So f = ag holds for some a E R. 
Then g =gf implies g =gag =ga ·gf. Hence (gR)2 ;eO. So gR=hR holds 
for some idempotent h in gR. Leth =gu(u ER), then eh =egu =0 by ii) 
above. Put k = h - he. Since kh = h - heh= h ;eO this proves kR;eO. Hence 
g R = h R = k R. For the first pa.it of the proof of iv) we refer to the dual of the 
corresponding part of the proof of Prop. 8.5 of [2]. The second part follows 
easily from above considerations. 

REMARK. A special case of the least result arises when one assumes the 
idempotent generated right ideal eR is minimal in R. We proceed to extend 
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this special case to the case where we suppose A is generated by r 2: 3 
different IM R ideals /i(i = 1,2, .. .,r) of a quasi-reflexive ring. For each Ii 
one writes Ii =Ji R for some suitable idempotent f; in Ji. So we formulate 

COROLLARY 3.5. Let R be a quasi-reflexive ring, and Jet A be the right 
ideal of R described in above remark. Then there exist s(< r) orthogonal 
idempotents e1 (j = 1, .. . , s) such that 

r .1· 

A = L Ii = L ej R (s < r, r ?:: 3) 
i=l j=I 

where each IM R ideal ej R of R is isomorphic to a ring of the fonn F" (Dj) 

where f1 = e1 R / a(eJ R) is a division ring. 

PROOF. The method of proof is that of Cor. 8.6 of [2]. For the sake of 
completeness we write out the proof. Consider A= "'£Ji R. For the case r = 2 

i=I 
we refer to remark above. So let r 2: 3. Assume the hypothesis of the corollary 
is true for r - l components. Then there exist orthogonal idempotents ej in 

r r 
R such that B = "'£Ji R = "'£ ej R(t ::; r - l) and g = e1 + ... +er is a left 

i=l J=I 
identity of B. Furthermore such ej R represents a minimal right ideal of R. 
Since B = g B ~ g R ~ B one has B = g R whereas A = B +fr R = g R +fr R . If 
fr R ~ g R, then A= g R and the proof is completed. On the other hand assume 
j,R <£. g R. This yields fr Rn g R = 0 and Prop. 3.4 iv) above is applicable to 
these right ideals. Consequently there exists an idempotent er in R such that 
A=g R+f,R=gR+erR where ger =e,g =0. Futthermore ejg =gej =ej 
whereas ejer =e1ger =0 and ere} =ergej =0. Due to pait iii) above, erR is 
a minimal right ideal of R where e 1 + ... +er + e, is a left identity of A. For 
the rest of the proof we refer to Remark of § 1 above. 
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1. Introduction. 

The purpose of this paper is to study the existence of periodic trajectories 
for evolution inclusions of the subdifferential type. Our work here partially 
extends the very recent work of VRABlE [23], who studied evolution equation 
driven by a time independent m-accreative operator. Of course his result 
concerns integral solutions, while out formulation of the problem using a 
subdifferential operator allows us to conclude the existence of strong periodic 
solutions. So our result constitutes a two-fold generalization of the work of 
VRABIE [23). First we allow the vector field F(t ,x) to be multivalued, which 
is important in many applications, like obstacle problems (see CHANG [9]), 
optimal control (see AHMED [l] and PAPAGEORGIOU [21)), in mathematical 
economics (see AUBIN-CELLINA [2] and HENRY [12]) and in theoretical me­
chanics (see MOREAU [16]). Second, our unbounded multivalued operator 
operator is time dependent, as opposed to VRABlE who deals with a time 
invariant operator. Our approach in establishing the existence of a periodic 
trajectory is similar to that of VRABlE, who in turn followed the same line of 
reasoning as in the earlier seminar work of BECKER [5]). 

The problem of existence of periodic trajectories of evolution equations 
was studied in the past by several authors who concentrated their efforts on 
semilinear systems. We refer to the works of BECKER [5], BROWDER [8] 
(who has a nonlinear strongly accreative pc1turbation term F) and PROSS [22] 
(who used a Nagumo-type tangential condition). We should also mention the 
important nonlinear work of YAMADA [27) , who had a constant perturbation 
term (i.e. F(t ,x) = F(t )), but had a periodically moving boundary. Finally, 
there are also the works of DEIMLING [10] and LIGHTBURNE [15), which deal 
with differential equations in Banach spaces. However, their formulation of 
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the problem does not allow the presence of unbounded operators and so it 
precludes the applicability of their work to paitial differential equations. To 
our knowledge, there hasn't been any work on periodic trajectories of evo­
lution inclusions. Only differential inclusions in Rn were treated by AUBlN­
CELLINA [2] (theorem 4, p.237) and HADDAD- LASRY [12) and differential 
inclusions in Banach spaces were studied by PAPAGEORGIOU [19]. All these 
works used flow invariance ai·guments on a time invariant constraint set, 
involving the usual Nagumo-type tangential condition and assumed that the 
orientor field (multivalued vector field) F(t ,x ) is convex valued. Extensions 
of this approach to finite dimensional systems with time-varying constraints 
can be found in GUSElNOV [29), theorem 4.1. This approach is of course 
analogous to the one used by PROSS [22) . Finally we should also mention 
the interesting work of MACKI-NISTRI-ZECCA [30], who consider semilinear 
differential inclusions in RN with N =odd and using degree theoretical tech­
niques, proved the existence of a periodic trajectory, when the orientor field 
F(t ,x) is measurable in t, u.s.c. in x and has different growth behavior for 
Ix I small and Ix I large. Here we consider a multivalued system monitored by 
a subdifferential evolution inclusion. Our approach uses a growth condition 
imposed on the orientor field, which eventually guarantees that the Poincarre 
map maps a ball into itself. Hence since it is compact it has a fixed point. 

2. Preliminaries. 

Let (0,I:) be a measurable space and X a separable Banach space. By 
l}<c)(X) we will denote the collection of all nonempty, closed (and con­

vex) subsets of H. A multifunction F: n-+ 2X {0} is said to be "graph . 
measurable", if Gr F = { (w ,x) E w x X : x E F(w)} E I: x B(X), with 
B(X) being the bore! a-field of X. If F(·) is closed valued (i.e. for all 
w E n. F(w) E l} (X)),then we say that F( ·) is measurable is and only if 
w -+ d(x, F(x )) = inf {llx - z 11 :E F(w)} is measurable. For lj(X)-valued 
multifunctions, measurability implies graph measurability and the two are 
equivalent if there exists a complete a-finite measureµ(·) on (O,:E). For more 
details on the measurability of multi functions, we refer to Wagner [24). By S~ 
1 s; p s; oo , we will denote the set of measurable selectors of FO that belong 
in the lebesgue-Bochner space l..P(X); i.e. S~ = {f E l..P(X) : f (w) E F(w) 

µ- a.e.} . This set may be empty. It is nonempty if and only if F: n-+ 2 x { 0} 
is graph measurable and w -+ inf {I Ix 11 : x E F(w)} E f..F+ . This follows 
from an easy application of Aumann's selection theorem (see Wagner [24), 
theorem 5.10). 
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Now let H be a separable Hilbert space and tp : H ---+ RU { +oo}. We 
will say that <PO is proper, if it is not ideticalli'._ +oo. Assume that tp(-) is 
proper, convex and l.s.c. (usually this family of R-valued functions on H, is 
denoted by r 0(H)). By domtp(-) we will denote the effective domain of tp(-); 
i.e. domtp = {x E H: tp(x) < oo }. The subdifferential of t.p(-) at x is the set 
dtp(x) = {x* EH: (x*,y -x) ~ tp(y)-tp(x) for ally E domtp} (here(-,.) 
denotes the inner product of H; note that by the Riesz-Frechtet theorem, we 
identify H with its dual (pivot space)). If tp(-) is Gateaux differentiable at x, 
then a tp (x) = { tp' (x)}. We say that tp ( ·) is of compact type, if for every .A E R, 

the level set {x EH: J!x!l2+tp(x) ::;.A} is compact (using the terminology of 
nonsmooth analysis, we can say yhat the convex function x---+ l!xll2+t.p(x) is 
inf-compact. 

Finally, a multifunction G: H ---+ 2 H { <P} is said to be lower semi contin­
uous (l.s.c), if for all C ~ H nonempty, closed o+"( C) = {y E H : G(y) ~ C} 
is closed in H . In fact this is equivalent to saying that if Yn ---+ n in H, 
then G(y) ~ limG(y11 ) = {z EH: limd(z,G(y,i)) = O}. Also on l]'(H) we 
can define a generalized metric known as the Hausdorff metric, by setting 

h(A, B) =max [sup d(a, B), sup d(b, A)]. 
uEA bEB 

3. Periodic trajectories. 

Let T = [0,b] and H a separable Hilbert space. The problem under 
consideration is the following: 

(l) {-.i(t) E a(t,x(t)) + F(t,x(t)) a.e.} 

x(O)=x(b) 

By a "strong solution" of (1), we mean a functyion xO E C(T,H) which 
is strongly absolutely continuous on (0, b ), x (t) E dom a tp (t, ·) = { z E H : 
atp(t ,z):;e 0} a.e. and satisfies -i E CJtp(t ,x(t)) + f (t) a.e. x(O) = x(b), with 
f E L2(H), f(t) E F(t,x(t)) a.e. (i.e. JOE S'ficxO)). Recall that since His 
a Hilbert space, an absolutely continuous function from T into H is almost 
everywhere strongly differentiable (see for example BARBU [4] or BREZIS [7]). 

We will need the following hypotheses on the data of Q): 
H(tp ): '{J : T x H---+ R =RU { +oo} is a function s.t. 

(l) for every t E T, tp(t,.) is a proper, convex, l.s.c. (i.e. tp(t,-) Er o(H)) 
and of compact type, 

(2) for every positive integer r, there exists a constant K,, an absolutely 
continuous function g, : T ---+ R with ifr E Ji3 ( T) and a function of 
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bounded variation hr : T --+ R s.t. if t E T, x E dom<p (t, ·) with 
llxll ~rands E [t.b], then there exists x E donup(s, ·) satisfying 

llx-xll :S lgr(s)-gr(t)l(ip(t,x)+Krr 

and <{J(s,x) :S <{J(t,x)+ lhr(s)- hr(t)I · (<{J(t,x)+ Kr) 

where a E [O, l] and /3 = 2 if a E [0, 1/2], f3 = a~a if a E [1/2, l], 

CD for every x,y E doma<{J(t,·) = {z EH: a<p(t,z).e0} and for every 
x* E a<p(t,x), y* E a<p(t,y) we have (x* - y*,x -y) 2: cJJx -yJj 2 

with c > 0, 

(1:) dom<tJ(b, ·) ~ dom<{J(O,.), 0 E dom<{J(O, ·) and if K = {u = x(O) E 
EH: x(-) is a solution of-i(t) E a<P(t,x(t))+f(t) a.e., x(O)=xo 

with/EB~ L2(T,H) bounded and xf E dom<{J(O,·), llxoll ~ J.. for 
some).> O}, then sup [<P(O,u): u E K < oo. 

REMARK. Hypotheses H(<P) (1) and (2), which clearly impose mild re­
strictions on the t-dependence of <P(t,x ), were first introduced by YOTSUTANI 
[28]. They extend earlier ones used in the important works of WATANABE 
[25] and YAMADA [26] . 

H(F): F: T x H--+ f'J(H) is a multifunction s.t. 

(l) (t ,x) --+ F(t ,x) is a graph measurable, 

(2) x --+ F(t ,x) is l.s.c., 

(J.) I F(t ,x )I ~ l/J (t, I Ix I I) a.e. with l/J (-, r) E L'.;° and l/J (t,.) nondecreasing, 

(1:) lim }l/J(t,r)=m < c, where c > 0 is as in H(<P) (J.) (here jF(t,x)j = 
r---oo 
=sup{Jlzll: z E F(t,x)} ). 

We will strut with an auxiliru·y result that we will need in the sequel. So 
letfi.h E L2(H) and xJ ,x;f E dom<{J(O, -) . Consider the following two Cauchy 
problems: 

-i(t) E a<P(t,x(t)) +f1 (t) a.e., x(O) =xJ 

and 

-i(t) E a<P(t ,x(t))+fz(t) a.e., x(O)=xJ. 

Let x1, xz E C( T, H) be the corresponding unique strong solutions of the 
above problems. Their existence and uniqueness follows from the theorem of 
YOTSUTANl [28]. 

LEMMA 3.1 If hypotheses H(<p) 1-+J. hold, then for all t E T, we have 
! 

llx1(t )-xz(t)ll ~ e-ctllxJ-xJll+ J e -c(t - .i·)llf1 (s ) - fz(s)Jlds. 

0 
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PROOF. By hypothesis we have: 

-i1(t ) E o(t,x1(t))+f1(t) a.e., x1(0) =xJ 

and 

-.iz(t) E o(t,xz(t))+fz(t) a.e., xz(O)=xJ. 

Subtracting the second evolution equation from the first, taking the inner 
product of both sides of the resulting evolution equation with x2(t) - x1 (t) and 
recalling that by hypothesis H(ip) CD. our subdifferential operator is strongly 
monotone, we get: 

(-ii (t) +i2(t),x2(t) - x1 (t)) +cl lx1 (t) - xz(t)l 12 ~ 
~ <!1 (t) - fz(t),xz(t) - x 1 (t)) a.e. 

1 d 2 ? 
=> 2dtllx1(t)-xz(t)ll +cllx1(t)-x2(t)ll- ~ 

~ llf1(t)-fz(t)ll · llx2(t)-x1(t)ll a.e. 

Temporarily let r](t) = llf1(t) - fz(t)ll · llx1(t) -xz(t)ll · Clearly 1](·) EL;. 
If ~(t) = llx1 (t)- xz(t)ll 2• we have that 

~(t) ~ -2c~(t ) + 21](t) a.e. 

So by a well-known differential inequality (see for example HALE [11 ]), 
we have that 

(1). 

I 

g(t) ~ e-2ctg(0)+2 J e-2c(1-.1·)1J(s)ds 

0 

=? llx1(t)-x2(t)ll 2 ~ e-2c'llxJ-xJll2+ 
l 

+2 j e-2c(t-s)l lf1 (s ) - fz(s )I I · llx1 (s) - xz(s )I Ids. 

0 

Applying lemma A.5, p. 157 of BREZIS [7], we get 

t 

llx1(t)-x2(t)ll ~e-c'llxJ-xJll+ J e -c(t-s)llf1(s) -fz(s)llds. I 

0 

Now we can have our result on the existence of solutions for problem 



144 NIKOLAOS S. PAPAGEORGIOU 

THEOREM 3.2 If hypotheses H(cp) and H(F) hold, then problem (l) ad-
mits a strong solution. -

PROOF. Let K ={y E C(T,H) :y(O) E domcp(O, ·)}.Clearly this is a closed 
and convex subset of C(T, H). Consider the multifunction R: K -t f}(L1(H)) 
defined by 

R(y) = S}(.,yOr 

From theorem 4.1 of (18], we know that RO is l.s .c., with closed and 
decomposable values (i.e. ft. h E S }(-,y(-)) and A ~ T measurable, then 

XAft +XAcfz E Sfr(.,y(-))). So we can apply theorem 3 of BRESSAN- COLOMBO 

[6] and get r : K -t L 1(H) a continuous map such that r(y) E R(y) for all 
y E K. Then consider the following evolution equation: 

- i(t) E acp(t,x(t))+r(y)(t) a.e . 

x(O) = y(O) 

Since y(O) E domcp(O, ·),from YOTSUTANI [28], we know that this prob­
lem has a unique strong solution x (y )(-) E C( T, H). Let y : K -t H be defined 
by y(y) = x(y)(b). Recall (see the theorem of YOTSUTANI [28]), that for all 
0 < t ~ b, x(y)(t) E domcp(t,-). So using hypothesis H(cp) (1:), we have that 
y(y)=x(y)(b) E domcp(b,-) ~ domcp(O,·) . Therefore y(K) ~ domcp(O,-). Also 
since r(-) is continuous, using lemma 3.1 , we get that y: K -t H is continuous. 

Next consider the following evolution equation: 

-v(t) E acp(t,v(t))+r(u)(t) a.e. 

v(O)=y(u) 

Since y(u) E domcp(O, ·), again from the theorem of Yotsutani [28], we 
see that the above evolution equation has a unique solution v (u )(-) E K ~ 
C(T,H). Consider the map; : K -t K defined by ;(u ) = v(u) . Since both 
r(·) and y(-) are continuous. using lemma 3.1, we get; is continuous. If we 
can show that ;o has a fixed point, then this will be the desired periodic 
trajectory of our evolution inclusion. 

To this end, first we will show that for some A > 0, ; (K;) <;;;; K;., where 
K;. = {y E K : I IY 11 C( T,H> ~ A}. Suppose not. Then there exists a sequence 
{Un } 11 2'. l <;;;; K such that 

I lun I loo = n and I I; Cun >I loo > n. 

Let v11 =;(u11 ) and let x(-) E C(T,H) be the unique solution of 

-x(t) E aip(t,x(t)) a.e. 

x(O) = 0 



PERIODIC TRAJECTORIES 145 

Recall that by hypothesis H(cp) ('.!), 0 E domcp(O,.). So we can apply 
lemma 3.1 and get 

t 

JJvn(t)-x(t)JJ ~ e-ct JJy(u11)1l + j e-c(t-.i)llr(un)(s)llds 

0 
I 

=> Jlvn(t)JI ~ llxlJoo+e-ctllY(u11)ll + j e-c(t-.i)llr(un)(s)IJds. 
0 

Let 111 E T, n 2: 1 be such that \\vn(t11 )JJ = \Jv,iJ\ 00 • By passing to a 
subsequence if necessary, we may assume t11 -t T. Also note from the lemma, 
we have 

b 

lly(un)ll ~ e-cbllun(O)ll + j e-c(b-s)llr(un)(s)llds. 

0 

So we get 

Jlvnlloo = llvn(tn)ll ~ 

" ~ Jlxl1 00 +e-c1"e-cbllu11 (0)ll +e-ctn j e-c(/J-s)llr(u11 )(s)llds+ 
0 

In 

+ j e -c(t-s)IJr(ll11)(s)JJds 

0 

........._ 1 llv11lloo 1lv11ll oo < llxlloo -ctn -c/J 
-7 < = +e e + 

n 1lu11 II= - llu,iJl oo 
- Cln J/J e -c(/J-~) . +II II e . llr(ll11)(s)JJds+ ll11 - 00 

0 
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(hypothesis H(F) (2)). 

Letting n --+ oo, in the limit we get using hypothesis H(F) (1): 

But note that 

e-crm . m 
I :::; e-cr e-cb + (1 - e-c/') + -(1 - e-cr) 

c c 
I m m 

=e-cre-c'(l - -+- < 1 
c c 

a contradiction. Therefore there exists).> 0 such that ;(K;J ~ K;_. 

Next we will show that ;(K;_/'(T,H) is compact in C(T,H). To this let 
x E K;_ and y =; (x ). Then by definition 

-y(t) E cJip(t,y(t)) + r(x)(t) a.e. 

y(O) =y(x) 

Since x E K;_ and ;(K;_) ~ K;_ as we just proved, we have that for all 
t E T and ally(·) E ;(K;_) 

I ly(t)l I :S: A. 

Also since y(O) =y(x) E domip(b, ·) ~ domip(O, ·),from YOTSUTANI [28), 
we know that y E L2(H) and so via the Cauchy-Schwiutz inequality, we get 
for 0 :::; t :::; t1 :S: b 

t' 

jjy(t')-y(t)ll :S: f 115'(s)llds :S: 
t 

0:: (/ X1i,"J(s)'d,) 
112 

(/ llY«Jll2ds) 
112 

0:: (t' - r)
1
/
2 

M1 

because by lemma 6.11 of YOTSUTANI [28), since r(K;_) ~ L2(H) is bounded 
(see hypothesis H(F) CD). we have that llYllL2<H> :S: M1 for some M1>0 and 
ally E ;(K;_). Therefore, we get that ;(K;_) is equicontinuous in C(T,H). 

Fmthcrmore from inequality (7.9) of YOTSUTANI [28], we have 

lly(t)jj 2 +ip(t,y(t)) :s: 
:::; A 2 + Mz(b +I lh1l IT v +I lg1l I 1p +I ll/'(.,A)l loob) + ip(O,y(O)) 
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where M2 > 0 is independent of y E ~(KA.) and llhA.llrv is the total variation 
nonn of hA. (·). Also because of hypothesis H('{J) (~).we have that tp(O,y(O)) ~ 
M3 for some M3 > 0 and ally E ;(KA,). Therefore finally there exists M4 > 0 
such that for all t E T 

iiy(t)ii 2 +tp(t,y(t)) ~ M4 

==*' ~ (KA. )(t) = {y(t) : y E ~ ( K;)} ~ { z E H : i iz 11
2 + tp (t, z) ~ M4} 

and the latter set is compact, since by hypothesis H('{J) (l) cp(t ,.) is compact 
type (see Section 2). So from the Arzcla-Ascoli theorem, we conclude that 

~(KA,) is compact in C(T,H). Apply Schauder's fixed point theorem to get 
x =;(x) =} xO E C(T,H) is the desired solution of <J). I 

4. Periodic optimal control. 

In this section we consider the following periodic optimal control prob­
lem of Bolza type. The control space is modeled by a separable reflexive 
Banach space Y. 

,, 
J(x,u) =l(x(O))+ j L(t,x(t),u(t))dt -t inf=1n 

0 

s.t. - i(t) E acp(t,x(t))u(t) a.e. 

x(O) =x(b),u(t) E U(t) a.e., u(-) measurable 

We will need the following hypotheses on the data of(~): 

H(f): f: T x H-+ :f( Y, H) is a map s.t. 

(l) t -+ f (t ,x )ii is measurable, 

(f.) x -t f (t ,x )* v is continuous for all v E H, 

CD llf(t,x)uil ~1/J(t,llxll) a.e. for all u E U(t), with1jJ(.,r)E L+=,1/J(t,-) 
nondecreasing and lim ~ip (t, r) = m < c, where c > 0 is as in H(cp) 

r-.oo 
(J.). 

H( U): U : T -t l}c( Y) is a measurable multifunction with weakly compact 
values such that I U(t)i = sup{lliill: u E U(t)} ~ a(t) a.e. aO EL+ 00

• 

H(l): I: H -t R+ is a continuous function s.t. /(x)-t oo as !!xii-+ oo. 

H(L): L: T x H x Y -t R =RU { +oo} is an integrand s.t. 

CD (t,x,u) -> L(t,x,u) is measurable, 

(f.) (x,u) -t L(t,x,u) is l.s.c., 
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CD u -t I).t ,x, u) is convex, 

(1;) 8(t) - Ml lull :S I).t,x,u) with 8(-) E L1 and M > 0. 

Since our cost integrand L is R-valued, we need the following feasibility 
hypothesis. By an admissible "state-control" pair, we main a pair (x, u) E 
E C( 7~ H) x L 1 ( Y) satisfying all the constraints of problem (2.). Observe that 

because of theorem 3.1, given u E Sf;, there exists at least one trajectory 
x E C( T, H) generated by that control. 

Ho : There exists an admissible state-control pair (x,u) s.t. J(x,u ) < oo (i.e. 
m< oo). 

THEOREM 4.1 If hypotheses H(rp), H(j). H(U). H(l), H(L) and Ho 
hold, then problem (2) admits a solution; i.e. there exists admissible pair 
(x,u) s.t. J(x,u) =111.-

PROOF. Let {(x11 ,u11 )} 11 > 1 ~ C(T,H) x L1( Y) be a minimizing sequence 
of admissible state-control -pairs i.e. J(x11 , 1111 ) t 111 as n -t oo. Since by 
hypothesis H0 , 1'i1 < oo and since by hypothesis H(l ), LO is coercive, we 
get that { x11 (0)} 11 > 1 is bounded in H . Knowing this and arguing as in the 
proof of theorem -3 .2, through the Arzela-Ascoli theorem we can establish 
that { Xn} 11 > l is relatively compact in C( T, H ). Also from proposition 3.1 of 

[17], we k~ow that Sf; is weakly compact in L 1(Y). Hence by passing to a 

subsequence if necessary, we may assume that x11 -t x in C( T, H) and u11 ~u 
in L 1( Y). Because of hypothesis H(l), we have that /(x11 (0)) -t /(x(O)), 
Furthermore using theorem 2.1 of BALDER [3], we get that 

b b 

j f).t,x(1),11(t))dt :S Jim j I).t,x11 (t),11 11 (t))dt. 

0 0 

Thus we have: 
b 

/(x(O))+ j I).t,x(t),u(t))dt :S 111. 

0 

We will be done, if we can that (x,u) is an admissible state-control pair. 
For every n ~ I we have: 

-in(t) E arp(t,X11(t))+f(t,X11(t))un(t ) a.e. 

x11 (0) =x11 (b) 

From the proof of theorem 3.2, we know that {i11 }n>l is bounded in 

L 2(H ). So we may assume that i 11 ~y in L 2(H). Clearly y = i. Also because 
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of hypothesis H(j) (2), we have that f(.,x11 (-))u 11 (-)~f(.,x(-))u(-) in L2(H). 
Define <I>: L2(H)-+ R =JR U { +oo} by 

{ 

h 
<I>( v) = £ ip(t, v(t ))dt if ip(-, v( · )) E L 1 

+oo otherwise. 

The measurability oft-+ ip(t, v(t)) (see lemma 3.4 of YOTSUTANI [28]) 
guarantees that this is a well-defined functional belonging in f o(L2(H)). 
Furthermore using lemma 4.4 of YOTSUTANI (28], we have 

[x11, - i11 - f(-,x110)u110] E Cra<I>, n ~ 1. 

Recall that Cra<I> is demiclosed in L2(H) x L2(H ) (see BREZIS [7]); 
i.e. Gr a <I> is sequentially closed in L2(H) x L2(H)w L2(H)w denoting the 
Hilbett space L2(H) equipped with the weak topology. So in the limit as 
n -+ oo, we get 

Ix, -x - f (-,x(-))u(-)] E Cr act>. 

Using once more lemma 4.4 of YOTSUTANI [28), we get 

-x(t) E aip(t,x(t))+f(t,x(t))u(t) a.e. 

x(O) =x(b),u(t) E U(t)a.e., u(-) measurable 

::::} (x, u) is an admissible state-control pair and J (x, u) = n1. 

5. Examples 

In this section, we illustrate the abstract theory with three examples. 

I 

Let T = [0, b J and Z bounded domain in JRN with boundary a Z = r . First 
we consider the following multivalued parabolic partial differential equation. 
Systems of this form arise in the study of obstacle problems (see CHANG [9]). 
In what follows Dk '4· k = 1,2, ... , N. 

~~ -f, j Dk(a(t,z)Dkx)+ 

(1) k=I z 
+x E lf1(t,z,x(t, z)),fi(t,z,x(t,z))] a.e. 

x!rxr=O, x(O,z)=x(b,z)a.e., p ~2 

The following hypotheses will be needed: 

H(a): a E ux>(T x Z), la(t ,z) - a(t 1 .z>I ~ l It - t'I, l > 0 and 0 <.8 ~ a(t,z). 
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H(j)i: Ji, h: T x Z x R-+ Rare functions s.t. 

(l) (t ,z)-+ !1 (t ,z ,x ), fz(t ,z,x) are measurable, 

(2) x-+ -f1(t,z,x),fz(t,z,x) are J.s.c ., 

(J) for every x(-) E L2(Z), (£ lf1(t ,z,x(z))[2dz) 
112

'."1J>(t)[ [x[[2. t E T 

with lll/J lloo < ,8. 
THEOREM 5.1 if hypotheses H(a) and H(j) hold, then problem Q) ad-

mits a solutionx E C(T,L2(Z)) with ¥t E L2(T x Z). -

PROOF. Let H = L 2(Z) and Jct 'P : T x H -+ R =Ru { +oo} be defined by 

l{J(t x){ ! f: f a(t,z)IDpl 2dz+!flxl 2dz if x E HJ(Z) 
' k=lZ Z 

+oo otherwise. 

Clearly, l{J(t,·) E fo(H). Also note that l{J(t,x) > Yllxllp 1 for all 
- H

0
(Z) 

x E HJ(Z) and somey >0, and doml{)(t ,·) =HJ(Z) for all t ET. In addition 

N 

l<P(t ,z) - l{J(t
1 
,x )I ::; I.:~ j ia(t ,z) - a(t

1 ,z)I · IDp !2dz 
k=I z 

:::; Y
1
lt - t

1
l llxll~J<Z> 

for some y' > 0, by using hypothesis H(a) and the Poincarc-Friedrich's 
inequality. Hence we have 

cp(t,x)::; cp(t
1
,x)+y

1
lt-t

1
1 llxll~J<Z>::; cp(t

1
,x)+y'lt -t'l~cp(t,x) 

and so we have satisfied hypotheses H(<P) (l) and (,2.). As in BARBU [4) 
(proposition 2.9, p. 63), using Green's identity, we can chech that 

N 

acp(t,x) = - L Dk(a(t,z )Dkx)+x = L(t)x 
k=l 

with D(L(t)) = {x E Hc}(Z): L(t)x E L2(Z )}. 

Using this defi nition, we can easily check that if x ,y E HJ (Z), then 

fillx - Yll2:::; (al{J(t,x)- al{J(t,y),x - y)L2(Z)' 
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Finally note that <P(O,-) is bounded on K as in H(<P) (4) and since by 

Sobolev's embedding theorem, HJ (Z) embeds into L2(Z) compactly, we get 

that for every t E T, <P(t, ·)is of compact type. So we have satisfied hypotheses 

H(<P) Q) and (~). 

Next let F(t,z,x) = {u ER. :f1(t,z,x) :'.S Uz '.Sh(t,z,x)}. Because of 

hypotheses H(j)i (1), (t,z,x)--+ F(t,z,x) is measurable, while from K.LEIN­

THOMPSON [ 14] (p. 76), we have that x --+ F(t, z ,x) is l.s.c. Let F: T x H --+ 
J}·(H) be defined by 

A 2 
F(t,z) = SF(t,,x(-))· 

Note that 

CrF= {t,x,u) ET x L2(Z) x L2(Z) :f1(t,z,x(z)) :'.S 

:'.S u(z) '.Sh(t,z,x(z)) a.e. on Z} = 

= {(x,u) E L\Z) x L2(Z): j fi(t,z,x(z))dz :'.S 

A 

j u(z)dz :::; j fi(t,z,x(z))dz for all A E B(Z)} 

z z 

where B(Z) is the Borel a-field of Z . Since B(Z) is countably generated, we 
A ? A 

deduce that Cr FE B(T) x B(L-(Z)) => F{-,·) is graph measurable. 

Furthermore from theorem 4.1 of (18], we have that x--+ F(t,x) is J.s.c . 

. Also using hypothesis H(j1) CD. we can easily check that hypotheses H(F) 

Q) and (1) are verified. 

W' 

Next rewrite Q) in the following equivalent evolution inclusion form: 

{
- .:i:(t) E arp(t,x(t))+F(t,x(t)) a.e.}. 

x(O) =x(b) 

Using theorem 3. l, we get that CD has a solution x E C( T, L2(Z)) s.t. * E L2(T x Z). - I 
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Next we consider the following periodic optimal control problem for a 
class of nonlinear systems 

/J 

Jlx(O,.)ll~2(ZJ + J J L(t,z,x(t,z),u(t,z))dzdt--+ inf= n1 
0 z 

a N 
s.t. a~ - L_Dk(a(t,z)Dp)+/3(x)=f(t,z,x(t,z))u(t,z) a.e. 

k=I 

x(O,z) =x(b,z) a.e., 0 ~ u(t,z) ~ y, (t,z) E T x Z 

We will need the following hypotheses: 

H(/3): /3 : R--+ R+ is a nondecreasing, continuous, convex function . 

H(f)i: f: T x Z x R--+ Risa function s.t. 

(l) (t,z)-+f(t,z,x) is measurable, 

(2) x--+ f(t,z,x) is continuous, 

(J) for all x(-) E L 2(Z), <f lf(t,z,x(z))l 2dz) 112 ~ lp(t)llxll2 a.e., with 
z 

a ~ lp (t) <A 1 and A 1 is the first eigenvalue of (-fl, HJ (Z)); i.e. of 
-fl with Dirichlet boundary conditions. 

H(L)1: L: T x Z x Rx R-+ R is an integrand s.t. 

(l) (t,z,x,u)-+ L(t,z,x,u) is measurable, 

(2) (x,u)--+ L(t,z,x,u) is l.s.c., 

CD u --+ L(t ,z ,x, u) is convex, 

(1:) lp (t ,z)- M Jul~ L(t ,z ,x ,u) a.e. with 1jJ (·,-) E L 1(T x Z) and M?. 0. 

THEOREM 5.2 If hypotheses H(a), H(/3), H(f)i and H(L1 ) hold, then 
problem(~) admits a solution (x,u) E C(T,L2(Z)) x vx'(T x Z) with %f E 

L2(T x Z). 

PROOF. Let H = L 2(Z) and let <P : T x H --+ R =RU { +oo} is defined by 

<{J(t,x) = 

{ 
~ J a(t,z)l\7xl 2dz + J {3(x(z))dz if x E HJ(Z), /J(x(-)) E L 1(Z) 
z z . 

+oo otherwise 

Clearly <{J(t,-) E ro(H) and dom<{J(t,-) is independent oft ET. Further­
more, since HJ(Z) embeds into L2(Z) compactly, we can check that <{J(t,-) is 
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of compact type. As in BARBU [4]. we get that <{J(t,x)= L(_t)x. where L(_t)x = 
N 

=/3(x(·)) - 2:: Dk(a(t,z)Dp) with D(L(_t)) = {x E HJ(Z): L(_t)x E L2(Z)} . 
k=l 

Via the Poincare-Friedrich's inequality we get that 
A 2 

.B.J.illx -yllL2(Z) s (d<{J(t,z)- d<{J(t,y),x -y)L2(Z)' 

In addition, using H(a) as in the proof of theorem 5.1, we can easily 
check that hypothesis H(<{J) (2.) is satisfied. So we have verified hypothesis 
H(l{J ). 

Next let U={u E L2(Z)= Y :OS u(z)Sy} and let]: Tx H-+:i(H) be 
defined by ](t,x)u(-) =f(t,.,x(-))u(-). Using hypothesis H(j)i, we can check 
that H(j) is satisfied. 

Finally let L : H-+ R be defined by I (x) =I Ix 11~ and L: T x H x Y -+ R = 
=Ru {+oo} by L{t ,x ,u )= J L(_t ,z,x(z),u(z))dz. Clearly then hypotheses h(l) 

z 
and H(L) are verified. 

Now rewrite problem (~), in the following equivalent abstract form: 

b 

l(x)+ j L{t,x(t),u(t))dt-+ inf=m 

0 

s.t.-i(t) EiJ<{J(t,x(t))+j(t,x(t))u(t) a.e. 

x(O) =x(b), u(t) E U a.e., u(-) measurable 

Apply theorem 4.1 to get an optimal pair (x,u) E C(T,L2(Z)) x 
xL00(T x Z) for(~), with ¥, E L2(T x Z). I 

Finally, our general formulation incorporates evolution inclusions of the 
following form: 

{
-i(t) E NKcn(x(t))+F(t,x(t)) a.e.}. 

x(O) =x(b) 

Here N Kcn(x) is the normal cone to the closed, convex set K (t) at x. 
From convex analysis we know that NKcn(x) = a{3 K(n(x), where o K(c}(x) =0 
if x E K(t) and +.oo otherwise (indicator function of K(t)). Systems like CJ,) 
are usually called "Differential Variational Inequalities" (see AUBlN-CELLINA 
[2], section 5.6) and arise in mathematical economics (see AUBlN-CELLINA 
[2] and HENRY [13}) and theoretical mechanics (see MOREAU [16]). Other 
results on differential vaiiational inequalities can be found in [20]. 
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t' 
H(K): K: T-t J}·c(.R11

) is a multifunction s.t. h(K(t),K(t1
)) :Sf O(s)ds, 

t 

0 :S t :Sr' :Sb with 0(-) E Ll. 
Note that in this case with ip(t ,x) = o K(t)(x ), hypothesis H(l{J) is satisfied 

with gr = (), f3 = 1 and hr = 0. So we can apply theorem 3.1 and get: 

THEOREM 5.3 If hypothesis H(K) and H(F) (with H = Rn) hold then 
problem ~ admits a solution. 

ACKNOWLEDGEMENT. The author wishes to thank the referee for bring­
ing to his attention references [29] and [30]. 
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§ 0. Introduction 

DEFINITION 1. (SIMONS [l]) We suppose that X and Y are nonempty 
sets and/: Xx Y --t R. We shall say f is upward on Y if VE > 030 > 0 such 
that: 

{ 

VY1>Y2 E Y3y3 E Y such that 
(0.l) Vx EX f (x,y3) ~f(x,Y1)Vf(x,yz) and 

lf(x,y1)- f(x,yz)l 2: E :::} f(x,y3) ~f(x,y1) V f(x,yz)- o. 
We shall say that f is downward on X if VE > 030 > 0 such that: 

{ 

Vx1,x2 E X3x3 EX such that 
(0.2) Vy E Yf(x3,y) 2'.f(x1,y) /\f(xz,y) and 

lf<x1,y)-f(xz,y)j 2: E:::} f(x3,y) 2'.f(x1,y)/\f(xz,y)+o. 

S. SIMONS proved [ 1] the following theorem: 

THEOREM 1. Suppose that f is upward on Y, downward on X , Y is a 
compact topological space and V x E X f (x,.) is J.s.c. on Y . Then 

min supf(x,y)= sup minf(x,y). 
YE y xEX xEXYE y' 

I. Joo and G. KASSAY proved [2] that if f: X x Y --t R is downward on 
X and X is a finite set then (0.2) implies: 

{ 

Vx1>x2 E X3x3 E X such that 
(0.3) Vy E Yf(x3,y) 2'.f(xi.y)/\f(xz,y) and 

f(x1,y);t;f(xz,y):::} f(x3,y) > f(x1>y)/\f(xz,y). 
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• They also proved in this case 3x* EX such thatf(x*,y) ?_f(x,y)Vx EX, 
Vy E Y and inf maxf(x,y) =max inf f(x,y) . Similarly, if f: Xx Y-. JR. 

yE Y xEX' xEXyE y' 
is upward on Y and Y is a finite set (0.1) implies that: 

{ 

'v'yJ ,yz E Y3y3 E Y such that 
(0.4) 'v'x E Xf (x,y3) ~.f(x,yi) V f(x,Y2) and 

f(x,y1)-.ef(x,y2):::} f(x,y3) <f(x,yi) V f(x,y2). 

The main result of this paper is: 

THEOREM 2. If X and Y are compact topological spaces, f : X x Y _., JR. 
is a continuous function satisfying (0.3) and (0.4) then 

min maxf(x,y) =max min f(x, y). 
yE Y xEX' xEXyE y' 

In section 2 there are examples to prove: 

a) Theorem 2 does not hold if X or Y is not compact. 

b) Theorem 2 does not hold if f(x, .) is only l.s .c. for some x EX and 
f( .• y) is continuous Vy E Y . 

c) If X and Y are compact topological spaces there exists continuous 
functions f : X x Y --> JR. upward on Y, downward on X such that f does 
not satisfies (0.3) or (0.4). 

§ 1. 

LEMMA 1. Suppose that X , Y are compact topological spaces, f : X x 
Y _.,JR. is a continuous function satisfying (0.4). Then: 

{

Ve > o, VY1>Y2 E y 3y3 > o, 3o = o (E ,y1 ,y2,y3) > o 
(1.1) such that 'v'x E Xf(x,y3) "5:f(x,y1) V f(x,yz) and 

lf(x,y1 )-f(x,y2)I ?. E :::} f(x,y3) <f(x,y1) V f(x ,yz) - o. 

PROOF. 

(1.2) M := {x EX: lf(x,y1)- f(x,y2)I?. E} is a compact subset of X. 

The function g : X - JR., g(x) := f(x ,yi) V f(x ,y2) is continuous. 

(0.4) implies that 3y3 E Y such that: 

'v'x E Xf (x ,y3) :S g(x) and lf (x ,yi) - f (x ,y2)I > 0:::} f (x ,y3) < g(x ). 

Hence g(x)-f(x,y3) > 0, 'v'x EM. From (1.2) 3o =O(E,Y1>Y2,Y3) such that 
g(x)-j(x,y3)>0, Vx EM. 
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LEMMA 2. Let X, Y compact topological spaces, f : X x Y -+ R a 
continuous function satisfying(0.4). Suppose thatVy E Y s(y):= supf(x,y)E 

xEX 
E (0,+oo). Let n < 0,y1,Y2 E Y and B(y) := {x EX :f(x,y) > n} Vy E Y. 
Then 3h1,h2 E Y with B(hi) ~ B(yi), Vi E {1,2} and ifh3 E Y is given by 
(1.1) for E = 0 - n, h1. hz then 3x1, x2 E X such that: 

f(xi,Yi)/\f(xi,h3) >n,Vi E {1,2}. 

PROOF. Let H1 := {h E Y: B(h) ~ B(y1)} ~ Y. H1 is a closed subset 

of Y because, otherwise 3ho E H 1 such that ho E H1 i.e . .3xo E X such that 
f(x0 ,h0 ) > n andf(x0 ,y1) :S 11. Sincef is continuous 3V E N(ho) such that 
Vh E V,f(x0 ,h) > n. ho EH 1 implies that 3h' E V n H1 so thatf(xo,h') > n 
andf(x0,y1) > n which is a contradiction withf(xo,Y1) :Sn. Thus H1 is closed 
and therefore is compact. So 3h 1 E H1 such that: 

(2.1) 

Similarly 3h2 E H2 := {h E Y: B(h) ~ B(yz)} such that 

(2.2) 

From Lemma l with E =0- n, h 1, h2 E Y3h3 E Y and 3o =o(t:,h 1,hz,h3) 
satisfying (1.1). From (2.1) and (2.2) results that Vi E {1,2}, Vk E Hi, s(k) > 
> s(hi) - o . ( 1.1) implies that B(h3) ~ B(h 1) U B(h2). Suppose that B(h2) n 
B(H3) = 0. From s(h3) > s(h1) - o and s(h3) > 0 it follows that: 

(2.3) :Jx E X such that II < 0 V (s(h1) - 0) <f(x,h3). 

Thus: { x E B(h3) =? x E B(h2) =? f(x,h2) :S fl <f(x,h1) 
f(x,h 1)vf(x,h2)-o =f(x,h 1)-o :S s(h1)-o <f(x,h3). 

From (1.1): 

f(x ,h3) :Sf (x ,h1) and f(x,h1) - f(x ,h2) < E = 0 - n =? 

=? f(x,h3) :S f(x,h1) = f(x,hz) + f(x,h1) -f(x,h2) <fl-+ 0 - n = 0 

which is in contradiction with (2.3). Thus 3x2 E B(h2) n B(h3). Similarly 
3x1 E B(h 1) n B(h3). 

LEMMA 3. Suppose that X. Y are compact topological spaces, f : X x 
Y -+ R is a continuous function satisfying (0.3) and (0.4). Let W ~ X, u1, 

u2 EX. Then: 

inf sup f(x,y) :S sup inf sup f(x,y). 
YE Y xE{u 1,112}Uw x'EXYE Y xE{x'}uw 
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PROOF. If the result fails, then 3a0 , a, f3 E R such that: 
(3.1) 

'rlx' EX, 'Vy E Y inf sup f(x,y) ~ ao <a < f3 < sup f(x,y). 
YE y xE{x'}uw xE{ui.u2}uw 

Let V := {y E Y: sup f(x,y) ~ a 0}. V is a compact subset of Y. From 
xEW 

(3.1): 
(3.2) 'rlx' E X,'rly E Y inf f(x 1,y) '.5. ao <a '.5. fJ '.5.f(ui,y) V f(u2,y). 

yEV' 

(3.2) is equivalent with: 
'rlx' E X,'rly E Y(j(u1,y))t\(-f(u2,y)) < -[3 <-a< -ao '.5. sup(-f(x 1,y)). 

yEV 

From Lemma 2 withf!x x v: Xx V-+ R, 8 =-a, n = -{3, for u1. u2 EX, 
3x1, x2 E X such that: 

'Vy E Y,'rli E {1,2},f(xi,y) > -{3 => - f(ui,y) > -{3 {:} 

(3.3) {:} f(xi,y) <{3 => f(ui,y) <{3 {:} 

¢} f(Ui ,y) °?_ f3 => f (Xi ,y) °?_ f3 · 
Also from Lemma 2 3x3 E X, 3w1. w2 E W such that 'Vi E {1,2}: 
(-f(x;,w;))t\(j'(x3,w;)) > -/3 {:}j(x;,wi)t\f(x3,wi) </3. We choose n' </3 
such that 'Vi E {1,2}: 

(3.4) f(Xi,Wi)t\f(x3,Wi)'.5.n 1 <{3. 

From Lemma 2 with X = {x1,x2 1x3}, Y = V, 0 E (n' ,{J), t: = 0- n1
: 

{ 

for w1, w2 E V, 3y1 ,y2 E V such that: 
(3.5) 'Vi E { 1,2}, 'VJ E { 1,2,3},f (Xj' Wi) ~ n' => f(Xj 1Yi) '.5. n' 

and 3y3 E Y as in (1.1). 
This implies that: sup f(x,y3) ~ ao, thus y3 E V. 

xEW 

From Lemma 2 3z1. z2 E {x1,x2,x3} such that: 
(3.6) 'Vi E {1,2}, n' <f(z;,Yi)t\f(Zi1Y3). 
From (3.4) and (3 .5): 

(3.7) 'Vi E {1,2}, f(x;,y;)t\f(x3,y;) '.5. n' . 

Hence, from (0.1): 

(3.8) f (x3,y3) '.5. f(x3,y1) t\f (x3,y2) '.5. n' · 
From (3.6) and (3.7): 'Vi E {l,2} , f(x;,y;) Vf(x3,yi)::;: n' <f(z;,y;). hence 
z1 =x21, z2, =x1. 

From (3.6): n <f (Z1iY3) t\f(z2,y3) = f(x2,y3) t\f (x1iy3) '.5.f(x3,y3). This 
is a contradiction of (3.8). 

The following Lemma is proved in [ 1] and the proof of Theorem 3 using 
Lemma 3 and Lemma 4 is like in [l]. 
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LEMMA 4. Let X, Y compact topological sp:1c:es, f : X x Y -+ R a 
co11ti11uo11s fi111c:tio11 sutisfyi11g (0.3) and (0.4), a11d Jct Xo a finite subset of 
x. ·111e:11: 

min max/(x,y)::; max minf(x,y) 
yE}'xEXo xEXoyEY' 

§ 2. Examples. 

a) Let/: [- t,-! [ LJ ]!, l J x lO, lj-+ R,f(l,O)=O,f(l, 1)·=3,/ ( !, 1) = 

= ~,J (-!,I)=-!./ (-1, l)=-1./(-1,0) = 0,f(-1,-1) = 3.J (-!,-t) = 

= i, f ( ! , - I) = - ! , Let f (x, 0) = 0, V x E [- t, - ! [ U] ! , 1] .. Let f ( ·, -1) and 

/(-,I) he aOinc on intervals [-t,-! [and]!, I], Vx E [-t,-! [ U J !, 1], let 

/(x,·) be affine on l- l,01 and lO, I] . / satisfies (0.3) and (0.4) but: 

min sup f(x,y) = 0 and sup min=_!< 0, 
YE Yxc:X xEXYE Y 4 

sec the figure I. 

I 

I 

,-
I ·1/4 

3 

------

,,,,' k' L-;1
11.01 

., ~ 

Ix 

Fig. I 

y 
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b) Let f: [-J,J] x 1-1,1)--+ R, /(1,0) = 1, f(l,l) = 3, f(O,J) = 0, 
/(-1, I)= -1.f( - l,0>= - ~. lim f(-1,y) =2.f(-J, - 1)= 3,f(0,-1 )=0, 

y-.Oy<O 

/(I,- I)=~· Lct/(-,-1).f(-,0) and/(-, I ) be affine on intervals f-1,01 and 
10.11. Vx E 10,ll lct/(x,·) he affine on f-J,OJ and LO,JI. Vx E [-1,0[ let 

lim f (x ,y) = 2>: and let f (x, ·) be aflinc on L -1, OJ and jO. I J. Thus.f (x, ·) 
y-+Oy«1 
is l.s.c. Vx E l-1,01.f(x,·) is continuous Vx E l0,1], and/(-,y) is continuous 
Vy E [-1, I J and: min maxj(x ,y) = I > i =max min f (x ,y) (sec the figure 2.) 

yEYxEX xEXyEy' 

3 

- I 

y 

Fig. 'l 

c) Let J : [ - 1, II x 1- 1, IJ --+ JR, J(l,0) = 0, f(l, I)= I, /(0, 1) = 0, 
f ( - I, I) = - I , f ( - I, 0) = 0, f ( - l, - l) = 2, J (0, - I) = l ,' J (I, - I) = 0, f (x, -

-x) = 0 Vx E [O,l]. Let f(-,-1), f(-,0) and/(·,!) be afline on f-1,1) . 
\:/x E f-1,0J let/(x,·) he afline on f -- 1,0J and fO,I). Vx E]O,I) letf(x,·) be 
aflinc on [-1,-xl. 1-x ,OI. 10,11. J is defined to be continuous, downward 

on X, upward on Y. Uut, for 0 < x 1 < x2 < l there is no x3 E L- I, 1 J to satisfy 
(0,4) (see the figure 3.) 
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y 

Fig. 3 
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REMARK OF ADDITIVE FUNCTIONS 

By 

I. JOO and S. SZABO 

Department of Analysis, Eotvos Lorand University, Budapest 

(Received October 27, 1993) 

Dedicated to Professor Paul Erdos on his Both birthday 

In this paper we give a characterization theorem. The first characteriza­
tion is apparently that of P. Erdos [l). He proved that if a real-valued additive 
function f is non-decreasing or 

f (n + 1) - f(n) -t 0 

as n -too, then it must have the form A· logn for some constant A. He had 
a separate argument for each case . 

. DEFINITION. We say that f : N -t R/Z is completely additive mod 1 if 
for every n, m E N 

f(n · m)=f(n)+f(m) (mod 1). 

THEOREM. Let a 2: 0, b denote integers and let (a,b) = 1. Jf f is com­
pletely additive mod 1 and 

f(a(n + l ) +b)- f(an +b)-t 0 (mod 1) 

as n -too, theno(B)-f(an +B)-co · log(an +B))=O (mod 1), where (a,B)= 
= 1, co is.a constant independent ofn, o(B) is the order of B mod a. 

PROOF. From the assumption of Theorem we can get easily that 

lim f(an +ab+b) - f(an +b) =0 (mod 1). 
n -.oo 

In this relation writing bn in place of n we get 

lim f(a(n + l)b +b) - f(anb + b) = 0 (mod 1). 
n-.oo 
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Since/ is completely additive mod 1, therefore we obtain 

lim f(a(n + 1) + 1) - f(an + 1) = 0 (mod 1). 
11 _,.00 

Let F: N -+ IR such that { F(n)} =if (n)} ( { x} denotes the fractional part of x) 
and K: IR-+ IR/Z, z ._.... {z} +Z, further let be F(a + 1) := {j(a + 1)}. Choose 

the values of F such a way, that F(a(n+l)+l) E [ F(an+ 1)- ~,F(an+l)+~). 
Then F is uniquely determined on the set (an+ 1 : n = 1,2,. .. ). Let us use 
the notation 

(1) q(n1,n2) := F((an1+l)(anz+1)) - F(an1+1) - F(anz + 1). 

Since f is completely additive mod 1, therefore q(ni.nz) E Z. Obviously 

(2) q(n1,n2+1) - q(n1,n2) = F((an1 + l)(anz +a+ l))-

-F((an1+l)(an2+ 1)) - (F(anz +a+ 1) + F(anz + 1)). 

Since 

K(F(a(n + 1) + 1) - F(an + 1)) = f (a(n + 1) + 1) - f(an + 1), therefore 

lim K(F(a(n + 1) + 1) - F(an + 1)) = 0 (mod 1). 
11-+00 

Since 
1 

IF(a(n + 1) + 1) - F(an + 1)1 ~ l' therefore 

(3) lim (F(a(n + 1) + 1) - F(an + 1)) = 0 
n_,.oo 

Obviously 

F((an1 + l)(anz +a+ 1))- F((an1+l)(anz+1)) = 

= F(a[(an1 + l)nz + an1+ni]+1) - F(a[(an1 + l)n2 + ni] + 1). 

A simple consequence of (3) is that 

(4) lim (F(a(n+k1)+l)-F(a(n+k2)+l))=O (k1,k2EZ). 
n_,.oo 

The substitution n = (an1 + l)n2, k1 = an1 + n1, kz = n1 in (4) and (3) together 
yield that 

(5) 

But q(n1,n2+1)- q(n1,112) is an integer, therefore 

(6) q(n1,n2) = q(ni.n2+1) = q(n i.n2 + 2) = .. ., if nz > N(n1). 

Introduce the function G, 

(7) G(am + 1) := F(am + l)+ lim q(m,n) = 
11-+00 

= lim (F(am + l)(an + 1)) - F(an + 1)). 
n _,.oo 
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Now we prove, that G is completely additive on the set (an+ 1 : n = 1,2, ... ). 
Let be m1. m2 EN. 

(8) G((am1+l)(am2+1)) = 

= lim (F((am1 + l)(am2+l)(an+1))- F(an + 1)) = 
n-+oo 

= lim (F(am1 + l)(am2 + l)(an + 1)) - F((am2 + l)(an + 1))+ 
n-+oo 

+F((am2+a)(an+1)) - F(an + 1)). 

Because of (7) 

(9) lim (F((am2+l)(an+1)) - F(an + 1)) = G(am2+1). 
/l-+00 

Further (am2+l)(an+1) =a(am2n +m2+n)+1. Replacing n by am2n +m2 + 
+ n in (7) we obtain that 

(10) lim (F((am1 + l)(am2+l)(an+1)) - F((am2+l)(an+1))) = 
n-+oo 

= G(am1+1). 

From (8), (9), (10) we get G is completely additive on the set (an+ 1 : n = 
= 1,2, ... ). 

Denote 

(11) o(m) := lim q(m,n). 
/l-+00 

Since G is completely additive on the set (an+ 1 : n = 1,2, ... ) therefore using 
its definition (7), 

o(m1) +o(m2)- o(am1m2 +m1 +m2) = q(m1,m2). 

Using (11) we have 

(12) o(m2)=o(am1m2+m1+m2) forall m2>N(m1). 

From (7), (11) 

(13) G(a(m + 1) + 1) - G(am + 1) = 
= F(a(m + 1)+ 1)- F(am + l)+o(m + 1)-o(m). 

Now we prove, that o(m) = o(m + 1) = .. ., if m > No. where No is a fixed 
constant. Let be m1 := 1. Replacing m1 =1 in (12) 

o(m2)=o(am2+I+m2)=o((a+l)m2+l), forall m2>N(m1). 

Iterating the argument we get 

· ( I 1-1 ) ( / (a+1)
1-l) o(m2)=o (a+l) m2+(a+l) + ... +1 =o (a+l) m2+ a , 
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where l E N is arbitrary. Here 

.t (< l)/ (a+ 1)1 - I) .t ( (a+ 1)
1 

- I (a+ 1)1 - I) u a + m2 + = u a m2 + m2 + . 
a a a 

If l is large enough. l > L(m2). then using (12) we have 

That is 

Similarly 

This yields 

(14) 

= d ((a + 1)1 m2 + (a + ~I - I) = d (<" + ~I -1) 
d(m2) =d (<"+~I - 1

) it l> L(m2). 

if l > L(m2 + 1). 

o(m)=o(m+l)= ... forall m>No. 

Using (3), (14) we obtain from (13) that 

(15) lim (G(a(m + 1)+ 1) - G(am + 1)) = 0. 
m --+oo 

Now we prove that if h = 1 (mod a) then 

(16) G(h) =a· logh, 

where a is a constant independent of h. We use an idea, which can be found 
in [2], but we need some new ideas also. 

Assume that there exist h 1 and h2 (h 1 ":F: h2) such that 

G(h1) G(h2) 
hi= (mod a ), h? = I (mod a), c1 = -- ":F: -- =: C? 

- logh1 loghz -

Let e.g. C2 > C1 . Let xo be arbitrary but fixed number for which C2 > xo > C1. 

Denote Go := G - x0 · log. Then Go is completely additive on the set 
(an+ I : n =O, 1, ... ) and 

(151
) lim (GQ(a(n + l)+ 1)- G0(an + l)) = 0. 

n--oo 

Further 

(17) 

Denote dh2(n ) := GQ(an + 1)-(1-i::)c2 ·log11. where 0< E < 1, we will choose 
later. We show that dh

2 
(n) is bounded. First we show that dh

2 
(n) is bounded 
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above, i.e. we show that if n > no(ci.c2,hi,h2,c) then there exists m < n for 
which 

(18) Go(an + 1) - (1 - f )c2 · logn < Go(am + 1)- (1 - f )cz · logm. 

We are looking for such m for which 

(19) hi(am+l)>an+l. 

Choose the smallest m for which (19) is fulfilled, i.e. 
n 1 1 

m>-+---. 
hi ahi a 

Hence 

(20) 
n 

m =hi +0(1). 

Thus m < n is satisfied. Since h 1 = 1 (mod a) therefore h 1 (am + 1) = 1 
(mod 1). Using (20) h1 (am + 1) - (an+ 1) = 0(1). Thus we can use (151

). 

We get 

Go(an + 1) = Go(h1)+ Go(am + l)+on(l), 

where 0 11 (1 ) means 0 11 (1)--+ 0 as n--+ oo. From this 

Go(an + 1)- (1 - e)cz · logn = 
n = Go(h1)- (1 - e)cz ·log- +(Go(am + 1)- (lc)cz · logm +on(l). 
m 

From (20) fit = h1 + 0 (A), thus log fit = logh1 + 0 (A), hence we can 

estimate as follows 

Go(an + 1)- (1 - e)cz · logn = 

Go(h1 ) - (le)cz · logh1+0 (~) +(Go(am + 1)- (le)cz · logm)+on(l) = 

= loghz(c1 - (1- e) · cz)+ 0 (,~) +(Go(am + 1)- (1- e)cz · logm)+ 

+on(l) < Go(am + 1)- (1- e)c2 · logm, 

if we choose f such that 0 < f < co, (c1 - (1 - E) · c2) < 0 and n is large 
enough. Hence d1i

2 
(n) is bounded above c 1. 

We can prove similarly that d1i
2
(n) is bounded below, but to this we have 

to modify the calculations above. Let us choose m such that we get 

Go(an + 1)- (1 - e)cz · logn = 

= Go(am + 1)- (1 - e)cz · logm +e · Go(hz)+ 0 (~J +on(l) > 

> G0(am + 1) - (1 - E )c2 · logm, 
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using that GQ(h2) > 0 and n > no. Hence dh2 (n) is bounded below. Conse­
quently dh2(n) is bounded. 

Using the same ideas we get that d11
1
(n ) is bounded. Therefore d11

2
(n)­

- dh
1 
(n ) is bounded. On the other hand 

d1t/n) - d11 1 (n) = (1 - E )- (c1 - c2)- logn 

for every n EN, consequently c1 = c2 i.e. if h = 1 (mod a) then GQ(h) = 
= c · logh. Using the definition of GO we obtain G(h) =a · logh, where a is 
a constant. (16) is proved. 

Now let us return to the proof of theorem. From (16) using (14) 

f(an + 1) = KF(an + 1) = K(G-6)(an + 1) = 

= K G(an + 1) =co · log(an + 1) (mod 1). 

For all B coprime to a we have (an+ B)0 (B) =am+ 1, where m is a suitable 
positive integer. Hence 

From this 

f ((an+ B)o(B)) = f(am + 1) =co· log(am + 1) = 

=co· log (<an+ B)o(B)) (mod 1). 

o(B) -f(an + B) = o(B) ·co · log(an + B ) (mod 1), 

which implies the theorem. In the theorem o(B) cannot be eliminated. E.g. 
take a = 3, b = 2, f(p) := iogp if p = 1 (mod 3), f(p) := logp + ! is p = 2 
(mod 3), p is prime, f is completely additive mod 1 ([4]). The special case 
a= 1, b=O was proved in [4] . The results present paper are further generalized 
ill [5]. 
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WÜRFELPFLASTERUNGEN 
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1. Einführung 

In der Arbeit [1] haben A. W. M. Dress, D. H. Huson und E. Molnar 
diejenigen euklidischen Pfasterungen ( T, r) klassifizert, wo eine Bewegungs­
gruppe r auf den Flächen der Pflasterung T transitiv wirkt. Der kombina­
torische Algorithmus und das Computerprogramm, das in der Theorie des 
sogennanten D-Symbols beruht, ergeben auch solche Pflasterungen, die nur 
in verschiedenen nicht euklidischen Räumen realisierbar sind. Ein schwe­
res Problem ist, in welchem Raum wird eine kombinatorische Pflastenmg 
überhaupt metrisch existieren. Wie E. Molnar es bewiesen hat, kommen sehr 
außergewöhnliche Räume z.B . H 2 x R, S 2 x R vor. 

Eine Möglichkeit ist die projektiv-metrische Geometrie, wie sie in der 
Arbeit [2] gezeigt wurde. Wir werden im folgenden die Methoden der pro­
jektiven Metrik benutzen. In dieser Arbeit betrachten wir kombinatorische 
Würfelpflasterungen (T, f) auf den die Symmetriegruppe r der Pflasterung 
T ftächentransitiv wirkt, dh. für je zwei Flächen fi und h der Polyeder von 
T wenigstens eine Bewegung y E r existien, die fi in h = f ( überführt, so 
daß die ganze Pflasterung T auf sich abgebildet wird. 

Zwei Pflasterungen (T1, f 1) und (Tz, f2) sind ir, derselben Klasse (äqui­
variant), wenn es eine bijektive inzidenztreue Abbildung <P gibt, für die r 2 = 
= </>- 1r 1 </> ist. Im Fall , wenn zwei Pflasterungen kombinatorisch isomorph 
sind (Ti ~ Tz) kann die Gruppe f 2 reichhaltiger als f 1 sein. In diesem Fall 
sagen wir daß (T1. fJ ein Symmctriebruch von (Tz, f2) ist. Wir interessieren 
uns am besten für die Pttasternng (T, n wo, die Bewegungsgruppe maximal 

*Untersrützt von der Ungarischen Wissenschaftlichen Forschungsstiftung (OTKA) No. T 

7351 (1993). 
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ist, d. h. die Gruppe f ist zu der die lnzidenzstruktur erhaltenden Automor­
phismengruppe äquivariant (r ';:! Aut n. 

2. Resultate 

2.l. Besonders interessant sind die Würfel deren "Keilwinkel" von der 
Form ~· ~· 'f mit der Ungleichung ~ + ~ > i gegeben sind. 

Zunachst, für Einfachheit nehmen wir zusätzlich an, daß die Symmetrie­
gruppe r der Pflasterung T. flächentransitiv wirkt, und die Spiegelungen an 
den Flächen von T zu der Grnppe r gehören. Wie wir es in der Sektion 4 
beweisen werden, ist die Stellung der Keilwinkel des Würfels, wie sie die 
Abb. l. zeigt. 

Ao AJ 

z/J p 
1 A, 1 Ai. 1 

1 '} 

l 
1 
1 
1 
1 
1 l p 1 
1 A1 A.1 
}----- ---p-- -----

/ 
/ <y z 

/ 
/ 

/ 
/ 

2 A_, Ab 

Abh. J 

2.2. In den Fällen p > 2; q = 2 bekommen wir den wohlbekannten 
La111be11 Würfel mit 3 Keilwinkeln von ~ an 3 schiefen Kanten und mit 
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rechten Winkeln bei den anderen. Die metrische existenz eines solchen 

Würfels in H 3 ist wohlbekannt. Eine einfache Konstruktion beruht auf dem 

Vektormodell von H 3 wie E. Molnar in der Arbeit (2] gezeigt hat. (Abb. 2) 

Ao AJ 

l/l 
2 

p 1 

Ai A( 1 
1 

1 2 
2.. l 
' 1 
1 
1 

p 1 2 1 

A ' A, 
~„L __ --- P --· ----„ 

'l „ l „ „ 
"' A,,-

„ 
2 p > 2.. 11, 

Abb. 2 

Wir kennzeichen die metrische Existenz der übringen Fällen in dem 
folgenden Satz. 

2.3 . SATZ Außer den obigen unendlich vielen Rillen, (p, 2), p > 2 in 
H 3 gibt es noch 3 weitere maximalen Würfelpflasterungen (T, f) im hyper· 
/xJJisc/1en Raum H 3 mit ÜJ, q)=(J, 3); (3, 4); (3, 5), wobei jede gewünschte 
Bewegungsgruppe r ~ Aut Tauf den Spiegelflächen transitiv wirkt, w1d jeder 
Würfel im T eigentliche licken besitzt. 
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3. Über die V-Symbole 

In der Arbeit [l] haben A. W. M. Dress, D. H. Huson und E. Molndr die 
Theorie des V-Symbols skizziert. In den Arbeiten [4), [5), [6), [7) befinden 
wir einige zwei und dreidimensionalen Anwendungen des V-Symbols. 

Es sei T eine gegebene kombinatorische dreidimensionale Polyederpftas­
terung mit ihrer formalen baryzentrischen Unterteilung. Die baryzentrische 
Unterteilung von T führt zu einer Simplexzerlegung 'ß. Die formalen Mit­
telpunkte der Körper, Flächen, Kanten und die Ecken markieren wir mit 
3,2,1,0 ebenso wie die entsprechenden gegenüberliegenden Simplexseiten. 
Die Ecken eines Simplex von der Simplexzerlegung 'ß werden mit Ai, 
i E I := {O, 1,2,3} bezeichnet. 

Es sei ai(i E /)eine formale Spiegelung (involuntorische Operation), die 
die bei i-Seitenftächen benachbarten Simplexen Ci und C2 von 'ß vertauscht 
( C2 = cf i ). So führen wir die auf den Körpern von 'ß frei wirkenden invo­
lutorischen ai-Operationen und die durch sie erzeugte freie Coxeter Gruppe 
mit der darstellung LI:= {a; : ar = 1; i EI} ein. 

Wir führen eine Matrixfunktion M : 'ß - N1x1 C - m;j ( C) i ,j E I ein, 
um die Wirkung der Gruppe 2:: 1 und so die kombinatorische Struktur der 
Pflasterung T zu beschränken: mij ( C) ist die minimale natürliche Zahl, die 
die folgende Gleichung erfüllt: 

m··(c) 
c(CJjCJj) IJ = C 

Das bedeutet, daß 2mij(C) benachbarte Simplicen beim Schnitt der i- und 
j-Seitenftächen des beliebigen Simplex von 'ß, sich treffen. Mist die verallge­
meinerte Coxeter-Schläftische Matrixfunktion mit den folgenden zusätzlichen 
Eigenschaften: 

mij (C) = mj;(C) = mij(Cai) 

mii(C) = l; m;j(C) = 2 wenn Ji - j 12: 2 

mij(C) 2: 3 wenn Ji -jl = 1 

für jedes CE 'ß und i,j E /. 

Nehmen wir an. daß r eine nicht triviale Gruppe ist, die auf T wirkt. 
Ferner behält jedes Element von r die baryzentrische Unterteilung von T 
und so die a; Operationen. Die Zerlegung 'ß und auch die Matrixfunktion M 
wird durch die Gruppe r faktorisiert. Ein Element von :JJ := 'ß /f ist eint Bahn 
(Orbit). 
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Die induzierte Matrixfunktion ist die folgende: 

.Al: iJ-+ N1x1; D-+ (mij(C)); CE D; i,j E l. 

Num können wir ein sogenanntes D-Symbol, iJCE,f>.M), definieren, das zu 
einer Pflasterung (T,f) gehört. Das D-Symbol besteht aus dem D-Graph und 
aus der entsprechenden Matrixfunktion .M = mij. 

Der D-Graph wird durch die D-Menge ~und die Operationen ai E 'E1 
(i EI) definiert. Die Bezeichnungen der Kantenlinien des D-Graphs und auch 
der entsprechenden ai-Operationen sind die folgenden: 

ao: 
a1 : 
Oz: 
03: 

Von einem D-Symbol ausgehend, sehen wir, daß es die entsprechende 
Zerlegung (wenn sie existie1t) bisauf äquivariante Bijektion kennzeichnet, wie 
es im Abschnitt 4 beschreiben werden. 

4. Die Würfelpflasterungen 

In der Arbeit [l] haben A. W. M. DRESS, D. H. HUSON und E. MOLNA.R 
mit Hilfe eines Computerprogramms, die vollständige Aufzählung der kom­
binatorischen Polyederpftasterungen (T,r) angegeben, wo die Bewegungs­
gruppe r auf den Flächen der Pflasterung transitiv wirkt, und die Polyeder 
von T eigentliche Ecken besitzen. Der Algorithmus des Computerprogramms 
beruht auf der Theorie des D-Symbols. 

In diesem Arbeit interessieren wir uns für diejenigen Würfelpflasterun­
gen, wobei die fordenmgen im Punkt 2.1. erfüllt sind. Wir führen die 
Untersuchung derjenigen Fällen durch, wo die Bewegungsgruppe f maximal 
ist (r s::! Aut T). 

Durch D-Symbole fordert man die folgenden. 

a. Der D-Graph iJ2, der von ;JJ durch Streichen der az-Operation entsteht, 
hat genau eine Komponente (Flächentransitivität). 

b. Die Matrixfunktion hat konstante Koeffizienten mo1 = 4, m12 = 3 auf 
2J (die Steine sind Wüifel). 

c. Das D-Symbol iJ läßt keine (eigentliche) sürjektive Abbildung auf ein 
anderes D-Symbol 'l':iJ-tiJ mit iiJ! > liJ!, 'l'(D°'i)=('l'(D)i'i, mij('l'(D))= 
= nlij(D) für jedes DE iJ, i,j E I = {O, 1,2,3} (Maximalität der Gruppe 
rs:t Autn. 
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d. Das Teilsymbol :lP(JlO), das durch Streichen der u0-0peration und der 
0-ten Reihen und Spalten der Matricen entsteht, hat nur solche Komponenten 
9Ji, für die die sogenannten Krümmungskonstanten 

K ) = L ( 1 + 1 - !) > 0 1": m;j (D) m23(D) 2 
vesf.) 

positiv sind. So haben wir ausschließlich eigentliche Ecken für die Pflaster­
ung. 

Nun bekommen wir die folgenden Fällen: 

---
A; A;t A:3 A! 

.3 

~-···········ff) Lt 

A; · ) 2 A13 
0 

A"11. J 
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4.1. In Abb. 3. sehen wir den D-Graph, der durch die folgenden involu-
torischen Permutationen (Transpositionen) angegeben wurden (i .._... Di). 

ao: (1,2)(3,4) · · · · · · · · „ · · 

a1 : (1)(2,3)(4) - - - - -
a2: (1)(2)(3,4) 
a3: (1)(2)(3)(4) ~ 

Die Matrixfunktionen für die Würfelpflasterungen bekommen wir auch aus 
der Computerliste: 

mo1(D)=4, m12(D) = 3 für jedes DE;}), 

m23(Di.Di) = 4, m23(DJ,D4) = 6. 

Wenn wir das Teildiagramm 2f1. nach weglassen der Kanten der a2 Operation 
aus dem D-Graph bilden, finden wir eine Komponente. Das bedeutet, daß die 
dem D-Symbol entsprechende Pflasterung ( T, f) ftächentransitiv ist. 

In Abb. 3 sehen wir den aus 4 Simplexen zusammengeklebten Funda­
mentalbereich für die Gruppe r. 

ffr = A3A2Af2 AÖ LJA3A2Af2 AÖ3
LJA3A2Aj

4 AÖ3
LJA3A2AI

4 
Aci 

Die Erzeugenden Bewegungen sind die Folgenden: 

m 1 : ist eine Spiegelung an der Fläche AÖAciA3 

m2 : ist eine Spiegelung an der Fläche AÖAÖ3 A3 

m3 : ist eine Spiegelung an der Fläche AÖAÖ3 Aci 

r : ist eine Halbdrehung um die Achse A3Aj4 

Unter diesen Erzeugenden bestehen die folgenden definierenden Relationen 
für die Gruppe r: 

1 =m? =mi =ms =r2 = (m1m2)3 =(m1m3)2 =(m2m3)4=m2rm1 r =(m3rm3r)3 

nach dem Poincareschen Algorithmus. 

Nun können wir einen Würfel der Plasterungen aufbauen, wo die Stellung 
der Keilwinkel sieht so aus, wie sie Abb. 4. zeigt. 

4.2. Im zweiten Fall gehen wir auch von den Ergebnissen des Compu­
terprogramms aus. Die Abb. 5. zeigt den D-Graph, der durch die folgenden 
involutorischen Permutationen angegeben ist: 

ao: (1,2)(3,4)(5,6)(7,8) · · · · · · · · · · · · 
a1 : (1,8)(2,3)(4,5)(6, 7) - - - - -
a2 : (1,2)(3,4)(5,8)(6, 7) 
a3: (1)(2)(3)(4)(5)(6)(7)(8) ~ 
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1 
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Abb. 4 

A.1 
3 

2 
A1 --------

2. 

Für die gewünschten Würfelpflasterungen bekommen wir die Matrixfunktion: 

mo1 (D) = 4; m 12(D) = 3 für jedes D E 1J 

m23 (Di. D1) = 2q q = 4; 5 

t1123(D3, D4) = 2p p = 3 
m23(D5,D6,V,,Dg) = 4 

Die erzeugenden Bewegungen sind die folgenden: 

r 1 : ist eine Halbdrehung um die Achse Af2 AJ, 

r2 : ist eine Halbdrehung um die Achse Ar A3, 

r : ist eine 3-Drehung um die Achse A87 A3 , 

m : ist eine Spiegelung an der Fläche AÖ8 A31 A~5 AÖ3. 

Das Fundamentalbereich wird aus 8 Symplexen zusammengeklebt, wie 
Abb. 5. es darstellt. 
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----

(jj] ... „„?T:~ 
/ C>:·<, / . '51 

" ~···· 
A/J/J. 5 

Mit <lem Hilfe <les Poincare-Algorithmus bekommen wir die definieren­
den Relationen für die Gruppe f: 

1 = m2 = r 3 = rl = r:/ = r1 r1r = (mr- 1mr)2 = (r1mr1 mY' = (rzmr2m)q. 

Nun kriegen wir den Würfel, wobei die Stellung der Keilwinkel in der Abb. 6. 
gesehen werden kann. 

Bemerkung: In diesem Fall bekommen wir die Lambert Würfeln (2.2) 
wenn r > 2 und q = 2 (Abb. 2.). 

Wenn die vorigen Bedingungen unter 2.1. für die Pflasterungen etfüllt 
werden, dann haben wir mit Hilfe des Computerprogramms bewiesen daß die 
Stellung der Keilwinkel des Würfels sieht so aus wie sie Abb. 1. zeigt. 
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Ao A.3 

l/j 
2 

3 1 
1 A.z 1 

1 ~-
2 

1 

' 1 
1 

3 ' 2 1 

A' A1 "„L __ - --- 3 --- ----, 
/ 

'}" 2. 
/ 

/ 
/ 

" 2 q,= ~jS' /1, 

Abb. 6 

5. Die metrische Existenz der Würrelpßasterungen 
(p,q) = (3,3);(3,4);(3,5) 

5. 1. In Abb. 1. sehen wir einen Würfel, für den die obigen Bedin­

gungen (2.1.) erfüllt werden, wo die Spiegelungen an den Seitenflächen 

dieses Würfels zu r gehören. Wir stellen den Würfel in ein Koordinatensys­

tem und führen zunächst die üblichen euklidischen Koordinaten: Ao(0,0,0), 
A4 (d,O,O), A1(x ,y,0) ein, der Punkt A6(c,c,c) liege auf der Achse der 3-
Drehung r. Die Parameter x, y, d, c seien reelle Zahlen. 

Nun führen wir die Einheitskugel mit dem Zentrum Ao ein, die das 
Cayley-Kleinsche Modell der hyperbolischen Raumgeometrie realisiert. Zu 

den euklidischen Basisvektoren ~ 1 • ~2 , ~3 führen wir formal einen neuen 

Basisvektor fo ein, um die homogenen Koordinaten zu gewinnen. 



TYPEN VON FLÄCHENTRANSITIVEN WÜRFELPFLASTERUNGEN L81 

Die Vektoren ~. ~1 • ~2 , ~3 , bestimmen einen reellen Vektorraum V 4 . 

Wir definieren ein Skalarprodukt mit der Formel: (:f,Y) = -xoyo + x 1 y l + 
+x 2y 2 +x 3y 3 wo x =xie· und y =yl·e·. -

- -1 - -] 

Über der Teilraumstmktur von V 4 gewinnen wir den projektiv metri­
schen Raum P3( V4 ;(( ; ))). Der duale Raum des Vektorraums V4 wird mit 
V4 bezeichnet. 

Wir nutzen aus, daß die euklidischen Bewegungen um das feste Zent­
rum Ao genau die entsprechenden hyperbolischen Bewegungen des Modells 
darstellen, und ferner, die Geometrien der Sphären in den Räumen S 3 , E 3 , 

H 3 alle isomorph sind. 

Die obigen homogenen Koordinaten der Punkte im projektiv-metrischen 
Raum sind: 

Ao '""f!.o0; O; O; 0), 
Ä(i '""f!.(;(l;c;c;c), 

A1 '""f!4(1;0;0;d), 
-1 

Az '""f!.'7 (l;O;x;y), 

A1 '""Q.7(1;x;y;O), 
~ '""f!.4{l;d;O;O), 

-1 
A3 '""f!4 (l;O;d;O), 

A5 '""g_7(1;y;O;x). 

5.2. Die Würfelpflasterung im Fall (p;q) = (3;3). Die Abb. 7. zeigt für 
den Würfel der Abb. 4. ein Spiegelungstetraeder (ein von den 9 Lannerschen 
Tetraedern [3]) dh. den Fundamentalbereich einer hyperbolischen Coxeter­
schen Raumgruppe. Das Coxeter-Diagramm und die Coxeter-Schläfti Matrix 
des Tetraeders sind die Folgenden: 

1 l 0 l bo 
- V2 -2 

31 

l 1 l 0 
(bij) = - V2 -2 

0 l 1 l 
-2 - V2 

l 0 l 1 -- 2 - v'2 b3 

Hier stellen die Formen bo, b 1, b2, b3 vom dualen Raum V4 die Flächene­
benen des Tetraeders dar, und die Matrixelemente bii := - cos(bi ,bi) kenn­
zeichnen die Keilwinkel. 

Die metrische Existenz dieses Würfels [(p;q) = (3;3)] folgt aus der Exi­
stenz des obigen Tetraeders. (Abb. 7.) Wir bestimmen die Parameter c, d, 
X, y. 

Wegen Det (bii) = - ~ < 0 können wir die inverse Matrix (aij) = (bij )- 1 

mit a;kbki = o{ bilden (Einstein-Konvention). 



182 

/ 

1 
l 

1 

1 
1 
J 
1 
1 
1 

J. SZlRMAl 

\ 

\ 
\3 
\ 
\ 
\ 

1 \ 
„)-.- - - - - - \ - -

„"/ \ 
// \ 

Abb. 7 

Die Entfernung dik zwischen den eigentlichen Ecken {g_; ), (g_k) ist: 

hd 
-(g_i;~) -a;k 

c ik = = V(f!i;f!.;)(~;~) Jaiiak;' 

In diesem Fall haben wir die folgenden Resultate bekommen: 

(p;q)=(3;3) 

c ~ 0,52915026 

X ~ 0,66143783 

d ~ 0,88191710 

y ~ 0,66143783 

5.3. Die Wü1felp.flasterungen in den Fällen (p;q) = (3;4), (3;5). Wir 
nutzen aus, daß die Keilwinkel des Würfels bekannt sind und, daß die Winkel 

a zwischen den eigentlichen Ebenen u, v(E \14 ) cosa = ll~,v) ist. Den 
'V (11,u)(v ,I' ) 

Würfel stellen wir in ein Koordinatensystem wie wir das im Punkt 5.1. 
gezeigt haben. Nun ergeben skh die Gleichungen der Seitenflächenebenen 
des Wüiiels. 
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Die erste Geichung gewinnen wir aus der Bedingung daß die vier Punkte 
,4.i, As. Ä{), A1 in einer Ebene liegen. 

Der Winkel 1- zwischen den Würfelebenen ~A5~A1 und AoA3,4.iA1 
ergibt die zweite, der Winkel ~ zwischen den Würfelebenen AoA3,4.iA1 
und AoA1 AiAs ergibt die dritte, der Winkel ~ (q = 4,5) zwischen den 
Würfelebenen ,4.iA5Ä{)A1 und AoA1~A5 liefert die vierte Gleichung. 

Nun haben wir für die vier Unbekannten c, d, x, y mit 0 < c < J3. 
1 - x2 - y2 > 0, 0 < d < 1, vier komplizierte Gleichungen gefunden. 

Wir haben zur Lösung des Gleichungsystems ein Computerprogramm 
(EUREKA) benutzt. 

Die exakten Lösungen des Falls (p;q)=(3;3) haben wir bei der Compu­
terlösung des Geichungsystems verwendet. 

Wir haben die folgenden Resultate bekommen: 

(p;q) = (3;4) c ~ 0,53911695 
X~ 0,61220809 

(p;q) = (3;5) c ~ 0,54261145 
X~ 0,58048682 

d ~ 0, 94909399 
y ~ 0, 75625274 
d ~ 0, 98159334 
y ~ 0,80221305 

Endlich gewinnen wir, daß die Würfelpftastenmgen (p;q) = (3;3): (3;4); 
(3;5) im Bolyai-Lobatschewskischen hyperbolischen Raum H 3 wirklich re­
alisierbar sind. Der Satz ist bewiesen. 
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1. Introduction 

We shall be concerned with topological spaces that admit bicomplete 
quasi-pseudometrics. As a motivation for this study consider the paradigmatic 
example of the unit interval I with the quasi-pseudometric p defined by 
p(x ,y) = (y - x) v 0. The decreasing sequence ( l / n) converges in the topology 
T(p) to all points in I, however it is p* -convergent to its "optimal" limit, 
namely 0. 

In Section 2 we present an example of a quasi-pseudometrizable topo­
logical space which admits no compatible bicomplete quasi-pseudometric. In 
Section 3 we investigate conditions under which a quasi-pseudometrizable 
topological space admits a compatible bicomplete quasi-pseudometric. From 
the obtained results we deduce that the Euclidian topology on the set Q of 
rationals admits a compatible bicomplete quasi-pseudometric d such that d-1 

generates the discrete topology on Q. Hence a met1izable space may admit a 
compatible bicomplete quasi-metric without having any compatible complete 
metric. Finally, in Section 4 we characterize those quasi-pseudomet.rizable 
topological spaces for which every compatible quasi-pseudometric is bicom­
plete. In particular, it is proved that these spaces are exactly the hereditarily 
compact quasi-sober second countable spaces. 

Our basic reference for topology is [3]. For quasi-uniform spaces it is [6] 
and for bitopological spaces it is [8]. 

If A is a subset of a set X and T is a topology on X, then Tel A denotes 
the closure of A in the topological space (X, T) and Tint A its interior. If 
A = { x}, x E X, we wi 11 write, simply Tcl x and Tintx, res pee ti vely. 

Recall that a quasi-pseudometric on a set X is a non-negative real valued 
function d on Xx X such that for all x, y, z EX: (i) d(x,x) = 0 and (ii) 
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d(x,y) :S d(x ,z)+d(z,y). If d satisfies the additional condition (iii) d(x ,y)=O 
=> x = y, then d is called a quasi-metric on X . 

A quasi-(pseudo)rnetric space is a pair (X,d) such that X is a nonempty 
set and dis a quasi-(pseudo)metric on X. 

Each quasi-pseudometric d on X generates a topology T(d) on X which 
has as a base the family of d-balls {Bd(x,r) : x EX, r > O} where Bd(x ,r)= 
= {y E X : d (x, y) < r}. 

A topological space (X, T) is called quasi-(pseudo)metrizable if there is 
a quasi-(pseudo)metric d on X compatible with T, where d is said to be 
compatible with T provided that T = T(d) . 

If d is a quasi-(pseudo)metric on X , we denote by d- 1 the quasi­
(pseudo)metric on X given by d- 1(x,y)=d(y,x) and by d* the (pseudo)metric 
dv d-1. 

A quasi-pseudometric d on X is called bicomplete if d* is a complete 
pseudometric on X. 

The quasi-pseudometric p, defined on R (the set of real numbers) by 
p(x ,y) = (y - x) V 0, induces the lower topology u on R, with basic open 
sets (-oo,a); the upper topology l(= T(p- 1)) has basic open sets (b,+oo). 
Furthermore p* is the usual metric on R. Hence p is a bicomplete quasi­
pseudometric on R. 

Given a topological space (X, T), we denote by 7-# the topology on X 
with Tclx as a base for the J-#-neighbourhoods of x. The bitopological space 
(X, T, 1-#) is 2-separated (i.e. (X, T V J-#) is a Hausdorff topological space 
[19]) if and only if (X, T) is T0 . 

Recall that TV 7-# is precisely the b-topology of (X, T), i.e. the topology 
T(JJ*) where JJ denotes the Pervin quasi-uniformity of (X, T) (see [2] , [20], 
[7], [19], [11], [12]). Since T(JJ- 1) = J-#, (X, T, J-#) is pairwise normal and 
pairwise completely regular (see [19]). 

A nonempty subspace A of a topological space (X, T) is called ir­
reducible [1, Chapter 2] if each pair of nonempty A-open subsets has a 
nonempty intersection. A topological space (X, T) is called quasi-sober if 
each closed iITeducible subset is of the form Tclx for some x E X [7, p. 
154]. 

REMARK 1. It is known that for any quasi-pseudometric d on a set 
X for which T(d) ~ T, it follows that the identity map i : (X, T, J-#) -+ 
(X, T(d), T(d- 1)) is bicontinuous and, as a result, the fine quasi-uniformity 
of (X, T) is precisely the finest compatible quasi-uniformity of (X, T, J-#t). 
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2. Quasi-pseudometrizable spaces which admit no compatible 
bicomplete quasi-pseudometrics 

There are many examples of quasi-pseudometrizable spaces that, on 
closer analysis, are seen to admit a bicomplete quasi-pseudometric (the Sor­
genfrey line, the Kofner plane, the Pixley-Roy space on the real line and 
the space (JR,u) are some of these examples). The profusion of such spaces 
raises the question of whether every quasi-pseudometrizable space admits a 
compatible bicomplete quasi-pseudometric. In the absence of such criteria 
as Cech completeness and of a generalized Baire Category Theorem in the 
discussion of individual examples, it is not always clear how to proceed. 

EXAMPLE 1. The rationals with the lower topology (Q,u) admit no com­
patible bicomplete quasi-pseudometric. 

Clearly, the basic u# -neighbourhoods of x in Q are of the form [x, +oo )­
The basic u V u#-neighbourhoods are of the form [x,a), x <a. Consider any 
quasi-pseudometric d on Q, with T(d) = l'- Since the topology u dete1mines 
the usual order on Q, it is not surp1ising that the same is true of d. We shall 
establish the following facts: 

(i) a::; b <=::> d(b,a) = 0. 

It is clear, from T(d) = u, that d(b, a) = 0 <==> b E (ucl a) <=::> a ::; b. 

(ii) l ~ T(d- 1) ~ u#. 

Let F be an I -closed set and x E Q \ F. Then y < x for all y E F. Since 
x r/: F, there is r E Q such that for ally E F, y < r < x. By (i) above we 
can write d(r,x) = 2s > 0. Then Bd(r,s) and Bd_ 1 (x,s) are disjoint. Also, 
y E F gives d(r,y ) = 0 by (i) , so that F ~ Bd(r,s). Hence Bd_ 1 (x ,s) ~ Q \ F. 
Finally the inclusion T(d- 1) ~ u# is known (see Remark 1). Consequently, 
u V l ~ T(d*) ~ u Vu#. Hence, for all x E Q, 

T(d*)int(T(d*)clx) ~ (u V u#)int((u V /)clx) = (u V u#)intx = 0. 

Thus, the met.rizable space (X, T(d*)) is a countable union of nowhere dense 
sets and, consequently, d* cannot be complete. 

3. Topological spaces which admit at least one compatible bicomplete 
quasi-pseudometric 

If not all quasi-pseudometlizable spaces (X, D admit a compatible bi­
complete quasi-pseudometric, which ones do? Not much is known about the 
solution of this seemingly difficult problem; see also [18] . 
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Before we give criteria akin to the characterization of Cech completeness 
for Tychonoff spaces, we shall consider an example of a metrizable space 
which admits no compatible complete metric, that is, it is not Cech complete 
and, nevertheless, admits a bicomplete quasi-metric. It seems appropriate to 
point out here that Fletcher and Lindgren showed in [5) that a metrizable space 
is completely metrizable if and only if it has compatible complete quasi-metric 
(in the sense of [5] and [6)) and that this result has been generalized in [16] to 
metrizable left K-sequentially complete quasi-metric spaces. Therefore, the 
next example shows that the situation is quite different in the bicomplete case. 

EXAMPLE 2. The rationals with the Sorgenfrey topology S . 

Basic open sets of Sare of the form [x,a), x <a in Q. Then (Q,S) is a 
regular Hausdorff space with a countable base, hence metrizable. (In fact it is 
homeomorphic to Q equipped with its usual Euclidian topolo~y.) Since it is 
a countable union of nowhere dense sets (singletons) it is not Cech complete. 
However, consider the quasi-metric don Q given by d(x,y) = 1 if x > y and 
d(x,y) = min{l,y -x} if x ~ y. Then T(d) =Sand d*(x,y) = 1 if x ;ey . Thus 
d is a compatible bicomplete quasi-metric on (Q, S). 

For second countable spaces the bitopological theorem [18, Theorem 
2.1) yields a purely topological condition that ensures the existence of a 
compatible bicomplete quasi-pseudometric. 

For a base 510 of a topology T, let 1J consist of all finite unions of finite 
intersections of members of 510 . Then 1J is a base for T and is itself closed 
under finite unions and finite intersections. Moreover, if 110 is countable, so 
is 11. Now 1J detem1ines a companion topology S, turned towards the other 
side, as it were, with base 51c = { X \ B : BE 11} . Then TVS=: T(1J*) where 
11* is the smallest Boolean algebra in 2X containing 1J and 51c . A base for 
TVS consists of all sets Bi\ B2 where B1, B2E11. 

THEOREM 1. Let 510 be a countable base for a topology T on a set X. If 
T(1J*) is Cech complete, then (X, T) admits a compatible bicomplete quasi­
pseudometric. 

PROOF. If 510 is countable, so is 51c. Then (X, T, S) is pairwise regular 
and both T and S are second countable, so the space (X, T, S) admits a 
compatible quasi-pseudometric [8). If the pseudometrizable space (X, TVS) 
is Cech complete, then it admits a compatible complete metric. By [18, 
Theorem 2.1) it follows that (X, T, S) admits a compatible bicomplete quasi­
pseudometric, hence so does (X, T). 

A slight modification of the proof given in Theorem I provides the 
following 
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PROPOSITION 1. Let (X, T) be a countable quasi-pseudometrizable space. 
If (X, TV 1--tt) is a Cech complete space then (X, T, T#) admits a compatible 
bicomplete quasi-pseudometric. 

EXAMPLE 3. Let m denote the usual topology on the set 9 of rationals. 
Then m# is the discrete topology on Q. Hence (Q,m V m#) is Cech complete 
and, thus, (Q,m,m#) admits a compatible bicomplete quasi-metric. 

4. Quasi-pseudometrizable topological spaces for which every 

compatible quasi-pseudometric is bicomplete 

In Theorem 2 we shall give a characterization of such spaces in terms of 
disjoint-absorbing sequences. 

DEFINITION 1. Let (X, T) be a topological space. A sequence (xn) in 
X is said to be disjoint-absorbing, a T-DA, or simply, a DA-sequence, if 
it converges to all its cluster points. (DA-sequences were called primitive 
sequences by J.M. G. FELL in his paper "A Hausdorff topology for the closed 
subsets of a locally compact non-Hausdorff space", Proc. Amer. Math. Soc. 
13 (1962), 472-476.) 

Equivalently, (x11 ) is a DA-sequence if and only if given x EX there is 
a T-open set V containing x such that (x11 ) is eventually off V, or else, (xn) 
is eventually in every neighbourhood of x. 

DEFINlTION 2. A quasi-pseudometrizable space (X, T) will be calledfa/ly 
complete if every compatible quasi-pseudometric is bicomplete. 

THEOREM 2. For a quasi-pseudometrizable space (X, T) the following 
conditions are equivalent: 
(1) (X, T) is fully complete. 

(2) Each DA-sequence in X has a T(d*)-cluster point for any quasi-
pseudometric d on X compatible with T. 

(3) Each DA-sequence in X has ab-cluster point. 

(4) Each DA-sequence in Xis b-convergent. 
(5) (X, T) is hereditarily compact and quasi-sober. 
(6) The b-topology of(X, T) is compact. 

PROOF. (1) :::} (2). Let (x11 ) be a DA-sequence in X and d a quasi­
pseudometric on X compatible with T. For each pair n, k E N put 

Vn={(x,y): d(x,y)<2- "}, Ak={x11 : n?::k} and 

Vnk = V11 U [ V,;- 1(Ak) x V,,(Ak)]. 
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As in the proof of [6, Lemma 7.35] or [17, Proposition on page 226], 
{ Unk : n, k EN} is a base for a quasi-uniformity U on X. Hence there 
is a quasi-pseudometric e on X that generates U and such that (xn) is an 
e *-Cauchy sequence. We want to show that e is compatible with T. Clearly, 
T(e) ~ T because V11 (x) ~ U11 k(x) for all x EX and 12, k EN. In order to 
prove the reverse inclusion, take x EX and suppose, firstly, that x is a T-limit 
point of (x11 ). Then, given n EN there is k EN such that Ak ~ Bd(x, 2-<n+l)). 
Let y E U( 11 +l)k(x). Then d(x ,y) < 2-<11 +1>, or there is j ~ k such that 
d(xj,y) < 2-< 11 +1>. Since d(x,xj) < 2-<n+l) it follows that d(x,y) < 2-11

• 

Therefore U(11 +l)k(x) ~ Bd (x,2-n) . If xis not a T-limitpoint of (xn). then 
there are n and k with Bd (x,2- 11

) n Ak = 0. So, U11 k(x) = Bd (x ,2-n). Thus, 
e is compatible with T. Hence there is y E X such that e*(y,xn) -t 0 and, 
hence, (xn) is eventually in each Un-/ (y ). Then there exists a subsequence 

(xn(m)) of (x11 ) such that d (xn(m)>Y) -t 0. Since d(y,x11 ) -t 0, we conclude 
that y is a T(d* )-cluster point of (x11 ). 

(2) :=;. (3). Let (x11 ) be a DA-sequence in X. Fix a quasi-pseudometJ.ic p 
on X compatible with T. Then there exists a point z E X and a subsequence 
(x11 (m)) of (x11) such that p* (z,x11 (m)) -t 0. Let d(x,y) = 1 if x r/:. Tclz 
and y E Tclz, and d(x,y) = 0 otherwise. Put q = d V p. Then q is a quasi­
pseudomet1ic on X compatible with T. Since (x11 (m)) is a DA-sequence, there 

are an a EX and a subsequence ( x11 (mj)) of (xn(m)) such that q*(a,x11 (mj »-+ 
-t 0. Hence, p*(a,x11 (mj)) -t 0 and, thus, p*(a,z) = 0. Since p and q and 

compatible with T, q*(a,z) = 0. Hence Xn(mj) E Tclz eventually and thus z 

is a b-cluster point of (x11 ). 

(3) :=;. (4). We first show that for each quasi-pseudometric d on X com­
patible with T, T(d*) = TV T4*. In fact, let d be any such quasi-pseudometric. 
Since T(d- 1 )~ 7-.# we have T(d*)~ Tv1-41. Nowletd*(x,x11 )-t0forsome 
x E X and some sequence (x11 ) in X. Then (xn) is a DA-sequence. Hence, 
it has a b-cluster point y E X. So there is a subsequence (x11 (111 J) of (x11 ) 

such that d (Y,Xn(m)) -t 0 and d (xn(m)>Y) = 0 for all m E N. By the triangle 
inequality d(y,x) = 0 and d (xn (m)>X) = 0 for all m E N. Therefore x is a 

b-cluster point of (x11 ) and, thus T V 7-.# ~ T(d* ). 

Now let (x11 ) be a DA-sequence in X. As in the proof of (I) :=;. (2), 
there is a quasi-pseudometric e on X compatible with T such that (x11 ) is an 
e*-Cauchy sequence. Since T ( e*) = TV 7-.# and, by hypothesis, (x11 ) has a 
b-cluster point x E X, it follows that e* (x ,x11 ) -t 0. So (x11 ) is b-convergent 
to x. 
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(4) => (5). Assume that each DA-sequence in the quasi-pseudometrizable 
space (X, T) is b-convergent. Consider the set Je = { G ~ X : G is open and 
not compact in (X, T)} ordered by the set-theoretic inclusion. We want to 
show that Je is empty. Of course, this will mean that (X, T) is hereditarily 
compact. Assume that Je -;r 0. Since for any nonempty chain X ~ Je we have 
uX E Je, we conclude by Zorn's Lemma that there exists a maximal element 
Y E Je. We consider two cases: 

Case (a): Suppose that L = { Tclx : x E X \ Y} is countable. For each 
(Tcly) EL choose exactly one x E (Tcly) such that Tclx = Tcly. Enumerate 
the chosen elements by {x11 : 11 E K} where K is an initial segment of N. 
We are going to show that Y is a sequentially compact subspace of (X, T). 

Assume the contrary. Let (Y,?) be a sequence in Y without cluster point in 

the subspace Y of (X, T). Inductively define for each s EK a sequence (y~) 

such that (y;~) is a subsequence of ( y;~ - l) as follows: Suppose that j E K and 

that (y;D is defined for alls<}. If Xj is a cluster point of (J,,-l) in (X, T), 

then choose a subsequence (J,,) of (J,,-l) that converges to Xj in (X, T). 

(We always assume that the sequence (n(k)) of indices of a subsequence 

(Zn(k)) of (z11 ) is strictly increasing.) Otherwise lety/, =Yh- 1 
whenever n EN. 

Finally for each 11 E N, set z11 = y~ if K = N, and set z11 = y,~ax.(KU{O}) if 
max(K U {O}) exists. 

We next verify that (z11 ) is a DA-sequence in (X, T): Let a be a cluster 
point of (z11 ) in (X, T). Then Tel a = Tclxs for some s E K, because (Zn) is 

a subsequence of (Y,?) . Thus by definition, (y;D converges to x.1 in (X, T), 

since (zn) is finally a subsequence of (y;i·-l) and Xs is a cluster point of (Zn)· 

Consequently (Zn) which is finally a subsequence of (y;i') converges to a in 
(X, T). We have shown that (Zn) is a DA-sequence in (X, T). 

Thus it converges to some x EX with respect to the b-topology on (X, T). 
Consequently (Zn) converges to x in (X, T). Since Y is b-closed and Zn E Y 

whenever n E N, we have x E Y. Since (Zn) is a subsequence of ( y,?), ( y~) 
has the cluster point x in the subspace Y of (X, T) - a contradiction. We 
conclude that Y is a sequentially compact subspace of (X, T). 

We next show that the following condition ( *) is satisfied: 

For each y E Y there is my E (Tcly) n Y such that a E (Tel my) n Y 
implies that (Tcla)n Y :;(Tclmy)n Y. 
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Indeed, otherwise we define inductively a sequence (xn) in Y with xi = y 
such that (Tcl xn+i) n Y~(Tclx11 ) n Y whenever n EN. Now take a quasi­
pseudometric d on X compatible with T. Then d (x11+ 1,xn) = 0. Obviously 
(x11 ) is a DA-sequence in (X, T). Therefore (x11 ) converges to some x E X 
with respect to the b-topology on (X, T). Thus x E n{ Tclx11 : n E N} since 
n{ Tclx11 : n E N} is b-closed and x11 +1 E (Tclx11 ) whenever n E N. On 
the other hand, X \ n{ Tclx11 : n E N} is b-closed and Xn E X \ (Tclxn+i) 
whenever n E N. Therefore x E X \ n{ Tclx11 : n E N} - a contradiction. 
We conclude that there is no such sequence (x11 ) and the condition ( *) holds. 

Set A= {x E Y : (Tclz) n Y = (Tclx) n Y for all z E (Tclx) n Y}. 
Note that for each y E Y the elements my defined above belong to A. We 
choose exactly one element y in every set of the fom1 (Tclx)n Y with x EA. 
(Note that these sets are pairwise disjoint). Let M be the set of all the chosen 
elements. Then M is a compact quasi-metric subspace of (X,d): If x, y EM 
and d(x,y) =0 then x E (Tclx)n Y. It follows that (Tclx)n Y = (Tcly)n Y, 
i.e. x = y according to the definition of M. Therefore d is a quasi-metric 
on M. If (x11 ) is a sequence in M, there are a subsequence (xn(k)) of (x11 ) 

and x E Y such that d (x ,x11 (k)) -+ 0 because Y is a sequentially compact 
subspace of (X, T). By(*) there is z E An Tclx. Thus we have d(y,z) =0 
and d(z,x) = 0 for the chosen y E (Tclz) n M. There fore (xn(k)) converges 
to y in the subspace M of (X, T). We conclude that M is a sequentially 
compact subspace of (X, T). Since a sequentially compact quasi-metric space 
is compact [14], we see that M is a compact subspace of (X, T). 

Let { Gj : i E I} be an open cover of the set Y in (X, T) and let 
{ Gi : i = 1,. . .,n} be a finite subcover for M . By ( *) for each x E Y 
there is z E Mn(Tclx)n Y; in patticular d(z,x)=O. The element z EM is 
covered by some G,n with l ~ m ~ n. Therefore x E G,11 . We have shown 
that { Gj : i = l,. . . ,n} covers Y. Hence Y is a compact subspace of (X, T) 
- a contradiction. We conclude that L cannot be countable. 

Case (b): We suppose that Lis uncountable. Take a quasi-pseudometric 
d on X compatible with T. If ( G,1) is a sequence of open sets in ( X, T) such 
that ( G,1 \ Y) is increasing and G1 \ Y ;e 0, then for some m E N, G,11 \ Y = 
= G,11 +1 \ Y , because U{ G,1 U Y : n E N} is compact in (X, T ) by the 
definition of Y . Thus each strictly increasing sequence of open subsets 
in the subspace X \ Y of (X, T) is finite and thus X \ Y is hereditarily 
compact. Therefore (compare e.g. [10]) it admits a unique totally bounded 
quasi-uniformity and the Pervin quasi-uniformity of the subspace X \ Y of 
(X, T) is coarser than the quasi-unifonnity induced by d on X \ y·. We 
conclude that d* induces the b-topology on X \ Y. We next show that X \ Y 
is a quasi-sober subspace of (X, T) . Let (x11 ) be a sequence in X \ Y . By 
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[13, Theorem 3] (x11 ) has a left K-Cauchy subsequence (xn(k)) in (X,d), 

since the subspace X \ Y of (X, T) is hereditarily compact. Since (xn(k)) is 
a DA-sequence in (X, T) [15, Theorem 1], it converges to some x E X with 
respect to the b-topology of (X, T). Because X \ Y is b-closed and x11 E 
E X \ Y whenever n E N, we have x E X \ Y. Thus X \ Y is a (sequentially) 
compact subspace of the pseudometric space (X,d*). By [7, Corollary 3.2] 
the subspace X \ Y of (X, T) is hereditarily compact and quasi-sober. Since 
X \ Y is a subspace of (X, T) that according to [11, Proposition 3] admits 
a unique quasi-uniformity, d induces the Pervin quasi-uniformity on X \ Y. 
Since this Pervin quasi-unifotmity has a countable base, the topology of the 
subspace X \ Y of (X, T) is countable [4, Proposition 1 ]. It follows that Lis 
countable - a contradiction. 

We finally conclude that Je = 0 and that (X, T) is hereditarily compact. 
The argument presented in the last part of the proof (with Y set equal to 0) 
shows that (X, T) is quasi-sober. 

(5) {:::} (6). Recall that a space is hereditaiily compact and quasi-sober if 
and only if its b-topology is compact (see [7], [19], [11], [12]). It follows 
that (5) => (1) , since each quasi-pseudometric d on X compatible with Tis 
bi complete (compare [ 11, Proposition 3 ]). 

REMARK 2. In the proof of implication (4) => (5) of the above theorem 
we have used methods from [9, Proposition) and [10, Proposition 2.4]. 

COROLLARY. A quasi-metrizable space (X, T) is fully complete if and 
only if X is a finite set. 

COROLLARY. A topological space is a fully complete quasi-pseudomet­
rizable space if and only if it is a hereditarily compact quasi-sober second 
countable space. 

PROOF. The necessai·y condition follows from Theorem 2(5), [11, Propo­
sition 3] and [4, Proposition 1]. The converse is a consequence of [11, 
Proposition 3] and [6, Chapter 7]. 

In our final result we shall chai·acterize the fully complete quasi-pseudo­
metrizable spaces having a linear specialization order. 

PROPOSlTION 2. Let (X, T) be a nonempty fully complete quasi-pseudo­
metrizable space with linear specialization order x :::; y {:::} x E Tcly. Then 
(X, T) is with respect to order and topology isomorphic to (a+ 1, L, :S) where 
a is a countable ordinal, L is the upper topology on a + 1 and ::; denotes the 
usual order on a + 1. 
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PROOF. Let d be a quasi-pseudometric on X compatible with T. Then 
(X, D cannot have strictly decreasing infinite sequences, since they are DA­
sequences without b-cluster point. Thus s is a well-order on X. Since open 
sets are increasing, (X, T) is irreducible. Hence X is a point-closure, because 
(X, Dis quasi-sober. Thus X has a largest element a. Since T(d*) is the b­
topology on X it is clear that (a,b] =(Tclb) \(Tela) is T(d*)-open whenever 
a < b, i.e. the usual compact Ti-order topology on a+ 1 = X is coarser 
than T(d*). Since T(d*) is a compact Hausdorff topology, T(d*) is equal 
to the order topology on a+ 1. Then the quasi-uniformity Ud, induced by 
d, is the unique quasi-uniformity that determines the compact ordered space 
(X, T(d* ), :S;). In particular, T(Ud) = Tis the upper topology of (X, T(d* ), S) 
(see e.g. [11, p. 240]). Since T is first countable, a is a countable ordinal. 
On the other hand, obviously each space (a+ 1, L, S) where a is a countable 
ordinal is hereditarily compact (quasi-)sober and second countable. 
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A FIXED POINT THEOREM 

By 
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Dedicated to Professor A. Csdszdr on the occasion of his 7()1h birthday 

In this paper we prove a fixed point theorem for set-valued functions. 
Denote K[O, 1) the set of closed connected subsets of [O, 1) and let X be a 
connected topological space (see e.g. [1]). 

DEFINITION. We say that a function F: X-+ K[O, 1) is continuous if the 
F(x) is [Fo(x ), F1 (x )] where Fo , F1 are continuous. 

DEFINITION. IfA,B~RthenA-B:={x: xER.,x=a-b, a EA, bE 
EB}. 

DEFINITION. If A, B ~ R. then A< B means that a EA, b EB imply 
a <b. 

THEOREM. Let F, G: X-+ K[O, 1) be continuous functions and assume 
that 

LJ F(x) = [O, 1). 
xEX 

Then there exists x0 E X such that F(xo) n G(xo);it0. 

PROOF. The proof is indirect. Assume that F(xo) n G(xo) = 0 for all 
xo E X. It is clear that F - G : X-+ K[- 1, 1] is continuous. (Here (F -
- G)(x) = F(x) - G(.t).) By the assumptions 0 ¢ (F - G)(x) for all x EX. 
Since (F- G)(x) is a connected interval therefore (F- G)(x) c [-1,0) or 
(F- G)(x)C (0, 1) for all x EX. Denote X1 :={x EX : (F - G)(x)C [ - 1,0)} 
and X2 := {x E X : (F - G)(x) C (0, 1]}. By the continuity of F- G we 

*Research supported by the Hungarian National Scientific Research (OTKA) No. T 7546. 
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get X1, X2 are open in X. Obviously X1 n X2 = 0. Since X is connected 
therefore X1 = X or X2 = X. If X1 = X then F(x) < G(x) for all x E X 
but in this case there exists x1 E X such that 1 E F(x1) < G(x1) which is a 
contradiction since O(x1) C [0, 1]. If X2 = X then O(x) < F(x) for all x EX 
but in this case there exists x2 E X such that 0 E F(x2), thus G(x2) < 0 which 
is a contradiction since G(x2) C [0, 1 ]. The theorem is proved. 

COROLLARY. If f, g : [O, 1) -t [O, 1) are number-valued continuous func­
tions and range/= [0, l], then there exists a xi E [O, l] such thatf(x1) = g(x1). 

Indeed, choose X := [0,1), F(x) := {f(x)}, G(x) := {g(x)}. 

REMARK. If we want to generalize this theorem for arbitrary topological 
space Y, then we cannot do it without restriction on Y. Indeed, let X := 
= [0,27l] and Y := {x E R2 : llxlle ~ l}. Define F(O) and G(O) in the 
following way. Let F(O), G(O) be closed disjoint subsets of Y, such that 
F(O) contains a half-disc. Let F(x ), G(x) be obtained from F(O), G(O) by a 
rotation with angle x around the centre of Y. Then F and G are continuous 
functions and 

LJ F(x)= Y. 
xEX 

But it is clear that F(xo) n G(xo) = 0 for all x E X. 

PROBLEM. The Corollary and Remark motivate the next question. How 
can we generalize the Theorem for other spaces instead of [0, 1]? 

REMARK (in August 9, 1994). We can answer partially this problem 
in [2]. 

References 

[}) A. CsA.SzAR: Bevezetes az altalanos topolrJgiaba, Akademiai Kiad6, 1970. 

· [2J V. E. S. SZAB6, A note on my paper "A fixed point theorem" (in preparation). 



ANNALES UNIV. SCI. BUDAPEST., 37 (1994), 229-241 
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By 
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In [5) HEIKKILE and LAKSHMIKANTHAM considered the following system 
of periodic boundary value problems (PBVS) 

-u:' (t) =Ji (t ,u; (t), [u ]p; (t ), [u ]q; (t ), uf (t)) for a.e. t E J 

i = l, ... ,n 

with/;: J x Rn+I--+ E, i = 1, ... ,11 where Eis an ordered Banach space with 
regular order cone K and 1 = [0, T], T > 0. In the notation u = (u;, [u ]p; , [u ]q) 

for u = ( u J,. .. , Un) E E" the term [ u ]p; is formed by Pi coordinates of u, 

different from u; and [u]q; contains the remaining ones, so thatp; +q; =n - 1. 
They have proved that the PB VS ( *) has coupled extremal quasisolutions if 
for each i = 1, ... , n there is a Lebesque integrable function h : J --+ JR+ such 
that the function 

f;(t,Uj,[U]p;,[U]qi'v)- h;(t)v 

is increasing with respect to [u ]q; and decreasing with respect to u;, [u ]p; and 
to v, adding some other assumptions. 

(1) 

(2) 

(3) 

We shall consider the following parabolic system 

auk at+ Lkuk = fk(x ,t,uk> [uh, [u]qk) 

Uk =0 

Uk(x,0) = 8k(X) 

in Q 

on S 

in n 
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k = 1, ... ,n, where 0 C RN is a bounded domain with a Lipschitz boundary 
a Q, Q = 0 x (0, n. S = a Q x (0, n, T > 0 and 

N N 

L a ( k auk ) L k auk k Lkuk=- - ai1. - + bi-+cuk k=l, ... ,n. 
ax· ax· ax· 

ij=l I ) i=l I 

There is no continuity condition imposed on fk (k = 1, ... , n ). 

An existence result for a parabolic system with a discontinuous nonlin­
earity has been given by VON WAHL in [8]. In his paper, the discontinuous 
nonlinearity is approximated by continuous ones and it is shown that there 
exists a subsequence of solutions to the approximating nonlinear continuous 
problems converging to a solution of the original discontinuous problem. 

Recently, GIANNI and MANNUCCI in [3] has considered 

au 
- - t.u = H(u - 1) ar in Q 

where H is the Heaviside function. By using approximating methods they 
proved that the problem above with initial-boundary value conditions is solv­
able. 

In the present paper we shall prove that the problem (1)-(3) has coupled 
extremal quasisolutions if fk (k = 1, ... ,11) satisfy conditions (fl)-(f3) stated 
later. As consequences we also get some existence theorems on solutions of 
parabolic systems and equations with discontinuous nonlinearities. 

2. Hypotheses and auxiliary results 

Assume now that the functions at, b?, ck are bounded, measurable on 

Q, ck are nonnegative in Q, and that 8k E L2(0), i ,j = 1, ... , N ; k = 1, . .. , 
n . We shall also assume that there exist two positive constantsµ 1 < µ 2 such 
that 

N 

µii~l 2 ~ L:at(x,t~i~j ~µ21~1 2 a.e. in Q 
ij=l 

for all~ =(~i.····~n ) E RN. 

W J·0 
( Q) is the Hilbe1t space with scalar product 

(u,v) 1,0 = JTJ (uv + t ~~) dxdt 
W2 (Q) . axi axi 

o n i=I 
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and wi•1(Q) is the Hilbert space with scalar product 

!Tj ( ~ au av au av) (u,v) i1
0

= uv+L..,--+-- dxdt. 
w2 • < l . axi ax; at at o n i=l 

Vz(Q) is the Banach space consisting of all elements of w
2
1•0(Q) having 

a finite norm cf. [6] 

where 

Iulo= vrai max 1lu(x,t)ll2 n + llV'ull2 Q 
0$1ST ' ' 

!lu(x,t)JJ~.n = j (u(x,t))2dx 

n 

IJV'uJl~.Q = j JV'uj
2
dxdt = j t I:~ j2 

dxdt. 
n 0 1=1 

vi·0
(Q) is the Banach space consisting of all elements of V2(Q) that are 

continuous in t in the norm of L 2(0), with the norm 

Juln = vrai max Jju(x,t)Jl2 n + IJV'uJl2 Q· 
0St$T ' ' 

The space V2
1
•
0
(0) can be obtained by completing the set wi•1(Q) in 

the norm of V2(Q) (cf. [6] for details). 

A zero over wi·0
(Q), wd•1

(Q), V2(Q), vi•0(Q) means that only those 
elements of these spaces are taken which vanish on S . 

For convenience, denote [ vi·0(Q)]
11 

by V, [ vi•0(Q)]
11 

by V and let 

t 

Jk(t,vbzk)=: J Vk(X,t)zk(x,t)dx - J J Vk aaz:dxdt+ 

n on 

+ft J [~a;. avk azk + ~ h7 avk Zk +CkVkZkl dxdt. 
~ ) ax; ax1· ~ ax; 

0 n 11=1 1=1 

We say that the function v = (vi ... ., v11 ) and w = ( w 1,. . ., w11 ) are coupled 
quasisolutions of the problem (1 )-(3) if v, w E V, and 

avk 
(4) at +Lkvk =fk(x,t,vb[v]pk ,[w]qk) in Q 
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(5) 

(6) 

(7) 

(8) 

(9) 

LIU ZHENHAI 

Vk =0 

vk(x,0) = gk(x) 

awk 
- + Lkwk = fk(x,t,WkJ[W]pk'[v]qk) ar 
Wk =0 

Wk(X,0) =gk(X) 

on S 

in Q 

in Q 

on S 

in Q 

k = 1, ... , n in weak sense. It means that the functions v, w E V, and they 
satisfy the following equalities: 

I 

(10) lk(t,Vk>Zk)= J J fk(X,t,vk>[V]pk'[W]q~Jzkdxdt+ 
o n 

+ j gk(X)zk(x,O)dx 

n 
I 

(11) lk(t,Wk>Zk)= J J fk(x,t,WkJ[W]pk•[v]qk)zkdxdt+ 

o n 

+ J gk(X)Zk(x,O)dx 

n 

k = 1, ... , n for all z =<z1, ... ,zn) from ( Wl'1(Q)r 

The functions v =(vi. ... ,\111 ), w =(wi. ... ,wn) EV are said to be coupled 
upper and lower quasisolutions of the problem (1)-(3), if v, w satisfy the 
following inequalities in weak sense 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

0

0

11

1
k + L+kvk S:.fk (x,r,vk>[v]pk ,[w]qk) 

vk S:. 0 

vk(x,0) S:. gk(x) 
0

0~k +L+kwk ?..fk (x,t,wk>[w]Pk ,[v]qk) 

wk?.. 0 

wk(x,0) ?.. gk(X) 

in Q 

on S 

in Q 

on Q 

on S 

in Q 

k = 1, ... , n . It means that v, w E V and they satisfy the following inequalities 
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t 

(18) 1k (t,vbzk)::; j j fk (x,t,vb[v]Pk ,[w]qk) zkdxdt+ 

o n 

+ j gk(Z)zk(x,O)dx 

n 
t 

(19) 1k (t,WbZk) 2: J J fk (x,l,WkJ[W]pk ,[v]qk) Zkdxdt+ 

o n 

+ j gk(Z)zk(x,O)dx 

n 
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for all z = (ZI> · ·· ,Zn) from [ w;•1(Q)r n [ L;(Q)r, where L;(Q) consists 

of all nonnegative elements of L2(Q). At the same time, max{vbO} E V2(Q) 
max{-wbO} E V2(Q), k = 1, ... , n . -

Put 

(20) P = {u = (ui. ... ,un) I Uk E L2(Q), uk(x,t) 2: 0 a.e. in Q k = 1, ... ,n }. 

It is easy to show that P is a cone in the Banach space [ L 2( Q)] n . Let E be 

the Banach space [ L2( Q) r, which is partially ordered by the cone P. The 

partial ordering in E is defined by 

v :S w if and only if vk(x,t) :S wk(x,t) a.e. in Q k = 1, ... ,n. 

If v ::; w, the order interval [ v, w] in E can be defined by 

[v, w] = {u = (u1, ... ,u11) E EI Vk :S Uk :S Wk a.e. in Q k = 1, ... ,n }. 

Now we shall impose the following hypotheses on the functions fk 
(k=l, ... ,n). 

(fl) there exists coupled upper and lower quasisolutions v, w of the 
problem (1)-(3) such that v :S w and 

fk (x,r,vb[v]pk ,[w]qk), fk (x,r,wb[w]Pk ,[v]qk) E L2(Q). 

(f2)fk(x,t,u(x,t)) are measurable on Q, whenever u E [v,w]. 
(t1) there is a positive constant M such that the functions 

fk ( x, t, Uk> [u ]pk , [u ]qk ) + M Uk : Q x /?1 ---+ R 
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are increasing with respect to uk on 

[vk(x,t), wk(x,t)] 

[ [O]Pk (x,t),[w]Pk (x,t)] 

and decreasing with respect to [u ]qk on 

[[v]qk (x,t),[w]qk (x,t)] 

for a.e. (x,t) E Q and for each k = 1, ... , n. 
Note that in the assumption (f3) the intervals are real intervals, for exam­

ple, [uk(x,t),wk(x,t)] {s ER I uk(x,t) ~ s ~ wk(x,t)} and if [u ]pk is formed 

by the Pk coordinates (ait,. .. ,UjPk) of u = u(u1, ... ,un ), then 

[cuJPk (x,t),[wJp" (x,t)] = 

= [vii (x, t), wit (x ,t)] x [oh (x ,t), wh (x, t)] x ... x [ Ojpk (x ,t), wjp" (x ,t)] . 
LEMMA 1. Let fk> k = l, .. . , n satisfy conditions (fl)- (f3). Define 

the operator G : [O ,w] 2 ~Eby G(v ,w) = (G1(v,w), . . .,G,1(v,w)), where 
Gk(v,w) =fk (x,t,vb[vh,[w]qk) +Mvk . Then the operator G is bounded 

from [v,w]2 to E, fu1thermore, G(-,z ) is increasing and G(z,.) is decreasing 
for each z E [ v, w ]. 

PROOF. Assume v ~ w in E, so Vk ~ Wk a.e. in Q. By (f3), 

Gk(v,z) - Gk(w,z) = 
=fk (x,t,vb[v)pk'[Z)qk) +Mvk - (fk (x,l ,Wk,[W]pk'[Z]qk) + Mwk ] ~ 0 

Gk(Z,V)-Gk(Z,W)= 

=fk (x, t ,Zk>[Zh,[v]qk) +Mzk - [fk (x , t,Zk.[Zh, [w]qk ) +Mzk] :2 0 

i.e. 

(21) 

which imply that G(·,z) is increasing and G(z ,· ) is decreasing. Especially we 
get 

Gk (z, w) ~ Gk(v, w) ~ Gk (w, 0) 

So we have 

(22) 

k = 1, .... n. 

for any v ,w E [v,w] . 

for any v,w E [v ,w] 
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By use of (f2) and the inequalities (22), it follows that G is bounded from 
[v, w ]2 to Eby applying standard theorems on the integrability of measurable 
functions bounded by integrable ones. The proof of Lemma 1 is complete. 

LEMMA 2. Letfb k = 1, ... , n satisfy conditions (fl)-(0). Then for any 
v, w E [ v, w ], the linear parabolic problem 

auk 
(23) -+Lkuk+Muk=Gk(v,w) in Q ac 
(24) uk = 0 on S 

(25) Uk(x,O)=gk(X) in Q 

k = 1, ... , n has a unique solution Uk denoted by Ak ( v, w) and u = (u 1,. .. 

. . . ,Un) E ir_ 
PROOF. From Lemma 1, the right-hand sides of equations (23) belong 

to L2( Q). The linear parabolic problems (23)-(25) are uniquely solvable and 

the solutions uk::: Ak(v,w) E v;•0(Q) cf. [6), which implies the assertion of 
Lemma 2. 

By Lemma 2, we have defined an operator A: [v,w]2
-+ V c Eby 

A(v, w) =(A 1 (v, w ), ... , A 11 (v, w )). In the following, we shall study the oper­
ator equations 

(26) A(v,w) = v, A(w, v) = w. 

LEMMA 3. Let fb k = 1, ... , n satisfy conditions (fl)-(0). Then the 
operator A defined by Lemma 2 maps [v,w]2 into [v,w] such that A(·,z) is 
increasing and A(z,-) is decreasing for each z E [v,w]. 

PROOF. First we shall prove that 

(27) v:SA(v,w), A(w,v):Sw. 

Let u = A ( v, w ). Then u is the solution of the problems 

auk ~ 
- + Lk Uk + M Uk = Gk ( v' w) ar 
Uk =0 

uk(x,O) = gk(x) 

in Q 

on S 

inn 

k = 1, ... , n. Denoting z = v - u, condition (fl) implies that z satisfies the 
following inequalities 

azk 
at+LkZk+MZk $ 0 

Zk :S 0 

Zk(x,0) :S 0 

in Q 

on S 

in n 
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k = 1, ... , n. 

Applying the maximum principle (see Chapt. 3 in [6]) we get Zk S 0 a.e. 
in Q, thus v $ A(v,w). In the same way we obtain that A(v,w) :5 w. 

Now assume that v, w E [v,w] and v S w . Let u = A(v,z)- A(w,z). By 
the definition of the operator A, u is the solution of the following problem 

auk at+ Lkuk + Muk = Gk(v,z)- Gk(w,z) S 0 in Q 

Uk =0 on S 
Uk(X,0) =0 in Q 

k = 1, ... , n. Here we have applied the results in Lemma 1. Hence, Uk 5 0, 
k = 1, ... , n by the maximum principle, i.e. A(v,z) S A(w,z). Similarly, we 
have A(z, v) ? A(z, w ). So we have shown the monotonicity of A. In virtue 
of this property and (27), we obtain 

v 5 A(v,w) :S A(v,w) 5 A(w,v) 5 w for any v,w E [v,w], 

which indicate that A maps [ v, w ]2 into [ v, w]. The proof of Lemma 3 is 
complete. 

LEMMA 4. Let fki k = 1, ... , n satisfy conditions (fl)-(f3). Then the 
operator equations (26) have solutions ii, w satisfying v :S ii S w :S w such 
that v, w E [ii, w] whenever v, w E [v, w] are solutions of (26). 

PROOF. First we define a new space Ez = E x E. Put P2 = { (v, w) I v E 
E P, -w E P} where Pis the positive cone in E defined by (20). Then P2 is 
a cone in Ez and Ez is an ordered Banach space by the cone P2. The partial 
ordering in Ez is defined by 

(v,w) :S 2(u,z) in Ez if and only if v 5 u, w? z in E, 

where "5 2" denotes the partial ordering sign in Ez and "5" denotes the 
partial ordering sign in E. In this way, we can define the order interval 
[(v,w),(w,v)lz in Ez. 

Since the cone K = {k(x) E L2(Q) I k(x)? 0 a.e. in Q} in L2(Q) is 
strongly minihedral cf. [2], [4], [7], so it easily follows that the cone Pin E 
is strongly minihedral. Therefore the cone P2 in Bi is strongly minihedral, 
too. 

Now let A2 : [(v,w),(w,v)]z-+ Ez defined by 

A2(v,w) =(A(v,w),A(w,v)) for any (v,w) E [(v,w),(w,v)]z. 

We shall prove 
(a) A2 is increasing in [(v,w),(w,v)]z; 

(b) (v,w) 5 2A2(v,w), A2 (w,v) 5 2(w,v). 
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To prove (a), let (v,w), (u,z) E [(v,w),(w,v)h and (v,w) S 2(u,z) i.e. 

v S u, w 2: z in E. In virtue of the monotonicity property in Lemma 3, we 
have 

A(v,w) S A(u,w) S A(u,z), A( w, v) ~ A(z, v) ~ A(z, u) 

which imply that 

Az(v, w) = (A(v, w ),A(w, v )) S 2 (A(u,z),A(z,u)) = Az(u,z) 

that is, A2 is increasing in £i.. 
Applying (27) and (a), it is obvious that 

(v,w) s 2A 2 (v,w) s 2A2(w,v) s z(w,v). 

Using (a), (b) and the strongly minihedral property of P2, as an applica­

tion of Theorem 2.3 in [4] or Theorem 19.l in [2], we obtain a maximal fixed 
point(!:_,}'.!:'.) and a minimal fixed point (v,w) of A2 in [(O,w),(w,v)]z. 

According to the extremal property of ( v, w) and (!:_, }'.!:'.), we know that 

for any fixed point (v,w) E [(O,w),(w,O)]z of Az 

(28) ( v, w ) $ 2 ( v, w) S 2 (!:_, }'.!:'.) in Bi 

i.e. ii S v S ~ and w ~ w 2: w in E. 

According to the definition of the operator A2, we know that if ( v, w) is a 
fixed point of A2, so is (w,v). Therefore (w,ii), ~.0 are fixed points of A2 
too. Substituting (v,w) by (w,0 and (w,ii) in (28), respectively, we have 

which imply that 

ii$w$y, 

ii s w s )!_, 

w =y_, 

w ~ v 2'.: win E. 

w ~~~win E. 

w = v and v $ w 

It means that there exists a fixed point (ii,w) of A2 in [(O,w),(w,O)]z sat­
isfying v S ii$ w $ w such that v, w E [v,w] whenever v, w E [O,w] are 
solutions of (26). The proof of Lemma 4 is complete. 
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3. Main results 

In virtue of Lemma 4 and by the definition of the operator A, we obtain 
the following existence theorem. 

THEOREM 1. Let fk> k = 1, ... , n satisfy conditions (fl)-(13). Then the 
problem (J)-(3) has coupled quasisolutions v, w satisfying v ::::; v ::::; w ::::; w 
such that v, w E [ v, w] whenever v, w E [ v, w] are coupled quasisolutions of 
the problem (1)-(3). 

PROOF. By the definition of the operator A (see, Lemma 2), we know that 
if v, w E [v , w] are solutions of (26), v, w satisfy the following equations: 

avk 
-+Lkvk+Mvk=Gk(v,w) inQ 
at 

vk = 0 on S 
Vk(X,0) = gk(X) in Q 

awk 
-+Lkwk +Mwk = Gk(w,v) in Q 
at 

wk =0 on S 

wk(x,O)=gk(x) inn 

k = 1, ... , n. By the definition of G(v, w ), the equations above are equivalent 
to the following equations 

OVk ( at +Lk vk =fk x,t, vk[v]pk'[w]qk) 

Vk =0 
Vk(x,0) = gk(x) 

a~ ) at+Lkwk =fk (x,t,wb[w]pk'[v]qk 

Wk =0 
Wk(x ,O)=gk(x) 

in Q 

on S 

inn 

in Q 

on S 

inn 

k = 1, ...• n which mean that v =(vi. ... , v11 ) and w = (wl> ... , w 11 ) are coupled 
quasisolutions of problem (l)-(3). 

From Lemma 4, it easily follows that the conclusions of Theorem 1 are 
trne. 

THEOREM 2. Suppose that there exists n nonnegative functions d 1, ... , 

d11 E L2( Q) such that 

lfk (x,t,uk.[u]pk'[u]qk )I::::; ck(x,t) I lukl +dk(x,t) 
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for all (x,t,ub[u]pk'lu]qk) E Q x R11
, where ck(x,t), k = l, .. ., n are the 

coefficients appearing in the operators Lk (see (1)). Moreover, there is a 
positive constant M such that the functionsfk (x,t,ub[u]pk'[u]qk) +Muk: 
Q x R11 -+ R are increasing with respect to Uk, to [u ]pk, and decreasing with 
respect to [u]qk for a.e. (x,t) E Q. Then iffk(x,t,u(x,t)) are measurable on 

Q for any u E [L2(Q)] 
11

, and gk(x)?:: 0 a.e. inn for each k = 1, ... , n, the 

nonlinear parabolic system (1)-(3) has coupled quasisolutions. 

t.e., 

PROOF. We first consider the linear parabolic problems 

auk k k 
-+LkUk -c Uk =d ar 
Uk =0 
Uk(x,0) = gk(X) 

N N 
auk - "'"""'auk (a~- auk)+"'"""' b~ auk = dk 
at ~ ax· I) ax· ~ I ax· 

ij=l I } i=l I 

Uk =0 
Uk (x ,0) = gk(x) 

in Q 

on S 

inn 

in Q 

on S 

inn. 

Applying the results about linear parabolic equations in [6], we obtain that 

the linear parabolic problems above have exactly one solution wk E vi·0(Q) 
and wk(x,t) ~ 0 a.e. in Q, k = 1, .. ., n. Therefore, w = (wi. .. ., w11 ) ~ 0 in the 
ordered Banach space£. Let v =-w. Then v S:_ 0 S:_ win E and v =(v1, ... , 011 ) 

satisfies the following equations 

a vk A k ~ k - + Lk Vk - c Vk = -d 
at 

Ok =0 
Ok(x,O) = -gk(x) 

in Q 

on S 

inn 

Hence, we can get 
aA 
;tk + LkOk =ck Ok - dk =-ck lvk I - dk S:.fk ( x,t, Ok>[O]Pk , [w]qk) 

in Q 
a A 

a7 +Lkwk =ck~~'k +dk =ck lwk!+dk ~fk (x,t,wk>[w]Pk ,[O]qk) 

Ok= wk =0 
Ok(x ,O) = -gk(Z) S:_ gk(x), wk(x,0) = gk(x) 

in Q 
on S 

inn 
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which indicates that v = (Oi. .. .,011 ) and w = (wi, .. . ,w11 ) are coupled upper 
and lower quasisolutions of the problem (1)-(3). The rest of the proof for 
Theorem 2 follows from Theorem 1. 

In the case when qk = 0 for each k = 1, . . . , n we shall rewrite the system 
(1)-(3) in the form 

(29) 

(30) 

(31) 

auk 
-+ Lkuk = fk (x,t,ui,u2,··. ,u11 ) 
at 

Uk =0 
uk(x,0) = gk(x) 

k = 1, . . . , n. 

in Q 

on S 

in n 

We say that u E V is an upper solutions (resp. a lower solution) of 
(29)-(31) if u satisfies (29)-(31) with all the equalities replaced by 2: (resp. 
::;). As a consequence of Theorem 1 we obtain 

THEOREM 3. Assume that the system (29)-(31) has a lower solution 
v and an upper solution w such that v::; w in E, fk(x,t,v), fk(x,t,w) E 
E L2(Q), and for each k = 1, ... , n there is a positive constant M such that 
fk(x,t,u1,u2, .. . ,u11 )+Muk is increasing with respect to all ui (i = 1, . . . , n) 
on [vi(x,t),wi(x,t)] for a.e. (x,t) E Q. ff condition (f2) also holds, then the 
system (29)-(31) has extremal solutions between v and w. 

In [3], GIANNI and MANNUCCI considered 

au - 'V2u =H(u -1) 
at 

(1) u(x,t) = k(x,t ) 

u(x,0) = h(x) 

in Q 

on S 

inn 

where H is the Heaviside function. They have proved existence and continu­
ous dependence theorems if the functions k(x , t), h(x) satisfy some additional 
conditions. 

Let v (x, t ), w (x, t) be the solutions of the following linear parabolic 
problems respectively, 

(II) 

(III) 

ao -'V2v=O 
at 

v(x,t) = k(x,t) 

v(x,0) = h(x) 

aw n2 ~- l - - v W -
at 

w(x, t ) = k(:r , t ) 

w(x,0) = h(x) 

in Q 

on S 

inn 

in Q 

on S 
inn. 
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Then it is obvious that v ~ w, and v and w are lower and upper solutions of 
(I). By Theorem 3 (n = 1), we also get that the problem (I) has a solution. 

Using our Theorem 2 (n = 1), we also can get the results of CARL in [1] . 

Acknowledgements 

This work was done while visiting L. Eotvos University, Hungary. The 
author wishes to thank Prof. Dr. L. SIMON for his valuable remarks and 
continual help on the work. The author is also grateful to Prof. Dr. Z. 
SEBESTYEN, the head of the department of Applied Analysis for his warm 
hospitality and encouragement. 

References 

lll CARLS., The monotone iterative technique for a parabolic boundary value prob­
lem with discontinuous nonlinearity, Nonlinear Analysis TMA, 13 (1989), 
1399-1407. 

[21 DEIMLING K., Nonlinear .functional analysis, Springer-Verlag, New York, 
Berlin, 1985. 

[3] GIANNI R. and MANNUCCI P., Some existence theorems for an n-dimensional 
parabolic equation with a discontinuous source term, SIAM J. Math. Anal. , 
24 (1993), 618-633. 

[4) Guo DAJUN, Nonlinear functional analysis (in Chinese), Shanon Acad. Press., 
1985. 

(51 HEIKKILE S. and LAKSHMIKANTHAM V., On the second order mixed quasi­
monotone periodic boundary value systems in ordered Banach spaces, Non­
linear Analysis TMA, 20 (1993), 1135-1144. 

C6l LADYZENSKAYA, 0. A., SLOLNIKOV V. A. and URALLCEVA N. N., Li11ear a11d 
quasili11ear equatio11s of parabolic type, Amer. Math. Soc., Providence, R. 
I., 1968. 

(7J LAKSHMIKANTHAM V. and Guo DAJUN, Nonlinear problems in abstract cones, 
Academic Press, Boston, New York, 1988, 

[8J VON WAHL W., On parabolic systems with discontinuous nonlinearities, Appl. 
Analysis, 20 (1985), 89-112. 





ANNALES UNIV. SCI. BUDAPEST., 37 (1994), 243-245 

A NOTE ON RARE BASES OF ORDER h 

By 
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1. Definition: We call a set Bh(N) a basis of order h (or an h-basis) for 
the (integers of the) interval [1,N], if 

That is, the integer elements of the interval [l, N] can be represented as the 
sum of (at most) h elements of Bh(N). 

We are looking for the least possible number of elements of such a set 
Bh (N). Let us denote this number by Ah (N). 

For the case h = 2 it is easy to see that 2VN 2: A2(N) 2: ,/2 ·.JN. 
It was shown in [3] that A 2(N) $ v'3.6 ·.JN. In [2] I improved this result 

to Vf.5 · .JN by a simple construction. 

In this paper I shall give upper estimates for Ah(N) for any h. 

2. We can clearly represent any number n $ N as the sum of at most h 
numbers if we consider the number system of base VN (or more precisely 

* Research partially supported by the Hungarian National Foundation for Scientific Re­

search (OTKA) grant, No. T 4396. 
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r W1). In this way we have an h-basis of the elements: 

First subsequence: 1, 2, , ... , VN 
Second subsequence: hr:-; hr:-; h r.;2 v Jv, 2v N, ... , v N 

Third subsequence: ht.;2 ht.;2 h1.;N3 
v JV ' 2 v N ' ... ' v JV 

h-th subsequence: 
ht.;h-1 ht.;h-1 
v JV ' 2 v N ' ... ' N. 

This basis consists of approximately h W elements. That is, 

Ah(N) h w ~. 
3. In this part we will use the rare basis given in (2]. For technical 

reasons we will need the constant C = v'33 /2. Notice, that C < 1. Let 
W be denoted by M. Let us consider first a rare 2-order basis .Bz(M2) 

of the interval [ 1, M 2] having v'33.Jii.2 = 2C M elements. We multiply the 

elements of this basis by M 2 (to obtain the set M 2 · .Bz(M2)) then by M 4 (to 
obtain the set M 4 · .Bz(M2)), etc. 

We replace the first two subsequences of the basis in Section 2 by 
.Bz(M2); the next two subsequences by M 2 · .Bz(M2), etc. 

If h is an odd number, we leave the last subsequence untouched. 
It is easy to see, that we still have a basis of order h. 

If h is even, then this basis consists of h /2 blocks, each containing 2C M 
elements, i.e. our basis has h CM elements altogether. It means that 

Ah(N) hC h w ~ <' 

since C < 1. 
If h is odd, then this basis consists of (h - 1)/2 blocks, each containing 

2C M elements, plus one block containing M elements, i.e. the basis has 
[(h-1)/2] ·2CM+M elements in total. This gives 

Ah(N) < C(h - 1)+ 1 w - ' 
a slightly weaker result than for even values of h. 

4. One can feel that the above model is not well balanced for odd values 
of h; the last block is relatively too "large" compared to the others. Therefore 
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we keep just the first CM elements of the last block, i.e. we omit the 
last (1 - C)M elements. This way we obtain a basis for the interval N 1 = 
= CM Mh-1 (instead of N = Mh) and this basis contains h CM elements in 
total. This yields 

Ah(N1
) hC --'"-- < --w - trc• 

Since C < l, this is a "better" (that is smaller) constant than the one we 
got for odd orders in Section 3, but it is still weaker than the one we have for 
even values of h. 

We can summarize our results in the following 

THEOREM. 

Ah(N) { hC, if h is even, 

lfN ~ ~· ifh is odd. 

where C = ../33/2. 

5. Unfortunately, I do not see possibilities of further improvement by 
"assembling" the h-basis from 2-basis blocks more cleverly. 
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L. G. PAL introduced the following modification of the Hermite-Fejer 
interpolation. Let 

-oo < x 11 ,11 < ... < x1,n < +oo 

be a finite system of distinct nodal points for n = 1, 2, . . . and 
II 

w11(x) :=II (x - x;,11), 
i=l 

It is obvious that 

II 

w:,(x) := n ·II (x -<11 ). 

i=l 

* X11,11 < X11-l,11 < · ·· < Xl,11 < Xi,w 

Determine a polynomial R11 of lowest possible degree satisfying the condi­
tions 

R11(x;,11 )=y;,11 (i=l,. .. ,n), K11 (x;:11 )=yf,11 (i=l,. .. ,n-1), 

where Y;,11 and arbitrarily real numbers. 

PAL [7] proved that if a~xi,n (i = 1,. . .,n; n = 1,2,. .. ), then there exists 
a unique polynomial R11 of degree ::; 2n - 1 satisfying the requirements and 
R11 (a) =0. He has also given the explicit form of this polynomial. In [l] SZlLI 
proved: 

If the interpolated function f : R --t R is continuously differentiable, 
/(0) = 0, 

lim x 2re-x
2
12f(x)=O(r=O,l,. .. ) and 

lxl-+oo . 
lim f 1 (x )e-x

2
12 = 0, 

lxl-+oo 
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furthermore 

Yi,n =f(x;,11 ) (i = 1,2, . .. ,n), y: 11 =J'(x;*n) (i = 1,2 ... ,n - 1), 
' ' 

where Xi,n are the roots of the Hermite polynomials, then the sequence of the 
interpolation polynomials R11 (n = 2, 4, 6, ... ) satisfy the following estimate: 

e-yx
2
lf(x)- R11 (x)j = 0 ( w V'· )n) logn), 

which holds on the whole real line, where y > 1 and 0 does not depend on x; 
w is the so called Freud modulus of continuity, which is defined for a function 
g :R-R by 

w(g ,o) := O~~~o 11e-(x+t)2 /2g(x + t) - e-x2 /2g(x )II+ Jlr(ox )ex2 /2g(x >JI· 

The aim of this paper is to prove a sharper estimate. 

The polynomials R11 we can give in the explicit form (see: [1] Theorem 1) 

II 11-1 

Rn (x) = 2.::>i,11 Ai,11 (x) + LYf ,n Bi,11 (x) 
i=l i=l 

and 

II [ H,,(O) ]2 
Rn(O) = -2 LYi,11 H.' (x · ) , 

i=l n 1,n 

where 
I z 2 

H11 (x) H,,(x) J [ H,,(x) ] 
Ai,11 (X)= H.'(. ) ·li,11 (X)+2n · H.'( . ) · li,11 (t)dt-2 H.'( . ) , 

II X1,11 n X1,11 II X1,11 
0 

l . ( )- H11 (x) 
1,n X - I 

Hn (xi,n )(x - Xi,n) 
( i = 1, 2, ... , n) 

(the Lagrenge fundamental polynomials corresponding to the nodal points 
x;,11), 

z 
H11 (x) J * 

B;,11 (x) = Hn (x.* ) · l;,11 (t)dt, 
1,11 0 

(i = 1,2, ... ,n - 1), 

1
1
.*,,(x) = H7,<x) , (i = 1,2, .. .,n - 1), 
' H11 (x .* ) (x - x .* ) 

1,n 1,11 

(the Lagrenge fundamental polynomials con-esponding to the nodal points 
xi:n ). 
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THEOREM. If the interpolated function f : R - R is continuously differ­
entiable 

(1) lim x 2r ·e-x
2
12J(x)=O (r=0,1,2 ... ) and lim f 1(x)e-x

2
12 =0 

Ix 1-+oo Ix 1-oo 
furthennore, f(O) = 0, 

(2) Yi,n =f(x;,n) (i = 1,2, ... ,n), Yf,n =f
1
(xi:n) (i = 1,2, ... ,n -1), 

then the sequence of the above interpolation polynomials Rn (n = 2, 4, 6, ... ) 
satisfy the following estimate 

(3) 2 ( I 1 ) 1 e-x lf(x)- R11 (x)I = O(l)w f, Vn + 0(1) yin' 

which holds on the whole real line and 0(1) is independent on x and n . 

(4) 

(5) 

(6) 

and 

(7) 

(8) 

For the proof we need some lemmas. 

LEMMA 1. Let n be even, then 
n 

" x2 /2 2 L...Je i,n • IA;,11 (x)I = O(l)ex .,/ii.. 
i=l 

PROOF. Taking into account [1], [4], it is enough to estimate 

n x?n/2 
I " e • 

IHn(x). ~ IHh(Xi,n)I · ll;,n(x)I, 

n x?n/2 x 

nlHn(x)I ·LI~'~. I· f 1i,n(t)dt , 
i=l n( 1,n) 

0 

n x?n/2 
2 " e . 

Hn (x) ~ IH.'(x· )12. 
i=l n 1,n 

First estimate (5). We know ([6]) 

n abxi:n 1 

~ IHh(X;,
11

)12 = O(l)2"n! ' (0::; 0 < 1). 

Using this we obtain 

n exi:n/2 
(9) L IH.'( . )I ·ll;,n(x)I::; 

i=l n X1,n 
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(10) 

(11) 

t.Jo6 

n 

L x2 2 2 
e i,n · l· (x) = O(l)ex 1,n (x ER). 

i=l 

Using (5), p.700 table, we obtain from (5) 

n xln/2 / ""e• 
IHn(x)I ~ -

1
H.-/i,-(x-i-,n-)I · lli,n(x)I = 

ex2 /2 x2 yin 
= 0(1) yl2ii1i!. n · IHn-1(x)I = O(l)e nl/12. 

Now estimate (6). We know (see (2), 15.3.6 and (9), Lemma 1) 

IH~(Xi,n IX exi:n/2. ~. ip;l/2(xi,n). 

Using this we obtain 

11 x 2 /2 x n x °"' e i,n · IHn(x)I J IHn(x)I °"' 1/2 J 
LI IH.'(x· )I · li,n(t)dt =0(1) M,1-:j' L1'Pn (xi,n)· l;,n(t)dt . 
. _

1 
n 1,n y 2··n: ._

1 1- 0 1- 0 

In Lemma 3 we will estimate a similar expression and we obtain 

-- O(l)IH,,(x)I ~ l/2(x· ) . ix l ( )d 0(1)ex2 yl2ii1i! LI '(J 11 1,n i ,11 t t = yin· 
i=l 0 

Therefore from ( 6) 

n xf /2 x 
2 

(12) n · IH11(x)I L 1 ~,'~n . ) · J l;,n(t)dt = O(l)ex · ...;n . 
. 

1 
n X1,n 

1= 0 

At last using (8) we obtain from (7) 

2 ~ exJ,n/2 ( H,,(x)) 2 x2 1 
(13) H11 (x)·LI 1 2 =0(1) ~ =O(l)e · 

116
. 

i=l (Hn(x;,n)) v2nn! n 

Hence ( 4) is proved. 
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LEMMA 2. Let n be an arbitrary oonnegative integer and '{Jn (xi,n) :=xi,n -
- Xi+l,n (certainly x1,n > x2,n > ... > Xn,n). Then the following estimate holds 

IHn(<n)I x exi:n12 
· J2n-l(x - 1)! · '{J;~{2<<n) (i = 1,2,. . .,n - 1), 

where an x bn means that lanl = O(bn) and lbnl = O(an). 

PROOF. The x;*
11 

are the roots of H11 _1 since H~(x) = 2n · Hn-1(x), 
• 

therefore xi~n =xi,n-1· Using [2), (5.5.8) we obtain 

IHn(xi:n)I = IHn(Xi,n-1)1=2(n - 1) · IHn-2(xi,n-1)l. 

Hence 

IHn(xi:n )j = IH~ -1 (xi,n-1)!. 
But we know (see [2]. 15.3.6 and [9], Lemma 1) 

IH~ (xi,n IX exi~n/2. ~. 'P;l/2(Xi,n) 

Lemma 2 is proved. 

LEMMA 3. If n is even then 
n 

(i =I,. . .,n). 

(14) '°' x*
2 
/2 2 L..Je i,n · IBi,n(x)I = O(l)ex (x ER), 

i=l 

where 0(1) independent on x and n. 

PROOF. Without loss of generality we may assume that x ~ 0. Using 
Lemma 2 ·we obtain 

~ x•2 /2 n-1 ex{!i/2 Ix 
~ e i,n · IB;,11 (X) = jH,1(x)I · ~ IHn(x .* )I · li:n(t)dt = 
1=1 1=1 i,n 0 

n 1 x 
_ IH11(x)I ~ 1/2 j 
-0(1) ,,;2n(n - l)! · ~'Pn-l(x;,n-1)- li,n-1(t)dt . 

1=1 0 

Here 
n-1 

l: 
i=I 

Ix; ,n _ Ji~ 2y""lo-g(,....-n _.....,.,.I) 

x 

1/2 I 'Pn-l(xi,n-1) · l;,n-1(t)dt = 
0 

n-1 

l: = -x~ 1/2 1/2 e 1,n- .,11 (x · 1). r11-l 1,n-

x 

I x
2 /2 e i,n-1 · li,n-1(t)dt = 

0 i=I 
Ix; ,n -1 l ~2y~io-g(_n ___ I) 
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-1/12 Jx n-1, 2 I 
= O(l)n n2 . ~ exi,n-if2 · li,n-1(t) dt = 

0 1=l 

-1/12 x (n-1 ) l/
2 

(n-1 ) l/2 
= O(l)n n2 · J ~ 1 · ~ exi~n-1 · li:n-l(t)dt dt = 

0 1=1 1=1 

1 Jx 21 1 ex2/2 
= 0(1) nl9/12. et 2dt = 0(1) nl9/12. 1 +x' 

0 

where we used 'P~e1 (x;,n-l) = O(l)n- 1112 (i = 1, ... ,n - 1) and (10). 

(15) 

Hence 

n-1 

L x*2/2 e i,n · IB;,n(x)I = 
i=I 

lxi ,n-11~2v'~log-(n---1) 

O(l) IHn(x)I 1 ex
2

/
2 

O(l) x2 1 
= J2n(n,.... I)! · n19/12 · 1 +x = e · n4/3 · 

where we used e-x
2
/ 2 ·x-11Hn(x)J = O(l)JFni · n-114, (Jxl ~ 1) (see [2], 

(8.91.8)). 

Furthermore 

n-1 x 

L 1/2 J 'Pn-I(x;,n-1) · li,11 -1(t)dt = 
i=l 

lxi,n-il<2v'l~og-(n---l) 0 

1 
= 0(1) nl/4 

n-1 x 

L j 1i,n-1<t)dt . 
i=l 0 

lxi ,n-11<2v'log(n-l) 

Using 

n-1 

L lli,n-1(x)I = 0(1)ex2/2 

i=l 

(lxl ~ nl/4) 
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(see [4], (19)) we obtain 

n-1 x 

~ J li,n-1 (t)dt 
1=1 0 

lxi,n-11<2ylog(n- l) 

x n-1 x2 /2 
SJ L lli,n-1(t)dtl=0(1) ~ +x , x ?. v1fi. 

0 i=O 

Hence 
(16) 

n-1 

L 
x*2/2 IHn(X) 1 ex

2
/ 2 x2 

e i,n ·IB· (x)l=O(l) ·-·-=O(l)e 
i,n J2n(n-1)! nl/4 l+x 

i = 1 ,.---.,---..,.,. 
lx;,n -11<2ylog(n- l) 

for all x ?. y'n. 

Using 

(see [4], (17)) we obtain 

"°' li,n-1(t)dt = 0(1)-. J
x ex2/2 

~ l+x 
Ix -xi,n-il;::: 1 O 

Hence 
(17) 

n-1 

L 
i=l 

lxi,n-11<2y'l,,_o-g(-n---l) 

l.x-.x;,n-11;:::1 

for all 0::; x ::; y'n. 

We need an estimate for 

n-1 

(18) 2: 
i=l 

Ix; ,n -1 I< 2y',,-lo-g(-n --1) 

l.x-.x;,n-11;:::1 

x*2/2 
e i,n · IB;,n(x)I, 
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Obviously 

n-1 
(19) 2: x*2 /2 e i,n · IB;,n(x)j X 

i=l 
Ix; ,n -1 I <2Ji~o-g(_n ___ l) 

lx-xi,n - d;:::l 

IHn(x)j 1 
x y'2n(n - 1)! . nl/4 . 

x f 1i,n-1(t)dt. 

i=l 0 

n-1 

L: 
lxi,n-11<2y',,...lo-g(-n-~l) 

lx-xi,n-Jl;:::l 

Here 

x x 

J 1 J Hn-1(t) 
/i,n-l(t)dt = I dt X 

Hn-1 (xi,n-1) t -Xi,n-1 
0 0 

x 

~ 1 . 1 ·-1-·J Hn-1(t) dt 
~ x~ /2 v'2"(n-1)! nl/4 t-x· - 1 · e 1,n-I O 1,n 

Thus 

(20) 
n-1 

L: x*2/2 e i,n · IBi,n(x) I X 

i=l 
Ix; ,n _Ji< 2y',,...io-g(_n ___ l) 

lx-xi ,n-11<1 

IHn(x)I 
x v'2'l,i! . 

n-1 

L: 
i=l 

Ix i ,n -1 I< 2y',,-lo-g(-n ---1) 

lx -xi,n-1'<1 

We investigate the cases: 

J. -1 :::; Xj ,n -1 < 0, 
2. Xi,n-1 =0, 
3. 0 < Xi,n-1 :::; 1, 
4. 1 < Xj n-1 < 2y_lo_g-(n--~l). 

' 

-xf 1/2 x 
e i,n - J Hn-1 (t) dt 

y'2"(n - l)! t - x; n-1 
0 ' 
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1. -1 ~ xi ,n _ 1 < 0. Integrating by parts we obtain 

x 

(21) J Hn-1(t) dt=_!_·Hn(x)· I . 
t - Xi n -1 2n x - Xi n -1 

0 ' ' 
x 

1 1 1 J 1 -- · Hn(O) · +- · Hn(t) · dt. 
2n 0- Xi,n-1 2n (t - Xi n-1)2 

From this we obtain 

x 

J Hn-1 (t)- l dt = 
t -Xi n-1 

0 ' 

0 ' 

21 "I x 
=0(1)-· y.G··n!·yn+O(l)-· yen! dt= 1 ex 2. ~n 1 1 e2 2 . ~n 1 J 1 

n nl/4 n nl/4 (t-Xin-1)2 
0 , 

ex 2 /2 . J2ililf 
= 0(1) n3/4 . 

Therefore 

n-1 

L: 
-xf 1/2 Jx e i,n- Hn-1(t) dt = 

..;2ncn -1)! t -x; 11-1 
i=l 

-1$x;,n-1<0 
lx-xi,n-1'<1 

Hence 

(22) 
n-1 

I: 
i=l 

-1$xi,n-t<O 
lx-xi,n-11<1 

0 ' 

ex2/2 
=0(1)-· 

nl/4 

11-l 

L: 
i=l 

-1$xi,n-I <0 
lx-xi,n-1'<1 
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(23) 

t.Jo6 

2. x; ,n -1 = 0. In this case 

n-1 

2: 
i=l 

xi,n-1=<> 

lx-xi ,n-il<l 

IHn(x)I 1 
n-1 

I: 
i=l 

xi,n-1=<> 

lx-xi,n-Jl<l 

x 

J li,n-i(t)dt = 
0 

x n-1 
= O(l) IHn(x)I . _1_ / 

J2"(n - 1)! nl/4 I: x2 /2 
e i,n-1 · lli,n-1(t)ldt = 

0 

x 

= O(l) IHn(x)I 1 J 
J2"(n - 1)! nl/4 

0 

i=l 

xi,n-1=<> 

lx-xi ,n-1'<1 ·' 

n-1 

I: 
i=l 

xi,n-1=<> 

lx-xi,n-d<l 

= 0(1) IHn(x)I . _1_. ex2/2 = O(l)ex2 
../2"(n - l)! nl/4 

1/2 

dt= 

3. 0 < xi,n-l ::::; 1. We distinguish 3 cases: a) x ::::; xi,n-l - "Tn· 
b) Xi,n-l - 7,i ::::; x ::::; Xi,n-1 + "7n· c) x ~ xi,n-1+7n'· where c1 > 0 is a 

small absolute constant such that xn /2,n _ 1 - -1,;- ~ 0. 

a) x $ xi,n-1 - :Yn ~ 0. In this case from (21) 

x 2 2 

J 1 1 ex /2 . JFnf ex /2 . J2ii'nf 
Hn(t) · dt = 0(1)- · . ·Jn= 0(1)----

t -xi n-l n nl/4 n3/4 
0 ' 



Therefore 

n-l 

2: 
i=l 

O<xi,n-tSl 

lx-xi,n-1 I< l 
x<x· i-~ - 1,n- y'n 

-x.2 1/2 e 1,n-
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x 

J Hn-1(t) dt = 
t -Xi n-1 

0 ' 

ex2/2 

= 0(1) nl/4 

11-l 

2= e -x?n-1 /2 = 0(1)ex2/2.n1/4_ 

(24) 

i=l 

O<xi,n-1$1 

lx-xi,n-tl< l 

x<x· 1 -~ - 1,n- y'n 

Hence 
n-1 

I: 
i=l 

O<xi,n-1$1 
jx-x; n-tl <l 

x<x- ' 1-~ 
- i,n- Vn 

b) xi,n-l - 7n s; x :S xi,n-1+7n· In this case 

Xjn-1-~ x • ../n 

JH,,_1(t)· 
1 

dt= J + J 
t - Xj n-1 

0 ' 0 

Here 

I = O(l) (xi,n-1-~)
2

/2. J2nnf 
1 e 3/4 . 

1l 

Now we estimate lz. Obviously 

x 
l 

Hn-1(t)· dt= 
t - Xi,n-1 J 

=:Ii +lz. 

257 
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Since H~ (x) = 211 · Hn _ 1 (x ), therefore using the mean-value theorem we 
obtain 

l = 0(1) x2/2. JFnf 
2 e n3/4 

Hence 
x 

J 1 _ x2/2 J2nnT 
Hn-1(t) dt - O(l)e · ~/4 . 

t - Xj n-1 1l 
0 ' 

Therefore 
(25) 

n-1 

2= 
i=l 

O<x; ,n - i:$1 
lx-x; n-1'<1 

Xi,n-1--Jn$x :S.xi,n-1 +-J; 

c) c ~ xi,n-1 + ~- In this case 

Xjn-1-~ x . Vn x 

f Hn-1(t)- l dt = J + J 
t - Xj n-1 

0 ' 0 Xj n-1-~ • yn 

Here 

I = O(l) ( xi,n-1--J;)

2 

/2. ~ 
1 e n3/4 ' 

x 2/2 JFn! /,, = O(l)e · --
- 11 3/4 

Therefore (similarly as in case a)) 

(26) 
n-1 

2= 
i=l 

O<xi ,n-1 $1 

Jx-xi,n-1'< l 

x~xi,n-1+7; 

x*2 /2 2 
e i,n · IB; ,n(x)I = O(l)ex . 

=:Ii+ Ji. 
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Hence from (24)-26) 

(27) 
n-1 

L: 
i=l 

O<xi,n-1$1 

lx-xi,n-11<1 

4. 1<x; 11 _ 1 < 2Jlog(x - 1). 
' 

259 

We distinguish 3 cases: a) Xi,11 -1 - 1 < x ~ Xi,n-1 - Jn-. b) Xi,n-1 -

- Jn :S x :S Xi,11-l + fo' c) Xi,n-1 - Jn :S X < Xi,n-1 + l. 

a) xi ,n-1 - 1 < x ~ xi,n-1 - )n· In this case 

Here 

Hence 

x xi,n-1-l x 

JH11 _1(t) l dt= J + J =:Ji+lz, 
t-Xi11-l 

0 ' 0 xi,n-1-l 

I - 0(1) (x· -1-1)2/2 J2ii1i! 1- e 1,n ·--, 
n 

x 2 2 .J2lrilf lz = O(l)e I . n3/4 . 

x 

J 1 _ x 2 /2 .J2lrill 
H11 _1(t) dt - O(l)e · ~/4 . 

t - Xj n-1 n 
0 , 

Therefore (similarly as in 3.a)) 

n-1 

(28) L 
i=l 

l <xi,n-1 <2J~lo-g(_11 ___ l) 

lx-xi,n-tl< l 

X· 1-l<x<x- · 1--k r,n- - 1,n- yn 
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b) xi,n-1 - )n :::; x :::; xi,n-1 +Jn· In this case 

Here 

Hence 

I 
x xi,n-1- Jn 

f Hn-1(t) l dt= J + 
t - X; 11-l 

x 

J 
0 ' x- - I 1,n-l Vn 

x 

J 1 x2 /2 v'2nnT 
H11 _1(t) dt = O(l)e · --

1
-

t -x; n-l n3 4 
0 ' 

Therefore 

n-1 2 

(29) L x*2/2 ex 
e i,n · IB; 11 (x)j = 0(1) r.:;· 

' vn 
i=l 

l<x;,n-1<2.J-lo-g(-n---1) 

Jx-xi,n-il< l 
I< I xi,n-l _Tn_x~xi,n-J+Tn 

c) x;,11 -1 + )n:::; x < x;,,1-1+1. In this case 

I 
x x;,n-l+Tn 

Here 

f Hn-1(t) l dt= 
t - X; 11-l 

0 ' 
J + 
0 

x 

J 



ON p.Af. INTERPOLATION 261 

Therefore 

(30) 
x•2 /2 2 

e i,n · IB;,n(x)I = O(l)ex . 

i=l 
~--

1 <xi,n-1 <2y'Jog(11-l) 

/x-xi n-d<l 
l ' 1 

xi ,n-1-Tn:'.5x:'.5xi,n - 1+Tn 

Hence from (28)-(29) 

(31) 
x•2 /2 2 

e i,n · IB;,n(x)I = O(l)ex . 

i=l 
~--

1 <xi,n-1 <2y'!og(11- J) 

lx-xi,n-1/<1 

From (22), (23), (27), (31) we obtain an estimate of (18), 

(32) 
n-1 

I: x•2 /2 2 
e i,n · IB;,n(x)I = O(l)ex . 

i=l 
/x; n-1/<2y'~log-(1-1--l) 

lx-xi ,n-11<1 

From (15), (32) follows the lemma. 

PROOF OF THE THEOREM. From lemmas we get (see [1], (22), (23)) 

e-x
2 

· lf(x)- Rn(x)I = 

( 
/ 1 ) -x2 I H,1(x) I ~ HJ'(O) =O(l)w fr.; +O(l)e · H.(O) ·pn(0)+2~Pn(X;,n) ,2 . = 
yn n i=l Hn (x,,n) 

= O(l)w (f' Jn)+ O(l)e-x
2 ·I Z:~~~ I· IPn(O)I + 0 (1) Jn= 

= O(l)w (f' .:n) + 0(1) .:n· 
2 

REMARK. If e-x · lf(x) - R11(x)I = an(l), then for x := 0, we obtain 

lf(O) - Rn(O)I = an(l), but Rn(O) = 0 (Jn), therefore f(O) = 0. 
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NOTE ON ADDITIVE FUNCTIONS SATISFYING SOME 
CONGRUENCE PROPERTIES III. 

By 

PHAM VAN CHUNG 

Teachers' Training College, Eger 

(Received March 4, 1994) 

Let .A and .A* denote the set of all integer-valued additive and completely 
additive functions, respectively. 

K. Kov ,\cs [5] proved the following 

THEOREM A. lfj E .A* and for some integers a~ 1, b, c the congruence 

f(an +b) = c (mod n) 

holds for all n EN, then 

f(n) = 0 for all (n,a) = 1. 

In [ 1] we achieved the same result for f E .A in the case a = 1. After this 
in [2] we proved the following generalization of the above result: 

THEOREM B. Let A > 0, B and C be integers. If f E .A satisfies the 
condition 

f(An +B) = C (mod n) for all n >max ( 0,- ~), 
then f (n) = 0 for all n E N which are coprime to A. 

Using the results of [3] and [4] we have: 

THEOREM C. Let A > 0, B > 0 and C be integers. If F and GE .A* such 
that 

F(An + B) = G(n) + C (mod n) 

holds for all n EN, then G= 0 and F(n ) = 0 for all n EN which are coprime 
to A. 

In the present paper we improve the above results by proving the follow­
ing: 
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THEOREM. Let A > 0, B and C be integers. If FE .4 and GE .-4* satisfy 
the condition 

(1) F(An+B):= G(n)+C (modn) 

for all n > max ( 0, - 4) , then: 

A. 

For B ~ 0, G = 0 and F(n) = 0 for all n E N which are coprime to A. 
For B = 0, F(A) = C and F(n) = G(n) for all n E N which are coprime to 

The proof of our theorem is based on the following result: 

LEMMA. If g E .-4* satisfies the congruence 

(2) g(n + 1) = g(n) (mod n) for all n EN, 

then g = 0. 

PROOF OF THE LEMMA. The lemma follows from Theorem C, but here 
we give another proof. First we show that from (2) it follows that for all n, 
k EN, 

(3) g(n +k) = g(n) (mod n). 

Fork= 1, it is the condition of the lemma. We proceed by induction. If (3) 
holds for k, then 

g(n + k) + g(n + 1) = g (n(n + k + 1) +k) 

implies that 

g(n)+g(n):=g(n(n+k+l)) (modn) 

i.e. 

g(n +k + 1) = g(n) (mod n). 

Thus, (3) is proved. 

Let p be any fixed positive integer. Applying (3) with k = (p - l)n we 
have 

g(pn) = g(n) (mod n) 

which implies 

g(p) = 0 (mod n) for all n EN. 

Thus, we have g (p) = 0 which completes the proof of the lemma. 

PROOF OF TIIE THEOREM. First we consider the case B > 0. Assume that 
(1) holds for all n >no where n0 =max ( 0,-i) . Then replacing n by 3B2k, 

we have 

(4) F(3ABk + 1) := G(k) + C1 (mod k), 
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where Ci = 0(3) + 2G(B) - F(B). Since 

(3ABm + 1,(3ABm)2 - 3ABm + 1) = 

265 

= (3ABm + 1,(3ABm + 1)(3ABm -2)+3) = 1 

holds for all m, replacing k by 32 A2 B 2m3 in (4) yields 

(5) F(3ABm + l)+F(32 A2B 2m2 - 3ABm + 1) := 3G(m)+ C2 (mod m), 

where C2 = G ( 32 A2 B 2) + Ci. 

On the other hand, the substitution k = 3ABm2 - m in (4) provides 

F(32A2B 2m2 -3ABm+1) =F(3AB(3ABm2 
- m)+ 1) := 

(6) = G(3ABm- l)+G(m)+Ci (modm). 

Thus, the congruences (4), (5) and (6) yield 

(7) G(3ABm - 1):= G(m)+C3 (modm), 

where C3 = C2 - 2C1. Replacing m by 3ABm3 in (7) we have 

o(32A2B2m2 -1)::: G(3ABm2 )+C3 (modm). 

This combined with (7) implies 

(8) G(3ABm+l):= G(m)+G(3AB) (modm). 

We shall deduce from (8) that 

(9) G(3ABm + i)::: G(m) + G(3AB) (mod m) 

holds for all m, i E N. 

The proof of (9) is similar to the proof of the Lemma. Using that 

(3ABm + 1)(3ABm +k) = 3ABm(3ABm +k + 1) +k 

and the previous steps of the induction, we have 

2G(m)+20(3AB) := G(3ABm + l)+ G(3ABm +k) = 
= G(3ABm(3ABm +k + l)+k) := 

::: G(m)+G(3ABm+k+l ) +G(3AB) (modm). 

The choice i = 3AB in (9) yields 

G(3ABm + 2AB) ::: G(m) + G(3AB) (mod m ). 

Thus, G(m + 1) = G(m) (mod m). By the lemma then G:: 0. Therefore, by 
(1) we have 

F(An +B) = C (modn). 
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We can apply Theorem B to get F(n) = 0 for all (n,A) = 1, if B > 0. 
For B < 0, we can prove the Theorem in the same way as above using 

\Bl instead of B whenever we want to multiply by B. This proves the claim 
for B;e.O. 

Finally, we consider the case when B = 0. Assume that F, G E ..c4 and 
integers A > 0, C satisfy 

(10) F(An) = G(n) + C (mod n) 

for all n EN. 

Let k be a positive integer which is coprime to A. Applying (10) with 
n =km, we have 

F(Akm) = G(km)+C (modm), 

which implies that 

(11) F(Am)+F(k)=:G(m)+G(k)+C (modm) 

for all m EN, (m,k) = 1. It follows from (10) and (11) that 

F(k) = G(k) (mod m) for all m EN, (m,k) = 1. 

This implies that 

(12) F(k) = G(k) for all k EN, (k,A) = 1. 

Using (10) and (12) we obtain that 

F(A) = C (modn) 

for all n EN, (n,A) = 1. Consequently F(A) = C, which completes the proof 
of our Theorem. 
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Introduction 

This paper contains some results concerning earlier work of the author*. 
In point 1° we extend the result [7] on the independent oscillations of the 
points of a vibrating membrane to the case of string. We prove that the 
independence holds only for sh011 time intervals (contrarily to the case of 
membranes). In 2° we investigate the independence of the motion of points 
in a circular membrane, if the origin is one of these points. The answer is 
similar: independence holds only for limited time intervals, namely if and 
only if T < 2. Point 3° contains a description of those situations when the set 
of all movement states reachable in time T is strictly increasing in T . In Point 
4° we disprove the possibility of independent motions of a vibrating beam. 
Finally 5° extends the controllability properties of a circular membrane in the 

spaces Xr = Wr+l EB W,, W, = D (u - ~)'12), r <-~(proved in [8]) to the 

case r = -~. 

l ° Consider the string equation 

(1 ) (x)a
2
y(x,t) = i_ ( x)ay(x ,t)) 

f} ar2 ax p( ax ' O<x<l , O<t<T 

with density f}(x) and modulus of elasticity p(x), p, f} E C 2(0, 1). 

* These are solutions of problems and conjectures posed by professors J.-L. LIONS, L. SI­

MON and R. KERSNER, the opponents of my dissertation . 
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Let y(O,t)=y(l,t)=O (or we can prescribe any strongly regular boundary 
conditions). Using an appropriate substitution in variable x in y we get a new 
function u (x, t) satisfying 

1 

(2) Utt= Uxx +q(x) · u, 0 < x < l, 0 < t < T, l = J f!, q E C[O, l] 

0 

(see HORVATH [1]). 

THEOREM 1. Let x1, .. ., XN E (0,l) be different numbers and 

Au(t) = (u(x1, t),. . ., u(xN ,t)). 

Then there exists T > 0 depending only on N such that the functions Au run 
over a dense subset of C 00(0, T;CN), where u runs over the C 2 -soluti.ons of 
(2). 

Remark that since the dependence in t remains unchanged, the same 
Theorem holds also for system (1), too. 

PROOF. Consider the eigenvalue problem. 

(*) v~' +qv11 +A11 V11 =0, v11 (0) = v11 (l) = 0 

(see [1] for more general boundary conditions). It is known from Neumark's 
monography [2] that there exists a complete orthogonal system (v11 ) satisfying 
(*) and 

(3) Vn (x) =sin n; x + 0 ( ~) , A= n; + 0 ( ~) . 
Define A= {). 11 : n = 1,2, ... ,}. Clearly every finite sum 

(4) u(x,t) = L v11 (x) ( a 11 ei,;r;;i +/311 e-ivr;;I) 

satisfies (2) and u(O, t) = u(l ,t) = 0. So we consider the system 

e(A) = {e±iy'1";t ( Vn~Xi)) : n = 1,2, ... }. 

Vn(XN) 

It is enough to show that e(A) contains a subsystem, complete in 
C 00 (0, T; c,N) if T > 0 is sufficiently small. 

LEMMA 1. The vectors 

(

sin nn x ) T 1 

: ' 
sin ¥-xN 

1 ~ n ~ 3N - 2, spanCN 
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PROOF. Let /31 sin !lfx1 + ... +f3Nsin !lf-xN = 0, 1 $ n $ 3N - 2. We 
have to show that {3; = 0 for all i. The equalities imply that {31 T(x1) + ... 
. . . + f:3 N T(x N) = 0 for every impair trigonometric polynomial of period 21 

and of degree $ 3N - 2. If we set T(x) = sin¥ .TI. ( sin2 ¥ - sin2 '!f-), 
}~I 

we get f3i = 0 unless there exists j with Xj = I - Xi. In that case let T(x) = 

=sin T .TI. ( sin2 ¥cos¥ - sin2 7!.-f cos¥) which implies again f3i = 0. I 
}~I 

Fix a basis { e 1, ... , e N} out of the vectors of Lemma 1. Then we have 

LEMMA 2. For every E > 0 and for every sufficiently large M > 0 the 
system 

{ (

sin!!f!-x1) } 
eo(A) = e±i\/'.f,;t . : : n 2: 1 

sm!JfxN 
contains a subsystem of its elements indexed by n = nkj such that 

a) ( ::;.;~, k)+ 0(1) ) 
j = 1, ... ,N; k = 1, ... 

b) : - ej < E 
nk"11. 

sin'TxN 
where the implicit constant in 0(1) depend only on E • 

PROOF. It is based on the Kronecker theorem on simultaneous diophanite 

approximation (see e.g. Cassels [3]). Let ej = (sin¥-x1, ... ,sin¥-xN) r. 
then for n =nkj we require n = M · k + 0(1), lllnx; - njXi Ill< E (i = 1, ... ,N). 
Such an n exists by [3]. I 

LEMMA 3. The system e(A) contains a Riesz basis in Li_ ( 0, ~; CN). 
PROOF. The system 

± ' b 
e*(A)={ej ·e 1

T 1 
: k EN, 1 $j $ N} 

is Riesz basis in Li,(0, 21; cN ). If the vectors ej are moved at a distance < E 

with sufficiently small E > 0 then their basis properly remains unchanged, 
hence 
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is also a Riesz basis. Since k = iJ + 0 ( iJ) by Lemma 2 a), we can use a 

stability theorem like that of Duffin and Eachus stating that any sufficiently 
small shift of the exponents (within an error bound E) preserves Riesz basis 
property, see HORVATH [4] Lemma 3 or Joo [5] 

e2(A)={(v"'J;(xi))e±i"~itr: kEN, l~j~N} 
Vnk/xN) 

is Riesz basis in £i(0,2/;CN). By the same argument 

e3(A) = { ( V11kJ;(x1)) e±i~t : k EN, 1 ~j ~ N} 
VnkJ(XN) 

is also Riesz basis over (0,2/) i.e. e(A) contains a Riesz basis in 

Li ( 0, ~ ; cN) . Lemma 3 is proved. I 

LEMMA 4. Lets E N be arbitrary. If M is sufficiently large, the system 

e(A) contains a Riesz basis in the Soboleff space HS ( 0, ~; cN) . Here M 

is independent of s 

PROOF. Consider the system es(A) constructed in Lemma 3. We can 
construct a system H C e(A) \ e3(A), 

{ iµ- t } H = Vj e J : j = 1,. .. , s N 

with the propetties 

a) H is linearly independent. 

b) If limH resp. limHk denotes the linear hull of H resp. 

then 

limH n limHk = {O} . 

c) The vectors v l, .. ., Vs N form s bases in c N . This can be done: if s 
sequences of N members nk J , 1 ~ j ~ N, ko ~ k :::; ko + s - 1 are constructed 

as in Lemma 2 (with M + i instead of M) then c) follows from Lemma 2 b), 
a) follows from Lemma 2 a) and b); finally b) is a consequence of the fact 
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that, by construction, the exponents of H and Hk the different. Now we refer 
to Proposition 2 of Joo [11] which states that the above assumptions a), b), 

c) imply that the unified system HU~ Hk is Riesz basis in H~ ( 0, ~; cN) 
as we asserted. I 

PROOF OF THEOREM 1. By Lemma 4, e(A) is complete in Hs ( 0, ji.; cN) 
for all s E N if M is sufficiently large. This implies also the completeness in 

C00 
( 0, ~ ; cN) ' which completes the proof. I 

REMARK 1. ln the above Theorem only the values T :S 21 can occur. 

Indeed, if for some T the Theorem holds then {e±ivT,;" : n = 1,2, ... } is 

complete in Li,(0, T). On the other hand vA,;' = T- + 0 ( },- ) implies by the 

above mentioned Lemma 3 of [ 4] that { e ±i T t : n < no} U { e ±i -v',f,;t : n > n0} 

is Riesz basis in Li,(0,21). From Lemma 7 of Joo [11) we can shift the 

remaining finitely many exponents from T- to vA,;', hence { l,e±i-v',f,;f : n = 
= 1,2, ... } is Riesz basis in Li,(0,21). Consequently in Li,(0, n. T > 21 this 
system has infinite-dimensional deficiency: it cannot be complete. 

2° REMARK 2. In the statement of the theorem of Joo [7] on the indepen­
dent motions of different points of a circular membrane the origin is excluded. 
That theorem states that if Q is the unit disk 0..c Pi,. . ., PN E Q then taking 
the set U of all solutions u(t ,x ,y) E C00 (l~ x 0) n C(R x 0) of the problem 
Utt= Llu on Rx n, u = 0 on R x an, the mapping A: u-+ C 00(R,CN) 

Au =(u(.,Pi), .. .,u(.,PN)) 

has dense range in C 00(R,CN). If Pi = (0,0) then the mapping A: U-+ 

-+ C00 
( ( - t, t) cN) • 

Au =(u(.,P1), .. .,u(.,PN)) 

has dense range in C 00 if T < 2 (and for no larger n. Indeed, since r1 = 0, 

we have J111 ( ;.~:11 ) r1) = 0 unless m = 0. Hence 

u(t,0,0) = L (akeiA.ko>, +bF-iA.kO)t) . 

On the other hand, the distribution of the zeros Ako) of Jo is linear:;.,~) =kn -

- ~ + 0 ( t) . Consequently the system { e ±iA.kO) t : k = 1, 2, ... } is complete 
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in Li ( - t, f) only for T < 2. This means that for T ~ 2 the range set of A 

is not dense even in Li_ . For T < 2 we can argue as follows. In the set 

{ 
±iA.(m)t ±A.(m)t } 

e(A)= em,ke k ,fm,ke k : m=0,1, ... ;k=l,2, ... 

(investigated in [7]) we use the members of index m = 0 to approximate 

the first coordinate function !1 of c~); this gives an approximation of 

(:t) . The members of indices m ;;. I of e(A) are then used to approximate 

(Ji ~ g, ) , as described in [7]. So A has dense range indeed for T < 2. I 

~N-gN 
REMARK 3. In the above Remark and in Joo [7] only the density of the 

range of A is proved. In fact, A is onto in the following sense. Introduce the 
function spaces 'W, and Xr as in Joo [8]. Then we have the following 

THEOREM 2. Let r ~ 0 be an integer. Suppose that the origin doesn't 
occur, P; ;;tO Vi. Then for every function FE Hr (0, T; cN), T > 0 there exists 
an initial state (uo,ui) E Je, (uo(x) = u(O,x), ui(x) = u;((O,x)) such that 

Au = F on (0, T). 

Here Je' = 'W2 is the usual Soboleff space. 

A similar statement has been proved in A VDONIN-IV ANOV-JOO [9] for 
rectangular membranes and in Joo [19) for the Dirichlet condition in the 
square membrane. In case of Newmann condition the proof of [19] can be 
copied step by step so we give here only an outline of the proof. The idea is 
that the system e(A) contains a Riesz basis in Hr (0, T; cN) for every natural 
number r. In case r = 0 this can be shown as follows. It is proved in [7] that 
there exists a system <i> = e0().) U <t> the e0 (A) c e0 (A) and <t> is finite such that 
<i> is Riesz basis in Li_(O, T, cN ), so eo(A) has finite codimension. Since e(A) 
is complete by [7], we can join (step by step) appropriate elements of e(A) to 
e0(A) to obtain bases with smaller and smaller codimension. In finitely many 
steps we get a Riesz basis whose elements belong to e(A). This proves the 
case r = 0 because the coefficients of the sums defining uo and u 1 belong to l2. 
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In case r > 0 we join finitely many elements of e(A) to the above con­
structed basis to obtain a Riesz basis in Hr (0, T; cN ). This can be done by 
Proposition 2 of [8], already mentioned in the proof of Lemma 4 above. The 
same procedure works also for the case of string. If the origin is allowed i.e. 
P1 = 0 then using the ideas of Remark 2 above we see that the statement of 
Theorem 2 remains true only for T < 2. 

REMARK 4. It remained open the explicit determination pf the optimal 
time T < 2 for which N points of the string can obtain arbitrary movements 
states and how this time depend on the number N of points considered. 

3° REMARK 5. In several papers the authors investigated the growth 
properties of the reachability set associated to a hyperbolic equation, see e.g. 
[8], [1), [9]. A formal setting of the problem is the following one. Denote 
('{) 11 ) C Lz(O, T;CN) a system of vector exponentials and let 

R( T) = { (if ,'()11) Lit : f E Lz(O, T; CN)} 

be the reachability set (more precisely, the moment space associated to it). 
Suppose that the functions '{) 11 are named such that R( T) C 12 and that for ev­
ery T there exists a subsystem of ('{)11 ) forming a Riesz basis in Lz(O, T; cN ). 
Then 

PROPOSITION. The statements below are equivalent 

a) R( T) increases strictly as T __. oo 

. b) R( T) is not dense in LJ R( T) for every T > 0 (the line denotes closure 
T>O 

The proof requires 

LEMMA 5. R(T) is closed in 12 for every T > 0. 

PROOF. Letfk E Lz(O, T;CN) and suppose that 

(ifuP11)Li)
11 
~(c11)11 . 

Since a subsystem of ('{)11 ) is Riesz basis on (0, T) hence the mapping f 1--+ 

( (/,'fJn;)); is an isomorphism of Lz(O, T; c,N) onto 12. Consequently lfk) is a 

Cauchy-sequence in Lz hence 3 f E Lz : fk ~ f. This implies ifk>'Pn) -
(f,t.p11 ) hence (f,'{J11 ) = c11 for every n. I 

LEMMA 6. ff R(T1) = R(Tz) for some T1 < T2 then 

R(T1)=R(t) for all T> T1. 



i74 i.io6 

PROOF. R(T1)= R(Ti ) implies that for all functions! E f--2, suppf C 
[T1, Ti] there exists g E Li, supp g C [0, T1] with the same moment sequence 
(we use below the notations of [5]) 

1'2 1'1 J eiwmk T (f (r ), e~") dr = J eiwmk T (8(r),e,=!;n ) dr =} 

T1 0 

~~ ~~ 

=} / eiwm1c 1 (j(t-h),e~n)dt= J e iwm1ci(g(t-h),e~n ) dt. 
1'1+h h 

Jn other words: any function on [T1 + h, Ti+ h] can be substituted by an 
appropriate function wi th support [h , T1 + h] (in the sense that they produce 
the same moment sequences). Let now supp/ C (0, T1+2(72 - T1)] , then 
it can be substituted by some 8l· supp g 1 C [Ti - Ti, Ti] (h = Tz - Ti ). 

hence f can be substituted by fj + 81 = 82· Then gij . can 
[0, 7'2] [ T1, Ti- Tj] 

be substituted by some 83· suppg3 C [0, Ti], finally f can be substituted 

by Jj +gi l +83· This shows that R(T1 +2(Ti - Ti))= R(T, ). 
[0, 7'i) ! [0, 7'i) 

Repeating this argument we see R(T1 +k(T2 - T1)) = R(T1) which implies 
by the monotonicity of R( T) that 

R( Ti ) = R( T) for T > T1 . I 

PROOF OF THE PROPOSI110N . 

a) =} b) Indirectly suppose the a) holds and b) does not. Then for some 
10, R(To) is dense in UR(T) i.e. by Lemma 5. R(To) = U R(T) . But then 

T>O 
R(T) c R(To) for any value of T and hence R(T) = R(To ) for T > To. in 
contradiction with a). 

b) =} a) Suppose that R(T1) = R(Ti ) for some T1 < 72, i.e. that a) fails. 
Then by Lemma 6, R( T) = R( T1) for T > T1 and hence U R( T) = R( T1 ), so 

T>O 
b) can not fulfil. 

Proposition is proved. I 

1° REMARK 6. For the vibrating beam statement of Theorem 1 can not 
hold for any T > 0. ln this case the system equation is - ii = uC4) where 
solution can be developed into a series 

""'( . 2 . 2) u(x,t) = ~ auezn 1 +f3ue- 111 1 Vu(x) 
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,,(4) - n4v 
•n - n 

v 11 (0) = Vn (.n:) 

v~(O)=v:1 (n) 

v~'(O) = v~(n) 

v~' (0) = v~' (n) 

is a complete system in I.12(0,n) : v11 =cos nx. Then 

Au(t) =I: ( auein21 +f3ue-in21) ( v,,~1)) . 
v,,(xN) 

( ±" 2 ) Such a sum can not be dense over any (0, T), because in that case \ e w 1 

would be dense in L2(0, T). But this is not true. For example we can use the 

famous stability theorem of Avdonin [10] which shows that ( e±i1121
) can be 

completed for every T to a Riesz basis in Lz(O, D (consequently it is not 
complete). On the other hand it would be reasonable to describe the subspace 

of Lz spanned by (e±in
2t). 

5° The result of Joo [8] holds also for r = - ~. too. First we recall some 
notations. Let 0 be the unit circle, Pi. ... ,PN E-fl, SN+b· .. ,SM E an and 
consider the membrane 

N 

Utt= tl.u + I>5((x,y) - Pj )vj on (0, n x n 
)=1 

d ll M a,:= L o(s - Sj)Vj on (0, n x an 
j=N+I 

controlled by Vj E L2(0, T). Denote 

Wr = D ((I - ~t12) 

the domain of the 2-th power of I - tl. and let 

Xr = Wr+l EB Wr. 

THEOREM. [8] For r < - ~ the movement state (u, u1) belongs to 
C (LO, T],Je r) if the co11trols Vj are in Lz(O, T). 

Denote lm the Bessel function of m-th order and let} .. ~m>, n = 1,2, ... be 
the positive zeros the derivative 1:w We prove first 
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LEMMA 1. 

a) L 
n,m 

k9~m)$k+I 
n$cm 

I.JOO 

1 - 0(1) 
Jm(n -n *+ 1) -

where n * is the smallest natural number n (depending on m and on a constant 
I 

0 < r < 1) for which m + ~m'.J ~ ;.~m). r. 

b) 2: 
n,m 

k<A.(m)<k+l 
- n -

n$cm 

I 2 
m-'.Jn-'.J = 0(1). 

PROOF OF b). Denote Ai the Airy function [2]. It is well-known that 
;.~m) > m+ ~m 1/3, mo~ 1, mo is an absolute constant. We know ([2], 345. p.) 

(
;.(m)) a' 1 

(1) <P :, = - m2n/3 + 0(1) m4/3, 

where a~ is the n-th negative zero of Ai', j (<P(X )] 3/Z = l ( 1 - ~) 112 
dt, 

1 ~ x < oo. It is known ([3], 10.4.94.-10.4.105) 

(2) a~ =-n1'(4n-3) r +O ( ·:~') =-(3;)'1' n2/3+o()/3), 
Obviously tp is strictly monotone increasing. If k ~ ;.~m) ~ k + 1, then k ~ m + 1 
if m ~ mo. Hence 

n,m 

k <A.(m)<k+l 
- n -

n $cm 
m?:.mo 

= L: 
n,m 

V' (~ )$v> ( ~) $v> (k~I) 
11$cm 
m?:.mo 

~c L: < 
n,m 

V' ( ~) $- m1/3 +O(l) ni}3m $v> ( k~l) 
n$cm 

m?:.mo 
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:::; c < 
n,m 

(k) (31r)
2
/
3

n2/3 l (k+l) 
lfJ m $ T . m2/3 +O(l) n l/3m2/3 $<p Iii 

nS:cm 

m~mo 

<c I: < 
( ~) 213 

m2/3'P ( ;t-) 5:11 2/3 ( l+o( ~)) 5: ( ~) 2/
3 

m2/31{J ( k:l) 

nS:cm 
m?.mo 

n,m 

71- · j"'3;2 ( ~) +oo>sn::; W· j"'3;2 ( k;:;i) +o<l> 
n$cm 

m?.mo 

=:A. 

If this sum is nonempty then !ff · j'P 3/ 2 ( ~) + 0(1) :::; cm which implies 

ip3/ 2 ( ~) = 0(1), that is, ~ = 0(1). Hence k :::; cm :::; m + cm 513, from this 

!;;- I'!, cm2
/
3

, which gives :, S ( ~-1

1) , 72 <; C'f'
3
/ 2 (!;;).Furthermore in A 

m . ~'P3/2(k+1) + O(l)- m . ~'P3/2 (~) _ O(l) = 
.n3 m .n3 m 

k+l 

m Jm ( 1) 1/2 = 0(1)+ .n 1- t2 dt = 0(1). 

k 
;n 

Using these we can write 

2 

A Sc I: m-1 ( m<J>3/2 (~))-~Sc I: 1 1 

'P (~) 
< 

m m m 

ck$m$k-l ck$m$k-l 
m?.mo m?.mo 
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~c 

Hence 

n,1n 

m?.mo 
11* $11 $cm 

i.io6 

Ill 

= _!__ (~ - 1) = 0(1). 
m m 

ckSmSk-1 

11,111 

k<A.(m )<k+l 
- n -

11$cm 

1 
--;:===== < c 
y'm(n-n*+l)- n,m 

k<A.(m )<k+l 
- n -

m ?.mo 
n*$n$cm 

m+im 1 139~~ l. ri and 11"' is minimal 111$.l.~~) · ri and n"' is minimal 

~ c 

~c 

n ,111 *· jrp2/3 ( ~) +O(l)$ll $ *· jrp3/2 ( k;:;I) +O(l) 

n*$n$cm 

111 ?.mo 

<P ( *) $rp ( ~) 

I: 
n,m 

W-·jrp3/2 (~ )+o(l ):Sn$3¥- · jrp3/2 ( k:;1 )+o(l) 

'!! · 2m
312 (1·) +0( 11< 11 <cm :re j-r ri - -

m?. mo 

If this sum is nonempty then ;~ = 0(1). Furthermore 

< 

m 2 3 ,., ( k + 1 ) m 2 3/2 ( k ) 
- . -'{) 1 - - + 0(1) - - . -'{) - - 0(1) = 0(1) . 
.n3 m .n3 m 

< 
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I:= 2= + 2= + 2= =: S1 +S2+S3. 
n,m 11,m 11,111 11,111 

.l.<!.._£ 
ri-m m 

!.. _.f.. < l <!..+£.. m m-r1 -m m 
!..+.£. < j_ < k+I + £.. 
m m-ri - m m 

Since ip is strictly monotone increasing therefore 

m 2 3/2 ( k \ ( m 2 3/2 ( 1 ) ) - . -ip -J + 0(1) - - . -ip - + 0(1) ~ c > 0. 
:r 3 m n 3 , r; 

Thus 

Ill 

ck$m$k-l 
.l. < !.._£ 
r; - m m 

m?mo 

l 

i <c I: mJ !_ _ r· - 111 m I 

ck$m$k- l q$m$k-l 

m 

.l.<!..._£ c$k-r;m 
r; -m m 

m?mo 

1 1 
~ c ~ Jk ./i = 0(1). 

c<r <ck 

Now we estimate S2. 

m 
k c I k c - - -<-< ·-+­m m -r; -m m 

Now estimate S3. 

1 
--=c .;m 

Similarly as in the estimate of S2 we obtain S3 = 0(1). Hence 

< 

' 1 = 0(1). 
L,, Jm(n - n* + 1) n,n1 

k$A,~m)$k+l 

n*$n$cm 

m+4m 113<A.(1:»r; and 11· is minimal 
"' - n 

Using the above Lemma, we can show that Theorem 1 in [5] remains 
true for r = -i, too, namely 



280 i.io6 

THEOREM l ' . For r = -i and for any control v E L2(0, T;CN) (U,Ut) E 

EC ( [0, T],X -~). 

PROOF. As it was seen in the proof of the case r < -i, we have to verify 
that 

(Here we use the formula numbering of [5].) For the pairs m, k with M 2'. m 
(M fixed), the original proof applies. For the case m ~ M, n ~cm (where c 
is a large constant) we apply the following device: denote 

then 

and 

t 

F;(z) = j vi('r)e-in dr 

0 

t 

j IF;(z)l2dz ~ c j jv;(•)l 2dr 

llmzl~l 0 

see Young [4]. Hence from ).~11 >::::: n, (;.~,m>) 2 
- m2::::: n2 and from 

(23) e~11 =o(Jn) 
we get 

t 2 

J eiwmkU-r>v;(r)dr ~c J 
0 
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t 

=c L ~ L j 11112 ~ j IFil2 ~ c j lv;l2
. 

n M$m$~,z-A.~m)l9 llmzlSl 0 

In case n :S: cm, m ~ M, ri =I we have to estimate 

00 

::::cl: 2= 
k=l n,m 

k<A.(m) <k+l 
- n -

nScm 

J 
llmz::=;t 

k-l::=;Rez::=;k+I 

I 

j e-iwmkr v;(r)dz 

0 

n,m 

k$A.~m)::;k+1 
n$cm 

t 

2 

:S: c j lfi(z)l 2dz :S: c j lvi(r)l2dr 

1Imzl$1 0 

< 

(we used Lemma I b) above). Similarly, if n:::: cm, m ~ M, r; < 1 then we 
estimate as follows 

t 2 
I 

L L Jm(n-n*+1) 
m~Mn$cm 

J e-iwmkr v;(r)dr < 
0 

n,m 

k<A.(m)<k+l 
- n -

n$cm 

t 

1 
--;::::::::;::===:;:::;: < 
y'm(n-n*+l)-

:S: c j lfi(z)l2
/ z :::: c j !v;(r)f dr. 

llmzl$1 0 
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The estimate for the sum where ).~:n>r; ~ m + 1-m t, remains the same as for 

r < - 1' · The proof is complete. I 

THEOREM 2'. The system is not approximately controllable for r = -1' 
and for any T > 0. 

The original proof works because (see p.249 in [5]) we used only that 

C' l eiwmk (I-') ( v(r),e;!;,. /ii) dr) E 12 

in the coordinates m ~ M , n ~ cm. But this is proved above in Theorem 1 '. I 

THEOREM 5'. Let r = -1. then 

a) U R(Dr;Jl _ 1 
T>O 1 

b) If e± -;t. 0 V m, n and e;!;n , e;;;n are not parallel vectors, then 

u R(D=Jl I· 
T>R - 1 

PROOF. We have to show (using the notations of the original proof) that 

a) R(oo)r;l2. b) R(oo) = l2. 

a) The system e-i(wo,k-i)r. is Riesz basis in ~(0,oo) in its closed linear 

hull. From lw~ :::.::: nr+~ = I it follows that the factor of e-i(wo,k - i)r is 
y10,n 

:::.::: le6,n = o(l), hence the moment sequence is a nontrivial subspace of 12 , 

R(oo)Qz . 

b) The original proof works. I 
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1. Introduction 

The Bessel polynomials constitute an important class of polynomials with 
many applications [4], pp. 131-149. GROSSWALD [4], pp. 25-33 discussed 
only the orthogonality of the Bessel polynomials on the unit circle and the 
corresponding moments. EXTON gave the orthogonality property [3], p. 215, 
(14): 

00 

(1.1) J xa-2e-lfxym(x;a,l)yn(x;a,l)dx = 
0 

(-1)" n!(n +a - 2)7t = . Omn , Rea<1-m-n. 
r(a +n)(2n +a - l)sm(na) ' 

SRIVASTAVA [6] noted that the orthogonality property of the Bessel poly­
nomials: 

00 

(1.2) J x 1-ae -xym(l; a,x)yn(l;a,x)dx =n!f(2-a - n>Om,n 

0 

obtained by HAMZA [5] is incorrect. 

The author [2], in view of the remark of SRIVASTAVA, using (1.1) derived 
the following orthogonality property: 
(1.3) 
00 

1' n !f(2 - a - n) 
I x-ae-xy111 (l;a,x)y11 (1 ;a ,x)dx = 

1 2 
) Om,n. Rea< 1- m - n. 

J (-a- n 
0 
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The Bessel polynomials are defined by the relation [4], p. 38, (1): 

(1.4) Y11(x;a,b)=2Fo(-n,n+a-I;-;-~). 

In view of the relation [l] , p. 325, (5) : 

(1.5) 2Fo(-n;a;-x)=(a)11(-1)11 x 11 1F1 ( - n;l-a -n ; -~) 
the Bessel polynomials can be expressed as: 

(1.6) Yn(x;a,b) =(a +n - 1)11 (~r 1F1 (-n;2- a - 2n; ~), 

(1.7) (
b)

11 
x y(b;a,x ) =(a+n-1)11 ~ 1F1(-n;2-a-2n ;b). 

In view of the interest shown in the Bessel polynomials [4] , it appears 
w01thwhile to investigate further, the matter of the 01thogonality of the Bessel 
polynomials and the functions related to them. 

In this paper, we establish an 01thogonal type relation for the Bessel poly­
nomials over the interval (0, oo) with respect to multiplier function 
xm-n-a+2e-x/b. 

The following identity which follows from (1.4) may be found useful in 
the study of the Bessel polynomials: 

(1.8) y11 (x;a,b) = y11 (l/b;a, I/x). 

2. Orthogonal type relation 

The 01thogonal type relation to be established is 
00 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

J xm-n-a+Ze-xfi>Ym(b;a,x)y11 (b;a,x)dx = 
0 

= 0, if m < n - 1 

= b2-a n !r(2 - a - n ), if m = n - 1 

= b3-a n !(2 - a )r(2 - a - n ), if m = n 

= 3b4-a(n + 1)!(2 - a)r(2 - a - n), if m = n + 1 
(-1)11 (a +n +k - l)n+k(a +11 - l)11 r(3-a -2n) 

= x 
ba-k-3r(2 - n)(2- a - 2n)n 

[
-n - k 2 3 - a - 2n · 1] x F '' ' 3 2 2-a-2n-2k 2-n , 
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if m = n + k (k = -1 , 0, 1, 2, ... ) where 2n +Rea < 3. 

PROOF. In view of (1.7), the integral (2.1 ) can be written as 

(2.6) (a+m-l)111 (a+n-l)11(bt1+". 
00 . j 2-211 -a -x/h F [ - m; f; ] F [ -n; J; ] d 

x e 1 1 2-a-2m 1 1 2-a-2n x. 

0 

We next express the hypergeometric functions as infinite series (1], p.322, 
(10.1), interchange the order of integration and summation, which, inciden­
tally is justified due to absolute convergence of the integral and summations 
involved, and write (2.6) as 

(2.7) (a +m - 1)111 (a +n - l)11 b111+11
• 

Ill -r II -U 00 

. ""' (-m)rb ""' (-n)ub jx2-a-2n+r+ue-x/hdx. 
L (2 - a - 2m )r r ! L (2 - a - 2n )u u ! 
r~ u~ o 

Now, the integral in (2.7) can be evaluated with the help of the definition of 
the gamma function: 

00 

j x"e-xfhdx = r(n + l)b 11 +1, Ren> -1. 

0 

Thus (2.7) is equivalent to 

(2.8) 
(a +m - l)m(a +n - 1) bni+n. 

ba+2n-3 

. ~ (-m)r ~ (-n)ur(3- a -2n +r +u) 
L(2-a-2m)rr!L (2-a-2n)uu! · 
r=O u=O 

On simplifying, (2.8) reduces to 

(a +m - l)m(a +n - 1)11 111+11 ---------b . 
ba+2n-3 (2.9) 

Lm (-m)rf'(3-a-2n+r) [- n,3-a - 2n+r;l] 
. .,Fi . 

(2-a-2m)rr! - 2-a-2n 
r=O 

Applying Vandermonde' s theorem 

(c -b)n 
2F1(-n;b;c;l)= () , 

c ll 

ll = 0, 1, 2, . . . 
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the relation (2.9) reduces to the form: 
(2.10) 

(a +m -1)111 (a +tt - l)n bm+n ~ (-m),(-r -1)11 r(3- a -2n +r) 
ba+2n-3 L.J (2-a-2m),(2-a-2n)nr! · 

r=O 

If r < n - 1, the numerator of (2.10) vanishes, and since r runs from 0 to 
m, it follows that (2.10) also vanishes, when m < n - 1. Now, it is clear that 
for m < n - 1 all terms of (2.10) vanish, which proves (2.1). 

When m = n - 1, using the standard result (-n)n = (-l)n n !, and 
r(l - a - n) = (-ltr(l-a) we have 

(a)n 

00 

(2.11) J x 1-ae-x/l>Yn - 1(b;a,x)yn(b;a,x)dx =b2-an!r(2- a - n), 

0 

which proves (2.2). 

For m = n , we employ the standard results like ( -n )n -1 = ( -1 r- 1 n ! and 
(-n - l)n = (-l)n (n + l)! and add the resulting two terms (r = n - 1, n), with 
the help of r(l - a - n) = (-l)nr(l-a) to obtain 

(a)n 

00 

(2.12) J x 2-ae -xfb {y11 (b;a,x)} 2dx =b3-an!(2 - a)r(2 - a - n), 

0 

which proves the relation (2.3). 

Form= n + 1, we use the standard result [1], p. 274, (8.3): 

{ 

(klt~,! O < n < k 
(-k)n= (-n .' - -

0, n > k. 

and add the resulting three terms (r = n - I, n, n + 1), then simplify to obtain 
(2.13) 

00 J x 3-ae-xfhYn+1(b;a, x )y11 (b;a,x)dx = 3b4-a(a - 2)(n + l )!r(2- a - n), 

0 

which proves (2.4). 

NOTE. The fo1mulae for m = n + 2, n + 3, n + 4, ... , can be obtained as 
above. 

Since, we see that there is no synunetry in (2.11 ), (2.12) and (2.13), 
therefore it is not possible to find a general formula in a compact form. 
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However on setting m = n + k (k = -1 , 0, 1, 2, ... ) in (2.10), we obtain 
the general formula in following form: 

00 

(2.14) J k-a+2 -x/a (b ) (b )d x e Yn+k ;a,x Yn ;a,x x = 
0 

(-l)n(a +n +k-1)11 +k(a +n - l)11r(3-a -211) = x 
b0 -k-3r(2 - n)(2 - 2a - 2n)11 

[
-n - k 2 3 - a - 2w 1] x Fi ' ' ' 

3 2 - a - 2n - 2k 2 - n · 
' 
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In [1] it is shown by L. CZACH that exponential convergence of a se­
quence of polynomials in L2 implies uniform convergence. In this paper this 
result is generalized with a weaker condition on the speed of convergence in 
IP spaces (p ~ 1). A possible benefit in applications is transition to uniform 
convergence when a Banach space method yields an approximating sequence 
of polynomials converging in IP. 

First a theorem with a general convergence assumption is proved, then 
corollaries are given for power order and exponential convergence. Finally 
some consequences are proved concerning the smoothness of the limit func­
tion and the convergence of the derivatives. 

THEOREM 1. Let S C JR N be a closed ball around the origin, 
(p11 ): RN--* R a sequence of polynomials with gr(p11 ) = n, p ~ 1 and 
f E IP(S). Further, let (E 11 ) CR such that En --* 0 decreasingly. 

If llf - PnllJJ'(S)::; En for all n EN:= {1,2, .. . ,} then the following 
inequalities hold: 

00 

(1) if L,n2NE 11 < oo and1711 := L,j 2MEj then 3 k1>0 such that 
j=11 

llf - Pn II C(S) :S k117n (n EN); 

00 

(2) if L, n NE l < oo and µ11 := L, j N Ej then for every closed set F C int S 
j=n 

3 k2 > 0 such that 

ilf - Pn II C(F) s; k2Jl11 (n E N). 

* This research was supported by the Hungarian National Foundation for Scientific Re­
search under grant No. T 4385. 
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Before the proof of Theorem 1 we prove an analogous assertion for p = 1 
and with an interval instead of S. 

N 
PROPOSITION. Let I denote X (a1 1 bi] C RN and Jet (pn),f and En be as 

i=l 
in the theorem. if llf - Pn llL1(l) ~En (n EN) then the following inequalities 
hold: 

(i) ifl:,n2N E11 < oo andrJ11 is as in the theorem then 3 k1 >0 such that 

llf - Pn II C(l) ~ k11711 (n E N); 

(ii) if 2:, n Ne l < oo and µ 11 is as in the theorem then for every closed set 
F C int/ 3 k1 > 0 such that 

llf - Pn II C(F) :S kiµn (n EN). 

PROOF. Let q" := p11 - Pn-1 (n = 2, 3, ... ). The assumption 
llf - P11 llL1(l) :S £11 (n EN) implies 

(3) 

that 

(4) 

(5) 

(6) 

(n = 2,3, ... ). 

XJ X2 XN 

Let Q11(Xi,X2 1 ••• ,XN) :=ff· ·· f qll 

a1az ... aNQn =q,, and 

ll011llccl) :S ll qnllL1Ur 

Thus, considering (3), we have 

11 Q,il IC( l) ::; 2E II -1 · 

First we prove (i) . The iterated applications of Markov's inequality (i.e. 
for any polynomial Pon I with grP=n and l = 1,2, ... ,N 11a1Pllc(J) ~ 

::; Kn211Pllccl) K, depending on I only; see [3]) lead to 

11a1 a1 ... a N011 llccn :S 

[ 

N l 2 
::;KN IJ <n+k) l l 011 llcuJ ~ KN[nN(N+1)!]

2

!1Qn ll cu» 
k=O 

i.e. 
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(K1 :=KN (cN + 1)!2), which, by (4) and (6) and with M :=2K1 means 

(7) 

The assumption on en implies that I: llqn II C(l) < oo, thus I: qn converges 
uniformly, which just means that (p11 ) converges uniformly and clearly the 
limits is f itself. · 

Finally, 
00 00 

llf - Pn llc<l)::; L llqj lie(!)::; M L j
2
NEj-1 ::; 

j=n+l j=n+l 
00 

~ k1 L (j -1)2Nfj-l =k1Y/1i. 
j=n+l 

thus (i) is proved. (k1 can be chosen 22N M.) 

The proof of (ii) is similar, using Markov's second inequality (i.e. for 
any closed set F c int! 3 L > 0, depending on F and J, such that for any 
polynomial Pon I with grP=n and l = 1,2, ... ,N llc11Pllc(F) ~ LnllPllc(I) 

holds; see (3)). Thus, with M' := 2L1 (where L1 := LN(N + 1)!), we have 

(7') llqnllccF) ~ M'nNen-1' 

which leads to 
00 00 

llf-P11llc<F):SM
1 
.l:v - l)Ncj-1:Sk2 L Ej-1=k2J.'2 

j=n+l j=n+l 

(k2 can be chosen 2N M'). Hence (ii) is also proved. I 

PROOF OF THE THEOREM is node is three steps. 

(a) Let I := [-a,a]N (a > 0) and let Tip : RN -t RN denote rotation 

by cp = ( cp i. cpz, ... , ip N _ i) E [ 0, lf) N - I . Then the proposition proved above 
holds also on Tip(I) with the same constants k1 and kz. 

This is straightforward if we apply the proposition to the sequence 
(p11 o 1~) which also consists of polynomials of degree n and in (ii) to the 

set Ti{; 1(F). 

(b) Now the proof on S follows briefly for p = 1: denoting by r the radius 

of S and by I the cube [-J;:;, -::JN•] N (the straight cube with vertices on 

the sphere), in case (1) for any x E S we can find cp E [ 0, lf) N- l such that 
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x E Lp := T'P(J). Hence lf(x)- Pn(x)I ~ llf - P11 llcu<P> ~ k11J11. where the latter 
inequality follows from llf-P11 llL1(l"') ~ llf-Pnllo(S) ~En and pait (i) of 

the proposition. Since x E S was arbitrary , we have llf - Pn II C(S) :S: k11J l · 

To prove (2), we use the fact that in Markov's second inequality the 
exact value of the constant L = L(F, I) is dist (~a[). In the proposition we 

have k2 = zN+l LN (N + 1)!. Now for any x E F we can find t.p E [O, 1-) N-l 

such that x E Lp := Ttp (I) and dist (x, iJ I) 2: g := dis;f;J S). Then Fx := 

= F n S ( x,}) is a closed subset of int I with dist (Fx, iJ I) 2: } . Thus for 

any x E F, part (ii) of the proposition is valid for Fx and Lp with k2 := 

= 22N+l g-N (N + l)!, a constant independent of x. Now we can proceed as 
above: lf(x)- Pn(x)I ~ llf - P11 llc(Fx) ~ k2112. where the latter inequality fol­
lows from llf - Pn llL1(1ip) ~ llf - P11 llo(S) ~En and part (ii) of the proposition 

with k2 given above. Since x E F was arbitrary, we have llf - Pn II C(F) ~ k2J.ln . 

(c) For p > 1 the proof follows from the case with p = 1 and the fact that 
for any p > 1 we have l..J(S) C L 1(S) and 1igllL1(S) ~ const · llg ll LP(S) for any 
g E JJ'(S). I 

In two of the most important cases, namely, for En := -fr (c > 0, y > l) 
and En =cq" (c > 0, 0 < q < 1) the application of Theorem 1 can be completed 
by a simpler estimate for t] 11 and f.l 11 as follows: 

COROLLARY 1. Let SC RN be the unit ball, (p11 ): RN~ JR a sequence 
of polynomials with gr(p11 ) = n , p 2: 1 andf E lf(S). Assume that 3 c > 0 

and y > 1 such that llf - Pn llLP(S) ~ ;fY for all n E N. Then the following 
inequalities hold: 

a) ify > kN := 2N + 1 then 3 K1 > 0 such that 

(8) (n EN); 

b) ify > mN := N + 1 and Fis a closed subset ofintS then 3 K2 > 0 such 
that 

(9) (n EN). 

PROOF follows from the theorem by an elementary calculation: 
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00 Me 00 

For any f3 > 1 and n E N, .2: j, ~ p holds (with Mp := ?: ;Jr): 
1=nl J=lJ 

00 
1 1 

00 
( n )p 1 

00 
n-l ( n )p 1 

00 
n 1 

~ j P = ,J3 ~ n + j = nP ?= L j n + k ~ nP ?= j P = nP-1 Mp· 
]=II ]=0 j=l k=O j=} 

Hence 

a) 

oo oo M 
"' . 2N "' 1 C.·-y-2N CJ 

'Y/n := ~J Ej =c !- p-2N ~ nr-2N-l = nY-kN 
1=11 j=ll 

ify >kN; Ki :=c1k1; 

b) 

oo oo M 
·-"'·NE . -c "'-1- < c y-N - _c-'-2-

µn ·- !-) J - !-p-N - nr-N-1 - nY-mN 
]=II ]=II 

(c2 := cMy-N) 

I 

COROLLARY 2. Let SC JR.N be the unit ball, (pn): JR.N-+ JR a sequence 
of polynomials with gr(pn) = n, p 2'.: 1 and f E U'(S). Assume that 3 c > 0 
and 0 < q < 1 such that llf - Pn llLP(S) ~ cq 11 for all n EN. 

Then ::J c 1 > 0 and q < q 1 < 1 such that 

(10) (n EN. 

PROOF. We can find r > I and q < q1 < I such that n2N q 11 :S rqi (n EN). 
00 00 00 . 

Hence 'f/n := 'j:,j 2NEj =c .L.j 2Nqj ~ cr .L.q{ = 1 _:~ 1 qf, which yields the 
}~ 1~ )~ 

d . d . 'th ~k er esire estimate w1 c1 := . -qi 

REMARKS. I. Obviously, we obtain a constant smaller than c1 if we only 
need estimate (10) in the case n 2'.: no for some no E N. 

2. We have more rapid convergence in this case as well if we consider a 
closed subset F of intS; the same proof as above leads to llf -p11 llC(F) :::; ciq!J. 
(n EN) where q1 < ql since now nN q 11 

:::; rqj' (n EN) is required. 

Finally we discuss the facts that the proof of Theorem 1 yields about the 
smoothness off and the convergence of the derivatives of (p11 ) . 
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THEOREM 2. Under the assumptions of Theorem J, Jet m EN be such 
00 

that L,nN+mEn < oo and Jetr,\k> := L,jN+kEj for each k = 1,2,. .. ,m. 
j=k 

Then f E cm(intS) and for any k = 1,2, ... ,m 
F C intS 3 dk > 0 such that 

and for each closed set 

llfk) (k)ll (k) -p11 C(F)::;dkr11 (n EN). 

If L,n2N+ZmEn < oo, k = 1,2,. .. ,m and~~k) := f:,jzN+ZkEj then 3 rk > 0 
j=n 

such that 

(n EN). 

PROOF. We only prove the theorem for an interval I instead of a ball and 
for p = I . Then the rest can be done just as in Theorem 1. 

Let F be a closed subset of inti. We can find closed intervals h (k = 
0, 1, ... , m - 1) such that inti 'J lo. int lo 'J Ji, .... intlm _ 2 'J Im -1 • intlm -1 'J 
F, and for all k = 1, . .. ,m - 1 dist (lk-1' h) =dist (I, lo)= dist Um-1' F) . 

Part (ii) of the proposition after Theorem 1 can be applied with lo in 
the role of the closed subset of int/. In (7)1 du1ing the proof we obtain the 
estimate llqnllcuo>::; M'nNEn-1 (n EN) implying the uniform convergence 
of L, q11 on Io, i.e. that p11 --+ f uniformly on lo . Then by Markov ' s inequality 
applied to Ii as a closed subset of int lo we have 

IJq:,llcu1>:=max{llCl1q11llcu1): /=1,2,. . .,n} ::;LM
1
nN+ l E11 _1. 

Thus L, JJq:1 llcu) < oo, hence "£q:1 converges uniformly on 11, i.e. (p~) 
converges unifonnly on Ji. This implies that/ E C 1(11) and/' =limp~. 

If m > l then we can repeat this argument for f' on 1z as a closed subset of 
intJi . Owing to Markov we now have llq:: llcu

2
>::; L2M'nN+ZE 11 _1 (n EN), 

which finally yields that f E C2(12) and f 11 = limp~ . This can be continued 
by induction as long as L, nN+k £ 11 < oo, i.e. at least up tom. Eventually we 
obtain that f E C 111 (F) . Since this holds for any closed F c inti, we have 
f E C'" (int/). 

The estimate for the convergence of the derivatives is now proved simi­
larly to that in the proposition, using the estimate 

llq,\
111

>llc(F)::; Lm M'nM+nE11-l 
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received by the above induction: 

00 00 

llf(m)_p(m)ll < ~ jjq~m)JI < LmMI ~ ]·N+mt> < 
II C(F) - ~ ] C(F) - ~ 1- l -

j=n+l j=n+l 
00 

~ L 111 M 11 L (j - l)N+mEj-1 =d1r11 

j=n+l 

(with M" := M 12N+m, d1 := L 111 M"). 
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For the second estimate we start from (7) and apply Markov's first in­
equality on I m times to receive the estimate 

llq,~m)llc(/) ~Km Mn 2N+2m E11 -l· 

With this the proof is the same as above. I 

We may apply this theorem as well for E11 :=1't (c > 0, y > 1) and E11 :=cq11 

(c > 0, 0 < q < 1) using the estimates in Corollaries 1 and 2. 

COROLLARY 3. Let SC RN be the unit ball, (p11 ): RN~ JR. a sequence 
of polynomials with gr(p11 ) = n, p ~ 1 and f E J.J1(S). Assume that 3 c > 0, 
l EN and 0 <a ~ 1 such that llf - P11 llU'(S) ~ ,/+a for all n EN. 

Then f E cl-N-L(intS) and for any k = 1,2, .. .,/ - N + 1 and for each 
closed set F C int S 3 ak > 0 such that 

lv<k> - p~k>llccF>::; ~/+a~~+k+l) (n EN). 

Fork= 1,2, .. ., l £..?-J - N we have bk> 0 such that 

'ii (k) (k)ll bk v -Pn C(S) :S nl+a-(2N+2k+l) (n EN). 

REMARK. The result on the differentiability of f is analogous to the 
classical inverse theorems of Bernstein ([2]) concluding the smoothness of 
f from the speed of uniform approximation by polynomials. 

COROLLARY 4. Let S C RN be the unit ball, (p11 ): RN ~JR. a sequence 
of polynomials with gr(p11 )=n, p ~ 1 andf E U(S). Assume that3 c > O and 
0 < q < 1 such that llf-Pn!IU'(S) ~ cq 11 for all n EN. Thenf E C 00 (intS) 
and for any k E N 3 q > 0 and 0 < q11 < 1 such that 

IV<k> - p~k>iic<s> ~ qqf: <n EN). 
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REMARK l. Applying Corollary 2 and Bernstein's theorem on exponen­
tial approximation by polynomials, we obtain the analiticity off. 

REMARK 2. The asse11ion of this paper admit natural generalizations, this 
follows directly from the way they are proved. 

l . Instead of S we may consider any domain that can be represented as 
the union of balls or cubes with diameter bounded from below, e.g. a convex 
domain having a smooth boundary with bounded curvature. 

2. The assumption grp11 =n can be omitted for "'L,(grpn)2NE,, < oo and 
2:,(grp11 )N En < oo, respectively. 
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