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1. Introduction

In [1] D. E. COHEN proved that the variety of all metabelian groups is
hereditarily finitely based. (By a hereditarily finitely based variety we mean a
variety U* such that every subvariety of 7 is finitely based). Cohen’s proof of
this theorem introduced an important technique, the use of well-quasi-ordered
sets, and this technique has subsequently been used to obtain a number of
further results. (We also use the same technique to make the present work
possible). Here we shall examine the analogous statement for the variety of
metabelian pointed-groups, where by pointed-group we mean an ordered pair
(G, c) consisting of a group & together with a distinguished element ¢ of &.
(The idea of pointed-groups comes from the category of pointed-sets, see for
example [8]).

Now by a law of a pointed-group (G, c) we shall mean a word w of the
free group on the countable set {y,x|,x;,...} such that w always becomes
equal to the identity element of & when c is substituted for y and arbitrary
elements of & are substituted for x, x5, ... (for example [y,x;] is a law of
(G,c), iff ¢ is a central element of ). Included among the laws of (&, c) are
the laws of the group G, or more precisely, those words in the variables x;, x;,

. which are laws of the group &. Thus the idea of laws of a pointed-group
generalizes the idea of laws of a group and the purpose of this paper is to
generalize the result proved by D. E. COHEN in [1], that every variety of
metabelian groups is finitely based. Detailed information concerning varieties
of groups may be found in [3].

A pointed-group may be regarded as a group with an extra nullary op-
eration and therefore it is an algebra in the sense of universal algebra. The
more general concepts relating to universal algebras and varieties of algebras
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are described in [4]. It is useful to note some of these concepts taken for
pointed-groups.

As indicated above, the factor algebra of (G,¢) is (G/N,cN) where N is
a normal subgroup of & not necessarily containing c. The subalgebra of (&, ¢)
is (H,c) where H is a subgroup of & containing c. The cartesian product
of the family {Gjy,¢; |4 € A} is (G,c) where G is the cartesian product of
{G3 | A € A} and c is the element of G with value ¢; at A forallA € A. A
generating set for a pointed-group (G, ¢) is a subset S of & such that S U {c}
generates . The endomorphism a of a group & is an endomorphism of (G, ¢)
if ca =c. A subgroup H (not necessary containing c¢) of & is an admissible
subgroup of (G, c) if Ha < H for every endomorphism a of (G,c). A variety
of pointed-groups is the class of all pointed-groups in which the elements
of some given set of words are all laws. Equivalently, it is a class closed
under the operations of taking factor algebras, subalgabras, cartesian products
and algebras isomorphic to these. (For un-explained terminology concerning
pointed-groups, see [6] and [7]).

2. Preliminaries

We call a pointed-group (&, c) metabelian if G is a metabelian group.
Here in this paper we shall discuss varieties of pointed-groups in which every
pointed-group is metabelian. Our aim is to generalize the result proved by
D. E. COHEN in [1], that the variety of all metabelian groups is hereditarily
finitely based, i.e. every subvariety of the variety of metabelian groups is
finitely based.

We shall need some notational definitions in the free pointed-group (X, y)
generated by xp, xp, .... For any group G we write (D to denote the derived
group (G, ] and G® to denote the second derived group {GD, V1. Tt is
easy to check that X1 and X(® are normal admissible subgroups of (X,y)
which are closures of the words [x,x;] and [[x},x31,[x3,x4]] respectively in
(X,y). The variety of pointed-groups defined by [x],x5] is the variety of all
abelian pointed-groups (we call a pointed-group abelian if G is abelian) and
which we shall denote by «, while the variety of pointed-groups defined by
[[x1,%7],[x3,x4]] is the variety of all metabelian pointed-groups, which we
shall denote by MFC. Clearly MPC is finitely based.

We will prove the following theorem which is a generalization of the
result in [1].

THEOREM 2.1. Every subvariety of MFC is finitely based.
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In order to prove Theorem 2.1 we need some results which are easy
generalizations of the results on varieties of groups.

LEMMA 2.2. Let V* be a finitely based variety of pointed-groups. Let
V be the corresponding normal admissible subgroup of (X,y). Then every
subvariety of V is finitely based if and only if the maximal condition holds
for the normal admissible subgroups of (X,y) which contain V.

Now since the normal admissible subgroup of (X,y) which defines the
variety MPC is X, in order to prove that every subvariety of MFC is
finitely based, it is enough (by the above Lemma 2.2) to prove that the maxi-
ma(I;)condition holds for the normal admissible subgroups of (X,y) containing
X'\,

LEMMA 2.3. Let V and W be normal admissible subgroups of (X,y)
such that V C W. Suppose that the maximal condition holds for the normal
admissible subgroups of (X,y) containing W and suppose that the maximal
condition holds for the normal admissible subgroups Z of (X,y) which satisfy
V C Z C W. Then the maximal condition holds for the normal admissible
subgroups of (X,y) containing V.

Now by Theorem 2.1 of [6], every subvariety of the pointed-group va-
riety & is finitely based. Thus the maximal condition holds for the normal
admissible subgroups of (X,y) containing X(1). Thus, to prove that every
subvariety of AP is finitely based, it is sufficient (by Lemma 2.3) to prove
that the maximal condition holds for the normal admissible subgroups Z of
(X,y) which satisfy X ¢ z c x(,

LEMMA 2.4. Let V and Z be normal admissible subgroups of (X,y) such
that V C Z. Then Z/V is a normal admissible subgroup of (X/V,y V).

LEMMA 2.5. Let V and W be normal admissible subgroups of (X,y)
such that V.C W. Suppose (X/V,y V) satisfies the maximal condition on
the normal admissible subgroups contained in W/V. Then (X,y) satis-
fies the maximal condition for the normal admissible subgroups Z such that
VczcCcw.

Now let G= X/X®. Then {1 = X1/ X@_ Thus to prove that every
subvariety of MPC is finitely based, it is enough to show (by Lemma 2.5)
that the maximal condition is satisfied for the normal admissible subgroups
of (G’,yX(Z)) contained in X1,

Notice that & is a relatively free group with free generators y X @),
x1 X (), ... We shall change the notation for the free generators of & and
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shall write z; to denote y X and Z;+1 to denote x; X @) for all i > 1. Hence
(G,z1) is a relatively free pointed-group generated by z5, 23, 24, ...

LEMMA 2.6. The maximal condition is satisfied for normal admissible
subgroups of (G,z1), contained in G“), if every normal admissible subgroup
of (G,z1), contained in G(l), 1s the closure of some finite subset.

3. Proof of Theorem 2.1

A method for tackling the proof of Theorem 2.1, is due to COHEN [1]
and HIGMAN {2]. First we make some preliminary definitions.

DEFINITION. Let W be a set with a binary relation <. We say that < is
a quasi-order if:
i. s<sforallse W.

ii. s1 Xsp and 55 <53 =51 <53 for all 51, 57, s3€ W.
We say that < is a well-quasi-order if it satisfies the following additional
condition:

iii. For every subset S of W there is a finite subset Sy of S such that, for
each element s of §, there is an element sy of Sy such that s <s.

DEFINITION. Let W be a set with a binary relation <. We say that < is
a linear order if

i. w<wforallwe W,

ii. wi <wjpand wyp <wg=w| <wj forall wy, wy, wz3e W,
iii. wy <wyp and wp <w| =>wy=wyp forall wy, wy € W,

iv. For wy, wy € W = either wy < wp or wy < wy.

DEFINITION. A linear order < on a set W is said to be a well-order if
every non empty subset S of W contains a least element, i.e., an element s;
such that sg < s for all s € S.

DEFINITION. Let g and h be elements of V. We say g is a consequence
of h if g belongs to the closure of & in (G(l),zl). We say that g is equivalent
to h, written as g ~ h, if g is a consequence of h and h is a consequence of
g, that is, if {g} and {h} have the same closure.

The relation ~ defined above is an equivalence relation on D).

The key to the method of the proof of Theorem 2.1 is the following
lemma:
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LEMMA 3.1. Suppose that W is a set with a well-order < and well-
quasi-order <. Suppose that y is a function from GU\ {1} to W such that,
whenever g and h are elements of G\U\ {1} satisfyingy(g)<x(h), then there
is a consequence g| of g and an element h) equivalent to h such that either
hy=gy orx(hig, h< x(h). Then every normal admissible subgroup of (G,z))
contained in GV is the closure of a finite set of elements of (G, z1)-

PROOF. Suppose that U is a normal admissible subgroup of (&,z;) con-
tained in G\1). Let S={y(u)|u € U\ {1}}. Now since < is a well-quasi-order
on W, so there is a finite subset Sy of S such that, for every s of S, there is
an element sy of Sy such that sg < 5.

Let A be a finite subset of U \ {1} so chosen that So={y(u) |u € A}. Let
Up be the closure of A in (G,z)). Thus Uy C U. The proof will be complete
if we show that Uy =U.

Now suppose otherwise and let T be the non-empty set T = {x(u) |u €
€ U\ Uy}. Now since < is a well-order on W, there is a least element of T
i.e., an element & of U\ Uy such that y(h) < x(u) for all u € U \ Uj. Since
x(h) € S, so there is an element g of A such that ¥(g) < x(h). Thus, by the
hypothesis of the Lemma, there is a consequence g of g and an element i
equivalent to h such that either g; = hy or x(h1g1—1) < y(h). Since gy is a
consequence of g, we have g; € Uy. Also, since h; is equivalent to h, we
have h; € U\ Uy. Hence h; # gy and so we have x(hlgl—]) < x(h). But

hlgl'1 € U\ Uy. Hence x(h) Sx(hlgl_l) which is a contradiction. Thus the
Lemma follows.

Now to prove that every subvariety of /LT is finitely based, it is enough
to show (by Lemma 3.1) that there is a set W with a well-order <, a well-
quasi-order < and a function y : G\ {1} — W satisfying the condition of
Lemma 3.1.

To do this, first it will be necessary to describe a suitable set W with a
well-order < and well-quasi-order <.

Let J denote the set of non-negative integers. Let V(J) denote the set
of infinite sequences a = (@;) = (a},a,a3,...) of non negative integers in
which a; = 0 for all but finitely many values of i. Let V3(J) denote the set
P x Px Px V(J) where P denotes the set of positive integers. Let ® denote
the set of all functions ¢ : J — J such that Og =0 and i¢ <j¢ wheneveri <j.
Now we define a relation < on V3(J) as follows:

We write (r,s,t,(a;)) < (r',s',t',(&;)) if there exists an element ¢ € ®
such that r¢p =r', s¢ =s’, t¢ =1’ and a; < d;y forall i € P.
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LEMMA 3.2. X isa We]]-quasi-order on Vi(J).

PROOF. Clearly < is a well-quasi-order on J. Hence the Lemma is a
special case of the Lemma 3.2 of [5].

Next consider the subset V of V3(J) consisting of those elements
(r,s,t,(a;)) in which ¢ = 1. For brevity, we write (r,s,1,(a;)) simply as
(r,s,(c;)). Now since V3(J) has a well-quasi-order <, it follows that V has
a well-quas-order <. In the abbreviated notation, we have:

(r’sy(ai)) j (rlasla(di))
if and only if there exists ¢ € ® such that 1¢p =1, r¢ =r/, s¢ =s' and a; < dig
foralli € P.

Now let W be the set V x P. We define a relation < on W as follows:
We write (v,p) < (v/,p))if v <v' and p <p’.

LEMMA 3.3. < js a well-quasi-order on W.

PROOF. Since < is a well-quasi-order on P and < is a well-quasi-order
on V, the Lemma is a special case of Theorem 2.3 of [2].

We have defined above a set W with a well-quasi-order. The next task
is to define a suitable well-order on W. To do this, first we need to define a
well-order < on V(J) as follows:

We write (a;) < (&;) if either (@;) = (&;) or there exists a j such that
aj <dj,but a; =a; forall i >j. It is easy to check that this is a well-order.
Now we define a well-order < on V as follows:

We write (r,s,(a;)) < (r,s',(d;)) ifeitherr < r' orr=r', s <s' orr=r/,
s =s’ and (a; < (&;). It is easy to check that < is well-order on V.

Now we are ready to define a well-order < on W as follows:

We write (v,p) < (v/,p"), if either v < v/ orv=v' and p <p’. Itis
straightforward to check that < is a well-order on W.

LEMMA 3.4. Suppose that (r,s,(a;)) and (?,5§,&;)) are elements of V
such that (7,5,(;)) < (r,s,(a;)). Let ¢ be any element of D. Then

(7,30, (B)) < (rd,59,(B) where,Bl¢ =4; and Biy =a; for all i, waIe,B]
and $; =0 ifj is not in the range of ¢.

PROOF. The proof is straightforward.

LEMMA 3.5. Suppose that (r,s,(a;)) and (f,5,(&;)) are elements of V
such that (7,5,(&;)) < (r,s,(a;)). Let (y;) € V(J). Then (7,5,(q; +7)) <
< (r,s,(a; +vi))-

PROOF. The proof is straightforward.
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Now the next task is to define a suitable function y : XD\ {1} — W so
that this function y has the properties required in Lemma 3.1.

Let N be the normal closure in & of the set of all commutators [z,,zs]
where r,s € P. Then G'/N is generated by the elements z; N, z; € G, and these
elements commute. Hence G/N is abelian. Thus D C N. But [z,z5] € D
for all r,s € P. Hence N C GV, Thus GV = N. Therefore, G is generated
by the conjugates of the elements [z,,z;].

Now let w be any element of ¢. Then we can write w in the form:

2

Q) @
w =hz, 1z2 e

where h € G1 and the q; are integers. Thus

a,% an
(27,251 =[zr,2s)*1 275
i.e.,
ay, 92 an
(zr,25]" :[Zr,Zs]zl L e
(because G is abelian and so [zr,25]" = [zr,25])
Consequently, every element of G{1) is a product of elements of the form

a) a2 _an
[zr,zs)1 2
and their inverses. Moreover, since AV s abelian, these elements commute.
Now consider

ay @ an B1 B2 Bn a8 an+hn
([Zr,Zs]Zl ZZ -Zp )Zl 22 «Zp =.[Zr’zs]zl welpy

Now if we choose i1, 2, ..., Bn to be large enough positive integers,
then a; + 81, @z + B, ..., &n + B, will be non-negative.

Consequently, if g is any element of GV then there is a conjugate
B B2 B"

ght @2 of g such that g is a product of elements of the form

ap az _an L.
{zr,zs]¥1 %2 "% and their inverses where the ¢; are non-negative integers.
We call such an element of G1) a positive element. Hence every element of
G is equivalent to a positive element. Now consider the element

an

AL
(zr,zs]"1 72 "

where the @; are non-negative integers. With this element we can associate
an element of V namely (r,s,(q;)), where we take a; =0 for i > n.
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Now suppose g) is a positive element of GO\ {1}. Since the elements
an
[z,-,zv]zl Loty commute, SO g can be written as a product of powers of

distinct positive elements [z;,2s ]Zl wtn" . We choose the power say

an\ p
([Zr’Zs]zl e )

where p #0 in which (r,s,(a;)) is the largest with respect to the well order

< on V defined above. We call this the leading term of g;. Now if p is

negative we consider g;” 1 instead of g; where gl‘1 is equivalent to g; and if
. p is positive we may associate with g, the element (r,s,(a;)) of V.

Now suppose g € G\ {1}. As g, varies over the set of positive
elements equivalent to g, the leading terms of the elements g; give a set
of elements (r,s,(a;),p) of W.

We define ¥ : GV \ {1} = W such that y(g) is the least element
(r,s,(@;),p) in this set of elements of W (using the well-order < we have
defined on W). To complete the proof, it remains to show that if g and h are
elements of G\ {1} satisfying y(g) <x (h), then there is a consequence g; of
g and element h; equivalent to h such that either hy =gy or x(h1 8 l) <x(h).

Now suppose that g, h € GID'\ {1} such that ¥(g) < x(h). Let x(g) =
=(r,s,(@;),p) and x(h) = (*',s’,(d;),p'). Now by the definition of ¥, there is
a positive element g’ equivalent to g with leading term

2

al a p
([Zryzs]zl “ ) )

Similarly, there is a positive element h; equivalent to h with leading term
1.

dy dy \p

Now %(g) < x(h). Therefore, by the definition of < we have p < p' and there
is an element ¢ of @ such that 1¢ =1, r¢ =7/, s¢ =s' and a; < ¢; for all
i. Now by Theorem 2.2.12 of [7] there is an endomorphism 8 of (G,z;) such
that z;6 =z;4 for all i > 2. But since 1¢ =1, we have z;0 =z;¢ for all i > 1.

Now clearly g’ is a positive element of G\ {1} and by Lemma 3.4
the leading term of g8 is
,1,92

([Zr¢ zopT972" )p

le.,

(g4,
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where 3; < &; for all i.

o2 E17PL g : .
Now let g, =(£0)°1 2 . Then clearly g; is a positive element
and by Lemma 3.5 the leading term of g is

dy _dy
([zg, 21 227 )P,
Clearly g, is a consequence of g and we have p < p’. Now if p < p/, then the
leading term of h; g Lis

) dy
(z¢,z¢ 11 2P,

while if p =p’ then either h; =g, or else h; g ! has leading term which is a
power of an element
a dy
[Z,-II,ZSII]ZI Z2 ...,

in which (+",s",(@/")) < (r',s',(&;)). Thus if by #g; then x(hlgl‘l) <x(h) as
required.

Now, by Lemma 3.1, every normal admissible subgroup of (&,z;) con-
tained in GX1), is the closure of a finite set of elements of (G,z 1)- Hence every
subvariety of MLFC is finitely based. This proves Theorem 2.1.

COROLLARY 3.6. The metabelian variety #4FC of all metabelian pointed-
groups is finitely based.
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1. Introduction

The well-known entropy inequality states:

PROPOSITION A. Ifp; (i =1, ..., n) are non-negative real numbers with

on

p; =1, then

i=1

(1.1) log(n)+ > p;log(p;) > 0,
. i=1

with equality holding if and only ifpy=...=p, =1/n.

(In (1.1) and in what follows we define 0* log(0) :=0 (x > 0).)

Inequality (1.1) plays a significant role in the theory of information ([2]
p- 55, [3] pp. 13—14). It can be proved easily by applying Jensen’s inequality
for convex functions. Closely related results are given in [1], [S], [6] pp.
405-407, [8]. '

In 1980 K. B. STOLARSKY.[10] presented an interesting extension of
(1.1). By introducing a new variable x, inequality (1.1) can be written as

n
(1.2) S(x)= (np;)*log(np;) >0
. i=1
where x = 1. If the p;’s are not all equal, then S is strictly increasing on
(0,00), so that the validity of (1.2) with x € (0, 1) would provide a sharpening
of the entropy inequality (1.1). The following result is proved in [10]:
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PROPOSITION B. Letp; (i=1,...,n;n>2) be non-negative real numbers
n
with 3-p; = 1. Ifh(n) = 321 — 53y, then
i=1

(1.3) S(h(n)) > 0.

Because of h(n) € (0,1), inequality (1.3) refines the entropy inequality
S§(1) > 0. Moreover, STOLARSKY established that for n = 2 inequality (1.3)
is even true if ~(2) = 0.557... is replaced by 1/2, and that this result is best
possible. The problem to find the best possible value x = x(n) for n > 2
remains open.

STOLARSKY mentioned that for sufficiently large n inequality (1.3) “can-
not be improved too much” ([10] p. 242), since there exist positive real

n
numbers p; (i =1, ..., n) with > p; =1 and a sequence y(n) with y(n) — 1
i=1
as n — oo such that S(y(n)) is negative for sufficiently large n. In [10] it is
shown that S(y(n)) < 0 for large n, if

p1=nl(l+\/n— D), pr=...=pn =r—ll(1 —-1/vn—1)

and
_ . _ 4log(log(n))
e
It is worth mentioning that a slight modification of the final part of Stolarsky’s
proof leads to a refinement of (1.3) for all n > 2. It is the aim of this note to
present this refinement which is even best possible in a certain sense.

2. A refinement of the entropy inequality

In what follows we denote by

Xy
log(x) — log(y)’
the logarithmic mean of the positive real numbers x and y.

L(x,y)= X#Y,

THEOREM. Letp; (i=1, ..., n; n >2) be non-negative real numbers with
n
Z‘Di = 1 If
i=1

_logL(n,1)
= oen)

b
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then
.1 S(t(n) 2 0.

REMARK. The function
{ logL(x,l), x>,
1(x)=¢ logx)
1/2, x=1,
is continuous and increases monotonically to 1 as x — oc. The monotonicity
of t can be proved as follows:
Let x > 1; we have
xlog(x)
x -1
If we denote the sum on the right-hand side of (2.2) by g(x), then we get

log(x)g' (x) = (G(x, 1))~ — (Lx, 1)) 72,

where G(x,y)=./xy. Because of G(x,y) < L(x,y), x#y, (see [7] p. 272), we
obtain

22)  x(ogx)*'(x)= ~1-log(x — 1) +log(log(x)).

g (x)>0 and ¢q(x)>q(1)=0.
Hence, t'(x) > 0 for x > 1, that is, ¢ is strictly increasing on [1,00). Further-
more, from the identity
h(x) - t(x) = x log(x)t' (x)

we conclude

h(n) > t(n) for n=2,3,....
This implies

Sh(n) > St(n))  for n=23,..,

with equality holding if and only if p; =...=p, =1/n.

PROOF OF THE THEOREM. Our proof is modelled after Stolarsky’s proof
of inequality (1.3). It is shown in [10] that (1.3) follows from three proposi-
tions which are called Theorem A, Theorem B and Theorem C. An analysis
reveals that Theorem A, Theorem B and Theorem C, part (ii) remain valid if

h(n) is replaced by t(n). We show that the same is true for Theorem C, part
(i). We must prove the following:

fx>0,y20,0>n), y <A<1-1, and
(2.3) Ax+(1=Ay=1,
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then for (x,y) ¢ {(1,1),(1,0),(0,1),(0,0)} it follows
(2.4) Ax®log(x) +(1 - Dy ®log(») > 0.

To establish this assertion we may assume 0 <y < 1 < x.

From (2.3) we get

1
(2.5) x<I§n,
and
a= 1z
X~y

so that (2.4) can be written as

(1 = y)x®@log(x) + (x — 1)y®log(y) > 0

or
(2.6) g(y) <gx),
where
e}
gy =180

Since ¢ is strictly increasing on [1,00) we get from (2.5): © > t(n) > t(x)
which implies

2.7) — gx)>1 for x>1.

And, since © > 1(n) > 1/2 we obtain

Vylogy)  Gy,1)
< = <1 for ye(0,1).
y—1 L(y,1) ye@.l
From (2.7) and (2.8) we conclude the validity of (2.6). Hence, the Theorems
A, B and C in [10] are also valid if A(n) is replaced by #(n). And, this implies
that inequality (1.3) with #(n) instead of h(n) holds, too. Inequality (2.1) is
proved. |

(2.8) g0)
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3. Concluding remarks.

The logarithmic mean L{x,y) is member of the one-parameter mean value
family

r_,rl/r—=1
] , reR-{0,1}; x,y €eR*,

Lr(x,y)= [" -
r(x —y)
since
. x -y
i L)) = 1) — logly)’
In the recent past L,(x,y) has been investigated by many authors. This is
in particular true for the logarithmic mean and the identric mean L (x,y) =
= %(x“ /y> Y/@E=¥) We refer to the monograph ([4] Chapter VI) and the
references therein. If we define
6 (n) = loglLr(n, 1)
og(n)

and
Loo(x,y)= 1lim L,(x,y)=max(x,y),
then the entropy inequality and inequality (2.1) can be written as
S(teo(n)) >0 and  S(t(n)) > 0.

Since r — L,(x,y) is increasing on R (see {9]) it follows that S(¢,(n)) is also
increasing with respect to r. This leads to the question: What is the smallest
real number r, such that

3.1 S(tr(n)) >0
holds for ail n > 2?
We assume that there exists a number r < 0, so that

32) > ()™ log(np;) > 0

i=1
n
is valid for all n > 2 and all p; > 0 (i = 1,...,n) with > p; = 1. If we set
i=1
1 n+l

P1=---=pn—1=2—n, - Pn= o’

then (3.2) is equivalent to

log((n — 1)log(2)) — log(log((n + 1)/2))
log(n+1) )

(3.3) tr(n) >
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And, if n tends to oo, then (3.3) reduces to
1/(0-r>1 or r>0.

Hence, inequality (3.1) holds if and only if r is non-negative.
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I. Introduction

Consider a string along the segment [0, 1] fixed at the two ends 0 and 1
and controlled on the interior of the domain with a function A (x,t) described
by the following wave equation

Vit =Yxx +hxw, x €(0,1), t>0
(D yO,0)=y(1,6)=0, >0
y(x,0)=yp(x),  yi(x,0)=yq(x),

where w C [0,1] is an open and non empty subset of [0,1], yw denotes the
characteristic function of w.

The control problem of such system was investigated by many authors
see e.g. J. L. LIONS [1], [2], [3], [4], [S], J. L. LIONS and E. MAGENES [6],
A. HARAUX [7], (8], E. ZuAazuA [10], L. JOO [11], M. HORVATH [12], A.
BOGMER [13]. Up to present, as far as we know, the authors investigate
the problem of the controllability only in the case when the controls A run
over full space of controls, by different methods. J. L. LIONS, E. ZUAZUA
by method HUM showed that the system (1) (in general case) without re-
strained controls is always controllable to the origin. 1. JOO, M. HORVATH,
A. BOGMFR by using method of Riesz’s bases investigated the system (1)
without restrained control, but in only sense of the controllability from the
origin. In recent years J. LAGNESE [9] have investigated in details the exact
controllability of solutions of wave equations by means of distributed control
forces constrained to vanish outside of a given subset of the region in which
the process evolves. Later I. JOO and N. V. Su [14], [15] have studied the
above system with restrained controls by using discretization method (see
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[16], [17]). They also obtained some conditions for approximate controllabil-
ity to the origin (resp. from the origin). In this paper we will study the exact
controllability (to the origin) of the system (1) with restrained controls. Note
that the semigroup theory technics are used there with the results obtained in
[9] or the results of method HUM. Necessary and sufficient condition for the
controllability of the system (1) will be given.

I1. Definitions, Notations

Let Q7 C L*(w x (0, T)) be a convex subset for which int Q7#0 in
L2(a) x (0,T)) and 0 € Q7 for all T > 0. Consider the system (1) in the
space HO1 0,1) x L2(0, 1) with restrained controls in Q1 C Lz(w x (0, T)). Let
y =y{(x,t) be the solution of the system (1) with the control h(x,t). Define
the following set

ST(Qr) = {0, y1) € Hy (0,1) x L*(0,1):
there is & € Q7 such that the solution y(x,?) of the system (1) satisfies
yx, T)=0, y(x,T)=0}.
The set

= sr@n
T>0
is so called the controllability set after unbounded time.

DEFINITION. We say that the system (1) is locally controllable in the
space HOl 0,1) x L2(0, 1) with restrained controls if (0,0) € int § and globally
controllable with restrained controls if

S = H}(0,1) x L*(0, 1).

As in [18] (Lion’s book, Chapter IV) we would like to rewrite the system
(1) (hyperbolic type) as a system of first order equations (parabolic case).

Wr,t) = (y(x,r));

Let us denote

yt(x,t)
3 = Hy (0,1) x L*(0,1);

0 I\,
A—(A 0)’

where I is the identity in L2(0,1), A is the operator 8 /9x2.
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7 0

Then we get formally the following first order equation in space

Let further

dwix,t) _ i
) %f— =Aw(x,1)+hyy
w(x,0)=wq
where

_ { yotx)
vo= <)’1(X))' €.

This first order equation unfortunately is not analogous to that J. L. LIONS
has studied in his book (see [18], Chapter IV, pp.306), because the operator
A is not coercive. But from Lemma 3.6 [3] (or see more detail in PAZY’s book
[24]) the “mild solution” of the abstract equation (2) in this case is represented
by semigroup in the form

t
3) wix,t)= G'(t)w0+/0(t —Dh(x,T)xydr,
0

where

I PIZA §
G'(t):(N(t)_I I )

Here N(z) is the semigroup generated by A = 32 / ax2.
REMARK. We may easily verify that

oo
N@y=S" bt (v, v2sinjnr)
j=1
where

00
Aj==j*x?,  veD@)i=qvel*0,1: Y |A*(v,V2sinjar)| < 00
j=1
(see Example 1.3, Chapter III. [18]).
So the controllability set of the system (1) has the following form

Sr(Qr) =

T
={wed: G(T)w+/G(T~r)}—z(x,r)xwdr=0 for some h € Q7 ,,
0
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and

s=J sr@p.
T>0

REMARK. In general case (see J. L. LIONS [18]), the solution of the
following equation
d?y
—=+At)y =f,
7 HAWy =f
where A is a second-order elliptic differential operator, can not be written in
the form (3).
For the next part we need some crucial results which can be stated as

follows.

THEOREM A. (KREIN-RUTMAN Theorem [21]). Let C be a convex cone
with non-empty interior in a Banach space X and let {S(t)} be a family of
commutative bounded linear operators, mapping the cone C into itself, i.e.
S(t)C C C for all t. Then there exists a positive functional f € C* C X*,
which is a common eigenvector of all dual operators:

S*Of =AQ), for all t,
where A(t) > 0.

THEOREM B. (see Lemma 1, [22]). Let M, be convex subsets in an
arbitrary Banach space X such that int My, #0, 0 € My, for all n € N and
M, C M, for all nb < m. Suppose that

oo
0 €int (U M,,) ,
n=1

then there exists some k € N such that 0 € int Mj,.

II1. Main Results

In this part we will give necessary and sufficient condition for the local
controllability of the system (1).

First we need the following Lemma.

LEMMA. Consider the system (1) with the conditions that Q C LY x
x (0, T)) is convex subset for which int Qp#@ in L*w x (0,T)) and 0 €
€ Qr for all T > 0. Then the controllability set S has nonempty interior in
H{(0,10) x L%(0, 1), that is int S#0 in Hy(0,1) x L*(0,1).
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PROOF. Since A = 62/ dx2 it follows that the generated semigroup N(t)
a unitary (see [19]), so these are surjective too. By method HUM (see [4]
LION’s or [10], ZUAZUA, or see [9]) we know that the system (1) without
restrained controls is globally controllable after some time T, that is, by
taking
Br: {0} x L2(w x (0,T)) — ¥
T
$TE=/G(T—I)E(x,r)xwdr
0

for h € {0} x L%(w x (0, T))
we have
o) Im G(Tp) C Iln%ro

where Im M denotes the image of the operator M. By the factorization
theorem of DOUGLAS [20] we have that there exists a linear, bounded operator

C: 3% — {0} x L*(w x (0, Tp))
such that
6) G(Ty) = .%’TO C.
Since N(Tp) is surjective, it follows that G(Tp) is surjective too. From
int QTO #0 in L* x (0, Tp)) we have that the set int ({0} x Q7,) is non-
empty in {0} x L2(w x (0, Tp)). From (5) and the surjectivity of G(Tp) it
follows that there are some w € # and kg € int ({0} x Qg such that

G(Ty)w = .%’TOEO.
From (6) we get B1,hg = B, Cw, which implies that
(ker B, +int ({0} x Q) |Im C#0.

Consequently, the inverse image C~!(ker B 1, +int ({0} x Q7)) has a non-
empty interior in . It is easily to verify that
) —C ™ (ker B +int ({0} x Q7)) C S1,(Q7)-
In fact, if
w € (—=C ™ N(ker B +int ({0} x Qr))),
then —Cw = b + hy for some b € ker B, and for some ho € int ({0} x Q7).

Hence
—$T0 Cw = .ﬂTO(b +h0) = %Toho.
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But G(Ty) =3 1, C (from (6)) therefore G(Tp)w +3 TOEO =Q.

This means that w € STO(QTO), and (7) shows that int STO(QTO)yéO, SO
int S#0 in H}(0,1) x L*(0,1).

The proof of Lemma is complete. |

THEOREM. Consider the system (1) with the restrained controlled set Q7.
Assume that the conditions for controlled set QT in the above lemma are ful-
filled. Then the system (1) with the restrained controls is locally controllable
if and only if the following condition is satisfied

(%) There is no “line” cx +d,
(c(t) and d(t) are functions of time t, t € [0, T]) such that
(ex +d.ht) 1200 0,17 2 0

for allh € Qr and for all T > 0.

PROOQE. SUFFICIENCY. Assume that the condition (x) is fulfilled. We will
show that the system (1) is locally controllable. From the above Lemma we
have int S7,(Q))#0 in .

For T > T we put

St = {w cH: —Tyw € Bt (S.;)T)},

By (é’r) = {ﬂ?r (2) Ch em}.

Since 0 € Qg for all T it is easy to see that S}l C S}z if Ty < T and %,
is convex for T > Ty. By definition of S7. it follows that S}O =S7,(Q1), s0
this means that int S7.#0 for T > Tp.
Setting §'= |J S/, we will show that 0 € int.S’. Assuming the contrary,
T>Ty
we will show that the cone C = |J AS’ is convex, not dense in #. In fact,
A>0
are convexity of C is trivial. Assume that C is dense in #, that C = J,
so 0 € int C. Since int C#0 (because int ST.#0 for T > Tp) it follows that
int C =int C. It means that 0 € int C, thus O € int S’. This is a contradiction.
We show that C is G(t)-invariant for all ¢, i.e. G(¢)C C C for all ¢.

In fact if w € C, then for some T and A

—G(Ty)w €AB (&).

where
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It follows that for all ¢
— GO G(Ty)w €AGHBT (é’ ) .
T

From 0 € Q71 we have that

0 0
AG)RBT (QT> C1$T+t (QT-H) .

So we get
—G()G(Ty)w CABT4 (Q(7)‘+t) .

This means G(H)w € AST+; so G(tw € C.

Applying the Krein—Rutman’s theorem [21], we find in the dual cone C*
a common eigenvector wo of all dual operators G*(t), t >0, with nonnegatlve
eigenvalues A(t), ¢t >0, i.e.

(8) G*(Owo=A()wg, A(t)>0 forall t>0.

Since  is Hilbert space we have, by the differentiability of G(t), that
G*(t)H C D(A™) for all £ > 0. Thus wy € D(A™) and G*(¢)wy is differentiable
for ¢t > 0. By differentiating the equality (8) we get

A G (Owg = G ()" wy =A(t)wy forall > 0.
From the strong continuity of G™(¢) it follows that
limo G*(IMW() = .A*WO = /10W0
t—+
where Ag = limol(t). Thus we have shown that there is the eigenvector wqg of
t—H

4™ with real eigenvalue 4 such that wy € C*. From the definition of S7. and
0 € Qr forall T >0 it is easy to see that for some ¢ >0

/G(T— Hh(x,T)xpdr € C forall heQy.

This means that

1
<w0,/G(t—r)E(x,r)xwdt> >0 for all h € Q.
H
From the strong continuity of G(t) we obtain that

9  (wg, GORX,T)w)% >0  forall >0 and forall h € Q.
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+_ (0 A
=(75)

and the eigenvalues of A are —j 22, j =1, 2, ... it follows that the eigenvector
wp of ™ with real eigenvalue is only form:

0
(10) o= (c(t)x +d(t))

where ¢(t) and d(¢) are functions of ¢t. From the formula of &(z) and from
(9) and (10) we get
(c(t)x +d(t),hx,,,)L2(w’(0,T» >0

for all h € Q7 and for all T > 0. This contradicts the condition (x) of the
Theorem. Thus, 0 € S’. In view of Lemma 1 of [22], these exists T > Ty
such that 0 € int S%..

If T= Ty then 0 € int S1,(Q7,) because Sé’o = ST,(Q1)-
If T > Ty we consider operator G(T — Ty) : # — #.
Since O € int S' we have 0 € int (G~ (T - TO)S ). On the other hand,

it is easy to see that G—l(T To)Sh C ST(Q7). Therefore, 0 € int ST(Q7),
thus O cint S.

So the sufficiency is proved.

Since

NECESSITY. Assume that the system (1) is locally controllable, we will
show that the condition () is fulfilled.

Assume the contrary, there exists some “line” ;= cx +d, where c(¢) and
d(t) are functions of time ¢, ¢ € [0, T] such that

cx +d,hyxe) 2 >0 for all h € Q; and for all T > 0.
L%(w,(0,T))

_ 0
Wo=\ex+d /-

Then it is easy to verify that
(11) A*wg = 0.
since 0 € int S and int S, #0 (by the above Lemma). It follows from Lemma

1 of [22] that there is some T1 > Tp such that 0 € int ST1 (QTI) It is well
known that

Let

STI(QTI)= {W e ~G(Tw E%Tl (.QOT )}
1
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Let w € S7,(Q7,) be arbitrary, then
Y
G(T))w +/G(T1 —Dh(x, T )wdr =0

for some h € Qr,. From this we get

Uy
(wo, G(T)w) +/(w0, G(T; —1)h(x,T)yw )dr =0.
0
This means
T
(12) (G*(Ty)wg,w) = —/(G’*(Tl,r)wo,fz(x,r)xw)dr
0

[o.¢]
Since, obviously, wg € [ D(AL™"), the function G*(T| — t)wy is infinitely
n=1
differentiable in 7 and, therefore by the Taylor formula (see [23]) we get the
followings:

(13)  GXTi-t)wp=

1
= Z (Tl _T) .ﬁ*kWO+( _11)' /(Tl -7 —t)n—lG*(t).ﬁ*nWOd‘r
0
= T{( k —1
(14) G (T)wp = g e — /(T1 — "L (A wodt
(n=1,2,3,..)
From (11), (12), (13), (14) we obtain
T T
(wo,w) = —/(wo,fz(x,r)xw)dr = —/(cx +d,hyy)dr.
0 0

But for all h € Qp and for all T >0 we have
(cx +d,hyy) >0,
thus it follows that
{(wg,w) <0 forall we ST, (Qrp).
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This contradicts the proposition 0 € int S, (Q1,).

(1]

[2]

131

(4]

[51

(61

(8]

(91

(10t

(n

(121

113]

[14]

So the necessity if proved.

The proof of the Theorem is complete. |
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1. Introduction

The Jacobi polynomials are orthogonal polynomials ([2], p. 285, (5)
and (9)) over the interval (—1,1) with respect to the weight function
(1 —x)3(1+x)?, if Rea > —1, Reb > —1.

In this paper, we present an orthogonal type property for the Jacobi
polynomials over the interval (—1,1) with respect to the multiplier function
(1= x)%* 11 +x)?, if Rea > —2, Reb > —1.

The Jacobi polynomials are defined by the relation ([2], p. 170, (16)):

1 1-—
(1.1) P,ga’b)(x)=(—E—:z)—nzFl_(—n,n+a+b+l;l+a; 2"),

provided a is not a negative integer.

2, Orthogonal type property

The orthogonal type property to be established is

1
@2.1) / (A =) 1+ )P PO PO (0)dx =0, if m#n—1,nn+1
-1

2“+]’+2I;‘(a +n+DI'G+n+Dla+b+2n-1)

(22)=- (n— DIT@+b+n)a+b+2n+2) ’

if m=n-1,
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2.3)

224 2@ +n+ DI(b+n+1) [(n+1)@+n+1) n(n+a)
n!l"(a+b+n+1)(a+b+2n+1)[ a+b+2n+2 —a+b+2nJ’
if m=n,
where Rea > —2, Reb > —1.
PROOF. In view of (1.1), the integral (2.1) can be written as

(1+a)m(l+a)y,

1
1-—
/(1 —x)** (1 +x)°,F (—m,m+a +b+1;1+a; x) .
-1

m!n! 2
1—-x
2 Fy <—n,n+a+b+1;1+a; 3 )dx:
_(1+a)m(1+a)nXm:(—m)r(m+a+b+1)rXn:(—n)u(n+a+b+l)u'
- mlin! = (1+a),r2r = (I+a)ul2
1
(2.4) : / (1 —x)** 4+ (1 4 x)Pdx.
-1

Evaluating the last integral in (2.4) with the help of a modified form of the
integral ([1], p. 9, (5)), viz

1
Ta+DI(b+1
/(1 ~x)*(1 +x)bdx ﬂmﬂ%%ﬁ%ﬁ)’ Rea > —1,Reb > —1,
-1

then the right hand side of (2.4) becomes

(I+a)m(l+a)y, a+b+2 = (-m)(m+a+b+1),
m'n! T +1)2 rX(; (1+a),r!

(2.5) INa+r+2) {—n,n+a+b+1,2+a+r;1

Ta+b+r+3)> 2 l+a,3+a+b+r
Now applying Saalschutz’s theorem ([1], p. 188, (3)):

—n,a,b;l _ (c —a)(c— b
(2.6) 3F2[c,1—c+a+b—n}_(c)n(c—a—b)n
to (2.5), we get

en  LEnpg ey,
m!n! =

(—=m)p(=r — Du(m+a+b+1),T(a+r+2)(~n —b),
" (+ayrT(@a+b+r+3)(-n—a—-b—-r—2);,




AN ORTHOCONAL TYPE PROPERTY FOR THE JACOBI POLYNOMIALS 33

If r < n — 1, the numerator of (2.7) vanishes and since r runs from 0 to
m, it follows that (2.7) vanishes when m <n — 1. By symmetry, it will be seen
that (2.7) also vanishes when n+1 < m. Now, it is clear that for m#n — 1, n,
n+1 all terms of the series (2.7) vanish, which proves (2.1).

When m =n — 1, using the result (—n), =(—1)"n!, we have

1
/ (1= 21+ 00 PG B (x)dx =
-1

20402 (g 4 n+ DI (b +n+1)

(2.8) T T -DT(a+b+n)(@+b+2n+2)

which proves (2.2).

When m = n, using the standard results like (—n),_; = (—1)"—1n! and
(=n =1 =(=1"(n+1)! and adding the resulting two terms (r =n — 1,n)
and simplifying, we have

1
/(1 __x)a+l(1 +x)b{P,(,a’b)}2dx —
-1

2.9)

22+ n+ DT +n+1) [(n+1)(@a+n+1) n(@n+a)
T nT@+b+n+D@+b+2n+1)| a+b+2n+2 a+b+2n]’
which proves (2.3).

NOTE. In (2.8) replacing n by n+ 1, the value of the integral form =n +1
may be obtained.
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In [1], we proved the following theorem:

THEOREM 1. Iff is a completely additive integer valued function, and,
for a fixedm € Z\ {0}, f(n+m) =f(n) mod n, thenf =0.

In [2], P. V. CHUNG generalized my result as follows:

THEOREM 2. Let g denote an additive integer valued function and f a
completely additive integer valued function. If for some fixeda € N, b €
€ Z\ {0} andc € Z g(an+b) = f(n)+c mod n, thenf =0 and g(n) =0 for
all (n,a)=1.

COROLLARY OF THEOREM 2. If f is a completely additive integer valued
function and f(an + b) =f(n)+c mod n, then f =0.

It is possible to generalize this corollary further. However, a slight
modification can cause difficulties. We are not able to verify whether f(n +
+1)=f(n—1)modn or f(n?+1)=f(n*—1) mod n imply f =0.

In this paper we shall prove the following special cases:

THEOREM 3. Let f be a completely additive integer valued function. If
any of the conditions (i)-(v) are satisfied, then f =0.

(i) fm+1)=kf(n—-3)mod n, k € Z\{l,-3},
(ii) f(n+ D) +f(n=1)=kf(n) mod n(n — 1), k € Z\ {2},

* Supported by the Hungarian National Foundation for Scientific Research Grant No 1901.
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(i) frZ+n+1)=kf(n) modn(n—1) orn(n+1), k € Z\ {0},
(iv) f(r2+n+)=f(n—1) mod n(n+1),
) f(n*—n+1)=f(n—1) mod n(n — 1).

PROOF OF THEOREM 3. (i) Substituting n% +2n in

)] fn+ D) =kf(n—3)mod n

yields that

(2) f(n+1)=kf(n—1)+kf(n+3) mod n(n +2).
Replacing n by n —2 in (2) we have

3) 2f(n—-1)=kf(n—3)+kf(n+1) mod n.
Using (1) and (3) we get

4 2f(n—-1)=(k+1)f(n+1) mod n.

Let us replace n by 3n in (1), (2) and (4), giving us

&) fBr+1)=kf(3n —3) mod n,

(6) 2f@Bn+1)=kfBn—-1)+kf(3n+3) mod n
and

(7) 2fBrn—-1)=(k+1)f(Bn+1) mod n.

Multiplying (6) by 2 and using (7) we get
4 Bn+1)=ktk+1)fBn+1)+2kf(3n +3) mod n.
Then by (5) we have

[4 — k(k +1)]f(3n —3) = 2f (3n +3) mod —

(n,k)
for k#0. Multiplying by 2 again and using (4) we get that, for some [ € Z,

k[4—(k+ D*f(n+1)=1f(3) mod

n
(n,k)
If k ¢ {0,1,—3}, let us replace n by n® — 1. Then
n® —1
(n® —1,k)

which implies f(n) =0 as s — oco.

If k =0, then f(n +1) =0 mod n implies f =0 as in the last step of the
previous proof.

k[4 — (k+ 1)2Isf (n) = If (3)
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(ii) Substituting n2 in

(8) fn+D)+f(n—1)=kf(n) mod n(n — 1)
yields

9) fr2+ D) +f %= 1) =kf(n?) mod n.
Replacing (8) in (9) we get

(10) f(n?+1)=kf(n) mod n.

Using the identity (n? + 1)(4n*+ 1) = 2n3 +n)? + 1, (10) yields
(11) kf2n? +1) = kf (2n2) mod n.

Replacing n by 2n2 +1 in (8) we have
f2n?+2)+f(2n?) =kf2n%+1) mod n.
Replacing (10) and (11) in this congruence, we get
k-=DIf(M)+f(2)1 =0 mod n.
The substitution n¥ for n implies f(n) =0 as s — oo if k#2.

(1ii) For the proof of cases (iii)~(v) we need the following lemma which
can be easily verified:

LEMMA. Let h(n) =n2+an +b. Then h[h(n)+n]=h@m)h(n +1).
Let us replace n by n2+2n+1in
(12) f(n?+n+1)=kf(n) mod n(n+1).
By the lemma, we have
(13) f(n2+n+1)+f[(n+1)2+(n+1)+1] =2kf(n+1) mod (n+1).
(12) implies f [(n + D2+(n+)+1]= kf(n+1) mod (n+1)(n +2).
Substituting this congruence and (12) in (13) we get
kf(n)=kf(n+1) mod (n+1),
ie.

n

f(n—1)=f(n) mod TN}
Using a modified form of Theorem 2, we get f =0.

If the modulus is n(n — 1), the proof is similar to the one above. We

derive that f(n +1) = f(n) mod G’—'k—) and then we again use Theorem 2.

(iv) Here, the proof is similar to the above case. Replacing n2+2n+1in
(14) f(r?+n+1)=f(n—1) mod n(n +1),
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we have

f(n=D+f()=f(n*+2n) mod (n+1)
ie.
(15) f(n—1)=f(n+2) mod (n+1).

Replacing n by n?+n — 1 in (15), we get by (14) that
f(n+2)=0mod n
which yields f = 0.
(v) Replacing n by n?+1in
(16) f(n*=n+1)=f(n—1) mod n(n — 1),
we derive
f(n—=1=f(n)ymodn

through similar use of the lemma as in case (iii). Therefore, f = 0 using
Theorem 2.
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1. Introduction

The equivalence of the martingale Hardy spaces Hy and Hp[] (1<p<o)
generated by the maximal function and by the quadratic variation, respec-
tively, was proved by BURKHOLDER, DAVIS and GUNDY [2], [3], [4] for
discrete time and later by DELLACHERIE and MEYER [6] for continuous time.
This theorem is one of the fundamental theorems of martingale theory.

Usually three other martingale Hardy spaces are investigated: the space

Hp( ) generated by the conditional quadratic variation and the spaces %, and
2p generated by the predictions of the maximal function and of the quadratic
variation, respectively. With the help of the atomic decomposition several
martingale inequalities between these five Hardy spaces and a simple proof
of the Burkholder-Davis—Gundy inequality are given in WEISZ [13]. As a
supplement to these results it is verified in this paper that ), is equivalent
to 2, for 0 < p < oo. This equivalence result was shown in the discrete time
with another method in WEISZ [11].

2. Preliminaries and Notations

Let (Q,4,P) be a probability measure space and ¥ = (¥;,7 € R*) be
a nondecreasing family of sub-o-algebras of . The o-algebra V,cg+%; is
denoted by ., and it is supposed that ., = 4.

This research was partly supported by the Hungarian Scientific Research Funds No F4189.
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With the family (¥;,¢ € R*) the following families (¥,+,# € R*) and
(gt_,t € R*) of o-algebras are associated:

\gt+ :=ms>[\gs, \gt— :=Vs<tgs-

For t =0 we set #43- = #%(. In this paper it is assumed that the family
(%:,t € RY) is right-continuous (i.e. F; =%+ for every t) and that every
set I which belongs to the P-completion of the g-algebra %o, with P(F)=0
belongs to .

A real stochastic process X is a mapping from (R x Q) into R such
that, for every t € R*, w — X;(w) = X(¢t,w) is A-measurable. A stochastic
process X is adapted if the preceding mapping is &,-measurable for every
t. A process X is regular if X is adapted and all the functions ¢t — X(¢,w)
have left and right limit for every @ € Q. We use the notation X, (X;+,
resp.) for the left (right, resp.) limit at a point z. If these functions are
right-continuous (left-continuous, resp.) then X is called right-continuous
(left-continuous, resp.).

Let us denote the expectation operator by E, the conditional expectation
operators relative to %; and %, by E; and E,—, respectively. Let us use
the shorter notation L, for the subspace of L,(€2,.4, P) the elements of which
satisfy Enf =0 (1 <p < 00).

A stochastic process X is a martingale when X is an adapted process
with E|X;| < oo (t € R") and E; X; = X; for every s < t. For simplicity we
always suppose for a martingale X that X3 =0. A martingale X is said to be
Lp-bounded if

sup || X;]lp < oo.
teR+

A mapping T : Q — R* U{oo} is a stopping time if, for every r € R*,
the subset {7 <t} of Q belongs to #;. An adapted process X is a local
martingale if there exists an increasing sequence of stopping times T, such
that lim, .o T, = 00 a.e. and the processes X;a7, are all uniformly inte-
grable martingales (n € N). We can suppose from a martingale or from a
local martingale that it is regular and right-continuous (see MEYER [9] p.
291). A local martingale. is said to be locally L,-bounded if there exists an
increasing sequence of stopping times Ty, such that limy, oo Ty =00 a.e. and
the processes X;a 1, are Lp-bounded martingales (n € N).

The following definitions will be used for a local martingale X:
AX; =X, - X,-, (Xp=0),

X =sup|Xil, X3 o= sup |Xil.
t<s teR*
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We say that a real process is optional resp. predictable if it is measurable
with respect to the o-algebra generated by the real regular right-continuous
process resp. generated by the real regular left-continuous processes.

If X is a locally L,-bounded local martingale then there exists a unique
predictable, right-continuous and increasing process (X) such that X2 — (X)
is a local martingale vanishing at O (see DELLACHERIE and MEYER [6]). (X)) is
called the sharp bracket or the conditional quadratic variation of X. More-
over, if X is a local martingale then there exists a unique right-continuous
and increasing process [X] such that X 2 _[X] is a local martingale and
Al X = |AX,|2 ([XJo =0). This process is called the square bracket or the
guadratic variation of X.

Let us introduce Hardy spaces for O < p < oo; denote by H[E], Hp( ) and
Hy' the spaces of local martingales for which

100 = NX 1Ll < oo,

1X 150 ) == 10X p < 00
14

and
X gz = 1 X lp < o0,

respectively. It is a well-known statement in the martingale theory that if

Xe H;, Hp[], Hp( )(p > 1) then there exists X such that X; — X, a.e. and
in L as 1 — co. Moreover, Doob’s inequality says that Hy ~ L, for 1 <p <oo
where ~ denotes the equivalence of the spaces (see e.g. DELLACHERIE and
MEYER [6]).
A local martingale X is in the space Pp if and only if there exists an
adapted, left-continuous and increasing process A such that
| X:| < Ay, Aco = sup A; € L,.
teER*
Endow this space with the following norm:
IXllp, =infllAcclly (0 <p < o0)
where the infimum is taken over all predictable processes having the property
above.
If, in the previous definition, we replace the inequality | X;| < A; by

(x1/% < B,
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then the local martingale is in 2,. We define the .2, norm by
”X”.Qp := inf|| Boo||p (0O <p < o0)
where the infimum is taken over all predictable processes again.
It is clear that the infimums taken in the P, and 2, norms can be

achieved. Indeed, for every k € N let A®) be a left-continuous process having
the above property such that ||A§,'§))||p — || X|| #, Whenever k — co. Set

. k
A= klg&Ag ) (t € RY).

It is obvious that the process A is adapted, left-continuous, increasing and a
majorant of X and

1X115, = | Acollp-
The proof is similar for the .2, spaces.

The P, resp. 2, spaces were introduced by GARSIA [7] and BERNARD,
MAISONNEUVE (1] resp. by the author in [13]). With the help of these two
spaces a simple proof of Burkholder—Davis—Gundy inequality is given in [13].

3. Martingale inequalities

The following theorem is proved in WEISZ [13].

THEOREM 1.
O IXlg S GIXD 001Xl S GIX0 ©0<p<2)
G 1Xl,0 < GliXag X, < Gl 2<p <o)
G 1Xlng < 1Xllz,e X0 <X, (0<p <o0)
@) 1Xlgy < GlXlg,  I1Xl,0 < GliXllz, (0<p <o)
14
O IXl0) S GlXllg, X0 < GlXllg, (0<p <o),

where the positive constants C, depend only on p. (The symbol C, may
denote different constants in different contexts.)

The inequality due to BURKHOLDER, DAVIS and GUNDY [2], [3], [4]
mentioned several times is given in the next theorem. They proved it in
the discrete case. Later DELLACHERIE and MEYER [6] have extended the
inequality to the continuous case (see also WEISZ [13]).
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THEOREM 2. (BURKHOLDER-DAVIS—-GUNDY INEQUALITY). H,E] and H;
are equivalent for 1 < p < oo, namely,

Pl Xl g < WXl < GliXl g (A <p<oo)

This inequality is not valid for 0 < p < 1 (see BURKHOLDER, GUNDY [3]).
However, the 7, and 2, spaces that are generated by the predictions of the
maximal function and of the quadratic variation, respectively, are equivalent

for every 0 < p < co. Observe that P ~ HY ~ Lo and Do ~ H(QD. Hence
P is not equivalent to 2.

THEOREM 3. P, and 2, are equivalent for 0 < p < oo, namely,
(0 ol Xllg, <IXle, < GlXlg, (©<p<oo).
PROOF. First we prove the left hand side of (1). Let X € #, and A be

the adapted, left-continuous and increasing least majorant process of X. It is
proved in DELLACHERIE, MEYER [6] that

!
@ (X} =X2-2 / X._dX,
0

where the second term on the right hand side is a martingale defined by a
stochastic integral. By the definitions of A and of the stochastic integral we
obtain

U
3) [XT; < A7 +2sup / X,-dX;| <
u<t
]

u !
< A7 +2sup sup /Xs_dXs , /Xs_dXs <
u
0 0

u .
< A? +2sup /Xs_dXs +2|A /Xs_dXs
u<t
0 0

t

Since

@) A /Xs_dXs = X,_AX,
0

t
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(see DELLACHERIE, MEYER [6]) and |X,—AX;| < 2A?, we can establish that

u
[X]): < 5A7 +2sup /Xs_dXs =: B?

u<t
Notice that B is adapted, left-continuous and increasing. Henceforth
1/2
1Boollp < cpllAcollp +cp || sup / X._dX,

teRt
p/2

Assume that 0 < p < 4. The sharp bracket of the martingale [ X _dX; is
0

given by [|X, _|2d(X)s (see DELLACHERIE, MEYER [6]). Applying Theorem
0
1 (i) we can conclude that
1/2 o 1/2/|1/2

sup /X d Xs < /]Xs_|2d(Xs
tERY

p/2 0 p/2
1/2||1/2

1/2,1/2
< ( / A?d<x>s) < Ao (X)eL?)/3.
0

p/2

IA

From Holder’s inequality

(6) (EAPLA X)PLNTVP < B(AB) VP E(( xR @P),
Consequently, using Theorem 1 (v) we obtain

1/2 1/2

1Boollp < cpll Acollp +cpll Acollp” IIX Tl ¢
P

1/2

1/2
/ 2, <cpliXllp,.

<epllXlip, +epll Xl X1
P P

The left hand side of (1) can be proved in the same way for 2 < p < co with
the differences that we have to apply Theorem 2 instead of Theorem 1 (i) and
we have to change the sharp bracket to the square bracket.

To prove the right hand side of (1) let X € 2, and B be the adapted,

left-continuous and increasing least majorant process of [ X 12, Similarly to
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(3), it follows from (2) that

X2 < B2 +2sup /Xs_dXs +21A /Xs_dXs

u<t

Taking into account (4) and the fact that

|X,-AX;| < X [x1}> < X* B,

we have

X} < B}+2X* B, +2sup /Xs_dXs = A%,
u<t
Of course, A is adapted, left-continuous and increasing. So
1/2

1 Asollp < Gyl Bosllp + Gy ECXSE2 BE/P +.G, || sup / X,_dX,
€R*
=i p/2

If 0 < p <4 then, similarly to (5) and (6), we get that
. 1/2
sup | [ X-axif|| < IXLO0EL2 <
0 p/2
< B E(xBLHOP,
Applying Holder’s inequality and Theorem 1 we can see that
| Acollp <

1/2
< GlBoollp + Gl X1

1/2 1/2

* X

+CPHX” () =~

[ Boollp < GliXllg,-

The case 2 < p < 0o can be shown analogously. |
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A suboperator is a restriction of a bounded operator on a Hilbert space
$ to a linear subspace of $. It is subpositive, subself-adjoint etc. if it is
the restriction of a positive, self-adjoint etc. operator, respectively. Intrinsic
characterizations of the subpositive suboperator were given by HALMOS [3]
and by SEBESTYEN in [7], [8]. Their construction lead to the smallest positive
extension (see e.g. [8], [9]).

In this paper we consider the following problem: under what condition
does there exist only one positive extension of a subpositive suboperator
with the smallest possible norm. This problem was successfully handled by
KAPOS and PAEZ [4] and previously in the subself-adjoint case by KREIN [5].
None of these conditions provide an easy way of constructing examples or
counterexamples. I hope Corollary 1 is a step toward this direction. We need
some detail of Sebestyén’s construction ([10]), so for the sake of convenience
we repeat the proof of this theorem in a slightly modified way.

THEOREM 1. Let ® be a linear subspace (not necessarily closed) of a
complex Hilbert space ), and b : D — 5) be a symmetric linear map. Then b
is subpositive if and only if

M m :=sup{||bxn2 x €D, (bx,x) < 1} < 0.
PROOF. Denote R the range of b. Introduce an inner product (, , , }ot On
R by definition
(bx,by)m :=(bx,y) forx, y€eD.
It is well defined: if x, x’, y, y’ € D and bx =bx', by = by’ then
(bx,by);, = (bx,y) = (bx',y) = (x",by") = (bx', by )m.
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Finally, (., . )s is positive definite since ||bx||2 < m(bx,x) for all x € D.

Thus (R, (., . )m) is a pre-Hilbert space, £ denotes its completion. De-
fine J : $H5— 9 as the unique continuous extension to the natural embedding
of R(C Hp) into $H. Then JJ* is an extension of b. To prove this it is enough
to show that for all x € D the element bx — J*x of £y is orthogonal to the
dense subspace R of §j. But this is obvious, since

(by,J*x)g = (Jby,x) = (by,x) =(by,bx)z  forally € D. |

The above extension JJ* is proved to be the smallest positive extension
of b ([9], Thm. 1). The norm of JJ* is just m because ||J||2 =m by definition.
The constant m defined in (1) is thus the smallest possible norm of the positive

"extensions for b.

There is a largest positive extension for b of smallest norm m. One can
get it by replacing b with by =ml|5 — b in the previous theorem, since for
allx €®

16112 = m?||x |12 — 2m (bx,b) + ||bx | =
=m(byx,x)+||bx||* — m(bx,x) <m(byx,x).

Let JJ* be the smallest positive extension of bj. The largest positive
extension of b of smallest possible norm m is then m1 — J1J}.

b has unique positive extension with norm m if and only if the smallest
and largest ones are equal or what is the same

@) ml=JJ* +JJ}.

This condition was formulated by Kapos and Paez in the following the-
orem ([4], Thm. 1).

THEOREM 2. Letbh: D — §3 be subpositive suboperator satisfying property
(1). b has unique positive operator extension of smallest norm m to $) if and
only if

mllx|? =sup {|(x,b9)P | y €D, (by,y) < 1}+
+sup{[(x,my —by)|2 Yy €D, (my —by,y) < 1}
holds for each x from $.

Identity (2) can be formulated in an other way that involves x only from
D+, the orthocomplement of D, and does contain only one expression on
supremum.
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THEOREM 3. Letb:D — § be subpositive suboperator satisfying property
(1). b has unique positive operator extension of smallest norm m to ) if and
only if

@ IxlP=sup{l(by)? 1 y €D, (by,my—Phy) <1}

holds for each x from DL, where P denotes the orthogonal projection of $)
onto the norm closure of ®.

PROOF. First we show that identity (2) is equivalent with the formally
weaker :
(2a) mlx,x)y=(JJ x,x)+(JiJ{x,x)  forall x eDt
and after this that this weaker condition (2a) is equivalent to (3).

To do this, let us introduce some notation: let R and (5’)0,( , >m) be as in
the proof of Theorem 1, and 9| and (H1,(, );) be the corresponding entities
when Theorem 1 is applied to by =ml|5 — b. Denote (£,(, )g) the direct
sum of £y and §3;, and define V : R — § by the formula

Vu,v)=Ju+Jv for u € Hy and v € H;.
Since V* :§) — K is the ‘row matrix’ (J*,Jf), VV*=JI*+JJ}.
For the first step we only have to prove that (2a) implies (2). Notice first
that it follows from the definition of & and V that the image of D and DL

under V* are orthogonal linear subspaces of . Indeed, for x € ® and y € D+
we have that

(V*%,V*y)e=((JT* + )1 )x,y) = ((b+mI —b)x,y) =m(x,y) =0.

On the other hand identity (2) restricted to the norm closure of © holds by
definitions and continuity. Thus if (2a) holds then decomposing any x € £
intox=y+z, wherey € ® and z € DL we get that

(I + IIDxx) = [ Vx| = | VI 2+ vz 2.

Where the last term is equal to m ||z || by (2a) and the previous one to m||y||?
as we saw above, so assuming (2a) one gets

(T T1Tx,x) = mllx|)?
that of course implies (2).
For the second step we have to prove that (2a) is equivalent to (3). To

do that let us calculate the norm || V*x|| (x € D) as the norm of the linear
functional that V*x represents:

IV oxlt=sup{|VixB)al : E€R (EEo<1)=
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=sup{|(x, VO? : E€ R Ry, Eb)a <1} =
=sup{|x,bu —bv>|2 U, v EeD, (bu,u)y+{mv —bv,v) < 1}.

The last condition can be then rewritten with § =u —v, n =u+v by
observing that

m{(bu,u)+{mv —bv,v)}=
= (b€ +),E+m) = (bl —E)n = &) +my —&,n —E)} =

= (o6 )+ (G |3 |3l - (56 5n) - (50.54) =
b R R GEE ORCAGEDDE
=[5l 5 (-5l - [0 5)e]

The infimum of m{(bu,u) +(mv —bv,v)} whereu,veDandE=u —v
is fixed is therefore equal to

3¢ - (-50)¢] =
5| - uoel+ (o, e )+ (2 Pt ) =
=m(&,bE) — || PE||* = (b&,mE — PbE),

where P is the orthogonal projection of § to the norm closure of ©. We get
finally that

m~ | V*x]|2 = sup{|(x,by)|> : y €D, (by,my — Pby) < 1}.

This proves the equivalence of (2a) and (3) and completes the proof of the
theorem. |

-2

el

COROLLARY 1. Let © be a closed subspace -of the Hilbert space %,
b :® — ) a suboperator satistying property (1). b has unique positive exten-
sion of smallest norm m if and only if there exists a co-1sometry T : D — DL
in such a way that C = T(mA — A2, where A =Pb, C = (I — P)b and
P: 5 — D is orthogonal projection.

PROOF. Since b satisfied (1) we have that
|Cx||? +||Ax||? < m{Ax,x)  forallx €D.

Therefore
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(CC*x,x) < (Ax,mx — Ax)  forall x € D.

In view of Douglas factorization theorem ([1] Thm. 1, [2]) this implies that
there is a contraction T from D into D~ such that C = T(mA — A2)1/2. We
may also assume that the kernel of T contains the kernel of m A — A2, (this
additional requirement completely determines T'). For each x € DL we have

sup{|(x,by))? : y €D, (by,my — Pby) < 1} =
=sup{|(x,by)|* : y €D, (Ay,my — Ay) < 1} =
=sup{|T*x,(mA-A2)1/2y)]2 Ly eD, [(mA— AHY2y|? < 1}.

By assumption the range of T™ is contained in the norm closure of the
range of (mA — A2)!/2, therefore the last supremum is simply || T*x 2.

Hence, applying Theorem 3, we get that b has unique extension if and
only if T* is an isometry i.e. T is a co-isometry. ]

REMARK. According to the notation of Corollary 1
C*C=(mA- AHV2T*T(mA - AH/2,

If T* is an isometry, then 7™ T is an orthogonal projection and therefore C*C
is an extremal point in the operator interval [0,mA — A?], where 0 stands
for the identically zero operator. Conversely, if C*C is an external point in
[0,mA — AZ], then T*T is an orthogonal projection and therefore T* has to
be a partial isometry. So the corollary can be stated as follows. Under the
above assumption b has unique positive extension with smallest norm m if
and only if C*C is an extremal point of [0,m A — A2] and C has dense range
(equivalently C* is injective).

We need a well n lemma about operator ranges, see e.g. [2], [6].

LEMMA 1. Let D = EE* be a bounded positive operator on a Hilbert
space $). Then

ran D2 =ranE={f€§ : sup{|€,y)> : y €9, (Dy,y) <1} < o0}.
The next lemma characterizes extremal points of an operator interval.

LEMMA 2. Let D, E be positive operators and suppose that 0 < E < D.
E is an extremal point in [0, D] if and only if

4) ranEl/zﬂran(D—E)l/zz{O}.

PROOF. First assume that E is an extremal point is [0,D]. Then E =
= D'/2pp1/2 and E — D = DY/2(I — P)D'/2, where P is an orthogonal
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projection. Therefore the range of E /2 and (D - E)!/? is equal to the range
of D1/2P and D'/2(1 — P) respectively. So the only if part is almost obvious.

Conversely, since 0 < E < D, there is a self-adjoint contraction P in
such a way that E = D1/2pp1/2 We can also demand that the range of
P is contained in the closure of the range of D (in this case P is uniquely
determined).

Since ran E!/2 and ran (D - E)M? s equal to ran DY/2p1/2 and
ran DV/2(1 — p)l/2 respectively, and D1/2 restricted to the closure of the
range of P is injective we have that condition (4) implies that ran P2 n
Mran (I — P)1/2 = {0}. But then P(I — P) is identically zero, P= P2. So P is
an orthogonal projection and D is an extremal point. |

THEOREM 4. (KREIN’S CRITERION). Let B : D — §) be subpositive sub-
operator satisfying property (1). b has unique positive operator extension of
smallest normm to §y if and only if
®) sup{|(x,by)[* : y €D, (by,my —by) <1} =00
holds for each x £0 from D=+.

PrROOF. Without loss of generality we may assume that D is closed. Write

b as a column vector as in Theorem 3. According to Corollary 1, Remark and
Lemma 2 we have only to prove that (5) is equivalent to the following: C*

is injective and the ranges of C* and (mA — A% — CC*)!/2 have zero as the
only common vector.

Since for x € D+, YED
(x,by) = (x,Cy) =(Cx,y)
and
(by,my = by) = (mby.y) = [[by|[* = (mAy,y) = (A%y,y) = (C"Cy,y).
(5) can be rewritten as
(6) sup{[(C*x,y)j2 Cy €D, ((mA—A*—C*C)y,y)<1}=00

for all x #0 from DL

Now (6) obviously implies that C* is injective and ran C* Nran (mA —
— A2 - C*CO)!/2 = {0} (use Lemma 1).

Conversely, if C* is injective and x € D1 is not zero then C*x is also non

zero and therefore it is not an element of the range of (mA — A2 - C* C)l/ 2
which by virtue of Lemma | implies (6). |
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The name ‘Krein’s criterion’ can be supported with the following. It

was shown in [7], [9] that the extension problem of a symmetric suboperator
s to a self-adjoint operator can be traced back to the positive case treated
before. Indeed, b: D — §, b =||s||I|5 +s satisfies condition (1) with constant
m = 2||s||. s has only one norm preserving self-adjoint extension if and only
if b has unique positive extension with smallest possible norm m. Applying
Theorem 4 to this special case we arrive at Krein’s classical condition.

THEOREM 5. Lets : D — §) be a symmetric continuous linear operator. s

has unique self-adjoint norm preserving extension if and only if

sup{|(x,sy)* = y €D, [Islllyl® — lsyl* < 1} =00

holds true for every x #0 element from D+

(1]

12

(3]

(41

(51

(61
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FLETCHER and HUNSAKER [22] raised the following question: Does there
exist a natural class of quasi-uniform spaces containing all uniform spaces and
all equinormal quiet spaces in which the concepts of D-completeness, strong
D-completeness and bicompleteness coincide? In particular, do the locally
symmetric quiet spaces comprise such a class?**

[7] gives a counterexample for the second part of the problem, and a
solution for the first one, showing that the above notions of completeness
coincide for semi-symmetric uniformly regular spaces (which are the same
as the semi-symmetric quiet spaces, see [31] Theorem 4). Following the
newer terminology ([10], [15]), we shall say from now on *“closed-symmetric”
instead of “semi-symmetric”. KUNZI [28] proved that closed-symmetry can
be replaced here by the more general notion of mixed-symmetry introduced
in [10]. (According to [10], quietness means the same as uniform regular-
ity in mixed-symmetric spaces, too.) It is the main purpose of this paper
to introduce an even more general class of spaces in which the notions of
completeness coincide. Calling a quasi-uniformity U

(A) co-stable if each co-D-Cauchy (= u-1-— D-Cauchy) filter is stable
(= U-stable), we shall prove that the above notions of completeness coincide
in co-stable quiet spaces. (Quietness cannot be replaced here by uniform
regularity.) This is indeed a class larger than the one obtained by Kiinzi,
since, as we shall see, mixed-symmetric quiet spaces are co-stable.

* Supported by the Hungarian National Foundation for Scientific Research, grant No. 2114.
** The notions occurring in this introduction (and a few more needed later) will be recalled

in Section 1.
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As a motivation for the definition, let us mention that there exist three
other classes of quasi-uniformities in the literature either defined or charac-
terized by the stability of certain filters:

(B) A quasi-uniformity U is stable if each D-Cauchy (= U —D-Cauchy) filter
is stable. (See [29] for a detailed study of stable spaces, and [2], [12] 8.6
and [20] for a generalization.)

(C) Each (ultra)filter is stable in a quasi-uniform space iff its conjugate is
hereditarily precompact. (Independently in [12] and [29], with different
proofs.)

(D) ([14], [36]; we shall not define the notions used here.) A quasi-uniformity
has a completion in the sense of SMYTH {353] (see also [28]) iff each
weakly hereditarily Cauchy filter [14] (“Cauchy” in [35], [36]) is stable.
In addition to the results mentioned above, we shall also give some

characterizations of co-stable quiet spaces; e.g. a quiet space is co-stable iff

its D-completion is point-symmetric. Several examples and counterexamples
will also be included.

We would also like to call to the reader’s attention that stable filters play
an important role in the theory of completeness, completions and extensions
of quasi-uniform and quasi-metric spaces, see [1], [2], [4], [5], [6], [8], [12],
[13], [14], [16], [19], [20], [28), [34]), [35], [36], [37].

ACKNOWLEDGEMENT. The authors are indebted to PROF. A. CSASZAR
for spotting a wrong counterexample in an earlier version of this paper.

1. Preminaries

See [24] for basic definitions and notations. Differences in the notations:
we write Ux and U[A] instead of U(x) and U(A) (where U in an entourage);
for a quasi-uniformity 2, the uniformity sup{2{~!, %} will be denoted by U*.
For the convenience of the reader, we begin with recalling some definitions
from [24]: a quasi-uniformity U is point-symmetric if J(U~1) is finer than
IJ(UW); locally symmetric if for each U € U and each point x there is a
V e U with V-1[Vx] C Ux; equinormal if disjoint closed sets are far;
bicomplete if U is complete in the usual sense, i.e. each US-Cauchy filter
is J(U®)-convergent (a filter f in a uniform space (X,V*) is Cauchy if for
each U € V there is an S € f with S x S C U).

Given a property P of quasi-uniformities, we shall say that the quasi-
uniformity U is doubly P if both U ~! and U are P. A filter { in a quasi-

uniform space (X,U) is called stable ([25], [1]) if foreach U € U, [ U[S]€
Sef
€ f; D-Cauchy [17] if it is the second member of a Cauchy filter pair (a filter
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pair (7', ') is Cauchy ([32], [3]) if for each U € U there are S; € f' with
S_1x 8§ C U); co-D-Cauchy if it is U~ 1-D-Cauchy, i.e. the first member of
a Cauchy filter pair. Sup-dense means J(U*)-dense.

A quasi-uniformity U is D-complete ([17], [22]) if each D-Cauchy filter
is convergent (= J(U)-convergent); strongly D-complete [26] if each co-D-
Cauchy filter has a I (U)-cluster point; closed-symmetric ([7], see also [23],
{10]) if A8y, B implies Bdy; A whenever A and B are closed (= (U)-closed);
mixed-symmetric [10] if Ady; B implies B dy; A whenever A is open and B is
closed; uniformly regular ([1], [21]) if for each U € U there is a V € U such
that cI' Vx C Ux for each point x (where cl’ denotes the I (UY) closure for
i ==+1); quiet {17] if for each U € U there is a V € U such that x U y holds
whenever there is a Cauchy filter pair (f~!,f!) with Vx € f! and vTly e
Cauchy bounded [26] if each ultrafilter is D-Cauchy.

Each quiet quasi-uniform space (X,W) has a standard D-comple-
tion (Y, ") ([17], [18], [9]); instead of the actual construction, we shall
only use the following properties; U is quiet and D-complete; (X,U) is
a doubly dense subspace of (Y,1%); for each a € Y, the trace filter pair
(f~(a),fl(a)) is minimal Cauchy (here f/(a) denotes the trace on X of the
9 (W)-neighbourhood filter of a), and each minimal Cauchy filter pair is the
trace filter pair of some point.

In counterexamples, quasi-uniformities will often be induced by quasi-
(pseudo)metrics. We shall use the following convention: for pairs of points
not figuring in the formula defining the quasi-metric d, let d(x,y) =0 or
1 according as x =y or not. The entourage {(x,y) : d(x,y) < €} will be
denoted by Uy = Ugy(d). Uso is the Sorgenfrey quasi-uniformity on R, i.e.
Uso = U(dso) where dgo(x,y)=y —x if x <y.

Some connections between the notions defined above: if U is quiet
then so is & ~! [17]: quiet = (doubly) uniformly regular [21]; equinormal
= closed-symmetric (evident); closed-symmetric = mixed-symmetric [10];
mixed-symmetric + regular = locally symmetric {10]; locally symmetric =
point-symmetric [24]; strongly D-complete = D-complete [26]; D-complete
~ + uniformly regular = bicomplete [22]; totally bounded = Cauchy bounded
= precompact [26]. ‘

Let us also recall that the intersection of stable filters is stable. This
implies that a quasi-uniformity is co-stable iff each co-D-Cauchy ultrafilter is
stable. (Since a filter finer than a co-D-Cauchy filter has the same property.)
For a filter { in (X,U), denote by U(f) the filter {U[S]: U € U, S € f}. (This
is the envelope of f, i.e. the finest one of the round filters coarser than f.) f is
stable iff 2(f) is so (cf [4] 7.18).
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2. Basic properties of co-stability

2.1. Let us begin with the observation that, although co-stability is a
rather strong property (e.g. the doubly stable quiet quasi-uniformity Ugq is
not co-stable), there exist co-stable spaces in abundance:

a) Uniformities are doubly co-stable for the same reason as they are
doubly stable (cf [29] Example 2.1 (a)): the D-Cauchy = co-D-Cauchy filters
are now the same as the Cauchy filters in the usual sense (cf [17]), and Cauchy
filters in a uniform space are stable ({25] II 49).

b) If Utis hereditarily precompact then U is co-stable (and stable [29])
by (C). In particular, totally bounded quasi-uniformities are doubly co-stable.

¢) The quasi-uniform Michael line (R,{l) defined by the quasi-metric
d(x,y) = min{]x — y|,1} if x € Q is co-stable (Q denotes the set of the
rationals): Let (f‘l,fl) be a Cauchy filter pair, and take S, € f"l, T, € fl
such that S, x T, C Ui /ny- With x, € T, we have Sp C (Ixn — 1/n,xn +
+1/n[NQ) U {x,}, so ! converges to some y in the Euclidean topology.
Now either Q € §~! or x;=x3=...=y €()f~!. Fixing some & > 0, we have
in the first case Jy — e,y +e[NQC Ugpe)[S]foreach S e f—l , since S contains
a rational in ]y — ¢,y +¢&[. In the second case, f”l is the intersection of the
ultrafilter fixed at y and of a filter considered in the first case, thus §~! is
stable again. But the D-Cauchy filter generated by the sets ]0,e[\Q (¢ > 0) is
not stable either in (R,.{) or in (R4 ~"), thus { is neither stable nor doubly
co-stable.

d) The quasi-uniformity 2 on R induced by the quasi-pseudometric
d(x,y)=max{y —x,0} is co-stable: Let f be a co-D-Cauchy filter, £ > 0. Then
f has an element bounded from below. If each element of § is unbounded then
U [S]1=R (S € f); otherwise, ¢ =§réffsup5 €R, and Uy)[S] D]+, t +e[ef.

2 is in fact doubly co-stable, since it is isomorphic with 2~1. But 2 is not
stable: the sets | «,x[ (x € R) generate a non-stable D-Cauchy filter.

e) Co-stability is a hereditary property. (Proof: observe that a filter in a
subspace is stable iff it generates a stable filter in the larger space, and also
that a co-D-Cauchy filter in the subspace generates a co-D-Cauchy filter.)

f) The supremum of co-stable quasi-uniformities is so-stable. (Proof: Let
the ultrafilter u be co-D-Cauchy with respect to the supremum. Then u is
co-D-Cauchy in each coarser space. Thus we can apply [12] Lemma 5.9,
which states that, in case of ultrafilters, it is enough to consider entourages
from a subbase in the definition of stability.)
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g) The co-stable spaces form a concretely reflective subcategory of the
category of quasi-uniform spaces. (In view of e) and f), it is enough to check
the trivial statement that co-stability is preserved by the initial structure under
a surjection.) In particular, co-stability is productive.

REMARK. A partial converse to b) (similar to [29] 2.8): If U is co-stable
and U~ s Cauchy bounded then %~ is hereditarily precompact. (Clear
from (C) and the definitions.) Analogously to [29] 2.10, it follows that if
U-lis Cauchy bounded and U is hereditarily precompact and co-stable then
U is totally bounded. (Cauchy boundedness is essential here: restrict Ugg to

{1/n:neN})

2.2. We have the following four properties of a quasi-uniformity: it is
stable or co-stable, respectively its conjugate is stable or co-stable. No three
of these properties imply the fourth one. For reasons of symmetry, it is enough
to give two examples; both spaces are very simple, and they frequently occur
in the literature:

EXAMPLES. a) U =Ugo|{0} U{1/n :n € N} is doubly stable, co-stable,
but U~ ! is not co-stable.
b) Let X ={—1/n:n € NJu {0},

_Jy—x ifx <y<0,
d(x,)’)—{_y ifx:O,
U =U(d). Although U is not stable (the filter consisting of the cofinite sets is
D-Cauchy but not stable), it has the other three properties. |

The space in a) is quiet; the one in b) cannot be quiet, since we shall see
later that a quiet doubly co-stable space is doubly stable.

2.3. Compare the following result with [30] Proposition 13, which states
the same for stable spaces:

PROPOSITION. A quasi-uniform space is co-stable iff it has a sup-dense
co-stable subspace.

PROOF. Let Z be a sup-dense co-stable subspace of (X,U), and take a
Cauchy filter pair (F=', ) in X. Then (u—l(rl),u(f‘)) is also Cauchy ([4]

Lemma 7.12 b)), hence so is the finer filter pair (us(f_l),lé(fl)). By the sup-
density, this filter pair has a trace on Z, thus § =U* (f~1)Z is co-D-Cauchy
in Z. According to our assumption, b is stable, and so it generates a stable
filter ¥ in X. It is enough to prove now that U(t) = ?,l(f“').
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e USE™ N > UG, thus UE) D UG"). Conversely, let S € Uk).
Then there are T € =} and U € U such that § 5 U [(U—l N UIT] mz].

Foreachx € T, thereisaz € Z withx Uz Ux,thusx €S, TC S, Sef !,
U@ L um cug. ]

2.4. In order to formulate some statements more flowingly, let us intro-
duce two auxiliary notions: a quasi-uniformity U is strongly stable if U is
stable and U ! is co-stable; it is strongly co-stable if U™ is strongly stable
(i.e. if U is co-stable and U~ ! is stable).

LEMMA. The following conditions are equivalent for a quasi-uniformity

(1) U is strongly stable;
(ii) each D-Cauchy ultrafilter is US-Cauchy(= US-stable);
(iii) each D-Cauchy filter is U®-stable.

PROOF. (i) = (ii). If an ultrafilter is stable with respect to some quasi-
uniformities then it is also stable with respect to their supremum ([12] Lemma
5.9). In a uniform space, an ultrafilter is stable iff it is Cauchy.

(ii) = (iii). The intersection of stable (ultra)filters is stable.

(i) = (i). Evident. ]

We cannot add the stronger assumption that each D-Cauchy filter is US-
Cauchy (but see 4.1); On X ={0, 1,2}, let d(0,1)=d(0,2) =0, U =U(d); now
{{1,2},X} is a D-Cauchy filter, which is not U°-Cauchy. (An example with
better separation properties will be given in 4.2.)

REMARK. We shall later need the following statement shown in (i) = (ii)
of the above proof: any doubly stable ultrafilter is U5-Cauchy.

PROPOSITION. If U is a point-symmetric quasi-uniformity such that u-1
is D-complete then U is strongly co-stable.

PROOF. Any co-D-Cauchy filter f is convergent in the topology J o=,
which is the same as J(U’) by the point-symmetry. Hence f is US-Cauchy,
implying that (iii) in the lemma holds for %~ ]
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3. Co-stability in uniformly regular spaces

3.1. It is straightforward that if U is point-symmetric then U~ is uni-
formly regular (e.g. [9] Remark 1.3). According to [31] Proposition 7 (com-
bined with Lemma 4), the converse holds assuming that U1 is hereditarily
precompact. More generally (cf (C)):

PROPOSITION. A co-stable quasi-uniformity U is point-symmetric U1
is uniformly regular.

PROOF. Assume that (X,U) is co-stable and & ~! is uniformly regular.
Given y € X and U € U, we have to show that there is a W e U with
w-ly c Uy. Take a VEUsuchthatc] Ly~ xCU Ix (x € X). The
neighbourhood filter pair (§~ L #1) of y is Cauchy, thus =1 is co-D-Cauchy,
hence stable and so there is a W € U such that W~ y c VIS] (S ef” 1) Let
xeW™ y Thenxe VISI(S ef D, ie. V-1IxnS#£0 (S e 1), implying

y€cl™ v~y cu- 1)c,amdsoery,W 1yCUy. [ ]

Any doubly point-symmetric quasi-uniformity is doubly locally symmet-
ric ([15] 1.1), hence a doubly co-stable quasi-uniformity is doubly uniformly
regular iff it is doubly locally symmetric. But point-symmetry cannot be
replaced by local symmetry in the proposition:

EXAMPLE. Let X = {0} UN, d(0,2n)=d(2n —1,2n)=1/n (n € N). U(d)
is quiet, co-stable, but not locally symmetric. |

3.2. PROPOSITION. Any point-symmetric D-complete uniformly regular
quasi-uniformity is strongly co-stable.

PROOF. If U is D-complete and uniformly regular then U~! is D-
complete, too ([22] 2.1), thus Proposition 2.4 applies. |

COROLLARY. A D-complete doubly uniformly regular quasi-uniformity
is point-symmetric iff it is (strongly) co-stable.

PROOF. Propositions 3.1 and 3.2. |
REMARK. Any D-complete doubly uniformly regular quasi-uniformity is
quiet, see in {9] 1.3.

3.3. COROLLARY. Any compact uniformly regular quasi- un1form1ty is
strongly co-stable.

PROOF. Compact regular quasi-uniformities are point-symmetric ([24]
2.26 and 2.24); any compact quasi-uniformity is evidently strongly D-com-
plete (cf [26]). Thus the conditions of Proposition 3.2 are satisfied. [ ]
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REMARKS. a) The conjugate of Example 2.2 a) shows that the compact-
ness of U cannot be replaced by that of U ~1.

b) Although only regularity is used in the first step of the proof, uniform
regularity is essential in the corollary:

EXAMPLE. On X ={0}UN, let d(0,n)=1/n (n €N), d(k,n)=|1/k — 1/n|
if k,n €N, k is odd, n is even. U(d) is compact, but it has none of the four
stability properties. ' |

3.4. PROPOSITION. Let U be a quasi-uniformity such that U~ is uni-
formly regular. Then U is co-stable iff there is a doubly dense co-stable
subspace.

PROOF. Let Z be a doubly dense co-stable subset in (X,U); by Propo-
sition 2.3, it is enough to show that if %! is uniformly regular then Z is
actually sup-dense. Take a point p € X \ Z, and let (n~1,n!) denote the
neighbourhood filter pair of p in Y =Z U {p}. We claim that U | Y is
co-stable. Let u be a co-D-Cauchy free ultrafilter. There is a filter f such
that (u,f) is Cauchy; then (u,2(f)) is Cauchy, too, and this filter pair has a
trace on Z, thus u | Z is co-D-Cauchy, hence stable, implying that u is stable,
too (as it is the filter in Y generated by u | Z). The fixed ultrafilters are
evidently stable, so U | Y is co-stable indeed.

Uniform regularity is a hereditary property, thus (4| Y)~! is uniformly
regular, hence ¥|Y is point-symmetric by Proposition 3.1. This means that
nt ¢ n~!, thus nllZ C n“IIZ, implying that Z is sup-dense in each set
Z U {p}, therefore in X. 1

In some similar situations, it is enough to know in a uniformly regular
space that there is a dense subspace with the property in question (see [33]
6.4 for total boundedness, [28] Lemma 1 for Cauchy boundedness). In the
case of co-stability, density in one of the topologies is not sufficient, not even
in quiet spaces:

EXAMPLES. a) On {0} UN, let d(n,0)=1/n (n € N). U =U(d) is quiet.
It is not co-stable, although N is a (U~ 1)-dense co-stable subspace.

b) On X =[0, 1/2[?\{(0,0)}, let
"

ifx’=0,x”=y s
d ((x’,x”),(y',y”)) = {i”+y/ if x/ =0=y".

l

U =U(d) is quiet. It is not co-stable, but 10,1/2[x[0,1/2[ is a discrete, hence
co-stable, dense subspace.
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c) With x from b), let Y = XU] - 1/2,0[x]0,1/2[. Using the notation
x=(x"x"),y =0',y"), define

_Jmax{|x" —y'l,Ix" —y"} ifxg X,
e(x’Y)_{d(x,y) ifx,yeX.

U = U(e) is uniformly regular, but not co-stable, since (X,U) from b) is
a subspace of (Y,1*). Z = Y \ {0}x]0,1/2[ is a doubly dense co-stable
subspace: any co-D-Cauchy filter in Z contains Y \ X, and *|Y \ X is a
uniformity.

This shows that the uniform regularity of % ~! cannot be replaced by that
of U in the proposition. |

4. Co-stability in quiet spaces

4.1. THEOREM. The following conditions are equivalent for a quiet quasi-
uniformity U.:

(1) U is co-stable;

(i1) U is strongly co-stable;

(iii) each co-D-Cauchy filter is U -Cauchy;

@(iv) if (7Y is a minimal Cauchy filter pair then f~1 > §1;
(v) the D-completion of U is co-stable;

(vi) the D-completion of U is strongly co-stable;

(vii) the D-completion of U is point-symmetric.

REMARK. (i) = (ii) generalizes [31] Proposition 10; where hereditary
precompactness is assumed, and it is concluded that the D-Cauchy ultrafilters
are U3-Cauchy (cf. Lemma 2.4).

PROCF. (i) = (v). Proposition 3.4.

(v) & (vi) & (vii). Corollary 3.2.

(vil) = (iv). Each minimal Cauchy filter pair is the trace filter pair of a
point from the D-completion (see in Section 1).

(iv) = (iii). Let (f—l,fl) be a Cauchy filter pair. U being quiet, there is
a minimal Cauchy filter pair (m_l,ml) coarser than (f_l,fl). (This follows
from [4] Lemma 7.11; we shall return to the details in 4.3.) From m~!>om
we have that (m~!,m~!) is also Cauchy, i.e. m~! is %*-Cauchy, and then so
isf~ 1o m~L

(iii) = (ii). Lemma 2.4.
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(ii) = (i). Evident. |
Another proof (of a more general result) will be given in 4.4.

COROLLARY. The following conditions are equivalent for a quiet quasi-
uniformity U.:

(1) U is doubly co-stable;

(ii) U is doubly stable and doubly co-stable;

(i) if G~',§") is a Cauchy filter pair then {1 N§! is US-Cauchy;

(iv) if(f“'l,fl) is a minimal Cauchy filter pair then f_l = fl;

(v) the D-completion of U is doubly point-symmetric.

PROOF. If U is quiet then so is 2!, and the D-completion of 2 can be
identified with that of 2™}, see [17], [18] or [9]. ]

4.2. Assume now that U is not quiet, but only doubly uniformly regular.
The construction of the D-completion cannot be extended to such spaces,
so only the following question remains: is any of the conditions (ii) to (iv)
from Theorem 4.1 equivalent to co-stability? Let us first observe that the
implications (iii) = (ii) = (i) and (iii) = (iv) evidently hold in any space.
((iil) = (@v): if (G~',f') is minimal Cauchy and §~! is U-Cauchy then
G5! n§ 1) is also Cauchy, thus ! n§~! = ! by the minimality.) The
examples below show that nothing more holds. In each case, both topologies
are discrete, thus the spaces are doubly uniformly regular.

EXAMPLES. a) (i) # (ii). On X ={=x1/n: 1#n €N}, letd(x,y) =y — x|
if eitherx <y <0or0<x<yory<0<x. Then U =U(d) is doubly co-stable,
but neither 2 nor U~ ! is stable.

b) (ii) # (iv). (A well-known space.) On X from a), let d(x,y) =]y — x|
if either xy > 0 or x <0 <y. Then U =U(d) is totally bounded, hence doubly
strongly stable. =1 consisting of the cofinite subsets of X and f! generated
by the cofinite subsets of {x € X :x >0} form a minimal Cauchy filter pair
for which f=1 2 f1.

¢) (iv) # (i). On X =N? | Jet

d((1,k),(m,n)=(1/k)+(1/n) if 1<m<k,
U =U(d). Assume that (§~!,§') is a Cauchy filter pair. Then either {~! =f! is
a fixed ultrafilter or A| €71, X\ A; € f! where Ay ={m}xN (m € N). We

are going to show that (=1, §1) cannot be minimal in the second case. Take
S; € f with §_; x 81 C Uyy. and pick a k € N such that (1,k)e S_;. Then
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k—1
S1C U am. Now (f~ I g) is a Cauchy filter pair strictly coarser than (f~ Ly

m=2
where the sets SUC (S € fl, C is a cofinite subset of Ay) form a base for g.
Thus ! =§! for each minimal Cauchy filter pair, but neither 2 not U is
co-stable. |

4.3. We shall consider now another generalization of quietness neither
implying nor implied by double uniform regularity. A Cauchy filter pair
(=1, f1) in the quasi-uniform space (X,U) is weakly concentrated [4] if for
any U € U thereisa V € U such that Vx e f1, V-ly e imply x U y;
a family of Cauchy filter pairs is uniformly weakly concentrated [4] if the
above condition holds with V depending only on U, and not on the filter
pair. Using this terminology, quietness means that the Cauchy filter pairs are
uniformly weakly concentrated. Let us call U locally quiet if all the Cauchy
filter pairs are weakly concentrated (but not necessarily uniformly so). Some
results for quiet spaces can be generalized to locally quiet spaces, see [9] 1.3
and [28] Footnote 13. Parts of Theorem 4.1 can be generalized similarly:

PROPOSITION. For any locally quiet quasi-uniformity U, Conditions (i) to
(iv) from Theorem 4.1 are equivalent.

PROOF. As no D-completion is available now, we have to proceed differ-
ently.

(i) = (ii). Assume that & is co-stable, and let u be a co-D-Cauchy
ultrafilter. Pick a filter f such that (u,f) is Cauchy. Given U € U, choose
V €U such that Vx €f, V"ly euimply x Uy, and then S_; € u, S] € f

with S_; x §; C V. As u is stable, we have T=S_; N () V[S] € u. For
Seu
ze€T, Vx DS}, thus Vz € f; on the other hand, z € V[S] (S € u), thus

V=lzNS#0 (S €u), and so V7 Iz € u (as u is an ultrafilter). Therefore
x Uy (x,y € T), implying that u is U°-Cauchy. Thus Lemma 2.4 yields that
U is strongly co-stable.

(i) = (iv). Let (I, f ) be a mlmmal Cauchy filter pair, and take an
ultrafilter u > §~!. Then u is U%-Cauchy (Remark 2.4), thus (u,u) is a Cauchy
filter pair, and so is (u, unfhH. Now (uunf') and G, fl) are Cauchy
filter pairs coarser than the weakly concentrated Cauchy filter pair (u,f ).
According to [4] Lemma 7.11, there is always a coarsest one among the
Cauchy filter palrs coarser than a given weakly concentrated Cauchy ﬁlter
pair, thus (f_ ,unfl)is also Cauchy, i.e. uD fl by the m1n1mal1ty of (f“ ,f ).
This holds for each ultrafilter u > §~!, therefore {~ >yl
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(iv) = (i1i). Just as in the proof of Theorem 4.1, using {4] Lemma 7.11
(see above).

(iii) = (ii) = (i). See at the beginning of 4.2. |

The doubly uniformly regular spaces in Examples 4.2 are not locally quiet
(use the above proposition or check directly). On the other hand, a locally
quiet, not doubly uniformly regular space is given in [9] Example 1.3 f).

4.4. A quasi-uniformity is weakly quiet [9] if it is locally quiet, and the
minimal Cauchy filter pairs are uniformly weakly concentrated. The construc-
tion of the D-completion can be extended to weakly quiet spaces, and it has
the properties mentioned in Section 1, except of course that the D-completion
of a weakly quiet space is in general only weakly quiet, and not quiet. (See
[9] 2.1 and 2.2.)

LEMMA. A D-complete locally quiet quasi-uniformity is point-symmetric
ifT 1t is (strongly) co-stable.

PROOF. By proposition 4.3, it is enough to prove that, for D-complete lo-
cally quiet spaces, (iv) is equivalent to point-symmetry. As the neighbourhood
filter pairs are minimal Cauchy ([4] Lemma 7.14), (iv) always implies point-
symmetry, and let (f~!,§!) be a minimal Cauchy filter pair. Then fl converges
to some point x. Denote by (n~!,n!) the neighbourhood filter pair of x. Now
nl 1, thus 7! nn~1 1) is Cauchy. Both ("' nn~1 ') and (n~1,nl)
are Cauchy filter pairs coarser than (n_l,fl), therefore (f‘l N n‘l,nl) is also
Cauchy ({4] Lemma 7.11 is used in the same way as in 4.3). The mini-
mality of (f_l,fl), respectively of (=1 nb, gives that nl= fl, respectively
fTInn T =n"1, thus f_ljn”13n1=f1. |

REMARK. The spaces figuring in the above lemma are in fact weakly
quiet, since the neighbourhood filter pairs are always uniformly weakly con-
centrated ([4] Lemma 7.16).

THEOREM. All the conditions from Theorem 4.1 are equa]ent for any
weakly quiet quasi-uniformity U.

PROOF. (i) to (iv) are equivalent by Proposition 4.3, and (v) to (vii) by
the lemma above. (v) = (i) is evident.

(1) = (v). As (iv) follows from (i), the original space is sup-dense in the
D-completion, thus Proposition 2.3 can be applied. ]

According to Proposition 3.1, the conjugate of the D-completion of U is
uniformly regular in the above theorem. But U is not necessarily uniformly
regular:
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EXAMPLE. On X =({1/n:n € NJU{-1,0}) x N, let

d((0,k),(1/n,k))=1/n,  d{(-Lk),(1/n,k))=1/k
for k,n € N. U(d) is D-complete, weakly quiet, co-stable, but not uniformly
regular, since

Ok +1y€ @ Uy py(~Lk+ D)\ Upy(=Lk+1. I

5. Completeness in co-stable spaces

5.1. THEOREM. The following conditions are equivalent for a locally
quiet co-stable quasi-uniformity:

(i) it is bicomplete;

(ii) it is D-complete;

(1ii) it is strongly D-complete.

PROOF. (i) = (iii). Let u be a co-D-Cauchy ultrafilter. By Proposition
4.3, u is US-Cauchy, so it is T(US)-convergent, hence T (U)-convergent.

(iii) = (ii). This implication holds for any quasi-uniformity, see [26]
Theorem 3.

(i) = (1). Let f be a US-Cauchy filter, and take the (unique) minimal
Cauchy filter pair (f_l,fl) coarser than (f,f). Then (f_l,fl) is the neighbour-
hood filter pair of some point x: add to the reasoning in the proof of Lemma
4.4 that, by the minimality of (§~1,§!), we also have =1 nn=1 =71, thus
£~ =n~L. Therefore § (U%)-converges to x. ]

In quiet spaces, the argument in the proof of (ii) = (i) can be replaced
by recalling that any D-complete uniformly regular quasi-uniformity is bicom-
plete ([22] Proposition 2.2). A bicomplete doubly uniformly regular doubly
co-stable space is not necessarily D-complete, see Example 4.2 a). But all the
bicomplete strongly co-stable spaces are strongly D-complete (apply Lemma
2.4), hence:

PROPOSITION. Conditions (i) to (iii) from the above theorem are equiva-
lent for strongly co-stable uniformly regular quasi-uniformities.

The class of spaces occurring in the proposition is actually smaller than
the one in the theorem: any strongly D-complete uniformly regular quasi-
uniformity is quiet ([22] 3.6). The theorem, but not the proposition, can be
applied to U(d) from Example 4.4.
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5.2. According to [28] Proposition 6 (b), any mixed-symmetric quiet
quasi-uniformity is D-complete iff it is bicomplete. The classes of spaces
in Theorem and Proposition 5.1 are larger:

PROPOSITION. Any mixed-symmetric quiet quasi-uniformity is co-stable.

PROOF. It was established in the proof of [28] Proposition 6 (b) that if ¥
is mixed-symmetric and quiet then for each co-D-Cauchy filter there exists a
finer U%-Cauchy filter. Hence each co-D-Cauchy ultrafilter is U3-Cauchy, and
Lemma 2.4 applies. 1

There are not mixed-symmetric quiet spaces to which Theorem 5.1 can
be applied:

EXAMPLES. a) On X =N, let d(2n,2n+1)=1/n (n € N). Then U(d) is
quiet, doubly strongly stable, D-complete, but not mixed-symmetric.

b) (The quasi-metric Pixley-Roy space.) Take the metric e(s,r) =
= min{|s —¢[,1} on R/R. Let X consist of the non-empty finite subsets of
R/R, and define U = U(d) by

d(x,y)=inf{e >0,y C Ugy(e)[x1} if x Cy.

J(U) is the well-known Pixley—Roy topology, see e.g. [24] 7.38. Each
co-D-Cauchy filter is a fixed ultrafilter, thus U is strongly D-complete and
* strongly co-stable. U is uniformly regular: check that, for U = U;)(d), we can
take V' = U, /5y(d) in the definition. Therefore, being strongly D-complete,
U is also quiet ([22] 3.6). But U is not mixed-symmetric: if it were then,
being quiet, it would be locally symmetric; however, with U = Uy(d) and
V = Ugy(d), we have {e/2} € V[ V{0}1\ U{0} (as {0} V {0,¢/2} and
{e/2} V {0,e/2}). Or recall that a topological space admitting a compatible
locally symmetric quasi-metric is metrizable ([24] 2.32).

Let us also observe that 2 is not stable and 2! is not co-stable: consider
the D-Cauchy filter generated by the sets {{0,5}:0<s <&} (¢ > 0). 1

Quietness can be replaced by uniform regularity in the proposition (be-
cause of the mixed-symmetry, see [10]); regularity, however, is not sufficient,
see Example 3.3. Corollary 3.3 can be deduced from the proposition (taking
(i) = (ii) from Theorem 4.1 into account): any compact quasi-uniformity is
equinormal, hence mixed-symmetric.
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0. Introduction

The results concerning minimax theorems have many applications in sev-
eral fields of pure and applied mathematics. Qur purpose is to study the fol-
lowing two problems: let X and Y be nonempty sets, and let
f.8: XXY =R ¢:X — Y be given functions such that f < g on X x Y.
Under which hypothesis on X, Y, f, g and ¢ holds

(A) inf sup f(x,y) < sup inf g(x,y)
YEY xcXx xEXYEY

or

(B) inf sup f(x,y) < sup g(x,p(x)).
YEY yeXx xeX

Results related to problem (A) (called minimax theorems, since in case
f =g we have equality) have been obtained by several authors. These can
be applied in game theory, mathematical economics and optimization theory.
Problem (B) has been studied just in case X = Y and ¢ (x)=x. These results
(called minimax inequalities) are useful for studying variational inequalities,
differential equations, potential theory, etc. It is easy to see that (A) implies
(B), therefore (B) can be usually stated under weaker hypothesis.

The aim of this note is to state theorems which extend some of the
most important known results concerning problems (A) and (B), to study the

* Research supported by OTKA No. T 007546 Hungary
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connection between them and to give some applications. The first section is
concerned on problem (B). Using a convexity concept introduced by JOO [14],
Theorem 1.1 contains, in particular KY FAN [4], while Theorem 1.3 those
of BREZIS-NIRENBERG-STAMPACCHIA [1], SIMONS [25] and KY FAN [5].
Here we use a method related to KNASTER-KURATOWSKI-MAZURKIEWICZ
(KKM in short) theorem which first appeared in KASSAY-KOLUMBAN [17].
In section 2 we apply our results from section 1 and deduce Brouwer’s fixed
point theorem for this kind of convexity (pseudoconvex spaces). Further, we
show that Brouwer’s fixed point theorem fails in a more general convexity
structure (interval spaces, introduced by STACHO [28]). Although problem (A)
can be treated in interval spaces (see the results of JOO [14], [15], STACHO
[28], KOMORNIK [21]) our counterexample shows that problem (B) cannot
be attached in interval spaces using the argument of section 1 (which uses
Brouwer’s fixed point theorem). This question remains open (i.e., problem
(B) in interval spaces).

In section 3 we are concerned on problem (A). It is shown how one can
prove a general minimax theorem (Theorem 3.1) using three methods: the
KKM-method used in section 1, the level set method discovered by JoO [11]
and the mixture of the level set and cone method (discovered in the strongest
form by JOO [13]) given by KASSAY [19].

Theorem 4.1 (section 4) is deduced using Theorem 1.3 and extends a
result on variational inequalities due to BROUWER [2].

Recently, SIMONS [27] introduced the concept of upward-downward
function in order to establish minimax theorems. He asked whether his result
remains true for two functions. In section 5 we answer in the negative to both
of Simons conjectures. On the other hand, we prove these conjectures under
an additional hypothesis.

Finally, in section 6 we state generalized Kuhn-Tucker theorems for cone
constrained and inequality constrained (nonlinear) optimization problems.

For other results concerning problems (A) and (B) see also [3], [7], [8],
[91, [10], [16], [18], [29].

The results of this paper were first announced in [15].

1. Minimax inequalities on pseudoconvex spaces

The aim of this section is to give a minimax inequality without lin-
ear structure which, in particular implies Ky FAN [5], BREZIS-NIRENBERG—
STAMPACCHIA [1] and SIMONS [25]. Instead of the usual convexity in lin-
ear spaces, we consider a convexity concept introduced by JOO [14] which
doesn’t need the linear structure. First we recall the following definitions:
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DEFINITION 1.1 (KoMiya [20]). Let X be a nonempty set. A mapping
h 12X — 2% is said to be convex hull operation if it satisfies the following
conditions: h(9) =0, h({x}) = {x}, h(A)=N{h(F): F C A is a finite set},
h(h(A))= A(A C X). One says that A C X is convex, if h(A) = A.

DEFINITION 1.2 (JoO [14]). A triple (X,h,¥) is called pseudoconvex
space if
(1) X is a topological space and & is a convex hull operation on it;

(2) ¥F={yp:F C Xisfiite}, yp: A" - h(F), (n =cardF—1) is a
continuous mapping of A" onto h(F), where A" denotes the standard simplex
of R"*:

(3) For each finite F C X, yFg is convex hull preserving, i.e., if A" =
=(eg,eq,...,en) and F={xg,x|,...,x, } for each subsimplex (e,-O,e,-l,...,e,-k) C
C (ep,ej,--.,en) we have lpp((e,-o,...,e,-k)) =h(x,~0,...,x,~k).

In [12] can be found an example for pseudoconvex space (see the next
section too), where X =" and which differs from the usual convexity. We
also mention that pseudoconvex spaces include convex spaces in the sense of
Komiya [20].

Now we state a result which extend the well known Ky Fan’s intersec-
tion theorem [4] (often called the Ky Fan’s lemma). For, we first need the
following definition;

DEFINITION 1.3. Let (X, h, %) be a pseudoconvex space and let Xj, X1, ...
..., Xn be a family of subsets of X. The set {xg,x{,....Xn} C X is said to be
KKM-selection for Xy,..., X, if for any subset j C {0,1,...,n} we have

(i€ Ihc X
jes
Note that this concept differs from that in Ky Fan’s lemma even in case when
the convexity above reduces to the usual one, since the elements xg,...,x, are
not necessarily distinct. For instance we could have xg =x| =... = x,; then

N X #0.
i=0

n
Moreover, we have the following property: [ X; #0 if and only if there

, i=
exists a KKM-selection for Xj,...,X, which contains one element. The
following theorem gives a sufficient condition for the existence of such a

KKM-selection.

THEOREM 1.1. Let (X,h,¥) be a pseudoconvex space, I a nonempty

set and (X;)je; a family of compact subsets of X. Then (| X#0 if and
iel
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only if for each finite subset ig,iy,...,in € I, the family (X; Jo<k<n admits a
KKM-selection.

PROOF. The necessity is obvious. We prove the sufficiency. By com-
pactness, it is enough to show the “finite intersection property” for (X;);er-
Let X;, X ,..., X, (io,if,...in € I) be given and let {xg,x1,...xn} be a
KKM-selection of them. Without loss of generality we may suppose that
X0,X1,...,%p are distinct. Otherwise, if, say x; = xp for [ #p then the corre-
sponding sets X;, and X,-p could be changed with their (nonvoid) intersection.
Let By =y5 (X, Nh(F)), 0 <k < n, where F = {xg,x|,...,%,}. Then for
{eg,e1,...,en } =A" we have co{e; :j € J} C |J Ej foreach J C {0,1,...,n}.

JE€J
Indeed, let z € co{e; :j € J}. Then wp(z) € h({x; :jeJpHC U X, Let
JEJ
Jo € J such that yp(z) € X,-jo. Therefore, z € tp;l(XijO Nh(F)) = Ejo’ By a
variant of the classical KKM theorem (see [17], Lemma 2.1) it follows that

n n
E, #0; thus () X;, #0. This completes the proof.
k
k=0 k=0

In the following we give an extension to an intersection theorem due to
BREZIS-NIRENBERG—STAMPACCHIA ([1], Lemma 1).

THEOREM 1.2. Let (X,h,¥) be a pseudoconvex space, I a nonempty set
and ¢ : 1 — X a given function. Let (X;);c1 be a family of subsets of X for
which

(4) there is an index iy € I such that X;; (the closure of X;,) is compact;
(5) foreachi € I and for each finite subset F of X, X; Nh(F) is closed;
(6) for each finite subset F of X we have

< N A}) Nh(F)= ( N th(ﬂ),
iclg iclp

where Iy = (p"'(h(F)) (may be empty);
(7) for each finite subset J of I we have
r{pG):j eTpc ()X
jeJ
Then () X;#0.
iel

PROOF. Let ®={F: FC X is a finite set, ¢(ig) € F} and # = {h(F):
F € @}. For simplicity, denote the family # by (H;);es. On S introduce the
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ordering relation as follows: s <t (s,t € §) iff H; C H;. Let s € S be fixed
and I ::<p'"1(Hs) (Since ig € I; for each s € S, I; is nonempty). Define

E =X,NH;, icl
Then we have
(8) E; is nonempty and closed for each i € I;
9 Efo is compact;
(10) For each finite subset J of I; we have

hdp(h:jelhc U E.
JjeJ

Properties (8) and (9) are obvious. For (10) let J be a finite subset of I.
It is clear by (7) that h({p(j):j € J}) C {J Xj. On the other hand, using the
JeJ
axioms of h we have h({¢(j):j € J}) C Hs. Applying Theorem 1.1 (without
loss of generality we may assume that E are compact, i € I;), ) E} #0. For
iels

each s € S, choose an element us € [ E and let K := |J {us}. We have

icls IZS .

K; C /—\’g; further for sy, s, € S there exists s3 € S with Ky, C K5, N K, .

Using compactness of Yi(; it follows that (] K;#0. Letx € [ K;. We show
sES SES

that X € () X;. By definition, Ky C [] X;. Choose an index sg € S such that

el iels
X € Hy,. Let i € I be arbitrarily chosen and s > s such that ¢ (i) € H;. Then

by (6)

feEﬂHsc(ﬂ Xi>an=<ﬂX,~>mHs.

iel i€ls
Thus X € X;. This completes the proof.
Our next purpose is to establish a minimax inequality for pseudoconvex
spaces. First we need the following definition.

A pair (X, h) is said to be convex space of X is a point set and h : 2X
2% is a convex hull operation (see Definition 1.1).

THEOREM 1.3 Let (X,h|) be a convex space and (Y,hy, %) be a pseudo-
convex space. Letf,g: X x Y —R suchthatf <gonX x Y,letp: X —Y

be a function and a := sup g(x,¢ (x)). Suppose
xeX

(11) for each finite subset X of X, hy({p(x) : x € Xp}) C ¢ (h1(Xp));
(12) f is Ls.c. in its second variable on hy(Yy), for each finite Yo C Y;
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(13) g is quasiconcave in its first variable, i.e. the set {x € X : g(x,y)>f}
is convex foreachy € Y and § € R;
(14) for each finite subset Yo C Y and for each filter yo € Y converging to
y € hp(Yy), we have: f(x,yq) <a foreachx € Iy impliesf(x,y) < a for each
x € Iy, where Iy := ¢~ (ho(Yp));
(15) there is a compact subset D of Y and xq € X such that f (xg,y) > a for
eachy € Y\D.

Then there exists yg € Y ND such that f(x,yg) < a forallx € X. In

particular, inf sup f(x,y) < sup g(x,p(x)).
yeYxex xeX

REMARK. Assumptions (14) and (15) are clearly satisfied if Y is compact
and f is L.s.c. in its second variable on Y.

PROOF. For each x € X define the sets

Y={y€Y: :f(x,y)<a}.

Using Theorem 1.2, we show that [ Y, #0. Itis easy to see that properties
xeX
(4), (5) and (6) follow by (15), (12) and (14) respectively, with I := X,

Y, := X;. We have to verify that (11) and (13) imply (7). Let x,x3,...
n

...»Xp € X and suppose hy({p(x;):i € {1,...,n}}) € |J Yy,. Then for some
i=1

y €Em({p(x;):i€{l,...,n}}) we have f(x;,y) > a foreach i € {1,2,...,n}.

By (11), y € ¢(hy({x1,...,x, })), hence there exists z € hj({x],...,xn}) such

that y = (z). Since g(x;,y) > a foreach i € {1,...,n}, by (13), g(z,y) > a,
i.e., g(z,¢(z)) > a, which contradicts the definition of a.

This completes the proof. [ |

COROLLARY 1.1 (BREZIS-NIRENBERG—STAMPACCHIA [1]). Let Z be a
closed convex subset of a Hausdorff topological vector space E and let

f:ZxZ — R such that

(16) fle,x)<0 foreach x € Z;

(17) f is Ls.c. in its second variable on the intersection of Z with any finite
dimensional subspace of E;

(18) f is quasiconcave in its first variable;

(19) Whenever C is a convex subset of Z and y, Is a ﬁ]ter converging to
y € C, thenf(x,y,) <0 for every x € C impliesf(x,y) <0 foreveryx € C;
(20) There is a compact subset D of E and xq € DN Z such that f (xg,y) >0
fory € Z\D.
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Then there exists yg € DN Z such that f(x,yg) <0 forall x € Z. In

particular, mf sup f(x,y) <0.
YeZyez

PROOF. Apply Theorem 1.3 with X =Y =Z, f =g, ¢(x) =x for each
x € X-and hj(A)=hy(A)=coAif AC X.

COROLLARY 1.2 (SIMONS, [25]). Let Z be a nonempty convex subset of
a topological vector space, letf : Z x Z — R be l.s.c. in its second variable,
g : Z x Z — R quasiconcave in its first variable and f < g on Z x Z. Then
min sup f(x,y) < SUP g(x,x).

YE€ZxeZz x€Z

COROLLARY 1.3 (KY FAN {5]). Let Z be a nonempty compact convex
subset of a topological vektor space and f : Z x Z — R be quasiconcave
in its first variable and ls.c. in its second variable. Then rrgg sup f(x,y) <

y

XeZ
< supfix,x).
x€Z

2. Application in fixed point theory

Using the results above, in this section we prove that Brouwer’s fixed
point theorem holds under convexity introduced by I. LOO and L. L. STACHO
[12]. This is a kind of pseudoconvexity defined in R”.

Let x = (xg,...,Xn), ¥ = (¥0»---,¥n) € R**1. The interval joining x and y
will be defined as a polygon with at most n + | pairwise orthogonal segments
as follows (see also {12] and [14]). If x,, >y, then let I, = {(xq,...,xy_1,1):
yn <t <xp}. If x, <y, then let Iy = {(yg,.--sYn—1-8) : xn <t < yp}. In
the first case we get [,,_| analogously to I,; if, for example x,,_| < y,_1
then I,y = {(o,--s¥n—2:5¥n) 1 Xp—] St < Yn—1}s if X1 > yp—1 then
L1 = {005 s X —2,8,9n) Y1 <t <Xx,_1}. In the second case (x, < yn)
we construct analogously 7, _; and in the third step I,_», etc. The segments
Iy, Iy,..., I, parallel to the axis will join x and y. A set A C R" is convex if
x,y € A implies that the interval joining x and y is contained in A. It can be
shown that R” with this convexity is a pseudoconvex space in the sense of
Definition 1.2 (see JOO [14]).

In which follows, we use the notions of convex set, quasiconvex (quasi-
concave) function in the sense of JOO-STACHO {12], described above.

LEMMA 2.1. The Chebyshev norm in ", i.e. ||x||c = max{|x}],...,|xn|}
forx =(xq,...,xp) € R" js a quasiconvex function.
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PROOF. It is easy to see that each Chebyshev sphere centered at the origin
is a convex set. Let x,y € R” and z € [x,y] (the interval joining x and y). Let
R =max{||x||c,|lyllc} Then the sphere centered at the origin with radius R
contains z. Hence ||z]|c < R=max{||x||¢c,|lyllc}-

We mention that this statement is false for the Euclidean norm. For
instance let x = (—=2,0), y = (1,—1) € R%2. Then z = (-2,—1) € [x,y] and
llz|l > max{|lx|,|ly||} where || - || denotes the Euclidean norm.

THEOREM 2.1 (See.also KY FAN [6]). Let X be a compact convex subset
of R" andf, f: X — R" be two continuous mappings. Suppose

Ix =f)llc > |Ix —f&x)||c  foreach x € X.
Then there exists a point xqg € X such that
20 lx —F e > lxo—Fxo)llc foreach x € X.

PROOF. Take f(x,y) =y —fOWllc — IIx =FfO)lc. It is clear that f is
continuous in its second variable and (using Lemma 2.1) quasiconcave in its
first variable. Applying Theorem 1.3 with X =Y, hy=hy, f =g, p(x)=x for
each x € X we obtain (21).

REMARK. If in addition X is invariant underf, i.e.f(X) C X, then (21)
is equivalent with f(xq) = xq.

In [28] L. L. STACHO introduced the following convexity structure: the
pair (X,[-,-]) is called an interval space if X is a topological space and
[,-1: X x X — 2% is a mapping such that xg, x; € [xg,x;] and [xq,x;] is a
connected set for each xg, x; € X. A set A C X is called convex if xg, x1 € A
implies [xp,x;]C A. We can define the concept of quasiconvex (quasiconcave)
function f : X — R in a similar way as above. It is easy to see that every
pseudoconvex space (X,h,%) is an interval space, where the interval [xg,x;]
is defined to be Yr(Al), with F = {xg,x|} C X. It is natural to ask whether
Brouwer’s fixed point theorem remains true for interval spaces. We answer
to this question in the negative. Let X =[Q,1] C R. Introduce the following
topology in X : A C X is closed iff A is finite or A = X. It is clear that
X is a compact topological space with the topology above. For each xj,
X7 € X let the interval joining x; and x, be the whole space X. Then every
interval is closed, connected and contains its endpoints. Now consider the
function f : X — X defined by f(x)=x+1/2 forx € [0,1/2], f(x)=x —1/2
for x €]1/2,1[ and f(1) = 0. Then f is bijective, without fixed points. It
remains to prove that f is continuous. Let x € [0,1] be an arbitrary element
and let V be a neighbourhood of f(x). By definition V must contain each
element of X except a finite number of them. Let V =[0,11\{y;,y2,.+sYn}
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and x; :=f~1(y;), (1 <i < n). Then the set U := [1,01\{x},x2,...,xn} is @
neighborhood of x for which f(U) C V. Thus f is continuous at x.

In section one we have seen that results concerning minimax inequalities
(problem (B)) can be extended for pseudoconvex spaces. The proof is based
on KKM methods which use Brouwer’s fixed point theorem. As it could be
seen, these theorem fails in interval spaces. Therefore, in these spaces, the
results in section one can’t be proved using the argument above. However, it
would be interesting to attack problem (B) in case of interval spaces.

3. Minimax theorems

In this section we are concerned on problem (A). We start with the
following definition.

DEFINITION 3.1. Let (X,h,%) be a pseudoconvex space. A function f :
X — R is said to be convex if f oy is convex (in the usual sense) for
each finite F C X. f is said to be concave if f is convex. Recall that f is
quasiconcave if —f is quasiconvex. It is clear that if f is convex (concave)
then it is also quasiconvex (quasiconcave).

THEOREM 3.1. Let (X,hy, %) be a pseudoconvex space, (Y, hy,%,) be a
compact pseudoconvex space. Let f : X x Y — R be u.s.c. and concave in
its first variable and 1.s.c. and convex in its second variable. Then

min sup f(x,y)= sup inf f(x,y).
YEY xex - xeXyeY

We shall deduce Theorem 3.1 in three ways: the first one uses the
results above concerning minimax inequalities (therefore, the proof is based
on KKM methods and its generalizations); the second one uses the Hahn—
Banach method (separation of convex sets), while the third one will be the
method of “level sets” dicovered by 1. Jo6 [11] which uses neither KKM nor
Hahn-Banach’s theorems.

For the beginning, we give a minimax theorem for two functions which
follows by Theorem 1.3 and which clearly implies Theorem 3.1. This con-
tains, in particular SIMONS [25], Theorem 1.4, and H. NIKAIDO [24].

THEOREM 3.2. Let (X,h|,%,) and (Y,hy,%,) be two pseudoconvex
spaces with Y compact, f,g : X x Y =R withf <g on X x Y such that

(22) f is ls.c. in its second variable and quasiconcave in its first variable;
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(23) g is u.s.c. in its first variable and quasiconvex in its second variable.
Then
mm sup f(x,y) < sup inf g(x ).
YEY yeXx xeXYEY

PROOF. Suppose first that X is compact. If the result were false, we could
choose r € R such that

(24) minsupf(x,y) > r > supinfg(x,y).
Yy x x Y

Let Z=X x Y. Then (Z,h,%) is a compact pseudoconvex space, where 4 and
% are defined as follows: if F={(xq,y0),---,(xn,¥n)}s F1 ={x0s---s%n}, o =
={y0,---»yn} then Y=y p XY 5, 1 A" = Z (ie. Yp() = @1, F ¥2,5 (1)
iftreA™ and ¥ = {yg: F C Z is finite}. The convex hull A(F) of a finite
set F C Z is defined by w (A" )(n + | =card F) and the convex hull of any set
A C Z is determined by h(A) =N{h(F),F C A is a finite set}.

Consider the function ® : Z x Z — R defined by
D((x,y), (£,9)) = min{f (x,9) — r,r —g(£,y)}.

It is easy to see that @ verifies the conditions of Theorem 3.1 (with f =g :=
= @). We have ®((x,y),(x,y)) < 0 for each (x,y) € Z. Thus, there exists
(X,9) € Z such that ®((x,y),(£,9)) <0 for each (x,y) € Z, or, in other words
f&x,9)<rorg(x,y)>r foreach (x,y) € Z. This contradicts to (24). Now,

n
considering the general case, it can be seen that for each x,...,xp, € X [ {y €
i=1
€Y :f(x;,y) <a}#0 where a :=supinfg(x,y). Using the finite intersection
x Y

property for compact sets, we have () {y € Y :f(x,y) <a}#80, as required.
xeX

In paper [19], G. KASSAY gave a simple proof for Konig’s minimax
theorem [22] based on geometrical properties on R>. Konig’s theorem has
extended by S. SIMONS [25] for two functions. We prove Simon’s theorem
using the method in [19].

THEOREM 3.3 (S. SIMONS, [25]). Let X be a nonempty set, Y a non-
empty compact topological space, f,g : X XY =R withf <g on X X Y
such that

f is ls.c. and 1/2 convex in its second variable, i.e. for all yi, y, € Y
there exists y3 € Y such that

f(x,yl)+f(x,y2)

5 for each x € X;

(25) flx,y3) <



CONVEXITY, MINIMAX THEOREMS AND THEIR APPLICATIONS 81

g is 1/2 concave in its first variable, i.e. for all x|, x, € X there exists
x3 € X such that

g(x1,y)+g(x2,y)

(26) g(x3,y) > 3 foreach yeY.
Then
(27) min sup f(x,y) < sup inf g(x,y).

YeY xex xeXYeY

Let ¢, := supinfg(x,y). We have the following statement which has
x Y
proved for one function by 1. JOO [13].:

LEMMA 3.4. (27) holds iff () {y € Y :f(x,y) <c}#0, ¢ > cx.
xeX

The proof is analogous to that of Theorem 2 [13]; we omit the details.

PROOF OF THEOREM 3.3. Since Y is compact and f is Ls.c. in its second
variable, hence the sets HY :={y : f(x,y) < ¢} (c > c4) are compact. Thus,
it is enough to prove that the family of sets {H{ : x € X} (¢ > c¢4) has
the finite intersection property. We prove that any two sets of this family
have nonempty intersection. Suppose the contrary, i.e. that there exists ¢ >
> ¢4 and xj, x5 € X such that chl ﬂH;z =@ and define p : Y — R? by
PO =(c—f@x,yhe —fxay). If K={(s,1)c R :5 >0, t >0} then
p(Y)N K = 0.We show that cop(Y)NintK =0 (coA denotes the standard
convex hull of A C R?). For this, suppose that there exist A,...,4; € [0,1]

k k
with > A; =1 and yg,y2,...,yx € Y such that > A;p(y;) € int K. Using (25)
i=1 i=1

— — — k
we can choose A|,4y,...,A4;y with4; >0 (1 <i <k)and > 4; =1 such that

i=1

k k

S A;p(y;) € K and for which there exists y € Y such that p(y) — Y 4;p(y;) €
i=1 i=1

€ K. This means that p(¥) € K, which contradicts the hypothesis. By the
well-known separation theorem of Hahn-Banach in 2, there exists a line
which separates the sets cop(Y) and K. That is, there exists b = (b1,by) € K
with by + b, = 1 such that (u,b) < 0 for all u € p(Y) or, in other words
bif(x1,y) +baf (xg,y) > c forevery y € Y. Let ¢; € R such cx < ¢y <c and
d:=cy —c. Then we have by [c| —f (x1,¥)]+balcy —f (xp,y)] < d forevery y €
€ Y, hence the set p;(Y) is separated from K by the line bys + byt =d, where
pi1(y)=(c; —f(xp,y),c1 —f(x2,¥)) (d <0). Since f(xq,-) and f (x5,-) are Ls.c.
on Y, hence there exist @, > 0 such that p1(Y) C (—co0,a] x (—c0,B]. The
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line by s + byt =d intersects at least one of the lines s =a and ¢ =f; suppose that
it intersects the second one. It is clear then, that the line b1fs +(—d + byf)t =
= 0 separates p|(Y) and K. Let g,(y) =(c|1 —g(x1,y),c1 —g(x2,y)). Since
P1(y) —g1(y) € K for every y € Y, each line which separates p;(Y) and
K, separates g{(Y) and K too. Using (26), choose # € [0,1] and x, € X
such that g(xy,y) > ug(xy,y)+(1 —u)g(xy,y) for every y € Y and such that
us+(1 —p) =0 separates g;(Y) and K or, in other words u[c| — g(xy1,y)]+
+{1 —u)cg — glx2,y)] <0 for every y € Y. Therefore, g(x,,y) > ¢ for
every y € Y which leads to supig}fg(x, y) 2> €1 > cx. This is a contradiction.
X

Hence any two sets of the family { Hf : x € X'} have nonempty intersection.

n
(In order to prove that for any ¢ > ¢« and xy,...,x, € X we have [ HCCi £0
i=1
we use induction. For the details, see [13}). This completes the proof.
Observe that Theorem 3.3 implies Theorem 3.1 (note that 1/2 convexity
implies convexity in a pseudoconvex space):

Finally, Theorem 3.1 follows by a result of 1. JOO ([14]. Theorem 3).

THEOREM 3.4 (L. JOO, [14]). Let X be an interval space, Y a compact
interval space and f : X X Y — R such that

(28) f is u.s.c. and quasiconvex in its first variable;
(29) f is ls.c. and quasiconcave in its second variable.
Then

min sup f(x,y)= sup minf(x,y).
YEY xex xeXYEY

4. Application to variational inequalities

In this section we apply the results from section 1 to obtain an existence
theorem for variational inequalities. Our statement will be an extension of
F. E. BROUWER [2].

Let X be a nonempty convex subset of a topological vector space E and
let T: X — E*, where E* denotes dual space of E. The problem is to find
y € X such that '

(30) (Ty,y—x)<0 forevery x € X.
This problem has been studied by many mathematicians who have solved

(30) under some hypothesis on X and T. (see for instance [2}, [23], [25]).
Now we will study a generalized form of (30). Let X be a convex subset of a
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topological vector space E, (Y,h,¥) a pseudoconvex space and E* the dual
spaceof E.let T: Y - E*, g: Y > E,

We study the following problem: find an element y € Y such that
3D (Ty,g(y)—x)) <0 forevery x € X.

THEOREM 4.1. Let X be a convex subset of a topological vector space
E, (Y,h,%) a pseudoconvex space, T: Y - E*,g: Y - Eandp . X - Y.

Suppose that
(32) for each x1,x3,...,xn € X, h{p(x)),...,0(xn)} Cp(co{xy,...,xn}).
(33) (Tlp®)), glp(x)) —x) <0 for every x € X; |
(34) T:Y — E*andg:Y — E are continuous;

(35) there is a compact subset D of Y andxy € X such that (Ty,g(y) — xg) >
>0 foreveryy € Y\D.

Then there exists yo € D solution of (31).

PROOF. Let f : X X X — R defined by f(x,y)=(Ty,g(y) —x) (x € X,
y € Y). It is easy to see that f satisfies the conditions of Theorem 1.3

(considering f = g). Since sup f(x,p(x)) < 0 by (33), there exists yg € D
xeX
such that f(x,yq) < 0, as desired.

COROLLARY 4.1. Suppose that (32), (33), (34) hold and Y is compact.
Then there exists yg € Y. solution of (31). :

COROLLARY 4.2 (F. E. BROUWER, [2]). Let X be a compact convex
subset of a topological vector space E and T : X — E* a continuous map.
Then there exists yo € X such that

(Tyg,yo—x) <0 forevery xe€X.
PROOF. Apply Theorem 4.1 for X =Y, g(x)=¢(x)=x for every x € X.

5. Upward-downward functions
A disprove for two conjectures of S. Simons

In [27] S. SIMONS has given the following definitions. Let X and Y be
nonempty sets. A function f : X X Y — R is said to be upward on Y if
Ve >0 3 0 >0 such that Yy;,y2 € Y Jys € Y such that:

36) {Vx € X :f(x,y3) < max{f(x,yp),f(x,y2)} and
fe,y3) > max{f G,y f (x,y2)} =6 =|f&x,y1) —f(x,y2) [< .
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One says that f is downward on X if Ve >0 3 J > 0 such that Vxp,x; € X,
dx3 € X such that:

36) {Vy € Y : f(x3,y) > minf (x1,y),f(x2,y) and
f(x3,y) <min{f (x1,y),f (x2,9)} +3 = f(x1,y) = f(x2,y) | <.
SIMONS has proved in [27] that if f is upward on Y, downward on X, Y

is a compact topological space and f is l.s.c. in its second variable then
minsupf(x,y)=supminf(x,y). The question whether this statement remains
Yy x x ¥

true in case of two functions remained open. Namely, [27] concludes with
the following conjectures:

(37) Suppose that f,g : X x Y — R, f is upward on Y, g is downward
on X, f<gonXxY, Xyis a nonempty finite subset of X. Then

inf maxf(x y) < sup mf g(x,y).
yeY x€Xy xeXYE

(38) Suppose that f,g: X x Y — R, f is upward on Y, g is downward on
X,f<gonXxY,Y isacompact topological space and f is l.s.c. in its
second variable. Then

min sup f(x,y) < sup mf g(x,y).
YeY yex

We shall give negative answer for both conjectures of S. SIMONS [27].

Our counterexample shows that these conjectures fail even in a special
case: X and Y are both compact, f,g : X x Y — R are continuous, f
is upward on Y, g is downward on X and f < g on X x Y. However,

min sup f(x,y) > sup inf g(x,y).
YEY xeX xeXYEY

To this end, we need the following Lemma:

LEMMA 5.1. Let X and Y be compact subsets of R andf : X x Y — R,
f(x,-) is either strictly monotone, or a constant function. If Y is convex, then
fisupwardon Y.

PROOF. It is enough to show that for each ¢ > 0 there exists 0 > 0 such
that for each x € X and yj,y» € Y, f (x,h%) < max{f(x,y1),f(x,y2)}

and | f06yp) = f0632) |2 & = f (1, 2052) < max{f (e,9).f (5,2} - 8
The first relation is trivial. For the second on let’s suppose that there ex-
ists £ > 0 such that for all n € N there exist x, € X, y{',yJ € Y with

If(xn,)’]) f(xn,y )|>£ andf( X_l_Z_) >max{f(xnay )f(xn’y )}_

for all n € N. Using compactness, one can suppose (xn), (1), (y2) convergent
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(if it is necessary, we choose subsequences). Since f is uniformly continuous
on X x Y, there exists g > 0 such that |y —yy |> g for all n € N. Let
Xn — X, YT = ¥1, ¥4 — ¥2. Then we obtain the following contradiction:

£ (6 222) = max{f ey, (5920}
A similar property assures that g is downward on x.

Nowlet X =Y =[-1,1],f,g : X x Y — R given by
f(=1,-D=g(-1,-D=f(1,)=g(1,1) =2,
f=LD=¢g(=1,D=f(1,-1)=g(,-1)=-2,
f=1L,0)=¢(-1,0)=f(1,00=¢(1,0)=1,
fO,-1)=g(0,-1)=£(0,1)=g(0, )= —1;

on the segments
[(-1,-1),(-1,0OL[-1,0),(=1, DLI(=1,1),(0, DJ,...,[(0, = 1),(=1,-1D)]

let f =g be affine; f(0,y)= —1 for each y € [—1,1] and g(x,0) =1 for each
x €[—1,1] (see figure 1). At the interior points of the square {[—1,1] x [—1,1]
we construct f such that for each y € (—1,1), f(x,y) is affine for x € (—1,0)
and f(x,y) is affine for x € (0, 1) (see figure 2); g such that foreach x € (-1, 1),
g(x,y) is affine for y € (—1,0) and g(x,y) is affine for y € (0, 1) (see figure 3).

b

-2 -1 2

Fig. 1
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Fig. 2

Fig. 3
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Geometrically, both f and g are formed by two conoidal surfaces.

Using Lemma 5.1, f i1s upward on Y and g is downward on X. It is
easy to verify that f < g on [—1,1] x [—1,1]. On the other hand, we have
i;lfsupf(x,y) =1 and supinfg(x,y)=—1.

X x Y

Therefore, the second conjecture of S. SIMONS fails (i.e. (38)). The first
one (i.e. (37)) fails too: let Xo={-1,1}.

It remains an open question: under which additional hypothesis (37) and
(38) can be proved?

We answer to this question in case when one of the sets X and Y is
finite. To this end we prove the following lemmas.

LEMMA 5.2. Suppose tbatf X xY —Risdownward on X and X is a
finite set. Then there exists x™ € X such that f (x*,y)>f(x,y) foreachx € X
andy €Y.

PROOF. Let X = {xy,xp,...,x, }. It is easy to see that (36) implies
Vxp,xp € X :dx3 € X such that

(39) {Vy & Y :f(X3,y) Z miﬂ{f(xl,)’),f(x%y)} and
FOLy) # f(x,y) = fx3,y) > min{f (x,y),f (x2,¥)}-

We use induction. If n =1 the conclusion is trivial. Suppose that for n =k
the property holds and prove it for n = k + 1. First we shall prove

(40) There exist
i,j €{1,2,...,k +1} with i#j such that f(x;,y) > f(x;,y) for each y € Y.

Suppose the contrary. Then the sets A; ={y € Y : f(x],y) <f(xp,y)} and
Ay ={y € Y : f(x1,y) > f(xp,y)} are both nonempty. Choose x3 as in (39)
andlet Az ={y € Y :f(x3,y) <f(x1,y)}. If A3 =0, then (40) holds. Suppose
A3#0. It is easy to see by (39) that

f(x3,y)> f(x,y) forevery y€ A and
fx3,y)>f(xp,y) forevery y€ A,.

We also have A3 C Ajp. Let x4 be the element which corresponds to
x1 and x3 by (39). Then f(x4,y) > f(x3,y) for every x € A3. Let Ay =
={y € Y :f(x4,y) <f(x1,y)}- Then A4 C A3. If A4=0, we have (40). Else,
we continue this procedure. It is also clear, that the elements x,x;,x3,... are
distinct (supposing that the corresponding sets Aj,a;, As,... are nonempty).
Hence, it is impossible to continue this procedure indefinitely since X is
finite. Then, for an i € {1,2,...,k+ 1} we must have A; =, which implies
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(40). Choose i,j € {1,2,...,k + 1}, i#j such that f(x;,y) > f (x;,y) for every
y € Y. Then (39) remains true for {xq,x,...,Xk+1}\{x; }, or in other words
the functions f(xp,-), p € {1,2,...,k + 1}\{j } satisfy (39). Using induction,
the conclusion of Lemma 5.2 follows.

LEMMA 5.3. Supposef : X XY — R isupwardon Y and Y Iis a finite
set. Then there exists y* € Y such that f (x,y*) < f(x,y) for eachx € X and
yevy.

The proof is analogous to the proof of Lemma 5.2. We omit the details.

PROPOSITION 5.1. Suppose that f is downward on X and X Iis finite.
Then

inf sup f(x,y)= sup mff(x,y)
YeY xex x€XY

PrROOF. By Lemma 5.2 there exists x* € X such that f(x*,y) > f(x,y)

forevery x € X andy € Y. Then sup f(x,y)=f(x*,y) for every y € Y, from
xeX
which we have

inf sup f(x,y)= mf (x *y) < sup mff(x ¥).
YEY xex xEXYEY

PROPOSITION 5.2. Suppose that f is upward on Y and Y is finite. Then

mf sup f(x,y) = sup mff(x,y)
ye€Y xex xexyeY

The proof is similar to the proof of Proposition 5.1 and uses Lemma 5.3.

COROLLARY S5.1. Suppose thatf,g : X x Y — R are such that f < g on
XxY

(41) Iff isupward on Y and Y is finite, then

inf sup f(x,y) < sup inf g(x,y);
YEY xeXx xeXYEY

(42) if g is downward on X and X is finite, then

mf sup f(x,y) < sup mf g(x,y).
YEY xeX
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6. Saddle points and generalized Kuhn-Tucker theorems

In this section, using Konig’'s. minimax theorem [22], we extend the
Kuhn-Tucker principle (see for instance [30]) for noconvex optimization
problems with side conditions. Qur results contain, in particular, those of
[30]. For other extensions of Kuhn-Tucker type theorems which uses KONIG
[22] see S. SIMONS [28].

First we discuss the case when the constrains are given in operator form.

Let X be a compact HausdorfT topological space, Y be reflexive Banach
space, Y™ the dual space of ¥ and K a closed convex cone of Y such
that its interior is nonempty. Let K™ be the dual cone of K, i.e. the set
{y*€ Y*:y*(y) >0 for all y € K}. Consider the ordering relation <« on Y
defined by y; < y; iff y; —y, € K.

Letf: X —R, G: X — Y and A:={x € X : G(x) < 0}. Consider the
problem

) {f(x) — min

x€A
Then we prove

THEOREM 6.1. Suppose that the following conditions hold:

(43) f is ls.c. on X, G is ls.c. in the sense that the functionals x —
y*(G(x)) are l.s.c. on X forall y* € K*;

(44) foreach xy,xy € X, there exists x3 € X such that2f (x3) <f(x1) +f(x7)
and 2G(x3) < Glxy) + G(xp),

(45) there exists x € X such that —G(x € int K (Slater condition).
Then the following two assertions are equivalent:

(46) (P) has a solution xg;
There exists yy € K™ such that

“n f (X0)+y6(G(XO))=){Iéi)l}{f(X)+)’6(G(X))} and yp(Glx) =0

PROOF. Define the lagrange function L: X x K* —» R by L(x,y*)=f(x)+
+y*(G(x)). Let K ={y* € K" :||y"|| £ n}. Then we have:

For each x{, x5 € X, there exists x3 € X such that
(48) 2L(x3,y%) < L(x1,y") + L(xp,y")  foreach y™ € Ky

(49) the functions L(x,-) are affine and continuous on Kj; for each x € X;
therefore they are weakly continuous:
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The functions L(-,y*) are l.s.c. on X for each y* € K*. Since K is
weakly compact, by Konig’s theorem [22], there exists a saddle point (x,,y,)
of L(x,y*) on X x K7, i.e. L(xy,y*) < L(xp,yy) < L(x,y;) for each x € X
and y* € K. In particular

(50 L(x1,0) < L(xp,y5) < L(X,yp)-

It is easy to see that the sequence (y,) is bounded. Otherwise, by (45)
one can choose a neighborhood of —G(X) which is contained in int K, that
is, there exists r > 0 such that .

y*(—CG(x)—rh)>0 foreach y*cK*

and h € Y with ||k|| < I. Therefore

51) rlly*|l = sup y*(rh) < y*(—G(X)) foreach y*e K*.
llA]|=1

Now if |[y;]| — oo, by (10), =y} (G(X)) — co. Since L(-,0) is 1.s.c. on X, this
contradicts (50). Without loss of generality, we may suppose x, — z € X,
yn — ¥y € K* (converges weakly) and L(xx,y,) — & as n — oo. Therefore
L(z,y*) < lim Lxp,y")<a < lim L(x,y,)=L(x,y3)
n—00 n—00

for each x € X and y* € K™. In particular, L(x,y3) = a, hence (x,y;) is a
saddle point of L on X x K*, i.e.

F@+y™(C@) < f(2)+y5(G(2)) < f(x)+y5(G(x))
for each x € X and y* € K*.
(52) In particular z € A and y;5(G(z)) =0.

Now let xp be a solution of (P). Then ya‘(G(Ec‘)) < 0 (since x5 € A and

xo) = inf s Lix,y™).
1 (xp) xeAy*gg* (x,y™)
Indeed, L(x,y™) <f(x) for each x € A and y* € K*, hence
sup L(x,y") <f(x)
y*eK*
for each x € A. Therefore

inf sup L(x,y") < sup L(xg,y™) < f(xg)-
xEAy cK* y*eK*

It is easy to see that we also have f(xy) > inf sup L(x,y*) using the fact
xeX y*eK*

that xg is a solution of (P). Thus f(xg) =, hence f(xg) + Y0 M G(xg)) < fxg) <

<flx)+ yO(G(x)) for each x € X. On the other hand, if we put x; instead of



CONVEXITY, MINIMAX THEOREMS AND THEIR APPLICATIONS 91

x, and O instead of y* in (52), we obtain ya‘(G(xo)) = 0. Hence (46) = (47).
(47) = (46) is trivial. This completes the proof.

Now consider the case when the constraints are given in the form of
inequalities. Let X be a compact Hausdorff topological space, fg,f1,...,fm be
real functions on X. Consider the problem:

{fo(x) — min, xeX
fix) £0,...,fm(x) <0
COROLLARY 6.1. Suppose
(53) f; is ls.c.on X foreachi € {0,...,m};
(54) for each xy,x, € X, there exists x3 € X such that
2f;(x3) < fi(x1) +fi(xy), foreach i€{0,...,m};
(55) there exists X € X such that f;(x) <0 foreachi € {1,2,...,m}.
Then the following two assertions are equivalent:

(56) xo is a solution of (P');

(P

There exist (Lagrange multipliers) A},A3,...,Ap, such that

(57) foxo)+ Y _Aifilxo) = min{foCe)+ > _Aifi(0)} and
i=1

i=l
A folxg)=0 foreach i€ {l,...,m}.

PROOF. Take Y =R™, K={h=(hy,...,hm) €R™; h; >0, i €{1,...,m}},
f=fo. G=(f1,....fm): X — R™ and apply Theorem 6.1.

Finally we give an account on the the connection of the results consid-
ered, in Figure 4.

References

{11 H. BREzIS, L. NIRENBERG and G. STAMPACCHIA, A remark on Ky Fan’s mini-
max principle. Boll. Un. Mat. Ital., 6 (1972), 293-300.

(2] F. E. BROUWER, The fixed point theory of multi-valued mappings in topological
vector spaces, Math. Ann., 177 (1968), 283-301.

(31 K. FAN, Fixed-point and minimax theorems in locally convex topological linear
spaces, Proc. Natl. Acad. Sci. ASA, 38 (1952), 121-126.

41 K. FAN, A generalization of Tychonoff's fixed point theorem, Math. Ann., 142
(1961), 305-310.



92

1. 100, G. KASSAY

i51

{6

171

(81

(91
{101

(111

121

(131

(14]
{151

[16]

1171

(18]

{191

1201

1211

(221

(231

1241

(251

K. FAN, A minimax inequality and its applications, in .“lnequalities” (O. Shisha
ed.) Vol 3, 103-113. Academic Press, New York, 1972.

K. FaN, Some properties of convex sets related to fixed point theorems, Math.
Ann., 266 (1984), 519-537.

K. FAN, A survey of some results closely related to the Knaster—-Kuratowski—
Mazurkiewicz theorem, in Game Theory and Applications, 358-370, Aca-
demic Press, 1990.

C. HORVATH, Quelques theoremes en theorie des Mini-Max, C. R. Acad. Sci.
Paris, 310 (1990), 269-272.

C. HORVATH, A connectivity approach to minimax inequalities, (to appear).

C. HORVATH, and A. SOVEGJARTO, On convex functions, Ann. Univ. Sci.
Budapest, Sect Math., 29 (1986), 193—-198.

I. Joo, A simple proof for van Neumann’s minimax theorem, Acta Sci. Math.
Szeged, 42 (1980), 91-94.

I. JOO. and L. L. STACHO, A note on Ky Fan’s minimax theorem, Acta Math.
Acad. Sci. Hung., 39 (1982), 401-407.

1. JOO, Note on my paper “A simple proof for von Neumann minimax theorem”,
Acta Math. Hung., 44 (1934), 363-365.

1. Jo4, On some convexities, Acta Math. Hung., 54 (1989), 163-172.

1. JoO, and G. KASSAY, Convexity, minimax theorems and their applications,
Preprint, 1991.

1. JOO, A general minimax theorem, Publ. Math. Debrecen, 41 (1992) (to
appear).

G. KASsAY, and . KOLUMBAN, On the Knaster-Kuratowski—-Mazurkiewicz and
Ky Fan’s theorems, Babes-Bolyai Univ. Cluj, Preprint, 7 (1990), 87-100.

G. KAssaY, On Brézis—Nirenberg—Stampacchia’s minimax principle Babes-
Bolyai Univ. Cluj, Preprint, 7 (1991).

G. KaASsAY, A simple proof for Konig’s minimax theorem, Acta Math. Hung.,
(1995) (to appear).

H. Komiva, Convexity in a topological space, Fund. Math., 111 (1981), 107~
113.

V. KOMORNIK, Minimax theorems for upper semicontinuous functions Acta
Math. Acad. Sci. Hung., 40 (1982), 159-163.

H. KonNiG, Uber das von Neumannsche Minimax-Theorem, Arch. Math., 19
(1968), 482-487. 7

J. L. Lions, and G. STAMPACCHIA, Variational inequalities, Comm. Pure and
Appl. Math., 20 (1967), 493-519.

H. NIKAIDO, On von Neumann’s minimax theorem, Pacific J. Math., 4 (1954),
65-72.

S. SIMONS, Two-functions minimax theorems and variational inequalities for
functions on compact and noncompact sets with some comments on fixed-

point theorems, in Proc. Su'mp. Pure Math. (F. E. Brouwer ed.) Vol. 45,
377-392. Amer. Math. Soc,. Providence, Rhide Island, 1986.



CONVEXITY, MINIMAX THEOREMS AND THEIR APPLICATIONS 93

(26] S. SIMONS, Abstract Kuhn~Tucker theorems, J. Opt. Thé()ry and Appl., 58
(1988), 148-152.

[27] S. SIMONS, An upward-downward minimax theorem, Arch. Math., 55 91990),
275-279.

(28] L. L. STACHO, Minimax theorems beyond topological vector spaces, Acta Sci.
Math. Szeged, 42 (1980), 157-164.

[29]1 F. TERKELSEN, Some minimax theorems, Math. Scand., 31 (1972), 405—413.

(301 E. ZEIDLER, Nonlinear Functional Analysis and its Applications Part 1II, .
Springer-Verlag, Berlin, 1985.

[___KKM-THEOREMS ||| MINIMAX INEQUALITIES ||[" MINIMAX THEOREMS
; (PROBLEM B) , (PROBLEM A)
1 I
! ]
T. 1.1 i T.13 —>IT. 32 T.33 T 34
| } (Simons) (Jod)
i i
I I
T. 12 c.11 c12 Konig [22]
| (Béais- (Simons) 1
{ Nirenberg—- I
: Stampacchia) :Simons (251 \ Ky Fan [3]
| I
1/ |
I I
i C13 INikaid6 [24] T 3.1 <—
: (Ky Fan) :
i 1
______________ PRV PN N g £
| FIXED POINT THEOREMS || VARIATIONAL : KUHN-TUCKER
: INEQUALITIES \ THEOREMS
I I
I l I
¥ I 1
T.2.1 : T. 4.1 ! T. 6.1 <—
I i
I |
I I
I C.41 I C.6.1
I i
I I
! I
: C.42 :
1 (Brouwer) 1
I I

Fig. 4







ANNALES UNIV. SCI. BUDAPEST., 38 (1995), 95-108
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Herrn Professor Julius Strommer zu seinem 75. Geburtstag gewidmet
1. Einfiihrung

In der Arbeit [1] wurden diejenigen euklidischen Pflasterungen (T,I)
klassifiziert, bei denen eine Bewegungsgruppe I" auf den Flidchen der Pflas-
terung T transitiv wirkt. Der benutzte kombinatorische Algorithmus und das
Computerprogramm fiir die Theorie der sogenannten D-Symbole (zur Ehre
von B. N. DELONE, M. S. DELANEY, A. W. M. DRESS) ergeben auch solche
Pflasterungen, die nur in gewissen nicht-euklidischen Rdumen realisierbar
sind. Die Frage nach der metrischen Realisierung einer kombinatorischen
Pflasterung ist schwierig; u.a. sind beispielweise die Rdume HZ x R?, S? x R?
zu beriicksichtigen [6] und [8].

Eine Moglichkeit fiir die Kennzeichnung der metrischen Realisierbar-
keit der kombinatorischen Pflasterungen ist die projektiv-metrische Geome-
trie, wie dies in der Arbeit [2] illustriert wurde. In [9] wurde mit unseren Me-
thoden gezeigt, da3 die Verallgemeinerungen des Lambertschen Wiirfels im
hyperbolischen Raum realisierbar sind. Im folgenden werden wir erneut Me-
thoden der projektiven Metrik benutzen.

Wir untersuchen nochmals solche kombinatorischen Polyederpflasterun-
gen (T,T), bei den die Symmetriegruppe I der Pflasterung T flichentransitiv
wirkt. Die Symmetriegruppe I" wirkt auf der Pflasterung T flichentransitiv,

* Diese Arbeit entsantd in Kooperation der Geometer der TU Budapest und der Univer-

sitdt Potsdam
*#* Unterstiitzt von der Ungarischen Wissenschaftlichen Forschungsstiftung (OTKA) No.

T. 7351 (i993).
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wenn es fiir j Je zwel Fliachen fi und f» ein Element y € T" gibt, das die Fliche
inf} in f5 —fl so iiberfiihrt, dal die ganze Pflasterung T auf sich abgebil-
det wird. Zwei Pflasterungen (T,I'}) und (T5,I;) sind in derselben Klas-
se (dquivariant), wenn es eine bijektive inzidenztreue Abbildung ®:T; — T»
gibt, fiir die ', = ®~!'T;® ist. Falls zwei Pflasterungen kombinatorisch iso-
morph sind (T| = T») kann die Gruppe I'; reichhaltiger als I'y sein. In die-
sem Fall sagen wir, da3 (T|,T") ein Symmetriebruch von (T, I’;) ist. Wir in-
teressieren uns dann fiir die Pflasterung (T,T"). mit maximaler Bewegungs-
gruppe, d.h., daB die Wirkung der Gruppe I' auf T zur Wirkung der die Inzi-
denzstruktur erhaltenden Automorphismengruppe #dquivariant ist: I' = AutT.

Abb. 1.
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In den Sitzen 4.1, 5.1 beweisen wir, daf} die Pflasterungen (Tp,[})
p=3.4,5, (6) — siehe den kombinatorischen Fundamentalbereich in Abb. 1
— im hyperbolischen Raum realisierbar sind. Jeder Pflasterstein T, € T be-
sitzt entsprechend 12, 24, 60, (co) Vierecke als Seitenflachen nach dem Sta-
bilisator 23 =[3,31*, 432 = [4,3]", 532 = [5,3]", (p6 =[6,3]*, d.h. Tg ist ei-
ne Horosphirenpflasterung mit Enden als Ecken ein unendliches Polyeder).
T3, T4 und T5 konnen nur mit nicht-ebenen Seitenflichen realisiert wer-
den.

2. Uber die D-Symbole

In der Arbeit [1] wird die Theorie der D-Symbole skizziert. In den Ar-
beiten (4], [5], [6], [7] finden wir einige zwei- und dreidimensionale Anwen-
dungen der D-Symbole.

Es sei eine kombinatorische dreidimensionale Polyederpflasterung T mit
ihrer formalen baryzentrischen Unterteilung gegeben. Die baryzentrische Un-
terteilung von T fiihrt zu einer Simplexzerlegung C. Die formalen Mit-
telpunkte eines Korpers, seine inzidenten Fliachen, Kanten und Ecken bil-
den die Ecken eines Simplexes von C. Diese Ecken markieren wir mit 3,
2, 1 und O ebenso wie die entsprechenden gegeniiberliegenden Simplexsei-
ten. Die Ecken eines Simplexes von C werden mit A4;, i € 1:={0; 1; 2; 3} be-
zeichnet.

Es sei 0; (i €1) eine involutorische Operation (lokale topologische Spie-
gelung), die die bei der Seitenflache i benachbarten Simplexe Cj und G, von
C vertauscht (in Bezeichnung G, =0;C}). So werden die auf den Simplexen
von C von links frei wirkenden involutorischen o;-Operationen und die durch
sie erzeugte zunichst freie Coxeter-Gruppe mit der Darstellung

Ti={o; : of=1,i€l}
definiert. Wir fiihren ferner eine Matrixfunktion
M:C— Niyg, CrH m,-j(C), i,jel

ein, um die Wirkung der Gruppe Zj und so die kombinatorische Struktur der
Pflasterung T zu beschrinken. Es sei m; j(C) die minimale natiirliche Zghl,
die die folgende Gleichung erfiillt

(0,01 ()= C.

Das bedeutet, daf} genau 2m;; (C) benachbarte Simplexe sich beim Schnitt der
i- und j-Seitenflaichen des Simplexes C von C treffen. M ist die verallgemei-
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nerte Coxeter-Schliflische Matrixfunktion mit den folgenden zusitzlichen Ei-
genschaften fiiralle C e Cund i, j €1
m;i(C)=1, m;(C)=m;;(C)=m;;(0;(C)),
m;i(C)=2 fir li —j|>2,
m;;j(C) >3 fir li—j|=1 firjedes C€Cundi,j€l

Wir nehmen an, da3 T" eine nicht triviale Gruppe ist, die auf T wirkt. Ferner
erhiilt jedes Element von I" die baryzentrische Unterteilung von T und so die
o;-Operationen. Die Zerlegung C und auch die Matrixfunktion M werden
durch die Gruppe T faktorisiert. Ein Element D von D := C/T ist eine Bahn
(Orbit):

D:=Cl:={C"eC : yeT}
D ist mit den induzierten o;-Operationen versehen. Die von C induzierte
Matrixfunktion ist

M:D— Ny, D—(m;(C)), CeD, i,jel

Nun konnen wir ein sogenanntes D-Symbol D(Xy, M) definieren, das zu einer
Pflasterung (T,T") gehort. Das D-Symbol besteht aus dem D-Graph und aus
der entschprechenden Matrixfunktion M= (m;; ). Der D-Graph wird durch die
D-Menge D und die Operationen o; € X (i € I) definiert.

Die Bezeichnungen der Kantenlinien des D-Graphs und auch der entspre-
chenden o;-Operationen sind og: ............ ;01 ————— ; USW.

Von einem D-Symbol ausgehend, sehen wir, da es die entsprechen-
de Zerlegung (wenn sie iiberhaupt existiert) bis auf dquivariante Bijekti-
on kennzeichnet (vgl. Abschnitt 3).

Von den D-Symbolen fordert man :

2.1. Der D-Graph durch D2, der von D durch Streichen der 0,-Operation
entsteht, hat genau eine Komponente (Fldchentransitivitit).

2.2. Zu einem D-Symbol D existiert keine surjektive Abbildung ¥ :D —
D auf ein anderes D-Symbol mit (07, D)t =7;(DY), m;; (DY) = my; (D) fiir
jedes D € D alle i, j € I (Maximalitit der Gruppe, I' = AutT).

2.3. Das Teilsymbol DO(MO), das durch Streichen der oy-Operation und
der O-ten Zeilen und Spalten der Matrizen entsteht, hat nur solche Kompo-

nenten D?, fiir die die sogenannten Kriimmungskonstanten

1 1 I
K.o= E + -=1>0
D¢ , (mlz(D) my3(D) 2)
DeD?

positiv sind. So erhalten wir ausschlieBlich eigentliche Ecken mit endlichen
Stabilisatoren TV fiir die Pflasterung (T,T).

2.4. Eine analoge Forderung gilt fiir das Teilsymbol D3(M3) und T3.
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3. Die Polyederpflasterungen
(Tp7rp) P=3,4,5)

3.1. Wie wir bereits erwihnt haben, ist die vollstindige Aufzihlung
der kombinatorischen flichentransitiven Polyederpflasterungen (T,I") bei der
Arbeit [1] enthalten, wobei die Polyeder von T eigentliche Ecken besitzen.
In dieser Arbeit interessieren wir uns fiir diejenigen Polyederpflasterungen
(T,T), die mit den folgenden g;-Operationen gelistet wurde
oo: (1,2)(3,4)5,6)(7,8) .............
o1 (1LH2IA,6,7) ————--
oy (1,4)(2,3)(5,8)(6,7)

o3: (1,2)(3,8)(4,7)(5,60) ~-
Auch die Matrixfunktion fiir jede Polyederpflasterung bekommen wir aus der
Computerliste :

mit der Abkiirzung z <= D,

mg1(D)=4 fiir jedes D€ D
my3(D) =4 fiir jedes D €D
my2(Dy) =my2(Dyg) =myp(Ds) =mp(Dg) =4
mya(Dy)=mp(D3) =3
mya(Dg)=ma(D7)=p, p=3,4,5.

BEMERKUNG. Nach 2.1 sehen wir, da3 die diesen D-Symbolen entspre-
chenden Pflasterungen (T,I') flichentransitiv sind. Nach 2.3 und 2.4 be-
sitzt die Pflasterung (T,I") endliche Stabilisatoren fiir die Korper und fiir die
Ecken.

In Abb. 1 sehen wir die Schemata des aus 8 Simplexen zusammenge-
klebten Fundamentalbereiches fiir die Gruppe T

3.1) Fri= A A A3 AU AR A, 43423 U A3 4, 4543 U A3 4, A5 AU
| UAP A A3AT U AT A A3 AT U AY Ay AsATS U AT Ap s A,
Die erzeugenden Bewegungen fiir die Gruppe I sind
r: ist eine Spiegelung an Achse r = A%zAfﬁ,
ry: ist eine Drittel-Drehung um die Achse r; = A(Z)3A3, A(l)‘8 — ASS,
ry: ist eine p-Drehung um die Achse ry = A87A3, Ags — A(I)S, @®=3,4,5).

Unter diesen Erzeugenden bestehen die folgenden definierenden Relationen
in der Gruppe I

3.2) rt= r13 = rg = (r1r2)2 = (rl_lrrl)r(rz_lrrg')r =1



100 E. MOLNAR, J. SZIRMAI

nach dem Poincaréschen Algorithmus [7].

Weiterhin bezeichnen wir die obigen kombinatorischen Pflasterungen mit
(T,,Tp) (p=3, 4, 5). Das Hauptproblem ist, im welchem Raum werden diese
kombinatorischen Pflasterungen T, mit einer Bewegungsgruppe I', metrisch
existieren. 7

3.2. Es sei V* ein 4-Vektorraum iiber dem reellen Korper R. Der duale
Raum von V# wird mit V4 bezeichnet. Wir betrachten zunéchst das Tetraeder
ApAAA3 in Abb. 2. Die Formen %, b', b2, b3 vom dualen Raum V4, mit
kursiven fetten Buchstaben, stellen die Flichenebenen dieses Tetraeders dar
(Abb. 2), dessen Coxeter-Schléfli Matrix die Folgende ist:

1 —cosf?  —cosp9? —cosp®
T cosfO 1 - % 0
(3.3) (b¥)= —cos,802 _% 1 —cos% ®=3,4,5)
—cosfB % 0 —cos % 1
o Y i=j
Die Matrixelemente b¥ = . kennzeichnen die Keilwinkel
- COSﬁU ’ i ?é.]

B zwischen den Ebenen (b°)(d/).
Wir konnen mittels (bij ) ein Skalarprodukt

(5 Y:VaxVa—R, (u,v):=<biui,b"uj>=u,;b’.juj

und somit eine Metrik definieren, wobei wir die Einstein—Schouten Kon-
ventionen benutzen. Die Vektoren a; € VY iel= {0,1,2,3}, mit stehen-
den fetten Buchstaben, bilden die duale Basis zu {6°,5!,5%,5%} mit der Glei-

chung a; b =6{ (das Kronecker Symbol). Sie kennzeichnen die Eckpunkte un-

seres Tetraeders AgA|AjAs. In dem Fall Det (bY)#0 konnen wir die inver-
se Matrix (aij) = (b"j)_1 mit a,-kb"j = 5{. bilden und ein Skalarprodukt

(5 )V VISR (xy) = <xiai,yiaj> =xia,-jyi " in V* definieren.

Die lineare Polaritdt und ihre Inverse
( *):V4—>V4:ul—>u*:u, ( *):V4—»V4:x>—~>x*=x,
sind durch ,
Ui=uy = (0 )y =ubl = uibijaj
x=x"=(x'a)* =alx’ =bkay;x*

definiert, wobei (X,u) = xu = (x,u) gilt.
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Uber der Teilraumstruktur von V4 bzw. V, gewinnen wir den projektiv—
metrischen Raum $P3 (V4, Val, )). Wennxe€ vViundue V4 die Gleichungen
0 = xu = (x,u) erfiillen, sagen wir, daB («) und (x) ortogonale Ebenen sind,

oder (x) und (u) konjugierte (polare) Punkte in P3 sind, oder dle Ebene (u)
den Punkt (x) enthilt.

3.3. Weiterhin setzen wir voraus, daf3 wir eine hyperbolische Metrik mit
der Signatur (+,+,+,—) haben. Eine Gerade wird durch die Punkte E(ey),
Ej(e)) festgelegt. Die Geradenspiegelung an r oder die Halbdrehung um die
Achse r = EyE; 1st durch [2]

(3.4) riy—y =y-2(y.e)ePey a,pe{01}

mit e g = <ea,eﬁ>, e?B .= (eaﬂ)_l

a2 aq4
ep=ar+,/—aj, € =a4+,/—a
ass arl
definiert.

Die Spiegelung s an der Ebene (b) und an seinem nicht inzidenten Pol
() wird durch die Formel

5w HiX.b)
(3.5) X=X X 2_(b,b)b

fiir beliebigen Punkt (x) und sein Bild (x*) definiert.

/’ll(aﬂ)

Abb. 2.
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Der Abb. 2 und der Matrix (b") entnehmen wir wir zum Beispiel, daB
die Spiegelung an der Ebene (%) und ihrem Pol (b?) den Punkt Ajz(a) in
den Punkt A4(ay) fiihrt :

ar, — 2“<32, b2>

)

4. Die metrische Existenz der Polyederpflasterung (T3,173)

. ‘T
ag =~ 2-a; —2b%a; =2cospPag+a; —ay+2cos —as.
P

SATZ 4.1. Die Polyederpflasterung (Ts,1"3) 1st im hyperbolischen Raum

H> so metrisch realisierbar, daB die Be wegungsgruppe I'3 auf den Fldchen der
Pflasterung T3 transitiv wirkt und jedes Polyeder eigentliche Ecken besitzt.

BEMERKUNG. In diesem Fall ist die Bewegungsgruppe I"3 nicht maximal,
d.h. AutTy =T >TI'3 und (T3,T3) ist ein Symmetriebruch von (T3,T).

Abb. 3.

BEWEIS. Wir betrachten dasjenige Polyeder, das wir aus dem Funda-
mentalbereich Fr, nach (3.1) der Gruppe '3 bekommen, indem wir sein

r-Bild mit ihm verkieben (es formal um die Achse APA?(’ um 180° drehen,
Abb. 3). Die Abb. 4 zeigt einen Teil von Abb. 3, das Spiegelungstetraeder
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A(1)8A33A3A’3 (eines von den 9 Lannerschen Tetraedern [3]), d.h. den Fun-
damentalbereich einer hyperbolischen Coxeterschen Raumgruppe. Das Spie-
gelungstetraeder, als Hilfstetraeder HyH; H, H3 in Abb. 4, haben wir entspre-
chend in vorigem Polyeder in Abb. 3 dargestellt. Die metrische Existenz die-
ses Polyeders und auch der Polyederpflasterung (T3,I'3) folgt aus der Exi-
stenz des obigen Hilfstetraeders A68A63A3A’ = HyHyH; H;.

Abb. 4.

Die Coxeter-Schlifli Matrix (A%) und das Coxeter-Diagramm des Hilfs-
tetraeders HyHy H, H; sind

| 1
L -4
1 |

- -4 -1

4.1) (h) = -5/5 1 12 !
—4 -2

-+ 0 —% 1

KO 3 K

(4.2) . 4 4
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Hier stellen die Formen h°, k!, hZ, b3 aus dem dualen Raum V4 die ge-
geniiberliegenden Flichenebenen des Hilfstetraeders HyH| H, Hy dar, und die
Matrixelemente A" := —cos(x"/) kennzeichnen seine Keilwinkel. Mit Hil-
fe der Inversen der Matrix (h%) und den Formeln (3.4), (3.5) konnen wir
die Form der Ebene A}8AS7A23 bestimmen. AS7 ist das Spiegelbild von

A%3 = Hy an der Ebene HyH, H3 = A’3A(1)8A3. (Hier sehen wir, daB die Punk-
te A(l)g, A87, A(2)3, Ags in keiner Ebene liegen.) Die Ebenen A(I)SA(%aAg,,
A%3A87A3, A(1)8A87A3 wurden im Punkt 3.2. durch die Formen b1, b2, b3 ge-
kennzeichnet (vgl. Abb. 2).

~ Wir bestimmen die urspriinglichen Parameter B0, p92, 393, Der Winkel
,BOJ zwischen den eigentlichen Ebenen (bo), W) G=1,2,3).

0 _ _<b0’bi>
0.0 (v by

In dem Fall (T3,I3) haben wir (ohne Details) die folgenden Resultate bekom-
men

(4.3) cosf3

B =pP =095531662,  PI*=1.27795356.

Die Winkel sind in Radian gerechnet und werden bei den folgenden Rech-
nungen als wichtige Anfangsinformation benutzt.

5. Die metrische Existenz der Polyederpflasterungen
(Tp,rp) Pp=4,5)

SATZ 5.1. Die Polyederpflasterungen (T,,I,) (p =4, 5) sind im hy-
perbolischen Raum H? metrisch realisierbar, wobei jede Bewegungsgrup-
pe Iy (v =4, 5) maximal ist (Tp = AutTp) und auf den Flichen der Pfia-
sterung T, transitiv wirkt und jedes Polyeder eigentliche Ecken besitzt.

BEWEIS. Wir gehen von der Coxeter—Schlidfli Matrix des Tetraeders
ALBAS AZ® A3 aus, wie wir sie im Punkt 3.2. beschrieben haben (Abb. 5). Die

Flichenebenen dieses Tetraeders werden durch die Formen b € Vg, 1 €1 ge-
kennzeichnet. Die Keilwinkel zwischen den Seitenfiichen ('), (#') bezeich-
nen wir mit 8. Wir werden die Parameter 80!, 892, 893 fiir p =4, 5 so fest-
legen, daB wir schlieBlich zu einer hyperbolischen Metrik gelangen. Die Para-
meter werden durch ein Gleichungssystem festgelegt, das wir mit Hilfe der er-
zeugenden Bewegungen und der definierenden Relationen fiir die Gruppe I'3
(p =4, 5) nach 3.1. gewinnen.
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Abb. 5

5.1. Die Gerade r wird durch die Punkte A%z(eo), A?‘S(el) festgelegt.
Die Formel der Spiegelung an der Achse r haben wir im Abschnitt 3 mit
(3.4) gekennzeichnet. Die Eckpunkte des Tetraeders A08A67A23A0 werden

durch die Vektoren Aég(ag). A87(al). A33(a3) As(ag) festgelegt, wie sie im
Punkt 3.2. und Abb. 2 beschrieben wurden.

Die erste Gleichung ergibt sich aus der Forderung A(‘)8 —r>Ag3:

ah = a» — (ao ea eﬂ \/——33 —
- ass

az T as
0=2cos/302a03+(,/ +l>a|3— -\/—Q—H a23+<2cos——— -2 ays3.
ar aiiass p ass

- . . . . . r
5.2. Die zwetite Gleichung gewinnen wir aus der Forderung ag7 —»AgS:

an
O=2cos,302a02+ (—‘ / ;24- 1> app—
ap

2

a T
= 3 4 1 axn+ (2005— + ——") ass.
a)14a3z3 p
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5.3. Die dritte Gleichung bekommen wir von der definierenden Relation
(r;'rr)r(ry 'rry)r = 1. Diese Relation impliziert, da die Punkte (A]2)2,
Azg und (A?G)’ I (Abb. 5) in einer Gerade liegen. Diese Bedingung ist
dquivalent mit der folgenden: die Punkte ALS, AS7, (412)2, (A36)1" liegen
in einer Ebene. Die Kennzeichnung der erzeugenden Bewegungen werden
durch die Formel (3.4.) und (3.5) gewonnen

—2A <1 + %2—2—) (cosﬁ01 +cosﬂ02) —4Bcosp %+
I

2cosp%?

a2 2¢ Sl
a33+ 0 P

: <—2Ac'os’i (1 + @:) +2C, 222 —4Bcos’1) =0,
14 arl ass p
wobei A =egoeq| — €3, B=<e:1,e0>601 — <e?,e1>e00, C=<e;1,eo>e11 -

- <ej' € > eo1 mittels der Matrix (a;;) = (b")~" nach (3.3) ausdriickbar sind.

+2cosf

Nun haben wir fiir die drei Unbekannten 891, 892, 893 drei komplizierte
Gleichungen gefunden. Wir haben zur Losung des Gleichungsystems zwei
Computerprogramme (Eureka, Maple) benutzt. Die exakten Losungen des
Falls (T3,I'3) haben wir bei der Computerlésung des Gleichungssystems als
wichtige Anfangsinformation verwendet.

Wir haben die folgenden Winkel in Radian bekommen:
(T4, Tw) B ~0.71006493, B ~1.43646972, B> ~ 1.00485229,

(Ts,Ts) B~ 058962576, B~ 1.52197366, B ~ 1.03132995.

BEMERKUNG. Im Fall p = 6 gewinnen wir auch eine hyperbolische Po-
lyederpflasterung fiir das Polyeder AgA;A;A3 in Abb. 2, wobei die Eck-
punkie des Polyeders der Polyederpflasierungen auf dem Absolutgebilde lie-
gen. Wie es bekannt ist, sollen die gegeniiberliegenden Keilwinkel von
AgA|ApAs dann gleich sein. Die Parameter in diesem Fall sind die Fol-
genden:

o1_7% 02_7% 03_7T
(Te,T6) Bg = g ~0.5235987, B¢ = 0 ~ 1.5707936, B¢ = 3 ~ 1.0471976.
Wir bekommen, dal} die Parameter ,Bgl, gz’ 193 (p =3, 4, 5, 6) monotone
Folgen bilden.

0l 2 202 02 _ p02 03 _ 03 _ p03 _ 203
ﬁgl>ﬂgl>ﬂgl>ﬂ6a ﬂg <By <Bs <Pg" 3 <By" <Ps <Pg -
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BEMERKUNG. Der Bahnenraum H3 / I', = Fr in Abb. 1 kann durch das
verallgemeinerte Knotendiagramm in Abb. 6 dargestellt werden. Die nume-

rierten Linien bezeichnen die Drehachsenklassen mit ihren Ordnungen. Die
Knotenpunkte weisen auf die entsprechenden Eckenklassen von Fr hin.

Abb. 6.

Endlich gewinnen wir, daf8 die Polyederpflasterungen (Tp, ;) (p =3, 4,
5) im Bolyai-Lobatschewskischen hyperbolischen Raum H? wirklich reali-
sterbar sind. Die Sitze sind bewiesen.

Unsere kombinatorischen Uberlegungen und Rechnungen ergeben auch
die weiteren Behauptungen am Ende der Einfiihrung.
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1. Introduction

In recent years the investigations of almost sure central limit theorem
has attracted considerable attention in the literature. The basic results of these
studies are the almost sure central limit theorems proved by SCHATTE (1988)
and BROSAMLER (1988) for i.i.d. random variables having finite (2 + €)th
moments. Later LACEY and PHILIPP (1990) proved similar results assuming
only finite variance.

THEOREM 1.1. Let X|, Xp, ... be iid r.v.’s withEX; =0, EXi2 =1 and
set Sp=Xi+...+X,. Then

. 1 n o1 [ S
1.1 ’lgr&@zkzlzl{ﬁgx}_Q(x) a.s.

where O(x) is the standard normal distribution function and 1 denotes indica-
tor function.

The same result was proved by PELIGRAD and SHAO (1995) for r.v.’s
with finite second moment under the condition (2.7) with & = S, /\/E|S;|?
and the usual central limit theorem holds. The functional version of (1.1) was
proved by HURELBAATAR (1993) for ¢-mixing r.v.’s having finite (2 +¢)th
moments. :

An interesting result of this kind was proved by CSAKI, FOLDES, and
REVESZ (1993). They proved the following theorem:

THEOREM 1.2. Let S}, Sy, ... be sequences of sums of 1.i.d. r.v.’s having
expectation 0 and finite third moment. Let {a;,i > 1} and {b;,i > 1} be
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sequences of real numbers such that a; <0, b; > 0. Assume that

n

(1.2) 3 logk = O(logn), as n— oo
k=1 ka(ak S Sk < bk)
Then
1 S Hay < S < by}
(1.3) lim ZkP(ak TN =1 as

n—oo logn P
This theorem may be called almost sure local central limit theorem, while
(1.1) may be called almost sure global central limit theorem.

In this paper we give an extension to p-mixing case of the almost sure
central limit theorem proved by HURELBAATAR (1993) for a sequence of
¢-mixing random variables. We also establish a sufficient condition of (1.3)
for p-mixing stationary random variables.

2. Definitions, notations and auxiliary results

Let {X;,i > 1} be a sequence of r.v.’s on the probability space (, %,P)
and let Mé’ be the o-algebra generated by the random variables
{Xj,a <i<b}.

Define
@(n) =sup sup |P(B|A) — P(B)|
k21 aeMf . BeM®,
and
o(n) = sup sup ]COVEX, Y)|

=
k21 xeL,(MF),YeLyM2 ) (VarX)2(VarY)2

The sequence { X;,i > 1} is said to be ¢-mixing (respectively p-mixing)
if ¢(n) — 0 (respectively p(n) — 0) as n — oo.

In the sequel we shall denote by C, C|, G5, ...various positive constants
and by = the weak convergence. Throughout this paper ®(x) will denote the
standard normal distribution function and W the standard Wiener process.

The following earlier results will be used in the proofs.
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THEOREM 2.1. (Theorem 1.1 in SHAO, Q. M. (1993)). Assume that
EX; =0 and E|X;|' < co for some t > 2. Then there exists a positive constant
K = K(t,p()) depending only ont and p(-) such that forany k > 0,n > 1

(logn]
! . 4
E S <K |[n2 K yX EX?)?
lrsnl%ll k@' <K | n2exp § o(2") kgl?gazﬁn( )2+
[logn]
2.1 +nexp | K T max (E|X;|)
(2.1 p g ot (2") k§i§k+n( ’ ll)
)c+n :
where Sy(n)= Y. X; andlogx stands for the logarithm with base 2.
i=k+1

THEOREM 2.2. (Theorem in ZUPAROV, T. M. (1991)). Let {X,,n > 1}
be a stationary sequence of random variables with mixing coefficient

(2.2) o) <G, y>0

and
EX| =0, E|X|’ <o,

2
ooy -1 y —1 442y
2.3) 2<s<sy(y)= +\/( ) + ;
( | oly y y y
If
(2.4) ES? >unEX?,  u>0
then there exists a constant C(s,y,k,u) depending only ons,y, k andu, such
that
(2.5) sup|P (Sn < x\/ESE> = ®x)| < C(s,y,k,u) ffz
X nT

)
where 35 = EI—X%
(EX})2

REMARK on Theorem of ZUPAROV. By Theorem 4.1 in PELIGRAD (1982)
it is clear that there exists ng € N such that the condition (2.4) holds for all
n > ng. So we can see that (2.5) remains valid for n > ng under the only
- conditions (2.2) and (2.3). We also use the following. -
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LEMMA 2.1. Assume that&, &5, ... are random variables such that EEy =
=1,k+1,2,.... Then we have

. 1 &
(2.6) lim @E (; 7) =1.
If furthermore &, > 0, k = 1,2,... and
n
(27) Var (Z%) < Clog(z‘“é‘)n, n= 1’2,___
k=1
with some ¢ > 0, then we have
Ex _
(2.8) lim_ logn 2 as.

PROOF. (2.6) is obvious. (2.8) can be proved by applying Chebyshev’s in-
2

equality for a subsequence ny =exp(k 2—¢ ) (see BERKES and DEHLING (1993)
and SCHATTE (1988)).

LEMMA 2.2. Assume that we have &£, > 0 and

1 Ek _
(2.9) n_,oo logn Z a.s.

and the sequence {ny} is such that for any € > 0 there exists a kg = kg(e,w)
for which

(2.10) (I =&y <mp <(1+&)g, k2 ko

Then we have

. I =7
2.11) n]L”éomgng?:l a.s.

The proof is obvious.

THEOREM 2.3. (Theorem 2.5 in PELIGRAD, M. (1982)). Let {X,,n > 1}
be a p-mixing sequence of random variables with EX; = 0 satisfying the
following three conditions

. ES?
(2.12) lim —2 =g2 >0,

n—oo n
o'}

(2.13) Y 022" < oo,

n=1
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(2.14) {an,n > 1} are uniformly integrable.
Then
(2.15) Sl W,

. ovn

REMARK 2.1. By Theorem 4.1 in PELIGRAD (1982) if statinary, p-mixing
random variables having the finite second moments satisfy

(2.16) Y o™ < oo

n=l1

then the condition (2.12) holds.

3. Main results

Setting S, = X| +...+ X, define the usual “broken line” process §,(t) on
[0, 1] for some numerical sequence d,, > 0, by

Si .
3.1) gn(t)={;¢, for t=t,;, 0<j<n,
linear in between.

Here for everyn > 1,0=1,0<t,| <...<Ipp =1 is a partition of [0, 1] such
that

(3.2 max tyig—tyil —0 as n— oo.
) I<j< ' nj—17— n,/! .
If 1,; = L, then the partition is called uniform.

THEOREM 3.1. Let {X;,i > 1} be a sequence of p-mixing r.v.’s, with
EX; =0, satisfying (2.16) and

(3.3) n max EX? < Cd;, (n>1)
1<j<n

where d,, is the same as in (3.1). assume that
d1 1\?

>C L>k>k
& > (k) tzkzlo

with somey > 0. Then for any Borel-subset A of D[0,1] withu(d A)=0 @ is
a probability measure on D0, 11) the following two statements are equivalent:

I
(3.5) nlgréo@—zkl{sk()eA} =u(A) as.

(3.4)
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and the exceptional set of probability zero does not depend on A.
I 1,

3.6 lim —— ) —P{§()e A} =u(A).

(3.6) n_]-»rgologn k {Sk()E } u(A)

The equivalence of (3.5) and (3.6) was proved by BERKES and DEHLING
(1993) for independent random variables under the condition

Ef( S y 2 ) < (loglogn)~!~¢f (e<'°g">“e) (n > ng)

for some function f and numerical sequences d, > 0 and b,,. The equivalence
of (3.5) and (3.6) was obtained by HURELBAATAR (1993) for ¢-mixing ran-

dom variables under the conditions of Theorem 3.1 replacing o(x) by ¢ l/2(*)
in (2.16).

THEOREM 3.2. Let {X;,i > 1} be a sequence of p-mixing random vari-
ables with EX; = 0, E|X;|?*¢ < C, (i > 1) for some € > 0 satisfying (2.12)
and (2.13). Putting

3.7 d, =0/n

in (3.1) and assuming uniform partition we have

(3.8) lognz S0 {50} =W  as

Here d {x} is the point mass at x € D[0,1].

Let {ay} and {b; } be two sequences of real numbers such that

3.9 : oo <a <0<y <00, k=1,2,...
and put
(3.10) P =Play < S <by)
and 7
3.1 ak={l{aisﬁsk it PO,
1 if P, =0.

Our second result is the following

THEOREM 3.3. Let { Xy ,k > 1} be a stationary sequence of random vari-
ables satisfying (2.2) and (2.3). Let ay, by satisfy (3.9) and assume that

and 0 <7£ <

' c s
: P> — '
(3.12) k= Togf k 3+2s
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where s is as in (2.3). Then we have
n

I
(3.13) lim % _
n—coo logn pa k

a.s.

Our next result is

THEOREM 3.4. Let { X,k > 1} be a stationary sequence of p-mixing ran-
dom variables satisfying (2.2) and (2.3). Let ay, by satisfy (3.9) and assume
that

l—ﬂ l_ﬂ
(314) Clkf S |ak| S Czki
and

|8 18
3.15) CkZ™7 <b, < (Gk27F,
where

Y

3.16) 0<B < A +3p)

Then we have
- ay
=1 - as

(3.17) im logn 2 m

For the conditions (3.14) and (3.15) see Lemma 4.3.

4. Proofs

Let BL(DI0, 1]) denote the set of the functions g : D[0, 1] — R such that
for some C >0
4.1)  |gx)-g»)| < Cdx,y), [gx)|<C  forall x,y € DIO,1]

where d is the Skorohod metric. To prove Theorem 3.1 it is enough to show
that for any g € BL(D[0,1))

’ , 1 K1
(4.2) lim 2_; Tgi =0 as.

n—oo logn “
l

where &; = g(5;(-)) — Eg(3;(-)) (see BERKES and DEHLING (1993)).

In view of Lemma 2.1, if we show that (2.7) holds for any k < I, the
function s,’("J :[0,1]— R by

0, ifo<t<f,
(4.3 s () =14 =5 , j
(4.3) k,l _.Ldl_’», ift)j <t<tju1  (k<j<I-1)
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where d, is as in (3.1).
It is clear that d(8;,s7 ;) < |18 — 55 lloo and thus, by (4.1)

max | <j <2k |51
d

Now we consider the covariance of &, and &; for 2k <[, k > kg
[E (Ex1)| = [ Cov(860),860) | = |Cov (508G — 8(s3i ) +8(s3 ) | <

@5 <|cov (3G -6k )| +|Cov (a8 (50) |

By definition of p-mixing

4.4) lgG) ~ gy P <C for 2k <.

(4.6) |Cov (860,8(53,) | < Cotl)

since g(5i) € Ly (M), g(s3 ) € Lo(M5p).
Further by (4.1) and (4.4) we can see that

E (max; <j <2« |5j1)

d '
Condition (3.3), Theorem 2.1 and Cauchy—Schwarz inequality jointly imply
that

@7 |cov(gG0e6n -gun)| < €

1

)

4.8 E Sl <(E S:12)° < Cdoy.

“5) (lg@gklﬂ)_( lggk"l) =k

Hence from (4.6), (4.7) and (4.8) it follows that

(4.9) |E (£&1)] < cl‘iiﬂ+czg(k) for 2k <1.
1

Notice that
n l 2
E —F. <
E(i—l i&) B

. ,
1 2 [ECGkED)] [ECGr&] _
SCIZk—zE|§k| +G Y — TG > -
k=k0 k0§k<lsn kg<k<i<n
2%>1 2k <l

(4.10) =§:1+§:2+Z3
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Now by easy calculation we can see that
o

@i > gclzkiz«ao,
k=1
n 2k |

(4.12) Zz <Gy > 77 = Ollogn).
k=1 l=k+1

n -1

n -1
(4.13) Z <C3zzk1~y,1_y C3Z%ZQ%=O(Iogn),
=2 k=1

where we used (2.16), (3.4), (4.9) and boundedness of &;. The bounds (4.11)—
(4.13) together imply (2.7). This completes the proof of Theorem 3.1.

PROOF OF THEOREM 3.2. Since E|X,1|2+£ < C for all n, (2.14) holds.
Hence from Theorem 2.3 it follows that under the conditions of our Theorem
the weak convergence

S{nt)
4.14 = W(
( ) ov/n (1)
holds, which in turn implies (3.6) with d, given in (3.7), uniform partition
of [0,1] and the Wiener measure . Thus our Theorem immediately follows
from Theorem 3.1.

PROOF OF THEOREM 3.3. The main point of our proof is to verify the
condition (2.7). We use the following elementary inequality a lemmas.

(4.15) |D(x) - ()| < Clx —y|  x,y ER.
First we prove our Theorem in the case of
(4.16) by <Civk and a > -Gk, k=1,2,....

LEMMA 4.1. Assume (2.2), (3.12) and (4.16). Then the following bounds
hold:

n I

. I olk) -

M > mm=0(log2 £ n),
—2k 1

. L Jal

(ii) ZZ = O(log”* n),
=2 k 1 LR k\/—

(iii) ZZ = O(log”~* n).
1=2 k=1 LB k\/—

The proof is obvious.
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LEMMA 4.2. Assume that

4.17) - £k=\/l:10g‘5k and 3?E<<3<1—2<£
where € and s are as in (3.12). If (3.12) holds, then we have
n 1 .
. I P(Sk| > &) 2—¢
— =0 ,
@) Zm P, (log”~* n)
1=2 k=]
n I
.\ - | S| > _
LP k
1=2 k=1
n 1 1
(iii) —£_ = O(log® ¢ n).
=2 k k\/_ *

PROOF. It is clear that (ii) follows from (i). We can see that (i) and (iii)
follow from Chebyshev’s inequality and Theorem 2.1. This completes the
proof of Lemma 4.2.

Let [ > 2k. Then we may write

Cov(ay,a;) <

1
< ———(P(ak < Sk <bg,a; — b <5~ Sy +So — Sk < by "ak)‘PkPl)
P P

1
(4.18) PP (P(lszk—5k|>5k)—PkPl+

+P(ay <S¢ <by,a; — by — e <8 — Sy <b; —ay +6'k))

Here ¢ is as in (4.17). By the definition of p-mixing it follows that

Play < Sp <bp,ap —by —ex <5 — Sy <by —ay +&) <
(4.19) SPlag <Sp <bp)Pla; — by —&, < S — Sy <b; —ay +€k)+p(k)
and

Pla; — by —&x < 8 — Sok < by —ap +&;) <

(4.20) <SP(Sok| > er)+Pla; — by —2¢, < S) < by —ag +2¢).
Now applying (2.4), (4.15) and Theorem 2.2 we get

Pla; — by — 26, < S) <bj —ap +2e4) —P(b; < S < by) =

=P(a; — b, — 26, <8 <a))+Pb; < 8§ <by —ap +2¢;) <

(lak [+ bi) ey

1
421 < Ol + UK
42D =CEateT g Vi
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Thus, by Lemmas 4.1 and 4.2 we get

- Cov(ag,a)) 2
(4.22) E - O(log”™* n).
1<k<l<n
2k<!

We can also see that for [ < 2k
Z lP(ak<Sk<bk a1<51<b1)-—PkPl<

1<k<l<n PkPl
2%>1
[ (1-P) 11 e
4.23 < = < o .
@42 <) g < X kp 1 coleem
lk<i<n 1<k<i<n
2%>1 2k>1
But Var(ay)=0if P, =0 and
1-P 1
(4.24) Var(a;) = k< 5 it RO
k

Now it is easy to prove Theorem 3.3. We have

Var (2”: ‘%) =

k=1
425) = Z Varak 2 Z Cov(ak ) +2 Z Cov(ak Coviay,a1)
k=1 1<k<I<n [<k<i<n
2k>l k<l
So (4.22), (4.23), (4.24) and (4.25) together imply
n .
(4.26) Var (; %) < Clog?®®n

and hence, applying Lemma 2.1, Theorem 3.3 is proved under condition
(4.16). Now we drop the condition (4.16). Fix x >0. By Theorem 4.1 in
PELIGRAD (1982) (2.12) holds. Hence we can define that

4.27) a; = max(ay, — ox V),
(4.28) b} = min(by,0x Vk),
(4.29) P =P(a) <8 <b)).

Then P} < Py, hencg assuming Py #0,

i
(4.30) —I{a <8 <b} <
, P,
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< —Pl—*l{a,f < Sk <b,‘(‘}+PL(I{ak <Se<app+I{by < S <br}) <
k

k
S%I{azssk<b;}+ {8 < oxvk) + 1{s¢ 2 02vk} _
‘ P<—Ux\/];55k<0) P(OSSk<ax\/E)

By Theorem 2.3

(4.31) lim P (—ax\/l? <S8 < o) = ®(0) — D(—x)
and _
(432) 1im P (0 < S < ox\//?) = D(x) — D).

Applying Theorem 3.2 and Lemma 2.2 we get

n 155 < —ax\/l? .
433)  lim { ¢ } -5 O‘D( q’)‘)
neologn (kP (—ox vk < 85 <0) PO —(x)

a.s.

and

n I{Sk ZO‘X\@} _ ] - ®(x)

1
(4.34) lim = -
n—ooc logn ;kP(OSSk <O‘x\//;) D(x) — D)

Since a,’:, b; satisfy (4.16),

| —af

4.35) im —= =1 a.s.

n—co logn k

k=1
where
| * * . *

wlia; < 8§ <b if P’ #0,
(436) C(;:= Pk { k k k} ‘ k#

1 if P;=0.

(4.30), (4.33), (4.34) and (4.35) together imply that

_ I ag 2(1 — d(x))
3 — N s
(@.37) Hmsup foen kz_; k= T om) - 90)

On the other hand, if P;#0

LI{a <8 <b }>—1——I{a*<S <b*}<l—Pk—P’:)>
Py k =Yk k _PI,: e = Yk k P, =
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Z—I*—I{a,’:gSk <bp}x
Pk

P(Sk < —ax\/I?) +P<Sk >ax\/lz)
min (P (—ax\/ES Sp < O) ,P(O < S <ax\/E))

and by Theorem 2.3
(4.39)

4.38) x[1-

i P(Sk <—ax\/l?)+P<Sk >ax\/1?) ) 2(1—CD(x)).
k—00 min (P (—ax\//: < S,; < 0) P (0 <8 < ax\/z)) D(x) — P(0)
Applying (4.35), (4.38) and Lemma 2.4 we get

~op 201 0)

4.40 liminf —_— S
(4.49) A5 logn £k T k) - ®(0)
So, by the arbitrariness of x and (4.37), (4.40) implies

. . 1 " ag
(4.41) lim_ Togn ; — =1 as

This completes the proof of Theorem 3.3.

PROOF OF THEOREM 3.4. In view of Lemma 2.1 it suffices to show that
the condition (2.7) holds. We use the following inequality and lemmas.

For each K there exists C = C(K) such that
(4.42) [®(x) — ()| > Clx -y,
forevery x,y € R, x| +|y| < K.
LEMMA 4.3. Ifa; and by satisty (3.14) and (3.15), then we have
(4.43) CkP <P <Gk, (k>ky.
PROOF. It follows from (3.16) and (2.3) that
(4.44) g<i2

§
Hence applying Theorem 2.2 and (4 15)

PG < el kG ) - ()

by G G _G
o X)-o < <
(\/E) (\/E)“ks—;- kB = kB

Pla; < 8, <bp) <

(4.45) +
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If k is large enough, then using (4.42) we get
(4.46) Plap <S¢ <by)=

e (<) -2 () - (<) = ()

by ) (ak ) G by —-ap . Gy
+P - > - +C > =
(x/l? \Vk) = 2"k B

s
Our Lemma immediately follows from (4.45) and (4.46).

LEMMA 4.4. Assume that

(4.47) W=ay and & =19,

Then the following asymptotic relations hold as n — co.

ou%)

4.48 =

(4.48) > kip P, = Oloen)

1<k<l<n
k<l -1
under (2.2)
a
1 12
4.49 —— =0l ,
(4.49) Z KRB o O(logn)
I1<k<i<n
k<l—1%
I 1
(4.50) — = O(logn),
15§5n KUP (1 —k —19)352
k<l —1a
1 a; — bk +¢; aj
@sh > |q> ( ) - ® (—) l = O(logn),
1<k<l<n kLF l—k—:l6a VI
k<l i@
1 b[ —ag +¢& b[

452 > 'cb ( ) - o ( = O(logn).
1<k<l<n kLR b=k —1% Vi
k<l—1&

PROOF.
o(l?) | 1
S A 6y I
= - -
I<k<l<n kLP P 1<1n pray 1<k<l—1@ k1=
k<l—!

1 1
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proving (4.48).

a
1 ) 1 |
E — < (| E S § — <
T o8 = I 1-8 =
I<k<I<n kLP B 742 1515n1 +ﬂ l§k<l—l‘1k b
k<l—1C

1 1
<G > I—HF#’ <G Y +=0(ogn),
- I<i<n 1<i<n
proving (4.49). By (4.44) we get

1 l 1
< .

1<k<I<n 1<I<n
k<l—[%

]

1 1
+
2 k(l — 19 — k)52 2 k(1 — 19~ k)s52

1<k<t=2 =2 cket—1o
1 l | 1 i
<C S <
= Z =B\ 1 —-1ays2 Zak+l—la Zakﬂ -
I<i<n 2 a2 I<kes2 " 2
log! 1
< Cz Z m < C3 Z 7 = O(logn)
1<i<nl 2 1<I<n

Thus (4.50) is proved. Using (4.15) we can write
1 a,—bk+£1> (al)
E ) —-®|—=1|<
ki P ( [—k 1@ Vi)~

1<k<I<n

|al| ( 1 1 ) 1 by
<C ——J+C +
<€ > kIPA\VT=1—k I 2 kiP /T =12 —k

k<i—I%

1<k<I<n 1<k<i<n
k<i—i@ k<l—i2
1 £
+C = + + .
T e cxe D DIRD DA
I<k<i<n
k<l—I2

Now applying the same procedure, as before we can obtain that

‘ || ( 1 k )
<C + <
>, < kipp \il-a i@k IJI-1€—k/) "

1<k<I<n
k<l—I2
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1 I 1o 1
<G Z 3 . 1 Z E+l—la Z .|t
Isisn 275 \ =192 g 1o 1gketmpt K2

I 1
*G D, 5 ) == <

1<1<n l? 1<k<t -1

1
(4.53) e Z Ogl <a Y ——O(logn)
l<l<n l<l<n

and

S50 Y — <
I<kei<n 1Bk ST T8 R)

k<i—I®

1 1 1 1 1
<C —_— — | <L
=4 Z 11-p /T—]a lea k7+ﬂ (l—la)%ﬂa Z Vi |~

I1<i<n | <k<—=— q§k<—2—[—la

oY ;( ! ,g-m_l_./———l_la)s

I— / 1
l_<_l§nl p [-1[@ (l—la)_2'+ﬁ
(4.54) <G Y. zl= O(logn).
1<i<n

By (3.16) and (4.47) we can see that o + 68 < |. Hence

1
2,5C > z <
S A VNV (R L 3|

k<l =[G

1 1 1 | 1
<a ¥ m|\vuE Lo rtem X )

Isi<n 1<k< 2 1<k<Z2
logl
4.55 <C -Olo n).
(4.55) <G Y 5 g6 > 7 =00ogn)
1515:112 l<l<n

(4.53)—(4.55) imply (4.51). The proof of (4.52) is similar to the proof of
(4.50). This completes the proof of Lemma 4.4.
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Let k <1 —1%(k > kg) for a > 0 as in (4.47). Then we write that
(4.56) Cov(ay,a;) <

I ,
< 55 (Plax <S¢ <by,aj—by < Sy~ Spya + Sgya = Si < by —ar) — B P) <
kLl

1
<——{P(|Sai > - PP
‘Psz( (1Sal > &) — PP+

' +P (ak <S8 <bkA,a1 —by —&) <5 —Spya <b1—ak+£1)>.

By the definition of p-mixing it follows that
4.57) P(_ak < Sy <bg,ap—by —e; <8 — Sp_ja <b;—ay +81) <
<Pa, <8 < bk)P(al —by—€e <8 _j_ja <b—a +£1) +Q(la).

Now using Theorem 2.1, Theorem 2.2, Chebyshev’s inequality and (4.15) we
get

Plaj—by & < Sj_y_ja <b—a+e;) ~P(a < 8§ <b)) <

bl—ak+£1> (bl) (al) (al—bk+81>
<O ———= | - = |+P| — | - —=—=
- ( I—k—Ic Vi * Vi T—t=12)"

Cy G

(4.58) + — + 53
U=k -1y 157
and
13
(4.59) P(ISla[ZEI) SC38—
I

Applying (4.56)-(4.59), Lemma 4.4 imply that

C )
(4.60) § YO hiogn,
k!l
I<k<i<n
k<@
On the other hand we can obtain that for [ — ¢ <k <
@.61) 3 C—"v%’ﬂ = O(logn).
I<k<i<n
k>l—1%
We have
4.62)
n n
ag \ _ Vargy, Cov(ay,a;) Cov(ay,a;)
Var(ZT)—— k2 +2Z—_kl—+2ZTI
k=1 k=1 I<k<l<n I<k<i<n

k>l—1a k<l-1¢
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So (4.60)—(4.62) and (4.24) imply that

n
4.63) Var (Z ’%) = O(logn).

k=1
This completes our proof.
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1. Introduction

Spaces of noncontinuous functions can be found in many branches of
theoretical analysis. The field of applications of these functions involves
the theory of stochastic processes [2], impulsive differential equations and
differential equations with non continuous right hand sides [1], [7], control
theory [4], etc ... :

The space of noncontinuous functions we introduce in this article is
motivated by the theory of impulsive equations. In this case it is necessary to
work with solutions that are piecewise continuous functions, and allow points
of discontinuity of the first kind [1]. Frequently these solutions have separated
discontinuities, that is, if #; and t, are two points of discontinuity of a given
solution, then they satisfy |t} — #;| > m, where m is a fixed positive number.
In this paper we show that these solutions are contained in a metric space of
right continuous functions where an Ascoli—Arzela theorem can be proven.

2. A class of piecewise continuous functions

In this section J will denote one of the following intervals
[0, 211, [t0,11), {20, 00).
If the interval is finite then we denote J =J\ {t;}. If J is not finite then J=J.

DEFINITION 1. We say that f : J — R belongs to the space C,(J) iff
(i) The function f is bounded.
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(ii) The interval J can be written in the form U I, where ¥ is a subset
keF
of the set of natural numbers, I, is an interval of the form [, =

=[ty,tk41, Where #; is a strictly increasing sequence of real numbers
(this sequence depends on each function f).

(iii) The function f is continuous on each interval I .

(iv) For each # . the left hand side limit lim f(¢) exists, and this limit
t-—»tk_+I

will be denoted by f(z,|)-

In the space Cy(J) we define the norm

[f oo =sup{lf ()f; £ € J}.

It is easy to see that the pair (Ci(J),|lco) defines a normed space, and this
space is not complete. This last observation follows from the forthcoming:

EXAMPLE. Let J = [0, ]; for n a natural number let us define f,(x) =1,
forx € [I/n+1,1/n) and fp(x) =01is x € [0;1]\ [1/n+1,1/n). Then the
functions

n
gn(x) =Y filx)/2%,
k=1
are functions belonging to the set C,(J). This sequence converges uniformly
to the function

' 00
gn ()= fi(x)/2%,
k=1
not contained in C;(J).
DEFINITION 2. For a positive number m, we denote by C,(J,m) the subset

of those functions of C,(J) with the following property: if t;, ¢, are points of
discontinuities of f then |t; — £]| > m.

THEOREM 1. (Cy(J,m),0), p(g.f) =|f — gl is a complete metric space.
PROOF. Let f, )°°1 be a Cauchy sequence on the space C,(J,m),0). Then
this sequence converges uniformly to some function f : J — R. If f is not

o0
continuous at some f,, then for some subsequence (fn ) we have that all

functions f,, are discontinuous at t,. Since fn € Cy(J, m) then all functions
f,, are contmuous on the interval [t,ts +m). ThlS implies that the function f

is continuous on this interval and the points of discontinuity of f are located
in a distance greater than m.
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“Let us assume now that f is continuous on some interval [t*,¢.). We
shall show that there exists the lim f(z). Let (t,)32, be a sequence such that

1—y

tn <ty and lim # =t.. Then the inequality
n—0o0

lf(tn) ”‘f(tm)| < lf(tn) _fk(tn)l + lf(tm) _fk(tm)| + lfk(tn) "fk(tm)l,

and the existence of lim fi(t), show that for a given € > 0, there exists a large
t—t,

N such that n, m > N imply |f(t,) — f(t,)| < €. Thus there exists the limit

nlirgo f(tn). Tt is easy to see that this limit does not depend on the sequence

()2 ‘ |
REMARKS.
R1: If J = [a,b], then a function f € Ci(J,m) has at most [b—;—a] points of

discontinuity, where [ ] denotes the greatest integer function.

R2: The space Ci(J,m) recall the space of right continuous functions D )
with the Skorochod metric [2]. For J =[a, b] the set of functions Cy(J,m)
is not in the space Jjg |}, because a function belonging to C.(J,m) not
necessarily is left continuous at t = b. The Skorochod metric used in the
theory of stochastic processes seems to be appropriated to study spaces
of discontinuous functions, but working with impulsive differential equa-
tions it is difficult to give a description of these deterministic equations
with such a metric.

3. The Ascoli-Arzela Theorem in C.(J,m)

Let # be a family of functions belonging to the space C.(J), and defined
on the interval J = [a,b]. In order to establish the main result of the section
we need the following definitions:

DEFINITION 3. We shall say that # is a bounded family iff there exists a
positive number M such that |[f(t)| < M forallt € J and all f € F.

DEFINITION 4. We shall say that ¥ is a right equicontinuous set of func-
tions in the space Cy(J) iff for any € > 0 and any x in J, there exists a
O(x,&) > 0 such that

(i) For any x € J, any f € & and any y € [x,x +0)N J one has
[fx)—fO) <e.

(ii) Forany x € J, any f € ¥ and any y € (x —6,x)h] one has
fxT) —fo)l <e.
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EXAMPLE. Let J =[0,1]. Let g be a rational number in J. Let us define
fax)=0if x €[0,9), fg(x)=1if x € [g,1]. This sequence is right continuous
at no point x belonging to [0, 1].

DEFINITION 5. We shall say that a family of functions F C C;(J,m) is
compact iff from any sequence of functions contained in F it is possible to
select a subsequence converging to a function of C.(J,m).

We will prove the following

THEOREM 2. Let J=[a,b). A family & contained in Cy(J,m), is compact
iff the family & is bounded and right continuous.

PROOF OF THE NECESSITY. Let us assume that the family % is com-
pact. Then for any ¢ > 0, there exists a finite g-net of family ¥, say
N={f1, f, ---. fn}. From here it follows the boundedness of the family .
Let x be a fixed point of the interval [a,b]. Then there exists a d > O such
that for any f; € N we have

(1) i) —fit)l<e if 0<y—-x<9,y€la,bl,
and
2) i) —filx )| <e if 0<x—-y<9d,yc¢€la,b].

For a fixed function f of ¥ we can choose an index i, such that uniformly on
all interval [a,b] we will have |f;(¢) — f(t)| < e. This property, together with
(1) and (2) give

[f)—f)[<3e, if 0<y-x<9d,yé€la,b],
and
FO)—fxT)<3e, if 0<x-y<d,yc€ela,b],
implying the right equicontinuity of function f.

PROOF OF THE SUFFICIENCY. Let (f;)°2, be a sequence contained in .
D, denotes the set of points of discontinuity of the function f,. Since f,
belongs to Cy(J,m), then the set Dy, is finite. Let

D=| Dy ={d),dz,d3,...}.
n

Let E denote a countable dense set in J \ D: E ={e;,ep,e3,...}. Let us
consider the following sequences:

Fae)2), (@D, (Fld]) e,
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These sequences are bounded. Therefore there exists a subsequence (f,,1 ) of
(fn)5° assuring the existence of the limits:

Yy = lim fil(e),  Zy=lim f)/@d), W= lim f,/@d).
n—o0 n-—oo n-—0co
If we repeat the preceding process for the sequences

M) o (ma@) L (fap)T
=1 =1

n=1

~ we can define a subsequence (f,, 2; of 0 )n=) such that there exist the limits:
Y;= ,,li,n;ofn (e2), 2= nli’ngofn (d2), Wy = nl_i_'ngofn (d2_)

J+1 0o
o l,where o is

a subsequence of (fn ~, and for each j we have the following property:

Thus we can construct a family of sequences (f,,

Y; = lim fn(ei)> 1<i<y,
n—oc
Z = lim fi(dp),  1<i<),
n—oo
W= lim fid), 1<i<].
n—oc
Let us define the diagonal sequence g, = f;. Then for all i = 1,2,..., this
sequence satisfies ‘
3) Y; = lim gu(e;), Z; = lim gnp(d;), W; = lim gn(d;").
n—oo n—o0 n—oo
Let us define on E U D the function f by
fle=Y;, fld)=4.

By standard arguments, similar to those of the Ascoli-Arzeld theorem for
continuous functions, it is possible to show that for any x € J the sequence
(8n(x));2 1s a Cauchy sequence and therefore for any x € J we can define
f{x) by means of:

fx)= lim gn(x).

We will show that (gs);2, converges uniformly to f. By the right
equicontinuity of (g,);2; at x we have, that for a given positive number ¢ >0,
the existence of a 6(x €) such that

0<y-—x<d(x,e) implies |g,,(y)—g,,(x)|<s/3,-
and ‘
0<x—y<d(x,e) implies |gn(y)—gn(x7)| <&/3.
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But the family of open intervals
{(x =d(x,e),x +(x,e))},

is an open covering of J from which we can select a finite subcovering, which
we shall denote by

(xi—éi,xi+6i), i=1,2,...,q.

Let x € J, then x is contained in some interval (x; —;,x; +3;). We have two
possibilities P1 and P2:
Pl: x € [x;,x; +J;). In this case we have the inequality:
|gn(x) = gm ()] < |gn(x) — gn (x| +18m(x) — gm(xi)l +[8m (i) — gn(xi)| <
<e/3+e/3+|gmx;) — gn(xi),

where the convergence of (g (x;)),2; allows to fix an Nj, such that for n € N;
we will have

lgn(x)—f(x)| <e, for n>N,.
P2: x € (x; ~0;,x;). In this case we will have

@ |8n(x) — gm )+ < |gn(x) — gn ()| +|gm(x) = gm x|+
+Hem (x| ) —gnx; ) <e/3+€/3+|gm(x;7) — gn(x;7)I.

If x; ¢ D then all functions g, are continuous in x; and therefore g, (x;”) =
= gn(x;). Because the sequence (g, (x;));2 converges, then for some positive
N; we have that

(5) n, m > N; implies  |gn(x) —f(x)] <E€.

Finally, if x; € D, then from (3) we have the convergence of the sequence
gn(x; ) and for some large N; we will have

n, m> N implies lgn(x;7) —8m(x)| <k,

and again from (4) we obtain the estimate (5).
Since i =1, ..., g, then for N = max{N},Ny,..., Ny} we have:

lgn(x)—f(x)| <e forall n> N and x € J=[a,b].

Thus the sequence g,(x) converges uniformly to f. Since the space C.(J,m)
is complete, then f € Cy(J,m). |
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4. Examples
In this section we will consider two examples where we apply Theorem 2.
4.1. Approximation of continuous functions

Let us consider a real continuous function f defined on the interval [a, b].
Then for each ¢ > 0, there exists a & > 0 such that, for any pair of numbers
x, y belonging to [a,b] with |x —y| < 20, we have |f(x) —f(y)| <&. Let us
consider &5 , the set of functions defined by the following properties: g € 84 ,

implies the existence of a partition P = {xg,x],...,X, } of interval [a,b] such
that
e g =constant on [x;_,x;), i=1,2,...,n—2and [x,_q,1].

o [f(x)—gx)|<e forallx € [a,b] and all g € & ,.
e The points belonging to the partition 2 satisfy |x;,,x;| > 6.

We term the functions to the set &5, the d-step functions. Let us define
Vg)=1f —gloos g§ESEs,.

Because V(g) <e forall g € 8, then there exists sequence (g,)52 in &5 ,
such that '

def .
I3 = Inf{V(g): g €85,} =n1l’rgo Vign).
The bounded set of functions gd,s is right continuous, therefore using

the Ascoli-Arzeld Theorem 2, we can assume that the sequence (gn),2,
uniformly converges to function gg. It is easy to see that gg € &5 . Moreover:

&= lim |gy —floo =180 —f oo
n—oQ

This last identity shows that the upper lower bound of the functional V(g) is
attained at the set &5 .. In other words, there exists a 0 -step function, giving
the best approximation to the continuous function f in the set &g . |
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4.2. An optimal control in impulsive systems

Let us consider a particle moving from the starting point (1,0) by the law
of the following impulse differential system:

)% 96)
E)eo-(3 D))o

where 0 <ty <1y <...<t, < T is a finite sequence of impulse times contained
in a finite interval [0, T], and T is a fixed positive number. The position and
the number of impulse times in this interval can vary. We only require that the
following condition of separation between impulse times must be observed:

(6)

ti+1—-ti26, (520

The numbers A; appearing in the definition of the impulsive systems stand to
change the velocity of the particle at time ;. The impulses 4; can vary in the
set

A-1<y,
where y is a positive number. Thus, the impulsive (6) system is defined by
the pair (7,&£), where
T ={t],12,...stm },

is the set of impulsive times on the interval [0, T'], and
L={A1,42,--sAm },

denotes the set of changes of velocity of this particle at chosen times J. Let
M be a point in R?. We will assume that this particle can be controlled by
the impulsive equation (6) to the point M in the interval on time [0, T], this
means the existence of a pair (7,£), termed an admissible pair, such that the
trajectory x(z,9.£) starting from (1,0) satisfies x(7,7,£) = M. Finally we
assume that each impulse 4; has a cost ¢; and this situation defines the cost
function: )

CT.L=Y el — 1.

]

Let C =Inf {C(J,£)}. Our question concerns the existence of an admissible
pair (9,&), for which € = C(J,¥). Certainly, such optimal pair exists. To
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prove this, we can identify each pair (7,£) with a set of functions & such
that a function g € & is defined by the following properties:

1, 1 €[0,tp)
g(t)=< Ak, te€ltitivr), k=1,2,....m—1.
Am, t €[tm, Tl
Let (9,,&€y) be sequence of admissible pairs such that C = nli’rréo CTn,%Ln).
Let us consider the respective sequence of functions g,. This sequence is
equicontinuous and bounded, and therefore by Theorem 2, we can assume that

this sequence converges to a function g(z). Clearly, this function is contained
in #, and therefore defines the optimal pair (7,£). |
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0. Introduction®

In the present article we study the first order boundary value problem

M —idy/dx=Ay, —1<x<l,
a
@) UQy)= / y(t)do(t)=0

—a
where o(¢) is a function of bounded variation on [—a,a]. Set L() =
= U(exp(iAt)) and let ky(4) be the zero-divisor of the generating function
L(4), i.e. the non-negative integer-valued function A — k;(A) with support
A = L~Y0) which takes the value m if A is the zero of L of order m and
equals zero otherwise.

Set e/{(x) =x) -exp(iix), —a <x < a. The set

3) R(A) == {ei =0, ki (A) — 1}A *

constitutes the family of all eigen- and generalized eigenfunctions of the
problem (1)-(2).

Using the concept of a sine-type function B. YA. LEVIN and V. D. GOLO-
VIN have established the following deep facts concerning spectral properties
of the system (3) [7], [3].

*  The research was supported be the Hungarian National Foundation OTKA No T014244
*¥  The sign *:=" means: equal by definition.
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THEOREM A (B. YA. LEVIN, V. D. GOLOVIN). Assume that

4) o(@)—o0(a—0)#0, o(—a)—o(—a+0)#0.

Then

(5) sup {ImA |1 € A} < o0;

(6) Y k@=0(), —co<s<oo;
s<Reld<s+l

there exists a certain partition {An}52, of A,
o :

(8) UAr=4,  AinA.=0, n#m
n=1

and the family of subspaces E = {E, }°°,, E, :=spanR(A,) constitutes an

n=1’

unconditional basis in L*( —a,a). Further we shall write briefly E € (UB).

Afterwards V. A. MOLODENKOV and A. P. HROMOV proved convergence
and equiconvergence with a trigonometric series for corresponding eigen-
function expansions provided (4) is valid {11], [12]. Further results about
convergence, equiconvergence and summability of eigenfunction expansions
for this and more general boundary value problems may be found in the series
of A. M. SEDLETSKII’s works (see the review [17]) as well as in the important
paper by G. M. GUBREEV [4].

However, nothing is known when the conditions (4) are dropped. Of
course today two criteria of unconditional basisness of exponentials in
I%(—a,a) are established. One is due to S. A. AVDONIN and I. JoO and
describes zero-divisors of the generating function as “small” perturbations of
zero-sets of sine-type function provided the spectrum lies in the strip (5) [1],
[2]. The zero-set of a sine-type function has also a very interesting description
via its behavior in the critical points, i.e. in the zeros of the derivatice [5].

Another one has been established by B. S. PAVLOV-N. K. NIKOL’SKII-
S. V. HRUSCEYV in the case inf{ImA |1 € A} > —o0 [15], [13], [6], [16] and by
"A. M. MINKIN in the general case [9]. This criterion gives a full description
on unconditional bases from exponentials in terms of their generating function
L(A). Nevertheless from the view-point of boundary value problems it is
important to establish a criterion in terms of a boundary condition itself. But
it is obvious that such a translation from the generating function’s language
to the one of the boundary condition yields a new problem which seems to
be nearly as difficult as the original each.

Therefore in this article we restrict ourselves to the case of the boundary
condition (2) and aim to investigate a spectrality of the problem (1)—(2).
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1. Notations and definitions

Let k(A1) be a divisor in the complex plane 6 with a discrete support A
which has a single limiting point at co and let

9) A= U An
n=1

be its partition into disjoint subsets A, called clusters. Further we set
(1)  ka(W)=k(@), AcA and =0otherwise; (k()=Y ke)

and assume that A, lies in a circle K, (C, C; >0, G < 1)

an Ay CKp:={|z —&n| <} m < C+C - [Iméy,|;
(12) supCard A, =N <00,  CardAp =) kn(d).
n
A

DEFINITION 1. Let E, be the span (e/{ 1j=0,.. . k() — 1; AeAn);
E :={E,}. Suppose (9)—(12) are valid and E € (UB). Then we shall say
that E is a block-basis in 1?*(—a,a) (notation: E € (BB)).

In the sequel we shall need a block-basis generalization of the criterion
in {9].

Let A4 be the union of all A, such that sup{ImA |A € A} > 0; A_ be its
complement in A and k4 (4) be their divisors.

THEOREM B [10]. Suppose the family of subspaces E is defined as above.
Then E € (BB) if and only if the following relations hold:
(A) k(A) is a zero-divisor of some entire function 1(z) of exponential type a;
(B) dist(A,,Ap)>€>0,n#m;
(C) Af :=U{An | inf(£ImK, > h} € (CV); for some fixed h > 0;
(D) |M(- —iy)|? € (Ay), for some y > 0.

Here dist(X, Y) :=inf{|x —y| |x € X, y € Y}, (5;) and (CV) are the
well-known Muckenhoupt and Carleson—Vasjunin conditions [14] and M (z)
is an entire function of the first order where zero-divisor

(13) kagA) = k(D) + k_(A).

REMARK 1. Let ©1, =exp(£iaz); B(z,k) be the Blaschke product with
divisor k. Then in Theorem B one can replace (D) by

(14) dist oo (@ZB(-,kM(- - iy)),Hioo) <1
Set also 64 := {*Imz >0} and 8, := {Imz > gq}.
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2. Main results

THEOREM 1. Assume

(15) g(—a+0)—0(—a)=0, o(a)—o(a —0)#0.
Then

(16) (@) inf{ImA |4 € A} > —cc.

(17 (ii) E ¢ (BB).

An analogous statement is valid when the measure do carries a mass at the
point —a while another end-point +a is mass-free.

THEOREM 2. Assume
(18) g(—a+0)~0ag(-a)=0, ga)—o(@a-0)=0
and let do be a sum of a purely discrete measure doy and absolutely contin-
uous part fdx: do =doy +fdx, f € L'(-a,a),

/ydad(t) = chy(aj); Z lcjl <00,  ajoo(—a,a).
Za J

Then

(19) " E¢(BB)

3. Proof of Theorem 1

3.1. Let ¢cx be the jump of do at the point x. Then
a-0
LAY — cqexp(+ida) + Lo(A); Lo(A) = / exp(idt)do(t),

—a

cg 70, and it is obvious that

|Lo()| < e - |exp(ida)|, ImA < —N; <0.

Therefore L(A) has no zeros in the lower half-plane {ImA < —N; } and (16)

is proved. Clearly )

(20) |L(A)| =< | exp(ida)], ImA < —N; *

provided ¢ is chosen less than |cg,]|.

*  Here and in the sequel A < B means that d; < |A/B| < d, with some positive constants
d|., dy which don’t depend on variables A, B.
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3.2. Suppose now on the contrary that E € (B B). Without loss of gen-
erality assume that inf{ImA |1 € A} > 0 and that (20) is valid for N; = 0.
Otherwise we shall replace L(A) by L(A — i N;). Then we employ Theorem B
and observe that the spectrum A € (CV). It is well-known that the latter
implies the following relation:

21 |B(z,k )| <1, Z€Ks

Ks :={Imz >0, |z —4| >0 -|ImA|, A € A}.

Recall that L(z) is a function of the class Cartwright. But basicity implies
completeness in L2(—a,a) and the latter yields the fact that the indicator
diagram of L(z) is an interval of length > 2a. At the same time this diagram
lies inside the interval [—ia,ia] because L(z) is a Fourier—Laplace transform
of a measure supported in [—a,a]. Therefore the diagram coincides with the
interval [—ia,ia]. Hence

Liz)=Tl(z) := v.p.H (1 - %)k(}()’
the product here is taken on the principal value sense over all A € A. Next
22) B(z,kp) =TIz)/TT™ (2),
where I17(z) :=I1(Z). Since we put Ny =0 we have (see (20)) that
IM@z)| < |0a2), z€6-

or equivalently

N~ =< 0-alz), z€84
whence, taking into account (21) and (22) we conclude that
(23) 1L =TT @) Bk X |0-a(x)], z€ Ks.

From the other hand
—a+

(24) L(z)=(/ +/ e do(t) = L (2)+ £ 2).
ate —a /.

The first summand Lg (z) is an entire function of exponential type < a —¢ in
%,. The second one admits an estimate
—a+g

(25) |Le (z)] < expla-Imz)- / |da(t)|, z €64,

The second factor in the right-hand side of (25) tends to zero as ¢ — 0 since
the point —a carries no mass. Thus (23) fails and we came to a contradiction
which compietes the proof.
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4. The proof of Theorem 2

Set
a

a
Ld(z):=/exp(izt)a’od(t) and F(z):=/exp(izt)f(t)dt.
Za —-a

Then L(z) = Ly(z) + F(z) and its behaviour is described by the following

LEMMA 1. In any square
R(t,h):={z: |Rez —t| < h, [Imz| < h},
h being any fixed positive number, L(z) has O(1) zeros cdunting multiplicities
and outside their d -neighborhoods L(z) is uniformly bounded from below:
(26)  |L(z)|>€e>0, z€S52h,A) :={Imz|<2h}\ Ss5(A);

Ss() = Go ={lzAl <8}
A€EA
PROOF. This statement is well-known for the almost-periodic function
L;(z) [8, Ch. VL. §2] and the proof therein exploits two facts:

1. normality of the set of functions ®;(z) := Ly(z +1), z € R(0,2h), where
the parameter ¢ runs through the real axis;
2. for any subsequence t; — +00 or 1, — —00 as k — oo the limiting function
klim @;, (if exists) doesn’t vanish identically.
—_ 00

However these properties are also satisfied for the generating function
L(z). Indeed it is clear from the definition that |L(z)| is bounded from above
(and hence normal) in the strip

27) [Imz| < 2h.
Further |F(z)| — 0 as z — oo remaining in the strip (27). Thus F(z) doesn’t
affect the limiting function hm L(z +1) at all. Then it remains to repeat
considerations from [8] word for word and the lemma is proved.

Now choose in (26) h such that — < inflm A4. Upon reflecting A, € A_
to the upper half-plane we come to a new generating function M(z) instead
of L(z) with a divisor of zeros kps(z) defined by (13). Clearly

(28) infM™(0) > —%,

(29) M()/L@)=B (2,5 ).
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The zero-divisor of B (z,kz_) satisfies the Carleson—Vasjunin condition.
Therefore

B (Zakj_) =<1, z€S85(2hA), 0<Imz<2h.

Since B(@) = B—l(z) for any Blaschke product B(z) we can extend this
estimate to the lower half-plane:

B(zkz ) =1, z€8;(2hA-UA).
Taking into account (29) we get that

M(z)=<L(z), z€S85(2h,A-UA_),
whence, employing (26) we conclude that
(30) IM@z)| =<1, z€Ss5(2h,A-UA).
According to (28) M (z) doesn’t vanish in the domain Imz < —%.

Let us choose now & in (26) such that 2N +1)d < 7 and consider
connected components of the union of circles G 5 over all A € A_. Each
component consists at most of N circles (see (12)) On account of the
maximum modulus principle the estimate (30) is valid inside any component
lying entirely in the domain —2h < Imz < —%.

All other components are placed outside the region

31 —2h +2N6 <Imz S—%—2N(§.
Hence
(32) M(z) =<1, whenever z satisfies (31).

All the more M(z) =1, Imz = —h.

Further on, let us introduce a function M (z):=M(z —ih). Since M;(¢) =<
1, —o0 <t < oo it is a function of the class Cartwright. Besides it has no zeros
in 6_. In [9,§8] it has been explained that M| (z) might be taken as a product

z ki)
Mi(z)=v.p.Il (I—I—))-- .

overallve M +ih:={u+ih|u € M}, kj(v):=kps(v —ih). Moreover it has
an indicator diagram [—ia,a] coinciding with that of the generating function
L(z). Here we merely put k =0 in [9, (8.9)] because a generating function is
uniquely determined up to a factor exp(ikz) which can be taken identically 1.
Thus we have

Mi(2) < ©az), 2 €6
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whence

(33) M(Z)=0_4(z), z€%8,4.

On the other hand recalling (29) with the argument z — ih we obtain that
(34) M(z)-©4(z) =0, Imz— +o0

just as I(z — ih)- Ou4(z — ih) does because the point —a is mass free. It
remains to see that
(35) M\ (z)/M{(z) = B(z,k)) € (CV).
Upon collecting together (33) and (34) we conclude that
M (2)/M[(z)- -0 as Imz — +o0.

Thus we came to a contradiction with (35) which completes the proof.

5. Final remarks

Theorems 1, 2 give a background for the following main conjecture

CONJECTURE 1. Assume that the measure do in (2) is not purely abso-
lutely continuous, do#fdx and conditions (4) fail. Then

E ¢ (BB).

As a first step towards its proof it will be helpful to investigate the case
do;#0, i.e. when there exists a discrete component of the measure do. The
situation with purely absolutely continuous measure do = fdx, f € LY(—a,a)
needs a separate treatment. We shall mention here only the papers [17], [18]
and the articles cited therein.
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1. Introduction

The concept of K-functional introduced by J. PETREE plays an impor-
tant role in the theory of interpolation spaces and approximation theory.
In this paper we present a simple method for characterization of weighted
K-functionals. Let v(x) be a weight on a finite or infinite interval I = (a,b).
This means in this paper that v(x) > 0 a.e. and measurable on (a,b). Let
1 <p <oc and let r be an integer. The weighted K-functional is defined as
() K(ox= inf {f—glx+t"1ePNx} FeX, 1>0),

gEWUNX) '
where .
X:—_—X[I,p,V]IZ{f:VfELP[I]}, HfHX:HVfHLD[I]
and W((X) denotes the class of all functions g r-times locally absolutely
continuous on (a,b) for which g, g € X.

For characterization of the K-functional (1) we introduce the following
moduli of smoothness of functions in the space X:

(2) wr(f,0)x = sup [[vepAS O pr 1 0<8 <|I|/r,
' |h|<6 ’
where

=Y (=1 (;)f(x +mh),

m=0
Vrp(x):= min v(x +mh), Ly ={x:x,x+rhel}.
’ 0<m<r ’

* This research was supported by the Hungarian National Science Foundation under Grant
No. T 4270.
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We shall prove the equivalence between K-functionals (1) and moduli
(2) for a class of weights v defined below. Some applications of this kind of
moduli in the case r = 1 were presented in [1], [2], [3], [4] and [5]. We will
return to further applications in another paper.

2. The equivalent theorem

Denote by M*(I) = M*(a,b) the class of all weights v defined on the
interval [ =(a,b), having the property that there exist two numbers (a <)A <
< B(< b) such that v is nondecreasing on (a, B) and nonincreasing on (A,b).
Let M () be the class of all weights u equivalent to some weight v € M*(J),
that 1s, there exists a weight v € M™*(I) such that ¢;v(x) < u(x) < cpv(x)
(x € I) with some constants c¢; and c¢; independent of x.

For example
0y p(x)=(1 —cosx)?(l +cosx )P € M(0,7) (a,f >0),
wg y(X) =xPe M ¢ M(0,00) @B,y 20),
u(x)= e_lxll € M(—o00,00) (A >0).
The following theorem is true:

THEOREM. Let I = (a,b) be a finite or infinite interval, Let v € M(I),
1<p<oc. Let K, (f,t)x and w,(f,t) x be the K -functional and the modulus
defined by (1) and (2) resp. Then there exist constants ¢y, ¢y depending only
onr,p,v and a constant ¢y depending onv such that foranyf € X,0<t<c3
we have

(3) K (f,0x <o (f,0)x <Ko (f,D)x.

PROOF OF THE THEOREM. For simplicity we shall use the notations
c(x,y,...) for constants depending only on x,y,..., not necessarily the same
at each occurrence.

Note that if two weights are equivalent then the corresponding K-func-
tionals (and moduli) are also equivalent. So, it is sufficient to prove the
theorem for weights belonging to M™(I). This will be assumed throughout
the proof.

A. Proof of the inequality
(4) w,-(f,t)X S C(’»PaV)Kr(f,t).X-
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The proof is based on the following three properties of the moduli. If f;,
£ € X, g € WO(X), then

(5) wr(fi +f2,)x Lwr(f,t)x +or(f, ) x,
(6) or(f1,0x <2"Ifillx,
) wr(g.Hx <t g x-

Indeed, (5) and (6) follow immediately from the definition of the moduli.
To prove (7) we notice that since v € M*(I) we have v ~ | on every compact
subinterval of (a,b), or in other words, v ~ 1 locally on (a,b). Now for any

g € WI(X)
h h

(8) AZg(x):/.../g(r)(x i 4.0
0 0

On the other hand, since v € M™ it is easy to see that
) ven() <cvx+1) (|t <rlh| <c(v), sgnr=sgnh).
Therefore by (8) using Holder inequality we get
Ivrndhelle, 1 <

h h
S/.../Hv(x+l‘|+...+l‘r)g(r)(x+tl+...+t,—)|llp[lr‘h]dll...dtr <
0 0

h h

< /--~/||Vg(”|lu’[1]dt1~--dtr=hr||Vg(r)||U’[1]-
0

0
Hence (7) follows.

Now from (5), (6), (7) we have for any f € X, g € W)(X)
or(f,Nx Swr(f —gDx +wr(gDx <27If —gllx +1 g x-

Hence by the definition of K, we have (4).
B. Proof of the converse inequality

(10) K (f,t)x <clr,pv)or(f,t)x-
We need the following further simple properties of the moduli.
a) If v is nondecreasing on (a,b) then for any f € X

(11) wr(f,h)x = sup WA flle, -
O<t<h
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b) In the case when v is nonincreasing we have

(12) wr(f,h)x = sup VAL flleqr, -
O<t<h

Indeed, in the Case a) we have

b r) = v(x) forh >0
rh vix+rh) forh <O.

Hence by the definition of the moduli we get

or(f,R)x = sup vreAifllips, 1=
lt|<h

=max{ sup [VAIf (I sup IvG = rAL F@llpir 1} =
O<t<h O<t<h
=:max{A;,42}.

From this, changing y =x — rr we get 4} =4, which proves (11). The proof
of (12) is similar, therefore it is omitted.

Let now f € X[I,p,v], |h| <|I|/r. Let
3 S =

h h

. r—1 :
—r ‘ r -5
=h /,,_/ZO(—U’*”‘ (S)f <x+r—r—(z,+...+z,))dt1...dt,.
O =

0 8
Since v ~ 1 locally on I, the integral on the right hand side of (13) exists
for every x € I, . The function f;, 5] has the following properties. Let
a < A < B < b be two numbers appearing in the definition of the class
M* applied to the weight v. Recall that then v is nondecreasing on (a, B),
nonincreasing on (A, b). Choose two numbers A< Aj < By<Bas A=A+
B—A _p_ B—A_ 2(B—A) __ ,_
+52, B =B 3 =A+ 3 . Let Iy :=(a, B)), I :==(A1,b). Then for

3
0 < h <c(v) we have

(14) Wirny = Fllxy pt S @R x1pYY
(15) Hf[(,r,,),]llxul o] SR wr(f R x(1p v
(16) Wfir,—n) —Fllx1n,p0) S @r (R XTI pY)

(17) W L < €™ 0 (F B X (1 p w1
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We prove only (14) and (15) since the proof of (16) and (17) is similar. By
(11) and (13) using Holder inequality we get

| hooh
Wirm —Fllxtn py) < h—r/---/IIA(rtl+,_,+t,)/pf'!X[I|,p,v]dtl coodty <
0 0

< Jsup 1AL I x0ry ) € @F ()X [(a,B),p01 < @Or(F )X 1 py)-
<<

To prove (15) we observe that for a.e. x € L
r—I1
Fo @) =m7" Y (=D AL f ).
s=0 r
By this and (11)

U lxtn oy < GO B 00 ()1

We have (15).

Return to prove (10). With the numbers A; and B; defined above let y
be the function defined as follows: Y(x)=1 (a <x < A1), 0 (B £x <b)

and ¥ is r-times continuously differentiable on I, w(i)(x)l <lG=1,...,r;
A <x < By). Such a function was defined for example in [6, p. 141].

Now for f € X[1,p,v], 0 <h < c(v) introduce
A8 firmy =Wfirm + A=y —ny =fir,—n) *¥ (irn) = fir,—n))-
By (14), (16) and (18) we have
(19) Wf = firmy Ixtrpon < 20 B x11pv)
On the other hand, by (18) and the definition of ¥ we get

(r)
(20) - Wmllxray,spemn <
r
< C(r){IV[(,r,)_h]HX[(A,,B,),p,v] + 3 Wfirn —f[r,—h])(l)”X[(Al,Bl),p,V]}'
i=0
Since v € M*(I) we have |- ||x1a,,B)pv] ~ |l - lr(4,,B))- Therefore from

(20) using a well-known inequality between I -norm of derivatives of differ-
ent orders we get (see e.g. [6, p. 18])

"
Ilf((,fil> Ix10A,,B)pw] < C(r’p){Hf[rr,h]“X[(Al,Bl),P,V]-'_

I xtcay,Bypw1 + Wirt = fir—millx1cay,B)p01 }
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Hence by (14), (15), (16), (17) we have
(21) !V((,r,;Q“X[!,p,v] < C(P,r)h—rwr(f,h)X[I,p,v]-

Combining (19) and (21) and noticing thatf(r,h) € W(X) we have (10). By
this the proof of our theorem is complete.
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1. Introduction

Classically compactness and completeness have similar characterizations,
one by convergence of compressed filters the other by convergence of Cauchy
filters. Moreover every Cauchy filter is compressed for the proximity as-
sociated with the given uniformity; the converse is true if and only if the
uniformity is precompact (see [3]).

In this paper we give a definition of compressed filters relative to a
quasi-proximity and we show that compactness of the induced topology is
characterized by convergence of the compressed filters (see Definition 2 and
Theorem 1).

We introduce a notion of Cauchy filter for a quasi-uniformity (see Defi-
nition 3) that satisfies the following properties:

(1) coincidence with the classical definition in the uniform case,

(i1) every convergent filter is a Cauchy filter,

(1i1) every Cauchy filter is compressed for the associated quasi-proximity,
(iv) the converse of (iii) is true provided the quasi-uniformity is totally
bounded.

These conditions lead to the well-known notion of D-Cauchy filter (see [6]).

However the coincidence of Cauchy filters and compressed filters does
not characterize totally bounded quasi-uniformities, but an intermediate class
between the classes of precompact quasi-uniformities and totally bounded
quasi-uniformities (see Theorem 2). This class is that of Cauchy bounded
quasi-uniformities, and at last we give another proof of KOPPERMAN’s result

[10]: the topology induced by a quasi-uniformity is compact if and only if the
quasi-uniformity is D-complete and Cauchy bounded (see Theorem 3).
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2. Preliminaries

If 0 is a binary relation on the power set £(X) of X, and A a subset of
P(X) let us set

A0 =N {8(A): Acd)
where 0(A) :={B € P(X): Ad B}.
The application 4 — A9 is a polarity (i.e turns every union into inter-

section) and so is decreasing; moreover for all subsets 4 and B of P(X) we
have:

AXxBCS ol C B = B O,

In particular, for the relations # and *, respectively defined by AN B#{
and A# X \ B we obtain:

oA = {BeP(X): B#A forevery AcAd} (grill of A),
A*={BeP(X): X\B¢gd} (conjugate of ).
Let us note that 4 — 4™ is an involutive polarity and so turns every intersec-
tion into union.

Following [11] we say that a subset 4 of P(X) is a stack on X if every
set that contains an element of 4 is element of 4. The grill of A4 is a stack
and stacks are exactly those sets for which grill and conjugate coincide; they
are also those for which « = (4%)*.

A grill (of a filter) on X is a proper stack ¥ on X that satisfies:
AUBec¥%=A4¢c¥% or Bed.

Equivalently % is a stack and % is a filter.

Recall that uitrafilters on X are filters which coincide with their grill.
The ultrafilter generated by {x} will be denoted by [x].

3. Basic quasi-proximities on X and filters on X x X

We refer the reader to [8] for the basic definitions concerning quasi-
uniformities and quasi-proximities.

According to the terminology of [11] a basic quasi-proximity on X is
a binary relation 6 on P(X) satisfying: (P;) AJ B implies A and B non
empty; (P,) AS B, AC A', BC B’ imply A’6 B'; (P;) A#B implies Ad B;
(Py) (A} U Ap) 0 (B] UB,) implies A;  B; for some (i,j). If & fulfils only
(P)), (Py) and (P4) we say that 0 is a weak quasi-proximity.
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The conjugate relation of ¢, denoted d*, is defined by:
A0*B iff Becd(A)* (ieAd (X \B) where d :=nond).

Recall that the closure operator associated with the topology 7(d) induced
by a quasi-proximity ¢ is defined by:

x €cl(A) iff {x}dA.

For this topology, the neighbourhood filter of x is d(x)* (since this filter is
0*(x)=d0(x)* and d(x) is a stack).

DEFINITION 1. For every subset R of P(X x X) we denote by 6 (R) the
binary relation on P(X) defined by

AS(R)B iff (Ax B#R foreach ReR.

Clearly 0 (R) is a weak quasi-proximity provided R is a filter, and turns
into a basic quasi-proximity if and only if each element of the filter R contains
the diagonal of X x X. Moreover if R is a (quasi)-uniformity then () is a
(quasi)-proximity.

A filter £ on X x X is said to be compattble with a weak quasi-proximity
0 if S(R)=4.

Let us denote by
H(A,B) the relation (X x X)\ (A x(X\ B)),

R(0) the stack generated by the finite intersections of the members of the set -
{H(A,B): AS*B)}.

THEOREM ([2, (19.38)—(19.40)] and [9, Theorem 1]).
Q) IfR is a filter on X x X and 6 =06 (R), then R(S) is the coarsest filter
compatible with 0.

(ii) Moreover, ifd is a quasi-proximity, then .9@(5) is the only totally bounded
quasi-uniformity compatible with 6.

REMARKS 1. a) If 0 is a weak quasi-proximity, then R(d) is not neces-
sarily a filter, because a finite intersection of H(A;, B;) may be empty. This
is not the case if 6 =d(R), where R is a filter, because any finite intersection
of H(A;, B;) contains a finite intersection of elements of .

b) Although the first part of this theorem is not explicitly given in [2] or
[9] it is implicit in the proofs given there.

¢) For a basic quasi-proximity the filter R(d) is totally bounded, but it is
not the only compatible filter of this type; nevertheless (ii) can be extended
to basic quasi-proximity by introducing the notion of simple filter (see [1]).
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COROLLARY 1. Let R| be a filter on X x X and R, a totally bounded
quasi-uniformity on X. Then 6 (X)) Cd(R,) if and only if R, CRy.

PROOF. Let (5] =6(%1) and (52 = 6(%2) If (51 - (52 then (5; c (Sik and
therefore R(d,) C R(d)). Consequently we have by the preceding theorem:
Ry =R(;) € R(B;) € R;. The converse follows from the fact that the
application X — 0 (R) is decreasing.

4. Compressed and Cauchy filters

If 4 and & are subsets of P(X), we denote by 4 ® & the stack generated
by {AxB:Acd, BeB}.

Let us recall that a filter # on X is called a Cauchy filter for a uniformity
RIUERCFRF Itd is a proximity, a filter ¥ on X is said to be compressed
if 7% x 3% C 6.

For the main results concerning these notions we refer the reader to [3].

4.1 Compressed filters for a quasi-proximity

The standard definition of a compressed filter cannot be used in the case
of quasi-proximities since a convergent filter need not be compressed: for
example, the euclidian topology of R is induced by the quasi-proximity
defined by A#cl(B) but for the neighbourhood filter 6(x)# we don’t have
O(x)xdx)CH.

Let us now introduce the following definition.

DEFINITION 2. Let & be a quasi-proximity on X. A filter ¥ on X is
compressed for § if there exists an ultrafilter 2 on X such that U x F*Co.

LEMMA 1. Let 8 be a quasi-proximity on X, U an ultrafilter on X and
A, B subsets of P(X). f AxUCS andU x BCS, thenAx BCH.

PROOF. Suppose that 4 x & is not included in 6. Hence there exists
(A,B) € 4 x B such that A d B, and consequently there exists a subset C
such that A C and (X \ C) 6 B. It follows that neither C nor X \ C belongs
to the ultrafilter L — a contradiction.

PROPOSITION 1. If 8 is a proximity, then the preceding definition is
equivalent to the usual definition.

Moreover we have



COMPRESSED AND CAUCHY FILTERS 157

THEOREM 1. Let 0 be a quasi-proximity on X. Then (i) every conver-
gent filter is compressed and (ii) the space (X,t(d)) is compact if and only
if every compressed filter is convergent.

PROOF. (i) If F converges to x then 0 (x)* C F or equivalently FH*C o).
Clearly 6 (x) = [x]°, so the convergence of F to x implies [x] x ¥ C 6 ie. F
is compressed. (ii) Suppose (X,7(d)) is compact and let ¥ be a compressed
filter. Hence there exists an ultrafilter & and x € X such that: U x ¥# C ¢
and U C §(x). As in the preceding discussion U C O(x) is equivalent to
[x]x U CS. So we have U x F* C 6 and [x] x U C 9; by lemma 1 we
obtain [x] x ¥ C 8 or equivalently & (x)* C %. Hence F converges to x. The
converse follows from the fact that every ultrafilter is compressed.

4.2 Cauchy filters for a quasi-uniformity

We now introduce a notion of Cauchy filter for a quasi-uniformity which
satisfies conditions (i)—(iv) from the introduction. Let us first look at condition
(iv); our definition will be motivated by the following lemma.

LEMMA 2. (i) If 4 and B are stacks on X then we have
A x B=6A" 0B,

(ii) If | and ¥ are filters on X and R a totally bounded quasi-uniformity
on X then we have

FExFECOR) iff RCF ©F,.

PROOF. (i) By Definition 1 we have (C,D) € 34" @ B%) iff
(C x D)Y#(E x F) foreach E € 4" and each F € B*, or equivalently (C,D) €
€ (@ x (B i.e. (C,D) €4 x B. (ii) By the preceding result F% x F4 C
CO(R) means 6(F| ® Fq) CO(R) and by corollary 1, R C F| & Fy.

Consequently, if & is totally bounded, a filter  is compressed for & (%)
if and only if there exists an ultrafilter 2 such that £ C U ® ¥. We now state
the following definition.

DEFINITION 3. Let R be a quasi-uniformity on X. A filter ¥ on X is
called a Cauchy filter if there exists an ultrafilter 2 on X suchthat R CURZ.
The space (X,R) is complete if every Cauchy filter converges.

REMARK 2. This definition is equivalent to the definition introduced by
Doitchinov to resolve the problem of completion for quiet quasi-uniform
spaces (see {6]).
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PROPOSITION 2. Let R be a quasi-uniformity on X .
(i) If R is a uniformity, then the preceding definition of Cauchy filters is
equivalent to the usual definition.
(i1) Every convergent filter is a Cauchy filter.
(iii) Every Cauchy filter is compressed for 6 (R).

(iv) If R is totally bounded, then every compressed filter for 3 (R) is a Cauchy
filter.

PROOF. As a consequence of Lemma 2 we have already obtained (iv).
We let the reader verify conditions (i) and (ii) (a proof in term of sequences
is given in [5]). Let us prove (iii): if R CU D F then (U ® F) C S(R) and
by the first point of Lemma 2 we have U x F* C 3(R).

However the coincidence between Cauchy filters for £ and compressed
filters for 0 (R) does not characterize totally bounded quasi-uniformities as
we show in Theorem 2.

LEMMA 3. Let R be a quasi-uniformity and O the associated quasi-proxi-
mity.
() IfF is a filter on X, then F° is a grill on X.

(i) A filter F on X is a Cauchy filter if and only if (F°Y* is a Cauchy filter
(see also [4, Lemma 1.2]).

PROOF. (i) We omit this straightforward proof (see [11, Theorem 3.10]
where it was carried out for & an ultrafilter). (ii) By the preceding point
(F%)* is a filter on X. Moreover axiom (P3) of quasi-proximities implies
that % C 99 or equivalently (g9 Y C&. Consequently if (9‘5 Wisa Cauchy
filter so is ¥. For the converse suppose that & is a Cauchy filter, then there
exists an ultrafilter U such that X C U @ ¥. We are going to show that

_n#
RC (ué ) @(F %), and this will imply that (F9)* is a Cauchy filter. For this

let us note that #9 is a stack so (.”f”s)#z(.?‘s)* and (9‘;)* =U{0*(A):AcF}.
Thus B € (%%)* if there exists A € F such that A5 (X \ B), or equivalently if
there exists A € % and S € R such that S(A) C B; in particular S(A) € (FOY*,
Then if R€ R let us choose S € R such that §3 C R; by R C U @ F there exists
(A,B) € U x F such that Ax B C S. So we have S71(4) x S(B)C S3CR

i H _\H#
with S—'(A)e(uCs ') and S(B) e (F0)*. Henceﬂtg(ua ‘) 2 (FOY. -

Let us recall the following well known results [8, theorem 3-14]. A
quasi-uniformity R is (a) totally bounded if and only if every ultrafilter is
a Cauchy filter for the uniformity generated by ZUR~!, (b) precompact if
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and only if every ultrafilter is Cauchy in the sense of Pervin (i.e U satisfies:
for each R € R there exists x € X such that R(x) € W).

DEFINITION 4. A quasi-uniformity is Cauchy bounded if each ultrafilter
is a Cauchy filter.

In [10], R. D. KOPPERMAN introduced the above definition, and showed
that a quasi-uniform space (X,R) is compact iff R is complete and Cauchy
bounded. We give a characterization of Cauchy bounded quasi-uniformities
in the following.

THEOREM 2. (i) Given a quasi-uniformity R, Cauchy filters for & and
compressed filters for 5 (R) coincide if and only if R is Cauchy bounded.

(1) Any totally bounded quasi-uniformity is Cauchy bounded and any Cauchy
bounded one is precompact.

PrROOF. (i) If we have coincidence between Cauchy and compressed
filters then every ultrafilter is a Cauchy filter, since it is clearly compressed
for 6 (R). For the converse suppose that every ultrafilter is a Cauchy filter.
Let ¥ be a compressed filter for d (R); then there exists an ultrafilter U such
that U x F* CH(R), or equivalently such that (U%HY C F where 8 =6 (R). By
Lemma 3, (U‘S )# is a Cauchy filter and so is %. (ii) By Proposition 2 and the
preceding point if R is totally bounded then R is Cauchy bounded. Moreover
every Cauchy filter is Cauchy in the sense of Pervin since A x B C R implies
B C R(x) for each x € A; so if R is Cauchy bounded every ultrafilter is
Cauchy in the sense of Pervin and R is precompact.

As a corollary of Theorem | we give another proof of the fundamental
result due to KOPPERMAN ([10, Theorem 6]).

THEOREM 3. Let R be a quasi-uniformity on X. Then the space (X,T(R))
is compact if and only if R is complete and Cauchy bounded.

PROOF. If (X,T(R)) is compact then by Theorem 1 every compressed
filter for 8(R) converges. But every Cauchy filter is compressed, so (X,R)
is complete. Moreover by compactness every ultrafilter is convergent and so
is a Cauchy filter; hence R is Cauchy bounded. The converse is immediate.

I would like to thank the referee for his valuable suggestions.
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AN ALEXITS TYPE THEOREM
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L. JOO*

Department of Analysis, E6tvds Lordnd University, Budapest

(Received February 17, 1995))

The classical Alexits theorem [1}, [2] states that a function f € L, can

be approximated by its Fejér means o,f in the order ||o,f —f{lp = O (l) if

n
and only if the derivative of its conjugate function f’ belongs to L. In what
follows we extend this result for Fourier integrals instead of Fourier series.

oo .
Denote f () = ﬁ [ f(x)e~**'dx the Fourier transform of f € L(IR) further

— 00
let
| sinAx
Dy(x)=—
T ox

be the Dirichlet kernel. It belongs to Ly (R) for 1 < g < oo, so for f € L,(R),
1 < p < oo we can define the A-th partial sum of the Fourier integral expansion
of f as

Si(f,x) = /f(y)Da(x —y)dy =f * Dy(x).
—oc

If f € L1(R) then by the Fubini theorem we obtain

00 A A
_ b i~y __i_/ ixt}
) Sm‘,x)—h/f(y) /e dt | dy === [ ™o
—0o0 —A -1

* Supported by the National Scientific Research Found. OTKA N°® T 024244
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The Fejér kernel is defined by

X

A A
@) K(x) =+ / Dy(x)de = + / S0 g =
A )
0 0

s Ax 2
_11—cosdx 2 (Sm'f)
A oax?2 Tam ax2
It belongs to all L, 1 < g < o0, hence for f € Ly, 1 <p < oo we can define
its A-th Fejér means

a(frx) = / FOVK(x - y)dy = f * Ky (x).

If f € L,, 1 <p < oo, then again by Fubini theorem

1
, 1
o(f,x)= I/Sz(f,x)dt
0

and if f € L then

A
b N ixep
3) (0= = { (1 l)e oy,

Further define the conjugate Dirichlet kernel by

- i 1 —coslx
D=2 ——

and forf € Lp, 1 <p<oclet
oC
S(,x)= / FO)Dy(x —y)dy =f * Dy (x)
—0o0
be the A-th conjugate partial sum of f. Let further
i Ax — sinAx

A
- | -
Kl(X):I\/Dt(X)dt‘:; ,1x2
0

be the conjugate Fejér kernel and for f € L,, 1 <p < oo let 5 (f,x) =f * Kj (x).

_ Lp. ~ )
If there exists f € Lp such that §;f 2 f then f is called the conjugate function
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of f. We shall see that if 1 <p < oo, every f € L, has a éonjugatef €L,
which can be characterized by the equality

@) Fo=y

—f ()
t

meant in (Schwartz-) distributional sense, in S’(IR). Our main aim is to prove

the following version of the Alexits theorem

THEOREM. Let 1 < p < oo then ||loyf —f||=O (%) & f is locally abso-
lutely continuous and f' € L.

Analogous result is obtained in D.V. GIANG [9] for p =2.
The proof needs some auxiliary results. We begin with the widely known

PROPOSITION 1.
a) Noafllp <clfllp and feLy®), 1<p<oo, 1>0,
by ouf —fllp =0 @A—00) for fe€LyR), 1 <p<co.
For the convenience of the reader we provide a proof.

PROOF.
a) lloauf llp = IIf x K3llp < IK3|111If |l hence we have to check || K; ||y < c.
But this is easy to see: if |x| < ll then |K; (x)| < ﬁi hence

/ | K (x)|dx < ¢

I
|X|<I

and analogously

' c
/ |K; (x)]|dx < /mdxgc.

x>+ Ix[>1

b) It is enough to find a complete set of f in L, for which b) holds
because b) follows then from a) by the Banach-Steinhaus theorem. This
complete set consists of the orthonormal Hermite functions

2
Pn(x)=hp(x)e 2
where hj, is the normed Hermite polynomials. The functions ¢, (x) form an
orthonormal basis in L(R), are complete in L,(R), 1 < p < oo and are the
eigenfunctions of the Fourier transformation:

Pn = (=i)"pn.
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We have then

1 ixt (=" ixt
S;(((Pnyx) —pn(x)=—= / e XI(Pn(t)dt = e ‘Pn(t)dt =
Vv V2
[t}>4 |t}>4

i\ ixt A 1 ixt
=(\/;—3; [ei—x-%(t)} - (\/% / el.x pn()dt =
1=—1 lt[>4

_n\n . ) 2
= (\/% i (eflxqp,l(l) - e_"l"(p,l(—l)) +0 <e—lT|x|_2) .

Another integration by parts gives that

A
| _A2
03 (Pmrx) = Pn(x) == [ (Si(pn,x) — pn(x)dt = O (e~ |x|72).
Y
0

On the other hand

1 _a?
ISA,(‘Pnsx) “‘Pn(x)l < _\/‘27 / ](ﬁn(t)ldt <cpe ¥

ltj>A
hence ,
, 2
03(pn,x) f(pn(x) =0 (e K O ]x|2>
consequently 03¢, — @x ||, — 04 — co). Proposition 1 is proved. |

PROPOSITION 2. Let | < p < oo and definef by (4). Then
a) Every f € Ly(R) has conjugate f and |[fllp < cpllfllp.
b) 6;f = oif, |

c) f can be described by the other way given before (4).

PROOF.

a) Follows from the Marcinkiewicz multiplicator theorem because Jﬁ—' =
=sgnt is a multiplicator, see N.K. NIKOLSKII [3]. In b) we have to verify

(5) Gf =f Ky =f xK; =0,f.

If f € L, N L, then we can apply Fourier transform in (5), so we have to show
that o - ' '

~

f-Ky=af-K

13
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which in turn follows from

2 . tl A
(6) K;t)= lt—lKA(t).
Indeed,

A
1 11\ ixt -1 1
Kﬂx):—/(l——)e dt = <—(1—
21 A V2
A

where ! denotes the inverse Fourier transform, and

Koo =5- L /( |t|>lt| it gy _ g 1(_\/1?(

It]
A X|l|<l

t t
) )

which implies (6). So (5) holds if f € L, N L,. Now since Kj, f(/l €L,,
1 < g <€ oo hence by the Young inequality both sides of (5), f n—rf * K; and
f»—»f*KAarecontmuousfromL to L, 1f + —+1and L1151 On
the dense subset 1, N L, the two mappings are 1dent1ca1 hence (5) extends to

the whole L,. This proves b).

Now the point ¢) follows from a) and b) since G;f
L, by Proposition 1b).

Introduce the kernel

=af tends to f in

. i
D} (x) = Ax sinAx +cosdx — 1 _ ﬁl' / It|ei*!dt

x2

and the corresponding partial sum operator

Si(f,x)=f*Di(x), fel,, 1<p<oo

further its Fejér summation
A

2sinAx —Ax(1 +cosAx)

KA*(x)=}—{/Df(x)dt:
0

7Ax3

?

o yf.x)=fxK'(x) feL, 1<p<o.

If f € L, then changing the order of integrations we get

A
SH(f,x)=—= [ |t|e*!f(t)dt,
N : \/2?_{1

o%(f,x)= ‘712?_}1 H (1 - lii) e f(n)dt.
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The following variant of the Alexits lemma [1] holds

LEMMA 1. Iff € Ly(R) with some 1 <p < co then

1
o =1lp=0(7) . leiflo=0)

A — )
(— o0) (A — 0)
PROOF. a) Suppose first ||0;f ||, < K. A short counting gives that
d 1 d . Ax sindx — (1 — cosAx)
a1 Kl = 72 g7 KT )) = nx2A2 '
Consequently
1d, .,
GA(f x)= 2 (Ao (f,x)).

Let 0 <4 <45, then

2
1 d "
olz(f,x)—all(f,x)=//—l—§ﬁ(/lol(f,x))dll=
Al

A
* Az 2 *
- [O’X (f’-x)jl +2/GA(f,X)dl,
P 12

Ay
Taking the L,-norm of both sides we obtain

los,f — o Slp <LK+—K+2//12d/1< %{

Ay
Since ||oyf — fll, — 0, hence |joyf —fllp < 4K

b) Conversely suppose that [|oyf — f||p < 7. Introduce the means
5 A
o2l = 25 / (0,(f, x)dt = % Ky 5 (x)
0
where
2 ;i 2 7 1
—costx
KAJ(X)=;1—2/ fK[(X)dt = E/~72x2—dt =
0 0

_ 2(Ax — sinix)

1
23 =K;(x)— IKA*(X)'
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Hence 03 of =03f — 707f and then

A A
2 f 2 K 2K
loxof ~flp =5 [ 10 ~parly < 5 [1ar ==
0 0
implies
K 2K
||0,1f|lp =lloif = 032f llp < lloaf = fllp +lloaf =fllp < 5+
ie. Ho/lf“l’ < 3K. Lemma 1. is proved. |

LEMMA 2. If [loff|lp = O(1) and 1 < p < co then o}f tends weakly to
some g € L, when A — oc.

PROOF. Introduce the operators
o0

T;: Ly —C, Tlh=/hoff.
—0G
We have to show that there exists g € L, with
(8) Tyh — /hg, hely.

Prove first that the numbers T;h converge to some limit for every fixed
h € S(R) where S(R) is the Schwqrtz class of test functions (used to define
tempered distributions). We know h € § and

Thh= /h(x)/f(y)K,l(x— )y dx =

/f(y)/ h() K (x — y)dx dy = /f(y)ol(h,y)dy
Using (7) we obtam
Ay A
X * _ 1 lyt 7
sz(h’”_sh(h’”‘”\/ﬁ /*!‘ eV th(t)d:.
1 42

A simple integration by parts gives the estimate

1
S5, (hy) = 55, (h,y) = 03 (1+|y|)
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A' , .
consequently Slh is convergent in L, and then o;h = % f S;hdt is also

convergent i.e. f hoif = f fo/ik h is convergent in C. The functionals

T) are umformly bounded

| Th1 < [Rllgllogfllp < cllhllg-
In the dense subset S C L, the functionals converge so they converge on the
whole L, to some contmuous functional T Wthh can be represented by some

gel,:Th= f gh. Lemma 2. is proved. ]

PROOF OF THE THEOREM. We can easily check that
d . 1 (1+cosAx)Ax — 2sinAx

© ax = i e

and hence f;(ﬁ(f,JC) =io}(f,x)

=iK;(x)

a) Suppose first that |loyf —f|[, = O (%) Then by Lemma 1. and 2.
there exists g € L, such that

/ [%61(]‘,x)—ig(x)] h(x)dx=/[ia;(f,x)-ig(x)]h(x)dx -0

—oo —00

if A — oo and h € Ly In particular for A =y, ] we obtain

(10) 5 y) —Gy(Foa) — / ig (oo ER).
. _ Lp .
Since G;f —f, we get that
Yy
(1) f(y):c+/ig

a
i.e. f is locally absolutely continuous and f’ € L,.
b) Suppose that (1 1) holds with some g € Lp. Then

zal(f x)= —G’X(f x)= —al(f x)= al(f ,X)=1i03(g,x)
ie. of =05(8). Th1s 1mplles by Proposmon 1. that [loS{l, = O(1), thus
lloaf =fllp=0 (%) which completes the proof. |
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1. Introduction

Let W (k) be the characteristic vector of a k-dimensional subspace of a
vector space V of dimension n over the Galois-field GF(2) where k > 1. Let
V1, ..., Vn be n — 1-dimensional subspaces of V that are generated by the
subsets of n — 1 elements of a fixed basis in V. It is well-known that the
collection of binary vectors formed by component-wise multiplication of the
rth order Reed-Muller code (r < n). The question is the following

How many elements can be found in the r-order Reed—-Muller code
with the property that the weight of their component-wise product with the
characteristic vector of W (k) is 2k—17 (The weight of a vector is the number
of 1’s arnong its components.)

In the case when r =2 this problem is solved (see in [3]), and the sought
number for the case k = n is the number of codewords of weight 2"~1. We
show that the numbers for the other values of £ only depend on this one and
formulate this connection. Let 2" be the dimension of the subspace W (k). Let
A(n,r,k) denote the above number. We will prove the following equalities:

(1 rct() = (14(E4(5))

An,rky=2 Alk,r.k) if r <k,

and

i(i-‘)—(z“—n ok
A(n,r, k)=2i=0 . (

2k-1> if r>k.

* Supported by Tempus JEP-06044-93 and Hung. Nat. Found for Sci. Research (OTKA)
grant No. 7351 (1993)
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2. Notation and Lemmas

Let R(r,n) and B(n,r) be the Reed—Muller code of order r and the
corresponding group of subsets of V, respectively. We denote the group
operation be A which is the symmetric difference of two subsets of V. In this
terminology we have that

Aln,rk)={M € B(n,r) | M N W (k)| =271},

We will call the collections of subspaces { Vi,..., V,} and
G={V,V,...,V,,VinV,,...,V,_,aN...N V,}

basic generators and generators, respectively. % is a linearly independent set
as can be seen in Ch. 13 in [1].

LEMMA 1. Let C(k) be a k-dimensional coset in V. Then
A(n,r.k)=|{M € B(n,r) | M N C(k)| =271}

PROOF, It is known that B(n,r) is generated by the collection of its
minimal weight elements i.e. by those ones for which |M|=2"""_ It is also
true that these elements are precisely the cosets of dimension n — r (see Th.8
in Ch. 13 and Th.12 in Ch.13 in [1]). This means that the group B(n,r) is
invariant under a regular, inhomogeneous linear transformation of V so that
the number A(n,r,k) is also invariant. Therefore the statement is true. [ |

Let C(k) denote the coset (V \ V) N...N(V \ V1) and let % be the
set of those generators which do not intersect the coset C(k). If B(n,r) and

B(n,r) are the groups generated by the sets % and %\ %, respectively, we can
regard the group B(n,r) as the direct sum of these groups. This means that

the rowspace R(r,n) is the direct sum of the rowspaces B(n,r) and B(n,r).
(In the following we do not distinguish a set-group from the corresponding
rowspace.) We can compute the number of elements of B(n,r).

LEMMA 2. The number of elements of B(n,r) is

n +H{M— k k
]F(—n,—r)] :21+(l)+.,. &) (l+(|)+...+(s)), )

where s :=min{k,r}.

PROOF. Using the previous remark and the linear independence of the set
< we have:

‘ {E(—HT).} I = 2dimB(n,r) — zdim B(n,r)—dim B(n,r)'
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But B(n,r) is generated by those elements of & which contain at least one
vector from among the sets Vj, ..., Vj as a factor. So the other generator
set %\ ¥ is the collection of those generators which are intersections of the
“sets V, Vi, ..., V; and whose dimensions are not less than n — r. This

means that the dimension of B(n,r) is equal to (1 + (If) ..+ (ls‘)) where

s :=min{k,r}. This proves the lemma. |

The Theorem

We now prove the following theorem:

THEOREM.
' 14D+ +H") = [ 14(5) 4+
A= 2O (D) i
and
Y (H-2k -1/ gk
A(n,r k)= 2i=0 -<2k_1) if r>k.

We will use a theorem about the recursive setting up of the Reed—Muller
codes.

STATEMENT. (See Th.2 of Ch.13 in [1].) Penote by |u |v| the direct sum
of the vectors u andv. So it is a vector of length n +m if the length of u and
v is n and m, respectively, the first n components being those of u, the last
m components those of v. Then

R(r,n+1)={|lu|u+v| whereu € R(n,r) andv € R(r — 1,n)}.
provided that in the codewords the order of components is the lexicographical

order of the points of V, with respect to expansion in the fixed basis, and the
basis in GF(2)""*!) has first n_elements those of the basis in GF(2)".

THE PROOF OF THE THEOREM. Let | < r < n be an arbitrary integer and
consider the value A(k + 1,r,k). First we assume that r < k. Without loss of
generality we may also assume that W (k) is the subspace of V spanned by
the first k basic vectors. So if M is an element of the set

Hk+1,r,k):= {M € Blk+1,r) | M W@K) =2"—1}

then M has the form |u | u +v|, where u C W(k), u € B(k,r) and
v € B(k,r — 1). On the basis of the definition of H(k + I,r,k) it can be seen
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that u is in the set H(k,r,k), too. (In the definition of H(k,r,k), W(k) can
be taken as the k-dimensional vector space.) This means that

Atk +1,r,k)=|{Bk,r — D}|- Ak, r,k).
But ‘
(B, — D} =2 DHDACED)
SO
kv, ok k
Ak + l,r,k) - 21+(l)+(2)+'"+(r—l) . A(k’r’k)_

Similarly, the codewords in H(k +2,r,k) have the form

lu ['u+v|[|u|u+v[+w'

where |u | u +v| € H(k + 1,r,k), and w is an arbitrary element of
B(k +1,r —1). Thus we get that: )

(D (1) _2(1+(’;)+(§)+...+(,E D)

A(k+2,r,k)=2< -Alk,r, k).

Since we can continue, in this way we have the following equality
n—1 . .
> (1+(fl)+...+(rf_ l))
An,r.k)= A(k,r k) -2/ .
Add now the number 1 + (lf) o+ (l;) to the exponent of 2. Then we get the
expression 1+ (7)+...+ () so we have the more simple form of A(n,r,k):

n n k
Ay = 2 DR (144 ®))

-Alk,r,k).
This proves the first statement of the Theorem.

Assume now that r > k. From Lemma 2 of the previous paragraph we can
see that if C(k)=(V\ Vo))N...0(V\ Vip1), é={Me% | MnCk)=0}

and B(n,r) :=(%\ %), then

Aln,r,k) = l{M € B(n,r) | |M N Ck)| =2"—71}‘.

In the case when r > k the generator set ¥\ 9 is the collection of those
generators which are intersections of the vectors V', V|, ..., V; of dimension
at least n — r so

G\NEG={V, V... VILViN Vo, ., Vi1 N Vi, ViDL 0 Vi k.
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Thus B(n,r)= B(n,k) so i(n,r,k) =i(n,k,k) = A(k,k,k). (We used at the
last equality that we have two formulas for the number A(n,r,k) if r =k.)

Since
) 2k. k k L
A(k,k,k)~<2k_l) and (1)+...+(k).—2 -1

we have proved the second statement of the Theorem, too. |

4. On the computational metheds of H(n,r,n)

It is clear from the proved formulas that the algorithmic handing of this
problem is very hard. (This is an NP-hard problem.) But for a small n
(n £ 5) by the help of the GAP system (see [3]) the number A(m,r,k) can
be determined. In particular the obtained values lead to the discovery of the
above statements. However the numbers A(n,r,n) are not known if n > 6.

We now sketch a possible method which raises some new research prob-
lems.

In the proof of Lemma 1 we used that the automorphism group of B(n,r)
contains those permutations of the elements of the vector space V which are
generated by a regular affine transformation of V. However in general the
group of these permutations (which is the so called general affine group and
is denoted by GA(n)), is equal to the full automorphism group Aut(B(n,r)) if
1<r<n-—2cf. Ch. 13in[1]. (We note that in the case when r=0,n —1 orn
then this group of S»n, see Th.24 of Ch.13 in [1].) Such an automorphism does
not change the weight of a codeword (or set) so H(n,r,n) is invariant under
the automorphisms of B(n,r). Take now an element M in H(n,r,n) and
let Bys be the subgroup of Aut (B(n,r)) consisting of those automorphisms
which fix the element M. If now Aut p;(B(n,r)) 1s the equivalence class of
those elements of H(n,r,n) which are isomorphic to M then we have that

|Aut ps(B(n,r))| = |Aut (B(n,r))/Bpl|.
This means that A(n,r,n) is the sum of the cardinalities of the classes of the
isomorphic elements of H(n,r,n). Thus
A(n,r,n)= Y |Aut p(B(n,r))|
MeR

where R is the maximal set with the ‘property; if M and N are in & then M
is not isomorphic to N.
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For instance if M := V) then the cardinality of By, can be computed
easily:
|BV1 ' =|GAmn - 1)|- 2",
So
‘ GA(n )I = 2n+l
|GA(n — 1) -2n—1
The sketch of a possible algorithm is the following. Take an element M from
H(n,r,n) and determine the group Bjs. Then we compute the cardinality
of the coset space Aut (B(n,r))/ By and those elements N of B(n,r) which
are isomorphic to M are struck off the list of the possible elements. Finally
we choose another element from the set H(n,r n) This concept raises the
following (research) problems:
1. Over to find (rapidly) such an element of H(n,r,n) which is not isomor-
phic to the found one?
2. How can we determine the group Bjs and the orbit Aut ps(B(n,r))?

Last but not least I would like to express my thanks to Prof. J. NEUBUSER
for some discussions.

—2.

’Aut Vl(B(n,r))‘ =

References

[11 F. J. MACWILLIAMS, N. J. A. SLOANE, The Theory of Error-Correcting Codes,
North-Holland Publ. Co., Amsterdam—New York—Oxford, 1978.

(21 AKOS G. HORVATH, Codes and Lattices, Per. Pol. Mech. Eng., 36 (1992).

131 AkoS G. HORVATH, On the second-order Reed—Muller code, Annalas Univ Sci.
Edtvas, Sect. Math., submitted.

[4] MARTIN SCHONERT ET. AL., GAP — Groups, Algorithms, and Programming,
Lehrstuhl D fiir Mathematik, RWTH, Aachen, Germany, 3th edition, 1993.



ANNALES UNIV. SCI. BUDAPEST., 38 (1995), 177-184

BASES OF VECTOR EXPONENTIALS WITH A STRIP
IN THE SPECTRUM

By
L. JOO* and A. MINKIN

Department of Analysis, Edtvds Lordnd University, Budapest and
Department of Mathematics, Saratov University, Russia

(Received March 14, 1995)

1. Unconditional bases of scalar exponentials in a finite interval (0,a)
have been completely investigated during the previous 15 years [1]-[6]. In
the case of a system of vector exponentials (here g ) denotes an indicator
function of the interval (0,a), a > 0)

D, = {ef(t) 'EA}AEG s ef(t) =€ X0,a)
ey(t)=exp(—iAt), &§; € E, dimE=N <00

a criterion of unconditional basicity of ®, in L2(0,a) (notation: ®, € (UB))
has been established only in the case of a half-bounded spectrum (see for
instance, [3]):

inf{Imi |A €0} > 0.
However, it is rather difficult to extend the arguments in [6] to vector expo-
nentials. Therefore we restrict ourselves to the case

(1) inf{{Imi|A €0} >0

when there is a strip in the spectrum. Our considerations basically follow
those in the scalar situation (4] but a special care is needed to handle manip-
ulations operator-valued inner functions.

Nevertheless, in the vector case not all scalar results are possible to
obtain. We mean that there are yet no analogues of the well-known Muck-
enhoupt condition (A,). Therefore the criterion obtained in the theorem 1
requires further improvement. We refer also to the article [5] for some
sufficient conditions of boundedness of the Hilbert transform in a space of
vector-valued functions with a matrix weight.

* The research was supported by the Hungarian National Foundation OTKA No T 014244.



178 1. JOO, A. MINKIN

2. We shall need the following definitions and notations.
Ct={xImz >0}, ox=0nCx, 0_= {IM €a_};
e =€l XOoo)y € =L X(—co0);
L*(R,E) — the space of all square summable E-valued functions where
E is an auxiliary N-dimensional euclidean space;

Hi (E) — the corresponding Hardy space of E-valued functions analytic
in the upper/lower half-plane;

Py — the Riesz projection onto Hi(E) in LR, E);

L(E — E) — the space of linear operators acting in E;

for an inner (in C4) operator-valued function ¥4, taking values in
I(E — E), set
°
H(yx) = HE(E) 69+ HA(E),
where & stands for the orthogonal difference between two subspaces.

For any subspace M C L*(R,E) and operator-valued function o,
Yk) € L(E — E), sety M = {yf |f € M}.
Let also
Ly =span®,, L, C L2(O,a;E); Lff = span <I)f1t
where ®F = {¢;-£; |A €ox} and set D=D* UD;
DT ={eprg peo s P ={ef t—a)-5 A€o}
XE=——
AV
X*={X"|leos}, X=X'UOX™, OX ={OX; |Lco_},
O=exp(iaz) I,

1
i€ H}(E), AeCy
Z —

Ir is the unit operator in E.
Further let [ be the unit operator in L*(R, E) and set

Po=1-0P.O", Xo=PoX=PoX UPsOX =X3UXg.

At last let F~! be the inverse Fourier transform
oo 4

F ' )s) = 2n)~ /2 / exp(its)f (1)dt
) —0o0
and let P, be the orthoprojection onto L%(0,a; E) in L*(R, E).
For the sake of brevity we shall denote below Lz(lR, E) as H and let
G=span X, F=span®X~.
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3. Let us derive at first some needed properties of vector families intro-
duced above. Evidently,

Pa(p*.:(I)Z’. Pa(D_={Pa€l+(t—a)|/1€0_}=
={e, (t—a)-§,0<t<alleo-}={ef -E(-a)|Aeco_}.

Therefore all the properties: unconditional basicity (U B), uniform minimality
(UM) and minimality (M) are one and the same for both systems, ®, and
P,®™ or P, P and ®,. By direct calculation we find that

X}t =9l € HL(E), A€o
Moreover, Pg =%~ 1P, is an orthoprojector onto H(®) in H;
FPo=F1P0* UF P, d =Py X UP;OX~
because
Ff(t — a))(s) =explisa)F~f (s).
LEMMA 1. X§ € (M) = X" € (M).

PROOF. For a finite linear combination ) ¢,x; we have
u#A

xf— Z c#)c#+ > || Py xf— Z cﬂx/f >0=0)>0
B FA upuFA
because XJ € (M). |
Quite analogously, if Xg € (M) then ©X ™ € (M). But for the families

X* it is known ([4], p.52) that minimality yields the so-called Blaschke
condition for the portions of the spectrum (notation, o4+ € (B)):

(B) 3 md]

2
ieon 1+ |A]

Hence, there exists the corresponding Blaschke—Potapov products IT4 ([4],
p-36) such that

detIlL(z) = B(z,0+)
is a Blaschke product in C4 with zeros o+ and

kerIT4(A)=L; =span (&), A€o04; dimL; =1.
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LEMMA 2. X3 € (UM) = X+ € (UM).
PROOF. We have only to check the double-sided inequality
) eI =< lxg Al

where A < B means that C| < |A/B| < G, for variables A, B and some
positive absolute constants C}, G,. But .

1
+4(2 _ ) 2 .
”xl H - 2|1m1| “5,1” s A€ 043

g all? = llef -Eall 720,05 = (1 + ImAD ™ &)1,

It remains now to apply Pavlov’s lemma ([1, p.228]) which completes the
proof. | |

REMARK 1. This lemma is clearly valid for the system Xg = Pg@®X ™,
or equivalently, ®@;. One must only take into account that the elements 9’x6 2
and ef - & differ by the multiple ef. But really uniform minimality is a
property of the set of subspaces {span (e -&;) | 4 € 0—} and not of their
individual elements.

4. Let us state now our main results.

THEOREM 1. The system @, constitutes an unconditional basis in
L%(0,a: E) if and only if the following two conditions are valid.

i) X* is an unconditional basis in its span (in H*(E), respectively); nota-
tion: X* € (UB").
ii) the Toeplitz operator Ty, with the symbo]

Y (k)= 0"(k)I(k), k eR,
is an isomorphism onto H2(E);
Ty : HY(E)— HXE);  Tyf = Popf.
Here
N)=T_(z) - Tl(z), TI_(z):=T_@),
T1(z) is a Blaschke-Potapov product in C; with zeros o, Uo_.

THEOREM 2. &, € (UB’) if and only if the following two conditions are
valid:

X+ € (UB);

i Ty He2 = HE.

It is known that in the theorem 1 condition i) is equivalent to the uni-
form minimality of the system X % ([7], theorem 9.1). The latter has been
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investigated and encoded in [7], see for instance lemma 15.3 therein, and we
refer to the reader to this deep article for further details. Condition ii) may be
written as follows:
3) dist(w,HX(E)) < 1,
4 dist (w, H(E)) < 1,
where the distance “dist” is taken in the space L°°(E). Condition ii) of the
theorem 2 is equivalent to (4) (see [8], lecture VIII).

Proof of the theorems 1,2 is carried on below in sections 5-8.

5. First we prove theorem 2 provided the set o_ is empty. Then

®, € (UB)=®, c(UM)= Xt (UM)& Xt c(UB).
Hence, using the scheme of the projection method we come to an equivalence:
(@, € (UB"] &

1) X*e(UM) and
2) Pglspan X* is an isomorphism (onto span Xg).
If L and M are closed subspaces, we say that the algebraic sum L+ M

is a direct sum (notation L + M) if the angle of the subspaces L and M is
positive; the angle is defined below just after (10).

Since span Xt = H(IT*) we conclude that 2) is equivalent to the follow-
ing:
(5) H(ILE)+ker Py is a direct sum.

Here we employed the well-known

PROPOSITION 1. Let L, M be closed subspaces in a Hilbert space H; L*,

ML be their orthogonal complements in H, and let P be the orthoprojection
onto L in H. Then

A) (P| M — isomorphism) & [M + L* is a direct sum) & H=M=Y +L;

B) (P| M — is an isomorphismonto L) > M + LY =H & M+ +L=H;

C) for any pair of closed subspaces T, S in H [T + S is a direct sum] <
T++5t=H;

D) T+S=He Ttist=H.

For the proof see [8], p. 258; the main tool is the Banach embedding
theorem.

Clearly, ker Pg = H2(E) & @Hf(E) and adding the summand H2(E) to
the first term in (5) we come to a new direct sum: 1, H? (E)%@HE(E). Going
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over to orthogonal complements and exploiting part C) of the Proposition 1
we obtain

(6) 1, HX(E)+ ©H2(E) = H.

Therefore the Toeplitz operator Ty, in HZ(E) with the symbol ¢ = ©*TL, is
an epimorphism, i.e.

(7) T, H}(E) = H3(E).
and this completes the proof. |

6. Let us make further transformations. Clearly, Xg € (U B) is equivalent
to the following three conditions

(8) . X3 e(UB.
9) 2. ¢(span Xg,span Xg) > 0.
(10) 3. span (X@;,X(;) = H(©®).
Here ¢ (M, N) stands for the angle between two subspaces M, N C H:
<p(M N)= mf arccos &)
el il
)’EN

LEMMA 3. Relation (9) yields
(11) ¢(G,F)>0.
PROOF. First we note that
G =span X* C [span Pg X ] & OHZX(E) = span X3 & OHZ(E)
because X+ C HZ(E). Similarly ©X~ C ©H2(E) and
F=spanQX_ C H*(E)& span Pg@X ™ = H*(E)® span Xg
But span X5 -i-spanXg is already a direct sum. Adding orthogonal summands
to it we obtain again the direct sum & + F which is equivalent to (11). I
LEMMA 4. Relations (8)—(10) yield
(12) Pg |(G+ F) is an isomorphism onto H(©).

PROOF. Recall that the sum G+ F is a direct one according to the
lemma 3. Let g € G, f € F. Then

g +7 1 = Mgl +1UF 1l = 1 Pog I + 1 Per I

according to (8) and to the part of the theorem 2 proved above in the section
5. However (9) implies that

IPogll+1|Paf || < || Pog + Pafl = | Po(f + &)l
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and this completes the proof. 1

LEMMA 5. Xo € (UB) if and only if
(13) X* e (UB
and conditions (11)—(12) are satisfied.

PROOF. Indeed, the necessity of (11)-(12) was established in the lemmas
3, 4. Relation (13) stems immediately from lemma 2 and the main result
of [7]. '

Sufficiency. Clearly, (11)~(13) yield (8), (10). Let us show now (9). For
u € span Xg and v € span X there exist ¢ € &, f € F such that

Po(g)=u, Po(f)=v, |u+v|=|Polg+NIl=llg+fIl=lgl+lIfl

In this calculation we employed first (12), then (11) and at last the proved
part of Theorem 2. ]

7. PROOF OF THEOREM |. We shall reduce the set of three conditions
(11)~(13) to a chain of equivalent relations. Applying proposition 1 we readily
replace (12) with the following

(14) [G+ Fl+kerPg=H
or equivalently
[H(Ily) + ©H(1.)] + [H2(E)® ©HX(E)] = H.
Regrouping summands we obtain
H =[H(Il,)+ H*(E)] + [OH(I1_) + ©HX(E)] =1, H>(E) + OT1_ H2(E).
Taking advantage of the relation (B) in proposition 1 we get
(15) ' H=IL.HXE)+O6Il_H*(E).

Clearly multiplication by an inner function or its adjoint is a unitary

transformation in H = L*(R,E). Then, multiplying both sides of (15) by
IT* ©* on the right and applying the Riesz projection P, we conclude that

Ty is an isomorphism onto Hf(E), the symbol yp =IT* ©*I1; = ©*IT* I1,

since ® commutes with TI_. Hence, it remains to remove condition (11)
LEMMA 6. Condition (11) follows from the relation

(11) [L,HX(E)+OIl_H*(E)=H.

PROOF. We have that (11) < [G'+ F is a direct sum | < GL+FL=H.
But ~

¢t = HAL): = HX(E) » TI H2(E),
Fl = [0HI_)1* = O[H(T1_)]* =0 [Tl H3(E) & HX(E).
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Hence,
H?(E)+I1,HZ(E)+©I_H?(E)+ ®H(E) = H.
Multiplying this equality by IT* ©* we come to a relation:

(17) T ©*H2(E)+I1* ©*TI H2(E)+ H*(E) +IT* HX(E) = H.

Multiplying now (16) by I1* ©* we see that the sum of second and third
summands in (16) absorbs other two terms which completes the proof of the
lemma 6. |

Hence, the proof of the theorem 1 is finished.

8. PROOF OF THE THEOREM 2. All the considerations coincide with those
of the theorem 1. We have only to remove (10) as well as words “onto H(©)”
in (12). Then (14) means that the summands from the left constitute a direct
sum and we have to replace below all direct sums by algebraic ones.

Therefore we come to the relation H. = H+H3(E)+®H_HE(E) or,

equivalently, [Ty is an epimorphism onto HZ(E)). The latter yields that
(Ty)* = Ty~ is an isomorphism which completes the proof. |

References

{11 S. V. Hruscev, N. K. NikoL’skil, B. S. PAvLOv, Unconditional bases of
exponentials and of reproducing kernels, LNM, 864 (1981), 214-335.

(21 S. A. AVDONIN, I. JOO, Riesz bases of exponentials and sine-type functions,
Acta Math. Hung., 51 (1988), 3—14.

{31 S. A. AVDONIN, S. A. IVANOV, and 1. JOO, On Riesz bases from vector expo-
nentials I., Annales Univ. Sci. Budapest., Sect. Math., 32 (1989) 101-114.

(41 S. A. AVDONIN, S. A. IvANOV, Controllability of systems with distributed pa-
rameters and exponential families, UMK VO, Kiev, 1989 (Russian).

(51 S. A. lvanov, B. S. PAVLOV, Vector systems of exponentials and zeros of
entire matrixfunctions, Vesmik LGU, Ser. Mat. Mech. Astr.,, 1 (1980),
25-31 (Russian). '

6] A. M. MINKIN, Reflection of exponents and unconditional exponential bases,
Algebra i Analyz, 3 (1991), 110-135; English transl. in St. Petersbourg
Math. J., 3 (1992), 1043-1068.

{71 S. R. TEIL’, Hankel operators, embedding theorems and bases of covariant
subspaces of the multiple shift operator, Algebra i Analyz, 1 (1989), 200
234 (Russian).

(8 N. K. NIKOL’sKll, Treatise on the shift operator, Nauka, 1980 (Russian).



ANNALES UNIV. SCI. BUDAPEST., 38 (1995), 185-222

ON WEIGHTED (0,2) INTERPOLATION

By
L JOO

Department of Analysis, E6tvos Lordnd University, Budapest

(Received March 25, 1995)

Dedicated to Professor JANOS BALAZS on his 75th birthday

Firstly E. EGERVARY and P. TURAN have started the study of (0,2) inter-
polation in order to get approximate solution of the differential equation

yv'+f-y=0.
Their results had been developed by some other mathematicians. These —
so called — lacunary interpolation polynomials usually cannot be determined
uniquely. An other difficulty is that they have no simple explicit form and

therefore the convergence theorems related to these polynomials are rather
complicated.

In order to avoid these difficulties P. TURAN suggested the following
modified problem.

Let (a,b) be a finite of infinite interval,

—oo<a<byp<...<E,<b<+0 (mEN)

distinct fundamental points and p € C2%(a,b) a weight function. How can a
polynomial R, of lowest possible degree satisfying the conditions

Rn(gi,n) =djns (QRn)H(gi,n) =,Bi,n (i=12,...,n),

be determined where a;, and f;, arc arbitrary given real numbers? J.
BaLAzs [10] was the first who investigated this so called weighted (0,2)
interpolation problem. He proved that if the fundamental points are the roots
of the ultraspherical polynomial P,Sa) (a > —1), and the weight function is
ox)=( —x2)(a+l)/2 (—1 < x < 1), then generally there does not exist any
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polynomial of degree <2n — 1 satisfying the requirements. But he could show
that under the condition

n
Ry(0)= > a; nlf, (0)
i=}
there exists a unique polynomial of degree < 2n. (If n is odd then.the

uniqueness is not true.) He gave the explicit form of this polynomial and
proved convergence theorem. His result was generalized and sharpened for

Jacobi polynomials p,(,a’ﬂ) with any a, 8 > —1 in [15].

In [5] L. SzILI investigated some analogous problems in that case when
the fundamental points are the roots of Hermite polynomials and the weight
function is

. 2
Wkx)=e™* /2,
He proved the following convergence theorem ([5], Theorem 4):

If the interpolated function f : R — R is continuously differentiable,
lm.ﬂWWﬂﬂﬂ=OU=QL”dedm W(x)f'(x) =0, furthermore

x|—oo x|—00

. x2 1
Yin =f (xi,n)a )’,I,In =0 (eﬁ L n 'w'(flyﬁ))

1
GZLL””M 0§ﬁ<§),

then the weighted (0,2) interpolation polynomials R, (i =2,4,...) satisfy the
following estimate:

2 1
e " fx)- Ry(x)|=0 (lognw (f’, ﬁ)) ,
here w (f,0) the so-called Freud modulus; ¥ > 1, O does not depend on n

and x, the estimate holds on the whole real line.
In this paper we prove that if § = % then the following estimate is true:

THEOREM.

e_xz lf(x)—Rn(x)l’_‘O(l)w (f,5 +O(1)—1;’

)
vn v
where O(1) does not depend onn, x andf.
This estimate is not refinable (best possible) in some sense.
For the proof we need some lemas.
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We shall use the following notations:

H,(x) 7 li,n(t)(ai,nt +bi,n) - li/’n(t)dt

A () =17, () +

Hr{(xi.n)(') t—Xjp
where
W/I(X' )
ai nXijn +bi,n = lil,n(xi,n) =Xin> ajpn = "Wz;it_f)“ =1 —X,%n,
and
Hy( 7
x) .
B; ,(x):= “ /1- (tydt  (i=1,2,...,n),
lf)l 2W(xi,n)H/~I,(-xi,n) J in )
H ()
li,n(x):= n(X) (l=1123- ,n),

Hy(xi )X — Xi.0)
the roots of H, satisty the following relations

—00<Xpp<...<Xn <0<xp,<...<xp, <400 (n =2n),
2

n
+1.n 3

=00 <Xpp < ..o <Xpyl =0<...<xp, <+00 (n=2m+1),
2

SN

n
: = — i ."-—'1',2,...,[—])-
Xin Xn—i+l,n (’ 5

Then (see [S], Theorem 2) for even n
n n
Rp(x)= Zyi,nAi,n(x)+Zy;ani,n(x)
i=l i=1

are the uniquely determined polynomials of degree < 2n satisfying the fol-
lowing requirements: :

Rﬂ(xi,n)zyi_,m (W'RH)”(xi,n):in:n (i=12,...,n),
n
Ra(0) =Y yinlln(0).
i=1

We shall use the following notations: x; :=x; p, l; :=1; 5, Aj := Aj p, Bi :=Bj 5.

LEMMA 1 ([14], Lemma 1). IfA; (i =1,...,n) are the Christoffel-numbers
on Hermite nodes, then

2 1 2
—X: - ——x. -—
A <e M ——————=xXe i -pn(x;), i=1,...,

n
nl/6.1/3 2’
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where ¢, (x;) =x; —x;41 (certainly x1 > xp > ... >Xxp ), A; =A,_jy1-

LEMMA 2. Letn be even, then

2 2 1
—Xx x:/2
sup e E e*i 17| B;(x)] x —=.
x€R i=1 l \/’_l

PROOF. Without loss of generality we can assume that x > 0. Using
Lemma 1 we get

\H) ()] = 2n|H,_ ()] = 2n -7 /4 f2n- 1'(n—1)' 10| =

=l 2 TR e ST o P, =1,
We have

X

2 |
|Bi(0)] < | Ha(x)] - % ﬂ'M' /”"”d.f =
0

X

xi2/2 1
I H,(x )I W /Hn(t)t—xidt
0

We need an estimate for 7 H, (z)ﬁdt
0

We investigate the cases: 1. x; <0, 2.0<x; <+vn, 3. v/n<x <
<vV2n+1

In what follows we w11] use many times the result of [2], p. 700, table.

[.x; <0.

Integrating by parts and using that Hy,,[(0) =0 because of n is even we

obtain
fi I
/Hn(f)' dr =
I3 — X
0

1 1 1 1
= Yman ) Tt D /H””(’)' TR
0

From this we get

x
|
0

nl/12 el W12 gl

dz=0(1)%ex2/2‘/_2”("+1)! L _ oyex?n¥2int 1
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Hence
i exz'2/2|Bi(x)]:O(l)ex2 ] i ‘Pn(xi)=0(l)ex2L i _1__1_+
2 <l 27 2 ] 2B 2 Vi Tk
x=<0 . X <0 : —v/n<x; <0
2 n
@) +O(1)e* n—;/—3 ; *\/17—1'”_1/?1_1-—1/§=O(1)exz;_02g/‘r3"
xi<=v/n

2 B
where we used |H,(x)| = O(1)e* 12/2701 /n1/12 and x; < 1—\/—1’1;1 if —y/n <
<x; <0.
2.0 le- < \/r_l

Wedistinghish6cases: A 0<x<x;—-1, bx;-1<x Sxi——\/%,
c)xi—ﬁgxﬁxi+\/%7, d)x,—+ﬁ_<_x§xi+l, o) x+l<x<

<S(V2-01)yn, x> 2-0.1)n
) 0<x <x;— 1.
In this case from (N

Vonp!
0(1) x /2 2 n: -
\/,7,”1/4
Hence
3) Z /2By = Oy - =
2 e ()] = e Tr
0<x;<vn
0<x<x—1

b)yx,-1<x gx,-—L.

NG

In this case
__] x
' 29 \/2"n! 2,v/2%n!
/Hn([) d[— / + /‘=O(1)e(xi"]) /2\/_ ln/4+0(-1)ex /2 n
nn
- .

n 1/4 °
Hence

v2%n!

nl/4

4) /‘Hnm L= 01y’ /2
r—Xx;
0
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and
n ) 5 1
(5) e2% |B;(x)| = O()e* - —.
2 | 7
0<x; <vn
xi—lgxgxi—ﬁ
C)xi~—\/"~7§x gx,-+ﬁ.

In this case

h 1
/H,,(t) dr =
I —x;

/ / =0(l)e <x[.—ﬁ>2/2 v 2nn1 / H,(t) - Hn(xt)

nl/4 t—x,

0

n

X;—

NG

Since H,(x)=2n H,,_ j(x), therefore using the mean-value theorem we obtain

X
1 2/5v2"n!
(6) /Hn(f) dt = O(1)e* /2 2 .
[ —Xx nl/4
0
Hence
" 2 2 1
(7) Zl e*i 12| B;(x)| = O(1)e* s
0<x;<vn
Xj— == SX <K Tn
d) x; + \/— <x <xi+ 1l

In this case

SAsv
x v NITY
/Hn(t)———dt / / O(e\™ >/2 2 0(1)ex2/2 2

1/4 nl/a
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- (8)

Hence
X
2 1
/Hn(t) dt = O(1)e* 2pyen:
t— nlt/4
0
and
n 2 2 1
9) % 12|B;(x)| = O()e*” - —.
i=l \/—I’I
0<x; <v/n
xi—%gxgx,-ﬂ
Vi
e)xi+1<x<(V2-0.1)Vn.
In this case
X+ x 2
: 2+/2%n] V2l
/Hn(t) dt-/ + =0(1)e(”2> /2v2inl +0(1)e* 2 Ve
nl/4 Jn-nl/é
x,'+%
Therefore
2
12 2, 1 & (x-+1)/2 2 1
Y e Bimy=0mer 2~ ST VT2 Prome” —.
i=] n i=1 \/ﬁ
0<x; <y/n 0<x; <V
X +1<x<(V2-0.1)/n xi+1<x<(V2-0.1)/n
Here
I &N ([ 1)2 i
Z > e<x’+7 <c\/_/ ?/24; = O(1)/ne* /2,
i=1
0<x; <Vn

xi+1<x

N

where we used x; — x;4] =<

Hence
n

2

i=1
0<x; <y/n
X +1<x <(V2-0.Dvn

(10)

1,2 2
e2% |B;j(x)| = O(1)e*

X 9 x2/2
2.0 =
0 <x < V) and({e’ /2di = 013

L
v
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x> (V2-0.1)n.

In this case

X

/H,,(t) 1 dt =
[ —x;

0

(V2-0.1)\/n x
_ - ((\/5—0.2)\/5)_2/2 V2nn! x2j2 V2'n!
+ O()e ———+0(1)e .
Jn-nl/4 n-ni/iz
0 V2-0.nvm :
Hence
S BBl = o
el”i |B;(x)|= e’ —.
i=] \/ﬁ
0<x; <V
x>(V2-0.1)\/n .
From (3), (5), (7), (9), (10) and (11) we obtain
. n 1,2 . 2 |
(12) Z e2% | B;j(x)| = O(1)e NG

i=1
0<x; </

3./ <x; <V2n+1.
For the sake of definiteness we choose an i; index, such that \/— - % <
<x; < /n. We distinguish 3 cases: a) x > x;+ 7 >x>

b)x1+ 1/6 Z
|
= x| —717, ©)x < xp, -

1
76

axz>x+ / We have to estlmate the sum

n 2
(13) S| = > o T |B;(x)| =
i=i
VI<x; <v2n+t
n - n
= Z + Z +
i=1 i=l
Vingx < 2nti—n!/? 2n+|—n1/35x,-§ 2n+l—n
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n n
+ Z + Z = 51]+S]2+S13+S14.
i=1 i=1
In+l-n'/0<x; <V/2n+1=1  V2n+1—1<x;<V/2n+]
The estimation os S7:
In this case
Xi—‘l—n Xi‘*ﬁ x,-+%n'/3

X X
1 .

/H,,(t)t dt = / + / + / + / =t A+ Ay + A3+ Ay
—x;

0 0

e T T
Using (1) we obtain

X
_ o 2 V2l
Ay = / Ha(t);—-dt = O(D)e NIRRT

x,~+%n 1/3
Since x > x; + %n I/3 therefore using (1) in A|, A3 and using the mean-value

theorem in A3 we obtain
x2/2 v2”n! ) 1
' \/ﬁ_nl/l2 nl/3

Al’ Az, A4= O(l)e

Hence
n 1.2 21 n 2 1
(14) 81, = ;‘ e 2% | Bi(x)| = O(1)e* - Zl Pn(x;)=0(1)e* Nh
1= 1=
Vn=x; < 2)‘L+|—lll/3 Vi< < 2n+l—nl/3

The estimation of Sy;:
Similarly as in the estimation of $j; we obtain

X
" 1 2 varn! 1
/H”(t) di = O(1)e* /2 iz /6"
t—x v -nl/12 g
0
Hence
n l 2
(15) S, = > e2% |Bj(x)| =
i=1
2n+l-—n]/3§x,~§ n+i-n'/®
2 ] " 2 1
=0(l)e* —= (x;)=0O()e* —.

i=1
2n+l——n,l/3§x,-§ In+1—n'/0
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The estimation of Sjj:
Similarly as in the estimation of Sy; we obtain

v2hn!

/ Ha(t)——dt = O(1)e*
0

t—Xx; v -nt/12°
Hence
" 1.2
(16) > e2% |Bi(x)| =
' i=1
Inil—n'/0<x, <\/In+i-1
N n
_ %2 1 N x2 1
= O(1)e —7 Zl On(x;) = O(De 7
=
2n+1—n1/65xl~§\/2n+1—]
The estimation of Sy4:
We know v2n+1—x; < |1/6. Similarly as in the estimation of S;; we
n
obtain
X
' 1 2 Vv2hin!
/Hn(t) dt = 0()e* 2 Y20 p1/6,
0
Hence
" 1.2
(7 > e | B;(x)| =
i=1
2n+1—1<x; <v2n+l
2 1 n 2 1
= O(1)e* N . onx;) = O(1)e* 7
i=
V2n+1-1<x<V2n+1
From (13)—(17) we obtain
n P2 2 1
(18) Z; e | B;(x)| = O(1)e* 7
=
\/I—‘l-SXiS\/zn'Fl
S
X_Xl+n[/6
l
b) .X]+nll/6 X inl =~ n
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Denote ij the index (1 < ig < i) for which |x —x;| is minimal. First we
estimate the sum

(19) Ty :=iofe%x‘2|3i(x)‘-

Using (1) we obtain -

(20) g%"i2|B,- (x)| = O(l)lgz(x,')llpn (x,-)llHnﬂ(x)ll;_l—xil+
+0(1)[Z’;ix,)l P /H,m(t) T RO 21/3 ;ﬁ_n%

where we used |H, (x)| = O(l)exz/Z\/Z”n!/nl/lz. Using Lemma 1 we obtain
. .2/3
_1 —3 -1 "2/3—‘0/ l

Hence

@l Ty =0

i0/2 ._113 ip—1 ._1/3
21 1/ 2logn
= 0(1)e* 2/32 Py +O(1)e* 2/3 S -1/ = 0(1)e* %.
l i= 10/2 0 |l —10| n
Now we have to estimate the sum
" 1.2
(22) hy= ) er|B)
i=ig
Vn<x; <v2n+l1
If pp (xio) < —]'73 then we can write
n
n n
ETE > EE D SN S
i=ig i=ig i=ig

n<x; <v2n+l Vi<x; <v2n+l n<x;<v2n+l
3 3 1

x,-gx—nl/3 x—n|/3§x,~§x—-n1/6 x—nl/6§xi§x—l
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n n n lxg
+ Z + Z + Z +eZ0 [B,-O(x)l =
i=ig i=ig i=iy

VR<x; <V2n+1 Vn<x <v2n+l VI <x <V2n+1
x—lgxin—n——ll/—6 x—nTlféSxin—ﬁl—/g— x—n—ll7—§_<_xi§x—71—;
(23) = Ty + Tya + T3+ Thy + Tps + Tpg + Ty,
If ¢, (x,-o) > ;1—11/—3 then we can write
(24) =T+ T+ o3+ Tyg+ Trs+ Trry.

The estimation of T»;:
In this case

. Xi—ﬁ xi*’ﬁ x+4nt/3 X
1
/H,,(t) dt = / +/ + + /
I —X;
0 0 x,'-—\/l—; xi+ﬁ= x,-+%n1/3
Same as in the estimation of Sy, we obtain
X
' 1 2 V2htn! 1
/Hn(t) dt = O(1)e* /2 .
t—x; Jn-nl/12 p1/3
0
and
n lx? x2 1
(25) Tp) = Z e2% |B;i(x)| = O(1)e 7
V<x; <vV2n+1
x,-g)c—nl/3
The estimation of Thy, T3, Thg, Tr5 are the same.
The estimation of Thq:
In this case
x e
I .
/Hn(t)t dt = / + + =D+ Dy + Dy,
0 0 xl—ﬁ xﬁ—%—\/l?
Using (1) we obtain
2,9 V/2"n!
Dy, Dy=0(1)e* 2 _van
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Using the mean-value theorem

Dy=0(D)e ‘2/2'2"'
Hence
26) Ty = ) 17| B, ()| = O(De* =
6 = 2 e ()] = e Nk
t=lp
Vn<x; <vV2n+1

I . |
X—TI 3<XL<X——\/—
Ihe estimation Of 127:

x2
V2in! e io/ , %/2“. (0)ldt =
nl/12 | Hixg)l ) 0

2 1 Y, %2
= 0(1)e* /2n1/12 . \/‘Pn(xio)/e '0/2|li0(t)|dt-
0

Using [6], (2.36) we get

1.2 2
Ty =e20|B; (x)| = O()e* /2

X2 02 2
e IR <D e PN = 0.
i=l

Therefore
1.2 249
e 20|l (1] = O(De' /2.
Thus
‘ o, 1
2 2 2
_ /2 1“2 4, _ x< 4
X)) Ty = O(1)e* —n1/6/e dt = O(1)e v
0
Hence from (21)—(27) we obtain
L 1,2 21
Zl: 2% |B;j(x)| = O(1)e* 7
=
Vi<x; <V2n+l
xil—ﬁgxgxﬁnl—l/—ﬁ

1
C)XSXZ'I —7—5.
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In this case |x —x;| > c|x;, _] — x;,| and we can repeat the method of the
estimation of T in the case b). Hence

n

1,2 Py
(29) ; e 2% |B;(x)| = O(1)e T
\/_<x,<\/LT
x<xgy = W
From (18), (28) and (29)
. 1,2 21
(30) ; e 2 | B;(x)| = O(1)e N
VA< <V2n+

From (2), (12) and (30) the upper estimate follows.

Now we prove the lower estimate.

* 2 n
Let 3 <x* <4 be such that |H,(x*)| < et Y2 we will prove that
n

174
n (X*)Z
2 e
3D e 12|By(x")] = S
2, B
1<x; <2
In this case
1 1
x* Xi_n_l/j Xi+,.lT x*
' 1
/Hn(f)[ dr= / + / + / =L+bh+5h.
—x;
0 0 1 !
Xi_nl—Tj_ x1+n—l/-§
Using (1) we obtain
(32) I, I3=O(l)e(x*)2/2_2’1i_. 1/3
\/r_l-nl/4

For the estimate of 12 we need a sharp estimation. Obviously

33) b= / H”(t)-——dt / H"(’) Hnlt) = Anxi) ),

t—x;
l l



ON WEIGHTED (0,2) INTERPOLATION 199

i P W
N [ Hy(2)dz N [ Hy_y(2)dz
= JEi——dz‘=2n gl
t—x; t—x;

1 1

1 I
173 i3

We know ([4], (8.22.8)) that
n —x2/2 - _nm B
l"<2+1)l"(n+l)e Hn(x)-cos<\/2n+l 2)+O<ﬁ ,

(Ix] < ¢p), where the error term is uniform in x. From this we get

2 ) 1/4
(34)  H.(x)=e" /2<7—t> V2np!

(1+0(2) e e5) ()

Since n 1s even, n = 2k, therefore

dt.

X;—

Hn—-](Z)=
/s — k
_82'2/2 (%) 2}1—](”_])'(("(_1) Sln(\/271—_—)+0( 3/4))’
The remainder term gives in (33)
(x*)/2 \/2"”!
(35) O(l)e Yy

Therefore it is enough to estimate

14 ] |/3 e& /zsm(\/2n—- 1z)dz
(— k! <n> V2T - DY / "1 dr.

S m-p/A - x

Here

25 =ex,.2/2 _632/2—xi2/2 = ot 2 /2 (1+O(1)|z2 _xi2|) _

=N /2<1+0(1)n"‘/3).

The remainder term gives in (33)

(4

“/2%n!

=*?/2
(36) O(he 2.
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Therefore it is enough to estimate

2 vy x2/2
z) V2r=in 1)!2n e .
7 (n —1)1/4 V2n —1

!
X+
! nl/

/ ’ cos (v/2n — 1t) — cos (v2n = 1x;)

t—x;

(37 (-1 (

dt.

Here

cos( 2n — lt) —cos (\/27——1x,~) =
V2n—1 V2n—1

= —2sin———( — x;)sin 2

2
. V2n -1 V2n -1
2

sin 3 (t+x;)=sin

V2n — V2n —
=sin 2’12 l(t—-x,-)cosx/2n—l)c,-+cos nz 1(t~x,-)sin\/2n—1x,-.

(t+x;),

(t—x;+2x) =

Hence

cos( 2n — lt) - COs (\/2n - lx,-) =
f—— 2
=—2cosVv2n — lx; (sin 2n — 1(t —x,-)) -

2
—sinv2n — lx; sinv2n — 1(t — x;).

Using this we have

1
x.+___.
RV

/ cos ( 2n—lt)—cos(\/2n—1x,-)dt

I —X;

|
Xi+—l/—3 2 2
n (sin Y2l —x;)
_2_\/
=-2cosv2n — lx / < : )
1

YT

n
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X+ ll
n
2n — 1(t —-
e T B

t—x;

1

w3 (sinCz'zl—lt)2
=—2cosV2n — lx; / —t—dt_
-
L1/3
2n—1
1/3 W173
2n — 1t . i .
—sinv2n — lx; / Sm—tn—dt=_—sm\/2n—1x,- / S—l:-:-ﬁdu=
_ _y2n—1
n1/3 nl/3

1/6

oC
= —sinv/2n — 1x; / 0% gu+ O(1)— = —m siny/2n = 1x; + O(1)—— 1/6,
—_—00

where we used
o0

/S”’“du-ou)— (a>1).

a
The remainder term gives in (33)

x?-/2 \/2"71!

Therefore it is enough to estimate

e (2 V2T — 1) 2
(-1 (;) (n~1)1/4 2\/2_1_nsm\/2n Lx;.

We know from [2], Theorem 1, (1) that

(39

_ va-% ‘0 ( 1)
o et n)’
if n is even, 0 <X| <X < ... <X, the positive zeros of H,(x) the n-th Hermite
polynomial and v = O(1)/n.

Obviously we can write

!
<
| A/
=1
INF:l
Qo
TN
R
~—
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Since 1 <x; <2 therefore v < /n and v/2n — 1x, =vm — 7-5— +0 (\/%7) Hence

{siny/2n — 1x;| > %, if n > ngy, ng is an absolute constant. Thus we obtain from
(33)-(39)

e 2pv2tn!

40) - Y7

From (32) and (40)

x*
/ Ha(t)——dt < o2 Y20
t—xl 1/4

.Hence
. x2/2 B (x* w2 |1 1 - _ a2 1
; e’ /7|Bi(x")| < e 1A 1/a Z; Pn(x;) =e N
= 1=
1<x;<2 1<x; <2
The (31) is proved. The Lemma 2 is completely proved. ]

LEMMA 3. ([5], Lemma 2). The “first-kind” fundamental polynomials
can be writen in the follo wing form:

I(x)  Ha(x) ®) [ Hy (x)
Ai() =15 +aiH,§(x,-) l(t)dt+H,'z ) ,-(t)dt+21;’2(xi)li(x)—
B )y = 20D gy, i=1,n

THG) Y T 2H)

LEMMA 4. Letn be even. Then we have
[A; ()] (x)l ( x2 )
n.
Z W o\
PROOF. It is well-know ([6], (2.36)) that

41) Zexizliz(x) = O(l)ex2
i=1

Since |a;| =1 - xl?'[, thus we obtain that

X n 2
N ag| - | Ha ()] ol e €
(42) i§=] Won TG O/l,(t)dt _2?:1 la; | |B,(x)]-0(1)—ﬁ.
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Further

n

| Hp (x)]
(43) n ; W (x;) - |Hy ()|

=21 |Bi(x)|= o(ye*” - V/m.

i=1

/l,-(t)dt
10

/ H - |
PR LR T PR Y 21 T TR
; i=1

— W) [Hy(x) ol
|Hyoy ()] e /2 %2 - -
=0(l . — . +
(v e lz_l: ;
[xi|>2+/logn  |x;|<24/logn
Here
1/2 1 e* /2
iz—l: (x, 'll(x)lgl,'m lz_]: ” (x)!<c 1/12,
|xi[>2+/logn _ |%;|>2+/logn
and

n

Y. lLl<

ST on e ol = 5

i=1 \/_ i=1
[x,-|52\/logn [x;1<24/logn
1 2
Z|l )| < co= [ logn+e*" /2],
VAN
where we used [1], Hilfssatz 4, Satzl.
Hence
n

|Hj (x)] 2 Vn

44 L =0(1 . ——.

Ix!- |Hn(x)|2m|l )] =< x| - | ”(x)|2<p‘/2( DL =

2
Ha()]-e 572 2 e :
< Jxl- Mpul e’ 1/12



204 1. JOO

—x2n
If |¢| > 24/n, then [Hn e /2

N = O(1)e <", therefore we can assume
n:
that |x| < 24/n. Hence

n ] . 2
@) RO s Ty i)l = 0 ?{\1/%
i=1 o

From the obvious equation

Hy(x) ,

1:(0
28 O

_ ~Hp (x)
"~ 2H,(0)

we obtain that

S H@L o Ha G s 20 xz)
0 §W<xi)~|1ﬁ<xi)l“"(o)"|Hn<0)|§’i‘0)"0(e ’

' n
where we used that > ll.z(O) = O(1) (it will be proved later more exactly).
i=1

From (41)—(46) we get the Lemma.

LEMMA 5 ([7]. Theorem 4 and [8], Theorem 1). Iff € CI(R)
limx? fx)Wx)=0, (r=0,1,...),
toc
limf'(x)W(x)=0,
+o0

then there exist polynomials p, of degree < n such that

W0Olf (x) —pa(x)| = O(I)%w (f',%), x €R,

! ! _ r 1
WOl (x) = pa(x) = O(Dw (f ﬁ) x € R.

LEMMA 6 ([5], Lemma 4). For p,(x) in Lemma 5 we have
WX)|pnlo)l=0(1)  (x €R),
W@)lpax)l=0(1)  (x €R),

W()lpn ()| = O()v/n - w (f’,%), x| <V2n+1.

Now we prove the Theorem.
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Let n be even. From [5] Theorem 2 it follows, that every polynomial Q,
of degree < 2n satisfies the equality

Qu(x) = Z Qn (xi ) A () + Z( W Qn)' (i n)Bi p(x) + G Hy (%),
i=1 i=1

where
Gi=g (0) { Qn(0) - Z Qn i)l ,,(0)}
Let p, be polynomial of degree < 2n satlsfymg Lemma S, then we have
2
e [f(x) = Rp(x)| =

=O(1){W(X)V(X)—p,1(x)[+e Aix)

Won |t

Z(f(xo Pr(xi)) W(x;)

i=1

> 1Wpn) (i) — y!'] Bitx)
i=|

+e ¥

2
+e* |C,,H,,(x)|}.
Using Lemma 4 and 5 we obtain

e—"zlf(x)—Rn(x)|=0(1){ ( ,\/_> re Z|y,"3 )] +

i=1

ZW(x,) lP (x;)- B(x)|+e—'x le(xz) Pn(xz) B;(x)|+
i=1

2 n 2

+¢ 75 W) pa(x) - Bi(x)] +e ™" lC,,H,,(x)|}.
i=I|

Using Lemma 2 and 6 we have

n

e zlz]jlvv"(xz) pn(xi)- Bi(0)| = 0(1)7

2 |

e ZW(x, PiGx) - Bi()| = O (f %>
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and therefore

47) e_x2[f(x) — R,(x)| = 0w (f’, 1 ) +e“x2|C,lHn(x)|.

-
Here
e_lecn Hy(x)| = e’ | g’;%; *1Pn(0) — gpn(xi)liz(o) =
= 0(1) [pa(0) - Enjpn x)I0)| =
i=]
= O(1) .i(pn(O) — pnx)F(0) +pn(0) (1 - znjl,?m)) :
i=] ci=l

It is clear that
Pr(0) — pu(x) =x;ph (x) + O(DxF i ),

where O <z; <x; or O>z > x;.
Therefore

(48)
n n n

> @O =paNFO =D xipp G)IFO) + O(1) Y 57 - |py 2)] - 10

i=1 i=l i=]

Here

n n
1
2y 1 2 2/ "
E : 31200y = H20 E A =
- i lpn(zz)l £0) 7 ( )i=l Ipn(Zz)I (H,é(xi))z

= H(0) + <c-HXOWn-w f’,L -
1 i=l \/r—z

<V x>

n n

2 l 2 1
x/2 x7/2 -
2 (Hy(x))? ¥ Z U H)?

i=1 i=1}

bilsvin lxi |2 v




ON WEIGHTED (0, 2) INTERPOLATION 207

_HX0) , 1 N 1 z
—0(1)2,1”!\/'7'60 <f,ﬁ>' ; %W‘F;ﬁ ; on(xi) | =
[xi|<vn bxi|>vn

_ p b

= 01w (f,ﬁ)
Therefore

2 |
(49) ZX |p,1(x,)]-l,-2(0)§c~w (fﬂﬁ)-

In consequence of (48)-(49)

1
(50) Z(pnw) Pr(x))IE(0) = Zx,pnm)z 0)+O(1)w (f ﬁ).
i=1
Here using Lemma 5

lepn(x,)lz(o)—zx,f () (0>+0(1)“’( \/‘) le e /2 13(0).

i=l i=!
Taking [5], (5.7) and [5] p. 166 into consideration

n n
P20 =S xif ()12 logn (¢ L
(51) gxlpn(x,)l, (0)—i2:ljx,f x)l; (0)+O(1)\/ﬁw<f,ﬁ)-
In consequence of this and (50)

“ , i A 1
(52) > (a0 = pa T 0) = > xif (x)IF0) + O(Dw (f’, ﬁ) .

=1 i=l]

Here
1 HZ2(0)
12(0)= — e
(Hn(xi)) xl.
Therefore
- [f (x;)| 1
xif ' 0)IEO) < e - HE0) : =
igl Z | tl (h,'1(x,-))2
jx;|>1 |,\ |>l
- 2 2 1
<—= > e e )] ) <
n lxi|
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n
c —x2/2 1 1
< — et — (X)X —.
\/ﬁg ] T T m
|xi|>l

Therefore from (52)

n n 1
(53) D @ —pa)FO = Y xif 0)F0)+ 0w (f’,-ﬁ).
i=] i=1
x| <1

Since _
H,'l(x) =2nH,_(x),

([41, (5.5.10)) and Hypy (x) = (= 1™ - 22m+ 1.y . L3P (2) (141, (5.6.1)),
and
Xip=—Xg_islgs (i =1,...,n), therefore [2(0)=1%_;,,(0).
Thus
n n/2
Yo xf G0y = Y Gaf ') = xif (—x))E0) =
i=1 i=1
e |<1 1<t
n/2
= 3 GO Hf(=0)ay, - 12O

i=1
Jri <1

Since f(x)+f(—x) is even function therefore there exists a polynomial r, (x?)

for which it is true that

W Oof (6) 4£ (=) = rn(x2)] = 0<1)—1ﬁw ((f(x)+f(—x>)’,\/iﬁ) , xeR)
)
WOl () +£(=x)) = 22 (xD)] = 01w ((f(x)+f(~x))’,%) , (x €R)
Here

o ((f(x)+f(—x))’,71—;) —w ([f’(x)—f’(—x)],—\/%) <20 (f’,—\/l—ﬁ),

since W and r are even functions.
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Therefore
n/2
3 x (@) +f(—x)my,  1RO) =

i=1

xi<1
n/2 ) n/2 5
= > 22 (PIF0)+ 0w (f’,—) IRLHOE
i=1 \/f_l i=1
x <1 xi <1
n/2 |
=2 x2rh(x2)2(0) + O( 1w ( ’,__),
2 oo |1 7R
xiSI

where we used [6], (2.36) with x = 0. Therefore from (53)

(54) PCACEINENHOE
i=}
n/2 ) 1
_ 2 1,242 b L
_2§xi (e (0)+O(1)ﬁ+0(1)a) (fﬁ)
.X[Sl
2 I 1 1
=2H2(0 ! (x2) ——— + O0(1)— + O(1 (’~—>
O 2 ) Ty + O 5+ 0 \f
x <l
We know ([1]), that
1 I 1
= C—, i| < v/n.
(H,i(x,-))z exiz.znn! ﬁ bl v
Using this we obtain from (54)
D @n(0) = pax DIFO) =
i=]
n/2
oy O 1 5?12 R P LYo
=055 'ﬁ;,"’ r,,(xi)|+0(l)ﬁ+0(l)w f,\/’7 =

xi§l
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n/2

v_l_ —xl-zl 2 1 y 1 .

(55) <~ Zl: le ™% rl(x; )|+O(1)ﬁ+0(1)w (fﬁ>
x[<1

We know ([8], Lemma 3) that the polynomial

m xk
Gm+1(x) = T
k=0
satisfies
cie® < guax) < et m
prees - — <x<0.
) cre* < gpax) = gmx) < cp-€f g =% =

(Choose m = 100n).
Using that

et (~2) 700 [ames (=) )]+ Lty (=) o
we obtain

X /2 /(x2)

[amet (<5) )],

0572 ry Pl
Here (using (%)) .
2 2 1 1.
—x{/2 2y ,—xf/2 _ o LI
e mxi)=e Fx)+f( x))+O(1)\/r_l w (f ,\/’_l)

= 0D+ 0()— - o (f’,%) .

Jn
Therefore
n/2
5 0n© = pa GO = 0= 3" e [ (=5) )] Ll
i=1 i=l
xiSI
n/2

322 1 ;1 1 ;1
+0(1) lzl ( 7 w(f,\/_>>+0(1)\/_+0(1)w (f,ﬁ).
X[S]
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From this
(56) ij(pnw) — pn(x))IF(0) =
i=1
122 x / ! ;1
=O(1);§e—xl~ /2 [qm+n (..§>r,,(x)]x=x,2 +0()—=+0(1) (f’,ﬁ).
x <1

We know ([17], Problem 20 in Ch. IV., or [18]) that if #(x) is a polyno-
mial and its degree < n then

ﬁsgp z(x+§) —t(x)lgc

,lal, 1p] <1
The function s(x):= '——2—"— is bijection between [—1, 1] and [0, 1]. Therefore

|t'(x)[ <c

Vi @)

la~b|<%

where |x

applying this theorem for ¢ (1—5—’5> we obtain

r sup |t(a) —t(b)|, where 0 <y < 1.
V1 —=y? 0<ab<i

la—bl<g

'l <c

From this we get

o)l <c 7, |t(a)—t(b)|, where0<y<d.
— Y 0<ab<

la—b|<cd

n
d?
Use this inequality in (56) for g4 (=% ) rn(x) with d =n. Then we obtain

mer (3) 0], <

a b
<c swp amei (=5) @ = dma (—5) rn<b>| <
0<a.,b<n
la=bi<c
Z —
S osup |G (_E)rn(z)kx sup |e Z/2rn(z)a
0<z<n 0<az<n

in the last step we used (+x) and that if 0 < z < n then —% < —% <0 (we
recall that m = 100n).
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Here

, .
sup e* /2r,,(x2)

0<z<n

e (@)= sup
0<x<y/n

Using () we have

e_x2/2rn(x2):e—xz/z(f(x)+f(_x))+0(l)71_; - ( I,%) =

_ Lo L
_0(1)+0(1)ﬁ w(f,ﬁ).

Hence

=0(1)+ 0(1)—1’-1- ‘@ (f’,—l—) .

[(Im+l ("%) ”(X)Ir:xiz N

Using this estimate we get from (56)

n/2

- ) ] 1 , 1)) I
;(Pn(o) Pn(x; NI (0) O(I)n ; (1+ =@ (f, n))+0(1)\/ﬁ+
X[Sl ‘

, 1 1 , 1
+O(w (f ﬁ) =O(l)ﬁ+0(l)w (f ﬁ)

n
The estimation of 1 — ) 11.2(0).

i=1

We know that (see: e.g. [4], (14.1.7.), (14.5.6))

=) (1+26H130).

i=l
From this

n n n/2
1= "1 =2) 32120 =4> xHE20) =
1:] l=| l=l

, n/2 0 l 2n/2 I
=4HZ(0)- = | — .
) E(H,{(xo)z [(%)!} Z(H,{(xnﬂ

i=1
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Here
n/2 n/2 n/2

ZI:(H,;(XI.))z“ 2 (Hé(xi))2+ 2 (Hy(x;))?

i=] i=1

x5 <Vn xi>/n
nf2 1 n/2
= Lo P (%)
iz=l: e onpt VI Z .2np!
xiS\/;‘_ xz>\/_
Therefore
n n/2 n/2
1—Zzi2(0)v— Z e +0(1)— Z e pnl) =
i=1
IS\/_ xl>\/_
n/2
! o)=L
(57) | <~ Zzlj e +0(n2>Aﬁ.
x;<c+/logn
Hence
2 1
(58) e ™ |G Hy(x)| = O(1)— +O(1)w< ,—).
| |= Tn f Tn

REMARK 1. Let be f(x) :=x2, xg :=0. Then we have

e =0 |f (xg) — Ra(x0)| > ¢- %

Indeed, because if we choose pp(x) =x2, then

_ _ N 220 Ly (L
I (x0) = Ra(x)] = |G H (50)| lejx 12(0) = ﬁAw(f, ﬁ).

Consequently the estimation in Theorem is not refinable.

REMARK 2. The ideas and methods given above can be applied to inves-
tigate the maximal class of functions for which other interpolating processes
converges. As an example we show the case of Lagrange interpolation.

The mean convergence of interpolating processes was first investigated
in the famous work [19] of P. ERDOS and P. TURAN (see also [20]) where
the weighted L2-convergence of the Lagrange interpolation on a finite inter-
val is proved if the nodes of the interpolation are zeros of the polynomials
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orthogonal with respect to this weight, satisfy some conditions. The mean
convergence of the Lagrange interpolation on infinite intervals was solved
only in 1961 by J. BALAZS and P. TURAN in [16]. For finite intervals the
Erd6s-Turdn theorem gives estimate for the speed of convergence by E,
(see [21]). In [16] BALAZS and TURAN proved only the L2-c0nvergence for
infinite intervals. In connection to the work [16] TURAN raised the question
of the estimate of rate of the L?-convergence of the Lagrange interpolation
for infinite intervals. Seemingly, the first such result is proved in JOO-KY
[31] answering a problem of PAUL TURAN [32, 33; Problem 17]. In [23]
JOO and SZABADOS, in [24] J0OO, in [25] SZABO, proved an Ll-convergence
theorem. In [26] NEVAI proved LP-convergence (1 < p < oo) theorem for
Lagrange-interpolation based on Hermite nodes without the estimate of the
rate of convergence.

We shall investigate the convergence of the Lagrange-interpolation

n
La(f,x) = Y _f Gken)lin(x)
k=1
in Lz(]R), where we write briefly x; :=x;,, and [; (x) :=l,,(x). Denote W(x):=
= e—x2/2 and
1/p

IFllp = / () Pdx (1<p <o)

[If lloo := vrai max [f (x)] (p = o0).

For a function f : R — R we shall use the generalized continuity modulus
wp(f,0) (see e.g. [28]-[30])

wp(f,0) = Isu% W +8)f(x+1) = WE)F)|lp + [t (0x) WE)f (x)]|p,
1<

where

|X|, lf Ix| S 1’
T(x):=
1 if jx]> L

Our result is the following.

STATEMENT. If Wf € L*(R)N C(R), L,(f,x) is the Lagrange interpo-
lation process, w- (f , \/%7) and W (f,ﬁ) are the generalized continuity
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modulus, then we have
1/2

7 —xz 2
/e FG) — L (Fofdx | =

= O(l)w, (f%) + 0O *ws (fﬁ) :

1/4 js not refinable.

Here the factor n
For the proof we need a lemma.

LEMMA. If Wf € IP(R) and | <p < oo then there exist polynomials py
of degree < n such that

. 1
“ W(f —Pn)“p < C(P)wp (fs ﬁ) ,
where the constant c(p) > 0 depends only on p.

PRrROOF. See [8], [27], [28].

REMARK. The polynomials p, do not depend on p, because in the proofs
the de La Vallée—Poussin means was used which is independent on p.

PROOF OF THE STATEMENT. Using the Lemma we obtain

2

e (/ e If )~ Lyt ()l | <

i 1
oG 7 00 )
< (/ e_lef(x) _Pn(x)|2> + (/ e—leLnH(Pn —f,x)|2dx) =

' 1 1 Toadl 2 :
= 0()w, <fﬁ> + O(DNwee <f,7—h_) . (/ e ¥ Zexk lkz(x)dx s
00 k=1

o 2 .
where we used that [ ¢™* I, OOl (x)dx = 0 if k;#ky. Using [14], (6.1)
-G

and (6.2) we obtain
n 2 n
—x2 x,f 2 - —x? Hn (x) . 1
e g_le fx)=<e ETPTE kzl(p,.(xk) ————(x L
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where @ (x) =x — Xp41.
Since H,,2(x) = H,12(—x), the zeros are symmetrical with respect to the
origin, Xg = ~X,_k, Pn(Xk) < @n(x,—x) and _xl 2 ifx >0,
—

1
(x—xg)? 2 x

thus
(60)
T a2 2 : 7 2 H2(x) :
—X xp 12 - -
/e Ze klk(x)dx = / x 2’! ! Z(Pn( k) xk)2
~ k=1 0
Here

xn/2 %-—1 Xj [e's)

61) / - 2,1,(1,)2@1( %) /+ +/

0 0 JElywr x
We know [29]

1< 2
e ™ Y Mk <l  (x €R);
k=1
this means that finitely many members of the sum (60) and (61) can be
estimated by O(1). Hence

Y
2 HA <
(62) [t a Zm(xk) et
X+l
i 2 H2x) 5 | x;
_ - n\X.
-4/ e S g Pn() g+ / O(1)dx.
EAS k) jE1j+2 AL
We know [2]
(63) Xp — Xy =n V6 g1/, 15k5%.
If x5 <x <xjand k#j,j £ 1,j+2 then |
lk2/3 _j2/3|

(64)  |x —xqf = xp —x] xn"l/ﬁ(j_'/3+...+k”'/3)x 16

We know [3}, p. 700 that
1

—x2/2 1 -—
(65) E—-\/z_ll—i——'—:(x—)lgc-n_g(\/Zn+l—xj> t g <x<x.
nip!
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We know from [4] that v2n + 1 — x| < n_'/6, hence by (63)
66) Van+l-x = Z —1/6 =13 o —1/652/3 (1 <j<

Using (63), (64), (65) and (66) we obtain

¥

e HM) 8 !
67 i ——dx <
(67) /e_ o ; P(5) 7

Xi+]

k] j+2
n/2 _
v”l/S/e—szﬁz(x) S k ]/S—dx=
2hpt Py (k2/3 _j2/3)2

X

el kotj 1,42

-1/ ;& k1
=0(Wn' B —xppn N WansT-xpp2 N

k=1
k=jjxlj+2

n/2 k—l/3

_ ~1/6.—2/3
=0(n =7 ; k23 23y
kjjtlj+2

Obviously

Z (k7/3 ’7/3‘)2 Z+ Z + Z
oy k=l kjf2 o k32
ketjjlj+2 k#jjElj+2  k#jjzlj+2
Here
% —1/3 vj/2 (—1/3
P (k2/3 _j2/3)2 ~

and

n/2 (=173 n/2 k=173

—2/3
Z k23— j2/3)2 sc Z K43 = 0(1)

k=3j /2 k=3j /2
k#jjEl,j+2 k#j+1,j+2

3

2

2):

k23— 232 =
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Finally
3,-2/:2 _ kB 312/:2 _
s (k2/3 —j2/3)2- Ry j—2/3(k —j)2
k=jjtlj+2 k=jj+lj+2
Hence
n/2 L—1/3

©) Y = 0(1) 2+ O()—

k=1
k=jjtlj42

Using (68) we obtain from (67) .

(k2/3 = j2/3)2 4/3

% 2H2(x) n/2 '
- = 1 2
Z / AHD N pa g = 00!
ity kel
k#jjtlj+2
- Using the above estimation and (62) we have
x1
2H (x
(69) / e ,’Zson(xk) dx = o(n*2,
*n/2
Similarly
Xnf2 2
_x2 H;
aw e 2,,"?2%( Oy = O 2
0

We know from [3], p. 700 that

_xz

| Vol
. _1 3
Sc-n_%lv2n+ —J\;l z-exp [—E(2n+1)%(x—\/2n+l)2] <

(1)

1 1
<c-n 8x—-v2n+1) 4, x<x< \/ixl,
& is some positive number. Introduce the numbers xj* (1 <j<n/2) in the
following way: »
x{=x, x+x'=2 (<] < n/2).
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Then we can write

o n/2 215+ oo
Hi(x )’Z o :
2int 2Pk : /-
Xy j=l xj* x;:/z

Similarly as we proved (69) we obtain

x*
n/2

(72) / = zn(x,)an( ) G =on!'’2,

*
X

We know from [3], p. 700 that
e /2| H, (x)|
v2hin!

Using this we obtain easily

= O(l)exp(—3x2), x> \/Exl.

nf2

[ HW)
(73 [ e D) s = OO

*
nf2
From (60), (61), (69), (70), (72) and (73) we obtain

- . 1/2
(74) - (/ e_XZZex/glkz(x)dx> =0()n'/*,
e - k=1

Now we prove that the estimation (74) is sharp. From (60), (61) and (67)

oo , ) oo 2H2(x) n/2 1
—x 2 : x: 2 —x<1lp E :
/ e - 14 klk(x)dx ZC/B Wk_lfpn(xk)mdx 2
— 00 - 0 -

" o M2 1
> —X "l n >
75) > / D ey L
I e ketjitlj+2
n/2—1 % v 2
. _ 2H X _2Hp(x)
>c.nl/t Z 11/3/ x ()d >c\/_/ zﬁi!dx.
j=1 X Vvn/2

V2S5 <V
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We know [4], (8.22.12) that
X2 S N U U |
(76) e H,(x)=22"4(nDZ(mn) 4(sinp) 2-

{32 -ame ] o)

where x =v2n + 1cos¢, O<e <@ <x —E&, € is an arbitrary but fixed absolute
constant, the error term is uniform in ¢. ,

Using (76) we obtain

N

L2 HZx)
(77) / e W(lx 2
Vi /2
% 3 i
zc/{si Kz 4> (sin2¢p — 2<p)+—} +O( )}d(p,
Pp
where \/n = V2n + 1 cospp, /n/2=+2n+1cosg,.
Since sin’a = %(1 — cos2a ) therefore

i ] 3772
. n . _
/{Sln[(§+z> (sm2<p—2<p)+7}} =

Pb
1 i 1 3
_(pa—(pb o - M _ _Jr_ =
== 2‘/ cos !<n+2>(sm2(p 20)+ > ]dq)

Pb

Pa
_Pa—pp L[ 1Y (i
=22l fsin| (e 5) iz ‘2‘”)J -

Pb
Introducing the new variable s :=sin2¢ — 2¢ and integrating by part we obtain

Pa
s 1 . 1
/sm Krz + 5) (sin2¢p — 2@)} dp =0 (;) .

Ph
Hence from (77) we obtain
vit 2
‘ 2
(78) / e * H”—(x)dx >c>0.
2"n!

Vi/2
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From (75) and (78)
T 28 2
/ e eI (x)dx > cv/n,
e k=1
which means that (74) is sharp. The Statement is proved.
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ON THE INFLUENCE OF LEBESGUE FUNCTIONS ON THE
SUMMABILITY OF DOUBLE FUNCTION SERIES

By
S. BARON and L. JOO*

Department of Mathematics and Computer Science, Bar-Tlan University, Ramat Gan and
Department for Analysis, E6tvos Lorand University, Budapest

(Received April 3, 1995)

In this paper we investigate summability of double function series. First
we prove a convergence theorem for arbitrary (not necessarily orthogonal)
systems, after we prove a divergence theorem for orthogonal systems.

We introduce some notations. If the limits of summation are not indi-
cated, they are 0 and oo on each index, and the free indices assume all values
0,1, ...;

limay,, =a
m,n

means that for every ¢ > 0 there exists indices mg, ng such that |ay,, —a| <&
if m >mg and n > ng, i. e. the convergence in Pringsheim’s sense. Denote
by Q a d-dimensional interval, u is a positive measure on Q. Let E C R4
with u(E) < oo, and let f = {f,, } be a system of functions f,, € L}l (E). We
assume that g is absolutely continuous with respect to Lebesgue measure A.
We still prefer to retain it in order that the sets of u-measure zero should at
the same time be sets of measure zero in the sense of Lebesgue also (cf. [1],
p.10). The state of things is, viz., as follows: Without our condition a set,of
u-measure zero is not necessarily of measure zero in the sense of Lebesgue.
But if u is absolutely continuous with respect to A (see [9], p. 124), then
the Radon-Nikodym derivative du /dA (see [9], p. 133) exists and is uniquely
determined A-almost everywhere. If du /dA > 0 is true A-almost everywhere
on E, then we obtain

du
u(D)-/-HdA
D

* The authors acknowledge the support of the Minerva Foundation in Germany trough the
Emmy Noehter Institute at Bar-Ilan University.
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(see [9], p. 134, Theorem B), where D C E is any measurable set. Hence (see
[9], p.104) if u(D) = 0, then we have (D) = 0.

We note, that u fulfills the assumptions when u(x) = p1(x1)...6g(x2),
where @1,...,i44 are positive, bounded and monotone increasing in their do-
mains of definition (see [12], p.45) and the derivative of u;, wherej =1, ...,d,
equals zero only in sets with Lebesgue measure zero (cf. [1], p. 9).

Let T be a triangular matrix method of summability with t,,,;,; are its

elements of series to sequence transformation. We assume that the double
limits

(1) Tkl = Lilgllfmnkl
exists and .
(2) Too = 1.
Denote K, the T-kernels of the function system f, i.e.
m,n
K (,%) = Tkt fir (@) fer (%),
k, =0
where x 1= (xy,...,xg), 4 :=(uj,...,ug) and x,u € E. Let
3) Lipn(x) 3=/len(uax)|d/‘(u)7
E
@) L= [ B Kot ()] ),
E
) Lin):= [ max  Ken(uo0)ldao).
E

The functions L,,,, L}, and L, defined by (3), (4) and (5) are called the
T-Lebesgue functions of the system f.

Let
M,N
(6) PN U,xX) = Y Tkl Tkl St @) fer (),
k,1=0
where

M :=min{m,u}, N :=min{n,v}.
We consider the double function series

(7 D Cmnfmn(x),
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where the double sequence ¢ = (¢;,,) belongs to the Banach space [ 2, i.e
(8) Zcmn < 00,
m.n
and denote the T-means of (7) by oy, 1.e.
m,n
® Omn(x):= Z Tmnkl Cklficl (%)
k=0

In the paper [6] we proved the following
THEOREM 1. Let be condition (8) is fulfilled and for (6) are exist&,; > 0

so that

' M,N

(10) C PuNux) =0 Y | Kt (,3)]
k=0

for u,x € E and there exist £ (M), ] (N) > 0 such that

(11) D E=0), &= O (ME](N).
k,I=0

Suppose, further, that

(12) Ln(x) = 0O(1),

(13) L) =0(1),  Lp,(x)=0(1)

are fulfilled for x € E. Then there exist

(14) ll1ilr}1wm,, (x), lgnamn(x), lir{nomn(x)

almost everywhere on E.

We will prove that in Theorem 1 the strong conditions (12) and (13) one
can replace by that of the following weaker conditions

(15) Lmn(x)= Ox(l),
(16) L) =0c(1), L, (x)=0(1).

For this proof we needed the following two theorems of Banach (see [4], p.
36 and 37, Theorems II and III) for operators U, defined on the all Banach
space X, that is dom U, = X for each n.

Denote S := S(E,u) the metric space of u-measurable, u-almost every-
where finite functions on E, endowed with the complete metric of conver-
gence in measure.
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THEOREM 2. Letdom U, = X for alln and U, : X — S are continuous
linear operators from the Banach space X to S and

(17 li’{n( Unx)(u)

exists for p-almost every u € E. If
(Ux)(u) = im(Unx )u),

then the limitoperator U : X — § is linear and continuous.

THEOREM 3. Letdom U, =X for alln and U, : X — S are continuous
linear operators from the Banach space X to S. Then the following two
statements are equivalent:

a) Iimit (17) for all x € X exists for y -almost every u € E;

B) a dense subset X' C X exists such that (17) exists for all x € X' and
sup |(Upx )(u)| < oo for all x € X and for yu-almost all u € E.
n

In the Theorems 2 and 3 the set
{w: Alim(Upx)@) )

may depends on x.
Now we can to prove the following

THEOREM 4. If condition (8) is fulfilled and the method T satisfies the
‘ conditions (10), (11), (15) and (16) foru,x € E, then (14) holds.

PROOF. Let us put that (15) and (16) are satisfied. Introduce the sets
Eg = {x € E:supLyu(x) <R, SUPL,/nn(x) <R, SUPL;rIm(x) <R}
m,n m,n m,n

Then
o0

(18) E= U ER,
R=1

since, for example, from (15) follows that for every x € E be exists some R
such that L,;,(x) < R. By Theorem | we see that from the conditions (8) and
(10)—(13) the existence of the limits (14) a.e. on each Eg follows. From (14)
we obtain that

(19) SUp [Opmn ()] < 00
m,n

is fulfilled a.e. on every Eg. By (18) we obtain that (19) is satisfied a.e. on E.
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We define the operators
Ug'" 12— S (m,n, R fixed)
by the formula

: R
(20) Ug™c =" Tmnkicki fu-
K1=0

J

The operators U;e" are linear and continuous, since if ¢, — ¢ in [2, where

Ccr = (C,:l), then
(Ug"er)x) — (Ug™e)x)  (r — o0)

for every x € E. By Theorem of Lebesgue (see, for example [9], p.92, [13],
p.100)

(U er)x)= (Ug"c)x)  (r — o0),

on E, i.e. converges in measure on E. Further, since T is a triangular method
of summability, then for every m,n we obtain from (20) and (9) that

(21) nIEn(U;;”’c)(x) = Omn(%).

Let
Unn 12> S
by the formula
(22) (Unne)x) =0mn(x).
From (21) and (22) we see that
lim( UE”" c)(x) =(Unnc)(x)
for x € E, therefore by Theorem 2 the operators Uy,p, are linear and continu-
ous, since dom Uy, = {2 for each m,n. From (19) and (22) we obtain
(23) sup|(UnncXx)| <oco  ae.on E.

mn
Further, the set of sections {c4}, where c4 = (c,‘(“l) and c;:‘l =cy if k, ] <A
and ¢y =0if k > A or | > A, is dense in /2, and the double limit

A

(24) lim( UmncA)oc):k;orkzcusz(x)

by (1) exists on E. Denoting

R=min{m,n},
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from (24) we get the existence of

A
25 lm(U, =
25) im(Uninc 4)(x) k;Orszszkz(x)

on the dense set {c4}. By Theorem 3 from (23) and (25) follows, in view of
(22), that

Im(Upnc)(x) =1imopmps(x)
R m,n

for all ¢ € I? a.e. on E. The proofs of the existence of the simple limits in
(14) arc analogous and more simpler. Thus Theorem 4 is proved. ]
We remark that the existence of the equality

hm( Unnc)x)= llmomn(x)

a.e. on E follows from (23) and (24), instead of Theorem 3, also by the
following

THEOREM 3°. Let Ty, : X — S are continuous linear operators from the
Banach space X to S. If

lim T x
m,n

exists for each x in a dense set, and if for each x in X the set {Tppx} is
bounded, then the double limit

Tx =lim Typpx
m,n
exists for each x in X, and T is continuous and linear.
Theorem 3’ is a particular case of Theorem 18 on p. 55 in [7].

Let A = (A;,n) be a nondecreasing double sequence of positive numbers,
ie. (l,,,,no) and a'"o,”) are nondecreasing sequences for any fixed mg and ny.

We define a new function system F = {F,,, }, where

fmn(x)
mn(X)= )
Amn
and consider the function series
(26) Zaanmn(X)

m,n
with

(27) Za,?,,, <00

nt,n
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We denote by Ky, (F; -, -) the T-kernels and by Ly, (F;-), L},,(F;-) and
Ly, (F; ) the T- Lebesgue functions of the function system F, i.e.

mn
Knn(Fiu,x): = Z rmnlekl(u)Fkl(x)’
k,1=0
Lmn(F;x):=/len(F:u,x)|d/t(u),
% ‘

Lyn(Fix) = [ max | Koy (P ) ),

qu'm(F;x):=/ Og}(aglekn(F;u,x)ldﬂ(u).
' E
Analogously to (6) we denote
' MN

Ppn(Fit,x) = Y Tkt Tyt Fer (4)Feg (x).
k,1=0

From Theorem 4 we now obtain the following

THEOREM 5. If the condition
2
(28) > Cnhmn < 00

mn

is fulfilled and there exist §k1 £ (M), § (N) > 0 such that T satisfies the
conditions (11) and

M,N

(29) Dpn (Fiu,x) = O(1) D Epg| Kt (Fiu,x)),
k,I=0

(30) mn(F'x) = Ox(l),

@31 Ly (F;x)=0c(1), L, (F;x)=0(1)

foru, x € E, then (14) for the double function series (7) holds.

PROOF. Denoting ¢ynn =amn /v/Amn, we obtain that (28) transfers to (27).
By the Theorem 4 from (27) and other conditions of Theorem 5 follows that
(14) for the double series (26) holds, since (27), (29), (30) and (31) are instead
of (8), (10), (12) and (13). But (26) is the double series (7).

For simple series Theorem 5 was proved in [3], see also [2], p. 266-270
and 297-298.
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Now we consider a divergence theorem, from which we see that no exist
a strong relation between the magnitude of the Lebesgue functions and the
summability a.e. not only of the general double function series (7), but even
for orthogonal double series.

Let ¢ = {¢mn} be a orthonormal system of functions ¢, € Lﬁ (Q). We

say that the double sequence 4 is a Weyl multiplier for the T-summability of
the double orthogonal series

(32) Zcmn(.omn (x)
m,n

if the satisfying of the condition (28) implies the T-summability of the double
series (32) a.e. on E C Q with u(E) < oo. For simple orthogonal series
EFIMOV {8] proved, that there exist orthonormal systems and regular methods
of summability, for which the monotone increasing of the majorant of the
Lebesgue functions (even in any power a > 1) is not a Weyl multiplier for
this summability. A simple proof of the Efimov’s theorem found ULYANOV
([15], p. 35-36). Using the idea of [15], we can generalize it for double
orthogonal series (32).

We need the following Lemmas.

LEMMA 6. If uy,; > O and the double series
Z Umn
m,n
converges, then there exist 0 <y, T oo and 0 <0y, T oo such that

E UmnYmOn < 00.

m,hn

PROOF. See [10], p. 94. [ |
We denote
mn
Vinn =§m77n Z U] .-
k,1=0

In the sequel we write r-limx,,, =0 instead of
n,n

lin-l./\’]-n” = limx”l” = limen = O.
m,n n m

LEMMA 7. Ifuy, > 0 and the double series

Z’Emﬂnumn

m,n
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converges with

(33) Em 10, n 10,
then

r'lim ‘/,nn =0.
m,n

PROOF. See [1], p. 72, and [5], p. 177. [ |

LEMMA 8. There exists a non-factorizable double series (32), divergent
everywhere on Q and its coefficients satisty the condition (8).

PROOF. See [5], pp. 185-186 and this is based on the results of [14], pp.
91, 101 and 104. |

Let I the convergence method, that is method T with T,y = 1.

LEMMA 9. If (33) hold and the series Y &, and ) nn converge, then
the I -Lebesgue tunctions Ly, (I; ) of every orthonormal system ¢ a.e. on Q
satisfy the following estimate

(34) r'}]ir}} \/‘}::m’?n Lnn(I;x)=0.

PROOF. (Cf. [11], p. 173, Theorem 551.) For the system ¢ we have
. ‘ m,n
Lyn(ix)= / lKnm(I;X )|clu(u) = / Z (pkl(u)‘Pkl(x) du(u).
O O k,l=0
Further.

m.u

Z‘Eﬂﬂ]n / l‘pmn(x)lzd,u(x) = ngnn < 00,
‘O m.n

and by B. LEVI theorem (cf. [1], Theorem 1.2.2, [5], Lemma 1, [6], Lemma 3)
we obtain that the double series

Z 511177/1 I‘Pmn (x)lz

converges a.e. on Q (by our assumption on the measure u). Consequently,
by Lemma 7 we obtain
m,n

(35) r-lim k;OI‘Pkl(X)F =0
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a.e. on Q. Using the Cauchy-Schwarz inequality we get

|Lmn(1;x)|2S/.lzdﬂ(u)‘/|Kmn(1;x)|2dﬂ(u):

Q Q
=1 (Q) / Z Pr1 (W) Pis (x) Z 0ij (W) (x)dp (u) =
0 k=0 ij=0
=u(Q) Z Zmz(x)so,,(x)ak,dz, =u(Q) Z ok ()|
k,l=0i,j=0 k=0

and from this by (35) we obtain
r-lim&miin| Linn (I;2)|? =0
m,n
a.e. on Q, that is (34). |
Let A = (A,4n) be a nondecreasing double sequence of positive numbers.

THEOREM 10. For any function g of two variables with 0 < g(x) T +c0
as xj,xy — +o0o there exists:

1) a triangular factorizable method of summability T=A® B with regular
factors A and B,

2) a non-decreasing unbounded factorizable double sequence A = (A, Ay),
3) an orthonormal system ¢,
such that u -almost everywhere on Q the T-Lebesgue functions satisty the
estimate
(36) Limn(T;x) = O@mn),

but on the other hand some double orthogonal series (32) is not T-summable
a.c. on Q, although

(37 Z [cmn |2G(/1mn) < 00,

m,n
where G(hmn) = g(Al,,AN0).

PROOF. By Lemma 8 we can choose some system ¢ and some double
sequence ¢ such that the double series (32) diverges on Q, but (8) is satisfied.
By Lemma 6 from (8) follows that there exist 0 <v,, T co and 0 <6, T o0
such that
(38) Z |Cmn|2)’m6n < 0.

m,n
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Since $"1/n? < oo, then by Lemma 9 for any orthonormal system ¢ the
I-Lebesgue functions satisfy a.e. on Q the estimate
(39 Ly (Lix) = O(1)(m + D)(n +1).

Further, for finding A we remark that the double sequences (g(m,n)) and
(ymOn) increase, therefore we can find non-increasing sequences (m;) and
(n;) of integers, which take the all natural values, such that m; <i+1 and
n; <j+1, but
/
(40) g(m;,n;) < Ay;6;
for all i,j > p, where A and p > | are some constants.

Now we choose

(41) }'U =(m,+1)(nj+1)

and put Tpypy = 1ifk <m; <mand [ <n; <n, but 1y, =0, if k >m; or
I'>n;. This method T = (7,,,4/) has regular factors and from (39) we deduce
that a.e. on Q the estimate (36) hold, since for

X mi,nj
L,-j(T;x):z/ D ok )P w)|duu)
O k,l=0
in view of (39) and (41) we have
Lij(T:x) = O@;)).

On the other hand, since we has assumed that the double orthogonal series
(32) diverges everywhere on Q and (m;) and (n;) take the all natural values,
therefore the double sequence (s, ,nj) of partial sums of the double series
(32) also diverges everywhere on Q. This means that (32) is not T-summable
everywhere on Q.

* It is remained to prove that for our T and A the condition (37) holds.

Indeed, in view of (41), (40) and (38) we have

00,0 foRe o0
YoleyPGhin=0m+| >+ > ey PG+ A D leyjPyid) < oo,
iy ij=p,0 i,j=0p ij=p
since, for example, by (41), (40) and (38)

o eNs} P > P oo
Z iC,‘jlzG(}»ij) < Z Z ]C[j{zGa,'p) < Adp ZZ |Cij|2')’i = O(l)
iy=p,0 i=0i=p i=0i=p

Theorem 10 is proved.
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Analogous to Theorem 10 is in fact proved in [5]. We remark, that the
following question is open: May be exists the function g, a method 7, a
double sequence A and a system ¢ from Theorem 10 such that together with
the condition (36) the conditions

L;nn(T;-x): O(rmn), L;,lm(T;x)= O(Amn)
are also satisfied y-almost everywhere on Q?

Taking g(x) = (x)xp)* with ¢ > 1 we from Theorem 10 yields the fol-
lowing

COROLLARY 1. There exist a method of summability T with regular
factors and a monotone increasing unbounded double sequence A such that
the double sequence (|Ap,|“) for none a > 1 is not a Weyl multiplier for
T-summability of the double orthogonal senes (32) in spite of the fact that
the condition (36) holds.
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1. Introduction

Consider a system of equations
X =fi(x,u) i=1,...n

controlled by the piecewise continuous function u(f). The trajectory x(¢) € R"
goes from x(1p) = x© to x(t) = x. Given 10, x©@, x) we intend to
minimalize a functional

n
J(x,u,t1)=/fo(x,u)dt-
fo
The triplet (%,%,7]) giving a minimum for J is called optimal, x(z) is the
optimal trajectory, u(r) is the optimal control. Several necessary conditions
for optimality are known. The first one is the Euler-Lagrange equation. If
u(t) € U a.e. for some fixed open domain U C R7, a necessary condition has
been given by WEIERSTRASS, see e.g. [19]. In the applications arises the need
of considering closed domains U for which the Weierstrass theorem can not
be applied. For this case PONTRYAGIN [10] and his coworkers developed the
so-called Pontryagin maximum principle stating

THEOREM A°. If (X,u,t;) is optimal then there exist functions
¥ =(¥,...,¥), ¥Y=Y() and a constant A < 0 such that

V=W flG,50,1, =)

and the function

* Supported by National Scientific Research grant OTKA N° 014244
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H(-x’\{"u)’: \.P'f(-xwu)*'lfo(-xsu)
takes its maximum at u =u(t) 1. e. for all t

H& (), P(),u(t))=0
HX@),YHO,u) <0 if uel. |

REMARKS. 1. We can fix the time ¢; by introducing a new component
Xp+1 by
a1 =1L xp (o) =1t0,  Xp41(f)=1y.

2. The original proof of PONTRYAGIN uses analytical arguments based
on the variation of the trajectory x(t) as the function of x°. This idea of
linearizing the changement of quantities can be treated abstractly in terms of
functional analysis. This functional analytic background has been developed
by DUBOVITSKII and MILYUTIN [13]. The topic is discussed in details in the
excellent course book of GIRSANOV [19]. Later on, most of versions of the
maximum principle were proved through the Dubovitskii-Milyutin theorem.
Now a very huge amount of maximum principles are known; we refer e.g. to
[20], {21]. In what follows we recall a version given in [20], [21].

Namely consider the following
PROBLEM A.
(1.1 i=fCut) =)l x =G sxn)

where x(t) is absolutely continuous on [0, T}, the control u(t) € U for ae.
t € [0, T} where U C R" is a fixed arbitrary subset, u € LOO(O, T,R"). Denote

xg=x(0) xp=x(T)
and consider the set of equality type endpoint constraints
(1.2) K (xg,x7) = 0.

We don’t specity the size d; of the vector K (in the classical case of Pon-
tryagin there are 2n equations, xg = x (9, xp =x(1). Introduce further some
inequality type endpoint constraints

(13) il <0 1<i<d
and other constraints
(1.4) Dy(x(1),) <0 1<s<dg.

We set the following assumptions
a). The functions K and ¢ are continuously differentiable in all of their
variables
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b) The @, are continuously differentiable in x, @5 and (Dé'x (= grad, ®y)
are continuous in x,t

c) f is continuously differentiable in x, continuous in u and measurable
in t.

Problem A is how to minimalize the functional
(1.5) J = <p0(x0,xT) — min

under the constraints (1.1)-(1.4) and assumptions a), b), ¢). The follow-
ing necessary condition of optimality is given in LEVITAN, MILYUTIN, Os-
MOLOVSKII [18] (in fact in [18], Theorem D.2.1 only the local version is
proved, but there is a standard tool of converting local version to the above
type maximum principle by making a variable substitution, see e.g. GIRSANOV
[19], Chapter 12).

THEOREM A. Let x(t), u(t) be an optimal solution of Problem A and
suppose that
(1.6) - Dy(x,0) <0, o1, T)<0.
Then we can construct a function H = H(t,x,u) which is maximal in u for
u =u(t) in the sense that for almost all t € [0, T] we have
(L.D H(e,x(¢),u(t))=max H(t,x(t),u).
uelU

This function has the form
(1.8) H=VY.f,
where the function \W(t) = (W(1),...,"Yn(2)) is described by the following -
boundary value problem:

a) There exist nandecfez;sing functions ug(t) with us(0)=0 such that

Y dus — _

(1L9) —W=Wfi-) @, % fl=flEm, @), @ =P (&(),0).
S

Here the rows of the matrix f| are the gradients of the components of f and

(1.9) means that

I !
(1.10) ‘P(z)~‘{‘(0):—/‘P-fx’+2/d)§’xdys.
0 T

b) There exist vectors a = (ao,...,ad(p), b= (bl,...,bdk) with a; > 0,
bj € R such that the boundary conditions on Y can be expressed by the
endpoint Lagrange function

1:Za,-g),~+b-1<, I =1(xg,xT)
i>0
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by the rule
(1.11) (0) = Ly (K. X7)s (D) = —Ly (0. X 7).

c) For all s the support of the measure du is contained in {t : ®3(X(t),t)=
0}. In other words, the function g is constant in every open subinterval of
{t: O;(x(1),1) <0}

d) Except for the index i =0,

(1.12) a;jpiXg,x7)=0 =1L

¢) Nontriviality condition:

(1.13) | Y ai+> b+ > us(T)>0.

i>0 j

REMARK 1. In the literature (1.10) is called adjoint (or co-state) equa-
tion, ¢) and d) is named complementary slackness (1.11) the transversality
conditions, A = (a,b,u(t),'¥(t)) is called Lagrange multiplier of the problem.

2. Like in PONTRYAGIN theorem (Theorem A°), the cost function J
does not depend only on the endpoints but on some integral involving the
trajectory. E. g. in [7] the author considers

T “a T a2
J= /F,(x,u,t)dt . /Fz(x,u,t)dt
0 0
These functionals can easily be transformed to the form (1.5) by introducing
new state variables
yi=F, y»=F, F=Fx@)u@),r)
and then J becomes of the form (1.5)

J=1(T) = y1(0)*1 - (y2(T) = y2(0))"2.

3. We formulated here the M P as a necessary condition for a strong
local minimum. In fact [1]-[4], it is a necessary condition for the so-called
Pontryagin minimum, which is a minimum with respect to variations under
“Pontryagin convergence”. The latter means that

0 = Xlloo — 0, [lun —#lloo < const, flun —ullf — 0.

Roughly speaking, a Pontryagin minimum differs from a weak one by taking
into account so-called “needle-type” variations. Obviously, a Pontryagin min-
imum occupies an intermediate position between a weak and strong minima.
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Further we will replace the state constraints by multipoint ones with
the purpose to prove a limit property. But we need (a maximum principle)
necessary conditions of optimality for problems with multipoint constraints.
We give them in the next Section.

4. If A is a-multiplier in Theorem A and ¢ > 0 then cA is also a multiplier
because then ¥ becomes c¥ and H becomes cH.

2. A maximum principle for problems with multipoint constraints.

Consider here the following problem (Problem B):

2.1 x =f(x,u,t), uel

2.2) K(xg,x1,...,2xn) =0,

(23) d)[()(,'o,xh...,XN)SO, l=l,,d(¢’)

(2.4) J =dg(xg,x1,....XN) — min.

where x; =x(t;), k=1,....N, O=tg <ty <ta<...<tny_1 <ty=T, K, ¥,

are continuously differentiable and all the other objects are the same as in
Section 1.

The Problem B seemingly doesn’t belong to the class of Problems A,
but however, it can be easily reduced to the problem A, as we’ll show below.
Now we formulate necessary optimality conditions (a maximum principle) for
Problem B.

THEOREM 1. Ler (x°,u®) be a Pontryagin minimum point of Problem B.
Then there exist a collection of Lagrange multipliers (a,b,"¥(t)), of the same
nature as in Theorem A, such that with the Lagrange function ] = a¢ +bK
and Pontryagin function H =Yf the following conditions hold:

a) nontriviality condition
(2.5) la]+|b| >0,

b) complementary slackness (1.10);
¢) adjoint equation of the form:

(2.6) —p =y
and
2.7) AW(t) :=W(1 +0) — Py —0) =1y,

on every interval (ty _y,t), k=1,...,N —1;
d) transversality conditions (1.13),
e) maximum conditions (1.14).
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PROOF OF THEOREM 1. Denote Ay =[0,1,], k=1,...,N — 1, and introduce
new state variables y; subject to equatious:

(2.8) Yk =f(x,u,t)xAk(t), k=1,...,N-1,
Then obviously x (1) = xg + yi (t) — y,(0), furthermore -
2.9)

¢(XO,)C1,...,)CT) =¢(XO,)C0 +y1(T) —yl(O),...,xO +yk(T) -yk(O),...,xT)
and a similar form takes K.

Thus, the multipoint constraints with interior time points are reduced to
standard endpoint constraints with respect to the old (x) and new (y) state
variables. Therefore, we can apply Theorem A to this reduced problem.

According to Theorem A there exist Lagrange multipliers a, b, ¥(¢)
of the above mentioned nature, and functions 7, (¢) (related to new state
variables), such that |a|+ |b| > 0, and with

| =ag +bK,
Z(XO,)’l,-..,)’N—l,xT)=l(xo,---axo+}’k(T)—)’k(0),-~-,xT),

N-1
(2.10) H=Yf+> mfra,
|
the conditions (1.10)—(1.14) holds:

Let us consider the adjoint equations and transversality conditions. Since
N, =—H, =0, we have n; = const, and

—1,

(2.11) Mk =1, (0) = "

al
0y, (0)
The adjoint equation for ¥ is:

on—1
2.12) —¥ = (‘i’+ Z’?kXAk)fos
1

while
W(0) =iy, = by +lx, +... 4] ,
(2. 13) x0~ X0 x| AN-1
W(T) = ~lxp =~
Introduce the new function
N-I

(2.14) P D s,
|
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Then from (2.12) it follows that on every interval (¢, _1,%), k=1, ..., N
(2.15) —¥=¥f
and
AP() =~y = Ly,
(2.16) P0) =PO) + 1k = Ly,
V() =W(T)=lxp.

Finally, since H satisfies the maximum condition with respect to u, the
function H ="¥f satisfies it too.

Theorem 1 is proved. 1

Let us now consider a special case of Problem B, which arises from
the Problem A if we consider the state constraint (1.2) not at the all points
t € [0, T, but only at some a’priori chosen and fixed points ¢y, ..., #y_j. That
is, instead of (1.2) we have now the following constraints: '

(2.17) Dlx, 1) <0, k=1,....N — 1.

Denote this problem as Problem B.

THEOREM 2. Let (xY,u®) be a Pontryagin minimum point in Problem
B. Then there is a collection of Lagrange multlpliersz = (a,b,u(t),Y(t)) of
the same nature as in Theorem A, such that all conditions (1.9)—1.14) are
valid with the additional property: function u(t) is constant on every interval
(txk—1,2¢) k=1, ..., N (and so, it can generate only O -functions in the right
hand side of the adjoint equation (1.12)).

PROOF OF THEOREM 2. According to Theorem 1, there exist a > 0,
beRIK) £ = (£, En_|) >0, such that
2.18) lal +[] + (€] >0,

N-1
and withl =a@p+bK + Y &, D(xy,1), H="Yf the corresponding conditions
[

hold, from which we have to consider in detail only the complementary
slackness condition

(2.19) E d(Ln)=0, k=1,..,N—1
and the adjoint equation (2.6) with jump conditions

(2.20) AY(r) =Ly =& P (oo 1), k=1,..,N— 1.
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Denote Zk = [tx, T] and consider the vector-function
N-1

(221) un= 7 Sz, O,
k=1

every component of which is obviously nondecreasing.

Then (2.19) is equivalent to (1.11), and (2.6) together with (2.20) — to
(1.12), whereas (2.18) is equivalent to (1.9).

Theorem 2 is proved. |

3. A limit approach in the multipoint maximum principle

Let us now return to initial Problem A, and try to find it’s solution in the
following way. We fix an arbitrary finite set 7 of time points 0=fy < <... <
<ty-1 <ty =T and consider Problem B(7) of the form (1.1), (1.2) — (1.6),
(2.9), which differs from Problem A by replacement of the state constraints

(DV(-X([),[)SOa tG[O,T]
by constraints on the state variable only at the chosen points:
Gy x(t),) <0, k=1,....,N-1L

We assume that there is an optimal pair (x,o, u,o) in the Problem B(t), and
that it converges in uniform and weak-* topology (resp.) to a pair (xY,u9)
as the number of points #; grows in such a manner that the length of the
largest interval of [f; _,#;] tends to zero. Since u; converge only in weak-x
topology. hence we should assume that the system (1.1), i.e. the function f is
linear with respect to «. A limit property of the pair is then described in the
next

THEOREM 3. Assume that for every vt Problem B(t) has an optimal pair

(Jct0 , up ). Assume further that there are xo, u® such that as T grows

. k-
(3.3) xro — X9 uniformly and u? e u.,

Assume that there exists a point t, at which
(3.4) Dy (x(te), 1) <0, s=1,...d(D).
Then the pair (x0,uYY satisfies the MP for Problem A.

Along with this, if Ay = (ar,bf,ur,‘PT) are Lagrange multipliers Witlz_'
lag | + by | + [ue (T)| = 1 for a pair (x0,ul) in the sense of Theorem 2, then
it is possible to take as a collection of Lagrange multipliers for (x9,u%) any
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Iimit point of the sequence (net) A; regarding the convergence of a;, by as
finite-dimensional vectors and u;, Wy almost everywhere.

PROOF OF THEOREM 3. We apply Theorem 2 to the Problem B(t).

Since all the sequences ar, by, u;(T) are uniformly bounded, hence
passing if necessary to subsequence, we can consider a; — a, by — b, where
a, b are some vectors, and u;(t) — u(t) a.e., where u is a nondecreasing
function with ¢ (0) =0.

Moreover, it is true that u;(t) — u(t) at any point of continuity of
. Similarly, since ¥; form a uniformly bounded sequence of function of
bounded variations, we can suppose that there is a function ¥(¢) of bounded
variation such that W;(t) — W(¢) at any point of continuity of ¥ (and hence,
a.e.).

It is clear that the normalization and complementary slackness conditions
hold also for (aq,bg,u() since they hold for (ar, by, uz).

From here and (3.4) it follows that in a neighbourhood of t. () =const.
Vs =1,...,d(®), and hence, ¥ is continuous, which implies that

(3.5) W (ne) = W)

To establish a limit property of the adjoint equation we write it in an

integral form:
3.6)

! t
W, (1) = o (1) + / We(s)f (x205),ul(s),s ) ds = / ®, (x2(5),5 ) dpz (5).
0 0
From (3.3), (3.5), the linearity of f; in u and the convergence a.e. of ¥y, u;
it can be shown that
] t
(3.7) W (1)=¥o()+ / P(s)fy (x0),u%(5),5)ds - / @ (x%(s),8)du(s),
0 0

which is the adjoint equation in problem A for the trajectory x%,u%). It
remains only to check the maximality condition. Since it holds for (x{?,u?),
we know that for any measurable u(t) € U, for all t

T
(3.8) / ¥, (1) [f (x,o(z),u(x),t) —f (x,(’(t),uQ(t),t)] dr <0.
0
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From here, the linearity of f in u, the weak- convergence of u? and a.e.
convergence of ‘P; it follows that

jTﬂﬂP(;W0mULQ—4(}WomWnJﬂdt=
(3.9)
=£(H(X%0MU%0-—H(XWQJNOLO)dtSO_

From this and the measurable choice theorem [6, Section 8.1] it follows that
for a.e. t the function H satisfies the maximality condition (1.14).

Theorem 3 is proved. |
4. Examples

In this part we provide a few examples illustrating the above theorem.

ExXAMPLE 1. For fixed values #, T > 0 consider the problem
X =Uu,
x(O)y=x(T)=0,
lu@®| <1 Vvrel0,T1],
x(t)<h vtel0,T].
Under these assumptions maximize the area below x(f):
T

J=/x—»max.

0
The direct solution of this problem is easy; the optimal trajectory can be given
for T > 2h by

t t<h,
X(1)=4 h h<t<T-—h,
T—t T-h<r,

and for T < 2h by

309~

()= t t
YT -t

Now we interpret this problem as Problem A and solve it by Theorem A. To

transform the cost function J we need a new state function
!

y(t)= —/x.

0

IV IA
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Then the Problem A equivalent to Example 1 reads as follows

X=u=f(,x,y,u),

y=—x =f2(taxay’u)’

Ky (x0,x1,Y0,yT) =%0 =0,

Ko (x0,x1,0,y1) = Y0 =0,

K3(x0,xT5y0,y1) =T =0,

ui)e U={-1,1] forall r€[0,T],

Q(x,y,t)=x —h; ie. x(@#)—h <0 forall ¢e€[0,T]. Under these
assumptions minimize y7:

J =po(x0,xT50,yT) =yT — mMiN.

Here Theorem A applies since

D1(x(0),y(0),0) = ®y(x(T),y(T), T) = —h < 0.
By Theorem A there exist ag > 0, by, by, b3 € R, a monotone increasing
function u(t) with u;(0) =0, u; is left-continuous and there are functions
‘¥, ¥, satisfying the following properties:
a) ag +|by| +[bz| +|b3| +41(T) > 0,
b) (Dl(x(t)7y(t)7t)d;ul(t) =0,
which means that g is constant on the open intervals where x(t) < h,

) —(¥1,¥7) = (¥, ¥,) (_0] 8) -1 O)d—:f,J ie.
¥ =-¥; - dﬁ‘%,
—\Pz = O
d) Let [(xp,x7,y0,yT) =a0y0 +b1 K1 + b2 K3 + b3 K3 =agyT + bixp +boyo +
+b3xT.
Then

(0 =l =b;,  ¥(T)=—l =—bs,
\1’2(0) = l)l,o = b2, \IIZ(T) = —I)I’T =—ay.
By c) this implies that
“4.1) \PZ = —ap, —ap = by,
4.2) ‘I’l(t)=—a0t+,ul(t)+b1
and ¥ (T) = —b3 implies
(4.3) b3=agT —pu\(T) - by.
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Consequently from a) it remains
(44) ag+|by|+u1(T) > 0.
e) The function H =¥ u — ¥,x takes its maximum in u = u(¢) under the
assumption |#| < 1. This means that
{‘I’l(t) >0=u(t)=1,

(4.5) Y()<0=u(t)=-1

LEMMA 1. gg > 0.

PROOF. Suppose indirectly that ag = 0.

a) If by > 0 then W1(t) > by >0 i.e. x =u =1 on (0, T); this contradicts
x(0)=x(T)=0.

b) If 5| = 0 then by (4.4) u1(T) > 0. Since u; is left-continuous, there
exist a minimal value fg such that on (¢g, T] u1(z)="¥1(z) > 0. In this segment
X =1 which implies from x(T) =0 that x(#3) < 0. Hence in the neighbourhood
of tg, 4y is constant which contradicts the definition of ¢y unless 75 = 0. But
if tg =0 then ¥| < 0 on (0, T') which is impossible, see a).

c) If by <0 then W;(¢) = by < 0 until x(¢) reaches h. But starting from
t=0, x =—1 i.e. x(t) is negative, hence y;(¢)=0and x = —1 on (0, T) and
this contradicts to x(0) =x(T)=0. , [ |

Dividing all the constants and functions by ay we can suppose that ag =0
hence

Vi@ =by —t +u1@0).
LEMMA 2. Ifx(t|) =x(t2) = h then on [ty,t;] x(¢t)=h.
PROOF. Suppose the contrary. Changing the values 7y, 7, if necessary we
can obtain that
x(t;)=x(t)=h and on (tl,tz) x(t)<h.
This means that on (f1,f;) 4] is constant and
Vi(t)=by ~t+u(ty).
This is a decreasing linear function. Since x(t) < h everywhere, X(t])=x(t))=
=0 and hence ¥ (t|) = ¥ (t) = 0; contradiction. ]
LEMMA 3. If T > 2h then there exists t withx(t)=h.

PROOF. Indirect: x < h. Then u; =0, ¥ (t) = by —¢. It can not have
constant sign in (0, T') since x(0) =x(7T) =0 and by the same reason we must

have b = % But then x (%) = % > h, contradiction. ‘ [ |

REMARK. The above proof shows the optimal trajectory for T < 2h.
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LEMMA 4. If T > 2h thenb; =h.

PROOF. a) If by < h then on (0,b{) x(¢t) is growing, on (by,h) it is
decreasing, hence can not reach k, contradiction.
b) If by > h then ¥ (h) > 0, x(h) =1, x(h) = h which is again a contra-

diction. .
LEMMA 5. IfT>2h thenu(T)=T — 2h.
I%OOF. Symmetrical to Lemma 4. 1

Now the optimal trajectory on [0,¢] is x(t) =t with u(t) =0, ¥1(t)=h —t
by Lehma 4; on (T —h,T] x(t)=T—t,u(t)=T-2h, V1(0)=T—-h —1;
on (h,T—h]by Lemma?2 x(t)=h, hence W (z)=0, u(t)=t — h. The results
are stretched in the following figures.

h x(t) h ———— _l_?l_‘(t)
| [ :
! ;
h T—-h T ﬁll ﬂA\T
—h—~—’ _____ A J
1 | i ' | |
! | I /: l
A TLn T h TLh T
| | | !
—1 | (I ; |

EXAMPLE 2. Consider the following discretized version of Example 1.
Let N € N and

T
ty=h— k=0,...,N.
k N PR

Modify Example 1 such that x(¢) < h be assumed only at the nodes z =1.
We give interpretation of this as a Problem B.

By Theorem 2 all the statements (4.1)—(4.5) remain valid with the addi-
tional assumption

N-1
(4.6) pi®)= 3 a
k=1

<t
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where

(4.7) a, >0, x(p)<h—oag =0 (k=1,....N=1).

By immediate considerations we can describe the optimal trajectory x(r) as
follows. Draw the line segments [(0,0), (g,g)] and [(%,%) ,(T,O)]. It

strictly below this polygon there is no point (#;,4) then this is the graph of
the optimal trajectory. Otherwise let 2} and h; be defined by

oy Sh<tisls  Iy-1<T—h<i;
then A} +2 < hy and

h+t
x(t)=1on <O, 2kl+l>

’ h+[k|+l
=—1] on —Z—,Ikl_,_]

=1 on (tk,”"—%ﬁl)
1+
=—1on (k—zk‘ﬂ,tkﬂ

lYp—t+T—h
1 on (zkz_l,ﬁ—‘—z—)

ty,_1+T —h
=—] on (kil—z—,T).

Now the same result can be obtained by Theorem 2 as follows

) } k=ky+1,... k-2

LEMMA 6. ap > 0.
PROOF. The same as in Lemma 1. |
Consequently we can suppose
ap=1, W ()=b; —t+u1().
LEMMA 7. Ifx(zkl ) =x(tk2) =h then fork; <k <kp,x(ty)=h.

PROOF. Suppose the contrary. Redefining k; and k; we can obtain that
x(tx, ) =x(t,) =h but x(t;) < h for ky <k <ky. Then in (kj,kz) ¢ is constant
hence the proof of Lemma 2 applies. |

LEMMA 8. h < b <ty 4 if T 2 2h.

PROOF. a) If h > b then on (0,h) Wi(t) = bi —t hence for t > by x(t)
becomes decreasing before reaching h. This implies that u; =0, ¥, =b —¢
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on (0, T) and then x =1 on (0,b), ¥ =—1 on (b1, T). From x(0) =x(T) =1 it
implies that by = I which contradicts by < h if T > 2h.

b) If Ik, +1 < by then we argue as follows: W1(£) > by —1 >0 if 7 € (0,by),
hence % =1 on (0,b1) and then x(f +1) =1,+1 > h, contradiction. -1

Now we can build the optimal trajectory., Suppose for the case of simplic-
ity that h#1, . Then on (0, Ik, +1) we have ¥ (r) = by —t. Hence approaching
Ik, +1 from the left x (¢) becomes decreasing. If x (#,+1) < h, then ¥1(t)=b; — ¢
on (0,7,42) and x(¢) continues decreasing, i.e. X = —1 on (t;+1, T)- This
is possible only if such a trajectory ends at x(T) = 0. Otherwise we must
have x(fy,+1) = h and on (t 41,%,+2) Y1(t) =by +a; — ¢t with some a; > 0.
Now the value '¥'; (¢) in the halving point of the segment (fy, 1+1,%,;+2) is <0,
otherwise x(fy,4+2) > h. If this value is negative then x(f 4+2) < h hence x
continues decreasing in (f¢,+2, T) and this can be so only if this trajectory
ends in x (7)) =0. Otherwise ¥ (¢) will be positive in the left half and negative
in the right half of (f4,+1,% +2) and x(# 42) = h. Then we repeat the same
arguments for the segment (f,+2,%,+3) and so on. We can thus build up
the optimal trajectory described above. In order to distinguish it from that of
Example 1 we use the notation xn (1), ¥y n(2), 1 N (2), un(t) instead of x(2),
Yi(t), u1(z) and u(z). The obtained result are drawn in the following figures.

1

h+ T ] XN(t) 13
27% \ !
I
[
|
1 1 1 J
Itkl 1tk1+t1 t‘Tz—th(t) | Ty Tiep+1 tkz—‘Pl’N(S
I " /n [ \
| | | I | T
L] L | TR
Pl o | N \ N T
N S A \
Lo L [ -
AR v INT i e | Tl
-1 (W T N [ S
IRER i w

Since xn(t) — x(t) uniformly and uy(t) — u(r) weakly, Theorem 3 can
be applied. ‘It can be seen that ¥y y — ¥(¢) and 1 n(t) — u1(¢), both
uniformly. On the other hand, Wy y = -1 =¥,, ~1=by Ny =by, by N =
=¥ NO0) = ¥10)=b1, b3 n=T—u N(T) = by n = T —pu1(T) - by = b3
i‘e. the Lagrange multiplier has indeed the limit property stated in Theorem 3.
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EXAMPLE 3. Consider the problem

X =y,
y=u,
x(0)y=x(T)=0,

x(t)<h Vre[0,T],
lun)| <1 Vvee[0,T].
Under these circumstances maximize the area below x:
T
J= /x — max.
0

!
Rewrite this as Problem A: Introduce the variable z = — f x; then
0

X =Yy =fl(t,x>yvzau)y
y=u=fHtx,y,z,u),

Z=-x =f3(f,x,y,ZaM),

Ky =xy=0,
Ky =2p=0,
K3 =XT=0,

u(t) e U=[-1,1],
O(x,v,z,t)=x—h ile x()—h<0 Vrel0,T].

We minimize 27 J =¢g=2z7 — min.

It can be directly seen that the optimal solution is for T < 2v/2h the
concave parabola going through (0,0) and (7,0); for T > 2v/2h we have

a) in [0,v/2h] x(t) is the concave parabola going through (0,0) whose
tangent line at r = \/2h is the line y = A,

b) in [V2h, T — V2h] x(t)=h,

c)in [T - V2h,T] x(V=x(T—1).

By Theorem A, there exist ag > 0, by,by,b3 € R, an increasing function

wu1(t) with ;(0) =0, which is left-continuous and functions ¥, ¥, ¥3 with
the properties

a) a0+|b||+|b2|+]b3|+y|(T)>0.
b) 41 (¢) in constant on the open intervals where x(¢) < h.
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0 10
C) —(‘PI,T2,\P3)=(T1,T2,T3) ( 0 0 0) - (1,0,0)%‘?1 ie.
-1 00
-—lPI—-——lP:;——d—, -—lP2=lP1, —lP:; =O.
d) Denote [ =agzt + bixg+ bozg +bsxr; then
WiO=b, Yi(=-b3
\P2(O)=O lI’z(T)=O
¥3(0)=b9 ¥3(T) = —ay.
This implies by c) that
(4.8) —qap = bz, lP3 = —d
4.9 W) =b —agt +u (1), b3 =Y (T)=by —agT+u(T)
- 2 t 72 T
(4.10) ‘I’z(t)=a07—blt—/ul, O=‘P2(T)=a0——2——b1T—/y1
0 0
and hence by a),
4.11) ag+|by| >0, ag+u(T) > 0.

e) The function H =¥y + ¥ou — ¥3x is maximal in u provided that

|u] <1, hence
@.12) {‘I’z(t)>0:>u(t)=1,

Wo(t) <0 = u(t)y=—1.
LEMMA 9. ag >0 if T > 2V2h.

PROOF. If ag = 0 then ¥, = —\P; is decreasing, hence ¥, is concave.
Since ¥9(0) =¥o(T) =0, there are two possibilities
a) ¥, = 0. Then b =0, contradiction with (4.11).

b) ¥, >0 on (0, T); then X = 1, x(¢) is convex, hence x(¢) <0 on (0, T)
which is obviously not optimal. |

Suppose that ag = 1.
LEMMA 10. If x(t))=x(tp) = h then x(t)=h on [t},1].

PROOF. Suppose indirectly that x(f]) =x(¢2) =h and that on (f1,#7) x(1) <
< h. Then on [t],T] ¥, is a convex parabola. Since x(¢;) = h, we have
i(t1) < 0 (otherwise x(t) > h somewhere near f1), hence W, (1) < 0. By the



254 1106

same reason ‘¥, (t;) <0. Taking into account the convexity of ¥,, we get that
¥, <0on (t1,8) i.e. ¥ = —1, x is concave on [t{,1;]. But then x(¢) goes over
h which is not allowed. Lemma 10 is proved. ]

LEMMA 11. For T > 2+/2h there exists t with x(t)=h.

PROOF. If it is not so, ¥, = %t2 — byt <0 on (0,T), hence x(t) is a
concave parabola through (0,0) and (7,0). But this is impossible, since its
maximal height is > h. [ |

So if T > 2+/2h then there exists 0 < r; < 5 < T such that in (0, t1) and
(t2,T), x(¢t) < h and in [t,8,], x(¢) = h. In (0,¢;) W, is a convex parabola,
0=Y¥,(0), 0 > ¥;,(¢1), hence 0 > ¥, on (0,#;). This implies that X(t)=—1, x
is a concave parabola going through (0,0), (¢1,k).

Since x(z) is maximal in t;, x(¢#) = 0. This defines uniquely ¢;(= v/2h)
and the trajectory x(t). On (to, T) we can argue symmetrically. Since ¥, is
continuous, ¥, (#;) =0 (otherwise X = —1 in a neighbourhood of #;, which is
impossible). So the optimal solution for T > 2v/2h is

h ;c(t)
14+ u(t)
V2h T—VZh T
-1
k310!
W (r) _\/2@
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EXAMPLE 4. We discretize Example 3: let N € N be fixed and change in
Example 3 the condition x(t) < h by

T
tW)<h k=0,.,N =k—.
x(f) < 0,...,N, 193 kN

By Theorem 2 the same statements (4.8)—(4.12) hold as above with the addi-

tional assumption
uie)y= Z aj
<t
k>1

where
a, >0, x(t)#h = a;, =0 k=1,...,N-—-1).
LEMMA 12. ag > 0.
PROOF. The same as Lemma 9. |

Suppose in what follows that

ag=1.
LEMMA 13. For T > 2+/2h there exists t, withx(t;)=h.

Proof as in Lemma 11. . |

LEMMA 14. Ifx(ty,) =x(t,) =h then between ky and k, there are no two
consecutive indices k fjor which x(1;) < h.

PROOF. Let x (1 ) =x(f,) = h and between kq and kp, x(t) < h. We have
to show that ky — k; < 2. Consider the parabola —%tz +at+f going through
the points (0,4) and (%,h) and denote m* its derivative at t = 0. Clearly
m* =o0(1) as N — co. Since the trajectory x(t) is a smooth function making
piecewise from the shifted parabolas 5 142 and —lt2 hence

x(t)=h=x@)| <m*

Indeed, x(#;) > m* would imply x(#;4) > h and x(tk) < —m™ that x(tk 1)>h.
We see also that

x(t)=h, x(ty)=m" = x(tx41) =h

x(t)=h, x(ty)= ~-m* = x(ty_1)=h

We investigate the sign of ¥ on (#,, %, )- Since on (tk) > tky) ¥, is a convex
parabola, we have the following four cases
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a) ¥, has constant sign on (tkl,tkz)- Then x(t) is a parabola going
through (tk1 ,h) and (tkz,h) which is possible only when k, = k; + 1 (otherwise
% (1, )| > m™ by the definition of m™).

b) There exists #;; <™ <, such that ¥, is positive on (#,,t*) and
negative on (t*,tkz). Since x(¢) is convex on [tk1 ,t*] and x(t;cl )=h, x(tk1+1) <
<h hence t* <t 41 (otherwise |x ()| > m™), further we see that | (t*)[ <m*.
Indeed, if [x(t*)| > m™ then X (¢*) > m* and x(t*) > h. Since on (t*,t;) x(t) is
concave, x(t)>h on (t*,t* + NT-) which is a contradiction, since then x(tk1+1) >
> h. Since |x(¢t*)| <m™* then from % (tx,)| <m™ we get that tey = t*< % (since
in (t*,tkz) X is concave). This is possible only if ko =k + 1.

¢) There exists fy, <1* <1, such that ¥, is negative on (t;»t™) and
positive on (t*,tkz). This implies ky =k; + 1 by the arguments symmetrical to
those of b).

d) There exists tr, < t<t; < fx, such that Y, is positive on (tkl,ti*) and
(t3,1,) and negative on (t{,t5). As in b) we see that tf < Ik +15 ;> Tky—1
and |x(s;)| <m*. Hence |x(¢])| <m™ and [%(z3)| <m™ and then e HIES %;
hence k; — k1 € 2. Lemma 14. is proved. |

Denote fx, and 1, the first and the last node with x(t;) =h.

LEMMA 15. If T > 2\/2h then
a) W, = V2h +0(1), , = T—+2h+0(1) if N — o0,
b) Wa(ty,) = o(1), Waltr,) = o(1).

PrROOF. ¥, is a convex parabola on [0, t,] and ¥3(0) = 0; hence the
following cases arise.

1) ¥, >0 o0n (0,1, ). Then x(¢) is convex there and x (0) =0 which implies
for large N that x(z;,) > m*, which is a contradiction. '

2) ¥, <0on (0, tkl)’ then x(¢) is concave there. Since x(0) =0, x(tkl) =h,
Pt (1 )] < m* = o(1) hence x(t) approximates uniformly the optimal solution
of Example 3 on (0, \/2h) and k= 2k + 0(1). Denote t* the smallest value
for which W,(¢*) = 0. Since on (0,*) the parabola x(¢) can take the value
h only twice, this means by Lemma 14 that t* = #;, +0(1). We know that
Wo(tk, =) > Wa (1, +), hence W) (1) = o(1).

3) There exists 0 < t* < fx, such that ¥, <0 on (0,t") and ¥, > 0 on
(t*,t). Since x(t ) = h and x(f, ) = o(1), it implies that #, —t* = o(1)
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(otherwise there exists t* < ¢ < Ik, with>x (tx) > h). Consequently x(t*)=h +
+0(1) x(t*)=0(1) and then t* = 2k + 0(1), e = v2h +0(1) and ‘Pz(tk]) =

= o(1). So in all cases W, = v2h +0(l) and ‘I’z(tkl) = o(1). The analogous
statements for f;, can be proves symmetrically. Lemma 15 is proved. 1

Introduce the notations

xNs un, YN, Yon, #iN

for the functions x, u, ¥y, ¥,, 4| in Example 4 and the original notations
means the functions from Example 3.

LEMMA 16. xn — x uniformly, uny — u weakly.

PROOF. We have seen in proving Lemma 15 that in [0, el xn —x = o(1)
uniformly and by symmetry the same is true in [tx,, T]. Between #;, and
fx, xN — h uniformly (see Lemma 14 and the fact that x(f;) = h implies
Ix (t )| <m*=0(1)). Since I, — V2h, th, = T— v/2h this means that xy — x
uniformly. In (0, tk,) and (tkz, T)upy=—1.In (tkl,tkz) X (t) =o0(1) uniformly.
Since |un| = £1 and x is the integral function of uy, we get that upy — 0
weakly on (f,,#,), which proves Lemma 16. |

So the conditions of Theorem 3 are checked. To see the consequences we
shall prove first that on a segment [tkl +o(1),tk2 —o(1)] we have ¥ N(t) =
=o(l). Indeed, ¥  can have positive jumps at the nodes f; and between
the nodes it decreases linearly, its derivative being —1. Now if ¥ ny(£)#
#o(l), ¥ n(t) > 0 for some ¢ from this interval then ¥ n > 0 in some
interval [f,f +J1], d #0(1) hence W, N is strictly monotone there i.e. ¥ y can
have only one zero in [t, +3d] which contradicts Lemma 14. Analogously .
if Wy n(6)#o(1), W n(t) <O for some ¢ then ¥) ;y < O in some interval
[£ -4 ,t] 0 #o(1) which is impossible as well. So in {5 +o(1), 1, —o(1)]
‘Pl N({) — 0 uniformly. Since ‘I’2 N(@©0) =0, ‘P2 N(tk ) =o0(l) hence ‘P2N
decreases almost precisely on the left half of [0, tkl] and increases on the rlght

half. This means by #;, =v/2h+0o(1) and ¥} y =1 that by y — 3V2h =b
and ¥y — ¥y = o(1) uniformly on [0, I, }, on [tkI +0(1),tk — o(1)] and
because of symmetry on (f,, T1; finally ‘P1 N =0O(1) on [, tk +0(1)] and
on [tk —o(1), tk2] Hence V| y —'¥'| a.e. on [0, T follows from“I"z N({0)=0,
Y, N(tk ) =o(1) that ¥ y — ¥, = o(1) uniformly in [0, ] and 51m11arly in
[tkz, T]. In [tk[atkz] \PzN have zeros at a distance o(1) by Lemma 14 and

we have seen that Wy y = —‘I’2 N is uniformly bounded hence ¥, y = o(1)
uniformly on [ ,#,]. Comparmg this with Lemma 15 we get that Yo N —
— ¥y =0(1) uni ormly on [0, T]. Finally since uj ny(t) =t — by n +'¥ N(t)
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hence pj n —p = o(1) uniformly on [0,7,), [, +0(1),%, — o(1)] and ('tkz, T]
and then g1 y — 1 a.e. on [0, T]. Thus all statement of Theorem 3 are shown
in the situation of Examples 3 and 4.

5. Some spectral properties of the Schréodinger and Dirac operators

In the final part of the paper we investigate some spectral properties of
the Schrodinger and Dirac operators. In several papers on equiconvergence
of spectral expansions the authors use the boundedness of the difference of
the so-called spectral functions.

If the Schrédinger operator has discrete spectrum then its spectral func-
tion is defined to be

O, y,u)= Y un(x)un(y)
Vi<u
and it turns out that if we consider Schrédinger operators L; = —u” + qqu,
Ly = —u" + qyu then ©(x,y,u) — ©y(x,y,u) is locally uniformly bounded.

Here we want to remark that we know more, namely ©; — ©, tends to zero
as 4 — oo locally uniformly. Namely let

T

(5.1) qenOm  [q=0
0
and consider the eigenvalue problem
[—u,’,’+qun] =Anun (n>0),
ul (0)=u) (m)=0.
The corresponding problem for g = () has system of solutions

(5.2)

(5.3) u(x):=cosnx n>0.

" Consider further the system

(5.4) —p"+qp=kp, pO=1, ¢'(0)=0.
It has solution for all A. We choose A, from the equality
(5.5) ¢'(m)=0

then the corresponding function ¢ (x,An) = u,(x) - cp.
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LEMMA 1.

sin vAx | 1
(56) (,O(X)—COS\/A'_X_'F‘Q'—\/X—/Q'FO(I) AZAO
0

PROOF. The mean value formula

(5.7) P () =cosx//1—x+/s—i“—‘/f—(fj{;”q(r)¢(r)dr.
implies

X .
1
1 lloo < 1+/7—Ilq|-n<pnw
0

hence ||¢ /oo 1s bounded in A for A > A¢. Consequently

o) — cos Vx| < | 0/ 9@l oo < =l e < =

i.e.

px)=cosVix +O <%) .

Substitute this into (5.7) we get

<p(x)=c05\/zx +/sinﬁ(x —r)cosﬂ‘rq(T)dT+ O (%)

VA
0
which gives (5.6). |
LEMMA 2.
X
VAx 1
5.8 ") = —VAsinVix + & / +0(—).
(5.8) P (x) 2 q 71
0
PROOF. Similar to that of Lemma 1. |
COROLLARY.

\/Z=n+0<£§>
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X

i 1
(5.10) @ (x,Ay) = cosnx + omnX /q +0 (-) n>1
2n n? .
0

X
/ i 1
5.1D) up(x)= J% Cosnx+sn;:x/q+0(n—2> , n>1
0

if up(x) are the normed eigenfunctions of (5.2) in L»(0, T).

PROOFE. From 0 = ¢'() we get by (5.8) and (5.1) VA,sinViam =
=0 (\/Ll_) Consequently we get (5.9) Putting this into (5.6) implies (5.10).
Finally,

JT 7 x
- .
”‘/’”%=/[<P(X,ln)]2dx=/ c:osznx+smznmC /q dx+0(—2> =
n
0 n 0
J
—/cosznxd +0 1 —-£+0 1
N * n2 —-2 n2
0
which gives (5.11) since u,(x) = %;_)_ .

Consider the spectral functions

OG,y,N)= >y (X)un(y)

n<N

and

Oo(x,y, N) = > up (¥ )up ()
n<N

We know from (5.11) that

(5.12) n (0 tn () — u0ud(y) =

_ 2cosnxsinny - B(y) +cosny sinnx - f(x) L0 1
T 2n n?

where f(x) = jq.
0
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THEOREM 4. Add to the above assumption that q € C[0,n]. Then
(5.13) lim (©(x,y,N)—Og(x,y,N)) =0
N—co
uniformly in 0 < e <x,y <z —¢€ for every € > 0.

PROOF. We know from the equiconvergence theorem (see e.g. [20]) and
from the orthogonality of eigenfunctions that for any ¢ € D(0,7),

> un(x ), un) = p(x).
n=0

This means that for every x € (0,7)
> ttn (O () =6x().
The same is true for Zuo(x)u (), hence

(5.14) S (n)un() = ud@ud()N =0 in D'0,x).

From (5.12) we see that the series of (5.14) converges in L,(0,7) for every
fixed x and hence the equality (5.14) holds also in L,-sense.

In ZYGMUND [9], Chapter I, Theorem 2.6 is proved that for any given

€ > 0 the series
Z sinuy Z cosny
n ’ n

are convergent uniformly in 0 < € <y < 2w — €. Now (5.12) implies that

(5.15) > Un(un(y) = ug(up(y)) =
sin(x —y)BG) - (I +sinn(x +)BE) +BOT
=c:) n n2

Here the uniformity of the convergence of

B +pon . Snerty)

follows immediately from 2e < x +y < 2 — 2¢. We shall prove on the other
hand that
(5.16)

S B -pON——

Indeed, it is lmmedlate for x, y satisfying |x —y| > €. In case |x —y| <€ we
argue as follows. Introduce the conjugate Dirichlet kernel

sinn(x — . )
( y) is uniformly convergent for |x —y|<2w —e.

t 1
COs 5 — COS (k+§>t

k
D)= Zsinvt =

v=1

2sin%



262 1. J0O

Apply a usual Abel transformation to get

(5.17) gj sink(x —y) _ % De(x —y) = De_yx —y) _

k=N+1 k k=N+1 k
Dyx—y) DN<x
= D — -
M %1 =) k +1
Clearly:
1 D ()| Loo (1,1 = O1)
and

B =B < llglleo - 1x = ¥1;
hence by (5.17) we get

M sink(x —y)
| D> —— BBl <

k=N+1

< cllglloo <—+—+ Z (-7137)) -o(x):

So we have proved (5.16) and '[hlS means that the series (5.15) converges
uniformly for € <x,y <m — €. We have seen on the other hand that for every
fixed x this series converges to zero in L ,(0,7), so the local uniform limit
must be also zero. Theorem 4 is proved. |

6. Next we shall prove the following formula for the eigenvalue problem
(5.2).

n
THEOREM 5. Let g € C'[0,7], [q=0. Then
0

6. Sy )= 2O 20
. n—nt)= 1200
n=0

REMARK. Analogous statement is given in LEVITAN, SARGSYAN [8],

oo
Chapter VIII, Section 5 for the sum Y A,, where 4, are the eigenvalues of
n=—0o0
the (one-dimensional) Dirac operator. Since for large n, 4, ,,almost” equals

to n, Ay +A_, is small; this is substituted in (6.1) by 4, — n2.
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For the proof of Theorem 5 we introduce the parametric eigenvalue
problem where in (5.2) the potential g is substituted by tan(x), 0 < ¢t < 1.
To this, consider the system

(62) —¢" +tan(x)p =Ap, ¢ =p(x,A,1), p0)=1, (p'(O) =0.

Since this equation is linear in ¢ and 4, we get from known theorems (see e.g.
HARTMAN [21], p. 100) that ¢, ¢’, ¢ € C*° in the variables (4,r) provided
that g € C[0,7]. Consequently

F,1) =/ ()
also belongs to C*° in (4,t). We know from (5.7) that

X
<p'(x) = —VAsinVAx +/cosﬂ(x — 1) - tan(t ) (v )d7,
0

Hence, using the notation of s = \/I,

6.3) = —ssinsm +/coss(n —1)-tan(z )y (7 )dr,
0
J
0F . .
(6.4) 3 = —S§JT COSSTT — SInsmT +/(r —m)sins(mr — 1) -tan(t )p (t)dt
0

If A(t) denotes any solution of the eigenvalue problem with potential
tan(x), ¢t fixed, then

g
0=FQA@),t)= —sinsx +/coss(n — 1) -tan(t ) (v)dr
0

ie. .
sinszt = O(1)

which means that

(6.5) s=k+0(%)

and for these value of s,

OF

3 (- D**xk +0(1)



264 B 1. 106

which is not zero, at least for large k. Hence by the implicit function theorem
An(t) € C*[0,1].

Now the system .

(6.6) —u! 0, 1)+ tan(x )up (x, 1) = A (Dun (x, 1)

has solution u where u, «’ and u” are C°° in ¢.

LEMMA 3.
6.7) / Unity =0
0
1 =
(6.8) //q(x)un(x Ddxdt =An —n%  (p =Ap()).
00

. . J
PROOF. (6.7) is obtained by differentiating [ u,% =1int. To see (6.8) we
0

differentiate first (6.6):
—u,'l'+qu,1 +tani, =Anun +Anity.

Multiplying by u, and integrating in (0, 1) x (0,7r) we get that

b1 | 1 = | 1
//qu //zlnu +//1,,/u,,u,,—//tanu,,u,,+//u,','u,,=
00 0 00 00
| n 1 x
=,1n(1)—,1n(0)—//tanu,,u,,+//u,’,’u,,=
00 00

=/1n(1)_/1n(0)_///1nunun =An(1) = 2,(0). |
0

PROOF OF THEOREM 5 By (6.8)

N N | 4
Z(ln—nz):Z//qu3=
n=0 0 0

n=0
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7

I = | 7 N

2
[ [aow-domse [ [y
00 00

n=0
We have seen in proving (5.11) that

2 1
Up(x,t)= \/; cosnx+ t/q (—2> , n>1
0

where the implicit constant in O ( niz) is bounded in (x,r). Consequently the
series

oo

=/ 2 o _ 2 sm2nx I
Xl:(un(x,t) u (x))—;Z(ﬂ( ) (—))

i n?

B(x) = fq is convergent in L,((0,7) x (0,1)). By Theorem 4, the series
0

S

0

) tends to zero locally uniformly for any fixed z. Hence

Z(u,,—u,, )=0 in Ly(0,7) x (0,1))
0

and then
0)2
I = / /qZ(un —u?? =0 (N - ).
00
TT
In counting I, we use several times that [g =0
0

L7z N Lz N ) |
12=//qZunO)z://ngcoguxdxdt:
oo 00

4

A 1
—//n lﬁljco 2uxdxdt = ! // (x)Dn(2x)dxdt
= q- - l S d p q 'N

00 0

0
when

N
1
- Dyx)= 2 +Zcosnx

n=1
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is the usual Dirichlet kernel. By the theory of Fourier series

19(0)+q(r)

2=2n// DN(x)dxdt-— —/ D NGdx = 5T

Theorem 5 is proved. |
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REMARKS ON OUR ARTICLE ON LEBESGUE FUNCTIONS

By
S. BARON and 1. JOO

Department of Mathematics and Computer Science, Bar-Ilan University, Ramat Gan and
Department of Analysis, EStvés Lordnd University, Budapest

In our paper “Lebesgue functions for convergence and summability of
double function series”, Annales Univ. Sci. Budapest., Sectio Math., 37
(1994), 73-84, for an unknown reason some references are wrong. The correct
references are the following:

11] ALEXITS, G., Konvergenzprobleme der Qrthogonalreihen, Akadémiai Kiado,
Budapest, 1960.

[16] KAMKE, E., Das Lebesgue—Stieltjes-Integral, 2nd edition, Teubner Verlag,
Leipzig, 1960.

[201 MORICZ, F., On the regular summability of multiple function series and
Lebesgue functions, Anal. Math., 9 (1983), 57-67.

[22] ZYGMUND, A., Trigonometrical Series, Warsawa-Lwow, 1935.

It must be on the page 74 line 3 from below the following:
s =s(myn,x), t=t(m,n,x)

Similar changes are in the last line on page 75.
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