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0. Introduction

Fractals are often used to model various physical or chemical phenomena.
An important step in the development of a rigorous mathematical theory of
the fractals was done by HUTCHINSON [3]. According to his view fractals are
certain invariant sets with respect to a family of continuous functions.

In order to recall HUTCHINSON’s definition of an invariant set, let (X,d)
be a complete metric space, let J'(X) be the family of all compact nonempty
subsets of X endowed with the Hausdorff metric, let g; : X — X (i=1,...,n)
be continuous functions, and let G: K (X)— & (X) be the function defined by

G(K)=g1(K)U...Ugu(K).
Any fixed point of G is called by HUTCHINSON an invariant set with respect
to the family {g1,...,8n}

In the study of these invariant sets the following assertion plays an im-
portant role:

(A) The function G has a unique fixed point and for every K € K (X) the
sequence (G¥(K)), eN converges to this point.

In this assertion G¥ (v €N) denote the iteratives of G, i.e. the functions
inductively defined by

G'=G
G"*''=GoG" W e N.
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In the case when gy,...,g, are contractions HUTCHINSON [3] has proved
that assertion (A) is valid. However, assertion (A) is true in a more general
situation as well. Starting from Hutchinson-Barnsley’s method for the study
of the convergence of the iteratives of some multivalued set functions, MATE
[5] has proved assertion (A) in the case when g1,...,g, are Lipschitz functions
having a certain property. It must be pointed out that MATE did not use any
fixed point theorem in his proof. Nevertheless, MATE’s result can be applied
if g1,...,8n are contractions.

HUTCHINSON’s approach to the fractals seems to be too strict for the
needs of practice. Therefore various authors have suggested modifications of
it. For instance, MAULDIN and WILLIAMS [4] have generalized HUTCHINSON’s
method by considering graphs and by replacing HUTCHINSON’s invariant set
by an invariant family of sets with respect to a family of continuous functions.
These invariant families of sets are the fixed points of a vectorial multivalued
set function H : (K (X))* — (K (X))" defined by

ki1 ki
H(Ky,...,Ky) = ((igl hi(K1)> U.--U (l_:ku hi(Kn)>

I,n—1

kn,] kn,n
U =K U (K
<i=kn—l,n l( 1)> U U (":kn,n—l z( n))) 5

where k; ; (i, j=1,...,n) are natural numbers satisfying

kij <kjjs forallie{l,...,n}andallje{l,...,n—1},
kin <kiyp foralli € {1,...,n -1},

and h; : X — X (i = 1,...,kn,n) are continuous functions. MAULDIN and
WILLIAMS have shown that an assertion analogous with (A) holds for H when
the functions hy,...,hy, , are contractions.

The investigations by MAULDIN and WILLIAMS have been continued by
BANDT [1] under the assumption that hla---’hkn,n are so-called cyclically
contracting Lipschitz functions. The purpose of the present paper is to reveal
that there exists a fixed point of H even when hy,...,h, , are Lipschitz
functions satisfying a weaker condition than that considered by BANDT. In
the case n=1 this condition is exactly that considered by MATE [5]. It should
be mentioned that our approach differs essentially from BANDT’s one.

The paper is divided into four sections. In the first section we establish
results concerning the powers of a square matrix with elements from an
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algebraical structure (R,+,-), which is more general than a ring and which
we call prering. These results are the theoretical basis of a first fixed point
theorem concerning H, which we derive in the second section under the
assumption that n = 2. This theorem is proved without making use of any
fixed point theorem. Under the same assumption concerning n we also prove
a second fixed point theorem for H which is easier to be applied in practice
than our first fixed point theorem. Some specializations of this second fixed
point theorem are given in the third section. In the last section we extend
both our fixed point theorems for the case of an arbitrary » in order to obtain
results concerning Mauldin—Williams graphs.

1. Powers of a square matrix with elements from a prering

DEFINITION 1.1. Let R be a nonempty set, and let + and - be two com-
position laws on R. The triple (R,+,-) is said to be a prering if the following
conditions are satisfied:

(1) (R,+) is an abelian semigroup;
(1) (R,-) is a semigroup;
(i) x(y+z)=xy+xz and (y +z)x =yx +zx whenever x, y, z € R.

In what follows we suppose that (R,+,-) is a prering. If x is an element
of R which is represented under the form x; +...+x;, where xq, ..., x; € R,
then the set of all terms of this sum is denoted by #(x), i.e. #(x)={x1,..., X }.

Let M,(R) be the set of all square matrices with elements from R. In this
set we define the multiplication in the usual manner:

<x y) <x’ y’) <xx’+yz' xy’+yw’>
z w 2 w')  \zx'+wz oy +ww' /)

Let m, n, p, g be integers satisfying O<m<n<p<gq,leta; (i=1,...,q)
be elements of R, and let T be the matrix defined by

< ay+...+apy am+1+...+an>

an+1+...+ap ap+1+...+aq

We will investigate the powers of this matrix 7. Let v €N be fixed. Accomp-
lishing multiplication in M>(R), one finds that

T"=<Av BV),
G Dy
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where Ay, By, G, and D, are unaccomplished sums whose terms are products
of v factors chosen from the elements ay,...,aq. It should be noted that A,,
By, G and D, satisfy the following recurrence relations:

m
(D) A=) a, A= (Z%) Ay + ( > a > G
i=1 i=m+1
n m n
(12)  By= > aj, By= <Za,> B, + ( > a,~> Dy;
i=m+1 i=1 i=m+1
p p q
(13)  C=)Y a, Gu= (Z al> > ai| G
i=n+l i=n+l i=p+1
q p q
(14)  Dy= > a, D= <Z a,~> B+ | > a|D.
i=p+1 i=n+l1 i=p+1

Next we introduce the following sets:

2y={0:N—={l,...,q}},
NE {O’ S Eq |V1/ eN: ag(1) -+ o) € t(AV)Ut(BV)},

Sy = {‘C € Zq | Vv e N: ar(1)---Ar) € (G U I(DV)}

PROPOSITION 1.1. Letv € N. Then the following statements hold:

1° Ifky,...,ky € {1,...,q} and Ak, ---Aky € 1(Ay)Ut(By), then there
exists a o € 81 such that (ky,...,ky)=(0(),...,0v)).

2° Ifly,....,Lbe{l,....q} anday, ...a), €1(G,)Ut(Dy), then there exists

at €S, such that (Iy,...,L)=(1),...,t(v)).

PROOF. By mathematical induction we show that the following property
is true for all k €N:

P = “Wip,...,ix € {1,...,q} and a; ...a; € t(Ay)Ut(By), then there
exists a 0 € Sy such that (i1,...,i)=(0(1),...,0(k)); if j1,....jxk €{1,...,q}
and aj, ...a; €1(C)U1(Dy) then there exists a T € S such that (j,....jx) =
=@ (1),...,7(k)).”

STEP L. Let k=1, and let iy €{1,...,q} be such that a; €1(A;)U1(By).

CASE 1: a;, €1(Ay). Then i e{l,...,m}. We define 0 €X; by o(h)=i,
for all 7 €N. In view of (1.1) we have o € 5]. Obviously o(1)=i;.
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CASE2: a; €1(By). Then iy €{m+1,...,n}. We define 0 €%, by
ip ifh=1
o(h) = .
qg ifh>2.
In virtue of (1.2) and (1.4) we see that o € S;. Obviously o(1)=i;.
Now let j; €{1,...,q} be such that aj, €1(CU1(Dy).

CASE3: aj, €t(Cy). Then ji €{n+1,...,q}. We define 7 €Z; by
1 ifth=1
o) = {Jl
1 ifh>2.
In virtue of (1.1) and (1. 3) we see that 7 € S,. Obviously 7(1)=j;.

CAse4: aj, €1(Dy). Then j; € {p+1,...,q}. We define 7 € X, by 7(h)=j;
for all # €N. In view of (1.4) we have 7 € S,. Obviously 7(1)=j.

STEP II. Assume that property Py is true for some k € N. We will show
that Py is also valid.

Letiy,...,ig41 €{1,...,q} be such that a;, .
view of (1.1) and (1.2) we have i; €{1,...,n}.

CASE 1: iy €{l,...,m}. From (1.1) and (1.2) it follows that
€ t(Ay) U t(By).

< €t(Ap;1)Ut(Bs1)- In

a,-z e a,-k+1

Because P is valid, there exists a o’ € S| such that
(i, .-, igs1) = (0'(1), ..., 0" (k).

Then we define 0 €X; by

i ifh=1

ay=3 ,

o'(h—-1) ifh>2.
We claim that o € S;. To prove this we note that a1y € 1(Ay). Next we
consider h >2. Since ¢’ € S|, we have Ay (1)---Agt(h—1) €L A UL(Bp—1).
In view of (1.1) and (1.2) we obtain

ailao-/(l) e ao-/(h_l) € t(Ah) U t(Bh),
therefore ag(1y...agn) €1(Ap)Ut(By). Consequently o € S1. Obviously
(i1, sig+1) = (0(D), ..., 0k + 1)).
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CASE 2: ij€{m+1,...,n}. From (1.1) and (1.2) it follows that
Ajp -+ Ajy € t(CGy) U t(Dy).

Because P is valid, there exists a 7/ €S, such that

(i2, .- -»ike1) = @' (1),..., 7' (k)).

Then we define 0 €X; by

i ifh=1

ahy=3 .

t'th—1) ifh>2.
In order to prove that o € Sy, first we note that a; (1) €1(Bj). Next we consider
h>2. Since t/ € S,, we have agrcry---Agtp—1y €1(Cp—) Ut (Dy—1). In view
of (1.1) and (1.2) we obtain

a,-l arl(]) . .aT/(h_]) € l'(Ah) U t(Bh),
therefore ag(1y...agn) €1(Ap)Ut(By). Consequently o € S1. Obviously
(i1, s ike1) = (0(D), ..., 0(k + 1)).

Now let ji,....jk+1 € {1,...,q} be such that a;, ...q; , € t(Cryp) U

Ut(Dy41)- Then the relations (1.3) and (1.4) imply that j; € {n+1,...,q}.
We distinguish two cases: firstly, when j; € {n +1,...,p}; secondly, when
Jj1 € {p+1,...,q}. Similar to the cases discussed above the existence of a
7 €S, for which (jy,...,jr+1)=@(1),...,7(k+1)) can be proved.

From the steps I and II we conclude that property P, holds for every
k €N. By taking k =v, it follows that the assertions 1° and 2° are true. |

Now we endow the set X; with the metric d¢ : X4 X £; — Ry given by
the formula

lo(k) — 7 (k)|
dq(o, )_Z .
(g +1F

This metric is called the series-metric of 4. It is easy to prove the following
result.

PROPOSITION 1.2. (24,d) is a compact metric space.

In the sequel we assume that X, is endowed with the series-metric d..
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PROPOSITION 1.3. The subsets Sy and S, of £, are nonempty and closed.

PROOF. From Proposition 1.1 it follows that the sets S| and S, are not
empty. Next we prove that Sy is closed.

Let (0y),ecN be a sequence in S; that converges to an element 0 € X.
Taking into account that for all k €N the inequality

0y (k) — o (k)] < (g + D¥de(0y,0)
holds whenever v €N, it follows that

(1.5) Vlirgoav(k) =o(k) forevery k € N.

Now fix any & € N. We prove that

(1.6) Ao (1) - - - gy € 1(AR) U 1(Bp).

Since 0(N) C N and 0, (N) CN (v € N), it follows from (1.5) that for every
k € {1,...,h} there exists a v; € N such that 0, (k) =0 (k) for v > v;. Put
vo=max{v |k=1,...,h}. Then we have oy,(k) =0 (k) for all k € {1,...,h}.
Therefore

Ag(1)---90(h) = aovo(l) e ang (l’l)

Because oy, € Sy, it follows that (1.6) is valid. Since h was arbitrarily fixed
in N, we have o € 5. Consequently S is closed.

Similarly it can be shown that S, is closed. |

2. A fixed point theorem for vectorial multivalued set functions

Let (X,d) be a complete metric space, and let £ (X) be the family of all
compact nonempty subsets of X. If M is a subset of X and ¢ is a positive
real number, then we define M(¢) by

ME)={x e X |IyeM:dx,y)<e}.
If f: X — X is a Lipschitz function, then

d(f(x),f(y))
d(x,y)

denotes the smallest Lipschitz constant of f.

Lipf:sup{ x,yeX,x;éy}
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Let m, n, p, g be integers such that 0 < m < n < p < ¢q. Further let
fi: X— X (i=1,...,q9) be Lipschitz functions. We define the function

F:X(X) x X(X) — X(X) x X(X)

by
(iU Ufn fas1U...Ufy K
F(Kl’K2)‘(fn+1u...ufp fpjlu...ufq)(Kz)
i.e.
F(K]’KZ):

m n p q
= <<ig]f,-<1<1>> U (iz,gﬂfi(Kz)) , (l,:gﬂfi(fq)) U <i=1L)J+]ﬁ(K2)>) :

In our first fixed point theorem concerning F, which we shall establish, we

shall use the so-called property (P) of F. In order to introduce this property
we denote

g (0,%) =fy1) ... 0 foa)x) forallv € N and (0,x) € Z; x X.

DEFINITION 2.1. Let S be a nonempty subset of X;. We say that F has
property (P) with respect to S if the following conditions are satisfied:

(1) there exists a function I'g : S — X such that for every o € S and every
x € X the sequence (gy(0,x)), cN converges to I'g(0);

(ii) for every K € X(X) the convergence in
[s(0) lim gy (0,x)
is uniform on S x K, i.e. for every ¢ >0 there exists a vy € N such that
d(I'g(0),gv(0,x)) <& whenever v > v and (0,x) € S x K.

The next theorem reveals a condition which assures that F has property
(P) with respect to a nonempty subset of X;.

THEOREM 2.1. Let S be a nonempty subset of X,, and let s* =
— 1
= lim (sy)¥ <1, where
Y —00
sy = max{Lip (fy(1y 0 ... 0 f5)) | 0 € S}.
Then F has property (P) with respect to S.

PROOF. Let o €R satisfy s* <a < 1. Then there exists a vy €N such that
2.1) sy <a¥ forall v >
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Let (0,x)€ S x X be arbitrarily chosen. We show that (g, (0,x)), cN 1s @
Cauchy sequence. For this end we fix a number j € N. From the definition of
s; it follows that for all y € X the following inequality is valid:

d(fo1y 0 --- o fo()X ) So1) © - - - 0 fo(H (V) < sjd(x,y).
If we take y=f;(j+1)(x), then this inequality yields
d(gj(0,x),8j4+1(0,x)) < s5;d(x, fir(j+1)(x)) < sjcx,
where
cx = max{d(x,fi(x)) | k=1,...,q}.
In conclusion

2.2) d(gj(0,x),8j4+1(0,x)) < sjcy forall j €N.

o0
Now let € > 0 be arbitrary. From a < 1 and (2.1) it results that the series > sy

v=1
is convergent. Therefore there exists a v(¢,x) €N such that

p—1
&€
(2.3) %w <

for every v > v(e,x) and every p € N.

Fix any v >v(e,x) and p €N. By using the triangle inequality, we obtain
d(gv(0,x), gr4p(0,x)) <
< d(gv(0,x),8y4+1(0,x)) + ... +d(8y4p—_1(0,X), gv+p(0, X))
In view of (2.2) this inequality implies that
d(gy(0,x),8v+p(0,x)) < cx(sv +...+5pp 1)
Using (2.3), we finally obtain
d(gy(0,x),8y+p(0,x)) < ¢ for every v > v(e,x) and every p € N,

i.e. (gy(0,x))yeN 1Is a Cauchy sequence. Hence it is convergent, because X is
complete. The limit of this sequence is independent of x. To see this select
any y € X. From the definition of s, it follows that

d(gy(0,x),8v(0,y)) < syd(x,y) forallv € N.
Letting v — oo, we get

llm d(g’V (U,x), gV (0, )’)) = 07
V—00
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because lim s, = 0 (this results from (2.1) and the fact that < 1). But,
VY —00

both of the sequences (g, (0,x)), N and (gy(0,y)), N are convergent. Con-
sequently their limits must be equal. For x € X fixed we define I'g: S — X
by

Is(o)= lim g(0,x).

From above we conclude that the function I'g satisfies condition (i) from
Definition 2.1. To see that condition (ii) of this definition is also valid, we
select any K € X (X) and any ¢ > 0. Since the function

x € X —max{d(x,fyx) |k=1,...,q} =cx €R

is continuous, there exists a number cg € R such that ¢y <cg for all x € K.
o0

From the convergence of the series ) s, we conclude that there is a vy €N
v=1
such that
p—1
(2.4) > sk < for all v > g and p € N.
k=0 cKg +

Letv >v( and (0,x)€ S x K be arbitrary. Using similar arguments as before,
it follows from (2.2) and (2.4) that

d(gv(0,x), gv+p(0,x)) <& forall p € N.

Letting p — oo, we obtain d(gy(0,x),I g(0)) <e. Hence condition (ii) from
Definition 2.1 is fulfilled. Therefore F has property (P) with respect to S. 1

THEOREM 2.2. If the function F has property (P) with respect to a closed
nonempty subset S of X, then I's(S) € K (X).

PROOF. Since S # (), we have I'g(S) # 0. We claim that T'g is continuous
on S. Indeed, fix 0 € S and ¢ > 0 arbitrarily. Fix also x € X. Since F has
property (P) with respect to S, and {x} € X (X), there is a vy € N such that
for all v >v and all 7 € S the following inequality holds:

2.5) d(Ts(0), 8 (T.%) < 5.

Set
1

O g+
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After that choose any 7 € S such that d.(0,7) < p. Then we have o(k)=7(k)
for every k € {1,...,v9}. Indeed, if we assume that o(j) # 7(j) for some
j€{1,...,vg}, then we have |o(j) —7(j)| > 1. Consequently it follows that

o =Dl 1 >0
(g +1) (g+1y

which contradicts the choice of 7. Thus we have o(k) =1 (k) for every k €
€{l,...,vy} as claimed. Therefore

(2.6) 8v((0,x) = gy (T, X).
Using (2.5) and (2.6), we obtain
d(I's(0),I's(r)) < d('s(0), gvy (0, %)) + d(gv, (0, ), gvy (T, X))+

& &
+d(gvy(T,x),I's(7)) < 3 +0+ 7= €.

dc(o,7) >

In other words, for all T € S satisfying d.(0,7) < o, we have d(I'g(0),I's(r)) <
<ég, i.e. I'g is continuous at 0. But 0 € S was arbitrarily chosen. Thus I'g is
continuous on S. From this and the compactness of S (as a closed subset of
a compact space) we obtain the compactness of I'g(.S). |

In what follows we consider the set X(X) endowed with the Hausdorff
metric which we denote by h. The product space K(X) x K(X) is endowed
with the product metric, which we denote by h’. It is known that (X'(X),h)
is a complete metric space, and hence (X'(X) x X (X),h’) is also a complete
metric space.

When the functions fj,...,f; are all contractions, one can easily verify
that F is also a contraction. Applying Banach’s fixed point theorem, one
obtains that F has a unique fixed point and that for all (Kj, K») € X (X)xK(X)
the sequence (FV(Kj,K>)),en converges to this point. The next theorem
will show that this conclusion is also valid if fi,...,f; are not necessarily
contractions. Before stating this theorem we establish a formula which gives
the expression of the iteratives of F. These iteratives will occur in the proof
of the next theorem.

We endow the set #={f : KX (X)—K(X)} with two composition laws U
and o, where U is defined by

FfUK)=f(K)Ug(K) for f, g €% and K € X(X),

and o is the ordinary composition of functions. It is clear that (#,U,0) is a
prering. Since f; € for all i €{1,...,q}, one obtains that

- <f1 U.ooUfm fnr1 U Ufn

€ My(F).
fn+1U---Ufp fp+1U---qu> 29
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With this notation, we can write

FK.K) =T[5
(K1, Kp) = (K2>'

Using mathematical induction, it can be shown that the iteratives of F are of
the form

K
2.7) F'(Ki,Ky) = T" < 1).
K>
Accomplishing multiplication in M,(¥), we get
Ay B
(2.8) TV:( ! ”),
G D

where Ay, By, G, and D, have the same meaning as in Section 1, but the
prering (R,+,-) is replaced by (#,U,0) and the elements a; (i =1,...,q) are
replaced by the functions f; (i=1,...,q). The relations (2.7) and (2.8) imply
(2.9) F"(Kj, K>) = (Ay (K1) U By (Kp), G (K1) U Dy (K3)).

We have proved in Section 1 that the powers of the matrix T can be written by
using two nonempty subsets S7 and S of X;. With these specifications we are
now able to enunciate and to prove our first fixed point theorem concerning F.

THEOREM 2.3. If the function F has property (P) with respect to the sets
S| and S,, then the following assertions hold:

1° (T, (81, T, ($2) €X(X) x K(X).
2°  For all (Ky,K>)e X (X)xK(X) we have
Jim F(Ki, Kp) = (Ts, (1), Ts,(S2).

3% (Ts,(51),T's,(52)) is the unique fixed point of F.

PROOF. 1° From Proposition 1.3 it results that S; and S, are closed
nonempty subsets of X;. By using Theorem 2.2 for each of these subsets,
we obtain the first assertion of the theorem.

2° Suppose that (Kj, Ky) € X (X) x K(X). Then K3 UK, € X(X). Let
& > 0 be arbitrary. Since F has property (P) with respect to S| and S, there
exist vy, v €N such that

(2.10) d(l“S1 (0),gv(0,x)) <¢ forall v > vy and all (0,x) € S1 X (K3 U K)),
(2.11) d(FSz(t), gv(t,x)) <eforallv >vy and all (r,x) € S x (K U K>).
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Put vy = max{v,v;} and let v € N be such that v > (. Then the following
inequality is valid

(2.12) h(Ay (K1) U By(K3),T's, (51)) < &.

Indeed, let o € S| be arbitrarily chosen. In view of the definition of S| we
have

Joyo ... ofow) € t(Ay) Ut(By).
If fo1y©--.ofgw) € 1(Ay), then we choose an x| € Kj. Taking into account
(2.10) one obtains

d(rsl (0)7 8v (O,XI)) S €.
Since gy (0,x1) € Ay (K}), it follows that
(2.13) Ls, (S1) € Ay (Kp)(e).

If fy(1y0...ofgw) E1(By), then we choose an x; € K;. By similar arguments
as above we can prove that

(2.14) I's,(S1) € By (Kp)(e).
From (2.13) and (2.14) it follows that

(2.15) L'g, (S1) € (Av (K1) U By (Kp))(e).
Next we prove the inclusion

(2.16) Ay (K1) U By(K3) C Ig, (S1)(e).

Suppose that i,...,iy € {1,...,q } and that f; o...of;, €1(Ay). After that choose

any element x; € K;. According to Proposition 1.1 there exists a o € S| such
that (iy,...,iy)=(0(1),...,0(v)). This equality implies

fiy 0. 0f;y, (x1) = gv (0, x1).
From (2.10) it results that
d(Ts, (©).fi, 0...0fy,(x1) <&,
and hence
(2.17) Ay(Kp) € g (Sp(e).
By similar arguments it can be shown that

(2.18) By (K3) € Ig (S1)(e).
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From (2.17) and (2.18) we obtain (2.16). Finally, (2.15) and (2.16) imply
(2.12). Analogously it follows that

(2.19) h(G (Ky) U Dy (K3), T, (52)) < .
On the other hand, (2.9) implies
W' (F (Ky, Kp), (Ts, (51), T, (82))) =
= max{h(A,(K}) U B,(K3),T's, (S)), (G, (K1) U Dy (K3), T, ($2)}

In virtue of (2.12) and (2.19), this equality yields

W' (F" (K1, Ky), (s, (51), Ts, (52))) < e.
Since ¢ >0 was arbitrary, this result means that

lim F(Ky, Kp) = (Ts, (51, T, ($2)).

3° The definition of the iteratives of F implies
(220) F(F(Ts, (51, T, (5)) = F*! (T, (81), T, (S) for every v € N.

But F is a Lipschitz function, because fi,...,f; are Lipschitz functions. Hen-
ce the function F is continuous. In virtue of the assertions 1° and 2°, we
conclude from (2.20) that

F(T's,(51),T5,(82) = (Ts, (51), T, (S2);
ie. (1“51 (Sl)aFSQ(SZ)) is a fixed point of F.

To see that this fixed point of F is unique we assume that (K, K>) €
€ K(X) x X(X) is another fixed point of F. From F(K;,K>) = (Kj,K>) it
follows that

F'(K;,K>) = (K;,K;) forallv €N.
Using assertion 2°, it results that (1“51 (S ),FSZ(Sz))=(K1 , K»). Hence the pair
(Ts, (51),T's,(52)) is the unique fixed point of F. ]
By using Theorem 2.1 we can deduce from Theorem 2.3 the following

second fixed point theorem concerning F. The assumptions of this theorem
can be easier verified in practice than those of Theorem 2.3.

S 1 — 1
THEOREM 2.4. Suppose that Vlim (uy)v <1 and 1}lim (wy)v <1, where
— 00 — 00

Uy = max{Llp (fO(l) O... OfO(V)) | o c Sl}

and
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wy = max{Lip (fp(1y0...0frp)) | T € S2}.
Then the following assertions hold:
1° The function F has property (P) with respect to the sets S and S,.
2° (T's, (S1),T5,(52) €X(X) x X (X).
3° For all (K, K>)e X (X)x K (X) we have
lim FY(K), Kp) = (T, (S1), Ts,(52).

4° (s, (51, T's,(52)) is the unique fixed point of F.

PROOF. 1° From Theorem 2.1 it results that F has property (P) with res-
pect to the sets S; and S,. By applying Theorem 2.3, we obtain the assertions
2°, 3° and 4° of the theorem. ]

3. Specializations of Theorem 2.4

In this section we show that F satisfies property (P) if the functions
f1,-.-.fq are contractions. After that by means of an example we point out
that property (P) may be valid even if not all the functions fi,...,f; are
contractions.

PROPOSITION 3.1. Let f, g : X — X be Lipschitz functions. Then
Lip (f o g) < (Lipf)(Lip ).
PROOF. Let x, y € X be such that x # y. Then the following inequality
holds
d((f 0 g)(x),(f 0 8)¥))
d(x,y)
Indeed, if g(x)=g(y), then (3.1) is obvious. If g(x) # g(y), then we have
d((f o g)x), (f 08)()) _ d((f 0 8)x), (f 0 8)(y)) d(g(x), ()
d(x,y) d(g(x),g(»)) dx,y)
Obviously, this equality implies (3.1). |

(3.1 < (Lipf)(Lip g).

COROLLARY 3.2. Iffi,...,fq are contractions, then the tollowing asserti-
ons hold:

1° The function F has property (P) with respect to the sets S| and S,.
2° (s, (81),T5,(82) €K (X) x K(X).
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3° For all (K;,K>)e KX (X)xKX(X) we have
Jim FY(Ky, Kp) = (T, (51), T's, ($2)).

4° (I's, (81),T's,(82)) is the unique fixed point of F.

PROOF. We have Lipf; < 1 for every i € {1,...,q}. Consequently, the
number

c =max{Lipf; |i € {1,...,q}}

satisfies ¢ < 1. By applying Proposition 3.1, we conclude that for all v €N the
following inequalities are true:

wy = max{Lip (fy1) 0 ... o fgw) |0 € S1} < ¥,
wy =max{Lip (fpyo...0frp) |7 € S} < V.
They imply

— 1 — 1
Iim (up)v <c and lim (wy)¥ <c.
Y —00 V—00

Since ¢ < 1, we can apply Theorem 2.4. Consequently the four assertions of
the corollary are true. |

Let fi,...,fs: X — X be Lipschitz functions and define F: X (X)x X (X)

by
1 f2> <K1>
F(K, K>5) = .
(K1 K2) <f3 Ja K,

Keeping the notations from Section 2 for the expression of the powers of the

matrix
(f 1 fz)
fi fa)’
we can establish the following result.

THEOREM 3.3. Lets andt be positive real numbers such that s <t, st <1,
Lipf; <s fori€{1,2,4} and Lipfz <t. Then the following assertions hold:

1° The function F has property (P) with respect to the sets S; and S,.
2° (I's; (1), s, (52)) € K(X) x K (X).
3° For all (Ky,K) e X (X)xK(X) we have
lim F(Kj, K3) = (g, (51), T's,(82)).
VY —00
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4° (I's, (51),T's,(52)) is the unique fixed point of F.

PROOF. We show that the assumptions of Theorem 2.4 are satisfied. For
this end we prove by mathematical induction that the proposition P, is true
for all v €N, where

—1 —1
P <s'tv and Woy_1 < sV
v < V¥ < gVY :
Uy =8 Wiy S §

STEPI. Let v=1. Then we have
up = max{Lipfy(1) | o € S1} = max{Lipf,Lipfa} <.
Since
uy = max{Lip (fy(1) 0 fo(2)) | 0 € S} =
= max{Lip (f; o f1),Lip (f2 o f3), Lip (f; o f2),Lip (2 o f)},

it follows from Proposition 3.1 that u, <st.
We have

wi =max{Lipfr(1) | T € S2} = max{Lipf3,Lipfs} < t.
Since
wy = max{Lip (fy(1) o fr2) | T € $2} =
= max{Lip (f3 o f1), Lip (f4 o f3), Lip (f3 o f2), Lip (fs o fp)},

it follows from Proposition 3.1 that w, <st. Consequently Pj is true.

STEP II. Let v € N be such that P, is true. We show that P, is also
true. For this end we prove first the following inequality

3.2) Ui < Sv+1lv.

We know that uy,, 1 =max{Lip (fy(1)°...of2v+1)) |0 € S} }. Select any 0 € Sj.
Then Proposition 3.1 implies

(3.3) Lip (fo(1) © - - - © foav+1)) < Lipfo)Lip (fo2) © - - - O foav+1))-
In view of (1.1), (1.2) and the definition of Sj it results that o(1)€{1,2}.
CASE 1: g(1)=1. From (1.1) and (1.2) one obtains that

Jo@)©---ofgv+1) € 1(Agy) Ut(By).
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Accordingly assertion 1° of Proposition 1.1 implies the existence of a 6’ € S|
such that (6(2),...,0(2v + 1)) = (¢’(1),...,0'(2v)). Taking into account the
definition of uy, , it follows that

Lip (fo2) © -+ o foav+1)) = Lip (fr 1y © - - - 0 fr o)) < Uy
By the hypothesis of induction we then obtain

(3.4 Lip (fy2) © - o foaws1)) < 871"
Together (3.3) and (3.4) yield
(3.5) Lip (fy(1) © - - 0 foyana)) < sV H2V.

CASE 2: o(1)=2. From (1.1) and (1.2) one obtains that
Jo@) o ofo@v+1) € 1(Cyy) Ut(Dyy).

Accordingly assertion 2° of Proposition 1.1 implies the existence of a1’ € S,
such that (0(2),...,0(2v + 1)) = (r/(1),...,7/(2v)). Taking into account the
definition of wy,,, it results that

Llp (fo-(z) O... Of0(2v+1)) = Llp (f.[/(]) O... Of;./(zv)) S Woy .
By the hypothesis of induction we then obtain

(3.6) Lip (fy2) © -+ o foaws1y) < 871"
Together (3.3) and (3.6) yield
(3.7) Lip (fy(1y © - . 0 frap1y) < 8”1V

From (3.5) and (3.7) it follows that (3.2) is true.
Next we prove that
(3.8) Wope < sV

We know that wy,, 1 =max{Lip (f;(1)0...ofr 2v+1)) |T €S2 }. Select any 7 € S5.
Then Proposition 3.1 implies

(3.9) Lip (fr1y © - -- o frw+1)) < Lipfr(yLip (fr(2) © - - - © frav+1)-
In view of (1.3), (1.4) and the definition of S, it results that 7(1) € {3,4}.
CASE 3: 7(1)=3. From (1.3) and (1.4) one obtains that
Jr@) o - -0 fr w1y € 1(Ag) Ut(Byy).

Accordingly assertion 1° of Proposition 1.1 implies the existence of a ¢’ € S
such that (t(2),...,7(2v + 1)) = (¢'(1),...,06"(2v)). Taking into account the
definition of uy,,, it follows that

Lip (fr2) © - - o fraw+1)) < gy
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By the hypothesis of induction we then obtain

(3]0) Lip(ﬁ[(z)o...of[(zv+1)) S Svtv.
Together (3.9) and (3.10) yield
3.11) Lip (ﬁ[(l) o... of:L’(ZV+1)) < SVtV+l.

CASE 4: 7(1)=4. From (1.3) and (1.4) one obtains that
Jr@) o o frue1) € 1) Ut(Dyy).

Accordingly assertion 2° of Proposition 1.1 implies the existence of a1’ € S,
such that (t(2),...,t(2v + 1)) = (z/(1),...,7'(2v)). Taking into account the
definition of wy,,, it follows that

Lip (fr2) © - -- o fr2v+1)) < Woy.
By the hypothesis of induction we then obtain

(3.12) Lip (f.[(z) o... Of.[(2v+1)) < s'tY.
Together (3.9) and (3.12) yield

Lip (fr(1y © -+ 0 fyaps1y) < 8”71V,

Since s < t, this inequality implies

(3.13) Lip (fr (1) © - - O fravan)) < 8”17,
From (3.11) and (3.13) it follows that (3.8) is true.

Using similar arguments as in the proof of the inequality (3.2), it can be
shown that
(3.14) ugsp < sV
but, instead of the hypothesis of induction, the inequalities (3.2) and (3.8)
proved above have to be used.

Using similar arguments as in the proof of the inequality (3.8), it can be
shown that
(3.15) Wopsy < sV
but this time the inequalities (3.2) and (3.8) are used instead of the hypothesis
of induction.

The relations (3.2), (3.8), (3.14) and (3.15) express that P, is true.
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From the steps I and II we conclude that P, is true for every v € N.
Therefore the following inequalities hold:

1 1
(3.16) im (up,_ )21 < lim (s )21 = \/s1,
V—00 V—00
1 1
(3.17) lim (uy,)2 < lim (s"1V)2 = +/st,
Y —00 VY —00
1 1
(3.18) lim (wp, 1)Z"-1 < lim (sV_ltV)Z“V*1 =/st,
V—00 V—00
_ 1 1
(3.19) lim (wp, )2 < lim (sV1")2 = +/st.
Y —00 V—00

From (3.16) and (3.17) it follows that
— 1
llm (MV)17 S \/S_t7
V—00
while from (3.18) and (3.19) it follows that
_ 1
lim (wy)7 < V/st.
V—00

But, /st < 1. Consequently the assumptions of Theorem 2.4 are fulfilled. By
applying this theorem we obtain the four assertions of the theorem. |

REMARK. Theorem 3.3 shows that F has a unique fixed point even if fj,

..., f4 are not all contractions. For example, if s = % and ¢ =2, then the function
f3 must not be necessarily a contraction.

4. Connections with Mauldin-Williams graphs

Up to this point of our paper we have investigated only vectorial func-
tions that were defined by means of square matrices. But fixed point results
that are similar to those obtained in Section 2 can be stated also for functions
which are defined by using matrices of degree greater than 2. After specifying
some notations we confine us to enunciate these results, because their proofs
are obtained by analogy to those from the previous section. At the end of
our paper we will show that these results have applications in the theory of
Mauldin—Williams graphs.
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Let n €N be fixed, and let
k],] - kl,n

kni oo knn
be a matrix with k; ; €N for all i, j €{1,...,n} such that
kij <kjj4 forallie{l,...,n}andallj € {l,...,n— 1},
kin <kiyr forallie{l,...,n -1}

With the aid of given Lipschitz functions h; : X — X (i=1,...,ky ») we define
the function H : (K (X))" — (K (X))" by

“4.1) H(K,...,K;) =
hl U...U/’lkl,1 hkl,n—l U"'Uhkl,n Kl
hkn—l,n U...Uhkn,] hkn,n—l U---Uhkn,n K

1.e.

k ki,
H(Ky,...,Ky) = ((lg hi(K1)> U---U (l_:kb 1h,—(K,,))

1,n

kn, knn
<i=kU11 hi(K1)> UU <i=ku 1h,~(Kn)>> )

Accomplishing multiplication in the set of matrices of degree n with elements
from the prering (#,U,0), one finds that the powers of the matrix

hIU...Uhkl’l hkl,nflu"'Uhkl,n
T =
hknfl,n u...u hkn,l hkn,nfl u...u hkn,n
are
ALiw) .o A,0)
T = ,

A1) oo Aga)
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where A; ;(v) (i, ] € {1,...,n}) are unaccomplished sums whose terms are
products of v factors chosen from hy,...,h, .

We introduce the sets
Z: {0 N N — {1’...,kn,n}}

and
Qi = {O' €Z|V’V eN: I’Lo(l)o...Ohg(V) S .G]I(Ai,i(v))}ﬁ i=1,...,n.
J:

From Proposition 1.2 we know that if X is endowed with the series-metric,
then it becomes a compact metric space. Following the same steps as in the
proof of Proposition 1.3, one shows that Qy, ..., Q, are closed nonempty
subsets of . As in Section 2 we denote

gv(0,x) = hgqyo...0hsp)(x) forallv € Nand (0,x) € X x X.
The following definition is analogous with Definition 2.1.

DEFINITION 4.1. Let Q be a nonempty subset of X. We say that H has
property (P) with respect to Q if the following conditions are satisfied:

(i) there exists a function I'g: Q — X such that for every o € Q and every
x € X the sequence (g, (0,x)), cN converges to Tp0);

(ii) for every K € X (X) the convergence in
Lo(o) = vlirgo gv(0,x)
is uniform on Q x K, i.e. for every ¢ > 0 there exists a vo €N such that
d(T'p(0), gv(0,x)) < & whenever v > v( and (0,x) € Q x K.
The analogue of Theorem 2.3 for the function H has the following for-

mulation.

THEOREM 4.1. If the function H has property (P) with respect to the sets
Q1, ..., Qn, then the following assertions hold:
1° (T, (Q1),---, T, (Qn)) €K (X))".
2° For all (Ky,...,Ky)e (K (X))" we have

lim H"(Kj,...,K;) = T, (QD), ..., T, (Qn)).

V—00

3° (FQI(Ql),...,FQn(Qn)) is the unique fixed point of H.

In general the assumptions of the next theorem can be easier verified in
practice than those of Theorem 4.1.
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THEOREM 4.2. If the inequality
_— 1
lim (g;,)7 <1
y—oo T
is satisfied for all i € {1,...,n}, where
gi y = max{Lip (hz1)0...0 hsu)) |0 € Q;},
then the following assertions hold:
1° The function H has property (P) with respect to the sets Qy, ..., Qn.
2° (T, (Q1),---, T, (Qn)) € (K (X))".
3° Forall (Kj,...,Ky)e (K (X))* we have
Vli{roloHV(Kb---,Kn)=(FQI(Q1),---,FQ,,(Qn))-

4° (T, (Q1),---,T',(Qn)) is the unique fixed point of H.

REMARKS. 1) Assertion 3° of Theorem 4.2 can be used to approximate
the unique fixed point of H.

2) When n =1, then the Theorems 4.1 and 4.2 become the results obtained
by MATE [5].

3) As in the proof of Theorem 2.1 it can be shown that the functions
FQi :Q;— X (i=1,...,n) are defined by
I'g(0) = lim g (0,x),

where x € X is fixed.

4) Theorem 3 given by BANDT in [1] is a corollary of Theorem 4.2. To
see this put

c =max{Liph; |i € {1,...,knn}}.

Next we note that the hypothesis of BANDT’s theorem implies the existence
of an & €(0,1) such that

(4.2) Lip (g, o... 0 hy,) < alnlen

for each path ky,...,k;. From (4.2) we deduce that, forall i €{1,...,n},0 € Q,
and v €N, the following inequality holds

(43) Llp (ho(l) 0...0 U(V)) S a [%] Cn.
Indeed, in view of o € Q;, there exists a j €{1,...,n} such that
ho(l) 0...0 hg(v) € I(A,J(’V))
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Taking into account the definition of A;
...,n} such that

hoq1y € t(Aij, (D), hg) € 1A j, (1), -..; hgw) € t(A;,_ ;i (1).

This means that (1)...0(») is a path in the sense of BANDT’s definition. By
applying (4.2) we get (4.3). From (4.3) it follows that

j» we find numbers ji,...,j, 1 €{1,...

iy Sa [%] c”.

Thus we have

<z

1 vl
(4.4) (@i)7 <alilvey,

Since

the inequality (4.4) implies
_ 1 1
im (¢;,)7 <an.
y—oo

But we have a < 1, and hence it is true that
_— 1
lim (¢g;,)v < 1.
y—oo 7
By applying Theorem 4.2 and the preceding remark we obtain the conclusions

of Theorem 3 given in [1].

Theorem 4.2 can be applied in the theory of Mauldin—Williams graphs.
First we need some definitions from the theory of graphs.

DEFINITION 4.2. A directed multigraph is an ordered system (V, E,a,f3),
where V and E are nonempty sets, and @ and f are functions from E to V.

The elements of V are called the vertices of the directed multigraph,
while those of E are called the edges of the directed multigraph. If e € E,
then « (e) is the initial vertex of the edge e and 3 (e) is the final vertex of the
edge e.

If u, w € V, then we denote by E,, the set of all edges whose initial
vertex is u and whose final vertex is w, i.e.

E,w={e € E|a(e)=u, fle)=w}.
DEFINITION 4.3. A Mauldin—Williams graph is an ordered system

(V,E,a,B,y), where (V,E,a,f) is a directed multigraph and y is a function
from E to ]0,+oc[.
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The function y is called the evaluation function of the Mauldin—Williams
graph.

DEFINITION 4.4. An invariant list of representatives of a directed mul-
tigraph (V, E,a,[3) with respect to a family (f, : X — X),cg of continuous
functions is any element (K, ), ¢y € (K (X )V which satisfies

K,= U U fe(Ky) foreveryue€V.
veEV e€Eyy

DEFINITION 4.5. An invariant list of representatives of a Mauldin—
Williams graph (V,E,a,f,y) with respect to a family (f, : X — X).cfg
of continuous functions is an invariant list of representatives of the directed
multigraph (V, E,a, ).

In the sequel let (V, E,,f) be a directed multigraph with V={1,...,n}
and for all i, j € V let E;; be a finite nonempty set. Without loss of the
generality we can suppose that the sets E; ; are written with the aid of the
elements of the matrix (k; j)1<; j<n in the following manner:

{17"',kl,l} if (la.]) € {1} X {1}
Jj= {kiJ—l""’kiJ} if(i,j)E{1,...,”})({2,...,1’1}.
{ki—l,n""’ki,l} lf(l,j)E{z,,l’l}X{]}

E;

Since

n
E= U E
ij=1
it follows that E={1,...,kn » }.
The next theorem reveals the relationship between the invariant list of
representatives of the directed multigraph (V, E,«,) and the function H
defined by (4.1).

THEOREM 4.3. Let (h, : X — X).cg be a family of continuous functions.
The element (Ky,...,K;) € (KX (X)" is an invariant list of representatives
of the directed multigraph (V,E,a,3) with respect to the family (he : X —
— X)ecg if and only if (K1,...,Ky) is a fixed point of the function H defined

by (4.1).

PROOF. The element (K{,...,K;) € (K (X))" is an invariant list of repre-
sentatives of (V, E,a,f) with respect to the family (h, : X — X),cp if and
only if

4.5 K = U U he(K;) forallie{l,...,n}.
) ' je{ln}e€E; e(Kj) { }
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Using the expression of the sets E; ;, we see that (4.5) is equivalent to
(4.6) (Ki,...,Ky)=H(Kj,...,Ky).

The relation (4.6) is obviously equivalent to the fact that (Kj,...,K,) is a
fixed point of the function H defined by (4.1). |

REMARK. In the case when n =1, i.e. when the directed multigraph has
a single vertex, then the function H is of the same type as the function
G mentioned in the introduction of our paper. Hence the invariant list of
representatives with respect to a finite family of continuous functions becomes
the invariant set (with respect to the same family) defined in the introduction,
while (4.5) becomes

4.7 Ki=h((Kp)U... Uhkl,l(Kl)'

This equality is the simplest way to obtain a fractal (namely the set K;). Vari-
ous constructions of “recurrent sets” given in the theory of fractals generalize
this idea of constructing a fractal by means of (4.7). For instance, instead of a
single equation (4.7), a system (4.5) of n equations involving kj , mappings
can be considered in order to obtain n components of a fractal. Therefore
Theorem 4.3 characterizing the concept of invariant lists of representatives of
a directed multigraph is a useful tool for investigating fractals.

Using Theorem 4.2, we are now able to state a sufficient condition for the
existence and uniqueness of an invariant list of representatives of a Mauldin—
Williams graph (V, E,«,[3,y) with respect to a family of Lipschitz functions.
Moreover, taking into account the preceding remark, the next theorem reveals
that, by means of Mauldin—Williams graphs, a relationship between the results
of our paper and the theory of fractals can be stated.

THEOREM 4.4. Let (he : X — X).cg be a family of Lipschitz functions
satistying the following conditions:

(Cy) Liphe <y(e) foralle € E;

— 1
(Cy) Vlim (mjy)v <1 forallic{l,...,n}, where
—00

m;y = max {HV(G(k)) o€ Qi}-

k=1

Then the Mauldin—Williams graph (V, E,a,[3,y) has a unique invariant list of
representatives with respect to the family (he : X — X),cE.
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PROOF. Let g; ,, (i €{1,...,n},v €N) be the numbers defined in Theorem
4.2. Using condition (C;) and Proposition 3.1, it follows that

v
Lip (hg(1y © .- 0 hoy) < [[ (@)
k=1

for all i € {1,...,n}, 0 € Q;, and v €N. Consequently we have g; , <m;, for
all i €{l,...,n} and v €N. From this we conclude that

— 1 S 1
i )7 < i i)V ] .
Vll)rgo(q,,,,)v < vll)rgo(m,’v)v foralli € {1,...,n}

Using (C,), it follows that
— 1 .
Vli{‘;o(‘li,v)” <1 forallie{l,...,n}.

In view of assertion 4° of Theorem 4.2 it results that H has a unique fixed
point. Then, by Theorem 4.3, the graph (V, E,a,f3,y) has a unique invariant
list of representatives with respect to the family (he: X — X).cE. |

COROLLARY 4.5. Let (he : X — X).cg be a family of contractions such
that

Liph, <y(e) <1 foralle € E.

Then the Mauldin—Williams graph (V,E,a,[3,y) has a unique invariant list of
representatives with respect to the family (he : X — X),cE.

PROOF. Since E is finite, there exists a real number ¢ < 1 such thaty(e) <c
for all e € E. Consequently we have m; ,, <c” for all i €{1,...,n} and v €N,
where m; ,, are the numbers defined in Theorem 4.4. From these inequalities
we obtain

_ 1
i i)V < ] .
Vl;ngo(m,ﬂ,)v <c<l1 forallie({l,...,n}

In conclusion, the conditions (C;) and (C,) of Theorem 4.4 are fulfilled.
By applying this theorem, we conclude that there exists a unique invariant
list of representatives of the graph (V, E,a,f,y) with respect to the family
(he: X — X)oeE. i

REMARK. Corollary 4.5 is already known in the theory of Mauldin—-
Williams graphs. Another proof for it can be given by using Banach’s fixed
point theorem.
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A space in this paper always means a topological space. If A is a subset
of an ordered space Y, then inf A and sup A mean the greatest lower bound
(infimum) and last least upper bound (supremum) of a set A, respectively. By
a multifunction F on a set X we mean a relation on X onto Y'; in other words,
F assigns to each point x € X a nonempty subset F(x) of Y. Thus, denoting
by 2Y the family of all nonempty subsets of Y, we write F: X — 2Y_ It
should be stressed that, even if Y is a space, no topology is considered on
the family 2Y. We shall denote multifunctions by upper case letters F, G,
..., while lower case ones f, g, ... will denote single-valued functions. The
reader is referred to [1] and [6] for a general (and also detailed) information
on multifunctions.

Denote by K[0,1] the set of closed connected subsets of [0,1]; thus

K[0,11c 2911 Let X be a connected space. The following definition is used
in [7]. A multifunction F: X — K[0,1] is said to be continuous provided that
if F(x)=[fo(x),f1(x)], then the functions fy: X —[0,1] and f; : X — [0, 1] are
continuous.

The main result of [7] is the following theorem.

1. THEOREM (Szabd). Let F, G: X — K|[0,1] be continuous multitunc-
tions and assume that

) J{F&) :x € X} =10, 11.

Then there exists xo € X such that F(xy) N G(xg) # 0.
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Further, a question is asked in [7, p. 198] how one can generalize the
above theorem, in particular for other spaces than [0, 1]. The aim of this paper
is to answer the question. Namely, it is indicated that a) some superfluous
assumptions can be eliminated in the result; b) if X is a Hausdorff space
as well, then the closed unit interval [0,1] can be replaced by a generalized
arc; and c) no further generalizations concerning b) are possible. However, it
should be stressed that in the present paper we only collect (or recall) some
results already known in the literature (in fact in [4]) to get a result much
stronger than Theorem 1.

We start with recalling a sequence of definitions and notation needed in
the sequel.

Let there be given two spaces X and Y, and a multifunction F: X — 2 Y
We use the following notation. If AC X and BC Y, then:

F(A) = | J{Fx):x € A},

F~(By={x € X: Fx)NB} #0,
F*(B)={x € X : F(x) C B).

3. DEFINITION. ([6] and [1]). A multifunction F: X —2Y is said to be:

— lower semicontinuous, 1.s.c., if for each open set V C Y the set F~ (V)
is open in X;

— upper semicontinuous, u.s.c., if for each open set V C Y the set F*(V)
is open in X;

— continuous, if it is both lower and upper semicontinuous;

— point closed, if F(x) is closed for each x € X;

— point connected, if F(x) is connected for each x € X;

— surjective, if U{F(x):xeX}=Y.

Therefore, if a multifunction F : X — K]0, 1] is under consideration,
we have two definitions, viz. the above mentioned definition as in [7] and
Definition 3, of its continuity. It can be shown that the two concepts of
continuity coincide, even if a more general range space is considered.

Indeed, let us consider, in place of the closed unit interval [0,1], a gen-
eralized arc, that is, a continuum (not necessarily metrizable) having exactly
two noncut points. It is well known that a generalized arc is an arc (i.e., a
homeomorphic image of [0, 1]) if and only if it is metrizable. The reader is
referred to Chapter 3 of [8], where cut points are used to define a natural order
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on a connected set, [8, p. 41], and where it is proved that any generalized arc
admits a natural order (see [8, Chapter 3, §6, (iv), p. 55]) which will be
denoted by <. Given a generalized arc [a,b], we denote by K[a,b] the set
of closed connected subsets of [a,b]. Thus each nondegenerate element of
Kla,b] is a generalized arc [c,d] with a <c <d <b. Adopting the definition
from [7] to this more general case we have the following.

4. DEFINITION. Let a generalized arc [a,b] be fixed. A multifunction
F: X — K]a,b] is said to be continuous provided that if F(x)=[fy(x),f1(x)],
then the functions f: X —[a,b] and f; : X — [a,b] are continuous.

5. STATEMENT. Let X be a space and Y =|a,b] be a fixed generalized

arc. Then a multifunction F: X — K[a,b] C 2Y js continuous in the sense of
Definition 3 if and only if it is continuous in the sense of Definition 4.

PROOF. Assume that F is continuous according to Definition 3, i.e., that it
is both Ls.c. and u.s.c., and let a point x* € X be given. We have to show that
the function f: X — [a,b] is continuous at x*, that is for each open subset
V of [a,b] with fy(x*) € V there is an open subset U of X with x* € U and
fo(tHC V.

Since the open subintervals (c,d), [a,c) and (d,b] of [a,b] with a <c C
C d < b form a basis for [a,b], it is enough to take a member of this basis
as V. Let V =(c,d) C [a,b]. Therefore the sets [a,d) and (c,b] are open
in [a,b]. By lower and upper semicontinuity of F the sets F~ ([a,d)) and
F*((c,d]) are open subsets of X both containing x*, whence the intersection
U=F ([a,d))NF*((c,d]) is an open neighborhood of x*. Further, for each
point x € U we have

Fx)Nla,d) #0 and F(x) C (c,d],

whence it follows that inf F(x) < d and ¢ < inf F(x). Since inf F(x) = fy(x),
we have fy(x) € (c,d)= V. Thus fp(U) C V. The cases when V =[a,c) and
V =(d,b] run in a similar way. So, continuity of f; has been proved. A proof
of continuity of f; is the same. Thus the multifunction F is continuous in the
sense of Definition 4.

Assume now that F is continuous according to Definition 4, i.e. that
the two functions f; and f| are continuous. To prove continuity of F as
in Definition 3, i.e. its lower and upper semicontinuity, take an open set
V € Y =[a,b]. We have to show that the sets F— (V) and F*(V) are open.
Again as in the previous part of the proof, it is enough to take V' as an element
of the basis, and we consider the case of V =(c,d) C [a,b] only, since for the
other two cases the proof is the same.
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Suppose F~(V) is not open. Then there exists a point x* € F~ (V) such
that every open neighborhood U of x* intersects X \ F~ (V). Thus we have

U\ F~ (V) # 0, whence it follows that there is a point x € U\ F—(V), i.e.,
x € U and F(x)N'V = (). This equality means that either F(x) C [a,c] or
F(x)C|d,b], whence we infer that

(6) either fi(x) <c or d < fylx)

On the other hand, since x* € F~(V), we have F(x*)N V # (), which is
equivalent to

fox™) =inf F(x*) <d and c <sup F(x™)=f1(x™).

Since fj is continuous at x*, for the open neighborhood [a,d) of fy(x*) in
[a,b] there is an open neighborhood U of x* such that for each point x € U,
we have fy(x) € [a,d). Similarly, since fj is continuous at x*, for the open
neighborhood (c,b] of fi(x*) in [a,b] there is an open neighborhood U; of
x* such that for each point x € U; we have fi(x) € (¢,b]. Taking U= UyNUj,
we have for each x e U

fox) <d and x <fi(x),

contrary to (6).

Suppose now that F*(V) is not open. Then, arguing as previously, we
see that there exists a point x* € F+( V') such that every open neighborhood U
of x* intersects X \ F*(V). Thus we have U\ F*(V) # (), whence it follows
that there is a point x € U\ F*(V), i.e., x € U and F(x) is not contained in
V, s0, F(x)\ V #0. This inequality means that

fox)=inf F(x) <c or d <supF(x)=f(x).

Now, using the same argument as in the previous part of the proof one
can verify that continuity of the functions f; and f; at x* leads to a similar
contradiction. The proof is then complete.

Analyzing carefully assumptions of Theorem 1 we see that, in the light
of Statement 5, the theorem can be reformulated as follows.

7. THEOREM. Let X and Y be spaces and let multifunctions F, G: X —
—2Y be given. Assume that

(8) X is connected;

(9) Y is a generalized arc;

(10) Y is metrizable;

(11) F islLs.c.;
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(12) F is u.s.c.;
(13) F is point closed;
(14) F is point connected;
(15) F is surjective;
(16) Gisl s.c.;
(17) G is u.s.c.;
(18) G is point closed;
(19) G is point connected.
Then
(20) there exists xo € X such that F(xy) N G(xq) # 0.

A possible generalization of Theorem 1 (or, equivalently, of Theorem 7)
for Hausdorff spaces X can be formulated as the following proposition.

21. PROPOSITION. If X is a HausdorfT space, then in Theorem 7 assump-
tions (10), (12), (13), (17) and (18) can be omitted.

Before we prove Proposition 21, we have to recall some auxiliary con-
cepts that are needed in the proof. The results related to nets (of points and
of sets) can be found in (2), (3) and (5). In particular, we use the symbol
Ls{Ay} to denote the superior limit of the net {Ao'}.

We say that a multifunction F: X —2Y defined on a Hausdorff space X
is componentwise continuous (c.c.) if the condition x =limxs implies that

(22) Ls{Gy}NF{x} #0, where Gy is a component of F(xy) for each
o,

(23) every component of F(x) intersects Ls{ F(x¢)}.

Observe that if F is point connected, then (22) and (23) are the same,

and thus a point connected multifunction F is c.c. if and only if x = limxs
implies that F(x)NLs F(xy) # 0.

PROOF OF PROPOSITION 21. If the space X is Hausdorff, then limxy is
uniquely determined (see [2, Proposition 1.6.7, p. 51]. Then assumptions (11)
and (14), as well as (16) and (19), imply that the multifunctions F and G are
c.c., according to Proposition 1.1 of [4, p. 228]. Thus F is a point connected
surjection by (14) and (15), i.e., (i) of Theorem 3.1 of [4, p. 240] holds.
Thereby assumptions (8) and (9) imply the existence of a coincidence point
xo of (20) by the above quoted Theorem 3.1 of (4). The proof is complete.

Another modification of Theorem 1 is the following proposition.
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24. PROPOSITION. If X is a HausdorfT space, then in Theorem 7 assump-
tions (10), (11) and (16) can be omitted.

PROOF. Arguing as in the proof of Proposition 21 we again see that
assumptions (12), (13) (14) and (17), (18) (19) imply by Proposition 1.1 of
[4, p. 228] that the multifunctions F and G are c.c. Thus (20) follows as
previously.

25. QUESTION. Can the assumption that the space X is Hausdorff be
omitted in Propositions 21 and 247

26. REMARK. Following the question in [7, p. 198], one can ask if
further generalizations of the results are possible concerning the space Y,
that is, whether we can get the conclusion (20) for spaces Y other than a
generalized arc. For continua the answer is negative by Corollary 3.2 of [4,
p. 241] which says that the continuum Y is a generalized arc if and only if
for each continuum X and for every two c.c. point connected multifunctions
F, G: X —2Y with F(X) C G(X)=clG(X) C Y there is a coincidence
point.
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0. Introduction

Weights satisfying the so-called A,-Condition (Ap-weights) introduced
by MUCKENHOUPT [7] play an important role in different fields of mathe-
matical analysis. In our paper [4] we investigated the best approximation by
trigonometric polynomials in the spaces Lf[27] in the case u satisfies the
Ap-Condition and has period 27. In that paper Bernstein- and Jackson-type
inequalities are given. But the problem of characterizing the best approxima-
tions by using any concept of moduli remained open. Since then we have
some results, but only for special cases of Ap-weights (see e.g. [5]). One of
the main results we want to present in this paper is a complete solution for
this problem. For any weight u satisfying the Ap-condition on an arbitrary
interval (a,b) (—oo < a < b < o0), we introduce the so-called modulus of
mean smoothness in the weighted space L} (a,b), and in the periodic case
Lﬁ [27r] (Sect. 1). The characterization of weighted K-functionals in terms
of the moduli is given in Sect. 2. Applications to best approximations will
be based on this result and on some of earlier results in our [4], which will
be presented in Sect. 3. Finally, in Sect. 4, the saturation of Fourier—Riesz
means is given.

Research supported by the Hungarian National Foundation for Research Grant No. T
017425.
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1. Moduli of mean smoothness

Recall here the definition of A,-weights. Let (a,b) be a finite or infinite
interval, and let 1 <p < oo (this will be assumed throughout the paper). We
say that a function u satisfies the A,-Condition on (a,b) if it is non-negative
and finite a.e. on (a,b) and for any finite subinterval J of (a,b) we have*

p—1
1
(1) ﬁj/u(x)dx ﬁ]/u(x)_lﬁdx < c(p)

here |J| denotes the length of J.

The class of such weights will be denoted by .4,(a,b). Furthermore let
Ap[2m] be the class of all weights belonging to .4,(—00,00), which are 27

periodic. For u e.xdp(a,b) the weighted space LZ (a,b) consists of all functions
f defined on (a,b) for which

1

P

b
Wllign = | [Ireopucoas | <o,

If ue .xdp(27r), the space LZ [27] contains all 2 -periodic functions with a
similar norm defined on an interval of length 27r. Sometimes we shall use the

notation X =X? for all spaces defined above.
We need the following two properties of Ap,-weights.
a) Denote by L(X) the set of all measurable functions integrable on every

finite subintervals of (a,b) in the case X = LZ(a,b), and of (—o0,0) for
X =I0(2n). We have for any Ap-weight u

(2) If feXP=X, then f e L(X).

b) Let Mf(x) be the Hardy—Littlewood maximal function of f € X. That
is

d
1
Mf(x) = sup / If (t)|dt, with J(X) = (a,b) if X = Lh(a,b)
xeedycrx)d —c¢ /
and = (—o0,00) in the case X = Lﬁ [27].

* Throughout the paper c, Ci(x,...), c(x,...) will denote absolute constants, and constants
depending only on the variables specified in the brackets, resp.
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Then (see [1], [7])

3) IMfllx < cllfllx-

In order to define moduli, we introduce the following means. Consider
first the periodic case. Let for f € Lf[27], r > 1

AfO) =Y (1) @f(x +51).

s=0
Introduce
. o
@ o =5 [ 14wl
0

o) 0
(For 6 < 0 the integral should be understood as [=— [)

0 0

By (2) the integral on the right hand side of (4) exists. In the case
f € IX(a,b), the mean o4f(x) is defined only for all x € (a,b) such that
x+rd €(a,b). For other x €(a,b), let o5f(x)=0.

Let now
00 in the case X = Lﬁ [27],
O<h< b
b=a it X = IF(a,b).

r

Define for any f € X

5) or(f,h)x = sup |loff (o)l x
61<h

The existence of the moduli follows from (3). More exactly,
(6) or(f,Mx < cllfllx

In order to distinguish between the new and traditional moduli we shall
call the former moduli of mean smoothness. It turns out later in Theorem 1
that in the case u =1, the new moduli and the traditional ones are equivalent.
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2. The equivalence theorem

We now introduce the weighted K-functionals and give the equivalence

between them and the moduli. Let u be an Ap-weight. For f € X =Xf,’ ,r>1,
t>0,let

(7) K(f.nx= inf {If —gllx+" 18" lx}

geEW(X)
where W()(X) denotes the class of all functions g r-times locally absolutely
continuous on (a,b) (if X:Lﬁ(a,b)), on (—oo,00) (in the case X:LZ [27t]),
for which g, g e X.

THEOREM 1. Let u be an A,-weight. For any f € X = X}] we have for
O<h<c

(®) or(f,hx < QK (f,hx < Gor(f,h)x
where C; =C;(p,u,r) (i=1, 2), c=c(r,u).
PROOF. First we give a detailed proof of the theorem for the periodic

case. Most of the steps of the proof in the non-periodic cases are similar;
they will be presented later.

A. The periodic case
Let X=I1[27]. Let g € W(X). By (2), g € L1[27], therefore

t t
(€)) Atrg(x)=/.../g(’)(x 1+ t)dr .. diy
0 0
Consequently
. 0
wr(g,h)x = sup 3/|A{g(x)dz| <
|0]<h
0 X

o ¢t t
1
< sup —/ /.../g(r)(x+t1+...+tr)dt1...dtr dt <
16]<h O
- 0 1o 0 X

ho ok
1
<h' h—r/.../|g(r)(x+t1+...+tr)|dt1...dtr
0 0 X
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Hence substituting t=t; +...+¢, and using (3) we get

h h h+ty 4.+t |
1 1
wr(g,h)x < h’—1/"'/ o / g +0)dt pdry...diy|| <
0 0 0 x
rh
AL, [ )
(10) <h A g (x +t)dt|| < c(r)h'[g"|x
0 X

From (6), (10) we have for any f € X, g € W()(X)

or(f,h) < e(lf = gllx +hllg ).
Therefore, by definition
(11) wr(f,h)X S CKr(f,h)X-

In order to prove the converse inequality of (11) we introduce a Steklov-type
transform for f€ X, r>1, h>0

h o) o,
2 1 = res+l (T
1 fu=5 [ |5 [ [ Sev(D):
h o o =0
2
-f(x+r:s(t1+...+t,)>dt1...dtr do.
We have
YA
far =g =3 [ |55 [ [ Mt ot i, | do
i 0 0 '
2
Hence

o)
1
Hfr,h _f”X S Sup (S_r /Arl'1+...+lrf(x)dt] "'dtr
t
0

h<s<n
X

Therefore substituting t=t; +...+¢, we get

a3 fin —flix <
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O+t +..

)

1 1

5r_1/.../ 5 / A%f(x)dt dty...dt,_q|| <
0 0

n+..ty_q X

< sup
h<o<n

ro o)
1 1
< sup 3/‘Aif(x)‘dt <r sup 3/|A{f(x)|dt <rw(f,h)x.

_>%§5§h 0<d<h
X X

On the other hand, by (12)

(r) ris r\"
(X)) = /6’ Z( 1)++1< ) <r—s> A¥r6f(x)d6.

Hence

hr—l r
1
000 < 2n7 /Z(;) (r_s> 8y o f ()] d6 =
0

r—1 r h
—_r r r 1 B
=2h Z(s> (r_s> E/ Ar—syf () ds =
0

=2h_’§(:> (ris> = / IALF (6)|du.

s=0

Consequently we have by the definition of the moduli

(14) Il < e~ opf. b,

r

with ¢(r)=2(2r)". Combining (13) and (14) we get
Kr(fshx <IIf = frallx +h"|IfS5)

We have proved the converse inequality of (11). By this the proof of Theorem
1 in the periodic case is complete.

B. Proof of Theorem 1 in the nonperiodic case.

Consider all weights u(x) from the class .d,(a,b). By any linear trans-
form T (of x), the class .dj(a,b) becomes the class Ap(a’,b’) with a’=T(a),

S Cwi"(f7 h)X
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b’ = T(b), and the moduli of mean smoothness as well as the weighted
K-functionals of functions preserve their order. Therefore it is enough to
prove our theorem for the following three cases:

a) (a,b)=(0,00),

b) (a,b)=(—oo, OO),

¢) (a,b)=(0,1).
In all three cases inequality (11) can be proved similarly to the periodic case.
The proof of the converse inequality in the cases of the intervals (0,00) and
(—00,00) is also similar, and is based on the Steklov-type transform (12). The
case of the interval (0,1) is somewhat, more complicated, since in this case
the function f, 5 in (12) is defined only on (0,1 —rh). Therefore in order to
get a suitable transform we use the following method.

Let f € I5(0,1). Let A’ be a real number, |h/| < 1. Denote by v the
function defined as in (12). Let 1 (x) be the function defined as:

Yyx)=1 for OSxS%, 0 for x <1

2
3
and 1/)(x) is r-times continuously differentiable on [0, 1] with |1/)(’)(x)| <c(r)
(i=l...,r; $<x<3).
Now, introduce for 0< h< %

(15) frh wfrh +(1 - w)fr —h fr,—h +1/)(fr,h _fr,—h)'

Repeating the techniques used in the proof of (13) and (14) we have

(16) I = franll (02) <cor(f,m)p)
(17) Hf(r)H ( ) < Ch_rwr(f’h)lg(o’])
(18) “f _fr,—hHLp (l 1) < er(f’h)Lg(O,])
u\3>
(19) Hfr(QhH p(l 1) < Ch_rwr(f’h)Lg(O,])-
u\ 3
Therefore by (15) and the definition of ¥
(20) Hf _frh HLI’(() D <
< Hf _fr,h

» ( %) +If fr —h” (]’]) < er(f’h)Lﬁ(O,l)'
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On the other hand, again by (15), using the Leibniz formula and the
properties of y we get

(r) (r)

Hfmh)ng(%,%) <e(r) {w,,h lig (12)*: +Z ([ AN L[ 2(33) }

In order to continue the estimation, we notice that from the definition of
_4

Ap-weight (see (1)) we have u P, u € Ll(O, 1) (}; +% =1). Hence using an

inequality between L, -norm of the derivatives of different orders of functions
(see [6, Theorem 3.3]) we get

o\ (-

3) }

Vil 5(13) =

< cr) {W}n 2(13) " 7 (33) " W = Fr=nll (!

377

wl
wl

Therefore, by (16)—(19)

Hf(r) || (1 2) < C(}’)h wr(f’h)Lp(O])
3°3

This together with (15), (17) and (19) implies
) Wyiyligon <

<ot (IV<5T2>” aod) Wi lig () Wiy 3 )> <

< C(r)h_rwr(fa h)Lg(O,l)'

The inequalities (20) and (21) imply the converse inequality of (11) in our
case. We have completed the proof of Theorem 1.

3. Best approximation by trigonometric polynomials in the
spaces Lﬁ [27]

Let u € v&p[Zn] (1 <p < ). Let T, be the set of all trigonometric
polynomials of order at most n. For any f € X =1} [27], define

Enf)x = 15 If —tllx  (n=1,2,..).
n n
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This is finite because u € L! [27], hence t, € Lﬁ [27]. Using the results of [2]
we have (for details see [4])

(22) E.f)x—0 (n—o00) (feX)
In [4] we proved

A. Bernstein-type inequality:
(23) I671x < enllllx  (n € T)
and

B. Jackson-type inequality

c
24) E(x < I "lx
Fewir(x),n=1,2,..).

The following theorem follows from those inequalities and Theorem 1.

THEOREM 2 (direct and converse theorem). Let u e.xdp[Zn] (1<p< ),
r>1. For annyX:Lﬁ[%[], n>1 we have

(25) Ey(f)x < c(ror (f, %)X

and
o]

(26) or(f,0)x <cd” > (k+ 1) E(f)x.
k=0

PROOF. Indeed, the same inequalities like (25) and (26) are true if we
replace w,(f) by the K-functional K, (f). This fact follows from (23) and
(24) by a well-known technique of the approximation theory (see also [8,
Theorem 3.16]). Then using Theorem 1 we have completed the proof.

4. Saturation theorem for Riesz-mean

In this section we give the saturation of Riesz-means of Fourier-series
by using the moduli of mean smoothness. Let u € 4,[27] (1 <p <00). Let

f GLﬁ [27r]. Then f € L[2m]. It has the Fourier-series

[e.e]
F(x) ~ “70 +3 (a; cos ix +b; sinix).
i=1
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Let

k
Ar(x) = a?() + Z(a,- cosix + b; sinix).
i=1

Denote by R,[,f] the n-th Riesz-mean of order r of the Fourier-series of f. That
is

Rr[zr](f,x) = Z [1 - <k1ﬁ> ] Ar(x) (r,n=1,2,..).

k=0

We now prove

THEOREM 3. Letf € X =L§j[2n] (u €dp(2n], 1 <p<oo). Letr > 1 be
an integer. Then

() IF IRV~ f|| x =o(n™") then f = const.
(i) [|RYV) ~fllx=0m™") iffw,(f,0)x=00").

PROOF. The statement (i) was proved in our [3]. It was also proved in
[3] that ||R,[[](f) —fllx=0m~") iff f € W'(X). So, it remains to prove the
equivalence
(27) feW(X) iff o,(f,0)x=00").
The “only if” part of (27) follows from (10). To prove the “if” part we argue
as follows. Since u € A,[2s] there exists 1 <pj <p such that u € A, [27]
(see [1, p.243]). If f € L5 [2]) then setting po=p/p; (> 1) we have by Holder
inequality

1 1
1) 0]

2 » : .
/ f @)PTu(x)Plu(x) Prdx | <
0

271
28) / Fo)lPo
0

1 1
p 21

27 pll %
< / ) Pute) / u() P dx
0 0

1,1
where —+-—=1.
pq P1
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/
P
Observing that since u €4, [27], the function u(x) P1 is integrable on
[0,27], we obtain from (28)

(29) IF lpopan < corIf x-
Hence, denoting X(;=L"0[27] we have
(30) or(f,0)x, < cp1,p)or(f,0)x.

But we see from Theorem 1 that in the space Xy=LP0 the traditional modulus
(which is denoted usually by w,(f,0)p,) is equivalent to the modulus of mean
smoothness. Therefore from (30) we get

€29) or(f,0)py < c(pr,P)r(f,0)x-

So, if w,(f,0)x = O(G") then the same estimate holds for w,(f,d)p,, too.
Hence by a well-known property of the traditional moduli in IP0[27] we
obtain that f is r-times locally absolutely continuous in (—oco,00) and for
almost every x

1
(32) SO () — D) (h—0).

From (32) one has also for almost every x

A% ()]

—dh — FOw) = 0y).

2
5

P~

Hence by Fatou-Lemma

o)
.12 1AL
I < s |
o)

<
2 X
||y g o
< lim sup s s / |ALf()|dh|| < limsupzrﬂ% < 00
0—04 q 0—04

X

We have proved f € W (Xx). By this the proof of Theorem 3 is complete.
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1. Introduction

The first author and A. SHARMA [6] proved existence, uniqueness and
explicit representation of (0,2) and (0, 1,3) interpolations on infinite interval.
Because of the complicated nature of explicite representation, one can not
expect better results.

In order to get new results in the mentioned type of interpolations we
apply and generalize the interpolation method of L. G. PAL [8] for the case
of Hermite polynomials. Originally L. G. PAL could construct firstly polyno-
mials P,,,_(x) of order (2n — 1) which satisfied the following interpolation
properties: Let {x; })} be arbitrarily chosen but fixed system of distinct nodal

points, and let be given two systems {y; }7_, and {y; }Zz_ll of real numbers
then the polynomials Py, _1(x) allow the equalities Py, _1(xx)=yx; (k=1, 2,

..., n)and Pén_l(xlf):y,i; (k=1,2, ..., n—1) where the points {xlz‘};:z_ll are

n
the roots of w/(x)= % ( D RES —xk)>, then there exists only one polynomial
k=1

if we require a special additional condition P, _1(a)=0 for a fixed number
a#x;; (k=1,2,...,n).

L. Szi.i — who had investigated and proved convergence theorems with
respect to the classical weighted (0,2) interpolation on the roots of Hermite
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polynomials [11] — also applied the original simple method of P4l on the roots
of Hermite polynomials [10].

Further, first author and R. B. SAXENA [7] extended the results of L.
SzILI to the case of weighted (0,1, 3)-interpolation on infinite interval. For
more interesting result in this direction one is referred to a recent paper [12]
due to 1. JOO.

In this paper, we consider a special problem of mixed type weighted
(0;0,1, 3)-interpolation on the zeros of Hermite polynomials.

Let {x; }7_; and {yg }Z;l be the zeros of Hy(x) and H,)(x), where
2 4" 2
(1.1) H,(x)=(—1)"e* ey (e_x >, n=12,...,
X
The fundamental polynomials of Lagrange interpolation are given by

Hy(x)

(12) lk(X)Zm, k=1(1)l’l
and

!
(1.3) L) = — &) k=1(In —1

Hy () = yi)’
In this paper, we resolve the following:

Weighted (0;0,1,3)-Interpolation Problem:

Let n be even, then for given arbitrary numbers {p }}_, {p,’(‘}zz_ll,

{r;* }Zz_ll and {p{™* Zz_ll’ there exists a unique polynomial Sy (x) of degree
<4n — 3, such that

Sl’l(xk) :p{(k, k = 1(1)’1,
Sn(%) =Py k=1()n —1,
Sr o) =pi¥, k=1(n -1,
2 n
(1.4) (e suwo) _ =pp, k=1(hn -1,
xzyk
and R
. 2py Hu (0)Hy (0)(0)
1 _ Pk k
Sn (0) - kzjzl Hrll2(xk)

For n odd, S,(x) does not exist uniquely. Precisely we shall prove the
following:
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THEOREM 1. For n even,

n n—1 n—1 n—1
(1.5) $u () =Y peUe@) + Y p Vi) + Y p W) + Y pi™ Xie(x)
k=1 k=1 k=1 k=1

such that

n " 2
s =3 2 OIORO =4 <1,
k=1 Hy“(x)
where U (x), k=1(1)n and Vi (x), k=1(1)n —1 are the fundamental polyno-
mials of the first kind, Wi (x), k=1(1)n — 1 are the fundamental polynomials
of second kind and X}, k =1(1)n—1 are the fundamental polynomials of third
kind of weighted (0;0, 1,3)-interpolation. Each such fundamental polynomial
of degree at most 4n —3, is given by:

2 12 y
e’k Hy (x)H,~(x)

1.6) X, = L
(16) Xe(x) = — s ¢ (1)dt

—H, () Hj (x)LZ (x)
1.7) W, = —
(7 Wie) 20 HZ ()

 HGOH00) [ 200 = 3O H OO L0 +3eHyo)

8n3 H () , (t — y)?
2.9

—2e 7k 2y — 4n — DX (x),

Hy ()L O{1 =3y, (x —y)  Hy(x)H2(x)
1.8) V; = — :
(18) Vix) HaOp) Hy ) P (50)

| / L 0O{1 =3yt =y} + L { =y + Gl =y}

(t —yp)?
0
) )

+ 4y, [Zyk ~on - 3] e X, (x),
where

8yZ +2(n —2)

1= f

and
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H2 () (x)
e

1. =
(19) Ust) = = s

4
N 2H,()HP2(x) [ L) Hy () — {1 — xi(t — xp) Y HA ()

dt,
H* (xp) ) (t — yp)?

where I} (x) and Ly (x) are given by (1.2) and (1.3) respectively.
THEOREM 2. Let the interpolated function f : R — R be continuously
differentiable such that
lim x> f(x)p(x)=0 (r=0,1,...)

x|—o0
(1.10) and
|Lim o(x)f'(x)=0  where p(x) = e_x2

x|—o0

Further, let the numbers 0y, satisty the condition:

(1.11) & =0 <(n)e5y/3w <f’;i>>, k=1)n—1and0 <6 < 1,

vn
where w is the modulus of continuity of f', then
(1.12)
n n—1 n—1 n—1
Su(f,x) = Y FEOU)+ Y FO Vi) + D O W)+ 0 Xje(x)
k=1 k=1 k=1 k=1
such that

H(0)[(0)H,(0)
H2(xz)

n
X
s =23 T
k=1
satisfies the relation:

(L13) e [S,(f,x) — ()] = Ollog ) <f’;%>, v>2,

which holds on the whole real line and O does not depend on n and x.
REMARK. o (f,0) denotes the special form of modulus of continuity in-

troduced by G. Freud [3] given by:

(1.L14) o(f,0)= OSIJP(5 loGx +)f (x +1) — p(x)f ()| + [T O x)f (x)o)|
<<
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where
|x|, for|x| <1
T(x) =
1 x| > 1
and || - || denotes sup-norm in C(R). If f € C(R) and
(1.15) Lim o(x)f(x)=0 then Lim o (f,)=0.
|x|—o00 0—0

2. Preliminaries

In this section, we shall give some well-known results, which we shall
use in the sequel.

The differential equation satisfied by H,(x) is given by:
2.1) H'(x)—2xH(x)+2nH,(x)=0
(22)  Hy(x)=2nH,_j(x)

0 j#k,
2.3) lk(xi)={ for  ,k=1(Dn
‘ 1 j=k

Hy(x) .
(24) l,i(xj) = { H,i(xk)(Xj—Xk)’ Y # k

X j=k
Lk (yj)
2.5 Lx)=——-2L"  j=1(n-1.
T
From (1.3), one has
0 j#k
2.6) L)) = for ,j=1n-—1
1 j=k
Hy' () ok
F o= J BIo00 0 7
@7 hop= . i=ln—1
Yk » .]=k
2H; () 1 .
" Hy k)0 —vi) {y-i T —yk)}’ j 7k
(2.8) LGy = ,j=1(n —1
4y2—2(n—2)

3 > Jj=k
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1 HY®)  agig.,. .
O =) {H,?’(yk) 3Lk(y~’)} ’ j 7k
=1 —1
ye{2yf —2n +5}, j=k

2.10)  HPOp) = [4yE — 200 — 2)1H! )
@11y H () = 4y 2y — 20 +5).

29  L'oj=

K. K. MATHUR and R. B. SAXENA proved the order of estimate [7]:
2.12) 0) Q)| = O (f’; i)
vn
for their polynomials Q,(x), that there are in the formula (5.3) of Lemma 4
in their paper [7] on page 43.

For the roots of H,(x), we have
k2
(2.13) xp o~
n

L. SziLI proved,

2 1
Q.14)  kZ—1]<eP%, 0<p< 5

1
(2.15)  |xo(x)QLx)| = O(Vn)w (f’;—)

NG
and
e _ o 1
216 o)|Qx)| = O/ (f : ﬁ> |
217 Hyx)=0 {n—lwm (1+ /) exz/z}, LeR
6x13

2.18)  |H!(x)| > c2"¥! (%)!eT, 0<6 <1

n—1

H;(y)H;(x) _ H,(y)H, 1(x) — H, 1(y)Hy(x)
2.19) Z 201 2n(n — DIy —x) ‘

i=1
From (1.2) and (2.19) at y =x;, we have

02"+ 1 fire 37 +50)

(220) ()| = BP0

, V1>1
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X

2.21) / L(t)dt| =
0

vi,.2,.2
0(1)2"* 1 logne 2 ¥ %)
H2(xy.)

, V]>1

n
2
(222) > e =0(V/n),  where & >0,
k=1

n
(2.23) Zeé"/?(H,;(xk))—z =02 a7 0<o6 <1
k=1
2 [(3)1]?

2027) —L2/0 ,-1/2 =1,2,....
( ) (n+1)! n b n b b

and

Proof of Theorem 1

Let
3.1 Skx)=

n—1 n—1 n—1

n
= Pk A + Y PEB) + Y PG+ Y i De(x) + poH(x),
k=1 k=1 k=1 k=1

where Ay (x), By (x), G (x) and Dy (x) are polynomials each of degree <4n—3
and pg is a constant to be determined.

In the light of conditions (1.4), one can see that

0 i#k
Ar(xj) = { for =, j=1(n, Ax(y;)=0,j =1(1n — 1
1 ji=k
(3.2)
5 "
A;C(yj) =0,j=1(1)n—1 and <e_x Ak(x)> =0,j=1(1)n—-1.
x=yj
0, Jj#k
Bi(xj) =0, j = 1(1n, Bk(yj)={ for  ,j=1(n—1
1 j=k
(3.3)
5 m
B,é(yj) =0,j=1(1)n—1 and <e_x Bk(x)> =0,j=1()n—-1.
x=y;

Ce(xj) =0, j =1(Dn, G(;)=0,j=1Dn —1
34
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0 j4k
for ,j=11n —1
/ _ m
Geoj) = and (e—xzck(x)) —0j =1()n—1
xzyj
1 =k

Dy(x;) =0, j = (Dn, De(yp) =0, j =1(1n — 1
3.5

D) n
D,i(yj) =0, j =1(1)n — 1 and (e_x Dk(x)> x=yj =

0 Jj #k
for ,j=11n —1
1 j=k

To determine Dy (x), let
X
3.6) Dy (k) = GH, (x)H,éZ(x) / L, (t)dt, where C, is a constant.
0

It is a polynomial of degree <4n—3. Obviously it satisfies conditions of (3.5)
provided

24n2H; (k)
Thus
Dy (x) = X (x).
Let
(3.7) Gy (x) = C3 Hy (x) Hy (x) L (x )+

(t — y) L (t) + CsHy (1)
(t —ye)?

X
+ CHOBP) [ dt + CoX; (x),
0

where C3—Cy are arbitrary constants, since it is a polynomial of degree <4n—
—3, therefore, the expression under the integral sign must be a polynomial of
degree <n —2, which implies

Ly k) + Cs Hy (yy) = 0.
Using (2.1) at y; and (2.7), we get

Yk
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Obviously Gy (x) satisfied the first, second and third condition of (3.4) which
gives

1

(3.9) C3=——rn.
2nH (yi)

For the fourth condition at x=y;, j #k

) n
<e ™G (x)) =0.

xzyj
Using (2.6), (2.7) and (3.5), we get
1
(3.10) C=——7—7—.
4n2H; ()

Similarly for j =k, using (2.6), (2.7), (2.8) and (3.5), we get

2
(3.11) Co = —2{2y% —4n — 1}e ™%k,
substituting all the values of (3.8)—(3.11) in (3.7), we see that
C,(x) = Wi (x).

In order to prove (1.8), let

(3.12) Bi(x) = Hu()L(0{ Gy + Gyl =y }+
CoHy(OHP() [ Li{1 =3yt =y + L Cio+ Crt =y},
oo ) (t = y)?
+ Ca Xp (%),

where (7—Cj, are arbitrary constants. Since By (x) is a polynomial of degree
<4n-3, therefore, the expression under the integral sign must be a polynomial
of degree <n —2, which implies

L %) + CroLi (yx) = 0
and
L/ o) = 3yk L 0n) + CroLi k) + Cri Ly G) = 0.
Owing to (2.6), (2.7) and (2.8), one gets
€10 = —Vk

and
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8yZ +2(n —2)
3

One can see that By (x) satisfies all the four conditions of (3.3), by using (2.6),
(2.7), (2.8), (2.9) and (3.5), gives

G =

1
Cr=——,
Hy, (yx)
L= 3Vk
I{n()’k)’
1
C=———
H, ()
and
) )
Cio =yk |8yf —8n — 12| e k.
Hence

Bi(x) = Vi(x),
which gives (1.8).
Proof of (1.9) follows on the same lines as (1.8), so we omit the details.

If n is even, H,(0) #0, so (3.1) at x =0, owing to last condition of (1.4),
gives po=0, which completes the proof of the theorem.

NOTE. If n is odd H,(0)=0, so (3.1) at x =0, satisfies last condition of
(1.4) for any value of p(, other conditions hold good as above in the proof,
so in this case, there are infinitely many solutions of (0;0, 1, 3)-interpolation
problem.

4. Some lemmata

To prove theorem 2, we need

LEMMA 4.1. For k=1(1)n and x € (—o0,0), we have

1 jﬂi(Xk)lk(t) —[1 — xg(t —Xk)]H,i(t)dt B
H;, (x) / -

(t —x)?

_ Ha(x) = Hy(0)

T 1
2N +n/lk(t)dt+§[l,§(x)—1,1(0)],
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where I (x) is given by (1.2).

PROOF. From (1.2) we have

_ Huy(1)

4.1) (t = x )l (1) = H ()"
Differentiating it twice, we get

Hy (1)
4.2) (t — Xl (1) + (1) = o)
and

H,'(1)
(4.3) (=30l () + 2y (0) = oS

From (4.2), we have

(4.4) Hyy (i)l (1) — Hy (1) = —(t — xi) Hy ()1 ().

Adding x; (t —x;)H,}(t) on both sides, we get

Hy ()l (8) = {1 = (¢ = ) Y Hy (1) = —(t — xi){ = Hy (8) + Hy ()l (1)} =
@5 == —x)l=xe{ Hy (1) = Hy(a)le (0} + Hy o) { L (1) = x i (1)}

Now multiplying (4.1) by 2n and (4.2) by (—2¢) and adding them to (4.3) and
finally using (2.1), we get

1
(4.6) L) — xpli (8) = —(t — xp) El,ﬁ’(z)—tl,ﬁ(t)+(n — DL (0] .

Putting (4.4) and (4.6) in (4.5) and using (4.2), we get,

Hy )l () = [1 = x (¢ —x)lHa (1) Hy(0) 1,
Hyy (xp )(t — x)? h H) (xz) + 2lk (1) + n(lk (1)),

which on integrating under limits O to x proves the lemma.

LEMMA 4.2. For k=1(1)n and x € (—o0,00), we have
vi,2,.2
()] = 02 (n + DIH ()] 2e 2%,y > 1

where [} (x) is given by (1.2).

PROOF. From (2.19) at y =x; and (1.2), we get

ol i

4.7 l =— — H; (x; ) H; (x),
(4.7) k() H,;Z(xk)ZM (o) Hy (x)

=
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differentiating it and using (2.2), we get

n+ly n—1

H?(q) o 271G = D)

HOE - H; (o) Hy - (x)

Further taking modulus and using (2.17), we get the lemma.

LEMMA 4.3. Letv{>1 and x € (—o00,0), then

’ (xz+y13>
1 2
2nle

VI HZ ()

|Ly(x)| = O ., k=1n -1,

where Ly (x) is given by (1.3).
PROOF. From (2.19) at y=y; and using (1.3) and (2.2), we get
—1
2(n — D! ' 1
4.8 Ly(x)| < ——= — | H; (x)|| H; .
(4.8) L] < e ;MI i 0O Hi (o))

On using (2.17), we get the required lemma.

LEMMA 4.4. Fork=1(1)n—1 and x € (—o0,00), we have

X

o(1)2"(n — 1)vev7]<"2+y/3)1ogn
/Lk(t)dt = .

, v1>1.
HZ(yp)

0

The proof of this lemma follows exactly on the same lines as Lemma
4.3, so we omit the proof.

LEMMA 4.5. For x € (—00,00) and k=1(1)n — 1, we have

0(1)2"n!ev7](x2+y13)

|L, (x)| = , vy >,
‘ HZ ()
where Ly (x) is given by (1.3).
PROOF. From (4.8), we have
2M(n — 1)1 "2
L =225 L g omop.

Hi () g 20!
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Differentiating and using (2.2), we get

n—1

;o 2"(n— 1) 1 _ .
(4.9) L) = = gzi_l(i_l)!H(Yk)E—l(x)-

Further, taking modulus and using (2.17) we get the lemma.

LEMMA 4.6. For x € (—00,00) and k=1(1)n — 1, we have

2”n!\/ﬁev_2l(x2+ylz)
H(y)

L) =0

The proof is similar to Lemma 4.5, so we omit the details.

LEMMA 4.7. We have

[ RO SO0,
2n Hy (yk) / (t —ye)?
1 0
= L~ L O )~ L+ IO / Loy,

where L, is given by (1.3).

PROOF. From (1.3), we have

H, (1)
4.10 L ()t — yp) = —2—2.
10 A TS
Differentiating it twice, we get
H”(f)
4.11) L (t)(t —yp) + L (1) = —2
R )

and
(4.12) L (t)(t )+2L’(r)—M

| OIS T B e

From the differential equation (2.1), we get
(4.13) H(t)—2tH)(t)+2n — DH,(t)=0
Multiplying (4.12) by (t —yi)H,'(y¢) and rearranging the terms,

1 1
414) (0 =y L O H (1) = 5t =y Hy"(0) = 5 =y L H ().
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Similarly from (4.11), multiplying by y, we have

Yk nl( ) /
YLy (2) = H 00 Yt = yi) Ly (1),
on using (4.10), we get
(4.15) Y Hy (1) =y (t — y) Hy'(8) — yi (t — y)? HY (v L (0).

Subtracting (4.15) from (4.14), using (4.13) and (4.10), we get

4.16)  (t — yoH) )Ly (t) — ye Hy (1) =

Il( )
= (t — y) H ) [ L)+ y L () + —— en) —(n — 1)Lk(t)] .
Using (2.1) at y;, we have
417 20t — y) Hy i) Ly (1) + yi Hy ()] =
=2n(t — yi ) Hy( )[—EL”(t)+ L (1) + /(1) —(n— DL (t)]
= Yk n Wk ) k Vi Ly I{#(Yk) k .

Now, dividing the whole equation (4.17) by 2n(t — yk)ZHn (yr) and taking the
integral, we get the required lemma.

LEMMA 4.8. Forx € (—00,00) and k=1(1)n — 1, we have

dt =

B LT = 3yl =y} + L) [y + 3¢ = yo) (87 + 201 - 2}
0/ (t — yi)?

= (L (x) = L(0)) +2n(Ly (x) — Ly (0)+

+8yi (L (x) — L3 (0)) — 2x L (x) + 16xy; Ly (x) + 16y; (n — 1)/Lk(t)dt,
0

where L (x) is given by (1.3).

The proof runs analogous to the above Lemma 4.7, so it is omitted.
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5. Estimation of the fundamental polynomials
LEMMA 5.1. For k=1(1)n and x € (—o0,00), we have

"2 2
D k| Upx)| = O(/nlogn)e’™, v >2,
k=1

where Uy (x) is given by (1.9).

PROOF. From (1.9) and lemma 4.1, we get

H’z(x)lkz(x)
5% U <
Ze | U (o)) ;; B0
+Z xk|Hn(x)|H’ZE;c)[|lk(x)—lk(0)|]
k=1 |I{n (xk)|
X 2 _
+Z2e’<|Hn(x)lH (/Z)[IHn(x) HO,
k=1 | Hyy* (x|
u exk22n|H ()| H2(x) I
+ u n L (t)dt] .
; |Hi2 () O/k

On using (2.2), (2.17), (2.18), (2.20), (2.21), (2.23), (2.24) and lemma 4.2,
we get the required lemma.
LEMMA 5.2. For x € (—oo,00) and k=1(1)n — 1, we have

n—I1

Zeyk|Vk(x)| O(/mlogn)e"™’, v 2.
k=1

where Vi (x) is given by (1.8).

PROOF. From (1.8) and lemma 4.8, we get

2
n " oYk |Hy, (x)||L3 1-3 —yi)ll
Zey’ng(X)l < Z L k|(21|£|yk)| 0 — ) *

" Zl &% | Hy (Ol H2(0)| L (6) — Lo,
- [ Hn 00| Fi )
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n—1

£y dnedt |H,, (x)|H’2(x)|Lk(x)|

— | H )| Hi > (k)
. Zl 81y e | H (00) 200 Ly () — L AUIN
P | Ho ) [ Hi ()
+”Zl 2lx |k |H, @O H200) L, (x) — L O
P | Ho () [ Hi ()
ok |y |[18y2 — 104n + 961 || Hy (x)H/?(x) T
+S 01 £ o /Lk(t)dt +
pam 6| Hy (vic) [ Hy“ (i) /

n—1

2
£ 16]x ||y e | Ha (x) + Hz2(0)| L ()]
pa | Ho )| Hi > (k)

Owing to (2.1) at yg, (2.2), (2.13), (2.17), (2.18), (2.24), lemma 4.3, lemma
4.4, lemma 4.5 and lemma 4.6, we get the lemma.

LEMMA 5.3. Fork=1(1)n—1 and x € (—o0,c0), we have

n—I1
Zeyk|Wk(x)| Ologn)e™, v >2,
k=1

where W (x) is given by (1.7).
Lemma follows on the same lines as Lemma 5.2, so we omit its proof.

LEMMA 5.4. Fork=1(1)n—1 and x € (—o0,00), we have

1 2
Z|Xk(x)— <°g">e”, v >2,

where X} (x) is given by (1.6).

PROOF. From (1.6), we have

n—1 n—1 y2 ” X
S IXe) <> ¢ |y ()| Hy () /Lk(t)dt .
k=1 /

k=1 24n2|I{I§(yk)|

On using (2.2), (2.17), (2.22) and lemma 4.4, we get the required lemma.
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6.

In this section, we mention certain results of G. FREUD and L. SZILI
required in the proof of main Theorem 2.

G. Freud in [4], theorem 4 and in [3], Theorem 1, proved
Let f :R— R be continuously differentiable. Further, let

Lim x*px)f(x)=0, k=0,1,2,...

|x|—o0

and
L|im o(x)f'(x) =0,

|x|—o0

then there exists polynomial Q,(x) of degree <n such that

(6.1) O)|f(x) = Qu(x)[ =0 (%) w (f'; %) , x€R

and

/ / _ /. L
(6.2) o)|f'(x) — Qp(x)| = o(l)w (f ; \/ﬁ> , x€R

where o stands for modulus of continuity defined by (1.14) and p(x) is the

weight function.

SziILI ([11], lemma 4) established the following

(6.3) o0 )| =0(1), r=0,1; x€R.

7. Proof of theorem 2.

Since S;(x) given by (1.5) is exact for all polynomials Q,(x) of degree
<4n — 3, we have

n n—1 n—1

1D Q@) =D Cu)Uex) + > Q) Vi) + Y Qh o) Wi (x)+
k=1 k=1 k=1
n—1 n

+ Z (e — Oy (x)) X (x)+dyHy (x)H,iz(x),
k=1

Xzyk
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where

(7.2)

2. 2Qu (xp) Hy (0)H,'(0)12(0)

1
" H O H*0) | ,;: Hi2 ()

One can easily see that

2 2
e Sn(x) — )] < e f(x) — Qu(x)|+

re v Ze_xlg[f(xk)_Qn(xk)]Uk(x)exkz +
k=1
) n—I1 5 2
+e 7S e RIf ) — Qui] Vie)ek | +
k=1

n—1
Fe % | ST eI () — Qi) Wi (r)e¥ | +

k=1

+

n—1
2
+ eV kz;[ak ~ (00 (0))(y, )1 Xi (x)

2
+e 7" |dy Hy(x)HI* (x)).

Thus (6.1), (6.2), (6.3), (1.11), (1.14), (1.15), (2.14), (2.15) (2.16), (2.12),

(2.1), (2.2), (2.13), (2.17), (2.18), (2.20), (2.23), (2.24), lemma 5.1-5.4 com-
plete the proof of theorem 2.
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(2]
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1. Introduction

The principal aim of this paper is to analyze, for a given x*, the existence
of a solution y* for the inclusion

(1.1) x* e F (Y,

where F* is the transpose of the set-valued map F from the locally convex
space X to the locally convex space Y. We shall be using the terminology
of AUBIN and EKELAND [1]. In particular, given a non-empty set M C X, we
denote by cl M, coM and cone M the topological closure of M, the convex
hull of M, and the convex cone spanned by M, respectively. The zero-vector
is denoted by 0.

Our topic is closely related to the theory of infinite linear inequality
systems. Let Z be a locally convex, real Hausdorff space, and let Z* denote
the dual space of Z. Let us consider the linear inequality system

Y= {(zj,<p> >cj, j €T},
where J is an arbitrary non-empty index set, z; belongs to Z, and ¢; is a real
number, for all j € J. With the system X we associate the wedge

K :=cone {(zj,¢cj), j € J},
named moment cone in GLASHOFF [6].

The theory of finite linear ineqality systems, for Z = R", was first de-
veloped by FARKAS [5] and MINKOWSKT [13]. The pioneering contributions

Supported by OTKA T 019492.
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to the analysis of semi-infinite systems, assuming that either J is finite or Z
is finite dimensional space, are due to HAAR [10]. For solvability of general
linear inequality systems, fundamental results were obtained by FAN [3], [4]
ZHU [15], GOBERNA and LOPEZ [7], [8], [9], and others.

The system X is said to be consistent if there exists an element ¢ € Z*
such that

(1.2) (zj,p) >¢; forall jel.
The following theorem of FAN [4] is relevant in our context:

THEOREM 1.1. The system X is consistent if, and only if, the element
(0,1) of Z x R is not in the closure of the moment cone K .

This is a generalization of the well-known alternative theorem a GALE
(see e.g. [12]).

2. The solvability conditions

In the following suppose that X and Y are two locally convex, real
Hausdorff vector spaces, and X™* (respectively Y™*) denotes the dual space of
X (respectively Y), i.e., the vector space of all continuous linear functionals
on X (respectively Y'). The set-valued map F from X to Y is said to be
proper if its domain, Dom (F):={x € X : F(x)#0}, is nonvoid. A set-valued
map F is characterized by its graph, Graph(F):={(x,y)€ X x Y : y € F(x)}.
The map F is said to be convex if its graph is convex. A set-valued map whose
graph is a cone is called process. A closed convex process is a set-valued map
whose graph is a closed convex cone. We can adapt the concept of transpose
to set-valued maps as follows (see e.g. [1]):

DEFINITION 2.1. Let F be a set-valued map from X to Y. We associate
with F the convex process F* from Y* to X™* defined in for following way:

x* € F*(y*) if and only if sup sup ((x*,x)— (y*,y)) < +oc.
x€EX yeF(x)

If F is a process, then its transpose F* is the closed convex process
defined by

x* € F*(y*) if and only if Vx € X, Vy € F(x), {(x*,x) < (y*,y).

For a linear operator A from X to Y, the transpose of the map F defined
by F(x)={Ax}, x € X, coincides with F* defined by F*(y*)={A*(y")},
y*€ Y™, where A* is the transpose of A as a linear operator.
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Our purpose is to give necessary and sufficient condition for the existence
of a solution y* € Y* of the inclusion (1.1), if x* € X™* is given. We mention
that if Dom (F) is bounded, then x* € F*(0), hence the case of interest is
where Dom (F) is unbounded.

THEOREM 2.1. Let F be a proper set-valued map from X to Y. For a

given x* € X*, set
M :=cone {(y,1,(x,x*)} € ¥ x Rx R: (x,y) € Graph (F)}.

Then the inclusion (1.1) has a solution y* if, and only if, the element (0,0, 1)
of Y xRxR is not in cIM.

PROOF. y* is a solution of (1.1) if, and only if, there exists a € R such
that
(2.1) V(x,y) € Graph (G),  (x,x™) < (y,y") +a.
Let Z:=Y xR and J := Graph(F). For j = (x,y) € J, we set z; :=(y,1)
and ¢; :=(x,x*). Then, for ¢ :=(y*,a), condition (2.1) reduces to (1.2). By
Theorem 1.1 the assertion follows. |

COROLLARY 2.1. Let F be a convex process from X to Y. For a given
x*eX* set

P:={(y,(x,x*)) € Y xR: (x,y) € Graph(F)}.

Then the inclusion (1.1) has a solution y* if, and only if, the element (6,1)
of Y xR is not in cl P.

PROOF. For a convex process F we have

M ={(y,a,{x,x")): @ € Ry, (x,y) € Graph (F)}.

Therefore (0,0,1)€clM, if and only if (0,1)EclP. ]

COROLLARY 2.2. Let F be a convex process from X to Y, and let x* €
€X™ withx*#6. Set

Q={yeY :IxeX st (x,x*y=1andy € F(x)}.

Then either the inclusion (1.1) has a solution, or 6 € cl Q, but never both.

PROOF. If 6 € c1Q then obviously (0,1) € cl P, hence the inclusion (1.1)
has no solution, by Corollary 2.1.

To prove the converse, we suppose that (1.1) has no solution. Then, by
Corollary 2.1 (0,1) € clP, hence there exists a net of elements (x,,y,) €
€ Graph (F) such that a, := (X,,,x*) — 1 and y,, — 6. We can suppose that
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a, >0, for all n. Let x, = %)Tn and y, = é)_)n. We have y, € F(x,), yp» — 0
and (x,,x*)=1, hence 0 €cl Q. ]

COROLLARY 2.3. Let A: X — Y be a (not necessarily continuous) linear
operator, and let x* € X* with x* #0. Set

Vi={yeY: dIxeXst (x,xy =0andy = Ax}.
Then either the equation
(2.2) A*y*

x*
has a solution, or there exists v € X with (v,x*)=1 and Av €clV, but never
both.

PROOF. Suppose that (v,x*)=1 and Av=cl V. Then there exists a net of
elements X, € X such that (x,,x*)=0 and Ax, — Av. Then for x, =v —X,
we have Ax, € Q and Ax, — 0, hence 0 € cl Q. Therefore, by Corollary 2.2,
the equation A*y*=x"* has no solution.

Conversely, if where equation A*y*=x* has no solution, then 6 € cl Q,
hence there exists a net of elements x, € X with (x,,x*)=1 and Ax, — 0.
Let v € X by such that (v,x*)=1. Then, for X, :=v —x,, we have (xX,,x*)=0
and Ax, — Av, therefore Av €cl V. 1

COROLLARY 2.4. Let A and x* be as in Corollary 2.3. Then the equation
(2.2) has a solution if, and only if, there exists a function f : Y — R,
continuous at 0, such that f (0)=0 and

(2.3) | (x,x*)| < f(Ax) forall x € X.
PROOF. If y* is a solution of (2.2), then for any continuous seminorm p
on Y there exists m > 0 such that
| (e x ) [ =[x, AT [ = [{Ax,y") | <mp(Ax),  x € X,
hence one can choose f =mp.

Conversely, of a function f with the given properties exists, then we
choose v € X such that (v,x*)=1, and by (2.3) it follows

L=[(v —x,x")| < f(Av — Ax),

for all x € X with (x,x*)=0. Therefore, Av ¢ cl V, hence by Corollary 2.3
the equation (2.2) has a solution.

REMARKS. 1. If A and x* are as in Corollary 2.3, then the following two
assertions are equivalent:
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(i) There exists x € X such that (v,x*)=1 and Av €cl V;
(ii) Av eclV, for all v € X with (v,x*)=1.
This follows immediately from the proof of Corollary 2.3.

2. Corollary 2.4 has been proved by EMBRY [2], for normed vector spaces

X and Y, and continuous linear operator A : X — Y. It was rediscovered
later by KANTOROVITZ and HUGHES [11].

Corollary 2.3 has been proved by SEBESTYEN [14] in case, when Y is a

Hilbert space, X is a subspace of Y and cl1 X=Y.
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1. Introduction

Every ring herein is associative with identity, subrings inherit the identity,
and ideal means two-sided ideal.

In [4] an internal characterization of regular right duo rings was provided
in the sense that a right duo ring R is regular if and only if every ideal A of
R is a good ideal. An ideal A of a ring R is called a good ideal in [4] if it has
the property that the coset product of any two cosets of A in the factor ring
R/A is the same as their set product, denoted by o, i.e. if for any two cosets
ri+Aand rp+A of A,

rirp+A={(ri+a))rn+ay): aj,ay € A} = (rj+ A) o (rp + A)

A necessary condition for A to be a good ideal is thus that (with rj, rp, =0)
A={ajay: aj,ap € A} = Ao A. 1t is not known whether this condition
is sufficient too. A number of equivalent characterizations of rings in which
every ideal is good were provided in [4] for certain subclasses of the class of
right duo rings.

Examples of good ideals, as well as of ideals which are not good, were
exhibited in certain subrings of full matrix rings in [4]. It is the purpose of
this note to give a complete characterization of the good ideals in the class of
blocked triangular matrix rings over division rings. These matrix rings are not
right duo, but the condition Ao A=A is shown to be indeed sufficient for an
ideal A to be good in this large class of rings. In fact, the characterization is
valid for blocked triangular matrix rings over simple rings, but because of the
important application of blocked triangular matrix rings over division rings in
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the structure theory of rings in [5], which will be mentioned below, we state
the characterization for such rings.

We first provide the relevant notation regarding blocked triangular matrix
rings. We use B =[b; ;] to denote a reflexive and transitive n X n Boolean
matrix, i.e. b,-J €{0,1}, b,-,i =1 forevery i=1, 2, ..., n, and if b,-J- :bj,k:l,
then b;  =1. We call B blocked triangular if it is of the form

B],] B],Z N Bl,t
0 B2’2 “ e Bz’t

(D , ,
0 ... 0 By

where for every i <j, B;; is an n; X n; (Boolean) matrix with all its entries

equal (i.e. Bixi = Onl.an or lnl.an), and n; +...+n; = n. Here 0n,~><nj

(respectively 1p, x nj) denotes the n; X n; matrix with every entry equal to
0 (respectively 1). Henceforth, if the size of the matrix is not decisive, then
we shall merely write O instead of O”i xnj - Since we assume B to be reflexive,
every entry of B; ; is 1 fori=1, 2, ..., 7. We call B;; the (i,j)-th block and
B, ; the i-th diagonal block of B. If i #j, then we call B;; a non-diagonal
block of B, and we then also call the i-th and j -th diagonal blocks the parental
blocks of B; ;. If every entry of B; ; is 1 for all i <j, then B is called complete
blocked triangular.

Let 0 € S, be a permutation of the set {1,2,...,n}. We denote by o(B)
the blocked triangular matrix with b; ; in position (o‘_] @ ),0_1(1')>, i,j=1,

2, ..., n. For example,
1 01 0 00 1 11 111
1 11 111 1 11 111
|1 01 0 0 O {001 111
B=\1 11111 = B=150010 0|
1 01 01 1 000 O0T11
000 001 0 00 0 01

if 0 € S¢ is the permutation (1 2 4 6 3 5). As mentioned in [2] and [7], it
is easy to see that for any reflexive and transitive n X n Boolean matrix B
there is a permutation o € S, such that o(B) is blocked triangular, and if
¢([r; j1), [r; j]1EM(B, R), is the matrix with r; ; in position (o~ 1(i),0~1(j)),
then ¢ : M(B,R) — M(o(B),R) is a ring isomorphism. Here, M(B, R)
is the structural matrix ring associated with B and R, i.e. the subring of
M, (R), R any ring, compromising all matrices having O in position (k,l)
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whenever by ; = 0. The structural matrix ring associated with a (complete)
blocked triangular Boolean matrix is called a (complete) blocked triangular
matrix ring. The foregoing arguments imply that by studying the class of
blocked triangular matrix rings, one is studying, up to isomorphism, the class
of structural matrix rings, which has lately received considerable attention.
See, for example, [1], [2], [3], [6], [7], [8] and [9]. The class of blocked
triangular matrix rings over division rings as such has found applications in
the structure theory of rings in [5], where, by considering suitably restricted
primeness conditions, a characterization was provided of complete blocked
triangular matrix rings over division rings by conditions analogous to those
of the Artin—-Wedderburn characterization of full matrix rings over division
rings.

We recall the description in [8] of the ideals of a blocked triangular
matrix ring M(B, R), with B as in (1). For a matrix X in M(B, R) we denote
the submatrix of X comprising the entries corresponding to the (i,j)-th block
B; ;j of B by X; ;, and we call X; ; the (i,j)-th block of X. Note that the nxn
Boolean matrix B=[b; ;] determines and is determined by the binary relation

cp (“connected with respect to B”) on the set {1,2,...,n} defined by
icgj ifandonlyif b;;=1.

Since we have assumed that B is reflexive and transitive, it follows that cg
is a quasi-order relation (also called a preorder), and so it naturally gives rise
to the equivalence relation ~ g (on the set {1,2,...,n}) defined by

i~pj ifandonlyif icpjandjcpi.

Then (with B as in (1)) the number of equivalence classes induced by ~ g
equals ¢ (and ny,...,n; are the cardinalities of the ¢ equivalence classes). Let
Rep denote a set of representatives of the ¢ equivalence classes. For i, j € Rep
such that icpj, we set

A[J‘={li iCBlCBj}.
Consider any set-inclusion preserving function
fiA{Ajj:icpj}— {A: Aisanideal of R},

and let Af be the set comprising all the matrices in M(B, R) with elements

from f (Aixi) in their (i,j)-th blocks. Then the Af’s are precisely the ideals of
M(B, R).

It is clear that, by considering matrices with zeros in certain specified
rows, a blocked triangular matrix ring is not right duo.
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2. Good ideals in blocked triangular matrix rings over division rings

We show in Corollary 2.3 that in the class of blocked triangular matrix
rings over division rings the condition rod; =y is sufficient for an ideal A
to be a good ideal, and in Corollary 2.4 we conclude that the good ideals of a
blocked triangular matrix ring M(B, D), D a division ring, are precisely the
ideals having the property that whenever arbitrary elements of D are allowed
in a non-diagonal block, then arbitrary elements of D are also allowed in at
least one of its parental blocks. We wish to mention that this phenomenon,
viz. that at least one of the parental blocks of a non-diagonal block imitates in
some sense the non-diagonal block, also occurred in [3], where the particular
version of this phenomenon was called the diagonal condition.

We first prove two preliminary theorems.

THEOREM 2.1. Consider an ideal Ay of a blocked triangular matrix ring
M(B, D), D a division ring. Iff (A; ;)=D orf (A; j)=D wheneverf(A; j)=D,
then Ay is a good ideal.

PROOF. Suppose that
) f(Aji))=D or f(A;;)=D whenever f(A;;)=D.

Let X, Y € M(B,D), and let L GAf. We shall show that XY +L=(X+

+J)(Y +K) for some J, K €y, which will imply that .y is a good ideal.
Clearly, since we deal with cosets in the definition of a good ideal, we may
assume, without loss of generality, that

3) Xij=0=Y;; whenever f(A;;)=D.

i
Let J be the matrix in 4y which differs possibly from L in having
Iy.sp., ifl=1i,
“4) Jig = { S :
0, if I #1,

for each i for which there is a j, j # i, such that
f(A;j) =D and f(A;;)={0}.

Here In; xn; denotes the n; xn; identity matrix. Note that if i is as in (5), then
(2) implies that f(A; ;) = D, and so the first part of (4) does not violate our
stipulation that J be in 4. Let K be the matrix in .y which differs possibly
from L in having

(6) Ki; =0,

3)
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() Kjj = Iyxn;.
3 Ki,i = In,-><n,-, iff(Ai,i) =D,
for each i for which there is a j, j # i, such that
) f(Aij) =D,
(10) and f(AjJ) = D for every j as in (9),
and in having
(11) Kii = In;xn;
for each i
(12) such that f(A; ;) = {0} for every j,j # i.

We are going to show that
(13) XK=0=JY and JK=1L,

from which it will follow that XY +L=(X +J)(Y +K).

First we show that XK =0. Let i and j be such that X;; # 0. Then
(3) implies that f(A; ;) = {0}. Consider any k such that Bj = 1”j><”k for
some k. If f(A;j;)={0}, then K;; =0, since K €.dy. Therefore assume that
f(Ajx)=D. Then j # k and f(A; ;)={0}, otherwise it follows directly from
the definition of A that f(A; ;)= D. By (2) we have that f(A; ;) =D. In
fact, since f(A; ;)= {0}, it follows from (2) that f(Ays ;1) = D for every K,
k' #j, such thatf(Aj’k/):D. Hence, by (6) and (9)-(10), Kj ; =0, and so we
conclude that X K =0.

Second we show that J'Y' =0. Let Y; ; #0 for some j and k, and consider
any i such that B;; = 1, xpn, for some i. Then f(A;j;) = {0}, otherwise
f(Aj x)=D, which contradicts (3). Similar to the proof of X K=0 we assume
that f(A; ;)= D, otherwise we trivially have that J; ; =0. Since f(A;;)={0}
and f(A; ;)= D, it follows that i #Jj, and so (4) and (5) imply that J; j =0,
from which it follows that J Y =0.

Next we show that JK=L. Since J, K E.xdf, we have that JK E.,&f, and
so if f(A; x)=1{0} for some i and k, then (JK); ; =0=L; ;. Therefore we
assume that i and k are such that
(14) f(Aix)=D.

Suppose first that i is as in (5), i.e. there is a j, j # i, such that f(A; j)=D and
f(A;jj)=1{0}. By (4), J; i =Iy; xn; and J; ;=0 if [ #i. Furthermore, since i is
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not as in (9)—(10), we have that K;  =L; ;. Consequently, (JK); y =J; ; K; ;=
=K; x =L; ;.. (Note that the arguments in this paragraph are valid irrespective
of whether k=i or k #i in (14).)

Second, let i be as in (9)—(10). We distinguish between the following
values of k in (14): k # i or k =i. Consider first the case k # i. Then by
(10), f(Ag k) =D, and by (6) and (7), K; ; =0 and Ky y = Iy, xn, . Moreover,
since i is not as in (5), we have that J; ; = L; ; for every [. We consider all
J’s such that J; ; #0 and Kj ; # 0. Suppose there is a j, with j #i and j #k,
for which J; ; # 0 and K;; # 0. Since J, K €4y, it follows that f(A; ;)= D
and f(Aj )= D. Since we now have that f(A; ;) =D =f(Agx), k #j and
K;j . # 0, we conclude that there is a k', k' # j, such that f(Aj,k/) =D and
f(Agr )= {0}, otherwise by (6) and (9)—(10) we would have had that K; ; =0.
Since f(A; ;) = D =f(A; 1), the definition of Ay implies that f(Aj ) =D.
Since f (A ;1) = {0} and f(A; ;1) = D, it follows that i # k’. However, we
have assumed that (9)—(10) holds for i, which thus contradicts the fact that
k', k" £1i, is such that f(A; ;/)=D and f(Ays ;1) ={0}. Therefore there is no
Jj» with j #i and j #k, for which J; ; # 0 and Kj ; #0. Consequently,

UK)ik =JiiKix+ Z Jij Kik + Jik K g =
J
J#i and j#k
i CBj cB k
=0+0+J;x Kk =Jig =Lig.
Next, let i be as in (9)-(10), and consider the case k =i in (14). Then
Jii=Li;, and by (8), K; ; = I, xn;- Moreover, the definition of ~ g implies
that (]K)i,i :Ji,iKi,i’ and so (JK)i,i:Li,i'
Finally, let i be as in (12). Since f (A; x)=D, we have that i =k. It follows
as in the previous paragraph, using (11) in this case, that (JK); ; =L; ;. This
establishes (13), and hence completes the proof. |

THEOREM 2.2. Consider an ideal vdf of a blocked triangular matrix ring
M(B, D), D a division ring. If there are i and k for which f(A; x)= D and

F(A; )={0}=f (Ag k), then Ay ody Gy, and so Ay is not a good ideal.

PROOEF. Assume that the ideal Af is such that there are i and k for which

15) fAip) =D and  f(A;;) ={0} =f(Ax).
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Moreover, we may clearly assume that A; ; is a minimal element, with respect
to set-inclusion, in the set {A; ; : i cg k}, having the property in (15). We
shall show that

(16) {JK: J,K G.xdf};.xdf

For every

(17 JsJ #iandj #k, suchthat f(A;;)=D=f(Ajp),

we have that A; ; gA,-,k, and so the minimality condition on A; ; implies that

(18) f(4;; =D,

since f(A; ;)={0}. Let L be any matrix in .4y with
(19) Liy #0,

(20) l’h} = Il’l] Xn;»

for every j in (17), and zeros elsewhere. Note that, by (18) and the first part
of (15), the stipulation that L be in vdf is not violated.

Suppose that there are J, K € .xdf with JK = L. Let j be as in (17).
First note that, since L =UK)jj=JjKj;, it follows from (20) that Jjj
is invertible. Since cpg is a quasi-order relation on the set {1,2,...,n}, the
set Rep of representatives of the equivalence classes (with respect to the
equivalence relation ~ pg) is a partially ordered set with respect to cg. We

show now that

@1) Kix =0

(for every j in (17)) by induction on the maximum length ¢ of the chains
in the poset Rep which are maximal with respect to having j as minimum
element and k as maximum element. If £=1, then j cgk is the only (maximal)
chain with j as minimum element and k as maximal element, and so

(22) O=Ljj =T Kjj + Ty K-

Since f(Ag x)=1{0} and K €4y, it follows that K ; =0, and so (22) implies
that J; ; K; y =0. The invertibility of J; ; then forces Kj ; to be 0 too. Suppose
now that £ > 2, and that Kjr; =0 for every j', j' #i and j’ # k, such
f, J/):D: f (Aj/ ) and the maximum length of the chains in the poset Rep

which are maximal with respect to having j’ as minimum element and k as
maximum element, is less than ¢. Then
23 0=Liyp=JiKu+ Y, KK
-/
N T
J°#j and j#K
jepi cpk
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The j’s in (23) are as in the induction hypothesis, and so Kj',k =0 for all

such j”’s. Furthermore, we have already seen that Kk = 0. Therefore, by
(23), J; j Kj x =0, and again the invertibility of J; ; forces Kj to be 0. This
proves (21).

We now have that

(24) Lig=TKix+ Y. K.
J

Jj#i and j#k

i Cp ] CB k
Consider the j’s in (24). The induction proof in the previous paragraph shows
that K; ; =0 for every such j, and so L; ; =J; ; K; ;. Since f(A; ;)={0} and
]Evdf, it follows that J; ; =0, and so L; ; =0. However, this contradicts (19),
and we conclude that there are no J, K e.xdf with JK = L. This establishes
(16). |

Combining Theorems 2.1 and 2.2 we obtain the following two results

COROLLARY 2.3. The condition Ay oy = is sufficient for an ideal Ay
of a blocked triangular matrix ring M(B, D) over a division ring D to be a
good ideal.

COROLLARY 2.4. An ideal v&f of a blocked triangular matrix ring
M(B, D) over a division ring D is good if and only if f (A; ;)=D orf(A; ;)=
=D whenever f (A; j)=D.

It was shown in [4, Lemma 1] that a finitely generated right ideal in
a right duo ring is a good ideal if and only if it is a principal (right) ideal

generated by a central idempotent. In [4, Example 3] the ideal [8 ?] of the

2 % 2 upper triangular matrix ring over a field F was exhibited as an example
of a good ideal (in a ring which is not right duo) which as a right ideal is
not generated by an idempotent. However, this ideal is a principal left ideal
generated by the idempotent [8 (1)]

We now give an example of a good ideal in a blocked triangular matrix
ring which is not generated as a right ideal nor as a left ideal by an idempotent.
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D D 0 D
. . 10 0 0 O
EXAMPLE 2.5. Consider the ideal 4 = 0 0o o p| of theblocked
0 0 0 D
D D 0 D
. . 10 D 0 O C
triangular matrix ring M(B, D) := 0 0D DI D a division ring. The
0 0 0 D
only idempotents in .y which have non-zero entries in positions (1,1) and
1 r 00
0 00O . .
(4,4) are of the form 000 sl € D, and so it is easily seen that .xdf
0 0 01
has the desired properties. Note however that as an ideal (i.e. as a two-sided
1 00O
ideal) A, is generated by, for example, the idempotent 0000
F 1S g Y, ple, p 000 0
0 001
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1. Introduction

It is well-known in the martingale theory that the dual of the martin-
gale Hardy space is the BMO space (functions of bounded mean oscillation),
however the dual of the BMO space is not the Hardy space (see GARSIA [6],
NEVEU [7], WEISZ [12]).

In many investigations a subspace of BMO, the so called VMO space
(functions of vanishing mean oscillation) plays an important role. The dual of
VMO is known in the case when the terms of the stochastic basis are generated
by finite partitions of the basis probability space. In this case the dual of VMO
is the Hardy space (see SCHIPP [10], WEISZ [12]).

In this paper we shall deal with the dual of VMO in the general case.
It can be given as a factor space of a space consisting of some sequences

of ¢2-valued vector measures. The construction is based on the theory of
JB-orthogonality (SCHIPP [9]) and on some theorems about mixed norm spaces
(CSORGO [4]).

In the last section we apply our general result for the finitely generated

case, and we give a new proof for the above mentioned result: the dual of
VMO is the Hardy space.

2. Definitions and preliminaries

Let (Q,«, P) be a probability space, B C « be a sub-sigma-field, and
Eg : [P — IP(RB) be the conditional expectation operator (see NEVEU [7]). Let
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us recall some definitions and statements from the theory of $-orthogonality
(see SCHIPP [9]).

DEFINITION. Let ®@; = {p € I .iel } be a (not necessarily countable)
function system. @ is called

(1) B-orthonormal (%B-ONS) if E%(‘Piaj) =0 foreveryi,j€l,i#j and
there exists a set family A; €8, P(A;)>0 (i €I) such that Eg|p;|*= L,
(iel). Here 1 A denotes the characteristic function of A;.

(ii) B-complete if f € [? and Eg(fp;)=0 (i € I) imply f =0.

We note that A; = supp Eg|p;|* O suppp; and that any system ® can

be made $-normal by multiplication ¢; by (E93|(p,-|2)_1/ 2 on A; and by 0
on Q\ A;. One can easily prove—using Zorn’s lemma—that there exists a
B-complete B-orthonormal system in L2.

The functions Eg(fp;) (i €I) are called B-Fourier coefficients of f, and
are often denoted by f;. It is clear that A; D suppf;.

THEOREM A. (Bessel-identity and minimum property, SCHIPP [9]) Let

O={p; cL?:icI} beaRB-ONS in L?, I be a finite subset of I, f € L.
Then

2
inf{Eﬁp =Y higi| A€ L2(.73)} =
i€l
2
=E$P—§lﬁwi=ﬂ%VF—§:mﬁ
iEIO iEIO

THEOREM B. (Fourier-expansion and Conditional Parseval-formula,
ScHIPP [9]) Let @ = {p; € L* : i € I} be a B-complete B-ONS in L.
Then for each f € L? the index set

I={iel:f#0}

is at most countably infinite (Ir = {i; : k € N}, here N denotes the set of
nonnegative integers) and

N
lim Eg }/ — Zf’k “Piy
k=0

2
=0

N—o00
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and

> Vil =Y 1 |* = EglfI>.
k=0

iel

THEOREM C. (Conditional Riesz—Fischer Theorem, SCHIPP [9]) Let ® =
={p; € [?: i€ I} be a B-ONS in I? and A; € [2(B) (i € I) be a function
system with

(i) suppl; C A; and
(i) 3 [ |Ai|*dP< .
i€IA;

Then there exists a function f € L* such that f;=A; (i €1).

Let I be a nonempty index set, and let us introduce the vector space of
all ¢2(I)-valued, .4-measurable and essentially bounded functions, the space
L®(Q,d, P; €2(I)) or shortly L®(d; £2(I)) and the vector space of all ¢2(I)-
valued 4-measurable and P-integrable functions, the space LYQ, 4, P; £2(1))
or shortly L (A; KZ(I )) (cf. DIESTEL and UHL [5], IV.1.). These are Banach
spaces under the norms

1/2
“f”[oo A: 2 ‘= sup Hf(w)H[Z = Ssup § lf(w)|2
(L5 w€Q 0 wEQ l

iel

and

12
il .2y = / If @)l 2y dP(@) = / <Z m-<w>|2) dP®),
Q Q i€l
respectively. Let L5°(Q,., P; £2(I)), or shortly L3 (s ¢2(I)) be the closure
of the subspace of the KZ(I )-valued 4-simple functions in L*°(4; fz(l )) (cf.
CsSORGO [2]).
As in CSORGO [2] is pointed out, the dual space of LSO(A;KZ(I)) is

BA(; €2(I)), the space of finitely additive, absolutely continuous £2(I)-
valued set functions (vector measures, see e.g. DIESTEL and UHL [5]) with
finite variation, defined on . The norm on the space BA(A;ZZ(I )) is the
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total variation:

m
||M HBA ‘= sup Z ||/f‘(Bj)||52([) : {Bj} €P s,
j=1

where P denotes the set of 4-measurable finite partitions of Q. Remark that
if . is generated by a finite partition of Q, then L3(«; ¢2(I))=L*(«; £2(I)),

so the dual of L>°(d; €2(I)) is BA(A; €2(I)), that is isomorphic to L! as one
can see in CSORGO [4].

Let us fix the numbers 1 <p < o0, 1 <g <00, and define the quantity

(1) 1l p.q) = 15 PPl 10

for any .«{-measurable function f : Q — K (K denotes the real of the complex
number field.) Using the conditional Holder’s inequality (see NEVEU [7]) one
can easily verify that (1) is a norm on the vector space

Lgpgy =1+ Q=K : fisd-measurable, [[f[/(5)q) < oo}

Let {¢; : i € I} be a (not necessarily countable) B-complete B-ONS
in I2, and suppose that the corresponding sets A; are equal to Q (i € I).
Then the spaces L5 5 ) and L®(B; (1)) are isometrically isomorphic by
the identification f — (;,i € I) = (Eg(f®;),i € I). The subspace in L2 o)
corresponding to Ly® (B; £X(D)) by this identification is denoted by L35 )0
and consists of all functions f for which

N N 1/2 N
(Eﬂ? Lf - Zfik Pi > '/ - Zfik Pi
k=0 k:o

So the dual of Ligj )0 is BA(RB; ¢*(I)). Remark that if 3 is finitely
generated, then Lg 5 ) 0=L(32 ), moreover it can be proved without the
assumption A; =€2 that the dual of L5 ) is L 1) (see CSORGO [4]).

=0.
(B,2,00)

= lim
10 N—oo

lim
N—oo

3. Hardy and BMO spaces

Let (Q,4, P) be a probability space, By C B; C ... C 4 be a monotone

oo
increasing sequence of sub-o-fields, B_; := B, := {0,Q}, o ( U 5311) =.
n=0
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Denote by E, the conditional expectation operator with respect to B,,. Let us
introduce the following spaces:

The Hardy spaces Hy and # consists of all f € L! for which

[ llfy = || sup [Enf| || < oo
neN Ll
and
oo 5 1/2
Hf”}fl :Z‘ (ZEn—”Enf — B, _1f| > < 0,
n=I1 Ll
respectively.

Remark that I” ¢ H; C L! for all p> 1 and that L2 c ¢, C H; C L! (see
WEISz [12]).

The BMO spaces are the duals of the Hardy spaces. The spaces BMO,
and BMO, consist of all h e L! for which

n ‘ Evlh—E,_nP)"

— = Sup ( | ) < 00
Moy = PRI\ n .
and

n 1/2
||h’||BM02 ‘= sup (E’l |h - E;zh| ) < 00,
neN J=S)

respectively.

Remark that L C BMO, C I for all 1 <p < oo and that L°° C BMO, C

C L?. Moreover, the dual of Hj is BMO), and the dual of £ is BMO; (see
WEISS [12]).

The duals of the above defined BMO spaces are not the Hardy spaces
(H; and #; are not reflexive), but there are some subspaces of BMO, the so
called VMO spaces whose duals in certain cases are the Hardy spaces. Let us

(e.@)
denote by S the subspace of |J B, -simple functions.
n=0

The spaces VMO, and VMO, are defined as the closure of S in BMO,
norm and in BMO, norm, respectively. Remark that

(i) For every h € VMO, : nli_ngHE”M —En_]h|2)l/2||Loo=0, and
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(i) For every h € VMO,: lim ||E,|h — Eyh|$)'/2| 100 =0.
n—oo
In the finitely generated case (when every B, is generated by a finite

partition of Q), the converse is also true. Moreover, in the finitely generated

case the dual of VMO, is Hj, and the dual of VMO, is #1 [see ScHIPP [10]
and WEISZ [12]).

4. The dual of VMO, and VMO,

In this section two assumptions are supposed.
(i) For all n €N (p?, i € I,) is a B,-complete B,-ONS in L?* such that the

i ’
corresponding sets A; (= AY) are equal to Q.

oo
(11) lA_En—l(lA)eL(.%n,Z,OO),O (n GN, A€ U .%n).
n=0

Remark that the second assumption would be true if we wrote L(g,, 5 )
instead of L, 5 )0, because of

1B 14 = By (1|2 oo < M allgyro; < oc-
Furthermore, (ii) holds for n > ng+1, where n is an index for which A € ‘%"0’
because of
la—E,1(1g)=14-14=0€ Lg, > )0

To describe the dual of VMO, , it is necessary to introduce the Banach-
space

[ee]
y'= {u = n,n €N) ¢ ttn € BABn; ), Y llunllpa < oo}
n=0

oo
with the norm [[u||1= )" [|n||pa- Define the equivalence relation u ~v on
n=0

Y1 as follows: u ~v if and only if

oo
Z /(En((h —E,_1h)- W), i € Ly)dun =
n=OQ

-y /(En«h ~Eyih) M), i € Ldvy
n=OQ
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holds for any h € VMO, . It is well-known that the factor space Y/ ~
endowed with the factor norm

“[/”“YI/N Vlenw]Hvuyl
is a Banach-space.

THEOREM 1. The dual of VMO, is Y!/ ~. The functionals of VMO,
can be given as

oo
@ Fy =Y / (Bu((h — Fy_yh) - 9, i € L)ditn
n=0 g
(h € VMO3, = () € Y1),
PROOF. Let Xy = L(®, 1 )0 (endowed with the || . |3, 2,0)-n0rm)

(neN) and
x°= {g =(gn,n €N) : gn € X (n €N), nli_{gngnH(%n,Z,oo) :0}
with the norm

0
Igllx0 = sup llgnll(B, 2000 (8 € X
neN

First we embed VMO, into X 0 by the linear isometry
®h =(h — E,_1h, n € N) (h € VMO,).
Let us fix n €N and h € VMO, . From the estimation
[(@)n l|(B,,2,00) = 1B — En—1hll( B, 2,00) =
= Bl = By ah ! Pl1oe < [l gy < 0

it follows that (®h), € Lg, 7 ~)- To see (Ph), € L, 2 ~)0 We need to
show that for any € > 0 there exists a finite index set Iy C I,, such that

3) (@h)y = > By (@) - 9] ) -] <e.

i€l (Bn,2,00)
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oo

Since h can be approximated by |J B,-step functions in BMO, norm, there
n=0

exists a step function y € §' with the property

LOO
= I1Bal(h =) = Buos(h =) 120 = [Ih = llpy - < /2

N\ 1/2
Ik = @l 2000 = | (Bl = Bumth =+ By )

It is obvious by assumption (ii) that (dy), € L(%n 2,00),0- So there exists a
finite index set Iy C I, such that

@)y — > Ea(P)y - 1) <e/2.
iEIO (%n,Z,OO)

Applying the triangle inequality we obtain

@) (@h)n = Y Ea (@) - p7) - ]! <e.

i€l (Bn,2,50)

Since the functions E,((Dy ), -(p_l”) (i € I,) are in L*(B,), one can use the
minimum property of the 5, -Fourier coefficients (Theorem A):

2
E, |(®@h), — Y En(@h), - ) - pf'| <
i€ly
2
< Ey [(@h)n — > Eo(Dy)n - 1) - ]!
iEIO

After taking square root and L°°-norm and using (4) we obtain (3). So
(Dh), EL(_%H’Z,OO),O. Since (see Section 3)

. . 2:1/2
im ([ @)nll B 2,00) = Jim_ || Eall = By 18?1 =0,

so ®h € XY, The linearity is obvious. The isometry of ® can be obtained
from the equality

@k 40 = sup [[(Bulh — B, 1h|)1?| o0 = 121 grro--
neN 2
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Denote by M the range of ®. It is a closed subspace of the Banach-space
X0, and @ is an isometric isomorphism between VMO, and M.

Referring to the well-known theorem about the dual of X 0 (see SCHIPP
[10]) and to the theorem about the dual of L(%n,z,oo),o (see CSORGO [4]) we
can state that the dual of X? is Y'! by the identification

oo

Fi@ =Y [ o) i € h)dun) (g € X% € Y
n=OQ

Finally, referring to the well-known theorem about the dual of a closed sub-
space of a Banach-space (see e.g. RUDIN [8]) we obtain that the dual of

Mis Y! /M L, where M1 denotes the closed subspace of y! consisting of

functionals vanishing of M. One can easily see that Y'! /M L=yl / ~, and
that the functionals have the form (2) indeed. ]

An analogous theorem can be stated for VMO,. The assumption (i) is
unchanged, (ii) is modified to

(e.@)
(ii") la = Ea(14) € Lg, 0000 @ €N, A€ ] By).
n=0

Let us define the equivalence relation ~ on Y as follows: u ~v if and
only if

3 / (Ba((h—Fuh) D), i € T)ditn = / (Eu((h—Eyh)p™), i € Ly)dvy
n=OQ n=OQ

holds for any h € VMO,.

THEOREM 2. The dual of VMO, is the factor space Y'! / ~. The function-
als of VMO, can be given as

F =" [ (B = B o) 1 € s
I’ZZOQ

(h € VMO, i = (uy) € Y.
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5. Application for the finitely generated case

In this section we apply the Fourier-method to prove that the dual of
VMO is H; and that the dual of VMO, is #, in both cases provided
that each B, is generated by a finite partition {B{,...,By; } of Q. Here
P(BJf’) >0 (G =1,...,my,). (For another proof see SCHIPP [10] and WEISZ
[12].) There are no more assumptions, since in the finitely generated case
Li®,2,50)0 = LBy 2,00 S0 the assumption (ii) of the previous section is
satisfied, and since the other assumption (A;.’ = Q) will not be used in the
proof.

THEOREM 3. In the finitely generated case the dual of VMO, is Hy. The
functionals of VMO, can be given on the dense subspace S by

F(h) = /h fdP  (h €S, f € Hy).
Q

Furthermore, the functional-norm and the H -norm are equivalent:

1
®) Wl < IFl < C-1fllm,-

Here C is a positive constant.

PROOF. For every n €N let {p]' € [%:ie I, } be a B,-complete B,,-ONS
with the corresponding sets A¥, that are not necessarily equal to Q. Using the
construction in Theorem 1 and the results of CSORGO [4] we obtain that the
functionals of VMO, can be written in the form

©) F =3 [dndvi (e s)
n=0 ¢

where A, = (Ey((h — B,_1h)-pl"), i € I,) is in L(B,; ¢*(I,)) and v, €
€ BA(®B,; *(I,)). They have the properties suppd,; C AY (i € I),

[e.e]
0 Al oo ;20 =0 i (BD=0 1 B A7 =0 and 5 [vn[pa <c.
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The integrals in (6) can be transformed into Lebesgue-integrals, namely,
let

2 va(B])
1pn.
P(BI") B!

8n =
J=1

This function is in L'(By; €2(I)), suppgn; C AP (i € I) (cf. CSORGO [4])

and
/lndvn —/Z}vnz %dp

Q le[n

The functions g, ; can be regarded as 5,-Fourier coefficients of a function
fa GL(%’,,,z,l) (cf. Theorem C and CSORGO [4]):

gni=En(fn-9!) (i €L, n €N

So we can rewrite (6) in the form
i —_— - —
@ Fw=Y [ 3B oD By pap
n=0¢, i€h

The order of the sum by i and the integration can be interchanged by
Lebesgue’s theorem and by the estimation

/Z |En((h —E,_1h) Wﬂ ’ |En(fn 'Wﬂdp <

1/2 1/2
S B =By oD S 1B 0P| dP=
Q i€l i€l
1/2
/<En|h B th V2 Y [Bu 9P| dP<
i€l

< = Bymthll @y 2,00 1801111 50200y < 0
We have

(8) Fihy=Y"Y" /En«h — Ey_1h) - 1) - En(fn - pM)dP.

n=0i€h &
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The next considerations show that the n-th term of (8) is equal to

(9) /(h - En—lh) ']Tndp'
Q

Let {ix : kK € N} be the countable subset of I, (n is fixed) outside of which
the terms in the inner sum of (8) are equal to 0 (cf. CSORGO [4]). For any
N €N we have

N - —
[~ By Fap - kE%/En«h S AR WA
Q =Q

N
= /(h_En—lh)' fn_ZEn(fn‘PZ()(pZ( dP| <
Q k=0
N 2 1/2
S/(E”|h_En—1h|2>1/2- E, }’%—ZEH%-@-«)& dP <
Q k=0
N o 2 1/2
10§ < ||h||BM02_ / E, Pn - kZ%En(fn 1) ol dP

Q

The integrand in (10) tends to zero if N — oo (see Theorem B) and it has the

integrable majorant E, |f;, |2 (see Theorem A). So by Lebesgue’s theorem (10)
tends to zero if N — oo, which gives us (9).

Using this result one can write (7) in form

F =3 [0 =By FodP=3 [0 G =B e s)

n=0 ¢ n=0 ¢

o0
Since the series Y (f, — E,_1fn) converges in L'-norm to a function f € L!
n=0
(see WEISZ [12]) and A is a step function, we can interchange the sum and
the integral:

F(h):/h-Z(fn —En_]fn)dP:/h fdP  (h € S).

Q n=0 Q
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So the functionals have the desired form. On the other hand, for the norm of
the functional we can write (cf. Section 4 and CSORGO [4])

(e.@) oo oo
|F|| = Z HV”HBA(%,,;KZ(IH)) = Z Hg"”Ll(%n;ﬂ(IH)) = Z “an(%n,Z,l,)'
n=0 n=0 n=0

From now on we refer to the usual way (see e.g. WEISZ [12], p. 50) to prove

(5).

o0 o0
lle <3S NE DL, =33 Wallg, 20y =3+ I1F] < o,
n=0 n=0

hence f € H;. Moreover,—by Feffermann’s inequality (see GARSIA, [6])—
there exists a constant C > 0 such that

[EML < C-Ifll - 17l gy

consequently
IFII < C-Ifllmy - 1

Using similar constructions an analogous theorem can be proved for
VMO,.

THEOREM 4. In the finitely generated case the dual of VMO, is #. The
functionals of VMO, can be given on the dense subspace S by

F(h)=/h-fdP (heS, fedH).
Q
Furthermore, the functional norm and the #|-norm are equivalent:

Fllze, < NFI < C- [l llg,

where C is a positive constant.
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0. Introduction

The Minty—Browder monotonicity notion [2] was an important achieve-
ment of the nonlinear analysis. It throws a new light on many new results and
becomes a good instrument in various application oriented new investigations
[6]. Monotonicity characterizes the global behavior of an operator. Looking
for a simply local notion we introduced in [3] the so-called scalar derivative.

We are going to relate the existence of the scalar derivative with the
notion of conformity.

We shall also relate the nonexpansive (expansive) maps with the decreas-
ing (increasing) ones [3], giving this way a generalization of the well known
Lie correspondence between antisymmetric maps and isometries. Only the
finite dimensional case will be considered, which is enough to illustrate the
principal ideas.

Let R" be the n dimensional real Euclidean space with ( ., . ) the scalar

product and the norm of x defined by ||x||> = (x,x). Consider the operator
f:R" —=R" and let x be in R”. If there exists the limit

i ) —f 00y =)

y—x ly — x|

then it is called the scalar derivative in x and it will be denoted by f#(x). In

this case f will be called scalarly differentiable at x. If f#(x) exists for every x
in R”, then f is said to be scalarly differentiable on R", with scalar derivative
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f#. Throughout this paper we shall use the following theorem (Theorem 2.4
of [3]) concerning the scalar differentiability in a point:

THEOREM 0.1. Suppose that f :R"* —R", f =(fi,...,fn) is differentiable
at x) €R". Then the following statements are equivalent:

1) f is scalarly differentiable at x.

91 (x0) 9fn(x) . f;(xg) _ _ o)
20 2ipe, <20 B P00

Vije{l,.,n} i#j.

If we identify f with a vector field and the components of f satisfy
equations (2) (known in the literature as Killing equations [1]) then this
vector field will generate a one parameter group of conformal transformations.
So the above theorem shows that the scalar differentiability and conformity
notions are similar up to a Lie correspondence. We are going to detailate this
correspondence through this paper.

1. The coefficient of conformity and the conformal derivative

DEFINITION 1.1. Let f :R" —R" be a map and p € R". If there exists

a—r g —pll
then f will be called “conformaly differentiable in p” and f¢(p) is the “con-
formal derivative of f in p”. If f is conformaly differentiable in each point of

a subset U of R” then we shall say that f is “conformaly differentiable on
U”.

b

LEMMA 1.2. Let f : R" — R" be a differentiable v in p € R"*. Then f
is conformaly differentiable in p if and only if ||d f,(x)|| = A(p)||v|| for all
vectors v where A(p) is some positive real valued function of p which does
not depend on v. In this case f€(p)=A(p).

PROOF. “=" Let g=p+tv, with t >0, t — 0 and v an arbitrary but fixed
vector. Then g —p,

c . |lf(p+tv) _f(p)H 1
(p) = lim =—||ld s

from where we obtain the required equality A(p)=f¢(p).



SCALAR DERIVATIVES AND CONFORMITY 101

(1.1)

2
|V@+V%#Qﬂﬂ=v”V@+W—f@W2= |20l

v lvll2 IvlI?

_ MBI, d )0 e, )

2=
Ik pr el
:¢mﬁ+2@ﬁﬂtfn”>ﬂwwmm%
where
(1.2) w(p,v) — 0, whenever v — 0.

On the other hand
[{d p) 0 @) | _ lldfp0llle @, v

=1 V)|
[ ] ol
So
(1.3) <dfp(vﬁ;c’¢|) (p,v)> — 0, whenever v — 0
(1.1), (1.2) and (1.3) implies that
) —f o)
v—0 vl

exists and is equal to A(p). So f is scalarly differentiable at p and f€(p)=A(p).

THEOREM 1.3. Let f : U — R" be a map, where U C R" is an open set.
Then f is conformal if and only if it is conformaly differentiable on U. In this
case the coefficient of conformity A(p) is equal to f€(p) at each p from U.

The proof is a straightforward consequence of Lemma 1.2.

THEOREM 1.4. Let f : U — R" be a map where U C R" is an open set.
Then f is conformal if and only if
dfy odf, =ipyI,

for all p and some real valued positive function A(p), where d f,, denotes the
adjoint operator of df, and I the identity operator.

This theorem is an easy consequence of Lemma 1.2.
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2. Monotone vector fields and expansive maps

The following theorem is a well known result from the theory of Lie
Groups, which states that the Lie Algebra of O(n) is the set of antisymmetric
matrices. However, since we shall use the same idea in the foregoing that the
proof of this theorem, and since this is an easy proof of a classical result we
shall state and prove it.

THEOREM 2.1. Let v be a vector field on R" and vy (e,p) be the one
parameter transformation group generated by v through p. Then v is anti-
symmetric as a function from R" to R" if and only if, y (g,p) is an isometry
for every fixed ¢ .

PROOF. Theorem 1.1 of [3] implies that
Oy = Vlpep ¥ Ea) —yeE.p) =0
for all p, ¢ €R" and € €R. Hence

)~y =0
since
(e, q) — )= @eE.q) —pEp)weq) —peEp)
and
d
eV Ep) = V] p)-

Thus we have ||y (e,q) —y (¢,p)||=constant for p, g fixed. If we put € =0 in
this relation we obtain

lp(e,q) —yE,p)l=llqg —pll

for all p and ¢, since ¥ (0,p)=p. The converse can be proved similarly.

THEOREM 2.2. Let v be a vector field on R" and vy (e,p) (€ > 0) the
one parameter transformation group generated by v through p. Then v is
increasing (decreasing) as a function from R" toR" if and only if, ||y (¢,p)—
—(e,q)|| is increasing (decreasing) as a real function of € for all p, q fixed.

PROOF. “="

(VIpe.q) = VIipe ¥ Eq) —w(e,p)) >0
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V p, g €R" and V ¢ €R. Hence as before

1d )
igllw(s,q) —y(e,p)||” >0,

from where it follows that ||y (¢,q) —y (e,p)]| is increasing.

“<"1If ||y (e,p) —y(e,q)| is increasing so is ||y (e,p)—zp(e,q)Hz, hence

d 2

—|lp e, p) — (e, >0

v e.p) —yie,q)l
which is equivalent to

(Ve = Vipep»¥E9) =Y e,p) >0
V p, g €R" and V ¢ €R. For ¢ =0 we have that
(vlg =vlg-a —p) >0
for all p and ¢g. The case v decreasing can be treated similarly.
THEOREM 2.3. Let v be a vector field on R" and vy (e,p) be the one pa-

rameter transformation group generated by v through p. Then v is increasing

(decreasing) as a function from R" toR" if and only ify (¢,p) is an expansive
(nonexpansive) function of p for all ¢ >0 fixed.

PROOF. If v is increasing, then it follows from Theorem 2.2 that ||y (¢,p)—
—y(e,q)| is increasing for all p, g fixed. Particularly & > 0 yields

I (e,p) = (el > lIp —ql

so Y (e,p) is an expansive function of p.

Conversely, if y (¢,p) is expansive for all ¢ >0 fixed, then we have

||1/)(6 _871/)(8719)) _1/)(5 _871/)(87q))“ Z ||1/)(87p) _W(S,Q)“

for all  >¢ >0 and all p, g from R". But 9 (0 —e&,y(e,p)) =y (d,p), since
Y (e,p) is an one parameter transformation group, so

for all  >& >0. So ||y (e,p) —y(e,q)| is increasing as a real function of &
for all p, g fixed. Hence by Theorem 2.2 v is increasing as a function from
R" to R".
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2. The connection between the coefficient of conformity and scalar
derivative

We have seen that the conformal derivative is exactly the coefficient of
conformity for one parameter conformal transformation groups generated by
Killing vector field, whose components are satisfying the Killing equations.
These vector fields are exactly the scalar differentiable ones, regarded as
functions from R” to R". We are going to compute for the one parameter
transformation groups generated by such fields, the conformal derivative (or
coefficient of conformity) in terms of the scalar derivative of f.

DEFINITION 3.1. A vector field on R" is scalarly differentiable if it is
scalarly differentiable as a function from R” to R".

THEOREM 3.2. Letv be a scalarly differentiable vector field on R" and
Y(e,p) (e >0) the one parameter conformal transformation generated by v .
Then we have

(3.1) |dyp(h)|| = exp /v#(w(é,p))dé 7]
0

or equivalently
5

veep =ep | [ V@0
0
for all h, where the left hand side of (3.1) is understood to be taken in €.

PROOF. From the chain rule we have that

d

de

where dy), is taken in ¢.
We have that

d
dyp =d_—p(e.p) =d [Vl p)] = dvye p) © dYps

<V|1/J(S,p)+th - V|1p(g,p),th> _
2k

<V|w<e,p>+rh — Ve h> _ (@D lpepy )i h)
t k]2

v¥ (@ (e,p)) = lim
t—0

= lim
|R]12 t=0

for all A.
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If we put dyp(h) in this chain of relations instead of &, we obtain:

((@v e p) © dpp)(h), dypp(h)) <%dwp(h),dwp(h)> B

#
V)= [l ]
1 Gy
T2 ldyp ()2
So
d #
(3.2) - Inldyp(m)]| = vFap(e.p).

Integrating (3.2) from 6 =0 to 6 =¢, we obtain

3

In [[dyp(h)]| — In||h] = / v (8, p))do,
0

and from here the required relation. Here we used that dvy), is the identical
map for £ =0. This is an easy consequence of the Taylor expansion of ¥, see

[5].
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1. Introduction

Hilbert modules over a commutative C*-algebra A were introduced by
I. KAPLANSKY in 1953 ([3]). A step forward in this theory was made by
W. L. PASCHKE in 1973 by his doctoral thesis ([7]) and, almost at the same
time, by M. A. RIEFFEL ([10]), but by another point of view, different of that
of Paschke. Today Hilbert C*-modules represent an important instrument of
study in KK -theory ([4]), in the C*-algebraic approach to quantum group
theory ([14]), but also in the prediction theory ([9], [6]).

A complete correlated action is, in fact a pre-Hilbert £ (#)-module (#
being a Hilbert space). The existence of a self-adjoint projection in the
parameter space in a complete correlated action which punctually corresponds
to an orthogonal projection in the measurements space (to see [12] for a
complete proof) suggests a certain structure of a complete correlated action in
order to allow the complementability of the “orthogonal complement” of an
£L(#)-submodule in the correlated action pre-Hilbert module. We shall prove
that the structure we are looking for is self-duality and we shall specify the
Hilbert submodule corresponding to the self-adjoint projection mentionned
above.

In the development of the prediction theory an important role was played
by a geometric type result, namely the Wold decomposition in its various
variants ([13]).

Among the Wold type decompositions met in literature [2] (in smooth
and reflexive Banach spaces), [8] and [9] (on Hilbert C*-modules), only the
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last seems to apply in this context. Hence, as a consequence of the results
obtained and of the decomposition in [9] it will be finally given a short proof
of the Wold decomposition for stationary processes in complete correlated
actions.

2. Notations and Preliminaries

Let A be a C*-algebra and E be a right A-module having a compatible
structure.

A map (-,-) : ExX E — A linear in the second variable is said to be
A-valued inner product on E if it satisfies

(i) (x,x)>0,x €E;

(i) (x,x)=0 if and only if x =0;

(iii) (x,y)"=(y,x), x, y €E;

(iv) (x,ya)=(x,y)a,x €E, a € A.

The couple (E,(-,-)) is said to be a Hilbert A-module if moreover the
norm

el =1l x.x) 1172, x € B

is complete.

A pre-Hilbert A-module is said to be self-dual if every bounded A-
module map 7 : E— A has the form

t(x)=(y,x), x€E,

y € E being uniquely determinated by 7. As it is seen in [7] every self-dual
pre-Hilbert A-module is complete.

Let A be a von Neumann algebra. On a pre-Hilbert A-module we shall

introduce two important topologies:

e s-generated on E by the family of seminorms (py )y, pp (x)=¢ ((x,x))]/ 2
x € E, where ¢ is running through the set of all positive linear functionals
in the predual Ay of A;

e g-defined with the convergence help: for x, € E, a € I we say that

Xo gIO if for every f,, € Ax, x, € E(n € N*) with the property that
ae

el
Z [ llllxn |l E < oo we have an Xns Xer ) )a_>0
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It is not hard to see that s is stronger than o, and if E is self-dual then
o =0(E, E,) the s topology being compatible with the duality E=(E,)* (we
denoted by E. the predual of E constructed in [7]). Consequently the convex
sets (in particular the submodules) in a self-dual Hilbert module have the same
closure with respect to these two topologies.

For a pre-Hilbert module collection (E ), over the von Neumann algebra
A its ultraweak direct sum (according to [7]) is the pre-Hilbert A-module

3 Bx = {x = Gadaer € IT E«lsupll D (asxa) || < oo},

acl F o geF

() Geder) =1im Y (v yk) s Cadar Gada € F Ea,
Fier acl

where F is running through the set & of all finite parts of I, and the notation
lilgn represents the ultraweak limit. Furthermore if (E, ). is a family of parwise

orthogonal (that is <Ea,Eﬁ> =0 for ¢ # B) submodules in a pre-Hilbert
A-module E then their direct s-sum

E; :={x =s—lim Z X |Xa € Eq(a € 1) and (x4 )q e is s-summable}
acel Fe%aeF

is a submodule of E with the property
,y) =lim , , forevery x =5 — lim
(x,y) e Z<xa Ya) very x =s — 1 Zxa

aeF Fe7 cF

and

y=s — lim Zya in E,
Fe%aeF a€el

(to see [9] for a complete proof).

A submodule E; of a Hilbert C*-module F is called complementable if
there exists another submodule E; with the properties E=Ey+E; and E; L E;
(that is (Ey, E;)=0). For simplicity we shall use the notation E=Fy® Ej.

An operator T : E — F between two Hilbert C*-modules is said to be
adjointable if there exists T*: F— E (called the adjoint of T) such that

(y,Tx)=(T*y,x), x € E,y€F.
The set of all adjointable operators from E to F is denoted by £ 4(E,F)
(respectively £ A(E) if E=F), and for T € £ A(E, F) it is used the notation
[E,F, T] (respectively [E, T] if E=F).

With a classic case similar proof we mention.
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PROPOSITION 2.1. Every A-linear and bounded operator between two
Hilbert C*-modules, the first one being self-dual, admits an adjoint.

Let us suppose that K is a self-dual submodule of a Hilbert module E.
The natural embedding i : Ey — E admits an adjoint i*, and the range of ioi*
is Ey. Furthermore E = Ey® E; where E; =ker(i oi*), that is:

COROLLARY 2.2. Every self-dual Hilbert submodule is complementable.

A particular class of adjointable operators on a Hilbert module is repre-
sented by A-linear isometries with complementable range. Among these we
can mention unitary operators and s-shifts.

DEFINITION 2.3. Let E and F be two Hilbert A-modules

e U:E—F is called a unitary operator if it is isometric and surjective;
e S:E — E is called an s-shift if there exists a Hilbert A-module F such
that S and Sg are unitary equivalent (we denoted by Sr the operator on

oo
the ultraweak direct sum F,
n=0

(x0, X1, - --) = (0,0, X1, .....)).

In 1994 E. C. LANCE showed (in [5]) that unitary operators U admit
adjoints U™* with the properties UU* =Ir and U* U = Ig. The same results,
but with another proof (shorter), can be found in [9].

3. Self-Duality of £(#,X)

For the beginning let us mention some general results of the Hilbert
C*-modules theory, results which will found their applicability in this section.

Let A be a von Neumann algebra and E be a pre-Hilbert A-module. The
next proposition has a detailed proof in [1].

PROPOSITION 3.1. E is self-dual if and only if the closed unit ball of E
(denoted by (E)|) is o -compact.

Taking this characterization into account we can formulate:

COROLLARY 3.2. If E is self-dual and Ey C E is an s-closed submodule
(so o -closed also) then Ejy is self-dual.
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Particularly the orthogonal complement Ed- ={x € E|(x,Ey) =0} of a
submodule E, C E is s-closed which allows the decomposition

1 11

Let # and KX be two Hilbert spaces. Denote by £(#,K) (L(F) if # =
= X)) the space of linear and bounded operators from # to J. The right
£L(F)-module (natural) structure

LIH,I) x LFH) > (T, A) — TA € L, X)
and the £ (#€)-valued inner product
LK) x LH,K) D (S, T) v (S, T) = S*T € L)

equip £(#,K) with a pre-Hilbert £(#)-module structure. This pre-Hilbert
module is even Hilbert because the norm induced by the above defined inner
product is exactly the operator norm.

THEOREM 3.3. L(H,KX) is a self-dual Hilbert £(#)-module

PROOF. Let 7 : £(#H,K) — £(#) be linear and bounded A-module map.
Equivalentely ([7]) T verifies the inequality
(Dt (T)<MT*T, TecLH,X)
for a constant M independent of T.
In particular

€} TE =0,& € # implies (T)5 = 0.
Fix £e€#, £ #0. The map

: K — C, 0 ,neX
Pe OE ||§||2<T( pEENE), 1

is linear (for & € # and n € X we denoted by 0,],,5 the operator & — (¢,&)7n)
Furthermore

e ()] < ||é'|| 170y XN < Izl 1l = Il Il 1I.€ € H,n € X,

that is ¢g is bounded in norm with [|7[|||§||. The Riesz representation theorem
insures the existence of a unique S& € X which verifies

1
(2) TP <T(9ﬂ,§)(§),§>% = (1,884, €X.
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We define a map S:# — KX (consider S(0)=0) such that S €e£(#,X).
For A €C, SG.% and n € X' we have

1
||A§||2 <r(6,,,,1$)(/15) /1§> EE <T(6/Tn,§)(‘§)’g>% -
= </177,S(E)>X =, ASE)) g

So S is homogeneous.
The additivity requires more preparations. If &', £” e #* =3¢\ {0} with
<E’,’g‘”>%:0 then, for all n € X

11120, gn(E") = [IE"|211E"|1Pn = 6, g1,en(IE'I%E")

(n, SAE))

and
IE"11%6, £ &) = IE"IP1IE"1Pn = 6, gr4en(IE"1EN.
Applying two times the relation (1), for € X,
IE" 1770, g E") =76 g1, emIE'IIPE") = 7O gr,em)IE" (78" =
= [|E" P70, £ (&)

Furthermore, in the same conditions 1(6,],_,5/)(&‘” ) = 1(6,],_,5//)(5’ ) = 0. The
following calculus

(1, SE +E"))y =

- ; I gl gl gl
= ||§/||2+ “EIIHZ <T(017,r§/+§”)('§ +§ ),.’;: +'s;: >J{ —

_ 1 N INEY /Ay, _
- ||§/||2+ ||§/,||2 <<T(9ﬂ,§/)('§ ),'S +§ >]{+<T(677"§”)(§ ),E +§ >%) =

: I&'|1? o
" e e (( O )ENE ), + e (10 ENE"), +

||§”||2 N N/, _
IIS’HZ (v, 1ENE >}f+<r(9,7,§,,)(§ ),E >ﬂ7 -

“E ||2 <T(0,7 g )(E) ‘f:: > “E”“Z <‘L’(077 E”)(‘SH E”>
_<77’SE +S‘§”>]{, n e X

+
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shows that S(E'+&")=SE&'+ SE' holds indeed.

More generaly, if (e )¢ is an orthonormal basis in #,&; and &, two finite
linear combinations of basis elements and 41, 4, € C then, applying the results
proved above

S1&1 +4282) =

=S4 D Aea+ D Gidg+Adpea+iy Y Ageq | =
a611\12 CCGI] ﬁIz 0!6[2\[]
(3) =415E1) +428(52).
To pass to entire £ we need some sort of continuity for S. Let §,,E €#(n €
€N) with £, —&. Then
| (1, 8&n) — (1, SEY | =1 (0, SEn —EN | < Imllllc g —Ell, n €N,y € X,

that is (S&,,n) = (SE,n), n € X. Passing to limit in (3) we obtain that S is
indeed linear.

Furthermore, for £ € #£*,

ISE|I* = (rOs££)E)E) < rlltlllfse N = ISE NI IE N,

1
[HE
that is S €£(H,X) and ||S|| < ||z

Finally, for TGQK(%,]{) fixed and & € ™, using again (1),

B IIEII

T = | &HZ O7¢ £ &) implies 7(T)(E) =

By replacing in (2)
(T(TYE),E)gp = (TE,SE) g = (ST (&), E) gy, E€H
that is 7(T)=S*T=(S, T) and the proof is ended. ]

(0
IIEHZ 7O 7¢ £)(E)-

The proof presented above seems to be more natural than the one given
by M. A. RIEFFEL in [11] in which the author uses a Gram—Schmidt-type
precess.

In the following we need a few notions.
DEFINITION 3.4. e Let #£ be a Hilbert space. The triplet (#,E,(-,-))
is said to be the correlated action of £(#) on E if (E,(-,-)) is a pre-Hilbert

L(#)-module. In this case E is called the state space, # the parameter space,
and (-,-) correlation of the £(#) action on E.
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e In particular (#,£(#,X),(-,-)) presented above is called operator model.

Every correlated action can be embedded in an operator model (to see
again [12] for detailled proofs).

PROPOSITION 3.5. Let {#,E,(-,-)} be a correlated action. Then there ex-
ist a Hilbert space X (called measurements space) and an algebraic embedding
Esx % p(x)eL(H,K) with the properties:

() (x,y)=px)*p(). x,y €E;

(i) K={p(x)é|x e E,E€d}.

This decomposition is umique (up to a unitary equivalence).

If ¢ is surjective then {#,E,(-,-)} is called complete correlated action.

REMARK 3.6. A complete correlated action E is a self-dual Hilbert £(#)-

module. Indeed, if 7 : E —£(¥) is £(#)-linear and bounded then 7 o ~! is
an £(#)-linear and bounded “functional” on £(#,X). Use now Theorem 3.3.

It is not difficult to observe that, having a submodule E; of E (a correlated
action) and denoting by K=/, ¢ E ¢ (x)#, the formula

¢ (xg) = PJC()‘P(X), x€E
defines a projection of the C*-algebra £ 4(E),
E>x — PEO(x) =x9 € E.

Furthermore ¢ (x9)5 € Xy and ¢ (x —xp)& EK(J)‘, EeH.

In the following we shall calculate this projection range and make the
connection with the results at the beginning of this section.

PROPOSITION 3.7. Let {#,E,(-,-)} be a complete correlated action and
Ey an £(#)-submodule of E. Then Pg, 1s the orthogonal projection corre-

sponding to E(f-J- :ES in the decomposition
E=E; @ E.
Consequently R(Pg,) =E,’.

PROOF. Let x € E. Then x L E, if and only if ¢(x)*p(y) = 0, for
every y € Ey. Taking into account the definition of K this is equivalent



SELF-DUAL HILBERT C*-MODULES 115

to ¢ (x)*|Ky=0. So (p(x)*ijo =0 and, by passing to adjoint Py ¢ (x)=0.
Hence

x L Ej if and only if Pg,(x) = 0
and the proof is ended. |

COROLLARY 3.8. In conditions of the previous proposition we have

x —Pgx,x —P x>= inf (x —y,x —y), x €E,
(x — P, Ey* ) = nf )

the infimum being taken over the set of positive operators in £(#).

PROOF By a standard method we find that
inf (x —y,x —y)= inf (x —y,x —y), x €E.
YEE) yEE'
It remains to prove that
<x — Pgyx,x —PEOx> <{x-y,x—y), x€E,y GES.
Indeed, for x € E and y EES,

(x —y,x —y)= <(x — Pgyx) + (Pgyx — ), (x — Pgyx) + (Pg,x —y)> =
= <x — PEyx,x — PEOx> + <PEOx — Y, Pgyx —y> >
2<x—PEOx,x—PEOx>. 1

4. Wold Structure

In this section we give some applications of the above results concerning
the possibility of obtaining Wold-type decompositions.

DEFINITION 4.1. Let E be a Hilbert A-module. A closed A-submodule
L CE is said to be wandering for the A-linear isometry V if
V"E L E, for all n € N*.

PROPOSITION 4.2. (/9]) Let E be a self-dual Hilbert A-module and S an
A-linear and bounded isometric map on E. Then S is s-shift if and only if
there exists a submodule L C E, wandering for S such that

00
E = S"L.
n=0
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PROOF. We give only a sketch. If S is s-shift then according to Definition
2.3 S is unitary equivalent to the standard shift Sg (F being a Hilbert A-
(o)
module) by the unitary operator U : E — F. Denoting L = U*F one
n=0
obtains that L is wandering for S and

m

E = {U"(xp)n|Gn)n =5 — mli_r)noo Z(O,...,O,xk, e} = S”

n—O
(e.@) (e.@)
Conversely, by the equality E=[# S"L, we define U:E — [# L,
n=0 n=0

U(x) = (Iy)n, where x =s — lim Zs lg,x € E, Il € L(k € N).
n—oo

k=0

U makes an equivalence between S and Sf. |

Let E be a Hilbert A-module and [E, V'] be an isometry. It is not difficult
to observe that, for all n €N,

n
E = @ vkL o V™I E, where L =ker V*.
k=0

To this decomposition corresponds

n
X = Z Vklk + V”+1zn+1, where {ly }y_o C L,zy41 € E,
k=0

L =g — VVHVHyx 20 = VI vy e N

Taking into account these results and the properties of s-topology on self
dual Hilbert modules it can be proved the following theorem obtained in [9]
in a more general background.

THEOREM 4.3. Let E be a self-dual Hilbert A-module. Every isometry
LE, V] admits a Wold-type decomposition, that is there exist two submodules
Ey, E| CE such that

() E=Ey® Ey;
(ii) Ey (and consequently E|) reduces V ;
(iii) V| Ey is a unitary operator and V | E; is an s-shift.
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This decomposition is unique.

COROLLARY 4.4. Let E be a self dual Hilbert A-module and [E, V] an
isometry. Then V is s-shift if and only it V' is completely non-unitary (that is
the restriction to every non-null closed reducing submodule it is not a unitary
operator).

In the following E will be a complete correlated action having the pa-
rameter space #. A discrete stationary process is a sequence (f; ), cz with the
property that (f,,f;;) depends only on the difference m —n and not on m or n
separately. The stationary process (g, ), ¢z, is called white noise if (gn,gm)=0
for m # n. The stationary process (f,), contains the white noise (gp); if:

(1) (fn,gm) depends only on the difference m —n and is equal to O for
m>n;

0

(i) e C V o(fi)H;

k=—o0

(iii) Re (fy —gn-gn) >0, n€Z.

The stationary process (f;; )y, is called deterministic if it contains no non-
null white noise. (f;;);, is called the moving average for the white noise (g )n
if

(i) {fn}n contains {g }n;

» [ee] oo

i V o=\ ¢E.

n=—oo n=—oo

We can give now a new proof for the Wold decomposition theorem for
discrete stationary processes.

THEOREM 4.5. Let (fy), cz be a discrete stationary process. There exists
a unique decomposition of the form

fn=u11+v,,t, I’LGZ

where

(a) (up)n is the moving average of the maximal white noise contained in
(fdns

(b) (vu)n Is a deterministic process;

(¢) (un,vm)=0, for allm, n €Z.
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PROOF. Let Ef; , n € Z the s-closed £(#)-submodule generated by

(fm)m<n- Extending this notion we obtain similarly Ego The relation
Eo 3 fo = Upfy) =fus €Ey  neZ

defines a unitary operator on Ego
Eg is invariant to Uf* and so we can build the isometry V = Uf* | Eg .
Eg being an s-closed submodule in the self-dual Hilbert £(#)-module E it is

also self-dual (Corollary 3.2). Using Theorem 4.3 [Ef , V] admits a Wold-type
decomposition

o0
E)=(\ V"E) ® B V"L where L® VE, =E).
n>0 n=0

This equality written in operator form becomes I o =P+ Q, where P and Q
0

are self-adjoint projections. The relations
fn=U'Qfo+ U'Pfy, nel

represent the Wold decomposition that we are looking for. |

References

[11 BAILLET, M., DENIZEAU, I. and HAVET, J.-F., Indice d’une esperance condition-
nelle, Compositio Math., 66 (1988), 199-236.

[2] FAULKNER, G.D. and HUNEYCUTT, L.E., Orthogonal decomposition of isometries
in a Banach space, Proceedings of the AMS, 69 (1978), 125-128.

[3]1 KAPLANSKY, L., Modules over operator algebras, Amer. J. Math., 75 (1953),
839-858.

[4] KASPAROV, G. G., Hilbert C*-modules: Theorems of Stinespring and Voicu-
lescu, J. Operator Theory, 4 (1980), 133—-150.

[5]1 LANCE, E. C., Unitary operators on Hilbert C*-modules, Bull. London Math.
Soc., 26 (1994), 363-364.

[6] OzAWA, M., Hilbert B(#)-modules and stationary processes, Kodai Math. J.,
3 (1980), 26-39.

[71 PASCHKE, W. L., Inner product modules over B*-algebras, Trans. Amer. Math.
Soc., 182 (1973), 443-468.



SELF-DUAL HILBERT C*-MODULES 119

(8]

[9]

[10]

(111

[12]

[13]

[14]

Porovict, D., Orthogonal decompositions of isometries in Hilbert C*-modules,
J. Operator Theory, 39 (1988), to appear.

Popovicl, D., Stationary processes in connection with Wold-type decomposi-
tions in Hilbert C*-modules, Kodai Math. J., submitted.

RIEFFEL, M. A., Induced representations of C*-algebras, Advances in Math., 13
(1974), 176-257.

RIEFFEL, M. A., Morita equivalence for C*-algebras and W*-algebras, Pure
Applied Algebra, 5 (1974), 51-96.

VALUSESCU, 1., Operator methods in prediction theory, Math. Reports, 33
(1981), 343-401.

WoLD, H., A study in the Analysis of Stationary Time Series, Uppsala, Stock-
olm, 1938.

WORONOWICZ, S. L., Unbounded elements affiliated with C*-algebras and non-
compact quantum groups, Comm. Math. Phys., 136 (1991), 399-432.






ANNALES UNIV. SCI. BUDAPEST., 40 (1997), 121-130

THE CONJUGATE GRADIENT METHOD FOR A CLASS OF
NON-DIFFERENTIABLE OPERATORS!

By
J. KARATSON

Department of Applied Analysis, Eotvos Lorand University, Budapest

(Received October 30, 1997)

Introduction

The conjugate gradient method (CGM) is one of the most frequently
used methods for solving algebraic systems of equations, not only among
the gradient type methods but also among all iterative methods (see e.g.
[10]). It is used efficiently for boundary value problems of elliptic differential
equations after discretization.

Both the gradient method and the CGM have been extended to Hilbert
space setting. The results on the gradient method concern, on the one hand,
bounded linear and Gateaux differentiable nonlinear operators ([5], [7], [8]),
on the other hand, certain unbounded linear and non-differentiable nonlinear
operators that can be transformed to have the first mentioned properties on
a suitable energy space ([6], [7], [12]). The latter methods allow direct ap-
plication (without discretization) for differential equations in Sobolev spaces.
Following the results of [1], [2], the CGM in Hilbert spaces was first given
thorough investigation by [3]. The results for bounded linear and Géateaux
differentiable nonlinear operators have undergone further development (see
e.g. [5], [9], [11]). The extension of the CGM to unbounded linear operators
and its application to linear differential equations is also found already in [3];
however, for non-differentiable operators the method has not been established
yet.

! This research was supported by Hungarian National Grant OTKA Nos T 019460 and
F022228
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Our aim is to show that the transformation which we used for the ex-
tension of the gradient method to certain non-differentiable operators in [12]
also works for the CGM. This transformation is applied to the original method
of [3] (the approach being apparently applicable to later modifications). The
solution of the equation that contains a non-differentiable nonlinear operator
is reduced to the successive solution of auxiliary linear equations. Then an
example illustrates the main consequence of this result, i.e. how the obtained
method can be applied to elliptic boundary value problems directly in the
corresponding function spaces.

1. The classical CGM

In this section we recall the method in [3] which will be transformed.

The method is first proven to exhibit global convergence, then conver-
gence estimates are given near the solution which show the greatest advantage
of the CGM, i.e. the optimal rate of convergence. The results on the so-called
basic CGM can be grouped into one theorem, given in the sequel. First
we summarize the assumptions and the construction of the approximating
sequence.

ASSUMPTIONS 1. (i) Let H be a real Hilbert space, J: H— H a continu-
ous operator which is twice Gateaux differentiable.

(ii) Let A>a >0 and B >0 be given constants; assume that there exist
up € H and R > 0 such that for any u € B(up, R):={u € H: ||u —up|| <R} we

have al|h||? < (J'(u)h,h) < A||r||?> and ||J"(w)|| < B.
(iii) Denote by ¢ : H — R the potential of J (which exists by the previous

assumptions) and assume that {u € H :¢(u) <¢(ug)} C B(ug, R) holds for the
level set corresponding to uy.

(We have changed in two points the original assumptions of [3]. The
assumption on (] ! (u)h,h> in (ii) has been reduced from the whole space to
B(ug, R), since this is sufficient together with (iii). Also, [3] assumed Fréchet
differentiability of J but only used Gateaux differentiability.)

THE CG ITERATION. Let ug € H be as in assumption (ii), pg=ro=—J(ug).
For n € N ={0,1,...}, successively, let u,,q := uy +cppn wWhere ¢, is the
smallest positive root of (J(un +cpn),pn) =0; set r,4q = —J(Upt1)s Prsl =

=rp41+bnpn, where by :=— <Jl(”n+l)pnarn+l>/<]/(”n+l)Pn’Pn>-
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1/2
FURTHER NOTATIONS. For any n €N let ¢, := <J’ (un)_lrn,rn> . Fur-

. B A . VAB — _4aA_Mn — A—a
ther, let d := ? <3+E), Nn = Wﬁ‘n, Op = (A+a)2 T+in +d8n, q = Ata’

dn :=(q2+0n)]/2, Ry 3:(1(14/:]”)571-

Then we have

THEOREM 1 ([3]). Under the above assumptions the following hold:

(1) The equation J(u)=0 has a unique solution u™ € H, and the sequence
(un) of the CG iteration converges strongly to u™.

(2) Let Ny€N be such that Ry, < R and on, < 1—q?. Then

(1.1) lun — u™[| < RNy “qNy - ANg#1 - dn—1 (1 > Np).

(Note that limqg, =q ).

(3) Let Ny be as in (2). Then for any m > Ny there exists N, € N such
that

2m
(1.2) En+m < | 4 M +0, | &n (n > Np)
VA+./a

where 1imo, =0. (Note that &, is equivalent to ||J(uy,)| and ||up —u™||.)

The above method encounters difficulties in the case of differential op-
erators. First, they do not fulfil themselves the conditions of the method.
Secondly, in the case of the corresponding generalized differential operators
(which usually fulfil the assumptions) the steps of the iteration cannot be
determined in general. The reason of this is that the generalized operators
are not defined explicitly.

2. The CGM for a class of non-differentiable operators

The CGM is now established for non-differentiable operators 7 that can
be transformed to have the required differentiability properties on the energy
space of a suitable auxiliary linear operator. This linear operator can be
regarded as a special kind of preconditioner. The solution of the equation
containing T is thus reduced to the successive solution of auxiliary linear
equations.



124 J. KARATSON

THEOREM 2.1 Let H be a real Hilbert space with scalar product ( , ).
Let D C H be a dense subspace and T: D — H a non-diftferentiable nonlinear
operator. Let B : D — H be a strictly positive linear operator and denote
by Hp the energy space of B, ie. the completion of D with respect to the
scalar product (u,v)p = (Bu,v) (u,v € D). (Denote by || | and || ||p the
corresponding norms of H and Hg.) Assume that the following conditions
hold:

(i) R(B) D R(T);

(ii) the operator B~ T : D — Hpg has an extension J : Hg — Hp which
fulfils Assumptions 1 on Hpg.

Let ug € D, py=ry=—B ' T(ug). Forn €N, successively, let i, :=
= {ly + Cypn where &, is the smallest positive root of (T (il +cpn),pn) = 0;
set

Past = =B T(@p41)s  Pust 1= Pust +bubn,
where by = — (J'(@y+0)Pns Fus1) g / (T (@ns1)Pn,Pn) g -

Then the following hold:

(1) The equation T(u)=0 has a unique weak solution u* € Hg, i.e. for
which

@.1) (Ju),v)p=0 (v € D),
and (i) converges to u™ strongly in the norm of Hg.
(2) The linear convergence estimates (1.1) and (1.2) hold for (ii,) in Hg.

(If B has positive lower bound then (il,,) converges tou™ also in the norm
of H.)

PROOF. Owing to the assumptions, Theorem 1 applies to equation J(u)=
=0 in the space Hg. Hence there exists a unique u* € Hg which satisfies
J(u*)=0. (This can be regarded as the generalized solution of T'(u)=0 since
for u € D the two equalities coincide.) Further, the sequence defined by the
CG iteration in Hg converges to u™ according to (1.1)—(1.2).

It is clear that the obtained generalized solution u* € Hp is the unique
weak solution in the sense of (2.1) since D is dense by definition in the energy
space Hg. Thus (1) holds.

We have to show that the CG iteration coincides with the sequence (i)
defined in the present theorem. Indeed, if ug € D then (by the definition of
J) we have J(ug) = B! T(ug), hence pg=rp= —B~! T(ug) =pgo =ry; further,
by the assumption R(B) D R(T) this implies that pg € D(B)= D. From this
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we can see by induction that in each step of the CG iteration u, ,p, are in D,

Fpe1 = =B 1 T(u,,p), and (J(uy +cnpn),Pn) g = (T(up +cnpp),pn). Indeed,
if ug,pr € D then uy | =uy +cppr € D, hence (just as for k =0) J(ug4p) =

=B~! T(uy+1) and J(ug,1) €D, i.e. rpy 1 €D, and finally py 1 =rg1 +bgpr €
€ D. Further, for any ¢ > 0 (J(up+cpn),pn)pg = <B_] T(un+cpn),pn>B =

= <BB_] T(uy, +cpn),pn> =(T(up+cpn),pn). These equalities mean that for

any n € N* uy,, ry, pn, and b, coincide with i, #,, p,, and b,,, respectively.

Since (uy) coincides with the CG iteration in Hp, the estimates (1.1)—
(1.2) apply to (uy), thus (2) holds. |

EXAMPLE. The following example illustrates how the obtained method
can be applied to elliptic boundary value problems. To reduce the length of
calculations, we consider the simple semilinear problem

{—Au+u3:g

(2.2)
Q=0

where Q:=[0,77] x [0,7] CR?, g € L2(Q). Denote by D the set

Z ag m sinkx sinmy :n € N, ag , € R (k +m < n)
k+m<n

(sine polynomials). Then D is a dense subspace of H :=L3(Q). We fix € >0
and approximate g by g € D such that [|g—Z||,2 @ < %2 (where K, is defined
in (2.4)).

Let T:D — LZ(Q), Tu):=—ANu+ u’d — g. The generalized differential
operator J : HOI (Q)— HO] (Q2) corresponding to T is defined by

(J(u),v)HOl(Q) = /Q(VMVV +udv —gv) (v € H Q).

Let B: D — L*(Q), B:=—A. Then Hp = H}(Q) since the elements of

D vanish on €. We will use the notations (u,v) g :=(u,v) = [oVuVy

Hy ()
(u,v e HO] (Q)) and ||v|| g for the corresponding norm.

LEMMA 2.1 R(B) D R(T) and the operator J : Hg — Hp is an extension
of B-'T:D— Hp.



126 J. KARATSON

PROOF. (i) R(T) C D since for any sine polynomial u also Au and

u3 are sine polynomials. Further, R(B) = D since for any f(x,y) =

= ). ajp,sinkxsinmy the function
k+m<n

ay, . .
(2.3) ulx,y) = Z 2 +22 sinkx sinmy
k+m<n

is the solution of Au=f, uj30=0.
(i1) Let u € D. Owing to the homogeneous Dirichlet BC we have

<B_] T(u),v>B = (T(u),v)Lz(Q) = /Q(Vqu +udy — gv)={J(u),v)p

for any v € D, hence for any v € HO] (Q2) owing to density. Le. J is an

extension of B~ T. ]

LEMMA 2.2 J fulfils assumptions 1 on Hy(Q).

PROOF. We are going to use throughout the proof the embeddings
24 H@cQ, |wlpq <Klwls v e Hj@)
for all p >2 with appropriate constants K, >0 (see [4]). Further, let &:={v €
€ Hy(Q):|v[p<1}.
(i) For any u € HJ(Q) let S(u) : Hy (Q) — H,(Q) be the bounded linear
operator defined by

(Sw)h,v)g = / (VRVv +3u’hv) (h,v € H}(Q)).
Q

Its existence is obtained from the estimate |fQ(Vth + 3u2hv)| < (1+
+3Kf||u||23)||h||3||v||3 and the Riesz theorem. Let u,h € HOI(Q) be fixed.
Then, using notation 8 (J),, ,(t):= ||+ (J(u+th) — Jw)) — S(w)h||p (t €R), we
have

5(]),4,;,(1‘):Sup<l(f(u+l‘h)—f(u))—S(u)h,v> =
ves \1 B

- sup / Guh +203v) < K2Gtu g% +2[k]%) — 0ift — 0.
ves JQ

Le. J is Gateaux differentiable and J'(u)=S(u) (u € HO] (Q)).
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Now for any u € Hy(Q) let P(u) : Hy () x Hy(Q) — H,(Q) be the
bounded bilinear operator determined by

((P(w)h)v,w) g :=6/Quhvw (h,v,w € Hy(Q)).
Its existence is now due to the estimate

/ uhvw
Q

For fixed u,h € HO1 (©2) we now have

4
< K(llullgllhlBlvIBlws.

1
O )y (1) = I (J'(u +th) — J'(w)) — Pw)h| g =

= sup <%(J'(u+th)—]’(u))v—(P(u)h)v,w> =

v WweS B

= sup / 3th*vw < 3tK}|h|} — 0if t — 0.
v,wes JQ

Hence J is twice Gateaux differentiable and J” (u)=P(u) (u€ HO] (Q)).
(i1) We have
416y < (7o) = [ (70 30202 < (A0 + 3Kl
hence (]’(u)h,h>3/||h||23 has bounds a=1 and A=1 +3Kf(R+||u0||ZB) on
any ball B(ugp, R). Further,
177l = sup ((T"@h)yv,w)p < 6K ||ullp,

hyvweé

i.e. on any ball B(ug, R) we obtain ||J" || SB:6Kf(R+||u0HB).
(iii) The potential of J satisfies

1 u? B 1 -
b= [ GIVuP+ 5 =50 > 3l ~ 18] 20 2 >

1 - .
> ullp G lullp = Kallg 20 — +00 if ulls — +oc.
Hence any level set of ¢ is bounded. |

(Note that the lemma implies that Theorem 1 yields a theoretical approx-

imation to equation J(u) =0 on HO1 (€2). However, the functions py = ry =
=—J(up) and later, for any n €N, r, .1 =—J(up) (and thus p,,1 =7, +1+bnpn),
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cannot be given explicitly for general functions uy € HO1 () (and later for

up € HO] (€2)). On the other hand, the application of Theorem 2.1 gives an
easily performed construction of the approximating sequence, which we are
now going to summarize.)

Owing to lemmas 1.1-1.2, our example satisfies all the assumptions of
Theorem 2.1. Thus we obtain the following result:

THEOREM 2.2 Let uy € D, py = rg = ug — A~ ug — g). Forn € N,
successively, let u,, | :=up +cypn, Where c, is the smallest positive root of

anc3 +[3nc2 +Ypc+0, =0,

using notation ::3pr,‘i, B ::9fgp2un, Vi = fQ(9p,%un + |Vpn|2, O =
=fQ(3an3+vunVPn —&pn)- Set

— —1,,.3 ~ _
Fpal i=Upyp — A (”n+] — &), Pn+1 =Tnt1 +bnpn

where by := — /Q (VPuVrust + 34 1Pnrns1)/ /Q ([Pl +3u’pp).
Denote by ii the weak solution of equation — Au+u’=g, u|aQ:O.

Then (u,) converges to ii in HO1 () such that the linear convergence
estimates (1.1)—(1.2) hold in HO1 (Q).

REMARKS. 1. Denote by u* the solution of (2.2). Then
i — u*||% < /Q(|V(ﬁ —uMP + @ = uE —u*) =
= <—Aﬁ+ﬁ3+Au*—u*3,ﬁ —u*>B =g —g,i—u*)p<
<18 ~ gllyagli — vl 20 < Kallg — 8l 200 — u” 5.
Hence the solution of the original equation is approximated by i such that
li —ullp < K2lg — 8ll 20y = ¢-

2. The numerical performance of the method is made easy by keeping
(un) in D. Namely, the inversion of —A means dividing the coefficients ay ,,

by k2 +m? (see (2.4)); further, integration in all formulae that define u,, |
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means linear combination of the coefficients since all integrands are sine poly-

nomials. (If f(x,y)= > ay ysinkxsinmy, then [f=4 > a,f—mm

k+m<n Q k+m<n
k,m are odd

3. (Comparison to other methods.) The main advantage of the method
(besides optimal linear convergence) is the easy realization given in the pre-
ceding remark. This appears e.g. in comparison to the finite element and
the Galerkin methods where the approximations are determined via nonlinear
algebraic systems of equations. The advantage compared to general discretiza-
tion methods is the analytic form of the approximations (u;, ).

The price for this is the number of iterations to be executed for prescribed
accuracy.

4. Our aim has been to give an example of the application of Theorem
2.1. Thus we only mention without proof that the method can be applied
in a similar way to more general quasilinear equations 7(u)=—divf (x,Vu)+
+g(x,u)=g, ETe) =0 on domains Q C R? (transformable to cubes or with 0Q €

€ C?), supposed the matrices {anj fi(x,m)}ij=1,.,N have eigenvalues between
positive constants and ¢ increases in u with at most polynomial growth. (Then
the suitable choice D := H*(Q) N Hy(Q) yields R(—A) = L*(Q) D R(T);
further, the same kind of calculations can be used as in [12] to prove the
required differentiability properties of the generalized differential operator.)
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1. Introduction

Inequality systems (both linear and nonlinear ) stayed in the middle of
attention of many mathematicians of our century. Beginning with Farkas’ and
Minkowski’s classical results and continuing till our days, there have been
stated different compatibility conditions with applications in diverse branches
of mathematics. One of the resolvability theorems significant applications
domain is the optimization theory, especially concerning the necessary condi-
tions of optimum and that of the duality ([1], [18], [12], [10], [4]). In the last
decade the resolvability theorems have been extended for nonlinear systems
and there have been given some applications for problems of nonsmooth op-
timization ([5], [22,23], [12], [9], [29], [30], [13], [15], [7,8]), for variational
inequalities ([26], [21]), for minimax theory ([20], [11], [16], [19], [27]), and
SO on.

In resolvability theorems there occur two kinds of conditions: a convexity
condition (a generalized one) and a so called closedness condition. In the
recent paper [17], using a new convexity notion, introduced by Sebestyén
[24] and a closedness condition used in [10], have been proved two theorems
that generalize some old results ([2], [3]) and some new ones ([24-25], [14],
[10]). These theorems are the generalizations of Gordan’s classical theorem
of the alternatives ([18]).

I Research supported by Hungarian National Research Foundation OTKA NO. T019492
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In this paper the above mentioned results are extended for the case of a
more general convexity condition than that of [17]. The closedness condition
used here is also less restrictive than that in recent papers [14] and [6].

The used notions and the main results have been formulated in section
2. As applications, in section 3 have been given some generalizations of
Mozkin’s and Farkas’ theorems of the alternatives.

2. Gordan type theorem of the alternatives

Let A and B be two nonempty sets and ¢ : A x B— R a function. We’ll
study the following two problems:

(P) Find an element ag € A satisfying the inequality
p(ag,b) >0, Vb e B.

(Q) Give conditions (both necessary and sufficient) under which the following
inequality holds:
2.1 sup inf ¢(a,b) > 0.
acA beB

Clearly, if (P) admits a solution, then (Q) is also satisfied, the inverse affir-
mation being false. Problems (P) and (Q) cover many special problems as:
minimization problems, saddle point problems, Kirszbraun’s problem and so
on. (See [14], [10], [17], [28]).

The following notations will be used. Let

m

Am = {A ER™ [A=@y,eoshm), A >0, Y A =1}
i=1

the m — 1-dimensional standard simplex. If b € B and 0 is a positive real
number then

Ub,d) :=1{a € A|p(a,b)+06 <0}.
If By={by,...,by} is a finite subset of B and 0 > 0, then let us define the
function y =y (By;0): A—R" by
1/)(61)= ((p(aabl)+67"'7(p(a7bn)+6)'

Put 9 (A) = {¢(a) | a € A} and let co(y(A)) denote the convex hull of
Y (A). Let () denote the empty set and RY the cone of elements from R™
with nonnegative components. The interior of this cone is int(RY).
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The results obtained in the present paper are strongly related to the fol-
lowing convexity condition:

(CC) For all 6¢ > 0 and for all finite subsets By C B, containing ny
elements such that y (By,00)(A)Nint(RY°)=0, there exist a finite subset B,
of B and 0 €10,0¢] such that By C By and co(y (B;,01)(A)Nint(RT) =0,
where ny is the number of the elements of Bj.

If B is a finite set then in (CC) one can put By = B without loss of
generality.

In [24] the following inequality has been considered:

m
(2.2) min Aip(a;, bj) < sup mln p(a,bj),
1<j<n“ i1 1<j<n
for all finite subsets {aj,...,am} C A and {by,...,b,} CB, and all L€ A,.

Clearly, if (2.2) is satisfied then (C'C) holds. If A is a convex subset of a
real vector space and ¢(.,b): A— R is a concave function for all b € B, then
(CC) holds. Even more, in [17,Proposition 3.1] it has been proved that if for
any ¢ >0, for every finite subets B, every a;,a; € A and every t €]0, 1] there
exists a3 € A such that

(,0((13,b) Z t(p(abb) + (1 - t)(p(a27b) — &
holds for every b € By then inequality (2.2) holds for every {aj,...,an } C A,
{b1,...,by} CB and 1€ A;;,. Hence (CC) holds in this case, too.

The following example shows that (CC) is a less restrictive condition
then (2.2). Let A=B={1,2}, p(1,1)=¢(2,2)=0 and ¢(1,2)=¢p(2,1)=—1.
For 1;=4, :% we have then

2

1
Y =3
12122 - ip(,J)

and

max min 1 =
o 2 90(,1) 1,

s0 (2.2) does not hold. For By = B and 6 > 0 we have y (1) = (0,0 — 1),
Y (2)=(0 —1,0), therefore, one can choose 0< d; < % so that (CC) holds.
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PROPOSITION 2.1. Let B = {by,...,b,} be a finite set and suppose that
(CC) is satisfied. Inequality (2.1) holds if and only if

n
2.3) inf sup uip(a,b;) > 0.
ﬂGAnaeA,; / g

PROOF. Necessity: If (2.1) holds, then for any & > O there exists a3 € A
such that

p(az,b) > —¢, Vb EB

SO,

n
sup Z/"j(p(a,bj) > —g,
acA I=1
for every u € A,. If ¢ — 0 one can obtain (2.3).
Sufficiency: If inequality (2.1) does not hold, then there exists d¢ > 0 such
that for each a € A we have the following inequality:

i ,b)+0g < —¢.
minp(a,b) +0) < —e

Defining the function v =1(B,d() as above, we have y(A)Nint(RY) = (.
(CC) implies the existence of a d >0 such that

co((B,0)(A)Nint(RY) = 0.

In conformity with the separation theorem there exists u € Ay, u =y, ..,4n)

such that
n

> ujpla,bj)+6 <0, Va € A,
j=1

holds. Therefore, we have

n
inf sup » wuip(a,b;) < -0 <0,
ﬂeAnaeAIZ:]: ’

in contradiction with (2.3). |

REMARKS. 1) In the special case when (CC) is substituted with (2.2),
Proposition 2.1 has been proved in [17].

2)If A=RP(p eN) and ¢(.,b): A— R is an affine function for each b € B,
Proposition 2.1 is reduced to Gordan’s classical theorem of the alternatives.
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If B is an infinite set, in order to formulate an analogus result the previous
one, we need certain closedness assumption.

DEFINITION 2.1. We say that ¢ satisfies the weak closedness condition if

2.4 sup inf ¢(a,b) > 0,
aceAbEB

holds for every finite subset B of B then (2.1) holds also true.

Note, that the weak closedness condition can be formulated in several
ways. Let us consider the space of functions RB = {w:B—R} endowed with

the product topology 7, where the neighborhood base of wg € RB is given by
W (By,e,wp) = {w € RB | [wo(b) — w(b)| <&, Vb € By},

where € >0 andB is a finite subset of B.

Let us introduce also, in RB, the weaker topology 7, where the neighbor-
hood base of wg € RB is given by the sets

V(By,e,wp) = {w € RB | wy(b) — w(b) <&, Vb € By},
where ¢ and By are the same as above. Consider further the set
C={weRP|3acA:p,b)>wh),Vbec B}
Let ¢/ C and C be the closure of the set C with respect to 7 and 7, respec-
tively.

In [17, Proposition 2.2] it has been proved that the following four asser-
tions are equivalent:

(i) The weak closedness condition is satisfied.
(i) If for some &( > O the system { U(b,0()|b € B} covers A, then {U(b,0)|
b€ B, >0} admits a finite subcover of A.

(iii) If 0 € C then —0 € C for all > 0, where 0 and 0 denotes the constant
functions 0 and 9J, respectively.
(iv) If 0€clIC then —0 € C for all 6 > 0.

A variant of assumption (ii) first has been formulated within a minimax
theorem in [24]. Assumption (iii) has been introduced in [10].

If B is a nonempty arbitrary set (finite or infinite) we state the following
result:
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THEOREM 2.1. Suppose that (CC) is satisfied. Then inequality (2.1) holds
if and only if the weak closedness condition is satisfied and inequality (2.3)
holds for all finite subset {by,...,b,} of B.

PROOF. The necessity can be proved as in case of Proposition 2.1, since
(2.1) implies (iii).

Sufficiency: Let By be a finite subset of B. As in case of Proposition 2.1,
the weak closedness condition and (2.3) imply (2.1). ]

Theorem 2.1 can be regarded as an extension of [10, Theorem 2] and
[17, Theorem 2.1].

For the study of problem (P) we need the following closedness condition.
DEFINITION 2.2. We say that ¢ satisfies the strong closedness condition

if the validity of the inequality (2.4), for all finite subsets By of B, implies
that problem (P) admits at least one solution.

Obviously,the strong closedness condition implies the weak closedness
condition. The inverse statement does not hold, as the example of the function
¢ :10,11x]0,1] = R, ¢(a,b)=b —a

shows.

Observe, that if A is a compact topological space and if ¢ is upper
semicontinuous with respect to the first variable, then the strong closedness
condition holds true. In paper [10] there have been given some examples such
that A was not compact but the strong closedness condition held. Even more,
in [17, proposition 2.3] it has been proved that the following four assertions
are equivalent:

(i') The strong closedness condition holds.

(ii’) If the system {U(b,0)|b € B,5 >0} covers A, then it contains a finite
subcover.

(i If0eC=0€C.
(V) If0eclC=0€C.

Condition (ii’) has been used previously in [25] and (iii’) in [10]. In
[14] and [6] the following closedness condition is used: (v) There exists a

neighborhood U of the origin 0 € RB, with respect to the topology 7, such
that the set CNcl U is nonempty and closed. A variant of this condition has
been introduced in [15].

Observe that (v) implies (iii’). Indeed, if 0 € ¢l C, then there exists a

generalized sequence (wy) in C such that wy uA 0. Since the neighborhood
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U satisfies the properties of (v), there exists a generalized subsequence (wy )
such that w,, € C N U for all indices v, and 0 = lianV € CNclU, we have

0ecC. |

The following example shows that in general condition (iii’) does not
impliy (v). Indeed, let A = N*, B = [0,1[ and ¢(a,b) = 1 — b*, for all
(a,b) € Ax B. Then for any neighborhood U of the origin O of the space RB
with respect to the 7 topology, there exists € €]0,1[ such that the function
w: B—R defined by

_J0, ifbe[0,e]
w® =17 itp Ce)
be contained in c/(CNcl U) without belonging to CNcl U. Consequently, in
this case property (v) does not hold true.

From the above statements we can conclude that though condition (iii’)
is necessary for the existence of solutions for the problem (P), property (v) is
not necessary for that.

The following theorem is also a generalization of Gordan’s theorem. It
extends [17, Theorem 2.2] (see also Theorem 3.5 from [14], and Theorem?2
from [10]).

THEOREM 2.2. Suppose that (CC) is satisfied. Problem (P) has solution
if and only if the strong closedness condition is satistied and inequality (2.3)
holds for all finite subsets {by,...,b,} of B.

The proof of this theorem is analogus to that of Theorem 2.1. |

3. Motzkin and Farkas type theorems of the alternatives

Let X and Y be two nonempty sets. We consider the functions f : X —
RU {+c0} with domf :={x € X |f(x) <400} #0 and g: X x Y —R. In this
section there will be studied the resolvability of the following system:
3.1 xEX: fx)>0, glx,y) >0Ny € Y).
This problem is reduced to (P), if we put A=X x]0,+oo[, B={a }UY, where
a is any element not belonging to Y, and

_[(f(x)—¢, fora=(x,e)and b =c,
(3-2) p(a,b) = {g(x,b), fora=(x,e)and b€ Y.
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In this case the set C is of the form
C={w=(,r)eRY xR|3(x,e) € Xx]0,+00[: f(x) > r +¢,
gx,y) > u(y), Vy € Y}.

So, the strong closedness condition can be formulated in the following way:
(3.3) 0,0) eclC = (0,0) € C.

This condition is verified, for example, if there exists a neighborhood U of

the origin O of the space RY with respect to the 7 topology, and there exists

y > 0 such that the set CNcl U xX[—y,+oo[ is nonempty and closed in RY xR.
Like in [14] we say that the pair of functions (f,g) are concavelike, if

Jr €]0,1[: Vxixo € X, Ix3 € X :

f3) > tf (x)) + (1 — 1)f (x) and g(x3,y) > tg(xy,y) + (1 —1)g(x2,y),
Vy € Y.

It is easy to verify that if the pair (f,g) is concavelike then the function ¢
defined by (3.2) satisfies inequality (2.2) (see [17]). So, in this case property
(CC) is satisfied.

From Theorem 2.2 we can deduce immediatelly Motzkin’s theorem of
the alternatives, which generalizes [14, Theorem 3.1].

THEOREM 3.1. Suppose that the function ¢, defined by (3.2), satisfies
property (CC) and condition (3.3). Then one and only one of the following
two assertions holds true:

a) The system (3.1) is compatible.

b) For all ¢ >0 there exist a finite subset {y1,...,y,} of Y, an element
v €R® and a real number v >0 such that (v,t) #(0,0) and

n
T(f(x)—€) + Y _vjg(x,y) <0, Vx € X.
Jj=1
As a consequence of the last theorem we obtain the following general-
ization of Farkas’ lemma.

THEOREM 3.2. Suppose that the assumptions of Theorem 3.1 are satisfied.
If there exists xy € X such that inequality g(xq,y) >0 holds true for all y € Y,
then the following two assertions are equivalent:
a) For all x € X with property g(x,y) >0, for all y € Y, inequality f (x) <0
holds true.
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B) For all € >0 there exists a finite subset {y,...,yn} of Y and an element
v € R® such that

n
f@)+> viglx,y) <e, forall x € X.
j=1

PROOF. Property &) means that the system (3.1) is incompatible, which
is equivalent, by Theorem 3.1, with property b). Suppose that in b) we have
7 =0. Then

n
Zng(x,yj) <0, Vx € X,
j=1

which is in a contradiction to the existence of an element xy € X with the
property from the statement of the theorem. We can suppose, without a loss a
generality, that 7 =1, so property ) implies ). The inverse statement ) =)
is evident. 1

REMARKS. 1) If we complete condition (CC) and the strong closedness
condition with the assuption that the pair (f,g) is concavelike and there exists
a neighborhood of 0 € RY, respectively a number y > 0 such that the set
CNcl U x[—y,+oc[ is nonempty and closed in RY xR, then by Theorem 3.2
we obtain [14;Theorem 3.2].

2) In case when (CC) holds and there exists an element xy € X such that
g(xp,y) >0 forall y € Y, property ) is equivalent to the following one ([14]):

y) If (0,0) € ¢l C, then o <0.

Indeed, by assumption y) it follows that (0,0) & ¢/ C, so (0,0) € C. This
means that the system (3.1) is incompatible. By Theorem 3.1, the existence
of an element x with the above mentioned property implies 3). Conversely,
if we suppose that ) holds whilest y) doesn’t hold, we will come to contra-
diction. Let (0,0) € C and & > 0. By assumption f3) there exists a finite subset
{¥15---»yn} of Y and an element v € R} such that inequality

n

(3.4) &)+ g,y <e, Vx€X
j=1

holds true.
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By the definition of ¢/ C' we can conclude that for any 0 > 0 there exists x € X
such that

F0) > e and g,y > ~0, j € {1,...,n}.

n
If we choose O such that & Zvj <eg, then we have
Jj=1

f@) + > vigx,y) > e,

Jj=1
which contradicts (3.4).
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1. Introduction

In this paper we study a class of quasilinear problems with discontinuous
nonlinearities. It is well-known that such problems need not have a solution
and in order to develop an adequate existence theory, we need to consider
instead a multivalued version of the original problem. In general this mul-
tivalued version is obtained by, roughly speaking, filling in the gaps at the
discontinuity points (see CHANG [2]) and then use some known method (like
nonsmooth critical point theory or the method of upper and lower solutions)
to obtain existence theorems.

In this paper following the lead of STUART-TOLAND [7], we consider a
multivalued version of the original problem, by filling in only the downwards
jumps of the nonlinearity f( - ). This leads to a more restrictive (but more
interesting) problem which approximates better the original single valued one.
This formulation requires f(-) to be locally of bounded variation but other-
wise we do not need a subcritical growth condition like the one assumed by
CHANG [2]. Our approach is variational and utilizes a nonresonance condition
below the first eigenvalue 4; >0 of the p-Laplacian. Our existence theorem
extends theorem 3.2 of STUART-TOLAND [7], who study semilinear equations

(i.e. p=2).
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2. Preliminaries

Let ZC RN be a bounded domain with a C'! -boundary I'. We consider
the following quasilinear elliptic differential equation.
1) {-*ﬁv<HEuxz»W—Qllx&J>=f<x@»>+zwz> in 2:}
xlr=0, 2<p <o

Here f : R — R is locally of bounded variation. We do not make any
continuity hypotheses on f( - ). It is well-known that f( - ) has a countable
number of jump discontinuities. We require that f(r) € conv(f (r*),f(r7))
for every r € R (i.e. f € BN in the notation of STUART-TOLAND ([7]). Let
Uf)={r e R:f(r7) <f(r*)} (the set of upward jumps) and D(f) = {r €
ER:f(r*)<f(r7)} (the set of downward jumps). Then f(-) is everywhere
continuous except at the set U(f)U D(f). Using these two sets we can define
two multifunctions:

ﬂ”:{vvﬂJvU)ErGR\DG>
(Fo)f (7)) if r € DY),

A fr™) if r € R\ D(f)
Jo(r) = o
FO.f ™)) ifr e D).
Evidently f(-) fills in all the jump discontinuities of the original function

while fy(+) fills in only the downward ones. In our multivalued reformulation

of problem (1) we will use fy( - ). More precisely the multivalued problem
that we will study instead of (1) is the following:

{—div(||Dx(z)||"‘2Dx(z))efo(x(z))+u(z) in Z}

(2)
xlr=0, 2<p<o0

DEFINITION By a solution of (2) we mean a function x € WO] P(Z) such
that x|r=0 and

—diV(||Dx(Z)||p_2Dx(z)) =v(z)+u(z) ae.onZ”Z
with v € L2(2), v(z) € fo(x(z)) a.e. on Z.

In our considerations we will need the first (principal) eigenvalue of the
following non-linear eigenvalue problem:

{ —div (| Dx (2)|IP2Dx(2)) = A|x (z)|P"%x(z) in Z}

(3)
xlr=0, 2<p<oo.
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From LINDQVIST [3] we know that the first eigenvalue A exists, is posi-
tive and isolated. A corresponding eigenfunction u; € WO1 P(Z)NL>®(Z) can
be chosen so that u(z) > 0 a.e. on Z. In fact under additional smoothness
assumptions on the boundary I', we can have that u; € C 18, p €(0,1) and
% <0a.e. on I'. Moreover, we know that A1 is given as the minimum of the
Rayleigh quotient; i.e.

D p
Ay = inf | xﬂ” ‘X € W(}’P(Z)
[ x [l

As we already mentioned, our approach will be variational. Since the
functionals are convex and nondifferentiable in general, we will use the no-
tion of the convex subdifferential. So let us recall very briefly some basic
definitions and results of the subdifferential theory. Let X be a Banach space
and ¢ : X — R=RU{cc} be a proper, convex function (proper means that
domp ={x € X:p(x)<+oco} #0}. By definition the “subdifferential” of ¢ is
the (possibly multivalued) operator d¢ : X — X™* defined by

dp={x"e X" :(x",y —x)<p@y)—pkx) forall ye X}, xeX.

Let D@p)={x € X:d¢p(x)#0}. We have that D(dp) Cdome¢ and d¢p is a
maximal monotone operator (in fact cyclically maximal monotone) If ¢ (-) is
Gateaux differentiable, then d¢ (x)={p’(x)} (i.e. d¢ is a singleton, namely
the Gateaux derivative of ¢( - ) at x). Moreover, we have W(p) = m
and intD(d¢)=intdom¢. Let X be a Hilbert space identified with its dual
(pivot space). Since d¢ is a maximal monotone operator, for every A >0 we
can define a regular single valued approximation of it, known as the Yosida
approximation, by setting (d¢); = /%(I —J;) with I being the identity operator
and Jj the resolvent of d¢p, i.e. Jj :(I+la<p)_1. Recall that D(J;)=D(d¢); =
=X for all 1> 0, both operators are single valued, J; is nonexpansive, (3¢); is
monotone and Lipschitz continuous with Lipschitz constant /% hence maximal
monotone and (3¢ );(x) € dp (Jy(x)) for all x € X. For the function p(-) we
can define the Moreau—Yosida regularization ¢; by

N T ;
@;(x) =inf 2 +o(y):ye X, xe X, A>0.
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Then ¢, is convex and Frechet differentiable, (9¢); = d¢, for all 1 > 0,

2
;= Wﬂp([{(x)) forall x € H and all A >0, and ¢; T as 1| 0.
Finally if ®:[*(Z)— R=RU{+oc} is defined by
[ex@)dz if px(-)) € L1(Z)
O(x)={ Z
+00 otherwise.

Then @ is proper convex and v € d®(x) if and only if v(x) € dp(x(2)) a.e.
on Z. Moreover, (0®);(x) = d®y(x) = [d¢p;(x(z))dz for all A > 0 and all
zZ

X € LZ(Z). For more details and additional results on these and related issues,
we refer to BARBU [1].

In the sequel we will use the following elementary inequality
@laP~2 = BIBIP e —B) > 2> Pla — BIP
for every @, f € R and p >2.

3. Auxiliary results

In our analysis of problem (2), we will need the following decomposition
of f(-) proved by STUART-TOLAND [7] (lemma 2.1). It is a refinement of a
well-known result from analysis which says that a function which is locally
of bounded variation can be written as the difference of two nondecreasing
functions. Recall (see section 2) that BN ={f : R— R :f(-) is locally of

bounded variation and for every r € R f(r)€conv{f(r*),f(r7)}}.
PROPOSITION 1. Iff € BN, then there exists two nondecreasing functions
g, h:R— R such that
1. f(r)=g(r)—h(r) forevery r € R;
2. g() is continuous on R\ U(f);
3. h(-) is continuous on R\ D(f);

4. f(r)=8(r)—h(r) and fo(r)=g(r)— h(r) for all r € R.

We introduce the potential functions G, H : R— R corresponding to g, h
respectively, i.e.

r r

G(r)= /g(s)ds and H(r)= /h(s)ds, r € R.
0 0
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Evidently G(-) and H(-) are continuous convex functions. Using them we
define the following two integral functionals on the Hilbert space L2(2)

x(z)

[ [ g(s)dsdz + [u(z)x(z)dz ifx € Wol’p(Z),
Vix)=¢ 4 0 z 1
Gx(-)eL(Z)
+00 otherwise,

x(z)
Vs(x) = };HDXHZ +g Of h(s)dsdz ifx € Wol’p(Z), G(x(-)) e LI(2)

+00 otherwise,

In the next proposition we have gathered some basic properties of V7,
V, and their subdifferentials.

PROPOSITION 2. 1. V}, V,:L*(Z) —=RU{+oc} are proper, convex and
lower semicontinuous;

2. vy €0 Vo(x) if and only if vy(z) € —div (|| Dx(2)|[P"2Dx(2)) + h(x(z))
a.e.onZz;

3.v1 €9 Vi(x) if and only if vi(x)€g(x(z))+u(z) a.e. on Z;
4. for every x € [2(Z), 0 Vi (x)Nd V,(x) is empty or a singleton.

PROOF. 1. It is clear that Vj, V, are proper, convex. We will prove
the lower semicontinuity of V,( - ), the proof for V(- ) being similar. To
prove the lower semicontinuity of V,( - ), we need to show that for every
A € R the sublevel set L; = {x € [2(7) : Va(x) < A} is closed. To this
end let {x,},>; C L; and assume that x, — x in I[%(Z) as n — oo. By
passing to a subsequence if necessary, we may also assume that x, (z) —x(z2)
a.e. on Z. The function H( - ) being convex, continuous, is minorized
by an affine function ar +f, @, B € R. So 0 < H(x,(z)) —ax,(z) —p
a.e. on Z and so by Fatou’s lemma we have f(H(x(z)) ax(z)—p)dz <

< hmf(H(xn(z)) axy(z)—pdz = fH(x(z))dz < hmf(H(xn(z))dz Also

]|Dx||p+fH(xn(z))dZ <i= HDang < cy+cea|lxnlla for some ¢y, ¢ >0
V4

and for all n > 1. Hence {xp},>1 C WO] P(Z) is bounded and by passing

. . 1
to a subsequence if necessary, we may assume that x;, Zx in W, P(Z) as
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n — 00. Recalling that the norm functional in a Banach space is weakly lower
semicontinuous, we have ||Dx||g < lim|| Dxy, ||Z. Thus in the limit as n — oo

we have I%HDx ||§+f H(x(z))dz <A, hence x € L; and so it follows that V;(-)
zZ

is lower semicontinuous.
2. Let A: WO1 A WO_I’q (Z) be the nonlinear operator defined by

<A(X),y>=/||DX(Z)|IP_2(DX(Z),Dy(Z))RNdZ-
z

Here by (-, -) we denote the duality brackets for the pair

(W, ?(2), W= 14(Z)).
It is easy to check that A(-) is demicontinuous. Moreover, we have

(A(x) — A(y),y —x) =

= [(1Dx|P=2(Dx(2). Dx(@) - Dy(@) -
V4

—IDy@)|IP~*(Dy(z), Dx(z) — Dy(2))gn)dz >
—1 —1
> ||Dx|ly + 1Dy llp = [IDx[l;~ I Dyllp = I Dx[lp |1 Dyllp~ =
—1 —1
=(IDx|lp~" = IDylly” HIDxlp = [ Dyllp)-

Using the inequality mentioned at the end of section 2, we obtain

(4w~ A0)x =3} = [IDs@IP = DY@l dz  for some c > 0.
VA

From this it follows that A(-) is monotone (in fact strictly monotone). So
A( -) being monotone, demicontinuous and everywhere defined is maximal
monotone (see PASCALI-SBURLAN [5], p. 106).

Let D={x € WO]”’(Z) t A(x) € L*(Z)} and let A= A|p, i.e. A:DC
C I*(Z) — I[*(Z). We claim that A is maximal monotone. To this end, it
suffices to show that R(A+I ):LZ(Z) (i.e. A+T is surjective; see PASCALI-
SBURLAN [5], theorem 2.11, p. 123). Here [ is the identity operator on L2(Z).

. l’p —1,q 1 =
Lett: Wy"(Z2) = W (Z) be the embedding map. Then ¢ = I| Wol’p(Z)'
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From corollary 2.9, p. 120 of PASCALI-SBURLAN [5], we know that R(A+t)=
=W—14(2). So given v € [2(Z)C W—14(Z) we can find x € WP (Z) such
that A(X)+i1(x)=v = A(x)=v —1(x) € L*(Z) (since Wol’p(Z) C I*(Z)). So
A(x)=A(x) and this shows that v € R(A+1I). Since v € [*(Z) was arbitrary,
we conclude that R(A+I ):LZ(Z) and this establishes the maximality of the
monotone operator A( -). In fact it is easy to see that A(x)= 9y (x), where
Y :L*(Z)—R=RU{+00} is defined by

b= { pIDxl itx € WyP(2)

+00 otherwise.

Also let W:LZ(Z)—>R be defined by

[H(x(z))dz if H(x) € LY(Z)
W)=z

+00 otherwise.

As before we can check that W(-) is proper, convex and lower semicontin-

uous. Moreover, we know (see section 2) that d W(x)={w € LZ(Z) w(z) €

€ dH(x(z)) a.e. on Z}. For every A > 0 we have (d W); = 9 W, and

Wy (x)= [ Hy(x(z))dz for all x € L*(Z). Hence 9 M()C):I‘I){(x('))=fl/1(x(')).
VA

If by (-, -), we denote the inner product for the Hilbert space I[%(Z), we have
for all x e D

(A(),d W3 (), = (Ax),d Wy (x)) =

: / 1Dx @) |P~2(Dx (2), Diy(x (2)) gndz =
zZ

= / 1Dx @) IP~2(Dx (2), hj(x () Dx(2)) givdlz =
Z

(chain rule, see MARKUS—-MIZEL [4])

=/ﬁ1,{(X(z))||Dx(z)llde-
7z
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But recall (see section 2) that fu( -) is a nondecreasing, Lipschitz function
from R into R. Hence ffz/{(x(z))HDx(z)dez >0. So we conclude that
VA

(Ax), 0 Wy(x)), >0 forallx € D.

Invoking theorem 3.8, p. 144 of PASCALI-SBURLAN [5], we have that A+ W
is a maximal monotone operator in the Hilbert space LZ(Z). Let x € DN
Ndomo W and let w €d W(x) and r ELZ(Z). We have

(A(x) +w, r)2 = <A(x) +w, r> =

=/IIDX(Z)II”_Z(DX(Z),Dr(Z))RNdz+/w(z)r(z)dz <
VA VA

1 1
< I;||D(x +r)|h - I;||Dx||g + W +r) — W(x).
Here we have used the definition of the convex subdifferential (see section

2) and the fact that the map 7 : Wol’p(Z) — R defined by n(x)= I]—,||Dx 15 is

Gateaux differentiable with derivative equal to '(x)(-)=||Dx(-)|] —2Dx ().
So we have

(A@)+w,r), < Valx +r) = Va(x)  forall r € L*(Z),
= A+0W CaV,.

Since both operators are maximal monotone, we deduce that A+d W =9 V, C
C L*(Z). So vy € 3 Vo(x) if and only if vy(z) = A(x(2))+w(z) ae. on Z
with w € aW(x)={w € [2(Z): w(z) € h(x(z)) a.e. on Z}. Hence for all
0 € Cy°(Z) we have

(va — w,0) = (A(x),0); = (A(x),0)

= /(vz(z)—w(z))(?(z)dz :/||Dx(z)||p_2(Dx(z),DG(z))RNdz.
zZ Z

From the definition of the distributional derivative, it follows that
—diV(||Dx(Z)||p_2Dx(z) =w(z) —w(z) ae.onZ
= w(z) € —div(HDx(Z)“p_sz(z) +h(x(z)) ae.onZ, x|r=0.

3. This is a well-known result from the theory of maximal monotone
operators of the subdifferential type (see BARBU [1] and section 2).
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4. Letv, vy €9 Vi(x)Nd Vo(x). Then from parts (2) and (3), we have

v(2), vi(z) € —div (| Dx()||P~2Dx(2)) + h(x(2))
forall z€Z\ Ny, [Nj|=0  (part2)

and
v(z), vi(z) € g(x(z)) forallz € Z\ N,, |N| =0 (part 3)

Let x e Z\ N, N=N;UN,, [N|=0. If x(z) € U(f), then v(z) =vi(z) =
= —div(||Dx(2)||P~2Dx(z) + h(x(z)) (see proposition 1 (3)). If x(z) € D(f),
then v(z)=v1(z)=g(x(z)) (see proposition 1 (2)). Finally if x(z) € R\ (U (f)U

U D(f)), then v(z):vl(z)=—diV(||Dx(z)||p_2Dx(z))+h(x(z))=g(x(z)). So
for almost all z € Z, v(z)=v(z). |

Now we are ready to state and prove our existence theorem for problem
(2). Our hypotheses on the discontinuous nonlinearity f(r) are the following:

H(f): f : R — R is locally of bounded variation and lim—L (i) <Ay as
rp=2r =

|r|— o0.

THEOREM 3. If hypotheses H(f) hold and u € I[%(Z), then problem (2)
has a solution.

PROOF. Let g —h be a decomposition of f according to proposition 1 and
let Vi, V>, W:LZ(Z)—>ﬁ be defined as before. We set R(x)= V,(x)— Vj(x),
x € [2(2). By virtue of hypothesis H(f) we can find 4 € (0,4;) and M >0
such that £ (r) <u|r|P~2r for r > M and f (r) > u|r|P~2r for r < —M. Also for
7| < M there exists M >0 such that |f (r)| < M. Hence F(r) <Z|r|P+M|r|

for all r € R. Thus for all x € Wol’p(Z) we have

R(x) = },HDxnz - / Fee(2)dz >
Z

1
> Dslf -4 / x@Pdz — Mallxllps  Ma > 0.
7

Recall (see section 2) that Ay [|x[|5 <[|Dx|/5. So we have

1 u
R > (1= ) 1Dl ~ Mol
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Since u <A it follows that R(-) is coercive.
Also we claim that R( - ) is weakly sequentially lower semicontinuous

on W,"(Z). Indeed let x, € {x € Wy (Z): R(x) <1}, n > 1, and assume
that xj, Y.x in WO1 P(Z). Since WO1 P(Z) is embedded compactly in LZ(Z),

we have x,; — x in LZ(Z) as n — oo. Note that F(r)= G(r) — H(r) for all
r € R and H, G are continuous. So assuming without loss of generality that
Xxp(z) — x(z) a.e. on Z, we have lim F(x,,(z))=G(x(z)) — H(x(2))=F(x(2))
a.e.on Z. Also —F(r)> —%|r|p — M |r| and so via Fatou’s lemma, we have

@/F(xn(z))dz 2 /—F(X(Z)dz-
Z Z
Since ||Dx|/5 <lim||Dx,|[5 we have
R(x) =~ [Dxlf) - / F(x(2))dz < imR(x,) < 4,
" Z
= L;={x ¢ WO] P(Z): R(x) <A1} is weakly sequentially closed,
= R(-) is weakly sequentially lower semicontinuous.

Thus we can apply Weierstrass theorem and obtain x € WOI P(Z) a minimizer
of R(-). We have

0<R(x+h)—R(x) forall he W,”Z)
= 0< Il)||D(x +h)|h+ W +h) — Vi(x +h) — 11)||Dx||§§ — W)+ Vix)
= Vilx+h)— Vi(x) <
< Il)||D(x +h)|h+ W +h) - 11)||ny|§ — W) = Va(x +h) — Vo(x).

From the last inequality it follows that d Vj(x) C d V,(x). Invoking theorem
6.2 of STAMPACCHIA (6), we have x € L°°(Z). Recall that

IVI)={v € [X(2): g(x(2)7) < v(z) < gx(2)") ae.on Z}+u.
Since g(-) is nondecreasing and x € L°°(Z), we have

g(=[lxllso) < g(x(2)7) < g(x(2)") < g(|lx]lo0)
a.e. on, Z and so 9 Vy(x)#0. Let vi €9 V(x), xp(s) is defined by

XU(X)={1 if s € U(f)

0 otherwise
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(the characteristic function of the set U(f) and define

0+() =0 —xuGC )W) +xoG()) (g (x()F) +u().
Then p€9 Vi(x).

From proposition 2 (4) we know that 9 Vj(x)Nad V,(x) is either empty or
a singleton. Thus since 9 V{(x) C 9 V;,(x) we infer that o, =p_ =v| and this
means that y ;7(x(z))=0 a.e. on Z or otherwise p_ # p4 since by proposition
1 g(-) is discontinuous on U(f). Hence we deduce that g(x(z))={g(x(z))}
a.e. on Z. Thus by proposition 2, we have

—div (|| Dx(2)|[P72Dx(z)) € g(x(z)) — h(x(2)) + u(z) ae.in Z, x|p=0
= —div(HDx(z)Hp_sz(z)) € fo(x(z))+u(z) ae.onZ, x|p=0,
= x(-)E€ WO1 P(Z) solves problem (2). ]

If f(-) exhibits only upward jump discontinuities, then we have a solution
for the original problem (1).

H(f);: f : R — R is locally of bounded variation, f(r~) < f(r*) for all

r€R and m|r]|:’(i)2r <Ap as |r|— ooc.

Then combining theorem 3 with proposition 1, we obtain

COROLLARY 4. If hypotheses H(f), hold and u € [*(Z), then problem
(1) has a solution x € WO] P(Z).
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1. Introduction

The first classic result in the topic of VLSI routing is probably Gallai’s
linear time algorithm that gives a solution with optimal width in the 2-layer
Manhattan model if the terminals are situated on a single line on one side of
the board. However, it is NP-complete to decide whether a channel routing
problem is at all solvable in the same model [5]. It is true, on the other hand,
that every channel routing problem is solvable in the unconstrained 2-layer
model [3] and, moreover, also in linear time [2].

There is no fixed number of layers that would suffice for every speci-
fication in the case of switchbox routing. At least m + 1 layers are needed
in the worst case, where m = max(%, ¥), h and w are the height and width
of the switchbox, respectively [4]. According to the result of E. Boros, A.
Recski and F. Wettl [1], however, every switchbox is solvable on 2m + 14
layers if m >2 and on 18 layers if m <2 (their algorithm is also linear). The
authors conjecture in the same article that in fact m +3 layers also suffice (in
the unconstrained model).

In this paper we give an improvement of the result of [1]. We present a
linear time algorithm that solves any switchbox routing problem on 2[m|+4
layers. Furthermore, our solution will be in the Manhattan model.

2. Basic definitions
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A switchbox is a rectangular grid G consisting of horizontal fracks (num-
bered from O to w+1) and vertical columns (numbered from O to ~+1), where
w is the width and h is the height of the switchbox. The boundary points of G
are called rerminals. Depending on which boundary of the switchbox they are
situated on, the terminals are called Northern, Southern, Eastern or Western.
The “corners” of the switchbox are not regarded as terminals, routings must
not use them either.

A net is a collection of terminals. A switchbox routing problem is a set
N ={Ny,...,N, } of pairwise disjoint nets. If all the terminals of every net
are southern, we speak of a single row routing problem, if all of them are
southern or northern, we speak of a channel routing problem.

The solution of a routing problem in the unconstrained k-layer model
is a set #£ = {Hj,...,H,} of pairwise vertex disjoint subgraphs (also called
wires, these are usually Steiner trees) of the k-layer rectangular grid such that
H; connects the terminals of N; for i = 1,...,n. The wires can access the
terminals on any layer. Edges of the wires that join adjacent vertices of two
consecutive layers are called vias.

In the multilayer Manhattan model consecutive layers must contain wire
segments of different directions. Thus layers with horizontal (east-west) and
with vertical (north-south) wire segments alternate.

3. The square-shaped switchbox

In this section we consider the square-shaped switchbox first, that is, for
which m =1. We shall prove that the necessary number of layers to lay out
such a switchbox is between 4 and 6 in the worst case.

3.1. The necessary number of layers

It is easy to prove by repeating the argument of [4] that at least 4 layers
are needed in the worst case to lay out a square-shaped switchbox in the
Manhattan model. In the switchbox of Figure 1 all the 2n nets have terminals
on both sides of the lines e and f. Thus at least 2n horizontal wire segments
must intersect e and at least 2n vertical ones must intersect f. Therefore
at least two layers are needed for the horizontal wire segments and at least
another two are needed for the vertical ones.
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.21

S
+1:7

ST

Figure 1

LEMMA 3.1. Every square-shaped switchbox can be laid out in linear time
on 6 layers in the Manhattan model.

PROOF. We shall illustrate the proof on the switchbox routing problem
of Figure 2. Terminals belonging to the same net are marked with the same
number.

Obviously, one can assume without loss of generality that every terminal
belongs to some net and that every net has at least two elements.

21758
6 4
3 7
8 6
6 4
1 2
543287
Figure 2

In order to simplify reference to them, we classify the nets according
to the boundaries of the switchbox on which they occur and the number of
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occurrences on the boundaries. We say, for example, that a net is SE type if
it has terminals on the southern and eastern boundaries, but not on the other
two ones; a net is N type if it has only northern terminals; a net is NSW type
if it has terminals on the northern, southern and western boundaries, but not
on the eastern one, etc. Furthermore we say, for example, that a net is S;{W;
type if it has exactly two terminals, one of which is on the southern boundary
and the other is on the western one; a net is N;W type if it has one terminal
on the north, some (maybe one) on the west and none elsewhere; a net is
S, W type if it has at least two terminals on the south, exactly one on the
west and none elsewhere, etc.

Getting on to the proof at last, we may obviously assume without loss
of generality that out of NE, NW, SE, SW type nets NE nets are (one of)
the greatest in number. (In the example of Figure 2 there is exactly one of
all the four types, so the condition holds.) Having this in mind, the sketch of
the construction is shown in Figure 3. The term S-comb means, for example,
that on that layer a wire segment leads from each southern terminal to (for
the sake of simplicity) the opposite boundary (unnecessary wire ends can be
removed later on). The 2nd layer will contain horizontal wire segments while
the 5th will contain vertical ones, thus the construction will indeed be in the
Manhattan model.

S-comb st layer

2nd layer

N-comb  3rd layer

E-comb  4th layer

« 5th layer

W-comb  6th layer

Figure 3

We associate tracks of the 2nd layer and columns of the 5th layer with
the nets: these tracks and columns may only contain wire segments belonging
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to the net with which they are associated. The following nets are given a track
on the 2nd layer (each listed net is given one track):

e nets having altogether at least two terminals on the northern and southern
boundaries, but which are not NE type;

e N;W type nets;

e half of the S; W type nets (if there is an odd number of these then we
mean the upper integer part).

Similarly, the following nets are given a column on the 5th layer:

¢ nets having altogether at least two terminals on the eastern and western
boundaries, but which are not NE type;

e SE; type nets;
e the remaining half of the S{W/ type nets.

Consequently, in the example of Figure 2 nets 1,3,5,7 and 8 are given a
track on the 2nd layer, nets 4 and 6 are given a column on the 5th layer. (The
rest of the columns of the 5th layer are not associated with any net, these
columns remain empty.)

Let us accept for a while that there is indeed a sufficient number of tracks
and columns on the 2nd and 5th layers to accomodate the listed nets; we will
come back to this at the end of the proof. Instead we make rules for how
the nets that are given a track (or column) on the 2nd (or 5th) layer should
share these. If a net is given a track on the 2nd layer and there is a terminal
belonging to this net on the western boundary then this net must be given a
track next to (one of) its western occurrence(s). (This obviously can always
be managed.) Such tracks will further on be called fixed tracks. If a net does
not have a terminal on the western boundary then there is no restriction as to
which track it should be given. Similarly, if a net is given a column on the 5th
layer and there is a terminal belonging to this net on the southern boundary
then this net must be given a track above (one of) its southern occurrence(s)
(and such columns are called fixed columns). A possible distribution of the
tracks and columns on the 2nd and 5th layers of the illustrative example is
shown in Figure 4. The tracks and columns are marked with the number of
the net with which they are associated, fixed tracks and columns are extended
to the western and southern boundaries, respectively.

After all this preparation the desired routing can at last be given. Ver-
tical wire segments on the 1st and 3rd layers coming from the northern and
southern members of a net N; can be interconnected by means of a single
wire segment with the necessary vias in the track of the 2nd layer associated
with the net N;. If the track in question is fixed then the western terminal to
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Figure 4

its left also belongs to the net N;, so the wire segment in the track should
be extended to reach this terminal as well. Similarly, wire segments (on the
4th and 6th layers) coming from the western and eastern members of a net
can be interconnected in the columns of the 5th layer. Wire segments in
the fixed columns are likewise extended to reach the southern members of
the nets. Finally, we introduce extra vias between the 3rd and 4th layers
suitably: if a northern and an eastern terminal belong to the same net then
the vertical wire segment coming from the northern terminal on the 3rd layer
and the horizontal wire segment coming from the eastern terminal on the
4th layer can be connected through an appropriate via. (Evidently, it is very
often unnecessary to take advantage of all the possibilities to introduce extra
vias. Moreover, it is not only unnecessary, but with certain specifications
the number of (mainly needless) extra vias would thus become so high that
the size of the output would be proportional with the square of the size of
the input, so our algorithm would not be linear. Therefore let us settle this
problem temporarily by saying that northern and eastern members of the nets
can be connected through suitably chosen vias between the 3rd and 4th layers;
we will come back to the necessary number of vias later on.)

The final routing of our illustrative example is shown in Figure 5 (unne-
cessary wire ends have also been removed from the “comb layers™). Vias
going up and down from a layer are denoted by squares and circles, respec-
tively.

We claim that the above described routing is good. This must be verified
by distinguishing cases. If a net is of N, S or NS type then it was given a
track on the 2nd layer (every net has at least two members) so its members
became interconnected in the above described way. The situation is the same
with E, W and EW type nets which were given a column on the 5th layer. If
a net is NW type then it was surely given a track on the 2nd layer, through
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which northern members of the net became interconnected. In addition, since
this track is fixed according to our rule, the northern members also became
connected with one of the western terminals. If, on the other hand, the net has
more than one western terminal then it was also given a column on the 5th
layer through which western members of the net also became interconnected.
Analogously, SE type nets were surely given a (fixed) column on the Sth
layer and if such a net has more then one southern terminal then it was also
given a track on the 2nd layer. The wiring of NE type nets is solved simply
by the extra vias between the 3rd and 4th layers. The most difficult is the
case of SW type nets. S>,W-, nets were both given a track on the 2nd and
a column on the 5th laye_r, thus both the southern and the western members
of these nets became interconnected within themselves. Moreover, since both
the track and the column are fixed according to our rules, the two groups also
became (doubly) connected with each other. Ss,W; nets were only given
a track on the 2nd layer, but this track is fixed, thus the southern terminals
are connected with each other and the single western terminal. Wiring of the
S;Ws>, nets is analogous. Finally, whether a S;W; type net was given a
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track on the 2nd or a column on the 5th layer, its wiring is solved through
the fixed track or column. We can start to deal with nets appearing on at least
3 boundaries. NSW nets were surely given a (fixed) track on the 2nd layer,
which solves the interconnection of the southern and eastern members as well
as the connection of all these to (one of) the western one(s). If there is more
than one western member then the net was also given a column on the 5th
layer, thus the wiring is complete. In case of NSE nets the only difference is
that the track given on the 2nd layer is not fixed, but this is compensated by
the extra vias between the 3rd and 4th layers which interconnect the northern
and eastern terminals. Wiring of the SEW and NEW type nets is analogous
to the above. Finally, NSWE type nets were both given a track on the 2nd
and a column on the 5th layer, both of these are fixed, thus the wiring of these
nets is more than complete.

We still owe the proof that there is a sufficient number of tracks and
columns on the 2nd and 5th layers, respectively, to be enough for the listed
nets. We prove this only for the 2nd layer, the proof for the 5th layer is
similar. Let n denote the width (and at the same time height) of the switchbox;
let x denote the number of nets having altogether at least 2 terminals on the
northern and southern boundaries but which are not NE type; let y denote the
number of N{W type nets; let z denote the number of S;W nets; finally, let
t denote the number of NE nets. Using these notations, x+y+[5] <n is to be
proved. Since there are altogether 2n terminals on the northern and southern
boundaries, obviously 2x +y +z +t < 2n. Because of the assumption made
at the beginning of the proof y <t holds, thus 2x +2y +z < 2n is also true.
Divided by 2 we get x+y+5 <n and since x, y and n are integers, the proof
is complete. |

3.2. Linear time algorithm

It is not too difficult to verify that the above presented construction can
be realized by a linear time algorithm. The algorithm should consider the
nets one by one and decide whether the examined net should be given a track
on the 2nd layer and/or a column on the 5th one (this requires nothing but
scanning the terminals belonging to the net). It can at the same time assign the
possibly awarded tracks and/or columns to the nets and place the necessary
wire segments and the vias in the tracks/columns. For all this, it is enough to
scan the terminals of the nets a second time. Meanwhile, the algorithm must
make sure to give fixed tracks and columns to the nets that require one. If this
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meets with difficulties because the algorithm has already given a necessary
track or column to a formerly examined net then it should simply remove the
wire segment in way to a still empty track or column (preserving the position
of the wire segment and the vias in the track or column). During the repeated
scanning of the nets, the algorithm has dealt twice with every terminal (4n in
number), so it has made a linear number of steps so far.

In the next phase the extra vias are placed between the 3rd and 4th layers.
We only prove here that the necessary number of vias is indeed linear, the
realization will then be trivial. We only need vias here for nets that have
terminals both on the northern and the eastern boundaries. It is easy to see
that in case of NE type nets the necessary number of vias is not more than
the number of terminals of the net minus 1 (we only need to place vias into
the column of one of the northern terminals and into the track of one of
the eastern terminals). In case of NSE nets we do not need more vias than
the number of eastern terminals of the net (since the northern terminals are
interconnected through the 2nd layer anyway, we only need to connect the
eastern terminals with one of the northern ones). Similarly, for NEW type nets
not more vias are needed than the number of northern terminals. Finally, no
vias at all are needed in fact between the 3rd and 4th layers for NSWE type
nets. Consequently, the necessary number of vias between the 3rd and 4th
layers is not more than the number of northern and eastern terminals together,
that is, 2n.

The “combs” of the 1st, 3rd, 4th and 6th layers are made in the last phase.
If we want to avoid unnecessary wire ends, there is no need to draw the wires
to the opposite boundary, it is enough to draw them to the last via (which we
already know).

4. The switchbox of arbitrary shape

We can now easily prove the theorem promised in the introduction based

on the above results. We denote, as we have done so far, the quantity

max(%, %) by m, where h and w are the height and width of the switchbox,

respectively.

THEOREM 4.1. Every switchbox can be laid out in linear time on 2[m]+4
layers in the Manhattan model.

PROOF. w > h can be assumed without loss of generality. We shall
suitably modify the proof of Lemma 3.1 employing the idea of [1, Lemma
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3]. The only difference is that there are not necessarily enough tracks on the
2nd layer for all the nets that would require one. (There is a column surplus
on the 5th layer on the other hand.) Therefore we add further layers to the
construction of Figure 3: a new layer is placed above the 1st one to hold
horizontal wire segments, a N-comb comes on top of this one, again a new
layer for horizontal wire segments, then a S-comb, etc. In other words, new
layers are sandwiched between N-combs and S-combs. The horizontal tracks
on these new layers are going to serve as the tracks of the 2nd layer did in
Lemma 3.1. With this addition both the routing and the proof are the same as
in Lemma 3.1.

It is easy to see by repeating the calculation of the last paragraph of
Lemma 3.1 that not more than w tracks are needed on the “sandwiched”
layers (including the original 2nd layer). There are h tracks on such a layer,
thus (%] =[m] sandwiched layers are needed altogether. Therefore, as it can
be seen from the construction, 2[m|+4 layers are used altogether. |

Moreover, it is obvious that the algorithm realizing the above construc-
tion is also linear as it was in case of Lemma 3.1.
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1. Introduction

We consider multiplier operators from dyadic Hardy spaces H? (0<p <
< 1) into L1 (¢ > 0) with respect to the one- and two-parameter Walsh—
Paley system. These multipliers and some Paley type inequalities were partly
investigated in earlier papers Simon and Weisz [4] and Simon [4], [6], [7].
Thus e.g. the boundedness of multipliers from H? into I” for some p were
shown. In the present work we give a necessary and sufficient condition for
a multiplier to be bounded from H linto L2 and partly generalize this result
for HP spaces. These observations lead to a modified version of a Paley type
estimation for functions from H?” (0 < p < 1) (see Simon and Weisz [4]).
Some consequences will be formulated, thus also a Khinchin type inequality.

In this section the most important concepts, notations of the Walsh—
Fourier analysis used in the further investigations will be formulated. (For
details see the book Schipp—Wade—Simon [3].) Let r be the function defined
on [0,1) by

1 0<x<1/2
r(x) =
{—1 (1/2<x<1)

extended to the real line by periodicity of period 1. If n=0, 1,... is an arbitrary
natural number then denote r, the n-th Rademacher function:
mx):=r2"x) (O<x<1).

This research was supported by the Hungarian Scientific Research Funds (OTKA)
T020497.
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It is well-known that r;,, (x)=(—1)*" where

oo

Xk
x :ZW (xp =0,1;k=0,1,...)
k=0
is the dyadic expansion of x € [0,1). (In the case there are two different
expansions, we choose the one for which x; =0 if k is large enough.)

The (one-parameter) Walsh—Paley system (w;,,n=0,1,...) is the product
system generated by the functions r,, (n=0, 1, ...), i.e.

(e.@)
n
Wp = H r k,
k=0

where n = Z,C(’O:O nk2k (ny =0, 1; k=0, 1, ...) is the binary decomposition
of n. (wy,n =0,1,...) is an orthonormal and complete system of functions
with respect to the usual Lebesgue measure of [0,1). If m = ;2 mk2k 1s

the binary decomposition of m =0,1,... then let n ®&m :=> 72 |nx —my |2k
the dyadic sum of n and m. It is well-known that w,gm = wywy,. So e.g.
Won o = wonwy, = rpwy holds for all k =0,...,2" — 1, because in this case
2" @ k = 2" + k. Furthermore, let x,y € [0,1) and x = Z,‘?ozoxk2_k_],y =
=320 ykZ_k_1 be their dyadic expansions. Then the dyadic sum x+y of
x and y is defined by x+y := 3272 [xx —yx |21 It is not hard to see that
wi (x+y)=wy (x)wy (y) holds for all k=0,1,... and x,y €[0,1).

Iff e L'0,1) then define the n-th Walsh—Fourier coefficient of f as

1
f(n)::ffw,, (n=0,1,...). Letf be the sequence of the numbersf(k) (k=0,
0

1, ...). We denote by S,f the n-th partial sum of the Walsh-Fourier series
Z/?O:of(k)wk, that is

n—I1

Sf =3 flowe (n=1,2,..).
k=0

The functions
n—1

Dy=Yw, (n=1,2,..)
k=0

are the exact analogues of the well-known (trigonometric) kernel functions
of Dirichlet’s type. We mention a simple result with respect to D,n’s, which
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plays a central role in the Walsh—Fourier analysis, as well in our investiga-
tions:

2" (0<x<2™M
(1) Don(x) = (n=0,1,...).
0 2 "<x<)

For the functions f,g € L' let f g be their dyadic convolution given as
1
frge = [fwgeindt e,
0

Thenf/*\g =f§ and S,f =f*D, (n=1, 2, ...). In the special case n =2k (k =0,
1, ...) we have by (1)

1 k
Skf(x)=—/f=2 /f (x € [0, 1)),
2 | I (x)|
I (x) I (x)
where I (x) stands for the (unique) dyadic interval [v 2_",(1/ + 1)2_1‘) (v =0,
..., 2K —1) containing x and |I;. (x)| is the Lebesgue measure of [ (x).

The Kronecker product wy ;,n (n, m=0, 1, ...) of two Walsh systems is
said to be the two-dimensional (or two-parameter) Walsh system. Thus

Wnm(X,y) = wa(X)wn(y)  (x,y € [0, 1)).

For the two-parameter Walsh—Fourier coefficients of a function f € L [0, l)2
the same notations will be used as in the one-dimensional case. That is, let

1 1
f,m) = / / fO,YIWnm(x,y)dxdy — (n,m=0,1,...)
00

andf::(f(n,m);n,m:O, 1,...). Furthermore, let

n—1lm—1

Spmf =YY flk,Dwey  (nom=1,2,..)

k=0 (=0
be the (n,m)-th (rectangular) partial sum of the two-parameter Walsh—Fourier
series Z;:Ol’:gf(k,l)wk,l of f eL'0,1)2. It is easy to show that
1 1
Snmf (x,y) = //f(t,M)Dn(xJ'rt)Dm(eru)dtdu (x,y €0, 1)).
0 0
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In the special case n = 2", m = 2! (k, 1 =0, 1, ...) it follows as for the
one-parameter partial sums that

1
Sy f(xyy) = ———— / _ ok / x,y € [0, 1)),
2k,21f y |Ik,l(x,y)| f f y
I 1 (x,y) B 1 (x,y)

where the dyadic rectangle I ;(x,y) is defined by the Descartes product
B (x,y) = I (x) < I (y)

and [I ; (x,y)| = [L ()| [ (0)|. If k =1 then I x(x,y) is a so-called dyadic
square.

2. Hardy spaces

The Hardy spaces play important role in the Fourier analysis, especially
in the theory of Walsh—Fourier series. The dyadic analogues of them can be
defined as follows. (For details see the book of Weisz [8].) Let n=0,1,... and
denote ¥, the o-algebra generated by the dyadic intervals [k27", (k+1)27")
(k =0, 1, ..., 2" — 1). Obviously, the sequence ¥ := (¥,,n =0,1,...) of
o-algebras is non-decreasing, i.e. ¥, C %, if n <m. If g is an integrable
real function defined on [0,1) then Syng is the conditional expectation of g
relative to #, (n =0, 1, ...). A sequence f = (f,,n =0,1,...) of integrable
functions is said to be a (dyadic) martingale with respect to &, if each f;, is
%, measurable and Synfy, =f, for all n <m (n, m=0, 1, ...). This implies
the existence of a sequence (ay,k=0,1,...) of real numbers such that

|
o= Y awe (n=0,1,..)).
k=0

Conversely, if the real numbers 3; (k=0, 1, ...) are arbitraly given, then the
Walsh polynomials Z/%ia]ﬁkwk (n=0, 1, ...) form evidently a martingale.
Thus it is clear that for every f € L' the sequence (SHnf,n = 0,1,...) is
a martingale (called martingale obtained from f and denoted likewise by

f). Furthermore, the definition of f (k) (k =0, 1, ...) can be extended to a
martingale f given by a real sequence B, (k =0, 1, ...) in the above sense

as f(k) =P (k=0, 1, ...). Consequently the Walsh—Fourier coefficients of
fe L! are the same as those of the martingale obtained from f.
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We say that a martingale f = (fy,n =0,1,...) is I”-bounded for some
O<p<ooif

Ifllp = sup [|[fullp < oo.
n

1/p

1

(The symbol ||f, || = ( [fnl? ) denotes the usual p-norm or quasi-norm of
0

fn) It is well-known that for 1 < p < oo the assumption ||f ||, < oo is equivalent
to the existence of a real function from the space I”[0,1), from which f
is obtained. For all 0 < p < co P will denote the set of the I”-bounded
martingales. Hence, if 1 <p <oo then I” and I”[0,1) can be identified.

To the definition of (dyadic) Hardy spaces let the quadratic variation of
a martingale f =(f,,n=0,1,...) be denoted by

- 12
Qf := (Z I —fn_nz)

n=0
(where f_; := 0). In particular, the quadratic variation of the martingale
obtained from f e L'[0,1) is not another as

0 1/2

of = <[f(0)|2 +3 |Snf - 52n1f|2> .
n=1

Let Ayf = Szn+1f —Somf (n=0, 1, ...). We introduce the Hardy spaces HP

for 0 <p < oo as follows: denote H” the set of all martingales f for which

If | gp :=1|Qf ||p < o0. We remark that for 1 < p < oo the spaces H”,L” are the

same.

The atomic decomposition is a useful characterization of some Hardy
spaces. To demonstrate this we give first the concept of atoms: let 0 <p <1,
then a function a € L*°[0, 1) is called a p-atom if either a is identically equal
to 1 or there exists a dyadic interval I for which

1
(2) suppa C I, |la]|oo < |I|_1/p and /a = 0.
0

We shall say that a is supported on I. Then a martingale f =(f,,n=0,1,...)
belongs to HP for 0 <p <1 if and only if there exist a sequence (ai, k =0,
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1, ...) of p-atoms and a sequence (uy, k=0, 1, ...) of real numbers such that
> k=0 luk [P < 00 and

3) f=Y meay.
k=0

Hence, in the p-quasi-norm and a.e. Y pooux Smag = fn (n=0,1,...).
Moreover, the following equivalence of norms holds:

oo

1/p
cpllf llpp < inf (Z |ﬂk|”> < Glfllgr  (f € HP),

k=0

where the infimum is taken over all decompositions of f of the form (3). (Here
and later cp, G, will denote positive constants depending only on p although
not always the same in different occurences.)

The so-called (dyadic) BMO space is defined as the set of all martingales
f such that

N 1/2
IFllswo = 7O+ 15 (Syean I = Syuf ) o < o

It is known that BMO is the dual of H! in the following sense: @ is a bounded

linear functional on H! if and only if there exists a unique g € BMO such
1

that O(f)=lim; f SofSng (f €H 1Y. Moreover, the norm of ® is equivalent
0

to ¢ llBmo-
Let us introduced a new space of Hardy type as follows. If f = (f,,n =
=0,1,...) is a martingale then define ||f ||« as

0o 1/2
1l = (Z 1fn _fn—IH%) :

n=0
Furthermore, let H* be the set of all martingales f such that [|f||« <occ. We
remark that H* is evidently a vector space and ||.||« is a quasi-norm on H*.
It is not hard to see that the sets H*\ L', L' \ H* are not empty. Indeed, if

n—1 p
@ fu)=>i7" > w7 el0,1),n=2,3,..)
j=l k=1
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then by (1)
[e'e) 21
FIE=D" M > we@ " el =
n=1 k=2n—1

00 00
= Zn_2||rn—lD2n—1 H% = Zn—Z < 00,
n=1

n=1
i.e. f € H*. On the other hand the supports [277* 27/+2) (=1, ..., n—1)

. J _; o
of j~! Zizylfl wi (277w, are pairwise disjoint, therefore

n—1 2 n—1

Wl =17 Y. we@ 7wl =7 m=1,2,..).
j=1

k=1 j=1
Thus sup,, ||y ||; =00, hence f ¢ L.

Letf:=> 2, I’l_3/2D2n then by (1) the last serie converges in L!-norm,
i.e. f belongs to L'. We show that f ¢ H*. First of all observe that

n oo
fo=8mf =Y k73 Dy + D N k732
k=1

k=n+1

from which

o0
fo—fac1=n"3/2(Don — Dy )+ (Dyn — Dy 1) > k32
k

=n+1

follows. This implies that

e = fu—1llf =

> 2 (& 2 2\? 4

=|[Dyn — Dzn—IH% <Zk_3/2> = <Zk_3/2> > <%> = L
k=n k=n

that is, ||f||«=oc. Therefore f ¢ H*.

Now, we shall show that H lcH *, moreover, this inclusion is also strict.
To this end let f =(f,,n=0,1,...)€ H'. Then

W1l = [y =f—1llod = 0,1, 9],
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1/2
where [|(b;,j =0,1,..)l¢, = (Z;ﬁo bf) denotes the usual ¢>-norm of the

sequence (b;,j =0,1,...) of real numbers. Applying the well-known inequality
of Minkowski on the change of integrals (see e.g. Zygmund [9]) it follows
that

Il < € IG5 =f-14 =0, 1,y | =R = W1,

where C is an absolute constant (not always the same in different occurences).
This proves that H' ¢ H*. To show that H' # H* let f,, (n=2, 3, ...) be the
martingale given by (4) then for all k=1, 2, ... and x € [2_k+1,2_k+2) we
get Qf (x)=2K"1/k. Therefore

27k+2
o0 o0 1
=Y. [ =3 -
k=l) k=1

that is, f ¢ H'. On the other hand we have been seen above that ||f ||« < oc.
We recall the known convolution inequality (see Schipp—Wade—Simon

[3])
(5) If «gll < Ifllhllgll  (feL',g €X),

where X = IP[0,1), .| = [lll, @ > 1) or X = H' n L0, 1), .| = ||l 51,
respectively. A simple calculation shows that the following H*-version of
(5) is also true: ||[f *g|l« <|If|l1|lgllx (f € L'[0,1), g € L[0,1)N H*). Indeed,
by (5) we can write that

1A+ @l = If * Qally < [f 111 Angll - (2 =0,1,..),

i.e.

o0 1/2 o0 1/2
I * gl = (Z 1A (F *@II%) < Irlls (Z IIAngII%> = IF il llgll

n=0 n=0

In the two-dimensional case the above concepts will be defined in analoguous
way. Let %, (n,m =0,1,...) be the o-algebra generated by the dyadic
rectangles I, ,(x,y) (x, y €[0,1)). Then the conditional expectation operator
relative to Fy, , is not another as Syn om. A sequence of integrable functions
f=u,m:n,m=0,1,...) is said to be a martingale if

1) fum 18 Fn m measurable for all n,m=0,1,...
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and
i) Son omfi 1 =fu,m for all n,m,k,1=0,1,... such that n <k and m <I.
For example, if f € L'[0,1)? then the sequence (Son omfsn,m =0,1,...) is
evidently a martingale (called martingale generated by f).
The concept of the Walsh—Fourier coefficients can be extended to the

martingales as in the one-parameter case. That is, f will denote the sequence
of the Walsh—Fourier coefficients of the function or martingale f.

1/p

11

Let |gllp = (ff|g(x,y)|pdx dy) (0 <p < ) be the usual L”-norm
00

(or quasi-norm) of a measurable function g defined on the unit square [0, 1)2.
We shall say that a martingale f =(fy, m;n,m=0,1,...) is L”-bounded if

If llp := sup [lfumllp < co.
m

n,

The symbol IP will denote the set of the I”-bounded two-parameter martin-
gales. If p> 1 then I” and I”[0,1)? can be identified.

The quadratic variation Qf of a martingale f = (fy m;n,m =0,1,...) are
defined by

o oo 1/2
Qf = (Z Z lfn,m _fn—l,m _fn,m—l +f,1—1’m_1|2> ,

n=0 m=0
where f_j ; :=fx —1:=0 (k=—1,0, 1, ...). To define (dyadic) Hardy spaces

HP for 0 < p < oo we use also in the two-dimensional case the quadratic
variation: denote HP the space of all martingales f for which

[ llae = 1QAp < oo

The so-called diagonal quadratic variation Q.f of a martingale f =
=(fn,m:n,m=0,1,...) is given as follows:

oo 1/2
Qof = <Z lfn,n _fn—l,n—1|2> .
n=0

Moreover, let the spaces of Hardy type HY (0 < p < oc0) be defined as the set
of all martingales f such that

Hf”Hg = HQOf”p < 0.
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For 1 < p < oo the spaces H?, HY ,IP are the same.

The atomic characterization of HY (0 < p < 1) is similar to the one-
dimensional case. Namely, a bounded measurable function a is an Hf -atom
if a=1 or there exists a dyadic square I such that

1 1
©) suppa C I, |lalloo < 1171/ , //a —0.
00

We shall say also in this case that a is supported on I. Then a martingale
f=Unm; n,m =0,1,...) is in HY if and only if there exist a sequence

(ar,k=0,1,...) of HY -atoms and a sequence (4,k=0,1,...) of real numbers
such that Y22 4¢P < oo and

o0
(7) > hSwmonag =fan  (n=0,1,..).
k=0
Moreover,
00 1/p 00 1/p
cp inf (Z |/lk|p> < Hf”Hf <G (Z |/1k|p> ,
k=0 k=0

where the infimum is taken over all decompositions of f of the form (7).

Unfortunatly, the atomic characterization of H? is much more compli-
cated in the two-dimensional case than in the one-dimensional. Indeed, in the
two-dimensional case the support of an atom in H” is not a dyadic rectangle
but an open set (see Weisz [8]). However, a finer atomic decomposition can
be given, that is, the atoms can be decomposed into elementary rectangle
particles. In some investigations this makes possible to examine only atoms
supported on dyadic rectangles. To their definition let 0 <p < 1. A function

a € L>®[0,1)? is called a rectangle H”-atom if either a is identically equal to
1 or there exists a dyadic rectangle I such that

suppa C I, |lally < |T|'/271/P,
1 1
®) /a(x,t>dr=/a<u,y>du=o (x, y € [0, 1)).
0 0

We shall say that a is supported on I. As we remarked above a characteriza-
tion by means of HP-atoms of HP (0< p <1) similar to (7) fails to hold.
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Finally, the two-parameter space H* is given similarly to the one-
parameter case. Namely, H* is the set of all martingales f = (fy m;n,m =
=0,1,...) such that

0o oo 1/2
2
1[I« = <Z Z “fn,m _fn—l,m _fn,m—l +fn—1,m—1||]> < .

n=0 m=0

Furthermore, let HJ :={f:[[f | g < oo}, where

o0 1/2
“f”H<> = (Z [[fin —fn—1,n—1||%> :

n=0

The strict inclusions H' ¢ H* and HQ] C HJ can be shown analoguously as
in the one-dimensional case, respectively.

3. Multipliers

Let A=(4,,n=0,1,...) be a sequence of real numbers and define formally
the so-called (one-parameter) multiplier transformation T; by m :lf , L.e.
TA\f(n):lnf(n) (n=0,1,...). This always makes sense if here f stands for a
Walsh polynomial, that is, if f(k)=0(k=N,N+1,...) with a suitable natural
number N. For example, if A is bounded then by the well-known theorem of
Riesz—Fischer for all f € I? there exists a unique g € I? such that g :/lf
and ||g||2 <sup,, [An||lf ||2- In other words, in this case T} can be extended to
a bounded operator from L? to L?. If A is bounded and Ayn . =Aymy; (k,l=
=0,...,2"—1;n=0,1,...) then T} is a special martingale transform. It is known
(see e.g. Schipp-Wade—-Simon [3]) that in this case T)f can be defined for
all f € HP (0 <p <o0) and T; : HP — I? is bounded. In general, if the
“exponents” p,q > 0 are given, X,Y € {H*,HP, L1, BM O} and T, extends
to a bounded operator from X to Y then the sequence A will be called an
(X, Y)-multiplier. Thus e.g. a bounded 4 is an (LZ,LZ)—multiplier (and it is
easy to see that the boundedness of A is also necessary for this).

If 0<p <1,g >0 then a simple necessary condition can be formulated
for A to be (HP,L9)-multiplier. Indeed, the function f;, := 2’1(]/17_])}’,11)271
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is a p-atom for all n = 0,1,... and Tf, = 2”(1/1’_1)/1,1, where A, =
+1
= iign_]lkwk (n=0,1,...). Therefore, if T : H? — L9 is bounded then

lAnllg = 0" =1P) (1 — o0).
For p = 1 we get the assumption sup,, ||A,|; < co. Hence [[A, ]| = O(1)

(n — 00) is a necessary condition for A to be (H I,Ll)-multiplier.

A sufficient condition for this purpose can be easy formulated. Namely, if

oo
> N Anlly < o0
n=0

then A is an (H l,Ll)-multiplier. Moreover, the last condition implies that
A is also an (H ],H ])—multiplier (see Onneweer—Quek [2]). Indeed, by the
convolution inequality (5) we get for all f € H! that

oo oo
ITf g < D00 An * fllgn < D N Aallillf ln < CUF -

n=0 n=0
The simple example A, =1 (k =0,1,...) shows that the sufficient condition
in question is not necessary, because in this case by (1) Y., 2y ||Axll1 =
S ol Don ||| =302 1=00 but the oparator T} given by Tyf =f (f € H')
is evidently (H 1, H 1)—bounded.

A theorem of Daly-Phillips [1] improves the condition Y, 2 || A, ||} <
<oo to

. 1
supz / |Aj] < oc.

Furthermore, in Simon [4] we extended the result of Daly—Phillips and gave
the following sufficient condition for A to be (HP,L”)- as well (HP,HP)-
multiplier (0<p<1):

1 (27N u
o0
sup » 2N / / |Aj(x+t)dt | dx < .
N j=N 7—N 0

(See also Simon [6], [7].)
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If g =2 then || A4 = (z,%’if:%,%) v (n=0,1,...) and sup, [|An|l4 <
<00 is equivalent to
2n+l 1
9) sup Z /lk < 0.
k=2"

Because ||ry Don||gx =1 (n=0,1,...), it follows analoguously that (9) is also

necessary for A to be (H *,LZ)—multiplier. Moreover, the following theorem is
true.

THEOREM 1. The assumption (9) is a necessary and sufficient condition
for A to be (H*, [*)-multiplier.

PROOF. We need to prove only the sufficiency of (9). To this end let

f € H* (f(0)=0 can be evidently assumed) then Parseval’s equality implies
that

0o Yt 172
ITfl= > > RF®P| =
J=0 k=2j
- 1/2 - 1/2
Mol £l = D4« @iz
j=0 j=0
From this we get by (5) and (9)
1/2 - 1/2
IT3fll2 < ZIIA 131A:£113 <C Y IafT = Cl|f [| =,

J=0
ie. T,:H* — L7 is bounded. This proves our statement.
We remark that the same statement holds for A to be (H 1 ,LZ)—multiplier.
Furthermore, a usual duality argument shows that (9) is necessary and suffi-
cient condition for A to be (LZ,BM O)-multiplier.

Theorem 1 implies a Paley type inequality in the following way. Let

n=0,1,... and denote A, a set of indices such that A, C [2",2"*1 —1). If
[An] stands for the cardinality of A, then the next corollary holds.
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COROLLARY 1. The following assumptions are equivalent:
i) there exists a constant C >0 such that for all f € H* the inequality

1/2

SN FoP| < Cllfllgs

n=0 k€An
IS true;

i) sup, [A,]< 0.

Indeed, if
1 (ke Ay,n=0,1,...)
ﬂk:=

0 (otherwise, k =0,1,...)

then sup,,[A,] < oo implies (9). Conversely, if i) holds then 4 is an (H*,Lz)-

+1
multiplier, i.e. by (9) we get sup, [A,] = sup,, %izn_l/l,% < oo. Therefore
Corollary 1 follows directly from Theorem 1.

As in Theorem 1 H* can be replaced in Corollary 1 by H'!. In the special
case A, ={2"} (n=0,1,...) Corollary 1 is the classical Paley’s theorem:

Y@ <o (feHY.
n=0

In this connection we recall a result of Simon and Weisz [4], namely: if
0<p<1andf e HP then

o 1/2
(10) <Z22”““/”)W2”>|2> < Gllf e

n=0

In other words the sequence A given by
n(A=1/p) (k =2",n =0,1,...)
ﬂk2=
0 (otherwise, k =0,1,...)

is an (HP ,LZ)—multiplier. By means of a simple modification of the proof in
Simon and Weisz [4] we get the following extension of (10).

THEOREM 2. Let 0<p <1 and A, C [2",2"* —1) (n=0,1,...) be sets of
indices. Then the following assumptions are equivalent:
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1) there exists a constant G, > 0 depending only on p such that for all
f € HP the inequality

N 1/2
22211(1—1/17) Z lf(k)|2 < CprHHp
n=0 kEAn

s true;
ii) sup, [A,]<oo.
Hence, the sequence A defined as
2nA=1/P) (k€ Ay,n=0,1,...)
/1]( =
0 (otherwise, k =0,1,...)
is an (HP,LZ)-multiplier if and only if sup,[A,] < oo. Theorem 2 is a
generalization of Corollary 1 since for p =1 and for H' instead of H* they
coincide.

For the sake of completeness we give the proof of Theorem 2. Namely,
if sup,[A,]< oo then by the atomic structure (3) of H” it is enough to show
that

(o)
sup Y 2211=1/P) 3™ Jag)? < o,
n=0 keAn
where the supremum is taken over all p-atoms a. To this end let a # 1 be
a p-atom supported on the dyadic interval I := [k2_N ,(k+ 1)2_N ) for some
N=0,1,... and k =0,...,2N — 1 (see (2)). Then a(j)=0 (j =0,....2N — 1),
1

because the Walsh functions wy, .. . WoN _ are constant on / and fa :fa =0.
0 I

Furthermore, if n=N,N+1,... and k € A,, then for [ =0,...,2N —1 it follows
that

latk © )| = /awlwk = wl(kZ_N)/awk =la(k)|.
I I
We remark that for all n=N, N+1, ... and k € A,, the indices k ®[ ([ =0,
..., 2N —1) are pairwise distinct and belong to A,,. Therefore
N

20 —1
S jawP=2"N 3" N jak s P <

keAn keAn [=0
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2n+] 2n+]
<27V 3 Z aghl?> < c27N Z agHl,
k€A, j=2n j=on

where C is an absolute constant such that [A,] < C (n =0,1,...). These
observations lead to the following estimation:

- 0 2n+1_1
Zzzn(l—l/p) Z ak))? < Cz—NZQZn(l—l/p) Z agHP? <
n=0 keAn n=0 j=2

o 2n+l _1

n=0 j=on
< C2N—2N/p||a||% < C2N—2N/p|l|1—2/p _
— C2N—2N/p2—N+2N/p -C
On the other hand, if (i) holds and we apply it for the p-atoms
fi=23P=Vep, (=0,1,...)

then
12 1/2

§22n(1—1/p) Z lfj(k)|2 — | 22/(1-1/p) Z lfj(k)|2 =

n=0 kEeAy kEAj

=\/IA1<Gllfillmr <G (G =0,1,..),

which was to be proved.

IN

From Theorem 2 we get by usual interpolation arguments the next corol-
lary (for details see Simon and Weisz [4] and Weisz [8]).

COROLLARY 2. Let1<p<2.IfA, C[2",2") (n=0,1,...) are uniformly
bounded sets of indices then

- 1/2
SN PP <GIfl, el
n=0 k€A

Furthermore, Theorem 2 implies some dual inequalities.

COROLLARY 3. Let A, (n = 0,1,...) be the sets as in Corollary
2 and denote (an,n = 0,1,...) a sequence of real numbers such that
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Snco S ke, lak > < oco. Then the function f :=3"n20 S c 4 axwy belongs
to BMO. Moreover, there exists a constant C independent on f such that

1/2

oo

IFllemo < C Y0 > laxl?

n=0k€E€Ay,

We recall that ||.||, < ||.[[gmo (1 <p <o0) and ||.||g <|.|ls (0<g <s).
Taking into account these inequalities Corollary 2 and Corollary 3 lead to

COROLLARY 4. Under the assumptions of Corollary 3 the equivalences
12

Fllp~ | D> lewl? ] ~Iflemo (0 <p<oo)

n=0k€An
hold forf :=%,20> i c 4, Ak Wk-

Note that the first ~ in Corollary 4 is a generalization of the well-known
Khinchin’s inequality (see e.g. Schipp—Wade—Simon [3]).

The concept of multipliers can be defined also in the two-parameter case,
similarly to the one-parameter multipliers. Namely, if A=(4, ,;n,m=0,1,...)
is a sequence of real numbers then let 7; be defined formally as ﬁ:/lf . The
concept of (X, Y)-multiplier (X,Y € {H*,H},HP,HY,L1,BMO} (p,q >
> () is taken analoguously as in the one-parameter case. In Simon [6], [7]

we are concerned with special two-parameter multipliers. Furthermore, let

2n+]_1 2m+]_]
Apm = k=on Zj:Z’" A’kzjwkxj (n,m=0,1,...). Then

HAn,qu — O(2(n+m)(1—1/p)) or HAn,n |q _ 0(2(211)(1—1/17)) (n,m — 00)

is necessary for A to be (HP,L9)- or (HY,L4)-multiplier (0 <p < 1,q > 0),
respectively. Moreover, the proof of Theorem 1 can be repeated also in the
two-parameter case, that is,

2n+l -1 2m+] -1
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is necessary and sufficient for A to be (H*,L?) (or (H', [?))-multiplier. If
T . 1s given by T f =Y 720 Ann*f then the following diagonal version of
Theorem 1 holds:

2n+l 1 2n+l 1
2
sip > Y, Ay <0
k=2 j=on

is necessary and sufficient for T) . to be bounded from H; (or HO]) to L2,
respectively.

The exact analogue of Corollary 1 is true also for H* (or H 1Y in the
two-parameter case: let be assumed that the cardinalities of the sets of indices

Apm C[27,27 ) x 2241y (n,m =0,1,...) are uniformly bounded. Then
for all f € H* the following inequality can be proved:

1/2

(11) YO > F&DP) < Cllflla-

n=0 m=0 (k,l)€ An,m

Similarly, for H} (or H]}) we get
- 1/2

o Y FwDP| < Cllfllgg-

n=0 (k,[)EAnn

However, Theorem 2 fails to hold for HY (0< p<I1).Tothisendletn=1,2,...
and F;, be the function given by

Fy(x,y) := 22"0/P=Dp (1) Dyn(x)Don (y) (x,y € [0, 1)).

Then F, is evidently an H}-atom, i.e. | F, |z <1 and
<

n—1 2]’l+1 1 21+1 1 2]’l+1
2n(1 1
R0 (3055 e Y g
i=0 k=21 _21 k=21

On the other hand, from the last equality it follows that

oo 00 1/2
(S5 -

u=0v=0
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1/2

n—1

i=0
V23nd/p=1 (p < 1)
va (P =1).

It remains open whether Theorem 2 is true for for H? (0<p< 1) in the
two-parameter case. We remark that the argument from the proof of Theorem

2 cannot be applied for H? or HY (0< p <1). Indeed, if Ay, C[2",2"*1) x

x [2M,2m*1) (n,m =0,1,...) are sets of indices and supy, y[An,m] < oo then
we get similarly as in the proof of Theorem 2 that

0o 00
sup Z Z 22(n+m)(1—1/p) Z |€l(k, l)|2 < 00,

n=0 m=0 (k,1)EAnm

> G,

where the supremum is taken over all HP-atoms a. Unfortunately, in the
two-parameter case this is not enough for
(12)

1/2

SN 20 ST P | < Glifllae (€ HP).

n=0 m=0 (k,l)EAn,m

Let Hf be the set of all martingales f such that f = Zﬁomzoun,man,m,
where ay, s are rectangular p-atoms and for the real coefficients t;, 5, (n,m =

=0,1,...) the inequality > " _o|tn,m|P < oo holds. Define the quasi-norm

(e.@)
n,m
1/p
Ifll gp of f as infimum of (ZIC;OmZO |un,m|p> ’s, where the infimum is
1 bl

taken over all representations of f mentioned above. Then Hf’ is a (proper)
subspace of HP and (12) will be true for Hlp instead of HP.

Furthermore, if a is an HY-atom supported on the dyadic square I and
|I| = 272N for some N =0,1,... then we can state d(k,l) =0 only for k,!

mutually less then 2N Hence, the basic idea from the proof of Theorem 2
cannot be applied.

However, a restricted version of Theorem 2 is true also in the two-
parameter case.
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THEOREM 3. Let0<p<1and Ap ym C 27,201 -1)x[2", 2" 1) (n,m=
=0,1,...) be uniformly bounded sets of indices. Then for all non-negative real
number c there exists a constant Cy o, >0 depending only on p and a such

that for all f € HY the next inequality holds:

1/2
00
Z 92(n+m)(1=1/p) Z l]?(k, l)|2 < GCu HfHHP
S
n,m=0,|n—m|<a (k,[)EAnm

Because the proof is similar to the one-parameter case we formulate only
the most important steps of the proof. Namely, taking into consideration the
atomic structure of HY (see (6), (7)) we need to show that

0o
(13) g = sup Z 92(n+m)(1=1/p) Z |&(k,l)|2 < 00,
n,m=0,ln—m|<a (k,[)EAn,m

where the supremum is taken over all HP -atoms a. Hence let a be an HY-
atom supported on a dyadic square I. If |I| =272N for some N=0,1,... then
(as we remarked above) a(k,l)=0 for k,l €{0,1,.. 2N — 1}. Therefore it can
be assumed in (13) that n > N or m > N, that is,

00 00
g < sup Z Z 22(n+m)(1—1/p) Z |ﬁ(k,l)|2+

n=Nm>N—a (k,1)EAnm
0o 0o
+sup Z Z 22(n+m)(1—1/p) Z |ﬁ(k,l)|2 <
m=N n>N—a (k,1)EAnm
%) 0o
< sup Z Z 22(n+m)(1—1/p) Z |ﬁ(k, l)|2+
n=N m=N+1-a (k,[)EARm
%) %)
+sup Z Z 22(n+m)(1—1/p) Z |€l(k, l)|2,
m=N n=N+1—a& (k,1)EAnm

where & is the integer part of . As in the one-parameter case if n =N, N+1,...
and m=N+1-a,N+2—a,...orm=N,N+1,...and n=N+1—-a,N+2—a,...
we get |a(k dj,l dt)|=lak,l)| or |atk dt,l®j)|=|ak,1)| for (k,l) € Apm;
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Jj :0,...,2N — 1;t:0,...,2N+1_5‘ — 1, respectively. From this it follows that

. 2n+1_12m+1_1

q S Cz—ZN—l—d Z 22(n+m)(1—1/p) Z Z |&(k,l)|2 S

n.m=N+1—-a k=2n [=2m

< C2—2N—1—d24(N+1—c”c)(l—l/p)HaH% <

< C2—2N—1—&24(N+1—d)(1—1/p)|I|1—2/p _

= 2 2N—1=Gy4(N+1=a)(1=1/p)y2NQ2/p—1) _ poA(l—a)1-1/p)—1—a@

(1]

(2]
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1. Introduction

We will use the notations of [1] (J.-L. Nicolas, I. Z. Ruzsa and A.
Séarkozy). 4 will denote a subset of N: 4 ={aj,ap,...} CN (a1 <ap <...).
p(4,n) denotes the number of solutions of the equation ajx| +ar)xy +...=n,
where the x;’s are non-negative integers. p(n)(=p(N,n)) denotes the number
of unrestricted partitions of n. The number of solutions of the equation
a;+aj=n, i <j will be denoted by r(4,n). Ramanujan initiated the study of
the parity of the numbers p(n). It was shown that p(n) assumes both even and
odd values infinitely often. In [1] further improvements of the earlier results
can be found.

A. Sarkozy ([2]) suggested to study two related problems similar to the
one mentioned above.

B={by,by,...}, b; <bj if i <j will denote a subset of N. The problems
concern the parity of the number of the solutions of the equation

(D) b; -bj =m, i <j. (mis a positive integer)

The first problem is about the number of m’s which have an even number
of solutions while the second is about the number of those which have an odd
number of solutions:

PROBLEM 1. Is it true that there is a set B for which the number of
solutions of (1) is odd for all m? (Or the number of solutions of (1) is odd
for all but finitely many m.)
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PROBLEM 2. Is it true that there is a set B for which the number of
solutions of (1) is even for all m? (Or the number of solutions of (1) is
even for all but finitely many m.)

The connection between the additive and the multiplicative problems can
be seen: if there is a set .4 such that the number of solutions of a; +a; =m

is always even, then the set B={p%} (for a fixed p prime) yields a similar
property with the additional fact that if m has no solution in % it still has an
even number of solutions.

2. Even number of solutions

LEMMA 1. There are at least two numbers m, mo for which B gives an
odd number of solutions.

PROOF. Let B={by,b,...}, b1 <by<....m :b% has exactly one solution

in B, since my =by -by and my has no other divisor less than by. my=by-b,
too, has exactly one solution in B, since there are no other divisors of m less
than b, but b;y. |

THEOREM 1. There is a set B such that the equation (1) has an even
number of solutions for all m’s except for by -b; and by - b,.

PROOF. Let by =1 and by =p (a prime) be in B. B will consist of powers
of p. We will decide one-by-one whether to include a power of p or not.
m= p2 has one solution in & and if we include p2, it will have two solutions:
m=p-p=1- pz. m :p3 has one solution and if we include p3 it will have two
solutions: m:p-pzzl-p3. m:p4 has two solutions: m:pz-pZ:p-p3, SO we
do not want to include p4.

In general, if m = pk has an even number of solutions in B, we do not
include it, otherwise we do.

The given & will satisfy the conditions of the theorem.

1. If m is not a power of p, it has no solutions in 3.

2. If m is a power of p, then by the construction we get an even number
of solutions. (Once we have decided about including a power of p, we will
never have to decide about it again.)

3. The set & is infinite: let us suppose that p” is the last number in 3,
then m :pzr would have one solution, a contradiction. |

REMARK. It is clear that if we defined  as the set of the powers of p in
B, we got a set which satisfies the condition that the equation a; +aj=m has
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an odd number of solutions for nearly all m. (m #0, m # 1.) There is just one
problem: 0 €.4. It raises another problem: the 0 comes from the 1. Could we
leave that 1 out of B?

With a slight change of the construction we get an answer:
COROLLARY 1. There is a set By such that 1 ¢ B and the equation
bibj, =m
has an even number of solutions for all m ’s except for by, -b|, and by, -b,,.

PROOF. Let B, =py - B where p, is a prime other than p. The two least
elements of B, are p, and pyp. There is an odd number of solutions for

m = (p*)2 and m = p.p (because of Lemma 1). Some m’s have no solution
at all in B. (This is even.) Those which have, can be written in the form:

PiDx " PjDx, that is p; - p; -pf. From & p; -pj has an even number of solutions,

which means that p; -p, - pZ has also an even number of solutions. |
REMARK. We could have chosen p4 as p, since pk = p2 . pk ~2 and pk —2
has an even number of solutions in 5. For each solution pF1-pk2 (kj+ky =k—2)

we have to write ppkl . ppk2. This way we get a set B for which it is really
true that in the set of the powers () the number of solutions of a; +aj=m is

nearly always even.

3. Odd number of solutions

Now we would like to find a set B such that the equation (1) has an even
number of solutions for only finitely many m’s.

LEMMA 2. Such a # set must contain the number 1.

PROOF. If 1 ¢ % then the equation m =p would have no solutions that is
an even number of solutions for infinitely many m’s (no matter if p is in B
or not). |

THEOREM 2. There is a set B such that the equation (1) has an odd
number of solutions for all m’s.

PROOF. By Lemma 2 we have to include 1 in 3.

We deﬁgg classes on the natural numbers: class k will contain the num-
bers n=[[p;" for which ) a; =k. Class 0 has one number in it: 1, class 1

contains the prime numbers, etc.
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The construction of B will be similar to the one in Theorem 1.

We consider the elements of a class at the time: if a number in class k
has an even number of solutions in B, we include it, otherwise not.

Let my, be in class k. If it has an even number of solutions in the set we

have already assembled, we include it, otherwise not. It cannot have a divisor
in class k other than my, , so we can decide about it independently of the other

elements in the same class.

The set B constructed this way satisfies the conditions of the theorem.
It is infinite (as the B constructed earlier) and each m has an odd number of
solutions, since m has to belong to a class and we decided about each element
of each class. |

4. Concluding remarks

In both the even and the odd case we constructed the sets element-by-
element or class-by-class. If in such a construction we decide to leave an
element out while by condition we should include it we can still continue
the construction of the sets. The result will be a set where there would be
one more m which does not satisfy the condition. Therefore we can state the
following two corollaries:

COROLLARY 2. For any n > 2 we can give a set B for which there are
exactly n numbers (my, my, ..., my) for which the equation (1) has an odd
number of solutions.

COROLLARY 3. For any n >0 we can give a set B for which there are
exactly n numbers for which the equation (1) has an even number of solutions.

In N equation (1) has both even and odd number of solutions for infinitely
many numbers. If m is a prime number it has an odd number of solutions and
the prime squares have an even number of solutions. Only for the sake of
complexity we state the following trivial corollary:

COROLLARY 4. There is a set B for which equation (1) has both even and
odd solutions infinitely many times.
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