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0. Introduction

Fractals are often used to model various physical or chemical phenomena.
An important step in the development of a rigorous mathematical theory of
the fractals was done by Hutchinson [3]. According to his view fractals are
certain invariant sets with respect to a family of continuous functions.

In order to recall Hutchinson’s definition of an invariant set, let (X�d)
be a complete metric space, let K(X ) be the family of all compact nonempty
subsets of X endowed with the Hausdorff metric, let gi :X�X (i =1� � � � �n)
be continuous functions, and let G :K(X )�K(X ) be the function defined by

G(K ) = g1(K ) � � � � � gn (K )�

Any fixed point of G is called by Hutchinson an invariant set with respect
to the family fg1� � � � �gng.

In the study of these invariant sets the following assertion plays an im-
portant role:

(A) The function G has a unique �xed point and for every K � K(X ) the

sequence (G� (K ))��N converges to this point�

In this assertion G� (� �N) denote the iteratives of G , i.e. the functions
inductively defined by �

G1 = G

G�+1 = G �G� �� � N�
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In the case when g1� � � � �gn are contractions Hutchinson [3] has proved
that assertion (A) is valid. However, assertion (A) is true in a more general
situation as well. Starting from Hutchinson–Barnsley’s method for the study
of the convergence of the iteratives of some multivalued set functions, M�at�e

[5] has proved assertion (A) in the case when g1� � � � �gn are Lipschitz functions
having a certain property. It must be pointed out that M�at�e did not use any
fixed point theorem in his proof. Nevertheless, M�at�e’s result can be applied
if g1� � � � �gn are contractions.

Hutchinson’s approach to the fractals seems to be too strict for the
needs of practice. Therefore various authors have suggested modifications of
it. For instance, Mauldin and Williams [4] have generalized Hutchinson’s
method by considering graphs and by replacing Hutchinson’s invariant set
by an invariant family of sets with respect to a family of continuous functions.
These invariant families of sets are the fixed points of a vectorial multivalued
set function H : (K(X ))n� (K(X ))n defined by

H (K1� � � � � Kn ) =

��
k1�1�
i=1

hi (K1)

��
� � �
�� k1�n�

i=k1�n�1
hi (Kn )

�
� � � � �

�
kn�1�

i=kn�1�n
hi (K1)

��
� � �
�� kn�n�

i=kn�n�1
hi (Kn )

��
�

where ki � j (i , j =1� � � � �n) are natural numbers satisfying

ki � j �ki � j+1 for all i � f1� � � � � ng and all j � f1� � � � � n � 1g�
ki �n �ki+1�1 for all i � f1� � � � � n � 1g�

and hi : X � X (i = 1� � � � � kn�n ) are continuous functions. Mauldin and
Williams have shown that an assertion analogous with (A) holds for H when
the functions h1� � � � �hkn�n are contractions.

The investigations by Mauldin and Williams have been continued by
Bandt [1] under the assumption that h1� � � � �hkn�n are so-called cyclically
contracting Lipschitz functions. The purpose of the present paper is to reveal
that there exists a fixed point of H even when h1� � � � �hkn�n are Lipschitz
functions satisfying a weaker condition than that considered by Bandt. In
the case n =1 this condition is exactly that considered by M�at�e [5]. It should
be mentioned that our approach differs essentially from Bandt’s one.

The paper is divided into four sections. In the first section we establish
results concerning the powers of a square matrix with elements from an
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algebraical structure (R�+� �), which is more general than a ring and which
we call prering. These results are the theoretical basis of a first fixed point
theorem concerning H , which we derive in the second section under the
assumption that n = 2. This theorem is proved without making use of any
fixed point theorem. Under the same assumption concerning n we also prove
a second fixed point theorem for H which is easier to be applied in practice
than our first fixed point theorem. Some specializations of this second fixed
point theorem are given in the third section. In the last section we extend
both our fixed point theorems for the case of an arbitrary n in order to obtain
results concerning Mauldin–Williams graphs.

1. Powers of a square matrix with elements from a prering

Definition ���� Let R be a nonempty set, and let + and � be two com-
position laws on R. The triple (R�+� �) is said to be a prering if the following
conditions are satisfied:

(i) (R�+) is an abelian semigroup;

(ii) (R� �) is a semigroup;

(iii) x (y +z )=xy +xz and (y +z )x =yx +zx whenever x , y , z �R.

In what follows we suppose that (R�+� �) is a prering. If x is an element
of R which is represented under the form x1 + � � �+xk , where x1, � � � , xk �R,
then the set of all terms of this sum is denoted by t(x ), i.e. t(x )=fx1� � � � � xkg.

Let M2(R) be the set of all square matrices with elements from R. In this
set we define the multiplication in the usual manner:�

x y

z w

��
x � y �

z � w �

�
=

�
xx � + yz � xy � + yw �

zx � + wz � zy � + ww �

�
�

Let m , n , p, q be integers satisfying 0�m�n�p�q , let ai (i =1� � � � �q)
be elements of R, and let T be the matrix defined by

T =

�
a1 + � � � + am am+1 + � � � + an

an+1 + � � � + ap ap+1 + � � � + aq

�
�

We will investigate the powers of this matrix T . Let ��N be fixed. Accomp-
lishing multiplication in M2(R), one finds that

T � =

�
A� B�

C� D�

�
�
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where A� , B� , C� and D� are unaccomplished sums whose terms are products
of � factors chosen from the elements a1� � � � �aq . It should be noted that A� ,
B� , C� and D� satisfy the following recurrence relations:

A1 =
mX
i=1

ai � A�+1 =

�
mX
i=1

ai

�
A� +

�
nX

i=m+1

ai

�
C� ;(1�1)

B1 =
nX

i=m+1

ai � B�+1 =

�
mX
i=1

ai

�
B� +

�
nX

i=m+1

ai

�
D� ;(1�2)

C1 =
pX

i=n+1

ai � C�+1 =

�
pX

i=n+1

ai

�
A� +

�
� qX

i=p+1

ai

	
AC� ;(1�3)

D1 =
qX

i=p+1

ai � D�+1 =

�
pX

i=n+1

ai

�
B� +

�
� qX

i=p+1

ai

	
AD� �(1�4)

Next we introduce the following sets:

Σq = f� : N � f1� � � � � qgg�
S1 = f� � Σq j �� � N : a�(1) � � � a�(�) � t(A� ) � t(B� )g�
S2 = f� � Σq j �� � N : a�(1) � � � a�(�) � t(C� ) � t(D� )g�

Proposition ���� Let ��N� Then the following statements hold�

1� If k1� � � � � k� � f1� � � � �qg and ak1
� � �ak� � t(A� ) � t(B� )� then there

exists a ��S1 such that (k1� � � � � k� )=(�(1)� � � � ��(�))�

2� If l1� � � � � l� �f1� � � � �qg and al1 � � �al� � t(C� )�t(D� )� then there exists

a ��S2 such that (l1� � � � � l� )=(�(1)� � � � � �(�))�

Proof� By mathematical induction we show that the following property
is true for all k �N:

Pk = “If i1� � � � � ik � f1� � � � �qg and ai1 � � �aik � t(Ak )� t(Bk ), then there
exists a � � S1 such that (i1� � � � � ik ) = (�(1)� � � � ��(k )); if j1� � � � � jk � f1� � � � �qg
and aj1 � � �ajk � t(Ck )� t(Dk ) then there exists a � �S2 such that (j1� � � � � jk ) =
=(�(1)� � � � � �(k )).”

Step I� Let k =1, and let i1�f1� � � � �qg be such that ai1 � t(A1)� t(B1).

Case �� ai1 � t(A1). Then i1�f1� � � � �mg. We define � �Σq by �(h) = i1
for all h�N. In view of (1.1) we have ��S1. Obviously �(1)= i1.



2016. december 13. – 21:33

A FIXED POINT THEOREM 7

Case �� ai1 � t(B1). Then i1�fm +1� � � � �ng. We define ��Σq by

�(h) =



i1 if h = 1

q if h � 2.

In virtue of (1.2) and (1.4) we see that ��S1. Obviously �(1)= i1.

Now let j1�f1� � � � �qg be such that aj1 � t(C1)� t(D1).

Case �� aj1 � t(C1). Then j1�fn +1� � � � �qg. We define ��Σq by

�(h) =



j1 if h = 1

1 if h � 2.

In virtue of (1.1) and (1. 3) we see that ��S2. Obviously �(1)= j1.

Case �� aj1 � t(D1). Then j1�fp+1� � � � �qg. We define ��Σq by �(h)= j1
for all h�N. In view of (1.4) we have ��S2. Obviously �(1)= j1.

Step II� Assume that property Pk is true for some k �N. We will show
that Pk+1 is also valid.

Let i1� � � � � ik+1�f1� � � � �qg be such that ai1 � � �aik+1
� t(Ak+1)�t(Bk+1). In

view of (1.1) and (1.2) we have i1�f1� � � � �ng.

Case �� i1�f1� � � � �mg. From (1.1) and (1.2) it follows that

ai2 � � � aik+1
� t(Ak ) � t(Bk )�

Because Pk is valid, there exists a � ��S1 such that

(i2� � � � � ik+1) = (� �(1)� � � � � � �(k ))�

Then we define ��Σq by

�(h) =



i1 if h = 1

� �(h � 1) if h � 2.

We claim that � � S1. To prove this we note that a�(1) � t(A1). Next we

consider h�2. Since � ��S1, we have a� �(1) � � �a� �(h�1)� t(Ah�1)� t(Bh�1).

In view of (1.1) and (1.2) we obtain

ai1a� �(1) � � � a� �(h�1) � t(Ah ) � t(Bh );

therefore a�(1) � � �a�(h)� t(Ah )� t(Bh ). Consequently ��S1. Obviously

(i1� � � � � ik+1) = (�(1)� � � � � �(k + 1))�
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Case �� i1�fm +1� � � � �ng. From (1.1) and (1.2) it follows that

ai2 � � � aik+1
� t(Ck ) � t(Dk )�

Because Pk is valid, there exists a � ��S2 such that

(i2� � � � � ik+1) = (� �(1)� � � � � � �(k ))�

Then we define ��Σq by

�(h) =



i1 if h = 1

� �(h � 1) if h � 2.

In order to prove that ��S1, first we note that a�(1)� t(B1). Next we consider

h � 2. Since � � �S2, we have a� �(1) � � �a� �(h�1) � t(Ch�1)� t(Dh�1). In view

of (1.1) and (1.2) we obtain

ai1a� �(1) � � � a� �(h�1) � t(Ah ) � t(Bh );

therefore a�(1) � � �a�(h)� t(Ah )� t(Bh ). Consequently ��S1. Obviously

(i1� � � � � ik+1) = (�(1)� � � � � �(k + 1))�

Now let j1� � � � � jk+1 � f1� � � � �qg be such that aj1 � � �ajk+1
� t(Ck+1) �

� t(Dk+1). Then the relations (1.3) and (1.4) imply that j1 � fn + 1� � � � �qg.
We distinguish two cases: firstly, when j1 � fn + 1� � � � �pg; secondly, when
j1 � fp + 1� � � � �qg. Similar to the cases discussed above the existence of a
��S2 for which (j1� � � � � jk+1)=(�(1)� � � � � �(k +1)) can be proved.

From the steps I and II we conclude that property Pk holds for every
k �N. By taking k =� , it follows that the assertions 1� and 2� are true.

Now we endow the set Σq with the metric dc : Σq 	Σq �R+ given by
the formula

dc(�� �) =
�X
k=1

j�(k )� �(k )j
(q + 1)k

�

This metric is called the series�metric of Σq . It is easy to prove the following
result.

Proposition ���� (Σq �dc) is a compact metric space�

In the sequel we assume that Σq is endowed with the series-metric dc.
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Proposition ���� The subsets S1 and S2 of Σq are nonempty and closed�

Proof� From Proposition 1.1 it follows that the sets S1 and S2 are not
empty. Next we prove that S1 is closed.

Let (�� )��N be a sequence in S1 that converges to an element � � Σq .
Taking into account that for all k �N the inequality

j�� (k )� �(k )j 
 (q + 1)kdc(�� � �)

holds whenever ��N, it follows that

(1�5) lim
���

�� (k ) = �(k ) for every k � N�

Now fix any h�N. We prove that

(1�6) a�(1) � � � a�(h) � t(Ah ) � t(Bh )�

Since �(N)�N and �� (N)�N (� �N), it follows from (1.5) that for every
k � f1� � � � �hg there exists a �k � N such that �� (k ) = �(k ) for � � �k . Put
�0 = maxf�k j k = 1� � � � �hg. Then we have ��0(k ) = �(k ) for all k � f1� � � � �hg.
Therefore

a�(1) � � � a�(h) = a��0(1) � � � a��0
(h)�

Because ��0 � S1, it follows that (1.6) is valid. Since h was arbitrarily fixed
in N, we have ��S1. Consequently S1 is closed.

Similarly it can be shown that S2 is closed.

2. A fixed point theorem for vectorial multivalued set functions

Let (X�d) be a complete metric space, and let K(X ) be the family of all
compact nonempty subsets of X . If M is a subset of X and � is a positive
real number, then we define M (�) by

M (�) = fx � X j �y � M : d(x � y) 
 �g�
If f :X�X is a Lipschitz function, then

Lip f = sup



d(f (x )� f (y))

d(x � y)

���� x � y � X� x 
= y

�

denotes the smallest Lipschitz constant of f .
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Let m , n , p, q be integers such that 0 �m �n �p �q . Further let
fi :X�X (i =1� � � � �q) be Lipschitz functions. We define the function

F : K(X )	K(X ) � K(X )	K(X )

by

F (K1� K2) =

�
f1 � � � � � fm fm+1 � � � � � fn
fn+1 � � � � � fp fp+1 � � � � � fq

��
K1

K2

�

i.e.

F (K1� K2) =

=

��
m�
i=1

fi (K1)

��� n�
i=m+1

fi (K2)

�
�

�
p�

i=n+1
fi (K1)

��� q�
i=p+1

fi (K2)

��
�

In our first fixed point theorem concerning F , which we shall establish, we
shall use the so-called property �P� of F . In order to introduce this property
we denote

g� (�� x ) = f�(1) � � � � � f�(�)(x ) for all � � N and (�� x ) � Σq 	X�

Definition ���� Let S be a nonempty subset of Σq . We say that F has

property �P� with respect to S if the following conditions are satisfied:

(i) there exists a function ΓS :S�X such that for every � �S and every
x �X the sequence (g� (��x ))��N converges to ΓS (�);

(ii) for every K �K(X ) the convergence in

ΓS (�) lim
���

g� (�� x )

is uniform on S	K , i.e. for every �	0 there exists a �0�N such that

d (ΓS (�)� g� (�� x )) 
 � whenever � � �0 and (�� x ) � S 	K�

The next theorem reveals a condition which assures that F has property
�P� with respect to a nonempty subset of Σq .

Theorem ���� Let S be a nonempty subset of Σq � and let s� =

= lim
���

(s� )
1
� �1� where

s� = maxfLip (f�(1) � � � � � f�(�)) j � � Sg�
Then F has property �P� with respect to S �

Proof� Let 
�R satisfy s��
�1. Then there exists a �0�N such that

(2�1) s� �
� for all � � �0�
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Let (��x )�S	X be arbitrarily chosen. We show that (g� (��x ))��N is a
Cauchy sequence. For this end we fix a number j �N. From the definition of
sj it follows that for all y�X the following inequality is valid:

d(f�(1) � � � � � f�(j )(x )� f�(1) � � � � � f�(j )(y)) 
 sj d(x � y)�

If we take y = f�(j+1)(x ), then this inequality yields

d(gj (�� x )� gj+1(�� x )) 
 sj d(x � f�(j+1)(x )) 
 sj cx �

where

cx = maxfd(x � fk (x )) j k = 1� � � � � qg�
In conclusion

(2�2) d(gj (�� x )� gj+1(�� x )) 
 sj cx for all j � N�

Now let �	0 be arbitrary. From 
�1 and (2.1) it results that the series
�P
�=1

s�

is convergent. Therefore there exists a �(��x )�N such that

(2�3)
p�1X
k=0

s�+k �
�

cx + 1
for every � � v (�� x ) and every p � N�

Fix any ���(��x ) and p�N. By using the triangle inequality, we obtain

d(g� (�� x )� g�+p(�� x )) 


 d(g� (�� x )� g�+1(�� x )) + � � � + d(g�+p�1(�� x )� g�+p(�� x ))�

In view of (2.2) this inequality implies that

d(g� (�� x )� g�+p(�� x )) 
 cx (s� + � � � + s�+p�1)�

Using (2.3), we finally obtain

d(g� (�� x )� g�+p(�� x )) �� for every � � �(�� x ) and every p � N�

i.e. (g� (��x ))��N is a Cauchy sequence. Hence it is convergent, because X is
complete. The limit of this sequence is independent of x . To see this select
any y�X . From the definition of s� it follows that

d(g� (�� x )� g� (�� y)) 
 s�d(x � y) for all � � N�

Letting ���, we get

lim
���

d(g� (�� x )� g� (�� y)) = 0�
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because lim
���

s� = 0 (this results from (2.1) and the fact that 
 �1). But,

both of the sequences (g� (��x ))��N and (g� (��y))��N are convergent. Con-
sequently their limits must be equal. For x �X fixed we define ΓS : S�X
by

ΓS (�) = lim
���

g� (�� x )�

From above we conclude that the function ΓS satisfies condition (i) from
Definition 2.1. To see that condition (ii) of this definition is also valid, we
select any K �K(X ) and any �	0. Since the function

x � X �� maxfd(x � fk (x )) j k = 1� � � � � qg = cx � R

is continuous, there exists a number cK �R such that cx 
 cK for all x �K .

From the convergence of the series
�P
�=1

s� we conclude that there is a �0�N

such that

(2�4)
p�1X
k=0

s�+k �
�

cK + 1
for all � � �0 and p � N�

Let ���0 and (��x )�S	K be arbitrary. Using similar arguments as before,
it follows from (2.2) and (2.4) that

d(g� (�� x )� g�+p(�� x )) �� for all p � N�

Letting p��, we obtain d(g� (��x )�ΓS (�))
 � . Hence condition (ii) from
Definition 2.1 is fulfilled. Therefore F has property �P� with respect to S .

Theorem ���� If the function F has property �P� with respect to a closed

nonempty subset S of Σq � then ΓS (S )�K(X )�

Proof� Since S 
= �, we have ΓS (S ) 
= �. We claim that ΓS is continuous
on S . Indeed, fix � � S and � 	0 arbitrarily. Fix also x � X . Since F has
property �P� with respect to S , and fxg �K(X ), there is a �0 �N such that
for all ���0 and all ��S the following inequality holds:

(2�5) d(ΓS (�)� g� (�� x )) �
�

2
�

Set

� =
1

(q + 1)�0
�
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After that choose any � �S such that dc(���)��. Then we have �(k ) = �(k )
for every k � f1� � � � � �0g. Indeed, if we assume that �(j ) 
= �(j ) for some
j �f1� � � � � �0g, then we have j�(j )��(j )j�1. Consequently it follows that

dc(�� �) � j�(j )� �(j )j
(q + 1)j

� 1

(q + 1)j
� �

which contradicts the choice of � . Thus we have �(k ) = �(k ) for every k �
�f1� � � � � �0g as claimed. Therefore

(2�6) g�0(�� x ) = g�0(�� x )�

Using (2.5) and (2.6), we obtain

d(ΓS (�)�ΓS (�)) 
 d(ΓS (�)� g�0(�� x )) + d(g�0(�� x )� g�0(�� x ))+

+d(g�0(�� x )�ΓS (�)) �
�

2
+ 0 +

�

2
= ��

In other words, for all ��S satisfying dc(���)��, we have d(ΓS (�)�ΓS (�))�
�� , i.e. ΓS is continuous at � . But � �S was arbitrarily chosen. Thus ΓS is
continuous on S . From this and the compactness of S (as a closed subset of
a compact space) we obtain the compactness of ΓS (S ).

In what follows we consider the set K(X ) endowed with the Hausdorff
metric which we denote by h . The product space K(X )	K(X ) is endowed
with the product metric, which we denote by h �. It is known that (K(X )�h)
is a complete metric space, and hence (K(X )	K(X )�h �) is also a complete
metric space.

When the functions f1� � � � � fq are all contractions, one can easily verify
that F is also a contraction. Applying Banach’s fixed point theorem, one
obtains that F has a unique fixed point and that for all (K1�K2)�K(X )	K(X )
the sequence (F � (K1�K2))��N converges to this point. The next theorem
will show that this conclusion is also valid if f1� � � � � fq are not necessarily
contractions. Before stating this theorem we establish a formula which gives
the expression of the iteratives of F . These iteratives will occur in the proof
of the next theorem.

We endow the set F=ff :K(X )�K(X )g with two composition laws �
and �, where � is defined by

(f � g)(K ) = f (K ) � g(K ) for f � g � F and K � K(X )�

and � is the ordinary composition of functions. It is clear that (F����) is a
prering. Since fi �F for all i �f1� � � � �qg, one obtains that

T =

�
f1 � � � � � fm fm+1 � � � � � fn

fn+1 � � � � � fp fp+1 � � � � � fq

�
� M2(F)�
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With this notation, we can write

F (K1� K2) = T

�
K1

K2

�
�

Using mathematical induction, it can be shown that the iteratives of F are of
the form

(2�7) F � (K1� K2) = T �

�
K1

K2

�
�

Accomplishing multiplication in M2(F), we get

(2�8) T � =

�
A� B�

C� D�

�
�

where A� , B� , C� and D� have the same meaning as in Section 1, but the
prering (R�+� �) is replaced by (F����) and the elements ai (i = 1� � � � �q) are
replaced by the functions fi (i =1� � � � �q). The relations (2.7) and (2.8) imply

(2�9) F � (K1� K2) = (A� (K1) � B� (K2)� C� (K1) �D� (K2))�

We have proved in Section 1 that the powers of the matrix T can be written by
using two nonempty subsets S1 and S2 of Σq . With these specifications we are
now able to enunciate and to prove our first fixed point theorem concerning F .

Theorem ���� If the function F has property �P� with respect to the sets

S1 and S2� then the following assertions hold�

1� (ΓS1
(S1)�ΓS2

(S2))�K(X )	K(X )�

2� For all (K1�K2)�K(X )	K(X ) we have

lim
���

F � (K1� K2) = (ΓS1
(S1)�ΓS2

(S2))�

3� (ΓS1
(S1)�ΓS2

(S2)) is the unique �xed point of F �

Proof� 1� From Proposition 1.3 it results that S1 and S2 are closed
nonempty subsets of Σq . By using Theorem 2.2 for each of these subsets,
we obtain the first assertion of the theorem.

2� Suppose that (K1�K2) �K(X )	K(X ). Then K1 �K2 �K(X ). Let
�	0 be arbitrary. Since F has property �P� with respect to S1 and S2, there
exist �1, �2�N such that

(2�10) d(ΓS1
(�)� g� (�� x )) 
 � for all � � �1 and all (�� x ) � S1 	 (K1 �K2)�

(2�11) d(ΓS2
(�)� g� (�� x )) 
 � for all � � �2 and all (�� x ) � S2 	 (K1 �K2)�
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Put �0 = maxf�1� �2g and let � � N be such that � � �0. Then the following
inequality is valid

(2�12) h(A� (K1) � B� (K2)�ΓS1
(S1)) 
 ��

Indeed, let � � S1 be arbitrarily chosen. In view of the definition of S1 we
have

f�(1) � � � � � f�(�) � t(A� ) � t(B� )�

If f�(1) � � � � � f�(�) � t(A� ), then we choose an x1 �K1. Taking into account
(2.10) one obtains

d(ΓS1
(�)� g� (�� x1)) 
 ��

Since g� (��x1)�A� (K1), it follows that

(2�13) ΓS1
(S1) � A� (K1)(�)�

If f�(1) � � � �� f�(�) � t(B� ), then we choose an x2 �K2. By similar arguments
as above we can prove that

(2�14) ΓS1
(S1) � B� (K2)(�)�

From (2.13) and (2.14) it follows that

(2�15) ΓS1
(S1) � (A� (K1) � B� (K2))(�)�

Next we prove the inclusion

(2�16) A� (K1) � B� (K2) � ΓS1
(S1)(�)�

Suppose that i1� � � � � i� �f1� � � � �qg and that fi1�� � ��fi� � t(A� ). After that choose
any element x1�K1. According to Proposition 1.1 there exists a � �S1 such
that (i1� � � � � i� )=(�(1)� � � � ��(�)). This equality implies

fi1 � � � � � fi� (x1) = g� (�� x1)�

From (2.10) it results that

d(ΓS1
(�)� fi1 � � � � � f�i (x1)) 
 ��

and hence

(2�17) A� (K1) � ΓS1
(S1)(�)�

By similar arguments it can be shown that

(2�18) B� (K2) � ΓS1
(S1)(�)�
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From (2.17) and (2.18) we obtain (2.16). Finally, (2.15) and (2.16) imply
(2.12). Analogously it follows that

(2�19) h(C� (K1) � D� (K2)�ΓS2
(S2)) 
 ��

On the other hand, (2.9) implies

h �(F � (K1� K2)� (ΓS1
(S1)�ΓS2

(S2))) =

= maxfh(A� (K1) � B� (K2)�ΓS1
(S1))� h(C� (K1) �D� (K2)�ΓS2

(S2))g�
In virtue of (2.12) and (2.19), this equality yields

h �(F � (K1� K2)� (ΓS1
(S1)�ΓS2

(S2))) 
 ��

Since �	0 was arbitrary, this result means that

lim
���

F � (K1� K2) = (ΓS1
(S1)�ΓS2

(S2))�

3� The definition of the iteratives of F implies

(2�20) F (F � (ΓS1
(S1)�ΓS2

(S2))) = F �+1(ΓS1
(S1)�ΓS2

(S2)) for every � � N�

But F is a Lipschitz function, because f1� � � � � fq are Lipschitz functions. Hen-
ce the function F is continuous. In virtue of the assertions 1� and 2�, we
conclude from (2.20) that

F (ΓS1
(S1)�ΓS2

(S2)) = (ΓS1
(S1)�ΓS2

(S2));

i.e. (ΓS1
(S1)�ΓS2

(S2)) is a fixed point of F .

To see that this fixed point of F is unique we assume that (K1�K2) �
� K(X )	K(X ) is another fixed point of F . From F (K1�K2) = (K1�K2) it
follows that

F � (K1� K2) = (K1� K2) for all � � N�

Using assertion 2�, it results that (ΓS1
(S1)�ΓS2

(S2))=(K1�K2). Hence the pair
(ΓS1

(S1)�ΓS2
(S2)) is the unique fixed point of F .

By using Theorem 2.1 we can deduce from Theorem 2.3 the following
second fixed point theorem concerning F . The assumptions of this theorem
can be easier verified in practice than those of Theorem 2.3.

Theorem ���� Suppose that lim
���

(u� )
1
� �1 and lim

���
(w� )

1
� �1� where

u� = maxfLip (f�(1) � � � � � f�(�)) j � � S1g
and
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w� = maxfLip (f�(1) � � � � � f�(�)) j � � S2g�
Then the following assertions hold�

1� The function F has property �P� with respect to the sets S1 and S2�

2� (ΓS1
(S1)�ΓS2

(S2))�K(X )	K(X )�

3� For all (K1�K2)�K(X )	K(X ) we have

lim
���

F � (K1� K2) = (ΓS1
(S1)�ΓS2

(S2))�

4� (ΓS1
(S1)�ΓS2

(S2)) is the unique �xed point of F �

Proof� 1� From Theorem 2.1 it results that F has property �P� with res-
pect to the sets S1 and S2. By applying Theorem 2.3, we obtain the assertions
2�, 3� and 4� of the theorem.

3. Specializations of Theorem 2.4

In this section we show that F satisfies property �P� if the functions
f1� � � � � fq are contractions. After that by means of an example we point out
that property �P� may be valid even if not all the functions f1� � � � � fq are
contractions.

Proposition ���� Let f � g :X�X be Lipschitz functions� Then

Lip (f � g) 
 (Lip f )(Lip g)�

Proof� Let x , y �X be such that x 
= y . Then the following inequality
holds

(3�1)
d((f � g)(x )� (f � g)(y))

d(x � y)

 (Lip f )(Lip g)�

Indeed, if g(x )=g(y), then (3.1) is obvious. If g(x ) 
= g(y), then we have

d((f � g)(x )� (f � g)(y))
d(x � y)

=
d((f � g)(x )� (f � g)(y))

d(g(x )� g(y))
� d(g(x )� g(y))

d(x � y)
�

Obviously, this equality implies (3.1).

Corollary ���� If f1� � � � � fq are contractions� then the following asserti�

ons hold�

1� The function F has property �P� with respect to the sets S1 and S2�

2� (ΓS1
(S1)�ΓS2

(S2))�K(X )	K(X )�
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3� For all (K1�K2)�K(X )	K(X ) we have

lim
���

F � (K1� K2) = (ΓS1
(S1)�ΓS2

(S2))�

4� (ΓS1
(S1)�ΓS2

(S2)) is the unique �xed point of F �

Proof� We have Lip fi �1 for every i � f1� � � � �qg. Consequently, the
number

c = maxfLip fi j i � f1� � � � � qgg
satisfies c�1. By applying Proposition 3.1, we conclude that for all ��N the
following inequalities are true:

u� = maxfLip (f�(1) � � � � � f�(�)) j � � S1g 
 c� �

w� = maxfLip (f�(1) � � � � � f�(�)) j � � S2g 
 c� �

They imply

lim
���

(u� )
1
� 
 c and lim

���
(w� )

1
� 
 c�

Since c�1, we can apply Theorem 2.4. Consequently the four assertions of
the corollary are true.

Let f1� � � � � f4 :X�X be Lipschitz functions and define F :K(X )	K(X )
by

F (K1� K2) =

�
f1 f2

f3 f4

��
K1

K2

�
�

Keeping the notations from Section 2 for the expression of the powers of the
matrix �

f1 f2

f3 f4

�
�

we can establish the following result.

Theorem ���� Let s and t be positive real numbers such that s�t � st�1�
Lip fi 
s for i �f1�2�4g and Lip f3
 t � Then the following assertions hold�

1� The function F has property �P� with respect to the sets S1 and S2�

2� (ΓS1
(S1)�ΓS2

(S2))�K(X )	K(X )�

3� For all (K1�K2)�K(X )	K(X ) we have

lim
���

F � (K1� K2) = (ΓS1
(S1)�ΓS2

(S2))�
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4� (ΓS1
(S1)�ΓS2

(S2)) is the unique �xed point of F �

Proof� We show that the assumptions of Theorem 2.4 are satisfied. For
this end we prove by mathematical induction that the proposition P� is true
for all ��N, where

P� =

�
u2��1 
 s� t��1

u2� 
 s� t�
and

�
w2��1 
 s��1t�

w2� 
 s� t�
�

Step I� Let � =1. Then we have

u1 = maxfLip f�(1) j � � S1g = maxfLip f1�Lip f2g 
 s�

Since

u2 = maxfLip (f�(1) � f�(2)) j � � S2g =

= maxfLip (f1 � f1)�Lip (f2 � f3)�Lip (f1 � f2)�Lip (f2 � f4)g�
it follows from Proposition 3.1 that u2
st .

We have

w1 = maxfLip f�(1) j � � S2g = maxfLip f3�Lip f4g 
 t �

Since

w2 = maxfLip (f�(1) � f�(2)) j � � S2g =

= maxfLip (f3 � f1)�Lip (f4 � f3)�Lip (f3 � f2)�Lip (f4 � f4)g�
it follows from Proposition 3.1 that w2
st . Consequently P1 is true.

Step II� Let � � N be such that P� is true. We show that P�+1 is also
true. For this end we prove first the following inequality

(3�2) u2�+1 
 s�+1t� �

We know that u2�+1 =maxfLip(f�(1)�� � ��f�(2�+1)) j��S1g. Select any ��S1.
Then Proposition 3.1 implies

(3�3) Lip (f�(1) � � � � � f�(2�+1)) 
 Lip f�(1)Lip (f�(2) � � � � � f�(2�+1))�

In view of (1.1), (1.2) and the definition of S1 it results that �(1)�f1�2g.

Case �� �(1)=1. From (1.1) and (1.2) one obtains that

f�(2) � � � � � f�(2�+1) � t(A2� ) � t(B2� )�
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Accordingly assertion 1� of Proposition 1.1 implies the existence of a � ��S1
such that (�(2)� � � � ��(2� + 1)) = (� �(1)� � � � �� �(2�)). Taking into account the
definition of u2� , it follows that

Lip (f�(2) � � � � � f�(2�+1)) = Lip (f� �(1) � � � � � f� �(2�)) 
 u2� �

By the hypothesis of induction we then obtain

(3�4) Lip (f�(2) � � � � � f�(2�+1)) 
 s� t� �

Together (3.3) and (3.4) yield

(3�5) Lip (f�(1) � � � � � f�(2�+1)) 
 s�+1t� �

Case �� �(1)=2. From (1.1) and (1.2) one obtains that

f�(2) � � � � � f�(2�+1) � t(C2� ) � t(D2� )�

Accordingly assertion 2� of Proposition 1.1 implies the existence of a � ��S2
such that (�(2)� � � � ��(2� + 1)) = (� �(1)� � � � � � �(2�)). Taking into account the
definition of w2� , it results that

Lip (f�(2) � � � � � f�(2�+1)) = Lip (f� �(1) � � � � � f� �(2�)) 
 w2� �

By the hypothesis of induction we then obtain

(3�6) Lip (f�(2) � � � � � f�(2�+1)) 
 s� t� �

Together (3.3) and (3.6) yield

(3�7) Lip (f�(1) � � � � � f�(2�+1)) 
 s�+1t� �

From (3.5) and (3.7) it follows that (3.2) is true.

Next we prove that

(3�8) w2�+1 
 s� t�+1�

We know that w2�+1 =maxfLip(f�(1)�� � ��f�(2�+1)) j��S2g. Select any ��S2.
Then Proposition 3.1 implies

(3�9) Lip (f�(1) � � � � � f�(2�+1)) 
 Lip f�(1)Lip (f�(2) � � � � � f�(2�+1))�

In view of (1.3), (1.4) and the definition of S2 it results that �(1)�f3�4g.

Case �� �(1)=3. From (1.3) and (1.4) one obtains that

f�(2) � � � � � f�(2�+1) � t(A2� ) � t(B2� )�

Accordingly assertion 1� of Proposition 1.1 implies the existence of a � ��S1
such that (�(2)� � � � � �(2� + 1)) = (� �(1)� � � � �� �(2�)). Taking into account the
definition of u2� , it follows that

Lip (f�(2) � � � � � f�(2�+1)) 
 u2� �
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By the hypothesis of induction we then obtain

(3�10) Lip (f�(2) � � � � � f�(2�+1)) 
 s� t� �

Together (3.9) and (3.10) yield

(3�11) Lip (f�(1) � � � � � f�(2�+1)) 
 s� t�+1�

Case �� �(1)=4. From (1.3) and (1.4) one obtains that

f�(2) � � � � � f�(2�+1) � t(C2� ) � t(D2� )�

Accordingly assertion 2� of Proposition 1.1 implies the existence of a � ��S2
such that (�(2)� � � � � �(2� + 1)) = (� �(1)� � � � � � �(2�)). Taking into account the
definition of w2� , it follows that

Lip (f�(2) � � � � � f�(2�+1)) 
 w2� �

By the hypothesis of induction we then obtain

(3�12) Lip (f�(2) � � � � � f�(2�+1)) 
 s� t� �

Together (3.9) and (3.12) yield

Lip (f�(1) � � � � � f�(2�+1)) 
 s�+1t� �

Since s�t , this inequality implies

(3�13) Lip (f�(1) � � � � � f�(2�+1)) 
 s� t�+1�

From (3.11) and (3.13) it follows that (3.8) is true.

Using similar arguments as in the proof of the inequality (3.2), it can be
shown that

(3�14) u2�+2 
 s�+1t�+1�

but, instead of the hypothesis of induction, the inequalities (3.2) and (3.8)
proved above have to be used.

Using similar arguments as in the proof of the inequality (3.8), it can be
shown that

(3�15) w2�+2 
 s�+1t�+1�

but this time the inequalities (3.2) and (3.8) are used instead of the hypothesis
of induction.

The relations (3.2), (3.8), (3.14) and (3.15) express that P�+1 is true.
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From the steps I and II we conclude that P� is true for every � � N.
Therefore the following inequalities hold:

lim
���

(u2��1)
1

2��1 
 lim
���

(s� t��1)
1

2��1 =
p
st�(3�16)

lim
���

(u2� )
1

2� 
 lim
���

(s� t� )
1

2� =
p
st �(3�17)

lim
���

(w2��1)
1

2��1 
 lim
���

(s��1t� )
1

2��1 =
p
st�(3�18)

lim
���

(w2� )
1

2� 
 lim
���

(s� t� )
1

2� =
p
st �(3�19)

From (3.16) and (3.17) it follows that

lim
���

(u� )
1
� 
 p

st�

while from (3.18) and (3.19) it follows that

lim
���

(w� )
1
� 
 p

st �

But,
p
st�1. Consequently the assumptions of Theorem 2.4 are fulfilled. By

applying this theorem we obtain the four assertions of the theorem.

Remark� Theorem 3.3 shows that F has a unique fixed point even if f1,

� � � , f4 are not all contractions. For example, if s = 1
4 and t =2, then the function

f3 must not be necessarily a contraction.

4. Connections with Mauldin–Williams graphs

Up to this point of our paper we have investigated only vectorial func-
tions that were defined by means of square matrices. But fixed point results
that are similar to those obtained in Section 2 can be stated also for functions
which are defined by using matrices of degree greater than 2. After specifying
some notations we confine us to enunciate these results, because their proofs
are obtained by analogy to those from the previous section. At the end of
our paper we will show that these results have applications in the theory of
Mauldin–Williams graphs.
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Let n�N be fixed, and let�
BB�
k1�1 � � � k1�n

...
...

...

kn�1 � � � kn�n

	
CCA

be a matrix with ki � j �N for all i , j �f1� � � � �ng such that

ki � j �ki � j+1 for all i � f1� � � � � ng and all j � f1� � � � � n � 1g�
ki �n �ki+1�1 for all i � f1� � � � � n � 1g�

With the aid of given Lipschitz functions hi :X�X (i =1� � � � � kn�n ) we define
the function H : (K(X ))n� (K(X ))n by

H (K1� � � � � Kn ) =(4�1) �
BBB�

h1 � � � � � hk1�1
� � � hk1�n�1

� � � � � hk1�n

...
...

...

hkn�1�n
� � � � � hkn�1

� � � hkn�n�1
� � � � � hkn�n

	
CCCA
�
B�
K1

� � �

Kn

	
CA �

i.e.

H (K1� � � � � Kn ) =

��
k1�1�
i=1

hi (K1)

��
� � �
�� k1�n�

i=k1�n�1
hi (Kn )

�
� � � �

� � � �

�
kn�1�

i=kn�1�n
hi (K1)

��
� � �
�� kn�n�

i=kn�n�1
hi (Kn )

��
�

Accomplishing multiplication in the set of matrices of degree n with elements
from the prering (F����), one finds that the powers of the matrix

T =

�
BBB�

h1 � � � � � hk1�1
� � � hk1�n�1

� � � � � hk1�n

...
...

...

hkn�1�n
� � � � � hkn�1

� � � hkn�n�1
� � � � � hkn�n

	
CCCA

are

T � =

�
BB�
A1�1(�) � � � A1�n (�)

...
...

...

An�1(�) � � � An�n (�)

	
CCA �
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where Ai �j (�) (i , j � f1� � � � �ng) are unaccomplished sums whose terms are
products of � factors chosen from h1� � � � �hkn�n .

We introduce the sets

Σ = f� : N � f1� � � � � kn�ngg
and

Qi =



� � Σ j �� � N : h�(1) � � � � � h�(�) �

n�
j=1

t(Ai �j (�))

�
� i = 1� � � � � n�

From Proposition 1.2 we know that if Σ is endowed with the series-metric,
then it becomes a compact metric space. Following the same steps as in the
proof of Proposition 1.3, one shows that Q1, � � � , Qn are closed nonempty
subsets of Σ. As in Section 2 we denote

g� (�� x ) = h�(1) � � � � � h�(�)(x ) for all � � N and (�� x ) � Σ	X�

The following definition is analogous with Definition 2.1.

Definition ���� Let Q be a nonempty subset of Σ. We say that H has

property �P� with respect to Q if the following conditions are satisfied:

(i) there exists a function ΓQ :Q�X such that for every � �Q and every
x �X the sequence (g� (��x ))��N converges to ΓQ (�);

(ii) for every K �K(X ) the convergence in

ΓQ (�) = lim
���

g� (�� x )

is uniform on Q	K , i.e. for every �	0 there exists a �0�N such that

d(ΓQ (�)� g� (�� x )) 
 � whenever � � �0 and (�� x ) � Q 	K�

The analogue of Theorem 2.3 for the function H has the following for-
mulation.

Theorem ���� If the function H has property �P� with respect to the sets

Q1� � � � � Qn � then the following assertions hold�

1� (ΓQ1
(Q1)� � � � �ΓQn (Qn ))� (K(X ))n �

2� For all (K1� � � � �Kn )� (K(X ))n we have

lim
���

H � (K1� � � � � Kn ) = (ΓQ1
(Q1)� � � � �ΓQn (Qn ))�

3� (ΓQ1
(Q1)� � � � �ΓQn (Qn )) is the unique �xed point of H �

In general the assumptions of the next theorem can be easier verified in
practice than those of Theorem 4.1.
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Theorem ���� If the inequality

lim
���

(qi �� )
1
� �1

is satis�ed for all i �f1� � � � �ng� where

qi �� = maxfLip (h�(1) � � � � � h�(�)) j � � Qig�
then the following assertions hold�

1� The function H has property �P� with respect to the sets Q1� � � � � Qn �

2� (ΓQ1
(Q1)� � � � �ΓQn (Qn ))� (K(X ))n �

3� For all (K1� � � � �Kn )� (K(X ))n we have

lim
���

H � (K1� � � � � Kn ) = (ΓQ1
(Q1)� � � � �ΓQn (Qn ))�

4� (ΓQ1
(Q1)� � � � �ΓQn (Qn )) is the unique �xed point of H �

Remarks� 1) Assertion 3� of Theorem 4.2 can be used to approximate
the unique fixed point of H .

2) When n =1, then the Theorems 4.1 and 4.2 become the results obtained
by M�at�e [5].

3) As in the proof of Theorem 2.1 it can be shown that the functions
ΓQi

:Qi�X (i =1� � � � �n) are defined by

ΓQi
(�) = lim

���
g� (�� x )�

where x �X is fixed.

4) Theorem 3 given by Bandt in [1] is a corollary of Theorem 4.2. To
see this put

c = maxfLip hi j i � f1� � � � � kn�ngg�
Next we note that the hypothesis of Bandt’s theorem implies the existence
of an 
� (0�1) such that

(4�2) Lip (hk1
� � � � � hkt ) 
 


�
t
n

�
cn

for each path k1� � � � � kt . From (4.2) we deduce that, for all i �f1� � � � �ng, � �Qi

and ��N, the following inequality holds

(4�3) Lip (h�(1) � � � � � h�(�)) 
 

�
�
n

�
cn �

Indeed, in view of � �Qi , there exists a j �f1� � � � �ng such that

h�(1) � � � � � h�(�) � t(Ai �j (�))�
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Taking into account the definition of Ai �j , we find numbers j1� � � � � j��1�f1� � � �
� � � �ng such that

h�(1) � t(Ai �j1
(1))� h�(2) � t(Aj1�j2

(1))� � � � � h�(�) � t(Aj��1�j
(1))�

This means that �(1) � � ��(�) is a path in the sense of Bandt’s definition. By
applying (4.2) we get (4.3). From (4.3) it follows that

qi �� 
 

�
�
n

�
cn �

Thus we have

(4�4) (qi �� )
1
� 
 


�
�
n

� 1
� c

n
� �

Since

lim
���



�
�
n

� 1
� = 


1
n �

the inequality (4.4) implies

lim
���

(qi �� )
1
� 
 


1
n �

But we have 
�1, and hence it is true that

lim
���

(qi �� )
1
� �1�

By applying Theorem 4.2 and the preceding remark we obtain the conclusions
of Theorem 3 given in [1].

Theorem 4.2 can be applied in the theory of Mauldin–Williams graphs.
First we need some definitions from the theory of graphs.

Definition ���� A directed multigraph is an ordered system (V�E�
��),
where V and E are nonempty sets, and 
 and � are functions from E to V .

The elements of V are called the vertices of the directed multigraph,
while those of E are called the edges of the directed multigraph. If e � E ,
then 
(e) is the initial vertex of the edge e and �(e) is the �nal vertex of the
edge e.

If u , w � V , then we denote by Euw the set of all edges whose initial
vertex is u and whose final vertex is w , i.e.

Euw = fe � E j 
(e) = u� �(e) = wg�
Definition ���� A Mauldin�Williams graph is an ordered system

(V�E�
���
), where (V�E�
��) is a directed multigraph and 
 is a function
from E to ]0�+�[.
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The function 
 is called the evaluation function of the Mauldin–Williams
graph.

Definition ���� An invariant list of representatives of a directed mul�

tigraph (V�E�
��) with respect to a family (fe : X �X )e�E of continuous

functions is any element (Kv )v�V � (K(X ))V which satisfies

Ku = �
v�V

�
e�Euv

fe (Kv ) for every u � V�

Definition ��	� An invariant list of representatives of a Mauldin�

Williams graph (V�E�
���
) with respect to a family (fe : X � X )e�E
of continuous functions is an invariant list of representatives of the directed
multigraph (V�E�
��).

In the sequel let (V�E�
��) be a directed multigraph with V =f1� � � � �ng
and for all i , j � V let Ei �j be a finite nonempty set. Without loss of the
generality we can suppose that the sets Ei �j are written with the aid of the
elements of the matrix (ki �j )1�i �j�n in the following manner:

Ei �j =


��
��
f1� � � � � k1�1g if (i � j ) � f1g 	 f1g
fki �j�1� � � � � ki �j g if (i � j ) � f1� � � � � ng 	 f2� � � � � ng
fki�1�n � � � � � ki �1g if (i � j ) � f2� � � � � ng 	 f1g

�

Since

E =
n�

i �j=1
Ei �j �

it follows that E =f1� � � � � kn�ng.

The next theorem reveals the relationship between the invariant list of
representatives of the directed multigraph (V�E�
��) and the function H
defined by (4.1).

Theorem ���� Let (he :X�X )e�E be a family of continuous functions�

The element (K1� � � � �Kn ) � (K(X ))n is an invariant list of representatives

of the directed multigraph (V�E�
��) with respect to the family (he : X �
�X )e�E if and only if (K1� � � � �Kn ) is a �xed point of the function H de�ned

by (4�1)�

Proof� The element (K1� � � � �Kn )� (K(X ))n is an invariant list of repre-
sentatives of (V�E�
��) with respect to the family (he : X �X )e�E if and
only if

(4�5) Ki = �
j�f1�����ng

�
e�Ei �j

he(Kj ) for all i � f1� � � � � ng�
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Using the expression of the sets Ei �j , we see that (4.5) is equivalent to

(4�6) (K1� � � � � Kn ) = H (K1� � � � � Kn )�

The relation (4.6) is obviously equivalent to the fact that (K1� � � � �Kn ) is a
fixed point of the function H defined by (4.1).

Remark� In the case when n = 1, i.e. when the directed multigraph has
a single vertex, then the function H is of the same type as the function
G mentioned in the introduction of our paper. Hence the invariant list of
representatives with respect to a finite family of continuous functions becomes
the invariant set (with respect to the same family) defined in the introduction,
while (4.5) becomes

(4�7) K1 = h1(K1) � � � � � hk1�1
(K1)�

This equality is the simplest way to obtain a fractal (namely the set K1). Vari-
ous constructions of “recurrent sets” given in the theory of fractals generalize
this idea of constructing a fractal by means of (4.7). For instance, instead of a
single equation (4.7), a system (4.5) of n equations involving kn�n mappings
can be considered in order to obtain n components of a fractal. Therefore
Theorem 4.3 characterizing the concept of invariant lists of representatives of
a directed multigraph is a useful tool for investigating fractals.

Using Theorem 4.2, we are now able to state a sufficient condition for the
existence and uniqueness of an invariant list of representatives of a Mauldin–
Williams graph (V�E�
���
) with respect to a family of Lipschitz functions.
Moreover, taking into account the preceding remark, the next theorem reveals
that, by means of Mauldin–Williams graphs, a relationship between the results
of our paper and the theory of fractals can be stated.

Theorem ���� Let (he : X �X )e�E be a family of Lipschitz functions

satisfying the following conditions�

(C1) Liphe

(e) for all e�E �

(C2) lim
���

(mi �� )
1
� �1 for all i �f1� � � � �ng� where

mi �� = max

�
�Y

k=1


(�(k )) j � � Qi

�
�

Then the Mauldin�Williams graph (V�E�
���
) has a unique invariant list of

representatives with respect to the family (he :X�X )e�E �
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Proof� Let qi �� (i �f1� � � � �ng, ��N) be the numbers defined in Theorem
4.2. Using condition (C1) and Proposition 3.1, it follows that

Lip (h�(1) � � � � � h�(�)) 

�Y

k=1


(�(k ))

for all i �f1� � � � �ng, � �Qi , and � �N. Consequently we have qi �� 
mi �� for
all i �f1� � � � �ng and ��N. From this we conclude that

lim
���

(qi �� )
1
� 
 lim

���
(mi �� )

1
� for all i � f1� � � � � ng�

Using (C2), it follows that

lim
���

(qi �� )
1
� �1 for all i � f1� � � � � ng�

In view of assertion 4� of Theorem 4.2 it results that H has a unique fixed
point. Then, by Theorem 4.3, the graph (V�E�
���
) has a unique invariant
list of representatives with respect to the family (he :X�X )e�E .

Corollary ��	� Let (he :X �X )e�E be a family of contractions such

that

Lip he 
 
(e) �1 for all e � E�

Then the Mauldin�Williams graph (V�E�
���
) has a unique invariant list of

representatives with respect to the family (he :X�X )e�E �

Proof� Since E is finite, there exists a real number c�1 such that 
(e)
c
for all e�E . Consequently we have mi ��
c� for all i �f1� � � � �ng and ��N,
where mi �� are the numbers defined in Theorem 4.4. From these inequalities
we obtain

lim
���

(mi �� )
1
� 
 c �1 for all i � f1� � � � � ng�

In conclusion, the conditions (C1) and (C2) of Theorem 4.4 are fulfilled.
By applying this theorem, we conclude that there exists a unique invariant
list of representatives of the graph (V�E�
���
) with respect to the family
(he :X�X )e�E .

Remark� Corollary 4.5 is already known in the theory of Mauldin–
Williams graphs. Another proof for it can be given by using Banach’s fixed
point theorem.
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A space in this paper always means a topological space. If A is a subset
of an ordered space Y , then infA and supA mean the greatest lower bound
(infimum) and last least upper bound (supremum) of a set A, respectively. By
a multifunction F on a set X we mean a relation on X onto Y ; in other words,
F assigns to each point x �X a nonempty subset F (x ) of Y . Thus, denoting

by 2Y the family of all nonempty subsets of Y , we write F : X � 2Y . It
should be stressed that, even if Y is a space, no topology is considered on

the family 2Y . We shall denote multifunctions by upper case letters F , G ,
� � � , while lower case ones f , g , � � � will denote single-valued functions. The
reader is referred to [1] and [6] for a general (and also detailed) information
on multifunctions.

Denote by K [0�1] the set of closed connected subsets of [0�1]; thus

K [0�1]�2[0�1]. Let X be a connected space. The following definition is used
in [7]. A multifunction F :X�K [0�1] is said to be continuous provided that
if F (x ) = [f0(x )� f1(x )], then the functions f0 :X� [0�1] and f1 :X� [0�1] are
continuous.

The main result of [7] is the following theorem.

�� Theorem (Szabó)� Let F � G :X �K [0�1] be continuous multifunc�

tions and assume that

(2)
�
fF (x ) : x � X g = [0� 1]�

Then there exists x0�X such that F (x0)�G(x0) �= ��
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Further, a question is asked in [7, p. 198] how one can generalize the
above theorem, in particular for other spaces than [0�1]. The aim of this paper
is to answer the question. Namely, it is indicated that a) some superfluous
assumptions can be eliminated in the result; b) if X is a Hausdorff space
as well, then the closed unit interval [0�1] can be replaced by a generalized
arc; and c) no further generalizations concerning b) are possible. However, it
should be stressed that in the present paper we only collect (or recall) some
results already known in the literature (in fact in [4]) to get a result much
stronger than Theorem 1.

We start with recalling a sequence of definitions and notation needed in
the sequel.

Let there be given two spaces X and Y , and a multifunction F :X�2Y .
We use the following notation. If A�X and B�Y , then:

F (A) =
�
fF (x ) : x � Ag�

F�(B) = fx � X : F (x ) � Bg �= ��

F+(B) = fx � X : F (x ) � Bg�

�� Definition� ([6] and [1]). A multifunction F :X�2Y is said to be:

– lower semicontinuous, l.s.c., if for each open set V �Y the set F�(V )
is open in X ;

– upper semicontinuous, u.s.c., if for each open set V �Y the set F+(V )
is open in X ;

– continuous, if it is both lower and upper semicontinuous;

– point closed, if F (x ) is closed for each x �X ;

– point connected, if F (x ) is connected for each x �X ;

– surjective, if �fF (x ) :x �X g=Y .

Therefore, if a multifunction F : X � K [0�1] is under consideration,
we have two definitions, viz. the above mentioned definition as in [7] and
Definition 3, of its continuity. It can be shown that the two concepts of
continuity coincide, even if a more general range space is considered.

Indeed, let us consider, in place of the closed unit interval [0�1], a gen�

eralized arc, that is, a continuum (not necessarily metrizable) having exactly
two noncut points. It is well known that a generalized arc is an arc (i.e., a
homeomorphic image of [0�1]) if and only if it is metrizable. The reader is
referred to Chapter 3 of [8], where cut points are used to define a natural order
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on a connected set, [8, p. 41], and where it is proved that any generalized arc
admits a natural order (see [8, Chapter 3, x6, (iv), p. 55]) which will be
denoted by �. Given a generalized arc [a�b], we denote by K [a�b] the set
of closed connected subsets of [a�b]. Thus each nondegenerate element of
K [a�b] is a generalized arc [c�d] with a�c�d�b. Adopting the definition
from [7] to this more general case we have the following.

�� Definition� Let a generalized arc [a�b] be fixed. A multifunction
F :X�K [a�b] is said to be continuous provided that if F (x ) = [f0(x )� f1(x )],
then the functions f0 :X� [a�b] and f1 :X� [a�b] are continuous.

�� Statement� Let X be a space and Y = [a�b] be a �xed generalized

arc� Then a multifunction F :X�K [a�b]�2Y is continuous in the sense of

De�nition 3 if and only if it is continuous in the sense of De�nition 4�

Proof� Assume that F is continuous according to Definition 3, i.e., that it
is both l.s.c. and u.s.c., and let a point x��X be given. We have to show that
the function f0 :X � [a�b] is continuous at x�, that is for each open subset
V of [a�b] with f0(x�)�V there is an open subset U of X with x��U and
f0(U )�V .

Since the open subintervals (c�d), [a�c) and (d�b] of [a�b] with a�c�
� d � b form a basis for [a�b], it is enough to take a member of this basis
as V . Let V = (c�d) � [a�b]. Therefore the sets [a�d) and (c�b] are open
in [a�b]. By lower and upper semicontinuity of F the sets F�([a�d)) and
F+((c�d]) are open subsets of X both containing x�, whence the intersection
U =F�([a�d))�F+((c�d]) is an open neighborhood of x�. Further, for each
point x �U we have

F (x ) � [a� d) �= � and F (x ) � (c� d]�

whence it follows that infF (x ) �d and c�infF (x ). Since infF (x ) = f0(x ),
we have f0(x )� (c�d) =V . Thus f0(U )�V . The cases when V = [a�c) and
V =(d�b] run in a similar way. So, continuity of f0 has been proved. A proof
of continuity of f1 is the same. Thus the multifunction F is continuous in the
sense of Definition 4.

Assume now that F is continuous according to Definition 4, i.e. that
the two functions f0 and f1 are continuous. To prove continuity of F as
in Definition 3, i.e. its lower and upper semicontinuity, take an open set
V �Y = [a�b]. We have to show that the sets F�(V ) and F+(V ) are open.
Again as in the previous part of the proof, it is enough to take V as an element
of the basis, and we consider the case of V =(c�d)� [a�b] only, since for the
other two cases the proof is the same.
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Suppose F�(V ) is not open. Then there exists a point x��F�(V ) such
that every open neighborhood U of x� intersects X nF�(V ). Thus we have
U nF�(V ) �= �, whence it follows that there is a point x �U nF�(V ), i.e.,
x � U and F (x )�V = �. This equality means that either F (x ) � [a�c] or
F (x )� [d�b], whence we infer that

(6) either f1(x ) � c or d � f0(x )

On the other hand, since x� � F�(V ), we have F (x�)�V �= �, which is
equivalent to

f0(x�) = infF (x�) �d and c�supF (x�) = f1(x�)�

Since f0 is continuous at x�, for the open neighborhood [a�d) of f0(x�) in
[a�b] there is an open neighborhood U0 of x� such that for each point x �U0
we have f0(x ) � [a�d). Similarly, since f1 is continuous at x�, for the open
neighborhood (c�b] of f1(x�) in [a�b] there is an open neighborhood U1 of
x� such that for each point x �U1 we have f1(x )� (c�b]. Taking U =U0�U1,
we have for each x �U

f0(x ) �d and x �f1(x )�

contrary to (6).

Suppose now that F+(V ) is not open. Then, arguing as previously, we
see that there exists a point x��F+(V ) such that every open neighborhood U
of x� intersects X nF+(V ). Thus we have U nF+(V ) �= �, whence it follows
that there is a point x �U nF+(V ), i.e., x �U and F (x ) is not contained in
V , so, F (x )nV �= �. This inequality means that

f0(x ) = infF (x ) � c or d � supF (x ) = f1(x )�

Now, using the same argument as in the previous part of the proof one
can verify that continuity of the functions f0 and f1 at x� leads to a similar
contradiction. The proof is then complete.

Analyzing carefully assumptions of Theorem 1 we see that, in the light
of Statement 5, the theorem can be reformulated as follows.

�� Theorem� Let X and Y be spaces and let multifunctions F � G :X�

�2Y be given� Assume that

(8) X is connected�

(9) Y is a generalized arc�

(10) Y is metrizable�

(11) F is l�s�c��



2016. december 13. – 21:33

ON A FIXED POINT THEOREM FOR MULTIFUNCTIONS 35

(12) F is u�s�c��

(13) F is point closed�

(14) F is point connected�

(15) F is surjective�

(16) G is l� s�c��

(17) G is u�s�c��

(18) G is point closed�

(19) G is point connected�

Then

(20) there exists x0�X such that F (x0)�G(x0) �= ��

A possible generalization of Theorem 1 (or, equivalently, of Theorem 7)
for Hausdorff spaces X can be formulated as the following proposition.

��� Proposition� If X is a Hausdor� space� then in Theorem 7 assump�

tions (10)� (12)� (13)� (17) and (18) can be omitted�

Before we prove Proposition 21, we have to recall some auxiliary con-
cepts that are needed in the proof. The results related to nets (of points and
of sets) can be found in (2), (3) and (5). In particular, we use the symbol
LsfA�g to denote the superior limit of the net fA�g.

We say that a multifunction F :X�2Y defined on a Hausdorff space X
is componentwise continuous (c.c.) if the condition x =limx� implies that

(22) LsfC�g�Ffxg �= �, where C� is a component of F (x� ) for each
� ;

(23) every component of F (x ) intersects LsfF (x� )g.

Observe that if F is point connected, then (22) and (23) are the same,
and thus a point connected multifunction F is c.c. if and only if x = limx�
implies that F (x )�LsF (x� ) �= �.

Proof of Proposition ��� If the space X is Hausdorff, then limx� is
uniquely determined (see [2, Proposition 1.6.7, p. 51]. Then assumptions (11)
and (14), as well as (16) and (19), imply that the multifunctions F and G are
c.c., according to Proposition 1.1 of [4, p. 228]. Thus F is a point connected
surjection by (14) and (15), i.e., (i) of Theorem 3.1 of [4, p. 240] holds.
Thereby assumptions (8) and (9) imply the existence of a coincidence point
x0 of (20) by the above quoted Theorem 3.1 of (4). The proof is complete.

Another modification of Theorem 1 is the following proposition.
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��� Proposition� If X is a Hausdor� space� then in Theorem 7 assump�

tions (10)� (11) and (16) can be omitted�

Proof� Arguing as in the proof of Proposition 21 we again see that
assumptions (12), (13) (14) and (17), (18) (19) imply by Proposition 1.1 of
[4, p. 228] that the multifunctions F and G are c.c. Thus (20) follows as
previously.

��� Question� Can the assumption that the space X is Hausdorff be
omitted in Propositions 21 and 24?

��� Remark� Following the question in [7, p. 198], one can ask if
further generalizations of the results are possible concerning the space Y ,
that is, whether we can get the conclusion (20) for spaces Y other than a
generalized arc. For continua the answer is negative by Corollary 3.2 of [4,
p. 241] which says that the continuum Y is a generalized arc if and only if
for each continuum X and for every two c.c. point connected multifunctions

F , G : X � 2Y with F (X ) � G(X ) = clG(X ) � Y there is a coincidence
point.
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0. Introduction

Weights satisfying the so-called Ap-Condition (Ap-weights) introduced
by Muckenhoupt [7] play an important role in different fields of mathe-
matical analysis. In our paper [4] we investigated the best approximation by
trigonometric polynomials in the spaces Lpu [2�] in the case u satisfies the
Ap-Condition and has period 2� . In that paper Bernstein- and Jackson-type
inequalities are given. But the problem of characterizing the best approxima-
tions by using any concept of moduli remained open. Since then we have
some results, but only for special cases of Ap-weights (see e.g. [5]). One of
the main results we want to present in this paper is a complete solution for
this problem. For any weight u satisfying the Ap-condition on an arbitrary
interval (a�b) (�� � a �b � �), we introduce the so-called modulus of
mean smoothness in the weighted space L

p
u (a�b), and in the periodic case

L
p
u [2�] (Sect. 1). The characterization of weighted K -functionals in terms

of the moduli is given in Sect. 2. Applications to best approximations will
be based on this result and on some of earlier results in our [4], which will
be presented in Sect. 3. Finally, in Sect. 4, the saturation of Fourier–Riesz
means is given.

Research supported by the Hungarian National Foundation for Research Grant No. T
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1. Moduli of mean smoothness

Recall here the definition of Ap-weights. Let (a�b) be a finite or infinite
interval, and let 1�p�� (this will be assumed throughout the paper). We
say that a function u satisfies the Ap-Condition on (a�b) if it is non-negative
and finite a.e. on (a�b) and for any finite subinterval J of (a�b) we have*

(1)

�
� 1
jJ j

Z
J

u(x )dx

�
A
�
� 1
jJ j

Z
J

u(x )
� 1

p�1dx

�
A
p�1

� c(p)

here jJ j denotes the length of J .

The class of such weights will be denoted by Ap(a�b). Furthermore let
Ap[2�] be the class of all weights belonging to Ap(����), which are 2�

periodic. For u�Ap(a�b) the weighted space Lpu (a�b) consists of all functions
f defined on (a�b) for which

kf k
L
p
u (a�b) =

�
� bZ
a

jf (x )jpu(x )dx

�
A

1
p

���

If u � Ap(2�), the space Lpu [2�] contains all 2�-periodic functions with a
similar norm defined on an interval of length 2� . Sometimes we shall use the
notation X =X p

u for all spaces defined above.

We need the following two properties of Ap-weights.

a) Denote by L(X ) the set of all measurable functions integrable on every
finite subintervals of (a�b) in the case X = L

p
u (a�b), and of (����) for

X =Lpu (2�). We have for any Ap-weight u

(2) If f � X
p
u = X� then f � L(X )�

b) Let Mf (x ) be the Hardy–Littlewood maximal function of f �X . That
is

Mf (x ) = sup
x�(c�d)�J (X )

1
d � c

dZ
c

jf (t)jdt � with J (X ) = (a� b) if X = Lpu (a� b)

and = (����) in the case X = Lpu [2�]�

* Throughout the paper c, Ck (x � � � �), c(x � � � �) will denote absolute constants, and constants

depending only on the variables specified in the brackets, resp.
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Then (see [1], [7])

(3) kMf kX � ckf kX �

In order to define moduli, we introduce the following means. Consider
first the periodic case. Let for f �Lpu[2�], r�1

Δrt f (x ) =
rX
s=0

(�1)r+s+1
�
r

s

�
f (x + st)�

Introduce

�r� f (x ) =
1
�

�Z
0

jΔrt f (x )jdt �(4)

(For ��0 the integral should be understood as
�R
0

=�
0R
�

)

By (2) the integral on the right hand side of (4) exists. In the case
f � L

p
u (a�b), the mean �r

�
f (x ) is defined only for all x � (a�b) such that

x +r�� (a�b). For other x � (a�b), let �r
�
f (x )=0.

Let now

0 �h �

�
� in the case X = Lpu [2�],
b�a
r if X = L

p
u(a� b).

Define for any f �X

(5) �r (f � h)X = sup
j�j�h

k�r� f (x )kX

The existence of the moduli follows from (3). More exactly,

(6) �r (f � h)X � ckf kX

In order to distinguish between the new and traditional moduli we shall
call the former moduli of mean smoothness. It turns out later in Theorem 1
that in the case u�1, the new moduli and the traditional ones are equivalent.
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2. The equivalence theorem

We now introduce the weighted K -functionals and give the equivalence
between them and the moduli. Let u be an Ap-weight. For f �X =X p

u , r�1,
t	0, let

(7) Kr (f � t)X = inf
g�W (r )(X )

fkf � gkX + t rkg (r )kX g

where W (r )(X ) denotes the class of all functions g r -times locally absolutely
continuous on (a�b) (if X =Lpu(a�b)), on (����) (in the case X =Lpu [2�]),
for which g , g (r )�X .

Theorem �� Let u be an Ap�weight� For any f �X = X p
u we have for

0�h�c

(8) �r (f � h)X � C1Kr (f � h)X � C2�r (f � h)X

where Ci =Ci (p�u�r ) �i =1� 2�� c=c(r�u)�

Proof� First we give a detailed proof of the theorem for the periodic
case. Most of the steps of the proof in the non-periodic cases are similar;
they will be presented later.

A. The periodic case

Let X =Lpu [2�]. Let g�W (r )(X ). By (2), g (r )�L1[2�], therefore

(9) Δrt g(x ) =

tZ
0

� � �

tZ
0

g (r )(x + t1 + � � � + tr )dt1 � � � dtr �

Consequently

�r (g� h)X = sup
j�j�h

�������
1
�

�Z
0

jΔrt g(x )dt j

�������
X

�

� sup
j�j�h

1
�

�Z
0

������
tZ

0

� � �

tZ
0

g (r )(x + t1 + � � � + tr )dt1 � � � dtr

������
X

dt �

� hr

������
1
hr

hZ
0

� � �

hZ
0

jg (r )(x + t1 + � � � + tr )jdt1 � � � dtr

������
X

�
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Hence substituting t = t1 + � � �+ tr and using (3) we get

�r (g� h)X �

�������
1

hr�1

hZ
0

� � �

hZ
0

�	

	�

1
h

h+t1+���+tr�1Z
0

jg (r )(x + t)dt

�	

	�dt1 � � � dtr

�������
X

�

� hr

������
1
h

rhZ
0

jg (r )(x + t)dt

������
X

� c(r )hrkg (r )kX(10)

From (6), (10) we have for any f �X , g�W (r )(X )

�r (f � h) � c(kf � gkX + h(r )kg (r )kX )�

Therefore, by definition

(11) �r (f � h)X � cKr (f � h)X �

In order to prove the converse inequality of (11) we introduce a Steklov-type
transform for f �X , r�1, h	0

(12) fr�h(x ) =
2
h

hZ
h
2

�
B� 1
�r

�Z
0

� � �

�Z
0

r�1X
s=0

(�1)r+s+1
�
r

s

�
�

� f

�
x +

r � s

r
(t1 + � � � + tr )

�
dt1 � � � dtr

�
CA d��

We have

fr�h(x )� f (x ) =
2
h

hZ
h
2

�
B� 1
�r

�Z
0

� � �

�Z
0

Δrt1+���+tr
t

f (x )dt1 � � � dtr

�
CA d��

Hence

kfr�h � f kX � sup
h
2���h

�������
1
�r

�Z
0

Δrt1+���+tr
t

f (x )dt1 � � � dtr

�������
X

�

Therefore substituting t = t1 + � � �+ tr we get

(13) kfr�h � f kX �
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� sup
h
2���h

�������
1

�r�1

�Z
0

� � �

�Z
0

�
B� 1
�

�+t1+���+tr�1Z
t1+���tr�1

Δrt
r
f (x )dt

�
CAdt1 � � � dtr�1

�������
X

�

� sup
h
2���h

�������
1
�

r�Z
0

���Δ t
r
f (x )

��� dt
�������
X

� r sup
0���h

�������
1
�

�Z
0

jΔrt f (x )jdt

�������
X

� r�r (f � h)X �

On the other hand, by (12)

f (r )
r�h (x ) =

2
h

hZ
h
2

1
�r

r�1X
s=0

(�1)r+s+1
�
r

s

��
r

r � s

�r
Δ r�s

r
r
�
f (x )d��

Hence

jf (r )
r�h (x )j � 2h�r

1
h

hZ
0

r�1X
s=0

�
r

s

��
r

r � s

�r ����Δrr�s
r �

f (x )

���� d� =

= 2h�r
r�1X
s=0

�
r

s

��
r

r � s

�r 1
h

hZ
0

���Δ r�s
r �

f (x )
��� d� =

= 2h�r
r�1X
s=0

�
r

s

��
r

r � s

�r 1
r�s
s h

r�s
r hZ

0

jΔru f (x )jdu�

Consequently we have by the definition of the moduli

(14) kf (r )
r�h kX � c(r )h�r�r (f � h)X �

with c(r )=2(2r )r . Combining (13) and (14) we get

Kr (f � h)X � kf � fr�hkX + hr
���f (r )
r�h

���
X
� c�r (f � h)X �

We have proved the converse inequality of (11). By this the proof of Theorem
1 in the periodic case is complete.

B. Proof of Theorem 1 in the nonperiodic case.

Consider all weights u(x ) from the class Ap(a�b). By any linear trans-

form T (of x ), the class Ap(a�b) becomes the class Ap(a ��b�) with a �=T (a),
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b� = T (b), and the moduli of mean smoothness as well as the weighted
K -functionals of functions preserve their order. Therefore it is enough to
prove our theorem for the following three cases:

a) (a�b)=(0��),

b) (a�b)=(����),

c) (a�b)=(0�1).

In all three cases inequality (11) can be proved similarly to the periodic case.
The proof of the converse inequality in the cases of the intervals (0��) and
(����) is also similar, and is based on the Steklov-type transform (12). The
case of the interval (0�1) is somewhat, more complicated, since in this case
the function fr�h in (12) is defined only on (0�1� rh). Therefore in order to
get a suitable transform we use the following method.

Let f � Lpu (0�1). Let h � be a real number, jh �j�1. Denote by fr�h � the
function defined as in (12). Let 
 (x ) be the function defined as:


 (x ) = 1 for 0 � x �
1
3
� 0 for

2
3
� x � 1

and 
 (x ) is r -times continuously differentiable on [0�1] with j
 (i)(x )j�c(r )

(i =1,� � � , r ; 1
3�x�

2
3 ).

Now, introduce for 0�h�1
3r

(15) fhr�hi = 
fr�h + (1� 
 )fr��h = fr��h + 
 (fr�h � fr��h)�

Repeating the techniques used in the proof of (13) and (14) we have

kf � fr�hk
L
p
u

�
0� 23

� � c�r (f � h)
L
p
u (0�1)(16)

kf (r )
r�h kLp

u

�
0� 23

� � ch�r�r (f � h)
L
p
u (0�1)(17)

kf � fr��hk
L
p
u

�
1
3 �1

� � c�r (f � h)
L
p
u (0�1)(18)

kf (r )
r��hkLp

u

�
1
3 �1

� � ch�r�r (f � h)
L
p
u (0�1)�(19)

Therefore by (15) and the definition of 


kf � fhr�hikLp
u (0�1) �(20)

� kf � fr�hk
L
p
u

�
0� 23

� + kf � fr��hk
L
p
u

�
1
3 �1

� � c�r (f � h)
L
p
u (0�1)�
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On the other hand, again by (15), using the Leibniz formula and the
properties of 
 we get

���f (r )
hr�hi

���
L
p
u

�
1
3 �

2
3

� � c(r )

�
kf (r )
r�h kLp

u

�
1
3 �

2
3

� +
rX
i=0

k(fr�h � fr��h)(i)k
L
p
u

�
1
3 �

2
3

�
�
�

In order to continue the estimation, we notice that from the definition of

Ap-weight (see (1)) we have u�
q
p , u � L1(0�1) ( 1

p + 1
q = 1). Hence using an

inequality between Lpu -norm of the derivatives of different orders of functions
(see [6, Theorem 3.3]) we get���f (r )
hr�hi

���
L
p
u

�
1
3 �

2
3

� �

� c(r )

�
kf (r )
r�h kLp

u

�
1
3 �

2
3

� + kf (r )
r��hkLp

u

�
1
3 �

2
3

� + kfr�h � fr��hk
L
p
u

�
1
3 �

2
3

�
�
�

Therefore, by (16)–(19)

kf (r )
hr�hi

k
L
p
u

�
1
3 �

2
3

� � c(r )h�r�r (f � h)
L
p
u (0�1)�

This together with (15), (17) and (19) implies

(21) kf (r )
hr�hi

k
L
p
u (0�1) �

� c(r )

�
kf (r )
hr�hi

k
L
p
u

�
0� 13

� + kf (r )
hr�hi

k
L
p
u

�
1
3 �

2
3

� + kf (r )
hr�hi

k
L
p
u

�
2
3 �1

�
�
�

� c(r )h�r�r (f � h)
L
p
u (0�1)�

The inequalities (20) and (21) imply the converse inequality of (11) in our
case. We have completed the proof of Theorem 1.

3. Best approximation by trigonometric polynomials in the
spaces Lpu [2�]

Let u � Ap[2�] (1 �p ��). Let Tn be the set of all trigonometric

polynomials of order at most n . For any f �X =Lpu [2�], define

En (f )X = inf
tn�Tn

kf � tnkX (n = 1� 2� � � �)�
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This is finite because u�L1[2�], hence tn �L
p
u[2�]. Using the results of [2]

we have (for details see [4])

(22) En (f )X � 0 (n ��) (f � X )�

In [4] we proved

A. Bernstein-type inequality:

(23) kt (r )
n kX � cnrktnkX (tn � Tn )

and

B. Jackson-type inequality

(24) En (f )X �
c

nr
kf (r )kX

(f �W (r )(X ), n =1�2� � � �).

The following theorem follows from those inequalities and Theorem 1.

Theorem � (direct and converse theorem)� Let u �Ap[2�] �1�p����

r�1� For any f �X =Lpu [2�]� n�1 we have

En (f )X � c(r )�r

�
f �

1
n

�
X

(25)

and

�r (f � �)X � c(r )�r

h
��1

i
X
k=0

(k + 1)r�1Ek (f )X �(26)

Proof� Indeed, the same inequalities like (25) and (26) are true if we
replace �r (f ) by the K -functional Kr (f ). This fact follows from (23) and
(24) by a well-known technique of the approximation theory (see also [8,
Theorem 3.16]). Then using Theorem 1 we have completed the proof.

4. Saturation theorem for Riesz-mean

In this section we give the saturation of Riesz-means of Fourier-series
by using the moduli of mean smoothness. Let u �Ap[2�] (1�p��). Let

f �Lpu [2�]. Then f �L[2�]. It has the Fourier-series

f (x ) 	
a0
2

+
�X
i=1

(ai cos ix + bi sin ix )�
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Let

Ak (x ) =
a0
2

+
kX
i=1

(ai cos ix + bi sin ix )�

Denote by R[r ]
n the n-th Riesz-mean of order r of the Fourier-series of f . That

is

R[r ]
n (f � x ) =

nX
k=0

�
1�

�
1

k + 1

�r�
Ak (x ) (r� n = 1� 2� � � �)�

We now prove

Theorem �� Let f �X =Lpu [2�] �u �Ap(2�]� 1�p���� Let r � 1 be

an integer� Then

(i) If kR[r ]
n (f )� f kX =o(n�r ) then f �const�

(ii) kR[r ]
n (f )� f kX =O(n�r ) i� �r (f ��)X =O(�r )�

Proof� The statement (i) was proved in our [3]. It was also proved in

[3] that kR[r ]
n (f )� f kX =O(n�r ) iff f �W r (X ). So, it remains to prove the

equivalence

(27) f �W r (X ) iff �r (f � �)X = O(�r )�

The “only if” part of (27) follows from (10). To prove the “if” part we argue
as follows. Since u � Ap[2�] there exists 1�p1 �p such that u �Ap1[2�]

(see [1, p.243]). If f �Lpu [2�]) then setting p0 =p�p1 (	1) we have by Hölder
inequality

�
� 2�Z

0

jf (x )jp0

�
A

1
p0

=

�
� 2�Z

0

jf (x )
p
p1 u(x )

1
p1 u(x )

� 1
p1 dx

�
A

1
p0

�(28)

�

�
� 2�Z

0

jf (x )jpu(x )

�
A

1
p
�
� 2�Z

0

u(x )
�

p�1
p1 dx

�
A

1
p�
1
p2

where 1
p�1

+ 1
p1

=1.
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Observing that since u �Ap1[2�], the function u(x )
�

p�1
p1 is integrable on

[0�2�], we obtain from (28)

(29) kf kLp0 [2�] � c(p1� p)kf kX �

Hence, denoting X0 =Lp0[2�] we have

(30) �r (f � �)X0
� c(p1� p)�r (f � �)X �

But we see from Theorem 1 that in the space X0 =Lp0 the traditional modulus
(which is denoted usually by �r (f ��)p0) is equivalent to the modulus of mean
smoothness. Therefore from (30) we get

(31) �r (f � �)p0 � c(p1� p)�r (f � �)X �

So, if �r (f ��)X = O(�r ) then the same estimate holds for �r (f ��)p0, too.
Hence by a well-known property of the traditional moduli in Lp0[2�] we
obtain that f is r -times locally absolutely continuous in (����) and for
almost every x

(32)
1
hr

Δrh f (x ) � f (r )(x ) (h � 0)�

From (32) one has also for almost every x

2
�

�Z
�
2

jΔrh f (x )j

hr
dh � jf (r )(x )j (� � 0+)�

Hence by Fatou-Lemma

kf (r )kX � lim inf
��0+

��������
2
�

�Z
�
2

jΔrh f (x )j

hr
dh

��������
X

�

� lim sup
��0+

2r+1

�r

�������
1
�

�Z
0

jΔrh f (x )jdh

�������
X

� lim sup
��0+

2r+1�r (f � �)
�r

���

We have proved f �W (r )(X ). By this the proof of Theorem 3 is complete.
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1. Introduction

The first author and A� Sharma [6] proved existence, uniqueness and
explicit representation of (0�2) and (0�1�3) interpolations on infinite interval.
Because of the complicated nature of explicite representation, one can not
expect better results.

In order to get new results in the mentioned type of interpolations we
apply and generalize the interpolation method of L� G� P�al [8] for the case
of Hermite polynomials. Originally L� G� P�al could construct firstly polyno-
mials P2n�1(x ) of order (2n�1) which satisfied the following interpolation
properties: Let fxkg)nk be arbitrarily chosen but fixed system of distinct nodal

points, and let be given two systems fykgnk=1 and fy �kgn�1
k=1 of real numbers

then the polynomials P2n�1(x ) allow the equalities P2n�1(xk ) =yk ; (k = 1, 2,

� � � , n) and P �2n�1(x�k )=y �k ; (k =1, 2, � � � , n�1) where the points fx�k gn�1
k=1 are

the roots of � �(x ) = d
dx

�
nQ

k=1
(x�xk )

�
, then there exists only one polynomial

if we require a special additional condition P2n�1(a) = 0 for a fixed number
a �= xi ; (k =1, 2, � � � , n).

L� Szili – who had investigated and proved convergence theorems with
respect to the classical weighted (0�2) interpolation on the roots of Hermite
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polynomials [11] – also applied the original simple method of Pál on the roots
of Hermite polynomials [10].

Further, first author and R� B� Saxena [7] extended the results of L�

Szili to the case of weighted (0�1�3)-interpolation on infinite interval. For
more interesting result in this direction one is referred to a recent paper [12]
due to I� Jo �o.

In this paper, we consider a special problem of mixed type weighted
(0;0�1�3)-interpolation on the zeros of Hermite polynomials.

Let fxkgnk=1 and fykgn�1
k=1 be the zeros of Hn(x ) and H �

n (x ), where

(1�1) Hn(x ) = (�1)nex
2 dn

dxn

�
e�x2

�
� n = 1� 2� � � � �

The fundamental polynomials of Lagrange interpolation are given by

lk (x ) =
Hn (x )

H �
n(xk )(x � xk )

� k = 1(1)n(1�2)

and

Lk (x ) =
H �

n(x )
H ��

n (yk )(x � yk )
� k = 1(1)n � 1(1�3)

In this paper, we resolve the following:

Weighted (0;0�1�3)�Interpolation Problem�

Let n be even, then for given arbitrary numbers fpkgnk=1 fp�kgn�1
k=1 ,

fp��k gn�1
k=1 and fp���k gn�1

k=1 , there exists a unique polynomial Sn (x ) of degree
�4n�3, such that

(1�4)

Sn (xk ) = pk � k = 1(1)n�
Sn (yk ) = p�k � k = 1(1)n � 1�
S �n (yk ) = p��k � k = 1(1)n � 1��

e�x2
Sn (xk )

����
x=yk

= p���k � k = 1(1)n � 1�

and

S ��n (0) =
nP

k=1

2pkHn (0)H ��

n (0)l2
k (0)

H �2
n (xk )

For n odd, Sn(x ) does not exist uniquely. Precisely we shall prove the
following:
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Theorem �� For n even�

(1�5) Sn (x ) =
nX

k=1

pkUk (x ) +
n�1X
k=1

p�kVk (x ) +
n�1X
k=1

p��k Wk (x ) +
n�1X
k=1

p���k Xk (x )

such that

S ��n (0) =
nX

k=1

2pkHn(0)H ��
n (0)l2k (0)

H �2
n (xk )

� k = 1(1)n�

where Uk (x )� k =1(1)n and Vk (x )� k =1(1)n�1 are the fundamental polyno�

mials of the �rst kind� Wk (x )� k =1(1)n�1 are the fundamental polynomials

of second kind and Xk � k =1(1)n�1 are the fundamental polynomials of third

kind of weighted (0;0�1�3)�interpolation� Each such fundamental polynomial

of degree at most 4n�3� is given by�

Xk (x ) =
ey

2
kHn (x )H �2

n (x )

24n2H 3
n (yk )

xZ
0

Lk (t)dt(1�6)

Wk (x ) =
�Hn(x )H �

n(x )L2
k (x )

2nH 2
n (yk )

�(1�7)

� Hn (x )H �2
n (x )

8n3H 4
n (yk )

xZ
0

2n(t � yk )Hn(yk )L�k (t) + ykH
�
n(t)

(t � yk )2 dt�

� 2e�y2
k (2y2

k � 4n � 1)Xk (x )�

Vk (x ) =
Hn(x )L3

k (x )f1� 3yk (x � yk )

Hn (yk )
� Hn (x )H �2

n (x )

Hn (yk )H ��2
n (yk )

�(1�8)

�
xZ

0

L�k (t)f1� 3yk (t � yk )g + Lk (t)f�yk + C1(t � yk )g
(t � yk )2 dt+

+ 4yk
h
2y2

k � 2n � 3
i
e�y2

kXk (x )�

where

C1 =
8y2

k + 2(n � 2)

3

and
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Uk (x ) =
H �2

n (x )l2k (x )

H �2
n (xk )

+(1�9)

+
2Hn(x )H �2

n (x )

H �4
n (xk )

4Z
0

lk (t)H �
n(xk )� f1 � xk (t � xk )gH �

n (t)

(t � yk )2 dt �

where lk (x ) and Lk (x ) are given by (1�2) and (1�3) respectively�

Theorem �� Let the interpolated function f : R � R be continuously

di�erentiable such that

lim
jx j��

x2r f (x )�(x ) = 0 (r = 0� 1� � � �)

(1�10) and

Lim
jx j��

�(x )f �(x ) = 0 where �(x ) = e�x2
�

Further� let the numbers �k satisfy the condition�

(1�11) �k = O

�
(n)e�y

2
k�

�
f �;

1p
n

��
� k = 1(1)n � 1 and 0 �� �1�

where � is the modulus of continuity of f �� then
(1�12)

Sn (f � x ) =
nX

k=1

f (xk )Uk (x ) +
n�1X
k=1

f (yk )Vk (x ) +
n�1X
k=1

f �(yk )Wk (x ) +
n�1X
k=1

�kXk (x )

such that

S ��n (0) = 2
nX

k=1

f (xk )H ��
n (0)l2k (0)Hn(0)

H �2
n (xk )

satis�es the relation�

(1�13) e��x2 jSn (f � x )� f (x )j = O(log n)�

�
f �;

1p
n

�
� � �2�

which holds on the whole real line and O does not depend on n and x �

Remark� � (f ��) denotes the special form of modulus of continuity in-
troduced by G. Freud [3] given by:

(1�14) � (f � �) = Sup
0�t��

k�(x + t)f (x + t)� �(x )f (x )k + k	(�x )f (x )�(x )k
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where

	(x ) =

� jx j� for jx j � 1

1 jx j�1

and k � k denotes sup-norm in C (R). If f �C (R) and

(1�15) Lim
jx j��

�(x )f (x ) = 0 then Lim
��0

� (f � �) = 0�

2. Preliminaries

In this section, we shall give some well-known results, which we shall
use in the sequel.

The differential equation satisfied by Hn (x ) is given by:

(2�1) H ��
n (x )� 2xH �

n (x ) + 2nHn (x ) = 0

(2�2) H �
n(x ) = 2nHn�1(x )

(2�3) lk (xj ) =

�
0 j �= k ,

for , k = 1(1)n
1 j = k

(2�4) l �k (xj ) =

�
H �

n (xj )

H �

n (xk )(xj�xk )
� j �= k

xk � j=k

(2�5) l �k (xj ) = � lk (yj )

(yj � xk )
� j = 1(1)n � 1�

From (1.3), one has

(2�6) Lk (yj ) =

�
0 j �= k

for , j = 1(1)n � 1
1 j = k

(2�7) L�k (yj ) =

	
�

�

H ��

n (yj )

H ��

n (yk )(yj�yk )
� j �= k

, , j = 1(1)n � 1
yk � j = k

(2�8) L��k (yj ) =

	

�


�

2H ��

n (yj )

H ��

n (yk )(yj�yk )

n
yj � 1

(yj�yk )

o
� j �= k

, j = 1(1)n � 1
4y2

k�2(n�2)
3 � j = k
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(2�9) L���k (yj ) =

	

�


�

1
(yj�yk )

�
H iv
n (x )

H ��

n (yk )
� 3L��k (yj )



� j �= k

, j = 1(1)n � 1
ykf2y2

k � 2n + 5g� j = k

(2�10) H (4)
n (yk ) = [4y2

k � 2(n � 2)]H ��
n (yk )

(2�11) H (5)
n (yk ) = 4yk (2y2

k � 2n + 5)�

K� K� Mathur and R� B� Saxena proved the order of estimate [7]:

(2�12)
���(x )Q ���n (x )

�� = O(n)�

�
f �;

1p
n

�
for their polynomials Qn (x ), that there are in the formula (5�3) of Lemma 4
in their paper [7] on page 43.

For the roots of Hn(x ), we have

(2�13) x2
k �

k2

n
�

L� Szili proved,

(2�14) jk2
n � 1j � e�x

2
k � 0 �
 �

1
2
�

(2�15) jx�(x )Q �n(x )j = O(
p
n)�

�
f �;

1p
n

�

and

(2�16) �(x )jQ ��n (x )j = O(
p
n)�

�
f �;

1p
n

�
�

(2�17) Hn(x ) = O

�
n�17

p
2nn!

�
1 + 3

p
jx j
�
ex

2�2


� x � R

(2�18) jH �
n (xk )j � C2n+1

�n
2

�
!e

�x2
k

2 � 0 �� �1

(2�19)
n�1X
i=1

Hi (y)Hi (x )

2i i!
=
Hn(y)Hn�1(x )�Hn�1(y)Hn(x )

2n(n � 1)!(y � x )
�

From (1.2) and (2.19) at y =xk , we have

(2�20) jlk (x )j =
O(1)2n+1n!

p
ne

�1
2 (x2+x2

k )

H �2
n (xk )

� �1 �1
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(2�21)

������
xZ

0

lk (t)dt

������ =
O(1)2n+1n! log ne

�1
2 (x2+x2

k )

H �2
n (xk )

� �1 �1

(2�22)
nX

k=1

e��x2
k = O(

p
n)� where � �0�

(2�23)
nX

k=1

e�x
2
k (H �

n(xk ))�2 = O(2n+1n!)�1� 0 �� �1

and

(2�27)
2n
��

n
2

�
!
�2

(n + 1)!
� n�1�2� n = 1� 2� � � � �

Proof of Theorem 1

Let
(3�1) Sn(x ) =

=
nX

k=1

pkAk (x ) +
n�1X
k=1

p�kBk (x ) +
n�1X
k=1

p��k Ck (x ) +
n�1X
k=1

p���k Dk (x ) + p0H
2
n (x )�

where Ak (x ), Bk (x ), Ck (x ) and Dk (x ) are polynomials each of degree �4n�3
and p0 is a constant to be determined.

In the light of conditions (1.4), one can see that

Ak (xj ) =

�
0 j �= k

for , j = 1(1)n , Ak (yj ) = 0, j = 1(1)n � 1
1 j = k

(3�2)

A�k (yj ) = 0� j = 1(1)n�1 and

�
e�x2

Ak (x )

����
x=yj

= 0� j = 1(1)n�1�

Bk (xj ) = 0� j = 1(1)n� Bk (yj ) =

�
0� j �= k

for , j = 1(1)n � 1
1 j = k

(3�3)

B �k (yj ) = 0� j = 1(1)n�1 and

�
e�x2

Bk (x )

����
x=yj

= 0� j = 1(1)n�1�

Ck (xj ) = 0� j = 1(1)n� Ck (yj ) = 0� j = 1(1)n � 1
(3�4)
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C �k (yj ) =

	


�



�

0 j �= k
for , j = 1(1)n � 1

and
�
e�x2

Ck (x )
����
x=yj

= 0 j = 1(1)n � 1

1 j = k

Dk (xj ) = 0� j = 1(1)n� Dk (yj ) = 0� j = 1(1)n � 1
(3�5)

D �k (yj ) = 0� j = 1(1)n � 1 and

�
e�x2

Dk (x )

����
x = yj =

�
0 j �= k

for , j = 1(1)n � 1
1 j = k

To determine Dk (x ), let

(3�6) Dx (k ) = C2Hn (x )H �2
n (x )

xZ
0

Lk (t)dt � where C2 is a constant.

It is a polynomial of degree �4n�3. Obviously it satisfies conditions of (3.5)
provided

C2 =
ey

2
k

24n2H 3
n (yk )

�

Thus

Dk (x ) 	 Xk (x )�

Let

Ck (x ) = C3Hn(x )H �
n(x )L2

k (x )+(3�7)

+ C4Hn(x )H �2
n (x )

xZ
0

(t � yk )L�k (t) + C5H
�
n(t)

(t � yk )2 dt + C6Xk (x )�

where C3–C6 are arbitrary constants, since it is a polynomial of degree �4n�
�3, therefore, the expression under the integral sign must be a polynomial of
degree �n�2, which implies

L�k (yk ) + C5H
��
n (yk ) = 0�

Using (2.1) at yk and (2.7), we get

(3�8) C5 =
yk

2nHn (yk )
�
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Obviously Ck (x ) satisfied the first, second and third condition of (3.4) which
gives

(3�9) C3 = � 1

2nH 2
n (yk )

�

For the fourth condition at x =yj , j �= k�
e�x2

Ck (x )

����
x=yj

= 0�

Using (2.6), (2.7) and (3.5), we get

(3�10) C4 = � 1

4n2H 3
n (yk )

�

Similarly for j =k , using (2.6), (2.7), (2.8) and (3.5), we get

(3�11) C6 = �2f2y2
k � 4n � 1ge�y2

k �

substituting all the values of (3.8)–(3.11) in (3.7), we see that

Ck (x ) 	Wk (x )�

In order to prove (1.8), let

Bk (x ) = Hn(x )L3
k (x )fC7 + C8(x � yk )g+(3�12)

+
C9Hn (x )H �2

n (x )
Hn (yk )

xZ
0

L�k (t)f1� 3yk (t � yk )g + Lk (t)fC10 + C11(t � yk )g
(t � yk )2 +

+ C12Xk (x )�

where C7–C12 are arbitrary constants. Since Bk (x ) is a polynomial of degree
�4n�3, therefore, the expression under the integral sign must be a polynomial
of degree �n�2, which implies

L�k (yk ) + C10Lk (yk ) = 0

and

L��k (yk )� 3ykL
�
k (yk ) + C10L

�
k (yk ) + C11Lk (yk ) = 0�

Owing to (2.6), (2.7) and (2.8), one gets

c10 = �yk
and
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C11 =
8y2

k + 2(n � 2)

3
One can see that Bk (x ) satisfies all the four conditions of (3.3), by using (2.6),
(2.7), (2.8), (2.9) and (3.5), gives

C7 =
1

Hn(yk )
�

C8 = � 3yk
Hn(yk )

�

C9 = � 1

H ��2
n (yk )

and

C12 = yk

h
8y2

k � 8n � 12
i
e�y2

k �

Hence

Bk (x ) 	 Vk (x )�

which gives (1.8).

Proof of (1.9) follows on the same lines as (1.8), so we omit the details.

If n is even, Hn(0) �= 0, so (3.1) at x =0, owing to last condition of (1.4),
gives p0 =0, which completes the proof of the theorem.

Note� If n is odd Hn (0) = 0, so (3.1) at x = 0, satisfies last condition of
(1.4) for any value of p0, other conditions hold good as above in the proof,
so in this case, there are infinitely many solutions of (0;0�1�3)-interpolation
problem.

4. Some lemmata

To prove theorem 2, we need

Lemma ���� For k =1(1)n and x � (�
�
)� we have

1
H �

n (xk )

xZ
0

H �
n(xk )lk (t)� [1� xk (t � xk )]H �

n(t)

(t � xk )2 dt =

= �Hn(x )�Hn (0)
H �

n(xk )
+ n

xZ
0

lk (t)dt +
1
2

[l �k (x )� l �k (0)]�
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where lk (x ) is given by (1�2)�

Proof� From (1.2) we have

(4�1) (t � xk )lk (t) =
Hn(t)
H �

n (xk )
�

Differentiating it twice, we get

(4�2) (t � xk )l �k (t) + lk (t) =
H �

n (t)
H �

n (xk )

and

(4�3) (t � xk )l ��k (t) + 2l �k (t) =
H ��

n (t)
H �

n(xk )
�

From (4.2), we have

(4�4) H �
n (xk )lk (t)�H �

n (t) = �(t � xk )H �
n(xk )l �k (t)�

Adding xk (t�xk )H �
n(t) on both sides, we get

H �
n(xk )lk (t)� f1� xk (t � xk )gH �

n (t) = �(t � xk )f�xkH �
n(t) +H �

n(xk )l �k (t)g =

(4�5) = �(t � xk )[�xkfH �
n (t)�H �

n(xk )lk (t)g + H �
n(xk )fl �k (t)� xk ll (t)g]�

Now multiplying (4.1) by 2n and (4.2) by (�2t) and adding them to (4.3) and
finally using (2.1), we get

(4�6) l �k (t)� xk lk (t) = �(t � xk )

�
1
2
l ��k (t)� t l �k (t) + (n � 1)lk (t)

�
�

Putting (4.4) and (4.6) in (4.5) and using (4.2), we get,

H �
n(xk )lk (t)� [1� xk (t � xk )]Hn(t)

H �
n(xk )(t � xk )2

= � H �
n(t)

H �
n(xk )

+
1
2
l ��k (t) + n(lk (t))�

which on integrating under limits 0 to x proves the lemma.

Lemma ���� For k =1(1)n and x � (�
�
)� we have

jl �k (x )j = O(1)2n+1(n + 1)![H �
n(xk )]�2e

�1
2 (x2+x2

k )� �1 �1

where lk (x ) is given by (1�2)�

Proof� From (2.19) at y =xk and (1.2), we get

(4�7) lk (x ) =
2n+1n!

H �2
n (xk )

n�1X
i=0

1

2i i!
Hi (xk )Hi (x )�



2016. december 13. – 21:33

60 K. K. MATHUR, A. K. SRIVASTAVA

differentiating it and using (2.2), we get

l �k (x ) =
2n+1n!

H �2
n (xk )

n�1X
i=1

1

2i�1(i � 1)!
Hi (xk )Hi�1(x )

Further taking modulus and using (2.17), we get the lemma.

Lemma ���� Let �1�1 and x � (�
�
)� then

jLk (x )j = O

�
BBBBB�

2nn!e
�1

�
x2+y2

k
2

�

p
nH 2

n (yk )

�
CCCCCA � k = 1(1)n � 1�

where Lk (x ) is given by (1�3)�

Proof� From (2.19) at y =yk and using (1.3) and (2.2), we get

(4�8) jLk (x )j � 2n(n � 1)!

H 2
n (yk )

n�1X
i=0

1

2i i!
jHi (x )jjHi (yk )j�

On using (2.17), we get the required lemma.

Lemma ���� For k =1(1)n�1 and x � (�
�
)� we have������
xZ

0

Lk (t)dt

������ =
O(1)2n (n � 1)!e

�1
2 (x2+y2

k ) log n

H 2
n (yk )

� �1 �1�

The proof of this lemma follows exactly on the same lines as Lemma
4.3, so we omit the proof.

Lemma ���� For x � (�
�
) and k =1(1)n�1� we have

jL�k (x )j =
O(1)2nn!e

�1
2 (x2+y2

k )

H 2
n (yk )

� �1 �1�

where Lk (x ) is given by (1�3)�

Proof� From (4.8), we have

Lk (t) =
2n(n � 1)!

H 2
n (yk )

n�1X
i=0

1

2i i!
Hi (t)Hi(yk )�
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Differentiating and using (2.2), we get

(4�9) L�k (x ) =
2n(n � 1)!

H 2
n (yk )

n�1X
i=0

1

2i�1(i � 1)!
Hi (yk )Hi�1(x )�

Further, taking modulus and using (2.17) we get the lemma.

Lemma ��	� For x � (�
�
) and k =1(1)n�1� we have

jL��k (x )j = O

�
�2nn!

p
ne

�1
2 (x2+y2

k )

H 2
n (yk )

�
A �

The proof is similar to Lemma 4.5, so we omit the details.

Lemma ��
� We have

1
2nHn(yk )

xZ
0

ykH
�
n (t) + 2n(t � yk )Hn(yk )L�k (t)

(t � yk )2 dt =

= �1
2

(L�k (x )�L�k (0))+yk (Lk (x )�Lk (0))+
H �

n(x )�H �
n(0)

H ��
n (yk )

�(n�1)

xZ
0

Lk (t)dt �

where Lk is given by (1�3)�

Proof� From (1.3), we have

(4�10) Lk (t)(t � yk ) =
H �

n (t)
H ��

n (yk )
�

Differentiating it twice, we get

(4�11) L�k (t)(t � yk ) + Lk (t) =
H ��

n (t)
H ��

n (yk )

and

(4�12) L��k (t)(t � yk ) + 2L�k (t) =
H ���

n (t)
H ��

n (yk )
�

From the differential equation (2.1), we get

(4�13) H ���
n (t)� 2tH ��

n (t) + 2(n � 1)H �
n(t) = 0�

Multiplying (4.12) by (t�yk )H ��
n (yk ) and rearranging the terms,

(4�14) (t � yk )L�k (t)H ��
n (yk ) =

1
2

(t � yk )H ���
n (t)� 1

2
(t � yk )2L��k (t)H ��

n (yk )�
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Similarly from (4.11), multiplying by yk , we have

ykLk (t) =
ykH

��
n (t)

H ��
n (yk )

� yk (t � yk )L�k (t)�

on using (4.10), we get

(4�15) ykH
�
n(t) = yk (t � yk )H ��

n (t)� yk (t � yk )2H ��
n (yk )L�k (t)�

Subtracting (4.15) from (4.14), using (4.13) and (4.10), we get

(4�16) (t � yk )H ��
n (yk )L�k (t)� ykH

�
n (t) =

= (t � yk )2H ��
n (yk )

�
�1

2
L��k (t) + ykL

�
k (t) +

H ��
n (t)

H ��
n (yk )

� (n � 1)Lk (t)

�
�

Using (2.1) at yk , we have

(4�17) [2n(t � yk )Hn(yk )L�k (t) + ykH
�
n(t)] =

= 2n(t � yk )2Hn(yk )

�
�1

2
L��k (t) + ykL

�
k (t) +

H ��
n (t)

H ��
n (yk )

� (n � 1)Lk (t)

�
�

Now, dividing the whole equation (4.17) by 2n(t�yk )2Hn(yk ) and taking the
integral, we get the required lemma.

Lemma ���� For x � (�
�
) and k =1(1)n�1� we have

xZ
0

L�k (t)f1� 3yk (t � yk )g + Lk (t)
h
�yk + 1

3 (t � yk ))f8y2
k + 2(n � 2)g

i
(t � yk )2 dt =

= (L��k (x )� L��k (0)) + 2n(L�k (x )� Lk (0))+

+8yk (L�k (x )� L�k (0))� 2xL�k (x ) + 16xykLk (x ) + 16yk (n � 1)

xZ
0

Lk (t)dt �

where Lk (x ) is given by (1�3)�

The proof runs analogous to the above Lemma 4.7, so it is omitted.
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5. Estimation of the fundamental polynomials

Lemma ���� For k =1(1)n and x � (�
�
)� we have

nX
k=1

ex
2
k jUk (x )j = O(

p
n log n)e�x

2
� � �2�

where Uk (x ) is given by (1�9)�

Proof� From (1.9) and lemma 4.1, we get

nX
k=1

ex
2
k jUk (x )j �

nX
k=1

ex
2
k H �2

n (x )l2k (x )

H �2
n (xk )

+

+
nX

k=1

ex
2
k jHn (x )jH �2

n (x )[jl �k (x )� l �k (0)j]
jH �3

n (xk )j +

+
nX

k=1

2ex
2
k jHn (x )jH �2

n (x )[jHn(x )�H (0)j]
jH �4

n (xk )j +

+
nX

k=1

ex
2
k 2njHn (x )jH �2

n (x )

jH �3
n (xk )j

������
xZ

0

lk (t)dt

������ �
On using (2.2), (2.17), (2.18), (2.20), (2.21), (2.23), (2.24) and lemma 4.2,
we get the required lemma.

Lemma ���� For x � (�
�
) and k =1(1)n�1� we have

n�1X
k=1

ey
2
k jVk (x )j = O(

p
n log n)e�x

2
� � �2�

where Vk (x ) is given by (1�8)�

Proof� From (1.8) and lemma 4.8, we get

nX
k=1

ey
2
k jVk (x )j �

nX
k=1

ey
2
k jHn (x )jjL3

k (x )j[j1� 3yk (y � yk )j]
jHn (yk )j +

+
n�1X
k=1

ey
2
k jHn (x )jH �2

n (x )jL��k (x )� L��k (0)j
jHn (yk )jH ��2

n (yk )
+



2016. december 13. – 21:33

64 K. K. MATHUR, A. K. SRIVASTAVA

+
n�1X
k=1

2ney
2
k jHn (x )jH �2

n (x )jLk (x )j
jHn (yk )jH ��2

n (yk )
+

+
n�1X
k=1

8jyk jey
2
k jHn (x )jH �2

n (x )[jL�k (x )� L�k (0)j]
jHn (yk )jH ��2

n (yk )
+

+
n�1X
k=1

2jx jey2
k jHn (x )jH �2

n (x )jL�k (x )� L�k (0)j
jHn (yk )jH ��2

n (yk )
+

+
X
k=1

n � 1
ey

2
k jyk jj18y2

k � 104n + 961jjHn (x )H �2
n (x )

6jHn (yk )jH ��2
n (yk )

������
xZ

0

Lk (t)dt

������+

+
n�1X
k=1

16jx jjyk jey
2
k jHn(x ) + H �2

n (x )jLk (x )j
jHn(yk )jH ��2

n (yk )
�

Owing to (2.1) at yk , (2.2), (2.13), (2.17), (2.18), (2.24), lemma 4.3, lemma
4.4, lemma 4.5 and lemma 4.6, we get the lemma.

Lemma ���� For k =1(1)n�1 and x � (�
�
)� we have

n�1X
k=1

ey
2
k jWk (x )j = O(log n)e�x

2
� � �2�

where Wk (x ) is given by (1�7)�

Lemma follows on the same lines as Lemma 5.2, so we omit its proof.

Lemma ���� For k =1(1)n�1 and x � (�
�
)� we have

n�1X
k=1

jXk (x ) = O

�
log n
n

�
e�x

2
� � �2�

where Xk (x ) is given by (1�6)�

Proof� From (1.6), we have

n�1X
k=1

jXk (x )j �
n�1X
k=1

ey
2
k jHn (x )jH �2

n (x )

24n2jH 3
n (yk )j

������
xZ

0

Lk (t)dt

������ �
On using (2.2), (2.17), (2.22) and lemma 4.4, we get the required lemma.
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6.

In this section, we mention certain results of G� Freud and L� Szili

required in the proof of main Theorem 2.

G. Freud in [4], theorem 4 and in [3], Theorem 1, proved

Let f :R�R be continuously differentiable. Further, let

Lim
jx j��

x2k�(x )f (x ) = 0� k = 0� 1� 2� � � �

and

Lim
jx j��

�(x )f �(x ) = 0�

then there exists polynomial Qn (x ) of degree �n such that

�(x )jf (x )� Qn(x )j = o

�
1p
n

�
�

�
f �;

1p
n

�
� x � R(6�1)

and

�(x )jf �(x )� Q �n(x )j = o(1)�

�
f �;

1p
n

�
� x � R(6�2)

where � stands for modulus of continuity defined by (1�14) and �(x ) is the
weight function.

Szili ([11], lemma 4) established the following

(6�3) �(x )jQ (r )
n (x )j = o(1)� r = 0� 1; x � R�

7. Proof of theorem 2.

Since Sn (x ) given by (1.5) is exact for all polynomials Qn(x ) of degree
�4n�3, we have

Qn (x ) =
nX

k=1

Qn (xk )Uk (x ) +
n�1X
k=1

Qn (yk )Vk (x ) +
n�1X
k=1

Q �n (yk )Wk (x )+(7�1)

+
n�1X
k=1

�
e�x2

Qn (x )

����
x=yk

Xk (x ) + dnHn(x )H �2
n (x )�
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where

(7�2) dn =
1

Hn(0)H ��2
n (0)

�
Q ��n (0)�

nX
k=1

2Qn (xk )Hn(0)H ��
n (0)l2k (0)

H �2
n (xk )

�
�

One can easily see that

e��x2 jSn(x )� f (x )j � e��x2 jf (x )� Qn (x )j+

+ e��x2
�����

nX
k=1

e�x2
k [f (xk )� Qn (xk )]Uk (x )ex

2
k

����� +

+ e��x2
k

�����
n�1X
k=1

e�y2
k [f (yk )� Qn(yk )]Vk (x )ey

2
k

����� +

+ e��x2
k

�����
n�1X
k=1

e�y2
k [f �(yk )� Q �n(yk )]Wk (x )ey

2
k

�����+

+ e��x2
k

�����
n�1X
k=1

[�k � (�Qn (x ))���(yk )]Xk (x )

�����+
+ e��x2 jdnHn(x )H �2

n (x )j�
Thus (6.1), (6.2), (6.3), (1.11), (1.14), (1.15), (2.14), (2.15) (2.16), (2.12),

(2.1), (2.2), (2.13), (2.17), (2.18), (2.20), (2.23), (2.24), lemma 5.1–5.4 com-
plete the proof of theorem 2.
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1. Introduction

The principal aim of this paper is to analyze, for a given x�, the existence
of a solution y� for the inclusion

(1�1) x� � F �(y�)�

where F � is the transpose of the set-valued map F from the locally convex
space X to the locally convex space Y . We shall be using the terminology
of Aubin and Ekeland [1]. In particular, given a non-empty set M �X , we
denote by clM , coM and coneM the topological closure of M , the convex
hull of M , and the convex cone spanned by M , respectively. The zero-vector
is denoted by � .

Our topic is closely related to the theory of infinite linear inequality
systems. Let Z be a locally convex, real Hausdorff space, and let Z � denote
the dual space of Z . Let us consider the linear inequality system

Σ := f
�
zj � �

�
� cj � j � Jg�

where J is an arbitrary non-empty index set, zj belongs to Z , and cj is a real
number, for all j �J . With the system Σ we associate the wedge

K := cone f(zj � cj )� j � Jg�

named moment cone in Glashoff [6].

The theory of finite linear ineqality systems, for Z = Rn , was first de-
veloped by Farkas [5] and Minkowski [13]. The pioneering contributions

Supported by OTKA T 019492.
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to the analysis of semi-infinite systems, assuming that either J is finite or Z
is finite dimensional space, are due to Haar [10]. For solvability of general
linear inequality systems, fundamental results were obtained by Fan [3], [4]
Zhu [15], Goberna and L�opez [7], [8], [9], and others.

The system Σ is said to be consistent if there exists an element � � Z �

such that

(1�2)
�
zj � �

�
� cj for all j � J�

The following theorem of Fan [4] is relevant in our context:

Theorem ���� The system Σ is consistent if� and only if� the element

(��1) of Z �R is not in the closure of the moment cone K �

This is a generalization of the well-known alternative theorem a Gale

(see e.g. [12]).

2. The solvability conditions

In the following suppose that X and Y are two locally convex, real
Hausdorff vector spaces, and X � (respectively Y �) denotes the dual space of
X (respectively Y ), i.e., the vector space of all continuous linear functionals
on X (respectively Y ). The set-valued map F from X to Y is said to be
proper if its domain, Dom(F ) :=fx �X : F (x ) �= �g, is nonvoid. A set-valued
map F is characterized by its graph, Graph(F ) :=f(x �y)�X �Y : y�F (x )g.
The map F is said to be convex if its graph is convex. A set-valued map whose
graph is a cone is called process. A closed convex process is a set-valued map
whose graph is a closed convex cone. We can adapt the concept of transpose

to set-valued maps as follows (see e.g. [1]):

Definition ���� Let F be a set-valued map from X to Y . We associate
with F the convex process F � from Y � to X � defined in for following way:

x� � F �(y�) if and only if sup
x�X

sup
y�F (x )

�
hx�� x i � hy�� yi

�
�+��

If F is a process, then its transpose F � is the closed convex process
defined by

x� � F �(y�) if and only if 	x � X� 	y � F (x )� hx�� x i 
 hy�� yi �

For a linear operator A from X to Y , the transpose of the map F defined
by F (x ) = fAxg, x � X , coincides with F � defined by F �(y�) = fA�(y�)g,
y��Y �, where A� is the transpose of A as a linear operator.
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Our purpose is to give necessary and sufficient condition for the existence
of a solution y��Y � of the inclusion (1.1), if x��X � is given. We mention
that if Dom(F ) is bounded, then x� � F �(0), hence the case of interest is
where Dom(F ) is unbounded.

Theorem ���� Let F be a proper set�valued map from X to Y � For a

given x��X �� set

M := cone f(y� 1� hx � x�ig � Y � R� R : (x � y) � Graph (F )g�

Then the inclusion (1�1) has a solution y� if� and only if� the element (��0�1)
of Y �R�R is not in clM �

Proof� y� is a solution of (1.1) if, and only if, there exists a �R such
that

(2�1) 	(x � y) � Graph (G)� hx � x�i 
 hy� y�i + a�

Let Z := Y �R and J := Graph(F ). For j = (x �y) � J , we set zj := (y�1)
and cj := hx �x�i. Then, for � := (y��a), condition (2.1) reduces to (1.2). By
Theorem 1.1 the assertion follows.

Corollary ���� Let F be a convex process from X to Y � For a given

x��X � set

P :=
��
y� hx � x�i

�
� Y � R : (x � y) � Graph (F )

�
�

Then the inclusion ����� has a solution y� if� and only if� the element (��1)
of Y �R is not in clP �

Proof� For a convex process F we have

M = f(y� �� hx � x�i) : � � R+� (x � y) � Graph (F )g�

Therefore (��0�1)�clM , if and only if (��1)�clP .

Corollary ���� Let F be a convex process from X to Y � and let x��
�X � with x� �= � � Set

Q := fy � Y : �x � X s�t� hx � x�i = 1 and y � F (x )g�

Then either the inclusion (1�1) has a solution� or � �clQ � but never both�

Proof� If � � clQ then obviously (��1)� clP , hence the inclusion (1.1)
has no solution, by Corollary 2.1.

To prove the converse, we suppose that (1.1) has no solution. Then, by
Corollary 2.1 (��1) � clP , hence there exists a net of elements (xn � yn ) �
� Graph(F ) such that an := hxn � x�i � 1 and yn � � . We can suppose that
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an �0, for all n . Let xn = 1
an
xn and yn = 1

an
yn . We have yn �F (xn), yn � �

and hxn � x�i=1, hence � �clQ .

Corollary ���� Let A :X�Y be a �not necessarily continuous� linear

operator� and let x��X � with x� �= � � Set

V := fy � Y : �x � X s�t� hx � x�i = 0 and y = Axg�

Then either the equation

(2�2) A�y� = x�

has a solution� or there exists v �X with hv �x�i=1 and Av �clV � but never

both�

Proof� Suppose that hv �x�i=1 and Av =clV . Then there exists a net of
elements xn �X such that hxn � x�i= 0 and Axn�Av . Then for xn = v �xn
we have Axn �Q and Axn�0, hence � � clQ . Therefore, by Corollary 2.2,
the equation A�y�=x� has no solution.

Conversely, if where equation A�y� = x� has no solution, then � � clQ ,
hence there exists a net of elements xn �X with hxn � x

�i = 1 and Axn � 0.
Let v �X by such that hv �x�i=1. Then, for xn :=v�xn , we have hxn � x�i=0
and Axn�Av , therefore Av �clV .

Corollary ���� Let A and x� be as in Corollary ��	� Then the equation

(2�2) has a solution if� and only if� there exists a function f : Y � R�

continuous at � � such that f (� )=0 and

(2�3) j hx � x�i j 
 f (Ax ) for all x � X�

Proof� If y� is a solution of (2.2), then for any continuous seminorm p
on Y there exists m�0 such that

j hx � x�i j = j hx �A�y�i j = j hAx� y�i j 
 mp(Ax )� x � X�

hence one can choose f =mp.

Conversely, of a function f with the given properties exists, then we
choose v �X such that hv �x�i=1, and by (2.3) it follows

1 = j hv � x � x�i j 
 f (Av �Ax )�

for all x �X with hx �x�i = 0. Therefore, Av 	� clV , hence by Corollary 2.3
the equation (2.2) has a solution.

Remarks� 1. If A and x� are as in Corollary 2.3, then the following two
assertions are equivalent:
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(i) There exists x �X such that hv �x�i=1 and Av �clV ;

(ii) Av �clV , for all v �X with hv �x�i=1.

This follows immediately from the proof of Corollary 2.3.

2. Corollary 2.4 has been proved by Embry [2], for normed vector spaces
X and Y , and continuous linear operator A : X � Y . It was rediscovered
later by Kantorovitz and Hughes [11].

Corollary 2.3 has been proved by Sebesty�en [14] in case, when Y is a
Hilbert space, X is a subspace of Y and clX =Y .
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1. Introduction

Every ring herein is associative with identity, subrings inherit the identity,
and ideal means two-sided ideal.

In [4] an internal characterization of regular right duo rings was provided
in the sense that a right duo ring R is regular if and only if every ideal A of
R is a good ideal. An ideal A of a ring R is called a good ideal in [4] if it has
the property that the coset product of any two cosets of A in the factor ring
R�A is the same as their set product, denoted by �, i.e. if for any two cosets
r1 +A and r2 +A of A,

r1r2 + A = f(r1 + a1)(r2 + a2) : a1� a2 � Ag =: (r1 + A) � (r2 + A)

A necessary condition for A to be a good ideal is thus that (with r1, r2 = 0)
A = fa1a2 : a1�a2 � Ag = A �A. It is not known whether this condition
is sufficient too. A number of equivalent characterizations of rings in which
every ideal is good were provided in [4] for certain subclasses of the class of
right duo rings.

Examples of good ideals, as well as of ideals which are not good, were
exhibited in certain subrings of full matrix rings in [4]. It is the purpose of
this note to give a complete characterization of the good ideals in the class of
blocked triangular matrix rings over division rings. These matrix rings are not
right duo, but the condition A�A=A is shown to be indeed sufficient for an
ideal A to be good in this large class of rings. In fact, the characterization is
valid for blocked triangular matrix rings over simple rings, but because of the
important application of blocked triangular matrix rings over division rings in



2016. december 13. – 21:33

76 LEON VAN WYK

the structure theory of rings in [5], which will be mentioned below, we state
the characterization for such rings.

We first provide the relevant notation regarding blocked triangular matrix
rings. We use B = [bi �j ] to denote a reflexive and transitive n � n Boolean
matrix, i.e. bi �j �f0�1g, bi �i = 1 for every i = 1, 2, � � � , n , and if bi �j =bj�k = 1,
then bi �k =1. We call B blocked triangular if it is of the form

(1)

�
���
B1�1 B1�2 � � � B1�t

0 B2�2 � � � B2�t

� � � � � �
... � � �

0 � � � 0 Bt �t

�
��� �

where for every i � j , Bi �j is an ni �nj (Boolean) matrix with all its entries
equal (i.e. Bi �j = 0ni�nj or 1ni�nj ), and n1 + � � � + nt = n . Here 0ni�nj

(respectively 1ni�nj ) denotes the ni � nj matrix with every entry equal to

0 (respectively 1). Henceforth, if the size of the matrix is not decisive, then
we shall merely write 0 instead of Oni�nj . Since we assume B to be reflexive,

every entry of Bi �i is 1 for i =1, 2, � � � , t . We call Bi �j the (i � j )-th block and
Bi �i the i-th diagonal block of B . If i �= j , then we call Bi �j a non-diagonal
block of B , and we then also call the i-th and j -th diagonal blocks the parental

blocks of Bi �j . If every entry of Bi �j is 1 for all i� j , then B is called complete

blocked triangular.

Let � �Sn be a permutation of the set f1�2� � � � �ng. We denote by �(B)

the blocked triangular matrix with bi �j in position
�
��1(i)���1(j )

�
, i , j = 1,

2, � � � , n . For example,

B :=

�
�����

1 0 1 0 0 0
1 1 1 1 1 1
1 0 1 0 0 0
1 1 1 1 1 1
1 0 1 0 1 1
0 0 0 0 0 1

�
����� � �(B) =

�
�����

1 1 1 1 1 1
1 1 1 1 1 1
0 0 1 1 1 1
0 0 0 1 0 0
0 0 0 0 1 1
0 0 0 0 0 1

�
����� �

if � � S6 is the permutation (1 2 4 6 3 5). As mentioned in [2] and [7], it
is easy to see that for any reflexive and transitive n � n Boolean matrix B
there is a permutation � � Sn such that �(B) is blocked triangular, and if

�([ri �j ]), [ri �j ]�M (B�R), is the matrix with ri �j in position (��1(i)���1(j )),
then � : M (B�R) � M (�(B)�R) is a ring isomorphism. Here, M (B�R)
is the structural matrix ring associated with B and R, i.e. the subring of
M n (R), R any ring, compromising all matrices having 0 in position (k � l )
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whenever bk �l = 0. The structural matrix ring associated with a (complete)
blocked triangular Boolean matrix is called a (complete) blocked triangular
matrix ring. The foregoing arguments imply that by studying the class of
blocked triangular matrix rings, one is studying, up to isomorphism, the class
of structural matrix rings, which has lately received considerable attention.
See, for example, [1], [2], [3], [6], [7], [8] and [9]. The class of blocked
triangular matrix rings over division rings as such has found applications in
the structure theory of rings in [5], where, by considering suitably restricted
primeness conditions, a characterization was provided of complete blocked
triangular matrix rings over division rings by conditions analogous to those
of the Artin–Wedderburn characterization of full matrix rings over division
rings.

We recall the description in [8] of the ideals of a blocked triangular
matrix ring M (B�R), with B as in (1). For a matrix X in M (B�R) we denote
the submatrix of X comprising the entries corresponding to the (i � j )-th block
Bi �j of B by Xi �j , and we call Xi �j the (i � j )-th block of X . Note that the n�n
Boolean matrix B =[bi �j ] determines and is determined by the binary relation

cB (“connected with respect to B”) on the set f1�2� � � � �ng defined by

i cB j if and only if bi �j = 1�

Since we have assumed that B is reflexive and transitive, it follows that cB

is a quasi-order relation (also called a preorder), and so it naturally gives rise
to the equivalence relation �B (on the set f1�2� � � � �ng) defined by

i � B j if and only if i cB j and j cB i �

Then (with B as in (1)) the number of equivalence classes induced by � B

equals t (and n1� � � � �nt are the cardinalities of the t equivalence classes). Let
Rep denote a set of representatives of the t equivalence classes. For i , j �Rep

such that i cB j , we set

�i �j = fl : i cB l cB jg�

Consider any set-inclusion preserving function

f : f�i �j : i cB jg � fA : A is an ideal of Rg�

and let Af be the set comprising all the matrices in M (B�R) with elements
from f (�i �j ) in their (i � j )-th blocks. Then the Af ’s are precisely the ideals of
M (B�R).

It is clear that, by considering matrices with zeros in certain specified
rows, a blocked triangular matrix ring is not right duo.
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2. Good ideals in blocked triangular matrix rings over division rings

We show in Corollary 2.3 that in the class of blocked triangular matrix
rings over division rings the condition Af �Af =Af is sufficient for an ideal Af

to be a good ideal, and in Corollary 2.4 we conclude that the good ideals of a
blocked triangular matrix ring M (B�D), D a division ring, are precisely the
ideals having the property that whenever arbitrary elements of D are allowed
in a non-diagonal block, then arbitrary elements of D are also allowed in at
least one of its parental blocks. We wish to mention that this phenomenon,
viz. that at least one of the parental blocks of a non-diagonal block imitates in
some sense the non-diagonal block, also occurred in [3], where the particular
version of this phenomenon was called the diagonal condition.

We first prove two preliminary theorems.

Theorem ���� Consider an ideal Af of a blocked triangular matrix ring

M (B�D)� D a division ring� If f (�i �i )=D or f (�j�j )=D whenever f (�i �j )=D �

then Af is a good ideal�

Proof� Suppose that

(2) f (�i �i ) = D or f (�j�j ) = D whenever f (�i �j ) = D�

Let X , Y � M (B�D), and let L � Af . We shall show that XY +L = (X +
+ J )(Y +K ) for some J , K �Af , which will imply that Af is a good ideal.
Clearly, since we deal with cosets in the definition of a good ideal, we may
assume, without loss of generality, that

(3) Xi �j = 0 = Yi �j whenever f (�i �j ) = D�

Let J be the matrix in Af which differs possibly from L in having

Ji �l =

	
Ini�ni � if l = i ,

0� if l �= i ,
(4)

for each i for which there is a j , j �= i , such that

f (�i �j ) = D and f (�j �j ) = f0g.
(5)

Here Ini�ni denotes the ni�ni identity matrix. Note that if i is as in (5), then
(2) implies that f (�i �i ) = D , and so the first part of (4) does not violate our
stipulation that J be in Af . Let K be the matrix in Af which differs possibly
from L in having

Ki �j = 0�(6)
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Kj�j = Inj�nj �(7)

Ki �i = Ini�ni � if f (�i �i ) = D�(8)

for each i for which there is a j , j �= i , such that

f (�i �j ) = D ,(9)

and f (�j �j ) = D for every j as in (9),(10)

and in having

Ki �i = Ini�ni(11)

for each i

such that f (�i �j ) = f0g for every j , j �= i �(12)

We are going to show that

XK = 0 = JY and JK = L�(13)

from which it will follow that XY +L=(X +J )(Y +K ).

First we show that XK = 0. Let i and j be such that Xi �j �= 0. Then

(3) implies that f (�i �j ) = f0g. Consider any k such that Bj�k = 1nj�nk for

some k . If f (�j �k ) = f0g, then Kj�k = 0, since K �Af . Therefore assume that

f (�j�k ) =D . Then j �= k and f (�j�j ) = f0g, otherwise it follows directly from
the definition of Af that f (�i �j ) = D . By (2) we have that f (�k �k ) = D . In

fact, since f (�j�j ) = f0g, it follows from (2) that f (�k ��k �) = D for every k �,

k � �= j , such that f (�j�k �)=D . Hence, by (6) and (9)–(10), Kj�k =0, and so we

conclude that XK =0.

Second we show that JY =0. Let Yj�k �= 0 for some j and k , and consider
any i such that Bi �j = 1ni�ni for some i . Then f (�j�j ) = f0g, otherwise
f (�j�k )=D , which contradicts (3). Similar to the proof of XK =0 we assume
that f (�i �j ) =D , otherwise we trivially have that Ji �j = 0. Since f (�j�j ) = f0g
and f (�i �j ) = D , it follows that i �= j , and so (4) and (5) imply that Ji �j = 0,
from which it follows that JY =0.

Next we show that JK =L. Since J , K �Af , we have that JK �Af , and

so if f (�i �k ) = f0g for some i and k , then (JK )i �k = 0 = Li �k . Therefore we
assume that i and k are such that

(14) f (�i �k ) = D�

Suppose first that i is as in (5), i.e. there is a j , j �= i , such that f (�i �j )=D and
f (�j�j ) =f0g. By (4), Ji �i = Ini�ni and Ji �l = 0 if l �= i . Furthermore, since i is
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not as in (9)–(10), we have that Ki �k =Li �k . Consequently, (JK )i �k =Ji �iKi �k =
=Ki �k =Li �k . (Note that the arguments in this paragraph are valid irrespective
of whether k = i or k �= i in (14).)

Second, let i be as in (9)–(10). We distinguish between the following
values of k in (14): k �= i or k = i . Consider first the case k �= i . Then by
(10), f (�k �k ) =D , and by (6) and (7), Ki �k = 0 and Kk �k = Ink�nk . Moreover,
since i is not as in (5), we have that Ji �l = Li �l for every l . We consider all
j ’s such that Ji �j �= 0 and Kj�k �= 0. Suppose there is a j , with j �= i and j �= k ,
for which Ji �j �= 0 and Kj�k �= 0. Since J , K �Af , it follows that f (�i �j ) =D
and f (�j�k ) = D . Since we now have that f (�j�k ) = D = f (�k �k ), k �= j and

Kj�k �= 0, we conclude that there is a k �, k � �= j , such that f (�j �k �) = D and

f (�k ��k �)=f0g, otherwise by (6) and (9)–(10) we would have had that Kj�k =0.

Since f (�i �j ) = D = f (�j�k �), the definition of Af implies that f (�i �k �) = D .

Since f (�k ��k �) = f0g and f (�i �k �) = D , it follows that i �= k �. However, we
have assumed that (9)–(10) holds for i , which thus contradicts the fact that
k �, k � �= i , is such that f (�i �k �) =D and f (�k ��k �) = f0g. Therefore there is no

j , with j �= i and j �= k , for which Ji �j �= 0 and Kj�k �= 0. Consequently,

(JK )i �k = Ji �iKi �k +
X
j

j �= i and j �=k
i cB j cB k

Ji �jKj�k + Ji �kKk �k =

= 0 + 0 + Ji �kKk �k = Ji �k = Li �k �

Next, let i be as in (9)–(10), and consider the case k = i in (14). Then
Ji �i = Li �i , and by (8), Ki �i = Ini�ni . Moreover, the definition of � B implies
that (JK )i �i =Ji �iKi �i , and so (JK )i �i =Li �i .

Finally, let i be as in (12). Since f (�i �k )=D , we have that i =k . It follows
as in the previous paragraph, using (11) in this case, that (JK )i �i =Li �i . This
establishes (13), and hence completes the proof.

Theorem ���� Consider an ideal Af of a blocked triangular matrix ring

M (B�D)� D a division ring� If there are i and k for which f (�i �k ) = D and

f (�i �i )=f0g= f (�k �k )� then Af �Af�Af � and so Af is not a good ideal�

Proof� Assume that the ideal Af is such that there are i and k for which

(15) f (�i �k ) = D and f (�i �i ) = f0g = f (�k �k )�
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Moreover, we may clearly assume that �i �k is a minimal element, with respect
to set-inclusion, in the set f�i �k : i cB kg, having the property in (15). We
shall show that

(16) fJK : J� K � Af g�Af �

For every

(17) j � j �= i and j �= k � such that f (�i �j ) = D = f (�j�k )�

we have that �i �j��i �k , and so the minimality condition on �i �k implies that

(18) f (�j�j = D�

since f (�i �i )=f0g. Let L be any matrix in Af with
Li �k �= 0�(19)

Lj�j = Inj�nj �(20)

for every j in (17), and zeros elsewhere. Note that, by (18) and the first part
of (15), the stipulation that L be in Af is not violated.

Suppose that there are J , K � Af with JK = L. Let j be as in (17).
First note that, since Lj�j = (JK )j �j = Jj �jKj �j , it follows from (20) that Jj �j
is invertible. Since cB is a quasi-order relation on the set f1�2� � � � �ng, the
set Rep of representatives of the equivalence classes (with respect to the
equivalence relation � B ) is a partially ordered set with respect to cB . We
show now that

(21) Kj �k = 0

(for every j in (17)) by induction on the maximum length � of the chains
in the poset Rep which are maximal with respect to having j as minimum
element and k as maximum element. If � =1, then j cB k is the only (maximal)
chain with j as minimum element and k as maximal element, and so

(22) 0 = Lj�k = Jj�jKj �k + Jj�kKk �k �

Since f (�k �k ) =f0g and K �Af , it follows that Kk �k = 0, and so (22) implies
that Jj�jKj�k =0. The invertibility of Jj�j then forces Kj �k to be 0 too. Suppose

now that � 	 2, and that Kj ��k = 0 for every j �, j � �= i and j � �= k , such

f (�i �j �)=D = f (�j ��k ) and the maximum length of the chains in the poset Rep

which are maximal with respect to having j � as minimum element and k as
maximum element, is less than � . Then

(23) 0 = Lj�k = Jj�jKj�k +
X
j �

j � �= j and j� �=k
j cB j � cB k

Jj �j �Kj ��k + Jj�kKk �k �
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The j �’s in (23) are as in the induction hypothesis, and so Kj ��k = 0 for all

such j �’s. Furthermore, we have already seen that Kk �k = 0. Therefore, by
(23), Jj�jKj�k = 0, and again the invertibility of Jj�j forces Kj�k to be 0. This
proves (21).

We now have that

(24) Li �k = Ji �iKi �k +
X
j

j �= i and j �=k
i cB j cB k

Ji �jKj�k �

Consider the j ’s in (24). The induction proof in the previous paragraph shows
that Kj�k = 0 for every such j , and so Li �k = Ji �iKi �k . Since f (�i �i ) = f0g and
J �Af , it follows that Ji �i =0, and so Li �k =0. However, this contradicts (19),
and we conclude that there are no J , K �Af with JK = L. This establishes
(16).

Combining Theorems 2.1 and 2.2 we obtain the following two results

Corollary ���� The condition Af �Af =Af is su�cient for an ideal Af

of a blocked triangular matrix ring M (B�D) over a division ring D to be a

good ideal�

Corollary ���� An ideal Af of a blocked triangular matrix ring

M (B�D) over a division ring D is good if and only if f (�i �i )=D or f (�j �j )=
=D whenever f (�i �j )=D �

It was shown in [4, Lemma 1] that a finitely generated right ideal in
a right duo ring is a good ideal if and only if it is a principal (right) ideal

generated by a central idempotent. In [4, Example 3] the ideal
h

0 F
0 F

i
of the

2�2 upper triangular matrix ring over a field F was exhibited as an example
of a good ideal (in a ring which is not right duo) which as a right ideal is
not generated by an idempotent. However, this ideal is a principal left ideal

generated by the idempotent
h

0 0
0 1

i
.

We now give an example of a good ideal in a blocked triangular matrix
ring which is not generated as a right ideal nor as a left ideal by an idempotent.
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Example ���� Consider the ideal Af =

�
�
D D 0 D
0 0 0 0
0 0 0 D
0 0 0 D

�
� of the blocked

triangular matrix ring M (B�D) :=

�
�
D D 0 D
0 D 0 0
0 0 D D
0 0 0 D

�
�, D a division ring. The

only idempotents in Af which have non-zero entries in positions (1�1) and

(4�4) are of the form

�
�

1 r 0 0
0 0 0 0
0 0 0 s
0 0 0 1

�
�, r , s�D , and so it is easily seen that Af

has the desired properties. Note however that as an ideal (i.e. as a two-sided

ideal) Af is generated by, for example, the idempotent

�
�

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

�
�.
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1. Introduction

It is well-known in the martingale theory that the dual of the martin-
gale Hardy space is the BMO space (functions of bounded mean oscillation),
however the dual of the BMO space is not the Hardy space (see Garsia [6],
Neveu [7], Weisz [12]).

In many investigations a subspace of BMO, the so called VMO space
(functions of vanishing mean oscillation) plays an important role. The dual of
VMO is known in the case when the terms of the stochastic basis are generated
by finite partitions of the basis probability space. In this case the dual of VMO

is the Hardy space (see Schipp [10], Weisz [12]).

In this paper we shall deal with the dual of VMO in the general case.
It can be given as a factor space of a space consisting of some sequences

of �2-valued vector measures. The construction is based on the theory of
B-orthogonality (Schipp [9]) and on some theorems about mixed norm spaces
(Cs�org�o [4]).

In the last section we apply our general result for the finitely generated
case, and we give a new proof for the above mentioned result: the dual of
VMO is the Hardy space.

2. Definitions and preliminaries

Let (Ω�A�P) be a probability space, B � A be a sub-sigma-field, and
EB : Lp�Lp(B) be the conditional expectation operator (see Neveu [7]). Let



2016. december 13. – 21:33

86 I. CSÖRGŐ

us recall some definitions and statements from the theory of B-orthogonality
(see Schipp [9]).

Definition� Let Φi = f� � L2 : i � I g be a (not necessarily countable)
function system. Φ is called

(i) B-orthonormal (B-ONS) if EB(�i� j ) = 0 for every i , j � I , i �= j and

there exists a set family Ai �B, P(Ai )�0 (i� I ) such that EBj�i j
2 =1Ai

(i � I ). Here 1Ai
denotes the characteristic function of Ai .

(ii) B-complete if f �L2 and EB(f �i )=0 (i� I ) imply f =0.

We note that Ai = suppEBj�i j
2 � supp�i and that any system Φ can

be made B-normal by multiplication �i by (EBj�i j
2)�1�2 on Ai and by 0

on Ω nAi . One can easily prove—using Zorn’s lemma—that there exists a

B-complete B-orthonormal system in L2.

The functions EB(f � i ) (i� I ) are called B-Fourier coefficients of f , and

are often denoted by f̂i . It is clear that Ai�supp f̂i .

Theorem A� (Bessel-identity and minimum property, Schipp [9]) Let

Φ = f�i � L
2 : i � I g be a B�ONS in L2� I0 be a �nite subset of I � f � L2�

Then

inf

�
EB

����f �X
i�I0

�i � �i

����
2

: �i � L
2(B)

�
=

= EB

�����f �
X
i�I0

f̂i � �i

�����
2

= EBjf j
2 �

X
i�I0

jf̂i j
2�

Theorem B� (Fourier-expansion and Conditional Parseval-formula,

Schipp [9]) Let Φ = f�i � L2 : i � I g be a B�complete B�ONS in L2�

Then for each f �L2 the index set

If = fi � I : f̂i �= 0g

is at most countably in�nite �If = fik : k � Ng� here N denotes the set of

nonnegative integers� and

lim
N��

EB

�����f �
NX
k=0

f̂ik � �ik

�����
2

= 0
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and X
i�I

jf̂i j
2 =

�X
k=0

jf̂ik j
2 = EBjf j

2�

Theorem C� (Conditional Riesz–Fischer Theorem, Schipp [9]) Let Φ =
= f�i � L

2 : i � I g be a B�ONS in L2 and �i � L
2(B) �i � I � be a function

system with

(i) supp�i�Ai and

(ii)
P
i�I

R
Ai

j�i j
2dP���

Then there exists a function f �L2 such that f̂i =�i �i� I ��

Let I be a nonempty index set, and let us introduce the vector space of

all �2(I )-valued, A-measurable and essentially bounded functions, the space

L�(Ω�A�P ;�2(I )) or shortly L�(A;�2(I )) and the vector space of all �2(I )-

valued A-measurable and P-integrable functions, the space L1(Ω�A�P ;�2(I ))

or shortly L1(A;�2(I )) (cf. Diestel and Uhl [5], IV.1.). These are Banach
spaces under the norms

kf kL�(A;�2(I )) := sup
��Ω

kf (� )k�2(I ) = sup
��Ω

�X
i�I

jfi (� )j2
�1�2

and

kf kL1(A;�2(I )) :=
Z
Ω

kf (� )k�2(I )dP(� ) =
Z
Ω

�X
i�I

jfi (� )j2
�1�2

dP(� )�

respectively. Let L�0 (Ω�A�P ;�2(I )), or shortly L�0 (A;�2(I )) be the closure

of the subspace of the �2(I )-valued A-simple functions in L�(A;�2(I )) (cf.
Cs�org�o [2]).

As in Cs�org�o [2] is pointed out, the dual space of L�0 (A;�2(I )) is

BA(A;�2(I )), the space of finitely additive, absolutely continuous �2(I )-
valued set functions (vector measures, see e.g. Diestel and Uhl [5]) with

finite variation, defined on A. The norm on the space BA(A;�2(I )) is the



2016. december 13. – 21:33

88 I. CSÖRGŐ

total variation:

k	kBA := sup

��
�

mX
j=1

k	(Bj )k�2(I ) : fBj g � P

	

� �

where P denotes the set of A-measurable finite partitions of Ω. Remark that

if A is generated by a finite partition of Ω, then L�0 (A;�2(I ))=L�(A;�2(I )),

so the dual of L�(A;�2(I )) is BA(A;�2(I )), that is isomorphic to L1 as one
can see in Cs�org�o [4].

Let us fix the numbers 1	p��, 1	q	�, and define the quantity

(1) kf k(B�p�q) = kEBjf j
p)1�pkLq

for any A-measurable function f : Ω�K (K denotes the real of the complex
number field.) Using the conditional Hölder’s inequality (see Neveu [7]) one
can easily verify that (1) is a norm on the vector space

L(B�p�q) = ff : Ω � K : f is A-measurable, kf k(B�p�q) ��g�

Let f�i : i � I g be a (not necessarily countable) B-complete B-ONS

in L2, and suppose that the corresponding sets Ai are equal to Ω (i � I ).

Then the spaces L(B�2��) and L�(B;�2(I )) are isometrically isomorphic by

the identification f 
� (f̂i � i � I ) = (EB(f � i )� i � I ). The subspace in L(B�2��)

corresponding to L�0 (B;�2(I )) by this identification is denoted by L(B�2��)�0
and consists of all functions f for which

lim
N��

�����


EB

���f � NX
k=0

f̂ik ��ik

���2�1�2
�����
L�

= lim
N��

�����f �
NX
k=0

f̂ik ��ik

�����
(B�2��)

= 0�

So the dual of L(B�2��)�0 is BA(B;�2(I )). Remark that if B is finitely
generated, then L(B�2��)�0 =L(B�2��), moreover it can be proved without the
assumption Ai =Ω that the dual of L(B�2��) is L(B�2�1) (see Cs�org�o [4]).

3. Hardy and BMO spaces

Let (Ω�A�P) be a probability space, B0 �B1 � � � �� A be a monotone

increasing sequence of sub-
-fields, B�1 := B0 := f��Ωg, 


�
�S
n=0
Bn

�
= A.
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Denote by En the conditional expectation operator with respect to Bn . Let us
introduce the following spaces:

The Hardy spaces H1 and H1 consists of all f �L1 for which

kf kH1
:=

�����sup
n�N

jEn f j

�����
L1

��

and

kf kH1
:=

�����

 �X

n=1

En�1jEn f � En�1f j
2
�1�2

�����
L1

���

respectively.

Remark that Lp�H1�L
1 for all p�1 and that L2�H1�H1�L

1 (see
Weisz [12]).

The BMO spaces are the duals of the Hardy spaces. The spaces BMO�2

and BMO2 consist of all h�L1 for which

khk
BMO�2

:= sup
n�N

�����En jh � En�1hj
2
�1�2

����
L�

��

and

khkBMO2
:= sup

n�N

�����En jh � Enhj
2
�1�2

����
L�

���

respectively.

Remark that L��BMO�2 �L
p for all 1	p�� and that L��BMO2�

�L2. Moreover, the dual of H1 is BMO�2 and the dual of H1 is BMO2 (see
Weiss [12]).

The duals of the above defined BMO spaces are not the Hardy spaces
(H1 and H1 are not reflexive), but there are some subspaces of BMO, the so
called VMO spaces whose duals in certain cases are the Hardy spaces. Let us

denote by S the subspace of
�S
n=0
Bn-simple functions.

The spaces VMO�2 and VMO2 are defined as the closure of S in BMO�2
norm and in BMO2 norm, respectively. Remark that

(i) For every h�VMO�2 : lim
n��

kEn jh�En�1hj
2)1�2kL� =0, and
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(ii) For every h�VMO2: lim
n��

kEn jh�Enhj
2)1�2kL� =0.

In the finitely generated case (when every Bn is generated by a finite
partition of Ω), the converse is also true. Moreover, in the finitely generated

case the dual of VMO�2 is H1, and the dual of VMO2 is H1 [see Schipp [10]
and Weisz [12]).

4. The dual of VMO�2 and VMO2

In this section two assumptions are supposed.

(i) For all n �N (�ni , i � In) is a Bn-complete Bn -ONS in L2 such that the
corresponding sets Ai (=An

i ) are equal to Ω.

(ii) 1A�En�1(1A)�L(Bn �2��)�0 (n�N, A�
�S
n=0
Bn).

Remark that the second assumption would be true if we wrote L(Bn �2��)
instead of L(Bn �2��)�0, because of

k(En j1A � En�1(1A)j2)1�2kL� 	 k1AkBMO�2
���

Furthermore, (ii) holds for n�n0+1, where n0 is an index for which A�Bn0,
because of

1A � En�1(1A) = 1A � 1A = 0 � L(Bn �2��)�0�

To describe the dual of VMO�2 , it is necessary to introduce the Banach-
space

Y 1 =

�
	 = (	n � n � N) : 	n � BA(Bn ; �2(In))�

�X
n=0

k	nkBA ��

�

with the norm k	kY 1 =
�P
n=0

k	nkBA. Define the equivalence relation 	
� on

Y 1 as follows: 	
� if and only if
�X
n=0

Z
Ω

(En ((h � En�1h) � �ni )� i � In)d	n =

=
�X
n=0

Z
Ω

(En((h � En�1h) � �ni )� i � In )d�n
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holds for any h � VMO�2 . It is well-known that the factor space Y 1� 

endowed with the factor norm

k[	]kY 1�� = inf
��[�]

k�kY 1

is a Banach-space.

Theorem �� The dual of VMO�2 is Y 1� 
� The functionals of VMO�2
can be given as

��� F (h) =
�X
n=0

Z
Ω

(En((h � En�1h) � �ni )� i � In)d	n

(h � VMO�2 � 	 = (	n ) � Y 1)�

Proof� Let Xn = L(Bn �2��)�0 (endowed with the k � k(Bn �2��)-norm)
(n�N) and

X 0 =
n
g = (gn � n � N) : gn � Xn (n � N)� lim

n��
kgnk(Bn �2��) = 0

o
with the norm

kgkX 0 = sup
n�N

kgnk(Bn �2��) (g � X 0)�

First we embed VMO�2 into X 0 by the linear isometry

Φh = (h � En�1h� n � N) (h � VMO�2 )�

Let us fix n�N and h�VMO�2 . From the estimation

k(Φh)nk(Bn �2��) = kh � En�1hk(Bn �2��) =

= k(En jh � En�1hj
2)1�2kL� 	 khk

BMO�2
��

it follows that (Φh)n � L(Bn �2��). To see (Φh)n � L(Bn �2��)�0 we need to
show that for any 
�0 there exists a finite index set I0� In such that

(3)

������(Φh)n �
X
i�I0

En
�

(Φh)n � �ni

�
� �ni

������
(Bn �2��)

�
�
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Since h can be approximated by
�S
n=0
Bn-step functions in BMO�2 norm, there

exists a step function � �S with the property

k(Φh)n � (Φ� )nk(Bn �2��) =

�����En jh � En�1h � � + En�1� j
2
�1�2

����
L�

=

= kEn j(h � � )� En�1(h � � )j2)1�2kL� = kh � �k
BMO�2

�
�2�

It is obvious by assumption (ii) that (Φ� )n � L(Bn �2��)�0. So there exists a
finite index set I0� In such that������(Φ� )n �

X
i�I0

En ((Φ� )n � �ni )

������
(Bn �2��)

�
�2�

Applying the triangle inequality we obtain

(4)

������(Φh)n �
X
i�I0

En ((Φ� )n � �ni ) � �ni

������
(Bn �2��)

�
�

Since the functions En((Φ� )n ��ni ) (i � In ) are in L2(Bn), one can use the
minimum property of the Bn-Fourier coefficients (Theorem A):

En

������(Φh)n �
X
i�I0

En ((Φh)n � �ni ) � �ni

������
2

	

	 En

������(Φh)n �
X
i�I0

En ((Φ� )n � �ni ) � �ni

������
2

�

After taking square root and L�-norm and using (4) we obtain (3). So
(Φh)n �L(Bn �2��)�0. Since (see Section 3)

lim
n��

k(Φh)nk(B�2��) = lim
n��

kEn jh � En�1hj
2)1�2kL� = 0�

so Φh � X 0. The linearity is obvious. The isometry of Φ can be obtained
from the equality

kΦhkX 0 = sup
n�N

k(En jh � En�1hj
2)1�2kL� = khk

BMO�2
�
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Denote by M the range of Φ. It is a closed subspace of the Banach-space

X 0, and Φ is an isometric isomorphism between VMO�2 and M .

Referring to the well-known theorem about the dual of X 0 (see Schipp

[10]) and to the theorem about the dual of L(Bn �2��)�0 (see Cs�org�o [4]) we

can state that the dual of X 0 is Y 1 by the identification

F1(g) =
�X
n=0

Z
Ω

(En (gn � �ni )� i � In )d	n) (g � X 0� 	 � Y 1)�

Finally, referring to the well-known theorem about the dual of a closed sub-
space of a Banach-space (see e.g. Rudin [8]) we obtain that the dual of

M is Y 1�M�, where M� denotes the closed subspace of Y 1 consisting of

functionals vanishing of M . One can easily see that Y 1�M� =Y 1�
, and
that the functionals have the form (2) indeed.

An analogous theorem can be stated for VMO2. The assumption (i) is
unchanged, (ii) is modified to

(ii�) 1A � En (1A) � L(Bn �2��)�0 (n � N� A �
��
n=0

Bn)�

Let us define the equivalence relation � on Y 1 as follows: 	�� if and
only if

�X
n=0

Z
Ω

(En ((h�Enh)��ni )� i � In )d	n =
�X
n=0

Z
Ω

(En((h�Enh)��ni )� i � In )d�n

holds for any h�VMO2.

Theorem �� The dual of VMO2 is the factor space Y 1��� The function�

als of VMO2 can be given as

F (h) =
�X
n=0

Z
Ω

(En ((h � Enh) � �ni )� i � In )d	n

(h � VMO2� 	 = (	n) � Y 1)�
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5. Application for the finitely generated case

In this section we apply the Fourier-method to prove that the dual of
VMO�2 is H1 and that the dual of VMO2 is H1, in both cases provided

that each Bn is generated by a finite partition fBn
1 � � � � �B

n
mn
g of Ω. Here

P(Bn
j ) �0 (j = 1� � � � �mn ). (For another proof see Schipp [10] and Weisz

[12].) There are no more assumptions, since in the finitely generated case
L(Bn �2��)�0 = L(Bn �2��), so the assumption (ii) of the previous section is

satisfied, and since the other assumption (An
i = Ω) will not be used in the

proof.

Theorem �� In the �nitely generated case the dual of VMO�2 is H1� The

functionals of VMO�2 can be given on the dense subspace S by

F (h) =
Z
Ω

h � f dP (h � S� f � H1)�

Furthermore� the functional�norm and the H1�norm are equivalent	

(5)
1
3
kf kH1

	 kFk 	 C � kf kH1
�

Here C is a positive constant�

Proof� For every n�N let f�ni �L
2 : i� Ing be a Bn-complete Bn-ONS

with the corresponding sets An
i , that are not necessarily equal to Ω. Using the

construction in Theorem 1 and the results of Cs�org�o [4] we obtain that the
functionals of VMO�2 can be written in the form

(6) F (h) =
�X
n=0

Z
Ω

�nd�n (h � S )�

where �n = (En ((h � En�1h) � �ni )� i � In) is in L�(Bn ;�2(In)) and �n �

� BA(Bn ;�2(In)). They have the properties supp�n�i � An
i (i � In ),

lim
n��

k�nkL�(Bn ;�2(In )) =0, �n�i (B
n
j )=0 if Bn

j �A
n
i =� and

�P
n=0

k�nkBA��.
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The integrals in (6) can be transformed into Lebesgue-integrals, namely,
let

gn =
mnX
j=1

�n(Bn
j )

P(Bn
j )

� 1Bn
j
�

This function is in L1(Bn ;�2(In)), suppgn�i �An
i (i � In ) (cf. Cs�org�o [4])

and Z
Ω

�nd�n =
Z
Ω

X
i�In

�n�i � gn�idP�

The functions gn�i can be regarded as Bn-Fourier coefficients of a function
fn �L(Bn �2�1) (cf. Theorem C and Cs�org�o [4]):

gn�i = En (fn � �ni ) (i � In � n � N)�

So we can rewrite (6) in the form

(7) F (h) =
�X
n=0

Z
Ω

X
i�In

En ((h � En�1h) � �ni ) � En (fn � �ni )dP�

The order of the sum by i and the integration can be interchanged by
Lebesgue’s theorem and by the estimationZ

Ω

X
i�In

jEn ((h � En�1h) � �ni )j � jEn (fn � �ni )jdP 	

	

Z
Ω

�
�X
i�In

jEn ((h � En�1h) � �ni )j2

�
A

1�2

�

�
�X
i�In

jEn (fn � �ni )j2

�
A

1�2

dP =

=
Z
Ω

(En jh � En�1hj
2)1�2 �

�
�X
i�In

jEn (fn � �ni )j2

�
A

1�2

dP 	

	 kh � En�1hk(Bn �2��) � kgnkL1(Bn ;�2(In )) ���

We have

(8) F (h) =
�X
n=0

X
i�In

Z
Ω

En ((h � En�1h) � �ni ) � En (fn � �ni )dP�
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The next considerations show that the n-th term of (8) is equal to

(9)
Z
Ω

(h � En�1h) � f ndP�

Let fik : k �Ng be the countable subset of In (n is fixed) outside of which
the terms in the inner sum of (8) are equal to 0 (cf. Cs�org�o [4]). For any
N �N we have������
Z
Ω

(h � En�1h) � f ndP �
NX
k=0

Z
Ω

En ((h � En�1h) � �nik
) � En (fn � �nik

)dP

������ =

=

������
Z
Ω

(h � En�1h) �

�
�f n � NX

k=0

En (fn � �nik
) � �nik

�
A dP

������ 	

	

Z
Ω

(En jh � En�1hj
2)1�2 �

�
�En

�����fn �
NX
k=0

En (fn � �nik
) � �nik

�����
2�A

1�2

dP 	

	 khk
BMO�2

�

Z
Ω

�
�En

�����fn �
NX
k=0

En (fn � �nik
) � �nik

�����
2�A

1�2

dP�(10)

The integrand in (10) tends to zero if N�� (see Theorem B) and it has the

integrable majorant En jfn j2 (see Theorem A). So by Lebesgue’s theorem (10)
tends to zero if N��, which gives us (9).

Using this result one can write (7) in form

F (h) =
�X
n=0

Z
Ω

(h � En�1h) � f ndP =
�X
n=0

Z
Ω

h � (fn � En�1fn)dP (h � S )�

Since the series
�P
n=0

(fn�En�1fn) converges in L1-norm to a function f �L1

(see Weisz [12]) and h is a step function, we can interchange the sum and
the integral:

F (h) =
Z
Ω

h �
�X
n=0

(fn � En�1fn)dP =
Z
Ω

h � f dP (h � S )�
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So the functionals have the desired form. On the other hand, for the norm of
the functional we can write (cf. Section 4 and Cs�org�o [4])

kFk =
�X
n=0

k�nkBA(Bn ;�2(In )) =
�X
n=0

kgnkL1(Bn ;�2(In )) =
�X
n=0

kfnk(Bn �2�1�)�

From now on we refer to the usual way (see e.g. Weisz [12], p. 50) to prove
(5).

kf kH1
	 3 �

�X
n=0

k(En jfn j
2)1�2kL1

= 3 �
�X
n=0

kfnk(Bn �2�1) = 3 � kFk���

hence f � H1. Moreover,—by Feffermann’s inequality (see Garsia, [6])—
there exists a constant C�0 such that

jF (h)j 	 C � kf kH1
� khk

BMO�2
�

consequently

kFk 	 C � kf kH1
�

Using similar constructions an analogous theorem can be proved for
VMO2.

Theorem �� In the �nitely generated case the dual of VMO2 is H1� The

functionals of VMO2 can be given on the dense subspace S by

F (h) =
Z
Ω

h � f dP (h � S� f � H1)�

Furthermore� the functional norm and the H1�norm are equivalent	

kf kH1
	 kFk 	 C � kf kH1

�

where C is a positive constant�
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0. Introduction

The Minty–Browder monotonicity notion [2] was an important achieve-
ment of the nonlinear analysis. It throws a new light on many new results and
becomes a good instrument in various application oriented new investigations
[6]. Monotonicity characterizes the global behavior of an operator. Looking
for a simply local notion we introduced in [3] the so-called scalar derivative.

We are going to relate the existence of the scalar derivative with the
notion of conformity.

We shall also relate the nonexpansive (expansive) maps with the decreas-
ing (increasing) ones [3], giving this way a generalization of the well known
Lie correspondence between antisymmetric maps and isometries. Only the
finite dimensional case will be considered, which is enough to illustrate the
principal ideas.

Let Rn be the n dimensional real Euclidean space with h � � � i the scalar

product and the norm of x defined by kxk2 = hx �x i. Consider the operator
f :Rn�Rn and let x be in Rn . If there exists the limit

lim
y�x

hf (y)� f (x )� y � x )i

ky � xk2

then it is called the scalar derivative in x and it will be denoted by f #(x ). In
this case f will be called scalarly differentiable at x . If f #(x ) exists for every x

in Rn , then f is said to be scalarly differentiable on Rn , with scalar derivative
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f #. Throughout this paper we shall use the following theorem (Theorem 2.4
of [3]) concerning the scalar differentiability in a point:

Theorem ���� Suppose that f : Rn �Rn � f = (f1� � � � � fn) is di�erentiable

at x0�Rn � Then the following statements are equivalent�

1) f is scalarly di�erentiable at x0�

2) a) �f1(x0)
�x1 = � � �= �fn (x0)

�xn � b) �fi (x0)
�x j =�

�fj (x0)

�x i �

� i � j �f1� � � � �ng� i �= j �

If we identify f with a vector field and the components of f satisfy
equations (2) (known in the literature as Killing equations [1]) then this
vector field will generate a one parameter group of conformal transformations.
So the above theorem shows that the scalar differentiability and conformity
notions are similar up to a Lie correspondence. We are going to detailate this
correspondence through this paper.

1. The coefficient of conformity and the conformal derivative

Definition ���� Let f :Rn�Rn be a map and p�Rn . If there exists

f c(p) = lim
q�p

kf (q)� f (p)k
kq � pk

�

then f will be called “conformaly differentiable in p” and f c(p) is the “con-
formal derivative of f in p”. If f is conformaly differentiable in each point of
a subset U of Rn then we shall say that f is “conformaly differentiable on
U ”.

Lemma ���� Let f : Rn � Rn be a di�erentiable v in p � Rn � Then f
is conformaly di�erentiable in p if and only if kd fp(x )k = �(p)kvk for all

vectors v where �(p) is some positive real valued function of p which does

not depend on v � In this case f c(p)=�(p)�

Proof� “�” Let q =p+ tv , with t�0, t�0 and v an arbitrary but fixed
vector. Then q�p,

f c(p) = lim
t�0

kf (p + tv )� f (p)k
jt jkvk

=
1
kvk

kd fp(v )k�

from where we obtain the required equality �(p)= f c(p).
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“�”

kf (p+v )�f (p)k
kvk

=

s
kf (p+v )�f (p)k2

kvk2 =

vuuut
���d fp(v )+� (p� v )kvk

���2

kvk2(1�1)

=

s
kd fp(v )k2

kvk2 + 2

�
d fp(v )� � (p� v )

�
kvk

+ k� (p� v )k2 =

=

s
�(p)2 + 2

�
d fp(v )� � (p� v )

�
kvk

+ k� (p� v )k2�

where

� (p� v ) � 0� whenever v � 0�(1�2)

On the other hand

j
�
d fp(v )� � (p� v )

�
j

kvk
	
kd fp(v )kk� (p� v )k

kvk
= �(p)k� (p� v )k�

So �
d fp(v )� � (p� v )

�
kvk

� 0� whenever v � 0(1�3)

(1.1), (1.2) and (1.3) implies that

lim
v�0

kf (p + v )� f (p)k
kvk

exists and is equal to �(p). So f is scalarly differentiable at p and f c(p)=�(p).

Theorem ���� Let f :U �Rn be a map� where U 
Rn is an open set�

Then f is conformal if and only if it is conformaly di�erentiable on U � In this

case the coe�cient of conformity �(p) is equal to f c(p) at each p from U �

The proof is a straightforward consequence of Lemma 1.2.

Theorem ���� Let f : U �Rn be a map where U 
Rn is an open set�

Then f is conformal if and only if

d f �p � d fp = �(p)2I �

for all p and some real valued positive function �(p)� where d fp denotes the

adjoint operator of d fp and I the identity operator�

This theorem is an easy consequence of Lemma 1.2�
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2. Monotone vector fields and expansive maps

The following theorem is a well known result from the theory of Lie

Groups� which states that the Lie Algebra of O(n) is the set of antisymmetric

matrices� However� since we shall use the same idea in the foregoing that the

proof of this theorem� and since this is an easy proof of a classical result we

shall state and prove it�

Theorem ���� Let v be a vector �eld on Rn and � (��p) be the one

parameter transformation group generated by v through p� Then v is anti	

symmetric as a function from Rn to Rn if and only if� � (��p) is an isometry

for every �xed � �

Proof� Theorem 1.1 of [3] implies that�
v j� (��q) � v j� (��p)� � (�� q)� � (�� p)

�
= 0

for all p, q�Rn and ��R. Hence

1
2
d

d�
k� (�� q) � � (�� p)k2 = 0�

since

k� (�� q) � � (�� p)k2 = h� (�� q)� � (�� p)� � (�� q)� � (�� p)i

and
d

d�
� (�� p) = v j� (��p)�

Thus we have k� (��q)�� (��p)k= constant for p, q fixed. If we put � = 0 in
this relation we obtain

k� (�� q)� � (�� p)k = kq � pk

for all p and q , since � (0�p)=p. The converse can be proved similarly.

Theorem ���� Let v be a vector �eld on Rn and � (��p) 
� �0� the

one parameter transformation group generated by v through p� Then v is

increasing 
decreasing� as a function from Rn to Rn if and only if� k� (��p)�
�� (��q)k is increasing 
decreasing� as a real function of � for all p� q �xed�

Proof� “�”�
v j� (��q) � v j� (��p)� � (�� q)� � (�� p)

�
� 0
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� p, q�Rn and � ��R. Hence as before

1
2
d

d�
k� (�� q)� � (�� p)k2 � 0�

from where it follows that k� (��q)�� (��p)k is increasing.

“�” If k� (��p)�� (��q)k is increasing so is k� (��p)�� (��q)k2, hence

d

d�
k� (�� p)� � (�� q)k2 � 0

which is equivalent to�
v j� (��q) � v j� (��p)� � (�� q)� � (�� p)

�
� 0

� p, q�Rn and � ��R. For � =0 we have that�
v jq � v jq � q � p

�
� 0

for all p and q . The case v decreasing can be treated similarly.

Theorem ���� Let v be a vector �eld on Rn and � (��p) be the one pa	

rameter transformation group generated by v through p� Then v is increasing


decreasing� as a function from Rn to Rn if and only if � (��p) is an expansive


nonexpansive� function of p for all ��0 �xed�

Proof� If v is increasing, then it follows from Theorem 2.2 that k� (��p)�
�� (��q)k is increasing for all p, q fixed. Particularly ��0 yields

k� (�� p)� � (�� q)k � kp � qk

so � (��p) is an expansive function of p.

Conversely, if � (��p) is expansive for all ��0 fixed, then we have

k� (	 � �� � (�� p))� � (	 � �� � (�� q))k � k� (�� p)� � (�� q)k

for all 	 ���0 and all p, q from Rn . But � (	� ��� (��p)) =� (	�p), since
� (��p) is an one parameter transformation group, so

k� (	� p)� � (	� q)k � k� (�� p)� � (�� q)k

for all 	���0. So k� (��p)�� (��q)k is increasing as a real function of �
for all p, q fixed. Hence by Theorem 2.2 v is increasing as a function from
Rn to Rn .
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2. The connection between the coefficient of conformity and scalar
derivative

We have seen that the conformal derivative is exactly the coefficient of
conformity for one parameter conformal transformation groups generated by
Killing vector field, whose components are satisfying the Killing equations.
These vector fields are exactly the scalar differentiable ones, regarded as
functions from Rn to Rn . We are going to compute for the one parameter
transformation groups generated by such fields, the conformal derivative (or
coefficient of conformity) in terms of the scalar derivative of f .

Definition ���� A vector field on Rn is scalarly di�erentiable if it is
scalarly differentiable as a function from Rn to Rn .

Theorem ���� Let v be a scalarly di�erentiable vector �eld on Rn and

� (��p) 
� �0� the one parameter conformal transformation generated by v �
Then we have

(3�1) kd�p(h)k = exp

�
� �Z

0

v#(� (	� p))d	

�
A �khk

or equivalently

� c(�� p) = exp

�
� �Z

0

v#(� (	� p))d	

�
A

for all h � where the left hand side of (3�1) is understood to be taken in � �

Proof� From the chain rule we have that

d

d�
d�p = d

d

d�
� (�� p) = d

�
v j� (��p)

	
= dv� (��p) � d�p�

where d�p is taken in � .

We have that

v#(� (�� p)) = lim
t�0

�
v j� (��p)+th � v j� (��p)� th

�
kthk2 =

=
1

khk2
lim
t�0



v j� (��p)+th � v j� (��p)

t
� h

�
=

�
dv j� (��p)(h)� h

�
khk2

for all h .
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If we put d�p(h) in this chain of relations instead of h , we obtain:

v#(� (�� p)) =

�
(dv j� (��p) � d�p)(h)� d�p(h)

�
kd�p(h)k2 =

D
d
d� d�p(h)� d�p(h)

E
kd�p(h)k2 =

=
1
2

d
d� kd�p(h)k2

kd�p(h)k2
�

So

(3�2)
d

d�
ln kd�p(h)k = v#(� (�� p))�

Integrating (3.2) from 	 =0 to 	 =� , we obtain

ln kd�p(h)k � ln khk =

�Z
0

v#(� (	� p))d	�

and from here the required relation. Here we used that d�p is the identical
map for � =0. This is an easy consequence of the Taylor expansion of � , see
[5].
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1. Introduction

Hilbert modules over a commutative C�-algebra A were introduced by
I� Kaplansky in 1953 ([3]). A step forward in this theory was made by
W� L� Paschke in 1973 by his doctoral thesis ([7]) and, almost at the same
time, by M� A� Rieffel ([10]), but by another point of view, different of that
of Paschke. Today Hilbert C�-modules represent an important instrument of
study in KK-theory ([4]), in the C�-algebraic approach to quantum group
theory ([14]), but also in the prediction theory ([9], [6]).

A complete correlated action is, in fact a pre-Hilbert L(H)-module (H
being a Hilbert space). The existence of a self-adjoint projection in the
parameter space in a complete correlated action which punctually corresponds
to an orthogonal projection in the measurements space (to see [12] for a
complete proof) suggests a certain structure of a complete correlated action in
order to allow the complementability of the “orthogonal complement” of an
L(H)-submodule in the correlated action pre-Hilbert module. We shall prove
that the structure we are looking for is self-duality and we shall specify the
Hilbert submodule corresponding to the self-adjoint projection mentionned
above.

In the development of the prediction theory an important role was played
by a geometric type result, namely the Wold decomposition in its various
variants ([13]).

Among the Wold type decompositions met in literature [2] (in smooth
and reflexive Banach spaces), [8] and [9] (on Hilbert C�-modules), only the
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last seems to apply in this context. Hence, as a consequence of the results
obtained and of the decomposition in [9] it will be finally given a short proof
of the Wold decomposition for stationary processes in complete correlated
actions.

2. Notations and Preliminaries

Let A be a C�-algebra and E be a right A-module having a compatible
structure.

A map h �� � i : E � E � A linear in the second variable is said to be
A-valued inner product on E if it satisfies

(i) hx �x i�0� x �E ;

(ii) hx �x i=0 if and only if x =0;

(iii) hx �yi�=hy�x i, x , y�E ;

(iv) hx �yai=hx �yia , x �E , a�A.

The couple (E�h �� � i) is said to be a Hilbert A�module if moreover the
norm

kxk := k hx � x i k1�2� x � E�

is complete.

A pre-Hilbert A-module is said to be self�dual if every bounded A-
module map � :E�A has the form

�(x ) = hy� x i � x � E�

y �E being uniquely determinated by � . As it is seen in [7] every self-dual
pre-Hilbert A-module is complete.

Let A be a von Neumann algebra. On a pre-Hilbert A-module we shall
introduce two important topologies:

� s-generated on E by the family of seminorms (p�)� , p� (x )=�(hx �x i)1�2,
x �E , where � is running through the set of all positive linear functionals
in the predual A� of A;

� �-defined with the convergence help: for x� � E , � � I we say that

x�
�
�
��I

0 if for every fn �A�, xn �E (n�N�) with the property that

�X
n=1

kfnkkxnkE �� we have
�X
n=1

fn(hxn � x�i)
��I
	� 0�
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It is not hard to see that s is stronger than � , and if E is self-dual then
� =�(E�E�) the s topology being compatible with the duality E = (E�)� (we
denoted by E� the predual of E constructed in [7]). Consequently the convex
sets (in particular the submodules) in a self-dual Hilbert module have the same
closure with respect to these two topologies.

For a pre-Hilbert module collection (E� )� over the von Neumann algebra
A its ultraweak direct sum (according to [7]) is the pre-Hilbert A-module

+
��I

E� = fx = (x�)��I �
Y
��I

E� j sup
F
k
X
��F

hx� � x�i k��g�

h(x�)� � (y� )�i := lim
F

X
k�F

hxk � yk i � (x�)� � (y� )� � +
��I

E� �

where F is running through the set F of all finite parts of I , and the notation
lim
F

represents the ultraweak limit. Furthermore if (E� )� is a family of parwise

orthogonal (that is
D
E� �E�

E
= 0 for � 
= 	) submodules in a pre-Hilbert

A-module E then their direct s�sum

+
��I

E� := fx = s	 lim
F�F

X
��F

x� jx� � E� (� � I ) and (x�)��I is s-summableg

is a submodule of E with the property

hx � yi = lim
F

X
��F

hx� � y�i � for every x = s 	 lim
F�F

X
��F

x�

and

y = s 	 lim
F�F

X
��F

y� in +
��I

E�

(to see [9] for a complete proof).

A submodule E0 of a Hilbert C�-module E is called complementable if
there exists another submodule E1 with the properties E =E0+E1 and E0�E1
(that is hE0�E1i=0). For simplicity we shall use the notation E =E0�E1.

An operator T : E � F between two Hilbert C�-modules is said to be
adjointable if there exists T � :F�E (called the adjoint of T ) such that

hy� Tx i = hT �y� x i � x � E� y � F�

The set of all adjointable operators from E to F is denoted by LA(E�F )
(respectively LA(E ) if E = F ), and for T � LA(E�F ) it is used the notation
[E�F�T ] (respectively [E�T ] if E =F ).

With a classic case similar proof we mention.
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Proposition ���� Every A�linear and bounded operator between two

Hilbert C��modules� the �rst one being self�dual� admits an adjoint�

Let us suppose that E0 is a self-dual submodule of a Hilbert module E .
The natural embedding i :E0�E admits an adjoint i�, and the range of i 
i�

is E0. Furthermore E =E0�E1 where E1 =ker(i 
 i�), that is:

Corollary ���� Every self�dual Hilbert submodule is complementable�

A particular class of adjointable operators on a Hilbert module is repre-
sented by A-linear isometries with complementable range. Among these we
can mention unitary operators and s-shifts.

Definition ���� Let E and F be two Hilbert A-modules

� U :E�F is called a unitary operator if it is isometric and surjective;

� S :E�E is called an s-shift if there exists a Hilbert A-module F such
that S and SF are unitary equivalent (we denoted by SF the operator on

the ultraweak direct sum
�
+
n=0

F ,

(x0� x1� � � �) �� (0� x0� x1� � � �))�

In 1994 E� C� Lance showed (in [5]) that unitary operators U admit
adjoints U � with the properties UU � = IF and U �U = IE . The same results,
but with another proof (shorter), can be found in [9].

3. Self-Duality of L(H�K)

For the beginning let us mention some general results of the Hilbert
C�-modules theory, results which will found their applicability in this section.

Let A be a von Neumann algebra and E be a pre-Hilbert A-module. The
next proposition has a detailed proof in [1].

Proposition ���� E is self�dual if and only if the closed unit ball of E

�denoted by (E )1� is ��compact�

Taking this characterization into account we can formulate:

Corollary ���� If E is self�dual and E0�E is an s�closed submodule

�so ��closed also� then E0 is self�dual�
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Particularly the orthogonal complement E�0 = fx � E j hx �E0i = 0g of a
submodule E0�E is s-closed which allows the decomposition

E = E�0 � E��0 �

Let H and K be two Hilbert spaces. Denote by L(H�K) (L(H) if H =
= K) the space of linear and bounded operators from H to K. The right
L(H)-module (natural) structure

L(H�K)� L(H) � (T�A) �� TA � L(H�K)

and the L(H)-valued inner product

L(H�K)� L(H�K) � (S� T ) �� hS� T i := S�T � L(H)

equip L(H�K) with a pre-Hilbert L(H)-module structure. This pre-Hilbert
module is even Hilbert because the norm induced by the above defined inner
product is exactly the operator norm.

Theorem ���� L(H�K) is a self�dual Hilbert L(H)�module

Proof� Let � :L(H�K)�L(H) be linear and bounded A-module map.
Equivalentely ([7]) � verifies the inequality

�(T )��(T ) �MT �T� T � L(H�K)

for a constant M independent of T .

In particular

(1) T
 = 0� 
 � H implies �(T )
 = 0�

Fix 
�H, 
 
= 0. The map

�� : K� C� ��(�) =
1

k
k2

D
�(����)(
)� 


E
H
� � � K

is linear (for 
�H and � �K we denoted by ���� the operator 
 �� h
�
i�).

Furthermore

j��(�)j �
1
k
k

k�(����)(
)k � k�kk����k = k�kk
kk�k� 
 � H� � � K�

that is �� is bounded in norm with k�kk
k. The Riesz representation theorem

insures the existence of a unique S
�K which verifies

(2)
1

k
k2

D
�(����)(
)� 


E
H

= h�� S
iK � � � K�
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We define a map S :H�K (consider S (0)=0) such that S �L(H�K).

For ��C, 
�H and ��K we have

h�� S (�
)iK =
1

k�
k2

D
�(���	�)(�
)� �


E
H

=
1

k
k2

D
�(�

	���
)(
)� 


E
H

=

=
D
��� S (
)

E
K

= h�� �S (
)iK �

So S is homogeneous.

The additivity requires more preparations. If 
�, 
�� �H� =Hnf0g with�

��
��

�
H

=0 then, for all ��K

k
�k2������(
��) = k
�k2k
��k2� = �����+��� (k
�k2
��)

and

k
��k2�����(
�) = k
��k2k
�k2� = �����+��� (k
��k2
�)�

Applying two times the relation (1), for ��K,

k
�k2�(������)(
��) = �(�����+���)(k
�k2
��) = �(�����+���)(k
��k2
�) =

= k
��k2�(�����)(
�)�

Furthermore, in the same conditions �(�����)(
��) = �(������)(
�) = 0. The

following calculus�
�� S (
� + 
��)

�
K

=

=
1

k
�k2 + k
��k2

D
�(�����+���)(
� + 
��)� 
� + 
��

E
H

=

=
1

k
�k2 + k
��k2

�D
�(�����)(
�)� 
� + 
��

E
H

+
D
�(������)(
��)� 
�� + 
��

E
H

�
=

=
1

k
�k2 + k
��k2

�D
�(�����)(
�)� 
�

E
H

+
k
�k2

k
��k2

D
�(������)(
��)� 
��

E
H

+

+
k
��k2

k
�k2

D
�(�����)(
�)� 
�

E
H

+
D
�(������)(
��)� 
��

E
H

�
=

=
1

k
�k2

D
�(�����)(
�)� 
�

E
H

+
1

k
��k2

D
�(������)(
��)� 
��

E
H

=

=
�
�� S
� + S
��

�
K
� � � K
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shows that S (
�+
��)=S
�+S
�� holds indeed.

More generaly, if (e�)� is an orthonormal basis inH�
1 and 
2 two finite
linear combinations of basis elements and �1, �2�C then, applying the results
proved above

S (�1
1 + �2
2) =

= S

�
	�1

X
��I1nI2

���e� +
X

��I1�I2

(�1�
�
� + �2�

��
� )e� + �2

X
��I2nI1

����e�



A =

= �1S (
1) + �2S (
2)�(3)

To pass to entire H we need some sort of continuity for S . Let 
n �
�H(n�
�N) with 
n�
. Then

j h�� S
ni 	 h�� S
i j = j h�� S (
n 	 
)i j � k�kk�kk
n 	 
k� n � N� � � K�

that is hS
n ��i
n
�hS
��i, � �K. Passing to limit in (3) we obtain that S is

indeed linear.

Furthermore, for 
�H�,

kS
k2 =
1

k
k2

�
�(�S���)(
)� 


�
�

1
k
k

k�kk�S���(
)k = kS
kk�kk
k�

that is S �L(H�K) and kSk�k�k.

Finally, for T �L(H�K) fixed and 
�H�, using again (1),

T
 =
1

k
k2 �T���(
) implies �(T )(
) =
1

k
k2 �(�T���)(
)�

By replacing in (2)

h�(T )(
)� 
iH = hT
� S
iK = hS�T (
)� 
iH � 
 � H

that is �(T )=S�T =hS�T i and the proof is ended.

The proof presented above seems to be more natural than the one given
by M� A� Rieffel in [11] in which the author uses a Gram–Schmidt-type
precess.

In the following we need a few notions.

Definition ���� � Let H be a Hilbert space. The triplet (H�E �h�� � i)
is said to be the correlated action of L(H) on E if (E�h �� � i) is a pre-Hilbert
L(H)-module. In this case E is called the state space� H the parameter space,
and h �� � i correlation of the L(H) action on E .
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� In particular (H�L(H�K)�h�� � i) presented above is called operator model.

Every correlated action can be embedded in an operator model (to see
again [12] for detailled proofs).

Proposition ���� Let fH�E �h �� � ig be a correlated action� Then there ex�

ist a Hilbert spaceK �called measurements space� and an algebraic embedding

E �x
�
���(x )�L(H�K) with the properties�

(i) hx �yi=�(x )��(y)� x � y�E 	

(ii) K=f�(x )
jx �E�
�Hg�

This decomposition is umique �up to a unitary equivalence��

If � is surjective then fH�E �h �� � ig is called complete correlated action.

Remark ���� A complete correlated action E is a self-dual Hilbert L(H)-

module. Indeed, if � :E�L(H) is L(H)-linear and bounded then � 
��1 is
an L(H)-linear and bounded “functional” on L(H�K). Use now Theorem 3.3.

It is not difficult to observe that, having a submodule E0 of E (a correlated
action) and denoting by K0 =

W
x�E0

�(x )H, the formula

�(x0) = PK0
�(x )� x � E

defines a projection of the C�-algebra LA(E ),

E � x �� PE0
(x ) := x0 � E�

Furthermore �(x0)
�K0 and �(x	x0)
�K�0 , 
�H.

In the following we shall calculate this projection range and make the
connection with the results at the beginning of this section.

Proposition ��	� Let fH�E �h �� � ig be a complete correlated action and

E0 an L(H)�submodule of E � Then PE0
is the orthogonal projection corre�

sponding to E��0 =E0
s
in the decomposition

E = E�0 � E��0 �

Consequently R(PE0
)=Eo

s
�

Proof� Let x � E . Then x � E0 if and only if �(x )��(y) = 0, for
every y � E0. Taking into account the definition of K0 this is equivalent
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to �(x )�jK0 = 0. So �(x )�PK0
= 0 and, by passing to adjoint PK0

�(x ) = 0.

Hence

x � E0 if and only if PE0
(x ) = 0

and the proof is ended.

Corollary ��
� In conditions of the previous proposition we haveD
x 	 PE0

x � x 	 PE0
x
E

= inf
y�E0

hx 	 y� x 	 yi � x � E�

the in�mum being taken over the set of positive operators in L(H)�

Proof By a standard method we find that

inf
y�E0

hx 	 y� x 	 yi = inf
y�E0

s
hx 	 y� x 	 yi � x � E�

It remains to prove thatD
x 	 PE0

x � x 	 PE0
x
E
� hx 	 y� x 	 yi � x � E� y � E0

s
�

Indeed, for x �E and y�E0
s
,

hx 	 y� x 	 yi =
D

(x 	 PE0
x ) + (PE0

x 	 y)� (x 	 PE0
x ) + (PE0

x 	 y)
E

=

=
D
x 	 PE0

x � x 	 PE0
x
E

+
D
PE0

x 	 y� PE0
x 	 y

E
�

�
D
x 	 PE0

x � x 	 PE0
x
E
�

4. Wold Structure

In this section we give some applications of the above results concerning
the possibility of obtaining Wold-type decompositions.

Definition ���� Let E be a Hilbert A-module. A closed A-submodule
L�E is said to be wandering for the A-linear isometry V if

V nE � E� for all n � N��

Proposition ���� �
��� Let E be a self�dual Hilbert A�module and S an

A�linear and bounded isometric map on E � Then S is s�shift if and only if

there exists a submodule L�E � wandering for S such that

E =
�
+
n=0

SnL�
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Proof� We give only a sketch. If S is s-shift then according to Definition
2.3 S is unitary equivalent to the standard shift SF (F being a Hilbert A-

module) by the unitary operator U : E �
�
+
n=0

F . Denoting L = U �F one

obtains that L is wandering for S and

E = fU �(xn)n j(xn )n = s 	 lim
m��

mX
k=0

(0� � � � � 0� xk � 0� � � �)g =
�
+
n=0

SnL�

Conversely, by the equality E =
�
+
n=0

SnL, we define U :E�
�
+
n=0

L,

U (x ) = (ln)n � where x = s 	 lim
n��

nX
k=0

S k lk � x � E� lk � L(k � N)�

U makes an equivalence between S and SF .

Let E be a Hilbert A-module and [E�V ] be an isometry. It is not difficult
to observe that, for all n�N,

E =
nM

k=0

V kL�V n+1E� where L = ker V ��

To this decomposition corresponds

x =
nX

k=0

V k lk + V n+1zn+1� where flkg
n
k=0 � L� zn+1 � E�

lk = (IE 	VV �)V �k x � zn+1 = V n+1V �(n+1)x � n � N�

Taking into account these results and the properties of s-topology on self
dual Hilbert modules it can be proved the following theorem obtained in [9]
in a more general background.

Theorem ���� Let E be a self�dual Hilbert A�module� Every isometry

[E�V ] admits a Wold�type decomposition� that is there exist two submodules

E0� E1�E such that

(i) E =E0�E1	

(ii) E0 �and consequently E1� reduces V 	

(iii) V jE0 is a unitary operator and V jE1 is an s�shift�
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This decomposition is unique�

Corollary ���� Let E be a self dual Hilbert A�module and [E�V ] an

isometry� Then V is s�shift if and only if V is completely non�unitary �that is

the restriction to every non�null closed reducing submodule it is not a unitary

operator��

In the following E will be a complete correlated action having the pa-
rameter spaceH. A discrete stationary process is a sequence (fn)n�Z with the
property that hfn � fmi depends only on the difference m	n and not on m or n
separately. The stationary process (gn)n�Z is called white noise if hgn �gmi=0
for m 
= n . The stationary process (fn)n contains the white noise (gn)n if:

(i) hfn �gm i depends only on the difference m 	 n and is equal to 0 for
m�n;

(ii) �(g0)H�
0W

k=��
�(fk )H;

(iii) Re hfn	gn �gni�0, n�Z.

The stationary process (fn)n is called deterministic if it contains no non-
null white noise. (fn)n is called the moving average for the white noise (gn)n
if

(i) ffngn contains fgngn ;

(ii)
�W

n=��
�(fn)H=

�W
n=��

�(gn)H.

We can give now a new proof for the Wold decomposition theorem for
discrete stationary processes.

Theorem ���� Let (fn)n�Z be a discrete stationary process� There exists

a unique decomposition of the form

fn = un + vu � n � Z

where

(a) (un)n is the moving average of the maximal white noise contained in

(fn)n 	

(b) (vn)n is a deterministic process	

(c) hun � vmi=0� for all m � n�Z�
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Proof� Let E f
n , n � Z the s-closed L(H)-submodule generated by

(fm )m	n . Extending this notion we obtain similarly E f
�. The relation

E
f
� � fn �� Uf (fn) := fn+1 � E

f
�� n � Z

defines a unitary operator on E
f
�.

E
f
0 is invariant to U �

f and so we can build the isometry V = U �
f j E

f
0 .

E
f
0 being an s-closed submodule in the self-dual Hilbert L(H)-module E it is

also self-dual (Corollary 3.2). Using Theorem 4.3 [E f
0 �V ] admits a Wold-type

decomposition

E
f
0 =

�
n
0

V nE
f
0 �

�
+
n=0

V nL where L�VE
f
0 = E

f
0 �

This equality written in operator form becomes I
E

f
0

=P +Q , where P and Q

are self-adjoint projections. The relations

fn = U n
f Qf0 + U n

f Pf0� n � Z

represent the Wold decomposition that we are looking for.
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Introduction

The conjugate gradient method (CGM) is one of the most frequently
used methods for solving algebraic systems of equations, not only among
the gradient type methods but also among all iterative methods (see e.g.
[10]). It is used efficiently for boundary value problems of elliptic differential
equations after discretization.

Both the gradient method and the CGM have been extended to Hilbert
space setting. The results on the gradient method concern, on the one hand,
bounded linear and Gâteaux differentiable nonlinear operators ([5], [7], [8]),
on the other hand, certain unbounded linear and non-differentiable nonlinear
operators that can be transformed to have the first mentioned properties on
a suitable energy space ([6], [7], [12]). The latter methods allow direct ap-
plication (without discretization) for differential equations in Sobolev spaces.
Following the results of [1], [2], the CGM in Hilbert spaces was first given
thorough investigation by [3]. The results for bounded linear and Gâteaux
differentiable nonlinear operators have undergone further development (see
e.g. [5], [9], [11]). The extension of the CGM to unbounded linear operators
and its application to linear differential equations is also found already in [3];
however, for non-differentiable operators the method has not been established
yet.

1 This research was supported by Hungarian National Grant OTKA Nos T 019460 and

F022228



2016. december 13. – 21:36

122 J. KARÁTSON

Our aim is to show that the transformation which we used for the ex-
tension of the gradient method to certain non-differentiable operators in [12]
also works for the CGM. This transformation is applied to the original method
of [3] (the approach being apparently applicable to later modifications). The
solution of the equation that contains a non-differentiable nonlinear operator
is reduced to the successive solution of auxiliary linear equations. Then an
example illustrates the main consequence of this result, i.e. how the obtained
method can be applied to elliptic boundary value problems directly in the
corresponding function spaces.

1. The classical CGM

In this section we recall the method in [3] which will be transformed.

The method is first proven to exhibit global convergence, then conver-
gence estimates are given near the solution which show the greatest advantage
of the CGM, i.e. the optimal rate of convergence. The results on the so-called
basic CGM can be grouped into one theorem, given in the sequel. First
we summarize the assumptions and the construction of the approximating
sequence.

Assumptions �� (i) Let H be a real Hilbert space, J :H�H a continu-
ous operator which is twice Gâteaux differentiable.

(ii) Let A� a�0 and B�0 be given constants; assume that there exist
u0�H and R�0 such that for any u �B(u0�R) :=fu�H :ku�u0k�Rg we

have akhk2��J �(u)h�h
��Akhk2 and kJ ��(u)k�B .

(iii) Denote by � :H�R the potential of J (which exists by the previous
assumptions) and assume that fu�H :�(u)��(u0)g�B(u0�R) holds for the
level set corresponding to u0.

(We have changed in two points the original assumptions of [3]. The
assumption on

�
J �(u)h�h

�
in (ii) has been reduced from the whole space to

B(u0�R), since this is sufficient together with (iii). Also, [3] assumed Frêchet
differentiability of J but only used Gâteaux differentiability.)

The CG iteration� Let u0�H be as in assumption (ii), p0 =r0 =�J (u0).
For n � N = f0�1� � � �g, successively, let un+1 := un + cnpn where cn is the
smallest positive root of hJ (un +cpn)�pni = 0; set rn+1 := �J (un+1), pn+1 :=
=rn+1 +bnpn , where bn :=��J �(un+1)pn � rn+1

�
�
�
J �(un+1)pn �pn

�
.
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Further notations� For any n �N let �n :=
D
J �(un)�1rn � rn

E1�2
. Fur-

ther, let d := B
A3

�
3+ A

2a

�
, �n :=

p
AB

2a2 �n , 	n := 4aA
(A+a)2

�n
1+�n

+ d�n , q := A�a
A+a ,

qn :=(q2 +	n )1�2, Rn :=
p
A

a(1�qn )�n .

Then we have

Theorem � �[3]�� Under the above assumptions the following hold�

(1) The equation J (u)=0 has a unique solution u��H � and the sequence

(un) of the CG iteration converges strongly to u��
(2) Let N0�N be such that RN0


R and 	N0

1�q2� Then

(1�1) kun � u�k � RN0
� qN0

� qN0+1 � � � qn�1 (n �N0)�

�Note that limqn =q��

(3) Let N0 be as in ���� Then for any m�N0 there exists Nm �N such

that

(1�2) �n+m �
�
�4

�p
A�pap
A +

p
a

�2m

+ �n

	
A �n (n �Nm )

where lim�n =0� �Note that �n is equivalent to kJ (un )k and kun�u�k��

The above method encounters difficulties in the case of differential op-
erators. First, they do not fulfil themselves the conditions of the method.
Secondly, in the case of the corresponding generalized differential operators
(which usually fulfil the assumptions) the steps of the iteration cannot be
determined in general. The reason of this is that the generalized operators
are not defined explicitly.

2. The CGM for a class of non-differentiable operators

The CGM is now established for non-differentiable operators T that can
be transformed to have the required differentiability properties on the energy
space of a suitable auxiliary linear operator. This linear operator can be
regarded as a special kind of preconditioner. The solution of the equation
containing T is thus reduced to the successive solution of auxiliary linear
equations.



2016. december 13. – 21:36

124 J. KARÁTSON

Theorem ��� Let H be a real Hilbert space with scalar product h � i�
Let D�H be a dense subspace and T :D�H a non�di	erentiable nonlinear

operator� Let B : D � H be a strictly positive linear operator and denote

by HB the energy space of B � i�e� the completion of D with respect to the

scalar product hu�viB := hBu�vi (u�v �D)� �Denote by k k and k kB the

corresponding norms of H and HB �� Assume that the following conditions

hold�

(i) R(B)�R(T )


(ii) the operator B�1T :D�HB has an extension J :HB �HB which

ful�ls Assumptions � on HB �

Let u0 � D � p̂0 = r̂0 = �B�1T (u0)� For n � N� successively� let ûn+1 :=
= ûn + ĉn p̂n where ĉn is the smallest positive root of hT (ûn +cp̂n)� p̂ni = 0

set

r̂n+1 := �B�1T (ûn+1)� p̂n+1 := r̂n+1 + b̂n p̂n �

where b̂n := � �J �(ûn+1)p̂n � r̂n+1
�
B �

�
J �(ûn+1)p̂n � p̂n

�
B �

Then the following hold�

(1) The equation T (u) = 0 has a unique weak solution u� �HB � i�e� for

which

(2�1) hJ (u�)� viB = 0 (v � D)�

and (ûn) converges to u� strongly in the norm of HB �

(2) The linear convergence estimates (1.1) and (1.2) hold for (ûn) in HB �

�If B has positive lower bound then (ûn) converges to u� also in the norm

of H ��

Proof� Owing to the assumptions, Theorem 1 applies to equation J (u)=
= 0 in the space HB . Hence there exists a unique u� � HB which satisfies
J (u�) =0. (This can be regarded as the generalized solution of T (u)=0 since
for u �D the two equalities coincide.) Further, the sequence defined by the
CG iteration in HB converges to u� according to (1.1)–(1.2).

It is clear that the obtained generalized solution u� �HB is the unique
weak solution in the sense of (2.1) since D is dense by definition in the energy
space HB . Thus (1) holds.

We have to show that the CG iteration coincides with the sequence (ûn)
defined in the present theorem. Indeed, if u0 �D then (by the definition of

J ) we have J (u0) =B�1T (u0), hence p0 = r0 =�B�1T (u0) = p̂0 = r̂0; further,
by the assumption R(B)�R(T ) this implies that p0 �D(B) =D . From this



2016. december 13. – 21:36

THE CONJUGATE GRADIENT METHOD FOR A CLASS OF NON-DIFFERENTIABLE OPERATORS 125

we can see by induction that in each step of the CG iteration un ,pn are in D ,

rn+1 = �B�1T (un+1), and hJ (un +cnpn)�pniB = hT (un +cnpn)�pni. Indeed,
if uk �pk � D then uk+1 = uk + ckpk � D , hence (just as for k = 0) J (uk+1) =

=B�1T (uk+1) and J (uk+1)�D , i.e. rk+1�D , and finally pk+1 =rk+1 +bkpk �
� D . Further, for any c �0 hJ (un +cpn )�pniB =

D
B�1T (un +cpn)�pn

E
B

=

=
D
BB�1T (un +cpn)�pn

E
= hT (un +cpn )�pni. These equalities mean that for

any n�N+ un , rn , pn and bn coincide with ûn , r̂n , p̂n and b̂n , respectively.

Since (un) coincides with the CG iteration in HB , the estimates (1.1)–
(1.2) apply to (un), thus (2) holds.

Example� The following example illustrates how the obtained method
can be applied to elliptic boundary value problems. To reduce the length of
calculations, we consider the simple semilinear problem

(2�2)



�	 u + u3 = g

uj�Ω = 0

where Ω:=[0��]
 [0��]�R2, g�L2(Ω). Denote by D the set��



X
k+m�n

ak �m sin kx sinmy : n � N+� ak �m � R (k + m � n)

��
�

(sine polynomials). Then D is a dense subspace of H :=L2(Ω). We fix ��0
and approximate g by g̃�D such that kg�g̃kL2(Ω)


�
K2

(where K2 is defined

in (2.4)).

Let T :D�L2(Ω), T (u) :=�	u +u3� g̃ . The generalized differential

operator J :H 1
0 (Ω)�H 1

0 (Ω) corresponding to T is defined by

hJ (u)� vi
H 1

0 (Ω) =
Z

Ω
(rurv + u3v � g̃v ) (v � H 1

0 (Ω))�

Let B :D� L2(Ω), B :=�	. Then HB =H 1
0 (Ω) since the elements of

D vanish on 
Ω. We will use the notations hu�viB :=hu�vi
H 1

0 (Ω) =
R

Ωrurv
(u�v �H 1

0 (Ω)) and kvkB for the corresponding norm.

Lemma ��� R(B)�R(T ) and the operator J :HB �HB is an extension

of B�1T :D�HB �
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Proof� (i) R(T ) � D since for any sine polynomial u also 	u and

u3 are sine polynomials. Further, R(B) = D since for any f (x �y) =
=

P
k+m�n

ak �m sinkx sinmy the function

(2�3) u(x � y) =
X

k+m�n

ak �m

k2 + m2 sin kx sinmy

is the solution of 	u = f , uj�Ω =0.

(ii) Let u�D . Owing to the homogeneous Dirichlet BC we haveD
B�1T (u)� v

E
B

= hT (u)� viL2(Ω) =
Z

Ω
(rurv + u3v � g̃v ) = hJ (u)� viB

for any v � D , hence for any v � H 1
0 (Ω) owing to density. I.e. J is an

extension of B�1T .

Lemma ��� J ful�ls assumptions � on H 1
0 (Ω)�

Proof� We are going to use throughout the proof the embeddings

(2�4) H 1
0 (Ω) � Lp(Ω)� kwkLp (Ω) � KpkwkB (w � H 1

0 (Ω))

for all p�2 with appropriate constants Kp�0 (see [4]). Further, let E :=fv �
�H 1

0 (Ω) :kvkB�1g.

(i) For any u � H 1
0 (Ω) let S (u) : H 1

0 (Ω) � H 1
0 (Ω) be the bounded linear

operator defined by

hS (u)h� viB :=
Z

Ω
(rhrv + 3u2hv ) (h� v � H 1

0 (Ω))�

Its existence is obtained from the estimate jRΩ(rhrv + 3u2hv )j � (1 +

+ 3K 4
4 kuk2

B )khkBkvkB and the Riesz theorem. Let u�h � H 1
0 (Ω) be fixed.

Then, using notation �(J )u�h(t) :=k1
t

�
J (u + th)�J (u)

��S (u)hkB (t�R), we
have

�(J )u�h(t) = sup
v�E

�
1
t

(J (u + th)� J (u))� S (u)h� v

�
B

=

= sup
v�E

Z
Ω

(3tuh2v + t2h3v ) � K 4
4 (3tkukBkhk2

B + t2khk3
B ) � 0 if t � 0�

I.e. J is Gâteaux differentiable and J �(u)=S (u) (u�H 1
0 (Ω)).
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Now for any u � H 1
0 (Ω) let P(u) : H 1

0 (Ω)
H 1
0 (Ω) � H 1

0 (Ω) be the
bounded bilinear operator determined by

h(P(u)h)v � wiB := 6
Z

Ω
uhvw (h� v � w � H 1

0 (Ω))�

Its existence is now due to the estimate����
Z

Ω
uhvw

���� � K 4
4 kukBkhkBkvkBkwkB �

For fixed u�h�H 1
0 (Ω) we now have

�(J �)u�h(t) := k1
t

�
J �(u + th)� J �(u)

�� P(u)hkB =

= sup
v �w�E

�
1
t

�
J �(u + th)� J �(u)

�
v � (P(u)h)v � w

�
B

=

= sup
v �w�E

Z
Ω

3th2vw � 3tK 4
4 khk2

B � 0 if t � 0�

Hence J is twice Gâteaux differentiable and J ��(u)=P(u) (u�H 1
0 (Ω)).

(ii) We have

khk2
B � �J �(u)h� h

�
B =

Z
Ω

(jrhj2 + 3u2h2) � khk2
B (1 + 3K 4

4 kuk2
B )�

hence
�
J �(u)h�h

�
B �khk2

B has bounds a = 1 and A = 1 + 3K 4
4 (R +ku0k2

B ) on
any ball B(u0�R). Further,

kJ ��(u)k = sup
h�v �w�E

�
(J ��(u)h)v � w

�
B � 6K 4

4 kukB �

i.e. on any ball B(u0�R) we obtain kJ ��k�B =6K 4
4 (R+ku0kB ).

(iii) The potential of J satisfies

�(u) :=
Z

Ω
(
1
2
jruj2 +

u4

4
� g̃u) � 1

2
kuk2

B � kg̃kL2(Ω)kukL2(Ω) �

� kukB (
1
2
kukB �K2kg̃kL2(Ω)) � +� if kukB � +��

Hence any level set of � is bounded.

(Note that the lemma implies that Theorem 1 yields a theoretical approx-

imation to equation J (u) = 0 on H 1
0 (Ω). However, the functions p0 = r0 =

=�J (u0) and later, for any n�N, rn+1 =�J (un) (and thus pn+1 =rn+1+bnpn),
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cannot be given explicitly for general functions u0 � H 1
0 (Ω) (and later for

un � H 1
0 (Ω)). On the other hand, the application of Theorem 2.1 gives an

easily performed construction of the approximating sequence, which we are
now going to summarize.)

Owing to lemmas 1.1–1.2, our example satisfies all the assumptions of
Theorem 2.1. Thus we obtain the following result:

Theorem ��� Let u0 � D � p0 = r0 = u0 �	�1(u3
0 � g̃)� For n � N�

successively� let un+1 :=un +cnpn where cn is the smallest positive root of

�nc
3 + �nc

2 + �nc + �n = 0�

using notation �n := 3
R

Ω p
4
n � �n := 9

R
Ω p

3
nun � �n :=

R
Ω(9p2

nun + jrpn j2� �n :=

=
R

Ω(3pnu3
n +runrpn� g̃pn )� Set

rn+1 := un+1 �	�1(u3
n+1 � g̃)� pn+1 = rn+1 + bnpn

where bn := �
Z

Ω
(rpnrrn+1 + 3u2

n+1pnrn+1)�
Z

Ω
(jrpn j2 + 3u2p2

n )�

Denote by ũ the weak solution of equation �	u +u3 = g̃ � uj�Ω =0�

Then (un) converges to ũ in H 1
0 (Ω) such that the linear convergence

estimates (1.1)–(1.2) hold in H 1
0 (Ω).

Remarks� 1. Denote by u� the solution of (2.2). Then

kũ � u�k2
B �

Z
Ω

(jr(ũ � u�)j2 + (ũ3 � u�3)(ũ � u�)) =

=
D
�	 ũ + ũ3 + 	u� � u�3� ũ � u�

E
B

= hg̃ � g� ũ � u�iB �
� kg̃ � gkL2(Ω)kũ � u�kL2(Ω) � K2kg̃ � gkL2(Ω)kũ � u�kB �

Hence the solution of the original equation is approximated by ũ such that

kũ � u�kB 
K2kg̃ � gkL2(Ω) = ��

2. The numerical performance of the method is made easy by keeping
(un ) in D . Namely, the inversion of �	 means dividing the coefficients ak �m
by k2 +m2 (see (2.4)); further, integration in all formulae that define un+1
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means linear combination of the coefficients since all integrands are sine poly-

nomials. (If f (x �y)=
P

k+m�n
ak �m sinkx sinmy , then

R
Ω
f =4

P
k+m�n

k�m are odd

ak�m
km .)

3. �Comparison to other methods�� The main advantage of the method
(besides optimal linear convergence) is the easy realization given in the pre-
ceding remark. This appears e.g. in comparison to the finite element and
the Galerkin methods where the approximations are determined via nonlinear
algebraic systems of equations. The advantage compared to general discretiza-
tion methods is the analytic form of the approximations (un).

The price for this is the number of iterations to be executed for prescribed
accuracy.

4. Our aim has been to give an example of the application of Theorem
2.1. Thus we only mention without proof that the method can be applied
in a similar way to more general quasilinear equations T (u)=�divf (x �ru)+

+q(x �u)=g , uj�Ω =0 on domains Ω�R2 (transformable to cubes or with 
Ω�
�C 2), supposed the matrices f
�j fi (x ��)gi �j=1����N have eigenvalues between

positive constants and q increases in u with at most polynomial growth. (Then

the suitable choice D := H 2(Ω) �H 1
0 (Ω) yields R(�	) = L2(Ω) � R(T );

further, the same kind of calculations can be used as in [12] to prove the
required differentiability properties of the generalized differential operator.)
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1. Introduction

Inequality systems (both linear and nonlinear ) stayed in the middle of
attention of many mathematicians of our century. Beginning with Farkas’ and
Minkowski’s classical results and continuing till our days, there have been
stated different compatibility conditions with applications in diverse branches
of mathematics. One of the resolvability theorems significant applications
domain is the optimization theory, especially concerning the necessary condi-
tions of optimum and that of the duality ([1], [18], [12], [10], [4]). In the last
decade the resolvability theorems have been extended for nonlinear systems
and there have been given some applications for problems of nonsmooth op-
timization ([5], [22,23], [12], [9], [29], [30], [13], [15], [7,8]), for variational
inequalities ([26], [21]), for minimax theory ([20], [11], [16], [19], [27]), and
so on.

In resolvability theorems there occur two kinds of conditions: a convexity
condition (a generalized one) and a so called closedness condition. In the
recent paper [17], using a new convexity notion, introduced by Sebestyén
[24] and a closedness condition used in [10], have been proved two theorems
that generalize some old results ([2], [3]) and some new ones ([24-25], [14],
[10]). These theorems are the generalizations of Gordan’s classical theorem
of the alternatives ([18]).

1 Research supported by Hungarian National Research Foundation OTKA NO. T019492
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In this paper the above mentioned results are extended for the case of a
more general convexity condition than that of [17]. The closedness condition
used here is also less restrictive than that in recent papers [14] and [6].

The used notions and the main results have been formulated in section
2. As applications, in section 3 have been given some generalizations of
Mozkin’s and Farkas’ theorems of the alternatives.

2. Gordan type theorem of the alternatives

Let A and B be two nonempty sets and � :A�B�R a function. We’ll
study the following two problems:

(P) Find an element a0�A satisfying the inequality

�(a0� b) � 0� � b � B�

(Q) Give conditions (both necessary and sufficient) under which the following
inequality holds:

(2�1) sup
a�A

inf
b�B

�(a� b) � 0�

Clearly, if (P) admits a solution, then (Q) is also satisfied, the inverse affir-
mation being false. Problems (P) and (Q) cover many special problems as:
minimization problems, saddle point problems, Kirszbraun’s problem and so
on. (See [14], [10], [17], [28]).

The following notations will be used. Let

Δm := f� � Rm j � = (�1� � � � � �m )� �i � 0�
mX
i=1

�i = 1g

the m � 1-dimensional standard simplex. If b � B and � is a positive real
number then

U (b� �) := fa � A j �(a� b) + � �0g�

If B0 = fb1� � � � �bng is a finite subset of B and � �0, then let us define the
function 	 =	 (B0;�) :A�Rn by

	 (a) = (�(a� b1) + �� � � � � �(a� bn) + �)�

Put 	 (A) = f	 (a) j a � Ag and let co(	 (A)) denote the convex hull of
	 (A). Let � denote the empty set and Rn

+ the cone of elements from Rn

with nonnegative components. The interior of this cone is int(Rn
+).
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The results obtained in the present paper are strongly related to the fol-
lowing convexity condition:

(CC) For all �0 �0 and for all �nite subsets B0 � B , containing n0
elements such that 	 (B0��0)(A)	 int(Rn�

+ ) = �� there exist a �nite subset B1
of B and �1 �]0��0] such that B0�B1 and co(	 (B1��1)(A))	 int(Rn�

+ ) = �,
where n1 is the number of the elements of B1.

If B is a finite set then in (CC) one can put B0 = B without loss of
generality.

In [24] the following inequality has been considered:

(2�2) min
1�j�n

mX
i=1

�i�(ai � bj ) 
 sup
a�A

min
1�j�n

�(a� bj )�

for all finite subsets fa1� � � � �amg�A and fb1� � � � �bng�B� and all ��Δm .

Clearly, if (2.2) is satisfied then (CC ) holds. If A is a convex subset of a
real vector space and �(��b) :A�R is a concave function for all b�B , then
(CC ) holds. Even more, in [17,Proposition 3.1] it has been proved that if for
any 
�0� for every finite subets B0� every a1�a2�A and every t �]0�1[ there
exists a3�A such that

�(a3� b) � t�(a1� b) + (1� t)�(a2� b)� 


holds for every b�B0 then inequality (2.2) holds for every fa1� � � � �amg�A�
fb1� � � � �bng�B and ��Δm . Hence (CC ) holds in this case, too.

The following example shows that (CC) is a less restrictive condition
then (2.2). Let A =B = f1�2g� �(1�1) =�(2�2) = 0 and �(1�2) =�(2�1) =�1�

For �1 =�2 = 1
2 we have then

min
1�j�2

2X
i=1

�i�(i � j ) = �
1
2

and

max
1�i�2

min
1�j�2

�(i � j ) = �1�

so (2.2) does not hold. For B0 = B and � �0 we have 	 (1) = (��� � 1)�

	 (2)=(��1��), therefore, one can choose 0��1

1
2 so that (CC) holds.
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Proposition ���� Let B = fb1� � � � �bng be a �nite set and suppose that

(CC) is satis�ed� Inequality (2.1) holds if and only if

(2�3) inf
��Δn

sup
a�A

nX
j=1

�j�(a� bj ) � 0�

Proof� Necessity� If (2�1) holds, then for any 
�0 there exists a3 �A
such that

�(a3� b) � �
� � b � B

so,

sup
a�A

nX
j=1

�j�(a� bj ) � �
�

for every ��Δn � If 
�0 one can obtain (2�3)�

Su�ciency� If inequality (2�1) does not hold, then there exists �0�0 such
that for each a�A we have the following inequality:

min
b�B

�(a� b) + �0 
 �
�

Defining the function 	 = 	 (B��0) as above, we have 	 (A)	 int(Rn
+) = �.

(CC) implies the existence of a ��0 such that

co(	 (B� �)(A) 	 int(Rn
+) = ��

In conformity with the separation theorem there exists ��Δn � � =(�1� � � � ��n )
such that

nX
j=1

�j�(a� bj ) + � 
 0� �a � A�

holds. Therefore, we have

inf
��Δn

sup
a�A

nX
j=1

�j�(a� bj ) 
 �� �0�

in contradiction with (2.3).

Remarks� 1) In the special case when (CC) is substituted with (2.2),
Proposition 2.1 has been proved in [17].

2) If A=Rp (p�N) and �(��b) :A�R is an affine function for each b�B ,
Proposition 2.1 is reduced to Gordan’s classical theorem of the alternatives.
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If B is an infinite set, in order to formulate an analogus result the previous
one, we need certain closedness assumption.

Definition ���� We say that � satisfies the weak closedness condition if

(2�4) sup
a�A

inf
b�B0

�(a� b) � 0�

holds for every finite subset B0 of B then (2.1) holds also true.

Note, that the weak closedness condition can be formulated in several
ways. Let us consider the space of functions RB =fw :B�Rg endowed with

the product topology �� where the neighborhood base of w0�RB is given by

W (B0� 
� w0) = fw � RB j jw0(b)� w (b)j�
� �b � B0g�

where 
�0 andB0 is a finite subset of B�

Let us introduce also, in RB, the weaker topology 
� where the neighbor-

hood base of w0�RB is given by the sets

V (B0� 
� w0) = fw � RB j w0(b)� w (b) �
� �b � B0g�

where 
 and B0 are the same as above. Consider further the set

C = fw � RB j �a � A : �(a� b) � w (b)� �b � Bg�

Let clC and C̄ be the closure of the set C with respect to � and 
 , respec-
tively.

In [17, Proposition 2.2] it has been proved that the following four asser-
tions are equivalent:

(i) The weak closedness condition is satisfied.

(ii) If for some �0�0 the system fU (b��0) jb�Bg covers A, then fU (b��) j
b�B� ��0g admits a finite subcover of A.

(iii) If 0�C then �� �C for all ��0, where 0 and � denotes the constant
functions 0 and �� respectively.

(iv) If 0�clC then ���C for all ��0.

A variant of assumption (ii) first has been formulated within a minimax
theorem in [24]. Assumption (iii) has been introduced in [10].

If B is a nonempty arbitrary set (finite or infinite) we state the following
result:
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Theorem ���� Suppose that (CC) is satis�ed� Then inequality (2.1) holds
if and only if the weak closedness condition is satis�ed and inequality (2.3)
holds for all �nite subset fb1� � � � �bng of B �

Proof� The necessity can be proved as in case of Proposition 2.1, since
(2.1) implies (iii).

Su�ciency� Let B0 be a finite subset of B . As in case of Proposition 2.1,
the weak closedness condition and (2.3) imply (2.1).

Theorem 2.1 can be regarded as an extension of [10, Theorem 2] and
[17, Theorem 2.1].

For the study of problem (P) we need the following closedness condition.

Definition ���� We say that � satisfies the strong closedness condition
if the validity of the inequality (2.4), for all finite subsets B0 of B� implies
that problem (P) admits at least one solution.

Obviously,the strong closedness condition implies the weak closedness
condition. The inverse statement does not hold, as the example of the function

� :]0� 1]�]0� 1] � R� �(a� b) = b � a

shows.

Observe, that if A is a compact topological space and if � is upper
semicontinuous with respect to the first variable, then the strong closedness
condition holds true. In paper [10] there have been given some examples such
that A was not compact but the strong closedness condition held. Even more,
in [17, proposition 2.3] it has been proved that the following four assertions
are equivalent:

(i�) The strong closedness condition holds.

(ii�) If the system fU (b��) j b �B���0g covers A, then it contains a finite
subcover.

(iii�) If 0�C
0�C .

(iv�) If 0�clC
0�C .

Condition (ii�) has been used previously in [25] and (iii�) in [10]. In
[14] and [6] the following closedness condition is used: (v) There exists a

neighborhood U of the origin 0�RB, with respect to the topology � , such
that the set C 	clU is nonempty and closed. A variant of this condition has
been introduced in [15].

Observe that (v) implies (iii�). Indeed, if 0 � clC , then there exists a

generalized sequence (wk ) in C such that wk
�
�0. Since the neighborhood
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U satisfies the properties of (v), there exists a generalized subsequence (w� )
such that w� � C 	U for all indices � , and 0 = lim

�
w� � C 	 clU� we have

0�C .

The following example shows that in general condition (iii�) does not

impliy (v). Indeed, let A = N�� B = [0�1[ and �(a�b) = 1 � ba � for all

(a�b)�A�B� Then for any neighborhood U of the origin 0 of the space RB

with respect to the � topology, there exists 
 �]0�1[ such that the function
w :B�R defined by

w (b) =
n

0� if b � [0� 
]
1� if b �]
� 1]

be contained in cl (C 	clU ) without belonging to C 	clU� Consequently, in
this case property (v) does not hold true.

From the above statements we can conclude that though condition (iii�)
is necessary for the existence of solutions for the problem (P), property (v) is
not necessary for that.

The following theorem is also a generalization of Gordan’s theorem. It
extends [17, Theorem 2.2] (see also Theorem 3.5 from [14], and Theorem2
from [10]).

Theorem ���� Suppose that (CC) is satis�ed� Problem (P) has solution

if and only if the strong closedness condition is satis�ed and inequality ����	

holds for all �nite subsets fb1� � � � �bng of B �

The proof of this theorem is analogus to that of Theorem 2.1.

3. Motzkin and Farkas type theorems of the alternatives

Let X and Y be two nonempty sets. We consider the functions f :X�
R�f+�g with domf :=fx �X j f (x )�+�g �= � and g : X �Y �R. In this
section there will be studied the resolvability of the following system:

(3�1) x � X : f (x ) �0� g(x � y) � 0(�y � Y )�

This problem is reduced to (P), if we put A=X�]0�+�[� B =f�g�Y� where
� is any element not belonging to Y, and

(3�2) �(a� b) =
n
f (x )� 
� for a = (x � 
) and b = � ,
g(x � b)� for a = (x � 
) and b � Y .
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In this case the set C is of the form

C = fw = (u� r ) � RY � R j �(x � 
) � X�]0�+�[: f (x ) � r + 
�

g(x � y) � u(y)� �y � Y g�

So, the strong closedness condition can be formulated in the following way:

(3�3) (0� 0) � clC 
 (0� 0) � C�

This condition is verified, for example, if there exists a neighborhood U of

the origin 0 of the space RY with respect to the 
 topology, and there exists

��0 such that the set C	clU�[���+�[ is nonempty and closed in RY�R.

Like in [14] we say that the pair of functions (f,g) are concavelike, if

�t �]0� 1[: � x1x2 � X� �x3 � X :

f (x3) � t f (x1) + (1� t)f (x2) and g(x3� y) � tg(x1� y) + (1� t)g(x2� y)�

�y � Y�

It is easy to verify that if the pair (f,g) is concavelike then the function �
defined by (3.2) satisfies inequality (2.2) (see [17]). So, in this case property
(CC) is satisfied.

From Theorem 2.2 we can deduce immediatelly Motzkin’s theorem of
the alternatives, which generalizes [14, Theorem 3.1].

Theorem ���� Suppose that the function � 
 de�ned by (3.2)
 satis�es
property (CC) and condition (3.3)� Then one and only one of the following

two assertions holds true�

a) The system ����	 is compatible�

b) For all 
 �0 there exist a �nite subset fy1� � � � � yng of Y
 an element

��Rn
+ and a real number 
�0 such that (��
) �= (0�0) and


(f (x )� 
) +
nX
j=1

�j g(x � yj ) �0� �x � X�

As a consequence of the last theorem we obtain the following general-
ization of Farkas’ lemma.

Theorem ���� Suppose that the assumptions of Theorem 3.1 are satis�ed�

If there exists x0�X such that inequality g(x0� y)�0 holds true for all y�Y�
then the following two assertions are equivalent�

�) For all x �X with property g(x �y)� 0
 for all y �Y� inequality f (x )
 0
holds true�
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�) For all 
�0 there exists a �nite subset fy1� � � � � yng of Y and an element

��Rn
+ such that

f (x ) +
nX
j=1

�j g(x � yj ) �
� for all x � X�

Proof� Property �) means that the system (3.1) is incompatible, which
is equivalent, by Theorem 3.1, with property b). Suppose that in b) we have

 =0� Then

nX
j=1

�j g(x � yj ) �0� � x � X�

which is in a contradiction to the existence of an element x0 � X with the
property from the statement of the theorem. We can suppose, without a loss a
generality, that 
 =1� so property �) implies �)� The inverse statement �)
�)
is evident.

Remarks� 1) If we complete condition (CC) and the strong closedness
condition with the assuption that the pair (f �g) is concavelike and there exists

a neighborhood of 0 � RY, respectively a number � �0 such that the set

C	clU�[���+�[ is nonempty and closed in RY�R� then by Theorem 3.2
we obtain [14;Theorem 3.2].

2) In case when (CC) holds and there exists an element x0�X such that
g(x0� y)�0 for all y�Y� property �) is equivalent to the following one ���
�	�

�) If (0��) � clC , then �
0.

Indeed, by assumption �) it follows that (0�0) �� clC� so (0�0) ��C� This
means that the system (3.1) is incompatible. By Theorem 3.1, the existence
of an element x0 with the above mentioned property implies �)� Conversely,
if we suppose that �) holds whilest �) doesn’t hold, we will come to contra-
diction. Let (0�0)�C and 
�0� By assumption �) there exists a finite subset
fy1� � � � � yng of Y and an element ��Rn

+ such that inequality

(3�4) f (x ) +
nX
j=1

�j g(x � yj ) �
� � x � X

holds true.
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By the definition of clC we can conclude that for any ��0 there exists x �X
such that

f (x ) �
3
4

 and g(x � yj ) � ��� �j � f1� � � � � ng�

If we choose � such that �
nX
j=1

�j 

� then we have

f (x ) +
nX
j=1

�j g(x � yj ) � 
�

which contradicts (3.4).
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1. Introduction

In this paper we study a class of quasilinear problems with discontinuous
nonlinearities. It is well-known that such problems need not have a solution
and in order to develop an adequate existence theory, we need to consider
instead a multivalued version of the original problem. In general this mul-
tivalued version is obtained by, roughly speaking, filling in the gaps at the
discontinuity points (see Chang [2]) and then use some known method (like
nonsmooth critical point theory or the method of upper and lower solutions)
to obtain existence theorems.

In this paper following the lead of Stuart�Toland [7], we consider a
multivalued version of the original problem, by filling in only the downwards
jumps of the nonlinearity f ( � ). This leads to a more restrictive (but more
interesting) problem which approximates better the original single valued one.
This formulation requires f ( � ) to be locally of bounded variation but other-
wise we do not need a subcritical growth condition like the one assumed by
Chang [2]. Our approach is variational and utilizes a nonresonance condition
below the first eigenvalue �1 �0 of the p-Laplacian. Our existence theorem
extends theorem 3.2 of Stuart�Toland [7], who study semilinear equations
(i.e. p=2).
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2. Preliminaries

Let Z �RN be a bounded domain with a C 1-boundary Γ. We consider
the following quasilinear elliptic differential equation.

(1)

�
�div (kDx (z )kp�2Dx (z )) = f (x (z )) + u(z ) in Z�

x jΓ = 0� 2 � p � ��

�

Here f : R � R is locally of bounded variation. We do not make any
continuity hypotheses on f ( � ). It is well-known that f ( � ) has a countable
number of jump discontinuities. We require that f (r ) � conv(f (r+)� f (r�))
for every r � R (i.e. f � BN in the notation of Stuart�Toland [7]). Let
U (f ) = fr � R : f (r�) �f (r+)g (the set of upward jumps) and D(f ) = fr �
�R : f (r+)�f (r�)g (the set of downward jumps). Then f ( � ) is everywhere
continuous except at the set U (f )�D(f ). Using these two sets we can define
two multifunctions:

f̂ (r ) =

�
(f (r�)� f (r+)) if r � R n D(f )

(f (r+)� f (r�)) if r � D(f ),

f̂0(r ) =

�
f (r�) if r � R n D(f )

(f (r+)� f (r�)) if r � D(f ).

Evidently f ( � ) fills in all the jump discontinuities of the original function
while f̂0( � ) fills in only the downward ones. In our multivalued reformulation

of problem (1) we will use f̂0( � ). More precisely the multivalued problem
that we will study instead of (1) is the following:

(2)

�
�div (kDx (z )kp�2Dx (z )) � f̂0(x (z )) + u(z ) in Z

x jΓ = 0� 2 � p��

�

Definition By a solution of (2) we mean a function x �W 1�p
0 (Z ) such

that x jΓ =0 and

�div (kDx (z )kp�2Dx (z )) = v (z ) + u(z ) a.e. on Z

with v � L2(Z )� v (z ) � f̂0(x (z )) a.e. on Z�

In our considerations we will need the first (principal) eigenvalue of the
following non-linear eigenvalue problem:

(3)

�
�div (kDx (z )kp�2Dx (z )) = �jx (z )jp�2x (z ) in Z

x jΓ = 0� 2 � p���

�
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From Lindqvist [3] we know that the first eigenvalue �1 exists, is posi-

tive and isolated. A corresponding eigenfunction u1�W
1�p
0 (Z )	L�(Z ) can

be chosen so that u1(z ) �0 a.e. on Z . In fact under additional smoothness

assumptions on the boundary Γ, we can have that u1 � C
1�� , � � (0�1) and

�u1
�n �0 a.e. on Γ. Moreover, we know that �1 is given as the minimum of the

Rayleigh quotient; i.e.

�1 = inf

�
kDxk

p
p

kxkpp
: x �W 1�p

0 (Z )

�

As we already mentioned, our approach will be variational. Since the
functionals are convex and nondifferentiable in general, we will use the no-
tion of the convex subdifferential. So let us recall very briefly some basic
definitions and results of the subdifferential theory. Let X be a Banach space
and � : X � R = R�f�g be a proper, convex function (proper means that
dom� =fx �X :�(x )�+�g 
= �g. By definition the “subdifferential” of � is
the (possibly multivalued) operator 	� :X�X � defined by

	� = fx� � X � : (x�� y � x ) � �(y)� �(x ) for all y � X g� x � X�

Let D(	�) = fx �X : 	�(x ) 
= �g. We have that D(	�)� dom� and 	� is a
maximal monotone operator (in fact cyclically maximal monotone) If �( � ) is
Gateaux differentiable, then 	�(x ) = f� �(x )g (i.e. 	� is a singleton, namely

the Gateaux derivative of �( � ) at x ). Moreover, we have D(	�) = dom�

and intD(	�) = intdom� . Let X be a Hilbert space identified with its dual
(pivot space). Since 	� is a maximal monotone operator, for every ��0 we
can define a regular single valued approximation of it, known as the Yosida

approximation, by setting (	�)�= 1
�

(I �J�) with I being the identity operator

and J� the resolvent of 	� , i.e. J�=(I +�	�)�1. Recall that D(J�)=D(	�)�=
=X for all ��0, both operators are single valued, J� is nonexpansive, (	�)� is

monotone and Lipschitz continuous with Lipschitz constant 1
�

hence maximal
monotone and (	�)�(x )� 	�(J�(x )) for all x �X . For the function �( � ) we
can define the Moreau–Yosida regularization �� by

��(x ) = inf

�
kx � yk2

2�
+ �(y) : y � X

�
� x � X� ��0�



2016. december 13. – 21:36

146 NIKOLAOS HALIDIAS, NIKOLAOS S. PAPAGEORGIOU

Then �� is convex and Frechet differentiable, (	�)� = 	�� for all � �0,

�� = kx�J�(x )k2

2� +�(J�(x )) for all x � H and all ��0, and �� � � as � 
 0.

Finally if Φ:L2(Z )�R=R�f+�g is defined by

Φ(x ) =

��
�
R
Z

�(x (z ))dz if �(x ( � )) � L1(Z )

+� otherwise.
Then Φ is proper convex and v � 	Φ(x ) if and only if v (x ) � 	�(x (z )) a.e.
on Z . Moreover, (	Φ)�(x ) = 	Φ�(x ) =

R
Z

	��(x (z ))dz for all ��0 and all

x �L2(Z ). For more details and additional results on these and related issues,
we refer to Barbu [1].

In the sequel we will use the following elementary inequality

(
j
jp�2 � � j� jp�2)(
 � �) � 22�pj
 � � jp

for every 
 , � �R and p�2.

3. Auxiliary results

In our analysis of problem (2), we will need the following decomposition
of f ( � ) proved by Stuart�Toland [7] (lemma 2.1). It is a refinement of a
well-known result from analysis which says that a function which is locally
of bounded variation can be written as the difference of two nondecreasing
functions. Recall (see section 2) that BN = ff : R� R : f ( � ) is locally of
bounded variation and for every r �R f (r )�convff (r+)� f (r�)gg.

Proposition �� If f �BN � then there exists two nondecreasing functions

g � h :R�R such that

1. f (r )=g(r )�h(r ) for every r �R�

2. g( � ) is continuous on RnU (f )�

3. h( � ) is continuous on RnD(f )�

4. f̂ (r )= ĝ(r )� ĥ(r ) and f̂0(r )=g(r )� ĥ(r ) for all r �R�

We introduce the potential functions G , H :R�R corresponding to g , h
respectively, i.e.

G(r ) =

rZ
0

g(s)ds and H (r ) =

rZ
0

h(s)ds� r � R�
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Evidently G( � ) and H ( � ) are continuous convex functions. Using them we

define the following two integral functionals on the Hilbert space L2(Z )

V1(x ) =

�����
����
R
Z

x (z )R
0
g(s)dsdz +

R
Z

u(z )x (z )dz if x �W
1�p
0 (Z ),

G(x ( � )) � L1(Z )

+� otherwise,

V2(x ) =

���
��

1
pkDxk

p
p +

R
Z

x (z )R
0
h(s)dsdz if x �W 1�p

0 (Z )� G(x ( � )) � L1(Z )

+� otherwise,

In the next proposition we have gathered some basic properties of V1,
V2 and their subdifferentials.

Proposition �� 1. V1� V2 :L2(Z )�= R̂�f+�g are proper� convex and

lower semicontinuous�

2. v2 � 	V2(x ) if and only if v2(z )��div(kDx (z )kp�2Dx (z )) + ĥ(x (z ))
a�e� on Z �

3. v1�	V1(x ) if and only if v1(x )� ĝ(x (z ))+u(z ) a�e� on Z �

4. for every x �L2(Z )� 	V1(x )		V2(x ) is empty or a singleton�

Proof� 1. It is clear that V1, V2 are proper, convex. We will prove
the lower semicontinuity of V2( � ), the proof for V1( � ) being similar. To
prove the lower semicontinuity of V2( � ), we need to show that for every

� � R the sublevel set L� = fx � L2(Z ) : V2(x ) � �g is closed. To this

end let fxngn�1 � L� and assume that xn � x in L2(Z ) as n � �. By
passing to a subsequence if necessary, we may also assume that xn (z )�x (z )
a.e. on Z . The function H ( � ) being convex, continuous, is minorized
by an affine function 
r + � , 
 , � � R. So 0 � H (xn(z )) � 
xn (z ) � �
a.e. on Z and so by Fatou’s lemma we have

R
z

(H (x (z ))�
x (z )� �)dz �

� lim
R
Z

(H (xn(z ))�
xn(z )��dz �
R
Z

H (x (z ))dz�lim
R
Z

(H (xn(z ))dz . Also

kDxkpp +
R
Z

H (xn(z ))dz � � � kDxnk
p
p � c1 + c2kxnk2 for some c2, c1 �0

and for all n � 1. Hence fxngn�1 � W 1�p
0 (Z ) is bounded and by passing

to a subsequence if necessary, we may assume that xn
w
�x in W 1�p

0 (Z ) as
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n��. Recalling that the norm functional in a Banach space is weakly lower
semicontinuous, we have kDxkpp � limkDxnk

p
p . Thus in the limit as n��

we have 1
pkDxk

p
p+
R
Z

H (x (z ))dz��, hence x �L� and so it follows that V2( � )

is lower semicontinuous.

2. Let A :W 1�p
0 (Z )�W�1�q

0 (Z ) be the nonlinear operator defined by

hA(x )� yi =
Z
Z

kDx (z )kp�2(Dx (z )� Dy(z ))RN dz �

Here by h � � � i we denote the duality brackets for the pair

(W 1�p
0 (Z )�W�1�q (Z ))�

It is easy to check that A( � ) is demicontinuous. Moreover, we have

hA(x )�A(y)� y � x i =

=
Z
Z

(kDxkp�2(Dx (z )� Dx (z )�Dy(z ))RN )�

�kDy(z )kp�2(Dy(z )� Dx (z )�Dy(z ))RN )dz �

� kDxkpp + kDykpp � kDxkp�1
p kDykp � kDxkpkDyk

p�1
p =

= (kDxkp�1
p � kDykp�1

p )(kDxkp � kDykp)�

Using the inequality mentioned at the end of section 2, we obtain

hA(x )�A(y)� x � yi �

Z
Z

jkDx (z )kp � kDy(z )kpj dz for some c�0�

From this it follows that A( � ) is monotone (in fact strictly monotone). So
A( � ) being monotone, demicontinuous and everywhere defined is maximal
monotone (see Pascali�Sburlan [5], p. 106).

Let D = fx �W 1�p
0 (Z ) : A(x ) � L2(Z )g and let Â = AjD , i�e� Â : D �

� L2(Z ) � L2(Z ). We claim that Â is maximal monotone. To this end, it
suffices to show that R(Â+ I ) =L2(Z ) (i.e. Â+ I is surjective; see Pascali�

Sburlan [5], theorem 2.11, p. 123). Here I is the identity operator on L2(Z ).

Let � : W 1�p
0 (Z ) �W�1�q (Z ) be the embedding map. Then � = I j

W
1�p
0 (Z )

.
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From corollary 2.9, p. 120 of Pascali�Sburlan [5], we know that R(A+�)=

=W�1�q(Z ). So given v �L2(Z )�W�1�q (Z ) we can find x �W 1�p(Z ) such

that A(x ) + �(x ) = v � A(x ) = v � �(x )�L2(Z ) (since W 1�p
0 (Z )�L2(Z )). So

A(x ) = Â(x ) and this shows that v �R(Â+ I ). Since v �L2(Z ) was arbitrary,

we conclude that R(Â+ I ) =L2(Z ) and this establishes the maximality of the

monotone operator Â( � ). In fact it is easy to see that A(x ) = 	� (x ), where

� :L2(Z )�R=R�f+�g is defined by

� (x ) =

�
1
pkDxk

p
p if x �W 1�p

0 (Z )

+� otherwise.

Also let W :L2(Z )�R be defined by

W (x ) =

��
�
R
Z

H (x (z ))dz if H (x ) � L1(Z )

+� otherwise.

As before we can check that W ( � ) is proper, convex and lower semicontin-

uous. Moreover, we know (see section 2) that 	W (x ) = fw �L2(Z ) :w (z )�
� 	H (x (z )) a.e. on Zg. For every � �0 we have (	W )� = 	W� and

W�(x ) =
R
Z

H�(x (z ))dz for all x �L2(Z ). Hence 	W�(x ) =H �
�(x ( � )) = ĥ�(x ( � )).

If by ( � � � )2 we denote the inner product for the Hilbert space L2(Z ), we have
for all x �D 	

Â(x )� 	W�(x )



2 =
�
Â(x )� 	W�(x )

�
=

=
Z
Z

kDx (z )kp�2(Dx (z )� Dĥ�(x (z )))RN dz =

=
Z
Z

kDx (z )kp�2(Dx (z )� ĥ ��(x (z ))Dx (z ))RN dz =

(chain rule, see Markus�Mizel [4])

=
Z
Z

Ĥ �
�(x (z ))kDx (z )kpdz �
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But recall (see section 2) that ĥ�( � ) is a nondecreasing, Lipschitz function

from R into R. Hence
R
Z

ĥ �
�
(x (z ))kDx (z )kpdz�0. So we conclude that

	
Â(x )� 	W�(x )



2 � 0 for all x � D�

Invoking theorem 3.8, p. 144 of Pascali�Sburlan [5], we have that Â+	W

is a maximal monotone operator in the Hilbert space L2(Z ). Let x � D 	

	dom	W and let w �	W (x ) and r �L2(Z ). We have	
Â(x ) + w� r



2 =

�
Â(x ) + w� r

�
=

=
Z
Z

kDx (z )kp�2(Dx (z )� Dr (z ))RN dz +
Z
Z

w (z )r (z )dz �

�
1
p
kD(x + r )kpp �

1
p
kDxkpp + W (x + r ) �W (x )�

Here we have used the definition of the convex subdifferential (see section

2) and the fact that the map 
 :W 1�p
0 (Z )� R defined by 
(x ) = 1

pkDxk
p
p is

Gateaux differentiable with derivative equal to 
�(x )( � ) =kDx ( � )kp�2Dx ( � ).
So we have	

Â(x ) + w� r



2 � V2(x + r ) �V2(x ) for all r � L2(Z )�

� Â + 	W � 	V2�

Since both operators are maximal monotone, we deduce that Â+	W =	V2�

� L2(Z ). So v2 � 	V2(x ) if and only if v2(z ) = Â(x (z )) +w (z ) a.e. on Z

with w � 	W (x ) = fw � L2(Z ) : w (z ) � ĥ(x (z )) a.e. on Zg. Hence for all
� �C�

0 (Z ) we have

(v2 � w� � ) = (Â(x )� � )2 = hA(x )� �i

�

Z
Z

(v2(z )� w (z ))� (z )dz =
Z
Z

kDx (z )kp�2(Dx (z )� D� (z ))RN dz �

From the definition of the distributional derivative, it follows that

�div (kDx (z )kp�2Dx (z ) = v2(z )� w (z ) a.e. on Z

� v2(z ) � �div (kDx (z )kp�2Dx (z ) + ĥ(x (z )) a.e. on Z , x jΓ = 0.

3. This is a well-known result from the theory of maximal monotone
operators of the subdifferential type (see Barbu [1] and section 2).
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4. Let v , v1�	V1(x )		V2(x ). Then from parts (2) and (3), we have

v (z )� v1(z ) � �div (kDx (z )kp�2Dx (z )) + ĥ(x (z ))

for all z � Z n N1� jN1j = 0 (part 2)

and

v (z )� v1(z ) � ĝ(x (z )) for all z � Z n N2� jN2j = 0 (part 3)

Let x � Z nN , N = N1 �N2, jN j = 0. If x (z ) � U (f ), then v (z ) = v1(z ) =

= �div(kDx (z )kp�2Dx (z ) + h(x (z )) (see proposition 1 (3)). If x (z ) �D(f ),
then v (z )=v1(z )=g(x (z )) (see proposition 1 (2)). Finally if x (z )�Rn(U (f )�

�D(f )), then v (z ) = v1(z ) =�div(kDx (z )kp�2Dx (z )) +h(x (z )) = g(x (z )). So
for almost all z �Z , v (z )=v1(z ).

Now we are ready to state and prove our existence theorem for problem
(2). Our hypotheses on the discontinuous nonlinearity f (r ) are the following:

H(f): f : R� R is locally of bounded variation and lim f (r )
jr jp�2r

��1 as

jr j��.

Theorem �� If hypotheses H (f ) hold and u � L2(Z )� then problem (2)
has a solution�

Proof� Let g�h be a decomposition of f according to proposition 1 and

let V1, V2, W :L2(Z )�R be defined as before. We set R(x )=V2(x )�V1(x ),

x � L2(Z ). By virtue of hypothesis H (f ) we can find � � (0� �1) and M �0

such that f (r )��jr jp�2r for r�M and f (r )��jr jp�2r for r��M . Also for
jr j�M there exists M1�0 such that jf (r )j�M1. Hence F (r )� �

p jr j
p+M1jr j

for all r �R. Thus for all x �W 1�p
0 (Z ) we have

R(x ) =
1
p
kDxkpp �

Z
Z

F (x (z ))dz �

�
1
p
kDxkpp �

�

p

Z
Z

jx (z )jpdz �M2kxkp � M2 �0�

Recall (see section 2) that �1kxk
p
p�kDxk

p
p . So we have

R(x ) �
1
p



1 �

�

�

�
kDxkpp �M2kxkp �
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Since ���1 it follows that R( � ) is coercive.

Also we claim that R( � ) is weakly sequentially lower semicontinuous

on W
1�p
0 (Z ). Indeed let xn � fx �W

1�p
0 (Z ) : R(x )� �g, n � 1, and assume

that xn
w
�x in W 1�p

0 (Z ). Since W 1�p
0 (Z ) is embedded compactly in L2(Z ),

we have xn � x in L2(Z ) as n ��. Note that F (r ) = G(r )�H (r ) for all
r �R and H , G are continuous. So assuming without loss of generality that
xn (z )� x (z ) a.e. on Z , we have limF (xn(z )) =G(x (z ))�H (x (z )) = F (x (z ))
a.e. on Z . Also �F (r )���

p jr j
p�M1jr j and so via Fatou’s lemma, we have

lim
Z
Z

F (xn(z ))dz �
Z
Z

�F (x (z )dz �

Since kDxkpp� limkDxnk
p
p we have

R(x ) =
1
p
kDxkpp �

Z
Z

F (x (z ))dz � limR(xn) � ��

� L� = fx �W 1�p
0 (Z ) : R(x ) � �g is weakly sequentially closed�

� R( � ) is weakly sequentially lower semicontinuous.

Thus we can apply Weierstrass theorem and obtain x �W 1�p
0 (Z ) a minimizer

of R( � ). We have

0 � R(x + h) � R(x ) for all h �W 1�p
0 (Z )

� 0 �
1
p
kD(x + h)kpp + W (x + h)�V1(x + h) �

1
p
kDxkpp �W (x ) + V1(x )

� V1(x + h) �V1(x ) �

�
1
p
kD(x + h)kpp + W (x + h) �

1
p
kDxkpp �W (x ) = V2(x + h) �V2(x )�

From the last inequality it follows that 	V1(x )� 	V2(x ). Invoking theorem
6.2 of Stampacchia (6), we have x �L�(Z ). Recall that

	V1(x ) = fv � L2(Z ) : g(x (z )�) � v (z ) � g(x (z )+) a.e. on Zg + u�

Since g( � ) is nondecreasing and x �L�(Z ), we have

g(�kxk�) � g(x (z )�) � g(x (z )+) � g(kxk�)

a.e. on, Z and so 	V1(x ) 
= �. Let v1�	V1(x ), �U (s) is defined by

�U (x ) =

�
1 if s � U (f )

0 otherwise
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(the characteristic function of the set U (f ) and define

��( � ) = (1 � �U (x ( � )))v1( � ) + �U (x ( � ))
	
g
	
x ( � )�



+ u( � )



�

Then ��	V1(x ).

From proposition 2 (4) we know that 	V1(x )		V2(x ) is either empty or
a singleton. Thus since 	V1(x )� 	V2(x ) we infer that �+ =�� = v1 and this
means that �U (x (z )) =0 a.e. on Z or otherwise �� 
= �+ since by proposition
1 g( � ) is discontinuous on U (f ). Hence we deduce that ĝ(x (z )) = fg(x (z ))g
a.e. on Z . Thus by proposition 2, we have

�div (kDx (z )kp�2Dx (z )) � g(x (z ))� ĥ(x (z )) + u(z ) a.e. in Z , x jΓ = 0

� �div (kDx (z )kp�2Dx (z )) � f̂0(x (z )) + u(z ) a.e. on Z , x jΓ = 0,

� x ( � ) �W 1�p
0 (Z ) solves problem (2)�

If f ( � ) exhibits only upward jump discontinuities, then we have a solution
for the original problem (1).

H(f)1: f : R� R is locally of bounded variation, f (r�) � f (r+) for all

r �R and lim f (r )
jr jp�2r

��1 as jr j��.

Then combining theorem 3 with proposition 1, we obtain

Corollary �� If hypotheses H (f )1 hold and u � L2(Z )� then problem

(1) has a solution x �W 1�p
0 (Z )�
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1. Introduction

The first classic result in the topic of VLSI routing is probably Gallai’s
linear time algorithm that gives a solution with optimal width in the 2-layer
Manhattan model if the terminals are situated on a single line on one side of
the board. However, it is NP-complete to decide whether a channel routing
problem is at all solvable in the same model [5]. It is true, on the other hand,
that every channel routing problem is solvable in the unconstrained 2-layer
model [3] and, moreover, also in linear time [2].

There is no fixed number of layers that would suffice for every speci-
fication in the case of switchbox routing. At least m + 1 layers are needed

in the worst case, where m = max( h
w
� w
h

), h and w are the height and width
of the switchbox, respectively [4]. According to the result of E. Boros, A.
Recski and F. Wettl [1], however, every switchbox is solvable on 2m + 14
layers if m�2 and on 18 layers if m�2 (their algorithm is also linear). The
authors conjecture in the same article that in fact m +3 layers also suffice (in
the unconstrained model).

In this paper we give an improvement of the result of [1]. We present a
linear time algorithm that solves any switchbox routing problem on 2dme+4
layers. Furthermore, our solution will be in the Manhattan model.

2. Basic definitions
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A switchbox is a rectangular grid G consisting of horizontal tracks (num-
bered from 0 to w+1) and vertical columns (numbered from 0 to h+1), where
w is the width and h is the height of the switchbox. The boundary points of G
are called terminals. Depending on which boundary of the switchbox they are
situated on, the terminals are called Northern, Southern, Eastern or Western.
The “corners” of the switchbox are not regarded as terminals, routings must
not use them either.

A net is a collection of terminals. A switchbox routing problem is a set
N = fN1� � � � �Nng of pairwise disjoint nets. If all the terminals of every net
are southern, we speak of a single row routing problem, if all of them are
southern or northern, we speak of a channel routing problem.

The solution of a routing problem in the unconstrained k �layer model

is a set H = fH1� � � � �Hng of pairwise vertex disjoint subgraphs (also called
wires, these are usually Steiner trees) of the k -layer rectangular grid such that
Hi connects the terminals of Ni for i = 1� � � � �n . The wires can access the
terminals on any layer. Edges of the wires that join adjacent vertices of two
consecutive layers are called vias.

In the multilayer Manhattan model consecutive layers must contain wire
segments of different directions. Thus layers with horizontal (east-west) and
with vertical (north-south) wire segments alternate.

3. The square-shaped switchbox

In this section we consider the square-shaped switchbox first, that is, for
which m = 1. We shall prove that the necessary number of layers to lay out
such a switchbox is between 4 and 6 in the worst case.

3.1. The necessary number of layers

It is easy to prove by repeating the argument of [4] that at least 4 layers
are needed in the worst case to lay out a square-shaped switchbox in the
Manhattan model. In the switchbox of Figure 1 all the 2n nets have terminals
on both sides of the lines e and f . Thus at least 2n horizontal wire segments
must intersect e and at least 2n vertical ones must intersect f . Therefore
at least two layers are needed for the horizontal wire segments and at least
another two are needed for the vertical ones.
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Figure 1

Lemma ���� Every square�shaped switchbox can be laid out in linear time

on 6 layers in the Manhattan model�

Proof� We shall illustrate the proof on the switchbox routing problem
of Figure 2. Terminals belonging to the same net are marked with the same
number.

Obviously, one can assume without loss of generality that every terminal
belongs to some net and that every net has at least two elements.

•
•
•
•
•

• • • • •
•
•
•
•
•

•••••
5 4 3 8 7

2 1 7 5 8

1
6
8
3
6

2
4
6
7
4

Figure 2

In order to simplify reference to them, we classify the nets according
to the boundaries of the switchbox on which they occur and the number of
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occurrences on the boundaries. We say, for example, that a net is SE type if
it has terminals on the southern and eastern boundaries, but not on the other
two ones; a net is N type if it has only northern terminals; a net is NSW type
if it has terminals on the northern, southern and western boundaries, but not
on the eastern one, etc. Furthermore we say, for example, that a net is S1W1
type if it has exactly two terminals, one of which is on the southern boundary
and the other is on the western one; a net is N1W type if it has one terminal
on the north, some (maybe one) on the west and none elsewhere; a net is
S�2W1 type if it has at least two terminals on the south, exactly one on the
west and none elsewhere, etc.

Getting on to the proof at last, we may obviously assume without loss
of generality that out of NE, NW, SE, SW type nets NE nets are (one of)
the greatest in number. (In the example of Figure 2 there is exactly one of
all the four types, so the condition holds.) Having this in mind, the sketch of
the construction is shown in Figure 3. The term S-comb means, for example,
that on that layer a wire segment leads from each southern terminal to (for
the sake of simplicity) the opposite boundary (unnecessary wire ends can be
removed later on). The 2nd layer will contain horizontal wire segments while
the 5th will contain vertical ones, thus the construction will indeed be in the
Manhattan model.

Figure 3

We associate tracks of the 2nd layer and columns of the 5th layer with
the nets: these tracks and columns may only contain wire segments belonging
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to the net with which they are associated. The following nets are given a track
on the 2nd layer (each listed net is given one track):

� nets having altogether at least two terminals on the northern and southern
boundaries, but which are not NE type;

� N1W type nets;

� half of the S1W1 type nets (if there is an odd number of these then we
mean the upper integer part).

Similarly, the following nets are given a column on the 5th layer:

� nets having altogether at least two terminals on the eastern and western
boundaries, but which are not NE type;

� SE1 type nets;

� the remaining half of the S1W1 type nets.

Consequently, in the example of Figure 2 nets 1,3,5,7 and 8 are given a
track on the 2nd layer, nets 4 and 6 are given a column on the 5th layer. (The
rest of the columns of the 5th layer are not associated with any net, these
columns remain empty.)

Let us accept for a while that there is indeed a sufficient number of tracks
and columns on the 2nd and 5th layers to accomodate the listed nets; we will
come back to this at the end of the proof. Instead we make rules for how
the nets that are given a track (or column) on the 2nd (or 5th) layer should
share these. If a net is given a track on the 2nd layer and there is a terminal
belonging to this net on the western boundary then this net must be given a
track next to (one of) its western occurrence(s). (This obviously can always
be managed.) Such tracks will further on be called �xed tracks. If a net does
not have a terminal on the western boundary then there is no restriction as to
which track it should be given. Similarly, if a net is given a column on the 5th
layer and there is a terminal belonging to this net on the southern boundary
then this net must be given a track above (one of) its southern occurrence(s)
(and such columns are called �xed columns). A possible distribution of the
tracks and columns on the 2nd and 5th layers of the illustrative example is
shown in Figure 4. The tracks and columns are marked with the number of
the net with which they are associated, fixed tracks and columns are extended
to the western and southern boundaries, respectively.

After all this preparation the desired routing can at last be given. Ver-
tical wire segments on the 1st and 3rd layers coming from the northern and
southern members of a net Ni can be interconnected by means of a single
wire segment with the necessary vias in the track of the 2nd layer associated
with the net Ni . If the track in question is fixed then the western terminal to
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its left also belongs to the net Ni , so the wire segment in the track should
be extended to reach this terminal as well. Similarly, wire segments (on the
4th and 6th layers) coming from the western and eastern members of a net
can be interconnected in the columns of the 5th layer. Wire segments in
the fixed columns are likewise extended to reach the southern members of
the nets. Finally, we introduce extra vias between the 3rd and 4th layers
suitably: if a northern and an eastern terminal belong to the same net then
the vertical wire segment coming from the northern terminal on the 3rd layer
and the horizontal wire segment coming from the eastern terminal on the
4th layer can be connected through an appropriate via. (Evidently, it is very
often unnecessary to take advantage of all the possibilities to introduce extra
vias. Moreover, it is not only unnecessary, but with certain specifications
the number of (mainly needless) extra vias would thus become so high that
the size of the output would be proportional with the square of the size of
the input, so our algorithm would not be linear. Therefore let us settle this
problem temporarily by saying that northern and eastern members of the nets
can be connected through suitably chosen vias between the 3rd and 4th layers;
we will come back to the necessary number of vias later on.)

The final routing of our illustrative example is shown in Figure 5 (unne-
cessary wire ends have also been removed from the “comb layers”). Vias
going up and down from a layer are denoted by squares and circles, respec-
tively.

We claim that the above described routing is good. This must be verified
by distinguishing cases. If a net is of N, S or NS type then it was given a
track on the 2nd layer (every net has at least two members) so its members
became interconnected in the above described way. The situation is the same
with E, W and EW type nets which were given a column on the 5th layer. If
a net is NW type then it was surely given a track on the 2nd layer, through
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Figure 5

which northern members of the net became interconnected. In addition, since
this track is fixed according to our rule, the northern members also became
connected with one of the western terminals. If, on the other hand, the net has
more than one western terminal then it was also given a column on the 5th
layer through which western members of the net also became interconnected.
Analogously, SE type nets were surely given a (fixed) column on the 5th
layer and if such a net has more then one southern terminal then it was also
given a track on the 2nd layer. The wiring of NE type nets is solved simply
by the extra vias between the 3rd and 4th layers. The most difficult is the
case of SW type nets. S�2W�2 nets were both given a track on the 2nd and
a column on the 5th layer, thus both the southern and the western members
of these nets became interconnected within themselves. Moreover, since both
the track and the column are fixed according to our rules, the two groups also
became (doubly) connected with each other. S�2W1 nets were only given
a track on the 2nd layer, but this track is fixed, thus the southern terminals
are connected with each other and the single western terminal. Wiring of the
S1W�2 nets is analogous. Finally, whether a S1W1 type net was given a
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track on the 2nd or a column on the 5th layer, its wiring is solved through
the fixed track or column. We can start to deal with nets appearing on at least
3 boundaries. NSW nets were surely given a (fixed) track on the 2nd layer,
which solves the interconnection of the southern and eastern members as well
as the connection of all these to (one of) the western one(s). If there is more
than one western member then the net was also given a column on the 5th
layer, thus the wiring is complete. In case of NSE nets the only difference is
that the track given on the 2nd layer is not fixed, but this is compensated by
the extra vias between the 3rd and 4th layers which interconnect the northern
and eastern terminals. Wiring of the SEW and NEW type nets is analogous
to the above. Finally, NSWE type nets were both given a track on the 2nd
and a column on the 5th layer, both of these are fixed, thus the wiring of these
nets is more than complete.

We still owe the proof that there is a sufficient number of tracks and
columns on the 2nd and 5th layers, respectively, to be enough for the listed
nets. We prove this only for the 2nd layer, the proof for the 5th layer is
similar. Let n denote the width (and at the same time height) of the switchbox;
let x denote the number of nets having altogether at least 2 terminals on the
northern and southern boundaries but which are not NE type; let y denote the
number of N1W type nets; let z denote the number of S1W1 nets; finally, let
t denote the number of NE nets. Using these notations, x+y+d z2e�n is to be
proved. Since there are altogether 2n terminals on the northern and southern
boundaries, obviously 2x + y + z + t � 2n . Because of the assumption made
at the beginning of the proof y � t holds, thus 2x + 2y + z � 2n is also true.
Divided by 2 we get x +y + z

2 �n and since x , y and n are integers, the proof
is complete.

3.2. Linear time algorithm

It is not too difficult to verify that the above presented construction can
be realized by a linear time algorithm. The algorithm should consider the
nets one by one and decide whether the examined net should be given a track
on the 2nd layer and/or a column on the 5th one (this requires nothing but
scanning the terminals belonging to the net). It can at the same time assign the
possibly awarded tracks and/or columns to the nets and place the necessary
wire segments and the vias in the tracks/columns. For all this, it is enough to
scan the terminals of the nets a second time. Meanwhile, the algorithm must
make sure to give fixed tracks and columns to the nets that require one. If this
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meets with difficulties because the algorithm has already given a necessary
track or column to a formerly examined net then it should simply remove the
wire segment in way to a still empty track or column (preserving the position
of the wire segment and the vias in the track or column). During the repeated
scanning of the nets, the algorithm has dealt twice with every terminal (4n in
number), so it has made a linear number of steps so far.

In the next phase the extra vias are placed between the 3rd and 4th layers.
We only prove here that the necessary number of vias is indeed linear, the
realization will then be trivial. We only need vias here for nets that have
terminals both on the northern and the eastern boundaries. It is easy to see
that in case of NE type nets the necessary number of vias is not more than
the number of terminals of the net minus 1 (we only need to place vias into
the column of one of the northern terminals and into the track of one of
the eastern terminals). In case of NSE nets we do not need more vias than
the number of eastern terminals of the net (since the northern terminals are
interconnected through the 2nd layer anyway, we only need to connect the
eastern terminals with one of the northern ones). Similarly, for NEW type nets
not more vias are needed than the number of northern terminals. Finally, no
vias at all are needed in fact between the 3rd and 4th layers for NSWE type
nets. Consequently, the necessary number of vias between the 3rd and 4th
layers is not more than the number of northern and eastern terminals together,
that is, 2n .

The “combs” of the 1st, 3rd, 4th and 6th layers are made in the last phase.
If we want to avoid unnecessary wire ends, there is no need to draw the wires
to the opposite boundary, it is enough to draw them to the last via (which we
already know).

4. The switchbox of arbitrary shape

We can now easily prove the theorem promised in the introduction based
on the above results. We denote, as we have done so far, the quantity

max( h
w
� w
h

) by m , where h and w are the height and width of the switchbox,
respectively.

Theorem ���� Every switchbox can be laid out in linear time on 2dme+4
layers in the Manhattan model�

Proof� w � h can be assumed without loss of generality. We shall
suitably modify the proof of Lemma 3.1 employing the idea of [1, Lemma
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3]. The only difference is that there are not necessarily enough tracks on the
2nd layer for all the nets that would require one. (There is a column surplus
on the 5th layer on the other hand.) Therefore we add further layers to the
construction of Figure 3: a new layer is placed above the 1st one to hold
horizontal wire segments, a N-comb comes on top of this one, again a new
layer for horizontal wire segments, then a S-comb, etc. In other words, new
layers are sandwiched between N-combs and S-combs. The horizontal tracks
on these new layers are going to serve as the tracks of the 2nd layer did in
Lemma 3.1. With this addition both the routing and the proof are the same as
in Lemma 3.1.

It is easy to see by repeating the calculation of the last paragraph of
Lemma 3.1 that not more than w tracks are needed on the “sandwiched”
layers (including the original 2nd layer). There are h tracks on such a layer,

thus d h
w
e=dme sandwiched layers are needed altogether. Therefore, as it can

be seen from the construction, 2dme+4 layers are used altogether.

Moreover, it is obvious that the algorithm realizing the above construc-
tion is also linear as it was in case of Lemma 3.1.
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1. Introduction

We consider multiplier operators from dyadic Hardy spaces H p (0�p�
� 1) into Lq (q �0) with respect to the one- and two-parameter Walsh–
Paley system. These multipliers and some Paley type inequalities were partly
investigated in earlier papers Simon and Weisz [4] and Simon [4], [6], [7].
Thus e.g. the boundedness of multipliers from H p into Lp for some p were
shown. In the present work we give a necessary and sufficient condition for

a multiplier to be bounded from H 1 into L2 and partly generalize this result
for H p spaces. These observations lead to a modified version of a Paley type
estimation for functions from H p (0 �p � 1) (see Simon and Weisz [4]).
Some consequences will be formulated, thus also a Khinchin type inequality.

In this section the most important concepts, notations of the Walsh–
Fourier analysis used in the further investigations will be formulated. (For
details see the book Schipp–Wade–Simon [3].) Let r be the function defined
on [0�1) by

r (x ) :=

�
1 (0 � x �1�2)

�1 (1�2 � x �1)

extended to the real line by periodicity of period 1. If n =0�1� � � � is an arbitrary
natural number then denote rn the n-th Rademacher function:

rn(x ) := r (2nx ) (0 � x �1)�

This research was supported by the Hungarian Scientific Research Funds (OTKA)

T020497.



2016. december 13. – 21:37

166 P. SIMON

It is well-known that rn(x )=(�1)xn where

x =
�X
k=0

xk
2k+1

(xk = 0� 1; k = 0� 1� � � �)

is the dyadic expansion of x � [0�1)� (In the case there are two different
expansions, we choose the one for which xk =0 if k is large enough.)

The (one-parameter) Walsh–Paley system (wn �n = 0�1� � � �) is the product
system generated by the functions rn (n =0, 1, � � � ), i.e.

wn :=
�Y
k=0

r
nk
k �

where n =
P�

k=0 nk2k (nk = 0, 1; k = 0, 1, � � � ) is the binary decomposition
of n� (wn �n = 0�1� � � �) is an orthonormal and complete system of functions

with respect to the usual Lebesgue measure of [0�1)� If m =
P�

k=0mk2k is

the binary decomposition of m = 0�1� � � � then let n�m :=
P�

k=0 jnk �mk j2k
the dyadic sum of n and m� It is well-known that wn�m = wnwm � So e.g.
w2n+k = w2nwk = rnwk holds for all k = 0� � � ��2n � 1� because in this case

2n � k = 2n + k � Furthermore, let x �y � [0�1) and x =
P�

k=0 xk2�k�1� y =

=
P�

k=0 yk2�k�1 be their dyadic expansions. Then the dyadic sum x +̇y of

x and y is defined by x +̇y :=
P�

k=0 jxk �yk j2�k�1� It is not hard to see that
wk (x +̇y)=wk (x )wk (y) holds for all k =0�1� � � � and x �y� [0�1)�

If f � L1[0�1) then define the n-th Walsh–Fourier coefficient of f as

f̂ (n) :=
1R
0
f wn (n =0, 1, � � � ). Let f̂ be the sequence of the numbers f̂ (k ) (k =0,

1, � � � ). We denote by Sn f the n-th partial sum of the Walsh–Fourier seriesP�
k=0 f̂ (k )wk � that is

Sn f :=
n�1X
k=0

f̂ (k )wk (n = 1� 2� � � �)�

The functions

Dn :=
n�1X
k=0

wk � (n = 1� 2� � � �)

are the exact analogues of the well-known (trigonometric) kernel functions
of Dirichlet’s type. We mention a simple result with respect to D2n ’s, which
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plays a central role in the Walsh–Fourier analysis, as well in our investiga-
tions:

(1) D2n (x ) =

�
2n (0 � x �2�n)

0 (2�n � x �1)
(n = 0� 1� � � �)�

For the functions f �g�L1 let f �g be their dyadic convolution given as

f � g(x ) :=

1Z
0

f (t)g(x +̇t) dt (x � [0� 1))�

Then df �g = f̂ ĝ and Sn f = f �Dn (n =1, 2, � � �). In the special case n =2k (k =0,
1, � � � ) we have by (1)

S2k f (x ) =
1

jIk (x )j
Z

Ik (x )

f = 2k
Z

Ik (x )

f (x � [0� 1))�

where Ik (x ) stands for the (unique) dyadic interval [�2�k � (� +1)2�k ) (� = 0,

� � � , 2k �1) containing x and jIk (x )j is the Lebesgue measure of Ik (x )�

The Kronecker product wn�m (n , m = 0, 1, � � � ) of two Walsh systems is
said to be the two-dimensional (or two-parameter) Walsh system. Thus

wn�m (x � y) := wn(x )wm (y) (x � y � [0� 1))�

For the two-parameter Walsh–Fourier coefficients of a function f �L1[0�1)2

the same notations will be used as in the one-dimensional case. That is, let

f̂ (n�m) :=

1Z
0

1Z
0

f (x � y)wn�m(x � y) dx dy (n�m = 0� 1� � � �)

and f̂ :=(f̂ (n�m);n�m =0�1� � � �)� Furthermore, let

Sn�m f :=
n�1X
k=0

m�1X
l=0

f̂ (k � l )wk �l (n�m = 1� 2� � � �)

be the (n�m)-th (rectangular) partial sum of the two-parameter Walsh–Fourier

series
P���

k �l=0 f̂ (k � l )wk �l of f �L1[0�1)2� It is easy to show that

Sn�m f (x � y) =

1Z
0

1Z
0

f (t � u)Dn(x +̇t)Dm(y +̇u) dt du (x � y � [0� 1))�
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In the special case n = 2k , m = 2l (k , l = 0, 1, � � � ) it follows as for the
one-parameter partial sums that

S2k �2l f (x � y) =
1

jIk �l (x � y)j
Z

Ik�l (x �y)

f = 2k+l
Z

Ik�l (x �y)

f (x � y � [0� 1))�

where the dyadic rectangle Ik �l (x �y) is defined by the Descartes product

Ik �l (x � y) := Ik (x )� Il (y)

and jIk �l (x �y)j = jIk (x )j� jIl (y)j� If k = l then Ik �k (x �y) is a so-called dyadic
square.

2. Hardy spaces

The Hardy spaces play important role in the Fourier analysis, especially
in the theory of Walsh–Fourier series. The dyadic analogues of them can be
defined as follows. (For details see the book of Weisz [8].) Let n =0�1� � � � and
denote Fn the �-algebra generated by the dyadic intervals [k2�n � (k +1)2�n)
(k = 0, 1, � � � , 2n � 1). Obviously, the sequence F := (Fn �n = 0�1� � � �) of
�-algebras is non-decreasing, i.e. Fn � Fm if n �m� If g is an integrable
real function defined on [0�1) then S2ng is the conditional expectation of g
relative to Fn (n = 0, 1, � � �). A sequence f = (fn �n = 0�1� � � �) of integrable
functions is said to be a (dyadic) martingale with respect to F� if each fn is
Fn measurable and S2n fm = fn for all n �m (n , m = 0, 1, � � � ). This implies
the existence of a sequence (	k � k =0�1� � � �) of real numbers such that

fn =
2n�1X
k=0

	kwk (n = 0� 1� � � �)�

Conversely, if the real numbers 
k (k =0, 1, � � � ) are arbitraly given, then the

Walsh polynomials
P2n�1

k=0 
kwk (n = 0, 1, � � � ) form evidently a martingale.

Thus it is clear that for every f � L1 the sequence (S2n f �n = 0�1� � � �) is
a martingale (called martingale obtained from f and denoted likewise by

f )� Furthermore, the definition of f̂ (k ) (k = 0, 1, � � � ) can be extended to a
martingale f given by a real sequence 
k (k = 0, 1, � � �) in the above sense

as f̂ (k ) := 
k (k = 0, 1, � � �). Consequently the Walsh–Fourier coefficients of

f �L1 are the same as those of the martingale obtained from f �
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We say that a martingale f = (fn �n = 0�1� � � �) is Lp-bounded for some
0�p�	 if

kf kp := sup
n
kfnkp �	�

(The symbol kfnkp =

�
1R
0
jfn jp

�1�p

denotes the usual p-norm or quasi-norm of

fn �) It is well-known that for 1�p�	 the assumption kf kp�	 is equivalent
to the existence of a real function from the space Lp[0�1)� from which f
is obtained. For all 0 �p �	 Lp will denote the set of the Lp-bounded
martingales. Hence, if 1�p�	 then Lp and Lp[0�1) can be identified.

To the definition of (dyadic) Hardy spaces let the quadratic variation of
a martingale f =(fn �n =0�1� � � �) be denoted by

Qf :=

�
�X
n=0

jfn � fn�1j2
�1�2

(where f�1 := 0)� In particular, the quadratic variation of the martingale

obtained from f �L1[0�1) is not another as

Qf :=

�
jf̂ (0)j2 +

�X
n=1

jS2n f � S2n�1 f j2
�1�2

�

Let Δn f := S2n+1f �S2n f (n = 0, 1, � � �). We introduce the Hardy spaces H p

for 0 �p�	 as follows: denote H p the set of all martingales f for which
kf kH p :=kQf kp�	� We remark that for 1�p�	 the spaces H p�Lp are the
same.

The atomic decomposition is a useful characterization of some Hardy
spaces. To demonstrate this we give first the concept of atoms: let 0�p�1�
then a function a�L�[0�1) is called a p-atom if either a is identically equal
to 1 or there exists a dyadic interval I for which

(2) supp a � I � kak� � jI j�1�p and

1Z
0

a = 0�

We shall say that a is supported on I � Then a martingale f = (fn �n = 0�1� � � �)
belongs to H p for 0�p� 1 if and only if there exist a sequence (ak , k = 0,
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1, � � � ) of p-atoms and a sequence (�k , k =0, 1, � � � ) of real numbers such thatP�
k=0 j�k jp�	 and

(3) f =
�X
k=0

�kak �

Hence, in the p-quasi-norm and a.e.
P�

k=0�kS2nak = fn (n = 0�1� � � �)�
Moreover, the following equivalence of norms holds:

cpkf kH p � inf

�
�X
k=0

j�k jp
�1�p

� Cpkf kH p (f � H p)�

where the infimum is taken over all decompositions of f of the form (3). (Here
and later cp�Cp will denote positive constants depending only on p although
not always the same in different occurences.)

The so-called (dyadic) BMO space is defined as the set of all martingales
f such that

kf kBMO := jf̂ (0)j + k sup
k

�
S2k+1 jf � S2k f j2

�1�2
k� �	�

It is known that BMO is the dual of H 1 in the following sense: Φ is a bounded

linear functional on H 1 if and only if there exists a unique g � BMO such

that Φ(f )= limk

1R
0
S2k f S2k g (f �H 1). Moreover, the norm of Φ is equivalent

to kgkBMO.

Let us introduced a new space of Hardy type as follows. If f = (fn �n =
=0�1� � � �) is a martingale then define kf k� as

kf k� :=

�
�X
n=0

kfn � fn�1k2
1

�1�2

�

Furthermore, let H � be the set of all martingales f such that kf k��	� We
remark that H � is evidently a vector space and k�k� is a quasi-norm on H ��

It is not hard to see that the sets H � nL1�L1 nH � are not empty. Indeed, if

(4) fn(x ) :=
n�1X
j=1

j�1
2j�1X

k=2j�1

wk (x +̇2�j+1) (x � [0� 1)� n = 2� 3� � � �)
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then by (1)

kf k2
� =

�X
n=1

kn�1
2n�1X

k=2n�1

wk (2�n+1)wkk2
1 =

=
�X
n=1

n�2krn�1D2n�1k2
1 =

�X
n=1

n�2 �	�

i.e. f �H �. On the other hand the supports [2�j+1�2�j+2) (j = 1, � � � , n�1)

of j�1P2j�1
k=2j�1 wk (2�j+1)wk are pairwise disjoint, therefore

kfnk1 =
n�1X
j=1

kj�1
2j�1X

k=2j�1

wk (2�j+1)wkk1 =
n�1X
j=1

j�1 (n = 1� 2� � � �)�

Thus supn kfnk1 =	� hence f ��L1�

Let f :=
P�

n=1n
�3�2D2n then by (1) the last serie converges in L1-norm,

i.e. f belongs to L1� We show that f ��H �� First of all observe that

fn = S2n f =
nX

k=1

k�3�2D2k + D2n

�X
k=n+1

k�3�2�

from which

fn � fn�1 = n�3�2(D2n �D2n�1) + (D2n �D2n�1)
�X

k=n+1

k�3�2

follows. This implies that

kfn � fn�1k2
1 =

= kD2n �D2n�1k2
1

�
�X
k=n

k�3�2

�2

=

�
�X
k=n

k�3�2

�2



�

2p
n

�2

=
4
n
�

that is, kf k�=	� Therefore f ��H ��

Now, we shall show that H 1�H �� moreover, this inclusion is also strict.
To this end let f =(fn �n =0�1� � � �)�H 1� Then

kf k� =
��(kfj � fj�1k1� j = 0� 1� � � �)

��
�2
�
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where k(bj � j = 0�1� � � �)k�2
:=
�P�

j=0 b
2
j

�1�2
denotes the usual �2-norm of the

sequence (bj � j =0�1� � � �) of real numbers. Applying the well-known inequality
of Minkowski on the change of integrals (see e.g. Zygmund [9]) it follows
that

kf k� � C
���k(fj � fj�1� j = 0� 1� � � �)k�2

���
1

= kQ(f )k1 = kf kH 1 �

where C is an absolute constant (not always the same in different occurences).

This proves that H 1�H �� To show that H 1 �=H � let fn (n =2, 3, � � �) be the

martingale given by (4) then for all k = 1, 2, � � � and x � [2�k+1�2�k+2) we

get Qf (x )=2k�1�k � Therefore

kQf k1 

�X
k=1

2�k+2Z
2�k+1

Qf =
�X
k=1

1
k

= 	�

that is, f ��H 1� On the other hand we have been seen above that kf k��	�

We recall the known convolution inequality (see Schipp–Wade–Simon
[3])

(5) kf � gk � kf k1kgk (f � L1� g � X )�

where X = Lp[0�1)�k�k = k�kp (p 
 1) or X = H 1 � L1[0�1)�k�k = k�kH 1 ,

respectively. A simple calculation shows that the following H �-version of

(5) is also true: kf �gk��kf k1kgk� (f �L1[0�1), g �L1[0�1)�H �). Indeed,
by (5) we can write that

kΔn (f � g)k1 = kf � (Δng)k1 � kf k1kΔngk1 (n = 0� 1� � � �)�

i.e.

kf � gk� =

�
�X
n=0

kΔn (f � g)k2
1

�1�2

� kf k1

�
�X
n=0

kΔngk2
1

�1�2

= kf k1kgk��

In the two-dimensional case the above concepts will be defined in analoguous
way. Let Fn�m (n�m = 0�1� � � �) be the �-algebra generated by the dyadic
rectangles In�m (x �y) (x , y � [0�1)). Then the conditional expectation operator
relative to Fn�m is not another as S2n �2m � A sequence of integrable functions
f =(fn�m ;n�m =0�1� � � �) is said to be a martingale if

i) fn�m is Fn�m measurable for all n�m =0�1� � � �
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and

ii) S2n �2m fk �l = fn�m for all n�m�k � l =0�1� � � � such that n�k and m� l �
For example, if f � L1[0�1)2 then the sequence (S2n �2m f ;n�m = 0�1� � � �) is
evidently a martingale (called martingale generated by f )�

The concept of the Walsh–Fourier coefficients can be extended to the
martingales as in the one-parameter case. That is, f̂ will denote the sequence
of the Walsh–Fourier coefficients of the function or martingale f �

Let kgkp =

�
1R
0

1R
0
jg(x �y)jp dx dy

�1�p

(0�p�	) be the usual Lp-norm

(or quasi-norm) of a measurable function g defined on the unit square [0�1)2�
We shall say that a martingale f =(fn�m ;n�m =0�1� � � �) is Lp-bounded if

kf kp := sup
n�m

kfn�mkp �	�

The symbol Lp will denote the set of the Lp-bounded two-parameter martin-

gales. If p�1 then Lp and Lp[0�1)2 can be identified.

The quadratic variation Qf of a martingale f = (fn�m ;n�m = 0�1� � � �) are
defined by

Qf :=

�
�X
n=0

�X
m=0

jfn�m � fn�1�m � fn�m�1 + fn�1�m�1j2
�1�2

�

where f�1�k := fk ��1 := 0 (k =�1, 0, 1, � � � ). To define (dyadic) Hardy spaces
H p for 0 �p �	 we use also in the two-dimensional case the quadratic
variation: denote H p the space of all martingales f for which

kf kH p := kQ(f )kp �	�

The so-called diagonal quadratic variation Q�f of a martingale f =
=(fn�m ;n�m =0�1� � � �) is given as follows:

Q�f :=

�
�X
n=0

jfn�n � fn�1�n�1j2
�1�2

�

Moreover, let the spaces of Hardy type H p
� (0�p�	) be defined as the set

of all martingales f such that

kf k
H

p
�

:= kQ�f kp �	�
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For 1�p�	 the spaces H p�H
p
� �L

p are the same.

The atomic characterization of H p
� (0 �p � 1) is similar to the one-

dimensional case. Namely, a bounded measurable function a is an H
p
� -atom

if a
1 or there exists a dyadic square I such that

(6) supp a � I � kak� � jI j�1�p �

1Z
0

1Z
0

a = 0�

We shall say also in this case that a is supported on I � Then a martingale
f = (fn�m ; n�m = 0�1� � � �) is in H

p
� if and only if there exist a sequence

(ak � k = 0�1� � � �) of H p
� -atoms and a sequence (
k � k = 0�1� � � �) of real numbers

such that
P�

k=0 j
k jp�	 and

(7)
�X
k=0


kS2n �2nak = fn�n (n = 0� 1� � � �)�

Moreover,

cp inf

�
�X
k=0

j
k jp
�1�p

� kf k
H

p
�

� Cp

�
�X
k=0

j
k jp
�1�p

�

where the infimum is taken over all decompositions of f of the form (7).

Unfortunatly, the atomic characterization of H p is much more compli-
cated in the two-dimensional case than in the one-dimensional. Indeed, in the
two-dimensional case the support of an atom in H p is not a dyadic rectangle
but an open set (see Weisz [8]). However, a finer atomic decomposition can
be given, that is, the atoms can be decomposed into elementary rectangle
particles. In some investigations this makes possible to examine only atoms
supported on dyadic rectangles. To their definition let 0�p� 1� A function

a�L�[0�1)2 is called a rectangle H p-atom if either a is identically equal to
1 or there exists a dyadic rectangle I such that

supp a � I � kak2 � jI j1�2�1�p �

1Z
0

a(x � t) dt =

1Z
0

a(u� y) du = 0 (x � y � [0� 1))�(8)

We shall say that a is supported on I � As we remarked above a characteriza-
tion by means of H p-atoms of H p (0�p�1) similar to (7) fails to hold.
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Finally, the two-parameter space H � is given similarly to the one-
parameter case. Namely, H � is the set of all martingales f = (fn�m ;n�m =
=0�1� � � �) such that

kf k� =

�
�X
n=0

�X
m=0

kfn�m � fn�1�m � fn�m�1 + fn�1�m�1k2
1

�1�2

�	�

Furthermore, let H �
� :=ff :kf kH �

�

�	g� where

kf kH �

�

:=

�
�X
n=0

kfn�n � fn�1�n�1k2
1

�1�2

�

The strict inclusions H 1 �H � and H 1
� �H �

� can be shown analoguously as
in the one-dimensional case, respectively.

3. Multipliers

Let 
=(
n �n =0�1� � � �) be a sequence of real numbers and define formally

the so-called (one-parameter) multiplier transformation T� by dT�f = 
f̂ � i.e.dT�f (n) = 
n f̂ (n) (n = 0�1� � � �)� This always makes sense if here f stands for a

Walsh polynomial, that is, if f̂ (k )=0 (k =N�N +1� � � �) with a suitable natural
number N� For example, if 
 is bounded then by the well-known theorem of

Riesz–Fischer for all f � L2 there exists a unique g � L2 such that ĝ = 
f̂

and kgk2� supn j
n jkf k2� In other words, in this case T� can be extended to

a bounded operator from L2 to L2� If 
 is bounded and 
2n+k = 
2n+l (k � l =
=0� � � ��2n�1;n =0�1� � � �) then T� is a special martingale transform. It is known
(see e.g. Schipp–Wade–Simon [3]) that in this case T�f can be defined for
all f � H p (0 �p �	) and T� : H p � Lp is bounded. In general, if the
”exponents” p�q�0 are given, X�Y �fH ��H p�Lq �BMOg and T� extends
to a bounded operator from X to Y then the sequence 
 will be called an

(X�Y )-multiplier. Thus e.g. a bounded 
 is an (L2�L2)-multiplier (and it is
easy to see that the boundedness of 
 is also necessary for this).

If 0�p � 1�q�0 then a simple necessary condition can be formulated

for 
 to be (H p�Lq )-multiplier. Indeed, the function fn := 2n(1�p�1)rnD2n
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is a p-atom for all n = 0�1� � � � and T�fn = 2n(1�p�1)�n � where �n :=

=
P2n+1�1

k=2n 
kwk (n =0�1� � � �)� Therefore, if T� :H p�Lq is bounded then

k�nkq = O(2n(1�1�p)) (n �	)�

For p = 1 we get the assumption supn k�nkq �	� Hence k�nk1 = O(1)

(n�	) is a necessary condition for 
 to be (H 1�L1)-multiplier.

A sufficient condition for this purpose can be easy formulated. Namely, if

�X
n=0

k�nk1 �	

then 
 is an (H 1�L1)-multiplier. Moreover, the last condition implies that


 is also an (H 1�H 1)-multiplier (see Onneweer–Quek [2]). Indeed, by the

convolution inequality (5) we get for all f �H 1 that

kT�f kH 1 �
�X
n=0

k�n � f kH 1 �
�X
n=0

k�nk1kf kH 1 � Ckf kH 1 �

The simple example 
k = 1 (k = 0�1� � � �) shows that the sufficient condition
in question is not necessary, because in this case by (1)

P�
n=0 k�nk1 =P�

n=0 krnD2nk1 =
P�

n=0 1 =	 but the oparator T� given by T�f = f (f �H 1)

is evidently (H 1�H 1)-bounded.

A theorem of Daly–Phillips [1] improves the condition
P�

n=0 k�nk1 �
�	 to

sup
N

�X
j=N

1Z
2�N

j�j j�	�

Furthermore, in Simon [4] we extended the result of Daly–Phillips and gave
the following sufficient condition for 
 to be (H p�Lp)- as well (H p�H p)-
multiplier (0�p�1):

sup
N

�X
j=N

2N
1Z

2�N

	B
 2�NZ
0

j�j (x +̇t)j dt

�CA
p

dx �	�

(See also Simon [6], [7].)
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If q = 2 then k�nkq =

�P2n+1�1
k=2n 
2

k

�1�2

(n = 0�1� � � �) and supn k�nkq �
�	 is equivalent to

(9) sup
n

2n+1�1X
k=2n


2
k �	�

Because krnD2nkH � = 1 (n = 0�1� � � �)� it follows analoguously that (9) is also

necessary for 
 to be (H ��L2)-multiplier. Moreover, the following theorem is
true.

Theorem �� The assumption ��� is a necessary and su�cient condition

for 
 to be (H ��L2)�multiplier�

Proof� We need to prove only the sufficiency of (9). To this end let

f �H � (f̂ (0) = 0 can be evidently assumed) then Parseval’s equality implies
that

kT�f k2 =

	
 �X
j=0

2j+1�1X
k=2j


2
k jf̂ (k )j2

�A1�2

=

=

	
 �X
j=0

k�j � f k2
2

�A1�2

=

	
 �X
j=0

k�j � (Δj f )k2
2

�A1�2

�

From this we get by (5) and (9)

kT�f k2 �
	
 �X

j=0

k�j k2
2kΔj f k2

1

�A1�2

� C

	
 �X
j=0

kΔj f k2
1

�A1�2

= Ckf kH � �

i.e. T� :H ��L2 is bounded. This proves our statement.

We remark that the same statement holds for 
 to be (H 1�L2)-multiplier.
Furthermore, a usual duality argument shows that (9) is necessary and suffi-

cient condition for 
 to be (L2�BMO)-multiplier.

Theorem 1 implies a Paley type inequality in the following way. Let

n = 0�1� � � � and denote An a set of indices such that An � [2n �2n+1� 1)� If
[An] stands for the cardinality of An then the next corollary holds.
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Corollary �� The following assumptions are equivalent�

i) there exists a constant C�0 such that for all f �H � the inequality	
 �X
n=0

X
k�An

jf̂ (k )j2
�A1�2

� Ckf kH �

is true	

ii) supn [An]�	�

Indeed, if


k :=

�
1 (k � An � n = 0� 1� � � �)

0 (otherwise, k = 0� 1� � � �)

then supn [An]�	 implies (9). Conversely, if i) holds then 
 is an (H ��L2)-

multiplier, i.e. by (9) we get supn[An] = supn
P2n+1�1

k=2n 
2
k �	� Therefore

Corollary 1 follows directly from Theorem 1.

As in Theorem 1 H � can be replaced in Corollary 1 by H 1� In the special
case An =f2ng (n =0�1� � � �) Corollary 1 is the classical Paley’s theorem:

�X
n=0

jf̂ (2n)j2 �	 (f � H 1)�

In this connection we recall a result of Simon and Weisz [4], namely: if
0�p�1 and f �H p then

(10)

�
�X
n=0

22n(1�1�p)jf̂ (2n)j2
�1�2

� Cpkf kH p �

In other words the sequence 
 given by


k :=

�
2n(1�1�p) (k = 2n � n = 0� 1� � � �)

0 (otherwise, k = 0� 1� � � �)

is an (H p�L2)-multiplier. By means of a simple modification of the proof in
Simon and Weisz [4] we get the following extension of (10).

Theorem �� Let 0�p�1 and An� [2n �2n+1�1) (n =0�1� � � �) be sets of

indices� Then the following assumptions are equivalent�
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i) there exists a constant Cp�0 depending only on p such that for all

f �H p the inequality	
 �X
n=0

22n(1�1�p)
X
k�An

jf̂ (k )j2
�A1�2

� Cpkf kH p

is true	

ii) supn[An]�	�

Hence, the sequence 
 defined as


k :=

�
2n(1�1�p) (k � An � n = 0� 1� � � �)

0 (otherwise, k = 0� 1� � � �)

is an (H p�L2)-multiplier if and only if supn [An] �	� Theorem 2 is a

generalization of Corollary 1 since for p = 1 and for H 1 instead of H � they
coincide.

For the sake of completeness we give the proof of Theorem 2. Namely,
if supn[An]�	 then by the atomic structure (3) of H p it is enough to show
that

sup
�X
n=0

22n(1�1�p)
X
k�An

jâ(k )j2 �	�

where the supremum is taken over all p-atoms a� To this end let a �= 1 be

a p-atom supported on the dyadic interval I := [k2�N � (k + 1)2�N ) for some

N = 0�1� � � � and k = 0� � � ��2N � 1 (see (2)). Then â(j ) = 0 (j = 0� � � ��2N � 1)�

because the Walsh functions w0� � � ��w2N�1 are constant on I and
1R
0
a =
R
I

a =0�

Furthermore, if n =N�N +1� � � � and k �An then for l =0� � � ��2N �1 it follows
that

jâ(k � l )j =

������
Z
I

awlwk

������ =

������wl (k2�N )
Z
I

awk

������ = jâ(k )j �

We remark that for all n =N , N + 1, � � � and k �An the indices k � l (l = 0,
� � � , 2N �1) are pairwise distinct and belong to An � Therefore

X
k�An

jâ(k )j2 = 2�N
X
k�An

2N�1X
l=0

jâ(k � l )j2 �
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� 2�N
X
k�An

2n+1�1X
j=2n

jâ(j )j2 � C2�N
2n+1�1X
j=2n

jâ(j )j2�

where C is an absolute constant such that [An] � C (n = 0�1� � � �)� These
observations lead to the following estimation:

�X
n=0

22n(1�1�p)
X
k�An

jâ(k )j2 � C2�N
�X
n=0

22n(1�1�p)
2n+1�1X
j=2n

jâ(j )j2 �

� C2�N 22N (1�1�p)
�X
n=0

2n+1�1X
j=2n

jâ(j )j2 �

� C2N�2N�pkak2
2 � C2N�2N�pjI j1�2�p =

= C2N�2N�p2�N+2N�p = C�

On the other hand, if (i) holds and we apply it for the p-atoms

fj := 2j (1�p�1)rjD2j (j = 0� 1� � � �)

then	
 �X
n=0

22n(1�1�p)
X
k�An

jf̂j (k )j2
�A1�2

=

	
22j (1�1�p)
X
k�Aj

jf̂j (k )j2
�A1�2

=

=
q

[Aj ] � Cpkfj kH p � Cp (j = 0� 1� � � �)�

which was to be proved.

From Theorem 2 we get by usual interpolation arguments the next corol-
lary (for details see Simon and Weisz [4] and Weisz [8]).

Corollary �� Let 1�p�2� If An� [2n �2n+1) (n =0�1� � � �) are uniformly

bounded sets of indices then	
 �X
n=0

X
k�An

jf̂ (k )j2
�A1�2

� Cpkf kp (f � Lp)�

Furthermore
 Theorem � implies some dual inequalities�

Corollary �� Let An (n = 0�1� � � �) be the sets as in Corollary

� and denote (	n �n = 0�1� � � �) a sequence of real numbers such that



2016. december 13. – 21:37

A NOTE ON MULTIPLIERS FOR WALSH SYSTEM 181P�
n=0
P

k�An
j	k j2 �	� Then the function f :=

P�
n=0
P

k�An
	kwk belongs

to BMO� Moreover
 there exists a constant C independent on f such that

kf kBMO � C

	
 �X
n=0

X
k�An

j	k j2
�A1�2

�

We recall that k�kp � k�kBMO (1�p�	) and k�kq � k�ks (0�q � s)�
Taking into account these inequalities Corollary 2 and Corollary 3 lead to

Corollary �� Under the assumptions of Corollary � the equivalences

kf kp �
	
 �X

n=0

X
k�An

j	k j2
�A1�2

� kf kBMO (0 �p�	)

hold for f :=
P�

n=0
P

k�An
	kwk �

Note that the first � in Corollary 4 is a generalization of the well-known
Khinchin’s inequality (see e.g. Schipp–Wade–Simon [3]).

The concept of multipliers can be defined also in the two-parameter case,
similarly to the one-parameter multipliers. Namely, if 
=(
n�m ;n�m =0�1� � � �)

is a sequence of real numbers then let T� be defined formally as dT�f =
f̂ � The

concept of (X�Y )-multiplier (X�Y � fH ��H �
� �H

p�H
p
� �L

q �BMOg (p�q �
�0) is taken analoguously as in the one-parameter case. In Simon [6], [7]
we are concerned with special two-parameter multipliers. Furthermore, let

�n�m :=
P2n+1�1

k=2n
P2m+1�1

j=2m 
k �jwk �j (n�m =0�1� � � �)� Then

k�n�mkq = O(2(n+m)(1�1�p)) or k�n�nkq = O(2(2n)(1�1�p)) (n�m �	)

is necessary for 
 to be (H p�Lq )- or (H p
� �L

q )-multiplier (0 �p � 1�q �0)�
respectively. Moreover, the proof of Theorem 1 can be repeated also in the
two-parameter case, that is,

sup
n�m

2n+1�1X
k=2n

2m+1�1X
j=2m


2
k �j �	
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is necessary and sufficient for 
 to be (H ��L2) (or (H 1�L2))-multiplier. If
T��� is given by T���f :=

P�
n=0�n�n �f then the following diagonal version of

Theorem 1 holds:

sup
n

2n+1�1X
k=2n

2n+1�1X
j=2n


2
k �j �	

is necessary and sufficient for T��� to be bounded from H �
� (or H 1

� ) to L2�
respectively.

The exact analogue of Corollary 1 is true also for H � (or H 1) in the
two-parameter case: let be assumed that the cardinalities of the sets of indices

An�m � [2n �2n+1)� [2m �2m+1) (n�m = 0�1� � � �) are uniformly bounded. Then
for all f �H � the following inequality can be proved:

(11)

	
 �X
n=0

�X
m=0

X
(k �l )�An�m

jf̂ (k � l )j2
�A1�2

� Ckf kH � �

Similarly, for H �
� (or H 1

� ) we get	
 �X
n=0

X
(k �l )�An�n

jf̂ (k � l )j2
�A1�2

� Ckf kH �

�

�

However, Theorem 2 fails to hold for H p
� (0�p�1)�To this end let n =1�2� � � �

and Fn be the function given by

Fn (x � y) := 22n(1�p�1)rn (x )D2n (x )D2n (y) (x � y � [0� 1))�

Then Fn is evidently an H p
� -atom, i.e. kFnkH p

�

�1 and

Fn = 22n(1�p�1)

	
n�1X
i=0

2n+1�1X
k=2n

2i+1�1X
j=2i

wk �j +
2n+1�1X
k=2n

wk �0

�A �

On the other hand, from the last equality it follows that�
�X
u=0

�X
v=0

2(u+v )(1�1�p)jF̂n (2u � 2v )j2
�1�2

=
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=

�
n�1X
i=0

2(n+i)(1�1�p)jF̂n (2n � 2i )j2
�1�2





 Cp


��
p

23n(1�p�1) (p�1)
p
n (p = 1).

It remains open whether Theorem 2 is true for for H p (0�p�1) in the
two-parameter case. We remark that the argument from the proof of Theorem

2 cannot be applied for H p or H p
� (0�p�1)� Indeed, if An�m� [2n �2n+1)�

� [2m �2m+1) (n�m = 0�1� � � �) are sets of indices and supn�m[An�m]�	 then
we get similarly as in the proof of Theorem 2 that

sup
�X
n=0

�X
m=0

22(n+m)(1�1�p)
X

(k �l )�An�m

jâ(k � l )j2 �	�

where the supremum is taken over all H p-atoms a� Unfortunately, in the
two-parameter case this is not enough for
(12)	
 �X

n=0

�X
m=0

22(n+m)(1�1�p)
X

(k �l )�An�m

jf̂ (k � l )j2
�A1�2

� Cpkf kH p (f � H p)�

Let H p
1 be the set of all martingales f such that f =

P�
n�m=0�n�man�m �

where an�m’s are rectangular p-atoms and for the real coefficients �n�m (n�m =
= 0�1� � � �) the inequality

P�
n�m=0 j�n�m jp �	 holds. Define the quasi-norm

kf k
H

p
1

of f as infimum of
�P�

n�m=0 j�n�m jp
�1�p

’s, where the infimum is

taken over all representations of f mentioned above. Then H
p
1 is a (proper)

subspace of H p and (12) will be true for H p
1 instead of H p�

Furthermore, if a is an H
p
� -atom supported on the dyadic square I and

jI j = 2�2N for some N = 0�1� � � � then we can state â(k � l ) = 0 only for k � l

mutually less then 2N � Hence, the basic idea from the proof of Theorem 2
cannot be applied.

However, a restricted version of Theorem 2 is true also in the two-
parameter case.
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Theorem �� Let 0�p�1 and An�m� [2n �2n+1�1)�[2m �2m+1�1) (n�m =
=0�1� � � �) be uniformly bounded sets of indices� Then for all non�negative real

number 	 there exists a constant Cp�� �0 depending only on p and 	 such

that for all f �H p
� the next inequality holds�	
 �X

n�m=0�jn�mj��

22(n+m)(1�1�p)
X

(k �l )�An�m

jf̂ (k � l )j2
�A1�2

� Cp��kf kH p
�

�

Because the proof is similar to the one-parameter case we formulate only
the most important steps of the proof. Namely, taking into consideration the
atomic structure of H p

� (see (6), (7)) we need to show that

(13) q := sup
�X

n�m=0�jn�mj��

22(n+m)(1�1�p)
X

(k �l )�An�m

jâ(k � l )j2 �	�

where the supremum is taken over all H p
� -atoms a� Hence let a be an H

p
� -

atom supported on a dyadic square I � If jI j=2�2N for some N =0�1� � � � then

(as we remarked above) â(k � l )=0 for k � l �f0�1� � � ��2N�1g� Therefore it can
be assumed in (13) that n
N or m
N� that is,

q � sup
�X

n=N

�X
m�N��

22(n+m)(1�1�p)
X

(k �l )�An�m

jâ(k � l )j2+

+ sup
�X

m=N

�X
n�N��

22(n+m)(1�1�p)
X

(k �l )�An�m

jâ(k � l )j2 �

� sup
�X

n=N

�X
m=N+1��̃

22(n+m)(1�1�p)
X

(k �l )�An�m

jâ(k � l )j2+

+ sup
�X

m=N

�X
n=N+1��̃

22(n+m)(1�1�p)
X

(k �l )�An�m

jâ(k � l )j2�

where 	̃ is the integer part of 	� As in the one-parameter case if n =N�N+1� � � �
and m =N +1�	̃�N+2�	̃� � � � or m =N�N+1� � � � and n =N +1�	̃�N +2�	̃� � � �
we get jâ(k� j � l � t)j= jâ(k � l )j or jâ(k� t � l� j )j= jâ(k � l )j for (k � l )�An�m;
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j =0� � � ��2N �1; t =0� � � ��2N+1��̃�1� respectively. From this it follows that

q � C2�2N�1��̃
�X

n�m=N+1��̃

22(n+m)(1�1�p)
2n+1�1X
k=2n

2m+1�1X
l=2m

jâ(k � l )j2 �

� C2�2N�1��̃24(N+1��̃)(1�1�p)kak2
2 �

� C2�2N�1��̃24(N+1��̃)(1�1�p)jI j1�2�p =

= C2�2N�1��̃24(N+1��̃)(1�1�p)22N (2�p�1) = C24(1��̃)(1�1�p)�1��̃ �
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1. Introduction

We will use the notations of [1] (J.-L. Nicolas, I. Z. Ruzsa and A.
Sárközy). A will denote a subset of N: A = fa1�a2� � � �g � N (a1 �a2 ����).
p(A�n) denotes the number of solutions of the equation a1x1 +a2x2 + � � � = n ,
where the xi ’s are non-negative integers. p(n)(=p(N�n)) denotes the number
of unrestricted partitions of n . The number of solutions of the equation
ai +aj =n , i� j will be denoted by r (A�n). Ramanujan initiated the study of
the parity of the numbers p(n). It was shown that p(n) assumes both even and
odd values infinitely often. In [1] further improvements of the earlier results
can be found.

A. Sárközy ([2]) suggested to study two related problems similar to the
one mentioned above.

B= fb1�b2� � � �g, bi �bj if i�j will denote a subset of N. The problems
concern the parity of the number of the solutions of the equation

(1) bi � bj = m� i � j � (m is a positive integer)

The first problem is about the number of m’s which have an even number
of solutions while the second is about the number of those which have an odd
number of solutions:

Problem �� Is it true that there is a set B for which the number of
solutions of (1) is odd for all m? (Or the number of solutions of (1) is odd
for all but finitely many m .)
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Problem �� Is it true that there is a set B for which the number of
solutions of (1) is even for all m? (Or the number of solutions of (1) is
even for all but finitely many m .)

The connection between the additive and the multiplicative problems can
be seen: if there is a set A such that the number of solutions of ai + aj = m
is always even, then the set B = fpai g (for a fixed p prime) yields a similar
property with the additional fact that if m has no solution in B it still has an
even number of solutions.

2. Even number of solutions

Lemma �� There are at least two numbers m1� m2 for which B gives an
odd number of solutions�

Proof� Let B=fb1�b2� � � �g, b1�b2����. m1 =b2
1 has exactly one solution

in B, since m1 =b1 �b1 and m1 has no other divisor less than b1. m2 =b1 �b2
too, has exactly one solution in B, since there are no other divisors of m less
than b2 but b1.

Theorem �� There is a set B such that the equation (1) has an even
number of solutions for all m�s except for b1 �b1 and b1 �b2�

Proof� Let b1 =1 and b2 =p (a prime) be in B. B will consist of powers
of p. We will decide one-by-one whether to include a power of p or not.

m =p2 has one solution in B and if we include p2, it will have two solutions:

m =p �p=1 �p2. m =p3 has one solution and if we include p3 it will have two

solutions: m =p �p2 =1 �p3. m =p4 has two solutions: m =p2 �p2 =p �p3, so we

do not want to include p4.

In general, if m = pk has an even number of solutions in B, we do not
include it, otherwise we do.

The given B will satisfy the conditions of the theorem.
1. If m is not a power of p, it has no solutions in B.
2. If m is a power of p, then by the construction we get an even number

of solutions. (Once we have decided about including a power of p, we will
never have to decide about it again.)

3. The set B is infinite: let us suppose that pr is the last number in B,

then m =p2r would have one solution, a contradiction.

Remark� It is clear that if we defined A as the set of the powers of p in
B, we got a set which satisfies the condition that the equation ai +aj =m has
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an odd number of solutions for nearly all m . (m �= 0, m �= 1.) There is just one
problem: 0�A. It raises another problem: the 0 comes from the 1. Could we
leave that 1 out of B?

With a slight change of the construction we get an answer:

Corollary �� There is a set B� such that 1 ��B and the equation

bi �bj � = m

has an even number of solutions for all m�s except for b1� �b1� and b1� �b2��

Proof� Let B� = p� �B where p� is a prime other than p. The two least
elements of B� are p� and p�p. There is an odd number of solutions for
m = (p�)2 and m = p�p (because of Lemma 1). Some m’s have no solution
at all in B. (This is even.) Those which have, can be written in the form:
pip� �pj p�, that is pi �pj �p

2
�
. From B pi �pj has an even number of solutions,

which means that p1 �p2 �p
2
�

has also an even number of solutions.

Remark� We could have chosen p� as p, since pk = p2 �pk�2 and pk�2

has an even number of solutions in B. For each solution pk1�pk2 (k1+k2 =k�2)

we have to write ppk1 �ppk2 . This way we get a set B for which it is really
true that in the set of the powers (A) the number of solutions of ai +aj =m is
nearly always even.

3. Odd number of solutions

Now we would like to find a set B such that the equation (1) has an even
number of solutions for only finitely many m’s.

Lemma �� Such a B set must contain the number 1�

Proof� If 1 ��B then the equation m = p would have no solutions that is
an even number of solutions for infinitely many m’s (no matter if p is in B
or not).

Theorem �� There is a set B such that the equation (1) has an odd
number of solutions for all m�s�

Proof� By Lemma 2 we have to include 1 in B.
We define classes on the natural numbers: class k will contain the num-

bers n =
Q
p
�i

i for which
P

�i = k . Class 0 has one number in it: 1, class 1
contains the prime numbers, etc.
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The construction of B will be similar to the one in Theorem 1.
We consider the elements of a class at the time: if a number in class k

has an even number of solutions in B, we include it, otherwise not.
Let mki

be in class k . If it has an even number of solutions in the set we
have already assembled, we include it, otherwise not. It cannot have a divisor
in class k other than mki

, so we can decide about it independently of the other
elements in the same class.

The set B constructed this way satisfies the conditions of the theorem.
It is infinite (as the B constructed earlier) and each m has an odd number of
solutions, since m has to belong to a class and we decided about each element
of each class.

4. Concluding remarks

In both the even and the odd case we constructed the sets element-by-
element or class-by-class. If in such a construction we decide to leave an
element out while by condition we should include it we can still continue
the construction of the sets. The result will be a set where there would be
one more m which does not satisfy the condition. Therefore we can state the
following two corollaries:

Corollary �� For any n � 2 we can give a set B for which there are
exactly n numbers �m1� m2� � � � � mn� for which the equation (1) has an odd
number of solutions�

Corollary �� For any n � 0 we can give a set B for which there are
exactly n numbers for which the equation (1) has an even number of solutions�

In N equation (1) has both even and odd number of solutions for infinitely
many numbers. If m is a prime number it has an odd number of solutions and
the prime squares have an even number of solutions. Only for the sake of
complexity we state the following trivial corollary:

Corollary �� There is a set B for which equation (1) has both even and
odd solutions in�nitely many times�
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