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THE KOROVKIN CLOSURE IN SOME SPECIAL CASE

By
ZOLTAN SEBESTYEN and BALAZS SZENTES

Department for Applied Analysis, E6tvos Lorand University, Budapest

(Received May 21, 1997)

In this paper we are going to give a short proof for a theorem due to
BAUER on the Korovkin Closure and to use its results in some special case
for identifying precisely the Korovkin shadow or at least a subset of it. At the
end of the paper we give a proof for the standard Stone—Weierstrass theorem.

1. Basic definitions and results

Let X be a locally compact Hausdorff space, and let us denote by C(X)
the set of all continuous real-values functions defined on X. X is said to be
separated by F C C(X) (or F separates X) if for all x, y € X there exists an
f € F such that f(x)#f(y). Given a linear subspace L C C(X), we denote by
Ly, the following subset of C'(X):

L,={f € C(X) : 3hy;hp € Lsuchthat h; <f < hy}.
Now we can introduce the following definition after [3].
DEFINITION 1.1. The Korovkin closure (or shadow) of L is the set of

all continuous function f € L; having the following property: for every net

(M;);eg of positive linear maps, where M; : L, — L; such that liIIIlJ\/[ih =
e

= h pointwise on X for all 4 € L, then ljn}]VI,f = f pointwise on X. We
e

denote this closure by Kor(L). If L is not linear then Kor(L) is defined as
Kor(Lin{L}).
REMARK 1.1. The following inclusions are obvious:
L Cc Kor(L) C Ly, C C(X).

Our results are based on the following well known theorem which was
proved by H. BAUER (in [1]):
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THEOREM 1.1.
Kor(L)={feL, : sup{fhe L : h<f}=inf{fh €L : h >f}}.

Let the right-side of the equality above be denoted by L. Before proving
this theorem we shall prove the following lemma which we will use in the
theorem later.

LEMMA 1.2. Let g be in Ly, x be in X and c € R such that
supf{(x) : g >feL} <c<inf{f(x) : g <f €L}

Then there exists a positive linear functional u : Ly, — R with

(D) u(g)=c and
Q) u(f)=f(x) are allf in L.

PROOF. On L, the map p : h — inf{f(x) : h < f € L} is a positive
sublinear functional, which obviously majorizes the linear form A : g —
— cg defined on the linear space generated by g. Therefore the Hahn—Banach
Theorem provides a linear form, namely u, on L;, with u < p. Hence (1) is
satisfied by  and we claim that (2) holds as well. Indeed,

ux) < p(h) =h(x)
and on the other hand
u(h) =u(—=(=h)) = —u(=h) > —p(—=h) = h(x),

which shows (2). If f < 0 then p(f) < 0 because 0 € L, considering, that
u < p again, so we arrived at the positivity property. |

In the proof of the theorem we use a property of locally compact Haus-
dorff spaces what is very similar to the complete regularity property. There-
fore we prove the following

LEMMA 1.3. Let X be a locally compact topological space, and F C X
closed set such that F C int K for a given compact set K.

Then F and X \ K can be separated by function.

PROOF. Assign to each k € K an Fj compact set that is a neighbourhood
of k. Let Uy C F; be an open neighbourhood of k, arbitrary. Obviously
U Ur D K. Since K is compact we can find finitely many k € K, namely
kel
ki,...,kn, such that
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Moreover

n
K c | Jint A,
i=1
and the right-hand side of the inclusion is clearly relatively compact. Let us

n
denote J F; by Y. Y is a compact Hausdorff space, therefore it is normal.
i=1
In Y, Fand Y \ K can be separated by function, provided by Uryshon’s
Lemma, which might be extended to X continuously as constant on X\ Y. I

Using the lemmata above the theorem can be proved:

PROOF OF THEOREM 1.1. First we show that Kor(L) O L. Let (M;);cs
be an arbitrary not of positive linear maps such that (M;l);c; converges
to 1 on X pointwise. We have to show that for any f € L (M;f )icr also
converges to f pointwise on X. Let x € X and lj; [, € L such that [; < f
but [;(x) > f(x) —¢& and I > f but Ip(x) < f(x)+¢e. There exists an iy €
with |M;l;(x) — [j(x)| < e if i > i and j = 1;2. By the positivity of M; we
know that M;ly < M;f < M;l,, which implies that [} —e < M;f <) +e¢,
which means that |M;f(x) —f(x)| < 4e. If ¢ converges to 0 we obtain the
convergence of (M;f) in x.

We shall prove that Kor(L) C L. Obviously it is enough to show that any
g € Ly \ L does not belong to Kor(L). Using the fact that g ¢ L, there exist
c; x such as in Lemma 1.2. and u satisfying (1) and (2). One can find 4 and
hy in L with hy < g < hy be the definition of L. hp —h| >0 and in x strictly
greater than 0. Multiplying hy — h; by a proper constant we find a hy in L
such that hgy > 0 and go(x) > 1. Fix a neighbourhood base B of x in the weak
topology induced by C(X) such that the following two properties hold:

() ho(t) > 1 for any t € U € B and

(ii) L is bounded on U.

To each U € B we assign a g7 € C(X) such that

(i) 0<qu <1, go(x)=1 but g7 (t) =0 for every t ¢ U.

Now let us define My on C(X) as follows:

Myf =u(f)gu +f —fqu-

M is clearly positive and we claim that the range of My lies in L. Indeed,
qu is in Ly, hy dominates it, and fqs is in Ly too, because of (iii). Finally,
take the net (My)ycp of positive linear maps. An easy computation shows
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that (Myh)yecp converges to h pointwise for all h € L. (At x: Myh(x) =
= h(x) because u(h) = h(x) and if x #y, there exists a U € B with y ¢ U,
so My (y) = h(y).) The net (My;(g))yep does not converge to g pointwise,
because Myrg(x)=c and c#g(x).

REMARK 1.2. If X is compact and L is a lattice, then for all f € Kor(L)
and ¢ > 0 one can find an lgf in L so that:

sup V(x) — z{

xeX

<eg.

PROOF. By the previous theorem, it is easy to verify that
VxeX,Ve>0: 3, suchthat ¥ (x)—f(x)< % and
FO) <) forall yeX.
Let U ={y e X: lg’x(y) —f(y)<e}. It is obvious that X = UX U, because
xe

x € Uy. Using the compactness argument one can find finitely many x € X
denoted by xy,...,x;,, such that

n
x=Juy.
i=1
Let us define l{ as follows:
n
Loy = Nt
i=1

This function clearly satisfies the property above. |

2. Separating a compact set from a single point

LEMMA 2.1. Let X be a topological space and K C X be a compact set.
Let F C C(X) with the following property:

(%) Vx;ye X Jfe€F suchthat f(x)=0 but f(y)=0.

Then for all z ¢ K there exists f € Lin{f?:f € F} such that

(D fz)=0
Q) f(&x)>1 forallx € K.
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PROOF. We know from (x) that for all x € X there exists an f € F such
that, f(z) = 0 but f(x)#0. So one can find an f;> € Lin{ F2} such that f2(z) =0
but fxz(x) =1.5. L et us define Uy for all x € K as the following set:

Uy :{y €K : foz(y)—l.S‘ < %}

Uy is obviously an open set in K and K = |J Uy. Using the compactness
xeK
argument, there can be found finitely many x € X, namely x,...,x; with

n
K =] U,.
i=1

Now we are ready to define f, which separates K from z

n
2 2
Fo=>_rem.
i=1
f(x) =0 becausefx%(z) =0 forall i =1,...,n, and for any x € K there exists

an i €{l,...,n} such that x € Uy,, which means
o)y =i > 1.
So f satisfies properties (1) and (2). ]

Sometimes it can be difficult to check whether property (x) holds, there-
fore the following lemma might be useful.

LEMMA 2.2. Let X, K, z be as in the previous lemma and let G C C(X)
be a linear subspace with the following properties:

() VxeX 3f e such that f (x)#0

(ii) G separates X .

Then there exists a positive function f € Lin{Gz, G3, G4} such that
M f)=0

2)f(x)>1 forallx € K.

PROOF. We have to prove, that there exists an f; y € Lin{GU G?} which
satisfies property (*). By (1) and (2) we know that there exist f, f, € F with
S)#f(y) and fy(y)#0. We can find ¢; and ¢, in R such that

cif @) +eofy(x)#c1f (y) +eafy(y) and  cif () + cofy () #0.
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If ¢1f (x) + cofy(x) =0 let us define fx y as cif +cafy, otherwise let us define
Sr,y as

cif +cofy
cof (x) + cofy(x)

COROLLARY 2.3. If 1y € F and F is a linear space which separates X
then (x) holds. In this case Lin{f? : f € F} can be replaced by Lin{[f|: f €

€ F}, andf2 by Ify].

cif +oofy —

3. Approximation at one point

In this section we try to approximate functions at one point so that the
function approximating is everywhere greater (or smaller) than the function.
It can be convenient to introduce the following notation:

LO:{gEC(x): 3f € F* such that V e > 0

{xeX: |g)|>ef(x)}is compact},
where F* denotes the set of all positive functions in F.

LEMMA 3.1. Let X be as in the previous lemmas, and F C C(X) be
linear space with the following properties:

()VxeX IfeLynF* st f(x)=0.
(i) V x € X \ K where K is a compact set 3 fy g € F* function s.t.
fx,K(x):O butfx,K >0onK.
ThenV e >0V z € X Vg € Ly 3l € Lin{F} such that
VxeX I(x)>gx) and 1(z) < g(z)+e.

PROOF. Let f; be in LyNF* such that f;(z)#0 by (i). We can assume that
g(z)+f;(z) >0. Now we can define /{(x) as follows:

l1(x) = 01fg (x) + dof. (x) + 03f; (%),

where fg, fr. correspond to g and f; by the definition of L, and dfg(z) +
+0ofy. (z) < § but 03f;(z) = g(z) +f:(z) + 7. We shall show that the set of
those points where /| < g +f; is precompact. Indeed,

Ki={xeX: [j(x) <g)+£)} C{x € X : 01fy(x) < g} C
c{xeX: 62]3rz(x) < (1+|03))f (@)}
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The last two sets are precompact, which means that K; is also precom-
pact. Denote that closure of K| by K. Obviously, K is a compact set and
does not contain z. We are ready to define [5:

Ir(x) =11(x) +max (g +£2 ) - f2 k>
yeK

where f; g separates K and z by (ii) and can be found in F.

(@ Inz: h(z)=11(z) > g(2) +f:(2), but [1(z) < g(z) +f;(2) +e.
O Ify ¢ K: Ly)>1L()>g0) +f(0).

(©) If y € K: b(y) > max (IeOI+£(®) > g0 +£ ().

Now let us define [ as I, — f;. This function obviously satisfies the
conditions of the theorem. ]

COROLLARY 3.2. If 1, € LyN F* then (i) is automatically satisfied.

COROLLARY 3.3. According to the previous section, of G separates X
then the following sets satisty (ii):

(a) the linear lattice generated by 1x U G,
(b) if 1, € G and G is linear then Lin{Gz},

(c) the vector space generated by G>*UG3UG* if for all x € X there
exists g € G with g #0.

4. Conclusions

Using Theorem 1.1 and Lemma 3.1 we can always say that Ly C Kor(F)
if F satisfies (i) and (ii) in Lemma 3.1. If X is compact then Ly = C(X).
Using the notations of Corollary 3.3 we can arrive at the following results:

(DIf0¢ X CR, G={id,} and F=Lin{id2,id},id}} then
Kor ({id2,id},id}}) D {g(x) € C(X): gx) = OGH}.
In the special case, when X is compact: Kor ({id2,id},id}}) = C(X).
(2) If X CR, G={id,} and F=Lin{l,,idy,id2} then
Kor ({ix,idy,id?}) D {g(x) € C(X): gx) = OG:H)}.

Moreover, if X is compact Kor({ 1y, idy, id% b =C(X).

By remark 1.2 we can easily prove the classical Stone—Weierstrass The-
orem.
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THEOREM 4.1. Let X be a locally compact Hausdorff space, and A C
C Cy(X) be a closed subalgebra in the space (Co(X),| - |) with the following
properties:

(i) Vx e X 3f € A such that f (x)#0 and

(i1) X is separated by A.

Then A= C(X).

PROOF. Let X; = X U w be the one-point compactification of X. Let
us extend all f € A into w with f(w)=0. Let F be the algebra generated by
AUy . In fact, on compact spaces closed algebras containing neutral elements
are lattices (see [4]). It means that we can apply Remark 1.2 considering
Corollary 3.2 and Corollary 3.3. Hence, for every h € C(X) (where h(w)=0)
and € >0, one can find f; € F such that

€
sup |[fi(x) =hx)| < X

x€X1

Especially in o: |[fj(@)| < % By definition of F: fj(x) = f(x) + ¢ where
f € Aand c is a constant smaller than 5. Therefore |fj(x) —f(x)| < § for all
x € Xj. Using the triangle inequality sup |f(x)—h(x)| <& which implies that

xeX
heA=A. |
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REMARK ON THE SPACE OF RESTRICTED DERIVATIVES

By
MARIANNA CSORNYEI

Department of Analysis, E6tvos Lordnd University, Budapest

(Received September 5, 1997)

Let H C [0,1] be a nowhere dense closed subset of positive measure.

We denote by g and %}{ the classes of derivates and Baire-1 functions
restricted on H. In [1] it is proved that Dy is not a Gy subset in the space

B }{ with the unifom convergence. G. PETRUSKA asked whether it is an Fy
subset.

T_HEOREM. Dy is not an F; subset of .73}1 with respect to the topology
of uniform convergence.

PROOF. Let bDy and b%}q be the set of the bounded elements of Iy
and B }J It is enough to show that by is not an Fy subset of b%}{.

Suppose indirectly that the complement set of by is Gy in bB Ilq Since
b%}q is a complete metric space, the subspace topology of the complement

can be generated by a metric o such that (bDy \ bBL,,p) is complete, and
given a function f, for every € > 0 there exists a d(¢) > 0 such that
sup|f — g| <d(e) implies o(f,g) <e.

We can suppose that inf H=0and sup H<1.Let l=x;>xy>...bea
sequence of [0,1]\ H tending to 0, and let I, = [x,,1,x,] N H. We define a

sequence of functions f;, € b%}q \ by by induction.

We choose f; € b%}q \bDy arbitrarily. If f,, _; has been defined, then let
fn be a function for which

Research supported by Grants FKFP 0189/1997 and Hungarian National Foundation for
Scientific Research Grant No. T019476.
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@) falg =fa—1lp k=1,2,...n—1;
(i) falr, € bDy,;
(iii) f € bBL\bDy;
(iv) sup|fy —fr—1] <0(1/2");
(v) fn(0)=0.

In [2] it is proved that bD s is everywhere dense in bBY,, from this the
existence of a function f;, satisfying (i)-(v) follows. Conditions (iii) and (iv)
imply that there exists limf, =f € bB }q\b@ . According to (i) and (ii) there
exist differentiable functions g, : I, — R with g, =f|; . Now we construct
a differentiable function i : H — R for which A’ =f, and extending h to the
interval [0,1] in the usual way to be a differentiable function it contradicts
fe b%}q \ bDy. (Putting h(u) def gn(u) for every n and u € I, we would
only have h'(u)=f(u) for every u=0.)

Since g, is continuous, there exist finitely many pairwise disjoint inter-

vals (b1,21), (2,22), -.+» (Ym>zm) of real ordering, for which y;, z; € I,
(zi,Viz1) NVH =0, U;(y;,z;) covers I, and for every u € (y;,z;) N I, we have

def .
|8n (1) — gn(y)] < x2. Let hy(u) S gn(u) — gn(y;) for every 1 < i < m
and u € (y;,z;) N I,. Now it is immediate that for every u € I, we have
h! (u)=f(u), and |h,(u)| < x2. Putting
def [0 ifu=0
€y  itu e,
we have a function h : H — R for which h'(u) = f(u) for every u=0 and
according to |h,(u)| < xn2 for every u € I, C (x,4+1,Xn) we have h/(0)=0=

=£(0). |
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In an appendix to P. MOLINO’s book Riemannian Foliations E. GHYS
proposed the study of foliations whose pseudogroup is equicontinuous for
some Riemannian metric on the transverse manifold. In this short note we
propose to look at this problem in the case of V — G-foliations, the class of
foliations which contains transversely affine foliations.

Let # be a foliation on a manifold M. The foliation & is given by a
cocycle U ={U;,f;, gij } modelled on a manifold Np, i.e.

i) {U;} is an open covering of M,

ii) f; : U; — Ny are submersions with connected fibres defining #,

iii) g;; are local diffeomorphisms of Ny and g;; ofj =f; on U; N Uj;.

The manifold N =[] f;(U;) we call the transverse manifold of # associ-
ated to the cocycle U and the pseudogroup /¢ generated by g;; the holonomy
pseudogroup (representative) on the transverse manifold N.

The foliation & is called a V—G-foliation if on the transverse manifold N
there exists an #-invariant G-structure with a G-connection V of which the
holonomy pseudogroup # is a pseudogroup of local affine transformations.
The existence of such a G-structure is equivalent to the existence of a foliated
G-reduction B(M, G;%) of the bundle L(M ;%) of transverse linear frames
of the normal bundle N(M ;%) of the foliation &. To the connection V cor-
responds a transversely projectable connection @ in the bundle B(M, G; %).

Our main result is the following (all new notions are explained below):

THEOREM 1. Let % be a transversely complete V — G foliation on a com-
pact manifold M. If # has a holonomy pseudogroup representative which is
equicontinuous for some Riemannian metric on the corresponding transverse
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manifold, then there exists a bundle-like Riemannian metric on (M, %), i.e.
the foliation % is Riemannian.

The above theorem is a consequence of a more technical result:

THEOREM 2. Let & be a transversely complete ¥V — G foliation on a
compact manifold M. If the closures of leaves of | are compact then F
is a Riemannian foliation.

The author would like to express his deep gratitude to Pierre Molino for
his invaluable suggestions.

1. Preliminaries

We recall some basic information about foliations and introduce notions
which will be useful for us.

The choice of a supplementary subbundle Q to T'# fixes our choice of a
supplementary subbundle Q to T%/, (the natural foliation of B(M, G;%) i.e.

Q= (dn)*l(Q). Therefore the corresponding fundamental horizontal vector
fields B(§) and the fundamental vertical vector fields A* form a transverse
parallelism of #. This transverse parallelism is complete iff the connection w
is transversely complete, i.e. its geodesics tangent to Q are globally defined.
This results from the following simple lemma.

LEMMA 1. The projections onto M of integral curves of the vector fields
B(&) are geodesics tangent to Q of the connection w .

PROOF. Let @ be the extension of the connection w. @ is a connection in
the GL(p) x G-structure B(M, GL(p) x G) which can be written as the fibre
product L(T%) x pyB(M, G;%). The geodesics of @ which are tangent to Q
are precisely the “transverse geodesics” of w, i.e. solutions of the equation of
the geodesic of w, cf. [12].

The fundamental horizontal vector fields B(&), £ € R4, of B(M, G; %)
can be lifted to B(M, GL(p) x G). The lift of B(§) is precisely the vector field
B((0,8)) for (0,§) € R’ x RY = R". The projection of an integral curve of
B((0,&)) is a geodesic of @, which must be tangent to Q. Since B((0,§)) is
the lift of B(§) the projections on M of integral curves of these vector fields
are the same. |

The above considerations lead to the following definition.
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DEFINITION 1. A V — G foliation is transversely complete if for some
choice of a supplementary subbundle Q the corresponding equation of the
geodesic is transversely complete, or equivalently if the corresponding trans-
verse parallelism is complete.

With this definition in mind we have the following structure theorem for
V — G-foliations, cf. [11]:

THEOREM 3. Let & be a transversely complete V — G-foliation on a
manifold M. Then the closures of leaves of the foliation ¥, of the foliated
G-structure B(M, G; %) are fibres of a locally trivial fibre bundle, called the
basic fibration. The foliation of the closure of a leaf of ¥ by leaves of ¥, is
a Lie foliation with the same model Lie group for any leat.

PROOF. It is a direct consequence of our considerations and Molino’s
structure theorem for complete transversely parallelisable (T.P.) foliations, cf.
[6, 9]. |

For V — G-foliations we can define, following P. Molino, the commuting
sheaf, cf. [8, 9]. Let €, be the sheaf of germs of foliated vector fields X
on B commuting with all global foliated vector fields of (B, %), thus in
particular the transverse parallelism of Z1. This last condition is equivalent to
Lx0 = Lyw =0. Let X be the corresponding vector field on the total space

of B(N, G). Then Ly@ = Lo =0 where @ is the connection form of V.

This means that X is the lift of a local infinitesimal affine transformation of
V. Thus the sheaf € defines the sheaf € of germs of foliated vector fields
which are also local infinitesimal affine transformations of the transversely
projectable connection w. We call € the commuting sheaf of .

DEFINITION 2. We say that the commuting sheaf € is of compact type if
the orbits of the sheaf & are compact.

The following proposition is an immediate consequence of the definition
and of the properties of transversely parallelisable (T.P.) foliations, cf. [6, 9].

PROPOSITION 1. Let # be a transversely complete NV — G-foliation. If its
commuting sheaf is of compact type, then the closures of leaves are compact
and they are integral submanifolds of a regular distribution of non-constant
dimension defined by the commuting sheaf.

Let us assume that the foliation & is a transversely complete V — G-
foliation. Since the foliation &7 is complete T.P., it determines a locally trivial
fibration (the basic fibration) p : B — W whose fibres are the closures of
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leaves of the foliation %. As this foliation is G-invariant, the group G acts
on the basic manifold W. This leads us to the following lemma whose proof
is trivial.

LEMMA 2. If the commuting sheaf € is of compact type, then the action
of the group G on the basic manifold W is proper.

Now let us turn our attention back to pseudogroups. We introduce two
key definitions.

DEFINITION 3. A pseudogroup # of local homeomorphisms of a topolo-
gical space N is called equicontinuous for a metric d on N if for any € > 0
there exists 0 > 0 such that for any h € # d(x,y) <0 implies d(h(x),h(y)) <€
whenever h(x) and h(y) are defined.

Now we shall recall the key notion ‘of compact type’, cf. [13].

Let #£ be a pseudogroup of local affine transformations of a connection
V in a G-structure B(S,G). To any element h of # corresponds a local

diffeomorphism ! of B which preserves the parallelism of B. And viceversa,
any such a local diffeomorphism of B of connected domain is defined by a

local affine transformation. The correspondence j! : h — k! associates to the

pseudogroup # a pseudogroup #! of local diffeomorphisms of B preserving
the parallelism.

For our purposes we need also the following definition.

DEFINITION 4. We say that a pseudogroup # of local affine transforma-
tions of a connection in a G-structure B(S, G;7x) is of compact type if for
any compact subset K of S and any point x of B the set #1x Nz~ 1(K) is
relatively compact.

REMARK. Both notions “of compact type” are ‘invariant’ under com-
pactly generated equivalences of pseudogroups.

Moreover, the following is true.

LEMMA 3. Let % be a V — G-foliation on a compact manifold M. The
closures of leaves of the lifted foliation ¥ are compact iff for any finite cycle
the corresponding representative of the holonomy pseudogroup is of compact

type.

PROOF. Let { U, f;, g;; } be a finite cocycle defining the foliation #. Since
M is compact we can assume that there exists a cocycle { W;, k;, [;; } defining
7 such that U; C W;, k;|U; =i, Li; |f;(U;) = g;;. (One can shrink slightly U;
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and put U; = W;.) Then {Vi,f,-,g,-j} where V; =7~ 1(U;) and the mappings
f; and g; ; are the mappings induced on the level of G-structures by f; and
gij» respectively, is a cocycle defining the foliation #; on B. Let L be a leaf

of #;. It corresponds to the #1-orbit of a point x;. As the cocycle is finite

and sets U; are relatively compact the closure of L is equal to | J; fifl(}f 1XL)-
Having this in mind it is not difficult to conclude the proof. |

2. The proof of the main theorem

First of all we shall prove Theorem 2, which is the main step in the proof
of Theorem 1.

REMARK. A version of Theorem 2 was proved in [13] using highly comp-
licated theory of pseudogroups. Presently we shall give a proof using only
classical notions of differential geometry which makes it more readable and
simpler.

PROOF OF THEOREM 2. Under the assumptions of the theorem we shall
construct a suitable Riemannian metric on the manifold M.

The foliation & on the total space B of the foliated G-structure
B(M, G;%) has compact closures of leaves. These closures form a foliation
(the basic foliation) which is also G-invariant. The space of leaves of the
basic foliation is a G-manifold W. The action of the Lie group G on W is
proper so it admits a G-invariant Riemannian metric.

A foliated vector field tangent to the closure of a leaf of % at one point
is tangent to it at any point of this closure; i.e. there exists a vector bundle
of finite dimension E — W its fibre over w € W consists of foliated vector
fields tangent to the leaf closure p_l(w), cf. [6, 9].

The group G sends foliated vector fields to foliated vector fields, thus G
acts on E and the action is compatible with the action of G on W via the
projection E — W;ie. E— W is G-equivariant.

The standard proof of the existence of a G-invariant Riemannian metric
for proper G-actions, cf. [10], can be adapted to prove the following theorem.

THEOREM 4. Let E — W be a G-equivariant vector bundle of finite
dimension. If the action of the Lie group G on W is proper then there exists
a G-invariant Riemannian tensor field in E.



18 ROBERT A. WOLAK

Now we can define a G-invariant bundle-like metric on (B, %). Let Q
be a G-invariant subbundle supplementary to T% such that Q = Q; ® &

and T, ® Q; = T, with G-invariant bundle Q, isomorphic to the pullback
of the tangent bundle T'W. We lift the G-invariant Riemannian metric from
W to . It is base-like for #. It remains to define a Riemannian metric
on Q). Let X, Y € Q. Then there exist unique foliated vector fields X,
Y along E, such that X, = X and Y, = Y. We put 1(X,Y) = h(X,Y)
where h is the tensor field from Theorem 4. It is obvious that 4 on Qj is %
base-like and G-invariant so the whole metric & is a G-invariant #; base-like
metric. This G-invariant Riemannian metric, when restricted to the horizontal
bundle of the connection induces a bundle-like metric on the foliated manifold
(M, ). |

3. Applications

For general pseudogroups the notion of a complete pseudogroup is not
invariant under equivalences as the following example illustrates well this
fact.

EXAMPLE. Let N =R and # be a pseudogroup generated by the homot-
hety iy : x — Ax for 0 <A < 1 and the translation 7y : x — x + 1. (N,#) is
a complete pseudogroup. It is equivalent to its restriction #’ to the interval
(—1/2,1/2). However this second pseudogroup is not complete.

To obtain a notion which is invariant under equivalences of pseudogroups
we should demand more.

DEFINITION 5. A pseudogroup (N, #) is strongly complete if for any two
points x and y of N and any neighbourhood V| of y there exist neighbour-
hoods U and V of x and y, respectively, V C V), such that any element &
of #£ with domain in U and target in V can be extended to an element h’ of
#¢ defined on the whole set U and whose image is contained in Vj.

For pseudogroups of local isometries and for “equicontinuous” pseudog-
roups the notions of completeness and strong completeness are equivalent. It
is not difficult to check that a pseudogroup equivalent to a strongly complete
pseudogroup is itself strongly complete. Moreover it is obvious that a strongly
complete pseudogroup is complete. The pseudogroup (N,#) of Example is
not strongly complete although it is complete.

The assumption of strong completeness seems to impose very strong
restrictions on the pseudogroup. Let us look into this problem. Let U* be any
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cocycle defining # and U be a relatively compact cocycle associated to it.
We denote the transverse manifold associated to the cocycle & by N’ and the
holonomy pseudogroup representative on N’ by #’. The transverse manifold
associated to the cocycle U is denoted by N and the holonomy pseudogroup
representative on N by J. The subset N’ of N is relatively compact and the
pseudogroup A’ is the restriction of # to N'.

Since N’ is a relatively compact subset of N there exists € > 0 such that

for any point x € N’ there is an open relatively compact neighbourhood Vy
of x with the following properties:

i) for any z € Vx exp, |B(0;,€) is a diffeomorphism onto the image;

i) exp, (S0, €) N Vi =0;
where B(0;,€)={v € TN; : ||v|| <€} and S(0;,e)={v € TN; : ||v] =€},
for some Riemannian metric on N. This fact results easily from a slight refi-

nement of the classical argument about geodesically convex neighbourhoods,
cf. [4].

Having established these technical details we return to the strong comp-
leteness. Let us take a pair of points x and y with Vj = V). Then the set U
can be equal to B(x,0) =exp,(B(0x,0)) for some 6 >0, and V C V,. Then
for any element h of # defined on U we have

h oexp, |B(0x,0) = €XPh(x) odyxh|B(0x,0)
where exp is the exponential mapping defined by the connection. As h(U) C
C V), the set dyh(B(0y,0)) must be contained in B(0p(x),€). This means
precisely that the set Hlx,V) = {jxlh th € #, h(x) € V} is relatively
compact. Hence for any relatively compact subset K of N’ the set #1(x, K) =

={jlh:h e ¥, h(x) e K} is relatively compact. Thus we have proved the
following lemma.

LEMMA 4. A strongly complete pseudogroup of local affine transforma-
tions of an affine connection is of compact type.

Combining Lemmas 4 and 3 with Theorem 2 we get the following theo-
rem.

THEOREM 5. Let & be a transversely complete N — G-foliation on a
compact manifold. If the holonomy pseudogroup of ¥ is strongly complete,
then & is a Riemannian foliation.

For equicontinuous foliations we have the following.
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THEOREM 6. Let & be a transversely complete ¥V — G-foliation on a
compact manifold. If ¥ has a representative of the holonomy pseudogroup
which is equicontinuous for some metric inducing the natural topology on the
transverse manifold, then % is a Riemannian foliation.

PROOF. According to the result of [13] our representative is complete
and thus strongly complete. Therefore Lemma 4 ensures that our holonomy
pseudogroup is of compact type, so the closures of leaves of the foliation %,
are compact, (Lemma 3). An application of Theorem 2 completes the proof. i

For transversely affine flows we have an even stronger result.

COROLLARY 1. Let # be a transversely complete transversely affine flow
on a compact manifold. If for some finite cocycle defining F the representati-
ve of its holonomy pseudogroup is equicontinuous and the commuting sheaf
is non-trivial, then the closures of its orbits are diffeomorphic to tori and the
flow is Riemannian.

PROOF. As the foliation of the closures of leaves of the lifted foliation is
Lie, Carriere’s result, cf. [9], assures that either the closure is a torus or the
leaf is a closed one. The assumption on the commuting sheaf excludes the
second possibility. According to Lemma 3 the representative of the holonomy
pseudogroup is of compact type; Lemma 4 of [13] ensures that this pseudog-
roup is complete. Theorem 5 assures that the foliation is Riemannian. |

REMARK. It is impossible to prove that the flow is distal and then apply
the result of Ellis, cf. [1]. There are 1-dimensional transversely affine flows
with distal holonomy group which are induced by both distal and non-distal
flows. Such an example has been constructed by E. Ghys.
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1. Introduction

In this paper we study the following nonlinear periodic problem:

W { — (WP 20) =F (t,e(),x'®)) ae. on T=[0,b] }
x(0) =x(b), x'(0) =x"(b), 2<p.

Assuming the existence of an upper solution ¢ and a lower solution
Y, we prove the existence of a greatest solution and of a least solution in
the order interval [y,¢] (extremal periodic solutions). The problem has been
studied only in its semilinear form (i.e. p =2), using different techniques and
under more restrictive hypotheses on the data. More specifically NIETO [8]
has a right hand side term which is independent of the derivative. OMARI—
TROMBETTA [9] assume that f(¢,x,y) = fi(t,x) — cy, ¢ > 0. More recently
WANG-CABADA-NIETO [11] and GAO-WANG [6], assume a general nonlinear
right hand side, but establish the existence of extremal solutions under a
restrictive one-sided Lipschitz condition. Finally there is also the very recent
work of PAPAGEORGIOU-PAPALINI [10], where the hypotheses on f(z,x,y)
are different; they assume a monotonicity type condition in x which allows
discontinuities in that variable, but they require Lipschitz continuity in the y
variable. In all these works p =2 and the methods employed are different from
the one used in this paper. Here our approach uses the theory of operators
of monotone type as this was developed by BROWDER-HESS [2], combined
with truncation and penalization techniques. Our proof of the existence of
extremal solutions uses a special test function technique which is different
from the approach of PAPAGEORGIOU-PAPALINI [10] (for p = 2) and permits
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the relaxation of some restrictive hypotheses on f(¢,x,y). Also our notions of
upper and lower solutions are weaker.

2. Preliminaries

In this section we briefly recall some basic notions and facts from the
theory of operators of monotone type. Our basic reference is the paper of
BROWDER-HESS [2].

So let X be a reflexive Banach space. An operator A: D C X — X*
is said to be “monotone”, if (A(x)— A(y),x —y) > O for all x,y € D.
Furthermore, A is said to be “maximal monotone”, if A is monotone and
it follows from (y,y*) € X x X* and (A(x)—y*,x —y) >0 for all x € D,
that y € D and y* = A(y). Note that here by (-, -) we denote the duality
brackets for the pair (X, X™). The operator A is said to be “demicontinuous”,
if D= X and x, — x in X implies A(x,)— A(x) in X* as n — oo. A
monotone demicontinuous map A, is maximal monotone.

Amap A: X — X* is said to be “pseudomonotone”, if x, —x in X as
n — oo and lim (A(x,), X, —x) < 0 implies (A(x),x —y) <lim (A(x,),x —y)
for all y € X. If A(-) is bounded (i.e. maps bounded sets of X into bounded
sets of X™), then the above definition of pseudomonotonicity of A(-) is
equivalent to saying that if x, —x in X, A(x;)—u* in X* as n — oo
and lim (A(x,),x;, —x) < 0, then A(x) = u* and (A(xp),x,) — (A(x),x) as
n — oo (“generalized pseudomonotonicity”; see BROWDER-HESS [2]). Any
maximal monotone map A, with D = X, is a pseudomonotone one. So in
particular a monotone demicontinuous map, is pseudomonotone. The property
of pseudomonotonicity is preserved by addition.

Amap A: D C X — X" is said to be “weakly coercive”, if either D
is bounded or D is unbounded and ||A(x)||«+ — oo as ||x|| — oo. Here by
Il - || (resp. || - ||«) we denote the norm of X (resp. of X™). Any pseudomono-
tone, bounded, weakly coercive map is surjective (see BROWDER-HESS [2],
theorem 3, p. 269). Also a maximal monotone, weakly coercive map A: D C
C X — X* is surjective too. It should be mentioned that in BROWDER-HESS
[2] all these notions are defined for set-valued maps. However in this work
we will not need this generality and so everything is defined in the context of
single-valued maps.
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Next let us define what we mean by solution, upper solution and lower
solution for problem (1). In what follows

WD ={y € W(T): y0) =y}

(recall W,l2(T) C C(T)).

DEFINITION. By a solution of problem (1), we mean a function x(-) €
eC 1(T) such that
1 1
k' (HPA () e Whe(T) <— +—= 1>
p
and it satisfies (1).

DEFINITION. By an “upper solution” of problem (1), we mean a function
¢ () € Wyl (T) such that

b b
[l ®P~2p' @)y (t)dt > [f (t,p(0),0'(®)) y(t)dt
0 0

for all y € Wyl (T) M LP(T)s.
Similarly by a “lower solution” of problem (1), we mean a function ¥ (-) €
€ Wy (T) such that

b b
[/ @P2p" @)y 0de < [f (9@, (0)y@)) dr
0 0

for all y € Wy (T) N LP(T)s.
We will assume the existence of an upper and of a lower solution. More
specifically we make the following hypothesis:
Hy: There exist an upper solution ¢ and a lower solution 1 such that
W) <o@) forallt € T.
Our hypotheses on the right hand side term f(¢,x,y) are the following
H({):f: TxRxR—Ris a function such that
(i) for every (x,y) € R xR, t — f(t,x,y) is measurable;
(ii) for almost all t € T, (x,y) — f(¢,x,y) is continuous;
(iii) for almost all # € T, all x € [ (1), (1)] and all y € R we have

[f 2%, )| < a@) +clylP!
where a € L4(T) and ¢ > 0.
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3. Existence of solutions

In this section we prove the existence of a solution in the order interval

K=[y,pl={x € C(T): y(t) <x(t) <) forallt € T}.

PROPOSITION 1. If hypotheses Hy and H(f) hold, then problem (1) has
at least one solution x € K.

PROOF. As we already mentioned in the introduction, our proof will
combine truncation and penalization techniques, with results from the theory
of operators of monotone type.

So we introduce the truncation map 7 : W ?(T) — W1P(T) defined by

@) if p(r) <x(@)
T(x)(@) = x(0) if p@) <x@) <)
Y@) if x@) <y @).

Note that lemma 7.6, p.145 of GILBARG-TRUDINGER [7], tells us that
indeed 7(-) is WP (T)-valued. Moreover, it is easy to check that t(-) is
continuous.

The penalty function 8 : T x R — R is defined by

x—pmP 1 if o) <x
Bt,x)=< 0 if p@)<x <@
—@ () —xP71if x <y@).

It is clear that (-, -) is a Caratheodory function (i.e. is measurable in
t € T and continuous in x € R) and |B(t,x)| < a;(t)+cq|x |1’*1 a.e. on T with

ay € L1(T), ¢y > 0. Moreover, an easy calculation can verify that we have
b
fﬂQJQ»xUMIEHﬂg—fﬂMMfiﬁnymmc2>0amihrde€U%T)
0

Using 7(-) and B(-,-) we introduce the following auxiliary periodic
problem:

@) { — (WoOP20) =6, 70, 7Y @) A e,x (1) ae. on T}
x(0) = x(b), x'(0)=x'(h), 4> 0.
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Let A: ngli(T) — Wpe’I;(T)* be the operator defined by

(A(x),y) / (O~ 2x" (1) (1)

Next we establish some useful properties of A( - ).

CLAIM #1. A(-) is monotone and demicontinuous (hence maximal mo-
notone; see section 2.).

First we show that A(-) is monotone. So let x,y € Wpe’I;(T). We have
(Ax) — A(y),x —y) =

b
= / [ OF 26 00 = ') = Y OP 2 O 0 - '@ dr >
0

b
> / (|x’(z>|P— |x’(r>|1’*1|y’(t)|—|y’(z>|P*1|x’(z>|+|y’(r>|P) dr >
0

-1 -1
> [l = 15 11l = 185 el + 11 =
-1 -1
= (15~ = I5") (el = 19ll) > 0
= A(-) is monotone.

Now we will show the demicontinuity of A(-). To this end let x, — x in

Wple’I;(T) as n — oo. Then for every y € Wpe’I;(T), we have
b
(At = Ay} =| [ (OP 2500 - WO 2'0) o).
0

Since x; — x in Wper(T) we have x), — x’ in IP(T) as n — oo and so
by passing to a subsequence if necessary, we may also assume that x, (t) —

— x'(t) ae. on T as n — oo. Using the generalized Lebesgue’s conver-
gence theorem (see for example ASH [1], theorem 7.5.2, p. 295), we have

that as n — o0o. So

b
S P ~2x) (0)y' (t)dt
0

b
[ X @P2x"(t)y' (t)dt
0
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| (A(xp) — A(x),y)| — 0 as n — oo. Since y € Wpl,;IZ(T) was arbitrary,

we infer that A(x,)- A(x) in Wple”;(T) as n — oo and so we have proved
that A(-) is demicontinuous. Finally recall from section 2, that a monotone,
everywhere defined, demicontinuous operator, is maximal monotone.

Let B : IP(T) — L4(T) be the Nemitsky operator corresponding to
the penalty function §(z,x); i.e. Bx(-) = B(-,x(-)). It is well-known that
B(-) is continuous (Krasnoselskii’s theorem; see for example ZEIDLER [12],
proposition 26.7, p. 563). Also as a direct consequence of the definition of 3
we have that B(-) is monotone.

Finally let F: W1?(T) — L4(T) be defined by
F)(-) =f(,t@)(),7(x)'(+))

Using hypotheses H(f) and the continuity of the truncation map 7 (), we see
that F(-) is continuous.

Now let R=A+AB — F: W,2(T) — W, (T)*.

CLAIM #2. R(-) is pseudomonotone and weakly coercive.

Since R(-) is bounded, to prove the pseudomonotonicity part of the cla-
im, it suffices to show that R(-) is generalized pseudomonotone (see section
2). To this end let x,, % x in Wple’Ii(T) and suppose that lim (R(xy,),x, —x) <
< 0. We need to show that R(x;) - R(x,) in Wpl,;IZ(T)* and (R(xy),x,) —
— (R(x),x) as n — co. We have

(R(xn), xpn —x) = (A(xn) +AB(xn) — F(xp), Xn — x) =
= (AQxn), Xy — x) +A(B(xn), X —X)pg — (F(xp),Xn — X)pq

where by (-, -)pqy We denote the duality brackets for the pair (LP(T), L1(T)).

Recall that W1P(T) embeds compactly in I”(T) and so x, — x in LP(T)
as n — oo. Therefore (B(x,),xn —Xx)pg — 0 and (F(xp),xp — X)pg — 0 as
n — oo. Thus we have

lim (A(xp),xp —x) < 0.
But A(-) being maximal monotone (see claim #1), is generalized pse-

udomonotone (see proposition 2, p. 257 of BROWDER-HESS [2]). Hence we
have that

A(xp) S A(x) in W/;e’I;(T)* and (A(xp),xp) — (A(x),x) as n — oo.
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Also note that (A(xp),x,) = |lx;[/5 and (Ax),x) = [|x'|l} as n — oo.
So |Ix2llp — |Ix']lp as n — oo. We also know that x, “>x’ in LP(T) as
n — oo. The space LP(T) being uniformly convex, has the Kadec—Klee
property and so x, — x’ in IP(T), hence x, — x in WLP(T) as n — oo.
Thus we have A(x,) — A(x), B(xp) — B(x) and F(x,) — F(x) in Wple’e(T)*
as n — oo (since L9(T) is embedded continuously in Wple’I;(T)*). So finally
R, R(x) in Wp]e’e(T), (R(xp),xn) — (R(x),x) as n — oo. This proves
that R(-) is pseudomonotone.

Now we will show that R(-) is weakly coercive. We have:

(R(x),x) > (A(x),x) +A(B(x),X)pg — ||[F)|g|lx|lp >
_ I3 1
3) > |l |p + Al |lh — Aea x|~ — 5IIF<x)I|Z - gllﬂli >

q—1 q—1

_1 297 '¢ 297 ¢
> ['llp +Allx (o= Aeallx ;™ — Tllallg -

1
e3llx"llp— 5I|X||§ —0

for some c3,0 > 0. Indeed note that

p'(t) if @) <x(1)
Tx) (1) =< x'@) if p) <x@) <)
'@ if x(t) <y @)
and so [[t(x)|h < 6 +c3|lx'|[; for some c3,6 > 0. Then (3) follows if we
use the properties of B(-) and hypothesis H(f)(iii). Next we choose ¢ > 0

241
q

enough so that A > #. Hence with such choices of A and ¢, from (3) it follows

such that

£ ¢3 < 1. Then having fixed &€ > 0 this way, we take A > 0 large

that R(-) is weakly coercive. This proves the claim.
Recall from section 2, that a pseudomonotone, weakly coercive operator

is surjective. Thus we can find x € W,}g’i(T) such that R(x)=0.

CLAIM #3. x € Wple’I;(T) is a solution of the auxiliary problem (2).
Since R(x)=0, we have

(A(x),y) = (F(x),y)pqg —AB(x),y)pg forall ye Wple’I;(T) =

b b b
/ 'O 2 @)y ()dt = / f (6,70, 7(x) (1)) dt — 4 / B, x(t))y(t)dt.
0 0 0



30 NIKOLAOS HALIDIAS, NIKOLAOS S. PAPAGEORGIOU

Because this last equality is in particular true for every y € C5°(T) and
FCL,TE)C),t(x) () —AB(-,x(+)) € LI(T), it follows that

/
- (WOP20) =faT00,70) 0) = A x (1)

a.e.on T and |x’(-)|1’_2x'(-) e Wh4(T). Note that n : R — R defined by
n(r) = |r|P~2r is a strictly increasing continuous function. Hence ' : R —
— R is well-defined and continuous. Because W -4 (T) embeds continuously
in C(T), we have that |x/(-)[P~2x/(-) € C(T). Therefore t — x'(t) =
=7 <|x’(t)|p_2x’(t)> belongs in C(T), and so we have that x € CY(T).
Moreover, from Green’s formula, we have

b
- / (WP o) v =

0
b

= — X' ()P 2" (b)y(b) + |x" ()P ~2x"(0)y (0) + / ' (O)P 2 1)y (t)dt =
0
b
= —|x'B)P2x" (b)y (b)+]x"(0)[P~2x"(0)y (0)+ / F(, @)@, 7(x) (0)y(t)di—
0

b
—A / B, x(®)y(t)dt.
0

Since — <|x'(t)|P*2x’<t))' = (F (7)), T () (1)) —AB(1,x()) a.e. we obtain
()P 25" (0)y(0) = |x"(B) P 2x(b)y (b).
Let y(-)= 1 € Wy (T). Then we have
()P ~2x"(0) = |x' ()P~ 2x(b).

Using #7~1(-), we obtain that x’(0) = x’(b). Therefore we have that x(-)
is a solution of (2) as claimed.

To finish the proof, it remains to show that x € K.
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CLaAM#4. x e K ie forallte T,y () <x() ().

Since ¥ € Wple’li(T) is a lower solution of (1), by definition we have
b b
/ W' P2 )y (Hdt < / F@p @), (0))yt)dt
0 0

for all y € Wy (T) N LP(T)s.
On the other hand since x(-) is a solution of (2), using Green’s formula
(integration by parts), we have

b
/ P2y ()dr =
0
b b
= / £ (570,70 () y(t)dt — A / B, x())y(0)d1
0 0
forall y € Wp]g’Z(T). If we take y = —x)4 € WJg’Z(T) N LP(T)+, we obtain
b

@ [ (Wore - wory'o) e - siod

0
b
> [ (fem. e o) ~f (p@.p'0) )w —ound-
0

b
—l/ﬁ(t,x(t))(w — x)4(t)dt.
0

From Gilbarg-Trudinger [7] we know that

= @) i x() <p)
W XW)‘{O it () < x().

So we obtain
b

) / ('@r 20 = 'Ol 2p'o) @ -xlod =
0



32 NIKOLAOS HALIDIAS, NIKOLAOS S. PAPAGEORGIOU

= [ (Woro-poryo) e -xhnd <o
>}

(recall the fundamental inequality which says that for all a,b € R and p > 2,
we have

<|a|P*2a - |b|p’2b> (@—b)>22Pla —blP),

Also note that from the definition of 7(-), we have
b

(6) _/<f (t,r(x)(t),r(x)’(t)) —f (t,zp(t),zp’(t)))(w — X)) ()t =
0

= / (f (L@, ') —f (1,9 0,9’ D) )(w — x)(t)dt = 0.
{w>x}
Using (5) and (6) in (4), we obtain

b
/ﬂ(t,X(t))(w —x)4()dt >0
0

- /'www—xOW’kw—wxnm=
wx)

b
=—/w—wﬁ”mw—xmmnzo
0
b
:—/w—wﬁmmzo
0

b
= /(1/) - x)@)dt =0; e yp(@)<x()foralzreT.
0

Similarly we show that x(¢) < ¢(¢) for all t € T. Thus x € K and so
T(x) = x, (x)) = x/, B(t,x(t)) = 0. Since x(0) = x(b), x'(0) = x'(b), we
conclude that x € K is a solution of (1). ]
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4. Existence of extremal solutions

Let S be the set of solutions of (1) in K. In the next proposition we
show that S is directed ; i.e. if x1,x, € S, then we can find x € S such that
(x1 Vxp) (1) =max{x;(t),xp()} <x(t) forall t € T.

PROPOSITION. If hypotheses Hy and H(f) hold, then S is directed.

PROOF. Let xj, xo € S and u =x; Vxp € WI,I‘;’;(T). We will show that u
is a lower solution of (1). Given ¢ > 0, we introduce the function v¢ : R — R
defined by
if r<0
if 0<r<e
if ¢ <r.

Ye(r) =

—_ o O

Evidently y¢ () is Lipschitz continuous and differentiable everywhere except
at r =0 and r =¢. Moreover, its derivative is given by

0 if r<0
yery=4 1 if 0<r<e
0 if e<r.

Note that ye — 21,50 pointwise as ¢ | 0. Let k € Gyg.(T), k = 0 and
define
U= —yela —x))k and ¥ =ye(xy —xk
=0 =k" —yi(xy —x)xy — x1)'k —ye (xg — x K’
and ) =yi(x — x1)( — x)k +ye (xp — xk’.

Since x1,xp € S, #1,0) € Cper(T) and using Green’s formula, we have

b b

(7) / e ()P~ 2x ] ()] (1)dt = / I (1, x1(0),x{(0)) D (1)dt
0 0

and

b b
(8) / (O 23 ()5 (1)dt = / I (1, x2(0),x5(1)) Dr(t)dt.
0 0
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Adding (7) and (8) and using the expressions for #{ and ¥}, we obtain

b
/ ] (OIP x| (0K (£)d 1 —

0
b

_ / O 2! (1 — x)O) k(! (DG — x) (D)~
0

] (O 2ye (g — x1)(0)) x| Ok (1)d 1+

+ [ AOP e ((x — x)@) x50 (1)dr+

/
/

b
" / SOP 2 (e — x)@) X500y — x2) (1)t =
0

b b
) = / f(t,x1(0),x{(1)) ¥ (H)dt + / I (1, x2(0),x5(1)) D(t)dt.
0 0

Denote by & the left hand side of (9). Since y. ((xy —x1)(®))k(t) > 0 for
almost all + € T and using the inequality <|a|P_2a - |b|p_2b) (@ —b) >
> 22*1’|a —bP for all a,b € R and all p > 2, we have

b
E > / i (P25 (k' (1)1 —

0
b
- / e (e — 2O (O Ok @) = PO x50k 1)) di = pe
0

b

b
= / I (t,x1(0),x{(®)) D (H)dt + / I (1, x2(0),x5(1)) Dr(D)dt > pe.
0 0
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Since Y ((x3 —x1)(+)) _’X{x2>x1}(‘) pointwise as ¢ | 0, we have that

pe — / e (O 2x] (OK (0)d 1 + / )P 2x5)k (tdt as € | 0.
{x12x} {xo>x1}

Also we have

b b
/ F (£, x1(0),x1 (1)) D1 (0)dt + / [ (1, x2(0),x5(1)) D (1)dt —
0 0

b

— /f (t,u(),u’(®)) k(t)dt ase | 0.
0

Thus in the limit as € | 0, we obtain

b
/ f@u@),u @)k@yde > / [ (OF 72x{(OK (1)d 1+
0

{r12x}
b
+ / b (P25 )k (1)dt = / ' ()P ~2u’ () (t)dt
{xa>x} 0
for all k € Cpog,(T), k > 0. Since such k’s are dense in Wple”;(T) NIP(T),:
we deduce that Wp],;IZ(T) is a lower solution of (1). Note that u < ¢. From

proposition 1 (applied in this case on the pair (#,¢)) we can have a solution
x of (1) in K| =[u,¢] C K. Evidently u <x and so S is directed. |

Now we are ready to state and prove our existence theorem for the
extremal solutions of problem (1). So we are going to show that in K, problem
(1) has a greatest solution x* and a least solution x; i.e. if x € S, then
xx« <x <x*. The solutions x4, x* are called “extremal solutions”.

THEOREM 3. If hypotheses Hy and H(f) hold, then problem (1) admits
extremal solutions in K.

PROOF. Let C be a chain of S. Let x = supC. By virtue of corollary
7, p- 336 of DUNFORD-SCHWARTZ [5], we can find an increasing sequence
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{Xn}n>1 C C such that x, — x in LP(T). Also for every n > 1 we have via
Green’s formula

b b
/ by (O dt = / I (t,x0(0), 5, (1)) xp (1)dt
0 0

-1 -1
= Jnllh < (llally +clxallp ™) Isallp < (lallg +elberlip ™) M

for some M > 0. From the above inequality it follows at once that {x;,’ tn>1 €
C IP(T) is bounded, hence {x},>1 C Wl}e’l,)n(T) is bounded. Thus we may
assume that x, *>x in WP (T) as n — oo. But A(x;) = F(x), n > 1 and so
<A(xn)7xn _x> = <F(xn)7xn _x> =
= (F(xn), Xn _x))pq < ||F(xn)||q||xn _pr < M |jxn _pr —0

as n — oo. So lim (A(x,),x, —x) < 0 and as in the proof of proposition 1,
from this we can have x;, — x in Wl’p(T) as n — oo. So in the limit as
n — oo we have

(AG),y) = (F),y) = (F(x),y),, forally € Wyl(T)

b b
= /|x’(t)|1’_2x’(t)y’(t)dt =/f (t,x(0),x'()) y(t)dt forally € WplgI;(T).
0 0

Arguing as in the proof of proposition 1, from the above equality, we
have

{ - <|x’(t)|P_2x'(t)>/ =f (t,x(t),x'(t)) ae.on T }
x(0) = x(b), x'(0) =x'(b), W) <x(t)<p@), t €T.

Thus we have proved that every chain in S, has an upper bound in S.
Apply Zorn’s lemma, to produce a maximal element x* € S. Since S is
directed (proposition 2), x* is unique and is the greatest element of S in K.
Similarly we produce the least element x, of S in K. |
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1. Adapted basis in T(Osc>M) and T*(Osc>M)

Let E = Osc3M be a 4n dimensional C° manifold. In some local chart
(U,¢) some point u € E has coordinates

(x4, y1e, y2a,y30) = (y0a yla y2a y3ay o (yaay
where x4 =y% and
a,b,c,d,e,...=1,2,....n, «a,B,y,0,k,...=0,1,2,3.

If in some other chart (U’,p’) the point u € E has coordinates

/! / / !
(x@  yla ,yza ,y3“ ), then in U N U’ the allowable coordinate transformation
are given by:

!/

/
(@) x% =x%(x',x2...,x"
o 1o = a0
T gxa yo = ayOa y
(D la’ la’
24 dy la dy 2a
c) 2 = - +2—=
() 2y 3y0a y ayla y
2a’ 2a’ 2a’
3a’ _ dy la dy 2a dy 3a
(d) 3y™* = —ayOa y o+ 2—8))1“ v+ 3—8))2“ yoe.

A nice example of the space E can be obtained if the points (x%) € M
(dimM = n) are considered as the points of the curve x4 = x%(¢) and y*4,
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a =1,2,3, are defined by

la _ ﬂ y2a _ idzxa _ ldyla y3a _ ld:’)xa _ ldyza
dt’ 20 42 2 dt’ 31 de3 3 dr

If in U N U’ the equation

2@ = x4 L), 220, ..., (")

is valid, then it is easy to see that

!
1o/ _ dx*? 1a' I
“ =g 7Y T x4y,
I dyl
(2) 2y% = TR =2y (x4 yla y2a)
3a’ dyzal 3a' . .a . la .2a . 3a
3y =7=3y %,y 5y y7),

satisfy (1.1b), (1.1c) and (1.1d) respectively and the explicite form of (1.1) is
the following:

! !
x4 =x% (xLx2,.. . x™
!
ylalzaxa la
9xa ’
py2a _ 0% L 0xY 2 g
Yy —axaaxby y ax “a)
34’ 3¢ 92’ 2 3
63 = T ylaylhyle g6 Ty lay g 65ty
Y axaaxbaxcy Yoy axaaxby y oxa”

THEOREM 1.1. The transformations determined by (1.1) form a group.

Determination of the group of allowable coordinate transformations is
the first step to construct some geometry. The second important step is the
construction of the adapted basis in T(E), which depends on the choice of
the coeflicients of the nonlinear connections, here denoted by N and M.

The following abbreviations

ad ad
a=1,2,3 and 0, =0g, = — =

3) dara = T = 50

ayaa’
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will be used. From (1.1) it follows

!
0a’ 1a’ 2 3¢/ _ 9x“
90ay “ =0d14Y a =0d4Y a =034y @ = 9xa’
X
!
(4) a la/ _ a 261/ _ a 3al _ azxa 1b
0ay =01qY =024Y = axaaxby 5
2’ w1 %Y
a a — a a — C
Oay lay 28xaaxb8xcy Y axaaxby

The natural basis B of T(E) is
©) B = {GOa, 914> 924> aBa} = {aaa}'

The elements of B with respect to (1.1) are not transformed as d-tensors.
They satisty the following relations:

30a = (90ay% )gqr + 900y 1413141 + (9022 Vg + (902 V031
6 Pa= (912700100 + 31037 )1 + (3105 )3
92q = (02097 )01 + (820> )93
830 = (9303 )33,

The natural basis B* of T*(E) is
(7) B* = {dx®,dy',dy**,dy>*} = {dy*"}.

The elements of B* with respect to (1.1) are transformed in the following
way (see (1.2)):
®)
!
o 0x

a / /
dx% = Py dx® <:>dyOa =(60ay0a )dyOa

la’ _ la’ Oa la’ la
dy © =(90qy " )dy™ + (915" )dy

! ! ! !
dy2a — (aanza )dyOa + (alay2a )dyla + (azayZa )dy2a
! ! ! ! /!
dy3® = (90ay>* )y + (914y°T )dy19 + (924737 )dy?® + (93,37 )dy>?.

The adapted basis B* of T*(E) is given by (different from that used in
[15]-[171)

9) B* = {0y%, 6y, 0y% 6y3},
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where

6y0a =dx?® = dyOa
(10) 2 2 Da ;. 1b (2)a ;. 0b
Oy™ =dy™ + M "'dy” + M'“'dy

THEOREM 1.2. The necessary and sufficient conditions that 0y“*® are
transformed as d-tensor field, 1.e.

/
T2 syea g 201,23,

aa
dy = .a

are the following equations:
(@) M 5,x4'= M(”“,'abxb'+ 3,y 19
(1) (b) M@ g,x'= M(z)" dpx +M“)“ ayy '+ 9,y
(©) M) 5,x4'= M(3§f, axt'+ M(zgj a,y 1+ D ) 3,y 2+ 3,y

From (1.11) and (1.4) it is obvious that (1.11a), (1.11b) and (1.11c¢) are
partial differential equations of second, third and fourth order respectively, so
there are infinity functions

M(l)a — M(l)a(yOa 1a)’
2 2
( )a M( )a(yOa’y ’yza)’
3 3
M }f = MU0, yla y2a y3a),

which are the solutions of (1.11). From the choise of M depends the adapted
basis B* ((1.9)).

Let us denote the adapted basis of T(E) by B, where

(12) B = {6Oa:ala762aaa3a} = {6010}7
and
b )b 3
00a =300 — N7 a1 — NEI;abGZb - N((z)o)zba%:
(13) O1q= Na —N adp=N ads
0o = 9y — NPy
63a = 034-
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THEOREM 1.3. The necessary and sufficient conditions that B ((1.12)) be

dual to B* ((1.9)), (when B ((1.5)) is dual to B* ((1.7)) i.e.
<6aaayﬂb> = 6565
are the following relations:

NP gD
. NP _ pg@b e g (Db _ @b (e p (b
NP Z @b _ e gy @b ey (Db

_ M(3)ab _ M(l)acM(Z)Cb _ M(ZLCM(I)Cb + M(l)adM(l)ch(l)Cb.

From (1.13) and (1.14) it follows

THEOREM 1.4. The necessary and sufficient conditions that 0, with res-

pect to (1.1) are transformed as d-tensors, i.e.

a a
(15) Oppat = > Sqar @ =0,1,2,3,

aa
ox4

are the following formulae:

/

/! ! /
N(l)ab, dgx? = N(lzlbébxb — 9yt

!/

/
(16) NP5 g,x = N gyt + NWPo,y 1" — 5,y

li li / ! !
N(3)ab/ 9gx? = NGLbabxb +N(221babylb +N(121baby2b - aay3b :

From (1.13) and (1.14) it follows
03¢ = 63C
830 = 00 + M55y
(17 ()d 2)d
de =01+ M £ 00q+ M ¢ 034

1)d 2d 3d
80c = 00c + M6 14+ MPS55 + ME63,.

!/
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2. Decomposition of T(E). Integrability conditions

Let us denote by Ty, Ty,, Tv,, Ty, the subspaces of T(E) spanned by
{%0a}> {01a}s {024}, {034}

respectively. Then we have

TE)=Tg @ Ty, ® Tv, ® Ty;.

PROPOSITION 2.1. The horizontal distribution Ty is integrable if all
Koo opr @ =1,2,3 determined by (2.2) and (2.4) are equal to zero.

PROOF. By direct calculation one obtains

(1) [00a-001 = Ko “0p01c + Koo 02¢ + Kog 093¢

where

) Ko, = 00p N0 = 00aN), a0 = 1,2,3.
The substitution of 9., d5., 93, from (1.17) into (2.1) yields

3) [00a>006) = Kog 00 1¢ + Kog“0p02¢ + Kog “0p93c»

where

Ko “on = Koa b
S Kot op = Kod“op + Kog ‘pM "y
Koo op = Koa“op + KoaopM'f + Kol p M)
PROPOSITION 2.2. The distribution Ty, Is integrable if K59, a =23
determined by (2.6) and (2.8) are equal to zero.
PROOF. We have

(5) [01a:015] = K1 7 102¢ + K1 21,9305
where

= 1 1
(©6) K = 0N = 01N
7 2 2
K, 3¢, =01, NPE — 01, NP,
Using (1.17), (2.5) takes the form:

@) [014-015] = K1 21 502¢ + K1 215030-
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where

2c _ i 2c
® K 1p=Kig 1
3¢ _ & 3c - 2d (De
K=Kz 1+ Kig 1psM .

PROPOSITION 2.3. The distribution Ty, is integrable if K22C2b determined

by (2.9) and (2.10) is equal to zero.

PROOF. We get

C)) (02450251 = K2a3€2b63c’
where
(10) Ky = 02N — 35, NS,

PROPOSITION 2.4. The distribution Ty, Is integrable.

PROOF.
(11) [034,035] = 0.

PROPOSITION 2.5. The following formulae are valid:

| 2
(12) [00a-0151 = Kog1501¢ + Koz 1502¢ + Ko 1593

where

le _ & lc
Koo " 16 = Koa " 15

2 _ i 2 > 1d (De
(13) Koq 16 = Kog ‘15 + Kog “15M" >
3 _ =3 = 2d (e | & 1d 2)c
Koq 16 = Kog ‘15 + Koa“1pM" ) + Koy “1pM g5
and
_ !
Ko 15 =01N"%
(14) Ko2¢y, =01, N2 — 00, N

= 3 2
Kol = 01, NOF — 00, NP,

PROPOSITION 2.6. For [0¢,,02,] we have

(15) [00a>0251 = Kot S0 1c + Ko2p02¢ + Ko 2050345
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where
1 1
Koq 20 = Kog 21
_ 1
(16) Koio = Kogp + Kog ZbM( )C
_ De |, & 1d 2)c
Koiop = Kog“op + Kod M) + Ko M),
and
=1 1
Koy = 00N
(17) Ky 2y, = 02 N

7 3 1
KOaSCZb = (Ssz( LC — 60aN( )bc.
PROPOSITION 2.7. For [0¢,,03,] we get

1 2 3
(18) [00a,936]1 = Koy 3p01¢ + Ko 3502¢ + Ko 393

where

le _ & lc
Koa 36 = Kog 30

19) Koi3 = Kog s + Ko, 3bM(1)C
(e | & 2)c
Ko33p = Kog 3 + Kol M) + Kof Gy M)
and
(20) Ko SSy =03 N9, a =1,2,3.

PROPOSITION 2.8. For [01,,02,] we have
@1 [014:025] = Ky 2p00c + K1 303c,
where

2c _ i 2¢ _ (D
Ky = Kigp =02N" 4,

(22) 3 3 24 (e
C 7 C 7%
K% =Kz o+ Kig opM
and
_ 2 1
(23) K, 2%, =00 NOE — 01, NE,

PROPOSITION 2.9. For [01,,03;] we obtain

(24) [014:035] = K 253502¢ + K300
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where

2 i 2
25) K% =K1

K3C - K 3¢ + K 2d M(l)C

la 3b — ™la 3b la 3b d

and
1

(26) Koy = 0w N

PROPOSITION 2.10. For [045,,053,] we get

27 [520! > 6317] = K2a3c3b63c’
where
(28) Ky = 03Ny

3. Covariant derivatives in T(E)

Let V: T(E) x T(E)— T(E) be a linear connection, such that
Vi(X,Y)=VxY eTE),VX,Y € T(E).

The operator V is called a generalized connection. It is called d-connection if
VxYisin Ty, Ty, Ty,, Ty, if Y isin Ty, Ty,, Ty,, Ty, respectively.

For the space Os ¢k M it has been studied by R. MIRON and GH. ATANA-
SIU in [15], [16].

DEFINITION 3.1. The generalized connection V on T(E) is defined by
_Tr e
(1) VoaaOpb = rﬂb wadve:

In (3.1) the summation is going over v and c.
If Y is any vector field in T(E) and

Y = YPbog,
then

Viwa Y = Voua(YPP0py) = Gaa YP)opy + 15} YPP0yc =

Y
b aa

= (Oaa YPb 4 rygbaa ch)éﬂb'
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Now we define the generalized covariant derivative of vector field Y in
the form

@) VTP LIS L

|ca
We have
b
(3) véaa Y = (Yﬁ |aa)6ﬁb'

THEOREM 3.1. With respect to (1.1) YP baa will be a d-tensor field, i.e.

ﬂb’ ax ax Bb

) laa’ — 8 a’ gyxb |ca

if all l“)fzbaa are transformed as d-tensors, i.e.

!/ /
5) r b 9x“ axP LBy 0x€
yc aaa a gxb ~ yc aa gyc

except Fﬁﬁc boa (no summation over 3, f =0, 1,2,3) which have the following

transformation law

aaa/ / aC’ aaa?,b/
Bb x“ ox Bb X X X

©) Be Oagya’ gxb ~ " Be’ ad’ gxc axa’ 9xa9x¢’
for=0,1,2,3.
PROOF. Starting from (3.4) and using the tensor character of 0, and
Yﬂbl we get
ﬂb’ _9x“ axPb Bb Be axb, ﬂb’ Caxcl 3
aal = 3 FéaaY + YP%Sqa pyee +T ve! aal Y? e
- ‘;x 5100 VPP + T, 000 y7€).

From the above follows:

ppy oxtaxt gy ax 5ax 5ea 4
5 - aa

(7) yc aaa a’ axb - yc’ aal a c y 6 axc .

If B #y the last term in (3.7) vanishes.
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b/
If a #0, then 6aa%xT =0 (see (1.13) and (1.1)(a)).
If ¢ =0, then

axb/ asz'

Oa g = gxagxc’

which proves (3.6).

4. The torsion tensor of generalized connection

The torsion tensor 7(X, Y') is defined as usual by:
(1) T(X,Y)=VxY —-VyX—[X,Y]
If X and Y expressed in the basis B have the form
) X = X%qq, Y = YPbOg,,
then using linearity of V and (3.1) we get
Vx Y =Vxaa X“00a(YPPSg,) =

3)

= X“(Oaq YP)Op, + XA YPPTIE by

Further we have
(4)
[X, Y] = [X*Oua, YPPOp,] =

= X“U0aa YPP)0p, — YPP (05, X Voqa + X YPP[00a,05)).
The substitution of (4.3) and (4.4) into (4.1) gives
THEOREM 4.1. The torsion tensor of generalized connection has the form

T(X, Y)= X“YPPUry)e =T 5)0pc = [Baa, dpp11 =

) pb aa
= Ty XY P8y,
where
(6) T,) =T°¢ T, —K’*

pb aa pb aa aa Bb aa Bb’

(7 [Oca, 051 = K, g,0yc.
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From (2.1)—(2.28) follows

XY PP [804,88,1 = X YO (Ko, 0016 + Kofopd2c + Kog opd3e)+
+(X0 Y1 — X YO (Ko, €01 + Koi1p02c + Ko €103+
+HXO Y20 — X YO (Ko 90 1c + Kogap02c + Kog “2p03c)+
+HX 0 Y3 — XD YO (Ko 3010 + Kot 3020 + Ko 3p030)+

+x 1@y bk, 2¢ 000 + K| 3¢ ,030)+

X'y _ xylayg 2 5, 4 K 36,0500+
+(X1a y3b _ x3b Yla)(Klaz%béZc + K1a3€3b53c)+
£X20 Y2 (K, 3, 5500+

As in Tﬂ)lljcaa a,f,y take values from {0, 1,2,3}, so there are 43 different
types of torsion coefficients. From (4.6) and (4.8) it is clear that 43 — 20 of
them are the difference of connection coefficients, but 20 of them have the
additional term —Kaj;c Bb according to (4.8). If it is supposed that Ty, Ty,

TVz’ TV3 are integrable distributions, then all K’s beside X' Oa y0b xlaylb

X2ay2b are equal to zero.

5. The curvature theory of V

The curvature tensor for the generalized connection V is defined as usual

(1 RX,Y)Z=VxVyZ-VyVxZ—Vix.yZ
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If the notations (4.2) and Z = Z7dy . are used, then
VxVyZ=Vxaa X 0qaV o5y YP0O5, 270y =
= Vxaa X“Oaal YPP O3y 27 )yc + YPP 27T 04 05 41 =
o = X% B ga Yﬁb)(éﬁbZ”c)éyc + X%a Yﬁb(aaaaﬂbzy )y e+
+ XOOYP O3, 27N, 0% 1050 + X Oua YPP)ZVT, 0% 654+
+ XU YPY 30 270, 0% 85 g + XUOYPP 20T, 2% )5+

+ x“%a YﬁbZ'ycF seﬂb e?daaaéd

From (4.4) and (4.7) follows
Vixv1Z = X Oua YP)O5, 27 )0yc + X**(Oaa YPP) 27T 0 0 ﬂbééd—
— YPB34, XON)O0aZYOye — YPP (S5, X*4) 2V T, 0%, 100 4+
(3)
+ X4 YPP[(0gadp), — Ogp0ua)ZV 10y c+

+XO[(1 YﬂbeCK Eeﬁb '}/?dgeaad
Substituting (5.2) and (5.3) into (5.1) we obtain

THEOREM 5.1. In Osc3M the curvature tensor for the generalized con-
nection V has the form:

@) RIX, Y)Z=R2%Y, 2/ YPP X%,

where

®) Ry(csdﬁb aa = K ﬂb aa - K eeﬁbry?deea

(6) K% o = Oaal, 2%, + T8, Ted%a) — (@a/Bb).

It is clear that in (5.5) are only those Kaeae gp are different from zero,

which appeare in (4.8). As a, 3, y, O are the elements of the set {0, 1,2,3},
so there exist 4* types of curvature tensors.
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6. The Ricci equations for V

From (3.3) it follows
(1) VyZ=YPZ 0y,
and on the similar way we get

@ Vx(VyZ2)= Xaa( Yﬁbe|Cﬁb)|aaa)/c =

a b C
= X (Yﬁ‘ e yPb 7v¢ Gbaaldre:

On the other hand from (3.3) follows

3) VixviZ=2"5 [X, YI°%,. = A+ B,

10d

where using (3.2) we obtain

A =2 (X0aq YPP — Y000 XPP)0yc =

avBb ye L Bb ye
“4) = [X“ Y| Z Bb X« |ﬂbZ|
(Fﬂb aa Fa(zzdﬁb)Xaa Y'Bbzy\fsa]ayc

Substituting (6.5) and (6.4) into (6.3) we get

_ Bb v yc
Vix,y1Z = (XY 2, — yPb x X2 )0y~

5d b e
- T XOYPP 2N by

(6)

Substituting (6.2) and (6.6) into (5.1) we get

(1) R(X,Y)Z =" x%ayPby,..

ye od ye
Bblea ~ Z \aalpp ¥ 1o aa? 150
From (5.4) and (6.7) it follows

THEOREM 6.1. The Ricci equations for generalized connection V have
the form:

(8) VA -z’ + Tﬂ

yec od
Bblaa ~ Z aalpb R Z7

ye
b aa |6d ~ 70d Bbaa
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1. Introduction

In the last years, some theorems have been proved stating that a sub-
manifold in a space form with large mean curvature cannot be included into
a small geodesic ball (cfr. [Am], [Ha], [HK], [JK], [JX], [Ma]). Recently,
F. J. CARRERAS and the authors (cfr. [CGMI]) have studied the analog prob-
lem for compact submanifolds inside a ball of a complex space form. In [Gi]
and [CGM2] it was considered the problem of the immersibility of a complete
Riemannian manifold into a tube of S or CP" around a totally geodesic S¢
or CIP? respectively, with the mean curvature of the immersion bounded by
a number which depends on the radius of the tube, and is related with the
mean curvature of the tubular hypersurface. Here we continue this study by
considering the same problem for tubes around a totally geodesic RP" in
cpP".

Let CP" be the complex projective space of real dimension 2n and
holomorphic sectional curvature 44 > 0, and let RP" be the real projective
space of dimension n and sectional curvature A embedded in CP" as a totally
geodesic and totally real submanifold. Let M be a complete Riemannian
manifold of dimension m, and lety : M — CP" be an isometric immersion.
Let r : CP" — R be the distance to the submanifold RP"” in CP", and
denote also r oy by r. Let us denote by 9, the gradient of r in CP" and by

a,T the vector field in M defined as the preimage by . of (the component
of) 9, (tangent to Y (M)).

* Work partially supported by a DGES No. PB97-1425 and by the E. C. Contract CHRX-
CT94-0661 “G.A.D.G.E.T. IIL.”.
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Let B(r) be the function
B)=m —m)coy(t)+(n — 1)tay(r) + tag (1),
where we use the notation
sin(\/It)
—\/I >
tay(t) = \//Ttan(\//it) and coy(t) = \//Tcot(\/it).

Let z*(8)=inf{s >0|B(t)=0}. Then z* () < 4”%

Given any positive real number p such that p < 4’”%, we shall denote by

53 (1) = ¢) (1) = cos(VAr),

RP/, the tube of radius p around RP" in CP" (that is, the set of those points
x € CP" such that distance(RP",x) <p), and by d RP /’; the corresponding

tubular hypersurface (the boundary of the tube, which is also the set of the
points x € CP" such that distance(RP",x) = p). It is known that the cut
locus of RP" in CP" is 2, the complex hyperquadric in CP". For every
x € CP" — 9, let us denote by p € RP" the point such that

distance(p, x) = r(x) = distance( RP ", x),
by y(¢) the minimal geodesic joining p and x and by 7; the parallel transport

along y(¢) from p to x. Then we define the distributions # and U by the
formulae

T[R]P)n=<.,ar>@j{x al’ld TxCPn=<]ar>@%x@?}x@<ar>.
H will denote the mean curvature vector of the immersion .
Now, we state the theorems that we shall prove in this note.

THEOREM 1.1. Let us assume that M is compact, m >n, (M) C RP2,
with p <z*(B), and m|H| < |B(p)|. Then, (M) C dRP2, mH = (p)d,,
JorW(x)) €EYux Ty M, and}f,p(x) CWux Ty M for every x € M.

Moreover, if m =2n — 1, theny is an embedding up to a covering map,
and M is isometric (up to a Riemannian covering) to 0 RP Z.

Let us remark that the hypothesis p < z*(8) is necessary, because for
p >z7(B) we have 9 R]P’;ﬁr(ﬂ) C R]P’/’_?,, and the mean curvature of 9 RPZ*(/S)

is 0.

THEOREM 1.2. Let us assume that M is complete and non compact,
with scalar curvature bounded from below, m > n and (M) C RP g with
p <z*(B). Then msup |H| > |B(p)|.
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2. Proof of the theorems

From now on, V and V will denote the covariant derivatives in CP" and
M respectively and A will denote the laplacian on M.

If f : R — R is any function, we shall denote by f(r) the function
for:M—R

We shall denote by S(r) the (1,1)-tensor field on CP" — (2 U RP"),
defined by
S(r)A = —V 49, for any vector A € TCP" and any x € CP" —(2U RP").

It is known (cfr. [CR]) that
S(r)Ja, =tayy(r)Jo,, S(r)o, =0,
(D S(r)X =ta; X, and S(r)A=—coy(r)A
forevery X € #x, A€ Vx andevery x € CP" —(2U RP").

The following formula is well known when r is the distance to a point

(see, for instance, [CGM1]), and the same computation works here. If {e,...

.,em } is an orthonormal basis of the tangent space to M at some point, we
have, at this point,

@ A ="l |2+f’(r>{2 S(r)ej,ei) — <H,ar>}.
i=1

Now, we compute the value of (S(r)e;,e;). Using (1), and orthonormal
basis {hy,...,h,_1} of # and {v,41,...,v2,_1} of U}, we have:

(S(r)ei,e;) =

—1 2n—1
= <S(F)<

(eirhj ) hj + (e;, Jdr) Joy + Z (ei,vi) vi + (e, 9r) 8r>,
j=1 k=n+1

n—1 2n—1
Z ei,h h +{e;,Ja,) Jo, + Z (ei,vi) v + (ej,dr) Or >:
j=1

k=n+1

n—1 2n—1

=3 (ei ) () + (e, Jor) tagg () — Y e i) coy(r),

k=n+1

.
1l
—_
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nm

then, having account that }_ (e;,h >2 < 1 with the equality if and only if
i=1

hj € Yxx Ty M for every j,

m m n—1
D (Srei ey => Y (eihj) ? (tay(r) + coy(r) —
i=1 i=1 j=1
m n—1 2n—1 m
— Z (Z <e,-,hj>2 + Z (e,-,vk>2> coy(r) + Z (e,-,Jar>2 tag (r) <
i=1 j=1 k=n+1 i=1

< (n—1) (tay(r) +cop(r)) —
= Z (1= (eir ) = (€1 J8,)) cop(r) + 100 T tags () =

=(n — 1)(tay(r) + co,l(r)) —mcoy(r)+
+ (0] P +1080) T 12) copr) + [(8,) " Prag(r) =
=(—m+n —1)coy(r)+(n — 1) tay(r)+

+ (102 +1080)T12) copr) + (73T Pragy(r).

Then, if f'(r) > 0, by substitution in (2), we get

AF(r) < (—f"(r) + coy(r)f ()], | + £/ (r)(cop(r) + tagy (r)|(Ja,) T |*+
+'(r)(—m +n — Dcoy(r) + (n — Dtay(r) — m (H,d,)).

Now, if we take

cy (1)
j’ b

(3) fl(t) =5;(t), then f(t)=—
we have —f”(r)+f'(r)co;(r)=0, and

AF(r) < (c3(r) + 53 tagy () [(J9,) T P+
+53(r) ((=m +n — 1) coy(r) + (n — Dtay(r) — m (H,9,)).
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Since |(Ja,)T|2 <1 with the equality if and only if J3, € Ysx Tx M,
Af(r) < ¢ (r)+
+53(r) (tagg(r) + (—=m +n — 1)coy(r) + (n — Dtay(r) —m (H,d,)) =
= 53(r) (tagg (r) + (—m +n)coy(r) + (n — Dtay(r) —m (H,9,)) =
=5;(r)B(r) —m (H, ;).

Now, let us study the behaviour of B(¢)=(n —m)co(t)+(n — 1)tay(¢) +
+tayy (1). Since lin%)taﬂ (t)=0, lilg co;(t) =+oc and m >n, one gets that
t— t—0+

lim B(t) = —o0,
t—0+
moreover
1 A
,3/=(m —I’L)—2+T+(I’L — 1)—2,
51 Cm i

then 8/(t) > 0 for r €]0,z%(8)[ and
(1) is increasing and negative in ]0,z*(8)][.

Then, from this property of f and the fact that — (H,d,) < |H|, with the
equality if and only if H=—|H|d,, we have
@ M) <50) (Blp) —m (H,8r)) < 53(r) (=IB(p)| + m|H]).

Now the proof of theorems 1.1 and 1.2 will follow easily from formula
“)

2.1. PROOF OF THEOREM 1.1. If m|H| < |B(p)|, it follows from (4) that
&) Af(r) <0,

and, if M is compact, by Hopf principle, we have that Af (r) =0, and all the
inequalities we have used to get (5) must be equalities, which implies

i) r=p (ie.ypy(M)Ca R]P’g) and H=—|H|d, (i.e. mH =f(p)d,).
(i) Jor @ (x)) €Pux Ty M and
(ii1) }fw(x) CYsx T M.

If m =2n — 1, then, for every x € M, 9.y is bijective and an isometry,
then v is a local diffeomorphism, then ¥ (M) is open in d RP?, and it is

compact, then closed, then (M) = 0 RP Z (because o0 RPP g is connected).
Then ¢ : M — 0 RP Z is a local isometry and M is compact, then ¢ is a
covering map.

2.2. PROOF OF THEOREM 1.2. We shall use the following
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OMORI'S LEMMA ([Om]). Let M be a complete Riemannian manifold
whose sectional curvature is bounded from below. Let g : M — R be a smooth
function bounded from above. Then, for every x € M and every € > 0, there
is an x' € M with the properties

gy > g(), |eradg|x) <€, VZ(X,X) <€l X|

for every X € T,/M, where V is the Riemannian connection on M.

JORGE-KOUTROUFIOTIS’ LEMMA ([JK]) . Let M and M be Riemannian
manifolds with dim(M) < dim(M) and assume that the scalar curvature of
M is bounded from below. If there is an isometric immersiony : M — M
satisfying |H| < Hy and ¢ (M) C B, with B compact, then the sectional
curvature of M is bounded in absolute value.

If there is some x such that (B(p)+m|H|)(x) > 0, then the theorem is
obvious. If not, the Jorge—Koutroufiotis Lemma allows us to apply Omori’s

Lemma to g =f(r) = —Cflir) , and we have that for every x € M — RP" and

every € > 0, there is an x’ € M such that

FOUEY) 2f6) ad A ==Y V)G e e) > —em.

i=1

Combining these equations with (4), we get
—Lr () = =@,

which is equivalent to r(x’) > r(x) and to
s3(r(x") = 5;(r(x)) = C >0,
and
sp(rxNB ) +m|HNE') > Af (r)(x) > —em.
From this follows Theorem 1.2, in fact, we have (B(p)+m|H|)(x) < O for
every x € M, then s3(r(x)) > 53 (r(x))= C > 0 implies that
CPBp)+m|HD(x") > 5;(r "N B ) + m|H)(x') > —em,
and this for every € > 0, then
Csup{B(p)+m|H|)(x);x € M} >0 and sup{m|H|(x);x € M} > |B(p)|.
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Introduction

In a previous paper (2) we compared differential spaces, see [10] and
[11], with Frolicher spaces. Differential spaces have a significant history in
the study of cosmology, see [6], [10] and [5]. Frolicher spaces (otherwise
known as smooth spaces) have been studied by Frolicher [3]. Both differential
spaces [2] and Frolicher spaces are topological over sets [1] and one can
work with them in a way comparable to the way one works with topolo-
gical spaces. From the fact that Frolicher spaces and differential spaces are
topological over sets, both Frolicher spaces and differential spaces have all
initial structures, products, equalizers, subobjects, final structures, quotients
and coproducts. Every Frolicher space can be viewed as a differential space.
More precisely, the category #RL of Frolicher space is a full subcategory of
the category of differential spaces 25 %. However, subspaces and products of
Frolicher spaces are not the same as subspaces and products of these Frolicher
spaces when they are regarded as differential spaces (see [2] for the last two
statements).

A category is a collection of mathematical objects (e.g., groups) with
associated maps (e.g., homomorphisms). For categories, see [8]. We will
attempt to make this paper reasonably independent of category theory.

For easy reference, we now define differential and Frolicher spaces. Let
Z be a collection of real valued functions on the set X, J the initial topology
on X defined by these functions and € be a collection of maps R — X.

DEFINITION 0.1. The pair (X, %) is a differential space with topology J if
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e for each open covering {U;};cx of X and function f : X — R, if
glu; =hi|y; for some h; : X =R € F and each i € K, then g € 7.

e if fi,...,fn is a collection of functions in & and g(xy,...,x,) is a smooth
real-valued function (i.e., infinitely differentiable), then g o (f},...,fn) is
again in .

A map f:(X,%x)— (Y,%y) if differential spacesisamapf: X — Y
such that if f*¥ y is the set of all g of with g € Fy, then f*Fy C % x. The
set of such maps makes differential spaces into a category DSP. A map in
DS P will be called a differentiable map. An element of & x will be called a
scalar.

We think of scalars as measuring some feature of X (e.g., temperature
Or pressure).

The elements of # determine the differentiable curves R — X. For a
Frolicher space, the differentiable curves R — X must determine the scalars
on X. More precisely, we define:

DEFINITION 0.2. The triple (X, %, 6) is a Frolicher space with topology
T if
e if #0€ is the set of all f og such that f € # and g € € and /M is the sets
of smooth maps R — R, then # 06 C .

e I'6={f: A—R|foc belongs to M for all c€ G} =F.
e dF={c:R—A|foce forallf €cF}=86.

The elements of 6 are often called contours.

Again, as shown in [2], if (X, %,6) is a Frolicher space, then (X, %) is a
differential space.

DEFINITION 0.3. A map f : (X,%x,6x) — (Y,Fy,Ey) is a map of
Frolicher spaces and said to be smooth of f : (X,Fx) — (Y, Fy) is a
differentiable map of differential spaces. The category of Frolicher spaces is
denoted by FRL.

In this paper, in section 1, we develop a geometric setting for polar
coordinates and use the notions developed to introduce a geometrical setting
for cosmic strings such as one finds in [5]. After introducing tangent bundles
and vector fields for Frolicher spaces, we discuss the Frolicher space structure
of the quotient of R by the equivalence relation identifying —1 with 1 and then
examine the Frolicher structure of the the part of R” defined by x; > 0 with
a view to applications to manifolds with boundaries. We form the quotient L
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which identifies points of the form (r,0) according to the usual conventions
of polar coordinates. We would like to identify L with the Frolicher subspace
of R3 defined by z2 = x2 +y2, a cone. We let however V (see Example 7)
denote the Frolicher space whose underlying set is the subset of R3 defined
by zZ=x2+y?2 but with the Frolicher space structure induced from a suitable
natural bijection from L to {(x,y,z) | 22=x%+ yz}. It is the Frolicher space
V' that we use for examples in our later work. Our approach shows how one
can work with quotients even when one can not identify them with a naturally
corresponding Frolicher subspace of R". The product R x V x R in FRL is
then the space time S of a cosmic string. The space time S is a quotient of

R x R2 x R. In section 2 we start by showing that our “natural” definition
of type (0,s)-tensor bundle for a Frolicher space X is smooth isomorphic
to the usual (0, s)-tensor bundle on X if X is a finite dimensional smooth
manifold. We show that the metric dt% + dr? + rd6 + dw? induces a local
cone quasi-Riemannian metric, appropriately defined, on the space time S of
a cosmic string. In section 3 we start by characterizing vector fields on V and
then define metric connections for arbitrary Frolicher spaces. For the polar
Riemannian metric and the Poincare metric on V, the connection coefficients
are found. The Riemannian curvature tensor, the Ricci tensor and the scalar
curvature are defined for an arbitrary Frolicher space A and zero in these
eases. These definitions require a suitable trace function on the set of linear
maps y[A] — x[A] where y[A] is the set of vector fields on A. The Einstein
tensor can then be introduced. In section 4 we extend the results of section
3 to the space time S of a cosmic string and determine geodesics for the
Levi—Civita and Poincare metrics on S.

This work shows that one can in a fairly natural way replace the Levi—

Civita metric on R x R? x R by a non-singular metric on the singular (or
non-smooth?) Frolicher space S. Since the vector fields on S vanish at its
singularities, the study of connections and their attendant notions become,
aside from a change in scalars, the study of connections on an open subset of

R x R? x R for a non-coordinate basis.

1. Tangent bundles: some examples

Let (X,%x) be a differential space. See [2] for additional detail and
examples related to this section. A tangent vector V at P € X is a derivation
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V:%x — Rat P, i.e. a linear map such that

V(fg)=f(P)V(g)+g(P)V(f).
The set of such vectors form the tangent space TXp to X at P. Let c € T'F x,

f € & x suppose that ¢(0) = P. Suppose that V. is the derivation defined by
setting

V. = timf 2€® —=f o)
1—0 t
Then, TC Xp is the set of all V, such that ¢ € T'% x and c¢(0) = P. We call
TC Xp the tangent cone to X at P.

We now use the fact that the category #RY is Cartesian closed [3]. Let
X and Y be Frolicher spaces and (X, Y)={f : X — Y |f is smooth}. Then,
because FRL is Cartesian closed, (X, Y) has the structure of a Frolicher
space in a natural way. In particular,

J x = (X, R) will be considered to be a Frolicher space.

DEFINITION 1.1. The sets
Dx ={D:Fx — R| D is a derivation at some P € X}

and D x g, which consists of all V. € Dy such that ¢ € €x, c¢(0) = P and
P € X cal be viewed as Frolicher subspaces of (¥ x,R). The tangent bundle
TX (resp., tangent cone bundle TC X) on X is then the Frolicher subspace of
X xPDx (resp., X xI x,¢) consisting of all (P, D) such that D is a derivation
at P. The projection map # : TX — X (resp.,, [l : TCX — X) is the
smooth map sending (P, D) to P. A vector field on X is (most properly)
a smooth section of Il or (more generally) m=. We let TXp = n_l(P) and
TCXp=IT"1(P).

We note that if A is a subset of a Frolicher space X, with inclusion i4:
A — X, then A acquires a Frolicher structure by letting € 4 be the set of all
c:R— Asuchthatijox € €x.

EXAMPLE 1. In [2] we showed that TR" was smooth isomorphic over
R” too, in effect, the usual tangent bundle by a map v : TR" — R" x R"

n
where if (P,D) € TX and D = ) d;e;, using the notation in [9], then
i=1
v(P,D)=(P,(d;)).
EXAMPLE 2. Let ~ be the smallest equivalence relation on R for which
—1~ 1. Then, we write R/ ~= R/{—1,1} =2 and let ¢ : R — 2 be the
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quotient map. Then, f is a scalar on 2 if f og : R — R is smooth. One can
view 9 as a cubic curve defined by y? =x2(1+x) and having one singularity

which is a node. In that case, one can write g (t) = (12—1,t(r2—=1)) and then f
must be smooth on each branch of 2. Let P=¢g(1) € 2. It is clear that TCDp
consists of two lines meeting at the origin and TPp is a two dimensional
vector space. Suppose that ¢ : R — R is an increasing smooth (braking)

function satisfying a(r) =0 for || < é and (1) =1 for |t| > % Define a vector
field Vi : D — TCD C TD by setting V,(q(1)) = <q(t),a(t2— 1)%). Let

po denote projection onto the second factor. One has, for a smooth function
g:D—R,

dgogq

p2 0 Vilg@)(g) =a(@® - 1) -

t=a

and pjy o Vi(gq(¢)) is O in a neighborhood of a =41. The direction in which
flow occurs on & for Vj is from t = —oc to oo. Another vector field V,(g(1))
on J) is given by

a? —1)%8% ifa <1
P20 Valg(a)(g) = n
—a@? - 1%L ifa>1.
t=a

The direction in which flow occurs around J is cyclical going from —oo to
q(—1) to g(1) and then around the path from g(1) to g(—1), repeatedly. We
note that any smooth vector field on & must be 0 at g(1) and hence ¢g(1) is a
sink.

EXAMPLE 3. We will provide below in Example 7 a geometrical basis for
polar coordinates. As a beginning, let =, be the smallest equivalence relation
on R? such that (x,y) ~ (x/,y) if and only if x = x’ and y =y’ + 27n for
some n € Z, the integers. Consider the quotient 7 :R?> — R?/~ = S. The
set S can be identified with the cylinder K = {(x,y,z) | x*> +y% = 1} by
the map « : S — K sending g(x,y) — (cos(y),sin(y),x). The set S has the
initial topology and Frolicher structure determined by the set of all f : § — R
such that f o g is smooth on R2. The set K is a submanifold of R3 and
one readily sees that K is a homeomorphism. Since «’: R — K, defined by
setting k/(x,y) = (cos(y), sin(y),x), is smooth, g is a quotient map in FRL and
k' =k oq is a smooth map. Since «’ and ¢ are locally smooth isomorphisms,
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x~! must be smooth. Thus, k : § — K is a smooth isomorphism and g can

be taken to be «’.

EXAMPLE 4. One would like to handle manifolds with boundary in the
context of Frolicher spaces. For this purpose, we consider the set Ry{r €
€ R|r >0} and endow R, with its Frolicher subspace structure as a subset
of R. The contours €R . on Ry are those curves ¢ : R — Ry such that, if
iR, : Ry — R is the inclusion, then iR, oc is a smooth curve. Let #, consist
of functions f : Ry — R which are right smooth at 0 but otherwise smooth in
the usual sense. The following result shows that #g, is as nice as one might
expect.

PROPOSITION 1.1. R, =%+.

PROOF. It is easy to show first that #, o 6g, C . and hence that #, C
C 7R, The inclusion #g, C %4, and thus the validity of the proposition,
then follows as a consequence of the following result to be found (here stated
with some simplification) in section 17 of [7]:

PROPOSITION 1.2. (Smooth maps on subsets with collars.) Let M and
E be manifolds of the same dimension and M be a submanifold of E with
boundary o M #(). Then, every smooth map f : M — R in the sense of
Frolicher spaces extends to an open neighborhood in E of 0 M .

EXAMPLE 5. We continue with the previous example and show that R4
can be viewed as R folded in half in ZRZ. Let & be the smallest equivalence
relation on R which identifies any number a with —a and g« : R — R/Z=R
the quotient in #RL. We prove:

PROPOSITION 1.3. The quotient R/# is isomorphic to (R, 7R, ,6R,) in
FRL.

PROOF. Let n : R — R; be a function defined by setting n(x) = x2.
Clearly, n is smooth. Thus, as g4 is a quotient map, there is a unique map
v : R/ ~— Ry satisfying v o g, =#. Note that (g, (x)) = x2. Clearly, v is a
bijection and one need only show that v~ is smooth. The smooth maps on
R/ ~ are those functions f : R/ ~— R such that f o ¢, is smooth on R. As
f o gx, is a smooth even function, one can apply the result of H. WHITNEY
(see [13]) which says that every even function & : R — R can be written
h(t) = g(t%) where g : R — R is smooth. Thus, if h(t) = f o g«(¢) and g IR+
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denotes the restriction of g to Ry, f ov—l(1) =f ov_l(n(\/?)) =fog.(\/t)=
=g |R, (1) € IR, and, applying the fact that Fg, = FR, « € ER,., our proof
is complete. |

REMARK. For f € #g, . € 6, and with f(0)=c(0) =0, since f o c(?) is

an even function, lir% @ =0. Hence, (TCR}), =0. On the other hand, as
11—
IR, =T+, it follows that % 0 is a bass for (TR4),.
1=

Let now R, =R, xR"~! have the Frolicher subspace structure inherited
from R". As above, using the fact that the product of a quotient map and
identity map is a quotient map in the Cartesian closed category #RL, one
can show:

PROPOSITION 1.4. The set #g,n of scalars on Ry" is equal to the set
F" of maps f : Ry" — R such that f is continuous, f is smooth on the set of
points satistying x| >0 and the partials of f, taken from the right (resp., just
taken) at a point of a hiperplane x| = 0 in terms of the first variable (resp.,
variables other than the first), exist and are continuous on R".

As for Ry, R, is R” folded in two (n > 1).

EXAMPLE 6. The tangent cone space (TCRy")p to a point P of Ry
having first coordinate 0 is isomorphic to R"~!. The tangent space (TR")p
for P € R." is isomorphic to R".

EXAMPLE 7. The notation in this example plays an important role in the
next section. A set map may define different smooth maps depending on the
Frolicher structure of domain and codomain. To avoid any possible ambiguity,
we will label the set maps differently corresponding to different domains or
codomains.

Let ~ be the equivalence relation defined on R2 which is generated by
setting (0,0) ~ (0,0") for all 6,0’ € R and (r,0) ~ (r,0 +2) for all r,6 € R.
Define a smooth map p : R? - R3 by setting p(r,0) = (r cos0,rsinf,r).
Notice that A ~ B implies p(A) = p(B). Since ¥RL has final structures,
there is a Frolicher quotient structure on R? / ~ and quotient map q : R? —
— R?/ ~ in FRL such that, for a unique smooth map jy, the following
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diagram commutes:

Fig. 1.

The map jy is a set bijection onto the cone V ={(x,y,z)|z2=x2+y%}. We
will endow V with the quotient structure on R? ~ that it obtains from the

bijection jy, and not necessarily the subspace structure that it inherits from
R3. In this way, the quotient map p (unique up to isomorphism) is just the
map q : RZ -V, equal to p as a set map, and the inclusion jy : V — R3isa
smooth map but V is not necessarily a subspace of R3 under Jjv. We will call
g the polar quotient (map). The map ¢ : RZ — {(r,0) | r=0}— V—{(0,0,0)}

is locally a smooth isomorphism. Of course, although it is not necessary for
our arguments, it would be nice to show that V was a subspace of R3 which

we think likely but have found difficult to prove. The cone V' with its quotient

structure can be viewed as a geometric setting for polar coordinates.

Let V denote {(x,y,z) | xZ+y?= zz} with the structure that it has as
a Frolicher subspace of R3 and iy : V — V denote the identity map. The
map p; : R2 — V, where pj(x) = p(x) for all x € R?, is easily seen to be
smooth. Thus, suppose ¢ € Gpr. Aspoc: R — R3, the composite of two
smooth maps, is smooth and p oc(t) € {(x,y,z) | x> +y? =72} for each t € R,

piroc=poc € Gy and it follows that p; is smooth. Since g is a quotient

map and as a set map agrees with p, iy is the unique smooth map such that

lyoq=pi.
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Most of the important smooth maps that we have defined and will use
later appear in the following commutative diagram:

q
RZE—— v
P1 .
ly
A4
p
ky
R3
Fig. 2.

where ky is the smooth inclusion of V into R3 and (ky)x: TCV —-TC R3=
=R3 is a one-one fiber preserving map. We also write jyy =ky oiy.
Let K be the cylinder (see Example 3) and = the equivalence relation

on K where (x,y,0) = (x/,y’,0) for points (x,y), (x’,y’) € S!, the unit circle.
Consider the quotient K/ = of K by = and the quotient map § : K — K/ =
in FRL. Let u* : K — R3 be the smooth map K — R defined by setting
u*(x,y,z) = (zx,zy,z). Since u* collapses S! x 0 to a point, there is thus a
unique smooth map y : L — R3 which is a bijection onto {(x,y,z) | 22=x2+
+y2} making the following diagram commutative.

A

1 2
K — R/ =
x

Fig. 3.

R3

As above, let W be the set {(x,y,z) | xZ+y?= 12} but with the quotient
structure obtained from § via y and where, as a set map, § =u™.

Let k' be the map defined in Example 3. Using the fact that ¢ is a quotient
map in #RL, one obtains a unique smooth bijection 0 : V. — W such that
G ok =0 ogq. Using the fact that k’ is a local isomorphism, one obtains a
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unique smooth map ¢” : K — V such that ¢” ok’ =g. One checks to see that
P = Q implies ¢”(P) = q¢"(Q). Using the fact that § is a quotient, it follows
that there is a unique smooth bijection € : W — V such that e 0 g = ¢”. One
checks that 0 o e o g ok’ and hence, since § ok’ is surjective, § o€ is the
identity. Similarly, e 0d og =€ 0§ ok’ =¢q and since ¢ is a surjection, € 00 is
the identity. It follows, as one would expect, that V' is isomorphic to W in

FRL.

EXAMPLE 8. The representation of physical situations is often very natu-
ral using Frolicher structures. Consider a slit in the reflective wall x; =0 at

x, =0 in R2. Then, the contours (light rays) either
e follow straight lines on either side which when they meet the wall are

reflected at equal angle. In particle terms, at a point of reflection, the
speed of the contour must be zero.

e are the straight lines which pass through (0,0) to the other side of the
wall.
In this case the scalars need only be smooth along each line and the points

of the reflective wall act like points of the boundary of Ry2. Clearly, there
are many useful permutations on the description just given.

2. The singularity of a cosmic string

This section is concerned in part with some of the notions dealt with by
GRUSZCZAK, HELLER, SASIN [5] and HELLER, SASIN [4]. Let

¢'=IgxqgxIgR:RxR>xR—->Rx V xR

where ¢q is the polar quotient (see Example 7) and IR is the identity on R.
Since the product of a quotient map and an identity map in a Cartesian closed
category is a quotient map, ¢! is a quotient map. The subvariety and Frolicher
subspace S =Rx V xR of R xR? xR is called in [5] in the case of differential
spaces “an ‘extension’ of the space-time manifold of the cosmic string onto
its singularity”. The singular locus sing(S) of S is the set R x {(0,0,0)} x R.
We wish to show that the Levi—Civita metric [5]

ds? = —dt* +dr® + r2do? + dz*

on R* is induced by a metric on S.
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DEFINITION 2.1. Let (7°)* : TX ® TX &...® TX — X be the pullback

s-times

of a xmx...xm: TX x TX x...x TX — X* along the diagonal map
— ———

s-times

A: X — X* which is clearly smooth. The set & TX =TX O TX & x & TX

s-times

is usually called the s-fold Whitney-sum of T X.

Let f : X — Y be an arbitrary smooth map. Then, f induces in turn
(using the Cartesian closedness of #RL),
1. a smooth map f’: (Y,R) — (X, R) or using alternate notation f* : ¥y —
— gX,
2. a smooth map f** : Der(¥ x) — Der(¥ y) where Der(¥ x) denotes the
set of all derivations on the ring & x at some point of X,
3. a smooth map
Fxf*™ =f.: X x Der(¥x)— Y x Der(Fy)
and thus a smooth map fix : Tx — Ty such that, for the projections
ax: TX —-X and:ry :TY - Y,ny Of* =fO.7TX,
4. a smooth map
foo : MULTILIN($* T Y ; R) — MULTILIN(&* TX; R)

where, for each P € X, MULTILIN(®° TX;R) consists of all smooth

maps f : ®° TX — R such that f | p: ®° TXp — R is a s-multilinear map

and 1.5 (g) =g (fs,...,f«). We write LIN instead of MULTILIN if s = 1.

5/_/
s-times

With suitable modification, one obtains corresponding notions on repla-
cing TX by TCX and TY by TCY. Thus, amap h: TCX — R is linear
if, for each p € X, h | |p(c1 Ty +c2Tr) =c1h |p (T1) + cah |p (T>) whenever
TCP|p and c1,cp €R.

At this stage, our map theoretic discussion, using the Cartesian closedness
of #RL, comes screechingly to a halt and, to proceed further, we introduce

the tensor bundles TSOX of type (0,s) among whose sections, when s =2, are
those that one can consider to be quasi-Riemannian metrics.

DEFINITION 2.2. The tensor bundle TS'O(T) of type (0,s) is equal the
Frolicher space

X x MULTILIN(®’ TX;R)/ =~
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where (P,f) =~ (Q,g) if and only if P = Q and there is a neighborhood U of
P such that

Fli@syy=1w)= 8 lsys-1w) -
The equivalence class of (P,f) will be denoted by [P,f] or [(Pf)]. Repla-
cing TX by TCX, one obtains the tensor cone bundles. The projections
JT? and H? of the tensor and tensor cone bundle are the evident ones. A

section s of n? or H? is called a (0,s)-tensor field if, for each P € X,
there is a neighborhood U of P such that s(Q) = [(Q, K)] for some K €
€ MULTILIN(®®* TX;R) and all Q € U. An 1-form is a (0, 1)-tensor field. a
local cone quasi-Riemannian metric g is a (0,2)-tensor field such that, if gp

is the restriction of g to (Hg)*l(P), then
® gp(U,V)=gp(V,U).
e The induced preserving map, arising from the Cartesian closedness of
FRL and thus smooth, g« : TCX — T?CV, where (g«)p(X)(Y) =
=gp(X,Y), X, Y€ {Jr_l(P) and P € X, is a smooth isomorphism.

A local quasi-Riemannian metric is defined by taking J'cso instead of Hg, TX
instead of TCX.

In [2], we have shown, if X is a smooth finite dimensional manifold, that
there is a smooth isomorphism between T{)X and the usual tensor bundle of
type (0, 1). We now extend this result.

PROPOSITION 2.1. Let X be a finite dimensional smooth manifold. Then,
the usual tensor bundle of type (0,s) is smooth isometric to TSOX .

PROOF. Let X =R” and 77 : X x MULTILIN(&* TX;R) — T?X be the
quotient map. A map 7 : R — TSOX is smooth if and only if f o7 is smooth

for each smooth map f : TSOX — R. But f is smooth if and only if f o is
smooth on X x MULTILIN(&* TX;R). Let [(P, L)] be an equivalence class
in T* X and

n
(1) L |((nS)*)71(P): Z ail,iz,...,is,delldxlz .dx® |P .
i1 5eemnis
There is then a bijection v : TSQX — R" x R" sending [(P,L)] to
(P,(aj, i,...is,))- We wish to show that this bijection is a smooth isomorp-

hism. Let ¢ : R — T?X be a contour and write v(t) = v o ¢c(t) =
= (P, (@i iy,....is,p, (1))). Using the fact that 7 is a quotient, one sees that there
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is a set map ¢ : TSOX — X such that ¥ on =1 where 1; is projection onto
the first factor X. As A{(P;, L;) = P; is smooth in t and ¥ = P} ov, where P,
is the projection of R" x R" onto the first of two factors, v is smooth in its

first coordinate. Note that this argument shows that 0 is smooth.

Define Gil,iz,...,is X x MULTILIN(@*TX;R) — R by setting
Oiis,.is (B L) = aj iy, i, p using (1). Again, as 77 is a set quotient, there
is a map pj iy, s T*X — R such that Pipinsnis ©N = 0iy is,....is- We wish

first to show that 6; ;, _;  is smooth. Let d : R — X x LIN(TX,R) be a
smooth map and d(¢) = (P;, L;). Then, L; is smooth in ¢ if and only if the
associated map L:R® TX — R defined by L@t,v) = L;(v) is smooth.
Identifying ®° TX with R" x R™ one can write

Z(I7PT,W17"'7WS)) :A(I7PI)W1W2"'WS

where A(t, P) = (Al1>+i5 (¢, P,)) is a (0, s)-tensor with entries which are smo-
oth functions of t and P; wy,...,wy are vectors in TXp,; and Az, P)-wy...

...ws is computed using ordinary tensor operations. Let w; = % Then,
i
'

and thus
are smooth. Since p;, i =Py, ..is) 0V, Where By, i)

guensls

iy,...is,P; (t)= 6,—1,'“,1& oc(t)=A(t,P)-wy,...,ws. Hence, the 6,—1
also the pj; i
is projection on the iy,...,is-th coordinate of the second factor of R" x R"™¥,
v must be smooth.

Conversely, suppose that the a; ;. p,(t) for i},...,ig=1,...,n and B

are smooth functions of ¢. Then, letting

n
B)=| B, Z ail,...,is,P,(f)dxildxiz---dxis P,

i]mds=1

and using the identification of ®* TX with R"” x R", one sees that § : R —

— X x MULTILIN(&* TX;R) is smooth and thus ¢ o8 is smooth. Hence,
v 1 is smooth and the conclusion sought follows.

Patching together local smooth isomorphisms, one extends to arbitrary
finite dimensional smooth manifolds. |

We return to our smooth map f : X — Y and let x?[X ] denote the
collection of s-forms on X. We will define the pullback map (fSO)* :XQ[ Y]—
— x?[X]. Suppose that a : Y — T?Y is a s-form and P € Y. Then, P
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has an open neighborhood U; such that a(Q) = [Q, K;] for fixed K| €
€ MULTILIN(®* TY;R) and for Q € U;. We let (fso)*a(R) = [R.f) K]
for Re f~1(U)). Let Q € U N Uj and a(S) =[S, K;] for S € U, and fixed
K> e MULTILIN(¢* TY;R). Then, for Ref Y (U)Nf1(U), (O *a(R) =
=[R,f K] and (fso)*a (R) = [R,f; K>] in the two representations. Because
of the nature of the equivalence relation ~, K; |((ns)*)*1(V): K, |((ns)*)*1(V)
for some open subset V. .C Uy NUyw : TY — Y). It is easy to see
that £ (K |((7r5)*)—1f—1(V)= Jis (K1) |((ﬂS)*)—1f—l(v)- Thus, [R,f5 K] =
= [R,f5K>] for R € =Y U, N Uy). 1t follows that (fso)*a is a (0,s)-form
defined on X and smooth since it is smooth on an open covering of X.

Let ¢ : X — TX be an s-form, § : X — 7},X be a p-form and P € X.

There is an open set U containing P such that a(Q) = [Q, K] and B(Q) =
=[Q,L] for K e MULTILIN(®*TY;R), L € MULTILIN(®*TY;R) and
all Q € U. One defines a p + s-form af by setting af(Q) = [Q, K L] for
QcU.

With these definitions, it is not difficult to show:
PROPOSITION 2.2. [. For an s-form a and a p-form f3,
() @B) = (D @ED*B).
2. Fors forms o and f3, (fso)*(a +p)= (fso)*(a) + (fso)*(ﬂ).
3. Letg: Y — Z be a smooth map. Then,
(g oI = ()" o (5"

When there is little chance of confusion, we write f* instead of (fso)*.
We now return to our discussion of cosmic strings. Consider the quotient

S of RxR2 xR described above where ¢* : Rx R? xR — S was the quotient
map. We use the notation in Example 7. In order to relate the Levi—Civita

metric on RxR2 xR to a metric on S, we for simplicity consider the quotient
g :R% = V. Since ¢°! = Iy x ¢ x Iy, the Levi—Civita metric is pulled back in
the first and last coordinate in the evident way (see section 4).

First, we show:

PROPOSITION 2.3. The tangent come space TCV ¢ s equal to

0
— ,0/ R
{a(Pl)*ar 0" |a }
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and the map (iy )« : TC V(00,0 = TCV 0,0,0) 1s bijective.

PROOF. Set B = {a(pl)*aa—r |a,9’ER}. Letc : R — V be a

r,0,0
contour with ¢(0) = (0,0,0), f € Fy C #y and without loss in generality
suppose that f(0,0,0) = 0. Using the quotient map g : K — V (see Example
7), one sees that f as a function on K has near z =0 the form k +z H(x,y,z)
where (x,y) € Sl zeR, k=0as f(0,0,0) =0 and H is a smooth function
on K. Thus, near t =0, f(c(t)) can be written

fle@) = e3()H <Cl(” Cz(”,cg(n)

c3(t)” c3(1)
if c3(1)%0 and f(c(t)) = 0 if c3(t) = 0. If ¢3()#0, one has g;_g; gg_gg\ <1

and then, since c¢3 is a smooth function R — R and H is smooth, we find
t t

e, <01( ) )
c3(t)” c3(1)

some constant M and for ¢ near 0. Hence if

fe@))
t

B

,C3(t)>‘ < le3()|M

< lim le3(®)

< M =0.
1—0 |t

c4(0) =0, lim ‘

If Ve € TCV(0). then Vef = lim LD gf ¢£(0) = 0, as we have just
» t‘)

seen, V.f = 0 and hence V. € B. Thus, one can assume that cg(0)¢0 in

which case
/ /
Vof = chOH (Cl(o) ) c3(0)> |

ch(0)’ c4(0)’

On the other hand, (pl)*aa—r

is a derivation on ¥y where
r=0,6' o
ad

f=3 f = G(cos(®"),sin(0"),0).
r=0,0

r=0,6'

0
(pl)*g

Since (c1(1))* + (c2(1)* = (c3(1)%, 2¢1(D)ey (1)eq (1) +2e2(1) = 2¢5(1)e3(0)
and, hence, as one can assume that c3(¢) is not zero near ¢ =0 except possibly
at 0,

c1 () ej®) e ey _
c3(t) c3(1)  e3(0) c5(t)
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near t =0 except possibly at 0. Letting t+ — 0 and using I’Hospital’s rule, one

obtains
/ 2 / 2
c}(0) N c0))
c4(0) 40 )

/ !/
.« . . Cl(O) _ / C3(0) s / /
This implies that <—Cg(0)> =cos(f’) and (Cq (0)) =sin(@") for some 6’ € R.

Thus,

d
‘q=é@;- f
"lr=0,6

and then V. € B. The inclusion B C TCV |qq0) follows from
1)+ TR? |, g g/= ()« TCR* |,_06/C TCV (0,0)-

Suppose that (iy)« Ve = (iy)s« Vg for ¢, d € 8. Then, for all f € Fy
and, assuming without loss of generality that c¢(0) = d(0) = (0,0,0) and
£(0,0,0)=0, one has

i €O _ o fd@)
t—0 t t—0 t

The maps f; : V — R defined by setting f; (x1,x,x3) =x; fori =1, 2, 3 belong
to #y . Substituting these functions for f, one finds that ¢/(0)=d/(0) fori =1,
2, 3.

Suppose that cg(O) = dé(O) =0. It follows from our derivation above that

L fe@) @)
t—0 t t—0 t

0.

Suppose that ¢4(0) = d}(0)=0. Since the ¢;(r) are smooth functions with

ci(?)
]

c;(0)=0fori =1, 2, 3, it follows that the functions u;(t) =

ci(®)
t 9

, where u;(0) =

= lim
t—0

uz(0) = cg(O);éO. Thus, for i =1, 2, v;(t) = 5;—8 = Z;—((tz)) is smooth. Taking

limits and taking into account similar formulas for the curve d, one has, using

I’Hoépital’s rule,

i L) _

t—0 t

= c5(1)H(v1(0),v2(0)) + c3(0)[ Hy (v (0), v2(0)v{ (0) + Hy (v1(0), v2(0))v5(0)] =

are as a consequence of Taylor’s theorem smooth. Furthermore,
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/ /
= c5 (0 H(v1(0), v2(0)) = d5 (O H (Cl<0> C2(0)>

c4(0)” c5(0)

d,(0) d}0)
d5(0)” d4(0)

0]
t—0 t

=%©H<

Thus, V.f = C4f forf € Fy, V.=V, and then, as a consequence, (iy)s is
one-one. Since (1)« = (iy oq)« = (iy)«0(q)+« has been shown to be surjective,
$0 is (I y)«. |

Let dr2+r2d6? be the Levi—Civita metric restricted to R2. For the smooth

inclusion jy : V — R3 (see Example 7), the vector aa—r is mapped by

0,0

pr=(iy oq) o
ad . d ad
COS(G)& + Sll’l(e)@ + 5

which is a tangent vector in R3 and tangent to the cone at (0,0,0).

We now consider the 1-form dr on R2. For a 1-form w on R3, letw|y =
=jy. In particular, one writes dz|y =jy,dz. Since jj,0 X = ((jy)«X) for
a vector X on V,

dz|y <UV)*1 <a COS(GI)% +a sin(G’);—y + ;_Z>>

=1.
(0,0,0)

Under ¢* and because of (3) in Proposition 2.2, clearly dz|y pulls back to
dr and then also dz |3, pulls back to dr?.

Next we consider the 1-form d6 on R%.The image of % (r arbitrary)
under ps is Y = ()5 = —rsin(0) A +r cos(e)%. The 1-form
cos(0)

r

1
¢*=—;Sin(9)dx|v+ dy|V

on V —{(0,0,0)} satisfies v *(|y)=1 where ¥ |y = (jv)gl(tp). However,

as 9 ~!is a I-form on V, for r =0y *( |y) must be 0 since 9 is then 0 and
Y™ is linear. Thus, ¥ * is not a (smooth) 1-form. On the other hand,

ry* = —sin(@)dx|y + cos(@)dy|y = —de|v + )idy|v
z z

satisfies ryp *(y|y) =r. Hence, ry* is a (smooth) 1-form. One checks readily
that ¢*(ry*)=rd6 and it follows that ¢*(r>(*)? +dz|3,) is dr? +r2d6>.
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One can also write rz(z/)*)2+dz|2v = dx|2V +dy|2v. If P,:R3 — R?is
smooth projection onto the first 2 coordinates and P, = P, ojy, P, is also a
smooth projection and the variable change from (x,y) to (r,0) coordinates is

given by ¢* o P22 where
q*o P;(dx2 +dy?) = q*(dx|2V + dy|2V) =dr? +r?do>.

PROPOSITION 2.4.

e The metric dn’* = dx |2V +dy |2V is a local cone quasi-Riemannian metric
onV,

o The metric dm? = dt|3 +dx|3+dy|§ +dw|} and the Levi-Civita metric
dy? = —dt§ +dx |§ +dy |§ +dw |§ are local cone quasi-Riemannian metrics
onS.

PROOF. We show that dn? is a local cone quasi-Riemannian metric on

V. This proof readily extends to show that dm? and du? are local cone
quasi-Riemannian metrics on S.

The map (Py).o : TCV oy — TCR%,z(Q) is clearly bijective for each
Q € V. Using Proposition 2.3, it follows that (P).¢ : TC Vg — TCR%,ZQ =
= TR%JZ(Q) is also bijective for each Q € V. Since dx? + dy? is positive

definite on R? and dn?(X, Y) = (dx? +dy?)(Py, X, P>, Y), it follows readily
that g = dn? induces a one-one smooth map g«: TCV — T})C V.

We will write down now explicitly the effect of applying g«. Let W €
€ TCV. Then,

ad d
W = — +bgx— =
A4, P50
. ad . ad ad
=(acosf —brsin@)—| +(asin@ +brcosf)—| +a—| .
x|y ay |y 9z |y
Thus,
gx(W) =

= (dx|2V +dy|2v)(W) =(acos® — brsinf)dx|y + (asinb + brcosO)y|y.

If L=Cdx|y+Ddy|y, solving a cosf—br sinf = C and a sinf+br cosf = D,
one finds that

9 9
W=g, (D)=C—| +D—
0x d

0
+(ccos@ + Dsinf)—
Yiv d

Zlvy

v
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Let x : R — T02CV be a smooth curve. Write c(t) = C(t)dx|y,p) +
+ D(t)dy|V,p(,) where P(t) € V. The curve c(t) is smooth if, using the
Cartesian closedness of FREL, c(t)(X) is a smooth function of ¢ for each

X € TCV. Letting X = % VP and X = % V.P©) one sees that C,
(1 L P(t

D :R — R are smooth functions.

Thus, to show that g, Lis smooth, one need to show that
W) =g (c(t) =

+ D(t)i + (C(t)cosO + D(t) sin@)i

P
=C@{t)—
Ylv.po 0z

ax

V,P(t) V,P(t)

is a smooth function of 7. But, using the Cartesian closedness of FRL, W(t)
is smooth if W (¢)(f) is smooth for smooth functions f : V — R. Expressing
W (t) in polar coordinates, one has

N (DcosB(t) — CsinfO(1)) i
P() r(t) a0

W(t) =(CcosO(t)+ DsinO(1))gx aa_r

P(t)-

Since V has a quotient Frolicher structure given by ¢, f € # y if and only
if f as a function R? — R is smooth and can be written f@r,0)=c+rg(r,0),
for r near 0, where g is defined and smooth near »r =0 and f (r,0+27) =f (r,0)
for all r, 6. It follows that

d 6
W) = (CcosO(t) + Dsind () 28
or P(l’)
d 0
H(DcosO(t) — Csinf(y) 29
is a smooth function of ¢. Thus, g, I'is smooth. |

DEFINITION 2.3. The 2-form r2(y*)? +dz? = dx|3, +dy|3, on V will
be called the polar Riemannian (cone) metric on V. Similarly, the 2-form
dt|%~ +r2(1/1*)2+dz |%+dq |§ on S will be called the polar Riemannian (cone)
metric on S. The metric —dt |?9+r2(1p *)4dz |%~ has been called the Levi—Civita
(cone) metric on S.
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3. Connections on the Frolicher space cone V

We consider the cone V with the quotient Frolicher structure provided in
Example 7 in this section. We extend the results that we obtain in this section
to the Frolicher space-time S of a cosmic string in the next section. A general
reference for this section is [9]. As we have shown in the previous section,

W, =g« 9 =cos((9)i +sin(0)i +i
aor x|y Iyly 9z|y
and
a a a
Vo =q (—> = —rsin(@)—| +rcos(@)—
o =%\ a0 x|y ay |y

generate TV, cos(9),rsin@),) for r#0 and, for r = 0, every vector in
TCV|0,0,0) has the form a W, for suitable a, 6 € R

PROPOSITION 3.1. The assignment (r cos(0),r sin(0),r) — Vyp but not the
assignment (r cos(0),r sin(0),r) — W, defines a smooth vector field on V.

PROOF. The vector field Vy defines a smooth vector field on V if and
only if Vpf € Fy for each f € Fy. But, f(r,0) € Fy if and only if f as
a function R? — R is smooth and can be written fr,0)=c+rg(r,0), for r

near 0, where g is defined and smooth near r =0 and f(r,0 +2m) =f(r,0) for
all », 0. Thus

d _i _9g(r,0)
q*(a—e)m—ae(f)—r -

near r =0 and thus g« (55) (f) € Fy. On the the other hand, near r =0,

ag(r,0)
aor

d ad
g <a—> ()= 5 =g(r,0) +r

and thus g« (£) (f) need not belong to Fy . ]

Refining the considerations in Proposition 3.1, one sees that the general
smooth vector field has the form X = Fy(r,0) Vy+G.(r,0) W, where G.(r,0)
vanishes at r = 0, Fy(r,0 +2m) = Fy(r,0) for all r, 6 and G.(r,0 +21) =
= G;(r,G) for all r, 6. In particular, if one sets V, = rW,, V, is a vector
field on V and we see that any smooth vector field on V has (0,0,0) as a
stationary point. Thus, X can be written X = Fy(r,0) Vy + G-(r,0) V, where
Gy (r,0) and Fy(r,0) represent elements of v, Fy(r,0 +2m) = Fy(r,0) for
all , 0 and G, (r,0 +27)=G,(r,0) for all r, 6.
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We introduce the general definition of connection, metric connection and
then specialize to V in this section and the space time of a cosmic string in
the next section.

DEFINITION 3.1. Let A be a smooth space and x[A] be the set of smooth
vector fields of A. A smooth map V : y[A] x y[A] — x[A] is a covariant
derivative or connection if

1. V is bilinear
2. VixY=fVxY forf €F4.
3. Vx(FY)=X[f1Y +fVx Y for f € F 4 (the Leibniz rule).

Let x?[A] denote the collection of tensor fields of type (0, s). One defines
a smooth map 19 : y9[A] — MULTILIN(&® T A;R) by letting

h@)(X1(Q), ..., Xs(Q)) = @ p(X1(Q),..., Xs(Q))

for Q in a neighborhood of P, where w (P) =[(P,w p)] and w p defines @ in
a neighborhood of P. The relation, where h = ho,

D Vz(h(@)X, Y)) = (Vzh(@)X, Y)+h(g)(VzX, Y)+h(g)(X,Vz(Y))

implies that the map V zh(g): TA® TA — R is smooth and one defines V zg
to be the map sending P to [(P,V zh(g))].

DEFINITION 3.2. The covariant derivative V is a metric connection if and
only if Vxg =0 for each X € y[A].

Since any vector field X on V vanishes at (0,0, 0), any connection on V'
can be viewed as a connection on V—{(0,0,0)} and, in this way, a connection
on R? — {(r,0) | r = 0}. Thus, if V is a connection on R? — {(r,60) | r = 0},
one defines a connection V, on V using the relation V.(g«(X),q«(Y)) =
= V(X, Y). For a metric g on V, one defines V.(g) by setting V«(g) =
= V(g*g) or alternatively, using (). Thus, V is a metric connection for
q*g if and only if V, is a metric connection for g. The Levi—Civita or
polar connection VX on R? is defined to be the unique symmetric metric
connection for the metric dr2+r2d6? on R2. See [9]. The unique connection
on V —{(0,0,0)} induced from VL is denoted V*L. The metric connection
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vi (see [9)) has been shown to satisfy with respect to the coordinate base

{er,eq } where e, = aa_r and ey = %:

L
Veer=e, 7, =0

L — Vo !
Veeg=eyl' = €0

1
VeLeer = eyl“),/ =€

L _ Vo
VEH eg =eylyy =—reg
where the I"’s are the connection coeflicients.

We view V; and Vjp as providing a non-coordinate basis on V. In terms
of V, and Vjy, the above relations become

VOV, Ve = (VD wr W = r(VE wr W, =
= r(VO)w, (NWr = r(VDw, Wy) =

0
=r <_rWr +O> = Vr’
ar

1
VOV, Vo =r(Vw, Vo = r-Vo =V
Vv, Vi= Vg
(Vf) Vy Vg = —V, (the r disappears).
The connection coefficients thus take on a simpler form on the cone V.

PROPOSITION 3.2. For the geometric setting V' for polar coordinates, the
non-zero Levi-Civita connection coefficients are
=1, Thy=—1, IY =1%=1.
One defines in the usual way the torsion and Riemannian curvature tensor
for a Frolicher space A as follows. Let VA4 be a connection on A.
DEFINITION 3.3.
1. The smooth map TA 1y [A]lxx[A] — x[A] defined by setting TA(X ,Y)=
= V% Y — V‘%X —[X, Y] is called the forsion tensor for VA,

2. The smooth map RA: x[A] X x[A] x x[A] — x[A] defined by setting
RAX,Y,Z)=VyVYZ - VyVRZ - Vix y1Z
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is called the Riemannian curvature tensor for VA,

General results show that as the torsion and Riemannian curvature tensors
T and R corresponding to VI are 0, the torsion and Riemannian curvature

tensors Tk, and Ry, corresponding to Vf are trivial. We provide an indepen-
dent verification of this fact. According to [9], one calculates the curvature
tensor in the non-coordinate basis according to the formula

Riyo = Vi [T = Va [T | + 55 e ~ T35 = 50 TGg
where [ Vg, Vﬂ] =c2ﬁ V). We show:

PROPOSITION 3.3. The torsion tensor Ty, and the curvature tensor Ry, of
VL are trivial

PROOF. Here, a, 3, v, 0, €, etc. are either r or 6. Clearly, since the Fﬁp

are constants, the term V,, [l’g‘ﬁ] A2 {l"g‘ﬁ} in Rg,‘y s 18 0. Also,

9 a ad d 9 0
Vo, Vil= | g | =5 (50 ) —r—557=0
[Vo, Vrl [ae’rar] 30 <r8r> "xr a0
Hence,
a
Rﬂyd - rgﬂ 1—35 o
Substituting the relations in Proposition 3.2, a straightforward but tedious
calculation shows that all the ng 5 sareO.

FpToe

Proposition 3.2 and the fact that [ Vy, V-] = 0 imply immediately that
T* = O. I
Next, we consider the metric dp? =2 +r~2dz |2V on V where ¢*12 +
+ r_zdz|2V) = r=2dr? + d6?. For this metric, one shows readily that V,
and Vp are orthonormal, in the sense that d*(V,, Vp) =0, dp*(V,, V) =
= dp*(Vp, Vy) = 1 if r=0, and lin})dpz(Vr, Vy) = lir%dpz(Vg, Vp) = 1.
r— r—
However, since V, and Vy are O if r = O, dp2 is only smooth on V —
—{(0,0,0)}. Also, dr = %dr and d =d0 are dual vectors in the same way to
—~2 =2
V,, and Vjp, respectively, and dr +d6 = r2dr2+do? = r_z(dr2+r2d92).

The metric r~2(dr? + r2d6?) on R — {(r,0) | r#0} is the Poincare metric
(in polar coordinates). See [9]. It sometimes is more useful to consider the
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Poincare metric than the conformally equivalent metric dr? + r2d6?, r#0,
and thus, on V — {(0,0,0)}, the Poincare metric Y2+ r*2dz|2V which is
conformally equivalent to the polar (cone) metric on V — {(0,0,0)}. Simple
calculations show that, on R? — {(r,0) | r#0} for the usual coordinate basis,

the only non-zero connection coefficient is I'}., = —} and the curvature tensor
is 0. Changing to the non-coordinate basis and calculating as above, one finds:

PROPOSITION 3.4.

e For the metric r ~2dr?>+d6? on R*—{(r,0) | r #0} and the non-coordinate
basis {Vy, Vy}, the connection coefficients are 0 and the Riemannian
curvature tensor is 0.

e For the Poincare metric on V, the connection coefficients and the Rie-
mannian curvature tensor are Q.

e On the negative side, r—2dr? + d0?* does not provide a duality for
TCVi0,0,0)-

In effect, since the connection coefficients are 0 in the Poincare metric,
one might then view V- and Vj as the partial derivatives on V.
Finally, we consider a metric d&§ 2 which is normally viewed as the metric

on the sphere but is here viewed as a metric on R? and then on V. In the
process of developing this example, we introduce some important concepts.

The metric d&2 is defined by setting d&2 = dr? + sin(r)?d6?. Clearly, the
metric is degenerate if sin(r) = 0 and g*(dz|3, + sin(r)’p2) = d&2. The
non-zero connection coefficients for d€2 and r =0, are [pg = —cos(r)sin(r)
and F?e = Ty, cot(r). Changing to the non-coordinate base consisting of
aa_r = aa_r and % = cos(r)%, one determines, as in [9]:

PROPOSITION 3.5. For the metric d€* on R? and, correspondingly, the
metric dz |2V +sin(r)2¢3 on V, the non-zero curvature coefficients are Rgr 0=

_ _ 0 _ 0 _
——Rger—l andRreR——R 6—l,

rr

Let M be a finite dimensional smooth manifold, P € M and R the
Riemannian curvature tensor on M. Consider the linear map Lp : TMp —
— TMp defined by setting, for Y, Z € y[M], Lp(U) = R(U, Y (P), Z(P)).
In a coordinate basis, the Ricci tensor is defined by the relation

RIC(Y,Z)p = (dx",R(eu, Y (P), Z(P))) .
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It is easy to see that RFG(Y, Z)p is the trace of the map Lp defined above and
that its definition doesn’t depend on the particular set of coordinates chosen
or whether one uses a non-coordinate basis.

In our present example, in the non-coordinate basis,

Lr () = (Cadrne “0") (3)

if Y(P)=a P+b%‘P and Z(P)= 2| +dy| .

As the trace of Lp is 0, it thus follows here that RJF%6 is trivial.
Suppose that, for a Frolicher space A, one has a smooth linear map

TR : LIN(x[Al,x[A]) — Z 4,

called a trace map, which is smooth in P € A. In our present example,
tr(L)(P) = tr(Lp) is smooth in P. In many cases, the trace map might be
defined in terms of a non-coordinate basis on suitable smooth manifolds,
possibly infinite dimensional. Suppose that R is the smooth map

R : y[A] x y[A] — LIN(y[A],[A])

induced from the Riemannian curvature tensor R using the Cartesian closed-
ness of #RL. With this motivation, one has:

DEFINITION 3.4. The Ricci tensor RFE(X, Y) on a Frolicher space A is
defined by setting RIC(X, Y) = tr o R(X, Y) and is a map RFE : x[A] x
XX [A] — A-

To finish this discussion, we will define the scalar curvature and the
Einstein tensor for a general Frolicher space. Because of the Cartesian clo-
sedness of #RL, the Ricci tensor RFE(X, Y) induces a smooth linear map

RIE : y[ Al — LIN(([A], 7 4). Let P, Q € A.

DEFINITION 3.5. If the smooth map g« : ¥[A] — LIN(x[A],Z 4) defi-
ned by setting g4«(X)(Y) = h(X(Q), Y(Q)), where g = [(Q,h)] for Q in
a neighborhood of P, is a smooth isomorphism, then g is called a global

quasi-Riemannian metric and the corresponding manifold a global quasi-
Riemannian manifold.

DEFINITION 3.6. For a global quasi-Riemannian manifold, the scalar cur-
vature R on a Frolicher space A is defined by setting R = TR(g o R/.Y\@).
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Thus, to define the Ricci tensor and the scalar curvature using our app-
roach, one needs to have, a priori, a suitable trace map for linear endomorp-
hisms of y[A] and a global quasi-Riemannian metric. In the above examples,
the scalar curvature was always 0. It would be useful to know when a local
quasi-Riemannian metric is a global quasi-Riemannian metric.

Using the Cartesian closedness of FRZL, the smooth map g« above
induces a smooth map g : y[A] X x[A] — Z 4.

DEFINITION 3.7. The Einstein tensor is the smooth map Rf6 — gR.

This corresponds to the definition in [12].

4. Connections and geodesics on the space time S of a cosmic string

We consider the examples in section 3 extended to the space time S =
=R x V x R C R® where, to fix our notation for coordinates (t,q(r,0),w)=
=(t,x,y,2,w) €S. Recall that g% : R x R% x R — S is the quotient map. Let
Vi =(qsz)*59—,, V= r(‘l”)*aa—ra Vo = (51“)*% and V), = (Qit%~ Then, as in
the previous section the set { V;, V., Vy, Vi, } provides a non-coordinate basis
for S — (R x {(0,0,0)} x R) or, correspondingly, {a[,rar, 29> aw} provides
a non-coordinate basis for R x R x R — {(t,r,0,w) | r=0} (but with scalars
arising from the quotient). One can prove, for (¢y,0,0,wq) € sing(S) =
x {(0,0,0)} x R:

PROPOSITION 4.1. The tangent cone space TCSy, 0,0,w) 15 equal {(aVi+
W= | a,b,c,0’ € R} and the map (Ig X iy X IR)«
from the tangent cone to R x V x R to the tangent cone to R x V x R at
(t9,0,0,wq) is bijective.

+ b Vr +cC VW)|t=t0,r=0,0/

EXAMPLE 9. Let ds? = —dt?+dr2+r2d0%+dw? be the Levi—Civita metric
on R* and

(9)

1
w*:——sin(G)dx|5+ dy |S,
B
as in section 2. Then, one has

(@) (—dt|% +r2@*)? +dz|% +dw|%) = ds?



APPLICATIONS OF FROLICHER SPACES TO COSMOLOGY 89

and —dt|§ +r2*)? +dz |?9 is called the Levi—Civita metric on S. Extending

the Levi—Civita connection VL on RxR2 xR to S, as in the previous section,
one obtains:

PROPOSITION 4.2. For the space time S and the given non-coordinate
basis, the non-zero Levi—Civita connections are the same as before:

M, =1, Thy=-1, T5T%=1,
The curvature tensor, the Ricci tensor and the scalar curvature vanish.

The geodesic equations (9) are, using s as a parameter:

2
Moo (N2 2
) rrr#+ (%) — )2 =0
/
3) 0" + (%) 0 =0
4 ", w' = 0.

They are obtained by writing a tangent vector given in terms of r, 8 coor-
dinates in terms of V- and Vjp and then using the connection coefficients
associated with V, and Vy. Solving equation (4) for 6’, one obtains 6’ =

= Ar—!, with A a constant, which on substituting into equation (3) yields

r” = A (assuming r #0). Integrating, one obtains r = As2+Bs+C with B and
C constants. Thus,

9/:#
as2+Bs+C’

PROPOSITION 4.3. The geodesics on S for the Levi—-Civita connection are
given, in two cases, as the images of the following paths in R x R x R under
gt

1. Let A=0. Then,r =Bs+C,0 =D,t=Es+F andw = Gs + H with

E, F, G and H constants. In this case (extending to r = (), one passes

through sing(S) along a fitted line.

2. Suppose that A=0. Then, r = As® + Bs + C and

A
0= _—— 2  4s=F
/As2+Bs+Cs ()
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where the inverse of F has period 25t . In this case, since 0 is undefined
if r =0, one cannot pass through sing(S).

A particular solution to case (2) of the Proposition occurs if A=1, B=0
and C =1 when r =tan(0)? + 1 = sec2(6).

EXAMPLE 10. Call the metric ds? = —dt?+r~2dr?+d0?+dw? the space
time polar Poincare metric on R x R? x R. Then,

(@*H*(—dt) + @ ™) +r2dz|% +dq|%) = ds?

and the metric —dt|§ + ") +r2dz |§ +dq|?9 on S will also be called the
polar Poincare metric. Using our earlier results, one obtains:

PROPOSITION 4.4. For the space time S, the connections for the polar
Poincare metric and the associated non-coordinate basis vanish.

A consequence of this proposition is:

PROPOSITION 4.5. The geodesics on S for the polar Poincare metric are
of the form r(s) = AeBs O(s)=C orof the formr(s)=A, 60(s)=Ds+C
for constants A, B, C and D. None of the non-trivial geodesics pass through
sing(S).

Mo o2
PROOF. The geodesic equations are: r(rriz(r) =0and 8", t", w" =0.

Solving these equations, one finds r(s) = AeBt, O(s)=Ds+C. If D=0, r
written as a function of & must have period 27, which is impossible unless
B =0. Thus, if D#0, r(s) = A, 6(s) = Ds + C is a solution and if D = 0,
r(s)=AeB!, O(s)=C is a solution. ]
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1. Preliminaries

For a positive number a the corresponding Marchenko—Pastur distributi-
on is

(1 — a)dg + YH=G=1=0y gy ifa <1,
lLt =
‘ da—(x—x—1)2 .
Va2 () ifa>1,

where y stands for the characteristic function of the interval

(= va,a+vaD).

This probability distribution appeared in [3] as the limiting mean spectral
density of the random matrices

p
Bu(p)=)_ P,
i=1

where P;’s are independent rank one projections with unitarily invariant dist-

ribution and % — a. It is clear that for a < 1 zero is in the spectrum of By, (p)

with multiplicity n — p yielding the atomic part of the limiting distribution.

. . . t
The limit theorem we treat concerns the matrix %, where ¢ stands for

the transpose and T is a random matrix with identically distributed indepen-
dent standardized elements. The Wishart matrix is a particular, but important

* Supported by OTKA F023447.
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example (see [1], [5]). In [4] an elementary combinatorial proof was given
concerning the mean spectral density of the above mentioned matrix. As the
result obtained there will serve as a base for this paper, we give it here:

If the entries of the p(n) x n random matrix T™ = (§; j)(n) are inde-
pendent and identically distributed with mean zero and variance 1 and all
moments bounded; lim 1% =a then the mean spectral density of the sym-

n—oo

Q) (Tm))’

metric p(n) X p(n) random matrix A = tends to a variant of the

Marchenko—Pastur distribution given by

(1 —a=1og + YAazb—l=a?) (ygr jfl <q

(1.1) T, = i 2mwax
VAGZ XAy () dx ifo<a<l,

where y stands for the characteristic function of the interval

(1 —Va)’,(d+a)?,
that is
lim_ 7,0y (A™)) = m@,)

for all k, where my (it ,) stands for the kth moment of i, and for anm x m
random matrix X

1 m
T = Ez;mx,-i).
1=

Note that the above variant of the Marchenko—Pastur distribution can
be obtained from the original one with the requirement that for its moments
my =amy should hold for n =2, 3, ... with m| =1, where m,, stands for the
nth moment of the Marchenko—Pastur distribution, while m,, means the nth
moment of its variant (of the same parameter a).

The proof is based on the method of moments, which was adapted to
random matrices in the classical paper [7], see also [2]. For details see [4],
where the moments of the Marchenko—Pastur distribution are also calculated
explicitly.

A more general result can be found in [6] concerning sample matrices
of independent elements. However, in our special case the proof is simpler
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(based only on elementary combinatorial methods), partly because the bound
for the variance of

| (M) (T(m)

—tr
n

here is of order n while in the general case it was of order n! (see [6]).

2. Result

THEOREM 2.1. Assume that the entries of the p(n) X n random matrix

T = <§ l(j” )> are independent and identically distributed with mean zero and

variance 1 and all moments are bounded. Moreover, assume that lim
n—oo

=a. Then the empirical spectral density of the symmetric p(n) X p(n) random
Q) (Tm))’

PO _
n

matrix A™ = converges in distribution almost surely to the dist-
ribution given by (1.1) as n — oo, that is

lim 17,6, (A™)0) = my G2,
for all k almost everywhere, where my () stands for the k th moment of it ,,.

PROOF. In many details the proof is similar to that, of Theorem 2.1. of
[4].

For the sake of simplicity we write §;; in place of Eg?), p for p(n) and A
in place of A",
We know from [4] that 7,,)(A¥) = ﬁ ZE((Ak)),-,-) — my (&, for all
k as n — oo, so it is sufficient to show that l
00
E <Z(rrp(n)«A<">>’<) — r,,m)((A("))"))z) < +00
n=1

for all k. Indeed, this condition implies that

3 Uy (A™) = Ty (ADY)Y?
n=1
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is finite almost everywhere and therefore (trp(n)((A("))k) — Tp(n)((A(”))k ))?
converges to zero almost surely.

Calculating the expectation value of the expression under the summation
we have

E((trp(A") —15(A")?) = E((trp(A*))?) — (1p(A%)?
As
E(try(AN)?) =
1 p p n n
= Dl ) 2. 2.
my,my,...,m=1r1,ry,..rp=1ny,ny,....n=151,59,..,5; =1
E(gmlnl ngnl ‘sznzgmznz e ‘Smknk ‘Smlnk . §r1S1§r2S1§r2S2 e ‘Srksk grksk Erl Sk )
and
(Tp(AF)? =
1 p 14 n n
= 2 > > X
MY, ,e=1 11,79, =1 01,110 0 =1 81,80,..0,8 =1
E(Smlnlngnl‘sznzgmznz s Emknk ‘Smlnk )
‘E(Srlslgrzslgrzsz ... gl"ksk ‘Srkskgrlsk )7
we get
E((trp(A") — 1p(A¥))?) =
1 p 14 n n
= D > > X
my,my,...,m=1r1,ro,...rp=1ny,ny,...,n=151,59,....5; =1
(E(gmlnlgmzbl e Emlnk : Erlsl grzsl .. Srl Sk)_
_E(Emlnlgmznz e é:ml"k) . E(Srlsl";:rzsl .. -‘Srlsk ))
Let us introduce two numbers, L and L, as follows
Ly =#{my,my,...,my,r1,r0,...,1%}, Lo =#{ny,no,...,n5, 81,80, .., S}
If we group our terms according to the values of L and L,, we get

E((trp(AF) — 1,(AF))?) =

2k
1 2%k
p2n2k Zl Z Z (E(é:mlnlé:mznl ~--‘Sm1nk "Srlsl";:rzsl ---Erlsk)_
L L=yl

_E(Emlnlgmznl L] -é:mlnk) ) E(Erlszé:rzsl .. -grlsk)a
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where the last summation is for those terms in which L and L, have certain

fixed values.
We show that the contribution of those terms for which L; + L, < 2k is
at most of order n~2.

Due to Holder inequality

1 1
3 k

(The existence of such Ci(n)’s is trivial since the |§ij matrix elements are
identically distributed and all the moments are bounded.) This estimate imp-
lies

Z (E(gmlnl ---‘grlsk) - E(Emlnl ---émlnk) : E(‘grlsl .. -Erlsk)) <

(L17L2)
Z (|ECGmyny - &risp —ECGmyny -+ -Emyng) EGrysy -+ Erys ) <
(Ll Ly)
< 2 2k Z (Cor(n) + G (n)?) <
(L1,L

1
= p2n2k <£1>L%k <ZZ> L (Cypn) + Cen)*) =

=D p—Li+)nn—1)...(n—Ly+1)
- p2n2k

L2k L2k
Ly Ly
and the latest is of order n =2 whenever L; + L, < 2k.

(In the fourth line we used the estimation that the number of sequences
corresponding to L; and L, is not bigger than

<P)L2k<n>L2k
L) ' \1,) %

what can be easily checked, keeping in mind that there are p possibilities for
each m; and r; and n possibilities for each n; and s;.) Next we show that if
Ly+ Ly >2k+2 then

(21) E(é:mlnlgmznl . -é—mlnk ) ‘Srlslgrzsl . -Erlsk)_
- E(é:mlnlgmznl . -Emll’lk) ) E(Erlslé:rzsl . -grlsk) = O

(Gt + Gen)?)
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First we note that
(2-2) E(Emlnlgmznlgmznzgm:;nz cee Emknkgmlnk) =0

whenever [ = #{my,my,...,m;} +#{ny,ny,...,n; } >k +1, as it was shown
in [4]. This can be easily proved by induction in k, showing that in every
sequence with this property there is at least one &;; without repetition which,
because of the zero mean and the independence of the &;;’s justifies equation
(2.2). For further details see the proof of equation (2.4) of [4].

If Ly + Ly > 2k +2 then #{mq,mo,...,mp} +#{n,no,...,mx } > k+1
or #{ry,ry, ..., } + #{s1,52,...,5k} > k +1 (at least one of them holds)
which according to the above mentioned fact gives that at least one of
E&EminEmyny ---Emyny) and E(&r 5,8rys, ---Erys; ) vanishes yielding

E(‘Smlnl‘gmznl . "Smll’lk) : E(Erlsl‘SQsl . -Erlsk) = O

We show that E(m;nEmon - -Emyny Erys18rpsy -+ -Erys,) = 0 also holds.
If in the sequence &pmynyEmony - -Emyny ErysiErysy -+ -Erys, 11 =my thenitis of
the same type as the one in equation (2.2), with a length of 2k and with [ = L >
> 2k +2 > 2k +1, which gives E(Em;n;Emyny - --Emyny *Erys;8rysy - -Erys) =0
on the line of the previous paragraph. If r;{ #m; then this argument cannot be
applied directly, but changing the value of every m-type and r-type indices
that equals r| to the value of m; we still get a sequence for which the above
argument works since by this procedure we have decreased L exactly by one,
so for the length of 2k we still have [ = L — 1 > 2k + 1, which again gives
EEmniSmony -+ -Emyny -ErysiErysy -+ -Erys) = 0. (Precisely this we get for the
sequence obtained by the changing of certain indices, but as the reason of the
vanishing of the expectation value is that in the corresponding sequence there
is at least one &;; without repetition, one can see that the same holds for the
original sequence, too, as by changing the value of some indices to a value
that is already present in the sequence we can not produce “lonely” &;;’s.)

We have seen that those terms for which L{+L, < 2k have a contribution

of order n 2 or less. On the other hand those terms for which L;+L, > 2k +2
have no contribution at all. Next we show that the terms for which L;+ L, =
=2k+1 or Lj+L, =2k+2 have no contribution either. This means that all the

terms have a contribution of order n 2 (at most), which proves our theorem
as > n"2 < +00.

We show that if Lj + Ly = 2k +1 or Ly + L, = 2k + 2 then for the
corresponding terms (2.2) holds.
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If in the sequence Emyn Emyny -+ -Emyny “Erys,Erysy ---Ery s, there is at least
one &;; without repetition, then because of independence and as E(§;;) = 0
both E(Emlnlgmznl = -Emlnk ‘grlsl‘grzsl . --grlsk) and E(gmlnlgmznl . --Emlnk)‘
“E(r 5,5rys) - -Erys,) vanish, giving (2.2).

If there iS no “lOIlely” glj iIl Smlnlgmznl .. .Emlnk ‘grlslgrzsl .. .Srlsk, but
every group of &;; that equals each other are in the same half of the long
sequence (that is there is no f;‘mlnj =& rpsq type equality for the sequence)

then because of the independence of the §;;’s
E(gmlnlgmznl .- -Emlnk : Erlslgrzsl .. -grlsk) =
= E(SmlnIEanl .- -‘gmlnk) ) E(Erlslgrzsl -- -grlsk ),
s0 (2.2) holds again.

The only problem may arise in connection with those sequences in which
there is no “lonely” &;; and there exist such m;, n;, rp, sq for which &, nj =

=&rpsq- We show that there are no such sequences if Ly + L > 2k +1.

Let us take an arbitrary sequence Enyn Emony - --Emyny -Erys,Erysy - -Erysy
for which L > 2k +1 and in which there is no “lonely” &;;. (If there are no
such sequences, then we are ready with the proof.) Let us denote the length of
the sequence (i.e. the number of §,-j sinit) by H. (So H =4k.) As L>2k+1
there is at least one x, (mp, np, rp or sp) index which appears only in two
§ij’s, otherwise each index would appear in at least four §;;’s according to the
structure of the sequence, but 4L > 8k +4 indices cannot fit in 2H = 8! sites!
As this xj index appears only in two §;;’s and according to our assumption

that there is no §;; without repetition, this two &§;;’s form a pair. It is also clear

from the structure of the sequences that this two &;;’s are neighbors and are
in the same half of the long sequence (taking cyclic order in both halves, that
is Emyny and &y py, and also &, 5, and &, s, are considered to be neighbors.)

Let us eliminate this pair from the sequence! By this the value of L
decreases by one (x, disappears, but the other index of the eliminated pair
can be found in the neighboring &;;’s, too because of the structure of the
sequence), while the value of H decreases by two. This way we get a shorter
sequence for which Hj = H —2 =4k —2 and L; = L—1 > 2k, and which
have a similar structure to the original one, though one “half” will be bigger
than the other. Indeed, if for example m;,, was the index appearing only in two
&ij’s, than in the subsequence

o gmp_lnp_lgmpnp_lgmpnpgmpﬂnl o
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the second and the third &;; form a pair, which means n,_; = np and this
implies that the structure of the indices in the remaining sequence after elimi-
nating the pair remains the same. If the eliminated pair was §m1n1 and gm]ﬂk
(that is the meaning of x, was m), then writing ‘sznl after Emk”k (this can
be done as the §;;’s commute), we get a sequence of the desired structure. Of
course the same argument works if x;, is an np, rp or sp. It is also clear that
in the new sequence there is still no “lonely” &;;, as the eliminated pair could
not have been the member of a triplet since x;, appeared only in them.

In the sequence we obtain by eliminating the corresponding pair there
is still at least one xp, (mp, np, rp or sp) index which appears only in two
&ij’s, otherwise each index would appear in at least four &;;’s according to
the structure of the sequence, but 4L; > 8k indices cannot fit in 2H| =8k — 4
sites! This two &;;’s form a pair again, and eliminating it we get an even
shorter sequence of the same type, for which L, =L—2 and H, = H —4. The
method can be continued until one of the two “halves” becomes the product
of two &; j ’s. Even in this sequence there is at least one xp (mp, np, rp or sp)
index which appears only in two §;;’s. But if this two §;;’s are the last ones
in their half, eliminating them L could decrease by two (for example take the
sequence §11811Erys;Erysy -+ Erysp» Wwhere ri#land s;# 1 forall i =1,...,k),
what would stop our procedure since in that case the key relation 4L; > 2 H;
would not hold any more. But if x;, appears (only) in this two &;;’s, it means
that none of these &;;’s can be identical with any &;; of the other half. Of
course this also holds for the previously eliminated pairs of this half (as each
pair had an index appearing only in them), which means that in the original
sequence there was &, nj &rpsg type relation, so in this case we are ready with

the proof. If x;, is in the other half we can go on with our procedure with no
problem until in one of the following steps xp is in the half containing only
two &;;’s — when we can use again the above argument, or until the other half

reduces to the product of two &;;’s, too — when the above argument can be
applied to either half in the next step, completing the proof of our statement
as well as that of Theorem 2.1.

Note that if §;; is complex valued, more precisely &;; = anl.(jl’re)+b17i(j'.1’im),

l.(J’.”e) and l.(;l’im) form an independent identically distributed standard

real family and for the real numbers a and b the relation a+b?=1 holds,

where 7

*
than for the complex matrix A = 70V <T(”)> /n the statement of Theorem
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2.1 is still true. The reason for this is the fact that in (2.1) only products
|8 |2 =&;j 3 ij appear under the expectation value in the contributing terms.
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Einfiihrung

Aus der Fliachentopologie ist es wohlbekannt, da jede geschlossene
Fldache (weiterhin nur Fliche genannt) triangulierbar ist. Eine Fldche kann al-
so in einem Vieleck eingewickelt werden. Die Seitenpaare des Vielecks, die
dabei identifiziert werden, definieren einen Graph, entlang dem das Vieleck
zusammengeklebt wurde, oder umgekehrt, entlang dem die Fldache auseinan-
der geschnitten werden kann, sieche [L-M 1991]. Wie wir wissen, siehe [L-M
1990], kann eine (geschlossene) Fliche F von Geschlecht g stets in einem
2n-Eck eingewickelt werden, wenn 2n eine gerade Zahl ist, die die folgende
Bedingung erfiillt:

(1.1) 20g <2n < 6ag — 6,
wobei n =0, 1 zweckmiBig erlaubt sind, und
‘ 2 falls F orientierbar ist, und 0 < g;
“= { 1 sonst, dann 1 < g.

Die untere Schranke wird dann erreicht, wenn sdmtliche Ecken in einem
Punkt zusammengeklebt werden. Die obere Schranke wird dann erreicht wenn
die Ecken zu

(1.2) x=20g —2
verschiedenen Punkten auf F fiihren. In diesem Fall hat jede Ecke des — durch
die Einwicklung — definierten Graphs G den Eckengrad 3.

Ein natiirliches Problem ist, zu jeder Fliche F alle moglichen (bisa-
uf kombinatorische Aquivalenz) Einwicklungsvielecke oder Einwicklungs-
graphen aufzuzéhlen. Das war der erste Schritt des Programmes, das in [L-M
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1991] aufgestellt wurde. In der vorliegenden Arbeit 16sen wir dieses Problem
und die besonders wichtige Spezialisierung fiir die ebenen diskontinuierlichen
Gruppen (diese sind zu den Fundamentalgruppen der Flichen isomorph) mit
Signature

(1.3) I'=(+oder—, g; [ {}), g>0oderg >1.

Das Resultat von [L-J-V 1990] zum Beispiel fiir die Brezelflache (d.h. Dop-
peltorus ) mit I'=(+,2) ist (siehe auch [10]):

8-ecke: 4 10-ecke: 18 12-ecke: 34
(1.4) 14-ecke: 38 16-ecke: 20 18-ecke: 8
insgesammt: 122

Eine andere sinnvolle Fragestellung ist, fiir ein gegebene 2n-Eck alle
moglichen Seitenpaarungen und so die moglichen Flichen mit entsprechen-
den obigen Einwicklungsgraphen zu bestimmen. Mit dieser Frage hatte ich
mich in [S 1988] beschiftigt. Das Problem wurde algorithmisch im Sinne [M
1992] gelost, wie es in Sekt. 2 folgt. Wegen des exponenziell zunehmenden
Zeitaufwand konnte ich es damals auf einem Commodore 64 nur bis 2n = 10
gerechnet werden.

Zur selben Zeit algorithmisierte D. HUSON die von A. DRESS vorgeschla-
gene und entwickelte Methode der Delaney-Dress-Symbole [D-S 1984], [D-H
1987], [D-H-Z 1992] zunichst fiir euklidische Pflasterungen. Eine begonne-
ne Zusammenarbeit in [D-H-M 1993] inspirierte weitere Arbeiten wie z.B.
[L-M-S 1994]. In [H 1992] ist unter Anderen ein Algorithmus beschreiben,
der alle “fundamentalen” Flichen-transitiven Pflasterungen aufzihlt, deren
N-eckigen Pflastersteine — natiirlich gleichzeitig, wegen der Operation der
entschprechenden Gruppen — ¢(i) Ecken vom Grad i haben. Dem Algorith-
mus gibt man die Typusfunktion.

(1.5) i—q() mit i>3, > qi)=N=2n

beliebig vor, und der Algorithmus generiert dann alle moglichen Typen von
Pflasterungen (der euklidische Ebene, der Sphire oder der hyperbolischen
Ebene).

Dieser algorithmus kann auch zu einer Losung unseres oben erwihnten
speziellen Problems in folgenden Formulierung fiihren:

Man soll alle ebenen Pflasterungen mit den folgenden Eigenschaften bes-
timmen: Die Steine sind 2n-Ecke und jede Ecke hat den Grad 2n. Auf der
Pflasterung P operiert eine Homeomorphismengruppe I', und zwar auf den
Steinen und Ecken von P einfach transitiv.
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Zwei Pflasterungen (P;,I'1) und (P,1) heilen kombinatorisch dqui-
valent (topologisch dquivariant), wenn eine Homeomorphie ¢ : P — P

mit Ty = T~ mit existiert. Fiir die interresanten Fille 2n > 4 bekom-

men wir eben die kombinatorische Klassifikation der Flacheneinwickelungen
in einem 2n-Eck, wenn 2n = 2a g wie oben angedeutet wurde. 2n = 4 fiihrt
zu den euklidisch-metrischen Realisierungen des Torus (kombinatorisch nur
eine) und der Kleinschen Flasche Abb.4.1. (kombinatorisch nur zwei Realisi-
erungen). 2n > 6 fiihren zu den hyperbolisch-metrischen Realisierungen der
nicht orientierbaren Fldchen vom Geschlecht g > 3 und der orientierbaren
Flachen mit g > 2. Kombinatorisch gibt es nur endlich viele Fille, wie die
Tabelle zeigt.

Die Anzahl der Aquivalenzklassen der

2n orientierbaren Seitenpaarungen des 2n-Eckes

4 2

6 5

8 17
10 79
12 555
14 5284

Tabelle 1.

Unsere Resultate stimmen mit den anderen analogen Fillen aus [L-J-V
1990], [H 1992], [L-M-V 1998] iiberein, die durch andere Methode gewonnen
wurden.

Wir gehen hier ein bischen auch weiter. Wir geben untere und obere Sch-
ranken fiir die auftretenden Anzahlen, die die hohe Komplexitit des Problems
zeigen. Die Schranken sind grob genug aber hinreichend zu unserem Ziel:

@2n — 1) @0 = D! e ognn(l-log2)
(16) W < 0(271) < m =~ \/Ee ,
(1.7) @n - Dt < s(2n) 2@n — 1! ~ /2" logn+n(logd—1)

2n! SIS T T
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Hier bezeichnet 0(2n) die Anzahl der kombinatorisch nichtdquivalenten ori-
entierbaren Paarungen des 2n-Eckes, die alle Einwickelungen der orientierba-
ren Flichen von Geschlecht 0 < g < % darstellen, s(2n) bezeichnet dieselbe
Anzabhl fiir alle (orientierbare und nichtorientierbare) Flachen.

Die Seitenpaarungen eines 2n-Ecks

Wir betrachten ein 2n-Eck P (2n > 4) und nehmen den {iblichen po-
sitiven Umlaufsinn (Abb.2.1.). Eine Paarung (Identifizierung) I ordnet jeder

gerichteten Seite s l._l eine andere gerichtete Seite s; mit einer identifizieren-
den Homeomorphie s; zu. Man kann die Paarung I von P wie eine involu-
torische Permutation der zyklisch numerierten Seiten angeben, wo im Index
auch die entsprechenden Anfangsecken aufgezeichnet sind. Die Ecke i ist der
SchlieBungspunkt der Seiten i — 1 und i (mod 2n).

Zwei Paarungen I; und L, heiBen kombinatorisch dquivalent, wenn es
eine Automorphie v von P gibt, sodal3

2.1) bL=yhLy™".

Da die Automorphismengruppe von P (die Diedergruppe D, von Ordnung
4n) aus Ecken-Seiten-Inzidenz treuen Bijektionen bestehen, so diirfen wir sa-
gen: I} und I, heilen dquivalente Paarungen, wenn sie mit einem Automorp-
hismus von P konjugiert sind. Nun konnen wir nach den Representanten und
den Anzahlen der obigen Aquivalenzklassen fragen. Wir wollen jedoch jede
solche Paarung ausschliefSen, die zu einer Eckendiquivalenzklasse mit weniger
als drei Elemente fiihrt. In Abb. 2.1. haben wir alle vier nicht-dquivalenten
Paarungen dargestellt, die die verschiedenen Einwicklungsgraphen der Bre-
zelfache mit einer Eckenklasse ergeben (siehe Formel (1.4)). Zum Beispiel
ist die zweite Paarung (Abb. 2.1.b) mit der involutorischen Permutation der
Seiten (Anfangspunkte in den Indizen) wie folgt beschreiben:

(2.2) (11,34)(22,56)(44, 78)(66, 81)-
Die Eckpunkte sind dann alle nach
51, 53 54_1 51 Sz_l '1_1 52 . 54
l—4—8—7—5—>53—2—">6—1
dquivalent, das uns eine Darstellung der Fundamentalgruppe
2.4) I'=(sq,52,53,84, — 1 = S4S2S1_1S2_1S3_1S4_1S3S1)
der Brezelflidche liefert.
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c) d)

Abb. 2.1. Alle Seitenpaarungen des 8-ecks P sind dargestellt, die zu den 4
Einwickelungen der Brezelfliche (d.h. Doppeltorus) mit einer Eckendquivalenzklasse
fiilhren. Die Ecke (im AuBeren) und die Seite (im Inneren) sind durch 1, 2,

.., 8 numeriert jede Paarung I ordnet zur positiv-gerichteten Seite slfl die gerich-
tete Seite s; durch die identifizierende topologische Abbildung s; (i = 1, 2, 3, 4).

Dieselbe Zuordnung kann auch mit D-Symbole beschrieben werden. Dazu bil-
det man die baryzentrischen Unterteilung von P auf Dreiecke mit gemeinsamen 2-
Zentrum in dem formalen Mittelpunkt von P, mit 1-Zentren in Seitenmittelpunkten und
0-Zentren in Eckpunkten von P. Die gegeniiberliegenden (punktierten) O-Seiten, (geb-
rochene) 1-Seiten und die 2-Seiten fiihren zu den o0y-, 01-, bzw. 0,-Operationen auf
der Menge der Dreiecken, d.h. der 16 Elementen der D-Mengen. Die kritische o5p-
Operation ist eben die Paarung, wie in der Formel (2.6) fiir Abb.2.1.b gegeben ist.

Ebenso kénnen wir im algemeinen Fall fiir eine Vieleckspaarung die Ec-
kendquivalenzklassen und die entsprechenden Relationen fiir die Fundamen-
talgruppe der dargestellten Fldche aufschreiben. Das Verfahren, wie auch die
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Paarungsiquivalenz, ist leicht algorithmisierbar. Man kann sowohl die Orien-
tierbarkeit der Flache F als auch das Geschleht, nach der Euler-Charakteristik

(2.5 YF)=fo—fith=2—-ag

leicht erkennen. Hier, wie iiblich, bezeichnet f; die Anzahl der Aquivalenzklassen|
des i-dimensionalen Bestandteils des Vielecks P (wobei hier stets f, = 1), und

a = 2 fiir den orientierbaren, ¢ = 1 fiir den nicht-orientierbaren Fall. F ist
nicht-orientierbar, wenn P mindestens ein Seitenpaar hat, dessen Richtungen
beide im gleichen Sinne mit der Orientierung von P gerichtet sind.

Wir erwéhnen, daf die Seitenpaarung in (2.2) auch mit D-Symbolen (zu
Ehre von B. N. DELONE (Delaunay), M. S. DELANEY und A. W. M. DRESS)
dargestellt werden kann (siehe z.B. in [H 1992]. Dann ist die kritische 05-
Operation fiir baryzentrischen Dreiecken 1-16 fiir Abb.2.1.b wie folgt:

(2.6) 07 : (1,6)(2,5)(3,10)(4,9)(7,14)(8,13)(11, 16)(12, 15)
z.B. (1,6)(2,5) beschreibt das Erzeugende s; der Gruppe I' in (2.4).
Dieselbe Paarung wird in meinem Algorithmus mit der Formel

(2.7)  (10)(20)(10)(30)(20)(40)(30)(40) oder kiirzer mit 1213243 4

gekennzeichnet.

3. Der Algorithmus und Beispiele

Im ersten Teil beschiftige ich mich mit orientierbaren Seitenpaarungen
des 2n-Eckes bisauf Automorphien y (2.1) von der Diedergruppe D,, der
Ordnung 4n.

20 20
30 10

Abb. 3.1.
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Im zweiten Teil werden, zu jeder frilher gewonnenen Paarung, die
moglichen nichtorientierbaren Paarungen mit mindestens einer Zuordnung des
Types ...(i1)...(i1)... der i-ten Seiten bestimmt, beide nach dem positiven
Umlaufsinn des 2n-Eckes P. Wir zeigen in Abb.3.1 eine solche Paarung

(3.1 AHADHEHEDHEDHEL);  n3, (6)

des Sechseckes, die zu einer nichtorientierbaren Fldche von Geschlecht 3
fiihrt, denn die 6 Ecken fallen in eine Aquivalenzklasse. Das erscheint auch
bei (3.1).

Abb. 3.2.

Die entsprechende orientierbare Paarung wiirde die Sphére darstellen,
mit trivialen Erzeugenden und Gruppe I' = 1. Ein solches Paarung wird im
Weiteren ausgeschlossen, denn es gibt eine Eckenklasse, sogar drei solche,
zu der weniger als 3 Ecken gehoren. Eine solche Einwickelung der Sphire ist
wie trivial (meisterhaft) betrachtet, obwohl sie in die spitere Abschitzungen
eingerechnet wird (in der Tabelle 1.). Andere Beispiele stellt Abb.3.2 dar. Die
Formel

(3.2) (11)(20)(B0)(11)(41)(50)(20)(41)(61)(30)(50)(61); n3, (3,3,3,3)

schreibt das erste Bild, eine nicht-orientierbare Fliche von Geschlecht 3 (d.h.
n3) mit 4 Eckenklassen je mit 3 Ecken. Das zweite Bild ist die entsprechende
orientierbare Flache von Geschlecht 2 (d.h. p2), kurz

(3.3) 123145246356,  p2, (3,6,3).

Nochmals zeigt die Formel (2.5), da wir eine Brezelfliche p2 mit 3 Eckenk-

lassen (3,6,3) besitzen. In der hyperbolischen Ebene H 2 kann man beide
12-Ecke metrisch realisieren [L-M 1991].
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4. Die Resultate, Abschiitzungen fiir nicht dquivalenten Seitenpaarungen
eines 2n-Eckes

Die Tabelle 2 enthilt fiir jede 2n-Eck 1 < n <7 die Anzahl der entspe-
chenden Einwickelungen der orientierbaren Flichen pg bzw. der nichtorien-
tierbaren Flachen ng von Geschlecht g.

2n pl p2 p3 n2 n3 n4 n5 n6 n7
4 1 2
1 2 8
8 4 22 47
10 18 24 279 473
12 34 82 11 682 4928 7192
14 38 1022 838 | 20979 (110266 [144906
Tabelle 2.

Aus der Tabelle der Ergebnisse kann man das ,,exponenzielle Wachstum”
z.B. der Anzahl s(n) der nichtdquivalenten Seitenpaarungen des 2n-Eckes
auslesen.

(1) Wir stellen zunichst elementare Schranke fiir die orientierbare Seiten-
paarungen des 2n-Eckes. Wir legen das 2n-Eck mit Ecken- und Seiten-
numerierung nach dem positiven Umlaufsinn fest (siche Abb.2.1). Zur
positiv-gerichteten Seite 1 ordnen wir eine andere Seite nach der entge-
gengesetzte Richtung. Das kann man auf 2n — 1 verschiedenen Weisen
machen. Dann kommt die néchste freie positive Seite mit einer in Ge-
genrichtung zugeordneten neuen Seite. Nach dem ersten festen Paar kann
man das zweite Paar auf 2n —3 Weisen auswihlen, und so weiter. Endlich
konnen wir

2n — 1!

4.1) 2n—-1D2n—-3)...:3:-1= =T — 1)1

orientierbare Paarungen im allgemeinen Sinne konstruieren. Unter den
Eckeniquivalenzklassen konnen ndmlich auch ein- oder zweielementige
Klassen vorkommen, wie in Abb.3.1 oder in Abb.4.1. In (4.1) haben
wir eine obere Schranke fiir die Anzahl o(2n) der Aquivalenzklassen
der orientierbaren Seitenpaarungen, denn jede feste Paarung kann ihre
Aquivalenten bei den Diedersymmetrien des am Anfang festen 2n-Eckes
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O ® O

—_— ==

2

Abb. 4.1.

haben. Diese Symmetriegruppe ist die Diedergruppe der Ordnung 4n, wie
die Presentation

(4.2) Dy, = (0, ¢ — 1 =08 = ¥ = ggeage)

zeigt. Hier ist

(4.3) c=(1,2,3,...,2n))
Die zyklische Eckenpermutation der Ordnung 2n, und
4.4) op=(1,2n)2,2n — 1)...(n,n + 1)

ist eine Spiegelung mit zweielementigen Eckenzyklen. Eine andere Spi-
egelung ist

4.5) o1 =o0pc =(1)(2,2n)...(n,n +2)(n +1).

Eine feste Paarung kann bei der obigen Aufzihlung hochstens 4n

Aquivalenten haben. Durch 4n dividiert in (4.1), kriegt man eine untere
Schranke fiir o(2n):

@n — 1)! @n — 1)!
2y <O S g Ty

denn einige Paarungen transformieren in sich bei gewissen Untergruppen
von D,,. Zum Beispiel

4.7) 123...n123...n

transformiert in sich unter der vollen Gruppe D;,,, denn jedes Element
von D», 146t die Paarung in (4.7) invariant, wir konnen nimlich von der
Numerierung der Paare absehen.

(4.6)

Fiir die s(2n) Aquivalenzklassen der samtlichen Paarungen konnen wir
einen analogen Gedankengang verfolgen. Zum festen 2n-Eck kénnen wir
das erste Paar auf 2 - (2n — 1) Weisen auswihlen, weil die Richtung
auf der ersten Bildseiten mit dem Umlaufsinn entweder entgegengesetzt
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oder gleichgesetzt sein kann. Diese 2 Moglichkeiten kommen fiir jedes
Seitenpaar vor. So gewinnen wir die Schranke

2n —1)! 2.2n —1)!

(4.8) o <Se <

Die Formel von Stirling

(4.9) nl ~ (ﬁ)" Nora

e

ermoglicht uns die Schranke bequemer abzuschétzen (e =2,71828... ist
die Eulersche Zahl).

Zum Beispiel aus (4.6) haben wir

2n—1 _
@2n —1)! (2"£1> V2 - - (2)*

(4.10) ~ -

+1 . 2n—1
2ntlnl on+l (%)” V2r n - (1) "
2 _ 1 2n—1
_ n 2 1 n\n—I1 _
Tl \T g ' (Z) B

N3 el AN
'<1‘ﬂ> 16 ~ e (3) =

_ L nlog2+togn—n-1)~1 _ _L _nlogn+n(log2-1)-logn

V8 V8

Nj—

[NS[P8)

="

So gewinnen wir die folgenden Schranke:

@11 %enlogn—n(l—logZ)—logn < 0(2n) < V3 - e logn—n(i—log2)
8

(4.12) %enlogn+n(log4—l)—logn <s2n) > \/Eenlogn+n(log4—1)’
8

wie in den Formeln (1.6-7) in der Einfilhrung. Aus unseren Abschétzungen
ergeben sich z.B.

(4.13)

4826 < o(14) < 135135
617760 < s(14) < 17297280

63344 < o(16) < 2027025
16216200 < s(16) < 518918400
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nach den Formeln (4.6) und (4.8), und

4855 < o(l4) < 135941
(4.14) 621444 < s(14) < 17400425
‘ 63675 < o(16) < 2037600
16300802 < s(16) < 521625686

nach den Formeln (4.11) und (4.12).

5. SchluSbemerkungen

Unsere Formel (2.1) ermdglicht uns natiirlich die genauen Werte von
o(2n) oder s(2n) fiir kleineres n direkt zu rechnen.

Dazu kann man die Elemente von D,, wie Eckenpermutationen in Zyk-
lendarstellung typisieren, wie G. POLYA das im Begriff des zyklischen Indexes
gemacht hatte. Der zyklische Index von D,,, ist ein formales Polynom von den
Veridnderlichen x;, xp, ..., xp,,, abhdngig von Zyklenléingen der Elemente:

1
(51) TGy 30, 0d0) = 7 X+ a7+ (o DY 4L+ 20y,

Hier x12” entspricht der Identitit

(5.2) (1(®2)...(2n),

n -xlzngl entspricht den n Elementen der Form (4.5).

Die n Spiegelungen der Form (4.4) und die zentrale Punktspiegelung
(5.3) (Ln+1)(2,n+2)...(n,2n)

entsprechen dem Glied (n + 1)x5.

Das Glied ¢ (2n)xy,, entspricht den zyklischen Permutationen der Form
(5.4) (1,2,...,(2n)).
Hier bezeichnet ¢ (2n) die Eulersche Funktion, d.h. die Anzahl der Teilerf-
remden zu 2n.

Eine Seitenpaarung [ in (2.1) soll dann so angegeben werden, da3 die
Wirkung der Diedergruppe D,,, verfolgt werden kann.

Kritisch werden diejenigen Paarungen, die unter gewissen nicht-trivialen
Untergruppen von D»,, invariant sind.

Zu einer “besseren” unteren Schranke fiir o(n) geben wir eine andere In-
terpretation. Zu der Menge der Seiten {1,2,...,2n} ordnen wir die Elemente
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der Menge {ry,rp,...,r }, so daB} jeder Wert zweimal genutzt wird. Das ma-
chen wir bisauf D,,-Aquivalenz. Wie es bekannt ist, hat man die Substitution

5.5) x,-=rf+r£+...+r,i in I(X1,X2,...,X2,)
durchzufiihren und den Koeffizient des Gliedes
(5.6) Ay orirs oory

zu bestimmen. Dazu braucht man nur die ersten drei Glieder von I(xy,x»,...
...»Xp,) in (5.1). So kriegt man mit einfacher Rechnung
_@2n-D! 1 1

(5.7) Ap.2= W + Zn! + E(}’l + 1)l
Das wire eine grobe obere Abschitzung fiir die orientierbaren Seitenpaarun-
gen. Jede Permutation der Werte ry, rp, ..., rp filhrt aber zur dquivalenten
Paarungen, die in Ay> 5 hochtens n!-mal gezihlt werden. So bekommen wir
die gewiinschte untere Schranke

2n—-—1D! 1 n+1

(5.8) BT + 1 + ™ <o(n),

die nur formal besser als die in (4.6).
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1. Pseudo-Galilean space

The pseudo-Galilean geometry is one of the real Cayley-Klein geometries
(of projective signature (0,0,+,-), explained in [4]).The absolute of the pseudo-
Galilean geometry is an ordered triple {w,f, I} where w is the ideal (absolute)
plane, f line in w and [ is the fixed hyperbolic involution of the points of f.
In appropriate affine coordinates the group

X a 1 0 0 by
(1) Bg: |y |=(b]+|d chp she y
4 c e shep chop Z

of pseudo-Galilean proper motions will preserve the absolute . Let the group

i 1 0 0
2 B = <Bﬁ, (o %o >>
0 0 -1

be called the motion group of the pseudo-Galilean space G31. The motion

group Bg leaves invariant the absolute figure and defines the other invariants
of this geometry.

Now in affine coordinates the group Bg acts as follows

_ X a 1 0 0 X
3) Bo: |y |=|b||d nchp nshp ||y
Z c e mnshe nche Z

where 77 is +1 or —1.
There will be six classes of points on which Bg acts transitively:
1. the proper points (1:x:y:z)~(x,y,2);
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2. the non-absolute ideal points (0: 1:y : z) spanned by unit vectors (1,y,z);

3. the spacelike absolute points, which can be written (by the projective sign
freedom) into the form (0:0:che :shy);

4. the timelike absolute points (0:0:sh¢ :che);
5. one lightlike absolute point (0:0:1:1);
6. the other lightlike absolute point (0:0:1:—1).
Distance between two proper points P;(x;,y;,z;), i =1,2; Pj# P, is
[y — x1], X1 #X)

d(Py, Py) =
b2 \/‘(yZ_yl)z—(ZZ_Zl)z

, X1 =X2.

A vector (i.e. a proper point pair class) of G31 represents an ideal point
ofw.

N
s .
7 spacelike
-l
lightlike ————=—"— >0
kg) Y ‘~-\“ @
D T~
. v O —-——= =
Q&/’Ef —‘_,——"" T =
- Y ‘_‘—‘__,——‘
T X Y

p .
A/ spacelike ‘\IT/'
f 7 k j

. ideal points
/s 4 P (0]

Fig. 1.

According to the group Bg there are non-isotropic and isotropic vectors.
A vector x(x,y,z) is non-isotropic if x #0. All unit non-isotropic vectors have
(1,y,z) form. For isotropic vectors x =0 holds. Again, there are four types of

isotropic vectors: spacelike (y2 —2z2>0), timelike (y2 —z2<0) and two types
of lightlike (y = £z) vectors. A non-lightlike isotropic vector is unit vector if

y2 —z2=+1 (Figure 1).
The scalar product between two vectors a(aj,as,a3),b(by,b,,b3) is
a1b; ifaj=0v b =0

s(a,b) =
( ) {azbz—a3b3 ifaj=0Ab; =0.
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The scalar product of two vectors in G31 is an invariant under the group Bg
(and under the group Bg as well).

A trihedron (Tj); e, ey, e3), with a proper origin Ty(xg,yg,20) ~ (1 : xg :
Y0 : 2Zo), 18 orthonormal in pseudo-Galilean sense iff the vectors e[, e,, e3 have
the following form: e; = (1,y1,21), € = (0,y2,22), €3 = (0,e2p,€y;), with
y2 - 25 2=, where each of ,0 is +1, or —1.

An above trihedron (7T); e}, ey, e3) is called positively oriented if for its
vectors det(eq, ey, e3) =1, i.e. yz2 —122 =¢ stand. This concept will be invariant

under Bg (and under Bg as well). The reason is, By (and Bg) keeps spacelike
and timelike vectors, respectively and det(aj,ap,as) is invariant under Bjg
(and under Bg as well).

THEOREM 1.1. For any two equally oriented orthonormal trihedra in

pseudo-Galilean space G31 there is a unique Bg-motion which transforms one
trihedron into the other one.

PROOF. Let { Ty, ej,e;,e3} and { T}, €], e),e;} be equally oriented ortho-
normal trihedra, given by the proper points Tj(xo,0,20) and T{(x(,y(2()-
by the vectors €; = (x;,y;,z;) and €, = (x/,y/,z]), i = 1,2,3. That is the
followings hold: x; = x{ =1 x2 =x3=x, =x5 =0, and (y3,23) = (ey2,€22),

(5,23) = (€¥5,€25) with y2 —z2 —y2 —z2 =0 where each of ¢,0 is +1 or
—1.

As consequence is det(e;, ), e3) = det(e], e}, ;) =¢. Then we get unique
real parameters ¢,7;d,e;a,b,c for Bg-motion as follows step by step.
By e; =(0,y2,22) — €5 =(0,y},z) we uniquely get ¢ and # from
© ¥3 =n(chpys +shpzy)
23 =n(shpys +chpz))

and e3 — e’3 holds by equal orientation, too.

Now, by e; =(1,y1,21) — €] =(1,y],z]) we uniquely get d and e from

yi =d +n(chpy; +shezy)

(7 ,
71 = e +n(shpy; +chpzy).

Finally, we get a,b,c from T — T(’) by substitution into (3). |
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The angle measure between two non-isotropic vectors a(l,ap,as),
b(1,b,,b3) is defined as the length of their difference vector

®) m(a,b) = /|(by — a2 — (b3 — a3)?].

The planes, different from w, are called proper planes. We differ two
classes of proper planes in pseudo-Galilean space G31: the proper planes which
intersect f and those which contain f . In the absolute plane and in the proper
planes which contain f, pseudo-Euclidean geometry holds. There are also
three subclasses of the proper planes which intersect f: lightlike, spacelike
and timelike planes, depending on the point of f polar to the plane considered.
In these planes the isotropic plane geometry holds. From the projective point
of view, the types of planes depend on the polarity of the signature (0,0, +, —).
A plane (uq : u; : uy : uz) has its pole (0:0: up : —uz). A plane which is not
incident to its pole can be timelike or spacelike iff u%—u% is less or bigger than
0, respectively. A proper plane incident to its pole i.e. u%—u% =0, is lightlike.
A plane x = const i.e. (ug : up : 0:0) has no pole (since (0:0:0:0) is not
a point), and the induced geometry in it is pseudo-Euclidean plane geometry
of the projective signature (0, +, —).

Let a be a spacelike or timelike plane and F(a) the intersection of the
absolute line f and . The point F(c) is called the absolute point of . Now,
let FJ-(a) = I(F(a)) be the point on f orthogonal to F(x) according to the
hyperbolic involution I.

All isotropic lines through F-(c) are called pseudo-Galilean normals of
the plane . F-(a) is said to be the pole of .

More about pseudo-Galilean space, in general, is described in [2]. The
theory of curves in Galilean space (of the projective signature (0,0, +,+)) is
presented in [6].

2. Spatial curves in G31

Let ¢ be a spatial curve given first by
€)) r(r) = (x(1), y(1), 2(1)),

where x(t),y(t),z(t) € C 3 (the set of three-times continuously differentiable
functions) and ¢ run through a real interval.
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DEFINITION 2.1. A curve ¢ given by (9) is admissible if
(10) x()=0.
Then the curve c can be given by
(11) r(x) = (x,y(x),z(x))
and we assume in addition that
(12) y"2 2 20.

From now on, we will denote the derivation by x by upper prime ’.

DEFINITION 2.2. For an admissible curve given by (9) the parameter of
arc length is defined by

(13) ds = |x(t)dt| = |dx]|.
For simplicity we assume ds = dx and s = x as the arc length of the

curve c.

The vector t(x)=r/(x) is called the tangential unit vector of an admissible
curve c¢ in a point P(x). Further, we define the so called osculating plane of ¢
spanned by the vectors r/(x) and r”/(x) in the same point. The absolute point
of the osculating plane is

(14) HO:0:y"(x):z"x)).

We have assumed in (12) that H is not lightlike. H is a point at infinity of a
line which direction vector is r’/(x). Then the unit vector

I'H(X)
\/‘y”z(x) _ Z//Z(x)‘

is called the principal normal vector of the curve c¢ in the point P.

(15) n(x) =

Now the vector
0,ez"(x),ey"(x))
\/‘y”z(x) ”2(x)‘

is orthogonal in pseudo-Galilean sense to the osculating plane and we call it
the binormal vector of the given curve in the point P. Here ¢ =+1 or —1 is
chosen by the criterion det(t,n,b) = 1. That means

(16)

y//2 _ Z//2

(17) — 8(y”2 o Z//Z)'

By the above construction the following can be summarized.
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DEFINITION 2.3. In each point of an admissible curve in G% the associated

orthonormal (in pseudo-Galilean sense) trihedron {t(x),n(x),b(x)} can be
defined. This trihedron is called pseudo-Galilean Frenet trihedron (Figure 2).

Fig. 2.

If a curve is parametrized by the arc length i. e. given by (11), then the
tangent vector is non-isotropic and has the form of

(18) too) =r'(x) = (1,y'(x), 2" (x)).
Now we have
(19) t'(x) =r"(x) = (0,y" (x),z"(x)).

According to the classical analogy we write (15) in the form
(20) r'(x) = k(x)n(x),

and so the curvature of an admissible curve ¢ can be defined as follows

@1 k() =/ [y"200) — 2200

DEFINITION 2.4. The curve c¢ given by (11) is timelike (z-curve for short),
or c is spacelike (s-curve) if n(x) is a spacelike or a timelike vector, respec-
tively.

It is easy to prove the next theorem by simple derivations, if we take into

consideration our e-convention at (16) and (17) as it follows also later on,
from (31) up to (34).



CURVES IN PSEUDO-GALILEAN GEOMETRY 123

THEOREM 2.5. For the pseudo-Galilean Frenet trihedron of an admissible
curve ¢ given by (11) the following derivative Frenet formulas are true.
t'(x) = k(x)n(x),
(22) n’(x) =7 (x)b(x),
b’ (x) =7 (x)n(x),
where k(x) is the pseudo-Galilean curvature given by (21) and t(x) is the
pseudo-Galilean torsion of ¢ defined by
Yl

(23) T(x)= 200)

The formula (23) can be written as

_ det(r, v, /")
(24) T(x) = T(x)

Further, we obtain
(25) r'"(x) = k') + k()T (x)b(x).

The same relation holds in Galilean space as it is shown in [6] as well
as in double isotropic space that is proven in [1], but it is not true in simply
isotropic space (see [8]).

Let us notice that the curvature « and the torsion 7 associated to a given
curve are invariants under the pseudo-Galilean motions.

In G31 the functions « and 7 have the analogous geometrical meaning as
in Euclidean space. We set (x,y(x),z(x)) and (x +Ax,y(x+Ax),z(x+Ax)) to
be two “infinitesimally near”, briefly, neighbour points on curve c. According
to (8) the angle between the tangents in these points we compute as follows

2

(26) Ap = \/|(y’(x) —y/(x +Ax))? — (z(x) — z/(x + Ax))?

and then

@7) Ap = \/]y"2x) — 22 @)|Ax + .

=[05)

Now we have

do

(28) k(x)= lim I

Ax—0
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In contrary to the geometrical interpretation of the curvature in Euclidean
and Galilean space, in pseudo-Galilean case Kk measures the absolute value of
the change of the angle between tangents in neighbour points.

Similarly, for the torsion we set Ay the signed angle between the oscu-
lating planes or the binormals in the points (x,y(x),z(x)) and (x + Ax,y(x +
+ Ax),z(x + Ax)) from the tangent view of c, and obtain, not detailed,

(29) T(x) = hm (_¢)< dlp)
dx

Direction cone (ruled surface whose generators are the tangents of a given
curve and its directrix is the curve itself) of an admissible curve ¢ intersects
the ideal plane @ in the plane curve ¢, given by

(30) Co 1 (0:1:y'(x): 7/ (x)).

The curve ¢, is not an admissible curve, because its first derivative
(0 :0:y"(x):z"(x)) is isotropic. First, the tangent vector t(x) of ¢ is
defined as the isotropic unit vector

_ //(x) /I(x)

tx)=(0:0: : .

(x) ( \/8(y//2(x) _ Z”Z(x)) \/s(y”z(x) _ Z//Z(x))>
Then

31) 45k ()is)
ds

defines the signed curvature k(s), s denotes now the arc length of the curve
cw in the pseudo-Euclidean plane . We require

y'x) ez(x)| 1

det(t, i) = 2"(x) ey"(0) | k2(x) ~

as usual. We get
d . < ez ()" ()" (x) — 2"y (x))
—t=(0:0: .
dx Ve ) = <))
Sy”(x)(y”(X)z”’(x) ”(x)y’”(X))>
VeO(x) — 22(x))3

and
d 1 d

ds = /el — ") dx

(32)
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Obviously

_ ez’ (x) ey"(x)
33 =0:0: : ’
(33) nx) = ( \/e(y”z(x) —72(x)) \/g(yllz(x) — ZHZ(X)))

i.e. the normal vector of ¢y, is just the binormal vector of ¢, and we get from
7)

y”(X)Z/”(X) _ Z”(X)y/”(x)

34 k =
9 ) Ve (x) — z2(x))3

Immediately we obtain

(35) k(x)= @
K(x)

The function k(x) is called conical curvature of the curve ¢ in a point
P(x).

Using Taylor series of the equation of a spatial curve ¢ (r = r(x)) in a
neighbourhood of the origin P (x =0) we have

1 1
(36) r=r'x + Er”xz + 6r”’xf‘ +o(xh.

Now we assume that the vectors of the associated trihedron coincide with
the new coordinate axes for %, ¥, Z, e.g. t=(1,0,0), n=(0,1,0),b=(0,0,1).
From the statement r’ =t and equations (20) and (25) the so called canonical
expression of a curve follows. So we get

X(x)=x
!/
37) Fx) = %xz + %x3
7(x) = %x3.

Immediately from (37) we can prove the following proposition that is
true also in Euclidean space as it is shown e.g. in [3].

PROPOSITION 2.6. If in a point P of a curve c the curvature and the torsion
differ from zero the following statements are true.

a) Orthogonal projection of the curve c on the osculating plane in a point
P is regular curve and t is the tangent vector in this point.

b) Parallel projection from the ideal point of t of the curve c onto the
normal plane in a point P has a singularity of the first order and n is the
tangent vector in this point.
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c) Orthogonal projection of the curve c on the rectification plane in a
point P has an inflection point and t is the tangent of the projection of c¢ in
point P.

Considering the last equation in (37) we could describe the usual geo-
metrical meaning of the sign of the torsion 7.

3. The fundamental theorem of the pseudo-Galilean curves

The fundamental theorem of the pseudo-Galilean theory of curves differs
crucially from the analogous theorem in Euclidean, isotropic or Galilean spa-
ce. Actually, the uniqueness in this theorem is not fulfilled and the reason for
this is the existence of pseudo-Euclidean planes in pseudo-Galilean space. As
it is well known in pseudo-Euclidean plane geometry, the uniqueness in the
fundamental theorem of plane curves does not hold yet.

THEOREM 3.1. Let k = k(x) and T = t(x) be given functions so that

0<k(x)e Cl, 0%1(x) € C. There are two admissible curves (one timelike
and one spacelike) so that the following statements are true:

(1) ¢ passes through a given point;

(2) at this point the Frenet trihedron of ¢ coincides with a given ortho-
normal positively oriented trihedron;

(3) ¢ can be represented as a vector function r(x) € C 3 with arc length
parameter x ;

(4) k(x) and T (x) are the curvature and torsion of c, respectively.

PROOF. First, if we use (32) we compute the parameter of arc length s of
ce as follows

X

(38) s(x)://c(v)dv.
0

So x can be expressed from (38) as a function of s and from (35) we have the

conical curvature k(s) = ;Tcg?s;; as a function of s. Now the Frenet formula
(31) for t(s)=(0:0:ey(s):eZ(s)) and i(s) =(0:0: Z(s) : ¥(s)) with

(39) e (26) - 22)) =1
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provides us

d d
(40) d—ﬁ(S) =k(s)ez(s), ——z(s)=k(s)ey(s),
K ds

with ¢ =+1 or —1, which is a differential equation system for t(s) of the curve
¢y - Further, from the condition (39) we have

41) Z_z(s)=y2(s)—s.

This means that there are two different equations for y(s) (and for Z(s) as
well) and each differential equation has the unique solution which satisfies
the initial conditions from the Theorem (condition (2)). Finally, the original
curve ¢ can be determined by

(42) y'(x) =k@)yx), 2"(x)=k@)Iik),
where the initial values of ¢ are fixed in the conditions (1) and (2) of the
Theorem.

It is obvious from (41) that one obtained curve is spacelike and the other
is timelike. 1

Let us prove some other aspects of the fundamental theorem of curves in
pseudo-Galilean space.

The fact that the notions of s-curve and t-curve are invariants under the
pseudo-Galilean motions could be formulated in the next lemma.

LEMMA 3.2. The s-curves (t-curves) in pseudo-Galilean space, under the
proper pseudo-Galilean motions Bg, are transformed into s -curves (t -curves).

Using the Lemma 3.2 and Theorem 1.1, we can prove the following
theorem as it is done for E3 e.g. in [5].

THEOREM 3.3. Two admissible s-curves (t-curves) in G31 are B6—equ1'-
valent if and only if they have the same natural equations for k(x) and T(x).
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1. Introduction

Let us consider are nonautonomous system of difference equations

ey yn+1)=Amn)ym), neN={0,1,23,...}
for which all matrices A(n) are invertible. The fundamental matrix ¥ of this
system is defined by

n—1 —1

Y(n) = H A(s)=An —1)... A(1)A(0), HA(s):I,

s=0 =0
where I denotes the identity matrix. This paper concerns the unstable proper-
ties of the null solution of the nonautonomous difference equation
(2) x(n+1)=A@mx@®) +f(n,x(n),  f@n,0=0,

where f is defined on N x {x : |x| < H}, H € (0,00]. This problem has been
investigated from the beginning of this century by PERRON [13] and L1 [10].

THEOREM A. [8] Assume that f(n,x) is continuous in the variable x.
Moreover, uniformly with respect to n € N, let us assume that

o F00)

-0 x|

If A(n) = A = constant and the matrix A has at least one eigenvalue satistying
|| > 1, then this solution x =0 of equation (2) is unstable.

A more general result on instability was given by COPPEL for ordinary
differential equations [4], which discrete version can be found in [1]:
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THEOREM B. [1] Assume that f (n,x) is continuous in the variable x and

€) If (n,y)| <vly|, v = constant.

Moreover, assume that P, a projection matrix, P# I, satisfies

n—1 00
4) S @PYT s+ D]+ ) ¥ — PP (s + D] < K.
S=n( S=n

where K is a constant. If Ky < 1, then the null solution of (2) is unstable.

Despite the importance of Theorems A and B, the instability of a large
class of systems cannot be described by these theorems. The aim of this paper
is to provide a method of investigation of the unstable properties of the system
(2) relying on the dichotomic properties of the nonautonomous system (1).
This methodology was proposed, for ordinary differential equations in [11].
We will obtain not only the discrete version of the results exposed in [2],
[31, [7], [8], [11], but we will communicate two results on the instability of
System (2) (Theorem 1 and Theorem 2 of our text) that cannot be obtained
from Theorems A and B.

Our main hypotheses are the following:

(L) For some positive p, the function f(n,x) appearing in system (2)
satisfies the following Lipschitz condition

If(n,x) =f, )| <ymlx =y, x| <p, || <p.

(D) System (1) has an ordinary dichotomy [1]. By this we mean the
existence of a projection matrix P such that

YmPY~'(m)| < K, n

5) B
)T - PP m)| <K, m

IV
s 3
AYARNAY
e L

where K is a constant.
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2. Preliminaries

In what follows, the sequences {y(n,ng,§)}, {x(n,ny,&)} respectively
stand for the solutions of system (1) and (2) with initial condition & at the
initial time ny. V denotes the space R” or C" with a fixed norm | - |. For
a sequence x : N — V, we will denote |x|oc = sup{|x(n)| : n € N}. The
space of all sequences x : N — V such that |x|s < oo will be denoted by
¢°°. The sequential space of all summable sequences will be denoted by ¢ I
with norm |x|; = § ly(n)|. In the sequel we shall consider the closed ball

n=0

Byo[0,p]={x € ¢ :|x| <p}.

DEFINITION 1. The solution x = 0 of equation (1) is unstable if there
exists ¢ > 0 and ng € N such that for all 6 > 0, there exists a & € V, |E| <O
and an ng > 0 such that

|x(ng,n0,8)| > ¢€.

DEFINITION 2. The solution x = 0 of equation (1) is asymptotically uns-
table, if for all ny € N and all > 0, there exists a § € V, |§] < &, such
that

lim sup |x(n,ng,§)| > 0.
n—oo
In what follows we will use the following subspaces of initial conditions:
Vi={§ eV :¥Yn)iE e ¢}, Vo={§ eV, :nli)rgox(n,O,S) =0}.

We will require the following property of ordinary dichotomies [12], [5].

THEOREM C. Let us assume that system (1) has an ordinary dichotomy,
then system (1) has an ordinary dichotomy with projection Q iff

Vo C Q[V]C V.
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3. Instability

THEOREM 1. Let us assume that equation (1) possesses am ordinary di-
chotomy and an unbounded solution. If the function f satisfies the condition
(L), and {y(n)} is summable, then the null solution of equation (2) is unstable.

PROOF. Let us assume that the null solution of equation (2) is stable. Then
for € =p and ng € N there exists a d > 0 such between

|xg| <& implies |x(n,ng,xp)| <p, Vn >ng.

We will show that this is impossible. Let us assume that

(6) K> ys)<1

$=n(

and let us consider the operator

n—1
Ux)n) =D Wm)PY™ (s + Df (s,x(5)
(7) S=n()
= W - PP (s + Df (5,x(5)),
for which
®) UM <KDY 7o) <KD 76)]x] o
§=n( S=n(

This condition (6) implies
U : Boo[0,p] — Bool0,p].

Moreover
n—1 00
UER) = UG < K | D+ [ r©)lx(s) = yis))
) s=ngy s=n

<K Z y(S)|x — ¥|oo-

S=ng
Let us consider the sequence {y(n)} defined by
y(n) =x(n,ny,xg) — Ux( -, ng,xp))(n), |xg| < 0.
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It is easy to see that the sequence {y(n)},?‘;no is a bounded solution of the

equation (1). Hence y(ng) € W(ng)[ V1]. From Theorem C, we may assume
and do that W (ng)[ V] =Y (ng)[ V1. Let ny be chosen with the properties

(10)  x0 € Ynp)I — P¥ 'np)[ V],  xp#0, and |xo| <.

oo

From the definition of sequence {y(n)};2,, we obtain

y(ng) = xq = W(ng)I — P¥ ™ (ng) > W(ng)¥ (s + 1)f (s, x(s, ng, x0)).

S=n(

This implies y(ng) € W(ng)(I — P)‘Ir’_l(no)[V] and therefore y(ng) = 0.
Consequently the sequence {x(n,ng,xq)} satisfies the equation

x( -, ng,x0) = U (-, 19, Xp))-
Thus, any solution x( -,ng,xg), where xq satisfies (10), is a fixed point of the
dichotomic operator . But from (8) and (9), we see that operator U, is a
contraction acting from B,o[0,p] to Bso[0,p]. Moreover U(0) = 0, therefore
x(m,mg,xp) =0 for all n € N, giving the contradiction xq = x (ng, ng, xg) Z0. I

Let us assume a more general hypothesis than (L).
(L”) For any p >0 there exists a sequence {y(n,p)} such that
f (n,x) =f, )| <y@.p)lx —yl, |xl, |yl <p.
The proof of the preceding theorem suggests the following result.

THEOREM 2. Let us assume that equation (1) possesses an ordinary di-
chotomy with projection P = 0 and f satisfy (L’). If for any p > 0 the
sequence {y(n,p)} is summable and all nontrivial solutions of equation (1)
are unbounded, then all nontrivial solutions of equation (2) are unbounded.

PROOF. Let us assume that equation (2) has a bounded and nontrivial
solution {X(n)}, |¥(n)| < M,V n € N. Let us consider a fixed ng such that

(11) K> y@s,M)<1.

S=n()

From (11), repeating the same reasoning of the proof of Theorem 1, we obtain
that U : Bxo[0, M] — Bso[0, M] and the operator U is a contraction. The
sequence defined by

y(n) =Xx(n) — U&E)(n)

is a bounded solution of equation (1). Therefore ¥ = U (X) implying X =0, but
this contradicts X =0. |
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4. Asymptotic instability

By a slight modification of the proof of Theorem 1 we obtain

THEOREM 3. If Vy# V| and equation (1) has an ordinary dichotomy, then
under condition (L), where y is summable, the null solution of equation (2)
is asymptotically unstable.

PROOF. Let us consider § € W(ng)[ V1] \ W(no)l Vp]. Then
(12) lim sup |y (2, ng, £)| > 0.

n—oo
From the definition of space Vi, there exists a constant N such that
13) y(n,ng,&)| < NI, V& e¥nplVil,  Vn >ng.

Following the proof of Theorem 1, we may prove that, under condition (6),
the integral equation

(14) x(n) = y(n,ng, &)+ Ux)(n)

has a unique bounded solution in B[0,p] satisfying equation (2). From (14)
it follows

x(m)| < [y(-,n0,8)|00|Kly]11%]00, 1 > ng.

Thus
|y(' 7”O7§)|OO
15) Xoo £ = —
oo = 52 Kyl
This inequality and (13) imply
NE|
x(ng)| £ ———.
ol < 1= Klyly

In other words, the initial condition |x(rg)| is small according to the smallness
of &. From Theorem C, the projection of the ordinary dichotomy (5) can be
chosen with the asymptotic property

lim W(n)P = 0.

n—oo
Let m € N, m > ng. From (15) we have the following estimates

n—I1

D PPYT (s + Df (s, x())| <

§=ng

< |PMP Y W s + Df (s, x(5)) +K'y( ’10<’|§|)1|OO Z O

S=n( s=m+1



INSTABILITY OF DIFFERENCE EQUATIONS 135

and

D WU = PY¥ (s + Df (s, x(s)| < K'y( : 12’|5|)|°° Zy(s)

From these estimates, it follows

limsup U(y(n)) =0

n—oo

and therefore
limsup |x(n)| = limsup |y(n,ng,&)| > 0. 1

n—oo n—oo

5. Applications

5.1. Example 1

Consider the difference systems
x(n+1)=Ax(n)+f(n,x(n)),  f(@n,0)=0,

where f satisfies the condition (L) with ¥ a summable sequence. Let us assume
that the eigenvalues of matrix A satisfy |u| < 1 and the eigenvalues u such
that |u| = 1 at least one is not Jordan simple. From Theorem 1 it follows
that x =0 is unstable. If all eigenvalues satisfying |u| =1 are Jordan simple,
then this system is asymptotically unstable. This analysis cannot be explained
neither by the Theorem A nor by the Theorem B.

5.2 Example 2

Let us consider the following second order difference equations
(16) x(n+2)—gmx(n)=f(n,x(n),xmn +1)),

where {g(n)} is a sequence of real numbers, g(n)#0, Vn, f is a real function
defined N x R x R, f(-,0,0)=0. Let us solve the homogeneous equation

A7) y(n+2)—gn)yn)=0
For, let u and v be the respective solutions of the first order scalar equations
uin+1)= g2nun) v(0) =1, n € N,

vin+1)=g2n + Du@n) v(0) =1, n €N.
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Therefore
n—1 n—1
u(n) =[] g@k), and v(n) =[] g@k+1).
k=0 k=0

A fundamental set of solutions of equation (17) is given by

n is even

. 0
_ Jum/2), niseven )
yl(n)_{O, n is odd yZ(n)_{V<"T_1>, n is odd.

Consequently, the fundamental matrix of equation (17) is

q)(n):( y1(n) ya(n) )
yimn+1) y(n+1)

We will establish conditions under which system (17) yields an ordinary
dichotomy. Previously, we shall obtain a formula to calculate ®!(n). The
sequence {((I)_1 )T(n)} (the transpose of matrix @1 (n)) satisfies the equation

Whn+1)= < 1> Wm), WO =1

1/g(m) 0
It is easy to see that the solution of this problem is the sequence

wi(n wr(n
W(n)=< 1(n) 2(n) )
win+1) wa(n+1)
where
1 ) 0, n is even
wny M is even
wi(n) = ) wo(n) = %, n is odd -
0, n is odd v(%5h)

Since WT(n)=®!(n) then
o= (n) = <W1(Vl) wi(n + 1)>
“\wam) wan+ 1))
Let us define the two dimensional projection P =diag {1,0}, then
1
O(n)PO~ (m) = < y1(m)wi(m) yi(mwi(m +1) >
yim+Dwi(m)  yi(n+ Dwim +1)
and
1

dn)I — PYd L (m) = < yo(mywo(m) — ya(m)wa(m +1) ) .

y2(n + Dwo(m)  ya(n + Dwo(m + 1)
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The number |®(n)P®~!(m)| is equal to

n—1

o yimwi(m)|= T [g(2k)

k=m

, for n even, m even,

—1
o |y (mw (m+1)| = \ngrmlkH |g(2k)|, for n even, m odd,
=m

n—1
o [yi(n+Dwi(m)|=|g2n)| [] |g(2k)|, n odd, m even,

k=m
g "o
o yi(n+Dwi(m+1)|= sCm] |g (2k)|, for n odd, m odd.
=m

Therefore |<I>(n)P<I>_1(m)| is bounded for n > m if

n—1

lg(2m)| H 82k = M, n > m, M = constant.
k

(18)

=m

®(n)(I — P)® ' (m)| is bounded, for m > n, if

By similar calculations,

m—1

1
lg2n + D] H g2k + 1| >M~1,  m>n, M = constant.
k=n

From Theorem 1, if the function f(n,x,y) is Lipschitz continuous

(19)

[ (n,x1,y0) —f (1,2, 32)] < y()(|x) —x2|+ [y —y2])- ¥ € €1, |xl, lyil <p,
for some positive p, conditions (18) and (19) are fulfilled and

n—1

lim kll) |g(2k + 1)| = o0,

then the null solution of equation (16) is unstable. On the other hand, if

n—I1

lim sup H lg(2k)| > 0,

n—oo k=0

and conditions (18) and (19) are satisfied, then from Theorem 2 follows
the asymptotic instability of the null solution of equation (17). In the above
calculations we could consider the projection matrix P = diag {0, 1} instead
of P=diag {1,0} to obtain similar results of instability of equation (16).
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5.3. Example 3

Let us consider the equation

x1(n+ 1) = dxa(n) +£i(0)2x (Mxf (n),
(20) |
X +1) = Sx1 () +f(0)x; (X3 ().
For fi(n) = —1=—f,(n), this example was considered in [6] (Example 4.35),
where it was proven the instability of the null solution by means of the Liapo-

unov function V (x1,x5) =x12+ 16x22. Under these conditions on coefficients f;
and f>, the instability of the null solution can be obtained from Theorem B. If
these coefficients are unbounded sequences, then a straightforward application
of Theorem B is not possible.

In order to study this example we introduce the change of variables
(21) x1(n) =r"y (), xp(n)=p"ys(n).
We obtain the system

4 n
yin+ ) == (’f) y2(n) + Lo fi (n)ya(n)y (),
(22)

4 0= 2 () i+~ 0p i mnon.

The linear component of this system is defined by the equations

(23) zin+1)= ; <§>n 72(n), m+1)= % <£> z1(n).

This system is equivalent to the pair of second order equations
2 2
qm+2)=S5m),  n0+2) == n0).
r P p

If we choose r and p such that 1 < r < V2,0 <p <1, rp <1, then all
solutions of system (23) are unbounded. For these r and p, if the sequences
{fin)(rp)*}, i = 1, 2, are summable, then according to Theorem 2, all
the solutions of system (22) are unbounded. But, under such conditions, the
change of variables (21) implies that all nontrivial solutions of equation (20)
starting from the manifold y, =0 are unbounded.
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ABOUT THE ERDOS PAIRS

By
MARIE-PAULE MULLER

IRMA, Strasbourg, France
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Introduction

A few years ago, PAUL ERDGS posed a problem about the partitions of a
sequence of integers in the following terms.

Let us consider two natural integers m < n, and a partition into two parts
Ay and Aj of the sequence [m,n[= {m,m +1,...,n — 1} of all the integers
from m to n — 1. We shall call it an Erdds partition if there are, in at least
one part, some (distinct) elements whose sum is equal to n. If every partition
of [m,n[ is an Erd&s partion, (m,n) an Erdds pair.

If (m,n) is an Erdds pair, then (m’,n) for m’ < m, and also (km,kn)
for every positive integer k, are clearly Erdds pairs (it is enough to consider
induced partitions). On the other hand, (1,n) is an Erd6s pair if (and only if)
n > 12 (the remarks of section 1 below enable us to check this easily). So
we have, for fixed n > 12, a maximal value /5(n) for m such that (m,n) is an
Erdds pair, then a number [, = liminf(/5(n)/n) when n tends to infinity. The
problem posed by PAUL ERDOGS in 1992 was to determine the number /,. In
fact, it is quite easy to convince oneself that I, < 1/4. B. BOLLOBAS and J.
JIN [B-J] proved that [, = 1/4, giving the value of I,(n) for n large enough
(however without precising a bound).

The first aim of the present note is to give a simpler an more “visual”
proof of these results.!Moreover, the method which is used here allows us

1 Had I known about the paper of B. BOLLOBAS et G. JIN, I would certainly not have started
this work; so, many thanks to my colleague D. DUMONT for having told me about the Erdds
problem before, and about the reference [B-J] afterwards!
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to determine easily the exact bound beyond which the general expression of
lr(n) is valid.

Some sections (in particular lemma 1 and its corollary 1) are presented
so that they can be applied to the more general case of partitions into p parts
of [m,n[. For [,(n) and its inferior limit [, defined in the obvious way, the
conjecture is that [, = 1/2p (see [B-J]).

The second aim of this note is to present (in section 4) a new construction
which gives support to this conjecture and allows us to improve the related
results of [B-J]: we show that ,(n) <n/2p for every n, hence I, <1/2p.

The subject discussed here is linked to the general theme of the Ramsey-
type problems (see [G-R-S]) in additive number theory. Among the classical
results to which it is related, let us mention those of DAVENPORT [D], ERDOS
and HEILBRONN [E-H]. More recent results have been established by BOL-
LOBAS, ERDOS and JIN ([B-E-J], [B-J 2]).

I am very grateful to VILMOS KOMORNIK for his encouragement and his
interest in this work.

1. A few simple remarks

Let us search for a 2-partition (two parts only) [m,n[= A; U A, which is
not of Erd6s. Hence we exclude the partitions for which some part certainly
contains elements whose sum is n. It is natural to exclude first those for which
some A; contains two elements whose sum is n. We can easily “see” these

partitions: let us display the numbers m, ..., n —1 so that two numbers whose

sum is n face each other:

ifn=2p+1: m m+1 ...k ..p—1p
n—1...n—-mn—-m-1...n—k ... p+2 p+1

if n=2p+2: m m+1 ...k ..p—1p p+1
n—1...n—-mn—-m-1... n—k ... p+3 p+2

Thus, the partitions first excluded are those for which some complete
column is contained in a part A;. Notice that the elements in the incomplete
columns on the left cannot occur in a sum equal to n, hence no matter the
parts to which they belong.

The display chosen above for the numbers [m,n[ also enables us to locate
qualitatively three elements or more whose sum is n: we can see immediately
that at most one of these elements is in the second row, and that this element
must be on the right of the others:
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*

When the 2-partition is not of Erdds, if two numbers u and v are in the
same part A; and if n —u —v is distinct from u and v, then n —u —v is not in
A;. In particular, if u +v is in a column which is complete and distinct from
those of u and v, then u +v is also in A;: otherwise, the element n —u —v
which faces it would be in A;, and this is impossible.

These remarks allow us to prove easily that, for example, (1,n) is an
Erd6s pair if (and only if) n > 12; or that (2,n) is an Erd6s pair for n =15 or
n>17.

2. Flips and pincers

DEFINITION. Given a partition of [m,n[, let us call a flip a sequence of
two consecutive numbers which do not belong to the same part.

If the partition is not of Erd8s, we know that the sequence [p,p+1,p +2]
necessarily contains a flip, since p faces either p+1 or p+2 (according to the
parity of n), and two numbers with sum n do not belong to the same part.

This remark can be generalized in the following way.

LEMMA 1. Forj=2,3,4,... withj <n/m, there is, surrounding n/j, a
sequence of j+1 consecutive integers which contains j elements whose sum is
n. With the convention that the smallest number of the sequence must figure
in that sum, this smallest number is equal to the integer part ofn/j —(j —1)/2.

PROOF. Denote by ¢ the integer part of n/j (resp. n/j +1/2) if j is odd
(resp. even). The sequence of length j + 1 which is centered in g + 1/2 (resp.
q) contains j integers whose sum is n; the element which must be omitted in
the sum is determined by the class of n mod j. Let us specify that the last

element (i.e. the (j + l)th) of the sequence has to be omitted when n (resp.
n+j/2) is a multiple of j, with j odd (resp. even): thus, in that case, we have
J consecutive integers whose sum is 7.

NOTATION. Let us denote by S; the sequence of length j +1 orj (accor-
ding to the case) which has been described in the proof of lemma 1: it is the
shortest sequence which contains j elements with sum n.

EXAMPLE. (j =2) S =[p,p+1,p+2]if n is even, and S, =[p,p+1]if n
is odd.
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COROLLARY 1. If [m,n[ is equipped with a partition which is not of
Erdbs, then in each sequence S contained in [m,n| there is at least one flip.

Let us notice that asymptotically, i.e. for n large enough with the ratio
n/m fixed, these sequences are contained in [m,n[ and are disjoint.

DEFINITION. Given a partition of [m,n[, let us say that four elements
X] < xp <yp <y; form pincers if:

i) x; and y; belong to a same part A; (with distinct A} and Aj)

) x;+y1=x+y,<n—m

iii) the column of x; +y; is distinct from those of x;, y1, X2, ¥».

3. “Pincers extraction” of Erdés 2-partitions

In this section we shall only consider 2-partitions (partitions into two
parts only) of [m,n[. In this case, it is enough to find two “well placed” flips
in order to make sure that the partition is of Erdés. Moreover, the sequences
which contain a flip near to n/j (cf. lemma 1) can be shortened.

LEMMA 2. Given a 2-partition which is not of Erdoés, if two numbers x
andy are in a same part A; and if x +y is in a column which is complete and
distinct from those of x andy, then x +y is also in A;.

PROOF. The part A; does not contain the element n —x —y, thus it contains
x+y.

LEMMA 3. If a 2-partition contains pincers, then it is of Erd0s.

PROOF. Consider a set of pincers (x,Xx,y7,y1). The element n — (x; +y;)
forms, either with x| and y;, or with x, and y,, a triple whose sum is n in its
part. By condition iii), these three elements are distinct.

The following task is to obtain effectively pincers from adequate flips. In
fact, two flips which are respectively situated near n/3 and n/4 will suffice
(for n large enough: n > 56), essentially because “1/3<1/4+1/3<2/3”: as
the elements x;, x5, y2, y; apt to form pincers are near n/4 or n/3, the sum
X1 +Yy1 =X +yy will certainly be in a distinct column (cf. condition iii)), in
fact in a column which is further right, as x; +y; will be between n/3 and
2n/3.

For the 2-partitions, the following lemma gives a sequence which is
shorter than Sy, so it will allow us to situate more precisely a flip near n /4.

NOTATION. Denote by V the integer part of (n — 3)/4.
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LEMMA 4. Assume that n > 11. Given a 2-partition of [V,n[, if the
sequence [V, V + 1,V +2,V + 3] is contained in a part, then the partition
is of Erdés. In the case n#2 mod 4, it is enough for [V, V + 1,V +2] to be
contained in a part.

PROOF. In fact, V is the integer part of (p — 1)/2 (let us recall that p,
which is the smallest element of S, is itself the integer part of (n — 1)/2).
Hence, following lemma 1, [V, V + 1, V + 2] contains two elements whose
sum is p. As V must be one of these two elements (either p= V +(V +1), or
p=V+(V+2)), we can also find in [V, V +1, V + 2] two elements whose
sum is p + 1.

Suppose now that the partition is not of Erdds, the described sequence
being contained in a part. If n is odd, we have p+1=n —p;asp and p +1
are in the same part by lemma 2, we arrive to a contradiction. If n is even,
we have p+2 =n — p; as p+ 2 is equal either to (V +1)+(V +2) or to
(V+1)+(V +3) (according to the parity of p), lemma 2 leads once again to
a contradiction.

The bound n > 11 traduces the condition that the column of p must be
disjoint from the considered sequence, in order to apply lemma 2.

REMARK 1. As it is formulated, this proof may also be viewed as the
starting point of a recursive process which could be useful for the study of
the 3-partitions (of course lemma 2 must be replaced by the corresponding
lemma).

REMARK 2. In case n#2 mod 4, the sequence [V, V +1, V +2] of lemma
4 corresponds to Sy deprived of its first and last elements: in this case, we see
that the integer part of (n — 6)/4 is equal to V — 1. But in case n =2 mod 4,
lemma 4 does not improve the result of lemma 1: the integer parts of (n—6)/4
and (n — 3)/4 are equal, thus [V, V + 1,V +2, V +3]=5, in this case.

NOTATION. Denote by Si the sequence of length 3 or 4 (according to the
case) which has been described in lemma 4.

DEFINITION. A flip [x,x + 1] is said to be of type 12 if x is an element
of the part A; and. x +1 of A,. More generally, the type of a given sequence
is the corresponding sequence of the indices of the parts which contain the
given elements.

The following lemma may be seen as a complement to lemma 4. Picking
out a few other cases which force the 2-partition to be of Erdds, it will allow
us to precise the values of n such that the pair (V,n) is of Erdos.
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LEMMA 5. Consider the sequence of the first four or five (according to
the case) elements of [ V,n[, with n > 18. If its type falls within one of the
following cases, then the 2-partition is of Erd0s:

forn=0 mod 4, type 11#1

forn=1 mod 4, type 11#1, 1#11 or 11##1
forn=2 mod 4, type 11##1 or 1#1#1
where # is a generic character for 1 or 2.

PROOF. Similar to the proof of lemma 4. Apply lemma 2, after having
noticed that two elements which face each other (either p and n —p, or p — 1
and n — p + 1, according to the case) can be obtained as sums of elements
belonging to the same part.

THEOREM. For n > 56, every 2-partition of [m,n[ withm < V is of
Erdés. (n = 55, m = V) There is a 2 partition of [13,55[ which is not of
Erdos. For every n, there is a 2-partition of [V + 1,n[ which is not of Erd0s.

PROOF OF THE THEOREM. Let us suppose that the partition induced on
[V,n[ is not of Erd6s. By lemma 4 and corollary 1, there is at least one flip
in each of the sequences S!t and S3. We shall distinguish two cases, depending
on their types.

Let U be the smallest element of S3. Recall that V' is the integer part of
(n —3)/4, and that U is the integer part of n/3 — 1 (lemma 1 ).

CASE 1. The sequences Si and S5 contain respectively flips with different
types.

First, let us make sure that SA" and S3 are disjoint (provided that n > 42).
If n#2 mod 4, we see immediately that V +3 < U. If n =2 mod 4, then
V=(n—-6)/4, hence V+4<U.

Hence, the two flips provide four elements x; < xp < y, < y; which
apply for forming pincers. It only remains to verify condition iii), in order
for n — (x; +y;) to be distinct from x1, xp, yo, ¥1. In fact, we shall prove
that x; +y; is too small for its column to reach y; (equivalently, x; +y; is on
the right of y;), which is expressed by the inequality: x; + 2 -y; < n. The
most “unfavourable” situation is the one in which x| and y; are as large as
possible, the flips being situated at the ends of the sequences: let us say Sjt
of type 1112 or 112, together with S5 of type 2221 or 221, according to the
class of n mod 12. The pincers condition iii) is expressed by an inequation
involving V', U and n. Now, the expressions of V and U as functions of n
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provide a bound which is a sufficient condition: n > 47 is valid no matter the
class of n mod 12. Let us summarize this little study in the following table:

type of Sz’l type of S3 pincers sufficient condition

condition iii)  obtained
1112 21 (=0 mod 3) V+2U+6<n “7¥ M igqcn:  n>39
112 21 (=0 mod 3) V+2U+5<n @7V Mogqcn: n>39
112 2221 (120 mod 3) V+2U+7<n @7+ 202D 15y 543

1112 (=2 mod 4) 2221 (1%0 mod 3) V+2U+8<n 7942020 46 opn: n>46

CASE 2. The sequences SA" and S5 do not contain flips of distinct types.

In this case, there is one (unique) flip in each sequence; let us say, of
type 12. The fact that the two sequences are disjoint does no longer ensure
the existence of pincers: it is enough to concatenate Si of type 1112 with Sj
of type 1222 in order to be convinced of that.

First, notice that Si and S5 are not contiguous as soon as n > 54 (we
have V+4 < U, or V +5 < U, according to the length of SA").

i) If there is an element of type 2 between the two flips, then the flip of
Si gives us the first two elements of pincers whose fourth element is, at most,
equal to U': therefore, the pincers condition iii) is evidently fulfilled.

Here are some examples: [1112]2[1222], [1122][1222], [112]221...[1112].

ii) If there is no element of type 2 between the two flips and if SA"
and S3 are not contiguous, then the configuration is of type [112]1...[1...2].
Four elements are likely to form pincers (of type 2,1,1,2, now). The most
“unfavourable” situation is the one in which the flip of Sj is at the end of the
sequence: the extremal elements of the pincers are the last elements of S!1 and
S3. It is enough to adapt the study which has been made in case 1. It may be
noticed that the configuration [1112]1... (for n =2 mod 4) has not even to
be studied anymore: it is of Erdés by lemma 5.

type of Szlt type of S3 pincers sufficient condition

condition iii) obtained
112 12(n=0 mod 3) V+2U+6<n "D+ W ydcn:  n>39
112 1112 (120 mod 3) V+2U+8<n ¥ 420D 46 5555

Finally, taking into account all the preceding considerations, we obtain
the bound n > 56, which is valid in any case.

The previous analysis may also be exploited in order to construct a non-
Erd6s partition of [13,55[. As a consequence of both case 2 above and lemma
2, the partition is (and must be) of the following type:
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13 14 15 16 17 18 19 20 21 22 23 24 25 26 27

type: 1 1 2 1 1 1 1 2 2 2 2 2 2 2 1
42 41 40 39 38 37 36 35 34 33 32 31 30 29 28
type: ... 2 2 1 2 2 2 2 1 1 1 1 1 1 1 2

It is easy to give a 2-partition of [ V + 1,n[ which is not of Erdés. But a
more general construction will be presented in the next section.

4. Non-Erdds p-partitions

The following construction allows us to obtain very simply, for every
integer n and whatever the number of parts p, a non-Erd8s p-partition of
[m,n[, provided that m >n/2p.

Notice that the example for p = 3 and n divisible by 60 of [B-J] is a
product of a different process (besides it has to be slightly modified in order
to be conclusive).

We begin with the study of p-partitions of an interval [m/n,1[ of real
numbers.

PROPOSITION. There exists a non-Erd0s p-partition of the real interval
[1/2p,1[: none of the p parts contain a finite subfamily whose sum is equal
to 1.

PROOF. The parts A, ..., Ap are constructed in order for the interior
of each of these parts to be stable by addition. Moreover, the parts to which
the boundary points will be attributed must be chosen adequately. The choice
which is made below will allow to improve (very slightly) the bound m when
the proposition will be applied to the p-partitions of the integers [m,n|[.

Let us define the following intervals, where i (1 <i <p) is a counter for
the parts, and k (k > 0) is a counter for the connected components of each
part:

—for k=0,

1 1 o=
JO [E,zp—_l}, ifi=1

l
1 1 . .
]—Zp—i+l’ —Zp—i] , if2<i<p
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— for k > 1 with 2Kk <2p — i,

k k k
2 2 e 2 1
| T3
k_ )] ok ok T ok
Ji = | 2p=—i+1 2p=7 | if s =12
A BT R |
| 2p—i+1° 2p—i |° 2p—i+l 2

Let A; be the union of the ]ik (k > 0). In short, if we leave aside
the boundary points, a partition of ]11/2p,1/p[ is extended homothetically to
11/2p, 11.

An elementary checking may (and has to) be made: 1/2 is a boundary-
point.

1) There are a value k = K, and a value i = I, such that

2k 1
p—I+1 2
Indeed, let us write p to the base 2: p=bgbg_1...b1by (where bg =1).
We have: 2K < p < 142+.. 42K =2K+1_] equivalently: p < 2K+1 <2p,
from where we obtain the desired value of i (with 1 <i <p).

Of course, 1 is then a boundary-point too, and the partition is well-
defined.

ii) Clearly, for elements taken in ]l.O and not all of them identical, the sum
is different from 1.

iii) From 1), ii) and from the choice which has been made at the boundary-
points of the intervals Jik, we deduce that the sum of elements of A;, all of
them being distinct, is different from 1. i The only case where the checking
is not trivial is the one with all the elements taking the form

2k
2p —i

(i.e. ends of intervals). Denoting by k; the largest integer such that
2ki
2p —i

1
< Z
-2

(in fact, k; = K or k; = K — 1), the sum of the given elements is at most

1 1
—<2ki+1—1>§ Op—i-1)<l.

2p —i 2p —i
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Notice that the case where all the elements are at the beginning of intervals
. . k .
is immediate (ﬁ + %—p #1as 1+2F is odd).

As an evident corollary of proposition 1, we obtain

PROPOSITION 2. If m/n > 1/2p, then there exists a non-Erdés partition
into p parts of the interval of natural numbers [m,n|.

For some values of n mod 2p, this bound obtained for m can be slightly
improved (one unit less), as a result of the discretisation: among the reals, the
only elements which are to be taken into account are the multiples of 1/n,
and they have to be situated in relation to 1/2p.

For p =2 for example:

—ifn=0 mod 4 or n =3 mod 4, the bound which has been given by
proposition 2 is optimal: the condition m > n /4 is equivalent to m > V + 1
(cf. §3.).

—if n=1 mod 4, the smallest element of the interval J{) is (n+3)/4, that

is V+2 in the considered case; it is straightforward to check that the partition
remains non-ErdGs if the preceding integer (n — 1)/4 is joined to Aj.

—if n =2 mod 4, the smallest element of the interval ]10 is V +2 too.
As before, the preceding integer, (n — 2)/4, can be joined to A;.
Hence we have, for every value n, a non-Erdds 2-partition of [V +1,n[.
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1. Introduction

Let (M, g) be a connected n-dimensional, n > 3, semi-Riemannian mani-
fold of class C*° and let V be its Levi—Civita connection. A manifold (M, g)
is said to be an Einstein manifold if the following condition is fulfilled on
M: S = % g, where S and k denote the Ricci tensor and the scalar curvature
of (M, g), respectively. According to [11], a manifold (M, g) is called Ricci-
simple if rank(S) < 1 holds at every point x € M. Conformally flat Ricci-
simple manifolds were investigated in [2] and [11]. Einstein manifolds as
well as Ricci-simple manifolds form subclasses of the class of quasi-Einstein
manifolds. A manifold (M, g) is called a quasi-Einstein manifold if at every
point x € M its Ricci tensor is decomposed in two parts: a metrical part
and a part of rank at most one, i.e. if S =ag+fw ®w holds at x, where
w € TF(M) and a,f € R. A manifold (M,g) is said to be semisymmetric
([23], [25]) if R- R = 0 holds on M. Every semisymmetric manifold is
Ricci-semisymmetric (R- S = 0). The converse statement is not true. Every
semi-Riemannian semisymmetric manifold (M, g) satisfies at every point the
following condition ([15]):

(%) the tensors R - C and Q(S, C) are linearly dependent.

This condition is equivalent to R - C = LQ(S,C) on the set
U={x e M| Q(S, C)=0 at x}, for a certain function L on U. There exist
non-semisymmetric manifolds satisfying (x). Manifolds satisfying (x) were
recently investigated in: [8], [15], [17], [18] and [19].
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We prove that some hypersurfaces fulfill (). Namely, the main result
of this paper (see Theorem 5.1) states that if M is a Ricci-semisymmetric

hypersurface of a semi-Euclidean space IE’SHI with signature (n +1 —s,5),
n >4, satisfying at every point x € M the following relation

1) S:ngww@w, we T M), afck,
n_

then (%) holds at every point of M. Precisely, the following condition is
fulfilled on M

2) R-C=Q(S,0).

Hypersurfaces of IE’SHI, n > satisfying (x) will be studied in a subsequent
paper

In Section 2 we give definitions of basical tensors used in the paper.
In this section we give also a presentation of certain classes of manifolds
of pseudosymmetry type. In Section 3 we prove that if (M,g) is a Ricci-
semisymmetric manifold satisfying (1) and

3) R-R=0Q(S,R)

at every point x € M then (2) holds on M (see Theorem 3.1). In Section 4
we give an example of a semisymmetric warped product manifold satisfying
assumptions of Theorem 3.1. In Section 5 we present results on quasi-Einstein
Ricci-semisymmetric as well as semisymmetric hypersurfaces. Since every

hypersurface of E?” satisfies (3), Theorem 5.1 is an immediate consequence
of Theorem 3.1. Theorem 5.2 shows that certain quasi-Einstein semisym-
metric hypersurfaces are Ricci-simple semisymmetric manifolds. Finally, in
Theorem 5.3 a curvature characterization of Ricci-simple semisymmetric ma-
nifolds is given. In this section we give also an example of a semisymmetric
hypersurface satisfying assumptions of theorems 5.1-5.3.

2. Certain pseudosymmetry type manifolds
We define on a semi-Riemannian manifold (M, g) the endomorphisms
XAAY,R(X,Y)and 6(X, Y) by

(XNa Y)Z=A(Y,2)X — A(X,2)Y,
R(X,Y)Z=[Vx,VylZ-V|x v|Z,

K

n —

‘6(X,Y):=%(X,Y)—%<X/\ng+fX/\gY— X g Y>,
n_
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respectively, where A is a (0,2)-tensor on M, X, Y,Z € E(M),E(M) being
the Lie algebra of vector fields of M. The Ricci operator  is defined by
S(X,Y)=g(X,7Y), where S is the Ricci tensor and « the scalar curvature
of (M,g), respectively. We define the tensor G, the Riemann—Christoffel
curvature tensor R and the Weyl conformal curvature tensor C of (M, g),
by

G(Xy, X5, X3, Xy) = g(X) Ng X2) X3, Xy),

R(X1, Xp, X3, Xy) = g(R(X1, X0) X3, Xy),

C(X1, X, X3, Xy) = g(6(X1, X2) X3, Xy),
respectively. For (0, 2)-tensors A and B we define its Kulkarni-Nomizu pro-
duct AA B by
(AN B)(X1, X2, X, Y) = A(X], Y)B(Xp, X)+ A(X,, X)B(Xj, Y)—

—A(X1, X)B(Xp, Y) — A(Xy, Y)B(X, X).

We note that the Weyl tensor C can be presented in the following form

1 K

For a (0,2)-tensor A we define the (0,4)-tensor A by A = %A A A. Thus we
have

A(X7, X5, X3, Xy) = A(X7, X3)A(Xp, X3) — A(X7, X3)A(X7, Xy).

For a (0,k)-tensor T, k > 1 and a symmetric (0,2)-tensor A we define the
(0,k)-tensor A - T and the (0,k +2)-tensors R- T and Q(A, T) by

(A T)Xq,.. s X)) = —TAX], Xoy oo Xp) — oo — T(X1, Xoy o 5l X},
R-T)X1,.. . X: X, Y) = (RX, Y) - T)(X],.... X}) =

= —TRX, Y)X1, X0s o s Xi) — oo = T(XY, -0 Xio 1, RX, V)X,
QA T)X], . s Xi: X, Y) = (X Ag Y) - TNXY, -0 Xp) =

=T XA X, X s X)) — oo = T(X1s o X1, (X Ag Y)Xp),

where 4 is the corresponding to A endomorphism of =Z(M) defined by
gX, Y)= A(X, Y). Putting in the above formulas T=R, T=S or T=C,
A=g or A=S§, we obtain the tensors: R-R, R-S, R-C, C-S§, Q(g,R),
Q(g,5), Qg,C), Q(S,R), Q(S,C), S-Rand S - C.

As a proper generalization of locally symmetric spaces (VR = 0) se-
misymmetric manifolds were studied by many authors. We mention that
complete semisymmetric hypersurfaces of Euclidean spaces as well as se-
misymmetric Lorentzian hypersurfaces of Minkowski spaces were classified
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in [24] and in [26], respectively. The profound investigation of several pro-
perties of semisymmetric manifolds, gave rise to their next generalization: the
pseudosymmetric manifolds. A manifold (M, g) is said to be pseudosymmet-
ric ([13], [27]) if at every point of M the following condition is satisfied:

()1 the tensors R - R and Q(g, R) are linearly dependent.
This condition is equivalent to R - R = LpQ(g,R) on the set Up =

{x EM|R—- ﬁG#O at x}, where L is a certain function on Ug. Evi-

dently, every semisymmetric manifold is pseudosymmetric. There exist vari-
ous examples of pseudosymmetric manifolds which are non-semisymmetric
and a review of results on pseudosymmetric manifolds is given in [13] (see
also [27]). It is known that a 3-dimensional semi-Riemannian manifold is
pseudosymmetric if and only if it is quasi-Einstein ([21], Theorem 1). We
mention also that Theorem 2 of [14] provides a classification of all pseu-
dosymmetric 3-dimensional pseudosymmetric totally real submanifolds of 56,

It is easy to see that if (x); holds on a manifold (M, g), then at every
point of M the following condition is satisfied:
(%)2 the tensors R - S and Q(g, S) are linearly dependent.

The converse statement is not true (see, e.g. [13]). A manifold (M, g) is called
Ricci-pseudosymmetric if at every point of M the condition (x), is fulfilled.
If a manifold (M, g) is Ricci-pseudosymmetric then
(&) R-S§=LgQ(g,9),
holds on the set Ug = {x € M | S#%g at x }, where Lg is a certain function
on Ug.

As it was shown in [20](Proposition 3.1), at every point of a hypersurface
M of a semi-Riemannian space of constant curvature N"*!(c) the following
condition is fulfilled:
(%)3 the tensors R - R — Q(S, R) and Q(g, C) are linearly dependent.
More precisely,

— 2\
© R R~ Q(S.R)= 2800, ©)

holds on M, where £ is the scalar curvature of the ambient space. It is clear

that if the ambient space is a semi-Euclidean space IE?“ then (6) reduces
to (3). Note also that every pseudosymmetric Einstein manifold realizes (x)s.
Pseudosymmetric manifolds satisfying (x)3 were investigated in [16].
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Semi-Riemannian manifolds satisfying (x);—(x)3, (*) or other conditions
of this kind (see [13] and [27]) are called manifolds of pseudosymmetry type.
Hypersurfaces satisfying such conditions were studied among others in: [1],
[2], [7], [9], [20] and [22].

3. Ricci-semisymmetric manifolds

Using the definitions presented in Section 2 we can prove that if A and
B are symmetric (0,2)-tensor fields on a semi-Riemannian manifold (M, g),
n >3, then we have on M: Q(A, AA B) = —Q(B, A). In particular, from this
it follows that (cf. [2], Lemma 3.1): Q(g,g AS)=—-0Q(S, G), Q(S,gN\NS)=—
—Q(g,S) and

1 — K
@) Q(S,C)=0Q(S,R) + nTzQ(g,S)“‘ m@(& G).

PROPOSITION 3.1. Let (M, g), n > 4, be a semi-Riemannian manitold.
(1) If (5) is satisfied at x then we have at this point

(8) R- C=R-R+ LsQ(S, G).

n—2

(ii) If (1) is satisfied at x then we have at this point

) §:< K >2G+ K gNPwew),
n—1 n—1
(10) Q(S, C) = Q(S, R).
(iii) If (1), (5) and
(11) R-R=Q(S,R)+ LQ(g, O), LeR,

are satisfied at x then the following relation is fulfilled at x

12) R-C=0Q(S,C)+ LA, R) +

1
S (L+ Lo)Q(S, G).

n J—
(iv) If (%), is satisfied at x then we have at this point
(13) RSIX, Y, W, 2)+ RSW,Y,Z, X)+RSZ, Y, Z, W)=0.
PROOF. (i) The tensor R - C, by (4), takes the following form

1
R-C:R-(R——g/\S+

K 1
n—2 (n—2)(n-1)G):R'R_n—zR'(gAS)‘
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But this, by making use of (5), turns into (8).
(>i1) (9) is an immediate consequence of (1). From (9) we obtain

(14) Q(g.5) = nKjQ(g,g ABw @ w)) =

(15) = QB @ W), G) =
But this reduces (7) to (10).

(>ii1) Using the following identity ([7], Remark 2.1)

(s, G).

n—1

(16) Q@, €)= Q. R+~ i 5 (S, G,
(8), (10) and (11), we obtain our assertion
R-C:R-R+n_2LSQ(S,G)=
= Q(S, R+ LO(, €)+ 5 LsQ(S, G) =
= QS O) + LA, O) + —> LgQ(S,G) =

1
5L+ Lg)Q(S, G).

n —

=Q(S,C)+ LQ(g, R) +

(iv) Evidently, if x € M — Ug then (13) holds at x. If x € Ug then (5)
implies
RIX, Y, W,2)+ R(X, LY, W, Z) = Lg(g(X, W)S(Y, Z)+
+8(Y, W)S(X, 2) — g(X, 2)S(Y, W) — g(Y, 2)S(X, W).
Summing this cyclically in X, W, Z we obtain (13).
As an immediate consequence of the above results we have the following

THEOREM 3.1. If (M,g), n > 4, is a Ricci-semisymmetric semi-
Riemannian manifold fulfilling (1) at every point x € M then the conditions:
R-R=Q(S,R) and R- C = Q(S, C) are equivalent on M .

COROLLARY 3.1. If (M, g), n > 4, is a Ricci-semisymmetric Ricci-simple
semi-Riemannian manifold with vanishing scalar curvature then the conditi-
ons: R-R=Q(S,R) and R- C = Q(S, C) are equivalent on M .

THEOREM 3.2. If M, g), n > 4, is a semi-Riemannian manifold fulfilling
(1) then

(17) Q(S,R)=0

and



ON CERTAIN QUASI-EINSTEIN SEMISYMMETRIC HYPERSURFACES 157

(18) Q(S,0)=0

are equivalent on M. Moreover, if at a point x € M the tensors S and C
are non-zero and (17) or (18) holds at this point then the scalar curvature K
vanishes at x.

PROOF. The first part of our assertion is an immediate consequence of
Proposition 3.1 (ii). Let at a point x € M the tensors S and C be non-zero
and let (17) be satisfied at x. This, in view of Theorem 4.1(i) of [5], implies
R - R=0, whence
(19) R-C=0.

From (18), in view of Theorem 3.1 of [15] it follows that R-R= -5 Q(g, R),
whence R- C = %5 Q(g, C). This, by (19), and the assumption C# 0 implies
K =0. Our theorem is thus proved.

4. Warped products

Let (M, g) be a semi-Riemannian manifold covered by a system of charts
{W:x*}. We denote by gij, Rnijk- Sij» S =&Y Siks Ghijk = 8nk8ij — 8hj8ik
and

(200  Gujjk =
1 K
= Rpjjr — m(ghk Sij — 8nj Sik * 8ij Snk — ik Shj) + mGhijka

the local components of the metric tensor g, the Riemann—Christoffel cur-
vature tensor R, the Ricci tensor S, the Ricci operator f, the tensor G and

the Weyl tensor C, respectively. Let now (M,g) and (N,g), dimM = p,
dimN=n— p, 1 <p <n, be semi-Riemannian manifolds covered by systems
of charts {U;x%} and {V;y®}, respectively. Let F be a positive smooth
function on M. The warped product M x N of (M,g) and (N, ) is the
product manifold M x N with the metric g =g x gg defined by

g X F§ =@ g +(Fom)my§,
where 711 : M x N — M and 75 : M x N — N are the natural projections on
M and N, respectively. Let {U x V;x!,... xP,xPtl =yl x"=y"=P} pe

a product chart for M x N. The local components of the metric g =g x g with
respect to this chart are the following gyx =84 if h =a and k =b, gp; = Fgup
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if h =« and k = 8, and gy, = O otherwise, where a,b,c,... € {1,...,p},
a,B,y,...€{p+1,...,n} and h,i,j,k,l,m € {1,2,...,n}. We will denote by
bars (resp., by tildes) tensors formed from g (resp., ). The local components
l"lhj of the Levi—Civita connection V of M x gN are the following:

_ 3 A T
rcbl =1—‘ZC7 rgy =r§y’ Faﬁ = _Eg begaﬂ:

1 oF
(21) l_(;ﬁ = ﬁFaag, r‘gb = rf;b = O, Fa = aaF: axa .
The local components
Rpiik =gnR, =gt — o, T+l — o = —
hijk = 8hiRjk = gn1(9k ij i i Uk ik mj)’ k=g 0k

of the Riemann—Christoffel curvature tensor R and the local components S;;

of the Ricci tensor S of the warped product M x N which may not vanish
identically are the following:

— 1 _ ~ AF .
(22) Ruped = Rabeds Ryapp = _ETabgaﬁa Ropys = FRypyp — TGaﬂyéa

_ n—p o 1 n—p-—1 -
(23) Sap = Sap — WTab, Saﬂ = Saﬂ ) <tr(T)+ TAIF) 8ap>

= 1
(24) Ty = VpFa — 5o FaFi, 1r(T) =g Top, A\F = Mg F =g’ Fy i,
and T is the (0,2)-tensor with the local components T,j,. The scalar curvature
k of M x N satisfies the following relation

-, Kk n-p n-p-1
(25) K=K+ 7 <tr(T)+ iF AlF).

_ EXampLEA4.1. Let (N ,8), be a 1-dimensional Riemannian manifold. Let
M be a non-empty open connected subset of R”, p =n — 1 > 3, equipped

with the standart metric g, 8,5 =€404p, €4 =£1. We put F:F(xl, cHxP)=
=kexp(€ax?), where &1,...,§, and k are constants such that 512 +. ..é‘g >0,

g9%E,E, = 0 and k > 0. We consider the warped product M x pN. Now
(22)—(25) turn into

F -
Rupea =0, Ryapn = _Zgagbgnny

F
Tab = 5&61&[)7 tr(T) = 07 AIF = 07
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1
(26) Sab = _4_1&“557 Snn =0, §? = 0, k=0,

respectively. In [6] (Example 5.2) it was shown that the manifold M x FN
satisfies (3). Furthermore, in virtue of (26), Lemma 4 of [12] implies R-R =0,

whence R-S =0. Thus we see that the manifold M x N realizes assumptions
of Corollary 3.1. In addition (26) implies S - R =0. Further, using (20), (26),
and (12)—(16) of [12], we state that the local components of the Weyl tensor
Cysru of the manifold M x N are the following

1

Cabed = 7—-(8aabvEc + 8bcEaba — 8acSvEa — 8pababe),
4(n —2)

n—3

(27) Cannd = _4(n—_2)‘§a‘§a’8nn-

We note that g4 S, Cys1y = 0. Therefore the tensors S+ C =0the C-S=0
must vanish.

5. Pseudosymmetric hypersurfaces

Let M, n =dim M > 3, be a connected hypersurface immersed isomet-
rically in a semi-Riemannian manifold (/NV,g). We denote by g the metric

tensor of M, induced from the metric tensor g. Further, we denote by V and
V the Levi—Civita connections corresponding to the metric tensors g and g,
respectively. Let £ be a local unit normal vector field on M in N and let
e = g(,8) = £1. We can present the Gauss formula and the Weingarten

formula of M in N in the following form: ?XY =VxY+eH(X,Y)E,

and V x& = —A(X), respectively, where X, Y are vector fields tangent to
M, H is the second fundamental tensor of M in N, A is the shape operator

of M in N and g(4(X),Y) = Vx& = —d(X). Furthermore, for k > 1 we
also have that H*(X,Y) = g(«¥(X), Y) and rr(H*) = tr(4F). We assume
that the ambient space is a semi-Euclidean space ]E?” , n > 3. The curvature
tensor R of M, by the Gauss equation of M in N, satisfies R= %H AN H. Let

the equations x” =x"(y") be the local parametric expression of M in (N, g),
where y" and x” are the local coordinates of M and N, respectively, and
h,i,j,k,l,me{l,...,n} and r,s,t,u € {1,...,n+1}. Thus we have

(28) Ryijk = ¢ (HpHij — HpjHiy), & = +1,

where Rp;jr and Hyy are the local components of the tensors R and H,
respectively.
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We present now applications of Theorem 3.1 to hypersurfaces of spaces
of constant curvature. Evidently, we replace (11) by (6). We have

PROPOSITION 5.1. Let M be a hypersurface of a space of constant cur-

vature N”“(c), n > 4. If (1) and (5) are satisfied at a point x € M then the
relation

29) R-C = Q(S, )= "2 g, R}+—— (LS _ M) (s, 6),

nn+1) n—2 nin+1)
holds at x . In addition, if at a point x A2 is not a linear combination of A and
the identity transformation 1d at x then (29) turns into
(n — 2K (n —3)k

Q@E,R) — —————=0Q(S, G).

(30) R-C=0Q(S,0C)— nn+ D) (n—2)n(n+1)

PROOF. (29) is an immediate consequence of an application of (6) to

Proposition 3.1. Since .42 is not a linear combination of .4 and the identity
transformation Id at x, in view of Propositions 3.1 and 3.2 of [7], we have at

xX:R-S= %Q(g, S), i.e. Lg = % Applying the last relation in (29)
we obtain (30), which completes the proof.
In particular, if £ =0, Proposition 5.1 implies the following

THEOREM 5.1. Let M be a Ricci-semisymmetric hypersurface of a semi-

Euclidean space ]E?*'] ,n>4. If (1) is fulfilled on M then R - C = Q(S, C)
holds on M.

We note that the above theorem follows also from Theorem 3.1. Further-
more, Corollary 3.1 as well as Theorem 5.1 imply

COROLLARY 5.1 If M is a Ricci-semisymmetric Ricci-simple hypersur-
face of a semi-Euclidean space E?” , n >4, with vanishing scalar curvature,
then R- C = Q(S,C) holds on M.

As an immediate consequence of Theorem 3.2 and (3) we have

PROPOSITION 5.2. Let M be a semisymmetric hypersurface of a semi-

Euclidean space E?*l , n > 4, satistying (1) at every point. If the tensors C
and S — nKTl g are non-zero at every point of a dense subset of M then the

hypersurface M is a Ricci-simple manifold satistying R- C = Q(S, C)=0.

EXAMPLE 5.1. Let M x pN be a warped product defined in Example
4.1. Since (3) holds on M x FN , this manifold can not be realized as a
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hypersurface of a semi-Riemannian space of constant curvature N"*1(¢), with

non-zero curvature c. However, the manifold M x N can be realized as a
hypersurface of a semi-Euclidean space. Let H be the (0,2)-tensor on M X

x N, with the local components H; j» defined by H,j, = —éf—l\/ﬁfa& bs Han =
=0, H,, =1/ F8,,, where e =+1 and [ is a positive constant. The tensor H
fulfills (28) and H 3= tr(H)H 2. Furthermore, by making use of (21), we can

check that H is a Codazzi tensor. Thus we see that the manifold M x N
can be realized as a hypersurface immersed isometrically in a semi-Euclidean

space IE’SHI. Such hypersurface satisfies assumptions of Theorem 5.2.

REMARK 5.1. As it was shown in previous section from (26) it follows

that S- R=0 holds on M x pN. Thus we have an example of a hypersurface
satisfying assumptions of Theorem 3.1 of [1].

In [4] Riemannian hypersurfaces of Euclidean spaces satisfying the con-
ditions R- C =0 or C - R = 0 were investigated. With this subject is related
the following result.

THEOREM 5.3. Let M be a hypersurface of ]E?“ , n >4, with vanishing
scalar curvature.

(1) If M is a Ricci-simple semisymmetric manifold then R - C = 0 and
C-R=0 hold on M.

(i) If R-C =0 and C - R = 0 are satisfied on M then M N Uc is a
Ricci-simple semisymmetric manifold.

PROOF. The following identities are fulfilled on every semi-Riemannian
manifold

1 ) ) )
(C - Rpijkim = —m(ghzsf%Rsijk — 8hmS] Ryijk — i1t SmRsnjk+
+8imS; Rynjk + &1 + SmRskni —&jmSi Rskni — k1 SmRsjni + &km S} Ryjni)+

1
(31) +(R: Bpijkim — an(S, Bnijkim + Qg, Bnijkim:

K
(n—=2)(n—-1)
g"mQ(s, Rnijkim = KRyiji + SiiSij — SikSj1 — S} Ryiji+
(32) +8] Rsijk + S Ryik1 + S Ryil)-

(i) First of all, semisymmetry of M implies: R- C =0 and Q(S, R) =0.
The last relation, together with the relations k = 0 and rank S < 1, reduces
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(32) to
S; Ryijk = S Ryijk + S} Ryiki + Sp Ryilj»

whence, by Proposition 3.1(iv), we obtain S’ Ry = 0. Now (31) gives
C-R=0.

(ii) From Theorem 3.1 of [3] it follows that R- R=0 holds on U,. Now
(32) turns into S} Ryyjx = Sk Sij — SikSji- Thus (31) implies Q(g, S A S)=0,
whence, in view of Lemma 1.1 of [10], it follows that

(33) SAS=41G, AeR,

holds at every point x € Uc. Further, (33) gives Q(S, SAS) =1Q(S, G) and, in
a consequence, AQ(S, G) =0. Evidently, if A vanishes at a point x € U, then
(33) implies rank S < 1. If A0 at x, then the last equality gives Q(S, G) =0,
whence §'=%g, and S =0. Our theorem is thus proved.

COROLLARY 5.2. Let M be a hypersurface of EF*, n > 4, with vanishing

scalar curvature. Then M N U is a Ricci-simple semisymmetric manifold of
andonly if R-C=0and C-R=0 hold on M N Uc.

The hypersurface defined in Example 5.1 satisfies assumptions of Corol-
lary 5.2.
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1. Introduction

Let N be the set of positive integers and let A(n) be a subset of the
positive divisors of n for each n € N. The A-convolution of the arithmetical
functions f and g is defined by

(1) Fragd)= Y fldgn/d).
deAn)
W.NARKIEWICZ [Nar63] defined the A-convolution (1) to be regular if

(a) the set of arithmetical functions is a commutative ring with unity with
respect to ordinary addition and the A-convolution,

(b) the A-convolution of multiplicative functions is multiplicative,

(c) the function I, defined by I(n) = 1 for all n € N, has an inverse
U A with respect to the A-convolution and u 4(p?) € {—1,0} for every prime
power p%(a > 1).

It can be proved, see [Nar63], that an A-convolution is regular if and
only if

(i) A(mn)={de :d € A(m),e € A(n)} for every m,n € N,(m,n) =1,

(ii) for every prime power p?(a > 1) there exists a divisor t =1 4(p%) of a,
called the type of p® with respect to A, such that A(pi*) = {1,p’,p*,..,pi"}
for every i €{0,1,...,a/t}.

For example, the Dirichlet convolution D, where D(n) is the set of all

positive divisors of n, and the unitary convolution U, where U(n) is the set
of all unitary divisors of n (i.e. divisors d of n with (d,n/d)=1), are regular.
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If A is a regular convolution and k € N let (a,b) 4 x denote the greatest
k-th power divisor of a which belongs to A(b).

In [T95], [TH96], [T97-i] we introduced the notion of cross-convolution
as a special case of Narkiewicz’s regular convolution as follows. We say
that A is a cross-convolution if for every prime p we have either A(p?) =
={1,p,p%,...p%} = D(p*) for every a € N or A(p?) = {1,p%} = U(p?) for
every a € N. Let P and Q be the sets of the primes of the first and second
kind of above, respectively, where PUQ =P is the set of all primes. For P=P
and Q = we have the Dirichlet convolution D and for P=0 and Q =P we
obtain the unitary convolution U.

Furthermore, let (P) = {1} U{n € N: each prime factor of n belongs to
P}, (Q)={1}U{n € N: each prime factor of n belongs to Q}. Every n € N
can be written uniquely in the form n =npng, where np € (P),ng € (Q).

Now suppose A is a regular convolution, S is an arbitrary subset of N
and k,u € N. For d,n € N we say that d is a semi-(S, A, k,u) divisor of n if
d|n and ((d,(n/d)y*) o) /% € S.

It is clear that a semi-(N, A, k,u) divisor is a divisor in the usual sense
for every A and for every k,u € N. A semi-({1}, D, k, 1) divisor is the same
as a semi-(Q, D, 1,1) divisor, where @ is the set of k-free integers (i. e.
integers not divisible by the k-th power of any integer > 1) and this is the
notion of the k-ary divisor studied by J. CHIDAMBARASWAMY [Chi70], D.
SURYANARAYANA [Sur71], D.SURYANARAYANA and V. SIVA RAMA PRASAD
[SurSiv73]. If in addition k = 1, then we reobtain the concept of the unitary
divisor (or block divisor) introduced by R.VAIDYANATHASWAMY [V31] and
investigated by E. COHEN [Co60], [Co61] and others.

Furthermore, a semi-({1}, U,k,1) divisor is the same as a semi-
(Q,;k ,U,1,1) divisor, where Q,’: is the set of unitarily k-free integers (i. e.
integers not divisible unitarily by the k-th power of any integer > 1) and this
is the notion of the semi-k-ary divisor discussed by D.SURYANARAYANA and
V. SIVA RAMA PRASAD [SurSiv73]. If in addition £k = 1, then we reobtain
the concept of the semi-unitary divisor introduced by J. CHIDAMBARASWAMY
[Chi67]. Among the many other interesting particular cases we mention here
only the following one. Let P be an arbitrary subset of the set of prime
numbers: P C P and S = (P) defined as above, A= D,u =1, then we reobtain
the notion of P — k-divisor investigated by us in [T].

It may be noted that if d is a semi-(S, A, k,u) divisor of n and A # D,
then n /d (the complementary divisor to d of n) need not be a semi-(S, A, k,u)
divisor of n.
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Let 0((;;? Ak (m) and oégfz‘,k,u),r(n) denote the sum of r-th powers of

the semi-(S, A, k,u) divisors of n and the sum of r-th powers of the comple-
mentary semi-(S, A, k,u) divisors of n, respectively.

In this paper we deduce an asymptotic formula for the function
0((;,? A,k,u),r(") in case of an arbitrary regular convolution A, an arbitrary
subset S, for k,u € N and for r > u. We also obtain an asymptotic formula
for the function U((gsz‘ k) .(n) if A is a cross-convolution, k € N,r > u and,

for the sake of simplicity, if S is a multiplicative subset (i. e. its characteristic
function is multiplicative) and u =1.

In fact we obtain slightly more general results regarding the convolutions

) Gmy= > f(dgle)

de=n
((d.et) g1 kes

and
(3) Hm= )  h@f@)
de=n
(det) g1 kes

where f(n)=n",r > u, g and h are bounded arithmetical functions, assuming
the above hypothesis.

Our results generalize and unify the corresponding known results concer-
ning divisors in the usual sense, unitary-divisors, k-ary divisors, semi-unitary
divisors and semi-k-ary divisors.

The method we use is elementary, it applies certain familiar estimates
regarding the sums anx n’ and anxr(n)ns , cf. [T97-i]. We point out
that using the following result of A. Walfisz [W63], p. 99,

2/3

+ O(x log™~ x),

2.2
) > om="2

n<x

which is the best known result concerning the sum of divisors function, some
error terms of our formulae can be improved. In this way we also improve
some known error terms regarding the special cases mentioned above.
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2. Asymptotic formulae for G(n)

If A is a regular convolution and S C N define the generalized Mobius
function ug s by usa*al = pg, where I(n) = 1,n € N and pg is the
characteristic function of S. Hence, by Mdbius inversion, one has ug 4 =
=PS*AKA.

REMARK 1. For every regular convolution A, for every subset S and
n € N we have |ug 4(n)| < 7(n), the number of divisors of n. Moreover, if

S is multiplicative, i. e. pg is multiplicative, then |ug 4(n)| < 1, see [TH96],
Lemmas 1 and 2.

For k € N let Ay(n)={d e N: dk € A(nk)}. It is known that the Ay
convolution is regular whenever the A convolution is regular.

We need the following generalization of the Euler ¢-function. For a
regular convolution A, for § C N and k,u,n € N let ¢pg 4 ,(n) denote the

number of integers m (mod n*) such that ((m,n”)A,k)l/k € S. For u =k the
function ¢ 4k k(n) = ¢s ak(n) was introduced by P. HAUKKANEN [H88].
Note that ¢ a, D,1(”) = ¢(n) is the Euler function. For other special cases we

refer to [H88], [T97-1] and [SurSiv73].
We investigate the following Legendre-type function:

b5 Akum,x,r)= Z m'".

m<x
(mnt) g0 kes

LEMMA 1. (cf. [SurSiv73], Lemma 3.1) If A is a regular convolution,
SCN, k,u,n e N,r,x > 1 are real numbers, then

Psakumx,r)= Y dMuga ) > e
dkeA(nt) e<x/dk
If in addition r > 0, then

r+l
"% + O fsx (")),

where fgj(n) = Ty (n) = de‘n 1 (S multiplicative), Ji(n) = de|nr(d) S
not multiplicative).

¢s,Akun,x,r)=

PROOF. Using that d* € A((a,b)ay) if and only if @¥|a and d* € A(b),
see [Sit78], Theorem 4.2, we have

¢s,Akun,x,r)=
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=" mps(m.n") ) ") = 3 m" > ps.a, (d) =

m<x m<x dEAk((m,nu)A,k)l/k
=> m" D usad= D dVusad
m<x dk|m dk e Ant) e<x/dk
dkeA@nt)

where m =d¥e. Note that for r =0 and x =n* we get
us,a, (d)
) psakam=n" Y

dke A(nt)

X . r+l .
Furthermore, if » > 0 we use the estimate ) _, <x n" =%-—5+0(x") and obtain

_ k xr+1 xr _
¢S,A,k,u(naxa I") = Z d r‘uS,Ak (d) (m +0 dw =

dk e A(nt)

x7+l us.a,(d)
= > —dl,z +0(x" Y luga @] =
dk e A(nt) dkeAnt)
X ps Ak )
=TT i + O(xrfs,k(l’lu)),
by (5) and by Remark 1. |

LEMMA 2. If A is a regular convolution, S CN, k,u €e N,r >0 and g is
a bounded function, then the series

2 g(M)Ps,Aku(n)
Z nu+r+1
n=1

is absolutely convergent. Let a((i) Adet)r denote its sum. If in addition S and

g are multiplicative and u =k, then

B Gi—1)

0 ® g(™) Lps®) —ps(pi=1)

(SAkk)r_H 1+me(r+l) 1+Z itk ’
m=1

where t =t4, (p™).
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PROOF. By its definition ¢g 44 ,(n) < n" for every n € N, hence
the general term of the series is O(1/n"*1), where r > 0 and the absolute
convergence of the series follows at once.

If $ and g are multiplicative, then ¢ g 4 x x is also multiplicative, see (5),
therefore the series can be expanded into an infinite product of Euler type and

we use that

us.A, @M =ps@™) —ps@p

for every prime power p™.

m*l)

REMARK 2. If in addition S ={1}, then

(g)
QS Ak k),

©) Z i (n")
n<x
- AL
n<x

PROOF. We have

Tk(n 1 _
> DI DTS ey Tn
n<x n<x dk‘n“ dke=npt <xu

1 1
= Z dkr/u Z el/u’
dgxu/k egx“/dk
which is for r > u:
O(1 ! = 0();
> W() > o | = oW
de“/k deu/k
and for r =u it is
T 1| _ [ Otogx),
D, FOUoeZp)=0flogx >, = ‘{0<1og2x>,

dﬁx“/k

1l

LEMMA 3. (cf. [SurSiv73], Lemma 3.6) If k,u € N and r > u, then

|

s

1+Z

mlp

o(1),

O(logx),
O(log? x),

o(l),

O(logx),
O(log x),

g(p™)

m(r+1)

(1-5)):

r>u,
r=u,k>1
r=u,k=1,
r>u,
r=u,k>1
r=u,k=1.

dﬁx“/k
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The second estimate can be obtained similarly. |

LEMMA 4. Forn,m € N let

o'(n,m) = Z d.

de=n
(e,m)=1

Then
2
Za’(n,m) _27 $lm) o, 1/)( n) xlog?/3 x
12 m?
n<x
where ¢, and W are the Jordan function of order 2 given by
$r(n) = n? pln <1 — #) and the Dedekind function defined by y(n) =
=n Hp|n(1 + Il)), respectively.

PROOF. Let u denote the Mobius function. We have

Za(n m) = Z d= Zd Z M(a)—z,u(a) Z d=

n<x de=n<x de<x al(e,m) dab<x
(e, m) 1
S ¥ a-uw ¥ oo
alm db<x/a alm n<x/a

where e =ab. Now using Walfisz’ result (4) we obtain

za(n m)—Z,u(a) (E ;+O< 10g2/3a>>:

n<x

_” 2zﬂ(a)+0 x log?/3 x Z# *(a)

alm
which gives the desired result. 1
Now we are ready to prove the following

THEOREM 1. If A is a regular convolution, S is a subset of N, k,u € N,
fm)=n",r >u and g is a bounded function, then for the function G(n) given
by (2) we have
(@) xr+1 g
DG =y, +OG loghx),

n<x
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where a((ﬁ,)A’k’u),r is given in Lemma 2 and ¢ =0 (r >u), 1 (r =u,k > 1), 2
(r=u,k =1 and S multiplicative), 3 (r =u,k =1 and S not multiplicative).

If A is a cross-convolution, SCN, r=u=1,keNandgn)=1,n €N,
then the exponents of the log factors can be improved with 1/3, i. e. we have
q=2/3 & >1),5/3 (k =1 and S multiplicative), 8/3 (k = 1 and S not
multiplicative).

PROOF. We have, using Lemma 1,

S am= > ged =Yg Yy o d'=

n<x de=n<x e<x d<x/e
(d.e) 410 K es (det) g ) kes
= Zg(e)fﬁs,A,k,u(e,X/e,r) =
e<x
Ps,Akule) r+l X\’
=Y s )T +0((3) fexten)) =
”(r +1) \e e
e<x
x1 g(e)ps, akule) - Ssx(e)
- r+1 Z eutr+l +0 | x Z el
e<x e<x

Now using Lemma 2 we get

1 u
(g) x" r+1 r~—Sske”)
5 o =effac oy 0 (175 ) o [ D B

n<x e>x e<x

Here the first O-term is O(x"*!x~") = O(x) and for the second O-term we
apply Lemma 3.

Now suppose that A is a cross-convolution (note that in this case Ay = A
forevery k €N), SCN, r=u=1and g(n)=1,n € N. We use the following
treatment:

Ok M= dps(d, )40 =3"d Y usa@=

de=n de=n  gkeA((d.e)ax)
=3"d Y usa@= Y afbusa@=
de=n ak|d a?kpe=n

akeAce) akeAce)
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= Z akMS,A(a) Z b= Z akuS,A(a)o’(j,aQ),

aZkj=n be=j a%kj=n
(c,aQ)=1

where d = a¥b,e =akc. Now using Lemma 4 we obtain

Z U(SAk 1,1 = Z akMs,A(a)U'(i,aQ) =

n<x azkjgx

Z afus ala) Z o'(,ag) =

a< %/x j<x/a2

2 ) 2
5 (223"

<A/
Y(a Q) X x
o (S (7)) ) -

2
_TT2 3 ﬂS,A(ZWZ(aQ)JrO x log2/3 x 3 |MS,A(Z)|¢(“Q)
12 % aga 2 araQ

a< A/x a< /x

_Jr ZﬂSA(a)¢2(aQ)+O 2y lus,ala)l

2 3k a3k
apa oo B
2/3 s, al@)y (a)
+0 | xlog”" x Z T

a< 2%/x

Here the first O-term is

O | x? Z ‘% O(xz-xl/zk_3/210gx>=

a> %/x
=0 <x1/2+1/2k logx) = O(log x).
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The second O-term is for S multiplicative

o xlog2/3x Z v ) xlog2/3x Z ola) | _

k+1 k+1
<z’ o<y’
{ O(log?3x), k > 1,
O(og’3x), k=1;

and for S not multiplicative it is

(0] xlog2/3x Z T(a)o(a) ={0(10g2/3x), k>1,

k+1 8/3 _
o< %% a O(log®°x), k=1,
see [T-ix], Lemma 3, and the proof is complete. |

COROLLARY 1. If A is a regular convolution, S is a subset of N, k,u € N
and r > u, then we have
(s) (n) = ﬂ_,_g( "log? x)
ZO(S,A,k,u),r n)=aS,Akur 7 X log” x),

n<x
where a(s Ak u),r = a((é,)A,k,u),r and q is given in Theorem 1.

If A is a cross-convolution, S CN, r=u =1 and k € N, then q can be
improved with 1/3.

In case of k-ary divisors (take S = {1},A = D,u = 1) and semi-k-
ary divisors (take S = {1},A = U,u = 1) we reobtain formulae (4.3) and
(4.4) given in [SurSiv73] with better error terms. For the unitary divisor sum
function the same improved error term is due in [SSur73], see also [T97-i],
Theorem 12 and [T], Corollary 3.3.

2. Asymptotic formulae for H(n)

For the simplicity we consider in what follows .S multiplicative and u = 1.

LEMMA 5. (cf. [SurSiv73], Lemma 3.4) If A is a cross-convolution, S C
C N is multiplicative, k,n e N,r,.x e R.x > 1,r > 0,then

, Wsaxx
> et

w1 O fax(n)),

m<x
((n,m)A’k)l/kGS
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where
us Ald)p(d)

Ysakm)=n Y g

dk|n

and fa(n) =74 (n) = de‘n 1 (Q finite set), J(n) = de|n 1(d) (Q infinite
set).

PROOF. Similarly to Lemma 1,

S =Y wps@map =S m S s @)=

m<x m<x m<x dk|n
(g )V /kes dk € A(m)
k
=Y d“ugad )
dk|n e<x/dk
(e.d)E(P)

Now using the estimate

. ¢(aQ)xr+l .
Z n. = m + 0" noa))

n<x
(n,a)E(P)

valid for every r > 0 and a € N, where n7¢g(a) = 1 (Q finite set), 7(a) (Q
infinite set), cf. [T97-i], Lemma 7, we get

1 r

ro_ kr x" ¢(dQ) X -

Z m-= Z d™ s Ald) ((r N l)dk(”l)dQ +0 ”Q(d)dkr -
m<x dk|n

() g ) /K es

us,A(d)p(dg) ,
=r+lZ da, Ol Y lusa@ine@ |
dkeAm)

and we use Remark 1. 1

REMARK 3. [{pg 4 (n)| <o(n) for every n € N. Indeed,

(D|gdo)
s Ak <n % Z kST Z ~=0(n).
dkin Q dk\n din
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LEMMA 6. If A is a cross-convolution, S is multiplicative, k € N,r > 0
and h is a bounded function, then the series

= h(nyps ax(n)
Z ni+2
n=1

is absolutely convergent. Let 3 ((g) AJ).r denote its sum.

PROOF. The absolute convergence follows at once by Remark 3. |

The proof of the subsequent result is similar to the proof of Lemma 4,
see also [SitSur81], Lemma 2.1.

LEMMA 7. Forn,m € N let

on,m)= Z d.

de=n
(d,m)=1

Then

2
Z on,m) = % . q%xz + 0 <r(m)x 10g2/3x> .

n<x

THEOREM 2. If A is a cross-convolution, S is a multiplicative subset of
N, keNu=1,f(n)=n",r > 1 and h is a bounded function, then for the
function H(n) given by (3) we have

) xr+1 . g
> H@m) =Bsiakr g + O log! x),

n<x
where B0, , . is given in Lemma 6 and ¢ =0 (r > 1), 1 (r = 1,k > 1), 2

(r=k =1 and Q finite set), 3 (r =k =1 and Q Iinfinite set).

If in addition r = 1 and h(n) = 1,n € N, then q can be improved with
1/3,1i. e. wehaveq=2/3 (k>1),5/3 (k=1 and Q finite), 8/3 (k=1 and Q
infinite).

PROOF. We have, using Lemma 5,

Y Hm)= > h(d)e” => " h(d) > e’ =
n<x de=n<x d<x e<x/d
(de)pp)*es (de)ap)/kes
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= Z h(d) <1/;S(:‘JI:(1)) ( ) +0 ((Jdiyff""(d))) =

r+1 h(d d d
_ X Z ( )WS,A,k( ) +0 | x" fA,k( )
r+1 dr+2 dr

d<x d<x

Now using Lemma 6 we get

h xrtl r o(d) r = fax(d)
ZH(n) ﬂ((s)Ak), rre1 b ( +IZ r+2> * dr

n<x d>x d<x

Here the first O-term is O(x"*1x ") = O(x), see [T-ix], Lemma 3/a, and for

the second O-term we apply Lemma 3 with u =1.

Now suppose that r =1 and h(n)=1,n € N. We have

0((§f,)4,k,1),1(n) = Z eps(((d, e)A,k)l/k) =

de=n
=> e > usa@= > a*cus aa) =
de=n ak|d a2k pe=n
ak e Ae) ak e Ae)
= Z akMS,A(a) Z c= Z akMS,A(a)OO,aQ),
a2kj=n be=j a2kj=n

(c,aQ)=1
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where d =a¥b,e =akc. Now using Lemma 7 we obtain

ZO((giz\,k,l),l(n)z Z afus ala)o(i,ag) =

n<x a?kj<x
Z afus aa) Z o(j,ag) =
a< 2/x j<x/a%k

2
Z ak:“S,A(a) (% : % <r(aQ) log?/3 ( 2k>>> =

a< 2%/x

2
— n_x2 /uS,A(a)qb(aQ) +0 | x 10g2/3x Z |//LS,A((1)|T((ZQ) _
2 aQa3k ak
a< %/x a< 2%k/x
2
_n us,Ala)plag) 2 s (@)l
= Ex Z —aQa3k +0 | x Z %

a=

a> 2k/x

T(ap)
+0 | x10g?/3 E Q
x log™ - x p

a< %/x

Here the first O-term is O(logx) and the second O-term is for Q finite

o) 2 }: 1 O(x lo 2/3x) k>1
X ()g 3 JR— g > bl
log*” x a® { O(lo 5/3)6) k=1,

< 2%/x g > ;

and for Q infinite it is

O | xlog?3 x Z @) ={O(log2/3x), k>1,

k+1 8/3 _
s B C O(log**x), k=1,

and the proof is complete. |
COROLLARY 2. If A is a cross-convolution, S is multiplicative, k € N
andr > 1 then we have

r+l

X
ZO((gfix,k,n, (n) = ﬁ(SAk), Tt O(x" log? x),

n<x
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where B(s A k) r Eﬁ((é.)A k). and q is given in Theorem 2.

If A= D (in particular for k-ary divisors) Theorem 2 reduces to Theorem
1 and for semi-k-ary divisors (take S ={1}, A= U,u = 1) we reobtain formula
(4.12) given in [SurSiv73] with better error term.
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1. Introduction

The initial-boundary value problem of the parabolic type serves as a
mathematical model in many practical applications. Particularly, the parabolic
problem with a mixed boundary condition has a great importance in the
description of various physical phenomena, see [1], [7], [17], [18].

The numerical solution of such a problem is presented in [4] and [5],
where the convergence is established for the one-dimensional diffusion equa-
tion. The one-dimensional nonlinear problem is considered in [17]. The three-
dimensional problem with the homogeneous Dirichlet boundary condition is
analysed in [15]. Also some comparison between the finite element method
and the finite volume method is presented in [14] for the problem with the
mixed homogeneous boundary condition.

In our work we consider the numerical solution of the nonstationary
heat conduction problem in R? with a uniformly elliptic part and a mixed
nonhomogeneous boundary condition. We estimate the convergence of the
semidiscrete solutions in the finite element subspaces to the weak solution.
Further, we also analyse the convergence of the fully discretized solutions.

In the paper we show that the method of elliptic projection, introduced in
[14] and [15], can be successfully applied to the problem with third boundary

! The author was supported by the Hungarian National Science Foundation (OTKA) under
the Grant No T. 19460.

2 The author was supported by the Laboratory of Scientific Computing at the University of
Jyviskyld, Finland.
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condition. In addition, we prove the applicability of a general class of fully
discretized schemes, considered in [10] and [14] only for some special case
for the problem with first boundary condition.

The paper is organized in the following manner. In Section 2 we give all
necessary mathematical facts and define the weak formulation of the problem,
for the details we refer also to [2], [8], [11] and [13]. Section 3 is devoted
to the semidiscretization in the standard finite element subspaces. The basic
idea is to use the elliptic projection of the exact solution as a comparison
function, (cf. [15], [16]). In Section 4 we consider the numerical solution of
the semidiscrete problem via the 8-method (see [12]). We prove the second
order of the convergence for the Crank—Nicolson—Galerkin scheme, while that
is of the first order for the other schemes.

The main part of the paper has been written during the visit of the second
author to the Scientific Laboratory at the University of Jyviskyld, Finland,
within the exchange program between the Hungarian Academy of Sciences
and the Academy of Finland.

2. Mathematical background and notations

We consider the partial differential equation of the parabolic type
u
at
with a mixed nonhomogeneous boundary condition

(2.1) —div(d gradu) =f in (0, T) x Q,

(2.2) au+ntdgradu=g on(0,T) x IQ,
where ¢ € (0, T), T >0, matrix o =(x) = (a;; (x))?:].=1, xeQ a=a(s)>0,
s € 9Q, and n is the outward unit normal to Q.
The initial condition is imposed:
(2.3) u(x,0)=u’(x), xeQ.

In this paper we shall employ the following standard notations:

Q a polyhedral domain in R¢ with the boundary
0Q,

¢, a scalar product in LZ(Q),

(-, a scalar product in 12(0Q),

l-lls=C> [ |D"™v|2dx)!/2  the standard norm of function v € H*(Q),
|m|<sQ
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| ls=C> [ |Dmv|2dx)1/2 the standard seminorm of function v €

m|=s Q € H*(Q),

-1=1"-lo for simplicity,

- llo,00 a norm in space L2(3Q),

' a finite element subspace of H I(Q),

C([0, T1, L2(-)) the space of continuous mappings from [0, T']
into L2(-),

Cck([0, T1, H (Q)) the space of the k-times continuously diffe-
rentiable mappings from (0, T) into H*(Q),

H 1((0, T),H 1(Q)) the space of the measurable mappings
from (0,7T) into H I(Q) which belong to
H'((©0, 7)),

H'((0,T), V) the space of the measurable mappings from
(0, T) into Vj, which belong to H'((0, T)),

P.(K) a space of polynomials of the r-th degree
over domain K,

G the generic constant.

The matrix 4 is supposed to be symmetric and uniformly positive defi-
nite:

2.4) ConTn <nTdxy vy eRY vxeQ.

The given mappings a;; and a are assumed to be bounded measurable
functions:
(2.5) esssup, ; i la;j ()| < Cq, esssupg |a(s)| < C.

If the problem (2.1)—(2.3) has the classical solution u = u(t,x), then it
satisfies the relation
(2.6) W'(t),v) +a(u,v) = F(t;v) Vv e H\(Q),

where u’ =du /dt and a is a symmetric positive definite bilinear form defined
as follows

2.7 a(v,w) = (4 gradv, gradw) + (av,w),
and
(2.8) F(t;v)=(f('7t)7v)+<g('7t)7v>'

For the functions v € H'(Q) we recall the Friedrichs’ inequality

2.9) I < G+ I3 500"/
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and the trace theorem

(2.10) Vllo00 < GllviliLe
respectively. Using (2.9) and (2.10) we may easily prove that

2.11) a(v,v) > Gylv|l},
and
(2.12) la(u,v)| < Cs|lul[{[|v]1.

In order to formulate a weak formulation of the problem (2.1)-(2.3) we
further assume that a;; € L(Q), a € L*0Q), u® € HY(Q) N CQ), f €
e ([0, T], L*(Q)) and g € C([0, T], L2(9Q)), then the weak formulation

reads: find u € H 1((0, T),H 1(Q)) (weak solution) which satisfies (2.6) for
a.e. fixed t € (0, T) and (2.3) for a.e. x € Q.

REMARK 2.1. For the existence and uniqueness of the weak solution u
under the above conditions we refer, e.g., to [9, Ch.3] and [11, Ch.11].

3. Semidiscrete Galerkin approximations

Let 7}, be a triangulation of Q, consisting of elements K; and having the
standard properties (see [3]). We are assumed to have the finite-dimensional
subspace

(3.1) Vi ={v, € H(Q) | vy|x € P(K) VK €T}}

such that

(3.2) inf {||v — vyl +h| gradv —vp)l|} < Ceh®|v]ls, 1<s<r,
vREV)

for v € H¥(Q) (the standard finite element spaces made e.g. of Vj,). Let v/,
j=1,...,N, be the basis functions in the space V},.

First we present the semidiscrete Galerkin approximation of equation
(2.1), consisting of finding uy, € H 1((0, T), Vy,) which satisfies
(3.3) (up (t),vp) + alup,vy) = F(t;vy) Vv €V

for a.e. t € (0, T). Thus we have performed a discretization only in the space
variables. The initial condition (2.3) can be approximated as follows

(3.4) W (0),v) = @, v) Vv € V.
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Looking for uy, in the form

N
(3.5) wp(t,x) =Y 5t (x), 1€0,T), x €Q
j=1

and, using (2.6), we get a system of ordinary differential equations of the first
order

N N
B6) Y ) +> a(,vhz) = Ft;vh), i=1,..,N,
j=1 j=1

for the unknown functions zj,...,z;, respectively. On the basis of (3.4) the
corresponding initial conditions at the point # = 0 can be determined via the
relations

N
3.7) > @ vhz0) =0 uh), i=1,..,N.
j=1

REMARK 3.1. Using the notations
20 = @ @)eman@), M= V)N,

A= (@' v, F@) = (F@svh,.., FasvN)T

and

2= u, .., N, uO)T,
we may rewrite the Cauchy problem (3.6)—(3.7) in the following matrix form
(3.8) M7 )+ Az(t) = F(t), t€(0,T),
(3.9) Mz(0) = 2°.
Since the matrix M is symmetric and positive definite, the following corollary
holds.

COROLLARY 3.2. The problem (2.1)—2.3) has a unique semidiscrete so-
lution in H'((0, T), V3,) in the sense of (3.3)—(3.4).

In order to derive the rate of convergence of the semidiscrete solution we

shall employ the idea of the elliptic projection of w € H!(Q) with respect to
the scalar product a(-,-), being described in the following way: we seek an
element wy, € Vj, such that the relation

(3.10) awWp,xn) =aw,xp)
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holds for all 5, € V},. Since this problem has always a unique solution, then
the definition of the so-called elliptic projection, introduced by

P:H Q) =V, Pw=w,,
is correct. Consequently, we have the relation
(3.11) a(Pw,xp) =aw,xn) Yxn € Vp.

LEMMA 3.3. For the projection P we have the estimate
(3.12)
|Pv —v| +hl| grad(Pv —v)|| < Gih®||v||s forallv € H*(Q), 1 <s <r.

PROOF. First we consider the second term on the left hand side of (3.12).

In view of (2.11), (3.11) with ;, = Pv—vy,, and (2.12) we have the inequalities

1 1
|Pv — v||% < aa(Pv —v,Pv—v)= aa(Pv —v,v, —v) <

C
< FiIIPv = vlilve = vl
Thus the estimate
C:
(3.13) 1Py —vili < v = vl
4

holds. Taking into account (3.2) and (3.13) we obtain
(3.14) | grad(Pv — v)|| < Cgh* ™ |v ;.
To get an estimate for the first term on the left hand side of (3.12) we
consider the following auxiliary problem in Q
(3.15) —div(d grady) = ¢
with homogeneous boundary condition
(3.16) ay +nTAgrady =0,
where ¢ € L,(£2) will be defined later. Multiplying (3.15) by the term Pv —v
and using (3.2) we get
(Pv —v,p)=—(Pv —v,div(4 grady)) =
= (grad(Pv — v),d grady) — (Pv —v,n T4 grady) =
= (grad(Pv — v),d grady) + (a(Pv — v),yp) =
=a(Pv—v,y)=a(Pv —v,y — Py) <
< GsllPv = vl = Pplli < Goh®|v sl [l2-
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Due to the regularity in H2() for the problem (3.15)—(3.16) we have a priori
estimate ||y ||, < Cjoll¢||- Consequently, taking ¢ = Pv —v in the above chain
of inequalities, we obtain

(3.17) |Pv —v| < Ciih¥||v]s.
Clearly, the estimates (3.14) and (3.17) together result in the statement of the
lemma. |

THEOREM 3.4. Letu and uy, be the solutions of (2.6) and (3.3), respecti-
vely. Then fort > 0 the estimate

1
G18)  u(t) = up )] < [y () — ] +clzh’(||u°||r + /0 ||u’||rds)
holds.

PROOF. We compare the solution of the semidiscrete problem to the
elliptic projection. First we note that

(3.19) up —u =Wy — Pu)+(Pu—u)=0+p.

In view of Lemma 3.3 we observe

t
(3.20) llo@®| < Gh" |lu@®)||, < C7hr(||u0||r +/O || ds).

Further from the definition of ¢ and (3.11) we get
@', vi)+a@,vp) = (p g, vi) + alup,vy) — (Pu',vy) — a(Pu,vy) =
= (f,vp) + (g, vn) — (Pu',vp) — au,vy) = (u’ — Pu',vp).

Consequently,

(3.21) @', vp) +a(o,vy) ==, vy), Vv, € V.
Choosing in (3.21) v, =0 we get
(3.22) (0',0)+a(o,0)=—(0,0),

Due to the relations 0 < Cy|| grado||> < C4H0||% < a(o,0) and the Cauchy—
Schwarz inequality, the relation (3.22) implies

@,0) <[]l - lloll-

Since (¢/,0) = %5—[(0,0) we obtain

d /
_ < .
ol < o'
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Integrating the above inequality on the interval [0,7] we get

t
(3.23) lo@)] < o) + /0 1o/l ds.
We observe
0(0)]| = | (0) — PuO|| < JJug, (0) — u®]) + |Pu® — u? <
(3.24) < N 0) — | + C13" ).

Further, taking into account the obvious inequality
0"l = |Pu’ = u|| < Crah” [|u”|r,
(3.20), (3.23) and (3.24) result together in the proof. ]

REMARK 3.5 Theorem 3.4 shows that the semidiscretization in V7, results
in an optimal order of approximation in L(Q).

4. Discretization in time

In this section we consider the fully discretized problem, obtained via the
0-method (see [12]) for the numerical solution of the semidiscrete (Cauchy)
problem (3.3).

We introduce some notations: let 7 be the time step, U" be the approxi-
mation in Vj, of u(t) at t, =nt, n=1,2,..., t5 =0, and the finite difference
operator d; be defined as follows

_ 1
4.1) 3, U" = ;(U" B LY

We also assume that 6 € [0.5, 1] is any fixed parameter and 7, g =1,_ +07.
Then the #-method, applied to (3.3), yields the relations
4.2)

G U, vp)+a@U" +(1 =) U" 1 vy) = Flt, g, v) Yop € Vi, n=1,2,...,
where

(4.3) U = uy,(0).

Obviously, this defines U” implicitly by means of U" 1.

REMARK 4.1 Our goal is to obtain unconditionally stable methods (see
[12]), i.e., we restrict ourselves only to the case 6 € [0.5,1].
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Further we assume that u € C3((0, T), H"(Q)). In order to estimate the
global error U™ — u(t,) we shall split the error into two parts

4.4) U" — u(ty) = (U" — Pu(ty)) + (Pu(ty) — u(ty)) = 0" + o".

Due to Lemma 3.3, we have the estimate

45 10" < ety < e (10l + [l as).
Consider the term 0". Let L denote the elliptic part of the parabolic operator,
ie.,
(4.6) Lu = div(d4(x) grad u),
defined on the set of functions satisfying (2.2).
Then for any v € H 1(Q) we have
4.7 (—Lu,v)=a(u,v)— (g,v).
Using (4.2), (3.11), (2.6) and (4.7), respectively, we obtain
(8:0™,vp) +a(@a" +(1 —0)0" 1, v) =
= (5, U",vp) — (3; Pultn),vp) +a@ U" + (1 — )U" ™ vy)—
—a(0 Pu(tn),vy) — a((1 — 0)Pulty,_1),vy) =
= F(ty 9,vn) — (31 Pultn), v) — 0a(u(ty),vy) — (1 — 0)a(u(t, _1),vp) =
= (u'(tn ), vi) + auty 0), vy) — (81 Pu(tn), vi)—
—0a(u(tn),vp) — (1 = 0)au(t,—1),vp) =
= (' (tn,0); Vi) — (Lulty 9), vi) + (g, Vi) — (3¢ Pultn), vj)+
+0[(Lu(tn), vi) — (g, vi)] + (1 = O)[(Lu(ty_1),vi) — (&, vp)] =
= (u'(tg 9), i) — (0¢ Pu(tn), vi) — (Lu(ty 9)—
—0u(ty) — (1 —0)u(t,—1)),vp)-
Consequently, using the notation
(4.8) o" = [(P = Ddutn)] + [3;utn) — u'(t, )]
HLU(ty ) — Oultn) — (1 = Ou(t,_1))] = of +0;) +o3,

we get the relation

4.9) (30", vy) +a@c™ +(1 —0)" Vv, = —(",v,) Vv, € V).



190 I. FARAGO, S. KOROTOV, P. NEITTAANMAKI

Now, choosing vy, =06™ +(1 —0)0"~! in (4.9), and employing the nonnega-
tivity of the bilinear form a, we obtain

(4.10)  (3,0",00™ +(1 —0)d™ ™) < [[w™||@||o™ || + (1 — 0)||a" 1.
First consider the Crank—Nicolson scheme, i.e., & = 0.5. Then, (4.10)
implies
—12 —1
lo™ |12 = llo™ 1% < Tl |(lo™ || + lo™ ),
i.e.,
-1
o™ | < llo" = || + 7|0 |].

Consequently, we have the estimate

n
(4.11) o™ < [0 += > oo || + [l |l + o} .
j=1
Obviously, as before,
4.12) 16°|| = [|up (0) — Pu(O)|| < ||up0) — u®|| + Con" ||
Note that

j 1[4 , 1 [ ,
] =(P—-1)- u(s)ds = — (P—Du'(s)ds,
T /s T /s
J—1 J—1
where I is the identity operator. Hence we obtain

n n t; n
i J
(4.13) r§ o] || < § / Cish”||u'(s)||r ds = Clsh’/o lu’ ()| ds.
j=1 711

j=1

Further, using a simple integral equality we get

o 1
J| — / = —
(4.14) [lws | = [|9:u(t;) —u (tj,%)H = 21‘

1
/”2(s — tj_l)zu’"(s)ds+
tj*l

t.
+/j (s — tj)zu"'(s)ds
1.1

iz

t.
j
< C]6T/ ||u/”(s)||ds.
li—1

Similarly, using the Taylor expansion, we obtain
j 1 1 lj P
4.15) [l = HL(u(tj’%) - Su) - zu(tj_l)H < Gor |7 Lol ds.
/i1

Finally, substituting (4.12), (4.13), (4.14) and (4.15) into (4.11), we can sum-
marize our results as follows.
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THEOREM 4.2. For the global error of the fully discretized Crank—
Nicolson—Galerkin finite element method the following estimate holds:

in
U™ = u(t)]| < [Jun(0) — u®|] + Crgh” ([|u®|» +/ [’ ()] ds)+
(4.16) 0

In
+ Clgrz/o ([ ()| + | Lu" ()] ) ds.

Consider now the case 0 € (0.5,1]. For the left hand side of (4.10) we
have the identity

_ 1
(3,0",00" +(1—0)o" 1) = ;[9||0”H2—(1—0)||0”_1 12+(1—=20)@" 1, 0™)].

Using the Cauchy—Schwarz inequality in the above equality we may rewrite
(4.10) in the following form:

0llo" 1> — A = )llo" > + (1 = 20)[}o" | []o" | <

4.17) .
<tllw™|@lo" || + (1 =)™ .
Further we observe that

Ollo™||> — (1 = 0)lo" 17 + (1 = 20)]j0" [0 || =
=(lo™ [ = lo" = D@ llo™ | + (1 = )ljo" ="

Therefore (4.17) results in the relation
-1
lo™ ] < llo™ [ + zllo™ |-
Consequently we can apply the proof of Theorem 4.2. Clearly, the estimates

(4.12), (4.13) and (4.14) hold. For the term wé we have the bound

. L
(4.18) lw}|| < / [ Lu'(s)|| ds.
i

Using all these estimates we can summarize our result as follows.
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THEOREM 4.3. For the global error of the fully discretized Galerkin met-

hod with 6 € (0.5,1] the estimate
(4.19)

In
10" = ()| < Coollun () — ]| + Con " (nuonr + /0 ||u’<s>||rds)+

In In
+c2212/0 ||u"'(s)||rds+r/0 | Lu'(s)||r ds

holds.
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AVERAGING OPERATORS WITH SUPPORTS IN FIBERS
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Introduction.

All spaces considered here are compact (Hausdorff) spaces. We recall that
an averaging operator for a continuous onto map ¢ : S — T is a continuous
linear operator u : C(S) — C(T) such that u(f ogp) =f for all f € C(T). In
[4], WOLFE poses the following problem:

PROBLEM 9. Let T be the quotient space S obtained by identifying cor-
responding points in two disjoint homeomorphic closed subsets. Let ¢ : S —
— T be the quotient map. Give necessary and suffiecient conditions for ¢ to
have an averaging operator.

It is well known (see Example 1 below) that the existence of an extension
operator from one of the closed subsets to S is a sufficient condition. By
([2], Prop. 4.1), the image of a continuous function by a norm-one averaging
operator can be calculated on each point € T as an integral (an average) of
f over the fiber ¢~ 1(r) with respect to certain probability measure. However,
this is no longer true for averaging operators with higher norm. Here we prove
that if we restrict ourselves to certain class of averaging operators that satisfy
a weak form of this property the existence of an extension operator is also
necessary when the spaces are zero-dimensional.

* Partially supported by PB95-0261 DGICYT (Spain)
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Averaging operators with supports in fibers

Let S be space. We call C(S) the Banach space of all real-valued con-
tinuous functions on S (endowed with the supremum norm) and M(S) its
dual space, identified with the set of all regular signed measures on S. We
consider in this space the weak*-topology, i.e., a net {uy } C M(S) converges
to a measure u if and only if

im [ fdua = [ sdu.
for all f € C(S).

For a linear operator u : C(S) — C(T), its integral representation is the
map u : T — M(S) given by u; = u*(0;), where u* : M(T) — M(S) is the
dual map x — u ox and J; is the Dirac measure with support {t} (see [1,
Theorem 4.11]). This map is continuous and completely determines u. In fact

we have u(f)(t) = [ fu;, for all f € C(S). Also, ||u]| = sup |u;|(S).
teT

Let ¢ : S — T be a continuous onto map. The fiber of a point t € T (with
respect to ¢) is the set ¢ ~!(¢). The point ¢ is plural if its fiber has more than
one point.

An averaging operator for ¢ (in the sense given in the introduction)
satisfies the following property: ,u,((,b*I(B)) = d;(B) for all Borel subset
BCTandre T (see [1, Lemma 6.1]).

Recall that the support of a measure u € M(S) is given by

suppu = S\ U{A C S| Aisopen and |u|(A) = 0}.

DEFINITION 1. We say that an averaging operator u for a continuous onto

map ¢ : S — T has supports in fibers if suppu; C ¢ 1(t) for all ¢ in the
closure of the set of all plural points of ¢.

By [2] Prop. 4.1 we have that all regular (i.e. norm-one) averaging ope-
rators have supports in fibers. We will need the following example. Recall
that if A is a closed subset of a space S, an extension operator from C(A)
into C(S) (or, with an abuse of language, from A to .S) is a continuous linear
operator E : C(A) — C(S) such that E(f)| 4 =f, for each f € C(A).

EXAMPLE 1. Let ¢ : S — T be the quotient map obtained by pointwise
identification of two disjoint closed subsets of S through a homeomorphism
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h : Ay — A,. Suppose that there exist an extension operator E : C(A;) —
— C(S). Let g € C(S) be any function such that g(A;) =1, g(Ap) =0 and
0 < g < 1. Then the function

u(f)@(s) =f(s)+g()E(|ay o h —fla)s)

defines an averaging operator for ¢. For a plural point t =¢p(s;) =¢(sp) (with
s; € A;), the associated measure is u; =dy,. Hence u has supports in fibers. I

It is easy to see that from any averaging operator we can construct another
one without supports in fibers (except in trivial cases) but, on the other hand,
many maps having an averaging operator admit also an averaging operator
with supports in fibers. We give an example of a map that does not admit any
averaging operator with supports in fibers. In order to show this we prove the
following Lemma:

LEMMA 2. Let¢ : S — T be a continuous onto map. Let A be the closure
of the set of plural points of ¢. Suppose that [hi has an averaging operator
with supports on fibers. Then every pair of open subsets U, V in A such that

¢~ W(U)Np—1 =0 satisties TNV =0.

PROOF. Suppose that there is a point p € UN V. Let {ty} C U be a net
converging to p. Then for each a @ suppuy, C ¢ 1(ta) o1 (U) and it is
easy to show that this implies suppu, C ¢—1(U). By the same argument, we
have that suppu, C ¢~ 1(V), and this is a contradiction. |

EXAMPLE 2. Consider the standard quotient map ¢ : [0, 112 — T from the
unit square onto the torus 7" (which identifies corresponding points in opposite
edges). It is easy to see that ¢ does not satisfy the property of the previous
lemma: Take p =¢(0,0)=¢(0,1), U=¢(10,1/3[) and V =¢(12/3, 1[). Hence
¢ does not have an averaging operator with supports in fibers. On the other
hand, you can express ¢ as the composition of two identification maps (from
the square to a cylinder and from the cylinder to the torus) and each one has
an averaging operator by Example 1. The composition of these operators is
an averaging operator for ¢.



198 C. IVORRA

The result

In order to prove our main result we need the following lemma due to
Wolfe [3] Lemma 2.2:

LEMMA 3. Let ¢ : S — T be a continuous onto map. Let J C T be the

closure of the set of all plural points of ¢. Let Jy =¢ " Y(J). Let¢py : Jy — J
be the restriction of ¢. Then there exists an averaging u operator for ¢ if and
only if there exists an averaging operator uy for ¢| and a continuous linear
operator E : C(J;) — C(S) which extends the functions in the kernel of u;.

The proof of this Lemma shows that the operator u; is given by u(f) =
=u(f) 4, where f is any continuous extension of f to S.

Consider now a quotient map ¢ : § — T obtained from pointwise
identification of two disjoint closed homeomorphic subsets A;, A, of a
zero-dimensional space S. By Example 1 we know that the existence of an
extension operator from one A; to S implies the existence of an averaging
operator for ¢. We are going to show that the converse is essentially true, but
it can not be stated as simply as one could think at first glance:

EXAMPLE 3. Take S =AN; @ (3N, \ N,), where SN; is the Stone—Cech
compactification of the discrete countable space N;. Let A; = fN; \ N;.
Phillips theorem implies that there is not any extension operator from Aj
to S. Obviously, such an operator does exists from Aj to S (in [4, § 5, Ex. 2]
another example of such situation is given in which the sets A; are nowhere
dense in S). Change now S by the topological sum of two disjoint copies of
S. So we have four pairwise disjoint closed subsets Ajq, A2, A2y, Apo, and
only the first and the second of them have an extension operator to S. If we
call Aj =A11UA |, and Ay = Ap1NAp), then it is easy to see that there exists
an extension operator from A to S, and so the quotient map identifying A;
with A, has an averaging operator (with supports in fibers). However, we can
also call B] = A{jUAj, and B, = Ay; UA|, and the quotient map identifying
these sets is exactly the same than before, and so it has an averaging operator,
but now neither By nor B, has an extension operator.

In view of this Example, the right statement of our theorem happens to
be the following:

THEOREM 4. Let S be a compact zero-dimensional space and let Ay, Ap
be two disjoint closed nowhere dense subsets of S. Leth : A} — A, be a
homeormorphsm. Letf : S — T be the quotient map obtained by identifying
the points x and h(x) to one single point ¢(x) € T. Let A C T be the image
of the sets A;.
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There exists an averaging operatot for ¢ with supports in fibers if and
only if there exists a partition Ay = A1 U Ay, such that calling Ay; = h(Ay;),
By = Aj1 U By, and B, = A}, U By, then the sets B; thes B, provide
the same identification map and such that there exists an extension operator
E:C(B))— C(S).

PROOF. One implication is Example 1. Suppose that ¢ has an averaging
operator with supports in fibers. For each t € A and each i = 1,2, let t; € A;
be such that ¢(#;) =¢. By hypothesis we have that suppu; C {1,1,}, where u
is the integral representation of the averaging operator of ¢. So
(1 Ur = 05[1(51‘1 +0!t2512,
for certain real numbers a;, .

Let Cj, G, be clopen subsets of S such that A; C C; fori=1,2.

Clearly, a;; =u:(x c;), where y ¢, is the characteristic function of C;. This
proves that the functions 7 — «;; are continuous for each i.

Since 1 = m(d)_](t)) = ay, +ay,, there exists an index, for instance 2,
such that a;, > 1 /2. By continuity, there exists a clopen neighborhood W
of t in A such that for all t/ € W we have até > 1/2. For each i = 1,2, let
Wi=¢ L(W)na;.

Define an extension operator E: C(W|) — C(A; U Ap) given by

fx) if x € W,
E(f)(x) = —%f(h_l(x)) if x € Wy
0 otherwise.

Clearly, E is a continuous linear operator. In fact, || E|| < 2||u||.
Let u; : C(A1 U Ay) — C(A) be the restriction of the given averaging

operator, i.e., the operator defined by u|(f) = u(f)| 4, where f is any extension
of f to S.

It is easy to see that the measures u; associated to u| are the restrictions
of those associated to u, and since supports are contained in fibers, formula
(1) remains valid for u;.

By Lemma 3 there is a linear operator Ej : C(A; U Ay) — C(S) which
extends the functions in the kernel of u. Let us see that each E(f) is in this
kernel, and so the composition of E followed by Ej is an extension operator
from C(W)) into C(S).
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Take f € C(W;). If t' € W, then
up (B (M)t =y (Ey (F)) = ! El(f)(xti) +0¢téE1(f)(xté) =
= Of,iEi(f)(X,{) +0¢t£El(f)(X,£) =
= a’if(x’i) + (alé(—a,{ )/até)f(x,i) =0.

If ' € A\ W we also have uj(E(f))(t")=u,(E(f))=0 by definition of E.
So we have proved that every t+ € A has a clopen neighborhood W;
in A such that if W;, = f~1(W;) N A;, there exists an extension operator
E; : C(W;;) — C(S) for some index i (not necessarily equal to 1 for every ¢).
Obviously, if W; has this property, also does every clopen neighborhood
of ¢ contained in W;, and if t' € W, then W, = W; is a clopen neighborhood
of t/ with the same property.

Take a finite subcover from { W;} and remove common (clopen) inter-
m
sections. So we get a finite partition A = .Ul W; in clopen subsets satisfying
J=
previous conditions. Now we can take Aq; as the join of all f *1(Wj)ﬂAl for
which there exists an extension operator to S, A1y = A;\ A1, let also A2 be

the analogous to A;; in Ay and Ay = Ay \ Apy. Our construction guarantees
that these sets are those we were looking for.
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