
2016. december 19. – 23:06

ANNALES
Universitatis Scientiarum

Budapestinensis

de Rolando E �otv �os nominatae

SECTIO MATHEMATICA

TOMUS XLI.

REDIGIT
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1. Introduction

Let C (X�E ) the vector space of all continuous E -valued functions on
X , and let Cb(X�E ) (C0(X�E )) denote the subspace of C (X�E ) consisting
of those functions which are bounded (vanish at infinity). When E is the real
or complex field, these spaces are denoted by C (X ), Cb(X ), and C0(X ). Let
�0� u(k ) denote the substrict, uniform (compact-open) topologies on Cb(X�E )
(C (X�E )). The fundamental result on the separability of (Cb(X )� k � k) was
obtained by M� and S� Krein [13] in 1940. Since then several authors have
studied the separability of scalar- or vector-valued functions under various
topologies; see, e.g. [2], [4], [6], [8], [11], [14], [18], l9]. In [4], Gulick
and Schmets considered the notion of seminorm separability and obtained
its characterizations for (Cb(X )� �0) and (C (X )� k ). This result was later ex-
tended in [10] to the case of E -valued functions where E is a locally convex
space.

In this paper we introduce a more general notion of separability, namely,
the neighbourhood separability, and study it for the spaces (Cb(X�E )� �0),
(C (X�E )� k ), (Cb(X�E )� u), and (C0(X�E )� u) without assuming the local
convexity of E . We also give some examples to show that our results are
applicable in certain non-locally convex situations: Our arguments are similar
to those used by the author in [9], [11], where E is any TVS. Here we
consider a generalized separability but need the additional hypothesis of semi-
convexity on E .
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2. Preliminaries

Throughout this paper, unless stated otherwise, X will denote a comp-
letely regular Hausdorff space and E a Hausdorff TVS with a base W of
neighbourhoods of 0. We shall denote by C (X )�E the vector space spanned
by the set of all functions of the form g � a , where g � C (X ), a � E , and
(g � a)(x ) = g(x )a (x � X ). The substrict topology �0 [1], [7] on Cb(X�E )
is the linear topology which has a base of neighbourhoods of 0 consisting of
all sets of the form

U (��W ) = ff � Cb(X�E ) : �(x )f (x ) �W for all x � X g�

where � � B0(X ), the set of all bounded functions on X vanishing at
infinity, and W �W. On Cb(X ), the �0-topology is determined by the family
fk�� : � � B0(X )g of seminorms, where k�f k = supfj�(x )f (x )j : x � X g
(f � Cb(X )). Note that k � �0 � u on Cb(X�E ) with k or �0 equal to u iff
X is compact.

A locally convex space L is called seminorm separable [3], [4] if, for
every continuous seminorm p on L, (L� p) is separable. This notion of se-
parability may be formulated in the general setting as follows. Let L be a
TVS, and let V be a neighbourhood of 0 in L. A subset H of L is said to
be V -dense in L if, for any z � L and � �0, there exists an element y � H
such that y � z � �V . L is called neighbourhood separable if, for every
neighbourhood V of 0, there exists a countable V -dense subset of L. Clearly,
separability implies neighbourhood separability. If L is locally convex, then
it is neighbourhood separable iff it is seminorm separable.

E is called a semi�convex space [5] if it has a base W of neighbourhoods
of 0 consisting of semi-convex sets i.e. the sets W which satisfy W + W �
� tW for some t �0. The class of semi-convex spaces includes all locally
convex and all locally bounded spaces.

3. Main results

Theorem ���� Let E be a semi�convex space with nontrivial dual E ��
Then the following statements are equivalent�

(a) (Cb(X )� E� �0) is neighbourhood separable�

(b) (C (X )� E� k ) is neighbourhood separable�

(c) Every compact subset of X is metrizable and E is neighbourhood

separable�
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Proof� (a) � (b). This follows from the facts that k � �0 on Cb(X�E )
and Cb(X )� E is dense in (C (X )� E� k ).

(b) � (c). Suppose (C (X ) � E� k ) is neighbourhood separable, and let
K be a compact subset of X . Choose � � E � and c � E with � (c) = 1.
There exists a balanced W � W such that j� (a)j �1 for all a � W . Let
fhng be a U (	K �W )-dense subset of C (X ) � E . Then f� 	 hng is dense
in (C (X )� k	K � k) and so, by ([4], Theorem 2b), K is metrizable. Now, let
V � W. For any fixed z � X , choose ff g as a U (	fzg� V )-dense subset of

C (X )� E . Then ffn (z )g is V -dense in E .

(c) � (a). Let � � B(X ) with 0 � � � 1, and let W � W be balanced
and semi-convex. By ([4], Theorem 3b) (Cb(X )� k� � k) is separable and so it
has a countable dense subset fgmg, say. Choose fang as a W -dense subset of
E . Let H be the countable subspace generated by fgm �an : m� n = 1� 2� 
 
 
g
over rationals. Then H is U (��W )-dense in Cb(X ) � E , as follows. Let

f =
qP
i=1

fi � bi (fi � Cb(X ), bi � E ) be in Cb(X ) � E and � �0. Choose

r �0 such that each bi � rW . Let s = maxfkfik : 1 � i � qg. Since W is
semi-convex, we can choose t �r (s+1) such that W +W +
 
 
+W (2q-terms)
� tW . For each i = 1, 2,
 
 
 , q , there exist gmi � fgmg and ani � fang such

that k�(gmi � fi )k ���t2 and ani � bi � (��t2)W . Let g =
qP
i=1

gmi � ani .

Then g � H and it is easily verified that g � f � �U (��W ). This completes
the proof.

Theorem ���� Let E be a semi�convex space with non�trivial dual� Then

(i) (Cb(X )�E� u) is neighbourhood separable i� X is a compact metric

space and E is neighbourhood separable�

(ii) Suppose X is locally compact� Then (C (X ) � E� u) is neighbour�

hood separable i� X is a ��compact metric space and E is neighbourhood

separable�

Proof� (i) In this case (Cb(X )� u) is seminorm separable 
 it is separable

 X is a compact metric space [13]. The proof now follows just as in
Theorem 3.1.

(ii) If X is locally compact, (C0(X )� u) is seminorm separable 
 it is
separable 
 X is a �-compact metric space [14]. Again the proof follows
just as in Theorem 3.1.
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Remark ���� If X has finite covering dimension or E is locally convex
or E has the approximation property or E is an F -space with a basis, then
Cb(X )�E is �0-dense in Cb(X�E ) and C (X )�E is k -dense in C (X�E ) (see
[7], [9], [16] ). Hence, under these assumptions, Theorems 3.1 and 3. 2 hold
with Cb(X )�E , C (X )�E , and C0(X )�E replaced by Cb(X�E ), C (X�E ),
and C0(X�E ), respectively. It is not known whether or not the above ‘density’
results hold for E a locally bounded space. However, we are able to establish
the following theorem.

Theorem ���� Let X be any Hausdor� space and E a locally bounded

space� Then (Cb(X�E )� �0) is neighbourhood separable i� (C (X�E )� k ) is so�

Proof� Suppose (C (X�E )� k ) is neighbourhood separable. Let � �
� B0(X ) with 0 � � � 1 and W �W. Let V be a bounded neighbourhood of
0 in E . By Klee ([12], Theorems 4 and 5), there exists a closed ‘shrinkable’
neighbourhood S of 0 in E with S � V and such that the Minkowski
functional 
 of S is continuous. Then, for any r �0, the function hr : E � rS
defined by

hr (a)

�
a if a � rS

(r�
(a))a if a � E n rS

is continuous. Choose t � 1 such that V +V � tS and V +V � tW . For each
m = 1, 2, 
 
 
 , there exists a compact set Km � X such that �(x ) �1�tm2

for x � X n Km . Corresponding to each Km , choose ffmn : n = 1� 2� 
 
 
g as
a U (	K � V )-dense subset of C (X�E ). We now show thatfhn 	 fmn : m� n =
= 1� 2� 
 
 
g is U (��W )-dense in Cb(X�E ). Let f � Cb(X�E ) and 0 �� �

�1. Choose integers M � 1�� and N � 1 such that f (X ) 
 M�
t V and

(fMN � f )(KM ) � �
t V . Let x � X . If x � KM , then fMN (x ) �MS and so

�(x )(hM 	 fMN (x )� f (x )) = �(x )(fMN (x )f (x )) � �W


If x � X nKM , then

�(x )(hM 	 fMN (x )� f (x )) =

=

��
�
�(x )(fMN (x )� f (x )) if fMN (x ) � MS

�(x )
h

M
�(fMN (x )) fMN (x )� f (x )

i
if fMN (x ) � E nMS .

Thus hM 	 fMN � f � U (��W ), as required.

The converse follows from the fact that Cb(X�E ) is dense in (C (X�E )� k )
([9], Theorem 3.2).
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Finally we give some examples concerning the above results and the
Remark 3.3.

4. Examples

For 0 �p�1, let �p = �p(N ) denote the usual space of scalar sequences,
and let hp = hp(D) denote the Hardy space of certain harmonic functions
on the unit disc D of the complex plane (see [15]). �p and hd are not locally
convex but are locally bounded and their duals separate points; �p is separable
while hp is not since it contains a copy of �� ([15], Theorem 3.5). Let Ω be
the first uncountable ordinal and Γ �Ω a limit ordinal.

Let X = [0�Ω), X1 = [0�Ω], Y = [0�Γ), and Y1 = [0�Γ], each endowed
with the order topology ([17], p.68). Then

1. (Cb(X�E )� �0) and (C (X�E )� k ) are neighbourhood separable for E =
= �p, but not for E = hp. Here every compact subset of X is metrizable
although X is not.

2. (Cb(Y1� �p)� u) and (C0(Y� �p)� u) are (neighbourhood) separable, but
(C (X1� �p)� u) and (C0(X� �p)� u) are not since X1 is not metrizable and X is
not a �-compact metric space.
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1. Introduction

Let S be a semigroup and A an S -automaton (throughout the paper,
automata are understood as right automata). A congruence � on A is said
to be essential if for every congruence ��� (the identity relation) on A we
have � � ��� . It follows from the definitions that an S -automaton B is an
essential extension of an S -automaton A if and only if the Rees congruence of
B defined by A is essential. Berthiaume [1] proved that an S -automaton is
injective if and only if it has no essential extensions. Hence all S -automata are
injective iff no S -automaton has proper essential Rees congruences. Monoids
with this property, called completely injective monoids, have been considered
by several authors, see for example [2], [3]. In the present paper we restrict
our consideration to the case where the Rees congruences are replaced by all
congruences, and prove that, for a semigroup S , no S -automaton has proper
essential right congruences if and only if S is a finite chain considered as a
semilattice.

2. Results

Two distinguished congruences are present in every S -automaton M : � ,
the identity relation, and � , the universal relation. They are defined respecti-
vely by

a�b �� a = b and a�b �� a� b � M�

Congruences are ordered in the same way as equivalence relations are. We
say that a congruence � is proper if ��� .
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Let D be the class of all semigroups S such that no S -automaton has

proper essential congruences. Let S � D and denote by S1 the semigroup S
with identity adjoined (even if S itself has an identity). By the assumption,

S1 has no proper essential S -congruences and then, clearly, it has no proper

essential S1-congruences either, so S1 � D. By [4] Theorem 1, every right

ideal of S1 is generated by an idempotent. In particular, S contains a left
identity and every right ideal of S has an idempotent generator. Furthermore,
by [4] Theorem 2, the set of right ideals of S is linearly ordered by inclusion.
Suppose J1 � J2 � � � � Jn � � � � is an ascending chain of right ideals, then �Jn
is also a right ideal, hence it is generated by an idempotent e, but e � Jk for
some k , and then Jk = Jk+1 = � � �. This shows that S satisfies the ascending
chain condition on right ideals.

Lemma A� Suppose J � K are ideals of a semigroup S � D such that K
is strictly contained in J � Then J nK is a subsemigroup of S �

Proof� Suppose for some a and b in J we have ab � K . We show either
a � K or b � K .

We know there exists an idempotent f such that aS1 = f S1, which

implies f = as for some s in S1. Since right ideals are linearly ordered,

either sS1 � bS1 or bS1 � sS1. In the first case s = bd for some d in S1.
Therefore, f = as = abd � K , which implies that a � K . In the second case

b = su for some u in S1, so f u = asu = ab. If f � K then again a � K .
Suppose f 	� K . We claim that in this case f u � K implies u � K . To prove

this, let T (f � K ) = fv � S1 : f v � Kg. Clearly, T (f � K ) is a right ideal of S ,
therefore there exists an idempotent e in S such that T (f � K ) = eS . It follows
easily that either f e = e or ef = f . Let v be in T (f � K ). Then v = ev and
if f e = e, then f ev = ev implies f v = v and this implies in turn v � K .
If, on the other hand, ef = f , then in view of ef � eS = T (f � K ) we have
f = f ef � K contrary to our assumption, and this completes the proof of the
claim. So in case a 	� K we get u � K , and since b = su , therefore b � K .

Lemma B� If S is a semigroup in D� then S has a zero element�

Proof� Let S0 denote the semigroup S � 0 (S with a zero element 0

adjoined). Clearly, S0 is an S -automaton. Since S � D, S is an injective

S -automaton and hence there exists an S -homomorphism f : S0 � S which
extends the identity map, 1S , on S . For each a � S , we have f (0)a = f (0a) =
= f (0). Thus f (0) is a left zero element of S , call it z . Let s be an arbitrary
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element of S . As fzg and fszg are right ideals, we have z = sz , i.e., z is a
zero element.

Now we are ready to prove the characterization given in the introduction.

Theorem� S is a semigroup for which no S �automaton has proper es�

sential congruences if and only if S is a �nite set of idempotents fe1� � � � � eng
with eiej = ek where k = minfi � jg� ei � ej � S �

Proof� Let In = fe1 = 0� e2� e3� � � � � eng be a two-sided ideal of S , S � D,
such that (i) for i � j , eiej = ej ei = ei and (ii) for every ei � In and s � S nIn ,
sei = ei s = ei . We prove that if In�S , then we can find an ideal In+1 with
n + 1 elements containing In and satisfying properties similar to (i) and (ii)
for In+1. By Lemma A, S n In is a subsemigroup of S . Define

(a� b) � 
 �� (a� b � In or a� b � S n In )�

This 
 is a proper right congruence and is not essential. Therefore there exists
a non-identity right congruence � on S such that ��
 = � , that is, there exists
(a� b) � � such that (a� b) 	� 
. So either a � In and b � SnIn or the other way
round. Without loss of generality we assume the former case. Then b � S n In

implies that there is an idempotent f � S n In with bS1 = f S1. Therefore,
f = bs for some s � S n In (note that In is a two-sided ideal) and we have

(a� b) � � =� (a� b)s = (as� bs) = (as� f ) � ��

But as = a by part (ii) of the hypothesis, so (a� f ) � � . Note that a cannot be
zero, because otherwise the zero equivalence class of � which is a right ideal
has to contain In and this contradicts � � 
 = � . The only choice for a is en .
Now consider the right ideal generated by f , say J . This is the ideal that we are
looking for. Clearly In 	 J . Claim: J = fe1 = 0� e2� e3� � � � � en � f g = In � ff g.
Suppose there is j � J such that j�ei for 1 � i �n , i.e., j 	� In . We will

show that j = f . Since f S1 = J , j = f t and t 	� In (since j 	� In ). Now
(a� f ) � � , (a� j ) = (at� f t) � � , hence (j � f ) � � . Also note that (j � f ) � 
,
therefore (j � f ) � � � 
 = � , i.e., j = f . This completes the proof of the claim.

Take now any s � S n J . Then f s � J n In , so f s = f . Furthermore, since
sf 	� In and the right ideals f S = J and sf S = fsf g � In are comparable,
sf = f must hold as well, and In+1 = J is a two-sided ideal with the required
properties.

Starting with I1 = f0g, which exists by Lemma B, we get now an
ascending chain of ideals Ii of S :

I1 = f0g 	 I2 	 I3 	 � � �
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As S satisfies the ascending chain condition on right ideals, we must have
S = Im for some m . This proves the necessity of the condition.

As for the converse, notice that the one-element semigroup I1 clearly

belongs to D, and that In = I 1
n�1 for n 
 2; now the statement follows

from our very first observation stating that S � D implies S1 � D for any
semigroup S .

Remark� A careful analysis of the above considerations yields the fol-
lowing.

Proposition� If S is a semigroup with zero and a left identity element�

then S has no proper essential right congruences if and only if S is a �nite

set of idempotents fe1� � � � � eng satisfying eiej = ek with k = minfi � jg�

The author would like to thank a referee and Prof. L. Márki for their
valuable suggestions.
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1. Introduction

In paper [1], the author have investigated the problem of Lurie abstract
system

(1�1)

���
��
ẋ (t) = Ax + b�

�̇ = �(�)

� = (c� x )� ���

where the operator A is either bounded, or is assumed to generate a C0
strongly continuous group T (t), t � (���+�) = E , on a real space X ,
with inner product ( � � � ) and norm j � j; b� c � X , �� � � E , and � : E � E
is a continuous uniformly Lipschitzian nonlinear function, which satisfies the
property

��(�) �0� ��0 (so that �(0) = 0)�(1�2)

j�(�)j	k (j� j) for � � E�

for some monotonically nondecreasing function k (s), s � E+ = [0��). and
system

(1�3)

���
��
ẋ (t) = f (x ) + b�

�̇ = �(�)

� = (c� x )� ���

where b� c� � and x are as those of (1.1), f : X � X is a continuous,
Frechet differentiable function which Frechet derivative at x given by A(x ).

*The project is supported by national Science Foundation of China (No. 19871005).
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� : E � E is continuous, uniformly Lipschitzian and �f is a monotonic
function, that is, there exists a constant M such that

(f (u)� f (v )� u � v ) � M ju � v j2 u� v � X�

which are motivated by some special cases arising in ordinary differential
equations, neutral functional differential equations, and equations arising in
reactor dynamics. In finite dimensional ordinary differential equations, A is
a stable n � n constant matrix, � is a scalar actuator which controls the
system where the equation of the actuator is given by �̇ = �(�). Here the

scalar � represents an error function which is given by � = cT x � �� ,
where c � E�, and � � (���+�). The function �(�) denotes the speed
nf the response of the actuator to the error signal. This situation has had
a long history and was extensive in paper [1] is to show that the simple
easily verifiable criteria given by La Salle and Lefschetz [3] for the finite
dimensional case, holds analogously in infinite dimensions. In this paper,
further, using a more general Lyapunov functional, we generalize the results
of [1] to the Lurie-type evolution equations with multiple non-linearities in
Hilbert spaces.

2. Main results

We consider the system

(2�1)

�����
����
ẋ (t) = Ax +

mP
i=1

bi�i

�̇i = �i (�i )

�i = (ci � x )� �i�i � (i = 1� 2� ���� m)

where the operator A is either bounded, or is assumed to generate a C0
strongly continuous group T (t), t � (���+�) = E , on a real space X , with
inner product ( � � � ) and norm j � j; bi � ci � X , �i � �i � E , and �i : E � E
is a continuous uniformly Lipschitzian nonlinear function which satisfies the
property

�i�i (�i ) �0� �i�0 (so that �i (0) = 0)�(2�2)

j�i (�i )j � k (j�i j) for �i � E�

i = 1� 2� � � � � m , for some monotonically nondecreasing function k (s), s � E+

+ = [0��).
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We assume that the linear plant equation

(2�3) ẋ = Ax

is exponentially stable, that is, there are constants M � 1, 
 �0 such that

(2�4) jT (t)jL(x ) � Me��t � t � 0

where L(X ) is the Banach space of bounded linear operators from X to X .
We note that because of condition (2.4) on the system (2.3) we are guaranteed
by Pao [1, theorem 2.1] and [1, theorem 2.2] that there is unique symmetric
positive definite bounded operator P on X such that

(2�5) (PAx� x ) + (x � PAx ) = �(x � x )

where T (t) is a strongly continuous group; and such that

(2�6) (A�Px � x ) + (PAx� x )G � ��jx j2

for any � with 0 	� 	1, if T (t) is a strongly continuous semigroup and A
is bounded. A similar result is given by Walker [2, theorem 9.7] when A
satisfies
(2�7)
(x � (A� wI )x )X � 0 for real w � E for all x � domain of A

It is clear that (2.1) can be viewed in the Hilbert space H = X �E , with inner
product ( � � � ) defined by

((x1� r1)� (x2� r2))H = (x1� x2) + r1r2�

The condition (2.2) assures us that bounded solutions of (2.1) are global in E
[3, p.28], and precompact [3; p.29].

With these basic assumptions, we can now state the problem of Lurie
as follows: find conditions on bi � ci � �i � �i and A, i = 1� 2� � � � � m such that
for any �i , the zero solution of the system (2.1) is uniformly asymptotically
stable in the large. The stability concept is similar to those in [9, p.168].

Theorem ���� Suppose the origin is the only singular point of (2�1)� Let
P be the unique symmetric positive bounded operator on H given by (2�6)�

(i) Suppose � in (2�6) satis�es

(2�8) 
i�i�i �jPbi + 
ici�2j2� i = 1� 2� � � � � m

mP
i=1

�i = �� and �i �0� 
i �0� i = 1� 2� � � � � m �
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(ii) Assume that

(2�9)

�iZ
0

�i (s)ds �� as � ���

Then the trivial solution of (2�1) is uniformly asymptotically stable in the

large�

Proof� Since (2.2) is uniformly exponentially stable, there exists unique
symmetric positive definite bounded operator on H such that

(2�6) A�Px � x ) + (PAx� x ) � ��jx j2

for some � with 0 	� � 1, we now see P to define the functional on H ,
namely,

(2�10) V (x � �) =

�
Ax +

mX
i=1

bi�i � P

�
Ax +

mX
i=1

bi�i

��

Let

U (x � �) =
mX
i=1

�iZ
0


i�(s)ds� �i = (ci � x )� �i�i

and set

(2�11) W = V + U

Note that W (x � �) = 0 if and only if x = 0, �i = 0. Indeed W = 0 if and only

if Ax +
mP
i=1

bi�i = 0 and �(�) = 0.

Since 0 is the only singular point of (1.1), this last equality holds if and
only if x = 0 and �i = 0. Since �1(�) = 0 if and only if �i = 0 we have
that �i (�i ) = 0 if and only if (ci � x ) � �i (�i )�i = 0. We have prove that

Ax +
mP
i=1

bi�i = 0 and (ci � x ) � �i (�i )�i = 0 if and only if x = 0, �i = 0,

i = 1� 2� � � � � m . Hence, W is positive definite. Since P is a symmetric and
positive definite if and only if


 jx j2 � j(x � Px )j � l jx j2
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where kPk � l , we have the estimate

(2�12)




�����Ax +
mX
i=1

bi�i

�����
2

+
mX
i=1

�iZ
0


i�(s)ds �W (x � �) �

� l

�����Ax +
mX
i=1

bi�i

�����
2

+
mX
i=1

�iZ
0


i�(s)ds�

We now find the derivative of V along solutions of (1.1):

V̇ =

�
d

dt

�
Ax +

mX
i=1

bi�i

�
� P

�
Ax +

mX
i=1

bi�i

��
+

+

�
Ax +

mX
i=1

bi�i � P
d

dt

�
Ax +

mX
i=1

bi�i

��

then,

d

dt

�
Ax +

mX
i=1

bi�i

�
= Aẋ +

mX
i=1

bi �̇i = A

�
Ax +

mX
i=1

bi�i

	
+

mX
i=1

bi�i (�i )�

so that

V̇ =



�A

�
Ax +

mX
i=1

bi�i

�
+

mX
i=1

bi�i (�i )� P



�Ax +

mX
j=1

bj�j

�
A
�
A+

+



�Ax +

mX
j=1

bj�j � P

�
A

�
Ax +

mX
i=1

bi�i

�
+

mX
i=1

bi�i (�i )

��A =

=



�Ax +

mX
i=1

bi�i � PA



�Ax +

mX
j=1

bj�j

�
A
�
A+(2�13)

+



�PA



�Ax +

mX
j=1

bj�j

�
A � Ax +

mX
i=1

bi�i

�
A+

+

�
Ax +

mX
i=1

bi�i � P
mX
i=1

bj�j (�j )

�
+ P



� mX

j=1

bj�j (�j )� Ax +
mX
i=1

bi�i

�
A �
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And

(2�14)

U̇ =
mX
i=1


i�i (�i )�̇i =
mX
i=1


i



�


�ci � Ax +

mX
j=1

bj�j

�
A� �i�i (�i )

�
� =

=
mX
i=1


i



�Ax +

mX
j=1

bj�j � ci

�
A�i (�i )�

mX
i=1


i�i�
2
i (�i )�

Hence, using (2.13), (2.14), (2.5)

Ẇ =



�A�P

�
Ax +

mX
i=1

bi�i

�
� Ax +

mX
j=1

bj�j

�
A+

+



�PA

�
Ax +

mX
i=1

bi�i

�
� Ax +

mX
j=1

bj�j

�
A+

+



�Ax +

mX
i=1

bi�i � P

mX
j=1

bj�j (�j )

�
A + P



� mX

j=1

bj�j (�j )� Ax +
mX
i=1

bi�i

�
A+

+
mX
i=1



�Ax +

mX
j=1

bj�j � 
ici

�
A�i (�i )�

mX
i=1


i�i�
2
i (�i ) �

� �

������Ax +
mX
j=1

bj�j

������
2

�
mX
i=1


i�i�
2
i (�i )+

+2



�Ax +

mX
j=1

bj�j �
mX
i=1

Pbi + 
ici�2

�
A�i (�i )�

Hence

(2�15)

Ẇ � �
mX
i=1

�i

������Ax +
mX
j=1

bj�j

������
2

�
mX
i=1


i�i�
2
i (�i )+

+ 2



�
������Ax +

mX
j=1

bj�j

������ �
������
mX
j=1

Pbj + 
j cj �2

������
�
A�i (�i )
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where
mP
i=1

�i = �, and �i �0, i = 1� 2� � � � � m .

The conditions for this quadratic form in Ax +
mP
i=1

bi�i and �i (�i ) given

in (2.15) to be negative definite is


i�i�i �jPbi + 
ici�2j2� i = 1� 2� � � � � m�

Since these inequalities are valid,

(2�16) W � �k



�
�����Ax +

mX
i=1

bi�i

�����
2

+
mX
i=1

�i�
2
i (�i )

�
� � 0

for some sufficient small k .

Ẇ = 0 only if

�����Ax +
mX
i=1

bi�i

����� = 0 and j�i (�i )j = 0�

This is true only if x = 0, �i = 0. Therefore

Ẇ = 0 only if x = 0� �i = 0�

Hence,

S = (x � �) � H : Ẇ (x � �) = 0 = (0� 0)

where � = col (�1� �2� � � � � �m ). By (5.16)

W (x (t)� �(t)) 	W (x (0)� �(0))� t � 0�

By (2.12) every solution (x � �) � H of (2.1) is bounded. Invoking [6, Th 4.1]
orbits of (1.1) are precompact sets of H . The invariance principle of Hale [8,
p.50] yields that every solution (x (t)� �(t)) � 0 as t � �. This concludes
the proof.

3. Nonlinear system

In this section, we consider the system

(3�1)

�����
����
ẋ (t) = f (x ) +

mP
i=1

bi�i

�̇i = �i (�i )

�i = (xi � x )� �i�i �
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where bi � ci � �i � �i are as before and f : X � X is a continuous, Frechet
differentiable function which Frechet derivative at x given by A(x ). To ensure
that solutions of (3.1) exist in the future we assume, for example that � : E �
E is continuous, uniformly Lipschitzian and that �f is a monotonic function,
that is, there exists a constant M such that

(f (u) = f (v )� u � v ) � M ju � v j2� u� v � X�

We now introduce a basic stability comparison theorem for the system

(3�2) ẋ = l (t � x )

where l : E+ �X � X is continuous, which is adapted from [1,p.982].

Theorem ���� Assume the following

(i) V � C (E+ �X�E+) and for (t � x1)� (t � x2) � X + �X

(3�3) jV (t1� x )�V (t � x2)j � L(t)jx1 � x2j

where L(t) �0 and continuous on E+�

(ii) There exists a function g � C (E+�E+� E ) such that for each (t � x ) �
� E+ �X
(3�4)

D+V (t � x ) = lim
k+
�0

sup h�1[V (t + h� x + hl (t � x )�V (t � x ))] � g(t � V (t � x ))�

(iii) For each (t0� r0) � E+ � E� the maximal solution r (t � t0� r0) of the

scalar initial value problem

(3�5) ṙ = g(t � r )� r (t0) = r0

exists in future�

f (t � 0) = 0� g(t � 0) = 0� and V (t � 0) = 0� t � E+�

There exist functions a� b : E+ � E+ such that b(r )� a(r ) are increasing

in r and

(3�6) b(kxk) � V (t � x ) � a(kxk) for (t � x ) � E+ �X �

Then� if the trivial solution of (3�5) is uniformly asymptotically stable in the

large then so is that of (3�2)�

Theorem ���� Assume that in (3�1) f (0) = 0� �(0) = 0 and that A(x ) is

the Frechet derivative of f (x ) at x � Suppose

(i) there is a symmetric positive de�nite operator P such that

(3�7) ((PA(x ) + A�(x )P)y� y) � ��jy j2
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for all x and y in X and some ��0� where A� is the adjoint of A�

(ii) �i (s) sgn s �0� �i (s) sgn s � � as jsj � �� �̇i (s) �1�2�i for

some �1 � jP j�

(iii)

�����f (x ) +
mP
i=1

bi�i

������� as jx j +
mP
i=1
j�i j � ��

(iv) 
i�i�i �jPbi + 
ici�2j2� i = 1� 2� � � � � m �

Then� the origin of (3�1) is uniformly asymptotically stable in the large�

Proof� Let V : H � E be defined by

(3�8) V = W + U

where

W =



�f (x ) +

mX
i=1

bi�i � P



�f (x ) +

mX
j=1

bj�i

�
A
�
A(3�9)

U =
mX
i=1

�iZ
0


i�i (s)ds�(3�10)

Since P is positive definite and symmetric, there exist positive constants �1,
�2, such that

(3�11) �2

�����f (x ) +
mX
i=1

bi�i

�����
2

� �1

�����f (x ) +
mX
i=1

bi�i

�����
2

where �1 � �max(P), hence

(3�12)

�2

�����f (x ) +
mX
i=1

bi�i

�����
2

+
mX
i=1

�iZ
0


i�(s)ds � V (x � �) �

�

������1f (x ) +
mX
i=1

bi�i

�����
2

+
mX
i=1

�
�i

0 
i�(s)ds�

By the hypothesis (ii),
�iR
0
�i (s)ds � � as �i � � so that by the (iii) of

theorem 3.1 is fulfilled in view of (3.12).

Obviously, V is differentiable.
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Calculating the time derivative of W along solutions of (3.1), we obtain

Ẇ =



� d

dt

�
f (x ) +

mX
i=1

bi�i

�
� P



�f (x ) +

mX
j=1

bj�j

�
A
�
A+

+



�f (x ) +

mX
i=1

bi�i � P
d

dt



�f (x ) +

mX
j=1

bj�j

�
A
�
A �

also,

d

dt

�
f (x ) +

mX
i=1

bi�i

�
= A(x )ẋ +

mX
i=1

bi �̇i =

= A(s)

�
f (x ) +

mX
i=1

bi�i

	
+

mX
i=1

bi�i (�i )�

Thus, we obtain

Ẇ =



�A(x )

�
f (x ) +

mX
i=1

bi�i

�
+

mX
i=1

bi�i (�i )� P



�f (x ) +

mX
j=1

bj�j

�
A
�
A+

+



�f (x ) +

mX
j=1

bj�j � P

�
A(x )

�
f (x ) +

mX
i=1

bi�i

�
+

mX
i=1

bi�i (�i )

��A =

=



�f (x ) +

mX
i=1

bi�i � PA(x )



�f (x ) +

mX
j=1

bj�j

�
A
�
A+

+ A�(x )P



�f (x ) +

mX
j=1

bj�j

�
A �

f (x ) +
mX
i=1

bi�i2



�P mX

i=1

bi�i (�i )� f (x ) +
mX
j=1

bj�j

�
A �

Because of hypothesis (3.7), we deduce from the above that

(3�13) Ẇ � ��

�����f (x ) +
mX
i=1

bi�i

�����
2

+ 2



�P mX

i=1

bi�i (�i )� f (x ) +
mX
j=1

bj�j

�
A �
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Also, the derivative of U along solutions of (3.1) is

(3�14)

U̇ = 
i

mX
i=1


i�i (�i )�̇i =

=
mX
i=1


i



�


�Ci � f (x ) +

mX
j=1

bj�j

�
A� �i�i (�i )

�
��i (�i ) =

=
mX
i=1


i



�f (x ) +

mX
j=1

bj�j � ci

�
A�i (�i )�

mX
i=1


i�i�
2(�i )�

Hence, using (3.13), (3.14), we have

V̇ � ��

�����f (x ) +
mX
i=1

bi�i

�����
2

�
mX
i=1


i�i�
2
i (�i )+

+ 2



� mX

i=1

�i (�i )(Pbi + ci�2)� f (x ) +
mX
j=1

bj�j

�
A �

Hence

(3�15)

V̇ � �
mX
i=1

�i

�����f (x ) +
mX
i=1

bi�i

�����
2

�
mX
i=1

�i�
2
i (�i )+

+ 2

�����f (x ) +
mX
i=1

bi�i

����� �
������
mX
j=1

Pbj + cj �2

������ � j�i (�i )+
where

mP
i=1

�i = �, and �i �0, i = 1� 2� � � � � m .

The right-hand side of (3.15) is a quadratic form in�����f (x ) +
mX
i=1

bi�i

����� and j�i (�i )j� i = 1� 2� � � � � m�

It is clearly negative definite since


i�i�i �jPbi + 
ici�2j2� i = 1� 2� � � � � m�

(3�16) Ẇ � ��3



�
�����f (x ) +

mX
i=1

bi�i

�����
2

+
mX
i=1

�i�
2
i (�i )

�
� �
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We now use the inequality

V (x � �)�



� mX

i=1

�iZ
0

�i (s)ds

�
A ��1 �

�����f (x ) +
mX
i=1

bi�i

�����
2

�

From (3.12), we deduce that

V̇ � ��3V��1 � 1��1

��
�

mX
i=1

�1Z
0

�i (s)ds +
mX
i=1

�2
1(�1)

��
� �

Clearly

mX
i=1

�2
i (�i ) = 2

�iZ
0

�i (s)��i (s)ds�

Since �2
i (0) = 0, therefore

(3�17)
1
�1

mX
i=1

�iZ
0

�i (s)ds �
mX
i=1

�2
i (�i ) =

mX
i=1

�iZ
0

�
1
�1
� 2�2

i (s)

�
�i (s)ds � 0

since �i (s) sgn s �0 and 1
2�1 � ��i � 0 by (ii).

With the above remarks we obtain the inequality

(3�18) V̇ (x � �) �
�3
�1
B(x � �)�

Thus the comparison equation (3.5) take the form

(3�19) ṙ (t) =
�3
�1
r (t)� r (0) = r0�

It is easy to observe that the solution

r (t) = r0e
��3��1(t�t0)� t � t0

of (3.19) is uniformly asymptotically stable. Theorem 3.1 of [9] yield the
uniform asymptotic stability of the trivial solution of (3.1). This concludes
the proof.
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1. Introduction

In 1996, Dontchev [3] introduced and investigated the class of contra-
continuous functions. He showed that contra-continuity is weaker than strong
continuity [11] and stronger than LC-continuity [6]. He also introduced a
stronger form of S-closedness [20] called strongly S-closedness and showed
that the contra-continuous images of strongly S-closed spaces are compact
[3, Theorem 3.8]. Quite recently, Dontchev and Noiri [4] among others
introduced the class of RC-continuous functions. They showed that this class
lies between the class of contra-continuous functions and B-continuous func-
tions [21].

In this paper, we further investigate the class of RC-continuous functions.
We obtain some decomposition theorems of RC-continuity. We also introduce
and investigate a new generalized form of continuity called contra-super-
continuity. It turns out that contra-super-continuity lies strictly between RC-
continuity and contra-continuity.

2. Preliminaries

In this paper, spaces X and Y are always assumed to be topological
spaces. Let A be a subset of X . A subset A is said to be regular open (resp.
regular closed) if A = Int (Cl (A)) (resp. A = Cl (Int (A))), where Cl (A)
(resp. Int (A)) denotes the closure (resp. interior) of A. The family of all
regular open (resp. regular closed ) subsets of X will be denoted by RO (X )
(resp. RC (X )). The following notions are due to Veli�cko [22]: A point x
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in X is said to be �-cluster point of A if A � U�� for every U � RO (X )
containing x . The set of all �-cluster points of A is called the �-closure of
A and is denoted by Cl � (A). If A = Cl � (A) then A is called �-closed. The
complement of a �-closed set is called �-open.

A subset A is called preopen [13] (resp. semi�open [10], �-open [1])
if A � Int (Cl (A)) (resp. A � Cl (Int (A)), A � Cl (Int (Cl (A)))).
The complement of a preopen set is called preclosed. The intersection of
all preclosed sets containing a subset A is called the preclosure [5] of A
and is denoted by pCl (A). The family of all open (resp. closed, preopen,
semi-open, �-open) subsets of X will be denoted by O(X ) (resp. C (X ),
PO (X ), SO (X ), �(X )). We set O(X� x ) = fU � O(X ) j x � U g for x � X .
We define similarly C (X� x ), PO (X� x ), SO (X� x ), �(X� x ) and RO (X� x ).

Definition ���� A function f : X � Y is called precontinuous [13]
(resp. semi�continuous [10], �-continuous [1]) if for each x � X and each
V � O(X� f (x )), there exists U � PO (X� x ) (resp. U � SO (X� x ), U �
� �(X� x )) such that f (U ) � V .

Definition ���� A function f : X � Y is called contra�continuous [3]

(resp. contra�precontinuous [7]) if f �1(U ) is closed (resp. preclosed) in X
for each open set U of Y .

Remark ���� Every contra-continuous function is contra-precontinuous
but the converse is not true as the following example shows.

Example ���� Let X = fa� bg, � = f�� X g and � = f�� fag� X g. The
identity function f : (X� �) � (X� �) is contra-precontinuous but not contra-
continuous.

3. RC-continuous functions

Definition ���� A function f : X � Y is called RC-continuous [4] if

f �1(U ) is regular closed in X for each open set U of Y .

As a decomposition theorem of RC-continuity, Dontchev and Noiri [4,
Theorem 3.11] proved that a function is RC-continuous if and only if it is
�-continuous and contra-continuous. We need the following lemma to obtain
further decomposition theorems of RC-continuity.

Lemma ���� The following properties are equivalent for a subset A of a

space X �

(1) A � RC (X )�
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(2) A is semi�open and closed�

(3) A is semi�open and preclosed�

Theorem ���� The following properties are equivalent for a function f :
X � Y �

(1) f is RC �continuous�

(2) f is semi�continuous and contra�continuous�

(3) f is semi�continuous and contra�precontinuous�

Proof� The proof is obvious by Lemma 3.1.

Recall that a space is called extremally disconnected if the closure of
every open set in it is open.

A function f : X � Y is said to be perfectly continuous [17] if the

preimage f �1(V ) of every open set V of Y is clopen in X .

Theorem ���� If f : X � Y is RC �continuous and X is extremally

disconnected� then f is perfectly continuous�

Proof� Let V be any open set of Y . Since f is RC -continuous,

f �1(V ) is a regular closed set of X . Since X is extremally disconnected and

Cl (Int (f �1(V ))) = f �1(V ), f �1(V ) is open in X and hence f is perfectly
continuous.

Recall that a space X is said to be preconnected [18] if X cannot be
expressed as the union of two nonempty preopen sets.

Theorem ���� If f : X � Y is a contra�precontinuous surjection and X
is preconnected� then Y is connected�

Proof� Suppose that Y is not connected. There exist nonempty open sets
V1 and V2 of Y such that V1 �V2 = Y and V1 �V2 = �. Therefore, V1 and

V2 are closed and open in Y and hence f �1(V1) and f �1(V2) are preopen in

X since f is contra-precontinuous. Moreover, we have f �1(V1)� f �1(V2) =

= X and f �1(V1) � f �1(V2) = �. Therefore, X is not preconnected.

Corollary ���� If f : X � Y is an RC �continuous surjection and X
is preconnected� then Y is connected�
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4. Contra-super-continuous functions

In this section, we introduce a new type of continuity called contra-super-
continuity which is weaker than RC-continuity and stronger than contra-
continuity.

Definition ���� A function f : X � Y is called contra-super-continuous
if for each x � X and each V � C (Y� f (x )), there exists U � RO (X� x )
such that f (U ) � V .

Remark ���� We have the following implications:

RC-continuity =� contra-super-continuity =� contra-continuity�

But the converses need not be true as the following two examples show.

Example ���� The digital line or the so-called Khalimsky line [8], [9] is
the set of all integers Z, equipped with the topology 	 , generated by subbase
T� = ff2n � 1� 2n� 2n + 1g : n � Zg. Let (Z� 	) be the digital line and
f : (Z� 	) � (Z� 	) be a function defined as follows: f (x ) = 0 if x is odd;
f (x ) = 1 if x is even. Then, f is contra-super-continuous. For any closed set

F of (Z� 	), we have f �1(F ) = Z if 0� 1 � F ; f �1(F ) is all odd numbers if

0 � F and 1 
� F and hence f �1(F ) is �-open in (Z� 	). Since f �1(0) is dense

in (Z� 	), f �1(0) is not regular open and f is not RC-continuous.

Example ���� Let X = fa� bg be the Sierpiński space by setting � =
= f�� fag� X g and � = f�� fbg� X g. The identity function f : (X� �) � (X� �)
is contra-continuous [3, Example 2.5] but not contra-super-continuous.

Definition ���� Let A be a subset of a space (X� �). The set �fU �
� � jA � U g is called the kernel of A [14] and is denoted by ker(A). In [12],
the kernel of A is called the �-set.

Lemma ���� The following properties hold for subsets A� B of a space

X �

(1) x � ker(A) if and only if A � F�� for any F � C (X� x )�

(2) A � ker(A) and A = ker(A) if A is open in X �

(3) If A � B � then ker(A) � ker(B)�

Proof� Obvious. (2) and (3) are stated in [12, p. 140].

Theorem ���� The following are equivalent for a function f : X � Y �

(1) f is contra�super�continuous�
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(2) For each x � X and each V � C (Y� f (x ))� there exists U � O(X� x )
such that f (Int (Cl (U ))) � V �

(3) The preimage of any closed set of Y is ��open in X �

(4) The preimage of any open set of Y is ��closed in X �

(5) f (Cl � (A)) � ker(f (A)) for every subset A of X �

(6) Cl � (f �1(B)) � f �1(ker(B)) for every subset B of Y �

Proof� The implications (1) =� (2) =� (3) and (3) 	� (4) are
obvious.

(4) =� (5): Let A be any subset of X . Suppose that y 
� ker(f (A)).
Then by Lemma 4.1 there exists F � C (Y� y) such that F � f (A) = �;

hence f �1(F ) � Cl � (A) = �. Therefore, we have F � f (Cl � (A)) = � and
y 
� f (Cl � (A)). Consequently, we obtain f (Cl � (A)) � ker(f (A)).

(5) =� (6): Let B be any subset of Y . By (5) and Lemma 4.1, we have

f (Cl � (f �1(B))) � ker(f (f �1(B))) � ker(B)

and Cl � (f �1(B)) � f �1(ker(B)).

(6) =� (4): Let V be any open set of Y . Then, by Lemma 4.1 we have

Cl � (f �1(V )) � f �1(ker(V )) = f �1(V )

This shows that f �1(V ) is �-closed in X .

(4) =� (1): Let x � X and V � C (Y� f (x )). Since (3) and (4) are

equivalent, f �1(V ) is �-open in X and x � f �1(V ). Hence there exists

U � RO (X� x ) such that U � f �1(V ). Therefore, we obtain f (U ) � V .

Corollary ���� A function f : X � Y is contra�super�continuous

if and only if f : Xs � Y is contra�continuous� where Xs denotes the

semi�regularization of X �

Recall that a function f : X � Y is called super-continuous [15] (resp.
strongly � -continuous [16]) if for each x � X and each V � O(Y� f (x )), there
exists U � O(X� x ) such that f (Int (Cl (U ))) � V (resp. f (Cl (U )) � V ).

Theorem ���� If a function f : X � Y is contra�super�continuous and

Y is regular� then f is super�continuous and strongly � �continuous�

Proof� Let x � X and V � O(Y� f (x )). By the regularity of Y , there
exists V0 � O(Y� f (x )) such that Cl (V0) � V . By Theorem 4.1, there exists
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U � O(X� x ) such that f (Int (Cl (U ))) � Cl (V0). Next, we shall show

that f (Cl (U )) � V . Suppose that y 
� V . Since f �1(Y � V ) is �-open

and U � f �1(Y � V ) = �, we have Cl (U ) � f �1(Y � V ) = � and hence
f (Cl (U )) � (Y � V ) = �. This shows that f (Cl (U )) � V . Therefore, f is
strongly � -continuous.

5. Contra-super-closed graphs

Recall that for a function f : X � Y the subset f(x � f (x )) j x � X g �
� X 
Y is called the graph of f and is denoted by G(f ).

Definition ���� The graph G(f ) of a function f : X � Y is said to
be contra�super�closed if for each (x � y) � (X 
 Y ) � G(f ), there exist
U � RO (X� x ) and V � C (Y� y)suchthat(U 
V ) �G(f ) = �.

Lemma ���� The graph of f : X � Y is contra�super�closed in X 
 Y
if and only if for each (x � y) � (X 
 Y ) � G(f )� there exist U � RO (X� x )
and V � C (Y� y)suchthatf (U ) �V = ��

Dontchev [3] introduced and investigated the notion of strong S-
closedness. By definition, a space X is called strongly S�closed if every closed
cover of X has a finite subcover.

A subset A of a space X is strongly S�closed if the subspace A is strongly
S-closed.

Theorem ���� If f : X � Y has a contra�super�closed graph� then the

inverse image of a strongly S�closed set K of Y is ��closed in X �

Proof� Let K be a strongly S-closed set of Y and x 
� f �1(K ). For
each k � K , (x � k ) 
� G(f ) and by Lemma 5.1 there exist Uk � RO (X� x )
and Vk � C (Y� k ) such that f (Uk ) � Vk = �. Since fK � Vk jk � Kg is a
closed cover of the subspace K , there exists a finite subset K0 of K such that
K � �fVk j k � K0g. Set U = �fUk j k � K0g, then U � RO (X� x ) and

f (U ) �K = �. Therefore, we have U � f �1(K ) = � and f �1(K ) is �-closed
in X .

Theorem ���� If f : X � Y has a contra�super�closed graph and Y is

strongly S�closed� then f is contra�super�continuous�

Proof� Let V be any open set of Y . Since Y is strongly S-closed, V is

a strongly S-closed set of Y and by Theorem 5.1 f �1(V ) is �-closed in X .
Therefore, by Theorem 4.1 f is contra-super-continuous.
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Corollary ���� Let Y be a strongly S�closed and Urysohn space� Then�

the following properties are equivalent for a function f : X � Y

(1) G(f ) is contra�super�closed�

(2) f �1(K ) is ��closed in X for every strongly S�closed set K of Y �

(3) f is contra�super�continuous�

Proof� (3) =� (1): Let (x � y) � (X
Y )�G(f ). Then f (x )�y and there
exist open sets V and W of Y such that f (x ) � V , y � W and Cl (V ) �
� Cl (W ) = �. By (3), there exists U � RO (X� x ) such that f (U ) � Cl (V );
hence f (U )�Cl (W ) = �. By Lemma 5.1, G(f ) is contra-super-closed. Recall
that a subset A of a space X is said to be N-closed relative to X [2] if for
every cover fV� j 
 � rg of A by open sets of X , there exists a finite subset
r0 of r such that A � �fInt (CI (V� )) j 
 � r0g. A space X is said to be
nearly compact [19] if the set X is N-closed relative to X .

Theorem ���� If f : X � Y is contra�super�continuous and K is N�

closed relative to X � then f (K ) is strongly S�closed in Y �

Proof� Let K be N-closed relative to X and fF� j 
 � rg be a closed
cover of the subspace f (K ). For each 
 � r, there exists a closed set C�

of Y such that F� = f (K ) � C� . For each x � K , there exist 
(x ) � r
and Ux � O(X� x ) such that f (Int (Cl (Ux ))) � C�(x ). Since fUx j x �

� Kg is a cover of K by open sets of X , there exists a finite subset K0
of K such that K � �fInt (Cl (Ux )) j x � K0g. Therefore, we obtain
f (K ) � �ff (Int (Cl (Ux ))) j x � K0g � �fC�(x ) j x � K0g and hence
f (K ) = �fF�(x ) j x � K0g. This shows that f (K ) is strongly S-closed in Y .

Corollary ���� If f : X � Y is a contra�super�continuous surjection

and X is nearly compact� then Y is strongly S�closed�
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�� In this paper we characterize the rings R in which the ideal nR is
a ring direct summand of R for every integer n . This answers one question
posed by F� Sz �asz (see [1, Problem 79]). We also give a characterization of
rings in which every element is a left multiplier (see [1, Problem 82]). F�
Sz �asz was the first who has characterized rings whose all elements are left
multipliers [2]. Our result describes such rings more precisely.

Throughout this paper p is a prime. We assume that all rings are asso-
ciative. For a ring R, R+ denotes the additive group of R, jx j the order of
an element x � R in R+, F(R) = fr � R j nr = 0 for some nonzero integer
ng, exp(R+) the exponent of R+, and hX i the subgroup of R+ generated by
a subset X .

In the sequel we will use the following notations: Z the ring of rational
integers, Q the field of rational numbers, Zpn the ring of integers modulo

a prime power pn . All other notations and terminology can be found, for
example, in [3], [4].

�� Theorem �� Let R be an associative ring� Then the ideal nR is a

ring direct summand of R for every integer n if and only if R is one of the

following types�

(i) R = (0)�

(ii) R is a Q �algebra�

(iii) R =
P
p

�Rp is a ring direct sum of Rp� where R+
p is the p�component

of R+ and every ring Rp satis�es one of the following conditions�

1) R2
p = (0) and R+

p is a divisible group�
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2) Rp = A � B is a ring direct sum� where A2 = (0)� A+ is a divisible

group� and B+ is a group of exponent p�

3) Rp is a ring of characteristic p�

(iv) R = F(R)�K is a ring direct sum with F(R) of type (iii) and K of

type (ii)�

The proof of the “if” part of Theorem 1 is obvious. We prove the “only
if” part. Therefore let R be a ring in which the ideal nR is a ring direct
summand of R for every integer n .

Lemma ���� If the additive group R+ is torsion�free then R is a Q �

algebra�

Proof� If R+ is not divisible then nR is a proper ideal of R for some
integer n and therefore

R = nR � S

is a ring direct sum with a nontrivial ideal S . Then

nS �nR � S

and consequently nS = (0), a contradiction. Hence R+ is a divisible group.
The lemma is proved.

Lemma ���� If R+ is a p�group then R satis�es one of the following

conditions� (1) R2 = (0) and R+ is a divisible group�

(2) R = A � B is a ring direct sum� where A2 = (0)� A+ is a divisible

group� and B+ is a group of exponent p�

(3) R is a ring of characteristic p�

Proof� If the additive group R+ is divisible then obviously R2 = (0).
Suppose that R+ is not divisible and pR is a proper ideal of R for some
prime p. Then

R = pR � S

is a ring direct sum, where S is a nontrivial ideal of R with pS = (0). It is

easy to see that (pR)+ is a divisible group and consequently (pR)2 = (0). The
lemma is proved.
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Corollary ���� If R+ is torsion then R is a ring of type (iii)�

Lemma ���� If the additive group R+ is mixed then R is a ring of type

(iv)�

Proof� (a) Suppose that R+ is a divisible group. Then the torsion part
F(R) is also divisible and by Theorem 21.3 of [3]

R+ = F(R) �K

is a ring direct sum, where K is a nontrivial divisible torsion-free group. By
lemma 1.2

F(R)2 = (0)�

Further, clearly that

F(R)K = KF(R) = (0)

and consequently R is of type (iv).

(b) Now suppose that R+ is a non-divisible group and therefore

R = nR �A

is a ring direct sum for some integer n and some nontrivial ideal A. By
Lemma 9.4 of [3]

F(R)+ = nF(R) � (A � F(R))

is a group direct sum. This means that F(R) satisfies the conditions (1), (2)
or (3) of Lemma 1.2. Finally, it is easy to see that

(R) �K

is a ring direct sum, where K is a nontrivial Q -algebra. The lemma is pro-
ved.

Lemmas 1.1, 1.4 and Corollary 1.3 give the “only if” part of Theorem 1.

�� Following [1, Problem 82] an element a of a ring R is called a left
multiplier if there exists an integer n such that

(1) (a + n)R = (0)�

The following theorem rectifies Szász’ result [2].

Theorem �� Let R be an associative ring� Then every element of R is a

left multiplier if and only if R is one of the following types�

(�) R2 = (0)�

(�) R �= Zpn �
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(�) R �= mZ �m � Z	�

(�) there exists an element e in R such that R = A+ e �Z� where A is the

left annihilator of R� ex = mx for all elements x in R� and R�A �= mZ �m is

a nontrivial integer	�

(	) there exists an element e � R such that R = A + e � Zpn � where A is

the left annihilator of R and ex = x for all elements x in R�

(
) R =
mP
i=1

�Ri is a ring direct sum� where R+
i is the pi �component

of R+� exp(R+
i ) = p

mi
i � Rs = As + es � Zps ms � As is the left annihilator

of Rs � Rj = ej � Zpj mj � R
2
t = (0)� ehx = �nhx for all elements x in R

and� furthermore� nh � �1 (mod p
mh
h ) and nh � 0 (mod exp(R+

l )) for the

integers l � f1� � � � � mg n fhg �1 	 k 	 n 	 m� s = 1� � � � � k � j = k + 1� � � � � n�
t = n + 1� � � � � m� h = 1� � � � � n	�

Only the “only if” part requires proof. In what follows R will be a ring
in which every element is a left multiplier.

Lemma ���� If the additive group R+ is torsion�free then R is a ring of

type (�)� (�) or (�)�

Proof� Firstly, suppose that R is a nontrivial ring without zero-divisors.
Let a and b be any nontrivial elements of R. Then there are integers n and
m such that

ab = �nb� ba = �ma

and therefore

(ab � ba)a = �nba + ma2 = �nma + mna = 0�

By our hypothesis, this yields that

�nb = ab = ba = �ma�

We conclude that R+ is an abelian group of rank 1 (see [4, chapter XIII]). By
Theorem 121.1 of [4] there is an isomorphism

f : R 
 mZ(q�1
j

; j � J )�

where m is a nontrivial integer, fqj j j � Jg is a set of primes such that qj and
m are relatively prime. Suppose that J is a nonempty set and q � fqj j j � Jg.
Then there exists an element r of R such that

f (qr ) = m�
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Since

rx = �sx

for some integer s and for all x in R, we have

mf (x ) = f (qr )f (x ) = f (qrx ) = qf (rx ) = �qsf (x )

and consequently

m = �qs�

a contradiction. Hence the set J is empty and

R �= mZ�

Now suppose that

ar = 0

for some nontrivial elements a and r of R. Then

arb = 0

for every b in R. Since

rb = �sb

for some integer s , we have that

aR = (0)�

Denote fa � R j aR = (0)g by A. Assume that A�R. Then A2 = (0) and as
proved above there is an isomorphism

g : R�A
 mZ

for some nontrivial integer m . Let e be an element of R such that

g(e + A) = m�

Then

A � e � Z = (0)

and

R = A + e � Z�

By our hypothesis, there is an integer l such that

ex = �l x

for all x in R. Then

m2 = (g(e + A))2 = g((e + A)2) = �l g(e + A) = �lm
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and consequently

m = �l �

The lemma is proved.

Lemma ���� The additive group R+ is either torsion�free or torsion�

Proof� Suppose that R+ is mixed. Let a be a nontrivial element of finite
order and b be a nontrivial element of infinite order in R+. Since there is an
integer n with condition (1), we have that

nb � F(R)�

a contradiction. The lemma is proved.

Lemma ���� If R+ is a p�group then it is a group of �nite exponent�

Proof� Let a be a nontrivial element of R which satisfies condition (1).
Suppose that R+ is a group of infinite exponent. Then there is an element c
of R+ such that

njaj�jcj�

Put d = jajc. Then

0 = jajac = ad = �nd�0�

a contradiction. The lemma is proved.

Lemma ���� If R+ is a p�group then R is a ring of one of the types� (�)�
(�) or (	)�

Proof� Suppose that R2 is nontrivial and take any nontrivial elements
a� b � R. Then by the hypothesis there are integers m and n such that

at = �nt� bt = �mt

for all t in R. Hence

(2) (ab � ba)r = a(br ) � b(ar ) = mnr � nmr = 0

for every element r of R. Denote fa � R j aR = (0)g by A.

(a) Suppose that A = (0). Then R is a commutative ring and (2) yields
that

ma = nb�

Further, by Lemma 2.3 R+ is a group of exponent pk for some positive integer

k . Suppose that jaj = pk and jbj = pl , where 1 	 l 	 k . If ma = nb = 0 then
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bt = �mt = 0 for every t � R, and so b � A, a contradiction. Hence nb is
nontrivial and there exists the integers n0 and x such that

n = n0p
x �

where 0 	 x �l , n0 and p are relatively prime. It is easy to see that there is
an integer m0 such that

m = m0p
k�l+x �

where m0 and p are relatively prime. Since

(n0b � m0p
k�la)t = (�n0m + m0p

k�ln)t = 0

for every t � R, our hypothesis yields that

n0b � m0p
k�la = 0�

This yields that the subgroup

hpk�la� bi = hpk�lai = hbi

is cyclic and consequently Ωl (R
+) = fx � R j jx j 	 plg is a locally cyclic

group. Hence Ωl (R
+) �= Z

pl and therefore

R �= Z
nk �

(b) Now suppose that A is nontrivial. Then as stated above

R�A �= Z
pk

for a positive integer k . Let u be an inverse image in R of the identity element
of R�A. Then

u2 � u = d

for some element d of A and consequently

ud = du = 0�

Denote u + d by e. Then

e2 = (u + d)2 = u2 = u + d = e

and e is a nontrivial idempotent of R. Since there exists s � Z such that

(3) ex = �sx

for all x in R, we have that

(4) s � �1 (mod jej)�
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Assume that

jej�jaj = exp(R+)�

Then

0 = jejea = �sjeja

and consequently

s � 0 (mod p)�

a contradiction. Thus

jej = exp(R+)

and in view of (3) and (4)

ex = x �

Therefore

d = ed = (u + d)d = ud = 0�

Hence R is a noncommutative ring of exponent pk and

R = A + e � Z
pk
�

The lemma is proved.

Remark ���� Let R = A� B be a ring direct sum, where B �= Zpn and

A is a nontrivial ring such that A+ is a p-group. Then R contains an element
which is not a left multiplier. Indeed, if e is the identity element of B then
there exists an integer m such that

ex = mx

for all x in R and, in particular,

(5) ma = ea = 0

for every nontrivial element a of A. On other hand, e2 = e and so m and p
are relatively prime, contradicting (5).

Corollary ��	� If R+ is torsion then R is a ring of one of the types�

(�)� (�)� (	) or (
)�

Proof� Suppose that R2 is nontrivial and R+ is a non-primary group.
Then

R+ =
X

p��

�Rp
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is a group direct sum, where 
 is some set of primes, Rp is the p-component
of R+ (see [3, Theorem 8.4]). It is easy to see that there is a prime p such

that R2
p is nontrivial and by Lemma 2.4 exp(R+) = pn for some integer n .

Let ap be an element of Rp such that apRp�(0). By the hypothesis, there
is an integer np with

apx = �npx

for all x in R. If q � 
 n fpg and x � Rq then

np � 0 (mod exp(R+
q ))�

From this it follows that 
 = fp1� � � � � pmg is finite. Hence

R = R1 � � � �� Rk � Rk+1 � � � �� Rn � � � �� Rm

is a ring direct sum, where R+
i is the pi -component of R+, exp(R+

i ) = p
mi
i ,

Rs = As +es �Zpsms , AsRs = (0), Rj = ej �Zpj mj , R
2
t = (0), ehx = �nhx for all

x in R, and, furthermore, nh � �1 (mod p
mh
h ) and nh � 0 (mod exp(R+

r ))
for all integers r � f1� � � � � mg n fhg (1 	 k 	 n 	 m; i = 1� � � � � m;
s = 1� � � � � k ; j = k + 1� � � � � n; t = n + 1� � � � � m; h = 1� � � � � n). This completes
the proof.

Now Theorem 2 follows from Lemmas 2.1, 2.2, 2.4 and Corollary 2.6.
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1. Introduction

E� Egerv�ary and P� Tur�an discovered the (0,2)-interpolation in order
to get approximate solutions of the differential equation:

(1�1) y �� + f y = 0

Their results have been studied by several mathematicians. These interpo-
lation polynomials usually cannot be determined uniquely. Moreover, the-
ir explicit forms are very complicated, which have been obtained first by

K� K� Mathur and A� Sharma [8] taking the nodes as the roots of the n th

Hermite polynomial in the case of n even. They have also proved that there
exist infinitely many solutions when n is odd. To avoid these difficulties P�

Tur�an suggested to study the problem of:

Weighted (0� 2)-interpolation. Let (a� b) be a finite or infinite interval such
that

(1�2) ���a �xn�n ��� ��x1�n �b �� (n � N)

and w � C 2(a� b) be a weight function. How can a polynomial Rn of lowest
possible degree satisfying the conditions:

(1�3) Rn (xi �n ) = yi �n � (wRn )��(xi �n ) = y ��i �n � i = 1(1)n

be determined where yi �n and y ��i �n are arbitrary real numbers? J� Bal�azs

[1] was the first to settle this problem on the roots of n th Ultraspherical

polynomial P (�)
n (� ��1) with weight function w (x ) = (1 � x2)�+1�2,

(x � [�1��1]). He proved that generally there does not exit any polynomial
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of degree � 2n � 1 satisfying the conditions (1.3). Taking an additional
condition:

(1�4) Rn (0) =
nX
i=1

yi �n l
2
i �n (0)

where 0 is not a nodal point belonging to (1.2), he showed that there does exist
a unique polynomial of degree � 2n (n even) and also proved a convergence
theorem. If n is odd, then uniqueness ie not true.

L� Szili [12] studied the analogous problem on nodes as the zeros of

the n th Hermite polynomial Hn (x ), with weight function w (x ) = e�x
2�2. For

arbitrary n consider the polynomials

Ai �n (x ) =
l 2i �n (x )

2
+ (n + 1� xi �n )

Hn (x )
H �
n (xi �n )

�x
0 li �n (t)dt+(1�5)

+
H �
n (x )

2H �
n (xi �n )

li �n (x )� x
Hn (x )
H �
n (xi �n )

li �n (x )� Hn (x )
2H �

n (xi �n )
l �i �n (0)� i = 1(1)n

B i �n (x ) =
e
x2
i �n�2

Hn (x )
2H �

n (xi �n )

xZ
0

li �n (t)dt� i = 1(1)n�(1�6)

For n even Szili [12] established that

(1�7) Rn (x ) =
nX
i=1

yi �nAi �n (x ) +
nX
i=1

y ��i �nB i �n (x )

is the uniquely determined polynomial of degree � 2n satisfying the condition
(1.3) and (1.4). Furthermore he proved that if the function f : R � R, is
continuously differentiable such that

(1�8) lim
jx j��

x2rw (x )f (x ) = 0� r = 1� 2� � � � and lim
jx j��

w (x )f �(x ) = 0

then for Rn given by (1.7), together with

yi �n = f (xi �n )� y ��i �n = O

�p
ne

�x2
i �n�

�
f ��

1
n

��
(1�9)

i = 1(1)n; n = 2� 4� � � � � 0 � � � 1
2
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and

(1�10) Rn (0) =
nX
i=1

f (xi �n )l 2i �n (0)

the following estimates holds:

(1�11) e�yx
2 jf (x )� Rn (f � x )j = O

�
�

�
f ��

1p
n

�
log n

�
� x � R

where y �1, O does not depend on n and x and � (f � �) is the Freud modulus
of continuity.

Later I� Jo �o [7] sharpened this result and showed that

(1�12) ex
2 ��f (x )� R(f � x )

�� = O

�
�

�
f ��

1p
n

��
+ O

�
1p
n

�
�

holds for all x � R. He improved (1.11) by eliminating factor log n , taking

� = 1
2 in (1.9) and replacing 	 �1 by 	 = 1.

In Szili�s, Bal�azs�s and many other papers on weighted (0� 2)-
interpolation end P�al type interpolation processes, results have been obtained
under the special condition (1.4), which looks to be artificial. Also, in almost
every lacunary interpolation formula, which satisfy the conditions (1.3) and
(1.4), it has been proved that for odd n the interpolation polynomial of degree
� 2n either does not exist or if it exists there are infinitely many. In this
connection, we raise the following:

Problem� For each positive integer n does there exist a unique weighted
(0� 2)-interpolatory polynomial Rn , of degree � 2n satisfying the condition
(1.3) and

Rn (0) = y0�n � if n is even

or(1�13)

R�n (0) = y �0�n � if n is odd.

If it exists what will be its explicit form and does it converge?

Remark� The referee points out that J� Bal�azs [3] and L� Szili [13] have
also studied. analogous problems for weighted (0� 2)-interpolation and T� F�

Xie [14], L� G� P �al [9] and Z� F� Sebesty�en [10] have investigated such type
of modification in Pál interpolation.

In this paper, we answer this problem in affirmative, taking the roots of

the n th Hermite polynomial Hn (x ) as nodes.



2016. december 19. – 22:53

48 S. DATTA, P. MATHUR

In section 2, we give some preliminaries and state new results in sec-
tion 3. The estimates of the fundamental polynomials and the convergence
theorems have been proved in sections 4 and 5 respectively.

2. Preliminaries

Let Hn (x ) be the n th Hermite polynomial with usual normalization

(2�1)

+�Z
��

Hn (t)Hm (t)e�t
2
dt =

p

2nn!�n�m � (n�m � N)

which satisfies the differential equation:

(2�2)

�
H ��
n (x )� 2xH �

n (x ) + 2nHn (x ) = 0

H �
n (x ) = 2nHn�1(x )�

It is well known that the roots xi �n of Hn (x ) satisfy the following relations:
(2�3)�����
���	

���xn�n ��� ��xn
2 +1�n �0 �xn

2 �n
��� ��x1�n �+� (n = 2m)

���xn�n ��� ��xn1
2 �n

= 0 ��� ��x1�n �+� (n = 2m + 1)

xi �n = �xn�i+1�n


i = 1� 2� � � � � n2

�
Let li �n , denote the Lagrange fundamental polynomial corresponding to the
nodal points xi �n , then

(2�4) li �n (x ) =
Hn (x )

H �
n (xi �n )(x � xi �n )

� i = 1(1)n

leading to

(2�5) l �i �n (xi �n ) = xi �n �

For the roots of Hn (x ), we have

x � i2

n
� i = 1(1)n(2�6)

Hn (x ) = O(1)n�1�4
p

2nn!
�

1 + 3
p
jx j


ex

2�2� x � R(2�7)

jH �
n (xi �n )j � c2n+1

�n
2



!e�x

2
i �n � 0 �� �1(2�8)
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nX
i=1

e
�2x2

i �n

H �
n (xi �n )2 = O

�
1

2n+1n!

�
� 0 �� ��� �1(2�9)

nX
i=1

e
x2
i �n l 2i �n (x ) = O

�
ex

2
�

(2�10)

jHn (0)j =
n!

n
2

�
!

for even n(2�11)

2n




n
2

�
!
�2

(n + 1)!
� n�1�2�(2�12)

The above results have been taken from a paper of L� Szili [12], we shall also
require the following estimates given by I� Jo �o [7].

(2�13)
nX
i=1

w
x2
i �n�2jAi �n (x )j = O

�p
nex

2
�

and

(2�14)
nX
i=1

e
x2
i �n�2jB i �n (x )j = O

�
ex

2

p
n

�
�

where Ai �n (x ) and B i �n (x ) are given by (1.5) and (1.6) respectively.

We shall use the following notations in the sequel.

xi = xi �n � li = li �n Ai = Ai �l � B i = B i �n �

3. New results

Theorem �� If the nodal points are the roots of the n th Hermite poly�

nomial Hn (x ) and the weight function is w (x ) = e�x
2�2 �x � R�� then there

exists a unique polynomial Rn of degree � 2n � satisfying the conditions (1�3)
and (1�13) for n odd�

Theorem �� Let

Ai (x ) = l 2i (x )� Hn (x )
H �
n (x )

�
� xZ

0

l �i (t)� xi li (t)

(t � xi )
dt � (1� x2

i )

2

xZ
0

li (t)dt

�
� �(3�1)

i = 1(1)n
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(3�2) Bi (x ) =
ex

2
i �2Hn (x )
2H �

n (xi )

1Z
0

li (t)dt� i = 1(1)n

and

(3�3) C0(x ) =
Hn (x )
H �
n (0)

(xn+1
2 �n

= 0)�

Then

(3�4) Rn (x ) =
nX
i=1

yiAi (x ) +
nX
i=1

y ��i Bi (x ) + y �0C0(x )

is the uniquely determined polynomial of degree � 2n satisfying the conditi�

ons ����� and ������� if n is odd�

Theorem �� Let f : R � R be a continuously di	erentiable function

such that

(3�5)

lim
jx j��

x2r f (x )e�x
2�2 = 0� r = 0� 1� 2� � � � and lim

jx j��
f �(x )e�x

2�2 = 0�

Further� let

y1 = f (xi )� y ��i = O

�
ex

2
i �2�

�
f ��

1p
n

��
� i = 1(1)n

and(3�6)

y �0 = f �(0)�

then the interpolatory polynomial Rn (f � x ) �n = 3� 5� � � �� given by ���
� satis�

�es the estimate�

(3�7) e�x
2 jf (x )� Rn (f � x )j = O(1)�

�
f ��

1p
n

�
� x � R

where O does not depend on n and x and � (f �� �) is the Freud modulus of

continuity of f ��

In the case of n even� analogously to Theorem �� there does exist a

weighted (0� 2)�interpolatory polynomial R�n of degree � 2n � satisfying the

conditions ����� and ������� Further� let

A�i (x ) =(3�8)
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=

�����
���	

Hn (x )
Hn (0) � for i = 0 �x0 = 0�

x l2i (x )
xi

� Hn (x )
H �

n (xi )

�
1
xi

xR
0

tfl �i (t)�xi li (t)g
(t�xi )

dt +
(1+x2

i )
2

xR
0
li (t)dt

�
� i = 1(1)n

and

(3�9) B�i (x ) =
ex

2
i �2Hn (x )
H �
n (xi )

xZ
0

li (t)dt� i = 1(1)n�

Then

(3�10) R�n (x ) =
nX
i=0

y�i A
�
i (x ) +

nX
i=1

y ��i
�
B�i (x )

is the uniquely determined polynomial of degree � 2n satisfying the conditi�

ons ����� and ������ for n even�

Theorem �� Let a function f : R � R be continuously di	erentiable�

satisfying the requirements (3�5) and� suppose the numbers y�i and y ��i
�
are

such that

y�i = f (xi )� i = 0(1)n

y ��i
�

= O

�
ex

2
i �2�

�
f ��

1p
n

��
� i = 1(1)n�

Then for interpolatory polynomial R�n given by (3�10)� we have the estimate�

e�x
2 jf (x )� R�n (f � x )j = O(1)�

�
f ��

1p
n

�
� x � R� n = 2� 4� � � �

where O does not depend on n and x � � (f �� �) is the Freud modulus of

continuity of f ��

We shall prove only our main Theorems 3 and 4, because the proof of
the other theorems are quite similar to that of the theorems in [1].
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4. Basic estimates with respect to the fundamental polynomials (n odd)

Lemma �� Ai (x ) given in (3�1) can be represented in a convenient form

as� For xi�0

(4�1) Ai (x ) = Ai (x )� (1� x2
i )Hn (x )

2H �
n (xi )

xZ
0

li (t)dt�

where Ai (x ) is given by (1�5)�

For xi = 0

Ai (x ) =
l 2i (x )

2
+

(1� x2
i + 2n)Hn (x )

2H �
n (xi )

xZ
0

li (t)dt+(4�2)

+
H �
n (x )

2H �
n (xi )

li (x )� x
Hn (x )
Hn (xi )

li (x )�

Proof� Let us consider the case xi �0 and assume that x �0. Since
Ai (x ) is a polynomial, (4.1) is enough to be proved for such x . The case for
xi �0 can be treated similarly. By (2.2) and (2.4), it follows that
(4�3)

x li (x )� l �i (x ) =
x � xi

2

�
l ��i (x )� 2x l �i (x ) + 2nli (x )

�
x � R� i = 1(1)n�

By (3.1) and (4.3), we get

Ai (x ) = l 2i (x )� (1 + x2
i )Hn (x )

2H �
n (xi )

xZ
0

li (t)dt+

+
Hn (x )

2H �
n (xi )

xZ
0

�
l ��i (t)� 2t l �i (t) + 2nli (t)

�
dt =

=
l 2i (x )

2
+

(1� x2
i + 2n)Hn (x )

2H �
n (xi )

xZ
i

li (t)dt+

+
H �
n (x )

2H �
n (xi )

li (x )� x
Hn (x )
H �
n (xi )

li (x )� Hn (x )
2H �

n (xi )
l �i (0) =
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= Ai (x )� (1� x2
i )Hn (x )

2H �
n (xi )

xZ
0

li (t)dt�

For xi = 0, (3.1) reduces to
(4�4)

Ai (x ) = l 2i (x ) +
(1� x2

i )Hn (x )

2H �
n (xi )

xZ
i

li (t)dt �
Hn (x )
H �
n (xi )

xZ
0

tHn (t)�Hn (t)

t3
dt�

Integrating the last term by parts and using

(4�5) lim
t�0

tH �
n (t)�Hn (t)

t2
= lim
t�0

H ��
n (t)
2

= 0

we get (4.2), which completes the proof of the lemma.

Lemma �� Let n be odd� then

nX
i=1

ex
2
i �2jAi (x )j = O

�
ex

2p
n

�
(4�6)

nX
i=1

ex
2
i �2jBi (x )j = O

�
ex

2

p
n

�
(4�7)

and

jC0(x )j = O

�
ex

2

p
n

�
�(4�8)

Proof� We remark that (2.7)–(2.10), (2.13) and (2.14) are also valid for
n odd, then we have

(4�9)
nX
i=1

wx2
i �2 j(1� x2

i )j jHn (x )j
2jH �

n (xi )j

������
xZ

0

li (t)dt

������ = O(1)
ex

2

p
n

(see [7], lemma 4). By lemma 1
(4�10)
nX
i=1

ex
2
i �2jAi (x )j =

nX
i=1

ex
2
i �2jAi (x )j+

nX
i=1

ex
2
i �2 j(1� x2

i )j jHn (x )j
2jH �

n (xi )j

������
xZ

0

li (t)dt

������ �
which owing to (2.13) and (4.9), proves (4.6).
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By (3.2) and (1.6), we have

(4�11)
nX
i=1

ex
2
i �2jBi (x )j =

nX
i=1

ex
2
i �2jB i (x )j�

which proves (4.7) owing to (2.14).

From (3.3) using (2.7), (2.8) and (2.12), we get (4.8), which completes
the proof of the lemma.

Lemma � ([5] Theorem 4 and [4], Theorem 1)� If f � C �(R)�

lim
x���

x2r f (x )w (x ) = 0� r = 0� 1� � � � and lim
x���

f �(x )w (x ) = 0�

then there exists a polynomial pn (x )� of degree � n � such that for x � R�

w (x )jf (x )� pn (x )j = O(1)
1p
n
�

�
f �

1p
n

�
(4�12)

w (x )jf �(x )� p�n (x )j = O(1)�

�
f ��

1p
n

�
�(4�13)

Furthermore �
���� Lemma 
�� we have for x � R
w (x )jpn (x )j = O(1)(4�14)

w (x )jp�n (x )j = O(1)(4�15)

and

w (x )jp��n (x )j = O(1)
p
n�

�
f ��

1p
n

�
for jx j�

p
2n + 1�(4�16)

Proof of Theorem �� Let n be odd. From the uniqueness of the poly-
nomial Rn (x ) in (3.4), it follows that every polynomial Qn of degree � 2n
satisfies the relation:

(4�17) Qn (x ) =
nX
i=1

Qn (xi )Ai (x ) +
nX
i=1

(wQn )��(xi )Bi (x ) + Q �
n (0)C0(x )�

Let pn be a polynomial of degree � 2n satisfying Lemma 3, then we have

e�x
2 jf (x )� Rn (x ) � e�x

2 jf (x )� pn (x )j + e�x
2 jpn (x )� Rn (x )j =(4�18)

= O(1)

�
e�x

2�2e�x
2�2jf (x )� pn (x )j + e�x

2
�����
nX
i=1

(fn (xi )� pn (xi ))Ai (x )

�����+

+e�x
2
�����
nX
i=1

f(wpn )��(xi )� y ��i gBi (x )

����� + e�x
2 jf �(0)� p�n (0)j jCo(x )j

�
�
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Using Lemmas 2 and 3, we have

e�x
2 jf (x ) = Rn (x )j =(4�19)

= O(1)

�
�

�
f ��

1p
n

�
+ e�x

2
nX
i=1

jy ��i Bi (x )j + e�x
2

nX
i=1

w (xi )jp��n (xi )Bi (x )j+

+e�x
2

nX
i=1

jw �(xi )jp�n (xi )Bi (x )j + e�x
2

nX
i=1

jw ��(xi )jjpn (xi )Bi (x )j
�
�

By Lemma 2 and 3, we have

e�x
2

nX
i=1

jw ��(xi )jjpn (xi )Bi (x )j = O(1)
1p
n

(4�20)

e�x
2

nX
i=1

jw �(xi )jjp�n (xi )Bi (x )j = O(1)
1p
n

(4�21)

and

e�x
2

nX
i=1

w (xi )jp��n (xi )Bi (x )j = O(1)�

�
f ��

1p
n

�
�(4�22)

By (3.7), Lemma 2, 3 and (4.19)–(4.22), the theorem follows.

5. Basic estimates with respect to the fundamental polynomials (n even)

Lemma �� For n even� A�i (x ) given by (3�8)� can be written in a conve�

nient form as�

(5�1) A�i (x ) = Ai (x )� (1� x2
i )Hn (x )

2H �
n (xi )

xZ
0

li (t)dt +
Hn (x )li (0)
xiH

�
n (xi )

� i = 1(1)n

where Ai (x ) is given by (1�5)�

The lemma follows exactly on the same steps as given in Lemma 1, so
we omit its proof.

Lemma 	� For n even
nX
i=0

ex
2
i �2jA�i (x )j = O(1)

�p
nex

2
�

(5�2)
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and

nX
i=1

ex
2
i �2jBi (x )j = O(1)

�
ex

2

p
n

�
�(5�3)

where A�i (x ) and B�i (x ) are given by (5�1) and (3�9) respectively�

Proof� When i = 0, x0 = 0, then we have

(5�4) ex
2
i �2jA�0(x )j = jA�0(x )j =

jHn (x )j
jHn (0)

= O(1)ex
2
�

Since j1� x2
i j � ex

2
i , from (2.14), we have

(5�5)
nX
i=1

j(1� x2
i )jex2

i �2jHn (x )j
2jH �

n (xi )

������
xZ

0

li (t)dt

������ =
nX
i=1

ex
2
i jB i (x )j = O(1)

�
ex

2

p
n

�
�

Also
nX
i=1

ex
2
i �2 jHn (x )jjHn (0)j

x2
i H

�
n (xi )2

=
X

0�xi�1

ex
2
i �2 jHn (x )jjHn (0)j

x2
i H

�
n (xi )2

+

+
X
xi�1

ex
2
i �2 jHn (x )jjHn (0)j

x2
i H

�
n (xi )2

� I1 + I2�(5�6)

Thus by (2.7) and (2.9), we have

(5�7) I2 � jHn (x )jjHn (0)j
nX
i=1

ex
2
i �2

H �
n (xi )2 = O(1)

�
ex

2�2
p
n

�
�

Also by (2.6)–(2.8) and (2.12), we have

I1 � jHn (x )jjHn (0)j
nX
i=1

ex
2
i �2

x2
i H

�
n (xi )2

=(5�8)

O(1)
n�1�22nn!ex

2�2

22n
�

n
2

�
!
�2 n log n = O(1)ex

2
log n�

From (5.6)–(5.8), we get

(5�9)
nX
i=1

ex
2
i �2 jHn (x )jjHn (0)j

x2
i H

�
n (xi )2

= O(1)ex
2

log n�



2016. december 19. – 22:53

ON WEIGHTED (0� 2)-INTERPOLATION ON INFINITE INTERVAL (��� +�) 57

Thus by (5.4), (5.5) and (5.9), (5.2) follows.

Also, by (3.9), (1.6) and (2.14), (5.3) follows. Hence the lemma is pro-
ved.

Proof of Theorem �� Following the same steps as in the proof of The-
orem 3, the Theorem follows. We omit details.

Remarks� An analogous problem can be raised on the zeros of ultrasp-
herical polynomial as nodes which we shall take up elsewhere.

The authors express thanks to the referee for his valuable comments.
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1. Introduction

Let Ωn = fa = x0 �x1 ��� ��xn = bg be an equidistant partition of the

real interval [a� b] for a natural n with h = b�a
n . The function s : [a� b] �� R

is a quadratic spline on Ωn — in short: s � S2(Ωn ) —, if s � C 1[a� b] and
sj[xk�1�xk ] � P2, k = 1� � � �� n , i.e. the restriction of s to any subinterval is an

at most second degree polynomial. Further, s � S2(Ωn ) is an interpolant for
a given function f : [a� b] �� R, if s(xi ) = f (xi ), i = 0� � � �� n .

These interpolatory conditions do not determine s uniquely: it remains
a free parameter. Usually the additional (initial) condition s �(x0) = f �(x0) is
required, if f �(x0) exists [8], or one interpolates at other points than the knots
(xi )

n
i=0 ([3], p. 255) and/or periodicity of f is assumed [6], [7].

The aim of the paper is to specify the free parameter in a natural manner,
using some guiding principles, cf. (3) and (4). To this we shall need the
B-spline basis (B2�i )i�Z, for which the sequence (xi )

n
0 has to be extended

by “virtual” knots xi = a + ih for i �0 and i �n . Then, for any integer i ,

B2�i (x ) =
1

2h2

������
�����

(x � xi )
2� x � [xi � xi+1],

h2 + 2h(x � xi+1)� 2(x � xi+1)2� x � [xi+1� xi+2],

(x � xi+3)2� x � [xi+2� xi+3],

0 else.

The nontrivial function values and derivatives at the knots are computed to

be B2�i (xi+1) = B2�i (xi+2) = 1
2 , and B �2�i (xi+1) = �B �2�i (xi+2) = 1

h . Since
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dim(S2(Ωn )) = n + 2, any s � S2(Ωn ) can be uniquely written as

s =
n�1X
j=�2

cjB2�j �

and a quadratic spline interpolant for f satisfies the linear equations

(1) s(xi ) =
n�1X
j=�2

cjB2�j (xi ) =
1
2
ci�2 +

1
2
ci�1 = f (xi )� i = 0� � � �� n�

Introducing the upper bidiagonal (n + 1)� (n + 2) matrix

M =
1
2

�
B�

1 1 0 � � � 0 0
0 1 1 � � � 0 0
...

...
...

. . .
...

0 0 0 � � � 1 1

�
CA �

the column vector c = (ci )
n�1
i=�2 of unknown coefficients, and the column

vector f̂ = (f (xi ))
n
i=0 of function values, (1) assumes

(2) Mc = f̂ �

Problem setting� Given Ωn and f , find a solution c of (2) such that

(3) f � P2 � s � f �

i.e. the method is reproducing, and

(4) Md = f̂ � kdk 	 kck�

i.e. kck2 =
n�1P
i=�2

c2
i is minimal.

Unfortunately, the above requirements are conflicting.

Example �� Let Ω2 = f�1� 0� 1g and f (x ) = x (x+1)�2. Then the minimal

solution of (2) is given by cmin = 1
2(1��1� 1� 3)�, giving

smin(x ) =

�
x (x + 1)� x � [�1� 0],

x � x � [0� 1].

On the other hand, the spline with coefficients crep = 1
4(1��1� 1� 7)� is repro-

ducing (srep = f ), however, kcrepk
2 = 3�25 �3 = kcmink

2.
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Hence we have to weaken the requirement ‘minimality’ (the reproducing
property being more essential). For this aim, we re-scale the four B-splines
with smallest and largest indices by introducing

B̃2��2 =
1
�n

B2��2� B̃2��1 =
1
�n

B2��1�

B̃2�n�2 =
1
�n

B2�n�2� B̃2�n�1 =
1
�n

B2�n�1�

(Take into account their smaller support for explanation.)

Then requirement (4) becomes the condition

(4�) �2
nc

2
�2 + �2

nc
2
�1 + c2

0 + � � � + c2
n�3 + �2

nc
2
n�2 + �2

nc
2
n�1 � min

of quasiminimality.

Consequently, in the final problem setting we have to determine the
conditions for �n , �n to yield a reproducing (see (3)) and quasiminimal (see
(4�)) solution of (2). The calculations result in the following.

If n is odd, one obtains the equations

(5) 2�2
n + 1 = 2�2

n

and

(6) 2n(n + 1)�2
n + (n � 1)2 = 2n(n � 1)�2

n

with the unique solution

�2
n =

n � 1
4n

� �2
n =

3n � 1
4n

�

If n is even, we get only one equation,

(7) 2(n + 1)�2
n + n � 2 = 2(n � 1)�2

n �

the one parameter-solutions of which are

�2
n =

n + t

4(n + 1)
� �2

n =
3n + t � 4
4(n � 1)

� t � R�

cf. (9) below as a special case for t = 1.

The following tableau gives the relations necessary to reproduce the

powers 1, id and id2 in the quasiminimal way (4�). (The missing number
indicates that, for n even, f = 1 is reproduced automatically.)
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f n even n odd

1 – (5)

id (7) (5)
id2 (7) (6)

A remark from linear algebra makes the method more convenient to use.

Observation� Let A be a k� (k +1) full rank matrix, b a column vector
of length k , and r be a row vector of length k + 1. If r is orthogonal to the
rows of A, then the minimal solution of the system Ax = b coincides with
the unique solution of 	

A
r



x =

	
b
0



�

a linear system with a square invertible (k + 1)� (k + 1) matrix.

Applying this for A = M , b = f̂ , x = c, the corresponding row vector
r is easily calculated to be (�1� 1��1� � � �). However, the presence of �n and
�n changes the situation, and the final form of the quasiminimal reproducing
quadratic interpolating spline (cf. (2), (3), (4�)) is that of the system of linear
equations

(8)
	
M
r



c =

�
f̂
0

�
�

with

r = (��2
n � �

2
n ��1� 1� � � �� (�1)n � (�1)n+1�2

n � (�1)n+2�2
n )�

Here the row vector r can be replaced by its any nonzero scalar multiple,
since the corresponding linear equation is homogeneous. For instance, in the
next section we will investigate the case

(9) n even, �2
n = 1�4� �2

n = 3�4�

and, we multiply the corresponding row by 2 such that all diagonal elements
of the matrix are the same.

As an illustration, see (8), (9) for n = 4:

1
2

�
BBBB�

1 1 0 0 0 0
0 1 1 0 0 0
0 0 1 1 0 0
0 0 0 1 1 0
0 0 0 0 1 1
�1 3 �4 4 �3 1

�
CCCCA 


�
BBBB�
c�2
c�1
c0
c1
c2
c3

�
CCCCA =

�
BBBB�
f (x0)
f (x1)
f (x2)
f (x3)
f (x4)

0

�
CCCCA �
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It is a critical point to determine the derivatives of the spline at knots.
The simple form of the last row with parameters (9) enables us to give explicit
formulas for them. Let s �(:) = (s �(xi ))

n
i=0 be a column vector, and define the

matrix M1 by

s �(xi ) =
n�1X
j=�2

cjB
�
2�j (xi )� i = 0� � � �� n � s �(:) =

1
h
M1c�

In view of (8) it holds that

s �(:) =
1
h
M1

	
M
r


�1
�
f̂
0

�
�

giving a connection between the function values and the spline derivatives.
Define Q̃ by dropping the last column of the matrix above, i.e. let

M1

	
M
r


�1
= (Q̃ � l ast)�

with ‘last’ being indifferent. Then Q̃ is a square matrix, and so is Q = nQ̃ ,
which will prove to be integer. With these matrices we obviously have

(10) s �(:) =
1
h
Q̃ f̂ =

1
b � a

Qf̃ �

To sum up, the quite regular structure of Q in this formula enables
us to give an algebraic treatment, in contrast to “midpoint interpolation”,
(interpolation at the averages of adjacent knots), see e.g. the same title of
section 2 in [7]: “Estimation of the Inverse of the Coefficient Matrix”.

Remark� It is worth calling the attention of the reader, that in the next
section B-splines B2�i no more occur. The very simi1ar notation B2i will stand
for the Bernoulli numbers with subscript 2i .

2. Results

In this section we give several formulas for the derivatives of the spline
calculated by (8), (9). Note that the knowledge of the value s �(xi ) for some i
(i = 1, � � � , n�1) suffices to construct the spline on the interval [xi�1� xi ] and
[xi � xi+1], hence first we examine the matrix Q . Notice that row and column
one are provided by subscript zero.
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Lemma �� The matrix Q = (qi �j )
n
i �j=0 de�ned above is an (n + 1)�th order

skew centrosymmetric matrix� i�e� qi �j = �qn�i �n�j � i � j = 0� � � � � n � Its
elements are�

q0�0 = 1� 2n� qi �i = 2(2i � n)� 1 � i � n � 1� qn�n = 2n � 1�

qi �0 = (�1)i � 1 � i � n� qi �n = (�1)i+1� 0 � i � n � 1�

qi �j = 4j (�1)i+j � 0 �j �i � n� qi �j = 4(n � j )(�1)i+j+1� 0 � i �j �n�

Moreover� Q transforms the �power vectors� into their �derivatives��

Q

�
B�

1
1
���
1

�
CA =

�
B�

0
0
���
0

�
CA � Q

�
B�

0
1
���
n

�
CA = n

�
B�

1
1
���
1

�
CA � Q

�
B�

02

12
���
n2

�
CA = 2n

�
B�

0
1
���
n

�
CA �

and

(b � a)s �(xi ) =
nX
j=0

qi �j f (xj )� i = 0� 1� � � � � n�

Proof� To calculate the entries, write matrix
	
M
r



as a sum of an upper

bidiagonal and a strictly lower triangular matrix. Then, inverting this upper
bidiagonal (Toeplitz) matrix is easy, while the other term is a dyad (a rank
one matrix), hence the Sherman–Morrison formula [4] can be used.

The 3 so-called ‘power’ relations are equivalent with the reproducing
property, while the last equality follows from the definition of Q .

In case of knots with odd subscript, a more concrete form of the deriva-
tive will be given.

Theorem �� Let f � C 4[a� b]� and Ωn be an equidistant partition for

[a� b] with n even� Then for the spline de�ned by 	
�� 	�� we have

(b � a)s �(x2i+1) =

=
n

2
[(f (x2i+2)� f (x2i )]�

iX
j=1

jΔ4f2j�2 +
n�2�1X
j=i+1

	n
2
� j



Δ4f2j�2�

where Δ4 stands for the fourth order di
erence�

Δ4f2j�2 = f (x2j+2)� 4f (x2j+1) + 6f (x2j )� 4f (x2j�1) + f (x2j�2)�
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Further�

s �(x2i+1)� f �(x2i+1) =

f (3)(	)
6

h2 �
i(i + 1)f (4)(	�)

2(b � a)
h4 +



n
2 � i

� 

n
2 � i � 1

�
f (4)(	+)

2(b � a)
h4�

where 	� 	�� 	+ � [a� b]�

Proof� To the first equality write the i-th row of Q (0 � i � n) as a
linear combination of the vectors (0� � � �� 0� 1��4� 6��4� 1� 0� � � �� 0) and a single
vector of the form (0� � � �� 0��1� 0� 1� 0� � � �� 0).

The second equality follows from f (x+h)�f (x�h) = 2hf �(x )+ h3

3 f
(3)(	),

Δ4f2j�2 = h4f (4)(	̃), (	, 	̃ � [a� b]), and the Darboux property of f (4).

Example �� If n = 4, we have

Q =

�
BB�
�7 12 �8 4 �1
�1 �4 8 �4 1
1 �4 0 4 �1
�1 4 �8 4 1
1 �4 8 �12 7

�
CCA �

For the second row, e.g., we obtain the decomposition

(�1��4� 8��4� 1) = 2(�1� 0� 1� 0� 0) + (1��4� 6��4� 1)�

the negative sum in Theorem 1 is now vacuous. If f = id3, we get

s �(x2i+1) = f �(x2i+1) + h2 = 3x2
2i+1 + h2� i = 0� � � �� n � 1�

which yields an interesting interpretation: when applying the method for id3,
the resulting second degree spline coincides on [x2i � x2i+1] with the Lagrange
interpolation polynomial based on the abscissas x2i , x2i+1, x2i+2!

Corollary� We have s �(x2i+1) � f �(x2i+1) = O(h2)� hence calcula�

ting s on the adjoining subintervals gives the best possible error kek �

� ks � f kC [a�b] = O(h3)�

This follows from the theorem. See also the remark in [6]: “For quadratic

spline interpolation, the assertion kek = O(h3) cannot be improved”.

Remark� It is usual to give an expansion for the error s �(xi )� f �(xi ), cf.
e.g. the article [8], see also remark one in the last section. In what follows we
give an algebraic treatment, that is we obtain formulas for polynomials.
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Lemma �� There are numbers f

(p)
i �ngp�1 such that for any polynomial f

the derivatives of the spline (3)� (4) can be written as

s �(xi ) =
1
n

X
p�1



(p)
i �n

f (p)(xi )
p!

hp�1� 0 � i � n�

Proof� Applying Lemma 1, and a Taylor expansion, one obtains

s �(xi ) =
1

b � a

nX
j=0

qi �j f (xi + (j � i)h) =
1
nh

X
p�0

nX
j=0

qi �j (j � i)p
f (p)(xi )
p!

hp�

showing that



(p)
i �n =

nX
j=0

qi �j (j � i)p

meets the requirements.

Remark� This enables us to calculate the first severa1 coefficients:


(1)
i �n = 1� 
(2)

i �n = 0� 
(3)
i �n = �

1
2



1 + 3(�1)i

�
� 
(4)

i �n = 3(�1)i+1(n � 2i)�


(5)
i �n = 1 + 5(�1)i+1

	
n2 � 1� 3i(n � i)



�


(6)
i �n =

15
4

(�1)i+1(n � 2i)
	

(n � 2i)2 + n2 � 4


�

However, subsequently we will need a formula for 
(p)
i �n with at least one i

but for all p 	 1. To this aim we will make use of the Bernoulli polynomials
Bi (x ) and Bernoulli numbers Bi � Bi (0), i = 1, 2, � � � , the first several of
them are

B0 = 1� B1 = �
1
2
� B2 =

1
6
� B3 = 0� B4 = �

1
30
� B5 = 0� B6 =

1
42
�

Denote for brevity B�i (x ) = Bi (x ) � Bi (0), i = 1, 2, � � � Then the following
can be proved.

Lemma �� For n even� and p positive integer we have



(p)
0�n =

4
p + 1

h
B�p+1(n + 1)� 2p+1B�p+1((n + 2)�2)

i
+

+
4

(p + 2)n

h
2p+2B�p+2((n + 2)�2)� B�p+2(n + 1)

i
� np�1�



2016. december 19. – 22:53

QUASIMINIMAL REPRODUCING QUADRATIC SPLINE INTERPOLATION 67

Proof� By virtue of Lemma 1 and Lemma 2, we have to prove

n

(p)
0�n =

= 4
	
�1p+1 + 2p+1 � 3p+1 + � � � + np+1



�4n



�1p + 2p � 3p + � � � + np

�
�np �

Since sums of this kind can be expressed by Bernoulli polynomials as

�1p + 2p � � � � + (2k )p =
1

p + 1

	
2p+1B�p+1(k + 1)� B�p+1(2k + 1)



�

cf. e.g. [2], applying the well known identities

Bm (x ) =
mX
k=0

�
m

k

�
Bkx

m�k � Bm (0) = Bm � m 	 1

yields the result.

Our last preparing lemma gives an identity for the divided difference of
arbitrary polynomials.

Lemma �� For a polynomial f and distinct x � y real numbers we have

(11)
f (x )� f (y)

x � y
=
X
k�2

2(2k � 1)Bk
f (k�1)(x ) + f (k�1)(y)

k !
(x � y)k�2�

Proof� It can be assumed that y = 0 and f (x ) = xp. Then

f (k�1)(x ) =
p!

(p � k + 1)!
xp�k+1

is zero at x = 0, if p � k + 1 �0, and nonzero, if k = p + 1. However, this
occurs only for p odd, because Bernoulli numbers of odd index are equal to

zero (except B1 = �1
2). Hence these cases must be handled separately.

If p is even, comparing the coefficients of xp�1 gives

1 =
p+1X
k=2

(2k � 1)Bk
p!

(p � k + 1)!k !
=

2
p + 1

p+1X
k=2

(2k � 1)Bk

�
p + 1
k

�
�

which is equivalent to

p+1X
k=1

(2k � 1)Bk

�
p + 1
k

�
= 0� i.e. Bp+1(1�2) = Bp+1�
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a standard formula for Bernoulli polynomials.

If p is odd, we have to prove

1 =
2

p + 1

p+1X
k=2

(2k � 1)Bk

�
p + 1
k

�
(1 + �k �p+1)�

(� being the Kronecker symbol) or, equivalently,

Bp+1(1�2) = (2�p � 1)Bp+1�

which can be derived by using the generator function.

Theorem �� Let s be the reproducing quasiminimal 	cf� (3)� (4�)� quad�
ratic spline interpolant given by (8)� (9) for a polynomial f � where a = x0 �
�x1 ��� ��xn = b is an equidistant partition of [a� b] with n even� Then for

any i � i = 0� 1� � � � � n it holds that

s �(xi ) = f �(xi ) +
X
j�4

4(2j � 1)Bj
h j

j

�
f (j�1)(xi )
(j � 1)!

+ (�1)i
f (j�2)[a� b]

(j � 2)!

�
�

where fBj g are the Bernoulli numbers� and g[ 
 � 
 ] stands for the 	�rst order�
divided di�erence of the function g �

Proof� By introducing the quantities f�ig
n
i=0 and � as

�i =
X
j�2

4(2j � 1)Bj h
j f

(j�1)(xi )
j !

� � =
X
j�4

4(2j � 1)Bj h
j f

(j�2)[a� b]
j (j � 2)!

�

the statement assumes

s �(xi ) = �i + (�1)i�� 0 � i � n�

Instead of these we first concentrate on the sums

s �(xi ) + s �(xi+1) = �i + �i+1� i = 0� 1� � � �� n � 1

of “adjoining” equalities, because they do not contain � . Using the elementary
identity

s �(xi ) + s �(xi+1) = 2s[xi � xi+1]�

characteristic for quadratic polynomials, and the interpolatory conditions in
the form s[xi � xi+1] = f [xi � xi+1], Lemma 4 yie1ds the above �-free equa1ities,
hence it remains to prove only one of the original relations.
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For a given index i (0 � i � n) we expand the numerator of f (j )[a� b] as

f (j )(b)� f (j )(a) = f (j )(xi + (n � i)h)� f (j )(xi � ih) =

=
X
k�1

f (j+k )(xi )
k !

h
(n � i)k � (�i)k

i
hk �

Choose now i = 0, and rewrite the divided differences in � according to

f (j )[a� b] =
f (j )(b)� f (j )(a)

b � a
=
X
k�1

f (j+k )(x0)
k !

nk�1hk�1�

Comparing the coefficients of hp�1 with those in Lemma 2, we see that



(p)
0�n =

4(2p+1 � 1)Bp+1

p + 1
+ 4

pX
k=2

(2k+1 � 1)Bk+1
k + 1

�
p

k � 1

�
np�k

is to be proven. However, the representation given by Lemma 3 yields an

alternative formula for the 
(p)
0�n -s, hence a manipulation using only Bernoulli

polynomials completes the proof.

3. Concluding remarks

1. For (b � a)-periodic functions the sum � disappears and we get

s �(xi ) = �i = f �(xi )�
h2

12
f (3)(xi ) +

h4

120
f (5)(xi )�

31
20160

h6f (7)(xi ) + � � �

This sum is also found in [8], (3.7) (with the coefficient of h6 being erro-
neous), although there the initial condition s �(x0) = f �(x0) (in that notation:
s �0 = y �0) was used, and no further restrictions were assumed.

To clear up the matter, we introduce the notation sinit and sqmin for the

splines investigated there and here. If f = id3, x0 = 0, i = 0, h = x1, then for

the first subinterval [x0� x1] we have s �init(x ) = hx2, giving s �init(0) = 0, while

the formula above would yield �0 = f �(0)� h2f (3)(0) = �h2�2�0.

We conclude that, although the calculus of finite difference operators is
efficient, it results in an approximative equality, which must yet be completed.
So, for the initial value problem investigated in [8], the precise form of the

derivative is s �init(xi ) = �i + (�1)i [f �(x0)� �0], i = 0� � � �� n .
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2. As a consequence of Lemma 4, we get a quadratura formula, exact
for all polynomials and giving the integral by derivatives. To get it, multiply
(11) by (x � y), and assume that f is a primitive function of some g . The
Newton–Leibniz formula yields

(12)

bZ
a

g =
�X
j=0

2(2j+2 � 1)Bj+2
g (j )(a) + g (j )(b)

(j + 2)!
(b � a)j+1�

Compare now this sum by the special case of the famous Euler–McLaurin
formula [5]:

bZ
a

g =
g(b) + g(a)

2!
(b�a)�2

g �(b)� g �(a)
4!

(b�a)2+
g (3)(b)� g (3)(a)

6!
(b�a)4�

=
4
3
g (5)(b)� g (5)(a)

8!
(b � a)6 +

21
8
g (7)(b)� g (7)(a)

10!
(b � a)8 � � � �

To see the details, we display also the first several terms of (12):

bZ
a

g =
g(a) + g(b)

2!
(b�a)�

g ��(a) + g ��(b)
4!

(b�a)3+3
g (4)(a) + g (4)(b)

6!
(b�a)5�

�17
g (6)(a) + g (6)(b)

8!
(b � a)7 + 155

g (8)(a) + g (8)(b)
10!

(b � a)9 � � � �

Observe that both can be considered as a continuation of the trapezoidal
formula. Further, all the coefficients 1, �1, 3, �17, 155 in (12) are integers.
This is not by chance: their moduli are the so-called Genocchi-numbers (see
[2], Ex. 6.24), which are known to be odd integers.

3. Although so far we restricted ourselves mainly to polynomials, it is not
difficult to state convergence results for entire functions using the asymptotic

expansion Bj 
 2(�1)(j �2�1)j !�(2
)j (j large, even) for Bernoulli numbers
(see [1], p. 389). Consider e.g. the typical sumX

j�0

cjBjMj h
j �j !�

where c is a positive constant (here c = 1 or c = 2) and Mj = kf (j )kC [a�b].

For functions with M � � lim sup
j�1

M
1�j
j �� the Cauchy criterion yields
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h �2�
cM � , which means that the series above is absolutely convergent for

small enough h , i.e. for large enough n .
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What is a complex in the topology? There are several answers to this
question. In general a complex in a topological space (X�T) is a system M

of subsets of X satisfying some special requirements.

First observe that for an arbitrary system M of subsets of X the topolo-
gical space (X�T) induces a topology T� on M.

Indeed, for A �M let

(1) StA = fB �M; A � Bg�

(B is the closure of B in (X�T), cf. [1] p.29.). We then clearly have

(2) A � StA�

(3) B � Sta � StB � StA �

Let T� be that topology on M, where for each A �M the singleton fStAg is
a base for (M�T�) at the element A (cf. [1] p.28.). According to (2) and (3)
that topology T� is well defined (cf. [1] Proposition 1.2.3 p.39.).

Now we can raise the question: under which conditions is the connected-
ness in (X�T) of the set �M, i.e. the connectedness of the subspace of (X�T)
induced by the set �M equivalent to the connectedness of the topological spa-
ce (M�T�) or even more, when is the system of components of �M— denoted
by CompT(�M) — the same as the system f�C; C � CompT�Mg, where
CompT�M is the system of components of the topological space (M�T�).

We call the system of sets M a regular complex in (X�T) if

(A) CompT(�M) = f�C; C � CompT�Mg�

We now have the following
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Theorem� Equality (A) holds if the following conditions are ful�lled�

(i) Each member of M is a nonempty connected set in (X�T)�

(ii) M is locally �nite in (X�T)�

(iii) For A� B �M the relation A � B�� implies A � B �

Before the proof of this theorem first observe that no one of these three
conditions can be omitted.

Indeed, if � is the only element of M then conditions (ii) and (iii) are
fulfilled while CompT(�M) = ��f�g = CompT�M.

Likewise, conditions (ii) and (iii) are fulfilled whenever M is a singleton
and the only element of M is nonconnected. In this case CompT�(�M ) has at
least two elements while CompT�M is a singleton.

Now let X be the set R of the real numbers and let T be the natural
topology on R. Let M be the family of all singletons of R. Then conditions
(i) and (iii) are fulfilled while CompT(�M) is a singleton and CompT�M is
an infinite set.

On the other hand if X = R and T are the same as before, A = fy �
� R; y � 0g, B = fy � R; y � 0g and M = fA�Bg then conditions (i) and
(ii) are fulfilled while CompT(�M ) is a singleton and CompT�M consists of
two elements.

We now prepare the proof of the theorem. First we prove a lemma.

Lemma �� Let CompT� Y be the system of components of a topological

space (Y�T�)� Let K be the decomposition of Y into nonempty pairwise

disjoint open and connected sets� i�e�

�K = Y �

K1� K2 �K and K1 �K2��	 K1 = K2�

and

K �K� K is nonempty open and connected in (Y�T�)�

Then K is the system of components of (Y�T�)� i�e� K = CompT� Y �

Indeed, for each K �K we have

K = Y n (�fK �; K � � K n fKgg)�

Thus K is closed in (Y�T�).

Let K � K and q � K . Since K�� there is such a q . Let Q be the
component of q in (Y�T�) (cf. [1] p.438). Since K is connected in (Y�T�)
and q � K it follows K � Q . Thus K is a nonempty open and closed susbset
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of the connected set Q . Accordingly K = Q (cf. [1] 6.1.1.(i) and 6.1.1.(ii)
p.432). K is a component of (Y�T�), K � CompT� Y and that means

(4) K � CompT� Y�

Now since CompT� Y is a decomposition of Y into nonempty pairwise
disjoint sets and �K = �CompT� Y = Y (4) implies

K = CompT� Y

as required.

Unless stated to the contrary in the remainder let (X�T) be a topological
space and M a system of subsets of X satisfying conditions (i), (ii) and (iii).
Let T� be the topology on M, where for each A �M the singleton fStAg (see
(1)) is a base for (M�T�) at the element A.

First observe that for A, B �M according to (iii)

(5) A � B�� � A � B�

Also, for A, B �M

(6) A � fBg
T
�


 A � B�

where fBg
T
�

is the closure of the singleton fBg in the space (M�T�).

Indeed, A � fBg
T
�

means that each element of the base for (M�T�) at A
intersects fBg. Accordingly by (1)

A � fBg
T
�


 StA �fBg�� 
 B � StA 
 A � B

as required.

Observe also that for A, B �M

(7) A � B � fA�Bg is connected in (M�T�)

and

(8) A � B � A � B is connected in (X�T)�

Indeed, by (6) A � B implies A � fBg
T
�

and thus fBg � fA�Bg �

fBg
T
�

. However the singleton fBg is connected and thus each set containing

fBg and contained in fBg
T
�

is connected (see [1] 6.1.11. p.435). Accordingly
fA�Bg is connected in (M�T�) as required.
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On the other hand by A � B we have B � A � B � B . However B is
connected in (X�T) by (i) and thus the set A�B containing B and contained
in B is connected in (X�T).

Consider now a finite sequence

(9) � = hA1� � � �� Ak i

in M. That means � is a map from an initial segment f1� � � �� kg of the set of
positive integers into M and for i = 1, � � � , k �(i) is Ai . Clearly

(10) im � = fA1� � � � � Akg

and

(11) � im � = A1 � � � � �Ak �

The sequence � is said to be an M�chain if either k = 1 or k �1 and for each
i � f1� � � � � k � 1g one of the following conditions holds

(a) Ai � Ai+1,

(b) Ai+1 � Ai .

k itself is called the combinatoric length of � .

Proposition �� Let � be an M�chain� Then im � is a connected set in

(M�T�)�

We argue by induction with respect to the combinatoric length k of � .

If k = 1 then im � is a singleton and thus it is connected.

Now suppose that k � 2 and the assertion is true for each M-chain � �

with the combinatoric length k � 1. Let � = hA1� � � � � Ak i be an M-chain with
the combinatoric length k and let � � = hA1� � � � � Ak�1i. Then clearly

im � = fA1� � � � � Akg =

= fA1� � � � � Ak�1g � fAk�1� Akg =(12)

= im � � � fAk�1� Akg�

By the induction hypothesis im � � is a connected set in (M�T�) and by Ak�1 �

� im � � � fAk�1� Akg we have

(13) im � � � fAk�1� Akg���

However by (a), (b) and (7) fAk�1� Akg is a connected set in (M�T�). Thus by
(12) and (13) im � is connected in (M�T�) (cf. [1] 6.1.10. p. 435) as required.
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Now let � = hA1� � � � � Ak i be an M-chain. We then say that � connects

A1 and Ak . We clearly have

(14) A1� Ak � im � = fA1� � � � � Akg�

Let A, A� � M. A and A� are said to be M-equivalent – and we use the
notation A�

M
A� – if there is an M-chain connecting A and A�. �

M
is clearly an

equivalence relation on the system of sets M. Let E (M) be the family of the
equivalence classes of the relation �

M
(cf. [1] pp. 15–16). E (M) is a family of

nonempty pairwise disjoint subsystems of M, where

(15) �E (M) = M

and for each A, B �M we hive

(16) A�
M
B 
 
 C � E (M) : A�B � C�

Observe that C � E (M), A � C and B �
M
A clearly imply B � C, i.e.

(17) C � E (M)� A � C� A�
M
B � B � C�

Observe also that for C � E (M), A � C, B � M the relation A � B��
implies B � C, i.e.

(18) C � E (M)� A � C� B �M� A � B�� � B � C�

Indeed, if A � B�� then by (iii) we have A � B and thus hA�Bi is an
M-chain (see (a)) connecting A and B . Accordingly we have A�

M
B and thus

by (17) it follows (18).

Proposition �� Let C � E (M) and A � C� Let � = hA1� � � � � Ak i be an

M�chain with A1 = A� Then im � � C�

Indeed, let i � f1� � � � � kg and �i = hA1� � � � � Ai i. �i is clearly an M-chain
connecting A1 = A and Ai . Thus we have A�

M
Ai and since A � C according

to (17) we may conclude Ai � C. Consequently im � � C as required.

Proposition �� Let C � E (M)� Then C is connected in (M�T�)�

Indeed, let A � C. Since C�� there is such an A. For each B � C let �B
be an M-chain connecting A and B . By (14) we have A, B � im �B and by
Proposition 3 we obtain im �B � C. Thus

(19) C = �fim �B ; B � Cg
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and since for each B � C we have A � im �B it follows

�fim �B ; B � Cg���

Hence by (19) and Proposition 2 C is connected in (M�T�) as required (cf.
[1] 6.1.10. p.435).

Proposition �� For each C � E (M) C is open in (M�T�)�

Indeed, let A � C and B � StA. Then B �M, A � B (see (1)) and since
A�� (see (i)) we have A � B��. Accordingly by (18) we obtain B � C.
Hence StA � C and thus by (2) we have

C = �fStA; A � Cg�

where fStA; A � Cg is a subfamily of �ffStAg; A � Mg. Consequently C
is open in (M�T�) as required (cf. [1] 1.2.3. p.39.).

Now by Propositions 4, 5 and Lemma 1 we have

(B) E (M) = CompT�M�

Hence to prove the equality (A) we need only to show that

(C) CompT(�M) = f�C; C � E (M)g�

Proposition �� Let � be an M�chain� Then � im � is a connected set in

(X�T)�

We argue by induction with respect to the combinatoric length k of � .

If k = 1 then � = hA1i and � im � = A1 is connected in (X�T ) by (i).

Now suppose that k � 2 and that the assertion is true for each M-chain
� � with the combinatoric length k � 1. Let � = hA1� � � � � Ak i be an M-chain
with the combinatoric length k and let � � = hA1� � � � � Ak�1i. Then clearly

� im � = A1 � � � � �Ak =

= (A1 � � � � �Ak�1) � (Ak�1 �Ak ) =(20)

= (� im � �) � (Ak�1 �Ak )�

By the induction hypothesis � im � � is a connected set in (X�T), moreover by
Ak�1 � (� im � �) � (Ak�1 �Ak ) and by Ak�1�� (see (i)) we have

(21)
�
� im � �

�
� (Ak�1 �Ak )���

However by (a), (b) and (8) Ak�1�Ak is connected in (X�T) and thus by (20)
and (21) � im � is connected in (X�T) as required (cf. [1] 6.1.10. p.435).
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Proposition 	� Let C � E (M) and let � = hA1� � � � � Ak i be an M�chain

with A1 � C� Then (� im �) � (�C)�

Indeed, by Proposition 3 we have im � � C and thus (� im �) � (�C) as
required.

Proposition 
� Let C � E (M)� Then �C is a nonempty connected set in

(X�T)�

Indeed, let A � C and y � A. Since A�� (see (i)) there is such a y .
Hence by y � (�C) we have

(22) �C���

Let p � �C. Choose a Bp from C with p � Bp . By (16) we obtain A�
M
Bp

and thus there is an M-chain �p which connects A and Bp . By A, Bp � im �p
(see (14)) we then have

(23) y� p � (� im �p)�

Hence by Proposition 7 we obtain

(24) �C = �f� im �p; p � (�C)g�

On the other hand (23) implies

�f� im �p; p � (�C)g���

Accordingly by (22), (24) and Proposition 6 we may conclude that �C is a
nonempty connected set in (X�T) (see [1] 6.1.10. p. 435) as required.

Proposition �� For C� D � E (M)

(�C) � (�D)�� � C = D�

Indeed, let y � A�B , where A � C and B � D. Then A�B�� and thus
by (18) B � C. Hence

(25) C � D���

Since C and D are equivalence classes of the equivalence relation �
M

(25)

implies C = D as required.

Lemma ��� According to Propositions � and � f�C; C � E (M)g is a

system of pairwise disjoint nonempty sets with

(26) �f�C; C � E (M)g = �(�E (M)) = �M
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(cf. (15)).

In the sequel let T1 be the subspace topology of �M induced by the
topology T. Then clearly

(27) CompT(�M) = CompT1
(�M)�

Proposition ��� Let C � E (M)� Then �C is open in (�M�T1)�

Indeed, let p � (�C). Let A be a member of C with p � A. Let U be
an open neighbourhood of p meeting only a finite number of members of M
(see (ii)). Thus

(28) M
� = fB �M; U � B��g

is a finite system of sets. Let

(29) N = fB �M�; p �� Bg�

Then N �M� consequently N is finite as well. Hence

(30) V = X n �fB ; B �Ng = X n �N

is an open set in (X�T) containing p. Accordingly U � V is an open ne-
ighbourhood of p moreover by (28), (29) and (30) for each B � � M with

U �V �B ��� we have B � �M� nN and thus p � B �. Now let q � U �V �
� (�M) and choose B � �M with q � B �. Then U �V �B ��� consequently

p � B � and thus A � B ���. Hence by (18) we have B � � C which implies
q � (�C). Accordingly

U �V � (�M) � (�C)�

where U � V � (�M) is open in (�M�T1) and p � U � V � (�M). Conse-
quently �C is the union of open sets in (�M�T1). �C is open in (�M�T1) as
required.

According to Propositions 11, 8 and Lemmas 10 and 1 we now have

CompT1
(�M) = CompT(�M) = f�C; C � E (M)g

(see also (27)). Equality (C) and thus equality (A) holds.

The proof of the theorem is complete.

We now show two examples of regular complexes.

I� Simplicial complexes� Let n be a positive integer and let (X�T) be
the euclidean n-space with the natural topology. Hence X = Rn . For any
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simplex s in Rn let the relative interior intr s be the interior of s in its
supporting plane. Let M be a finite system of pairwise disjoint subsets of
Rn , where each member of M is the relative interior of a simplex and where
for each member of M of the form intr s and for each face s � of s the relative
interior of s � belongs to M. Such systems are said to be simplicial complexes.

If M is a simplicial complex, then it clearly satisfies conditions (i) and
(ii). It also satisfies (iii).

Indeed, let A = intr s , B = intr s � �M with A�B��. Let q � A�B . Then
by q � B = s � there is a proper or nonproper face s �� of s � with q � intr s ��. By
the assumption we have intr s �� � M and A � intr s ����. Since the members
of M are pairwise disjoint it follows

A = intr s �� � s �� � s � = intr s � = B

as required.

By the theorem above M is a regular complex. Since each subsystem M�

of M satisfies conditions (i), (ii) and (iii) it follows that each subsystem of a
simplicial complex is a regular complex.

II� Planar graphs� Let (X�T) be a Hausdorff-space. For each simple
arc v in (X�T) let the kernel of v – denoted by ker v – be the set of the
separating points of v , i.e. v itself without its two endpoints. Let M be a
finite system of pairwise disjoint subsets of X , where each member of M is
either a singleton or the kernel of a simple arc. Suppose that for each member
of M of the form ker v and for each endpoint p of v the singleton fpg belongs
toM. ThenM clearly satisfies conditions (i) and (ii). It also satisfies condition
(iii).

Indeed, let A, B �M with

(31) A � B���

If B is s singleton then B = B and thus (31) implies

(32) A � B���

However the members of M are pairwise disjoint, consequently by (32) we
have A = B and thus A � B .

Now suppose that (31) holds and A is a singleton. Then clearly A � B .

A = B implies also A � B .

Hence we need only to consider the case A = ker v , B = ker v �,

(33) A�B
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and

(34) A � B���

Now (33) implies A�B = �. Hence by B = v � from (34) follows the existence
of an endpoint p of v � with p � A = ker v . However by assumption we then
have fpg �M. Moreover

(35) fpg �A���

Since the members of M are pairwise disjoint by (35) we obtain A = ker v =
= fpg. But A is an infinite set, it cannot be a singleton. A contradiction arises,
this case A = ker v , B = ker v �, A�B , A � B�� cannot occur.

Thus M satisfies condition (iii), M is a regular complex.

In the case if (X�T) is the plane with the usual topology, M is said to be
a planar graph.
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1. Introduction

The so-called Sunouchi operator S is well-known in the Walsh–Fourier
analysis. S was introduced and firstly investigated by Sunouchi [12], [13],
showing among others that S characterizes the Lp spaces for p �1. This
characterization fails to hold for p = 1, namely S doesn’t form a bounded

map from L1 into L1. However, in Simon [7] we showed that S : H 1 � L1

is bounded, where H 1 is the dyadic Hardy space. Furthermore, a conjecture

was formulated, whether H 1 can be characterized by S . The positive answer

due to Daly and Phillips [1], that is, the H 1-norm of a function f with mean
value zero is equivalent to the L1-norm of Sf . For the H p (0 �p � 1) version
of Simon’s and Daly and Phillips’s results see Simon [8], [11] and Daly and
Phillips [2].

In the so-called bounded-case the Vilenkin analogue of (H 1� L1)-result
was given by G�at [3] (see also [4]). Moreover, he proved that if the Vilenkin

group has an unbounded structure and H 1 is defined by means of the usual

maximal function then S isn’t bounded. Furthermore, if a modified H 1 space
is considered (this martingale Hardy space was introduced by Simon [6]), then
a necessary and sufficient condition can be given for the Vilenkin group that

S : H 1 � L1 to be bounded. All Vilenkin groups with bounded structure and
also certain groups without this boundedness property staisfy Gát’s condition.

Thus in the bounded case the (H 1� L1)-boundedness of S remains true
also for Vilenkin systems. We extended the Gát’s result to H p spaces in
Simon [11], showing the (H p � Lp)-boundedness of S for all 0 �p � 1.
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Moreover, the equivalence kf kH p � kSf kp (0 �p � 1) was proved for f
with mean value zero.

In this note we give a generalization of the Sunouchi operator and prove
that in the bounded case the (H p� Lp) (0 �p � 1) result remains true. We will
also investigate the role of the boundedness structure of the Vilenkin group.

2. Preliminaries and notations

In this section we introduce the most important definitions and notations
and formulate some known results with respect to the Vilenkin system, which
play a basic role in the further investigations. For details see Vilenkin [14]
and the book Schipp�Wade�Simon and Pál [5].

To the definition of the Vilenkin system let m = (m0� m1� � � � � mk � � � �) be
given as a sequence of natural numbers with terms mk � 2 (k � N := f0� 1� � � �
� � �g). For all k � N denote by Zmk

the mk th discrete cyclic group, where Zmk

is represented by f0� 1� � � � � mk � 1g. The so-called Vilenkin group Gm is the
complete direct product of Zmk

’s. The group Gm is a compact Abelian group
with Haar measure 1, its elements are of the form (x0� x1� � � � � xk � � � �), where
xk � Zmk

(k � N). The topology of the group Gm is completely determined
by the sets

In := In (0) := f(x0� x1� � � � � xk � � � �) � Gm : xj = 0 (j = 0� � � � � n � 1)g
(0�n � N, I0 := Gm ). The Haar measure of In , is Mn , where the generalized
powers Mn , (n � N) are defined in the following way: M0 := 1, Mn :=

=
n�1Q
j=0

mj (0 �n � N). The symbol Lp (0 �p � �) will denote the usual

Lebesgue space of complex-valued functions f defined on Gm with the norm

(or quasinorm) kf kp := (s jf jp)1�p (p��), kf k� := ess sup jf j.
To the description of the characters of Gm let

rn (x ) := exp
2�ixn
mn

(n � N, x = (x0� x1� � � �) � Gm , i :=
p�1) and

Ψn :=
�Y
k=0

r
nk
k �
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where n =
�P
k=0

nkMk (nk � Zmk
(k � N)). Then the character system of Gm ,

(this is called Vilenkin system) is none another than fΨn : n � Ng. In the
special case mn = 2 (n � N) we get the Walsh–Paley system.

If f � L1 then f̂ (k ) :=
R
Gm

f Ψk (k � N) is the usual Fourier coefficient of

f . Let Sn f (n � N) be the n-th partial sum of f , i.e.

Sn f :=
n�1X
k=0

f̂ (k ) � �k �

Furthermore, let

	n f :=
1
n

nX
k=1

Sk f (0 �n � N)

be the n-th Fejér’s mean of f .

If f � L1 then the (martingale) maximal function of f is given by

f �(x ) = sup
n
j(SMn f )(x )j = sup

n
Mn

�������
Z

In (x )

f

������� (x � Gm )�

where In (x ) is the coset of In by x . In this connection we recall a good

property of the Dirichlet kernels DMn :=
Mn�1P
k=0

Ψk (n � N), namely

(1) DMn (x ) =

�
Mn (x � In )

0 (x � Gm n In ).

It is known (see e.g. Weisz [17]) that the maximal operator Lp 	 f � f �

(1 �p��) is Lp-bounded, that is, kf �kp � Cpkf kp.

(From now on cp, Cp , C will denote positive constants depending at most
on p, not always the same at different occurrences.)

Define the (martingale) Hardy space H p for 0 �p �� as the space of

f � L1 for which

kf kH p := kf �kp ���

Then kf kHp is equivalent to kQf kp, i.e.

cpkQf kp � kf kH p � CpkQf kp (0 �p ��)�
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where Qf is the quadratic variation of f :

Qf :=

�
jf̂ (0)j2 +

�X
n=0

jSMn+1
f � SMn f j2

�1�2

�

Moreover, for 1 �p�� we get the equivalence

cpkf kp � kf kH p � Cpkf kp�
Let qf be the conditional quadratic variation of f defined by

qf :=

�
jf̂ (0)j2 +

�X
n=0

SMn (jSMn+1
f � SMn f j2)

�1�2

�

It is not hard to see that

qf :=

�
�jf̂ (0)j2 +

�X
n=0

mn�1X
l=1

jS(l+1)Mn f � SlMn f j2
�
A

1�2

=

=

�
B�jf̂ (0)j2 +

�X
n=0

mn�1X
l=1

������
(l+1)Mn�1X
k=lMn

f̂ (k )Ψk

������
2
�
CA

1�2

�

Furthermore, in the case 0 �p � 2 we have kQf kp � Cpkqf kp , while for
2 � p �� the converse inequality kqf kp � CpkQf kp holds (see Weisz

[17]). Moreover, if m is bounded then (SMn f , n � N) is a so-called regular
martingale and so kQf kp is equivalent to kqf kp for all 0 �p ��. That is,
sup
n
mn �� implies

(2) cpkqf kp � kQf kp � Cpkqf kp (0 �p ��)�

A simple example shows that in (2) the boundedness of m is essential.
Indeed, for n � N let fn be defined by fn := DMn+1

�DMn . Then by (1)

kQfnkp = kfnkp =

	
(Mn+1 �Mn )p

mn+1
+ M p

n

	
1
Mn

� 1
Mn+1



1�p

=

=

�
(mn � 1)p

M
p�1
n

mn
+ (mn � 1)M p�1

n
1
mn

�1�p

=

=
M

1�1�p
n

m
1�p
n

�
(mn � 1)p + mn � 1

�1�p
�
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On the other hand

qfn =

�
B�mn�1X

l=1

������
(l+1)Mn�1X
k=lMn

Ψk

������
2
�
CA

1�2

=

�
�mn�1X

l=1

D2
Mn

�
A

1�2

=
p
mn � 1DMn �

which implies kqfnkp =
p
mn � 1M 1�1�p

n . We get by a simple calculation
that in the case sup

n
mn = � the estimations kQfnkp � Cpkqfnkp (2 �p��)

and kqfnkp � CpkQfnkp (0 �p�2) cannot be true for all n � N, resp.

3. Results

The purpose of this note is to investigate the operator T given by

Tf :=

�
� �X

n=0

mn�1X
j=1

jSjMn f � 	jMn f j2
�
A

1�2

(f � L1)�

This is a modification of the Vilenkin analogue of the Sunouchi operator S
introduced and firstly investigated by G�at [3] as

Sf :=

�
�X
n=0

jSMn f � 	Mn f j2
�1�2

(f � L1)�

It is clear that Sf � Tf (f � L1). We proved in Simon [11] that S : H p � Lp

(0 �p � 1) is bounded assumed sup
n
mn ��. This is the extension of Gát’s

result for p = 1. Moreover, kSf kp is equivalent to kf kH p for f � H p with
mean value zero. (For the Walsh case, i.e. when mn = 2 (n � N) see Simon

[8] and Daly and Phillips [2].) The first statement of this work is the next

Theorem� Let m be bounded and 0 �p � 1� Then T : H p � Lp is

bounded� Moreover� there exist positive constants cp� Cp depending only on

p such that for all f � H p with f̂ (0) = 0 we have

cpkf kH p � kTf kp � Cpkf kH p�
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Proof� Let f � L1 and write Tf in the following form:

Tf =

�
B� �X

n=0

mn�1X
j=1

������
jMn�1X
k=0

k

jMn
f̂ (k )Ψk

������
2
�
CA

1�2

=

�
B� �X

n=0

�
B�
������
Mn�1X
k=0

k

Mn
f̂ (k )Ψk

������
2

+

+
mn�1X
j=2

�
B�
������

1
jMn

Mn�1X
k=0

k f̂ (k )Ψk +
1

jMn

jMn�1X
k=Mn

k f̂ (k )Ψk

������
2
�
CA
�
CA
�
CA

1�2

�

�

�
B� �X

n=0

�
�1 + 2

mn�1X
j=2

1

j 2

�
A
������

1
Mn

Mn�1X
k=0

k f̂ (k )Ψk

������
2
�
CA

1�2

+

(3) +
p

2

�
B� �X

n=0

mn�1X
j=2

������
1

jMn

jMn�1X
k=Mn

k f̂ (k )Ψk

������
2
�
CA

1�2

� C (Sf + Rf )�

where

Rf :=

�
B� �X

n=0

mn�1X
j=2

������
1

jMn

jMn�1X
k=Mn

k f̂ (k )Ψk

������
2
�
CA

1�2

=

=

�
B� �X

n=0

mn�1X
j=2

������
1
j

j�1X
l=1

(l+1)Mn�1X
k=lMn

k

Mn
f̂ (k )Ψk

������
2
�
CA

1�2

�

Introduce the multiplier M by

Mf :=
�X
n=0

Mn+1�1X
i=Mn

i

Mn
f̂ (i)Ψi �

Furthermore, define the mapping 
 on the set of the complex-valued sequen-
ces as follows: if a = (anj , n � N, j = 1, � � � , mn � 1) is such a sequence then
let the sequence 
(a) := b = (bnj , n � N, j = 1, � � � , mn � 1) be given by

bnj :=
1
j

j�1X
l=1

anl �
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It is not hard to see that 
 is �2-bounded when sup
n
mn ��:

k
(a)k2
�2
�

�X
n=0

mn�1X
j=1

jbnj j2 �
�X
n=0

mn�1X
j=1

1

j 2

�
� jX

l=1

janl j
�
A

2

�

�
�X
n=0

mn�1X
j=1

1
j

jX
l=1

janl j2 �
�X
n=0

mn�1X
j=1

1
j

mn�1X
l=1

janl j2 �

� C

�X
n=0

(logmn )
mn�1X
l=1

janl j2 � C

�X
n=0

mn�1X
l=1

janl j2�

that is, k
ak�2
� C � kak�2

. Hence assumed the boundedness of m we get

Rf � 


 �(S(l+1)Mn (Mf ) � SlMn (Mf )� n � N� l = 1� � � � � mn � 1)
�



�2
�

� Ck(S(l+1)Mn (Mf )� SlMn (Mf )� n � N� l = 1� � � � � mn � 1)k�2
=

= C

�
� �X

n=0

mn�1X
l=1

jS(l+1)Mn (Mf )� SlMn (Mf )j2
�
A

1�2

= Cq(Mf )�

Therefore the next inequalities hold for all 0 �p��:

(4) kRf kp � Cpkq(Mf )kp � CpkQ(Mf )kp � CpkMf kHp �

In Simon [11] we showed the (H p� H p)-boundedness of the multiplier M ,
i.e. the inequality kMf kH p � Cpkf kH p (f � H p) for 0 �p � 1. Thus
kRf kp � Cpkf kH p (0 �p � 1) is also true from which kTf kp � Cpkf kH p

(0 �p � 1) follows by the previous considerations.

Moreover, Sf � Tf yields kSf kp � kTf kp (p �0). If 0 �p � 1,

f � H p and f̂ (0) = 0 then (see Simon [11]) kf kH p � CpkSf kp. Hence we
get kf kH p � CpkTf kp . This proves Theorem 1.

Especially, the equivalence kSf kp � kTf kp (f � H p, f (0) = 0) follows
for all 0 �p � 1 provided the boundedness of m .

The multiplier M is obviously (L2� L2)-bounded, i.e. kMf k2 � C2kf k2

(f � L2). From this it follows by interpolation (see Weisz [15]) that M is of
weak type (1� 1) and (Lp� Lp)-bounded for all 1 �p��. This implies by (4)
the boundedness of R : Lp � Lp (1 �p��) which leads to weak type (1� 1)
of R by interpolation. We remark that Sf � CQ(Mf ) (see Simon [11]) thus
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our previous assertions hold also for S instead of R. In other words we get
by (3) the following

Corollary� Assume the boundedness of m � Then T is of weak type

(1� 1)� Moreover� for all 1 �p�� there exits a constant Cp depending only

on p such that kTf kp � kf kp �f � Lp��

Finally we show that for unbounded m the equivalence kTf kp � kSf kp
(0 �p � 1) does not hold in general. Indeed, for N � N let fN be defined by

fN :=
mN�1X
l=1

r lN =
mN�1X
l=1

ΨlMN
�

Then

TfN �
�
�mN�1X

j=2

���SjMN
fN � 	jMN

fN

���2
�
A

1�2

=

=

�
B�mN�1X

j=2

������
1

jMN

jMN�1X
i=0

i f̂N (i)Ψi

������
2
�
CA

1�2

=

�
B�mN�1X

j=2

1

j 2

������
j�1X
l=1

l r lN

������
2
�
CA

1�2

�

If At := fx � Gm : xN = tg (t = 0� � � � � mN � 1) then the measure of At is
equal to 1�mN and rN (x ) = 1 (x � A0). Therefore

kTfN kpp �
Z
A0

jTfN jp =
1
mN

�
B�mN�1X

j=2

1

j 2

�
�j�1X

l=1

l

�
A

2
�
CA
p�2

�

� Cp
1
mN

�
�mN�1X

j=2

j 2

�
A
p�2

� Cp
1
mN

m
3p�2
N �

i.e. kTfN kp � Cpm
3�2�1�p
N . On the other hand

SfN =

�
B� �X

n=0

������
1
Mn

Mn�1X
k=0

k f̂ Ψk

������
2
�
CA

1�2

=
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=

�
B�
������

1
MN+1

mN�1X
l=1

lMN r
l
N

������
2

+
�X

n=N+2

������
1
Mn

mN�1X
l=1

lMN r
l
N

������
2
�
CA

1�2

=

=
1

MN+1

������
mN�1X
l=1

lMN r
l
N

������
�

1 +
�X

m=N+2

	
MN+1
Mn


2
�1�2

� C
1
mN

������
mN�1X
l=1

l r lN

������ �
From this estimation we get

kSfN kpp =
mN�1X
t=0

Z
At

jSfN jp � Cp
1

m
p
N

mN�1X
t=0

1
mN

������
mN�1X
l=1

l exp
2�il t
mN

������
p

�

where

������
mN�1X
l=0

l exp
2�il t
mN

������ =

������
�����

mN�1P
l=1

l = mN (mN�1)
2 (t = 0)

mN�
�
�exp 2�it

mN
�1

�
�
�

(t = 1� � � � � mN � 1).

Hence it follows for kSfN kpp that

kSfN kpp � Cpm
�p�1
N

�
�m

p
N (mN � 1)p

2p
+
mN�1X
t=1

m
p
N

2p sinp �t
mN

�
A �

� Cpm
�p�1
N

�
�m2p

N +
mN�1X
t=1

m
2p
N

tp

�
A � Cpm

p�1
N

�
logmN (p = 1)

m
1�p
N (0 �p �1).

Therefore we have kSfN k1 � C1 logmN and kSfN kp � Cp (0 �p�1), resp.
Assumed kTfN kp � CpkSfN kp (0 �p � 1) we get

p
mN � C1 logmN (N �

� N) which does not hold when m is unbounded. Analogously m
3�2�1�p
N �

� Cp (N � N) would be true for 0 �p�1, which fails to hold if 2�3 �p�1
and sup

m
mn = �.
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1. Controllable states

Consider the problem

(1�1) x � = Ax + Bu� x (0) = x0�

where A is a densely defined, closed linear operator in some Hilbert space H
and B is a bounded linear operator of another Hilbert space G into D(A�)�.
(Here and in the sequel the adjoint is denoted by a star � and the dual by a
prime �, so that D(A�)� is the dual space of the domain of the adjoint of A.)

Fix a positive number T . We recall that a state x0 � H is called control-

lable (in time T ) if there is a control function u � L2(0� T ;G) such that the
solution of (1.1) satisfies x (T ) = 0.

In order to characterize the controllable states, it is useful to introduce
the dual problem

(1�2) � � = �A��� �(0) = �0� � = B���

The function � is called an observation�

The problems (1.1) and (1.2) are well posed if the following three hypot-
heses are satisfied (see [7] for details):

� (H1) the operator A� generates a group esA
�

in H �;

The author thanks to V� Komornik and J� Zabczyk for stimulating discussions on

the subject of this work. This work was partially done while the author was visiting in 1999 the

Department of Mathematics of the Université Louis Pasteur in Strasbourg, France. She thanks

the department for its hospitality.
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� (H2) we have D(A�) � D(B�), and there exist two numbers � � C and
c � R such that

kB��0kG � � ck(A + �I )��0kH � for all �0 � D(A�);

� (H3) there exists a number c� � R such that

k�k
L2(0�T ;G) � c�k�0kH � for all �0 � D(A�)�

In order to simplify notations we identify G with its dual G � in the sequel.

Under these assumptions the formula

(1�3)
�
��0 � �0

�
H�H � :=

TZ
0

(B�e�sA
�

�0� B
�e�sA

�

�0)Gds� �0� �0 � H �

defines a bounded, nonnegative selfadjoint operator � of H � into H . If the
operators A and B are bounded (for example in the finite-dimensional case),
then � can be defined equivalently by the simpler formula

(1�4) � :=

TZ
0

e�sABB�e�sA
�

ds�

We shall also use this formula in the general case as a mere convenient
abbreviation for (1.3).

Next, we assume the following

� (H4) there exists a number c such that

inf
�0�N (�)

k�0 + �0k
2
H � � c

TZ
0

kB�e�sA
�

�0k
2
G

for all �0 � D(A�).

If � is one-to-one, then this hypothesis reduces to the usual inverse

inequalities in the terminology of the Hilbert Uniqueness Method, see [9]
or [10]. An easy generalization of the results in [10], pp. 95–101 (see also
[5]), leads to the

Lemma �� Assume (H1)–(H4)� Then � has a closed range R(�)� Furt�
hermore� the quotient map � with respect to the kernel N (�) of � is an

isomorphism of H ��N (�) onto R(�)�
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2. Rapid partial stabilization

We continue the study of problem (1.1). We seek feedback controls of
the form u = Fx which stabilize rapidly the controllable component of the
solutions.

More generally, the following extension of the results in [7] allows us to
construct feedbacks which stabilize only some of the first modes of the solu-
tions. This is typical in experiments. It would be interesting to compare the
results obtained by using the feedback constructed below with those obtained
by Bourquin et al. [3], [4] by using global feedbacks.

We assume throughout this section that the assumptions (H1)–(H4) are

satisfied. Fix a positive number � , set T� = T + (2� )�1, and introduce the
function e� defined by the formula

e� (s) =

�
e�2�s if 0 � s � T ,

2�e�2�T (T� � s) if T � s � T� .

Note that

(2�1) e� (0) = 1� e� (T� ) = 0� and e �� + 2�e� � 0 everywhere�

Similarly to the definition of the operator � in the preceding section, the
formula
(2�2)

h���0� �0iH�H � :=

T�Z
0

e� (s)(B�e�sA��0� B
�e�sA

�

�0)Gds� �0� �0 � H �

defines a bounded, nonnegative selfadjoint operator �� of H � into H . For-
mally, this is equivalent to the formula

(2�3) �� :=

T�Z
0

e� (s)e�sABB�e�sA
�

ds�

the latter being justified if both A and B are bounded operators.

One can readily verify that lemma 1 remains valid for �� instead of
�: the quotient map �̃� of �� with respect to its kernel N (�� ) is an

isomorphism of H ��R(�� )� onto the closed subspace R(�� ).
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Consider a bounded linear map C of H into R(�� ). Then its adjoint C �

vanishes on R(�� )�. Indeed, if �0 � H
� is orthogonal to R(�� ), then

hC ��0� x0i = h�0� C x0i = 0

(because Cx0 � R(�� )) for all x0 � H and hence C ��0 = 0. Therefore the

formula C �(�̃� )�1C defines a bounded linear operator of H into H �.

We are going to study the effect of the feedback control

u := �B�C �(�̃� )�1Cx

in problem (1.1). So let us consider the system

(2�4) x � = Ax � BB�C �(�̃� )�1Cx� x (0) = x0�

Theorem �� Assume (H1)–(H4)� Then the problem (2�4) is well posed

in H � Furthermore� if AC = CA� then there exists a constant M such that

(2�5) kCx (t)kH � M kx0kH e
��t �

for all t � 0 and for all x0 � H �

Rougly speaking, the (controllable) component of the solutions belonging
to the range of C tends to zero rapidly.

Proof� The well posedness of the problem (2.4) follows from a theorem
of Flandoli [6]. In order to simplify notations we give a formal proof of
(2.5) by using the formula (2.3). However, this proof is entirely correct if A
and B are bounded operators, and it can be rewritten as a correct proof in the
general case exactly as it was done in [7] for the case where C is the identity
operator.

Set P = �̃� for brevity. If x solves (2.4), then a simple computation,
using also the commutativity relation AC = CA, leads to the following
identity:

(2�6)
d

dt

D
P�1Cx� Cx

E
=
D
p�1Cx� (AP + PA� � 2CBB�C �)P�1Cx

E
�

Let us show that

(2�7) AP + PA� � 2CBB�C � 	�2�P�

For this evaluate the integral

T�Z
0

d

ds
(e� (s)Ce�sAABB�e�sA

�

C �)ds
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in two different ways. First, applying the Newton–Leibniz formula and then
using the equalities e� (0) = 1 and e� (T� ) = 0, this integral is equal to
�CBB�C �. Next, differentiating first the expression inside the integral by
using the Leibniz rule and then integrating the resulting three terms separately,
we obtain the expression

T�Z
0

e �� (s)Ce�sABB�e�sA
�

C �ds �AP � PA��

Thanks to (2.1) the first term is less than or equal to �2�P . Hence

�CBB�C � � �2�P �AP � PA��

Since CBB�C � � 0, this implies (2.7).

Using (2.7) we deduce from (2.6) the inequality

d

dt

D
P�1Cx� Cx

E
� �2�

D
P�1Cx� Cx

E
�

Integrating we obtain

(2�8)
D
P�1Cx (t)� C x (t)

E
� �2�

D
P�1Cx0� C x0

E
e�2�t

for all t � 0.

Now observe that there exist two positive constants c1 and c2 such that

c1kCx1k
2
H �

D
P�1Cx1� C x1

E
� c2kCx1k

2
H

for all x1 � H . Indeed, this follows from the fact that
D
P�1y� y

E
is a

continuous symmetric and coercive bilinear form on the range R(C ) of C
by hypotheses (H3) and (H4).

Using these inequalities we deduce from (2.8) that

c1kCx (t)k2
H � c2kCx0k

2
H e

�2�t

for all t � 0. This implies (2.5) with M =
p
c2�c1.
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3. An application

Consider the wave equation with Dirichlet boundary control:

(3�1)

���
��

y �� � Δy = 0 in Ω� R ,

y = u on Γ�R,

y(0) = y0 and y �(0) = y1 in Ω,

where Ω is a bounded open set in R
N having a boundary Γ of class C 2. If

we rewrite in the form

x � = Ax + Bu� x (0) = x0�

then its dual problem

� � = �A��� �(0) = �0� � = B��

takes the following form (cf. [7], section 4):

(3�2)

�����
����


�� � Δ
 = 0 in Ω� R ,


 = 0 on Γ� R ,


(0) = 
0 and 
�(0) = 
1 in Ω,

� = ��
,

where �� denotes the normal derivative with respect to the outward unit
normal vector � to the boundary.

For the dual problem H �, A� and B� are given by the following formulae:

H � = H 1
0 (Ω)� L2(Ω)�

D(A�) = D(B�) = (H 2(Ω) 	H 1
0 (Ω))�H 1

0 (Ω)�

A�(
0� 
1) = (�
1��Δ
0)�

B�(
0� 
1) = ��
0�

Let us observe that H � has an orthogonal basis consisting of eigen-

functions of A�. Indeed, fix an orthogonal basis (zn ) of L2(Ω) formed by

eigenfunctions of �Δ in H 1
0 (Ω):

�Δzn = �nzn in Ω�

zn = 0 on Γ�

0 	�1 � �2 � � � � �

�n 
 +��
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Now set

�2n�1 = i
p
�n � Φ2n�1 = (zn ���2n�1zn )

and

�2n = �i
p
�n � Φ2n = (zn ���2nzn )

for n = 1, 2, � � � Then one can readily verify that (Φn ) is an orthogonal basis
in H �, formed by eigenfunctions of A�:

A�Φn = �nΦn � n = 1� 2� � � �

Fix an integer M � 1 and denote by C � the orthogonal projection of H �

onto the linear subspace spanned by the first M eigenfunctions Φ1, � � � , ΦM .
We have clearly A�C � = C �A�, so that CA = AC . We may therefore apply
theorem 1.

Let us identify the operators A and C . It is defined in the dual space

H = H �� of H �. If we identify L2(Ω) with its dual, then H = H�1(Ω)�L2(Ω)
and the sequence (Φn ) is also an orthogonal basis in H . Furthermore, we have

hΦn �ΦmiH�H � = 0

whenever n�m . Let us normalize the eigenfunctions Φn such that

hΦn �ΦniH�H � = 1

for all n . Now, given n arbitrarily, we have

hCΦn �ΦmiH�H � = hΦn � C
�ΦmiH�H � = hΦn �ΦmiH�H � = �nm

if m �M , and

hCΦn �ΦmiH�H � = hΦn � C
�ΦmiH�H � = hΦn � 0iH�H � = 0

if m �M . This means that C is the orthogonal projection of H onto the
linear subspace spanned by Φ1� � � � �ΦM .

Hence theorem 1 provides a feedback which rapidly stabilizes the first
M components of the solution (with respect to the basis (Φn )).

Remark� The same method can be applied for three other systems stu-
died in sections 5, 6 and 7 of [7] and to Maxwell’s equations by using the
results in [8].
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0. Preliminaries and new results

We consider the second order half-linear differential equation

(A�) (jy �j��1y �)� + �q(t)jy j��1y = 0� t � a� a � R �

which can be rewritten as

(jy �j� sgn y �)� + �q(t)jy j� sgn y = 0� t � a�

or in a shorter form

(y ���)� + �q(t)y�� = 0�

where u�� denotes the function juj�sgn u .

Concerning (A�) we make the following hypotheses:

(a) � �0 is a constant;

(H) (b) ��0 is a parameter;

(c) q : [a��) � [0��) is a piecewise continuous function,

and q(t) �� 0 on any interval [T��), T � a .

By a solution y(t) of (A�) it is meant a function y : [a��) � R which

is continuously differentiable on [a��) together with jy �j��1y � and satisfies
(A�) at every point of [a��) where q(t) is continuous. Particularly, the func-
tion y(t) � 0 as the trivial solution will be excluded from our investigations

� Supported by Hungarian Foundation for Scientific Research Grant T 026138.
�� Supported by Grant-in-Aid for Scientific Research (No. 09640237), Ministry of Educati-

on, Science and Culture, Japan.
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because here we are interested in the question that how many zeros a solution
may have on [a��), and this question has no meaning in the case of the
trivial solution.

It is known that the zeros of a nontrivial solution are not accumulating
at any finite point from [a��) (see [5]). A nontrivial solution of (A�) is
said to be oscillatory if it has a sequence of zeros clustering at t = �
and nonoscillatory otherwise. A nonoscillatory solution has at most a finite
number of zeros and it is eventually positive or negative.

In the limit case � = 0 the functions of the form k0 + k1t , where k0
and k1 are constants, are the only solutions of (A0). Clearly, they are all
nonoscillatory.

If � = 1, then the differential equation (A�) is a well-known linear second
order differential equation

(L�) y �� + �q(t)y = 0�

thus (A�) can be considered as a natural generalization of the linear differen-
tial equations to some nonlinear differential equations.

Qualitative properties of solutions to half-linear equations of the form
(A�) were studied first by Mirzov [13] and Elbert [3]. Further analysis on
(A�) was made by several authors including Del Pino et al. [2], Elbert [4],
[5], Hoshino et al. [8], Kusano et al. [9]–[11] and Li and Yeh [12].

Their study shows a surprizing similarity between the qualitative properti-
es of the solutions of (A�) and those of (L�). For example, the Sturmian theory
of linear second order differential equations can be extended almost literatim
and verbatim to half-linear differential equations of the form (A�) (see [13]
or [3]). By this theory, the interlacing property of the zeros of solutions holds
for (A�), too. Hence, for each fixed � �0, all nontrivial solutions of (A�)
are either oscillatory, in which case the differential equation (A�) is called
oscillatory, or else nonoscillatory and (A�) is called nonoscillatory. We are
interested in the situation when (A�) is nonoscillatory for every ��0 and we
are concerned with the question: Is it possible to count the number of zeros
of (nonoscillatory) solutions of (A�) ? Here we give a partial answer to this
question by showing that considerably precise information about the number
of zeros can be drawn for some particular types of solutions of (A�). Actually,
we take up two types of solutions fy0(t ; �)g and fy1(t ; �)g such that

lim
t��

y0(t ; �) = k0 for some constant k0�0(0�1)

and
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lim
t��

[y1(t ; �)� k1(t � a)] = 0 for some constant k1�0.(0�2)

The solutions y0(t ; �) and y1(t ; �), if they exist, are referred to as a subdomi�

nant solution and a dominant solution of (A�), respectively. The subdominant
and dominant solutions are essentially unique in the sense that if Y0(t ; �) and
Y1(t ; �) denote the particular solutions of (A�) with the properties that

lim
t��

Y0(t ; �) = 1(0�3)

and

lim
t��

[Y1(t ; �)� (t � a)] = 0�(0�4)

then the solutions y0(t ; �) and y1(t ; �) satisfying (0�1) and (0�2) are constant
multiples of Y0(t ; �) and Y1(t ; �), respectively, that is, y0(t ; �) = k0Y0(t ; �)
and y1(t ; �) = k1Y1(t ; �) on [a��).

According to Lemma 1 from [6], any ultimately positive solution y(t ; �)
of (A�) has one of the following asymptotic behavior:

lim
t��

jy �(t ; �)j��1y �(t ; �) = const �0;(i)

lim
t��

jy �(t ; �)j��1y �(t ; �) = 0� lim
t��

y(t ; �) = �;(0�5) (ii)

lim
t��

jy �(t ; �)j��1y �(t ; �) = 0� lim
t��

y(t ; �) = const �0�(iii)

According to this result, our dominant solution Y1(t ; �) and subdominant
solution Y0(t ; �) are the extremal cases subject to (i) and (iii) in (0�5), respec-
tively.

Then the question to be answered will be that how the number of zeros of
Y0(t ; �) or Y1(t ; �) changes as the value of � varies from zero to infinity. Now
our answer to the question concerning the number of zeros of the solutions
(A�) is formulated in the following theorems.

Theorem ���� Suppose

(0�6)

�Z �
� �Z

t

q(s)ds

�
A

1
�

dt ���

Then� for every ��0� (A�) has a unique solution Y0(t ; �) satisfying (0�3)� and

there exists a sequence f�(0)
n g�n=0 of positive parameters with the properties

that
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(i) 0 = �(0)
0 ��(0)

1 �	 	 	��(0)
n �	 	 	 � lim

n��
�(0)
n = �;

(ii) for � � (�(0)
n�1� �

(0)
n )� n = 1� 2� 	 	 	� Y0(t ; �) has exactly n � 1 zeros in

(a��) and Y0(a; �)�0�

(iii) for � = �(0)
n � n = 1� 2� 	 	 	� Y0(t ; �) has exactly n � 1 zeros in (a��) and

Y0(a; �) = 0�

Theorem ���� Let the sequence f�(0)
n g�n=0 be de�ned as in Theorem 0�1�

Then the number of zeros of any �nontrivial� solution y(t ; �) on [a��) can

be�

(i) exactly n if � = �(0)
n (n = 1� 2� 	 	 	)�

(ii) either n � 1 or n if �(0)
n�1 ����(0)

n � and both cases occur�

Theorem ���� Suppose

(0�7)

�Z
t�+1q(t)dt ���

Then� for every ��0� (A�) has a unique solution Y1(t ; �) satisfying (0�4)� and

there exists a sequence f�(1)
n g�n=0 of positive parameters with the properties

that

(i) 0 = �(1)
0 ��(1)

1 �	 	 	��(1)
n �	 	 	 � lim

n��
�(1)
n = �;

(ii) for � � (�(1)
n�1� �

(1)
n )� n = 1� 2� 	 	 	� Y1(t � �) = 0 has exactly n zeros in

(a��) and Y1(a; �)�0�

(iii) for � = �(1)
n � n = 1� 2� 	 	 	� Y1(t ; �) has exactly n zeros in (a��) and

Y1(a; �) = 0�

(iv) the parameters f�(0)
n g and f�(1)

n g have the interlacing property 0 = �(1)
0 =

= �(0)
0 ��(1)

1 ��(0)
1 �	 	 	��(1)

n ��(0)
n �	 	 	�

Concerning the conditions (0�6) and (0�7), we observe that (0�7) implies
(0�6) because q(t) � 0 and

�Z
t

q(s) ds 

1

t�+1

�Z
t

s�+1q(s) ds 

1

t�+1

�Z
a

s�+1q(s) ds =
K

t�+1 �
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and

�Z
a

�
� �Z

t

q(s) ds

�
A

1
�




�Z
a

�
K

t�+1

� 1
�

dt ���

The proofs of the above theorems will be given in Section 2, while the
preparation for those proofs will be made in Section 1. In Section 3 we extend
these theorems to more general equations of the form

(B�) (r (t)jy �j��1y �)� + �q(t)jy j��1y = 0� t � a�

where r : [a��) � (0��) is a continuous function, and we apply the exten-
ded results to the qualitative study of partial differential equations involving
the p-Laplace operator of the type

(C�) div(jDujp�2Du) + �c(jx j)jujp�2u = 0� x � Ea �

where p �1 is a constant, Du denotes the gradient of u in R
N , N � 2,

Ea is the exterior of a ball of radius a �0 centered at the origin, and
c : [a��) � (0��) is a continuous function.

In a recent paper [7] the notion of principal solutions known in the theory
of nonoscillatory second order linear differential equations has been extended
to nonoscillatory general half-linear equations (to more general than the ones
of (A�)). Roughly speaking, a principal solution y�(t ; �) of (A�), which is
determined up to a constant factor, is the “smallest” possible solution among
the solutions of (A�). The principal solution y�(t ; �) enjoys several extremal
properties (see [7]). We mention only one here. Suppose y�(t ; �) has zeros
at t = tk , k = 1� 2� � � � � m (and no zero any more). Then every other solution
(linearly independent of y�(t ; �)) has one zero in (t1� t2), (t2� t3), � � � , (tm ��).
This fact will be recalled later as the extremal property of the zeros of y�(t ; �).
Also it will be shown that the notion of the principal solutions and the notion
of the subdominant solutions coincide for (A�).

In the proof of Theorems 0�1 and 0�2 extensive use is made of the genera-
lized sine function introduced in [3]. The generalized sine function S = S (	)
is defined as the solution of the half-linear equation

(0�8) (jṠ j��1Ṡ )˙ + �jS j��1S = 0

�
	 =

d

d	

�
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subject to the initial conditions S (0) = 0� Ṡ (0) = 1. The generalized sine func-
tion S (	) enjoys several properties remarkably resembling the trigonometric
sine function sin 	 . First of all it is periodic with period 2
� , where

(0�9) 
� =
2

� + 1

�
sin




� + 1
�

i.e. S (	 + 2
� ) = S (	). Even more, S (	 +
� ) = �S (	) for all 	 and S (	) is an
odd function having zeros at 	 = j 
� , j � Z. The derivative Ṡ (	) has zeros

only at 1
2
� + j 
� , j � Z. Furthermore, the generalized Pythagorean theorem

holds for S (	):

(0�10) jS (	)j�+1 + jṠ (	)j�+1 = 1 for all 	�

The generalized tangent function T (	) is defined by

(0�11) T (	) =
S (	)
Ṡ (	)

for 	�

�
2

+ m
� � m � Z�

The generalized tangent function T (	) is periodic with period 
� and satisfies

(0�12) Ṫ = 1 + jT j�+1 �0�

so that T (	) is strictly increasing on the subintervals where it is continuous.

In [3] the generalized sine function is used to generalize in a natural way
the notion of the Prüfer transformation, known for Sturm-Liouville equations,
to half-linear equations of the type (A�). In the proof of Theorems 0.1 and 0.2
a crucial role will be played by this generalized Prüfer transformation, which
consists in associating with a nontrivial solution y(t ; �) of (A�) the generalized
polar functions �(t ; �) and �(t ; �) defined by

(0�13) y(t ; �) = �(t ; �)S (�(t ; �))� y �(t ; �) = �(t ; �)Ṡ (�(t ; �))

where by (0�10)

(0�14) �(t ; �) =
�
jy(t ; �)j�+1 + jy �(t ; �)j�+1

	 1
�+1

�

As in the classical Prüfer transformation, it can be shown that �(t ; �)
and �(t ; �) are continuously differentiable functions of t , and (�� �) =
= (�(t ; �)� �(t ; �)) is a solution of the system of differential equations

(0�15)
� � = jṠ (�)j�+1 +

�q(t)
�

jS (�)j�+1�

�� = �

�
1�

�q(t)
�

�
Ṡ (�)jS (�)j��1S (�)�
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Since the right hand side of the first equation in (0�15) is a Lipschitz
function with respect to � and the second equation is linear with respect to
�, there exists, for every �0 and �0 �0, a unique solution (�(t ; �)� �(t ; �)) of
(0�15) on [a��) such that �(t0; �) = �0 and �(t0;�) = �0, where t0 � [a��)
is any given initial point.

Let us observe that the function �(t ; �) can be found independently of
�(t ; �) and that if �(t ; �) is already known, then the function �(t ; �) can be
determined as

�(t ; �) = �0 exp



��

tZ
t0

�
1�

�q(s)
�

�
Ṡ (�(s; �))jS (�(s; �))j��1S (�(s; �))ds



�� �

Hence �(t ; �) �0 in [a��). On the other hand, if (�(t ; �)� �(t ; �)) is a solution
of (0�15), then (�(t ; �)� 
� � �(t ; �)) is also a solution, which corresponds to
the fact that if y(t ; �) is a solution of (A�), then so is the function �y(t ; �).

1. Some lemmas

We begin by formulating a fundamental lemma on the existence, uniquess
and continuous dependence on parameters for solutions of the half-linear
equation (A�)�

Lemma ���� Let t0 � [a��) be �xed and let 
 and � be any given

real constants� Then� for every � �0� (A�) has a unique solution y(t) =
= y(t ; t0� 
� �� �) de�ned on [a��) and satisfying the initial condition

y(t0) = 
� y �(t0) = ��

This solution is a continuous function of (t � t0� 
� �� �) � [a��) � [a��) �
� R � R � (0��)�

To prove this lemma it suffices to apply to (A�) a standard continuous
dependence result (e.g. [1], pp. 18–19) in the theory of ordinary differential
equations after observing that ([13], [3]) the initial value problem in question
has a unique solution existing on [a��).

Crucial to our study of zeros of nonoscillatory solutions of (A�) is the
following comparison theorem for the half-linear equations

(jy �j��1y �)� + q(t)jy j��1y = 0�(1�1)

(jz �j��1z �)� + Q(t)jz j��1z = 0�(1�2)
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where � �0 is a constant, and q(t) and Q(t) are continuous functions on
some interval J 
 R .

Lemma ���� Suppose that Q(t) � q(t) on J � Suppose that (1�1) has a

nontrivial solution y(t) with two zeros t1� t2� in J � t1 �t2� Then� any nontrivial

solution z (t) of (1�2) has a zero in (t1� t2) unless it is a constant multiple of

y(t)�

This theorem proven in [3, 13] was the prototype of the extensions of
Sturmian theorems concerning the linear differential equations (p(t)y �)� +

+ q(t)y = 0 to half-linear differential equations of the form (p(t)jy �j��1y �)� +

+ q(t)jy j��1y = 0.

An important consequence of Lemma 1.2 is that if y1(t) and y2(t) are
nontrivial, linearly independent solutions of (1�1), then the zeros of y1(t)
separate and are separated by those of y2(t). Applying this result to (A�), we
see that, for every fixed ��0� the solutions of (A�) are either all oscillatory
((A�) is oscillatory) or else all nonoscillatory ((A�) is nonoscillatory). Here
we recall a result from [10].

Lemma ���� Di	erential equation (A�) is nonoscillatory for every � �0
if and only if q(t) is integrable on [a��) and

(1�3) lim
t��

t�
�Z
t

q(s)ds = 0�

This lemma is a direct generalization of a well-known result of Nehari
[14] for (L�).

Now it seems to be too ambitious for us to make an attempt to calculate
the number of zeros of solutions of (A�) under the sole hypothesis (1�3)
because the set of q’s subject to (1�3) is too large. Instead of this, we imposed
the more stringent condition (0�6) or (0�7) in the introduction to determine two
classes of solutions of (A�) namely the subdominant solutions fy0(t ; �)g��0
and the dominant solutions fy1(t ; �)g��0. Here we are going to carry out an
effective analysis concerning the dependence of the number of zeros upon the
parameter �. The subdominant and dominant solutions satisfying (0�1) and
(0�2), respectively, are two extreme classes of solutions of (A�) on which our
subsequent considerations are focused. Sharp conditions for the existence of
such solutions are available.
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Lemma ���� (i) There exist subdominant solutions of (A�) for every � � 0
if and only if (0�6) holds� The subdominant solutions of (A�) are essentially

unique� actually they are constant multiples of Y0(t ; �) speci�ed in (0�3) which

is the unique solution of the integral equation

(1�4) Y0(t ; �) = 1�

�Z
t

�
� �Z

s

�q(r )(Y0(r ; �))��dr

�
A

1
� �

ds� t � a�

(ii) There exist dominant solutions of (A�) for every � � 0 if and only if

(0�7) holds� These dominant solutions of (A�) are essentially unique� they are

constant multiples of Y1(t ; �) speci�ed in (0�4) which is the unique solution

of the integral equation

(1�5)

Y1(t ; �) = t � a �

�Z
t



���
�
�1 +

�Z
s

�q(r )(Y1(r ; �))��dr

�
A

1
� �

� 1



��� ds� t � a�

Proof� We begin by deriving the integral equations characterizing the
subdominant and dominant solutions of (A�) for any ��0, fixed.

Let y0(t ; �) be a subdominant solution of (A�) subject to (0�1) with k0 �0.
Then there exists t0 � a such that y0(t ; �) �0 for t � t0. Then y0(t ; �) �0 is
concave on [t0��) and by (0�1) it is easy to show that

(1�6) y �0(t ; �) �0 for t � t0 and lim
t��

y �0(t ; �) = 0�

Integrating the equation (A�) with y = y0(t ; �) twice from t to � and using
(0�1) and (1�6), we have the integral equation

(1�7) y0(t ; �) = k0 �

�Z
t

�
� �Z

s

�q(r )(y0(r ; �))�dr

�
A

1
�

ds� t � t0�

Conversely, if y0(t ; �) is positive, continuous on [t0��) and satisfies
(1�7), then differentiation of (1�7) shows that it is a subdominant solution of
(A�) on [t0��) satisfying (0�1).

Similarly, let y1(t ; �) be a dominant solution of (A�), subject to (0�2) with
k1 �0. Suppose that y1(t ; �) �0 for t � t0. We find that

(1�8) y �1(t ; �) �0 for t � t0 and lim
t��

y �1(t ; �) = k1
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then integrating (A�) with y = y1(t ; �) from t to � and using the limit value
of y �1(t ; �) from (1�8), we obtain

y �1(t ; �) =

�
�k�1 +

�Z
t

�q(s)(y1(s; �))�ds

�
A

1
�

� t � t0�

or
(1�9)

[y1(t ; �)� k1(t � a)]� =

�
�k�1 +

�Z
t

�q(s)(y1(s; �))�ds

�
A

1
�

� k1� t � t0�

Integration of (1�9) with the use of (0�2) yields the integral equation for
y1(t ; �):
(1�10)

y1(t ; �) = k1(t � a)�

�Z
t



���
�
�k�1 +

�Z
s

�q(r )(y1(r ; �))�dr

�
A

1
�

� k1



��� ds� t � t0�

Conversely, if y1(t ; �) is a positive, continuous function solving (1�10),
then y1(t ; �) is a dominant solution of (A�) satisfying (0�2).

Now we prove the “only if” parts of our lemma. Assume that (A�) has
a subdominant solution y0(t ; �) and a dominant solution y1(t ; �) of (A�), both
of which are positive for t � t0. Then, as shown by the above arguments, the
multiple integrals on the right hand side of (1�7) and (1�10) are convergent.
As for y0(t ; �), since y0(t ; �) � y0(t0; �) for t � t0, we see that

�
1
� y0(t0; �)

�Z
t0

�
� �Z

t

q(s)ds

�
A

1
�

dt 


�Z
t0

�
� �Z

t

�q(s)(y0(s; �))�ds

�
A

1
�

dt ���

which implies the truth of (0�6). As for y1(t ; �), take t1 � t0 so large that
y1(t ; �) � k1t�2 for t � t1 and

(1�11)

�Z
t1

�q(s)(y1(s; �))�ds 

1
2
k�1 �
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Using (1�11) and the inequality

u
1
� � v

1
� � min

�
1�

1
�

�
min

�
u

1
��1� v

1
��1

�
(u � v )

valid for u � v �0, we find that there exists a constant c�0 depending only
on � and k1 such that�
�k�1 +

�Z
t

�q(s)(y1(s; �))�ds

�
A

1
�

� k1 � c�

�Z
t

q(s)(y1(s; �))�ds� t � t1�

Then the integrability of the left hand side of the above implies that

��

�Z
t1

�Z
t

q(s)(y1(s; �))�dsdt �

�
k1
2

�� �Z
t1

�Z
t

q(s)s�dsdt =

=

�
k1
2

�� �Z
t1

s� (s � t1)q(s)ds�

which is clearly equivalent to (0�7).

Let us turn to the proof of the “if” parts of the lemma. Suppose that (0�6)
holds. Let ��0 be fixed arbitrarily. Define K0(�) by

K0(�) =

�
�2��1 for � � 1
1
� 21�� for 0 �� �1

and choose t0 � a so large that

(1�12) K0(�)

�Z
t0

�
� �Z

t

�q(s)ds

�
A

1
�

dt 

1
2
�

Let B denote the Banach space of all bounded continuous functions y(t)
on [t0��) with the norm k 	 k given by

(1�13) kyk = sup
t�t0

jy(t)j�

For any fixed constant k0 �0 define the subset Y0 of B by

Y0 =

�
y � B :

1
2
k0 
 y(t) 
 k0� t � t0

�
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and the operator F0 : Y0 � B by

(1�14) (F0y)(t) = k0 �

�Z
t

�
� �Z

s

�q(r )(y(r ))�dr

�
A

1
�

ds� t � t0�

It is clear that y � Y0 implies F0y � Y0. We want to show that the
operator F0 is a contraction on Y0. The inequality

(1�15) ju� � v� j 
 maxf1� �gmax
n
u��1� v��1

o
ju � v j

holding for positive u� v and � is used for this purpose. For any two elements
y and z of Y0 we have, by using (1�15) twice,��������

�
� �Z

s

�q(r )(y(r ))�dr

�
A

1
�

�

�
� �Z

s

�q(r )(z (r ))�dr

�
A

1
�

��������

 max

�
1�

1
�

�

max

����
���
�
� �Z

s

�q(r )(y(r ))�dr

�
A

1
��1

�

�
� �Z

s

�q(r )(z (r ))�dr

�
A

1
��1

����
���

�Z
s

�q(r ) maxf1� �gmax
n

(y(r ))��1� (z (r ))��1
o
jy(r )� z (r )jdr� s � t0�

which implies that

j(F0y)(t)� (F0z )(t)j 



 K0(�)

�Z
t

�
� �Z

s

�q(r )dr

�
A

1
��1�

� �Z
s

�q(r )jy(r )� z (r )jdr

�
A ds

for t � t0. In view of (1�13) and (1�12) we see that

kF0y � F0zk 
 K0(�)ky � zk

�Z
t0

�
� �Z

s

�q(r )dr

�
A

1
�

ds 

1
2
ky � zk�

demonstrating that F0 is a contraction mapping defined on Y0.
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Consequently, F0 has a unique fixed point in Y0. Denote this fixed
point by y0 = y0(t ; �), then the definition (1�14) of F0 shows that y0(t ; �)
is a solution of the integral equation (1�7) on [t0��) satisfying (1�6). If we
continue y0(t ; �) to the left of t0 as a solution of (A�) (which is possible by
Lemma 1.1), we obtain a subdominant solution of (A�) defined on the entire
interval [a��).

Suppose next that (0�7) holds. Let ��0 be fixed arbitrarily and let K1(�)
be defined by

K1(�) =

�
� for � � 1

1
� 2

1
��� for 0 �� �1.

Choose t0 �a so large that
(1�16)

K1(�) �

�Z
t0

(t � a)�q(t)dt 

1
2
� K1(�) �

�Z
t0

(t � a)�+1q(t)dt 

1
2

(t0 � a)�

For any given constant k1 �0 define Y1 to be the set of all continuous
functions y(t) on [t0��) such that

1
2
k1(t�a) 
 y(t) 
 k1(t�a) for t � t0 and lim

t��
[y(t)�k1(t�a)] = 0�

Clearly, Y1 is a complete metric space with the distance function

d(y� z ) = sup
t�t0

jy(t)� z (t)j� y� z � Y1�

Consider the mapping F1 : Y1 � C [t0��) defined by
(1�17)

(F1y)(t) = k1(t�a)�

�Z
t



���
�
�k�1 +

�Z
s

�q(r )(y(r ))�dr

�
A

1
�

� k1



��� ds� t � t0�

It can be shown that F1 is a contraction on Y1. In fact, y � Y1 implies, with
the use of (1�15) and (1�16), that

0 �k1(t � a)� (F1y)(t) 
 max

�
1�

1
�

�
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�Z
t

max

����
���k

1��
1 �

�
�k�1 +

�Z
s

�q(r )(y(r ))�dr

�
A

1
��1

����
���

�Z
s

�q(r )(y(r ))�drds


 k1K1(�)

�Z
t

�
� �Z

s

�q(r )(r � a)�dr

�
A ds


 k1K1(�) �

�Z
t0

(r � a)�+1q(r )dr 

1
2
k1(t � a)

for t � t0, and lim
t��

[(Fy)(t) � k1(t � a)] = 0. This shows that F1 maps Y1

into itself. Furthermore, using (1�15) twice, we obtain for y� z � Y1

j(F1y)(t)� (F1z )(t)j 
 max

�
1�

1
�

�
maxf1� �g

�Z
t



���max

����
���
�
�k�1 +

�Z
s

�q(r )(y(r ))�dr

�
A

1
��1

�

�
�k�1 +

�Z
s

�q(r )(z (r ))�dr

�
A

1
��1

����
���

�Z
s

�q(r ) max
n

(y(r ))��1� (z (r ))��1
o
jy(r )� z (r )jdr



� ds 



 K1(�)

�Z
t0

�
� �Z

s

�q(r )(r � a)��1jy(r )� z (r )jdr

�
A ds� t � t0�

from which it follows that

d(F1y�F1z ) 
 K1(�)d(y� z )

�Z
t0

�
� �Z

s

�q(r )(r � a)��1dr

�
A ds 



 K1(�)d(y� z )

�Z
t0

�(r � a)�q(r )dr 

1
2
d(y� z )

for any y� z � Y1. The contraction mapping principle then ensures the exis-
tence of a unique element y1 = y1(t ; �) in Y1 such that y1 = F1y1, which,
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by the definition (1�17) of F1, is equivalent to the integral equation (1�10).
Therefore, y1(t ; �) is a positive solution on [t0��) satisfying (1�7), and the
desired dominant solution of (A�) on [a��) is obtained via continuation of
y1(t ; �) to the left of t0.

The subdominant solution y0(t ; �) [respectively dominant solution
y1(t ; �)] constructed above is uniquely determined by its “terminal” value k0
[respectively k1]. This fact, combined with the observation that any constant
multiple of a solution of (A�) is also a solution, shows that any two subdo-
minant [respectively dominant] solutions of (A�) differ only by a constant
mutiplicative factor. The subdominant and dominant solutions of (A�), if
exist, are essentially unique in this sense, and so it suffices for us to examine
the solutions Y0(t ; �) and Y1(t ; �) which satisfy (0�3) and (0�4), respectively.
This completes the proof of Lemma 1.4.

Remark ���� By (0�5), a principal solution y�(t ; �) must have the pro-
perty lim

t��
y�(t ; �) = C �0 because it can be compared with the solution

Y0(t ; �). Hence y�(t ; �) is a subdominant solution. By the uniqueness, proved
in Lemma 1.4, we have y�(t ; �) = CY0(t ; �). Consequently, the notion of
principal solutions and the notion of subdominant solutions coincide if (0�6)
holds.

2. Proof of main theorems

This section is devoted to the proof of Theorems 0.1, 0.2, 0.3, respec-
tively, stated in the introduction, which are concerned with the subdominant
solution Y0(t ; �) of (A�) satisfying (0�3) and the dominant solution Y1(t ; �)
of (A�) satisfying (0�4).

In the preceding section, the existence of Y0(t ; �) and Y1(t ; �) for each
� �0 is guaranteed by the conditions (0�6) and (0.7), respectively. First we
show the continuous dependence of Y0(t ; �) and Y1(t ; �) upon the parameter
��0.

Lemma ���� For each �xed t � a � the functions Y0(t ; �)� Y �
0(t ; �)�

Y1(t ; �) and Y �
1(t ; �) are continuous functions of � for ��0�
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Proof� (i) Let a positive constant �0 be fixed and choose t0 � a so
large that

K0(�)

�Z
t0

�
� �Z

t

�0q(s)ds

�
A

1
�

dt 

1
2
�

where K0(�) is as in (1�12). Then from the proof of Lemma 1.4 we see that,
for any � � (0� �0], Y0(t ; �) is the solution of the integral equation (1�4) and

satisfies 1
2 
 Y0(t ; �) 
 1 for t � t0. For 0 ����� 
 �0, we compute

(2�1) Y0(t ; �)�Y0(t ; ��) = I1 + I2�

where

I1 =

�
��

1
� � �

1
�

� �Z
t

�
� �Z

s

q(r )(Y0(r ; ��))�dr

�
A

1
�

ds

and

I2 = �
1
�

�Z
t



���
�
� �Z

s

q(r )(Y0(r ; ��))�dr

�
A

1
�

�

�
� �Z

s

q(r )(Y0(r ; �))�dr

�
A

1
�



��� ds

for t � t0. It is clear that

(2�2) 0 �I1 


�
��

1
� � �

1
�

� �Z
t0

�
� �Z

s

q(r )dr

�
A

1
�

ds 
 c0

�
��

1
� � �

1
�

�
�

where c0 = 1�2K0(�)�
1
�
0 . Applying the inequality (1�15) twice, we obtain for

t � t0
(2�3)

jI2j 
 �
1
�K0(�)

�Z
t

�
� �Z

s

q(r )dr

�
A

1
��1�

� �Z
s

q(r )jY0(r ; ��)�Y0(r ; �)jdr

�
A ds�

Since lim
t��

[Y0(t ; ��) � Y0(t ; �)] = 0, we can define the function

u : [t0��) � [0��) by

u(t) = sup
r�t

jY0(r ; ��)�Y0(r ; �)j = max
r�t

jY0(r ; ��)�Y0(r ; �)j� t � t0�
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Note that u(t) is continuous and nonincreasing on [t0��). Using (2�2) and
(2�3), we find in (2�1) that

u(t) 
 c0

�
��

1
� � �

1
�

�
+ �

1
�K0(�)

�Z
t

�
� �Z

s

q(r )dr

�
A

1
�

u(s)ds� t � t0�

By the well-known Gronwall inequality (on unbounded interval) it follows

jY0(t ; �)�Y0(t ; ��)j 
 u(t) 



 c0

�
��

1
� � �

1
�

�
exp



���� 1

�K0(�)

�Z
t

�
� �Z

s

q(r )dr

�
A

1
�

ds



��� � t � t0�

for 0 �� ��� 
 �0. This implies the continuity of Y0(t ; �) for each fixed
t � [t0��) as a function of � in (0� �0]. The continuity of Y �

0(t ; �) with
respect to � � (0� �0] for fixed t � [t0��) is a direct consequence of the
integral equation

Y �
0(t ; �) =

�
� �Z

t

�q(s)(Y0(s; �))�ds

�
A

1
�

� t � t0�

Application of Lemma 1.1 then shows that Y0(t ; �) and Y �
0(t ; �) are continuo-

us functions of � � (0� �0] for each fixed t in the interval [a� t0]. Since �0 �0
is arbitrary, we conclude that, for each fixed t � [a��), Y0(t ; �) and Y �

0(t ; �)
are continuous with respect to � � (0��).

(ii) Let �1 �0 be fixed arbitrarily and choose t0 �a so large that

K1(�)

�Z
t0

(t � a)��1q(t)dt 

1
2
� K1(�)

�Z
t0

(t � a)�+1�1q(t)dt 

1
2
t0�

where K1(�) is the same as in (1�16). Then, similarly, Y1(t ; �) is the unique

solution of the integral equation (1�5) and it satisfies 1
2(t � a) 
 Y1(t ; �) 


(t � a), t � t0� for any � � (0� �1]. Now, by (1�5) we have for 0 ����� 
 �1

(2�4) Y1(t ; �)�Y1(t ; ��) = J1 + J2�

where

J1 =
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=

�Z
t



���
�
�1 + ��

�Z
s

q(r )(Y1(r ; ��))�dr

�
A

1
�

�

�
�1 + �

�Z
s

q(r )(Y1(r ; ��))�dr

�
A

1
�



��� ds�

J2 =

=

�Z
t



���
�
�1 + �

�Z
s

q(r )(Y1(r ; ��))�dr

�
A

1
�

�

�
�1 + �

�Z
s

q(r )(Y1(r ; �))�dr

�
A

1
�



��� ds�

Making use of (1�15), we obtain for the integrand of J1

��������
�
�1 + ��

�Z
s

q(r )(Y1(r ; ��))�dr

�
A

1
�

�

�
�1 + �

�Z
s

q(r )(Y1(r ; ��))�dr

�
A

1
�

��������




 max

�
1�

1
�

�
	max

����
���
�
�1 + ��

�Z
s

q(r )(Y1(r ; ��))�dr

�
A

1
��1

�

�
�1 + �

�Z
s

q(r )(Y1(r ; ��))�dr

�
A

1
��1

����
���

(�� � �)

�Z
s

q(r )(Y1(r ; ��))�dr 
 K1(�)(�� � �)

�Z
s

q(r )(r � a)�dr�

hence

jJ1j 
 K1(�)(�� � �)

�Z
t

�Z
s

(r � a)�q(r )drds 
(2�5)


 K1(�)(�� � �)

�Z
t0

(s � a)�+1q(s)ds 
 c1(�� � �)�
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where c1 = t0�2K1(�)�1. To estimate J2, we first note that��������
�
�1 + �

�Z
s

q(r )(Y1(r ; ��))�dr

�
A

1
�

�

�
�1 + �

�Z
s

q(r )(Y1(r ; �))�dr

�
A

1
�

��������




 max

�
1�

1
�

�
max

����
���
�
�1 + �

�Z
s

q(r )(Y1(r ; ��))�dr

�
A

1
��1

�

�
�1 + �

�Z
s

q(r )(Y1(r ; �))�dr

�
A

1
��1

����
���

�

�Z
s

q(r ) maxf1� �gmax
n

(Y1(r ; �))��1� (Y1(r ; ��))��1
o
	

	jY1(r ; �)�Y2(r ; ��)jdr 



 K1(�)�

�Z
s

q(r )(r � a)��1jY1(r ; �)�Y1(r ; ��)jdr� s � t0�

Since lim
t��

�
Y1(t ; �)�Y1(t ; ��)

�
= 0, we can define the continuous nonincre-

asing function u : [t0��) � [0��) by

u(t) = sup
r�t

jY1(r ; �)�Y1(r ; ��)j = max
r�t

jY1(r ; �)�Y1(r ; ��)j� t � t0�

then we have in the above inequality

(2�6) jJ2j 
 K1(�)�

�Z
t

�
� �Z

s

q(r )(r � a)��1dr

�
A u(s)ds� t � t0�

Combining (2�4) with (2�5) and (2�6), we get

u(t) 
 c1(�� � �) + �K1(�)

�Z
t

�
� �Z

s

q(r )(r � a)��1dr

�
A u(s)ds� t � t0�
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By Gronwall inequality we conclude that

jY1(t ; �)�Y1(t ; ��)j 
 c1(����) exp

�
��K1(�)

�Z
t

(r � a)�q(r )dr

�
A � t � t0�

which establishes the continuity of Y1(t ; �) with respect to � � (0� �1] for each
fixed t � [t0��). The continuity of Y �

1(t ; �) follows again from the integral
representation

Y �
1(t ; �) =

�
�1 +

�Z
t

�q(s)(Y1(s; �))�ds

�
A

1
�

� t � t0�

On the finite interval [a� t0] the continuity of Y1(t ; �) and Y �
1(t ; �) with

respect to � � (0� �1] is guaranteed by Lemma 1.1. Since �1 can be chosen
arbitrarily large, the proof of Lemma 2.1 is complete.

Let us be concerned with the number of zeros of the subdominant and
dominant solutions Y0(t ; �) and Y1(t ; �) of (A�).

Lemma ���� (i) The subdominant solution Y0(t ; �) has no zeros in [a��)
for 0 �� ��0 provided �0 is su
ciently small� while the dominant solution

Y1(t ; �) has exactly one zero in [a��) for these ��s�

(ii) The number of zeros of Y0(t ; �) and Y1(t ; �) in (a��) can be made

as large as possible if ��0 is taken su
ciently large�

Proof� The first statement of (i) is almost clear from the proof of Lemma
1.4. In fact, if �0 �0 is chosen small enough so that

K0(�)

�Z
a

�
� �Z

t

�0q(s)ds

�
A

1
�

dt 

1
2

and the integral operator F0 is defined by

(F0y)(t) = 1�

�Z
t

�
� �Z

s

�q(r )(y(r ))�

�
A

1
�

ds� t � a�

then it can be verified that, for any � � (0� �0), F0 is a contraction on the set

Y0 =

�
y � C [a��) :

1
2

 y(t) 
 1 for t � a

�
�
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so that F0 has a fixed point in Y0, which gives rise to the desired positive
subdominant solution Y0(t ; �) of (A�) on [a��) for � � (0� �0).

Concerning the dominant solution Y1(t ; �) for 0 �� ��0 it is clear —
due to Lemma 1.2 — that Y1(t ; �) may have at most one zero. Hence we have
to exclude the possibility of the case when Y1(t ; �) has no zeros. Indeed, this
would imply Y1(t ; �) �0 for all t �a . Hence by (1�5) we would have

Y1(a; �) = �

�Z
a



���
�
�1 +

�Z
s

�q(r )(Y1(r ; �))��dr

�
A

1
� �

� 1



��� ds �0�

Therefore Y1(t ; �) must be negative in some (right) neighborhood of t = a ,
which proves the fact that Y1(t ; �) has exactly one zero on [a��).

The second statement (ii) follows again from Lemma 1.2. Consider the
constant coefficient equation

(2�7) (jy �j��1y �)� + ���+1jy j��1y = 0� � �0�

which has a solution S (�t), where S (	) is the generalized sine function,
defined as a particular solution to (0�8). Hence S (�t) has zeros at t = j 
��� ,
j � Z. Let the interval [t �� t ��] 
 [a��) be chosen in the way that q(t) �0 for
all t � [t �� t ��]. Let k � N be any given integer and take � �0 large enough so
that S (�t) has at least k + 1 zeros in [t �� t ��]. Then, comparing the differential

equations (2�7) and (A�) with � �0, �min[t ��t ��] q(t) � ���+1, we conclude

by Lemma 2.2 that, for such values of �, all solutions of (A�) have at least
k zeros in [t �� t ��], hence in [a��). This shows that the statement (ii) is true
and the proof of Lemma 2.2 is completed.

Proof of Theorem ���� Since (0�6) holds, there exists a unique sub-
dominant solution Y0(t ; �) of (A�) satisfying (0�3) for every � �0. Let
(�0(t ; �)� �0(t ; �)) be the polar functions associated with Y0(t ; �). We note
that �0(t ; �) is a solution of the first differential equation in (0�15) and the
right hand side of this differential equation is nonnegative, hence �0(t ; �) is
a nondecreasing function of t for each fixed ��0. From (0�3) and (0�14) we
can see that

lim
t��

�0(t ; �) = 1� lim
t��

Ṡ (�0(t ; �)) = 0

hence

lim
t��

�0(t ; �) =

�
2

+ l
� for some l � Z�
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Without loss of generality we may suppose that l = 0 and we have

(2�8) lim
t��

�0(t ; �) =

�
2
�

Now we claim that the inequality

(2�9) �0(t ; �) �

�
2

for a 
 t ��� ��0

holds. This can be seen indirect way. Since �0(t ; �) is nondecreasing, the
relation �0(t �; �) = 
��2 would imply the equality �0(t ; �) � 
��2 for all
t � 
 t ��, consequently � �0(t ; �) � 0 for t � t �. From the differential

equation of � in (0�15) we would have q(t) � 0 for t � t �. But this possibility
is excluded by (c) in (H), which proves (2�9).

By Lemma 2.2 it happens that Y0(t ; �) = �0(t ; �)S (�0(t ; �)) �0 if �
is small, hence the inequality 0 ��0(t ; �) �
a�2 must hold for all t �
� [a��). Suppose that Y0(t ; �) has one or several zeros. Since Y0(t ; �) is
nonoscillatory, there exist only finitely many zeros:

a 
 t1 �t2 �	 	 	�tm ���

It is clear that S (�0(t ; �))�0 between the consecutive zeros tk � tk+1 of
Y0(t ; �). So, we have

�0(tk+1; �)� �0(tk ; �) = 
� �

and consequently

�0(tk ; �) = (k � m)
� � k = 1� 2� 	 	 	 � m�

We list the basic properties of �0(t ; �):

(a) �0(t ; �) is continuous in � � (0��) for each fixed t � a;

(b) �0(t ; �) is a strictly decreasing function of ��0 for each fixed t � a;

(c) lim
��0+

�0(a; �) = ��
2 ;

(d) lim
���

�0(a; �) = ��.

The property (a) is an immediate consequence of Lemma 2.1 combined
with the definition of �0(t ; �).

The property (b) follows from the results on the principal solutions of
(A�) obtained in the paper [7], but we present here another proof of it without
referring to the properties of the principal solutions. Assume that (b) is not
true. Then there exist �� �� with � ��� �0 and b � [a��) such that
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�0(b; �) � �0(b; ��). Then, comparing the first order differential equation
(0�15) for �0(t ; �) and �0(t ; ��), we have

�0(t ; �) � �0(t ; ��) for t � [b��)�

and there exists c � [b��) (depending on q(t)) such that

�0(t ; �) � �0(t ; ��) �0 for t � (c��)�

where the lower bound 0 is ensured by (2�8). Thus we have Y0(t ; �) �0,
Y0(t ; ��) �0 for t � c. By the definition of T (�) in (0�11) and �0(t ; �),
�0(t ; ��) in (0�13), we have

(2�10)
1

T (�0(t ; �))
=
Y �

0(t ; �)

Y0(t ; �)



Y �
0(t ; ��)

Y0(t ; ��)
=

1
T (�0(t ; ��))

for all sufficiently large t , i.e. t � c. Integrating (2�10) from t to 	 , t 
 	 , we
get

logY0(	 ; �)� logY0(t ; �) 
 logY0(	 ; ��)� logY0(t ; ��)�

for which, in the limit as 	 ��, it follows by (0�3) that

logY0(t ; �) � logY0(t ; ��) or Y0(t ; �) � Y0(t ; ��) for all t � c�

Then we obtain from (1�4)

Y �
0(t ; �) =

�
� �Z

t

�q(s)(Y0(s; �))�ds

�
A

1
�

�

�

�
� �Z

t

��q(s)(Y0(s; ��))�ds

�
A

1
�

= Y �
0(t ; ��)

for t � c. Define V (t) = Y0(t ; �)� Y0(t ; ��). Then, V (t) � 0 and V �(t) � 0
for t � c. Since V (t) � 0 as t � �, we conclude that V (t) � 0, that is,
Y0(t ; �) � Y0(t ; ��) for t � c. Then by (1�4) we have

V (t) = (�
1
� � ��

1
� )

�Z
t

�
� �Z

s

q(r )(Y0(r ; �))�dr

�
A

1
�

ds = 0� t � c�

which contradicts the fact that ���� and q(t) is nonnegative and not identi-
cally zero on [c��) according to (c) in (H), and the property (b) is justified.
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The statement (c) follows from the fact that lim
��0+

Y0(a; �) = 1 and

lim
��0+

Y �
0(a; �) = 0.

Finally, to verify (d) it suffices to combine (ii) of Lemma 2.2 with the
observation that Y0(t ; �) has k � N zeros in [a��) if and only if �k
� �
��0(a; �) 
 �(k � 1)
� .

Let us now consider �0(a; �) as a function of ��0. Since it is continuous
by (a), strictly decreasing by (b), positive for small ��0 by (c) and tending

to �� as � � �, for each n � N there exists a unique number �(0)
n �0

such that �0(a; �(0)
n ) = �(n � 1)
� . Put �(0)

0 = 0. Then, as it is easily seen,

the sequence of parameters f�(0)
n g�n=0 has the properties (i), (ii), (iii) stated in

Theorem 0.1 which completes the proof.

Proof of Theorem ���� (i) Suppose that Y0(t ; �(0)
n ) has zeros at t1 =

= a �t2 �	 	 	 �tn ��. By the exremal property of the zeros of principal

solutions every other, linearly independent solution y(t ; �(0)
n ) has one zero in

(t1� t2), (t2� t3), � � � , (tn ��), i.e. y(t ; �(0)
n ) has exactly n zeros in [a��).

(ii) Now we distinguish two cases: (a) Y0(t ; �) has no zeros in [a��)
(i.e. n = 1); and (b) Y0(t ; �) has n � 1 zeros in [a��), where n � 2, by
(ii) in Theorem 0.1. In case (a) it is clear that any solution y(t ; �) may have
at most one zero. In case (b) let (a �) t1 �t2 �	 	 	 �tn�1 (��) be
n � 1 zeros of Y0(t ; �). Then we see by the extremal property of the zeros of
principal solutions that any solution y(t ; �) has one zero in (t1� t2), (t2� t3), � � � ,
(tn�1��), which means that y(t ; �) has at least n � 1 zeros. Some solutions
may have another zero in [a� t1), too, i.e. they have n zeros which completes
the proof of Theorem 0.2.

Proof of Theorem ���� By (0�7) the differential equation (A�) possesses
a unique dominant solution Y1(t ; �) for every � �0, satisfying (0�4). Let
(�1(t ; �)� �1(t ; �)) denote the polar functions associated with Y1(t ; �). Since
lim
t��

[Y1(t ; �)�t � 1] = lim
t��

[Y �
1(t ; �)� 1] = 0, we find from (0�13) that

lim
t��

�1(t ; �)
t

= 1� lim
t��

S (�1(t ; �)) = 1� lim
t��

Ṡ (�1(t ; �)) = 0�

Hence we can fix the function �1(t ; �) by setting its terminal value

lim
t��

�1(t ; �) =

�
2
�
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As in the case of �0(t ; �), it is easy to verify that

�1(t ; �) �

�
2

for a 
 t ��� ��0�

and �1(t ; �) has the following basic properties:

(a) �1(t ; �) is continuous in � � (0��) for each fixed t � a;

(b) �1(t ; �) is a strictly decreasing function of ��0 for each fixed t � a;

(c) lim
��0+

�1(a; �) = 0;

(d) lim
�� �

�1(a; �) = ��.

The property (a) above is evident.

The proof of property (b) is very similar to the one of the property (b)
of �0(t ; �) in Theorem 0.1, thus here we shall indicate only the steps where
some modification takes place. The proof is indirect and one could suppose
the existence of c � [a��) and �, ��, (���� �0) such that�
�

2
�
	
�1(t ; �) � �1(t ; ��) �0 for t � (c��)�

which implies

(2�11)
Y �

1(t ; �)

Y1(t ; �)



Y �
1(t ; ��)

Y1(t ; ��)
for t � c�

Integration of (2�11) on [t � 	] gives

logY1(	 ; �)� logY1(	� ��) 
 logY1(t ; �)� logY1(t ; ��)

for 	 � t � c. Since the left hand side of this inequality can be written as

log
Y1(	 ; �)

	
� log

Y1(	� ��)
	

which tends to 0 if 	 tends to � due to (0�4). Therefore

logY1(t ; �)� logY1(t ; ��) � 0 or Y1(t ; �) � Y1(t ; ��) for t � c�

By making use of the integral equation (1�5), we obtain Y �
1(t ; �) � Y �

1(t ; ��)

for t � c and the function V (t) = Y1(t ; �) � Y1(t ; ��) is identically zero on
[c��), which is again a contradiction. This completes the proof of (b).

Property (c) follows from the fact (see Lemma 2.1) that lim
��0+

Y1(t ; �) =

= t � a , hence

lim
��0+

�1(a; �) = 0�
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Property (d) can be justified in the similar way as in Theorem 0.1.

The properties (a)–(d) of �1(t ; �) enable us to find, for each n � N , a

unique number �(1)
n �0 such that �1(a; �(1)

n ) = �n
� . Then, it is readily

verified that the sequence of parameters f�(1)
n g�n=0 with �(1)

0 = 0 has the
properties (i), (ii) and (iii) in Theorem 0.2.

To show the property (iv) let us consider the dominant solution Y1(t ; �(1)
n )

which has n zeros in (a��) and also a zero at t = a . Hence the zeros of

Y1(t ; �(1)
n ) are: a , t1, � � � , tn . Now the corresponding subdominant/principal

solution Y0(t ; �(1)
n ) has one zero in (a� t1), (t1� t2), � � � , (tn�1� tn ), and by the

extremal property of the zeros of principal solutions, it has no zero in [tn ��).

Consequently, Y0(t ; �(1)
n ) has exactly n zeros in (a��) and no zero at t = a .

By Theorem 0.1 we have in this case the only possibility �(0)
n�1 ��(1)

n ��(0)
n ,

which completes the proof of Theorem 0.3.

Remark ���� We would like to call the reader’s attention to an inherent
property of the subdominant solution Y0(t ; �). Let ã � (a��) and consider
differential equation (A�) on [ã ��). Then on [ã ��) we can define the sub-

dominant solution Ỹ0(t ; �). By the uniqueness stated in Theorem 0.1 we have
Ỹ0(t ; �) � Y0(t ; �) for t � ã . But concerning Y1(t ; �) this is not the case.
Clearly, on [ã ��) we do have a unique dominant solution Ỹ1(t ; �) but there
is no guarantee that it will coincide with Y1(t ; �) on [ã ��).

To achieve uniqueness for the dominant solutions in this sense, we should
modify the definition. Such a definition could be made by the requirement

lim
t��

�
Y1(t ; �)� t

�
= 0

instead of (0�4). However, using this modified definition, we must face dif-
ferent behavior of Y1(t ; �) at t = a . We have chosen (0�4) as our definition
because the treatment seemed to be simpler in this case.

3. Extension and application

A� Extension� We show that Theorems 0.1, 0.2 and 0.3 can be extended
to more general equation (B�) where the function r : [a��) � (0��) is



2016. december 19. – 22:55

ON THE NUMBER OF ZEROS OF NONOSCILLATORY SOLUTIONS 127

continuous and satisfies

(3�1)

�Z
a

(r (t))�
1
� dt = ��

Define the function R(t) by

(3�2) R(t) =

tZ
a

(r (�))�
1
� d�� t � a�

and perform the change of variables given by

s = R(t)� �(s) = y(t)�

Then (B�) is transformed into the equation

(3�3) (j�̇j��1�̇)˙ + �Q(s)j�j��1� = 0� s � 0�

which is of the same type as (A�), where Q(s) = (r (t))
1
� q(t) and a dot

denotes differentiation with respect to s . This equation possesses a unique
subdominant solution �0(s; �) satisfying lim

s��
[�0(s; �)� 1] = 0 if and only if

(3�4)

�Z
0

�
� �Z

s

Q(�)d�

�
A

1
�

ds ���

and a unique dominant solution �1(s; �) satisfying lim
s��

[�1(s; �) � s] = 0 if

and only if

(3�5)

�Z
0

s�+1Q(s) ds ���

The conditions (3�4) and (3�5) are equivalent, respectively, to

(3�6)

�Z
a



�(r (t))�1

�Z
t

q(s)ds



�

1
�

dt ��

and

(3�7)

�Z
a

(R(t))�+1q(t)dt ���
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The solutions Y0(t ; �) and Y1(t ; �) of (B�) defined by Y0(t ; �) = �0(s; �)
and Y1(t ; �) = �1(s; �) satisfy

lim
t��

[Y0(t ; �)� 1] = 0(3�8)

and

lim
t��

[Y1(t ; �)� R(t)] = 0�(3�9)

and are referred to as a subdominant solution and a dominant solution of (B�),
respectively.

It is possible to count the number of zeros of these two types of solutions
of (B�) in the sense of the following theorems which follow immediately from
Theorems 0.1 and 0.3 applied to the equation (3�3).

Theorem ���� Suppose that (3�1) and (3�6) hold� Then� for every ��0�
(B�) has a unique solution Y0(t ; �) satisfying (3�8) and there exists a sequen�

ce of positive parameters f�(0)
n g�n=0 with the properties that (i)� (ii)� (iii) of

Theorem 0�1 hold�

Theorem ���� Suppose that (3�1) and (3�7) hold� Then� for every � �0�
(B�) has a unique solution Y1(t ; �) satisfying (3�9) and there exists a sequence

of positive parameters f�(1)
n g�n=0 with the properties that (i)� (ii)� (iii)� (iv) of

Theorem 0�3 hold�

B� Application� Let us consider the partial differential equation (C�) whe-
re p �1 is a constant, � �0 is a parameter, Du denotes the gradient vector

of u = u(x ) in R
N , N � 2, Ea is the complement in R

N of the ball of radius
a �0 centered at the origin, and c : [a��) � (0��) is a continuous function.

We are interested in the radial solutions of (C�) satisfying the boundary
condition

(D) u(x ) = 0� x � �Ea = fx � R
N : jx j = ag�

Observe that a radial function u = y(jx j) is a solution of the exterior Dirichlet
problem (C�)–(D) if and only if y = y(t ; �) satisfies the ordinary differential
equation

(3�10) (tN�1jy �jp�2y �)� + �tN�1c(t)jy jp�2y = 0� t � a�

which is a special case of (B�) with � = p � 1, r (t) = tN�1 and q(t) =

= tN�1c(t), and the initial condition y(a; �) = 0. Then condition (3�1) is
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satisfied for this r (t) if and only if p � N , in which case the function R(t)
given by (3�2) becomes
(3�11)

R(t) =
p � 1
p �N

�
t
p�N
p�1 � a

p�N
p�1

�
for p �N� R(t) = log

t

a
for p = N�

Now the condition (3�6) reduces to

(3�12)

�Z �
�t1�N

�Z
t

sN�1c(s)ds

�
A

1
p�1

dt ���

which ensures the existence of a subdominant solution Y0(t ; �) of (3�10)
satisfying

lim
t��

[Y0(t ; �)� 1] = 0�

The condition (3�7) is equivalent to
(3�13)
�Z
t
p�N�1

p�1 c(t)dt �� for p �N�

�Z
tN�1(log t)pc(t)dt �� for p = N�

which ensures the existence of a dominant solution Y1(t ; �) of (3�10) sa-
tisfying

lim
t��

[Y1(t ; �)� R(t)] = 0�

We define the radial solutions U0(x ; �) and U1(x ; �) by

U0(x ; �) = Y0(jx j; �)� U1(x ; �) = Y1(jx j; �)� x � Ea �

and raise the question as to for what values of � �0, U0(x ; �) and U1(x ; �)
are solutions of the problem (C�)–(D). An answer to this question follows
immediately from Theorems 3.1, 3.2 applied to (3�10).

Theorem ���� Suppose that p � N and (3�12) holds� Then� there exists

a sequence of parameters f�(0)
n g�n=1 with the properties that

(i) 0 ��(0)
1 ��(0)

2 �	 	 	��(0)
n �	 	 	 � lim

n��
�(0)
n = ��

(ii) U0(x ; �(0)
n ) is a radial solution of (C�)
(D) satisfying

lim
jx j��

[U0(x ; �(0)
n )� 1] = 0�
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(iii) U0(x ; �(0)
n ) has exactly n � 1 spherical nodes in the interior of Ea �

Theorem ���� Suppose that p � N and (3�13) holds� Suppose in addition

that a �0� Then� there exists a sequence of parameters f�(1)
n g�n=1 with the

properties that

(i) 0 ��(1)
1 ��(1)

2 �	 	 	��(1)
n �	 	 	� lim

n��
�(1)
n = ��

(ii) U1(x ; �(1)
n ) is a radial solution of (C�)
(D) satisfying lim

jx j��
[U1(x ; �(1)

n )�

� R(jx j)] = 0�

(iii) U1(x ; �(1)
n ) has exactly n spherical nodes in the interior of Ea �

Remark ���� It remains to consider the equation (B�) in the case where
r (t) satisfies

(3�14)

�Z
a

(r (t))�
1
� dt ���

This case requires an independent analysis, since no change of variables is
known which reduces (B�) subject to (3�14) to an equation of the type (A�).
Any result for such an equation (B�) would automatically yield a correspon-
ding result regarding radially symmetric solutions to the elliptic boundary
value problem (C�)–(D) in the case where p and N satisfy p�N .
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1. Introduction and statement of result

Let C be a convex curve in the Euclidean plane E
2 and let Pn (C ) be

the set of convex polygons with at most n vertices all lying on C and with
the same endpoints as C . If the distance �(C� Pn ) of C and Pn � Pn (C ) is
measured by the area of the region between C and Pn , then the problem of
asymptotic best approximation is to study the behavior of

�(C�Pn ) = inff�(C� Pn ) : Pn � Pn (C )g

as n � �. For a C of differentiability class C2 with positive curvature
function �(t), the following asymptotic formula was given by L� Fejes T�oth

[4], [5]

(1) �(C�Pn ) �
1

12

�
� lZ

0

�1�3(t)dt

�
A

3

1

n2 as n ���

where t is the arc length and l the length of C . A complete proof of this
result is due to D� E� McClure and R� A� Vitale [12]. Formula (1) holds
also for general convex curves without any smoothness assumption, if � is
now the generalized curvature (see [10]) and these polytopal approximation
problems are also solved for approximation of smooth convex surfaces in
d-dimensional space (see P� M� Gruber [7]). For more information we refer
to the surveys [6], [8].

Here we consider the problem of approximating a planar curve C by
quadratic spline curves and derive an asymptotic formula in this case. Let Qn
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be the set of quadratic spline curves with n knots, i.e. of curves consisting of
n pieces of parabolas with common tangents at their common points. These
curves are tangent continuous, i.e. their tangents (but not necessarily their
tangent vectors) vary continuously. For a given planar curve C , let Qn (C ) be
the set of Qn � Qn with the same endpoints as C , with their knots lying on C ,
and with common tangents with C at their knots. As in the case of polygons,
we measure the distance of C and Qn by the area of the region between C
and Qn and study

(2) �(C�Qn ) = inff�(C�Qn ) : Qn � Qn (C )g

as n ��.

Like the determination of the asymptotic behavior of �(C� Pn ), this prob-
lem of spline approximation is equi-affine invariant, i.e. invariant with respect
to area preserving affine transformations. Therefore the asymptotic formula
can be described with the help of notions from affine differential geometry
(see the next section for definitions). Denote by � = �(C ) the affine length of
C and by k (s) the affine curvature of C given as a function of the affine arc
length s , 0 � s � �.

Theorem� Let C be a curve in E
2 of di�erentiability class C4 with

positive a�ne curvature �or with negative a�ne curvature�� Then

(3) �(C�Qn ) �
1

240

�
B�

�Z
0

jk1�5(s)jds

�
CA

5

1

n4

as n ���

The restriction to curves with positive (or negative) affine curvature ma-
kes it possible to use in the proof arguments similar to that of the proof of the
asymptotic formula (1). To determine just the order of approximation of this
problem of spline approximation, it is also possible to use arguments from
related approximation schemes (see [14], [2]).

For the problem of approximation of functions of one variable by spline
functions asymptotic formulae were derived by D� D� Pence and P� W� Smith

[13]. For polygons the problem of area approximation of a convex curve is

equivalent to the problem of L1-approximation of a function by linear splines.

But quadratic spline functions have to be a class C1, whereas quadratic spline
curves only have to be tangent continuous. The order of approximation is also
different for these problems. For quadratic spline functions with n knots the
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order of approximation is 1�n3, whereas for quadratic spline curves with n

knots we have 1�n4.

2. Tools from affine differential geometry

For the following notions from affine differential geometry, see the mo-
nographs by W� Blaschke [1] or K� Leichtweiss [9]. A recent survey on
planar affine differential geometry is also contained in [3].

Let C be a planar curve of class C2 with positive curvature. The affine
arc length is given by

(4) s(t) =

tZ
0

�1�3(�)d�� 0 �t �l�

where t is the ordinary arc length, �(t) the curvature and l is the length of C .
The affine length � of C is

� =

lZ
0

�1�3(�)d�	

In the following, let x : [0� �] � E
2 be an affine arclength parametrization of

C . The affine curvature of C at the point x (s) is then given by

(5) k (s) = jx ��(s)� x ���(s)j�

where � denotes differentiation with respect to affine arc length and j � � � j
stands for determinant. The affine curvature k (s) for 0 � s � � determines a
curve up to an area-preserving affine transformation. The curves with k (s) = 0
are parabolas. For a curve C with k (s) 
0 (or k (s) �0) for 0 � s � �, the
quadratic arc, i.e. a piece of a parabola, with endpoints on C and common
tangents with C at these points lies completely on one side of C .

3. Proof of the Theorem

We only give the proof for k 
0, the proof for k �0 is analogue. We
need the following lemma.



2016. december 19. – 22:56

136 MONIKA LUDWIG

Lemma� For 0 � s1 � s2 � �� let G(s1� s2) be the area of the moon�

shaped piece between C and the quadratic curve with endpoints x (s1) and

x (s2)� Then

G(s1� s2) =
1
2

�
k (s1)

(s2 � s1)5

5!
+ o
�

(s2 � s1)5
��

uniformly for all 0 � s1 � s2 � � as (s2 � s1) � 0�

Proof�We first calculate the area F (s1� s2) of the piece between the curve
C and the line segment joining x (s1) and x (s2). We have

F (s1� s2) =
1
2

s2Z
s1

jx (s)� x (s1)� x �(s)jds

and applying Taylor’s formula yields

(6) F (s1� s2) =
1
2

�
(s2 � s1)3

3!
� k (s1)

(s2 � s1)5

5!
+ o
�

(s2 � s1)5
��

uniformly for all 0 � s1 � s2 � � as (s2 � s1) � 0 (cf. [11], Lemma 1).

Second, we calculate the area H (s1� s2) of the triangle formed by the line
segment joining x (s1) and x (s2) and the tangents at x (s1) and x (s2). We have

H (s1� s2) =
1
2
jx �(s1)� x (s2)� x (s1)j jx (s2)� x (s1)� x �(s2)j

jx �(s1)� x �(s2)j

and by Taylor’s formula and some calculation we see that

(7) H (s1� s2) =
1
2

�
(s2 � s1)3

4
+ o
�

(s2 � s1)5
��

uniformly for all 0 � s1 � s2 � � as (s2 � s1) � 0. Since k (s) 
0 implies
that the quadratic arc with endpoints at x (s1) and x (s2) lies completely on one
side of C , we have

G(s1� s2) =
2
3
H (s1� s2)� F (s1� s2)�

which together with (6) and (7) implies the lemma.

First we introduce a new parameter r by

r (s) =

sZ
0

k1�5(�)d��
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which is possible, since k (s) 
0. Define

� =

�Z
0

k1�5(�)d�	

By the mean value theorem of integral calculus there is a � , s1 �� �s2, such
that

r (s2)� r (s1) = k1�5(�)(s2 � s1)

holds. Setting r1 = r (s1) and r2 = r (s2), we therefore have

(8) (r2 � r1)5 = k (s1)(s2 � s1)5 + o
�

(s2 � s1)5
�

uniformly for all 0 � s1 �s2 � � as (s2 � s1) � 0. Let K (r1� r2) be the
area of the moon-shaped piece between C and the quadratic arc with knots at
x (r1) and x (r2). Then by Lemma 3 and (8) we obtain that

(9) K (r1� r2) =
1

240
(r2 � r1)5 + o

�
(r2 � r1)5

�
uniformly for all 0 � r1 � r2 � � as (r2 � r1) � 0.

We take Qn+1 � Qn+1(C ) with knots at rni = i
n � for 0 � i � n . Then by

(9)

�(C�Qn+1) � �(C�Qn+1) =
nX

i=1

K (rn�i�1� rni ) =
1

240
�5

n4 + o

�
1

n4

	

as n �� and consequently

(10) lim sup
n��

(n + 1)4�(C�Qn+1) �
1

240
�5	

In order to show the opposite inequality, let Qn+1 � Qn+1(C ) be a sequence
of best approximating quadratic spline curves, i.e. for Qn+1 the infimum in (2)
is attained. Such sequences exist, since �(C�Qn+1) depends continuously on
its knots. Let x (rni ) for i = 0� 	 	 	 � n be the knots of Qn+1 and set �ni = rni �
� rn�i�1. Since lim

n��
�(C�Qn+1) � 0, max

i=1�����n
�ni � 0 as n � �. Choose


 
0. (9) shows that there is an integer n0 such that for n � n0

(11)






K (rn�i�1� rni )
1�5 �

�
1

240

	1�5

�ni






�
�ni
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for i = 1� 	 	 	 � n . Rewriting the mean value inequality�
1
n

nX
i=1

K (rn�i�1� rni )
1�5

�5

�
1
n

nX
i=1

K (rn�i�1� rni )

in the form
nX

i=1

K (rn�i�1� rni )
1�5 � n4�5

�
nX

i=1

K (rn�i�1� rni )

�

and combining this with (11), we see that�
1

240

	1�5

� =

�
1

240

	1�5 nX
i=1

�ni �
nX

i=1

�
K (rn�i�1� rni )

1�5 + 
�ni

�
�

� n4�5

�
nX

i=1

K (rn�i�1� rni )

�1�5

+ 
� =

= n4�5�(C�Qn+1)1�5 + 
�	

Therefore �
1

240

	1�5

� � lim inf
n��

n4�5�(C�Qn+1)1�5 + 
�	

Since 
 
0 was arbitrary, this implies that

1
240

�5 � lim inf
n��

(n + 1)4�(C�Qn+1)	

Combined with (10) this concludes the proof of the theorem.
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nomials, Comput� Aided Geom� Des�� 6 (1989), 219–233.





2016. december 19. – 22:56

ANNALES UNIV. SCI. BUDAPEST., 42 (1999), 141–145

PARADOXICAL SETS UNDER SL2[R]

By
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Let SL2[R] denote the group of 2 � 2 real matrices with determinant 1,

and let X = R2nf(0� 0)g. It is well-known that the action of SL2[R] on the set
X is locally commutative and that X is paradoxical under SL2[R] (see [5], pp.
39 and 97). S� Wagon asked if the interior of the unit square is paradoxical
under SL2[R], or even under SL2[Z] ([5], Question 7.4, p. 101). Jan Myci�

elski proved that the answer to the second question is negative. Moreover,
as he proved in Theorem 2 of [3], no bounded set with nonempty interior can
be paradoxical under SL2[Z]. Mycielski also proved that the interior of the
unit square is paradoxical under SL2[R], subject to the following conjecture

(C): there is a free group F acting on the set D = fx � R2 : 0 �jx j �1g
without nontrivial fixed points such that each transformation of F is the union
of finitely many elements of SL2[R], restricted to subsets of D .

In fact, Mycielski proves that conjecture (C) implies the following more
general result: if A and B are bounded subsets of X with nonempty interior,
and either they contain triangles with one vertex at (0� 0) or their distance
from the origin is positive, then A and B are SL2[R]-equidecomposable.

In this note we prove this statement without using conjecture (C). The
question, whether conjecture (C) is true or not, remains open.

Theorem �� Let A denote the system of all bounded subsets of R2 with

nonempty interior and with positive distance from the origin� Then each

element of A is paradoxical under SL2[R]� and any two elements of A are

SL2[R]�equidecomposable�

* Supported by the Hungarian National Foundation for Scientific Research, Grant T019476.
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If a bounded set A � X contains a triangle with one vertex at (0� 0) then
there are rotations �1� � � � � �n about the origin such that �1(A) � � � � � �n (A)

contains a set of the form fx � R2 : 0 �jx j�rg. The fact that all these sets
are paradoxical and are equidecomposable to each other, is a consequence of
the next result.

Theorem �� Let B denote the system of those bounded sets A �
R2 n f(0� 0)g for which there are linear transformations �1� � � � � �n � SL2[R]

such that
nS

i=1
�i (A) � f(0� 0)g contains a neighbourhood of the origin� Then

each element of B is paradoxical under SL2[R]� and any two elements of B

are SL2[R]�equidecomposable�

Lemma �� Let the real numbers ak � bk � ck � dk �k � I � be algebraically

independent over the rationals� and suppose that the numbers Dk = akdk �
� bkck are positive for every k � I � Then the linear transformations

�k =

�
ak�

p
Dk bk�

p
Dk

ck�
p
Dk dk�

p
Dk

�

�k � I � generate a free subgroup of SL2[R]�

Proof� It is well-known that �
�h

a b
c d

i�
= ax+b

cx+d defines a homomorp-

hism of SL2[R] into the group of linear fractional transformations. By a theo-
rem of John vonNeumann [4], the transformations 	k = (ak x+bk )�(ckx+dk )
(k � I ) generate a free group (see also [1], Theorem 3.1). Since �(�k ) = 	k
for every k � I , the statement of the Lemma follows.

The following lemma is a special case of Theorem 3 of [2].

Lemma �� Let G be a locally commutative group acting on a set X and

suppose that G is freely generated by the transformations f1� � � � � fn � Let A and

B be subsets of X such that

(i) for every x � A there are indices 1 � i � j � n � i
j such that fi (x ) � B �

fj (x ) � B �

and

(ii) for every y � B there are indices 1 � i � j � n � i
j and points xi � xj � A
such that fi (xi ) = fj (xj ) = y �
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Then A and B are G�equidecomposable�

Proof of Theorem �� First we note that the action of SL2[R] on X is
transitive. Indeed, if x � y � X are given, then a rotation maps x into jx j, a

linear map of the form
h
c 0
0 1�c

i
maps jx j into jy j, and another rotation maps

jy j into y . Then the composition of these maps belongs to SL2[R], and maps
x into y .

Let A�B � A be fixed. Then every x � X can be mapped, by a linear

transformation �x =

�
ux

11 ux
12

ux
21 ux

22

�
� SL2[R] into int B . By the continuity of

�x , there is an �x �0 such that whenever jz � x j ��x and jai j � ux
i j j ��x

for every i � j = 1� 2, then �(z ) � B , where � =

�
a11�

p
D a12�

p
D

a21�
p
D a22�

p
D

�
and

D = a11a22 � a12a21. Since cl A (the closure of A) is compact, there is a
finite set U � cl A such that the open balls B(x � �x ) (x � U ) cover cl A. In
the same way we find another finite set V � B and positive numbers 
y for
every y � B with the following properties: the open balls B(y� 
y ) (y � V )

cover cl B , and for every y � V there are numbers v y
i j

(i � j = 1� 2) such that

whenever jw�y j�
y and jci j�vyi j j�
y for every i � j = 1� 2, then �(w ) � A,

where � =

�
c11�

p
D c12�

p
D

c21�
p
D c22�

p
D

�
and D = c11c22 � c12c21.

Now we choose real numbers ax
i j , b

x
i j , c

y
i j , d

y
i j (i � j = 1� 2; x � U ,

y � V ) such that they are algebraically independent over the rationals and
satisfy the following inequalities: jax

i j � ux
i j j��x , jbxi j � ux

i j j��x for every

i � j = 1� 2 and x � U , and jcy
i j
� v

y
i j
j �
y , jdy

i j
� v

y
i j
j �
y for every

i � j = 1� 2 and y � V . Let Dx
a = ax

11a
x
22 � ax

12a
x
21, Dx

b = bx11b
x
22 � bx12b

x
21,

D
y
c = c

y
11c

y
22�c

y
12c

y
21, Dy

d
= d

y
11d

y
22�d

y
12d

y
21 for every x � U and y � V . We

put �x =

�
ax

11�
p
Dx

a ax
12�

p
Dx

a

ax
21�

p
Dx

a ax
22�

p
Dx

a

�
, and define 	x , �y , �y analogously. By

Lemma 1, the transformations �x , 	x (x � U ) and �y , �y (y � V ) generate
a free group G � SL2[R]. Since the action of SL2[R] is locally commutative
on X , so is the action of G . Now it follows from the construction that for
every z � A there is an x � U such that �x (z ) � B and 	x (z ) � B ,
and for every w � B there is a y � V and there are points z1, z2 � A
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such that (�y )�1(z1) = (�y )�1(z2) = w . Then, by Lemma 2, A and B are
G-equidecomposable. Since G � SL2[R], it follows that any two elements
of A are SL2[R]-equidecomposable. Now every element A � A contains two
disjoint subsets also belonging to A, and thus A is paradoxical.

Proof of Theorem �� Let A � B be fixed, and suppose that A is not
paradoxical. Then, by Tarski’s theorem ([5], Corollary 9.2, p. 128), there is
a finitely additive and SL2[R]-invariant measure defined on all subsets of
X such that �(A) = 1. Let Br denote the punctured disk fx � X : 0 �
�jx j � rg. By the definition of the class B, there are linear transformations

�1� � � � � �n � SL2[R] and there is an r �0 such that Br �
nS

i=1
�i (A). Thus

we have m = �(Br ) ��. By Theorem 1, every element of the class A is
equidecomposable to a subset of Br and, consequently, has finite �-measure.
Since all these sets, by the same theorem, are paradoxical, they must be of
�-measure zero. In particular, all annuli of the form fx � X : a �jx j � bg
(0 �a �b) are of measure zero. As � is nonnegative, it follows that all
bounded sets having positive distance from the origin are of measure zero.
Then �(H � Bs ) = �(H ) for every bounded set H � X and for every s �0,
since �(H nBs ) = 0. Therefore �(Bs ) = �(Br ) = m for every s . Since A � Bs

if s is large enough, we have m �0, and thus 0 �m ��.

Now we define �(H ) = �(H �Br ) for every H � X . Then � is a finitely
additive measure defined on all subsets of X such that �(X ) = m � (0��). Let
H � X and � � SL2[R] be arbitrary; we prove �(�(H )) = �(H ). Let t �0 be

so small that Bt � ��1(Br ). Then, using the facts that � is SL2[R]-invariant

and ��1(Br ) is bounded, we obtain

�(�(H )) = �(�(H ) � Br ) = �(H � ��1(Br )) = �(H � ��1(Br ) � Bt ) =

= �(H � Bt ) = �(H � Bt � Br ) = �(H � Br ) =

= �(H )�

as we stated. We proved that � is a finitely additive measure on all subsets
of X , and it is invariant under SL2[R]. Since 0 ��(X ) ��, this contradicts
the fact that X is paradoxical under SL2[R]. This contradiction proves that A
is paradoxical for every A � B.

Now we show that any two elements of B are SL2[R]-equidecomposable.
Let S denote the type semigroup of the action of SL2[R] on X , and let
[H ] � S be the type of the set H � X (see [5], Chapter 8). If 0 �r �s
then, by Theorem 1, Bs n Br is equidecomposable to a subset of Br and
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thus [Br ] � [Bs ] � 2[Br ]. Now Br , being an element of B, is paradoxical.
Therefore [Br ] � [Bs ] � 2[Br ] = [Br ], and thus [Br ] = [Bs ] for every
r� s �0.

If A � B then, by the definition of the class B, we have [Br ] � n 	 [A],
where n is a positive integer and r is small enough. On the other hand, if s
is large enough then A � Bs and thus [A] � [Bs ]. Therefore n 	 [Bs ] = n 	
	 [Br ] = [Br ] � n 	 [A] � n 	 [Bs ], which implies n 	 [A] = n 	 [Bs ], and,
by cancellation ([5], Theorem 8.7), [A] = [Bs ]. Thus the sets A and Bs are
SL2[R]-equidecomposable for every A � B and for every s �0, proving that
any two elements of B are SL2[R]-equidecomposable.
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1. Introduction

Soient m , n des entiers stictement positifs, � la fonction d’Euler

�(n) := #f1 � m � n; (m� n) = 1g�
� la fonction somme des diviseurs

�(n) :=
X
d j n

d�

et soit P(n) le plus grand facteur premier divisant n .

Pour x , y deux réels strictement positifs et f une fonction multiplicative,
notons
N (x � y) :=

X
�(n)�x
P(n)�y

1� S (x � y) :=
X

�(n)�x
P(n)�y

1� �f (x � y) :=
X
n�x

P(n)�y

f (n)�

F (x � y) :=
X
f (n)�x
P(n)�y

1 et F (x ) :=
X

f (n)�x
1�

La résolution de certains problèmes en théorie des nombres nécessite la con-
naissance du comportement de �f (x � y). En particulier � (x � y) correspondant
au cas f (n) = 1 intervient dans la théorie du crible et a fait l’objet de nombreux
travaux (cf. par exemple [2], [3], [4], [5], [8]); Hildebrand [3], utilisant
l’identité

(1�1) (log x )� (x � y)�
xZ

1

� (t � y)
t

dt =
X
pr�x
p�y

�

�
x

pr
� y

�
log p�
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et une itération sur u := log x
log y , a démontré que

(1�2) � (x � y) = x�(u)

�
1 + O�

�
u log(u + 1)

log x

��
�

uniformément dans le domaine

(H�) x � 3� exp(log log x )
5
3 +� � y � x �

oú � est la fonction de Dickman définie comme l’unique solution continue
sur [0��[ du système�

�(u) = 1 0 � u � 1,

�u��(u) = �(u � 1) u � 1.

Le but de ce travail est d’établir des résultats analogues à (1.2) en
particulier pour N (x � y) et S (x � y); cela résultera d’un résultat plus général
concernant F (x � y) pour la classe de fonctions E suivante.

D�efinition �� Etant données deux constantes positives B et H , on note
E := E(B�H ) la classe de fonctions multiplicatives vérifiant:

i) Pour k � 1 il existe un polynôme Qk unitaire, de degré k et à coefficients
dans [�1� B] tel que:

f (pk ) = Qk (p) (p premier).

ii) Pour tout nombre premier p

1 � f (pj ) � f (pk ) (1 � j � k )�

iii) f (n) � n(log log(n))�H (n � 3).

Il résulte de i) que, pour tout f � E et tout nombre premier p, on a

pk � pk � 1
p � 1

� f (pk ) � pk + B
pk � 1
p � 1

(k � 1)

ce qui entraine que

(1�3) 1 � f (pk ) � pk (1 + B)

et

(1�4)
1
2
pk � f (pk ) (p � 3)�

Remarquons que si x � Q1(y) et f � E alors, tout diviseur premier d’un entier
n , vérifiant f (n) � x , est plus petit que y . En effet, si p est un tel diviseur,
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d’après ii), on a Q1(p)) = f (p) � f (n) � x � Q1(y), ce qui implique, compte
tenu de la croissance de la fonction Q1, que p � y et par suite, on a

F (x � y) = F (x ) (x � Q1(y))�

La quantité F (x ) pour f � E, fut étudiée par Smati [9], il a montré par
une méthode élémentaire que

(1�5) F (x ) = A(f )x
n

1 + Oc

�
exp�c

p
log x log log x

�o
(x ��)�

oú c est une constante arbitraire �1p
2

et

A(f ) :=
Y
p�2

�
1� p�1

��	1 +
X
k�1

(Qk (p))�1



A �

améliorant ainsi un résultat de Ivi�c [6].

Notre résultat principal est:

Th�eor�eme �� Pour toute fonction f de la classe E et tout � 	0 il existe

un r�eel x0 	0� tel que l�on a

F (x � y) = A(f )x�(v )

�
1 + O�

�
v log(v + 1)

log x

��
�

uniform�ement pour x � x0 et 1 � v � log x

log log x
5
3 +�

avec

v :=
log x

log(Q1(y))
�

Nous en déduisons les deux corollaires suivants

Corollaire �� Pour tout � 	0 il existe un r�eel x0 	0� tel que l�on a

N (x � y) = Ax�(v )

�
1 + O�

�
v log(v + 1)

log x

��
�

uniform�ement pour x � x0 et exp(log log x )
5
3 +� � y � x +1� avec v = log x

log(y�1)

et A = �(2)�(3)
�(6) �

Ceci améliore un résultat antérieur de A� Smati et J� Wu [10].
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Corollaire �� Pour tout � 	0 il existe un r�eel x0 	0� tel que l�on a

S (x � y) = A�x�(v )

�
1 + O�

�
v log(v + 1)

log x

��
�

uniform�ement pour x � x0 et exp(log log x )
5
3 +� � y � x�1� avec v = log x

log(y+1)

et A� =
Q
p�2

�
1� p�1

��
1 +

�P
k=1

p�1
pk+1�1

�
�

Un résultat similaire à notre théorème 1 vient d’être obtenu indépendam-
ment par A� Smati et J� Wu [11], par des méthodes différentes. Leur méthode
est analytique et utilise une technique récente de M� Balazard et G� Te�
nenbaum [2], fondée sur des estimations de sommes d’exponentielles dûes à
Karatsuba [7].

Notre méthode s’inspire de celle de A� Hildebrand [3] qui utilise
l’équation fonctionnelle (1.1). En remarquant q’une inégalité fonctionnelle
suffit, nous établirons

(1�6) (log x )F (x � y)�
xZ

1

F (t � y)
t

dt �
X

f (pk )�x
p�y

F

�
x

f (pk )
� y

�
log(f (pk ))�

ce qui nous permettra d’obtenir le théorème par une itération sur le paramètre

v = log x
log(Q1(y)) .

Certaines de nos lemmes, en apparence analogues aux lemmes de A�

Hildebrand [3], nécessitent cependant une démonstration spécifique.

Remerciement� Nous remercions le Professeur H� Daboussi, pour son
aide et ses conseils, ainsi que le Professeur J� Wu pour nous avoir transmis
sa prépublication [11].

2. Lemmes

Dans ce paragraphe, nous regroupons des lemmes techniques qui sont
utiles par la suite. Commençons tout d’abord par donner des estimations de
certaines sommes faisant intervenir f (p), quand f est dans E.
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Lemme �� Pour toute fonction f de la classe E� il existe une constante C �

telle que pour tout r�eel x � 3 et tout � 	0 on aX
f (p)�x

1
f (p)

= log log x + C + O

�
1

log x

�
�(2�1)

X
f (p)�x

log(f (p)) = x

�
1 + O�

�
exp�(log x )

3
5��

��
�(2�2)


f (x ) :=
X

f (p)�x
1 =

x

log x
+ O

�
x

(log x )2

�
�(2�3)

et les constantes implicites intervenant dans les termes de reste d�ependent au

plus de B �

Ce lemme est une conséquence facile du théorème des nombres premiers,
compte tenu de l’identité

f (p) = p + b (f � E� b � [�1� B])�

Le lemme suivant est dû à A� Hildebrand.

Lemme �� �Lemme 1 de Hildebrand [3]�� La fonction � de Dickman

est d�ecroissante pour v � 0 et v�eri�e

�(v ) = 1� log v (1 � v � 2)�(2�4)

v�(v ) =

vZ
v�1

�(t)dt (v � 1)�(2�5)

0 ��(v ) � 1 (v � 0)�(2�6)

��(v )
�(v )

	 log(v log2(v )) (v � e4)(2�7)

�(v � t)
�(v )

	 (v log2(v + 1))t �(2�8)

uniform�ement pour 1 � v et 0 � t � v �

Lemme �� Uniform�ement pour y � 3 et 1 � v � p
Q1(y)� on a	

(2�9)

vZ
0

�(v � t)Q1(y)�tdt 	 �(v )
logQ1(y)

�
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Preuve� En appliquant (2�8) et tenant compte de l’hypothèse 1 � v �
� p

Q1(y), nous obtenons

1
�(v )

vZ
0

�(v � t)Q1(y)� tdt 	
vZ

0

�
v log2(v + 1)

Q1(y)

�t

dt �

�

p
Q1(y)Z
0

�
log2(Q1(y) + 1)p

Q1(y)

�t

dt � 1
lgQ1(y)

�

oú nous avons utilisé les inégalités suivantes

Q1(y) � y � 1 � 2 (y � 3)

log2(u + 1)
u

�1 (u 	1)�

Lemme 	� Pour toute fonction f de la classe E et uniform�ement pour

y � 3 et 1 � v � Q1(y)1�4 on a	

(2�10)
1

�(v )

X
f (pk�Q1(y)v

p�y� k�2

log(f (pk ))

f (pk )
�

�
v � log f (pk )

log(Q1(y))

�
	 1�

Preuve� La majoration (2�8) entraine que

1
�(v )

X
f (pk )�Q1(y)v

p�y� k�2

log f (pk )

f (pk )
�

�
v � log f (pk )

logQ1(y)

�
	

X
f (pk )�Q1(y)v

p�y� k�2

log f (pk )

f (pk )1�� �

avec, � := log(v log2(v+1)
logQ1(y) .

Choisissons y0 � 3 de façon que

� � 1�3� pour y � y0 et v �Q1(y)
1
4

Il s’ensuit que

X
f (pk )�Q1(y)v

p�y� k�2

log f (pk )

f (pk )1�� �
X

f (pk )�Q1(y)v

p�y� k�2

log f (pk )

f (pk )2�3
�
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�
X

f�(pk )�Q1(y)v

3�p�y� k�2

log f (pk )

f (pk )2�3
+

X
f (2k�Q1(y)v

k�2

log f (2k )

f (2k )2�3
=

= S1 + S2�

Majorons S1, compte tenu de (1.3) et (1.4), par

	
X

3�p�y
log p

X
pk�2x
k�2

k�
p2�3

�k 	 X
3�p�y

log p

p4�3

X
m�0

m + 2�
p2�3

�m �

La série
P
m�0

m+2
tm est uniformément convergente pour 0 �t �1

2 , ce qui

entraine que

S1 	
X

3�p�y

log p

p4�3
	 1�

Puisque f � E, il existe un entier k0 � 2, tel que

f (2k ) � 2k

(log log 2k )H
� 2k�1 (k � k0)�

S2 est alors majorée par

	
k0X
k=2

k log 2 + log(1 + B)

f


2k
�2�3

+
X
k�k0

k log 2 + log(1 + B)

2k�1 	 1�

ce qui termine la preuve du lemme pour y � y0. Dans le cas 3 � y � y0,
le résultat cherché est trivial puisque le membre de gauche de (2.10) est une
somme finie.

Lemme 
� Pour toute fonction f de la classe E et tout � strictement positif

�x�e� on a uniform�ement pour y � y0(�)� v � 1 et 0 � 
 � 1
(2�11)

X
f (p)�Q1(y)�

log f (p)
f (p)

�

�
v � log f (p)

logQ1(y)

�
= logQ1(y)

vZ
v��

�(t)dt + R(v � y)�

o�u

R(v � y) 	 ��(v )
n

1 + v log2(v + 1) exp(� log3�5��((Q1(y))
o
�
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Preuve� Le membre de gauche est égal à l’integrale de Stieltjes suivante:

X
f (p)�Q1(y)�

log f (p)
f (p)

�

�
v � log f (p)

logQ1(y)

�
=

Q1(y)�Z
1

�
�
v � log s

logQ1(y)

�
s

d(m1(s))�

oú m1(s) :=
P

f (p)�s
log f (p); par une intégration par parties, on a

X
f (p)�Q1(y)�

log p
f (p)

�

�
v � log f (p)

logQ1(y)

�
=

= m1(Q1(y)� )
�(v � 
 )

Q1(y)�
�

Q1(y)�Z
1

m1(s)
d

ds

�
	�

�
v � log s

logQ1(y)

�
s



A ds�

Il résulte de (2.2), compte tenu du changement de variables s = Q1(y)t , que

X
f (p)�Q1(y)�

log f (p)
f (p)

�

�
v � log f (p)

logQ1(y)

�
= P + R�

avec

P = �(v � 
 ) +

�Z
0

f��(v � t) + (logQ1(y))�(v � t)gdt

= (logQ1(y))

vZ
v��

�(t)dt + �(v )�

et

R 	 ��(v � 
 ) exp

�
�(
 logQ1(y))

3
5��

�
+

+

�Z
0

fj��(v � t)j + log(Q1(y))�(v � t)g exp

�
�t(logQ1(y))

3
5��

�
dt�

Posons

U := log(v log2(v + 1)) et V := logQ1(y)�
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les majorations (2.7) et (2.8) entrainent que

R 	 ��(v )

�
	exp(
U � (
V )

3
5�� ) + (U + V )

1Z
0

exp(tU � (tV )
3
5�� )dt



A �

Le premier terme du membre de droite est

� �(v ) sup(1; exp(U �V
3
5�� ))�

ce qui est admissible.

Pour le second terme, nous distinguerons deux cas.

Si U � 1
2V

3
5�� , majorons le terme en question par

� (U +V )

1Z
0

exp

�
�1

2
(tV )

3
5��

�
dt � U + V

V

V
3
5��Z

0

exp

�
�1

2
t

�3
5��

dt 	 1�

Si U 	1
2V

3
5�� , nous pouvons écrire

1Z
0

exp

�
tU � (tV )

3
5��

�
dt �

�

1
2Z

0

exp(tU )dt +

1Z
1
2

exp

�
	tU �

�
V

2

�3
5��



A dt 	

	 1
U

exp

�
U

2

�
+

1
U

exp

�
	U �

�
V

2

�3
5��



A	

	 1
U

exp

�
U � 1

4
V

3
5��

�
+

1
U

exp

�
	U �

�
V

2

�3
5��



A	 �

	 �
1

U + V
exp

�
U � (V )

3
5��

�
�

ce qui achève la preuve du lemme 5.
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3. Démonstration du théorème

Commençons tout d’abord par traiter le cas 1 � v � 2.

Proposition �� Pour toute fonction f de la classe E� il existe un r�eel x0
positif� tel que pour x � x0 et 1 � v � 2 on a

(3�1) F (x � y) = A(f )x�(v )

�
1 + O

�
1

logQ1(y)

��
�

Preuve� Nous utiliserons l’égalité

(3�2) F (x ) = A(f )x
n

1 + O
�

exp�c
p

log x
�o

(x � 1)�

qui est une forme faible de (1.5).

Remarquons dans ce cas que, si f (n) � x , il existe au plus un nombre
premier p vérifiant

(
) p 	y� �k � 1 tel que pk k n�
En effet, si q est un autre premier vérifiant (
), ii) entraine que

f (p)f (q) = f (pq) � f (n) (f � E)�

Le membre de gauche est strictement supérieur à (Q1(y))2, celui de droite

est inférieur à x , ce qui est impossible puisque x � (Q1(y))2. Ecrivons alors
F (x � y) sous la forme

F (x � y) =
X
f (n)�x
P(n)�y

1 =
X

f (n)�x
1�

X
f (n)�x

�p�y� k�1 et pk k n

1�

Il suit, en regroupant la deuxième somme suivant l’unique nombre premier
vérifiant (
), que

F (x � y) = F (x )�
X
y�p

X
f (n)�x

pk k n� k�1

1 = F (x )�
X
y�p

f (pk )�x

X
f (m)� x

f (pk )
(p�m)=1

1�

Les conditions f (m) � x
f (pk )

et p 	y entrainent que (p�m) = 1, en effet, si q

est un nombre premier divisant m , alors, compte tenu de ii),

Q1(q) = f (q) � f (m) � x

f (pk )
� x

f (p)
� x

Q1(y)
� Q1(y)�
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Par suite, tout diviseur premier de m est plus petit que y et donc (p�m) = 1.
Il en découle que

F (x � y) = F (x )�
X
y�p

f (pk )�x

X
f (m)� x

f (pk )

1 =

= F (x )�
X
y�p

f (p)�x

F

�
x

f (p)

�
�

X
y�p

f (pk )�x � k�2

F

�
x

f (pk )

�
�

F (x � y) = F (x ) � S1 � S2(3�3)

Il résulte de (1.3), compte tenu de l’inégalité F (x ) 	 x valable pour x 	0,
que

(3�4) S2 	
X
y�p

f (pk )�x � k�2

x

f (pk )
	 x

X
y�p

X
k�2

1

pk
	 x

y
�

ce qui est admissible.

Grâce à (3.2) nous écrivons

S1 = A(f )x
X
y�p

f (p)�x

1
f (p)

+ O

�
BB	x X

y�p
f (p)�x

exp�c
r

log
�

x
f (p)

�
f (p)



CCA

= P1 + R1�

la fonction Q1, qui est égale à f sur l’ensemble des nombres premiers, est
injective et croissante, ce qui implique que le terme principal de S1 est égal à

P1 = A(f )x
X

Q1(y)�f (p)�x

1
f (p)

;

il s’ ensuit, en vertu de (2.1), que

P1 = A(f )x

�
log v + O

�
1

log(Q1(y))

��
�

Par ailleurs

R1 	 x
X

Q1(y)�f (p)�x

exp�c
r

log
�

x
f (p)

�
f (p)

	 x

xZ
Q1(y)

exp�c
q

log x
t

t
d
f (t)�
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une double intégration par parties et l’égalité (2.3) fournissent
R1 	

	 x

logQ1(y)

�
B	1 +

xZ
Q1(y)

1

2
q

log x
t

exp�c
q

log x
t

t log t
dt +

xZ
Q1(y)

exp�c
q

log x
t

t
dt



CA �

Il en résulte, compte tenu du changement de variable s =
q

log x
t , que

R1 	
x

logQ1(y)

�
BBBB	1 +

q
log x

Q1(y)Z
0

exp(�cs)

(log x � s2)
ds +

q
log x

Q1(y)Z
0

2s exp(�cs)ds



CCCCA �

Les deux intégrales sont convergentes et donc R1 = O
�

x
log(Q1(x )

�
; par suite

(3�5) S1 = A(f )x

�
log v + O

�
1

logQ1(y)

��
�

La proposition découle alors de (3.2), (3.3), (3.4) et (3.5).

Preuve de l’inégalité (1.7)

Considérons la quantitéX
f (n)�x
P(n)�y

log f (n) (f � E)�

qu’on interprète de deux manières différentes: d’une part en l’écrivant sous la
forme d’une intégrale de Stieltjes et en intégrant par partie,

X
f (n)�x
P(n)�y

log f (n) =

xZ
1

(log t)dF (t � y) = (log x )F (x � y)�
xZ

1

F (t � y)
t

dt �

d’autre part en remplaçant log f (n) par
P

pl k n
log f (pk ) et en permutant les

sommes, X
f (n)�x
P(n)�y

log f (n) =
X
f (n)�x
P(n)�y

X
pk k n

log f (pk ) =
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=
X
p�y

f (pk )�x

log f (pk )
X

f (m)� x

f (pk )
P(m)�y� (m�p)=1

1 �
X
p�y

f (pk )�x

log f (pk )
X

f (m)� x

f (pk )
P(m)�y

1�

Ces deux expressions regroupées donnent l’inégalité souhaitée.

Fin de la démonstration du théorème

Pour v � 1, posons

(

) F (x � y) = A(f )x�(v )(1 + Δ(v � y))

et notons

Δ�(v � y) := sup
1
2�v ��v

jΔ(v �� y)j�

Δ��(v � y) := sup
0�v ��v

jΔ(v �� y)j�

Compte tenu de (3.2), il existe x0 	0 tel que

jΔ(v � y)j � 1 (x 	x0 et 0 �v � 1)�

ce qui nous permet d’écrire

(3�6) Δ��(v � y) � 1 + Δ�(v � y) (x � x0)�

Soit vt := log t
log x ; il résulte de (

) que

F (t � y) = A(f )t�(v )(1 + Δ(vt � y)) (1 � t � x )�

L’identité précédente et l’inégalité (1.7) fournissent

A(f )x log x�(v ) (1 + Δ(v � y)) �

� A(f )

xZ
1

�

�
log t

logQ1(y)

��
1 + Δ

�
log t

logQ1(y)
� y

��
dt+

+A(f )x
X

f (p)�Q1(y)

log f (p)
f (p)

�

�
v � log f (p)

logQ1(y)

��
1 + Δ

�
v � log f (p)

logQ1(y)
� y

��
+

+A(f )x
X

f (pk )�x
p�y� k�2

log f (pk )

f (pk )
�

�
v � log f (pk )

logQ1(y)

��
1 + Δ

�
v � log f (pk )

logQ1(y)
� y

��
�
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ce qui donne, après simplification,

1 + Δ(v � y) � 1
x�(v ) log x

xZ
1

�

�
log t

logQ1(y)

��
1 + Δ

�
log t

logQ1(y)
� y

��
dt+

+
1

�(v ) log x

X
f (p)�Q1(y)

log f (p)
f (p)

�

��
�
v � log f (p)

logQ1(y)

��
1 + Δ

�
v � log f (p)

logQ1(y)
� y

��
+

+
1

�(v ) log x

X
f (pk )�x
p�y� k�2

log f (pk )

f (pk )
�

��
�
v � log f (pk )

logQ1(y)

��
1 + Δ

�
v � log f (pk )

logQ1(y)
� y

��
�

Soit

1 + Δ(v � y) � A1 + A2 + A3�

ou encore

(3�7) jΔ(v � y)j � jA1j + jA2 � 1j + jA3j�

Il découle de (2.9), compte tenu du changement de variable log t
logQ1(y) = v � t �,

que

(3�8) jA1j 	
(1 + Δ��(v � y))
v logQ1(y)

�

En vertu de (2.10), nous pouvons majorer jA3j par

(3�9) jA3j 	
1 + Δ��(v � y)
v logQ1(y)

�

Pour jA2 � 1j, nous introduisons la fonction

�(v ) =
1

v�(v )

vZ
v�1

2

�(s)ds;
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alors, par (2.5),

1
v�(v )

v�1
2Z

v�1

�(s)ds = (1� �(v ))

et par suite

jA2 � 1j =

=

�������
1

�(v ) log x

X
f (p)�pQ1(y)

log f (p)
f (p)

�

�
v � log f (p)

logQ1(y)

�
Δ

�
v � log f (p)

logQ1(y)
� y

�
+

+
1

�(v ) log x

X
p
Q1(y)�

�f (p)�Q1(y)

log f (p)
f (p)

�

�
v � log f (p)

logQ1(y)

�
Δ

�
v � log f (p)

logQ1(y)
� y

�
+

+
1

�(v ) log x

X
f (p)�pQ1(y)

log f (p)
f (p)

�

�
v � log f (p)

logQ1(y)

�
� �(v )+

+
1

�(v ) log x

X
p
Q1(y)�f (p)�Q1(y)

log f (p)
f (p)

�

�
v � log f (p)

logQ1(y)

�
� (1� �(v ))

������� �
Ou encore

jA2 � 1j � 1
�(v ) log x

X
f (p)�pQ1(y)

log f (p)
f (p)

�

�
v � log f (p)

logQ1(y)

�
Δ�(v � y)+

+
1

�(v ) log x

X
p
Q1(y)�f (p)�Q1(y)

log f (p)
f (p)

�

�
v � log f (p)

logQ1(y)

�
Δ�
�
v � 1

2
� y

�
+

+

�������
1

�(v ) log x

X
f (p)�pQ1(y)

log f (p)
f (p)

�

�
v � log f (p)

logQ1(y)

�
� �(v )

�������+

+

�������
1

�(v ) log x

X
p
Q1(y)�f (p)�Q1(y)

log f (p)
f (p)

�

�
v � log f (p)

logQ1(y)

�
� (1� �(v ))

������� �
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Il résulte des applications du Lemme 5 dans les deux cas 
 = 1
2 et 
 = 1, pour

y � y0 et1 � v � log x

log log x
5
3 +�

, que

jA2 � 1j � �(v )Δ�(v � y) + (1� �(v )Δ�
�
v � 1

2
� y

�
+ O�

�
1 + Δ��(v � y)
v logQ1(y)

�

ce qui donne, en tenant compte de (3.7), (3.8) et (3.9),

jΔ(v � y)j � �(v )Δ�(v � y) + (1� �(v ))Δ�
�
v � 1

2
� y

�
+ O�

�
1 + Δ��(v � y)
v logQ1(y)

�
�

II vient par (3.6) que

(3�10) jΔ(v � y)j � �(v )Δ�(v � y)+(1��(v ))Δ�
�
v � 1

2
� y

�
+O�

�
1 + Δ�(v � y)
v logQ1(y)

�
(x � x0)�

Par ailleurs, on a

1
2

�
Δ�(v � y) + Δ�

�
v � 1

2
� y

��
�
�
�(v )Δ�(v � y) + (1� �(v ))Δ�

�
v � 1

2
� y

��
=

=

�
1
2
� �(v )

��
Δ�(v � y)� Δ�

�
v � 1

2
� y

��
�

La croissance de la fonction � sur ]0��] et l’égalité (2.2) impliquent, que

2�(v ) =
2

v�(v )

vZ
v�1

2

�(s)ds � 1
v�(v )

v�1
2Z

v�1

�(s)ds +
1

v�(v )

vZ
v�1

2

�(s)ds = 1

et donc �(v ) � 1
2 ; cela entraine que

�(v )Δ�(v � y) + (1� �(vΔ�
�
v � 1

2
y

�
� 1

2

�
Δ�(v � y) + Δ�

�
v � 1

2
� y

��
�

Ainsi nous obtenons, compte tenu de l’inégalité (3.10),

jΔ(v � y)j � 1
2

�
Δ�(v � y) + Δ�

�
v � 1

2
� y

��
+ O�

�
1 + Δ�(v � y)
v logQ1(y)

�
�

Prenons pour le moment un réel v �, 1
2 � v � � v .
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Si v � 1
2 � v � � v , la majoration

1
v � 	

1
v

et la croissance en t de la fonction Δ�(t � y) impliquent que

(3�11) jΔ(v �� y)j � 1
2

�
Δ�(v � y) + Δ�

�
v � 1

2
� y

��
+ O�

�
1 + Δ�(v � y)
v logQ1(y)

�
�

Si 1
2 � v � � v � 1

2 , nous avons les inégalités suivantes

jΔ(v �� y)j � Δ�(v �� y) � Δ�
�
v � 1

2
� y

�
� 1

2

�
Δ�(v � y) + Δ�

�
v � 1

2
� y

��
�

Il s’ensuit que l’inégalité (3.11) est vérifiée pour tout 1
2 � v � � v .

Ainsi

Δ�(v � y) � 1
2

�
Δ�(v � y) + Δ�

�
v � 1

2
� y

��
+ O�

�
1 + Δ�(v � y)
v logQ1(y)

�
�

ou encore

Δ�(v � y) � Δ�
�
v � 1

2
� y

�
+ O�

�
1 + Δ�(v � y)
v logQ1(y)

�
�

Une itération de cette inégalité jusqu’à v0, 3
2 � v0 � 2, donne

Δ�(v � y) � Δ�(v0� y) + O�

�
log v

logQ1(y)
(1 + Δ�(v � y))

�
�

Il en découle, compte tenu de (3.1), que

Δ�(v � y) 	 

1 + Δ�(v � y)

� log(v + 1)
logQ1(y)

(x � x0)

Δ� 	 log(v + 1)
logQ1(y)

(x � x0)�

ce qui achève la démonstration du théorème.
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1. Introduction

In this paper we study quasilinear elliptic problems. Using techniques
from nonsmooth critical point theory, as this was formulated by Chang [7],
we prove two existence theorems under different nonresonance conditions.

Elliptic problems with discontinuities have been studied in the past,
primarily for semilinear problems. The methods employed for the analysis
of such problems vary. They can be traced in the works of Ambrosetti�
Badiale [1] (which is based on Clarke’s dual variational principle), Chang
[7] (which uses nonsmooth critical point theory), Rauch [12] (which is ba-
sed on truncation and approximation techniques) and Stuart [13] (which
employs the method of upper and lower solutions). Nonlinear problems were
considered only recently by Boucherif�Slimani [5] and Drabek [9], who
deal with one-dimensional problems (i.e. N = 1). In Boucherif–Slimani
the discontinuous forcing term has only one jump discontinuity while in
Drabek the forcing term is a Caratheodory function. Higher dimensional
problems (i.e. N �1) were considered by Arcoya�Calahorrano [3],
Boccardo�Drabek�Giachetti�Kucera [4], Bougouima [6] and Costa�

Magalhaes [8].
2. Mathematical preliminaries

Let Z � RN be a bounded domain with a C 1-boundary Γ. The problem
under consideration is the following:

* Researcher supported by the General Secretariat of Research and Technology of Greece.
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(1)

�
� div

�
kDx (z )kp�2Dx (z )

�
= f (z � x (z )) in Z

x jΓ = 0� 2 � p ���

�
�

Here f : Z �R � R is in general discontinuous and so problem (1) need
not to have a solution. In order to be able to develop a reasonable existence
theory, we need to pass to a multivalued variant of (1) by, roughly speaking,
filling in the gaps at the discontinuity points of f (z � � ). For this purpose we
define the following two functions

f0(z � r ) = lim
r ��r

f (z � r �) = lim
��0

ess inf
jr ��r j��

f (z � r �)

and f1(z � r ) = lim
r ��r

f (z � r �) = lim
��0

ess sup
jr ��r j��

f (z � r �)

Using these two functions we define the multifunction f̂ (z � r ) =
= [f0(z � r )� f1(z � r )] and instead of (1), we consider the following multivalued
variant of it:

(2)

�
� div(kDx (z )kp�2Dx (z )) � f̂ (z � x (z )) in Z
x jΓ = 0� 2 � p ���

�
It is this problem that we shall investigate in this paper.

Definition� By a solution of (2), we mean a function x � W
1�p
0 (Z )

for which there exists a function g � Lq (Z )
�

1
p + 1

q = 1
�

such that g(z ) �

� f̂ (z � x (z )) a.e. on Z and�
� div(kDx (z )kp�2Dx (z ) = g(z ) a.e. on Z
x jΓ = 0�

�

In Arcoya�Calahorrano [3], f (z � � ) has only one jump discontinuity
at x = 0 and the authors give conditions under which a solution of (2) is
in fact a solution of (1). Note that if f (z � x ) is a Caratheodory function (i.e.
z � f (z � x ) is measurable and x � f (z � x ) is continuous) then f̂ (z � x ) =
= ff (z � x )g and so problems (1) and (2) coincide.

As we already mentioned in the introduction, our approach will be vari-
ational and will use the nonsmooth critical point theory for locally Lipschitz
functionals developed by Chang [7]. So for the convenience of the reader,
we will recall here the main aspects of this theory, which we will need in the
sequel.



2016. december 19. – 23:05

NONLINEAR ELLIPTIC EQUATIONS WITH DISCONTINUOUS NONLINEARITIES 167

Let X be a Banach space and X � its topological dual. A function f :
X � R is said to be locally Lipschitz, if for every x � X , there exists a
neighbourhood U of x and a constant k depending on U such that jf (y) �
� f (z )j � kky � zk for all y� z � U . Recall that a proper, convex and lower

semicontinuous function g : X � R = R 	 f+�g is locally Lipschitz in the
interior of its effective domain, domg = fx � X : g(x ) �+�g. Given a
direction y � X , we can define a generalized directional derivative of f ( � ) at
x in the direction y , by

f 0(x ; y) = lim
x ��x
��0

f (x � + �y)� f (x �)
�

�

The function f 0(x ; � ) is sublinear and continuous. So it is the support function
of the convex set �f (x ) defined by

�f (x ) = fx� � X � : (x�� y) � f 0(x ; y) for all y � X g�

We call �f (x ) the “subdifferential of f ( � ) at x”. Evidently for every x � X ,
�f (x ) is a nonempty, convex and w�-compact set. Moreover, if f ( � ) is also
convex, then �f ( � ) coincides with the subdifferential in the sense of convex

analysis and f 0(x ; � ) = f �(x ; �) where f �(x ; � ) is the directional derivative
of f ( � ) at x . If f1, f2 : X � R are both locally Lipschitz functions then
�(f1 + f2)(x ) 
 �f1(x ) + f2(x ). Also for every � � R, �(�f )(x ) = ��f (x ). If
f : X � R is continuously Gateaux differentiable, the �f (x ) = fDf (x )g.
Finally if x � X is a local minimum of f ( � ), then 0 � �f (x ).

In the variational approach we look for the critical points of an appropri-
ately defined “energy” functional. Here due to the presence of discontinuities,

the energy functional is not a C 1 but only locally Lipschitz. So the notion of
a “critical point” is defined as follows:

Definition� Let f : X � R be locally Lipschitz. A point x0 � X is said
to be a “critical point” of f ( � ), if 0 � �f (x0).

A basic tool in the variational theory is a compactness type condition on
the functional f ( � ), known as the “Palais–Smale condition” ((PS)-condition).
In the present context of locally Lipschitz functions, this condition takes the
following form:

Definition� A locally Lipschitz functional f : X � R satisfies the
“(PS)-condition”, if any sequence fxngn�1 
 X along which ff (xn )gn�1

is bounded and m(xn ) = min[kvkX � : v � �f (xn )]
n��
�� 0, possesses a

convergent subsequence.
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Using this notion we have the following nonsmooth version of the
well-known “Mountain Pass Theorem” of Ambrosetti�Rabinowitz [2] (see
Chang [7], theorem 3.4).

Theorem �� If X is a re�exive Banach space� f : X � R is a locally

Lipschitz functional which satis�es the �PS��condition and also satis�es the

following conditions�

(i) f (0) = 0 and there exist �� 	 �0 with f j�B� � 	� �B� = fx � X : kxk�

��g and �B� = fx � X : kxk = �g�	

(ii) there exists y � X with kyk�� such that f (y) � 0�

then f ( � ) possesses a critical point x � X with critical value f (x ) � 	


In the sequel we will use the first eigenvalue of the following quasilinear
eigenvalue problem:

(3)

�
� div(kDx (z )kp�2Dx (z )) = �jx (z )jp�2x (z ) in Z
x jΓ = 0�

�
�

From Lindqvist [11] we know that there exists the first eigenvalue
�1 �0 of (3), which is simple and isolated. A corresponding eigenfunction

u1 �W
1�p
0 (Z )�L�(Z ) can be choosen so that u1(z ) �0 a.e. on Z . Also the

first eigenvalue is the minimum of the Rayleigh quotient:

�1 = min

�
kDxk

p
p

kxk
p
p

: x �W
1�p
0 (Z )� x
0

�
� �1 =

kDu1k
p
p

ku1k
p
p
�

3. Existence theorems

In this section we prove two existence theorems for problem (2). The
first existence theorem is based on a nonresonance condition in which we
have crossing of the first eigenvalue �1 �0. More precisely our hypotheses
on f (z � x ) are the following:

H(f)1: f : Z �R � R is a Borel measurable function such that

(i) f0(z � r ), f1(z � r ) are finite and N-measurable (i.e. for all x : Z � R
measurable, z � f0(z � x (z )) and z � f1(z � x (z )) are both measurable);
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(ii) there exist � , � � L�(Z ) such that lim
r���

f (z �r )
jr jp�2r

= �(z ) and

lim
r��

f (z �r )
jr jp�2r

= �(z ) uniformly for almost all z � Z and with

ess sup
z�Z

�(z ) ��1 �ess inf
z�Z

�(z );

(iii) lim
jr j�0

jf (z �r )j

jr jp1�1 �+� uniformly for almost all z � Z . with p�p1 �
Np
N�p

if p �N , p �p1 �� if p � N and for every M �0 there exists

M � L�(Z ) such that jf (z � r )j � 
M (z ) a.e. on Z , for all jr j �M .

Remark� From hypotheses H(f)1(ii) and (iii) it easily follows that f (z � r )

satisfies the following growth condition: jf (z � r )j � �1(z ) + c1jr j
p�1 a.e. on

Z , with �1 � L
q (Z ), c1 �0.

In what follows let F (z � x ) =
xR
0
f (z � r )dr (the potential function cor-

responding to f ). Then let G : W
1�p
0 (Z ) � R be defined by G(x ) =

=
R
Z

F (z � x (z ))dz . From Chang [7] we know that G( � ) is locally Lipschitz.

Then let R : W 1�p
0 (Z ) � R be defined by R(x ) = 1

pkDxk
p
p �G(x ). Evidently

R( � ) is locally Lipschitz.

Proposition �� If hypotheses H(f)1 hold� then R( � ) satis�es the �PS��

condition


Proof� Let fxngn�1 
 W
1�p
0 (Z ) be a sequence such that sup

n�1
jR(xn )j �

�� and m(xn ) = inf[kx�k : x� � �R(xn )]
n��
�� 0. We will show that

fxngn�1 has a strongly convergent subsequence. To this end let x�n � �R(xn )
be such that m(xn ) = kx�n k, n � 1. The existence of these elements follows

from the weak compactness of �R(xn ) 
 W�1�q (Z ) and the weak lower

semicontinuity of the norm functional. Let A : W 1�p
0 (Z ) � W�1�q (Z ) be

defined by

hA(x )� yi =
Z
Z

kDx (z )kp�2(Dx (z )� Dy(z ))RN dz for all x � y �W
1�p
0 (Z )�

It is easy to see that A( � ) is monotone and demicontinuous (hence ma-

ximal monotone). Also if J : W 1�p
0 � R is defined by J (x ) = 1

pkDxk
p
p, then
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J �(x ) = A(x ). Hence �R(xn ) 
 A(xn )� �G(xn ) and so x�n = A(xn )� gn with

gn � �G(xn ), n � 1 and kA(xn )� gnk�
n��
�� 0.

Now suppose that fxngn�1 is not bounded is W 1�p
0 (Z ). Hence by passing

to a subsequence if necessary, we may assume that kxnk1�p
n��
�� �. Let

yn = xn
kxnk1�p

, n � 1. Evidently kynk1�p = 1. Thus by passing to a subsequence

if necessary and using the fact that W 1�p
0 (Z ) is embedded compactly in Lp(Z ),

we may assume that yn
w
� y in W 1�p

0 (Z ), yn
n��
�� y in Lp(Z ), yn (z )

n��
�� y(z )

a.e. on Z . Vitali’s theorem will be applied.

We will show that

(4)
f0(z � xn (z ))

kxnk
p�1
1�p

�� �(z )jy+(z )jp�2y+(z ) � �(z )jy�(z )jp�2y�(z ) a.e. on Z

and

(5)
f1(z � xn (z ))

kxnk
p�1
1�p

�� �(z )jy+(z )jp�2y+(z )��(z )jy�(z )jp�2y�(z ) a.e. on Z .

To prove (4) and (5) we proceed as follows. Let Z+ = fz � Z : y(z ) �0g,
Z� = fz � Z : y(z ) �0g and Z0 = fz � Z : y(z ) = 0g. For almost all z � Z+
there exists jvn j � 1 such that

jf0(z � xn (z )) � f (z � xn (z ) + vn )j �
1
n
�

Note that for almost all z � Z+, yn (z ) = xn (z )
kxnk1�p

� y(z ) �0 and so we find

that xn (z )
n��
�� +�. We have						

f0(z � xn (z ))

kxnk
p�1
1�p

� �(z )jy+(z )jp�2y+(z )

						 �

�

						
f (z � xn (z ) + vn )

kxnk
p�1
1�p

� �(z )jy+(z )jp�2y+(z )

						 +
1
n

1

kxnk
p�1
1�p

�

�

						
f (z � xn (z ) + vn )

kxnk
p�1
1�p

� �(z )jyn(z )jp�2yn (z )

						+
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+j�(z )j
			jyn (z )jp�2yn (z ) � jy+(z )jp�2y+(z )

			 +
1

nkxnk
p�1
1�p

a.e. on Z+

Since xn (z ) ��
n��

+�, a.e. on Z+, by virtue of hypothesis H(f)1(ii), we

have 						
f (z � xn (z ) + vn )

kxnk
p�1
1�p

� �(z )jyn(z )jp�2yn (z )

						
n��
�� 0 a.e. on Z+�

Also j�(z )j
			jyn (z )jp�2yn (z )� jy+(z )jp�2y+(z )

			 n��
�� 0 a.e. on Z+ and

1
nkxk

p�1
1�p

n��
�� 0. Hence we have that

f0(z � xn (z ))

kxnk
p�1
1�p

n��
�� �(z )jy+(z )jp�2y+(z ) a.e. in Z+.

With a similar argument we can show that

f0(z � xn (z ))

kxnk
p�1
1�p

n��
�� ��(z )jy�(z )jp�2y�(z ) a.e. on Z0�

Replacing f0 by f1 in the above arguments we can also check that

f1(z � xn (z ))

kxnk
p�1
1�p

n��
�� �(z )jy+(z )jp�2y+(z ) a.e. on Z+.

and
f1(z � xn (z ))

kxnk
p�1
1�p

n��
�� ��(z )jy�(z )jp�2y�(z ) a.e. in Z�.

y�(x ) = �y(x ) if y(x ) �0�

So we have proved that (4) and (5) hold on Z+ 	 Z�. Finally since
xn (z )
kxnk1�p

= yn (z ) � 0 for almost all z � Z0 from the growth property of f

(see the remark following hypotheses H(f)1), we have						
f (z � xn (z ))

kxnk
p�1
1�p

						 �
1

kxnk
p�1
1�p

(�1(z ) + c1jxn (z )jp�1) � 0 a.e. on Z0 
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fi (z � xn (z ))

kxnk
p�1
1�p

						� 0 a.e. on Z0 as n ��� i = 0� 1�

Therefore we conclude that (4) and (5) hold.

Next, let Ĝ : LP (Z ) � R be defined by

Ĝ(x ) =
Z
Z

x (z )Z
0

f (z � r )drdz =
Z
Z

F (z � x (z ))dz �

Evidently G = Ĝj
W

1�p
0 (Z )

and from Chang [7], we know that G( � ) is

locally Lipschitz too. So Theorem 2.2 of Chang [7] implies that �G(x ) 



 �Ĝ(x ) 
 Lq (Z ) for all x � W
1�p
0 (Z ). By definition (see section 2) we

have

�Ĝ(x ) =


�
�v � Lq (Z ) :

Z
Z

v (z )u(z )dz � Ĝ0(x ; u) for every u � Lp(Z )


�
�

where

Ĝ0(x ; u) = lim
h�0
��0

1
�

�
Ĝ(x + h + �y)� Ĝ(x + h)

�
=

= lim
h�0
��0

1
�

Z
Z

(x+h+�u)(z )Z
(x+h)(z )

f (z � r )drdz �

by using the substitution r = x (z ) + h(z ) + ��y(z ) we have

Ĝ0(x ; y) = lim
h�0
��0

1
�

Z
Z

1Z
0

f (z � x (z ) + h(z ) + ��y(z ))�y(z )d�dz �

�

Z
Z

lim
h�0
��0

1Z
0

f (z � x (z ) + h(z ) + ��y(z ))y(z )d�dz (by Fatou’s lemma) �

�

Z
fy�0g

f1(z � x (z ))y(z )dz +
Z

fy�0g

f0(z � x (z ))y(z )dz ���
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Therefore if v � �Ĝ(x ), we haveZ
Z

v (z )y(z )dz �

�

Z
fy�0g

f1(z � x (z ))y(z )dz +
Z

fy�0g

f0(z � x (z ))y(z )dz for all y � Lp(Z ) 



 v (z ) � [f0(z � x (z ))� f1(z � x (z ))] a.e. on Z .

Hence gn (z ) � [f0(z � x (z ))� f1(z � x (z ))] a.e. on Z . Combining this with (4)
and (5) we obtain that

gn (z )

kxnk
p�1
1�p

n��
�� �(z )jy+(z )jp�2y+(z )� �(z )jy�(z )jp�2y�(z ) a.e. on Z .

Moreover, from the growth property of f (z � r ) (which of course is also
valid for f0 and f1), we have						

gn (z )

kxnk
p�1
1�p

						 �
�1(z ) + c1jxn (z )jp�1

kxnk
p�1
1�p

a.e. on Z .

Since the sequence of functions yn = xn
kxnk1�p

is convergent in Lp(Z ), we can

apply Vitali’s convergence theorem to obtain that

gn

kxnk
p�1
1�p

n��
�� � jy+jp�2y+ � �jy�jp�2y� in Lq (Z )�

Recall from the choice of fxngn�1 that we have A(xn ) � gn
n��
�� 0 in

W�1�q (Z ). So for all v �W 1�p
0 (Z ) we have						

Z
Z

kDxn (z )kp�2(Dxn (z )� Dv (z ))RN

kxnk
p�1
1�p

dz �

Z
gn (z )v (z )

kxnk
p�1
1�p

dz

						 �

(6) �
�nkvk1�p

kxnk
p�1
1�p

with lim �n = 0. 





						
Z
Z

kDyn (z )kp�2(Dyn (z )� Dv (z ))RN dz�

Z
Z

gn (z )v (z )

kxnk
p�1
1�p

dz

						 � �n
kvk1�p

kxnk
p�1
1�p
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							hA(yn )� vi �

�
� gn

kxnk
p�1
1�p

� v

�
A
pq

							 �
�nkvk1�p

kxnk
p�1
1�p

Here by h � i we denote the duality brackets for the pair�
W�1�q (Z )�W 1�p

0 (Z )
�

and by ( � � � )pq the duality brackets for the pair
�
Lq (Z )� Lp(Z )

�
. Let v = yn�

� y , n � 1. We have

hA(yn )� yn � ni �

�
� gn

kxnk
p�1
1�p

� yn � y

�
A
pq

+ �n
kyn � yk

kxnk
p�1
1�p

� 0�

As we mentioned earlier A( � ) is monotone, demicontinuous, hence it has
the property (M) (see Zeidler [141, pp. 583–584). So we have hA(yn )� yni =

kDynk
p
p � hA(y)� yi = kDykpp. Since yn

w
� y in W 1	p

0 (Z ) and the latter being

uniformly convex, it has the Kadec–Klee property, we find that yn
n��
�� y in

W
1�p
0 (Z ). Therefore for all v �W 1�p

0 (Z ), we have by (6)Z
Z

kDyn (z )kp�2(Dyn (z )� Dv (z ))RN dz �

Z
Z

gn (z )

kxnk
p�1
1�p

v (z )dz
n��
��

n��
��

Z
z

kDy(z )kp�2(Dy(z )� Dv (z ))RN dz�

�

Z
Z

(�(z )jy+(z )jp�2y+(z )� �(z )jy�(z )jp�2y�(z ))v (z )dz = 0�

So y �W
1�p
0 (Z ) is a weak solution of

(7)�
� div

�
kDy(z )kp�2Dy(z )

�
= �(z )jy+(z )jp�2y+(z )� �(z )jy�(z )jp�2y�(z )

y jΓ = 0�

�

We will show that problem (7) has only the trivial solution. For this

purpose, let y � W
1�p
0 (Z ) be a solution of (7). Apply to (7) the function

v = y� � W
1�p
0 (Z ) (see Gilbarg�Trudinger [10], p. 145) Recall that



2016. december 19. – 23:05

NONLINEAR ELLIPTIC EQUATIONS WITH DISCONTINUOUS NONLINEARITIES 175

Dy�(z ) = 0 if y(z ) � 0 and Dy�(z ) = �Dy(z ) if y(z ) �0 (see Gilbarg�

Trudinger [10], Lemma 7.6, p.145). So we obtainZ
Z

kDy�(z )kpdz = �
Z
Z

�(z )jy�(z )jpdz �

Since �(z ) ��1 �0 a.e. on Z , from the last equality it follows that
y�(z ) = 0 a.e. on Z. On the other hand, since �(z ) ��1 a.e. on Z , from
theorem 3.3 of Boccardo�Drabek�Giachetti�Ku�cera [4], we know that
the quasilinear eigenvalue problem�

� div
�
kDy+(z )kp�2Dy+(z )

�
= �(z )jy+(z )jp�2y+(z ) a.e. on Z

y+jΓ = 0

�

has only the trivial solution. So y+(z ) = 0 a.e. on Z and we conclude that

y = 0. Thus yn
n��
�� y = 0 in W 1�p

0 (Z ) which is impossible since kynk1�p = 1.

This proves the fxngn�1 
 W
1�p
0 (Z ) is bounded. Thus by passing to a

subsequence if necessary, we may assume that xn
w
� x in W 1�p

0 (Z ) and since

the latter space is compactly embedded in Lp(Z ) we also have that xn
n��
�� x

in Lp(Z ). Also we have j hA(xn )� gn � xn � x i j � kA(xn ) � gnk�kxn �

� xk1�p
n��
�� 0. Therefore

lim
n��

hA(xn )� xn � x i � lim
n��

hgn � xn � x i = lim
n��

(gn � xn � x )pq = 0�

As before using the property (M) of the operator A( � ) and the Kadec–Klee

property of the space W 1�p
0 (Z ) we conclude that xn

n��
�� x in W 1�p

0 (Z ), hence
R( � ) satisfies the (PS)-condition.

This proposition allows us to prove the following existence theorem for
problem (2):

Theorem �� If hypotheses H(f)1 hold� then problem (2) admits a nontri�

vial solution


Proof� By virtue of hypothesis H(f)1(ii), uniformly for z � Z n N1,
jN1j = 0, we have

lim
r��

f (z � r )

jr jp�2r
= �(z ) � ess inf�(z ) ��1�
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Hence if �1 �� �ess inf�(z ), we can find M �0 such that for all z � Z nN1
and all r ��M , we have

f (z � r )

jr jp�2r
� � 
 f (z � r ) � �jr jp�2r = (��)jr jp�1 since r ��M �0.

Also for z � Z nN2, jN2j = 0 and �M � r � 0 we have

jf (z � r ) � �1(z ) + c1M
p�2 = 
1(z )�

Therefore if N3 = N1 	 N2 (jN3j = 0), for all z � Z n N3 and all r � 0, we
have

F (z � r ) =

rZ
0

f (z � v )dv = �

0Z
r

f (z � v )dv = �

�MZ
r

f (z � v )dv �

0Z
�M

f (z � v )dv �

� �

�MZ
r

(��)jv jp�1dv �

0Z
�M


1(z )dv = �

�MZ
r

�(�v )p�1d(�v ) + 
1(z )M =

=
�

p
jr jp + 
2(z )

with 
2(z ) = 
1(z )M � 

pM

p, 
2 � Lp(Z ). Let u1 be the eigenfunction

corresponding to the principal eigenvalue �1 �0. Recall (see section 2) that
u1(z ) �0 a.e. on Z . So for � �0 we can write

R(� (�u1)) =
�p

p
kDu1k

p
p �

Z
Z

F (z � � (�u1)(z ))dz �

�
�p

p
kDu1k

p
p �

��p

p
ku1k

p
p � k
2k1 =

�p

p

�
1�

�

�1

�
kDu1k

p
p � k
2k1�

Since �1 �� , we see that R(� (�u1))
���
�� ��, i.e. R( � ) is unbounded

from below.

Next let �(z ) = �(z ) + 1. Then using hypothesis H(f)1(ii) we can find
M1 � 1 such that for all z � Z nN4 and all r � �M1 we have

f (z � r )

jr jp�2r
� �(z ) 
 f (z � r ) � �(z )jr jp�2r � �(z )jr jp1�2r

since M1 � 1. Also because of hypothesis H(f)1(iii), we can find c1 �0 large
enough and � �0 such that for all z � Z nN5, jN5j = 0, and all jr j � �

jf (z � r )j � c1jr j
p1�1�
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Finally for � � jr j �M1, we have

jf (z � r )j � 
M1
(z ) � k
M1

k� a.e. on Z �

We can always choose c1 �0 large enough so that for � � jr j �M1 we have

k
M1
k� � c1jr j

p1�1�

Therefore for z � Z nN6, jN6j = 0, and for 0 � jr j �M1 we have

jf (z � r )j � c1jr j
p1�1�

Thus we can say that for all z � Z n N7, jN7j = jN4 	 N5 	 N6j = 0 and all
r � 0 we have

f (z � r ) � ��(z )jr jp1�2r � c1jr j
p1�1 



 F (z � r ) =

rZ
0

f (z � v )dv = �

0Z
r

f (z � v )dv � 



 � c1

0Z
r

jv jp1�1dv �

0Z
r

�(z )jv jp1�2vdv = 



 = �c1

0Z
r

(�v )p1�1d(�v ) + �(z )

0Z
r

jv jp1�1d(�v ) = 



 = �c1

0Z
r

(�v )p1�1d(�v )� �(z )

0Z
r

(�v )p1�1d(�v ) =
c1 + �(z )

p1
jr jp1 �(9)

On the other hand for all z � Z nN8, jN8j = 0 and all r � 0, we have for
�0 �0 such that ess sup � ��0 ��1,

(10) f (z � r ) � �0jr j
p�1 + c1jr j

p1�1 
 F (z � r ) �
�0
p
rp +

c1
p
rp1 �

From (9) and (10), it follows that for all z � Z n N9, jN9j = 0, and all
r � R, we have

F (z � r ) �
�0
p
jr jp + c2jr j

p1 � c2 �0�

Hence we have

R(x ) �
1
p
kDxk

p
p �

�0
p
kxk

p
p � c2kxk

p1
p1 �
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Since by hypothesis H(f)1(iii) p �p1 �
Np
N�p , from the Sobolev embed-

ding theorem we have that W 1�p
0 (Z ) is continuously embedded in Lp1(Z ).

Recalling that kDxkp is an equivalent norm on W 1�p
0 (Z ), we can find c3 �0

such that kxkp1 � c3kDxkp . So we have

R(x ) �
1
p

�
1�

�1
�1

�
kDxk

p
p � c4kDxk

p1
p � c4 �0�

Since �0 ��1 and 2 � p�p1, we can find ��0 such that if kDxkp = �,
then R(x ) � 	 �0 and R(x ) �0 if 0 �kDxkp ��. Further, R(� (�

�u1))
���
�� ��. Thus we can apply Theorem 1 and find x �W

1�p
0 (Z ) such

that
0 � �R(x ) 
 A(x ) � �G(x ) 
 A(x ) = g� g � �G(x ) 
 Lq (Z )�

So for all � � C�
0 (Z ) we have

hA(x )� �i = hg� �i = (g� �)pq 





Z
Z

kDx (z )kp�2(Dx (Z )� D�(z ))RN dz =
Z
Z

g(z )�(z )dz �

Recall that g(z ) � f̂ (z � x (z )) a.e. on Z . Therefore x � W
1�p
0 (Z ) is a

solution of (2). Since R(x ) � 	�0 = R(0) (see theorem 1), we conclude that
x is a nontrivial solution.

We have another existence theorem with a nonresonance condition below
the first eigenvalue �1 �0. The exact hypotheses on f (z � x ) are the following:

H(f)2: f : Z �R � R is a Borel measurable function such that

(i) f0(z � r ), f1(z � r ) are finite and N-measurable;

(ii) for almost all z � Z and all r � R we have jf (z � r )j � �(z ) + cjr jp1�1

with � � L
p�

p��p1 , p�p1 � p� = Np
N�p , c�0;

(iii) there exist � �p and r0 �0 such that for almost all z � Z and all
jr j � r0 we have 0 ��F (z � r ) � r f (z � r ) and F (z � r0) � ĉ �0 a.e. on Z ;

(iv) lim
r�0

jf (z �r )j
jr jp�1 ��1 uniformly for almost all z � Z .

Remark� Hypothesis H(f)2(iii) together with the nonresonance condition
H(f)2(iv), were first used by Ambrosetti�Rabinowitz [2l in the context of
semilinear problems with smooth data.
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Proposition �� If hypotheses H(f)2 hold� then R( � ) satis�es the �PS��

condition


Proof� Let fxngn�1 
 W
1�p
0 (Z ) be such that fR(xn )gn�1 is bounded

and m(xn )
n��
�� 0. We have to produce a strongly convergent subsequence of

fxngn�1. Let gn � �G(xn ), n � 1, such that m(xn ) = kA(xn ) � gnk�
n��
�� 0,

where as before A : W 1�p
0 (Z ) �W�1�q (Z ) is the monotone, demicontinuous

operator defined by

hA(x )� yi =
Z
Z

kDx (z )kp�2(Dx (z )� Dy(z ))RN dz

for all y �W 1�p
0 (Z ) and k � k� denotes the norm of W�1�q (Z ) = W 1�p

0 (Z )�.

Let � �0 be such that for all n � 1

jR(xn )j =

						
1
p
kDxnk

p
p �

Z
Z

F (z � xn (z ))dz

						 � � 





						
�

p
kDxnk

p
p �

Z
Z

�F (z � xn (z ))dz

						 � ���(11)

From the choice of gn , we can find �n �0, �n � 0 as n �� such that

j hA(xn )� gn � vi j =(12)

=

						
Z
Z

kDxn (z )kp�2(Dxn (z )� Dv (z ))RN dz �

Z
Z

gn (z )v (z )dz

						 � �nkvk1�p

for all v � W
1�p
0 (Z ). So if in (12) we set v = xn and then combine it with

(11), we obtain

(13)

�
�

p
� 1

�
kDxnk

p
p �

Z
Z

(�F (z � xn (z ))�gn (z )xn (z ))dz +�nkxnk1�p +���

But by virtue of hypothesis H(f)2(iii) for almost all z � Z and all jr j � r0 we
have

(14) 0 ��F (z � r ) � r f0(z � r ) and 0 ��F (z � r ) � r f1(z � r )�
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Using (14) and (15), we obtain�
�

p
� 1

�
kDxk

p
p �

Z
fjxn j�r0g

(�F (z � xn (z ))�gn (z )xn (z ))dz +�nkxnk1�p+�� �

� M1 + �nkxnk1�p + ��� M1 �0 (see hypothesis H(f)2(ii))�

Recalling that kDxkp is equivalent to the norm kxk1�p in W 1�p
0 (Z ), from

the above inequality it follows that fxngn�1 is bounded in W 1�p
0 (Z ). Then as

in the proof of Proposition 2, using the fact that A( � ) has the property (M)
(being monotone, demicontinuous), we can have a strongly convergent subse-

quence of fxngn�1 
W
1�p
0 (Z ). Therefore R( � ) satisfies the (PS)-condition.

Now note that hypothesis H(f)2(iv) implies that f (z � 0) = 0 a.e. on Z . So
x = 0 is a solution of problem (2) (trivial solution). Our goal is to establish the
existence of a nontrivial solution. By integrating the inequality of hypothesis
H(f)2(iii) and then taking exponentials, we see that for almost all z � Z and
all r � r0, we have

(15) F (z � r0)
jr j�

r�0
� F (z � r )�

We can now state and prove our second existence theorem for problem
(2)

Theorem 	� If hypotheses H(f)2 hold� then problem (2) admits a nontri�

vial solution


Proof� Let u1 � W
1�p
0 (Z ) � L�(Z ) be the eigenfunction corresponding

to the eigenvalue �1 �0 of the p-Laplacian. Recall that u1 �0 a.e. on Z .
From (15) we have that for almost all z � Z and all r � r0 we have

F (z � r0)
r�

r�0
� r f (z � r )�

Hence it follows that lim
r�+�

f (z �r )
rp�1 = +� uniformly for almost all z � Z

(recall that by hypothesis H(f)2(iii) � �p and F (z � r0) � ĉ �0 a.e. on Z ).
So, given � ��1 we can find M1 �0 such that for almost all z � Z and

all r � M1 we have f (z � r ) � �jr jp�1. Using this and hypothesis H(f)2 (ii)
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we can deduce that for almost all z � Z and all r � 0 we have F (z � r ) �

� 

p jr j

p � 
1(z ) for some 
1 � L
p�

p��p1 (Z ). Therefore for every � �0 we

have

R(�u1) =
�p

p
kDu1k

p
p �

Z
Z

F (z � �u1(z ))dz �

�
�p

p
kDu1k

p
p �

��p

�1p
kDu1k

p
p + k
1k1 =

=
�p

p

�
1 �

�

�1

�
kDu1k

p
p + k
1k1

���
�� ���

because � ��1.

Next, from hypothesis H(f)2(iv), given 0 ��1 ��1, we can find � �0
such that for almost all z � Z and all jr j�� we have

jf (z � r )j � �1jr j
p�1 
 jF (z � r )j �

�1
p
jr jp�

Also from hypothesis H(f)2(ii) we have that for almost all z � Z and all
jr j��

jf (z � r )j � �(z ) + cjx jp1�1 
 jF (z � r )j � �(z )jr j +
c

p
jr jp1 �

Let �3(z ) = 1
�p1�1

�
�(z ) + c

p�
p1�1

�
, �3 � L

p�

p��p1 (Z ). Then it is easy to

see that �3(z )jr jp1 � �(z )jr j + c
p jr j

p1 a.e. on Z and so for almost all z � Z

and all jr j � � we have
jF (z � r )j � �3(z )jr jp1 



 F (z � r ) �
�1
p
jr jp + �3(z )jr jp1 a.e. on Z for all r � R.

Therefore for every x �W 1�p
0 (Z ) we have

R(x ) �
1
p
kDxk

p
p �

�1
p
kxk

p
p �

Z
Z

�3(z )jx (z )jp1dz �

Note that jx ( � )jp1 � Lp(Z ). Hence by Hölders inequality we haveZ
Z

�3(z )jx (z )jp1dz � k�3k�kxk
p1
p�

�
� =

p�

p� � p1

�
�
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So we have

R(x ) �
1
p

�
1�

�1
�1

�
kDxk

p
p � k�3k�kxk

p1
p� �

Since W 1�p
0 (Z ) is embedded compactly in Lp

�
(Z ) (Sobolev embedding theo-

rem) we have

R(x ) �
1
p

�
1�

�1
�1

�
kDxk

p
p � c1kDxk

p1
p� � c1 �0�

Thus we can find � �0 small enough such that R(x ) � 	 �0 for all

x � W
1�p
0 (Z ) with kDxkp = �. Since R(0) = 0, R(x ) �0 if 0 �kDxkp ��

and R(�u1)
���
�� �� we can apply Theorem 1 and obtain x �W 1�p

0 (Z ) such
that 0 � �R(x ) 
 A(x ) � �G(x ) 
 A(x ) 
 �G(x ). As in the proof of
Theorem 3, we can check that x is the desired nontrivial solution of (2).
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1. Introduction

This paper is primarily concerned with the existence and stability proper-
ties of spatially homogeneous respectively nonhomogeneous stationary solu-
tions to a system of reaction-diffusion equations. These equations can be very
important in the modelling and study of population growth and ecological
processes and last but not least in nuclear and chemical reactions, still, due to
the form of the kinetic system this one is rather a predator-prey system.

We are concerned with the system of reaction-diffusion equations

(1�1)
�Sj
�t

= dj � ΔSj + fj (S)

(j � f1� 2g) in Ωi �R+
0 (i � fH�R� Tg) where

ΩH :=

�
(x � y) � R2

��� jx j�H
p

3
2

�

����y +
xp
3

�����H

�
(H �0)�

ΩR :=
n

(x � y) � R2 j 0 �x �a� 0 �y �b
o

(a� b �0)�

ΩT :=
n

(x � y) � R2 j 0 �y �x �b
o

(a �0)

(trivially with piecewise smooth boundary in R2) and the diffusion coefficients

are positive and unequal, fj � C 1(R2�R) (j � f1� 2g). We are looking for

solutions Sj : Ωi � R+
0 � R+

0 that satisfy the no-flux boundary conditions

(homogeneous Neumann conditions) on �Ωi �R+
0:

(1�2) (n � r)Sj = 0
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where n is the outer unit normal on �Ωi ((i � fH�R� Tg), j � f1� 2g). If
S(r� 0) � 0 (r � Ωi ), then our initial-boundary-value problem has a unique,

globally defined solution S =
�
S1
S2

�
which satisfies S(r� t) � 0 for (r� t) �

� Ωi �R+
0 (see Chueh, Conley and Smoller [4]).

2. The kinetic system

Let

f1(S1� S2) := S1 �M1(S1� S2)�

f2(S1� S2) := S2 �M2(S1� S2)�

where

M1(S1� S2) := �11 �
�

1� S1
�13

�
� �12 �

S2
�12 + S1

�

M2(S1� S2) := �12 �
S1

�12 + S1
� �21 + �22S2

1 + S2
�

�j k �0 (j � f1� 2g� k � f1� 2� 3� g)

and we assume that

�21 ��12 � �22�(2�1)

�12 ��13�(2�2)

�21 �
�12 � �13
�12 + �13

�(2�3)

The interaction terms f1, f2 are written in Kolmogorov form (see May [7]).
This form is useful, since one can check the following properties of the kinetic
system

(2�4) Ṡ =
�
S1 �M1(S)
S2 �M2(S)

�
:

1) M1 and M2 are smooth functions, therefore the positive quadrant of
the phase space [S1� S2] is an invariant region (see Smoller [11] pp. 198–203
and 230–231).

2) �M1
�S2

(S1� S2) = � �12
�12+S1

�0 and �M2
�S1

(S1� S2) = �12 � �12+S1�S1
(�12+S1)2

=

=
�2

12
(�12+S1)2

�0, therefore (2.4) is a predator-prey system, where S1 and S2

represent the population densities of the prey and the predator, respectively,
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and the functions M1 and M2 are considered as per capita growth rates for
S1 and S2, respectively, depending on S1 and S2, further the prey growth
rate M1 decreases as the predator population increases, and that an increase
in prey is favorable for the growth rate M2 of the predator. The constants
�j k �0 (j � f1� 2g, k � f1� 2� 3� g) can be interpreted as the specific growth
rate of prey, the conversion rate and the carrying capacity with respect to the
prey (�1k , k � f1� 2� 3g), respectively, further as the minimal mortality and
the limiting mortality of the predator (�2k , k � f1� 2g), respectively.

The following statements are discussed and proved in Cavani�Farkas

[2]:

1) (2.1) ensures that predator mortality is increasing with density, and

the zero set of S2: S2 = (�12��21)�S1��12��21
(�22��12)�S1+�12��22

has a reasonable concave down

shape;

2) (2.3) ensures that for the prey an Allée-effect zone exists (the interval�
0� �13��12

2

�
) where the increase of prey density is favourable to its growth

rate;

3) there are at least three equilibria in the nonnegative quadrant: (0� 0)

and (�13� 0) on the boundary, (S1� S2)T in the interior of this invariant region,
latter as intersection of the zero sets of S1 and S2, where of S1 is given by

S2 = (�13�S1)�(�12+S1)��11
�12��13

. The equilibria on the boundary are unstable and

the equilibrium in the interior is asymptotically stable if it is on the descending
branch of the zero set of S1, if it is in the ascending branch in the Allée-effect
zone, then it may or may not be stable.

3. Diffusion driven instability

Denoting D := diag(d1� d2) and F(S) :=
�
f1(S)
f1(S)

�
, the initial-boundary-

value problem has the following form:

�S
�t

= D � ΔS + F(S) in Ωi � R+
0 (i � fH�R� Tg)�(3�1)

(n � r)S = 0 on �Ωi � R+
0 (i � fH�R� Tg)�(3�2)

and

S(r� 0) = S0(r) on Ωi � f0g (i � fH�R� Tg)�(3�3)

where n is the unit outward normal to �Ωi .
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Similarly to the theory of ordinary differential equations one can intro-
duce some concepts of stability (see Casten and Holland [1], Smoller
[11]):

Definition ���� Let S(r) be an equilibrium solution of the system (3.1)–
(3.2), i.e. D � ΔS(r) + F(S(r)) = 0 and (n � r)S(r) = 0. Then

1) S(r) is called stable if for every � �0 there is � �0 such that if S is
a solution of (3.1) with kS(r� 0) � S(r)k�� , then S exists for all t �0 and

kS(r� t)� S(r)k�� (t � 0) where k � k := k � k�.

2) S(r) is called asymptotically stable if it is stable and there is 	 �0

such that kS(r� 0)� S(r)k�	 implies lim
t��

(kS(r� t)� S(r)k) = 0.

3) If 	 can be chosen „arbitrary large”, then the solution is globally

asymptotically stable.

4) The solution is unstable if it is not stable.

5) S(r) is called linearly stable if it is an asymptotically stable solution

of the linearized system �Z
�t = D �ΔZ+AZ with the same initial and boundary

conditions as given with (3.1) where A :=
�
a11 a12
a21 a22

�
is the community

matrix with coefficients a11 = �f1
�S1

(S), a12 = �f1
�S2

(S), a21 = �f2
�S1

(S), a22 =

= �f2
�S2

(S), and Z(r� t) can be thought of as an approximation to S(r� t)� S(r).

Remark� A spatially constant solution S(t) = (S1(t)� S2(t))T of the
system (3.1) satisfies the boundary conditions (3.2) and the kinetic system

Ṡ = (F(S). The equilibrium of the kinetic system S := (S1� S2)T is a constant
solution of (3.1)–(3.2) at the same time.

6) The equlibrium S of (3.1) is Turing (diffusionally) unstable if it is
an asymptotically stable equilibrium of the kinetic system but is not asymp-
totically stable with respect to the solutions (3.1)–(3.2) (see Okubo [9],
Svirezhev�Logofet [12], Cavani�Farkas [3]).

Theorem ���� If S(r) is a linearly stable solution of (3�1)� then S(r) is

asymptotically stable�

Proof� See Smoller [11] pp. 121–122.
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Hence, we study the stability of an equilibrium solution of (3.1)–(3.2) via

linearized stability. We have our system linearized at the point S := (S1� S2)T

with the new coordinates Z = (Z1� Z2) = (S1 � S1� S2 � S2)

(3�4)
�Z
�t

= D � ΔZ + AZ in Ωi � R+
0 (i � fH�R� Tg)�

with boundary conditions

(3�5) (n � r)Z = 0 on �Ωi � R+
0 (i � fH�R� Tg)

and initial conditions

(3�6) Z(r� 0) = Z0(r) on Ωi � f0g (i � fH�R� Tg)

where the community coefficiens are (see Cavani�Farkas [3]) a11 = bc1c2,

a12 = �c1, a21 = �2
12bc3, a22 = �bc3c4, where b := �11

�13��12
, c1 := �12�S1

�12+S1
,

c2 := �13 � �12 � 2S1, c3 := �13�S1
�12+S1

, c4 := ((�12��22)S1+�22��12)2

�12��21
.

We solve this linearized system with boundary and initial conditions (3.5)
and (3.6) by the method of eigenfunction expansions for the domains ΩR ,

ΩC and ΩT . We introduce the functions � : R+
0 � R2 and 
 : Ωi � R

(i � fH�R� Tg) satisfying

(3�7) �̇ = (A� �D)�)

and

(3�8) Δ
 = ��
� �


�n

��� �Ωi = 0�

Clearly, the solutions of (3.4)–(3.5) can be written in the form Z(r� t) = 
 (r) �
� �(t).

Obviously, the eigenvalues of the boundary value problem (3.6) are non-
negative, namely if we apply the antisymmetric Green-law for the form of the
equation Δ
 + �
 = 0 multiplied by 
 , then we obtain thatZZ

Ωi

��
�


�x

�2

+

�
�


�y

�2

� �
2

	
dxdy =

=
I
�Ωi

(
 � r
 )ds =
I
�Ωi

(
 � (n � r
 ))ds =
I
�Ωi

�

 � �


�n

�
ds = 0�
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i.e.
RR
Ωi

��
��
�x

�2
+
�
��
�y

�2
�
dxdy = �

RR
Ωi


2dxdy , therefore no eigenvalue can

be negative. From the latter identity one can see that for the eigenvalue zero
the eigenfunction is the constant function. For these domains denote by �m�n
the eigenvalues and by 
m�n the corresponding normalised eigenfuctions.
Define the vector coefficient Z0m�n of the eigenfunction 
m�n in the expansion
of the initial condition Z0(r) by

(3�9) Z0m�n :=
Z
Ωi

Z0(r)
m�n (r)dr

with coordinates z1
0m�n , z2

0m�n , and let exp(Am�n t) be the matrix solution of the

differential equation (3.7) with two linearly independent columns �1;m�n (t),
�2;m�n (t), where Am�n := A(�m�n ) with A(�) := A � �D and with initial
conditions exp(Am�n0) = I . Then the solution of the linearized problem (3.4)–
(3.6) may be written in the form

(3�10) Z(r� t) =
�X

m�n=0


m�n (r) exp(Am�n t)Z0m�n �

The individual eigenvalues and the corresponding eigenfunctions are:

1) In the case of ΩH the eigenvalues are �m�n = 16�2

9H 2 m
2 with correspon-

ding eigenfunctions


m�n (x � y) =
1
3

�
cos

�
2m

3H

(
p

3x + y)

�
+ cos

�
2m

3H

(
p

3x � y)

�
+

+ cos

�
4m

3H

y

�	
(m � N0)�

2) For ΩR: �m�n = 
2
�
m2

a2 + n2

b2

�
with 
m�n (x � y) = cos



m�
a x

�
cos



n�
b y

�
(m , n � N0).

3) In the case of ΩT the eigenvalues are �m�n = �2

a2 (m2 + n2) with

corresponding eigenfunctions


m�n (x � y) = cos
�m

a
x
�

cos
�n

a
y
�

+ cos
�n

a
x
�

cos
�m

a
y
�

(m� n � N0� m � n)�
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Remark �� These eigenfunctions constitute a complete orthogonal sys-

tem in the weighted spaces L2(ΩH ), L2(ΩR) and L2(ΩT ) (see Sz�okefalvi�

Nagy� B� [13], Makai [6] and Simon�Baderko [10]).

Remark 	� The solution in the case of ΩH has some interesting pro-
perties. Firstly, since ΩH has complete symmetry about the diagonals, the
eigenvalues and hence the eigenfunctions form a one parameter sequence.
Secondly, the values of 
m�n (x � y) on the lines

�
y � 3

4
H

��
x +

yp
3
�
p

3
2
H

	�
x � yp

3
�
p

3
2
H

	
= 0

when m is odd are everywhere constant.

Remark �� Let f (x � y) be a symmetric function of its variables (x � y) �
� f(�� 	) � R2 j 0 �� �a� 0 �	 �ag (f (x � y) = f (y� x )), then the normal
derivative of f with respect to the line x = y , if it exists, vanishes on that line,
and f (x � y) := cos



m�
a x

�
cos



n�
a y

�
+ cos



n�
a x

�
cos



m�
a y

�
is a symmetric

function.

Remark 
� The smallest positive eigenvalues are �1�n = 16�2

9H 2 (for the

hexagon) �0�1 = �2

b2 (for the rectangle, assumed that b�a), �0�1 = �2

a2 (for the

rectangular triangle).

The following three lemmata (see Casten and Holland [1], Conway
[5]) are useful in what follows:

Lemma ���� If for each nonnegative integer m � n both eigenvalues of

Am�n have negative real part� then the equilibrium S of (3�1)�(3�2) is asymp�

totically stable� if for some m � n there exists an eigenvalue of Am�n with

positive real part� then S is unstable�

Lemma ��	� If S is Turing unstable� then it lies in the All�ee�e�ect zone�

i�e� 0 �S2 �
�13��12

2 �

Lemma ���� Suppose that S lies in the All�ee�e�ect zone� and that both

eigenvalues of the matrix A have negative real parts� If S is Turing unstable�

then d2 �d1 must hold�
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Proofs�

Step �� The proof of Lemma 3.1 is not necessary for our considerations,
see Casten and Holland [1]. We remark only that from the conditions for-
mulated above the stability of the equilibrium of the linear system (3.4)–(3.5)
follows, and this property can be extended, with the help of the eigenfunction
expansion of Z, to the equilibrium of the corresponding non-linear system.

Step 	� The equilibrium S lies in the Allée-effect zone 0 �S1 �

�
�13��12

2 , i.e. c2 = �13 � �12 � 2S1 �0, therefore if S lies outside the
Allée-effect zone, then c2 � 0. Since

Tr(A) = b(c1c2 � c3c4)�(3�11)

det(A) = bc1c3(�2
12 � bc2c4)�(3�12)

Tr(Am�n ) = Tr(A)� (d1 + d2)�m�n �(3�13)

det(Am�n ) = d1d2�
2
m�n + b(d1c3c4 � c1c2d2)�m�n + det(A)(3�14)

and obviously c1, c3, c4 are positive, therefore if c2 � 0, then Tr(A) �0,
det(A) �0, Tr(Am�n ) �0, det(Am�n ) �0, i.e. all eigenvalues of the matrices

A, Am�n (m� n � N0) have negative real parts, so in view of Lemma 3.1 S is
not Turing unstable.

Step �� Since the matrix A has both eigenvalues with negative real parts,
therefore Tr(A) �0, det(A) �0 hold, what implies that Tr(Am�n ) �0. To
have Turing instability the quadratic polynomial det(Am�n ) must be nonpo-
sitive for some m� n � N. Suppose that d2 � d1. Then we will show that
det(Am�n ) �0 for all �m�n . Since the quadratic polynomial det(A(�)) has a
positive leading coefficient d1 � d2, and det(A(0)) = det(A) �0, therefore it
must be shown that det(A(�)) �0 for all ��0. It is clear that

(3�15)
d

d�
(det(A(0))) = b(d1c3c4 � d2c1c2)�

Since Tr(A) �0, i.e. c1c2 �c3c4 and S lies in the Allée-effect zone, i.e.
c2 �0, we have 0 �c1c2 �c3c4. So with d2 � d1

d

d�
(det(A(0))) �bc1c2(d1 � d2) � 0

holds, what is sufficient for det(A(�)) �0 (��0).

Remark� In view of the latter proof a necessary condition for the Turing

instability is d
d�

(det(A(0))) = b(d1c3c4 � d2c1c2) �0.
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Example �� Set a12 := 0�5000, �21 := 0�1000, �22 := 0�5000, �11 :=

= 0�1000, �13 := 5�000. The unique positive equilibrium is (S1� S2)T =

(0�2100� 0�1360)T . This point is in the Allée-effect zone (0�2100 �4�5000�2)
and it is an asymptotically stable equilibrium of the kinetic system (2.4).

Example 	� Set �12 := 0�1065, �21 := 0�0085, �22 := 0�1065, �11 :=

= 1�600, �13 := 35�3500. The unique positive equilibrium is (S1� S2)T =

= (15�1736� 131�0240)T . This point is in the Allée-effect zone (15�1736 �
�35�2435�2) and it is an unstable equilibrium of the kinetic system (2.4).

As we have seen, for Turing instability the part of the Allée-effect zone
is of interest, where the positive equilibrium of the kinetic system is asympto-
tically stable (outside this zone the equilibrium is asymptotically stable). This
means that the following three inequalities must hold:

0 �S1 �
�13 � �12

2
�(3�16)

Tr(A) =
�11S1(�13 � �12 � 2S1)

�13(�12 + S1)
� (�22 � �21)S2

(1 + S2)2
�0(3�17)

and

(3�18)

det(A) =
�12S1S2

�12 + S1

�
�2

12

(�12 + S1)2
� �11(�22 � �21)(�13 � �12 � 2S1)

�13�12(1 + S2)2

	
�0

Therefore in according to Cavani�Farkas [3] we need the following

Definition ��	� The parameters �j k �0 (j � f1� 2g, k � f1� 2� 3g) are
said to be Turing�admissible if

1) the inequalities (2�1)–(2�3) hold;

2) the kinetic system (2�4) has an equilibrium point with positive coor-
dinates in the Allée-effect zone and it is linearly asymptotically stable, i.e.
(3�16)–(3�18).

Lemma ��
� If the parameters �j k �0 �j � f1� 2g� k � f1� 2� 3g	 are

Turing�admissible� then for a 
xed d2 �0 a pair m� n � N can be found such

that

(3�19)
�m�nbc1c2d2 � det(A)
�m�n (bc3c4 + �m�nd2)
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is positive and if

(3�20) 0 �d1 �
�m�nbc1c2d2 � det(A)
�m�n (bc3c4 + �m�nd2)

�

then S := (S1� S2)T is Turing unstable�

Proof� For the Turing instability is necessary that A be a stable matrix
and because of Lemma 3.1 det(Am�n ) �0. From (3.14) it is easy to see that

det(A(�)) = det(A)� �bc1c2d2 + �d1(bc3c4 + �d2)�

Since lim
m�n��

�m�n = 	, for fixed d2 �0 there exists m� n � N such that

�m�nbc1c2d2 � det(A) �0. Hence �m�nbc1c2d2�det(A)
�m�n (bc3c4+�m�nd2) �0 (�m�n (bc3c4 +

+ �m�nd2) �0), and if for d1: 0 �d1 �
�m�nbc1c2d2�det(A)
�m�n (bc3c4+�m�nd2) holds, therefore

det(Am�n ) �0.

Remark �� In this case we can see that d1 � (0� d2) can be chosen such

that S := (S1� S2)T is Turing unstable.

Remark 	� If we fix m = n = 1, for example, i.e. �1�1 = 16�2

9H 2 (for the

hexagon), �1�1 = 
2
�

1
a2 + 1

b2

�
(for the rectangle) and �1�1 = 2�2

a2 (for the

rectangular triangle), then for sufficiently large d2 the numerator of (3.19)
will be positive. As d2 tends to infinity the rational function of d2 in (3.19) is

monotone increasing and bounded by bc1c2
�1�1

as the least upper bound. Since

bc1c2
�1�1

=
c1c2
�1�1

� �11
�13 � �12

=
�11
�1�1

� c1c2
�13 � �12

=
�11
�1�1

� S1(�13 � �12 � 2S1)

�13(�12 + S1)
=

=
�11
�1�1

� S1�13 � S1�12 � 2S
2
1

�13�12 + �13S1
�
�11
�1�1

� S1�13

�13�12 + �13S1
�
�11
�1�1

�

therefore this least upper bound for the fraction in (3.19) is less than �11 � 9H 2

16�2

(for the hexagon), �11 � a2b2

�2(a2+b2)
(for the rectangle) and �11 � a2

2�2 (for the

rectangular triangle). This means that irrespective of how large the predator
diffusion rate d2 is, in order to have Turing instability the prey diffusion rates
d1 must satisfy

d1 ��11 �
9H 2

16
2 �(3�21a)
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d1 ��11 �
a2b2


2(a2 + b2)
�(3�21b)

d1 ��11 �
a2

2
2(3�21c)

for the respective domains. Since, clearly, for all m� n � N

bc1c2
�m�n

� bc1c2
�1�1

� �11 �min

�
9H 2

16
2 �
a2b2


2(a2 + b2)
�
a2

2
2

�

the inequalities (3.21a–c) are respective necessary conditions of Turing insta-
bility.

4. Pattern formation

As we have seen, our system of reaction-diffusion equations contains
seven parameters, including the diffusion coefficients. Varying the value of
these parameters we get different stability relations. If we vary one of �j k �
�0 (j � f1� 2g, k � f1� 2� 3g) then it can easily happen that the positive
equilibrium of the kinetic system is not asymptotically stable and in this
case Turing instability cannot occur. It seems suitable to vary one of the
diffusional coefficients, namely d2 because of Lemma 3.3. We shall choose
this coefficient (the predator diffusion coefficient) as a bifurcation parameter.
First we establish conditions of a Turing bifurcation of the zero solution of the
linearized system (3.4)–(3.5), then we shall extend this result to the non-linear
problem (3.1)–(3.2).

Definition 
��� Let Ωi be the same as in Section 1, further Sj : Ωi �
�R+

0 � R+
0 satisfying the no-flux boundary conditions on �Ωi �R+

0:

(4�1) (n � r)Sj = 0�

n is the outer unit normal on �Ωi (i � fH�R� Tg, j � f1� 2g); F �
� C 1(R2 � [0�	)�R2), S � R2, with F(S� �) = 0 (� � [0�	)); D �
� C 1([0�	)� (R+

0)2�2) a diagonal matrix; and let us consider the system of
reaction-diffusion equations

(4�2)
�S
�t

= D(�) � ΔS + F(S� �)�

We say that the constant stationary solution S of (4.1)–(4.2) undergoes a
Turing bifurcation at �T � (0�	) if
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1) for � � (0� �T ) the solution S is asymptotically stable and for � �
� (�T �	) is unstable (supercritical bifurcation), or for � � (0� �T ) the

solution S is unstable and for � � (�T �	) is asymptotically stable (subcritical
bifurcation);

2) in every neighbourhood of �T there are values of � such that the
problem (4.1)–(4.2) has non-constant stationary solutions.

In this section for the sake of simplicity let us denote �s+1 the smal-
lest positive eigenvalue of (3.6), i.e. �s+1 = �0�1 for the rectangle and the
rectangular triangle and �s+1 = �1�1 for the hexagon, respectively; and �s+l

the l -th positive eigenvalue in the sequence (0 =: �s , �s+l form a monotone
nondecreasing sequence for l � N).

Theorem 
��� If the parameters �j k �0 �j � f1� 2g� k � f1� 2� 3g	 are
Turing�admissible� then the following two statements hold�

1) If

(4�3) d1 �
bc1c2
�s+1

then the zero solution of the linear problem (3�4)�(3�5) is asymptotically stable

for all d2 �0�

2) If

(4�4)
bc1c2
�s+p

�d1 �
bc1c2
�s+p+1

(p � N)

then at

(4�5) d2 = dT :=
�s+pd1bc1c2 + det(A)

�s+pbc1c2 � �2
s+pd1

(p � N)

the zero solution of the linear problem (3�4)�(3�5) undergoes a supercritical

Turing bifurcation�

Proof�

Step �� In view of the proof of Lemma 3.1. we need Tr(As+l ) �0
and det(As+l ) �0 (l � N0). Since the parameters �j k �0 (j � f1� 2g,
k � f1� 2� 3g) are Turing-admissible, Tr(A) �0 must hold, therefore, because
of (3.11), Tr(As+l ) �0 for all l � N0. From (3.12) and (3.14) we have

det(As+l ) = (�s+ld1 � bc1c2)(�s+ld2 + bc3c4) + b�2
12c1c3�
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Since �s+1 is the smallest positive eigenvalue of (3.6), therefore (4.3) implies
�s+1d1 � bc1c2 � 0, i.e. det(As+l ) �0 for all l � N. For the eigenvalue 0 we
have det(As ) = det(A) �0. So for all l � N0 det(As+l ) �0, hence the zero
solution of (3.4)–(3.5) is asymptotically stable.

Step 	� If d1 satisfies (4.4) and d2 = dT , then an easy calculation shows
that det(As+p) = 0; for d2 � (0� dT ) we have det(As+p) �0, for d2 � (dT �	):
det(As+p) �0; and in all these cases det(As+l ) �0 (l�p). Thus in view of
Lemma 3.1. for d2 � (0� dT ) the zero solution is asymptotically stable, and
for d2 � (dT �	) it is unstable. If d2 = dT , then the matrix As+p is negative
semidefinite, i.e. one of the two eigenvalues of As+p is zero and the other is
negative. Denoting the eigenvector corresponding to the zero eigenvalue by

�1�s+p =
�
�1
�2

�
, i.e.

As+p�1�s+p = (A� �s+p)�1�s+p = 0�

we have a spatially non-constant solution of the linearized problem (3.4)–
(3.5):

zs+p(r) = �1�s+p � 
s+p(r) =(4�6a)

=
�
�1
�2

�
�

cos
�

2m�
3H (

p
3x + y)

�
+ cos

�
2m�
3H (

p
3x � y)

�
+ cos

�
4m�
3H y

�
3

for the hexagon,

(4�6b) zs+p(r) = �1�s+p � 
s+p(r) =
�
�1
�2

�
� cos

�m

a
x
�

cos
�n

b
y
�

for the rectangle,

zs+p(r) = �1�s+p � 
s+p(r) =(4�6c)

=
�
�1
�2

�
�
�

cos
�m

a
x
�
� cos

�n

a
y
�

+ cos
�n

a
x
�
� cos

�m

a
y
��

for the rectangular triangle, where m and n are integers for which the p-th
eigenvalue of (3.8) is �m�n = �s+p.

In the remaining part of this section — to extend the latter result about
the Turing bifurcation of the zero solution of the linearized system to the
non-linear problem (3.1)–(3.2) — we need the following

Theorem 
�	� Let X � Y be Banach spaces� U := R�V an open subset

of R � X � and f � C 2(U�Y ) such that f (�� 0) = 0 for all � � R 
 R�

Denote the linear operators obtained by di�erentiating f with respect to its
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second� resp� 
rst and second variables at �0 � S � 0 � V by L02 := �f (�0� 0)
and L12 := �12f (�0� 0)� respectively� and assume that the following conditions

hold�

(i) the null space of L02� the subspace N (L02) of X is one dimensional�

spanned by zs+p � X �

(ii) the range of L02� the subspace R(L02) of Y has codimension 1� i�e�
dim(Y�R(L02)) = 1�

(iii) L12zs+p �� R(L02)�

Let further W be an arbitrary closed subspace of X such that X =
= Span(zs+p)�W �i�e� any x � X can be uniquely written as x = � �zs+p + w�

� � R� w � W 	� Then there is a � �0 and a C 1�curve (���) : (��� �) �
� R �W such that�

1) �(0) = �0�

2) �(0) = 0�
3) f (�(s)� s � zs+p + s � �(s)) = 0 for s � (��� �)�

furthermore� there is a neighbourhood of (�0� 0) such that any zero of f either

lies on this curve or is of the form (�� 0)�

Proof� The idea of the proof is to introduce a new parameter s which
enables us to apply immediately the implicit function theorem for the function

F � C 1(U �W�Y ), F (s� ��w) :=

�
f (�� s � zs+p + s �w)�s� if s�0,

L02(zs+p + w)� if s = 0
(see

Smoller [11] pp. 172–173).

Remark� In what follows the role of the space X will be played by

(4�7) X :=
n

Z � C 2(Ωi �R
2) j (n � r)Z = 0� i � fH�R� Tg

o
with the norm kf kX :=

P
0�j�j�2

sup
Ωi

(j�� f j), where j � j denotes the usual vector

resp. matrix-norm, while Y := C 0(Ωi �R2) with the norm kf kY := sup
Ωi

(jf j)

(i � fH�R� Tg). However, in choosing the subspace W we shall use the
orthogonality induced by the inner product

(4�8)
�
Z�Z�



:=
Z
Ωi

(Z1(r)Z �1(r) + Z2(r)Z �2(r))dr�
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Theorem 
��� If the parameters �j k �0 �j � f1� 2g� k � f1� 2� 3g	 are
Turing�admissible� then the following two statements hold�

(1) If (4�3) holds then the constant solution S := (S1� S2)T of the nonli�

near problem (3�1)�(3�2) is asymptotically stable�

(2) If
�

0
�2

�
is not parallel to the second eigenvector �2�s+p of the matrix

As+p �corresponding to the negative eigenvalue	 and d1 satis
es (4�4) then at

d2 = dT � as given by (4�5)� the constant solution S undergoes a supercritical

Turing bifurcation�

Proof�

Step �� Since because of Theorem 4.1 the zero solution of the linear
problem (3.4)–(3.5) is asymptotically stable, therefore in view of Lemma 3.1.
the above statement is clear.

Step 	� From Theorem 4.1. just like in 1) we have that for d2 � (0� dT )
S is asymptotically stable, while for d2 � (dT �	) it is unstable. So, we
have to show the existence of a stationary non-constant solution in some
neighbourhood of the critical value dT of the bifurcation parameter d2. Such
a stationary solution satisfies the following two dimensional system of second
order partial differential equations

(4�9) D � ΔS = F(S) = 0 in Ωi � R+
0 (i � fH�R� Tg)�

with zero-flux boundary conditions

(4�10) (n � r)S = 0 on �Ωi � R+
0 (i � fH�R� Tg)�

Introducing the new vector of the variation Z := S � S (4.9)–(4.10) assumes
the equivalent form

D � ΔZ + AZ + G(Z) = 0 in Ωi � R+
0 (i � fH�R� Tg)�(4�11)

(n � r)Z = 0 on �Ωi � R+
0 (i � fH�R� Tg)(4�12)

where A is the the Jacobian of F evaluated at S, and

(4�13) G(Z) := F(S + Z)�AZ with G(0) = 0 and GZ (0) = 0�

Let f � C 2(R�X�Y ), f (d2�Z) := D �ΔZ +AZ + G(Z) and L02 � Lin(X�Y ),
L02 := �2f (dT � 0), then the following relation of spectra holds: �(L02) �
� �(As+l ) (l � N0). Denote the eigenvalues of the matrices As+l by �q�l
(q � f1� 2g; l � N0), then the corresponding eigenfunctions are 
s+l (r)��q�s+l

(q � f1� 2g; l � N0), where 
s+l is given as in (4.6a–c) and �q�s+l are the
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eigenvectors of the matrix As+l corresponding to the eigenvalue �q�l . Now,
all matrices As+l = A� �s+lD are to be taken at d2 = dT . As it can be seen
from the proof of Theorem 4.1 and from (3.13)–(3.14) for q � f1� 2g; l � N0
all �q�l have negative real parts. For l = p one eigenvalue, �1�p say, is zero
the other one is negative. The eigenfunction corresponding to �1�p is zs+p(r)
(given by (4.6a–c)). Thus, the null space of the operator L02 := �2f (dT � 0) is
one dimensional, spanned by zs+p, and the range of this operator is, because of
the orthogonality and completeness of the eigenfunction system of the minus
Laplacian, given by

R(L02) = fZ � C 0(Ωi �R
2) j the eigenfunction expansion of Z

does not contain Θ termg 
 f�2�s+p �Θg (i � fH�R� Tg)

where

Θ :=
1
3

�
cos

�
2m

3H

(
p

3x + y)

�
+ cos

�
2m

3H

p
3x � y)

�
+ cos

�
4m

3H

y

��
�

in case of the hexagon, Θ := cos


m�
a x

�
cos



n�
b y

�
, in case of the rectangle,

Θ := cos


m�
a x

�
cos



n�
a y

�
+ cos



n�
a x

�
cos



m�
a y

�
, in case of the rectangular

triangle where m and n are integers for which the p-th eigenvalue of (3.8) is
�m�n = �s+p. So the condition co dim(R(L02)) = 1 is satisfied.

Let L12 � Lin(X�Y ) and L12 := �f (dT � 0), then L12 = �D
�d2

� Δ =

=
�

0 0
0 1

�
� Δ. Because of (4.6a–c)

L12zs+p = � �D

�d2
��1�s+p �

16m2
2

27H 2

�
cos

�
2m

3H

(
p

3x + y)

�
+

+ cos

�
2m

3H

(
p

3x � y)

�
+ cos

�
4m

3H

y

��
= �16m2
2

27H 2 �
�

0
�2

�
�

�
�

cos

�
2m

3H

(
p

3x + y)

�
+ cos

�
2m

3H

(
p

3x � y)

�
+ cos

�
4m

3H

y

��
�

for the hexagon,

L12zs+p = � �D

�d2
��1�s+p �

��m

a

�2
+
�n

n

�2
�
� cos

�m

a
x
�

cos
�n

b
y
�

=

= �
��m


a

�2
+
�n

b

�2
�
�
�

0
�2

�
� cos

�m

a
x
�

cos
�n

b
y
�
�
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for the rectangle,

L12zs+p = �2
�D

�d2
��1�s+p �

��m

a

�2
+
�n

b

�2
�
� cos

�m

a
x
�

cos
�n

b
y
�

=

= �2

��m

a

�2
+
�n

b

�2
�
�
�

0
�2

�
� cos

�m

a
x
�

cos
�n

b
y
�
�

for the rectangular triangle. So L12zs+p is not parallel to �2�s+p �Θ and

�
zs+p� L12zs+p



= �16m2
2

27H 2 �
Z

ΩH

(�2)2
�

cos

�
2m

3H

(
p

3x + y)

�
+

+ cos

�
2m

3H

p
3x � y)

�
+ cos

�
4m

3H

y

��
dr�0�

�
zs+p� L12zs+p



=

= �
��m


a

�2
+
�n

b

�2
�
�
Z

ΩR

(�2)2 cos2
�m

a
x
�

cos2
�n

b
y
�
dr�0

and�
zs+p� L12zs+p



=

= �2

��m

a

�2
+
�n

b

�2
�
�
Z

ΩT

(�2)2 cos2
�m

a
x
�

cos2
�n

b
y
�
dr�0

because �2�0. Thus, the condition L12zs+p �� R(L02) is satisfied.

If we define the closed subspace W of X by W := R(L02), then all the
hypotheses of Theorem 4.2 hold, and (dT � 0) is a bifurcation point, further
there exits a � �0, a function d2 : (��� �) � R and for s � (��� �) a
solution of (4.11) with d2 = d2(s) (jsj��) substituted

Z(s� r) = s ��1�s+p �
1
3

�
cos

�
2m

3H

(
p

3x + y)

�
+

+ cos

�
2m

3H

(
p

3x � y)

�
+ cos

�
4m

3H

y

��
+ s�(s� r)

(for the hexagon)

Z(s� r) = s ��1�s+p � cos
�m

a
x
�

cos
�n

b
y
�

+ s�(s� r)
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(for the rectangle)

Z(s� r) =

= s ��1�s+p �
�

cos
�m

a
x
�

cos
�n

a
y
�

+ cos
�n

a
x
�

cos
�m

a
y
��

+ s�(s� r)

(for the rectangular triangle) such that d2(0) = dT , �(0� r) = 0, d2 � C 1,

�( � � r) � C 1, and �(s� � ) �W .

Remark �� The corresponding solution of (4.9), i.e. the nonconstant sta-
tionary solution of the nonlinear problem (3.1)–(3.2) is

(4�14a) S(s� r) = S + s ��1�s+p �
1
3

�
cos

�
2m

3H

(
p

3x + y)

�
+

+ cos

�
2m

3H

(
p

3x � y)

�
+ cos

�
4m

3H

y

��
+ O(s2)�

for the hexagon,

(4�14b) S(s� r) = S + s ��1�s+p � cos
�m

a
x
�

cos
�n

b
y
�

+ O(s2)�

for the rectangle,

(4�14c) S(s� r) =

= S + s ��1�s+p � cos
�m

a
x
�

cos
�n

a
y
�

+ cos
�n

a
x
�

cos
�m

a
y
�

+ O(s2)�

for the rectangular triangle (corresponding to the choice d2 = d2(s), jsj��).
Since s is considered to be small here, this solution is called as a small

amplitude pattern.

Remark 	� Because of Theorem 4.2 (3.1)–(3.2) has no other stationary

solution apart from (S1� S2)T and (4.14a–c) in a neighbourhood of (dT �S) �
� R�X .

Remark �� In the linear case (by Theorem 4.1) for the function d2 holds:
d2(s) � dT , and a corresponding one parameter family of solutions is S + s �
� zs+p(r) (s � R).
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Nyomdai munkák: Haxel kiadó és nyomda
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