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1. Introduction

In [R1], B. Ricceri considered spaces admitting a continuous bijection
onto [0, 1] (simply, we will call them [0, 1]-spaces) and, based on a new
alternative principle for multifunctions involving [0, 1]-spaces, obtained new
mini-max theorems in full generality and transparence. Several further conse-
quences of the principle have been investigated in successive works; see [R2,
R3, Ci, CB].

In our previous work [P1], we deduced some fixed point theorems for
connected [0, 1]-spaces from Ricceri’s alternative principle. Even though
these theorems were consequences of known theorems for an interval [a, b],
in general, they seem to be quite new. More general theorems for connected
ordered spaces were recently obtained in [P2] with a different method.

In the present paper, we are mainly concerned with connected topological
spaces which admit continuous bijections onto a connected ordered spaces
with two end points. In Section 2, we deduce a Ricceri type alternative
principle and fixed point theorems. Section 3 deals with the incorrect proof of
Mackowiak [M, Theorem 3.1], which was the main tool in [C]. In Section 4,
we show that our alternative principle is a generalization of Szab¢’s theorem
[S]. Section 5 deals with the coincidence theorems of Charatonik [C]. In fact,
we give new and correct proofs based on our principle and the affirmative
answer to Charatonik’s question.
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2. A Ricceri type alternative principle

A multifunction T : X — 2Y is a function from X into the power set of
Y with nonempty values, and x € T_l(y) if and only if y € T(x).

For topological spaces X and Y, a multifunction 7: X — 2V is said to
be closed if its graph Gr(T) = {(x,y):x € X, y € T(x)} is closed in X xX Y,

and compact if the closure T(X) of its range T(X) is compact in Y.

A multifunction T : X — 27Y is said to be upper semicontinuous (u.s.c)

if for each closed set B C Y, the set T~ /(B)={x € X : T(x)N B #0} is a
closed subset of X; lower semicontinuous (1.s.c.) if for each open set B C Y,

the set T~ 1(B) is open; and continuous if it is u.s.c. and 1.s.c. Note that every
u.s.c. multifunction T with closed values is closed.

We need the following [H, Theorem 3.1]:

LEMMA. LetT : X — 2Y be Ls.c. (or us.c.). Suppose that C C X is
connected and that T'(x) is connected for all x € C. Then the image of C
under T" is connected.

A linearly ordered set (X, <) is called an ordered space if it has the order
topology whose subbase consists of all sets of the form {x € X : x < s} and
{x € X :x > s} for s € X. Note that an ordered space X is connected iff it
is Dedekind complete (that is, every subset of X having an upper bound has
a supremum) and whenever x <y in X, then x <z <y for some z in X; for
details, see Willard [Wi].

We give some examples of connected ordered space X with two end
points:

(a) Connected [0, 1]-spaces; that is, connected spaces admitting a contin-
uous bijection onto the unit interval; see [R1], [P1].

(b) An arc is a homeomorphic image of the unit interval [0,1]. A
generalized arc is a continuum (not necessarily metrizable) having exactly
two non-cut points. It is well-known that a generalized arc is an arc if and
only if it is metrizable. It is known [W] that cut points are used to define a
natural order on a connected set, and that any generalized arc admits a natural
linear order which will be denoted by <.

A connected ordered space with two end points a,b with a < b will be
denoted by [a, b].

Motivated by Ricceri [R1], we obtain the following alternative principle:
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THEOREM 1. Let X be a connected topological space, and Y a topolog-
ical space admitting a continuous bijection onto a connected ordered space

la,b]. Let F,G : X — 2Y be maps satistying one of the following two
conditions:

(i) F, G are ls.c. with connected values;
(i1) F, G are u.s.c. with compact connected values.

Under such assumptions, at least one of the following two assertions does
hold:

(a) FX)ZY and G(X)# Y.
(b) There exists some ¥ € X such that F(X) N G(X) # (.

PROOF. Let ¢ be a continuous bijection from Y onto a connected ordered
space [a, b]. Suppose that F(x) N G(x)=( for all x € X and F(X)= Y. Let
Hx)=¢(Fx)) x p(Gx)) for x € X.

We claim that H(X) is connected.

Case (i). The multifunctions ¢ o F and ¢ o G are l.s.c. with connected
values. It is easily checked that H is Ls.c.; see [B].

Case (i1). The multifunctions ¢ o F and ¢ o G are u.s.c. with compact
connected values. Then H is u.s.c. with compact connected values; here, the
compact-valuedness of ¢ o F and ¢ o G are essential in order to assure the
u.s.c. of H; see [B].

Then, by Lemma, H(X) is connected in any case.

Now we show that H(X) is also disconnected: Let A, B C [a,b] X [a, b]
such that

A:={(s,t):s <t} and B :={(s,t):s >t}.
Then A and B are open and disjoint, and we clearly have
H(X)C AUB.
Choose xq4,x, € X such that ¢ ~1(a) € F(x,) and ¢ ~1(b) € F(xp). Pick

ya € G(xz) and y;, € G(xp). Then we have ¢(y,) > a; for, otherwise, we
would have F(xg) N G(xg) # (0. Likewise, we have ¢ (yp,) < b.

Consequently,
(a,p(ya)) € AN H(X) and (b, (yp)) € BN H(X).

Then H(X) becomes the union of two disjoint nonempty open subsets A N
N H(X) and B N H(X). This contradicts the connectivity of H(X). ]
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REMARKS. 1. We followed the proof of Ricceri [R1, Theorem 2.1],
which is the case of Theorem 1 for a [0, 1]-space Y.

2. However, our result is already known by Ricceri, since he noted that
his result [R1, Theorem 2.1] is still true if [0, 1] is replaced by any topological
space T having the following property: there are two open (or closed) subsets
A,B of T x T and two points sg,7y € T such that (T x T)\ A C AU B,
ANB CA, {so} x(T\{sp}) C A, and {79} x (T \ {tp}) C B, where A is the
diagonal of T x T.

From Theorem 1, we have the following:

THEOREM 2. Let X be a topological space, Y a topological space ad-
mitting a continuous bijection onto a connected ordered space [a,b], and S a

connected subset of X x Y. Moreover, let ® : X — 2Y pe a multifunction
which is either 1.s.c. with connected values, or u.s.c. with compact connected
values. Then, at least one of the following holds:

(a;) py(S)#Y and ®(px(S))# Y, where px and py are projections from
X XY toX and Y, resp.

(ap) There exists some (%,y) € S such thaty € O(%).

PROOF. We may assume S # (). Define F,G: S — 2Y by
F(x,y)={y} and G(x,y)=®(x) for(x,y)€ S.

Then the conclusion follows from Theorem 1. 1

REMARK. For a [0, 1]-space Y Theorem 2 reduces to Ricceri [R1, The-
orem 2.2].

From Theorems 1 and 2, we deduce the following fixed point theorem
on multifunctions:

THEOREM 3. Let X be a connected ordered space with two end points.

Then a multifunction F : X — 2% has a fixed point if it satisfies one of the
following conditions:

() F has connected graph.
(I) F is Ls.c. with connected values.

(II) F is wu.s.c. with compact connected values.

(IV) F(x) is connected and F~! () is open for each x,y € X.
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(V) F is a closed compact multifunction with connected values.

PROOF. (I)—(V) are all simple consequences of Theorems 1 and 2 as
follows:

(D) Theorem 2 with X = Y, S = Gr(F), and ® = idy, the identity map
on X.

(II) Theorem 1(i) with X = Y and G =idx.
(IIT) Theorem 1(ii) with X = Y and G=idy.

(IV) Since F_l(y) is open for each y € X, F is Ls.c. Indeed, for each
open set  C X, we have

FlQ={xeX:Fx)nQ#0}=J F o)
yeQ
is open. Therefore, (IV) follows from (II).

(V) It is well-known that a closed compact multifunction is u.s.c. with
compact values. Therefore, (V) follows from (III). ]

REMARK. Theorem 3 was given in [P2] with different proof.

3. On a coincidence theorem of Mackowiak

In 1981, Mackowiak [M] introduduced componentwise continuous (c.c.)
multifunctions and used them to obtain some fixed point theorems which gen-
eralize most known fixed point theorems for trees, dendroids, and A-dendroids.
Moreover, he obtained a coincidence theorem [M, Theorem 3.1] for two c.c.
multifunctions from a connected Hausdorff space X into a generalized arc I.

For Hausdorff compact spaces X and Y, a multifunction F: X — 2Y is
said to be componentwise continuous (c.c.) [M] if x = lim{x, } implies that

(a) Ls{Cy} N F(x) # 0, where C, is a component of F(xys) for each
o [Ls{Cy} is the superior limit of the net {Cy }]; and

(b) every component of F(x) intersects Ls{ F(x¢)}.

In [M], many examples of c.c. multifunctions were given and, among
them are

(1) lower semicontinuous (l.s.c.) multifunctions with connected values, and

(2) upper semicontinuous (u.s.c.) multifunctions with closed connected val-
ues.
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Recall that a generalized arc is a continuum which has exactly two non-
cut points.

THEOREM M. [M, Theorem 3.1] Let c.c. multifunctions F and G map a
connected space X into a generalized arc 1. Assume that one of the following
conditions holds:

(i) F is a surjection with connected values.
(i1) F and G are both surjections.
Then there is an x € X such that F(x) N G(x) # (.

On the other hand, in an unpublished work of the present author, he tried
to apply Theorem M to obtain a common generalization of Theorem M and
Ricceri’s alternative principle [R1]. However, an excellent referee of that
work realized and informed the present author that, unfortunately, the proof
of Theorem M is wrong. The referee wrote as follows:

Indeed, using the same notations as in [M], take:

X=I=[0,1],
F(x)={x},
_[1{x if x € [0,1)
Gx) = { EO,}I] ifx=1.

Observe that both the multifunctions F, G are upper semicontinuous, with
compact and connected values. So, they are c.c. Moreover, F and G are both
surjections. Hence, all the assumptions of Theorem M are satisfied. Now,
consider the set A introduced in the proof. Namely,

A={x €[0,1]: G(x) C [x,1]}.
In the proof, it is claimed that A is closed. In the present case, this is not true.
Indeed, we clearly have
A=10,1).
Knowing that A is closed is absolutely necessary in the approach adopted

in [M]. Consequently, Theorem M, in the absence of a correct proof, should
be considered as a conjecture.
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4. Generalizations of Szabod’s theorem

In 1994, Szabd [S] obtained a coincidence theorem for two continuous
multifunctions from a connected space into the set of closed connected subsets
of [0,1]. Further, he raised a problem how one can generalize his result,
in particular for other space than [0,1]. In 1997, the present author [P1]
and Charatonik [C] gave affirmative solutions to the problem, independently.
However, in [C], it was noted that [M, Theorem 3.1] is much stronger than
Szabd’s theorem.

Let X be a connected topological space. According to Szabd [S], let
K]0, 1] denote the set of closed connected subsets of [0, 1], and a function
F : X — K]J0,1] is said to be continuous if each F(x) for x € X is
[fo(x),f1(x)] where fy,f; : X — [0, 1] are continuous.

The following is due to Szabé [S]:

THEOREM S. Let F, G : X — K]0, 1] be continuous functions and assume
that

U F =10, 11.

xeX

Then there exists xy € X such that F(xg) N G(xg) # 0.

Moreover, Szab6 [S] raised the following:

PROBLEM S. How can we generalize Theorem S for other spaces instead
of [0,1]?

In our previous work [P1], we showed that Theorem S is still true if [0, 1]
is replaced by any space T in Remark 2 of Theorem 1.

More precisely, Theorem 1 generalizes Theorem S and is an affirmative
solution of Problem S.
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5. On coincidence theorems of Charatonik

Since any generalized arc admits a natural linear order <, it can be
denoted by [a, b].

Given a generalized arc [a, b], Charatonik [C] denoted by K]la,b] the
set of closed connected subsets of [a,b]. Thus each nondegenerate element
of Kla,b] is a generalized arc [c,d] with a < ¢ < d < b. Adopting the
definition from Szabé [S] to this more general case, Charatonik [C] defined
the following:

DEFINITION C. Let a generalized arc [a,b] be fixed. A multifunction
F: X — K]a,b] is said to be continuous provided that if F(x) = [fo(x),f1(x)],
then the function fy : X — [a,b] and f} : X — [a, b] are continuous.

Then Charatonik [C] obtained the following:

STATEMENT C. Let X be a space and Y = |a, b] a generalized arc. Then

a multifunction F : X — K[a,b] C 2Y is continuous (u.s.c. and ls.c.) if and
only if it is continuous in the sense of Definition C.

Note that in the above argument, a generalized arc can be replaced by
any connected ordered space with two end points.

Analyzing carefully assumptions of Theorem S, Charatonic [C] showed
that, in the light of Statment C, the theorem can be reformulated as follows:

THEOREM C. Let X and Y be topological spaces and let multifunctions
F.G: X —2Y be given. Assume that
(1) X is connected;

(2) Y is a generalized arc (or more generally, a connected ordered space
with two end points);

(3) Y is metrizable;
4) F is Ls.c.;
(5) F is u.s.c.;
(6) F has compact values;
(7) F has connected values;
(8) F is surjective;
9) Gisls.c.;
(10) G is u.s.c.;
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(11) G has compact values;
(12) G has connected values.
Then
(13) There exists xo € X such that F(xg) N G(xg) # 0.

Note that we replaced the closedness in (6) and (11) by compactness.

Charatonik [C] formulated the following as a possible generalization of
Theorem S (or, equivalently, of Theorem C) for Hausdorff spaces X:

PROPOSITION C;. If X is a HausdorfT space, then in Theorem C assump-
tions (3), (5), (6), (10), and (11) can be omitted.

In the proof of Proposition C;, the author applied Theorem M. In view
of Section 3 of the present paper, the proof can not be complete.

However, without assuming Hausdorffness of X, Proposition C; follows
immediately from Theorem 1(i).

Another modification of Theorem S is the following in [C].

PROPOSITION C,. If X is a HausdorfT space, then in Theorem C assump-
tions (3), (4), and (9) can be omitted.

This also follows from Theorem 1(ii) without assuming Hausdorffness
of X.

Therefore, we answered affirmatively to the following raised in [C]:

QUESTION C. Can the assumption that the space X is Hausdorff be omit-
ted in Propositions C; and C,?

Note that the Hausdorffness in Propositions C; and C, came from [M,
Theorem 3.1] and is not necessary because our proofs are based on Theo-
rem 1.
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1. Introduction

A warped product M x pN, of a 1-dimensional base manifold (M, g),
g11 = —1, with a warping function F and an (n — 1)-dimensional Riemannian
fiber manifold (N, g), n > 4, is said to be a generalized Robertson—Walker
spacetime [1] [11]. This is a generalisation to arbitrary dimension of the
well-known Robertson-Walker spacetimes M x pN, which are a particular
case of the above in 4 dimensions, when (N, g) a 3-dimensional Riemannian
space of constant curvature.

Within the framework of curvature theory, curvature properties of pseu-
dosymmetry type of Robertson—Walker spacetimes have been investigated
from several points of view. Pseudosymmetric manifolds constitute a gener-
alization of spaces of constant (sectional) curvature, along the line of locally
symmetric (VR = 0) and semisymmetric spaces (R - R = 0 [14]), consec-
utively. The profound investigation of several properties of semisymmetric
manifolds, gave rise to their next generalization: the (properly) pseudosym-
metric manifolds (see (%), or (1)). For more detailed information on the
geometric motivation for the introduction of pseudosymmetric manifolds see
[7], see also [15].

More generally, one also considers tensors of the form R- T and Q(A, T),
with A a symmetric (0,2)-tensor and T a generalized curvature tensor; see

I Postdoctoral Researcher F.W.0.-Vlaanderen, Belgium.
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e.g. (x)p or (2), and (x)3 or (3). For precise definitions of the used symbols,
we refer to Section 2. Curvature conditions involving these will be called
curvature conditions of pseudosymmetry type. For a review of results on
different aspects of pseudosymmetric spaces, we refer to the survey article [7];
see also [15]. Let us just mention here the following application. Curvature
conditions of pseudosymmetry type often appear in the theory of general
relativity. Many well-known spacetime metrics have been shown to satisfy a
curvature condition of pseudosymmetry type: e.g. Schwarzschild, Robertson—
Walker, Kottler and Reissner—Nordstrom metrics are all pseudosymmetric in
the proper sense; for more on this, see [10] and [5].

In particular, w.r.t. Robertson—Walker spacetimes specifically, we recall
the following properties. Lemma 2.3 and Theorem 3.5 of [6] imply that every
Robertson—Walker spacetime is a pseudosymmetric manifold with the tensor
R - R — Q(S, R) vanishing identically. Moreover, it is well-known that a
4-dimensional Robertson—Walker spacetime is also conformally flat. There-
fore, on every Robertson—-Walker spacetime M x gN, the following curvature
conditions are satisfied:

R-R=LgrQ(g,R),

R-R—-Q(S,R)=1,Q(g,0),
R-C=1;0Q(S,O).

We thus observe that in 4 dimensions the Robertson—Walker spacetimes si-
multaneously realise 3 independent curvature conditions of pseudosymmetry
type, namely (%), (x)2, and (x)3. Moreover, in [4] it was shown that (%),
is even satisfied at every point of a generalized 4-dimensional Robertson—
Walker spacetime M x N, dimN = 3; and recently, 4-dimensional gen-
eralized Robertson—-Walker spacetimes M x pN realizing at every point the
condition (x)3 were investigated in [9].

In the present paper, we enlarge this study to warped products with
1-dimensional base and semi-Riemannian fiber, and consider the possibility to
single out nontrivial such spaces of any dimension, simultaneously realizing
the same set of pseudosymmetric curvature conditions. These curvature condi-
tions might be good candidates to indicate an appropriate subclass if one is to
expect for the generalized spaces in any dimension geometrical and physical
properties more closely related to the ones the prototypes in 4 dimensions
have. Indeed, the generalisation allows to consider a vastly greater class
of warped product spaces, which may significantly increase their usefullness
w.r.t. applications of various type, in the sense as e.g. mentioned in [11].
However, with applications of physical nature in mind, for example, one may
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wish to impose some assumed symmetry of the underlying space. This is
very much in the line of the exposition in [5], where curvature conditions of
pseudosymmetry type were put forward to do so. Here, in this particular case,
the known curvature properties of the 4-dimensional special case, indicate
which one can take.

This leads us to a particular class of warped product spaces, with addi-
tional conditions imposed on the warped product and having conformally flat
fiber space in particular. Finally, we give an explicit example of a family
of nontrivial spaces of this kind which exist in any dimension; the spaces of
the example are moreover quasi-Einstein. The paper is organized as follows.
In Section 2 we give precise definitions of the symbols used, and give the
necessary background material concerning the concepts we use. In Section 3,
we derive for later use some formulas for warped products. We also perform
some preliminary calculations to be applied in the proof of the theorems; we
organize them into a technical lemma, in order not the overload the proof of
the main theorems later on. Finally, in Section 4, we prove the main results.

2. Curvature conditions of pseudosymmetry type

Let (M,g), n =dim M > 3, be a connected semi-Riemannian manifold
of class C°° and let V be its Levi—-Civita connection. We define on M the
endomorphisms X A4 Y, R(X, Y) and 6(X, Y) by

XNAaY)Z=AY,2)X — AX,2)Y,
R(X,Y)Z=[Vx,VylZ - Vix,v1Z

B(X,Y)=R(X, Y)—L2 <X/\g3’Y+3’X/\g Y - 5 X A, Y),
n — n —

where the Ricci operator f is defined by S(X,Y) = g(X,¥Y), S is the
Ricci tensor, k the scalar curvature, A a symmetric (0, 2)-tensor and X, Y,
Z € E(M), E(M) being the Lie algebra of vector fields of M. Next, we
define the tensor G, the Riemann—Christoffel curvature tensor R and the Weyl
conformal curvature tensor C of (M, g) by

G(X, Xa, X3, Xy) = g((X) Ng X2) X3, Xy),
R(X1, X3, X3, Xy) = g(R(X7, X2) X3, Xy),
C(Xb X27 X37 X4) = g(g(Xla XZ)X?” X4)
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For a (0,k)-tensor T, k > 1, and a symmetric (0, 2)-tensor A, we define the
(0,k +2)-tensors R- T and Q(A, T) by

(R : T)(X17 . '7Xk;X7 Y) = ('%(Xa Y) : T)(X17 . 7Xk) =

= _T('%(Xa Y)X17X27' . 7Xk) e T T(Xla' . '7Xk—17'%(X7 Y)Xk)7
QA T)(Xy,. - Xi: X, Y) = (X Ag Y) - T)(Xy, .., Xy ) =
= —TUX A V)X, Xy oo X)) — oo = T(Xy e X1, (X A g Y)XP).

For (0, 2)-tensors A and B we define its Kulkarni-Nomizu product A A B by
(AN B)(X1, X3, X3, Xy) = A(X), X4)B(X3, X3) + A(Xp, X3)B(X1, X4)—
—A(X1, X3)B(Xp, Xy) — A(Xp, X4) B(X1, X3).
Putting in the last formulas T=R, T=S, T=Cor T=G and A =g or
A =S, we obtain the tensors R- R, R- S, R- C, Q(g,R), Q(g,S), Q(g, O),

Q(S, R), Q(S,C) and Q(S, G), respectively. The tensor C - C we define in
the same way as the tensor R - R.

Curvature conditions involving tensors of the form R - T and Q(A, T),
are called curvature conditions of pseudosymmetry type; examples are e.g.
(*)1, (x)p, and (x)3; one of the advantages w.r.t. their applicability is that,
whenever a geometrical property can be captured by a curvature condition of
this type, their tensorial character permits a particular elegant transfer of the
concept to other dimensions and signatures.

A semi-Riemannian manifold (M, g) is said to be (properly) pseudosym-
metric [8] if at every point of M the following condition is satisfied:

(*)q the tensors R - R and Q(g, R) are linearly dependent.
The condition (*); is equivalent to

(1) R-R=LrQ(g,R)

on the set Ug = {x €M|R- ﬁG#O atx}, where Lp is a function
on Ug.
The condition
(x)p the tensors R- R — Q(S, R) and Q(g, C) are linearly dependent.
is equivalent to
2) R-R—-Q(S,R)=L1,0(, ),

onthe set Uo = {x € M | C#0 at x }, where L, is a function on Uc. General
results on warped products realizing (x), were obtained in [4].
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The condition
(%)3 the tensors R - C and Q(S, C) are linearly dependent

is equivalent to
3) R-C=L3Q(S,0C)
onthe set U ={x € M | Q(S,C)#0 at x }, where L3 is a function on U.
Finally, we will also need the following generalization of the Einstein
metric condition S = %g. Einstein manifolds form a natural subclass of
various classes of semi-Riemannian manifolds determined by a curvature
condition imposed on their Ricci tensor [2] (Table, pp. 432-433). For ex-
ample, Einstein manifolds do also form a natural subclass of the class of
quasi-Einstein manifolds. A semi-Riemannian manifold (M, g), n > 3, is
called a quasi-Einstein manifold if at every point of M its Ricci tensor S is
decomposed on two terms: a metrical term and a term of rank at most one,
i.e. if the following relation is satisfied at every point x € M:

4) S=ag+fwaw, w e TE(M), a, B eRr

For example, the 4-dimensional Robertson—Walker spacetimes are quasi-
Einstein manifolds.

3. Warped products

Let now (M, 2) and (N, g), dimM = p, dimN =n —p, 1 < p < n,
be semi-Riemannian manifolds covered by systems of charts {Uj;x%} and
{U,;y*}, respectively. Let F be a positive smooth function on M. The
warped product M x pN of (M,g) and (N, &) [3] is the product manifold
M x N with the metric g = g x pg defined by

gxpg =nig +(Fom)n;g,
where 1y : M x N — M and 7ty : M x N — N are the natural projections on
M and N, respectively. Let {U; x Uyp;x!, .. xP xP =yl xn =yn—p}
be a product chart for M x N. The local components of the metric g = § X g
with respect to this chart are the following g,¢ = g4p if ¥ = a and s = b,
8grs = Fiup if r =a and s = 8, and g, = 0 otherwise, where a, b, c,
e {l,..,pha,B,y,...€{p+1,..ontand r, s, ¢, ... € {1,2,...,n}.
We will denote by bars (resp., by tildes) tensors formed from g (resp., &).
The local components Rysty = &rwR{;, = 8&rw (0uly; — 0.y, + T + 17, —

=I5, I, 0u = 6%,, of the Riemann—Christoffel curvature tensor R and the
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local components S;; of the Ricci tensor S of the warped product M x pN
which may not vanish identically are the following [12]:

- 1 . ~ 1
(3)Rabed =Rabeas Raabﬁ :_ETYabgaﬁ: Raﬁyé :FRaﬂyé - ZAIFGaﬂy(S’

- n—pl ~ 1 n—p-—1 N
(6)Sap="Sap — TﬁTab: Saﬁ :Saﬂ - 5 <tr(T) + TAIF) 8ap>

a 1
- Top=VpFa = 55FaFp, w(T)=g"" Typ,
) oF
A|F=A;F=8%F,F,, F,= a

From now we assume that dimM xgN =n > 4 and dim M = 1. The scalar
curvature kK of M X N is then given by the following relation

1 n—1 n—2A1F)

(8) K = I—:k — T <tr(T)+ 4 F

The local components of the Weyl conformal curvature tensor of the warped
product manifold M x N are given by

1
Crstu = Rystu — m (&ruSst — &rtSsu + &stSru — &suSrt) +

N K
n—2)n-1)
where Gysty = 8ru8st — 8rt&su>and r, s, t, u € {1, 2, ..., n}‘

(9) GI’SIM’

Applying now (5), (6) and (8) into (9) we get

1 ~ I
(10) Canip == —58n <Saﬂ - mgaﬁ) ;
- F . KF ~
(11) Caﬁyé = FRC{ﬂ'}/(S - n— 2UCfﬂ'}/(S + (f’l _ 1)(n _ 2)Gocﬂy(5'

Using (5), (6), (8), (10) and (11) we can verify that the local components of
the tensors R - C and Q(S, C) of M x N, which do not vanish identically
are the following:

(12) (R- C)aﬁyély =

- - F . - 1A F
= FR- Ryupyoze — ——5 (R @ A Sapyomu — 35 Q& COlapyotu-

- = F ~ ~
Q(s, C)aﬁyél,u = FQ(S, R)aﬁyé/l,u - EQ(Sag A S)aﬁy(ﬁ/l,u"'
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+$ Q(S, B)apyoiu—
-2 (tr(T) 28k ) FO@, Rgyoiu+
1) g (0D T2 FO@.E A S
(14) (R-C)g11pys = —%%gn <F(R S)apys — _AIFQ(gaS)aﬁyé)

Q(Sa C)a 1 ]ﬁyd =

I _ r 1 n—2AF U
(15) = ——z (n —R -3 (tr(T)+ . ?)) Q& Sapyo-

11 1 ~
(R Oapyrs = —5 DB Coapy + m/z ti(T)811Gs o py —
1 - -
(16) “2n =2 tr(T)811(8ys Sup — 885 Say)>
n—11
Q(S, O)iapy1s = 5 F tr(1)811Csapy+

1 1 .
—58n <S(§y wp — SopSay — K(gaﬁséy 8ay56ﬁ))+

1 2A1F _
+ml€ <tr(T)+ 3 F )gllGéaﬁy
1 _ —2AF . =
(17) T2 =281 (tr(T)+ > )(85;/ ap — 8opSay-

LEMMA 3.1. Let (N,8), dim N =n — 1 > 3, be a conformally flat semi-

Riemannian manifold such that its scalar curvature & vanishes and rankS = 1.

Then the warped product M x pN, of a 1-dimensional manifold (M,g) and

the manifold (N, g) satisfies the condition R - C = LQ(S, C) if at only if for

every point x € U there exist a chart Uy x U, C U such that the following

relations are satisfied on Uy x U,:
1A F

1 —-2MF
—5 5 Q@ Oapyoru =L <—§ <“(T) F

L —-2AF
_2(1’1 ) <tr(T) 3 F ) FQ@g,g N S)aﬁyél,u)

(18)
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1 A]F _ 1 n — ZA]F
(19) dn—2) F  2m-2) <tr(T)+ 2 T)
11 1 = -
5F tr(T)Csapy — 2 =2 tr(T)(&yo Sup — 8po Say) =
n—1te(T)
=L <— > F Coupy—
1 n — 2A1F - = - ~
(20) T2n=2) <tr(T) + > T) 85y Saup — 8o Say)) .

PROOF. We note that U C Ug. In fact, if we had at a point x € U
§ = ;51g then C = 0 implies R = =Jm=;G. Applying this into (10)
and (11) we obtain C = 0, a contradiction. Now, from (R - C)q 118y =
= LQ(S, C)allﬁyé , by an application of the above remark, (14) and (15), we
get (19). Further, in view of Lemma 2.1(iv) of [9], it follows that R - R = 0.
Furthermore, using the following identities
1 = g ~ 1

SAS+— % G-R-
n—2% n— n —2) n—2

~ ~ 1 =~ =
Q5.3 A 8)=-30@.5A3)

C=R-

and the assumption that rank(S) = 1, we obtain

1
n—2
.~ 1 - o~
= R D E— % = R .
0B, R+ 5-—5-0,5 15 = 03, R)
Finally (12), (13), (16) and (17) lead to (18) and (20), completing the proof. i

0=0Q(S,0)=Q(S,R) - Q5,8 A8 =

4. Main results

We show that on a particular subclass of the warped product manifolds
under consideration the same three curvature conditions of pseudosymmetry
type (x)1, (*¥)2, (*)3 are satisfied as by the 4-dimensional Robertson—Walker
spacetimes. Proposition 4.1 first indicates this subset among the warped
products which were subject of Lemma 3.1; Proposition 4.2 then proves that
the conditions are indeed realized.
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PROPOSITION 4.1. Let (N,g), dimN = n — 1 > 3, be a conformally
flat semi-Riemannian manifold such that its scalar curvature & vanishes and
rankS = 1. Then the warped product M x N, of a 1-dimensional manifold
(M, 2) and the manifold (N, §) satisfies the condition R - C = LQ(S, C) if at
only if for every point x € U there exists a chart Uy x Uy C U such that the
following relations are satisfied on Uy x U,:

21 F=F(x 1) =a exp(bxl), a = const. > 0, b = const.z0.

PROOF. Let U; x U, C U be a chart around a point x € U. We assume
that (18), (19) and (20) are satisfied on U; x U,. From (20), by symmetrization
with ¢ and 8 we get

1 J . L= -
"2 —2) D 8ys Sap — 8o Say + 8ay Spo — &apSys) =
L —2AF L= = -
= T2 —2) (tr(T) 7 ) (8o Sup —8po Sary +8ay Sps —8ap Sys)s
whence immediately follows that
—2AF
(22) tr(T) = L <tr( T+ . 17)

holds on U; x U,. Applying this into (20) we get (L — n%]) tr(T)C)éaﬂy =

= 0, which reduces to <L— —) tr(T) = 0. If L;tanl then on some
neighbourhood V C Ul X U2 of the point x we have tr(T) = 0, and, by
(19) and (22) we obtain 215 = (n —2)LAE and LA = 0. From the last two

relations we have —— A = O which yields F/ =0 on V and, in a consequence
Q(S, C) =0 holds on V, a contradiction. Thus we have: L = m and

1A F

2 F’

which is equivalent to L = nL_] and FF"' = (F)2, where F' = C;lx—}? and

!
F' = &
dx1

implies (18), (19) and (20), with L = ——. Our proposition is thus proved. 1

(23) tr(T) =

. From this we get easily (21) Conversly, we can check that (21)

PROPOSITION 4.2. Let M x pN be the warped product of a 1 -dimensional
manifold (M, g), with §;; = € = *1, the warping function F, Fix') =



22 FILIP DEFEVER, RYSZARD DESZCZ, MARIAN HOTLOS, MAREK KUCHARSKI, ZERRIN SENTURK

= aexp(bxl), a = const. > 0, b = const.#0 and a conformally flat semi-
Riemannian manifold (N, g), dim N =n—1 > 3, such that its scalar curvature
& vanishes and rankS = 1. Then the following relations are satisfied on
M X FN N

(24) R-R= LQ(g,R),
n — n
(n — 2k
(25) R-R— Q(S,R) = ( T Q& O
(26) R-C=—1os.0)
n—1

PROOF. First, we remark that in view of Lemma 2.1 (iv) of [8] the
manifold (N, g) is semisymmetric, i.e. R- R = 0 holds on (N, g). Thus,
in view of Corollary 4.2 of [8], the manifold M x pN is pseudosymmetric.
Moreover, (3.17) of [8] implies

Lg= 2F" — (F')%),
R 4PQ( (F)7)
whence
1
(27) Lg= —Zeaz.

Further, applying in (8) the relation (23) and & =0, we get
nin—1)AF  n(n— 1)6 )
4 P 4
From (27) and (28) follows now immediately the proof of (24).

(28)

Further, the proof of Lemma 3.1 shows that Q(8,R) = 0 is satisfied on
(N, 2). Now Lemma 4.1 of [4] implies that (2) is satisfied, with

n— 2 tr( T)
29 =
(29) L= =
Applying to (29) the relation (23), we obtain L, = Tzﬁ’ whence L, =
b 426a which, by making use of (28), turns into L, = (” %ﬁ , completing

the proof of (25).

Finally, we see that the conditions of Proposition 4.1 are satisfied by our
assumptions; whence (3) is realised. Moreover, from the proof of Proposition

4.1 follows that necessarily L3 = n]Tl’ which yields (26).
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This finishes the proof of Proposition 4.2. |

We now give an explicit example of a family of such spaces satisfying
the conditions of Proposition 4.2 and thus realizing (%), (*), and (*)3 in an
nontrivial way. The examples exist in any dimension, and are moreover also
quasi-Einstein, making the analogy with the 4-dimensional Robertson—Walker
spacetimes still closer.

EXAMPLE 4.1. (i) First, we have to construct an appropriate conformally
flat manifold (M, g), dim M =n — 1 > 3, such that & =0 and rankS = 1. Let
M, = {(xz,x3) c x2, x3 e R} be a connected, non-empty, open subset
of R2, equipped with the metric tensor g, defined by g20 = g233 = 0,
8223=8232=1,and let H=H(x 2) be a smooth function on M,. Moreover,
let (M3, g3) be a semi-Euclidean space E’;_3 and let g3, = e;0yz, e; = £1,
v, z € {4,5,..,n}. In [13] (see p. 177) it was shown that the rank of the
Ricci tensor S of the warped product M, x g Mz is equal to one and that its

scalar curvature & vanishes. Moreover, Sy, = —% (in% — ﬁH2H3) , where

H, = jx—h; and other local components of S are equal to zero [13] (p. 177).

(ii) Next, we consider the warped product M x N, where M is an open,
non-empty interval of R, g1 is the metric tensor of M, the warping function
F, Fx!) = aexp(bx]), a = const. > 0, b = const.#0, and (M, ) be the
manifold defined in (i). Using (6), (8) and (23) we can verify that the tensor
S - % g of the manifold M x gN is of rank one, i.e. this warped product is
also a quasi-Einstein manifold.
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1. Introduction

ABD EL-MONSEF et al. [1] defined -continuity in topological spaces as
a generalization of quasi-continuity [14] and precontinuity [15]. Recently,
BORSIK and DOBOS [6] have introduced the notion of almost quasi-continuity
and obtained a decomposition of quasi-continuity. The authors [25] of the
present paper obtained several characterizations of -continuity and showed
that almost quasi-continuity is equivalent to [-continuity. The equivalence
of almost quasi-continuity and a (-continuity was also shown by BORSIK
[5] and EWERT [10], independently. In [28, 20], the present authors have
introduced the notion of weakly a -continuous functions and upper (lower)
weakly S-continuous multifunctions. The purpose of the present paper is to
obtain many characterizations and several properties concerning upper (lower)
weakly f-continuous multifunctions.

2. Preliminaries

Let X be a topological space and A a subset of X. The closure of A
and the interior of A are denoted by CI(A) and Int(A), respectively. A subset
A is said to be regular open (resp. regular closed) if A = Int(CI(A)) (resp.
A = CI(Int(A))). A subset A is said to be an a-open [16] (resp. semi-open
[13], preopen [15], B-open [1] or semi-preopen [4]) if A C Int(Cl(Int(A)))
(resp. A C Cl(Int(A)), A C Int(Cl(A)), A C Cl(Int(Cl(A)))). The family of
all @-open (resp, semi-open, 3-open) sets of X containing a point x € X is
denoted by a(X,x) (resp. SO(X,x), B(X,x)). The family of all «-open
(resp. semi-open, preopen, 3-open) sets of X is denoted by a(X) (resp.
SO(X), PO(X), f(X)). The complement of an a-open (resp. semi-open,
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preopen, -open) set is said to be an a-closed (resp, semi-closed, preclosed,
B-closed or semi-preclosed). The intersection of all a-closed (resp, semi-
closed, preclosed, f-closed or semi-preclosed) sets of X containing A is
called the a a-closure [16] (resp. semi-closure [8], preclosure [9], B-closure
[2] or semi preclosure [4]) of A and is denoted by  CI(A) (resp, sCI(A),
pCI(A), B CI(A) or spCI(A)). The union of all -open sets of X contained in

A is called the §-interior of A and is denoted by p Int(A).

The following basic properties of the §-closure are useful in the sequel:

LEMMA 2.1. (ABD EL-MONSEF et al. [2], ANDRUEVIC [4]). Let A be a
subset of a space X. Then the following properties hold:

(D) g CIX — A) =X — 5 Int(A),
2)x e B CI(A) if and only if AN U#( for each U € B(X,x),
(3) g Int(A) = AN Cl(Int(CI(A))),
(4) p CI(A) = AU Int(Cl(Int(A))).

The 6-closure [33] of A, denoted by Clg(A), is defined to be the set of
all x € X such that AN CI(U)#0 for every open neighborhood U of x. If
A =Cly(A), then A is said to be 0-closed. The complement of a §-closed set
is said to be O-open. It is shown in [33] that Cly(A) is closed in X for each
subset A of X and CI(U) = Clg(U) for each open set U of X.

Throughout this paper, spaces (X,7) and (Y,0) (or simply X and Y)
always mean topological spaces and F: X — Y (resp. f : X — Y) presents
a multivalued (resp. single valued) function. For a multifunction F: X — Y,
we shall denote the upper and lower inverse of a set G of Y by F"(G) and
F~(G), respectively, that is

F'(G)={xeX: Fx)CG} ad F (G)={x€ X: Fx)NG=0}.

3. Characterizations

DEFINITION 3.1. A multifunction F : X — Y 1is said to be

(a) upper weakly f3-continuous [20] (resp, almost B -continuous [20], (-
continuous [27]) at a point x € X if for each open set V containing F(x),
there exists U € B(X,x) such that F(U) C CI(V) (resp. F(U) C Int(CI(V)),
F(U) C V),
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(b) lower weakly B-continuous [20] (resp. almost f3-continuous [20],
B -continuous [27]) at a point x € X if for each open set V such that F(x) N
N V=0 there exists U € B(X,x) such that F(u) N CI(V)#0 (resp. F(u) N
N Int(CI(V))z0, F(u) N V#0) for every u € U,

(c) upper (lower) weakly f3-continuous (almost 3 -continuous, f -continu-
ous) if F has this property at every point of X.

REMARK 3.1. By u.wB.c. (resp. lLw.p.c.), we denote the term “upper
weakly f-continuous” (resp. “lower weakly f-continuous”).

THEOREM 3.1. For a multifunction F : X — Y, the following are equiv-
alent

(1) F isu.wf .c. at a pointx € X;

(2) x € Clnt(CI(F*(CI(V))))) for every open set V of Y containing
F(x);
(3) for each open neighborhood U of x and each open set V of Y

containing F(x); there exists an open set G of X such that ) G C U and
G C CI(FT(CI(V)));

(4) for each open set V of Y containing F(x), there exists U € SO(X,x)
such that U C CI(FT(CI(V)));

®)x e B Int(F*(CI(V))) for every open set V of Y containing F(x).

PROOF. (1) = (2): Let V be an open set of Y containing F(x).
Then there exists U € (X, x) such that F(U) C CI(V). Then x € U C
C F*(CI(V)). Since U is B-open, we have x € U C Cl(Int(CI(U))) C
C Cl(Int(CI(F*(CI(V))))).

(2) = (3): Let V be an open set of Y containing F(x) and U an
open set of X containing x. Since x € Cl(Int(CI(F"(CI(V))))), we have
U NInt(CI(FT(CL(V))))#0. Put G = U N Int(CI(F*(CI(V)))), then G is an
open set, = G C U and

G C Int(CI(F*(CI(V)))) C CI(F(CI(V))).

(3) = (4): Let V be an open set of Y containing F(x). By U(x), we
denote the family of all open neighborhoods of x. For each U € U(x), there
exists an open set Gy of X such that = Gy C U and Gy C CI(FY(CI(V))).
Put W =U{Gy : U € U(x)}, then W is an open set of X, x € CI(W) and
W C CI(F*(CI(V))). Moreover, we put Uy = W U {x}, then we obtain
Uy € SO(X,x) and Uy C CI(FT(CI(V))).
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(4) = (5): Let V be an open set of Y containing F(x). There exists
G € SO(X, x) such that G C CI(F*(CI(V))). Then, by Lemma 2.1 we have
x € FF(V)NG C F(CI(V))NCl(Int(G)) C
C F*(CI(V)) N Cl(Int(CI(F(CI(V))))) = g Int(F(CI(V))).

(5) = (1): Let V be any open set of Y containing F(x). Then, by (5)
we have x € § Int(F*(CI(V))). Put U = B Int(F*(CI(V))). Then U € B(X,x)

and F(U) C CI(V). Therefore, F is u.w.,.c. at x. |

THEOREM 3.2. For a multifunction F : X — Y, the following are equiv-
alent:

(1) F is Lw,f.c. at a point x of X ;
(2) x € Cl(Int(CI(F~(CI(V))))) for every open set V of Y such that
Fx)NnV=z0;

(3) for any open neighborhood U of x and any open set V of Y such
that F(x) N V #(), there exists an open set G of X such that

0bzGCU and G C CI(F(CI(V)));

(4) for any open set V of Y such that F(x) N V #(), there exists U €
€ SO(X,x) such that U C CI(F (CI(V)));

b)) x € ﬂInt(F_(Cl(V))) for every open set V of Y such that
F(x)n V=0.

PROOF. The proof is similar to that of Theorem 3.1 and is thus omitted. Il

DEFINITION 3.2. A functionf : X — Y is said to be weakly 3 -continuous
at a point x € X if for each open set V of Y containing f(x) there exists
U € B(X,x) such that f(U) C CI(V). If f has this property at each point of
X, it is said to be weakly f3-continuous [28].

COROLLARY 3.1 (Popa and Noiri [28]). For a functionf : X — Y, the
following are equivalent:

(1) f is weakly B -continuous at a point x of X ;

(2) x € Cl(Int(CI(f _I(CI(V))))) for every open set V of Y containing
f(x);

(3) for any open neighborhood U of x and any open set V of Y con-
taining f (x); there exists a nonempty open set G of X such that G C U and
G C ClF~ Cu v
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(4) for any open set V of Y containing f(x), there exists U € SO(X, x)
such that U C CI(f ~1(CI(V)));

®)x e B Int(f_l(Cl( V))))) for every open set V of Y containing f (x).

THEOREM 3.3. For a multifunction F : X — Y, the following are equiv-
alent:

(1) Fisuwpf.c;

(2) F*(V) C Cl(nt(CI(F*(CI(V))))) for every open set V of Y ;
(3) Int(Cl(Int(F~(V)))) C F~(CI(V)) for every open set V of Y ;
(4) Int(Cl(Int(F~ (Int(K))))) C F~ (K) for every closed set K of Y ;
(5) B CI(F~ (Int(K))) C F~(K) for every closed set K of Y ;

(6) B CI(F~ (Int(C1(B)))) C F~(CI(B)) for every subset B of Y ;

(7) F*(Int(B)) C B Int(F*(Cl(Int(B)))) for every subset B of Y ;

(8) Ff*(V) C B Int(F*(CI(V))) for every open set V of Y ;

9) B CI(F~(V)) C F(CI(V)) for every open set V of Y.

PROOF. (1) = (2): Let V be any open set of Y and x € F*(V). Then

F(x) C V and by Theorem 3.1 x € Cl(Int(CI(F*(CI(V))))). Therefore, we
obtain

F*(V) C Cl(Int(CI(FF(CI(V))))).
(2) = (3): Let V be any open set of Y. Then we have
X — F (CI(V))= F (Y — CI(V)) C Cl(Int(CI(F"(CI(Y — CI(V)))))) =
= Cl(Int(CI(F* (Y — Int(Cl(V))) C Cl(Int(CI(F" (Y — V)))) =
= Cl(Int(CI(X — F~(V)))) = X — Int(Cl(Int(F~ (V)))).

Therefore, we obtain Int(Cl(Int(F~(V)))) C F~(CI(V)).

(3) = (4): Let K be any closed set of Y, then Int(K) is open in Y and
hence

Int(ClInt(F~ (Int(K))))) C F~ (Cl(Int(K))) C F~ (K).
(4) = (5): Let K be any closed set of Y. Then we have
Int(Cl(nt(F~ (Int(K))))) C F(K) and F (Int(K)) C F (K).
Therefore, by Lemma 2.1 we obtain a CI(F~ (Int(K))) C F~ (K).
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(5) = (6): Let B be any subset of Y, then CI(B) is closed in Y. Thus
we obtain

p CI(F (Int(CI(B)))) C F~ (CI(B)).
(6) = (7): Let B be any subset of Y. Then, we obtain
Fr(In(B))= X — F (CKY —B)) C X — g CI(F~ (In(CI(Y" — B)))) =
=3 Int(F*(Cl(Int(B)))).
(7) = (8): The proof is obvious.
(8) = (9): Let V be any open set of Y. Then, by (8) we have
g CIF (V) C g CIF™ (Int(CI(V)))) = g CUX — F(Y —Int(CI(V)))) =
=X -3 Int(F" (Y — Int(CI(V)))) = X — B Int(F"(CI(Y — CI(V)))) C
C X — F' (Y —(CI(V))) = F(CI(V)).
Therefore, we obtain B CI(F~(V)) C F(CI(V)).

(9) = (1): Let x be any point of X and V be any open set of Y
containing F(x). Now, we set U = B Int(F*(CI(V))). Then, we have

U=g Int(F"(CI(V))) =
=X - pCIF (Y =Cl(V))) D X - F (CI(Y - CI(V))) =
= F(Int(CI(V))) D F'(V) > x.

Therefore, we obtain that U € f(X,x) and F(U) C CI(V). This shows that
Fisuwp.c. |

THEOREM 3.4. For a multifunction F : X — Y, the following are equiv-
alent:

(1) Fis Lwp.c.;

(2) F~ (V) C Cl(Int(CI(F~(CI(V))))) for every open set V of Y ;
(3) Int(Cl(Int(F*(V)))) C F(CI(V)) for every open set V of Y ;
(4) Int(Cl(Int(F*(Int(K))))) C F*(K) for every closed set K of Y ;
(5) B CI(FT(Int(K))) C F*(K) for every closed set K of Y ;

(6) B CI(FT(Int(CI(B)))) C F*(CI(B)) for every subset B of Y ;
(7) F~(Int(B)) C B Int(F~ (Cl(Int(B)))) for every subset B of Y ;
®) F(V)C B Int(F~(CI(V))) for every open set V of Y ;
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OF CI(F*(V)) c F*(CI(V)) for every open set V of Y.
PROOF. The proof is similar to that of Theorem 3.3 and is thus omitted. I

COROLLARY 3.2 (PoPA and NOIRI [28]). For a functionf : X — Y, the
following are equivalent:

(1) f is weakly B -continuous;

(2)f_1(V) Cp Int(f_l(Cl( V))) for every open set V of Y ;

3) B Cl(f_l(Int(K))) Cf_l(K) for every closed set K of Y ;

4 B CI(f _I(Int(Cl(B)))) cf _](CI(B)) for every subset B of Y ;
(S)f_l(V) C Cl(Int(Cl(f_](Cl( V))))) for every open set V of Y ;
QF; Clf (V) c f~1(CU(V)) for every open set V of Y.

THEOREM 3.5. For a multifunction F : X — Y, the following are equiv-
alent:

(1) Fis uwp.c.;
2) B CI(F~(Int(Cly (B)))) C F~(Clg(B)) for every subset B of Y ;

3) B CI(F~ (Int(CI(B)))) C F (Cly(B)) for every subset B of Y ;

“4) B CI(F~ (Int(C1(V)))) C F~(CI(V)) for every open set V of Y ;

&) B CI(F~ (Int(C1(G)))) C F~(CI(G)) for every preopen set G of Y ;

(6) B CI(F~ (Int(K))) C F~(K) for every regular closed set K of Y ;

(1) p CIF~ (Int(CI(G)))) C F~(CI(G)) for every G € B(Y);

(8) g CI(F~ (Int(CI(G)))) C F~(CI(G)) for every G € SO(Y).

PROOF. (1) = (2): Let B be any subset of Y. Then Cly(B) is closed in
Y. Therefore, by Lemma 2.1 and Theorem 3.3 we obtain

p CI(F~ (Int(Cly (B)))) =
= F~ (Int(Clg (B)))) U Int(Cl(Int(F~ (Int(Cly (B)))))) C F~ (Clg(B)).

(2) = (3): This is obvious since CI(B) C Cly(B) for every subset
BofY.

(3) = (4): This is obvious since CI(V) = Cly(V) for every open set
VofY.
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(4) = (5): Let G be any preopen set of Y. Then we have G C
C Int(Cl(G)) and hence CI(G) = Cl(Int(C1(G))). Now, set V = Int(CI(G)),
then V is open in Y and CI(G) = CI(V). Therefore, by (4) we have
B CI(F~ (Int(CI(G)))) C F~ (CI(G)).

(5) = (6): Let K be any regular closed set of Y. Then we have Int(K) €
€ PO(Y) and hence by (5) B CI(F~(Int(K))) = B CI(F~ (Int(Cl(Int(K))))) C

C F(Cl(In(K))) = F(K).

(6) = (7): Let G € B(Y). Then G C Cl(Int(CI(G))). Since CI(G) is
regular closed in Y, by (6) B CI(F~ (Int(CI(G)))) C F~ (CI(G)).

(7) = (8): This is obvious since SO(Y) C 'g(Y).

(8) = (1): Let V be any open set of Y. Then, since V € SO(Y), by
(8) we have g CI(F~(V)) C g CI(F~(Int(CI(V)))) C F~(CI(V)). Hence, by
Theorem 3.3, F is u.w.f.c.

THEOREM 3.6. For a multifunction F : X — Y, the following are equiv-
alent:

(1) Fislwp.c;
(2 g CI(F*(Int(Cly(B)))) C F*(Clg(B)) for every subset B of Y ;

3) B CI(F*(Int(CI(B)))) C F*(Cly(B)) for every subset B of Y ;

4 B CI(FT(Int(CI(V)))) C FT(CI(V)) for every open set V of Y ;
(5) g CFT(Int(CI(G)))) C FT(CI(G)) for every preopen set G of Y ;
OF CI(FT(Int(K))) C F*(K) for every regular closed set K of Y ;
(7) B CI(F*(Int(CI(G)))) C F*(CI(G)) for every G € (Y);

®) g CI(F*(Int(CI(G)))) C FT(CI(G)) for every G € SO(Y).

PROOF. The proof is similar to that of Theorem 3.5. |

COROLLARY 3.3 (PoPA and NOIRI [28]). For a functionf : X — Y, the
following are equivalent:

(1) f is weakly B -continuous;

(2) p CI(f ~!nt(CI(B)))) C f~'(CU(B)) for every subset B of Y ;
3) B CI(f -1 (Int(F))) C f~ 1 (F) for every regular closed set F of Y ;
@) g ClF~1(V)) C f~HCU(V)) for every open set V of Y.



ON UPPER AND LOWER WEAKLY f-CONTINUOUS MULTIFUNCTIONS 33

THEOREM 3.7. For a multifunction F : X — Y, the following are equiv-
alent:

(1) Fis uwp.c.;
(2) Int(Cl(Int(F—(V)) C F~(CI(V)) for every V € PO(Y);
3) B CI(F~(V)) C F(CI(V)) for every V € PO(Y);

4) F*(V) C B Int(F*(CI(V))) for every V € PO(Y).

PROOF. (1) = (2): Let V be any preopen set of Y. Since F is u.w.f.c.,
by Theorem 3.3 we obtain

Int(Cl(Int(F~ (V)))) C Int(Cl(Int(F~ (Int(CI( V)))))) C F~ (CI(V)).
(2) = (3): Let V be any preopen set of Y. By Lemma 2.1, we have
p CIF (V) = F (V) UInt(Cl(Int(F(V)))) C F (CI(V)).

(3) = (4): Let V be any preopen set of Y. Then, we have V C
CInt(ClI(V))and Y — V D Cl(Int(Y — V)). By (3), we have
X-F(V)=F (Y-V)D F (Clnt(Y — V))) D B CI(F (Int(Y —V))) =
= g CI(F (Y = Cl(V))) = g CU(X — FHCI(V) =X — B Int(FT(CI(V))).

Therefore, we obtain F(V) C B Int(F*(CI(V))).

(4) = (1): Since every open set is preopen, this follows from Theo-
rem 3.3. |

THEOREM 3.8. For a multifunction F : X — Y, the following are equiv-
alent:

(1) Fislwp.c;
(2) Int(Cl(Int(F*(V)))) C F*(CI(V)) for every V € PO(Y);
QN CI(F*(V)) Cc FY(CI(V)) for every V € PO(Y);

(4 F~(V) C g Int(F~(CI(V))) for every V € PO(Y).
PROOF. The proof is similar to that of Theorem 3.7 and is thus omitted. Il

COROLLARY 3.4. For a functionf : X — Y, the following are equiva-
lent:

(1) f is weakly B -continuous;
2) Int(Cl(Int(f_l(V)))) Cf_l(Cl( V) for every V € PO(Y);
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(3) g ClF~1(V)) C f~HCU(V)) for every V € PO(Y);
@ fFLv)c 8 Int(f ~1(CI(V))) for every V € PO(Y).

For a multifunction F : X — Y, the graph multifunction Gg : X —
— X X Y is defined as follows: Gp(x) = {x} x F(x) for every x € X.

LEMMA 3.1 (NOIRT and POPA [18]). For a multifunction F : X — Y, the
following hold:

(a) Gp+(Ax B)= AN F'(B)
and
(b) Gp-(Ax B)=ANF (B)

for any subsets AC X and BC Y.

THEOREM 3.9. Let F : X — Y be a multifunction such that F(x) is
compact for eachx € X. Then F is u.wf.c. ifand only if Gr: X — X X Y
is u.wp.c.

PROOF. Necessity. Suppose that F: X — Y is uwf.c. Let x € X and

W be any open set of X X Y containing Gg(x). For each point y € F(x),

there exist open sets U(y) C X and V(y) C Y such that (x,y) € U(y) %

x V(y) C W. The family { V(y): y € F(x)} is an open cover of F(x) and

F(x) is compact. Therefore, there exist a finite number of points, say, yi, y2,
..» yn in F(x) such that F(x) CU{V(y;): 1 <i <n}. Set

U=n{U@;): 1<i<n} and V=U{V(@y): 1<i<n}.
Then U and V are open sets of X and Y, respectively, and Gr(x) = {x} X
x F(x) C U x V C W. Since F is u.w.f3.c., there exists Uy € f(X,x) such

that F(Uy) C CI(V). It follows from [4, Theorem 2.7] that UN Uy € f(X, x).
By Lemma 3.1, we have

UnN Uy CCIU)NFHCI(V)) = Gp+(CI(U) x CI(V)) C Gpx(CI(W)).

Therefore, we obtain U N Uy € B(X,x) and Ge(U N Uy) € CI(W). This
shows that G is u.w.f.c.

Sufficiency. Suppose that G : X — X x Y isuwf.c. Let x € X and
V be any open set of Y containing F(x). Since X x V is openin X x Y and
Gr(x) C X x V, there exists U € (X, x) such that GeR(U) C CI(X x V)=
= X x CI(V). By Lemma 3.1, we have U C Gp+(X x CI(V)) = FH(CI(V)).
This shows that F is u.w.(.c. |
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THEOREM 3.10. A multifunction F : X — Y is Lw}.c. if and only if
Gr: X —-XxYislwp.c

PROOF. Necessity. Suppose that F is l.w.f.c. Let x € X and W be any
open set of X x Y such thatx € Gp—(W). Since W N({x} x F(x))#0), there
exists y € F(x) such that (x,y) € W and hence (x,y) € U x V C W for
some open sets U C X and V C Y. Since F is Lw..c. and F(x) N V#(),
there exists Uy € f(X,x) such that Uy C F~(CI(V)). By Lemma 3.1, we
have

UNnUyCUNF (CI(V)) =Gp- (U xCI(V)) C G- (CI(W)).

Moreover, we have U N U € B(X,x) by [4, Theorem 2.7] and hence G is
Lw.,p.c.

Sufficiency. Suppose that Gg is Lw.f.c. Let x € X and V be an open set
of Y such that x € F~ (V). Then X X V is openin X X Y and

Gr)N(X x V)={x} x Fx)N(X x V)={x} x (F(x)N V).
Since Gp is 1.w..c., there exists U € (X, x) such that U C G- (CI(X x

x V)). By Lemma 3.1, we obtain U C Gg—(CI(X x V))=F~(CI(V)). This
shows that F is L.w.f3.c. |

COROLLARY 3.5. (POPA and NOIRI [28]). Letf : X — Y be a function
andg : X — X x Y the graph function defined as follows: g(x) = (x,f(x))
for each x € X. Then f is weakly 3 -continuous if and only if g is weakly
p -continuous.

THEOREM 3.11. Let {U, : a € V} be an a-open cover of a topological
space X. A multifunction F : X — Y is u.wf.c. if and only if the restriction
F|Uy:Uy; — Y isuwp.c foreacha € V.

PROOF. Necessity. Suppose that Fis u.w.f.c. Leta € Vandx € Uy. Let
V be an open set of Y such that (F | Uy)(x) C V. Since F is u.w.f.c. and
F(x)=(F | Uy)(x) C V, there exists Uy € (X, x) such that F(Uy) C CI(V).
Set U = Uy N Uy, then by [1, Lemma 2.5] we have U € B(Ug,x). Then
(F| Uy)(U)=F(U) C CI(V). Therefore, F | Uy is u.w.f.c.

Sufficiency. Suppose that F | U, : Uy, — Y is uwpf.c. for each
a € V. Let x € X and V be any open set of Y such that F(x) C V.
There exists ¢ € V such that x € U,. Since F | Uy is u.w.f.c. and
(F| Uy)(x) = F(x) C V, there exists U € (Ug,x) such that (F | Uy )(U) C
C CI(V). Since U, is a-open, we have U € f(X,x) [1, Lemma 2.7] and
F(U)=(F| Uy)(U) C CI(V). This shows that F is u.w.f.c. ]
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THEOREM 3.12. Let {U, : o € V} be an a.-open cover of a topological
space X. A multifunction F : X — Y is Lwf.c. if and only if the restriction
F|Uy;:Uy — Y islwpf.c foreacha € V.

PROOF. The proof is similar to that of Theorem 3.11. |

4. Weak f-continuity and almost 3 -continuity

DEFINITION 4.1. A multifunction F : X — Y is said to be almost 5-open
if F(U) C Int(CI(F(U))) for every U € fO(X,x).

LEMMA 4.1 (PoPA and NOIRI [26]). If X is a topological space and U is
open in X, then sCI(U) = Int(CI(U)).

THEOREM 4.1. If a multifunction F : X — Y is u.w}f.c, and almost
B -open, then F is upper almost 3 -continuous.

PROOF. Let V be any open set of Y containing F(x). There exists
U € f(X,x) such that F(U) C CI(V). Since F is almost 3-open, F(U) C
C Int(CI(F(U))) C Int(CI(V)) = sCI(V). It follows from [20, Theorem 3]
that F is upper almost 5-continuous. |

COROLLARY 4.5 (NOIRT and PoPA [19]). If a functionf : X — Y Is
weakly 3 -continuous and almost 3 -open, then f is almost f -continuous.

THEOREM 4.2. Let F : X — Y be a multifunction such that F(x) is an
open set of Y for each x € X. Then the following are equivalent:

(1) F is lower B -continuous;
(2) F is lower almost 3 -continuous;
(3) FisLlwp.c.

PROOF. The implications (1) = (2) and (2) = (3) are obvious and we
show that

(3) implies (1). Let x € X and V be an open set such that F(x) N V ().
Then there exists U € B(X,x) such that F(u) N CI(V)=#{ for each u € U.
Since F(u) is open, F(u) N V#() for each u € U and hence F is lower
f-continuous. 1

DEFINITION 4.2. A subset A of a topological space X is said to be
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(a) a-paracompact [34] if every cover of A by open sets of X is refined
by a cover of A which consists of open sets of X and is locally finite in X,

(b) a-regular [11] (resp. a-almost-regular [12]) if for each a € A and
each open (resp, regular open) set U of X containing a, there exists an open
set G of X suchthata € G C CI(G) C U.

DEFINITION 4.3. A topological space X is said to be almost regular [31]
if for each x € X and each regular closed set F of X not containing x, there
exist disjoint open sets U and V of X such thatx € U and FC V.

LEMMA 4.2 (POPA and NOIRI [26]). If A is an a-almost regular a -
paracompact set of a topological space X and U is a regular open neigh-
borhood of A, then there exists an open set G of X such that A C G C
CcCl(G)CU.

THEOREM 4.3. If a multifunction F : X — Y is u.wf.c. and F(x) is
an a -almost regular and o -paracompact set for each x € X, then F is upper
almost 3 -continuous.

PROOF. Let V be a regular open set of Y and x € F*(V). Then
F(x) C V and by Lemma 4.2. there exists an open set W of Y such that
F(x) Cc W C CI(W) C V. Since F is u.w.f.c., there exists U € B(X,x)
such that F(U) C CI(W) C V. Therefore, we have x € U C F*(V). This
shows that F*(V) € f(X,x). It follows from [20, Theorem 3] that F is upper
almost -continuous. |

COROLLARY 4.2. Let F: X — Y be an u.w.3.c. multifunction such that
F(x) is compact for each x € X and Y is almost regular. Then, F is upper
almost f -continuous.

COROLLARY 4.3 (NOIRT and PopA [19]). Iff : X — Y is a weakly
B -continuous function and Y is almost regular, thenf is almost f3 -continuous.

LEMMA 4.3 (PoPA [24]). If A is an a -almost regular set of a space X,

then for every regular open set U which intersects A, there exists an open set
G such that AN G=0 and CI(G) C U.

THEOREM 4.4. If F : X — Y is a Lw,.c. multifunction such that F(x)
is an a -almost regular set of Y for every x € X, then F is lower almost
p -continuous.

PROOF. Let V be a regular open set of Y and x € F~ (V). Since F(x) is
a-almost regular, by Lemma 4.3 there exists an open set W of Y such that
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F(x)N W#() and CI(W) C V. Since F is l.w..c., there exists U € B(X,x)
such that F(u) N CI(W)=#0; hence F(u) N V #( for every u € U. Therefore,
we have x € U C F~ (V). This shows that F~ (V) € B(X,x). It follows
from [20, Theorem 4] that F is lower almost 3-continuous. ]

5. f-continuity and weak [ -continuity

THEOREM 5.1. Let Y be a regular space. Then, for a multifunction F :
X — Y, the following are equivalent:

(1) F is upper f -continuous;

(2) F~(Cly(B)) is B -closed in X for every subset B of Y ;
(3) F~(K) is B-closed in X for every 0 -closed set K of Y ;
4) F*(V) e B(X) for every 0 -open set V of Y.

PROOF. (1) = (2): Let B be any subset of Y. Then Cly(B) is closed in
Y and it follows from [30, Theorem 3.3] that F~(Cly(B)) is f-closed in X.

(2) = (3): This is obvious.

(3) = (4): Let V be any 0-open set of Y. By (3), F(Y — V) is B-closed
in X and F(Y — V) =X — F*(V). Therefore, we obtain F*(V) € f(X).

(4) = (1): Let V be any open set of Y. Since Y is regular, V is
0-open in Y and by (4) FT(V) € B(X). It follows from [30, Theorem 3.3]
that F is upper 3-continuous. |

THEOREM 5.2. Let Y be a regular space. Then, for a multifunction F :
X — Y, the following are equivalent:

(1) F is lower f -continuous;

(2) F*(Cly(B)) is f-closed in X for every subset B of Y ;
(3) F*(K) is -closed in X for every 0 -closed set K of Y ;
(4) F~ (V) € B(X) for every O -open set V of Y ;

(5) Fislwp.c.

PROOF. We prove only the implication (5) = (1), the proof of the other
being similar to that of Theorem 5.1. The proof of the implication (4) = (5)
is obvious.

(5) = (1): Let V be any open set of Y and x € F~ (V). Then we have
F(x)N V0. Since Y is regular, there exists an open set W of Y such that
F(x)N W#() and CI(W) C V. Since F is l.w..c., there exists U € B(X,x)
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such that U C F~(CI(W)) C F(V). Thus, we have x € U C Cl(Int(CI(U)))
and hence F~ (V) C Cl(Int(CI(F~(V)))). This shows that F~ (V) € B(X)
and it follows from [30, Theorem 3.4] that F is lower 3-continuous. |

COROLLARY 5.1 (POPA and NOIRI [28]). Let Y be a regular space. Then,
for a function f : X — Y, the following are equivalent:

(1) f is § -continuous;
) f _I(Clg (B)) is B -closed in X for every subset B of Y ;
(3) f is weakly f -continuous.

DEFINITION 5.1. A multifunction F : X — Y is said to be nearly almost
open [18] if there exists an open basis £ ={V, : @ € V} of the topology for

Y such that F~(Cl(Vy)) C CI(F~(Vy)) for every a € V.

THEOREM 5.3. If F: X — Y is Lwp.c. and nearly almost open, then F
is lower f3 -continuous.

PROOF. Let X = {V, : @ € V} be an open basis of the topology for Y

such that F~(CI(V,)) C CI(F~(Vy)) for every a € V. For any open set
V of Y, there exists a subset Vj of V such that V = U{V, : a € Vj}.
Therefore, by Theorem 3.4 we obtain

F (V)=F (U{Vyg:a eV =U{F (Vy):a € Vy} C
C U{CI(Int(CI(F~(CI(Vy))))) : @ € YV} C
C U{CI(Int(CI(F~ (V) : @ € V) C
C Cl(Int(CI(U{F~ (V) : @ € Vo)) =
= Cl(Int(CI(F~ (U{ Vg : a € V})))) = Cl(Int(CI(F~ (V)))).

This shows that F~ (V) € B(X). It follows from [30, Theorem 3.4] that F is
lower f3-continuous. |

DEFINITION 5.2. A multifunction F : X — Y is said to be almost open
[18] if for each open set U of X F(U) C Int(CI(F(U))).

LEMMA 5.1 (NOIRI and PoPA [18]). A multifunction F : X — Y Is
almost open if and only if F~ (CI(V)) C CI(F~(V)) for each open set V of
Y.

COROLLARY 5.2. If a multifunction F : X — Y is Lw,.c. and almost-
open, then F is lower f3 -continuous.
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THEOREM 5.4. If a multifunction F : X — Y is u.w,f3.c. and satisfies
F*(CI(V)) C CI(F*(V)) for each open set V of Y, then F is upper [3-
continuous.

PROOF. Let V be any open set of Y. Since F is u.w.f.c., by The-
orem 3.3 we have FY(V) C Cl(Int(CI(F*(CI(V)))) and hence F'(V) C
C Cl(Int(CI(F*(V))). Thus, F*(V) € $(X) and it follows from [30, Theorem
3.3] that F is upper -continuous. 1

DEFINITION 5.3. A multifunction F : X — Y is said to be complemen-
tary continuous [22] if for each open set V of Y, F~ (Fr(V)) is a closed set
of X.

THEOREM 5.5. IfF: X — Y is u.wf.c. and complementary continuous,
then it is upper 3 -continuous.

PROOF. Let x € X and V be any open set of Y such that F(x) C V.
There exists G € B(X,x) such that F(G) C CI(V). Put U = GN [X —
— F~(Fr(V))]. Since F~(Fr(V)) is closed in X, U € B(X) [4, Theorem
2.7]. Moreover, we have

Fx)NF(V)Cc[VNCAWV)IN(Y —V)=0
and hence
x € X — F (Fr(V)).
Thus, we obtain U € (X, x) and F(U) C V since
F(U) C F(G) C CI(V) and Fu)NFr(V)=0 for eachu € U.

Therefore, F is upper f3-continuous. |

DEFINITION 5.4. A multifunction F : X — Y is said to be

(a) upper weakly continuous [22] at a point x of X if for each open set
V of Y containing F(x), there exists an open set U containing x such that
F(U) C CI(V);

(b) lower weakly continuous ([22]) at x € X if for each open set V of
Y such that F(x) N V#(), there exists an open set U containing x such that
Fu) N CI(V)=( for every u € U,

(c) upper (or lower) weakly continuous ([22]) if it is upper (or lower)
weakly continuous at every point of X.

DEFINITION 5.5. A multifunction F : X — Y is said to be complemen-
tary fB-continuous if for each open set V of Y, F~(Fr(V)) is a -closed set
of X.
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THEOREM 5.6. If F : X — Y is u.w.c. and complementary f3 -continuous,
then it is upper 3 -continuous.

PROOF. It is similar to the proof of Theorem 5.5. |

COROLLARY 5.3 (Noiri and Popa [21]). Iff : X — Y is weakly contin-
uous and complementary f3 -continuous, then it is 3 -continuous.

6. Weak f-continuity and other forms of weak continuity

DEFINITION 6.1. A multifunction F : X — Y is said to be

(a) upper almost continuous [23] at x € X if for each open set V of
Y containing F(x), there exists an open set U of X containing x such that
F(U) C Int(CI(V));

(b) lower almost continuous [23] at x € X if for each open set V of Y
such that F(x) N V #(), there exists an open set U of X containing x such
that F(u) N Int(C1(V))#0 for every u € U,

(c) upper (or lower) almost continuous [23] if it is upper (or lower) almost
continuous at every point of X.

DEFINITION 6.2. A multifunction F : X — Y is said to be

(1) upper weakly quasicontinuous [17] if for each point x € X, each
open set U of X containing x and each open set V containing F(x), there
exists a nonempty open set G of X such that G C U and F(G) C CI(V),

(2) lower weakly quasicontinuous [17] if for each point x € X, each open
set U of X containing x and each open set V such that F(x) N V #(), there
exists a nonempty open set G of X such that G C U and F(g) N CI(V)#()
for every g € G.

DEFINITION 6.3. A multifunction F : X — Y is said to be

(a) upper a-continuous [27] at a point x of X if for each open set V of
Y containing F(x), there exists U € a(X,x) such that F(U) C V,

(b) lower a-continuous [27] at x € X if for each open set V of Y such
that F(x) N V=0, there exists U € a(X,x) such that F(u) N V #({ for every
ueU,

(c) upper (or lower) a-continuous [27] if it is upper (or lower) c-
continuous at every point of X.
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THEOREM 6.1. If a multifunction F : X — Y is u.wf.c, and lower
almost continuous, then F is upper weakly quasicontinuous.

PROOF. Let V' be any open set of Y. Since F is u.w..c., by Theorem

3.3 we have Ft(V) C Cl(Int(Cl(F( CI(V))))). Since CI(V) is regular closed,
it follows from [23, Theorem 2.2] that F*(CI(V)) is closed in X. Thus, we
have F*(V) C Cl(Int(F*(CI(V)))). It follows from [17, Theorem 3.1] that F
is upper weakly quasicontinuous. |

THEOREM 6.2. If a multifunction F : X — Y is L w.c. and upper almost
continuous, then F is lower weakly quasicontinuous.

PROOF. The proof is similar to that of Theorem 6.1. |

THEOREM 6.3. If a multifunction F : X — Y 1is lower a -continuous and
u.w,p.c., then F is lower weakly continuous.

PROOF. Let V be any open set of Y. Since F is lower a-continuous, by
[27, Theorem 3.4] F~(V) is @-open in X. Since F is u.w..c., we have by
Theorem 3.3

F (V) C Int(Cl(Int(F—(V)))) C F (CI(V)).

Therefore, we obtain F~ (V) C Int(F~ (CI(V))). It follows from [22, Theo-
rem 4] that F is lower weakly continuous. |

COROLLARY 6.1 (POPA and NOIRI [27]). If a multifunction F : X — Y
is lower « -continuous and upper 3 -continuous, then F is lower weakly con-
tinuous.

THEOREM 6.4. If a multifunction F : X — Y is upper a -continuous and
Lwp.c., then F is upper weakly continuous.

PROOF. The proof is similar to that of Theorem 6.3. |

COROLLARY 6.2 (POPA and NOIRI [27]). If a multifunction F : X — Y
is upper o -continuous and lower 3 -continuous, then F is upper weakly con-
tinuous.

LEMMA 6.1 (CLAY and JOSEPH [7]). A multifunction F : X — Y
is upper weakly continuous (resp. lower weakly continuous) if and only if
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CI(F—(V)) C F(CI(V)) (resp. CI(F*(V)) C F*(CI(V))) for every open set
VofY.

THEOREM 6.5. If a multifunction F : X — Y is upper weakly con-
tinuous, 1L.wp.c. and F(x) is a-regular for each x € X, then F is lower
quasicontinuous.

PROOF. Let V be any open set of Y and x € F~ (V). Then F(x) N
N V#(). There exists y € F(x)N'V and hence y € W C CI(W) C V for
some open set W of Y since F(x) is a-regular. By [20, Theorem 16], F
is lower f-continuous and by [30, Theorem 3.2] x € Cl(Int(CI(F~(W)))).
Since F is upper weakly continuous, by Lemma 6.1 we have CI(F~ (W)) C
C F(CI(W)) C F (V). Therefore, we have x € Cl(Int(F~(V))) and
F~(V) C Cl(Int(F~(V))). This shows that F~ (V) is semi-open in X and F
is lower quasicontinuous. |

7. Some separation axioms and u.w.S3.c. multifunctions

DEFINITION 7.1. A multifunction F : X — Y is said to be

(1) upper weakly o -continuous [29] at a point x € X if for each U €
SO(X, x) and each open set V of Y containing F(x), there exists a nonempty
open set G C U such that F(G) C sCI(V),

(2) lower weakly a-continuous [29] at a point x € X if for each U €
€ SO(X,x) and each open set V such that F(x) N V#(), there exists a
nonempty open set G C U such that F(g) N sCI(V)=( for every g € G,

(3) upper (lower) weakly c.-continuous if F has this property at every
point of X.

LEMMA 7.1 (SMITHSON [32]). If A and B are disjoint compact subsets

of a Urysohn space X, then there exist open sets U and V of X such that
ACU,BC YV andCI(U)NCI(V)=0.

THEOREM 7.1. Let F, G : X — Y be multifunctions into a Urysohn
space Y and F(x), G(x) be compactin Y for eachx € X. If F is upper
weakly o -continuous and G is u.wf.c., then A={x € X : F(x)N Gx)=0}
is B -closed in X.

PROOF. Let x € X — A. Then we have F(x) N G(x) = (. By Lemma 7.1,
there exist open sets V and W of X such that F(x) C V, G(x) C W and
CI(V)NCI(W) = . Since F is upper weakly a-continuous, there exists ([29,
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Theorem 1]) U; € a(X,x) such that F(U;) C CI(V). Since G is u.wf.c.,
there exists U, € B(X,x) such that G(U,) C CI(W). Now set U = U; N U,
then we have U € (X, x) and U N A = (). Therefore, A is -closed in X. 1§

COROLLARY 7.1 (PoPA and NOIRI [28]). Letf, g : X — Y be functions
into a Urysohn space Y. If f is weakly a -continuous and g is weakly [3 -
continuous, then A={x € X : f(x)=g(x)} isf-closed in X.

THEOREM 7.2. LetF; : X1 — Y and F> : X, — Y be multitunctions into
a Urysohn space Y and F;(x) compact in Y for eachx € X; and eachi =1,
2. IfF; and F, are u.w.cf3., then A = {(x1,x2) € X1 X X5 : F{(x))NF>(xp) =0}
is a 3 -closed set of the product space X1 X X,.

PROOF. We shall show that X; x X, — A is f-open in X] x X5. Let
(x1,xp) € X1 X X, — A. Then we have Fj(x;) N F>(xy) = 0. By Lemma 7.1,
there exist open sets V;, such that Fj(x;) C V; fori =1, 2 and CI(V}) N
N CI(V,) = (. Since F; is u.w.f.c., there exists U; € B(X;,x;) such that
F(U;)) C CI(V;) fori = 1, 2. Now, put U = U; x U,, then we have
U € B(X] X Xp) [2, Lemma 2.2] and (x1,x) € U C Xj x X, — A. Therefore,
X] x Xp — Ais f-open in X x X5 and A is f-closed in X; x X5. |

DEFINITION 7.2. A multifunction F : X — Y is said to be injective if
x#y implies F(x) N F(y) = 0.

DEFINITION 7.3. A space X is said to be f — T if for each distinct points
X1, xp of X there exist 3-open sets U; such that x; € U; for i = 1, 2 and
U nU,=0.

THEOREM 7.3. If F : X — Y is an u.w.f3.c. injective multifunction into
a Urysohn space Y and F(x) is compact in Y for each x € X, then X is

B - Ts.

PROOF. For any distinct points xq, x, of X, we have F(x;) N F(x) =0
since F is injective. Since F(x;) is compact in a Urysohn space Y, by
Lemma 7.1 there exist open sets V; such that F(x;) C V; fori =1, 2 and
CI(V;)NCI(V,) = 0. Since F is u.w.f.c., there exists U; € (X, x;) such that
F(U;) Cc CI(V;) for i =1, 2. Therefore, we obtain U; N U, = () and hence X
18 ﬁ - 1. [ |

COROLLARY 7.2. Iff : X — Y is a weakly B -continuous injection and
Y is Urysohn, then X is 3 — T».

THEOREM 7.4. Let Fi, F, : X — Y be multifunctions into a Urysohn
space Y and F;(x) compact in Y for each x € X and eachi =1, 2. If
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F(x) N F(X)#( for each x € X, F, is uwpf.c. and F, is upper weakly
a -continuous, then a multifunction F : X — Y, defined as follows F(x) =
= Fi(x) N Fy(x) foreach x € X, is u.wp.c.

PROOF. Let x € X and V be an open set of Y such that F(x) C V.
Then, A = Fi(x) — V and B = F,(x) — V are disjoint compact sets. By
Lemma 7.1, there exist open sets V| and V, such that A C V|, B C V, and
CI(V}) N CI(V,) = . Since Fj is u.w.f.c., there exists U; € B(X,x) such
that F;(U;) C CI(V; U V). Since F, is upper weakly «-continuous, there
exists an a-open set U, containing x such that F>(U,) C CI(V, U V). Set
U=UNU,then U € f(X,x). If y € F(xg) for any xe U, then y € CI(V; U
UV)NCI(V,U V)= (CI(V])NCI(V,)UCI(V). Since CI(V]) NCI(V,) =0,
we have y € CI(V) and hence F(U) C CI(V). Therefore, F is u.w.(.c. ]

DEFINITION 7.4. For a multifunction F : X — Y, the graph G(F) =
={(x, F(x)):x € X} is said to be strongly (8 -closed if for each (x,y) € (X X
x Y) — G(F), there exist U € (X, x) and an open set V containing y such
that [U x g CI(V)I N G(F) = 0.

LEMMA 7.2. A multifunction F : X — Y has a strongly f3 -closed graph
if and only if for each (x,y) € (X x Y)— G(F), there exist U € (X, x) and
an open set V containing y such that F(U) N sCI(V) = ().

PROOF. This follows from Lemmas 2.1 and 4.1. |

THEOREM 7.5. If F : X — Y is an u.w,8.c. multifunction into a Haus-
dorff space Y such that F(x) is a -paracompact for each x € X, then G(F) is
strongly B -closed in X x Y.

PROOF. Let (xg,yg) € (X X Y) — G(F), then yg € Y — F(xp). Since
Y is Hausdorff, for each y € F(xg) there exist open sets V(y) and W(y)
of Y such that y € V(y), yo € W(y) and V(y) N W(y) = (), The family
{V(y) : y € F(xp)} is an open cover of F(xy) which is «-paracompact.
Thus it has a locally finite open refinement U = {U; : i € I} which covers
F(xp). Let W be an open neighborhood of yg such that W intersects only
finitely many members, say, U, Uj), ..., Ujn). Choose yi, yo, ...,
yn in F(xg) such that Uy C V(y) for each k (1 < k < n) and set
W=Wyn(N{W(y):1<k<n}). Then W is an open neighborhood of y
with W N (U{U; :i € I}) =0 which implies sC(W)NCI(U{U; :i € I}) =10
by Lemma 4.1. Since F is u.w.f.c., there exists U € (X, xq) such that
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F(U) C CI(U{U; : i € I}). Therefore, we have F(U) N sCI(W) = () and
G(F) is strongly f-closed in X x Y. |

COROLLARY 7.3. If F : X — Y is an u.w,.c. multifunction such that
F(x) is compact for each x € X and Y is a HausdorfT space, then G(F) is
strongly f3 -closed.

8. Other properties of u.(l.)w.5.c. multifunctions

DEFINITION 8.1. The f-frontier [3] of a subset A of a space X, denoted
by 4 Fr(A), is defined by g Fr(A) = 3 Cl(A)N g CI(X - A) = 3 CI(A)— g Int(A)

THEOREM 8.1. The set of all points x of X at which a multifunction
F: X — Y is not uwpf.c. (resp. Lwp.c.) is identical with the union of
the f3 -frontiers of the upper (resp. lower) inverse images of the closures of
open sets containing (resp. meeting) F(x).

PROOF. Let x be a point of X at which F is not u.w..c. Then, there
exists an open set V containing F(x) such that U N (X — F*(CI(V)))=0 for
every U € B(X,x). Therefore, we have x €= g Cl(X — F*(CI(V))). Since
x € F*(V), we have x €8 CI(F*(CI(V))) and hence x € B Fr(F*(CI(V))).

Conversely, if F is u.w.f.c. at x, then for any open set V of Y con-
taining F(x) there exists U € ((X,x) such that F(U) C CI(V); hence
U C FY(CI(V)). Therefore, we obtain x € U C gInt(F*(CI(V))). This
contradicts that x € ﬁFr(FF (CI(V))). The case of L.w.f.c, is similarly
shown. |

COROLLARY 8.1 (Noiri and Popa [21]). The set of all points x of X at
which a functionf : X — Y is not § -continuous is identical with the union
of the B -frontiers of the inverse images of open sets containing f (x).
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1. Let us consider the triangle ABC with sides a = BC, b = AC and
¢ = AB. We denote by h,, h, and h. the length of the altitudes which
correspond to the sides a, b and c, respectively.

THEOREM 1. The triangle ABC is isosceles (a = b) or rectangular (C =
=90°) if and only if

a® +hG =b* +hy for a € R\ {0}.

PROOF. If we denote by S the area of the triangle ABC then S = % =

= %. We mention that a > b implies hy < hy,. If a = b then hg = hy,, i.e. a
well known fact from the elementary geometry, that in the isosceles triangle
the altitudes which correspond to the equal sides are equal. Consequently, if

a = b then a® + h¢ = b® + h{. Now, if C = 90° then the triangle ABC is
a rectangular triangle, so the legs are altitudes at the same time: h; = b and
hy, = a. Consequently if ' =90° then a® + h% = b* + hi.

Conversely, we suppose a® +hg = b* +hj for some a € R\ {0} and we

show that the triangle ABC is isosceles or ' =90°. We can suppose a > 0.
Indeed, if @ <0 then f = —a > 0 and

abf +hg B bﬁ+hf -
(@ -ha) ~ (b-hy)P

a®+hl =b*+hf s aPanf =p P’ o

& P +h5:bﬂ+hg.
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So let @ > 0. We have the following equivalent equalities:

25\“ 25\
a“+h2‘:ba+hg¢>aa+<—s) :ba+<7s) &
a

& a% - b% =(29)¢ <L - L) & (a* — b%) <1 - (25‘)“) =0.

b% a“% a%b“

(04
Consequently either a* =b%,i.e.a=b, or 1 — 512asb)a =0,ie. S= %. But in

every triangle ABC we have S = %, so in this last case sinC =1, i.e.

C =90°. 1
THEOREM 2. The triangle ABC is equilateral if and only if
a® +h§ =b* +hy =c* +he for a € R\ {0}.

PROOF. In every triangle ABC, at least two angles are acute, so their
measure is strictly less then 90°. Indeed, if we suppose the contrary then the
sum of the measure of the angles in a triangle would be strictly greater then

180°, which is a contradiction. Without loss of generality, we can suppose
for example A, C € (0°,90°). Using Theorem 1 we have a = b < a% +
+hi =b% +hy and b = ¢ & b* +hjf = c* +h¢, which in turn yields the
theorem. |

2. We will study similar results when we consider instead of altitudes
the medians. Let m,,m; and m. be the length of medians which correspond
to the sides a, b and c, respectively. We will study the following hypotheses:
the triangle ABC is isosceles (a = b) if and only if a* +mg = b* +mj for
a € R\ {0}, and the triangle ABC is equilateral if and only if a* + m§ =
=b* +mj =c* +m{ for a € R\ {0}. We solve the problem only for the
values a = 1, =2 and a =4, the other cases are open problems.

THEOREM 3. The condition that the triangle ABC is isosceles (a = b) is
not equivalent with a + mg = b + my,.

: 2rc2)—a2
PROOF. If we write the formulas m, = 4/ Z(Z’“L#, etc. then we
. o 2+c2)—a? 220052
mention that a > b implies m; = 4/ W < w = my,
o 21c2)—a? 20 p2 _
and a = b implies my = 1/ W = W = my, ie. a well

known fact from the elementary geometry, that in the isosceles triangle the
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medians which correspond to the equal sides are equal. Consequently if ABC
is an isosceles triangle (a = b) then a + my = b + my,.

Conversely we prove that the condition a + m, = b + my, does not imply
that ABC is isosceles. Indeed, we will show the existence of a triangle ABC
such that a > b > c and still a + mg = b + my,.

We have the following equivalent equalities:

a+mg=b+my < 2a+1\/2b%2+c2)—a2=2b+1/2a?+c?) - b2 =

& 2a—b=\ 2@+ -\ 2+ D) —a? &
2a +c?) = b2 —2(b2 +c?) + a?
V2@2+¢c2) = b2 + /22 + c2) — a2

& 2a—b)=

& 2(a—b)- [\/2(612 +c2)— b2+ \/2(192 +c2) — a2] =3@* - b)) &

& (a—b)- [\/2.(a2+c2)_b2+\/2(b2+c2)—a2—%(a+b)] =0.

We suppose that a > b > ¢ and we denote by y = % and z = g. So we have
the resctictions 1 < z <y < z+1 (from the conditions a > b and a > c results
automatically that b < a + ¢ and ¢ < a + b). According to the above we have

3
a+mg=b+my & \/2(a2+02)—b2+\/2(b2+02)—a2— E(a +b)=0<

3
<:)>\/2(y2+1)—22+\/2(12+1)—y2—§(y+z):0.

We must show that for a fixed z5 > 1 there exists yg € (zg,zg + 1) such that
the following equality is true:

3
V203 + D) — 22+ /22 + D)~ yE - ~00+20) =0,

One possibility is to solve the irrational equation but another way is the
following: let us consider the function g : [z,z + 1] — R, g(y) =

= V202 +1) =22+ /2(z2+1) —y2 — 3(y +z). Then g is well defined,
it is continuous, g(z) = 2v/z2+2 — 3z > 0, if and only if z € (1, —Nsm>
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(which results from an elementary calculus) and

g(z+1):\/2-[(z+1)2+1]—22+\/2-(zz+1)—(z+1)2—%(22+1):

:(z+2)+(z—1)—%(2z+1)=—z—%<O.

So if zg € <1, @) then the Darboux property of the function g assures
us the existence of yg € (z9,z9 + 1) such that g(yg) = 0. Consequently
there exists a triangle ABC so that a > b > ¢, b = zg- ¢ < %ﬁ - c,

a:y0'0<(Zo+1)-C=b+c<(1+@>-canda+ma:b+mb. ]

THEOREM 4. The condition that the triangle ABC is equilateral is not
equivalent with a + mg =b +my, =c + mc.

PROOF. If ABC is an equilateral triangle then a + mg =b + my, = ¢ + me.

Conversely, we suppose that the relations a + m,; = b +my, = ¢ + m, are
true in a triangle ABC and we show that the triangle ABC is isosceles, but
is not sure that it is equilateral.

Using the proof of Theorem 3 we have the following equivalent equali-
ties:

a+mg=b+my &

& (a—b)- [\/2-(a2+02)—b2+\/2(b2+c2)—a2—%(a+b) =0

< (a—Db)- [2-ma+2-mb—%(a+b)] =0.

If we suppose that a # b, b # ¢ and ¢ # a then from the equalities a + m, =
=b+my = c+m, and from the above we obtain that 2m, +2my, — %(a +b)=0
and the other two same equalities 2my, +2m, — %(b +¢) =0 and 2m, +2m,; —
— %(c +a) = 0, respectively. We substract the first two equalities from each
other and we obtain 2m, — 2m, — %(a —¢)=0and 2mg +2m, — %(c +a)=0.
Taking there sum results 4m, — 3a = 0. But 4m,; = 3a & ma2 = %az &
& 72(b2+22)_a2 = %az o b2+ = %az
2

. Analogously, by the permutation

2_13

of the elements a, b, ¢ we obtain c“+a“ = 83b2. If we eliminate ¢ from these
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two relations we get ¢ = %az —b?= %bz —a?. Consequently a = b, which

is a contradiction. We deduce that two numbers from a, b, ¢ are equal, i.e. it
is sure that the triangle ABC is isosceles.

Without loss of generality we can suppose b = ¢. Now we prove the
existence of an isosceles triangle ABC such that a > b = ¢ and still a + my =
=b +my, = c +mc. The condition b = ¢ implies b + my, = ¢ + m, S0 it remains
to verify the condition a + mg; = b + my,. According to the above we have
a+mg =b+my < /2a2+c?) — b2+ /2b2+c2) —a? - %(a +b) =0,

because a # b. We denote by x = £ and y = b'=1. So

. =2 >1and
from the triangle inequality we find a < b + ¢ = 2¢, i.e. x =% < 2 (from the
conditions a > b and a > c results automatically that b < a+c and ¢ < a+b).

But

a1 =

\/2(a2+c2)—b2+\/2(b2+c2)—a2 — %(a+b):0<:>

3
@\/2a2+c2+\/402—a2—§(a+c):0®

3
& \/2x2+1+\/4—x2—§(x+1)20.
So we must assure the existence of a real value x5 € (1,2) such that
\/ng +1+ \/4 — xg — %(xo + 1) = 0. One possibility is to solve the irra-
tional equation, but another way is the following: let us consider the function
[ IL2] — R, f(x) = V2xZ+ 1+ /4 —x2 — 3(x +1). Then f is well

defined and it is continuous, f(1) = 2v3 -3 >0 and fQ) = —% < 0. The
Darboux property for f assures us the existence of a value xy € (1,2) such
that f(xp) = 0. So there exists a triangle ABC which is not equilateral such
thata =b-xg,b=cand a +mg =b +my =c +me. |

THEOREM 5. The triangle ABC is isosceles (a = b) if and only if a* +

em2=b?+m.

PROOF. We have the following equivalent equalities: a?

2,2 2 2,2 2
2(b +iL )—a =b2+ 2(a +2 )—b

+m2 = b2+m§ &

sa’+ sa’=b sa=h. 1

2

THEOREM 6. The triangle ABC is equilateral if and only if a* + m; =

— 12 2 _ .2 2
=b“+mj=c”+m;.
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PROOF. The statement of this theorem we obtain immediatly from the
Theorem 5. 1

THEOREM 7. The condition that the triangle ABC is isosceles (a = b) is

not equivalent with a* + mg =b*+ mg.

PROOF. If a = b it is immediatly that a* + m} = b* + mg.
Conversely we show that the condition a* +m2‘ =p* +m§ does not imply

that a = b. We have the following sequence of equivalent equalities:

a4+m3:b4+mg®

2 2
2 2y 2 2 2y 12
a4+[2(b +Z) a ] :b4+[2(a +Z) b]

& 16a* + [40% + 2)? +a* — 4(b* + H)a?] >
> 16b* + [4(a? + 22 +b* — 4a® + A2 &

& 13@* = bY — 12¢2@? - bH) =0 & (a? — bH)[13(a? +b%) — 12¢2] = 0.

If we choose a =3, b=4and c = \/% - 5 then there exists such a triangle
ABC, because a < b < ¢ < a +b. We can observe that for these values
13(a? +b?) — 12¢2 = 0, so a* + mJ = b* + m}, but the triangle ABC is not
isosceles. |

THEOREM 8. The triangle ABC is equilateral if and only if a* + mg =

:b4+mg:c4+m§.

PROOF. If a = b = c it is immediatly that a* + m} = b* + mg =c*+md

We show conversely. In the proof of Theorem 7 we show that:
at+mi=b*+m} o (@® - bH[13@@® +b%) — 12¢%] = 0.
Analogously: b* + mit = c* +m} & (b? — ¢?) - [13(b? + ¢?) — 12a%] = 0. We

have the following discussion:
1. if 13(a? +b%) — 12¢? = 0 and 13(b? + ¢2) — 12a% = 0 then the sum of
these two relations is a2 + 26b% + ¢2 = 0, which is a contradiction;
2. if 13(a® + b%) — 12¢2 # 0 and 13(b% + ¢2) — 1242 = 0 then a = b, so
13(b% + ¢%) — 12a% = b% + 13¢2 = 0, which is a contradiction;
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3. if 13(a? + b%) — 12¢2 = 0 and 13(b% + ¢%) — 12a% # 0 then b = c, so
13(a? + b?%) — 12¢% = 1342 + b2 = 0, which is a contradiction;
4. if 13(a? +b%) — 12¢2 #0 and 13(b% +¢?) — 12a® #0 thena=b=c. 1

3. We denote by [, I}, and [, the length of interior bisectrices which
correspond to the sides a, b and c, respectively. We will study the following
hypotheses: the triangle ABC is isosceles (a = b) if and only if a* + ¢ =
=b% + [ for @ € R\ {0}, and the triangle ABC is equilateral if and only if
a® +1f =b* +1f =c* +1¢ fora € R\ {0}.

We consider here only the case & = 1, the other cases are open problems.

THEOREM 9. The condition that the triangle ABC is isosceles (a = b) is
not equivalent with the relationa + 1 =b + 1.

PROOF. If we write the formulas [, = % - COS %, etc. then for example
a =b implies A= B and I, = % -cos% = azaTi - COs % = [, i.e. a well-known

fact from the elementary geometry, that in the isosceles triangle the interior
bisectrices which correspond to the equal sides are equal. Consequently from
a=bresultsa+l;, =b+1,.

We mention that a > b implies A > B, so 2be o 2ac 44 cos % < cos %.

b+c a+c
Consequently [, < Ij,.

Conversely, we suppose that the condition a + [; = b + [, does not imply
that ABC is isosceles.

We consider the set of the triangles ABC for which a > b > c¢. Without
loss of generality, we can suppose that ¢ = 1.

First we consider the triangle A;B;C) such that A = 75°, B = 60°,
C=450, c] = A]B] =1< b] = A]C] = 4 <ap = B]C] = @ (see
figure 1).

In [1] the author proved by elementary calculus that in the triangle
A]B]C] aj +lal > b] +lb1 > Cq +lcl‘

If we try by computer, we obtain a simple program written in MATH-
CAD:

7 7
A.—75-r‘0 B.—60-r‘0 C=nm—-(A+B)
__ sin(A) b e sin(B) o= 1

4= 5in(0) = Sin(C)
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7Y
G
by
1 1
2 2
Ay =1 B,
Fig. 1 Fig. 2
. (b+c—a)b+c+a) B = (a+c—b)a+c+b)
o 4.b-c o 4-c-a
_ [bta—c)b+a+c) x'_2-b-c “
V= 4-a-b " b+c
_2-a-c 8 _2-a-D
Y e CEawn 7
a = 1.3660254038 b =1.2247448714 c=1

a+x =2.2395237066 b+y =2.2247448714 c+2z =2.1932208719

In the second part we consider the triangle Ay B, so that cp = Ay By =1 <
< by = Ay < ay = BoG, (see figure 2). The vertex G, is in the drawing
region obtained by the intersection of the outside of the circle wich center A,
and radius 1, the half plane obtained by the mid perpendicular of the segment
Aj B, which containes A, and the half-plain determined by the perpendicular
in A, to the segment A, B, which containes B;. In [1] the author showed
that if the vertex (, is “near” the mid perpendicular of the segment A, B,
and at sufficiently “long” distance from the segment A, B, then in the triangle
AyBy Gy we obtain by + 1, > ap +la, > ¢ +lc,. Indeed, if we choose for
example ¢y =1 < by = 10" < ay = 10" + ¢, where n > 1 is a natural number,
then for sufficiently small ¢ > 0 we can realise the following sequence of
inequalities: by +lp, > ap +la, > c2 +1c,.
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The following program written in MATHCAD underlines this fact from
the numerical point of view:

A= 89.999-1%0 B :=89.00 - 1%0 C:=n—(A+B)
4= sin(A) b sin(B) R
sin(C) sin(C)
- b+c—a)b+c+a) B = (a+c—>b)a+c+Db)
4-b-c 4.a-c
V::\/(b+a—c)(b+a+c) x:=2.b'c-a
4-b-a b+c
_2-a-c _2-b-a
Y= e B T e 7
a = 5208.707259674 b =5208.7071811341
a+x=5210.1212141178 b+y=5210.1212466235
c=1 ¢ +2z =5209.707196058

Now we consider the triangles A;B{C; and A;B,(C, such that A} =
= Aj, B| = B, and the vertex G, is at greater distance from A|B; = A, B,
then the vertex C;. We consider at the same time a moving triangle A’B’'C’
such that A’ = A; = A,, B’ = B| = B, and the vertex C’ goes continuously
on the segment C;C, from Cj to G,. Every triangle A’B’C’ has the property
that a’ = B'C' > b' = A'C' > ¢/ = A’B' = A|B; = AyB, = 1. When
the vertex C’ describes the segment C;C, continuously then the expresion
(a'+1,1) — (b" + 1) changes continuously. But for C = Cy ay +1a; > by +1j,
and for C = G, ap +la, < by +1p,. So there exists a position (y of the vertex

C' on the segment C;C, such that for the triangle AyByCy(Ayg = A =
= A, By = B| = By) we have ag + lqy = by + Ip, |

THEOREM 10. The condition that the triangle ABC is equilateral is not
equivalent with the relationa + 1, =b+1, =c + 1.

PROOF. If ABC is an equilateral triangle then a +l; =b+ 1, =c + 1.

Conversely, we suppose that the relations a + [, = b+, = ¢ + [, are
true is a triangle ABC. The author does not know whether the triangle ABC
is isosceles or not, but we can prove it is sure that the triangle ABC is not
equilateral.
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First we consider the rectangular isosceles triangle A3B3C; (C3 = 90°)
such that c3 = A3B3 =1 < b3 =A3C3=a3 = B3C3 = @ In this triangle by
elementary calculus results that

V2

1
C3+lc3=1+§>7+ 2—\/§=b3+lb3=a3+la3.

Secondly we consider the isosceles triangle A4B4Cy such that ¢q4 =
= AyBy =1 < by = A4Cy = a4 = B4C4 = 10. In this triangle a4 > I, and by
_ V210

elementary calculus we get Iy, = 57— > 1 = ¢4. Consequently in the triangle
AyByCy ay +lay = by +1p, > cq4+1c,. We consider the moving triangle
A'B'C’ such that A’ = Ay = A4, B’ = By = B, and the vertex C’ goes
continuously on the segment C3Cy from Cs to Cy. Every triangle A’B’C’
is isosceles. When the vertex C’ describes the segment C3C, continuously
then the expression (a + [;) — (¢ + I;) changes continuously. But for C = G
€3 +le; > az +lgy and for C = G4 ¢4 + 1y < ag +1lg,. So there exists

a position Cs of the vertex C’ on the segment C3C, such for the isosceles
triangle A5Bs C5 (a5 = BSCS = b5 = A5 C5) (AS = A3 = A4; Bs = B3 = B4)
we have ¢s +lcs = as + lag = bs + . |

4. In the last part we show some similar results but the algebraic condi-
tions we take in the multiplicativ form.

In every triangle ABC we have a - hy =b - hy, =c - he.
In case of the medians we obtain:

THEOREM 11. The condition that the triangle ABC is isosceles (a = b)
is not equivalent with the relationa - mg = b - my,.

PROOF. We have the following equivalent equalities: a -mg = b - my, <
@az-mgzbz-mgﬁaz-z(b%iﬁ:bz-w@2a202—a4:
=2b%c2 — b* = @% - b3 @?+b* —2¢%) = 0. If we put a = 3,b = 4 and
c= % then for this triangle (a < b < ¢ < a+b) we have a’+b2-2¢2=0.1

THEOREM 12. The triangle ABC is equilateral if and only if a - mg =
=b-mp=c-me.

PROOF. Using the proof of Theorem 11 we have a-my; = b-my, &
& (a2 —bz)(a2+b2 —202) = 0. Analogously b - my = ¢ - m; &
o (b2 = 2)(b% +¢% — 2a%) = 0. We have the following possibilities:
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1. ifa?+b% —2c2#0 and b% +c2 —2a%2 #0thena=b =c;

2. ifa?+b%*—2¢2 40 and b2 +c2—2a% =0, then a = b and b2+c2—2a% =0,
soa=b=c;

3. if a? +b% —2c¢2 =0 and b2 + c% — 242 #0, then a2 + b* — 2¢% = 0 and
b=c,soa=b=c;

4. if a® + b* — 2¢% = 0 and b? + ¢* — 2a® = 0 by substruction we obtain
3a2 —3c¢2=0,ie.a=cand a2 +b% —2c2=0,s0a=b=c. |

In the case of bisectrices we obtain:

THEOREM 13. The condition that the triangle ABC is isosceles (a = b)
is not equivalent with the relationa -l = b - Ij,.

PROOF. We have the following equivalent equalities:

c A 2ac B
-cos—=5b- - CoS — &

b
a'la_b'lb@)a'b+c 2 a+c 2

A B
S (a+c)-cos—=(b+c)-cos— &
2 2
(using the sinus theorem)

A B
@(2R-sinA+2R-sinC)-cos§:(2R-sinB+2R-sinC)-cosi@

@2sinA+C-cosA_C-cosé:2sinB+C-cosB_C-cos—<:>
2 2 2 2 2 2
. t—B A-C A Lo — A B-C
< sin > - COS > -cosE:sm > - COS > -00554:
A-C B-C A-C B-C
& Cos 5 = CosS 5 = 5 = 5

or 45€ = ~B5C & A=Bor A+B=2C < A=Bor C=60°. If we

choose the triangle ABC A =45°, B =75° and C = 60° then for this triangle
a<c<banda-lg=>b-1. ]

THEOREM 14. The triangle ABC is equilateral if and only if a - l; =
=b-lp=c-l.

PROOF. Using the proof of Theorem 13 we havea -l, =b -1, & A=B
or C = 60°. Analogously b-l, =c-l. & B = C or A =60°. We have the
following possibilities:

l.if A=Band B=C thena=b=c;
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2. if A=B and A =60° then A= B =60°, so C =60°, too, i.e.a =b=c;
3.if C=60° and B = C then B=C =60°, so A=60°, too, i.e.a=b=c;
4. if C =60° and A = 60° then B = 60°, too, i.e.a=b =c. ]
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1. Introduction and Notation

There are several methods to obtain almost sure (a.s.) convergence results
for random fields (see e.g. [14], [9], [8], [5] and the literature cited there).
The aim of our paper is to present a general approach to obtain strong laws
of large numbers (SLLN) for random fields. Our method is an extension of
the one given in [6]. In [6] only random sequences (i.e. not fields) were
considered.

The paper is organized as follows. Section 2 contains the main result
(Theorem 3). Once a maximal inequality is known, Theorem 3 easily implies
an SLLN and it helps to obtain appropriate normalizing constants in the
SLLN. The remaining sections contain applications. In Section 3 an SLLN
is presented for logarithmically weighted sums. We remark that such kind
of SLLN’s are useful to prove almost sure central limit theorems (see e.g.
[3]). In Section 4 the case of fields with superadditive moment structure is
studied. In Section 5 a Brunk—Prokhorov type SLLN is presented. Section 6
is devoted to mixingales.

In the following Ny and N denote the set of nonnegative and positive
integers, respectively. Let d be a fixed positive integer. Throughout the paper
I1,J,K, L M and N denote elements of Ng (in particular, elements of N ). If

an element of Ng (or N%) is denoted by a capital letter, then its coordinates are
denoted by the lower case of the same letter, i.e. N always means the vector

Supported by the Hungarian Ministry of Culture and Education under Grant No. FKFP
0121/1999.
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(ny,...,ng) € Ng. We alsouse 1= (1,...,1) € N? and 0 = (0,...,0) € Ng.
In Ng we consider the coordinate-wise partial ordering: M < N means
mp < n,i=1,....,d (M < Nmeans M < N and N2M). N —
is interpreted as n; — oo, i = 1,...,d, limy apn is meant in this sense. In
Ng the maximum is defined coordinate-wise (actually we shall use it only for

rectangles). If N = (ny,...,ng) € Ng then (N) = H?:l n;.

A numerical sequence apn, N € Ng, is called d-sequence. If ap is a

d-sequence then its difference sequence, i.e. the d-sequence by for which
Ym<nbm=an, N € N?, will be denoted by Aay.

We shall say that a d-sequence ap is of product type if ay = ]_[ld:l a,(,i),
where a,(,i) (n; =0,1,2,...) is a (single) sequence for each i = 1,...,d.
Our consideration will be confined to normalizing constants of product type:
by will always denote by = sz:] b,(fl.), where b,(lll.), n; =0,1,2,.., 1s a
nondecreasing sequence of positive numbers for each i = 1,...,d. In this
case we shall say that by is a positive nondecreasing d-sequence of product

type. Moreover, if for each i = 1,...,d the sequence b,(fl.) is unbounded, then
by is called positive, nondecreasing, unbounded d-sequence of product type.

The random field will be denoted by X, N € Ng. Sy is the partial
sum: Sy =Y <y Xy for N € Ng. As Xy is a field with lattice indices
we shall say that Xpr, N € Ng, is a d-sequence of random variables (r.v.’s).
Remark that a sum or a maximum over the empty set will be interpreted as
zero (i.e. > negp XN = maxyeyp Xy = 0 if # = 0). As usual, log*(x) =
=max{1,log(x)}, x > 0.

2. The Basic SLLN

The proposition and lemma below are useful for proving Theorem 3.
Proposition 1 and its proof are straightforward generalizations of Theorem
1.1 and its proof in [6]. Note that there are several other ways to obtain
maximal inequalities of this type: see for example [8].

PROPOSITION 1. (Hdjek—Rényi type maximal inequality.) Let N € N¢
be fixed. Let r be a positive real number, an be a nonnegative d-sequence.
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Suppose that byy is a positive, nondecreasing d-sequence of product type.
Then

E{max|SL|} > ap VYM<N

<
L<M <
implies
,
a
E<{ max |— < 44 Z TM
M<N | by b M
M<N

PROOF. Without loss of generality we can assume that by = 1. Fix an
N € N? and for a moment a real number ¢ > 1. For I = (i1,...,1g) € Ng let

us define the set
Ar={JeN : J<Nand ci gb}l’:><c"k+1, k=1,...,d}.

Now we can form
Dy = Z ay and K =max{l : =0},
]6,4]

where Dy as we mentioned above is considered to be zero if 47 = (). Note
that K is well defined because of product form of bp. It is easy to see that
each nonempty «{; has a maximal element. Therefore if 4 # () let

Mp=max{J : J €A}

otherwise set My = 0. Since | J;< g 7 covers the rectangle {M € N¥ : M <

< N} so
1
By the definition of «;, My and Dy we get

Fe it fe{py o) <

{ﬁc—ﬂm} Y ar<

I<M;

S r
oM < ZE max ﬁ
1Ay b]

E{ max b
M J<K

M<N

S
ZE{max I
IEA] b

J<K

<2 {HC‘”’”} {;239; St } >

J<K J<K

s {flemlSoe s o 3 (1o}

J<K Um=1 1<J I<K I<J<K \m=1
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d (km d  —rim
—rj
<2 ol (2= o]l ==
1<K m=1 |j=im I<K  m=I
e ¢ i)
—r(im+
(==} oo <
I<K  m=1
c d d
—r(im+1)
A=) TiX eIl
c” d ay c’ d ay
g DD R P 34
¢ T ¢ T
I<K Jed; J<N
This proves the proposition because inf, | l_ccr_r =4. |

LEMMA 2. Let an be a nonnegative d-sequence and let by be a pos-
itive, nondecreasing, unbounded d-sequence of product type. Suppose that

YN ZTN < +o0o with a fixed real r > 0. Then there exists a positive, nonde-
N

creasing, unbounded d-sequence B of product type for which

BN
li =0 d E —<+
5{,1'1 an 0.

PROOF. Clearly it is enough to prove for r = 1. In case of d = 1 one can
find our proposition in [6, Lemma 2.2]. Let d > 2. Then

1
+°°>ZZ Z (1) Z ZWT”
N ni

H b(m)
”1 np,..ng 1lm=2 np Fm

with 7, = an, g ai(m) Applying the above mentioned lemma of [6],
Hm =2 nm
we get that there exists an unbounded, positive, nondecreasing sequence ﬂr(,l)
so that
(1

I b(l)_o and Z (1) 1<+oo.

If we have already obtained ﬂ,(,m) for m = 1,...,k, k < d then replacing
in the above procedure b by Hﬁml ,3,([’,:11) Hizk 1 b%) and coordinate 1 by



GENERAL APPROACH TO STRONG LAWS OF LARGE NUMBERS FOR FIELDS... 65

coordinate k + 1 we get an appropriate ﬂ,(,k+l). Finally, by setting S =

= Hi:l ,3,2’:;), it obviously satisfies the requirements. |

The following theorem is an extension of Theorem 2.1 of [6].
THEOREM 3. Letap, by be nonnegative d-sequences and let r > 0. Sup-

pose that by is a positive, nondecreasing, unbounded d -sequence of product
type. Then

an
b’ <+oo and E{maxy<n |[Sm|" }<ZM<N"M VN € N¢
imp]y
S
hm—N 0 as.
N by

PROOF. Let B be the sequence obtained in the previous lemma. Accord-
ing to Proposition 1:

E{max }<4dz M VN € N¢,
M<N M<Nﬁ
Hence
N d
E< su .su < 4
{ndp nlp ﬁ } Z
Since
r r
sup.. sup
ng ﬂN

it follows from the foregoing that
;

sup <+00  as.

ﬂN
We have
‘5 _BN|SN| BN p‘ ‘
T by BN T bN K Pk
This proves the theorem because limy 7 p N =0. |

DEFINITION 4. A function g on N x N? is said to be superadditive if
g (Ia (ila e 7jm—17kajm+17 e 7.]d)) + g (ila ] im—l:k + 17 im+17 ] ld): ])
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can be majorized by g(I,J) for any m = 1,...,d and for any i,;, < k < jp.
A d-sequence of random variables is said to have r-th moment function of
superadditive structure (M FSS) if

.
ES| > Xg| p <) VILIeN,
I<K<J

where g is superadditive on N? x N, r > 0 and @ > 1. Remark that the

notion of r-th M FS§S was used by Moéricz in [11].

REMARK 5. Maximal inequalities play important role in proving SLLN’s.
We shall frequently use the following result of Moricz (see [9, Corollary 1]
or [12, Theorem 7]):

Suppose that r > 1 and Xy has r-th MFSS. Then there is a constant
Ay g 4 for which

E{ max [Sk|" b < A I,N)Y* VYN e N,
{K§>§,| K|}_ rea.d8(1,N)

The reader can verify that the above proposition is true in the case of
O<r<l,too. |

3. Logarithmically Weighted Sums

Mbri in [15, Theorem 1] proved that the sequence

1 n X,
log*n = k

converges a.s. to zero under general assumptions. With their general method
in [6] Fazekas and Klesov proved a special case of Mori’s theorem. Now we
extend this case to fields of random variables. Our method is a generalization
that of [6]. Our Lemma 6 and Theorem 7 are extensions of Lemma 9.1 and
Theorem 9.1 of [6], respectively. In the lemma below [x], x > 0 denotes the
integer part of x, i.e. [x] is the largest integer for which [x] < x.
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LEMMA 6. (a) Letn € N and 0 < 8 < 1. Then there is a constant Cd,ﬂ
depending only on d and 3 such that:

=

Z Z Z 7<M>11_:3 < Cd,ﬁ nﬁ(]og+n)d—1.

m1=1 m2=1 mdzl

(b)Let0<p < 1,1 <y <2, I,M,J € N?, I < M < J. Then there is a
constant Cy g depending only on d and P such that:

14

> Y 1 Tl X an
I<M<J I<K<J (M) (log"(M)?=1 (K)1=F — ¥ I<M<J (M)
T (KM -

PROOF. (a) The case d = 1 is well known from elementary analysis. We
prove by induction on d. Suppose that the statement is true for d = f. Let
n € Nand 0 <p < 1. Then

4] st

anz... > <M>%‘ﬂ:

m1=1 m2=1 mf+1=1

:anl;_ﬁz... 3

m1=1 m] I712=1 mf+1=1

Now applying the hypothesis for [%] we get that the above expression is
majorized by:

n

n B r-1
; n + | B + -1 L
G . e [ml] {10g [ml]} < GgnP(ogtny =1 Y my =

m1=1 m1=1

< C}ﬁnﬂ (log*nY ~'Clog*n

with certain C > 0 (here we used the fact [% [%]] = [b“—c] for a,b,c € N).
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(b) In case ZI<M<] oy < 1 we get that

1
22 (M) (og (M) (K) 1P =

I<SM<J I<K<J
(K)<(M)

S TWS
I<M<] I<K<J
(K)<(M)
2 y
1 1
I<%<] I<;<J < >S {1<%I:<]<M>} = {I<%I:<]<M>} .

(K)<(Mm)

Incase > r<p<y ﬁ > 1 using part (a) and the simple fact, that

mlz=1 mzzzl - mdzzl <M>1_ﬂ B M%d <M>1_ﬂ
(M)<n

holds for all n,d € N, we get that

L
1<y (M)PP Qog" (M))d=1 - L | (K)I=P
(K)<(M)

1
<q (M)P (log* (M))?—1 =
2 2 Ty g

dﬁZ {Zu\lﬂ} X

I<A4<] I<M<J

THEOREM 7. Let Xy, N € Nd , be a d-sequence of random variables and
suppose that for some C > 0, >0

K P 1 .
Then
lim ; & =0 a.s.

d
N Hi=]10g+ni K§N< )
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PROOF. Clearly it is enough to prove for 0 < < 1. Let I,J e N I < J.
Using the assumptions we get:

2

E E: %%% E: 2: |EC¥K)Q)|<

I<K<J I<L<J I<K<J
<K>§<L>

1
<2C Z Z 1+ﬁ(10g < >)d—1'

I<L<J I<K<J
<K)§<L>

Let 1 <y < 2. It follows from Lemma 6(b) that
2 14
Xk 1
E — <Dy — 2,
By )] [ 570 2, T

where D, g > 0 depends only on d and B. Now, from Remark 5 we get that

2 Y

X 1
E Ak L ¢ _—_ v,
PN ER A PR

where C; 5, > 0 depends only on d, f and y. From the Holder inequality we

have:
2
Xo |
K
E — vJ.
max | > Tey| (S Cup)? Z
K<I K<]
Now we can apply Theorem 3 because
1 1
< +00. 1

2 (N
N (ngzl log ny, )7 <
Now we state some analogues of Theorem 7.

REMARK 8. Let Xp be an orthogonal d-sequence of random variables,
r>0ands > 1% Suppose that for some C > 0

RB(Xz) < C(K)".
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Then for any p > 1

1 X
lim K

=0 a.s.
P s
N {Hid=1 10g+”i} K<N (K)

For the proof one can use the d-multiple version of the Rademacher—
Mensov inequality [9, Corollary 3a]. |

REMARK 9. Let 0 < r <1 and 0 < s < 3% Suppose that for some
Cc>0

C(K)s"
X Xp)| < if (K)y < (L
Then
) 1 Xr
lim E =0 as.
1- s
N (N)!=s K<N (K)
The proof is similar to that of Theorem 7. |

4. Sequences with superadditive moment structure

In this section we prove a Marcinkiewicz—Zygmund type SLLN for
d-sequences with superadditive moment structure. Our Proposition 11 is a
generalization of Theorem 8.1 of [6]. For the sake of completness we start
with a simple technical lemma on partial summation.

LEMMA 10. Letap, by be nonnegative d-sequences such thatbp = ™y ]\}>a

for some o > 0. Then

> (1) ANAbN < +o0
N
implies
ZaNbN < 400,
N

where AN:ZMSNaM I
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PROPOSITION 11. Letr > 0,a > 1 and suppose that Xpr has r-th MFS S
and Ag(1, N)* is nonnegative for any N € N . Then for arbitrary q > 0

1, N)¢
(I Z‘L . S < +oo
N (N)Td
implies
S
lim—N]:O a.s.
(N)a

PROOF. Using Remark 5 we get for all N € N that:

JE{ max |SM|r} < Argq gLN).

M<N
Let us introduce the notation by = L 7. Since Hizl LL - 1 = <
(N)4 nn‘i (nm+1)4
<C 11 +~ for some C > 0, so (I) implies
(N)a
D (1) (1, N)* Ay, < +00.
N
Finally, we apply Lemma 10 and Theorem 3 to obtain the result. |

5. A Brunk—Prokhorov Type Theorem

Let (Q,d, P) be a probability space. Let X and 4 be a d-sequence
of random variables and be a d-sequence of o-subalgebras of .4, respectively.
We shall say that the pair (Xp,d ) has property (ex) if

(ex) E(E(XL|Aa)N)) = B ( Xz dminrny) LM, N € N
This property is widely used in the theory of multiindex martingales (see e.g.
[5]). Let X be a d-sequence of random variables and .4y a nondecreasing
d-sequence of sub o-algebras of 4. We say that Xy is a martingale difference
if

Xn is measurable with respect to Ay, N € N,

E(X7)=0 and E(Xn|dp) =0 if M < N.

In this section we shall use the Doob and the Burkholder inequalities for
d-sequences of random variables. For the sake of completeness we state and
prove these inequalities in the lemma below.
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LEMMA 12. (a) (Doob’s IP-inequality.) Let p > 1. Then for any martin-
gale (X, AN) having property (ex) for arbitrary N € N¢

pd
p
E Xyl b <! 2 U mxyP).
{{}‘é’]‘v' M|}_{p_l} (I XN 1)

(b) (Burkholder’s inequality) Let p > 1. Then there is a constant D, 4
such that for any martingale difference Xy having property (ex)

p

E(SN|%) < D, 4E > Xy VN e N,
M<N

PROPOSITION 13. Let X be a martingale difference having property (ex)
and p > 1. Suppose that 3" p;< n E(| Xpr|?) < C(N)" for some C > 0 and

r<p+1. Then limN(STAS =0 as.
PROOF. From Burkholder’s inequality (Lemma 12(b)) and Holder’s in-
equality

p
E(|SnI?) < DypaBl & S X b 4 <
M<N
<Dy (NP™L YR (|XM|2p) < Dy (NP1

M<N
Thus, by Doob’s inequality (Lemma 12(a)),
o{ macISul? ) < Bya 3 A
M<N M<N

for some constant F, » > 0. Now A(MP*+ =1 < C(M)P*"~2 and Theorem
3 implies the result. |

PROPOSITION 14. Let X be a martingale difference having property (ex)
and let p > 1. Suppose that E(| Xy |21’ ) is d-sequence of product type. Then

2p
ZE(|X]2\;| )<N>p—1 < 400
N bN
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implies lim If =0 a.s., provided that by is a nondecreasing, positive, un-

0
bounded d -sequence of product type and eitherp =1 or % is nonincreasing

p—1
for some 0 > TR

PROOF. Applying Lemma 12(b), Holder’s inequality and Lemma 12(a)
we get
E{ max |SM|2p} < Ga(NY™E ST (XM |P)
M<N M<N

for some C,; > 0. In case p = 1 our main theorem and the above
inequality imply the result. Let p > 1. Introduce the notation cny =

= (N1 (| Xps|2P). It is easy to see that
M<N y
d nj—1

Acy = H ”l Za(l) —(n; — 1)"’_1 z algl) =
k=1

ny—1

d
—1 —1 —
:H nf a,(lll)+{nf —(m — 1P 1} Zalg)
k=1

D _

for some C > 0, where H, -1 a( = (| Xn|?P). Using the assumptions we get

Z
0 0 mb*r—2
< Zak Z b(l)Zp == Z Z m’ b(l)Zp

n

kP Ok,
<> a4 Z — < Z 0T “ci
=1 by k=1 by

mP— 2 m—1

n )
T 2= Z“”) > gy <

m m=k+1 b

for some r > 1, G > 0 and for each 1 <[ <d. This means that ZN bZ"

N
< +00, hence one can apply Theorem 3. |
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We remark that a similar proposition can be proved in a similar manner
for d-sequences having maximal coefficient of correlation strictly smaller than
1. For this, one can use [14, Lemma 4] instead of Burkholder’s inequality.

6. Mixingales

In this chapter we define multiindex L" mixingales and prove an SLLN
for a special class of such random variables. Remark that the notion of L"
mixingales was introduced by McLeish [10] and Andrews [1]. Let Z denote
the set of integers and let

é“N:{MEZd:OSnk—mk <lLk=1,...,d and Egzl(nk—mk)iseven},
@N:{Mezdzognk—mk <1,k=1,...,d and Zle(nk—mk)isodd},

if N ez4,
DEFINITION 15. Let r > 1, (Q,4, P) be a probability space, Xy be a

d-sequence of random variables with finite r-th moment, Ay (N € 7.4)
be a nondecreasing d-sequence of o-subalgebras of 4. The pair (Xpn,4dps)

(N eN¢, M e 79 is called L -mixingale if
(@) |EXNAN_a)|, <en¥P_pr if m; >0 forsome i=1,...,d,

(b) XN — EXN N+l < enPy if M >0,
where cy (N € N¢), ¥y (N € Z9) are d-sequences with ¥ — 0 as
n; — —oo forsome i =1,...,d, Y5y — 0asn; - oo foreachi=1,...,d,
and there is a constant C > 0 for which

Yy < C¥yn

for any N € Z9 and M € &5 U Op.

The following lemma is a straightforward generalization of Lemma 1 and
Lemma 2 of [7].

LEMMA 16. (a) Let r > 2 and (Xn,dp;) (N € N4, M € Z4) be an L”
mixingale, having property (ex). Then there exists an F, 5 > 0 such that

1

2
Z Z K
= r Kezd \M<N
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where X ](\f ) = AR(X. M 4 a— k) and here the difference is taken according to
the subscript of A while the subscript of X remains fixed.

(b) Let r > 2 and (Xn,Ap;) (N € N M € 7% be an L” mixingale,
having property (ex) such that g .aV < +0o. Then

2
H max |SM|H <Gad Y.
M<N r M<N

for some C, 4.

PROOF. (a) Let N, K € N?. Then
M
o xyP= Y ARXnldy_w) =
—K<M<K —K<M<K

=EXN Nk + Y, BN N + (=1 Y BN N,
LEéf}'( Lexl_{

where
Le={Lez? : L=k ifi¢Tand l; =—(ki+1)if i €1,
for some I C {1,...,d}, with I#( and card([) is even },
fr={LeZ . =kifi¢Tand l; =—(k+1)if i €1,
for some I C {1,...,d}, with card(]) is odd }.

By the definition of the L"-mixingale, one can see that

lim > XYP - BXnldnig) p =0 in L'
K
—K<M<K

and so

im{ > X¢P-Xnp=0 inlL.
K —K<M<K

Hence, using the triangle inequality in L", we get

s tsul| = max | 5 5 x| <
r = LM Kgezd ,
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<lmey 2|2 7)< 3 ey > X0 =0

Kezd |LXM , Kezd L<M ’

Let K € N be fixed. With the help of property (ex) it is easy to check that
the pair (Zps, % ps) is martingale difference, where

ZM=X](\§() and gM :*ﬁM—K-

Hence by Lemma 12 (a), (b) and by the triangle inequality in the space L%,
we have

2
K K
<D Y | X < Y R x|
Kezd ||[LEXN ’ Kezd LN
r

N|—

1
2
=Fa Y N2 \Xi’“\z <Fg Yy

Kezd || \LEN Kezd \ LN H

(b) Let us consider X]EK). If k,;, > 0 for some m =1,...,d then

IABXL |- )l < c2/C¥_k.
Otherwise, if k,, < —1 for each m = 1,...,d, then by Definition 15,

[ARX LIkl < > IXL — BXLlda)]l, < er2?CY_k.
ME(SGL_KU@L_K

Hence, by part (a),

=

sy iow| <ru 45 cicaen
- g Kezd LN

= r,d2dC z Y z C% . |

Kezd LN
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PROPOSITION 17. Let r > 2 and (Xn,4dp) (N € N©, M € 7Z9) be an
L" mixingale of property (ex). Then

3
1 2
Z \I"N < oo and Z T Z CM < 0
Nezd Nend (N) 79 | M<N
imply
S
li Nl =0 a.s.
N 1
(N)4
provided that the d-sequence cp is of product type.
PROOF. Easy consequence of Proposition 11 and Lemma 16(b). |
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1. Einleitung

Es seien p,q > 1 ganze Zahlen. Die Punktmenge X bildet ein (p,q)-

Punktsystem in der euklidischen Ebene E2, wenn solche positive reelle Zahlen
r und R existieren, fiir die die folgenden zwei Bedingungen erfiillt sind.

1.1. Jeder offene Kreis vom Radius r in E? enthilt hochstens p Punkte
von X.

1.2. Mindestens g Punkte von X gehoren zu einem beliebigen abgeschlos-
senen Kreis vom Radius R.

Bildet X ein (p, q)-Punktsystem, dann verwenden wir die Bezeichnung
Z(p,q)-

Wir betrachten alle mogliche Zahlen r und R, fiir die das angegebene
Punktsystem X ein (p, ¢ )-Punktsystem ist. Es seien r, = sup r und R; = inf R
solche reelle Zahlen, fiir die X noch ein (p, ¢)-Punktsystem ist. Der Quotient

Ig—’; wird als die (p, q)-Dicke von X genannt.

Die Aufgabe ist, das Supremum der (p, g )-Dicken zu bestimmen und die
extremalen (p, ¢)-Punktsysteme anzugeben. Es sei

p
k(p,q)= sup R
2eX(p,q) N4

Es bezeichne T ein (p, g)-Punktgitter und kr(p, q) die extremale Dicke fiir
(p, q)-Punktgitter.
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HORVATH [3], [4] hat die Definition der (p,q)-Punktsysteme und der
(p,q)-Dicke in Riumen konstanter Kriimmung und in der Minkowskischen
Ebene angegeben.

Im Fall p = g = 1 erhalten wir die von DELONE [1] definierten (r, R)-
Punktsysteme. RYSKOV [8], [9] beschiftigte sich mit der Bestimmung der
Dichten von (r, R)-Punktsystemen. In der euklidischen Ebene findet man
Ergebnisse fiir p,q > 1, vielleicht in einer anderen Formulierung, in [2],
(3, 41, [91, [51 [7], [12].

In dieser Arbeit untersuchen wir (p,q)-Punktgitter. Wir geben eine
Methode zur Bestimmung der extremalen (p, ¢)-Punktgitter (H. TEMESVART)
und 16sen das obene Problem fiir p = 5 und ¢ = 1,2,3,4 (H. TEMESVARI);
p=1,234und g =5 (VEGH). In den Fillenp =1, g € Z" und p = 3,
g € Z% (VEGH) wird der Kreis der moglichen extremalen Gitter bedeutend
reduziert.

2. Bezeichnungen

2.1. Es sei O ein belibiger Punkt der Ebene E2. Mit A bezeichnen
wir den Ortsvektor OA und seinen Endpunkt. Es seien A und B linear
unabhingige Vektoren die Basisvektoren des Gitters I' (Abb. 1a), d.h. T =
= {X|X = mA+nB, m,n € Z}. Im folgenden werden wir immer nach
MINKOWSKI reduzierte Basen fiir die Gitter angeben. Dann gelten

(1) Al < B <|B~ Al und /(AOB)<Z.

Mit den Bezeichnungen x = ;%', a = /(AOB), y = cosa haben wir die
folgenden dquivalenten Ungleichungen:

) 0<x<1 und ogyg%.

Zu jedem nach MINKOWSKI reduzierten Gitter konnen wir ein geordnetes
Zahlenpaar (x,y) mit den Bedingungen (2) zuordnen. Und umgekehrt, zu
jedem Zahlenpaar (x,y) # (0,0) gehort ein nach MINKOWSKI reduziertes
Gitter bis auf Ahnlichkeit. Wir betrachten das kartesische Koordinatensystem

x,y mit dem Anfangspunkt O. Es sei P(1,0), Q (1,%) (Abb. 1b). Auf

Grund der Vorhergehenden existiert eine eineindeutige Zuordnung zwischen
den Punkten des Dreiecks OPQ und den nach MINKOWSKI reduzierten Gittern
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B A+B

y=cosa Q(l,%)

+(x,)

0] A 0 P(1,0) x
Abb. 1/a Abb. 1/b
bis auf Ahnlichkeit. Es ist offenbar, dass die (p, ¢)-Dicke fiir dhnliche Gitter
gleich ist.

Mit A; bezeichnen wir das durch die nicht kollinearen Gitterpunkte
Xi, Y;, Z; bestimmte Gitterdreieck. Es sei k(A;) der Umkreis von A; und
dk(A;) die entsprechende Kreislinie (Abb. 2a). Der Kreis mit Durchmesser
S; T; wird mit k(S; T;) und die entsprechende Kreislinie mit dk(.S; 7;) (Abb.
2b) bezeichnet, wobei S;, T; € T

VR (T

k(A k(SiTy)

Abb. 2/a Abb. 2/b

Die Gitterdreiecke A; und A; des Gitters I' sind dquivalent, wenn eine
Verschiebung oder eine Spiegelung an einem Gitterpunkt oder die Aufeinan-
derfolge dieser Abbildungen das eine Gitterdreieck in das andere iiberfiihrt.
Auf ihnliche Weise kann man die Aquivalenz der Gitterstrecken S; T; und
Sy, Ty, definieren.

Der Gitterkreis k(A;) ist von der p-Eigenschaft, wenn
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2.1.1. das Gitterdreieck A; nicht stumpfwinklig ist;

2.1.2. k(A;) mindestens p + 1, der offene Kreis hochstens p — 2 Gitter-
punkte enthilt.

Der Gitterkreis k(S; T;) ist von der p-Eigenschaft, wenn

2.1.3. k(S; T;) mindestens p + 1, der offene Kreis hochstens p — 1 Gitter-
punkte enthilt.

Es bezeichne kip(Ai) bzw. kf(S,- T;) den Kreis k(A;) bzw. k(S; T;) von

der p-Eigenschaft und rip den Radius dieser Kreise.

Der Gitterkreis E(Aj) ist von der q-Eigenschaft, wenn
2.1.3. das Gitterdreieck A; nicht stumpfwinklig ist;

2.1.4. k (Aj) mindestens g + 2, der offene Kreis hochstens g — 1 Gitter-
punkte enthilt.

Es bezeichne 12;1 (Aj) den Kreis k(A;) von der g-Eigenschaft und qu den
Radius dieses Kreises.

Mit L(T', p) bezeichnen wir die Anordnung von offenen Kreisen mit Ra-
dius p, wobei T" das Gitter der Kreismittelpunkte sind. Es sei L(I,p) die
entsprechende Anordnung von den abgeschlossenen Kreisen.

Die Kreisanordnung L(I',p) ist eine p-fache Packung, wenn ein be-
liebiger Punkt der Ebene durch die Kreise von L(I,p) hochstens p-fach
iiberdeckt ist. Die Kreisanordnung L(T,p) ist eine g-fache Uberdeckung,
wenn ein beliebiger Punkt der Ebene mit den Kreisen von L(T, p) hochstens
g-fach iiberdeckt ist.

3. Die Methode zur Bestimmung von x1(p,g) und der extremalen
(p, q)-Punktgitter in E2

3.1. Es sei I' ein beliebiges (p, ¢)-Punktgitter und seine Basis A, B nach
MINKOWSKI reduziert. Wir schlagen offene Kreise vom Radius » um die
Gitterpunkte.

Aus 1.1 folgt, dass die Kreisanordnung L(I', r) eine p-fache Kreispack-
ung ist. Wir betrachten einen beliebigen Gitterkreis von der p-Eigenschaft,
d.h. den Kreis k' (A;) bzw. kP (S; T;). Fiir den Kreisradius r!” gilt r <r, < rP
(vgl. [10]). Dann ist rp, = infrf. Die Kreisanordnung L(I, rp) ist eine
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dichteste p-fache Kreipackung fiir das fixe Gitter I'. Die Existenz von L(T’, rp)
ist in [10] bewiesen.

Wir betrachten die Kreisanordnung L(T, R). Aus 1.2. ergibt sich, dass
L(T, R) eine g-fache Uberdeckung ist. Es sei k jq (4y) ein beliebiger Gitterkreis
von I' mit der g-Eigenschaft. Es gilt R > R; > qu (vgl. [6]). Dann ist R; =
= sup qu. Die Kreisanordnung L(T, Ry) ist eine diinnste g-fache Uberdeckung

fiir das fixes Gitter I". Die Existenz von L(T, Ry) ist in [6] bewiesen.
p
Es sei G&7 = %. Fiir die Dicke von I' gilt Ir-(,i = GY. Es ist zu
7. q )
j
beweisen, dass Gf)jq nur von x und y hingt. Nach [10] existiert eine Zerlegung
von OPQ in endlich vielen Bereiche Hip (1 < i <t), dass derselbe offene
Gitterkreis k! (A;) bzw. k(S; T;) fiir jedes (x,y) € H' die p-Eigenschaft hat.
Es gibt auch eine Zerlegung (vgl. [6]) von OPQ in endlich viele Bereiche
ﬁjq(l < j < s), dass derselbe abgeschlossene Gitterkreis qu(Aj) fiir jedes

(x,y) € I:Ijq die g-Eigenschaft hat. Nach [10] und [6] existieren endlich viele

Gittertypen nach den Gitterkreisen kl.p (A;) bzw. kip (85; T;) mit Radius r, und
k j‘f (Aj) mit Radius Ry.

Auf Grund der Vorhergehenden ist die Zerlegung von OPQ in Bereiche
Hf;q = Hip ﬂﬁjq, (1<i<t,1<j <s)vom Gesichtspunkt der Dicke inter-
ressant. Die Anzahl der Funktionen (x,y) — ijq, (x,y) € Hilj)-q (1<i<t,
1 <j < 's) sind endlich, deshalb miissen wir die Maxima von endlich vielen

Funktionen mit zweien Verinderlichen bestimmen und dann das Extremum
auswihlen.

In den konkreten Fillen konnte man mit geometrischer Methode (vgl.
[7]), mit Anwendung von Gittertransformationen, das Problem zur Bestim-
mung der Extrema von endlich vielen Funktionen mit einer Veréinderlichen
zuriickfiihren.

Das entsprechende extremale (oder die extremalen) Punktgitter I" ist(sind)

einfach rekonstruierbar (bis auf Ahnlichkeit). Es ist klar, wenn (x,y) € Hl.!;-q

fiir das extremale Punktgitter I' gilt, dann ist I’ mit den Kreisradien rip =rp

und qu = R, wirklich ein (p, ¢)-Punktsystem.
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3.2. Aus den obigen folgt, dass die Bestimmung der Gitterkreise vom
minimalen bzw. maximalen Radius, die von der p- bzw. g-Eigenschaft haben,
wichtig ist.

Fiir die Auswahl der moglichen Gitterkreise brauchen wir die folgenden
Hilfssitze.

HILFSSATZ 1. Es seien A und B die Basisvektoren eines nach MINKOWSKI
reduzierten Gitters I". Wir nehmen an, dass das Gitterdreieck A\ = OX'Y nicht
stumptwinklig, OT eine Gitterstrecke und k € Z* ist. Nehmen wir an, dass
die offenen Kreise k() und k(OT) hochstens k — 1 Gitterpunkte enthalten.
Dann gehoren die Gitterpunkte X, Y, T zum zentralsymmetrischen Sechseck
mit Ecken kA, kB, k(B — A), —kA, —kB, —k(B — A).

BEWEIS. Die Behauptung folgt aus dem Hilfssatz 3 von [6].

Im folgenden untersuchen wir, wie man entscheidet, ob ein Gitterpunkt
zu einem Gitterkreis gehort oder nicht.

Es sei das Gitterdreieck A = OX'Y angegeben, wobei X = nA+mB
und Y =uA +v B Gitterpunkte sind. Mit K bezeichnen wir den Mittelpunkt
des Gitterkreises k(A). Dann gelten die Gleichungen

3) K —(nA+mB)|*=|K|>, |K—wA+vB)*>=|K%.
Aus (3) kann man die skalaren Produkte ausdriicken. Es gelten
(n%v — mu?)A% +2vm(n — u)AB + (vm? — v2m)B?
2(nv — mu)
(n%u — nu?)A?% + 2nu(m — v)AB + (um? — vZn)B2
B 2(mu — nv)

4  KA=

5) KB

wobei nv — mu #0 (A ist ein Gitterdreieck).

Ein beliebiger Gitterpunkt Z = s A 4+t B gehort zum abgeschlossen Kreis
k(A) nur im Fall, wenn

(6) K — (sA+1B)| < |K|.
Aus (6) folgt
(7 —2sKA—2tKB +s?A%> +2stAB +t*B* < 0.

Auf Grund von (4), (5) und (7) erhélt man

[s(nzv - muz) - t(nzu - nuz) - sz(nv - mu)]x2

T [2svm(n — u) +2tnu(m — v)+2st(nv — mu)lx

[s(mzv - mvz) - t(mzu - nvz) - tz(nv —mu)]

®)

[—2svim(n — u) + 2tnu(m — v) + 2st(nv — mu)]x
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. —2svm(n —u)+2tnu(m —v) +2st(nv — mu) .
fiir ny — mu >0;
[s(nzv - muz) - t(nzu - nuz) - sz(nv - mu)]x2
T [2svm(n — u)+2tnu(m —v) +2st(nv — mu)|x
©) [s(mzv - mvz) - t(mzu - nvz) - tz(nv —mu)]
[—2svim(n — u) +2tnu(m — v) + 2st(nv — mu)Jx
. —2svm(n —u)+2tnu(m — v) +2st(nv — mu) .
fiir nv —mu <0
0< [s(nzv - muz) - t(nzu - nuz) - sz(nv - mu)]x2+
(10) +[s(m?v — mv?) — t(m%u — nv?) — t2(nv — mu)]

fiir —2svm(n —u)+2tnu(m —v)+2st(nv —mu) =0.
Aus den Vorhergehenden folgt

HILFSSATZ 2. Es seien A und B die Basisvektoren eines nach MINKOW-
SK1 reduzierten Gitters I und O der Anfangspunkt der Basisvektoren. Der
abgeschlossene Umkreis des Gitterdreiecks OX'Y mit X = nA + mB und
Y = uA +vB enthilt den Gitterpunkt Z = s A + t B, wenn die Koordinaten
des dem Gitter T entsprechende Punkt im Dreieck OPQ die Ungleichungen
(8), (9) oder (10) befriedigen.

Man kann ein Programm fiir Computer schreiben, womit in den
konkreten Fillen wirklich entscheiden kann, ob ein Gitterpunkt zum angege-
benen Gitterkreis gehort, oder nicht.

Auf Grund von Hilfssatz 1 und 2 wihlen wir die Gitterkreise von der p-
bzw. g-Eigenschaft fiir p,g =1,2,...,5 aus. Dann kann man die Gitterkreise
vom minimalen bzw. maximalen Radius unter den moglichen Gitterkreisen
von der p- bzw. g-Eigenschaft bestimmen. In der Tabelle I findet man die
moglichen extremalen Gitterkreise fiir p = 1,2,...,5 und ¢ = 1,2,...,4.
Der Fall g = 5 ist schon kompliziert. Hier wurden Gitterkreise von der
g-Eigenschaft angegeben, die nicht unbedingt vom maximalen Radius sind.
Mit den Radien dieser nicht unbedingt extremalen Gitterkreisen kann man
aber eine entsprechende obere Abschitzung fiir die Dicke geben, die immer
fiir das im Satz 3 angegebene Gitter genau ist. In diesen Fillen kann man die
Methode in [7] anwenden.

Mit der Anwendung von Hilfssatz 2 kann man auch die Bedingungen
angeben, fiir welche Teilmenge des Dreiecks OPQ ein Gitterkreis extremal
ist.
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Tabelle 1
11) k! =k(0, A) 611 ki =k(0OAB)
5 =k(OAB) 5 k? =k(OQ2A)A+ B))
k3 = k(O(2A))
= k(O(A + B)) k3 = k(O(3A)(A + B))
3| k3 =k(OB3A)) 3| k3 =k(OA(2B))
k3 =k(O(A+ B)(2A — B))
ki = k(O(4A)) ki =k(O(4A)2A + B))
k3 =k(O(2A)B) k3 =k(O(3A)2A + B))
A k$ =k(O(2B)) A i‘ k(O2A)(2B))
4 =k(OA(2B))
kd =k(O(2A — B)(2A + B))
k¢ =k(O(A — B)(2A + B))
= k(O(5A)) k =k(O(3A)B)
k$ = k(OQA + B)) k5 = k(O(4A)(A + B))
k3 = k(OA(2B)) k3 =k(O(5A)2A + B))
k3 =k(O(A+B)2A - B)) k3 =k(OA(2B))
k2 =k(O(2A+ B)(A — B))
> : k2 =k(O(2A + B)3A — B))
k3 = k(0Q2A)2B))
k3 =k(OQ2A)(A+2B))
k3 =k(OBA)2A+ B))
ki, =k(O(A+ B)3A - B))

Z.B. im Fall p = 5 ist die Zerlegung von OPQ nach den extremalen
Gitterkreisen von der p-Eigenschaft das folgende (Abb. 3.).

Es seien
(h): 4xyp + (4x? + Dy? —
und

8xy, +3—3x2=0
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0 P(1,0) x
Abb. 3

(8): 68x3y3 —3x2(5—4x2)yZ —6x(2x*+7x2+2)y, +4x0—15x4+12x2+4 =0

Kurven in impliziter Form, wobei (2) fiir x und y;, weiterhin fiir x und
yg gilt.

2
Es ist zu zeigen, dass die Kurven (h), (g)und y = 2x2x_1 , X € [\/g, 1] im

Dreieck OPQ einen gemeinsamen Punkt haben. Es sei x5 die x Koordinate
dieses Punktes. Jeder Punkt von OPQ (ausser O) gehort zu mindenstens
einem dieser Bereiche:

Hf:{(x,y)‘ xE-O,\/;], y € [O,%] oder
ve[VRVE] vel]}
H25 = {(x,y)‘ X € -\/21, \/%] , Y€ [0, %] oder
x € -\/II’ \/g] , YE [O,%] oder

X € -\/;,x5] , y € [0,y oder

x € [xs,1], y € [0,y] }

H35 = {(x,y)‘ X € [\/;,xS] , y € [yn, 5] oder
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sebstl e [sRLg])

2
Hp = {(x,y)‘ x € [xs5,1], y € [)’gazxz—xl] }

Est ist offenbar, dass die obigen Bereiche paarweise keinen gemeinsamen
inneren Punkt haben.

4. Siitze

In diesem Abschnitt beweisen wir drei Sitze.

SATZ 1. Es seien A und B die Basisvektoren eines nach MINKOWSKI
reduzierte (p, q)-Punktgitters T, wobei p = 1 und q € Z*. Die Gleichung
|A| = |B| ist die notwendige Bedingung dafiir, dass " die extremale (p,q)-
Dicke kr(p, q) hat.

BEWEIS. Das (p, ¢)-Punktgitter I" ist nach MINKOWSKI reduziert, deshalb

enthdlt der offene Gitterkreis kll = k(OA) keinen Gitterpunkt und ist vom
minimalen Radius unter den offenen Gitterkreisen, die von der p-Eigenschaft
p =1 sind. Es sei (x,y) der dem Gitter I" entsprechende Punkt im Dreieck

OPQ. Die Zerlegung von OPQ besteht also aus dem Bereich Hll. Wir
betrachten die Zerlegung von OPQ in die Bereiche ﬁjq (1 <j < ) nach
den extremalen Gitterkreisen (vgl. 3.) von der g-Eigenschaft. Auf Grund

der Vorhergehenden ergibt sich die Zerlegung von OPQ in Bereiche Hlqu =
=HNA! (1<) <s).
Die entsprechenden Funktionen fiir die Dicken sind (x,y) +— Glljf],

(x,y) € Hlqu (1 <j <'s). Zur Vergrosserung der Dicke definieren wir eine

Gittertransformation ¢;. Bei der Anwendung von ¢ bleibt die Gittergerade
OA fix und der Endpunkt des Basisvektors B bewegt sich auf einer zu OA
ortogonalen Geraden neben der Abnahme von |B|, d.h., x und y nehmen zu.
Der Kreisradius ist offenbar dndert sich nicht. Wir miissen beweisen, dass
qu (1 € j < s) wihrend der Anwendung von #; abnimmt. Wir wenden

die Transformation #; nur im Fall an, wenn die Bedingungen (1) fiir die
entstehenden Gitter gelten.
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Das Gitterdreieck A; (mit Umkreis lzjq (4;) ist nicht stumpfwinklig. Die

Ecken von Aj kann man immer derart wahlen, dass eine der Ecken O ist,

dh. A; =0X;Y;. Istz. B. X; = kA k € Z* (Abb. 4a), dann kommt der
Gitterpunkt Y; ins Innere des urspriinglichen Gitterdreiecks A; bei der An-

wendung von t;. Der Umkreisradius f’jq nimmt offenbar ab. Sonst kann man

immer ein unter den dquivalenten Gitterdreiecken wihlen, bei dem die Ecken
Xj, Y; von OA abgetrennt (Abb. 4b) sind. Es ist einfach nachzuweisen, dass

Xj und Y; ins Innere des urspriinglichen Gitterkreises k jq (A;) kommen, wenn

wir die Gittertransformation ¢#; anwenden, d.h., qu abnimmt.
Y; B Y
B 0
A
10) A Xj
X
Abb. 4/a Abb. 4/b

Endlich erreichen wir einen Randpunkt von Hlqu oder einen Randpunkt

von OPQ. Im ersten Fall kann man die Transformation weiter anwenden und
die Dicke weiter vergrossern. (Nach [6] sind die Dicken fiir die Randpunkte
von zwei Bereichen in der Zerlegung gleich.) Gilt | B| = | B— A|, dann konnen
wir im obigen Sinne #; anwenden. Endlich erreichen wir einen Punkt von PQ.
In diesem Fall gilt aber |A| = |B|. |

SATZ 2. Es sei U ein {p, q)-Punktgitter, wobei p = 3 und q € Z*. Der
dem Gitter T’ entsprechende Punkt in OPQ ist (x,y). Das Gitter T hat die

extremale (p, q)-Dicke kr(p,q) nur im Fall, wenny = 5, x € [\/I, 1] oder

2
szx_l, x € [\/I, \/;] gelten.
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Abb. 5

BEWEIS. Die Abbildung 5 zeigt die Zerlegung von OPQ nach den ex-
tremalen Gitterkreisen von der p-Eigenschaft. (Der Beweis findet man in

[11].) Der Kreis k13 = k(O(A+B)) bzw. k3 = k(O(3A)) besitzt den minimalen

Radius unter den Gitterkreisen von der p-Eigenschaft im Bereich H]3 bzw.

2
H23. Der Durchschnitt von H13 und H23 isty = 8x2x_1, x € [\/I, \/;] im

Dreieck OPQ.
Nun betrachten wir die Zerlegung von OPQ in die Bereiche I:Ijq 1<

J < s) nach den extremalen Gitterkreisen (vgl. 3.) von der ¢ —_Eigenschaft. Auf
Grund der Vorhergehenden ergibt sich die Zerlegung von OPQ in Bereiche

3 T 3 r .
Hi = H} VA und Hy! = HF VA (1 <j <5).
Die entsprechenden Funktionen fiir die Dicken sind (x,y) +— G13;1,
(x,y) € Hqu und (x,y) — ngq, (x,y) € H23jq (1 <j <s). Zur Vergrosserung
der Dicke in H23jq verwenden wir die Gittertransformation #;. Bei der An-

wendung von #; bleibt die Gittergerade OA fix, d.h., der Radius von k23 =
= k(O(3A)) ist konstant. Wie im SATZ 1 kann man einsehen, dass die Radien

der Kreise 12;1 (A}) fiir (x,y) € H23jq (1 <j < s) abnehmen, folglich nimmt die

2
Dicke zu. Endlich erreichen wir den Punkt von y = 8x2x—1 , X € [\/I , \/;] .

Fiir die Funktionen (x,y) — G]3jq, (x,y) € H13jq definieren wir eine

weitere Gittertransformation #,. Bei der Anwendung von f, bleibt die Git-
tergerade O(A + B) fix und die Endpunkt des Basisvektors B bewegt sich auf
einer zu O(A + B) orthogonalen Geraden neben der Abnahme von |B|. Dann
nimmt y offenbar zu. Durch einfache Rechnungen ergibt sich die Abnahme
von x auf Grund von (1).
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Wie im Fall von #; kann man beweisen, dass die entsprechenden Kreis-
radien qu (1 <j <L) fiir (x,y) € H13jq abnehmen, d.h., die Dicke zunimmt.

Das bedeutet, dass wir am Ende einen Punkt der im Satz erwihnten Kurven
erreichen. |

Es sei y die Losung der Gleichung 68y —3y2 — 66y +5 =0 fiir y €
€ [O, %} Im folgenden Satz geben wir die extremalen Dicken fiir p = 5 und

qg = 1,2,3,4, weiterhin in den Fillen p = 1,2,3,4 und ¢ = 5. In Klammern
findet man die extremalen Gitter (bis auf Ahnlichkeit).

SATZ 3. Es gelten

1 1
kr(1,5) = \@ <(x,y>= <1,5)),
[ 15 —2+/46
Kl“(z, 5) = 4m <(X,y) = < 14 — 2V 46, 0)) 5
7 1 1
kr(,5) =/ 7 ((x ) = ( > ﬁ))
4 1 1
Kr(4,5)=\/; ((x,y)=< 0] oder (x,y)= <1,5)>,
7 1
kr(5, 1) = \E ( (f ))

(o)
| =

N——

|
| =
N =

V7 \/Tl 1
o= ( ( 22 5))
3v2 1 /1 1
rs.3)= 22 ( (ﬁi\@> oder (x,y>=<1,§)>,
ENENES) -
kr(5,4) = 2 +4y) ((x,y) = (1, y).

BEWEIS. Wir verwenden die Methode in 3. Es ist sehr lang, die Rechnun-
gen durchzufiihren, deshalb behandeln wir nur einige Fille. Die Zerlegungen
von OPQ fiir p,q = 1,2,3,4 in [7] sind extremal wie es in [11] bewiesen
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wurde. Im Fall p = 5 haben wir die extremale Zerlegung nach den Git-
terkreisen von der p-Eigenschaft angegeben. Fiir ¢ = 5 werden Gitterkreise
von der g-Eigenschaft angegeben, die nicht unbedingt vom maximalen Radius
sind. Mit den Radien dieser nicht unbedingt extremalen Gitterkreisen kann
man aber eine entsprechende obere Abschitzung fiir die Dicke geben, die
immer fiir das im Satz 3 angegebene Gitter genau ist. In diesen Féllen kann
man die Methode in [7] anwenden.

P 1
0(13)
Hy [HS
Hp
10 s
Is [—]75 HI (3
H(; ”i
H?
HS
S
Hf : [45 H 1
0 oS P(1,0) x
2
Abb. 6

4.1. Es seien (Abb. 6)

i = {(x,y)‘x € \/14—2\/46,,/%] y € [0,3—— \/2‘4—)38)“2”4] oder
X € \/;,\/%] = [3_2?‘2,—15;‘2] oder

WL 1—x2
ve i) ve o]}

75 [ —18+6v/21 2_\/3x2_144x4 2—7x2
H3 = {(x,y)‘x € |§ s f] » Y € [x 3)5,6 A ] oder

ve |ERL Sy e Joa])
ﬁ35 = {(x,y)‘x 6} 0, \/%] , ¥ € [0,5] oder

e [VaVE] e ]}
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oder x
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i = {@yl
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~/5
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X
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A = {xm)x
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€

€

\/g,%] = [0,6"5;1] oder

1 7\/1&6@] y € [oxz— \/3x21+44]}
2 6 > > 2x

[Vi6l+v1d /2 ¢ [122=29+46V79x4+15x2415 2621
T V3 Y 86x X

[ 2 TS5 0 y2
%’%1/_14”\/3] Ly [7x 2016V ToxF+15:2415 2-x ”
\/Z \/I] € [1_6’“2 ’i] oder
s 6> y X 2
- .
Jit] e )
L3]0 v e [ oder
WaNE 2.2 1«2
\/j’\/;]’ y € [7X8x s ]}
\/E \/I] € [’i —3"2*1] oder
b 2 b y 4’ zx
[ 52
\/;’ Y %] » Y € [%’3 o H
\/E, \/g] , Y€ [0,7";;2] oder
\ﬁ,\/14— 2\/46] .y € [0.5] oder
\/ 14 — 2/46, /%] y € |:3\/214x28x2+x4,%:| }

[ 2
%,%\/—14+7\/ﬁ] , )y € [21; %] oder

% —14+7\/ﬁ,1} .y € [f.5]}
[ 2 4.2
\/;\/lﬁlz?rm] .y € [ x2—1+2¢/ =5x%+5x +1’%] oder

6x
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ﬁl5 _ —l 2 1-x2 x d
10= VX € |2/5|5 Y € | Tz| oder

e ve [2)

" [
i, V161+V/ —x2 —x2—142y/—5x445x241
HIO = {(x,y)‘x c %’ 161241— 14:| ,y € |:12;c e . XT+5x“+

6x
oder
x € |VARV 2 /Ty
ye —15;2’7x2—29+6 79x4+15x2+15:|
oder

x € —%m,l} ,y € [lg;‘z,f]},
wobei yy die Gleichung
(f) — 32x° — 44x% +20x2 + 80x *y7 + 24x7y,+
+48x3yf — 4+ 24xyr + 16xzyf2 — 96)c3yf3 =0

erfillt.

In Tabelle I findet man die Gitterkreise, nach denen die obige Zerlegung
von OPQ angefertigt wurde.

4.2. Wir betrachten ein beliebiges (1, 5)-Punktgitter. Nach SATZ 1

kann die Dicke nur fiir die Gitter mit x = 1 extremal. Dann miissen

1
wir das Maximum der Funktion x ~— Gllslo = %, x =1,y € [O, %}
’ "o

bestimmen. Der Umkreisradius eines Dreiecks wird mit den Seiten und
mit dem Inhalt ausgedriickt. Auf Grund dieser Bemerkung ist Gllslo =

_ 16x4(1—y2) _ ..
= \/(x2+1+2xy)(9x2+1—6xy)(4x4+4—8xy)' An der Stelle x = 1 erhidlt man

15 _ 1 . .. 1l .
GI,IO = ,/2(5_3”, deren Maximum fiir y = > eintritt. Der Maximumwert,

d.h. die maximale Dicke ist \/; . Als extremales Punktgitter ris ergibt sich

das regulire Dreiecksgitter <(x, y)= (1, %) ), wobei die Linge des kiirzesten

Basisvektors |A| = 2r11 ist.
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Wir miissen noch einsehen, dass I''3 wirklich ein (1, 5)-Punktsystem ist.

(Es wurde nimlich nicht bewiesen, dass die Zerlegung des Dreiecks OPQ
fiir g = 5 nach den extremalen Gitterkreisen ist.) Es ist klar, dass jeder Kreis

mit Radius rl1 hochstens einen Gitterpunkt enthilt. Es gilt ’7150 =7 r]1 fiir
I''5. Es geniigt zu zeigen, dass die um die Gitterpunkte geschlagenen Kreisen

vom Radius 7}, das Dreieck A'> = A(A — B)(2A — B) 5-fach iiberdecken.
Die um die Gitterpunkte A, A — B und 2A — B geschlagenen Kreise vom

Radius 73, bedecken A!S je einfach. Es gelten O(3A — B) = (—B)(2A) =
= (A —-2B)Q2A) = 27150. Dann iiberdecken die Kreise mit Mittelpunkt O

und 2A — 2B gemeinsam mindestens einfach das Dreieck A3, Obwohl die

Kreise mit Mittelpunkt —B, A — 2B, 2A ein Teil des Dreiecks A!> nicht
bedecken, werden die nicht iiberdeckte Punkte des Dreiecks von den Kreisen
mit Mittelpunkt O und 2A — 2B zweifach bedeckt.

43. Esseip = 3,q = 5. Nach SATZ 2 und 4.1 die Dicke eines
2
(3, 5)-Punktgitters kann nur fiir y = 5, x € [\/I, 1] oder fiir y = %,

X € [\/I , \/;] maximal. Wir miissen die Maxima der folgenden Funktionen

unter den angegebenen Bedingungen bestimmen.

35 _ (r24+142xy)(1 —y2)

(4x2+1+4xy)(9x2+1—6xy)

2_ /
y=8x2x 1,x€ [\/I,\/;] undy:%,xG |:\/I, 12—3:|
35 _ 25x2(x2+142xy)(1—y?) _x [2 \ﬁ
Gig = \/(4x2+1+4xy)(9x2+1—6xy)(x2+4—4xy) y=2*¢€ 132V 2

35 _ A(x2+14+2xy)(1—y2) _x 2
G18 - \/(x2+4+4xy)(x2+4—4xy) y=73,x¢€ 3,1

35 _ (x2+1+2xy)(1-y?2) _x 1 \/z
Gig = \/(4x2+1+4xy)(x2+1—2xy) y=u,x¢€ 2°\V3
35 _ 4x2(1-y?) _x 1 \/I
Gillo = \/(x2+1—2xy)(9x2+1—6xy) y=72, X € 12:/2

Unter den Maxima der obigen Funktionen von einer Verédnderlichen tritt

das absolute Maximum fiir (x,y) = (%’2%/5) ein. Es ist wie in 4.2 zu
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beweisen, dass das dem Punkt (T’ F) entsprechende Gitter A% mit den

Kreisradien r = r1 und R = r9 = F75 = r15 = rlO ein (3, 5)-Punktgitter ist. Die

maximale Dicke ist 4/ %

4.4. Als letztes Beispiel skizzieren wir die Losung des Problems fiir
p =5, g = 3. Die extremalen Gitterkreise von der p- bzw. g-Eigenschaft
findet man in Tabelle I. Die Zerlegung von OPQ ist fiir ¢ = 3 nach den
extremalen Gitterkreisen (vgl. [11]) das folgende.

H13 = {(x,y)‘x E]O, \/a, y € [O,%} oder
\ﬁ \ﬁ 0 1—2x2
xe 57 2 2 yG b x
[ 1 w21
={<x,y>\xe ﬁ,ll,ye [0, - ]}
-3 1—2)62 X
H; = (x,y)‘xe 'S oder
€ \/jl € 271 x
x 2 » 2

I

Abb. 7

Nach Hilfssatz 2 findet man die entsprechende Zerlegung von OPQ nach
den extremalen Gitterkreisen von der p-Eigenschaft fiir p =5 (Abb. 3). Wir
haben also fiir die Bestimmung der Dicken die folgenden Mengen (Abb. 7).

H1513 = {(x,y)‘x 6] 0, \/;}, y € [0,%] oder
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ve [V Vi) e [2a])

\/21\/7] y € [02“‘ 1] oder

X € \/117 \/g] , V€ [0,%] oder

e[ e o)

m

3P = {

H) = {(x y)‘ € -\/;,xs] ,y € [0,2"22;1] oder
x € [x5,1], y € [0,y,] }
23 = {(x y)‘ € -\/z, \/;] , V€ [1_3*2,%} oder

XG-\ﬁ ]yG[z ,yh]}
33 = {(x y)‘ € :\/;,xs] , Y€ [yh,%] oder
X € [x5,1] ,y € [%,%} }

42—{(x y)‘ G[XS:I}ayG[)’g: 27 1}}

Die Dicken sind fiir einen Randpunkt von zwei Mengen gleich.

Fiir die Vergrosserung der Dicken verwenden wir drei Gittertransforma-
tionen.

Wir geben das (5, 3)-Punktgitter I' mit den Basisvektoren A und B nach
(1) an. Bei der Anwendung der Gittertransformation ¢, bleibt die Gitter-
gerade g; fest und der Gitterpunkt G bewegt sich auf der zu g; parallelen
Geraden neben der Zunahme von |V |. Es ist leicht zu zeigen, dass die in
der Tabelle II angegebene Monotonie von x und y wihrend der Anwendung
von f;, richtig ist. Wir wenden #; nur im Fall an, wenn die Bedingungen (1)
fiir die entstehenden Gitter noch gelten. Endlich geben wir die Mengen HS3
(i=1,2,3,4,j =1,2,3) an, wo wir die Gittertransformation g; anwenden. In
der Menge H4523 verwenden wir die inverse Transformation von f,.
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Es ist zu beweisen, dass die Kreisradien rl.5, i=1,2,3,4 bei der Anwen-
dung der entsprechenden Transformation #; konstant sind oder zunehmen und
die Kreisradien fj3, i =1,2,3 abnehmen. Wegen der Monotonie von x und
y (Tabelle II) erreichen wir endlich einen Punkt der folgenden Kurven. (Die

entsprechenden Kurven im Dreieck OPQ wurden dick bezeichnet.)

Tabelle II
g  Gc |Vil x y H§3
OA B |B| fallend wachsend H?}, H3}
A(2B) O |B| fallend wachsend Hp, H3}

OB A |A|] wachsend wachsend H2523’

wn ~ww =

43.1.x €]0,1],y = %

432.x=1,y € 0,}]

433.x € [\/5 \@]y _ 122

4.34. x € [x5,1], die Kurve (g)

In Tabelle III sieht man wir die Dickenfunktionen, die wir unter den
angegebenen Bedingungen untersuchen miissen. Es bezeichne yg (1) die y
Koordinate des Punktes in dem die Kurve (g) die Strecke PQ schneidet.

In jedem der obigen Fille erhalten wir eine Funktion von einer

Veridnderlichen. Es ist auszurechnen, dass das Maximum der Dicken 37\/5
ist. Zwei extremale (5,3)-Punktgitter existieren, namlich die den Punkten

<\/g, %ﬂ) (8) und (1,yg(1)) (N) entsprechenden Gitter.

Die Rechnungen wurden mit Programm Maple V Release 4 kontrolliert. il

DEDIKATION. Die Autoren widmen die obige Arbeit Herrn Professor
JENG HORVATH seinem 65. Geburtstag mit den besten Wiinschen.
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(11

[2]

(3]

(4]

(5]

(6]

(71

Tabelle III

_ 25x2(1—y?) ] L} —x 0
h \/(x2+1+2xy)(4x2+1—4xy) x €0, 19 y=2 oJ
_ [ _@x2e1axy)—y?) n \/2 _x
_\/(x2+1+2xy)(4x2+1—4xy) X € [ 19°V5| V=2 U
2
V] e oy
_ 9x2(1—y2)(dx2+1+4xy)
TV (6 24142xy)(@x 241 —4x y) (x 2+4—4xy)
x € [\ﬁ \@] y=3% Us
_ 9x2 = \/I 1 =% SQ
(x2+14+2xy)(4x2+1—4xy) 2 y=2
4x2+1+4xy)(1—y2
VEEEE cepdl @ w
x=1 y €10,yg(1)] PN
2 5 41 _Axv
\/(x +1+2x);i45c +1 4x)) X :1 y c [yg(l)’ 1] NQ
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1. Introduction

The so-called Sunouchi operator S was introduced and firstly investigated
by SuNoucHI [12], [13] in Walsh—Fourier analysis. He proved among others
that his operator characterizes the I” spaces for p > 1 but this characterization
fails to hold for p = 1. In SIMON [8] we showed that S is a bounded map from
the dyadic Hardy space H'! into L!. Furthermore, we formulated a conjecture,
namely that H I can be characterized by S. This conjecture was proved by
DALY and PHILLIPS [1], that is, the H I_norm of a function f with mean value
zero is equivalent to the L!-norm of Sf. For the HP (0 < p < 1) version of
Simon’s and Daly and Phillips’s results see SIMON [9], [10], [11] and DALY
and PHILLIPS [2].

The Vilenkin analogue of the Sunouchi operator was given by Gét [3].
He investigated the boundedness of S as map from (Vilenkin) H Uinto L!
and proved that if the Vilenkin group has an unbounded structure and H'!
is defined by means of the usual maximal function then S is not bounded.
Furthermore, if we consider a modified H'! space (introduced by SIMON [7]),
then a necessary and sufficient condition can be given for the Vilenkin group
S : H' — L! to be bounded. All Vilenkin groups with bounded structure and
also certain groups without this boundedness property staisfy Gat’s condition.

Thus in the so-called bounded case the (H I,Ll)—boundedness of S re-
mains true also for Vilenkin systems. In this note we extend this result,
showing the (HP?, [?)-boundedness of S for all 0 < p < 1. Moreover, the
equivalence ||f||gr ~ [|Sfll, (0 < p < 1) will be proved for f with mean
value zero. We investigate also the role of the bounded structure.

This research was supported by the Hungarian Research Fund FKFP/0198/1999.
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2. Preliminaries and notations

In this section we introduce the most important definitions and notations
and formulate some known results with respect to the Vilenkin system, which
play a basic role in the further investigations. For details see VILENKIN [14]
and the book SCHIPP-WADE-SIMON and PAL [6].

Let m = (mgy,mq,...,my,...) be given as a sequence of natural numbers
such that my > 2 (k € N:={0,1,...}). For all k € N we denote by Z,, the
my th discrete cyclic group, where Z,, is represented by {0, 1,...,my — 1}.
The so-called Vilenkin group G, is the complete direct product of Z, ’s. The
group Gy, is a compact Abelian group with Haar measure 1, its elements are
of the form (xg, xy, ..., Xg, - ..), where x; € Zy, (k € N). The group operation
+ in Gy, is the mod my, (k € N) addition. The inverse of + will be denoted
by —. The topology of the group G, is completely determined by the sets

In = 1h(0) == {(x0, X1, s Xp>.- ) € Gy 1 X; =0 (j=0,..,n— 1D}

(Ozn €N, Iy := Gy). Let I,(x) :=x+1I, (n € N) be the coset of I, by a given
x € Gy,. The Haar measure of I,,(x) is M,,, where the generalized powers M,
(n € N) are defined in the following way: My := 1, M,, := H}:ol m; (0 <
< n € N). The symbol I’ (0 < p < co) will denote the usual Lebesgue space
of complex-valued functions f defined on G, with the norm (or quasinorm)

Fllp = (S I (p < 50), IIflloo = ess sup f|.
It is well-known that the characters of Gy, (the so-called Vilenkin system)
form a complete orthonormal system Gm in L. To the description of Gm let

27 ixy,
rp(x) :=exp ——
my

(n € N,x = (x0,X],...) € Gp,i :=+/—1) and
(e.@)

Y, ::Hr”k,
k=0

where n = Z,CC’ZO My (ng € Zm, (k € N)). Then (A}m is none other than
{¥, : n € N}. In the special case m, =2 (n € N) we get the Walsh—Paley
system.

The kernels of Dirichlet type will be denoted by

n—1

D= ¥ (neN).
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The most important property of D,’s is the equality
M, x€ly)

(1) Dy, (x) = { (n € N).
0 (€eGu\l)

The kernels of Fejér type are defined as in the classical case, namely let
1
K, = — D 0<n €N).
ni=- X_j x (0<neN)

If m is bounded then we get the following estimation for Kj,’s (see Pal and
Simon [5]):

s—1 s—1m;—1
@ |Ka(x)| < C—ZMI >N Dyxije)  (x € G,
1=0 i=l j=0

where 0 < n € NyM;_| < n < M forsome 0 < s € N, je; € Gy
is determined by (je;)y = 0 (N 2 k#[) and (je;); = j, the constant C is
independent on n and x.

Iff e L! then fk) = f fY¥) (k € N) is the usual Fourier coefficient of

Gm
f with respect to Gy,. Let Syf (n € N) be the n-th partial sum of f, i.e.
n—1
Suf =3 Fk)¥y.
k=0

Furthermore, let

n
onf =071 Sf  (0O<neN)
k=1
be the n-th Fejér’s mean of f. It is clear that S,,f (x) = [ f(1)Dn(x—t)dt and
onf(x) = [ft)Ky(x—1)dt (n € N, x€ Gp,). The next equality will be used
also in our investigations (PAL and SIMON [5], see also GAT [3]):

3) S1f () = 001 1) =
M —1mg—
_ / z; z

I (x)

/ f € Gy,n €N).
1 rk((mk —yer)
y= In(x+yey)

If f € L' then the so-called (martingale) maximal function of f is given by

FH) = sup | Sy, f ()] = sup My / o «eGw.
In(x)



104 P. SIMON

It is known (see e.g. Weisz [17]) that the maximal operator P > f — f*
(1 < p < ) is I”-bounded, that is,

“4) I Ny < Glifllp (f € IP).

(From now on ¢y, G, C will denote positive constants depending at most on
p, not always the same at different occurences.)

Define the (martingale) Hardy space HP for 0 < p < 1 as the space of
f’s for which

Wl e = 71l < o0

(For details on Hardy spaces as well for the historical background see e.g. the
book WEISZ [17].) Then ||f || gp is equivalent to || Qf||p, i.e.

pllQfllp < Wfllme < Gl Qfllps

where Qf is the quadratic variation of f :

- 1/2
n 2
Qf = (lf(O)Iz +> \SMMf — Smuf ) :
n=0

It is well-known that for bounded m the atomic description of H? plays
an important part in the investigations with respect to Hardy spaces. To give
this description we recall first the concept of the atoms as follows: the function
a € L*° is called a p-atom if either a is identically equal to 1 or there exists
J:=1L,(x) (x € Gy, n € N) (called the support of a) for which

i) suppa C J
.. _ 1
®) i) flalleo < 771 = MMP
iii) [a=0.
Then f belongs to H? (0 < p < 1) iff f is given by f = Y72 Axay, where

each ay is a p-atom and ) ;2 [Ax|P < oo. Furthermore, there exist positive
constants cp, C, depending only on p such that

o) 1/p
cpllfllpp < inf <Z WI) < Glifllap,

k=0
where the infimum is taken over all such decompositions of f.

As we remarked above the atomic structure of H? (0 < p < 1) is very
useful in the investigations of Hardy spaces. For example let J be an operator
given at least on L? and assume that 7 is L?-bounded: ||f ||, < C|If|l» (f €
€ L?). Furthermore, let 7*f := sup,, | Sn, (If)|. Then to the HP-boundedness
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of 7,ie. to |If|lgr < Gllfllgp (f € HP) it is enough to prove that T* is
p-quasi-local (see WEISZ [16]). This last property means that

©) | @ar<q.
Gm\J
where a is an arbitrary p-atom with support J (see the definition of atoms).
For the sake of the completeness we show here this statement. It is clear
that we need only to prove sup [ (7 *a)p < (p, where the supremum is
taken over all p-atoms a. Taking into account (6) the last integral can be
computed only on the support J of a. Then applying Holder’s inequality, (4),
the L2-boundedness of J and (5) it follows that

p/2
/(g*a)p < /(g*a)2 |]|1—p/2 < ||g*a||[2)|J|l—p/2 <
J J
1—p/2 1-p/2
< Gl|Tal111'7P72 < Gyllalh 111" 7P% < JlalBlT| < Gp.

3. Results

The purpose of this note is to investigate the operator S' given by

oo 1/2
Sf = (Z |Shif — oM,,f\2> (f e LY
n=0
introduced and firstly investigated in the Walsh case (i.e. when m, =2 for all
n € N) by SUNOUCHI [12], [13]. (For a short history of Sunouchi operator see
e.g. SIMON [9], DALY and PHILLIPS [1].) In SIMON [9] it was proved that in
the Walsh case S : H? — I (0 < p <1) is bounded. This is the extension of
the case p = 1 (SIMON [8]). Moreover, if 1/2 < p < 1 then for the functions
f € HP with f(0) = 0 the norm ||f||g» is equivalent to ||Sf||,. For p = 1
this is due to DALY and PHILLIPS [1]. (We remark that by another argument
DALY and PHILLIPS [2] showed also the equivalence for all 0 < p < 1.) The

(H', LY-boundedness of S for Vilenkin system was investigated by GAT [3].
The first statement of this work is

THEOREM 1. Let m be bounded and 0 < p < 1. Then S : HP — I? is
bounded. Moreover, there exist positive constants cp, G, depending only on

p such that for all f € HP with f(0) =0 we have
(7 cpllf lae < ISfllp < Gollf lmp-
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Let f € L! and write Sf in the following form:

o0 ]\4n+1_1 k 2 ]/2
Sf = FOYP =
f g kZ=o Mn+1f() k
o M o 1/2
=22 >« f(k)‘lfk =
n=0 |j=0 k=M,; M+
fe’) n M ]\/Ij+l_1 1/2
: i k
=2 2 T 0%
n=0|j=0 n+l kzhg il
If
ee} ]wl+1_1 i
Tg —Z > —f(t)‘l’
=0 i=M,

and Ajg =3, f“ 8()¥; (j €N,g € L), then

N 1/2
[ee] n M

Sf={ 22| D0 7T
n=0|j=0 = "+l

Define the mapping 7 on the set of the complex-valued sequences as
follows: if a = (an,n € N) is such a sequence then let the sequence 7(a) :=
=b = (by,n € N) be given by

It is not hard to see that 7 is #;-bounded:

o\ 1/2 o\ 1/2
00 n M 00 n 1
lT@la< DD |a; <[> 5lal =
LM, L n—j
n=0 \j=0 n=0 \j=0

=[1(27") *(anDlley <11 (27") llg llall¢, = 2llall,
where * stands for the usual convolution in ¢. A simple calculation shows
that 7 is invertible and if m is bounded then 7~ is also £>-bounded.
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Therefore
Sf =1t Qn(TN gy < 2[[(An(T )¢, = 2Q(TS),

which implies ||Sf||, < G|/ Tf||gp. Thus if T : H? — HP is bounded, then
ISfllp < GolIf || gp. Now, define Rf in the following manner:

OO]WI+1
Rf =) Z —f(t)‘l‘
1=0 i=M;

Assume that T,R : HP — HP are bounded. Then ||f ||gr = ||R(Tf)||gp <
G| Tf || gp, ie. |Ifllgp is equivalent to || Tf||gp. Moreover, in the case
sup,, m, < oo this leads to the next estimation:

fllge < GlITf lgr < GIATHIp = Gllll An(TIN N6, llp =
= Glllt ™ @ A(TH) [l g, lp <
< Gllllr A (T ey llp = GlISFlp,  (F € HP.f(0) = 0).

In other words ||f || gp is equivalent to ||.Sf||,. Thus Theorem 1 follows from

THEOREM 2. Let m be bounded, 0 <p < 1,9 € {T,R}. Then J : HP —
— HP is bounded.

The next theorem shows that in general the boundedness of m in the
previous theorems is essential.

THEOREM 3. Let 0 < p < 1 and assume that sup, m, = oo. Then S
doesn’t (HP, IP)-bounded.

We remark that for all unbounded m’s GAT [3] has constructed a function
f € H! such that ||Sf|; = oc. Therefore in case p=1 Theorem 3 follows
from Gat’s result. (It is not hard to see that also the converse of this remark
is true.) Furthermore, in GAT [4] the left hand side inequality of (7) is
proved for some unbounded m’s in the case p = 1, namely for m such that
> omeo My 2 < cc. This means that the boundedness of m doesn’t necessary
in the corresponding part of Theorem 1. Moreover, it seems that in this
connection also the sequences m “unbounded enough” can be considered.

As we have seen the HP-boundedness of T is enough for S : H? — [P
to be bounded. Thus Theorem 3 implies

COROLLARY 1. Let 0 < p < 1 and assume that sup,, m, = oo. Then T
doesn’t HP -bounded.
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4. Proofs
To the proof of Theorem 2 it is enough to show that the maximal operator
If =sup|Sp, (TN (f € L)
n

is p-quasi local. First let 7 = T and a be a p-atom. It can be assumed that the
support of a is Iy for some N € N, i.e. ||a|lec < M]]\,/p and [ a =0. From

In
this it follows evidently that a(j) =0 for all j =0,..., My — 1, thus
oo ]Wl+l_1
Ta=) M7' > jag)¥;,
I=N =M
Moreover, Sy, (Ta)=0if N>n < N. For N>n > N we have
n—1 My —1
Sw(Ta)=3_M7' > jaG)¥
I=N j=M,
and by (5)
M-
Sag, (Ta)(x) = /a(t)z M7ty ]\P (x=1)dt =
IN _Ml

n—1

_ / a®) 3 MY (M (Dag, 20 = Ko, (050 -

i I=N
N
M (DMl(x;z) - KMl(x;t))) dt =
—1
= Z (ml (SMI 1a()c) oM, la(x)) (SMla(x) —aMla(x))> .
[=N
Taking into account (3) we get
Smp (Ta)(x) =
n—1 1 mp—1
_ Ml+1 / /
&\ Z 2 l—rk«mk—y)ek) ¢
=N RTCON e Iy (xhyey)

[—1mp—

| M ) /
-2 Z l_rk((mk ~)ex) .

Loy k=0 y=l T(x+yep)
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IfN>v > N andx ¢ Iy then L, (x)N Iy = (). Similarly, when N> v,k > N,

y = 1,...,m; — 1 then Iv(x+yek) NIy = 0. Th1s means by suppa C Iy

that f a= [ a=0forall = -1,k =N,...1;
Tl (xtyer) fy(x+yer)

y=0,..,m; — 1, that is

n—1 [ N—1mp—1

SMn(Ta)(X)=Z Z Z ]_rk((mk—y)ek) / “

=N\ k=0 y=1 L(xiyey)

N—1m—1
- Z X_: = rk((mk ) / ¢
y=1 ly1(e+ye)
Denote by Ji, the set In ((my — y)ex) k=0,...,.N—1,y=1,..,m — 1).
If x ¢ UNG! u;’zl‘ljky then [(x4yer) NIy = 0 for I = N,N +1,....
Furthermore, if x € Jiy for some k =0,...,N —1;y=1,...,m; — 1 then
ISMn(Ta)(x)I =

_ M,
E / my / all=
~ |\ 1- rk((mk —y)ex) 1 — re((my — y)ey)

Iy (x+yey) Tl (xtyer)
My =1
<2||a — =
< Zlialloo |1 = r((mg — y)eg)| ZJ:VMI
M, S 1/p—1
= _ — < CMM .
||aHoosm(Jty/m )Z - kPN
In other words for x € Jiy (k =0,...,N —1;y = 1,...,m — 1) we have
T*a(x) < CM My /P ~! This implies the next estimation:
N—1my—
[ aaor=% % /(T*a)p<Cp My pZMp S1<G
Gm\IN k 0 y= 1]

which proves our theorem for .7 =T.
Now, let 7 = R and a be a p-atom as above. Therefore Sy, (Ra) =
when N > n < N while
n—1 Mp—1
S (Ra) =Y "M > a()¥;/j

I=N  j=M,
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for N2> n > N. Applying Abel transformation it follows that

n-1 M43 1 1
SR =38 [an | S (5 5) K-
l=N T j:Ml
N
Ky (x—1) + ! K (x=1) 1D (x—1)+
_ SN ) — o
M +1 M, M, -2 M -1 M, M,
1 . 4
" WDMM(X_I) t (x € Gp).

As in the case I = T we get [ a(t)Dpg, (x—t)dr = 0 for x ¢ Iy and for
In
N >v > N. Thus Sy, (Ra)(x) has the next decomposition:

n—1 My -3 1
Smy, (Ra)(x) = ZMz /a(t) Z < m> Kjy(x—1)dt—
l=N IN _]\41
. M; . .
a(t)Kpyy, (x—t)dt + m a(t)KMl+l_1(x—t)dt =:
In In

= U,(x)+ V,(x)+ Z,(x).
Since [ a(t)Dpg (x ~t)dt = 0 it can be written
Iy

n—1

M, . .
Va0 = 3 /a(t) (Dagy (x=0) = Kgy (=) a

In

From this we can deduce the estimation [ (sup, |V4|)” < G, in analo-
Gm\IN
gous way as in the firs part of the proof.

To show the previous inequality with Z, instead of V,; we need the next
estimation for KMM—I (see Pal-Simon [5]):

|I{]Wl+l_1(”)| <

l my—1
1 ..
< C ]VI]_,_ E MkDMk(u)++ E Mk E E D]wl.(l/t+_]€k)
k=0 i=k+1 j=1

(u € Gp).
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Hence

n—1 l
1 .
1 Zy ()] < CY M—ZMk/|a(z)|DMk(x—t)dz+
1=N 1+ k=0

IN
n—1 1 1 1 mp—1
+ e MY Y [lawiDy e di =
=N 0 ikt e gy

= 7200+ 200 (x € Gp).

Let x ¢ Iy then (see the considerations of the first part of the proof)
n—1

N—-1
Oy =3 ! 3 ydi =
Z}’l (x)— m Mk/|a(t)|DMk(x—t)dt—
I=N =0 g

n—1 1 N-1 1 N-1
My ) [ la] < Coi X MiDay ).
ix k=0
There exists a unique v =0,..., N — 1 such that x € I, \ I,,; which implies
by (1) Z,go)(x) <CM ]Ql Z}ézo Mkz. Therefore the same estimation holds also

for sup,, Z,,(O)(x), 1.e.

l:

M,
N [+1 k=

p N-I p
[ o) -5 [ (o)
Gm\IN ! LAV !
<o Y Ly ur el Y mr <,
My 50 My k=0 My 1%

Decompose ZE])(X) as follows:
i—1 my—1

n—1 l
1 :
Z,g‘)(x):ZMl IZZMk > /|a(t)|D]\/Ii(x-i-jek—t)dt:
=N "t

i=L k=0 j=l

n—1 1 N—-1i-1 my,—1

=X M > /|a(t)|DMl.(x+jek4t)dt+
1=N T ko =1

I i—1 my—1

n—1

1 L 10 11

a2 D M Y / ()] Dagy(xteg 0t =: 231V @)+ 2 ).

1=N L IN k=0 i=1
J Iy
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Taking into consideration the basic property (1) of the kernels it follows for
(10)
Z, ' (x) that

Z3 ) = Z
M

N—-1i-1 my,—1

=YY M Y Dujletien) / la(0)| dr.

i=1 k=0 j=1

This yields the next estimation for sup,, Zn(lo) :

10 N—-1li—1 my—1
supZ )(x) < C Z ZMk Z Dy, (x+j eg).
" i=1 k=0 j=1
Letx € I, \ L,y @ =0,..,N — 1) then Dpp(xtjer) = 0 G = 1,...,v;
k=0,..,i —1;j =1,...,m; — 1). Furthermore, the same equality holds if
i=v+1,...,N —1and kv, which implies

sup Z, ]0)(x) < C Z M, M,
n

z—v+1

and
1

[ (o) 5 [ ()

Gn\IN =0 B\ b
N—-1 N—1

1 -1
Z Z p p
N y=0 i=v+1

To the estimation of Z,Ell)(x) letx € Jipy (k =0,..,.N—1;, v =
=1,...,m; — 1) then

Zix) = Z Z M / ()| Da Cx4v e =t dt <

lN zN
n—1
<Z ZMkllalloos
o0
| —N+1 1 1
< Mllalloo 3 <o ||a||oos0MM/”

M,
I=N I+1
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It follows from the last inequality that sup,, Z,E] ])(x) < CM My \/p _1, that is,

11 Pl 11
[ () = % / (s <
n

Gm\IN k=0 wv= 1
N-1
<G Y MMM < G
k=0
Finally, the estimation of U,(x) (x ¢ In) is needed. To this end we
recall the estimation (2) with respect to Fejér’s kernels which leads to
|Un(x)] <

n—1 Ml+1 -3 l 1 omp—1
k
<CY M iG +1)/|“(”|Z N Z D" Dy (xiseg—t)dt <
=N j M k=0 L i=k =0
n—1 1 l i my, —1
SCY 2> M ) / ()| Dy (x+sex 1) d <
| 4
I=N 120 k=

n—1 N—1 i my—1

<C ML, DN M > Dag(xtser)+

I=N i=0 k=0 5=0
n—I1 1 I N-1 my—1

+CZV1. M > /|a(t)|D]\/Ii(x+sek—t)dt.
=N i=N k=0 s=0 Iy

From this on the estimation can be finished in the same way as with respect
to Z\1) (i =0,1) and we get [ (sup, |U,,|)p < G
Gm\In
This completes the proof of Theorem 2. |

PROOF OF THEOREM 3. Let n € N and define f;, in the following way:
M1
5> ¥ =D, Dy,
Jj=Mn
Since Spg, (fn) =0 (N> k <n) and Sm (fn) =fa (N3 k > n) it follows that
fi = 1ful]. Therefore by (1)

1/p

Mysr =M (L1
- = (=t T L MP— - <
fallgp = [lfnllp < M, M M, M, N
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1-1/p
M, 1
< S ()
n
-1 My =1, .
On the other hand Sf, > M, Zj=Mn J¥j|, therefore
mp—1 Mp—1
Sfa =Y D UMy +))¥ipg4| =
n+l I=1 j=0
mp —1 Mn—l
Moy | 2 ZaMn +i)¥] =
n+1 —
1 mp—1 1 mp—1 My —1
LS i o [ )
M\ = n+l\ o =0

Then the L”-norm of Sf;, can be estimated from below as follows:

mn—]
RAEYATED SR R
In k=0 In(ken)
mn—] mn— 1
1 2wikl |\ M,
> > > lexp : —+
k=0 Mn+1 =1 mpy my
1 2ikl \ My,(M, — 1)
* D exp >
]V[n+1 =1 my 2
> ! mfl M, M, —1 P
= Mn+1 P exp 2,:[11]( 1 2mn [t
S e — L
2 - >
i 1<k<mn /7 | mn _1| 2Mp 4
>, no_ - >
-7 my Z <7Ik 2 -
1<k<mp /7

p—1 1 7 \?
n
1<k<mp /7
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Cilogm, (p=1)
p—1 1
A VR L B
1<k<mp |7

Gy M} O<p<.
Therefore ||Sf, |, > CpMnl_l/p (0<p<1)and ||Sfull; > Cilogm,. Now,
assume that S : HP — I? is bounded. Then the next inequalities would be
true:

Ml_l/l’
MImVP < CP”T (mh +my,) (0<p<1) and logm, <C; (p=1),

my'?

that is, m,/? < Cy(mf +my) 0 < p < 1, n € N) and logm, < C
(p = 1,n € N), resp. It is clear that these fail to hold if sup, m, =
This contradiction shows Theorem 3.
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1. Introduction

A theorem due to Wall states [1], [2] that a real number s expressed
in base b is normal in base b if and only if the sequence (u,) = (b"s) is
uniformly distributed modulo one. We will give sequences based on partial
sums that define s, which are UD mod 1 if and only if s is normal. Suppose

n
that s = lim s, s, = > h;. If s, converges rapidly enough to s then the
n—oo 0

sequence (b"'s,) might be expected to be a good enough approximation to
(b"s) to itself be UD mod 1. We give a condition that this is the case, s
normal. If i; € 2 (2 denotes the rational numbers) then the sequence may be
usefully computable. Long strings of digits of s, may change on carries on the
addition of the next general term to the partial sum and we give a sequence
that corrects these digits. This gives examples of sequences that have suffered
some modification, yet remain UD mod 1. The quantity »"s has an integer
part that grows without bound. If these lost digits are collected in a certain
sequence of terminating rationals, their uniform distribution is shown to be
equivalent to the normality of s.

These new sequences are of interest in dynamical systems theory where
the shift operation (x — bx mod 1) has long been a fundamental tool. Thus
Wall’s sequence can be found in a direct interpretation of abstract symbols
as digits in the symbolic dynamics of the shift on sequences [3] and in the
baker’s automorphism [4].
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2. The case of partial sums

n
In base b arithmetic, suppose that s = lim sy, s, = Y h;. Then if the
n—oo 0

partial sum converges rapidly enough to a normal number s the sequence
(b"sy) is indeed UD mod 1 as follows. Recall that Weyl’s criterion [5] for
uniform distribution states that a real sequence (w,) is UD mod 1 if and only

N

if limpy_, o % > exprikw,) = 0, for all k € N/ (natural numbers without
n=0

Z€ero).

oo
THEOREM 1. In base b arithmetic, suppose s =Y  h;, h; >0, s =5, +ry
i=0
where s, is the n ’'th partial sum and r, is the remainder. Suppose in addition
that b"rp, — 0 asn — oo. Then (b"sy) is UD mod 1 if and only if s is
normal in base b.

PROOF. From Wall’s sequence we have (b"s) = (b"s, + b"ry,) and from
Weyl’s criterion we get

N
1
Jim z(:) exp(2mikb™s) =
n=

N

1

= ]\}iinw ~ ZO exp(2ikb™ sy )(exp(Rikb™ry) — 1)+
n=

N

1

(1) + Jim = X% exp(2mikb"s,),  forall k € N.
n=

Suppose that s is normal in base . Then Wall’s sequence is UD mod 1
and by Weyl’s criterion, the left hand side is zero. But if "' r;, — O then the
first term on the right is zero since exp(2mwikb"r,) — 1 — 0 ([5], Part 1, 1II,
lemma 1), and so by Weyl’s criterion (b"s,) is UD mod 1.

Suppose that (b"s,) is UD mod 1 and that b"*r,, — 0 as n — oc. Then
the right hand side is zero by the lemma of [5] and Weyl’s criterion. But
then (b"s) is UD mod 1 by Weyl’s criterion and so s is normal in base b by
Wall’s theorem. |

This result is stronger than Wall’s theorem as a given completed real can
be regarded as an infinitely rapidly converging sequence, that is convergence
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is achieved in a finite number of terms. If 4, € 2 and is an explicitly given
function of n, then each term in the new sequence can certainly be exactly
computed.

Now however fast a series might converge, the addition of the next
general term may alter digits a long way back up the digit string of the
partial sum. Indeed, all normal numbers have arbitrarily long strings of zeros
infinitely often and these may occasionally be born in the event of a carry up
a long string of b — 1’s (nines in base 10) in the next partial sum. It happens
then that (b"s,) sometimes has b — 1’s where (b"s) has zeros. Indeed, these
b — 1’s can appear at the decimal point of b"s, mod 1 when the string grows
from time n, with at least n b — 1’s and we expect a bias towards counts of
visits to intervals of the form [0.0"...,0.b"...) where b’ = b — 1. We note that
there is no compensating tendency for long strings of zeros to become b — 1’s
in the case that h; > 0. This difference between Wall’s sequence (b"s) and
the sequence for partial sums (b"s,) does not affect the uniform distribution
of the latter, by the previous result.

Now it is possible to see ahead down the list of partial sums to test for this
event and adjust the sequence (b"s,) accordingly. Such a sequence essentially
accepts the effects of sets of general terms at each time step rather than just
one term, the associated partial sums thus converge faster than the standard
sum and so we again expect a uniformly distributed sequence.

Place an upper bound on the general term by
hy < b7

where f,, : /" — R and is monotone increasing. It is straightforward to show
that if

fn+1 _fl’l >n,

1
2 < b_fn+1 < bl_fn+1_
( ) rl’l —= 1 _ b_] =

Then b"r, — 0 as n — oo if f, > n, that is (b"s,) is UD mod 1 under the
constraints

3) fn>n and  foi —fo > 1.

Now note from (2) that the number of zeros in the remainder is f,,; — 2 or
more. But then if (here index f;; is integer part of f;)

sp =0.a1ay... A1 =21 = 1Y g1 -+
and
rn=0.00...00b; | _ibs ...
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then the only way that ag > can be affected by all subsequent terms is if
ap . —1= b — 1 because a carry is then possible. Now if a1 #b— 1 then
all digits up to and including ar, ., —2 can be validated as digits of s and we
accept b"s, as a term in the sequence. If af, ., —1= b — 1 then go to s, and

check ag ,_1;ifitis not b—1 skip s, and accept b"s, 4 and b"*ls, | as the

next two terms in the sequence; if it is » — 1 then go to s,,,» and so on. We
are thus searching for the least v, > 0 such that the digitay, , | #b— 1.
n

We borrow the unbounded minimization operator x4 from recursive function
theory [6] and write

Vn =/1Vn(afn+1+1,n #b— 1),

read ‘v, is the least v, such that in the representation of s,4y, the digit

ar, #b — 1’. The operator is unbounded because a real number may end
n+l+vy

in repeated b — 1’s (that is it is a terminating rational) and the value of v,
may diverge. This of course cannot happen here where s is a normal number,
thatis s € R\ 2.

Now where Wall’s sequence has terms
u, =b"s,
where the partial sums give the sequence with terms
v, =b"s,,
we have the new sequence with terms

wi =V spi,,  n<j<n+vy.

This advances regularly with j =2, 3, ... (so that the first digit of the partial
sum can be checked) but selects groups of general terms in periods of 1+v,
as it meets the condition on b — 1’s; v, may be irregular. It ensures that the
first f,, 414y, — 2 digits of s are correct and that long strings of b — 1’s have
been switched to zeros.
(e.@)
THEOREM 2. In base b arithmetic, suppose s = Y h; = s, + r, where
i=0
Sn, 1S the n’th partial sum and r,, is the remainder. Suppose in addition that
b"rp, — 0 asn — oo. Then (wy) is UD mod 1 if and only if s is normal in
base b.

PROOF. Within the period n <j <n +v;,, we have

Wi =Hsn+vn =bs — H”nwn-
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The proof follows as in Theorem 1 with the only change that in (1) we
substitute r, with ry.4, and take the sum in groups of terms of length 1+v,;
since 4y, < 1y, the lemma of [5] again applies. |

Note that if f;; = n, on the margin of the constraint (3), we have r, < bh™"
and for n =2, 3, ... we see that in general we can only validate the n — 2’th
digit and that after n shifts we cannot validate any digits of s in w;. It
is in this case that the uniform distribution of the sequence is not ensured.
The constraint f, > n ensures that digits of s survive in w;. The constraint
Jn+1 —Jfn > n ensures that the number of valid digits of s in w; increases with
time. In these cases (v,) and (wy) are UD mod 1.

3. A theorem for lost digits

That Wall’s sequence is UD mod 1 is equivalent to saying that the frac-
tional part {b"s} is UD mod 1. Let Wall’s sequence (b"s) be given in the
equivalent form (u,) = ({b"s}). Construct the sequence (z,) by the recurrence
relation

1
tn = E(tn—l + Lbun—IJ): M():O,
where |r] indicates integer part of r. Then if s = 0.ajaza3 ... where the g;
are digits, b" shifts the decimal point of s, n places to the right thus
b's =ayazasz...an.ap4 ...
We see that
up =0.a,41a,42 ... (=D"s)
(where (u;) is UD mod 1) and
tn = O.anan_] .o .aza] .

Clearly the sequence (t;) is composed exactly of those digits of the integer
part of u, which are discarded modulo one in Wall’s sequence. This sequence
is familiar in the baker’s automorphism in dynamical systems theory [4].

Recall [2] that s is normal in base b in the sense of Borel if
1

lim —N(By,Ap) = b_k, any natural number k.
n—oon

Here, if s =0.a1apa;3 .. ., then A, is a block ajazaj .. .a, of the first n digits
of a, By is a subblock of k < n arbitrary digits and N (By, Ap) is the number
of occurrences of By in Aj.
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Recall [5] that a real sequence (w;) is UD mod 1 if

1
lim —N(@) =1(p).
n—oon
Here p is any subinterval of the unit interval I = [0, 1) and N(p) is the number
of terms of a sequence w;, Wy, W3, ..., w, of length n, 0 < w; < 1, that lie
in p; [(p) is the length of p.

LEMMA 3. Wall’s sequence (uy,) is UD mod 1 if and only if the sequence
of lost digits (t) is UD mod 1.

PROOF. For k > 1, b; € {0,1,2,...,b — 1} consider any semi-open
interval of the form

p=10.b1by...b;,0.b1by...b; +1).
Then for each p there is a unique interval p given by

D= [O-bkbk—l .. .bzbl,o.bkbk_l ...b2b1 + 1)

and vise versa. Both p and p are of length b=k, Now suppose that (u,) is
UD mod 1. Then (u,) appears in p with limiting frequency %N (p) — bk,
But for every count of (1, ) in p (when the first k digits of u, are b1b,...by) a
count is made of #,,; in p (when the first k digits of v, are byby_1...byby)

SO %N(ﬁ) — b~k for (t;). This holds for all p and hence p and so (t) is
UD mod 1 [5]. If (¢;) is UD mod 1 then (uy) is similarly UD mod 1. ]

THEOREM 4. A real number is normal in base b if and only if the se-
quence of lost digits (t,) is UD mod 1.

PROOF. By Wall’s theorem and Lemma 3. |

Only one digit is added to ¢, at a time and so we generate a sequence of
terminating rational numbers of growing length. Again these may in principle
be exactly computed. If s has finite integer part then i is suitably adjusted
to take these digits. For partial sums, b — 1’s can be carried through to a
sequence (¢, ) of lost digits before the carry takes place in which case (¢)) has
b — 1’s where (t;) has zeros. Although (v,;) is UD mod 1 we do not have a
proof that (t,’1) is UD mod 1. However the lost digits of (w,,) are the same as
those of (1) and they are UD mod 1.

The quantitative measure of uniformity of distribution of the first n terms
of a sequence w is the discrepancy of the sequence [5]. The bias towards b —
—1’s will presumably be reflected in the discrepancy of (w;, ) while the relative



NOTE ON NORMAL NUMBERS AND UNIFORM DISTRIBUTION OF SEQUENCES 123

discrepancies of (#;), (un), (vn), (Wy) are of obvious interest, especially in
relation to computation.
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1. Introduction

In FORSTE [2], a model has been proposed for the stationary flow of a
radiating, viscous and heat conducting fluid. Apparently, this is the only paper
in which, simultaneously, such important characteristics of real industrial
processes have been taken into account, as: three-dimensionality, influence
of temperature and radiation on fluid flow.

The paper of FORSTE shows a way to prove existence and uniqueness of
a weak solution under homogeneous velocity boundary conditions, and also
contains the assertion that the approach ensures uniqueness for heat conduc-
tion and viscosity coefficients sufficiently large and for absorption coefficients
and solution domain sufficiently small; moreover, it announces that it should
be possible to handle inhomogeneous Dirichlet boundary conditions for the
velocity.

When going through the arguments of J. FORSTE in our paper GERGO,
STOYAN [3], we found it necessary to inspect all constants in the estimates
in order to prove the uniqueness. The result was that uniqueness can be
shown under the single condition of a sufficiently small solution domain;
uniqueness for appropriate coefficients remained unclear, and the question of
inhomogeneous velocity boundary conditions was not tackled.

In the present paper we generalize the existence theorem of FORSTE [2]
to the case of inhomogeneous Dirichlet data for the velocity. Moreover, for
this more general case we prove also uniqueness. Our result shows that the

* This work has been sponsored by the Hungarian Ministry of Culture and Education under
grant number FKFP 01741997.
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original conjecture of Forste (though concerning homogeneous boundary con-
ditions: uniqueness for sufficiently large physical parameters and sufficiently
small diameter of the domain) consists of two independent parts (uniqueness
for either sufficiently large parameters or for a sufficiently small domain).

2. The Forste model and its weak solution

Let Q C R3 be a bounded domain with Lipschitz boundary T". For
x = (x1,x2,x3) € Q we consider the following system of equations, see
FORSTE [2], which represent the physical conservation laws of impulse, mass,
inner and radiated energy:

(1) p(V grad)v + gradp = u AV + fo(T — Tp),

(2 divv =0,

(3) (v grad)T = AAT — 4ap(o T* — n 1),
(4) 0= Al + 30‘;0””(074 — 2.

Along with these differential equations, the following boundary conditions are
considered:

v=gq|lr, T=9, In= Lyo, x €T.
Above, we have used the following notations for the unknowns to be deter-
mined:
o v =(v,v, V3)T is the velocity vector and ¢|r its boundary value,
e p is pressure,
e T is temperature,

e [, denotes the radiation intensity (mean value over all frequencies and
directions).

Moreover, the following constants are occurring:
e p is the density of the fluid, u its viscosity, ﬁ) the vector of earth ac-

celeration multiplied by the extension coefficient (as resulting from the
Boussinesq approximation),

e 1 is the coefficient of heat conductivity, ap and ag are the Planck and
the Rosseland absorption coefficients, respectively,

e 0 is the Stefan—Boltzmann constant.
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With the usual notations for Sobolev spaces, see ADAMS [1], we assume
that I, 0, 0 € H 1/ 2(I") and hence can be continued into all of Q to define
functions of H 1(Q); we further suppose Ty € Ly(€2).

In order to be able to take into account inflow and outflow across I,
as a generalization of the boundary condition v| = 0, in this paper we
consider the inhomogeneous boundary condition v| = ¢|r. In GUNZBURGER,
PETERSON [4] a similar investigation has been performed for the Navier—
Stokes equations.

The velocity space is then
V= {V e (H'(Q), divi,p)y=0 forall p € Ly(Q)}
instead of
Vo = {ii € (HJ(Q))%; (divii,p)o=0 forall P € Ly(Q)},
which latter space serves here as the space of the velocity test functions w.
Concerning the boundary data g |- for the velocity, we assume that g|r €
€ (H'/2(IN)3 and satisfies the solvability condition Jrn - q|rds = 0. Then

d|r can be continued into Q defining there a function g € V with trace qlr
and with the property

Q) 41l < c1pallglrllyor-
We now look for weak solutions v, T, I, withv = g +7 € V and T,
In € HY(Q). Then 7 :=v —G € Vo, 7 := T~ 9, i := by — L0 € HL ().

We shall denote both the 1,(£2) and the (LZ(Q))3 scalar products by
(-, *)o, and both the HOI(Q) and (HOI(Q))3 scalar products by ( -, - ),
e.g.

3
(6) (T,t)] = /Zgradr gradt d Q, T,t € Hol,
k=1
3
7 V,w); = /Zgradvk gradwy d Q, V,w € \70,
k=1
and for the corresponding norms, we use the notation || - |z, and | - [;.
Further, when | - | is applied to a constant vector resp. to €, then it denotes

the Euclidean norm resp. the volume.
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Finally, for u, v, w € V we introduce the trilinear form
(8) ay(i,v,w) = /Z(ﬁ - grad v )wy, d Q.

Then, the weak solution (v,7,i) € V x HO1 X HO1 is defined by the following
variational problem in which v = ¢ + 7 with 7 € H!, and w, ¢, j are test

functions from ‘70 X HO1 X Holz

9) W, W) = —pai (v, v, w) + (for + & — Tp), W),
A, 1) = ((r +)v, gradt)y — AW, 1)1 —

(10) —a @t + P @ +9) = 7 + Iy o) o,

(11) (i,j)1 = aB@lt +?P@ +) — w(i + I.0),) )o-

In the variational problem (9)-(11), we have introduced the constants o :=
=4ap and f := %a Rr; the equation of mass conservation has been absorbed
into the definition of \70. We remark that in GERGO, STOYAN [3] instead of
af the notation § was used in the i-equation, here labeled (11).

In our investigation below an important role play continuous embeddings.
For an introduction into this concept see ADAMS [1]. We collect here some
information about the constants in the embedding inequalities.

1. The embedding H01<—> g 1s continuous for 1 < g < 6. For the
constant ¢4 of this embedding, i.e. the constant ¢, in

(12) lully < cqlulis
there holds
(13) cg < OWOD/CD) 1 <q <6

Here d is the diameter of Q. For a proof see GERGO, STOYAN [3] (taking into
account that there d? /6 has been used erroneously as an upper estimate of c5,
the constant in (12) for g = 2. In fact, d? /6 is an upper estimate of c%.

2. For the constants ¢4 of the continuous embedding H I, Ly:

_ — 2 211/2
(14) lull, < eqliull g =cq{llulf, +|ulf}'/2,

2-q
we have ¢, > |Q| 2¢ for g > 2 as follows from (14) by inserting u = 1.
This fact must be taken into account when we are going to prove a uniqueness
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theorem like in GERGO, STOYAN [3] for a sufficiently small diameter of €2:
we must avoid using (14) and, instead, split functions from H Ulike T=9 +1
into a boundary part ¢ and a Hol -part T and use embedding only for this latter
part, see (12) and (13).

3. Let g > p. For the embedding constant cp 4 of Lg— Ly:

(15) luly@ < epgllully@ —forallu e Ly
we have

q—p
(16) Cpg =12 9P .

qa——>p
In fact, the upper estimate ¢, , < |Q| 97 follows from an application of
a Holder inequality to [lu||z,, whereas the corresponding lower estimate is

obtained by inserting u = 1 into (15). |

3. Existence in case of inhomogeneous boundary values of the velocity

THEOREM 1. Let the velocity boundary data |- satisfy 4| € (H'/2(I))3,

' n-q|rds =0 and have sufficiently small norm, see condition (18) below.
r
Then the equations of the Férste-model in variational form, ie. (9)-(11),

possess a solutionv=4+7 €V, T=0+1, I, = m0+i € HYQ).

PROOF. Our proof parallels that of GERGO, STOYAN [3] for homogeneous
boundary values of the velocity.

On the basis of (9)—(11), operator equations in V x HO1 X HO1 can be
introduced, see GERGO, STOYAN [3]. Since the presence of inhomogeneous
boundary conditions for the velocity does not influence the complete conti-
nuity of those operators, we may concentrate on the boundedness of possible
weak solutions. Their existence then follows from the Leray—Schauder fixed
point theorem, see FORSTE [2], GERGO, STOYAN [3].

To derive an estimate for possible solutions of (9)-(11), we remember

that, in (9), v=2+¢q with 7 € ‘70, and inserting w = 7 we obtain
u(Z, )1 =—pla1(,2,2) +a1(q,2,2) +a1(2,4,2) +a1(q,q,2) }+
(17) + (fo(T — Tp), D)o — u(q,2)1.
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Since it is well known that for u, g € V and 7 € \70 there holds a;(u,z,q) =
=—ay(u,q,7), we have a;(u,z,z) =0, and it then follows from (17) that

20121 712 =12 2L F ~ T
w = pegllallplzly < plaliy, slzh + Vol 1T = Toll,ealzl +#llgll 121

As earlier, here ¢, denotes the embedding constant of Hol — Lg. We assume
now

) u
(18) lglrllyor < —5—
PCLC1)2

where ¢y ; is the embedding constant (5), have then
—pcilldlls >u —pciegplld 0
w—pczlialy =um —pciey pllglrlly o0 > 0,
and therefore find

L L ol
(19) 12t el T, +72.  v1:= = ,
u _pc4||Q||(L4)3

— 2 — N
u _pc4||Q||(L4)3

72 =1l Tollr, +

If A7 = A;(—A) is the first eigenvalue of the Laplace operator with homoge-

neous Dirichlet boundary conditions, then ¢y = '11_]/ 2, see (12) for g = 2,
and in that case (12) is equivalent to the Friedrichs inequality. From there we
have further

IZ1l5 < 1+c3)2]1,
and since ||Z]| 5 < ||§||‘7 + 2]l we get from (19)
20) 175 <70 Tle, +72,

vi=ee v 2= +ldly, =1+

Adding next (10) multiplied by f to (11) and substituting r =j = fAt +i, we
get the inequality

Bz +i} < (BIVl I T, +BAR 1) BAT +il1,
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and hence
BAT +ili <BIVIIp, 3 TllL, +73 <
< Bl g3 + a7t TliL, +72) Tl +73 <
<l T, Tl Ly +7sITllL, +73,
v =PANL va=Bescayrs s =BIqll g, +cav2)-
Then, using the triangle inequality, there follows
21 lily <yal TN, I Tl +vsI Tllz, +vsltli +v3s
where y¢ = pA.
Concerning y3 we remark that ## in general is not zero on I' (we obtained

¥ just by continuation into Q from the boundary values for the tempera-
ture T). Hence, |}]; is only a semi-norm and zero for constant .

From (21) we get like in GERGO, STOYAN [3] the estimate

@2) iy <7 (e +aol TIZ, +7s) -

6cas (2o o\, Y% 2, 2
Y7 = Sa0 (y4c2,5 +y5> + ' +1, Y8 =y5 + gao.

We now find an estimate of |t|; by putting =7 in (10):

l|r|% = / {T\Tgradr — Agrad?® gradt — a (0|T|3T —m(i + Im,0)> r} dQ.

Here, the first term on the right-hand side contains vt gradt = v grad (%12)

the integral of which is zero since even in the presence of inhomogeneous
boundary conditions of v we have

- - 1
/vr gradt dQ:/vgrad <§r2> dQ =

1 Lo .
(23) =§/12v-nds—§/rzdivde=O,
T

because of 7 € HO1 and v € 17 Hence

2 -
Al < 19|z, lIv [+ AR ]+

lzyple

24) +am

/(i + 1y 0)T dQ‘ —ao/|T|3Tr dQ
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ALy Vg3 1ol + AR hilely +amlli + Lo

. 4
(25) +axli+ Ly olg, I9ls — aol T3, +ao | T 911z,
where the two last terms in (24) have been estimated using Holder inequalities

and T = T — ¥. Next, using (19) and embedding theorems, we find for the
first term in (25)

192,17 g el < 10 11e, (Il g, 3 + cacalTeasl Tl + ) fels.
Together with (25), this gives

2 5 4
26)  AR|y+ao|Tlz, <vol Tlislth +violtli + ol sl Tl +

+am (||i||L5/4 + 4,0 L5/4) ITles +ax @ rsllilirg,, +vir,

where
Vo = 1¥|L,caco¥icas,
710 = 212,01 5 + 472 + AP 1
Y11= et ollLg, 19| Ls-

We apply now the inequality abc < %ar + %bz + %ct (valid for positive a, b,
c, r,s,t satisfying %+ L % = 1; we shall take r =10/3, s =5, t = 2), to the

s

first term on the right-hand side of (26), writing it as

abc = (&) (\/E||T||L5> (\//V_2|T|1)

where € will later be chosen appropriately. Similarly, to the further terms
(not counting 1) on the right-hand side of (26) we apply the inequality

ab < %al’ + ébq (valid for positive a, b, p, g satisfying [l) + % = 1), taking

p = 2 for the estimation of yg|t|; = (ym\/2//l) <\//l/2|1'|1) and p =5/4

for the remaining terms (including € at appropriate places). In this way, we
arrive at

.15/4 .5/4
@) il +ao| T3, < 2@l +13© <nalili +riz©.
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where

5/4
V14 = 271205;4,

. dam 1 5/4
=5 ().

/3 5
22/33 V92 Yio al0o+m), .5  4am 5/4
= %) + Mo, 2T I,
V13 2 5 Af + l + 5€5 ||ﬁ||L5+5€5/4|| m,O L5/4+'V11 s
and where € is the unique positive solution of
1
k(e) := 5 <65/2 +4aoed/t +20m€5)) = 0670.

From (27) and (22) we get

. .5/4
(28) i} <vislil}* 4716,
Y15 =Y714 V16 =Y7(V13 +78)
and further, like in GERGO, STOYAN [3], there follows a bound on [i|;:

g\ 4/ 5 4/5
(29) lillsmax(y}é2 <§) ,<yf5/3+§yf6/8) = K;.

Now we get a bound K; for |t from (27), whereas, for 1 < g <6,
[T, < PlL, +1lliL, < N0lL, +cqlth <
(30) < ||1?||L1 +cgKr = K14.
Finally, from (19) and (20), we have the estimates
1Zl1 < coa7iKrp+72 = K,
Vil <viKro+y2 = Ky,
GO Wl < il + 1l gy < 1l s + g Ke = Kog.

The estimates (29)—(31) prove our theorem. ]

REMARK. Concerning the condition of sufficiently small boundary data
(18) we remark that the expression u — pcﬁcl /2||c_j Irll1 /2,r comes from esti-
mating pa;(Z,q,z) on the right-hand side of (17) by pc%||§|r|| 1/2,r and then
using (5).
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Instead, we may also use Lemma 1.8 in TEMAM [6] or the corresponding
result in LADYZHENSKAYA [5] stating that the function ¢ € V which con-
tinues the boundary values of ¢| into Q can be chosen in such a way as to

satisfy |a1(Z,¢,2)| < €|Z|% for any positive €. Hence (18) can be weakened,
but it has the advantage to stress that there is a condition on the possible
boundary values. |

4. Uniqueness

To solve the question of uniqueness of a weak solution under more
general conditions than in GERGO, STOYAN [3], we modify and generalize
the approach taken there.

Assume that the conditions of Theorem 1 hold, consider two solutions
v,t,i)and (v',7’,i") of (9)=(11)in V x HO1 X HOI, subtract the corresponding
variational equations, define

Uw=v—-v, ©:=t-1, J=i-i,
and put w = ﬁ, t =0, j =Jin (9)—(11). Then, there results
— 3 — —
(32) wu|U} =/{p > (Ugv + v U) grad Uy, + UfOG)} dQ,
k=1

33)  Alep :/{ TU +60v)) grad®—alo(|T|* T | T’|3T')—n]]®} dQ,

(34) 7|2 = ap /[a(|T|3T— \IT'PT) — 21T dQ.

Here we have used
e=17-7, J=IL -1,
vy — v = Uy + v, U, TV — T'v' = TU + 0.
3

In (32) resp. in (33), the integrals over Y. U, v grad Uy, resp. over ©v’ grad ©
k=1

are zero since v € V and U, © € HOI, compare with (23). Taking this into
account, we first estimate the right-hand side of (32):

~ 5 - N - -~ -
(35) ;u|U|1 SPH U||(L4)3||V/||(L4)3|U|1 + lf0||| U||(L2)3||®||L2-
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Remember that [ﬁ)| denotes the Euclidean norm of ﬁ). To derive an estimate
from (33), we remark that

(36)  ||TPT—|T'PT| <|T - T|P(T,|T') = |8|P5(|T], | T')),

3

where P3(x,y) :=x +x2y +xy2 +y3. Then we obtain

1O < Tl 11T, 0]+

(37) +ao|Py(T|,|T'DlL, 1017, +ax |71l 1Ol L,
Using Lemma 1 from GERGO, STOYAN [3], we have
(38) IPs(TL T DIz, < P3I Tl 1T -

Applying to (37) also the theorem on continuous embedding (12), it follows
that

(39)  Al@li < call Tlry|Uli +aoPy(| Tlirg, | Tllrg)eilOh +ame3l 1
Next, applying (12) also to (35), we find
(40) wlOl < peallv'll 31 Uli + e31f0l 1O
Finally, we see from (34), (36) and from (38) that
2
1717 < apoll®l L, 1P T T D, Iz, <

(41) < apoc|Ol P3| T g, | T'llrel1-
We now introduce the vector

y = (|U|17 |®|17 |]|1)T
with the aim to show that under suitable conditions there holds y = 0. For this,

we first take into account in (39)—(41) the boundedness estimates (30)—(31)
which we here summarize as

1Ty 1Ty TN LG 1T 12 < K,
||J||(L4)3: H‘_;/H(L4)3 <Ky.

E.g., (38) can now be continued by P3(|| 7L, ||T’||L6) < 4K% due to the
definition of Ps.
Then we rewrite the estimates (39)—(41) in vector form as follows

| 27
/%C4Kv ﬁc%lf0| 0

(42) 0<y<dy, where A:= %C4KT 4C‘T°c421K% %nc%

0 4aPociKs 0



136 GISBERT STOYAN

These inequalities are to be understood componentwise. From (42) we have
0<y <y <oy <...<dy

for k > 1, but, as is well known, A% — 0 elementwise for k — oo iff
the spectral radius of 4 is less than 1. But then this chain of inequalities
is possible only for y = 0 which means uniqueness. A weaker condition is
that an induced norm of 4 is less than 1. We use this idea to prove the final
theorem where it turns out that the conditions listed by Forste as sufficient
uniqueness conditions can be separated.

THEOREM 2. Assume that the conditions of Theorem 1 are satisfied. Then
the Forste model (9)—(11) has at most one solutionv € V, T=1 +9 € H!,

In =i+1,0 € H I when either of the following two conditions holds,
additionally:

1) the diameter d of Q is sufficiently small;

2) a and B are sufficiently small, and A and u are sufficiently large,
moreover, for some positive constants k1, ko there holds

(43) k1 < al, and B4 < K",
where k :=3/10.
PROOF. 1) As (42) shows, every nonzero element of .4 contains an

embedding constant which goes to zero when d goes to zero, see (13). We
must therefore clarify the possible growth of K, K, for decreasing d.

Hence, taking into account (13) and (16) and considering values like
?|; as O(1), we check all constants y; for their dependence on d

Il g,
and find that y1, y4, ¥9, Y14, Y15 With d go to zero whereas the remainder and
K;, K¢, K1, K, are O(1).

Thus, the spectral radius of .« becomes less 1 for sufficiently small diam-
eter of Q, and then there follows y = 0 from (42).

Similarly, for fixed d, since every nonzero element of . contains either
the absorption coefficients @ or 8 or 1/A or 1/u, we also have uniqueness
in the second case, provided the bounds K7 and K, don’t grow with A, u,
1/a, 1/B. For this, we trace the constants y; of the estimates in Section 3

under condition 2 above (thus taking ,u_l, a < 0(1) for granted) and find
the following relations when assuming k > 0 in (43):

YYe <OW™h, vy <od+u~h=0), y3,y6 < OPBA),
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v4 <0Bu™h, ys<0@B+pu~h < 0P,

y7 < O +B22+B% " +p%u"%a™") < 01 +%4),

yg < OB*A* +a) <0G ), 19 < O +u~" +1) < OQ),
Y11 € 0@), y12.714 < 0@/, €= 0@??),

v13 < OG+a™h) < O),

y1s < O@'2(1+p%1) < O(1 + %) < OGS),

Yie < O(1 +B2DPB2A% + A +a~ 1)) < 0@+,

5 5.5
Then, in (29), 20> < 0(;{3'“) < 0</1§+z'<> for & < 3, and y7/° <
5.5
<0 </l gtar ) , and from (29)—(31) there result the estimates
|i|1 <0 </1K+1/2) = K;

@)  apP<o <a1/2/1<“%>f¢ +/1) <0 </1<“+%>f¢ +/1) - o),

Tl <O, Tl <O0) = Kr,
HVH(Lq)?a < O() = K,.

The specific value of k arises from (44) when requiring (K,‘ + %) % =1.

Observe finally that (due to the linearity of the Forste model in L), K;
does not appear in 4. |
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1. Introduction

Our paper deals with the iterative solution of a certain class of nonlinear
elliptic partial differential equations. It incorporates two methods: the gradient
method and the Fourier method.

There are various ways to solve nonlinear elliptic problems numerically.
The finite element method and the method of finite differences transform the
boundary value problem into an algebraic system of equations in RV (see
[2, 16]). A commonly used approach for solving these algebraic systems is
the (classical) gradient method in finite dimensional spaces, which—together
with its applications—is described in [11] and [13]. Another way is New-
ton’s method (see for example in [6]), which provides faster convergence but
requires more computations.

The gradient method in Hilbert spaces (both the linear and the nonlinear
case) is described in [6, Chapter XV]. Iterations using Hilbert space theory
are found further for example in [3], [5], [6], [15], and especially in Sobolev
space in [1], [7], [10] and [14]. Sobolev space theory related to the finite
element method is used to establish error estimates (see [2]).

In order to apply the gradient method, the given partial differential equa-
tion is written as F(u) = O with the weak differential operator F, then a
variational principle is used.

In Section 2 the gradient method is applied to the given boundary value
problem. The iterative sequence obtained by the method consists of elements
of the corresponding Sobolev space. While this section summarizes previ-
ously known facts, Section 3 brings out new result.
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The construction of the iterative sequence requires the stepwise solution
of linear boundary value problems. In contrast with Newton’s method, these
auxiliary problems are of fixed (Poisson) type. In Section 3 these linear prob-
lems are solved analytically using the Fourier method, which is essentially
based on Fourier series expansion. (A different approach can be found for
example in [4].) In the end, we give an error estimate of the combined
Gradient-Fourier method. The main advantage of the combined method is
the easy algorithmic and numerical realization when the eigenfunctions and
eigenvalues of the Laplacian operator on the given domain are known.

2. The gradient method in Sobolev space

In this section we first formulate the boundary value problem, then quote
the convergence result on the gradient method in Sobolev space that we will
rely on (cf. [4] and [7]).

Let @ ¢ RN be a bounded domain which is Cz—diffeomorphic to a
convex one and let H := <L2(Q), (-, - >L2(Q)), where (f,g) 2Q) = ffg

(f,8 € L*().
(Throughout the paper L2(€) is considered as a real Hilbert space.) We
define a differential operator 7" with domain

dom T := D := H*(Q) N HJ (Q).

(H3(Q) and Hol (€2) denote the usual Sobolev spaces.)
Let
T(u):=—divf(-,Vu) (u € D),
that is

N
(T))(x) = = 9 [fi (6, 0 u(x), .. Ay (x))]
i=1
with x = (x1,x,...,xn) and f = (f1,/,...,fN), Where f;’s are all real-valued
functions, satisfying f; € C1(Q x RM).
Moreover, suppose that

apjfi (x,p) = apl-fj" (x,p)

forallx e Qandp e RN (i,j=1,2,..., N).
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Assume that there exist constants m and M (0 < m < M) such that

N
(1) mle? < 3 o fie,pEi; < MIE|?
ij=1
for any (x,p) € Q x RN and any & = (&y,...,En) € RN
(We remark that (1) is equivalent to demanding that all eigenvalues of
dpf (x,p) lie in the interval [m, M], where d,f (x,p) is the N x N (symmetric)
matrix with a,,j fi(x, p) standing at the (i,j)th position.)
Finally, let
B = —A, dom B := D.
(Throughout the paper (—A) is considered as an LZ(Q) — Lz(Q) operator
with domain H2(Q) N H}(Q).)
The following boundary value problem will be considered:
T(u)=g }

2
@ ulge =0

where g € LZ(Q) is given and u € D is the unknown function.

EXAMPLE. We briefly mention an example, which arises in plasticity
theory (for details, see [4]).

Let Q be the unit square in R2, that is Q := [0,1] x [0, 1]. Define the
operator T as
T(u) == —div(g(|Vu|)Vu),
ulaq =0,
where g is a given scalar-valued function (the strain-stress function) satisfying

0<m<3g(r)<gr)+r-g'(r) <M (r > 0) with suitable constants m and
M. For example, g can have the form

_ constant
g(t) = ——F——,
L+4/1 =%

if 0 <t <1y, with a suitable 7y < V/3 and g(t):=g(ty), if t > 1.

We now quote a theorem on the convergence of the Sobolev space gra-
dient method for (2).
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THEOREM 2.1. (cf. [4] and [7].) Consider the boundary value problem
T(u)=¢g }

3
©) ulagn =0

where T is defined as above. Let g € Lz(Q) be arbitrary. Then problem (3)
admits a unique weak solution u™ € Hol (Q), that is for all v € Hol (Q)

/(f(x,Vu*(X)),VV(x»RN dx :/g(x)V(X)dx
Q Q
holds. (Ifu* € HX(Q) N H}(Q), then T(u*)=g.)

Moreover, let uy € H 2Q) N Hol (Q) be arbitrary, then the following
sequence

2 _
ty1 3=ty — (=) WTun)—g) @meN

converges to the solution u™* and

1 M —m\"
*
b = gy < T~ el (G )

where Ay is the smallest eigenvalue of (—A) on H 2 Q)N Hol (Q).

We note that the theorem also holds if we add a term g( - ,u) in T(u),
which may have some polynomial growth (see [8] and [9]).

The following lemma will also be needed. (For its proof, see for example

[12].)

LEMMA 2.2. For anyw € H 2()a HO1 (Q) the following inequality holds
for Ay, i.e. the smallest eigenvalue of (—A) on H 2Q)n HO1 (Q):

2

<_AW7W>L2(Q) > }'1 ||W||L2(Q)

The main advantage of the method so far is that the solution of the

nonlinear equation (i.e. determining T~') is reduced to the solution of a
sequence of linear equations of fixed type: the inverse of (—A) is to be
calculated in each iteration step, which is—in general—a much easier task.
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3. The Gradient-Fourier method

In the previous section a sequence u;, has been constructed—using the
gradient method—which converges to the unique solution u#*. Obtaining
the next term u,,; of the sequence requires a linear Poisson equation to
be solved at each step. (These equations will be referred to as auxiliary
equations.) There are various ways to deal with Poisson equations ([4] for
example describes the gradient-finite element method).

In this paper we introduce the Gradient-Fourier method: solutions to
the auxiliary equations will be determined by using the Fourier method. Our
approach succeeds in cases when both the eigenvalues and eigenfunctions of
the operator (—A) are known. In exchange, this enables easy algorithmic and
numerical realization.

Formally, solving a Poisson equation is equivalent to applying the inverse
of the Laplacian operator to the right hand side of the equation. In the
vast majority of cases, however, symbolic computation is not possible, so
in general the exact sequence u, is only theoretically known. A numerical
method (now the Fourier method) yields an approximation u,, of the sequence.
Then our goal is to guarantee that the limit of the approximating sequence u,
still lies near the exact solution u*.

Let us first introduce some notations. For n =0, 1, ..., let
ﬁ() = U,
_ _ 2 _
u =Upy — Z
n+l " M+m™"

where 7, is the solution to the auxiliary equation obtained by the Fourier
method. (As in the previous section, homogeneous Dirichlet boundary con-
ditions are imposed on the auxiliary equations.) We also define two other
sequences

zn = (=) (T(un) — 8),

z = (= (T@) - 8),
i.e. z, is the exact solution to the auxiliary equation with exact (but only
theoretically known) right hand side, and z,; is the exact solution to the
auxiliary equation with the approximate (i.e. numerically computed) right
hand side of the corresponding Poisson equation. Because of the presence of

the inverse of Laplacian, these functions are both unknown, in practice only
Zn 1s available. Finally, let

En = ||En - unH.
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(The norms without indices are all understood to be HO1 (€2)-norms throughout
the section.)

3.1. Convergence estimate of the approximating sequence

In this section the distance of u;, and u* will be estimated provided
that 7, and z,; remain sufficiently close through the iteration process. These
estimates are independent of the way of solving the auxiliary equations. The
next section will discuss how this can be achieved in the actual construction
of 7, using the Fourier method.

For the proof of the first lemma, see [4].

LEMMA 3.1. If ||z, — z,;|| < Oy for some 0, (n € N), then

M —m 2
HS M+m " * M +m
where m and M are given in (1).

En 6”,

LEMMA 3.2. Lete > 0 be arbitrary and 0, := me (n € N), then
E, <e.
PROOF. If n = 0 then 0 = ||ug — ug|| = Ey < €. Suppose the statement is
true for some n € N. Then by the previous lemma we have
M —m 2 M —m 2 M +m
HS M+mE”+M+m "= M+m8+M+mm8:M+m

COROLLARY 3.3. Lete > 0. If |7, — Z,|| <me (n € N), then

e=¢.1

E,

n

L Two) - gl (M"’”)
ug) — A=,

m/ag 0T ENR2@ "\ M m

where A| is the smallest eigenvalue of (—A) on H 2(Q) N HO1 (Q).

PROOF.
i@ — u™|| < @ — un|| + |ttn — u™|| <
< Byt — T - o)l 2 <M>s
o 2@\ 3rvm

e+t —— | To) — gl 1200 - (S
R/ LFE) \ M +m

using Theorem 2.1 and the previous lemma. |
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3.2. The Fourier method for the auxiliary equations

Now let us focus on a single iteration step (i.e. n € N is fixed in the
section). The Fourier method implemented here can be found for example in
[12].

According to the definition of z,;, the auxiliary equation takes the form

with r; := T(u,) — g. Instead of r,, the right hand side will be replaced by
its Fourier series approximation 7. The modified equation is

_Azn =Tn }
Znlo@ =0

(C))

which now can be solved by a formula.

LetA; and e; (i =1, 2, ...) denote the eigenvalues and eigenfunctions of
(—A)on H Z(Q)HHO] (Q), respectively. Let ¢; (i =1, 2, ...) be the coefficients
of r,; in its Fourier series expansion, that is

(We simply use ¢; instead of ¢; , since n is fixed.) Then

&)

*— . .

n = zctez-
i=1

Now define 7, as a partial sum of the above infinite series. Let / (also
depending on n) be a positive integer and

1
Ty = z cie;.
i=1

Define 7, as

l
— Z Ci
in = ZEi.
i=1
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A simple calculation shows that these satisfy (4):

[ [ l
_ Ci Ci _
—AZn = El /T;(_Aei) = El /1—;/11'61' = El ciej =rp.
1= 1= 1=

We will now determine how the requirement of Corollary 3.3 can be
fulfilled by the appropriate choice of /. The basis for this is the fact that the
weak solution to the equation (—A)(Z, — z,7) =7, — r,, depends continuously
on the right hand side, i.e. there exists a constant ¢4 such that

120 = 221l < exllFn = 77l 2y
A suitable choice for cy is v due to the following

LEmMMA 3.4. If
—Aw:f}

wloa =0
then

Iwl <

\/—IlfIILz

PROOF. If w € HX(Q)N HO1 (Q), then according to the Green formula

/(—Aw)w :/|VW|2,
Q Q

that is |w]||? = (—=Aw,w), 2. Using Lemma 2.2 we get

1
[wl* = (=Aw,w) ;2 = £, w) 2 < IIfll 2wl 2 < HIfll2—=llwll,
VA

thus

lwll <

\/—Ilflle,

which was to be proved. |

Hence for Corollary 3.3 it is sufficient to guarantee that

(5) [Fn — 1l 2 < me/2y.
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Taking into consideration that

00 oo [

R 2 2 2 2 2
Iy = Fallj2 = lcil”= ) leil® =) _leil” =gl = I7nll}2
L L L

i=l+1 i=1 i=1
we see that for (5) it is sufficient that
l

2 2 2.2
1212y = Sl < dm?e>.
i=1

Recalling the definition of r,; we get the following

COROLLARY 3.5. Ifl is a positive integer such that

I
D leil? > 1 T@) — gl172 — Aym?e?,
i=1
then

|Zn — 27 || < me.

3.3 Final convergence estimate of the algorithm

Now the results of our paper will be summarized. The solution to the
given boundary value problem is approximated by an iterative sequence i,
which is obtained by the gradient method. Computing each term of the se-
quence is effectively reduced to a series of numerical integrations via Fourier
series expansion. In order to realize the algorithm, one needs to know the

eigenvalues and eigenfunctions of the operator (—A) on H 2(Q)OHO1 (). With

this information, exact error control can be given in HO1 (€)-norm.

THEOREM 3.6. Let Q C RN be the bounded domain and T be the non-
linear elliptic differential operator defined in Section 2. The lower and upper
bounds of the coefficients of T are denoted by m and M, respectively, as in
(1). Let g € LZ(Q) be arbitrary. Then the unique weak solution u™* € HOI(Q)
to the boundary value problem

T(M)=g}

ulga =0
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can be approximated by the following iterative sequence u, € H 2N
N HO1 (Q). Letuyg e H 2Q)n HO1 (Q) be arbitrary, and forn € N

2
M+m ™

Upt] = Up —

where
L(n) .

i,n

Zn = —l €,
4

i=l1
and l(n) is a suitable positive integer, further A; and e; (i =1, 2, ...) denote
the eigenvalues and eigenfunctions of (—A) on H 2(Q) N HO1 (Q), respectively,
and

Cin = /(T(ﬁn) —8)e;.
Q

Let ¢ > 0 be arbitrary. If the numbers [(n) are chosen such that

L(n)
Yo leinl 2 IT@n) = gl T2, —Mime  (n €N,
i=1
then
1 M —m\"
— * —
||un —Uu HHOI(Q) <e+ m—\/l_]HT(MO) - g”LZ(Q) : <m) .
PROOF. The proof simply follows by applying Corollary 3.5 and Corol-
lary 3.3. |
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1. Introduction

The problem of packing equal spheres inside a given container has been
considered for a long time. SCHAER, MEIR and WENGERODT determined the
densest circle packing for a small number of circles within a square, whereas
PIRL, KRAVITZ, GOLDBERG and FODOR concluded the same within a circle
(see FODOR [2] for references, and MELISSEN [4] for a detailed survey on
circle packings inside a given domain). In the three space, sphere packings
inside a cube were investigated by SCHAER who determined the optimal ar-
rangement for up to ten equal spheres (see SCHAER [5]). In addition, BEZDEK
[1] and GOLSER [3] found the maximal radius of n equal non-overlapping
spheres within a tetrahedron and an octahedron for small n.

Let vi,...,v; be an orthonormal base of the d-space, and we write
04 to denote the d-dimensional regular crosspolytope whose vertices are

+vy,...,Evg, and hence the edge length of 04 is v/2. In this paper, we
determine the maximal radius r(n,d) of n equal non-overlapping spheres

within O? for n < 2d + 1.
We note that it is equivalent to consider the maximum ¢(n,d) of the
minimal distance of n points in 04 more precisely,

p(n,d)
p(n,d)d+2

* Supported by OTKA 031 984, OTKA 030012.
ACKNOWLEDGMENT: We would like to thank E. Makai and W. Kuperberg for useful

r(n,d) =

discussions.
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We present the results and arguments in terms of point sets in 04 because
the formulation and the proofs are more transparent this way.

In the planar case, it is an elementary exercise to show that ¢ (3,2) =
= 2(v/3 — 1), one of the points in the optimal configuration is a vertex of
0?2, and the three points are vertices of some regular triangle. The optimal
configuration of four points are the vertices of 02, and hence 04,2) = V2.
Finally, the centre and the vertices of 0? form the optimal configuration of
five points, thus ¢ (5,2) = 1.

It is probably surprising but these estimates generalize to any dimension
d; namely, we verify that ¢(n,d) is 203 = 1) if n = 3, equals V2 if
4 <n <2d, and equals one if n =2d + 1:

THEOREM 1. For d > 3, let the minimal distance among three points in

0% be maximal. Then one of the points is a vertex, say v;, and the three points
form a regular triangle that is contained in the square with vertices +v;, £v;
for some v; #v;.

Theorem 1 was proved in GOLSER [3] and BEZDEK [1] if d = 3. Now if

the number n of the points in 04 is between 4 and 2d then one can not do
better than placing them at the vertices:

THEOREM 2. For d > 3, let the minimal distance among n points in 04
be maximal where 4 < n < 2d. Then either each point is a vertex of Od, or

n =4, three of the points are the vertices of a two-face of Od, and the fourth
point is the centroid of the opposite two-face.

Theorem 2 was proved in GOLSER [3] and BEZDEK [1] if d = 3. In case
of ball packings, Theorem 2 has the following interesting corollary:

If a d-dimensional regular crosspolytope contains four equal solid balls
then it can host even 2d solid balls of the same radius.

Finally there exists only one optimal configuration if n =2d + 1:

THEOREM 3. Ford > 3, let the minimal distance among 2d + 1 points in
04 be maximal. Then one of the points is the centre of 04, and the other
points are the vertices of 0%,

Theorem 3 was proved in GOLSER [3] and BEZDEK [1] if d = 3.
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Some of ideas in the proofs below are taken from BEZDEK [1] and
GOLSER [3]. In order to to simplify notation, we define

Vied = —Vi, 1=1,...,d.

The scalar product is denoted by (-, ), and the origin is denoted by o.

2. The case of three points

Letxy,xp,x3 € 04 be in optimal position, and hence the minimal distance
between any two of them is at least 2(v/3 = 1). Only at most one out of
X1,X2,X3 1s a vertex of 04 because two neighbouring vertices are too close to

each other, and the spheres of radius v/2 around two opposing vertices cover
the whole crosspolytope.

First we suppose that the triangle xi,x,x3 is not regular, and seek a
contradiction. We may assume that d(xy,xp) > d(x;,x3) and x; is not a

vertex. Then x| can be moved into a position x{ € 09 such that both distances

d(x{,xz) and d(x{,x3) are larger than d(x;,x3). Now either xp or x3 is not a
vertex, and this point can be moved into a new position such that the distances

between the pairs of the resulting system of three points in 04 are larger than
¢ (3,d). This contradiction yields that any optimal triple determines a regular
triangle.

Next we suppose that x; lies in the relative interior of a k-face F of o
with k > 2, and seek a contradiction. Let H be the hyperplane that is the
perpendicular bisector of the segment x,x3, and let G be the (d — 2)-plane
that is orthogonal to the two-plane xx;x3, and passes through x;. Now G
is contained in H, and we write G* to denote the half-hyperplane of H that
is bounded by G and does not intersect the segment x,x3. Then aff F N G*
contains a half line 4 emanating from x, and hence translating x; along h we
obtain an optimal triangle that is not regular. This is absurd; therefore each
x; is contained in an edge ¢;, i = 1,2, 3.

Since the convex hull of ¢; and ¢; is of diameter greater than V2, we
deduce that

(%) e;i N —ej;t(b.

First we consider the case when ej, ey, e3 are pairwise disjoint. Then we
may assume that e, e, and e3 are the segments v{v 0, Vavg43 and v3v ,q,
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respectively, and x; is not further from v; than from v;,,. We write m; and

ny to denote the midpoints of the segments v{v;,, and vpv,,3, respectively,

and define m3 = % V3 + % - Vg441. Since x; is contained in the segment v{m,

and the diameter of the tetrahedron vymjv3ms is

d(vy,m3) = @ <2-(V3-1),

we deduce that x3 is contained in the segment v;,m3. Similarly, the diameter
of the tetrahedron v m v ,3m, is v/2, and hence x, is contained in the seg-
ment vomy. On the other hand, the diameter of the tetrahedron vomyv, ,1mj
is /2, therefore d(xp,x3) <2 (v/3 — 1). This contradiction yields that say e;
and e, have a common vertex v;.

According to (x), we may assume that the other endpoints of e; and e,
are vp and v;,p, respectively. Now one endpoint of e3 is —v;. If x3 is not
contained in the square S with vertices +v{, £v, then we may assume that
the other endpoint of ez is v3. Now for i = 1,2, the longest side of the
triangle x;x3v3 is x;x3, and hence the angle /x;x3v;,1 is obtuse. It follows
that d(x;,x3) < d(x;,v441), or in other words, the triangle x;x,v,, is optimal
but not regular. Therefore x3 does lie in .S. If .S has a side e that does not
contain any of x|, xp, x3 then the triangle xx,x3 can be translated orthogonally
to e in a way that one of the x;’s arrives into the interior of S. We conclude
that one of the x;’s is a vertex of .S, which in turn yields Theorem 1.

3. The case when 4 <n < 2d

In order to verify Theorem 2, it is sufficient to consider the case n = 4.
Therefore let xy,xp,x3,x4 € 04 be an optimal set of four points, and hence
d(xj,x;) > v/2 holds for any i #j.

Let G; denote the convex hull of v; and the midpoints of the edges of
vivj,j#i+d, and we define

Py= 0%\ U G;.
Then the closure of P is a polytope whose vertices are the midpoints of the

edges of 04 but these midpoints do not belong to Fy. Since the maximal

distance between the midpoints of the edges of 04 is /2, we deduce that at
most one x; is contained in F.
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Now the diameter of any G; is one, and hence any G; contains at most

one x;. Thus we may assume that x; € Gy and x, € G,. For 0 <t < % and
i=1,...,2d, we write Git to denote the image of G; by the homothety whose
centre is v;, and the quotient is 2 - t. Therefore the vertices of Gi‘ are

Vi and (l—t)-vi+t-vj for vj;tj:vi.
Now we distinguish two cases:

a) Either x3 or x4 is contained in some G; with j#d+1,d +2.

We may assume that x3 € Gz. Let 1 — ¢ be the minimum of (x;,v;)
fori = 1,2,3, where 0 < ¢ < % We assume that (x;,vq) = 1 — ¢ and

(x1,v2) > (x1,v3). Then x; is contained in the part F of the facet of G}
opposite to v; such that the second coordinate of its points is not less than the
third coordinate. Thus F is the (d — 1)-polytope with vertices

=t)-viL£t-v fori=4,...,d
(1 —1)-vi+1-v

(1 —1)-v)—1-v3
(I—1)-vy £ 5 (vp+v3).

On the other hand, x; is contained in Gé. Ifo<t < % then some elementary
calculations show for any vertex of F and any vertex of Gé that the distance

between the two points is less than /2. Therefore # = 0; namely, x; = v; for
i =1,2,3. It follows that x4 is either another vertex of 09 or the centre of
the two face v, 1Vgi2Va+3-

b) Neither x3 nor x4 is contained in some Gj with j=d + 1,d +2.

Then we may assume that x3 € G4 1.

We suppose that x4 € P, and seek a contradiction. We may assume that
(x4,v1) > (x4,v441), and hence x4 lies in the convex hull of the midpoints
of edges of 04 that do not contain vg+1. Since the distance of any of these
midpoints from the vertices of G is at most v/2, and x4 does not coincide
with any of these midpoints, we deduce that d(xj,x4) < V2. This is absurd,
and hence x4 € Gy49.

The rest of the argument is similar to the one in a). Let 1 — ¢ be the
minimum of (xy,vy), (xp,v2), (x3,vg41) and (x4,v44) where 0 < ¢ < %

We may assume that (x;,v{) = 1 — ¢ and {(xy,vp) > (x1,vg42). Then xq is

contained in the part F’ of the facet of G{ opposite to v such that the second
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coordinate of its points is non-negative, and hence F' is the (d — 1)-polytope
with vertices

(I—t)-vi+t-v and 1—=t)-vixtt-v; fori=3,...,d.
On the other hand, x, is contained in Gé. fo<t< % then some simple
calculations show for any vertex of F’ and any vertex of Gé that the distance

between the two points is less than /2. Therefore ¢ = 0; namely, x; = vy,
Xp =V, X3 =Vg41 and xq =vg4.

4. The case of 2d+1 points

We define the Dirichlet-Voronoi cell D; of v; as
D; = {x c0¢: (x,v) < (x,vj) for allj¢i}.

Then the vertices of D; are the centroids of the faces of O that contain v;

(including 07 as a d-face). We note that if F is an (m — 1)-face with vertices
H +"'+Vim

1%
Viys-- -5 Vip for some 2 < m < d then its centroid is ‘1 m

LEMMA. Letx,y € D;. Thend(x,y) < 1, and d(x,y) = 1 occurs only if
either {x,y} = {o,v;} or {x,y} = {vigvj , %} where vj # £ v;.

) vi+v; Vi —V; .
PROOF. The points o, v;, =< and = are all vertices of 04, thus we

may assume that x and y are vertices of 04, as well. We may also assume
thati =1.

If either x or y is the origin or v then the Lemma readily holds, and
hence let x and y be contained in an (m — 1)-face F and (k — 1)-face G of
O for 2 < m,k < d, respectively. We assume that k < m. We write p to
denote for the number of common vertices of F and G, and ¢ to denote for
the number of vertices of F whose opposite is a vertex of G. Then

2 2
1 1 1 1 m—q—p k—qg-—p
d(x’”zzp'<r;> “f'(;*a) T e

Now p > 1, and hence for given k and m, the possible maximum of d(x, y)2
is attained if p = 1 and ¢ = k — 1; namely, when

1 4 1 4 1
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Therefore d(x,y)2 is maximal if m =k =2, and F is an edge v;v;, while G
is the edge v;(—v)). |

Let us prove Theorem 3. For x € O and i = 1,...,2d, we define the
weight w;(x) of x as
1 .
wi(x) = { FjixeD;y if x € D;
0 if x Q Di
We note that lefl w;(x) =1 holds for any x € 0.

Now the vertices and the centre of O¢ form 2d + 1 points whose mutual

distances are at least one. Thus let xq,...,x; be n points in 09 such that the
mutual distances are at least one. The Lemma yields for any i = 1,...,2d that

- 1
ZIWZ(XJ)S 1+ﬁ’
j:

and equality holds if and only if the points of {x{,...,x,} in D; are the origin
and v;. Therefore

2d n
n=Y > wi)<2d+1,
i=1 j=I
and equality holds if and only if xq,...,x, consists of the vertices and the
centre of O4.
References

[11 BEZDEK, K., Densest packing of small number of congruent spheres in polyhe-
dra, Ann. Univ. Sci. Budapest Edtvos Sect. Math., 30 (1987), 177-194.

[2] FODOR, F., The densest packing of 19 congruent circles in a circle, Geom.
Dedicata, 74 (1999), 139-145.

[3]1 GOLSER, G., Dichteste Kugelpackungen im Oktaeder, Stud. Sci. Math. Hung.,
12 (1977), 337-343.

[4] MELISSEN, J. B. M., Packing and covering with circles, PhD dissertation, Uni-
versity of Utrecht, 1997.

[5] SCHAER, J., The densest packing of ten congruent spheres in a cube. In: Intuitive
geometry, Collog. Math. Soc. J. Bolyai, 63 (1994), 403-424.






ANNALES UNIV. SCI. BUDAPEST., 43 (2000), 159-163

A PROOF OF ESCHER’S (ONLY?) THEOREM

By
FRIED, KATALIN, JAKUCS, ERIKA, and SZEREDI, EVA

Department of Mathematics, Eotvos Lorand University, TFK

(Received February 11, 2001)

The famous Dutch artist, M. C. ESCHER created amazing patterns and
tiles in the plane. His drawings (as we can learn from [1]) were preceded
by mathematical, or more precisely geometrical studies. While doing so, he
stated a theorem (or rather a conjecture):

ESCHER’S THEOREM. When dividing
a side of a triangle into three seqments of
equal length another side into four seg-
ments of equal length and the third into
five segments of equal length we get a
set of dividing points (including the ver-
tices). If we join these points to form seg-
ments, in certain cases there will be three
of them intersecting in one point, and that
inside the triangle (Fig. 1).

There are 17 such cases. In these cases the common point of the segments
intersects them in a “nice” ratio (see Fig. 2).

Escher himself didn’t give a proper proof of the fact. He made drawings,
excluding the cases where there were no intersection points inside the triangle.
In the rest of the cases he made more accurate drawings to see if the seemingly
intersection point was really one.

Out of these 17 cases 15 are proved, as we can read about it in [1].

In this article we give a proof different from the type one would most
probably choose: instead of elementary geometric means we use linear alge-
braic methods.
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Fig. 2

The 17 cases of Escher’s theorem
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The theorem actually consists of three statements:

i) the line-segments intersect each other in one point in the mentioned 17
cases;

ii) in the rest of the cases no common intersection point can be obtained;

iii) the intersection point divides the segments into rational parts of the
segment.

We begin with statement iii)

PROOF OF iii). Let us denote the set of dividing points and the vertices
by S.

Let the triangle be posi-
tioned in the plane as shown on
Fig. 3. Let i denote the 1/60th
of the vector pointing to vertex 40j
B and j the 1/60th of the vector
pointing to vertex C. We then
consider the vector field gener-
ated by i and j over the field of
rational numbers: V.

It is clear that all points in O=A 12i 24i 36i 48i 60i=B
S can be represented as a ratio- Fig. 3

nal linear combination of i and
j, that is, S C (i, j).

If ay, ay, by, by, c1, co € S are the endpoints of line-segments satisfying
the “Escher-condition”, then their intersection point is also in the vector field
V', since we can calculate the coordinates of it by solving a linear system of
equations in V. This means that taking the two endpoints of a line-segment
as a new base of V, the intersection point of the segments (a point of all
three segments) is a rational linear combination of these new basis vectors,
thus proving iii). |

60j=C

45i + 15j
30i + 30j

15i + 45j

We now continue with proving statement 1i):

PROOF OF i). Let aj,ay,by,by,c1,co € S satisfy the “Escher-condition”.
ay = ayji+apj, ap = agi+axpj, by = Pl + P12, by = P + P2l
Cr=7111+Y12), 2 =Y211+722)-

The common intersection point divides aja, in the ratio a, by b, in the
ratio b and cjcp in the ratio c. We have shown that a, b, c¢ are rational
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numbers. So a - (@> — dy), b - (by — by) and ¢ - (¢5 — ¢1) are the same points.
Then the intersection point can be written as
a - (ag1i+anj—api—apj =
b+ (Bari+Paoi — Bl —Pr2) =
¢ - (ya1i+y22) — y11i — y12d)-
The above chain of equations can be rewritten two by two forming a linear

system of three equations. The solutions (if they exist) are also rational
numbers.

In each of the 17 cases we write the chosen points as the rational linear
combination of i and j. Then we can write a rational linear system of two
unknowns to define the intersection points of two line-segments.

To check the 17 cases we have to write these 17 systems of equations.
We are going to check only three cases (3, 4 and 5, since there are minor
mistakes about these results in [1]).

We express the intersection points with vectors:

(3) 20j+a - (30i+ 10j) = 36i+b - (60j — 36i) = 60i + c - (40j — 60i)
4) a-(151+45)) = 12i+ b - (60j — 12i) = 30i + 30j + ¢ - (—30i — 10j)
(5) a-30i+30j= 24i+ b - (405 — 24i) = 60i + ¢ - (20j — 60i)

We then write the corresponding systems of equations and the given

ratios.

(3) a-30=36—-b-36=60—c-60 20+a-10=5-60=c-40
4) a-15=12—-b-12=30—-¢-30 a-45=b-60=30—c-10
(5) a-30=24-5-24=60—-c-60 a-30=b-40=c¢-20

D= D l— Wl
00l 0ol [Nl—
[l [l |wl—

Verifying by substitution we find that the results are not correct. Solving
the equations we get:

(s
in case (S)a:%,b:%,c:%(!). ]

Bl

in case (3) a = %, b= g(!), c= %(!); in case (4) a = %, b= %, c=

The ratios we got can be obtained by means of elementary geometric
tools, but it seems that we have to give a different proof for each case. Our
proof is using linear algebraic methods and give a universal result.

As the matter of statement ii) we only show how we can verify that the
rest of the cases do not satisfy Escher’s condition.

We check it the other way round: Let p, q, r, s, t be 5 out of the 6
chosen points. Taking two and another two of them as the end points of two
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line segments, we can check whether the line connecting their intersection
point to the fifth point will intersect the perimeter of the triangle in one of the
points of set .S or not.

In case of taking the points p, q, r, S, t we get the vector equation
p+a-(qQ-p)=r+b-(s—1),
from which we express i and j. The solution is the two coordinates of the
intersection point of segments p—q and r-s: u. The line through u and t

intersects the line of the sides of the triangle, we get three equations, one
equation to each side:

(1) t+cq(u— t) = d;(60i + 0j)
) t+co(u — t) = dy(0i + 60j)
3) t+ c3(u — t) = 60i + d3(60j — 60i)

. 1 2 3 4 . 1 2
Good values for dj are: 0, 3, %5 55 3, 1. Good values for d, are: 0O, 3 5 1.
1

3
75 75 L
If we do not get the appropriate values, then the corresponding intersec-
tion point is not in set S.

Good values for dj are: 0, %‘,

WHAT CAN BE SAID IN GENERAL? We can take any triangle in the plane,
we can take any dividing points, the same problem can always be solved the
same way. Only, we cannot be sure that there will be segments intersecting
in one point.

We cannot take any n-gon, since we cannot be sure that the dividing
points can be expressed in the vector field over the set of rational numbers
as the linear combination of two sides we choose. However, if we make sure
that the dividing points of the n-gon are linear combinations of some sides
we choose, the same question can be answered.

In space we can take a tetrahedron, we can divide its vertices and ask
the same question. In this case we use a 3-dimensional vector field over the
rational numbers. Instead of the dividing points of the vertices we might want
to take points on the faces of the tetrahedron. We can only choose points that
can be expressed as a rational linear combination of the three basis vectors.
We still cannot be certain that there will be three line segments intersecting
in one point at all.
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1. Introduction

A graph G is generically [4] rigid in dimension one if and only if it con-
tains a spanning tree, that is, a spanning subgraph assembled by inductively
joining 1-simplices along O-simplices. The analogous property is sufficient but
not necessary for the generic rigidity of graphs in higher dimensions, that is, a
generically rigid graph in R” need not contain a spanning subgraph consisting
of n-simplices joined along (n — 1)-simplices, see Figure la. Indeed, a graph
which is generically rigid in the plane need not contain any triangles at all.
For example the graph in Figure 1b, K3 3 is generically isostatic in R2, and
its shortest cycle is of length four. Observe further that the graph in Figure
la behaves tree-like with respect to rigidity in the sense that the removal of
any single edge cuts the graph into two rigid components. In sharp contrast,
the removal of any edge of K3 3 produces a graph of degree of freedom one
in which any edge can move nontrivially relative to any other edge, which is
to say that the set of maximal rigid subgraphs equals the edge set.

Fig. 1



166 BRIGITTE SERVATIUS

The two graphs in Figure 1 also behave quite differently with respect to
the addition of a single edge. For the graph in Figure 1a the addition of an
edge yields minimally dependent sets of various sizes depending on where it
is placed. On the other hand, the addition of any edge to K33 produces a
single minimally dependent edge set comprising all 10 edges, i.e. the graph
can be globally reinforced by the addition of a single edge.

It is our aim to construct rigid graphs in the plane of large girth and show
what they possess the feature properties of K3 3.

2. The Ramanujan Graph X?-4

The length of the shortest cycle in a graph is called the girth of the graph.
If we fix the number of vertices and try to construct an edge maximal graph
of large girth, we expect the connectivity to be low which tends to procedure
non-rigidity. A graph theoretic concept that might be more intimately related
to rigidity than connectivity is toughness. A graph is t-tough if the removal
of at least tx vertices is necessary to disconnect the graph into x connected
components (where x > 1). Note that #-toughness implies 2¢-connectivity but
the reverse implication is not true.

We now describe the construction of a class of Cayley graphs given in
[7]: Let p and g be primes, p = g — 1 (mod 4). XP4 will be a (p+ 1)-regular

graph, namely the Cayley graph of PSL(2, ¢q) if <§> =1 (where <§> is the

Legendre symbol) and PGL(2, g) if <’ql> = —1. The generators correspond to

the p + 1 ways of presenting p as a sum of four squares under the following

normalizing conditions: p = ag + a12 + a%

even forj € {1,2,3}.)

The number of representations of integrs by certain quarternary quadratic
forms is needed in the construction and in the proofs that the constructions
work. Progress on one of Ramanujan’s conjectures was a necessary ingredient
in the work of LUBOTZKY, PHILLIPS and SARNAK, [7] hence the name Ra-
manujan graph was chosen by them. Ramanujan graphs possess, among other
nice extremal properties large chromatic number, incidence number and girth,
g > 2log,(q), and good expansion properties. The second largest eigenvalue

+ a32 (with ag > 0, ag odd and q;

of their adjacency matrix equals 2,/p.
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In [1] an explicit proof is given that the toughness ¢ of XP+4 satisfies

1 1)?
> — & -1 B
3\V2p+D+p
Therefore we can choose p large enough so that ¢ > 3. Choose ¢ large enough
so that 2logp(q) > g. Then XP4 will be 3-tough, therefore 6-connected,

hence generically rigid in R? by [6], and of girth at least g by the bounds in
[7]. We have proved the following.

THEOREM 2.1. Given a natural number g there exists a graph which is

generically rigid in the plane and has girth at least g.

While upper and lower bounds of X?+4, see [2], [7] are quite close, the
bound on the touhgness is not tight. Looking for a triangle free rigid graph in
the plane using these bounds we would need to construct X 40Lg \where q is
a prime number larger than 4013 = 64,481,201, so the number of vertices is
on the order of 1023, Note that K33 does the job with only 6 vertices. Thus
it would be of great interest to study the rigidity properties of the Ramanujan

graphs directly.

3. An Example: X313

We now construct the Ramanujan graph X 513 There are 8p+1)=48

solutions to ag + al2 + az2 + a32 =5, with 6 of them having the property that

ag > 0 and aj, ay, a3 even and ap odd. To each of these solutions a we
associate a matrix & in PGL(2, g) as follows:
ap+iag ap +iajz

a = , .
—ajs+iaz apg—1laj
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where i2 = —1 (mod 3).

a; =(1,0,0,-2) 071::; ﬂ
ay =(1,0,-2,0) dz::% 111}
az = (1,-2,0,0) 073=:g 101}
as = (1,0,0,2) 074::110 110}
as = (1,0,2,0) 075=:111 ﬂ
ag = (1,2,0,0) 076=:lo1 91}

The six matrices d; are the generators for X >13 the Cayley graph of the

group PGL(2, 13). The Cayley graph is bipartite and has n = q(qz— 1)=2,184
vertices. It is 6-regular and hence has 6,552 edges. The rigidity matrix in

R3 is a square matrix of size 6,552. It follows that X 13 g generically
dependent in R3.

In [9], X>!3 was randomly embedded in R3 and the rank of the corre-

sponding rigidity matrix was computed to be 6,546, which shows that X 213
is generically rigid in dimension three. The girth was computed to be 8. (The
theory of cages [8] yields that the girth is at most 10, the bounds from [7]

and [2] imply that 6 and 8 are the only possible values.) X 313 is not only
rigid, it remains rigid even after the removal of any two vertices, or after the
removal of six “random” edges.

4. Open Problems

Is X4 rigid (vertex bririgid) for all ¢? If one could show that they are
Hamiltonian, in fact, possibly even the union of three disjoint Hamiltonian
cycles, one might be able to use the 6T3 decompositions obtained by deleting
6 of the edges of the graphs (avoiding the removal of more than 3 incident
with one vertex) to show rigidity.

Is there a realization of X9 in R3 such that the ratio of the longest to
shortest edge is small, and the ratio of the diameter to the length of the longest
edge is large?
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An example of an embedding of a regular vertex birigid graph in 2-space
is the following: G =(V,E), V ={1,2,...,n}, E={(1,(i +3) mod n)} U
U{(@i,(i+1) mod n)}. If the vertices are embedded on a regular polygon,
the graph is realized with two edges lengths and, as n approaches infinity, the
ratio of the diameter to either of these edge lengths approaches infinity also,
while the retio of the longest to shortest length approaches 3. These graphs are
the edge disjoint union of two Hamiltonian cycles, as indicated by the thick
and thin edges of Figure 2. One can use this partition to quickly get a 3T2
decomposition of the graph (after the deletion of three non-mutually-incident
edges).

6

Fig. 2

Recently, in [5], an algorithm was published which generates random
k-regular graphs on n vertices quickly. Is a random 6-regular graph rigid with
probability converging to 1 as n goes to infinity? Given a random embedding
of a 6-regular graph, can anything be said about the proportion of long edges
to short edges as described in the previous problem?

Given ¢t and g, one can construct a graph which is 2z-connected (in fact
t-tough) and has girth at least g. For ¢ = 3 this provides a class of rigid graphs
in R2 which has arbitrarily large girth. Is # = 3 best possible for R2? What ¢

works for the same result in R ?
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